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Abstract
Standard parametric statistical approaches based on comparison to global activity tend to perform poorly

when this activity varies over multiple scales. Such multiscale variation, termed long range dependence,

is a well-documented features of many biological and neurological data sets. We provide evidence from

the literature as well as from data that demonstrates long range dependence across three contexts in:

protein, brain and neuronal data. We propose novel non-parametric statistical approaches that account

for these dependencies using network models.

In networks of annotated proteins (nodes) connected by their physical interactions (edges), communities

of functionally related proteins can provide possible novel drug targets. However, this guilt by association

approach is vulnerable to potential bias in protein annotations. By restricted random-walk-based rank-

ing of communities, our method, CommFinedWalker, preserves protein co-expression within well-ranked

communities (suggesting functional conservation). The method provides novel drug target candidates

that add to the diversity of interesting proteins and potential drug targets for research. As proof of

concept, we explore a case study of a community that contains proteins involved in a rare genetic disor-

der. These results also serve as inspiration for novel methods to rank interesting communities in other

contexts including brain state networks.

Brain states have previously been studied across many conditions, including sleep and disorders of con-

sciousness using a variety of models. However, brain state has not yet been studied in pharmacologically-

induced unconsciousness. We define a new subclass of models, Hidden Markov Graph Models, to study

brain states and communities of brain regions in fMRI data from subjects in both wakefulness and

anaesthesia-induced unconsciousness. The framework draws on principles of free energy minimisation

and entropy maximisation. We show evidence of characteristic resting state network activity in wake-

fulness as well as states of reduced temporal and functional complexity that are unique to anaesthesia-

induced unconsciousness. These states further relate to established EEG markers of unconsciousness and

long range dependent slow waves with implications for effective anaesthesia concentration in surgery.

Lastly, we propose a pipeline to guide experimentation and perform automated detection of synaptic

calcium events from single neuron light sheet microscopy data. This pipeline iteratively combines experi-

mentation with experimentally informed simulation to improve experimental outcomes. The model fitting

framework we provide draws on the free energy principle, and detection and smoothing methods that

account for long range dependence and non-stationary activity present in the microscopy background.

Through simulated results we empirically show that our methods can provide consistent estimates of

actual experimental conditions that could be used to inform future experimentation.
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1 | Introduction and Background

Biological and Neurological Data in the Presence of Long Range Dependence

Molecular biology, neuronal and neural systems display nested organisation and dynamic in-

teractivity [371]. Networks are one of the most powerful and well established frameworks to

quantify these types of complex phenomena [8,40]. In this thesis I will put forward evidence to

support the hypothesis that some of the complexity inherent to these systems is due to interac-

tion occurring at multiple scales such as the microscale and mesoscale, or across dimensions such

as space and time. This complexity often manifests as a tendency for correlations to persist,

decaying slowly over multiple scales (typically sub-exponentially) [65,427], the term for which is

Long Range Dependence (LRD), also termed long range persistence or memory. We explore the

consequences of this property in biological systems, the potential issues it presents in extracting

meaningful information from networks data, and provide novel approaches to mitigate these

issues across three biological scales, molecular, cellular (neuronal) and whole brain data.

Though LRD in a stochastic process does not imply non-stationarity, the relationship is complex

and long range dependent signals tend to violate many of the strong stationarity and indepen-

dence assumptions that are explicitly or implicitly made by standard statistical methods [329].

Markers of this dependence in statistical data include distributions with long or fat tails indi-

cating a relatively high probability of extreme values which can cause false positives [250]. All

these factors can lead to bias in estimates based on standard statistical approaches when LRD

is present [49].

We focus on one area where mitigating potential bias caused by LRD is an active area of

research, biological networks. Deriving methods for mitigating LRD in networks is made par-

ticularly difficult by the multi-scale interdependence of the biological systems [310, 441]. We

propose non-parametric statistical methods to address these dependencies; methods that re-

spect the unique topological features of these networks. We examine both classical network

1
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models as well as multiplex networks that can account for the multiple scales that give rise to

LRD. Key to much of our analysis are the related concepts of Markov chains, random walks,

diffusion, entropy maximisation and free energy minimisation [92,153,156]. We also utilise and

expand upon community detection methods that can uncover the nested structure of these net-

works [56].

These ideas link information theory and statistical physics to networks biology and neuroscience

in ways that draw from the strengths of both frequentist and Bayesian statistical frameworks [22].

We use a combined approach rooted in these ideas to investigate:

1. Novel drug target pathways in protein interaction networks.

2. Subnetworks that are key to brain dynamics in wakefulness as well as deep anaesthetic-

induced unconsciousness.

3. Hot spots of local, synaptic calcium ion (Ca2+) spikes in neurons.

In all cases we will support our findings with information from the literature. In some cases

annotations based on the literature can themselves act as an additional data layer, termed

metadata. Metadata provides context to data by giving a functional description to the members

of a data set. Like the biological data itself, metadata can exhibit LRD in its distribution, either

due to an asymmetric focus on some entities over others, or due to structural limitations in the

way that data is annotated [335]. We introduce the term metaplexity to describe complexity

arising from the distribution of functional metadata. In many ways metaplexity can function

like an additional layer on top of a multilayer or single layer network [230].

This chapter provides a background that establishes LRD as a phenomenon in biological systems

and data (Section 1.1), as well as providing an overview of networks biology and neuroscience

(Section 1.2). We introduce relevant concepts in statistics and computational neuroscience and

outline our approach for dealing with LRD in networks. Finally, we discuss the structure of this

thesis with reference to the chapters to follow.

1.1 Long Range Dependence

The investigation of LRD as a quantifiable phenomenon began with studies of reservoirs along

the Nile River [184], since then it has been observed in data from across the natural and social
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sciences [110, 352]. LRD can be caused by a wide range of phenomena including self-organising

properties of real world systems, so-called Self Organising Criticality (SOC). SOC in particular

leads to the kind of slow-decaying, fat-tailed distributions that are characteristic of typical

LRD [35,350]. LRD, particularly LRD associated with SOC, is often thought of in terms of very

specific power scaling laws. Given a distribution, p(X = x) over all x ∈ R+, this power scaling

is defined by

p(X = x) ∝ x−a,

and the scaling constant a > 0.

Demonstrating power law-like scaling is one way to suggest LRD (and one we rely on in Chapters

3 and 6), however LRD does not require strict power law-like scaling. Many system that are

dominated by low frequencies or multi-scale nested structure may be considered to exhibit LRD

while only exhibiting this characteristic scaling relationship for sufficiently large x [66, 373].

LRD is ubiquitous in biological and neurobiological systems; so much so that it characterises

the background of most types of neuroimaging data [16, 424]. Random noise that follows the

power law relationship in the distribution of spectral power is known as coloured noise. Pink

noise (noise where exponent 1 < a < 2) is present in both the spatial and temporal domains

in neurobiological data [219]. However, it is not only noise that carries this spectral power

property as many important processes appear to be either facilitated by [5], or rely on [285],

LRD to perform their function.

In static networks, LRD is often seen in the scaling properties of certain network statistics.

Static networks of brain connectivity commonly exhibit LRD and scaling [398]. In proteomics,

the study of proteins and their relationships, protein interactivity statistics may exhibit LRD

[33, 437]. On the level of metadata, protein annotations provide an important indication of the

functional role of proteins. Analysis of the distribution of annotations per protein has shown

that the state of information on proteins is dominated by a sparsity of information on most

proteins and detailed annotations on only a few. These annotations per protein follow a power

law-like relationship [335].

The problem of annotational asymmetry on proteins is difficult to assess as it is unclear what
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fraction reflects the difference in the actual relevance of proteins to researchers (which is unlikely

to be equal across proteins) and what fraction is due to self-perpetuating sampling bias in the

selection of experimental targets. Sampling bias of this kind is known to effect the reproducibility

of experiments in biology and neuroscience [82], and unbiased sampling is particularly difficult

on networks as many methods do not preserve the properties of the original network [438].

1.2 Networks in Biological Systems

In systems biology, the study of whole biological systems on the level of of their interactions,

networks or graphs are structures composed of a set of nodes connected by edges [425]. These

nodes could be genes, brain regions, proteins or compounds while the edges could represent

chemical, environmental or behavioural interactions. Edges do not need to represent physical

interactions and could represent abstract forms of interactions between entities such as correla-

tion in the activity of genes (termed co-expression) or shared information between brain regions

(termed functional connectivity).

Network biology has revealed common themes in the structure of biological networks including

LRD and the tendency towards the formation of functional modules. Functional modules are

composed of entities that work together to perform some common task or structure. In net-

works, functional modules are subnetworks (parts of a larger network) whose members organise

together to perform important tasks, or carry out complex roles or behaviours [309, 323, 407].

Modules can combine hierarchically to perform ever more complex functions [37,437]. Typically,

members of the same module share similar properties, such as a tendency towards intramodular

connectivity. We look at the structure of networks at multiple scales to determine which pro-

teins, brain regions or neuronal substructures come together to perform functions in the body

and brain. Networks analysis is integral to our reasoning and in Chapter 2, we will develop

the necessary networks analysis tools used throughout this thesis. Here, we provide very brief

introductions to the fields of networks in molecular biology and neuroscience.

1.2.1 Networks in Molecular Biology

Figure 1.1 shows a simple example of a Protein Interaction Network (PIN). PINs are networks

in which the nodes are proteins and the edges are physical or chemical interactions between

them [316]. This PIN is centred on RPB2 which is a protein forming part of the DNA-directed
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RNA polymerase II protein complex in yeast [188]. This subnetwork also includes interacting

proteins RPB3, 7 and 9, which also form part of the same functional module, the protein complex.

Different types of interactions between the same entities can provide complementary information

on their function [164]. An example is protein interaction and co-expression networks. In this

example the presence of a protein interaction edge indicates the possibility for chemical binding

between proteins, while co-expression edges indicate spatial or temporal correlation between

them. The additional information given by co-expression provides evidence of whether the

proteins are co-located and hence may have an opportunity to interact. Understanding how

and why proteins interact to perform biological functions is a central and on-going research

problem, one that is made more complex by the impact of LRD, metaplexity and bias on protein

networks [236].

Figure 1.1: This figure shows a small subnetwork of a yeast Protein Interaction Network (PIN)
network accessed from [41], and based on data from [70]. Node labels indicate the names of
proteins. The network is formed (induced) by considering the immediate interactions of the
protein RPB2 DNA-directed RNA polymerase II, which is formed from a 140 kilodalton (kDA)
amino acid chain. Induced subnetworks and PINs are explained in more detail in Chapters 2 and
3 respectively.

1.2.2 Network Neuroscience

Network neuroscience is a relatively young area of computational neuroscience which focuses on

the interaction between different parts of the brain at multiple scales [40]. Network neuroscience
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has benefited immensely from from the availability of data from functional neuroimaging stud-

ies. This data may come from one or more of several modalities including Electroencephalog-

raphy (EEG), Magnetoencephalography (MEG) and functional Magnetic Resonance Imaging

(fMRI) [366]. In recent years, dynamic whole brain network analysis has come to rely more and

more on fMRI which has the spatial resolution and deep brain coverage needed to resolve dy-

namic global and regional shifts in activity and connectivity. Though the temporal resolution is

lower than MEG, MEG struggles to resolve deep brain sources of network activity [231]. Here,

network connectivity is defined by shared information (correlation or mutual information) or

phase coupling between brain regions, indicating some level of coordination between them [102].

Despite its relatively recent development, network neuroscience has produced remarkable in-

sights into the function and structure of the brain. The term network in network neuroscience

is overloaded as the term can also mean a part of a network or subnetwork (as in the case of the

so-called Resting State Networks), for this reason we use the terms graph or graph model to refer

to connectivity at the whole brain level and network to refer to important parts (subnetworks)

of this whole brain graph.

Anatomical Structure and Connectivity

Neural anatomists divide the brain into cortical (dorsal) and subcortical (ventral) regions as

well as left and right hemispheres. The expansive cortex seen in humans is a relatively novel

evolutionary development, and many uniquely human higher level brain functions are very de-

pendent on cortical activity, such as language, reasoning and autobiographical thought [112].

Different brain regions within the cortex and subcortex are responsible for different functions

and behaviours, with subcortical regions like the thalamus and basal ganglia acting as important

bridges for sensory information to reach the cortex [45].

Functional Brain Networks and Brain States

Through mapping the interactions of anatomically defined brain regions, neuroscientists have

uncovered core modules composed of multiple regions that work together to carry out specific

functions [76,363]. Study of dynamic global changes in whole brain networks in response to task

stimulation or internal modulation requires high spatial resolution. For this reason, studies of

whole brain networks in recent years have largely used fMRI [400], however, multi-modal studies
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that record two or more modalities simultaneously are becoming more common [177,185,262].

Figure 1.2 shows a brain map (3D activity map) of the Default Mode Network (DMN), one of the

so-called Resting State Networks (RSNs). The image was compiled by performing a metaanalysis

of 3D brain activity images from over 10,000 fMRI studies [436], and shows a general consensus

on the regions agreed to be part of the DMN. Appendix A.1 expands on the DMN and other

RSNs. These are important to the understanding of patterns of activity in network neuroscience

for fMRI. As a related concept, brain states are a reconfiguration of brain activity evoked in

response to a stimulus or to facilitate more complex responses [68]. Functional networks and

brain states are expanded upon on in Chapter 4 [141].

Figure 1.2: This figure shows the core regions involved in the Default Mode Network (DMN) from
an axial (top) and a sagital (bottom) view. The DMN is an important Resting State Network
involved in maintenance of the self, self-concept and autobiographical information [20]. The core
nodes are the neighbouring precuneus and posterior cingulate cortices, the medial prefrontal cortex
and the angular gyri. This brain map (3D image of brain activity) was produced using a composite
of image data from over 10,000 functional Magnetic Resonance Imaging (fMRI) studies compiled
using the Neurosynth package [436].
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1.3 Free Energy, Diffusion and Inhomogeneous Information

Free energy is a concept borrowed from statistical physics, where the physicist is generally

interested in the distribution of the state, Z, that a system is occupying given some partial and

approximate information, X, related to Z, Z is often referred to as a hidden state as it is not

directly observed in the data [43, 130]. However, the marginal distribution of p(X = x) is often

difficult to compute, making it difficult to find the conditional distribution p(Z|X = x) directly.

Energy, G, in this context refers to the mismatch in expected information between the conditional

distribution p(Z|X = x) and a candidate distribution q(Z),

G(q(Z)||p(Z|X = x)) = Eq[log(p(Z|X = x))].

where Eq[·] is the expected value under q.

The free energy by contrast is the amount of energy available after taking into account the

energy unavailable due to it being lost to entropy. In statistical terms the entropy term is given

by the Shannon information entropy,

H(q) = Eq[log(q(Z))].

In statistical physics the free energy F can be seen as the energy available to do work in the

system that is not lost to entropy. The free energy in statistics is closely related and represents

the available slack in the distribution that is not lost to the information entropy H. It is given

by

F (q(Z)||p(Z|X = x)) = G(q(Z)||p(Z|X = x))−H(q) = Eq[log(p(Z|X = x))]−H(q).

Exact minimisation of the free energy is equivalent to Bayesian inference [42]. However, in order

to limit the search space, q is usually chosen to belong to some tractable family of distribution

parametrised by θ ∈ Θ. The goal in approximate free energy minimisation (usually termed

Variational Bayesian Inference) is then to find

arg min
θ∈Θ

F (q(Z|θ)||p(Z|X = x)).
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An important alternative formulation of F is as the Kullback-Liebler divergence (also called

relative entropy) between q(Z|θ) and p(Z|X = x), DKL(q(Z)||p(Z|X = x)), which measures

the expected information required to encode q(Z) given p(Z|X = x),

F (q(Z)||p(Z|X = x)) = DKL(q(Z)||p(Z|X = x)) = Eq

[
log

(
q(Z)

p(Z|X = x)

)]
.

Estimation of distributions with hidden state variables is crucial to the concept of brain state

used in Chapters 4 and 5 where the true brain state of a subject is likely hidden. Free energy has

been proposed as a unifying principle in neuroscience and biology, which we describe in more

detail in Chapter 4, Appendix C.1) and 6. According to this theoretical framework, all living

systems seek to minimise the available free energy and neurological systems seek to minimise

the free energy between their own internal representation of the state of their environment and

the survival-relevant features of the changing external environment itself [140]. In Chapter 4,

we extend this framework to account for intersubject variability in state and environment. In

Chapter 6 we show that the free energy framework provides a consistent model selection criterion

when considering a range of models to approximate local synaptic Ca2+ spike arrival in neurons.

Free energy connects to the problem of LRD and inhomogeneity in metadata, as in general,

systems with highly asymmetric information about the state or properties of that system will

tend to have high free energy relative to those with accurate and unbiased information [354].

Information diffusion as it occurs in message passing systems, e.g. within the brain [71,91], tends

to reduce the asymmetry in the initial distribution of input messages through diffusion [157]. In

fact, as diffusion increases, the entropy tends to increase, decreasing the free energy [94]. As we

shall see, this is one of the possible reasons why limited diffusion-based smoothing and random

walks (random sampling by diffusion-like network exploration) can improve our ability to choose

the correct model by simulating the local diffusion of information in the system.

1.4 Accounting for Long Range Dependence: Local Exploration

In this dissertation we apply the concepts of random walks, free energy and information diffusion

on networks to address three central problems in systems biology and neuroscience related to

LRD.
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1.4.1 Inspection Bias in Protein Networks

Bias in both functional annotations and the way that PINs are constructed may contribute to

LRD in protein annotation and network structure, leading to regions of sparse connectivity and

annotation and regions of dense connections and high annotation. The portion of this asymme-

try that is potentially due to human attentional and experimental bias is known as inspection

bias [236]. We perform modularity-based community detection to identify potential protein

functional modules while taking the annotation background into account, thereby reducing po-

tential bias. Our approach uses restricted random walks to perform local sampling of network

space, allowing the comparison of modules to a restricted background distribution of similarly

annotated proteins.

1.4.2 Characterising Conscious and Unconscious Brain State Dynamics

Dynamic models of changing brain state can be trained by combining data from functional neu-

roimaging recordings of multiple subjects, occupying a number of different brain states. The level

of Long Range dependent background activity is known to vary across subjects and conscious

conditions [262]. We perform free energy-based training of a Hidden Markov Model (HMM)

of brain state dynamics, and produce a method to convert this HMM to a dynamic multiplex

network model of brain state dynamics, termed a Hidden Markov Graph Model (HMGM). By

assuming a uniform prior over the probability of a subject occupying any one state, we arrive

at a novel model selection criterion for HMGMs based on the free energy principle that takes

into account variability between subjects. We also use local random walk-based sampling of the

brain state activity background to determine functionally conserved modules in wakefulness and

deep anaesthesia. This method takes advantage of the multiplex structure of the HMGM to

detect communities and takes into account spatiotemporal relationships between brain regions.

1.4.3 Automated Detection of Synaptic Ca2+ Events

Neurons are the basic computational units of the brain whose activity determines its eventual

behavioural output through summation or integration of incoming electrochemical signals. Inte-

gration depends in a non-linear way on the topology of the neuron [61]. Despite this dependence,

the exact relationship the location and timing of input signals, termed synaptic events, shares

with neuronal integration is not well understood. Light sheet microscopy-based neuronal Ca2+
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imaging provides a method to measure the dynamics of synaptic events as transient, local Ca2+

spikes [167]. We investigate the properties of real Ca2+ activity from pilot data, identifying the

extent of LRD in the microscopy background. We then use our observations to motivate a realis-

tic model of neuronal Ca2+ which includes realistic cellular topology extracted from 3D neuronal

images and Long Range Dependent background activity. Finally, we provide a novel method

which approximates information diffusion on neurons in order to perform model selection for a

variety of event detection methods. We empirically show that this selection procedure provides

a consistent estimator of the true model parameters under realistic sample size constraints.

1.5 Thesis Structure

This thesis is divided into seven chapters. The first chapter introduces the reader to the topics

and structure. Chapter 2 is a primer on the relevant networks analysis tools and terms. Chapter

3 provides a novel method for PIN analysis in the presence of inhomogeneous data quality and

quantity based on restricted random walks. Chapter 4 provides the methods of HMM model

selection and brain state graph model analysis used in both Chapters 4 and 5, and applies

these methods to resting state wakefulness data as a proof of concept. This chapter builds

on methods developed in Chapter 3 to analyse inhomogeneity and LRD in the spatiotemporal

context. Chapter 5 details the application of the methods developed in Chapter 4 to deep

propofol anaesthesia and presents new methods to analyse community structure in HMGMs.

Chapter 6 is a largely stand-alone chapter that describes the analysis, whole cell simulation,

and detection of synaptic Ca2+ events in neurons that shares similar methodological themes to

Chapter 4, especially with regards to free energy minimisation.

Where all other chapters except Chapter 2 have Appendices. Chapter 4 and 5 are planned

publications where Chapter 4 has already been submitted. The appendices for these chapters

are therefore titled Supplementary Information. An additional Appendix C has been added

to provide model training details not included in the publication. Chapter 4 also includes an

foreword and abstract to provide context to the publication and its application to Chapter 5.
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Networks (or graphs) are a powerful tool in data science that can represent the complex, multi-

scale and nested relationships present in biological systems [17]. Networks also make for intuitive

models of these relationships that allow for the local structure of complex data sets to be eas-

ily conceptualised and visualised [272]. Borrowing heavily from multiple disciplines including

biology, social science, mathematics and physics, the field has built up a highly versatile set of

statistical and analysis tools for answering questions about the properties of complex data. Phe-

nomena such as long range dependence, well established in time series analysis [329], have known

network analogues, where the term scale-free is used to describe the characteristic power-law

relationships seen in many data types [35]. Hierarchical and modular structure is also common

to many networks, where the term community is used to describe a subnetwork with a higher

than expected level of internal connectivity [275]. Here, we give a brief overview of the network

concepts important to our study of biological networks.

In molecular biology, networks have played an important role in the study of molecular relation-

ships, such as the relationships between proteins and genes that facilitate the body’s response

to drugs, disease and other stimuli [89, 174, 411]. Protein Interaction Networks (PINs), which

are networks of proteins (nodes) and their physical interactions (edges), have been key to these

studies [319]. PINs have a modular and hierarchical organisation making community detection

important for understanding these networks [226,235]. Random walks (a type of Markov process

or Chain) have emerged as a method to explore the space of possible modules in PINs [236].

Annotations on the role and location of proteins are also important to making sense of protein

and module function [232], adding a layer of metaplexity to PIN analysis [230]. A wealth of

annotation data exists for PINs in the form of functional, locational and disease-related labels

on nodes (proteins) [2,26,336]. This meta layer of information is key to understanding function

12
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and bias in PINs (see Chapter 3).

Brain graphs represent relationships (edges) between brain regions or neuronal populations

(nodes) [40]. Brain networks have shown many similar properties to proteomic, genomic and

metabolomic networks including hierarchical structure and function, as well as the presence of

important regions or hubs [277]. Network neuroscience thus shares many of methods and tools

with networks in molecular biology [317]. Dynamic networks in neuroscience can also have mod-

ular organisation in time [409]. Given the challenge of combining both spatial (brain regions)

and temporal dimensions in brain graphs we introduce the reader to the concepts of multiplex

networks to be applied in Chapter 4 and 5. As an improvement from earlier community ap-

proaches we also briefly acquaint the reader with the concept of consensus community detection

(to be employed in Chapter 5). Consensus community detection methods overcomes some of

the resolution limitations of our earlier approaches, taking into account the multi-scale nature

of our fMRI data sets [216].

Our work on neuronal microscopy relies on the interpretation of neurons as trees (a special type

of graph structure with no cycles). Each neuron is subdivided into segments (nodes) that phys-

ically connect (edges) to characterise the branching structure of the neuron [272]. We briefly

define these and other types of graphs. Information propagation on neurons is complex but

can be approximated by a diffusion process [157]. We examine heat diffusion kernels (heat

kernels) [211], which we extend to the spatiotemporal domain in Chapter 6 in order to study

intra-neuronal calcium dynamics in time and space. This concept relies heavily on the graph

Laplacian [272], a matrix that functions as a differential operator on graph structures that has

strong relationships with random walks [266].

This chapter will start with a basic introduction to Markov chains, followed by the graph the-

oretic framework for understanding neurobiological networks, both directed and undirected, as

well as adjacency and Laplacian matrices. We include a discussion of network statistics and

centrality (hub) measures as important properties of a graph and its components. From this we

will cover community detection, specifically Louvain modularity community detection and its

directed extensions. We briefly touch on a multi-resolution extension to community detection

as well as a brief primer for consensus clustering. We also introduce the concept of network

meta-information and multiplex networks, as an extension of classical networks for understand-
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ing metaplexity and temporal structure of biological networks. We then give a brief introduction

to the heat kernel for diffusion on graphs. Lastly, we briefly and critically discuss some general

observations about real world networks and their properties. We use network interchangeably

with the term graph except in Chapters 4 and 5 where graph is used to avoid confusion with

specific whole brain networks (such as the resting state networks).

2.1 Networks as Data Structures

At the most basic level, a network or graph G = (V,E,W ) is a data structure consisting of a set

of nodes, V and a set of edges, E. In addition edges and nodes can be weighted or unweighted

by W , annotated or unannotated. Equivalently, G can be defined simply by a set of nodes V

and an adjacency matrix A (i.e. G = (V,A)). We define the different types of networks we

analyse in the chapters to follow in terms of their node and edge structure with reference to

applications to biological data.

2.1.1 Network Structure

In PIN data, the vertex set V is composed of labels (often integers) or protein names. In

neural data, these are brain regions, or neuronal compartments. Edges in a PIN G may be

weighted or unweighted, we will deal almost exclusively with unweighted PINs except in the

case of co-expression (which can also be seen as a form of edge annotation), directionality or

self-loops and represent physical interactions [319]. In our neural datasets, edges can be either

directed, undirected, weighted or unweighted and represented shared information between brain

regions [40]. An undirected edge is a set of nodes eij = {j, i} = {i, j} for i, j ∈ V . Directed

edges are sets of distinct, adjacent node pairs that are denoted ei,j = (i, j) for a directed edge

from i to j. For our purposes, two directed edges ei,j , ei,j ∈ E are equivalent to including a

single undirected edge eij ∈ V . Nodes that occur in the edge together are termed neighbours,

while the neighbourhood of a node i is the set N(i) = {j ∈ V : ei,j ∈ E or ej,i ∈ E}. This can

be extended in the natural way to sets of nodes U ⊂ V ,

N(U) =
⋃
u∈U

N(u)
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An edge ei,j can have edge weights Wi,j > 0 or be unweighted, which is equivalent to an edges

having a weight Wi,j = 1. A network composed of only undirected edges, eij ∈ E, with no self

loops (i.e. i 6= j), no multi-edges and Wi,j = Wj,i for all i, j ∈ V , is termed a simple graph.

The edges in a network can be isomorphically represented by the matrix A where

Ai,j =


Wi,j if ei,j ∈ E

0 otherwise
.

This provides an alternative way to define a network simply by providing a vertex set and

adjacency matrix, G ≡ (V,EA, A) ≡ (V,A), where ei,j ∈ EA if and only if Ai,j 6= 0.

An important feature of nodes is their degree, a measure of their in-flows and out-flows. The

in-degree, dini , and out-degree, douti , of a node i is defined as

dini =
∑
j∈V

Aj,i and douti =
∑
j∈V

Ai,j . (2.1)

In an undirected graph (consisting of only undirected edges), di = dini = douti = |N(i)|.

2.1.2 Markov Chains as Networks on Finite State Spaces

In his original paper and letters, Markov developed the Markov chain as a weapon in a theological

debate and also used it as a tool to explore the space of Russian poetry [38]. A Markov chain

M = (S, P, p) is defined as a stochastic process of transitions through a finite space of states,

S over times t ∈ N. The core of the Markov chain is the stochastic matrix P , a square matrix

of order |S| in which each row is a probability mass function over S. The probability vector

p0 over S defines the initial probability of state occupancy of the system at time t = 0 (i.e.

P (S0 = s) = ps). We assume here and in all other chapters that M is a discrete time Markov

chain that is homogeneous meaning that transitions occur at regular, discrete intervals, t ∈ N

and also thatM is time invariant (i.e. the probability of state transition does not change with t).

Each realisation from M at time t, St, is a random variable taking values in S with conditional



16

distribution

P (St = s|St−1 = s′) = Ps,s′ ,

which implies that for t ≥ 1, St is conditionally independent of all {S0, S1, ...., St−2} conditioned

on St−1. We say that the system occupies the state st with conditional probability P (St =

s|St−1 = s′) = Ps,s′ .

Markov chains are ubiquitously and fruitfully applied in both the natural and social sciences,

with applications including gene sequence prediction, word and spelling prediction and Hidden

Markov Models (HMMs) in machine learning [408, 419]. An HMM is a special kind of Markov

model in which the state models some hidden (unobserved) property of the system. The state

is observed indirectly through a random variable O(st) that depends directly on st, the state at

time t.

Properties of Markov Chains

Given a Markov chain M = (S, P, p) and states s, s′ ∈ S [225]:

1. Markov Network: The Markov transition matrix P induces a directed, weighted graph

G(M) = (S, P ) with nodes in S and edge weights in P .

2. Irreducibility: The probability P (St = s′|St−1 = s) = P ts,s′ ∀t ∈ [1,∞) where P ts,s′ is

the (s, s′) entry of P t. The Markov chain M (equivalently P ) is said to be irreducible if

∃t ∈ [1,∞) such that

P (St = s′|St−1 = s) = P ts,s′ > 0.

3. Stationary distribution: A stationary distribution of M is a probability vector π = πP .

Lemma: If P is irreducible then there exists unique stationary distribution π = πP .

Proof: The proof follows from the observation that 1 is an eigenvector of P (P = 1P )

and the Perron-Frobenius theorem, for full details see [225].

4. Aperiodicity/Periodicity: Let T (s) = {t ≤ 1 : P ts,s′ > 0}. The state s is said to be
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aperiodic if

gcd(T (s)) = 1,

otherwise it is periodic with period gcd(T (s)). The Markov chainM is said to be aperiodic

(respectively periodic) if all of its states are aperiodic.

5. Return Probability : The probability

fs = P (∃t ∈ [1,∞) : St = s)

is called the return probability of s.

6. Transient/Recurrent: The state s is said to be recurrent if

fs = 1

otherwise it is transient. The Markov chain M is said to be recurrent if all of its states

are recurrent.

7. Ergodicity: IfM is irreducible, recurrent and aperiodic thenM is called an ergodic Markov

chain.

• It can be shown that sinceM is a finite Markov chain, ifM is irreducible and aperiodic

then M is ergodic.

8. Ergodic Theorem: The following is a special case of the so-called Ergodic Theorem. For a

proof, see [225].

Theorem: Suppose M is ergodic, then for any choice of p a probability vector we have

that

P (St = s)
t−→
∞

πs

Corrolary: In the above setting.

P ts,s′
t−→
∞

πs′ (2.2)
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These last result in Eq. (2.2) suggest that if M is ergodic the stationary distribution π depends

only on P and π in turn determines the long run behaviour of M .

The concepts of the Markov chain and, in particular, of the stationary distribution of M has

strong links to random walks on graphs such as PINs (Chapter 3) and functional brain activity

graphs (Chapter 4), diffusion in neuronal sub-compartments (Chapter 5), and so-called Hidden

Markov Models (Chapter 4).

2.1.3 Subnetworks

Any subset U ⊂ V induces a sub-network, H, where V (H) = U and E(H) contains all the edges

between members of U that are present in E;

E(H) = {ei,j : i, j ∈ U, ei,j ∈ E}.

Subnetworks can also be produced by other means from a set of nodes with edges sampled by

some other procedure (see random walks in Section 2.1.6 and community detection in Section

2.2).

2.1.4 Paths, Walks, Diameters and Cycles

A set P = (v0, v1, . . . , vn−1) is called a path of size n from v0 to vn−1 if for each i ∈ [0, n),

evi,vi+1 ∈ E. In the special case where each edge in P is unique P is called a trail. A connected

component of a graph C ⊂ V , is ta set of nodes i, j ∈ C in which every i, j can be connected by a

path from i to j. A graph with only one connected component is a connected graph (also termed

strongly connected for a directed graph). If the graph formed by transforming any directed

edges in the directed graph G to undirected edges (ei,j → eij) is connected, then G is weakly

connected [59].

For a strongly connected graph G, the length of an edge is defined as the inverse of its weight,

li,j = W−1
i,j for i, j ∈ V such that ei,j ∈ E. The minimum length of all paths starting at a and

ending at b for arbitrary a, b ∈ V , `i,j , is then

`i,j = min

{
k−1∑
i=1

li−1,i : P = {v0, ...., vk−1} is a path

}
. (2.3)
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The diameter of G is

diam(G) = max
i,j∈V

`i,j .

2.1.5 Trees and Directed Acyclic Graphs

We briefly define closely related terms related to trees and Directed Acyclic Graphs (DAGs).

Consider a graph G = (V,A):

• Cycle/Acyclic: A path C in G is a cycle of order k (k-cycle) if C is a trail, T = (v0, ..., vk),

of size k + 1 with every node unique except for v0 = vk. A graph G without cycles is

acyclic.

• Tree: G is called a tree if G is undirected, connected and acyclic.

• Directed Acyclic Graph: G is a DAG if G is directed and acyclic. G need not be (weakly

or strongly) connected.

Trees are important in neuronal models where the physical topology of the neuron can be

approximated by a tree connecting the subcellular components (nodes) into connected segments

[259]. On the other hand, DAGs are important to the understanding of ontologies in Chapter

3, where each node is a term, connected by semantic relationships [2].

It is often useful to define an order o on the node set V of a tree or DAG. The node at the

bottom of this ordering is the root node, r ∈ V with order o(r) < o(v) ∀v ∈ V . For example in

neurons, r is often near the centre of the cell body with segments branching out from r [432]. In

an ontology, the root node r is the most general term in the ontology to which all other terms

can be traced back by backtracking the directed edges [2]. In a DAG or tree, a i with an edge

ei,j ∈ E from i to j is known as a parent of j, while j is termed the child of i. In trees the

parent of each node is unique (this is not necessarily true for DAGs) [425].

2.1.6 Random Walks

Given a graph G with vertex set V of size |V | = N , and adjacency matrix A, any process that

sequentially generates a path starting from some node s0 ∈ V is termed a walk. Walks can

be finite or infinite [59]. A random walk is a Markov chain R = (V, P, δs0). Here, δs0 is the

probability vector that is 1 at s0 and 0 elsewhere. A finite realisation from R, s = (s0, ..., sk−1),



20

of size k is built up sequentially by starting at s0, adding nodes at random according to the

transition dynamics determined by the transition matrix P .

In order to ensure that the sampling process stops for some finite k ∈ N, we additionally require

a stopping rule. We will only consider a stopping rule of the following kind:

The sampling of R will stop when either:

1. |{si}i∈[0,k)| = n ≤ |V | for some n ∈ N

2. the size of s, k, exceeds some large N∗ � n.

This last rule is an exit to limit the computational time spent in sampling states from R when

R is trapped in an isolated region of state space and unable to sample n unique states.

The simple degree-based random walk is the one that depends only on s0, A and the stopping

rule. In this case, the transition P (A) matrix is

P (A)i,j =


Ai,j∑

j∈V
douti

if douti > 0

0 otherwise.

(2.4)

Many other types of random walks exist including maximum entropy random walks and others

[431]. These include random walks with restart encountered in Chapter 3.

2.1.7 Graph Laplacians and Mixing Times

For a simple, unweighted graph G, the combinatorial graph Laplacian matrix (or simply Lapla-

cian) L(G) is the discrete Laplace operator on graphs originally developed in [206]. Laplace

operators are a family of operators linked with the processes of diffusion and equilibrium dy-

namics across many different domains and spaces [161]. The combinatorial Laplacian L(G) is

defined as

L(G) = D −A (2.5)
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where D is the diagonal matrix whose ith diagonal entry is di. L(G) is positive semi-definite

since L(G) = UTU for

Uei,j ,k =


1 if k = i

−1 if k = j

0 otherwise

for ei,j ∈ E and , i, j, k ∈ V . The matrix U is called the incidence matrix of L.

Consider a function f : V → R. The function values can be written as a vector with ith entry

fi. Suppose that f represented the distribution of a diffusive quantity, such as heat, across the

nodes of V , then for eij ∈ V , the instantaneous flow along an edge eij ∈ E is proportional to

fi−fj . The Laplacian acting on L(G)f is a new vector function taking nodes i ∈ V to R, which

is the sum of all diffusion experienced at i ∈ V

[L(G)f ]i =
∑
j∈N(i)

(fi − fj) = fidi −
∑
j∈N(i)

fj . (2.6)

If L(G)v = 0 for a vector v then the diffusion experienced across G is zero at all i ∈ V . This

occurs only when v is a zero eigenvector of L(G) which can be shown to correspond to the

vectors vC where C is a connected components of G and

[vC ]i =


1 if i ∈ C

0 otherwise.

This implies that there is a one-to-one relationship between the multiplicity of the zero eigenvalue

of L(G) and the number of connected components of G [59].

The Laplacian L(G) relates to the mixing time of the simple random walk R = (V, P (A), p0)

for i ∈ V (see Eq. (2.4)). The mixing time is the time taken for the probability vector of state

occupancy

p(t)j = P (St = j|S0 = i, R) = [δiP (A)t]j ,
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to approach πj , for j ∈ V . If we let λ1 ≥ λ2 ≥ ... ≥ λN = 0 be the magnitude of the

N eigenvalues of L(G) for G (all positive since positive semi-definite) with at least one odd

cycle [59], then λ2 directly bounds the mixing time of R as

||p(t)j − πj ||2 ≤ |λ2|t
√
dj
di
,

that is the mixing time depends on the degree of the starting and end nodes as well as the

eigenvalues of L(G) [225].

In Section 2.4.3 we show deeper relationships between diffusion processes onG and the Laplacian.

2.2 Community Detection and The Louvain Algorithm

Community detection is used to uncover nested modular structure in a network G = (V,E,W )

in applications across the biomedical sciences [237, 391]. A community is a set of nodes with

relatively strong (or many) edges connecting to nodes of the same set and comparatively weak

(or few) edges to or from nodes outside the set [135]. Community detection methods differ widely

in their mathematical interpretations of what a community is (e.g. what does comparatively

weak mean in the context of edges between nodes), as well as the mathematical approaches they

employ to find them [299].

Divisive methods such as iteratively removing high importance edges to obtain distinct islands

of activity were some of the first methods to be applied to PINs (see Section 2.4) [113]. Other

methods include spectral decomposition of the adjacency matrix A of an undirected graph G to

obtain a partition of the network into communities [109]. Yet another approach is to model the

probability of a node belonging to one or more blocks within the network [7].

2.2.1 Modularity under the Configuration Null Model

One notion of high intra-connectivity at the edge level which has been widely adopted was

formalised as the community modularity in [275]. Modularity was originally formulated for

simple graphs as the tendency for specific subsets of nodes to have more internal edges than

would be expected by chance. Key to the definition is that it requires a model of expected edges

between nodes. Here, we address the modularity as it is defined for unweighted networks, with

minor details in the generalisation weighted networks detailed in Supplementary Information,
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Section D.0.2.

The modularityQ is an example of a quality function that scores the performance of a community

partition of V , C, given a probabilistic null model pi,j of the existence of an edge between i, j ∈ V .

The community modularity score is

q(C) =
∑
i,j∈C

Ai,j − pi,j ,

for a community C ∈ C [272]. The modularity score for Q(C) is then the sum over all C ∈ C

Q(C) =
1

2m

∑
C∈C

q(C), (2.7)

where m = 1
2

∑
i,j∈V

Ai,j

One of the most common null models is the configuration null model which is based on a simple

relationship between degree and edge probability [135]. The intuition behind this model is

that nodes that already have many neighbours tend to accrue more; leading to a high level of

inhomogeneity in the degree distribution as observed in real world networks (see Section 2.5).

Other possible null models exist that emphasize different shared attributes between community

members, such as intracommunity density and intermember distances (see Section 2.4 for details

on these properties) [86, 345]. We use the configuration null model here as a relatively simple

model with well established properties shared by many real world networks, including some

protein and brain networks [36,220,273] (see Section 2.5).

The configuration null model assumes that

pi,j =


didj
2m i 6= j

0 otherwise.
(2.8)
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Directed Modularity

We focus on the directed, weighted modularity in Chapters 4 and 5 developed in [222]. The

directed configuration null model, of which Eq. (2.8), is a special case is

pi,j =


douti dinj

2m i 6= j

0 otherwise
(2.9)

where douti and dinj are the directed degrees (see Eq. (2.1)) and m is defined as in the original

modularity formulation in Eq. (2.7).

In Chapters 4 and 5 as an aid to calculate the modularity score of C for additional classes of

networks we introduce the generalised symmetrised modularity matrix B

Bi,j =
Ai,j +Aj,i − γ(pi,j + pj,i)

2
. (2.10)

This matrix is symmetric regardless of the edges of G (undirected or otherwise) and represents

the connectivity strength between i and j in V , subtracting the expected connectivity under

the null model in Eq. (2.9) regardless of the community structure of C. Note that B reduces

to Bi,j = Ai,j − γpi,j for simple graphs [299]. The resolution parameter γ > 0 is designed to

make the size of detected communities an explicit and variable parameter with large γ > 1

favouring smaller communities than in Eq. (2.7) (which effectively assumes γ = 1) and γ < 1

corresponding to preference for large communities [136,308].

Given a vector s(C) such that s(C)i = 1 if i ∈ C and zero otherwise, the directed community

modularity (generalising Eq. (2.7)) takes of a community C ∈ C as

q(C) = s(C)TBs(C),

and so the modularity of the partition is

Q(C) =
1

2m

∑
C∈C

q(C) =
1

2m

∑
C∈C

∑
i,j∈C

Ai,j +Aj,i − γ(pi,j + pj,i)

2
, (2.11)

which reduces to the classical modularity in Eq. (2.7) in the special case where G is simple.
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2.2.2 Optimising Modularity with the Louvain Algorithm

Given the modularity quality function Q in Eq. (2.11) it is tempting to simply attempt to

find the partition C that maximises Q by exhaustively testing the possible partitions of V ,

however, the space of partitions of V into an arbitrary number of communities is prohibitively

large [315], and not computationally scalable to even moderately sized networks [62]. This

necessitated the development of a number of approximate algorithms. The Louvain algorithm is

one such approximate algorithm which is known to scale better with network size than most of

its competitors [29]. The Louvain algorithm employs a stochastic bottom-up approach in which

each node is initially placed into its own community and nodes are assigned agglomeratively

to neighbouring communities based on whether or not the re-assignment would increase the

modularity sum of the network communities. Once an apparent maximum in total modularity

is reached, a higher level network is constructed in which communities form the new nodes with

edges weighted by the total weight of edges between nodes of the two different communities in

the previous network. The agglomerative clustering step is then repeated for the new network

and the whole process is iterated until convergence (i.e. when no modularity increases are

possible through re-assignment). The algorithm also has strong analogues with random walk

based sampling on networks which is favoured in our approach due to the methods of surrogate

community data generation we employ in Chapters 3, 4 and 5 [115].

2.2.3 Limitations of The Louvain Algorithm

The Louvain algorithm is broadly applied across a wide range of fields [369]. However, problems

relating to the limitations of the algorithm emerged relatively quickly. One of the earliest, which

can be extended to a criticism of direct modularity maximisation approaches in general is the

so-called resolution limit [136]. That is, for fixed resolution parameter γ, detected communities

will depend not only on γ and the embedded community structure but on the size and density

of G.

Another problem, specific to the Louvain algorithm has been put forward in [388]. This issue

can lead to arbitrarily poorly connected communities under certain conditions. Namely, when a

node assigned to one community by the Louvain procedure is acting as a bridge between two edge

disjoint subnetworks of the community, a reassignment of the node to a second community can

cause the original to become disconnected. This lead to the proposition of the Leiden algorithm
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which addresses this shortcoming.

In Chapters 3 and 4, we apply the Louvain algorithm as it was originally implemented because of

its wide usage in both neuroscience and molecular biology [236,299,369]. In later Chapter 5, we

attempt to mitigate some of the above shortcomings by aggregating across multiple runs of the

Louvain algorithm. This is known to help to average out poor random assignments. Resolution

limitations can be similarly mitigated by aggregating community partitionings across multiple

resolutions [226].

2.2.4 Multiresolution and Consensus Partitioning

Varying the resolution parameter between partitionings makes it possible to explore the multiple

scales of community complexity. Various methods exist to select an appropriate resolution at

which to perform partitioning. One possible method is simply to select the partition with a

certain mean or median community size. Another is to minimise the so-called Variation of

Information, VI which measures conditional entropy of the community occurrence [215, 258].

Given two partition C = {Ck}Kk=1 and C′ = {C ′k′}Kk′=1 the probability P (k) of community

occurrence is the probability that a node chosen uniformly at random lies in Ck,

P (k) =
nk
N
,

where nk = |Ck|. On the other hand the probability of community co-occurrence across C and

C′ is

P (k, k′) =
nk,k′

N
,

where nk,k′ = |Ck ∩ C ′k′ | for Ck ∈ C and C ′k′ ∈ C′ , with |V | = N .

The entropy of C is

H(C) = −
K∑
k=1

P (k) log(P (k)),
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while the entropy of C conditioned on C′ is

H(C|C′) = −
K∑
k=1

K′∑
k′=1

P (k, k′) log

(
P (k, k′)

P (k)

)
,

The VI between partitionings C1 and C2 is

VI(C,C′) =
H(C|C′) +H(C|C′)

log(N)
,

The goal is to find local minima of VI in the partition space of V by varying some parameter of

the community detection procedure such as the resolution parameter γ [215]. The VI constitutes

a distance metric on the set of partitions [258].

Similar to the desired goal of the VI, the Rand Index, is a measure of the agreement between

two partitions that is adjusted for chance [180]. The Rand Index is limited in that its value

may depend on the granularity of the partition and so is not best suited to compare across

resolutions. The Adjusted Rand Index, ARI, is a version of the Rand Index that is adjusted for

chance agreement.

ARI(C1,C2) =

∑
i∈Nk

∑
j∈Nk′

(ni,j
2

)
−

[ ∑
i∈Nk

(
ai
2

) ∑
j∈Nk′

(bj
2

)]/(
N
2

)
1
2

[ ∑
i∈Nk

(
ai
2

)
+
∑
j∈Nk′

(bj
2

)]
−

[ ∑
i∈Nk

(
ai
2

) ∑
j∈Nk′

(bj
2

)]/(
N
2

) ,

where ai =
∑
j∈Nk

ni,j , bj =
∑
i∈Nk

ni,j and Nk = [1, k].

Both ARI and VI are used to attempt to find am optimal partition of V , for example across mul-

tiple resolutions. Alternatively, one can attempt to aggregate signal across multiple partitions

or resolutions, say L separate partitions C = {C1, ...,CL}, for N ∈ N, the consensus matrix D

is given by

Di,j =


1
L

L∑
m=1

I(∃Ck∈Cm:i,j∈Ck) i 6= j

0 otherwise
,

where I{A} is the indicator function that is 1 if A is true and 0 otherwise. The consensus matrix

can itself be viewed as the adjacency matrix of a simple weighted network that can be inputted

into any community detection procedure such as in Section 2.2.2 [216]. The consensus matrix is
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important to the single layer and multiplex community detection procedures in Chapter 5.

2.3 Multiplex, Annotated and Dynamic Networks

When networks are permitted to change or have multiple types of relationships between nodes,

it is often natural to consider such a network as having layers, where each layer represents a

different time point or mode of activity. A multilayer network in which each layer consists of

a copy of the same set of nodes but possibly different edge structure is termed a multiplex

network [272].

Annotations on networks are additional sources of data outside of the network topology, about

the nodes or edges in the network. Annotations are sometimes incorporated into a network

model as a layer [230], but this need not be the case [236]. Protein annotations on PINs and

functional activity levels in brain networks are both examples of network annotations [30,276].

Dynamic networks are networks which model a dynamic process [213]. A dynamic network may

be a potentially infinite time series of networks

G = (G1, G2, ...).

We focus on a particular class of generative networks covered in Chapters 4 and 5. These are

probabilistic, static generative models for generating such a network time series G. While not

dynamic networks in the sense above, we class such networks as dynamic networks as they

encode a dynamic process. In Chapter 6 we consider spatiotemporal dynamics occurring in

the Ca2+ signal of CA1 hippocampal neurons. This could be considered both a dynamic and

annotated network in which we use multiplex networks to model activity at each time point in

the unfolding Ca2+ dynamics.

2.3.1 Multiplex Networks

A multiplex network G = (V t, E,W ) is a network with vertex set given by the Cartesian product

V t = V × V...× V︸ ︷︷ ︸
t times

.
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In a multiplex network, edges can be between or within layers. Intralayer edges are those within

the same copy of V , these can be denoted ek,ki,j for i and j in the kth copy of V . Edges can

also be between layers, or interlayer. An interlayer edge ek,li,j is an edge between i in the kth

copy of V and j in the lth copy of V . In a dynamic multiplex network interlayer edges can

represent the temporal relationships between layers [233, 270]. The studies of communities in

dynamic networks is an active area of research [313]. We analyse the spatiotemporal community

structure of such network models in Chapter 5.

2.3.2 Annotated Networks

An annotated network G = (V,E,W,B,A), is a network with additional edge properties Bi,j

for ei,j ∈ E and node properties Ai for i, j ∈ V . Generally, these properties are secondary to

edge weights (if they exist) and provide additional information on the properties of the network.

Node properties may be real-valued such as a regional mean activity value (in the case of brain

networks where nodes represent regions), a term or name, or a set of terms annotating a node in

the case of proteins in PINs [30,276]. Edge annotations may similarly be numerical or abstract.

Annotations provide information over or above the structure of the network but are treated

differently to layers of a network and indeed can be combined with network layers to produce

a rich data structure. Layered annotated networks are of particular importance in Chapters 4

and 5 where neural activity can often vary by region while functional connectivity (edges) varies

with time as well.

2.4 Network Statistics

There are a number of commonly used network statistics that summarise and contrast the

topological properties of a network G = (V,E,W ) or its components [272]. These may be local

properties of the individual nodes or edges, or global properties of the network as a whole.

2.4.1 Local Network Statistics

There are many statistics that represent the local topological properties of nodes and their

local neighbourhoods for a graph G = (V,E,W ) with adjacency matrix A. Here we list a

number of such node statistics. Of special interest to us are node centrality measures. Node

centrality measures are local network statistics that indicate the importance of a node to the
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structure of a network. This importance can be local or global topological importance and each

measure emphasises different topological features as important. The choice of centrality measure

therefore depends on the goals of the analysis. In Chapter 4, we employ node centrality measures

to determine which nodes are central to the dynamics of a network. A node which scores highly

for a particular centrality measure is sometimes termed a network hub.

Local Clustering Coefficient

One common centrality metric on simple, weighted graphs is the clustering coefficient, which

measures the tendency for neighbours of a node i ∈ V , j, k ∈ N(i) to have strong pairwise

connections between each other as well as with i,

CC(i) =

∑
j,k∈V

Ai,j , Aj,kAk,i

di(di − 1)
. (2.12)

The value of CC(i) ∈ [0, 1], can be interpreted as a measure of the efficiency of local commu-

nication in the node neighbourhood, since higher clustering coefficient C(i) lessens the degree

to which any one node may act as a bottleneck to communication between the three nodes. It

is nearer to one when edge weights are high between the three and low when they are weak or

absent [281]. The clustering coefficient is used in brain networks as a measure of local efficiency

of functional connectivity [238].

Degree Centrality

The simplest and most direct of the node centrality measures is the degree centrality [272]. This

measure is simply the average of the in and out degree of the node (or the degree for unweighted

networks).

PageRank Centrality

A popular node centrality measure is the PageRank centrality (without dampening), named

after one of its developers, Sergei Brin (of Google fame) [64]. The PageRank centrality weights

a node as more central if it has higher probability of being selected at random from a well mixed

random walk R = (V, P, δs0) on G. This centrality is best understood using the conversion of G

into a Markov chain, M , as discussed in Section 2.1.1. The algorithm to calculate the PageRank

centrality consider R = (V, P (A), δv0) at a node v0 ∈ V , PR(v0) and P (A) as defined in Section
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(2.1.6)). The PR(v0) can be calculated by Singular Value Decomposition of P (A) to obtain the

left eigenvectors and scaling by the sum to produce unit eigenvectors (see Section 2.1.2, Property

3). The PageRank centrality is then,

PR(v0) = πv0 .

There are also iterative algorithms to approximate PR(v0), these methods simulate the mixing

of information across G by an iterative procedure. This can be computationally more efficient

and distributed than SVD which scales polynomially with the size of G [439].

2.4.2 Global Network Statistics

Global network statistics quantify general properties of the network.

Network Density

The density of the network, D(G), is defined as the proportion of edges in a network given the

edges in a maximally connected network of the same size,

D(G) =
2|E|

|V |(|V | − 1)
.

Network Clustering Coefficients

The network clustering coefficients of G are two indicators of the tendency towards strong edges

between neighbours of nodes. These are the local (nodal) clustering coefficient in Eq. (2.12).

The Global Clustering (GC) coefficient measures the total strength of transitive connections in

the network [272]. In contrast, the Average Local Clustering (ALC) coefficient measures the

average of the nodal clustering coefficient C(i) over all nodes i ∈ V as in Equation (2.12) [423].

These network clustering measures are given by

GC(G) =

∑
i,j,k∈V

Ai,j , Aj,kAk,i∑
i∈V

di(di − 1)
; (2.13)

ALC(G) =
1

N

∑
i∈V

Ci. (2.14)
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These measures differ in their interpretation and behaviour. ALC represents the empirical

probability that the neighbours of any one node selected uniformly at random are also strongly

connected. The GC represents the probability that any node triplet selected uniformly at random

is strongly connected. This leads to a tendency towards inhomogeneously clustered graphs having

high ALC but low GC. This has been demonstrated for a number of network models but we

make this explicit in Section 2.5 with real world examples [123].

Average Shortest Path

Another important statistic in measuring the efficiency of communication within a network as

a whole is the Average Shortest Path length (ASL). This measure quantifies average efficiency

of connectivity between all nodes in the network.

ASL(G) =
1

N(N − 1)

∑
i,j∈V,i 6=j

`i,j .

where `i,j is the shortest path length between i, j ∈ V as defined in Eq. (2.3).

2.4.3 Heat Kernels

The heat kernel on a simple weighted network G = (V,E,W ) of size N , Ψ(G, t) for time t ≥ 0,

connects random walks with the process of diffusion on graphs. Similar to the Laplacian (Eq.

(2.5)), Ψ(G, t) measures the diffusion over time of the quantities of the vector function f : V → R

(see Section 2.1.7). Just as the Laplacian is the Laplacian Operator on graphs, the heat kernel is

the discrete, graphical analogue to the heat equation on the real line which models the diffusion

of a heat source on a uniformly conducting wire [51, 126]. The heat kernel is

Ψ(G, t) = exp(−tL(G)).

where L(G) is the combinatorial graph Laplacian of G, see Equation (2.5). The heat kernel

relates directly to Markov chains and in particular the familiar random walk onG, R = (V, P, δs0)

in the following way

Ψ(G, t) =
∞∑
k=0

tke−t

k!
P (A)k,
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where P (A) is the random walk transition matrix defined in Eq. (2.4). This implies that the

heat kernel is the expected mixing of the chain for a random walk, where each step occurs

probabilistically at random with rate t. As the rate t increases, so does the number of steps and

the amount of mixing. In the limit

Ψ(G, t)f
t−→
∞

f̄1,

where

f̄ =
1

N

∑
i∈V

fi.

That is, the heat kernel applied to f approaches uniformity over V in the limit as diffusion

continues for a long time.

In the special case where f is a probability vector, then Ψ(G, t)f can be thought of as describing

a family of distributions over V , parametrised by t. We will apply this interpretation when

applying the heat kernel to understand error propagation on dynamic neuronal trees in Chapter

6.

2.5 Proposed Properties of Biological Networks

Real world networks arising from data in biology and neuroscience have many distinct properties,

however, broad observations can be made about tendencies in behaviour of these networks.

These characterisations will be used as a reference in later chapters where common approaches

are applied across data from very different modalities and fields. We also provide common

critiques of these proposed general properties and their applicability in specific contexts.

2.5.1 Small World Networks

In their original paper Watts and Strogatz demonstrated shared behaviour across a range of

networks, including the neuronal network of the nematode C. elegans [423]. Since that time

many other networks including brain, gene, protein and metabolic networks have been suggested

to share the same property in both weighted and unweighted contexts [39, 196, 368, 415]. This

property of small world network structure is characterised by low average shortest path and

diameter, and high average local clustering coefficient. These networks are small in the sense



34

that communication between disparate areas of the network is relatively easy. In the biological

context, this has been suggested to be due to metabolic and evolutionary demands on these

networks [443].

Though it continues to be observed and reported [401], critiques of the generalisability of small

world properties mostly stem from the limitations of the data to accurately reflect small world

structure [288]. While we do not make direct reference to the small world property in our neural

networks analysis in Chapters 4 and 5, we do assume some level of local clustering to be occurring

at both temporal and spatial scales in order to apply our community detection procedures.

2.5.2 Scale-free and Fat-tailed Distributions

So-called scale-free behaviour has long been popularised in the biological networks literature

starting with the works of Barabási, Albert and others [9, 34, 35, 152], including publications

in both the neuroscience (across conscious conditions) and bioinformatics (proteomics and ge-

nomics) literature [33, 221]. Network statistics, most notably the degree of many real world

networks have been shown to have higher density in the empirical distribution than would be

expected under many common distributions (such as the normal or Poisson distributions) at

the extreme ends [33]. Scale-free activity is characterised by power law-like behaviour of the

statistic. Strictly scale-free behaviour for a network statistic k, with distribution P (k) is

P (k) ∝ k−α

for some constant α, typically α ∈ [1, 4].

In recent years, strictly scale-free behaviour has been difficult to find in many large real world

data sets [402]. This trend highlights a problem with stringent assumptions on the distribution

of statistics like the degree. However, model fitting suggests that alternative models remain simi-

larly or more implausible than the scale free model [66]. This could suggest a laxer interpretation

of the scale-free property is needed. We refer to scale-free behaviour in Chapter 3, however, we

interpret scale-free broadly to mean that these statistics follow a generally fat-tailed distribution

(preferring this term where suitable) with a relatively high number of extreme values (more so

than would be expected under a normal or Poisson distribution).
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Controlling for Inspection Bias in Protein Networks

Biases in the detection of protein properties and protein-protein interactions arise naturally as

an artefact of what is historically possible and interesting to experimenters. These biases are

reflected in the structure of Protein Interaction Networks (PINs), through factors including the

proteins that experimenters choose to screen for interactions. This selectivity leads to so-called

‘inspection bias’ in that further research often only occurs in proteins about which a fair amount

is already known [149]. These same study selection biases affect which proteins are annotated

with functional data and to what level of detail [335], which creates a general pattern across the

network characterised by islands of highly annotated, well studied proteins interspersed within

the majority of less annotated proteins about which very little is yet known. The large scale

interaction and biological information biases which lead to informational inhomogeneity in pro-

tein networks hinders the discovery of interesting proteins and protein communities outside of

those that have already been comprehensively studied [236].

Community detection has played an important role in finding meaningful and manageable pro-

tein subsets of large PINs [6,85,377]. Similarity of protein function has been used to refine these

subsets to those proteins most likely to be interesting for future experimentation [198]. The

functional annotations themselves are often sourced from the Gene Ontology (GO) database

[26, 127, 377]. However, GO annotation of proteins is highly inhomogeneous across PINs, with

clusters of highly annotated proteins interspersed with poorly annotated regions [236]. The ex-

act scale of the information asymmetry regarding proteins is unknown as the ‘completeness’ of

a proteins functional profile in GO cannot be easily assessed.

Evidence suggests that proteins within communities in highly annotated regions of the network

are disproportionately selected for by classical approaches to community filtering [236]. However,

highly annotated does not always mean most interesting to experimenters who are often moti-

35
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vated by a community’s potential for further novel research for instance as a novel drug target.

Thus interest in a protein set should be relative to the amount that community member proteins

have already been researched and annotated. CommWalker (CW) is a recent method designed

to take relative differences in local annotation into account during community selection. CW

does this by comparing communities to the local network background of protein annotations in

nearby PIN regions [236]. This is in contrast to classical Functional Homogeneity (FH) filtering

which selects communities based on comparison to a global functional similarity level, favouring

globally well-annotated communities without adjusting for long range dependence in annotation

quality or connectivity.

In order to sample the local annotation background of a given community found using a com-

munity detection method, CW explores the network by random walk, starting from within a

community and moving from randomly chosen neighbour to neighbour to form a sample from

that community’s local background. CW then computes the FH of the sample. CW compares

the FH of the proteins it found with those of the actual community, filtering out communities

that are less functionally similar their local background. This method works well on a regular

lattice network, however, a problem with this approach can be identified when PIN topology is

considered. PINs are well known to be very easy to traverse, with all proteins separated from

each other by only a few steps in the network on average (common in real world networks, see

Section 2.5.1). Naïve PIN exploration via random walks could therefore lead to comparison with

non-local regions of the network outside the original context [415]. This potential problem with

the CW algorithm has been highlighted in previous work and may be exacerbated by the higher

network connectivity of well studied proteins [236,414].

Here, we present the CommFinedWalker (CFW) method, which restricts network community

exploration to be more local. The method was tested on two previously studied PINs of the

human proteome: BIOGRID-AP (including 15405 proteins with 49301 interactions), from a

database including various species specific PINs [83], and HINT-P (including 10927 proteins

with 165343 interactions), a human only database [100]. Here, results were validated against

a co-expression based community quality measure [399]. CFW succeeds in filtering for propor-

tionally more, potentially interesting communities (having a high level of co-expression) with

poorly annotated neighbourhoods. Despite mostly agreeing on which communities to include

or exclude, the communities selected only by CFW also tend to be more sparse than their CW
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counterparts suggesting that CFW selects for novel features not seen in the original CW.

As important contextual information, this chapter discusses the background behind PIN com-

munity analysis as well as CW, the previous method for dealing with inspection bias (Section

3.1). This is followed by an overview of the data used in network construction and testing of

the new CFW method (Section 3.2). Section 3.3 starts with an overview of the communities

detected, followed by detailing the differences between CW and CFW in their exploration of the

local background and in the communities they detect. Comments on overall performance of the

new CFW method including on its tendency to select sparser, more pathway-like communities

are presented in Section 3.4.

3.1 Background

In this section PIN source data and construction is explained. Source data biases are used to

justify the previous CW framework. Further caveats arising from the topological properties of

networks (i.e. the small world property) are used to motivate the need for a new restricted

exploration approach based on CW.

3.1.1 Structure and Bias in PIN Source Data

Some of the earliest PINs were constructed using data from the Yeast 2-Hybrid (Y2H) assay

[188,340]. Y2H is one of two commonly used screening methods for detecting possible interactions

between large numbers of proteins, the other method being Tandem Affinity Purification with

Mass Spectrometry or TAP-MS [301]. Although many PIN databases include interactions from

smaller-scale, targeted studies [100], these two high-throughput methods still make up the bulk

of PIN construction data [149]. This makes understanding the errors these two high-throughput

screens are prone to important in understanding inspection bias.

While true interaction discovery rate has been estimated to be as high as 70% or higher [343],

Y2H and TAP-MS both suffer from high false positive rates in detecting interactions. The false

positive rates have been estimated for Y2H to be between 35% and 70% of total interactions,

and near 35% for TAP-MS [14,166].

Experimentally, both methods utilize a library of possible interactors augmented with tags which

are simultaneously expressed in the host (usually yeast) providing an opportunity for interaction.
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Interaction detection differs between the two methods as in Y2H binding takes place in the yeast

nucleus, simultaneously activating a transcription factor signal. In the case of TAP-MS potential

interactions occur in the cell and later undergo purification and binding partner identification

via mass spectometry [50]. These are foreign environments and modes of expression for human

proteins that allow for interactions that would never have occurred under normal patterns of

temporo-spatial expression in vivo. In addition, proteins must be modified by fusion of a reporter

or tag component (that allows interactors to be detected). The unnatural localisation conditions

in these experiments and protein modifications necessary for detection can prevent biologically

relevant interactions from being detected (false negatives) and allow for aberrant interactions

(false positives) [166].

In terms of interaction complexity, Y2H studies are more limited and can detect only direct

physical (P-type) interactions. On the other hand TAP-MS utilizes a pull-down approach in

which entire complexes of proteins can be captured by a single tagged bait protein [147]. This

implies that while not all proteins interact with the bait directly (P-type), the relationship

may still be biological and can be recorded as evidence for an associative (A-type) interaction

between co-complexed proteins. Inclusion of A-type interactions opens up new possibilities

for false positives since unnatural co-complexing may make additional aberrant interactions

possible [163].

Differences also exist in binding affinity between the two methods. In Y2H studies, even weak

binding can trigger transient activity from the reporter module, contributing to the false positive

rate [342]. This leads to further discrepancies between networks constructed using different types

of experiments [55].

The errors in both methods are compounded when combining the multiple assays used in PIN

construction. Repeated tests involving the same proteins within or between assays increases

the chance of including false positive interactions particularly for high-interest proteins that are

repeatedly screened [403]. Screening bias both causes and perpetuates structural inspection bias

by giving repeatedly screened proteins the appearance of having many interaction partners.

Mistakes in database curation can also lead to forms of error, for example through protein name

or species confusion [99]. Some databases also make use of complementary data types such

as co-expression and protein function data to validate interaction quality, which may help to
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alleviate some of the method specific bias in high-throughput interaction screens [378].

3.1.2 Network Analysis

PINs have several key research applications from protein function identification to visualisation

of regulatory pathways [347]. Considered as graphs, PINs are composed of nodes (the proteins)

and links (the interactions). PINs tend to be sparse, having few interactions per protein with

subsets of highly interacting proteins [437]. PINs also tend to be easy to traverse, meaning that

average distances between proteins in the same connected component tend to be small (as low

as 2 in many networks [57]), even for PINs containing many thousands of proteins [415]. This

traversibility phenomenon is true of many real world networks and is known as the small world

property (see Section 2.5.1) [365].

The Graph Representation of PINs

PINs are constructed from a combination of evidence from multiple assays (See 3.1.1) and are

often thresholded for high confidence interactions with large amounts of evidence. In this way

PINs can either be represented by a weighted graph or simple graph, G. In the latter case

G represents only the most high confidence protein interactions. The graph (or network) G

is composed of a set of node indices (numerical protein labels in a PIN), V (G), and edges

(interactions), E(G). A network’s edge structure can be isomorphically represented by the

symmetric matrix A (see Section 2.1.1). Here, we use historical PIN data that has already been

processed to produce high confidence, simple networks [236].

Any subset U ⊂ V (G) induces a sub-network, H, where V (H) = U and E(H) contains all the

edges between members of U that are present in E(G);

E(H) = {eij : i, j ∈ U, eij ∈ E(G)}.

Communities can be understood as induced sub-networks of G formed of proteins from V (G).

3.1.3 Selecting Out Proteins with Metadata

There are many types of metadata associated with proteins, from annotation terms relating

to possible biological functions to the protein’s spatio-temporal expression patterns. Not all

proteins are equally well represented and some may not be associated with any metadata at all.
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We define a general selection function π•[?] for all types of metadata relating to PINs. This map

takes two arguments, a set of proteins ? ⊂ V (G) and a set of metadata on proteins • (such as

a set of annotation terms). The function returns the subset of proteins in ? associated with •

metadata (π : 2V (G)×2metadata → 2V (G)). The purpose of π is to select proteins associated with

• metadata, for enrichment, semantic or co-expression analysis.

3.1.4 GO: The Information Content of Protein Function

In the context of protein function, ontologies are vocabularies formed of a strictly controlled and

curated set of terms A which act as a source of functional protein metadata. These terms, known

as functional annotations, are used to describe the molecular, mechanistic and/or subcellular

role ascribed to individual proteins. These termed form a DAG with a term as root node (see

Section 2.1.5). GO is one of the most widely used ontologies for describing protein function [26].

The ontology covers three distinct domains which are organised by the root terms: cellular

component (CC), molecular function (MF) and biological process (BP). BP is the domain most

closely related to the mechanistic and thus functional role of proteins. We focus on BP for

comparison of CFW and CW results presented in [236], BP is also favoured because of its

widespread use in the literature when identifying a possible functional module (a set of proteins

with a specific functional role) [237,391].

Hierarchical Structure of Semantic Relationships in GO

In each of the three GO domains, child terms are linked to more general terms, their parents,

by simple relationships such as constituent (part of) or subtype (is a) relations. This definition

implies a means to construct an ancestor set A(B) for a given set of terms, B. This set contains

all parental and increasingly general ancestral terms of the given set and is the result of consid-

ering the union of all paths from the set to the root term. This process is known as performing

an ancestor call on the set, B ⊂ A(B) ⊂ A .

Proteins can be annotated with terms from any specificity level on the GO hierarchy and so com-

parison of term ancestry provides a meaningful way to compare the function of proteins [286,293].

Two main approaches exist for comparing functional annotation within communities or between

proteins: semantic similarity measures and gene set enrichment analysis (see Appendix B.2).

Semantic similarity measures form the basis of community to background annotation compar-
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Figure 3.1: Subgraph of GO’s BP domain generated using the three bottom most terms (yellow)
as the input set, B, of an ancestor call A(B). Terms are shown as descending from the root term
(biological process) with their GO ID above. Terms are linked by directed edges with one of the
two relations is a (black line) or part of (blue line ) with arrows showing the direction of the
relationship. For instance animal organ development is both a part of system development and is
a type of anatomical structure development. This graph was generated using QuickGO [53].

ison in the CW framework. We next address the semantic similarity method used by CW in

more detail.

3.1.5 Scoring Functional Similarity: Pandey Measure

Semantic similarity measures are information theoretic indices that reflect the information con-

tent of the terms shared between proteins [293]. Averaging the semantic similarity of interacting

proteins within a community can provide an indicator of the amount of shared biological infor-

mation. Average semantic similarity is therefore a proxy for the known similarity in function

(functional homogeneity) of proteins within the community, where high average similarity within

a community suggests a possible functional module [90].

Naïve definitions of “informative" protein term relationships often fall short by only considering

the abundance of terms shared between proteins or their relative scarcity in the protein universe

(as defined by the PIN). Crucially, these approaches ignore the relative specificity of terms as

reflected in the ontology hierarchy and therefore tend to be biased due to correlations between
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related terms [12].

The Pandey measure is a semantic measure between two proteins that takes topology into ac-

count by considering the proportion of annotated proteins that share the same ancestor set [286].

The Pandey semantic similarity between proteins i and j is calculated by considering the number

of proteins annotated by the intersection of the ancestor terms annotated to i (Ai) and j (Aj),

πAi∩Aj [V (G)], normalised by the set of proteins πA [V (G)] in the PIN,

sij = − log2

( |πAi∩Aj [V (G)]|
|πA [V (G)]|

)
.

The Pandey measure can be used to construct an aggregate measure of the FH of any PIN

subnetwork or community Ck, through the average of protein semantic similarity. This mean is

taken over the set of all annotated pairs of proteins in a subnetwork using the natural extension

of π to the set of annotated pairs within a community Ck,

πA [V (Ck)]
2 = {{i, j} : {i, j} ∈ πA [V (Ck)], i 6= j}. (3.1)

The resulting community aggregate FH measure is

FCk =
∑

{i,j}∈πA [V (Ck)]2

sij
|πA [V (Ck)]2|

. (3.2)

The community FH score allows higher scoring communities with similar annotations between

(annotated) proteins, to be distinguished from lower scoring communities with more common

and/or less related annotations.

3.1.6 Using Co-expression to Validate Functional Modules

In order for co-expression data to be a plausible source of validation data for annotation-based

methods, the scoring methods should be comparable and the co-expression data should provide

additional information that informs the presence of functional modules in PINs. Notably, while

there should also be some commensurability between co-expression and annotation data so as

not to unfairly penalise the method. The measures should also not be identical as to avoid

over-estimation of performance. We therefore briefly demonstrate that co-expression is indeed
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a suitable source of validation data for FH-based functional module detection methods with a

few notable caveats.

Co-expression measures and in particular, co-expression networks have been shown to contain

both overlapping and complementary information to PINs. For instance, it was found that in

a multiplex network containing both interaction and co-expression layers, communities in this

multiplex network tended to be more functionally enriched than an aggregation of communities

from both single layer networks [107]. In addition, the multiplex network communities were

shown to be more robust to missing data than their single layer counterparts, strengthening the

hypothesis that the data types are complementary. Studies show a high degree of correlation

between co-expression of proteins in a co-expression network and the presence (absence) of an

interaction between them in a PIN [158]. However, such co-expression-based networks are topo-

logically distinct and are hypothesized to reflect regulatory more so than physical interactions

between proteins [434]. Lastly, research into the applicability of gene co-expression to predict

protein function generally show only a weak signal when not paired with other forms of data such

as co-evolutionary information [399]. Given this evidence, we contend that co-expression scores

do therefore provide a meaningful set of complementary data for comparison with term-based

annotations on PINs.

Co-expression analysis relies on correlations in abundance between protein precursor messenger

RNAs (mRNAs). These mRNAs are the necessary intermediary between genetic code and pro-

tein expression. In order to be expressed in a cell or tissue proteins must first be translated from

mRNA. Co-expression analysis often uses expression data sourced under different spatiotemporal

profiles or biological conditions in order to cover the whole interaction space [143,148,413]. High

levels of co-expression within communities has been used as a predictor of community functional

conservation [399].

RNA-seq has made large-scale co-expression analysis possible by providing a high-throughput

method based on next generation sequencing of mRNA [420]. RNA-seq provides counts of protein

precursor mRNAs that indicate the protein’s expression level, but these counts must be nor-

malised to account for experimental count variation. The relationships between mRNA counts

for different proteins suggest direct regulatory and indirect functional relationships, making co-

expression analysis a useful surrogate for functional annotation analysis on communities [191].
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Scoring Co-expression within Protein Communities

Here, the data we used in our analysis is based on RNA-seq experiments so we assume the

expression metadata E to contain normalised mRNA counts of protein i, across multiple time

points, denoted by the xi ∈ E , where the number of experiments and time points (entries in xi)

may vary by protein.

Average co-expression in a community Ck, ECk , has previously been used as a measure of

functional homogeneity within the community, as follows [236]. The mean of the absolute inter-

protein co-expression correlation |ρij |, between shared entries of the vectors xi and xj (or if

values are missing, the vectors of their mutually occurring entries), is used to score a possible

functional relationship. However, since the co-expression data includes indirect correlations

between non-interacting proteins, it is necessary to refine the co-expressional enrichment score

to be defined only for proteins with an interaction present. This makes it analogous to the

FH score and in addition this increases ease of comparison by making both measures consistent

with an underlying PIN topology. The magnitude of the correlation is used because both strong

negative and positive correlation can plausibly inform protein interactions (for instance through

direct inhibition or up-regulation). The community co-expression score, ECk , is then given by

the average of pairwise co-expression scores, |ρij |, of community members i and j for which

expression data exists (similar to Eq. (3.2)),

ECk =
∑

eij∈πE [V (Ck)]2

|ρij |
|πE [V (Ck)]2|

,

where πE [V (Ck)]
2 (see Eq. (3.1)) represents the pairs of proteins in Ck for which expression data

from E is available for both proteins. Although ECk is not used directly to determine whether

a community is a functional module, it provides a secondary measure of the overall quality of

potential modules selected by a FH-based method.

3.1.7 CommWalker: Conditioning on the Local Annotation State

CW provides a measure of how likely a community is to be a functional module. It does so while

also attempting to take local inspection bias into account [236]. Like many other methods that

define community quality by functional modularity, CW makes use of FH measures. Inspection

bias is a problem for FH-based functional module detection because annotation level, a result
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of research history, directly informs FH filtering of communities, which should reflect research

agreement rather than research abundance. Figure 3.2 shows the relationship between local

availability of annotations and apparent local FH. In this section the effect of inspection bias on

local FH scoring is reviewed. The random walk-based methodology behind these results is then

used to justify the CW framework.

Random Walks Can Provide a Measure of Inspection Bias

Researchers in [236] used short random walks to measure the amount of inspection bias in local

FH due to annotation by calculating a Local Homogeneity Measure (LHM) for each protein in

the network and comparing it to the local level of annotation amongst proteins sampled. The

assumption behind this is that short random walks will tend to stay local and thus, on average

provide a rough indication of the FH background. In Section 3.1.9 we examine this assumption

in more detail and provide alternatives.

The Protein LHM is calculated as

LHMi =
104∑
m=1

FLim
104

, (3.3)

where Lim is the mth random walk of length 6 starting at i and 104 was chosen to provide a

stable estimate of the local homogeneity. Each random walk induces a small (and thus locally

restricted), community-like sub-network of size at most 6 around the protein i. This motivates

the borrowing of community FH notation from Eq. (3.2). The fraction of locally annotated

proteins can be measured similarly by substituting FLim for the fraction of annotated proteins

in the Lim walk.

Previous results (see Figure 3.2) suggest that a high number of locally annotated proteins is

strongly correlated with high protein LHM [236]. This demonstrates the annotation dependence

that needs to be addressed and shows that random walks can provide a local measure through

which the local annotation inhomegeneity can be measured and taken into account.

The Critique of Classical Approaches to Functional Module Selection

The direct approach to assessing community functional conservation is to compare the com-

munity mean FH (see Eq. (3.2)) to some globally applied threshold derived from the network
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Figure 3.2: This Figure, adapted from the original CW paper [236], shows the clear similarity
between (a.) local homogeneity score (measured by LHM) and (b.) local annotation fraction, in
the same PIN subnetwork of HINT-P. The local functional homogeneity is measured by random
walk as in Eq. (3.3), giving a score for each node based on the average community FH of 104

short walks that originate from it. Similarly, local annotation fractions per node were calculated
from the average of walks originating at that node. This fraction was a simple average of nodes
sampled in each walk rather, ignoring local connectivity. Levels of local annotation or functional
homogeneity for each protein (node) in the example subnetwork (a subnetwork induced by the
three step neighbourhood of the protein FAT1) are shown on the colour scale from purple (low)
to green (high). Regions of low homogeneity have a clear tendency to coincide with regions of low
annotation fraction and vice versa.

(such as the median FH of interacting protein pairs). But under this method, communities

from well-annotated regions will tend to have higher FH and thus to be over selected. CW was

developed to filter for communities that contain proteins that are functionally similar enough to

be interesting given the amount of local annotation available.

CommWalker Compares Communities to Locally Defined Pseudocommunities

In order to condition on the state of local annotation surrounding each community Ck, CW uses,

as a proxy, sets of proteins sampled through random walks in the vicinity of the community.

Each random walk starts from a protein in the community and contains the same number of

proteins as the community. Each protein set sampled in this way near a particular community

Ck, induces a subgraph Ckm. This subgraph resembles an equally sized community sampled

in the vicinity of Ck, and is termed a pseudocommunity of Ck. We use Ckm to refer to the

mth pseudocommunity sampled in this way. Since each Ckm was sampled by random walk,

results suggests that pseudocommunities may share many local topological properties with the

Ck community found by modularity maximisation [106]. This makes them particularly apt for

functional comparison to the original community.

Apart from having the same size as the original community, each pseudocommunity generated
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also overlaps with the original community by starting within it. Pseudocommunities are there-

fore more likely to contain proteins more similar to the original community in terms of annotation

and FH level, than would be expected by chance for a random sample of proteins of the same

size [236]. The distribution of pseudocommunities according to their FH is an approximation

of the original communities local annotation background. Any community with higher mean

community FH than the vast majority of its pseudocommunities can be considered highly func-

tionally homogeneous (i.e. enriched) given this annotation background.

CW relies on extending community FH as defined by Eq. (3.2) to each pseudocommunity (with

the FH of Ckm denoted FCkm) and then comparing these values to the original FCk . In short,

the fraction of pseudocommunities Ckm with FH exceeding the original Ck is recorded as a tail

statistic or T-value, TCk ,

TCk =

1 +
MCk∑
m=1

I[FCk<FCkm ]

1 +MCk

, (3.4)

where MCk is the total number of walks for community Ck which depends on the size of Ck

(see below). Under Eq. (3.4) locally unexceptional communities produce T-values close to 1,

that could then be filtered out when exceeding a task-specific threshold, T ∗, and kept when

TCk ≤ T ∗.

The T-value can be interpreted as an indicator of community functional modularity or qual-

ity, with lower T-value corresponding to higher quality, more significantly locally exceptional

communities. With regards to controlling for inspection bias, CW has been shown to select

for communities with more proteins with lower local homogeneity (determined by LHM) than

classical mean FH filtering. Thus CW potentially mitigates the effects of inspection bias [236].

Selecting the Number of Walks

In order for sampling to avoid size biases, the total number of walks per node was chosen so

that the total number of nodes explored per community, Ck, remained constant. This number is

105/|V (Ck)|2, where the constant 105 was found to be sufficient to produce numerically stable

T-values. This means that the total walks per community, MCk , will be equal to 105/|V (Ck)|,
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if all walks for each node member are completed successfully.

A walk can only be a complete pseudocommunity if it is the same length as the original com-

munity size |V (Ck)|. Walks may be more difficult to complete when starting from regions which

are poorly connected to the rest of the network, such as degree one nodes. In the case of CW,

a walk was discarded if it exceeded |V (Ck)|2 steps without reaching |V (Ck)| distinct nodes. It

is thus also necessary to place a limitation on the maximum number of discarded walks which

scales with size, since more walks means more possible failures. In the case of CW this limit is

2 ∗ 105/|V (Ck)|.

3.1.8 Motivation for Alternative Sampling Methods

CW assumes that any community-sized random walk still samples proteins with similar levels

of annotation as the community (is from the same local annotation region). As noted in Sec-

tion 3.1.2, average shortest path lengths within PINs can be low, as low as three to five [415]

(a property of many small world networks, see Section 2.5.1). In addition, mixing times on

protein networks have been observed to be short when compared to other real world networks

(such as many social networks [303]). Work on the BIOGRID human PIN shows that relatively

low average shortest path is conserved even for nodes sampled uniformly at random from the

network [46]. Together, these properties suggest that pseudocommunities sampled in an uncon-

strained way, such as by unconstrained random walk could be sampling nodes from across the

network. Lastly, functional similarity is suggested to decrease with shortest path length [383].

As a result, nodes sampled by random walk via CW may possess an entirely different annotation

distribution to the original community whose local annotation background the pseudocommu-

nity is supposed to represent.

The problem is exacerbated when highly screened proteins are considered. Highly screened

proteins have disproportionately high degree (see Section 3.1.1) and are also likely to be well-

studied. This implies that these proteins will tend to be part of communities with high lev-

els of annotation. The result is that these highly annotated communities are more likely to

be ‘escaped’ by their random walks. The resulting unrepresentative pseudocommunities make

for unfair comparisons between the relatively poorly annotated network proteins present in the

pseudocommunities and the highly annotated community proteins. Since highly annotated com-

munities are likely to have high FH, these communities will tend to T-values that do not reflect
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relative enrichment and instead are too low (too apparently significant).

The effects of unconstrained walk sampling can be summarised as having an averaging effect

on pseudocommunity FH. Aggregations of non-local FH scores can lead to pseudocommunity

FH scores which are skewed towards the global FH distribution of the network rather than

reflecting the local state of relevant research near each community. The FH averaging of pseu-

docommunities may cause higher mean FH communities in annotationally richer regions to be

under-penalised and low FH communities from poor regions to be over-penalised. This potential

community test bias makes constraining the sampling region a priority in the optimisation of

CW and the primary goal of the CFW method.

3.1.9 Alternative Psuedocommunity Sampling Methods

In order to accurately compare the FH or co-expression-based scores of communities to that

of the local background, representative samples from the local background should be as close

in topological and annotational distribution to the original community as possible while max-

imising the coverage of this background space. Here, we examine the original assumption that

generic random walk sampling accomplishes this best when compared to other methods and

give a brief review of alternative methods for use in our new method. We prioritise locality as

a means of retaining similarity to the original community but acknowledge other methods may

exist to sample areas of the network with similar local properties (see discussion in Section 3.4).

Properties such as connectedness can be guaranteed by all of the sampling methods which we

examine here. Other properties, like similarity of annotation quality and topological properties

of the sample, may depend on the method.

Table 3.1 shows a number of possible techniques for sampling contiguous nodes in a network

(nodes that form a connected induced subnetwork). All of snowball, breadth and depth first

sampling share the weakness of being non-stochastic and therefore unable to explore the full

range of possible communities in the network. These methods also produce samples that are

necessarily topologically biased towards either long, thin induced subgraphs (depth) or star-like

subgraphs (breadth).

Of the stochastic methods, expansion sampling favours the addition of high degree nodes that

quickly leads to non-local sampling [242]. Forest fire and (generic) random walk sampling both



50

have high topological fidelity [438]. These methods have both been shown to preserve important

topological properties such as the clustering coefficient (see Section 2.4) and other topological

features [223, 438]. Forest fire sampling can allow for interpolation between preserving local

and global properties by tuning of parameters, however local properties are arguably more

computationally expensive since this requires a lower probability and thus a higher number of

iterations [116]. The recursive forest fire sampling method is comparatively more expensive

than random walk sampling which is sub-linear in sample size k [27]. More recent, PageRank

forest fire sampling attempts to solve the inefficiencies and improve the sampling of less dense

communities [385].

Metropolis-Hastings random walks are designed to approximate mean global node features (such

as annotation level) from a small subset of nodes and requires a computationally expensive re-

jection step [218]. This is the opposite of what is desirable for our purposes where the goal is

to approximate the local background with high coverage, not necessarily obtain a tight global

estimator at high cost. The opposite problem is true for maximum entropy random walks which

tend to be too locally concentrated around the most dense regions of the network with minimal

coverage [72]. Stochastic restart random walk on the other hand is good at remaining local to

the starting node when correctly parametrised and was first proposed for local node importance

ranking [386]. Notably, it has also shown promise in predicting disease associations from a mul-

tiplex PIN, annotation and co-expression network [396]. It is therefore a promising candidate

sampling method for local background sampling with the caveat that the appropriate restart

probability can dependent on local network topology.

Another promising method is community Markov Chain Monte Carlo. The method samples

directly from the distribution of possible communities by exchanging nodes with neighbouring

communities, taking as starting state the original partition. The method tends to sample plau-

sible communities (according to a predefined objective function). It is good at remaining local

but generating sufficiently different samples is not computationally scalable to large PINs [241].

Similarly complex is node2vec sampling (based on the feature learning algorithm in [159]), which

can theoretically select both local and community-like samples but requires tuning of additional

parameters.

What is apparent from all of these methods is that there is a trade off between community-like
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local sampling and coverage as well as concerns over parametric and computational complexity.

PINs are large networks with no gold standard for validation. Sampling methods thus need to

be scalable and generalisable to all regions of the network without recourse to too much fine

tuning of parameters. We propose a slight modification to stochastic restart random walk as our

sampling method that directly restricts sampling to a given snowball sample (neighbourhood)

of the starting node. In so doing we hope to cover much of the local space while still capturing

community-like samples as our psuedocommunities.
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3.2 Materials and Methods

This section deals with the specific PIN data used, and describes the three approaches to com-

munity selection that will be compared and contrasted in Section 3.3.

3.2.1 CommFinedWalker: Constrained Local Sampling

FH

O1

O2

C1

Figure 3.3: This network subregion illustrates a typical example of what a hypothetical relatively
homogeneous community C1 might look like as larger and larger restart radii are considered. The
shading of edges by their FH measure reflects that the internal-internal FH scores are generally
higher than their external-external or external-internal counterparts and that FH score dissipates
with distance from the original community. This dissipation is expected for highly homogeneous,
highly annotated communities that differ from the rest of the network. This is what makes com-
parison to similar homogeneity conditions near to the community more appropriate for assessing
the community’s relative research potential as a functional module.

The goal of CFW is identical to that of CW in controlling for inspection bias while providing

a community quality statistic that can be used to select for communities that may contain

novel and interesting proteins. Just as in CW local quality is assessed by comparison to local

pseudocommunities (Section 3.1.7).

In order to account for the small world and aggregation effects discussed in Section 3.1.8, CFW

uses a form of restricted sampling known as Random Walk with Restart (RWR) [386]. RWR is
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an augmented form of random walk sampling where instead of moving from successive node to

successive node, the walk has some probability of returning to the initial protein i and sampling

the next protein from amongst those interacting with i instead. The walk may return to i an

unconstrained number of times in the process of generating a community sized sample. It is

important that the probability of restart should not be so stringent as to prevent a complete

sampling of the local network region or cause an infinite loop.

Here the probability of restart depends on the next protein selected to be the successor. If the

would-be successor j exists outside of some radius of the community (as given by a snowball

sample of proteins around V (Ck)) then j is not sampled and the process returns to i. We define

the restart probability, pr for a successor protein j for a walk starting in community Ck as

pr(j, Ck) =


0 j ∈ O2(V (Ck))

1 otherwise
,

where O2(V (Ck)) is the 2nd order snowball sample (neighbourhood) of community Ck (see

Appendix B.1). In this way we can define a local neighbourhood or “restart radius" for each

community Ck and the boundary outside of which no proteins are sampled. The mean shortest

path length provides a lower bound on how many steps are needed to escape the local area of

the community. We assume this restart radius parameter to be two throughout as this is lower

than the upper limit, assumed to be the mean shortest path length for the two PINs under

consideration (see Table 3.2) as well as many other PINs [118,430]. We call this parametrisation

CFW-R2 (abbreviated to R2 in figures and tables).

As discussed in Section 3.1.8, CW T-values may not be reflective of local annotation quality, due

to escape from the community’s local background region. CFW walks are more likely to stay

near the starting node and thus sample more of the original community, which should produce a

shift in T-value distribution (see Section 3.3.2). A new threshold T ∗R2 may therefore be required

to replace the one used in the previous assessment of CW, T ∗CW = 0.5 [236]. Selection of the

T-value threshold T ∗R2 for the CFW method was tuned so that the total number of proteins

in a network that were in significant communities, those below threshold, was similar to the

number obtained for CW with T ∗CW = 0.5. We term proteins from significant communities to
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be significant proteins (though many may not be functionally enriched).

Important to the assessment of CFW is another measure, community LHM (CLHM). CLHM is

calculated using the Local Homogeneity (Eq. (3.3)) of each protein in the community. For a

community Ck, CLHMCk is calculated as the mean over LHMi for i ∈ V (Ck),

CLHMCk =
1

|V (Ck)|
∑

i∈V (Ck)

LHMi, (3.5)

where LHM is calculated as in Eq. (3.3). This gives a measure of the local homogeneity context,

and a proxy for the local annotation quality of each community.

3.2.2 Global FH Benchmark Testing

The universal threshold selected for the classical FH benchmark community filter is the global

median FH between all pairs of interacting proteins in the network, FHmed,

FHmed = med

eij∈πA [E(G)]

sij , (3.6)

where sij is the pairwise semantic similarity as defined in Eq. (3.1.5). Any community that

exceeds this threshold was considered to be significantly homogeneous under this test and a

possible functional module.

3.2.3 Sourcing of Interaction Data

For comparison with previous results (CW), we use the same data from the BioGrid and HINT

databases [83,100]. The BioGrid data includes both Associative (A) and Phyical (P) interaction

data, whilst the HINT data contains a smaller set of higher confidence interactions, only of the

P-type. By isolating the largest connected component and eliminating self-loops, two undirected

networks were produced which we call BIOGRID-AP and HINT-P (accessed August 2015, to

be consistent with CW results in [236]).

The two networks differ not only in their interaction types but in their reliability. HINT-P

requires two corroborating sources per interaction, while BIOGRID-AP is richer in both proteins

and interactions but has a higher rate of false positives than HINT-P. Table 3.2 summarises the

properties of both sparsely clustered networks.
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network size edges GC ALC % annot. `ij
BIOGRID-AP 15405 165343 0.055 0.13 84% 3.27
HINT-P 10927 49301 0.034 0.099 90% 4.02

Table 3.2: Network statistics for the two PINs BIOGRID-AP and HINT-P including network size
and number of links. GC and ALC are global and average local culstering coefficients respectively.
The mean `ij is the mean minimum path length between all pairs of nodes in the network and %
annot. reflects the percentage of proteins in the network annotated by GO terms.

3.2.4 Parametrisation of Community Detection

As meaningful biological structure can exist at all levels [284], we investigated 51 values of the

γ resolution parameter using CMM clustering, taking values on a log10-scale in the interval

[10−1, 103]. Here, 103 represents the maximal resolution which most favours the detection of

smaller communities. This is the same parametrisation as used in the assessment of CW [236].

In order for communities to be investigated they must be both computationally tractable and

experimentally viable. These considerations constrain the size of communities investigated. We

selected the size range of interesting communities to be between 6 and 35 proteins, as in the

previous CW study.

3.2.5 Sourcing and Measuring Community Co-expression Data

Protein expression profiles, E , were sourced from whole mRNA data from 8500 post-mortem,

tissue-specific samples which were sequenced using RNA-seq and normalised by both read length

and sample size using the RPKM method [234, 269]. We use a commonly applied measure of

co-expression (see Section 3.3.4). The measure was based on the absolute value of the Pearson

correlation between two proteins i and j, |ρij | [217].

3.3 Results

The results consist of a comparative analysis of CW, CFW with restart radius 2 (CFW-R2 or

just R2) and the direct mean FH benchmark method, all using the Pandey similarity measure

to define FH (Section 3.1.5).

3.3.1 Community Properties

Community detection was carried out using the CMMmethod on both the HINT-P and BIOGRID-

AP networks as detailed in Section 2.2. The size of communities detected by the CMM method
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is highly sensitive to the value of the resolution parameter γ. For low values of γ, larger com-

munities are favoured that could very well occur outside of the 6 to 35 community size range

of interest. Similarly, for very high values of γ, many more very small communities are chosen

that may be smaller than the lower bound of 6, resulting in a peaked distribution of testable

communities for both networks. Figure 3.4 shows these results for BIOGRID-AP (with qualita-

tively similar results for HINT-P, not shown).

Non-uniformity in community sizes extends to community clustering coefficients in BIOGRID-

AP where only a minority of high resolution communities exhibit any of the highly clustered

structure classically associated with high modularity. This non-uniformity is likely a reflection

of the fragmented distribution of clustered regions throughout most PINs which are broken

up further by forcing smaller partitions of the network at high resolutions. Similar resolution-

community and resolution-clustering relationships exist for HINT-P with the median clustering

coefficient vanishing to 0 at 101.48. The variation in clustering suggests that resolution selec-

tion may be dependent not only on the biological scale of interest but also on the structural

requirements of desired communities.

(a) (b)

Figure 3.4: This figure shows the number of communities detected at each resolution within
the 6 to 35 size range and the mean number of nodes per community for BIOGRID-AP (Figure
3.4a). The number of nodes in communities have similar trajectories, increasing as expected as
the resolution increases (due to detection of more sufficiently small communities), until reaching a
saturation point around 101.8 (as communities identified by CMM become too small). Note that
for certain low resolutions no communities were detected in the given size interval. Figure 3.4b
shows median community clustering coefficients per resolution. The gradual decrease and eventual
vanishing of the clustering coefficients suggest how resolution effects community structure with less
than half of communities just above the saturation point exhibiting any global or local clustering.
The large amounts of clustering for low resolution parameter values are likely unreliable due to
the small sample size of communities in the 6 to 35 band.
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3.3.2 The Relationship Between T ∗ and Sampling Method

The most important methodological difference between CW and CFW-R2 lies in where nodes

can be sampled from in each random walk. In CW walks begin within the community but could

eventually leave for unrelated regions of the network. In CFW-R2 this is much less likely as

leaving the community is likely to result in restart after only a few steps. The result is a higher

proportion of overlap between the pseudo and true communities for CFW-R2. An example from

HINT-P illustrating the difference in overlap distribution for a specific community (shown in

Figure 3.5a) is given in Figure 3.5b where quantiles of CFW-R2 pseudocommunities are much

more skewed towards high overlap with the original community than are CW pseudocommuni-

ties.

(a) (b)

Figure 3.5: An example single step neighbourhood of a 26 node community from HINT-P is
shown in Figure 3.5a with protein members (nodes) coloured by community membership (red)
or non-membership (blue). Nodes are shaded darker if they appear in a high total number of
CFW-R2 walks as a fraction of total CFW-R2 plus CW walks. All proteins in this local region
are visited more by CFW-R2 (74% of the total CFW-R2 plus CW walks). Figure 3.5b compares
CFW-R2 to CW in terms of their pseudocommunity overlap (expressed as a node fraction) with
the original community. The comparison is a Quantile-Quantile plot of pseudocommunity overlap
that shows that CFW-R2 pseudocommunities are clearly skewed towards much higher overlap.
These plots suggest a general trend in which CFW-R2 tends to sample nearby nodes with higher
overlap with the original community than CW.

Table 3.3 provides the T-value and FH thresholds used in filtering for significant communities.

The larger threshold values associated with CFW-R2 are due to the tendency for high overlap,

region-restricted pseudocommunities to be more homogeneous than unrestricted pseudocommu-

nities which aggregate annotations from distantly related proteins. The result is that CFW-R2

T-values tend to be greater than CW T-values for all communities, making a higher threshold

necessary to allow similar numbers of proteins to be selected. We address the potential caveats

of such a coarse-grain adjustment in the discussion, Section 3.4.
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network T ∗CW T ∗R2 med(FH)
BIOGRID-AP 0.5 0.5600 6.10552
HINT-P 0.5 0.5875 6.04852

nCW nR2 nFH
BIOGRID-AP 51869 51930 40212
HINT-P 49979 49822 40157

Table 3.3: Threshold values for methods on BIOGRID-AP and HINT-P along with the associated
number of signigicant proteins summed over all resolutions (allowing for repeated counts) that were
optimised over to provide a close match between the total number of significant proteins for CW
and CFW-R2 in both networks. This was done to allow for comparison of the properties of the
proteins and communities selected.

3.3.3 Community Selection and Inspection Bias

Without knowing the level of inspection bias in each region of the network, it is impossible

to know the level of homogeneity which is appropriate to a community’s local background.

However, it is reasonable to suppose that a somewhat more uniform distribution of selected

communities across homogeneity conditions will be favoured when annotation bias is reduced.

Previous comparisons between CW and the median FH method (see Eq. (3.6)) have shown that

the distribution of selected proteins is skewed towards higher local homogeneity (measured by

LHM) for both CW and median FH, although this bias is weaker for the random walk method

(CW) [236].

Similar results to those for individual proteins are seen at the community level when sorting

each community from across all resolutions according to their Community Local Homogeneity

score (CLHM, see Eq. (3.5)). Table 3.4 shows that all methods tend to select the majority of

locally well annotated communities in CLHM quartile one but CFW-R2 communities make up

a much larger (but still comparatively small) proportion of quartile four communities, which are

the communities most vulnerable to being overlooked due to annotation bias. However, for the

majority of communities CFW agrees with CW. It is interesting to note that for BIOGRID-AP

the distribution is markedly more even between methods and the levelling effect of CFW-R2

less severe than for HINT-P. This could be due to possibly higher levels of inspection bias in

HINT-P, where a larger proportion of data comes from a smaller set of targeted and double

validated studies.

Table 3.5 breaks down proteins into LHM quartiles and gives the percentage of proteins in

that quartile that were ever part of an appropriately sized community that was selected by the
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HINT R2 CW FH R2∩FH CW∩FH CW∩R2 R2∩CW∩FH
Q1 53.1 63.6 70.3 52.8 61.3 52.7 52.4
Q2 36.5 34.4 24.7 24.7 24.7 32.5 24.6
Q3 21.1 13.5 4.0 4.0 4.0 13.4 4.0
Q4 14.1 5.2 0.5 0.5 0.5 5.2 0.5
Total % 31.2 29.2 24.9 20.5 22.6 26.0 20.4
Total # 4793 4484 3823 3147 3476 3989 3130
BIO R2 CW FH R2∩FH CW∩FH CW∩R2 R2∩CW∩FH
Q1 56.3 59.2 55.9 53.5 54.8 56.2 53.5
Q2 26.5 26 18.4 18.4 18.4 25.4 18.4
Q3 13.1 11.5 5.3 5.3 5.3 11.5 5.3
Q4 9.0 6.4 2.9 2.9 2.9 6.4 2.9
Total % 26.2 20.6 24.9 20.0 20.3 24.9 20.0
Total # 4700 4619 3695 3587 3645 4460 3587

Table 3.4: Percentages of selected (below threshold) communities in the 6 to 35 size band in each
quartile when distributed by mean LHM in HINT-P (HINT) and BIOGRID-AP (BIO). All three
methods (CW, R2 and FH) exhibit decreases in selected communities as community LHM (CLHM,
Eq. (3.5)) decreases. FH shows the largest discrepancies in representation between quartiles,
followed by CW. Differences are most apparent in HINT-P where CFW-R2 communities with the
poorest annotated neighbourhoods (lowest CLHM) more than double CW communities. Both
CFW-R2 and CW largely encompass FH communities, partially because there are much fewer
such communities, especially for poorer neighbourhoods. In comparison to CFW-R2, CW has
marginally higher overlap with FH selected communities regardless of the level of local homogeneity
(LHM).

HINT R2 CW FH R2∩FH CW∩FH CW∩R2 R2∩CW∩FH
Q1 80.0 87.2 82.9 76.6 82.6 79.0 76.6
Q2 68.3 70.4 58.8 55.1 58.4 64.0 55.0
Q3 55.6 49.2 32.1 31 32.0 46.1 30.9
Q4 44.6 30.1 13.4 13.1 13.3 29.1 13.1
Total % 62.2 59.2 46.8 44.0 46.6 54.6 43.9
Total # 6793 6473 5116 4807 5090 5964 4797
BIO R2 CW FH R2∩FH CW∩FH CW∩R2 R2∩CW∩FH
Q1 76.3 77.3 72.3 71.7 72.0 76.0 71.7
Q2 63.6 63.6 52.2 51.8 52.1 61.8 51.8
Q3 52.6 50.8 37.7 37.5 37.6 49.7 37.5
Q4 35.9 31.9 18.5 18.3 18.5 30.7 18.3
Total % 57.1 55.9 45.2 44.8 45.0 54.6 44.8
Total # 8799 8609 6960 6909 6937 8405 6908

Table 3.5: The distribution of proteins into quartiles by their LHM. Percentages indicate the
fraction of proteins ever selected by one of the three methods or their intersection as part of a
community at any of the 51 resolutions. The Total %s are the percentages of total PIN proteins
selected by that combination of tests at any resolution. The Total # is the number of such proteins
selected (without normalization). Again, there appears to be widespread agreement between
methods meaning that a significant fraction of proteins (particularly those in lower quartiles)
are never selected by any method, indicative of the gap in our knowledge of large regions of the
interactome (either annotation or interaction space).

method shown, at any resolution. The high proportion of proteins (Total %) selected by each of

the methods at some resolution corroborates the hypothesis that interesting structures do exist
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across multiple biological scales within the networks and that of the three methods CFW-R2

selects a slightly broader set of proteins than CW in both networks.

Table 3.5 also suggests that even though varying the resolution can help to detect different

high quality communities, some communities have either been poorly partitioned or so poorly

annotated that no functional enrichment is detectable under any of the methods investigated

here. This could be due to multiple factors from inspection bias at the annotation or link level

to shortcomings in the community detection algorithm which prevent it from finding counter-

intuitive but otherwise interesting communities. PINs as they are constructed and analysed are

only a noisy approximation to the real functional relationships between proteins, which become

less accurate the less data is available.

The global clustering coefficient (GC) can be used as a measure of member association between

(a) BIOGRID-AP (b) HINT-P

Figure 3.6: Comparative Box plots of global clustering (GC) coefficients of communities (size 6 to
35) exclusive to each method when compared to the others. Each group is a cluster of three plots
comparing communities selected by one method A, and not one or both of the others B, using
the set notation A−B for A but not B. The coloured text reflects the number of communities in
that comparison class and is in line with the GC median of that class. Communities selected by
CFW-R2 and not CW tend to have a lower GC while the relationship between both methods and
FH seems to depend on whether network, BIOGRID-AP (Table 3.6a) or HINT-P (Table 3.6b).

proteins in a community (see Eq. (2.13)). Figure 3.6 shows that communities that are unique to

each of the three methods do not have the same distribution of GC. CFW-R2 only communities

tend to have a lower GC than CW communities independent of the PIN investigated while the

relationship between FH and the other two methods seems to depend on the network. This

could be partially explained by the tendency of CFW-R2 to select out more low homogeneity

communities coupled with weakly positive correlation between local homogeneity and GC value

(Spearman correlation of 0.31 for HINT-P and 0.18 for BIOGRID-AP, p < 10−6). Communities
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with low GC tend to be more tree-like, lacking transitive edges and therefore a lower number of

cycles in general. Proteins in these communities could therefore be some of those most neglected

and therefore vulnerable to link and annotation inspection bias.

3.3.4 Co-expression-based Community Validation

The distribution of community co-expression scores is not well understood, and small sample

sizes (e.g. of FH communities in lower homogeneity quartiles) and repeated communities make

approximate normality and independent sampling assumptions dubious. Therefore, we utilized

a Monte Carlo test comparing the difference in mean community co-expression score between

methods, d, to the differences in mean co-expression score of samples of equal sizes to the

originals drawn with replacement from the entire score population. The calculation of each re-

sampled difference di was performed a total of 105 times. The null hypothesis of the test is that

the difference is no greater than would be expected by random sampling of communities from

either method which can be rejected with approximate p-value p̂ when d > d(1−p) (the empirical

(1 − p)th quantile of the 105 measurements of di). Tests are motivated by differences in the

median or spread of their co-expression (see Figure 3.7 and Figure B.2 to B.5 in Appendix B.3).

Figure 3.7a (HINT-P) and 3.7b (BIOGRID-AP) summarise the mean co-expression behaviours

of communities selected by any combination (combined by set intersection and difference) of the

three methods. Both networks suggest that CW and CFW-R2 communities have very similar

overall expression profiles. CFW-R2 communities perform slightly below the baseline (given by

CW∩FH) in both but not as badly as CW only communities in BIOGRID-AP. Note also that

CW communities tend to be much larger (as indicated by the size median) in both networks.

The small number of FH only communities also have a lower median co-expression quality than

either random walk method. This indicates that of the methods investigated, co-expression

relationships may be better preserved by using the two random walk methods. This difference

is particularly pronounced for BIOGRIOD-AP (Figure 3.7b), but tests suggest that FH only

communities tend to have lower co-expression then CW and CFW-R2 only communities in

both BIOGRID-AP and HINT-P (p̂ < 10−4). In general, effect sizes at the population level,

particularly for HINT-P are not large when compared to differences between communities when

they are sorted into quartiles by CLHM.

When partitioned by quartile according to their CLHM (Appendix B.3, Figure B.2 and B.3
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(a) HINT-P

(b) BIOGRID-AP

Figure 3.7: Box plots of HINT-P (Figure 3.7a) and BIOGRID-AP (Figure 3.7b) community
co-expression for all sets of communities selected (+, intersection) or not (-, set difference) by
each combination of methods (means for each combination marked with a triangle). The text
below each plot shows the number of communities above the median size of communities in that
class. CW∩FH median co-expression (with or without CFW-R2 as in [236]) is used as benchmark
value (dotted line). Similar co-expression trends exist in both HINT-P and BIOGRID-AP with
the highest community co-expression levels occurring for cases where two or more of the random
walk-based methods intersect. Community co-expression values for CFW-R2 only communities
appear to be slightly below the benachmark in both BIOGRID-AP and HINT-P but comprable
to CW only communities.
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for HINT-P, and Figure B.4 and B.5) for BIOGRID-AP, the networks exhibit largely similar

patterns to Figure 3.7 that hold across levels of local homogeneity. As before (Table 3.5), all

methods generally agree for higher CLHM quartiles (Figure B.2a and B.4a) with co-expression

amongst CW∩FH communities and communities with all three showing the highest levels of

co-expression quality. The first quartile is where the large CW communities are located, but

CFW-R2 also tends to select larger communities in these quartiles.

Note that on BIOGRID-AP there is less disagreement between selected communities across all

homogeneity quartiles and thus less clear distinctions between methods, particularly in lower

quartiles (Figure B.5). However, some differences are clear across networks as for quartile two

and beyond there is a lack of FH only communities (Figure B.2b and B.4b), demonstrating the

classical methods shortcomings when distinguishing even moderately annotated communities.

CFW-R2 communities on the other hand have limited spread in co-expression quality, even

where moderate sample sizes are available, with a comparatively small interquartile range. This

is true even in lower quartiles where CFW-R2 has many more communities than CW or FH

(see Figure B.3 and B.5). This suggests that CFW-R2 communities tend to have relatively

consistent co-expression quality across homogeneity levels. This may be due to decreased levels

of inspection bias and comparatively greater sampling of important functional modules.

In general communities that were selected by at least both random walk methods had the highest

co-expression. Counter-intuitively, this improvement in co-expression quality with random walk

sampling becomes more apparent with decreasing local homogeneity. We compare the first

quartile (2024 and 2517 CFW-R2 and CW only communities in HINT-P and BIOGRID-AP

respectively) to the lower three quartiles (1965 and 1943 communities for CFW-R2 and CW in

HINT-P and BIOGRID-AP respectively) using the one-sided Monte Carlo test detailed above to

determine whether high homogeneity communities tend to have lower co-expression scores. The

test indicates (p̂ < 10−4 for both networks) that high homogeneity (quartile one) communities

selected by CFW-R2 and CW tend to have lower co-expression than their lower homogeneity

counterparts (quartile two to four). This suggests that the random walk methods are able to pull

out important functional information in these annotationally poorer regions. This could indicate

that utilizing both random walk methods may help to pick out high quality communities in low

information regions of the network that are co-expressionally active and interesting.



65

3.3.5 Case Study: Bardet-Biedl Syndrome

In this case study we walk through the analysis of a module ranked important according to CFW

but not CW. This shows the potential usefulness of CFW as well as how the method could be

used in practice. In Section 3.4 we discuss how CFW can be part of a combined approach using

multiple methods to each highlight different areas of functional module space.

We use topGO (See Appendix B.2), a gene set enrichment analysis tool, to examine the GO

term enrichment of the top communities (the gene sets) selected by CFW-R2 but not CW across

a range of resolutions in HINT-P. This range was chosen so that the majority of communities

had clustering coefficients greater than zero ([10−1, 101.48] in HINT-P), removing repeated com-

munities across resolutions. The resultant community (TR2 = 0.29 < 0.50 = TCW ) was found to

be associated with a rare genetic disorder, namely Bardet-Biedl Syndrome (BBS).

BBS is a rare autosomal recessive genetic disorder of the cilia with highly variable pathology

and symptoms ranging from polydactyly to retinal deterioration. BBS is known to involve dys-

function in one or more of at least 14 BBS genes [134]. Of these, five are suspected to interact

directly: BBS1, BBS2, BBS4, BBS7, BBS9 as suggested by co-localization and functional anal-

ysis. All five appear in the selected community along with BBS8 (TTC8), the first protein

through which the cilial malformation hypothesis of disease development was discovered [23].

Also present are homologs of suspected interactors and related components of proteins thought

to mediate the function of BBS genes including six keratin family proteins, two exocyst complex

components (EXOC2 and EXOC8) [279].

The community was found to contain proportionally less annotated proteins (74%) than the

network as a whole (90%) with a community FH of 5.01 < 6.04 = FHmed. Terms found to be

highly significant (p < 10−4, topGO in Appendix B.2) amongst proteins in the community when

compared to the rest of the PIN included those involved in visual perception, photoreceptor cell

maintenance and cilium assembly and maintenance. Figure B.6 in Appendix B.4 shows the BBS

community subnetwork embedded in its two-step network context. At present the mechanism

behind BBS is still poorly understood; but identification of interesting but understudied proteins

strongly associated with BBS and other rare diseases may help to bridge the gap.
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3.4 Discussion

CFW presents a modest improvement over CW in selection of communities from more diverse

annotation backgrounds resulting in a possible decrease in inspection bias. However, the less

homogeneous communities selected by CFW are also smaller, more tree-like modules and have

lower clustering coefficient, suggesting that they may not possess features typically selected for

by community detection methods. This atypical lack of clustered structure could be due to

the already established relationship between protein annotation and degree in PINs (interaction

or edge inspection bias) [331]. It may also be due to these regions containing regulatory and

metabolic pathways that are relatively isolated in terms of their functional interactions with the

rest of the network but which nevertheless are highly co-expressed.

Despite the apparent differences in the structure of some communities selected by CFW and

CW there is a high degree of overlap between the communities they select when compared to

the benchmark method, especially at higher levels of local homogeneity. This is partially ex-

plained by the high level of similarity between the two random walk-based sampling methods

employed and the small world property of PINs. Methods with greater coverage of protein

community-annotation space may be those that are less restricted by locality as a proxy for

functional homogeneity and annotation quality. In this respect, an exciting area for possible

future exploration is combined network-annotation embeddings of proteins for example using

node2vec [159] or heat kernels. Such an embedding could retain both locality and annotational

similarity information. This could then be used to sample topologically and annotationally sim-

ilar areas of the network (e.g. by a kernelised probability centred on the community members)

without the restriction of having to necessarily stay local in network space.

Previously, researchers have found that weighted networks provide certain advantages when

working with gene annotations [98]. Translating CFW into the weighted network context is rel-

atively straight forward to implement but may have undesirable effects as low probability (low

weighted) edges could provide potential ways for walks to escape the local area. This could be

addressed by using a combined approach, censoring low confidence interactions while retaining

the weighted character of the network edges.

A reasonable limitation of our method is the computational constraints imposed by having to

generate large random walk samples which force us to consider only relatively small communities
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for analysis. This causes possible splitting of related proteins across communities, possibly inflat-

ing T-values. Newer pseudocommunity sampling methods that can be more easily parallelised

or optimised may be useful here [385]. Another possible issue is our use of the T-value threshold

to adjust for the lower number of pseudocommunities sampled by our method when compared to

CommWalker. Although this is likely due to the higher overlap when using CommFinedWalker,

it is important to note that since the contribution of each pseudocommunity is binary, it should

be relatively robust to whether the apparent difference between the pseudo and original com-

munities is large or small, diminishing problems caused by partial overlap.

One possible way to further validate the effectiveness of the method, that is outside the scope of

this chapter, would be to contrast more current annotation and interaction data from the same

sources as the historical data used here. Continued monitoring of annotational inspection bias

as measured by correlation between local levels of annotation and homogeneity should provide

an indication of the continued importance of this research and inform ways in which the method

succeeds or s. As more proteins become annotated it may also become possible to assess the

predictive power of the quality measure presented here for finding novel biology when compared

to more global methods of functional module detection. In this vein, in Chapters 4 and 5, we

propose applications of a CW/CFW-like framework to a novel context, discovery of key func-

tional in brain state networks.

Recent research suggests that the gap between poor and well annotated proteins is widening

and is likely to remain a feature of protein data as long as medical, personal and financial in-

centives exist to investigate some proteins and pathways in lieu of others [169]. This means that

further research and adoption of bias control methods will be necessary. As text mining and

experimental error controls develop further future methods that take more explicit account of

differences in source assays and literature, will likely become more important. It is clear that

protein research will need to adapt as the opportunity cost of over investigation of only a few

key proteins continues to mount.



4 | Brain State Modelling Framework

This chapter includes a paper that has been submitted to the journal Applied Network Science

as part of the Communities in Networks 2021 conference special issue. The content of the article

was first presented as a contributed talk at the Communities in Networks satellite conference of

Networks 2021.

The article to follow presents an analysis framework for a class of Hidden Markov Models

(HMMs) we term Hidden Markov Graph Models (HMGMs), but are not referred to as such

in the article itself. The framework is applied to the same wakeful fMRI data that is part of

the anaesthesia neuroimaging dataset presented in Chapter 5 (but applied to the full 15 subject

pilot study dataset).

HMMs have been used to construct multivariate dynamic representations of changing brain

state [408]. Appendix C presents an overview of brain region parcellation and model training

not presented in the article. This includes a cross-sectional view of the parcellation (i.e. sub-

dividing of the brain into regions) used in the model, Figure C.1. It also includes details on

the Variational Bayes approach to model training using free energy C.1 based on the method

in [408].

HMGMs are constructed by converting the multivariate brain state models into brain state

graphs in which each node is a brain region (annotated with mean activity) and weighted edges

represent information shared between regions. The brain state graphs form the layers of the

HMGM which is an annotated, multiplex graph model (see Section 2.3.1). Layers are connected

by directed, weighted edges that represent the probability of interstate transition. This article

develops and validates the modelling framework and applies it in a context in which brain ac-

68
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tivity is relatively well understood, resting wakefulness. The framework is then modified and

expanded upon in Chapter 5, in the study of deep anaesthesia which was the intended use-case

for this HMGM framework.
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Ranking of Communities in Multiplex Spatiotemporal Models of

Brain Dynamics

James B. Wilsenach, Catherine E. Warnaby, Gesine D. Reinert

As a relatively new field, network neuroscience has tended to focus on aggregate behaviours

of the brain averaged over many successive experiments or over long recordings in order

to construct robust brain models. These models are limited in their ability to explain

dynamic state changes in the brain which occur spontaneously as a result of normal brain

function. Hidden Markov Models (HMMs) trained on neuroimaging time series data have

since arisen as a method to produce dynamical models that are easy to train but can be

difficult to fully parametrise or analyse. We propose an interpretation of these neural HMMs

as multiplex brain state graph models. This interpretation allows for dynamic brain activity

to be analysed using the full repertoire of network analysis techniques. Furthermore, we

propose a general method for selecting HMM hyperparameters in the absence of external

data, based on the principle of maximum entropy and use this to select the number of layers

in the multiplex model. We produce a new tool for determining important communities of

brain regions using a spatiotemporal random walk-based procedure that takes advantage of

the underlying Markov structure of the model. Our analysis of real multi-subject fMRI data

provides new results that corroborate the modular processing hypothesis of the brain at rest

as well as contributing new evidence of functional overlap between and within dynamic brain

state communities. Our analysis pipeline provides a way to characterise dynamic network

activity of the brain under novel behaviours or conditions.

Keywords: community ranking, generative models, model selection, multiplex networks, net-

works neuroscience, spatiotemporal networks

4.1 Introduction

The brain activity of healthy subjects at rest is commonly used as a baseline against which

a wide range of both pathological (e.g. dementia) and healthy (e.g. sleep) conditions are

compared [104, 265, 302]. Often, activity under one condition is modelled as a single static

pattern of activity, ignoring largescale dynamic shifts. However, neuroimaging researchers have

begun to recognise that subjects move through a wide array of brain activity configurations

even while relaxed or asleep [201, 375, 408]. A brain state is a configuration of brain activity
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evoked in response to a stimulus or to facilitate more complex responses [68]. Neuroimaging

time series provide a way to observe these reconfigurations as spatial patterns of metabolic

or electrophysiological activity, termed functional activity [287]. In order to generate these

patterns, brain regions must coordinate through transfer of information. This exchange between

brain regions defines the state’s functional connectivity. Functional activity can therefore be

interpreted as a realisation from a brain state graph model which describes brain dynamics

and the relationships between brain regions in the state [40]. In these graph models, nodes are

anatomically or functionally defined brain regions and edge strength is determined by the level

of information shared between these regions.

We provide a novel framework to determine the number of brain states from data and analyse

brain state dynamics as a multiplex graph with modular (community) structure at both the

temporal (state switching dynamics) and spatial (brain region communication) levels. Our

new modelling and analysis pipeline (see Figure 4.2) makes it possible to determine complex

relationships between networks of brain regions changing with time, doing so in an entirely

unsupervised way directly from recorded brain activity. Here, network, rather than being largely

synonymous with graph is more closely linked to community, and is used exclusively to refer to

modular subgraphs of coordinated brain regions within a state. Networks form the basis of our

understanding of the functional connectivity pathways within the brain and are integral to our

understanding of the role of changing brain configurations in wakefulness and beyond [311].

We have developed a method to identify the importance of possible brain networks using random

walks to ascribe to each module in each state an importance or T -score based on their functional

connectivity and co-activation. Notably, the method does not apply random walk information

to partition the graph but rather to determine the relative importance of communities within a

partition [314]. Our method provides a means to characterise dynamic functional activity under

novel conditions or behaviours. As a proof of principle, we apply our pipeline to neuroimaging

data from subjects at rest and provide new evidence for both modular and nested functional

activity in the awake brain.

4.1.1 Static Brain State Models

In the simplest brain state models (see Figure 4.1A), functional activity arises as noisy real-

isations of a single static brain state. Considerable progress has been made using this static
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Figure 4.1: This figure shows how brain activity can be modelled as being generated
by a system of either static (A) or dynamic (B) states, and, in particular, how such
a dynamic brain state model can be interpreted as a multiplex network with modular
structure (C). In (A) a static pattern (left) of functional activity (colour of functional
activity map) and connectivity (edges between regions) is observed (green arrow) as a
stationary multi-ROI multi-subject time series (right) in which each dimension is the
activity observed for a particular Region of Interest (ROI) in each subject (separated by
a dotted line). (B) Shows state dynamics for a multi-subject system with multiple states
(left). In this system each state is represented by a colour and arrow length indicates
its duration in time. This is observed as a multivariate time series composed of weakly
stationary segments (right). Segment colour indicates the state that generated it. In
(C) we use temporal relationships between states to represent the system as a dynamic
multiplex graph. This system is decomposed (purple arrow) into its essential temporal
(coloured ellipses) and spatial modules or functional networks (coloured subgraphs). In
this case the system is dominated by a single community with an additional outlying
state with weak connectivity, that occupies its own community. In larger networks more
complex community structures may arise. Dashed circles around states show state hubs,
important states in each community which are central to the dynamics and facilitation of
brain activity across subjects.

framework to characterise the vast repertoire of activity patterns observed during wakefulness.

Models using both weighted and unweighted graph structures derived from Independent and

Principal Component Analysis (ICA and PCA respectively) have revealed key modules within

the brain across a wide range of conditions. These include both behavioural and task-based

conditions (sensory, motor etc.) and resting state conditions in the absence of direct stimu-

lation [76, 77, 208, 328, 362]. Recent results from both electrophysiological data derived from
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Electroencephalography (EEG) and Blood Oxygen Dependent (BOLD) data derived from func-

tional MRI (fMRI), suggest that weighted network models produce more reliably reproducible

and robust results than do binarised network models [190,306,360].

Studies using static models have helped neuroscientists to build up vast libraries of associations

between cognitive functions and specific brain regions [296]. However, the static approach makes

it difficult to account for inter-subject variability as well as dynamic changes in state that oc-

cur in time as different cognitive and functional demands are placed on the brain [263]. These

demands result in activity in one moment that is often functionally incompatible with activity

in the the next, driving the need for dynamic approaches to brain state modelling [367].

4.1.2 Dynamic Brain State Models

Moving window-based approaches produce a series of snapshots of the activity pattern of the

brain. Although, these methods have proved incredibly useful in understanding changing brain

state, they are limited in their ability to reliably detect changes in functional connectivity be-

tween regions over time [171]. By contrast, state-space models (Figure 4.2B) and in particular,

Hidden Markov Models (HMMs) have arisen as an alternative to the sliding window approach

and use a number of simplifying assumptions to improve on these models’ tractability and speci-

fiability [375, 409]. The chief underlying assumption of HMMs is that brain dynamics can be

parametrised by a finite state, positive recurrent, Markov process where functional activity and

connectivity is determined by a simple multivariate normal distribution [408]. Due to the com-

putational role of the brain, recurrent discrete brain states are a likely necessity as the brain

needs to be able to reliably store and retrieve information while operating under biological and

physical noise constraints [380].

In practice however, HMMs can be difficult to interpret. Here, we interpret the dynamic switch-

ing between states as a temporal graph of probable state transitions (Figure 4.1C). The full

model can thus be seen as a nested, or multiplex graph in which the layers are brain states (with

brain regions as nodes) and the interlayer directed edges are transition probabilities between

state layers.
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4.1.3 Novel Multiplex Approach

A state characterises a pattern of activity across the whole brain at a given time; however, it

is most often characterised in terms of just a few key subgraphs of interacting brain regions

(see Figure 4.1C). Much progress has been made to characterise the vast repertoire of activity

patterns observed during resting states and task performance. These enquiries have given rise

to a number of re-occurring and important networks, associated with a wide range of brain

functions and behaviours [54,260,353]. The most prevalent and widely characterised of these are

the so-called resting state networks, termed the Default-Mode (DMN), Salience (SN) and Central

Executive (CEN) Networks as well as those active during sensory and motor tasks including: the

sensorimotor, visual and auditory networks [320]. The mechanisms underlying these networks

are interdependent with recruitment of one network often necessitating the further recruitment of

other networks [201]. Conversely, some networks are known to be largely mutually antagonistic

in activity, with DMN and SN activity generally being anticorrelated with sensorimotor-like

activity in resting wakefulness [406].

Although state space modelling of brain dynamics is a relatively young field, one key finding

has been the multi-scale modularity of brain states. In particular, Louvain modularity-based

community detection applied to the temporal graph of state transitions has shown that states are

organised modularly into communities under a variety of conscious conditions including resting

wakefulness and sleep [369,409].

In order to construct a set of plausible brain states models we train a number of HMMs with

different numbers of states on resting state data. We then utilise our novel cross-validated

maximum entropy procedure, based on the maximum entropy principle, to select the HMM

that best generalises across subjects [192]. We convert the selected HMM into a dynamic graph

model by transforming the state covariance matrices into weighted, directed graphs based on

the regional correlations within each state and node attributes given by the state mean activity.

4.1.4 Ranking the Importance of Networks within the Brain

We perform two-level Louvain community detection to discover important communities of brain

states (temporal communities) and brain regions within a state (spatial communities). We use

community centrality statistics to identify the hub states of key activity in each network. Within

each hub state we look at spatial community structure to determine the key actors in the dynam-
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ics of the model that may be important to the overall dynamics of wakefulness across subjects.

Random walks provide an effective way to construct representative samples from a graph in a

way that preserves local structure [115,223]. In complex interdependent data sets random walk

sampling can be used to remove baseline levels of interdependence and discern the most robust

relationships in a one dimensional model, by conditioning out local inhomogeneity in noisy ac-

tivity [236]. Here, we extend this principle to network sampling across two dimensions, space

and time. Our method is based on a non-parametric random walk statistic that combines a tem-

poral walk between layers with a spatial walk between regions. We use random walks to sample

plausible patterns of functional network activity from the local functional activity background.

We then use the samples as a benchmark against which to score functional coordination in our

spatial communities. This statistical score, termed the T -score, is simple to compute given the

graph model and putative network and is inspired by a similar method for analysing large, com-

plex protein graphs with metalayer information [236].

Our method allows us to determine which spatial communities are highly co-activated or inacti-

vated relative to the expected dynamics across states in that brain area, providing a generalisable

procedure to determine functionally relevant brain state communities. Our within-state com-

munity functional associations largely agree with macroscopic analysis of the state functional

activity maps, but provide an additional layer of information in the form of networks that provide

clarification and depth to our understanding of brain states at the mesoscale.

4.1.5 Metatextual and Network Analysis of Brain State Models

We use the powerful metanalysis tool, NeuroSynth [436], to determine functional associations

between each brain state, its most important networks and important functional terms from the

literature. Neurosynth provides scores based on either correlations between brain images and

the occurrence of a predefined set of terms in the literature or, in conjunction with the NiMARE

package [1], a posteriori probabilities of associations between the image and an exhaustive list of

literature terms. Using these tools and images derived from our brain states, termed functional

activity maps, we provide evidence to corroborate the modular processing hypothesis in resting

wakefulness [308]. Key to our findings is that the states associated with resting state networks

tend to self-associate while being anticorrelated with sensorimotor associated states.
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4.2 Methods

In the following sections, Sections 4.2.1 and 4.2.2, we explain the preprocessing of the data

and define the state space (HMM) model and novel model selection criterion. We will see that

each brain state s can be thought of as a pattern of activity represented by a weighted graph

G(s) = {V, a(s),W (s)} in which each node is a brain region x ∈ V , (with |V | = D nodes), each

with a level of functional activity a(s)x attributed to x. Similarly, each edge in G(s) is weighted

by w(s)x,y ∈ W (s) the level of information flow from region x to region y ∈ V (edge absence is

represented by w(s)x,y = 0), with w(s)x,y 6= w(s)y,x in general.

As we shall show, Hidden Markov Modelling with our new model selection method, provides a

means to construct a dynamic state-space model from multi-subject fMRI time series data in a

data driven way. We use inter-regional within-state correlations to determine the state graphs

and use the temporal relationships between states to determine the directed interlayer edges (see

Figure 4.1C). Lastly, in Sections 4.2.5 to 4.2.8 we set out methods to explore the spatiotemporal

modular and functional structure of these multiplex brain state models.

4.2.1 Acquisition and Pre-processing of fMRI Data for HMM Modelling

We used ten minutes of whole brain wakeful fMRI recordings fromN = 15 wakeful subjects (with

eyes closed), acquired as part of a previous pilot study of deep anaesthesia [262]. This data set

was chosen to act as proof of concept for later work with the full anaesthesia data set (Chapter

5). The brain volumes produced by the scanner were aligned to the MNI152 standard brain

template [132]. This resulted in a high dimensional time series of each subject’s fMRI (BOLD)

signal for each voxel, with a temporal resolution of 3s and a spatial resolution of 2mm3 [428].

Recordings were collected separately from each subject. Of the 200 volumes recorded per subject

(each time point is one volume), four dummy volumes were removed to exclude any non-steady-

state magnetisation effects. This was followed by motion correction with MCFLIRT (Motion

Correction FMRIB’s Linear Image Registration Tool), spatial smoothing using a Gaussian ker-

nel of 5mm full width half-maximum, global intensity normalisation, and temporal high-pass

filtering with a cutoff of 0.02Hz to remove low frequency scanner drift. Automated removal of

non-brain tissue was initially performed before statistical analysis using BET (Brain Extraction

Tool), with further manual correction in FSLview. Further spatiotemporal artefact removal was
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carried out by independent component in FSL melodic [428].

We selected regions of interest in our study based on the Harvard-Oxford (HO) probabilistic cor-

tical and subcortical brain parcellations, which assigns to each voxel a probability for each brain

region. We assign each voxel a unique region identity according to the maximum probability

across regions in the HO parcellation. Excluding white matter regions the resulting parcellation

of 63 Regions of Interest (ROIs) includes 48 cortical and 15 subcortical brain regions [79, 245].

ROI time series were calculated using the ROI spatial mean BOLD signal at each time point.

This results in a D = 63 dimensional time series with T = 196 time points per subject. Each

of the D constituent ROI time series were temporal mean subtracted and normalised by the

standard deviation.

Model fitting presents two challenges, the first is that the time taken to fit the model scales

with parametric complexity, and the second is that a poorly parametrised model may lead to

overfitting or underfitting. To address these challenges, dimensionality reduction by princi-

pal components of the original D dimensional time series was performed to reduce parametric

complexity while also reducing overall noise. This approach is justified by the generally low

embedding dimension of most real world data, including neuroimaging data [239, 348]. In or-

der to balance dimensionality reduction and retention of signal, Parallel Analysis is used (see

Supplementary Information Section D.0.1) to obtain a D × d eigenmatrix A of the first d < D

eigenvectors [175]. This method assumes roughly linear separability of uncorrelated noise from

signal, but has been shown to outperform a number of methods, including maximum likeli-

hood estimation, in simulation [183]. The reduced d dimensional time series {X∗n,t}t∈NT is then

inputted to train a noise reduced HMM model of the data.

4.2.2 Model Specification and Generalisability

We use the HMM-MAR package to train HMMs with multivariate normal observations by Vari-

ational Bayes [408], whilst separating the data by subject into distinct trials of length T (the

number of time points per subject). For further details on model fitting see [408]. Figure 4.2A

shows how observations of the fMRI BOLD signal at each time point are modelled across sub-

jects. Dynamics for each subject are modelled and fitted using a shared set of states S with

finite S = {1, 2, ...,K} and Markov transition matrix P .
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Figure 4.2: Flow diagram of the graph modelling and analysis pipeline. Following pre-
processing of the fMRI data we obtain multivariate regional brain activity time series
for all N subjects. Variational Bayes inference is then used to train HMMs (using the
HMM-MAR package [408]). (A) is a sketch of an HMM fitted to the Xn,t data for subject
n and time point t. Each hidden brain state Sn,t Σ(Sn,t) has mean activity µ(Sn,t) and
covariance Σ(Sn,t) (after backprojection). State change from Sn,t is determined by the
transition matrix P . (B) The number of hidden states, K, is determined using mean
subjectwise cross-validated maximum entropy, which is calculated over the fractional oc-
cupancies, κs,n,k for each subject-state pair up to K states. (C) Adjacency matrix of the
interlayer temporal directed transition graph determined by the Markov transition matrix
of the HMM, with temporal communities in red along the diagonal. (D) Each state itself
can be considered a layer with edges relating brain regions by their correlation in activity
derived from their modelled covariance Σ(s), with node weights (regional mean activity)
determined by µ(s). Of the states, some are highly connected state hubs, h(U), belonging
to a temporal community U (red shading). (E) Each hub state (layer) h(U) is analysed
and internal spatial communities are determined. (F) Internal communities are ranked
according to their level of coherent brain activity compared to many repeated random
walk samples from the multiplex model. (G) The results of ranking summarised by the
community T -score. High T -score corresponds to a higher than expected level of com-
munity coherent activity when compared to the rest of the multiplex graph in this brain
area. We propose functions for highly ranked communities by mapping these regions onto
a 3D functional activity map and compared them to maps and terms drawn from the
neuroscience literature with NeuroSynth.
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We give a brief overview of HMM dynamics. We note that a key parameter, for these

dynamics, the number of brain states, K = |S|, that best generalises these dynamics across

subjects is unknown. Consequently, we introduce a novel framework for selecting K based on

an information theoretic criterion that maximises generalisability by maximising entropy of the

state dynamics across subjects.

In each HMM state trajectory, the initial state of each subject’s trial is selected independently

at random. Under the Markov assumption of the model the resulting subject-specific state

dynamics are assumed independent realisations of the same stochastic process, Sn,t. For t > 1,

Sn,t is conditionally dependent on the previous time step Sn,t−1 so that

Pr(Sn,t = s|Sn,t−1 = s′,M) = Ps,s′ , (4.1)

for s′ ∈ S. Each brain state s ∈ S is associated with an observation modelO(s) ∼MVN(µ∗(s),Σ∗(s)).

The O(Sn,t) model the dimensionally reduced brain data X∗n,t (row reduced by ROI). In order

to obtain the full model, the reduced model is then back-projected into D dimensional brain

region space (see Eq. (4.3)).

4.2.3 Novel Model Selection Criterion Based on Fractional Occupancy

The Markov chain defined by P and any given initial state s0 ∈ S, has a unique stationary

distribution πs that is independent of s0 assuming the chain is irreducible and the states are

positive recurrent. The probability πs is the long run probability of the re-occurrence of state s.

Selection of the number of these hidden states is carried out by cross-validated entropy maximi-

sation over the related fractional occupancy distribution. The fractional occupancy distribution

κ is defined by subject n for each state s and given by

κ(s, n|M, X) =
1

T

T∑
t=1

Pr(Sn,t = s|X,M) (4.2)

where P (Sn,t = s|X,M) is the posterior probability of state s occurring at time t given the

modelM and data X. The fractional is the probability of finding subject n in s over the entire

trial of length T . The distribution κ for subject n is related to the stationary distribution πs by
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the well-known limit

κ(s, n|M, X)
T−→
∞

πs.

That is to say that κ asymptotically approximates the long run average state dynamics of the

model as trial length increases. Knowing this, our goal is to select the model whose fractional

occupancy maximises the entropy pooled across subjects by maximising the objective function

H(k) = −
N∑
n=1

κ(s, n|M(n, k), Xn) log[κ(s, n|M(n, k), Xn)]

where the model M(n, k) is the model trained using all trials except the data from subject n

assuming k hidden states, and Xn is the trial data from subject n (see Figure 4.2B).

By selecting the initial number of states K = arg maxH(k), we appeal to the information theo-

retic principle of maximum entropy which states that the model which maximises the uncertainty

over the data tends to be the one that best approximates the true data distribution [192]. More

specifically, our goal is to obtain a set of states with similar uncertainty about subject behaviour

over the course of the experiment. We shall see in Section 4.3.2 that the goal of state-subject

uncertainty maximisation relates closely to that of optimal model selection. We note that to the

best of our knowledge this is the first application of such a subject-specific entropic criterion in

state-space model selection.

4.2.4 The State Markov Information Graph

First model parameters µ∗(s) and Σ∗(s) for state s from the HMM modelM are backprojected

using the transpose eigenmatrix A to obtain a model in D dimensional brain space so that the

full D dimensional model has mean µ(s) and variance Σ(s) defined over the ROIs and given by

Σ(s) = AΣ∗(s)AT and µ(s) = µ∗(s)AT . (4.3)

Using the full model, each state s has normally distributed observations with mean µ(s)x

and covariance Σ(s)x,y, for brain regions x, y ∈ V . We use these to define a graph G(s) =

(V, a(s),W (s)) over the set of R brain regions, node weights a(s) and edge weights W (s), which

we take to be a proxy for the information flow between regions. More specifically, we estimate

the weights W (s) by the correlation matrix |ρ(s)|, as derived from the state covariance matrix
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Σ(s).

Here, a(s)x = µ(s)x are the mean regional functional activity at brain region x in s. The

weighted edge (directed information flow) from regions x to y are

W (s)x,y =
|ρ(s)x,y|
D∑
y=1
|ρ(s)x,y|

. (4.4)

The resulting edge weights matrix W (s), defines a Markov transition matrix, a model of infor-

mation flow between brain regions in state s.

4.2.5 Louvain and Hierarchical Clustering at the Temporal Scale

We perform Louvain modularity detection on the directed Markov transition graph G(P ) =

(S, P ), where S is the set of states (nodes) and the directed edge weights are given by the state

Markov transition matrix P [56]. The Louvain algorithm involves the greedy optimisation of an

objective function Q(U), termed the modularity score for U a partition of S [151]. The algorithm

allows for a resolution parameter γ which determines the relative size of communities and goes

to one as γ →∞ [215].

The significance of the community partitioning is calculated by comparing Q(U) to an empir-

ical distribution composed of modularity scores from 10,000 partitions constructed by random

permutation of the community labels. In addition, in order to examine the state-subject rela-

tionships directly, we perform agglomerative hierarchical linkage clustering based on correlation

in fractional occupancy κ using Ward’s method [421].

4.2.6 Community Hub Selection

State hubs are the states most central to the dynamics of the model and facilitate the switching

dynamics within each community. These are selected by maximising the community centrality

z-score, z(s), for each community U ⊂ S [351]. This score measures the within community

degree centrality of a node relative to the mean community connectivity (see Supplementary

Information D.0.3). Hubs are then analysed for their community structure, using the same

Louvain algorithm as in 4.2.5 but this time on the directed brain state graph G(s).
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4.2.7 Identifying Functionally Important Spatial Communities

Not all detected communities are as relevant to a state’s functional role as others. Performance

of these roles requires both functional activation and coordination of brain regions. To discern

which communities are the most functionally cohesive, we rank communities by comparing to

samples of regional activity from the full multiplex graph model (see Figure 4.2C and D). We

used random walks to sample plausible patterns of functional network activity and employ them

as a benchmark against which to measure the level of coordination within spatial communi-

ties. Controlling for the local level of background activity in space and time allows for a more

representative indication of functional cohesion within brain networks identified by community

detection than naive comparison of communities by community mean functional activity.

We introduce to neuroimaging the Functional Homogeneity, FH, as our community coherence

measure, a statistic derived from the mean activity µ(s) and Σ(s) that is high when the commu-

nity mean activity is most in agreement with the directions of maximum community functional

connectivity and low otherwise. It is a measure of the alignment between the two key features

of spatial communities, their level of shared information and activation. This measure is well

suited for neuroimaging data, and is well established in computer vision and image classification

where it is known as the covariance metric and measures the agreement between and within

image classes [229]. The FH for a community C in a state s is

FH(s, C) = µ(s)C
T

Σ(s)Cµ(s)C , (4.5)

where the superscript C refers to the submatrix given by removal of all rows and columns

not corresponding to regions in community C. This metric is key to the community ranking

procedure which follows a six step process:

1. Given a community C ⊂ V in state G(s) we calculate FH(s, C).

2. Sample a state s′ from the stationary distribution π.

3. Select a region x ∈ C and sample |C| nodes from G(s′) starting at x ∈ V in G(s′).

4. Repeat steps 2 and 3 to construct a representative sample of paired states and brain regions

(s1, C1), (s2, C2)..., (sL, CL)
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5. Calculate the T -score for functional cohesiveness of a subgraph

T (s, C) =
1

L

L∑
l=1

I[FH(s, C) > FH(sl, Cl)]

where I is the standard indicator function and rank the communities in s by decreasing

T -score.

6. Determine whether the community represents a correlated or anticorrelated brain subgraph

by the sign of EC [µ(s)] =
∑

C µ(s)C .

The T -scores of all the communities in a specific state can then be used to order the states in

terms of which are most likely to contribute to the functional cohesion of the state. Note that

T (s, C) is a score between zero and one, with one implying that the community C is much more

functionally cohesive than other comparable brain subgraphs in space and time. T -scores are

not designed to be compared across states. These steps are summarised by steps E to F in

Figure 4.2.

4.2.8 Analysis of States and Communities with NeuroSynth

NeuroSynth is a meta-analysis tool that takes in 3D images of brain activity (termed functional

activity maps) in MNI152 standard space and returns a scored association (based on the Pearson

correlation) between the activity maps and other images from published articles that directly

reference a given term i [436]. We choose the six terms most clearly associated with resting state

activity default mode, salience, executive, these are the resting state network terms and senso-

rimotor, auditory and visual, sensory network terms. We used these to characterise the mean

activity of a given state s by projecting the activity pattern µ(s) back into 3D brain standard

space (see Supplementary Figure D.2A) and inputting the resulting map into NeuroSynth.

The resulting score for a state s and term i is denoted θi,s ∈ [−1, 1], with 1 indicating perfect

correlation between the state’s mean functional activity map and i and -1 indicating perfectly

anticorrelated activity. We note that these terms, while chosen to relate to known resting state

patterns, are not equivalent. Due to the common usage of these terms in the neuroimaging

literature, they can however be considered to suggest a global pattern of activity or its absence

(see Figure 1.2 of an image suggestive of the Default Mode Network). We explore the activity
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of actual networks in our spatial community analysis Section 4.3.5.

We propose that the global score θ can also be considered a dynamically changing property of

the system. Given a score θi,s for a term i and state s, the one step ahead predicted score is

Et+1[θi,s] =
∑
s′∈S

Ps,s′θi,s′ . (4.6)

We use this predicted score to examine the global properties of the activity observed after reach-

ing a given state.

NeuroSynth can also be used in conjunction with the newly developed package NiMARE to

directly calculate the posterior probability of terms from a large corpus of neuroimaging jour-

nal abstracts and images given a selection of brain voxels in standard space [1]. Due to the

variability in brain region size, regions selected by community membership are downsampled

by selecting 10,000 voxels with replacement from each community which was found to produce

stable posterior probabilities up to the third decimal place.

We use NeuroSynth with NiMARE to determine a plausible function for each of our spatial

brain region communities, selecting only those terms that are most a posteriori probable and

which had a functional rather than anatomical interpretation (see Supplementary Figure D.2B).

We pass each community from each hub state through our spatiotemporal community ranking

method resulting in a ranked list of communities of brain regions per state and then pass each

top ranked community through the NiMARE/NeuroSynth method to determine their most likely

functional term associations. In order to be comparable with the global score θ, the NeuroSynth

score is either a positive or negative association depending on the mean activity of the regions

as suggested in Section 4.2.7.

4.3 Results

Results for our multisubject HMM model training and multiplex graph model analysis are given

below.

4.3.1 Dimensionality Reduction

We select the appropriate number of principal components using the method of parallel analysis

outlined in Section 4.2.1. This resulted in a reduced set of d = 9 dimensions that account for
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roughly 75% of the total variance, which are then used in fitting the model. The validity of

this method is explored in Supplementary Figure D.4 which shows that community detection

performance is detrimentally affected by too high or too low a choice of dimension d.

4.3.2 Entropy Relates to Model Selection

Applying our cross validated maximum entropy Hidden Markov Model selection criteria by

maximising the cross-validated entropy H(k), we obtain an HMM with K = 33 initial states.

Figure 4.3 shows that the entropy maximum also coincides with the maximisation of the cross-

validated Bayesian log-likelihood, which is a general indicator of model fit. To further reduce

the risk of overfitting, we exclude those states that occur in less than 25% of subjects and

renormalise P so that the rows again sum to one. The resulting model has a total of K = 27

brain states.

Figure 4.3: Selection of the number of hidden states by minimising the negative cross-
validated entropy. The axes show the negative cross-validated log-likelihood −cvLL (left)
and negative cross-validated entropy −cvH (right).. Qualitative similarities are evident
between the two criteria suggesting deeper similarities between likelihood and entropy
maximisation.

4.3.3 Network Dynamics Indicate Clustering of Spatiotemporal Activity

Table 4.1 shows that states positively correlated with resting state activity terms are significantly

more likely to transition to states with similar associations and vice versa (see Supplementary

Figure D.3 for linear model comparison). In contrast, states correlated with resting state terms
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tended to transition to states that are negatively correlated with the sensory terms. This suggests

that states associated with the former resting state networks tend to co-occur to the exclusion of

sensory and sensorimotor patterns of activity. These results indicate a spatiotemporal separation

between resting state network activity and sensory activity. The one-step ahead approach was

chosen to examine close temporal relationships but higher time steps could reveal additional re-

lationships. Given that many states have a high probability of self-transition, we examined these

one-step ahead relationships when conditioned on transition to a different state and found no

significant relationships after multiple testing correction. Conversely, significance is maintained

when we consider the two step ahead relationships (given by substituting P 2 for P in Eq. 4.6).

This may suggest that state persistence is an important part of maintaining these relationships.

States with high scores for sensory activity terms show a far weaker positive affinity for transi-

tion to each other than do the former resting state network terms. This suggests that concurrent

activity in space and time is most likely between states with high resting state network activity.

This pattern of concurrent activity is only weakly suggestive for sensory modes of activity. In

contrast, robust mutually antagonistic spatiotemporal relationships between sensory and resting

state network associations are present. We shall see in Section 4.3.5 this pattern of mutual

exclusivity is mirrored by the most central states in the network or hub states at both the

global (functional activity map) and the local (network community) levels. States show a gen-

eral trend of transitioning from terms with one global activity association to another state that

scores highly for the same association, suggesting some level of brain state inertia in the global

pattern of functional activity.

DM S E SM V A
DMt+1 0.9866 ** 0.8201 ** 0.4601 * -0.4416 * -0.3939 (*) -0.5488 **
St+1 0.8253 ** 0.9863 ** 0.3550 (*) -0.5526 ** -0.5302 * -0.481 *
Et+1 0.4519 * 0.3615 (*) 0.9826 ** -0.5203 * -0.5241 * -0.5753 **
SMt+1 -0.4576 * -0.5781 ** -0.5215 * 0.9878 ** 0.1765 0.3128
Vt+1 -0.3718 (*) -0.5085 * -0.5092 * 0.1683 0.9885 ** 0.1773
At+1 -0.4874 * -0.4226 * -0.5364 * 0.2657 0.1733 0.9842 **

Table 4.1: This table shows the relationships between NeuroSynth terms scores, calculated
using the mean activity brain map for each state and the one step ahead projected score for
each term according to the model (see Eq. (4.6)). Term scores for each state are correlated
with the projected term scores one time step into the future (denoted by subscript t+ 1)
from the current state (red is positive correlation, blue negative). False discovery rate
corrected t-test significance is marked as ** (p < 0.01), * (p < 0.05) and (*) for marginal
results (p < 0.1). The comparison between state scores for each term and the one step
ahead predicted scores shows that there is a spatiotemporal relationship between resting
state terms which are anticorrelated with sensory terms.
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4.3.4 Evidence for Metatastate Structure in Wakefulness

In order to demonstrate the presence of temporal community structure, we performed hierar-

chical linkage clustering using the correlation in κ between subjects and states. Figure 4.4A

suggests a temporally clustered pattern of state fractional occupancy in which certain states are

more likely to co-occur in one subset of subjects than in the other. Figure 4.4B shows the tran-

sition probability matrix P organised into communities by Louvain community detection, where

γ = 0.48 (as selected by Variation of Information minimisation) [215]. Temporal communities

indicate modules of clustered state transitions. This temporal community partition was tested

for robustness by comparing the Q modularity statistic to 10,000 random partitions with the

same community labels (p =1e-4).

Each community, U ⊂ S, is characterised by a hub state h(U) determined by the state with the

highest community degree z-score, a measure of state centrality to the temporal network (see

Supplementary Figure D.1). Figure 4.4C, shows the long run probability of state s re-occurence

πs. Re-occurence and centrality to a community appear to be strongly correlated as states more

central to their communities’ according to the z-score, z(s), also tended to have a higher station-

ary probability πs, with correlation coefficient ρ = 0.537 (p = 0.004). As mediators of network

dynamics, community hub states tend to re-occur.

4.3.5 Community Rankings Reveal Spatiotemporal Modules of Functional

Activity

Louvain community detection was performed for each of the community hub state graphs

G(h(U)), where we select the resolution as γ = 2. This was found to produce median spa-

tial community network sizes that were sufficiently small on average for our community ranking

method to efficiently sample the graph while also being large enough to detect functionally con-

served brain state networks.

We perform NeuroSynth analysis by taking the mean functional activity maps generated for the

hub states as input in combination with the resting state network terms default mode, salience,

executive and the sensory network terms sensorimotor, auditory and visual (see Supplementary

Figure D.2A for algorithmic explanation). The results in Table 4.2 suggests a separation between

sensory and resting state activity in space and time with hub states scoring highly for either

resting state or sensory terms but rarely both. Table 4.2 gives the highest ranked functional
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Figure 4.4: A summary of the subject state network dynamics. (A) Clustergram show-
ing the relationships in Fractional Occupancy (FO), the proportion of time spent in a
state clustered by subjects (vertically) and by states (horizontally). (B) The log of the
state transition matrix P is shown, where states have been grouped along the diagonal,
according to their community membership. (C) Pie chart showing the state occupancy
at equilibrium (the probability of finding a subject in a state in the limit as time goes to
infinity). Wedges in this pie chart are the individual hub states in each community ac-
cording to the community z-score. These two scores share a significant 0.537 (p = 0.004),
indicating the importance of community centrality to long run behaviour.

terms (filtering out purely anatomical terms) in each hub state for the top three ranked spa-

tial network communities (using our ranking method). The top terms for each of the networks

(communities) in the states largely coincide with the functional associations ascribed to each of

the hub states themselves.

Exploring these relationships, we see that in some cases the connections between spatial com-

munity function and hubs are direct. State 23 shows a positive association with observation

and action in dominant spatial communities and a strong association with all three sensory

network terms. State 11 shows a clear association with auditory activity as well as a top ranked

community association with the term voice. In state 15, which shows a strong correlation with
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visual activity, the top ranked communities include positive associations with the face (a com-

mon object of visual processing).

In some states we see both strong positive and negative associations. Global negative asssocia-

tions are difficult to interpret in isolation as evidence of anticorrelated network behaviour within

a state, however when paired with mesoscale information from the top ranked communities a

stronger case is possible. State 32 appears mixed in activity but shows strong to moderate nega-

tive correlations with visual and auditory processing. The latter of these is corroborated by the

anticorrelated speech network. State 30 is another state with mixed associations based purely

on global functional activity, however, we see both moderate negative correlation globally with

visual activity, and a specific negatively correlated community related to visual tasks or process-

ing, suggesting a visual down state. A similar explanation can be used for state 5. State 23 is a

sensory associated state with sensory associations at both the global and network scales. State

23 is negatively correlated with default mode activity. The default mode network is involved in

language comprehension and reasoning, explaining the anticorrelated network associated with

syntactic processing. Negatively associated communities may more generally suggest decreased

metabolic or functional demand for these in networks leading to a coordinated down state.

term hub state
13 11 15 32 23 5 24 30

DM -0.0707 0.0528 -0.0094 0.1085 -0.3496 -0.0341 -0.095 -0.1918
S -0.0924 0.0506 -0.1099 0.0714 -0.2039 0.0164 0.026 -0.0942
E -0.2946 -0.1984 0.0534 0.1736 -0.085 0.1017 -0.0772 0.1024
SM 0.4245 -0.1793 -0.0535 0.1239 0.2502 -0.3186 0.2973 0.179
V 0.1544 -0.0055 0.4604 -0.536 0.2308 -0.289 -0.1644 -0.1168
A 0.1574 0.2959 -0.0946 -0.1542 0.2725 0.039 0.1534 0.0306
rank community
1 -reward +voice -incentive -speaker +action -visual -autobiographical -basal
2 -theory of mind +memory +action +autobiographical +observation +memory -empathic -memory
3 -language -action +face +syntactic -syntactic +voice -autonomic -visual

Table 4.2: Summary of the NeuroSynth results for the hub states. The terms scored by
NeuroSynth are the resting state terms default mode (DM), salience (S), executive (E)
and sensory terms sensorimotor (SM), visual (V) and auditory (A). The first rows of
the table under hub states show the NeuroSynth correlation score between each of the
hub states’ brain maps and the terms on the left (see Supplementary Figure D.2). The
second section under terms shows the most probable terms associated with each of the top
three communities identified by our ranking method, providing further information on the
component functional communities of these states. The sign next to each term indicates
whether the association is positive or negative (depending on the sign of the brain regions
involved).
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4.4 Discussion

In this paper we present a fully unsupervised pipeline for characterising the spatiotemporal ac-

tivity of neuronal brain states in terms of a multiplex brain state graph model. This pipeline

involves the training of an HMM in order to obtain a multiplex spatiotemporal directed brain

state graph that represents the dynamics of subjects in resting wakefulness. We present a method

for obtaining a set of states (layers) that generalises well over subjects and use this method to

determine key states in the network dynamics. Lastly, we characterise the spatiotemporal com-

ponents of the model that are most central and most functionally coherent, characterising these

using metatextual image analysis of the neuroscience literature.

Our method reveals a rich array of complementary communities acting together to produce

modes of neural behaviour during resting wakefulness. Crucially, we have shown that patterns

of activity resembling the resting state networks tend to co-occur and that these patterns tend to

preclude sensory and sensorimotor patterns of activity. This modularity of brain state function

has been suggested by others [359, 409], but metaanalysis of terms associated with these func-

tions allows us to characterise individual states and quantify their change in character through

time.

Within each central hub brain state the division between functions was not clearly partitioned,

with many terms featuring communities with memory or autobiographical associations, possibly

suggesting an undercurrent of narrative thought which persists across numerous states. Alter-

natively, this may be due to artefacts caused by auditory memory-related tasks studies in the

NeuroSynth database. It is also important to note that spatiotemporal state-based activity anal-

ysis is novel and so terms in the literature which derive from static models of activity may not

map accurately onto dynamic patterns of activity. Notably, transient states may be smoothed

out of these analyses meaning that new studies will need to be performed focusing on dynamic

functional activity change at much shorter time scales. In addition, there are established biases

towards known tasks or brain areas in the literature that may effect the distribution of metadata

and results [195].

Some of the state global functional activity term associations, particularly negative ones, remain

difficult to interpret. In state 13, there is a strong association with the term sensorimotor, how-

ever all of the top ranked communities for this state are negatively associated with functions
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that may have a closer association to resting state activity. This could be due to putative link

between the central executive activity and reward observed in primates [357], but may also be

due to ranking error or noise in our graph model. However, the roles of many states become more

clear when combining functional information from either anticorrelated or correlated mesoscale

communities with global tendencies in functional activity. We hypothesize that strongly cohesive

anticorrelated networks may be entering a coordinated down state due to changes in metabolic

or functional demand [290,382,384].

In our future work we intend to investigate multilayer community detection approaches to look

at dynamic changes in network membership. We plan to apply our multiplex analysis to condi-

tions of altered consciousness in deep anaesthesia and determine novel spatiotemporal networks

that characterise this condition with comparison to our current graph model for resting wake-

fulness. In this way we hope to elucidate the complex network dynamics underlying conscious

brain activity [179].
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5 | Applying Hidden Markov Graph

Models to Characterise Deep

Anaesthesia

A contribution to our understanding of pharmacological unconsciousness

General anaesthesia is an invaluable surgical tool that reduces the risk of complications and

shields patients from immediate pain while being generally safe and effective [394]. However,

incorrect dosage and monitoring of anaesthesia risks psychological trauma through post-surgical

recall of painful surgery, the feelings of extreme helplessness and anxiety that may occur, and

distressing post-operative delirium that sometimes follows anaesthetic recovery [122, 338, 389].

These effects can be mitigated by monitoring of brain activity and preventing over anaesthetisa-

tion while minimising conscious awareness during surgery [146, 254]. Although many neurocor-

relates of consciousness have been proposed [207], a quantifiable, computationally tractable or

even agreed upon definition of consciousness remains elusive [80, 387]. By varying the effective

concentration of anaesthetic, fine control of the subject’s responsiveness, or more controversially

level of consciousness, may be achieved [60]. Our study provides a first investigation into the

changes in brain state, the combination of functional activity and connectivity, that differentiate

deep anaesthesia induced unconsciousness from resting wakefulness.

Delirium affects nearly half of surgical patients, while conservative estimates of the incidence

of intraoperative awareness in patients under anaesthesia are only around 2% the psychological

trauma can be severe [122,426]. Even so, this does not account for the potential hidden trauma

as the amnesic effects of anaesthesia are still poorly understood [404]. EEG-based depth of

anaesthesia monitors are available but they are not widely used by anaesthetists and the meth-

ods used to calculate the reported summary statistic are proprietary, making interpretation and

94
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improvement difficult [162]. Previous EEG-based studies have revealed potential new electro-

physiological measures of anaesthesia depth. These measures include anaesthesia-induced Slow

Wave Activity (SWA), slow oscillations in the 0.5-2Hz band, which is reminiscent of activity

also observed in deep sleep [271]. Slow Wave Saturation (SWAS) is defined as the dose at which

power in the slow wave band reaches a maximum and plateaus [422]. Over-anaesthetisation

beyond this point commonly leads to pathological burst suppressed activity, which is associated

with protective activity after severe brain injury and post-operative delirium [142, 346]. SWAS

has been put forward as a possible, interpretable alternative to proprietary measures of anaes-

thesia depth that tracks with measures of reduced consciousness such as neural complexity and

entropy [101,332].

Other markers of deep anaesthesia include high frontal alpha (8-12Hz) activity in EEG, thought

to be generated by mechanisms deep in the brain (specifically in the thalamus). It is charac-

teristic of deep anaesthesia but absent in deep sleep [410]. Altered thalamocortical connectivity

has previously been observed in simultaneous fMRI recording and thalamic disconnection has

been hypothesised to be an important part of the transition to anaesthetic induced unconscious-

ness [295]. Dose dependent cortical changes in response to pain and auditory stimuli are also

observed in deep anaesthesia with the posterior prefrontal cortex retaining some level of activity,

at moderate to low doses, in conjunction with the parietal lobe [262]. These areas are commonly

thought to be involved in self-perception and awareness and may also remain partially active

forming a possible conserved network in deep anaesthesia.

The so-called Resting State Networks (RSNs), notably the Default Mode Network (DMN) and

Salience Network (SN), have also been shown to retain some activity at moderate anaesthetic

concentrations, though with some loss of integration across brain regions as measured by the

global clustering coefficient (see Section 2.4) [238]. This has been paired with a general decrease

of the complexity of signals generated by the brain when anaesthetised. Signal complexity is of

particular interest as it is thought to be a possible neural correlate of consciousness [58,125,252],

though its accurate quantification in the context of real brain activity recordings remains diffi-

cult [344].

One particular measure, the Kolmogorov complexity, measures the algorithmic complexity re-

quired to generate a structure [210]. Algorithmic representation may be of particular inter-
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est since conscious systems may construct generative models to make sense of their complex

world [318], and many established neurocorrelates of consciousness actually approximate Kol-

mogorov complexity which is closely related to both entropy and compression measures of com-

plexity [69]. In the special case of Markov chains, the sum of information required to encode that

process’ long run behaviour or Entropy Rate, is equivalent to the Kolmogrov complexity of that

process [144]. This potentially means that entropy rate, if the system can be approximated by a

Markov process, has advantages over the related Lempel-Ziv Complexity (LZC), a compression-

based measure, as well as other measures which only approximate Kolmogrov complexity [144].

In addition, many of the existing measures are univariate and thus unable to capture the spatial

multivariate integration of information that contributes to the complexity of brain activity. We

present a novel method to measure information integration and complexity in the dynamic brain

using the entropy rate of the underlying Markov chain. We believe this is the first time that the

entropy rate has been proposed as a possible neurocorrelate of consciousness [344].

Cortical brain state dynamics under anaesthesia are well characterised by EEG studies in hu-

mans, but little is understood about the effects of anaesthesia during the transition to uncon-

sciousness at the whole brain level, a transition that may be affected by white and grey matter

distribution, age and other factors [262,422]. In particular, as we age, our concentration of grey

matter diminishes, which may have an effect on how we respond to anaesthesia (anaesthetic sus-

ceptibility), having deep clinical implications for correct dosage for patients. We investigate the

possible connections between susceptibility, age and anaesthesia depth as measured by SWAS.

Electroencepholographic (EEG) and fMRI recordings allow for cross comparison of known brain

state markers. We analyse data from a three phase experiment in which simultaneous EEG/fMRI

was recorded during an initial resting wakefulness phase, a super slow propofol anaesthesia in-

duction phase and a post-induction, stable anaesthesia phase under which deep anaesthesia was

maintained at a fixed concentration [262]. This allows for the examination of changing brain

state dynamics over a long period but we focus primarily on the two static periods, when propo-

fol concentration is held constant before (at zero) and after induction. This was thought to

be when activity would be at its most stable. Stability is important as models generally make

assumptions of some kind of weak stationarity, thus it can be difficult to study dynamics in

a non-stationary context where experimental conditions are changing and brain dynamics are
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radically perturbed.

We develop the Hidden Markov Model (HMM) framework put forward in Chapter 4, where

we developed the Hidden Markov Graph Model (HMGM) as a way of studying the relation-

ship between regional and dynamic brain state activity. HMMs have previously been applied

to conditions of consciousness including sleep (using fMRI) and most recently to Disorders of

Consciousness (DOCs) with EEG [30, 369]. These studies demonstrate large scale changes in

the brain state dynamics, notably reduced functional activity and connectivity in brain states

during altered and reduced consciousness when compared to healthy resting wakefulness. How-

ever, any changes to the modular structure of brain state functional connectivity have not been

adequately addressed, especially in anaesthesia induced unconsciousness.

Multiplex community structure under anaesthesia has recently been studied in light microscopy

of neurons in the mouse sensorimotor cortex, where anaesthesia induced inhibition of neurons

was found to fragment the communities [395]. In order to study this phenomenon at the whole

brain level, we develop new methods to analyse community structure in HMGMs, using con-

sensus community detection. We apply this first to the temporal state transition network as in

Section 4.2.5, and then to the spatiotemporal multiplex network of regional activity changing

probabilistically with time. Our new multi-resolution consensus community detection method

is overall less vulnerable to the resolution limits of standard community detection methods and

more robust to noise [136].

This chapter is broken up into three sections: a methods section, Section 5.1 that focuses on

the new methods and data generated to analyse altered consciousness in anaesthesia, a results

section, Section 5.2, detailing novel findings comparing resting wakefulness and anaesthesia as

fully dynamic processes with multiple layers of functional activity. Lastly, in the discussion,

Section 5.3, we integrate our findings and suggest possible states of reduced connectivity in

deep anaesthesia, networks of retained neural activity, new neural and biological correlates of

consciousness and anaesthesia susceptibility.

5.1 Materials and Methods

Chapter 4 presents a model of 15 wakeful subjects using an HMGM. Although we include both

a model of subjects in deep anaesthesia as well as a model of subjects in the wakeful condition,
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we focus mostly on conclusions drawn from the former and use the wakeful model largely for

comparison. Supplementary Table E.1 shows which subjects were included in the analysis for

this chapter.

In this section, we detail the broader experimental context in which the data from Chapter

4 was collected as this relates to certain markers of deep anaesthesia established in previous

studies by our collaborators in [262,422], involving ultra slow induction of propofol anaesthesia.

Furthermore, we generalise the clustering procedures in Section 4.2.7 by finding a set of consensus

communities over a range of resolution parameters in the transition network. We follow this

analysis up with a spatial analysis of brain state regional multiplex communities that integrates

temporal relationships in regional activity.

5.1.1 Data Acquisition

EEG and fMRI data was acquired over the course of a four phase experiment in which 16

volunteer subjects (8 female, 8 male) received a phase-specific dose of the GABA-ergic general

anaesthetic propofol [262]. In the first phase, baseline wakeful activity was recorded for 10

minutes. Subjects were asked to remain still with eyes closed. In the second phase, propofol

was gradually infused to a maximum Effective Concentration (ESC) of 4µg/ml, which is well

above the minimal dose previously found to be effective in inducing loss of consciousness in

subjects and is sufficient for inducing sleep-like slow waves (see Figure E.1) [133]. In phase three

the maximum ESC was maintained for 10 minutes leading to a stable deep anaesthesia state.

Lastly, a slow recovery period was recorded in which patients regained full responsiveness.

The entire protocol was repeated twice, once for EEG recording only and again for simultaneous

EEG/fMRI recording in the fMRI scanner. Our analysis here focuses on the use of the 10

minutes before induction (phase 1) and the 10 minutes post induction recordings (phase 3),

when subjects are held at high propofol anaesthetic dose of 4µg/ml, resulting in a condition of

deep anaesthesia and non-responsiveness to conventional rousing stimuli.

fMRI data was acquired at a frequency of one 3D volume scan of the head every three seconds at

a 3D voxel resolution of 2mm3. All brain volumes are artefact corrected and registered to a single

1mm3, subject-specific high-resolution volume-scan in FSL, a freely available software package

for fMRI pre-processing and analysis [193]. The resulting volumes are then mapped into fMRI
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standard space MNI152 [257]. See Section 4.2.1 for more details. EEG was acquired on a 32

channel set-up (see Table E.2 and Figure E.2). PSWAS , CSWAS and TSWAS measurements were

acquired during induction in [262] and made at the FZ electrode using the EEG only recording.

EEG data was downsampled to 250Hz, notch and band filtered, see [262] for further details.

5.1.2 Subject Exclusion

The association of burst suppression with post-anaesthesia delirium suggests a non-standard

pathway to unconsciousness and so is outside the scope of this study. Burst suppression is

characterised by periods of low amplitude activity, alternating every few seconds with bursts of

high frequency, high amplitude activity (see Supplementary Figure E.3 for example). We thus

excluded subjects on the basis of pervasive burst suppression (>2 minutes) in either the EEG

or EEG/fMRI recordings as evaluated by an expert (Marco Fabus). Recordings of subjects

exhibiting brief periods of burst suppression (less than a minute in total duration) were not

altered or removed. One subject was removed due to an incomplete recording, two more subjects

were removed on the basis of extensive burst suppression. This resulted in a reduced set of 13

complete subject recordings (see Supplementary Table E.1) of ten minutes deeply anaesthetised

and ten minutes awake which were used in the construction of new wakefulness and anaesthesia

HMGMs.

5.1.3 Preprocessing, Model Selection and Training

Model selection and training for both anaesthesia and wakefulness is carried out as in Chapter

4 using the maximum entropy approach and the set of Harvard-Oxford parcellation regions V ,

with D = 63 total brain regions. As in Section 4.2.2, the number of initial states are selected by

maximum entropy after dimensionality reduction using Parallel Analysis/Principal Component

Analysis. States were then removed if they appeared in less than 20% of subjects and transition

probabilities were then re-normalised. The Temporal Occupancy (TO) is defined as the posterior

probability of a state at each point in time along a recording and is inferred from the data using

the HMM model. Following pruning of non-general brain states, state trajectories, as defined

by the Viterbi path (see Appendix C.1) and TO, were recalculated under these new transition

relationships. Lastly, mean and covariance relationships were calculated by backprojecting into

the original D = 63-dimensional Harvard-Oxford parcellation space, resulting in a model M,

with state set S, with number of states |S| = K, brain regions in V , mean µ(s) and covariance
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Σ(s) for each state s ∈ S (see Supplementary Figure C.1).

5.1.4 Entropy Rate as a Measure of Dynamic Brain State Complexity

The Entropy Rate (ER) is a measure of the amount of information per transition that would be

required on average to encode the long-run state dynamics of a Markov chain. Given a Markov

transition matrix P that describes the brain state transition dynamics under a certain condition,

the entropy rate is given by

ER = −
∑
s,s′∈S

πsPs,s′ log(Ps,s′). (5.1)

where πs is the stationary distribution of P .

5.1.5 Measurement of Functional Connectivity

As a notable difference from Chapter 4, in this chapter, we use as a measure of functional

connectivity, the conventional connectivity measure in fMRI studies (as opposed to the directed,

Markov connectivity presented in Section Section 4.2.4) based on the Pearson correlation. This

was chosen to simplify the interpretation and allow for comparison with previous results. More

formally, we measure the functional connectivity W (s)x,y = |ρx,y(s)|, the absolute value of

the Pearson correlation coefficient calculated from σ(s) for the regions x, y ∈ V . This is a

more conventional but equally valid choice for W (s) which is common across many studies of

functional connectivity [240].

5.1.6 Consensus Louvain Community Detection

Temporal consensus community detection is performed over the state transition network G =

(S, P ) (with states S and weighted adjacency P ). This method improves on standard Louvain

modularity detection as detailed in Section 2.2 by considering a plausible range of resolution

parameters {γ1, γ2, ..., γg} = Γ and integrating the results of multiple realisations of the stochas-

tic Louvain algorithm. In Louvain modularity optimisation the same modularity function Q(C)

(see Eq. (2.7)) is optimised R = 1000 times resulting in a partition of S, Cγ,r. The consensus
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matrix

Fs,s′ =


1
Rg

∑
γ∈Γ

R∑
r=1

δCγ,r(s, s
′) if s 6= s′

0 otherwise

,

depends on

δCγ,r(s, s
′) =


if ∃C ∈ Cγ,r s.t. s, s′ ∈ C

otherwise,

so that Fs,s′ ∈ [0, 1]. The final consensus community is then obtained by performing Louvain

community detection on the consensus matrix Fs,s′ with resolution γ = 1. The resulting partition

is generally robust to repeated applications of the Louvain algorithm. We select the values of

γ ∈ [0.1, 1.5] in increments of 0.1. This range was chosen as for γ > 1.5, only the trivial partition

was produced for all transition networks tested. This method is based on a simple method for

consensus clustering in [216].

Multiplex Graph Model and Consensus Community Detection

In Chapter 4, we introduced the HMGM as a multiplex graph model with intralayer edges

weighted by the transition probabilities P and interlayer edges determined by the functional

connectivity W (s) between brain regions in state s, G(M) = (S × V,A(W,P )). The adjacency

matrix A(W,P ) is

A(W,P )(s,x),(s′,y) =


Ps,s′ if x = y, s 6= s′

W (s)x,y if s = s′

0 otherwise.

For a partition C of S×V , the multiplex consensus community detection framework repeatedly

optimises the symmetric version of the multiplex modularity function

Q∗(C) =
∑
x,y∈V

∑
s,s′∈S

W (s)x,y − γ d(s)xd(s)y∑
u,v∈V

W (s)u,v
+ ωP ′s,s′δC((x, s), (y, s′)),
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where P ′ = (P + P T )/2, and d(s)x, d(s)y are the degrees of x and y in the functional connec-

tivity matrix W (s) and ω > 0 is the temporal resolution which encourages shared community

membership between regions in different states with strong community membership.

This definition of Q∗ is a modified form of the standard multiplex modularity, which generally

cannot take into account weighted or directed intralayer relationships. Such a constant term has

been found not to be able to recover the many simple multiplex community structure [165]. The

addition of the non-constant P ′s,s′ then is meant to allow for more complex intralayer relation-

ships and thus potentially discover more complex spatiotemporal relationships. So far as we are

aware, this is the first instance of leveraging the multiplex information embedded in multivariate

HMMs to learn higher order community network structure from data.

The resulting multiplex community consensus matrix F ∗, for γ ∈ Γ = {γ1, .., γg} and ω ∈ Ω =

{ω1, ..., ωo}, has DK ×DK entries given by

F ∗(s,x),(s′,y) =


1
Rgo

∑
ω∈Ω

∑
γ∈Γ

R∑
r=1

δCγ,ω,r((s, x), (s′, y)) if s′ 6= s or x 6= y

0 otherwise

The resulting multiplex spatiotemporal consensus communities are then given by applying the

standard Louvain algorithm to F ∗ with γ∗ = 1.

We chose the temporal resolution parameters ω ∈ [0.01, 0.1, 1] and spatial resolution γ = [1, 2, 3],

with R = 1000.

5.1.7 Slow Wave Activity as an EEG Marker of Deep Anaesthesia

Slow Wave Activity (SWA) is characterised by an increase in slow wave or low δ activity (0.5-

2Hz), as a proportion of total spectral power. This measure has been shown to correlate strongly

with altered response to to nososensory (pain) and auditory (word) stimulation under increasing

anaesthesia dose [262,422]. SWA, as a possible measure of anaesthesia depth has been assessed

in terms of its saturation at high doses. The saturation point can be measured in experiment and

the timing TSWAS , total power slow wave power PSWAS and concentration at SWAS (CSWAS)

were all recorded in the first EEG experiment for each subject, which was published in [262]

along with subject age and time of Loss Of Behavioural Responsiveness (LOBR), or the time at

which the subject stops responding to stimuli.
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5.2 Results

In this section we observe key differences in static activity between wakefulness and anaes-

thesia conditions. We then train and analyse two models using data from each condition,

including model selection and community analysis methods derived in Chapter 4. The deep

anaesthesia modelManaes = (V, Sanaes, V, Panaes, µanaes,Σanaes) which we compare to an awake

model Mwake = (V, Swake, Pwake, µwake,Σwake) of fMRI activity from the same subjects, with

brain V (as defined by the Harvard-Oxford parcellation) and states |Sanaes| = Kanaes and

|Swake| = Kwake.

5.2.1 Comparing Subject-wise Static Activity

Before performing normalisation or dimensionality reduction, we characterised static activity by

comparing functional activity and connectivity across subjects in anaesthesia and wakefulness.

On a subject level there is a high degree of correlation between mean functional activity in wake-

ful and anaesthetised conditions (r = 0.8760, p < 0.001) as measured by subject mean BOLD

signal. This is contrasted against a much lower, but still significant, level of correlation at the

level of functional connectivity (r = 0.3908, p < 0.001) as measured from region-wise absolute

cross-correlation (see Section 5.1.5) in BOLD signal.

Figure 5.1 shows the static differences in BOLD signal activity between anaesthesia and wake-

fulness prior to normalisation or dimensionality reduction. This figure shows clearly that fron-

toparietal regions are overall most active in deep anaesthesia, occurring primarily in the nucleus

accumbens, frontal, temporal and parietal regions. Overall mean thalamic activity in anaes-

thesia is lower than in wakefulness with the greatest decreases occurring in the occipital pole.

5.2.2 Selection of Models

We select the number of states for both models based on the maximum entropy of fractional

occupancy (minimum negative entropy). This is complicated by the entropy for each condition

scaling differently with the number of states between conditions (see Figure 5.2). We thus choose

different numbers of states Kwake = 33 for wakefulness and Kanaes = 19 for anaesthesia. Note

that we have been somewhat parsimonious in our choice of the optimal number of states for
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Figure 5.1: This figure shows the mean differences in static, regional functional activity between
awake and anaesthetised conditions. This is calculated by taking the between subject differences
in mean regional activity (normalised by mean and standard deviation). (A) This image shows
a central anterior-posterior sagital cross-section (left), a right-left sagital slice (centre) and an
anterior-posterior axial slice. Colour indicates activity above (red-yellow) or below (blue-cyan)
wakeful activity. (B) Surface plot of functional activity differences for both left and right hemi-
spheres. The top two images are of the right and left exterior surface and the bottom two are of
medial activity (along the longitudinal fissure). Higher deep anaesthesia activity is clearly evident
in frontal and temporal and parietal areas.

each condition. This choice is made difficult to determine from a limited set of subjects due to

intersubject variability in anaesthesia response as determined by a range of psychological and

physiological factors.

After exclusion of sporadic states that did not feature in more than 25% of subjects, the resulting

models had Kwake = 32 and Kanaes = 18 states. In addition, we trained one combined model

using both anaesthesia and wakeful data concatenated to produce single model with the same

number of states as wakefulness Kcomb = 33. This was done for validation purposes as training

on such different data violates the ergodicity assumptions of the HMM (see Supplementary

Information, Figure E.4). es.

5.2.3 Deep Anaesthesia Brain State Dynamics

Figure 5.3A shows the log transition matrices and dynamic state graphs for both anaesthesia and

wakefulness. Note that the wakefulness model has a similar number of states and communities

to the model in Chapter 4, while the anaesthesia model has a reduced number of states and

communities by comparison with only two consensus communities. The single state, state 17,

in the second community has a much higher long run probability of occurrence π17 (indicated

by node size) than any other state in the community. This state also has the highest module

degree z-score (see Appendix D.0.3), with z(17) = 2.74, which is much higher than the next

most central state 12 in community one with z(12) = 1.43. These two states are the state hubs,
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Figure 5.2: This plot shows the values of the negative cross-validated entropy (-cvH) selection
criterion for both wakefulness (scale on left axis) and anaesthesia (scale on right axis). The two
conditions show that entropy of fractional occupancy reaches a minimum roughly within the range
19 to 29 for anaesthesia and 33 to 40 for wakefulness. ]

important states that are central to anaesthesia dynamics.

From the state dynamics graph 5.3B we see that these most central hub states have many high

probability in-edges and few out-edges. In particular, state 17 is reachable with relatively high

probability from states within its own community. It is unlikely to be transitioned to from exter-

nal states, except state 13 which acts as a bridge from the other consensus community. Similarly,

transitions to state 12 generally occur from within its own community but there are a few states

in the green community that transition to state 12. Overall, the simpler modular structure of

the anaesthesia model suggests lower complexity dynamics and indeed the anaesthesia model’s

entropy rate ER(Manaes) = 0.940 is lower than the wakeful model with ER(Mwake) = 1.82.

Supplementary Figure E.5 shows that this difference in complexity is not simply due to the dif-

ference in number of states as even when Kanaes = Kwake, ER(Mwake) ≤ ER(Manaes). Lower

temporal complexity in deep anaesthesia has deep implications for the capacity for complex

cognitive processes and conscious awareness under anaesthesia.

While there is some overlap in Fractional Occupancy (FO), as defined in Eq. (4.2), between

subjects, Figure 5.4 shows that the two hub states separate subjects into two groups depending

on which one is dominant. The majority of subjects are dominated by state 17, the remainder

have a high state 12 occupancy. While it is not clear why subjects 10 and 4, are primarily
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Figure 5.3: This figure presents the state dynamics graph and community composition of the
two models in anaesthesia (top) and wakefulness (bottom). (A) Shows the state log transition
probabilities (base 10) in anaesthesia as well as the right hemisphere activity for each state.
(B) Shows the state dynamics graph (interlayer activity) in anaesthesia with edge transparency
determined by the transition probability and node size determined by the stationary distribution
of the Markov transition matrix Panaes, and nodes coloured by their community membership.
(C) As in (A) this figure shows the log transition probabilities and community memberships in
wakefulness. (D) Shows the state dynamics graph for the reduced wakefulness model.

dominated by non-hub states, this may be due to the fact that the two subjects are the youngest

in the study, where age is known to modulate the effect of propofol on cognitive processing in

anaesthesia [262]. Together states 12 and 17 account for > 50% of the mean Fractional Occu-

pancy (FO) across all subjects in deep anaesthesia, indicating that a majority of subject time is

spent in one of these two states. This is in comparison to wakefulness in which no two states can

account for more than 20% of average FO. These observations are true also for the validation

combined and 20 state anaesthesia models. We see a few states emerge to dominate anaesthesia

both the 20 state and in the combined model, with a clear separation between wakeful and

anaesthetised subject trials emerging in the combined model (see Supplementary Figures E.6A
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and E.4A).

Figure 5.5 shows a statistical breakdown of the state switching dynamics. Figure 5.5A and B

Figure 5.4: This figure summarises the subject state dynamics graph and community composition
of the two models in anaesthetised (top) and wakeful (bottom) subjects. (A) Shows the probabilis-
tic state trajectories of each state during anaesthesia recordings for each subject numbered one to
13. Probabilistic trajectories are determined by the Temporal Occupancy (TO) of each state, the
posterior probability of a subject occupying a state at each point in time given the model and data.
Hub state 17 dominates in many of these subjects’ recordings. (B) Shows the state Fractional
Occupancy (FO) hierarchically clustered by subject and by state using correlation with Ward’s
algorithm as in Section 4.2.5. The majority of anaesthetised subjects have very similar dynamics
characterised by a large FO in state 17, while the other branch of the dendrogram spends a large
proportion of time in state 12. (C) As in (A) this figure shows the posterior state probabilities,
TO, over the ten minute wakeful recording. (D) Shows FO clustered as in the anaesthesia model.

show that while all states have a median lifetime below twenty seconds in wakefulness, as do

most in anaesthesia, a small minority of states in anaesthesia have median lifetimes exceeding

20 or even 30 seconds (in the case of state 17). State 2 in Figure 5.5A has a large interquartile

range, with an upper quartile of 126 seconds and is the state that dominates activity in subject

4. These long lived states are observed on a subject level as a lower rate of dynamic switching

between states. When comparing across conditions and models, subjects in anaesthesia had a
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significantly lower rate of state switching than in wakefulness (p < 0.001, Wilcoxon Signed-rank

test) and a lower state diversity, as measured by the normalised entropy of FO (p < 0.001„

Wilcoxon Signed-rank test). Together these results suggest that dynamics under deep anaes-

thesia are not only simpler but less dynamic with a lower fraction of states participating in the

dynamics of most subjects. However, there is also some evidence that subjects are more variable,

likely due to the individual subject’s depth of anaesthesia, which varies from subject to subject

at the same ESC.

Dynamic BOLD and state activity under anaesthesia for a single subject example (subject 5) is

shown in Figure 5.6A and wakeful activity in the same subject is shown for comparison in Fig-

ure 5.6B. BOLD signal activity is shown for two representative brain regions (see Figure 5.6C).

The state dynamics shown here illustrate how activity under anaesthesia tends to include longer

periods of apparent depression in activity (periods of lower than average mean activity) domi-

nated by a single state (here state 17), interspersed with sporadic state changes and increases in

activity. This is contrasted against wakeful activity which is more dynamic with greater state

and activity pattern changes over the same time period. No easily discernible differences are

seen in the representative cortical and subcortical time series either between states or within

conditions. The lack of easily discernible features differentiating cortical and subcortical activity

further motivates the use of a region-specific characterisation to tease out these differences.

5.2.4 Hub State Functional Activity Under Anaesthesia

Hub state 12 and 17 functional activity is shown in Figure 5.7. Activity across most regions

in both states is below the mean activity in anaesthesia baseline. However, in state 12, certain

regions are marginally above baseline activity. These include thalamic, occipital and dorsal pre-

frontal areas (see Figure 5.7A), as well as supplementary somatosensory and posterior prefrontal

areas that are visible in Figure 5.7B. Activity is even more subdued in state 17, where no region

is above mean activity. Activity is most depressed in dorsal prefrontal areas as well as brain

stem and thalamus (see Figure 5.7C), and closest to baseline in the basal ganglia, temporal,

parietal and supplementary motor areas. This is most evident in Figure 5.7B and D where sur-

face activity seems superficially similar across the two states, particularly in sensorimotor and

temporal areas but can also be seen in the parietal areas of A and C.

The two states are weakly correlated in spatial activity with a Pearson correlation of r = 0.2136
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Figure 5.5: This figure summarizes the temporal statistics of states across subjects. (A) This
bar plot shows the median Life Times (LT) of states in seconds (calculated from the Viterbi path),
with error bars given by the interquartile range and colours determined by the state’s consensus
community membership. The interquartile range was chosen over the standard deviation due
to the non-normality of life time data. (B) Shows the same state life time plot for states in
the wakefulness HMGM.(C) These boxplots show the state switching rates (Hz) for subjects
in anaesthesia and wakefulness, with the wakeful rate being significantly higher than in deep
anaesthesia (p < 0.001, Wilcoxon Signed-rank test). (C) These boxplots show the normalised
FO entropy (H(FO)), which is the entropy of the subjectwise fractional occupancy divided by
the information length log(K) (for K the number of states in the model). Again, wakeful state
diversity is significantly higher than in deep anaesthesia (p < 0.001, Wilcoxon Signed-rank test).

across brain voxels. There is no evidence of direct linear correlation between anaesthesia hub

state occupancy and wakeful dynamics, either in terms of switching rate (r = 0.1028, p = 0.7383)

or entropy of state occupancy (r = −0.0123, p = 0.9682).

5.2.5 Stratification of Functional Connectivity in Anaesthesia

Spatiotemporal consensus clustering combining functional and temporal relationships (see Fig-

ure 5.8), reveals strikingly different results when applied to anaesthesia and wakefulness graph
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Figure 5.6: This plot shows BOLD and state activity time series from mean and representative
cortical (frontal pole), subcortical (brain stem) regions during a 5 minute recording from a rep-
resentative subject (subject 5) under both anaesthesia and wakeful conditions. The most likely
(Viterbi) state trajectory is shown in shaded segments. The horizontal length of the segment
indicates the expected time spent in that state. (A) This plot shows activity under anaesthesia.
Here, state activity is less diverse when compared to wakefulness and includes long segments of
persistent activity, particularly in state 17. (B) This plot shows state and BOLD activity in
wakefulness which is characterised by similarly short intervals across a large proportion of wakeful
states. (C) This image shows a medial view of the brain with labels for the brain stem and frontal
pole as defined by the combined cortical-subcortical HO atlas.
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Figure 5.7: This figure shows functional activity brain maps in each of the two central hub states,
state 12 and 17. (A) This image shows a central anterior-posterior sagital cross-section (left), a
right-left sagital slice (centre) and an anterior-posterior axial slice. Colour indicates activity above
(red-yellow) or below (blue-cyan) average activity baseline. Activity in state 12 are generally below
baseline with some positive activity in the dorsal frontal, thalamic and somatosensory areas. (B)
Surface plot of functional activity in state 12 for both left and right hemispheres. Activity is
clearly visible in supplementary motor, occipital and posterior prefrontal areas. (C) Cross-section
of functional activity maps in state 17 show a global activity decrease in this state. The top two
images are of the right and left exterior surface and the bottom two are of medial activity (along
the longitudinal fissure). (D) Similar surface plot showing functional activity in hub state 17.
Functional activity is slightly up in basal ganglia, temporal, parietal and supplementary motor
areas but still lower than baseline. The voxel-wise spatial (Pearson) correlation between states 12
and 17 is 0.2136.

models. In the spatiotemporal case there is far less changing of community membership of

brain regions in anaesthesia than in wakefulness. This is reflective of the temporal dynamics

of the anaesthetised in which we see far less switching between states. Even though we do see

less switching in anaesthesia dynamics, sporadic co-recruitment of regions commonly associated

with the so-called Resting State Networks (RSNs, see Appendix A.1), does occur for example in

state 16 (exhibiting Default Mode-like activity, community 3).

Furthermore, the consensus clustering suggests that subcortical areas, most notably the thala-

mus and neighbouring regions (including the caudate), generally thought of as an information

bottleneck for sensory inputs reaching the brain [15], are isolated from cortical brain regions

in almost all states in anaesthesia. This is not seen in wakefulness in which thalamic regions

share and switch membership with multiple cortical regions depending on state suggesting active

involvement of the thalamus in brain state activity.

The Average Local Clustering (ALC) coefficient (see Eq. (2.14)) is a common measure of ef-

ficiency of communication and integration of information within the brain [238]. Figure 5.9A

shows that greater stratification of regional brain activity in deep anaesthesia may in part be

due to a lower level co-clustering (ALC) in the brain state functional connectivity networks of
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the anaesthetised when compared to wakefulness (p <1e-5, Mann-Whitney U Test). In partic-

ular, state 17 exhibits the lowest ALC of all states in anaesthesia or wakefulness while state 12

exhibits the next lowest, suggesting that subjects are drawn to states of minimal information

integration in deep anaesthesia.

Figure 5.9B shows that in general deep anaesthesia brain states have an absolute activity (mean

of the absolute value of expected brain activity across regions) that is far lower than states

in wakefulness (p < 0.001, Mann-Whitney U Test). It should be noted that since the data has

been normalised, the result shows the degree of deviation from an anaesthesia and wakeful static

baseline (as presented in Section 5.2.1). Overall, depression of both connectivity and activity is

evident during deep anaesthesia, driven in part by hub states.
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Figure 5.9: These boxplots provides a summary of mean connectivity efficiency and activity
levels of the brain states during deep anaesthesia when compared to wakefulness. (A) Average
Local Clustering (ALC) coefficient as a measure of network efficiency of each brain state (with
labels for the two hub states). A significantly higher efficiency for brain states in wakefulness
when compared to anaesthesia is evident (p <1e-5, Mann-Whitney U), with hub state 17, followed
by 12, having the lowest ALCs of all states in anaesthesia. (B) Boxplots comparing the mean
level of absolute activity (absolute value of mean regional activity) between deep anaesthesia and
wakefulness. Again, the mean activity of anaesthesia states deviants significantly less from baseline
activity than in wakefulness (p < 0.001, Mann-Whitney U Test).

5.2.6 Hub State Functional Connectivity and Homogeneity

Plots of the functional connectome of each of these states in Figure 5.10. This plot shows the

top 5% strongest (by magnitude) functional connections between brain regions. Few strong

functional relationships outside of the brain region spatiotemporal communities are present as

suggested by the low level of neural integration (see Section 5.2.5), of these strong connections

between regions of the parietal lobe as well as somatosensory regions.

Using the Functional Homogeneity (FH) measure, that takes into account local spatiotemporal

brain activity outlined in Section 4.2.7, we see that the top communities by T -score are commu-

nities 2, 6 and 1 in state 17, and communities 3, 5 and 6 in state 12. Both states share conserved

activity in community 6 which is of prefrontal, insular and cingulate regions involved in intero-

ception. On the other hand state 17 shows strong conservation of community 1, a subcortical

community composed of the thalamus and neighbouring structures, with functional connections

to the brain stem and parietal lobule in this state. The thalamus is a bottleneck for sensory

inputs and outputs and its disconnection from cortical brain regions as occurs in both states,
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Figure 5.10: This figure illustrates the functional connectivity relationships in each of the two
central hub states, state 12 and 17. (A) This figure shows the top 5% strongest (by magnitude)
connections between and within spatiotemporal consensus communities (colour legend) in state
12. The state has mostly strong in state communities. (B) Top 5% strongest connections between
brain regions within state 17, with regions divided into the same 6 consensus communities, showing
a similar propensity for within community connection. The correlation in functional connectivity
is the pairwise highest across all states indicating that state 12 and 17 have a lot of shared
connectivity.

has been noted in previous studies as one of the possible ways in which nososensory and other

stimuli fail to reach the rest of the brain during anaesthesia as well as in sleep [262,295].

5.2.7 Deep Anaesthesia Brain States and Anaesthetic Susceptibility

We model the probability of hub states 12 and 17 as a function of two factors, CSWAS and

PSWAS (that were calculated from previous experiments on the same subjects [262]) with sub-

ject age included as a confounding variable. In order to know which of CSWAS and PSWAS had

the most important effects on brain state over and above the effects of age, we fitted two multiple

linear regression models with the fractional occupancy of hub states 12 and 17 as their respective

outcomes. Single variable correlation analysis yields that all three factors show some moderate

to strong correlation with the probability of state occurrence, but with generally opposing re-

lationships. The probability of state 12 is negatively-correlated with age (r = −0.537), while

being positively correlated with both CSWAS (r = 0.575) and PSWAS (r = 0.411). In contrast,

probability of state 17 is strongly positively correlated with age (r = 0.727), and negatively

correlated with CSWAS (r = −0.463) and PSWAS (r = −0.551). The model residuals were then
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tested for heteroscedasticity using the Breusch-Pagan test [63], which was significant for the

state 12 model indicating potential heteroscedasticity (p = 0.0288) but not state 17 (p = 0.641).

Given the small sample size, we used a standard normal Kolmogrov-Sminov test on the residuals

of both models which exhibited no evidence of non-normality (p > 0.1).

Figure 5.11: This figure summarises the linear relationships between each of the hub state prob-
abilities (states 12 and 17), given by the Fractional Occupancy (FO), and the age, Slow WAve
Saturation (SWAS) Concentration (CSWAS) and Power at SWAS PSWAS . These measures were
recorded from EEG data in a previous study [262]. The off-diagonal plots are of single linear fits
between the named variables. The number in the corner indicates the Pearson correlation. The
diagonal plots are histograms of each variable.

Multilinear regression models were fitted and the coefficient and error estimates for state 12 were

heteroscedasticity corrected. The model fit results (see Figure E.7 and E.8 for full models) show

that when age is taken into account, CSWAS has a significantly negative effect on the probability

of state 17 (p = 0.0328, Student’s t-test). There is no significant positive effect of PSWAS on this

probability over and above age, which had a significant effect (p = 0.0297, Student’s t-test). This

pattern suggests that age and anaesthesia susceptibility (as measured by CSWAS) not slow wave

power are the major determiners of the dominance of this hub state. Conversely for state 12,

only CSWAS has a significant positive effect on the FO (p = 0.0323, Student’s t-test), indicating

that subjects that required a higher dose to attain SWAS tended to have a higher occurrence of

state 12 (thus a lower susceptibility).

Combining these results with the correlation analysis we can interpret state 12 and 17 as di-

viding subjects into two groups. Older subjects who may be more susceptible to anaesthesia



117

tend towards high state 17 activity. While less susceptible subjects may tend towards state 12.

This can be interpreted as state 12 representing a brain state of slightly lower anaesthesia depth

that is occupied by subjects who may be at a lower effective depth of anaesthesia due to their

relative youth. These subjects tend to require a higher anaesthesia dose to enter SWAS and

may generate a greater power at SWAS due to their high relative grey matter volume (which

decreases with age). In support of the low (state 12) and high (state 17) susceptibility hypoth-

esis, we found that time at LOBR is lower when FO of state 12 is high (r = −0.328) and early

LOBR often leads to high FO of state 17 (r = 0.440). While neither correlation coefficient is

significant, p > 0.1, these results corroborate this explanation and provide testable hypotheses

for future large studies.

5.3 Discussion

Our results show clear differences in brain activity between deep anaesthesia and wakefulness

at the static level that reveals clear links between functional connectivity in wakefulness and in

anaesthesia but suggests greater parietal-cingulate-prefrontal regional activity in deep anaesthe-

sia with overall decreases in thalamic activity. We find a weaker overall similarity in functional

connectivity between the two conditions. The results suggest a high level of within subject sim-

ilarity. However, this direct approach is unable to determine any dynamic switching in activity

that occurs within conditions.

In order to determine the dynamic features of activity during deep anaesthesia, we then apply

the HMGM and functional homogeneity analysis framework to deep anaesthesia with compari-

son to a model of resting wakefulness. We also introduce new measures of dynamic brain state

complexity and employ new methods to uncover consensus community structure. The results

show that deep anaesthesia dynamics are less complex and dominated by a small set of central

’hub’ states. We again find, a conserved parietal-cingulate-prefrontal network emerged as highly

functionally homogeneous in both states. The states themselves are largely mutually exclusive

in activity and act as subject specific sinks with high transition in-degree. The dominance of

each hub is modulated by a number of neurobiological factors, including age and susceptibility

to the anaesthesia dosage with state 17 arising as the ’deeper’ state that is occupied by subjects

which are more susceptible to anaesthesia and thus likely to be at a greater anaesthetic depth at

the same dosage. While higher anaesthetic depth in state 17 is evidenced by lower connectivity,
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complexity and overall activity, functional connectivity across hub states was found to be very

similar, while overall activity was less conserved.

With regards to functional activity, anaesthetised subjects saw an overall decrease in activity

different from baseline. This is particularly evident in hub states, in particular hub state 17.

Prefrontal, sensorimotor, cingulate and parietal areas which were active in state 12, were all

below baseline activity in state 17 which is a global down state with all regions below the anaes-

thesia baseline. Of these temporal, parietal and sensorimotor areas were less affected while basal

ganglia activity was nearest to baseline. Increased posterior frontal and motor activity in state

12, are generally consistent with previous findings for subjects receiving a moderate anaesthesia

dose during the transition to loss of consciousness [262]. The thalamus appears to be affected

in a dosage dependent manner as well with its activation or inactivation depending on which

hub state is dominant. A possible explanation is that as the thalamus becomes more isolated

in the deeper state 17, thalamic metabolic demand and thus activity decreases. This decrease

was not evident from the changes in static activity during anaesthesia alone but were a result of

subject and time-specific state change. This is evidence for the thalamocortical disconnection

in deep anaesthesia and possibly unconsciousness more broadly. In general, the presence of low

activity dominant states is also seen in HMM models of sleep with low activity states emerging

to dominate more than 50% of fractional occupancy in the deepest N3 stage of sleep where

subjects are most likely to be unconscious [369].

Our characterisation of brain state functional connectivity suggests that anaesthetised subjects

have a poor capacity for efficient communication between brain regions. Not only this but anaes-

thesia hub states were particularly poorly suited to efficient communication, suggesting a default

state of inefficient communication in anaesthesia. Reduced connectivity is a pattern seen in brain

state HMMs of minimally conscious and vegetative subjects [30], suggesting disintegration of

information integration is a common feature of both pharmacological and pathological uncon-

sciousness. These results are supported by static analysis of connectivity in the anaesthetised

brain where decreased capacity for information transfer is seen in functional connectivity net-

works of anaesthetised subjects [238].

Reduced integration of state functional connectivity is accompanied by a reduction in the dy-

namic complexity of state change as measured by the state diversity, switching and entropy
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rates. In particular, we show that the ER is anticorrelated with unconsciousness. While these

results corroborate previous results of the reduced complexity in raw EEG and fMRI time series

under anaesthesia when compared to wakefulness, the new ER measure provides a novel ap-

proach that measures the complexity of whole brain state change. Although these early results

are promising, a more sophisticated measure including state functional connectivity and activity

information into the ER measure will require methodological development in the field. However,

recent results suggest that these advancements are well underway [199].

A central question to our understanding of anaesthesia induced unconsciousness is whether

functional connectivity decreases uniformly between brain regions with depth, or whether cer-

tain connections are preferentially conserved, with evidence from static models supporting both

hypotheses [25, 227]. In support of the latter, our analysis suggests stratification of regional

connectivity into mostly isolated communities occurs in a mostly state-independent way across

dynamic brain states in deep anaesthesia, while dynamic shifts in connectivity and community

membership occur throughout wakefulness.

In addition to being highly correlated in functional connectivity, the two hub states 12 and

17 share a conserved community, community 6. This parietal-prefrontal-cingulate community

shares key brain regions with the so-called salience network, a basal network in wakeful brain

activity (see Table A.1). A community involving the precuneus, a parietal region previously sug-

gested to be less affected by anaesthesia dose, community 5, is implicated in state 12 as being

functionally homogeneous but not state 17. This may be due to dosage dependent reduction in

the coordination of these regions which is no longer present in the ’deeper’ (high susceptibility)

anaesthesia state 17. It is notable however that parietal areas remain connected to each other

and to sensorimotor regions in both states, while not belonging to the same community. It is

possible that performing consensus clustering over a higher resolution range would pick up pos-

sibly conserved core network regions in even the deeper state. Overall, our analysis corroborates

findings of a low activity, coordinated network resembling a frontal-parietal-cingulate or salience

network that persists in deep anaesthesia dynamics.

Our findings regarding the anaesthesia dose-state probability relationship rely on data that was

analysed from a previous EEG only experiment and was not simultaneously recorded along with

fMRI. This was due to lack of availability of clean simultaneous EEG data for all subjects from
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which to obtain accurate PSWAS and CSWAS estimates. As there is some variability in the

exact time and concentration at which subjects lose consciousness, this could contribute to noise

in the apparent relationship between EEG markers and anaesthesia state probabilities. Later

unpublished experiments which included repeated measures from the same subjects suggest that

such markers remain largely consistent. In addition, heteroscedasticity in one model limits the

interpretability of the significance and magnitude of some of the coefficients, non-linear models,

such as logistic regression could improve the results.

It may be that rather than being markers of anaesthetic depth, different hub state dominance

in each subject reflects fundamentally different pathways to unconsciousness that are specific

to that subjects’ physical and mental state at the time of the trial, as factors such as sleep

quality and state anxiety are known to have quantifiable effects on anaesthesia effectiveness, at

least at lower doses [392]. So far, the evidence we provide for a similar unconscious, sink-like

brain state in humans rests mostly on how large a fraction of our subjects are dominated by

only a single brain state and the similarities in connectivity across these two states. Though

hub state occupancy appears somewhat subject dependent, we found no direct connection be-

tween wakeful and anaesthetised hub state dynamics on a subject level. This inability to pick

up subject-level effects may be a limitation of the small study size. Future studies that focus

on the transition both into and out of unconsciousness during deep anaesthetisation should be

able to more clearly ascertain if the difference in hub state occupancy is due to a difference in

pathway or merely a difference in the subjects’ position along the same trajectory to a general

unconscious brain state. Regardless of which of the two bares out in the end, mapping the net-

work pathways to unconsciousness continues to be a deep and unique mystery with important

surgical and philosophical implications.



6 | Modelling and Model Selection for

Neuronal Calcium Dynamics

Towards understanding neuronal integration and synaptic plasticity

In this chapter we examine a different kind of Long Range Dependence (LRD) in the 3D struc-

tural images of neurons and image time series of neuronal activity. Like in whole brain macro

activity, LRD in temporal and spatial networks plays a role at both micro and mesoscales of

neuronal activity. On the mesoscale of interneuronal network dynamics, the interplay between

neuronal ions, in particular calcium ions (Ca2+) and network topology play a well-established role

in the dynamics of learning, memory and behaviour [376,442]. However, the complex microscale

topology of the individual neurons that constitute these mesoscale is often overlooked. These

subcellular networks plan an important but poorly understood role in neuronal integration, the

processing of incoming signals within each neuron. Understanding the process of integration

within neurons importance both to our understanding the mechanics of neural processing but

also to the mesoscale and macroscale processes of learning and memory.

New light microscopy techniques and technologies can help us discover more about the relation-

ship between neuronal topology and local neuronal Ca2+ fluctuations, termed Ca2+ events (or

transients) [167]. These events are the markers of signals being integrated by the neuron, small

fluctuations that start from synapses and propagate locally along the complex tree-like topology

of the neuron. Given the important role that topology plays, we put forward a new pipeline for

modelling and model selection of Ca2+ events on neurons to aid neuronal integration researchers

in making important experimental and analysis decisions.

Synaptic plasticity is the change of size and strength of synapses which can occur in response to

a large cell-wide excitation called an Action Potential (AP). APs result from many concurrent

ion fluctuations termed Excitatory Postsynaptic Potentials (EPSPs) across the neuron’s surface,

121
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which can be observed through microscope-based Ca2+ imaging. This summation of EPSPs to

produce an AP (or not) is the final output of all the subcellular integration activity, ultimately

resulting in the macroscopic activity of the brain and its behaviours [253, 379]. Although im-

portant to our understanding of how APs originate, integration is not as well studied in the

sub-threshold regime (when the events are insufficient to produce an AP). Studying neuronal

activity in this regime is particularly difficult due to the high spatial and temporal resolution

required to resolve events across a neuron and the relatively low signal to noise ratio of the lo-

calised, low amplitude spikes observed. We analyse pilot data from two Light Sheet Microscope

(LSM) set-ups for imaging single neuron Ca2+ activity and generate a simulation that accurately

captures these real-world constraints. From this simulation and our analysis tools we determine

which of a variety of methods may be best suited to detect Ca2+ events in the sub-threshold

regime from future microscopy data. The pipeline we propose follows our experimental timeline

but may be adapted to other imaging set-ups and be used in whole or in part to inform research

at many points during the neuronal imaging and experimentation process.

LSM is a relatively new technology in microscopy with enormous potential for fast imaging of

large (on the microscale) sections of neurons or even whole 3D neuronal activity at speeds fast

enough to detect Ca2+ event timing and location [182]. The Field Of View (FOV), size of the

imaging plane, available with LSM is wide. This allows for potentially high quality structural

images of whole neurons to be captured which can be used for moderate to high fidelity recon-

struction of neuronal topology, a process called neuron tracing [432]. Light sheet imaging is

an appealing alternative to multi-photon and confocal microscopy that lack the temporal reso-

lution necessary to image Ca2+ as rapid imaging risks toxic over-exposure of the cell to light,

so-called phototoxicity [330]. However, current 3D light sheet imaging relies on curved beam

set-ups that requires complex post-processing by deconvolution which have to be calibrated to

the particular microscopy set-up and does not always work to remove imaging artefacts [405].

These inhomogeneities are made worse in the case of dynamic 2D imaging where deconvolution

to correct curvature in the laser beam cannot be performed worsening the problem of accurate

automated event detection.

Interrogation of single cell neuronal Ca2+ activity is in its infancy and there are as of yet, no

methods designed specifically to detect transient Ca2+ events (i.e. not APs) in the sub-threshold

regime [139, 150, 300]. Manual methods, such as those discussed in Section 6.2.5, are difficult
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to apply consistently or on a large scale as they are highly dependent on the choice of Region

of Interest (ROI) made by the experimenter. Of the methods available to automatically detect

Ca2+ events, the simplest class use the cumulative summation (CUSUM) algorithm [283]. These

have been employed for detection of multiple successive APs at lower temporal resolutions than

is required for Ca2+ event detection and provide a coarse grain all-or-nothing approach that is

generally conservative. CUSUM methods follow a simple summation and thresholding rule that

produces a binary series indicating the presence or absence of events [155]. We use a modified

CUSUM method to determine a baseline signal to noise ratio from our LSM pilot data. Of the

other methods available, many of the most widely used for spike-like event detection are deconvo-

lution methods which decompose the Ca2+ signal into a train of discrete spikes and background

signal. These methods were generally designed to detect APs in images with multiple cells or

circuits as they operate at the lower spatial resolution of whole neurons. However, they may

be repurposed to detect Ca2+ events which are also discrete spike-like transient events in the

neuronal Ca2+ signal. Smoothing is a necessary step when comparing events on a large neuron

across space and time due to the sparseness of both automatically and expert identified events.

We use 3D structural image data to extract a realistic neuronal topology and 2D videos of Ca2+

activity captured using LSM to motivate a model for Ca2+ dynamics [167,432]. Neuron tracing

is used to extract the topology of the neuron while new methods are proposed to remove arte-

facts and segment the neuron into its anatomical components. We perform automated tracing of

the neuron. This method is more error-prone but more practical as it is far less labour intensive

than expert directed manual tracing of the neuron using image analysis software [4, 333].

Development of novel microscopy methods for Ca2+ event detection requires constant refine-

ment of the experimental protocols and analysis tools. The pipeline we propose involves several

steps, alternating between data acquisition and analysis in a collaborative fashion with experi-

menters. Each step refines the analysis and model choices to arrive at an optimal combination of

detection method and experimental protocol for future experiments. Unfortunately these exper-

iments were not conducted due to pandemic related funding and lab-access restrictions. Figure

6.1 shows the full pipeline for Ca2+ event detection and refinement. The pipeline combines real

pilot or simulated data to inform further choices. The pipeline involves analysing real data from

signal-close-to-noise Ca2+ light microscopy as well as simulated neuronal Ca2+ activity. The

pipeline allows for appropriate suggestions to the experimenter which inform the modelling and
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experimental choices for follow up experiments. Model selection techniques are based on the

free energy principle, a model selection framework in neuroscience and statistics [140]. We also

develop novel graph diffusion-based smoothing techniques that make accurate model selection

possible given the unique topology of each neuron and use the criterion and smoothing tech-

niques to select models for Ca2+ event detection.

We find corroborating evidence that information propagation can be detected in neuronal Ca2+

intensity time series in a directional and topologically dependent way [61,124]. We show that neu-

ronal Ca2+ activity as measured by LSM is dominated by coloured noise, a form of Long Range

Dependent signal introduced in Section 1.1. We demonstrate that a slightly modified version of

CUSUM event detection, which is robust to many forms of inhomogeneity in background activ-

ity, can detect event locations with reasonable accuracy in a limited proof of concept dataset and

outperforms more sophisticated deconvolutional approaches that assume a strongly stationary

background process in simulation. We develop a computationally efficient heat kernel-based dif-

fusion smoothing technique. Our empirical results suggest that free energy with diffusion-based

kernel smoothing is a consistent model selection criterion, selecting the correct model parame-

ters in a simulated Ca2+ experiment. Previous methods for event detection model selection on

neurons have largely ignored both the effects of neuron topology and the benefits of smoothing

in favour of using coarser temporal resolution that may miss events [326]. Lastly, having shown

the validity of the model selection approach, we then use the free energy selection criterion to

make experimental recommendations based on further hypothesis-driven simulations.

Distinct from the previous chapters, the structure of this chapter roughly follows the progression

of the experimental and simulation phases in our pipeline. The first section provides background

on the necessary neurobiology and microscopy understanding (including classical supervised

event detection techniques). The second section details classical microscopy analysis methods

and terminology for a pilot study based on a previous LSM set-up detailed in Appendix F.1.

The third section presents results based on this classical analysis including more statistically

motivated time series analysis of the dendrites and neuronal background. Section 6.4 details an

analysis pipeline for extracting neurons from 3D structural images and detecting Ca2+ events

from the extracted neuron in an unsupervised way. Section 6.5 details the simulation pipeline

used in our analysis, which is based on the framework in [361], with novel improvements to

increase realism of the Ca2+ dynamics including fluorescence decay, silent synapses and techni-
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Figure 6.1: This flow chart shows the pipeline that was followed for Ca2+ event detection and
experimental refinement. The pipeline provides a guide for future experimentation which involves
refinement through alternating experimental and analysis phases. Purple arrows show the order
of steps in the pipeline. Green boxes show data acquisition steps in which data is generated for
analysis or refinement. Cyan boxes combine data generation with analysis (such as for simulated
data). Blue steps are purely for analysis of the experimental or simulation data. The pipeline
starts with a first round of pilot data acquisition of video Ca2+ data. These videos are generated
from maximum intensity projection of the only 3D dynamic data in the study. In the next step
we perform conventional microscopy analysis similar to [167] along with time series analysis in
order to understand the Ca2+ activity background and manual event detection procedures. In the
second phase, collaborators generate a new pilot data set-up based on a new LSM set-up based on
the original which included dynamic 2D video of Ca2+ events as well as 3D structural images. We
then test a simple automated event detection method and perform neuron tracing to extract the
topology. Neuronal topology and pilot data analysis informs a biological simulation of Ca2+ and
voltage dynamics in a biophysically realistic neuron simulation and the simulation data is used
to inform experimental and event detection model choices for future rounds of experimentation.
Unfortunately, future experiments were not able to be completed due to COVID-19-related funding
and lab restrictions.

cal noise. Section 6.6 presents novel mathematical and computational tools for detecting Ca2+

events and comparing the performance of different methods based on an information theoretic

framework and kernelised smoothing approach. This is followed by simulation results and final

discussion sections.
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6.1 Background

This section relates the structure and function of dendrites and dendritic spines and the role

played by Ca2+ in their modulation to the types of experiments that have and will be performed

with the fast volume-scanning, Light Sheet Microscope (LSM) imaging techniques.

6.1.1 Dendritic Structure and Function in Context

Neuronal dynamics occur at the slower level of re-wiring, and at the much faster level of ion-

mediated voltage signals passed between and within these wires. Individual neurons are geo-

metrically complex with multiple long input (dendrite) and output (axon) filaments collectively

called neurites (see Figure 6.2, left). Neurites connect to other neurons at junctions called

synapses. Neurites may have multiple branches but all neurites belonging to the same cell meet

at the soma. Neurites are biochemically complex, containing extensive networks of cytoskeletal

and scaffolding proteins, as well as protein synthesis machinery [176]. This machinery allows

dendrites and axons to grow and branch to form complex arborisations and respond to signals

by ion and neurotransmitter release [372]. We focus largely on the biochemical activity of the

former as these are where the synaptic inputs are located and thus where Ca2+ events originate.

Dendrites and Neuronal Integration

Dendrites are branched tree-like protrusions from the main body of the neuron. The unique and

complex branching pattern formed by dendrites, termed the dendritic arbour, change during

development and in learning and is notably more complex than the axonal branching pattern

in most cell types. Dendritic re-wiring defines one form of neural plasticity which occurs over

a longer time frame than synaptic plasticity [178, 209, 248, 304]. Dendrites integrate the inputs

they receive from pre-synaptic cells by electrochemical propagation of signals along the dendritic

arbour which acts like a potentially non-linear filter on the signal [390]. Propagation occurs as

a result of protein pores or channels in the surface of the dendrite that modulate the exchange

of ions with the cellular medium. When a sufficiently large voltage potential reaches the soma

an AP is produced which propagates to downstream cells via the axon. A simultaneous global

event known as a backpropgating Action Potential (bAP) leads to a transient cell-wide increase

in voltage and corresponding global uptake of Ca2+. The AP threshold is known as the firing
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Figure 6.2: A number of axons are shown connecting with a typical postsynaptic neuron of
the central nervous system (left). The neuron has a single smooth axon and multiple dendrites
with many nodules (spines) that form synapses with the axons of other neurons (not all of which
are shown). The red circle around one of the synapses (right) gives a more detailed illustration
of the components of a typical synaptic connection between an axon and dendrite (right). The
presynaptic neuron releases neural transmitters (NTs) from vesicles at the cell surface. These
transmitters bind to ion channel receptors on the postsynaptic spine surface, triggering local ion
flux and voltage changes through these and neighbouring channels (including Ca2+ channels).
This figure is adapted from Smrt et al. 2010 [364].

threshold and is a biophysical property of the cell. In rat hippocampal excitatory pyramidal cells,

the cell-type we have access to, this is roughly -45mV [138]. In these experiments, membrane

voltage excitations were kept well below the -45mV threshold to stay within the sub-threshold

regime.

Neuron Topology and Non-Linear Processing in Neurons

The topology of the dendritic tree and protein composition of the dendrites have a great influence

on the brain’s computational complexity and are strongly implicated in computer simulations

to influence signal integration in a non-linear way [203, 259]. Difference in arborisation (the

branching pattern of the tree) is a major source of variation between neuronal cell types in

different parts of the brain [305], suggesting a connection between neuronal function and the

architecture of dendrites that may increase the overall computational complexity of neurons.

Specifically, when compared to their artificial counterpart, a single layer perceptron which is

limited by its ability to only encode linearly separable data [312], a neuron’s dendrites can act as



128

non-linear transformations on the inputs, while branches in the neuronal tree act like secondary

outputs leading a single neuron to have a theoretical functional expressibility more similar to

a two-layer perceptron network [298]. Neuron topology thus potentially increases the brain’s

overall capacity to encode complex algorithms that generate a complex internal representation

(see Chapter 5 and Section 5.1.4).

In addition, electrophysiological properties such as impedance and conductance, have a non-

linear effect on signal strength depending on event location, with event magnitude increasing

towards the distal tips of the neuron, far from the soma [19]. Pyramidal neurons (the type in

our imaging data sets) typically have one long apical dendrite at the top of a pyramid-like soma

and two or more basal dendrites [44]. Neurons can thus be viewed as a tree with the soma as

root node [88]. This views of neurons as tree graphs is key to our analysis in Section 6.6.

6.1.2 Synaptic Spines and Ion Channels

The synapse is crucial to information transfer, learning and memory encoding in the brain.

The synapse is the physical junction that facilitates the directed transfer of information from

the presynpatic to the postsynaptic neuron and is often visible on the postsynaptic side as a

protruding mass in high resolution microscopy images of neurons. Information is transferred

when a pre-synaptic neuron excites a post-synaptic neuron resulting in exchange of ions with

the surrounding extracellular medium and a change in membrane potential. Using neuronal

Ca2+ imaging, incoming signals from other neurons can be detected in the post-synaptic neu-

ron as a transient influx of Ca2+ into the cell via the synapses and nearby channels in the cell

membrane. These transient events are termed Ca2+ events and are accompanied by a EPSP, a

change in local membrane voltage. Rapid accumulation of ionic potentials, including Ca2+ from

repeated events plays a vital role in learning and memory formation through the process known

as synaptic plasticity [120]. The structure of the neuron and synapse is shown in Figure 6.2 and

is expanded upon in Section 6.1.

The cell body and each branch in the dendritic arbour, itself only a few hundred micrometres in

length, may have hundreds of tiny nodules. These so-called synaptic spines protrude from the

cell membrane and are the input end of synaptic junctions (see Figure 6.2, right) [444]. Each

tiny spine (0.001 − 1µm3) is a connection point, one input terminal of a synapse. A spine re-

ceives excitatory neurotransmitters from an outputting axon and responds by opening channels
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(voltage-dependent, ion permeable pores). These channels are embedded most prominently in

the postsynaptic density which is a receptor and channel dense region on the surface of dendritic

spines.

The opening of different channels allow for the influx of ions. This flow of ions alters the voltage

across the membrane and leads to the opening of further, voltage sensitive ion channels [372].

Among these secondarily active channels are N-Methyl-D-aspartic Acid Receptors (NMDARs)

and Voltage-gated Calcium Channels (VGCCs), which are responsible for the majority of Ca2+

influx into the cell following an event [334]. Although many ions and channels are involved in

creating the voltage potential Ca2+ influx alone is sufficient to induce modulation of the sig-

nalling response strength, size and permanency of synapse and post synaptic density [247].

As a result of Ca2+ activity spines change in size, number and location to encode long-term

memories and behavioural programmes [435]. The process of spine turnover and shape modula-

tion in response to neural activity throughout an organism’s lifespan is the defining marker of

synaptic plasticity [181]. These changes in spine size are what allow synaptic plasticity to be

investigated by optical microscopy methods [120,341].

Rat hippocampal pyramidal neurons are fairly typical for excitatory cortical neurons with

synapse counts on the order of 10,000 synapses per neuron [32]. Some of these may be what are

called silent synapses, these are synapses that lack functional AMPAR on their surface. These

synapses usually have low to no responsivity to input (hence silent) but may still be contributors

to the neuronal Ca2+ background through the activity of NMDAR receptors. Silent synapses are

known to occur prevalently in the pyramidal neurons of younger rats (12 days or younger) [73].

Controversy Regarding Pre and Postsynaptic Plasticity

It is well established that simultaneous activity between the pre- and postsynaptic neurons is

necessary for synaptic plasticity [253]. However, it is a matter of some controversy as to which

of these have a greater functional role to play in the plasticity of the strength and reliability

of the synaptic response and often times, a purely postsynaptic explanation is proffered [416],

neglecting the contribution of the presynaptic boutton in plasticity [440]. In addition, both

pre and postsynaptic morphology can change in order to balance the excitatory and inhibitory

activity that is needed to maintain electrochemical equilibrium and neuronal health [96]. This
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type of synaptic change to maintain proper cellular and signal integrity is known as homeostatic

plasticity [397]. It’s function may be similar to that of batch normalisation in deep neural

networks, which is used to ensure fidelity of the backpropagating signal between layers [349].

Despite their similarities, presynaptic plasticity can be induced independently of postsynaptic

plasticity and may play an important role in maintaining inhibitory-excitatory balance in the

brain through changes in neurotransmitter release probability [268]. The downplaying of the

presynaptic role in plasticity is at least in part due to the difficulties in imaging presynaptic

activity as opposed to postsynaptic activity, leading to a bias in the availability of data and thus

apparent importance.

6.1.3 The Role of Non-Excitatory Cells

Some neurons lack spines altogether (∼ 20%). These neuron are mostly inhibitory [324]. In-

hibitory neurons dampen the signals generated by excitatory cells. They do not send excitatory

impulses and are modulated by different and less well-understood mechanisms that may also

involve intracellular Ca2+ release [282]. Inhibitory cells are very important for maintaining the

excitatory-inhibitory balance, preventing destabilising positive excitatory feedback loops. Since

inhibitory synapses have no spines and their activation is not directly connected to Ca2+ release,

we cannot include them in our analysis. A range of other cells, called glial cells, also serve im-

portant regulatory and structural roles in the brain but do not send or receive excitatory signals

that could be detected by Ca2+ imaging [24].

6.1.4 The Dynamic Effects of Ca2+

The voltage-dependent influx of Ca2+ through spines and into the dendrite is confined spatially

and temporally by the small diameter of the adjoining spine neck and by the action of Ca2+

buffers. Ca2+ buffering in the dendrite proximal to an event occurs on very fast time scales, at

a half decay time of roughly 15ms [322]. Propagation of Ca2+ signal towards the soma is thus

mainly due to shared voltage conditions and the action of other ions (namely Na+) that spread

VGCC activity and increase the chance of NMDAR activity [75]. This in turn can increase

de-polarisation and, when activity is strong enough, cause the formation of a spike or transient

Ca2+ event. A Ca2+ event is defined by a local ’peak’ in dendritic Ca2+ levels that can last

on the order of a few hundreds of milliseconds to a few seconds seconds. This is due in part
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to dendritic signal propagation, but also the much slower dynamics of the fluorophores used to

image Ca2+ activity in practice (see Section 6.1.5) [297].

Ca2+ Induced Synaptic Plasticity

Repeated Ca2+ influx into a spine is the catalyst for changes in spine morphology. These changes

are frequency dependent. When Ca2+ activity at a spine is consistently accompanied by simul-

taneous AP firing at that spine’s neuron this can lead to spinal enlargement and an increase in

signalling strength and stability of the spine. This increase in synaptic response strength and

spine size is termed Long Term Potentiation (LTP) [114]. When Ca2+ influx into a spine is

infrequent or is not accompanied by a bAP, the response strength of a synapse may weaken and

prolonged mismatch in activity may cause the spine to be reabsorbed into the dendrite, through

a process known as Long Term Depression (LTD) [255]. LTP and LTD as they occur in the

hippocampus are the most well-understood models of synaptic plasticity [246].

This simple description of synaptic plasticity is complicated by so-called heterosynaptic plastic-

ity wherein modulation at one spine can have an opposite effect at neighbouring spines [280].

The role of heterosynaptic plasticity is poorly understood but it may be employed to increase

input-output specificity of neurons or contribute to network stability (as a form of homeostatic

plasticity). This research is aimed at first finding ways to identify methods for analysis of whole

cell Ca2+ dynamics, so that experimenters can determine how heterosynaptic plasticity may

affect neuronal integration and information storage in further studies.

6.1.5 Imaging of Dendritic Ca2+ Activity

Historically, initial experiments to detect the presence of dynamic patterns of Ca2+ activity

within dendrites were performed using a charge-coupled camera [95]. Current methods make

use of synthetic fluorescent Ca2+ binding dyes or fluorescent protein complex which bind to

Ca2+ and respond to light of a specific wavelength. The two most widely used methods for

imaging have been confocal microscopy [13] and, most recently, two-photon microscopy experi-

ments [18, 256]. Two-photon imaging has a higher penetrance than confocal microscopy, with a

small focal volume which can allow for highly site-specific, deep-tissue imaging of a small number

of spines [372]. In addition, two-photon miscroscopy can be more easily coupled with methods
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to excite specific spines [105] (see Section 6.1.6).

Like confocal microscopy, LSM requires the development of specific equipment to work with

site-specific excitation (excitation of a specific synapse). The advantage of LSM is that it can be

employed to rapidly image large dendritic volume in a short period of time, using a specialised

set-up called fast volume-scanning by light sheet microscope [167]. The high image capture speed

to volume ratio in fast volume-scanning LSM is due to the mode of dye fluorescence. In ordinary

LSM, a whole cross-sectional plane of the slice is illuminated at once using a highly focused sheet

of laser light (produced by a specialised lens) which passes through the entire focal plane. In

the fast volume-scanning LSM set-up, rapid repositioning of the sheet or brain slice to capture

planar images at different depths allows for full slice volumes to be captured in as little as 20ms

(see Appendix F.1).

Recent advances in transgenic rodents, especially the development of transgenic Cre-GFP flu-

orescent complexes, which utilise a fluoroscent protein expressing virus, has made neuronal

microscopy more reliable, is able to target whole populations of cells and is less likely to damage

the neuron during imaging than synthetic fluorescent compounds [87]. LSM can be coupled with

this approach to target single cells if the viral concentration is low enough to only infect a small

number of cells within a tissue sample. Such a set-up has the advantage of being less toxic,

allowing for longer in vitro imaging and enabling behavioural imaging experiments with live

animals [197]. We differentiate three different types of image stacks (collections of 2D images):

2D videos or XYT image stacks, these are conventional videos of activity, where X and Y are

the two axes within the focal plane of the laser and T is time; XYZT image stacks, where Z is

the axial direction (perpendicular to the imaging plane in XY images); and 3D structural XYZ

images, these are used for topological reconstruction (tracing) of the neuron.

6.1.6 Ex Vivo Ca2+ Brain Slice Imaging

Ex vivo brain slice imaging involves the extraction of a thin cross-section of the brain for imag-

ing. It is ideal for study of individual neurons since the cell can be directly manipulated and

the flat slice can be imaged more easily than in a live animal (e.g. through an intracranial win-

dow). We focus here on experiments with organotypic brain slices as distinct from acute slices.

Organotypics are slices that have been allowed to culture and rejuvenate following extraction,

making them less volatile [103]. However, the reformation of synaptic connections that occurs
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during culture makes the cells morphologically distinct from acute (uncultured) slices, which are

imaged directly after extraction. Rewiring in organotypic slices can also lead to pathological

behaviours such as electrochemical over excitation and seizure-like activity [10,97].

After culture or extraction the brain slice is placed on the microscope stage and submerged in

Artificial Cerebral Spinal Fluid (ACSF). ACSF is a fluid manufactured to match the essential

ions, oxygen and pH levels required to maintain the capacity for neuronal activity [212]. A brain

slice can remain submerged in ACSF and continue to function and respond to stimuli for several

hours [74].

6.1.7 The Free Energy Principle, Integration and Synaptic Plasticity

The free energy principle as introduced in Section 1.3 states that any self-organising system that

is in equilibrium with its environment must act so as to minimise its free energy [140,141]. This

free energy is the same as was encountered in Chapter 4 and functions as an upper bound on the

surprise of an observation about an organism’s environment given a model of that environment.

The free energy principle has been applied fruitfully as a framework to understand the optimi-

sation objectives of neuronal integration and synaptic plasticity [429], where synaptic plastic-

ity tends to produce neuronal circuits that minimise the difference in timing between pre and

post-synaptic APs. This minimises the surprise between the two cells and therefore the free

energy [81].

6.2 Light Sheet Pilot Data Analysis

We perform an exploratory analysis of the spatiotemporal autocorrelations in a dynamic Ca2+

image stack produced in an LSM proof of concept study by our collaborators [167]. Our first

approach was to emulate the pre-processing and analysis steps taken by our collaborators using

the Regions of Interest (ROIs) that they identified in the study. This helps us to understand

what elements of the method need to be improved in future steps. Our second approach was

to perform analysis of local spatial correlations present in the Ca2+ fluorescence intensity time

series. Lastly, we discuss the implications of these correlations for any automated detection

methods.
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6.2.1 Original Imaging Setup

The original LSM setup used to produce the data set in this exploratory analysis was constructed

from a composite image in which a single exposure image was taken while the fluorescing laser

moved vertically through the slice, creating a blurred XYZT image stack. The images were of

the CA1 pyramidal hippocampal neurons of a single 7 day old rat. Activity was averaged in the

Z direction to produce a single XYT composite stack (see Appendix F.1). This was the only

set of 3D images produced by the experiment and the low axial resolution and large artefacts

precluded the use of these image stacks to study 3D Ca2+ events.

In this experiment, OGB1, a Ca2+ sensitive dye was loaded onto the slice. This dye increases in

intensity when fluoresced, but only if bound to Ca2+. In this way, a snapshot of Ca2+ activity

over a significant proportion of the cell is captured. In addition, synthetic dyes have the disad-

vantage of being more phototoxic than protein-based fluorophores contributing to the necessity

of low temporal resolution (to limit exposure) and large signal deterioration and increase camera

exposure.

Each image in the stack is taken over a 20ms exposure, imaging a volume with breadth (X),

length (Y ) and depth (Z) of (X,Y, Z) = (300µm, Y = 300µm, Z = 160µm), creating a single

300µm×300µm XY planar image per time point with pixel dimensions 2048×2048 and a depth

of field of 160µm. The experiment was run over a period of 10 seconds, generating a total of 501

images per stack for a single slice. This data comes from a proof of concept paper [167]. In Sec-

tions 6.2.2 to 6.2.5 we describe some of the analysis methods employed in this study that we also

employed to motivate our CUSUM-based method CUSTD (CUSUM with Standard Deviation)

applied to later pilot data and our simulation approach.

6.2.2 Initial Excititatory Experiment

Our collaborators performed global excitatory experiments. This was done by changing the

concentration of K+ ions in solution in order to induce high numbers of subthreshold Ca2+ events

for imaging. They used organotypic slices extracted from the CA1 area of the hippocampus [167].

Organotypic slices were chosen despite their morphological abnormalities due to their robustness

to imaging and manipulation. Global experiments require less experimental equipment to set up

and are therefore the first to be investigated under the new set-up once control (non-excitatory)
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images can be produced. All that is required for global excitation is for the ACSF preparation

to be prepared with an increased K+ concentration. The result of the global depolarisation

induced by the excess K+ in the slide solution is to make the opening of VGCCs and NMDAR

channels more likely. This in turn increases the probability of observing Ca2+ events within the

FOV [48].

6.2.3 Specifying Regions of Interest

Regions of Interest (ROIs) are rectangular XY subregions of an XYT image. In their analysis,

our collaborators selected ROI area and location based on observation of some phenomena such

as a transient Ca2+ event, or as representative of a larger image region. We consider two types

of ROIs, dendritic ROIs that span a section of dendrite, and extracellular or background ROIs

that do not overlap with any of the visible dendrite.

The pixels enclosed by an ROI have variable intensity depending on their position in the stack.

By taking the sample mean across the ROI pixel intensities in each image we generated a single

aggregated intensity time series for each ROI (see Figure 6.3a). The size of ROIs is a compromise

between the resolution of the data, the size of the object being imaged and the level of noise in

the intensity time series.

In the original proof of concept paper [167], ROI area was selected on an ad hoc basis. In order

to regularise analysis we chose the size of dendritic ROIs to enclose an area of 12 × 12 pixels

(1.762µm2 = 3.09µm2); where a rat CA1 dendrite has a diameter of roughly 1− 3µm [131]. The

area of extracellular ROIs on the other hand was larger in accordance with [167]. These ROIs

had an area of 30× 30 pixels (4.392µm2 = 19.3µm2).

A stack can also be divided into non-overlapping gridded subregions (see Figure 6.3b). Each

subregion represents a volume with depth of field 160µm (the imaging depth) and specified XY

dimensions. Dividing an image in this way is like creating a new set of pixels each capturing

activity of a specific volume. As with an ordinary ROI, each grid ROI has a particular aggregated

intensity profile over time. We gridded our Ca2+ fluorescence image stack by dividing it into

an XY grid where each square is 9 × 9 pixels in area (1.322µm2 = 1.74µm2). Grid ROIs were

chosen to be smaller than ROIs because noise at individual point in the grid is assumed to be

less important than the fluorescence patterns across the grid.
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Figure 6.3: This diagram illustrates how ROIs and grids are aggregated and intensity (I) time
series are produced. Once an ROI has been selected (small square in Figure 6.3a) the aggregated
intensity is calculated from the pixels in the region (colour of the numerical time point of the
image). Once all the aggregated intensities have been calculated at each time point, the intensity
time series (I) is the series formed by the aggregated value at each time point. Figure 6.3b shows
the result of aggregation of four pixels to produce a single intensity value associated with a voxel
(green dotted line). The dotted line defines a volume given by the pixel area (2×2) and the depth
of field of the image. As with an ROI, by considering the whole stack, each grid ROI is associated
with an aggregated intensity time series as in Figure 6.3a. The resulted griding are new images
with reduced resolution. After calculation of all the grid ROIs the resolution in the figure will be
reduced from 6× 4 pixels to 3× 2 voxels.

6.2.4 De-bleaching, Normalisation and Phototoxicity

De-bleaching is the correction of an image for the effects of continued light exposure on fluores-

cence. Bleaching occurs because fluorescent dyes undergo an irreversible reaction when exposed

to light that degrades the image quality over time and releases free radicals that gradually kill

the cell. This leads to a decay in image intensity and quality that can be modelled by a simple

exponential decay function,

f(t|h) = a exp(−bt) + c, (6.1)

where t is the time since light exposure began, h is an intensity time series to be fitted. The

constants a, b > 0, and c are fitted directly from h(t) for t ∈ [0, 1, ..., T ]. In [167] the authors

subtracted the estimated bleaching curve fitted to a background ROI to de-bleach the dentritic

ROIs. The curve was fit to the background ROI aggregated time series, followed by non-linear

least squares fitting of Eq. (6.1).

The rate and degree of bleaching can depend on the medium, for example, whether the dye or

fluorescent protein is present intra- or extracellularly. Therefore, they performed an additional

bleaching curve fit to the dendritic ROI after initial background subtraction. The resultant
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de-bleached ROI time series i(t) was

i(t) = I∗(t)− f(t|I∗) I∗(t) = I(t)− f(t|B), (6.2)

where I(t) is the raw mean intensity time series of the ROI, I∗(t) is the time series after back-

ground bleaching subtraction, B(t) is the intensity time series of the background ROI and i

is the de-bleached intensity time series for the ROI. Note that the two curves modelling the

effects of bleaching are fitted iteratively using non-linear least squares by first fitting f(t|B) and

then f(t|I∗). This is a simple but computationally expensive technique when considering a large

number of ROIs such as in a grid. In particular, the fast grid-ROI de-bleaching procedure, when

fitting the explicit bleaching (Eq. (6.1)), failed due to poor convergence (convergence failure

may be due to regions with high levels of noise or low levels of bleaching).

As a computationally scalable alternative for an image composed of many ROIs (such as grids)

we fit a negative linear trend l to each ROI in the image stack to approximate image-wide

de-bleaching in the case of grid-ROI analysis,

l(t|Ix,y) = −at+ b,

where Ix,y is the mean intensity at the (x, y) location in the 2D, XYT image stack and a, b > 0

to be fitted to the the ROI intensity time series Ix,y. This is a common procedure to produce

trend stationarity in neuronal microscopy time series [52]. We do not normalise the intensities

to allow for spatial differences in ROI intensity. The resultant detrended ROI intensity is

ix,y(t) = I∗x,y(t)− l(t|I∗x,y). (6.3)

An another simple method used in [167] for normalising ROI intensity time series is to subtract

and then divide by the baseline (mean) intensity ī. This gives the ∆F/F normalised fluorescence

time series,

∆F

F
(t) =

i(t)− ī
h(i)

, (6.4)
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where h(i) is the mean of the first one second of the ROI mean time series i. Different bleaching

corrections are used, as appropriate to different types of analyses. Eq. (6.4) was used for all

sections that reference ∆F/F (primarily in analysing specific regions in the FOV), while linear

debleaching is used in grid-ROI analysis. Background exponential subtraction alone is used

in the proposed pipeline (I∗(t) in Eq. (6.2)) since the double exponential fit does not always

converge and the proposed detection method, while it does not require second order stationarity,

does benefit from removing confounding background activity.

More difficult to control for than photobleaching are the effects of phototoxicity, the damage or

death of cells caused by persistent light exposure. Phototoxicity causes a loss of cell-membrane

and functional integrity that can lead to a loss of function or a pathological ion flux (including

Ca2+ ions into or out of the cell), leading to over or under excitability. Phototoxicity can be

partially mitigated by limiting effective light illumination exposure, either in intensity or in

exposure time, as was done in these experiments where continuous exposure was limited to just

10 seconds or less [172].

6.2.5 Ca2+ Event Identification and Selection of Regions of Interest

Following de-bleaching, Ca2+ events in a particular ROI were defined by a local, transient

increase in normalised Ca2+ fluorescence. This simple threshold approach formed the basis of

the later detection approach in Section 6.4.5. In [167] Ca2+ events are defined as a 1 second

time period in an ROI time series in which a fitted rise-decay curve had a ‘peak’ sufficiently

above the noise level in a 1-2 second base-line period at the start of the experiment [167]. The

formula for the rise-decay function r is given by

r(t|is) = at exp(−bt) + c, (6.5)

where a, b > 0 and c are all functions to be fit to is (by non-linear least squares) which is a one

second (50 time point) snippet of an intensity time series starting at s. The function r has a

single global maximum r̂ that defines the peak of a potential event after fitting [84].

An event peak was deemed significant if it was above the mean of the intensity over the baseline
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Figure 6.4: Event fitting and significance testing for time series from two separate ROIs from
Figures generated in [167]. The bottom scale bar covers the baseline and first event periods. The
baseline mean µb is given by the orange line. The grey lines define the µb+σb significance threshold
and the µb−σb line. In the top plot, the first fitted event curve (red) is just below the significance
threshold. Green curves show the rise-decay curve of two significant events in the top and bottom
plots. The red curve shows a non-significant event and the orange line shows the baseline in the
absence of events.

period µb plus the sample standard deviation of the baseline signal

r̂ > µb + σb. (6.6)

Figure 6.4 shows the results of event fitting for two ROIs. In the top plot, the first fitted event

(red) is just slightly too low to be significant. This Figure is based on [167]. In this study ROIs

were manually chosen and dispersed across two dendrites in the Field of View adding additional

ROIs for areas with significant fitted events. Background ROIs were selected to be nearest the

dendritic ROIs without touching any of the dendrite (determined by eye).

6.2.6 Time Series Models and Testing

We considered two types of models fitted to the last 498 time points of the normalised intensity

time series of a ROI (the first 3 time points were discarded as their values were unstable).

Autoregressive (AR) and Vector Autoregressive (VAR) models are related time series models

which can be fitted to univariate and multivariate time series respectively. In both cases it is

important that the time series is second-order stationary, i.e. its mean and autocovariance do

not vary in time, which we shall refer to simply as stationary. For both types of autoregressive

model a linear model is fitted to the values xt of a time series x using the value of the last p time

points, where p is often termed the lag order of the model. The autoregressive, AR(p), model is

xt =

p∑
k=1

Bkxt−k + εt, (6.7)
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where εt ∼ N(0,Σ) is itself a stationary time series with Σ = σI (for I the identity matrix

and σ > 0), and Bk is a coefficient fitted by maximum likelihood estimation or an approximate

method. Stationarity of the original time series (and thus applicability of the autoregressive

model) was determined via a unit root test (see below). In the case of a VAR(p) model, Bk is a

matrix rather than a single value and Σ is positive definite [355].

The Autocorrelation Function, ACF(τ), is the Pearson correlation of a time series with itself

delayed a set number of time points τ ∈ N. Similarly, the Partial Autocorrelation Function,

PACF(τ) is the lagged correlation of a time series with itself conditioned on the correlation at

all lags less than τ [355]. Generally, the Autocorrelation Function (ACF) and Partial Autocor-

relation Function (PACF) give an indication of the order of an AR process, where the order is

that of the highest significant lag in the PACF. Also relevant is the Cross-Correlation Function

(CCF) which gives an indication of lagged cross-correlation between variables in a multivariate

time series. We considered AR and VAR models with lags up to order 8 (due to computa-

tional limitations), which we fitted by minimising the Aikake Information Criterion or AIC (see

Appendix F.2).

Testing for Stationarity

An autoregressive model is appropriate when there is significant autocorrelation, there is no

moving average component and there does not appear to be integration or co-integration, which

are related and defined as follows. An integrated time series (differentiated from Ca2+ integration

that occurs in neurons) is one in which AR error terms are not a stationary process and instead

to achieve stationarity the time series needs to be differenced with the difference operator ∆

defined by

∆yt = yt − yt−1.

The result of applying ∆ is a new time series with one fewer time point. If repeated application

of the difference operator up to m times is required for the time series to become stationary then

the model is said to be integrated of order m. Two time series of integration order m1 and m2

respectively are said to be co-integrated if there exists a non-trivial linear combination of the
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two time series that has lower order of integration than max(m1,m2).

A unit root test is a test designed to determine whether a given AR process is integrated. For-

mally, a unit root test such as the Augmented Dickey-Fuller Test, tests whether the characteristic

equation of an AR process,

mp +mp−1B1 +mp−2B2 + . . . +mBp−1 +Bp = 0 (6.8)

admits a root m = 1. If this is the case then the AR process is said to be integrated of order

equal to the multiplicity of m = 1. An AR process that does not admit a unit root is stationary

or is stationary with deterministic trend (which we have fit by de-bleaching, see Section 6.2.4).

Importantly, the Augmented Dickey-Fuller test does not directly fit an AR model of order p

to test for integration, but rather fits a related model based on ∆yt and successive difference

terms [325].

The order of lagged differences to include for the Augmented Dickey-Fuller test unit is difficult

to know a priori and is usually selected as a trade-off between the power of the test (which

decreases with lags included) and the bias produced by serial correlations in a model with too

few lags. One recommended choice is to use a lag order for unit root tests based on the time

series length of 12(n/100)1/4 [339], where n is the length of the time series. We chose this value

as it allowed us to perform the test uniformly across ROIs. The recommended lag order for our

ROI time series with length T = 498 is 17.

Testing for Significant Autocorrelation and Local Causality

If an AR process is stationary, it is possible to test whether significant lagged autocorrelations

exist by performing a test known as the Box-Ljung test. The Box-Ljung test checks whether

a given set of lagged autocorrelations are significantly different from zero using a normalised

sum of the individual lagged correlations. The resultant sum is distributed χ2
m under the null

hypothesis that the first m lagged autocorrelations are not significantly different from zero [355].

Lastly, the Granger ‘causality’ test can be used to determine whether one time series (such as

from a neighbouring ROI) is a significant predictor of another. The test involves fitting of a

two dimensional VAR(p) model with special attention paid to y, the proposed ’dependent’ time

variable, and x, the ’causal’ variable. In order to derive a test statistic the VAR(p) model is
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compared to an AR(p) model that includes only lagged terms from the y time series, using

standard ANOVA significance test [355].

yt =

p∑
k=1

Bkxt−k + Ckyt−k + εt vs.
p∑

k=1

Dkyt−k + εt.

The test compares the two models under the null hypothesis that none of the p lags of x

contribute significant explanatory power in predicting y.

6.3 Results of Exploratory Analysis

We produced two sets of results using standard time series analysis techniques. The first is based

on direct Region of Interest (ROI) selection, based on the methods and data presented in [167].

The second uses the same data to investigate Ca2+ activity across the whole section of dendrite

in-field, using a simple gridded image approach (see Section 6.2.3).

6.3.1 Analysis of Preselected Regions of Interest

An ROI is specified by a rectangular XY subregion of an XYT image stack. The size of each

ROI was varied depending on whether the ROI was a control area of off-dendrite (extracellular)

background meant for background subtraction or an dendritic ROI, meant for analysis (see

Section 6.2.3). The dendritic ROIs we analysed corresponded roughly to the ROIs preselected

by Haslehurst [167] (see Figure 6.5).

Analysis of the Off-Dendrite Background

Before investigating any of the on-dendrite ROIs we first assess whether any structure in the

form of temporal autocorrelations are present in a large extracellular region after controlling for

the effects of bleaching (Section 6.2.4). Figure 6.6a shows the first image in a stack with an

off-dendrite background ROI selected in yellow. Following subtraction of the exponential trend

which we fit (see Eq. (6.1)) using the background ROI, there is little evidence of significant

temporal autocorrelation with only a few marginally significant lags. The Box-Ljung test, gave

a p-value of 0.775, across 25 lags tested. The results of the Augmented Dickey-Fuller test (see

Section 6.2.6) is a unit root test for autoregressive time series with an alternative hypothesis of

stationarity. The results of the test suggest that there is no unit root for an AR process with up
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Figure 6.5: These images, produced for [167], give an overview of Ca2+ activity captured over a
ten second span during a elevated K+ experiment using the volume-scanning LSM method (see
Section 6.1.6). The top left image is a maximum pixel intensity projection of an in field region of
a single arbour with scale bar in white. The bottom left image is a mean pixel intensity projection
showing two separate branches cropped from the same stack (cropped to 292 × 362 pixels or
43µm×53µm).The white boxes from a to h show on-dendrite ROIs selected in [167]. The graphs
on the right are of background subtracted ROI intensities. Fitted curves in orange indicate a
possible Ca2+ events (light orange indicates a speculative, sub-threshold event), fitted according
to a rise-decay curve (see Eq. (6.5)). These graphs suggest that events can be spread over multiple
ROIs but attenuate, making them undetectable in regions sufficiently far away from the initiation
site. In this case, events seem to be isolated to the centre of the bottom-most branch (ROIs d to
g) and not detectable at all in the branch above (ROIs a and b).
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to 17 lags (p < 0.01), which is consistent with the hypothesis that the process is approximately

stationary.

(a) (b)

Figure 6.6: Background Region of Interest (ROI), selected in accordance with background ROI
selection in [167]. Figure 6.6a generated using Fiji [333], shows the first image in the stack of
an XY cropped version of a 300µm × 300µm XYT image stack (cropped to 292 × 362 pixels or
43µm×53µm) produced from the fast volume-scanning LSM set-up, the same XYT stack used in
Figure 6.5. Figure 6.6b shows the detrended intensity of the background ROI over the last 498
time points. The lagged autocorrelation function (ACF) and partial autocorrelation (PACF) plots
suggests that the background intensity time series has individually significant autocorrelations that
are significant (above the blue, dotted line). The results of a Box-Ljung test for significant overall
significance of ACF lags returned a non-significant value of 0.775, suggesting that the correlations
that do exist result from randomness in the sampling process.

Multivariate Analysis of Dendritic ROIs on Separate Branches

We examined dendritic ROIs, coincident with ROIs b and d in Figure 6.5, with control region

as in Figure 6.6a. Following normalisation and de-bleaching (see Section 6.2.4), the Augmented

Dickey-Fuller results suggest that the individual time series associated with ROIs d and b have

no unit roots up to order 17, again suggestive of stationarity of the fitted AR process (p < 0.01).

The Ljung-Box test suggests that both ROIs d (p < 10−5) and b (p < 0.05) exhibit significant

temporal autocorrelations. The marginal significance of temporal autocorrelation in b could be

due to the lack of Ca2+ events present (see Figure 6.5).

The lagged correlation of signals at d and b is significant as indicated by the CCF in Figure

6.7. There are a number of highly significant lags, clustered about lag 20, or around 400ms in

time. This could potentially represent the time taken for the signal to travel between these two

branch-separated regions, or it could be related to the difference in arrival times between signals

originating at the branch point.
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Figure 6.7: Comparison of de-bleached fluorescence intensity between dendritic ROIs b and d
(see Figure 6.5), following bleaching controls and normalisation. The top two plots show the
de-bleached time series for these two regions while the two centre plots show the ACF evaluated
between lags 1 and 25 (d left, b right). The bottom plot is the lagged CCF of the b and d
fluorescence time series between lags -20 and 20. The ACF for ROI d is suggestive of periodic
effects, while ROI b has multiple marginally significant lags, at the 5% level (blue, dotted line),
but no clear structure from the ACF. The CCF has a number of significant lags around lag 20.
This could perhaps be indicative of the time taken for signal in ROI d to reach b in the other
branch (a time delay of roughly 400ms).

Multivariate Analysis of Neighbouring Dendritic ROIs

Diagnostic plots of shared Ca2+ fluorescence dynamics for neighbouring ROIs c and d (after

de-bleaching and normalisation) are shown in Figure 6.8. Both mean fluorescence time series

are individually non-integrated up to order 17, according to the Augmented Dickey-Fuller test

with p < 0.01. The AR processes are therefore not co-integrated. While some individual lags

are significant in the ACF of ROI c, the Box-Ljung test indicates no significant overall autocor-

relation structure (p = 0.241), consistent with their being no shifts in Ca2+ dynamics (i.e. an

event) at this point. On the other hand, cross-correlation lags -4 and 5 are marginally significant

(p < 0.05) with a number of significant lags around 10 to 15. Although the marginal lags may be

indicative of some sharing of voltage conditions across the branch leading to correlated VGCC

activity, this could also be due to chance, as we can expect 2 significant lags out of 41 at the 5%

level under the null hypothesis of white noise.

The cut-off in significant PACF lags in Figure 6.9 combined with the large number of significant

ACF lags in Figure 6.8, are suggestive of such an AR model. Assuming again that there are
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Figure 6.8: Comparison of mean ∆F/F fluorescence between dendritic ROIs c and d (see Figure
6.5), following bleaching controls and normalisation. The top two plots show the ∆F/F time
series for these two regions while the two centre centre plots show the ACF evaluated between
lags 1 and 25 (c left, d right). The bottom plot is the CCF of the b and d fluorescence time series
between lags -20 and 20. The ACF for ROI c has multiple significant lags, at the 5% level (blue,
dotted line), between 1 and 5. The CCF has a number of significant lags at around lag 11, but
also at lower lags -4 and 5. This could be indicative of the sharing of voltage conditions within
the branch (leading to the opening of VGCCs) even when no Ca2+ event is detectable at c.

no moving average components, in part because of computational constraints, we fitted a VAR

model, selecting the number of lags by minimising the AIC. The resulting ACF of the residuals

indicate that there is still some temporal correlation left at higher lags (e.g. lag 10 in Figure

6.9a) but not to a significant extent (Box-Ljung, p > 0.3). Consistent with the local branch

depolarisation hypothesis, we found that the Granger causality test (see Section 6.2.6) used to

measure whether the fluorescence at ROI d is a significant predictor of ROI c, is significant with

p ≤ 0.01. Tests of whether signal at c ‘Granger causes’ d were not significant (p = 0.186).

6.3.2 Grid-ROI Analysis

Gridded image normalisation was performed using a slightly different protocol to individual

ROIs. First, pixels were binned into non-overlapping 9×9 (2.72µm2=24µm2) grid ROIs and a

ROI wide average intensity for each image in the stack was calculated to create a new grid XYT

image stack. A gridded version based on the cropped image stack from Figure 6.5 is shown in

Figure 6.10a which was generated using a maximum intensity projection (the image formed by
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(a) ROI c (b) ROI d

Figure 6.9: This figure shows the results of fitting a Vector Autoregressive (VAR) model to the
aggregated, normalised flurorescence time series of neighbouring ROIs c and d. The top two plots
are diagnostic plots to determine the number of lags to be fitted. The PACF of ROI c in Figure
6.9a indicate a drop off in significant PACF lags at the 5% level (blue, dotted line) at lag 5 and
similarly for ROI d at lag 4 in Figure 6.9b. The AIC was used to select the number of joint lag
terms to include and a model with 5 total lags was selected. The middle two plots show the result
of fitting the VAR model to the ∆F/F fluorescence values (black) with fitted values in red. The
bottom two plots show the ACF of the residuals for the fitted model for ROIs c and d. The ACF
indicates that there is little autocorrelation left in the residuals at specific lags, where we would
expect at least one significant residual occurring by chance at the 5% level.

taking the maximum ROI intensity across image stacks for each grid ROI).

A linear detrend of the ROI intensity (Eq. (6.3)) was used to mitigate bleaching effects instead of

two exponential fits to background and ROI. This was done because of problems of convergence

in the exponential fit (Eq. (6.1)) to certain ROIs on or near the original ROIs in the lower

dendritic branch in Figure 6.5. The poor fit could be due to high levels of Ca2+ flux in this area,

where there are known Ca2+ events that could interfere with the fit.

Figure 6.10b shows the blurring effect of linear trend removal on the maximum of the Ca2+

fluorescence intensity in each ROI. By examining the result of an Augmented Dickey-Fuller

(ADF) test applied to each ROI, it is possible to distinguish some of the ROIs associated with

Ca2+ events from the rest of the in-field image. This is expected since the arrival of transient

Ca2+ events likely causes a shift in the mean and variance of the time series.

Comparison of Figure 6.10b and 6.10d suggests that it is possible to recover an outline of the

dendrite from passive dendritic dynamics using the magnitude of the neighbour correlation of

each ROI. The neighbour correlation is the average (mean) of the absolute Pearson correlation
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between the ROI and its 8 nearest neighbours. This plot indicates high levels of local spatial

correlation within the dendrite in Ca2+ intensity. This is likely due to more than just confinement

of Ca2+ within the dendrite as this would not account for the spread (see Section 6.1.4). It could

also depend on NMDAR, VGCC and internal Ca2+ storage activity. The given contrast may

provide a way to distinguish dendritic from intracellular regions for further analysis. Note that

the local spatial correlation is highest at the site of known Ca2+ events and is still high closer to

the soma. This could be an example of directional Ca2+ dynamics towards the point of voltage

signal integration (the soma), which has been noted for some cell types [124].

(a) (b)

(c) (d)

Figure 6.10: The results of gridded image analysis of the cropped XYT stack used in Section 6.3.1
are shown here, where each pixel in the gridded plot represents a volume enclosed by 9×9 pixels
over an area of 1.73µm2 or a projected volume of 278µm. The coordinates of each of the 32× 40
ROIs are shown on the X and Y axes. Each point in Figure 6.10a is the temporal maximum of
aggregated intensities of pixels in that ROI. The result is a blurred image resembling the cropped
image in Figure 6.5 from Haslehurst, 2018 [167]. Figure 6.10b is the maximum intensity in each
ROI following linear detrending of intensity time series associated with the ROI. While some
structure is present, it is difficult to distinguish active from inactive dendrite or even on-dendrite
from extracellular image regions. Figure 6.10c shows the p-values of the Augmented Dickey-Fuller
unit root test to each detrended ROI time series. The result suggests that linear detrending is
sufficient to produce stationarity, mitigating the majority of bleaching effects. The only areas
where p is not significantly low, are areas identified with Ca2+ events (i.e. ROIs d-g) and a single
ROI on the opposite branch. Pixels in Figure 6.10d give the mean absolute Pearson correlation
of the 8 nearest neighbours of each ROI with itself. These spatial correlations are consistent with
coordinated Ca2+ activity at and below the site of the Ca2+ event, moving towards the soma (off
image).



149

6.3.3 Discussion of Preliminary Results

We were limited in the generality of our conclusions by the availability of dynamic Ca2+ image

stacks. However, the dendritic dynamics analysed exhibits broad spatial and temporal patterns

such as local coordination of Ca2+ activity at the site of transient Ca2+ events. More generally

we now have possible guiding principles for distinguishing dendritic from extracellular and ac-

tive from inactive image regions based on the properties of their Ca2+ dynamics. Namely, We

found that background, extracellular regions resemble white noise following de-bleaching, while

dendritic regions have significant temporal autocorrelation and higher local spatial correlation.

In addition, changes in Ca2+ fluorescence are consistent with both local branch depolarisation

and widespread bidirectional propagation of VGCC activity restricted to this branch.

Our results suggest a possible link between non-stationary unit roots in ROI time series as an

indicator of Ca2+ events, which could be used to filter ROIs for events to semi-automate manual

event detection. In the next section, we propose a simple exploratory method for automated

Ca2+ event detection (see Section 6.4.5) as well as a novel pipeline for creating morphologically

and biophysically realistic neuron simulations from image data. These will be useful in deter-

mining what possible recommendations in terms of detection methods or experimental protocols

might be useful to future experimenters.

6.4 Experimentation with Automated Event Detection

This section details follow-up experiments that were used to refine a pipeline for generating

realistic simulations from XYZ images covered in Section 6.4.2. First, the experimental overview

is presented with reference to changes from the first experiment. Notably, these experiments will

include 3D structural images of the whole neuron using new transgenic, and thus less phototoxic,

Ca2+-sensitive fluorophores that allow for a longer exposure. This analysis pipeline requires the

extraction of neuron topology from filtered XYZ images using iterated automated tracing tracing

of the neuron.

6.4.1 New Imaging Set-up

In order to capture high quality images with a broad enough FOV to span the dendritic arbour

of an entire pyramidal neuron our collaborators have modified the initial lens to emit a curved
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beam that is able to fluoresce over a larger area of the slice, at a lower intensity, lowering

phototoxicity. The beam produced from this lens, termed an Airy beam lens, needs less light to

produce a similar fluoresce intensity [405]. However, additional processing steps must be taken

to correct for the curvature of the beam (see Appendix F.4). Even after correction, artefacts

persist (see Figure 6.11) that must be corrected in order to accurately locate the neuronal cell

body in the image. In addition, this set up may be poorly suited to XYT imaging given the 3D

curvature of the beam produces inhomogeneous fluorescence in a single XY plane [405].

soma

Figure 6.11: This image shows a maximum intensity projection of the soma of two 3D structural
images of neurons from early testing data produced by a Light Sheet Microscope (LSM) by taking
the maximum pixel intensity from each image in a 3D stack to produce a composite. The imaging
technique leads to blur near the soma (or cell body).

Traditional Ca2+ indicators must be patch-pipetted into the slice which is time consuming and

risks damage to the cell. The second round of pilot images were produced using transgenic Ca2+

fluorescent indicators. The intrinsic expression of these indicators makes them more resistant to

bleaching, less phototoxic, and less time consuming to prepare and image [297]. Development of

this imaging set-up was delayed by COVID-19 and experimental slices require an additional two

week incubation period to allow for the sample to become infected with the GCAMP7 transgenic

adenovirus [87]. Results utilising the GCAMP7s transgenic Ca2+-binding protein are shown in

Section 6.4.5.

Structural XYZ images were produced by pipetting synthetic Alexa Fluor dye directly into the

cell after XYT acquisition. We use this single pair of XYT and XYZ images as further pilot
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data on which to base our simulation and Ca2+ detection methods.

As stated, this set-up has a broader FOV than the original experimental set-up (see Section

6.2.1) with X×Y dimensions of 600µm× 600µm (four times the area of the original), but with

the same pixel dimensions of 2048×2048. This broader FOV is what allows for the imaging

of whole neurons and thus extraction of the complete neuronal topology (see Section 6.4.3).

Exposure was reduced to 10ms and limited to a single 2D image plane (as opposed to a 3D

scanning exposure in Section 6.2.1), significantly increasing dampling rate. The lower exposure

time allows the initial sharp rise in Ca2+ to be resolved more readily, however, it also may reduce

effective detection by introducing artefacts.

Structural images were captured using a FOV with the same XY dimensions but a mirror was

moved vertically through the slice to fluoresce at depth increments of 0.5µm, passing through

the same FOV as the XY image. Individual, long exposure (200ms) images over a 160µm

depth from the surface of the slice were combined to create a single X×Y×Z image stack with

dimensions 600µm × Y = 600µm × 160µm) or a pixel resolution of 2048 × 2048 × 320. This

resolution is not isotropic (having a lower resolution in Z) which is a problem for most 3D image

processing methods, including neuron tracing [432]. This caveat was corrected by standard cubic

interpolation which is part of the ImageJ package, Fiji [333]. The resulting cubic voxels (3D

pixels) have a volume of 0.293µm3.

Limitations and Advantages of GCAMPXs

GCAMP7s is a highly stable transgenic fluorophore with a high peak fluorescence, increasing

the potential signal to noise ratio [145]. It is one of a variety of Ca2+ fluorophores belonging

to the GCAMP family including GCAMP6s, GCAMP7f and GCAMP6f. Of these two variants

GCAMP6s and GCAMP7s are the slower variants with a significantly higher half decay time (the

time taken for brightness to reduce by half), for instance the decay time of GCAMP6s is roughly

550ms, compared to 142ms for GCAMP6f [205]. This could make it difficult to effectively isolate

single events occurring at a frequency above 1.81Hz, which may occur even in the subthreshold

regime, where inputs are more sparse. However, when local input frequencies are low, increased

smoothing by GCAMP6/7s may help to make peaks more robust and easy to detect. These

slower variants also tend to be brighter in fluorescence.
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6.4.2 Second Pilot Imaging Experiments

In the second round of pilot experiments, images were produced in order to perform proof of

concept testing of a simple, automated event detection method, as well as neuron tracing and

segmentation pipeline (for simulation and analysis). The experimental set-up was similar to the

first pilot experiment but used a new Airy beam. After slice extraction and incubation of the

GCAMP7s viral vector the slide was prepared and a single GCAMP7s expressing transgenic

neuron was located. The imaging plane was selected by scanning through the axial Z direction

for an XY plane that had high cross-sectional overlap with the soma and dendrites. No additional

K+ was added to the solution when the XYT image was produced and the neuronal XY plane

was imaged for a total of 5 seconds at a rate of 100Hz. After imaging, the XYZ image was

deconvolved using a proprietary algorithm designed by M Squared Lasers Ltd. The algorithm is

unpublished but Appendix F.4 gives a simple description of the basic principles of deconvolution

for light microscopy.

6.4.3 Neuronal Segmentation

Event-like activity can occur in the image background as a result of activity in neighbouring

neurons not in the 2D image plane or other sources of random fluctuations in background

fluorescence. It is therefore useful to refine event search to only those pixels belonging to the

neuron being imaged. One way to do this is to manually trace the neuron using a 2D maximum

intensity projection of the 2D Ca2+-dye dynamic image stack. This method is prone to human

error due to the level of detail required in tracing and the noisiness of the 2D image but is easy

to do with standard imaging software [333]. Alternatively, neurons can be traced from the 3D,

higher contrast, XYZ images.

Automatic Neuron Tracing

We used the APP2 automatic neuron tracing algorithm to generate neuronal traces from a

3D image (see Appendix F.3) [432]. In brief, APP2 is a fast-marching, cellular automata-based

algorithm which is the flagship algorithm of the vaa3d Open Source suite of 3D image processing

tools for neuronal microscopy [292]. The vaa3d package also provides a specialised method for

segmenting neuronal spines from background pixels adjacent to dendrites using a similar cellular

automata-based algorithm [187]. The resulting neuronal trace is stored as a tree with XYZ
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position and radius for each node emanating from the brightest point in the image (usually the

soma). The resulting trace includes dendrites and soma, as well as estimated volumes of each of

these substructures (important for compartmental simulation of neuronal activity), but excludes

the axon which is generally too thin in the image to reliably appear in the trace. We alternate

between APP2 tracing and a novel filtering method to identify the soma and remove somatic

artefacts from the XYZ image, thereby improving the final trace with APP2.

Segmentation of the Soma and Dendrites

A distinction between the functionally distinct units of the soma and neurites (namely the den-

drites) is useful, both to refine the search for Ca2+ events (the soma does not have EPSPs but

has a high variance in Ca2+ activity) and to distinguish biologically distinct cellular components

for accurate simulation (see Section 6.5). We adapted a simple segmentation technique based

on the Jenk’s Natural Breaks method to create this separation of components in a biologically

plausible way [194].

In order to segment the neuron tree it is useful to understand how the data is structured. The

tree generated by APP2 is stored as a rooted tree list with an entry for each node and a column

each for X, Y and Z coordinates, numeric node ID, node type, parent ID and the node radius.

For a node, n, in the table with ID kn, the radius ri > 0 defines the spherical volume of the

node. The node ID is a non-negative integer index given by a depth first ordering on the nodes

of the tree. The depth first ordering follows the path from the root node to the most distal leaf

node (the longest branch). The process is repeated starting from the branch point of the most

distal branch off this path. Node IDs are reordered at the end of the process so that the first

branch is always the longest branch starting from the root node by depth first search. The type

is an integer identifier that is the same for all nodes in the same branch. The root of the tree

is the node with the lowest Grey Scale Distance (see Appendix F.3 for details). This node is

usually near the geometric centre of the soma which was validated by visual inpection of the

XYZ image stack in ImageJ [432].

The root node n0 has at least two child nodes (see Figure 6.12 below) each associated with

different distinct branches. The nodes labels are depth first ordered with n0 always lying on

the longest branch, A (typically containing the central trunk of the apical dendrite and a half

or more of the soma). The second longest branch, B, typically contains the basal dendrite and
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some somatic nodes (see Figure 6.12). Since A and B are the longest branches of the tree they

must necessarily include most if not all of the soma, which is a broader than average component

from which all dedritic branches originate.

Moving proximally to distally out from these branches the exact change point from soma to

dendrite is not clear cut and a transitional region exists at both ends (the basal portions of A

and B). However, for model building and detection methodological simplicity it is useful to

define a hard boundary between somatic and dendritic nodes. We achieve this by clustering

along the subtree, P , induced by A ∪B. Note that P forms a path ordering inherited from the

neuron tree and numeric node labels.

Jenk’s natural breaks is a simple method for partitioning of an ordered set into N contiguous

classes in one dimension [194]. It is related to k-means clustering used in multiple dimsensions.

We used the Jenk’s framework to partition the nodes of A and B each into two distinct classes

using the nodes radii. The two interior classes, with the largest radii then define the soma.

In the Jenk’s framework a boundary node C∗ is chosen for an ordered list of nodes C =

{c1, c2, ..., cn}, each with radius w(c) > 0 for each c ∈ C. C∗ is chosen by selecting i which

minimises the sum of within class variances

var({w(ck)}ik=1) + var({w(ck)}nk=i+1), (6.9)

so that C∗ = ci. We make the modification from the ordinary Jenk’s clustering framework

by using the unscaled sum of variances in the optimisation step so as to weight somatic and

dendritic components equally.

Solving separately for the boundary nodes CA and CB for both A and B, the soma is thus defined

by the set of nodes S = {a1, ..., CA, b1, .., CB}. The segmentation is completed by classifying all

other nodes not in S as dendritic.

6.4.4 Artefact Correction for Neuron Tracing

The new LSM setup uses an Airy beam lens. This type of lens is well suited to capturing broad

FOV, 3D images. However, bending of the beam through the lens causes artefacts that are

not completely removed by the proprietary deconvolution method used to correct such arte-
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Figure 6.12: 2D representation of the two largest branches connected to the root node of
a neuron traced with APP2. The longest branch, A, is shown in red while the shorter, B
is in blue. The tips of other minor branches are also shown. Nodes ai and bi are shown
radiating outwards from the root node (a1 is the root). Black dotted lines demarcate a
plausible Jenk’s clustering (based on Jenk’s Natural Breaks), dividing the neuron length
into 3 classes, with class boundaries CA and CB. The soma is the central class [CA, CB]
while the other two classes are dendritic branches.

facts [405]. For a brief overview of deconvolution see Appendix F.4. Artefacts can lead to errors

in tracing where artefactual voxels are misclassified as part of the dendritic tree. Crucially this

artefactual blurring occurs near the soma but at a lower intensity allowing the blurred non-

somatic pixels to be removed from around the soma by appropriate thresholding.

We propose an augmented tracing procedure which breaks neuronal tracing into an iterative

three-step process. First the neuron is traced using an established method e.g. APP2 (see

Section 6.4.3). Then the neuron is anatomically segmented into the soma and dendritic com-

ponents (see Section 6.4.3). After this a cube containing and centred on the soma, but three

times its radius is defined. This box contains somatic, artefactual and background voxels. Otsu

thresholding, the 3D equivalent of the Jenk’s Natural Breaks or k-means clustering methods

from Section 6.4.3 is then used to separate somatic voxels from the lower intensity background

and artefactual voxels [433]. Non-somatic voxels are then set to zero intensity and the tracing

algorithm is rerun on the entire image.

6.4.5 Cummulative Summation Method for Automated Event Detection

Methods are yet to be developed for automatic detection of Ca2+ events within cells, either in

2D or 3D Ca2+ imaging. A simple approach is to treat the onset of a synaptic Ca2+ event as

a transient change point, a sudden spike followed by a gradual decline in local neuronal Ca2+

concentration relative to recent neuronal activity in a region around the spine and to follow a
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CUSUM-based approach to detect the largest Ca2+ events.

In Section 6.3, we see that Ca2+ events led to a locally coordinated spike in Ca2+ activity.

We utilise this observation and the 3D neuronal tree extraction pipeline already discussed (see

Section 6.4.3) to refine the event search and confine it to only dendritic cellular regions. Confining

the search is done by producing a mask from the extracted neuron structure, using the volume

of each node to define a neuronal search area. However, since only one viable single XYT Ca2+

image stack has been produced for this data set with no paired structural images, we chose to

manually trace the neurites in the XY image plane using ImageJ’s simple neurite tracer [333],

a semi-automated tool for neurite tracing. Only pixels belonging to the neurites in the image

are searched using a moving window approach. The window size, W = 8, was chosen so that

moving windows were 8×8 pixels (5.84µm2) in size, as suggested by our collaborators, due to

the effective resolution of the imaging set-up. Pixel intensities across the window were spatially

averaged to smooth out spatial noise, concentrate signal from correlated areas of activity and

produce a time series, pt for each XY pixel on the neuron at each t time point.

Following neuron segmentation (in accordance with Section 6.4.3) and anatomical labelling,

simplified bleaching correction was performed by least squares fitting of Eq. (6.1) to background

activity, the pixel-wise mean of temporal activity across all non-neuronal pixels in the XYT

image. The event detection algorithm is applied independently for each pixel that is on the

neuron (except somatic regions which are excluded).

We then use a CUSUM-based method to determine spatiotemporal event locations. The CUSUM

method calculates a change point score st at each time point based on previous time points

(usually with a moving average or exponentially weighted average offset). CUSUM methods

classify as a change point each time where st > bσ for σ the time series standard deviation and

b = 5.

Our method, CUSTD is a slight variation on these that includes a local noise penalty that

further takes into account any local non-stationarity in the signal (e.g. due to LRD). The event

score is calculated recursively from the previous score, with initial score s0 = 0, and subsequent

scores

st = st−1 + max(0, pt −mt − 2σt) (6.10)
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where σt andmt are the moving mean and standard deviation respectively, based on the previous

k = 20 time steps. For t ≤ k, mt = σt =∞ for t ≤ k so that events before t = k are effectively

undetectable (a shortcoming of the method for large k). Here, b and k were chosen so as to

obtain a good fit to the data. In Section 6.6 we will propose a method to fit b and k to the data

based on simulation and the free energy.

6.4.6 Calculation of Signal to Noise Ratio

We used a random sample of N = 5 events identified by the experimenter to determine a crude

baseline signal to noise ratio by subtracting the mean intensity baseline over a 100ms window

before the event, ze, from the peak intensity at that event’s location in time and space, me. The

approximate signal to noise ratio, ˆSNR, is then

ˆSNR =
1

N

N∑
e=1

me

ze
. (6.11)

Exploratory Results

Figure 6.13a shows the spatial location of 17 events (some overlapping) which were expertly

labelled by the experimenter (Peter Haslehurst) as well as a predicted probability density of

locating an event according to the CUSTD method. Most events are in high density locations in

the image except one that may have been excluded due its proximity to the soma. These events

are up to a few tens of microns in extent along the dendrite and so spread in the estimated

density is likely due to error. Figure 6.13b shows the scoring of events for a single windowed

ROI in the XYT stack. In this example ROI there are two labelled events, at frame 160 and

275. Both of these events were near to two separate actual events in time at the same location

(possibly at the same synapse).

From Eq. (6.11) the approximate signal to noise ratio is 2.5. This is likely to an over estimate of

the true signal to noise ratio as it takes into account only events that were sufficiently above the

noise level as to be readily identifiable by the experimenter who identified events by eye without

validation by the manual detection method in Section 6.2.5.

It is well established that intraneuronal Ca2+ activity power scales roughly in a log-log fashion

with frequency with scaling exponent α approximately in the range −3 < α < −0.5 [47, 297],

depending on modality, subcellular location and sub or supratheshold activity regime. We found
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that the Power Spectral Density (PSD) of mean neuronal Ca2+ activity followed a strict log-

log power law in time over the frequency range of 0.1Hz to 10Hz, with an estimated scaling

parameter of α̂ = −2.35. This result suggests that multiscale temporal LRD is present in the

neuronal Ca2+ signal, with a large proportion of the signal’s power lying in lower frequencies.

As seen in Figure 6.10 Ca2+ events in the subthreshold regime can propagate locally in a wave-

like pattern. In Figure 6.13a we account for this spread using a simple Gaussian kernel smoothing

function in time and space. Ca2+ waves may account for some of the spread in Figure 6.13a

along the dendrites, however a large proportion of the event density ends up in the extracellular

medium which is unrealistic (as events only occur intracellularly).

The problem of estimating the location of events on neurons is non-trivial due to the non-

Euclidean, graph-like topology of the neuron and the spreading of the events in time and space

along the neuron branches through neuronal integration. In Section 6.6.4 we improve upon this

crude estimate using a spatiotemporal graph heat kernel to capture the spread of simulated

event probability density in a semi-realistic way. We also investigate the suitability of using a

faster fluorophore, such as GCAMP6/7f, in any hypothetical future experiments.
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(a)

(b)

Figure 6.13: This figure shows the results of spatiotemporal Ca2+ event detection. (a.) Kernel
density plot of Ca2+ events (red shading), overlayed on a maximum intensity projection of an
XYT Ca2+ dynamic image stack produced from transgenic GCAMP7s. Event hotspots from 17
total events, labelled by LSM developer and neuroscientist Peter Haslehurst, are shown in green.
In order to construct the estimate detected events are weighted by their space-time proximity
(Euclidean distance in XYT space) to labelled events. The red box shows the ROI used to
produce the plot in (b.). (b.) The plot shows the event detection method in action with the event
score at each time point shown in red. When the score crosses a pre-specified threshold, the time
point and ROI location are registered as containing an event. Events in neighbouring ROIs at a
similar time contribute to the probability of events being present locally, as does the time spent
above threshold.
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6.5 Simulation

This section details the simulation of Ca2+ events based on the previous sections and data. Our

simulations of neuronal activity are based on a previous simulation model for pyramidal neurons

in mice and rats within the NEURON simulation environment [61,361]. NEURON is a platform

optimised for simulating neurons as collections of coupled electrochemical compartments using

ordinary differential equations [78]. NEURON allows for realistic simulation of both passive

and active neuronal properties including Ca2+ events and APs. For full details of the model

framework we employ to simulate Ca2+ activity see Appendix F.4.1. We use this framework

with slight modification in Section 6.7 to model events and then test which of a representative

sample of Ca2+ event detection methods provides a probability distribution over space and time

that best reflects the true event distribution as measured by free energy.

The simulation framework for pyramidal excitatory neurons was still being updated as of Febru-

ary 2021 [251], but requires a number of changes to be used in studying Ca2+ dynamics as would

be realistically observed using light microscopy. We model these augmentations on the results

of the previous sections and add, silent synapses, technical noise caused by the interaction be-

tween fluorophore activity and LSM equipment, Ca2+ fluorophore signal decay and additional

mechanisms for realistic Ca2+ exchange (such as Ca2+ influx via NMDAR channels). Properties

such as bleaching and phototoxicity were not implemented and are outside the scope of this

simulation. We utilise a neuron morphology generated from the XYZ image using our pipeline

(see Figure 6.14 and Section 6.4.3).
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Figure 6.14: Pipeline diagram summarising the entire process for extracting neuronal trees for
simulation. 1. Neurons are extracted from background and artefact corrected using the procedure
shown in Section 6.4.4. 2. This step requires the neuron to be segmented into anatomical compo-
nents and then the tracing step is repeated. 3. Next, an abstraction of the neuron topology, as a
tree, is produced for simulation. 4. This abstract representation is embellished upon by adding
biophysical properties of the soma and apical, and basal dendrites. A simple axon is added for
simulation (long straight neurite in purple). 5. Lastly, the neuron is simulated as a collection of
functionally distinct compartments (see Appendix F.4.1). The first time series shows the somatic
voltage (in mV), remaining subthreshold for the duration of the 10 second simulation. The fol-
lowing figures show Ca2+ current flowing into the branch highlighted in blue, with compartments
arranged proximal-distally. The simulation has a single Ca2+ event at 7 seconds in the fourth
branch compartment (shown in red on the neuron and the time series). Note however that the
current peaks towards the distal tip, a directional propagation effect of neuronal impedance.
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6.5.1 Neuronal Geometry and the Neuronal Tree

The topology and morphology of a single hippocampal pyramidal neuron was extracted following

the method in Section 6.4.4. The resulting tree-like topology was then discretised into N = 320

cylindrical cellular compartments with a uniform length of 21µm and median width of 2µm

(estimated by APP2), including one spherical somatic compartment with a diameter of 15µm.

The total number of dendritic branches is 37. A single unbranched axon of 300µm and width

1µm was connected to the soma. The axon remained largely inactive throughout simulation and

was excluded from event detection due to its lack of synapses and propagating Ca2+ channels.

The dendrites and soma can be considered nodes of a rooted tree G (excluding the axon) with

the soma as root node with index 1 ∈ V , where V = NN (see Section 6.4.3).

Biophysical Properties of the Simulation

Ca2+ events can be delivered to an individual compartment through pre-programmed synaptic

events. Due to computational constraints, we consider the case of only S = 1000 active excitatory

synapses. In addition we added Sinh = 400 inhibitory synapses. Lastly we added Ssil = 1000

silent synapses with no AMPAR channels and NMDAR conductance set to one tenth of normal to

account for the lack of AMPAR facilitation. The total of 2000 excitatory synapses is much lower

than the roughly 10,000 excitatory synapses present on real neurons, however, previous studies

have shown that as few as 100 active spines are sufficient to generate APs in simulation [361],

with the distribution and strength of synapses mattering more than their total number.

Each synapse is modelled as a temporal Poisson point process generating inputs at a rate of

rs = 8 × 10−3Hz events per second for each s ∈ NS . This implies an effective event rate of

r = 8Hz across the neuron. This is just under the stimulation frequency required to induce

LTD in real neurons and below that required to induce sustained AP generation [117].

We assume that synaptic EPSPs and inhibitory signals arrive according to a Poisson process with

fixed rate independently across all synapses along the dendrites as in [61]. Despite its established

shortcomings [3], the Poisson process is a common simplified model for events arriving at the

synapse [337]. The Poisson process assumes a uniform expected arrival time given by rs where

the intervening time of the event preceding the arrival of the ith event, ts,i, arriving at any one
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synapse s, are independently and exponentially distributed across synapses and in time as,

P (ts,i|rs) = λe−rst ts,i ≥ 0 P (ts,i|rs) = 0 ts,i < 0.

On the other hand synapse locations are determined by assuming a similar number of synapses

to be uniformly distributed across the length of the dendritic arbour (as in Figure 6.14). Such a

distribution is known as a spatial point process, defined over the length of the neuron, while the

addition of Poison distributed synaptic events produces a spatio-temporal point process in which

events arrive at a uniformly random rate across space and time given the synapse locations. We

hold the position of synapses constant after initialisation of the model.

Biological and Experimental Noise

The raw outputs of the NEURON simulation are the Va2+ current, xn,t, and voltage, vn,t, time

series for each n ∈ V and time t. V includes dendritic segment as well as the soma. Given

the much slower rate of transgenic fluorophore intensity decay (see Section 6.1.4), we assume

that the time constant of intracellular Ca2+ depletion by buffering is instantaneous from the

perspective of the model so that radial and axial diffusion of Ca2+ is negligible. This implies

that for the purposes of the simulation,

xn,t ∝ cn,t,

where cn,t is the axial intracellular concentration accessible to imaging. We thus use xn,t as a

proxy for the Ca2+ signal.

Ca2+ events are not the only source of variation in the Ca2+ signal in the subthreshold regime

as fluctuations also occur due to a combination of systematic, biological and fluorophore specific

noise. In addition, decay of the brightness of the fluorophore is an important part of modelling

the observed fluorescence intensity.

The fluorescence decay rate has a substantial effect on the shape of Ca2+ events observed with flu-

orescence microscopy. In this simulation, we compare the two transgenic fluorophores GCAMP6s

and GCAMP6f for which rely decay time estimates are available (see Section 6.4.1). The half

decay time for GCAMP6s is 550ms, while for GCAMP6f it is 142ms. Assuming an exponential
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decay function, the lifetime d is given by

e−
τ1/2
d =

1

2
, (6.12)

where τ1/2 is the half decay time. The resulting values of d are ds ≈ 793ms for GCAMP6s,

and df = 204ms for GCAMP6f. The decay of the fluorescence intensity has a smoothing effect

on xn,t which we account for by smoothing the true Ca2+ signal using an AR process of order

p = 1, giving us the noise free Ca2+ fluorescence, Itruen,t as

Itruen,t = xn,t + βIn,t−1, (6.13)

where β = 1−∆t/d for ∆t = 10ms, the sampling frequency.

In order to factor in technical noise into the simulated Ca2+ it is important to first define the

signal strength, which is related to the SNR as defined in Eq. (6.11). From Section 6.4.6 the

estimated ˆNSR = 0.4, the inverse of the ˆSNR and δn is the average signal strength,

δn =
1

Cn

Cn∑
e=1

(mn,e − zn,e)

where Cn is the total number of events at compartment n. Baseline zn,e and peak intensity mn,e

are as in Eq. (6.11). To reflect variability of the experimental equipment and fluorescence over

and above the effects of decay we include additive white noise to the true Ca2+ fluorescence.

This white noise εt ∼ N(0, a2
n) has a standard deviation of an = NSRδn (where NSR = SNR−1).

The modelled observed intensity In,t is then

In,t = Itruen,t + εt

where εt ∼ N(0, an).

6.6 Event Detection and Method Comparison

Ca2+ event detection requires methods that can distinguish local transient spikes in Ca2+ from

the noisy inhomogeneous microscopy signal. We explore two different models for event detection

based on the simple CUSTD method from Section 6.4.5 and a deconvolution based method
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called Online Active Set method to Infer Spikes (OASIS) usually used for AP detection [139].

These methods generate sparse discrete distributions over event space, the space of possible

Ca2+ events in space and time. We propose a model evaluation method based on the free energy

principle discussed in Section 6.1.7.

Ca2+ events can occur in one of N neuronal compartments across T discrete time points in a data

set. We call this the event space, Z = V ×NT , that is defined in space and time. The problem of

comparing event detection to data can then be cast as a distributional comparison comparing the

true distribution q to the candidate distribution p obtained from the event detector. Typically

both p and q are sparse distributions over Z.

Naive comparison of p and q, |p(z) − q(z)| for z ∈ Z, is problematic as when q(z) > 0 and

p(z) = 0 or vice-versa, |p(z) − q(z)| will tend to be high even if q(z∗) = p(z) for some z∗ ∈ Z,

near to z. Due to the local spread of Ca2+ signal, the inaccuracy of detection methods and the

sparsity of events in the sub-threshold regime. This is likely and so a possible cause of inaccuracy

for model comparison. It is thus useful to consider a smoothing function on space and time that

can take into account the non-Euclidean structure of the neuron. We propose such a smoothing

kernel and show that it is simple to compute, even for relatively large datasets with high spatial

and temporal resolutions (large Z).

6.6.1 Simulation of Ca2+ and Voltage Data Sets

We generated a total of 15 ten second simulated outputs, three sets of five each. Each set uses

the same randomly generated synapse locations. The first is a training set of five simulations of

ten seconds. In addition to the training set, we generate a validation set of 5 simulations each

ten seconds in length, assuming GCAMP6s decay dynamics for both training and validation.

We also generate 5 simulations using GCAMP6f indicator decay dynamics for comparison of

the two fluorophores in terms of their capacity for event detection. The total of 15 simulations

were chosen to be in line with the number of Ca2+ images that were to be expected from the

third phase of the experiments (but which were not produced by our collaborators). The Ca2+

and voltage time series across all compartments were simulated at a sampling rate of 10kHz for

stability of the integrator but were downsampled to 100Hz to be in line with the imaging rate

of the LSM.
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6.6.2 Event Detection Methods

We propose two candidate event detection procedures. The first is the CUSTD method we

introduce in Section 6.4.5. For this method we use the same initial parameters as in Section

6.4.6, with k = 20 and b = 5. The second, OASIS, is a more complex method which assumes

that events arrive according to an exponential distribution. We will briefly explain the second

of these methods as was developed in [139]. For each model we consider the probability mass

function over Z to be the probability of an event occurring at a space and time z ∈ Z, given the

data, {Iz}z∈Z .

The OASIS Algorithm

As we have assumed in Section 6.5.1, the OASIS algorithm assumes that in the absence of noise

Ca2+ fluorescence În = (În,1, ..., În,T ), follows an AR process of order p = 1. The estimated

fluorescence depends on the estimated Ca2+ current xn = (x̂n,1, ..., xN,T ) xn can be related by

an autoregressive matrix

În = Gx̂n,

where G is the lower triangular matrix given by

Gi,j =


1 if i = j

−γ if j = i− 1

0 if otherwise.

(6.14)

and γ is the signal decay coefficient which is assumed to be in γ ∈ (0, 1) for stationarity. Since the

dominant dynamics are in large part due to decay in the fluorescence intensity [119]. The goal

then is to obtain the estimated Ca2+ signal x̂n via Eq. (6.13). OASIS does this by minimising

the squared error loss

L = ||În − In||2,
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for fixed n and true fluorescence intensity In = (I(n, 1), ..., In,T , under the constraint that the

estimated fluorescence is non-negative,

În,t = [Gx̂n]t > 0,

for all t.

The optimisation is performed using the pooled adjacent violators algorithm, which is an ac-

tive set optimisation method for sampling with incomplete information which is a reasonably

efficient algorithm for such sparse optimisation problems [28]. First, we assume that γ can be

approximated by β (which is a known property of the fluorophore), giving În,t exactly the same

form as the observed fluorescence In,t according to the simulation model. Later (Section 6.7.2),

we test the consistency of the model selection process by arriving at γ̂free = β through free

energy based model selection.

6.6.3 Model Selection by Free Energy Minimisation

Given a distribution q, modelling the uncertainty in event location (n, t) ∈ Z = V × NT , with

true distribution p, the free energy is

F (q||p) =
∑
z∈Z

q(z) log

(
q(z)

p(z)

)
=
∑
z∈Z

q(z) log(p(z))−H(q), (6.15)

whereH(q) is the entropy of q. Note that Eq. (6.15) is maximised only when p(z) = q(z) ∀z ∈ Z.

Since p is known from simulation (or potentially from expert labelling), it is theoretically possible

to calculate F (q||p) from the detection method. Since we have full knowledge of p (at least in

the case of simulation) and q (since we calculate this from the detection results), then

FE(q||p) = DKL(q||p), (6.16)

where DKL(q||p) is the Kullback-Liebler divergence of q from p, the relative entropy or the in-

formation in bits required to compress q using a code generated from p.

Note that if p(z) = 0 while q(z) > 0 then Eq. (6.15) is undefined while otherwise q(z) log(q(z)/p(z)) =
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0 by convention, we therefore require that the support of q contains that of q,

p(z) > 0 =⇒ q(z) > 0 ∀z ∈ Z. (6.17)

Baseline performance was given by a uniform distribution, u of event occurrence over space and

time. This simple prior over Z is described by u(z) = (NT )−1 ∀z ∈ Z. As a more informative

indicator we therefore use

FE∗(q||p) = F (q||p)− F (u||p), (6.18)

to indicate model performance. This model selection criterion is less than zero when q is at least

as informative as u and greater than zero otherwise.

Given that both event detections in Section 6.6.2 detect discrete events and thus are potentially

sparse in Z, it is difficult to enforce the condition in Eq. (6.17). An appropriate spatial smoothing

function, one that improves on that from Figure 6.13a, by respecting the topology of the neuron

tree graph G = (V,E) is needed.

6.6.4 The Multiplex Spatio-temporal Graph Heat Kernel

Let G = (V,E) be the simple graph representing the neuron topology over V and edges E. The

heat kernel is the solution to the heat diffusion equations on graphs. From Section 2.4.3, the

heat kernel on G, KG can be written as

KG(λ) = e−λLG , (6.19)

where LG(λ) is the combinatorial graph Laplacian of G (see Section 2.1.7), and λ ≥ 0. We

term λ the spatial coupling parameter. KG(λ) can be interpreted as an operator on a function

f : V → R defined over nodes V .

In order to see one way in which G can be extended to the spatiotemporal domain, consider a

new graph GZ , with nodes z ∈ Z and edge set EZ . For fixed t∗, (n, t∗), (n′, t∗) ∈ EZ if and only

if {n, n′} ∈ E and each node is connected to at the next time point {(n, t − 1), (n, t)} ∈ E for

all t ≤ T − 1. This is exactly the graph Cartesian product of G with the line graph PT of length
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T . Thus, GZ is an undirected multiplex network of copies of G (see Section 2.3), GZ = G×PT .

The Laplacian LZ of GZ graph has dimension |Z| = NT .

By definition, the Laplacian LZ = DZ −AZ (for AZ the adjacency and DZ the degree matrices

of GZ) is the spatiotemporal differential operator on GZ which assumes that information can

travel only within layers or between consecutive copies of n and behaves symmetrically in time.

The Laplacian LZ can be alternatively written as the Kronecker sum, ⊕ (see Appendix F.5), of

LT (the Laplacian of PT ) and LG which is given by the sum of Kronecker products, denoted ⊗,

LZ = LT ⊕ LG.

As we can control the spatial coupling in GZ , by scaling the intralayer edges by a factor λ > 0, we

can also scale the temporal coupling in GZ the temporal coupling parameter between interlayer

edges of GZ , τ > 0. The factor τ is the temporal coupling parameter. The fact that LZ has on

the order of 1011 entries for T = 1001 time points and N = 320 nodes makes the computation

of

KZ(λ, τ) = exp(−(τLT ⊕ λLG)) (6.20)

numerically unstable and computationally intractable. We now show that the resulting kernel

can be efficiently computed by vectorisation of Eq. (6.20).

Efficient Computation of KZ

Theorem 1: In the above setting,

KZ(λ, τ)vec(F ) = vec(KG(λ)FKT (τ)),

where KT (τ) is the heat kernel of PT , F : Z → R is a real valued function (expressed as a

matrix) over Z and vec(Ψ) is the vectorisation of Ψ to a column vector.
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Proof. We have

vec(KG(λ)FKT (τ)) = KT (τ)T ⊗KG(λ)vec(F ) (6.21)

= KT (τ)⊗KG(λ)vec(F ) (6.22)

= exp(−(τLT ⊕ λLG))vec(F ) (6.23)

= KZ(λ, τ)vec(F ). (6.24)

Eq. (6.21) is a standard property of vectorisation, vec(ABC) = (CT ⊗ A)B for appropriate

matrices A,B and C [358]. Since LT is symmetric, Eq. (6.22) follows from the symmetry of

any constant multiple τ of LT and its exponential KT (τ). Eq. (6.23) follows from another

property of the matrix exponential, namely that the Kronecker product of the exponentials is

the exponential of the Kronecker sum [327]. Eq. (6.24) follows from the definition of KZ as the

heat kernel of GZ .

Theorem 1 implies that kernel KZ acting on F can be simply rewritten using the much more

computationally tractable formulation

KZ(λ, τ)F = KG(λ)FKT (τ). (6.25)

To see that this represents a major reduction in complexity, it is important to note that the ma-

trix exponential algorithms have at best a worst-case time complexity of O(n3) for a square ma-

trix of size n [267]. For the naive calculation of KZ(λ, τ) this presents a complexity of O(N3T 3).

Given that matrix multiplication of the matrices KG(λ)FKT (τ) has complexity O(N2T+T 2N),

the worst-case complexity for Eq. (6.25) is max{O(N2T ), O(T 2N), O(T 3), O(N3)}. In most

cases we expect T � N , reflecting the high temporal resolution and imaging time needed to

collect enough Ca2+ events. The most likely worst-case complexity is thus only limited by time

improving its performance over the naive algorithm, O(T 3)� O(N3T 3).

Long Range Behaviour of KZ

By increasing the coupling constants λ, τ > 0 when applied to a probability mass function p

over Z we obtain independent smoothing of the probability mass in space and time respectively.
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Note that as for LG, for some F , with all Fz ≥ 0 and finite sum m over Z, we obtain the limit

KG(λ)FKT (τ)
τ−→
∞

KG(λ)FT

where FT is the temporal mean of F across all (n∗, t) ∈ Z for fixed n∗ ∈ V . This follows

simply from the fact that KZ(λ, τ) has the same eigenvectors as LZ , where LZ has 1 as its zero

eigenvalues [93]. Lastly,

KG(λ)FT
λ−→
∞

M

where Mn,t = 1
m , for the same reason.

6.6.5 Kernel Smoothing of Event Probabilities for Model Selection

As mentioned in Section 6.6.3, kernel smoothing can help to avoid spurious mismatch between

two sparse mass functions p∗ and q∗. We contend that the multiplex spatiotemporal heat kernel

is a reasonable smoothing function on the space of event locations Z when we remain unsure

about directional bias in p∗ and q∗. The kernel approximates local diffusion of information on

the neuron both spatially and temporally. For these reason we apply KZ(1, 1) to both p∗ and

q∗ prior to calculating the normalised free energy in Eq. (6.15). The final smoothed probability

mass functions are

p(z) = [KZ(1, 1)p]z and q(z) = [KZ(1, 1)q]z.

6.7 Simulation and Event Detection Results

In this section we explore the results of applying Ca2+ detection methods to simulated data. In

order to do this we first examine the properties of the model.

6.7.1 Long Range Dependence in Simulated Ca2+ Intensity

Figure 6.15 shows the results of a single simulation. In Figure 6.15a, Ca2+ intensity appears

highly non-stationary with two spiking Ca2+ events clearly visible from the signal alone. We

include the voltage time series of the same dendritic region, Figure 6.15b, in order to understand
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how this relates to Ca2+ intensity. It is notable that two spikes are clearly visible in the voltage at

the location of the two events but that, even withstanding the noise in Figure 6.15a, the voltage

and Ca2+ are noticeably different. For instance the largest of the spikes in voltage events does not

correspond to that of the Ca2+ events and vice versa, suggesting some additional dependencies

of the Ca2+ signal on the delay between voltage change and Ca2+ influx through VGCCs and

NMDAR channels.

In Figure 6.15c the log-log plot of the PSD versus frequency clearly shows a degree of power

law-like scaling in the Ca2+ intensity. Considering the same region as in Section 6.4.6 of [0.1, 10]

the resulting scaling exponent is estimated as α̂ = −1.68. This is lower than that of the true

data but still provides evidence of significant power in the lower frequencies of the signal and

thus potential for LRD. This dependence may very well be due to the Ca2+ indicator itself, as

without the exponential smoothing of the indicator, α ≈ 0. On the other hand, the voltage

signal exhibits a much less extreme log-log relationship with α = −0.14 over the same interval,

suggesting some degree of LRD in the simulated intracellular voltage.

6.7.2 Model Selection for Detection Methods

Direct comparison of the OASIS and CUSTD methods, with event density o(z) and q(z), on the

initial set of 5 training simulations with GCAMP6s fluorescence dynamics suggests that both

methods are at least as informative as u, the uniform prior on event space Z, with mean nor-

malised free energy of FE∗(q) = −21.33 and FE∗(o) = −27.51. The discrepancy in performance

may in part be due to CUSTD detecting zero events over one entire simulation, with between

0 and 7 events identified per simulation, making it conservative in comparison to OASIS, which

identifies a consistent number of events across simulations with mean of 4197 events and stan-

dard deviation 281.

Figure 6.16 shows the performance of the two event detectors normalised by the free energy

of the uniform distribution. The normalised free energy of CUSTD in the third simulation is

zero, meaning that it performs as well as the uniform prior according to the free energy. This

is due to zero event detections for CUSTD in simulation 3, as the thresholding in the CUSTD

procedure can lead to all or nothing detection of events. In Figure 6.17a, we see that refinement

of the CUSTD threshold b on the training set by minimising the free energy can lead to an

improvement over the initial model in validation simulations. Overall, both automated models
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(a) (b)

(c) (d)

Figure 6.15: This figure is summarises the output of a single dynamic Ca2+ simulation lasting
10 seconds. Figure 6.15a shows the simulated Ca2+ intensity at a single dendritic compartment
with two synaptic Va2+ events (green dots), which coincides to a transient influx of intracellular
Ca2+ ions. Figure 6.15b show voltage increases at the same compartment which facilitate the
Ca2+ uptake which is picked up in the Ca2+ signal. Figure 6.15c shows the Power Spectral
Density (PSD) of the mean Ca2+ intensity across densritic compartments (I(ca)) as a log-log plot
(standard deviation in grey). Also shown is the actual log-log linear fit (blue, dotted line) to
experimental data of intracellular Ca2+. Figure 6.15d shows a much milder form of long range
dependent scaling of power bands in voltage as a function of frequency.
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are a better fit to the data than the uniform prior according to the free energy criterion since

FE∗ ≤ 0 for both methods except when the event threshold b is very large for CUSTD. In this

case FE∗(q) ≈ 0, as very few events pass the event threshold. The refined choice for the event

threshold b, b̂free = 2.5 has mean FE∗(q) = −33.00 over the validation data set, with mean

number of events detected 208 and standard deviation 40. As an aside, we also compared both

methods against a simple CUSUM-based method with no noise penalty (σt term in Eq. (6.10))

and found that both proposed methods outperformed simple CUSUM which had a significantly

larger free energy and a very large number of events per simulation (with more than 14000 events

detected per simulation), diffusely distributed in space and time.

Figure 6.16: This bar graph shows a comparison of the Cumulative Summation with Standard
Deviation (CUSTD) and deconvolutional (OASIS) methods across the 5 training simulations. Free
energy (a measure of event encoding efficiency), is normalised by the free energy of the uniform
distribution on event space. The bars show the normalised free energy for CUSTD (blue) and
OASIS (green). The results show that while CUSTD marginally outperforms OASIS in three out
of five simulations, its conservative scoring of events leads to one simulation in which no events
are detected (S3). The dotted blue line is of the baseline negative free energy of the uniform
distribution over event space which depends on the location of events.

Figure 6.17b shows that the normalised free energy minimisation used to estimate the correct AR

coefficient in the absence of any information on the decay dynamics of GCAMP6s passed to the

model. The model that minimises the normalised free energy has parameter γ̂free = β = 0.987,

which is consistent with the true GCAMP6s decay time. The CUSTD model outperforms OA-

SIS after model selection in validation data, the OASIS model had mean FE∗(o) = −31.72 so
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FE∗(q) < FE∗(o) on average. The CUSTD model with b = b̂free is thus a better choice for

detecting Ca2+ events than the OASIS model with γ = γ̂free.

Using the free energy optimal parametrisation b = 2.5, we examine the distribution of event

detection error in neuron space in Figure 6.18. Looking at the absolute difference between the

modelled and true event probability mass functions, smoothed using the heat kernel. From the

figure it appears that high error regions exist mostly towards the most distal and proximal re-

gions of some dendrites. However, error is low at the branch points themselves. This is likely

due to non-linear effects of the impedance and conductance on Ca2+ ion flux at the extreme

ends of the dendrites, which can contribute to non-linearity in neuronal integration [202].

(a) (b)

Figure 6.17: This figure shows normalised free energy for different parameter values of the CUSTD
and OASIS methods based on the data from the 5 training simulations. (a.) The event threshold
for CUSTD is varied in the range b ∈ [0, 10] with the minimum normalised free energy at b̂free =
2.5. (b.) For the OASIS method, the AR1 coefficient was varied in the range γ ∈ [0.1, 1). Both
parameters show clear minima in the normalised free energy. In the case of OASIS, the model
minimising the normalised free energy is the one that takes the true decay time for GCAMP6s
(γ̂free = 0.987).

6.7.3 Comparison of Transgenic Ca2+ Indicators

We use normalised free energy with kernel density smoothing to make an important experimental

choice, the transgenic Ca2+ indicator. Using a model with Ca2+ decay dynamics based on

GCAMP6f (d = 142ms), we train a model using the optimised CUSTD parameters (mean

FE∗(q) = −27.65). Surprisingly, the preferred choice, based on the recoverability of the Ca2+

event distribution is given by GCAMP6s. This could reflect the effect of smoothing out noise

that a longer decay time has on the Ca2+ signal.
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Figure 6.18: This graph is a tree representation of the neuronal topology with nodes for each
computational compartment. The red shading is more intense in neuronal compartments where
error in event detection is high using the 5 validation simulations. The mean absolute difference
between the modelled and true event probability mass functions after smoothing is relatively small
with mean 2.110× 10−4 and standard deviation 9.756× 10−5.

6.8 Discussion

Our collaborators were most motivated to understand the complex process of neuronal inte-

gration and plasticity. Before AP-induced plasticity can be studied it is important to be able

to accurately identify subthreshold integration. However, there is a dearth of modelling and

analysis tools for subthreshold single neuronal Ca2+ dynamics. We present a novel pipeline for
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modelling and analysis of both real and simulated subthreshold transient, neuronal Ca2+ events.

We show that LRD is a feature of subcellular neuronal dynamics as observed in light microscopy

and simulated voltage signals, connecting to similar patterns seen in macroscale brain activity

(see Chapter 5). These effects are well established in simulation [264, 294], however few stud-

ies exist that demonstrate LRD in the subthreshold regime in both simulated and real Ca2+

data [381]. However, it is important to note that our simulation results suggest that at least

some of this power law-like scaling is due to the interaction between the intrinsic Ca2+ activity

and decay of transgenic Ca2+ indicators.

Our novel, graph-based kernelised smoothing approach is appropriate to the neuronal topol-

ogy and computationally efficient. This kernel could be adapted to examine multiple scales

of information diffusion on neurons by varying the spatial and temporal coupling parameters.

Consensus information could even be gained in a manner similar to the consensus community

clustering in Chapter 5 (Section 5.1.6). This kernel, using ideas from neuroscience and free

energy theory, allows us to determine a detection model that best matches the data.

Both OASIS deconvolution and CUSTD automated detection methods far outperformed the

baseline uniform prior on events. The method selected by the free energy criterion, CUSTD,

may be more tolerant to the long range dependencies and inhomogeneities in neuronal Ca2+

intensity than the more sophisticated method, OASIS, that assumes strong background station-

arity. Indeed, the brain’s own pathways may partially compensate for apparent spatiotemporal

non-stationarity in neuron activity by varying the size, density and number of synapses along

the dendrite to partially average out response strength along the dendrite [202,278].

It was noted that none of the methods explored correctly predicted the number of events. This

type of overcounting (or undercounting) of events may become an issue when too many (or too

few) detected events make it hard to distinguish areas of high or low density. This may be a

problem in the case of the basic CUSUM method for which the event counts were very high.

However, since the intended purpose of event detection here is to determine regions in time

and space with a high probability of events, the number of events is less important than the

distributional fit and some over counting is expected in order to increase certainty around a high

probability (easily detectable) event or hotspot (area of high event activity).

The model selection procedure is founded in both neuroscientific and statistical theory [140], and
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is able to recover the true value (known from biophysical considerations) of model parameters

in a constrained parameter search. Based on data from these simulations, we make recommen-

dations for future experiments using transgenic Ca2+ indicators to study transient Ca2+ events.

CUSUM-based methods have been recommended for neuronal event detection in other contexts

due to its computational efficiency, relative accuracy, parametric simplicity and potential to

be used for online event detection [155, 326]. However, the uniform distribution baseline on

events used in our selection procedure fails to take account of the natural clustering of events

that tends to occur in real event data. It represents a first pass approach to model selection

on neurons; borrowing from other fields, such as neuroimaging may provide future avenues for

improvement. In particular, combining both graph-based kernel smoothing and established ran-

dom field theory-based multiple testing methods could provide firmer frameworks against which

to test future models [204].

Although the set of further experiments that this pipeline was meant to be applied to were not

completed (step 9 in Figure 6.1), these methods provides a means to conduct rigorous testing of

experimental assumptions and methodological choices prior to and in conjunction with costly ex-

perimentation. It is therefore a potential aid to experimenters looking for a cost-effective means

of hypothesis generation and testing. Light microscopy and in particular light sheet microscopy

will require new methods to analyse non-linear subcellular integration for the study of synaptic

plasticity and learning. As the quality and ease of acquisition of XYZT images continues to

improve, statistics that apply to the unique 3D topology of the neuron will only become more

relevant.
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Through a general framework of simulating local network exploration and diffusion of information

on biological networks we have shown that Long Range Dependent activity is dominant across

neurobiological networks and network dynamics. In seeking to apply a broad methodological

framework to neurobiological data from a range of systems, protein and living neural networks,

and scales, neurons to brains, we have arrived at a number of observations.

7.1 Inspection Bias is an Epistemological Challenge

The state of knowledge in the biomedical sciences is shaped around what researchers find inter-

esting, experimentally accessible and can obtain funding for [67,128]. In this thesis we presented

results suggesting that using a metric for PIN functional module selection, that accounts for

inspection bias and metaplexity, also performs well when validated on a (mostly) orthogonal

transcriptomics data set (see Section 3.3.4). Molecular biology and neuroscience are young and

rapidly growing fields with wide-ranging applications in industry and medicine leading to similar

research incentives and approaches. It is plausible that metadata in neuroscience and molecular

biology would have similar biases [169].

Figure 7.1 shows a log-log plot of neurosynth term frequencies (based on an 11,000 fMRI rest and

task study corpus). Possible power-law like scaling is evident (α̂ = −1.91). The top five terms

by frequency involve just a few regions in the DMN and the descriptor ’visual’ (which may refer

to the visual cortex or visual tasks). This is understandable as many studies focus on vision or

visual processing tasks [186], while differences in the activity of the DMN and prefrontal areas

are prevalent in behavioural and language neuroimaging studies among many others [214].

While these top brain regions and tasks are likely prominent in the literature due to their impor-

tance [243], the possibility that researchers may shape their analyses around these areas while

179
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Figure 7.1: This figure shows a log-log plot of the frequency of neurosynth term occurrence
(counts) accross the 2017 database of 11,000 rest and task related fMRI studies (excluding terms
related to fMRI which occurred in most studies). The dotted red line shows the linear fit to the
log-log plot. The scaling parameter is α̂ = −1.91. Power law-like scaling of neurosynth term
frequency shows that across studies certain brain region-related terms tend to dominate studies.
The most frequent region-related terms (in the top 20 terms) are frontal, prefrontal, parietal,
cingulate and visual, though visual may refer to task type or region (visual cortex), the other
regions are all key regions of the DMN.

neglecting others should be considered. For instance, one study which looked at the degree of

"corticocentrism" in the literature roughly estimated that between 50% and 80% of studies that

reported significant subcortical foci did not comment on them in their analyses [289]. On the

other hand, a meta-analysis investigating publication bias (bias towards positive results in the

literature) found no significant differences in bias towards any specific frontal areas. However,

significant publication bias was found in frontal lobe studies as a whole [195]. If these biases

continues to be an issue in the field, meta-analysis based on the literature (of the kind addressed

in Chapter 4) may be skewed towards over-represented terms with well defined activity maps

(such as cortical and vision terms), in comparison to high uncertainty under-represented terms

even when the brain map being queried would be more accurately characterised by the latter.

Ultimately, inspection bias could have far reaching consequences on the state of knowledge in

science and poses an epistemological challenge to researchers. Metadata analysis tools are rela-

tively new in neuroscience and an area of active development [137, 436]. As tools that address

metaplexity in neuroscience, like neurosynth (under new development in the NiMARE package),

grow in maturity, they will need to take positive steps to address potential biases. Our attempt

at this in the neuroscientific context has been to adjust for background expectations by sampling
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from the local community background with functional activity and connectivity data, using this

as an importance filter (Chapter 5) prior or in conjunction with meta-analysis tools (Chapter 4).

In the proteomics context, publication data was used directly to score the networks. In the future

it could be interesting to assess the underlying biases more directly through a careful analysis

of both publication content and citation history for molecular biology as well as neuroscience,

however such an analysis is beyond the scope of this thesis [121].

7.2 Discrete Brain State Models are Underdetermined

In Chapter 1 and 4 we defined brain states as configurations of brain activity evoked in response

to a stimuli or to facilitate more complex responses. On a practical level this can result in

fragmentation of the familiar static network models. However, another issue with this definition

is that these responses are often hierarchical with nested levels of subresponses and subprocesses

involving interactions between multiple regions [31, 200]. How then can a general concept of

brain state be defined?

The solution we have presented to this underspecification problem is to use entropy maximisa-

tion to select states and multiplex networks approaches to combine the potentially fragmented

functional networks across time. Another solution is to tie brain state dynamics to the dynamics

of behaviour. This could be done by training semi-supervised state models that start on a small

dataset with timestamped behavioural labels. This may help restrict the initial space of possible

states once training is continued on unlabelled data (but limits applicability to cases in which

behavioural recordings are possible).

Functional fragmentation may be less of an issue for continuous state space models. Supervised,

continuous state space models have recently been developed which use neural network-based

frameworks [417]. In general neural network models are difficult to interpret, however these mod-

els are an important first step, providing a characterisation of what task-related brain states may

look like. This could allow researchers to move away from static network characterisations (such

as comparing states to the RSNs). Once more interpretable, continuous and/or semi-supervised

brain state models are available, these will be important tools in validating the results of discrete

models such as HMGMs and HMMs.
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7.3 Non-Stationarity Methods Are Important in Microscopy

In our analysis of intraneuronal synaptic Ca2+ spike-like events we find that methods that

accounted for the inhomogeneity and Long Range Dependence (LRD) of background activity

in active dendrites perform best. This is evident in the superior performance of CUSTD (a

method that assumes weak local stationarity) compared to OASIS (a deconvolutional approach

that assumes a stationary background). Not only this but LRD is evident in our LSM pilot data

and simulations in both the biological and non-biological sources of noise. However, researchers

continue to use methods that assume a stationary or trend-stationary level of background activity

[84]. This is especially problematic in Ca2+ imaging of subcellular activity where indicators have

an outsized effect on the decay of background fluctuations [205].

7.4 Long Range Dependence Can Be Beneficial

In this thesis, a common theme has been the ways in which LRD can make it difficult to

separate signal from noise. In many cases the definition of signal even becomes hard to parse.

However, emerging evidence suggests that the processes of the brain depend on LRD to compute

efficiently and construct functional models of the external environment [5]. Researchers should

thus be optimistic about the effects of LRD and the prospect of harnessing it to improve our

understanding of living systems.
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A | Appendices:

Resting State Networks

This is a brief primer on the resting state networks which are important to the study of network

neuroscience in fMRI.

A.1 Regional Activity in Resting State Networks

Resting State Networks (RSNs) are a type of brain network which are mostly used to characterise

the brain state of awake subjects using fMRI data. There are three primary RSNs, namely the

DMN, Salience and Central Executive Networks (SN and CEN). These networks are commonly

active during rest and task while awake (see Appendix Table A.1). The RSNs have a dynamic

relationship in wakefulness that is known to be disrupted to varying degrees during periods of

altered conscious awareness such as sleep, or anaesthesia [170], as well as pathological conditions

such as coma or minimally conscious states caused by brain damage [129].

Resting state networks are characterised by their co-activation and high level of functional con-

nectivity (shared network edges) between the constituent regions. There are three primary

RSNs, the Default Mode Network (DMN), Salience Network (SN) and Central Executive Net-

work (CEN). The DMN is an RSN associated with unfocused attention as seen in daydreaming

or self-referential thinking. It is anti-correlated with task performance [243]. DMN activity is

most associated with co-recruitment of prefrontal and precuneous cortices, as well as the angu-

lar and (posterior) cingulate gyri. In contrast to the DMN, the CEN is more closely linked to

focused attention when performing a task. CEN activity is associated with co-activation of the

middle frontal gyrus and inferior parietal areas (that include the supramagrginal and angular

gyri) Though shared regions do exist between these networks, the SN is more closely linked with
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the (anterior) cingulate cortex, while the CEN is seen to recruit the cingulate regions, supra-

marginal gyri (part of the parietal lobe) and more posterior frontal regions than in the DMN.

Switching between the DMN and CEN is common and may be moderated by the SN in response

to stimuli [261,393].

The brain regions in Table A.1 are some of those that are typically associated with each of the

RSNs, however, since the exact network observed is task and subject-specific, different studies

characterise each RSN differently, including different regions and to different spatial extents.

Other regions commonly associated with the wakeful brain during fMRI include auditory re-

gions (such as Heschl’s Gyrus) in the temporal lobes (located medially, to the left and right),

these are most commonly activated by the loud noise of the scanner but may also sometimes

by superficially active even in lower levels of consciousness and possibly superficially even in an

unconscious state [111].

DMN SN CEN
Inferior Frontal Gyrus, pars triangularis Insular Cortex Middle Frontal Gyrus
Angular Gyrus Frontal Medial Cortex Supramarginal Gyrus, anterior
Cingulate Gyrus, posterior Cingulate Gyrus, anterior Supramarginal Gyrus, posterior
Precuneous Cortex Parietal Operculum Cortex Superior Parietal Lobule

Inferior Temporal Gyrus, posterior

Table A.1: Resting state networks classified by several key brain regions as defined by the Harvard-
Oxford (HO) brain parcellation. Brain regions were conservatively chosen for the Default Mode
Network (DMN), the Salience Network (SN) and the Central Executive Network (CEN) based on
a review of regions most commonly implicated in their core functions [21, 261, 393]. Due to the
relatively low resolution of the HO parcellation, chosen regions may encompass a larger region
than was initially implicated to be involved in the circuit.
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CommFinedWalker

This appendix details important tools and methods for co-expression and PIN analysis as well

as supplementary results.

B.1 Snowball Sampling

We give a detailed description of snowball sampling due to its importance to later sections.

Snowball sampling is a recursive sampling technique that works by considering the union of

repeatedly applying the neighbourhood operator defined in Section 2.1.1. That is, given a node

i, we define the nth order snowball sample

On(i) =
⋃

j∈On−1(i)

N(j),

where is the singleton O0 = {i}. Put another way, a snowball sample is the union of all nodes

that are at most distance n from i. Snowball sampling can also be considered a generalisation of

the neighbourhood concept to higher orders and On(i) can also be termed the n-neighbourhood

of i.

B.2 Hierarchical Gene Set Enrichment Analysis: topGO

The purpose of gene set enrichment analysis is to find terms which are disproportionately an-

notated to an otherwise interesting subset of genes or in this case the genes’ associated proteins

I ⊂ V (G) (e.g. a community). Enrichment is in comparison to the universe of proteins from

which the interesting subset was selected. In the context of PINs this universe is formed from
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the full set of annotated network proteins πA [V (G)] (recall πA[B] returns the proteins in B

associated with annotations in the set A). A common way of testing term enrichment in GO is

to use Fisher’s exact test to compute the probability of observing a specific pattern of protein

annotation for each term a ∈ {a : π{a}(I) 6= ∅}. In order to compute each probability the test

operates under an assumption of independence between: the probability of the observing the

given number of proteins associated with a inside I, |π{a}[I]| and outside of I, |π{a}[V (G)− I]|.

The p-value for the test is an exact probability drawn from the hypergeometric distribution

based on the null hypothesis of independence between the in-group and out-group sampling.

The probability is given

P (observing occurences of a|independent in/out-groups) =

( |πA [I]|
|π{a}[I]|

)( |πA [V (G)−I]|
|π{a}[V (G)−I]|

)
( |πA [V (G)]|
|π{a}[V (G)]|

) . (B.1)

the null hypothesis can be rejected with p-value equal to the probability in Eq. (B.1) when the

probability is sufficiently small (e.g. < 0.05).

This test is repeated for each term and then for all of the terms’ ancestors as well. Since, by the

nature of specificity, child annotations are related to their parents, significance testing of child

terms effectively re-tests parent terms. Therefore when only using standard multiple testing

corrections, this exhaustive testing is still biased by the dependence between parent and child

annotations [12]. A method that respects the topology of GO (termed topGO) can be useful in

mitigating this bias.

Using topGO, each of the three GO DAGs are organised hierarchically into levels, loosely corre-

sponding to the specificity of the terms. The level of a term is defined as the maximum number

of repeated parental calls possible from that term for each call to only contain the root term

(see Section 3.1.4) [11]. Enrichment is then tested at each of these levels starting from the

most specific terms in the highest level of specificity. If a term, a, is found to be significantly

over-represented in I under the Fisher test (Eq. (B.1)) then all proteins in the protein universe

associated with it are deleted from further tests of a’s ancestors. See Figure B.1 for an example

based on Figure 3.1. The result is that each term enrichment test is performed on term sets not

directly related to previous significant terms, mitigating some of the bias caused by parent-child

term correlations.
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is a
part ofLevel 1

Level 2

Level 3

Level 4

Level 5

Level 6

I

πA (G)

Level
Introduced Removed

Figure B.1: This Figure shows the specificity levels of the GO hierarchy with topGO testing of
terms associated with the proteins in the interest set I (right, dotted circle). This is an example
data set with an interest set of |I| = 4 and protein universe |πA (G)| = 13. Testing only takes
place for terms associated with proteins in I and begins with terms that are in the highest level for
which annotations are available (Level 6, bottom). Different proteins annotated with each term
are sourced from the protein universe πA (G) (solid rectangle on right). They are represented
by colour and by shape coresponding to proteins in the set of interest (coloured circles), I, and
proteins outside I (bordered squares). Proteins appear in the GO heirarchy (left) in the text boxes
of the terms which annotate them. The two columns show the level a protein is first introduced
to be tested (i.e. its highest level of annotation) and the level it is subsequently removed from
testing of its parents after a significant test. In Level 6, I has been found to be enriched for
skeletal system development (green tick) while the null hypothesis was not rejected for the other
term with I proteins, urogenital system development (red cross). Thus all four of the proteins
annotated with skeletal system development are removed from further tests of ancestor terms,
while proteins associated with only urogenital system development or animal organ development
are not removed. At Level 5 testing for systems development is significant and so all proteins,
including the two just introduced, are eliminated from further parental tests. Terms introduced
in lower levels are associated with proteins in πA (G) but not I and so are not tested or removed.
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B.3 Co-expression Over Local Homogeneity Quartiles

(a) HINT-P: Quantile 1

(b) HINT-P: Quantile 2

Figure B.2: Box plots of HINT-P community co-expression statistics for the two highest LHM
quartiles showing all combinations of communities selected (+) or not (-) by each combination of
methods (means for each combination marked with a triangle). The text below each plot shows
the number of communities above the median size of communities in that class. Again, CW&FH
median co-expression is used as benchmark value (dotted line). Some of the classes with only a
few communities may have unreliable co-expression distributions, in quartile most of these invole
CFW-R2 as it selects far fewer communities at higher homogeneity, but even for quartile two
compartively few FH communities.
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(a) HINT-P: Quantile 3

(b) HINT-P: Quantile 4

Figure B.3: Box plots of HINT-P community co-expression statistics for communities in the two
highest LHM quartiles showing all communities selected (+) or not (-) by each combination of
methods (means for each combination marked with a triangle). The text below each plot shows
the number of communities above the median size of communities in that class. Again, CW&FH
median co-expression is used as benchmark value (dotted line). Similar co-expression trends exist
in both HINT-P and BIOGRID-AP (Figure B.5) with the highest community co-expression levels
occurring for cases where two or more of the random walk-based methods intersect.
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(a) BIOGRID-AP: Quantile 1

(b) BIOGRID-AP: Quantile 2

Figure B.4: Box plots of BIOGRID-AP community co-expression statistics across community
LHM quartiles for all communities selected (+) or not (-) by each possible combination of methods
(means for each combination marked with a triangle). The text below each plot shows the number
of communities in that class above the median size of communities in that class. Again, CW∩FH
median coexpression is used as benchmark value (dotted line). In these higher quartiles most
communities are selected by all three methods, with less variation between classes. Note that by
quartile two there are very few CW only and no FH only communities.
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(a) BIOGRID-AP: Quantile 3

(b) BIOGRID-AP: Quantile 4

Figure B.5: Box plots of BIOGRID-AP community co-expression statistics across community
LHM quartiles for all communities selected (+) or not (-) by each possible combination of methods
(means for each combination marked with a triangle). The text below each plot shows the number
of communities in that class above the median size of communities in that class. Again, CW∩FH
median coexpression is used as benchmark value (dotted line). In the lower quartiles CW and
FH communities are largely subsumed by CFW-R2 (R2) with medium to high corresponding
co-expression scores.
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B.4 BBS Neighbourhood Network

Figure B.6: Graph of the community (red nodes) with the lowest T-value for CFW-R2 not also
selected by CW in HINT-P, including neighbouring proteins (blue). Proteins in the community are
labelled by their gene symbols. Not all proteins that are thought to have a mechanistic relationship
interact directly in the PIN (e.g. BBS4 and BBS7).



C | Hidden Markov Modelling for fMRI

Data

This appendix provides additional information that did not appear in in the original methods

paper in Chapter 4: Ranking of Communities in Multiplex Spatiotemporal Models of Brain Dy-

namics, including methodological details about regarding pre-processing and training of Hidden

Markov Models (HMMs). Figure C.1 shows the Harvard-Oxford Parcellation used throughout

Chapters 4 and 5.

C.1 Training of the HMM with Variational Bayes in HMM-MAR

Explicit estimation of the full likelihood by maximisation is often intractable for high dimensional

time series data. Approximate methods using Variational Bayes, or Markov-Chain Monte Carlo

methods are often used [321]. HMM-MAR is a well-established package for modelling fMRI

and EEG data, implemented in Matlab [408], which includes simulation, summary statistics and

approximate model inference methods. HMM-MAR employs Variational Bayes (VB), as it is

one of the most computationally inexpensive methods for model inference which requires very

few additional hyperparameters to be selected, making it simple to train and use in practice.

In brief, the VB framework defines a latent distribution q(S), over the hidden states up to

the final observed time T , where S = {S1, ..., ST } is an element of the set of possible state

trajectories S. The model of the observed data X = {X1, ..., XT } given the parameters Θ can

be decomposed into

log p(X|Θ) =
∑
S∈S

q(S) log
p(X,S|Θ)

q(S)
−
∑
S∈S

q(S) log
p(S|Θ,X)

q(S)
(C.1)

= L(q|Θ) +KL(q||pS|X,Θ), (C.2)
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Figure C.1: Cross-sectional views of the combined Harvard-Oxford Cortical-Subcortical (HOC-
HOS) atlas formed by taking the maximum probability across both atlases to assign a brain region
label to each voxel. These three cross-sectional views show the brain region parcellation of the
atlas in MNI152 standard space, assigning random colours to each region in the parcellation. The
views are along three axes dorso-ventral (D-V), left-right (L-R) and anterior-posterior (A-P). The
left cross-section shows a view along the central A-P (oriented right to left) and D-V (oriented top
to bottom) axes in which cortical and subcortical structures (including the brain stem in the most
posterior portion) are clearly visible. The centre shows a D-V (oriented top to bottom) and left
to right (oriented as expected) view in which both thalamii are visible and coloured separately.
The last cross section is of the A-P (top to bottom) and L-R view and shows a number of cortical
regions common to both hemispheres (such as the frontal pole). This image was generated in FSL.

where log is the natural logarithm and log p(X|Θ) is the state-marginalised log-likelihood of

the data. The parameter tuple Θ = (P, µ,Σ) contains all model parameters. Here, q can be

viewed as an approximation of p(S|X,Θ) (denoted pS|X,Θ). The quantity L(q|Θ) is the so-called

Evidence Lower Bound (ELBO) for q given the model parameters. It is equivalent to the first

term in Eq. (C.1) and can also be written as

L(q|Θ) =
∑
S∈S

q(S) [log p(X,S|Θ)− log q(S)] .

The ELBO has the property that log p(X|Θ) ≤ L(q|Θ), with the special case q = pS|X,Θ giving

L(q) = p(X|Θ), the true model evidence. So, maximising L(q|Θ) effectively optimises the log-

likelihood `(X|Θ) = log p(X|Θ).

The value KL(q||pS|X,Θ) is the model Kulback-Leibler divergence between q and pS|X,Θ, given

by the second term in Eq. (C.1). In general for distributions p and q with shared discrete
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support Z,

KL(q||p) = −
∑
z∈Z

q(z) log
p(z)

q(z)
.

It measures the divergence between the posterior distribution for S given X, and q. The diver-

gence vanishes only when q = pS|X,Θ, implying that to minimise the divergence is to determine

the VB estimator of the model parameters. It can be demonstrated using the law of large

numbers, that minimising the divergence is equivalent to maximising L(q|Θ), the desired out-

come [418].

By convention, we obtain an estimate for p(X|Θ) by iteratively minimising the Variational Free

Energy (FE),

FE = KL(q||pS|X,Θ)− log p(X|Θ) = −L(q|Θ).

For further details on the iterative minimisation procedure and choice of q see [173,408].

The result of FE minimisation is a posterior distribution that can be decomposed into an

emission model, p(Xt|St, µ,Σ), and p(St|St−1,P), the state transition model. Each iteration

includes an independent run of the minimisation algorithm for each trial across multiple cycles

by updating both components of the FE. In HMM-MAR, iterations are continued until the FE

of the model is deemed to have converged, measured by a decrease in the FE by a factor of

10−6 or less at the end of fully iterating over all trials.

The Viterbi Path

The Viterbi path is the most likely sequence of states to have generated the sequence of observa-

tions X from the modelM. In brief, the algorithm for generating the most likely state sequence

Ŝ is shown in Algorithm 1 [412]. Note that if breaks exist between patients or phases then the

algorithm must be run independently for each Tkj where k is the patient and j the phase. While

the most likely path is not necessary unique, in the case where the observational model at time

t, Ot, is MVN distributed, the support of Ot is Rd and so the probability of observing two paths

with exactly the same likelihood is vanishingly small.
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Algorithm 1: Viterbi algorithm for calculating the most probable state trajectory
1 function Viterbi (X,M);
Input : X a sequence of observations, HMMM = (S,P,Σ, µ, p)
Output: ŝ the most probable state sequence

2 define two |S| × T (T the length of X) tables, H1 and H2

3 for s ∈ S do
4 H1[s, 1]← ps · f(X1|Σ(s), µ(s)) where f is the Multivariate Normal (MVN)

distribution with mean µ(s) and covariance Θ(s)
5 H2[s, 1]← 0

6 end
7 for each observation j = 2, 3, 4, .., T do
8 for each state s do
9 H1[s, j] = max

k
(H1[k, j − 1] · Pk,s · f(Xi|Σ(s), µ(s)))

10 H2[s, j] = arg max
k

(H1[k, j − 1] · Pk,s · f(Xi|Σ(s), µ(s)))

11 end
12 end
13 define a T × 1 dimensional table z
14 zT ← arg max

k
H1[k, T ]

15 ŝT ← szT , the z
th
T state in state space S

16 for each observation j = T, T − 1, .., 2 do
17 zj−1 ← H2[zj , j]
18 ŝj−1 ← szj−1

19 end
20 return ŝ = (ŝ1, ŝ2, .., ŝT )
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Ranking of Communities in

Multiplex Spatiotemporal Models

of Brain Dynamics

D.0.1 Parallel Analysis for Dimensionality Reduction

Let X be a F × T multivariate matrix with F features and T time points. Dimensionality

reduction of X by Principal Component Analysis (PCA) requires the selection of the reduced

dimension d < D. Parralel analysis allows this to be done in a data driven way by comparing

the original data set to surrogate data [175]. In parallel analysis, PCA is first performed on X.

The resulting eigenvalues can be ordered λ(d) so that d is the d largest eigenvalue.

Next, the columns (time points) of X are permuted within each row removing structure from

the dataset and this process is repeated R = 10000 times producing X1, .., XR surrogate data

sets with the same row-wise distribution as X. For each Xr we can obtain a corresponding d

largest eigenvalue λ̂(d),r.

The optimum choice for d is given by the smallest d satisfying

λ(d+1) < λ̂P
th

(d+1), (D.1)

where λ̂P th(d) is the P th of the permuted eigenvalues λ̂(d),1, ..., λ̂(d),R. The value of P determines

how much the eigenvalues of the components ofX must dominate the eigenvalues of the permuted

datasets. We choose the percentile P = 99. In other words, the first d components in the original
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dataset must each account for more variance than 99% of the permuted components. This was

chosen rather than the standard P = 95 in order include as much of the signal in X as possible

for HMM model training. The dimensionally reduced data set X∗ is thus given by

X∗ = AX (D.2)

where A is the eigenmatrix of the first d columnwise eigenvectors of X.

D.0.2 Directed, Weighted Modularity Score

The modularity score Q(C) for a given partition C ⊂ 2V of a weighted, directed graph G = (V,A)

with node set V and adjacency matrix A is a measure of how well the partition separates nodes

into modules by highly scoring partitions with lower weights on between community edges and

higher weights on within community edges. It is calculated as

Q(C) =
1

m

∑
v,v′∈V

[
Av,v′ − γ

koutv kinv′

m

]
I(∃C ∈ C s.t. v, v′ ∈ C), (D.3)

for m =
∑

w,w′∈V
Aw,w′ , kinv′ =

∑
u∈V Au,v′ , k

out
v =

∑
u∈V Av,u and I the standard indicator

function that is one if and only if the condition holds and zero otherwise [274]. The Louvain

optimiser require that the inputted modularity matrix Q′(C) to be optimised is symmetric. This

is achieved by inputting Q′(C) = (Q(C) +Q(C)T )/2.

D.0.3 Community Centrality

The community centrality for the temporal graph G(P ) = (S, P ) is calculated using the sym-

metric undirected version of the transition matrix P to obtain the within community degree

centrality z-score, z(s) for s ∈ S [160]. Given a partition U of the temporal graph into commu-

nities, this statistic measures how well connected s ∈ U ∈ U is to the rest of its community. The

undirected network is based on G(P ′) = (S, P ′), where P ′ = (P + P T )/2. The score is

z(s) =
νs − νU
τU

, (D.4)
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where νs is the community-specific degree

νs =
∑

s′∈U−s
P ′s,s′ , (D.5)

and νU is the the expected centrality over all other nodes in U ,

νU =
1

|U |
∑
s∈U

νs. (D.6)

Lastly τU is the standard deviation of νs for s ∈ U , so

τU =

√
1

|U |
∑
s,s′∈U

(νs − νU )2. (D.7)

D.1 Clique-Recovery Simulation Experiments

In order to determine whether state Markov Information matrices (see Eq. (4.4) of the main

text) could reasonably be used to recover the spatial community structure of a state, we tested

this method on a clique community recovery task in which clique communities are embedded in

a noisy covariance matrix generated from an inverse Wishart distribution with scale matrix Ψ

of size D = 63 (the number of ROIs). We then compare the performance to a simple method for

using absolute correlation to generate an undirected graph from a covariance matrix. We also

examine the effects of model parameters on clique recovery performance, notably the degrees of

freedom (a proxy for the level of noise in estimating the covariance matrix), the within-clique

correlation r and the number of principal components used to reduce the matrix dimension (as

in Section 4.2.1 of the main text).

The scale matrix Ψ for a predefined partition C on a graph of order D is given by

Ψi,j =


r ∃C ∈ C : i, j ∈ C and i 6= j

0 otherwise.
(D.8)

Community detection algorithm performance was computed using the Adjusted Rand Index

(ARI) [307], which measures the similarity between the true partition C and that calculated by



AP-18

A

B

Figure D.1: Hub state mean activity brain maps. (A) The figure shows activity for a
central axial slice of the 3D mean activity brain maps of all hub states (the index is
determined by the original 33 state HMM). (B) Plots of a surface representation of the
same mean activity brain maps for the same hub states.

the Louvain algorithm. A moderate ARI score is 0.6 or above.

In our model preprocessing procedure, data is first dimensionally reduced to reduce noise and

complexity. We thus perform the same transformation on the sampled covariance matrix as

in Eq. (4.3) of the main text. In order to approximate real partitioning, true partitions were

sampled from the set of K = 27 partitions determined from data in the main text and 1000

D×D matrix realisations of the inverse Wishart distribution were generated for each setting of

the simulation parameters: degrees of freedom (df > D + 2), principal components (PC) and
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Pr(T |D) = Pr(D|T )Pr(T )
Pr(D)

Pr(T |C,D) = Pr(T |C,D)Pr(T )
Pr(C,D)

Neurosynth+NIMARE(Community,Data) → Pr(Term|Community, Data)

Neurosynth(Term,State|Data) → Corr(Term,State)

Temporal
Lobe

Figure D.2: Diagram overviewing the two Neurosynth methods used in our analysis, using
the specific example of State 11, Community 1. (A) The first method shows how Neu-
rosynth (NS) can be used to generate correlation scores from brain state activity maps and
a set of predefined brain terms. In order to perform such a correlation analysis Neurosynth
requires a corpus of data (D) composed of abstracts with associated brain activation co-
ordinates in (x, y, z) voxel space. We used data from Version 7, dated July 2018 which
includes 14,371 studies with 3,178 terms drawn from the data (after removal of numeric
characters and words with a frequency less than 1 in 1,000). From this corpus a poste-
rior distribution of term (T ) association at each voxel is produced through a Naive Bayes
scheme. Term activity maps for a prespecified term are then correlated with the state
mean activity brain map and the whole process is repeated for each of the terms of inter-
est. Finally, a full profile of correlations for each term is outputted. (B) For this method
we employ the NiMARE tool (NM) which uses the Neurosynth algorithm to produces a
posterior probability over all terms in the corpus for a given selection of voxels. We use
as input the voxels defined by the spatial community of brain regions outputted by the
community ranking procedure (spatial Community 1 of State 11). The spatial community
(C) has been binarised and projected onto the brain map. We show as reference that com-
munity activity seems mostly to be located in the temporal lobe, a key region for auditory
processing. The final posterior probability of term association is shown as a word cloud
where the size of terms is proportional to their predicted probability of association. This
method is available in the NiMARE Python package.

within-clique correlation (r). Figure D.4 shows the result of these experiments for both methods.

The results show that for moderate levels of within-clique correlation, both graph construction

methods are able to recover true community activity for a reasonably large range of parameters.

Notably, when the number of principal components is either too high (including too much noise)

or too low (removing too much signal), community detection performance suffers, underscoring

the importance of reasonably choosing this parameter.
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Figure D.3: Grid of scatter plots showing the relationships between Neurosynth terms ac-
cording to their scores for each state using the terms "default mode" (DM), "salience" (S),
"executive" (E), "sensorimotor" (SE), "visual" (V) and "auditory" (A) contrasted against
the expected score according to the HMM state transition probabilities. Each plot in the
grid shows the score for each term associated with a state activity map, plotted against
the mean expected score (under the HMM transition probability P ) of the next forward
(FOR) timestep. The comparison between state score and expected score forward in time
demonstrates spatiotemporal relationships between the states (layers) of the network.
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Figure D.4: This figure compares the performance of the Louvain community detection
algorithm on clique-recovery tasks for two different methods of constructing graph models
from simulated state covariance matrices of size D = 63. The first method is the directed
Markov Information matrix method (left) and the second is the method of undirected
graph construction by absolute correlation (right). ARI scores for a fixed number of de-
grees of freedom (df) are plotted across a variable number of principal components (linear
embedding dimension), with higher df corresponding to reduced noise in the covariance
matrix. Performance is almost identical for both methods with performance improving as
either the clique strength or degrees of freedom increases. The relationship between linear
embedding dimension (PC) and model performance is not monotonic but rather, improves
as more signal-rich components are included, deteriorating when higher noisy components
are included.



E | Supplementary Information:

Applications of HMGMs to

Conditions of Consciousness

Supplementary figures and tables to the results in Chapter 5 on the comparative analysis and

modelling of anaesthesia and wakeful brain state activity is provided here. The four phase

experimental paradigm alluded to in Chapter 4 (from where resting wakeful fMRI data was

acquired) and performed in [262] is shown in more detail.

Figure E.1: This figure shows the full four phase protocol for propofol anaesthesia induction
and recovery, as a function of anaesthesia Effect Site Concentration (ESC). In the first phase
stimulation free eyes closed and resting wakeful activity is recorded. In the second anaesthesia is
gradually induced. During this phase, subjects were exposed to noxious and auditory stimulation.
In phase three, stimulation was halted for ten minutes and subjects were held at an ESC of
4µg/ml. Finally in phase 4 stimulation was reinitiated and subjects were allowed to recover from
anaesthetisation. Our analysis focuses on the two no stimulation periods at peak anaesthetic dose
(deep anaesthesia) and wakefulness, however Slow Wave Activity Saturation (SWAS) and Loss of
Behavioural Responsiveness (LOBR), as measured by active stimulus response by button press,
both occurred in phase 2.This figure was reproduced from [262] by Mhuirchaertaigh et al.
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wakefulness ID comparitive ID
1 1
2 2
3 3
4 4
5 5
6 -
7 6
8 7
9 8
10 9
11 -
12 10
13 11
14 12
15 13

Table E.1: This table shows the IDs of subjects as they appear in the study of wakefulness
(Chapter 4) and the comparative analysis of anaesthesia and wakefulness (Chapter 5),
where 2 subjects were removed due to extensive burst suppression under anaesthesia.

Figure E.2: This figure shows the scalp locations of a standard EEG electrode configuration with
the head positioned anterior (top) to posteriorly (bottom). This figure was reproduced from [249]
by Malmivuo and Plomsey.
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number labels
1 Fp1
2 Fp2
3 F3
4 F4
5 C3
6 C4
7 P3
8 P4
9 O1
10 O2
11 F7
12 F8
13 T7
14 T8
15 P7
16 P8
17 Fz
18 Cz
19 Pz
20 Oz
21 FC1
22 FC2
23 CP1
24 CP2
25 FC5
26 FC6
27 CP5
28 CP6
29 TP9
30 TP10
31 POz
32 FCz

Table E.2: This table lists the electrode locations of the EEG set-up for both EEG and
EEG/fMRI recordings in anaesthesia and wakefulness.

K 20 21 22 23 24 25 26 27 28 29 30
ERanaes 1.145 0.809 0.998 1.131 1.104 1.392 1.174 1.555 1.291 1.586 1.188
ERwake 1.392 1.359 1.388 1.499 1.444 1.529 1.469 1.558 1.644 1.584 1.563

Table E.3: This table shows the Entropy Rates (ER) of Markov chains in anaesthesia and
wakefulness HMGM models with different numbers of states (K). We see that even when
Kanaes = Kwake = K, ERwake > ERanaes for most models, suggesting that for plausible
K, anaesthesia models have less complex dynamics than wakeful ones.
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Figure E.3: This figure shows the burst suppressed activity in a subset of electrodes recorded
for subject 6 in Chapter 4 (see Table E.1). The red Min-Max markers show the start location of
local peaks in activity which are common in the burst regime of burst suppression. This figure
was generated in EEGLAB [244].
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Figure E.4: This figure summarises the results of the anaesthesia-wakefulness model with K = 33
states. (A) This figure shows a clustergram of Fractional Occupancy (FO) over subject-trial with
"w" referring to wakeful trials and "a" for deep anaesthesia trials. As in the original model,
anaesthesia trials are dominated by a single state, state 29. As in the original case. The hub
state activity is positively correlated with age (r = 0.439) and negatively correlated with CSWAS

(r = −0.5050). (B) Cross-sectional activity maps of state 29 also show generally low activity but
exhibit clear increases in activity above baseline in the precuneous and prefrontal cortices. This
is consistent with networks we found to be active in the original hub states. It is notable that the
baseline here includes wakeful activity as well as deep anaesthesia actvity and so cannot be readily
compared to the original model. (C) The surface plot of state 29 shows the extent of prefrontal
activation in the dorsal prefrontal cortex relative to baseline.
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Figure E.5: This figure shows the Entropy Rate (ER) in anaesthesia and wakefulness as a function
of the number of states K ∈ [20, 30]. For most models ERwake > ERanaes as shown by the
ERwake = ERanaes dotted line. The colour bar indicates the number of K states in the models.
Generally higher K correlates with lower difference in ERwake − ERanaes (r = 0.4350), as the
anaesthesia model becomes more saturated with states.
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Figure E.6: This figure summarises a model produced by selecting the number of states in the
anaesthesia modelKanas = 20. (A) This figure shows a clustergram of Fractional Occupancy (FO)
over subjects for the model. As in the original model, subjects are dominated by a single state, state
20. (B) The consensus community detection performed across brain state networks again reveals
stratification of activity in deep anaesthesia, with the notable difference that most subcortical
regions have combined into a single consensus community 1. (C) Hub state 20 connectivity is
again relatively low between communities with low functional activity across the brain ((D) and
(E)).



AP-29

Estimate SE tStat pValue
__________ _________ ________ ________

(Intercept) -0.1527 0.338 -0.45178 0.66212
age -0.0095291 0.0066622 -1.4303 0.18641
C_SWAS 0.12753 0.047946 2.66 0.026048
P_SWAS 0.0055897 0.0074109 0.75425 0.46998

Figure E.7: This figure gives model details for the multivariate linear model of state 12 fractional
occupancy. The first value rows are for each of the regressors including a constant intercept
term as well as subject age as a possible confounder, CSWAS , PSWAS . The first column shows
the coefficient estimates, the second the standard error of the estimate and the third the p-
value of the Student’s t-test for significance of each coefficient. In this model only CSWAS is a
significant predictors of state 17 occupancy (p = 0.0260), while the others (including age) are not
(p > 0.05). The model explains significantly more of the variance than the constant model with
just an intercept term (p = 0.0316, F-test). This model summary was generated in MATLAB.

Estimate SE tStat pValue
________ ________ _______ ________

(Intercept) 0.54222 0.69453 0.78071 0.45502
age 0.035315 0.013689 2.5797 0.029709
C_SWAS -0.24829 0.09852 -2.5202 0.032755
P_SWAS -0.01557 0.015228 -1.0224 0.33327

Figure E.8: This figure gives model details for the multivariate linear model of state 17 fractional
occupancy. The first value rows are for each of the regressors including a constant intercept term
as well as subject age as a possible confounder, CSWAS , PSWAS . The first column shows the
coefficient estimates, the second the standard error of the estimate and the third the p-value of
the Student’s t-test for significance of each coefficient. In this model both age and CSWAS are
significant predictors of state 17 occupancy (p < 0.05), while PSWAS is not (p = 0.333). The
model explains significantly more of the variance than the constant model with just an intercept
term (p < 0.01, F-test). This summary was generated in MATLAB.
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Calcium Imaging Analysis, Neuron

Extraction and Simulation

F.1 Initial LSM Set-up

The initial LSM set-up by Haslehurst et al. [167] is designed to facilitate fast volume scanning

of a brain slice by coordinating the movement of a galvo mirror with an electrically tunable

(focal) lens (ETL) which works with the camera. 2D sheets of illuminating laser light are passed

through the slice, parallel to the stage at a variable depth. The sheets are produced by focusing

collimated laser beams through a cylindrical lens which flattens them out. The beams are

generated at the correct wavelength to elicit a fluorescence response from dyes present in the

brain slice. The depth of the horizontal cross-section is varied by the movement of the mirror.

Images are captured by the camera positioned above the stage.

Structural images stacks can be generated directly before or after an experiment by moving

the mirror at regular increments vertically, passing through the slice, stopping to image the

dendrite structure at a specific depth for a full 200ms exposure and continuing. Regularly

spaced images, 0.5µm apart, generated in this way and stacked together form a 3D (XYZ)

structural representation of a dendrite.

Dynamic volume-scanning images require careful coordination of the galvo mirror and ETL (see

Figure a in F.1). By moving through a one dimensional continuous (sinusoidal or saw-tooth)

trajectory (see b) from the top to the bottom of the slice, illuminating light can be passed over

the full slice volume in a single exposure, fluorescing all dyed regions. In order to ensure the
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image is in focus, the ETL follows the trajectory of the mirror but at a constant lag (P) to allow

for re-focusing. By repeating this pass through the slice multiple times, a stack of 2D (XYT)

images with a fixed depth of field and time window (20ms) is generated. These images form the

basis of Ca2+ dynamics analysis with the fast volume-scanning method.

Figure F.1, c, shows the relative positioning of the camera, ETL and galvo mirror as well as the

other components such as the fluorescent light source and cylindrical (sheeting) lens. Continued

light exposure causes bleaching of the dye and has phototoxic effects that damage the dendrite

(see Section 6.2.4). Future utilised an improved version of this set-up that causes less bleaching

and will be capable of completing multiple exposures in one depth scan with the galvo mirror.

Future experiments will therefore be able to produce 3D representations of Ca2+ dynamics by

stacking these images (XYZT stacks).

F.2 Aikake Information Criterion

The Aikake Information Criterion (AIC) is a metric used in model selection with lower AIC

corresponding to models with. The AIC uses a penalty term to approximate the true likelihood

function from a set of candidate models. Given a set of possible models M1,M2...,Mn for a

given set of observations X, each model having corresponding number of parameters pi, the AIC

will tend to converge to the model (lowest AIC) that best approximates the true model of the

data. The AICi for an individual candidate modelMi is

AICi = −`(X|Mi) + 2pi

where `(X|Mi) is the log-likelihood of model i.

F.3 APP2: Automated 3D Neurite Tracing with the Fastmarch-

ing Algorithm

APP2 is an improved version of the original APP algorithm that utilizes an improved pre-

processing method, the Grey-scale Image Distance Transform (GSDT) and an augmented prun-

ing procedure. Key to APP2 and APP is the fastmarching (FM) algorithm which is a tree

growing procedure that functions like a cellular automaton that starts from a seed set of alive
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Figure F.1: Initial set-up of the Light Sheet Microscope (LSM) in the Emptage Lab with fast
volume scanning capabilities. a.) Shows how the movement of the galvo mirror and Electrically
tunable Lens (ETL) are kept out of phase to give sufficient lag time for the lens to adjust to the
signal. b.) Shows the movement of the galvo mirror to fluoresce a thin cross-section of the slice
at it moves through 160µm in the Z-axis over a 20ms exposure. The result of this single exposure
is a static 2D composite image with a depth of 160µm. c.) Is a schematic diagram of the LSM
showing the CCMOS light source, ETL and galvo mirror in relation to the stage (where the slice
is placed for imaging) and other stationary components [167].
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VAR Estimation Results:
=========================
Endogenous variables: DF1, DF2
Deterministic variables: both
Sample size: 493
Log Likelihood: 780.308
Roots of the characteristic polynomial:
0.8098 0.8098 0.6858 0.6858 0.6356 0.6356 0.5907 0.5907 0.4763 0.4763
Call:
VAR(y = ROIs.frame[dfs], p = which.min(varselect$criteria[1,
]), type = "both")

Estimation results for equation DF1:
====================================
DF1 = DF1.l1 + DF2.l1 + DF1.l2 + DF2.l2 + DF1.l3 + DF2.l3 + DF1.l4 + DF2.l4 + DF1.l5 + DF2.l5 + const + trend

Estimate Std. Error t value Pr(>|t|)
DF1.l1 -8.998e-03 4.522e-02 -0.199 0.84235
DF2.l1 -1.174e-02 8.347e-02 -0.141 0.88816
DF1.l2 1.138e-01 4.457e-02 2.554 0.01095 *
DF2.l2 -7.221e-03 8.416e-02 -0.086 0.93167
DF1.l3 9.864e-02 4.463e-02 2.210 0.02756 *
DF2.l3 -5.043e-02 8.246e-02 -0.612 0.54112
DF1.l4 1.180e-01 4.483e-02 2.632 0.00876 **
DF2.l4 1.003e-01 8.342e-02 1.202 0.22999
DF1.l5 8.571e-02 4.519e-02 1.897 0.05846 .
DF2.l5 1.735e-01 8.281e-02 2.095 0.03669 *
const -8.171e-04 1.379e-02 -0.059 0.95276
trend 3.337e-06 4.764e-05 0.070 0.94418
---
Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.1505 on 481 degrees of freedom
Multiple R-Squared: 0.07213,Adjusted R-squared: 0.05091
F-statistic: 3.399 on 11 and 481 DF, p-value: 0.0001484

Estimation results for equation DF2:
====================================
DF2 = DF1.l1 + DF2.l1 + DF1.l2 + DF2.l2 + DF1.l3 + DF2.l3 + DF1.l4 + DF2.l4 + DF1.l5 + DF2.l5 + const + trend

Estimate Std. Error t value Pr(>|t|)
DF1.l1 1.881e-03 2.461e-02 0.076 0.939094
DF2.l1 2.075e-01 4.543e-02 4.568 6.27e-06 ***
DF1.l2 -4.115e-03 2.426e-02 -0.170 0.865354
DF2.l2 6.227e-02 4.580e-02 1.360 0.174614
DF1.l3 -6.212e-02 2.429e-02 -2.557 0.010849 *
DF2.l3 1.591e-01 4.488e-02 3.546 0.000429 ***
DF1.l4 6.280e-02 2.440e-02 2.574 0.010354 *
DF2.l4 1.109e-01 4.540e-02 2.442 0.014955 *
DF1.l5 -2.993e-02 2.459e-02 -1.217 0.224133
DF2.l5 5.446e-02 4.507e-02 1.208 0.227476
const 6.200e-04 7.504e-03 0.083 0.934183
trend -1.043e-06 2.593e-05 -0.040 0.967934
---
Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.08191 on 481 degrees of freedom
Multiple R-Squared: 0.1723,Adjusted R-squared: 0.1534
F-statistic: 9.104 on 11 and 481 DF, p-value: 7.354e-15

Covariance matrix of residuals:
DF1 DF2
DF1 0.0226503 0.0001256
DF2 0.0001256 0.0067088

Correlation matrix of residuals:
DF1 DF2
DF1 1.00000 0.01019
DF2 0.01019 1.00000

Figure F.2: Output showing the ANOVA results of fitting a VAR(5) model (selected by minimised
AIC) to the normalised fluorescence time series associated with ROIs c and d. The time series
DF1 is associated with ROI d and DF2 with ROI c. The roots of the characteristic polynomial,
like for the univariate case, indicate that there are no unit roots and thus no co-integration.
Coefficients associated with DFx at lag y are denoted DFx.ly. Equations for both DF1 and DF2
admit significant cross-coefficients from the other time series (t-test, p < 0.05). The fit to both
time series includes a number of highly significant terms and the F-tests for any significant model
coefficients are both highly significant (p < 0.001).



AP-34

pixels (A) and grows by testing trial pixels (T) which then become alive if they are sufficiently

close in distance and pixel intensity. I describe here the GSDT and tracing algorithms, both

presented by Xiao et al [432], which follow the FM framework.

F.3.1 GSDT

The goal of the transform is to obtain the minimum distance between the foreground pixels

and background pixels in a way that takes into account both Euclidian pixel distance and pixel

intensity. The foreground is defined as all voxels above a generally low, user-defined threshold.

A low threshold is preferred, since pruning, see Section F.2, will remove many more voxels from

the tree. This distance function is then fed into the tracing procedure rather than a simple

euclidian distance.

In GSDT pre-processing pixels are thought of as existing in a lattice in which immediate (not

diagonal) neighbours are connected by directed edges. The edge-weights are given by the function

e(v1,v2) = ||v2 − v1||E .I(v2)

where v1 = (x1, y1, z1) and v2 = (x2, y2, z2) and I is the pixel value (intensity) function in

3D structural space taking on the intensity values of the deconvolved image. The algorithm

proceeds recursively by updating a distance function. The distance function, d(v), is defined for

all pixels with initial value

d(v) =


I(v) v ∈ background

∞ v ∈ foreground

In GSDT all background pixels are alive seeds (A) and there foreground neighbours are initially

set to trial (T). From the set of T pixels the method extracts the one pixel v∗ that has the

current minimum distance to the alive set (the background at this point) which then becomes

A and any not A neighbours of v∗ are set to T. Finally the distance function is updated to

d(v∗) = min
v∈nb(v∗)

d(v) + f(v∗)
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where d(v) is given by

d(v) = min[d(v), d(v∗) + e(v,v∗)] (F.1)

The recursive update call continues until the trial set is exhausted (i.e. foreground depleted).

The FM framework is the selection of the nearest v∗ and change from A to T of its neighbours

followed by the recursive distance update using the general form in Eq. (F.1).

It has been observed that the soma is generally the brightest and point in the image that is

furthest from background and so the GSDT provides a convenient automatic soma detector

using arg max d(v) which can be used a seed point in the automatic tracing algorithm.

F.3.2 Neuron Reconstruction

Neuron reconstruction proceeds by constructing a parental map, alongside the distance tree,

starting from the seed pixel s and going to the rest of the foreground pixels. The initial distances

are given by GSDT. For convenience, pixels in this FM-style algorithm that are neither T or

A will be labelled as far (F). In the initiation step, the parent of each pixel is set to itself, i.e.

par(v) = v. Then, as before, s is set to A and each of its neighbours v is to T and at the same

time par(v) = s. Then, in the recursive step the method again selects the v∗ with minimum

distance from amongst these neighbours and set its neighbours to T and their parent to v∗ if

they are F. If they are not F then only change the parent to v∗ if the update step is successful,

i.e. if

d(v) = min[d(v), d(v∗) + e(v,v∗)] = d(v∗) + e(v,v∗).

Again, the updates are run until there are no more T pixels. Here the edge weights e(x, y) over

the pixel lattice is defined differently with

e(v1,v2) = ||v1 − v2||2.
gI(v1) + gI(v2)

2

where

gI(v) = exp

(
λ

(
1− I(v)

Imax

)2
)
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where λ is a parameter found to be stable at 10, and Imax is the maximum pixel value. Updates

are then more successful when pixel values are high and edge weights are thus low.

Biological realism of the tree is improved by allowing the width of the tree to vary and un-

realistically short branches to be pruned. The width of the tree at a point is estimated by a

ball containing a low background fraction (threshold fraction hard-coded). Finally the tree is

pruned via a hierarchical pruning procedure to remove short, biologically implausible, dendritic

branches.

Hierarchical Pruning

In order to prune the tree the segments are ordered by importance. The ordering is produced

as follows. First, the leaf segment is selected that has the longest graphical distance from the

leaf node to the seed node (inside the soma). This segment is recorded and deleted producing a

new tree. The process is repeated on the new tree to exhaustion creating a decreasing order of

importance over all segments.

Segments are pruned in a recursive way, in decreasing order of importance, by calculating the

overlap between the union of the volumes covered by all the nodes in the segment, termed the

coverage volume. This coverage volume is then compared to the volume already covered by

more important segments. A segment is deleted along with all of its children (pruned) if the

percentage of in-segment nodes covered by the volume of a more important segment is more

than 75%. The voxel intensity is also incorporated so that brighter on-average segments tend to

be kept. The rule is that a segment S (a set of node voxels) is pruned if

∑
v∈S

I(v)
I[v∈CS ]∑
u∈S I(u)

≥ 0.75, (F.2)

an intensity-weighted fraction of voxels, where Cs is the set of voxels in the coverage volume

of more important segments than S, and I· is an indicator variable that is one if condition · is

true and zero otherwise. The thresholding process is repeated until either the set of segments

is exhausted or no more segments satisfy Eq. (F.2). Finally leaf segments are pruned by simple

thresholding where all leaf segments shorter than a user-specified length L are deleted. Once

all of these steps have been carried out sequentially by the APP2 algorithm, the resultant tree

volume can be segmented into somatic, dendritic and axonal components for modelling. I found
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that setting L = 5 voxel widths resulted in trees that were realistic with fewer noisy branches.

F.4 3D Blur Reduction with Image Deconvolution

The process of image acquisition in fluorescence microscopy usually produces distortions that

are dependent on the medium, resolution, position of the object, exposure, shape of the beam

and the wavelength of fluorescing light. Some of these factors place a hard limit on the resolution

of the image, such as the wavelength of light used. This is termed the diffraction limit and this

LSFM system is already close to its diffraction limit for orange light (roughly 0.2 − 0.4µm).

Other forms of distortion, such as laser beam shape, produce blur which can be corrected [356].

All fluorescence microscopy images contain blur due to the divergence of the laser beam radius

with distance from source to objective (the object being imaged). This leads to a 2D blur effect

that effects each image plane independently. The ’spread’ of intensity causes the intensity at

any one point in the image to be a weighted sum of the intensity of its neighbours. However, in

this LSFM set-up the fluorescing beam is curved in 3D space, resulting a curved image ’plane’

that leads to blur in all three dimensions [405].

Light intensity at a point in 3D space in curved beam fluorescence microscopy (such as in the case

of Airy beam technology) image stacks can be modelled as an an observed intensity J(x, y, z),

which is a caused by the interaction between the objective intensity (of the ’true’ unblurred

image) I(x, y, z) and a point spread function (PSFxyz) that models the spread (weighted sum)

of intensity (blur) caused by the beam. In continuous 3D space (in the ideal case) this can be

expressed as a triple integral

J(x, y, z) =

∫ ∫ ∫
I(u, v, w)PSFxyz(u, v, w)dudvdw.

Note that this PSF is shift-variable that is to say that the form of spread depends on the (x, y, z)

coordinates of the pixel in 3D space due to the curved path of the beam passing through the slice.

Such a curved beam, helps to uniformly illuminate the image plane, thereby reducing the light

intensity needed as well as photo-bleaching (depletion of fluorescence due to the non-reversible

photon-fluorophore reaction).

The exact form of the PSF used in the LSM experiment and the way in which the object
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intensity I(x, y, z) is extracted from the 3D image stack is proprietary and developed by M2

Lasers specifically for this LFSM set-up. One hundred iterations of the deconvolution algorithm

was used to obtain the final pixel intensity estimate [405]. Note that no PSF approximation

method is perfect and the obtained approximate I may vary in a FOV position (in (x, y, z)) and

object dependent way from the true object intensity.

F.4.1 The NEURON Simulation Environment

The NEURON Simulation environment is a widely used package written in C++ with GUI

and Python plug-in support. It is built around a compartmental model of voltage diffusion in

and between neuronal micro-compartments. The equations that govern this interchange of ions

are known as Kirchoff’s current laws, for which the voltage flux is described by the differential

equation

cj
dvj
dt

+ ij =
∑
k

vk − vj
rjk

+ iext,

where cj is the membrane capacitance of compartment j. The variable iionj is the Coulombic

current due to sources or sinks of ion to or from j (generally channels or leaks). The value rjk

is the resistance to current from j to k. Lastly, iext is any external current source or sink. This

is a law of conservation of current (the change in voltage at j is due to the current from other

compartments plus whatever is injected or channelled). The sign conventions are current flowing

into j from k and outward from the cell are positive by convention.

A whole cell is usually modelled as a tree setting up child-parent relationships between com-

partments. Most compartments are 3D tubes while the soma is generally modelled as a single

sphere. NEURON follows a simple numerical integration scheme (defaulting to backward Euler)

but different mechanisms may follow different schemes. All mechanisms are integrated in step

(usually on the order of 1ms) to maintain agreement. This does not always work for mechanisms

operating at vastly different flux or time scales, as occurs for different ion channels, so NEURON

provides some forms of mechanism-wise integration.

While Coulombic current and voltage are tracked and their diffusion across compartments cal-

culated, specific ion concentrations are handled by the modeller who writes code describing the

sources and sinks of current (broadly ion channels) and the neuronal architecture (including
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electrostatic properties of compartments and their channel distributions). NEURON can sep-

arately keep track of internal-external ion specific and non-specific (mixed) currents across a

compartment with specific support for Na+, K+, Cl− (inhibitory) and Ca2+ currents.

F.4.2 The Biophysical Model (Branco, 2010)

The paper our model was originally based on is [61]. This model was updated in [361], and

continues to receive updates up until February 2021. Although the neuron modelled is from a

different region of the brain, it is also a neocortical pyrimidal cell with similar channel compo-

sitions. Differences include branching patterns and precise channel distributions. We modify

this framework to accurately reflect Ca2+ flux through the N-Methyl-D-aspartic Acid Receptor

(NMDAR), an important synaptic channel protein for Ca2+, based on measurements of Ca2+

permeability from [189].

All of the channels included in this model are also found in CA1 pyramidal cells though the

model was originally developed for pyramidal cells from another brain region. These channels

are voltage dependent K+, Ca2+ and Na+ channels as well as Ca2+-dependent K+ channels

and non-specific channels for Na+ and K+ currents (inhibitory synapses and channels are not

commonly modelled). At present a built in depletion mechanism is included for Ca2+ lost to

outward channels and pumps (but not buffers). These help to restore the Ca2+ flow to the zero

flux equilibrium.

Also included are pre-synaptic and spine mechanisms, defining a rudimentary synapse. At

present, these synapses are defined as point processes (see Section 6.5.1) with negligible volume

or surface area. pre-syaptic activation always results in the same glutamate volume released to

NMDA and AMPA receptor-channels on the postsynaptic (spine) side. We augment this slightly

to include silent synapses with no functional AMPA receptors and limited NMDAR activity.

F.4.3 Ion Channels

Flow of ions through a channel (ionic current) depend on several key factors including its speci-

ficity (both in ion-type and direction) as well as external factors such as the intra and extracel-

lular differences in concentration. Where possible then, it is useful to take ion-specific potentials

into account. By Ohm’s law, the current into a compartment j from a particular type of external
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channel is

ichannelj (t) = gchannelj (vj , t)[vj − Echannel] (F.3)

where gchannelj is the conductance (reciprocal of resistance, gchannelj = r−1
channelj

) through the

channel, which may vary with voltage and Echannel is the reversal potential (the membrane

voltage at which the net ion flux through the channel is zero). Reversal potentials for ion-

specific channels use that ions reversal potential, Eion, while those that accept a mixture depend

on the channel’s fractional permeability to each ion and so have been derived by experiment.

For ion specific channels, Ena and Eca are both positive (reflecting the higher extracellular

concentrations), while for Ek this value is negative (reflecting the opposite). Here, we use

lowercase element symbols rather than the full ion symbol (i.e. Ca2+, K+ etc.) to remain

consistent with NEURON documentation.

Note that more detailed models calculate the potential via the Nernst equation which requires

detailed accounting of external and internal ion concentrations [370]. Our modified model uses

fixed, equilibrium reversal potentials and internal and external ion concentrations that are less

computationally expensive.

Channel States and Conductances

Models of most channel conductances are complex and apart from vj , can depend on the presence

or absence of neurotransmitters as well as other ions or small molecules that may block the

channel. The conductance through a single channel is modelled by a set of states. These state

mechanism can be as simple as switching between open and closed in a voltage dependent

manner (a two state model), to models that include 8 states or by combining open/closed,

neurotransmitter bound/unbound and blocker bound/unbound states or even more intermediary

states. In all, usually only one of these states allows significant current flow.

AMPAR Channels

The most simple channel mechanism in the model is found specifically at spines (the input

side of the synapse). These are the primary channels that induce the massive local increase in

membrane potential that allows ion specific channels to become active. The total conductance

of the AMPAR channels on the lth synapse in compartment j, gAMPARjl , depends only on the
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pre-synaptic release of the neurotransmitter glutamate, which is considered an instantaneous

event. The conductance is

gAMPARjl(t) =


0 t < ta

ḡAMPAR

[
e
− t−ta
τAMPAR
2 − e

− t−ta
τAMPAR
1

]
t ≥ ta

, (F.4)

where ta is the activation (neurotransmitter release) time, τAMPAR
1 = 0.5 and τAMPAR

2 = 1

and ḡAMPAR = 1 is the maximum conductance through the entire population of channels on

the spine. This last value, ḡAMPAR is treated as a constant across synapses and represents

the maximum channel conductance through the spine. This is a simplifying assumption as the

conductivity of synapses varies according to their dimensions and specific channel content.

AMPARs are non-specific channels that are permeable to bothK+ and Na+ ions. The result is a

near zero reversal potential. The equation for the current is then (by Ohm’s Law of electrostatics)

iAMPARjl = vj×gAMPARjl(t). The AMPAR model can be considered a two state model in which

channels move from the off to the on state deterministically depending on an external signal.

NMDAR Channels

Similar to AMPAR channels, NMDAR channels exist almost exclusively on postsynaptic spines.

These channels are dependent on the co-activation of AMPAR channels at the same synapse as

well as voltage dependent release of channel blocking magnesium ions (Mg2+). For simplicity,

we model NMDAR channel activity using a two state model with voltage dependent levels of

activity. The total conductance of the NMDAR channels on the lth synapse in compartment j,

depends on the pre-synaptic AMPAR activation. As in the AMPAR case this is considered an

instantaneous event. The conductance is

gNMDARjl(t) =


0 t < ta

ḡNMDARm(vj)

[
e
− t−ta
τNMDAR
2 − e

− t−ta
τNMDAR
1

]
t ≥ ta

, (F.5)

where ta is the activation (neurotransmitter release) time, τNMDAR
1 = 2 and τNMDAR

2 = 20

and ḡNMDAR = 0.5 is the maximum conductance through the entire population of channels

on the spine. The value for silent synapses is ḡNMDAR,silent = ḡNMDAR0.1. The factor m(vj)

represents the degree of Mg2+ mediated NMDAR blockage at the spine. This factor depends on
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the voltage, v, as follows

m(v) = 1/

(
1 + exp

[
−0.062v

3.57

])
.

The resulting contribution of NMDAR channels to the overall current is iNMDARjl = vj ×

gNMDARjl(t)

NMDAR channels are also non-specific channels that are permeable to Ca2+. The approximate

fractional contribution of Ca2+ to this current is f = 1/11 [189]. The Ca2+ specific current due

to NMDAR activity at l is then given by fgNMDARjl(t) and fgNMDARjl(t)/10 for l silent.

Ca2+ Specific Channels

There are two channels in the model (other than NMDAR channels) that permit a significant

Ca2+ current, CA and CAT channels. The CA channel model is actually meant to account for

a heterogeneous population of channels with similar behaviours.

Most channels are protein complexes composed of multiple subunits. These subunits each must

be activated in order for a channel to open. In the case of CA channels, these are composed

of a three protein complex with one homodimer and one other bound protein. This constitutes

an 8 state model in which all three proteins must be active for current to flow. The activation

probabilities for each protein are denoted by m(vj , t) (for the homodimer) and h(vj , t). The

resulting mean-field conductance formula for a population of CA channels is

gCAj (vj , t) = ḡCAm(vj , t)
2h(vj , t)

where ḡCA is the maximum conductance of all CA channels across compartment j and vj is the

membrane potential at compartment j as defined previously. Each protein activation probability

(m or h) is described by a first order differential equation

dm(vj , t)

dt
=

am(vj)

(am(vj) + bm(vj))2
−m(vj , t)/(am(vj) + bm(vj)) (F.6)

dh(vj , t)

dt
=

ah(vj)

(ah(vj) + bh(vj))2
−m(vj , t)/(ah(vj) + bh(vj)) (F.7)
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where

am(vj) = 0.055
−27− vj

exp((−27− vj)/3.8)− 1
bm(vj) = 0.94 exp((−75− vj)/17)

ah(vj) = 0.000457 exp((−13− vj)/50) bh(vj) =
0.0065

(exp((−vj − 15)/28) + 1)

with some rate adjustments for temperature changes between lab and in vivo conditions. These

channels are most active for brief periods at high voltages. This stochastically, voltage gated

channel model follows a general framework used across computational neuroscience, known as

the Hodgekin-Huxley model framework.

Channels for Other Ions

There are eight other channel models for other ions and general non-specific currents. These

follow similar formulations to those used above and allow for Na+ spiking and K+ to generate

the spiking behaviour that is partially responsible for bAP activity as well as the firing of the

axon (which lacks calcium channels all together). Na+ spiking has also been shown to have a

positive feedback effect on Ca2+ spiking in vivo. For further details, see [361].

F.4.4 Ca2+ Depletion Mechanism

There is a built in Ca2+ depletion mechanism that limits the Ca2+ current. It is given by

ica−depj =

[
−106 ica−otherj

F

]
+

C,

where ica−otherj is the calcium current from other sources into j and F is Faraday’s constant (F =

1.602× 10−19C). The Ca2+ pumps, protein pores in the cell membrane similar to unidirectional

active channels, are outward rectified since they are only able to pump Ca2+ out of the cell.

F.5 Kronecker Operators

The Kronecker sum, ⊗ is an operator on matrices. For two matrices A of dimension a× d and

B of dimension b× c, the Kronecker sum can be written in block matrix form. The constituent

blocks are

[A⊗B]i,j = Ai,jB,
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for blocks (i, j) ∈ Na × Nb. The resulting matrix has dimension ab × cd. We are interested in

the Kronecker sum, which is defined for square matrices A and B (a = d and b = c), which is

given by

A⊕B = A⊗ Ib +B ⊗ Ia

where Ia and Ib are the identity matrices of order a and b respectively.
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