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Modelling the production of silicon in a submerged arc furnace (SAF) requires accounting for the wide
range of timescales of the different physical and chemical processes: the electric current which is used to
heat the furnace varies over a timescale of around 10~2 s, whereas the flow and chemical consumption of
the raw materials in the furnace occurs over several hours. Models for the silicon furnace generally either
include only the fast-timescale, or only the slow-timescale processes. In a prior work, we developed a
model incorporating effects on both the fast and slow timescales, and used a multiple-timescales analysis
to homogenise the fast variations, deriving an averaged model for the slow evolution of the raw materials.
For simplicity, in the previous work we focussed on the electrical behaviour around the base of a single
electrode, and prescribed the current in this electrode to be sinusoidal, with given amplitude. In this paper,
we extend our previous analysis to include the full electrical system, modelled using an equivalent circuit
system. In this way, we demonstrate how the two furnace-modelling approaches (on the fast and slow
timescales) may be combined in a computationally efficient way. Our previously derived model for the
arc resistance is based on the assumption that the dominant heat loss from the arc is by radiation (we
will refer to this as the radiation model). Alternative arc models include the empirical Cassie and Mayr
models, which are commonly used in the SAF literature. We compare these various arc models, explore
the dependence of the solution of our model on the model parameters and compare our solutions with
measurements from an operational silicon furnace. In particular, we show that only the radiation arc
model has a rising current-voltage characteristic at high currents. Simulations of the model show that
there is an upper limit on the length of the furnace arc, above which all the current bypasses the arc and
flows through the surrounding material.

Keywords: submerged arc furnace; equivalent circuit model; heat transfer; electric arc; periodic solutions
of non-linear systems; non-linear dynamics.
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1. Introduction

Silicon is produced industrially by reducing quartz (containing SiO,) with carbon in a submerged arc
furnace (SAF), which is heated by an alternating electric current. The current is provided to the furnace
via three electrodes, and passes through the material bed either by conducting through the partially
reacted materials, known as the charge material, or as an electric arc, a gas discharge which forms in
gas-filled craters at the base of each electrode. A diagram of a silicon furnace, showing two of the three
electrodes and the crater beneath each one, is given in Fig. 1.

One major difficulty of modelling SAFs is the disparity in the timescales of the different processes
in the furnace (Andresen, 1995). The applied alternating current (AC) has a frequency of around 50 Hz,
and so variations of the electrical system occur on a timescale on the order of 1072s. The chemical
consumption and flow of the charge material in the furnace is a much slower process, with a timescale of
hours (Luckins ef al., 2021). The interactions between these different-timescale processes are important
in the production of silicon. For instance, the amount of heat transferred from the electric arc to the
surrounding charge material varies periodically over the AC timescale, and this is the main source of
heat for the charge material. However, the timescale of the heat transfer, melting, and reactions within
the charge material is much slower. Conversely, the electrical conductivity or resistance of the charge
material (which depends on its composition and temperature) varies slowly, but the resistance of the
charge material is important when studying the distribution of current in the furnace. In turn, this affects
the heat dissipated by the electric arc, and thus the slow- and fast-timescale processes are fully coupled.
In order to retain numerical tractability, the majority of furnace models only include effects on one of
these timescales and not both.

For instance, the fast-timescale electrical variations in the furnace may be modelled by an equivalent
circuit (EC) approach, in which all the regions of the furnace are modelled as elements in an electric
circuit, and equations relating the currents, voltages, resistances and inductances of the circuit elements
are derived using Kirchhoff’s electric circuit laws. An EC model of this type has been developed by
Valderhaug (1992) for the three-phase electrical system of a silicon SAF; the model we will use in this
paper is based on that of Valderhaug (1992).

An important element of EC models for SAFs is the sub-model for the resistance of the electric
arcs. Each arc consists of a region of hot gas ionised to a plasma, so that it is electrically conductive.
The Ohmic heating due to the high current density and resistance in the arc generates heat which is
transferred primarily by radiation to the surrounding material, providing much of the energy for the
chemical reactions in the furnace. The electrical, thermal and fluid flow in an arc are closely coupled, and
magnetohydrodynamic (MHD) models have been used to simulate an SAF arc in isolation (Andresen,
1995; Saevarsdéttir, 2002). However, this MHD approach is too complicated to include in the EC
models. In Valderhaug (1992), the arc resistance is related to the voltage applied across the arc using
a Cassie arc model (Cassie, 1939). This is one of several empirical models for arc resistance. Others,
including those of Mayr (1943a,b), Schwarz (1971), and hybrid versions, are discussed in Gustavsson
(2004), Parizad et al. (2009) and Yuan et al. (2013). These models have all been developed for the
electric arcs in circuit breakers, to understand short-circuiting phenomena. Nevertheless, the models are
widely used for the arcs in SAFs and open-air electric arc furnaces (Awagan & Thosar, 2016; Barker e?
al., 2007; Bhonsle & Kelkar, 2014; Bowman & Kriiger, 2009; Golestani & Samet, 2016; Logar et al.,
2011). Other semi-empirical arc models such as the ‘channel arc models’ (CAMs) have been developed
that are designed to take into account additional heating and heat loss mechanisms (Saevarsdottir, 2002).
Although simpler than the MHD models, the CAMs are much more detailed than the Cassie and Mayr
models.
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FiG. 1. Drawing of an SAF for silicon production, adapted from Hannesson (2016), showing the main regions of the furnace, two
of the three electrodes and the connection to the external electrical system.

On the slower timescale, there are many models in the silicon-production literature for the chemical
reactions, heat transfer and motion of the raw materials in the furnace, ranging from large-scale CFD
simulations (Andresen, 1995) to mathematical analysis of the continuum equations for the heat and mass
transfer (Sloman et al., 2017, 2018, 2020).

In Luckins et al. (2021), both fast and slow timescale effects were included, and a homogenized
model was derived for the slow timescale processes, taking into account the averaged effect of the
fast AC variations. In Luckins et al. (2021), analysis was restricted to the processes around the base of a
single electrode. As part of the solution of the slow homogenized model, it was necessary to solve a ‘cell
problem’ on the AC timescale; for simplicity, in this cell problem it was assumed that the current through
the electrode was sinusoidal, with prescribed amplitude. In reality, the current through the electrode is
not expected to be exactly sinusoidal, and it depends on the current and resistances in the other two
electrodes/phases, as well as the inductance in the system due to magnetic effects, as shown by the EC
analysis of Valderhaug (1992).

In this paper, we will incorporate a more accurate electrical description into the cell problem for the
homogenized model of Luckins ef al. (2021), using the fast-timescale EC model of Valderhaug (1992).
In this way, we demonstrate how the two types of furnace models may be combined: our detailed model
of the AC electrical system may be incorporated into a slow-timescale model of the furnace chemistry
and motion of the charge material.

In Section 2, we state the EC model for the electrical system, and a model for the arc resistance based
on heat loss to radiation, following Luckins ef al. (2021). We also state the Cassie and Mayr models,
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commonly used in the EC models of the SAF literature, for comparison. We demonstrate how each of
these arc models may be understood in terms of the conservation of energy in the arc, and compare
the steady states of each of the models. We then nondimensionalize the system in Section 3, discussing
the sizes of the dimensionless parameters. We solve the model numerically in Section 4, comparing
solutions using the radiation arc model with the Cassie and Mayr arc models, and exploring the effect
of varying the model parameters. We also compare our solutions with electrical measurements from
an operational furnace. In Section 5, we discuss our results, and indicate how our solutions with the
radiation arc model may be incorporated into the slow homogenized model developed in Luckins et al.
(2021). Concluding remarks are given in Section 6.

2. Model statement
2.1 EC model

The electrical system of a three-electrode silicon furnace has been modelled by Valderhaug (1992), using
an equivalent electric circuit, as illustrated in Fig. 2. The electrical power is supplied to the three-phase
system via three transformers as shown at the top of the diagram in Fig. 2. This creates three prescribed
sinosoidal voltages vz, vy, and vr3, each 120° out of phase with the others. The current generated
passes through each of the three electrodes. At the base of each electrode, in the hot hearth of the
furnace, there are two parallel current paths, passing through the electric arc and melt pool, or through
the charge material, as shown in more detail in Fig. 3. The base of the furnace consists of carbon and
silicon-rich materials which are good electrical conductors, and so the three current paths meet here. In
both Figs 2 and 3, the subscripts T, e, b, c, ec, a and m refer, respectively, to the transformers, electrode,
base of the furnace, charge material, part of the electrode in the crater, electric arc and molten silicon in
the pool at the base of each crater. We will also refer to the hearth of each phase as the region of parallel
currents (through the electric arc and charge material) at the base of each electrode, with subscript 4.
We denote ‘phase j° for j = 1,2,3 as the overall current path from the junction with the transformer
circuit (at the top of Fig. 2) to the point where the three current paths meet at the base of the furnace. For
simplicity, we neglect any additional voltage drop over the electric arc, although this has been included
in Valderhaug (1992). In reality, it is possible that current may also flow between the electrodes higher
up in the furnace, or indeed from an electrode to the wall of the furnace. These currents have been
neglected from the circuit in Fig. 2, as they are expected to be negligibly small (Valderhaug, 1992).

Magnetic fields are generated by the high currents in the furnace, and the changing magnetic
fields from the alternating currents have an inductive effect. Following Valderhaug (1992), we assume
for simplicity that we may lump the inductances due to both the electrode’s own current (the ‘self-
inductance’) and the other currents in the furnace into the single parameter, L;, for each phase. Similarly,
we assume that each transformer has self-inductance Ly;.

The voltage, vy;, supplied to each of the transformers j = 1,2,3 is assumed to be a prescribed
function of time ¢. As in Valderhaug (1992), we take this to be a standard three-phase system, with

vr(t) = Vysin (2n (ﬁ - ’%])) , 2.1

where V7 is a prescribed, constant amplitude, and f is the frequency of the alternating current. Following
Valderhaug (1992), we assume for simplicity that the resistance, Ry, and self-inductance, Ly, of each of
the three transformers are equal.
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FiG. 2. Equivalent circuit diagram for the three-phase electrical system in the furnace, reproduced with permission from
Valderhaug (1992). Resistive and inductive circuit elements are shown as white and black rectangles, respectively. The white
circles denote applied voltages, and the arcs (non-linear resistors) are shown by a black ellipse within a white rectangle.

The current through phase j, equal to the current in electrode j, is i
phase j is given by

¢j» and the voltage applied across

V=R L 2.2)
=N T :

where Lj is the total self-inductance of phase j, which we assume is a prescribed constant, and Rj is the
total resistance of phase j, given by

1
1 1

Ry =R, + Ry + .
ch Recj+Raj+ij

(2.3)
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FiG. 3. Circuit diagram for phase j, showing the resistance of elements of the electrode, furnace base and furnace hearth.

These resistances are as marked in Fig. 2 and are also shown in Fig. 3.

Using Kirchhoff’s laws for the voltages and currents in the circuit, we may relate the phase voltages
v; to the voltages across the transformer circuit, and also relate the currents i; through each phase to the
transformer currents iz;. Combining and manipulating these equations to eliminate all i7; and v;, we may
derive the following differential equations for the phase currents:

di 1 . .
d_e;‘l = 1—2((12 =+ l3)VT1 + l2VT2 + (13}’2 —_ lzr?’)lez — [(12 =+ l3)r1 + l2r3] lel)’ (24)
*
di, 1 . .
o 1_2(_ Lvry + Ly + gy = 1y73)igy = [y + 13)ry + 173 ’ez)» (2.5)
k

in terms of the prescribed transformer voltages. The current in the third electrode is simply given by
i,3 = —I,1 — i,. Here, we have defined

L

=L+, B=0Ll+ L+,  r,=R +-L, (2.6)

for ease of notation.

The two equations (2.4)—(2.5), along with the form (2.3) of the total resistance R; of phase j, provide
a system for the electric currents in each phase. Following Valderhaug (1992), we assume that all the
components have constant, prescribed resistances, except for the electric arc. To close the electrical
circuit system, we require an equation for each of the arc resistances R,;. We discuss several models for
these arc resistances in the following subsection.
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2.2 Modelling the arc resistance

The ionization of the gas in an electric arc, and therefore the electrical resistance of the arc, depend
strongly on temperature. Heat is generated in the arc by Ohmic heating due to the electric current,
and may be lost to the surroundings by a variety of heat loss mechanisms, including conduction,
convection and radiation. Several empirical models for arc resistance are used in the EC models in
the SAF literature. In this section, we show how the arc model used in Luckins e al. (2021) may be
combined into the EC model presented above. We then compare this arc model with two commonly
used empirical arc models, discussing the different structures and parameters in these models.

2.2.1 Arc heat loss due to optically thin radiation. In Luckins et al. (2021), an arc model was
presented, based on conservation of energy in the arc region, in which the dominant heat loss from
the arc is due to (optically thin) radiation. The arc was modelled as a cylinder of fixed position and
size, with radius r, and height i, and with spatially uniform temperature 7, being the solution of the
equation of conservation of energy, given by

dT
pcpd—t" = oa(Ta)E2 - 4aaBT3. 2.7
Here, o = 5.67 X 108 Wm~2 K—* is the Stefan—Boltzmann constant, while 0 [kgm_3] is the density,
< [Jkg~! K~'] is the specific heat capacity and a [m~'] is the radiative emission coefficient, these
material parameters being assumed to be constant. Reference parameter values for SAF arcs, based on
the data given in Luckins et al. (2021), are

p=2x10"kgm™>, ¢,=10Tkg”' K", a=01m™', r,=01m, h,=0.15m. (2.8)

The electrical conductivity, o,(T,) [£27'm~!] of the arc is an increasing function of temperature. In
Luckins et al. (2021), the form

0,(T,) =S, exp (—%) , (2.9)

a

was used, for constant coefficients §; = 2.5 x 10*2 ' m~! and S, =1.8x 10*K.

One benefit of this arc model is that we may easily understand how the energy lost from the arc is
transferred to the surrounding material. In Luckins et al. (2021), since the heat radiation was assumed
to be optically thin, all the heat radiated by the arc was incident on the surrounding material on the
edge of the crater, heating up the charge material. This provided coupling between the fast-timescale
equation (2.7) for the arc, and the much slower heat transfer, chemical reactions and material flow in the
surrounding charge material. The averaged quantities

(E?) and (Th (2.10)

were computed from the solution of the fast-timescale model, where the average is defined by

Lf
() =f/ - dt, 2.11)
t=0
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where f is the frequency of the alternating current, and were used in the slow-timescale model.

In Luckins et al. (2021), the electric field, E, was a variable to be determined. To fix £ we imposed
a sinusoidal electrode current, with prescribed amplitude. Rather than simply prescribing a sinusoidal
electrode current, we may combine our arc model (2.7) into the EC model developed above, as follows.
We assume that each of the three arcs have temperature 7,; satisfying (2.7). To combine our arc model
(2.7) with the electric circuit system, we transform (2.7) from an equation for the evolution of the arc

temperature T,;, to an equation for the evolution of the arc resistance R,;, which is defined by

h h N
R,;=—5" = <5 exXp 2. (2.12)
mwrgo,(Ty)  Symry T,

We also use the voltage v,; across arc j, and so make the change of variables v,; = h,E. The equation
(2.7) then becomes

dR,; 1 R, i ngIOg(bRaj)4 2.13)
a B, (log(bR,))? P.R, ’ ‘

where the parameters b [£271], B, [s]and P, [Wm™3] are given by

SI7TV2 pc
b= a =7 P = dacp,Siwr*h . 2.14
ha IBr 4610'35% r BP2 ata ( )

From the electric circuit, we may express the arc voltage v,; in terms of R ;, R, and i,;, namely

v =R i =R Ry i,
aj aj aj aj Recj + Raj + Rnu + Rq ey’

(2.15)

The equation (2.13) for each phase j = 1,2,3 along with (2.15) closes the electric circuit system
presented in the previous section. In our notation, the averaged quantities (2.10) are given by

(T) = (S3/10g(bR %) and  ((v,)?), 2.16)
where Vs the voltage across the entire hearth region of phase j, is given by

Rec + Rm + Raj

th = Tvaj.
a

(2.17)

This is different from Luckins ez al. (2021) only because there the pool and electrode resistances were
neglected, and so it was effectively assumed that R,, = R,. = 0. In order to include our simulations into
the homogenized model of Luckins ef al. (2021), we require the averaged values (2.16) as functions of
the charge resistance R
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2.2.2  Commonly used models for the arc resistance. ~Arc models that are commonly used within EC
models for SAFs include those due to Cassie (1939) and, less often, Mayr (1943b). Although it is not
how they were originally formulated, both of these models may be understood in terms of the total
conservation of energy in the arc, namely

dg; Vaj

J loss a loss

i _p _plos _ [d _ ploss (2.18)
dr i R,

where Q; is the heat content in arc j, heat is lost through the P}"SS term and the power generated in the
arc is given by the Ohmic heating term

V2,
aj
P, = % (2.19)

The different arc models in the literature take different forms for Qj and le."ss. For instance, for our
radiation-based model (2.13), we used the forms

P
P}OSS = daoymrih, TH = —— and  Q;=nrih,p

) IBrPr
avataq 4 ]
(log(bRa/))

T .= 2.20
P4 = Tog(bR (2.20)

aj) .
We obtain the Cassie model if we take (Gustavsson, 2004; Parizad et al., 2009; Valderhaug, 1992)

U2
PO%=—_  and Q= '26_0 221
R, UR,

for constants B, and U 2. This model is expected to give a good fit when heat loss from the arc is ‘mainly
convective’ (Gustavsson, 2004; Parizad et al., 2009), and is generally held to be a reasonable model
for high-current arcs (Bowman & Kriiger, 2009; Parizad et al., 2009; Valderhaug, 1992). With these
functional forms, the conservation of energy equation (2.18) may be written as

dR. R. N 2
o _ ﬂ(l _ (E) ) (2.22)
dr B. U

The Mayr model, by contrast, may be obtained with the parameterisation
Ploss - P nd 0 = _‘B_ml (R ) (2.23)
j — m al ] — PO Og llj . .

Here, the heat loss P,, is constant, which is intended to be a good model for conductive heat loss
(Gustavsson, 2004; Parizad et al., 2009). The heat content Qj is logarithmic in Raj, which follows
from an assumption that Q; is proportional to T and that the arc conductivity is proportional to
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TABLE 1  The source and sink terms in each of the arc models (2.13), (2.22) and (2.24), as functions of
the arc resistance R,

Model Radiation Cassie Mayr
__Re Ry Re
Source B, log(bR,)? Be B
Sink 2R R2log(bR,)? i2R? R} i2R? R2
ﬂ,Pr (Ra+Rc+Rm+Rec)2 .B(‘ Uz (Ra+Rc+Rm+Rec)2 ﬁum (Rn+Rc+Rm+Rec)2

exp(T'/constant). Using (2.23) in the conservation of energy equation, (2.18), gives

2
R Ry Y ), (2.24)
a B, PR,

This Mayr model, (2.24), is generally used for low-current arcs (Gustavsson, 2004; Parizad et al., 2009),
and so is less often used than the Cassie model in SAF applications.

2.2.3 Discussion and comparison. Along with any of the Cassie (2.22), Mayr (2.24) or radiation
(2.13) models, the system of ODEs (2.4)—(2.5) comprise a closed, fully coupled system for the five
unknowns i,;, i,y, R, Ry and R 5.

Both the Cassie and Mayr models require only two parameters, compared with the three parameters
required for the radiation model (2.13). However, the Cassie and Mayr models have the disadvantage
that, since they are empirical, the parameters in the model are not directly interpretable in terms of the
physical parameters of the system. In addition, the radiation model (2.13) may be used in conjunction
with a slow-time model of the charge evolution (Luckins ez al., 2021), but it is not clear how the power
lost from a Cassie or Mayr arc would correspond to the heating of the surroundings. Furthermore, the
Cassie and Mayr were designed to capture the extinction behaviour of circuit-breakers arcs (Gustavsson,
2004), not the SAF arcs which reform every half-period of the AC cycle.

All of these arc models have the arc resistance R ,; decreasing with the increase of Ohmic heating, via

the —vng (R aj) term (for different functions F of R, in each of (2.13), (2.22) and (2.24)). The functional
form F is different for each of the models due to the different choices for the dependence of the heat
content, Q., of the arc on Raj.

Since arc resistance decreases with increasing arc temperatures, the heat loss term in (2.18) becomes
a source term in each of the equations (2.13), (2.22) and (2.24) for R, while the Ohmic heating becomes
a loss term for R;. Since v, given by (2.15), depends on both R,; and i,;, this Ohmic heating term is
non-linear for all three of the arc models. The dependences of these terms on R,; are summarized in
Table 1.

We may compare these models by examining the steady-state solution(s) of each respective model,
which may be thought of as solutions relevant to direct current (DC) arcs. For sufficiently small time-
constants 8,, 8. and B,,, we expect the AC solution to behave similarly to the steady-state solutions at
high current values (we will indeed see that this is the case in our numerical solutions in Section 4).
The functional forms of the source terms (due to heat losses) and sink term (due to Ohmic heating),
summarised in Table 1, are illustrated in Fig. 4a—c, as functions of the arc resistance, R, for each of the
three models. The values of R, R, R,. and the model parameters are considered constants, and we also
suppose there is a constant applied current i,. Steady-state solutions are the intersection(s) of the source
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and sink curves, and the stability is shown by the arrows in Fig. 4a—c. We note that for all the models,
there is no steady-state solution if i, is smaller than some critical value i (which is different for each of
the three arc models, and may depend on the other parameters R, R, and R,.). For i, < i, we expect
R,; — oo for the dynamic solutions. The Cassie model has a single non-trivial steady-state solution for
i, > igri‘, whereas both the Mayr and radiation models may have one non-trivial steady state (when the
source and sink curves meet tangentially, at i, = i"'%) or two non-trivial steady states for i, > it All
three of the models have exactly one stable steady-state solution, labelled R} in Fig. 4a—c (although we
note that for both the Mayr and radiation models, at the critical current igm, the single steady state is
only an attracting point for R, < R}, not for R, > R, as the two steady states coalesce into one at this
point).

We may investigate the arc current—voltage relationship (or ‘IV characteristic’) of the steady-state
solutions. At a (non-zero) steady-state solution of the radiation arc model we see from the equation

(2.13), and the relationship i,; = v,;/R,; that we must have

P rRaj . Vaj \/>

P
V= [ ————, = —— =t— (2.25)
aj IOg(qu/)4 aj R, / R, log(bRaj)z

This gives the IV characteristic of the radiation arc model (parameterised by R,;), which we
plot in Fig. 4d. For the Cassie model, we see from the equation (2.22) that steady states require

Vi = +U to be constant, whereas for the Mayr model (2.24) we must have Vi = + /PmRaj, and

8O i, = V4i/Ry = £P,,/v,;. These steady-state IV characteristics are plotted for each of the three
models in Fig. 4d. We note that since the arc resistance equations depend on vij, both the positive and
negative solutions correspond to the same steady state in terms of R,,: the arc resistance does not depend
on the direction of the current flow through the arc. All the non-trivial steady-state solutions (stable and
unstable) lie on the IV characteristic for that arc model. We may think of the IV characteristic as being
parameterised by the electrode current i,. The three arc models have very different IV characteristics,
with the arc voltage v, decreasing for the Mayr model, constant for the Cassie model and increasing
for the radiation model, with increasing i,. At high currents, and for sufficiently fast arc variation
(corresponding to sufficiently small 8,, 8. or B,,) we expect the AC simulations to follow the steady-
state IV characteristics closely, and indeed we observe this behaviour in the numerical simulations in
Section 4 below. These differences in the steady-state behaviour are important, as they give insight into
the high-current behaviour of the dynamic AC solutions. IV characteristics are found by Saevarsdéttir
(2002) for AC simulations of both an MHD arc model, and also for a semi-empirical CAM designed
for SAF arcs, which is simpler than the full MHD model, but still considerably more complicated than
the Cassie, Mayr or radiation models. Both these more sophisticated models in Saevarsdottir (2002)
show IV characteristics that are rising at high currents, not falling or constant as for the Cassie or Mayr
models. This provides some validation for the radiation arc model, which is the only one of the three
with a rising steady-state IV characteristic.

2.3 Initial conditions

The model (2.4)—(2.5) along with one of the arc models is a system of first-order ODEs for variables
i,j and R ;. Therefore, to solve the system, we require initial conditions for each of the i,; and R ;. We
are interested in the periodic solutions of the system, and so in practice simply prescribe non-trivial

220z Jequisidag 60 U0 159NB AQ L |/ 4¥99/261/€/L8/101EJEWEWI/WO0"dNO"OILISPEDE//:SARY WO PAPEO|UMOQ



MODELLING ALTERNATING CURRENT EFFECTS IN A SUBMERGED ARC FURNACE 503

A | : A ! ‘
: : : sink
: : : source
| | |
| | |
| | | |
! :4 : : sink term for
| | | | smaller 7,
I I I I .
| | | |
| | g | > o <
| i) e, | |
[ sink term for | [
| O smaller i, | L.
Al I et |
=1 T T > - | >
* *
1/b R} R, R R,
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FiG. 4. Comparison of the arc models. In (a)—(c), for the radiation, Cassie and Mayr models, we give an illustration of the source
and sink terms in the arc resistance equation, as in Table 1 and the steady-state solution(s). The black arrows indicate the direction
of evolution of dynamic solutions. In (d) we show typical steady-state current-voltage relationships (IV characteristics) for each
arc model.

initial conditions for the arc resistances, and solve forward in time until the solution is periodic. In the
numerical solutions of Section 4 we prescribe the initial conditions

iel == 162 == 0 and Ra] - Raz == Ra3 == RO atr = 0, (2.26)

for a constant initial resistance R. As in the previous section, there is exactly one non-trivial steady-
state solution for each of the arc models (for sufficiently high i,), to which the dynamic solution will
evolve during the AC period. We therefore expect that periodic solutions will not depend on the choice
of initial conditions, and we indeed find this to be the case in the numerical simulations of Section 4.
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2.4 Industrial measurements

In an industrial setting, it is not possible to observe all variables in our model directly: only the total
current, i,;, through each phase, and total voltage v; across each phase j can be measured.

The electrode currents i,; are computed as the solution of the model, and the phase voltages v; may
be found from (2.2), which, using the forms of diej /dt from (2.4)—(2.5), may be expressed as

: L . :
Vi = Ryigy + 1_21 ((h + B)vry + bvpy + (3ry = brs)ig — [( + B)ry + brs] i) (2.272)
*
. L, . .
Vo =Ryiy + 55 (=lvry + Ly + (ary = L)y — [y + By + 1rs] i) (2.27b)
*
. . L, . .
vy =R3(—ip — i) + 17 ((ry + Uy +1)r3) gy + (i + Uy + D)r3) i + Ly + () + B)v) -
*
(2.27¢)

3. Nondimensionalization

We now nondimensionalize the EC model and each of the three arc models presented in Section 2,
using industrially relevant parameter values. We discuss the dimensionless parameters at the end of this
section, before solving the dimensionless model numerically in Section 4.

We nondimensionalize the system (2.4)—(2.5), (2.3), (2.15) and the arc resistance equation (either
(2.13), (2.22) or (2.24)) using the rescalings

I, ~ . e VT 5 VT > VT 5 VT

= ;l‘, Vaj = VTVaj’ lej = [l]lj, ch = ERCJ’ aj = mRaj, = ER], = m

where the hat notation denotes dimensionless variables. We have chosen the timescale of the alternating

current, prescribed the current scaling to be [i], and chosen the scalings of the resistances so that the

voltage drop due to resistance balances the forcing due to the transformer voltages in (2.4)—(2.5). Using
these rescalings, the dimensionless system (dropping the hat notation) is

GRNERY

di ) ) 1 ' '
gld_tl = (1 + A,) sin(2wt) 4 A, sin (27r (t - 5)) + (ry = Ayr3)iy — (1 + Ay)r + Ayr3) iy, (3.2a)
di 1
where
. . . 1 Rachjij _
3=—ip—l, adry=r,+————F—, V= 5—p5 > forj=123, (3.3)
R_f/ TerjtRaj Raj + RCJ + rcrj

along with one of the following arc models:

2 4
Radiation: ¢ Ry _ Ry () Vaj 108 B8Ry , (3.42)
’ dr log(BRaj)2 eraj
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dR . V2.
Cassie: Y=_r {1-2]), 3.4b
assie ¢, " a]( 5 ( )
dR . V2
Mayr: Y-_Rr.{1-—L). 3.4
R T “’( PRy (340)

Here, we have introduced the dimensionless parameters for the electrical system,

_Gm L b

I — s 1 — s 2 — s
LV I3 I3
[i] Ry [i] .
L7 (Rej TRyt F) e =y (Rag+Ryy), forj=123 (3

and, depending on the choice of arc model used, the dimensionless parameters, forj = 1,2, 3,

Radiaion: ;= B,f.  p,= Py ., B = b"VT, (3.6)
v 7o Vrlil ! 7]
2
. ch
Cassie: $ = ﬁcjf, P = 2 3.7
T
. P
Mayr: Emj = Buif s Pmj = m (3.8)

For comparison with industrial measurements, we also nondimensionalize (2.27), using the additional
scaling

v, = Vi, (3.9)

Dropping the hat notation, this gives

vi=r —wi; + ————— | (A, + D sinQRnt) + A, sin | 2w {1 — =
1 = — Wi M A, (Ay + D)sin(2rt) + A, 3

+(V2 — )\,273)i2 — (()\.2 + 1)}"1 + )»27'3)1'1) N (3103)

( )i, + Ay = A ( sin(27t) 4+ A sin (2 (t 1))
vy =(ry — Wiy + ——=—F— [ —sin(27 in{27 (- =
2 T A, ! 3

+(ry — Ar3)ip — (A + Dry + )»1V3)i2) N (3.10b)
| . SN |:( ( )Ll) ) . (kl ()Ll ) ) '
vy =(r; — —i =)+ ——— |+l +—=))i i+ —r+|—=+1)rs)i
3 (3 w)( 1 2) A] +)L2+k1)u2 1 )‘2 314 )\2 2 )‘2 32

4 sin@rn) + (22 4 1) sin (27 (1 - 2 }
sin(2mt) ()&_2 )sm(n( 5)) >

(3.10¢)
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TABLE 2 Industrially relevant data values used for the nondimensional-
ization. The arc parameters B,, P, and b are computed using data collated
in Luckins et al. (2021).

Parameter/Scaling Value

f 505!

Vy 260+/2V

[i] 1.65 x 10° A
R, 1x 10748
R, 3x 10740
R, 1 x 10740
R, 2x 1075 Q2
R; 1.0 x 1077 82
L 20x 107025
Ly 63 x 1077 25
P, 1.1 x 10" Wm™3
B, 1.5 x 10745

b 52x10° 27!

where we have introduced the additional dimensionless parameters

_ Rylil

n = —L_T
3VT

3L

and A (3.11)

We use S, (defined in (2.9)) as the scaling for the arc temperature 7,;, and V. as the scaling for v;;.
Dropping the hat notation, the dimensionless averaged quantities (2.16) then become

(1/1og(BR,)*) and (), (3.12)

where

1

0 ;=/ de (3.13)
t=0

is the dimensionless time-average.

Physically relevant data values are given in Table 2, including the sizes of the radiation parameters
given by (2.14) using industrially relevant data values (Luckins ez al., 2021). Since the parameters for
the Cassie and Mayr models are empirical, and must be chosen to fit data, we do not include these in
Table 2. Using the data of Table 2, the corresponding values for the dimensionless parameters are listed
in Table 3.

We notice that, as expected, both r,.. and r, are relatively small, so that the resistance of the charge
material or of the arc dominates the total resistance through each phase. The value p is negligibly small,
and so we may neglect the effect of the transformer resistances when computing the phase voltages v; in
(3.10). The inductance of the transformers is small, but not negligible in comparison with the electrode
inductances, since Ay A~ 0.11. The asymmetry of the system is encoded in the parameters A, A, (which
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TABLE 3  Dimensionless parameters, computed using the data in Table 2.

Dimensionless parameter Value

g 1.3 x 107!
r, 1.8 x 107!
For 54 %1072
e 7.6 x 1073
Pr 1.8 x 107!
B 1.2 x 10
w 1.4 x 107
Ar 1.1 x 107!
Aoty ~ 1

are both 1 if the electrode inductances are equal), the different values of r,;, r.,;
B;, ¢, and p,; (or equivalent arc parameters for the Cassie or Mayr models).

We note that the inductance effects, captured by the parameter ¢, are relatively small. Furthermore,
the timescale ¢, of the variation in the arc resistance is very small, although, as we found in Luckins et
al. (2021), this does not necessarily mean that the arc behaviour is quasi-steady, since both the Ohmic
heating and heat loss effects are temperature dependent, and are much slower at lower temperatures.

Since both ¢; and especially ¢, are small, we anticipate some stiffness in the ODE system.

and the arc parameters

4. Numerical solutions

In this section, we present the results of our the numerical simulations of the system (3.2) with
each of the arc models (3.4). Numerical solutions are found using Matlab, where we employ the in-
built ODE solver odel5s, which is a multistep solver, using numerical differentiation formulas of
order 1-5 (Shampine & Reichelt, 1997). In particular, this solver is designed to deal with stiff ODE
systems (Shampine & Reichelt, 1997). As discussed in Section 2.3, we initialize at the (appropriately
nondimensionalized) initial conditions (2.26), and solve forward in time until the solutions are periodic
(usually within one or two periods). We observe that the periodic solution is independent of the choice
of initial value R, so long as this is sufficiently large that periodic solutions may be found.

We have made several simplifying assumptions in the model presented above, but there are still a
large number of dimensionless parameters in the model. For simplicity, in the majority of this section we
restrict to a symmetric model, assuming that all the parameters (including the arc parameters) for each
of the three phases are equal. Specifically, we set A; = A, = 1, and use the notation R, r,, 7., {,, Pys
B, ¢, p., ¢, and p,, for each of ch, Fejs Tergs ;rj, Prjs Bj, $ejr Pejo ;mj and Pmjs forj = 1,2,3, respectively.
In Sections 4.1-4.5, when the system is symmetric, we only present solutions for phase 1; the solutions
for the other phases are the same up to phase shift. Solutions including asymmetric parameter values are
found in Section 4.6.

4.1 The radiation arc model

Periodic numerical solutions of the system using the radiation arc model (3.4a) are shown in Fig. 5,
where we vary the arc-model parameters p, and ¢, while holding B, and the parameters of the
external electric circuit, constant. In Fig. 5a, ¢ and e we show the currents through the electrode i,
arc i,y = v, /R, and the charge material i,; = v;;/R,. for various p, and ¢,, and in Fig. 5b, d and
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f we show the associated ‘arc signature’ plots of arc current i,; against arc voltage v,,. Industrially,
arc signature is constructed from the furnace measurements, and the shape is used to infer the internal
current distribution of the furnace.

In general, near to the points where the total current passes through zero, almost all the current
passes through the charge. As the arc heats up, it becomes less resistive, and current begins to pass
through the arc. The arc signature takes a figure-of-eight shape due to the asymmetry in the increasing-
and decreasing-current halves of the AC cycle. As the total current increases from zero, the voltage
across the arc increases quickly before it is sufficiently hot to be a good conductor. The arc current
then increases, with the arc signature evolving towards the steady-state IV characteristic (discussed in
Section 2.2.3), shown by the thin pink lines in Fig. 5. On the decreasing-current half of the cycle, there
is a time-delay in the arc cooling, so that it remains warm with relatively low resistance, and hence the
arc-signature curve approaches the origin from below the steady-state curve.

Varying ¢, affects the rate at which the arc adapts to the changing voltage across it, so that for small
¢, (solid lines in Fig. 5) the arc adapts very quickly, whereas for larger £, (dotted lines) there is a much
slower evolution. This is most clearly visible in Fig. 5b, d and f, where increasing ¢, smooths out the
shape of the arc signature. However, varying ¢, does not appear to significantly affect the overall current
distribution between the arc and the charge, nor the total current i;.

For small p,, the arc resistance drops very quickly after the total current passes through zero, so that
there is only a small time interval after the total current is zero for which the arc current is low. As p,
is increased, so that the Ohmic heat source is smaller, we see that the current is charge-dominated for
a longer time after the total current passes through zero, as it takes longer to heat up the arc. Because
the arc is cooler for larger p,, it varies more slowly with the applied voltage, and so we see a bigger
effect of varying ¢,. For larger p, we also observe that a smaller proportion of current passes through the
arc, and more through the charge. However, from Fig. 5b, d and f we see that the maximum arc voltage
increases with increasing p,, and the maximum arc current decreases, so that the overall gradient of
the arc signature is steeper. We also see from Fig. 5a, ¢ and e that the amplitude of the total current i,
decreases as p, increases.

In Fig. 6, we investigate the effect of varying the parameter B, for fixed p, and §,. We note that
for larger B there is a higher amplitude of the total current i;, as well as a larger arc current i,.
The amplitude of the charge current i, decreases as B increases. From the definition (2.14) of the
arc parameters, we see that B is proportional to the conductivity magnitude S; of the gas forming the
arc. It is therefore natural that larger values of B, corresponding to more conductive gases, result in
larger currents through the arc. We note that for sufficiently small B (below around 8 for the parameters
used in Fig. 6), or for sufficiently large p, (larger than the values chosen in Fig. 5), the periodic solution
of our model has no current through the arc, so that i,; = 0 for all time #, and i.,; = i;. Since B is
proportional to S}, a poorly conductive gas will correspond to small B, and so no arc forms. We also
note that p, is linearly proportional to /,, the height or length of the electric arc, and B is inversely
proportional to ,,. For a fixed gas composition, increasing /,, therefore has the effect of both decreasing
B and increasing p,. We therefore expect no solution to exist for sufficiently big arc lengths h,, as is
indeed seen in practice.

4.2 Cassie and Mayr arc models

Using the same electric circuit parameters as in the previous section, we now investigate solutions of
(3.2) using the Cassie (3.4b) and Mayr (3.4c) arc models instead of the radiation arc model. In Fig. 7,
we show solutions of (3.2) using the Cassie model (3.4b) and varying the Cassie parameters.
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FiG. 5. Numerical solutions using the radiation arc model (3.4a), varying p, and ¢,. In (a), (c) and (e), the currents are shown
through the electrode (i1, blue), arc (i,1, red) and charge (i., green) of phase 1. The insets in (a) and (c) show detail near current
zero. In (b), (d) and (f), the arc signature (arc voltage against arc current) is shown. The thin pink curves show the ‘steady state’ or
DC solution of the radiation arc model (3.4a). In all plots (a)—(f), the solid lines correspond to ¢ = 1 x 1073, the dashed lines to
&r=76x%x 1073 and the dotted lines to Lr=2x 102, We take B = 12 and R = 1, and choose the circuit parameters ¢; = 0.13,
rer = 0.054, ro = 0.18 throughout.
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F1G. 6. Numerical solutions using the radiation arc model (3.4a), varying parameter B. In (a) the currents are shown through the
electrode (i1, blue), arc (i,1, red) and charge (i.1, black) of phase 1, with solid lines (B = 9), dashed lines (B = 12) and dotted
lines (B = 18) as in (b). In (b) the arc signature is shown for each value of B in (a). In both plots, we take p, = 1, {, = 7.6 X 1073,
R = 1, and choose the circuit parameters ¢; = 0.13, o = 0.054, ro = 0.18.

We observe qualitatively similar behaviour of solutions using the Cassie model and those using the
radiation model in Fig. 5. In the same way as when increasing p,. in the radiation model, we see that
increasing p,. in the Cassie model has the effect of decreasing both the total current #; and the proportion
of current through the arc. Increasing ¢, also has the effect of increasing the delay time of the arc, and
therefore smooths out the arc signature plots. The main qualitative difference between solutions using
the Cassie model in Fig. 7 and the radiation model in Fig. 5 is the slope of the arc signature at high
current/voltage, which now follows the constant v, steady-state IV characteristic, shown in pink, as
discussed in Section 2.2.3.

Solutions of (3.2) using the Mayr model (3.4c) are shown in Fig. 8. We find limited qualitative
variation in the solutions with the parameters £,, and p,,, for the values of these parameters for which
periodic solutions appear to exist. In particular, the arc signatures do not seem to follow the steady-state
(DC) curves closely. This is likely to be because we require relatively large values of ¢, in order to
observe numerically periodic solutions.

4.3 The circuit parameters

In this section, we return to using the radiation arc model (3.4a), but hold the parameters p,, B and ¢,
fixed. Instead, we now investigate the effect of varying the circuit parameters ¢; and r,. Solutions of
(3.2) with (3.4a) are shown in Fig. 9. We observe in Fig. 9a that increasing the inductance ¢; has the
effect of decreasing all of the arc, charge and total currents, since a greater proportion of the applied
transformer voltage is lost to inductive effects. This effect is also visible in the arc signatures shown
in Fig. 9c. For larger ¢; we also see an increased phase shift in Fig. 9a. Increasing the resistance r, in
the electrode or base of the furnace is also seen to decrease all the currents, as shown in Fig. 9b and d.
However, there is now a (relative) phase shift to the left with increasing r,. This is because the overall
resistance R, is greater, and so the induction effect must account for a smaller proportion of the total
applied transformer voltage. We note that we have not explored the dependence of the system on r,
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FiG. 7. Numerical solutions using the Cassie arc model (3.4b), varying p. and ¢.. In (a), (c) and (e), the currents are shown
through the electrode (i, blue), arc (i g, red) and charge (i.1, green) of phase 1. The insets in (a) and (c) show detail near to
where the current is equal to zero. In (b), (d) and (f) the arc signature (arc voltage against arc current) is shown, along with the
steady-state (DC) solution v, = %,/pc in pink. In all plots (a)—(f), the solid lines correspond to {¢ = 5 x 1073, the dashed lines
ol =1x 102 and the dotted lines to Le=5x 1072, We take R = 1, and the circuit parameters {; = 0.13, re,, = 0.054,
re = 0.18 throughout.
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F1G. 8. Numerical solutions using the Mayr arc model (3.4c), varying p;; and . In (a) and (c), the currents are shown through
the electrode (i1, blue), arc (i,q, red) and charge (i.1, green) of phase 1. The insets in (a) and (c) show detail near to where the
current is zero. In (b) and (d), the arc signature (arc voltage against arc current) is shown, along with the steady-state (DC) solution
Vgl = Pm/iq1 in pink. In all plots (a)—(d), the solid lines correspond to ¢;; = 0.05, the dashed lines to ¢;; = 0.1 and the dotted
lines to &, = 0.5. For all plots, we take R = 1, and choose the circuit parameters {; = 0.13, r¢r = 0.054, r, = 0.18.

since, as discussed in Section 3, this parameter is expected to be small, and so will have a small effect
on the overall solution of the system.

4.4 Comparison with furnace data

Having explored the dependence of our solutions on the model parameters, we now compare the solution
of our model with measurements from an operational silicon furnace, with data provided by Elkem ASA.
We use parameter values for both the circuit and arc model based on the physical values in Table 3.

We note that there are two additional dimensionless parameters, 1 and A, which appear in the form
of the phase voltages v; (3.10), which were not needed in the solution of the ODE system (3.2) with the
arc model. The parameters p and Ay describe, respectively, the proportion of the total resistance, and

220z Jequisidag 60 U0 159NB AQ L |/ 4¥99/261/€/L8/101EJEWEWI/WO0"dNO"OILISPEDE//:SARY WO PAPEO|UMOQ



MODELLING ALTERNATING CURRENT EFFECTS IN A SUBMERGED ARC FURNACE 513

05

current
current
o

05 F 4

(b) Currents for various r,, with {; =0.1.

025 -
02t
1 015
04 i 01 b

0.05 - 0.05

Val
o
Va1
o

-0.05 -0.05 |

-0.1 -0.1

-0.15 1 -0.15

-02 1 -0.2

-0.25 -0.25 -

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
7;“1 ial

(c) Arc signature for various {;, with r, =0.1. (d) Arc signature for various r,, with {; =0.1.

FiG. 9. Numerical solutions using the radiation arc model (3.4a), varying the circuit parameters ¢; and r.. In (a) and (b) the
currents are shown through the electrode (i1, solid), arc (i,1, dashed) and charge (i.1, dotted) of phase 1. The corresponding arc
signatures are shown in (c) and (d). In (a) and (c), ¢; is varied, with r. = 0.1 constant. In (b) and (d), r, is varied, with {; = 0.1
constant. In all, the arc parameters are p, = 0.5, { = 7.6 x 1073, B = 12, and we use R, = 1 and r¢ = 0.054.

proportion of the total inductance that is due to the transformer circuit. From the industrially relevant
data given in Section 3, we see that u =~ 1073, and so the transformer circuit is responsible for a
negligible contribution to the overall resistance. We therefore take the limit & = O for our simulations
in this section.

The effect of the transformer inductance, while smaller than the electrode inductance, is not
negligible. In Fig. 10 we plot the same solution of the (3.2) and (3.4a), but for multiple values of A,
and compare these solutions with the furnace data. Specifically, in order to compare with the furnace
data we show the Lissajous plot of total current i; against the voltage v, across phase 1 in Fig. 10c, not
the arc signature plots of i,; against v, used in Figs 5-9. In the (unphysical) case of Ay = 1 (where
all of the inductive effect is in the transformer and none is in the electrode), we see from (3.10) that the
voltage is purely resistive, v; = ;R;. The voltage v, is therefore in phase with the electrode current 7,
as seen by the fact that the Lissajous curve in Fig. 10c passes through the origin. For smaller A, there
is non-zero induction within the electrode, introducing a phase shift in v; relative to i;. This phase shift
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F1G. 10. Comparison of furnace measurements with numerical simulations using the radiation arc model, with arc parameters
pr=02,¢=8x 10_3, B = 10, circuit parameters {; = 0.13, r = 0.22 and o = 0.054, and where we have chosen R, = 2.5
for reasonable agreement with the data.

is most easily seen as the width of the Lissajous plot, shown in Fig. 10c. The overall gradient of the
Lissajous plot is loosely interpretable as the overall resistance.

The parameters of the arc model (3.4a) used in Fig. 10 are those listed in Table 3, based on physical
values in Table 2. There is a reasonable qualitative agreement in the overall shape of the solutions,
especially for Ay = 0.1. The predominant difference between the simulation and data is the shape of
the voltage curve near its peak, where our model solution is significantly below the measured data. This
indicates that our arc model has a faster reduction in the arc resistance at high voltage than is the case
in reality. From our arc-parameter investigation in Section 4.1, we might expect to get a better fit with
the data in Fig. 10 for much larger values of both p, and ¢,, so that the arc evolves more slowly at high
voltages, although the circuit parameters would then need to be altered to compensate. In reality, it is
likely that we are missing some physical effects in our radiation arc model, which would slow down the
arc evolution, and increase the rate of heat loss from the arc at high voltages. One possibility is the heat
loss to convection, neglected in our radiation arc model (3.4a). The fluid flow in and around the arc is
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FiG. 11. Plot of the time-averaged arc temperature (1/ ]0g(BRu1)4) 1/4, time-averaged hearth voltage <"i211 y1/2 and the amplitude
of i1, as functions of the charge conductance 1/R,.

generated by the Lorentz force, which increases with the current, and so would be likely to have greatest
effect at high currents. Another consideration may be the inductive effects of the arc itself, which may
change through the AC cycle, and are not captured by the constant inductance L; of the phase. It is
important to highlight that the full model has many parameters, and so reasonable agreement with the
same data may be seen for parameter sets in different regimes of the parameter-space.

4.5 Time-averaged quantities for the homogenized model

As discussed in Section 2.2, we may use the solution of our fast-timescale EC model, including the
radiation arc model, as an input to the slower timescale, homogenized model of Luckins et al. (2021),
by computing the averaged quantities (3.12). Using the same model parameters as in Section 4.4, we
compute these averaged quantities (3.12) for a range of charge resistances R,.. For ease of comparison
with the solutions found in Luckins et al. (2021), in Fig. 11 we plot the values

(1/1log(BR, )"/ and vinl2, 4.1)

as functions of the charge conductance 1/R.. We can interpret the terms in (4.1) as an average arc
temperature, and root-mean-square (rms) voltage across the hearth region, respectively.

As in Luckins er al. (2021), we see that as the charge conductance increases, the rms voltage across
the hearth decreases, and the average arc radiation also decreases, as less current passes through the
arc, and more passes through the charge. For sufficiently large charge conductance, the only periodic
solution of our model has i, = 0, so that all the current passes through the charge, and there is no heat
radiated by the arc.

In Luckins et al. (2021), we prescribed the total current i; to be sinusoidal, with prescribed (constant)
amplitude. With the full EC model, we instead solve for the total current i; as part of the solution of
our model, and we see in Fig. 11 that the amplitude of the total current i; increases with the charge
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conductance. It is not clear what effect this might have on the solution of the homogenized model of
Luckins et al. (2021) for the slow-evolution of the charge material, and this would be an interesting area
for future investigation. We note that since we have used a different nondimensionalization, the values
in Fig. 11 would need to be rescaled before use in the homogenized model of Luckins et al. (2021).

4.6 Asymmetric parameters

In all previous numerical solutions of this section we have restricted to the symmetric case, with all
parameters equal in each of the three phases. This is the simplest case but it is not usually observed in
practice: more often there is asymmetry in the electrical measurements from the three phases. In this
section, we introduce asymmetry in some of the parameters, to observe the effect on the solution.

In practice, the furnace electrodes may be raised and lowered by the furnace operators in order to
adjust the current distribution. We therefore investigate the effect of varying the arc length #,, so that
phase 1 has a longer arc than the other two. In our dimensionless model, increasing /4, corresponds to
smaller B, and larger p,; values for that phase. Solutions of (3.2) with (3.4a) for this asymmetric system
are shown in Fig. 12a—b. We note that, as expected, the arc current i,; and total current i; are lower than
the other phases, since arc 1 is more resistive than the other arcs. This is also seen in the arc signature,
which is very different for phase 1 than phases 2 and 3. Interestingly, the asymmetry does not seem
to affect both the phase 2 and 3 currents equally: their arc signatures are very similar shapes, but the
amplitude of the currents are different, with the maximum of phase 3 below the maximum of phase 2.
This may be due to the inherent asymmetry of the electric arc component: arc 1 is more conductive in
the parts of the AC cycle when the current magnitude is decreasing than when it is increasing, and so
affects phases 2 and 3 in different ways.

The electrodes in the furnace often have different lengths, and so different resistances. The base of
the furnace, consisting of metal-rich carbon materials accumulated over time, may also not have uniform
resistance in all three phases. We therefore now investigate the effect of varying the electrode/furnace
base resistance r,, with solutions shown in Fig. 12c—d. Phase 1, with a much larger electrode resistance,
has lower current passing through that phase than the other two, and both the arc and charge currents
in that phase are also lower than in phases 2 and 3. Since the arc parameters are now the same in all
phases, the arc signature plots have similar shape, although the current maximum is different for each
phase. Again, the alteration to phase 1 does not affect phases 2 and 3 equally.

As discussed in Luckins et al. (2021), the resistance of the charge material depends on the local
temperature and composition of the material. Finally, we therefore investigate the situation with phase
1 having much lower charge resistance R, with solutions shown in Fig. 12e—f. We do not see such
dramatic changes in the total current through each phase as in the previous asymmetric cases, and
because the arc parameters are the same for each phase the arc signatures all have similar shape.
However, phase 1 has significantly more current passing through the charge, and less through the arc,
compared with the other two phases. Phases 2 and 3 are again affected differently, despite having the
same parameters as each other.

5. Discussion

In this paper, we have incorporated the three-phase EC model of Valderhaug (1992) into the cell problem
of the homogenized model of Luckins ez al. (2021), which includes a radiation model for the electric arc.
The resulting model consists of a system of five coupled ODE:s for the phase currents and the resistances
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(f) we show the corresponding arc signatures. Unless otherwise specified, we take the standard values ¢ = 8 x 1073, p, =02,

B=12,¢; =0.13, r¢p = 0.054, 7. =0.18 and R = 1.
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of the electric arcs. Since this work ties together two separate aspects of furnace modelling, the results
of this paper may be viewed in different ways by each of these modelling communities.

Firstly, the EC model provides a much more accurate electrical description of the furnace for the
homogenized model of Luckins et al. (2021). In Luckins et al. (2021) the total current i; was assumed to
be sinusoidal, with prescribed amplitude. With the full EC model, we instead solve for the total current
i; as part of the solution of our model. As discussed in Section 2.2.1, the time-averaged quantities
(2.16) may be computed from the solution of the EC model, using the radiation arc model, in order to
incorporate the EC model into the slow timescale model. We computed these quantities in Section 4.5,
observing that the amplitude of the phase current i; increases with the charge conductance, rather than
remaining constant as assumed in Luckins ef al. (2021). It is not clear what effect this might have
on solutions of the homogenized model of Luckins ef al. (2021) for the slow-evolution of the charge
material, and this would be an interesting area for future investigation.

Secondly, we may view the radiation arc model as an alternative to the semi-empirical Cassie or
Mayr models (or the hybrids and additional empirical models used in the literature) in understanding
the AC effects in the EC electrical system. We have compared the radiation model with the Cassie and
Mayr models, by understanding each in terms of the conservation of energy in the arc, highlighting the
different assumptions that are made about the dominant heat loss mechanisms, and the dependence of
the heat content of the arc on the temperature or resistance of the arc. We observed from our numerical
simulations that each arc model evolves within each AC half-period towards its steady-state current—
voltage relationship (IV profile). The radiation arc model has a rising steady-state IV profile at the low
arc resistances expected in a real furnace, compared with the constant-voltage profile for the Cassie
model and the falling profile for the Mayr model. This provides some validation for the radiation model,
since rising I'V characteristics have been predicted by more sophisticated SAF arc models in the literature
(Saevarsdottir, 2002).

The radiation arc model has several advantages over the Cassie and Mayr models in addition to the
rising IV characteristic. It is derived from first principles rather than semi-empirical, hence the model
parameters have physical meaning and may be estimated from properties of the arc gases. The radiation
model is also designed for SAF arcs (rather than for circuit-breaker arcs), taking into account the heat
radiation which is known to be important for such high-current arcs. The radiation model is simple, with
only one more parameter than either the Cassie or Mayr models, and allows for easy combination of the
EC system with slow-timescale models for the heating, flow and chemical reactions in the charge.

We have explored the effect of varying the parameters in the radiation arc model. Increasing the arc
length &, was seen to result in a lower arc current, and we found that there is a threshold arc length above
which no arc forms at all, and all the current passes instead through the charge material. We have also
investigated how the EC system (with the radiation arc model) is dependent on the parameters of the
external electrical system, showing that the total current decreases with both increasing resistance in the
electrode or furnace base, and with increasing inductance. Using physically derived arc parameters we
observed reasonable agreement between our model and furnace data. We anticipate that incorporating
additional physical mechanisms into an arc model, especially heat loss to convection, would improve
further the fit between the model and data.

The numerical simulations in this paper were mostly restricted to the symmetric case, but in reality
asymmetric measurements are much more commonly observed. Our asymmetric solutions for different
arc-lengths, electrode/base resistances and charge resistances demonstrate that the asymmetric problem
is very complicated, with phases 2 and 3 behaving differently, even though all the parameters for
both those two phases were equal. Other parameters, including the resistance of the melt pool and
the inductance in each phase, are also likely to be asymmetric in practice. Indeed, the phase parameters
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are not likely to be independent in reality, since the resistance of the charge material depends on its
temperature, which is dependent on the averaged arc properties. More thorough investigation of the
effect of asymmetrical parameter values is an important area for future work.

Our simulations give insight into how the solution of our model depends on the parameters of both
the electric circuit and the arc-resistance model. Ideally, furnace operators would be able to solve the
inverse problem, reconstructing the model parameters from the furnace measurements, and in this way
infer the distribution of current in the furnace and understand how the arc is behaving. This inverse
problem is likely to be very difficult to analyse as the furnace data that can easily be measured is limited
to just the phase currents and voltages. The EC model—especially allowing for asymmetry between the
phases—includes many parameters, so that it could easily be over-fit. For this reason it is especially
important to ensure the sub-models are physical, and parameter values all fall within physically relevant
ranges. Further investigation of how to approach this inverse problem is needed.

6. Conclusions

The radiation arc model presented in this paper gives a new, computationally inexpensive model for the
arc resistance in an SAF. This model captures the key property of a rising IV characteristic, as predicted
by more sophisticated arc models, but which is lacking in the commonly used empirical models. We have
demonstrated how this radiation arc model may be included into an EC model for the furnace electrical
system, solutions of which are simple and cheap to compute numerically. We have also shown how
averaged results from this fast-timescale model (varying over the timescale of the alternating current)
may be included into a homogenized model for the slower chemical processes inside an SAF. In this
way, we have systematically connected the two bodies of furnace-modelling literature which each focus
on only one of these timescales.
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