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1. Introduction

Let C be a smooth projective curve over a finite field of characteristic p. We denote the function field
of C by K. Let A be a semi-abelian scheme over C with the generic fiber A which is an abelian variety
over K.1 Naturally, we have the relative Frobenius morphism FA/K : A→ A(p). It induces a map on
rational points FA/K : A(K) → A(p)(K). To study the properties of the group A(p)(K)/FA/K(A(K)),
we construct the corresponding Selmer group of A/K associated to FA/K ; this naturally contains
A(p)(K)/FA/K(A(K)) as a subgroup. In this thesis, we will show that the Selmer group can be
embedded in the group of homomorphisms of some vector bundles over C, which is a finite group.

Classically, one constructs the Selmer group of an abelian variety A/K associated to an isogeny
f , where K is a number field and f is the multiplication map by m on A(K), and shows that
this group is finite to imply that A(K)/f(A(K)) is finite. This is the weak Mordell-Weil Theorem,
see [2, C.4].

In the following subsections, we will define smooth projective curves, sites and sheaves, semi-abelian
schemes, the Frobenius morphisms and the Selmer groups, and give some related lemmas and remarks.
We will also gradually introduce our specific situation.

Let us give a quick introduction to our main theorem. First, let A be an abelian variety over
a global field K of characteristic p which can be viewed as the function field of a smooth projective
curve C. Assume there exists a semi-abelian scheme A over the curve C such that its generic fiber is
A.

We can view the semi-abelian scheme A as a family of objects (fibers) over the curve, where the
objects are closely related to abelian varieties. At the points (of the curve) where the fibers are
indeed abelian varieties, they behave "well". We can show that the locus of nice points (i.e. sub-
set of the curve such that the fibers of A are abelian varieties) is open dense. Furthermore, the
locus of bad points, say E, is closed and finite. This set must be taken seriously, since it is the main
obstacle of our expected result. We can view this set as the set of singularities which we need to handle.

One way to handle these singularities is by compactification, which is a global method; this is
done in D. Rössler’s paper [3, Corollaire 1.5]. He proved a stronger result [3, Corollaire 1.4] which
generalizes our statement to higher dimension, with the fallback of requiring an extra condition:
A[m](K) ∼= (Z/mZ)2g for some m s.t. (p,m) = 1.2 As he mentioned in [3, Remark 1.6], the existence
of the hypothesis is there forced by the nature of the proof, which is based on the existence of the
moduli stack Ag,m of abelian varieties of dimension g over k0 with level-m structure that contains
A, see [4, I, Def. 4.4]. In this thesis, we handle these singularities locally. If this method can be
generalized to higher dimension, we will not require the existence of the above moduli stack, and hence
we can get rid of the restriction A[m](K) ∼= (Z/mZ)2g for some m s.t. (p,m) = 1 mentioned above.

There is a property of this set of singularities, saying that those "singularities" are nice singularities in
the sense that locally one may compensate by a rational function with only poles of order one. This
property is the central reason that the embedding of the Selmer group.

1According to [1, theorem 4.4.], it is very possible that A ∼= N(A)0 where N(A)0 is the identity component of the
Néron model of A, given that semi-abelian scheme A exists.

2Note that the condition A[m](K) ∼= (Z/mZ)2g for some m s.t. (p,m) = 1 on [3, Corollaire 1.4] does not apply
to [3, Corollaire 1.5], the proof of [3, Corollaire 1.5] uses a variant of the proof for [3, Thm 1.3] which does not require
the condition A[m](K) ∼= (Z/mZ)2g when dimV = 1.
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In characteristic p, our ultimate goal is to study the rational points A(p)(K). But this is difficult to do di-
rectly. We thus consider the map induced by the relative Frobenius morphism FA/K : A(K) → A(p)(K).

There is a useful tool to study the cokernel, A(p)(K)
FA/K(A(K)) , called the Selmer group. There are a lot of

technical details going on in the Selmer group. I will give an analogous example to show the central idea.

Consider the set of integer solutions of the equation x3 + y3 + z3 = 33. The integer solutions
are also (or descend to) rational solutions and solutions in Zp for any prime p. Hence the set of integral
solutions can be embedded into the "intersection" of rational solutions and Zp-solutions. Similarly, we
can descend the relative Frobenius map to different completions of K, and for each of them we obtain
a group in which A(p)(K)

FA/K(A(K)) always embeds. We call the intersection, in which A(p)(K)
FA/K(A(K)) naturally

embeds, the Selmer group.

We state our main theorem 3.1 here:

Theorem. There is a natural injective homomorphism

ϕ : Sel(FA/K)(A/K) ↪→ HomC(F
∗
CωkerFA/C/C ,Ω

1
C/k0

(E)).

And this map ϕ is functorial for morphisms of semi-abelian schemes over C.

Notation: FA/C : A → A(p) is the relative Frobenius morphism of A/C, and similar for FA/K . Then
kerFA/C is a group scheme over C. For any group scheme G/S, we denote e = eG/S : S → G as the
unit section and define ωG/S := e∗Ω1

G/S where Ω1
G/S is the sheaf of relative differentials of degree 1 of

G over S.

Note that F ∗CωkerFA/C/C and Ω1
C/k0

(E) are both vector bundles over C, where Ω1
C/k0

(E) := Ω1
C/k0

⊗OC

O(E) acts as the analogy of "locally one may compensate by a rational function with only poles of
order one".

Since HomC(F
∗
CωkerFA/C/C ,Ω

1
C/k0

(E)) = Γ(C,F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k0

(E)) where F ∗Cω
∨
kerFA/C/C

⊗OC

Ω1
C/k0

(E) is a finite locally free sheaf over C and C is proper over k0, by [5, tag 02O5], this global
section is a finite k0-module, hence a finite abelian group since k0 is finite. We also state the corollary
3.8 here.

Corollary. The group A(p)(K)
FA/K(A(K)) is finite.

For other applications and context of this embedding, see D. Rössler’s work [6, p.5].

1.1. Sketch of the proof

The following subsection is a sketch of the proof.

1.1.1. Reduce to local case

Denote F̃ by the fppf sheaf on C generated by the OC-module F := F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k0

, and it
is finite locally free.
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Pick any closed point v ∈ C, apply the second exact sequence (see section 2) to the commutative
square

C SpecKη
oo

Spec Ôv

OO

SpecKv

OO

oo

we have the following commutative diagram, where the cohomology groups are for fppf -sheaves.

H1(K, kerFA/K) Fη

H1(C, kerFA/C) F(C)

H1(Kv, kerFAKv/Kv
) F̃(Kv)

H1(Ôv, kerFAÔv
/Ôv

) F̃(Ôv)

γ1

λ4

µ4
γ2

λ1

λ2

µ1

µ2

γ3

γ4

λ3

λ5

µ3

µ5

(1.1)

Our desired map ϕ embeds in γ1. To prove our theorem it suffices to show that:

for all T ∈ Sel(FA/K)(A/K), for all v closed in C, denote t the uniformiser of Ôv, we have{
γ3(λ4(T )) ∈ F̃(Ôv) = Imµ3 ∀v ∈ C\{E ∪ η}
t · γ3(λ4(T )) ∈ F̃(Ôv) = Imµ3 ∀v ∈ E

We will later see that this assertion is trivially true for the set of good points C\(E ∪ {η}).

1.1.2. Construct a short exact sequence of group schemes over Ôv

The Raynaud construction (see [4, II, 1]) provides an exact sequence of formal schemes over Ôv, say

0 Ĝ ÂÔv
B̂ 0closed immersion faithfully flat (1.2)

where ·̂ denotes formalization. Here B/Ôv is an abelian scheme and G is a torus over Ôv. By
definition, G splits (i.e. isomorphic to a product of finitely many copies of multiplicative group scheme
Gm) fpqc-locally. We can find a suitable base change so that we can assume G splits.

If v /∈ E, the assertion γ3(λ4(T )) ∈ Imµ3 follows trivially from the valuative criterion of properness
and the fact that AÔv

∼= B is proper. So we can assume v ∈ E.

From the exact sequence of formal schemes over Ôv, we can construct a short exact sequence of finite
commutative group schemes over Ôv:

0 → µ⊕l
p,Ôv

→ kerFAÔv
/Ôv

q→ kerFB/Ôv
→ 0.
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Apply the second exact sequence to the above SES, we obtain the following simplified commutative
diagram whose middle plane is the bottom plane of diagram 1.1:

H1(Kv, µ
⊕l
p,Kv

) Kj
v

H1(Ôv, µ
⊕l
p,Ôv

) Ôj
v

H1(Kv, kerFAKv/Kv
) Kn

v

H1(Ôv, kerFAÔv
/Ôv

) Ôn
v

H1(Kv, kerFBKv/Kv
) Km

v

H1(Ôv, kerFB/Ôv
) Ôm

v

e1,Kv

ϕKv

ϕ∗Kv

e1

a1 b1

e2,Kv=γ3

ψKv

ψ∗
Kv

e2=γ4

a2=λ3

ϕ

b2=µ3

ϕ∗

e3,Kv

e3

a3

ψ

b3

ψ∗

(1.3)

1.1.3. Three lemmas and diagram chase

With the following three results/lemmas, the assertion t · γ3(λ4(T )) ∈ Imµ3 is just a simple diagram
chase:

1. t · Im e1,Kv ⊂ Im b1;

2. ψ is surjective;

3. ψKv(λ4(T )) ⊂ Im a3.

The first result relies on the understanding of the second exact sequence. The second result reduces to
showing H2(Ôv, µp) = 0 which is not hard. The third one is the essential ingredient of our paper. To
prove it we need to deeply investigate the Raynaud exact sequence in the setting of rigid analytic
space.

1.1.4. Show that ψKv(λ4(T )) ⊂ Im a3

By definition λ4(T ) comes from A
(p)
Kv

(Kv). It suffices to show ψKv(λ4(T )) comes from B(p)
Kv

(Kv) =

B(p)(Ôv) so it lies in Im a3.

H1(Ôv, kerFAÔv
/Ôv

)
a2=λ3 //

ψ

��

H1(Kv, kerFAKv/Kv
)

ψKv

��
H1(Ôv, kerFBÔv

/Ôv
)

a3 // H1(Kv, kerFBKv/Kv
)
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A
(p)
Kv

(Kv)

fA
��

B(p)
Kv

(Kv)

fB
��

H1(Kv, kerFAKv/Kv
)
ψKv // H1(Kv, kerFBKv/Kv

)

So the problem is reduced to showing that Im(ψKv ◦fA) ⊂ Im fB , or finding a map of sets A(p)
Kv

(Kv) →
B(p)
Kv

(Kv) that is compatible with H1(Kv, kerFAKv/Kv
) → H1(Kv, kerFBKv/Kv

). This is where we
introduce the method of rigid-analytic space. A brief introduction and related results are introduced
in Appendix B.

Transform the above diagram into rigid-analytic setting, we have

(Aan
Kv

)(p)(Kv)

ΨA

��

(Ban
Kv

)(p)(Kv)

ΨB
��

PHS(kerFAan
Kv

/Kv
)

s // PHS(kerFBanKv
/Kv

)

and the problem is reduced to showing that Im(s◦ΨA) ⊂ ImΨB, or finding a map of sets (Aan
Kv

)(p)(Kv) →
(Ban

Kv
)(p)(Kv) making the diagram commutes.

By the uniformization theorem [7, 1.1 & 1.2], there exists an extension

0 → G⊕lm,Kv
→ E

ρ→ BKv → 0

and a commutative diagram of abelian rigid Kv-groups where each arrow is a group homomorphism

Ean

σ

����

ρan // Ban
Kv

= B̂rig

Aan
Kv

(ÂÔv
)rig_?iA

oo

φ̂rig

OO

R2

j

cc

Just like the scheme case, we can construct the following commutative diagram from the above one:

(Ean)(p)(Kv)

vv

��

// (Ban
Kv

)(p)(Kv)

��

(Aan
Kv

)(p)(Kv)

��

((ÂÔv
)rig)(p)(Kv)

jj

��

55

oo

PHS(kerFEan/Kv
)

∼=
vv

// PHS(kerFBanKv
/Kv

)

PHS(kerFAan
Kv

/Kv
) PHS(kerF(ÂÔv

)rig/Kv
)

∼=

ii 55

∼=
oo

The proof of the three isomorphisms in the bottom plane is not trivial. We can also show that
(Ean)(p)(Kv) → (Aan

Kv
)(p)(Kv) is surjective. So any element in (Aan

Kv
)(p)(Kv) can be lifted to an element
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in (Ean)(p)(Kv), and we can map it into (Ban
Kv

)(p)(Kv). This is the map of sets (Aan
Kv

)(p)(Kv) →
(Ban

Kv
)(p)(Kv) we want to construct. With a simple diagram chase, we can see that it is compatible

with PHS(kerFAan
Kv

/Kv
) → PHS(kerFBanKv

/Kv
). The result follows.

This completes the sketch of the proof of our main theorem.

1.2. Smooth projective curve C

To formally introduce the situation, we start with the concrete definition of the curve.

Situation 1.1. Let C be a smooth, projective, geometrically integral scheme of dimension 1 over a
finite field k0 of characteristic p. Define K = K(C), and η as the generic point.

We now state and prove some properties which we will later use in our proof.

Lemma 1.2. Let C be as above, then we have

i. C is projective, smooth, separated, universally closed, proper, flat, quasi-compact, of finite type
over k0.

ii. C is Noetherian, regular, normal, geometrically integral and of dimension 1.

iii. Every non-empty open affine subset of C is the spectrum of a Dedekind domain, i.e. a Noetherian
normal domain of dimension 1.

iv. Every non-generic point v is closed, the stalk OC,v is a discrete valuation ring, and we may
denote it as Ov, whose fraction field is K. Also the residue field κ(v) is a finite extension of k0.
Hence C is also a factorial scheme.

v. Every non-empty open subset contains the generic point η and hence must be dense. Every closed
subset is either C or a finite set of closed points.

vi. Every valuation ring of K contains k0. There is a one-to-one correspondence between the set of
non-generic points and the set of non-trivial valuations on K.

vii. K is transcendental of degree 1 over k0.

viii. Every non-generic point {v} is an effective Cartier divisor on C, i.e. a closed subscheme whose
ideal sheaf I{v} ⊂ OC is an invertible OC-module, see [5, tag 01WR].

ix. Every non-generic point {v} is a prime Weil divisor on C, i.e. an integral closed subscheme of
codimension 1 (see [5, tag 0BE2]), and vice versa. And the associated sheaf O({v}) defined as

Γ(U,O({v})) := {t ∈ K(C)∗ : Div |U t+ {v}|U ≥ 0} ∪ {0}

is isomorphic to I∨{v}, where Div |Us :=
∑

Y valY (s)[Y ] is the divisor of zeros and poles of
the rational section s, over the open subscheme U , and ·|U : WeilX → WeilU,

∑
Y nY [Y ] 7→∑

Y ∩U ̸=∅ nY [Y ∩ U ] denotes restriction map from X to U (cf. [8, Chap. 14.2]) .
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Proof.

i. We know that projectivity implies proper which is equivalent to separated, universally closed and
of finite type. And smooth implies flatness. Quasi-compactness follows from being of finite type.

ii. Since C is of finite type over k0, any field is Noetherian, and any scheme which is of finite type
over a Noetherian scheme is Noetherian, we have C is Noetherian. Since smoothness over a field
implies regularity [9, 6.26], and regular schemes are normal, we know that C is a regular and
normal scheme. And C is geometrically integral scheme of dimension 1 by definition.

iii. Let U be a non-empty open affine subset, we want to show that OC(U) is a Noetherian normal
domain of dimension 1. By [5, tag 0A21] we have that dimU = dimC = 1. Since C is an
integral scheme, OC(U) is an integral domain. By (ii) we know C is normal and integral, so
OC(U) is a Noetherian normal domain of dimension 1 [10, 4.1, 1.5].

iv. Let v be a non-generic point of C, let U be an arbitrary open affine subset containing v, say
U = SpecR, where R is a Dedekind domain by (iii). Then v corresponds to a non-zero prime
ideal p of R. In Dedekind domain, every non-zero prime ideal is maximal, and the localization
at each maximal ideal is a discrete valuation ring (abbr. DVR), thus v is a closed point of U
and OC,v = OU,v is a DVR. Let {Ui} be an open affine cover of C, then {v} ∩Ui must be closed
in each Ui, so v is closed in C.

Note the residue field κ(v) = FracRp = R
p . Since C is of finite type over k0, R is a finitely

generated k0-algebra, so is R
p . By Nullstellensatz, any finitely generated k0 algebra which is also

a field must be finite over k0. Hence κ(v) is a finite extension of k0.

Next we show that the fraction field of Ov = OC,v is K. Since C is an integral scheme,
we have a sequence of injection of integral domains OC(U) ↪→ Ov ↪→ OC,η = K. Also K is the
fraction field of OC(U), it must also be the fraction field of Ov. Now every stalk is either a DVR
or a field, they are all unique factorization domains, so C is factorial.

v. Let U be a non-empty open subset, if η /∈ U , then U c is a proper closed subset containing the
closure of η, which is C, contradiction. So we must have η ∈ U . Let Z be a closed subset of
C, so Z is Noetherian, hence has a finite number of irreducible components. If η ∈ Z, then
Z = C. Otherwise η /∈ Z and every point in Z is closed by (iii), and each point is an irreducible
component, thus Z must be a finite set of closed points.

vi. Giving a valuation ring of K is the same as giving a valuation v on K. Since k0 is finite,
every non-zero element of it is of finite order, say xm = 1,wherex ∈ k∗0. Hence v(xm+1) =
(m+1) · v(x) = v(x), then we have v(x) = 0 and x lies in the valuation ring. Given a non-trivial
valuation ring O on K, we have a sequence of injection k0 ↪→ O ↪→ K. Hence we have the
following commutative diagram.

SpecK
g //

i2
��

C

h
��

SpecO i1 // Spec k0

where g is the inclusion of generic point and h is the structure morphism of C and it is proper.
By valuative criterion for properness, see [10, 3.3.2, 3.26], there exists a unique morphism
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j : SpecO → C making the following diagram commute

SpecK
g //

i2
��

C

h
��

SpecO i1 //

j
;;

Spec k0

Let γ be the closed point of SpecO, let v = j(γ). Then j induces a map of local rings
Ov → Oγ = O, and j must factor through SpecOv:

SpecOγ
j2 // SpecOv

l
��

SpecO j // C

If v = η then l = g : SpecK → C. And we have g = j ◦ i2 = l ◦ j2 ◦ i2 = g ◦ j2 ◦ i2. Since
SpecOη = SpecK → C is a monomorphism in the category of schemes by [5, tag 01L9], we
have j2 ◦ i2 = idSpecK , i.e. we have a map K → O ↪→ K which is identity, it implies O ↪→ K is
surjective which is a contradiction.

Thus v = j(γ) is a closed point, and it is not hard to see that both j ◦ i2 and g factors
through SpecOv → C. Again since SpecOv → C is a monomorphism in the category of schemes
by [5, tag 01L9], we have a commutative diagram

K Ov

O

a′

b′
c′

To show c′ is an injection it suffices to consider that if c′(t) = 0, then b′ ◦ c′(t) = a′(t) = 0, so
t = 0. Hence c′ is an injection. Also c′ is induced as a local ring map by j(γ) = v, so O dominates
Ov in K. Since valuation rings are maximal among local sub-rings of K by domination, we
must have O = Ov, and this point is unique since the morphism j is unique. So we know that
every non-trivial valuation on K gives rise to a unique non-generic point of C, and for every
non-generic point v of C, Ov determines a non-trivial valuation on K and the process is clearly
mutual.

vii. Since C is of finite type over k0 and it is integral of dimension 1, the function field K is
transcendental of degree 1 over k0 by [10, 2.5.3, 5.19].

viii. Every non-generic point is closed, and we equip it with the reduced induced closed subscheme
structure. By (ii) and (iv), every non-generic point {x} as an irreducible closed subscheme is of
codimension 1 and we have that OC,x is a DVR so a unique factorization domain (abbr. UFD).
By [5, tag 0AGA], every non-generic point can be viewed as an effective Cartier divisor on C.

ix. Every non-generic point is an irreducible closed subset of codimension 1 with the unique reduced
induced closed subscheme structure, so it is integral and it is a prime Weil divisor on C. Reversely
every prime Weil divisor on C as a set is an irreducible codimension 1 closed subset of C, hence
it is not C and contains at least one non-generic point, which is closed and irreducible and
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codimension 1. Hence that non-generic point must be the whole divisor. They have the same
closed subscheme structure since they are both reduced.

Next we show that I∨{v} ∼= O({v}). Since C is integral, any restriction map is injective and we
have

OC(U) =
⋂
u∈U

OC,u = {t ∈ K(C)∗|∀u ∈ U − η, valu t ≥ 0} ∪ {0}

Similar statement holds for any quasi-coherent ideal sheaf I, i.e. any restriction map is injective
and I(U) = ∩u∈UIu. Hence

I{v}(U) =
⋂
u∈U

I{v},u =

{⋂
u∈U OC,u = OC(U) if v /∈ U

mv ∩
⋂
u∈U−vOC,u if v ∈ U

Now we can determine I∨{v}. We know I∨{v}(U) = HomOC |U (I{v}|U ,OC |U ). For any ϕ ∈
HomOC |U (I{v}|U ,OC |U ), denote V = U − v, we claim that ϕ is determined by ϕ(V )(1). If v /∈ U ,
then V = U and I{v}|U = OC |U , clearly ϕ is determined by ϕ(U)(1). If v ∈ U , we know ϕ is
uniquely determined by its restrictions to stalks, for points x other than v, ϕx is determined by
ϕ(V )(1); and for ϕv : I{v},v → OC,v, consider s ∈ I{v},v = mv, there exists some open W ⊂ U
s.t. s ∈ OC(W ). Pick any w ∈ W − v, we have ϕv(s) = ϕ(W )(s) = ϕw(s) = s · ϕw(1). Hence
ϕv(s) is also determined by ϕ(V )(1), so is ϕ.

Clearly the zero element can be ϕ(V )(1). For an element t ∈ K(C)∗ to be ϕ(V )(1), we
need ∀u ∈ U,∀s ∈ I{v},u, st ∈ OC,u. Equivalently we need

∀u ∈ U − η,∀s ∈ I{v},u, valu(st) = valu(t) + valu(s) ≥ 0

Equivalently
∀u ∈ U − η, valu(t) + min

s∈I{v},u
valu(s) ≥ 0

Equivalently

valu(t) ≥

{
0 if u ∈ U − η − v

−1 if u = v

Equivalently (we use the fact that the set of prime Weil divisors is the same as the set of
non-generic points here)

Div |U t+ {v}|U ≥ 0

Hence we have I∨{v} ∼= O({v}) where the identification of ring structures and restriction maps
follow trivially.

1.3. Site and sheaves

The following subsection is very general and but we need to introduce the definition of fppf -sheaves
on the big fppf site of a scheme S. Readers can skip this subsection.

Definition 1.3. Let C be a category, a family of morphisms with fixed target in C is given by an
object U ∈ Ob(C), a set I and for each i ∈ I a morphism Ui → U of C with target U . We use the
notation {Ui → U}i∈I to indicate this.
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Definition 1.4. A site is a pair (C,Cov(C)) where C is a category and Cov(C), the coverings of C,
is a set whose elements are of the form {Ui → U}i∈I , i.e. a family of morphisms with fixed target,
satisfying the following axioms:

1. If V → U is an isomorphism then {V → U} ∈ Cov(C).

2. If {Ui → U}i∈I ∈ Cov(C) and for each i we have {Vij → Ui}j∈Ji ∈ Cov(C), then {Vij →
U}i∈I,j∈Ji ∈ Cov(C).

3. If {Ui → U}i∈I ∈ Cov(C) and V → U is a morphism of C then Ui ×U V exists for all i and
{Ui ×U V → V }i∈I ∈ Cov(C).

Next we define presheaves/sheaves on a site.

Definition 1.5. Let C be a category, a presheaf of abelian groups on C is a contravariant functor
F : C → Ab.

Definition 1.6. Let (C,Cov(C)) be a site, let F be a presheaf of abelian groups, then F is a sheaf if
for all {Ui → U}i∈I ∈ Cov(C), the following diagram is an equalizer:

F(U)
∏
i∈I F(Ui)

∏
(i1,i2)∈I×I F(Ui1 ×U Ui2)

pr∗1

pr∗2

Next we can define the big fppf site of S and an fppf -sheaf on it.

Definition 1.7. Let S be a scheme, the big fppf site of S, denoted by (Sch/S)fppf , is the pair
(Sch/S,Cov(Sch/S)), where Sch/S is the category of S-schemes, and {fi : Ui → U}i∈I ∈ Cov(Sch/S)
if each fi is a morphism of S-schemes, and it is flat, locally of finite presentation and U =

⋃
i f(Ui).

An fppf -sheaf (of abelian groups on the big fppf site of a scheme S) is just a sheaf of abelian
groups on the big fppf site of a scheme S.

Remark 1.8. The category of sheaves of abelian groups on the big fppf site of a scheme S is an abelian
category, see [11, Thm. 8.11].

This fact is quite useful since in an abelian category we can apply all sorts of homological lemmas,
e.g. the snake lemma. The following proposition states that any commutative S-group scheme can be
viewed as a sheaf of abelian groups.

Proposition 1.9. Let G be a commutative S-group scheme, we define the presheaf FG associated to
G by FG(T ) := HomS(T,G). Then FG is an fppf sheaf on the big fppf site of S, (Sch/S)fppf .

Proof. See [12, II, Cor. 1.7].

1.4. Semi-abelian scheme

Definition 1.10. We call A/K an abelian variety if A is a group scheme over K and it is proper
and geometrically integral over K.
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The concept of abelian variety is central to arithmetic geometry, and there are many equivalent
definitions. The following remark states that there are 2× 4× 2 = 16 equivalent definitions of abelian
varieties.

Remark 1.11. Let {projective, proper}, {geometrically irreducible, irreducible, geometrically connected,
connected}, {smooth, geometrically reduced} be three sets of properties, pick one from each of them,
and let A/K be a group scheme with the chosen properties. Then it agrees with the definition of
abelian variety.

Proof. Clearly projectivity implies properness; and geometrically irreducibility implies the other three
which in turn implies connectivity. By [5, tag 056T] we know that smoothness of K-schemes implies
geometrically reducedness. Thus it suffices to show that "abelian varieties are projective, geometrically
irreducible and smooth", and "proper connected and geometrically reduced group schemes over K is
an abelian variety".

By [5, tag 0BF9], abelian varieties are projective and smooth. Geometrically irreducibility comes from
the definition. Next we show that proper connected and geometrically reduced group schemes over K
are abelian varieties, i.e. they are proper and geometrically integral.

It suffices to show geometrically irreducibility. A group scheme over the field K must contain a
K-rational point, the unit section. In this case, A is connected implies it is geometrically connected
by [5, tag 04KV]. Hence after base change to any field extension K ′ of K, AK′ is connected. Plus,
since every connected group scheme over a field is irreducible by [5, tag 0B7Q], AK′ is irreducible. So
A is geometrically irreducible. The result follows.

The definition of abelian varieties does not directly state it is abelian, but it is indeed true.

Remark 1.12. An abelian variety is a commutative group scheme.

Proof. See [5, tag 0BFD].

Cohomology arises everywhere in mathematics, so it is natural to define exact sequences in different
cases. The definition of exact sequence of abelian groups can be easily defined, but not for commutative
group schemes because cokernels of commutative group schemes do not behave as well as cokernels of
abelian groups. We will define the exact sequence of commutative group schemes over a scheme S as
follows, but this only behaves well under certain conditions.

Definition 1.13. Let S be a scheme, then a sequence of commutative group scheme over S

0 → G1
f→ G2

g→ G3 → 0

is exact if f is an isomorphism onto ker g and g is faithfully flat.

We will only use the above definition under two "nice" conditions:

1. G1/S is flat and locally of finite presentation and g is locally of finite presentation.

2. the base scheme is the spectrum of a field and all of G1, G2 and G3 are of finite type over the
base field.
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Remark 1.14. The second condition implies the first one.

Proof. Let S = Spec k and G1, G2, G3 be finite type commutative group schemes over k. Since Spec k
is Noetherian, they are also of finite presentation. By [5, tag 02FV], the morphism between them must
be locally of finite presentation. In particular, G1/S and g are locally of finite presentation. Since S is
the spectrum of a field, G1/S is flat.

And for the case of first condition we present a remark below showing that the above definition
of exactness agrees with the one in the abelian category of fppf -sheaves on the big fppf site of S,
(Sch/S)fppf . The later definition of exactness is quite nice since it lives in an abelian category. As we
mentioned before, we can thus apply homological lemmas like the snake lemma.

Remark 1.15. Fix a base scheme S, let 0 → T
ϕ→ G

q→ H → 0 be a sequence of commutative group
schemes over S s.t. T is flat and locally of finite presentation over S. Then the following two definitions
of exactness of the above sequence agree.

1. ϕ is an isomorphism onto ker q and q is faithfully flat and locally of finite presentation.

2. It is exact as fppf -sheaves in the abelian category of fppf -sheaves on the big fppf site of S,
(Sch/S)fppf .

Proof. (1)⇒(2): Since ϕ is an isomorphism onto ker q, we can view the sequence as 0 → ker q
ϕ→ G

q→
H → 0. So (ker q, ϕ) represents the kernel sheaf of q and the corresponding injection of sheaves. It
remains the show that q : G→ H represents a surjective map of sheaves. The result follows from q is
fppf, [5, tag 02WJ] and [5, tag 05VM].

(2)⇒(1): Since it’s an exact sequence of sheaves, T represents the kernel sheaf of q : G → H,
which is also represented by the group scheme ker q. The injection of kernel sheaf into G is represented
by the immersion of ker q into G. By Yoneda lemma, we must have ϕ : T → G is an isomorphism onto
ker q.

By exactness, H is the fppf quotient of ϕ : T → G in the sense of the definition in [13, 4.28],
then by [13, 4.35], it’s also a geometric quotient, in the sense of [13, 4.12]. The construction of
geometric quotient makes q : G→ H surjective.

By [13, 4.32] we have that flatness and the property of being locally finite presentation are fppf
local on the target, then by [13, 4.33], the fact T/S is flat and locally of finite presentation implies
q : G→ H is flat and locally of finite presentation. Since we showed it is surjective, we have that q is
faithfully flat and locally of finite presentation.

With the definition of abelian varieties and exact sequences, we can now define the semi-abelian
scheme, cf. [4, Chap. I, Def. 2.3].

Definition 1.16. Let C be a scheme, we say T is a torus over C if T is a commutative group scheme
which is fppf -locally isomorphic to a product of finitely many copies of the multiplicative group scheme
Gm,C over C, i.e. for any point s ∈ C, there exists an open neighborhood U of s, an fppf morphism
C ′ → U and a non-negative integer r s.t. T ×C C

′ ∼= G⊕rm,C . We say π : A → C is a semi-abelian
scheme if A is a smooth separated commutative group scheme over C via π with geometrically
connected fibers, such that each fiber Av, where v ∈ C, is an extension of an abelian variety Bv by a
torus Tv over the residue field κ(v), i.e. a short exact sequence (abbr. SES) 0 → Tv → Av → Bv → 0.
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Remark 1.17. Let π : A → C be a semi-abelian scheme, pick a point v ∈ C, then the exact sequence
of commutative group scheme over κ(v), 0 → Tv → Av

g→ Bv → 0, satisfies the condition 2 mentioned
above, i.e. they are all of finite type over κ(v).

Proof. Since Bv is an abelian variety, it is of finite type. Av is a connected group scheme over a field
so irreducible, by [5, tag 0B7Q]. Thus Av is quasi-compact by [5, tag 0B7P]. Hence the structure
morphism of Av is quasi-compact since the pre-image of the open affine set Specκ(v) is quasi-compact.
Also the structure morphism is smooth as a base change of π, hence locally of finite presentation, thus
locally of finite type. Combined with quasi-compactness, it is of finite type.

Since Bv is an abelian variety so separated, ker g = Tv is a closed subgroup scheme of Av by [13, 3.13].
The structure morphism of Tv is hence the composition of the structure morphism of Av and a closed
immersion, and both of them are of finite type, hence it is of finite type.

It is also worth noting that the structure morphism of a semi-abelian scheme is of finite presentation.
This fact helps showing that the set of "bad points" E in our main theorem is closed. This is vital
since if E is not a closed set, then we cannot define O(E) and hence Ω1

C/k0
(E) does not make sense.

Proposition 1.18. Let π : A → C be a semi-abelian scheme, then π is of finite presentation.

Proof. It follows from [5, tag 01UA] and [14, Exposé VIB, Corollaire 5.5].

Situation 1.19. Continuing situation 1.1, let A be an abelian variety over K, and π : A → C be a
semi-abelian scheme such that the generic fiber is A. Define E ⊂ C to be the set of "bad points",

E := {v ∈ C : Av is not an abelian variety over κ(v)}.

Lemma 1.20. In above situation, we have

1. the set E is a finite closed subset.

2. the closed set E can be viewed as an effective Cartier divisor on C, and we have E =
∑

v∈E{v}
as a Cartier divisor. Denote IE ⊂ OC by the ideal sheaf defining it.

3. the closed set E can be viewed as a Weil divisor as
∑

v∈E{v}, a finite sum of prime divisors.
The associated sheaf O(E) is defined as

Γ(U,O(E)) := {t ∈ K(C)∗ : Div |U t+ E|U ≥ 0} ∪ {0}

then we have an isomorphism I∨E ∼= O(E) which sends the canonical inclusion IE ↪→ OC to 1.

4. the global sections Γ(C,O(E)) of O(E) equals the zero element union the set of rational functions
t ∈ K(C)∗ s.t. for any non-generic point v, we have

valv(t) ≥

{
0 if v /∈ E

−1 if v ∈ E
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Proof. 1. Since the definition of abelian variety can be proper, connected and smooth group
schemes by remark 1.11, the set E can also be characterized by Av is not proper over κ(v).
Since π is of finite presentation, by [9, Appx. E, p. 580, (6)], we know the complement set
C\E = {v ∈ V : Av is proper over κ(v)} is constructible (i.e. finite union of locally closed
subset according to [9, Def. 10.12]) and contains the generic point η. By [5, tag 005K], this set
contains a dense open subset of C (taking Z = C). So E is a subset of a proper closed subset of
C, by lemma 1.2 (v), it is also finite.

2. Since C is reduced, every close subset has a unique closed subscheme structure. Thus we can
treat E as a closed subscheme. By lemma 1.2 (viii), every non-generic point is an effective
Cartier divisor already, then by [5, tag 0C4R], we have E is an effective Cartier divisor and it
equals

∑
v∈E{v}.

3. The procedure is almost identical to the proof of lemma 1.2 (ix ). Similarly we have

OC(U) =
⋂
u∈U

OC,u = {t ∈ K(C)∗|∀u ∈ U, valu t ≥ 0} ∪ {0}

IE(U) =
⋂
u∈U

IE,u =

{⋂
u∈U OC,u = OC(U) if E ∩ U = ∅⋂
v∈E∩U mv ∩

⋂
u∈U−E OC,u otherwise

We know I∨E(U) = HomOC |U (IE |U ,OC |U ), for any ϕ ∈ HomOC |U (IE |U ,OC |U ), denote V =
U − E, we claim that ϕ is determined by ϕ(V )(1). We know ϕ is uniquely determined by its
restrictions to stalks: for points x /∈ E, clearly ϕx : OC,x → OC,x is determined by ϕ(V )(1);
for points x ∈ E, we have ϕx : mx → OC,x, let s ∈ mx, there exists some open W ⊂ U s.t.
s ∈ OC(W ). Shrink it further so that W doesn’t contain any other point in E. Pick any
w ∈ W − x, we have ϕx(s) = ϕ(W )(s) = ϕw(s) = s · ϕw(1) = s · ϕ(V )(1). Hence ϕx(s) is also
determined by ϕ(V )(1), so is ϕ.

Clearly the zero element can be ϕ(V )(1). For an element t ∈ K(C)∗ to be ϕ(V )(1), we
need ∀u ∈ U,∀s ∈ IE,u, st ∈ OC,u. Equivalently we need

∀u ∈ U − η,∀s ∈ IE,u, valu(st) = valu(t) + valu(s) ≥ 0

Equivalently
∀u ∈ U − η, valu(t) + min

s∈IE,u

valu(s) ≥ 0

Equivalently

valv(t) ≥

{
0 if v ∈ U − E − η

−1 if v ∈ E ∩ U

Equivalently (we use the fact that the set of prime Weil divisors is the same as the set of
non-generic points here)

Div |U t+ E|U ≥ 0

Hence we have I∨E ∼= O(E) where the identification of ring structures and restriction maps follow
trivially. And it is easy to see that the canonical inclusion IE ↪→ OC is induced by taking
ϕ(V )(1) = 1.

4. Follows trivially from above proof.
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For any OC-module L, we define the twist of L by E as L(E) := L ⊗OC
O(E). So we have

FC,∗Ω
1
C/k0,cl

(E) = FC,∗Ω
1
C/k0,cl

⊗OC
O(E).

1.5. Frobenius morphism

In characteristic p, the Frobenius map naturally arises. We can define the Frobenius map of rings,
fields, algebras simply by sending t to tp. Similarly we define the absolute Frobenius morphism of
schemes over characteristic p.

Definition 1.21. Let S be a scheme of characteristic p, then we define the absolute Frobenius
morphism FS : S → S induced by OS → OS , s 7→ sp.

We then define the relative Frobenius morphism which we will use to construct the Selmer group.

Definition 1.22. Let X be a scheme over S of characteristic p with structure morphism π : X → S,
then we define X(p) as the fiber product X×SS along π and FS . And we define the relative Frobenius
morphism of X/S as FX/S : X → X(p) along the morphisms FX : X → X and π : X → S, see the
following diagram.

X

X(p) X

S S

FX

π

FX/S

π

FS

Remark 1.23. Both absolute Frobenius morphism and relative Frobenius morphism are functorial.
Moreover, if X is a S-group scheme, then X(p) naturally has a structure of S-group, and FX/S is a
S-group morphism, the proof is identical to the proof of lemma B.13.

Definition 1.24. A scheme S of characteristic p is said to be perfect if FS is an isomorphism. A
finite group scheme N over S is said to have height h if F hN/S : N → N (ph) is zero (i.e. F hN/S factors

through the unit section of N (ph)) and F h−1N/S is not zero, cf. [15, III, The Frobenius morphism].

If A is an abelian variety over K of characteristic p, then the relative Frobenius morphism FA/K :

A→ A(p) naturally induces a map of rational points,

FA/K : A(K) → A(p)(K)

which gives us a pathway to study the ultimate goal, the structure of A(p)(K).

The following lemma verifies one of the conditions for above relative Frobenius morphism to be
an isogeny, which will be defined in the next subsection.

Lemma 1.25. Let G be a smooth scheme over a locally Noetherian scheme S of characteristic p, then
the relative Frobenius morphism FG/S is faithfully flat.
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Proof. Clearly relative Frobenius morphism is a homeomorphism hence surjective. Since faithfully flat
is just surjective and flat, it suffices to show flatness. We would like to use this lemma [5, tag 039E].
There are four conditions, which we will show one by one. We only care about the red arrows in the
following commutative diagram.

G FG

��
π

  

FG/S

��
G(p)

π(p)

��

// G

π
��

S
FS // S

1. G is locally of finite presentation over S: it follows from the smoothness of π.

2. G is flat over S: it follows from the smoothness of π.

3. For every s ∈ S, the morphism FG/S,s = FGs/κ(s) : Gs → G
(p)
s is flat: Since G/S is smooth,

Gs/κ(s) is smooth. By [10, Chap. 4.3, Ex. 3.13], we have that the relative Frobenius morphism
of Gs/κ(s) is flat.

4. G(p) is locally of finite type over S: since π(p) is the base change of the smooth morphism π, it
is also smooth hence locally of finite presentation thus locally of finite type.

Then the result follows from [5, tag 039E].

Corollary 1.26. Let G be a smooth commutative group scheme over a locally Noetherian scheme S
of characteristic p, then

0 → kerFG/S → G
FG/S→ G(p) → 0

is a short exact sequence in the sense of remark 1.15, i.e. kerFG/S is flat and locally of finite
presentation over S, FG/S is faithfully flat and locally of finite presentation. In particular, this
sequence is exact as fppf-sheaves.

Proof. By above lemma we know FG/S is faithfully flat. Since G is smooth over S, G is locally of finite
presentation over S. Thus FG/S is finite by [5, tag 0CCD], so locally of finite presentation. Pull back
FG/S w.r.t. the unit section of G(p), we can see that kerFG/S is flat and locally of finite presentation
over S. The result follows.

Corollary 1.27. In the above corollary, we have a long exact sequence of abelian groups:

0 → kerFG/S(S) → G(S) → G(p)(S) → H1
fppf(S, kerFG/S) → H1

fppf(S,G) → H1
fppf(S,G

(p))

where H1
fppf(S,F) denotes the first order fppf cohomology group over S when F is an fppf-sheaf on the

big fppf site of S.

Proof. Just apply the fppf cohomology to the short exact sequence.

The following lemma simply verifies one of the conditions of a cited result used in the proof of our
main theorem.
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Lemma 1.28. Let X be a group scheme over S of characteristic p, let N := kerFX/S, then N is
a group scheme over S and FN/S = 0, i.e. for any S-scheme Y , the induced group homomorphism
N(Y ) → N (p)(Y ) : f → FN/S ◦ f is trivial, more precisely, FN/S ◦ f : Y → N (p) factors through the
unit section of N (p).

Proof. Since X/S is a group scheme, the relative Frobenius morphism FX/S is a homomorphism of
S-group schemes, thus N = kerFX/S is a subgroup scheme of X. Similarly N (p) is a subgroup scheme
of X(p). By functoriality of relative Frobenius morphism, we have a commutative diagram of group
schemes over S.

N N (p)

X X(p)

FN/S

i i(p)

FX/S

For any S-scheme Y , it induces a commutative diagram of group homomorphisms:

N(Y ) N (p)(Y )

X(Y ) X(p)(Y )

F̃N/S

ĩ ĩ(p)

F̃X/S

Since N is the kernel of FX/S , F̃X/S ◦ ĩ(f) = ĩ(p) ◦ F̃N/S(f) is trivial. Since N (p) is a subgroup scheme
of X(p), ĩ(p) is an injection, thus F̃N/S(f) is trivial so we may write FN/S = 0.

1.6. Selmer group of an isogeny between abelian varieties over a field

To define the Selmer group (associated to an isogeny of varieties), we must first define what an isogeny
is.

Definition 1.29. Let A,B be two abelian varieties over K, then a morphism of K-group schemes
f : A→ B is an isogeny if it is finite, flat and surjective.

Next we define the notation of separable isogeny, and later we will define the Selmer group associated
to a separable isogeny and then generalize it to arbitrary isogenies.

Lemma 1.30. Let f : A → B be an isogeny between abelian varieties over K. Then the following
conditions are equivalent:

1. The function field k(A) is a separable field extension of k(B).

2. f is an étale morphism.

3. ker f is an étale group scheme.

In this case we say f is a separable isogeny.

Proof. See [13, Prop. 5.6 (i)].
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At the level of separably closed field, a separable isogeny induces a surjective map of rational points
(to be proved in the next lemma). We need this surjectivity to form a short exact sequence of abelian
groups by extending a kernel to the left, from which we can apply the Galois cohomology and obtain
a long exact sequence, which will be used to construct the Selmer group.

For any field K, we denote the separable closure of K in its algebraic closure as Ks. Note that if
K is perfect (e.g. a number field), then Ks = K.

Lemma 1.31. Let f : A → B be a separable isogeny between abelian varieties over K, then the
induced group homomorphism f : A(Ks) → B(Ks) is surjective.

Proof. Let b ∈ B be a Ks-valued point, i.e. κ(b) ⊂ Ks. Since f is surjective there exists a ∈ A s.t.
f(a) = b. To show that a is a Ks-valued point, it suffices to show that κ(a)/κ(b) is a separable field
extension. It follows from the fact that f is étale by definition (2) of separable isogeny.

The following lemma simply states that A(p)/K is a well-defined abelian variety and FA/K is a
well-defined isogeny, so that we can define the Selmer group associated to them.

Lemma 1.32. Let A/K be an abelian variety of characteristic p, then A(p)/K is also an abelian
variety and FA/K : A→ A(p) is an isogeny between them.

Proof. The definition of abelian variety ensures that any base change of fields is also an abelian variety,
so A(p)/K is also an abelian variety. We know FA/K is a group homomorphism. Apply lemma 1.25,
we have that FA/K is surjective and flat. By [5, tag 0CCD], it is also finite. Hence it is an isogeny.

Just as mentioned above, with the SES (short exact sequence) extended by the surjection f : A(Ks) →
B(Ks), we now apply Galois cohomology theory and it induces a long exact sequence as following.

Lemma 1.33. Let f : A → B be a separable isogeny between abelian varieties over K. Denote
N := ker f . Then we have an exact sequence of abelian groups and GK := Gal(Ks,K)-modules,

0 → N(Ks) → A(Ks) → B(Ks) → 0

and it induces a long exact sequence of abelian groups:

0 → N(K) → A(K) → B(K) → H1(GK , N(Ks)) → H1(GK , A(K
s)) → H1(GK , B(Ks))

where H1(GK ,M) denotes the first order Galois cohomology group where M is an abelian GK-module.

Proof. The first exact sequence follows from lemma 1.31 and the definition of kernel of group schemes.
The second exact sequence follows from the Galois cohomology applied to the first exact sequence.

We denote H1(GK , A(K
s))[f ] as the kernel of H1(GK , A(K

s)) → H1(GK , B(Ks)). So we have an
exact sequence truncated from the long exact sequence

0 → B(K)/f(A(K)) → H1(GK , N(Ks)) → H1(GK , A(K
s))[f ] → 0

For any non-trivial valuation v on K, we have a completion Kv. Then we have a morphism
of pairs (Gal(Ks/K), A(Ks)) → (Gal(Ks

v/Kv), AKv(K
s
v)) in the sense of [16, I, 2.4], it induces
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Hr(Gal(Ks/K), A(Ks)) → Hr(Gal(Ks
v/Kv), AKv(K

s
v)) which commutes with the long exact sequence.

Hence we have a commutative diagram

0 B(K)/f(A(K)) H1(GK , N(Ks)) H1(GK , A(K
s))[f ] 0

0 BKv(Kv)/fKv(AKv(K
s
v)) H1(GKv , NKv(K

s
v)) H1(GKv , AKv(K

s
v))[fv] 0

δ

αv

δv βv

Thus we can define the Selmer group of A/K associated to f : A→ B as following:

Sel(f)(A/K) := {t ∈ H1(GK , N(Ks)) | (βv ◦ αv)(t) = 0 for all non-trivial valuation v on K}

and note that Im δ ⊂ Sel(f)(A/K). We can see that the understanding of Selmer group, tells us about
the structure of B(K)/f(A(K)). Through this paper, we give an injection of the Selmer group of
A/K associated to the relative Frobenius morphism into some other abelian group which is easier to
work with. It is interesting to note that the relative Frobenius morphism as an isogeny is a purely
inseparable morphism/isogeny, cf. [13, Chap. 5.2, Prop. 5.15].

We can identify the first order Galois cohomology groups H1(GK , A(K
s)) with the group of principal

homogeneous spaces of A/K (cf. [17]). The later group can be proved to be isomorphic to the first
order fppf cohomology group H1

fppf(K,A) where A/K is considered as an fppf -sheaf (cf. [12, III,
(2.10)&(4.7)]). Hence we can use fppf cohomology instead of Galois cohomology. Next we define the
Selmer group associated to arbitrary isogeny (not necessarily separable like the number field case).

Lemma 1.34. Let f : A → B be an isogeny between abelian varieties over K. Denote N := ker f .
Then we have an exact sequence of fppf-sheaves

0 → N → A→ B → 0

And it induces a long exact sequence of abelian groups:

0 → N(K) → A(K) → B(K) → H1
fppf(K,N) → H1

fppf(K,A) → H1
fppf(K,B)

where H1
fppf(K,F) denotes the first order fppf cohomology group over K when F is an fppf-sheaf on

the big fppf site of SpecK.

Proof. The map f is an isogeny so it is faithfully flat and finite. As the structure morphism of ker f is
just the pull-back of f w.r.t. the unit section of B, it is also faithfully flat and finite. So the short
exact sequence satisfies the conditions in remark 1.15. Hence it is an exact sequence of fppf -sheaves.
Then we apply the fppf cohomology and get the long exact sequence of abelian groups.

Next the Selmer group is defined just as above but with every Galois cohomology group replaced by
an fppf cohomology group. Now we are ready to define the Selmer group in our situation.

Situation 1.35. Continue situation 1.19. Recall that C is a projective smooth geometrically integral
curve over a finite field k0, with function field K. A is an abelian variety over K. Since FA/K is an
isogeny we have the following commutative diagram for each closed point v on C:

0 A(p)(K)/FA/K(A(K)) H1
fppf(K, kerFA/K) H1

fppf(K,A)[FA/K ] 0

0 A
(p)
Kv

(Kv)/FAKv/Kv
(AKv(Kv)) H1

fppf(Kv, kerFAKv/Kv
) H1

fppf(Kv, AKv)[FAKv/Kv
] 0

δ

αv

δv βv

And
Sel(FA/K)(A/K) := {t ∈ H1

fppf(K, kerFA/K) | (βv ◦ αv)(t) = 0 ∀v closed in C}
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2. The Second Exact Sequence

In this section we state an injection of abelian groups which will be heavily used in our proof, and
prove its functoriality under various circumstance. It is a corollary of “The Second Exact Sequence”
in [15, III, 5.6], and the completed proof can be found in [18, 2].

In the original paper [18, 2] the explicit description of the map is only stated but not proved. Thus we
will prove it ourselves, and use that to show functoriality and generalize the theorem.

Let π : X → S be a morphism of schemes of characteristic p where S is perfect and X is locally
Noetherian. Write X ′ as X considered as S-scheme via π′ : X FX→ X

π→ S. Write Ω1
X′/S,cl = ker(d :

Ω1
X′/S → Ω2

X′/S) for the sheaf of closed differential forms on X ′ relative to S. Let N be a finite flat
commutative group scheme 3 of height one over X. In our situation everything is locally Noetherian
so it won’t matter.

Denote e = eN/X : X → N the unit section of N and define ωN/X = e∗Ω1
N/X .

Theorem 2.1. Let f : Xfppf → Xét be the morphism of sites defined by the identity map. If π : X → S
is smooth, then we have an exact sequence of étale sheaves:

0 // R1f∗N // ω∨N/X ⊗OX
FX,∗Ω

1
X′/S,cl

// ω∨N/X ⊗OX
Ω1
X/S

// 0 (2.1)

Proof. See [18, 2].

We want to generalize the condition of smoothness of X/S. So we first identify their appearance in
the proof.

The exact sequence 2.1 is deduced from an exact sequence of fppf sheaves over X, see [19, Thm.1.3]
(with (φ,ψ,X, S) := (FX , idX , X

′, X)):

0 // Gm,X
// FX,∗Gm,X′ // FX,∗Ω

1
X′/X,cl

// Ω1
X′/X

// 0 (2.2)

which only requires that FX : X ′ → X has a rank one p base Zariski locally, i.e. there is an open
covering {Uα} of X s.t. ∀α, ∃f1, ..., fn ∈ Γ(Uα,OX′) s.t. {fe11 ...fenn |0 ≤ ei < p} defines a basis of
FX,∗OX′ as an OX -module. We can immediately see that Ω1

X′/X is finite locally free with basis
{dfi|1 ≤ i ≤ n} over Uα. When X is smooth over a perfect scheme S, FX = FX/S satisfies the
condition that FX has a rank one p base Zariski locally, see [19, 1.1 & 1.2] and [5, tag 0CCD].

Another implicit usage of the smoothness of X/S is that: if X is smooth over a perfect scheme S,
then X is reduced. But this result can also be deduced from the fact FX : X ′ → X has a rank one
p base Zariski locally: for each point x ∈ X we know that FOX,x

: OX,x → OX,x is finite free and in
particular injective, so if an = 0 for some a ∈ OX,x and n > 0, then ape = 0 for some pe ≥ n so a = 0
and OX,x is reduced.

The perfectness of the base scheme S is not important throughout the proof, we just
need the perfect condition to identify Ω1

X/S , Ω1
X/X(p) , Ω1

X′/S , and Ω1
X′/X as the same quasi-coherent

OX -module if we identify X with X ′, so that we can plant S into the final sequence.

3In [18], there is no assumption of locally Noetherianness on X, the authors probably mean “finite locally free
commutative group scheme” when they mention “finite flat commutative group scheme” because they freely used
Cartier Duality which only works for finite locally free commutative group schemes. They are equivalent under
locally Noetherian condition, see [5, tag 02KB].
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That means, if we replace Ω1
X′/S,cl by Ω1

X′/X,cl and replace Ω1
X/S by Ω1

X/X(p) in 2.1:

0 // R1f∗N // ω∨N/X ⊗OX
FX,∗Ω

1
X′/X,cl

// ω∨N/X ⊗OX
Ω1
X/X(p)

// 0 ,

then S does not even need to appear in the exact sequence. Here is a simple proof of their identification.

Lemma 2.2. Let S be a perfect scheme of characteristic p, and π : X → S be a morphism of schemes,
then we can identify Ω1

X/S, Ω
1
X/X(p) , Ω1

X′/S, and Ω1
X′/X as the same quasi-coherent OX-module if we

identify X with X ′.

Proof. By considering the composition X ′ FX→ X
π→ S, we have an exact sequences of quasi-coherent

OX′-modules:
F ∗XΩ

1
X/S → Ω1

X′/S → Ω1
X′/X → 0

where the first map is zero as dxp = pxp−1dx = 0. Hence Ω1
X′/S

∼= Ω1
X′/X .

We have a Cartesian diagram

X
idX//

π
��

X ′

π′

��
S

FS // S

Thus Ω1
X/S

∼= id∗XΩ
1
X′/S . Also it’s easy to see that FX = FX/S : X ′ = X → X(p) ∼= X, thus

Ω1
X/X(p)

∼= Ω1
X′/X .

Hence we can identify Ω1
X/S , Ω1

X/X(p) , Ω1
X′/S , and Ω1

X′/X as the same quasi-coherent OX -module if we
identify X with X ′.

Also note that Ω1
X′/S,cl is in general not a quasi-coherent OX′-module but FX,∗Ω1

X′/S,cl is a quasi-
coherent OX -module since FX,∗Ω1

X′/S,cl = FX,∗Ω
1
X′/X,cl = ker(FX,∗d : FX,∗Ω

1
X′/X → FX,∗Ω

2
X′/X) and

FX,∗d is a map of quasi-coherent OX -modules: r · xdy = rpxdy 7→ drpx∧ dy = rpdx∧ dy = r · dx∧ dy.

So we have the same exact sequence if we replace the condition of smoothness of X/S by that FX has
a rank one p base Zariski locally. Hence we claim the following theorem which is more useful for us
because we will deal with X which may not be smooth over S, e.g. function field of a curve that is
not finitely presented over the base field, like (X,S) = (SpecK,Spec k0) in the diagram 3.1.

We can see that this is more like a result over X instead over S, so it is not surprising that the
smoothness of X/S is not used in the proof except generating the initial sequence 2.2 and deducing
the fact X is reduced.

Theorem 2.3. Let f : Xfppf → Xét be the morphism of sites defined by the identity map. If
FX : X ′ → X has a rank one p base Zariski locally, then we have an exact sequence of étale sheaves:4

0 // R1f∗N // ω∨N/X ⊗OX
FX,∗Ω

1
X′/S,cl

// ω∨N/X ⊗OX
Ω1
X/S

// 0

4If we use the sequence

0 // R1f∗N // ω∨
N/X ⊗OX FX,∗Ω

1
X′/X,cl

// ω∨
N/X ⊗OX Ω1

X/X(p)
// 0

instead, then we don’t need S to be perfect. This fact that the perfectness of S can be dropped in a way won’t be
used in the thesis because S is always assumed to be perfect.
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Corollary 2.4. We have an injection ΦN : H1
fppf(X,N) ↪→ Γ(X,ω∨N/X ⊗OX

FX,∗Ω
1
X′/S,cl).

Proof. It suffices to show R1f∗N(X) = H1
fppf(X,N). We first show that the étale sheaf f∗N is trivial,

i.e. for all schemes Y étale over X, every morphism Y → N factors through the unit section e : X → N .
We know that X is reduced from the fact FX : X ′ → X has a rank one p base Zariski locally. By [5, tag
03PC] (8), Y is also reduced. By [5, tag 0356], Y → N must factors through Y → Nred → N so it
suffices to show X = Nred. N is finite over X so separated, then e : X → N is a closed immersion
by [5, tag 047G]. Denote I ⊂ ON the ideal sheaf defining X. As N is of height one, the absolute
Frobenius morphism FN : N → N factors through e : X → N , so Ip = 0. Hence X and N share the
same underlying space and X = Nred. So f∗N = 0.

By [5, tag 0732], there exists a spectral sequence Ep,q2 = Hpét(X,R
qf∗N) converging to Ep+q =

H
p+q
fppf(X,N). By [20, Chap. 0, 2.3.2], we have an exact sequence

0 → E1,0
2 → E1 → E0,1

2 → E2,0
2 → E2

Since f∗N = 0, we have En,02 = Hnét(X, f∗N) = 0. So the sequence degenerates to

0 → 0 → E1 ∼→ E0,1
2 → 0 → E2

So we have H1
fppf(X,N) ∼= H0

ét(X,R
1f∗N).

Since N is of height one, N = kerFN/X . By [21, II, 2.1.2], N is Zariski-locally of the form OX [y1,...,yn]
(yp1 ,...,y

p
n)

for some n, so we have ωN/X ∼= (y1,...,yn)
(y1,...,yn)2

Zariski-locally, hence it is locally free of finite rank, so is its
dual. Thus ω∨N/X is a flat OX -module by [5, tag 05P2]. So the functor ω∨N/X ⊗OX

• is exact and we
have an injection of quasi-coherent modules (the injection as fppf and étale sheaves is proved latter):

ω∨N/X ⊗ FX,∗Ω
1
X′/S,cl ↪→ ω∨N/X ⊗ FX,∗Ω

1
X′/S .

By [10, 6, 4.21], we have isomorphisms of quasi-coherent OX -modules

ω∨N/X ⊗ FX,∗Ω
1
X′/S,cl

∼→ HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl)

ω∨N/X ⊗ FX,∗Ω
1
X′/S

∼→ HomOX
(ωN/X , FX,∗Ω

1
X′/S)

Thus we have compatible identifications of abelian groups

Γ(X,ω∨N/X ⊗OX
FX,∗Ω

1
X′/S,cl) = HomOX

(ωN/X , FX,∗Ω
1
X′/S,cl)

Γ(X,ω∨N/X ⊗OX
FX,∗Ω

1
X′/S) = HomOX

(ωN/X , FX,∗Ω
1
X′/S)

Sometimes we work with ω∨N/X ⊗ FX,∗Ω
1
X′/S instead because it is easier to deal with.

So we have an injection H1
fppf(X,N) ↪→ HomOX

(ωN/X , FX,∗Ω
1
X′/S,cl) and in particular H1

fppf(X,N) ↪→
HomOX

(ωN/X , FX,∗Ω
1
X′/S) this is closed related to our main result, the injection Sel(FA/K)(A/K) ↪→

HomC(ωkerFA/C/C , FC,∗(Ω
1
C/k0

(E))), because the later injection embeds in the former injection.
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2.1. Some useful facts and their proofs

Before we state and prove the explicit description of the injection

H1
fppf(X,N) ↪→ HomOX

(ωN/X , FX,∗Ω
1
X′/S,cl),

we need to prove a few facts

1. We can identify H1
fppf(X,N) with isomorphism classes of representable N -torsors over X (cf. [12,

III, (2.10)&(4.3)&(4.7)]). From now on we may just write H1(X,N).

2. X is a regular scheme, and FX : X ′ → X is an fppf covering.

3. N -torsors over X always pullback to the trivial torsor over X ′ via FX : X ′ → X.

4. For any N -torsor P over X, the trivialization X ′ → P is unique.

5. FX,∗Ω1
X′/X,cl is a finite locally free OX -module and for any morphism f : Y → X, de-

note g : X ′ ×X Y → Y the canonical projection, we have f∗FX,∗Ω1
X′/X = g∗Ω

1
X′×Y/Y and

f∗FX,∗Ω
1
X′/X,cl = g∗Ω

1
X′×Y/Y,cl.

6. Let f : Y → X a morphism of S-schemes s.t. FY/X : Y ′ → X ′ ×X Y is an isomorphism, denote
g : X ′ ×X Y → Y the canonical projection, then FY : Y ′ → Y has a rank one p base Zariski
locally, f∗FX,∗Ω1

X′/X,cl = FY,∗Ω
1
Y ′/Y,cl and f∗(F ∗Xω

∨
N/X ⊗OX

Ω1
X/S) = F ∗Y ω

∨
NY /Y

⊗OY
Ω1
Y/S .

7. In Situation 1.35, every arrow of the following commutative diagram has isomorphic relative
Frobenius morphism.

SpecKv
//

��

Spec Ôv

��
SpecK //

��

SpecOv

��
SpecK // C

8. The injection of quasi-coherent modules

ω∨N/X ⊗ FX,∗Ω
1
X′/S,cl ↪→ ω∨N/X ⊗ FX,∗Ω

1
X′/S

induces an injection of sheaves on the big τ -site where τ ∈ {Zariski, fppf, étale, smooth, syntomic}
and the small étale site. Note that this is not true in general.

Fact 1 is already proved.

Fact 2: X is a regular scheme, and FX : X ′ → X is an fppf covering.
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Proof of fact 2. By assumption there is an open covering {Uα} of X s.t. ∀α, ∃f1, ..., fn ∈ Γ(Uα,OX′)
s.t. {fe11 ...fenn |0 ≤ ei < p} defines a basis of FX,∗OX′ as an OX -module, in particular, for each x ∈ X,
the map FOX,x

: OX,x → OX′,x makes OX′,x a finite free OX,x-module, so it is a flat OX,x-module.

Kunz show that the Frobenius map of a Noetherian local ring is flat if and only if the local ring is
regular, c.f. [22]. The original statement required that {the local ring is reduced and the Frobenius
map is flat}, but flat local ring map is faithfully flat so injective, and an injective Frobenius map
implies the ring is reduced, say xn = 0 then xpe = 0 for some pe ≥ n, so x = 0. Thus we can remove
the {reduced} condition.

Therefore OX,x is a regular local ring for all x ∈ X. So X is a regular scheme. FX : X ′ → X is
faithfully flat, quasi-compact and surjective thus it is an fppf covering.

Fact 3: N -torsors over X always pullback to the trivial torsor over X ′ via FX : X ′ → X.

It was proved in [18, 2.3] but the descent process is not rigorously verified. Thus I provide my own
proof as follows.

Lemma 2.5. Let X be a locally Noetherian scheme of characteristic p, and N be a finite flat
commutative group scheme of height one on X with structure morphism N

g→ X. Then the pullback
map via FX : X ′ → X:

H1(X,N) → H1(X ′, N)

is trivial.

Proof. Let h : P → X be an N -torsor over X. To show that P is trivial over X ′, it is equivalent to
construct a morphism of X-schemes: X ′ → P . As N → X is finite, flat and surjective (surjectivity
follows from the surjectivity of idX : X

e→ N → X), P → X is also finite, flat and surjective via fppf
descent, see lemma A.6 in the appendix. In particular it is affine, so quasi-compact and quasi-separated.
Hence h∗OP and g∗ON are quasi-coherent OX -algebras and finite locally free OX -modules. There
is an anti-equivalence of categories between {schemes affine over X} and {quasi-coherent sheaves of
OX -algebras}, see [5, tag 01SA]. So to construct a morphism of X-schemes from X ′ to P is the same
to construct a morphism of quasi-coherent sheaves of OX -algebras from h∗OP → FX,∗OX′ .

Clearly the induced map OX → h∗OP (resp. g∗ON ) is injective by checking on the stalks. As N is of
height one, we can easily get the following commutative diagram:

N
FN //

g

��

N

g

��
X

FX //

e◦FX

77

X

Note that P → X is faithfully flat and quasi-compact, and P ×X P → P has a section P ∆→ P ×X P
which is the diagonal map, we can see that P ×X P is an fppf -torsor of N ×X P over P with a section,
hence there exists an isomorphism of P -schemes: α : N ×X P

∼→ P ×X P .

So we have the following commutative diagram, the front layer and the back layer are the same, and
they are connected by absolute Frobenius morphisms.
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N ×X P P ×X P

N ×X P P ×X P

X ×X P

X ×X P

FN×XP

α

α−1 FP×XP

α

α−1

FX×XP

(2.3)

Combining the above diagram with another obvious commutative diagram we have:

N ×X P P ×X P P ×X X

N ×X P P ×X P P ×X X

X ×X P X

X ×X P X

FN×XP

α

α−1 FP×XP

FP×XXα

α−1

FX×XP

FX

(2.4)

We can show every arrow of above diagram is affine by 4 basic facts:

1.N → X and P → X are affine.

2.Absolute Frobenius morphisms are affine.

3.Base changes of affine morphisms are affine.

4.If the composition X → Y → Z is affine and Y → Z is separated, then X → Y is affine.

We can view the whole diagram as a diagram over red X. Because every arrow is affine, and there
is an anti-equivalence of categories between {schemes affine over X} and {quasi-coherent sheaves of
OX -algebras}, we can convert the diagram into a diagram of quasi-coherent OX -algebras as following,
which is ultimately simplified.

• G •

• • F1

• F2

• OX

δ

δ−1

δ

δ−1

(2.5)

We define ϕ1 : F1 → G to be the composition of green arrows and ϕ2 : F2 ↪→ G to be the composition
of blue arrows. And in the end we want to construct a map of quasi-coherent algebras from F1 to F2
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which proves the lemma. Note that the category of quasi-coherent modules on a scheme X is abelian,
see [5, tag 077P].

For now let’s assume the composition F1
ϕ1→ G → Cokerϕ2 is zero. Then we have

1. F1
ϕ1→ G factors through F2 = ker(G → Cokerϕ2).

2. ∃!θ : F1 → F2 which is a morphism of OX -modules s.t. the following diagram commutes

F1
ϕ1 //

θ ##

G // Cokerϕ2

F2
?�

ϕ2

OO

0

88

3. Since F2
ϕ2→ G is injective, it is a monomorphism in the category of quasi-coherent OX -modules.

So we can cancel ϕ2 in the following equality:

(OX → F1
θ→ F2

ϕ2
↪→ G) = (OX → F1

ϕ1→ G) = (OX → F2
ϕ2
↪→ G)

so we have
(OX → F1

θ→ F2) = (OX → F2)

4. Now we just need to prove θ is a morphism of quasi-coherent OX -algebras. We claim for any
open subset U ⊂ X, θ(U) : F1(U) → F2(U) is a ring map, note ϕ1(U) and ϕ2(U) are ring maps.

5. Write θ, ϕ1, ϕ2 for θ(U), ϕ1(U), ϕ2(U). Then ϕ2 ◦ θ(1) = ϕ1(1) = 1, by injectivity of ϕ2, θ(1) = 1.
Clearly θ(a + b) = θ(a) + θ(b) and θ(0) = 0, this comes from the fact that θ is a morphism
between quasi-coherent OX -modules.

6. Let a, b ∈ F1(U),

ϕ2 ◦ θ(ab) = ϕ1(ab)

= ϕ1(a)ϕ1(b)

= ϕ2(θ(a))ϕ2(θ(b))

= ϕ2(θ(a)θ(b))

by injectivity of ϕ2 we have θ(ab) = θ(a)θ(b).

7. Thus θ is a morphism of quasi-coherent OX -algebras. Hence it induces a morphism of X-schemes
X ′ → P which proves the lemma.

We now prove the composition F1
ϕ1→ G → Cokerϕ2 is zero. It suffices to show it is zero restricting to

stalks. Pick arbitrary x ∈ X, say R := OX,x, S := (g∗ON )x and T := (h∗OP )x. Then S and T are
finite free R-modules. So the following left diagram induces the right diagram.

N
FN //

g

��

N

g

��

S S
sp←[s
FS

oo

φ
ww

X
FX //

e◦FX

77

X R
?�

OO

R
?�

OO

rp←[r
FR

oo
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Hence φ(s) = sp ∈ R ⊂ S where we view R as a subring of S. The diagram 2.5 restricting to x is
equivalent to the following:

S ⊗R T T ⊗R T T ⊗R R

S ⊗R T T ⊗R T T ⊗R R

R⊗R T R

R⊗R T R

δ

δ−1FS⊗RT

δ

δ−1

FT⊗RT FT⊗RR

FR⊗RT FR

(2.6)

It suffices to show that the image of the composition of green arrows lies in R. Note that it is also the
image of T ⊗R R ↪→ T ⊗R T

Frob→ T ⊗R T , t⊗ 1 7→ t⊗ 1 7→ tp ⊗ 1. Fix t⊗ 1 ∈ T ⊗R R, assume that
δ−1(t⊗ 1) =

∑
i si ⊗ ti for some si, ti ∈ T .

δ ◦ FS⊗RT ◦ δ−1(t⊗ 1) = δ ◦ FS⊗RT (
∑
i

si ⊗ ti)

= δ(
∑
i

spi ⊗ tpi )

since spi = φ(si) ∈ R

= δ(1⊗ (
∑
i

spi · t
p
i ))

= 1⊗ (
∑
i

spi · t
p
i )

So we have tp ⊗ 1 = 1⊗ (
∑

i s
p
i · t

p
i ).

Claim: Let A,B be R-algebras which are also finite free R-modules where R is a local ring, if
a⊗ 1 = 1⊗ b ∈ A⊗R B, then a = b ∈ R.

Proof of the claim. It suffices to show that for any finite free R-modules which is an R-algebra,
it has a basis containing 1. Then we just compare the coefficients of the R-basis and the result
follows. Let {a1, ..., an} be an R-basis of A. Then ∃ri ∈ R s.t. 1 =

∑n
i=1 ri · ai. Note that for

any faithfully flat ring map R → A and any ideal I ⊂ R, we have (I ⊗R A) ∩ R = I. Thus
⟨r1, ..., rn⟩ = (⟨r1, ..., rn⟩ ⊗R A)∩R = A∩R = R. In particular, there exists ci ∈ R s.t. 1 =

∑n
i=1 rici.

We will later expand the vector [r1, ..., rn] to a basis of Rn, i.e. expand it to an invertible n×n matrix
over R.

This is standard, write r := [r1, ..., rn] ∈ Rn and c := [c1, ..., cn] ∈ Rn and consider f : Rn → R,v 7→
v · c. Then f(r) = 1 and Rn = R · r⊕ ker f via v = f(v) · r+ (v − f(v) · r).

So ker f is a direct summand of Rn hence projective over the local ring R. Thus it is free. Hence Rn

has a basis containing [r1, ..., rn] and they form an invertible matrix over R, say M.

Apply M to the basis of A, [a1, ..., an], we get another basis starting from 1 =
∑n

i=1 ri · ai. The result
follows.

By the above claim we know that tp ∈ R which is exactly what we want to show. Then the lemma
follows from the above argument.
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Fact 4: For any N -torsor P over X, the trivialization X ′ → P is unique.

We need the help of the following lemma:

Lemma 2.6. Let Y be a reduced scheme and π : X → Y be an affine morphism of schemes with one
surjective section e : Y → X. Then the section is unique.

Proof. It’s easy to see that π and e are homeomorphisms inverse to each other, so any other sections
must be topologically the same as e. Assume the result is true for affine scheme Y . Then for general
scheme Y , let g : Y → X be another section, and U be an affine open subset of Y . Then U is
a reduced scheme and π|π−1(U) : π−1(U) → U is an affine morphism with one surjective section
e|U : U → π−1(U). Then g|U : U → π−1(U) must agree with e|U by assumption. Thus g agrees with
e on an open affine cover so g = e. Thus we can assume Y is affine, so X is affine. So the problem
reduces to: Let f : R→ A be a ring map where R is a reduced ring, and e : A→ R be a retraction s.t.
SpecR→ SpecA is surjective. We want to show e is the only retraction map.

Let I := ker e so R ∼= A
I . We know SpecR is homeomorphic to SpecA. So A and A

I have the same set
of prime ideals. Thus I is a sub-ideal of the nilradical of A, i.e. ∀a ∈ I, ∃n ≥ 0 s.t. an = 0.

Also R ∼= A
I is reduced thus 0 = N (R) ⊃ N (A)+I

I where N (•) denotes the nilradical ideal. Hence
N (A) ⊂ I ⊂ N (A) and then I = N (A). Let g : A → R be another retraction map and a ∈ N (A),
then ∃n ≥ 0 s.t. an = 0. Then 0 = g(an) = g(a)n so g(a) = 0. Thus g factors through A

e→ A
I
∼= R.

There is only one R-algebra map R → R and it is the identity map. Hence g = e and the result
follows.

Proof of fact 4. We know P (X ′) = PX′(X ′) = NX′(X ′). We only need to show NX′ → X ′ has only
one section. We know X ′ = X is reduced. NX′ → X ′ is affine by base change. Also NX′ → X ′ is
still a finite flat group scheme of height one by base change. In particular, the absolute Frobenius
morphism on NX′ factors through the unit section X ′ → NX′ . Hence the unit section is surjective,
then we apply the above lemma and know that NX′ → X ′ has only one section, the unit section. It
follows that P (X ′) is singleton.

Fact 5: FX,∗Ω1
X′/X,cl is a finite locally free OX -module and for any morphism f : Y → X, denote

g : X ′×X Y → Y the canonical projection, we have f∗FX,∗Ω1
X′/X = g∗Ω

1
X′×Y/Y and f∗FX,∗Ω1

X′/X,cl =

g∗Ω
1
X′×Y/Y,cl.

Proof of fact 5. The statement is affine-locally so we can assume X = SpecR is affine and R′ is a
free over R with a basis {xe11 ...xenn |0 ≤ ei < p}, hence Ω1

R′/R =
⊕
R′ · dxi =

⊕
ek,i

Rxe11 · · ·xenn dxi. So
Ω2
R′/R =

⊕
ek,i<j

Rxe11 · · ·xenn dxi ∧ dxj . Let M be the Fp-vector space with basis {xe11 · · ·xenn dxi} and

M2 be the vector space with basis {xe11 · · ·xenn dxi ∧ dxj} and define M dM→ M2, d(udv) = du ∧ dv as
usual. Then we know

Ω1
R′/R = R⊗Fp M, Ω2

R′/R = R⊗Fp M
2

as free R-modules and d = idR ⊗ dM : Ω1
R′/R → Ω2

R′/R as map of R-modules. As R is flat over Fp,
Ω1
R′/R,cl = ker d = R⊗Fp ker dM is a finite free R-module.

If S is a R-algebra, it is easy to see that Ω1
S⊗R′/S

∼= S⊗RΩ1
R′/R

∼= S⊗Fp M and Ω2
S⊗R′/S = S⊗Fp M

2,
and Ω1

S⊗R′/S,cl = ker dS = S⊗Fp ker dM = S⊗RR⊗Fp ker dM = S⊗RΩ1
R′/R,cl. The result follows.
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Fact 6: Let f : Y → X a morphism of S-schemes s.t. FY/X : Y ′ → X ′ ×X Y is an isomorphism,
denote g : X ′ ×X Y → Y the canonical projection, then FY : Y ′ → Y has a rank one p base Zariski
locally, f∗FX,∗Ω1

X′/X,cl = FY,∗Ω
1
Y ′/Y,cl and f∗(F ∗Xω

∨
N/X ⊗OX

Ω1
X/S) = F ∗Y ω

∨
NY /Y

⊗OY
Ω1
Y/S .

Proof. Since S is perfect, FY = FY/S and it suffices to show that FY/S is a rank one purely inseparable
Galois covering (or piG for short), see [19, 1, Def 1 & Prop 1.1]. We know FX/S = FX is a piG.
Consider the following commutative diagram

Y

FY/X
��

FY/S

��

Y (p/X) //

h
��

X

FX/S
��

Y (p/S) //

��

X(p/S) //

��

S

FS

��
Y // X // S

It’s easy to see that all the squares are Cartesian. Since piG morphisms are stable under base change,
h is a piG as a base change of FX/S . By assumption FY/X is an isomorphism so FY/S = h ◦ FY/X is a
piG. Thus FY has a rank one p base Zariski locally.

By fact 5, f∗FX,∗Ω1
X′/X,cl = g∗Ω

1
X′×Y/Y,cl

∼= FY,∗Ω
1
Y ′/Y,cl. Since the Frobenius morphisms of both

X and Y have a rank one p base Zariski locally and S is perfect, we can identify Ω1
X/S with

Ω1
X′/X when we identify X and X ′, similarly we can identify Ω1

Y/S with Ω1
Y ′/Y when we identify

Y and Y ′. So to prove f∗(F ∗Xω
∨
N/X ⊗OX

Ω1
X/S) = F ∗Y ω

∨
NY /Y

⊗OY
Ω1
Y/S is the same as to prove

f∗(F ∗Xω
∨
N/X ⊗OX′ Ω

1
X′/X) = F ∗Y ω

∨
NY /Y

⊗OY ′ Ω
1
Y ′/Y . Consider the following commutative diagram

Y ′
FY //

f
��

Y
eNY //

f
��

NY

��
X ′

FX // X
eN // N

since FY/X is an isomorphism, the left square (so both are) is Cartesian.

We have

f∗(F ∗Xω
∨
N/X ⊗OX′ Ω

1
X′/X)

=f∗F ∗Xω
∨
N/X ⊗OY ′ f

∗Ω1
X′/X

=F ∗Y f
∗ω∨N/X ⊗OY ′ Ω

1
Y ′/Y

=F ∗Y (f
∗ωN/X)

∨ ⊗OY ′ Ω
1
Y ′/Y

=F ∗Y ω
∨
NY /Y

⊗OY ′ Ω
1
Y ′/Y

The result follows.

Fact 7: In Situation 1.35, every arrow of the following commutative diagram has isomorphic relative
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Frobenius morphism.
SpecKv

//

��

Spec Ôv

��
SpecK //

��

SpecOv

��
SpecK // C

Proof of fact 7. We first claim that if f : Y → S is a morphism with isomorphic relative Frobenius
morphism and g : X → Y is a morphism of scheme, then g : X → Y has isomorphic relative Frobenius
morphism if and only if f ◦ g : X → S has isomorphic relative Frobenius morphism.

Proof of the claim. Consider the following commutative diagram

X

FX/Y
��

FX/S

��

X(p/Y ) //

h
��

Y

FY/S
��

X(p/S) //

��

Y (p/S) //

��

S

FS

��
X

g // Y
f // S

It’s easy to see that every square above is Cartesian. So if FY/S is an isomorphism, then so is h. So
FX/S is an isomorphism if and only if FX/Y is an isomorphism.

So it suffices to show that SpecK → C, SpecOv → C, Spec Ôv → SpecOv and SpecKv → Spec Ôv

have isomorphic relative Frobenius morphisms. Note that every flat monomorphism is weakly étale
by [5, tag 094X], hence has isomorphic relative Frobenius morphism by [5, tag 0F6W].

Claim: Let X be a scheme and x ∈ X, then SpecOX,x → X is a flat monomorphism.

Proof of the claim. Take an open affine neighborhood U of x, as U ↪→ X is a flat monomorphism, we
can assume X is affine, say X = SpecA. By [5, tag 01L3], it suffices to show that A→ Ap is flat and
∆ : Ap ⊗A Ap → Ap is an isomorphism for any prime ideal p of A.

Any localization map A→ S−1A is flat by [5, tag 00HT]. Take S := A− p, then we have Ap ⊗A Ap =
S−1A⊗A Ap

∼= S−1Ap = Ap. Denote the isomorphism as ϕ : Ap
∼→ Ap ⊗A Ap, a 7→ 1⊗ a. We can see

that ∆ ◦ ϕ = id so ∆ must be an isomorphism (the same proof works for any multiplicative set S).

Morphisms SpecK → C, SpecOv → C and SpecKv → Spec Ôv are of the form SpecOX,x → X (x
can be the generic point). So they are flat monomorphisms so have isomorphic relative Frobenius
morphism.

Now we consider ϕ : Ov → Ôv. Denote (R, I, κ) = Ov which is a DVR. Here I = tvR for an uniformiser
tv ∈ R. We need to show FR̂/R : R′ ⊗R R̂→ R̂, a⊗ b 7→ abp is an isomorphism. By [5, tag 00MA] and

the fact R′ is a finite free R-module, the canonical map R′⊗R R̂→ R̂′, a⊗ b 7→ abp is an isomorphism,
where R̂′ is the completion of R′ with respect to FR(I)R′ = tpvR′. And R̂′ is set theoretically the
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same as the completion of R with respect to Ip, so the same as the completion of R with respect to I
by [5, tag 0319]. So the canonical isomorphism identifies with FR̂/R.

Fact 8: The injection of quasi-coherent modules

ω∨N/X ⊗ FX,∗Ω
1
X′/S,cl ↪→ ω∨N/X ⊗ FX,∗Ω

1
X′/S

induces an injection of sheaves on the big τ -site where τ ∈ {Zariski, fppf, étale, smooth, syntomic}
and the small étale site.

Proof of fact 8. In general the functor taking quasi-coherent modules to sheaves on the big τ -site
where τ ∈ {Zariski, fppf, étale, smooth, syntomic} is not left exact, but in this case we do have an
injection of τ -sheaves. We check this by directly verifying the injection on every Y -valued point: if Y
is an X-scheme with structure morphism f : Y → X, denote g : Y ×X X ′ → Y , we have

Γ(Y, ω∨N/X ⊗OX
FX,∗Ω

1
X′/S,cl) = Γ(Y,HomOX

(ωN/X , FX,∗Ω
1
X′/S,cl))

= HomOY
(f∗ωN/X , f

∗FX,∗Ω
1
X′/S,cl)

by fact 5

= HomOY
(ωNY /Y , g∗Ω

1
Y×XX′/Y,cl)

and similarly
Γ(Y, ω∨N/X ⊗OX

FX,∗Ω
1
X′/S) = HomOY

(ωNY /Y , g∗Ω
1
Y×XX′/Y )

and we have a canonical injection HomOY
(ωNY /Y , g∗Ω

1
Y×XX′/Y,cl) ↪→ HomOY

(ωNY /Y , g∗Ω
1
Y×XX′/Y ).

So we have an injection of sheaves.

If we have an injection of τ -sheaves F ↪→ G and a singleton τ -covering Y → X (e.g. the fppf
covering X ′ → X mentioned in fact 2), so we have injections F(X) ↪→ F(Y ) and G(X) ↪→ G(Y ), then
F(Y ) ∩ G(X) = F(X) by basic sheaf properties.

In particular, to verify if an element of Γ(X,ω∨N/X⊗OX
FX,∗Ω

1
X′/S) lies in Γ(X,ω∨N/X⊗OX

FX,∗Ω
1
X′/S,cl),

it suffices to check if its restriction in Γ(X ′, ω∨N/X⊗OX
FX,∗Ω

1
X′/S) lies in Γ(X ′, ω∨N/X⊗OX

FX,∗Ω
1
X′/S,cl).
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2.2. Three explicit descriptions of ΦN

Now that we have finished proving the useful facts, we are ready to give three explicit descriptions of
the injection ΦN : H1(X,N) ↪→ HomOX

(ωN/X , FX,∗Ω
1
X′/S,cl), and later we will prove they coincide.

The first description comes directly from the proof of [18, 2.4]: Consider the nerve of the cover-
ing X ′ → X:

X ′′′→→
→X ′′ = X ′ ×X X ′→→X ′ → X

Let N ′ := F∗NX′ etc. ..., we know that (see [18, 2.5])

H1(X,N) = R1f∗N(X)

= Ȟ
1
ét(X

′/X, f∗N)(X)

=
ker(f∗N

′′ → f∗N
′′′)

Im(f∗N ′ → f∗N ′′)
(X)

= ker(f∗N
′′ → f∗N

′′′)(X) (as f∗N ′ = 0)
= f∗ ker(N

′′ → N ′′′)(X)

⊂ N ′′(X)

= N(X ′′)

The correspondence between H1(X,N) and ker(N ′′ → N ′′′)(X) is as in the proof of [12, III, 4.6]: there
is a one-to-one correspondence between isomorphism classes of torsors that become trivial on X ′ (in
this case all of them) and 1-cocycles for {X ′ → X} with values in N . Now we can start to describe the
injection. Let P be a torsor, then P (X ′) has a unique element ψ, and there exists a unique element
α ∈ N(X ′′) = N(X ′ ×X X ′) s.t.

α · (X ′′ pr1→ X ′
ψ→ P ) = (X ′′

pr2→ X ′
ψ→ P ).

It’s easy to see that α|12 + α|23 = α|13 under pr12,pr13, pr23 : X ′′′ → X ′′. Now we arrive at
α ∈ ker(N ′′ → N ′′′)(X). We have

H1(X,N) = ker(N ′′ → N ′′′)(X) = Coker(N → N ′)(X)

Recall from [18, 2.2] the map Coker(N → N ′) → ω∨N/X ⊗OX
F∗Ω

1
X′/S,cl is induced from N ′ →

ω∨N/X ⊗OX
F∗Ω

1
X′/S,cl defined as

Homgr(N
∨, F∗Gm,X′)

Homgr(N∨,F∗d ln)−→ Homgr(N
∨, F∗Ω

1
X′/S,cl).

Though we have a surjective map of fppf abelian sheaves N ′ → Coker(N → N ′) = ker(N ′′ → N ′′′) ⊂
N ′′, we cannot in general lift α ∈ Coker(N → N ′)(X) to an element of N ′(X). We need to pull back
to some fppf covering to do that.

In this case, we can simply use the fppf covering {FX : X ′ → X}: α is not necessarily in the image
of the map N ′(X) → N ′′(X), but the image of α restricting to N ′′(X ′), which is α|23 if we identify
the restriction map as N(X ′′) = N ′′(X) → N ′′(X ′) = N(X ′′′), lies in the image of N ′(X ′) → N ′′(X ′)
because when we identify the map with N(X ′′) = N ′(X ′) → N ′′(X ′) = N(X ′′′), the image of α is
α|13 − α|12 = α|23. See the following commutative diagram:

N ′(X) N(X ′)
ϕ 7→ϕ|2−ϕ|1 //

ϕ 7→ϕ|2
��

N(X ′′)

β 7→β|23
��

N ′′(X)

N ′(X ′) N(X ′′)
β 7→β|13−β|12 // N(X ′′′) N ′′(X ′)
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So the image ΦN (P ) of α under the map Coker(N → N ′)(X) → Γ(X,ω∨N/X ⊗OX
F∗Ω

1
X′/S,cl) is the

unique element s.t. after restricting to X ′, is the image of α under the map N ′(X ′) → Γ(X ′, ω∨N/X⊗OX

F∗Ω
1
X′/S,cl), defined as in the following commutative diagram:

N ′(X ′)

∼=

∂ // Γ(X ′, ω∨N/X ⊗OX
F∗Ω

1
X′/S,cl)

∼=

Homgr(N
∨, F∗Gm,X′)(X ′)

Homgr(N∨,F∗d ln)// Homgr(N
∨, F∗Ω

1
X′/S,cl)(X

′)

i.e. ΦN (P ) ∈ Γ(X,ω∨N/X ⊗OX
F∗Ω

1
X′/S,cl) is the unique element s.t. ΦN (P )|X′ = ∂α.

The second description was mentioned in [18, Rmk. 2.7] but without proof of equivalence: Let P be
an N -torsor over X, there is a unique trivialization ψ : X ′ → P over X, then there exists a unique
element α ∈ N(X ′′) = N(X ′ ×X X ′) s.t.

α · (X ′′ pr1→ X ′
ψ→ P ) = (X ′′

pr2→ X ′
ψ→ P ).

After appending the diagonal morphism X ′
△→ X ′′ in the front of the above relation, we have

(X ′
△→ X ′′

α→ N) · (X ′ ψ→ P ) = (X ′
ψ→ P )

so we must have (X ′
△→ X ′′

α→ N) = (X ′ → X
e→ N) is the unit element in N(X ′). We can decompose

the diagonal morphism ∆ : X ′ → X ′′ into ∆ : X ′
i→ SpecOX

F∗(OX′ [Ω1
X′/X ])

j→ X ′′, where j cor-
responds to R′⊗RR

′ → R′[Ω1
R′/R], (a, b) 7→ (ab, adb) and i corresponds to R′[Ω1

R′/R] → R′, (a, bdc) 7→ a.

All concerned schemes are affine over X so we can look at this affine-locally. Assume X = SpecR, X ′ =
SpecR′, N = SpecA with augmentation ideal I. So we have

(A
α#

→ R′ ⊗R R
′ → R′[Ω1

R′/R] → R′) = (A→ A

I
→ R′)

Thus I must map to Ω1
R′/R ⊂ R′[Ω1

R′/R] which is a square zero ideal. Hence α induces a map
ωA/R ∼= I

I2
→ Ω1

R′/R. So globally α induces a map ωN/X → FX,∗Ω
1
X′/S which is an element in

HomOX
(ωN/X , FX,∗Ω

1
X′/S). Later we will show it lies in HomOX

(ωN/X , FX,∗Ω
1
X′/S,cl) = Γ(X,ω∨N/X⊗OX

F∗Ω
1
X′/S,cl), which is equivalent to show its restriction in Γ(X ′, ω∨N/X⊗OX

FX,∗Ω
1
X′/S) lies in Γ(X ′, ω∨N/X⊗OX

FX,∗Ω
1
X′/S,cl).

Our third and final description was mentioned [3, 1.1]: Let P be an N -torsor over X with the
unique trivialization ψ : X ′ → P , we have an isomorphism of torsors ξ : X ′ ×X P → X ′ ×X N over
X ′ s.t. the following diagram commutes:

X ′

(idX′ ,ψ)

��

X ′

eX′

��
X ′ ×X P

ξ // X ′ ×X N
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After expansion we have

X ′

ψ
��

X ′

(idX′ ,ψ)=ψX′
��

X ′
FX

//

eX′
��

X

e

��
P

��

X ′ ×X Poo ξ //

��

X ′ ×X N
prN //

��

N

��
X X ′

FXoo X ′
FX // X

From the diagram we can easily see that

F ∗XωN/X = F ∗Xe
∗Ω1

N/X

= (e ◦ FX)∗Ω1
N/X

= (prN ◦ eX′)∗Ω1
N/X

= e∗X′pr∗NΩ
1
N/X

∼= e∗X′Ω1
X′×XN/X′

∼= ψ∗X′Ω1
X′×XP/X′

∼= ψ∗Ω1
P/X

→ Ω1
X′/X

which identifies with an element in HomOX
(ωN/X , FX,∗Ω

1
X′/S). We now show that the third and

second descriptions agree.

We know that the group action of N(X ′′) on P (X ′′) is the same as NX′′(X ′′) on PX′′(X ′′). Through
X ′′

pr1→ X ′, we pullback ξ : X ′ ×X P → X ′ ×X N to ξ′′ : X ′′ ×X P → X ′′ ×X N s.t. the morphism

X ′′
(idX′′ ,ψ◦pr1)→ X ′′ ×X P

ξ′′→ X ′′ ×X N
prN→ N

is the unit element in the group N(X ′′).

Denote g1 = (idX′′ , ψ ◦ pr1) : X ′′ → X ′′ ×X P and g2 = (idX′′ , ψ ◦ pr2). By definition we have
α · g1 = g2. Since ξ′′ is an isomorphism of torsors, we know that

α · (prN ◦ ξ′′ ◦ g1) = (prN ◦ ξ′′ ◦ g2).

As prN ◦ ξ′′ ◦ g1 is the unit element, we have

α = prN ◦ ξ′′ ◦ g2 : X ′′
g2→ X ′′ ×X P → X ′′ ×X N → N.

By a simple diagram chase in the following diagram:

X ′′

g2
��

X ′′

(pr1,ψ◦pr2)
��

X ′′ ×X P
(pr1,idP ) //

ξ′′

��

X ′ ×X P

ξ
��

X ′′ ×X N
(pr1,idN ) // X ′ ×X N // N
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we know that α = (X ′′
(pr1,ψ◦pr2)→ X ′ ×X P

ξ→ X ′ ×X N → N), now we can consider the following
commutative diagram:

X ′ ×X X ′

(pr1,ψ◦pr2)
��

X ′ ×X X ′

((pr1,ψ◦pr1),(pr1,ψ◦pr2))
��

SpecOX
F∗(OX′ [Ω1

X′/X ])

��

oo

X ′ ×X P

ξ

��

(X ′ ×X P )×X′ (X ′ ×X P )

ξ×ξ
��

pr2
oo SpecOX′

hX′,∗(OX′×XP [Ω
1
X′×XP/X′ ])

��

oo

X ′ ×X N

��

(X ′ ×X N)×X′ (X ′ ×X N)

��

pr2
oo SpecOX′

gX′,∗(OX′×XN [Ω
1
X′×XN/X′ ])

��

oo

N N ×X Npr2
oo SpecOX

g∗(ON [Ω
1
N/X ])

oo

The verification of commutativity is straightforward. The only non-obvious square is the top right
square. We may assume everything is affine, then the top right square corresponds to

R′ ⊗R R
′ R′[Ω1

R′/R]

(R′ ⊗R S)⊗R′ (R′ ⊗R S) R′ ⊗R S[Ω
1
R′⊗RS/R′ ]

x1⊗x2 7→(x1x2,x1dx2)

a1⊗b1⊗a2⊗b2 7→(a1a2⊗b1b2,(a1a2⊗b1)d(1⊗b2))

a1⊗b1⊗a2⊗b2 7→a1a2ψ#(b1)⊗ψ#(b2)

(x1⊗y1,x2⊗y2d(1⊗y3)) 7→(x1ψ#(y1),x2ψ#(y2)dψ#(y3))

So the commutativity can be checked directly. Clearly the red arrows correspond to the second
description and the blue ones correspond to the third description, and they identify with the same
element in HomOX

(ωN/X , FX,∗Ω
1
X′/S).

Next we show the first and second descriptions agree. Recall that in the first description we need
ΦN (P ) ∈ Γ(X,ω∨N/X ⊗OX

F∗Ω
1
X′/S,cl) to be the unique element s.t. ΦN (P )|X′ = ∂α. So it suffices to

check their agreement restricting to X ′ (we add underline to distinguish it from other X ′s).

We will compare them in HomX′−gr((X
′ ×X N)∨, F ′∗Ω

1
X′×XX′/X′,cl): the map induced by the first

description will be called δα, and the one induced by the second description will be called ξα. We will
show that for all V over X ′, and all ϕ ∈ HomV−gr(V ×X N,Gm,V ), we have

δα(V )(ϕ) = ξα(V )(ϕ)

which completes the proof.

δα from the first description:

From the first description we know ∂ is determined as following:

F∗NX′(X ′)

∼=

∂ // Γ(X ′, ω∨N/X ⊗OX
F∗Ω

1
X′/S,cl)

∼=

HomX′−gr((X
′ ×X N)∨, F ′∗Gm,X′×XX′)

HomX′−gr((X
′×XN)∨,d ln)

// HomX′−gr((X
′ ×X N)∨, F ′∗Ω

1
X′×XX′/X′,cl)
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The isomorphism on the left column is

F∗NX′(X ′) ∼= NX′×XX′(X ′ ×X X ′)
∼= N∨∨X′×XX′(X ′ ×X X ′)

= HomX′×XX′−gr((X
′ ×X X ′ ×X N)∨,Gm,X′×XX′)

∼= HomX′−gr((X
′ ×X N)∨, F ′∗Gm,X′×XX′)

and the isomorphism on the right column is proved in [23, Chap. 1, 1.4].

So in particular α ∈ N(X ′ ×X X ′) induces an element evα ∈ N∨∨X′×XX′(X ′ ×X X ′) which further
induces an element ϵα ∈ HomX′−gr((X

′ ×X N)∨, F ′∗Gm,X′×XX′). The complete description of ϵα is as
following:

Given s : V → X ′, denote q = s×idX′ : V ×XX
′ → X ′×XX

′ and q′ = (prV , α◦q) : V ×XX
′ → V ×XN ,

we have

ϵα(V ) : (X ′ ×X N)∨(V ) → F ′∗Gm,X′×XX′(V )

HomV−gr(V ×X N,Gm,V ) → Gm,X′×XX′(V ×X X ′)

HomV−gr(V ×X N,Gm,V ) → OV×XX′(V ×X X ′)×

ϕ 7→ q′# ◦ ϕ′#(t)

where ϕ induces ϕ′ ∈ Hom(V ×X N,Gm) and ϕ′# : Z[t, t−1] → OV×XN (V ×X N).

In other words, for given V , we have that α induces a map q′ : V ×X X ′ → V ×X N . Then given
a group homomorphism ϕ : V ×X N → Gm,V , we use the following map to get an element in
OV×XX′(V ×X X ′)× from t ∈ Z[t, t−1].

V ×X X ′
q′ // V ×X N

ϕ //

ϕ′

44Gm,V
// Gm

After appending the d ln map, we have δα ∈ HomX′−gr((X
′×XN)∨, F ′∗Ω

1
X′×XX′/X′,cl) whose description

is as following:

δα(V ) : (X ′ ×X N)∨(V ) → F ′∗Ω
1
X′×XX′/X′,cl(V )

HomV−gr(V ×X N,Gm,V ) → Γ(V, F ′V,∗Ω
1
V×XX′/V,cl)

ϕ 7→ (q′# ◦ ϕ′#(t))−1d(q′# ◦ ϕ′#(t))

where F ′V = idV ×FX : V ×XX
′ → V . Clearly we can replace HomX′−gr((X

′×XN)∨, F ′∗Ω
1
X′×XX′/X′,cl)

by HomX′−gr((X
′ ×X N)∨, F ′∗Ω

1
X′×XX′/X′).

So we have
δα(V )(ϕ) = (q′# ◦ ϕ′#(t))−1d(q′# ◦ ϕ′#(t)).

ξα from the second description:

In the second description we know the following map (the red arrow)

SpecOX
F∗(OX′ [Ω1

X′/X ]) → X ′ ×X X ′
α→ N
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corresponds to an element in Γ(X,ω∨N/X ⊗OX
F∗Ω

1
X′/S) = HomOX

(ωN/X , FX,∗Ω
1
X′/S). After pulling

back via X ′ FX→ X, denote F ′ : X ′ ×X X ′ → X ′ the projection of the left factor, the following map

SpecOX′
F ′∗(OX′×XX′ [Ω1

X′×XX′/X′ ]) → (X ′×XX
′)×X′ (X ′×XX

′) ∼= X ′×X (X ′×XX
′)

idX′×α
→ X ′×XN

corresponds to an element in Γ(X ′, ω∨N/X ⊗OX
FX,∗Ω

1
X′/S) = HomOX′ (ωNX′/X′ , F ′∗Ω

1
X′×XX′/X′). And

we claim this process is compatible with the restriction map

Γ(X,ω∨N/X ⊗OX
F∗Ω

1
X′/S) → Γ(X ′, ω∨N/X ⊗OX

FX,∗Ω
1
X′/S)

and we omit the proof because it’s a straightforward calculation.

By [23, Chap. 1, 1.4], we have an isomorphism

HomX′−gr((X
′ ×X N)∨, F ′∗Ω

1
X′×XX′/X′) ∼= HomOX′ (ωX′×XN , F

′
∗Ω

1
X′×XX′/X′).

So the above map induces an element ξα ∈ HomX′−gr((X
′ ×X N)∨, F ′∗Ω

1
X′×XX′/X′) in this way:

Given s : V → X ′, and ϕ ∈ (X ′ ×X N)∨(V ) = HomV−gr(V ×X N,Gm,V ), it induces a map

SpecOV
F ′V,∗(OV×XX′ [Ω1

V×XX′/V ])
//

τ

��

(V ×X X ′)×V (V ×X X ′)

∼

ss
V ×X (X ′ ×X X ′)

idV ×α // V ×X N
ϕ //

ϕ′

33Gm,V
// Gm

and we get an element ξα(V )(ϕ) ∈ Γ(V, F ′V,∗Ω
1
V×XX′/V ) from t ∈ Z[t, t−1], i.e.

ξα(V ) : (X ′ ×X N)∨(V ) → F ′∗Ω
1
X′×XX′/X′(V )

HomV−gr(V ×X N,Gm,V ) → Γ(V, F ′V,∗Ω
1
V×XX′/V )

ϕ 7→ τ#(ϕ′#(t))

So we have
ξα(V )(ϕ) = τ#(ϕ′#(t)).

Compare δα(V )(ϕ) and ξα(V )(ϕ):

And now we just need to check that (q′# ◦ ϕ′#(t))−1d(q′# ◦ ϕ′#(t)) = τ#(ϕ′#(t)) using the fact
α|13 − α|12 = α|23.
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Consider the following two different paths:

SpecOV
F ′V,∗(OV×XX′ [Ω1

V×XX′/V ])

��
(V ×X X ′)×V (V ×X X ′)

q′−1×q′ss
ω
∼

**
(V ×X N)×V (V ×X N)

mV ×XN

++

V ×X (X ′ ×X X ′)

idV ×αtt
V ×X N

ϕ′

��
Gm

Clearly the path with the blue arrows induces τ#(ϕ′#(t)). We claim that the element (q′# ◦
ϕ′#(t))−1d(q′# ◦ ϕ′#(t)) is induced by the path with the red arrows, and later we will show that
mV×XN ◦ (q′−1 × q′) = (idV × α) ◦ ω and then the result follows.

Assume everything is affine, ϕ ∈ (X ′×X N)∨(V ) = (V ×X N)∨(V ) identifies with a group-like element
in OV×XN (V ×XN) (i.e. a group-like element x ∈ OV×XN (V ×XN) is a unit in OV×XN (V ×XN) such
that m#

V×XN
(x) = x⊗ x ), hence m#

V×XN
(ϕ′#(t)) = ϕ′#(t)⊗ ϕ′#(t). Also we have (q′−1)# ◦ ϕ′#(t) =

(q′# ◦ϕ′#(t))−1. Hence the above path with the red arrows actually induces ϕ 7→ (q′# ◦ϕ′#(t))−1d(q′# ◦
ϕ′#(t)).

If X is not affine, pick an open affine covering {Xi}i∈I of X. For each i ∈ I, pick an open affine
covering {Vij}j∈Ji for s−1(Xi) ⊂ V . Let Ni ⊂ N be the preimage of Xi in N , Ni is affine as N is affine
over X. We can see that V ×X X ′ is covered by open affines {Vij ×Xi X

′
i}i∈I,j∈Jj . Restricting to each

Vij ×Xi X
′
i, we know the above path with the red arrows induces ϕ 7→ (q′# ◦ ϕ′#(t))−1d(q′# ◦ ϕ′#(t)).

The first claim then follows from the identity axiom of sheaves.

The final statement mV×XN ◦ (q′−1 × q′) = (idV × α) ◦ ω follows from the following commutative
diagram where top row represents mV×XN ◦ (q′−1 × q′) and the bottom row represents (idV × α) ◦ ω:

(V ×X X ′)×V (V ×X X ′)
q′−1×q′ //

��

(V ×X N)×V (V ×X N)
mV ×XN //

��

V ×X N

��
(X ′ ×X X ′)×X′ (X ′ ×X X ′)

(pr1,α
−1)×(pr1,α)// (X ′ ×X N)×X′ (X ′ ×X N)

mX′×XN // X ′ ×X N

(X ′ ×X X ′)×X′ (X ′ ×X X ′) // X ′ ×X (X ′ ×X X ′)
idX′×α

// X ′ ×X N

(V ×X X ′)×V (V ×X X ′)

OO

ω // V ×X (X ′ ×X X ′)

OO

idV ×α // V ×X N

OO

the middle commutative square represents the fact −α|12 + α|13 = α|23, and the first row (resp. the
fourth row) is the base change of the second row (resp. the third row) w.r.t. V → X ′. So we have
mV×XN ◦ (q′ × q′−1) = (idV × α) ◦ ω and hence ξα = δα. So the first and second descriptions agree.

Now we can conclude that all the three descriptions of ΦN are valid.
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Example 2.7. If N = µp : (ker(Gm
pth power→ Gm)), and X is the spectrum of a UFD (unique

factorization domain), so H1(X,Gm) = Pic(X) = 0 and we have H1(X,µp) = OX(X)×

(OX(X)×)p
. Also

ωµp/X
∼= OX , and ΦN is

OX(X)×

(OX(X)×)p
→ Ω1

X/S,cl

a 7→ da

a

Proof. This example is also in [15, III, 5.9]. A complete proof of this statement is consisted of lemma
3.3, lemma 3.4 and lemma 3.5.
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2.3. Functoriality lemmas

After we stated the three descriptions of the injection

ΦN : H1(X,N) ↪→ HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl)

and proved their equivalences, we can prove some functoriality lemmas.

Lemma 2.8. The map ΦN is functorial over N , i.e. if f : N → M is a morphism of finite flat
commutative group schemes of height 1 over X, then there exists a commutative diagram as following:

H1(X,N) �
� ΦN

f ′

��

HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl)

i

��
H1(X,M) �

� ΦM
HomOX

(ωM/X , FX,∗Ω
1
X′/S,cl)

Proof. Here f ′ : H1(X,N) → H1(X,M) is the canonical map induced by f : N → M . We know
an element of H1(X,N) = Ȟ1(X ′/X,N) is a 1-cocycle for {X ′ → X} of the form α ∈ N(X ′′) s.t.
α|12 + α|23 = α|13 under pr12, pr13,pr23 : X ′′′ → X ′′. Then f ◦ α ∈M(X ′′) satisfies similar relation as
f is a morphism of group schemes and hence preserves group actions, so f ◦ α = f ′(α) ∈ H1(X,M) =
Ȟ1(X ′/X,M).

Let I and J be the augmentation ideal ofN andM respectively, then i : HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl) →

HomOX
(ωM/X , FX,∗Ω

1
X′/S,cl) is induced by the map ωM/X

∼= J
J 2 → I

I2
∼= ωN/X .

Let α ∈ H1(X,N), ΦN (α) is induced by ON
α#

→ OX′′ → OX′ [Ω1
X′/X ], and i ◦ ΦN (α) is induced by

OM
f#→ ON

α#

→ OX′′ → OX′ [Ω1
X′/X ] which also induces the map ΦM (f ◦ α) as α# ◦ f# = (f ◦ α)#.

Thus i ◦ ΦN = ΦM ◦ f ′.

Lemma 2.9. ΦN is functorial over X, i.e. if Y is another scheme over S s.t. FY : Y ′ → Y has a
rank one p base Zariski locally, and f : Y → X is a morphism of schemes over S, then there exists a
commutative diagram as following:

H1(X,N) �
� ΦN

f ′

��

HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl)

i

��
H1(Y,NY )

� �
ΦNY

HomOY
(ωNY /Y , FY,∗Ω

1
Y ′/S,cl)

Proof. Let α ∈ H1(X,N) = Ȟ1(X ′/X,N), then it induces the map (X ′′ ×X Y
α×idY→ N ×X Y ) ∈

Ȟ1(Y ×X X ′/Y,NY ). Clearly the covering {Y ′ FY→ Y } is a refinement of {Y ×X X ′ → Y }, then it
induces the map (Y ′′ → Y ×X X

′′ idY ×α→ Y ×X N) ∈ Ȟ1(Y ′/Y,N) = H1(Y,N), which is exactly f ′(α).

Denote F ′ : Y ×X X ′ → Y the projection map on the first factor. The map i is the following
composition:

HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl) → HomOY

(ωNY /Y , F
′
∗Ω

1
X′×XY/Y,cl

) → HomOY
(ωNY /Y , FY,∗Ω

1
Y ′/S,cl)
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where the first map is just a pull-back and the second map is induced by F ′∗Ω1
X′×XY/Y,cl

→ FY,∗Ω
1
Y ′/Y,cl.

The above composition of maps can embed into the following composition

HomOX
(ωN/X , FX,∗Ω

1
X′/S)

j→ HomOY
(ωNY /Y , F

′
∗Ω

1
X′×XY/Y

)
h→ HomOY

(ωNY /Y , FY,∗Ω
1
Y ′/S)

Using the second description of ΦN (α), ΦN (α) is induced by the map

SpecOX
F∗(OX′ [Ω1

X′/X ]) → X ′ ×X X ′
α→ N

and j ◦ ΦN (α) is induced by the map

SpecOY
F ′∗(OY×XX′ [Ω1

Y×XX′/Y ]) → (Y ×X X ′)×Y (Y ×X X ′) ∼= Y ×X (X ′ ×X X ′)
idY ×α→ Y ×X N

Then h ◦ j ◦ ΦN (α) is induced by the map

SpecOY
F Y,∗(OY ′ [Ω1

Y ′/Y ]) → SpecOY
F ′∗(OY×XX′ [Ω1

Y×XX′/Y ]) → Y ×X X ′′
idY ×α→ Y ×X N

From the other direction, ΦNY
◦ f ′(α) is induced by the map

SpecOY
F Y,∗(OY ′ [Ω1

Y ′/Y ]) → Y ′′ → Y ×X X ′′
idY ×α→ Y ×X N

So the result follows from the following trivial commutative diagram:

SpecOY
F Y,∗(OY ′ [Ω1

Y ′/Y ])
//

��

Y ′′

��
SpecOY

F ′∗(OY×XX′ [Ω1
Y×XX′/Y ])

// Y ×X X ′′

If moreover f : Y → X has isomorphism relative Frobenius morphism, the group HomOY
(ωNY /Y , FY,∗Ω

1
Y ′/S,cl)

can be written as HomOY
(f∗ωN/X , f

∗FX,∗Ω
1
X′/S,cl), see fact 6.

Corollary 2.10. If f : Y → X is a morphism of schemes over S with isomorphism relative Frobenius
morphism. Denote G by the fppf sheaf on X generated by the OX-module ωN/X ⊗OX

FX,∗Ω
1
X′/S,cl.

Due to fact 6, the above commutative diagram can be written as:

H1(X,N) �
� ΦN

f ′

��

Γ(X,G)

i
��

H1(Y,NY )
� �
ΦNY

Γ(Y,G)

2.4. A variant form of the second exact sequence

Note that we have

HomOX
(ωN/X , FX,∗Ω

1
X′/S,cl) ↪→ HomOX

(ωN/X , FX,∗Ω
1
X′/S)

∼= HomOX′ (F
∗
XωN/X ,Ω

1
X′/S).

If we identifyX ′ withX, then Ω1
X′/S = Ω1

X/S so the last group can be written as HomOX
(F ∗XωN/X ,Ω

1
X/S).
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Moreover, we have

HomOX
(F ∗XωN/X ,Ω

1
X/S)

=Γ(X,HomOX
(F ∗XωN/X ,Ω

1
X/S))

=Γ(X, (F ∗XωN/X)
∨ ⊗OX

Ω1
X/S)

since ωN/X is finite locally free

=Γ(X,F ∗Xω
∨
N/X ⊗OX

Ω1
X/S)

Since we are going to deal with Ω1
X/S(E), we better transform the second exact sequence and their corre-

sponding functoriality lemma into the form s.t. the target group is of the form HomOX
(F ∗XωN/X ,Ω

1
X/S) =

Γ(X,F ∗Xω
∨
N/X ⊗OX

Ω1
X/S).

Corollary 2.11. Let π : X → S be a morphism of schemes of characteristic p where S is perfect and
X is locally Noetherian. Let N be a finite flat commutative group scheme over X of height 1. Suppose
FX : X ′ → X has a rank one p base Zariski locally. Denote F̃N by the fppf sheaf on X generated by
the OX-module FN := F ∗Xω

∨
N/X ⊗OX

Ω1
X/S, then we have an injection of abelian groups

ΨN : H1(X,N) → Γ(X, F̃N ).

Proof. It follows from Corollary 2.4 and the above discussion.

Corollary 2.12. ΨN is functorial over N , i.e. if f : N →M is a morphism of finite flat commutative
group schemes of height 1 over X, then there exists a commutative diagram as following:

H1(X,N) �
� ΨN

f ′

��

Γ(X, F̃N )

i
��

H1(X,M) �
� ΨM

Γ(X, F̃M )

Proof. The proof is identical to that of lemma 2.8 with Ω1
X′/S,cl replaced by Ω1

X′/S .

The above corollary will be used in the diagram 3.7.

Corollary 2.13. ΨN is functorial over X in the sense that if f : Y → X is a morphism of schemes
over S with isomorphism relative Frobenius morphism, then FY : Y ′ → Y has a rank one p base Zariski
locally and we have the following commutative diagram

H1(X,N) �
� ΨN

f ′

��

Γ(X, F̃N )

i
��

H1(Y,NY )
� �
ΨNY

Γ(Y, F̃N )

Proof. We can use fact 6 to identify Γ(Y, F̃N ) with HomOY
(F ∗Y ωNY /Y ,Ω

1
Y/S). Then it is a direct result

of corollary 2.10.

The above corollary will be used in diagram 3.1 and diagram 3.7.
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3. The main theorem

For any S-group scheme G, denote the unit section as eG/S : G→ S and let ωG/S := e∗Ω1
G/S .

From now on, all cohomology groups are of fppf sheaves unless explicitly specified. Now we are ready
to state our main theorem.

Theorem 3.1. There is a natural injective homomorphism

ϕ : Sel(FA/K)(A/K) ↪→ HomC(F
∗
CωkerFA/C/C ,Ω

1
C/k0

(E)).

And this map ϕ is functorial for morphisms of semi-abelian schemes over C.

This theorem is also proved in Corollaire 1.5 in D. Rössler’s paper [3], and this thesis provides an
alternative proof.

Proof. As A is smooth over C, in particular locally of finite type, we know FA/C is finite by [5, tag
0CCD] so kerFA/C is finite over C as the base change of FA/C by the unit section. By lemma 1.25,
we know FA/C is flat so kerFA/C is flat over C. Together with lemma 1.28, we know kerFA/C is a
finite flat commutative group scheme of height one over C. Since C is smooth over the perfect field k0,
FC = FC/k0 has a rank one p base Zariski locally, see [19, 1.1 & 1.2] and [5, tag 0CCD]. So we can
apply the second exact sequence and utilize its functoriality.

Denote F̃ by the fppf sheaf on C generated by the finite locally free module F := F ∗Cω
∨
kerFA/C/C

⊗OC

Ω1
C/k0

(the finite locally freeness of ω∨kerFA/C/C
is in Section 2 and the finite locally freeness of Ω1

C/k0

comes from the fact that C is smooth over k0).

Pick any closed point v ∈ C, apply fact 7 and Corollary 2.13 to the commutative square

C SpecKη
oo

Spec Ôv

OO

SpecKv

OO

oo

we have the following commutative diagram, where the cohomology groups are for fppf -sheaves, the
rows are injective,

H1(K, kerFA/K) Fη

H1(C, kerFA/C) F(C)

H1(Kv, kerFAKv/Kv
) F̃(Kv)

H1(Ôv, kerFAÔv
/Ôv

) F̃(Ôv)

γ1

λ4

µ4
γ2

λ1

λ2

µ1

µ2

γ3

γ4

λ3

λ5

µ3

µ5

(3.1)
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Next we show the arrows on the right plane are all injective, the above right plane is just:

F(C)
µ1 //

µ5
��

Fη
µ4
��

F̃(Ôv)
µ3 // F̃(Kv)

As F is locally free and C is an integral scheme, all restriction maps F(U) → F(V ) and F(U) → Fx
are injective. So µ1 is injective. µ5 is a composition of F(C) → Fv and Fv → Fv ⊗Ov Ôv, the former
is injective, and later is the base change of the injective ring map Ov → Ôv w.r.t. the finite free
module Fv so also injective, hence µ5 is injective. Similarly µ3 (resp. µ4) is the base change of the
injective map Ôv → Kv (resp. K → Kv) w.r.t. the finite free module Fv (resp. Fη), so they are also
injective. Now the left plane embeds into the right plane, by a simple diagram chase we can show
every arrow in the left plane is injective.

We have

HomC(ωkerFA/C/C , FC,∗(Ω
1
C/k0

(E))) = Γ(C,HomOC
(ωkerFA/C/C , FC,∗(Ω

1
C/k0

(E)))

= Γ(C,HomOC
(F ∗CωkerFA/C/C ,Ω

1
C/k0

(E))

= Γ(C, (F ∗CωkerFA/C/C)
∨ ⊗OC

Ω1
C/k0

(E))

since ωkerFA/C/C is finite locally free

= Γ(C,F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k0

(E))

= Γ(C,F ⊗OC
O(E))

O(E) is an invertible module so finite locally free
⊂ (F ⊗OC

O(E))η

= Fη

and our target is to show that the image of Sel(FA/K)(A/K) under γ1 lies in Γ(C,F ⊗OC
O(E)) =⋂

v∈C Fv ⊗Ov O(E)v ⊂ Fη.

Let T ∈ Sel(FA/K)(A/K), equivalently, we want to show

∀v ∈ C, γ1(T ) ∈ Fv ⊗Ov O(E)v.

When v /∈ E, O(E)v = Ov. When v ∈ E, O(E)v = t−1v Ov where tv ∈ Ov is a uniformiser. So it
suffices to show that {

γ1(T ) ∈ Fv ∀v ∈ C\{E ∪ η}
tv · γ1(T ) ∈ Fv ∀v ∈ E

As Fη is a finite free K-module, it suffices to check the order of each component si of γ1(T ) in Fη ∼= Kn

with respect to Ov, which can also be checked in Kv. Thus it suffices to show that{
γ3(λ4(T )) ∈ F̃(Ôv) = Imµ3 ∀v ∈ C\{E ∪ η}
tv · γ3(λ4(T )) ∈ F̃(Ôv) = Imµ3 ∀v ∈ E

(3.2)

And functoriality will be proved in the end.

Fix a closed point v. To simplify notation write t = tv and s = γ3(λ4(T )), so we want to show s ∈ Imµ3
if v /∈ E and t · s ∈ Imµ3 if v ∈ E. The equation eventually happens in the bottom plane of above
diagram 3.1, so we discard the top plane, and investigate the bottom plane (constructed by applying
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the second exact sequences to kerFAÔv
/Ôv

) by inserting it into a sequence of planes (constructed by

applying the second exact sequences to the sequence µ⊕l
p,Ôv

→ kerFAÔv
/Ôv

→ kerFB/Ôv
), see diagram

3.7. Then we prove our theorem by diagram chasing.

To start, the Raynaud construction (see [4, II, 1]) provides an exact sequence of formal schemes over
Ôv, say

0 Ĝ ÂÔv
B̂ 0closed immersion faithfully flat (3.3)

where ·̂ denotes formalization. Here B/Ôv is an abelian scheme and G is a torus over Ôv.

To explain this construction in short: Denote S = Spec Ôv, Sn = Spec Ôv

tn+1Ôv
and An = AÔv

×S Sn
for n ≥ 1. By definition of semi-abelian schemes, there exists a short exact sequence
0 → G0 → A0 → B0 → 0 over S0 = Specκ(v) (note Ov and Ôv have the same residue field
by [5, tag 05GG]), where G0 is a torus and B0 is an abelian variety.

By [4, I, Thm. 2.2], we can lift the closed immersion G0 → A0 to G1 → A1 over S1, i.e.
there exists a torus G1 embedding in A1 as a closed immersion and the embedding is a group
homomorphism, and it descends to G0 → A0 after the base change S0 → S1. The existence of
the quotient B1 of A1 by G1 is guaranteed by [13, 4.39], and we must have B1×S1S0

∼= B0, see [13, 4.30].

Inductively we have an exact sequence of fppf-sheaves 0 → Gn → An → Bn → 0 for all n ≥ 0, which
is also an exact sequence of commutative group schemes in the sense of definition 1.13 by remark 1.15.
Results in [14, XII] ensure Gn is a maximal torus of An and Bn are abelian schemes. The existence of
G and B over S is proved in [4, II, 1] using the fact Ôv is normal.

By definition, G splits (i.e. isomorphic to a product of finitely many copies of multiplicative group
scheme Gm) fpqc-locally. As Ôv is a Noetherian local ring, G splits after a finite étale base change
Ôv → R which is surjective on the spectrum, see [14, Expose X, Cor. 3.3]. Now we want to find a
suitable unramified base change so we can assume G splits.

Reduction to the case G splits:

As SpecR→ Spec Ôv is surjective, there exists a prime q of R lying over (0). By the going up property
of integral ring map, there exists a prime p ⊃ q lying over tÔv. And Rp is our potential candidate for
new Ôv and Rq is our potential candidate for new Kv.

We have a flat local ring map Ôv → Rp (resp. Kv → Rq) which must be faithfully flat and hence
injective, see [5, tag 00HR]. By [5, tag 02GU], we have tRp = pRp (resp. (0) = qRq) and the induced
residue field extension is finite separable. In particular, Rq = Rq/qRq is a field which is finite separable
over Kv.

Clearly, R is a Noetherian ring since R is a finite Ôv-module. We know R is a regular ring by [5, tag
07NF]. So Rp is a regular local ring so a Noetherian normal domain, see [5, tag 00NP] and [5, tag 0567].
We also have dim(Rp) = 1 by the fact tRp = pRp and [5, tag 00ON]. So Rp is a discrete valuation
ring and it’s minimal prime ideal (0) must be qRp. Hence the fraction field of Rp is indeed Rq.

Since tRp = pRp is the maximal ideal of the DVR Rp, t is also an uniformiser of Rp. And the discrete
valuation on Rq (determined by its valuation ring Rp) extends the discrete valuation on Kv (determined
by its valuation ring Ôv). By [24, 7.38], we know that the integral closure of Ôv in Rq defines the same
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extended valuation on Rq and Rq is complete with this valuation. So Rp must be the integral closure
of Ôv in Rq. Hence Rp is a complete discrete valuation ring and it is finite over Ôv by [5, tag 032L].

Ôv
//

��

Rp

��
Kv

// Rq

If x ∈ Kv ∩Rp, then x is integral over Ôv. Plus the fact Ôv is integrally closed in Kv, we have x ∈ Ôv.
So we have Kv ∩ Rp = Ôv. Now we are ready to check if we can safely assume Ôv = Rp, i.e. if it
suffices to check the result on Rp.

Clearly G splits over Rp. The ring map Ôv → Rp is finite, flat, and formally unramified by [5, tag
02GU], thus unramified by [5, tag 02G5], thus weakly étale by [5, tag 094X], thus has isomorphic
relative Frobenius morphism by [5, tag 0F6W]. The finite separable field extension Kv → Rq is étale
so has isomorphic relative Frobenius morphism by [5, tag 0EBS]. By the proof of fact 7, we know
both Ôv → Kv and Rp → Rq have isomorphic relative Frobenius morphism. Thus by fact 5, every
arrow of the following commutative diagram is a pull-back:

F ∗Ôv
ω∨kerFAÔv

/Ôv
⊗ Ω1

Ôv/k0
//

��

F ∗Kv
ω∨kerFAKv

/Kv
⊗ Ω1

Kv/k0

��
F ∗Rp

ω∨kerFARp
/Rp

⊗ Ω1
Rp/k0

// F ∗Rq
ω∨kerFARq

/Rq
⊗ Ω1

Rq/k0

We know F ∗Ôv
ω∨kerFAÔv

/Ôv
⊗ Ω1

Ôv/k0
= F̃(Ôv) is a finite free module (mentioned above), so we can

assume it’s isomorphic to Ô⊕nv for some n ∈ N. Then the above diagram is just:

Ô⊕nv //

��

K⊕nv

��
R⊕np

// R⊕nq

Let s ∈ K⊕nv . To check if s or t · s are in Ô⊕nv = R⊕np ∩K⊕nv , it suffices to check in R⊕np .

Note that both Rp and Ôv are DVRs, they share the same uniformiser, and both of their residue fields
are finite. In the remaining proof, Rp (resp. Rq) is a perfect replacement of Ôv (resp. Kv) because
they share all the properties needed to complete the proof.

For example, using the proof of fact 7, we can see that every arrow in the following diagram has
isomorphic relative Frobenius morphism.

SpecRq
//

��

SpecRp

��
SpecK // C

So we can replace Ôv with Rp and Kv with Rq in diagram 3.1 with similar proof.

From now on, we mean Rp when we write Ôv and we mean Rq when we write Kv. I will leave a note
whenever a property of Ôv (resp. Kv) non-trivially passes to Rp (resp. Rq).
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Now we can safely assume G splits over Ôv, i.e.

G = G⊕lm

for some l ∈ N.

If v /∈ E then AÔv

∼= B is already proper and l = 0, and by the valuation criterion of properness we
have

AÔv
(Ôv) = AKv(Kv)

A(p)

Ôv
(Ôv) = A

(p)
Kv

(Kv)

A(p)

Ôv
(Ôv)/FAÔv

/Ôv
(AÔv

(Ôv)) = A
(p)
Kv

(Kv)/FAKv/Kv
(AKv(Kv))

By corollary 1.27, we have the following commutative diagram:

A(p)

Ôv
(Ôv)/FAÔv

/Ôv
(AÔv

(Ôv)) // H1
fppf(Ôv, kerFAÔv

/Ôv
)

λ3

��
A

(p)
Kv

(Kv)/FAKv/Kv
(AKv(Kv))

δv // H1
fppf(Kv, kerFAKv/Kv

)

so in this case Im δv ⊂ Imλ3. In particular, λ4(T ) ∈ Imλ3 so s = γ3(λ4(T )) ∈ Imµ3. Thus, we only
need to deal with the bad points v ∈ E and we can assume l ≥ 1.

The following lemma shows that the short exact sequence of formal schemes induces an exact sequence
of finite commutative group schemes over Ôv whose middle term is kerFAÔv

/Ôv
, so we can investigate

the bottom plane with it. (to be continued)

Lemma 3.2. There exists a short exact sequence of finite commutative group schemes:

0 → µ⊕l
p,Ôv

→ kerFAÔv
/Ôv

q→ kerFB/Ôv
→ 0 (3.4)

Proof. We first show the construction process of this sequence. Recall the construction of Raynaud
sequence from the fact that AÔv

is a semi-abelian scheme over Spec Ôv. Let W := Spec(Ôv/t
mÔv)

where m ≥ 1. The above exact sequence of formal schemes over Ôv is equivalent to an inverse system
of exact sequences in both senses of remark 1.15:

0 → GW → AW
qm→ BW → 0

So GW = ker qm and qm is faithfully flat and locally of finite presentation.

Now, we pull back the sequence w.r.t. W FW→ W , we have an exact sequence

0 → G
(p)
W → A(p)

W

q
(p)
m→ B(p)

W → 0

Next, we connect the two exact sequences by relative Frobenius morphisms which are universal
homeomorphisms and integral by [5, tag 0CCB]. Hence we have the following commutative diagram.

0 GW AW BW 0

0 G
(p)
W A(p)

W B(p)
W 0

FGW/W

qm

FAW/W FBW/W

q
(p)
m
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Naturally, we consider the kernel of the relative Frobenius morphisms. In this case, the kernels of
homomorphisms between group schemes and the kernels of fppf sheaves agrees (the group kernel
clearly represents the sheaf kernel). So we have

kerFGW /W kerFAW /W kerFBW /W

0 GW AW BW 0

0 G
(p)
W A(p)

W B(p)
W 0

q̃m

FGW/W

qm

FAW/W FBW/W

By applying the snake lemma to the abelian category of fppf sheaves, we have the following commutative
diagram

0 kerFGW /W kerFAW /W kerFBW /W

0 GW AW BW 0

0 G
(p)
W A(p)

W B(p)
W 0

CokerFGW /W = 0

q̃m

δ

FGW/W

qm

FAW/W FBW/W

As an fppf sheaf, CokerFGW /W = 0, see [12, II, 2.18 (b)]. We have an exact sequence of fppf sheaves:

0 → kerFGW /W → kerFAW /W
q̃m→ kerFBW /W → 0 (3.5)

Because kerFGW /W = µ⊕lp,W is flat and locally of finite presented over W by corollary 1.26 (Gm is
smooth), this is an exact sequence in both senses of exactness by remark 1.15, in particular q̃m is
faithfully flat.

As GW ,AW ,BW are all smooth over W , thereby locally of finite type over W , then FGW /W , FAW /W

and FBW /W are finite by [5, tag 0CCD] and faithfully flat by lemma 1.25. Then by base change
via unit section, (3.5) is an exact sequence of finite flat commutative group schemes over W (as W
is Noetherian, they are also finite locally free, see [5, tag 02KB]). With different m, they form an
inverse system of sequences (i.e. a sequence of formal schemes over Ôv). By [25, 8.4.6] applied with
X = Y = Ôv, we have an equivalence from the category of finite Ôv-schemes to the category of finite
Ôv-formal schemes. Thus from (3.5) we obtain a sequence of finite Ôv-schemes which must be

0 → kerFG/Ôv
= µ⊕l

p,Ôv
→ kerFAÔv

/Ôv

q→ kerFB/Ôv
→ 0 (3.6)

Now we want to prove this is an exact sequence of commutative group schemes in both senses of
exactness. Recall the first one is µ⊕l

p,Ôv
= ker q and q is faithfully flat and locally of finite presented,

and the second one is being exact as fppf sheaves. Since µ⊕l
p,Ôv

is already flat and locally of finite
presented, those two definitions already agree.

First of all, from the equivalence of categories, the sub-categories of group objects are equivalent, and
their kernel agree. Hence µ⊕l

p,Ôv
= ker q and the corresponding morphism is an immersion of kernel.

By lemma 1.28, kerFB/Ôv
are of height 1. So the absolute Frobenius morphism of kerFB/Ôv

factors
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through the unit section Spec Ôv → kerFB/Ôv
of kerFB/Ôv

, hence the unit section of kerFB/Ôv
is

surjective. As q is a group homomorphism, the unit section of kerFB/Ôv
factors through q, so q is

surjective. Now we are left to show that q is flat.

The plan is to use the flatness criterion in [5, tag 0523]. To use the lemma’s notation, denote
R = S = O(kerFB/Ôv

), M = O(kerFAÔv
/Ôv

), and I = tR. So if we can show that R is Noetherian, S

is a local ring, IS = tS is contained in its maximal ideal and M is finite over S, then M
InM is flat over

R
In for all n ≥ 1 implies that M is flat over R.

It’s easy to see R is Noetherian as R is finite over Ôv. We know the unit section Spec Ôv → kerFB/Ôv

is both injective and surjective, hence bijective. Hence R = S has only two prime ideals. The finite
ring map Ôv → S is integral, so by the going up property of integral ring maps (see [5, tag 00GU]), we
know one of the prime ideals of S contains the other one. So S is a local ring and its unique maximal
ideal lies over tÔv, in particular tS is contained in S’s maximal ideal. The fact M is finite over S
follows from [5, tag 035D]. Hence we have M is flat over R.

We have shown that µ⊕l
p,Ôv

→ kerFAÔv
/Ôv

is an isomorphism onto ker q and q is faithfully flat and
locally of finite presentation. Thus it is an exact sequence of finite commutative group schemes over
Ôv.

continued proof of theorem 3.1. By remark 1.15, we know

0 → µ⊕l
p,Ôv

→ kerFAÔv
/Ôv

q→ kerFB/Ôv
→ 0

is also an exact sequence of fppf -sheaves, so it induces a sequence of cohomology groups. Combined
with the second exact sequence functorially (see lemma 2.8), we have a commutative diagram whose
middle plane is the bottom plane of diagram 3.1.

H1(Kv, µ
⊕l
p,Kv

) F ∗Kv
ω∨
µ⊕l
p,Kv

/Kv
⊗Kv Ω

1
Kv/k0

H1(Ôv, µ
⊕l
p,Ôv

) F ∗Ôv
ω∨
µ⊕l

p,Ôv
/Ôv

⊗Ôv
Ω1
Ôv/k0

H1(Kv, kerFAKv/Kv
) F ∗Kv

ω∨kerFAKv
/Kv/Kv

⊗Kv Ω
1
Kv/k0

H1(Ôv, kerFAÔv
/Ôv

) F ∗Ôv
ω∨
kerFAÔv

/Ôv
/Ôv

⊗Ôv
Ω1
Ôv/k0

H1(Kv, kerFBKv/Kv
) F ∗Kv

ω∨kerFBKv
/Kv/Kv

⊗Kv Ω
1
Kv/k0

H1(Ôv, kerFB/Ôv
) F ∗Ôv

ω∨
kerFB/Ôv

/Ôv
⊗Ôv

Ω1
Ôv/k0

e1,Kv

ϕKv

ϕ∗Kv

e1

a1 b1

e2,Kv=γ3

ψKv

ψ∗
Kv

e2=γ4

a2=λ3

ϕ

b2=µ3

ϕ∗

e3,Kv

e3

a3

ψ

b3

ψ∗

(3.7)

The right plane looks scary but it’s just a bunch of Ôm
v ’s and Kn

v ’s. We will soon simplify it. Let’s
assume there exists j, n,m ∈ N s.t.
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F ∗Ôv
ω∨
µ⊕l

p,Ôv
/Ôv

⊗Ôv
Ω1
Ôv/k0

∼= Ôj
v

F ∗Ôv
ω∨
kerFAÔv

/Ôv
/Ôv

⊗Ôv
Ω1
Ôv/k0

∼= Ôn
v

F ∗Ôv
ω∨
kerFB/Ôv

/Ôv
⊗Ôv

Ω1
Ôv/k0

∼= Ôm
v

Hence the above diagram simplifies to the following diagram.

H1(Kv, µ
⊕l
p,Kv

) Kj
v

H1(Ôv, µ
⊕l
p,Ôv

) Ôj
v

H1(Kv, kerFAKv/Kv
) Kn

v

H1(Ôv, kerFAÔv
/Ôv

) Ôn
v

H1(Kv, kerFBKv/Kv
) Km

v

H1(Ôv, kerFB/Ôv
) Ôm

v

e1,Kv

ϕKv

ϕ∗Kv

e1

a1 b1

e2,Kv=γ3

ψKv

ψ∗
Kv

e2=γ4

a2=λ3

ϕ

b2=µ3

ϕ∗

e3,Kv

e3

a3

ψ

b3

ψ∗

(3.8)

Recall our goal is to show that t · γ3(λ4(T )) ∈ Imµ3, or with the new name, t · e2,Kv(λ4(T )) ∈ Im b2.

At this step, a few groups can already be calculated explicitly. Note Ov and Ôv have the same residue
field by [5, tag 05GG]. And this is a finite extension of k0 since v is a closed point (note that we are
actually using Rp whose residue field is a finite extension of the residue field of Ov). So κ(v) is finite
thus perfect. By [26, Chap. 2, §4, Thm. 2], if we write L = κ(v), then we can identify Ôv

∼= L[[t]] and
Kv

∼= L((t)).

Lemma 3.3. We have that

H1(Kv, µp) ∼=
L((t))×

(L((t))×)p
, H1(Ôv, µp) ∼=

L[[t]]×

(L[[t]]×)p

and

H1(Kv, µ
⊕l
p ) ∼=

(
L((t))×

(L((t))×)p

)⊕l
, H1(Ôv, µ

⊕l
p ) ∼=

(
L[[t]]×

(L[[t]]×)p

)⊕l
.

Proof. Consider the long exact sequence of fppf cohomology associated to the exact sequence of fppf
sheaves

0 → µp → Gm
p→ Gm → 0.
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To evaluate H1(Ôv, µp) and H1(Kv, µp), we need to know H1(Ôv,Gm) ∼= Pic(Ôv) and H1(Kv,Gm) ∼=
Pic(Kv) first. We know Ôv is a DVR (discrete valuation ring) and so a UFD (unique factorization
domain), and Kv is a field so it is a UFD too. Thus both of their Picard groups are zero by [5, tag
0BCH].

So we have a commutative diagram of abelian groups where the rows are exact.

1 // H0(Kv, µp)
� � H0(Kv,Gm)

t7→tp // H0(Kv,Gm) // H1(Kv, µp) // 1

1 //

OO

H0(Ôv, µp)
� �

?�

H0(Ôv,Gm)
t7→tp //

?�

H0(Ôv,Gm) //
?�

H1(Ôv, µp) //
?�

1

OO

Hence the above diagram is just:

1 // kerFK×
v

� � L((t))×
F
K×

v // L((t))× // L((t))×

(L((t))×)p
// 1

1 //

OO

kerFÔ×
v

� �?�

L[[t]]×
FÔ×

v //
?�

L[[t]]× //
?� L[[t]]×

(L[[t]]×)p
//

?�

1

OO

In particular, we have

H1(Kv, µp) ∼=
L((t))×

(L((t))×)p
, H1(Ôv, µp) ∼=

L[[t]]×

(L[[t]]×)p

The rest of the statement follows from a similar argument.

Lemma 3.4. Let X = SpecA be an affine scheme of characteristic p. Then

ωµp,X/X
∼= OX

as an OX-module, hence ω∨µp,X/X
∼= OX . Also ω∨

µ⊕l
p,X/X

∼= O⊕lX .

Proof. Clearly we have µp,X = Spec A[x]
(xp−1) . Let e : X → µp,X be the unit section, which is represented

by A[x]
(xp−1)

x 7→1→ A. By definition, ωµp,X/X = e∗Ω1
µp,X/X

. Because everything is affine and every concerned
module is quasi-coherent, we may view it as a module over a ring, instead of an OX -module.

First, Ω1
µp,X/X

= Ω1
A[x]

(xp−1)
/A

= A[x]
(xp−1)dx

∼= A[x]
(xp−1) as an A[x]

(xp−1) -module (basically because of characteris-

tic p). Then e∗Ω1
µp,X/X

is just A[x]
(xp−1)dx⊗ A[x]

(xp−1)

A where A is an A[x]
(xp−1) -module via x 7→ 1, which is

just A. Hence ωµp,X/X ∼= OX as an OX -module.

If M and N are two commutative group schemes over X, we have

ωM×N/X = e∗M×NΩ
1
M×N/X

= e∗M×N (pr
∗
MΩ1

M/X ⊕ pr∗NΩ
1
N/X)

= e∗MΩ1
M/X ⊕ e∗NΩ

1
N/X

= ωM/X ⊕ ωN/X

Then ω∨M×N/X = HomOX
(ωM×N/X ,OX) = HomOX

(ωM/X ⊕ ωN/X ,OX). Use [5, tag 03EN] and the
fact that finite products agree with finite coproducts in the abelian category of OX -modules, we have
HomOX

(ωM/X ⊕ωN/X ,OX) ∼= HomOX
(ωM/X ,OX)⊕HomOX

(ωN/X ,OX) ∼= ω∨M/X ⊕ω∨N/X . It follows
that ω∨

µ⊕l
p,X/X

∼= (ω⊕lµp,X/X)
∨ ∼= O⊕lX .
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Thus we have
ω∨
µp,Ôv

/Ôv

∼= OÔv
, ω∨µp,Kv/Kv

∼= OKv .

The following lemma states that the fact which we want to show in the middle plane, is already true
in the top plane.

Lemma 3.5. We have that t · Im e1,Kv ⊂ Im b1.

Proof. We focus on the top plane of diagram 3.8. Since e1 and e1,Kv are functorial, both of them
decompose into a direct sum of l pieces of maps. For example, e1 : H1(Ôv, µ

⊕l
p ) → F ∗Ôv

ω∨
µ⊕l

p,Ôv
/Ôv

⊗Ôv

Ω1
Ôv/k0

∼= (F ∗Ôv
ω∨
µp,Ôv

/Ôv
⊗Ôv

Ω1
Ôv/k0

)⊕l equals the direct sum of l copies of

e1 : H1(Ôv, µp) → F ∗Ôv
ω∨
µp,Ôv

/Ôv
⊗Ôv

Ω1
Ôv/k0

.

Explicitly, we apply the second exact sequence functorially with µ⊕lp
pri→ µp, so we have the following

commutative diagram

H1(Ôv, µ
⊕l
p ) //

≀
��

F ∗Ôv
ω∨
µ⊕l

p,Ôv
/Ôv

⊗Ôv
Ω1
Ôv/k0

≀
��⊕l

i=1 H1(Ôv, µp) //
⊕l

i=1 F
∗
Ôv
ω∨
µp,Ôv

/Ôv
⊗Ôv

Ω1
Ôv/k0

where the left vertical arrow is an isomorphism because cohomology commutes with limits and colimits.

It suffices to show t · Im e1,Kv ⊂ Im b1 on each component so we can safely assume l = 1.

Note that we already show that H1(Ôv, µp) ∼= L[[t]]×

(L[[t]]×)p
and F ∗Ôv

ω∨
µp,Ôv

/Ôv
⊗Ôv

Ω1
Ôv/k0

∼= OÔv
⊗Ôv

Ω1
Ôv/k0

∼= Ω1
Ôv/k0

∼= Ω1
L[[t]]/k0

.

We claim that e1 :
L[[t]]×

(L[[t]]×)p
→ Ω1

L[[t]]/k0
can be represented by the map a d ln7→ da

a . This is clearly well
defined since dabp

abp = bpda
abp = da

a .

We follow the second description of the second exact sequence. An element a in H1(Ôv, µp) can
be represented by the µp-torsor Pa = Spec L[[t]][x](xp−a) over X := Spec Ôv. The action of µp on Pa is

obvious. Define X ′ = X
FX→ X. So F ∗XPa is a torsor over X ′ which must be uniquely trivialized,

by X ′
φa→ Pa,

L[[t]][x]
(xp−a) → L[[t]], cx 7→ cpa. It gives rise to two maps X ′ ×X X ′ = X ′′ → Pa, namely

φa ◦ p1, x 7→ a⊗ 1 and φa ◦ p2, x 7→ 1⊗ a. As Pa(X ′′) is a µp(X ′′)-torsor, there exists a unique map
ha : X

′′ → µp,X s.t. ha · (φa ◦ p1) = φa ◦ p2, we can see that it’s determined by x 7→ a−1 ⊗ a.

Using the anti-equivalence between schemes affine over X and quasi-coherent OX -algebras, ha defines
a map of quasi-coherent OX -algebras OX [x]

(xp−1) → FX,∗OX′ ⊗OX
FX,∗OX′ which is determined by

x 7→ a−1 ⊗ a. Let I be the augmentation ideal (x − 1) of OX [x]
(xp−1) and N be the nilradical ideal of

FX,∗OX′ ⊗OX
FX,∗OX′ . We have

I
I2

// N
N2

y⊗z 7→ydz

ωµp,X/X
// FX,∗Ω

1
X′/k0
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So ha induces a map of quasi-coherent OX -modules ωµp,X/X → FX,∗Ω
1
X′/k0

. And ωµp,X/X is isomorphic
to OX · (x − 1) so the map is determined by the image of x − 1 which is a−1da = da

a . Thus the
corresponding map F ∗Xωµp,X/X → Ω1

X′/k0
is also determined by da

a .

Similarly the map e1,Kv : H1(Kv, µp) → F ∗Kv
ω∨µp,Kv/Kv

⊗Kv Ω
1
Kv/k0

can be identified with L((t))×

(L((t))×)p
→

Ω1
L((t))/k0

, a 7→ da
a .

Thus the top plane of the diagram (3.8) is as following, assuming l = 1:

L((t))×

(L((t))×)p
Ω1
L((t))/k0

L[[t]]×

(L[[t]]×)p
Ω1
L[[t]]/k0

e1,Kv=d ln

a1

e1=d ln

b1

Since every formal power series in L[[t]] with a non-zero constant term is a unit, a general non-zero
element in L((t)) is of the form tmf where m is an integer and f ∈ L[[t]]×. Hence a general element
in L((t))×

(L((t))×)p
is of the form tmf where 0 ≤ m ≤ p− 1 is an integer and f ∈ L[[t]]×. So

d ln(tmf) =
d(tmf)

tmf
=
mtm−1f + tmdf

tmf
=
m

t
+
df

f

Hence
t · d ln(tmf) = m+ t

df

f
= m+ t · d ln f ∈ Im b1

The result follows.

Lemma 3.6. ψ : H1(Ôv, kerFAÔv
/Ôv

) → H1(Ôv, kerFB/Ôv
) is surjective.

Proof. We only need to show that H2(Ôv, µp) = 0. Consider the long exact sequence of fppf cohomology
associated to the exact sequence of fppf sheaves

0 → µp → Gm → Gm → 0

It suffices to show that H1(Ôv,Gm) = 0 = H2(Ôv,Gm). The first one is just Pic(Ôv), which must be 0
since Ôv is a DVR so UFD, see [5, tag 0BCH]. Since Gm,Ôv

is a smooth quasi-projective commutative
group scheme over Ôv (smoothness by direct calculation, affine morphism ⇒ quasi-affine morphism
⇒ quasi-projective morphism given finite type, see [5, tag 0B3H]), by [12, III, 3.9], we can identify
H2(Ôv,Gm,Ôv

) as an étale cohomology group, hence it is the cohomological Brauer group over Ôv,
see [12, IV, §1, p. 136].

Since Ôv is a local ring of dimension 1, it is isomorphic to the Brauer group Br(Ôv) by [12, IV, 2.17].
Since Ôv is a complete local ring thus Henselian, Br(Ôv) is isomorphic to the Brauer group of the
residue field Br(κ(v)) by [12, IV, 2.13].

As the residue field κ(v) is finite over k0, κ(v) is also finite as a set. Then, by [12, IV, 2.20 (a)], we
have Br(κ(v)) = 05, which implies the desired result.

The next lemma is the essential ingredient of this paper. To prove it we need to deeply investigate the
Raynaud exact sequence in the setting of rigid analytic space. With the following lemma the assertion
3.2 is just a simple diagram chase.

5This is where we essentially use the fact k0 is finite. If k0 is just perfect, the group Br(κ(v)) could be non-zero.
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Lemma 3.7. ψKv(λ4(T )) ⊂ Im a3

Proof. By definition λ4(T ) comes from A
(p)
Kv

(Kv). It suffices to show ψKv(λ4(T )) comes from
B(p)
Kv

(Kv) = B(p)(Ôv) so it lies in Im a3.

H1(Ôv, kerFAÔv
/Ôv

)
a2=λ3 //

ψ

��

H1(Kv, kerFAKv/Kv
)

ψKv

��
H1(Ôv, kerFBÔv

/Ôv
)

a3 // H1(Kv, kerFBKv/Kv
)

Now it suffices find a map of sets A(p)
Kv

(Kv) → B(p)
Kv

(Kv) that is compatible with H1(Kv, kerFAKv/Kv
) →

H1(Kv, kerFBKv/Kv
). This is where we introduce the method of rigid-analytic space. A brief introduc-

tion and related results are introduced in Appendix B.

Before we apply the results in the Appendix, we need to verify some preliminary conditions: Ôv is a
complete valuation ring of height 1 and FÔv

is a finite map. We know that Ôv
∼= L[[t]] where L is a

finite field, is clearly a complete valuation ring of height 1. And FÔv
is generated by {ti : 0 ≤ i ≤ p−1}

so FÔv
is finitely generated. It follows that Kv is a complete field with a non-trivial non-Archimedean

absolute value and FKv is finite.

Our first objective is to convert the maps A
(p)
Kv

(Kv) → H1(Kv, kerFAKv/Kv
) and B(p)

Kv
(Kv) →

H1(Kv, kerFBKv/Kv
) to maps in the rigid analytic setting so we can apply rigid analytic methods.

By lemma B.2 and lemma B.14, we know

A
(p)
Kv

(Kv) = (A
(p)
Kv

)an(Kv) = (Aan
Kv

)(p)(Kv)

B(p)
Kv

(Kv) = (B(p)
Kv

)an(Kv) = (Ban
Kv

)(p)(Kv)

FAan
Kv

/Kv
= (FAKv/Kv

)an

FBanKv
/Kv

= (FBKv/Kv
)an

As analytification preserves commutative group objects, Aan
Kv
, (Aan

Kv
)(p), Ban

Kv
, (Ban

Kv
)(p) are all com-

mutative rigid Kv-groups. And FAan
Kv

/K and FBanKv
/Kv

are group homomorphisms by lemma B.13.
By [5, tag 0CCB] and [5, tag 0CCD], FAKv/Kv

and FBKv/Kv
are surjective and finite, hence their

analytifications are surjective and finite by [27, 5.2.1 (2)]. It follows that both kerFAKv/Kv
and

kerFBKv/Kv
are finite over Kv, and so are their analytifications.

We have

(kerFAKv/Kv
)an ∼= ker(FAKv/Kv

)an as (·)an commutes with fiber products
∼= kerFAan

Kv
/Kv

and similarly (kerFBKv/Kv
)an ∼= kerFBanKv

/Kv
. By lemma B.6, we have

H1(Kv, kerFAKv/Kv
) ∼= PHS(kerFAKv/Kv

)an ∼= PHS(kerFAan
Kv

/Kv
)

H1(Kv, kerFBKv/Kv
) ∼= PHS(kerFBKv/Kv

)an ∼= PHS(kerFBanKv
/Kv

)

Now we apply proposition B.8: as FAan
Kv

/Kv
(resp. FBanKv

/Kv
) is a group homomorphism which is

surjective on the level of topological space, there exists a group homomorphism (Aan
Kv

)(p)(Kv) →
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PHS(kerFAan
Kv

/Kv
) (resp. (Ban

Kv
)(p)(Kv) → PHS(kerFBanKv

/Kv
) ), which by construction is compatible

with A(p)
Kv

(Kv) → H1(Kv, kerFAKv/Kv
) (resp. B(p)

Kv
(Kv) → H1(Kv, kerFBKv/Kv

) ). And the homomor-
phism H1(Kv, kerFAKv/Kv

) → H1(Kv, kerFBKv/Kv
) induces a homomorphism PHS(kerFAan

Kv
/Kv

) →

PHS(kerFBanKv
/Kv

) which is determined by kerFAan
Kv

/Kv
∼= (kerFAKv/Kv

)an
qanKv→ (kerFBKv/Kv

)an ∼=
kerFBanKv

/Kv
where q : kerFAÔv

/Ôv
→ kerFB/Ôv

is introduced in 3.4.

Now we have a diagram

(Aan
Kv

)(p)(Kv)

ΨA

��

(Ban
Kv

)(p)(Kv)

ΨB
��

PHS(kerFAan
Kv

/Kv
)

s // PHS(kerFBanKv
/Kv

)

and the problem is reduced to showing that Im(s◦ΨA) ⊂ ImΨB, or finding a map of sets (Aan
Kv

)(p)(Kv) →
(Ban

Kv
)(p)(Kv) making the diagram commutes.

By the uniformization theorem [7, 1.1 & 1.2], there exists an extension

0 → G⊕lm,Kv
→ E

ρ→ BKv → 0

in the category of commutative group schemes that are of finite type over Kv, and a commutative
diagram of abelian rigid Kv-groups where each arrow is a group homomorphism

Ean

σ

����

ρan // Ban
Kv

= B̂rig

Aan
Kv

(ÂÔv
)rig_?iA

oo

φ̂rig

OO

R2

j

cc

where M is a lattice of Ean s.t. Aan
Kv

∼= Ean

M via σ, σ is thus surjective, iA : (ÂÔv
)rig ↪→ Aan

Kv
is an open

immersion constructed as in subsection B.5 (note that it is a group homomorphism by the same proof
in lemma B.25), and j is also an open immersion and a group homomorphism. The above diagram
induces the following commutative diagram, see lemma B.12 and lemma B.13:

Ean

FEan/Kv

��

yyyy

// Ban
Kv

FBan
Kv

/Kv

��

Aan
Kv

FAan
Kv

/Kv

��

(ÂÔv
)rig

F
(ÂÔv

)rig/Kv

��

_?
oo

88

S3

ff

(Ean)(p)

yyyy

// (Ban
Kv

)(p)

(Aan
Kv

)(p) ((ÂÔv
)rig)(p)_?

oo

88

S3

ff

In order to apply corollary B.9 on above diagram, we need to show every vertical arrow is surjective
with finite kernel. We have dealt with FAan

Kv
/Kv

and FBanKv
/Kv

, the same argument can be applied
to FEan/Kv

. Using lemma B.25, we know the induced map kerF(ÂÔv
)rig/Kv

→ kerFAan
Kv

/Kv
is an

60



isomorphism so kerF(ÂÔv
)rig/Kv

is finite. So it’s left to show F(ÂÔv
)rig/Kv

is surjective (it is very likely
that every relative Frobenius morphism of rigid Kv-space is a universally homeomorphism just like
the scheme case). Recall that F(ÂÔv

)rig is an identity map on the underlying topological space, so it

is equivalent to show ((ÂÔv
)rig)(p) → (ÂÔv

)rig is injective. By embedding into (Aan
Kv

)(p) → Aan
Kv

, it
suffices to show (Aan

Kv
)(p) → Aan

Kv
is injective, which is equivalent to the surjection of FAan

Kv
/Kv

which is
already proved. So we are safe to apply corollary B.9, and we have:

(Ean)(p)(Kv)

vv

��

// (Ban
Kv

)(p)(Kv)

��

(Aan
Kv

)(p)(Kv)

��

((ÂÔv
)rig)(p)(Kv)

jj

��

55

oo

PHS(kerFEan/Kv
)

vv

// PHS(kerFBanKv
/Kv

)

PHS(kerFAan
Kv

/Kv
) PHS(kerF(ÂÔv

)rig/Kv
)

ii 55

Next we show that the open immersion of rigid groups j : (ÂÔv
)rig ↪→ Ean leads to an isomorphism

kerFEan/Kv
∼= kerF(ÂÔv

)rig/Kv
. This is completely general, let j : U ↪→ X be an open immersion

of rigid Kv-groups (in the sense that j is also a group homomorphism). Considering the following
commutative diagram,

Z f

��

""

U
j //

FU

��

X

FX

��
U

j // X

we can see that f(Z) ⊂ U so there exists a unique morphism Z → U making the diagram commute.
Therefore the square is Cartesian, hence all the three squares below are Cartesian since the lower one
is automatically Cartesian.

U
j //

FU/Kv��

X

FX/Kv��
U (p) j(p) //

��

X(p)

��
U

j // X
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Now we consider the commutative cube:

kerFU/Kv

yy

��

// kerFX/Kv

yy

��

SpKv

e
U(p)

��

SpKv

e
X(p)

��

U

FU/Kvxx

j // X

FX/Kvxx
U (p) j(p) // X(p)

We know that the bottom, left and right squares are Cartesian. The front square is also Cartesian
because j(p) : U (p) → X(p) is an open immersion (base change preserves open immersions, and for any
open immersion U → X and any morphism Z → U , we have Z ×X U ∼= Z ×U U ∼= Z). Therefore
all the 6 faces of the cube are Cartesian, in particular, the top square is Cartesian and we have
kerFU/Kv

∼= kerFX/Kv
.

We know kerF(ÂÔv
)rig/Kv

→ kerFBanKv
/Kv

is induced by q̂ : (kerFAÔv
/Ôv

)ˆ → (kerFB/Ôv
)ˆ, so

the map PHS(kerF(ÂÔv
)rig/Kv

) → PHS(kerFBanKv
/Kv

) is compatible with H1(Kv, kerFAKv/Kv
) →

H1(Kv, kerFBKv/Kv
). Using that kerFEan/Kv

∼= kerF(ÂÔv
)rig/Kv

∼= kerFAan
Kv

/Kv
, we have the following

commutative diagram:

(Ean)(p)(Kv)

uu

��

// (Ban
Kv

)(p)(Kv)

��

(Aan
Kv

)(p)(Kv)

��

((ÂÔv
)rig)(p)(Kv)

jj

��

55

oo

PHS(kerFEan/Kv
)

∼=
uu

// PHS(kerFBanKv
/Kv

)

PHS(kerFAan
Kv

/Kv
) PHS(kerF(ÂÔv

)rig/Kv
)

∼=

jj 55

We know σ : Ean → Aan
Kv

is a quotient map, so Ean and Aan
Kv

are locally the same, hence the
induced map of Kv-rational points is surjective. And base change doesn’t change that property.
Hence we have a surjection (Ean)(p)(Kv) → (Aan

Kv
)(p)(Kv). And any element in (Aan

Kv
)(p)(Kv) can be

lifted to an element in (Ean)(p)(Kv), and we can map it into (Ban
Kv

)(p)(Kv). This is the map of sets
(Aan

Kv
)(p)(Kv) → (Ban

Kv
)(p)(Kv) we want to construct. With a simple diagram chase, we can see that it

is compatible with PHS(kerFAan
Kv

/Kv
) → PHS(kerFBanKv

/Kv
). The result follows.
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Proof of assertion ( 3.2). For convenience, we include diagram 3.8 again:

H1(Kv, µ
⊕l
p,Kv

) Kj
v

H1(Ôv, µ
⊕l
p,Ôv

) Ôj
v

H1(Kv, kerFAKv/Kv
) Kn

v

H1(Ôv, kerFAÔv
/Ôv

) Ôn
v

H1(Kv, kerFBKv/Kv
) Km

v

H1(Ôv, kerFB/Ôv
) Ôm

v

e1,Kv

ϕKv

ϕ∗Kv

e1

a1 b1

e2,Kv=γ3

ψKv

ψ∗
Kv

e2=γ4

a2=λ3

ϕ

b2=µ3

ϕ∗

e3,Kv

e3

a3

ψ

b3

ψ∗

(3.9)

Since ψ is surjective and ψKv(λ4(T )) ∈ Im a3, there exists T ′ ∈ H1(Ôv, kerFAÔv
/Ôv

) s.t.

a3 ◦ ψ(T ′) = ψKv(a2(T
′)) = ψKv(λ4(T ))

Let ε := a2(T
′)− λ4(T ), then ψKv(ε) = 0. By exactness of the column

H1(Kv, µ
⊕l
p,Kv

)
ϕKv−→ H1(Kv, kerFAKv/Kv

)
ψKv−→ H1(Kv, kerFBKv/Kv

),

there exists ε0 ∈ H1(Kv, µ
⊕l
p,Kv

) s.t. ϕKv(ε0) = ε. By lemma 3.5, there exists θ ∈ Ôj
v s.t. t · e1,Kv(ε0) =

b1(θ) so

t · γ3(λ4(T )) = t · e2,Kv(λ4(T ))

= t · e2,Kv(a2(T
′)− ε)

= t · e2,Kv(a2(T
′))− t · e2,Kv(ε)

= t · b2(e2(T ′))− t · e2,Kv(ϕKv(ε0))

= t · b2(e2(T ′))− t · ϕ∗Kv
(e1,Kv(ε0))

= t · b2(e2(T ′))− ϕ∗Kv
(t · e1,Kv(ε0))

= t · b2(e2(T ′))− ϕ∗Kv
(b1(θ))

= t · b2(e2(T ′))− b2(ϕ
∗(θ))

∈ Im b2

This completes the proof of assertion (3.2) so we know ϕ is a well-defined injection. Now it remains to
show the functoriality of ϕ with respect to morphisms of semi-abelian schemes over C, it follows from
the functoriality of the second exact sequence (see corollary 2.12) and the fact ϕ embeds in the second
exact sequence. Now we complete the proof of Prop 3.1.
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Corollary 3.8. The group A(p)(K)
FA/K(A(K)) is finite.

Proof. Let F = F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k0

(E), then HomC(ωkerFA/C/C , FC,∗(Ω
1
C/k0

(E))) = F(C). We
have shown that F is a finite locally free sheaf over C. Plus that C is proper over k0, by [5, tag 02O5],
F(C) is a finite k0-module, hence a finite abelian group since k0 is finite. With our theorem, it follows
that Sel(FA/K)(A/K) and its subgroup A(p)(K)

FA/K(A(K)) are both finite.
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4. Example

4.1. Construction of A/C

Let k be a finite field of characteristic p ̸= 2, 3. Let P1
k = Proj k[s, t] be the projective line. We want

to construct an elliptic surface over P1
k with semistable reduction at each fiber. The idea is to use

glueing technique.

Let
A(T ) = anT

n + · · ·+ a0

B(T ) = bmT
m + · · ·+ b0

be polynomials over k s.t. −16(4A(T )3 + 27B(T )2) ̸= 0. Then

y2z = x3 +A(
t

s
)xz2 +B(

t

s
)z3

defines a closed subset Es of P2
k ×k D+(s), where D+(s) ∼= Spec k[ ts ]

Let
α(S) = an + · · ·+ a0S

n = SnA(
1

S
)

β(S) = bm + · · ·+ b0S
m = SmB(

1

S
)

Suppose that n = 4d,m = 6d for some integer d ≥ 1.

Over D+(t), let Et be the closed subset of P2
k ×k D+(t) defined by

Y 2Z = X3 + α(
s

t
)XZ2 + β(

s

t
)Z3.

By construction we have that Es and Et agree over D+(s)∩D+(t) (via Y = ( st )
3dy,X = ( st )

2dx, Z = z),
so we can glue them to obtain E over P1

k.

Since P1
k = D+(s) ∪ {[0 : 1]}, the fibers of E are just the fibers over D+(s) and the fiber over [0 : 1].

Now we want to find suitable conditions for A(T ), B(T ) s.t. all fibers are semistable reduction.

Let p ∈ D+(s), then Ep over κ(p) is a good reduction if and only if ∆κ(p) = −16(4A( ts)
3+27B( ts)

2) ̸= 0;
it is a multiplicative reduction if and only if ∆κ(p) = 0 and −2A( ts)B( ts) ̸= 0 in κ(p), in this case its

singular point is [−3B( t
s
)

2A( t
s
)
, 0, 1] ∈ P2(κ(p)) and if we remove this singular point, this fiber is isomorphic

to a multiplicative group scheme Gm after we pass to a finite field extension of κ(p), so this fiber is a
torus, see [28, pg.57-60].

Claim 4.1. The condition ∆ = −16(4A( ts)
3 + 27B( ts)

2) = 0 defines a non-empty proper closed subset
Z in D+(s) ∼= A1

k = Spec k[ ts ].

Proof. Let F (x) = 4A(x)3 + 27B(x)2 ∈ k[x]. Since F ≠ 0 by assumption, D(F ) ̸= ∅ and thus
V (F ) ⊊ Spec k[x]. To show V (F ) ̸= ∅, it suffices to show that ∀c ∈ k∗ = k[x]∗, F (x) ̸≡ c. Assume
for a contradiction that ∃c ∈ k∗, F (x) = 4A(x)3 + 27B(x)2 = c. Denote p = Char k. Note that by
assumption A(x) and B(x) are non-constant polynomials, then there exists α, β ≥ 0 and non-constant
polynomials a(x), b(x) ∈ k[x] s.t.

A(x) = a(xp
α
), B(x) = b(xp

β
)
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with a′(x) ̸= 0 and b′(x) ̸= 0.

Assume α ≤ β. Let t = xp
α , denote B0(t) := b(tp

β−α
) = B(x). We have 4a(t)3 + 27b0(t)

2 = c. So
gcd(a(t)3, b0(t)

2) = 1 = gcd(a(t), b0(t)). Take the derivative, we have 12a(t)2a′(t) + 54b0(t)b
′
0(t) = 0

(the fact Chark ̸= 2, 3 is used here). Thus b0(t)|a′(t) and a(t)|b′0(t). Since a′(t) ̸= 0, we have
54b0(t)b

′
0(t) = −12a(t)2a′(t) ̸= 0 so b′0(t) ̸= 0.

So deg b0 ≤ deg a′ < deg a ≤ deg b′0 < deg b0, contradiction. The case α > β is similar.

Every proper closed subset of A1
k must be Noetherian of dimension 0, so must be a finite set

of closed points of A1
k, whose residue field is a finite extension of k. Over locally finite type k-

scheme, closed points exactly correspond to points with residue field that is a finite extension of k.
Hence Z is also closed in P1

k. So the fibers of E over D+(s) are semistable reduction if and only
if V (4A( ts)

3 + 27B( ts)
2) ⊂ D(A( ts)B( ts)), or equivalently V (4A( ts)

3 + 27B( ts)
2) ∩ V (A( ts)B( ts)) =

V ((4A( ts)
3 + 27B( ts)

2, A( ts)B( ts))) = ∅, or equivalently 4A( ts)
3 + 27B( ts)

2 and A( ts)B( ts) are coprime
in k[ ts ], or equivalently A( ts) and B( ts) are coprime in k[ ts ].

So we can suppose that A(T ) and B(T ) are coprime over k.

Similarly the fiber E[0:1] is a semistable reduction if and only if either 4a3n+27b2m ̸= 0 or {4a3n+27b2m = 0
and anbm ̸= 0}. Since A(T ), B(T ) are non-constant polynomials, an ̸= 0 ̸= bm. So we automatically
have that the fiber E[0:1] is a semistable reduction.

Let Esms (respectively Esmt ) be the open subscheme of Es (respectively Et) obtained by deleting singular
points on the singular fibers.

Claim 4.2. Esms is smooth over D+(s).

Proof. By [5, tag 01V4], it suffices to show that Esms is flat over D+(s). It follows from [9, Cor 14.25]
with (X,Y, S) = (Esms , D+(s),Spec k).

Similarly Esmt is smooth over D+(t) so their glued scheme Esm is smooth over P1
k. By the same proof

in [29, IV, 5.3] and [29, IV,6.3], we can see that Esms (respectively Esmt ) is a commutative group scheme
over D+(s) (respectively D+(t)) and their group scheme structure agree on overlapped open subset,
so their glued scheme Esm is a commutative group scheme over P1

k.

Claim 4.3. The scheme Esm is a semi-abelian scheme over P1
k.

Proof. Recall that we say π : A → C is a semi-abelian scheme if A is a smooth separated
commutative group scheme over C via π with geometrically connected fibers, such that each fiber Av,
where v ∈ C, is an extension of an abelian variety Bv by a torus Tv over the residue field κ(v), i.e. a
short exact sequence (abbr. SES) 0 → Tv → Av → Bv → 0. We have shown that Esm is a smooth
commutative group scheme over P1

k. And each fiber Esmv where v ∈ P1
k, is either an elliptic curve

over κ(v) (so an abelian variety of dimension 1) or a torus over κ(v). It remains to show that Esm is
separated over P1

k.

Since the property of being separated is local on the target (see [9, 9.13]), it remains to show
separateness over D+(s) and D+(t). Over D+(s) (respectively D+(t)), the open immersion Esms ↪→ Es
(respectively Esmt ↪→ Et) and the projective morphism Es → D+(s) (respectively Et → D+(t) ) are both
separated. The result follows from the fact that composition of separated morphisms is separated.

Denote k0 = k, C = P1
k and A = Esm. So we have a desired example of A over C.
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4.2. Calculation of HomC(F
∗
CωkerFA/C/C ,Ω

1
C/k0

(E))

Here E is the closed subset of C s.t. E ∩D+(s) is defined by 4A( ts)
3 + 27B( ts)

2 = 0 and E ∩D+(t) is
defined by 4α( st )

3 + 27β( st )
2 = 0.

Note that the unit section of A, e : C → A comes from the map C → P2
k ×k C that is the pullback of

the map Spec k → P2
k defined by the k-rational point [0 : 1 : 0].

We have HomC(F
∗
CωkerFA/C/C ,Ω

1
C/k0

(E)) = Γ(C,F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k0

(E)), so will calculate
F ∗Cω

∨
kerFA/C/C

and Ω1
C/k0

(E) first.

Since we are over P1
k = C, the following lemma will be helpful.

Lemma 4.4. Let F be a locally free OC-module of rank 1 s.t. ∃fs ∈ F(D+(s)),∃ft ∈ F(D+(t)),

F(D+(s)) = fsOC(D+(s)) = fs · k[
t

s
]

F(D+(t)) = ftOC(D+(t)) = ft · k[
s

t
]

F(D+(st)) = fs · k[
t

s
,
s

t
] = ft · k[

t

s
,
s

t
]

with fs = ( st )
n · ft over D+(st) for some n ∈ Z. Then we have F ∼= OC(n).

Proof. See [10, 5.1.4,1.19].

4.2.1. Calculation of F ∗Cω
∨
kerFA/C/C

Claim 4.5. We have ωkerFA/C/C is a locally free OC-sheaf of rank 1, and we have an isomorphism
ωkerFA/C/C

∼= OC(d) = OP1
k
(d). So ω∨kerFA/C/C

∼= OC(−d).

Proof. We intend to use [5, tag 01UX] to calculate ωkerFA/C/C . Next we just need to find a way to
reduce the problem to the affine case. We first reduce it to problems over A, then E , which is projective
over C so still not affine over C. Denote Ey = {y ̸= 0} ↪→ E the affine part of E where y ̸= 0, clearly
it is affine over C, and the unit section (corresponding to [0 : 1 : 0]) factors through Ey, so it is the
perfect candidate for us to calculate ωkerFA/C/C .

Step 1: Reduce to A.

Denote N := kerFA/C , l : N → A the canonical map. Clearly the unit section of A/C factors through
N/C since N is a subgroup of A. Denote eN : C → N the unit section of N/C. Consider the following
commutative diagram

C
eN //

e

��

N //

l
��

□

C

e(p)
��

FC //

□

C

e
��

A
FA/C//

��

A(p/C) //

��
□

A

��
C C

FC // C

the square symbol above indicates that the corresponding square is Cartesian.
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So we have

ωN/C = e∗NΩ
1
N/C

∼= e∗N l
∗Ω1

FA/C

∼= e∗Ω1
FA/C

Step 2: Reduce to E .

Denote j : A ↪→ E the open immersion, eE := j ◦ e : C → E . Consider the following commutative
diagram

C
e //

eE
��

A
FA/C//� _

j

��
□

A(p/C) //� _

��
□

A� _
j

��
E

FE/C//

��

E(p/C) //

��
□

E

��
C C

FC // C

Among above squares, only the Cartesianness of the top left square is non-trivial. It is the left square
of the following diagram

A
FA/C

//

FA

((
� _

j

��
□

A(p/C) //� _

��
□

A� _
j

��
E

FE/C//

FE

66E(p/C) // E

Given that the right square is Cartesian, it reduces to showing the big square is Cartesian, which
is equivalent to showing that j : A → E has isomorphic relative Frobenius morphism. We know j
is an open immersion, so a flat monomorphism by [5, tag 01L7], and thus a weakly étale morphism
by [5, tag 094X], hence j has isomorphic relative Frobenius morphism by [5, tag 0F6W].

So we have

ωN/C ∼= e∗Ω1
FA/C

∼= e∗j∗Ω1
FE/C

∼= e∗EΩ
1
FE/C

Step 3: Reduce to Ey.

Denote q : Ey ↪→ E the open immersion, and ey : C → Ey the map s.t. q ◦ ey = eE : C → E . Consider
the following commutative diagram

C
ey //

eE
��

Ey
FEy/C//

� _

q

��
□

E(p/C)
y

//
� _

��
□

Ey� _
q

��
E

FE/C//

��

E(p/C) //

��
□

E

��
C C

FC // C
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Similarly only the Cartesianness of top left square is non-trivial. It also follows from the fact that q is
an open immersion and so it has isomorphic relative Frobenius morphism.

So we have

ωN/C ∼= e∗EΩ
1
FE/C

∼= e∗yq
∗Ω1

FE/C

∼= e∗yΩ
1
FEy/C

Step 4: Calculation.

By considering the sequence

Ey
FEy/C//

FEy

55E(p/C)
y

// Ey ,

using [5, tag 01UX], we have an exact sequence

F ∗Ey/CΩ
1

E(p/C)
y /Ey

→ Ω1
FEy

→ Ω1
FEy/C

→ 0.

Apply the right exact functor e∗y, we have an exact sequence

e∗yF
∗
Ey/CΩ

1

E(p/C)
y /Ey

→ e∗yΩ
1
FEy

→ e∗yΩ
1
FEy/C

→ 0.

Since we have e∗yF ∗Ey/CΩ
1

E(p/C)
y /Ey

∼= id∗CΩ
1
FC

= Ω1
FC

, the sequence reduces to

Ω1
FC

α→ e∗yΩ
1
FEy

→ e∗yΩ
1
FEy/C

→ 0.

To be continued.

To calculate sections of Ω1
FC

and Ω1
FEy

, the following lemma will be helpful.

Lemma 4.6. Let k be a perfect field of characteristic p, and A = k[x1,...,xn]
(f) where f ∈ k[x1, . . . , xn] is

a non-constant polynomial. Then

Ω1
FA

∼=
⊕n

i=1Adxi
Adf

where df =
∑n

i=1
∂f
∂xi
dxi ∈

⊕n
i=1Adxi.

Proof. Since k is perfect, Fk is an isomorphism. Let α : k[x1, . . . , xn] → k[x1, . . . , xn] be the ring
map induced by Fk, then it is an isomorphism. Let β : k[x1, . . . , xn] → k[x1, . . . , xn] be the ring map
induced by xi 7→ xpi . Then Fk[x1,...,xn] = β ◦ α.

We have the induced isomorphism α̃ : k[xi](f) → k[xi]
(α(f)) and the induced ring map β̃ : k[xi]

(α(f)) →
k[xi]
(f) , xi 7→

xpi . And we have FA = β̃ ◦ α̃. So Ω1
FA

= Ω1
β̃
.

Compose β̃ with the isomorphism k[xi]
(f)

∼→
k[xi]

(α(f))
[Xi]

(Xp
i −xi,f)

, xi 7→ Xi, we have a map β′ : k[xi]
(α(f)) →

k[xi]

(α(f))
[Xi]

(Xp
i −xi,f)

=:

C, xi 7→ xi. Then by [8, 21.2.E], we have

Ω1
β̃
= Ω1

β′ =

⊕n
i=1CdXi

Cdf(Xi)
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since d(Xp
i − xi) = dXp

i = pXp−1
i dXi = 0. Using the isomorphism k[xi]

(f)

∼→
k[xi]

(α(f))
[Xi]

(Xp
i −xi,f)

, we have

Ω1
FA

∼=
⊕n

i=1 Adxi
Adf .

Claim 4.7. We have

Ω1
FC

(D+(s)) = k[
t

s
]d
t

s

Ω1
FC

(D+(t)) = k[
s

t
]d
s

t

Ω1
FC

(D+(st)) = k[
t

s
,
s

t
]d
t

s
= k[

t

s
,
s

t
]d
s

t

with the obvious restriction map. Note that over D+(st), we have d ts = −( ts)
2d st , so Ω1

FC

∼= OC(−2).

Proof. We know Ω1
FC

(D+(s)) = Ω1
F
k[ ts ]

and Ω1
FC

(D+(t)) = Ω1
Fk[ st ]

. To show the first two equalities it

suffices to show that Ω1
Fk[x]

= k[x]dx, which follows from above lemma. For the last equality, since
d ts ∈ Ω1

FC
(D+(s)) forms the OC(D+(s))-basis of Ω1

FC
(D+(s)), it descends to a OC(D+(st))-basis of

Ω1
FC

(D+(st)).

To evaluate the sections of e∗yΩ1
FEy

, we need to name a few maps and schemes.

Let Eys (respectively Eyt) be the open subscheme of Ey over D+(s) (respectively Eyt), so we have
Eys = Ey ∩ Es (respectively Eyt = Ey ∩ Et). In particular, the map Eys → D+(s) corresponds to the
ring map

k[
t

s
] →

k[ ts ][x, z]

(z − x3 −A( ts)xz
2 −B( ts)z

3)
.

And the map Eyt → D+(t) corresponds to the ring map

k[
s

t
] →

k[ st ][X,Z]

(Z −X3 − α( st )XZ
2 − β( st )Z

3)
.

Over D+(ts) = Spec k[ ts ,
s
t ], they agree via the map

k[ ts ,
s
t ][x, z]

(z − x3 −A( ts)xz
2 −B( ts)z

3)

∼→
k[ ts ,

s
t ][X,Z]

(Z −X3 − α( st )XZ
2 − β( st )Z

3)

x 7→ (
s

t
)dX

z 7→ (
s

t
)3dZ

The pullback of ey : C → Ey w.r.t. D+(s) is eys : D+(s) → Eys with the corresponding ring map

k[ ts ][x, z]

(z − x3 −A( ts)xz
2 −B( ts)z

3)
→ k[

t

s
]

defined by sending x and z to 0.

Similarly the pullback of ey : C → Ey w.r.t. D+(t) is eyt : D+(t) → Eyt with the corresponding ring
map

k[ st ][X,Z]

(Z −X3 − α( st )XZ
2 − β( st )Z

3)
→ k[

s

t
]

defined by sending X and Z to 0.
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Claim 4.8. We have

e∗yΩ
1
FEy

(D+(s)) = k[
t

s
]d
t

s
⊕ k[

t

s
]dx

e∗yΩ
1
FEy

(D+(t)) = k[
s

t
]d
s

t
⊕ k[

s

t
]dX

e∗yΩ
1
FEy

(D+(st)) = k[
t

s
,
s

t
]d
t

s
⊕ k[

t

s
,
s

t
]dx = k[

t

s
,
s

t
]d
s

t
⊕ k[

t

s
,
s

t
]dX

with the obvious restriction maps and dx = ( st )
ddX + d · ( st )

d−1Xd st , d
t
s = −( ts)

2d st over D+(st).

Proof. Consider the following commutative diagram over D+(s):

D+(s)
eys //

� _

��
□

Eys� _

��

FEys //

□

Eys� _

��
C

ey // Ey
FEy // Ey

So we have e∗yΩ1
FEy

(D+(s)) = e∗ysΩ
1
FEys

(D+(s)). Let M =
k[ t

s
][x,z]

(z−x3−A( t
s
)xz2−B( t

s
)z3)

, then

e∗ysΩ
1
FEys

(D+(s)) = Ω1
FM

⊗M k[
t

s
].

Using lemma 4.6, we have

Ω1
FM

=
Md ts ⊕Mdx⊕Mdz

Mdf

where

df = d(z − x3 −A(
t

s
)xz2 −B(

t

s
)z3)

= (−A′( t
s
)xz2A′(

t

s
)−B′(

t

s
)z3)d

t

s

+ (−3x2 −A(
t

s
)z2)dx

+ (1− 2A(
t

s
)xz − 3B(

t

s
)z2)dz.

So we have an exact sequence

M
17→df
α
//Md ts ⊕Mdx⊕Mdz // Ω1

FM
// 0

It stays exact after we tensor with k[ ts ] via the map M → k[ ts ], x, z 7→ 0, we have

k[ ts ]
17→df
α
// k[ ts ]d

t
s ⊕ k[ ts ]dx⊕ k[ ts ]dz

// Ω1
FM

⊗M k[ ts ]
// 0

Since df = dz, we have Ω1
FM

⊗M k[ ts ]
∼= k[ ts ]d

t
s ⊕ k[ ts ]dx. Hence e∗yΩ1

FEy
(D+(s)) = k[ ts ]d

t
s ⊕ k[ ts ]dx.

Similarly we have e∗yΩ1
FEy

(D+(t)) = k[ st ]d
t
s ⊕ k[ st ]dX. By restriction to D+(st), we have

e∗yΩ
1
FEy

(D+(st)) = k[
t

s
,
s

t
]d
s

t
⊕ k[

t

s
,
s

t
]dx = k[

t

s
,
s

t
]d
s

t
⊕ k[

t

s
,
s

t
]dX,

with dx = d( st )
dX = ( st )

ddX +Xd( st )
d = ( st )

ddX + d · ( st )
d−1Xd st .
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Claim 4.9. The map Ω1
FC

→ e∗yΩ
1
FEy

restricting to D+(s), D+(t) are

Ω1
FC

(D+(s)) → e∗yΩ
1
FEy

(D+(s))

k[
t

s
]d
t

s
→ k[

t

s
]d
t

s
⊕ k[

t

s
]dx

d
t

s
7→ d

t

s

Ω1
FC

(D+(t)) → e∗yΩ
1
FEy

(D+(t))

k[
s

t
]d
s

t
→ k[

s

t
]d
s

t
⊕ k[

s

t
]dX

d
s

t
7→ d

s

t
.

Proof. Over D+(s), the map Ω1
FC

→ e∗yΩ
1
FEy

is Ω1
FD+(s)

∼= e∗ysF
∗
Eys/D+(y)Ω

1

E(p)ys /Eys
→ e∗ysΩ

1
FEys

where

F ∗Eys/D+(y)Ω
1

E(p)ys /Eys
→ Ω1

FEys
is the map induced by the maps Eys

FEys/D+(y)

→ E(p)
ys → Eys. Again let

M =
k[ t

s
][x,z]

(z−x3−A( t
s
)xz2−B( t

s
)z3)

. Then we have

F ∗Eys/D+(y)Ω
1

E(p)ys /Eys
→ Ω1

FEys

M ⊗M,p Ω
1
M⊗

k[ ts ],p
k[ t

s
]/M

→ Ω1
FM

a⊗ d(b⊗ c) 7→ a · d(cbp).

Applying e∗ys, we have

e∗ysF
∗
Eys/D+(y)Ω

1

E(p)ys /Eys
→ e∗ysΩ

1
FEys

k[
t

s
]⊗M M ⊗M,p Ω

1
M⊗

k[ ts ],p
k[ t

s
]/M

→ k[
t

s
]⊗M Ω1

FM

h⊗ 1⊗ d(b⊗ c) 7→ h⊗ d(cbp).

And the isomorphism Ω1
FD+(s)

∼= e∗ysF
∗
Eys/D+(y)Ω

1

E(p)ys /Eys
is just

Ω1
FD+(s)

→ e∗ysF
∗
Eys/D+(y)Ω

1

E(p)ys /Eys

Ω1
k[ t

s
]

→ k[
t

s
]⊗M M ⊗M,p Ω

1
M⊗

k[ ts ],p
k[ t

s
]/M

adb 7→ 1⊗ 1⊗ ((1⊗ a)d(1⊗ b)).

So we have
Ω1
FD+(s)

// e∗ysF
∗
Eys/D+(y)Ω

1

E(p)ys /Eys
// e∗ysΩ

1
FEys

Ω1
k[ t

s
]

// k[ ts ]⊗M M ⊗M,p Ω
1
M⊗

k[ ts ],p
k[ t

s
]/M

// k[ ts ]⊗M Ω1
FM

d ts
� // 1⊗ 1⊗ d(1⊗ t

s)
� // 1⊗ d ts

The case over D+(t) is similar.

72



continued proof of claim 4.5. By above claim, we can see that

e∗yΩ
1
FEy/C

(D+(s)) ∼= k[
t

s
]dx

e∗yΩ
1
FEy/C

(D+(t)) ∼= k[
s

t
]dX

e∗yΩ
1
FEy/C

(D+(st)) ∼= k[
t

s
,
s

t
]dx = k[

t

s
,
s

t
]dX

with dx = ( st )
ddX. Moreover, we know

OC(d)(D+(s)) ∼= sdk[
t

s
]

OC(d)(D+(t)) ∼= tdk[
s

t
]

OC(d)(D+(st)) ∼= sdk[
t

s
,
s

t
] = tdk[

t

s
,
s

t
]

with sd = ( st )
dtd, see [10, 5.1.4,1.19]. Hence we have an isomorphism ωN/C ∼= OC(d).

To calculate F ∗Cω
∨
N/C , the following lemma will be helpful.

Lemma 4.10. Let S be a scheme of characteristic p, and let F : S → S be the absolute Frobenius
map. Then for every invertible sheaf L on S we have F ∗L ∼= L⊗p.

Proof. See [30].

Claim 4.11. We have F ∗Cω
∨
N/C

∼= OC(−dp).

Proof. We have
F ∗Cω

∨
N/C

∼= F ∗COC(−d) ∼= OC(−d)⊗p ∼= OC(−dp).

4.2.2. Calculation of Ω1
C/k0

(E)

We have k0 = k, to simplify the notation we will stick to k. By definition we have Ω1
C/k(E) =

Ω1
C/k ⊗OC

O(E). Since C is a curve smooth over k, Ω1
C/k is locally free of rank 1.

Claim 4.12. We have Ω1
C/k

∼= OC(−2).

Proof. It follows from the fact Ω1
FC

∼= OC(−2) and we can identify Ω1
C/k and Ω1

FC
if we identify C

and C ′ (C ′ = C but it is viewed as C-scheme via FC : C ′ → C ).

Next we calculate O(E). Let I be the ideal sheaf of OC defined by 4A( ts)
3+27B( ts)

2 = 0 overD+(s) and
4α( st )

3+27β( st )
2 over D+(t). Then the closed subset E with the reduced induced subscheme structure

is determined by rad(I). Denote F (x) = 4A(x)3+27B(x)3 ∈ k[x] and G(x) = 4α(x)3+27β(x)3 ∈ k[x].
We know k[x] is a PID and UFD. Let

F = cfn1
1 · · · fnl

l

be the decomposition of F into irreducible monic polynomials in k[x], with c ∈ k∗. Let F0 := f1 · · · fl,
so that (F0) = rad(F ).
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For each i, denote gi(x) := xdeg fifi(x
−1). There are two cases: If fi(x) = x then gi(x) = 1; otherwise

fi has a non-zero constant term and we can see that gi is also irreducible of the same degree (if gi = uv
for some non-constant polynomials u, v, then fi(x) = (xdeg uu(x−1)) · (xdeg vv(x−1)), by irreducibility
of fi, say xdeg uu(x−1) is a constant, so u(x) = c0x

deg u for some c0 ∈ k∗, thus gi has no constant term
which implies fi has no leading term, contradiction).

Clearly G = cgn1
1 · · · gnl

l , and this is a decomposition of G into irreducible polynomials in k[x], with
possibly one of gi is 1. Let G0 := g1 · · · gl, so (G0) = rad(G).

Claim 4.13. We have O(E) ∼= OC(degF0). In particular, if 4a3n + 27b2m ≠ 0 and gcd(F, F ′) = 1, then
degF0 = 12d and O(E) ∼= OC(12d).

Proof. Since the closed subset E with the reduced induced subscheme structure is determined by
IE := rad(I), with

rad(I)(D+(s)) = F0(
t

s
) · OC(D+(s))

rad(I)(D+(t)) = G0(
s

t
) · OC(D+(t))

and over D+(st), we have F0(
t
s) = ( ts)

degF0 ·G0(
s
t ). So IE ∼= OC(−degF0). By definition we have

O(E) ∼= I∨E ∼= OC(−degF0)
∨ = OC(degF0).

The leading term of F (x) = 4A(x)3 + 27B(x)3 is (4a3n + 27b2m)x
12d, so if 4a3n + 27b2m ̸= 0 we have

degF = 12d. If gcd(F, F ′) = 1, then F has no multiple factors so F = cF0 and thus degF0 = degF =
12d, hence O(E) ∼= OC(12d).

Claim 4.14. We have Ω1
C/k(E) ∼= OC(degF0 − 2).

4.2.3. The final calculation

Claim 4.15. We have F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k(E) ∼= OC(degF0 − 2− dp). In particular, degF0 ≤ 12d

so degF0 − 2− dp ≤ d(12− p)− 2.

Proof. It follows from that F ∗Cω
∨
kerFA/C/C

∼= OC(−dp) and Ω1
C/k(E) ∼= OC(degF0 − 2).

Remark 4.16. If we set p ≥ 13, then degF0 − 2− dp < 0 and so Γ(C,F ∗Cω
∨
kerFA/C/C

⊗OC
Ω1
C/k(E)) =

HomC(F
∗
CωkerFA/C/C ,Ω

1
C/k0

(E)) = 0. Hence A(p)(K)/FA/K(A(K)) is trivial and thus A(p)(K) ∼=
A(K) by theorem 3.1 where A is the generic abelian variety of A/C and K is the function field of C.

The author has taken efforts to find a way to compute the Selmer group for this class of examples.
Since we are working with isogeny of the form FA/K : A → A(p) instead of the traditional form
[m] : A→ A, the results about calculating Selmer groups for [m] do not generalize to FA/K , at least
not easily. If a method is found, it is probably worth to be included in a new paper.

A. Properties preserved by fppf-torsors

The results in this appendix support the proof of lemma 2.5.
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Definition A.1. (cf. [5, tag 022B])Let T be a scheme. An fpqc covering of T is a family of morphisms
{fi : Ti → T}i∈I of schemes such that each fi is flat and such that for every affine open U ⊂ T
there exists n ≥ 0, a map a : {1, . . . , n} → I and affine opens Vj ⊂ Ta(j), j = 1, . . . , n with⋃n
j=1 fa(j)(Vj) = U .

The definition of fppf covering is mentioned in definition 1.7.

Lemma A.2. Any fppf covering is an fpqc covering.

Proof. See [5, tag 022C].

Definition A.3. Let P be a property of morphisms of schemes over a base. Let τ ∈ {fpqc, fppf}.
We say P is τ local on the base if for any τ -covering {Yi → Y }i∈I and any morphism of schemes
f : X → Y over S we have

f has P ⇔ each Yi ×Y X → Yi has P.

Using lemma A.2, we know that any property of morphisms of schemes over a base that is fpqc local
on the base must be fppf local on the base. There is a list of properties of morphisms local in the fpqc
topology on the base in [5, tag 02YJ], in particular it contains finite [5, tag 02LA], flat [5, tag 02L2]
and surjective [5, tag 02KV].

Definition A.4. (cf. [5, tag 022Z])Let S be a scheme and (G,m, i, e) be a group scheme over S. Then
an action of G on the scheme X/S is a morphism acX : G×S X → X over S satisfying the following
two diagrams:

G×S G×S X
m×idX //

idG×acX
��

G×S X

acX
��

G×S X
acX // X

X
e×idX //

idX %%

G×S X

acX
ww

X

Definition A.5. Let S be a scheme and (G,m, i, e) be a group scheme over S. Then an fppf G-torsor
is a scheme X/S with action morphism acX : G ×S X → X, (g, x) 7→ g · x and an fppf covering
{Si → S}i∈I s.t.

1. The induced morphism (acX ,prX) : G×S X → X ×S X, (g, x) 7→ (g · x, x) is an isomorphism
over S;

2. ∀i ∈ I, the morphism XSi → Si has a section.

Lemma A.6. Let S be a scheme and G be a group scheme over S. Let X be an fppf G-torsor over S.
Let P be a property of morphisms of schemes over a base that is fppf local on the base, then we have

G→ S has P ⇒ X → S has P.

In particular, P can be finite, flat or surjective.
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Proof. By definition of fppf G-torsors, there exists an action morphism acX : G×SX → X, (g, x) 7→ g·x
and an fppf covering {Si → S}i∈I s.t. (acX , prX) : G ×S X → X ×S X, (g, x) 7→ (g · x, x) is an
isomorphism over S and the morphism XSi → Si has a section for all i ∈ I.

Since P is fppf local on the base, we have that that GSi → Si has P for all i ∈ I and it suffices to show
that PSi → Si has P for all i ∈ I. It reduces to show that for each i ∈ I, there exists an isomorphism
of GSi and PSi over Si. Fix i ∈ I, we may assume S = Si and that X → S has a section, now we
want to show that G is isomorphic to X over S.

Let x0 : S → X be the section of X → S. We construct two morphisms over S as following:

α : G
g 7→(g,x0)// G×X X

(g,x)7→(g·x,x)// X ×S X
(x,y) 7→x // X

β : X
x 7→(x,x0)// X ×X X

with g·y=x
(x,y)7→(g,y) // G×S X

(g,x) 7→g // G

The α-path is g → (g, x0) → (g · x0, x0) → g · x0. And the β-path is x→ (x, x0) → (g, x0) → g with
g · x0 = x. Thus α ◦ β(x) = α(g) = g · x0 = x and β ◦ α(g) = β(g · x0) = g. So α ◦ β = idX and
β ◦ α = idG. Hence G ∼= X over S and the result follows.

B. Rigid Analytic Space

This appendix covers the lemmas and results about rigid analytic space used in lemma 3.7. Throughout
this appendix, K denotes a field complete with respect to a non-trivial non-Archimedean absolute
value. Basic knowledge about rigid analytic space is assumed. For a general reference about rigid
analytic space, see [31] and [32].

B.1. Analytification functor and torsors over finite rigid K-group

We first introduce the analytification functor and show that it induces an equivalence between finite
K-schemes and finite rigid K-spaces.

Lemma B.1. There exists an analytification functor

X ⇝ Xan

from the category of locally of finite type K-schemes to the category of rigid K-spaces.

Basic results about the analytification functor can be found in [27, Chap. 5]. As this functor preserves
finite products (including the final object), it preserves group objects (resp. commutative group
objects). So if G is a locally of finite type K-group scheme (resp. commutative K-group scheme),
then Gan is a rigid K-group (resp. commutative rigid K-group).

Lemma B.2. Let X be a locally of finite type K-scheme. Then X(K) = Xan(K).

Proof. We first show that for any rigid space Y , there is a 1-1 correspondence between Y (K) and the
set of points of Y with residue field K. Given a map f : SpK → Y . Denote y = f(SpK) ∈ |Y |. Then
f ♯ induces a local homomorphism of local rings f ♯y : OY,y → K over K. So f ♯y is surjective. Hence K
is the residue field of OY,y. Thus y is a point of Y with residue field K.
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Reversely given a point y of Y with residue field K, there exists a canonical quotient map OY,y → K.
Pick an open affinoid U = SpA around y, the map A → OY,y → K defines a morphism of rigid
K-spaces SpK → SpA ↪→ Y . The two constructions are clearly inverse to each other.

We know that there exists a canonical continuous map of Grothendieck topological spaces i : Xan → X
which is a bijection onto the set of closed points of X, see [27, 5.1.2]. Plus the fact that X(K) is the
set of K-rational points of X, it suffices to show i preserves residue fields.

From [27, 5.1.2], we know the natural local homomorphism of local rings OX,i(x) → OXan,x induces an
isomorphism on completions, and so on residue fields by [5, tag 05GG]. The result follows.

Lemma B.3. The analytification functor restricting to the category of proper locally of finite type
K-schemes is fully faithful. Further it induces an equivalence between the category of finite K-schemes
and the category of finite rigid K-spaces.

Proof. The first statement is one of the classical GAGA results, see [33]. For the second statement, if
X → SpecK is finite (so quasi-compact), then Xan → SpK is finite by [27, 5.2.1 (2)]. So it suffices to
show essentially surjectiveness of the restricted analytification functor.

By [34, 2.2.8], every finite rigid K-space X is isomorphic to SpecanA for some coherent OSpK-algebra
A. Then A is associated to a finite dimensional K-algebra A by [32, 9.4.3, 3]. Denote A0 the
coherent OSpecK-algebra associated to A, then we have A = Aan

0 . By [34, 2.2.5 (3)], Specan(Aan
0 ) ∼=

(SpecA0)
an = (SpecA)an. So X ∼= (SpecA)an where SpecA is a finite K-scheme.

Later we will interact the analytification functor with Frobenius base change, so we want to know if
the analytification functor is sensitive to finite extension of the ground field. The answer to this is no.

Lemma B.4. The analytification functor is insensitive to finite extension of the ground field, i.e. if L is
a finite field extension of K and X is a locally of finite type L-scheme, denote Xan/L the analytification
of X as a L-scheme and Xan/K the analytification of X as a K-scheme, then Xan/L ∼= Xan/K as both
rigid K-spaces and rigid L-spaces.

Proof. Denote K-maps (resp. L-maps) the maps of locally G-ringed K-spaces (resp. L-spaces).
Assume X is affine first. Clearly the canonical L-map Xan/L → X is also K-map, hence uniquely
factors through the canonical K-map Xan/K → X. So we have a K-map Xan/L → Xan/K .

To find a L-map (which will automatically be a K-map) from Xan/K to Xan/L, it suffices to show
that the canonical K-map Xan/K → X is actually a L-map, i.e. Xan/K is a rigid L-space.

We knowX is affine, sayX ∼= Spec K[x1,...,xn]
I . Pick c ∈ K s.t. |c| > 1. Denote T (i)

n = K⟨c−ix1, ..., c−ixn⟩.
We know Xan/K =

⋃
i≥0 Sp

T
(i)
n
(I) , and Xan/K → X is determined by the compatible maps K[x1,...,xn]

I →
T

(i)
n
(I) . Let T

(i)
n
(I) equips with a L-algebra structure via L → K[x1,...,xn]

I → T
(i)
n
(I) (note that any ring map

from a field to a ring is injective). Then {K[x1,...,xn]
I → T

(i)
n
(I) }i≥0 are compatible maps of L-algebras. So

Xan/K is a rigid L-space and Xan/K → X is actually a L-map and it induces a L-map Xan/K → Xan/L

which is also a K-map.

By the universal property of Xan/K , we have an equality of K-maps

(Xan/K → Xan/L → Xan/K) = (Xan/K id→ Xan/K)

Next we show that the K-map Xan/L → Xan/K is also a L-map so we can prove that the L-map
Xan/L → Xan/K → Xan/L is the identity map hence an identityK-map, it follows thatXan/L ∼= Xan/K

both as rigid K-spaces and rigid L-spaces.
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Just like Xan/K =
⋃
i≥0 Sp

T
(i)
n
(I) , we have Xan/L =

⋃
j≥0 SpAj for some L-algebras Aj . It suffices

to show that SpAj → Xan/K is a L-map for all j. Fix j ≥ 0, then there exists α(j) ≥ 0 s.t.
SpAj → Xan/K → X is induced by

K[x1, ..., xn]

I
→ T

(α(j))
n

(I)
→ Aj

(see [31, 5.4.3]) where the resulting composition is a map of L-algebras, hence all intermediate maps
are of L-algebras, and Xan/L → Xan/K is a L-map and we have finished the affine case.

For a general scheme X locally of finite type over L, again we have a canonical K-map ψ : Xan/L →
Xan/K . Now we show Xan/K is a rigid L-space. Pick an open affine cover {Xi}i∈I of X. For each pair
(i, j), Xij = Xi ∩Xj can be covered by simultaneously distinguished open affines {Dijk}k∈Sij

. We
know that Xan/K is obtained by glueing {Xan/K

i }i∈I and Xan/L is obtained by glueing {Xan/L
i }i∈I .

To show Xan/K is a rigid L-space, it suffices to show the glueing data of Xan/K over K (see [31, 5.3.5]),

{Ui := X
an/K
i }i∈I , {Uij}i,j∈I , {ϕij : Uij

∼→ Uji}i,j∈I

is also over L (i.e. the spaces and the maps are over L): We know Ui = X
an/K
i is a rigid L-space from

the affine case, hence all Uij ’s are rigid L-spaces, so we just need to show ϕij is a L-map. Denote
Xi

∼= SpecRi and Dijk
∼= Spec(Ri)gk

∼= Spec(Rj)hk over K so that ϕij is glued from

{ϕijk : (Spec(Ri)gk)
an/K → (Spec(Rj)hk)

an/K}k∈Sij

[32, 9.3.3, Prop. 1]. We know (Spec(Ri)gk)
an/K and (Spec(Rj)hk)

an/K are rigid L-spaces, and
(Ri)gk

∼= (Rj)hk as L-algebras, so ϕijk are L-maps as well, and so is ϕij . It results that the glueing
data of Xan/K is valid over L hence Xan/K is a rigid L-space, and there exists a canonical L-map
(hence a K-map) Xan/K → Xan/L. So we must have

(Xan/K → Xan/L → Xan/K) = (Xan/K id→ Xan/K)

Now we use the pasting lemma for L-maps again [32, 9.3.3, Prop. 1]. The K-map ψ : Xan/L → Xan/K

descends to a glueing data of K-maps:

{ψi : Xan/L
i → X

an/K
i }i∈I , {ψij : Xan/L

ij → X
an/K
ij }i,j∈I

In particular, ψi is already a L-map by the proof for affine case. Thus ψij is a L-map as a restriction
map. So we have a glueing data of L-maps, then we obtain a L-map ψL : Xan/L → Xan/K s.t. ψL = ψ
as K-maps. So both of the maps Xan/L → Xan/K and Xan/K → Xan/L are L-maps, and we must
have

(Xan/L → Xan/K → Xan/L) = (Xan/L id→ Xan/L)

The result follows.

Let G be a group object in a suitable category, then in general a principal homogeneous space
over G (or a G-torsor) is an object P with an action map acP : G × P → P, (g, t) 7→ g · t s.t.
(acP ,prP ) : G ×K P → P ×K P, (g, t) 7→ (g · t, t) is an isomorphism. A map of G-torsors is a map
compatible with G-actions. And the set of isomorphism classes of principal homogeneous spaces over
G will be denoted PHS(G). Later we will see that PHS(G) ∼= PHS(Gan) for finite K-group scheme G.
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Definition B.5. Let (G,m, i, e) be a rigid K-group. Then a principal homogeneous space over G
(or a G-torsor) is a rigid K-space P with an action morphism acP : G ×K P → P, (g, t) 7→ g · t s.t.
(acP ,prP ) : G×K P → P ×K P, (g, t) 7→ (g · t, t) is an isomorphism. Explicitly, the action map should
satisfy the following commutative diagrams

G×K G×K P
m×idP //

idG×acP
��

G×K P

acP
��

G×K P
acP // P

P
e×idP //

idP %%

G×K P

acP
ww

P

A morphism of G-torsors is a morphism of rigid K-spaces compatible with G-actions. Denote the set
of isomorphism classes of principal homogeneous spaces over G as PHS(G).

Lemma B.6. If G is a finite rigid K-group, then there exists a finite K-group scheme H s.t. G ∼= Han,
and it’s unique up to unique isomorphism. And we have PHS(Han) ∼= PHS(H). If moreover G is
commutative, then H is commutative and we have PHS(Han) ∼= H1

fppf(K,H).

Proof. Using the equivalence of categories between finite K-schemes and finite rigid K-spaces, there
exists a finite K-scheme H s.t. G ∼= Han and it’s unique up to unique isomorphism. The inverse map,
multiplication map and identity section are all algebraizable. So they are the analytification of the
maps i : H → H,m : H ×K H → H, e : SpecK → H (fiber product of finite rigid K-space is finite,
see [32, 9.4.4]). The axioms of H being a (resp. commutative) group object can be checked by passing
to the category of finite rigid K-spaces via analytification, which is already true. So H is a finite (resp.
commutative) K-group scheme.

It’s not hard to see that the analytification functor preserves the axioms of being torsors as well. So
there is a canonical map sending an H-torsor Q to an Han-torsor Qan, which induces a well-defined map
PHS(H) → PHS(Han). We first show that every Han-torsor arise this way, i.e. PHS(H) → PHS(Han)
is surjective.

Let P be an Han-torsor with action map acP : Han ×K P → P and isomorphism (acP , prP ) :
Han ×K P → P ×K P, (g, t) 7→ (g · t, t). As Han ×K P ∼= P ×K P is finite over P by base change, we
want to use a descent argument to show P is finite over K, then it follows that P ∼= Qan for some
finite K-scheme Q, and it is easy to see it equips with an H-torsor structure.

For the descent argument, we plan to use the result in [34, 4.2.7]. So it suffices to show the structure
map f : P → SpK is a faithfully flat map that admits local fpqc quasi-sections in the sense of [34, 4.2.1].
Clearly, f is faithfully flat. Pick any point x ∈ P , its residue field K ′ is a finite extension of K and it
induces a canonical K-map SpK ′ → P . The composition SpK ′ → P → SpK is clearly faithfully flat
and quasi-compact, so f admits a fpqc quasi-section hence admits local fpqc quasi-sections.

Now we show that PHS(H) → PHS(Han) is injective. If Qan
1

∼= Qan
2 as G-torsors for two H-torsors Q1

and Q2, we have Q1
∼= Q2 as H-torsors using the equivalence in lemma B.3. Hence we have proved

that PHS(H) ∼= PHS(Han). Moreover every H-torsor must be finite over K.

Every H-torsor in the categorical sense (in this case it must be finite over K) is equivalent to an
H-torsor in the sense of fppf-topology so there is no ambiguity, see [12, III, 4.1]. If H is commutative
then PHS(H) ∼= H1

fppf(K,H), see [12, III, (2.10)&(4.7)]. The result follows.
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If f : G1 → G2 is a homomorphism of finite commutative rigid K-groups which is the analytification
of g : H1 → H2 between finite commutative K-group schemes, we can define PHS(G1) → PHS(G2)
using H1

fppf(K,H1) → H1
fppf(K,H2). This map is clearly functorial in G.

Given a homomorphism of rigid K-groups f : G1 → G2, define ker f := G1 ×G2,e2 SpK where
e2 : SpK → G2 is the identity section of G2. It’s not hard to see that it represents the kernel of f :
(ker f)(T ) = ker(G1(T ) → G2(T )). We can construct an inverse map, a multiplication map and an
identity section for it from those on G1, so that ker f is a well-defined rigid K-group and the canonical
morphism ker f → G1 is a categorical monomorphism.

Just like the scheme case, every K-rational point of G2 lying in Im f induces a ker f -torsor.

Lemma B.7. Let f : G→ H be a homomorphism of rigid K-groups, let t ∈ H(K) be a K-rational
point s.t. G×H,t SpK is non-empty, then G×H,t SpK is a principal homogeneous space over ker f .
(The proof is purely categorical so the lemma extends to any category with fiber products and final
objects)

Proof. Denote Gt := G×H,tSpK together with the projection maps pr1 : Gt → G and pr2 : Gt → SpK.
Denote g : Ge := ker f → G the canonical projection map Ge = G×H,eH SpK → G and h : Ge → SpK
the structure map.

The following commutative diagram

Ge ×K Gt
g×pr1 //

h×pr2
��

G×K G
mG //

f×f
��

G

f
��

SpK ×K SpK
eH×t // H ×K H

mH // H

SpK

t

22

induces the candidate for the action morphism ρ : Ge×KGt → Gt. Next we check that ρ◦(mGe×idGt) =
ρ ◦ (idGe × ρ). As pr1 : Gt → G is a monomorphism (by checking the injection of Gt(T ) → G(T )), it
suffices to check pr1 ◦ ρ ◦ (mGe × idGt) = pr1 ◦ ρ ◦ (idGe × ρ), which can be shown in the following
commutative diagram:

Ge ×K Ge ×K Gt
mGe×idGt //

g×g×pr1
��

Ge ×K Gt
ρ //

g×pr1
��

Gt

pr1
��

G×K G×K G
mG×idG // G×K G

mG // G

G×K G×K G
idG×mG // G×K G

mG // G

Ge ×K Ge ×K Gt
idGe×ρ //

g×g×pr1

OO

Ge ×K Gt
ρ //

g×pr1

OO

Gt

pr1

OO

Next, we check ρ◦(eGe ◦pr2, idGt) = idGt , again it suffices to check pr1◦ρ◦(eGe ◦pr2, idGt) = pr1◦ idGt ,
which can be shown in the following commutative diagram:
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Gt //

pr1
��

SpK ×K Gt
eGe×idGt //

idK×pr1
��

Ge ×K Gt
ρ //

g×pr1
��

Gt

pr1
��

G // SpK ×K G
eG×idG // G×K G

mG // G

G
idG // G

Gt
idGt //

pr1

OO

Gt

pr1

OO

Hence ρ is indeed an action morphism.

Now we check that (ρ, prGt
) : Ge ×K Gt → Gt ×K Gt, (α, β) 7→ (α · β, β) is an isomorphism. It suffices

to construct an inverse representing (α, β) 7→ (α · β−1, β), or just (α, β) 7→ α · β−1 embedding in G.
Consider the following commutative diagram:

Gt ×K Gt
pr1×pr1 //

pr2×pr2
��

G×K G
idG×iG //

f×f
��

G×K G
mG //

f×f
��

G

f
��

SpK ×K SpK
t×t // H ×K H

idH×iH // H ×K H
mH // H

SpK

eH

11

We can see the diagram induces the desired map Gt ×K Gt → Ge, (α, β) 7→ α · β−1. Hence (ρ,prGt
) :

Ge ×K Gt → Gt ×K Gt is an isomorphism and Gt is a Ge-torsor.

Recall that a short exact sequence of abelian sheaves on a site C

0 → F1 → F2 → F3 → 0,

has an associated long exact sequence

0 → H0(C,F1) → H0(C,F2) → H0(C,F3) → H1(C,F1) → · · ·

and H1(C,F1) is canonically bijective with the set of isomorphism classes of F1-torsors, see [5, tag
03AJ]. The following lemma is a similar result in rigid K-spaces.

Proposition B.8. Let f : G→ H be a homomorphism of rigid K-groups which is surjective on the
level of topological space (actually H(K) ⊂ Im f will suffice), then there exists a natural map of sets
δ : H(K) → PHS(ker f). If moreover ker f is finite and everything is commutative, then δ is a group
homomorphism.

Proof. For the first statement, with the previous lemma, it suffices to show that for all t ∈ H(K),
Et := G ×H,t SpK is non-empty. As f is surjective, there exists a point x ∈ G s.t. f(x) = t.
The residue field K ′ at x is a finite extension of K and induces a map SpK ′ → G. So we have a
commutative square

SpK ′ //

x

��

SpK

t
��

G
f // H
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which induces a map SpK ′ → G ×H,t SpK = Et. Hence Et contains at least one point so it is
non-empty.

Now assume ker f is finite and everything is commutative so ker f ∼= Ban for some finite commutative
K-group scheme B and PHS(ker f) ∼= H1

fppf(K,B) has a group structure. To show δ is a group
homomorphism, we need to show δ(ab) = δ(a) · δ(b) where a, b ∈ H(K).

Let a, b ∈ H(K) then a · b = mH ◦ (a, b). We want to show Ea · Eb = Ea·b in H1
fppf(K,B). We

know Ea is finite by descent, so it is of the form P an
a for some finite K-scheme Pa. There exists an

isomorphism B ×K Pa ∼= Pa ×K Pa. Take idPa ∈ Pa(Pa), there exists a unique sa ∈ B(Pa ×K Pa) s.t.
sa ·(idPa)|1 = (idPa)|2 (since Pa(Pa×KPa) is a B(Pa×KPa)-torsor). So sana is a map in ker f(Ea×KEa)
s.t.

sana · (Ea ×K Ea
pr1→ Ea) = (Ea ×K Ea

pr2→ Ea).

Explicitly, we can embed Ea into G to calculate sana (by abusing notation, we will write sa for sana ),
sa : Ea ×K Ea → ker f is induced by the following commutative diagram:

Ea ×K Ea //

��

G×K G
(u,v)7→vu−1

//

��

G

��
SpK ×K SpK

a×a // H ×K H
(u,v)7→vu−1

// H

SpK

eH

22

(or we have sa = Ea ×K Ea
(u,v)→(v,u)→ Ea ×K Ea

∼→ ker f ×K Ea → ker f , their equality can be
proved by composing with ker f → G and showing that Ea ×K Ea → G equals the map defined by
(u, v) 7→ (uv−1).)

Actually, we can consider sa as an element of G(Ea ×K Ea), which is just

sa : Ea ×K Ea → G×K G
(u,v)7→vu−1

−→ G.

It defines a 1-cocycle for B relative to the covering {Pa → SpecK}, see [12, pp. 122-123].

Similarly, after viewing ker f(Ea ×K Ea) as a subset of G(Ea ×K Ea) we have

sb : Eb ×K Eb → G×K G
(u,v)7→vu−1

−→ G

defining a 1-cocycle for B relative to the covering {Pb → SpecK}, and

sa·b : Ea·b ×K Ea·b → G×K G
(u,v) 7→vu−1

−→ G

defining a 1-cocycle for B relative to the covering {Pa·b → SpecK}.
Now we just need to find a way to compare them relative to the same covering. Consider the following
commutative diagram:

Ea ×K Eb //

��

G×K G
mG //

��

G

��
SpK ×K SpK

a×b // H ×K H
mH // H

SpK

a·b

22
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We can see there exists a unique morphism ω : Ea ×K Eb → Ea·b. So we can pull each covering back
to the covering {Pa ×K Pb → SpecK}.

Define ta, tb and ta·b as following

ta = sa ◦ (Ea ×K Eb ×K Ea ×K Eb → Ea ×K Ea),

tb = sb ◦ (Ea ×K Eb ×K Ea ×K Eb → Eb ×K Eb),

ta·b = sa·b ◦ (Ea ×K Eb ×K Ea ×K Eb
ω×ω→ Ea·b ×K Ea·b).

They are the corresponding 1-cocyles for B relative to the covering {Pa ×K Pb → SpecK}. It suffices
to show ta·b = ta · tb, which can be obtained from the following commutative diagram:

Ea × Eb × Ea × Eb
ω×ω //

��

Ea·b × Ea·b //

��

G×G
(s,t)7→ts−1

// G

G×G×G×G
mG×mG // G×G

(s,t)7→ts−1

// G

G×G×G×G
(s,t,u,v)→(st,uv)→(uvt−1s−1) // G

G×G×G×G
(s,t,u,v)→(s,u,t,v)→(us−1,vt−1)→(us−1vt−1) // G

Ea × Eb × Ea × Eb //

OO

Ea × Ea × Eb × Eb // G×G×G×G
(s,t,u,v)7→(ts−1,vu−1)// G×G

mG

OO

where the red arrows represent ta·b and the blue arrows represent ta · tb. Note that we have uvt−1s−1 =
us−1vt−1 because G is commutative. Hence δ is a group homomorphism.

Corollary B.9. δ is functorial with respect to surjective homomorphism of commutative rigid K-groups
with finite kernel. Explicitly, assume there exists a commutative diagram of commutative rigid K-groups
whose columns are surjective

G′
i //

f
��

H ′

g
��

G′′
j // H ′′

and both ker f2 ∼= Gan and ker g2 ∼= Han are finite. Then the following diagram of groups commutes:

G′′(K)
j′ //

δG
��

H ′′(K)

δH
��

PHS(Gan)
ψ // PHS(Han)

Proof. Take a ∈ G′′(K), we define Ea = G′×G′′,a SpK and denote Ea ∼= P an
a . By arguments from the

previous proposition, we know the morphism sa ∈ Gan(Ea ×K Ea) ⊂ G′(Ea ×K Ea) (we abuse the
notation sa here)

sa : Ea ×K Ea → G′ ×K G′
(u,v)7→vu−1

−→ G′

defines a 1-cocycle for G relative to the covering {Pa → SpecK}.
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Then i◦sa ∈ H ′(Ea×KEa) defines the 1 cocycle ψ(δG(a)) forH relative to the covering {Pa → SpecK}
because it clearly factors through Han. In the other direction, define Ej′(a) = H ′ ×H′′,j′(a) SpK and
denote Ej′(a) ∼= P an

j′(a). Similarly we have sj′(a) ∈ H ′(Ej′(a) ×K Ej′(a))

sj′(a) : Ej′(a) ×K Ej′(a) → H ′ ×K H ′
(u,v) 7→vu−1

−→ H ′

defining a 1-cocyle for H relative to the covering {Pj′(a) → SpecK}.

Clearly there exist a canonical morphism ω : Ea → Ej′(a). So we just need to identify i ◦ sa with
sj′(a) ◦ (ω × ω). So it suffices to show the commutativity of the following diagram.

Ea ×K Ea //

ω×ω
��

G′ ×K G′
(u,v) 7→vu−1

//

i×i
��

G′

i
��

Ej′(a) ×K Ej′(a) // H ′ ×K H ′
(u,v) 7→vu−1

// H ′

The commutativity of both squares are automatic. The result follows.

B.2. Analytification and Frobenii in the category of rigid K-spaces

Throughout this subsection we assume CharK = p and that the absolute Frobenius map FK on K is
a finite extension.

Denote K ′ (K
1
p in some reference) by the Frobenius extension of K via FK : K → K ′, and de-

note by Kp the sub-field of K which is the image of the absolute Frobenius map. Since K ′ is a finite
field extension of K, it is an affinoid K-algebra. So FSpK : SpK ′ → SpK is a well-defined morphism
of rigid K-spaces.

Similarly let A be an affinoid K-algebra, together with an epimorphism K⟨x1, ..., xm⟩ → A. Denote
A′ = A as a K-algebra via K → K ′ → A′ and we want to show that A′ is an affinoid K-algebra,
i.e. there exists a K-epimorphism K⟨y1, ..., yn⟩ → A′. Clearly K ′⟨x1, ..., xm⟩ → A′ is an epimorphism
of K ′-algebras hence an epimorphism of K-algebras. We know K ′⟨x1, ..., xm⟩ ∼= K ′⊗̂KK⟨x1, ..., xm⟩
(see [31, Appx. B, 5]) is also affinoid with an epimorphism K⟨y1, ..., yn⟩ → K ′⊗̂KK⟨x1, ..., xm⟩. Hence
there exists an epimorphism of K-algebra

K⟨y1, ..., yn⟩ → K ′⊗̂KK⟨x1, ..., xm⟩ → A′

making A′ affinoid over K.

And we have a commutative diagram

A
FA // A′

K //

OO

K ′

OO

of affinoid K-algebras. In particular we have a forgetful functor from the category of affinoid K ′-
algebras to the category of affinoid K-algebras. And it induces a forgetful functor from the category
of rigid K ′-spaces to the category of rigid K-space.

Explicitly, let (X,OX) be a rigid K-space, then we have the rigid K ′-space X ′ s.t. (X ′,OX′) = (X,OX)
as a locally G-ringed space, but unlike OX which is a sheaf of K-algebras, we have that OX′ is a sheaf
of K ′-algebras. We can also view OX′ as a sheaf of K-algebras via FK : for any admissible open subset
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V , its K-algebra structure is K → K ′ → OX′(V ). If {Xi
∼= SpAi}i∈I is an admissible covering of X

by affinoid spaces, then {Xi
∼= SpA′i}i∈I is an admissible covering of X ′ by affinoid spaces, where

K → K ′ → A′i is an affinoid K-algebra.

We can define the absolute Frobenius morphism on X as

(FX , F
∗
X) : (X

′,OX′) → (X,OX)

where FX : X ′ → X is the identity map on the topological space and F ∗X,V : OX(V ) → OX′(V ), t 7→ tp

is the absolute Frobenius morphism on the algebra OX(V ). Any absolute Frobenius homomorphism
on a local ring is a local homomorphism of local rings, so it is a well defined map of locally G-ringed
space. Clearly this construction is compatible with the algebraic Frobenius map when X is affinoid.

Lemma B.10. Let f : X → Y be a morphism of rigid K-spaces, then the following diagram commutes

X ′
FX //

f ′

��

X

f
��

Y ′
FY // Y

Proof. It suffices to check the commutativity as locally G-ringed K-spaces. Clearly it commutes on
the level of topological spaces. For morphisms of sheaves, let V be an admissible open subset of Y ,
then the following diagram commutes

OY (V )

f∗V
��

F ∗
Y,V // OY ′(V )

(f ′)∗V
��

OX(f
−1(V ))

F ∗
X,f−1(V )// OX′(f−1(V ))

This is compatible with restriction maps. So the morphisms of sheaves commute. The result follows.

Definition B.11. Let X be a rigid K-space with structure morphism f : X → SpK. Denote
X(p) := X ×K,FSpK

SpK where the second factor SpK is endowed with a structure of rigid K-space
via FSpK : SpK → SpK. So besides the obvious rigid K-space structure of X(p) as a fiber product, we
can endowX(p) with the structure of a rigidK-space via the second projectionX×K,FSpK

SpK → SpK.
We always assume its structure morphism is the second one unless otherwise stated. We define the
relative Frobenius morphism FX/K : X → X(p) as the following uniquely induced map

X

FX/K %%

FX

$$

f

$$

X(p) //

��

X

f

��
SpK

FSpK // SpK

It is a morphism of rigid K-spaces.

Lemma B.12. Let f : X → Y be a morphism of rigid K-spaces. Then the following diagram commutes

X
FX/K //

f

��

X(p)

f (p)
��

Y
FY/K // Y (p)
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Proof. It follows from lemma B.10 and definitions.

Lemma B.13. Let X be a rigid K-group, then X(p) is a rigid K-group and FX/K is a homomorphism
of rigid K-groups.

Proof. As X is a rigid K-group, X(p) is a rigid K-group as the base change of X with FSpK : SpK →
SpK. Denote the multiplication map of X as m : X ×K X → X. Then the multiplication map of
X(p) is m(p) : X(p) ×K X(p) → X(p). So to show the lemma, it suffices to show the following diagram
commutes:

X ×K X
m //

FX/K×FX/K
��

X

FX/K
��

X(p) ×K X(p)m
(p)

// X(p)

Consider above lemma and the fact (X ×K X)(p) = (X ×K X) ×K,FSpK
SpK ∼= X(p) ×K X(p), it

suffices to show that FX/K × FX/K = F(X×KX)/K : X ×K X → (X ×K X)(p). We can use the
universal property of fiber products, denote the projection maps pr1 : (X ×K X)(p) → X ×K X and
pr2 : (X ×K X)(p) → SpK, it suffices to show pri ◦ (FX/K × FX/K) = pri ◦ F(X×KX)/K for i = 1, 2.

The case i = 2 is trivial as both FX/K × FX/K and F(X×KX)/K are morphisms of rigid K-spaces so
that we get the structure morphism of the source after precomposing with the structure morphism of
the target.

In the case i = 1, we have

X ×K X
FX/K×FX/K→ X(p) ×K X(p) pr1→ X ×K X

= X ×K X
FX/K×FX/K→ X(p) ×K X(p) pr×pr→ X ×K X

= X ×K X
FX×FX→ X ×K X

and pri ◦ F(X×KX)/K = FX×KX . So it reduces to showing FX × FX = FX×KX . When X is affinoid,

the equality trivially follows from the fact FA⊗̂RB
: A⊗̂RB → A⊗̂RB is induced by A FA→ A ↪→ A⊗̂RB

and B FB→ B ↪→ A⊗̂RB.

For general rigid K-space X, choose an admissible covering (Xi)i∈I of X by affinoid spaces, then
both FX × FX |Xi×KXj , FX×KX |Xi×KXj : Xi ×K Xj → X ×K X factor through the open subspace
Xi ×K Xj . They agree by the affinoid result. So FX × FX and FX×KX have the same glueing data,
and so they must be the same map, see [31, 5.3.6]. The result follows.

Moreover, Frobenius base change and the relative Frobenius morphism commute with the analytification
functor.

Lemma B.14. Let X be a locally of finite type K-scheme, then (X(p))an ∼= (Xan)(p), F an
X = FXan,

F an
X/K = FXan/K .

Proof. As analytification is insensitive to finite extension of ground field (see lemma B.4) and by
assumption FK is finite, the analytification of X(p) as a K ′-scheme via the projection X(p) → SpK ′ is

the same with the analytification as K-scheme via X(p) → SpK ′
FSp→ SpK. So (X(p))an = (X ×K,FK

K ′)an is a rigid K-space and a rigid K ′-space. Clearly (X×K,FK
K ′)an ∼= Xan×K,FSpK

SpK ′ = (Xan)(p)

as rigidK-spaces, now we just need to show this isomorphism is actually overK ′, which is trivial because
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the canonical map (X ×K,FK
K ′)an → Xan ×K,FSpK

SpK ′ is determined by (X ×K,FK
K ′)an → Xan

and (X ×K,FK
K ′)an → SpK ′, in particular (X ×K,FK

K ′)an → Xan ×K,FSpK
SpK ′ is a map over

SpK ′. So (X(p))an ∼= (Xan)(p) both as rigid K-spaces and rigid K ′-spaces.

Now consider F an
X , FXan : Xan → Xan, they are comparable (i.e. their sources and targets agree

respectively) because analytification is insensitive to finite extensions of ground fields. Using [32, 9.3.3,
Prop. 1], we can safely assume X ∼= SpecA is affine, so Xan =

⋃
i≥0 SpAi for some K-algebras.

Using [32, 9.3.3, Prop. 1] again, it suffices to show F an
X |SpAi = FXan |SpAi for all i.

Clearly, FXan restricting to SpAi is determined by Ai
FAi→ Ai. And F an

X |SpAi is determined by

SpAi ↪→ Xan → X
FX→ X, which is induced by (A

FA→ A → Ai) = (A → Ai
FAi→ Ai). Therefore

F an
X |SpAi is also determined by Ai

FAi→ Ai. So F an
X = FXan .

Next we consider F an
X/K , FXan/K : Xan → (X(p))an ∼= (Xan)(p). Denote the projection maps pr1 :

(Xan)(p) → Xan and pr2 : (X
an)(p) → SpK. Then it suffices to show that pri ◦ F an

X/K = pri ◦ FXan/K

for i = 1, 2. The case i = 2 is trivial as both F an
X/K and FXan/K are morphisms of rigid K-spaces so

that we get the structure morphism of the source after precomposing with the structure morphism of
the target. For the case i = 1, we have

pr1 ◦ F an
X/K = F an

X

= FXan

= pr1 ◦ FXan/K

The result follows.

B.3. Frobenii in the category of formal schemes and completion

We used formal schemes in our proof, e.g. the exact sequence of formal groups (3.3). Let R be a
valuation ring of a suitable field K, then the path X → X̂ → X̂rig from a suitable R-scheme to a
formal R-scheme (by completion) to a rigid K-space (by a rigidification functor to be introduced in
next subsection), provides an alternative method to construct rigid K-spaces. And we will study
their interaction with the Frobenius operators at each step to make sure an absolute (resp. relative)
Frobenius map stays absolute (resp. relative) Frobenius all the way to the end.

For preliminary knowledge on formal schemes, we refer to [35, Chap. I, 10] and [25, 8]. A formal scheme
(X ,OX ) is called of characteristic p if there exists a morphism of formal schemes (X ,OX ) → Spf Fp
where Fp is seen as an admissible topological ring with discrete topology.

Let (X ,OX ) be a formal scheme of characteristic p, we define the absolute Frobenius morphism of
(X ,OX ) as

(FX , F
∗
X ) : (X ,OX ) → (X ,OX )

where FX : X → X is the identity map on the topological space and F ∗X ,V : OX (V ) → OX (V ), t 7→ tp

is the absolute Frobenius morphism on the algebra OX (V ). As the multiplication map on a topological
ring is continuous, so is the map t 7→ tp. Any absolute Frobenius homomorphism on a local ring is a
local homomorphism of local rings, so it is a well defined map of locally topologically ringed spaces. If
X = Spf A is an affine formal scheme, then FX is induced by the absolute Frobenius morphism on A,
FA : A→ A, a 7→ ap.
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Lemma B.15. Let f : X → Y be a morphism of formal schemes of characteristic p, then the following
diagram commutes

X FX //

f
��

X
f
��

Y FX // Y

Proof. It suffices to check the commutativity as locally topologically ringed spaces. Clearly it commutes
on the level of topological spaces. For morphisms of sheaves, let V be an open subset of Y, then the
following diagram commutes

OY(V )

f∗V
��

F ∗
Y,V // OY(V )

f∗V
��

OX (f−1(V ))
F ∗
X ,f−1(V )// OX (f−1(V ))

This is compatible with restriction maps. So the morphisms of sheaves commutes. The result
follows.

Definition B.16. Let S be a formal scheme of characteristic p. Let X be a formal S-scheme with
structure morphism f : X → S. Denote X (p) := X ×S,FS S where the second factor S is endowed
with the structure of formal S-scheme via FS : S → S. We define the relative Frobenius morphism
FX/S : X → X (p) as the following uniquely induced map

X

FX/S $$

FX

##

f

&&

X (p) //

��

X
f
��

S FS // S

It is a morphism of formal S-schemes.

Lemma B.17. Let S be a formal scheme of characteristic p. Let f : X → Y be a morphism of formal
S-schemes. Then the following diagram commutes

X
FX/S //

f

��

X (p)

f (p)
��

Y
FY/S // Y(p)

Proof. It follows from lemma B.15 and definitions.

Lemma B.18. Let S be a formal scheme of characteristic p. Let X be a formal S-group (group object
in the category of formal S-scheme), then X (p) is a formal S-group and FX/S is homomorphism of
formal S-group.

Proof. The proof is parallel to the one in lemma B.13.
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Let S be a locally Noetherian scheme and S′ ⊂ S be a closed subset. Then we can form a locally
Noetherian formal scheme S/S′ in the sense of [25, 8.1.6] or [35, Chap. I, 10.9], called the formal
completion of S along S′. It is sometimes denoted Ŝ when no confusion arises. Let f : X → Y be
a morphism of locally Noetherian schemes, X ′ (resp. Y ′) a closed subset of X (resp. Y ) such that
f(X ′) ⊂ Y ′. Then we can extend f to a morphism of locally Noetherian formal schemes:

f̂ : X/X′ → Y/Y ′ .

There is a generalization of the original completion defined in [35, Chap. I, 10]: X is a locally finitely
presented scheme over the valuation ring R of a complete field K with a non-trivial non-Archimedean
absolute value (so X may not be locally Noetherian) and we form the formal completion X of X
w.r.t. an ideal of definition I of R, see [27, 5.3]. This version is more compatible with rigid analytic
geometry.

Next we show that the completion process commutes with the Frobenius operators in every possible
sense, the following lemmas also work in the above generalized version of formal completion with
parallel proofs. In our case everything is locally Noetherian and the two versions of completion agree
so we don’t need to worry about which version we are using.

Lemma B.19. Let S be a locally Noetherian scheme of characteristic p with a closed subset S′, then
F̂S = FS/S′ .

Proof. It suffices to assume S is affine. Say S = SpecA. Choose an ideal I of A s.t. the closed
subscheme defined by I has S′ as an underlying space. We know I must be finitely generated as A is
Noetherian. Then we have S/S′ = Spf Â where Â is the completion of A with respect to the I-adic
topology. Clearly the Frobenius morphism on A, FA : A→ A induces the Frobenius morphism on Â,
FÂ : Â→ Â. So we are done.

Lemma B.20. Let f : X → Y be a morphism of locally Noetherian schemes of characteristic p,
X ′ (resp. Y ′) a closed subset of X (resp. Y ) such that f(X ′) ⊂ Y ′. Denote pr1 : X(p) → X and
pr2 : X(p) → Y where X(p) is relative to f : X → Y , denote Z = pr−11 (X ′) which is a closed subset of
X(p). Suppose X(p) is a locally Noetherian scheme, then we have

1. (X(p))/Z = X/X′ ×Y/Y ′ ,FŶ
Y/Y ′ ;

2. FX/Y (X ′) ⊂ Z;

3. (FX/Y )
ˆ = FX̂/Ŷ : X/X′ → (X(p))/Z .

Proof. For the first statement, denote Z ′ = pr−11 (X ′) ∩ pr−12 (Y ′), we know (X(p))/Z′ = X/X′ ×Y/Y ′ ,FŶ

Y/Y ′ from [35, Chap. I, 10.9.7]. So it suffices to show pr−11 (X ′) = pr−11 (X ′) ∩ pr−12 (Y ′). And it
reduces to show pr−11 (X ′) ⊂ pr−12 (Y ′). Let x ∈ pr−11 (X ′) so that pr1(x) ∈ X ′ hence f ◦ pr1(x) =
FY ◦ pr2(x) ∈ Y ′. Since FY is an identity map on the underlying space, we have pr2(x) ∈ Y ′ so
x ∈ pr−12 (Y ′). The result follows. The second statement FX/Y (X ′) ⊂ pr−11 (X ′) follows from the fact
pr1 ◦ FX/Y (X ′) = FX(X

′) ⊂ X ′.
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For the third statement, we can simply use the universal property of fiber products. From [35, Chap.
I, 10.9.7], we know the projection morphisms of X/X′ ×Y/Y ′ ,FŶ

Y/Y ′ are exactly (pr1)
∧ and (pr2)

∧.

(pr1)
∧ ◦ (FX/Y )∧ = (FX/Y ◦ pr1)∧

= F̂X

= FX̂
= (pr1)

∧ ◦ FX̂/Ŷ

(pr2)
∧ ◦ (FX/Y )∧ = (FX/Y ◦ pr2)∧

= f̂

= (pr2)
∧ ◦ FX̂/Ŷ

Hence we must have (FX/Y )
∧ = FX̂/Ŷ .

The additional assumption that X(p) is a locally Noetherian scheme is necessary because it does
not automatically follow from locally Noetherianness of X and Y . For a counter example consider
K ′ ⊗K,FK

K ′ where K = Fp(x1, ..., xn, ...). By [36, Thm. 11], K ′ ⊗K,FK
K ′ is Noetherian if and only

if FK : K → K ′ is a ring map of finite type. But FK is not a ring map of finite type, which can be
proved easily by contradiction, because there is no surjection from K[y1, ..., ym] → K ′.

We end this subsection with a lemma about completing a (resp. commutative) group scheme.

Lemma B.21. Let S be a locally Noetherian scheme of characteristic p, and (G,m, e, i) be a locally
of finite type S-group (resp. commutative S-group) scheme with structure morphism f : G→ S. Let
S′ be a closed subset of S and denote G′ = f−1(S′). Denote G′′ = (f × f)−1(S′) ⊂ G ×S G and
G′′′ = (f × f × f)−1(S′).

1. Then G, G×S G, G×S G×S G are locally Noetherian schemes.

2. Denote Ŝ = S/S′ , Ĝ = G/G′ , (G×S G)∧ = (G×S G)/G′′ , (G×S G×S G)∧ = (G×S G×S G)/G′′′ .
We have (G×S G)

∧ ∼= Ĝ×Ŝ Ĝ and (G×S G×S G)
∧ ∼= Ĝ×Ŝ Ĝ×Ŝ Ĝ.

3. Then (Ĝ, m̂, ê, î) is a locally Noetherian formal group (resp. commutative group) scheme over Ŝ
with structure morphism f̂ : Ĝ→ Ŝ.

Proof. The property of being locally of finite type is stable under base change and composition, so
G, G×S G and G×S G×S G are locally of finite type over S. Any scheme that is locally of finite
type over a locally Noetherian scheme is locally Noetherian, the first statement follows trivially.
For the second statement, denote the i-th projection map pri : G ×S G → G, i = 1, 2. We know
f × f = f ◦ pri : (G×S G→ S ×S S ∼= S), so

G′′ = (f × f)−1(S′)

= (f ◦ pri)−1(S′)
= pr−1i (G′)

In particularG′′ = pr−11 (G′)∩pr−12 (G′) and we can apply [35, Chap. I, 10.9.7] to get (G×SG)∧ ∼= Ĝ×ŜĜ.
A similar argument can be used to show (G×S G×S G)

∧ ∼= Ĝ×Ŝ Ĝ×Ŝ Ĝ.
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For the final statement, we first show that those completions of morphisms are well defined. Let X, Y
be schemes over S with structure morphisms g, h respectively, and let α : X → Y be a morphism
of S-schemes, we claim that α(g−1(S′)) ⊂ h−1(S′). This claim trivially follows from the fact that
g−1(S′) = (h ◦ α)−1(S′) = α−1(h−1(S′)). Hence if both X and Y are locally Noetherian schemes, α
induces a morphism of locally Noetherian formal schemes α̂ : X/g−1(S′) → Y/h−1(S′) over Ŝ. Now we
would like to show (Ĝ, m̂, ê, î) satisfies the following three rules (resp. four rules in the commutative
case):

1. m̂ ◦ (idĜ × m̂) = m̂ ◦ (m̂× idĜ) : Ĝ×Ŝ Ĝ×Ŝ Ĝ→ Ĝ;

2. m̂ ◦ (ê ◦ f̂ , idĜ) = m̂ ◦ (idĜ, ê ◦ f̂) = idĜ : Ĝ→ Ĝ;

3. m̂ ◦ (idĜ, î) = m̂ ◦ (̂i, idĜ) = ê ◦ f̂ : Ĝ→ Ĝ;

4. In the commutative case, m̂ = m̂ ◦ swapĜ/Ŝ : Ĝ×Ŝ Ĝ→ Ĝ where swapĜ/Ŝ : Ĝ×Ŝ Ĝ→ Ĝ×Ŝ Ĝ
swaps the order of the factors.

Clearly it suffices to show the completion operation commutes with the identity morphism, product of
morphisms (in both sense of (α, β) and α × β), and the swap morphism under suitable conditions.
Obviously idĜ = (idG)

∧. Now let X,Y, Z be locally Noetherian schemes over S with structure
morphisms g, h, l respectively, and suppose X×S Y is also a locally Noetherian scheme. Let α : Z → X
and β : Z → Y be a morphisms of S-schemes. They induce a morphism (α, β) : Z → X ×S Y and
then the equality

(α, β)∧ = (α̂, β̂) : Z/l−1(S′) → (X ×S Y )/(g×h)−1(S′) = X/g−1(S′) ×Ŝ Y/h−1(S′)

follows from the universal property of fiber products. Now we consider the completion of α × β :
Z ×S Z → X ×S Y , it is essentially the same as above, since α× β = (α ◦ pr1, β ◦ pr2). So we have
(α× β)∧ = α̂× β̂. Similarly swapG/S = (pr2,pr1), so they commute with the completion operation.
The result follows.

B.4. Rigidification functor and its relation with Frobenius operators

Let (R,m) be a valuation ring of height 1 with field of fraction K. We view R as a topological ring
by taking the system of its non-zero ideals as a basis of neighborhoods of 0. It follows that R is
automatically separated (i.e. Hausdorff. Let r ∈ R\{0}, if r ∈ R is an unit then (r +m) ∩m = ∅; if r
is not a unit, then r /∈ (r2) so (r + (r2)) ∩ (r2) = ∅). We know m is the only non-trivial prime ideal so
the topology of R coincides with the t-adic topology for any non-zero element t ∈ m by [31, 7.1.7].
Assume further that R is complete with this topology, i.e. every Cauchy sequence converges, then R
is a separated and complete adic ring and K is a complete field with a non-trivial non-Archimedean
absolute value, see [31, 7.1, p. 154]. So it makes sense to talk about formal R-schemes and rigid
K-spaces.

In this subsection we introduce the rigidification functor and investigate its relation with Frobenius
operators.

Lemma B.22. Let R be a complete valuation ring of height 1 with field of fraction K. Then the
functor A 7→ A⊗R K on R-algebras A of topologically finite type gives rise to a rigidification functor
(·)rig : X ⇝ X rig from the category of formal R-schemes that are locally of topologically finite type, to
the category of rigid K-spaces.
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Proof. See [31, 7.4, Prop. 3].

Since the rigidification functor preserves fiber products, in particular finite products (i.e. finite fiber
products over the terminal object), it preserves group objects (resp. commutative group objects). We
fix R and further assume that R is of characteristic p and FR is a finite ring map, so that FK is
also finite as a localization of FR. Next we show that the rigidification functor commutes with the
Frobenius operators in every possible sense.

Lemma B.23. Let X be a locally of topologically finite type formal R-schemes, then FX rig = (FX )
rig.

Proof. To use the notion (FX )
rig, first we need to show that FX is a map in the category of formal

R-schemes that are locally of topologically finite type. It suffices to check any topological ring A that
is a topologically finite type R-algebra with structure map R f→ A is still of topologically finite type
over R when the structure map switches to R f→ A

FA→ A.

Denote R′ = R as the R-algebra via FR : R→ R, and A′ = A as the R-algebra with structure map
R

f→ A
FA→ A. Fix a non-zero element t ∈ m, then R is t-adic. As a topological R-algebra, the topology

on A′ is tpA′-adic; as a topological R′-algebra, the topology on A′ is tA′-adic. Since (tA′)p = tpA′,
the two adic topologies coincide on A′. Also FA is clearly continuous as the multiplication map is
continuous on any topological ring.

As A is of topologically finite type over R, A is isomorphic to R⟨x1,...,xn⟩
I endowed with the t-adic

topology for some ideal I of R⟨x1, ..., xn⟩. By assumption R′ is finite over R, let r1, ..., rm be the
generators of R′ as an R-module. Then we can construct a surjection of topological R-algebras:

R⟨y1, ..., ym, x1, ..., xn⟩ → R′⟨x1, ..., xn⟩
I

r 7→ rp

yi 7→ ri

xj 7→ xj

So A′ is also of topologically finite type over R. Hence FX is indeed a map in the category of formal
R-schemes that are locally of topologically finite type.

To show FX rig = (FX )
rig, it suffices to show they agree on a covering of affinoid spaces. So it reduces

to the case X is affine formal. Say X = Spf A where A is a topologically finite type R-algebra then
FX is induced by FA. Then the result follows from the fact that FA ⊗RK = FA⊗RK (localization of a
Frobenius map is again a Frobenius map).

Lemma B.24. Let X be a locally of topologically finite type formal R-scheme, then (X (p))rig = (X rig)(p)

and FX rig/K = (FX/R)
rig.

Proof. Clearly the property of being locally of topologically finite type is stable under base change,
so (X (p))rig makes sense and FX/R is a map in the category of formal R-schemes that are locally of
topologically finite type. To show (X (p))rig = (X rig)(p), it is safe to assume X = Spf A is affine formal
where A is a topologically finite type R-algebra. It suffices to show A⊗R,FR

R⊗RK = A⊗RK⊗K,FK
K

which can be seen by identifying R FR→ R→ K with R→ K
FK→ K.

To show FX rig/K = (FX/R)
rig, it suffices to show they agree on a covering of affinoid spaces. Again it

reduces to the case X = Spf A is affine formal where A is a topologically finite type R-algebra. Then
the result follows from the fact that FA/R ⊗R K = FA⊗RK/K (more generally we have FX/S × idS′ =
FX×SS′/S′ where S is a scheme of characteristic p and X,S′ are S-schemes).
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B.5. A lemma supporting lemma 3.7

Let R and K be as in last subsection. Let X be a locally of finitely presented R-scheme with generic
fiber XK and formal completion X w.r.t. an ideal of definition of R, then there is a morphism of rigid
K-spaces:

iX : X rig → Xan
K

which is functorial in X, respecting the formation of fiber products, see [27, 5.3.1]. When X is
separated and finitely presented over R, iX is a quasi-compact open immersion. When X is proper
over R, iX is an isomorphism.

Lemma B.25. Let G be a separated, finitely presented commutative group scheme over R with generic
fiber GK and formal completion G w.r.t. an ideal of definition of R, then there exists a canonical
isomorphism of finite rigid K-spaces α : kerFGrig/K → kerFGan

K /K .

Proof. By lemma B.21 (in the generalized setting of formal completion), G is a commutative group
object so Grig is a commutative group object. Similarly GK is commutative group object and so is Gan

K .
And the relative Frobenius morphism is a group homomorphism so we can talk about their kernels.

Denote m : G ×R G → G the multiplication morphism of G. As iX respects the formation of fiber
products and is functorial in X, we have a commutative diagram

Grig ×K Grig
=iG×iG

iG×G //

m̂rig

��

Gan
K ×K Gan

K

man
K

��
Grig iG // Gan

K

which shows that iG is a group homomorphism of commutative rigid K-groups. Then we obtain α by
taking the map of kernels of columns of following commutative diagram

Grig iG //

FGrig/K

��

Gan
K

FGan
K

/K

��
(Grig)(p)

i
(p)
G // (Gan

K )(p)

Denote H = kerFG/R with generic fiber HK and formal completion H w.r.t. an ideal of definition
of R. We first show kerFGrig/K

∼= Hrig and kerFGan
K /K

∼= Han
K then prove that α = iH so that it’s an

isomorphism by properness of H.

First, we have

kerFGrig/K
∼= ker(FG/R)

rig by lemma B.24
∼= (kerFG/R)

rig as (·)rig commutes with fiber products
∼= (ker(FG/R)

∧)rig by lemma B.20
∼= ((kerFG/R)

∧)rig as generalized completion commutes with fiber products

= Hrig
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and

kerFGan
K /K

∼= ker(FGK/K)an by lemma B.14
∼= (kerFGK/K)an as (·)an commutes with fiber products
∼= (ker(FG/R ⊗R K))an

∼= ((kerFG/R)⊗R K)an

= Han
K

Using the universal property of fiber products on Han
K = Gan

K ×(Gan
K )(p)K, we can see that any morphism

between Hrig and Han
K that making the following square commute must be α.

Hrig //

��

Han
K

��
Grig iG // Gan

K

In particular, iH = α. As G is locally of finite type over R, FG/R is finite by [5, tag 0CCD], so H is
finite by base change, hence proper. Thus α is an isomorphism.
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