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Abstract
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1. Introduction

Let C' be a smooth projective curve over a finite field of characteristic p. We denote the function field
of C'by K. Let A be a semi-abelian scheme over C' with the generic fiber A which is an abelian variety
over K {'| Naturally, we have the relative Frobenius morphism Fy/x : A — A®) Tt induces a map on
rational points Fy/r : A(K) — AWP)(K). To study the properties of the group A®) (K)/Fa/k(A(K)),
we construct the corresponding Selmer group of A/K associated to Fs/k; this naturally contains
AP) (K)/Fa/k(A(K)) as a subgroup. In this thesis, we will show that the Selmer group can be
embedded in the group of homomorphisms of some vector bundles over C, which is a finite group.

Classically, one constructs the Selmer group of an abelian variety A/K associated to an isogeny
f, where K is a number field and f is the multiplication map by m on A(K), and shows that
this group is finite to imply that A(K)/f(A(K)) is finite. This is the weak Mordell-Weil Theorem,
see |2, C.4].

In the following subsections, we will define smooth projective curves, sites and sheaves, semi-abelian
schemes, the Frobenius morphisms and the Selmer groups, and give some related lemmas and remarks.
We will also gradually introduce our specific situation.

Let us give a quick introduction to our main theorem. First, let A be an abelian variety over
a global field K of characteristic p which can be viewed as the function field of a smooth projective
curve C. Assume there exists a semi-abelian scheme A over the curve C such that its generic fiber is

A.

We can view the semi-abelian scheme A as a family of objects (fibers) over the curve, where the
objects are closely related to abelian varieties. At the points (of the curve) where the fibers are
indeed abelian varieties, they behave "well". We can show that the locus of nice points (i.e. sub-
set of the curve such that the fibers of A are abelian varieties) is open dense. Furthermore, the
locus of bad points, say F, is closed and finite. This set must be taken seriously, since it is the main
obstacle of our expected result. We can view this set as the set of singularities which we need to handle.

One way to handle these singularities is by compactification, which is a global method; this is
done in D. Rossler’s paper [3, Corollaire 1.5]. He proved a stronger result |3, Corollaire 1.4] which
generalizes our statement to higher dimension, with the fallback of requiring an extra condition:
Alm|(K) = (Z/mZ)* for some m s.t. (p,m) = 1E| As he mentioned in |3, Remark 1.6], the existence
of the hypothesis is there forced by the nature of the proof, which is based on the existence of the
moduli stack Ay, of abelian varieties of dimension g over kg with level-m structure that contains
A, see [4, I, Def. 4.4]. In this thesis, we handle these singularities locally. If this method can be
generalized to higher dimension, we will not require the existence of the above moduli stack, and hence
we can get rid of the restriction A[m](K) = (Z/mZ)% for some m s.t. (p,m) = 1 mentioned above.

There is a property of this set of singularities, saying that those "singularities" are nice singularities in
the sense that locally one may compensate by a rational function with only poles of order one. This
property is the central reason that the embedding of the Selmer group.

! According to |1, theorem 4.4.], it is very possible that A = N(A)° where N(A) is the identity component of the
Néron model of A, given that semi-abelian scheme A exists.

2Note that the condition A[m](K) = (Z/mZ)*? for some m s.t. (p,m) = 1 on |3 Corollaire 1.4] does not apply
to |3l Corollaire 1.5], the proof of |3} Corollaire 1.5] uses a variant of the proof for |3| Thm 1.3] which does not require
the condition A[m](K) = (Z/mZ)% when dimV = 1.



In characteristic p, our ultimate goal is to study the rational points AP) (K). But this is difficult to do di-
rectly. We thus consider the map induced by the relative Frobenius morphism Fy /g : A(K) — AWP)(K).

There is a useful tool to study the cokernel, %, called the Selmer group. There are a lot of

technical details going on in the Selmer group. I will give an analogous example to show the central idea.

Consider the set of integer solutions of the equation z3 + 3% + 23 = 33. The integer solutions
are also (or descend to) rational solutions and solutions in Z, for any prime p. Hence the set of integral
solutions can be embedded into the "intersection" of rational solutions and Zp-solutions. Similarly, we

can descend the relative Frobenius map to different completions of K, and for each of them we obtain

a group in which % always embeds. We call the intersection, in which % naturally

embeds, the Selmer group.

We state our main theorem [3.1] here:

Theorem. There is a natural injective homomorphism
¢ : Sel P4/ (A/ K) — Home (FEWier 7y /00 Qo (B))-

And this map ¢ is functorial for morphisms of semi-abelian schemes over C.

Notation: Fy/c: A — AP) is the relative Frobenius morphism of A/C, and similar for F4 /K- Then
ker F)4 ¢ is a group scheme over C'. For any group scheme G/S, we denote e = eg/g : S — G as the
unit section and define wg /g = e*Qé /s where Qé /s is the sheaf of relative differentials of degree 1 of
G over S.

Note that Fwier /o and Qlc/ko (E) are both vector bundles over C, where Qlc/ko (E) = Qé‘/ko R0
O(F) acts as the analogy of "locally one may compensate by a rational function with only poles of
order one".

Since Home (Ffwyer Fae/C Qé‘/ko (E)) =T(C, Fiw), Faje)c®0c Qé/kO(E)) where Fiw)/ Faje/c®0c
Qé Tk (E) is a finite locally free sheaf over C' and C' is proper over ko, by [5, tag 0205|, this global
section is a finite kgp-module, hence a finite abelian group since kg is finite. We also state the corollary

3.8 here.
Corollary. The group % s finite.

For other applications and context of this embedding, see D. Rossler’s work [6, p.5].

1.1. Sketch of the proof

The following subsection is a sketch of the proof.

1.1.1. Reduce to local case

Denote F by the fppf sheaf on C generated by the Oc-module F := Fow! Fao/C ®0c Q}/y/ko, and it

is finite locally free.


https://stacks.math.columbia.edu/tag/02O5

Pick any closed point v € C, apply the second exact sequence (see section [2) to the commutative
square

T o SpeTc K
Spec @U Spec K,

we have the following commutative diagram, where the cohomology groups are for fppf-sheaves.

et

H' (K ker Fy /)

H' (K, ker Fa, /k,)

n

H'(Ovker Fy 5, i F(Oy)

Our desired map ¢ embeds in ;. To prove our theorem it suffices to show that:

for all T € SelF4/x)(A/K), for all v closed in C, denote ¢ the uniformiser of @,, we have

y3(M(T)) € F(O,) =Tmpus Yo e C\{EUn}
t-y3s(\(T)) € F(Oy) =Impus YweE

We will later see that this assertion is trivially true for the set of good points C\(E U {n}).

A~

1.1.2. Construct a short exact sequence of group schemes over O,

The Raynaud construction (see |4}, II, 1]) provides an exact sequence of formal schemes over @v, say

Oy

~ : : ~ faithfully flat 5
0 G closed 1mmer81on> A Y s B s 0 (12)

where ° denotes formalization. Here B/Q, is an abelian scheme and G is a torus over @,. By
definition, G splits (i.e. isomorphic to a product of finitely many copies of multiplicative group scheme
Gm) fpgc-locally. We can find a suitable base change so that we can assume G splits.

If v ¢ E, the assertion 3(A\4(T")) € Im 3 follows trivially from the valuative criterion of properness
and the fact that A@U 2 B is proper. So we can assume v € F.

From the exact sequence of formal schemes over O,,, we can construct a short exact sequence of finite
commutative group schemes over O,:

0—p®, —kerF,

q
A ker Iy, A .
PO, 0,100 KT Eg)0, =0



Apply the second exact sequence to the above SES, we obtain the following simplified commutative
diagram whose middle plane is the bottom plane of diagram

€1,Ky 1
Hl(Kva Mflm) - K}
DK,
Hl(ov’ M;‘il(év) = O% ():’\i"
d) ()‘ )
29, Ky =73
H'(Ky, ker Fu,. /xc,) Ky

bo=ps3

\

VK,
- ea="s A (1.3)
Hl(Ov, ker F'A(ﬁ,u/@'u) 2=74 oy VK,
v 1 €3, Ky m
H* (K, ker F, /k,) K
% /
H' (O, ker F 5, ) = o

1.1.3. Three lemmas and diagram chase

With the following three results/lemmas, the assertion t - y3(A4(7")) € Im 3 is just a simple diagram
chase:

1. t-Imey g, C Imby;
2. 1 is surjective;

3. /l/}KU(ALL(T)) C Imas.

The first result relies on the understanding of the second exact sequence. The second result reduces to
showing H2(O,, ttp) = 0 which is not hard. The third one is the essential ingredient of our paper. To
prove it we need to deeply investigate the Raynaud exact sequence in the setting of rigid analytic

space.

1.1.4. Show that va ()\4(T)) C Imas

By definition A\4(T") comes from A%Z (Ky). It suffices to show ¢, (A4(T")) comes from Bgz (Ky) =
B®(0,) so it lies in Im as.
A as=A\
HY(O,, ker FA@U/@U) a2=A3 H'(K,, kerFAKU/KU)
lﬂ) VK,

H' Oy ker Fy o) —=H' (Ko, ker F, /ic,)



AR (Ky) B (K.)

| £

VK,
Hl(KmkerFAKv/K )*K>H (Kv,kerFng /Ku)

So the problem is reduced to showing that Im(¢k, o f4) C Im fp, or finding a map of sets A%Z (Ky,) —

BY)(K,) that is compatible with H'(K,, ker Fy, /x,) — H'(Ky ker Fg, /i,). This is where we
introduce the method of rigid-analytic space. A brief introduction and related results are introduced

in Appendix [B]

Transform the above diagram into rigid-analytic setting, we have

(A32) P (Ky) (B3 )W(K.)

PHS(ker FAz;? /Kv) *s> PHS(ker FB%‘ /Kv)

and the problem is reduced to showing that Im(so¥ ) C Im ¥, or finding a map of sets (A*}?v)(p) (Ky) —
(B?&)(p) (K,) making the diagram commutes.

By the uniformization theorem |7, 1.1 & 1.2|, there exists an extension
0-GY . - E5 Bk, —0

and a commutative diagram of abelian rigid K,-groups where each arrow is a group homomorphism

Ean [ Bz]x{n _ Brig
v

o A @rig
J

S

1A

Just like the scheme case, we can construct the following commutative diagram from the above one:

(B2 (@) ( (B3 )W(K,)
(A3 V() (A6, )7™) P (K
PHS (ker Figan /¢, ) PHS(ker Fap /k,)
/ \
PHS(ker Fag /) PHS(ker F| 4 ). /Kv)

The proof of the three isomorphisms in the bottom plane is not trivial. We can also show that
(E2)P)(K,) — (A‘}?u)(p) (Ky) is surjective. So any element in (A% )P)(K,) can be lifted to an element

10



in (E2")®)(K,), and we can map it into (B'}‘a)(p)(Kv). This is the map of sets (A%?v)(p)(KU) —
(B, )P)(K,) we want to construct. With a simple diagram chase, we can see that it is compatible
with PHS(ker Fpan /) — PHS(ker Figan /f¢, ). The result follows.

This completes the sketch of the proof of our main theorem.

1.2.

Smooth projective curve C'

To formally introduce the situation, we start with the concrete definition of the curve.

Situation 1.1. Let C' be a smooth, projective, geometrically integral scheme of dimension 1 over a
finite field ko of characteristic p. Define K = K(C'), and 7 as the generic point.

We now state and prove some properties which we will later use in our proof.

Lemma 1.2. Let C be as above, then we have

1.

1.

140

0.

ul.

VL.

VL.

1.

C is projective, smooth, separated, universally closed, proper, flat, quasi-compact, of finite type
over k.

C is Noetherian, regular, normal, geometrically integral and of dimension 1.

Every non-empty open affine subset of C' is the spectrum of a Dedekind domain, i.e. a Noetherian
normal domain of dimension 1.

Every non-generic point v is closed, the stalk Oc ., is a discrete valuation ring, and we may
denote it as Oy, whose fraction field is K. Also the residue field k(v) is a finite extension of k.
Hence C' is also a factorial scheme.

Every non-empty open subset contains the generic point  and hence must be dense. FEvery closed
subset is either C' or a finite set of closed points.

Every valuation ring of K contains ko. There is a one-to-one correspondence between the set of
non-generic points and the set of non-trivial valuations on K.

K is transcendental of degree 1 over ky.

Every non-generic point {v} is an effective Cartier divisor on C, i.e. a closed subscheme whose
ideal sheaf Iy, C Oc is an invertible Oc-module, see [9, tag 01WR).

Every non-generic point {v} is a prime Weil divisor on C, i.e. an integral closed subscheme of
codimension 1 (see (5, tag 0BE2]), and vice versa. And the associated sheaf O({v}) defined as
U, 0{v})) :={t € K(C)* : Div |yt + {v}y >0} U {0}

is 1somorphic to Ii/v}, where Div |ys := )y valy(s)[Y] is the divisor of zeros and poles of
the rational section s, over the open subscheme U, and |y : Weil X — WeilU, >y ny[Y] —
> vruzp v [Y NU] denotes restriction map from X to U (cf. |8, Chap. 14.2]) .

11
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Proof.

..

1.

130

w.

V1.

We know that projectivity implies proper which is equivalent to separated, universally closed and
of finite type. And smooth implies flatness. Quasi-compactness follows from being of finite type.

Since C is of finite type over kg, any field is Noetherian, and any scheme which is of finite type
over a Noetherian scheme is Noetherian, we have C' is Noetherian. Since smoothness over a field
implies regularity |9, 6.26], and regular schemes are normal, we know that C' is a regular and
normal scheme. And C is geometrically integral scheme of dimension 1 by definition.

Let U be a non-empty open affine subset, we want to show that O¢(U) is a Noetherian normal
domain of dimension 1. By [5, tag 0A21| we have that dimU = dim C = 1. Since C is an
integral scheme, O¢(U) is an integral domain. By (7)) we know C' is normal and integral, so
Oc(U) is a Noetherian normal domain of dimension 1 |10, 4.1, 1.5].

Let v be a non-generic point of C, let U be an arbitrary open affine subset containing v, say
U = Spec R, where R is a Dedekind domain by (7). Then v corresponds to a non-zero prime
ideal p of R. In Dedekind domain, every non-zero prime ideal is maximal, and the localization
at each maximal ideal is a discrete valuation ring (abbr. DVR), thus v is a closed point of U
and O¢, = Oy, is a DVR. Let {U;} be an open affine cover of C', then {v} N U; must be closed
in each Uj;, so v is closed in C.

R

Note the residue field k(v) = Frac% = - Since C is of finite type over ko, R is a finitely

generated kog-algebra, so is £. By Nullstellensatz, any finitely generated kg algebra which is also
a field must be finite over kg. Hence x(v) is a finite extension of ky.

Next we show that the fraction field of O, = O¢, is K. Since C is an integral scheme,
we have a sequence of injection of integral domains O¢(U) — O, = O¢,;, = K. Also K is the
fraction field of O¢(U), it must also be the fraction field of O,. Now every stalk is either a DVR
or a field, they are all unique factorization domains, so C' is factorial.

Let U be a non-empty open subset, if n ¢ U, then U° is a proper closed subset containing the
closure of 1, which is C, contradiction. So we must have n € U. Let Z be a closed subset of
C, so Z is Noetherian, hence has a finite number of irreducible components. If n € Z, then
Z = C. Otherwise n ¢ Z and every point in Z is closed by (i), and each point is an irreducible
component, thus Z must be a finite set of closed points.

Giving a valuation ring of K is the same as giving a valuation v on K. Since kg is finite,
every non-zero element of it is of finite order, say 2™ = 1,wherex € k. Hence v(z™"!) =
(m+1)-v(z) = v(z), then we have v(z) = 0 and z lies in the valuation ring. Given a non-trivial
valuation ring O on K, we have a sequence of injection kg — O — K. Hence we have the
following commutative diagram.

Spec K g .

4

Spec O Y Spec kg

where ¢ is the inclusion of generic point and h is the structure morphism of C' and it is proper.
By valuative criterion for properness, see |10, 3.3.2, 3.26|, there exists a unique morphism

12
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V1.

VL.

1.

j : Spec O — C making the following diagram commute

Spec K g .0

Spec (9 A Spec kg

Let v be the closed point of SpecO, let v = j(y). Then j induces a map of local rings
O, =+ Oy = O, and j must factor through Spec O,:

Spec O, 2 Spec O,

o

Spec O ——

If v =nthenl=g:SpecK — C. And we have g = jois =10 jy0i9 = go jyo0ig. Since
Spec O,, = Spec K — C is a monomorphism in the category of schemes by [5, tag 01L9]|, we
have jp 0 i = idgpec K» i.6. we have a map K — O — K which is identity, it implies O — K is
surjective which is a contradiction.

Thus v = j(v) is a closed point, and it is not hard to see that both j o iy and g factors
through Spec O, — C. Again since Spec O, — C' is a monomorphism in the category of schemes
by [, tag 011L9], we have a commutative diagram

K(T)Ov
v| e
@)

To show ¢’ is an injection it suffices to consider that if ¢/(¢) = 0, then ' o ¢/(t) = d/(t) = 0, so
t = 0. Hence ¢ is an injection. Also ¢’ is induced as a local ring map by j(v) = v, so O dominates
O, in K. Since valuation rings are maximal among local sub-rings of K by domination, we
must have O = O,, and this point is unique since the morphism j is unique. So we know that
every non-trivial valuation on K gives rise to a unique non-generic point of C, and for every
non-generic point v of C, O, determines a non-trivial valuation on K and the process is clearly
mutual.

Since C' is of finite type over kg and it is integral of dimension 1, the function field K is
transcendental of degree 1 over kg by [10, 2.5.3, 5.19].

Every non-generic point is closed, and we equip it with the reduced induced closed subscheme
structure. By (ii) and (iv), every non-generic point {x} as an irreducible closed subscheme is of
codimension 1 and we have that O¢, is a DVR so a unique factorization domain (abbr. UFD).
By [5, tag 0AGA], every non-generic point can be viewed as an effective Cartier divisor on C'.

Every non-generic point is an irreducible closed subset of codimension 1 with the unique reduced
induced closed subscheme structure, so it is integral and it is a prime Weil divisor on C'. Reversely
every prime Weil divisor on C as a set is an irreducible codimension 1 closed subset of C, hence
it is not C and contains at least one non-generic point, which is closed and irreducible and

13
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codimension 1. Hence that non-generic point must be the whole divisor. They have the same
closed subscheme structure since they are both reduced.

Next we show that IE/U} =~ O({v}). Since C is integral, any restriction map is injective and we
have
Oc(U) = ) Ocu = {t € K(C)*|Vu € U = n,val, t > 0} U {0}
uclU

Similar statement holds for any quasi-coherent ideal sheaf 7, i.e. any restriction map is injective
and Z(U) = NyevZ,. Hence

Nucr Ocu = Oc(U) ifv ¢ U
my N ﬂueva OC,u lf’U S U

Ty (U) = (] Tpyu = {

uelU

Now we can determine IE/U}. We know IE/U}(U) = Homop, |, (Zy|lv, Ocly). For any ¢ €
Homo,, |, (Zioy v, Oclv), denote V = U — v, we claim that ¢ is determined by ¢(V)(1). If v ¢ U,
then V = U and Zy\|v = Oclu, clearly ¢ is determined by ¢(U)(1). If v € U, we know ¢ is
uniquely determined by its restrictions to stalks, for points x other than v, ¢, is determined by
¢(V)(1); and for ¢y, : Zyy,, — Ocw, consider s € Zy,y,, = my, there exists some open W C U
s.t. s € Oc(W). Pick any w € W — v, we have ¢,(s) = ¢(W)(s) = ¢u(s) = s - ¢w(1). Hence
®u(s) is also determined by ¢(V')(1), so is ¢.

Clearly the zero element can be ¢(V)(1). For an element t € K(C)* to be ¢(V)(1), we
need Vu € U,Vs € Ly, st € Oc,y. Equivalently we need

Vu € U —n,Vs € Liyy o, valu(st) = valy(t) + valu(s) >0

Equivalently
Vu € U —n,val,(t) + min val,(s) >0
SEZ{U}’H
Equivalently
0 ifuelU—n—w

-1 fu=w

valy, (t) > {

Equivalently (we use the fact that the set of prime Weil divisors is the same as the set of
non-generic points here)
Div |yt + {v}|y >0

Hence we have IE’U} = O({v}) where the identification of ring structures and restriction maps
follow trivially.

O

1.3. Site and sheaves

The following subsection is very general and but we need to introduce the definition of fppf-sheaves
on the big fppf site of a scheme S. Readers can skip this subsection.

Definition 1.3. Let C be a category, a family of morphisms with fixed target in C is given by an
object U € Ob(C), a set I and for each i € I a morphism U; — U of C with target U. We use the
notation {U; — U };¢s to indicate this.

14



Definition 1.4. A site is a pair (C, Cov(C)) where C is a category and Cov(C), the coverings of C,
is a set whose elements are of the form {U; — U}er, i.e. a family of morphisms with fixed target,
satisfying the following axioms:

1. If V. — U is an isomorphism then {V — U} € Cov(C).

2. If {U; — U}ier € Cov(C) and for each i we have {Vi; — U;}jes, € Cov(C), then {V;; —
Utier,jes; € Cov(C).

3. If {U; —» U}ier € Cov(C) and V' — U is a morphism of C then U; xy V exists for all ¢ and
{Uz xyV — V}ie[ S COV(C)

Next we define presheaves/sheaves on a site.

Definition 1.5. Let C be a category, a presheaf of abelian groups on C is a contravariant functor

F :C — Ab.

Definition 1.6. Let (C,Cov(C)) be a site, let F be a presheaf of abelian groups, then F is a sheaf if
for all {U; — U}ier € Cov(C), the following diagram is an equalizer:

pry
FU) — [Lie; F(Ui) p:§ Ly i)erxs F Wi xu Usy)
Ty

Next we can define the big fppf site of S and an fppf-sheaf on it.

Definition 1.7. Let S be a scheme, the big fppf site of S, denoted by (Sch/S)spps, is the pair
(Sch/S,Cov(Sch/S)), where Sch/S is the category of S-schemes, and {f; : U; — U}ier € Cov(Sch/S)
if each f; is a morphism of S-schemes, and it is flat, locally of finite presentation and U = |, f(Uj;).

An fppf-sheaf (of abelian groups on the big fppf site of a scheme S) is just a sheaf of abelian
groups on the big fppf site of a scheme S.

Remark 1.8. The category of sheaves of abelian groups on the big fppf site of a scheme S is an abelian
category, see |11, Thm. 8.11].

This fact is quite useful since in an abelian category we can apply all sorts of homological lemmas,
e.g. the snake lemma. The following proposition states that any commutative S-group scheme can be
viewed as a sheaf of abelian groups.

Proposition 1.9. Let G be a commutative S-group scheme, we define the presheaf Fg associated to
G by Fo(T) := Homg (T, G). Then Fg is an fppf sheaf on the big fppf site of S, (Sch/S)gppt-

Proof. See |12, 11, Cor. 1.7]. O

1.4. Semi-abelian scheme

Definition 1.10. We call A/K an abelian variety if A is a group scheme over K and it is proper
and geometrically integral over K.
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The concept of abelian variety is central to arithmetic geometry, and there are many equivalent
definitions. The following remark states that there are 2 x 4 x 2 = 16 equivalent definitions of abelian
varieties.

Remark 1.11. Let {projective, proper}, {geometrically irreducible, irreducible, geometrically connected,
connected}, {smooth, geometrically reduced} be three sets of properties, pick one from each of them,
and let A/K be a group scheme with the chosen properties. Then it agrees with the definition of
abelian variety.

Proof. Clearly projectivity implies properness; and geometrically irreducibility implies the other three
which in turn implies connectivity. By |5}, tag 056T| we know that smoothness of K-schemes implies
geometrically reducedness. Thus it suffices to show that "abelian varieties are projective, geometrically
irreducible and smooth", and "proper connected and geometrically reduced group schemes over K is
an abelian variety".

By [5, tag 0BF9], abelian varieties are projective and smooth. Geometrically irreducibility comes from
the definition. Next we show that proper connected and geometrically reduced group schemes over K
are abelian varieties, i.e. they are proper and geometrically integral.

It suffices to show geometrically irreducibility. A group scheme over the field K must contain a
K-rational point, the unit section. In this case, A is connected implies it is geometrically connected
by [5, tag 04KV|. Hence after base change to any field extension K’ of K, Ak is connected. Plus,
since every connected group scheme over a field is irreducible by |5, tag 0B7Q)]|, Ag is irreducible. So
A is geometrically irreducible. The result follows. O

The definition of abelian varieties does not directly state it is abelian, but it is indeed true.

Remark 1.12. An abelian variety is a commutative group scheme.
Proof. See |5, tag 0BFD|. O

Cohomology arises everywhere in mathematics, so it is natural to define exact sequences in different
cases. The definition of exact sequence of abelian groups can be easily defined, but not for commutative
group schemes because cokernels of commutative group schemes do not behave as well as cokernels of
abelian groups. We will define the exact sequence of commutative group schemes over a scheme S as
follows, but this only behaves well under certain conditions.

Definition 1.13. Let S be a scheme, then a sequence of commutative group scheme over S

0—>G1i>G2i>G3—>O

is exact if f is an isomorphism onto ker g and g is faithfully flat.

We will only use the above definition under two "nice" conditions:

1. G1/S is flat and locally of finite presentation and g is locally of finite presentation.

2. the base scheme is the spectrum of a field and all of G1, G2 and G3 are of finite type over the
base field.
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Remark 1.14. The second condition implies the first one.

Proof. Let S = Speck and Gy, Go, 3 be finite type commutative group schemes over k. Since Spec k
is Noetherian, they are also of finite presentation. By [5, tag 02FV], the morphism between them must
be locally of finite presentation. In particular, G;/S and g are locally of finite presentation. Since S is
the spectrum of a field, G1/S is flat. O

And for the case of first condition we present a remark below showing that the above definition
of exactness agrees with the one in the abelian category of fppf-sheaves on the big fppf site of S,
(Sch/S) fpps- The later definition of exactness is quite nice since it lives in an abelian category. As we
mentioned before, we can thus apply homological lemmas like the snake lemma.

Remark 1.15. Fix a base scheme S, let 0 —> T g G5 H->0bea sequence of commutative group
schemes over S s.t. T is flat and locally of finite presentation over S. Then the following two definitions
of exactness of the above sequence agree.

1. ¢ is an isomorphism onto ker g and ¢ is faithfully flat and locally of finite presentation.

2. It is exact as fppf-sheaves in the abelian category of fppf-sheaves on the big fppf site of S,
(SCh/S)fppf.

Proof. (1)=(2): Since ¢ is an isomorphism onto ker ¢, we can view the sequence as 0 — ker g LA
H — 0. So (ker g, ¢) represents the kernel sheaf of ¢ and the corresponding injection of sheaves. It
remains the show that ¢ : G — H represents a surjective map of sheaves. The result follows from ¢ is
fopf, |5, tag 02WJ| and |5, tag 05VM].

(2)=(1): Since it’s an exact sequence of sheaves, T' represents the kernel sheaf of ¢ : G — H,
which is also represented by the group scheme ker q. The injection of kernel sheaf into G is represented
by the immersion of ker g into G. By Yoneda lemma, we must have ¢ : T — (G is an isomorphism onto
kergq.

By exactness, H is the fppf quotient of ¢ : T — G in the sense of the definition in [13, 4.28],
then by |13 4.35], it’s also a geometric quotient, in the sense of |13, 4.12]. The construction of
geometric quotient makes g : G — H surjective.

By [13 4.32] we have that flatness and the property of being locally finite presentation are fppf
local on the target, then by [13| 4.33], the fact T'/S is flat and locally of finite presentation implies
q : G — H is flat and locally of finite presentation. Since we showed it is surjective, we have that ¢ is
faithfully flat and locally of finite presentation. O

With the definition of abelian varieties and exact sequences, we can now define the semi-abelian
scheme, cf. [4, Chap. I, Def. 2.3|.

Definition 1.16. Let C be a scheme, we say T is a torus over C if T' is a commutative group scheme
which is fppf-locally isomorphic to a product of finitely many copies of the multiplicative group scheme
Gm,c over C, i.e. for any point s € C, there exists an open neighborhood U of s, an fppf morphism
C’" — U and a non-negative integer r s.t. T x¢ C' = G?ZC. We say 7 : A — C' is a semi-abelian
scheme if A is a smooth separated commutative group scheme over C' via m with geometrically
connected fibers, such that each fiber A,, where v € (', is an extension of an abelian variety B, by a
torus T, over the residue field x(v), i.e. a short exact sequence (abbr. SES) 0 — T,, - A, — B, — 0.

17


https://stacks.math.columbia.edu/tag/02FV
https://stacks.math.columbia.edu/tag/02WJ
https://stacks.math.columbia.edu/tag/05VM

Remark 1.17. Let w: A — C be a semi-abelian scheme, pick a point v € C, then the exact sequence
of commutative group scheme over x(v), 0 — T,, — A, EN B, — 0, satisfies the condition 2 mentioned
above, i.e. they are all of finite type over x(v).

Proof. Since B, is an abelian variety, it is of finite type. A, is a connected group scheme over a field
so irreducible, by [5, tag 0B7Q)|. Thus A, is quasi-compact by |5 tag 0B7P|. Hence the structure
morphism of A, is quasi-compact since the pre-image of the open affine set Spec k(v) is quasi-compact.
Also the structure morphism is smooth as a base change of 7, hence locally of finite presentation, thus
locally of finite type. Combined with quasi-compactness, it is of finite type.

Since B, is an abelian variety so separated, ker g = T, is a closed subgroup scheme of A, by |13} 3.13].
The structure morphism of T, is hence the composition of the structure morphism of A, and a closed
immersion, and both of them are of finite type, hence it is of finite type. O

It is also worth noting that the structure morphism of a semi-abelian scheme is of finite presentation.
This fact helps showing that the set of "bad points" E in our main theorem is closed. This is vital
since if E is not a closed set, then we cannot define O(E) and hence Q, Tko (E) does not make sense.

Proposition 1.18. Let 7 : A — C be a semi-abelian scheme, then w is of finite presentation.
Proof. 1t follows from [5| tag 01UA| and |14, Exposé VIB, Corollaire 5.5]|. O

Situation 1.19. Continuing situation [I.T], let A be an abelian variety over K, and m: A — C be a
semi-abelian scheme such that the generic fiber is A. Define EE C C to be the set of "bad points",

E :={veC: A, is not an abelian variety over x(v)}.

Lemma 1.20. In above situation, we have

1. the set E is a finite closed subset.

2. the closed set E can be viewed as an effective Cartier divisor on C, and we have E =} _p{v}
as a Cartier divisor. Denote Ty C O¢ by the ideal sheaf defining it.

3. the closed set E can be viewed as a Weil divisor as ), p{v}, a finite sum of prime divisors.

The associated sheaf O(E) is defined as
(U, O(E)) :={te K(C)" : Div|yt + E|y > 0} U {0}

then we have an isomorphism LY, = O(E) which sends the canonical inclusion Ty, — O¢ to 1.

4. the global sections T'(C, O(E)) of O(E) equals the zero element union the set of rational functions
t e K(C)* s.t. for any non-generic point v, we have

0 ifvéFE

vah(t) 2 {—1 ifvek
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Proof. 1. Since the definition of abelian variety can be proper, connected and smooth group
schemes by remark the set F can also be characterized by A, is not proper over k(v).
Since 7 is of finite presentation, by [9, Appx. E, p. 580, (6)], we know the complement set
C\E = {v € V : A, is proper over k(v)} is constructible (i.e. finite union of locally closed
subset according to |9, Def. 10.12]) and contains the generic point 7. By [5, tag 005K], this set
contains a dense open subset of C' (taking Z = C). So E is a subset of a proper closed subset of
C, by lemma (v), it is also finite.

2. Since C is reduced, every close subset has a unique closed subscheme structure. Thus we can
treat E as a closed subscheme. By lemma (viii), every non-generic point is an effective
Cartier divisor already, then by [5| tag 0C4R]|, we have E is an effective Cartier divisor and it

equals ) - p{v}.

3. The procedure is almost identical to the proof of lemma (iz). Similarly we have

Oc(U) = () Ocu = {t € K(C)*|Vu € U,val, t > 0} U {0}
uelU

Ip(U) = m Tpu = {mueU Ocu = Oc(U) ifENU =10

MNoerny Mo N Nyer—g Ocu  otherwise

We know Zy(U) = Home,,, (Ze|v, Oclv), for any ¢ € Home,, |, (Zelv, Oclv), denote V' =
U — E, we claim that ¢ is determined by ¢(V')(1). We know ¢ is uniquely determined by its
restrictions to stalks: for points x ¢ FE, clearly ¢, : Ocy — Oc is determined by ¢(V)(1);
for points x € E, we have ¢, : m; — Oc, let s € m,, there exists some open W C U s.t.
s € Oc(W). Shrink it further so that W doesn’t contain any other point in E. Pick any
w € W —x, we have ¢,(s) = d(W)(s) = dw(s) = s du(l) =s-d(V)(1). Hence ¢, (s) is also
determined by ¢(V')(1), so is ¢.

Clearly the zero element can be ¢(V)(1). For an element t € K(C)* to be ¢(V)(1), we
need Yu € U,Vs € Igy, st € Oc,y,. Equivalently we need

Vu € U —n,Vs € I, val,(st) = val,(t) + val,(s) >0

Equivalently
Yu € U — n,val,(t) + min val,(s) >0

s€Tp.u
Equivalently
0 ifveU—-FE—n
-1 ifve ENU

valy (t) > {

Equivalently (we use the fact that the set of prime Weil divisors is the same as the set of
non-generic points here)
Div ‘Ut + E‘U >0

Hence we have Z, = O(E) where the identification of ring structures and restriction maps follow
trivially. And it is easy to see that the canonical inclusion Zrp < O¢ is induced by taking

o(V)(1) = 1.

4. Follows trivially from above proof.
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For any Oc-module £, we define the twist of £ by E as L(E) = L ®p, O(E). So we have
FCv*Qé‘/ko,cl(E) = FC’*QlC/kD,cl ®oc O(E).

1.5. Frobenius morphism

In characteristic p, the Frobenius map naturally arises. We can define the Frobenius map of rings,
fields, algebras simply by sending ¢ to tP. Similarly we define the absolute Frobenius morphism of
schemes over characteristic p.

Definition 1.21. Let S be a scheme of characteristic p, then we define the absolute Frobenius
morphism Fg : S — S induced by Og — Og, s > sP.

We then define the relative Frobenius morphism which we will use to construct the Selmer group.

Definition 1.22. Let X be a scheme over S of characteristic p with structure morphism 7 : X — 5,
then we define X () as the fiber product X xg.S along 7 and Fg. And we define the relative Frobenius
morphism of X/S as Fy/g: X — X () along the morphisms Fx : X — X and 7 : X — S, see the

following diagram.
Fx

X
. Fxys
N

~ X0 5 X

g .

F
—S>S

Remark 1.23. Both absolute Frobenius morphism and relative Frobenius morphism are functorial.
Moreover, if X is a S-group scheme, then X ®) naturally has a structure of S-group, and Fx/sisa
S-group morphism, the proof is identical to the proof of lemma [B.13]

Definition 1.24. A scheme S of characteristic p is said to be perfect if Fig is an isomorphism. A
finite group scheme N over S is said to have height h if FJ}\L,/S : N — N®") is zero (i.e. FJ}\L,/S factors

through the unit section of N (ph)) and F' ]}\L,?; is not zero, cf. |15, III, The Frobenius morphism].

If A is an abelian variety over K of characteristic p, then the relative Frobenius morphism Fy/x :

A — AW naturally induces a map of rational points,
Faji : A(K) — AP(K)
which gives us a pathway to study the ultimate goal, the structure of A®) (K).

The following lemma verifies one of the conditions for above relative Frobenius morphism to be
an isogeny, which will be defined in the next subsection.

Lemma 1.25. Let G be a smooth scheme over a locally Noetherian scheme S of characteristic p, then
the relative Frobenius morphism Fg g is faithfully flat.
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Proof. Clearly relative Frobenius morphism is a homeomorphism hence surjective. Since faithfully flat
is just surjective and flat, it suffices to show flatness. We would like to use this lemma [5, tag 039E].
There are four conditions, which we will show one by one. We only care about the red arrows in the
following commutative diagram.

G Fe

B

. GP) =@
lW(P) lw
s g

1. G is locally of finite presentation over S: it follows from the smoothness of 7.
2. G is flat over S: it follows from the smoothness of .

3. For every s € S, the morphism Fg g = Fg, /x(s) + Gs = Ggp) is flat: Since G/S is smooth,
Gs/k(s) is smooth. By |10, Chap. 4.3, Ex. 3.13|, we have that the relative Frobenius morphism
of G5/k(s) is flat.

4. G is locally of finite type over S: since 7 is the base change of the smooth morphism 7, it
is also smooth hence locally of finite presentation thus locally of finite type.

Then the result follows from [5, tag 039E]. O

Corollary 1.26. Let G be a smooth commutative group scheme over a locally Noetherian scheme S

of characteristic p, then

F,
0 — ker Fg/s — G “Eav) 0

1s a short exact sequence in the sense of remark i.e. kerFgs is flat and locally of finite
presentation over S, Fg/g is faithfully flat and locally of finite presentation. In particular, this
sequence is exact as fppf-sheaves.

Proof. By above lemma we know Fg /g is faithfully flat. Since G is smooth over S, G is locally of finite
presentation over S. Thus Fg/g is finite by [5, tag 0CCD], so locally of finite presentation. Pull back

Fg/s w.r.t. the unit section of G, we can see that ker Fg/s is flat and locally of finite presentation
over S. The result follows. O

Corollary 1.27. In the above corollary, we have a long exact sequence of abelian groups:
0 — ker Fig/5(S) = G(S) = GP/(S) — HE (S, ker Fi /) — Hi, (S, G) — Hi, ¢(S, G®))

where H%ppf(S, F) denotes the first order fppf cohomology group over S when F is an fppf-sheaf on the

big fppf site of S.

Proof. Just apply the fppf cohomology to the short exact sequence. O

The following lemma simply verifies one of the conditions of a cited result used in the proof of our
main theorem.
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Lemma 1.28. Let X be a group scheme over S of characteristic p, let N := ker Fiy;g, then N is
a group scheme over S and Fy/g =0, i.e. for any S-scheme Y, the induced group homomorphism

NY)—= N®Y): f— Fyys o f is trivial, more precisely, Fnjso f Y — N® factors through the
unit section of N®) .

Proof. Since X/S is a group scheme, the relative Frobenius morphism F /g is a homomorphism of
S-group schemes, thus IV = ker F'x/g is a subgroup scheme of X. Similarly N () is a subgroup scheme
of X(). By functoriality of relative Frobenius morphism, we have a commutative diagram of group
schemes over S.

F
X —

For any S-scheme Y, it induces a commutative diagram of group homomorphisms:

N(Y) % N®) (Y)

i 3(p)

F
X(Y) =L x®)(v)

Since N is the kernel of Fx /g, FX/S oi(f)=1i" o FN/S(f) is trivial. Since N®) is a subgroup scheme
of X® () is an injection, thus FN/S(f) is trivial so we may write Fy/g = 0. O

1.6. Selmer group of an isogeny between abelian varieties over a field

To define the Selmer group (associated to an isogeny of varieties), we must first define what an isogeny
is.

Definition 1.29. Let A, B be two abelian varieties over K, then a morphism of K-group schemes
f: A — B is an isogeny if it is finite, flat and surjective.

Next we define the notation of separable isogeny, and later we will define the Selmer group associated
to a separable isogeny and then generalize it to arbitrary isogenies.

Lemma 1.30. Let f: A — B be an isogeny between abelian varieties over K. Then the following
conditions are equivalent:

1. The function field k(A) is a separable field extension of k(B).
2. f is an étale morphism.

3. ker f is an étale group scheme.

In this case we say f is a separable isogeny.

Proof. See |13, Prop. 5.6 (i)]. O
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At the level of separably closed field, a separable isogeny induces a surjective map of rational points
(to be proved in the next lemma). We need this surjectivity to form a short exact sequence of abelian
groups by extending a kernel to the left, from which we can apply the Galois cohomology and obtain
a long exact sequence, which will be used to construct the Selmer group.

For any field K, we denote the separable closure of K in its algebraic closure as K°. Note that if
K is perfect (e.g. a number field), then K* = K.

Lemma 1.31. Let f : A — B be a separable isogeny between abelian varieties over K, then the
induced group homomorphism f : A(K®) — B(K?®) is surjective.

Proof. Let b € B be a K*-valued point, i.e. k(b) C K*. Since f is surjective there exists a € A s.t.
f(a) =b. To show that a is a K*-valued point, it suffices to show that x(a)/k(b) is a separable field
extension. It follows from the fact that f is étale by definition (2) of separable isogeny. O

The following lemma simply states that A®) /K is a well-defined abelian variety and Fy/k is a
well-defined isogeny, so that we can define the Selmer group associated to them.

Lemma 1.32. Let A/K be an abelian variety of characteristic p, then A(p)/K s also an abelian
variety and Fp @ A — AW s an isogeny between them.

Proof. The definition of abelian variety ensures that any base change of fields is also an abelian variety,
SO A(p)/ K is also an abelian variety. We know Fy/f is a group homomorphism. Apply lemma m,
we have that Iy is surjective and flat. By [5, tag 0CCD], it is also finite. Hence it is an isogeny. [J

Just as mentioned above, with the SES (short exact sequence) extended by the surjection f : A(K?®) —
B(K*), we now apply Galois cohomology theory and it induces a long exact sequence as following.

Lemma 1.33. Let f : A — B be a separable isogeny between abelian varieties over K. Denote
N :=ker f. Then we have an exact sequence of abelian groups and G := Gal(K*, K)-modules,

0— N(K?) = A(K®) — B(K®) — 0
and it induces a long exact sequence of abelian groups:
0 — N(K) = A(K) — B(K) = H(Gg, N(K?®)) - H (G, A(K*)) — H(Gg, B(K?))

where HY (Gg, M) denotes the first order Galois cohomology group where M is an abelian G r-module.

Proof. The first exact sequence follows from lemma and the definition of kernel of group schemes.
The second exact sequence follows from the Galois cohomology applied to the first exact sequence. [

We denote H' (G, A(K*))[f] as the kernel of H(Gx, A(K®)) — HY(Gx, B(K*®)). So we have an

exact sequence truncated from the long exact sequence
0 — B(K)/f(A(K)) = H'(Gr, N(K*)) = H'(Gk, A(K"))[f] = 0

For any non-trivial valuation v on K, we have a completion K,. Then we have a morphism

of pairs (Gal(K*®/K),A(K?®)) — (Gal(K;/K,),Ak,(K;)) in the sense of |16, I, 2.4], it induces
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H"(Gal(K*/K), A(K*®)) — H"(Gal(K/K,), Ak, (K?)) which commutes with the long exact sequence.

Hence we have a commutative diagram

0 —— B(K)/f(A(K)) —— HY(Gg, N(K*)) —— H'(Gx, A(K*))[f] — 0

| [ |

51} S v S
0 — BKU (K'U)/fKU(AKU(K’S)) B HI(GKU’NKU(KU)) L) Hl(GKU?AKU(KU))[fU] — 0
Thus we can define the Selmer group of A/K associated to f : A — B as following:
Sel)(A4/K) := {t e HY(Gg, N(K®)) | (By 0 av)(t) = 0 for all non-trivial valuation v on K}

and note that Im § C Sel)(A/K). We can see that the understanding of Selmer group, tells us about
the structure of B(K)/f(A(K)). Through this paper, we give an injection of the Selmer group of
A/K associated to the relative Frobenius morphism into some other abelian group which is easier to
work with. It is interesting to note that the relative Frobenius morphism as an isogeny is a purely
inseparable morphism /isogeny, cf. [13, Chap. 5.2, Prop. 5.15].

We can identify the first order Galois cohomology groups H! (G, A(K*®)) with the group of principal
homogeneous spaces of A/K (cf. |17]). The later group can be proved to be isomorphic to the first
order fppf cohomology group H%ppf(K, A) where A/K is considered as an fppf-sheaf (cf. [12, III,
(2.10)&(4.7)]). Hence we can use fppf cohomology instead of Galois cohomology. Next we define the
Selmer group associated to arbitrary isogeny (not necessarily separable like the number field case).

Lemma 1.34. Let f: A — B be an isogeny between abelian varieties over K. Denote N := ker f.
Then we have an exact sequence of fppf-sheaves

0—-N—->A—-B—=0
And it induces a long exact sequence of abelian groups:
0 — N(K) = A(K) = B(K) — H, (K, N) = H (K, A) — Hi (K, B)

where H%ppf(K, F) denotes the first order fppf cohomology group over K when F is an fppf-sheaf on

the big fppf site of Spec K.

Proof. The map f is an isogeny so it is faithfully flat and finite. As the structure morphism of ker f is
just the pull-back of f w.r.t. the unit section of B, it is also faithfully flat and finite. So the short
exact sequence satisfies the conditions in remark [[.15] Hence it is an exact sequence of fppf-sheaves.
Then we apply the fppf cohomology and get the long exact sequence of abelian groups. O

Next the Selmer group is defined just as above but with every Galois cohomology group replaced by
an fppf cohomology group. Now we are ready to define the Selmer group in our situation.

Situation 1.35. Continue situation Recall that C is a projective smooth geometrically integral
curve over a finite field ko, with function field K. A is an abelian variety over K. Since Fy/f is an
isogeny we have the following commutative diagram for each closed point v on C:

0 ——— AP(K)/Fa/x(A(K)) - HE (K ker Fo ) ———— HE (K, A)[Fajx] —— 0

I J !

O v
0 —— AV (K,)/Fa i, (Ar, (K,)) —2 HL (K ker Fay jre,) —2os HL (Ko, Ag,) [Fage, i) — 0

And
Se](FA/K)(A/K) ={te H%ppf(K, ker Fy i) | (Bu o awy)(t) = 0 Vv closed in C'}
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2. The Second Exact Sequence

In this section we state an injection of abelian groups which will be heavily used in our proof, and
prove its functoriality under various circumstance. It is a corollary of “The Second Exact Sequence’
in |15} III, 5.6], and the completed proof can be found in 18| 2].

)

In the original paper |18| 2| the explicit description of the map is only stated but not proved. Thus we
will prove it ourselves, and use that to show functoriality and generalize the theorem.

Let m : X — § be a morphism of schemes of characteristic p where S is perfect and X is locally
Noetherian. Write X’ as X considered as S-scheme via 7’ : X 125 X 5 8. Write Qﬁ(,/s o= ker(d :
Qﬁ(, /s~ Qi, / S) for the sheaf of closed differential forms on X' relative to S. Let N be a finite flat

commutative group scheme E| of height one over X. In our situation everything is locally Noetherian
so it won’t matter.

Denote e = ey/x : X — N the unit section of N and define wy,/x = e*QJlV/X.

Theorem 2.1. Let f : Xg,pr — X be the morphism of sites defined by the identity map. If m: X — §
is smooth, then we have an exact sequence of étale sheaves:

Proof. See |18}, 2]. O

We want to generalize the condition of smoothness of X/S. So we first identify their appearance in
the proof.

The exact sequence is deduced from an exact sequence of fppf sheaves over X, see [19, Thm.1.3|
(with (¢, 1, X, S) := (Fx,idx, X', X)):

0 —= G, x = Fx G x/ AFX’*Qﬁ(’/X,claﬂﬁ(’/X —0 (2.2)

which only requires that Fy : X’ — X has a rank one p base Zariski locally, i.e. there is an open
covering {Uy} of X s.t. Vo, 3f1,..., fn € T'(Uq, Oxr) st {fit...f57|0 < e; < p} defines a basis of
Fx «Ox: as an Ox-module. We can immediately see that Q%,/X is finite locally free with basis
{dfill < i < n} over Uy,. When X is smooth over a perfect scheme S, Fx = Fx/g satisfies the
condition that Fx has a rank one p base Zariski locally, see |19, 1.1 & 1.2] and |5} tag 0CCD]|.

Another implicit usage of the smoothness of X/S is that: if X is smooth over a perfect scheme S,
then X is reduced. But this result can also be deduced from the fact Fx : X’ — X has a rank one
p base Zariski locally: for each point x € X we know that Fo,  : Ox, — Ox is finite free and in
particular injective, so if a = 0 for some a € Ox , and n > 0, then a?* = 0 for some p¢ >n so a =0
and Oy, is reduced.

The perfectness of the base scheme S is not important throughout the proof, we just

need the perfect condition to identify Q}X/Sv Qi(/X@)’ Q}X//S’ and Q_1X’/X as the same quasi-coherent

Ox-module if we identify X with X', so that we can plant S into the final sequence.

3In |18], there is no assumption of locally Noetherianness on X, the authors probably mean “finite locally free
commutative group scheme” when they mention “finite flat commutative group scheme” because they freely used
Cartier Duality which only works for finite locally free commutative group schemes. They are equivalent under
locally Noetherian condition, see |5, tag 02KB].
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That means, if we replace Q}(, /5.l by Qﬁ(, /Xl and replace Qﬁ( /s by Q; X in :

1 1 1
then S does not even need to appear in the exact sequence. Here is a simple proof of their identification.
Lemma 2.2. Let S be a perfect scheme of characteristic p, and 7w : X — S be a morphism of schemes,

then we can identify Q%{/S’ Q Qﬁ(,/s, and Q;,/X as the same quasti-coherent Ox -module if we
identify X with X'.

1
X/ X @)

Proof. By considering the composition X’ xng , we have an exact sequences of quasi-coherent
O x-modules:
F)*(QAIX/S — Q}(//S — QAIX’/X — 0
where the first map is zero as daP = paP~'dx = 0. Hence Qﬁ(,/s ~ Ol X
We have a Cartesian diagram

idx

X —=

s

st g

!/

Thus Q%(/S o id}Q&,/S. Also it’s easy to see that Fx = Fx/g: X' = X — XW ~ X thus
Dy /xw =y xe

Hence we can identify Qﬁ( /s Q; X Qﬁ(, /s and Qﬁ(, /x 88 the same quasi-coherent O x-module if we
identify X with X'. O

Also note that Qk, /8¢l is in general not a quasi-coherent Ox/-module but F X7*Q§(, /8.l is a quasi-
coherent O x-module since FX7*Q§(’/S,C1 = FX7*Q§(,/X701 = ker(Fx .d : FX7*Q§(,/X — FX7*Q§(,/X) and
Fx .d is a map of quasi-coherent Ox-modules: 7 - zdy = rPxdy — dr’z ANdy = rPdx ANdy = r - dx A\ dy.

So we have the same exact sequence if we replace the condition of smoothness of X/S by that Fx has
a rank one p base Zariski locally. Hence we claim the following theorem which is more useful for us
because we will deal with X which may not be smooth over S, e.g. function field of a curve that is
not finitely presented over the base field, like (X, S) = (Spec K, Spec kg) in the diagram

We can see that this is more like a result over X instead over S, so it is not surprising that the
smoothness of X/S is not used in the proof except generating the initial sequence and deducing
the fact X is reduced.

Theorem 2.3. Let f : Xgppr — Xg be the morphism of sites defined by the identity map. If
Fx : X’ — X has a rank one p base Zariski locally, then we have an ezact sequence of étale shecwesﬂ

Oale*Nan[/X R0 FX,*Qﬁ(//S,clan//X Rox in/sao

4If we use the sequence
0—R'fuN — wXT/X ®ox FX,*QE(’/X,CI e Wzv\r/x Rox Q;/Xm —0

instead, then we don’t need S to be perfect. This fact that the perfectness of S can be dropped in a way won’t be
used in the thesis because S is always assumed to be perfect.
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Corollary 2.4. We have an injection Py : Hflppf(X7 N) — I'(X, wXI/X ®oyx FX’*Qﬁ(,/Sd).

Proof. Tt suffices to show R!f,N(X) = H%ppf(X, N). We first show that the étale sheaf f, N is trivial,
i.e. for all schemes Y étale over X, every morphism Y — N factors through the unit sectione : X — N.
We know that X is reduced from the fact Fx : X’ — X has a rank one p base Zariski locally. By |5, tag
03PC]| (8), Y is also reduced. By |5, tag 0356], Y — N must factors through Y — Nyeq — N so it
suffices to show X = N,eq. N is finite over X so separated, then e : X — N is a closed immersion
by [5, tag 047G|. Denote Z C Oy the ideal sheaf defining X. As N is of height one, the absolute
Frobenius morphism Fy : N — N factors through e : X — N, so ZP = 0. Hence X and N share the
same underlying space and X = Nyq. So f,N = 0.

By [5, tag 0732, there exists a spectral sequence E5? = HE (X, R1f,N) converging to EPTY =

H?;;%(X, N). By |20, Chap. 0, 2.3.2], we have an exact sequence

0— By —» BY - E)' — B3 — E?
Since fyN =0, we have Eg’o = H7 (X, filN) = 0. So the sequence degenerates to
00— E' S EY 50— E?

So we have Hflppf(X7 N) = H) (X, R'f.N). O

Since N is of height one, N = ker Fy/x. By [21} II, 2.1.2], N is Zariski-locally of the form W
199N
&~ % Zariski-locally, hence it is locally free of finite rank, so is its

dual. Thus wX,/X is a flat Ox-module by [5, tag 05P2|. So the functor wX,/X ®o, @ is exact and we

for some n, so we have wy, x

have an injection of quasi-coherent modules (the injection as fppf and étale sheaves is proved latter):
v 1 v 1
wi/x @ Fxox g0 = Wnyx © Fxafly g
By |10l 6, 4.21], we have isomorphisms of quasi-coherent O x-modules
wa/X ® FX,*Q}('/S,cl = Homoy, (wnyx, FX,*Qﬁcf/s,cl)

wa/X ® FX,*Qk’/S :> Hom@X (U)N/X, FX,*Q}X’/S)

Thus we have compatible identifications of abelian groups
v 1 _ 1
(X, Wn/x ®ox FX,*QX'/S,cl) = Homo, (wnyx, FXv*QX’/S,Cl)

D(X, wy/x ®ox Fx Q1) = Homoy (Wn/xs Fx Q1))

Sometimes we work with wx, /X QK F X7*Q§(, /s instead because it is easier to deal with.

fppf
Homo (wn/ x5 ij*Qﬁ(,/S) this is closed related to our main result, the injection Sel¥a/K)(A4/K) <

So we have an injection H%ppf(X, N) = Homo (wn/x, FX,*Q%/S o) and in particular Hf (X, N) —

Home (Wier 7y /O Fo . (5 Jko (E))), because the later injection embeds in the former injection.
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2.1.

Some useful facts and their proofs

Before we state and prove the explicit description of the injection

H%ppf(XVN) — HOHI(/)X (wN/Xv FX7*Q§(//S,CI)7

we need to prove a few facts

1.

We can identify H%ppf(X , N') with isomorphism classes of representable N-torsors over X (cf. [12,
111, (2.10)&(4.3)&(4.7)]). From now on we may just write H!(X, V).

X is a regular scheme, and Fx : X’ — X is an fppf covering.
N-torsors over X always pullback to the trivial torsor over X’ via Fix : X’ — X.
For any N-torsor P over X, the trivialization X’ — P is unique.

FX,*Q}X’/X 18 a finite locally free Ox-module and for any morphism f : Y — X, de-
note g : X' xx Y — Y the canonical projection, we have f*FX’*Qk,/X = Q*Qgcfo/Y and

[ Fx 0 = 3.0

1 1
X'/X el X'XY/Y,cl'

Let f:Y — X a morphism of S-schemes s.t. Fy,y : Y’ — X’ xx Y is an isomorphism, denote
g: X' xxY — Y the canonical projection, then Fy : Y’ — Y has a rank one p base Zariski

locally, f*FX’*Qk,/chl = FY»*Q%/’/Y,CI and f*(F)*(wX,/X R0 Q%(/S) = F}thfy/Y R0y Q%//S'

In Situation [1.35] every arrow of the following commutative diagram has isomorphic relative
Frobenius morphism.

Spec K, — Spec O,

.

Spec K — Spec O,

|

Spec K ——C

The injection of quasi-coherent modules
v 1 v 1
W/ x @ Fx Qx50 = wy/x © Fx %09

induces an injection of sheaves on the big 7-site where 7 € {Zariski, fppf, étale, smooth, syntomic}
and the small étale site. Note that this is not true in general.

Fact 1 is already proved.

Fact 2: X is a regular scheme, and Fx : X’ — X is an fppf covering.
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Proof of fact 2. By assumption there is an open covering {U,} of X s.t. Vo, 3f1, ..., fn € T(Uqy, Ox-)
st {fit..fe70 < e; < p} defines a basis of Fx .Oxs as an Ox-module, in particular, for each z € X,
the map Fo, , : Ox . — Oxs, makes Ox , a finite free Ox ;-module, so it is a flat Ox ;-module.

Kunz show that the Frobenius map of a Noetherian local ring is flat if and only if the local ring is
regular, c.f. [22]. The original statement required that {the local ring is reduced and the Frobenius
map is flat}, but flat local ring map is faithfully flat so injective, and an injective Frobenius map
implies the ring is reduced, say 2" = 0 then 2P° = 0 for some p® > n, so = 0. Thus we can remove
the {reduced} condition.

Therefore Ox , is a regular local ring for all z € X. So X is a regular scheme. Fx : X' — X is
faithfully flat, quasi-compact and surjective thus it is an fppf covering. O

Fact 3: N-torsors over X always pullback to the trivial torsor over X’ via Fx : X' — X.

It was proved in [18] 2.3] but the descent process is not rigorously verified. Thus I provide my own
proof as follows.

Lemma 2.5. Let X be a locally Noetherian scheme of characteristic p, and N be a finite flat
commutative group scheme of height one on X with structure morphism N 9 X. Then the pullback
map via Fx : X' — X:

H'(X,N) —» HY(X',N)

1s trivial.

Proof. Let h: P — X be an N-torsor over X. To show that P is trivial over X', it is equivalent to
construct a morphism of X-schemes: X’ — P. As N — X is finite, flat and surjective (surjectivity
follows from the surjectivity of idy : X 5 N — X), P — X is also finite, flat and surjective via fppf
descent, see lemmal[A6]in the appendix. In particular it is affine, so quasi-compact and quasi-separated.
Hence h.Op and ¢,Opy are quasi-coherent Ox-algebras and finite locally free Ox-modules. There
is an anti-equivalence of categories between {schemes affine over X} and {quasi-coherent sheaves of
Ox-algebras}, see |5 tag 01SA|. So to construct a morphism of X-schemes from X’ to P is the same
to construct a morphism of quasi-coherent sheaves of Ox-algebras from h.Op — Fx .Ox.

Clearly the induced map Ox — h.Op (resp. g.On) is injective by checking on the stalks. As N is of
height one, we can easily get the following commutative diagram:

N N
-l
g g
X Fx X

Note that P — X is faithfully flat and quasi-compact, and P X x P — P has a section P A px x P
which is the diagonal map, we can see that P x x P is an fppf-torsor of N X x P over P with a section,
hence there exists an isomorphism of P-schemes: a: N xx P = P x x P.

So we have the following commutative diagram, the front layer and the back layer are the same, and
they are connected by absolute Frobenius morphisms.
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NXXP PXXP

FNy (6%

N Xx P
0471
(2.3)
X XX P
ny
X XX P
Combining the above diagram with another obvious commutative diagram we have:
N xxP “—— Pxx P PxxX
Fnx P a™! Fpxyp
/ / AXX
«
N XX P P XX P P Xx X
—1
“ (2.4)
X xx P X
FxxypP J
/ Fx
X xx P X

We can show every arrow of above diagram is affine by 4 basic facts:

1.N — X and P — X are affine.

2.Absolute Frobenius morphisms are affine.

3.Base changes of affine morphisms are affine.

4.If the composition X — Y — Z is affine and Y — Z is separated, then X — Y is affine.

We can view the whole diagram as a diagram over red X. Because every arrow is affine, and there
is an anti-equivalence of categories between {schemes affine over X'} and {quasi-coherent sheaves of

Ox-algebras}, we can convert the diagram into a diagram of quasi-coherent Ox-algebras as following,
which is ultimately simplified.

.<5—1—g °
o#o/ ]:1/
T (2.5)
. F2

/ -

° OX

We define ¢1 : F1 — G to be the composition of green arrows and ¢o : Fo < G to be the composition
of blue arrows. And in the end we want to construct a map of quasi-coherent algebras from Fj to Fs
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which proves the lemma. Note that the category of quasi-coherent modules on a scheme X is abelian,
see [, tag 077P].

For now let’s assume the composition F; ﬂ G — Coker ¢9 is zero. Then we have

1. A ka\ G factors through Fy = ker(G — Coker ¢3).

2. 310 : F1 — F5 which is a morphism of Ox-modules s.t. the following diagram commutes

1

Fi g Coker ¢9
X j@/f
Fa

3. Since F» % G is injective, it is a monomorphism in the category of quasi-coherent Ox-modules.
So we can cancel ¢9 in the following equality:

Ox s FAARBG=0x>F 86 =0x=>FEE30)

so we have

(OX — .Fl i> fz) = (OX — .FQ)

4. Now we just need to prove # is a morphism of quasi-coherent Ox-algebras. We claim for any
open subset U C X, O(U) : F1(U) — F2(U) is a ring map, note ¢1(U) and ¢2(U) are ring maps.

5. Write 0, ¢1, ¢2 for (U), $1(U), p2(U). Then ¢ 00(1) = ¢1(1) = 1, by injectivity of ¢o, (1) = 1.
Clearly 6(a + b) = 6(a) + 0(b) and 6(0) = 0, this comes from the fact that 6 is a morphism
between quasi-coherent O x-modules.

6. Let a,b € F,(U),

by injectivity of ¢o we have 6(ab) = 6(a)0(b).

7. Thus 6 is a morphism of quasi-coherent O x-algebras. Hence it induces a morphism of X-schemes
X' — P which proves the lemma.

We now prove the composition F; g G — Coker ¢ is zero. It suffices to show it is zero restricting to
stalks. Pick arbitrary « € X, say R := Ox,, S := (9«On), and T := (h,Op);. Then S and T are
finite free R-modules. So the following left diagram induces the right diagram.

F sP s
N N N S = S
Fgs
EOFX
g
[ 4
rPsr
X X X R hml R
Fgr
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Hence ¢(s) = s € R C S where we view R as a subring of S. The diagram restricting to x is
equivalent to the following:

S®RT< TRrT T®Rr R

T®r R

T (2.6)
R

R®pT >
> R

R®rT

S®rT J

It suffices to show that the image of the composition of green arrows lies in R. Note that it is also the

imageofT@RR%T@)RTFE))bT@RT,t®1r—>t®1»—>tp®l. Fixt®1 €T ®gr R, assume that

STHt®1) =Y, s ®t; for some s;,t; € T.

0o Fsgyr 0 slt®1) =460 F5®RT(Z 5 ®t;)
=6() sfwt)

since st = p(s;) € R

=51@()_s-)
=10 (s )

%
Sowehave ? @1 =1® (>, s¥ - t).

Claim: Let A, B be R-algebras which are also finite free R-modules where R is a local ring, if
a®1=1%b€ A®gr B, then a =b € R.

Proof of the claim. It suffices to show that for any finite free R-modules which is an R-algebra,
it has a basis containing 1. Then we just compare the coefficients of the R-basis and the result
follows. Let {ai,...,an} be an R-basis of A. Then Ir; € Rst. 1 = > " r;-a;. Note that for
any faithfully flat ring map R — A and any ideal I C R, we have (I ®g A) N R = I. Thus
(r1yeesn) = ((r1,...; ) QR A)N R = AN R = R. In particular, there exists ¢; € Rs.t. 1 =)1" | rc;.
We will later expand the vector [rq, ..., 7] to a basis of R™, i.e. expand it to an invertible n X n matrix
over R.

This is standard, write r := [r1,...,7,] € R"” and ¢ := [cy, ..., ¢,] € R"™ and consider f: R" — R,v —
v-c. Then f(r)=1land R" =R-r@ker f viav = f(v) -r+ (v— f(v)-r).

So ker f is a direct summand of R™ hence projective over the local ring R. Thus it is free. Hence R"
has a basis containing [rq, ..., 7,] and they form an invertible matrix over R, say M.

Apply M to the basis of A, [a1, ..., an], we get another basis starting from 1 =", r; - a;. The result
follows. O

By the above claim we know that t# € R which is exactly what we want to show. Then the lemma
follows from the above argument. O
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Fact 4: For any N-torsor P over X, the trivialization X’ — P is unique.

We need the help of the following lemma:

Lemma 2.6. LetY be a reduced scheme and m: X — Y be an affine morphism of schemes with one
surjective section e : Y — X. Then the section is unique.

Proof. It’s easy to see that m and e are homeomorphisms inverse to each other, so any other sections
must be topologically the same as e. Assume the result is true for affine scheme Y. Then for general
scheme Y, let g : Y — X be another section, and U be an affine open subset of Y. Then U is
a reduced scheme and 7| -1y : 7 Y (U) — U is an affine morphism with one surjective section
el : U — 77 1(U). Then g|y : U — 7~ 1(U) must agree with e|y by assumption. Thus g agrees with
e on an open affine cover so g = e. Thus we can assume Y is affine, so X is affine. So the problem
reduces to: Let f: R — A be a ring map where R is a reduced ring, and e : A — R be a retraction s.t.
Spec R — Spec A is surjective. We want to show e is the only retraction map.

Let I :=kere so R = % We know Spec R is homeomorphic to Spec A. So A and ? have the same set
of prime ideals. Thus I is a sub-ideal of the nilradical of A, i.e. Va € I,dn > 0 s.t. a” = 0.

Also R = ? is reduced thus 0 = N(R) D % where A (e) denotes the nilradical ideal. Hence
N(A) c I c N(A) and then I = N(A). Let g : A — R be another retraction map and a € N'(A),
then In > 0 s.t. a® = 0. Then 0 = g(a™) = g(a)” so g(a) = 0. Thus g factors through A % ? = R.
There is only one R-algebra map R — R and it is the identity map. Hence g = e and the result
follows. O

Proof of fact 4. We know P(X') = Px/(X') = Nx/(X’). We only need to show Ny, — X’ has only
one section. We know X’ = X is reduced. Ny, — X' is affine by base change. Also Ny — X' is
still a finite flat group scheme of height one by base change. In particular, the absolute Frobenius
morphism on Ny factors through the unit section X’ — Nx/. Hence the unit section is surjective,
then we apply the above lemma and know that Ny — X’ has only one section, the unit section. It
follows that P(X’) is singleton. O

Fact 5: FX,*Q%/X o is a finite locally free Ox-module and for any morphism f : Y — X, denote
g: X' xxY — Y the canonical projection, we have f*FX,*Qﬁ(,/X = Q*Qﬁ('xY/Y and f*ny*Qk,/X 0=

1
g*QX’xY/Y,cl'

Proof of fact 5. The statement is affine-locally so we can assume X = Spec R is affine and R’ is a
free over R with a basis {z{'...25*|0 < e; < p}, hence Q}Q,/R =@R -dv;=,, ; Ref" - x5rdr;. So
Q%,/R =, ic; Rzi' - 2 dy; Adxj. Let M be the Fy-vector space with basis {27 - -~ 27" dx;} and
M? be the vector space with basis {z{" - - 2¢"dz; A dz;} and define M Iy M2, d(udv) = du A dv as
usual. Then we know

QJlR’/R = R®]Fp M, Q%{’/R = R®1Fp M?
as free R-modules and d = idr ® djs : Q}%, /R Q%, /R @S map of R-modules. As R is flat over Fp,

Q}%'/R,cl =kerd = R ®p, kerdyy is a finite free R-module.

If S is a R-algebra, it is easy to see that Q}%@R,/S =2 S®g Q}{,/R = S®p, M and Q%®R,/S = S ®r, M?,

and QE®R,/S7C1 =kerdg = S®, kerdy = S®r R®r, kerdyr = S ®pg Q}Z,/R’d. The result follows. [

33



Fact 6: Let f :Y — X a morphism of S-schemes s.t. Fy/x : Y' — X' xx Y is an isomorphism,
denote g : X’ Xxx Y — Y the canonical projection, then Fy : Y’ — Y has a rank one p base Zariski

locally, f*Fx,sQ%:/x q = FyaQyjy g and f*(FXwi x ®oy Ux/s) = Frwy, jy ®oy Qg

Proof. Since S is perfect, Fy = Fy,g and it suffices to show that Fy g is a rank one purely inseparable
Galois covering (or piG for short), see [19, 1, Def 1 & Prop 1.1]. We know Fx,g = Fx is a piG.
Consider the following commutative diagram

Y

Fyx

Pys| YO/X) o X

h iFX/S
yw@/S) . xS _ . g

| s

Y X S

It’s easy to see that all the squares are Cartesian. Since piG morphisms are stable under base change,
h is a piG as a base change of Fly,g. By assumption Fy,y is an isomorphism so Fy,g = ho Fy,x is a
piG. Thus Fy has a rank one p base Zariski locally.

By fact f*FX7*Q§(//X7C1 = g*Qﬁf’xY/Y,cl = FK*Q%///Y,CI. Since the Frobenius morphisms of both
X and Y have a rank one p base Zariski locally and S is perfect, we can identify Qﬁ( /s with
Qﬁ(, /X when we identify X and X', similarly we can identify Q%//S with Q%,, Iy when we identify
Y and Y'. So to prove f*(F)*(w]vV/X ®oy Qﬁ(/s) = F{iwjvvy/y R0y Q%,/S is the same as to prove
£ F)*<w1\<f /x ®0y Q;, / ) = F{'}wX,Y 1y @0y Q%,, v Consider the following commutative diagram

F? EN
Y’—Y>Y—Y>Ny

v

x ox NN

since Fy,x is an isomorphism, the left square (so both are) is Cartesian.

We have
f*(F)*(wXI/X Q0 Q%{’/X)
=f*Fxwyyx ®oy f* Uy x
=Fy [*wi)x @0, Qyr/y
=y (f*wn/x)’ ®o,, Q%ﬂ/y
=FYwy )y ®0,, Qyrjy
The result follows. O

Fact 7: In Situation every arrow of the following commutative diagram has isomorphic relative
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Frobenius morphism.

Spec K, — Spec O,

L

Spec K —— Spec O,
Spec K C

Proof of fact 7. We first claim that if f:Y — S is a morphism with isomorphic relative Frobenius
morphism and g : X — Y is a morphism of scheme, then ¢ : X — Y has isomorphic relative Frobenius
morphism if and only if f o g: X — S has isomorphic relative Frobenius morphism.

Proof of the claim. Consider the following commutative diagram

X
Fx;v
Fx/s X ®/Y) Y
h le/s

xw/S) ___ _yW®/S) . g

L

x99 .y 1 .g

It’s easy to see that every square above is Cartesian. So if Fy g is an isomorphism, then so is h. So
Fx/s is an isomorphism if and only if Fx/y is an isomorphism. O

So it suffices to show that Spec K — C', Spec O, — C', Spec Oy — Spec O, and Spec K,, — Spec O,
have isomorphic relative Frobenius morphisms. Note that every flat monomorphism is weakly étale
by [5, tag 094X], hence has isomorphic relative Frobenius morphism by [5, tag OF6W].

Claim: Let X be a scheme and z € X, then Spec Ox, — X is a flat monomorphism.

Proof of the claim. Take an open affine neighborhood U of x, as U — X is a flat monomorphism, we
can assume X is affine, say X = Spec A. By [5 tag 01L3], it suffices to show that A — A, is flat and
A: A, ®a4 Ay — Ap is an isomorphism for any prime ideal p of A.

Any localization map A — S~ A is flat by |5 tag 00HT]. Take S := A — p, then we have Ay ®a Ay =

S~lA®, Ay = SflAp = Ajp. Denote the isomorphism as ¢ : A, = Ay ®4 Ap,a— 1®a. We can see
that Ao¢ =1id so A must be an isomorphism (the same proof works for any multiplicative set S). [

Morphisms Spec K — C, Spec O, — C' and Spec K,, — Spec @U are of the form SpecOx, — X (x
can be the generic point). So they are flat monomorphisms so have isomorphic relative Frobenius
morphism.

Now we consider ¢ : O, — @U. Denote (R, I, k) = O, which is a DVR. Here I = t,,R for an uniformiser
ty € R. We need to show Fi p : R' @r R — R,a® b+ abl is an isomorphism. By [5, tag 00MA| and

the fact ! R’ is a finite free R-module, the canonical map R’ @ R— 7%\’, a®b — abl is an isomorphism,
where R’ is the completion of R’ with respect to Fr(I)R' = tJR'. And R’ is set theoretically the
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same as the completion of R with respect to I”, so the same as the completion of R with respect to [
by [5, tag 0319]. So the canonical isomorphism identifies with F]%/R. O

Fact 8: The injection of quasi-coherent modules
WYy @ Fx Q3 Wy @ Fx 03
N/X X#38X7/8 cl N/X Xdixr/s

induces an injection of sheaves on the big 7-site where 7 € {Zariski, fppf, étale, smooth, syntomic}
and the small étale site.

Proof of fact 8. In general the functor taking quasi-coherent modules to sheaves on the big 7-site
where 7 € {Zariski, fppf, étale, smooth, syntomic} is not left exact, but in this case we do have an
injection of T-sheaves. We check this by directly verifying the injection on every Y-valued point: if Y’
is an X-scheme with structure morphism f:Y — X, denote g : Y xx X’ — Y, we have

I(Y, Wz\\/f/x ®ox FX,*Q%/S,CO =I(Y, Homo (wn/x, FX,*Q%/S,CQ)
= Homo,, (f*wn,x, f*FX,*Q})(’/S,Cl)
by fact 5
= Homop,, (WNY/ng*Q%/xXX’/Y,cl)
and similarly
D(Y, Wy x ®0x Fxy1/s) = Homoy (Wny /vs 90y o x1/v)

and we have a canonical injection Homo,. (wny /v, g*Q%/xXX’/Y,cl) — Homo, (Wyy /v g*Q%/xXX’/Y)'
So we have an injection of sheaves.

If we have an injection of 7-sheaves F < G and a singleton 7-covering ¥ — X (e.g. the fppf
covering X’ — X mentioned in fact [2)), so we have injections F(X) < F(Y) and G(X) < G(Y'), then
F(Y)NG(X) = F(X) by basic sheaf properties.

In particular, to verify if an element of I'( X, wX,/X ®0x va*Qﬁ(,/s) lies in T'( X, vaV/X R0« FX7*Q§(,/S o)
it suffices to check if its restriction in I'(X’, wX,/X ®0y FX7*Q§,/S) lies in T'(X”, w]\\/,/X ®ox FX,*Q}(,/S Cl).
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2.2. Three explicit descriptions of ®y

Now that we have finished proving the useful facts, we are ready to give three explicit descriptions of
the injection ®y : HY(X, N) < Homo, (wn,x, Fx,*Qﬁ(,/S «1)> and later we will prove they coincide.

The first description comes directly from the proof of |18, 2.4]: Consider the nerve of the cover-
ing X' — X:
X///§X// — X/ XX X/:;X/ — X
Let N':= F.Nx etc. ..., we know that (see |18, 2.5])
HY(X,N) = R [.N(X)
=1
= H (X'/X, f.N)(X)
_ ker(fuN" — f*N”’)( )
~ Im(fiN’ — f.N")
=ker(fi N — f.N")(X) (as f«N' =0)
= feker(N” — N"")(X)
C N"(X)
— N(Xl/)
The correspondence between H' (X, N) and ker(N” — N"')(X) is as in the proof of |12 III, 4.6]: there
is a one-to-one correspondence between isomorphism classes of torsors that become trivial on X’ (in
this case all of them) and 1-cocycles for {X’ — X} with values in N. Now we can start to describe the

injection. Let P be a torsor, then P(X’) has a unique element 1, and there exists a unique element
ae NX")=NX xx X') s.t.

o (X" X B Py =(x"2 x4 Pp).

It’s easy to see that alia + alas = a1z under priy, pris, prog @ X — X”. Now we arrive at
a € ker(N” — N")(X). We have

H' (X, N) = ker(N” — N")(X) = Coker(N — N')(X)

Recall from [18, 2.2] the map Coker(N — N') = wy v ®ox F*Q}(,/SCl is induced from N’ —
wX,/X R0y F*Qﬁf,/s o defined as

Homgr (NV ,Fyxdln)
y

Homg (N, F.Gp x7) Homgr (N, FuQ% 1/ )-

Though we have a surjective map of fppf abelian sheaves N’ — Coker(N — N') = ker(N"” — N"") C
N" we cannot in general lift @ € Coker(N — N’)(X) to an element of N'(X). We need to pull back
to some fppf covering to do that.

In this case, we can simply use the fppf covering {Fx : X’ — X}: a is not necessarily in the image
of the map N'(X) — N”(X), but the image of « restricting to N”(X’), which is «|e3 if we identify
the restriction map as N(X"”) = N”(X) — N"(X’) = N(X"), lies in the image of N'(X’) — N"(X")
because when we identify the map with N(X”) = N'(X') — N”(X’) = N(X"), the image of « is
al13 — al12 = a23. See the following commutative diagram:

d=¢l2—dl1

N'(X) =—— N(X) N(X") =—— N"(X)
l¢'—>¢2 J{ﬁ'ﬁﬁ%
N/(X/) N(X”) p>Bl13—Bl12 N(X///) N//(X/)
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So the image ®x(P) of o under the map Coker(N — N')(X) — I'(X, wX,/X ®ox F*Qk,/s o) is the
unique element s.t. after restricting to X', is the image of o under the map N'(X’) — T'(X’, w]VV/X R0y

F*Qﬁ(, /8, d), defined as in the following commutative diagram:

0

N'(X") T(X',w)x ®ox FxQx/g)

Il Il

Homg: (N, FydIn
Homgr(NvaF*Gm,X’)(X/) omgr ( )[{()mgr(Nv,F*Ql )(X,)

X'/8,cl

ie. n(P) e I'(X, w]VV/X R0 F*Q}(,/S «1) is the unique element s.t. ®x(P)|x/ = Oa.

The second description was mentioned in |18, Rmk. 2.7] but without proof of equivalence: Let P be
an N-torsor over X, there is a unique trivialization ¢ : X’ — P over X, then there exists a unique
element o € N(X") = N(X' xx X') s.t.

o (X" XS Py = (X" X5 P

. . . JAN . .
After appending the diagonal morphism X’ — X" in the front of the above relation, we have

X' 3X"3N)- (X' 5 P)=(x' 4% P)

so we must have (X’ A xr s N) = (X" = X 5 N) is the unit element in N(X’). We can decompose
the diagonal morphism A : X’ — X" into A : X' 5 Spec, F(Ox/ [Qﬁ(,/x]) 2, X", where j cor-

responds to R'@r R’ — R/{Q}%//RL (a,b) — (ab, adb) and i corresponds to R’[Q}%//R] — R, (a,bdc) — a.

All concerned schemes are affine over X so we can look at this affine-locally. Assume X = Spec R, X’ =
Spec R/, N = Spec A with augmentation ideal I. So we have

# A
(A% R ®@rR — R[Qp = R)=(A— 7= R

Thus I must map to Q}%,/R C R’[Q}%,/R] which is a square zero ideal. Hence « induces a map
wa/R = Iiz — Ql//R' So globally « induces a map wy/x — Fx,*Qﬁ(,/S which is an element in
Homp,, (wN/X,Fx,*Qﬁ(,/S). Later we will show it lies in Homo , (wy,x, FX7*Q§(,/S£1) =T(X, wy/ x®ox
F*Qﬁ('/s <), Which is equivalent to show its restriction in I'( X", wX,/X®oX FX’*Q%/S) lies in T'( X", w]\<[/X®OX
FXv*Qi(,/S7C1)'

Our third and final description was mentioned |3, 1.1]: Let P be an N-torsor over X with the

unique trivialization ¢ : X’ — P, we have an isomorphism of torsors £ : X’ xx P — X’ xx N over
X’ s.t. the following diagram commutes:

X/ X/
(idx7,%) ex/
X' XXp X' XxN
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After expansion we have

X/ X/ X/ X
Fx
o e e )
X' xx P X' xy NZY¥

R

X/ X/

M

From the diagram we can easily see that
= (eo FX)*Q}V/X
= (pry © eX’)*Q}V/X

* * 1
= eX/prNQN/X

I

e;(’Q}X’XXN/X’
= @('Q%('XXP/X/
= Q) x

— Q% /x

which identifies with an element in Homo, (wy,x, FX:*Q%/S)' We now show that the third and
second descriptions agree.

We know that the group action of N(X") on P(X") is the same as Nx~(X") on Pxu(X"). Through
X" X we pullback € : X' xx P — X' xx Nto&": X" xx P — X" xx N s.t. the morphism

(idX//,_1>popr1)

X" X'xx PSS X xx N2 N

is the unit element in the group N(X").

Denote g1 = (idx»,¢ opry) : X" — X"’ xx P and g9 = (idx», % o pry). By definition we have
a - g1 = go. Since £’ is an isomorphism of torsors, we know that

a-(pryo&”ogr) = (pryo&’og).
As pry 0 &” o gq is the unit element, we have
a=pryoog: X" B X"xx P— X"xx N— N.

By a simple diagram chase in the following diagram:

X// X/l

B

X”XXP

ié—//

X//XxN

X’ Xx P

le

X' xx N——N

(PrhidP)
_—

(prl 71dN)
- s
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we know that a = (X" (Priopra) s xx P NS¢ xx N — N), now we can consider the following
commutative diagram:

X' xx X' X' xx X' Spec,, Fi(Ox/[Q ) «])
(pry,¥opry) ((pry,ipopry ), (pry,Yopry))
X' xx P~ (X' xx P) xx (X' xx P) Specy, , hxrw(Oxx P[Qiry pyxr))
3 Ex¢
X' xx N o (X7 xx N) xx (X xx N)%MOX, gX’,*(OX’XxN[Q%xXN/X'D
N ot N xx N mox g*(ON[QJlV/X])

The verification of commutativity is straightforward. The only non-obvious square is the top right
square. We may assume everything is affine, then the top right square corresponds to

x1®x2+—>(x1x2,x1dzg)

» R'[Qp 5]

R/ ®R R/
a1®b1®az®by | —raiazyp™ (b1)@YH (b2)

(21®0y1,22Qy2d(18y3)) | — (197 (y1),229% (y2)dv# (y3))

(R’ ®pr S) Qps (R/ ®RrS) » R Qg S[Q}%’Q@RS/R’]
a1®b1 ®@az2@bar—(a1a2®b1b2,(a1a2®b1)d(1®b2))

So the commutativity can be checked directly. Clearly the red arrows correspond to the second
description and the blue ones correspond to the third description, and they identify with the same
element in Homo (wy/x, Fx,*Qﬁ(,/S).

Next we show the first and second descriptions agree. Recall that in the first description we need
oN(P) € I’(X,wX,/X ®0x F*Q}(,/S ) to be the unique element s.t. ®x(P)|x = da. So it suffices to
check their agreement restricting to X’ (we add underline to distinguish it from other X's).

We will compare them in Homyx/_g (X’ xx N)Y, FlQﬁ(/xXX’/X’ ): the map induced by the first
description will be called d,, and the one induced by the second description will be called &,. We will
show that for all V" over X', and all ¢ € Homy_g(V xx N, Gy, v), we have

o (V)(9) = &a(V)(¢)

which completes the proof.

0o from the first description:

From the first description we know 0 is determined as following:

7]

F*NX’(L/) >F(£7w]\<[/X ®OX F*Q,IX’/S,CI)

Il 12

/ vV o Homxs_ g (X! X x N)Y dIn) / VvV ol
Homyr—g: (X! xx N)Y, FlGon v xr) == Homyr e (X! xx N)Y, FlQ%rxyxr.a)
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The isomorphism on the left column is

F Nx/(X") = Ny x/ (X' xx X')
= éfvxxx'(ll xx X')
= Homy/yx  x/— (X X x X' Xxx N)Y, Gy x/5 5 x7)
= Homy/—gr (X xx N)Y, FGpxrxxx")

and the isomorphism on the right column is proved in |23, Chap. 1, 1.4].

So in particular « € N(X’ xx X’) induces an element ev, € N)\Q/XXX, (X’ xx X') which further
induces an element €, € Homy/_g ((X’ xx N)Y, F}Gy, x/x xx). The complete description of €, is as
following;:

Given s : V — X' denote ¢ = sxidx/ : Vxx X' = X'xx X" and ¢’ = (pry,,@0q) : Vxx X' — VxxN,
we have

a(V) 1 (X! xx N)Y(V)

Homv_gr(v Xx N, Gm7v)

Homv_gr(v XX N, Gmy)

¢

where ¢ induces ¢’ € Hom(V x x N,Gy,) and ¢'# : Z[t,t 7] — Oyy n(V xx N).

FlGpx'xyx' (V)
Gumxxyx'(V xx X')
Ovsyx/(V xx X')*
q¢% o ¢g#(t)

I 114

In other words, for given V', we have that « induces a map ¢’ : V xx X’ — V xx N. Then given
a group homomorphism ¢ : V xx N — G, v, we use the following map to get an element in
OVXXX’(V X x X/)X from t € Z[t,til].

Vxx X' Lo Vxx N2 Gy ——= G
- mr =
¢/
After appending the d In map, we have §, € Homy/_q, ((X'x xN)V, FiQk,XXX,/X, «1) Whose description
is as following: o o

Ja(V) : (X xx N)Y(V) = FiQ%, xxaV)
HomV*gr(V xx N, Gm,V) — F(Vv F‘//,*Q%/XxX//V,Cl)
¢ = (¢ 0 g™ () (¢ 0 ¢ (1))

where I}, =idy x Fx : Vxx X' — V. Clearly we can replace Homx/_g (X' xx N)", FiQ%(/xXX'/X’ o)
by Homﬁ,gr((ﬁ XX N)V’FZQ&XXX//L’)'
So we have

3a(V)(@) = (¢ 0 ¢ (1)) d(d™ 0 ¢'7 (1)).

&, from the second description:

In the second description we know the following map (the red arrow)

Spec,,  Fi(Ox [ x]) = X' xx X' 3 N
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corresponds to an element in I'( X, w]vv/X ®oy F*Qﬁ(,/s) = Homop, (wN/X, Fx,*Qﬁ(,/S). After pulling

back via X’ Ex X, denote F' : X’ x x X’ — X’ the projection of the left factor, the following map

idX/Xa

SpeCOXi,F;(OL/XXX/[QQXXX//L/]) — (L,XXX/)XL/(L/XXX,) gL,XX(X,XXX/) — L,XXN

corresponds to an element in T'(X’, wX,/X R0y FX,*Qﬁ(,/S) = Homp, (WNX//LH F;Q&,XXX,/X,). And
we claim this process is compatible with the restriction map - o o

T(X,wy/x ®ox Fulxs) = T( X, w0y x ®0x FxQx1/5)
and we omit the proof because it’s a straightforward calculation.
By |23, Chap. 1, 1.4], we have an isomorphism
Homﬁ_gr((i XX N)V7 FLQQXXX//X) g HOH]OX*,(MKXXN, F""QQXXX,/X)

So the above map induces an element &, € Homyx/_q ((X’ xx N)V, F;Qk,XXX,/X,) in this way:

Given s : V — X', and ¢ € (X' xx N)¥(V) = Homy _g(V xx N, Gy, ), it induces a map
Specy,, Fyu(Ovxxxr [ xrpv]) —= (V xx X') xv (V xx X')

P

idV X ¢>

Vxx (X' xx X') Vxx N

Gm vV —= Gm
\/
¢/

and we get an element &,(V)(¢) € T'(V, F{é*Ql

V><XX'/V) from t € Z[t,t71], i.e.

EaV): (X xx NV (V) = FlQ%,  xyx(V)
Homy g (V xx N,Gmy) — T(V,F, Q0 xv)
¢ TH(HF(1))

So we have

Ea(V)(9) = 77 (¢ (1)).

Compare 3, (V)(¢) and & (V)(6):

And now we just need to check that (¢'” o ¢/#(t))~1d(¢'* o ¢'#(t)) = 7#(¢/#(t)) using the fact
ali3 — ali2 = alss.
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Consider the following two different paths:

SpeCOV FX//,*(OVXXX’ [Q%/XXX’/V])

!

VXXX ><V VXXX

% \
VXX

(VXXN) XV VXXN

My xx N
ldv><Oé

VXXN

lql,

Gm

XX X’)

Clearly the path with the blue arrows induces 7#(¢/#(t)). We claim that the element (¢'# o
@' (t))"Ld(¢'* o ¢'*(t)) is induced by the path with the red arrows, and later we will show that
myxxn © (¢! x ¢') = (idy x a) ow and then the result follows.

Assume everything is affine, ¢ € (X’ xx N)V(V) = (V xx N)¥(V) identifies with a group-like element
in Oy« n(VxxN) (ie. agroup-like element x € Oy« nv(V xx N) is a unit in Oy« . v(V X x N) such
that mﬁXXN(a:) =z ®x ), hence mﬁXXN(gb’#(t)) = ¢'*(t) ® ¢'7(t). Also we have (¢'~1)# o ¢#(t) =
(¢'# o¢'#(t))~!. Hence the above path with the red arrows actually induces ¢ — (¢'# 0 ¢'#(t))~1d(¢'# o
¢ (2)).

If X is not affine, pick an open affine covering {X;};c; of X. For each ¢ € I, pick an open affine
covering {V;;};e, for s71(X;) C V. Let N; C N be the preimage of X; in N, N; is affine as N is affine
over X. We can see that V' x x X' is covered by open affines {V;; x x, X{}ig’jejj. Restricting to each
Vi; xx, X!, we know the above path with the red arrows induces ¢ — (¢'# o ¢'# (t))~1d(¢'*# o ¢'#(t)).
The first claim then follows from the identity axiom of sheaves.

The final statement myx, n o (¢! x ¢') = (idy x a) o w follows from the following commutative

diagram where top row represents myx .y © (¢! x ¢') and the bottom row represents (idy x a) o w:

(V xx X') xy (V scx X)—20 (V% NY sy (V xx N) Yy o N
(X' xx X' xiX/(X’ X x X')(pwg)( xx N) XL (X' xx N) TN X' xlXN
(X xx X') xxr (X xx X) X' xx (X! %y XI) 2 X' xx N

| T

(V xx X') XT\/(VXXX/) = VXX(XT’XXX’) tdv xa V xx N

the middle commutative square represents the fact —«a/|12 + «|13 = 23, and the first row (resp. the
fourth row) is the base change of the second row (resp. the third row) w.r.t. V — X’. So we have
myx N © (¢ % ¢~ 1) = (idy x @) ow and hence &, = 6,. So the first and second descriptions agree.

Now we can conclude that all the three descriptions of &y are valid.

43



Example 2.7. If N = p, : (ker(G, ph power Gm)), and X is the spectrum of a UFD (unique

factorization domain), so HY(X,G,,) = Pic(X) =0 and we have H'(X, u,) = % Also
Wy, /X = Ox, and $y is

Ox(X)* 1
Ox(xp s

_ da

. ., o

a

Proof. This example is also in |15, III, 5.9]. A complete proof of this statement is consisted of lemma

lemma [3.4] and lemma [3.5 O
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2.3. Functoriality lemmas

After we stated the three descriptions of the injection
Py : I—Il()(7 N) — HOHIOX (wN/X, FX,*Q,lX’/S,Cl>

and proved their equivalences, we can prove some functoriality lemmas.

Lemma 2.8. The map ®x is functorial over N, i.e. if f : N — M is a morphism of finite flat
commutative group schemes of height 1 over X, then there exists a commutative diagram as following:

P
HY(X, N)%N Homo (wnyx, FX,*Qﬁcf/s,cl)

y |

o
H' (X, M) Homo, (war/x, Fx+y:/5.)

Proof. Here f' : HY(X, N) — H'(X, M) is the canonical map induced by f : N — M. We know
an element of H'(X, N) = H'(X'/X,N) is a 1-cocycle for {X’ — X} of the form a € N(X") s.t.
al12 + al2s = @13 under prig, prys, prog : X — X”. Then foa € M(X") satisfies similar relation as
f is a morphism of group schemes and hence preserves group actions, so f o a = f'(a) € HY(X, M) =

HY(X'/X, M).

Let Z and J be the augmentation ideal of N and M respectively, then i : Homo, (wy/x, FX7*Q§(,/S a)
HomOX(WM/X7FX,*Q§(//Sd) is induced by the map wy;/ x = % — % = wy/x-

Let a € HY(X,N), ®y(a) is induced by Oy of Oxn — OX/[Qﬁ(,/X], and i o ® () is induced by

# (0% . .
Oum A On % Oxn — OX/[Qﬁ(,/X] which also induces the map ®p;(f o @) as a o f# = (f o a)¥.
Thus io ®y = Ppy0 f/. O

Lemma 2.9. ®y is functorial over X, i.e. if Y is another scheme over S s.t. Fy :Y' — Y has a
rank one p base Zariski locally, and f:Y — X is a morphism of schemes over S, then there exists a
commutative diagram as following:

®
HY(X, N)%N Homp (WN/X, FX,*Qﬁcf/s,cl)

, I
P

N
HI(K Ny)%y HOHIOY (wNy/Yv FY,*Q%/’/S,CI)

aXidy

Proof. Let a € HY(X,N) = H'(X'/X,N), then it induces the map (X" xx Y “=" N xx Y) €
HY(Y xx X'/Y, Ny). Clearly the covering {Y’ X Y} is a refinement of {Y xx X' — Y}, then it
induces the map (Y — Y xy X" “3*Y x x N) € H'(Y'/Y, N) = H\(Y, N), which is exactly f'(c).

Denote F' : Y xx X’ — Y the projection map on the first factor. The map ¢ is the following
composition:

Homo , (wn/x, Fx « Q1 /5.0) — Homoy, (Wny v, FiQ% 1 oy y.a) = Homoy (Wi vs FywQy/g.)
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where the first map is just a pull-back and the second map is induced by F, Q&,XXY Iy Fy, *Q%,, Yl
The above composition of maps can embed into the following composition

j h
Homo,, (wn)x, Fx,« 21 /5) = Homoy (wiy v, FIQ%, cyyy) = Homoy (wiy /v, Fra Q3 g)
Using the second description of ®y(«), ®n(«) is induced by the map
Spec,,  Fi(Ox [ x]) = X' xx X' 3 N
and j o ®y(«) is induced by the map
id
SpeCOY Fg{(©YXxX’[Q%/XxX’/Y]) — (Y XX X’) Xy (Y XX X’) 2Y XX (X/ XX X/) ' Y—>><a Y XX N
Then h o jo ®y(a) is induced by the map
id
Specy, Fys(Oyvr[Q51/y]) = Specy, FL(Oyxyxr [y xrpy]) = Y xx X759 Y xx N
From the other direction, ®p, o f’(«) is induced by the map
id
Specy, . Fys(Oyr[Qy]) = Y =Y xx X" YUY xx N

So the result follows from the following trivial commutative diagram:

Specoy Fy . (Oy [Q%/,/Y]) Y”
SpecoY F;(OYXXX/[Q%/XXX,/Y]) Y xx X"

O

If moreover f : Y — X has isomorphism relative Frobenius morphism, the group Homp,, (wy,. /Y Fy7*Q%/, /s o)
can be written as Homo, (f*wn,x, f*FX’*Qﬁ(//S «1)» see fact @

Corollary 2.10. If f : Y — X is a morphism of schemes over S with isomorphism relative Frobenius
morphism. Denote G by the fppf sheaf on X generated by the Ox-module wy,x @0 FX,*Q%/S ol

Due to fact[d], the above commutative diagram can be written as:

HY(X, N) Y T(X,G)

)

HY(Y, Ny)———T'(Y,G)

2.4. A variant form of the second exact sequence
Note that we have

If we identify X’ with X, then Qﬁ(’/s = Qﬁ(/s so the last group can be written as Homo  (F'ywn,x Q%{/s)'
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Moreover, we have
Homo (Fxwyyx, x/s)
=T(X, Homo (Fxwn/x; 2 /s))
:P(X, (F)*(WN/X)V ®OX Q}X/S)
since wyy x is finite locally free

=I(X, Fxwyyx ®ox Qx/s)

Since we are going to deal with Qﬁ( / S(E ), we better transform the second exact sequence and their corre-
sponding functoriality lemma into the form s.t. the target group is of the form Homo, (Fywy,x, Q}( / g) =
INO.¢ F;("‘JXI/X ®0y Qﬁ(/s).

Corollary 2.11. Let m: X — S be a morphism of schemes of characteristic p where S is perfect and
X is locally Noetherian. Let N be a finite flat commutative group scheme over X of height 1. Suppose
Fx : X' — X has a rank one p base Zariski locally. Denote Fn by the fppf sheaf on X generated by
the Ox-module Fn := F)*(wX,/X ®ox Qﬁ(/s, then we have an injection of abelian groups

Uy : HY(X,N) = T'(X, Fy).
Proof. Tt follows from Corollary 2.4] and the above discussion. O

Corollary 2.12. ¥ is functorial over N, i.e. if f: N — M is a morphism of finite flat commutative
group schemes of height 1 over X, then there exists a commutative diagram as following:

HY(X, N)—~ (X, Fy)

L

HY(X, M)~ (X, Far)
Proof. The proof is identical to that of lemma with Q%{//S « replaced by Qé{//S' O
The above corollary will be used in the diagram [3.7]

Corollary 2.13. Yy is functorial over X in the sense that if f : Y — X is a morphism of schemes
over S with isomorphism relative Frobenius morphism, then Fy : Y’ —'Y has a rank one p base Zariski
locally and we have the following commutative diagram

HY(X, N)—2 (X, F)

L

\\ ~
H (Y, Ny )—Y——T(Y, Fx)

Proof. We can use fact|§|to identify T'(Y, Fn) with Homo,, (Fywyy /v, Q%/ / g)- Then it is a direct result
of corollary 2.10] O

The above corollary will be used in diagram [3.1] and diagram [3.7]
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3. The main theorem

For any S-group scheme G, denote the unit section as eg/s : G — S and let wg,g = e*Qé/s.

From now on, all cohomology groups are of fppf sheaves unless explicitly specified. Now we are ready

to state our main theorem.

Theorem 3.1. There is a natural injective homomorphism

¢ : SelFa/)(A/ K) — Home (FEWier 1y /0 QUi (B))-

And this map ¢ is functorial for morphisms of semi-abelian schemes over C'.

This theorem is also proved in Corollaire 1.5 in D. Réssler’s paper [3|, and this thesis provides an

alternative proof.

Proof. As A is smooth over C, in particular locally of finite type, we know Fy,¢ is finite by [5, tag
0CCD] so ker Fq /¢ is finite over C' as the base change of F 4/ by the unit section. By lemma m,
we know Fy,c is flat so ker Fy ¢ is flat over C'. Together with lemma , we know ker Fy o is a
finite flat commutative group scheme of height one over C. Since C' is smooth over the perfect field ko,
Fo = Foyi, has a rank one p base Zariski locally, see [19, 1.1 & 1.2] and [5 tag 0CCD]. So we can

apply the second exact sequence and utilize its functoriality.

Denote F by the fppf sheaf on C generated by the finite locally free module F := Féwlfer Fae/C R0g

Ql

comes from the fact that C is smooth over ko).

Pick any closed point v € C, apply fact [7] and Corollary to the commutative square

T’ a SpeTc K
Spec O, Spec K,

C ko (the finite locally freeness of w,/ Fajo/C is in Section [2| and the finite locally freeness of Q, ko

we have the following commutative diagram, where the cohomology groups are for fppf-sheaves, the

rows are injective,

71

H' (K ker Fy /)

F(C) 114

Hl(@v, ker FA@ /@v) V4
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Next we show the arrows on the right plane are all injective, the above right plane is just:

F(O)——=F,

| |

F(O,) —"— F(K,)

As F is locally free and C is an integral scheme, all restriction maps F(U) — F(V) and F(U) — F,
are injective. So p is injective. s is a composition of F(C) — F, and F, — F, 0, C’jv, the former
is injective, and later is the base change of the injective ring map O, — O, w.r.t. the finite free
module F, so also injective, hence ps is injective. Similarly us (resp. pg) is the base change of the
injective map O, — K, (resp. K — K,) w.r.t. the finite free module F, (resp. Fy), so they are also
injective. Now the left plane embeds into the right plane, by a simple diagram chase we can show
every arrow in the left plane is injective.

We have

HomC(WkerFA/C/07 FC,*(QIC’/k:O (E))) = F(Cv Homoc (wkerFA/C/C7 FC,*(QIC/kO (E)))
=T(C, Hom@C(FéwkerFA/c/C, Qlc'/kO(E))
= F(C7 (Fé’wkerFA/c/C)\/ ®OC Qé/kO(E))
since wier Jc/C is finite locally free
=I(C,F ®o, O(F))
O(E) is an invertible module so finite locally free
C (F ®oc O(E))y
- F

and our target is to show that the image of Sel¥4/x)(A/K) under ~; lies in T(C, F @0, O(E)) =
Noec Fo ®o, O(E), C F.

Let T € SelFa/x)(A/K), equivalently, we want to show
Vo € C, Vl(T) € Fu ®0, O(E)v

When v ¢ E, O(E), = O,. When v € E, O(E), = t,'O, where t, € O, is a uniformiser. So it
suffices to show that

W (T) € Fy Yo e C\{EUn}
ty-n(T)eF, YweE

As F,, is a finite free K-module, it suffices to check the order of each component s; of 71 (T) in F;) = K"
with respect to O,, which can also be checked in K,. Thus it suffices to show that

{73(A4(T)) € F(O,)=Imps  Yoe C\{EUn) (52)
ty - 13(M\a(T)) € F(Op) =Impusz Yo e FE '

And functoriality will be proved in the end.

Fix a closed point v. To simplify notation write ¢t = t,, and s = y3(A\4(7")), so we want to show s € Im p3
ifveg EFandt-s € Impusif v € E. The equation eventually happens in the bottom plane of above
diagram so we discard the top plane, and investigate the bottom plane (constructed by applying
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the second exact sequences to ker F, /6 ) by inserting it into a sequence of planes (constructed by
Oy v

: @l
applying the second exact sequences to the sequence oo, — ker I

5 o, — ker Fy /@v), see diagram

o,/
Then we prove our theorem by diagram chasing.

To start, the Raynaud construction (see [4, II, 1]) provides an exact sequence of formal schemes over

A~

O,, say

0 é closed immersion A faithfully flat [S’ 0 (33)

Oy

where * denotes formalization. Here B/0, is an abelian scheme and G is a torus over O,,.

To explain this construction in short: Denote S = Spec @,, S,, = Spec tnflv(’} and A, = .A@v X g Sh
for n > 1. By definition of semi-abelian schemes, there exists a short exact sequence
0 — Gyo —» Ay — By — 0 over Sy = Speck(v) (note O, and O, have the same residue field

by [5, tag 05GG|), where Gy is a torus and By is an abelian variety.

By [4, I, Thm. 2.2], we can lift the closed immersion Gy — Ay to G; — A; over S, ie.
there exists a torus G; embedding in A; as a closed immersion and the embedding is a group
homomorphism, and it descends to Gg — A after the base change Sy — Si. The existence of
the quotient By of A; by G is guaranteed by 13| 4.39], and we must have B; x g, So = By, see |13, 4.30].

Inductively we have an exact sequence of fppf-sheaves 0 — G,, = A,, — B, — 0 for all n > 0, which
is also an exact sequence of commutative group schemes in the sense of definition by remark [I.15]
Results in |14, XII] ensure Gy, is a maximal torus of A,, and B,, are abelian schemes. The existence of
G and B over S is proved in [4, II, 1] using the fact O, is normal.

By definition, G splits (i.e. isomorphic to a product of finitely many copies of multiplicative group
scheme G,,) fpgc-locally. As O, is a Noetherian local ring, G splits after a finite étale base change
O, — R which is surjective on the spectrum, see |14, Expose X, Cor. 3.3]. Now we want to find a
suitable unramified base change so we can assume G splits.

Reduction to the case G splits:

As Spec R — Spec O, is surjective, there exists a prime q of R lying over (0). By the going up property
of integral ring map, there exists a prime p O q lying over tO,. And R, is our potential candidate for
new O, and Ry is our potential candidate for new K.

We have a flat local ring map O, — R, (resp. K, — Rq) which must be faithfully flat and hence
injective, see [5 tag 00HR]. By [5, tag 02GU]|, we have tR, = pR; (resp. (0) = qRy) and the induced
residue field extension is finite separable. In particular, Ry = Rq/qR, is a field which is finite separable
over K.

Clearly, R is a Noetherian ring since R is a finite Op-module. We know R is a regular ring by [5| tag
07NF]. So R, is a regular local ring so a Noetherian normal domain, see |5, tag 00NP| and [5| tag 0567].
We also have dim(Ry,) = 1 by the fact tR, = pR, and |5, tag 000N|. So R, is a discrete valuation
ring and it’s minimal prime ideal (0) must be qR,. Hence the fraction field of R, is indeed Rj.

Since tRp = pRy is the maximal ideal of the DVR R, ¢ is also an uniformiser of R,. And the discrete
valuation on Rq (determined by its valuation ring R,) extends the discrete valuation on K, (determined
by its valuation ring O,). By [24} 7.38|, we know that the integral closure of O, in R, defines the same
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extended valuation on Ry and Ry is complete with this valuation. So R, must be the integral closure
of O, in Rq. Hence R, is a complete discrete valuation ring and it is finite over O, by |5, tag 032L].

<

e
R

If z € K, N Ry, then x is integral over O,. Plus the fact O, is integrally closed in K, we have x € O,.
So we have K, N R, = O,. Now we are ready to check if we can safely assume O, = Ry, i.e. if it
suffices to check the result on R,.

— O

=

q

Clearly G splits over R,. The ring map O, — R, is finite, flat, and formally unramified by [5, tag
02GU]|, thus unramified by [5, tag 02G5|, thus weakly étale by [5, tag 094X], thus has isomorphic
relative Frobenius morphism by [5, tag OF6W|. The finite separable field extension K, — R, is étale
so has isomorphic relative Frobenius morphism by [5, tag OEBS|. By the proof of fact m, we know
both &, — K, and R, — R4 have isomorphic relative Frobenius morphism. Thus by fact [5, every
arrow of the following commutative diagram is a pull-back:

* Y 1 * V 1
F@vwkerFA@ /Oy ® Q@v/ko FKvwkeTFAKU/KU D %, ko

| |

Fy w)
Byker Fap, /g ®

* Y 1 1
Fr, Wker Fap, /iy Qg ik, Qg ko

We know F Wiy o = F(O,) is a finite free module (mentioned above), so we can

® QL
A, /Ov Oy /ko
v

assume it’s isomorphic to @?" for some n € N. Then the above diagram is just:

ogn Kgn
Ry" RZ"

Let s € K. To check if s or ¢ - s are in O™ = RY™ N K™, it suffices to check in Ry™.

Note that both R}, and O, are DVRs, they share the same uniformiser, and both of their residue fields
are finite. In the remaining proof, R, (resp. Rq) is a perfect replacement of O, (resp. K,) because
they share all the properties needed to complete the proof.

For example, using the proof of fact [, we can see that every arrow in the following diagram has
isomorphic relative Frobenius morphism.

Spec Ry Spec R,
Spec K C

So we can replace O, with R, and K, with Ry in diagram with similar proof.

From now on, we mean 7, when we write (;)v and we mean Ry when we write K. I will leave a note
whenever a property of O, (resp. K,) non-trivially passes to R, (resp. Ry).
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Now we can safely assume G splits over @U, ie.
G =GY

for some [ € N.

If v ¢ E then .A@v 2 B is already proper and [ = 0, and by the valuation criterion of properness we
have

A@U(@v) = Ag,(Ky)
AD(0,) = AP(K.)
Ag}) (@U)/FAOU/@u (A@v (@”)) = A%z (Kv)/FAKv/KU (AKU (Kv))

By corollary we have the following commutative diagram:

AS O/ Fy, 16,(As,(00)) (O ker Fy 1)

| |

dv
AP (K Fa i, (Ax, (K0) HE (Ko ker Fa e,

so in this case Im d,, C Im A3. In particular, \y(T") € Im A3 so s = y3(A4(T)) € Im p3. Thus, we only
need to deal with the bad points v € E and we can assume [ > 1.

The following lemma shows that the short exact sequence of formal schemes induces an exact sequence
of finite commutative group schemes over O, whose middle term is ker F', /6, SO We can investigate
Oy v

the bottom plane with it. (to be continued) O
Lemma 3.2. There exists a short exact sequence of finite commutative group schemes:
Pl g A
0— Koo, = ker FA@D/OU — ker Fig,5 — 0 (3.4)

Proof. We first show the construction process of this sequence. Recall the construction of Raynaud
sequence from the fact that A; is a semi-abelian scheme over Spec O,. Let W := Spec(O,/t"O,)

where m > 1. The above exact sequence of formal schemes over O, is equivalent to an inverse system
of exact sequences in both senses of remark [1.15}

0—>Gw—>./4wq—m>Bw—>0
So Gyw = ker ¢,, and g, is faithfully flat and locally of finite presentation.

F
Now, we pull back the sequence w.r.t. W % W, we have an exact sequence

()
O%G%)—)A%)q@plg%)—)()

Next, we connect the two exact sequences by relative Frobenius morphisms which are universal
homeomorphisms and integral by [5, tag 0CCB|. Hence we have the following commutative diagram.

0 GW > .AW am a BW > 0
lFGW/W lFAW/W J’FBW/W
(p) (p) 4% . plp)

0 » Gy Ay —— By —— 0
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Naturally, we consider the kernel of the relative Frobenius morphisms. In this case, the kernels of
homomorphisms between group schemes and the kernels of fppf sheaves agrees (the group kernel
clearly represents the sheaf kernel). So we have

ker Fa,, yw — ker Fla, w _m s ker Fgy yw

| | |

0 Gw > Aw e Bw > 0
\LFGW/W lFAW/W lFBW/W
0 —— GF) s AW BY) » 0

By applying the snake lemma to the abelian category of fppf sheaves, we have the following commutative
diagram
0 — kerFGW/W e kGI'F_AW/W qi) kGI'FBW/W U

| | |
1

( 1 1 5
0 GW AW dm > BW 0
\LFGW/W \LFAW/W \LFBW/W
0{—— G » A » BY) 0

—— Coker Fgg,, w =0

As an fppf sheaf, Coker Fg,, i = 0, see [12, II, 2.18 (b)]. We have an exact sequence of fppf sheaves:

0 — ker g,y — ker Fay w25 ker Fig, jw — 0 (3.5)

Because ker Fg,, /= ugfév is flat and locally of finite presented over W by corollary (G is
smooth), this is an exact sequence in both senses of exactness by remark in particular g, is
faithfully flat.

As Gw, Aw, By are all smooth over W, thereby locally of finite type over W, then Fg,, /w, Fa, /w
and Fg,, ,y are finite by [5, tag 0CCD] and faithfully flat by lemma m Then by base change
via unit section, is an exact sequence of finite flat commutative group schemes over W (as W
is Noetherian, they are also finite locally free, see |5, tag 02KB|). With different m, they form an
inverse system of sequences (i.e. a sequence of formal schemes over @v) By [25], 8.4.6] applied with
X =Y = O, we have an equivalence from the category of finite Op-schemes to the category of finite
(’jv—formal schemes. Thus from we obtain a sequence of finite (’jv—schemes which must be

0 = ker Fyyp = ji — ker Fao /6, = ker Fig 5, — 0 (3.6)

Now we want to prove this is an exact sequence of commutative group schemes in both senses of
exactness. Recall the first one is ,uf?l@ = ker ¢ and ¢ is faithfully flat and locally of finite presented,

v

and the second one is being exact as fppf sheaves. Since u;?l@ is already flat and locally of finite

presented, those two definitions already agree.

First of all, from the equivalence of categories, the sub-categories of group objects are equivalent, and
their kernel agree. Hence ,u@l@ = ker ¢ and the corresponding morphism is an immersion of kernel.

2,0y
By lemma , ker Fg /0, are of height 1. So the absolute Frobenius morphism of ker Fj, /0, factors
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through the unit section Spec O, — ker F B/O, of ker F| B/O, hence the unit section of ker Fj /0, is
surjective. As ¢ is a group homomorphism, the unit section of ker Fi /0, factors through ¢, so ¢ is
surjective. Now we are left to show that ¢ is flat.

The plan is to use the flatness criterion in [5, tag 0523|. To use the lemma’s notation, denote
R =S5 = O(ker Fyo, ), M = O(ker FA /0, ), and I =tR. So if we can show that R is Noetherian, S

is a local ring, IS = tS is contained in its maximal ideal and M is finite over S, then % is flat over
ﬂ for all » > 1 implies that M is flat over R.

It’s casy to see R is Noetherian as R is finite over @,. We know the unit section Spec @, — ker Fy

is both injective and surjective, hence bijective. Hence R = S has only two prime ideals. The ﬁnlte
ring map O, — S'is integral, so by the going up property of integral ring maps (see [5, tag 00GU]), w
know one of the prime ideals of S contains the other one. So S is a local ring and its unique maximal
ideal lies over t@,, in particular tS is contained in S’s maximal ideal. The fact M is finite over S
follows from |5, tag 035D| Hence we have M is flat over R.

We have shown that p® (9 — ker F | /0 is an isomorphism onto ker ¢ and q is faithfully flat and
Ov v

P,

locally of finite presentation. Thus it is an exact sequence of finite commutative group schemes over
O,. O

continued proof of theorem[3.1 By remark we know
0—>,up R —>kerFA /0, 2 ker F, B/, —0

is also an exact sequence of fppf-sheaves, so it induces a sequence of cohomology groups. Combined
with the second exact sequence functorially (see lemma , we have a commutative diagram whose
middle plane is the bottom plane of diagram

1 ol €1,Ky . 1

H (Kv7 lU/p7K"-’) FK’U p K’U /KU ®K” QK'U/]CO

@ /1|
DKy
H (Oy, 1", 2 Fr Ve o ©p O ,
(O'U? Mp,ou) vaufl()v/ov ®OU Ou/k’() q Ko
¢ (0]
H' (K, ker F° T Fp w 0l
( v, K€r AKU/KU) K, kerFA /K /Ky XK, Ko /ko

R 1
O, kerF /O /Ou ®Ov QOv/ko VK,

€3,Ky

1 1
HY(K,, ker Fig, /) F[*(vwl\(/erFBKv/Kv/KU ®K, QKv/ko

1/ A N €3 * V N 1
H ((’)U,ker FB/OU) F@vwkerFB/@v/@v ®Ov Q@u/ko

(3.7)

The right plane looks scary but it’s just a bunch of (’jf)”’s and K'’s. We will soon simplify it. Let’s
assume there exists j,n,m € N s.t.
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* V R 1 ~ J

F@vwﬂfl@ /@v ®Ov Q@v/kfo = OU

* .V ~ 1 ~ AN

Fa Y p g 10010 Do, Yo,k = O

* \Y . 1 ~ Am

F@kaer FB/(% /@1, ®O’U Q(’jv/ko - Ov

Hence the above diagram simplifies to the following diagram.
€1,Ky 1
H'(K,, ufjﬁ(v) == K
brey
H'(O,, ujj’@ ) a o}
¢ (0] . .
HY (K, ker Fa,. /x,) N (¢
a‘y ba=ps
e (3.8)
1/ A €2="74 An - .
H (Oy, ker FAGU/@“) O? YKy
P Y .
3,Ky

H' (K, ker Fg, k) Km

H'(O,, ker FB/@v) =2 om

Recall our goal is to show that ¢ - y3(A4(7")) € Im p3, or with the new name, t - e k, (A4(7T")) € Imbs.

At this step, a few groups can already be calculated explicitly. Note O, and O, have the same residue
field by |5} tag 05GG|. And this is a finite extension of kg since v is a closed point (note that we are
actually using R, whose residue field is a finite extension of the residue field of O,). So x(v) is finite
thus perfect. By |26, Chap. 2, §4, Thm. 2|, if we write L = x(v), then we can identify O, = L[[t]] and
K, = L((t)). O

Lemma 3.3. We have that

and

LD N s e (LI \®
Hl(Ku,M?l) = <(L((t))x)p) ; Hl(Ov,u;‘?l) = ((L[[t]]x)p) '

Proof. Consider the long exact sequence of fppf cohomology associated to the exact sequence of fppf

sheaves
0—>,up—>Gm£>Gm—>O.
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To evaluate HY(O,, i) and HY(K,, 1), we need to know H'(O,,G,,) = Pic(0,) and HY(K,, G,,) =
Pic(K,) first. We know O, is a DVR (discrete valuation ring) and so a UFD (unique factorization
domain), and K, is a field so it is a UFD too. Thus both of their Picard groups are zero by |5 tag
0BCH].

So we have a commutative diagram of abelian groups where the rows are exact.

1 — HY(K,, 1) HY(K,, Gp) 225 HO(K,, Gp) — HY(Ky, 1) ——>
P P

N

1——HOy, 1y)—— H%(Oy, G) 25 HY(O,, Gryy) —— HY(O, 1) ——

Hence the above diagram is just:

Ky x
1 —— ker Fjx —— L((£))* —2> L((t))* o 1
] ¢ . _toi J x L]l ‘
1 ——ker Fj5x L[[t]]* —— L][[t]] GO 1
In particular, we have
L) 14 L[]
Hl K’U) 1% = T (\\xX\p H OU) 25 =
R (7(0) o e A N
The rest of the statement follows from a similar argument. O

Lemma 3.4. Let X = Spec A be an affine scheme of characteristic p. Then
wup X/X = OX

as an Ox-module, hence wV /X = >~ Ox. Also w, W&l /X = O??l.

Proof. Clearly we have p, x = Spec @ p[ ]1) Let e : X — pp x be the unit section, which is represented

by @ p[:v]) A By definition, Wy, x /X =€ Q /X Because everything is affine and every concerned
module is quasi-coherent, we may view it as a module over a ring, instead of an Ox-module.
First, Qip}x /X = ot Alel /4 (xp[x]l)d (;;[f]l) as an (:;["_E}l)—module (basically because of characteris-

(zP 1)

- 1 Alz] : Alz] : b
tic p). Then e*Qup’X/X is just (xp_l)dx ®($)[f]1) A where A is an (xp_l)—module via x + 1, which is
just A. Hence w, . x = Ox as an Ox-module.

If M and N are two commutative group schemes over X, we have

WMxN/X = e*MxNQ}\/[xN/X
= ekxN(PY}hg}wx ® pr*NQ]lV/X)
= e*MQ}\/I/X ® e*NQle/X
= wp/x DwWn/x

Then waN/X Homoy (wyrxn/x, Ox) = Homoy (wy/x @ wyyx, Ox). Use [5, tag 03EN] and the
fact that finite products agree with finite coproducts in the abelian category of Ox-modules, we have
Homoy (wy/x ®winyx, Ox) = Homoy (war/x, Ox) © Homo (wn)x, Ox) = ""]\\//[/X@WXI/X' It follows

that w", =~ (WP V=0 O

EBl /X bp,x /X

o6


https://stacks.math.columbia.edu/tag/0BCH
https://stacks.math.columbia.edu/tag/0BCH
https://stacks.math.columbia.edu/tag/03EN

Thus we have
v

Pov/ov

12

w Op,» w = Ok, .-

\%
Hp, Ky /K’U

The following lemma states that the fact which we want to show in the middle plane, is already true
in the top plane.

Lemma 3.5. We have that t-Imeq g, C Imby.

Proof. We focus on the top plane of diagram Since e and e g, are functorial, both of them

decompose into a direct sum of [ pieces of maps. For example, e : Hl(@v, ,uga ) — F* w @l /(9 Rp,
1 ~ * . . 1 @l : :
Q. O lky (F 0.5 o, /00 ®p, 2 o, /ko) equals the direct sum of [ copies of

.l A 1
1 :H (Ovaﬂp)ﬁF (A) iy 6, /Ov ®©v Q@v/ko‘

Explicitly, we apply the second exact sequence functorially with ugal 2 p, s0 we have the following
commutative diagram

1A l 1
H (O’LMM;‘? ) F vw @l /O ®@v Q@u/ko
l l?
l 1 * R 1
i1 H'(Ovs 1) — Bl 1P u,,o 10, @0, Q@v/ko

where the left vertical arrow is an isomorphism because cohomology commutes with limits and colimits.

It suffices to show ¢ - Imeq g, C Imb; on each component so we can safely assume [ = 1.

A ~ L[[t]]* *
Note that we already show that H'(O,, ) = % and FO,, iy o,/ ®0, Qév/ko Os, @0,
1 ~ Ol ~ Ol
ousro = oo = Lulileo
We claim that e; : % — Q};[[t]] Jko CALL be represented by the map a Hp %. This is clearly well
defined since dacﬁ, = b:bp =

We follow the second description of the second exact sequence. An element @ in Hl((’A)v7 tp) can
L[[#]][]

(@ —a)

be represented by the p,-torsor P, = Spec over X := SpecO,. The action of pp on Py is

obvious. Define X' = X ¥ X. So F %P, is a torsor over X’ which must be uniquely trivialized,
by X' %8 P, % — L[[t]], cx — cPa. Tt gives rise to two maps X' xx X' = X" — P,, namely
waop,tra®land g, 0p, x> 1®@a. As P(X") is a p,(X”)-torsor, there exists a unique map
ha : X" — pp x st. ha - (a0 P1) = g © pa, We can see that it’s determined by =+ a~! @ a.

Using the anti-equivalence between schemes affine over X and quasi-coherent Ox-algebras, h, defines

a map of quasi-coherent Ox-algebras (O;( [1]) — Fx.Ox ®0y Fx«Ox: which is determined by

(Off [ﬁ]) and N be the nilradical ideal of

r+ a ' ®a. Let I be the augmentation ideal (z — 1) of
FX7*OX/ Koy FX,*OX/- We have

N2

YRz—rydz

1
Wiy x /X~ EX Q0 1
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So h, induces a map of quasi-coherent O x-modules Wy /x> F x5 Jko" And Wy, x/X is isomorphic

to Ox - (z — 1) so the map is determined by the image of x — 1 which is a~!da = %“. Thus the
corresponding map Fyw, /x — Qﬁ(, Jko is also determined by %.

Siinilarly the m:p e1rc, s YKy, pp) — FI*(UWXP,KU/KU ®K, Q}Q/ko can be identified with % —
QL @ T

Thus the top plane of the diagram (3.8)) is as following, assuming [ = 1:

L((t))* elyKv:dln\
(1)) Ql

D)7 * L)/ ko
o] W]
L) _ei=dln o

CIOIE oL ko

Since every formal power series in L[[¢]] with a non-zero constant term is a unit, a general non-zero
element in L((t)) is of the form ¢ f where m is an integer and f € L[[t]]*. Hence a general element

in % is of the form ¢™ f where 0 < m < p — 1 is an integer and f € L[[t]]*. So

A ) mt T ftdf omedf
Hence p
t-dIn(t™f) :m—i-t; =m+t-dlnfe€lmb
The result follows. O

Lemma 3.6. ¢ : Hl((;)v,kerFAA /0 ) = HY(O,, ker Fgio ) is surjective.
O’U v v

Proof. We only need to show that HQ(@v, ftp) = 0. Consider the long exact sequence of fppf cohomology
associated to the exact sequence of fppf sheaves

0—=pp— Gy = Gy = 0

It suffices to show that H'(O,, G,,) = 0 = H?(O,, G,,). The first one is just Pic(O,), which must be 0
since O, is a DVR so UFD, see [5, tag 0BCH]|. Since G 6, 1s a smooth quasi-projective commutative

group scheme over O, (smoothness by direct calculation, affine morphism = quasi-affine morphism
= quasi-projective morphism given finite type, see [, tag 0B3H]), by [12, III, 3.9], we can identify

HQ(OU, G,, @v) as an étale cohomology group, hence it is the cohomological Brauer group over O,,
see |12, IV, §1, p. 136].

Since O, is a local ring of dimension 1, it is isomorphic to the Brauer group Br(@v) by |12, TV, 2.17].
Since O, is a complete local ring thus Henselian, Br(O,) is isomorphic to the Brauer group of the
residue field Br(x(v)) by [12, IV, 2.13].

As the residue field x(v) is finite over ko, x(v) is also finite as a set. Then, by [12, IV, 2.20 (a)], we
have Br(k(v)) = qﬂ, which implies the desired result. O

The next lemma is the essential ingredient of this paper. To prove it we need to deeply investigate the
Raynaud exact sequence in the setting of rigid analytic space. With the following lemma the assertion
[3-2]is just a simple diagram chase.

®This is where we essentially use the fact ko is finite. If ko is just perfect, the group Br(x(v)) could be non-zero.
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Lemma 3.7. ¢k, (A(T)) C Imas

Proof. By definition A\y(7T) comes from A%Z (Ky,). It suffices to show 9k, (A(T)) comes from
Bgz(Kv) = B®)(O,) so it lies in Im as.

HY(O,, ker F ) R HY (K, ker Fay xc,)

As /(’)1,

llﬁ YK,

HY(O,, ker FB@ 16,) —% > HY(K,, ker Fpy, /K,)

Now it suffices find a map of sets Agi (Ky) — Bgz (K,) that is compatible with H! (K, ker I
HY(K,, ker F; Br,/ k,)- This is where we introduce the method of rigid-analytic space. A brief introduc-
tion and related results are introduced in Appendix [B]

Before we apply the results in the Appendix, we need to verify some preliminary conditions: O, is a
complete valuation ring of height 1 and Fy, is a finite map. We know that O, = L[[t]] where L is a

finite field, is clearly a complete valuation ring of height 1. And Fj5 is generated by {th:0<i<p-1}
so F s finitely generated. It follows that K, is a complete field with a non-trivial non-Archimedean
absolute value and FJ, is finite.

Our first objective is to convert the maps A%?Z (K,) — HY{(K,,ker Fay,/x,) and Bgz (Ky) —
H'(K,, ker F,, /K,) to maps in the rigid analytic setting so we can apply rigid analytic methods.

By lemma [B:2] and lemma [B.14] we know
AR (K) = (AR (K) = (AR (K.)
B (K,) = (BE)™(K.) = (BR) P (K,)
Fpan i, = (Fag, /)"
( )™

Fpan /x, = (FBg, /K,

As analytification preserves commutative group objects, A% (A‘}?U)(p), B, (B )®) are all com-
mutative rigid K,-groups. And F aze /i and Figan /i, are group homomorphisms by lemma
By [5, tag 0CCB| and [5, tag 0CCD|, Fy, sk, and Fg, /K, are surjective and finite, hence their
analytifications are surjective and finite by [27, 5.2.1 (2)]. It follows that both ker Fyy, /k, and
ker Fig, /K, are finite over K, and so are their analytifications.

We have

(ker Fa, /x, )™ = ker(Fay /)™ as ()™ commutes with fiber products

= ker FA?{n /Ky
and similarly (ker F,. /)" = ker Fpan /K, By lemma we have
H'(K,, ker Fu, /x,) = PHS(ker Fa, /i)™ = PHS(ker Fyan /i, )

H'(K,, ker Fp, /K,) = PHS(ker Fig, /)™ = PHS(ker Figan /1, )

Now we apply proposition : as F A R, (resp. FB?(n / k,) is a group homomorphism which is

surjective on the level of topological space, there exists a group homomorphism (A‘}‘?v)(p)(Kv) —
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PHS(ker Fpan /f,) (resp. (B??v)(p)(Kv) — PHS(ker Fan /) ), which by construction is compatible

with A%Z(KU) — HY(K,, ker Fyy. /K,) (vesp. B%(KU) — HY(K,, ker Fp, /K,) ). And the homomor-
phism H!(K,, ker Fap /Kk,) = H!(K,, ker Fp,, /K,) induces a homomorphism PHS(ker Figan /g, ) —

an

PHS (ker Fgsn /x,) which is determined by ker Fags /i, & (ker Fay i, )™ =% (ker Fe jic,)™ =
ker Figan /1, where q : ker F Ag, /00 T ker Fyg 5 s introduced in .

Now we have a diagram

(A32) P (Ky) (B2 )W (K.)

PHS(ker FA%I /K'u) *S> PHS(ker FB?(“ /K'u)

and the problem is reduced to showing that Im(so¥4) C Im ¥, or finding a map of sets (A*}?U)(p) (Ky,) —
(B )P)(K,) making the diagram commutes.

By the uniformization theorem [7, 1.1 & 1.2|, there exists an extension
0—GE Yy - FEL Bk, =0

in the category of commutative group schemes that are of finite type over K,, and a commutative
diagram of abelian rigid K,-groups where each arrow is a group homomorphism

an [ an 2ri
v

o ' @rig
J

AR, i Me,)™
where M is a lattice of E*" s.t. A%} = % via o, o is thus surjective, i4 : (/lo )8 sy A% is an open
immersion constructed as in subsection (note that it is a group homomorphism by the same proof
in lemma [B.25)), and j is also an open immersion and a group homomorphism. The above diagram
induces the following commutative diagram, see lemma and lemma

E3n B
/ Fm /
AaKn’U )(Aév )rig FB%EU /KU
Flag, ris/m,
Fage /i, (E™) (») l (B3 )(p)

(A3 (Ao, )

In order to apply corollary [B.9]on above diagram, we need to show every vertical arrow is surjective
with finite kernel. We have dealt with F an /K, and F an /K, the same argument can be applied

to Fpan/,. Using lemma we know the induced map ker F(A@ yie /i, — Ker Fyan /x, 1s an
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isomorphism so ker F; ( Ap, )5/ Ky is finite. So it’s left to show F (Ao, )5/ K, is surjective (it is very likely
that every relative Frobemus morphism of rigid K,-space is a universally homeomorphism just like
the scheme case). Recall that F( Ag, )rie is an identity map on the underlying topological space, so it
is equivalent to show ((flo )“g)(p) — (.flo )78 is injective. By embedding into (A3 )®) — — AR i
suffices to show (A% )P — — A% is injective, which is equivalent to the surjection of FAm /K, Which is
already proved. So we are safe to apply corollary [B.9 and we have:

(B )( (B2 )0 (K6,

(Az )P (K,) .A )rig) () (K

PHS ker FEan/K

/ \

PHS(ker FAan /K PHS ker F( )rlg/K )

PHS(keI‘Fan /K )

Next we show that the open immersion of rigid groups j : (A@U)rig — E?" leads to an isomorphism
ker Fgan /g, = ker F( A s I, This is completely general, let j : U — X be an open immersion
Oy v

of rigid K,-groups (in the sense that j is also a group homomorphism). Considering the following

commutative diagram,
Z \

U 444245> X

Fy Fx

U N X
we can see that f(Z) C U so there exists a unique morphism Z — U making the diagram commute.
Therefore the square is Cartesian, hence all the three squares below are Cartesian since the lower one
is automatically Cartesian.

U X
Fyr, le/Kv
(P
e 2L x®)

bt




Now we consider the commutative cube:

kerFU/KU kEI'FX/KU
Sp Kv Sp KU
) €x(p)
ey (p) U d X
U@ i) x®)

We know that the bottom, left and right squares are Cartesian. The front square is also Cartesian
because j : U®) — X is an open immersion (base change preserves open immersions, and for any
open immersion U — X and any morphism Z — U, we have Z xx U = Z xy U = Z). Therefore
all the 6 faces of the cube are Cartesian, in particular, the top square is Cartesian and we have
kerFU/KU =~ ker FX/Kv

We know kerF(A@v)rig/KU — kerFB?a/Kv is induced by ¢ : (kerFA e ) — (kerFB/O ) , SO
the map PHS(ker F(A@,U)rig/Ku) — PHS(ker FB;;]U/KU) is compatible with H' (K, ker Fa, ji,) —

HY(K,, ker Fg,. /K,)- Using that ker Fan /g, = ker F(A s K = ker Fipar /f¢,,, we have the following
v O’U v v
commutative diagram:

(B2 @) (K (p) (Ky)
(A2 (K. (Ao,)™)
PHS (ker Fan 1, ) PHS(ker Faw /k,)
/ \
PHS (ker Faan /x, ) PHS (ker F 4, e /Kv)

We know o : E*" — AR is a quotient map, so E*" and A% are locally the same, hence the
induced map of K,-rational points is surjective. And base change doesn’t change that property.
Hence we have a surjection (E*)®)(K,) — (Ai}?v)(p) (K,). And any element in (Ai}?v)(p) (K,) can be
lifted to an element in (F**)(®)(K,), and we can map it into (B}‘a)(p)(Kv). This is the map of sets
(A%?U)(p)(Kv) — (B%})(p)(Kv) we want to construct. With a simple diagram chase, we can see that it
is compatible with PHS(ker Faan /K,) — PHS(ker Fgan /K,)- The result follows. O
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Proof of assertion . For convenience, we include diagram again:

€1,Ky

. :
H (Ko, 11,5,) K3
K,
H(Ou 2 ) 0
¢ 1 €2 K, =73 n
H (KmkerFAKU/KU) K,U
aV ba=p3
VKy
" T ) (3.9)
H* (O, ker FA@U/@) Oy Vi,
v 1 €3, Ky m
H (K, ker Fp, /k,) K]
HY(O,, ker Fy6,) % oy

Since 1 is surjective and g, (A(T)) € Tm ag, there exists T" € H'(O,, ker Fu. 0 ) s.t.
Oy v

az o Y(T") = Y, (a2(1")) = Yk, (M(T))
Let € := aa(T") — M(T), then ¢k, (¢) = 0. By exactness of the column

YK

¢
H' (K, p&h ) =55 H (K, ker Fa,, /x,) — H' (Ko, ker Fg, rc,),

there exists gg € Hl(Kv,,u;?lKv) s.t. ¢x,(e0) =€. By lemma there exists 6 € O} s.t. t-e1 ,(g0) =
b1(0) so

t-3(Aa(T)) =1t - ek, (Aa(
=t-eyr,(az(T') —¢)
=t-eyr,(az(T") —t- ez x, (e)
=t-by(e2(T")) —t - ea,(¢x,(€0))
ba(e2(T")) — t - ¢, (e1x,(c0))
62(T')) ok, (t - e1,k,(€0))
(T") - bk,
(1) -

M(T))

7)) — ¢k, (b1(0))

2(ea(T")) — ba(6*(0))

This completes the proof of assertion so we know ¢ is a well-defined injection. Now it remains to
show the functoriality of ¢ with respect to morphisms of semi-abelian schemes over C, it follows from
the functoriality of the second exact sequence (see corollary and the fact ¢ embeds in the second
exact sequence. Now we complete the proof of Prop O
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Corollary 3.8. The group % 1$ finite.

Proof. Let F = Fw). Faje/c ®0c QF Jio (B then Home (Wier 1 /0 Fo . (QF ko (E))) = F(C). We
have shown that F is a finite locally free sheaf over C'. Plus that C' is proper over kg, by [, tag 0205|,
F(C) is a finite ko-module, hence a finite abelian group since ko is finite. With our theorem, it follows

that Sel"4/x)(A/K) and its subgroup % are both finite. O
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4. Example

4.1. Construction of A/C

Let k be a finite field of characteristic p # 2,3. Let PL = Proj ks, t] be the projective line. We want
to construct an elliptic surface over IP’/ll€ with semistable reduction at each fiber. The idea is to use
glueing technique.

Let
AT)=a, T+ +ap
B(T) = b, T + -+ bg
be polynomials over k s.t. —16(4A(T)3 + 27B(T)?) # 0. Then

t t
Y2z = ad + A(=)zz® + B(-)23
s s

defines a closed subset & of P} xj, D (s), where D4 (s) = Spec k[%]

Let 1
a(S) = an + -+ +aoS" = 5" A(g)

1

BS) = bm+ -+ boS™ = S"B(g)

Suppose that n = 4d, m = 6d for some integer d > 1.
Over D (t), let & be the closed subset of P x; Dy (t) defined by

Y27 = X% + a(g)XZz + 5(%)23.
By construction we have that & and & agree over Dy (s)N Dy (t) (via Y = (£)3y, X = (2)¥z, Z = 2),
so we can glue them to obtain & over IP)}C.

Since P} = D4 (s) U {[0: 1]}, the fibers of £ are just the fibers over D (s) and the fiber over [0 : 1].
Now we want to find suitable conditions for A(T"), B(T) s.t. all fibers are semistable reduction.

Let p € D (s), then &, over k(p) is a good reduction if and only if A, ) = —16(4A(£)*+27B(L)?) # 0;
it is a multiplicative reduction if and only if A,y =0 and —2A(£)B(%) # 0 in (p), in this case its
3B(%)
2A(%)
to a multiplicative group scheme G, after we pass to a finite field extension of x(p), so this fiber is a
torus, see |28, pg.57-60.

singular point is [— ,0,1] € P?(k(p)) and if we remove this singular point, this fiber is isomorphic

Claim 4.1. The condition A = —16(4A(%)% 4 27B(%)?) = 0 defines a non-empty proper closed subset
Z in D (s) = A}, = Speckl[%].

Proof. Let F(x) = 4A(x)? 4+ 27B(x)? € k[x]. Since F # 0 by assumption, D(F) # () and thus
V(F) C Speck[z]. To show V(F) # 0, it suffices to show that Ve € k* = k[z]*, F(x) # c¢. Assume
for a contradiction that Jc € k*, F(z) = 4A(x)3 + 27B(z)? = ¢. Denote p = Char k. Note that by
assumption A(z) and B(z) are non-constant polynomials, then there exists a, f > 0 and non-constant
polynomials a(x),b(z) € k[x] s.t.

A(z) = a(z?"), B(z) = b(z?")
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with a’(z) # 0 and ¥ (z) # 0.

Assume a < 3. Let t = 27", denote By(t) := b(t?" ") = B(x). We have 4a(t)3 + 27bo(t)? = c. So
ged(a(t)?,bo(t)?) = 1 = ged(a(t), bo(t)). Take the derivative, we have 12a(t)%a’(t) + 54bo(t)b(t) = 0
(the fact Chark # 2,3 is used here). Thus by(t)|a’(t) and a(t)|bj(t). Since a'(t) # 0, we have
54bo ()b (t) = —12a(t)?a’(t) # 0 so bj(t) # 0.

So degby < dega’ < dega < degbf, < deg by, contradiction. The case o > 3 is similar. O

Every proper closed subset of A}C must be Noetherian of dimension 0, so must be a finite set
of closed points of A}, whose residue field is a finite extension of k. Over locally finite type k-
scheme, closed points exactly correspond to points with residue field that is a finite extension of k.
Hence Z is also closed in Pi. So the fibers of £ over D, (s) are semistable reduction if and only
if V(4A(L)? +27B(1)?) € D(A(L)B(L)), or equivalently V(4A(%)% +27B(£)?) NV (A(L)B(L)) =

S S

V((4A(L)3 +27B(L)%, A(L)B(L))) = 0, or equivalently 4A(%)3 + 27B(1)? and A(L)B(%) are coprime

in k[], or equivalently A(%) and B(%) are coprime in k[%].

So we can suppose that A(T") and B(T') are coprime over k.

Similarly the fiber g,y is a semistable reduction if and only if either 4a3 +27b2, # 0 or {4a’ +27b2, =0
and a,by, # 0}. Since A(T), B(T) are non-constant polynomials, a,, # 0 # b,,. So we automatically
have that the fiber .1} is a semistable reduction.

Let £ (respectively £7™) be the open subscheme of & (respectively &) obtained by deleting singular
points on the singular fibers.

Claim 4.2. £2™ is smooth over D4 (s).

Proof. By |5, tag 01V4], it suffices to show that 5™ is flat over D (s). It follows from |9, Cor 14.25]
with (X,Y,S) = (€5™, D4 (s),Speck). O

Similarly & is smooth over D, (t) so their glued scheme £°™ is smooth over }P’,lg. By the same proof
in [29, IV, 5.3] and |29, IV,6.3], we can see that £ (respectively £™) is a commutative group scheme
over D (s) (respectively D, (t)) and their group scheme structure agree on overlapped open subset,
so their glued scheme £°" is a commutative group scheme over IF’,{:.

Claim 4.3. The scheme £°™ is a semi-abelian scheme over IP’,IC.

Proof. Recall that we say m : A — C is a semi-abelian scheme if A is a smooth separated
commutative group scheme over C' via m with geometrically connected fibers, such that each fiber A4,,
where v € C, is an extension of an abelian variety B, by a torus T, over the residue field k(v), i.e. a
short exact sequence (abbr. SES) 0 — T,, - A, — B, — 0. We have shown that £ is a smooth
commutative group scheme over IP’}C. And each fiber £ where v € Pi, is either an elliptic curve
over k(v) (so an abelian variety of dimension 1) or a torus over k(v). It remains to show that £5™ is
separated over ]P’,lf.

Since the property of being separated is local on the target (see [9, 9.13]), it remains to show
separateness over D (s) and D4 (t). Over D, (s) (respectively D (t)), the open immersion EJ™ — &
(respectively £™ «— &) and the projective morphism £ — D, (s) (respectively & — D4 (t) ) are both
separated. The result follows from the fact that composition of separated morphisms is separated. [

Denote kg =k, C = IP’,IC and A = £°™. So we have a desired example of A over C.
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4.2. Calculation of Home(Féwier e/ iy (E))

Here E is the closed subset of C s.t. E N D4 (s) is defined by 44(£)3 4+ 27B(%)? =0 and EN D, (t) is
defined by 4a(2)% 4 278(2)% = 0.

Note that the unit section of A, e: C — A comes from the map C' — IP’% X C that is the pullback of
the map Speck — P2 defined by the k-rational point [0: 1 : 0].

We have Homc(FgwkerFA/C/C,Qlc/kO(E)) = I'(C, Fé'wl\(/erFA/c/C ®o¢ Qlc/ko(E)), so will calculate

Fiw)! Faje/C and QlC/ko (E) first.

Since we are over P} = C, the following lemma will be helpful.

Lemma 4.4. Let F be a locally free Oc-module of rank 1 s.t. 3fs € F(D+(s)),3fr € F(D4+(t)),
F(D+(5)) = £:0c(Di(s)) = £ K]

F(D+(1) = fi0c(D4(1) = fi - kL]

S

t s t
D = Js Kl7 7] = R
FDu(st)) = o k1L 5= kL2
with fs = ($)" - fi over Dy (st) for some n € Z. Then we have F = Oc(n).

Proof. See |10, 5.1.4,1.19]. O

4.2.1. Calculation of Fgwl\(/erFA/c/c

Claim 4.5. We have wye, J0/C is a locally free Oc-sheaf of rank 1, and we have an isomorphism
WkerFA/C/C = OC(d) = OIP’}Q(d)' So wl\!erFA/C/O = OC’(_d)'

Proof. We intend to use [5, tag 01UX] to calculate Wier Fy o /C- Next we just need to find a way to
reduce the problem to the affine case. We first reduce it to problems over A, then &£, which is projective
over C so still not affine over C'. Denote &, = {y # 0} — £ the affine part of £ where y # 0, clearly
it is affine over C', and the unit section (corresponding to [0 : 1 : 0]) factors through &, so it is the
perfect candidate for us to calculate wye J/C

Step 1: Reduce to A.

Denote N :=ker Flq/c, | : N — A the canonical map. Clearly the unit section of .A/C' factors through
N/C since N is a subgroup of A. Denote ey : C'— N the unit section of N/C. Consider the following
commutative diagram

the square symbol above indicates that the corresponding square is Cartesian.
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So we have

* )l
*
= €Nl QFA/C

o ¥ 1
QFA/C

Step 2: Reduce to €.

Denote j : A < & the open immersion, eg := joe : C — £. Consider the following commutative
diagram

C—S> FA/CA(?/C
\ o J
£ F”Ce(p/c £
e
Fe

Among above squares, only the Cartesianness of the top left square is non-trivial. It is the left square

of the following diagram
p/ ) __ >
FA/C
J

gﬂfgp/c)*)g

Fs
Given that the right square is Cartesian, it reduces to showing the big square is Cartesian, which
is equivalent to showing that j : A — £ has isomorphic relative Frobenius morphism. We know j

is an open immersion, so a flat monomorphism by |5, tag 01L7], and thus a weakly étale morphism
by [5} tag 094X], hence j has isomorphic relative Frobenius morphism by |5, tag 0OF6W]|.

So we have

o ¥ 1
wN/C_ QFA/C

12

>|<
QFS/C

I

* 1
egQFg/C

Step 3: Reduce to &,.

Denote ¢ : £, < & the open immersion, and e, : C' — &, the map s.t. goey, = eg : C — £. Consider
the following commutative diagram

e, Ffu/cg<p/c> e,
N,
g lEle p/C) £
e
C o canyy
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Similarly only the Cartesianness of top left square is non-trivial. It also follows from the fact that ¢ is
an open immersion and so it has isomorphic relative Frobenius morphism.

So we have

~ %k 1
wnjo = gl

~ ¥k Xk 1

= &4 QF‘s/c

~ _*x0l

- eyQFsy/c
Step 4: Calculation.
By considering the sequence

Fe,/c
&y —> gép/C) =&y,
Fe,
using |5, tag 01UX], we have an exact sequence
* 1 1 1
Fsy/cﬂgép/m/gy = Qp, = Qng/c — 0.

Apply the right exact functor ej, we have an exact sequence

* Tk 1 * 1 * 1
eyFSy/CQg;P/C)/gy — eyQng — eyQFsy/c — 0.
. * Tk 1 ~id* Ol — Ol
Since we have enyy/CQg;P/C)/gy = 1dCQFC = QFC, the sequence reduces to

1 o xn1 * 1
QFC — eyQFSy — eyQng/c — 0.
To be continued. O

To calculate sections of Q}mc and Q}g , the following lemma will be helpful.
Yy

k[z1,...,xn]

Lemma 4.6. Let k be a perfect field of characteristic p, and A = = where f € klxy,...,xy] is
a non-constant polynomial. Then
n
oL o~ D, Adz;
Fa Adf

where df =>"7 %dwi e @), Adx;.

Proof. Since k is perfect, Fj is an isomorphism. Let « : k[z1,...,z,] — k[z1,...,2,] be the ring
map induced by F, then it is an isomorphism. Let 3 : k[z1,...,2,] — Ek[x1,...,z,] be the ring map

induced by z; — 2¥. Then Filey,.zn) = Boa.

We have the induced isomorphism & : % — % and the induced ring map B :

z!. And we have Faq=pB0oa. So Q},A :Q%.

k[;] klzi] .
@ T

klz;] klz;]

~ 1~ oA [ X ) — T X
Compose [ with the isomorphism k([;f)l] — (()‘}ipfli)z[zf]), x; — X;, we have a map ' : (Z[(x]ﬁ)]) — ((;%f i)x[l f]) =:
C,x; — x;. Then by [8 21.2.E|, we have

QL — 0L, — Diz, CdXi
oo Cdf(X)
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klz;] [Xi]

1~ X;
since d(X? — x;) = dX? = pr_ldXi = 0. Using the isomorphism k([]:f)l} = ((;'%fli)xlf)’ we have
), = Dt O
Claim 4.7. We have
t. .t
Q}vc (D4(s)) = k[g]dg
S, .S
b (D4 (1)) = )
t s, .t t s, s
Qp (Di(st)) = k[-,=]d— = k[-, =]d=
e (D4 (s1)) = K, SJat = KL 2ja®
with the obvious restriction map. Note that over D (st), we have dt = —(£)2d$, so Q};C = O0c(-2).

Proof. We know Q};C(D+(s)) = Q};k[t] and Q};C (D4(t) = Q};k[s]. To show the first two equalities it
s T

suffices to show that Q}?k[z] = k[z]dx, which follows from above lemma. For the last equality, since

dt e Q}_,—vC(D_A'_(S)) forms the O¢ (D4 (s))-basis of Q};C (D4 (s)), it descends to a O¢/(D4(st))-basis of

QL (D4 (st). 0

To evaluate the sections of e;Q}TS , we need to name a few maps and schemes.
Y

Let &y, (respectively &) be the open subscheme of &, over D (s) (respectively £y), so we have
Eys = Ey N & (respectively & = &, N &). In particular, the map £ys — D (s) corresponds to the
ring map
t E[L][x,
T ) e .
s (z — 2% — A({)z2? — B(%)2%)

And the map &, — D4 (t) corresponds to the ring map

X, 7]
(Z - X3 —a(5)X72 - B(5)23)

k[f] - ul

Over D, (ts) = Spec k:[é, 2], they agree via the map

k(5 ¢, 2] ~ k(5 11X, Z]
(z—a*—A()ez2 —B(D)) | (Z-X°—a(3)XZ22 - B(5)2%)
T (;)dX

e = (Y2

The pullback of e, : C' — &, w.r.t. Di(s) is eys : D4 (s) — &ys with the corresponding ring map

k[
(z — a3 — A(

® |+
i)

[x, 2] t
Yrz? — 3(5)23) - k[g]

@ |+

defined by sending x and z to 0.
Similarly the pullback of ey : C' — &, w.r.t. Do (t) is ey : Dy (t) — & with the corresponding ring
map
k311X, 7 e
Z-X—a()X22 -7
defined by sending X and Z to 0.
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Claim 4.8. We have

52k, (D4 (5)) = k- @ b da
€., (D4 (1)) k[j}dj & k[7]dX
er0h (D (st) = k[ 2jat @ kL, 2)a :k:[z 25 eBk[ *Jax

= (54X +d- (£)1Xd2, dL = —(L)2d2 over D, (st).

Proof. Consider the following commutative diagram over D (s):

S F S
Dy(s) 2sg,, 2,

R

c—2 ¢, &,

* * kf T,z
So we have eyQ};gy (D4 (s)) = eySQ}Tsys (D4(s)). Let M = (zfx3fA([§)]g[UZQ]fB(§)z3)’ then

" t
eysgllu’gys (D+(S)) = Q}“’M QM k[g]

Using lemma [£.6] we have
. Mdte Mdze Mdz

Q =
Fu Mdf
where
3 by 2 ty.3
df =d(z —z° — A(;)J}Z — B(;)z )
t t t t
——A,* QA/*—B/*gd*
A Cazzady - ptyal
t
+ (=322 - A(g)z2)d:n
(1 -2A(-)xz —3B(—)z")dz
So we have an exact sequence
M 2L Mvdt e Mde © Mdz — QL —0

It stays exact after we tensor with k[£] via the map M — k[%],z,z — 0, we have

K4 2L k1dt @ kHde © k[Edz — Qb @ k(L] — 0

Since df = dz, we have Qp ® k[£] = k[L]dL @ k[£]dx. Hence e;Q}pgy (D(s)) = k[L]dt & k[L]dz.
Similarly we have eZQ};gy (D4 (t) = k[2]dt & k[$]dX. By restriction to D (st), we have

;2 (D4 (st)) = k[f, fa e k[é, *Jdz = k[; Ya e k[ 2Jdx,
with dz = d(2)?X = (£)%dX + Xd(£)? = (2)%dX + d - (£)71 X d2.
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Claim 4.9. The map Q};C — eZQ};S restricting to Dy (s), Dy (t) are
Yy

Qb (Di(s) — €, (D(s))

t, .t t, .t t
k[-ld— — k[-]d- @ k[-]dx
s S s S S
t t
d- — d-
S S

O, (D(1) — )9k, (D4(1))

S S S S S
k21ds k21 @ kiZ1ax
2aS - k1S @ 4]
= dl
t t

1 1 e Ol ~ 1 1
Proof. Over D4 (s), the map Qp, — eZQng is QFD+(S) = eZSngS/D+(y)QE$)/£yS — eZSQFSyS where
Q! QL s th induced by th £, B £®) g Again ]
£D e, — Fe,, 'S the map induced by the maps Cys — ys — Eys. Again let
_ k[ 2][x,z]
M= (z—z3—A(§)zz2—B(%)z3)'

Fe,./ps )

Then we have

. 1
Fe,.p, (y)Qg;?? /Eys = S

) 1
M @ p QM®k[£] KM iy

a®db®c) — a-d(cP).

Applying e}, we have
* * 1 * Ol
Cysley pi e e, 7 Custlr,,
t 1 t 1
k[;] QM M ®M,p QM@H%],pk[ﬁvM — k[;} QM QFM
hledb®c) — hd(chP).
is just

And the isomorphism Q1 ek I Ol
d the isomorphis Fp, (s) Cysl'e,. D, (y) £®) /6,

Ol — e F Ol
Fpy(s) ys~ Eys /Dy (y) "elD) je,

t
Qb = K ]®MM®M,pQ}W®k[L]

E[L4] s HRLEl/M
adb — 1®1® ((1®a)d(l1®Db)).
So we have
1 * * 1 * 1
Fp, () eySngs/D+ (y)Qgéfs’)/gys eySQFsys

1 t 1 t 1
Qk[é}  —— k[g] Qm M RMp QM@’k[é],pk[é]/M —_— k[g] Rm QFM
iy 1@ledlel) 1®dt

The case over D, (t) is similar.
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continued proof of claim[{.5 By above claim, we can see that

2k, o (D () 2 KLY
* ~Y S
eyQ}pgy/c (D4 (t)) = k:[;]dX
* 1 ~ t S _
eyQng/C(D+(St)) = k[g, E}dx = k[g, *]dX

with dz = (£)4dX. Moreover, we know

t
Oc(d)(D4(s)) = Sdk[;]
s
Oc(d)(D(1) = 4[]
o gl b Sy _qagt S
Oc(d)(D, (1)) 2 sHE, ) = 14, )
with s = (£)%4, see [10, 5.1.4,1.19]. Hence we have an isomorphism wy/c = Oc(d). O

To calculate Fgwjv\, et the following lemma will be helpful.

Lemma 4.10. Let S be a scheme of characteristic p, and let F' : S — S be the absolute Frobenius
map. Then for every invertible sheaf L on S we have F*L = L&P,

Proof. See [30]. O
Claim 4.11. We have Fiwy o = Oc(—dp).

Proof. We have
FéwX//C ~ FrOc(—d) = Oc(—d)®p = Oc¢(—dp).

4.2.2. Calculation of QIC/kO(E)

We have ky = k, to simplify the notation we will stick to k. By definition we have Qlo /k(E) =
QlC/k ®o, O(E). Since C is a curve smooth over £, Qlc/k is locally free of rank 1.

Claim 4.12. We have Qé‘/k = Oc(-2).

Proof. Tt follows from the fact Q};C = O¢(—2) and we can identify QF, J and Q}UC if we identify C
and C" (C" = C but it is viewed as C-scheme via Fe : C' — C'). O

Next we calculate O(E). Let Z be the ideal sheaf of O¢ defined by 4A(£)3+27B(£)? = 0 over D (s) and
4a(2)3+275(2)? over Dy (t). Then the closed subset E with the reduced induced subscheme structure
is determined by rad(Z). Denote F(z) = 4A(z)3+27B(x)3 € k[z] and G(x) = da(x)3 +278(x)3 € k[z].
We know k[z] is a PID and UFD. Let

Fo=cf™... fm

be the decomposition of F into irreducible monic polynomials in k[z], with ¢ € k*. Let Fy := f1--- fi,
so that (Fp) = rad(F).
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For each i, denote g;(z) := 98 /i f;(x~1). There are two cases: If fi(x) = x then g;(x) = 1; otherwise
fi has a non-zero constant term and we can see that g; is also irreducible of the same degree (if g; = uv
for some non-constant polynomials u, v, then fi(x) = (298 %u(z~1)) - (2980 (z~1)), by irreducibility
of f;, say x9°8%y(271) is a constant, so u(x) = coxrd®®* for some ¢ € k*, thus g; has no constant term
which implies f; has no leading term, contradiction).

Clearly G = cg{* - -~ g,"", and this is a decomposition of G into irreducible polynomials in k[z], with

possibly one of g; is 1. Let Gy := g1 --- g, so (Gp) = rad(G).

Claim 4.13. We have O(E) = O¢(deg Fp). In particular, if 4a2 + 2702, # 0 and ged(F, F') = 1, then
deg Fy = 12d and O(F) = O¢(124d).

Proof. Since the closed subset E with the reduced induced subscheme structure is determined by
Tg = rad(Z), with

~

rad(Z)(D+(s)) = Fo(=) - Oc(D+(s))

»

1d(Z)(D4 (1)) = Gol3) - Oc(D (1)

and over D (st), we have Fy(%) = (L)d8F0 . Gy(2). So I = O¢(— deg Fy). By definition we have
O(E) 2 I}, = Oc(—deg Fy)Y = Oc(deg Fp).

The leading term of F(z) = 4A(z)3 + 27B(x)? is (4a3 + 2702,)x'2?, so if 4a + 27b2, # 0 we have
deg F = 12d. If ged(F, F') = 1, then F has no multiple factors so F' = cFj and thus deg Fy = deg F' =
12d, hence O(E) = O¢(124d). O

Claim 4.14. We have Qlc/k(E) = O¢(deg Fy — 2).

4.2.3. The final calculation

Claim 4.15. We have Féwl\!erFA/c/C R0 Qlc/k(E) = Oc¢(deg Fy —2 —dp). In particular, deg Fy < 12d
sodegFy —2—dp <d(12 —p) — 2.

O

Proof. It follows from that F(fywl\{/erFA/C/C = O¢(—dp) and Qlc/k(E) = Oc(deg Fy — 2).

Remark 4.16. If we set p > 13, then deg Fy — 2 — dp < 0 and so I'(C, Féwl\gerFA/C/C ®oq Qlc/k(E)) =
Home (Fwier 1. /05 Qg (B)) = 0. Hence AP)(K)/Fy i (A(K)) is trivial and thus AP)(K) =
A(K) by theorem [3.1) where A is the generic abelian variety of A/C and K is the function field of C.

The author has taken efforts to find a way to compute the Selmer group for this class of examples.
Since we are working with isogeny of the form Fy/x : A — A®) instead of the traditional form
[m] : A — A, the results about calculating Selmer groups for [m] do not generalize to Fs/x, at least
not easily. If a method is found, it is probably worth to be included in a new paper.

A. Properties preserved by fppf-torsors

The results in this appendix support the proof of lemma
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Definition A.1. (cf. |5, tag 022B|)Let T be a scheme. An fpgc covering of T is a family of morphisms
{fi + T; — T}ier of schemes such that each f; is flat and such that for every affine open U C T
there exists n > 0, a map a : {1,...,n} — [ and affine opens V; C Tg;),j = 1,...,n with
U?:l fa(j)(Vj) =U.

The definition of fppf covering is mentioned in definition
Lemma A.2. Any fppf covering is an fpgc covering.

Proof. See |5, tag 022C]. O

Definition A.3. Let P be a property of morphisms of schemes over a base. Let 7 € {fpqc, fppf}.
We say P is 7 local on the base if for any 7-covering {Y; — Y };c; and any morphism of schemes
f:X — Y over S we have

f has P < each Y; xy X — Y, has P.

Using lemma we know that any property of morphisms of schemes over a base that is fpgc local
on the base must be fppf local on the base. There is a list of properties of morphisms local in the fpqc
topology on the base in [5, tag 02YJ|, in particular it contains finite |5, tag 02LA], flat |5, tag 02L2]
and surjective [5], tag 02KV].

Definition A.4. (cf. |5, tag 0227Z])Let S be a scheme and (G, m, i, e) be a group scheme over S. Then
an action of G on the scheme X/S is a morphism acyx : G xg X — X over S satisfying the following
two diagrams:

GXSGXSX mxidx GXSX
iidcxacx laCX
G xg X —X X
exidx

X GXSX
k %
X

Definition A.5. Let S be a scheme and (G, m, 1, e) be a group scheme over S. Then an fppf G-torsor
is a scheme X/S with action morphism acx : G xg X — X,(g,z) — ¢ -« and an fppf covering
{Sz — S}ie[ s.t.

1. The induced morphism (acx,pry): G xg X — X xg X, (g,2) — (g - z,x) is an isomorphism
over S

2. Vi € I, the morphism Xg, — 5; has a section.

Lemma A.6. Let S be a scheme and G be a group scheme over S. Let X be an fppf G-torsor over S.
Let P be a property of morphisms of schemes over a base that is fppf local on the base, then we have

G— S hasP=X — S has P.

In particular, P can be finite, flat or surjective.
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Proof. By definition of fppf G-torsors, there exists an action morphism acx : GxgX — X, (g,2) — g-x
and an fppf covering {S; — Stier s.t. (acx,pry) : G xg X — X xg X,(g,2) — (g-x,z) is an
isomorphism over S and the morphism Xg, — S; has a section for all ¢ € I.

Since P is fppf local on the base, we have that that G, — S; has P for all 7 € I and it suffices to show
that Pg, — S; has P for all ¢ € I. It reduces to show that for each i € I, there exists an isomorphism
of Gg, and Pg, over S;. Fix i € I, we may assume S = S; and that X — S has a section, now we
want to show that G is isomorphic to X over S.

Let g : S — X be the section of X — §. We construct two morphisms over S as following;:

w: G gH(g,wo)G “x X(g,w)'—>(g~r7x)X wg X (z,y)—w X
8: X xH(w,wo)X wy X (w.,y)H(g,y) Gxg X (g,x)—g G
with g-y=z

The a-path is g = (g,x0) — (g - 0, z0) — g - 9. And the B-path is © — (z,z9) — (g,29) — g with
g-x9=2x. Thus aof(zx) =alg) =g -290 =z and foa(g) = B(g-x0) = g. So aof =idx and
Boa=idg. Hence G = X over S and the result follows. ]

B. Rigid Analytic Space

This appendix covers the lemmas and results about rigid analytic space used in lemma Throughout
this appendix, K denotes a field complete with respect to a non-trivial non-Archimedean absolute
value. Basic knowledge about rigid analytic space is assumed. For a general reference about rigid
analytic space, see [31] and [32].

B.1. Analytification functor and torsors over finite rigid K-group

We first introduce the analytification functor and show that it induces an equivalence between finite
K-schemes and finite rigid K-spaces.

Lemma B.1. There exists an analytification functor

X ~ Xan

from the category of locally of finite type K -schemes to the category of rigid K -spaces.

Basic results about the analytification functor can be found in |27, Chap. 5|. As this functor preserves
finite products (including the final object), it preserves group objects (resp. commutative group
objects). So if G is a locally of finite type K-group scheme (resp. commutative K-group scheme),
then G®" is a rigid K-group (resp. commutative rigid K-group).

Lemma B.2. Let X be a locally of finite type K-scheme. Then X (K) = X*(K).

Proof. We first show that for any rigid space Y, there is a 1-1 correspondence between Y (K) and the
set of points of Y with residue field K. Given a map f: Sp K — Y. Denote y = f(Sp K) € |Y|. Then
f* induces a local homomorphism of local rings fﬁ : Oy,y — K over K. So f?g is surjective. Hence K
is the residue field of Oy,,. Thus y is a point of ¥ with residue field K.
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Reversely given a point y of Y with residue field K, there exists a canonical quotient map Oy, — K.
Pick an open affinoid U = Sp A around y, the map A — Oy, — K defines a morphism of rigid
K-spaces Sp K — Sp A — Y. The two constructions are clearly inverse to each other.

We know that there exists a canonical continuous map of Grothendieck topological spaces 7 : X?" — X
which is a bijection onto the set of closed points of X, see [27, 5.1.2|. Plus the fact that X (K) is the
set of K-rational points of X, it suffices to show i preserves residue fields.

From |27, 5.1.2], we know the natural local homomorphism of local rings O X,i(x) — Oxoanz induces an
isomorphism on completions, and so on residue fields by [5, tag 05GG|. The result follows. O

Lemma B.3. The analytification functor restricting to the category of proper locally of finite type
K-schemes is fully faithful. Further it induces an equivalence between the category of finite K-schemes
and the category of finite rigid K -spaces.

Proof. The first statement is one of the classical GAGA results, see |33]. For the second statement, if
X — Spec K is finite (so quasi-compact), then X*" — Sp K is finite by |27, 5.2.1 (2)]. So it suffices to
show essentially surjectiveness of the restricted analytification functor.

By [34] 2.2.8], every finite rigid K-space X is isomorphic to Spec®" A for some coherent Og,, -algebra
A. Then A is associated to a finite dimensional K-algebra A by [32, 9.4.3, 3]. Denote Ay the
coherent Ogpec g-algebra associated to A, then we have A = A§". By [34, 2.2.5 (3)], Spec™ (A§") =
(Spec Ap)?" = (Spec A)*". So X = (Spec A)*" where Spec A is a finite K-scheme. O

Later we will interact the analytification functor with Frobenius base change, so we want to know if
the analytification functor is sensitive to finite extension of the ground field. The answer to this is no.

Lemma B.4. The analytification functor is insensitive to finite extension of the ground field, i.e. if L is
a finite field extension of K and X is a locally of finite type L-scheme, denote XL the analytification

of X as a L-scheme and X*/ K the analytification of X as a K-scheme, then X®/L == Xa0/K 45 poth
rigid K-spaces and rigid L-spaces.

Proof. Denote K-maps (resp. L-maps) the maps of locally G-ringed K-spaces (resp. L-spaces).
Assume X is affine first. Clearly the canonical L-map XL — X is also K-map, hence uniquely
factors through the canonical K-map X2/K — X . So we have a K-map X/l — xan/K

To find a L-map (which will automatically be a K-map) from X an/K o xan/L it suffices to show
that the canonical K-map X*/K — X is actually a L-map, i.e. X*/X is a rigid L-space.
We know X is affine, say X = Spec M Pick ¢ € K s.t. |c| > 1. Denote T\ = K (c™ixy, ..., c izy).

We know X2/ K = = Uiso Sp Ln Uy ) and X an/ K 3 X is determined by the compatible maps M —

(%) ( (%)
7(}) Let L 10} equips with a L-algebra structure via L — M — % (note that any ring map

from a field to a ring is injective). Then {M — (’;) }i>o are compatible maps of L-algebras. So
Xan/K ig a rigid L-space and X2/ K — X is actually a L-map and it induces a L-map X/ K — xan/L
which is also a K-map.

By the universal property of X2/ K we have an equality of K-maps
(Xan/K N Xan/L N Xan/K) _ (Xan/K 1_d> Xan/K)

Next we show that the K-map X*/L — Xa0/K ig also a L-map so we can prove that the L-map
Xan/L _y xan/K _y xan/L jqgthe identity map hence an identity K-map, it follows that X an/L o yran/K
both as rigid K-spaces and rigid L-spaces.
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(%)
Just like X2/K — Uizo Sp %, we have Xan/L — szo Sp A; for some L-algebras A;. It suffices
to show that SpA; — X/K s a L-map for all j. Fix j > 0, then there exists a(j) > 0 s.t.

SpA; — Xa/K _y X is induced by

Kzy,...,zy] T
I (1)

(see |31} 5.4.3]) where the resulting composition is a map of L-algebras, hence all intermediate maps
are of L-algebras, and X®/L — Xa/K ig o [-map and we have finished the affine case.

For a general scheme X locally of finite type over L, again we have a canonical K-map 1) : X2/L —
Xa/K Now we show XK i a rigid L-space. Pick an open affine cover {X;};c; of X. For each pair
(4,7), Xij = X; N Xj can be covered by simultaneously distinguished open affines {D;ji}xes,;- We
know that X*"/K ig obtained by glueing { X' n/ K}Z-e r and X2/ is obtained by glueing { X n/ L}ie I
To show X2/ K is a rigid L-space, it suffices to show the glueing data of X* & over K (see |31} 5.3.5]),

an/K ~
{Ui =X, / Yiers {Uijtijer, {¢ij : Uiy = Ujitijer

is also over L (i.e. the spaces and the maps are over L): We know U; = X? WK s a rigid L-space from
the affine case, hence all U;;’s are rigid L-spaces, so we just need to show ¢;; is a L-map. Denote
X; = Spec R; and D;j;, = Spec(R;)g, = Spec(R;)p, over K so that ¢;; is glued from

{ijk : (Spec(Ri)g, )™ ™ — (Spec(Ry)n, )™ * Fres,,

[32, 9.3.3, Prop. 1]. We know (Spec(R;),, )% and (Spec(R;)s,)*/* are rigid L-spaces, and
(Ri)g), = (Rj)n, as L-algebras, so ¢;j;, are L-maps as well, and so is ¢;;. It results that the glueing
data of X*/K is valid over L hence X?/K is a rigid L-space, and there exists a canonical L-map
(hence a K-map) X*/K — X20/L So we must have

(Xan/K N Xan/L N Xan/K) _ (Xan/K ii) Xan/K)

Now we use the pasting lemma for L-maps again 32, 9.3.3, Prop. 1|. The K-map ¢ : X?/L — xan/K
descends to a glueing data of K-maps:
L K L K
(i XPE o XL (b ijn/ — Xijn/ Viger
In particular, 1; is already a L-map by the proof for affine case. Thus 1);; is a L-map as a restriction
map. So we have a glueing data of L-maps, then we obtain a L-map 1, : Xan/L _y xan/K gt o) = P
as K-maps. So both of the maps X®/L — Xan/K gnd xan/K _, xan/L gre [-maps, and we must

have .
(Xan/L N Xan/K N Xan/L) — (Xan/L E) Xan/L)

The result follows. O

Let G be a group object in a suitable category, then in general a principal homogeneous space
over G (or a G-torsor) is an object P with an action map acp : G x P — P,(g,t) — g -1 s.t.
(acp,prp) : G Xxg P — P X P,(g,t) — (g -t,t) is an isomorphism. A map of G-torsors is a map
compatible with G-actions. And the set of isomorphism classes of principal homogeneous spaces over
G will be denoted PHS(G). Later we will see that PHS(G) = PHS(G®*") for finite K-group scheme G.
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Definition B.5. Let (G, m,i,e) be a rigid K-group. Then a principal homogeneous space over G
(or a G-torsor) is a rigid K-space P with an action morphism acp : G xg P — P, (g,t) — g -t s.t.
(acp,prp): G xg P — P xg P,(g,t) — (g -t,t) is an isomorphism. Explicitly, the action map should
satisfy the following commutative diagrams

mXidP

G XK G XK P G XK P
lingan laCP
Gxg P wr P
eXidp

P GXKP
P

A morphism of G-torsors is a morphism of rigid K-spaces compatible with G-actions. Denote the set
of isomorphism classes of principal homogeneous spaces over G as PHS(G).

Lemma B.6. If G is a finite rigid K -group, then there exists a finite K -group scheme H s.t. G = H®",
and it’s unique up to unique isomorphism. And we have PHS(H®") = PHS(H). If moreover G is
commutative, then H is commutative and we have PHS(H*") = H%ppf(K, H).

Proof. Using the equivalence of categories between finite K-schemes and finite rigid K-spaces, there
exists a finite K-scheme H s.t. G = H?®" and it’s unique up to unique isomorphism. The inverse map,
multiplication map and identity section are all algebraizable. So they are the analytification of the
maps i: H— Hym: H Xxg H— H,e: Spec K — H (fiber product of finite rigid K-space is finite,
see [32, 9.4.4]). The axioms of H being a (resp. commutative) group object can be checked by passing
to the category of finite rigid K-spaces via analytification, which is already true. So H is a finite (resp.
commutative) K-group scheme.

It’s not hard to see that the analytification functor preserves the axioms of being torsors as well. So
there is a canonical map sending an H-torsor () to an H*"-torsor (Q*", which induces a well-defined map
PHS(H) — PHS(H?*"). We first show that every H*"-torsor arise this way, i.e. PHS(H) — PHS(H")

is surjective.

Let P be an H®'-torsor with action map acp : H* xg P — P and isomorphism (acp,prp) :
H*™ xg P — P xg P, (g,t) — (g-t,t). As H* X P = P X P is finite over P by base change, we
want to use a descent argument to show P is finite over K, then it follows that P = Q*" for some
finite K-scheme @), and it is easy to see it equips with an H-torsor structure.

For the descent argument, we plan to use the result in |34, 4.2.7]. So it suffices to show the structure
map f : P — Sp K is a faithfully flat map that admits local fpqc quasi-sections in the sense of |34, 4.2.1].
Clearly, f is faithfully flat. Pick any point z € P, its residue field K’ is a finite extension of K and it
induces a canonical K-map Sp K’ — P. The composition Sp K’ — P — Sp K is clearly faithfully flat
and quasi-compact, so f admits a fpqc quasi-section hence admits local fpqc quasi-sections.

Now we show that PHS(H) — PHS(H®") is injective. If Q" = Q3" as G-torsors for two H-torsors Q1
and ()9, we have ()1 = (2 as H-torsors using the equivalence in lemma Hence we have proved
that PHS(H) = PHS(H?*"). Moreover every H-torsor must be finite over K.

Every H-torsor in the categorical sense (in this case it must be finite over K) is equivalent to an
H-torsor in the sense of fppf-topology so there is no ambiguity, see |12, III, 4.1]. If H is commutative
then PHS(H) = Hflppf(K, H), see |12, III, (2.10)&(4.7)]. The result follows. O
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If f: Gy — G4 is a homomorphism of finite commutative rigid K-groups which is the analytification
of g : Hi — Hj between finite commutative K-group schemes, we can define PHS(G1) — PHS(G2)
using H%ppf(K7 Hy) — H%ppf(K, Hj). This map is clearly functorial in G.

Given a homomorphism of rigid K-groups f : G1 — G, define ker f := G X@,.e, Sp K where
es : Sp K — G2 is the identity section of G5. It’s not hard to see that it represents the kernel of f:
(ker f)(T) = ker(G1(T) — G2(T')). We can construct an inverse map, a multiplication map and an
identity section for it from those on GG1, so that ker f is a well-defined rigid K-group and the canonical
morphism ker f — G is a categorical monomorphism.

Just like the scheme case, every K-rational point of Gy lying in Im f induces a ker f-torsor.

Lemma B.7. Let f : G — H be a homomorphism of rigid K-groups, let t € H(K) be a K-rational
point s.t. G X Sp K is non-empty, then G X Sp K is a principal homogeneous space over ker f.
(The proof is purely categorical so the lemma extends to any category with fiber products and final
objects)

Proof. Denote Gy := G x i +Sp K together with the projection maps pry : G — G and pry : Gy — Sp K.
Denote g : G := ker f — G the canonical projection map Ge = G Xy, SpK — Gand h: Go — Sp K
the structure map.

The following commutative diagram

gXxpry mag

G x i Gy G xxG G
lhxmz ifo lf
SpK xxSpK -1 L g s H- H
:
SpK

induces the candidate for the action morphism p : Ge X kGt — G¢. Next we check that po(mg, xidg,) =
po (idg, x p). As pr; : Gy — G is a monomorphism (by checking the injection of G¢(T') — G(T)), it
suffices to check pry o po (mg, x idg,) = pry o po (idg, X p), which can be shown in the following
commutative diagram:

mGEXith p
Ge XK Ge ><K'C;'z‘/ Ge XK Gt Gt
nggXprl igXpH \Lprl
mg Xidg ma
G XK G XK G G XK G G
idgxmg mag
G XK G XK G G XK G G
QXQXPrlT 9><pr1T PrlT
idg, xp p
Ge XK Ge XKGt Ge XK Gt Gt

Next, we check po(eq, opry,idg,) = idg,, again it suffices to check prjopo(eq, opry,idg,) = pr; oidg,,
which can be shown in the following commutative diagram:
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G, SpK x Gy S e Gyt c,
ipﬁ J{idKXprl ngprl iprl
G SpK xx G979 Gy g9 G
] ]
Gt ith Gt

Hence p is indeed an action morphism.

Now we check that (p,prg,) : Ge XK Gt — Gy X Gy, (o, B) = (a - 8, B) is an isomorphism. It suffices
to construct an inverse representing («, 3) — (a- 871, ), or just (o, ) — a - 7! embedding in G.
Consider the following commutative diagram:

pryXpry

idG Xiq mag

G xg Gy GxgG GxgG G
lprzxprz lfxf lfxf J{f

txt idg xig mpg
SpK xg SpK Hxg H Hxg H H

€H

SpK
We can see the diagram induces the desired map Gy xx Gy — Ge, (o, ) = « - 371. Hence (p, prg,)

Ge Xg Gy = Gy X Gy is an isomorphism and Gy is a G-torsor. O

Recall that a short exact sequence of abelian sheaves on a site C
0—=F — F2— F3—0,
has an associated long exact sequence
0— H(C,Fy) — H(C, Fp) — H(C, F3) — HY(C, Fy) — ---

and H!(C, F1) is canonically bijective with the set of isomorphism classes of Fj-torsors, see |5, tag
03AJ]. The following lemma is a similar result in rigid K-spaces.

Proposition B.8. Let f: G — H be a homomorphism of rigid K-groups which is surjective on the
level of topological space (actually H(K) C Im f will suffice), then there exists a natural map of sets
0 : H(K) — PHS(ker f). If moreover ker f is finite and everything is commutative, then § is a group
homomorphism.

Proof. For the first statement, with the previous lemma, it suffices to show that for all t € H(K),
E; == G xp; Sp K is non-empty. As f is surjective, there exists a point z € G s.t. f(z) = t.
The residue field K’ at x is a finite extension of K and induces a map Sp K/ — G. So we have a
commutative square

Sp K’ Sp K
| |
G ! H
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which induces a map Sp K’ — G xp; SpK = E;. Hence E; contains at least one point so it is
non-empty.

Now assume ker f is finite and everything is commutative so ker f = B®" for some finite commutative
K-group scheme B and PHS(ker f) = H%ppf(K, B) has a group structure. To show 0 is a group
homomorphism, we need to show d(ab) = d(a) - 6(b) where a,b € H(K).

Let a,b € H(K) then a-b = mpg o (a,b). We want to show E, - E, = E,; in H%ppf(K, B). We
know E, is finite by descent, so it is of the form P2" for some finite K-scheme P,. There exists an
isomorphism B X P, = P, xg P,. Take idp, € P,(P,), there exists a unique s, € B(P, X P,) s.t.
Sq-(idp, )1 = (idp,)|2 (since Py(Py Xk Py) is a B(P, X i P,)-torsor). So s2" is a map in ker f(E, X x E,)
s.t.

Sgn ’ (Ea XK Eq Ii% Ea) = (Ea XK Eq Fig Ea).

Explicitly, we can embed E, into G to calculate s2" (by abusing notation, we will write s, for s2"),
Sa : By X Eq — ker f is induced by the following commutative diagram:

(uw)—svu~t

Ea XK Ea G XK G G
l axa i (u,v)—vu™t l
SpK XK SpK HxgH H
Z
SpK

(or we have s, = E, Xg E, (uﬂ)):;(v’u) E, xg E; = ker f xg E; — ker f, their equality can be

proved by composing with ker f — G and showing that E, X E, — G equals the map defined by
(u,0) = (w1).)

Actually, we can consider s, as an element of G(E, X g E,), which is just

1
$u: By x5 By — G xpc G20 @

It defines a 1-cocycle for B relative to the covering { P, — Spec K}, see |12, pp. 122-123].
Similarly, after viewing ker f(E, x g E,) as a subset of G(E, Xx F,;) we have

(uw)—svu~t
—

sp: By X By — G xg G G

defining a 1-cocycle for B relative to the covering {P, — Spec K}, and

(u,v)—vu~?t
—

Sa.b:Ea.bXKEa.b%GXKG G

defining a 1-cocycle for B relative to the covering {P,.;, — Spec K}.

Now we just need to find a way to compare them relative to the same covering. Consider the following
commutative diagram:

mag

Ea ><KEIb GXKG G
SpK xx SpK —Y  ~ Hxyx H- H
a-b
SpK
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We can see there exists a unique morphism w : E, X Ep — Fq.p. So we can pull each covering back
to the covering { P, X P, — Spec K }.

Define t,, t, and t,.; as following
ta:SaO(Ea XKE(, XKEa XKEb—>Ea XKEa),
tb:SbO(Ea XKEb XKEa XKEb—>Eb XKEb),

tab = Sq.p © (Ea XK Eb XK Ea XK Eb wi}w Ea-b XK Ea-b)-

They are the corresponding 1-cocyles for B relative to the covering { P, X x P, — Spec K'}. It suffices
to show t,., = t, - tp, which can be obtained from the following commutative diagram:

S s’l
E, x By x B, x B~ Eoyy X Eop GxG (01 G
l s S—l
G x G x G xG_mexme G x G (o)t G
s, t,u,v st,uv uUv *1571
GxGxGxG () (shuw) = (wvt™ 57 ) G

(8,t,u,0) = (8,u,t,0)— (us ™ Lot~ )= (us ot ™ 1)

GxGxGExd G

T o
1, -1
E,x E,x E, x Ey E,x E, x Ey x Ey, GxGxGxaG ol e G )G x G

where the red arrows represent ¢,., and the blue arrows represent t, - t,. Note that we have uvt~ts™! =
us 't~ because G is commutative. Hence § is a group homomorphism. O

Corollary B.9. § is functorial with respect to surjective homomorphism of commutative rigid K -groups
with finite kernel. Explicitly, assume there exists a commutative diagram of commutative rigid K -groups
whose columns are surjective

el i )2
bl
el J H"

and both ker fo = G and ker go = H®" are finite. Then the following diagram of groups commutes:

-/

G"(K) ——— H"(K)

Jsc Jon

PHS(G™) — Y PHS(H™)

Proof. Take a € G"(K), we define E, = G’ xg» o Sp K and denote E, = P3". By arguments from the
previous proposition, we know the morphism s, € G*(E, xg E,;) C G'(E, xk E,) (we abuse the
notation s, here)

-1
Sq: Fo XK Bqg — G xg G () ou™ o

defines a 1-cocycle for G relative to the covering {P, — Spec K'}.
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Then ios, € H'(E, X x E,) defines the 1 cocycle 1(dg(a)) for H relative to the covering { P, — Spec K }
because it clearly factors through H*". In the other direction, define Ej(,) = H X ji(a) SP K and
denote Eji(q) = P5y,). Similarly we have s, € H'(Ejiq) XK Ejia))

-1
Syt : Bya) Xic Ejray = H' xgc H 280
defining a 1-cocyle for H relative to the covering {Pj () — Spec K'}.

Clearly there exist a canonical morphism w : E; — Eji(,). So we just need to identify i o s, with

8j/(a) © (W X w). So it suffices to show the commutativity of the following diagram.

(u,v)—vu~t

E, xg E, G' xg G’ G
lwxw lixi lz
E , , (u,w)—svu~t ,
§'(a) XK Ej’(a) H XK H H
The commutativity of both squares are automatic. The result follows. O

B.2. Analytification and Frobenii in the category of rigid K-spaces

Throughout this subsection we assume Char K = p and that the absolute Frobenius map Fx on K is
a finite extension.

Denote K’ (K% in some reference) by the Frobenius extension of K via Fx : K — K', and de-
note by K? the sub-field of K which is the image of the absolute Frobenius map. Since K’ is a finite
field extension of K, it is an affinoid K-algebra. So Fs,x : Sp K’ — Sp K is a well-defined morphism
of rigid K-spaces.

Similarly let A be an affinoid K-algebra, together with an epimorphism K (z1, ..., ;) — A. Denote
A" = A as a K-algebra via K — K’ — A’ and we want to show that A’ is an affinoid K-algebra,
i.e. there exists a K-epimorphism K (yi,...,y,) — A’. Clearly K'(x1,...,2m) — A’ is an epimorphism
of K’-algebras hence an epimorphism of K-algebras. We know K'(x1, ..., o) = K'@ K{x1, ..., Tm)
(see [31, Appx. B, 5]) is also affinoid with an epimorphism K (y1, ..., yn) — K'®@x K (21, ..., Ts,). Hence
there exists an epimorphism of K-algebra

Ky, .yn) = K'Qg K (1, ...,wm) — A’

making A’ affinoid over K.

And we have a commutative diagram
Fy

A A
K K’

of affinoid K-algebras. In particular we have a forgetful functor from the category of affinoid K'-
algebras to the category of affinoid K-algebras. And it induces a forgetful functor from the category
of rigid K'-spaces to the category of rigid K-space.

Explicitly, let (X, Ox) be a rigid K-space, then we have the rigid K’-space X’ s.t. (X',Ox/) = (X, Ox)
as a locally G-ringed space, but unlike Ox which is a sheaf of K-algebras, we have that Ox is a sheaf
of K'-algebras. We can also view Ox as a sheaf of K-algebras via Fi: for any admissible open subset
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V, its K-algebra structure is K — K’ — Ox/(V). If {X; = Sp A; }ies is an admissible covering of X
by affinoid spaces, then {X; = Sp A}};cs is an admissible covering of X’ by affinoid spaces, where
K — K' — Al is an affinoid K-algebra.

We can define the absolute Frobenius morphism on X as
(Fx, FX) : (X',0x1) = (X, Ox)

where Fy : X’ — X is the identity map on the topological space and F 1, : Ox(V) — Ox/(V), t = ¥
is the absolute Frobenius morphism on the algebra Ox (V). Any absolute Frobenius homomorphism
on a local ring is a local homomorphism of local rings, so it is a well defined map of locally G-ringed
space. Clearly this construction is compatible with the algebraic Frobenius map when X is affinoid.

Lemma B.10. Let f : X — Y be a morphism of rigid K-spaces, then the following diagram commutes

X’LX

b

Y’ Y

Proof. Tt suffices to check the commutativity as locally G-ringed K-spaces. Clearly it commutes on
the level of topological spaces. For morphisms of sheaves, let V' be an admissible open subset of Y,
then the following diagram commutes

.
Fyy

Oy (V) Oy(V)

lf‘*f i(f’)?‘x
F*

X,f=1(V)

Ox(f7H(V)) ——=Ox/(f71(V))

This is compatible with restriction maps. So the morphisms of sheaves commute. The result follows. [

Definition B.11. Let X be a rigid K-space with structure morphism f : X — Sp K. Denote
X® .= X x K,Fs, i SP K where the second factor Sp K is endowed with a structure of rigid K-space
via Fgp i : Sp K — Sp K. So besides the obvious rigid K-space structure of X ) as a fiber product, we
can endow X P) with the structure of a rigid K-space via the second projection X X K, Py, SP K — Sp K.
We always assume its structure morphism is the second one unless otherwise stated. We define the
relative Frobenius morphism Fy r : X — X (P) as the following uniquely induced map

It is a morphism of rigid K-spaces.
Lemma B.12. Let f : X — Y be a morphism of rigid K -spaces. Then the following diagram commutes

X ﬂ)x(p)

o b

Y Fyyx y (@)
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Proof. 1t follows from lemma [B:10] and definitions. O

Lemma B.13. Let X be a rigid K -group, then X® is a rigid K -group and Fx /i s a homomorphism
of rigid K -groups.

Proof. As X is a rigid K-group, X(?) is a rigid K-group as the base change of X with Fspg : SpK —
Sp K. Denote the multiplication map of X as m : X xg X — X. Then the multiplication map of
X®) is m® : X®) x ) X#) 5 X So to show the lemma, it suffices to show the following diagram
commutes:

X xpg X —" X

FX/KXFX/Kl lFX/K

X®) x X(p)%)((p)

Consider above lemma and the fact (X xg X)(p) = (X Xg X) XK Ry, SPK = X % X0 it
suffices to show that Fiy g X Fx/x = Fixx,ex)y/kx @ X xg X = (X xXg X)®). We can use the
universal property of fiber products, denote the projection maps pry : (X xx X )(p) — X xg X and
pry : (X xx X)®) — Sp K, it suffices to show pr; o (Fx/x X Fx/) =pr; 0 Fixx o x)/x fori=1,2.

The case i = 2 is trivial as both Fly,r X Fix/x and Fix . x)/x are morphisms of rigid K-spaces so
that we get the structure morphism of the source after precomposing with the structure morphism of
the target.

In the case i = 1, we have

Fx/xxFx K
%

X xx X X®) e xR x o X

Fx/xxFx K
%

= X xxg X X®) x e X PP X X

= X oxp X P x e x

and pr; o Fixxpx)k = Fxxgx- So it reduces to showing Fx X Fx = Fxx, x. When X is affinoid,
the equality trivially follows from the fact Fug g : A®rB — A®RrB is induced by A Bapes A®rB
and B8 B < AéRB.

For general rigid K-space X, choose an admissible covering (X;);er of X by affinoid spaces, then
both Fix X Fx|x;xxx; Fxxex|xixxx; 1 Xi Xxg Xj = X xg X factor through the open subspace
X; X X;. They agree by the affinoid result. So F'x x Fx and Fx, x have the same glueing data,
and so they must be the same map, see |31} 5.3.6]. The result follows. t

Moreover, Frobenius base change and the relative Frobenius morphism commute with the analytification
functor.

Lemma B.14. Let X be a locally of finite type K -scheme, then (X P))an = (Xxan)(®) F§ = Fyan,
F)a(l}K - FXan/K.

Proof. As analytification is insensitive to finite extension of ground field (see lemma |[B.4) and by
assumption F is finite, the analytification of X ® as a K’-scheme via the projection X® — Sp K” is

F;
the same with the analytification as K-scheme via X® — Sp K’ =¥ Sp K. So (X)) = (X x g
K')* is arigid K-space and a rigid K’-space. Clearly (X x g g, K')*" = X" X K Fsp i P K' = (X2 ®)
as rigid K-spaces, now we just need to show this isomorphism is actually over K’, which is trivial because
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the canonical map (X x g e K')™ = X* X gy, Sp K’ is determined by (X x g g K')™ — X"
and (X xg e K')™ — Sp K', in particular (X xg g K')*™ — X* X g, Sp K’ is a map over
Sp K’. So (X®)an = (x2n)(P) hoth as rigid K-spaces and rigid K’-spaces.

Now consider F§", Fyan : X — X®" they are comparable (i.e. their sources and targets agree
respectively) because analytification is insensitive to finite extensions of ground fields. Using [32, 9.3.3,
Prop. 1|, we can safely assume X = Spec A is affine, so X*" = (J;~,Sp 4; for some K-algebras.
Using [32, 9.3.3, Prop. 1] again, it suffices to show F§"|sp 4, = FXan‘SpiAi for all s.

Fa,
Clearly, Fxan restricting to Sp A; is determined by A; e A;. And F{"|gpa, is determined by
Fa
SpA; =& X* —- X X X, which is induced by (A Ao A) = (A = A ey A;). Therefore
Fa

F$*|sp 4, is also determined by A; A A;. So F* = Fxan.

Next we consider F) ., Fxanjg : X* — (X®))an = (xam)(P)  Denote the projection maps pry :
(X20)(P) 5 X2 and pry : (X)) - Sp K. Then it suffices to show that pr; o )i = pr © Fxan
for i = 1,2. The case i = 2 is trivial as both F)a(r}K and Flyan/ are morphisms of rigid K-spaces so
that we get the structure morphism of the source after precomposing with the structure morphism of
the target. For the case ¢ = 1, we have

an — an
prio Fx)g = Fx
- FXan

= pry © Fiyan /[

The result follows. O

B.3. Frobenii in the category of formal schemes and completion

We used formal schemes in our proof, e.g. the exact sequence of formal groups . Let R be a
valuation ring of a suitable field K, then the path X — X — X" from a suitable R-scheme to a
formal R-scheme (by completion) to a rigid K-space (by a rigidification functor to be introduced in
next subsection), provides an alternative method to construct rigid K-spaces. And we will study
their interaction with the Frobenius operators at each step to make sure an absolute (resp. relative)
Frobenius map stays absolute (resp. relative) Frobenius all the way to the end.

For preliminary knowledge on formal schemes, we refer to [35, Chap. I, 10] and [25| 8]. A formal scheme
(X,0Ox) is called of characteristic p if there exists a morphism of formal schemes (X, Ox) — SpfF,
where I, is seen as an admissible topological ring with discrete topology.

Let (X,Ox) be a formal scheme of characteristic p, we define the absolute Frobenius morphism of
(X,0x) as
(FXaF:f') : (X7OX) - (X7OX)

where Fy : X — X is the identity map on the topological space and F3. 1 : Ox(V) = Ox(V), t — 7
is the absolute Frobenius morphism on the algebra Ox (V). As the multiplication map on a topological
ring is continuous, so is the map t — t. Any absolute Frobenius homomorphism on a local ring is a
local homomorphism of local rings, so it is a well defined map of locally topologically ringed spaces. If
X = Spf A is an affine formal scheme, then Fly is induced by the absolute Frobenius morphism on A,
Fa:A— A a— dP.
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Lemma B.15. Let f : X — Y be a morphism of formal schemes of characteristic p, then the following

diagram commutes
Fx

X X
f if
y— oy

Proof. Tt suffices to check the commutativity as locally topologically ringed spaces. Clearly it commutes
on the level of topological spaces. For morphisms of sheaves, let V' be an open subset of ), then the
following diagram commutes

®

Op(V) —Y o Oy(V)

| E

Ox(f1(V)) Ox(f~1(V))

«
Fx,f*%V)
_—

This is compatible with restriction maps. So the morphisms of sheaves commutes. The result
follows. =

Definition B.16. Let S be a formal scheme of characteristic p. Let X be a formal S-scheme with
structure morphism f : X — S. Denote X P .= x x s,Fs S where the second factor S is endowed
with the structure of formal S-scheme via Fs: S — S. We define the relative Frobenius morphism
Fyis: X = X (?) as the following uniquely induced map

It is a morphism of formal S-schemes.

Lemma B.17. Let S be a formal scheme of characteristic p. Let f : X — Y be a morphism of formal
S-schemes. Then the following diagram commutes

xS 1)
f l F@®
y /s Y(©)
Proof. It follows from lemma [B:15] and definitions. O

Lemma B.18. Let S be a formal scheme of characteristic p. Let X be a formal S-group (group object
in the category of formal S-scheme), then X®) s a formal S-group and Fx,s is homomorphism of
formal S-group.

Proof. The proof is parallel to the one in lemma O
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Let S be a locally Noetherian scheme and S’ C S be a closed subset. Then we can form a locally
Noetherian formal scheme S/g in the sense of [25, 8.1.6] or [35, Chap. I, 10.9], called the formal
completion of S along S’. It is sometimes denoted S when no confusion arises. Let f: X =Y be
a morphism of locally Noetherian schemes, X’ (resp. Y’) a closed subset of X (resp. Y') such that
f(X') CY'. Then we can extend f to a morphism of locally Noetherian formal schemes:

~

f : X/X’ —>§//y/.

There is a generalization of the original completion defined in [35, Chap. I, 10]: X is a locally finitely
presented scheme over the valuation ring R of a complete field K with a non-trivial non-Archimedean
absolute value (so X may not be locally Noetherian) and we form the formal completion X of X
w.r.t. an ideal of definition I of R, see [27, 5.3|. This version is more compatible with rigid analytic
geometry.

Next we show that the completion process commutes with the Frobenius operators in every possible
sense, the following lemmas also work in the above generalized version of formal completion with
parallel proofs. In our case everything is locally Noetherian and the two versions of completion agree
so we don’t need to worry about which version we are using.

Lemma B.19. Let S be a locally Noetherian scheme of characteristic p with a closed subset S’, then
Fg=Fs,g.

Proof. 1t suffices to assume S is affine. Say S = Spec A. Choose an ideal I of A s.t. the closed
subscheme defined by I has S’ as an underlying space. We know I must be finitely generated as A is
Noetherian. Then we have S,g = Spf A where A is the completion of A with respect to the [-adic

topology. Clearly the Frobenius morphism on A, F4 : A — A induces the Frobenius morphism on A,
F;:A— A. So we are done. O

Lemma B.20. Let f : X — Y be a morphism of locally Noetherian schemes of characteristic p,
X' (resp. Y') a closed subset of X (resp. Y ) such that f(X') C Y'. Denote pry : X®) — X and
pry : X®) Y where X®) is relative to f : X =Y, denote Z = prfl(X’) which is a closed subset of
X®) . Suppose XP) s a locally Noetherian scheme, then we have

1L(XW),, =X,y XY,y Fy Yy
2. Fx/y(X,) C Z,’

3. (Fxyy) =Fgp: Xyxo = (X®)5.

Proof. For the first statement, denote Z’ = pry '(X’) N pry (Y”), we know (X(p))/Z/ = X/x1 Xy, Fy
Y,y from [35, Chap. I, 10.9.7]. So it suffices to show pr (X)) = pryH(X) Npry H(Y?). And it
reduces to show pr; ' (X’) € pry ' (Y’). Let x € pry'(X’) so that pry(z) € X’ hence f o pry(z) =
Fy opry(z) € Y'. Since Fy is an identity map on the underlying space, we have pry(z) € Y’/ so
x € pry '(Y"). The result follows. The second statement Fy v (X') C pr; *(X') follows from the fact
pry o Fxy(X') = Fx(X') c X".

89



For the third statement, we can simply use the universal property of fiber products. From |35 Chap.
[, 10.9.7], we know the projection morphisms of X, x XY, y1 Fy Y,y are exactly (prq)” and (pry)”.

(pry)" o (Fx/y)" = (Fx/y o pry)”
= Fy
= Fy
= (pr1)" o Fg )y

(pra)" o (Fx/v)" = (Fx/y o pry)"
=
— (prz)/\ o FX/?

Hence we must have (Fx/y)" = Fg oy O

The additional assumption that X® is a locally Noetherian scheme is necessary because it does
not automatically follow from locally Noetherianness of X and Y. For a counter example consider
K' @k p K' where K =F,(x1, ..., Ty, ...). By |36, Thm. 11|, K’ ®k ., K’ is Noetherian if and only
if F : K — K’ is a ring map of finite type. But Fi is not a ring map of finite type, which can be
proved easily by contradiction, because there is no surjection from K[yi, ..., ym] = K'.

We end this subsection with a lemma about completing a (resp. commutative) group scheme.

Lemma B.21. Let S be a locally Noetherian scheme of characteristic p, and (G, m, e, i) be a locally
of finite type S-group (resp. commutative S-group) scheme with structure morphism f: G — S. Let
S" be a closed subset of S and denote G' = f~1(S'). Denote G" = (f x f)71(S") C G x5 G and

G" = (f x fxf)~H3").
1. Then G, G xg G, G xg G xg G are locally Noetherian schemes.

2. Denoteé':S/S/,é:G/Gz, (GXSG)A:(GXSG)/GN, (GXSGXSG)/\:(GXSGXSG)/GW.
Wehave(GxSG)A%GXSG and(GxSGxSG)A%GXSGXSG.

3. Then (é,m, é, i) is a locally Noetherian formal group (resp. commutative group) scheme over S
with structure morphism f : G — S.

Proof. The property of being locally of finite type is stable under base change and composition, so
G, G xg G and G xg G xg G are locally of finite type over S. Any scheme that is locally of finite
type over a locally Noetherian scheme is locally Noetherian, the first statement follows trivially.
For the second statement, denote the i-th projection map pr;, : G xg G — G,t = 1,2. We know
fxf=fopr,: (GxsG—SxgS5=S9),s0

G"=(fx )19
= (fopr) (")
= pr; (&)

~

In particular G” = pr; ' (G")Npr, '(G') and we can apply [35, Chap. T,10.9.7] to get (G'x sG)" = GXSG.
A similar argument can be used to show (G xg G x5 G)" = @ Xg G X g G.
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For the final statement, we first show that those completions of morphisms are well defined. Let X, Y
be schemes over S with structure morphisms g, h respectively, and let o : X — Y be a morphism
of S-schemes, we claim that a(g=1(S’)) € h™1(S’). This claim trivially follows from the fact that
g 18" = (hoa) 1 (S") = a1 (h~1(5")). Hence if both X and Y are locally Noetherian schemes,
induces a morphism of locally Noetherian formal schemes & : X /j-1(g1) = Y)p,-1(g) over S. Now we

would like to show (G, 70, é,1) satisfies the following three rules (resp. four rules in the commutative
case):
1. o (idg x ) = 1o (i xidg) : G xg G xg G — G;

A~ A~ ~ ~

2. mo(éo f,idg) =mo (idg,éo f) =ids : G — G}

~

3. mo(idg,i) =mo (i,idy) = éo f: G

1
&

~ ~ A~

4. In the commutative case, m = m o sWape g - G Xg G — G where sWape g - GxgG— G xg G
swaps the order of the factors.

Clearly it suffices to show the completion operation commutes with the identity morphism, product of
morphisms (in both sense of (a, §) and « x ), and the swap morphism under suitable conditions.
Obviously ids = (idg)". Now let X,Y,Z be locally Noetherian schemes over S with structure
morphisms g, h, [ respectively, and suppose X X gV is also a locally Noetherian scheme. Let a: Z — X
and 8 : Z — Y be a morphisms of S-schemes. They induce a morphism (o, 5) : Z — X xgY and
then the equality

(., B)N = (& B) 1 Zyr(sry = (X X5 Y) jiguny-1(s1) = Xyg1(s1) X g Yyn-1(s)

follows from the universal property of fiber products. Now we consider the completion of o x § :
Z xgZ — X xgY, it is essentially the same as above, since a x f = (a0 pry, 5 o pry). So we have
(ax B)N=a x B Similarly swapg,s = (pra, pry), so they commute with the completion operation.
The result follows. O

B.4. Rigidification functor and its relation with Frobenius operators

Let (R, m) be a valuation ring of height 1 with field of fraction K. We view R as a topological ring
by taking the system of its non-zero ideals as a basis of neighborhoods of 0. It follows that R is
automatically separated (i.e. Hausdorff. Let » € R\{0}, if » € R is an unit then (r +m)Nm = (; if r
is not a unit, then r ¢ (r2) so (r + (r%)) N (r?) = ). We know m is the only non-trivial prime ideal so
the topology of R coincides with the ¢-adic topology for any non-zero element ¢t € m by |31, 7.1.7].
Assume further that R is complete with this topology, i.e. every Cauchy sequence converges, then R
is a separated and complete adic ring and K is a complete field with a non-trivial non-Archimedean
absolute value, see [31, 7.1, p. 154]. So it makes sense to talk about formal R-schemes and rigid
K-spaces.

In this subsection we introduce the rigidification functor and investigate its relation with Frobenius
operators.

Lemma B.22. Let R be a complete valuation ring of height 1 with field of fraction K. Then the
functor A— A®pr K on R-algebras A of topologically finite type gives rise to a rigidification functor
()18 X~ XTI& from the category of formal R-schemes that are locally of topologically finite type, to
the category of rigid K -spaces.
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Proof. See |31}, 7.4, Prop. 3]. O

Since the rigidification functor preserves fiber products, in particular finite products (i.e. finite fiber
products over the terminal object), it preserves group objects (resp. commutative group objects). We
fix R and further assume that R is of characteristic p and Fpg is a finite ring map, so that Ff is
also finite as a localization of Fr. Next we show that the rigidification functor commutes with the
Frobenius operators in every possible sense.

Lemma B.23. Let X be a locally of topologically finite type formal R-schemes, then Fang = (Fy)"8.

Proof. To use the notion (Fy)"8, first we need to show that Fy is a map in the category of formal
R-schemes that are locally of topologically finite type. It suffices to check any topological ring A that
is a topologically finite type R-algebra with structure map R A A is still of topologically finite type
over R when the structure map switches to R i> AT A

Denote R’ = R as the R-algebra via Fgr: R — R, and A’ = A as the R-algebra with structure map

R i) A4 A. Fix a non-zero element ¢ € m, then R is t-adic. As a topological R-algebra, the topology
on A’ is t? A'-adic; as a topological R’-algebra, the topology on A’ is tA’-adic. Since (tA")P = tPA’,
the two adic topologies coincide on A’. Also Fy is clearly continuous as the multiplication map is
continuous on any topological ring.

As A is of topologically finite type over R, A is isomorphic to M endowed with the t-adic
topology for some ideal I of R{x1,...,z,). By assumption R’ is finite over R, let rq,...,r,, be the
generators of R’ as an R-module. Then we can construct a surjection of topological R-algebras:

/

Ry, ooy Ym, X1, ooy Tn)  — M
r — 7P
Yi = T
xTj = T

So A’ is also of topologically finite type over R. Hence Fy is indeed a map in the category of formal
R-schemes that are locally of topologically finite type.

To show Fauiz = (Fx)'®, it suffices to show they agree on a covering of affinoid spaces. So it reduces
to the case X is affine formal. Say X = Spf A where A is a topologically finite type R-algebra then
Fy is induced by F4. Then the result follows from the fact that Fy @r K = Fag,xr (localization of a
Frobenius map is again a Frobenius map). O

Lemma B.24. Let X be a locally of topologically finite type formal R-scheme, then (XP))rig = (xig)(®)
and FXrig/K == (Fx/R)ng,

Proof. Clearly the property of being locally of topologically finite type is stable under base change,
so (X (p))rig makes sense and Fly/g is a map in the category of formal R-schemes that are locally of
topologically finite type. To show (X ®))rie = (x"i&)() it is safe to assume X = Spf A is affine formal
where A is a topologically finite type R-algebra. It suffices to show A®g r, ROrR K = AQr K @k i K

which can be seen by identifying R 5 R — K with R — K 5 K.
To show Fyrg /i = (Fxy r)"e. it suffices to show they agree on a covering of affinoid spaces. Again it
reduces to the case X = Spf A is affine formal where A is a topologically finite type R-algebra. Then

the result follows from the fact that Fiy/p ®r K = Fag,x/k (more generally we have Fx/g X idg =
Fxgs1/s where S is a scheme of characteristic p and X, S’ are S-schemes). O
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B.5. A lemma supporting lemma [3.7

Let R and K be as in last subsection. Let X be a locally of finitely presented R-scheme with generic
fiber Xk and formal completion X w.r.t. an ideal of definition of R, then there is a morphism of rigid
K-spaces:

ix : XTE - XD

which is functorial in X, respecting the formation of fiber products, see [27, 5.3.1]. When X is
separated and finitely presented over R, ix is a quasi-compact open immersion. When X is proper
over R, ix is an isomorphism.

Lemma B.25. Let G be a separated, finitely presented commutative group scheme over R with generic
fiber G and formal completion G w.r.t. an ideal of definition of R, then there exists a canonical
isomorphism of finite rigid K-spaces « : ker Fgrg i — ker Fgan k-

Proof. By lemma (in the generalized setting of formal completion), G is a commutative group
object so G'8 is a commutative group object. Similarly Gk is commutative group object and so is G%.
And the relative Frobenius morphism is a group homomorphism so we can talk about their kernels.

Denote m : G xgr G — G the multiplication morphism of G. As ix respects the formation of fiber
products and is functorial in X, we have a commutative diagram

grig X f¢ grig tGxa an s g Gan
=igXi K K

G
lmrig lm‘}‘?

: i
rig an
g G%

which shows that ig is a group homomorphism of commutative rigid K-groups. Then we obtain a by
taking the map of kernels of columns of following commutative diagram

. ia
grie G%?
ngrig/K lFG%I/K

Z(P)

(Gre)P) &~ (Gaz)P)

Denote H = ker Fg,r with generic fiber Hyx and formal completion H w.r.t. an ideal of definition
of R. We first show ker Fgriz i = "¢ and ker Fan /e = HEP then prove that v = iy so that it’s an
isomorphism by properness of H.

First, we have

ker Fgrg /jc = ker(Fg/p)™® by lemma [B:24]

= (ker Fg, r)78 as (-)"8 commutes with fiber products
= (ker(Fz/)")"™ by lemma 520

= ((ker Fy 1)) as generalized completion commutes with fiber products
— /Hrig
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and

ker Fgan /i & ker(Fg, i)™ by lemma[B.14]

= (ker g, /i)™ as (-)™ commutes with fiber products
(ker(Fe i ©n K))™
= ((ker Fg/p) ®r K)™

__ fryan
- MK

12

Using the universal property of fiber products on H# = G#* x (Gam)®) K, we can see that any morphism

between H"& and H %' that making the following square commute must be a.

Hfg ~ {30
gris "%~ Gl%?

In particular, ig = . As G is locally of finite type over R, Fgp is finite by , tag 0CCD], so H is
finite by base change, hence proper. Thus « is an isomorphism. O
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