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Abstract

The famous n-queens problem asks how many ways there are to place n
queens on an n X n chessboard so that no two queens can attack one an-
other. The toroidal n-queens problem asks the same question where the
board is considered on the surface of the torus and was first studied by
Pélya in 1918. Let Q(n) denote the number of n-queens configurations on
the classical board and T'(n) the number of toroidal n-queens configura-
tions. Polya showed that T'(n) > 0 if and only if n = 1,5 mod 6 and much
more recently, in 2017, Luria showed that T'(n) < ((1 + o(1))ne™?)" and
conjectured equality when n = 1,5 mod 6. Our main result is a proof of
this conjecture, prior to which no non-trivial lower bounds were known to
hold for all (sufficiently large) n = 1,5 mod 6. Furthermore, we also show
that Q(n) > ((1 + o(1))ne3)" for all n € N which was independently
proved by Luria and Simkin. Our result counts only those configurations
with at most 12 queens attacking toroidally. Combined with our main
result, this completely settles a conjecture of Rivin, Vardi and Zimmer-
man regarding both Q(n) and T'(n). Our proof combines a random greedy
algorithm to count ‘almost’ configurations with a complex absorbing strat-
egy that uses ideas from the recently developed methods of randomised

algebraic construction and iterative absorption.

This is joint work with Peter Keevash.
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Chapter 1

Introduction

This thesis considers the ‘n-queens problem’ and is based on joint work with Peter

Keevash.

1.1 The n-queens problem

The n-queens problem has a long and varied history. Stated in its classical form
it asks, given an n x n chessboard, how many different ways there are to place n
queens on the board, so that no two can attack one another. That is, how many
ways can one place n items on the board so that no two share the same row, column,
or either diagonal. A trivial upper bound is n!, observed by counting the number
of choices so that no two queens share a row or column. With the problem being
of such natural interest recreationally, as well as mathematically, and dating back a
long way, it is somewhat difficult to follow the initial history of the problem from
original sources, and various authors of work relating to the problem cite different
histories. However we give details of the initial history in line with that of a survey
of the problem by Bell and Stevens [5], who in particular address some of these mis-
citations. The 8-queens problem was first published in 1848 by Max Bezzel [§], a
chess composer, in the monthly German chess magazine, ‘Schachzeitung der Berliner
Schachgesellschaft’ (which from 1872 became known as the ‘Deutsche Schachzeitung’).
In 1850, Nauck [44] solved the problem, finding all 92 solutions, though not proving
that this list was complete. At the same time, Gauss was thinking about the problem
as seen, for example, in letters to an astronomer friend Schumacher later published
in [47]. However Gauss only found 72 of the solutions before becoming aware of
Nauck’s 92 solutions. According to Campbell [14], in these letters Gauss reformulated

the 8-queens problem as an arithmetic one and related it to the representation of



complex numbers, though seemingly this got Gauss neither further in enumerating
the solutions, nor in proving an upper bound. Again, various different attributions are
made as to who first proposed the generalised n-queens variation of the problem. One
of the earliest references is by Lionnet [38] in 1869 who posed the following arithmetic
representation. Note first that any solution (a placement of n non-attacking queens
on the n x n board) is a permutation of [n], seen by labelling the rows and columns
{1,...,n}. Letting S, denote the symmetric group of order n, the conditions for
such a permutation o = (iy,...,4,) € S, to represent a solution are equivalent to the
arithmetic question of whether i; —i;, # £(j — k) for all ordered pairs (j, k) € [n] x [n]
with j # k. Equivalently, (iy,...,i,) € S, is a solution if and only if i; — j # i), — k
unless j = k and ¢; + j # i, + k unless j = k, for every (j, k) € [n] x [n]. To see
this, first note that each square on the board identifies a unique combination of row,
column, NW-SE (or forward) diagonal, and NE-SW (or backward) diagonal. Then
we can think of labelling the rows and columns {1,...n} from the bottom left hand
corner of the board and then have the diagonals labelled in such a way that the square
on the board in row ¢ and column j has forward diagonal i+ j and backward diagonal
i — j. (Then in order to place queens so that no two can attack one another, we
require that 7; £ j; # iy £ jo for two queens placed in rows i; and 75 and columns j;
and j, respectively.)

Let Q(n) denote the number of solutions to the n-queens problem. That Q(8) =
92, confirming Nauck’s solution, was proven in 1874 by Glaisher [24]. Pauls [45, 46]
also proved this in the same year and, in addition also proved that (n) > 1 if and only
if n ¢ {2, 3}, establishing that at least one solution exists to the generalised problem
whenever n > 4 (as well as when n = 1). In general, there has been some success in
calculating Q(n) exactly for small values of n. In particular, sequence A000170 in the
OEIS gives the value up to n = 27. Concerning upper and lower bounds for all n or
infinite subsequences, progress has been much slower until relatively recently due to
the precise nature of Q(n) being difficult to understand. This has led to interest in
studying several different variants of the problem which seem more straightforward
or more mathematically natural, including the toroidal n-queens problem, which is
the key consideration of this thesis. The toroidal n-queens problem views the n x n
chessboard on the surface of a torus, which affects the diagonals. The diagonals
‘wrap-around’ the standard board so that identifying a square in row ¢ and column
7 which on the standard board is on the diagonals ¢ + j and ¢ — j, the square is now
considered to be on the diagonals i4+j mod n, so that there are in total n of each type

of diagonal, as well as n rows and n columns, creating a more regular mathematical



structure. Letting 7'(n) denote the number of solutions to the toroidal n-queens
problem, it should be clear that Q(n) > T'(n) for all n. In particular, any solution to
the toroidal problem is also a solution on the original board of the same dimensions.
Due to the close links between the standard and toroidal n-queens problems, along
with the intractability of the former, many papers have considered the two variants
simultaneously and thus much of the work on lower bounds for Q(n) has been via
work on T'(n). Pdlya [49] was the first to formally consider the toroidal n-queens
problem in 1918, and showed that 7'(n) > 1 if and only if n = 1,5 mod 6. Bussey [13]
noted that Q(p) > T'(p) > p(p — 3) whenever p is prime and it was not until 1994
that any exponential lower bounds were given for even some values of n. Rivin, Vardi
and Zimmerman [50] showed for every prime p that T'(p) > 2oV/-1)/2, Moreover,
if p is a prime such that (p — 1)/2 is not prime and d is the smallest non-trivial
divisor of (p — 1)/2, then T(p) > 2~1/4) They also showed that if n is divisible
by a prime = 1mod 4 then T(n) > 2"° and separately if ged(n,30) = 5, then
Q(n) > 4™5. Beyond this, Rivin, Vardi and Zimmerman also conjectured asymptotic

super exponential bounds for Q(n) and T'(n).

Conjecture 1.1.1 (Rivin, Vardi, Zimmerman [50]).

log Q(n) = ©(nlog(n)),

and for n = 1,5 mod 6,
logT'(n) = ©(nlog(n)).

First note that by the trivial upper bound of n! which applies to both @(n) and
T'(n), only lower bounds are required to prove Conjecture 1.1.1. In 2017, Luria [39]
gave the first super exponential lower bounds that hold for some value of n. Luria
showed that if n = 22¥ + 1 for some k € N, then T'(n) > n"/1%=°() hence proving the
conjecture (both for the standard and toroidal problems) for some values of n. Luria
also gave improved upper bounds for both Q(n) and T'(n), showing that T'(n) < ((1+
0(1))%)" and Q(n) < ((1+o0(1))Z%)", where ¢ = ~3+2,/3/5-arctan(,/5/3) > 1.587.
Luria went on to give a stronger conjecture than that of Rivin, Vardi and Zimmerman
in the toroidal case, that when n = 1,5 mod 6 we have T'(n) = ((1 + o(1))%)". In

fact, the main result of this thesis is precisely that this conjecture is true.

Theorem 1.1.2. Letn =1,5mod 6. Then

T(n) = ((1 +o(1))3)".

e3



Theorem 1.1.2 both settles the conjectures of Rivin, Vardi and Zimmerman, and
of Luria concerning the toroidal problem, as well as giving a solution to the question
that Pdlya [49] was concerned with, which fully settles the problem asymptotically
in (T(n))"/", which can informally be seen as the number of solutions per queen. As
far as we are aware, there are no other known lower bounds for the toroidal problem
for general n = 1,5 mod 6, or exponential or super exponential lower bounds that
hold for any infinite subsequence. In particular, until now, there was no non-trivial
lower bound on the number of solutions to the toroidal n-queens problem that held
for all n = 1,5 mod 6 (i.e. all n for which at least one solution exists), and due to
Luria’s upper bound, our work on the lower bound in this thesis completely settles
the problem asymptotically for (7'(n))'/".

In this thesis we also prove that the bound on T'(n) given above when n = 1,5

mod 6 yields a lower bound for all n in the classical case.

Theorem 1.1.3. For every n € N we have that
n n
Q) = ((1+0(1)5)".
Furthermore, this lower bound only considers configurations with at most siz pairs of

queens that attack toroidally.

This result, along with Theorem 1.1.2 and the trivial upper bound of n! settles
Conjecture 1.1.1 completely (both the classical and toroidal cases). Independently,
shortly before this thesis was submitted, Luria and Simkin [40] also released a preprint
obtaining the same lower bound on Q(n), thereby also settling the conjecture in the
classical case. Following on from this, Simkin [54] subsequently released a preprint
improving both the lower and upper bounds for the classical problem, with the main

result as follows:

Theorem 1.1.4 ([54]). There exists a constant 1.94 < ¢ < 1.9449 such that

Q) = ((1+o(1)2)".

ec

This result gets significantly closer to the ‘truth’ for the classical problem and is
a big breakthrough, but neither of these recent results yields headway on the toroidal
problem for any n and nor do the methods shed any new light on how to solve the
toroidal problem. We defer mention of the methods used for these recent lower bounds

to discuss alongside the methods we use to prove Theorem 1.1.2.



The n-queens problem (both the classical and toroidal versions) are not only of
recreational interest, but their importance goes well beyond this. As well as the alge-
braic formulation discussed above, there are various combinatorial reformulations that
we discuss in the next section that demonstrate its abstract mathematical importance.
Beyond this, the problem is useful in the discussion of mathematical optimisation and
in design and analysis of algorithms, as well as having various practical applications.
One algorithmic application has been the use of the problem as an example problem
for various programming techniques. In particular, Dijkstra [15] used the 8-queens
problem to demonstrate the importance and use of backtracking algorithms and recur-
sion in programming. In [20], Erbas, Sarkeshikt and Tanik discuss various algorithms
for generating solutions to the generalised problem, as well as noting various refor-
mulations, including those in integer programming and constraint satisfaction. From
a computer science perspective, the problem is not only useful in the study of al-
gorithms, but solutions to the n-queens problem are also useful for memory storage
schemes. One example of this, observed by Shapiro [53], is that finding valid periodic
skewing schemes, a class of conflict-free storage algorithms for parallel memories, is
identical to the problem of finding solutions to the toroidal n-queens problem. Yang,
Wang, Liu and Chiang [59] discuss the use of n-queens solutions in pixel decimation
which can be used to improve the speed of block motion, used in various video coding
standards. For a more comprehensive list of applications, we direct the reader to the

afore mentioned survery of Bell and Stevens [5, Section 2].

1.2 Graphical reformulations of the n-queens prob-
lem

Many different approaches to tackling the n-queens problem have been made over
the years, with its algebraic, algorithmic and combinatorial structure luring in math-
ematicians and computer scientists from many different areas. One aspect of this is
that the problems can be phrased in various different ways which are of much more
general mathematical importance and have been studied extensively in their own
right. To this end, we mention here a few of the graphical realisations of the problem.

Firstly, one could represent each of the n? squares of the chessboard via a vertex
of a graph, and form edges between two vertices if they lie in the same row, column
or either of the two diagonals. In this way, a single solution to the problem is an
independent set of size n, and so the problem is equivalent to counting independent

sets of size n in this graph. (Note that the largest independent set in this graph



is of size n or smaller, and so for all n such that at least one solution to the n-
queens problem exists, this corresponds to counting maximum size independent sets. )
Enumerating independent sets in graphs and hypergraphs is a fundamental problem
in combinatorics and many different tools and techniques have been developed to
work on such problems. Some recent tools to have contributed significantly to the
literature of results include the (hypergraph) container method, and methods from
statistical physics, including the use of polymer models and cluster expansion. One
can also view the problem in terms of maximum cliques. In particular, defining the
graph on n? vertices corresponding to the squares of the board and joining pairs of
vertices by an edge when they do not share a row, column or either diagonal, we get
the complement graph of the previously defined graph, and a solution to the n-queens
problem is equivalent to a clique of size n (the maximum size that any clique in this
graph will possibly have).

Another formulation, in fact the key one for this thesis, comes in terms of the
following hypergraph which we refer to as the n-queens hypergraph, Q(n). We let
V(Q(n)) consist of a vertex for each of the n rows, n columns, 2n—1 forward diagonals
and 2n — 1 backward diagonals, and E(Q(n)) consist of all quadruples that identify a
unique square on the board. In this way two edges intersect if and only if they share
a row, column, forward diagonal or backward diagonal, and so two queens which are
non-attacking correspond to a pair of disjoint edges in Q(n). Hence the n-queens
problem is now to count the number of matchings which cover the row and column
parts of Q(n), a 4-partite, 4-uniform hypergraph. From now on we shall name our
parts VX, VY VXY and VXY and may also refer to them simply as the X, Y,
X +Y and X —Y parts, respectively. Note that, labelling the vertices corresponding
to rows and columns from 0,...,n — 1, the forward diagonal from 0,...,2(n — 1),
and the backward diagonal from —n +1,...,0,...,n — 1, fixing row ¢ and column j
dictates the square with diagonals ¢ + j and ¢ — j. In particular fixing any row and
column pair dictates a unique square on the board, and thus a unique edge in Q(n),

and we can write

V(Qn)) = {i*:ie{0,....n—-13}U{i":ie{0,....,n—1}}
Ut ied{o,....2n - U Y vie{-n+1,...,n—1}}
= VYOV ouvET gvEYand
E(Q(n)) = {@*, ", i+, i—") i e{0,...,n—1}}

C VA VY x V&Y x yXY,



Thus Q(n) is a 4-graph such that every vertex in VXUV has degree n, and each pair
(i,7) € VXX VY has pair degree 1. Whilst the problem of counting matchings covering
the X part in Q(n) is not an unnatural problem, we see that from this graph theoretic
perspective, the toroidal problem is even more natural. In particular, the related 4-
partite 4-graph, hereafter referred to as the n-queens toroidal hypergraph, T (n), can
be seen as having parts VX, VY, VXY and VX~Y each containing exactly n vertices
(or coordinates) with labels 0,...,n — 1, so that (i,7,7 + j mod n,i —j mod n) €
VEAXVY x VXATY x VXY is an edge in T (n) for every 7,5 € [0,n—1]. In this context,
answering the toroidal n-queens problem corresponds to counting perfect matchings
in 7' (n). Furthermore, T (n) is an n-regular graph with pair degree exactly 1 across all
pairs from two different parts when n is odd, and in particular when n = 1,5 mod 6
(i.e. when at least one perfect matching exists in 7 (n). When n is even, we find this is
true over all pairs across two parts except for pairs (a,b) € VXY x VXY For these,
we find the pair degree is exactly 2 if a = b mod 2, and 0 otherwise. So the toroidal
n-queens problem (where we only consider n = 1,5 mod 6) becomes that of counting
perfect matchings in an n-regular 4-partite 4-graph on 4n vertices with partite pair
degree exactly 1 for all pairs. The study of matchings in graphs and hypergraphs is
so extensive that it seems natural to consider the toroidal n-queens problem in this
context, and for the remainder of this thesis we consider the problem as such, and
now often refer to counting perfect matchings in 7 (n), rather than counting solutions
to the toroidal n-queens problem.

Note that we could also view this problem as a rainbow matching problem in a
3-partite 3-graph. In particular, taking three parts with vertices to represent the
rows, columns and one of the diagonals, then we may use colours to represent the
other diagonal. We have an edge of colour ¢ in the graph if and only if the three
vertices and colour correspond to a particular position on the board. In this setting,
a rainbow matching (a matching where every edge has a different colour) of size n
yields a solution to the n-queens problem, since two queens can attack each other if
and only if they are in the same row, column, or either diagonal, which in this case

corresponds to two edges sharing a vertex or a colour.

1.2.1 A very brief history of matching theory

Matching theory encompasses a wide variety of problems in combinatorics and has
diverse applications both within and beyond mathematics. There is a wealth of litera-

ture covering many different areas including (but not limited to) the characterisation



of graphs with perfect matchings (in particular Hall’s Theorem [28] for bipartite
graphs, and Tutte’s Theorem [55] for a general graph G) and efficient algorithms for
finding matchings under certain conditions (such as Gale and Shapley’s [23] Stable
Marriage assignment, and Kuhn’s ‘Hungarian’ algorithm [36]). The natural interest
in matchings in graphs extends readily to hypergraph matchings. Indeed, hypergraph
matching theory is at the heart of complexity theory as one of Karp’s original 21 NP-
complete problems [31]. This has led to much work looking for sufficient conditions
to guarantee a perfect matching in a hypergraph. A key area of this is to look at
problems concerning minimum degree conditions, also known as ‘Dirac-type’ prob-
lems, so-called as they spring from a classical result of Dirac [16] which states that
every graph G on n vertices with minimum degree at least n/2 contains a Hamilton
cycle (and thus, when n is even, a perfect matching, seen by taking every other edge
in a Hamilton cycle). Whilst much progress has been made in determining minimum
degree thresholds for perfect matchings in k-uniform hypergraphs (or k-graphs for
short), there is a wealth of open questions still remaining. In particular, both the
asymptotic and exact minimum vertex degree thresholds for a perfect matching in a
k-uniform hypergraph still remain open for £ > 6. For more on Dirac-type problems
we suggest the surveys [52, 60|, though there has been a lot more progress on such
problems since.

Beyond the existence of perfect matchings, it is interesting to consider, given a
family of graphs H defined by a particular structure, what size matching can we
guarantee to find in any H € H? It is interesting to lower bound the size of a
mazimum matching in a class of graphs, even when it is known that a perfect matching
cannot be guaranteed. Again, minimum degree conditions are still an area of interest
here and there are many results to this end. Another natural family to consider is
the family of regular k-graphs, of which the toroidal n-queens graph is a member.
Whilst the result of Pélya [49] determines that 7 (n) has a matching of size n if and
only if n = 1,5 mod 6, it was a while before the size of the largest matching was
determined for all other n. In particular, various authors considered this and gave
partial solutions before Monsky [43] settled the problem completely (when combined
with Pélya’s result), showing that for every n there exists a partial solution of size
n — 2, and a partial solution of size n — 1 if and only if n is not divisible by either 3
or 4.

More generally, we may wish to find a matching leaving only a o(1) proportion of
vertices uncovered, and indeed see how far we can push the o(1) term for a general

family of graphs. Probabilistic methods have been discovered to be very successful



for proving results in this realm. This was initiated by Rédl [51] who introduced a
semi-random construction method that is now referred to as the Rodl nibble to settle
a conjecture of Erdés and Hanani [21] concerning approximate Steiner systems. A
Steiner system with parameters (n, k, 1) is a collection A of k-sets from [n] such that
every l-set from [n] is a subset of exactly one element from A. This is equivalent
to a perfect matching in the complete (';)-graph on vertex set ([’Z]). Concerning
approximate Steiner systems, let m(n, k,[) be the maximal size of a family A of k-
sets from [n] such that every [-set is a subset of at most one element from A. Then
R6dl [51] showed that lim,, % = 1, which implies a matching covering all
but a o(1) proportion of the vertices in the (';)—graph described above. Frankl and
R6dl [22] and Pippenger and Spencer [48] observed that the nibble applied in the
more general setting of almost regular uniform hypergraphs with small maximum
pair degrees. Building on this, again inspired by the nibble technique, Grable [27]
gave a more precise analysis under slightly stronger conditions concerning the pair
degree, finding a matching in such an n vertex graph that covers all but n'~=® vertices
for some constant a > 0. More recently, related methods have been used to establish
even larger matchings in regular hypergraphs with small pair degrees. Alon, Kim
and Spencer [1] considered simple d-regular n-vertex k-graphs (those in which pair
degree is at most 1), and showed that when k = 3, the graph contains a matching
covering all but at most O(nd~"/21og®?(d)) of the vertices, and when k > 3 there is
a matching covering all but at most O(nd~'/(* =) vertices. Note that this is a vast
improvement in the case where d is close to n. The method used here differs from the
Rodl nibble but takes some inspiration from the method, requiring adjustments and
martingale inequalities for a more careful analysis. Moving slightly further from the
nibble technique, Bennett and Bohman [6] analysed the case of d-regular k-graphs on
m. They
analyse a random greedy matching process using the differential equations method

n vertices where d — 0o as n — oo and pair degrees are at most [ =

to show that with high probability (whp) every graph satisfying the conditions above
contains a matching covering all but an (I/d)*/?r=2)+°(1) proportion of vertices.
Another natural question concerns counting matchings. One might ask how many
matchings a graph has in total, or of a given size, and in particular, given a (hy-
per)graph H such that a perfect matching exists, how many different perfect match-
ings does H contain? Even in 2-graphs, the counting problem is known to be fP-
complete [56, 57|, thus leading to much interest in solving the problem for different
types of graphs and hypergraphs. As previously mentioned, the work of this thesis

relates to a problem concerning counting perfect matchings in 7 (n). Our counting



approach implements some of the ideas used in the analysis of large matchings in reg-
ular k-graphs, specifically the strategy of Bennett and Bohman [6], leaving us with
a subgraph of 7 (n) on which we wish to find only a single perfect matching. More

details are given throughout the thesis.

1.3 Semi-queens

Before discussing our methods for working on the lower bound of the toroidal n-queens
problem we discuss another related problem known as the n-semi-queens problem. We
define a semi-queen to be a chess piece that can attack along rows and columns and
along the forward diagonal (this could instead be the backward diagonal, but the im-
portant point is that all semi-queens on a board can attack along the same diagonal).
Then the semi-queens version (and its toroidal counterpart) asks for the number of
ways to place n non-attacking semi-queens on an n x n (toroidal) board. The corre-
sponding graphs, @'(n) and 7'(n), can be seen as 3-partite 3-uniform hypergraphs,
with parts VX, VY and VXY where every pair (i,5) € VX x VY defines an edge
(i,4,i+7) € VEX VY x VXY "and as before, the solution to the problem corresponds
to counting the matchings covering VX U VY. (Note that this is the same graph as
discussed in the rainbow matching realisation of the (full) n-queens problem, but
ignoring the colours given to the edges.) Clearly this is a relaxation of the queens
problem, and every solution to the queens problem is a solution to the semi-queens
problem. Let @’(n) and T7"(n) denote the number of solutions to the classical and
toroidal n-semi-queens problems respectively. It is known that 7"(n) > 0 if and only
if n is odd. The toroidal semi-queens problem was recently solved by Eberhard, Man-
ners and Mrazovi¢ [18], who showed that 7"(n) = (1 + 0(1))(\/57;% using methods
from analytic number theory. We mention the semi-queens problem now, not only
since it is interesting in its own right, but furthermore in Section 3.2, in order to
prove statements about 7 (n), it is helpful to first prove statements about 77(n).
For further details on the history of the n-queens problem, we refer the reader to
the survey [5], though this does not have the recent bounds of Luria [39] and Luria
and Simkin [40], Simkin [54], nor the bounds of Eberhard, Manners and Mrazovié¢ [18]
on the semi-queens problem. Additionally we draw the reader’s attention to the
website [35], where Walter Kosters from Universiteit Leiden maintains a bibliography

of papers and results concerning the n-queens problem.
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1.4 Strategy overview

Our proof uses a random greedy algorithm to lower bound the number of almost-
perfect matchings, and uses an absorbing strategy to show that, with high probability,
each of the almost-perfect matchings included in the count extends to at least one
distinct perfect matching. It will become clear later precisely what we mean by an
almost-perfect matching in this context but, informally, we mean a matching covering
all but a o(1) proportion of the vertices. The absorbing strategy combines the tech-
niques of randomised algebraic construction and iterative absorption, both recently
developed methods that have independently been used to make big breakthroughs in
design theory. The former was introduced by Keevash [33] to prove the Existence
Conjecture for combinatorial designs and the latter was introduced and developed for
hypergraph decomposition by Kiihn, Osthus and various coauthors (Barber, Glock,
Lo, Montgomery) [4, 25, 26], and was used to give a new proof of the Existence Con-
jecture. Keevash’s result was a great breakthrough in combinatorial design theory,
answering a long standing open question posed by Steiner in 1853. Since then Keevash
[34] has generalised this work to the setting of subset sums in lattices with coordinates
indexed by labelled faces of simplicial complexes. This includes hypergraph decom-
positions in partite settings, and the method extends to give approximate counting
results for structures such as the latin hypercube (also known as an r-dimensional
permutation) and Sudoku squares. The result [34, Theorem 1.7] combined with the
analysis of a random greedy algorithm yields lower bounds for these quantities, and
matching upper bounds follow from the work of Linial and Luria [37] who use the
entropy method to obtain these bounds. It is explicitly noted in the paper that [34,
Theorem 1.7] does not apply to the toroidal n-queens problem. Details of the proof
strategy used for these counting arguments are presented in more detail in [32], where
Keevash applies the method to the problem of counting Steiner Triple Systems, that is
Steiner systems with parameters (n, 3,2). In particular, Keevash gives a lower bound
for the number of Steiner Triple Systems on n vertices, ST'S(n), by considering the
equivalent problem of counting the number of different triangle decompositions of
K,,. To do so, the proof relies first on the random greedy triangle removal process of
Bohman, Frieze and Lubetzky [11], which gives a mechanism for lower bounding the
number of different partial triangle decompositions of size %2 —cn® for some constants
¢ > 0 and % < a < 2. The second part shows that in the remaining graph, with high
probability, a triangle decomposition exists, thus transforming the partial triangle

decomposition into a full triangle decomposition in (1 — o(1)) proportion of cases,
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enabling us to lower bound ST'S(n). The random greedy triangle removal process
shows that, up until a certain point, the graph remains quasi-random, and retains
what are referred to as c-typical conditions, which relate to the degree of each vertex
as well as the size of the intersection of neighbourhoods for pairs of vertices being
close to what is expected in a random graph of the same density. Thus, after the
counting process we are left with a sparse quasi-random graph for which it suffices
to prove that a single triangle decomposition exists. Keevash uses the method of
randomised algebraic construction in this sparse setting to prove the existence of a
triangle decomposition in the remaining graph.

We follow a similar strategy to lower bound T'(n), with two key differences. Firstly,
we take out an absorber A* before doing the almost-perfect matching count on 7 (n)\
A* until we reach a small subgraph H, and then show that with high probability the
graph 7 (n)[V (H)UA*] has a perfect matching. (In fact this is not key to the strategy
working, but we take the absorber out at the very start for convenience.) Secondly,
in order to use our carefully chosen absorber A*, we use an iterative process to cover
vertices remaining in H which leaves a carefully chosen subset of vertices L* to be
absorbed by A*, as per the iterative absorption strategy. Crucially, however, our
strategy takes advantage of the algebraic structure embedded in 7 (n) to control the
iterative process. Additionally, our approach to showing the existence of the required
absorber A* uses ideas from the method of randomised algebraic construction. Since
we are concerned with asymptotic thresholds for 7'(n), from now on we may write 7
to mean 7 (n) for any n sufficiently large, and do similarly for 77, Q and Q'.

As previously mentioned, our work proves a lower bound matching the upper
bound of Luria [39], and we may divide the strategy into three key elements: (1)
the absorber, (2) the random greedy count and (3) the iterative matching strategy.
Indeed, we may describe the strategy in a way which is comparable to Keevash’s
strategy in [32]. Firstly let H* C T be a subgraph of 7 which has a ‘template’
perfect matching. This is our absorber A* described as a subgraph of 7T, so that
A* := V(H*), with T[A*| containing a perfect matching. Then running a random
greedy edge removal process on 74" := T[V(T) \ A*], with high probability we
are left with a subgraph H C 74" which satisfies various random-like properties
(details of which are discussed in Chapter 5). On H we run an iterative matching
strategy (details of which are discussed in Chapter 6), which builds up an almost-
perfect matching M for H in gradual steps, accumulating smaller and smaller disjoint
matchings over O(log(n)) steps of an iterative process, eventually leaving only a small

collection of vertices L* (referred to as the leave) uncovered. We show for any leave
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L* satisfying various requirements discussed in Chapter 4 that 7[L* U A*] has a
perfect matching. This is done following ideas from Keevash’s randomised algebraic
construction. First we consider an integral relaxation of the problem and express L*
as the difference of two collections of edges of bounded size in 7. Then, from this,
through several steps, we are able to show that in fact L* can be expressed in terms
of the difference of two matchings M+ and M~ such that M* covers L* and H*\ M~
has a perfect matching. This yields a perfect matching in 7T[L* U A*], as required.
For the random greedy count we use the same strategy as Bennett and Bohman [6],
that is, we analyse a random greedy matching process via the differential equations
method. In fact we can follow their strategy very closely, however we are unable to
use their result as a black box due to additional properties required in the graph left

when we stop the process.

Comparing our strategy to the methods used in [40] and [54] to obtain the recent
lower bounds for the classical n-queens problem, we note that [40] similarly combines
a random greedy counting argument with an absorbing strategy. Luria and Simkin
give details of the random greedy matching process directly as building a random
greedy non-attacking queens configuration on the toroidal board, however, noticing
the relation to perfect matching their analysis is also very similar to that in [6]. The
absorbing method they use then takes such a partial configuration and relaxes from
the toroidal setting to the classical setting, increasing the number of diagonals, and
notes that the remaining unfilled rows and columns can be filled (or absorbed) by
making only small switches. This gives a lower bound for classical n-queens configu-
rations which are ‘approximately’ toroidal. Luria and Simkin note that the absorbers
used in their strategy are difficult to find in the toroidal case due to significantly fewer
diagonals, and it seems a much more complex absorbing strategy is required in the
toroidal setting, as seems to be the case following our methods. Simkin’s [54] even
more recent result for the classical n-queens problem considers the problem as a con-
vex optimization problem in the space of Borel probability measures on the square
and uses numerical computations for both the upper and lower bounds. Defining
limit objects for n-queens configurations referred to as queenons, for the lower bound
Simkin uses a randomised algorithm that constructs queens configurations close to a
given queenon. The entropy of this process matches the entropy of the upper bound
giving the result. Again Simkin remarks, as in the preprint with Luria, that the
absorption method in this paper takes advantages of the ‘freedom’ of the many unoc-
cupied diagonals in the classical case, and so cannot be used for the toroidal setting.

Simkin also remarks that ‘perhaps [analytic number theory] is required to understand
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T(n)’. The results of this thesis show that this is not necessary, at least as far as
asymptotics for the number of choices per queen are concerned. Also regarding the
toroidal problem, Simkin also says ‘we wonder if the methods of randomised algebraic
construction or iterative absorption might be more appropriate’. Our work on the
problem and final proof suggest that neither technique on its own is able to tackle
the problem, but combining the two methods does indeed give the desired result. In
particular, a key aspect of the method of randomised algebraic construction is to find
an algebraic template that has powerful absorbing properties, which was elusive to us
in this setting and led to considering ideas from the method of iterative absorption.
Equally, though our strategy overall takes on an iterative absorbing approach, to build
our absorbers required another key element of the randomised algebraic construction

strategy, referred to as hole (see e.g. [32]).

1.4.1 Organisation of the thesis

We continue the discussion of the toroidal n-queens problem from Chapter 3. We
start with a more in depth outline of the proof of Theorem 1.1.2 before developing
a deeper understanding of the structure of 7, and introducing the notion of zero-
sum configurations as well as some degree-type definitions all of which are vital in
our proof strategy. Before this, in Chapter 2, we present some definitions, notation,
inequalities and probabilistic tools that are generally useful throughout the thesis.
Chapter 4 focuses on the details of the absorbing strategy and also includes the proof
of a result associated with the work of Chapters 3 and 4 which does not directly relate
to the proof of Theorem 1.1.2, but some of which is key to the proof of Theorem 1.1.3
and some of which is of independent interest. Chapter 5 concerns the random greedy
counting process and some parity modifications that take us to a subgraph H C T
on which it remains for us to run the iterative matching process to obtain a small
leave L* which can be absorbed by A* when some necessary divisibility conditions are
satisfied. Chapter 6 concerns the details of this iterative matching process, in which we
shift to considering weighted subhypergraphs of 7 and build the matching covering
all remaining vertices but some ‘good’ leave L* over O(log(n)) such hypergraphs.
Finally, in Chapter 7, we give the remaining details for the proof of Theorem 1.1.3

and make some concluding remarks.
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Chapter 2

Definitions, notation and
preliminaries

In this section we introduce some fundamental notation, definitions and results that
will be required throughout the thesis. We write [n] to be the set of integers from 1
to n, that is [n] := {1,2,...,n}, and [i,n] := {i,7i 4+ 1,...,n} to be the set of integers
from ¢ to n for any ¢ < n. In an abuse of notation, we also use [a, b] in the continuous
sense such that [a,b] := {c € R: a < ¢ < b}, but the meaning should be clear from
context.

A k-uniform hypergraph H := H(V, E) consists of a vertex set V(H) and an edge
set F/(H) whose elements are k-subsets of V' (H). We shall often abbreviate k-uniform
hypergraph to k-graph, and may use ‘graph’ when referring to a hypergraph. For an
edge e = {vy, ..., v}, we may sometimes write e = v;...v;. Additionally we associate
H to its edge set rather than its vertex set, and so may write e € H or |H| in place
of e € E(H) and |E(H)| respectively. For a hypergraph H and U C V(H), the
subhypergraph of H induced by U, H[U], is the subhypergraph of H with vertex set
V(H[U]) = U and edge set consisting of all edges between the vertices of U in H. In
an abuse of notation, we may sometimes induce a subhypergraph on an edge set, or
collection of edges rather than a set of vertices. In this case, it should be read as the
subhypergraph induced by the vertices contained in the given collection.

A matching M in a hypergraph H is a collection of disjoint edges in H. That is,
M C E(H) such that e N f = for all distinct e, f € M. A matching M is a perfect

matching if |J e = V(H). An almost-perfect matching is a matching such that all
ecM
but a o(1) proportion of the vertices are covered. We often use V(M) := |J ¢, e for

a matching M, or more generally for any collection of edges, or structures that are

themselves collections of vertices.
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For a set S and [ € N, we write (*lg) to be the collection of all [-sets from S.
Additionally we write (fl) = Uig (‘j)

The degree, dp(H) or dg,,
graph H is the number of edges that contain 7" as a subset. When we refer to the

v} (H), of a set of vertices T' = {vy, ..., v} in a hyper-

.....

vertex degree we are considering sets T' = {v} only of size one and write d,(H), the pair
degree refers to sets of size two, and the codegree of a k-graph refers to the degree of
sets of size k — 1. The minimum t-degree, §;(H) := min{dr(H) : T C V(H),|T| = t},

of H is the minimum of dr(H) over every subset of vertices T' in H of size t.

2.1 Bachmann—-Landau Notation

In this section we formally define little-o, big-O, w, 2 and © notation, collectively
known as Bachmann—Landau notation, which are used throughout the thesis in the

discussion of asymptotic results.

Let f(n) and g(n) be functions of n. Then we say that,

(i) f(n) = o(g(n)) (as n — oo) if for every o > 0, there exists ng > 0 such that
[f(n)] < alg(n)| for every n = ny.

(ii)) We write that f(n) = O(g(n)) (as n — oo) if there exist M,ny > 0 such that
|f(n)] < M|g(n)| for every n > ny.

(iii) We write that f(n) =w(g(n)) (as n — o0) if g(n) = o(f(n)).
(iv) We write that f(n) = Q(g(n)) (as n — oo) if g(n) = O(f(n)).
(v) f(n) =©(g(n)) (as n — o0} if f(n) = O(g(n)) and f(n) = Q(g(n)).

Throughout this thesis we shall also write f(n) < g(n) to mean that f(n) =
o(g(n)) and naturally also f(n) > g(n) to mean that g(n) = o(f(n)).

2.2 Inequalities and Bounds

It will be convention to omit floor and ceiling signs unless crucial to an argument.
We write © = a £ b to mean that « € [a —b,a + b] when b > 0, and = € [a + b, a — b
when b < 0.

The following inequalities and bounds are used in various places throughout the

thesis.
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Proposition 2.2.1. For all x € (—1,00], log(1 +z) <z

. Then for every

K
n

Proposition 2.2.2. Take n sufficiently large and let p(i) == 1 —
1>a>0, 5" “og(p(i)) = n(—1 + O(n~*log(n))).

Proof. We have that

/ log(x) dz S% _Z_ log(p(i)) < /+n log(z) dx

—a n—a_;’_n—l

1
< / log(x) do + O(n™?).
n—a+n—1

Then

1 n—nl=o—1 n—%4n=1

— Z log(p(i)) = / log(z) dz + </ log(z) do + O(n_2)>

n —a

=0 n
= / log(z) dz + O(n"*log(n)) = =1 + O(n"*log(n)).

Rearranging gives the result. O]

2.2.1 Probabilistic bounds

Various results throughout the thesis rely on probabilistic arguments requiring knowl-
edge of the following bounds. We say that an event A holds with high probability (whp)
if there exists some o > 0 such that P(A) = 1 — e ") as n — oco. Note that this is
not the usual definition, but a stronger statement. In the following lemma, B(n, p) is

the binomial distribution with parameters n and p.

Lemma 2.2.3. (Chernoff’s inequality, e.g. [29, Remark 2.8]) Suppose that X €

B(n,p). Then,
2t*

P(X — E(X)| > 1) < 2exp (——)
n
for every t > 0.
We state three versions of Azuma’s Inequality, the first in terms of permutations,
requiring also the definition of what it is for something to be Lipschitz, the second

in terms of martingales, and the third a special case in terms of independent random

variables. Note that we write .S,, for the symmetric group.
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Definition 2.2.4 (b-Lipschitz). For f : S,, — Rand b > 0, we say that f is b-Lipschitz

if for any two permutations o, 0’ € S,, differing by a transposition,
[f(o) = f(o) < b.

The next lemma follows from [42, Section 11.1] and, in particular, the discussion

on page 93.

Lemma 2.2.5. (Azuma’s inequality, e.g. [42]) Suppose f : S, — R is b-Lipschitz,

and o € S, is a uniformly random permutation. Define X = f(o). Then

P(IX — E(X)| > ) < 2exp (—2;;) .

The Azuma-Hoeffding inequality which follows is perhaps the most basic concen-
tration inequality for martingales. For random variables (X;); and (Z;); defined in
the same probability space, we say that (X;) is a martingale with respect to (Z;) if
for every i we have that X; is measurable given Z,...,7Z; (ie. X; = fi(Z1,...,%Z;)),
E(]X;|) is finite and E(X;|Z1, ..., Z;1) = X 1.

Lemma 2.2.6. (Azuma—Hoeffding inequality) Let (X;); be a martingale with respect
to random variables (Z;); in the same probability space. If | X; — X; 1| < ¢;, then

t2
P(IX, — Xo| > 1) < 2exp [ ——— .
(%0 = 20 < 200 (e )

Corollary 2.2.7. (Bounded difference inequality, also known as McDiarmid’s in-
equality [41, Theorem 3.1]) Let X = f(Xy,...,X,) where X1,..., X, are independent
random variables. Suppose that for every 1, ...,x, and xy,... x, and every i € [n]

we have
\f(xe, iy ymy) — [, 2k, x| < a.

Then

2
i€n] 1

We finish this section with Bernstein’s inequality which enables us to bound

sums of independent random variables using the second moment which can often

give stronger concentration when McDiarmid’s inequality is not sufficient.

Lemma 2.2.8 (Bernstein’s inequality, e.g. [12]). Let X = Y " | X; be the sum of
independent random variables such that | X;| < b for all i € [n]. Then

P(IX — E(X)| > {) < 2exp (—2<bt/3 - zt’?_lE(X?))) |
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Chapter 3

Key structural properties of the
toroidal n-queens hypergraph

3.1 Proof overview

We consider T (see page 7 for the definition) on vertex set with coordinate represen-

tatives [—"T’l, ”T’l] in each part, and in this way view the edge (0,0,0,0) as being
at the centre of the graph 7. (When n is even, we shall consider 7 (n) on vertex
set with coordinate representatives [—% 4 1,%]. For most of the thesis this is not
important, and one can focus on the case when n is odd, however we need to have an
understanding of 7 (n) when n is even for Chapter 7.) A key element of our strategy
is to ensure that the leave L* remaining at the end of the iterative matching process
is contained entirely on coordinates which are ‘close’ to the centre of 7 (i.e. only on
vertices whose coordinates have small moduli, where here by small < n'97" will be
sufficient). We start the process by reserving a small (here meaning o(n) but > |L*|)
set of vertices A*, our absorber, such that T[A*] contains a perfect matching and,
for every set L* that might remain as the leave after the iterative matching process,
T[A* U L*] contains a perfect matching. We build the absorber following ideas from
the method of randomised algebraic construction. Details of this process and which
such leave L* can be absorbed by A* are given in Chapter 4. We then run a random
greedy edge removal process on 74" := T[V(T) \ A*]. This process is analysed via
the differential equations method and we follow very closely the strategy of Bennett
and Bohman [6]. We are unable to use their result directly as a black box since when
we terminate the process we shall require concentration around expected values for
certain properties in the remaining graph additional to those considered in [6]. We
describe the details of this random greedy edge removal process in Chapter 5, and the

simplicity of the algorithm allows for a straightforward counting argument which will

19



count distinct matchings in 7-4". Furthermore, we shall stop the random greedy

_1n—25 . .
17107 vertices remain

edge removal process on a graph H,, C 7 when some O(n
from 74", and show that with high probability H*" := TV (Hyg) U A*] has a per-
fect matching, i.e. in almost all cases the matching found via the random greedy edge
removal process extends to a perfect matching for 7. (Our count will ensure that each
matching counted in the random greedy edge removal process extends in such a way
that for each matching M counted in the process, and the perfect matching MA"
found in Hj;*", we have that { M7 UM;"" }; is a collection of distinct perfect matchings
in 7.) Now, in order to show that Hg*;A* contains a perfect matching, it suffices to
show that H,, contains a matching leaving only some small collection of vertices L*
which are close to the centre of 7 uncovered, which then, by construction, can be
absorbed by A*. In order that the collection of vertices L* satisfies certain necessary
parity requirements to be absorbed by A* we start by constructing H C H,, such
that H,, [V (Hg )\ V(H)] contains a perfect matching and H satisfies some additional
parity requirements. (We defer details of the necessary parity requirements to Section
3.5.) So it remains to show that with high probability H*4" := T[V(H) U A*] has a
perfect matching. This is where our strategy based on the idea of iterative absorption
comes into play. In particular, our absorber is built only to deal with a leave that
has a specific structure. This is necessary since we are unable to build an absorber
which has the capacity to absorb any leave of bounded size, however reducing the
number of possible configurations that the leave can take requires less ‘flexibility’
from the absorber, which thus makes such an absorber easier to find. The classical
‘iterative absorption’ method (see e.g. [3] for a nice illustration of the method) splits
the absorbing process up into many steps by, at each step, organising a ‘partial ab-
sorbing procedure’ until what remains is structured sufficiently to be absorbed in a
final absorption step. Our strategy for finding a perfect matching in H™4" uses this
method, with our ‘partial absorbing procedure’ at each step being a random greedy
cover process that is feasible due to the construction of the process, but does not rely
on any fixed ‘reserve’ or ‘absorber’. Only the final step uses the absorber A* which is
reserved at the beginning of the process. The graph H from which we start the iter-
ative matching process has certain quasi-random properties. Part of this definition,
for us, relates to the density of vertices throughout the graph and the degree of each
vertex. Whilst ‘quasi-random’ can have many different definitions, ours will require
that some ‘nice’ properties additional to those listed above hold, not just for H as a

whole, but also in particular subgraphs of H. We describe more precisely this notion
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in due course. We first give details of the sequence of subgraphs of H which get us
to L*.

Set-up 3.1.1 (Vortex parameters). We describe a vortez, a series of nested subgraphs

of T, through which we get from H to L*. In particular, let ¢, := "T_l (When n

is even instead set t; := %) We define ¢y, as close to 4/5 as possible so that

—112) elog(n) s an integer. (It will become clear why this is important later.) Then we
g(cvor)

let ¢}, = (%W] and for each i € [cp], define t; = cyorti—1 = ¢, o-

Fact 3.1.2. ¢ =~ t;"%% and t,, ~ 300001,

Hence these values are all chosen precisely so that ¢, < n*%”" which will be
important for our requirements of L*. For more motivation of these choices we also

discuss the choice of ¢, at the beginning of Chapter 6.

Definition 3.1.3 (Box and square intervals, (I, I7)). We denote by Iy C V(T)

s

the set [, := [—32, Z]*¥Y U [—s, s] XYY and say that I, is a box interval with

parameter s. We also say that I, C V(T) is a square interval with parameter s if
I = [—s, s|XUYUX+YUX-Y 1
s J :

Throughout the thesis we shall frequently be considering I;,, the box interval with
parameter ¢; defined above for some i € [0, c,]. By abuse of notation, we also allow
I, and I’ to refer to the subgraph of 7 induced on the set of vertices but this will

always be clear from the context.

Fact 3.1.4. |I,| ~ 2% and I, \ I,,,| ~ 4.

Our plan to reach L* is via the vortex
HD>DHy,2H D2...2H, 2L,

such that H; C I, for every i € [c]. In particular, to go from H; to H;;1 we may view
the strategy as a covering problem, where we are required to cover all of the vertices in
V(H;[1; \ It,,,]) by disjoint edges from H;, and we take H; ;1 to be the graph induced
on the remaining vertices which were not used in the covering process. This process
involves ¢, = O(log(n)) iterations and we require that any cover we choose in order
to go from H; to H,;y; will leave us with some ‘nice’ properties in H;y;. (Note, here,
that our ‘cover’ is a cover by disjoint edges so it contributes directly to the perfect

matching we are trying to build for H4".)

1Our notation [a, b]” means the set of vertices in V7 indexed by coordinates from a to b.
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To ensure that our vortex successfully reaches L*, one of our key tools is a weighted
generalisation of a result of Ehard, Glock and Joos [19], a strengthened form of a result
of Kahn [30], which says that in a given hypergraph, we may take a matching in such
a way as to leave a subgraph that looks random-like with respect to many properties.

In order to push through our vortex in a ‘nice’ way, each graph H; will have various
weight functions associated to it. We define a weight function w : E(G) — Rx to
be a function on the edges of a (hyper)graph G that maps each edge to a non-
negative real number, or weight. We say that a weight function w is a fractional
matching for G if 3 __ w(e) < 1 for every v € V(G), and we say that w is an almost-
perfect fractional matching for G if w is a fractional matching for G and additionally
Yoespw(e) > 1 —o0(1) for every v € V(G). (The o(1) term will be important for
us throughout the process, and we shall require this to be of the form n~ for some
« > 0, which will become clear from the context as details are discussed further in
Chapter 6.) We shall obtain an almost-perfect fractional matching w; for H; for every
i € [cp], and w;, 1 will be defined in terms of w; for all ¢ > 1. We shall define wy as
a uniform weight function for H and obtain wy from wy and then w; from wqy in a
similar way to how the weight functions are related later on in the process. However,
in order to go from H to H; our strategy has some additional considerations relating
to parity constraints and wrap-around edges (see Section 3.2.1 for the definition), so
we discuss the details of these steps separately. Furthermore, on reaching H;, and
no longer having to consider additional parity constraints, we run a procedure that
we shall refer to as a weight shuffle, informally a process that shifts weight between
edges preserving the weighted degree at each vertex. The aim of the weight shuffie
is to modify the almost-perfect fractional matching w; for H; to another almost-
perfect fractional matching wy+ which has some essential properties to allow us to
then continue the process over the O(log(n)) remaining steps of the vortex. We defer
further details of the weight shuffle and the iterative matching process to Chapter 6
and proceed, here, to introduce some fundamental properties of 7 as well as some
further definitions and notation which shall be key for filling in the details of the
proof of Theorems 1.1.2 and 1.1.3.

3.1.1 Key constants and parameters

In order to be easily referred back to by the reader, we finish this section by listing

the key constants and variables whose values and hierarchical order are key to the
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success of the proof and are not mentioned in the vortex parameters. In particular,

we set

Definition 3.1.5 (Key constants and parameters).

. -1 e =107 e, —107% . ,,—1078
pr:=log " (n), pa:=n"""" pyi=n ,ag=n"0
. —8 . -9 _ n _ m
n:=107° 1 :=107" e = 301800 and ¢; = 304500 -

3.2 The lattice of T

In this section we take a detour to understanding the structure of 7 in terms of the
integer span of the edges of 7. (We shall make this precise via linear maps.) Whilst,
from what follows in this section, the only result we shall require for the proof of
Theorem 1.1.2 is the statement of Proposition 3.2.11 (which shall be used in Chapter
4), we take our time to motivate and formally derive the statement. Furthermore, we
shall take the time to prove Proposition 3.2.12, the converse of Proposition 3.2.11, but
defer this to Section 4.3. Though not required to prove Theorem 1.1.2, Proposition
3.2.12 is important for our proof of Theorem 1.1.3.

For a labelled (hyper)graph, H, and for i > j > 0, the Z-linear boundary / shadow
maps 0; : ZXiH) — 7K:(H) are defined by 9;(J); = > tcuck: () Ju- Informally, for
J € ZK:H) 3 vector indexed by all copies of K; in H assigning a weight to each copy,
0;(J) is the vector indexed by all copies of K; in H, where the weight corresponding
to a copy K of K is given by the sum of the weights indexed by the copies of K; in J
which contain K. For our purposes we shall be considering a vector indexed by edges
® € ZF(M and its vertex shadow 0P := 0, ®, the vector indexed by the vertices of
T, such that v{ is the weight given to vertex i/ by the weights on the edges in ® that
contain i’. Here, we note that we associate i/ both to the vertex in part J which
has numerical label i, and to the 4n-dimensional unit vector e,; which has a 1 at the
place indexed by vertex i/, and Os elsewhere.

We also extend this definition to identify multisets containing elements from a set
S, where each element has a sign attached (intsets), with vectors v € Z%. Here, the
value v in the coordinate indexed by s € S corresponds to s appearing in S, |v]
times, and the sign attached to s is the same as the sign of v,.

Identifying the edges e with their corresponding vector indexed by edges, we can
describe E(T) as a set of indicator vectors {1.}ccp(r), where (L.)f = 1ife = f and 0
otherwise. Then 01, is a vector indexed by vertices with four 1 entries, and all other
(X, 0¥, XY XY 50 that every part

entries 0. Letting v, := 01., we write ve = v
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X+Y -1
i+jmod n

and vX>Y = 1. Then we define the lattice, L(T), to be the integer span of

i—jmod n

{vere€ E(T)}.

has exactly one 1, and wherever v;* = 1 and v}’ = 1, we know that v

3.2.1 Modular notation

Since we are working in the toroidal problem, wherever we refer to sums and differ-
ences, these will generally be considered mod n, unless stated otherwise. Where the
standard congruence class representatives in modular arithmetic are 0,1,...,n — 1,
at times we may choose to label our congruence classes via a different set of rep-
resentatives, for example the integers —”T_l, U O R ”T_l when n is odd. Given
a<a+1<...<b—1<bto bethe n representatives of each congruence class
modulo n and ', € [a,b], we say that a' £ b or a'b’ wrap around if in standard
arithmetic we have that o’ £ ¢ [a,b], or ab ¢ |a, b, respectively. This is both in the
context of an edge, and for a vector of weights v € L£(T). If an integer should be read
without modular arithmetic, it should be clear from the context, or will be marked
with a superscript o. (For example, when considering coordinates a, b and ¢, a+b = ¢
will mean that a +b = ¢ mod n, and z = ¢® will mean that x is the representative of
the congruence class containing c.) This will be important in Section 4.3, where we

are interested in representatives which are powers of two.

3.2.2 Understanding the lattice

We use the remainder of this section to explore particular subsets of £(7) and their
properties. We refer to coordinates in V' with non-zero weight in some v € L(7) as
the support of v denoted by supp(v), the absolute value of the support added to a
coordinate/part, or from an edge/coordinate/part a as the contribution to/from a,
and refer to |v| := >

in this section is to understand the structure of the sub-lattices where all support is

vey [U] as the size of the support of v. Our main motivation
contained in only one or two parts. From now on we shall refer to the lattice with
support contained in only part .J as £J (7). We shall also use £3(T) for the lattice
with support contained in parts J and K, and in both we may drop the superscripts
if they are arbitrary or clear from context.

Recalling that 7" refers to the semi-queens graph, to understand these subsets of
L(T), it will be helpful to consider subsets of L(7"). Thus we start by finding a simple

generating set for £ (7). That is, a set of vectors G(7”) which we can describe
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concisely, such that every vector in £ (7”) is described by an integer combination
of vectors in G(77). This will, in turn, yield a generating set for £5 ™~ " (7).
Consider the n x n matrix with rows corresponding to vertices in X, columns
corresponding to vertices in Y and the (x,y) entry corresponding to the coefficient
given to the edge (z,y,x + y). Filling the (z,y) entries in with any combination
of integers yields all possible integer collections of edges, and it is easy to draw out
the vertex shadow vectors by summing rows for vertices in the X part, columns for
vertices in the Y part, and the relevant toroidal diagonals for vertices in the X +Y
part. (This easily extends to the queens case in the natural way, by summing the
opposite toroidal diagonals to obtain the weights on the vertices in the X —Y part.)
Now, to describe LY (T7), we require the vertex shadow on all coordinates in X UY
to be 0. That is, we require the sums in each row and column of the matrix to be 0.
A natural way to obtain such matrices is to fix rows a and b and columns ¢ and d and
put 1s in entries (a,c) and (b,d), and —1s in entries (a,d) and (b, c), with all other
entries 0. We refer to these 2 x 2 matrices indexed by their inherited column and
row indices as simple matrices, and associate them with their n X n matrices where
entries in all other rows and columns are 0. We claim that the collection of all simple
matrices generates £;° +Y(T/ ). Throughout this section we implicitly assume that our

claims hold for all n unless explicitly stated otherwise.

Proposition 3.2.1. Let A be any n X n matriz with integer entries such that the
sum along each column and each row is identically zero. Then A can be expressed as

the sum of simple matrices.

Proof. Let S := Zaij ca laij]. We show that we can always reduce S by subtracting a
simple matrix from A. In this way, we are able to reduce S to 0 through the process
of subtracting simple matrices from A, and thus we have a decomposition of A into
the sum of simple matrices. We start by noting that, since every row and column
sums to zero, each row and column either has all entries equal to zero, or at least
two non-zero entries. Furthermore, unless S = 0, at least two rows and two columns
must have non-zero entries. Assume S # 0 and choose any two rows a and b such
that there exists a column ¢ in which (a,c) > 0 and (b, c¢) < 0. (This must exist, since
we know that any non-zero column must have both a negative and positive value in
it.) Then there must also be another column d such that (a,d) < 0. We subtract
the simple matrix with 1s at (a,c) and (b,d), and —1s at (a,d) and (b, c) from A to
obtain A’, and in this way obtain 5’ := Za;je A l@i;] <8 —2. This holds since, in

A’ (b,¢) and (a,d) which were both negative have gained weight 1 and so are closer
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to zero, and (a,c), which was positive, has lost weight 1, thus in total reducing the
total sum by 3. In the worst case apg < 0 and so |ay,| = |apa| + 1, but then the total

sum has still been reduced by 2. O

So we see that the integer span of the collection of simple matrices describes all

n X n integer matrices with zero-sum rows and columns.

Proposition 3.2.2. Let v € LY (T"). Then

(i) > ,v; =0, and
(i) Y, iv; = 0(mod n),

where i sums over the coordinates in V(T'), and v; is the entry in v associated with

coordinate 1.

Proof. Recall that any v € £ (T”) is a vector obtained from an integer collection
of edges such that the weights in the X UY parts all cancel each other, leaving only
non-zero weights in V**¥. Thus v must correspond to some n X n integer matrix
as in Proposition 3.2.1. Thus, by Proposition 3.2.1, this matrix can be decomposed
as the sum of simple matrices. Note that these simple matrices yield +1 weights at
coordinates a + ¢ and b+ d, and —1 weights at a + d and b + ¢ in VXY (where it
could be that a + ¢ = b+ d, or a +d = b+ ¢, but not both), thus yielding weight
vectors v € £ (T") such that all entries are 0 except either two +1 entries and
two —1 entries, or two +1 entries and a F2 entry (with all support in X +Y'). That
is, each of these simple matrices adds a total of 1 4+ (=1) + (=1) +1 = 0 to >, v",
which yields the first property. To see the second, for each of the simple matrices
in the decomposition, let ¢’ ;= a+¢, bV :=a+d, ¢ =b+cand d :=b+d. It
follows that a’+d = b+ (mod n). Hence, each contributes a’'+ (—b')+ (—c) +d' =
(@' +d)— (V' +)=0(mod n) to >, iv;, and the result follows. O

The converse is also true:

Proposition 3.2.3. Suppose v is a vector with non-zero weights only on vertices in
VXY such that

(i) > ,vi =0, and
(ii) Y, iv; = 0(mod n).
Then v € LY (T7).
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To prove this, we first prove the following proposition (which follows from a similar

argument to that in the proof of Proposition 3.2.1).

Proposition 3.2.4. Suppose v is a vector with non-zero weights only on vertices in
VXY such that

(i) > ,vi =0, and
(i) Y, iv; = 0(mod n).

Then v can be efficiently written as the sum of (1, —1,—1,1) vectors with indices of

the form (a,b,c,b+ ¢ — a), where a, b, ¢, and b+ ¢ — a are all distinct.

We remark that, by efficiently, we mean that v can be decomposed into O(|v])

such vectors.

Proof. We first note that for all v a vector with non-zero weights only on vertices
in VX*Y guch that (i) and (ii) hold, if v # 0 then there are at least three non-zero
elements among {vf”y}ie{o,m,n_l}. (Indeed, if we have only one non-zero element,
then > . v; # 0, and if we have two such elements, then ) . v; = 0 and >, iv; = 0
cannot both hold.) We show that we can write every v satisfying the hypotheses of
the claim as the sum of O(|v|) vectors of the required type by iteratively subtracting
such vectors until we have reduced v to 0. It shall be clear from the way we do
this that no more than |v| (not necessarily unique) vectors are subtracted, which will
prove the lemma.

Fix v. By the given conditions, over all coordinates in VX*Y with non-zero weight
we must either have at least two negative elements and one positive, or vice versa.

Then the following possibilities exist:

(i) For every pair a # b with positive weights and o’ with negative weight, a+b—a’ =
a’, and for every possible choice of a # b with negative weight and o’ with positive

weight, a +b—a' = d'.
(ii) There exist distinct a, b, a’ such that a + b — a’ # o’ and either

(i) the weights on a,b are negative, and the weight on @’ is positive; or

ii) the weights on a, b are positive, and the weight on a’ is negative.
g g g
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In the first case, we must have exactly three non-zero elements if n is odd or either
three or four elements if n is even. (Suppose a+b—a’ = @’ but there exists ¢ ¢ {a, b}
such that ¢ has the same sign as a and b, then a,c,a’ are a triplet as in the second
case. Or, if there exists O’ # a' such that b’ has the same sign as @, then a,b, b’ are
a triplet as in the second case when n is odd. If n is even then it may be the case
that 20" = 2a’ so that a +b—a’ = a’ and a+b— b = V', but since the maximum pair
degree is 2 when n is even this is the only case that yields four non-zero elements in
place of three.) Furthermore note that, in the first case, the absolute value of the
weight on coordinate(s) a’ (and possibly b of the same sign when n is even) must
satisfy |ve| + |vy| > 1 (since ) .v; = 0). Without loss of generality, assume that
a’ has positive weight. Then define e! with weights (1,—1,—1,1) on coordinates
(a',a,c,a + ¢ — a') such that coordinates a,d’,c,a + ¢ — a' are distinct, and ¢ and
a + ¢ — a' have weight 0 in v (so are not a,b,a’ or b'). Then e! is a vector of the
required form, and setting v! = v—e! yields that Y, [v}| = >, [v;| and v' now has at
least two negative elements, and two positive elements, so we must be in the second
case.

Assume we are in the second case. Then, without loss of generality assume coor-
dinates a and b have negative weight, and a’ has positive weight. Set ' :=a+b—d’.
Define e the vector with weights (1, —1, —1, 1) on coordinates (a’, a,b,V’). Then e is
of the required form, and setting v! = v —e! yields that Y. |v}| < (3, |vi|) — 2. (As
two negative elements have been pushed closer to 0, each by 1, one positive element
has been pushed closer to 0 by 1, and the other element has, at worst, been pushed
further from 0 by 1.)

If vi = 0 we are done, and else we can repeat the process and at the ;™ iteration,
S, [v]] either remains the same or gets strictly smaller by at least 2. But every time
the sum remains the same from vi~! to v, we have v a vector in the second case,
and so moving from vJ to vit1, the sum will decrease by at least 2. Thus we subtract
at most 2 vectors of the required type from v in order to get a decrease of at least
2. Hence, after at most ), |v;| steps, we must have reached 0, where the process

terminates. ]

Proof of Proposition 3.2.3. Since ), v; = 0 and ), iv; = 0(mod n), by Proposition
3.2.4, we may efficiently write v as the sum of (1, —1, —1, 1) vectors with indices of the
form (a,b,c,b+ ¢ —a). Each of these vectors can be obtained from a simple matrix,
for example that indexed by a and b in the rows, and 0 and ¢ — a in the columns.

Thus v has a decomposition as simple matrices and so v € LY (7). O
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It is worth noting here that the simple matrix yielding v € £ (77) with
supp(v) = {a,b,¢,b+ ¢ — a} is not unique. This will be relevant when we consider
sub-lattices of 7. We finish the discussion of £ (7”) with a final proposition.

Proposition 3.2.5. The collection of vectors with weights (1,—1,—1,1) and indices
of the form (a,b,c,b+ ¢ — a) is generating for LY (T7).

Proof. The collection of such vectors is generating if and only if any v € £ (T7)
can be written as the sum of such vectors. Fix v € £ (7). By Proposition 3.2.2,
>.:.v;=0and ) .iv; = 0(mod n), and thus by Proposition 3.2.4 we are done. O

Remark 3.2.6. It is worth noting that a similar approach works to yield a generating
set for £{(T’) for any J. Indeed, if we start with an n X n matrix where rows
correspond to vertices from VX*Y and columns correspond to vertices from VY, then
integer combinations of simple matrices will yield all possible combinations where
the total weight on each coordinate in VX*Y and VYV is identically zero, and the
weights given to coordinates in VX can be obtained from taking the differences down
the forward diagonals (i.e. if (a,b) has entry ¢ in the n x n matrix, then this entry
adds weight ¢ to a — b € VX, and clearly shifting up and down the forward diagonal
containing (a, b) we have entries (a + 0,b+ §), where § € [0,n — 1], and these entries
contribute their weight to (a + ) — (b+ ) = a—b € V¥ too).

We may also deduce the following lemma about £(77).

Lemma 3.2.7. v € L(T") if and only if the following both hold:
(i) 3o 0f =320 = i“z'XJrY;
(i) 3, ivE + > ) =3 vt mod n.

Proof. Considering an edge e € T’ we have that the vector v € L(7") associated to
the edge e satisfies (i) and (ii). Thus the associated vector of any linear combination
of edges will also satisfy (i) and (ii), which by definition covers all v € £L(7"). Con-
sidering now a vector v such that (i) and (ii) hold we may modify v to u by adding
the shadow vectors of edges in such a way as to make u®,u¥ = 0. But adding these
edges will force >, uX™ =0 and 3", iu*"" = 0 mod (n). Thus by Proposition 3.2.3
we have that u € £ (77), so u can be seen as the vertex shadow of a linear com-
bination of edges of 7’. But since v can be obtained from u by removing edges, we
must then also have that v € L(T"). O
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We previously mentioned that 7'(n) has a perfect matching only if n is odd. We

show that this can be deduced from the above understanding of the lattice.
Corollary 3.2.8. Suppose that T'(n) has a perfect matching. Then n is odd.

Proof. Suppose that T'(n) has a perfect matching. Then 1 € £(7’). By Lemma 3.2.7

we have that Y5, v = 37,0 = 32,07 and 32, i + 37 i) = 35,0 ™ mod n.
It is clear that the former holds for all values of n. For the latter, we deduce that
—n(n;l) = 0 mod n which is true if and only if n is odd. 0

Running the same arguments for 7, we have a generating set for £ Y (T,
just as above, but where, as well as having weights (1, —1, —1,1) on vertices in VX+¥
corresponding to a + ¢, a+d, b+ c and b+ d, we have weights (1, —1,—1,1) in VXY
on vertices a — ¢, a —d, b — ¢ and b — d. In fact we can say more than this. For
any fixed (1,—1,—1,1) vector in V™Y on a + ¢, a+d, b+ ¢ and b+ d, the indices
of the simple matrix which yield this are not unique. Writing, as before, a’ = a + c,
bV =a+d, d =b+cand d = b+ d, we have a free choice for one of the rows or
columns (i.e. for one of the coordinates in V* U VY). Choosing, say, row index x;
and taking the column indices to be @’ — x; and I — x1, and the final row index to
be ¢ — a' + x1 yields a different simple matrix that generates the vector described
above. Furthermore, this tells us that a +b = ¢ — a’ 4+ 221, where ¢ and a’ are fixed,
and z; was a free choice. When n is odd this means that there is no restriction to
what a 4+ b can be to obtain these vectors, and for even n the restriction is only to
those of odd or even parity, depending on ¢ — a'.
a—c=—-cd+s,a—d=—-d +s,b—c=—d +s,and b—d = —b +s. That is, the

weights on VXY relate to a coordinate i € VX*Y via adding weight of the opposite

Setting s := a + b, we see that

sign to —i +s € VXY, where s is a fixed shift which can take any value when n is
odd and either all even or all odd values when n is even. Let vectors with weights
(1,—1,—1,1) on coordinates (a,b,c,b+c—a) in VXY and weights (—1,1,1,—1) on
coordinates (s —a,s —b,s —c¢, s — (b+c—a)) in VXY for any s € [n] when n is odd

or for s = (¢ — a) mod 2 for even n be referred to as 2-part generators.

Proposition 3.2.9. The collection of all 2-part generators forms a generating set for
L;HY’X_Y(T).

Proof. This follows from the fact that any matrix as in Proposition 3.2.1 can be
decomposed into the sum of simple matrices. If v € E;HY’X_Y(T), then it must

correspond to some such matrix A. Thus we can decompose v as the sum of vectors
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obtained from the simple matrices which form a decomposition of A. These vectors

are precisely 2-part generators, so we are done. O

Furthermore, this interpretation indicates a nice way to describe £ (7). In
particular, imagining this in matrix form, if we have one simple matrix on (a,b) X
(¢,d), then adding another, this time with weights flipped to (—1,1,1,—1) on (s +
a,s +b) x (s + ¢, s+ d) for any shift s, yields a 0 vector in VX~ and a vector
supported on eight coordinates in VXY (though some of these may be repeated

brd—a—c) That is, a vector with weights

or may cancel, for example setting s =
(1,—-1,—-1,1,—1,1,1, —1) on coordinates (a’,a' +b',a' +,a' +V +, s +d', s +d' +
V,s'+d +d,8+ad +V+)in VXY for any choice of a/, ¥, and s’ = 2s (so that
when n is even §' is also even but for n odd s’ could take any value in [n]). From now
on we refer to such vectors as queens generators, (or Q-gens), and those in Proposition
3.2.5 as SQ-gens. Note that a ()-gen is in fact the difference of two S@Q-gens (i.e. a
Q-gen with weights (1,—1,—1,1,—1,1,1,—1) on coordinates (a,a + b,a + c,a + b+
¢,s+a,s+a+bs+a+c,s+a+b+ c)is precisely the sum of the SQ-gen with
weights (1, —1,—1,1) on coordinates (a,a + b,a + ¢,a + b+ ¢) and the SQ-gen with
weights flipped to (—1,1,1, —1) on coordinates (s+a,s+a+b,s+a+c,s+a+b+c)).

Proposition 3.2.10. The collection of all queens generators (Q-gens) forms a gen-
erating set for LXY(T).

Proof. Fix v € LXY(T). Note that £+ (T) € £ 7Y(T), and thus by Propo-
sition 3.2.9 we may express it as the sum of 2-part generators. We may then replace
each 2-part generator with weights (1, —1, —1, 1) on coordinates (a, b, ¢, b+c—a) in the
VXY part and weights (—1,1, 1, —1) on coordinates (s —a,s—b,s—c,s— (b+c—a))
in the VX~Y part, by a vector with weights (1, —1,—1,1,—1,1,1, —1) on coordinates
(a,b,c,b+c—a,a—s,b—s,c—s, (b+c—a)—s) in the VXY part. Since v e LETY(T),
the total weight to each vertex s—a € VXY is identically 0, and thus when we replace
the generators and move all weight on s —a € VXY to a — s € VXY in total we
are adding 0 weight to a — s. Thus v has remained unchanged, and is now described

as the sum of Q-gens. Hence the collection of Q-gens is generating for L5 (7). O

It is clear that E;HY’X_Y(T) inherits the ‘zero-sum’ properties of Proposition
3.2.2. As well as describing a nice generating family for £ (7), we can also obtain
analogues to Propositions 3.2.2 and 3.2.3. Indeed, there is a natural recursive struc-
ture that gives motivation for the following proposition: let e; be the unit vector with

a 1 at i, and 0 for every other entry. Then for a vector v and a shift s, define f,(v)
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by fs(vssa) = —v, for each a. Letting v? = e, for an arbitrary choice a, we define

vl :=v%+ f,,(v?) and see that v}

e4a = —1, v, =1 and v' is 0 at all other entries.

Any vector formed from an integer combination of these satisfies the ) . v; = 0 condi-

tion. Defining v? := v + f,,(v'), we see that v has v2 |, = —1,02 = 1,02, , = —1,
and vZ ,. ., = 1. Note that this yields all of the SQ-gens, since each is of the form

with weights (1, —1,—1,1) on coordinates (a, a + s1,a + S2,a + $1 + $3) for some free
choice of a, s; and sy, (and, in particular, any linear combination of these vectors
satisfies both ), v; =0 and ) . iv; = 0 mod n). Repeating the recursion once more,
i.e. so that v® := v2 + f, (v?), yields all of the Q-gens, and naturally suggests the

additional constraint that Y. i*v; = 0 mod n for all vectors in £ (T).

Proposition 3.2.11. Let v € £ (T(n)). Then v\ v¥*Y = 0 and if n is odd

we have that
(i) > vi=0;
(i) 3, iv; = O(mod n); and
(i) Y, 7%v; = 0(mod n).
If n is even then
(0) Loy v = Yieyxer vi = 0;
(b) > .iv; = 0(mod n); and
(¢) ;% = 0(mod 2n),

where Vo™ (VXY ) denotes the collection of vertices of odd (even) labelled vertices

in VXY,

Proof. Suppose v € LXTY(T). (i), (ii) and (b) follow easily from the discussion
above. To see (a), (c¢) and (iii) note that, by Proposition 3.2.10, v is the sum of
an integer collection of vectors with weights (1, —1,—1,1,—1,1,1, —1) on coordinates
(a1, a9,a3,as+asz—ay, s+ay, s+ az, s+as, s+ as+as —a;) where, when n is even, we
have that s is even. Manual calculation of ), v; in this case shows that the number
of odd and even units is balanced and both sum to zero when n is even. Similarly
>, i%v; for each of these @Q-gens individually yields the result (iii) or (c) for each
generator, depending on the parity of n. Thus the integer sum of any collection of
such generators will satisfy the relevant equation. In particular, writing each Q-gen
as the difference of two S(@Q)-gens it can be seen that the sum of the squares of these

are equal and so cancel as a @-gen (modulo n). O
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We also give the statement of the converse.

Proposition 3.2.12. First suppose that n is odd. Any vector v that has v\ v¥TY =
0 and satisfies

(1) v =0,
(i) ", iv; = 0(mod n), and
(i) Y, i%*v; = 0(mod n)

is in L3 (T). Supposing that n is even, we have that any vector v which only has
non-zero support in VY and satisfies

(@) Dseyx+y Vi = D seyx+r vi =0,
(b) >, iv; = 0(mod n),
(¢c) >, #%v; = 0(mod 2n)
is in LXTY(T).
To prove the converse is considerably more complicated and we give different
proofs for when n is odd and when n is even. We defer the proof of Proposition 3.2.12

to after the proof of Lemma 4.3.3, from which the odd case follows, in Section 4.3

where we discuss the ‘bounded integral decomposition lemma’.

As done for 77, we may also deduce the following two results regarding any vec-

tor in the lattice £(7). The proofs use the same strategy as for Lemma 3.2.7 and
Corollary 3.2.8 respectively.

Lemma 3.2.13. First suppose that n is odd. We have that v € L(T) if and only if
the following all hold:

(i) 30X = X, 0F = 3, =3,
(ii) 3, vt — (30, iwE + 3w ) = 0mod n,
(iii) > i) — (X v =3, ivY) = 0mod n,
(i) > 205 3 %N = 2(3, i%0f + 37, i%0)) = 0 mod n.

Supposing now that n is even, we have that v € L(T) if and only if the following all
hold:
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(a) Zivixz iUzY: iUiXJrY: ‘UX*Y;

i1

(b) Zievgw Uz‘XJrY = Zz‘eVOX*Y viX_Yz

(c) > iv] ™ — (v + 3, ivF) = 0mod n,

(d) >, i = (3, ¥ =3 iv)) = 0mod n,

(e) S, i%0 Y 437 %0 Y —2(), %0 — Y, i%0) ) = 0 mod 2n.

Proof. Considering an edge e € T we have that the vector v € L(7T) associated
to the edge e satisfies (i)-(iv) when n is odd, and (a)-(e) when n is even. Thus
the associated vector of any linear combination of edges will also satisfy (i)-(iv) or
(a)-(e) respectively, which by definition covers all v € L£(7). Considering now a
vector v such that (i)-(iv) or (a)-(e) hold given n is odd or even respectively, we
may modify v to u by adding the shadow vectors of edges in such a way as to make

X oY — ~ S . X+Y _ X-y
u”™,u* = 0. When n is even, this will maintain that Zz‘eVOX+Y v T = Zievg—y v;

X4y _ X-y
ST = Zz’evEX*Y vy . We may

which also, along with (a), implies that Ziev,j”y v
then modify u to w where wX~Y = 0 and we retain wX, w¥ = 0, by adding 2-
part generators. (To see this, first note that we have > iu; ¥ = 0 mod n. Then
considering 7" with parts X,Y, X —Y we know that uX UuY uu*-Y € L(T’) by
Proposition 3.2.3, thus we can use SQ-gens which we know are the vertex shadow
of linear combinations of edges of 7' to reduce u®*~Y to 0. But lifting back from
T’ to T, these SQ-gens dictate appropriate 2-part generators which have precisely
the same effect on the X — Y part in 7.) It is clear that this forces Y, w*™" =0,
Siw Y = 0mod n and Y, i%w;tY = 0mod n. Furthermore, when n is even

we must have 2n | 342w "Y', and note that 2-part generators will add the same

weight (£1) to vertices of the same parities in each part so reducing Zievg*Y v Y

to 0 naturally reduces Zievg‘” v;* ™ to 0, and similarly for Zievbi‘*y v¥ ™Y and
Zz‘evbi‘“’ v;* ™ so that we obtain Zievgw v Y = Zievbi”y v;* ™ = 0. Thus by
Proposition 3.2.12 we have that w € L7 (T), so w can be seen as the vertex
shadow of a linear combination of edges of 7. But since v can be obtained from w

by removing edges, we must then also have that v € L(T). O

We are now able to deduce Pélya’s result [49], that 7 (n) has a perfect matching
only if n is not divisible by 2 or 3.

Corollary 3.2.14. Suppose that T (n) has a perfect matching. Then n = 1,5 mod 6.
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Proof. Suppose that T (n) has a perfect matching. Then 1 € E(T). By Lemma 3.2.13
we have that > v = Y vf = S X S i + 3 i)Y = 3w Y mod n,
S =Sy = S i)Y mod noand 23, 20X + 25 %) = Y %0 +

> %0 Y mod n. It is clear that the first of these holds for all values of n. Both
the second and the third are true if and only if ”(nH) = 0 mod n, which is true if
and only if n is odd. The final statement implies that 23"
since we know that n must be odd this reduces to Z €n i2 = 0 mod n. Using that
Zie[n] i? = M yields that n = 1,2 mod 3, completmg the proof. O]

ie[n]z = 0mod n and

3.3 Zero-sum configurations

3.3.1 Overview

We define a zero-sum configuration to be any collection of vertices such that these
vertices induce two distinct perfect matchings, M* and M~. We refer to such a
configuration in this way, since, giving each edge in M a weight +1 and each edge in
M~ a weight —1, we have that every vertex covered by the configuration sees exactly
one positive edge and one negative edge in the configuration, thus giving a ‘zero-sum’
weight at each vertex. In the language of linear maps as per the start of Section 3.2,
given ® € {—1,0,1}#7) we define ®* € {0, 1}¥(7) to be the vector such that

or_ J1 iR =1,
© 10 otherwise.

Similarly, we define ®~ € {0, —1}¥(7) to be the vector such that

o — -1 ifd, = -1,
1o otherwise.

Then we have that for ® € {—1,0,1}*7) such that ®* &~ are both matchings,
the set of vertices which have non-zero support on either 9®* or 9®~ is a zero-sum
configuration if and only if 0® = 0. Whilst there can be many ways to form such
configurations, we shall restrict our consideration to a specific family of zero-sum
configurations, and henceforth, when referring to a zero-sum configuration, we shall
be considering exclusively those which can be described in the following way. Our
zero-sum configurations consist of 16 vertices, so that each of the matchings M™
and M~ consist of four edges. Every configuration we are concerned with has free
variables a, b, ¢, s, and we set d := b+ ¢ — a. Then a zero-sum configuration Z has

positive matching M (Z) consisting of
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(a,b+s,a+b+s,a—b—s),
(byd+s,b+d+s,b—d—s
(
(

)

c,a+s,at+c+s,c—a—Ss),

)

)

)

d,c+s,c+d+s,d—c—s),

and negative matching M~ (Z) consisting of
(a,c+s,a+c+s,a—c—s),
(bya+s,a+b+s,b—a—s),
(c,d+s,c+d+s,c—d—s)
(d,b+s,b+d+s,d—b—s),

noting that a —b=c—d,b—d=a—c,c—a=d—band d—c = b— a, so that

indeed the 16 vertices are each covered exactly once in each of the matchings. In fact,

Y

concerning the free variables a, b, ¢, and s, we are able to make a linear change of
variables. Thus in general when fixing some variables (not necessarily those named
as a, b, ¢, s), the other new variables given by the linear change remain unconstrained
and so can be thought of as ‘degrees of freedom’. For example, if we want a vertex
v € X+Y to be in a zero-sum configuration, we may take v in place of one of our free
variables a, b, ¢, s. Then, in order to make the change of variables, we have that any
three other free variables ¢, g3, g4 fix a zero-sum configuration containing v by taking,
for example, v =a+b+ s, go = a, g3 = ¢ and g4 = s. These free variables gs, g3, g4
fix the zero-sum configuration containing v with the following two matchings.
Positive matching;:

(92,0 — g2,v,292 — v),

(v—92— 94,0 — 292+ 93,20 — 392 + g3 — gu, 92 — g3 — Ga),

(93,92 + 94, 92 + g3 + 9a, 93 — g2 — 9a),

(v =292 + g3 — 91, g3 + 92, v — 292 + 293, v — 292 — 2g4).
Negative matching:

(92,93 + 94,92 + g3 + g1, G2 — g3 — Ga),

(V=92 — g4, 92 + g1, 0,0 — 292 — 2g4),

(93, — 292 + g3, v — 292 + 293, 292 — v),

(v =292+ g3 — 92,0 — 92,20 — 392 + g3 — G4, g3 — g2 — Ga)-
(Of course, there are some choices of gs, g3, g4 that might mean the sets of positive and
negative edges above dictated by the choices are not matchings, but this is the same
as when we chose a, b, ¢, s.) So fixing the vertex v left us with three degrees of freedom

to dictate a zero-sum configuration containing v. Similarly, fixing an edge e to be in
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the positive matching of a zero-sum configuration uses two degrees of freedom, and
leaves two degrees of freedom remaining to fix a specific configuration containing e.

We use collections of such zero-sum configurations in two key ways for the proof.
Firstly, for building the absorber, which comprises of cascades, gadgets built from
collections of zero-sum configurations, which we describe in detail in Section 4.2.1.
Secondly, during the weight shuffle in the iterative matching process where we have
weights assigned to the edges of 7, in order for the process to continue as long as
we require, we wish to modify a given weight assignment in such a way that every
vertex maintains its weighted degree. The weight shuffle uses certain collections of
zero-sum configurations to shift weight between edges in a controlled fashion which
will maintain the weighted degree of each vertex.

Whilst we shall take the absorber out at the beginning of the process, so that
the cascades only need to be present in 7, we need to be able to find zero-sum
configurations for the weight shuffle when we reach the iterative matching process,
and as such, we need to track such zero-sum configurations during the random greedy

count.

3.3.2 Zero-sum configurations for the weight shuffle

In order to describe the zero-sum configurations required for the weight shuffle, we

require the following definitions.

Definition 3.3.1 (Weight shuffle parameters). We define j; := = log ( ;-
Then we define j;11 = k; = W and k; 1 = 10§Zn) = logiilg oL for all i € [c,], where

Cy = f%ﬁ@}, so that j., <n 107 Then we let J; = I;, and K; = I}, be the box
intervals with parameters j; and k; respectively, for every i € [¢,]. In addition, we
define Koy = J;, K1 = I, and K_o = V(7). (This will be convenient for Definition

6.2.2.)

Note that these values are chosen precisely in view of the following fact.
Fact 3.3.2. (log(n))% ~ t399%% and j,, ~ t{-90001,

Comparing Fact 3.3.2 to Fact 3.1.2, we see that the values ¢y, log(n), ¢, and
cq are chosen to ensure both sequences {Z;}icic,) and {Ji}ic[e,] are such that the last

elements t., and j., are of the same order of magnitude and in particular at most

log log(n)
log(cvor)
the partition of I, given by {I;, \ L, , }icpi,c,) is a refinement of the partition given

n1%7". Furthermore cyo, is defined such that — is an integer precisely so that
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by {K; \ Kj+1}je[—1,c;} U Ko 11 where ¢, < ¢, is such that ke > te,. (This last point
concerning ¢, and c; is just a technicality resulting from starting with ¢; rather than
to for defining ¢, so that j., <t.,.) The key relationship here is that for every j € [cy]
such that k; > ¢, , there exists i € [¢;] such that I}, = K.

Definition 3.3.3 (edge types and i-legal zero-sum configurations). We say that an
edge e is of type («, 3,7); if e contains « vertices in K; \ K1, § vertices in J; \ K;
and vy vertices in [, \ J;. We refer to the a vertices as i-small vertices, § vertices as
1-medium vertices, and 7y vertices as ¢-large vertices, or small, medium and large when
i is clear from the context. We say that an edge e is i-bad if e is of type («, [3,7); with
a # 0 and v # 0, and that an edge e is bad if there exists ¢ € [c,] such that e is i-bad.
We define an i-legal zero-sum configuration to be a zero-sum configuration such that
M™ consists of an i-bad edge e, and three other edges which are all of types (1,0, 3);
and (0,1,3);, and M~ consists of one edge of type («a, 3,0);, with a # 0, and three
edges of types (0, 1,3); and (0,0,4);. We denote the collection of all i-legal zero-sum
configurations in T by Z; 7.

Now for an edge e that is in an i-legal zero-sum configuration either as e € M™ or
e € M~ for any i € [c,], we need to know how many i-legal zero-sum configurations

that edge is in as an edge in M ' and as an edge in M~. We let

Zi:f:e,G<Oév 67 '7)

denote the family of i-legal zero-sum configurations in the graph G C 7T, which contain
the edge e in M*, which is an edge of type (a, 3,7);. We consider Zfe,fr(a, B,~) for
all 7 € [c,] and every edge and possible edge type (a, 5,7);.

Note first that, by construction, Zi,:te,T(a7 B,7) = 0 for all but the following:

Z;fe’T(l, 0,3), Z;’Fe,T(l, 1,2), Z;’re,T(l, 2,1), Z;fe’T(O, 1,3),
and

Z7 (4,0,0), 2 +(3,1,0), 27, +(2,2,0), Z, (1,3,0), Z,, 7(0,1,3), Z,, (0,0, 4).

%€, 2,6, 2,6, 1,€, 1,€, %€,

In particular, recalling that no wrap-around edges appear in the positive or neg-
ative matching of an i-legal zero-sum configuration for any i € [¢,] since all vertices
are in I, and T[I;] contains no wrap-around edges, we cannot have edges of type
(e, 8,7); with @ > 2 and v # 0, for any ¢ € [¢,]. That is, i-bad edges can only
be those of types (1,0,3);, (1,1,2); and (1,2,1); for every i € [c,], with most i-bad
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edges being of type (1,0, 3);. Thus it should be clear that all those («a, £, ) not listed
explicitly above satisfy Zfej(a, B,v) = 0, since an i-legal zero-sum configuration is a
zero-sum configuration with positive matching M consisting of an i-bad edge e, and
three other edges which are all of types (1,0, 3); and (0, 1, 3);, and negative matching
M~ comprising of one edge of type («, 3,0);, with @ # 0, and three edges of types
(0,1,3); and (0,0,4);. That gives, for example, that an edge e of type (0,4, 0); cannot
appear as a positive or negative matching edge in an i-legal zero-sum configuration.
Thus the number of i-legal zero-sum configuration containing e in M¥ is exactly 0.
Note also that type (0,1, 3); edges appear in a negative matching if and only if there
are edges of type (1,2,1); or (1,1,2); in the positive matching of a configuration. As
well as the types of edge and types of zero-sum configuration to which they belong
listed above, we shall also be interested in the number of zero-sum configurations
containing at least two bad edges (all with positive sign). We leave the motivation

for this to Section 6.2, but introduce the relevant notation here.

Definition 3.3.4 (27, 27, o, Z;, o(bad)). For each i € [¢y], define Z7 to be the set
of i-legal zero-sum configurations present in GG which contain at least two i-bad edges
(all with positive sign attached). For each bad edge e, define 2?2, , = {z € 2} :
e € z}. Furthermore, we define Z;¥, ;(bad) to be the collection of i-legal zero-sum
configurations in G which contain the edge e with positive sign, where e is an ¢-bad

edge.

This last piece of notation, Z;,G(bad), is useful for when we are only interested

in the fact that e is i-bad, rather than the fact that e is i-bad of a certain type.
Fact 3.3.5. For every i € [cy] the following hold:

(0 (jit1)  if e is a bad edge,
|Z;,re,’r(047577)| =90 (kity) ifa=0,8=1, and v =3,
0 otherwise.

(O (%) ifa#0 and v =0,

O (jiki) ifa=0,=0, and y =4,
O (jik;) ifa=0,8=1, andy =3,
L0 otherwise.

|Z7:e,7'(057 B’ ’7)’ =

Finally, for every bad edge e,

122,71 = O (kity).
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We note that in the fact above it would be equivalent to have ‘n’ (or ‘¢y’) in place

of ‘t,” for each clause, however we write t; here for convenient use later.

Proof. As previously noted, it is clear by construction for all but the non-zero cases.
We start by considering the upper bounds for \Z;fe;r(a, B,7)]. In particular, every
edge e for which this is not clearly 0 has at least one vertex v € J;. Given it is a
bad edge we have v € K;. We know that |Z;, -(bad)| has two degrees of freedom
and that one of these must, along with v, dictate an edge with negative sign that is
contained in J;. There are O(j;) choices that could dictate such an edge. Once such
an edge is fixed, in order to extend the pair of edges intersecting at vertex v to an
i-legal zero-sum configuration, there is one remaining degree of freedom, and since
all i-legal zero-sum configurations are contained in Iy, it is clear that there are O(t;)
such choices. That gives, in total, O(j;t;) configurations when e is an i-bad edge.
In the case that e is an edge of type (0,1,3);, and so v € J; \ K;, we know that an
edge of negative sign containing v in an i-legal zero-sum configuration for e is of type
(e, B,0); with a # 0, so one degree of freedom, along with v, must dictate an edge
containing a vertex in K;. There can be at most O(k;) such choices. Then once this is
fixed, as before, there are O(t;) choices for the final degree of freedom giving O(k;t1)
i-legal zero-sum configurations containing e of type (0, 1,3); as a positive edge, as
claimed. The argument is the same for ]Zgaﬂ, since in this case, though e is bad
as in the first case, we know that the edge containing v € e of negative sign must
contain at least two vertices in K;. Thus the degree of freedom to dictate such an
edge through v has O(k;) possibilities.

Considering upper bounds on |2, r(«a, 8,7)|, it is clear when a # 0 and v = 0,
since there are two degrees of freedom and to ensure all vertices are in I;, means at
most O(t;) available choices for each. It remains to consider when e is of type (0, 1, 3);
or (0,0,4); for some i. Given that we are considering configurations containing e with
negative sign, we have that if e is of type (0, 1, 3);, the vertex v € e such that v € J;\ K
must also lie precisely in an i-bad edge of positive sign (as opposed to an edge of type
(0,1,3); or any other type). So in either case exactly one vertex v € e will also be
in a bad edge of positive sign in any -legal zero-sum configuration containing e with
negative sign. Since v € [}, \ Kj, in order to ensure the bad edge €’ contains a vertex
in K; one degree of freedom can take at most O(k;) values. Once such a pair e, €' is
fixed, in order that the vertex v' € ¢/ N K; lies in a (positive) edge of type (a, 3,0);,

as required to dictate an i-legal zero-sum configuration for e, there are at most O(j;)
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possibilities. This gives a total of O(j;k;) i-legal zero-sum configurations containing
such an edge e of negative sign.

It remains to consider the lower bound in the cases where e is either a bad edge of
positive sign or an edge of type («, 3,0) of negative sign, where a # 0. We show the
lower bounds are satisfied by giving specific possibilities for the degrees of freedom in
each case. In particular, given e is fixed, we list sufficiently many pairs which each

dictate a distinct i-legal zero-sum configuration for e as follows:

1. ife=(a,b+s,a+b+s,a—b—s)is bad and a is small and b + s is positive
with b+ s < & or negative with [b+ s| > %, then pairs (¢, s) with ¢ € [&, &]
and s € [—c — L, —c+ &] ‘work’ (i.e. dictate an i-legal zero-sum configuration

containing e),

2. ife=(a,b+s,a+b+s,a—b—s) is bad and a is small and b+ s is positive with
b+s > & or negative with |b+s| < &, then pairs (¢, s) with ¢ € [-&, —%] and

100 12
s € [—c— L —c+ L] work.

3. Similarly, ife = (a,b+s,a+b+s, a—b—s) is bad, a+b+s is small and a is positive
with a < % or negative with |a| > %, then pairs (¢, s) with ¢ € [2a+ 15, 2a + ]

and s € [ a— 2% —a+ L] work, and

4. ife=(a,b+s,a+b+s,a—b—s)is bad, a+b+ s is small and a is positive with

a > 4 or negative with |a| < &, then pairs (¢, s) with ¢ € [-2a + %, —2a + ]

12’

and s € [—a — %, —a + 4] Work

5. Finally, if e = (a,c+ s,a+c+ s,a — ¢ — s) is of type (a, 3,0) with a # 0, then

pairs (b,s) with b € [%, 4] and s € [&, &

4 U
=, oL 0} work.

By symmetry between X and Y, and between X + Y and X — Y, this covers all

cases. O

We shall wish to check that the properties of zero-sum configurations as listed in
Fact 3.3.5 remain closely related (in a quasi-random sense) to their values in T as we
run the random greedy edge removal process. More details of this will be covered in
Chapter 5.
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3.4 Degree-type conditions

As usual we shall write dg(v) for the number of edges containing v in G, also known
as the degree of v in G. For a weight function w defined on E(G), we shall also write
dw,c(V) =3 5, ccq w(e) and refer to this as the weighted degree of v in G.

Our proof strategy relies on the fact that throughout the random greedy edge
removal process and the iterative matching process, the subgraphs we obtain continue
to have quasi-random properties. The precise nature of the structure that needs to
be maintained will vary depending on where in the process we are, however each
notion of quasi-randomness that we shall require involves understanding the number
of edges containing a vertex v and other vertices in specific subsets of V(7). Broadly

speaking, we refer to these as ‘degree-type conditions’.

Throughout the process, for a given graph G C T, we will be interested in pairs
(v,S) such that v € V(G) and S C V(T), and the number of edges in G which
contain v and relate to S in some way. More specifically, we shall often have pairs
(v, 8) with S of the form I, or I, \ I;;, and it may be that we are interested both in
the number of edges that contain v and only other vertices in S, and also the number
of edges that contain v and at least one vertex from S. To ensure that we have a
notation that encompasses both of these scenarios (without having to change S), we
shall first describe a more general notation, though most of the cases given by this
setting will then also have a more concise shorthand notation.

Let G C T and w be a weight function defined on E(G). For sets Sy, 52,55 C V(T)
not necessarily distinct, we define Eg(v,S1,S2,53) := {e 2 v :e = (v,e,es,e3) €
G,e; € S;}, so that Eg(v, S, Ss,S3) is the set of edges e which contain v, and there
exist distinct vertices vy, vg,v3 € e\ {v} such that v; € V(G[S;]). When S; = S5 =
Sy =S, we also write Fg(v,S) as a shorthand notation. Furthermore, if S; = V(T)
for any 7 € [3], we may write * in place of V(7T) for short. In this way we have that
Eq(v,S,%,%) == Eg(v,S,V(T),V(T)) is the set of edges in G which contain v and
have at least one vertex (distinct from v) in V(G[S]). We refer to Eg(v, S1,Ss, S3) as
the set of edges forv in (G, Sy, Sa, S3) (or similarly for (G, S) if S; = S = S3 = 5, and
for (G, S, *,%)if S =5; and Sy = S3 = V(T)). We say that |Eg(v, S1,S2,53)| is the
degree of v in (G, Sy, Sa, S3), and define w(Eqg(v, S1,Ss2,53)) := ZSGEG(%SLSLSB) w(e)
to be the weighted degree of v in (G, Sy, Se,S3) with respect to w.

As previously mentioned, we shall mostly be interested in using the definition of
Eg(v,S1,S2,53) when S} = Sy = S5 or Sy = S3 = V(T), when we may instead write
Eq(v, S1,52,53) as Eg(v, S) or Eg(v, S, *, ) for some S.
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Definition 3.4.1 (Valid). We say that S C V/(T) is j-valid if S = I, or S = I, \ I,
for some i € [0,¢p], j < i and [ > i. We say that (S;,5,,53) C V(T)3 is j-valid
if either S; = Sy = S5 = S or S; = S and Sy = S3 = V(T) for some S which
is j-valid. Let G C T. We say that (v,S1, 52, S3) is a closed j-valid tuple for G if
Sp = 8y = 83 = S where S is j-valid, and v € V(G[I},]) such that [Er(v, S)| = ©(|S])
and |E7(v,S)| > 0.1n'°". In this case we also say that (v,S) is a closed j-valid pair
for G.2 We say that (v, Si, S2,S3) is an open j-valid tuple for G if S; = S where S
is j-valid, S; = S3 = V(T) and v € V(G[I},]) such that |Er(v,S,*, )| = ©(|S]) and
|Er(v, S, *,%)| > 0.1, In this case we also say that (v,S) is an open j-valid pair
for G.

Note that for every G C T, v € V(G[I,]) and every j-valid S we have that
(v,.S) is an open j-valid pair for G. We extend all of the above definitions from
J € [0,¢p) to say that (v, S1,S2,53) is a T-valid tuple for G if v € V(G) such that
|Er(v, Sy, S5, 53)| = ©(]S1]) and |E7(v, Sy, Sa,S3)] > 0.1n'°"°. Note that if a set S
is ji-valid, then S is jo-valid for every jo < j;. (The motivation for the definition
of j-valid sets is that once we reach the graph H; C T[I,] as per the vortex we are
interested in degree-type properties of subgraphs of H; which relate to the subsets
{L, }ielen) of V(T). Since V(H;) C I, for each j € [c3] it follows that for I;, or any
subset of I;, to be of concern to us with regards to properties of H;, we want ¢ > j.)
Note also that for G C TTl;;] and every v € V(G), we have that |Eq(v, I;;)| = da(v)
and w(Eg (v, Iy;)) = dw,a(v).

The motivation for the definition of open and closed j-valid tuples comes from
the fact that, throughout the process, we want to ensure that how large the set of
edges for a vertex v € V(H,) is in (H;,S) and (H;, S, *,*) for various j-valid sets
S is controlled carefully, so that the degree of vertices remaining will be controlled
enough to continue through the vortex. Once we reach H; and have done the weight
shuffle (details of which are covered in Sections 3.1 and 6.1.1), our interest will turn
from open and closed j-valid pairs to a restricted sub-family of such pairs, but the
process to take us from T to H; relies on nice degree-type properties for all open and

closed j-valid pairs.

2The reason for the two notations is that when considering a specific closed valid tuple
(v, S1,S2,53) we shall mostly only be interested in those with S; = Sy = S3, however when de-
scribing general properties, we want a notation that describes the properties for both the case where
S1 = 59 = S3 and where Sy = S5 = V(7)) at the same time.
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3.5 Wrap-around edges

Recall that by a wrap-around edge, with the vertex indexing from [—tg, t] in each
part, we mean any edge with indices a € VX, b € VY such that either |a + b| > ¢,
or |a — b| > ty. We start by noting some straightforward but crucial observations

regarding wrap-around edges:

1. each wrap-around edge contains at least one coordinate with index whose mod-

ulus is at least %0, i.e. that is far from the centre of 7 and

2. when n is odd a wrap-around edge will contain coordinates of different parity
in VXY and VXY, In particular, when n is odd, choosing a pair of vertices
(a,b) € VXY x VXY where a # b mod 2 dictates a wrap-around edge. When n
is even T only consists of edges with both vertices in the X +Y and X —Y parts
of the same parity. In this case choosing a pair of vertices (a,b) € VXY x VXY
where @ = b mod 2 we have two edges e, e; both containing {a, b} such that

one is a wrap-around edge and the other does not wrap-around.

That is, whilst for ‘standard’ arithmetic we have that for a and b of the same parity
we get a + b and a — b both even, and for a and b of different parity we have a + b
and a — b both odd, if an edge wraps around, when n is odd, the coordinate which
has gone around the torus will have a different parity to that which would be given
by the natural arithmetic. In particular, we know then whether an edge is a wrap-
around edge or not, purely by considering its coordinates in VXY and VXY, As
our iterative matching process relies on a vortex of nested subgraphs {H;}; such that
H; C I,,, we have that all subgraphs from H; onwards do not contain wrap-around

edges.

Definition 3.5.1 (V/(G), V7(S), (;%Y(G)). From now on, we write V/(G) :=
V/NV(G) for each J € {X,)Y, X +Y,X —Y} and G C 7. Similarly, we write
VI(S):=V/ NS foreach J € {X,Y,X +Y,X —Y}and S C V(T), and denote by
VOX/?EY(G) the set of vertices in V(G) N VX%Y that have odd/even parity. We extend

this definition naturally also to V(;(/EY(G).

For reasons that will become apparent in Chapter 4, we’ll want to be able to
pair up vertices of the same parity in VX and VX~ (to dictate edges but avoid
inducing wrap-around edges via these pairings), and as such will want to ensure that
the number of vertices of odd parity remaining in VXY (H)) is the same as the

number of vertices of odd parity remaining in VXY (H;). (This in turn implies also
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that the number of vertices of even parity remaining in VXY (H;) is the same as the
number of vertices of even parity remaining in V¥ _Y(H 1), since we reach H; only by
removing disjoint edges from 7 so that the total size of VXY (H;) is equal to that
of VA=Y (H;).) Thus in the process to reach H; we must keep track of the parities of
vertices remaining in parts VX*Y and VXY, Note that this all only applies to the
case where n is odd. When n is even, reaching H; only by removing disjoint edges
from 7 we can be certain that |[VXTY(H,)| = |[VX~Y(H,)| as every edge removes two
vertices of the same parity in parts X +Y and X —Y. Then when it comes to pairing
up vertices in VXY and VX~ to dictate edges but avoid wrap-around edges, whilst
we know that such a pair with the same parity has pair degree 2, we know that we
can therefore choose whether we take the wrap-around edge or non-wrap around edge

dictated by the pair, depending on what we wish to achieve by this pairing.

Definition 3.5.2 (J-layer intervals). We say that a set I7 is a valid J-layer interval
if I/ CV(T)NVY where J € {X,Y, X +Y,X —Y}, with I7 = [a, ] (i.e. a subinterval
of [~to, o)), and |I7]| > 572, (Recall that € = % as in Section 3.1.1.) For G C T,
a valid J-layer interval I7 and v ¢ J we let Eg(v,[7,O/FE) denote the set of edges

in G which contain v and a vertex u € VOJ/E(G) ni’.

We shall keep an eye on these parity related quantities throughout the random
greedy edge removal process as well as the initial steps of the iterative matching

process. Additionally, for a graph G, we let
Eap(G)

be the set of edges in G such that the X +Y coordinate is of parity type A € {O, E'}
and the X — Y coordinate is of parity type B € {O,E}. Then when n is odd
Eor(G) U Ego(G) gives the complete set of edges in G which wrap-around. (When
n is even we have that E,5(G) = () for AB € {OFE, EO}.)

The following theorem, proved in Section 5.3, gives the initial quasi-randomness
properties which we shall show hold whp for H, the graph obtained from 7T after re-
moving A*, running the random greedy edge removal process and making small parity
modifications, and that are required for the iterative matching process described in
Chapter 6. Recall o and pg, as defined in Definition 3.1.5.

Theorem 3.5.3. After removing the absorber A* from T, running the random greedy
counting process and making some parity modifications, with high probability we obtain

a (hyper)graph H C T satisfying the following:
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(1) every T -valid subset S C V(T) satisfies

[V(HIS)] = (1 + ac)|S|per,

(i1) for every v € V(H) and every open or closed T -valid tuple (v, S, Ss,S3), we
have

|Ex(v, 51,5, 83)] = (1 + ag)|E7(v, S1, 52, Ss5) |,
(111) for every i € [c,],

((1+ ag)|Z5, (o, B,7)lpe if e is a bad edge,
|Zie (e, B,7)] = § O (kitapgs) ifa=03=1v=3

0 otherwise.

(1 +a6)|Z;, 7(a. B,7)|py  if a#0 andy =0,

_ O .]Zklpll? 'lfOé = 07 ﬁ = 07 V= 47
120l 8,)] o= { O Uik fa=07=07=
) (.]zkngr) ZfOé - 0? 6 - ]-7 Y= 37
L0 otherwise.

Finally, for every bad edge e,
12 ul =0 (kitlpéf) :

(iv) [Vo ™ (H)| = Vo " (H)|, Vg™ (H)| = [V =" (H)| and, furthermore Vg (H)| =
(1+2a6)|VZ(H)| for every J € {X,Y, X+Y, X-Y'}. Additionally, |VOJ}E(H[S])| =
(1+ 2ag)|V(‘)];E(H[SD| for every valid layer interval S, and Jy, Jy € {X,Y, X +
Y, X — Y}

(v) For every J € {X,Y,X +Y,X — Y} and every valid J-layer interval I’ and
v J,
|EH(U7 IJ? O/E>| = (1 + O'/G)|ET('U7 ]Jv O/E)|p§r

Whilst we could define more general properties, or subsets for which such prop-
erties hold, these are the key subsets and properties required which allow us to run
our process, and it is more intuitive to have these properties in mind throughout the

process than something more general.

46



3.6 Facts about 7

Our strategy will at times compare a subgraph H; C T to T[I;,] C T, and in particular
the following details are useful for calculations in Section 6.5. More generally, the
following facts should help develop a better picture of what 7 ‘looks like’ in terms of

various degree-type and wrap-around edge type properties.

Fact 3.6.1. Given that T[I,] contains no wrap around edges and v € Iy, N1, _,, we
have that |E7(v, Iy, )| satisfies the following:

() forve [-%,%n(XUY),
Bp(o, 1) £2 = Bl 2D Jorve +[4, 2] (X UY)
TMk (t) forve [-E YN (X+YUX -Y)
(5 —[ol)  forve£[E HalN(X+YUX -Y).

Note that T[I;,] contains no wrap-around edges, and hence Fact 3.6.1 is true for
all k > 1. When v € V(T)\ I;,, or we are considering I, there are still wrap-around
edges to consider. It is helpful for the initial steps of the iterative matching process to

observe some facts about |E7(v, I,)| for v € T, as well as |Er(v, I},)| for v € I, \ I,
Fact 3.6.2. The following all hold:

(i) For every v € V(T) we have that

2
g_2§ET(U7[f/0) < ?n—i_za

(it) for every v € Iy, we have that

n
E L)y>——2
T(Uv t1) =30 )

(iii) when n is odd, for each vertexv € (V(T)\ I;) N (X UY),
n

|ET(U7 ]to \]t20) N EAB(T)| > 40

for AB € {OE, EO}.

(iv) for each vertex v € (I, \ I,)

n
| B (v, Iy \ 1iye) N Eap(T)| 2 300

for AB € {EE, 00}, such that these do not wrap-around.
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Proof. Suppose first that v € X. For the lower bound of (i) we have that Er(v, I,)
consists of all edges that contain v and a vertex from I,, Y, of which there are %2 +1
such vertices. Each pair dictates a distinct edge and since I, N (X £Y) =X £V,
each edge is in Er(v,[;). By symmetry we have the same argument for v € Y.

For v € X +Y, Er(v,1;,) contains all edges such that v = u; + uy mod n where

_ 2t 2o
37 3

maximum pair degree for a pair u,v with v € X +Y and v € X UY is 1, this excludes

uy,us C | ]. Now since every vertex v has degree n = 2t; £ 1 in 7, and the
at most %2 of these edges from Er(v, I,) (in the case where each vertex in V(7)) \ I,
is in a different edge with v). By symmetry we have the same for v € X — Y. For
the upper bound, every vertex v in Y U(X 4+ Y)U (X —Y) shares an edge with every
vertex in X in 7. Since at least 23ﬂ vertices from X are outside [;,, at least this

many edges (of the n containing v in 7") are not in E7(v, I;,). This is similarly true

for vertices in X, considering the vertices in Y\ I;,. To see (ii), note that ¢; ~ 4%.
For a vertex v € I;, N X every pairing to a vertex in [—2%50, 21%0] in Y yields an edge

with all other vertices in I;,. By symmetry the same holds for v € I,, N Y. For

v € Iy N(X +Y), every pair of vertices (z,y) € I;, X I;, such that the sum is equal to

v and the difference is less than 4% creates a relevant edge for v. There are at least

% such pairings, and by symmetry the same is true for v € I;; N (X —Y). To see
(ili) and (iv), note that toy < 0.012¢,. So for a vertex v € X it suffices to ensure the
choice of vertex in Y has distance at least 0.012¢y from v. Furthermore, any choice of
vertex in Iy, \ I, with the same sign will result in a wrap-around edge. Restricting to
when n is odd, this gives at least % —0.024ty > % such edges. Half of these pairings
will wrap around giving odd parity in X + Y and even parity in X — Y, and half will
dictate an edge with even parity in X + Y and odd parity in X — Y. By symmetry
we get the same when v € Y. Finally, the count for (iv) follows similarly, considering
now all n. In particular, for a vertex in X N (I, \ I;,) pairing with vertices in [£2, 22]
in Y gives a non wrap-around edge with all other vertices in I, \ I;,,. The same is

true swapping X and Y. For v € (X +Y)N (I \ I, ), if v has positive index, pairing

Ttg St
157 15

have all other vertices contained in [;,. This gives at least % — 2t99 > 0.04ty > n/150

with a vertex in | | gives sufficiently many edges which do not wrap around and

edges also avoiding I;,,. Half of the pairings will dictate an edge with vertices in
X +Y and X — Y both of odd parity, and half with both of even parity. Similar
pairings with signs flipped work in the cases where v € X 4+ Y has negative index, or
veX—-Y. m
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Chapter 4

The absorber

We say that L* C V(T) is a qualifying leave if L* satisfies the following properties:
1. the support vector vy of L* satisfies vy € L(T),
2. L* C 1 15,
3. |L*| < prn'®’, recalling py, defined in Definition 3.1.5,
4. Vo L) = Ve (L),

The aim of this chapter is to build an absorber A* that can absorb any qualifying
leave L*. Formally, in our context, we say that A* C V(T) is an absorber for T if
T[A*] contains a perfect matching, and for every qualifying leave L* we have that
T[A* U L*] contains a perfect matching. By slight abuse of notation we may think
of an absorber A* both as a vertex subset of 7 (as described in the definition) and
also as the sub(hyper)graph of 7 induced by this set A* of vertices. Wherever this
distinction is important, it will be clear from the context. Now, supposing that we
could find a set of disjoint edges ®* such that L* C 9®™*, and a set of disjoint edges
®~ (not disjoint from ®T) such that for the signed multi-set ® = &+ U P, we have
that 0® = vi.. If 0&~ C A* and A* \ 0P~ has a perfect matching, then taking the
perfect matching in A*\ 09~ along with ®* yields a perfect matching for T[A* U L*].
Before finding an absorber A* and setting ®~ with these properties, we first relax
to finding an integral solution on 7. That is, sets ®~ and ®* may each consist of
a multi-set of edges from 7T such that 0® = vy.. In this way we have an integral
decomposition of L* (we are able to describe L* as the difference of two collections
of edges in T). Key to our approach is that the number of edges used in ® is not
too large (where what constitutes ‘not too large’ will become clear as we describe

our process to obtain ®). On finding ¢ which is sufficiently small, we can show that
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we may modify ® so that ® and ®~ are both matchings in 7, and still sufficiently
small, such that & € {—1,0, 1}E(T). Details of this part of the strategy are covered
in Section 4.1. From this step we wish to complete the process by modifying &+ and
®~ once again so that 0®~ C A* and A*\ 09~ has a perfect matching, all the time
maintaining that 0® = vy.. In this way we have that A* is an absorber for L*, as
required. This is much like the strategy of hole in [32]. Our strategy for building A*,
detailed in Section 4.2, will start by considering a random subset of vertices taken
from within a fixed subset of V' (7") such that each vertex is included independently
with some probability p4. Then we’ll show that with high probability such a set
satisfies many properties we require, and we will end the process by fixing such a
set and modifying it, ensuring that it maintains all the key properties we will have

shown, but that additionally it has a perfect matching.

4.1 Finding an integral decomposition for L*

We aim to find a vector of edges ® € Z"(7) such that 0® — L* = 0.

(T

Lemma 4.1.1. For any qualifying leave L* there exists ® € ZFT) such that every

edge in ® is contained in I s, |®| = O <an3'81X1075) ,and v=0d — L* =0.

Whilst we shall eventually want ® € {—1,0,1}*(7) the first key step to doing this
is to find a bounded integral decomposition. That is, we shall do this by first finding
® € Z"7), such that 9® — L* = 0 and [®| := Y_ 5 [Dc| = o(n). We call |®|
the size of . For our setting of building the absorber we’ll need to be more precise
about ®, both in the types of edges we are allowed to add to ® and the size of ® -
we'll show that |®] = O(n®8X197°), Let v := 9® — L*. We view ® dynamically -
we are continually adding signed edges to an initially empty set ® with the goal to
stop when we find ® such that v := 0® — L* = 0, thus finding the required integral
decomposition. Our strategy relies on first covering L* by edges (and adding these to
®) such that the support of v is pushed closer and closer to the centre of 7. Indeed,
we show that we may push the support so that it is contained only on coordinates
in {—1,0,1}. We'll then show that we can reduce such a support to 0. Throughout
this section we do not repeat the running assumptions when stating the following
propositions.

From now on for a coordinate i in V/ with weight v/ # 0 in v, we call i/ with
weight +1 (according to whether v is positive or negative) a unit of v. In this way,

for each i and J, v/ contributes |v]| units to v. For any multi-subset of units U, write
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|U| to be the size of the multi-set, and ), v; where i € U refers to the set of vertices
U CV, so that we may recognise U both as a multi-set of individual units, and as a
set of the vertices with non-zero weight in v. For our strategy to work, we shall wish
to add edges to ® to ensure v € Ef’Y(T), and we refer to this as zero-summing the
support of v. In addition, we shall wish to avoid any wrap-around edges in building
®, as we want to retain some parity properties that we inherit from L*. In particular,
if the support is contained in a bounded interval [—ng, ng|, for some ny < n/4, then
in order to ensure that we stay within this interval when we zero-sum the support,
we must add edges dictated by pairing up odd vertices in VXY with odd vertices
in VXY and similarly even with even. (When n is even the parity issue is not a
concern, and we choose the non-wrap around edge dictated by such a pairing in order
to stay within this interval when zero-summing the support.) Let Ug (v) be the
multi-set of units of ¥/ which have odd parity with positive or negative weight from
v respectively, where J € {X|Y, X +Y, X — Y}. Similarly, define Uéi(v) to be the
units of even parity in V'’ with positive or negative weight in v. When v is clear from

the context, we just write Ué o We claim the following:

Proposition 4.1.2. Let u € L(T) be such that
U5 (W] = 053" (W) = U5 ()] = [U5 =" (u)],

and

Up 1" ()] = U ()] = Uz ()] = [Uz ~" (w)].
Then there exists a signed multi-set of edges ®, all of which are not wrap around
edges, such that 0’ = dd' +u e L3 (T).

Proof. Let u € L(T) and suppose that [U5H"| — U5 V| = US| — U5 -], and
|U§iiy| — Uz = |U§:Y - |U§:Y|. Without loss of generality suppose that
USTY| > [USLY ] Then let k := [USTY|, 1= [U5ZY], and ¢ := [UGTY| — k. It
follows that ]Ug,fy\ = [+ ¢. Then we may pair up k of the odd positive units in
VXY with the k£ in VX~ and [ of the odd negative units in VX*Y with the [ in
VX=Y  For each of these, we add the oppositely signed edge dictated by the unit
pairings. (For n even, we choose to take the non wrap-around edge dictated by the
pairing.) We are left with ¢ odd positive units in VX*¥ and ¢ odd negative units in
VX+Y  Pair these units up, so that there are ¢ pairs each with one negative unit and
one positive unit. Choosing any ¢ odd vertices in VX~Y, we may then assign each

of the pairs in VX*Y to such a vertex in V*~Y. In this way, adding the oppositely
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signed edges dictated by these pairings, we have zero-summed the odd units, since
we cancelled the weights that were on any odd units, and the additional vertices used
in VXY had both positive and negative weight added, so that in total no weight
was added to these vertices. Doing the same for the even units shows that we can
zero-sum, and by pairing according to parity, we have ensured that there are no wrap

around edges. O

Note that in the proof of Proposition 4.1.2, even when we can zero-sum, there are
times at which we cannot pair up units in VXY and VX~Y directly, and instead have
to choose some vertices to pair up with both a positive and a negative unit. From
now on we refer to any such vertex as a dummy vertex. In particular, if such a vertex
is used s times in this role, then it can also be seen as s negative dummy units and s
positive dummy units. Before doing any zero-summing of the support, we first show
that we can iteratively push it down in a way that does not cause the size of the
support to blow up too much, and uses only edges that are close to the centre of 7.
Recall the notation I/ from Definition 3.1.3.

Proposition 4.1.3. Suppose that uw € L(T) is such that supp(u) C I for some
t < to, witht even. Then there exists ® € ZFT) such that for u’ := 0P’ 4+ u, we have
supp(u’) C [} ,. Furthermore, |u'| < 7[ul, |®'| < 3[ul, and & C T|I}].

Proof. Enumerate the units of support which are not in I} /- For each element in the
enumeration we add an oppositely signed edge through the unit to cancel its support
on that vertex, and only add support to elements which are smaller. For J € {X,Y},
additional edges may be required to ensure that overall no weight is added to vertices
outside I; /o I the process. We give explicit constructions for the push down: for
2a € VXY add (a,a,2a,0) with the opposite sign, and for 2a — 1 € VXY add
(a,a—1,2a—1,1). Similarly for 2a € VXY add (a, —a,0,2a) and for 2a—1 € VXY
add (a, —a+1,1,2a—1). For 2a—i € VX, wherei € {0,1} add (2a—1,0,2a—1, 2a—1),
and then adding (a,a —1,2a —1i,4) and (a, —a+1,14,2a — i) with opposite sign ensures
that overall weight is only added to at most 0,1 +a and £(a — 1) in any part, which
are all contained in It’/2. Finally, for 2a —i € VY, add (0, 2a — i, 2a — i, —2a + i), and
then cancel the additional weight in VXY U VX~Y by adding (a,a — i,2a — i,4) and
(—a +1,a,i, —2a + i) with opposite signs.

It is clear that this pushes all weight in, as required. Furthermore, at most 3 edges
are added for each unit of support outside I} /25 thus at most 3|u| edges are added to
®’. Finally, each of these edges cancels the weight on at least one vertex, and adds

weight to three others, thus u’ now has at most seven times as much support as u. [
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By definition of a qualifying leave L* starting with ® = () we have that supp(v) C
1210_5, and |v| = O (an10_5>. Repeatedly using Proposition 4.1.3 we are able to add
signed edges to ® in such a way that the update to v ensures that supp(v) C [,
i.e. supp(v) is contained only on coordinates indexed by elements in {—1,0,1}. This
process never uses any edges outside of [ T’L 1o—5- Furthermore, this requires 10g2(n1075)
iterations of Proposition 4.1.3. Since each push down may increase the size of the
support by a factor of 7, pushing down log,(n'9") times we obtain v such that

supp(v) C I] and
lv| < O(anlW5 . 710g2(n1°_5)) - O(an(log2(7)+1)10*5) < O(an3.81><10*5)‘

Additionally, since at most three edges are added to ® for each unit of support, we
have that |®| < Zi‘fg(nm )-1g, 7L =0 <an3.81><10 5>'

3'8“1075) edges to ® in

Proposition 4.1.4. We can modify ® adding only O (an

such a way that we obtain v € E?’Y(T), and supp(v) is contained on coordinates in
3.81x10—5>

[—1,1]. Furthermore, the size of the support remains at most O (an
Proof. We have that ® consists of O (an?"nglO*S) edges, none of which are wrap-
around edges, and so the support of v will still satisfy parity properties required to use
Proposition 4.1.2. Note that any pairing of two vertices of the same parity in VX*Y
contained in [—1, 1], dictates an edge whose values in VX U VY are also contained in
[—1,1]. Thus the zero-summing process ensures that the support remains in /7, and
the v obtained after zero-summing satisfies v € E? ’Y(T), as required. Furthermore,

3.81><10—5)

the process of zero-summing requires pairing up fewer than O (an units

in VXY and VXY (including any possible dummy units), and so this process adds

3.81><10*5>

at most O (an edges to ®. Similarly, zero-summing the support can at

worst double the size of the support and hence the size of the support also remains
O <an3'81X10_5>, as required. O

We are now in a position to prove Lemma 4.1.1.

Proof of Lemma 4.1.1. By Propositions 4.1.3 and 4.1.4 we obtain ¢ such that every

3.81><10*5)

edge in @ is contained in I’ s and |®] = O (an . Furthermore, we have

that v € £, (T), all support is contained on coordinates in [—1,1], and the size of

3-81“0_5). We reduce v to 0 as follows.

the support is at most O (an
First note that, after zero-summing, we have that ) . ., x/v L1 Vi = 0, and

that >°; ¢ yx/v 1y @i = 0 (mod n). (This follows from Proposition 3.2.2 and
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VY

VX+Y
-1 1

VX—Y
-1 1

Figure 4.1: Edges added to push support onto VY. Green edges are added with
weight +1 and red edges are added with weight —1.

the remarks after Proposition 3.2.10.) Since the total support on VX and VY is
0 <an3.81><10_5> < n, it follows that Y, o x/v 1] w; = 0 and thus that
vf =¥ = 0 and v7* + vy + 0¥, = 0. Then, writing >,y x |v;] = tx and >, v [v;] =
ty, we see that viX,vX, = +tx/4, and vy = Ftx/2, and that v} 0¥, = +ty /4,
and v} = Fty/2. Without loss of generality assume that vi vX, = —tyx/4 and
vy = tx/2. Then we can push all of the support onto V¥ N [—1,1] by adding the
following construction of four edges tx /4 times (adding O <an3'81X1075> edges to @):
(0,—1,—1,1) and (0,1, 1, —1) with negative sign, and (—1,0,—1,—1) and (1,0,1,1)
with positive sign (see Figure 4.1). In this way, no weight is added to VXY yyX-¥
and, at worst, rather than cancelling weight in V¥, we add at most tx to the support
in VY N [—1,1] and have no support anywhere else in 7.

Suppose that the total size of the support on V¥ is now #},. By the nature of
the edges added, it still follows that v}, vY, = £#}./4, and v} = Ft,,/2. However,
we know that, since v € LY (T), by Proposition 3.2.11, D ievY 1] i*v; = 0 mod n,
and thus that -, vy i°v; = 0. That is, (—1)* /4 + (0)*5, /2 + (1)*5,/4 = 0. Tt
follows that ¢}, = 0, completing the proof. n

Lemma 4.1.1 tells us that we have an integral decomposition ® for L* with an up-
per bound on |®|. More specifically it tells us that we can describe L* as the difference
of the shadows of two (multi)-sets of edges, ®* and ®~, each of size O (an3'81X1075>.
We now wish to modify ® so that ® € {—1,0,1}*(7), 9® — L* = 0 (i.e. this property
is not affected), but ®* and &~ are both matchings. We shall use zero-sum configu-
rations to achieve this. By adding a zero-sum configuration to ®, we are adding four
edges with positive weight, and four edges with negative weight, in total changing the

support at any vertex by —1 + 1 = 0, therefore not affecting 0® — L*.

o4



Lemma 4.1.5. Given an integral decomposition ® for L* consisting of O (an3'81X10_5

edges such that all edges are contained in the interval I; we can modify this to a

1057
decomposition ®' which is the difference of two matchings, M+ and M~, using only

O <an3~81X10_5> additional edges, such that ® C T[I' J-

n3.82x10—5

Proof. We plan to use zero-sum configurations as follows: suppose a vertex v is
covered by more than one positive edge or more than one negative edge. Then either
® contains the same number of positive and negative edges covering v, or ¢ contains
one more positive edge covering v than the number of negative edges, and v € L*.
Choose some vertex with more than two edges through it. Arbitrarily pair positive
and negative edges together (leaving one positive edge unpaired if necessary). Then
for each pair (e™,e), we can modify ® by replacing (e, e ) instead by a set of six
edges which have the same vertex shadow as (e™,e”), and do not use any vertices
which have already been used in 0®. In particular, we shall do this via zero-sum
configurations as described in Section 3.3, with the additional requirement that all

free variables are within I’ We use such zero-sum configurations as follows:

n3-82x10-5"

suppose, without loss of generality (we can argue similarly for vertices in any other
part) that et Ne™ = {v;} CVX. Thenset a:==v;, b+s= (e )y and c+ s = (e)y.
Since a zero-sum configuration has four degrees of freedom and we have fixed three

3:82x1077) ({ifferent configurations z we could complete this to,

choices, there are O(n
and any particular vertex v € z\ {e* Ue™} can only appear in at most three of these.
The idea is that we choose the fourth degree of freedom so that all vertices other than
those in (e*,e™) are not covered by the edges of ®. Then, adding this set of edges
to @ cancels out (e™,e”) and adds six new edges. Note that the vertex contained in
both e and e” now has two fewer edges through it (one positive and one negative),
any other vertex in et U e~ has the same number of edges through it, and any other
vertices get precisely one positive and one negative edge through them where they
previously were not contained in any edges. Thus we have made progress towards
expressing L* as the difference of two matchings. If after each step there is still always
a choice of new zero-sum configuration as above for any pair (e, e™) in the updated
®, then indeed we can continue until we have modified ® to be the difference of two
matchings.

More specifically, given a pair of edges (a,e;,e;,e;) and (a,e5,eq,ef), we first

3.82x107° 3.82x10°°
o, "] such that

consider any s € [—

1. e —s#a,
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2. e —s# a, and
3. e5 +eg —2s #a.

That is, there are at most 3 choices for s forbidden by the edges already chosen
for the configuration. Furthermore, we need the choice of s to ensure that we are
not hitting any other vertex already covered by ®. For every such vertex, there
are at most four choices of s that could result in it being contained in the above

configuration. Initially we have that all edges are contained in the interval [ T’L 10—5

81x10~5 .81x10~°

and that there are O <an3 > edges. Hence there are O (an3 ) edge
pairs that need cancelling in the way described. In the first edge covering there
is a constant ¢ such that we need to avoid at most cn'®”” vertices with the choice

-5 -5 .
(n3-82x1077) 107" choices for s. When we have

of s. Hence we have at least © — 4en
eliminated i such edge pairs, there are at most cn'® " 4 16i vertices to avoid, so we
have at least ©(n332X197") —4(¢n'®"" +161) choices for s. In particular, since there are

@, <an3'81X1075) pairs to deal with, there is always an available choice for s, and more

specifically, for the last edge pair there are at least ©(n332%107") — O <an3'81X1075>

choices for s. 0

Note that this allows us to describe L* as the difference of two matchings M+ and
M~ such that |[M*| = O (an3'81X1075>, and all vertices covered by the matchings

i . ,
are within the interval I’ , 5.

4.2 Building and using the absorber

In this section we build an absorber A* O A that is an absorber for any qualifying
leave L*. Let AC I 7’1 1o—4 S0 that every vertex in the interval is included independently
with probability p4 as defined in Definition 3.1.5. Let A" := ANI T’l The initial

step to showing this is to prove the following:

3.91x10=5*

Lemma 4.2.1. Given A as above and qualifying leave L*, whp there exists ®; €
{-1,0,1}2) such that 0®, — L* := 0 and 0®; C A’

That is, we show that given A as above, whp we can describe L* as the vertex
shadow of two matchings M and M, such that M, C A’. We'll do this as
follows: let ® be a signed multi-set of edges obtained from covering the leave L*
and |®| = O (an3'81X10_5>

as per Lemma 4.1.1. By Lemma 4.1.5, we obtain M* and M~, two matchings in

such that every edge is contained in the interval I’ s,
n
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the interval I’ such that (Mt — M~) = L*, and |[M~| = O <an3.81><10—5>.

Let B = {v1,...,v} be an enumeration of the vertices in | J M ~, such that vertices
are enumerated according to part in the order VXY VXY 1V VX We know that
B C I s and that |[B| = O <p n3'81X10_5>. For each v; € B there is a pair of

oppositely signed edges (e, e; ) € M x M~ such that ef Ne; = {v;}. Given such

’l ? ’l

n3.82x1075)

a pair (€], e;), let Z(c+ oy be the collection of zero-sum configurations which contain
e; with negative sign, e; with positive sign, and additionally satisfy the following:
891105 41 if v; € VXY then all

if v; € VY then all vertices are contained in
[1’13‘91“0_5/4, (We do this

so that we don’t have to worry about zero-sum configurations ‘pushing out’ rather

if v; € VXY then all vertices are contained in I’

/
vertices are contained in [ P391X1073 /167

and if v; € VX then all vertices are contained in I’ \,-s.

than in, which reduces case analysis.)

Let ®; € {—1,0,1}*(7) be the vector of edges such that & = M+ and & = M~
We update M~ to M, via the following algorithm:

Algorithm 4.2.2.
=1
_)7 (I)z

Z ? Z

Input: (e
e )

(¢t ) and additionally use only vertices in A, other than those in e Ue;

Step 1: Enumerate the number of zero-sum configurations Z which are in

Z

that all vertices used are distinct from 0.

Step 2: If |Z*+ ,)|

|Z "4 | such zero-sum configurations 2

’L’Z

Step 3: If i = [ stop. Else, let &;11 = &; U 2

(], e ) according to ®;.1. Increase ¢ by 1 and go to Step 1.

. » such

= 0, abort. FElse, uniformly at random assign one of the
to (ef,e;).

efe)) IR

and for each 7 > ¢ update

ee)

+
Z ) Z

Note that in running Algorithm 4.2.2, the pairs (e;, e; ) for which we want to find
a suitable zero-sum configuration are constantly updating, depending on previous
choices. More specifically, when Zet o) 18 added to ®;, we are effectively deleting

+ and e; from ®; and replacing them with six new edges which do not affect the
vertex shadow of ®;. Now, given that e; contains a vertex v; that occurs later in
the enumeration {vy,...,v;}, by adding Zet o) to ®; to obtain ®;,; we have that
e; (which was previous equal to e; ), is now given by the edge in Z(e+ o) Which has
negative sign and contains v;.

Furthermore, note that proving that Algorithm 4.2.2 does not abort prematurely

suffices to prove Lemma 4.2.1. Indeed, assuming that Algorithm 4.2.2 does not abort
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prematurely, let Mj = q)li. The algorithm ensures that we replace every vertex
in B by nine vertices in A’, and in this process we don’t add any vertices which
are outside A’. Furthermore, we add these in such a way that 0®, — L* = 0 and
®; € {~1,0,1}*7) so that we are indeed describing L* as the difference of two
matchings M and M such that | JM, C A'.

Lemma 4.2.3. With high probability Algorithm 4.2.2 does not abort prematurely.

Proof. Rather than having to concern ourselves directly with the dynamic change of
+

1/71/

the collection of pairs (e;°, e; ) at every iteration of the algorithm, we show that with

high probability every possible pair (e}, e; ) has sufficiently many zero-sum configu-

rations in ZE“ 4o such that Algorithm 4.2.2 does not abort.

We have that e is fixed for every vertex v; € B (and does not get updated

by Algorithm 4.2.2 until step i, after which we are no longer concerned with the

pair (ej,e;)). Furthermore, by the enumeration order, e; will not be updated by

177
the algorithm until after step ¢ for every v; € VX=Y. For every pair (v;,e;) to be
considered such that v; ¢ VXY let {e;;,...,e;,, } be an enumeration of the edges in
P, (
v; is in VX, VY or VX*Y | respectively. We have that m; = @(n3'91“075) for every
i € [I], and that by construction, as Algorithm 4.2.2 runs, the pair (e;, e;) for which

e; .) for some

excluding e;") which contain v;, where s € {1,4,16} is given by whether

Z ? Z

we wish to add a zero-sum configuration to ®; must be one of (¢, ¢;;

J € [mi]. We shall estimate |Z+ - | for every i € [I] and every j € [m;]. Note that
1 771,

+
171]

7.72x10°

there are O(pLn ) such pairs (e, e; ) to consider.

Let Zé+’ef) C Z(e+e-) be the collection of zero-sum configurations in Ze+ .-)
that additionally use only vertices in A’ other than those in et Ue™. We have that
| Z(et ey = O(n 3.91x107?) (there are this many choices for the remaining degree of
freedom), and E(|Z ot o |) = PU| Z(er )| = O(n382x1077),

Since every vertex in [’ is in A’ independently with probability p4, we may

7n3.91x10—5

view |Z | as a function of independent Bernoulli random variables. Furthermore,

ete-
whether a vertex in I, 05 is in A" or not, affects \Zé+7€_)| by at most three (- given
(e*,e7) fixed, there at most three positions another vertex v could possibly take in a
zero-sum configuration, and fixing the vertex in position either dictates exactly one
zero-sum configuration, or none, if it causes inconsistency in the equations). Thus

we may use McDiarmid’s Inequality (Corollary 2.2.7) with 23 ¢? = ©(n391x107%),

2x10~5

Hence, taking t =n we have that

P(1 2+ )| = B2 oy )] 2 02177 < 2exp (—2017))
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Taking union bounds we have that with high probability
|Zé+,e | (|Z L |) 4 n2><10*5 _ @(n3.82><10*5) 4 n2><10*5

for every pair (et,e™).
Now, suppose that j > ¢ and consider the affect to |Z*+ _)| as a result of the

choice for z+ .-y. Such a choice forbids only O(1) smbsequent7 ;ZflOICGS for any feasible

BIX107%) pairg to consider in the running of Algorithm

pair (e}, ;). There are O(prn?
4.2.2 and we initially have @(pAn3'91X1075) > prnd81¥1077 possible configurations for
each pair (e, e™). Hence, since each choice forbids only O(1) subsequent choices, the

algorithm will not abort. [
Now let T” be a fixed matching covering the vertices of A’ so that |JT"\ A’ C A.
Proposition 4.2.4. With high probability such a matching T' exists.

Proof. First note that (by Chernoff bounds), with high probability we have that
|A| = ©(pan9197"). Now for each v € A’, let d4(v) be the degree of v in A. Then
E(da(v)) = pAdp o (v) = O(P*n'®"). Thus by Chernoff and union bounds, with
high probability dA(v) = @(pin10_4) for every v € A’. Since pi’lnlo_4 > panox0T?
with high probability we may greedily find such a matching 7" for A’, as required. [

We call T" the A’-template. Before describing how we use T”, we introduce cas-

cades, the notion of which comes from [33].

4.2.1 Cascades

Here we describe a general cascade in terms of zero-sum configurations. A cascade is
a gadget comprising of zero-sum configurations for a fixed tuple of five edges ey :=
(e, Ty, Ty, T3, Ty) such that e N T; = {e;} for every i € [4], where e = (eq, e, €3,¢€4),
and |e U,y T3] = 16, so there are no other intersections between edges. Informally,
we can think of 17,75, T3, T, as edges chosen to cover the vertices of e, chosen so
that they are disjoint from one another. Then a cascade for er, is a collection C,,, of
zero-sum configurations as follows. Let Z’ be a zero-sum configuration containing e
and no other vertices from J;cyy Ti- Let S; be the edge of Z”\ {e} which intersects
e; (i.e. the edge in the matching of opposite sign to e which contains e;). Then
for each pair (S;,T;) we also build a zero-sum configuration, Z;, ensuring that all
additional vertices for Z; have not already been used. Then our cascade C,, is the

graph induced on this collection of zero-sum configurations. As well as considering
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C., as a subgraph, we also associate it with the quintuple of zero-sum configurations
Ceop = (2,7, Zy, Z3, Zy) which make it. We write C,,. for the collection of cascades
for er. Note that a cascade (., consists of 64 vertices and induces two distinct
perfect matchings each consisting of 16 edges; one which uses edge e, and one which
uses edges T, T, T3, Ty.

4.2.2 Using T"

We now show that whp we can obtain a large family of cascades in A for every
quintuple e := (e, Ty, T, T3, Ty), such that e € E(T[A]), e ¢ T', T; € T" for every
i € [4], and T; Ne = {e;}, where e = (e1,e9,€e3,€4). Since M, C E(T[A]), this
builds cascades for every e € M. Given e # ¢’ such that er := (e, 11,15, T5,T})
and ey = (¢/,T1,T3,T3,T}) as above, we define the two cascades C., and Cg as
almost-disjoint if the following all hold: V(C.,) N V(Cy ) C A', and given a vertex
v € V(Ce,) NV(Cy,) there exists f € T' such that v € f and f = T; = T for some
i,j € [4]. That is, C,, and C¢ only share vertices which are part of edges in the
A’-template and, given a vertex v in the A’-template is used, the edge in 7" containing
v is in both C¢, and C¢ , precisely acting as one of the edges in the quintuple er for
e and e/ for €’ respectively. Note that this implies that for e, e’ such that eNe’ = ()
the cascades C, and C, are almost-disjoint if and only if they are disjoint in the
usual sense, and if e N e’ = u then they intersect in precisely the edge in 7" which
contains u. By the pair degree condition on 7T this covers all cases. (Even when n is
even, we are only considering cascades which cannot contain wrap-around edges and

the maximum pair degree when ignoring wrap-around edges is 1 for every n.)

Lemma 4.2.5. Given A, A" and T" as above, for every edge e € T[A'|\T', with high
probability there exists a cascade C,,. such that V(Ce,) C A, and for any two edges

e # €, cascades C.,. and C’e/T are almost-disjoint.

Proof. The proof follows a similar strategy as the proof of Lemma 4.2.1. For every
quintuple e defined from an edge e € T[A'] \ 7", we wish to find a cascade on the
vertices of A such that every other vertex in the cascade is in A\ |J7" and is almost-

disjoint from all other cascades chosen for any e’ € E(T[A’]). Since A" C I’
(n7.82><10*5)

3.91x10—5)

certainly there are at most O edges for which we need to build a cascade.
Recalling the definition of a cascade in Section 4.2.1, given e = (e, €2, €3, €4), We
have two free choices to define a zero-sum configuration Z’ covering e. We shall wish

to make these choices so that any vertices used are in A\ (7", and not yet used in the
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collection of cascades, C, which have been created in this process. For each pair (S;, T;)
a cascade contains a zero-sum configuration, Z;, such that all vertices in Z; apart from
those in (S;, T;) have not previously been used in the process. For each i € [4] there is
one degree of freedom to choose Z; for (S;,T;). So in total we have six free choices we
can make to build our cascade C., = (Z', Zy, Zs, Z3, Z,) for e. Each of these choices
must dictate edges only on vertices in A C [ 7’1 1o—4- In particular, this means that the
number of choices for each degree of freedom is at most n. := 2119, Furthermore, for
each of these free choices and the edges they subsequently dictate, we wish to avoid
introducing vertices in | J7”, and any other cascade choices already made. This gives
O(n391>107° 4 4) vertices to avoid, and hence O((n39>197° 4 4)n?) cascades to avoid,
when building the (i +1)™" cascade. Let C,,. be the family of cascades available for er
in I’ -4, and let CZ Dbe the family of cascades available in A for ez. Then we have

that |C.,.| = ©(n® ") and E(|CA |) = p%|C.y| = O(pn®10™"). By McDiarmid’s

bounded differences inequality, whp, [C4 | = O(p*8ns*107)

for every ep. Indeed, this
follows by noting, as for |Z+ )| in Lemma 4.2.1, that we may consider [C4 | as a
function of independent Bernoulli random variables. In this case, whether a vertex

5x10—4) (_

is in A or not may affect |CZ | by O(n since fixing it, there are five free

variables remaining to dictate the cascade).

7.82x10*5)

Choosing a cascade greedily, one by one for each of the O(n edges for

which we wish to build a cascade, every edge e (and related quintuple er) has a
choice of at least @(pjgnf"“o%) — O(n7'82X1075n§) = @(pjgnf"xw%) — O(n5‘782“074)

cascades which are almost-disjoint from any previous choices. O

In what follows we’ll show that with high probability, as well as A being such that
Lemmas 4.2.1, 4.2.4 and 4.2.5 are all satisfied simultaneously, we can find A* O A
such that A* is an absorber for any possible leave L satisfying the conditions noted
at the beginning of the chapter, and 7-4" := T[V(T) \ A*] has ‘nice’ properties that
leave us in a good position to continue with the random greedy count that follows.
In particular, by union bounding we’ll be able to show that Lemmas 4.2.1, 4.2.4 and
4.2.5 are all satisfied simultaneously, and then fixing a collection of almost-disjoint
cascades for each of the possible edges e € T[A] \ 1" (now that A is fixed), we can
extend A to a collection of vertices A* that has a perfect matching by considering all
vertices remaining in A which have not been assigned to any of the almost-disjoint
cascades, and covering these vertices by a matching avoiding all other vertices in A.

We'll show that |A| is small enough that we can do this greedily, without having too

61



much of an adverse effect on any property we wish to maintain, and by nature of A

being picked in a uniformly random way, 74" is well structured.

Theorem 4.2.6. There exists a set A* O A such that A* is an absorber for any
qualifying leave L*, and T4 satisfies the following:

(i) every T -valid subset S C V(T) satisfies

V(TSP = 1+ 0(pa))lS],

(ii) for everyv € V(T~4") and every open or closed T -valid tuple (v, Sy, Ss, S3), we
have
| Eq-a+(v, 51, 52, 53)] = (1 O(pa))|E7(v, 51, 52, 55),

(iii) for everyi € [c,],

(14 0(pa))| 2 (0, B,7)]  if e is a bad edge,
]Z;;T,A* (o, B,7)] == 4 O (kity) ifa=0,8=1,~v=23,

L 0 otherwise.

(L 0(pa)|Zi 7 (e, 8,7)]  if a#0 and vy =0,

TR ) O (ki) ifa=0,8=1v=3
L0 otherwise.

Finally, for every bad edge e,

127, ar| = O (kit1) .

(iv) We have that |V ™ (T—4")
and, furthermore |V (T A7)
Y, X —Y).

Additionally, \V(‘)]}E(T_A*[Sm = (1+ O(pA))lVé]jE(T_A*[S])] for every wvalid
layer interval S, and Jy,J; € {X,) Y, X +Y, X —Y}.

= VG (T, IV (T = ()
= (1£0(pa)) V(T )] for every J € {X,Y, X+

(v) For every J € {X,Y, X +Y, X — Y} and every valid J-layer interval I7 and
v J,
|E7'—A* (Uv ]J7 O/E)| = (1 + O<pA))|E7'<U’ [Jv O/E)|

(vi) |T~2"| = (1£0(pa))n
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Proof. We start by showing that whp A is such that 7~ satisfies all of the statements
claimed for 7-4", with the exception that we shall not show that |V (T—4)| =
(VoY (T~4)], nor the final claim on the number of edges in 74" (since this will be
easy to show directly in 7-4"). Additionally we’ll upper bound |A| whp. We’ll then
fix A so that all of these hold, alongside the statements of Lemma 4.2.1, Proposition
4.2.4 and Lemma 4.2.5, which will be possible by a union bound.

When looking at the change from 7 to 74 for any property considered above,
first note that the property is only affected if it involves consideration of vertices
inside I’ 4. It follows from Chernoff bounds that whp |A| = (1 =+ o(1))pa|l’ ,-4].
Furthermore, for any subset S C I',, with [S| = Q(n'°"") whp we have by Chernoff
bounds that |S N A| = (1 £ 0(1))palS|, and so then for any set S C V(T) (still with
S| = Q(n'°")) we have that |V (T[S])| > |V(T2[S])] = |S]|—|SNA| > (1£2p4)|S|.
Furthermore, |VJ(T)| = to £ 1, and |VZ(T)| = to £ 1 for every J € {X,Y, X +
Y, X —Y}. Thusin (i) and (iv) where we are considering polynomially many subsets
S C V(T), by union bounds with high probability all the statements of (i) and (iv)
(apart from that [V (T=4)| = [VoY(T~4)|) hold with A in place of A*.

Considering degree-type properties, fix a vertex v and a tuple (S, S,.S3) such
that we are interested in Er-a(v,S7,Ss,53). (By abuse of notation, we let this
include J-layer intervals as per (v).) Recall from Definitions 3.4.1 and 3.5.2 that
we have |Er(v, S, S, 53) = O(|S1]). Let vq1,vq,...,v, be an enumeration of all
vertices in (1,4 \ {v}) N (51U S U S;). Using the vertex exposure martingale, let
X; be the expected number of edges from Er(v, Sy, S2,S3) which are known to not
be in Er-a(v,S1,S2,53) as a result of revealing vertices vy,...,v;. We have that
| X; — X;_1] <2 for every j, since the pair degree of v and v; is at most 2 for every ¢ €
[x], and |X; — X;_1| = 0 if there is no edge e 2 {v,v;} such that e € E7(v, Si, 52, S3).
Noting that Xo = O(pa|E7(v, S1,52,53)|), by Azuma-Hoeffding we have that

P(|1X, — Xo| > palSi|) <2 ( p34|51|2)
— Ag| Z PAlP1|) S 4€Xp | — .
* O(51])
Since p?4|S;| > 1 for every S of interest, we have that whp |Esr—a(v, Sy, S, S3)| =
|E7(v, S1, S2,53)| £0(palSi|), where since |E7(v, S, Se, S3)| = O(]S1]) it follows that
whp |Er-a(v, S1,52,53)| = (1 £ O(pa))|E7(v, S1, Se, S3)| for any tuple (v, Sy, Sa, S3)
as in (ii) or (v). Hence, by union bounds, we have that (ii) and (v) hold for A in
place of A*. It remains to consider the case for zero-sum configurations.

First note that the only cases that are non-trivial are when e is a bad edge, or

a # 0 and v = 0. Otherwise, we only reduced numbers of configurations and so
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by Fact 3.3.5 the statements hold. Considering the two remaining cases, we start by
proving that for every bad edge e, |27, - 1 (bad)| = (1£0(pa))|Z;, 7(bad)|. Fix an i-
bad edge e and let vy, vy, ..., v,» be an enumeration of all vertices in 1 7/1 1o—4 \ €, ordered
by the modulus of the coordinate they are indexed by, splitting ties arbitrarily. Let
Y; be the expected number of i-legal zero-sum configurations containing e which are
known to not be in 74 as a result of revealing vertices vy, ... ,vj. Then note that
for a vertex v; € J; we have that |Y; — Y;_1| = O(t1), since the number of i-legal
zero-sum configurations containing e and vertex v; leave one degree of freedom which
can take O(t1) values. However, for a vertex v; € I’,,-, \ J; we find that the remaining
degree of freedom to dictate an i-legal zero-sum configuration containing e and v; is
of O(j;) (and there are O(n'°") such vertices to consider). Furthermore, we have

that Yy = O(pa|Z;, 7(bad)|). Thus by Azuma-Hoeffding we have that
_ PAIiR

@(jit?)> .

Since p%j; > 1 for every i € [¢,], we have, using Fact 3.3.5, that whp

P(|Yy — Yo| > pagit1) < 2exp (

21,7 a(bad)] = |2, 7 (bad)| & Olpaity),
or equivalently that whp

12,

ier—a(bad)] = (1£ 0(pa))| 2, 7(bad)|

for any i-bad edge e and every i € [¢,].

Considering now \ZZ.;’T_ Ala, 5,0)] with a # 0, we have that the statement holds
via a greedy argument. In particular, letting e be a fixed edge of type («, 3,0); with
a # 0 and consider the i-legal zero-sum configurations containing e, note that all
other vertices in the configuration have index Q(j;). If j; > n'®" this implies that
all i-legal zero-sum configurations containing e survive the removal of A from 7. If
Ji = O(n10_4) this is not the case, however the number of configurations lost is small.
In particular, we have two degrees of freedom to define a zero-sum configuration
containing e, each of which can take values in a ©(t;) sized range, and vertices
outside e will only fall in I’ ., when (at least) one of these degrees of freedom is
chosen in a particular O(n'%"") range. Thus, we could only lose at most O(n'% 't;)
of the i-legal configurations containing e moving from 7 to 7-4. So we find that
127 (0 8.0)] = |2, 7(0 8,0)] £ O(n!9'1), and since |27, +(a, ,0)| = O(£2),

this gives

|Z@'Te,’7'—A (aa 67 0)| = (1 :t O<n_0‘9999>>|zije,7'(a7 Ba 0)';
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which gives the desired result since py > n 0999,

Taking union bounds, we find that with high probability all of the above events
hold for A. We fix A accordingly. This yields A C [ 7’1 -+ and a template matching 7"
such that every possible edge e € T[A'|\T"
has a cascade such that these cascades are almost-disjoint. For each such cascade,

C/

er?

covering all vertices in A" = Am];3.91><10*5?
taking the edges of Cf  which are in T, we obtain a perfect matching for C
by additionally taking the other edges of the same sign as 7; in each of Z;. Denote
this matching by M,,.. Then UeT M., is a perfect matching for UET C;. since, by
construction, every pair of matchings M., and M., are either on entirely disjoint
vertex sets, or their vertex sets intersect only in vertices of 7", in which case these
vertices are only used in the matchings precisely as the edges in 7. Let T := UeT M.,.
Now note that each of these cascades C}_ also has a perfect matching containing er.
Indeed, this matching uses the other three edges in Z’ with the same sign as e, and
in each Z; uses the three edges which have the same sign as S;.

Now, we have that [|JC, | = O(n™197") and |A| = O(pan'®"), and hence
1A\ (UCL)| = O(pan'® ). We obtain A* from A and a perfect matching T* for A*
by covering the vertices of A\ (|JC;,) (and possibly a small number of additional
vertices to balance parity requirements) by a collection of disjoint edges E4« using
vertices in V(7)) \ I,,. We claim that A* is now an absorber for every qualifying leave
L*. Firstly note that T[A*] has a perfect matching by construction. Then by Lemma
4.2.1 we may describe L* as the difference of two matchings Mt and M, where
M, C TI[A']. Subsequently, Lemma 4.2.5 will allow us to find a perfect matching
My in A* that uses the edges of M so that (Ma«\ My )UM]F is a perfect matching
for T[A* U L*] as desired. Indeed My« consists of the following collections of edges.
Firstly we take F4« C My~. Then for each edge e € M, we find the cascade C.
and take in M4« all the edges with the same sign as e. Now, by construction this
union is itself a matching. Furthermore, consider all cascades not yet considered by
this approach. Then, the only places in which these cascades may overlap with other
cascades are in the vertices of | J7”, and if this is the case, they overlap precisely in an
integer number of edges in T”. Thus, taking the perfect matching for such a cascade
which uses all edges of the same sign as the edges in 7", we have covered all vertices
of A* by a perfect matching such that M, C My~ as required.

It remains to show how to make the modifications to obtain A* from A and show
that these modifications have an insignificant effect on the properties we showed hold

for A at the beginning of the proof, and that we can fix the parity requirements as
— VT

per (iv). Regarding parity, we need to ensure that |V ™Y (7-47)
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and [Vg (T4 = [V 7(T)
that, before fixing A, with high probability [V (T[A])| = pan'® " 4 n09x107*
where n®910™" <« p,n!0* The same holds for |[VX™Y(TTA])|, [VEXTY (T[A])| and

VY (TTA])|. Without loss of generality assume [V (T=4) > [V (T—4)|.
0.9x1074

. We were able to show using Chernoff bounds

Then when n is odd we need to add at most 2n
VXfY

edges that have an even
coordinate in VXY and an odd coordinate in and ensure that all other edges
added to obtain A* from A are not wrap-around edges. By Fact 3.6.2(iii), the wrap
around edges with required parity pairings can be added greedily so that we add at

4
most 8n?9*10

vertices to A* from this process and all such additional vertices are
in V(T)\ I,,- When n is even, we instead add a set of vertices P containing the
right number and parity of vertices to ensure that |V X (747 = |Vo Y (T—4")
and VXY (T4 = |VEY(T4)], so that |P| < 4n%9<1°* and P C I,,\ I,,. Then

setting P = () when n is odd, by Fact 3.6.2(iv) we can greedily add disjoint edges to

cover the vertices remaining uncovered in (AU P)\|J C7,. so that every edge uses only
additional vertices in V(7)) \ L,,, where the number of such vertices is O(pan'® ).
(Note that whilst Fact 3.6.2(iv) only covers the case of vertices v € I, \ I, it is also
clear that for verticesv € I ; 1o—4 there are ©(n) edges containing v which do not wrap-
around and use only other vertices in V(7 \ I ,,).) By the pair degree condition on
vertices in V(7), since there are only O(psn'®") to cover, we can therefore greedily
choose the edges, as claimed. These greedy choices complete A to A*.

Since only vertices from V(7)) \ I,, are taken going from A to A*, we know that
properties concerning subsets contained within I;,, are unaffected. Since we are re-
moving at most O(p4n'®") additional vertices within this subset of size O(n), where
degrees of vertices into such valid intervals are also ©(t572) > O(pan'®"), it is clear
that the effect on the relevant vertex set and degree-type properties is sufficiently
small. Considering the condition on the number of edges in 7-4" clearly we have
T

from T to obtain 7~4". Since each of these vertices is in exactly n edges in T we

< n?. For the lower bound, we know that we removed O(psn'®") vertices

have lost at most O(pan*™0") edges from 7 in the process to reach 7-4". Thus
T

sum configurations, once again a greedy argument works. In particular, removing

>n2 — O(pan't19") > (1 — O(pa))n?, as required. Finally, concerning zero-

O(pan'®") vertices from V (T)\ I,, can remove at most another O(p4n'® " 5;) config-

urations from Z* __,
i,e,T

configurations from Z; —_,(a, 3,0) when e is an edge of type («, 3,0); with a # 0

(a, B,7) when e is a bad edge, and at most another O(pan'® "t;)

for any ¢ € [¢y]. The same greedy argument then follows through as was used to
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show that |2 .(a,,0)] = (1 £O(n=""%))|Z" +(a, ,0)|. This completes the

proof. O]

4.3 The bounded integral decomposition lemma

We complete this chapter by proving Proposition 3.2.12; the converse of Proposition
3.2.11 which was used in building the absorber A*. This result is not required for
the proof of Theorem 1.1.2, however is important to prove Theorem 1.1.3 as well
as being of independent interest. In fact, this section includes a proof of something
stronger that yields Proposition 3.2.12 as a (sort of) corollary when n is odd, and a
separate proof for the case when n is even. We’ll first prove the ‘bounded integral
decomposition lemma’ which states that, given any subset S C V(T) such that
S e L(T), |SX| =|SY| = |S*TY| = |S*7Y] and |S| = O(n'~) for some a > 0, we
are able to describe S as the difference of two (multi)-sets of edges in 7, such that
both sets of edges have size of O(n'=?) for some 8 > 0. This in turn, by the same
methods as those used in Lemma 4.1.5, implies that for such S we can also describe
S as the difference of two matchings in 7. This is interesting in itself, and also marks
the initial strategy that one would use for ‘hole’ following the methods of Keevash
in [32] if one were able to additionally find a suitable ‘template’ to make the same

method work. In what follows, we have that a > 0 is fixed.

Lemma 4.3.1 (Bounded integral decomposition lemma). Let T := T(n) be such
that n is odd. Given S CV, S € L(T) such that |SX| = |SY| = |S¥TY| = |S¥7Y]
and |S| = O(n'~®), as above, there exists ® € Z”T) such that 0® — S = 0, and
|®| = O(n'=?) for some B > 0.

From now until the proof of Lemma 4.3.1 we implicitly assume that we are only
considering 7 (n) where n is odd. Whilst some of the statements will also be true
when 7 is even, a key proposition (Proposition 4.3.5) which we use to prove Lemma
4.3.1 does not hold when n is even.

In the proof of Lemma 4.3.1 we add signed edges to an initially empty set P,
keeping track of how this affects the vector of weights on the vertices, v := 9® — S,
and |®|. At certain stages the proof relies on adding edges to ® such that, in v, those
entries indexed by vertices in three of the four parts are all identically 0, relating
to the information of the lattice set out in Section 3.2. Recall, also the notation in
Section 3.2.1.
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To prove Lemma 4.3.1 using the information about the sub-lattice £ (7") de-
rived in Section 3.2, we first need to prove that we can add a sublinear number of
edges to ® in a way that ensures v € £ (7). An important point to note for this
proof is that we shall consider the representatives {0, ...,n— 1} for the vertices in each

part of T (as opposed to {"T’l, ...,0,... ”T’l} as used for proving the main result).

Proposition 4.3.2. Suppose that v € L(T), such that |v| =: t. Then, adding only
O(t) edges to ®, we can modify v so that |v| = O(t) and v € LY (T).

Proof. By the zero-summing process discussed in the proof of Proposition 4.1.2,
(though in this case there are no parity requirements), we know that by adding O(t)
edges to ® we can obtain v € E;HY’X_Y(T). Furthermore, by applying Proposition
3.2.4 (for VA=Y rather than VX*Y) to vX~Y, the vector taking only the support in
VETY  we can write v¥~Y as the sum of O(t) SQ-gens. For each of these we can
efficiently generate a vector with weight added to the same coordinates in VX~V
and then also to some coordinates in VX*Y. Thus, subtracting these vectors for each
SQ-gen, we reduce v¥~Y to 0, and add at most O(t) weight to VXY and no weight

to VXU VY. O

Combining Proposition 4.3.2 with the next lemma is enough to prove Lemma
4.3.1.

Lemma 4.3.3. Suppose v € LY (T) satisfies [v| < O(n'=®). Then, adding only

O(n'=22) edges to ® for some 0 < aa < oy, we can reduce v to 0.

Proof of Lemma 4.53.1. Starting with ® = (), for each vertex s € S add an edge to ®
through s. Let v := 0® —S. Then v € L(T), |v|] = O(n'™®) and |®| = O(n'~*). By
Proposition 4.3.2, we can add O(n'~®) edges to ® in such a way that v € £ (7)),
and |v| = O(n'~®). Thus, by Lemma 4.3.3, adding O(n'~") edges to ® for some
0 < B < o we can reduce v to 0. Clearly ® € ZF(T) and satisfies 0® — S = 0, and
|®| = O(n'=®) + O(n'=?) = O(n'~P) for some 8 > 0. O

In order to prove Lemma 4.3.3 we shall first introduce some auxiliary propositions.
Before this we also remark that, from now on, when we refer to an SQ-gen (a, a+b, a+
¢,a+b+c), we mean an SQ-gen with weights either (1, —1,—1,1) or (—1,1,1,—1) on
coordinates (a, a+b, a+c,a+b+c). Clearly writing the coordinates in a different order
would ensure that we always mean one with weights (1, —1,—1,1), however it will
often be useful to write the coordinates of the SQ-gens so that only the last coordinate

may wrap around. Writing —(a, a+b, a+c, a-+b+c) simply means that we flip the signs
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of the weights on the coordinates. Similar remarks apply for ()-gens and the vectors
of the form (a,a+b,a+c,a+b+c,s+a,s+a+b,s+a+c,s+a+b+c), where these
are seen with weights either (1,—1,-1,1,—-1,1,1,—1) or (-1,1,1,—1,1,—1,—1,1)
unless explicitly stated otherwise. When multiple SQ)-gens or queens vectors are
used in the same equation, we assume that they all have the same weight pattern
attached to them, using the ‘—’ to reflect a vector which needs to be considered with

the opposite weight pattern.

Proposition 4.3.4. Suppose we have a decomposition of v € LY (T) into the
sum of SQ-gens. Let A be the multiset of SQ-gens. Suppose for some (a,a + b,a +
c,a+b+c) € A we wish instead to have a vector (s,s +b,s + ¢,s +b+c¢) €
A. Then adding a single Q-gen to v (and thus adding a constant number of edges
to ®), we have v € LY (T) a vector with SQ-gens decomposition consisting of
(A\{(a,a+ba+c,a+b+c)}) U{(s,s+bs+c,s+b+c)}.

Proof. This follows directly from the structure of )-gens. Let @’ := s — a. Then, if
(a, a+b, a+c, a+b+c) is in the SQ-gens decomposition of v with weights (1, —1, -1, 1),
adding Q-gen (a,a+b,a+c,a+b+c,d +a,a’ +a+b,d +a+c,a +a+b+ c) with
weights (—1,1,1,—1,1,—1,—1,1) to v gives what is required. O]

We refer to changing v in this way as shifting an SQ-gen, and say that we shift a
copy of an S@-gen when we interchange SQ-gens in the decomposition of v (poten-
tially modifying v) by adding a @-gen to v which cancels one SQ-gen out and leaves

another S@Q-gen in the decomposition.

Proposition 4.3.5. Queens vectors of the form (a,a + 2% a+2Y,a+ 2 + 2Y, a,a +
2071 g 291 g 4 2571 4+ 2UTY) with weights (1, —1,—1,1,—1,1,1,—1) are efficiently

generated.

Proof. Note that (a,a+2%,a+2Y,a+2*+2% a,a+2""' a+2¢" a+ 2771 4 2v71) =
(a,a+21a+2%a+2"1+ 2V a+ 2%, a+ 2" + 2V a + 2vH g + 2o71 4 2utl) —
(a,a+2°"1 a+2% a+2""1+2Y a+2""1 a+2% a+2°1 +2Y a+2%+2Y), and those
on the RHS are (J-gens which we know can be generated efficiently. n

Note that this proof does not hold when n is even and z = 1 as we do not have
(a,a+2""  a+2Y, a+2"1 42 a+2"1 a+2% a+2""1 +2Y a+2%+2Y) as a Q-gen,
since the shift of 227! is not even. Unfortunately this causes difficulties in using the
given strategy to prove a case of Lemma 4.3.1 when n is even which is why we omit

it and prove the even case of Proposition 3.2.12 using a different strategy.
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Recall from Section 3.2.1 that an integer marked with a superscript o means that

it should be read without modular arithmetic.

Proposition 4.3.6. Let v = (a,a+b,a + c,a+ b+ ¢) be an SQ-gen written so that
a=a"<a+b=(a+b)° <(a+c)° =a+c Then we can write v as the sum of
O(log(n)) SQ-gens, where each is of the form (a',a’ +b,a’ +27,a' + b+ 27) for some
a’ <n, and 27 < min{n — a’,n/2}.

Proof. Write ¢ = Zle 2% such that 2% < n/2 for every i, and ¢; > ¢;41 with equality
if and only if ¢ > n/2 and ¢; = ¢y is necessary to get a sum of the above form. Since
¢ < n we have that & = O(log(n)). We can then decompose v into £k = O(log(n))
vectors of the required form via an iterative shifting process which ensures that weight
added to any coordinates in a way that would modify v is cancelled out by adding
other vectors with carefully chosen first coordinates.

In particular, writing ¢} := 2% for every ¢, it is easy to see that

(a,a+ba+ca+b+c) = (a,a+b,a+c,a+b+c)
+ (a+c,a+ ¢y +ba+ ) +cy,a+ ¢+ ¢+ D)
+(a+d +dya+dc,+d+0,
a+cy+cy+dy,a+ )+ ey + s+ b)
+ ..

k—2 k—2 k-1 k-1
+ (a+Zc§,a+ch+b,a+ch,a—l—ch—l—b)
i=1 i=1 i=1 i=1
k—1 k—1
+ (a+Zc§,a—|—ch+b,a+c,a+b—|—c),
i=1 i=1
where each of the vectors on the RHS is an SQ-gen of the form (s, s+b, s+27, s+b+27)
for some s < a+ ¢ <n and 2/ < min{n — s,n/2}. O

Note, in particular, that if @ = 0 and b = 1, then we are able to write any
vector (0,1,z,1 4+ z), where x < n as the sum of O(log(n)) SQ-gens each of the
form (0,1,2%,1 + 2%), where 2° < n/2. Using Proposition 4.3.6, we can also prove the

following.

Proposition 4.3.7. Let v = (a,a+ b,a + c,a+ b+ ¢) be an SQ-gen written so that
a=a<a+b=(a+b)° < (a+c¢)° =a+c. Then we can write v as the sum of
O(log*(n)) SQ-gens, where each is of the form (a/,a’ + 2',a' + 27,a’ + 2° + 27) for

some a’ < n, and 2°,2) < min{n — da’,n/2}.
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Proof. By Proposition 4.3.6, we can write v as the sum of O(log(n)) SQ-gens, where
each is of the form (s,s+b,s+27,s+b+27), where s < n and 2/ < min{n — s, n/2}.
By applying Proposition 4.3.6 to each of these O(log(n)) SQ-gens, it is clear that we
can write (s,5 +b,5+ 27, s+ b+ 27) as the sum of O(log(n)) SQ-gens where each is
of the form (s',s" + 2%, s’ + 27§ + 2" 4 s7), where s’ < n, and 2! < min{n — s’,n/2}.
That is, we have expressed v as the sum of O(log?(n)) SQ-gens of the form (a’,a’ +
2t a' + 27, a' +2"+27) for some a’ < n, and 2,2/ < min{n —a’,n/2}, as required. [

Proposition 4.3.8. Suppose that v € LY (T), that v can be written as the sum
of 2 = O(n'=**) SQ-gens of the form (0,1,2%,1 4 2°) for some 2° < n/2 and 0 <
as < 1/2, and that > i*v; # 0. Then we can add Q-gens to v in such a way that
S i%v; = 0, and we add at most O(n'=3) wvectors to the SQ-gens decomposition of
v, each of the form (0,1,2,3) or (0,1,n — 2,n — 1). Furthermore, we can do this in
such a way that we have added O(n'=3) edges to ®.

Proof. We start by observing that any SQ-gen of the form (0,1,2°, 1 + 2'), where
2 < n/2, adds £2°"! to > i*v;, where 271 < n. Thus | %v;| < nz = O(n* )
and, furthermore, Y i*v; is even. Without loss of generality assume Y, i*v; > 0 and
write > i%v; =: a/ = an, where a € Z, a = O(n'7), and a is even since n is odd.
Then we may add a/2 Q-gens of the form (n —2,n —1,0,1,0,1,2,3) to v. Since
each of these adds —2n to Y i?v;, this reduces Y i%v; to 0, and adds a/2 vectors of
the form (0,1,2,3) and a/2 vectors of the form (0,1,n — 2,7 — 1) to the SQ-gens
decomposition of v. That is, in total we have added O(n'=3) vectors to the SQ-gens

decomposition of v, and O(n'~*3) edges to ® and > i*v; = 0, as required. [
We now turn to the proof of Lemma 4.3.3:

Proof of Lemma 4.3.3. Rather than considering v € £ (T), we consider v such
that

(i) v\vXY =0,
(iii) > dv; = 0(mod n),

(iv) > *v; = 0(mod n).
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Since every v € LMY (T) satisfies the above properties (by Proposition 3.2.11), it
follows that if we can show that any such vector also satisfying |v| = O(n'=*) can
be reduced to 0 adding only O(n'~2?) edges to ® for some 0 < ay < ay, then
every v € LY (T) satisfying |[v|] = O(n'™®) can be reduced to 0 in this way,
satisfying the claims of the lemma. Suppose |v| =: t = O(n'™®). By Proposition
3.2.4 we can write v as the sum of O(t) SQ-gens. From now on, unless otherwise
stated, we always write a semi-queens vector as (a,a + b,a + ¢,a + b + ¢) so that
a=a°<a+b=(a+b)° <(a+c)° =a+c That is, if the vector wraps around, we
write it in the order that ensures only the last coordinate need be considered mod n.
By Proposition 4.3.7, we can rewrite each of these using O(log?(n)) SQ-gens of the
form (a/,a’ +2',a' +27,a’ + 2+ 27), so that in total we have written v as the sum of
O(tlog?(n)) of these power of 2 SQ-gens.

Now, by Proposition 4.3.5, each of these power of 2 SQ-gens of the form (a’,a’ +
2! a' + 27, a’' + 2"+ 27) can be replaced by one of the form (a’,a’ + 271, a' +27%1 o/ +
2i=1 4 27+1) "adding only a constant number of edges to ®. Thus, repeating this move
i = O(log(n)) times for each of these generators, we are able to write the modified v
as the sum of O(tlog?(n)) SQ-gens of the form (a’,a’+1,a’+27, a’+1+2"*7) (where
a’ + 2" may not be equal to (a’ +2"77)°), and in order to do this, we used O(log(n))
edges for each generator, thus adding O(tlog®(n)) edges to ®. Furthermore, we may
shift each of these SQ-gens to SQ-gens of the form (0,1,2% 1 + 2%) using a single
queens generator for each of these, (and thus only affecting ® by a constant factor),
by Proposition 4.3.4, and so v now has a decomposition as the sum of O(tlog?(n))
SQ-gens of the form (0, 1,27, 142%). Note that each of these contributes +2((2%)°) to
>~ i%v;. Writing a = (2%)°, by Proposition 4.3.6, we may write each of these SQ-gens
as the sum of O(log(n)) SQ-gens of the form (s,s+ 1,5+ 2", s +1+2%), where s <n
and 2° < min{n — s,n/2}. For each of these where s # 0, we may add the Q-gen
(0,1,28,1+2% s, s+1, 5+2¢, s+1+2%) to v to shift the weight on (s, s+1, s4+2%, s+1+2%)
to (0,1,2%,14 2%). In this way v now has a decomposition into O(tlog®(n)) SQ-gens
of the form (0, 1,2%,1+2%) where 2' < n/2. Furthermore, as we have added O(log(n))
SQ-gens for each originally of the form (0,1, a,1 + a) and then shifted each of these
using only one @Q-gen, we have that |®| = O(tlog*(n)).

Suppose that > i?v; # 0. Then, by Proposition 4.3.8, we can reduce it to zero.
This process adds O(n'~3) vectors to the SQ-gens decomposition for some 0 <
az < 1/2. Without loss of generality, assume that a3 < ;. Then this yields that
|®| = O(n'~*3), and we have an SQ-gens decomposition of v into O(n'~*3) vectors.

Furthermore, these vectors are all either of the form (0, 1,27, 1+2%) for some 2¢ < n/2,
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or (0,1,n —2,n —1). As was done before arranging that > i?v; = 0, we modify v
so that all O(n'=23) SQ-gens of the form (0,1,n — 2,n — 1) are replaced by vectors
of the form (0,1,2°,1 + 2') for some 2° < n/2. Using Proposition 4.3.6 and single
(Q)-gen shifts we can thus translate each of these to O(log(n)) SQ-gens of the form
(0,1,2°,1+2%) for some 2 < n/2. Since (0,1,n —2,n— 1) does not wrap around, the
additional vectors and shifts do not affect > i*v;. So we have v with a decomposition
into O(n'~*¢log(n)) SQ-gens where each is of the form (0,1,2°,1 + 2') for some
21 < n/2. In particular, we may write v = Y1=H802) ¢ 0 1 97 1 4 27) where
> leil = O(n' = log(n)) = o(n).

Write t* := max{i : ¢; # 0}, so that 2°° < n/2 and no coordinate larger than
1 + 2" has non-zero support. We wish now to modify v so that ¢; € {0, 1} for every
i < t*. We do this greedily as follows: find the first ¢ such that ¢; ¢ {0,1}. Then
subtract |c;/2] copies of Q-gen (0,1,2%, 1 + 2¢,2¢ 1 4 2¢, 2071 1 + 20F1) with weights
(1,—-1,—-1,1,—1,1,1,—1) from v and update c to ¢! so that ¢! = 0 if ¢; is even, or
¢t =11if ¢; is odd, and ¢}, = ¢;11 + |¢;/2]." Repeat for the updated v. In this way,
eventually we reach v as desired, and in the process we have added at most a log(n)
factor to the number of edges in ® (so |®| = O(n'~** log®(n))), and have maintained
that > 4%v; = 0. Let I = {i : ¢; = 1} in the updated summation. Then Y %v; =
a2 Tt 4 37, 271 for some integer a. But since 0 < ), ;27 < S < ot
it follows that @ = 0, and I = (). That is, v = 0. Furthermore, taking as = a3/2 we

have that |®| = O(n'~2) where 0 < ay < oy, and we are done. O
The proof of Proposition 3.2.12 when n is odd follows almost immediately.

Proof of Proposition 3.2.12 for n odd. The proof follows from the reduction argu-
ment in the proof of Lemma 4.3.3 above. In particular, though the lemma assumes
that v € LY (T), the only assumptions we use about this vector to decompose it
to the zero vector are the zero-summing items in the hypotheses of this proposition.
The proof above also assumes that |v| = o(n) to ensure that we can decompose it
using a sublinear number of edges, but loosening this restriction shows that we can
reduce any such vector to 0 using the same argument and an arbitrary number of

edges, which shows that any such vector is indeed in the lattice. O

We now finish the chapter by proving the even case of Proposition 3.2.12 using

ideas similar to those used in the proof of Lemma 4.1.1 and Proposition 4.3.8.

Note that c¢; may be negative. In this case, by ‘subtract |c;/2]| copies of Q-gen (0,1,2%,1 +
20,20 14212111 14 2+1)’ we mean ‘add ||c;/2]| copies of Q-gen (0,1,2%, 1+ 2%, 2%, 14 2¢, 2041 1+
201y,
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Proof of Proposition 3.2.12 for n even. First suppose that »_iv; # 0. Then there
exists a € Z such that ) iv; = an. Adding a Q-gens of the form (0,3,n —4,n —
1,2,5,n — 2,1) with weight pattern (—1,1,1,—1,1,—1,—1,1) reduces Y iv; to 0.
Supposing then that for the updated vector > i?v; # 0. Then there exists b € Z
such that > iv; = 2bn. Adding b Q-gens of the form (n —2,n —1,0,1,0,1,2,3)
with weight pattern (—1,1,1,—1,1,—1,—1,1) reduces Y i*v; to 0 and does not affect
> iv;. Thus, adding only lattice vectors we obtain a new vector u such that > iv; =0
and 3" i%v; = 0. Thus if we can show that u € £(T) it follows also that v € L+ (7).
Now, we may modify u to a vector u’ such that supp(u) C I by adding signed edges
as per the proof of Proposition 4.1.3, where we are not concerned with the number
of edges added in this process. We then wish to push the support of u’ into the X
and Y parts. Since we only added shadow vectors of edges to obtain u’ from v and
v satisfied Zievg” Ui = X jeyx+v v; we have that Zievgﬂ“ u; = ZieVOX’Y w, and
that Zz’evbi“y up = Zz‘eVEX*Y w;. Thus by Proposition 4.1.2 we may ‘zero-sum’ the
support in VXY and VXY without adding any wrap-around edges. Furthermore,
zero-summing support only contained in I in this way yields u* such that supp(u*) C
(VX uVvY)n[-1,0,1]. Furthermore, as we only added non-wrap around edges to
obtain u* from u we maintain that >_ suf = 0 and _ #?u} = 0. Thus, as in the proof
of Lemma 4.1.1, we find that we can reduce u* to 0 through a process which only adds
shadow vectors of signed edges. Since 0 € £(7) it thus follows that v € £ (T),
completing the proof. O

Remark 4.3.9. Proposition 3.2.12 tells us that, as well as vectors of the form already
described in Section 3.2 (see e.g. the discussion preceeding Proposition 3.2.10), vectors
of the form (s, 81 +b,51+¢, 51 +b+ ¢, 89,50+, 554+, 55+ +¢) are in L7 (T),
provided that bc = b/c’. Tt is not clear that all such vectors can be generated efficiently,
and as such we have no analogue to Proposition 3.2.4. If indeed an analogue did exist,
the bounded integral decomposition lemma would be an immediate consequence.
However, we suspect that there are vectors v € L3 (7") which cannot be efficiently
generated. If this is the case, as alluded to in the first paragraph of Section 3.2, this
might explain a structural difference in 7 which sets it apart from the graphs covered
by Keevash’s result [34, Theorem 1.7].

74



Chapter 5

The random greedy count

In this chapter we establish how to obtain H C 74", where H is the graph satisfying
Theorem 3.5.3 and 74" the graph resulting from Theorem 4.2.6. We obtain H from
74" by a random greedy matching process, analysed by Bennett and Bohman in
[6]. In our context, this process is as follows. We start with T := 74" and choose
an edge ey uniformly at random (uar) from E(7~4") and add it to a set M. We then
delete the vertices in ey from 74" to obtain a subgraph T} from which we choose
an edge e; uar, which we add to M. We continue the process so that after the
step we have a subgraph 7, C 74", a set M containing ¢ disjoint edges, and we
proceed by adding an edge e; uar from 7; to M and removing the vertices of e; from
T; to obtain T;;;. Clearly the process terminates when E(Tj) = ) for some j € N.
Furthermore, M is a matching in 74", This and related processes have been well
studied in the general setting of regular uniform hypergraphs with small pair degrees
(see [1, 6, 27]). The first and third of these are both extensions of the semi-random
technique introduced by Rodl [51], which has come to be known as the Rddl nibble,
and is a cornerstone of probabilistic combinatorics. Here, we focus on the process
outlined above, since this allows more easily for counting matchings, as will be seen
below.

The method used by Bennett and Bohman [6] to analyse the random greedy
matching process is known as the differential equations method. For several reasons
which shall become clear later, we are unable to use their result as a ‘black box’, but
we follow their strategy, applying the differential equations method in precisely the
same ways, but to different objects and with slightly different parameters. In the
context of probabilistic combinatorics, the differential equations method is a strategy
that can be used to analyse random processes that evolve one step at a time. The
method in this setting was popularised in the 1990s by Wormald [58]. We use the
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method to establish dynamic concentration, so called because at every step in the
process the random variables that we are tracking are shown to be concentrated
around their expectation, but their expectation is changing with every step. For a
very nice and more general introduction to the method in this context see [7]. We refer
to the dynamic expectation of each random variable we track as its trajectory. Given
a random variable whose one step change we wish to follow through the process, it
is typically the case that to follow its trajectory we also need to understand the one
step change in other random variables too. The random variables we need to track
can be divided into primary and secondary random variables. The primary variables
are those we need to track to ensure that the random greedy matching process can
be understood, specifically the number of edges remaining at each step and any other
variables that tracking this variable depends on. The secondary variables are those
relating to any other properties we want to guarantee hold in H as per Theorem 3.5.3.
To calculate the one step change in the number of edges depends on the degrees of
the vertices, and in turn the one step change in the degree of each vertex depends on
the number of edges and the degrees of other vertices. Together these form a closed
collection under which the random greedy matching process can be understood and
so this is a complete list of the primary random variables. Additionally, for Theorem
3.5.3, we need to track other degree-type properties as well as subsets of vertices and
zero-sum configurations. Fortunately, as we’ll see in the following section, each of
these random variables depends only on the random variables relating to the number
of edges and the degree of each vertex, so together with the primary random variables
we retain a closed form system without the addition of any extraneous variables to
track. Then these random variables (specifically relating to 7T-valid subsets and
tuples and i-legal zero-sum configurations as per Theorem 3.5.3) form our collection
of secondary random variables.

The differential equations method is named as such because, due to the one step
changes being very small relative to the whole process, we can essentially treat the
discrete process as continuous and subsequently approximate the one step change in
each variable’s trajectory by a derivative of a function of the variables expected value.
Regarding the use of the method to establish dynamic concentration, we then apply
martingale concentration inequalities and a union bound to prove that the collection
of all our primary and secondary random variables are indeed concentrated around
their trajectories. We use a method known as the critical interval method, used by
Bohman, Frieze and Lubetzky [10], which exploits the ‘self-correcting’ nature of the

random variable we track. In particular, supposing a random variable deviates from
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its expected trajectory far enough to enter some pre-defined ‘critical interval’, we can
exploit some terms of the expected one-step change to show that the variable drifts

back towards its expected trajectory.

In this chapter we first cover the details of the differential equations method in
relation to our application of it to reach H. Then we establish how this process
enables us to count matchings in 7, leaving us with the job of showing that we can

find a matching in H that covers all vertices but that of a qualifying leave L*.

5.1 Details of the process

The intuition regarding the evolution of the random greedy matching process is that
the subgraph T; of T, remaining after ¢ steps of the process resembles a random
subgraph of Ty where each vertex survived independently with probability p = p(i) =
1 - %. From now on write V(i) := V/(T;). Note that by Theorem 4.2.6 we
have that [V(0)] = (1 & b)4n where b = O(p4), and so O (1£2b)5. We
take b = O(p4) to be sufficiently large that every (1 £ O(pa)) statement in Theorem
4.2.6 holds with b in place of O(p4). We also introduce a continuous time variable
t which we relate to the process by setting ¢ = t(i) = Wio)w so that p can be seen
both as a (continuous) function of ¢ with p = p(¢) = 1 — 4t and a (discrete) function
of . We shift between the interpretations as a function of ¢ and ¢ throughout the
process. If not mentioned explicitly the meaning should be clear from the context.
Let Q(i) :== E(T;) be the random variable tracking the number of edges remaining at
each step of the process, and let d, (i) denote the number of edges containing a vertex
v € V(1) at step i of the process. Note that by Theorem 4.2.6 and our condition on
b= 0(pa), Q(0) = (1 £b)n? and d,(0) = (1 £ b)n for every vertex v € V(0). Thus
we would guess that Q(i) ~ (1 £ b)n?p*, and d, (i) ~ (1 £ b)np? for every v € V(4).

We'll show that, in fact, for every 0 < i < (1 — n™")n, where ag, := 1072° we
have that

Qi) = n*p* £ e, and d,(i) = np® £ eq
for every v € V (i), where
eq = 2(1 — 4log p)bn* and ey = 2(1 — 4log p)b**n.

Note that we chose such errors with no attempt to optimise the process, and instead
choose them to be sufficient for the process to complete to reach H as per Theorem
3.5.3.
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Additionally we consider our secondary random variables which are of three types:
the number of vertices remaining in a particular subset S C V(7), the number of
edges containing a fixed vertex v, with subset-style conditions on the ‘types’ of edge
to be counted (‘degree-type conditions’), and the number of zero-sum configurations
of specific ‘types’ for a fixed edge e. (Note that our degree-type conditions would
include the actual degree d,(i) already considered in the primary random variables
but since d,(7) plays a more crucial role in tracking this process than the other degree-
type properties we use the different notation for clarity and since we require a tighter
error bound.) We write Vg(i) to denote the random variable tracking |V (7;[S])|,
E, s(i) to denote the random variable tracking |Er, (v, S)| where S represents any
of the subsets of V(7)) which are considered in degree-type conditions in Theorem
3.5.3, and Z4(i) to denote the random variables tracking zero-sum configurations,
where A describes both the fixed edge for which we are tracking configurations as
well as all details of the type of configuration being tracked. By assumption, we have
that Vs(0) = (1 £0)|S], E,5(0) = (1 £b)|Er(v,9)], and Z4(0) = Z4(T~4"), where
ZA(T) = (14£b)Z4(T) if A considers configurations containing a fixed bad edge e
(with positive sign), or a fixed edge of type (o, 3,0) with o # 0 (with negative sign).
If A considers configurations containing a fixed edge of type (0, 1,3) with positive
sign, or containing a fixed bad edge and at least two bad edges in total with positive
sign, we are only interested in tracking Z4 if Z4(T~4") = Q(kit;n~12%). Similarly,
if A considers configurations containing a fixed edge of type (0, 1,3) or (0,0,4) with
negative sign, we are only interested in tracking Z4 if Z4(T~4") = Q(k;jin12%).

As in the case for the primary variables, we define

€E, s = 2b1/3|ET(v,S)|, ey, = 2b1/3|S|, and ez, = 261/3|ZA(7’_A*)

)

and we’ll show that whp for every 0 < ¢ < (1 —n~%)n we have that

EU,S(i) = |ET(Ua S)|p3 + €E, 53
Vs(i) = |Sp=£ev,, and
Za(i) = |ZA(T ) L£ez,,

where the last holds only for A discussed above. Note that for all other A of concern
in Theorem 3.5.3, the statements regarding them are already true, since we can
only lose configurations through the random greedy edge removal process. Note
additionally that whilst the error terms for the primary variables change with i (since

they are dependent on p), the error terms for the secondary variables remain constant
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throughout the process (and in particular the one-step change is 0). By abuse of
notation, we may sometimes denote by Z4(i) the collection of zero-sum configurations
counted by the random variable of the same notation. It will be clear from context
each time whether we are considering the family of relevant zero-sum configurations
or the cardinality of that family.

For a random variable X (i) we say that X (i) becomes bad at step i if it deviates
outside of the error bounds we defined above. We define the stopping time T to be
the earliest time ¢ such that either any of the primary and secondary variables we
are tracking become bad, or i = (1 — n~%")n, whichever occurs first. In order to
show that with high probability 7' = (1 — n~%)n, which, together with some parity
adjustments, would prove Theorem 3.5.3, it is convenient to consider shifted variables.

In particular we let

Q* (i) = Qi) —n’p* Fey,
df i) = dy(i) — np® F eq,
Erg

= Vs(i) = [Slp F evs,

(2)

(2)

(i) = Eus() = |Er(v,9)p’ F e, s,
(4)

(i) = Zali)=1Za(T)

p12 + GZA'

We illustrate the idea of the critical interval method by discussing it with regards
to the vertex degrees. The idea is that we only need to worry about a variable
when it is close to either end of the interval listed above. For d (i) we refer to
[np® — eq, np® — eq+ fa4] as its (lower) critical interval, where f; = b*3n (and for d; (i)
we refer to [np? +eq — fq,np’ + e4] as its (upper) critical interval). Now suppose that
d; (i) first enters this critical interval at step sy, < T. That is, d; (i) > np* —eq + fa
for all i < s7, — 1 and d; (s1,,) < np* —eq + fq. Then we define T;,, to be the
first time ¢t > s;, such that d; (¢) leaves the critical interval again. There are two
possibilities for how it leaves - we could have d, (T, ) < np® — e4 or we could have

S1,v
d, (T;,,) > np® —eq+ fa. In the first case we get that T, = T is the final stopping
time since d, has become bad. We will, however, show that with high probability
we are always in the second case whenever s;, < t < (1 — n~%)n, exploiting the
self-correcting nature of the process. In fact, for j > 2 and each v we also define s;,,
be the first time ¢ > T~ such that d, (¢) is in the lower critical interval and T,
to be the first time ¢ > s;, such that d, (¢) leaves the critical interval again. This
is defined for all j such that s;, < T. Then we show that for all j such that s;, is

defined, with high probability we are always in the second case. Since the one step
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change is always sufficiently small, we have that the second case always takes us into
[np® — eq + fa,np® + eq — fa], i.e. we can not jump from one critical interval to the
other (nor beyond it) in a single step of the algorithm.

In order to show that this deviation back towards the trajectory occurs when we
hit a critical interval we use martingale concentration inequalities. To do this, we first
show that the random variables X ™ are supermartingales and X~ are submartingales.
In fact, the nature of the critical interval method means that we actually show that
subintervals of the process, starting from each time we enter the upper or lower critical
interval to the first time they leave again, are super- or submartingales respectively.
Formally, for a random variable X, writing [E’ to denote conditional expectation with
respect to the natural filtration, X is a supermartingale if E'(X (i +1)) < X (i) and a
submartingale if E'(X (i+1)) > X (i) for all ¢ over which we are tracking the variable.
Equivalently, writing AX (7) := X (i+1) — X(i), we have that X is a supermartingale
if E'(AX (7)) <0 and a submartingale if E'(AX(¢)) > 0. Thus referring back to our
vertex degree setting and letting S;, = [0, T}, |
it suffices to show that E'(Ad; (i)) > 0 for all i € S;, and j for which s;, is defined.

Once this is done, we may use the following concentration inequalities to prove that

for all j for which s;, is defined,

with high probability the random variables do not jump outside of their error bounds
before time t = (1 —n~%)n. It will then be clear that still with high probability this

holds for all relevant random variables simultaneously via a union bound.

All inequalities are variations of the Hoeffding-Azuma inequality. The first two

results are used for the variables tracking the number of edges in the process.

Lemma 5.1.1. Let X (i) be a submartingale such that |AX (i)| < ¢; for alli. Then

P(X(m) — X(0) < —a) <exp (‘ﬁ) :

Lemma 5.1.2. Let X (i) be a supermartingale such that |AX (i)| < ¢; for alli. Then

P(X(m) — X(0) > a) < exp <—#2[]Cz> :

The next two are used for all remaining variables we wish to track in the process.

Lemma 5.1.3. [9] Let X (i) be a submartingale such that —© < AX (i) <6 for all i
and 0 < ©/2. Then for any a < Om we have

P(X(m) — X(0) < —a) < exp (—39“gm) |
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Lemma 5.1.4. [9] Let X (i) be a supermartingale such that —© < AX (i) < 0 for all
i and 8 < ©/10. Then for any a < 6m we have

P(X(m) — X(0) = a) < exp <—3;gm) :

Turning again to the setting of vertex degrees, using the latter two results with
fa(1—o0(1)) in place of a if the hypotheses are satisfied and (f4(1—0(1)))? is sufficiently
large, we get that with high probability d, (T, ) — d, (sj») > —fa(1 — o(1)). Thus,
since, d, (s,) = np® — eq + fa(l — o(1)) we get that d (T, ) > np® — eq and since

d, (T, ) is not in the lower critical interval by definition, and T is the first time

after s;, for which this is true, it follows that with high probability d; (TS;v) €
[np® —eq+ fa,np® — eqa+ fa(1+0(1))]. The required o( f;) term is determined by the
maximum of |Ad; (i)| which we’ll see below is indeed o( fy).

Given the above discussion and results, we can reduce the problem to considering
the following trend hypotheses, which yield the necessary supermartingale and sub-
martingale properties of X*, and boundedness hypotheses which are the necessary
constraints to successfully apply the relevant martingale concentration inequalities as
required. In particular,

Trend hypotheses:

Supermartingale conditions:

If Q*(i) > —bn? then E'(AQT(4)) < 0.

If df (i) > —b*?n then E/(Adf (i) < 0.

If £} 4(i) > —b'*|Er(v, S)| then E'(AE] ¢(i)) < 0.

If V(i) > —b'/3|S]| then E'(AV{ (7)) < 0.

If Z3{ (i) > =03 Z4(T~4")| then E'(AZ}(i)) < 0.

Submartingale conditions:

If Q (i) < bn? then E'(AQ™(i)) > 0.

If d7 (i) < b*3n then E'(Ad; (1)) > 0.

If B, (i) < b'/3|Ex(v,S)| then E'(AE, 4(i)) > 0.

If Vi (i) < b'/3|S| then E'(AVy (i) > 0.

If Z,(i) < bY3|Z4(T—4")| then E'(AZ(i)) > 0.

Boundedness hypotheses:
Supermartingale conditions:
AQ*(i)*nplog®(n) < (bn)?,

81



—0y < Adf (i) < 0y with 05 < ©,4/10 and 6,04nplog®(n) < (b*/3n)?,
—Op < AE] 4(i) < §p with 05 < ©p/10 and 0p0gnplog’(n) < (b3 Er(v, S)|)?,
—Oy < AV{ (i) < 0y with 6y < ©y/10 and 6y Oynplog®(n) < (b'/3]9))?,

—0y < AZ}(i) < 07 with 0, < ©2/10 and 0,0 znplog®(n) < (B3| Z4(T~47)|)2.
Submartingale conditions:

AQ™ (i)’nplog®(n) < (bn*)?,

—0y < Ad; (i) < 0, with 0, < ©,4/2 and §,0,mplog®(n) < (b*°n)?,

—Op < AE, 4(i) < g with 6 < Og/2 and 050 pnplog?(n) < (b"/3|Er(v,S)|)?,
—Oy < AVg (i) < 0y with 0y < ©/2y and 0y Oynplog?(n) < (b*/3|S])?,
—0y, < AZ; (i) < 07 with 07 < ©2/2 and 0,0 znplog®(n) < (B3| Z4(T~*)

For the boundedness hypotheses, informally we want, for example, that

2.

AQ™ (i)*np = o(f),

where we require the ‘little-o” term sufficiently small for union bounding the polyno-
mially many variables to be considered. The log?®(n) factor suffices for this.

In order to verify the trend hypotheses we make use of Taylor’s Theorem.

Theorem 5.1.5 (Taylor’s Theorem). Let f : R — R be twice differentiable on |a, b].
Then there exists T € [a,b] such that

£8) ~ f(a) = )b~ a) + T2 (0 —ap?
We use this with a = t(i) and b = t(i + 1) so that b —a = m and (b —

a)? = |V( - 1n particular, considering B’ (Ad; (7)), by linearity of expectation we
get that B'(Ad; (1)) = E'(Ad, (1)) — E' (Anp(i)?) + E'(Aeq(i)) = E'(Ady (i) — n(p(i +
1)? — p(i)?) + eq(i + 1) — eq(i), so that applying Taylor’s theorem, we have that

E'(Ad; (i) =~ E'(Ad,(i)) — ﬁé?p” + | . We give the full details below.

Dealing first with our primary Varlables, we could take the calculations for the
supermartingales directly from Bennett and Bohman [6]. The submartingale details
are not given since they are very similar. For completeness we show the submartingale
conditions from scratch but emphasise that this is essentially repeating the details
from [6] with different values for e; and e,. Before proceeding, recall that b = O(p,4) =
O(n=17") and

1>p=0n """ (5.1)

in the range for which we are interested in p.
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Starting with d; (i), we have that

E/(Adv(i)):—% > D d““)iO(Qd(Ui))

e€ET, (v,T) uce\{v}

. 3(np® — eq + b**n)(np® + eq)
- Q(i)

Note that this does not take into account the contribution to the expected change that

comes from the selection of an edge that itself contains v. Since we are not interested
in the random variable once v has left V(i) we may instead use the convention that
whenever v ¢ V(i + 1) we take d,(i + 1) = d, (7). This convention will follow through

to the calculations for all random variables we are tracking. Then

3(np® — eq + 0¥3n)(np® +eq)  12np? N e
Q) Vo) [V(0)]

o (d VT e )

Expanding, cancelling and regrouping terms we get that

E'(Ad, (i) = -

126%/3n N el
[V(0)lp ~ [V(0)]
Lo ((ed — b?3n)ey P d,(7) np el )

E'(Ad, (i) = —

VORy' | VOPRZ QW VOF V0P

Noting that |V (0)] = ©(n) and Qi) = O(n*p?), we have that the terms carried

in the ‘big-O’ are given by O <b4/3(1;£°g2(p)) + b(lfllf;g(p)) +op; et b /3) Then since

|Ve(/d0)| =0 (ﬁ> and p > b*3log?(n) by (5.1), we have that the ‘big-O’ terms are

e/
o( 4 ) Furthermore, since €/, =

Vo] , we have that

320%/3n
p

126%/3n, N e, 200*°n
V©)lp  [V(0)] IV(O)\p’
=0 <|V(0)|> and — 121’(2/)3‘]3 + v ( I > 0, which proves the trend

12b2/3
so that — o T |
hypothe51s for d (i )

Now, checking the boundedness hypotheses, note that np® is decreasing, ey is
increasing and d,, is non-increasing. Thus we have that d,(i + 1) — d, (i) < Ad;, (i) <
n(p(i)® = p(i + 1)°) + (ea(i + 1) — eq(i)). Now

ea(i +1) —ea(i) = 80* n(log(p(i + 1)) —log(p(i)))

= 8?3 <log (1 — ﬁ) — log (1 — %))
O(b”*) = o(1),
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n(p(i)® — p(i + 1)) = O(1) and Ad,(i) > —4. Thus there is some absolute con-
stant ¢ such that we may take # = ¢ and © = 10¢, and we have Onplog?(n) =
O(nplog®(n)) < b*/3n?, as required.

Similarly, the supermartingale details for the trend and boundedness hypotheses

for @ are given in [6]. We get that

16Q(i) , 2|V(0)|peg
[V (0)|p Q(7)

Thus letting f, = bn?, and assuming at step ¢ that we are in the lower critical

E'(AQ() = -

+0(1).

interval, we find that

C16(n?pt —eg+ fy)  2[V(0)|ped | 16n°p? ¢
V(0)lp Qi) V) V()]

n2p? e;’
L0 (1 + + ) |
V()2 [V(0)]?

Then we get that

E(AQ™ (i) =

16on*  8bn*log(p) 8|V(0)|b4/3n2p(1 4log(p))? = 32bn?
V)l [V(O)lp i [V (0)lp

Qi)
e//
1+ 1 )
( TP
Noting that log(p) < 0 we have that

48bn> 8|V (0)[b**n*p(1 — 4log(p))? 2 b
FAC) 2 o Q) w01 )

p )’ i

E'(AQ™ (i) =

. ’I’L2

Since p? > b/ and %

O <% =0 b;"), and the ‘big-O’ terms are all also o (%”
that E'(AQ~(i)) > 0 as required.

For the supermartingale we have

Q(4)
). Thus we have

B 16(n2p4 +eq — fq) 2|V(0)|p63 16n2p3 - B;
V(0)lp Qi) V)  [V(0)]

b
+ O(l+p2+—2),
p

E(AQ™ (1)) <

and it is clear the same arguments for the submartingale follow through with the
switched signs, so that E'(AQ™(i)) < 0, as required.

Then verifying boundedness hypotheses, by assumption, for each ¢ we are con-

sidering, we have ¢ < T" and may use our bounds on degrees to consider AQ*(i)2.
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In particular, we have that |AQ*(i)| < (1 + o(1))4eq and thus AQ*(i)?nplog*(n) =
O (b*3n®plog*(n)) < b*n*, satisfying the necessary requirements.
The calculations for the secondary variables are very similar to those for the vertex

degrees but we provide the details here for completeness. First note that

E(AEs0) = —— Y % du(i)iO(M>,

Qi) e (nS) uenio) Qi)
E'(AVs(i)) = —ﬁ > dud),

ueV;NS

1 Z a1
E'(AZ4®i) = o0 S Y am=+o ( Qf‘((,))> .
i i
2€Z (1) uez\{e}
The first equality follows identically to the case for vertex degrees. In particular,
to see the expected number of edges lost to Er,(v,S), since we are assuming that v
itself is not contained in the edge that is taken, when we sum over u € e\ {v} we
want to take into account all edges that contain u except any that also contain v, but
since pair degrees are at most two, and u is only summed over since it is in an edge
with v, that is at most two edges we want to exclude from the sum (explaining the
Ev,S(i)
£0 (%532)).

To see the case for vertices in a subset of V(7), note that summing over the degree

of each vertex in V(i) N S will count a particular edge for every vertex in the edge
that is also in S. Thus the edge gets counted precisely the same number of times
as the number of vertices in V(i) NS that would be lost if that edge were removed.
For zero-sum configurations, firstly we remark that this calculation assumes that no
edge is taken which contains a vertex from the fixed edge e for which the number
of zero-sum configurations is being considered. (As with degree-type properties, if
this were the case, we set Z4(i + 1) = Z(i).) Now for a zero-sum configuration z,
consider an edge f € z such that e N f = (). Then this edge is counted four times
(in the degree of each of the four vertices of f) when summing over the vertices in
z \ {e}, which is an over count since this contribution should count the number of
edges whose removal would result in 2 no longer being present in 7;,;. However, due
to the pair degrees being at most two, since every zero-sum configuration consists of
a constant number of vertices, we cannot over count the number of edges interacting
with the zero-sum configurations and the effect of their removal on the number of
configurations in Z4(i + 1) by more than O(Z(1)).

Additionally note that since eg, 4, ey and ez, are constant with respect to p,

their derivatives disappear, and the second derivative of |S|p also disappears. We see
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that

3(1Er(v, S)Ip* + ep, s — b3 Er(v, S)]) (np® — eq — 1)
- n2pt + e,
12|Er(v, S)|p? 0 (|E’rvs |p)
[V(0)] vl )’
3(|E7(v, S)p* — ep, s + 6| Er(v, S)|)(np® +e4 — 1)
- n2pt + e,
12|Er (v, S)|p® 0 (lETvS |p)
[V (0)] [V (0)[2
(ISIp + evs = 0'PIS) (np® —ea) 4I5S
a n2pt + e, v (0)]’
(ISlp — evg + b3S (np® +eq) | 4|9
- n2pt + e, Vo)
B(azi) < 20T+ eny — BOZAT ) ~ )
nep + €q
A8 Za(T ) Ip™ L0 (lZA(T_A*)\P12 . !ZA(T_A*)lpI(])
[V (0)] n?p? [V (0)[2 ’
12(1Z4(T)p" = ez, + 021 Z4(T)|)(np® + ea)
n’pt + e,
A8 ZA(T— ) Ip" 0 (|ZA<7—_A*)p12 n |ZA(T_A*)p10>
[V(0)| n?pt V()2 '

Now, starting by chasing the details for Vi (i) we see that

S+ O o" —ea) 11 (451, colSnt

E'(AE, 4(i))

E(AE, s(1) =

E'(AVY (7)) <

E'(AVs () =

E(AZ;(0) <

E'(AVy (i) <

n2pt n Q(i)?
1/3 4 71/3
o VRS edS] o (U8 calSlant | 0Islen
np  n?p? n Q(1)? n’p?
Then since we have p > b'/3log(n) and —° /3|S| + f{é'%' = (%) < 0, and the

‘big-O’ terms are all o ( 1:13'5‘

> we have that E’ (AVS (7)) <0, as required.

Via very similar calculations we end up deducing that

1/3 4 31/3
E(AVZ(3)) > b21S| ealS| Lo <b|S| N eq|S|np N b |S]ed)

n Q(7)? n?p?

and so obtain immediately also that E'(AVg (i)) > 0.

np n2p3
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For E; (i) we find that

(B0 S)lp* + VI Br (0, ) (0 = ea)  3Er (v, S)lp?

+ .
E/(AEU,S<Z)) S 77,2]74 n
Ere Er(v,S)npg®  blEr(v, 82 |Er(v,S
4 O(’ 7( ,S)pr €| T(’U{ 2)|np n |E7 (v, 5)|p Jr| T(QQ)\)
[V(0)] Qi) n Qi)
< _3b1/3|ET(v,S)| N 3eq|Er(v, S)|
- np n2p
—I—O(‘ET(U,S)‘p + GQ|E7—<U’ S)| + bl E7(v, S)’I)Q + |E7(v,5)] + edbl/g’ET(v> S)’)
n2 n3p? n n2pt n2pt :
As was the case for Vg we have that —3b1/3lfg(”’s)l + 38‘”2’5;“’5)‘ =0 (W%En—zws)» <0
and the ‘big-O’ terms are all o (WS‘EH—Z(Q’S)‘> and so we again obtain that E'(AE, 4(i)) >

0 by the same arguments.

Finally, concerning the trend hypotheses, by similar arguments we get that

11

(1 ZA(T )P + 62| Za(T—)

o = c) | 121Z4(T )

p

E'(AZ}(i) <

n2pt n
n O(|ZA(7’A*)|P12 | ZA(T—)[p"
n?p* [V (0)[?
el ZA(T)lnp™ | B Za(T~)lp" )
Q(i)? n
C120VBZA(T) . 12¢4| Z4(T ) Ip®
- np n?
ZA(T)P® 1 Za(T )" | e Za(T)|p"
+ O( = + = + 2 3
N b|ZA(7~—A*) pll N edbl/?)'ZA(T—A*) )
n n2p* ’

and as before see both that — 2212474 )] + el ZAT_ ) _ g (%) <0

np n? np

WMAR—W) Again we have that the details

showing E'(AZ(i)) > 0 follow by precisely the same arguments.

and that the ‘big-O’ terms are 0(

It remains to confirm the boundedness hypotheses for each of our secondary vari-
ables. Once again the strategy is very similar to that for the vertex degrees. One
difference is to note immediately (as already noted when verifying the trend hypothe-
ses) that since ey, e B, s and ez, are all constant so when considering the maximum
change in variable from step i to step ¢+ 1 this term does not need any consideration.
It then also follows that the same bounds that apply for AX™ (i) will also immedi-
ately apply for AX (7). For degree-type properties we again have that —|Er(v, S)|p?
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|ET (v,9)]

- >,and

is increasing and in particular 0 < |Ez(v, S)|(p(i + 1)* — p(:)*) = O (
0> AE, (i) > —4 (due to the maximum pair degree of 1 unless (v,u) is such that
v € VXY and u € VXY or vice versa, in which case pair degree is at most 2). Then
we may set g = O <w> and ©p = Cf, 4 for some constant Cg, ¢ satisfying C' =
max{4,110z}. Then 050 znplog?(n) = O(|Er(v, S)|plog*(n)) < b¥*/3|Er(v,S)|?> and
this cover the cases for both AEj[S(z) The argument is similar for AV, In particular
we have 0 < |S|(p(i+ 1) —p(i)?) = O ('%‘) and also that 0 > AVg(i) > —4 since re-
moving an edge from 7T; removes at most 4 vertices from V(i) 2 V(i)NS. Then we may
set Oy = O (‘%‘) and Oy = Cy, for some constant Cly, satisfying Cy, = max{4, 116y}
and we see that 6y Oynplog®(n) = O(|S|plog®(n)) < b*3|S|? and this cover the cases
for both AV (). Finally for AZj(i), whilst very similar, the maximum change in
AZ 4(i) is slightly more complex than the previous cases. In particular, we know that
every zero-sum configuration we consider (of a particular type for a fixed edge e) has
two degrees of freedom. We have upper bounds on the order of the range of each degree
of freedom. Then given that an edge is removed from 7; (not containing the fixed edge
e) we could consider the four vertices in this edge as each separately taking one of the
two degrees of freedom in different configurations containing e. Then the total num-
ber of zero-sum configurations that could be lost from Z4(i) to Z4(i+1) is four times
the largest possible range over which one of the two degrees of freedom is chosen from.
Writing r; > 7o for the largest possible ranges for each degree of freedom, we have then
that 0 > AZ4(i) = O(ry) and also, over the A for which we are interested, we have
that |Z4(T=4)| = Q(rireyn~12%). Again we also have that 0 < |Z4(T~4)|(p(i +
12 —p(i)}) =0 (W) Thus setting 07 = O (W) and Oz = Cry where
C is a constant sufficiently large that ©; > 106, (which exists since |Z4(7 ")

O(rire) and "2 < 1 since both degrees of freedom could be over a range of size at
most 2¢; + 1), we have that 07,0 znplog®(n) = O (r1|Za(T~*")|plog®(n)). Recall-
ing that |Z4(T )| = Q(riren=2%), we want that O(riplog®(n)) < b*/3r ryn =120
and in particular it suffices to have that log®(n) < r9b*3n~'2%: which holds since
ry = Qn'0") and b¥/3n 120 = O(n 107",

In particular we have shown that all the trend and boundedness hypotheses are

satisfied and thus that the stopping time T for our random greedy matching process
is indeed 7" = (1 — n~ %" )n. Denote the graph remaining at this point by Hg. In
order to reach H we additionally need to do some small modifications to Hg, so that
VoY (H)| = |V Y (H)| but we first complete our count over perfect matchings in
7 which is done on the proviso that with high probability H, U A* has a perfect

matching.
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5.2 Proof of the main result

Lemma 5.2.1. Let H,, be the graph remaining after running the random greedy

1—agr

matching process until 4n vertices remain. Then for n = 1,5 mod 6, with high

probability Hy U A* has a perfect matching.

The proof of Lemma 5.2.1 is mostly contained in Chapters 4 and 6. Firstly, in
Chapter 4 we build an absorber A* that has the capacity to absorb any qualifying
leave L* with corresponding support vector vy« € L(7). Theorem 4.2.6 removes the
required absorber A* from 7T leaving us with a subgraph 74" on which we run the
random greedy matching process to obtain Hg, as detailed in Section 5.1. We have,
by definition of A*, that T[A*] has a perfect matching, and moving from 7-4" to
Hg, we remove a matching My, that is disjoint from A*. From here we then take
a small matching from H,, to obtain H as in Theorem 3.5.3, details of which are
in Section 5.3. Following this we run the iterative matching process that takes us
through the vorter from H to H., by removing disjoint matchings at every step.
Breaking this step up more, we have that Section 6.5 describes the process that
takes us from H to a subgraph H; which has properties given by Theorem 6.1.1,
where we have to be careful to maintain certain parity requirements (to obtain a
qualifying leave at the end of the iterative matching process). Once we reach H; such
properties are maintained by the nature of the process (the fact that we are removing
disjoint edges from H; and H; contains no wrap-around edges). This process takes

us to H,,. Let L* := V(H

Ch

). We are able to show that L* is indeed a qualifying
leave. Firstly, that the support vector vy« of L* is in £(7) follows from the process
used to obtain L* - we know that 7 contains a perfect matching (so 1 € L(T))
and letting vyg represent the support vector of the matching consisting of vertices in
A*, the random greedy edge removal process and the iterative matching process, we
have that 1 — vy = v € L(T). That L* C I o5 and |L*]| < an10—5 follow from
completion of the iterative matching process. Finally, that [Vo ™ (L*)] = [V (L*)]
will follow from taking care throughout the random greedy edge removal process and
the iterative matching process that we ensure the number of odd and even indexed
vertices remaining in the X +Y and X — Y parts at each step of the process are
balanced in the required way. In particular, given that [V (Hy)| = |V ™Y (Hy)| as
per Theorem 6.1.1, since H; contains no wrap-around edges, any process that removes
a matching M from H; maintains this property in the subgraphs with the vertices of
M removed, so we only need to be concerned with this property until we reach H;

as in Theorem 6.1.1. Thus whp we obtain L* by removing a matching from H,,, and
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since L* is a qualifying leave, we have that whp T[A* U L*] has a perfect matching.
Thus Hg, U A* has a perfect matching, as required.

Theorem 5.2.2. Let n=1,5mod 6. Then T'(n) > ((1+o(1))%)".

Proof. We run the random greedy matching process on 74" until 4n'~% vertices
remain, and we have a matching M in 7T of size n(1 —n~“). Then, by Lemma 5.2.1,
with high probability we can complete M to a perfect matching in 7. Recalling that
p(i) = 1— ﬁ =1 — (14 2b) is the proportion of vertices remaining after the
it" edge has been added to M and that, by the analysis of the process above, the
number of edges remaining when 4np(i) vertices remain is (14 2bni® log(n))n?p(i)?,
the number of choices in this process is

(1+b)n—nl—oer -1

N = (1 4 20m**= log(n))n*p(i)*.

i=0
Taking logs, and using Proposition 2.2.1,

(1+b)n—nl—oer -1
log(Ny) = log 11 (1 + 2bn*= log(n))n?p(i)*

i=0
(1£b)n—nt—2er -1

= > log ((1 % 2bn*= log(n))n’p(i)*)
=0
(1£b)n—nt=-2er —1

= Z (log(n®p(i)*) + log(1 + 2bn**s log(n)))
i=0
(1£b)n—nt=-oer —1

— Z (log(n?p(i)*) £ 2bn**= log(n)) .

i=0
Furthermore, we have from Proposition 2.2.2 that

(1+b)n—nl—er—1

> log(p(i)) = (1 £ b)n(—1+ O(n = log(n))),

i=0
and it follows that
(1£b)n—n'~er—1 (1£b)n—n'—oer —1
log(M) = > g+ D log(p()
i=0 i=0

(1£b)n—nt—eer—1

+ Z 20m = log(n)
i=0
nlog(n?) + O(n' = log(n?)) — 4n + O(n' = log(n)) £ O(bn't*= log(n))

= n(2log(n) — 4 + n==/2),
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Now, fixing a perfect matching M in 7T, the number of times M could be counted in
this process is at most the number of ways to pick from 74" (with order) the first
(1 +b)n — n'~= edges of M, that is Ny := H(lib nont T "(1 £ b)n —4). Again

taking logs we have

(1£b)n—n'—er—1 (1£b)n—nt—er —1
og(V) = > log((1bm—i)= > log((1£ b))
i=0 i=0
(1£b)n—n'~er -1 (14b)n—n'—er —1
= >, loglpn+ ), log(n)
=0 i=0

(1+b)n—nt—er —1

+ > log(1 £ b)

(=1 + O log(n) + log(n) £ O(blog(n)))
= n(log(n) — 1 £ n%/?),

It follows that
Nl —agr /2
log(T'(n)) > log N = n(log(n) — 3 £ 2n~ /%),
2
and so (using a Taylor expansion),
T(n) > <elog(n) ce3. eiQn*O‘grm)n
= (Baznem)
n n

= (o))",

as claimed. O

Thus the problem of lower bounding 7'(n) becomes the problem of proving Lemma 5.2.1.

5.3 Reaching H

At time T' = (1 — n~%")n we have reached a graph Hg, on 4ng, = |V(0)] — 4(n —
nl=) = 4dp'~ (1 £ bn®) vertices, where bn® = o(1) (with ng, vertices in each
part). From now on we write py, := n~. Then in addition, we have that V5™ (H,,) =
(1£26"3p Y npg /2 and V5 ™Y (Hg,) = (14 202 p)npg: /2. Without loss of gener-
ality, we may assume that |Vt (H,,)| < V'Y (Hy). Then we obtain H from H,,
by removing a matching M, so that [V (H)| = |V Y (H)| and |VEY (H)| =
VXY (H)|. (Note that this step is only necessary when n is odd. Indeed, since 74"
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satisfies these parity requirements whp by Theorem 4.2.6, and going from 74" to Hyg,
only removes a matching, when n is even the parity requirements are not modified by
this process.) In particular, we want to take wrap-around edges with an even vertex
in X 4Y and an odd vertex in X —Y, and we need to take at most 2b'/3n edges of this
type to achieve equality. Note that, in T, choosing any vertex v € X —Y with coor-
dinate of modulus at least ty/4 there are at least ty/4 vertices in Y whose coordinate
dictates a wrap-around edge with v such that the X +Y and X —Y coordinates both
have modulus at least to/4. Half of these will use an even vertex in X + Y and an
odd vertex in X —Y. So in T every vertex v € [—tg, —to/4]X U[to/4, to]* is in at least
to/8 edges of the required type. It follows, since this is a degree-type property, that
in Hy, every such vertex is in at least (1 — 2b'/ 3)% such edges. Since this process is
only required for odd n we have that pair degrees are at most one and so the choice
of one such edge for a particular vertex in X destroys at most three choices for a
different vertex in X. Thus, since 2b'/3n < (1 — 261/3)&%5;, we may greedily choose
edges to fix the parity disparity. By restricting to edges that only contain vertices
with modulus ¢y/4 or larger, this does not affect any of the properties we maintained
during the random greedy matching process too much. In particular, following the

discussion above we are now in the position to prove Theorem 3.5.3.

Proof of Theorem 3.5.3. We start by recalling (as per Section 3.1.1) that ag = n—107"%
Per = n 07 and b = O(n*10_7). From the random greedy matching process, with
high probability we obtain H,, such that the following all hold:

(i) every T-valid subset S C V(T) satisfies

|V (Hg[S])| = (1 £ 26Y°p,1)|S|pgr,

(ii) for every v € V(H,,) and every open or closed T-valid tuple (v, S1,S2,53), we
have

|En,, (v, 51,52, 93)| = (1£26"°p %) | Er(v, S1, Sa, Ss) s,
(ili) for every i € [cgl,

(1£20"3p ") 2} (e, B,7)Ipge  if e is a bad edge,
|Z;€1ng(067ﬁ,’}/)| = O(kztlpég) lfOé:O, ﬁ: ]-7 7:37
0 otherwise.
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(1+20"3p )| 2 (o, B,7)|py if a# 0 and y =0,

O(jlkngr) lf()(I()? 6207 7:47

| zeng( ﬁ 7)’ . 12 : _ _ _
O(]Zklpgr) lfO{—O, /6_ 17 7_37
0 otherwise.

Finally, for every bad edge e,

| i,e,Hgr =0 (kitlpg) ’

(iv) |V (Hg)| = (1 £ 4b3p )|V (Hg,)| for every J € {X,Y, X +V, X —Y}. Ad-
ditionally, |VOJ}E( LS = (1 £ 4b3p,! )|VOJ;E( :[S])| for every valid layer
interval S, and J;, o € {X YV, X +Y, X —Y}.

(v) For every J € {X,Y, X +Y,X — Y} and every valid J-layer interval I’ and
vé¢J,
| By, (0, 17,0/ B)| = (1 £ 26"°p0) | Er (v, 17,0/ E) |pg,..

Then, having reached Hg,, we greedily remove a matching M,, containing at most
2b'/3n wrap-around edges avoiding I;,/4 from Hy,, as discussed above, to obtain H :=
Hy [V(Hg) \ V(Mg)]. We show that this graph satisfies the conditions of Theorem
3.5.3.

First note that the bounds listed for each property in relation to H, are upper
bounds for the same properties in H since we only removed vertices and edges. Recall
that S is T-valid if and only if S = I, or S = I, \ I;, for some i € [0,cp] and
j > 4. In particular, then, removing at most 8b/3n vertices from outside I, /4 18
affecting only 7 -valid subsets which have size O(top,,). Then for such S we have that
V(Hg[S)] = [V(H[S])| = (1 % 26Y°p,")|S|pge — 860 = (1 £ 6'/%p,;! log(n))|S|pe:-
Since ag > b'/3p, ! log(n), (i) holds.

Similarly for (ii), removing 8b'/3n vertices from outside I;,/4 could remove at
most 24b'/3n edges containing a fixed vertex v and these edges are only contain-
ing in subsets such that |Ep,, (v, S1,Ss,Ss)] = O(np],). Thus we again find that
| En, (v, 51,82, 83)] > |Eu(v,S1,82,9)| > (1£b"°p,log(n))|Er(v, S, Sa, S3) |ph
where again ag > b'/3p,*log(n), so (i) holds.

For zero-sum configurations, note that we are only interested in the changes to
configurations containing a fixed bad edge or edge of type («, 3,0); with o # 0 and
for any i € [c,]. In these cases, the removal of 8b'/®n vertices from outside Iy, /4
could remove at most O(b'/3nj;) zero-sum configurations for a bad edge e and at

most O(b'/3nt,) configurations for an edge of type («, 3,0); with a # 0 for any i. By
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Fact 3.3.5, in T, each i-bad edge is in O(j;t1) configurations and each edge of type
(o, 3,0); with o # 0 is in ©(#?) configurations for any i. Thus, as with (i) and (ii),
we get that for every bad edge e and for every edge of type (a, 3,0); with o # 0 for

any ¢ we have that

125 8,7 = (1 £ 6p P log(n)| 2, (e, B,7) par

as required. For (iv) note that this is similar to (i) though now a valid layer interval
could have size aZn, where 2b/3n vertices have been removed. Then in the worst case
we have that [V (Hy[S])] > [V (HIS)| > Vg (He[S])] — 26150 > [Vg (Hy[S])I(1 —
b3ptag?log(n)), where ag > b/*p ltag log(n), satisfying (iv).

Finally (v) follows by combining the arguments for (ii) and (iv) and noting that
o > B/pzt, g
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Chapter 6

The iterative matching process

6.1 Overview

10~ 10—25

Recall that at this stage we have ag :=n~ * and Der =N~ , and have shown
that with high probability the random greedy count leaves us with a graph H as per
Theorem 3.5.3. Until Section 6.5, we are concerned with the process starting from
H; (two steps into the vortex from H). Thus we start this chapter with a theorem
stating the key properties of H;. In fact, for the iterative matching process we consider
weighted subgraphs and so need to track properties concerning a weighted subgraph
(Hy,wy).

Recall from Section 3.1.1 that we defined 1, := 107 and ¢, := 20:{% (so that
€1 = zgpsz as in Theorem 6.1.2, with » = 4 and L = 16). We prove the following

theorem in Section 6.5.

Theorem 6.1.1. Given n is sufficiently large, there is a matching M C H such
that Hy := H \ V(M) satisfies V(Hy) C I, and Hy has an almost-perfect fractional

matching wy with the following properties:
(1) dw, m,(v) > 1=t for everyv € V(H,),

(ii) there exist absolute constants 0 < c11 < c¢12 such that for every edge e € Hy, we

have that
C11 C1,2
— <wy(e) < =,
g Sl S m

(111) there exist absolute constants 0 < c13 < c14 < 1 such that for every 1-valid
subset S C V(T) we have that

c13Sper < |V(H1[S])] < ¢1,4|S|per,
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() there exist absolute constants 0 < ¢15 < c16 < 1 such that for every open or
closed 1-valid tuple (v, Sy, Sa,S3),

c15/51Ip < |Ew, (v, S1, 52, S3)] < c16S11p5s

(v) there exist absolute constants 0 < c¢17 < c18 such that for every i € [c,] the
number of i-legal zero-sum configurations Zfe’Hl (v, B,7) containing the edge e €

Hy of type («, 8,7); with positive or negative sign respectively, satisfies

18l 2 (0, B.7) P2 if e ds a bad edge.
|Zf:—e7H1 (047677)‘ S cl,Skitlpé? ZfOé = 07 6 - ]-7 Y= 37

\ 0 otherwise.

(61,8|Zije,7’(a? /Ba 7)|pé? ZfOl 7& 0 and Y= 07

’Z-ﬁ (Oé ﬁ ’}/)‘ < Cl,8jikipé1% ZfCY = 07 ﬁ = 07 Y= 47
e, H1 o o Cl,&jikipé? ZfOé = 07 6 = 17 = 37
L0 otherwise.

Additionally, for every bad edge e,
|ZZe7H1| < 01,8]%151195-
Furthermore,

|Z;;H1 (o, B,7)| > 0177|Z;e77-(a,6,7)|pg if e is a bad edge,

and
12 (@, 8,7 = 7l 2, (o, B,0)Ipyy if @ #0 and v = 0.
(vi) [V (Hy)| = Vg Y (Hy)| and |[VETY (Hy)| = |V Y (Hy)l.

Our aim in this chapter is to cover most of the vertices of H by a matching
leaving only a small subset L* C I -5 uncovered. Recall that an additional property
required of L* is that [V (L*)| = [V Y (L*)| and |[Va Y (L*)| = |[V5 Y (L*)]. As
discussed in Section 3.5, this condition is affected by use of wrap-around edges, and
only affected when n is odd. Hence, an additional constraint on the matching we
find in H is that the number of wrap-around edges using odd-even parity matches
the number using even-odd parity in parts X + Y and X — Y. Having reached H

which does satisfy these parity requirements, as the process to reach L* only removes
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disjoint matchings, we only need to keep an eye on the parity conditions when n is
odd.

As described in Section 3.1 we plan to obtain the required matching for H over
a sequence of nested subgraphs H O Hy 2 H; O ... O H,, 2 L*, where H; C I;,.
This process involves ©(log(n)) subgraphs to reach L*. It is natural to think that one
might try to have a larger distance between vertices of the largest index in consecutive
nested intervals, however the factor ¢, ~ 0.8 needs to be sufficiently large to ensure
the process works. In particular, the process to go from H; to H;,; requires one
to find a matching to cover all vertices in V(H;) \ I;,,,. We do this in two steps:
firstly we find an ‘almost-cover’, that is, we find a matching that covers all but a o(1)
proportion of the vertices which are present in V(H;) \ I;,,,. Then we run a random
greedy algorithm to cover the vertices which still remain uncovered in V(H;) \ I, ,
after the almost-cover. To enable the random greedy algorithm to run, we need that
every vertex remaining in V' (H;) \ I;,,, is in many edges that otherwise contain only
vertices in H;[I;,,,]. Since every edge that contains a vertex of index [t| must also
contain a distinct vertex with index of order at least |t/2|, we certainly don’t want
Cvor < 1/2. Additionally, the ‘shape’ of the sets [;, is important to ensure that each
vertex in V' (H;) is in enough edges to ensure the random greedy algorithm does not
abort. There is some flexibility to be had in both the shape of I;, and the value of cyo,
which ensure that the following arguments still work, but of the other possibilities,

there is nothing to be gained by using a different choice.

6.1.1 The weight shuffle

Recall at the end of Section 3.1 we discuss the required weight shuffle, a process that
shifts weight between edges preserving the weighted degree at each vertex. As part
of the process to obtain the vortex H 2 Hy O Hy O ... O H, DO L*, we obtain
the almost-cover for V (H;) \ I,,, using a random matching tool (see Section 6.1.3 for
details), which uses a weighting w; for H;, such that w; is an almost-perfect fractional
matching for H;. As part of the strategy, we obtain the almost-perfect fractional
matching w;,; from w; for every 7 # 1. The weight shuffle intervenes in this process
once we have (Hj,w;) and turns the almost-perfect fractional matching w; for H;
into another almost-perfect fractional matching wq+ by transferring weight between
edges via zero-sum configurations of specific forms as described in detail in Section
3.3.2. The intention of the weight shuffle is to shift weight around in such a way that

the vertices closer to the centre of 7 do not get used too early on in the process.
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In particular, as we obtain disjoint edges to cover vertices remaining in I, \ I, , for
each subgraph H;, if we use too many vertices from [;; where j > 4, then by the
time we reach [;; we may have that H; is too sparse to cover vertices in Iy \It].+1
by disjoint edges, and in this case the process would fail. The weight shuffle helps
to avoid this as follows. It ensures that in our new weighting, w;«, every bad edge e
satisfies wi-(e) = 0. This means that when covering vertices in an outer interval, we
can never remove vertices too close to the centre of 7 at the same time. We start by
ensuring that all of the weight on c,-bad edges is shifted to edges of type («, 3,0),,
and (O,ﬂ,’y)cg. We define w; = w,) and let w;; denote the current weighting
on H; once the reweighting of j-bad edges for all 7 > ¢ has taken place. We shall
use i-legal zero-sum configurations to reduce the weight on the i-bad edges to 0 by
transferring the weight to the edges with the opposite sign in such configurations.
By definition of an ¢-legal zero-sum configuration, this will subsequently shift weight
from, in addition to i-bad edges, edges of type (0,1,3);, and shift the weight onto
edges of type («, 3,0); where o # 0, (0,0,4); and (0, 1,3);. Then with the updated
weighting w ;—1), we repeat the process to reduce the weight on all (i — 1)-bad edges
to 0, and continue until every edge e in H; for which there exists [ such that e contains
one vertex in K; and another in I;, \ K;_; has w;«(e) = 0, and additionally, any edge
e with a vertex inside K and a vertex outside J; also has wy«(e) = 0. The details of

the running of this process follow in Section 6.2.

6.1.2 Organisation

In Section 6.1.3, we present the key tool that we use to do the ‘almost-cover’ at
each step of the iterative matching process, a tool developed from a result of Ehard,
Glock, Joos [19] which enables us at each step ¢, when we have reached H;, to remove
a matching covering most of the vertices remaining in I, \ I;,,, in such a way as
to ensure that the remaining graph has ‘nice’ random-like properties. In Section
6.2 we describe the process to reach w;« and properties of wy« given (Hy,w;) as in
Theorem 6.1.1. In Section 6.3 we describe the details of how we shall use the random
matching tool in our setting and introduce new notions of reachability and graph
permissibility. In Section 6.4 we give details that show a general step of the process
to get from (H;,w;) to (H;y1,w;4q1) for some i € [c,] and show that the process can
continue to reach L*. Finally, in Section 6.5, we show that a process very similar to
that described in Section 6.4, but adjusted for additional parity constraints, allows

us to go from H to (Hy,w;) as in Theorem 6.1.1.
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6.1.3 The random matching tool

One of the key tools used in our iterative absorption strategy is a generalisation of
a result by Ehard, Glock and Joos [19] which enables us to find a matching with
random-like properties given an r-uniform hypergraph with particular conditions.
This generalises a result of Kahn [30] who proved a similar result, but with more

restrictive conditions on properties that could be tracked in relation to the matching.

6.1.3.1 Weighted version

For our purposes, we wish to consider a weighted r-uniform hypergraph (H,w),
where w : E(H) — R, and d,(v) = > . w(e) < 1 for every v € V(H) (so
w is also a fractional matching). We write dy,(v,u) = 3_ 5, 4 w(e) and Ay (H) :=

esv

maxyey (i) dw(v), and AP (H) := max,, uye(VE) dy(v,u). Let 0,(H) 1= mingey(m) dw(v).

Given a function p; : (V(IH)) — R>p, and a set v, € (V(H ) define

pu(vk) = n@ =Y pUTL)

o20:0e (V) ke (VDNR)

for every k < [. Furthermore, for M C E(H), we define p;(M) := Zﬁe(WM))pl(@)-
l

Also for a function ¢ : E(H) — Rxq we define ¢(M) = " ., q(e). Our key tool is

the following;:

Theorem 6.1.2. Suppose n € (0,1) and r,L € N with r > 2. Let € := 755 and
Y 1= g Then there evists Ao such that for all A > A, the following holds.
Let (H,w) be an r-uniform weighted hypergraph with w(e) > A~ for every e € H,
Su(H) > 255 and AC(H) < A7, as well as e(H) < exp(A~/Y).

Suppose that for each | € [L], we are given a set Py of l-tuple weight functions on
V(H) of size polynomial in A such that

max pl({v}) < fATE Z (V) (6.1)

veV(H v
vE( ! )

for all p; € Py, where f < %
Suppose further that Q is a set of weight functions on E(H) of size polynomial in
A such that Al
«E(H)) 2 =3 eg}Eag)q(e) (6.2)

for all g € Q.
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Then there exists a matching M in H such that

p(M)=(1+A7) > p@) ][] dulv)

oe (VD) veD
for every l € [L], and every p, € P;, and

g(M) = (1£A7) > gle)ule)

ecE(H)
for all g € Q.

We shall show in Section 6.3 that all properties we wish to keep track of (those
relating to vertex subsets, degrees and zero-sum configurations) for the general itera-
tive absorption strategy can be written as linear combinations of functions of vertices
which will satisfy (6.1). Additionally, in Section 6.5, we show that a particular edge
related parity requirement satisfies (6.2), where it is required to proceed with one of

the two initial steps of the iterative matching process.

6.1.3.2 Deriving Theorem 6.1.2

We state the theorem of Ehard, Glock and Joos [19], which is for functions on col-
lections of edges in an unweighted graph, and then give a corollary in terms of a
weighted r-graph. We then derive a version that is stated in terms of functions on
collections of vertices, and finally derive Theorem 6.1.2.

In what follows, we write A(H) for the maximum vertex degree of a graph H,
and A°(H) for the maximum pair degree. For ¢, € (E (ZH)) consisting of [ distinct
edges from E(H) we say that ¢ is a clean [-set if the edges in €; are pairwise disjoint.
We write (E(ZH))/ for the set of clean [-sets of edges in H, and for A C E(H) we
denote (E (i)\A)/ to be the set of clean k-sets € of edges in F(H) such that for every
e € &, we have eNa = () for every a € A. That is, (E(},Ig)\A), denotes the set of clean
k-sets such that every edge in a k-set is disjoint from |J,., a. In the theorem that

follows, the properties that we consider are functions of clean [-sets of edges of the
/
form q : (E(lH)) — R>o.

Theorem 6.1.3 ([19]). Suppose § € (0,1) and r,L € N with r > 2, and let € :=
§/50L2r%. Then there exists Ao such that for all A > Ay, the following holds. Let
H be an r-uniform hypergraph with A(H) < A and A®(H) < A as well as
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e(H) < exp(A€). Suppose that for each | € [L] we are given a set Q; of clean l-set
weight functions on E(H) of size at most exp(Aeg) such that

q(E(H)) > AMTEH% S 4(s (6.3)

SoT

for all g € Q; and k € [I].
Then there exists a matching M in H such that

—€

o0 = (12 57 ) B ()

for alll € [L] and q € Q.

This theorem shows that we can find matchings in hypergraphs that act similarly
to how we would expect things to look if we had picked a set of edges by choosing
each edge independently with the same probability 1/A. Whilst this result and
Theorem 6.1.2 describe the existence of a single (deterministic) matching satisfying
the conclusion for a suitably small collection of functions p and ¢, this is obtained
by proving the existence of a distribution on matchings for which each statement
holds with high probability, and taking a union bound suffices to show that such
a matching exists for which all hold simultaneously. We use this fact throughout
the proof, sometimes implicitly moving between the distribution on matchings for
which a statement holds with high probability and a fixed matching which satisfies
many statements simultaneously. We now derive an equivalent version for weighted

r-graphs.

Corollary 6.1.4. Suppose § € (0,1) and r,L € N with r > 2, and let € := ﬁ.
Then there exists Ao such that for all A > Ag, the following holds: Let (H,w) be
an r-uniform weighted hypergraph with w(e) > A™' and A®(H) < A= as well as
e(H) < exp(A</4).

Let q be a weight function on E(H) such that

146
q(E(H)) > —— A max q(e). (6.4)

—1-A" 1eeEH)

Then there is a distribution on matchings M in H such that with high probability

a0 = (1£27) Y gle)u(e).

e€FE(H)
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Proof. From (H,w) we define an unweighted multigraph H’ where V(H') = V(H)
and every edge e € F(H) appears in F(H') with multiplicity | Dw(e)|, where D =
A% First note that Dw(e) > A, and so |Dw(e)| = (1 + A™')Dw(e). In addition
A(H') = maxyev () D es, [Pw(e)] < D, and

A®(H') = max |Dw(e)] < D-A™° =Dz,
{uvte(V5") 63%;@}

Finally e(H') < De(H) < Dexp(A€/4) < exp(D/*). Now we define weight func-
tion ¢ : H — Rs¢ on the multigraph H' via ¢'(e) = g(e) for every e € H'
Note first that maxccpm) ¢(e) = maxecpm ¢'(e) and also that given ¢(E(H)) >

1A1A+51 maX.cp(x) q(e), we have that

((EH)) = Y de)= )Y a)|Du(e)]

ecE(H') e€E(H)

= (1£A™) D gle
ecE(H)

> Z q(e)D/A
e€E(H)

= DA D ale
ecE(H)

> 246 146/2

> AT maxg(e) = DT maxq'(e)

It follows from Theorem 6.1.3 with parameters ¢’ = §/2,r, L, and assuming A suffi-
ciently large, that there exists a matching M in H' such that

D—e/Q) Z q/(e)
2 D
ecH’
Furthermore, M is a matching in (H,w) and, by construction,

) 51 Dufe)] = (1227 Y gle)ule).

ecH'’ eeH ecH

Hence

g(M) = (1£A7)) qle)ule),

ecH

as claimed. O

Of course, we could have derived a weighted version that applies to all clean [-set

weight functions, however we only require the weighted edge version for one specific
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application which relates only to individual edges, rather than to sets of edges. (This
application comes up in the initial steps of the iterative matching process where parity
constraints are still an issue — see Section 6.5.5.) For most of the iterative matching
process the properties we are concerned with tracking are those of vertices rather than
edges. As such we now derive a vertex version of Theorem 6.1.3. In what follows, by
E(IH))/, and v € (V(ZH)), we write ¥ € € to mean that v is

an [-set containing exactly one vertex from each edge in e.

abuse of notation, for e € (

V(H)

Proposition 6.1.5. Suppose that H is an r-graph and p; : ( ;

) = R is a weight

function on l-sets of vertices such that

max p({v}) < FAT D" pi() (6.5)

veV(H) @E(V(ZH))
for some fized l € N and f = f(r,]) < 2%1 Then,

max p(0g) < fAT Z pu(0) (6.6)

el i
for every k € [l].

This leads us to a vertex version of Theorem 6.1.3.

Theorem 6.1.6. Suppose n € (0,1) and r, L € N with r > 2, and let € := 55755 and
Y := 5. Then there exists Ag such that for all A > A, the following holds. Let

H be an r-uniform hypergraph with A(H) < A, §(H) > AYY and A°(H) < A7
as well as e(H) < exp(A). Suppose that for some | € [L] we have p; an l-set weight
function on V(H) such that

max p({v}) < fA Y pi(D), (6.7)

veV(H
(H) oe (V)
where f < 2%1 is fized.
Then there exists a distribution on matchings M in H such that with high proba-
bility

won = (1225°) ¥ a5

ae (VD) vED
Proof. We start by fixing | € [L] and defining ¢; : (E(H)), — R via

w@) =) n(o).

veEe
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Claim 6.1.7. ¢ satisfies q(E(H)) > Ak max, sy q(ex) for all k € [I].
k

Proof of Claim. Fix e, € (E(H))/ and let vp1,...,7;,+ be an enumeration of the rk

k
different v, € €,. Then

a(er) = Z q(erUeér)
élfke(E(fI)lbéky

= > n@)

_ E(H)\é&,\’ veerpUe;_
eipe (P PSR

= Z Z Z i(Tp,i U Up—)

i€[rk] él—ke(mfi),}ék)/ U_pEe—k

S D S SErTCeIE
'LE[?" ] él,ke( H)\ek) Vi—k€el—k
< A"FF max Z (T U T—g),
T)ke(V(kH)) —re(UD)

V(H)
l

holds, we have that v = v, U v;_g, where v;_j is obtained from any v, ; € €,_j such

that e;_; € (E(ﬁ)k\é’“)/. There are at most A"F sets ¢, € (E(lli)k\é’“)/ which contain

where the last inequality holds since for a fixed v € ( ) over which the summation

such a v;_j yielding the inequality.

Furthermore, observe that

aEH) = Y p@) [[@dulw) —r(l-1)a%),

1_)€<V(ZH)) VED
since v = {wvy,v,...,u} is counted every time there is a disjoint l-set of edges
{e1,e2,...,€e;} such that v; € e;. There are dy(v;) edges containing v;, and for the

choice of (I — 1) other edges that could be in €, each one e; must contain v; but not
share a vertex with any other e;. In particular, fixing an l-set {vq,vo,...,v;} and
enumerating how many e count v, the choices for e; are those such that e; 3 v; and
e; does not contain wvs,...,v. There are at least dy(v1) — (I — 1)A° such choices
for e;. Then for each of these we can take all edges containing vy for ey except
those containing a vertex from e; or a vertex in {vs,...,v;}. Then there are at least
di(vy) — (r 4+ (I — 2))A% choices for e;. Continuing this way, there are at least
dg(v;)) — (= 1D)r+ (1 —7))A% > dy(v;) — (I — 1)rA® choices for e; for every j € [{],
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thus giving the above inequality. Then, since dg(v) > A% we have

wEH) > (A7 —r(-1Aa®) Y p@)

ve(V )

_ ri? _
Z Al(l b) (1 — An¢) Z pl(U>.

T)E(V(lH))

It follows that

AFg(e) < rFART max Z (0 U 0y—i)

vkE( k )ﬁlfke(‘;(,Hk))
PFATTEAT N (D)

ve(V()

,rkAl—n
2rt A= (1 — M_w)
ork Al=n
WQl(E(H))

1
oo @(BUD) < alB()
rt— 5L2r

IN

IN

IN

IN

q(E(H)), as required. —

using (6.7) and Proposition 6.1.5, for every k € [l]. Thus A" max, q(e;) <

So H is a graph satisfying the hypotheses of Theorem 6.1.3, and ¢; satisfies the
requirements of the theorem. It follows that there exists a distribution on matchings
M in H such that with high probability

a(M) = (1 + A_E) a(E(H))

2 Al

We have, from above, that

w(E(H)) = Z pi(v) H (du(v) —r(l = 1)A%),

e(Vim) vED

and by similar arguments it is clear that

aBEH) < Y @) [[dulv),

Q_)G(VSH)) VEV
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so, in particular, since 6(H) > A=Y

Y

(1 (12 5) )

B (&Aljrw) > w@ ][ du(v).

oe (VD) vED

awEH) = > nl@)
(")

(S]]

Now for any matching M we have that
Y m@) =Y a@+T,
oe(VG0) ee(Y)
where I' sums p; over all of the [-sets of vertices in V(M) which contain at least two

vertices from one edge e € M. This gives

T= > p@- > a@<> > pu(v2 U Di-2),

56(v(lM)) ée(fy) eeM 1—,2g675172€<v(11\4_)2\7?2)

and

~ AN I%r ~ dp(v)
Claim 6.1.8. There exists a distribution on matchings M wn H such that with high
probability
r< A\ —20Lre Z pl(@)-
ve(V)

Proof of Claim. We follow the proof of Theorem 6.1.3 from [19] which uses a result
of Alon and Yuster [2]. They find M as above by taking a random partition of the
vertex set of H into Vy,---V;, where t = AL, Write H; := H[V;]. Then each
H; is randomly (edge) partitioned into H;y,..., H;s, where s = AI=200—1+7p)Lre [y
particular, ¢ is a very small power of A, and s is such that A/s is also a very small
power of A (but larger than ¢). M is constructed as follows: each H;; is partitioned
into ¢; matchings and this dictates a partition of H; into [| jels) B matchings. Then M
is formed by, for each i € [t], independently choosing one of the partition matchings of
H; uniformly at random from all such matchings of H;. We write M = | el M;, where
M; is the matching in part V;. Then letting I'; :== > ), Zazgem_ze(”?ig\@) p(vg U
U1—2) we have that I' < 37, I'; and

Fi S m]a‘X Z HEEHU : 736,27

ecH;
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where P, 5 := Z@ge,m,ze(v“l‘@f?) (U2 U 0;_g). Furthermore,

1
E() < - > Pea

ecH;

Since the indicator variables 1.cp,; are independent, we may use Bernstein’s inequality
(Lemma 2.2.8) to bound each I'; whp. Write

Ze = ]leeHij’PeQ
for each e € H;, s0 {Z.}cen, are independent variables taking the value

7 _ P.o  with probability 1/s, and
‘o otherwise.

Furthermore, using (6.7), note that for all e,

1 _
| Ze| < Pep <1 Igggp({v}) S 5 2Am Z p().

ve(V)
It follows that
1
2 _
Z E(Z;) < gé%?f|ze| Z E(Z.) < PRy Z p(v) | E(IY).
ecH; ecH; 5€(V<ZH))

In addition we have that every v € (V(ZH )) appears in ) . #, Pe2 at most when any

of the (é) pairs from v are in an edge e € H;, and so it follows that

> Pen< (;)Al‘” > n).

e€H; EE(V(ZH))

Hence, using Bernstein’s inequality with parameter % > e(Vim) pi(0), we get that

whp

r, < E(Q)A” Y a0 Y w) < ZAS_n > »l)
(V(ZH)

S
ve(V) ve ) ve(V()

for every ¢, and so whp

tI2AL
I < > p) < AT N py (o).
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—

57, we have that

I
Now, since [, ., dHA(v > (%P) > A~

T < AfZOLTEJrMT—T Z pl('l_)) dHA(U) _ AfloLre Z pl(?_]) H dHA(U)
VED

Thus using (6.8),

5 - (+3) (s () 3 o

176(\/(;»1)) @e(wlm)

as required. 0
Finally we prove Theorem 6.1.2.

Proof of Theorem 6.1.2. By Corollary 6.1.4 we know that there exists a distribution
on matchings M in H such that the theorem holds with high probability for each
q € Q individually. The same distribution on matchings M in H is used to obtain
Theorem 6.1.6. Thus we prove the theorem by showing that whp the conclusion
of the theorem holds for any individual [ € [L] and p; € P;. We prove this via
precisely the same strategy as that for proving Corollary 6.1.4, but now appealing to
Theorem 6.1.6. In particular, from (H,w) we define an unweighted multigraph H’
where V(H') = V(H) and every edge e € E(H) appears in E(H') with multiplicity
| Dw(e) |, where D = A?. Recall, as in the proof of Corollary 6.1.4, that Dw(e) > A
yielding |Dw(e)| = (1+ A™")Dw(e), A(H') = maxyev () Y5, [ Dw(e)] < D, and

A®(H')= max Y |Dw(e)] <D -A™"=D"%
{U’U}E<V(2H)) e{u,v}

Also as in the proof of Corollary 6.1.4, e(H') < De(H) < D exp(A©/*) < exp(D/4).

In addition, we have that

S(H')> min Y |[Dw(e)| > (1 —AY)Dé,(H) > D*¥/2,
veV(H) P~

Now for a fixed [ € [L] and function p; we define weight function pj : (V(f{/)) — R
via

p(0) = pi(v)
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for every v € (V(ZH,)). Then

>o pi) > 2r'D max pi({}),

, veV(H'
ve (")

It follows from Theorem 6.1.6 with parameters 1/2,r, L, and assuming A sufficiently
large, that with high probability M in H' satisfies

—e/2 (v
on =020 S e [

3 -
ﬁe(v({{/)) VED

Furthermore, M is a distribution on matchings in (H,w) and, by construction,
L) — (1 + A=1)d,,(v). Hence

D
pM)=(1xA) > p@) ][ dulv).
EE(V(ZH)) VED
Taking a union bound yields that there exists a matching M in H such that the
conclusion holds simultaneously for polynomially many ¢ € Q and p; € P; for each

l € [L], proving the theorem. ]

6.2 The weight shuffle

In this section we describe the process to reach (Hy«, ws+), as well as listing out the
key properties of (Hy«,w;«) resulting from this process. From (Hi,w;) as given in
Theorem 6.1.1, we perform the weight shuffle as described in Section 6.1.1. We give

more details of this process in the following algorithm.

Algorithm 6.2.1.
=1, W, = wr
Initialise: i = 1, w(c,) := w1, where wc,—i+1) is an almost-perfect fractional

matching for H; such that w c,—i+1)(e) = 0 for all (¢, — j + 1)-bad edges and all

j<i.
Step 1: Find all (¢, — i + 1)-bad edges with weight w( ,—i11) # 0. For each
z € Z2 .y, transfer the weight w(z) := m, from the edges all with the

same sign as any (¢, — i + 1)-bad edge to edges with the opposite sign.
Step 2: For each (¢, — i+ 1)-bad edge e and z, € Z::}_i+17e7Hl(bad) \Z2 i
define

W(t,e,—it1)(€) — Zzezfg-m,eﬂl w(z)

|Zc—:—i+1,e,H1 (bad) \ ZCQg—H_l,Hl | 7
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and transfer the weight w(z.) from the edges all with the same sign as e to edges with
the opposite sign.

Step 3: Define w( c,—(i+1)+1) to be the weighting on H; resulting from Steps 1
and 2.

Step 4: If i = ¢4, stop. Else, take ¢ := 7+ 1 and go to Step 1.

Note that if all edges retain non-negative weight throughout, then since our al-
gorithm keeps the same total weight at each vertex after every iteration, and w; is
an almost-perfect fractional matching for H;, the new weighting must also be an
almost-perfect fractional matching for H;.

An added complication of the process described above which motivates the defi-
nition for ZZ?, m, and which prevents us from dividing the weight for each i-bad edge
e evenly among all i-legal zero-sum configurations (and instead leads us to use a two
step process to divide up the weight) is that some i-legal zero-sum configurations
contain more than one i-bad edge, and so we cannot ensure that the weight on all
1-bad edges is simultaneously reduced to precisely 0 in a straightforward manner. One
alternative would be to define i-legal zero-sum configurations only to include those
with exactly one ¢-bad edge. The issue with this strategy is that our algorithm, as
well as reducing the weight on ¢-bad edges to 0, substantially increases the weight on
edges of types («, 3,0); with a # 0. If we restricted i-legal zero-sum configurations
only to include those with exactly one i-bad edge, the only edges of type («, f3,0);
which would gain a substantial increase in weight would be those of type (1,3,0);,
and the weight on an edge e of type («, 3,0); with a > 2 would remain very close
to wi(e) in the reweighting process. Whilst such a discrepancy would not necessarily
be an issue, it is more straightforward to manage the subsequent arguments in the
iterative matching process if we are able to ensure that all edges with vertices spread
between two adjacent sections K; and K;,; for some i all have weight of the same
order, which is what Algorithm 6.2.1 will achieve.

Given wy«, we define Hy« to be the graph with vertex set V(H;+) = V(H;) and
edge set E(Hy+) = {e € E(H;) : wy+(e) # 0}. That is, H;~ C H; on the same vertex
set, with all edges removed from H; which have weight 0 according to the weight
function wi-. Before stating the properties that (Hi«,w;«) will have resulting from
running Algorithm 6.2.1 (where, by slight abuse, ws+ is, in this context, considered
restricted to the edges of Hi+), we introduce some additional notation in terms of a
general graph H;, since this will be useful for describing properties that we wish to

track in subsequent steps, as well as for describing key properties of (Hj«,w;+). The
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motivation for these definitions is to give a sensible restriction to the definitions of
valid subsets, pairs and tuples based on the weight shuffle. In particular, since the
weight shuffle will reduce the weight on all i-bad edges to 0, (or equivalently we shall
think of any edge that has weight 0 as a non-edge, and so we eliminate all i-bad
edges), it follows that a vertex v € K; \ K, is only in edges completely contained
in K; 1 UK,; UK, ;. We have two stages of terminology to deal with this. Firstly,
permissibility will allow us a sensible restriction of properties of valid sets, pairs and
tuples now that many pairs and tuples which are valid in H; would no longer be
valid in Hy«. Secondly, reachability (see Definition 6.3.2) will restrict the notion of
permissibility to sets, pairs and tuples which can be affected at a certain step of the
iterative matching process. We remind the reader that the definitions for ‘valid’ sets

can be found in Section 3.4.

Definition 6.2.2 (Depth). We say that H; has depth j if V(H;) C K,;_; but V(H;) €
K;. We say that v has depth j if v € K;_1 \ K;, and S C V(T) has depth j if
S Q Kj_g \ Kj and SﬂKj_l 7é @

Note that V(Hy«) € K4 and V(Hy+) € Ky, so Hy« has depth 0. Furthermore,
recall that for every j € [c,] there exists ¢ € [¢] such that I;, = K (recalling Set-up
3.1.1 and how ¢y, was defined such that loelog(n) 5o ap integer). As a result this will

log(cvor)
give that H; and V(H;) have the same depth.

Definition 6.2.3 (Permissible sets). We say that (v,.S) is a closed i-permissible pair
if (v, S) is a closed i-valid pair and there exists [ € [0, ¢,] such that v has depth [ and
V(Er(v,S,S,8)) C K 5\ K;41. We also say that (v, S) is an open i-permissible pair
if (v, .S) is an open i-valid pair and there exists { € [0, ¢,] such that v has depth [ and
V(E7r(v,S,%,%)) C K;_o \ K;41. We say that something is permissible if there exists

i € [0, ¢p) such that it is é-permissible.

Note that for (v,S) a permissible pair, by nature of (v,.S) being an i-valid pair,
we implicitly have that v € I, and S C [}, and, since v has depth [, v € K;_; \ K
and in Hy« all edges containing v are in K; o \ K 1.

Using the properties of (Hy, w;) as given in Theorem 6.1.1, we show that Algorithm
6.2.1 does not abort prematurely and leads to (Hi«,w+) with properties as listed in

the following theorem:

Theorem 6.2.4. From running Algorithm 6.2.1 we obtain the weighting wy- := w ),

which is an almost-perfect fractional matching for Hy and Hy«, (such that E(Hi+)
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does not contain any bad edges and all edges which are not bad in Hy are contained

in E(Hi+)), with the following properties:
(i) dy,. . () > 1=t for every v e V(H),

(i3) there exist absolute constants 0 < ci; < ¢}, such that for every i € [cg] and
every edge e; of type (o, 3,0); with o # 0,
C>1k,1

pgrki log(n)

*
C1,2

<wis(e) < —————
> Wy (62) pgrkz log(n)’

and edges e in Hy with all vertices outside Ky satisfy

*
C
1,1
pgrl pgrl

(111) for every 1-valid subset S C T we have that |V (Hy+[S])| = |V (H1[S])],

(iv) for every open or closed 1-permissible pair (v,S) (given by a tuple (v,S,S,S)
or (v, 8, %, %)), we have that |Ey,. (v, S)| = |Ex, (v, 5)].

Theorem 6.2.4 confirms that Algorithm 6.2.1 not only reduces the weight on all
bad edges to 0, but also shows that no other edges in H; have their weight reduced
to 0, and more specifically gives a fairly precise window for the weight of each type
of edge. (Note that an edge of type (0,4,0); is an edge of type (4,0,0);11, so every
type of edge really is considered by Theorem 6.2.4.) Furthermore, note that Theorem
6.2.4(iii) and (iv) are both trivial consequences of the definition of Hy-. We leave
them in the statement of the theorem as we shall have results in subsequent sections
that follow a similar shape to that of Theorem 6.2.4, but where the conditions on the
size of vertex subsets and degree-type properties are not a trivial consequence in the
same way they are here. We describe the process of Algorithm 6.2.1 inductively to
deduce that it does not abort prematurely, and produces a weighting w,- satisfying
the claims of Theorem 6.2.4.

In preparation for the proof of Theorem 6.2.4, recalling Fact 3.3.5 about zero-sum

configurations in 7", we state the following corollary about these configurations in H;.
Corollary 6.2.5. For every i € [cy] the following hold:

O (jitlpg) if e is a bad edge,
|Zi—j_e,H1 (Oé, Ba 7)‘ = ) (kztlpé?) ZfO{ - 07 6 = 1; and Y= 3a
0 otherwise.
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© (3ps2) if a # 0 and v =0,
O(]l/ﬁpgr) ifa=0,5=0,andc=4
@) (jik:ipéf) ifa=0,5=1, and v =3,

0 otherwise.

‘ zeHl( BV)|

Finally, for every bad edge e,
Z2 = O (kitip,y) .
Proof. The statement follows immediately from Fact 3.3.5 and Theorem 6.1.1 (v). O

Unpacking Algorithm 6.2.1, note that the i** iteration of the algorithm shifts
weight from only those edges which are (¢, — ¢ + 1)-bad or of type (0,1,3)¢,—it1.
Observe that (¢, — ¢ + 1)-bad edges are then not touched in any further iterations
of the algorithm, and edges of type (0,1,3).,—i+1 are only considered in one more
iteration. In particular, edges of type (0,1,3),—i+1 are of type (1,3, 7)c,—i, and by
nature of having a vertex in K., _; are no longer in play after step i+1 of the algorithm
(since by definition they are not of type (o, 3,7), for any combination of a, 3,y with
Jj < ¢g —1). Thus when considered this last time, they are either (¢, — ¢)-bad, in
which case their weight is reduced to 0 in the ¢ + 1 iteration of the algorithm, or
they are of type (1,3,0).,—; in which case they gain weight. The key point here is
that any edge can only lose weight in at most two steps of the process, and in a
step where this is not reducing the weight on a bad edge to 0 (which can be at most
one of the two steps), we’ll show that the edge e loses weight at most O (W)
Thus, since until this point the edge only gains weight or remains at weight w;(e)
as a result of previous iterations of the algorithm, we have that it retains weight at
least wy(e)(1 — O(log™'(n))) before becoming either a bad edge in the next step, or
an edge of type (1,3,0), and so in particular the algorithm never aborts due to the
weight on an edge becoming negative.

As per Steps 1 and 2 of Algorithm 6.2.1, for each z € Zng, we define

1
pgrjth’

w(z) =
and for each i-bad edge e and z, € Z, ;; (bad) \ 27y, , we define

wap(e) = ez, W(2)

i,e,Hq

|Zz+eH1 (bad) \ ZiZ,Hl |

w(ze) ==

The following proposition about the weight transferred over legal zero-sum configu-

rations will be useful in proving the induction step.

113



Proposition 6.2.6. Suppose we have reached iteration i of Algorithm 6.2.1 (where
we transfer weight from all (¢, — i+ 1)-bad edges in H, ), and we have that for every
(cg —i+1)-bad edge e,

wi(e)(1 = O(log™ (1)) < Wy se1)(€) < wi(e) + Z o (" ;;”) 09

Then every (cy — i + 1)-legal zero-sum configuration z € Z.,_i1,m, carries a weight

1
w(z) = © (—) .
P e, i1ty

Proof. 1t is clear by construction that this is the case for z € ZC2 _ir1.m,- Consider

(bad).

First note that ¢ < ¢, and hence for every iteration we have that Z; 110 ( cg J+1> <

pgrtz =

O <Cgk2>. Since ¢, = [—0 99999 log(f1 1, and ko = —1ogt31(n)’ we get Z’ 1 O( cg— 7+1> _

Pty log log(n) PRt

w(z) satisfying

. . +
now a (¢ — ¢t + 1)-bad edge e, i1, and a configuration z € Z__, , ogis1H1

1
p2,t1log? (n) loglog(n)

w(l,cg7i+1)(€cg—i+1) = (1 +0 (log_l(n))) wl(ecg—i+1)~

>, and in particular that

Note that by Corollary 6.2.5 and Theorem 6.1.1 we have that

1
Y @ = 0t o)

22 pngCg_Z+1t1
z€ cg—itlecy —jy1,H1

= 0 (o) = Oun(eoron) og™ (o).

Pt log(n)

It follows, again using Corollary 6.2.5, as well as the assumption on w(lvcg_iﬂ)(ecg_iﬂ)
for each (¢, — i + 1)-bad edge above, that

W1, cy—it1 (€cy—it1) — Zz€Z2 Citlee, ip1.Hr w(z)
w(z) = 23 ittee, prmn (Pad) \ 22 0 |
-
pgrtl pgr]cq —i+1l1
1
- @<pj—t)
as required. -

We now consider w; ., for every ¢ € [cq)-
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Lemma 6.2.7. For every i € [cy] the following holds:
(i) wa,e,—iy(e) = 0 for every l-bad edge e, where | > ¢, — 1,

(ii) Wi e,—i(e) = O <m> for every edge e of type («, 5,0); with « # 0 and
[ >cy—1,

(iii) wi(e)(1 — O(log™"(n))) < wiie,—i(e) < wi(e) + ZZ $ 0 < th5> for every edge
e of type (a, B,7)e,—i with a # 0,

(i) wi(€) < Wiy y(€) < wile)+ 52 O (5374 ) Jor every edge e of type (0,8,7)e, -

Before proving the lemma, notice that every edge type is considered. In particular
for any i € [c,], and for any edge e € Hy, either e is of type (a, 3,7).,—i, for some
combination of «, 3,7 so that it is considered in statements (iii) and (iv), or it has at
least one vertex in K., _;;1, in which case it is of type (a, 3,v); for some | > ¢, —i

and with « # 0, and then it is considered in either statement (i) or (ii).

Proof. We prove this lemma by induction. Note that the base case, ¢ = 1 is obtained
from running the first iteration of Algorithm 6.2.1. By construction, running Algo-
rithm 6.2.1 reduces the weight on all ¢,-bad edges to 0, so (i) holds. Additionally,
every cg-bad edge satisfies (6.9), so by Proposition 6.2.6 every zero-sum configura-
tion over which weight is transferred in the first iteration of the algorithm carries
weight © <W> Apart from bad edges, whose weight is reduced to precisely
0, the only edges to lose weight are those of type (0,1,3).,. By Corollary 6.2.5,
it follows that such an edge loses weight at most O (iﬁjlf %;) = 0 (}W) =
O (wi(e)log™'(n)). Edges that gain weight are those of types (a, 3,0)., with o # 0,
(0,1,3)., and (0,0,4).,, and all other edges retain weight w.,) = w;. By Corol-

lary 6.2.5, we get that every edge e of type (a,3,0)., with a@ # 0 obtains weight
we,—1(€) = wy(e) + O (W) =0 (m)’ so (ii) holds. Similarly, an edge
e of type (0,0,4)., satisfies w,,_1(e) = wi(e) + O ( 5 t2>’ and we have that an edge

e of type (0,1,3),, satisfies w;(e)(1 — O(log™ " (n)) < w,—1(e) < wi(e) + O <p];6‘;2)'
grv1
Then note that every edge of type (a, 3,7)c,—1 with a # 0 is of type (0, 3,7)., with

B # 0. We saw above that (iii) holds for all such edges. Finally, every edge of type
(0, 8,7)¢,—1 is an edge of type (0,0,4)., so (iv) holds. Having proved the lemma true
for i = 1 it is not difficult to extend to all i € [¢,]. Indeed, suppose the lemma is true

for all + < ¢* for some i* < ¢, — 1. So
(i) w(1,c,~iv)(€) = 0 for every I-bad edge e, where [ > ¢, — i,
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(i) w,e,—iv)(e) =© (W) for e of type («, 3,0); with o # 0 and [ > ¢, — i,

> for e of type

(iii) wi(e)(1 — O(log™"(n))) < W e,—iy(e) < wi(e) + ZZ 50 <
(Oé, 6a’7)cg—i* with o 7é 07

() 01(0) < w1, -0(0) < wr(e) + 555 0 (5

gr

#) for e of type (0, 8,7, i+

Now to reach w( c,—(i++1)) We again run one iteration of Algorithm 6.2.1. By as-
sumption, we have that all (¢, — i*)-bad edges satisfy (6.9) and so by Proposition
6.2.6 every zero-sum configuration used to transfer weight over the iteration has
weight © <m> Note that running the iteration of Algorithm 6.2.1 to get from
W(1,c,—i*) 1O W(1,c,—(i++1)) leaves edges of type (a,3,7); with o # 0 and i > ¢, —
undisturbed. Furthermore, the iteration, by construction, attains w c,—(++1)) SO
that every (c, —i*)-bad edge e has weight w(; ¢, —@<11))(e) = 0, so (i) holds for i* + 1.
Additionally, by Corollary 6.2.5, edges of type (a, 3,0),—;- with a # 0 gain weight
S <pgk+> in this step of the algorithm. Before running the iteration, by in-

Tokey = log(n)

duction such an edge e satisfies (iii), where Z’ o (Z;’%) = o(wy(e)). So after run-
gr”l

ning the iteration we get that w c,— 41y (e) = (1£0(1))w,(e) +© (W) —

S) (W)for every edge of type (a,3,0)c,—s, so (ii) holds. To see (iii) and
griveg —i

(iv), note that every edge e of type (a, 8,7)c,~(i*+1) is of type (0, 3,7)c,—i-, and so

by induction wi(e) < we,—isy(€) < wi(e) + ZZ o ( ;gt2]> In running the itera-

tion of the algorithm, again using Corollary 6.2.5, such an edge gains weight at most

O <kp§;% >, so the upper bounds for (iii) and (iv) are satisfied. Finally to see the lower
bounds, note that e could only have lost weight if it is of type (0,1,3).,—s+. Such an
edge is of type (1,3,7)c,—(i*+1), 50 (iv) holds. Also, such an edge e loses weight at
most O(wi(e)log™'(n)), and since it was of type (0, 3,7)c,—i+, by induction (iii) also
holds, completing the proof. O

In particular, Lemma 6.2.7 tells us that Algorithm 6.2.1 completes. Indeed, by
construction it could only fail if at some iteration we caused some edges to have
negative weight, as then the new weighting would not be an almost-perfect fractional

matching for H;. Furthermore, taking w;- := w( ), we have from Lemma 6.2.7 that

0 for every [-bad edge e, where [ > 0,
for every edge e of type («, 3,0),
where o #£ 0 and [ > 0,

wi(e) (1 £0(1))) for every edge e of type (0, 3,7)1.

© (p3. ky }og(n))
weo)(e) = B (6.10)

116



It remains to prove Theorem 6.2.4 which follows almost immediately.

Proof of Theorem 6.2.4. Assuming Theorem 6.1.1, we have by construction of Algo-
rithm 6.2.1, and observing from Lemma 6.2.7 and the discussion following it, that the
Algorithm does not abort, and it follows immediately that (i), (iii) and (iv) all hold.
By (6.10), which considers every edge in H;, we have immediately that (ii) holds, as
required. ]

Having proved Theorem 6.2.4, we note the following corollary that will be useful

to note for the remainder of the iterative matching process.

Corollary 6.2.8. For every j € [c] and every v € Hy+ (I ],

w1*(EH1* (U;]tj+1)) — @(1) < 1
wl*(EHl* (U,It].)) -
wi(Ep . (v, ItJJrl))

wix (Bpy . (v, 1))
w1 * (EH * (’U,It. ))
Epn,.(v,I,). Suppose that I;, has depth [. If v € K1, then wl*(E}lll*(Uj;)l) = 1.

Suppose v € K; \ Kj;;1. Then every edge in Hj- containing v has weight either

Proof. That < 1 follows trivially from the fact that Ep,. (v, I,,,) C

O (W) or © <m>, and every edge containing v in H-[/;,] which is not

in Hy-[1I,,] has weight © (W) <0 (zm)' We know from Theorems
6.1.1 and 6.2.4 that there are O (t;p2,) such edges, and that there are O (t;11p,)
edges containing v in Hy-[[;, ,]. Thus since each edge in Hy-[[;, ] has weight at least

of the same order as those with a vertex in I;; \ I;;,,, the claim holds.

i1
It remains to consider v € K;_1\ K;. Then, in Hy-[I;,], every edge containing v has
. . 1 1

weight either © (W) or © (W) and those with weight © (W)

are all included in the numerator. The argument follows through in the same way as

for the previous case. O

6.3 Using Theorem 6.1.2

In this section we shall describe the graphs for which we wish to use Theorem 6.1.2,
and show that all the properties we wish to track in such a graph can be described as
linear combinations of functions satisfying (6.1). We shall then see in the subsequent
sections that each graph to which we wish to apply Theorem 6.1.2 satisfies the neces-
sary hypotheses. For H and then for each i € [0, ¢;,] we wish to use Theorem 6.1.2 on
a weighted subgraph (H?, wy) of (H;, w;), in such a way as to obtain a matching M?,
and show that H;[V (H;) \ V(M?)] has ‘nice’ properties with regard to valid subsets
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of V(T), as well as degree-type and zero-sum configuration conditions. We are only
required to keep track of zero-sum configurations until we reach (Hy,w;), as these are

only required for the weight shuffle.

6.3.1 Key properties as functions

As seen in the list of properties given for (H;,w;) in Theorem 6.1.1, the properties we
are keen to track are those relating to numbers of vertices in given subsets of V (T),
degree-type conditions, and initially also zero-sum configurations.

In this section we describe the functions and how they will be useful, assuming
that they satisfy (6.1). In the section that follows we show that, given that a graph
(H;,w;) satisfies various properties, the functions relating to the properties we wish
to track in (H;,w;) do indeed satisfy (6.1).

6.3.1.1 Number of vertices and weighted functions on vertices remaining
in an interval

For a fixed (hyper)graph G C T, a subset S C V(T), and for some weight function
[ :V(G) = Rxg, let ps : V(G) — Ry be given by pg(v) := f(v)Lyev(ars)- Note that
we suppress f in our notation, but wherever used, f will be clear from the context.
Then for a matching M, ps(M) = >, cy(ur) Ps(v) yields the sum of the weights f(v)
on vertices in V(G[S]) which are in V(M). In particular, for f =1 (i.e. f(v) =
for every v € V(Q)), ps(M) counts the number of vertices in V(G[S]) which are in
M. Hence, the weight f on vertices remaining in S after removing V(M) from G
is > ,evas) f(v) — ps(M) and in particular the number of vertices remaining in S
after removing V(M) from G is |V (G[S])| — ps(M).

Given that pg satisfies (6.1) we get from Theorem 6.1.2 that there exists a matching
M in G such that

ps(M)=(1£A7) Y ps()duav) = 1A S f0)duc(v). (6.11)

veV(Q) veV (G[S])

It follows that the weight remaining in V(G[S]) once M is removed is

> fw) = Y f0)(A=duc®)EA > fw)dyelv), (6.12)

veV (G[S]) veV (G[S]) VeV (G[S))

and in particular that the number of vertices remaining in V(G[S]) is

V(GISD —ps(M) = >~ (1 —dug(v) £A Z dwc (6.13)

veV(G[S]) veV (G

118



6.3.1.2 Degree-type properties

Let G C T, S1,5,5; CV(T) and v € V(G). For a function f, : E(G) — Rxq such
that f,(e) = 0 if v & e, we describe fu(Eg(v, S1,52,55)) = Y ccpu(v.s:.50.55) Jo(€)
in terms of functions on vertices of G. In particular taking f, = 1, we’ll describe
|Ec(v, S1,52,53)| in terms of functions on vertices of G. Given f, : E(G) — Rxq, we
let £, : (V§)) = Rso be defined by

fv(ﬂ) — {Zeg{v}uu fy(e) for v ¢ ﬂ,’

0 otherwise.

Note that when n is odd, or G C TI,] for any n, 3.5y, fo(€) sums over only one
edge, since these graphs have maximum pair-degree 1. In the remaining case (when
n is even and G Z T[1,]), the maximum pair-degree is 2.

Now we define the following function on V(G):

(1) (u) := follul)luuiceerowsi,s2.500) - for v # u,
q(G7v7517527S3) T 0 fOI‘ V= 1U.

Then for a matching M in G, qélG)yv, S1.50.55) (V (M) certainly includes the weight
for each edge e € Eg(v,S1, S2,53) such that v € e and (e \ {v}) NV (M) # 0, but for
such an edge {v, u,w,z}, if both v and w are in M, then the weight on the edge will
be counted twice. Hence this function alone does not allow us to count precisely how
the degree of a vertex into a particular subgraph of G relates to M, and we need to
modify for over-counting. Thus we define more generally

q(l) (@) = Jo(W) LiautuiCec B (v,91,92,55))  for v & @,
(G,51,92,55) 0 for v € @,
for [ € [3]. Note that for every G C T, even when n is even, the degree of any set of

3 vertices in V(G) is at most one. Then considering

M @) V(M) 3 V(M)
UG0.50.90.5) V(M) = 4G 5,.9,.5) (( 9 t 4G ,51,52.5) 3 :

for some v ¢ V(M), the weight of each edge e € Eg(v,S1, S, S3) which intersects
V(M) in more than one vertex is only counted once by the linear combination of
functions. This yields that for v ¢ V(M)

Jo(Eav@nvon (v, S1,82,93)) = fo(Eaq(v, Si, S, S3))—
1 > V(M) 3 V(M)
<q((G),U751,52753)(V(M>> o qEG),v,Sl,Sis) (( ) + q((G)MSl,SLSS) 3 )
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From now on, when it is arbitrary or clear from the context, we write ¢ in place of

O]
4G w,51,5,85)"

Proposition 6.3.1. Suppose that G and ¢V, ¢, ¢®) all satisfy the hypotheses of
Theorem 6.1.2 whp. Then

fv(EG[V(G)\V(M)] (v, 51,82,83)) = Z fu(e) H (1 —dwc(u))

e€Eq(v,51,52,53) u€e\{v}

+t0| A max dw.c(u) Z fo(e)

uEU Eg(v,sl,SQ,Sg)\{U} € By (1.51,52,55)
Proof. We have that
fv(EG[V(G)\V(M)](U; S1, Sa, 53)) = fv(EG(Ua S1, Sa, 53)) - (q(l) - Q(Q) + q(g))-

By Theorem 6.1.2, we have that

q@((V(ZM))) (14A Z 4O) [ duclw)

for every [ € [3]. We claim that

>, fle) I (-duew) = f(Ea(v, S1,5,85))— > ¢ (w)dya(w)

eeEg(’U,Sl,SQ,Sg) uEe\{v} uEV G)
+ > PO [[duc - > @) ][[ducw). (6.14)
{E}E(V(QG)) UED ﬁe(V(SG)) UED

Indeed, consider an edge {v,u,w,z} € Eg(v,S1,52,53). It contributes f,(e)(1 —
dwc(uw)(1 —dya(w))(l —dye(z)) to the LHS. To the RHS it contributes f,(e)(1 —
(dy.c(u) +dyc(w)+dyc(z))+ (dyc(u)dya(w) +dyc(w)dyc(z) + dyc(w)dy a(x)) —
(U)o (1) (2)) = fu(€) (1 = oy (1)) (1 = duy (1)) (1 ~ duy (). Furthermore,
there are no contributions to either the LHS or the RHS other than these. It follows
that

F(Eaw@nvion (v, S1, 52, 53)) = (f(EG<v7sl,sg,sg>>

> V@) [Jduew+ Y P@) [[dwew) - q<3)<@)Hdw,G(u))

eV (G) u€y f;e(V(QG)) UED 1—,6(V(3G)) u€w
iA*( Y O@dec)t Y @) [[ducw+ S q<3>(@)Hdw,G(u)),
ueV(G) ,L_)e(v(Qc;)) UED Be v(gc;)) UED



which by (6.14) gives

fo(Ecvenwvan (v, S, S, S3)) = > fole) T (1= due(w)

e€Eg(v,51,52,53) uece\{v}
AT Y Dwdecw)+ Y @) [[duc@ + Y ¢¥@) []ducu)
ueV(G) 5€(V<2G>) u€D @e(vgc)) u€D

Noting that ¢ (%) [,cs dw,c(w) is only non-zero for O(|Eg(v, S1,S2, S3)|) elements
GBS (V(IG)) for every [ € [3] and that d, ¢(u) < 1 for every u € V(G) completes the
proof. u

6.3.1.3 Number of zero-sum configurations

We wish to run counts on specific types of zero-sum configuration for the weight
shuffle. Now, just as with degree-type properties, where we were interested in counting
the number of edges relating in some way to specific subsets of the vertex set, we shall

wish to do the same for zero-sum configurations containing some fixed edge e. Define

oy Ligcr  forone =10,
félj)[ (T)) = Zzezi,e,c(aﬁﬁ) {vCz}
i,e,G(O‘:Bv’Y) O OtherWISe,

for [ € [12], so that fél)i

i,e,G

V(ZG)) and e, where v is disjoint from e. Note that a zero-sum

configuration contains 12 vertices other than those in the given edge e so, given a

(@B) () considers zero-sum configurations in Z- ,(«, 3,7)

which contain v € (

matching M such that eNV (M) = (), counting the number of zero-sum configurations
from Zf&G(a, B,7) remaining in G \ V(M) is an inclusion-exclusion sum over 12
different tuples. Following the strategy used in Section 6.3.1.2 to get counts for
degree-type properties, and assuming that (6.1) is satisfied for all twelve functions,

we obtain that

‘Zz’:f:e,G[V(G’)\V(M)]<O‘7 B,7)| = Z H (1= dupc(u))

+
2€ZE (a,B) ues\e

+0 (A€|Z5&G(a,ﬁ,7)| max )de(u)) )

UEU Zij’:e,G(a7ﬁ7’y

6.3.2 Reachability

Recall from Section 6.2, just above Theorem 6.2.4, the notion of open and closed

permissible pairs and tuples, a restriction of open and closed valid pairs and tuples.
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A key aspect of our strategy and the vortex of nested subgraphs to reach L* relies on,
at step 7, being able to obtain a matching that ensures that every vertex outside Iy, ,
has been matched. In the process of doing this we shall also inevitably match some
vertices from within [;,,,. However, having reached (Hi«,ws-), in any subgraph of
Hy+[IL,] (for some ), in order to match all vertices outside I,,,, given that T[/;,] has
depth j, it follows that we do not need to use any vertices inside K;,;. In particular,
any edge that uses vertices inside K;;; will not be covering any vertices outside Iy, ,
in Hy«. Since we are trying to preserve vertices closer to the centre of 7 for as long as
possible, it would be a waste to remove an edge containing a vertex inside K;;; at a
step in the process focused on matching vertices outside I;,, . As such, our algorithm
to progress through the vortex of nested subgraphs will ensure that such edges are not
picked up in the matching that moves the process from I, to I;,,,. To deal with this
more concisely, we introduce the notion of reachability. This notion is more complex
than just covering whether a vertex is in an edge that might be useful at a particular
step of the vortex, and extends to vertices that might have degree-type properties

affected by edges that can be useful at a particular step.

Definition 6.3.2 (Reachable vertices and edges). We say that a vertex v is i-
reachable if v € Hy-[I;;] and there exist e, f € Hy-[1;,] such that e N Iy, \ I,,, # 0,
fNe#0and f > v. Similarly we say that an edge f is i-reachable, if f € Hy«[I},]
and there exists e € Hy«[I;;] such that eN I, \ I,,, # 0 and fNe # 0.

That is, a vertex v is i-reachable if and only if it is feasible that the process to go
from I, to I, , might affect the degree of v and an edge f is i-reachable if and only if
matching edges assigned in the process to go from I, to I;, , might then mean that f
is not present in the subgraph induced on vertices remaining once the vertices of the
matching are removed. In particular, a vertex v is i-reachable if and only if v is in an
i-reachable edge. Note that if Hi«[[;;] has depth j, then every vertex in Kj o is not
i-reachable. That is, all edges sharing a vertex with a vertex in Ko are contained
in K1, and since Hy-[I;,] has depth j, every edge containing a vertex in Iy, \ I, ,
must have a vertex in K;_; \ K, and so only reaches into K \ K. It follows that
edges that are i-reachable have all vertices outside K.

Extending the notion of reachability further, we define reachable sets. We want
to consider sets which might lose vertices in step ¢ of the iterative matching process.
Additionally we define open and closed i-reachable pairs where the motivation here
is to distinguish pairs (v, S) where step i of the iterative matching process will affect

the degree-type properties of v relating to H; and S.
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Definition 6.3.3 (Reachable sets). Given that H;:[I;,] has depth j, we say that a
subset S C V(T) is i-reachable if S C I, is i-valid and S C K;_; \ K;41. We also say
that (v,S) is a closed i-reachable pair if (v, S) is a closed i-valid pair, such that v is
i-reachable, S C I, and, if v has depth j or j+1, then SN (I}, \ K;41) # 0, and if v has
depth j+2 then SN(K;\ K1) # 0. Similarly, we say that (v, S) is an open i-reachable
pair if (v, S) is an open i-valid pair, such that v is i-reachable, | J Ey,. (v, S, %, %) C I,
and, if v has depth j or j+1, then ({J Ep,. (v, S, *,%)) N (I}, \ Kj41) # 0, and if v has
depth j + 2, then (| En,. (v, S, %, %)) N (K; \ Kj+1) # 0.

Note that for most values of i € [¢;], what is i-reachable is a subset of what is
(i — 1)-reachable; this only fails when 7[I;,_,] has depth j, and T[I;,] has depth j+ 1,
in which case i-reachability extends to vertices at a depth one below that to which
(¢ — 1)-reachability extends.

We now extend the notion of permissible pairs and tuples to weighted subgraphs

of (Hy«,ws+). First let 6~ := min,cv(m,.) %, and 0. = 0~ /2.

Definition 6.3.4 (). We define §, := min { min, e Bty 0 11i41) , 01 }

chl Twix (Eryx (0,11;))

Then we have by Corollary 6.2.8 that 0 < ¢, < 1 is ©(1). We now fix some

absolute constants.

Definition 6.3.5 (ll,ZQ,lg,l4,Cl,CQ,03>. Let ll = 10, lg = 3, l3 = 7 and l4 =

80 log (%) We use this notation for powers of logs to clarify the source of various

terms in subsequent calculations. We also fix absolute constants ¢; := 617’1, Cy = C1a
and c3 := max{1,2c; s} (where ¢, is an absolute constant defined in Theorem 6.2.4

and ¢; 4 and ¢; ¢ are absolute constants defined in Theorem 6.1.1).

We now come to the key definition for the remainder of this chapter.

Definition 6.3.6 (Graph permissibility). Suppose that T[] has depth j. We say
that a weighted subgraph (G, w) is i-permissible if the following all hold:

(P1) G C Hi-[1,],
(P2) for every v € V(G) which is (i — 1)-reachable
1> dy(v) > 1—log"(n)t; <,
and if v is not (i — 1)-reachable, then

dW,G(U) = dwl*le* (U)
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(P3) for every edge e € G which is (i — 1)-reachable,

log" (n)
Pt

C1

— < w(e) <
Pt log®(n) — (e) =

Y

and every edge e € G which is not (i — 1)-reachable satisfies w(e) = wy+(e).
(P4) for every i-valid subset S which is (i — 1)-reachable,

|S|pgr
log"(n)

and for every i-valid subset S C K11, |V(G[S])| = |V (H1+[5])]-

< V(GIS])] < e2|S|pgr,

(P5) for every open or closed (i — 1)-reachable tuple (v,Si, Ss,S3) which is an i-
permissible tuple, we have that

|51 ngr

log" (n)

< ‘EG(UasbSQaS?))’ < 03’51‘p2r7

and for every open or closed i-permissible tuple (v, Sy, Sa, S3) with [J{e \ {v} :
e € Er(v,81,52,93)} C Kji1, we have |Eg (v, S1, 52, 83)| = [En,. (v, S1, 92, 93)|.

We now show that Theorem 6.2.4 implies that (Hi«,wq«) is 1-permissible. First

we define the following.

Definition 6.3.7 (¢, 0a, cow, cc). Let (G,w) be i-permissible such that w is an
1)), and let
) 0cv. We define cg, so that d,, q(v) =1 —cg, for all v € V(G),

and let cg 1= max, cg .

almost-perfect fractional matching for G. We define d¢, = w(Eg(v, I;

0G = Miyev(G[r,, ,]

Lemma 6.3.8. (H;-,w;+) is 1-permissible, and in particular we have that ¢y, < 7,

and there exist constants 6= > 0 such that
51_* S W1 (EHl* (U, [t2)) S 51’;

Proof. We consider the properties of (Hj«,ws+) given in the statement of Theorem
6.2.4 to deduce the lemma. First note that 6.2.4(i) tells us immediately that cp,. <
t7, and in particular implies that (P2) holds. It is also clear that (P1) holds.
(P3) holds by Theorem 6.2.4(ii) and (P4) holds by Theorem 6.2.4(iii) and Theorem
6.1.1(iii). Similarly, (P5) holds by Theorem 6.2.4(iv) and Theorem 6.1.1(iv).
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Finally we consider dy,. , := wi+(Ep,. (v, 1;,)). By Corollary 6.2.8 we have that
there exist constants 6* > 0 such that 6= < wre (B, (010)) < ¢*. Furthermore,

Wy* (EHl* (U7It1))
1> wi-(Eg,. (v, 1)) > 1 =t Thus
(1 - tIEI)a_ < Wy (EH1* (U, Itz)) < 5+7
and taking 0. = 6~ /2 and &}~ = 6 completes the proof. O

We want to show that removing a particular matching from some i-permissible
(G,w), we may obtain a subgraph with some ‘nice’ properties. We shall end up (in
Section 6.4 and in particular Subsection 6.4.2) ensuring that our nested subgraphs
(H;,w;) are each i-permissible, but first we use the definition of i-permissibility here
to show that given a particular weighted graph (G,w) is i-permissible, we can always
define a subgraph G° of G with weight function w® := w|g. such that (G°,w?) satisfies
the hypotheses of Theorem 6.1.2. This is key, since we use Theorem 6.1.2 to remove
a matching M° from (G°,w°) which we’ll show (due to the i-permissibility of (G, w))
covers most vertices in Iy, \ I, ,, and does so in a way that ensures that the subgraph
G' C G with V(@) = V(G) \ V(M°) and E(G') = E(G[V(G")]) has many nice

properties.

Proposition 6.3.9. Suppose that (G,w) is i-permissible for some i. Then (G,w) is
not j-permissible for all j # 1.

Proof. First note that by (P1), G C H;-[I;,]. Furthermore, by (P4) we have that
V(G)N (I \ 1y,,,) # 0, since I, \ I, is itself an i-valid subset. Thus, G € Hy-[1y,,, ]
and so (G, w) is not j-permissible for all j > i+1. Furthermore, we see that, supposing
(G,w) is j-permissible for j < i, again from (P4) we must have V(G)N 1, \ I,., # 0,
but since G C Hjy«[1;,] this is clearly not possible. Hence (G,w) is not j-permissible
for any 7 <17 — 1 and the proposition holds. O

Given Proposition 6.3.9, and an i-permissible pair (G,w) we may subsequently
define G° C @G as follows (noting that G° is well-defined due to Proposition 6.3.9).

For fixed ¢ such that (G,w) is i-permissible, we define
E(G°):={ecG:en(I,\ 1) # 0} and V(G°):= | ] e
ecE(G°)

We let

w? 1= W] geo
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be the restriction of w to edges in G°. We write
dwo ('U) = dwo7Go ('U)
for every v € V(G°).

Proposition 6.3.10. Given an i-permissible pair (G,w) for some i, for every v €
V(G1y,,,]) we have that

W(EG(U7 [ti+1)) + dw"(”) = w7G(U)7

and consequently,

W(EG<U’Iti+1))
1 —dye(v) =1

Proof. By definition, for a vertex v € V(G[1y,,,]), G° includes an edge e € G contain-
ing v if and only if eN (1, \I;,,,) # 0. All edges e € G containing v which are not in G°
it follows that e € G[I3,,,]. The
first result follows. The second result is clear, noting that since (G, w) is i-permissible
we have that d, ¢(v) <1 and d,.(v) < 1, since w(E¢g(v, I;;,,,)) > 0. O

must therefore satisfy e C I, . Since vis also in [,

41

We note two more facts about (G,w) given that (G,w) is i-permissible for some
1. The first is a trivial consequence of the definition, but we note it explicitly since

we shall use the consequence several times in subsequent sections.

Proposition 6.3.11. Suppose that (G,w) is i-permissible for some i and that T [I]
has depth j. Then for every open or closed (i — 1)-reachable tuple (v, Sy, Sz, S3) which
18 an i-permissible tuple, we have that
I
% < W(Eo(v, 51, 52, 5)) < w
and for every open or closed i-permissible tuple (v, Sy, Sz, S3) with |J{e \ {v} : e €
Er(v,51,S52,53)} € Kjy1, we have that w(E¢(v, S1, 82, S3)) = wi+(Eq,. (v, S1, S2, S3)).

Proof. This follows by the bounds in (P3) and (P5). O

Corollary 6.3.12. Suppose that (G,w) is i-permissible for some i. Let v € I, .

Then
&1

1— dw”(v) > w<EG(U7 Itz‘+1)) >
log

Proof. By Proposition 6.3.10 we have that

wW(Eq(v, It,,,)) + duwe(v) = dya(v) < 1

So 1—dyo(v) > w(Eg(v, Iy,,,)) > log,;+(n) by Proposition 6.3.11, since |I;,,,| > ¢;. [
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6.3.3 i-permissibility and the iterative matching process

In this section we’ll introduce an algorithm that takes us through the iterative match-
ing process and, in particular, describes how to obtain (H;yq,w;yq1) from (H;,w;)
for each i € [c, — 1]. Our strategy relies on using Theorem 6.1.2, and we’ll show
that, for every 4, given an i-permissible pair (G,w) we can use Theorem 6.1.2 on
(G° w°) to obtain a matching M° and have control over various properties in the
graph G[V(G) \ V(M?)]. To do this we introduce the following definition. Recalling
ps as defined in Section 6.3.1.1, we say that a function f : V(G°) — Rsq is vertex
allowable for (G,w,A,n) if pg satisfies (6.1) (with » = 4 and L = 16), and we say
that a function f, : E(G°) — Rsq is v-edge allowable for (G,w,A,n) if the func-
tions ¢V, ¢®, ¢® from Proposition 6.3.1 all satisfy (6.1) with respect to parameters
(G,w,A,n). We also say that f : E(G°) — Rsq is edge allowable if we can define
f» such that f,(e) = f(e) if e > v and f(e) = 0 otherwise for each v € V(G°) and
fo is v-edge allowable for (G,w,A,n). With these definitions in mind we have the

following key theorem.

Theorem 6.3.13. Given that (G,w) is i-permissible and T [I;,] has depth j, we may
obtain a matching M° C G such that in the subgraph G' := G[V(G) \ V(M?)] the
following all hold:

(K1) for every i-reachable subset S C I, ,,

V(G[S)] = (L£ 't 1ogB P (n)) Y (1= due(v)),
veV(G[S))

and for a function pg(v) : V(G) — Rsg such that ps(v) = fs(v)leevars) and
max, ey (go[s)) Ps(v) 500
min, ey (go(s)) Ps(v) < log (n)7

Yo ops(o) = (L' 0g" () Y ps(0)(1 = duo(v)).

veV(G'[S]) veV(G[S])
Furthermore, for every i-valid subset S C K1, |V(G'[S])| = |V (H1+[5])|-

(K2) for every open or closed i-reachable tuple (v,Sy,Ss,S3) with v € V(G') and
S1,52,53 C Iy, , we have both that

|Ecr(v, 51,5, 53)| = (14t log®*+7(n)) > [T @ -dew)),

e€Eg(v,51,52,53) uce\{v}
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and for a function f, : E(G) — Rsq such that f,(e) = 0 wherever v ¢ e and

MaXee Ego(v,51,52,53) fole) < 10g500<n)
MiNee B o (v,51,52,53) fu(€) — ’

fU(EG’(va Sl? SQ? 53)) - (1:|:ti_€1 1Og3l3+7<n)) Z fv(e) H (1_dw0(v))'

e€Eq(v,51,52,53) u€e\{v}

In particular,

w(Ee (v, 81,8, 85)) = (14t log®* 7 (n)) > wle) [] (1—due(v)).
e€FEg(v,51,52,53) u€e\{v}
(K3) for every open or closed i-permissible tuple (v, Sy, S, S3) with v € V(G') such
that | J{e\{v} : e € Ex(v,51,52,55)} C K1, we have that | Eg/(v, S, Sa, S3)| =
|EH1*[S] (U7 Slu SQ) S3)|

Note that in the inequalities with log”’(n) on the right hand side the 500 is
not important, but is an explicit (not tight) upper bound that all functions we are

concerned with will easily satisfy.

Proof. We obtain G’ by running Theorem 6.1.2 on (G° w°). We first claim that

the hypotheses all hold in (G°,w°), taking (1;,t;) in place of (n,A).!. Note that all

vertices, subsets and edges in G° are, by definition, i-reachable. Since this is the case,

and (G,w) is i-permissible, by (P3) we have ¢,[; > 0 such that

log" (n)
Pacti

C1

2 —
pitilog (n)

w(e) < :
for every e € G°, which implies w°(e) > ¢! and A%, (G°) max.eqo w(e) < t; M.
62

It is also clear, since G° C TIl;,], that e(G°) < exp(ti1/4). Recall that ,0(G°) =

Min, ey (Goy dwe (V). Since (G,w) is i-permissible, and (v, I, \Iy,,, ) is an open i-reachable

|Iti \Iti+1 |Pgr tipgr
logls(n) = logh(n)"

Furthermore, since w(e) > EORTTI) for every e € Eq(v, I\, %, *), we therefore

grli

it1’ )
have that

pair, we have by (P5) that min,cy(gey |[Eq(v, I, \ It ,, *, )| >

1 t'—1/11
00 (G°) = I3+2 > — I
log®™(n) — 1—t;

It remains to check that the necessary functions discussed above do indeed all satisfy

(6.1). Note also that the number of these functions we wish to keep an eye on is

polynomial in ¢;. The property we need each function p; to satisfy is:
Zﬁe(w?%) pi(0)

2. 41

max pi({v}) < , (6.15)

veV(Ge

"'We consider n to be sufficiently large that A = ¢; is sufficiently large, i.e. t; > Ay, the value
given by Theorem 6.1.2 given 7.
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where we recall r = 4 and L = 16. Note that for every i-valid S which is i-reachable,

since T[I;,] has depth j, we have that |S| > |y, -1 \ Tr,,,| = kjs1 > logéw

In order to prove (K1), we wish to show that for every i- reachable S C I,

the function ps described in Section 6.3.1.1 with ZXvev(ceishPs) o < log®(n) satis-
min, ey (go[s)) Ps(v )

fies (6.15). This will give us that (6.12) holds, and applying Corollary 6.3.12 then
yields (K1) for every i-reachable S C I, ,. Now, when fg = 1, we have that

maxvev(go[g})pg({v}) = MaXyev(Ge[s]) ﬂveV(GO[S]) < 1, and by i—permissibility and

the lower bound on |5,

0 Spr Dert
> nslo) = V(@S] 2 o > P
UGV(GO[S]) Og (n) Og (n)

for every i-reachable S, and so (6.15) holds. Considering some other function fg, we
have that

o <
egjﬂgzi[s] ps({v}) = E‘];I(lggi[s] fs(v)Lyev(gers)) veg(lggi[s])fs(v),
and that
> ° 1
> pseh) 2 VESD_min  Ssto)
veV(Ge[s))

|S’pgr miﬂveV(Go[S]) fS(U) > Derti minueV(Go[S]) fs(U)
= 10gl2 (n) = logl2+2(n) .
Then (6.15) holds, since MV (G(sp P () <log"™(n).

min,ey (gs) Ps(v) —

Similarly, to prove (K2) which only concerns i-reachable tuples, note that every
open or closed i-permissible pair uses (57, S2,.S3) which is i-valid and, by the same
reasoning as above, also satisfies |S;| > 1ogt2—(n)
q(%)f),v,sl,sg,sgy and q((é)O,v,sl,SQ,&y as described in Section 6.3.1.2, with f, = 1, and

every open or closed i-permissible tuple (v, S1,Ss, S3) satisfies

Then we have that q Go ,0,51,52,53)°

@
max g go 1)51,52,53)( v) <1,

'DE(V(ZGO>) Q(
where [ € [3], since they are all indicator functions. Furthermore note that
l o
Qe 550,50 (V(G?) = | Ego(v, 81, Sa, Ss)|

for every [ € [3] since for every edge in Fgo(v, S1, S2, S3) there is at least one tuple
counted in the sum that is contained in the edge and therefore returns a 1 in the
indicator function. Again by i-permissibility and |S;], it follows that

’ 1‘p§;r > pgrtl
l3+2(

l _
Z q((G)O,v,Sl,SQ,Sg,)(U) > ‘EG"(U 517827S3)| >

> (6.16)
v(G) log (n) ~ log
l

n)

S
m
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for each | € [3] and so it follows that (6.15) also holds here. Then by Proposition
6.3.1 and Corollary 6.3.12, the first statement of (K2) holds.

More generally considering the functions in Section 6.3.1.2 so that additionally

maXseEco(wSpSzvSs)f”(e) <lo g500( ), we have that
MiNee g0 (v,51,59,53) fv(€) =

( )
5 a0 S 1)
and that, as in the previous case, ZEE(V(?0>) q((G)o 0.51.50.55)(0) = fu(Ege(v, S1, 52, 53))
for every | € [3], since for every edge e € Ego(v,Si,S2,S3) there is at least one
tuple counted in the sum on the LHS that is contained in the edge e and therefore
contributes at least f,(e) to the LHS, and the RHS contributes exactly f,(e) for every

such edge e. Hence

Z qusl S5,53) (V) > [Ege(v, 51,52,83)\m1nfv( )-
)

By (6.16) and since MAXee o (1,51,9:9) o (0 < log™(n) we again have that (6.15) holds

MiNee o (v,51,5,53) fv(€)
here. Once again combining Proposition 6.3.1 and Corollary 6.3.12 we obtain the

second statement of (K2). To see the final statement of (K2), consider a fixed vertex
MaXee B o (v,57,59,55) W (€)
MiNeep o (v,51,52,53) Wole) —

v and let w,(e) = w(e) if v € e and w,(e) = 0 otherwise. Then

10gl1 +2

) < log"(n) and w, is a function as per the second statement of (K2). Thus

wy(Eer (v, 81, 2, 83)) = (1 £t log®**7(n)) S wle) J] (- due(v)),

e€Eq(v,51,52,53) uee\{v}

but by definition, w,(Eq (v, S1, S, S3)) = w(Ee (v, S1, 52, 53)) and so

Z wy(€) H (1 = duo(v)) = Z w(e) H (1 = due(v)),

e€Eg(v,51,52,53) u€e\{v} e€FEg(v,51,52,53) u€e\{v}
so the final statement of (K2) also holds. Hence, by (6.13), Proposition 6.3.1 and
Theorem 6.1.2 there exists a matching M° in G° such that in G' = G[V(G) \ V(M?)]
the properties in (K1) and (K2) which refer to i-reachable vertices, edges and subsets
contained in I;, , all hold.

It remains to consider what happens to the other vertices, edges and sets consid-
ered in (K1) and (K3). Indeed, every subset S C Kj; satisfies S NV (G°) = ), since
sets in Ky are not ¢-reachable, and G° is defined only to include vertices in sets

which are i-reachable. Thus removing a matching M° C G° removes no vertices from

V(G[S]). Thus, by i-permissibility, |V (G[S])| = |V (H:-[S])| for all such S. For (K3)
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we argue in the same way. In particular, by definition of G°, the matching M? only
uses edges containing a vertex in I, \ I, , and since G C H;« (1], such edges do not
contain any vertices within /; ;. Hence, given that v € G’, the number of edges it is
contained in within a particular subset of K, is not affected from G to G'. Thus,

by i-permissibility, the claim follows, completing the proof. n

Remark 6.3.14. Among other things, the proof of Theorem 6.3.13 shows that any
function fg or f, as defined in statements (K1) and (K2) of the theorem is vertex or
v-edge allowable for (G,w,t;,1m) respectively. Furthermore it shows that w is edge

allowable for (G,w,t;,m).

Before proceeding with details of the vortex, we include the following propositions
concerning d,»(v) and w(E¢ (v, I, ,)) for any i-permissible (G, w), which will be useful
for a subsequent corollary to Theorem 6.3.13 (Corollary 6.3.17), and at various stages

in the next section.

Proposition 6.3.15. Let (G,w) be i-permissible such that w is an almost-perfect

fractional matching for G. Recalling Definition 6.5.7, we have that

1~ doo(v) = (1 + gZ) w(Ea(v,1,,.,)) = (1 + g—z) w(Ea(v,1,,,,))

for every v € V(G[1I,,,]).

Proof. By i-permissibility we have that 0 < ¢g, < log" (n)t; “ for each v € V(G ,])-
By Proposition 6.3.10 we have for each v € V(G[I;,,,]) that

1 - dw"(“) = W(EG<UJ ]ti+1)) + CGw

= (1452 ) w(Ba(v. I,.,) < (14 2 ) w(Be(v, 1i,,,)).
6G,U 5G

Additionally

1—dyo(v) > w(EBa(v, I,,,)) > (1 — §z> w(Eg(v, I, ) > (1 — C_G> w(Eg(v, Ih;.,,)),

proving the proposition. (Note that clearly d¢ ., cq,, > 0 for all v € V(G[I4,,,]) since

w is a fractional matching.) O

Proposition 6.3.16. Given that (G,w) is i-permissible, for cq and d¢ as in Defini-

tion 6.3.7, we have that
ca - logl4+l3+2(n)

= < —
5@ Clti
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Proof. We have by i-permissibility of (G, w) that cg < log™(n)t;* and by Corollary
6.3.12 that /g = mlnvev(G[th]) (Eg(’U [tz+l)> > W. ]

We conclude this section with two more corollaries which will be extremely useful
in the next section. Both will be useful for our ‘cover’ step going from H; to H;iq
which is ‘Step 3’ of Plan 6.4.1 introduced at the start of the next section.

Corollary 6.3.17. Given that (G,w) is i-permissible and we obtain G’ from G as in
Theorem 6.3.13, the following properties hold for G':

(G1) [V(G'[I \ T, )] < 2.1ealog™ (n)t; ™ pe.

1

0. 90115110gr

(G2) For everyv € V(G'), der(v) > |Ear (v, I, )| 2 Tog S (n

(G8) For everyv € V(G'[I,,.]), |Ee (v, It, \ I *)| < 2¢3 tl “logh(n )pgr.

i+1) 7

Proof. By (6.11) we have that

V(@ UN\ L DI = VG N\ Ly D = (£ 6) Y due(v).

veV (Gt \It; 4 4])

By (P2) it follows that

’V(GI[Itz \Iti+1])’ < ‘V(G[Itz \Iti+1])‘ - (1 B ti_q) Z (1 - logl4(n)ti_el)

veV(GlIe\t; 4 ])

S 2. 1C2 10gl4 (n)tgielpgh

where the last line follows using (P4) and that |1, \ I, | < 2t;.
We also know from (K2) that

der(v) = [Ecr(v, 1) 2 [Ecr (v, 1y,
= (1£1og®™ T (n)t;) ) [T = due(w)

e€EG (v, Iy, ) uce\{v}

noting that e \ {v} C I,,, for every e € Eg(v,I;,,,). Furthermore, for each e €
E¢(v,I,,,) and u € e\ {v} we have by Proposition 6.3.15 that 1 — d.o(u) = (1 £
E_Z)W(Eg(u,[tiﬂ)), Hence,

dg(v) > (1 — 10g3l3+7(n)t;61) (1 — 3.1;—G> Z H (Ec(u, Iy, ,))-

G/ ceBa(vl;,,) uce\{v}
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Since (G,w) is i-permissible we have by Corollary 6.3.12 that w(E¢q(u, Iy,,,)) >
3
@,T for every u € V(G[l,,]) and by (P5) that |Eq(v, I,,,)| > el for ev-

log = log'3(n)

ery v € V(G). This yields that

343
C1tiDgy

413+6(n) .

der(v) > (1 — log®B3t7 (n) (1—31 )
a(v) > (1 —log™* (n)t; ) 5 ) Tos

By Proposition 6.3.16 the second claim follows. Finally, considering a vertex v €
V(G'[1,,,]), by Proposition 6.3.1 we have that

|EG’<U7 I, \Iti+17 * *)| < Z H (1 - dwo(u))

CEEG (’U,Iti \Iti+1 7*7*) uee\{v}

+ O (ti—ﬁl |EG(U7 Iti \ ‘[ti+17 *, *)|) .

By (P5), |Eg(v, Iy, \ I, ,, *,%)| < 1. 903t1pgr, so that O (t_q]Eg(v I, \ I, %, )\) =
0] (t1 61pgr) Furthermore, for every e € Eq(v, I, \ Iy, ,, *, %), e \ {v} contains at least
one vertex vy € Iy, \ Iy,,,. Thus dye(v1) = dyg(v1) and so 1 — dye(v1) < log™ (n)t; .
This gives

> [T (1= due(w)) < log" ()t | Eg(v, 1, \ iy, % %)
eeEG(thi \It7;+1 %) u€e\{v}
- log;(n) ,

N\ ey |p§:r < 1.9¢st; log" (n)pgr,
completing the proof. O

Corollary 6.3.18. Given that S is i-reachable and S C I,

i1

| Ogcltngr .
~ 1o l2+l3+4( )

V(G'[S])

Furthermore, given that (v,S1, Sa,S3) is an open or closed i-reachable tuple such that
S1 C Iy, , we have that

0. QC?tngr

|EG’(U7 517 SQa S3)| et
log

Proof. First note that given that G has depth j, we have that S C K;_; \ K41,
and since S is i-valid it follows that |S| > k;41. Since k;j—; > t;, it follows that
|S| > logt;(n). Similarly, for (v, Sy, S2,S3) we have that |S;| > logt;(n)'

combining Propositions 6.3.15 and 6.3.16, we have for every v € V(G|[I,,,]) that
1 —dyo(v) > 0.99w(Eg(v, I, ,)), and by Proposition 6.3.11, that 0.99w(E¢(v, Iy,,,)) >

Furthermore,
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099 Additionally by i-permissibility we have that [V(G[S])| > —if= — and

log!31t2(n) log'212(n)
|Eq(v, Sy, S2,53)] > % Thus, by Theorem 6.3.13, we find that
0.9¢1t;pgr
VIS 2 i
and 0.9¢3
cltlp .
E¢i (v, 51,5, 5 —g
as required. O

6.4 Reaching L*

In this section, starting from (Hj«,w;+) as in Theorem 6.2.4, we describe the process
to reach L* via the vortex described in Section 3.1. We summarise our strategy
roughly in the following plan. Each iteration of the plan starts with a weighted
hypergraph (H;,w;) and subsequently outputs a weighted hypergraph (H; 1, w;y1)
which is used as the input for the next iteration. Crucially, we actually start with
(Hy+,wi+) but for the purposes of the plan below, by abuse of notation (since H;
and w, are defined differently elsewhere), we relabel (Hi-,w+) as (Hy,w,), only for

within the plan below.

Plan 6.4.1.
Initialise: i = 1. (H;, w;), i-permissible, where in fact by (Hy, w;) we mean (Hi+, w;+)
as alluded to above.

Step 1: Find a matching M? in (H{,w{) via Theorem 6.1.2 and define H;; :=
Hi[V(H;) \ V(MY)].

Step 2: Obtain a weight function w; ; for H; 1 such that w; |Hz;1[lt,-+1} is an almost-
perfect fractional matching for H;1[1y,,,].

Step 3: Run a (random) greedy cover for vertices in V(H; 1) \ I,,, to obtain a
matching M¢. Define H; 1 = H;[V(H;) \ V(M;)], where M, := M? U Mf.

Step 4: Define w;;; in terms of w; and H; so that w;,; is an almost-perfect
fractional matching for H;. .

Step 5: If (H;11,w;y1) is not (¢ + 1)-permissible, abort. If V(H;) C I ,,-5 stop.
Else, increase ¢ by 1 and go to Step 1.

We show that Plan 6.4.1 does not abort prematurely, and subsequently that we

can successfully reach L*, a qualifying leave. We shall first explain the strategy to
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obtain (H;i1,w;11) from (H;, w;), filling in the details of a single iteration of Plan
6.4.1 given that (H;,w;) is i-permissible. We then deduce, by strong induction, the
properties of (H;y1,w;11) in terms of (Hy«, wy~) and hence show via backtracking that
(Hiy1,w;y1) is (i+ 1)-permissible, ensuring that the algorithm completes successfully.
In the next section we go through one iteration of the Algorithm, filling in details
for how we obtain the weight functions w;; and w;y; and observing how (H;1,w;11)

‘looks’ in terms of (H;, w;).

6.4.1 One iteration of Plan 6.4.1

We go through the steps of Plan 6.4.1 one by one for one iteration, filling in the details
of how we intend to get from (H;, w;) to (H;y1,w;y1), where we assume throughout

this section that (H;, w;) is i-permissible.

6.4.1.1 Step 1

By Theorem 6.3.13, since (H;,w;) is i-permissible, we obtain M? and define H;; =
H; \ V(M?) accordingly.

6.4.1.2 Step 2

Below we shall define the new weighting w; ;(e) : E(H;) — Rsq. First let w;(e) :
E(H;) = R>q be given by

w;(e)

w“)(e) = Hueemiiﬂ (I=duyo ()
wr+(€) otherwise.

if e is ¢-reachable,

Proposition 6.4.2. For each i-reachable edge e € H;,

1.1w;(e) log***®(n)
1 :
1

wi(e) < wiole) <

Proof. Note that, since (H;, w;) is i-permissible, by Proposition 6.3.15, for u € I,
we have that 1 — dye(u) = (1 +

CHju o loght*l3T2(n)
5Hi,u - Cltil

wi(Ey, (u, Iy, ,)) since t; <

141

‘“) wi(Eu,(u, I,,,)), and by Proposition 6.3.16,

CH,
6Hi,u

Cc1 <
10gl3 +2 (n) —

|, and w;(Eg, (u, It,,,)) < dw, m,(u) < 1. Thus clearly

Furthermore, by Proposition 6.3.11 we have that
I

i+1 i+1
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HuEeﬂItHl (1 - dwf (u>> S 1 and

lo la+13+2 n
[T 0-dey = I (12 ) uEnwrn.)
ucenly, ucenly, , | 1%
> (1_ 10gl4+l3+2(n) * ci
= Clt:‘l 10g413+8<n)
> (1o 4.11loghts72(n) c
= Clt;fl 1Og4l3+8(n)
The result follows. O

Proposition 6.4.3. w; is edge allowable for (H;,w;, t;,n).

Proof. By Theorem 6.3.13 and the remark following it, if we can show that for

MaXeeE 0 (v,51,59,53) Wi.o(€)
each i-reachable tuple (v, S, S2,S3) that s < log™(n), then

mince g, 0(v,91,55,53) Wi.0(€)
w;o is indeed edge allowable for (H;,w;,t;,m). By Proposition 6.4.2 and (P3),

for an i-reachable edge e we have that w;o(e) > w;(e) > ZWEQ() and w;o(e) <
grli n
Lo ™4™8(n) 2 Phop for each i-reachable tuple (v, S1, S9, S3) we certainly have

citipd,
ma‘XeeEH‘?(’U7SLS2753) wz()(e) 2 10gl1+4l3+8 (n) 500
. l < : < log”™"(n),
MiNec £ o (v,51,52,53) wz’.o(@) G
as required. N

We modify w; o to find a fractional matching for H; [/, ,,]. Let

d* = 1 E ; 7I'
0= i viol B (o )

and define
wi.o(e) it e is i-reachable and d}, > 1,

wi1(e) = § wio(e) if e is i-reachable and df, < 1,

wi«(e)  otherwise.

Proposition 6.4.4. df, <1+ log3l3+7(n)t;€1,

Proof. Since w; is edge allowable for (H;, w;,t;, 1), we have by (K2) that for every
V€ V(Hzl),

wio(En, (v, 1,,,)) = (L 1log™ ()t 1) Y wiole) [ (1= dug(u)).

e€Epm, (v, ) uce\{v}

2Note that any edge e that is i-reachable but not (i — 1)-reachable satisfies this by Theorem 6.2.4
combined with (P3).
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Note that every edge e € Ep,(v,1,,,) either has all four vertices (including v)
contained in Iy, ,, or has all vertices except for v contained in I;,,,. Then for
v e V(Hzl[ltz \ ‘[ti+1])7

Z wi.0(6> H (1 - dwf(u)) = Z wi(e) = wi<EHi(U7 [ti+1)) <1,

GEEHZ- (U’Iti+1) uEe\{v} eEEHi (v’lii+1)

and for v € V(H;41[I,,,]),

S wole) T (1 duslw)) = 2 eey, (v, ) Wil€) _ wi( B, (v, [tm))'

e€By, (vt ) uce\{v} 1 = dug (v) 1 — dye(v)
(6.17)

Now, by Proposition 6.3.10, for v € H;[1;,,,] we have that %W < 1. It follows

that wi (B, (v, Ir,,,)) < 14 1log® ™ (n)t; ! for every v € V(H;,), as required. [
Corollary 6.4.5. w;; is edge allowable for (H;,w;, t;,n1).

Proof. Just as in Proposition 6.4.3, it suffices to show that over all i-reachable edges

e, that %’58 < log”(n). Indeed, max, w;(e) < max, w;(e) and by Proposition

6.4.4, min, w; 1(e) > min, w; o(e)/2. Thus

max, w; 1(e) < 41ogh T +8 ()
min, w; 1(e) — c

5 < 10g500 (n)a
1

as required. N

Corollary 6.4.6. w; 1 is a fractional matching for H;1[1y,,,] such that

wir(Bp,, (v, 1)) 21 = (;H— +21 1og3l3+7(n)t;61)
H; v

for every v € V(H;1[1y,,,]). Furthermore,

wir(e) = (1 £ 1og®  (n)t; Nwo(e) ifec HZ is i-reachable (6.18)
wi+(€) otherwise.

Proof. That w;; is a fractional matching for H; ;[ follows immediately from the

i+1]
construction. From (6.17) we have that for every v € H;[I;, ],

wl(EHz (U> [ti+1 ))

wio(Bry (v Te,)) = (L dog™ T ()t ) == e,
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and by Proposition 6.3.15 we have that 1 — dye(v) = (1 + 522) wi(Ew, (v, 1y, ,))-
Thus

(1 £ 1og® 7 (n)t; )
(1 gm)

. .. wi.o(Em; 4 (v, 1t 4))
Since, by Proposition 6.4.4, we have that w;(Ey,, (v, 1;,,,)) > 1+log313i7(n)t?1 ,

wi-U(EHi.l (U, Iti+1 )) =

the

first claim follows.

Additionally, also by Proposition 6.4.4, for each e which is i-reachable, w;q(e) >
wii(e) > % This yields that w;i(e) = (1 & log®* ™ (n)t; " w;o(e), a

required. O]

wn

6.4.1.3 Step 3

We now wish to cover all vertices remaining outside I;,,, in H;; in order to reach
H; 1. We do this via the following random greedy algorithm. Let vy, vs,...,v, be
an arbitrary enumeration of the vertices in V' (H;1[ly, \ I,,,]). We build a matching
M¢ :={e; :i € [x]} as follows. For every i € [x], one by one we choose an edge e; for
v; so that e; € Eg, (v, I;) and e; is chosen uniformly at random from all such edges
that are disjoint from all previous choices {e;};<;. If there is no such choice available
for e; for some i € [x] the algorithm aborts.

We want to track how this process affects degree-type properties and the density
of vertices remaining in the graph. Our random greedy algorithm uses the properties
given in Corollary 6.3.17, that we have (G1)-(G3) with H;; in place of G.

Note that since there are at most 2.1¢ylog" (n)t} < Per Vertices to cover via the
0.901t2‘pgr

where, recalling Definition 3.1.5, pgr >t a greedy algorithm would successfully

random greedy algorithm above and each vertex is in at least suitable edges,

complete. Indeed, since the maximum pair degree in H;; is at most 1 (for every i > 1,

since T[I,] contains no wrap-around edges), choosing one edge destroys at most 4
O.Qc:ftipgr

choices for the next vertex, so by the final choice we still have at least Tog 5 ()
l 1—e 0.89¢3t,;p3,
8.4cylog" (n)t; " pgr > m

to ensure ‘nice’ properties remain in the graph at the end of the process, in particular

. However we wish to run a random greedy algorithm

those properties relating to permissibility of a weighted subgraph of Hi-.
Let p! be the probability that a vertex v € V/(H;1[I4,,,]) is covered by the random

greedy cover process.
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Proposition 6.4.7. Suppose that 8|V (H;1[I;;, \ 11,,,])| < du,,(v) for every vertex
ve V(H;a Iy, \ 1t,,,]). Then for everyv € V(H;1[1y,.,,]),

2|EHi.1 ('Uv Iti \ [t

o minvEV(HiAl[Iti\Iti+1D dHi-l (U) .

i+1’*?*)|

Proof. Since v € V(H;1[ly,,,]), the probability that it is covered in the random greedy
cover is the probability that it is in an edge chosen for one of the vertices in V' (H; 1[I, \
Ii,.,]). There are at most |Epg, , (v, Iy, \ Iy,,,, *, *¥)| instances where an edge containing
v might be chosen to cover a vertex in V(H; 1[I}, \ I,,,]). Every time an edge is chosen
for a vertex v; € V(H; 1[Iy, \Iy,,,]) it reduces the possible choices for v; 1 by at most 4,
(since the four vertices in e; are no longer available, and each of these could have been
in at most one edge with v;41). Thus since every vertex in V(H;1[l;, \ I,,,]) starts
with at least minyev(m,,(r,\1,,,)) dm . (v) choices, and there are |V/(Hi[ly, \ I1,,,])]

such vertices to consider in the process, every vertex v; we wish to cover will have at

least
1
min dy. ,(v) — 4|V (H; 1|1 \ 1}, > — min dg. . (v
B 22 (0) = AV (Hia (I \ 1) = 5 vevr ) #;, (V)
choices for the edge e; used to cover it. The proposition follows. O]

Corollary 6.4.8. For every v € V(H;1[I4,.,]),

. bes 10g4l3+l4+6(n)

v 34€1
ot

Proof. Using the bounds from Corollary 6.3.17 and Proposition 6.4.7, we get

4l3+6( 4l3+l4+6(

log n) < 5e3 log n)
0.9¢it:ip3, — s ’

Py < 2 2c3log" (n)t; " pg, -

i
as required. 0

Let pé be the probability that an edge e € H; 1[I,

cover step. That is, the probability that at least one of the vertices in e is in an edge

.+1] does not survive the greedy

that is used by the greedy cover step.
Proposition 6.4.9. For every e € H; 1[I, ],

pe < 4maxp,.
Proof. Let e € H;[I,,,]. Then by a union bound we have p. = U, Py < D pee Ph <

4max,e, p’, as required. O
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Corollary 6.4.10. For every e € H; 1[I,

i+1]7

. 20cslogaTht6(p)
ST

We use the bounds from Corollaries 6.4.8 and 6.4.10 to look at properties in the
graph remaining once the random greedy algorithm has completed. As previously
discussed, since a greedy algorithm would not abort, it is clear that the random
greedy cover will be able to cover all vertices in V (H; 1[I, \ I,,,]), and so we obtain
a matching M covering V (H; 11y, \ Iy,,,]). Let

Hiyy = Hia[V(Hia) \ V(M)
Lemma 6.4.11. Let S C V(T[l,,]) be i-reachable, and let fs be a function such

7 fs(v)
that D0 < log”™(n). With high probability

minyev (i1, 1) f5(0)

S S =) )1 - ),

’UGV(HiJrl[S]) UEV(HZ'J[SD

maXyeVv (H; Iy

and in particular the number of vertices which survive the greedy cover process to

V(H;11[S]) satisfies

V(HilS) = Q£ Y (1-9p)).

’UEV(Hi‘l [S])

Note that we have ¢; ' where previous similar equations have included ¢;*. The
key detail here is that it is of the form ¢;“* for some ¢ > 1 to avoid a blow-up of error

terms.

Proof. Let X/ be the total weight removed from V (H;[S]) with respect to fs as a
result of the random greedy cover. Then we have that E(X /%) = eV (Hi4 [S]) fs(v)pt.
Furthermore, we may write X/% = ;X ]f ¥ where X ]f S is the weight removed from
V' (H;1[S]) with respect to fs as a result of the choice of edge e; for vertex v; in the
random greedy algorithm. Let E'(X ]f ’S) be the conditional expectation of X Jf S given
that ey, ..., e;—_1 have been revealed, and let ij’s = Zkgj(X,{’S — E/(X/)5)). Write
f8 = maxyev(m, s)) fs(v) and f&" = minyey (s, ,s)) fs(v). Then |ij,s — Y;f_ﬂ <
| X ]f S _E(X Jf )| < 3f2 since the edge e, chosen for v; contains at most 3 vertices

in S. Thus, by the Azuma-Hoeffding Inequality (Lemma 2.2.6), we have that

f.8 min40.51 (fsl?in)2til.02
BY/*| > E70) < 20~ 55 s )
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Then, since ¥ < 2.1cplog"(n)t; “pg < 2.1cylogh(n)t; =, and # < log”(n) we

have that whp
Z ]E/ XfS :l: fglintoﬁl‘

J€lX]

Claim 6.4.12. For each j € [x|, we have that

15¢ 1 4l34+14+6 6.3 fmax | 4l3+14+6
BOrf) (14 22 ) > mxg) 2 mxg) - S
t pgr 0-9clti Pgr
Proof. Let Ej be the set of edges that could be chosen for e; and let £’ be the set
of edges that could be chosen for e; given the choices for eq,...,e;_;. First note
,S Z’u en f (’U) S Zv en f (U)
that E(X/*) = > e, E(IE—Z‘D‘S and that E'(X]%) = Yees: quis Then
( e 1 ve(en f v de ax
B/(X]) > Seemceny FUPARTN g xf5) - 985 Now, by (GL), we have

that y < 2.1cylog" ()t} ' pg and, by (G2), |E;| > loifg—jf(gr) so that

3 fmaxy B 6.3 f3cy logdlsHat0 ()
Bl 0.9¢7t7 pg, ’

and the lower bound holds.
For the upper bound note that E’(Xjf’s) < ZeeEj Zvé(e‘%—w = Ig,IE(XfS)
Now |Ej| > |Ej| = 3x and [E;] > x. Thus E'(X]*) < E(X/)(1 + %) <
O

S 15¢0 logila Hla+6
E(X]) (1 + == ?t?@ (")>, as stated.

By this claim we have that

15c3 fax log*s+2ath(p)¢l -2

i + fmmtD 51)

X7 > E(XH5) - (

¢} Pgr
and 8l3+204+12 1-2
600c2cq frar Jogsstata 1. .
Xf,S < E(Xf’s) 2 3fS g ( ) i +f§lmt?'51,
Clpgr
where

40 f8*coc3 log4l3+l4+6 (n)til*elpgr

3
&

E(X) = Y fs(o)pl < [V (HlS])] <

veV (H;.1[5])

using (P4) with that |V (H;1[S])| < |V (H;[S])| and Corollary 6.4.8. This gives that

Xf’S — E(Xf’s) +0 ( énangrl 1Og8l3+214+12(n)t1—251) ]

7
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Furthermore, >~ cy g, (s fs(v) = foim vV (H, L [S])] > % by Corollary
6.3.18. Thus

Yoo fslw) = ) fslv) = XS

veV (Hit1[S]) veV (H;.1[9])
- ( Z fS( )(1 — pj})) + O(fmaxpgrl 10g8l3+2l4+12(n)t3’2€1>
veV (H; 115])
fmax log12+9l3+214+16 (n)t;Qﬁl .
- (1i0< > leéninp2 )) Z fS(/U)<1_pv)
g

’UGV(Hi_l [SD

Since t, el/gp; < 1 for all 4 and fm: < 10g500(n), we have that

X lo4+9l3+214+16 -2
o (fé*na log 2+9l3+214+ (n>tl 61> < t-_1'561
>~ b ;

mln
pgl‘

as required to complete the proof. O

Lemma 6.4.13. Let v be a vertez that survives the greedy cover. Let (v, Sy, Se,S3) be
- Let f be edge allowable
for (H;,w;, t;,m) such that over all edges e that are i-reachable &}c(() < log™(n).
Then

an open or closed i-reachable tuple such that Sy, S, 55 C I;

f(EHi+l (,0781’ 327 53)) = (1 + ti_lf)el) Z f(e)(l _pé)'

e€Ep; 1 (v,51,52,53)

In particular,

|En

i+1

(v, 51,59, S3)| = (L£ ;") (1—p)-
eeEHi'l(’U,SLSQ,Sg)

Proof. The proof follows precisely the same strategy as that of Lemma 6.4.11 with

many details exactly the same.

Let X/ be the total weight removed from f(Epg,,(v,S;,S2,S3)) as a result of
the random greedy cover for some fixed i-reachable tuple (v, S, S2,S3). Then we
have that E(X/) = D ccEr, (1,515,554 (€ e)p. Furthermore, we may write X/ =
> Xf where Xf is the Welght removed from f(FEpy,,(v,S1,S52,53)) as a result of
the choice of edge e; for vertex v; in the random greedy algorithm. Let E'(X ]f ) be
the conditional expectation of X ]f given that e;,...,e;—1 have been revealed, and
let Y}f = Zkgj(X,f —E/(X])). Write fma .= MAXee gy,  (u,51,5,55) f(€) and f™" =
Mileery;  (0,5,5,5) f(€). Then |Y]f — Y]J:1| < |ij‘ - ]E’(X]f)| < 3™, since the edge

e; chosen for v; contains at most 3 vertices in I;,,, and each of these vertices can be
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in at most one edge that lies in Fy, (v, S1,S2,53). Thus, by the Azuma-Hoeffding
Inequality (Lemma 2.2.6), we have that

in;0.51 (fmm)%t
P(lyXf| > frmgdohy < 9 exp (_QZX (szmax)2> .
i=1

Then since x < 2.1cylogh (n)t} “pg < 2.1cylogh(n)t; ", and % < log™(n) we
have that whp

Z ]E/(Xjf) :|: fmint?ﬁl‘

JEIX]

Claim 6.4.14. For each j € [x], we have that

4l3+14+6 max 4l3+14+6
poc) (14 220 5 ) 2 mx) - STl )
ity Dy 0.9¢5t; Par
Proof. Let Ej be the set of edges that could be chosen for e; and let £ be the set of
edges that could be chosen for e; given the choices for ey, ..., e;—1. First note that
Z ’ : / f(el)
fy e GEH,L-' (v,51,52,S53):eNe’ £D
E(Xj> - Z ' \E\ ’
EEEj J
and that 5 1)
f 6,€EH1} (v,Sl,Sz,S3)2606’;£0 €
E(X)) =) B |
e€l; J
(ZEEE' Ze’GE . (v,81,S9,53):eNne’ #0 f(e,))_SfmaXX max
Then E’(Xjf) > 2 Hia 1|E2j|3 :E(Xf)— f‘E‘X Now by

(G1) and (G2) we have that y < 2.1¢ylog" ()t} “'pg and |E;| > loilcg—ﬁ(gr) so that

3fmaxX - 6.3fmaXC2 10g4l3+l4+6 (TL)
12— 0.9¢3t5 p2, ’

and the lower bound holds.
For the upper bound note that ]E’(Xf) < ZeeE

ZeleEHi.l (v,571,55,53):ene! #0 feh)
[

I 'IMXf) Now |E}| > |Ej| — 3y and |Ej| > x. Thus E'(X]) < E(Xf)(1 + k) <
E(X ) ( + L2 12?;1;22%( )>, as stated. 0

From the claim and the preceding statement it follows that

15C§fmax 10g4l3+2l4+6 (n)t}ikl

3
Clpgr

Xf > E(Xf) . ( + fmint?f)l) ’
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and
2400cyc2 fmax 10g8l3+214+12(n)til_%lpgr
6

X <EXT) +
51

min 0.51
+ /7

where, letting p! := max, pfg,

E(X7) = > fe)r
GEEHi'l(’U751,SQ,S3)
) 160fmaX02 1Og4l3+l4+6( ) 1— elp )
S fmaxpi|EHi(U751752aS3)| S > 3 5 )

&1

using (P5) and that |Eg, , (v, 51,52, 55)| < |Eg, (v, 51,5, 53)| with |Si]| < |L,,,| and
Corollary 6.4.10. This gives that

Xf _ E(Xf) +0 (fmaxpg}l 10g813+214+12<n)tilf261) )

. 0.903 mini 3‘r
Furthermore, ZeeEH (0,51,52.55) f(e) > f™"|En,, (v, 51, S52,53) > bgﬁg)—wif)g by
Corollary 6.3.18. Thus,

> fle)= > fle)— X!

En;yq (v,51,52,85) e€By; | (v,51,52,53)

- ( Z fle)(1— p;)> +0 (fmpy! log™s 212 (1) 121

e€Eq; ; (v,51,52,53)

= (1ro (Il W) S -

3 £min 4
C
if Dgr e€En, | (v,51,52,53)

—€1/2 4

Since t; ' p, < 1 and L= < 1og®®(n), we have that

fmln
fma,x 10g12l3+2l4+20(n)t-_261 e
O < T S tz 617

3 £min 4
a pgr

as required to complete the proof. O

6.4.1.4 Step 4

We fix M such that Lemmas 6.4.11 and 6.4.13 both hold for all ¢-reachable S and
open and closed i-reachable tuples (v, S7, Sa, S3). (It is clear this is possible by union
bounds.)

Define w; 5 : E(H;) — Rsq such that

1-pt

© wild) if e € H, [1;,,,] is i-reachable,
W; =
2 w;1(e)  otherwise.

Since (H;,w;) is i-permissible, we have from Corollary 6.4.10 that 1_1pi =1-o0(1),

e

for every e € H;1[I4,.,].
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Proposition 6.4.15. For every edge e € H;[I;, .| that is i-reachable, we have that

c 1.21log" T578 ()
O S wale) < T
ngr 0og ( ) 1 lpgr

Proof. Since (H;,w;) is i-permissible we have by (P3) that

9 e < log" ()
t;p3, log®(n) Lipg,
for every e € H; which is (i — 1)-reachable, and w;(e) = wq«(e) otherwise. If df, < 1
we have that w;o(e) = u%;e) and if df, > 1 we have that w;s(e) = dr?(‘f(_egé). By
Proposition 6.4.4 and Corollary 6.4.10 we have that w; 2(e) = (1 £ 0(1))w;o(e). Thus

by Proposition 6.4.2 we have that

1

Y

1.2w;(e )10g4l3+8( )

01

wi(e) < w;ale) <

For those edges e € H;[1y,,,] which are (i—1)-reachable, the result follows immediately.
This covers all i-reachable edges unless H;_; had depth 7 — 1 and H; has depth j for
some j. In this case all edges e which are i-reachable but not (i — 1)-reachable are of
type (a, 3,0)41 with o # 0. Thus by Theorem 6.2.4 we have 1 < w;(e) =

kj+1p3, log(n)

wy+(e) < m. Furthermore, in this case we have that t; = k;_; = k41 log*(n),
so in particular, 2 og(n) < wj(e) = wy«(e) < 4 ilogg and the result still holds. [

tipa,
Using this, we have the following corollary to Lemma 6.4.13:

Corollary 6.4.16. Let v € V(H;y1) and Sy, 5,53 C Iy,,,. Let (v, 51,S52,53) be an

open or closed i-reachable tuple. Then
wi.Q(EHH,l (Ua Sl? 327 53)) = (1 + ti_1‘5€1)wi.1(EHiA1 (’U, Sla 827 53))

Proof. 1t follows from Proposition 6.4.15 that w; 5 is edge allowable for (H;, w;, t;, m),
and that % < log®(n) over all i-reachable edges e. Then by Lemma 6.4.13 we

have that for (v, S7, Ss, S3) an open or closed i-reachable tuple such that Sy, S3, S3 C
I

i+17

wi.2(EH

i (0,81,85,85)) = (1£47) > wia(e)(1—pl)

e€Eq, | (v,51,52,53)

1 — %
= (1 + t;1'561> Z 1_ ple wi‘l(e)

eEEHi'l(v,Sl,Sg,Sg) pe
_ —1.5¢1
eEEHi'l(v,Sl,Sg,Sg,)

= (1 + t;1.561)wi.1<EHi‘1 (U, Sl, SQ, Sg)) (619)
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]

Now, since V(H;41) C Iy, ,, we have that d,, m,,,(v) = wis(En,,,(v,1;,,,)) =
(1 £ ¢ "°w;1(En,, (v, L;,,)). By Corollary 6.4.6 1 > w;1(Epn,,(v,1;,,)) > 1 —
(gi—ll +2.1 log3l3+7(n)t.’€1>, SO du,s 5 1,0, (V) < 148,777 for every v € V(H;y1). Let

(2

d; = dy, 6.20
i UG%/H(%::.Q 0.2, Hz+1( ) ( )

We rescale to obtain w;y; : E(H;) — Rs( an almost-perfect fractional matching for

H; ., as follows:

d

wi.2(€) if e e H; [ItiJrl] is ¢-reachable,
wz+1<€) = ;
w;1(e)  otherwise.

Proposition 6.4.17. w;.1 is an almost-perfect fractional matching for H; 1 such
that

dwi+1,H¢+1 (U) >1- (% + 2.2 10g313+7(n)t;61) ,
H;v

and for every open and closed i-reachable tuple (v, Sy, S2,S3) we have

Wi41 (EHi+1 (Ua S1, 52, S3>) =
(1 L1og™ ()7 ) > wiole) [ (- duelw).

e€Epy, (v,51,52,53) u€e\{v}
Proof. That w;,; is a fractional matching for H;,; follows by construction and the
fact that (H;,w;) is i-permissible. It is clear that no weights fall below 0 and all
weights are at most 1 in the reweighting from w;, and we normalised to ensure that
dw, 1,1 (V) < 1 for all v € V(Hipq). Given that w;yq is a fractional matching
for H;yy it remains to consider a lower bound for dy,., , u,,,(v) for each v € V(H;;1).

Now, by definition of w; 1 and d;, we have that dy, ., m, ,(v) = wit1 (En,,, (v, L, ) =

il Q(EH”l*(v i) > o Z(EHltll(gelt”l) . Then by Corollary 6.4.16 we have that
d; Tt

dwi+17Hi+l (U) > —Zwl 1(EH (Uv ‘[ti+1))7

and by Corollary 6.4.6,

1 t*l 561 CH v 3[ 7
dwi+1,H¢+1 (U) > : . 1 - 5 —= =2 110g 3t ( )t;el :
H;wv

By Proposition 6.3.16, it follows that

1,00 (V) 2 1 = (g 22 4+ 2.210g* (n )tiq) ,
H;v
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and in particular dy,,, g, ,(v) = 1 — o(1), so w41 is an almost-perfect fractional
matching for H;, ;.
For the second claim of the proposition, using (6.19), (6.18), (K2) and the fact

that we now only consider ¢-reachable Sy, S5, S5 C Iy, |, we have that

Wi1 (EHi+1 (Ua 51,52, 53)) - Z Wit (e)
EEEHH-I (’U,S:[,SQ,SS)
SR SR SR D DR
eGEHi+1('U,51,S2,S3) i eGEHi+1(v’Sl’S2’S3)

= (1£2.2t715) > w1 (€)

e€ly, ; (v,51,52,53)
_ (1 + 22{/_2—1561)(1 + 10g3l3+7(n)ti—61) Z U}i_o(e)
e€Ey, | (v,51,52,53)

= (1£1.110g® T (n)t; %) > wiole) J] (1= due(u)).

eEEHi (’U,Sl,SQ,S3) UEE\{’U}

6.4.1.5 (H;11,w;q1) in terms of (H;, w;)

As per the strategy to show that (H;,1,w;. 1) is (i + 1)-permissible, we first wish to
understand (H; 1, w;41) in terms of (H;, w;). In the previous steps there are many
properties of (H;1,w;41) described in terms of H; 1, the graph obtained from H; after
Step 1 of Plan 6.4.1. In this section we shift to understanding how such variables and
properties ‘look’ in terms of (H;, w;). In particular, we start by upper bounding p! and
p’, before giving a more complete list of properties comparable to those considered

in the definition of graph permissibility.
Proposition 6.4.18. Given that (H;,w;) is i-permissible, we have that

; 4.1 max{cp,,log(n)t; ' }|Ey, (v, It, \ Ly s %, 3
o= (Oa)?| B, (v, .y )| ’

for every v € V(H; 1[I, ,]), and

141

i 16.1 maX{cHw log(n)ti_q}lEHi (U> Iti \ ‘[ti+17 *, *)|
P, < max 3 ,
vee (5H7,> |EH1 (Uv [ti+1)|

for every e € H; 1|1, Additionally we have that

i+1] °

- <1+ 1.1pk.
1—p

e
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Proof. We have from Proposition 6.4.7 that
2|EHZ (U It \Itz+17 ) )|

N minveV( Hia[Ie\Ie; 4]) del( ) .

i

Now, we have that dy,,(v) > |Eg,, (v, I, ,)| for each v € V(H;1[1;, \ I,,,]), and by
Theorem 6.3.13(K2) and Proposition 6.3.15,
|Bra (0, Liy)| = (L log™ T ()t 0) Y [T = dug(w)

eeEHi (U7Iti+1 ) u€e\{v}

3'1CH7,' 4 —e1
_ (HE( 1O o T () )) ST wiBaw it

66EHi (U:Iti+1) u€e\{v}

3.1cy.
> <1j:( 501{1 —|—10g313+7(n)t;61)>(5%[i|EH¢(v>Iti+l)"

H;

Recalling Proposition 6.3.1, we also have that

|EHiA1(U7]ti \Iti+17*7*)| = Z H (1 _dwf(u))
e€En, (v, 1, \It; | *%) u€e\{v}
:i: (t El|E1H (U Itl \ Itz+1a ) )|)
2

ey,
(D SE | G

e€Ep, (v Le;,\It; %) u€(e\{v})Nly,

+ O (67 By, (v, I, \ Ty %, %))

2.1
< <1i CH)2maX{cH7log( Ve By, (0,1, \ 1o,y %, %)

om
It follows that
4(

) max{ep,, log(n)t; Y B, (v, I, \ Ly, %, %)
(1+ (3 I log? T ()t )) 8%, | B, (v, Iy )|

4.1max{cHi,log( W HE (0, I, \ Ly, s %, %)
N 5?{i|EHi(/U7]ti+1)| 7

%

Dy

IN

since by Proposition 6.3.16, (3 on; 10g3l3+7(n)t;61> < Aloght ™32 (n)

> cat]

16.1max{cHi,10g( n)t; VHEm, (0,0t \It; | %,%)]
8% 1B, (v, I,y )] for every e € H; 1[I, ,] fol-

lows from the bound on p! and Proposition 6.4.9. Finally, by the upper bound on p’

That p. < max,c,

141

given by Corollary 6.4.10 we have that

1 i )
1< 1L <1411y
1—pt 1—p

as required. O
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We introduce the following notation so that subsequent equations become less

cumbersome. Let

out UEV(IE?[%HD ‘ H; (U7 t; \ tip1s *s *)’7
B = min Ey,(v,1I;,,,)|, and define
o veV (Hy[It, 4]) ‘ Hz( tz+l)’
max{cg,,log(n)t; *}E! ,
o3, L,

We also suppose that H;,; has depth j'. (Note that given H; has depth j, j' €
{,7+1})

In the following lemma, some properties follow immediately from the strategy or
afore mentioned results, but we list all the properties here to account for all properties

we care to understand for permissibility of (H;i1,w;i1).
Lemma 6.4.19. (H; 1, w;+1) has the following properties:
(i) HiJrl - Hl*[Iti+1]7

(a) if v € V(H;q) is i-reachable then

CHi,’U —€
dwi+1,H¢+1 (U) Z 1- (K +2.2 10g3l3+7<n)ti 1) )
and in particular, cq,, o < gg’” +2.21og®st 7 (n)t; .

(b) If v € V(H;y1) is not i-reachable then
dwi+1,H¢+1 (U) = dw1*7H1* (U) >1- tl_elv
and cp, 0 <t

(i1) For every edge e € H;yq1 which is i-reachable,

w(e)

[uee(1 = dug (u)’

and every edge e € H; 1 which is not i-reachable satisfies w;11(e) = wi«(e).

wiri(e) = (1£ (17.1m; + 2.210g™* " (n)t;))

(111) For every (i+ 1)-valid subset S which is i-reachable, and for polynomially many
ps as defined in Theorem 6.3.13,

ST psl) = (1 (Admi + 11 log " 2 () ) YD ps(0)(1-dug (0),

veV (H;41[S]) veV (H;[S])
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and in particular
V(He[S)] = (1 (41 + 116 g 2(m)i)) S (1= dus(v)).
veV (H;[S])
Furthermore, for every (i4+1)-valid subset S C K41, |V (Hix1[S])| = |V (Hi-[S])].

(iv) For every open or closed i-reachable tuple (v,Sy,S2,S3) which is an (i + 1)-

permissible tuple, we have that

Ey, (v, 51, 52,55))
1— dw;)(v)

1‘1CH'U 31347 _ ))'U}i(EH-('U,Sl,SQ,S[%))
= (14 [ = 4 1.210g%5 T (n)t; @ ’ :
( < H; v & ( ) wi(EHi(vvjti+1))

—e1\ Wi
wi+1<EHi+1 (U,Sl,SQ,S;g)) = (1 + 1.1log3l?’+7(n)ti ) (

and for every open or closed i+ 1-permissible tuple (v, Sy, Sa, S3) with | J{e\{v} :
€€ ET(Ua Sl: 82783)} - Kj/-i-l)

Wit1 (B, (v, 51,82, 53)) = wi+(Eg,. (v, S1, 52, 53)).

(v) For every open or closed i-reachable tuple (v, Sy, Sa, S3) which is an (i + 1)-
permissible tuple, and polynomially many f which are edge allowable for (H;, w;, t;,m)

and as in Theorem 6.3.13, we have that

f(EHz'ﬂ(v?Sl?S??S?))) =
(14 (16.1m; + 1.110g™* 7 (n)t;)) > fle) T[T (1= dug(u)),

e€Ey, (v,51,52,53) u€e\{v}

and in particular,

|EHZ~+1(U7 51,52,53)| =
(1 (16.1m; + 1.11og™* " (n)t; 1)) Z H (1 — dye(u)).

e€Epy, (v,51,52,53) u€e\{v}
Proof. We have that H;yy C Hy«[Iy,, ]| by the strategy, since H; C Hy+[I;,] and Plan
6.4.1 ensures that we cover all vertices in I, \ I;,,, to reach H;y. Furthermore,
Proposition 6.4.17 gives that d.,,, m,,,(v) > 1 — (gi—” + 2.210g3l3+7(n)ti—61> for all
i-reachable v € V(H;y1). Supposing that v is not i-reachable, then none of the

edges in Epy, (v, ;) are i-reachable, and so dy,,, ., (v) = wip1(En,,, (v, L)) =

Wi+ (EHl* (’U, Iti+1)) = Wy~ (EHI* (Uv It1)) - dw1*7H1* (U)
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In general it is clear, by nature of Plan 6.4.1, that the lemma holds for all properties
we consider when variables are not i-reachable. Considering e € H;y; that is -
reachable, we have by (6.20) and the definitions of w;;; and w;s that w;i(e) =
wd#” = (14 1.1V w; () = (14 1127 1°) %4 By Proposition 6.4.18, then,
we have that w;yi(e) = (1 £ 1.1¢; °*)(1 & 1.1p.)w; 1 (e). Then by Corollary 6.4.6,
Wiy (e) = (1£(L1pi+2.210g™* 7 (n)t; < ))w;o(e). Since e C I, and e is i-reachable,
we further have that w; (e) = (1 £ (1.1p! + 2.2 log3l3+7(n)t;€1))1—hee(“1’+%. Then
by the upper bound on p! given in Proposition 6.4.18, we have that (ii) follows.

To see (iii) for each (i+1)-valid subset which is i-reachable, we have by Lemma

£ (1 £ max, p’) D vev (s Ps(v). Then by Theorem 6.3.13(K1) we have that

> ps) = (e log" ) D ps(v)(1 — due(v).
veV (H;.1[9)) veV (H;[9])
Thus using the upper bound on p! given by Proposition 6.4.18 we have that (iii)

follows. In particular, taking ps = 1,cp,[s), we have that

V(Hina[S))] = (1 £ (4.1m; + L1 log™ P (n);9)) Y (1= dug(v)),
VeV (H,[S))

as claimed.

For (iv) we have by Proposition 6.4.17 that

Wi41 (EHi+1 (Ua S1, 52, S3>) =
(1 L1og™ ()7 ) > wiole) [ (12— duelw).

e€Ey, (v,51,52,53) uce\{v}

Since the edges considered all have their vertices contained in I, but also -

417

reachable, we have for each e € Epy, (v, S1, 59, S3) that w;o(e) Huee\{v}(l — dye(u)) =

w; (e wi(E i('U,S 52,5, ))
1—d1£g)(v) and hence ZEEEHZ.(’U,Sl,SQ,S3) w;o(e) Huee\{v}(l — dye(u)) = bl[—dw:(fu)z 3

Then by Proposition 6.3.15, since v € V(H;41),

w;(Ep, (v, 51,52, 53)) _ (1 + ]"]‘CHi7U) wi(Ep, (v, 51,52, 53))
1-— dwf(v) wz(EH, (U7]ti+1)) ’

6Hi,’l}
and the result follows.

Finally, to see (v), we have from Lemma 6.4.13 that

f(Br,y(0,81,8,8) = (1£670) > f(e)(1—p})

e€ly, , (v,51,52,53)

- (1 + t;1.561)(1 + mea’Xpr(EHi‘l(Ua 517 527 53))
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Then by Theorem 6.3.13(K2), we have that

f(Br,, (v, 81,52, 83)) = (1 £ log™* (n)t7) > flo) II (= dug(u)).

e€Epy, (v,51,52,53) u€e\{v}

Thus

f(EHi+1 (Uv S1, S, 53)) -
(1 (maxp; + L1l ™)) Y fl@) [T (1= du(w),

e€Ey, (v,51,52,53) u€e\{v}

and by Proposition 6.4.18 and the bound given for p!, the general result follows, and
taking f = 1 yields the result for |Ey,., (v, S1, S, S3)|. This completes the proof. [

(3

We complete this section by noting that we only make claims about the error terms
in the statement of Lemma 6.4.19, such as m;, given i-permissibility of (H;,w;). In
particular, to ensure that these are sufficiently small o(1) terms, as we require to be
the case, we’ll wish to understand E! , and E! (among other variables) in terms of
H,. and wq+. This is the content of the next section, from which we shall be able to

conclude that Plan 6.4.1 completes to reach L*.

6.4.2 (H; 1,w;1) in terms of (Hy+, wy)

Recall by Lemma 6.3.8 that we know, assuming Theorem 6.1.1, that (Hy«, ws+) is
1-permissible.  We now suppose that (H;,w;) is i-permissible for every i < [, and
obtain bounds for the properties of (Hyy1,w;y1) in terms of (Hy«,wy«), and show,
subsequently, that (Hy1,w;.1) is (I + 1)-permissible. Note that all properties remain
the same as in (Hj«,wp+) until the vertices and edges relating to such properties
become reachable. Once they are reachable, provided that Plan 6.4.1 does not abort,
there are fewer than 40loglog(n) iterations of Plan 6.4.1 before all of these vertices
have been covered by the process. Indeed, a vertex or edge containing a vertex in
Hy[I, \ 1,,,], where H; has depth j, is no longer present after iteration [ and first
became reachable at iteration !’ such that I’ = k;_3 (where k;—y > | > k;). For
each j € [cg] let t*(k;) := i such that ¢; = #;,. Then note that if H; has depth
J, (so that ¢, > k;), we have that | — t*(k;_3) < a, where k; = ¢

vorkj—37 y1€1d11’lg
[ —t*(kj_3) < 40loglog(n).

Lemma 6.4.20. Suppose that (H;,w;) is i-permissible for every i < I, and that
H; has depth j. Let (v,S1,S5,S53) be an open or closed l-reachable tuple such that
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(v,S1,52,53) is (I + 1)-valid. Then

wl+1(EHl+1 (U, S1, S, 53)) =
wi+(Ep,. (v, 51, 52, 53)) H (1 1921 (1‘1CH"’” + 1.210g313+7(n)t.—€1)) ,
<i<l

Wy (EHI* (U7 ItlJrl)) t*(kjfg)_._ 5Hi,v

Proof. Consider an open or closed [-reachable tuple that is (I + 1)-valid. Such a tuple
was certainly not be reachable before K);_3, and so up until reaching Hy(x; ;) had the

same properties as in (Hy«,w+). Thus by Lemma 6.4.19(iv)

wi—‘rl(EHH_l (UJ Sl? 527 53)) =

1.1cy, v 30517 e >) w;(Ey, (v, S1,52,53))
1+ O+ 1.21og”B T (n)t, ¢t :
( ( 5Hiﬂ) & ( ) ' wi(EHi (U7]ti+1))

for every t*(k;j_3) < i <1, and

Wi (k;_5) (B, *(kj_3 (U751752753)) = w1+ (En,. (v, 51, 52, 53)).

wi(EHi(U,ShSQ,S;g)) in terms Of wi71(EHi_1(’U,Sl,SQ,Sg))
wi(Em,; (v,1t;44)) wi—1 (B, _y (v 1t 1))
all t*(k;_3) +1 < i <[ by assumption that (H;, w;) is i-permissible in each of these

[terating to get , which is possible for

cases, we get that

wi(Ep, (v, 51,52, 53))
wl(EH (U Iti+1))
<1 + <11:IH—1” + 1.21og®* 7 (n)t; ¢ 1)) wi—1(Ew,_, (v, 51, 82, S3))wi—1 (B, (v, It;))

k3

1.1c v —e
(1% (=t + 12108 ()1 ) ) i (B, (0, L)Jwia (B, (0, Do)

i—1,Y

1. 1CH 1,0 3latT _ >) wi71<EH‘71(,U7517S2753>>
= (1+21 —1+1210 ()t . :
( ( 5H & ( ) ! wi—l(EHiq (U7‘[ti+1))

This yields the result. O]

We now obtain bounds for ¢, , and 0g, ,, for every 7 and v. Recall from Definition
6.3.7 that cg, and g, are defined for (G,w) an i-permissible pair for some i, and in
this case, 0¢ := wW(Eq(v, Iy,,,)), and cgp =1 —dyc(v) = 1 —w(Eg(v, I,)). We also
have that g := minvev(g[h 1) 0G0, and cg = max,cy(g) ca,p- We wish to show that
both cg,, and Z = do not blow up through the process for all ¢ and v.

iV

Recall further Definition 6.3.4:

E 1,
), := min {mln (B (v Lis,)) 51_*} :
i€lep] Wi= (EHl* (U ]tz))
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We also define (E I
57 := max {max (B, (v L) : 5?*} ’
i€[en] UH*(EHl* (U> Itz))

and note by Corollary 6.2.8 and Lemma 6.3.8, we have that 1 > 6F > ¢ where ¢ > 0

is an absolute constant. Furthermore, note that subsequently we have 40 log((sl_) >

3l3+7 = 28 (which we use to get our upper bound on m* in the following proposition).

Proposition 6.4.21. There exists a constant 1 < m* < 80 log (%) such that for any
[ the following holds: Suppose that (H;, w;) is i-permissible for every 1* <i <1[. Then

for every 1* <i <141 and v € V(H,), % < O < 26F, and cy, , < log™ (n)t; .

Proof. We prove the proposition via strong induction. First note that the base case
is satisfied by Lemma 6.3.8. We now assume that o < O, < 26F, and cp,, <

2 * ) =

log™ (n)t; " for every i < I’ for some I’ < [, and that Hy has depth j. By Lemma
v = wl’+1(EHl/+1 (U, Itl’+2))’ that

6.4.20, we have, since o, ,

wy+(Eg,. (v, 1y, ) ( (1.10H, .
Sty v = - S 1421 ——2 +1.21o0g®# " (n)t; ) ).
e wi<(Ep,. (v, 1, ) H O, v g (n)

£ (kj_3) <i<U

wy* (EHl* (U7Itl/+2))
wix (B (v, )

< &+ and, by induction, that —=cfit <

6HZ',’U -

Now, we have that ¢, <
l’+1)

M, for every t*(k;_3) < i <! and every v € V(Hyy,), where 1 > 6, > 0

is an absolute constant. In particular we have that

Llcy, . .
I1 (1i2.1< 5CH“ +1.210g™**(n)t; )> _

t* (k) <i<l/ Hiw

401loglog(n)

(1 £ clog™ (n)t, ) = (14 clog™ " (n)t, "),

where we can take ¢ = 63_ + 1 and have that ¢ > 0 is an absolute constant. In

particular, this yields that

6, /2 < (1—clog™ ™ (n)t; )8, <0m, .o < (L+clog™ T (n)t;)s < 257,

LU =

for every v € V(Hy,;). For those
< 7 < log™ (n)t, )

CH

By Lemma 6.4.19 we have that, given (H;,w;) is i-permissible, cp,,,, < # +

2.21og¥* " (n)t; . Now, by induction we have that &y, > 6, /2 for every i < I’ and
2.

SO we may write cy, < v

i+1,V — 0r
this yields that

9 \ U=t (h—s) 5\
CHZ,H,Ug(g) CHype, o+ > (5__) - 2.2t L,
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vertices v which are not [’-reachable, we have that CHy o

+ 2.210g*#  (n)t;* for every i < I'. In particular,



Furthermore, since Hy has depth j, we have that cp,. o

—3)s
v € Hye,_,) and 2.210g® " (n)t, % < 2.210g** 7 (n)t, " for every i € [1,1' —t*(k;_3)],
where I' — t*(k;_3) < 40loglog(n). Thus we find that

=ch., < t; " for every

U—t*(kj—3)

2 I —¢* (kj_g) e Syt . 2 i
CHZ/+1,U S f tl + 22 10g (n)tl, Z E

i=1

< 10g401°g(2/5*_)(n)tfq +40 10g log(n) 1Og4010g(2/5*_)+3l3+7(n)t;,61.

In particular, cg, o < log®0los(2/0 )(n)t;,“, completing the proof. ]

+1:Y
The following two propositions will be useful for the subsequent lemmas and corol-

laries we need to prove.

Proposition 6.4.22. Suppose that (H;,w;) is i-permissible for every i <. Then

—€1

cH 2log™ (n)t

om, — 0% ’
i {em,,log(n)t;
max{cy,,log(n)t, * }E’ , 8cs "l _
;= i : 7 ou, < 1 m 3 t 61‘

Proof. The first claim is a direct corollary of Proposition 6.4.21 (noting that ;< <

t; ! for every i < [). For the second claim, it is clear from the first claim that
Slog™" ()t~ 1 i . ) maXye i, 1y, | ] 1 EH; (016 \Teg g %,%)]
8" ( g’i out S0 it remains to bound il

(6* ) Ein mlnvGHi[Iti+l] ‘EHi (v71ti+1)|

i-permissibility of (H;,w;), we have from (P5) both that |Ey, (v, I, \ Iy, *,*)| <

m; < . Now, by

3 |Iii Ip?”r IEHi(leti\Iti 7*=*)| l
csl i, \ Lo,y [Py and [Ey, (0, Iy, )| > gl (n) » A0 S0 |Ex, (v,fti:)\ < czlog?(n) for
every i < [ and every v € V(H;). The second claim follows. H

Proposition 6.4.23. Suppose that H; has depth j and u € K;_; \ K;j41. Then

01,5011
log*(n)’

Proof. By Theorem 6.1.1 we have that |Ey, (u, Iy, )| > c15k;p},. Furthermore, by

i1
Tk log?(m) - 1 hie Propo-

sition follows. ]

W= (EH1* (u7 Itz+1 )) >

Theorem 6.2.4, each edge in Ey, (u, I, ,) has weight at least

It remains to check that (H;,1,w;y1) satisfies all of the properties that ensure it
is (I + 1)-permissible, given that (H;,w;) is i-permissible for every i < [. Note that
in this case we reach (H;.1,w;41) by Plan 6.4.1, and certainly have H;,; C Hl*[ItlH],
so (P1) holds. By Proposition 6.4.17 we have that w;,; is a fractional matching

155



for Hi1q, so 1 > dy,,, m,,(v) for every v € V(Hy1). Furthermore, we have that
oy, 1,11, (V) = L—cp, 0 > 1—log™ (n)t;} by Proposition 6.4.21 for all v € V(Hy1)
and for all v which were not [-reachable, it is clear that d.,,, m,,, (v) = dw,. #,.(v), s0
(P2) also holds. We consider the remaining properties, (P3)-(P5), of the definition of
(I + 1)-permissibility, in the following series of results, starting with (P3).

Lemma 6.4.24. Suppose that (H;, w;) is i-permissible for every i < 1. Further sup-
pose that H; has depth j and that e € Hyy 15 l-reachable. Then

137.163
(0:)°

Proof. By Lemma 6.4.19(ii) we have that

Wi () = (1 +

. _ wys(€)
logm +4l3+9(n)t 61> )
: Huee Wy (EH1* (u7 Itl+1)>

wy(e)

[uce(1 = dug (u)’

wii(e) = (1% (17.1m; + 2.210g® " (n)t,))

and so by Proposition 6.4.22,

13703
(0:)°

w1 (e) = (1 + 1Ogm*+413+8(n)tl_q> wy(e)

Huea(l - dwlo (u)) ‘
Since e € Ey,,,, we have that for every u € e that u € I;, . Thus by Proposition

3
6.3.15 we may replace [[,. (1 — due (1)) by (1 + %) [Te. wi(Ey,(u, I,.,)) so that,
1

again using Proposition 6.4.22,

137.1C3
(0:)°

Huee wl<EHl (u? Itl+1 )) ‘

We claim that for every ¢ <[,

w;(e) ( 137.1cs A48\ m ) w;_1(e)
=14+ —Tlog™ ™ °(n)t, :
Huee wi(‘EHi (u’ Itz+1)) (6* )3 : Huee Wi—1 (EHi—l <u7 Itz+1 ))

Indeed, by Lemma 6.4.19(iv),

wz’—1<EH¢—1 (u7 ]tl+1))
11— dwzﬁl (U) 7

wi(Ba, (u, Iy,,)) = (1 £ 1.11og™ 7 (n)t; ) (6.21)

for each u € e. Then using Lemma 6.4.19 (ii) again, the claim follows. Subsequently,

we see that

wy(e) ( 137.1¢3 | peiaiis, ) wy-(e)
= 1+ ——Flog ST (n)t, :
Mot -dot L U= 0 ) a1 — e, ()
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Since H; has depth j, we have that [ — t*(k;_3) < 40loglog(n). Thus,

137.1¢5, - o\t wi-(e)
wiei(e) = 14 log™ B8 ()¢ 61)
) = (1 T o e, o (Ba (1)
137.103 * 4 4la49 — Wi~ (6)
= [1d&—"log™ ™ ()« .
( (5* )3 : Huee Wi+ (EHl* <u7 Itz+1))

]

Corollary 6.4.25. Suppose that (H;,w;) is i-permissible for every ¢ < l. Further-
more, suppose that H; has depth j and that e € H;,y is [-reachable. Then, recalling
that l; = 10, we have that

2c7 log”(n)

* )4 3"
C1’5C1,1> tlJrlpgr

11
2t111p3, log?(n)
Proof. By Lemma 6.4.24 we have that

<wy(e) < (

wis(€)
[Tuee i (Bay. (u, Iy,,))
Bach wy«(Eg,. (u, Iy,,,)) < 1, so certainly wii1(e) > wi+(e)/2. Now, given that e
is [-reachable, and H; has depth j, we have that e is of type (4,0,0);-1, (o, 3,0);
or (o, ,0);41 for a # 0. By Theorem 6.2.4 it follows that AL < wis(e) <

kjflpgr log(n)

wii(e) = (1% o(1))

_ G2 - > Ca S
Frid, g () for every [-reachable e € H; 1. Thus we have that w;1(e) > o193 Tog () =
CT,1

2t141p3, log?(n) "
Considering upper bounds, for each u € K, we have that wy-(Ey,. (u, I,,,)) =

dw,w iy (w) > 1 =17 Otherwise u € K;_; \ Kj41 and so by Proposition 6.4.23 we
have that wy-(En,. (u, I;,,)) > LA

= log?(n)"
ct 210g®(n) 2¢% , log? (n) .
It follows that w;(e) < 1.2 L 208 . as required. O
l+1( ) — kjripdlog(n)  (ci5¢f )t — (ersef ) v’ q

This gives (P3). To show (P4) and (P5), we first include the following proposition:

Proposition 6.4.26. Suppose that H; has depth j. Let

wifl(EHif (U7It ))
Psilv) = = ) Lrevuatsh:

and

Foale) = H wi—1(En, , (u, Iy,,))

1= dye () LecEy, | (v,91,52,5%)
uee\{v}

for some t*(k;—3) < i—1 < 1[. Then whenever S is i-reachable, or (v,Si,Sa,S3) is
an i-reachable tuple with v € V(H;_1[13,]), we have that pg; is vertex allowable for
(Hi—1,wi—1,t;—1,m) and f,; is v-edge allowable for (H;—1,w;—1,t;—1,m1).
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Proof. By the permissibility of (H;_1,w;_1) and using Propositions 6.3.11 and 6.3.15,

for each 7 and v under consideration we have that

wi—l(EHifl (U’ Itl+1 )) 803 10g11+l3+2<n)tl+1

1 —dye (v) - a1l ,
and that
wi—l(EHi—l (U, ]tl+1)) > Cltl—i-l
L—duy (v) 7 Beylogh ™™ (n)t;

Thus

max wi—1(Br;_y (v 1y, ,))

1_dw‘?71 ('U) 646% 10g2l1+2[3+4 (n) 500
: < < log™"(n).
. wi—l(EHiil(vultL'_l)) C%
min dyo

By Remark 6.3.14 it follows that pg; is vertex allowable. Furthermore, we see imme-
diately also that

wi—1 (B (wlty )

max, [ [, \{v} 1—dyo () 643 5 10l T6ls+12
L wig 3108 (n) 500
<
. wi_l(EHifl(thH—l)) — C? -~ log (n)’
min, HuEe\{v} 17dw§71 (u)
so similarly f,; is v-edge allowable, as required. O]

Proposition 6.4.27. Suppose that (H;,w;) is i-permissible for every i < I, that H,
has depth j, and S is (I + 1)-valid and l-reachable. Then

3303 m* p —€
Lo () ) S wr (B (0,1,)).

(o) VeV (Hyx[S))

[V (Hyoa [S])] = (1 "

Proof. The proof is similar to that of Lemma 6.4.24. By Lemma 6.4.19(iii) we have
that

[V (Hia[SD = (1% (4.0my + L1y log® ()t ) Y (1= dug(v)),

veV (Hy[S))
and so by Proposition 6.4.22,
32.8¢ m* . —c
IV (H;1[9)] = (1 - (5_)33 log™ 2373 ()¢, ) > (1= dup(v)).
. veV (Hy[S))

Since S C I;,,,, we have by Proposition 6.3.15 that we may replace 1 — dyp (v) by
<1 + %) wl(EHl (U, ]tl+1))7 so that

IV (H[9])] = (1 + %logm*uzg%(n)tlfl) Z w(Em, (v, I,,)).

—\3
() veV (H,[9)])
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We claim that for every ¢ <[,

Z wi(EHi<U7 Itl+1)) =

veV (H;[S])

33c m* e
(1 + (5;’3 log +213+3(n)tl 1) g wifl(EHFl(Ua [tlﬂ))-
* veV (H;—1[9])

Indeed we may use (6.21) and note that by Proposition 6.4.26 we have that
wi—1 (Bry_y (v 1y4))
1_dw7‘;)71(v)

6.4.19(iii)

is vertex allowable for (H;_1,w;_1,t;_1,m1). Then again by Lemma

Z wi(EHi(v’]tz+1)) =

’UGV(HZ' [S])

33c¢ . e
(1 n (5_)33 log™ +2z3+3(n)tl 1) Z w;—1(Eg, (v, 1I,,,)),

'UGV(Hi_l[SD

as claimed. Then

Z wl(EHl (U7Itl+1>> =

veV (H;[S])

3363 m*+2l3+3 —e€1

H 1+ 00)? log (n)t, Z wi«(Ep,. (v, Iy,,)),
t* (kj_g)<i<l * veV (Hy+[S])

and so

33C3

Vitals)] = (1%

logm*+2l3+4(n)tl_q) Z Wi+ (EH1* (U7 Itl+1))‘

veV (Hyx[S])

O

Corollary 6.4.28. Suppose that (H;, w;) is i-permissible for every i <1, and that H,
has depth j, and S is (I + 1)-valid and l-reachable. Then

01,301,55{,1 |S‘pgr
21og*(n)

< |V (Hig1[S])] < c14]S|pgr-

Proof. Clearly |V (H;41[S])| < |V(Hi+[S])|. By Theorems 6.1.1 and 6.2.4 this gives
the upper bound. Furthermore, by Proposition 6.4.27 a lower bound is given by

|V (Hy-[S])| minyev (a,.1s) w1+ (En,. (v, Iy,,))
: .

Using Proposition 6.4.23 along with Theorems 6.1.1 and 6.2.4 yields the given lower
bound. O
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Corollary 6.4.28 addresses (P4) in the definition of [ + 1 permissibility. It remains
to address (P5).

Proposition 6.4.29. Suppose that (H;,w;) is i-permissible for every i < I, that H,
has depth j, and (v, Sy, S, S3) is an open or closed l-reachable tuple which is (I + 1)-

permissible. Then

|EHZ+1(U751752aS3)| =
1+ 129¢3 lo m*+413+9(n)t761 Z H w *(E (U I ))
G | (B (6 L))

e€Ey., (v,51,52,53) uce\{v
1

Proof. Once again the proof uses the same strategy as that of Lemma 6.4.24 and
Proposition 6.4.27. By Lemma 6.4.19(v) we have that

‘EHHl (’U, ShSZa S3)| =
(1+ (16.1my + L.1log™*(n)t;)) > [T (= dug(u)),

e€ L, (v,51,52,53) u€e\{v}

and so by Proposition 6.4.22,

|EHI+1(,U731752’S3)| =
128.9¢; . .
(1 " (5_)33 log™ +4l3+8(n)tl ) Z H (1— dwlo(u)).

eEEHl (U,Sl,SQ,Sg) uEe\{v}

Since S, S, 95 C I, and u € I, for every u € e € Ep, (v, S1, 52, S3), we have that

by Proposition 6.3.15 we may replace each (1 —dye(u)) by <1 + %) w(Eg, (u, Iy, ,))
l

so that

‘EHZH (Ua S1, Sa, S3)| =
129¢5 | evas .
(1 + (5)3 log +4l +8<7L)tl ) g H wl(EHl (u> [tl+1>>'

e€En, (v,51,52,93) uce\{v}

We claim that for every ¢ <[,

Z H wi(EHi <u7[tl+1))

e€Eq, (v,51,52,53) uce\{v}

129¢; . .
— (1 + <5>§ log™ 458 (n)¢; 1) Z H wi—1 (En,_, (u, 1y, ).

e€Eg,; ,(v,51,52,53) uce\{v}
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wi—1 (B (u,dty 1))
uee\(v}  T=dye (W)
weight function for (H;_1,w;—1) and by (6.21) we have

wi*l(EHifl (ua [tl+1))
1 - dwf_l(u)

Indeed by Proposition 6.4.26, we have that [] is an allowable

wZ(EHz (u7 Itz+1)) = (1 :l: 11 10g313+7(n)t;61)

for each w. Using Lemma 6.4.19(v) again, we have

Z H wi(EHi <u7[tl+1))

e€Eq, (v,51,52,53) uce\{v}

129 .
_ (1 + Cs logm +4l3+8(n)tl—€1) Z H wi—l(EHi71(u7 Itl+1))7

—\3
(0+) e€Ex, (v,51,52,53) ue\{v}

as claimed. Then

Z H wl(EHz(uv Itl+1)) =

e€Ep, (v,51,52,53) u€e\{v}

120¢; . .
H <1 + (6_);” logm +413+8(n>tl ) Z H W1 = (EHl* (U, Itl+1))7

t*(kj—3)<i<l e€Lm (v,51,52,53) uee\{v}

and so

|EH1+1</U7517527S3)‘ =
129¢3 ©  r iz 40,
1+ log 3 (n)tl ! Z H Wy~ (EH1* (U, Itl+1))'

—\3
(5* ) e€Ey,, (v,51,52,53) uce\{v}

]

Corollary 6.4.30. Suppose that (H;, w;) is i-permissible for every i <, that H; has
depth j, and (v,S1,S2,S3) is an open or closed l-reachable tuple which is (I + 1)-

permissible. Then

0411,5(611)3‘51 |P§r

21og®(n)

< |Eny,, (v, 51,52, Ss)| < 2¢1,6151|p,-
Proof. By Proposition 6.4.29, we have that

3
|EH1* (U7 Sla 527 S3)| (miHUGV(Hl*[ItHlD Wi (EHl* (U7 Itl+1))>

S |EHH_1 (Ua Sl) 827 S3)|

2
and that |Eg,,, (v, 51,52, S3)| < 2|Eg,. (v, S1,52,53)|. By Proposition 6.4.23 we also
have that min’UeV(Hl*[Itl+1D wi+ (B, (v,]tlﬂ)) > 16;;;(171§ The Corollary follows using
Theorems 6.1.1(iv) and 6.2.4. O
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Since the above corollary shows that (P5) is satisfied (as I3 = 7), we have, given
(H;,w;) is i-permissible for every i € [l], that (Hj41,w;41) is (I + 1)-permissible for
every [ € [c;]. Hence since (Hy«,w;+) is 1-permissible, we have by induction that Plan
6.4.1 completes to reach L*. In particular, we have shown that, assuming Theorem
6.1.1, the vortex completes, allowing us to obtain a matching covering all vertices
in V(Hg) \ A* but a qualifying leave L*. We discussed how a qualifying leave is
absorbed by A* in Section 5.2, thus we have proved Lemma 5.2.1. Hence in order to
prove Theorem 1.1.2, all that remains is to prove Theorem 6.1.1, which is done in the

following section.

6.5 Initial steps

It remains to bridge the gap between Theorem 3.5.3 and Theorem 6.1.1. Recall ag
as given in Definition 3.1.5 and that H has the following properties (as per Theorem
3.5.3):

(i) every T-valid subset S C V(T) satisfies

[V(H[SD| = (1 £ ag)|S|per,

(i) for every v € V(H) and every open or closed 7T-valid tuple (v, Sy, Ss,S3), we
have
|EH(U7 Sl) SQ, S3)| - (]- j: O{G)|E’T(U, Sl; 527 S3)|p§r7

(iii) for every i € [¢g],

((1+ ag)| 25, (o, B,7)lpg  if e is a bad edge,

|Zi—j_e,H(a757,Y)| =<0 (kztlpiy?) if a = 0’ 6 = 1’ v = 3’

L 0 otherwise.

(1 +a6)|Z;, 7(a, B,7)Ipy  if a# 0andy =0,

_ O jlkzplg if = 07 6 = 07 7= 47
125, (0, = 4 O Uikipe) fa=0,4=07=
O(]Zk’bpgr) lfOZ—O, ﬂ_ 1a 7_37
L0 otherwise.

Finally, for every bad edge e,

122 1| = O (kitipyy) -
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(iv) [V (H)| = Vg Y (H)|, and, furthermore |V (H)| = (1 £ 2a¢)|VZ(H)|
for every J € {X,Y,X +Y,X - Y} Additionally, |Vg,(H[S])| = (1 =+
204(;)|V(‘)];E(H[S])| for every valid layer interval S, and J;, J; € {X,Y, X +Y, X —
Y}

(v) For every J € {X,Y, X +Y,X — Y} and every valid J-layer interval I’ and
v J,
|En(v,17,0/E)| = (1 + ag)|Er(v,I7,O/E)|p,.

As previously mentioned, the strategy is similar to that of Plan 6.4.1, but for some
key differences. We start by assigning a weight function wy to H as in Theorem 3.5.3,
such that wy is an almost-perfect fractional matching for H and we use Theorem 6.1.2
in a similar form to Theorem 6.3.13 on (H° w%), the graph containing all edges in
H with a vertex in V(H) \ I,, and all vertices induced by this collection of edges,
to find a matching My, as in Step 1 of Plan 6.4.1. Using Theorem 6.1.2 to obtain
the matching M7y, means that we may have used unequal numbers of edges of each
wrap-around type. Recalling that we have certain parity requirements of L* at the
end of the process, we wish to correct for any unevenness at this stage. (Note that
this is only necessary when n is odd. Due to the nature of our process removing
disjoint edges, when n is even, removal of a matching cannot affect these particular
parity constraints.) On the other hand, in place of our random greedy cover step,
over the two iterations for which we need to consider the parity constraints, it is
also possible to simultaneously use a (deterministic) greedy strategy to cover any
vertices remaining outside [;, after removing M7, so whilst an additional step is
required to consider parity, we combine it with a greedy cover strategy which is more
straightforward than that of Step 3 in Plan 6.4.1. To obtain wy from wy follows a
similar but simpler strategy to that in Plan 6.4.1. Before proceeding with the details
for these steps we make one final note that, due to the nature of wrap-around edges,
our management of parity issues is slightly different moving from H to Hy than from
Hy to H; and hence we describe the steps one by one. The reason for the difference

will become clear as we detail the strategy.

6.5.1 H to H()

We assign a weighting wy to H, which is an almost-perfect fractional matching:

Definition 6.5.1 (wy, (H° w§)). We set wy(e) = % for every e € H, where (1 —

ag)npl, < D = maxyeym du(v) < (1 + ag)npl,. Then maxyey (m) dwy,m(v) =
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MAXycv (H) P ez, W (€) = 1 and dy,, g (v) > ;430 > 1—2ag for every v € V(H). We
also define (H°,w%) to be the weighted hypergraph where V(H®) := {v € V(H) :
dee HenV(T)\ I, # 0}, E(H°) = E(H[V(H°)]) \ E(H[I,]), and w% = wg|ecno-

Proposition 6.5.2. Given (H,wy) and (H°,w%) as above we have that:
(i) wir(E(v, 1)) > 1 — Olag) for every v € V(H),
(i1) dus (v) =14 2a¢ for every v € V(H) \ I,
(111) duy, (V) = dws, (v) + wr(En(v, Iy,)) = 1 £ 206 for every v € V(H[]),
(iv) 1 —dye (v) = (1 £6.1ag)wn(En(v, I,)) for every v € V(H[Iy])

Proof. By Fact 3.6.2(i) we have that |E7(v, I,,)| > § — 2 for all v € V(T), where
n = 2ty + 1. Thus by Theorem 3.5.3(ii), and the definition of wy, (i) follows. It is
straightforward to see that (ii) and (iii) follow from the fact that 1 —2aq < dy, m(v) <
1 combined with the definitions. We deduce (iv) from (iii) and (i). For v € V(H|[I]),

1 —due (v) = wu(Eu(v,ly)) £ 20a

= wy(Eg(v,1y,)) (1 + 206

m) = (1 + 6.1Oég)wH<EH(U7 Ito))'

]

We start the process by running Theorem 6.1.2 on (H°, w$), to obtain M.

Proposition 6.5.3. There exists a matching My, in (H°,w$) such that letting H® :=
H[V(H)\ V(Mg)], we have that

(i) every T -valid subset S C Iy, satisfies

VIHS) = (1£0(8)) Y (1~ dug (v)),

veV (HIS])

and for any vertex allowable function pg(v) : V(H) — Rsq for (H,wpy,to,n)
such that ps(v) = fs(v)Leev(mis)),

Yo o) =(1£0()) Y ps)(1 = dug (v)),

veV (He[S]) veV(H[S])
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(i1) every open and closed T-valid tuple (v,Si,Ss,S3) such that Sy, S2,S3 C I

satisfies

|Ee(v, S1, 82, 83)] = (1 £ 0(t,)) > IT (= dug,(w).

e€Ey (v,51,52,53) uce\{v}
and for any v-edge allowable function f, : E(H) — Rsq for (H,wy,to,n) such
that f,(e) =0 wherever v ¢ e,

ol Bre(v,51,85,83)) = (L£0(t59) > fule) ] (1= dug(w),

eEEH(U,Sl,SQ,Sg) uee\{v}
(111) for every i € [c,],
|Zi—j_e,HC(a/7 57 ,y)| =

(1 + O(tae)) ZzEZ;e‘H(a,B;y) Huez\e(l - dw}){ (U)) Zfe is a bad €dg€,
) (kltlpég) ZfO[ = 07 B = ]-7 Y= 37
0 otherwise.

|2z7:e,HC (Oé, ﬁ7 /Y)| =
(1 j: O(tae)) ZzEZ’:eyH(o@B;}/) Huez\e(l - dw?{ (U)) ZfOé 7é 0 and 7= 07

0 otherwise.

Finally, for every bad edge e,

|Zz2@H =0 (kitlpg) :

(iv) For every J € {X,Y, X +Y, X —Y} and every valid J-layer interval S C I,

Ve p(HSN = (1£0(t)) D (1~ dug(v)),

veV (Hp, ;(S)

(v) For every J € {X,YX +Y, X — Y} and every valid J-layer interval I’ C I,
and v ¢ J with v e V(H°),

|[Bue(v, 17,0/E)| = (1£0(57)) ) [T (= dug(w),

e€Ey (v,17,0/E) uce\{v}

where e = 1078/204800.
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Proof. The proof follows the same strategy as the proof of Theorem 6.3.13. In partic-
ular, we obtain H¢ by running Theorem 6.1.2 on (H°, w%) with A = ¢, and n = 1075.
Comparing (i), (ii), (iv) and (v) to the proof of Theorem 6.3.13 (i) and (ii), the
key difference is that in place of having S such that |S| > log@ﬁ, we have that |S|
is of size Q(min{t,,a3n}) = Qn'"). Additionally, in place of calling Corollary
6.3.12, we have by Proposition 6.5.2 that 1 — dye (v) > 1/4 for every v € I;,. Then
we have from Theorem 3.5.3 and the definition of H® that for ps(v) = Luev(mo[s),
> e rets)y Ps(v) = [V(HO[S])| > Bz = Q(n1*" =17 and maxyey (srofs)) ps (v) = 1.
Thus since n = 1078, we see that (6.15) still holds easily in this setting. Similarly,
for degree-type properties we get that |Fy.(v,S)| > Q(nw—spgr) and still (6.15) holds
with n = 10~® for each relevant S.

For (iii) the details are similar. First note that we only need to consider bad
edges and edges of type (o, §,0); where o # 0 for every i € [c,], since the process
only removes zero-sum configurations and by Theorem 3.5.3 the claims for all other
edge types are already satisfied. Then, recalling the notation from Section 6.3.1.3,
) = Ot and Tg(viem) f32 0. (0) = Weig) for
each edge e under consideration. Then since jz-pg > tg" for all ¢+ we still have that

(6.15) holds. O

@
maXoe (v frz oy

Corollary 6.5.4. In H:= H[V(H) \ V(M})], we have that
(1) every 0-valid subset S C T satisfies

[VHSD] = O (|S]per)

(i1) every open and closed 0-valid tuple (v, Sy, Se,Ss) satisfies

| Exge(v, S1, Sz, S3)| = © (|Er(v, S1, S, S3)|p%)

(111) for every i € [c,],

(0 (125 (o, B,7)Ipi)  if e is a bad edge,
|25t e (0, B,7)] = { O (kitipg}) ifa=08=1v=3

L 0 otherwise.

(O (12 7(. 8.7)lpg)  if #0 and vy =0,

_ O ]Zkzplg ZfOé = 07 5 = 07 Y= 47
120 el 6] o= { O Uikipe) fo=0,5=07=
O (]zkngr) ZfOé - 0; 6 - ]-7 Y= 37
L0 otherwise.
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Finally, for every bad edge e,

|Zi2,e,Hc

(iv) For every J € {X,Y, X +Y, X —Y} and every valid J-layer interval S C I,
Ve, e(HS))| = © (IV(T5)£[5)) Ipe:) -

(v) For every J € {X,YX +Y,X — Y} and every valid J-layer interval I’ C I,
and v ¢ J with v € V(H®),

|Bye(v, 17, 0/E)| = © (|Er(v, I, O/E)lpy,) .

Proof. We again use that by Proposition 6.5.2, 1 > 1 — dyg (u) > 1/4 for every
u € V(H|[I]). Combining this with Theorem 3.5.3 and Proposition 6.5.3, and noting
that we only consider subsets S C V(T) either contained within I;,, or such that
|S N I,| = O(ty), the claim follows. O

We shall now modify My, to balance out parities in what remains of the X +Y
and X — Y parts, and cover the remaining vertices in V(H¢) \ V(H|[I,)).

6.5.2 Parity modifications and the greedy cover to reach H,

First note that, as previously mentioned, these parity modifications are only required
when n is odd. In this case, in the first two steps we will need to modify My, and
the subsequent matching we shall obtain from H,, Mg, to ensure that the leave L*
at the end of the process satisfies parity requirements for a particular ‘zero-summing’

strategy (i.e. that of Proposition 4.1.4).

We start by noting the distribution of odd and even vertices in parts |VOX/§Y(H .
First note (trivially) that [Vo ™ (He)| + VAT (HO)| = VoY (HE)| + VXY (HO)|
with no error terms, since we only ‘lose’ vertices by removing disjoint edges, each of
which removes exactly one from each part. Let Pg := ||V T (Q)]| — [V (G)]], the
absolute difference in number of odd vertices in the X +Y and X — Y parts in some
G C T. We refer to Pg as the parity disparity of G. To calculate the parity disparity
of H¢ we shall use the valid layer intervals we have been keeping track of in Theorem
3.5.3 (iv) and which were originally introduced in Definition 3.5.2, which will enable

us to break up particular summations into small subsets in a useful way.
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Proposition 6.5.5. The parity disparity of H®, Pye, satisfies
PH{’ < 2 1t0 pgr

Proof. We have from (6.13) that

|V(§(iy<Hc>| = Z (1- dw}’,(v)) T, Z dw?](v)-

veVEEY (H) veVEEY (H)

Claim 6.5.6.

Yo (—dug ) =(1£0(t™) Y (1= dug(v)

veVa Y (H) veVa Y (H)

Proof of claim. Let Z be a partition of [—”T_l, ”T_l} into consecutive intervals of size

to%. Then for any interval I € Z, by Theorem 3.5.3 (iv), we have that [V Y (H[I])| =
(1 £ 2a6)|Ve Y (H[I])|. Now let v; be the vertex in the middle of interval I and let
dr == (1 — dyg, (v1)). Then for every v € I, by Theorem 3.5.3 (ii) we have that
(1 = dus, (v)) = (1 £ O(t;*))d;. Finally, for two vertices vx4y and vx_y with the
same index in parts X +Y and X — VY, we have that dys (vx1y) = dus (vx_v),

and hence, by Theorem 3.5.3 (i), due (vx4y) = (1 £ 2ag)de (vx—y). Thus, since
5% > ag, we find that

>, (- =Y. > (I—dy)

veVa Y (H) Te€T yev XY (H[I)

=3 Y @E0(*)dr =Y VAT (HII(1 £ O(t5*))d;

IeT UEVX Y HI[I]) 1eT

= QL0 Y VI HIDId = (L£0(t>) Y > (L= dug (v))

1€ IeT ’UEVOX+Y(H[I])

=(1£0(t7) Y (1= dug ).

veVE Y (H)

Thus, since ¢, * ZUGVOXiY(H) dwo, (v) < (14 ag)ty g, we have that
VET(H) = 1£0(67) Y (1= dug(v) £ (1 + ag)ty Par
veVy Y (H)

and
VY (H) = Y (1= dug (v) £ (L £ ag)t) Py

veVE Y (H)

and the result follows. O]
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Without loss of generality, assume that there are more odd parity vertices in
V(H[X —Y]) than V(H°[X +Y]), and thus fewer even vertices in V(H[X —Y])
than V(H¢[X+Y]). Hence to fix the parity issues, we wish to greedily form M}, O Mg,
by adding Py. disjoint edges from H€, such that they have even and odd vertices in
the X +Y and X —Y parts respectively. We simultaneously try to cover any vertices
outside [;, using these additional edges as much as possible to balance the parity
issues, and then deal with any remaining parity issues after this cover step.

Let Ujs. and U}, denote the sets of vertices in (V (H¢)\I,)NX and (V (H¢)\I;,)NY
respectively. We’ll drop the subscript H¢ when it is clear from context. (Since I,
covers V(H) N X £ Y, there are no other vertices to consider outside of the target

interval of Iy,.)

Proposition 6.5.7. We have that
U] < to Per-
Proof. By (6.13) we have that

U] = > (U= dug, (0) £ [VHX/Y])\ Lyt ©
veV(H[X/Y)\Iyy
< V(HIX/Y])\ Ly | (2ac + 1),

since we know from Proposition 6.5.2 that dye (v) > 1 —2a¢ for every v € V(H)\ I,.
Then since [V (T[X/Y]) \ I,| = 22, by Theorem 3.5.3(i) we have that,

VHD/ YD\ Ty | < 200

Since ag < t;°, the claim follows. O

Now for a vertex v € UXUUY we want to lower bound the number of feasible edges
that we may cover v by in H¢, which also help to balance out the parity disparity.
We deliberately restrict to edges which avoid vertices in Ii,,. This is so that any
properties that this process affects are only to vertices with index of size ©(n). In
this way we are helping to preserve ‘nice’ properties of smaller order vertices (which

we need to last longer for the process to be successful) in a straightforward way.

Proposition 6.5.8. When n is odd, every vertexv € (V(H®)\I,) N(XUY) satisfies

t
|EHC(U7 Ito \ [tzo) N EAB(T) >
for AB € {OE,EO}.
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Proof. By Proposition 6.5.3 we have that for each v € V/(H¢) that

|Bre(v, I \ I)| = (1£0(t5°) Y [T (@ —dug(w).
e€EEH (v,115\Ito,) u€e\{v}
Recall from Proposition 6.5.2 that 1 — dye (u) > (1 — 6.1ag)wn(Eu(u, Iy,)) > 1/4
for every uw € V(H[I;,]). In addition, by Fact 3.6.2(iii) for every v € V(T \ I,), we
have that |Er(v, I, \ I,,) N Eap(T)| > %, and so by Theorem 3.5.3, |Ex(v, Iy, \

Lyy) N Eap(T)| > “2. Thus, by Proposition 6.5.3 (v) and Proposition 6.5.2 (i) the

proposition follows. []

We now show that we can cover UX U UY and obtain Hy C H; by removing a
matching M§; such that |J Mg N I,, = 0 and such that Py, = 0.

Proposition 6.5.9. There exists a matching M§ C H¢ such that |JM§ N I,y = 0
and setting Hy := H[V(H) \ V(Mg U M§,)| we have that V(Hy) C Iy, Py, =0 and
M| = Oty “per)-

Proof. First note that since tf;;% = Q(n'=G*X107)) and 2.1 py = O(n' 1077, it
follows from Propositions 6.5.7 and 6.5.8 that we can cover all the vertices in UX UUY
greedily using a collection of disjoint edges only of the correct parity type to reduce
Py, and avoiding vertices in I;,,. Thus we first greedily pair vertices in U with
vertices in Y, and vertices in UY with vertices in X to dictate wrap around edges of
the right parity so that, updating Py. as we go along, we always reduce Pgc until
either Pye = 0 or UX UUY have all been covered, where each choice avoids previous
vertices thus yielding a matching M7. In the former case, having reduced Ppe to 0 and
having some remaining vertices uncovered in UX UUY | we enumerate these remaining
vertices vy, U, . . . and greedily choose edge i for v; so that e; is of even-odd parity when
1 is odd, and odd-even parity when 7 is even, each time continuing to avoid all vertices
already used in the process to obtain a matching M. If the enumeration was even
then we are done. Indeed, letting My, := M{ U My we have an edge in M, for each of
the O(ty “per) vertices in UX UUY and we have that Hy := H[V(H)\ V(Mg U Mg)]
satisfies Py, = 0 and V(Hy) C Iy, as desired. If however, the enumeration was odd,
we find that we have now increased Py = 1. Equally, if we are in the latter case, we
also still have Py, > 0 and UXUUY covered by a matching, M¢. In both of these cases
we still have that Py, = O(ty “pe:) and we must find a matching such that removing
the matching obtains Py, = 0. For the current updated value of Py_, choose LP%J
vertices with largest modulus in (V (H¢)\V (Mf))NX to form W¥, and [%] vertices

with largest modulus in (V(H¢) \ V(M5)) NY to form WY. By Proposition 6.5.8,
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their appropriate parity degree avoiding I;,, is large enough to greedily reduce Ppe
to 0 by adding edges of the appropriate parity to cover WX UW?" whilst avoiding all
previous choices. This yields a matching My such that taking My := My U M§ we
have |M§| = O(ty “pe), and for Hy := H[V (H)\V (M§ UME)] we also have Py, = 0
and V' (Hy) C I, as desired, completing the proof. O

We have now reached Hy C H, where parity requirements in the X + Y parts are
satisfied. We show that the properties of Proposition 6.5.3 are not overly affected by
the process going from H¢ to H,.

Lemma 6.5.10. There exists an absolute constant Cy such that Hy satisfies the fol-

lowing:
(1) every 0-valid subset S C T satisfies

V(Ho[S)| = (L Cotg) D (1= dug (v),

veV (H[S])

and for any vertex allowable function pg(v) : V(H) — Rsq for (H,wpy,to,n)
such that ps(v) = fs(v)loev(mis) and fs(v) = O(fs(v')) for allv,v" € V(H[S]),

S ps(v) = (1 Coty) Z g, (0)),

veV (Ho[S]) V(H[S])
(i1) every open and closed 0-valid tuple (v, Sy, S, Ss) satisfies

| B (v, S1, 82, S3)| = (1 £ Copgty©) > [T (1= dug (u)

e€ Ly (v,51,52,53) u€e\{v}

furthermore, for any v-edge allowable function f, for (H,wpy,ty,n) such that

fole) = O(f,(e") for all e, e’ D v, we have that

f’U<EHO(U7 S1, 52, S3)) = (1 + Oopg_ftae) Z fv<e> H (1 - dw%(“))?

e€E(v,51,52,53) uce\{v}
(iii) for everyi € [cg,
| i,e HO( /6 7)|
(1 + Copzty©) Zzez;ﬂ(a,ﬁ,v) [Luca gy (1 — dug, (w)  ife is a bad edge,
) (kitlpgr) Zf(l/ = 07 6 = 1; Y= 37
0 otherwise.
| ie H0< 6 7)‘

171



(1 + C()pg 11tO ) ZzGZZeYH(a,ﬁ,'y) Hue,z\{e}(l - don (U)) Zfa 7£ 0 and Y= 07

O(]zklpgr) ’Lf(l/:(), 5:0; ,7:47
0 otherwise.

Finally, for every bad edge e,
|22 b, = O (Kitapg) -

(i) For every J € {X,Y, X +Y, X =Y} and every J-layer interval S of size at least
tl €/2
—€/2
VE(HolSDI = (1= Cotg™?) 37 (1= dug,(v)).
vEVOJ/E(H[S])
(v) For every J € {X,YX+Y, X —Y} and every J-layer interval I’ of size at least
to7"* and v ¢ J with v € V(Hy),

|Euo(v,17,0/E)| = (1 + Cop2t) Y [T (1= dug )

e€Ey (v, I7,0/E) uce\{v}

Proof. We consider the effect of the parity modification and greedy cover on Propo-
sition 6.5.3. In total, the process removed at most 2.5té’€pgr vertices from each of the
four parts. Any properties relating to vertices, edges and subsets all contained within

I;,, remain the same as in H¢. Otherwise, for property (i), and every 0-valid subset
S C T, we have from Corollary 6.5.4 that |V (H[S])| = © (tope), since S & I,,.
Thus we have that

VHE[S])| = [V (Ho[S])| = [V (HC[S])| — 2.5ty “Per,

where [V(HC[S])| — 2.5ty per = (1 — Ot )|V (HC[S])]. Thus, [V (Ho[S])| = (1 £
O(to )|V (H[S])|. That is, there exists a constant Cj; such that
V(Ho[S])| = (1£ Conty®) Y (1= dug (v)),
veV (HIS])
for every 0-valid subset S. THe same argument holds for all pg(v) as in the lemma.

For (ii)-(v) we argue in a similar way. For (iv), we consider J-layer intervals of
size at least tl 2 We have from Corollary 6.5.4 that |V(37/E(HC[ N >6e (tl E/Zp )

Hence |VOJ/E(HC[ D] — 2.5ty “per = (1 — O(t _6/2))|V(‘)7/E(HC[S])|. So there exists a

constant Cj4 such that

Ve p(HolSD = (1= Coata ™) D (1= dug, (v)),
veVy 5 (HS)
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for every J-layer interval of size at least t(l)_e/ 2,

Now, for (ii), we have that for every open and closed 0-valid tuple where (57, 53, S3)
are not contained in I;,,, that [S1| = ©O(ty). By Corollary 6.5.4, it follows that
|Ene(v, 81,52, 85)] = O (|Er(v, S, S5, 53)|pgr) =0 (topgr). Now, since 2.5ty Py
vertices may have been removed in each part, and each such vertex could feasibly be

in at most two edges in Fy<(v, S1,S9,53), it follows that
|Egre(v, S1, 52, 55)| > |Em, (v, S1, 52, S3)| > |Epe (v, St, Sa, S3)| — 20t per.

From above, we have that |Ege(v, S1, S, S3)| — 20t per = (1— O(pg2t5 ). It follows

that there exists an absolute constant Cp, such that

|EH0(U7 S1, 52, S3)| = (1 + CO,ng;Qt(;e) Z H (1 - dw}’{(u))’

e€Ey (v,51,53,93) uce\{v}
for every O-valid tuple (v, Si, S2,S3). Similarly, for a v-edge allowable function f,
where f,(e) has the same order for every e € H with v € e, it is clear that the relative
impact has the same order.
The same argument holds for (v), however, again an J-layer interval may have

/

size t; /%, and hence as for (iv), we have that

By (v, 17, 0/B)| = (1 £ Cosp?ty ") [T (1= dug (w),
e€Eg(v,17,0/E) uce\{v}
for I’ an J-layer interval, v ¢ J, and Cj 5 some absolute constant.

Finally, for (iii), note that every additional vertex removed from H¢ to Hy is in
at most O(j;) relevant zero-sum configurations for an i-bad edge e and every i € [¢/],
and O(t;) configurations for an edge of type (a,3,0); with o # 0 and i € [¢g].
Additionally, using Fact 3.3.5 and Theorem 3.5.3, we have that these types of edge
are in © (jitopg) and © (t%péf) relevant configurations respectively. Thus in total
the at most 10t “p,, vertices which have been removed to reach H, remove at most

O(jity “per) and O(t1ty “pg:) configurations, respectively, and the result follows. [

6.5.3 Reweighting

We now wish to update the weighting wy for edges remaining in Hy. The strategy
for this is very similar to the strategy for reweighting for subsequent steps described
in Section 6.4, however we only require one intermediate step, rather than two. We
first define a new weighting wg o as follows:

wy(e)
1 —duyg, (v))

wpole) == i

’UEEOHO (
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for every e € E(H). Supposing now that d, ,.m,(v) > 1 for some v € V(Hy), let

dH = MaXyev (Hy) de4o7H0 (U) Then define

wpfe) = 212

du

for every e € E(H).

Proposition 6.5.11. wy is edge allowable for (H,wg,to,n).

Proof. Recall that 1 > 1 — dye (v) > 1/4 for every v € V(H|[I;,]). Thus wgo(e) has

u
the same order as wy/(e) for each e € E(H). In particular we have that wy(e) =
O (tops,) for every e € E(H). Thus by Remark 6.3.14 it follows that wpg is edge

allowable for (H,wgy,to,n). ]

Proposition 6.5.12. dy <14 1.1Cop,*t,“.

Proof. Since wp g is edge allowable for (H,wpy,to,n), using Lemma 6.5.10, we have
that

gy o110 (V) = wiro(Biny (0, 1)) = LECopts) Y wmole) ] (1= dug, (w)),
e€Ey (v,1y,) uce\{v}
for every v € V/(Hy). Note that
wr(e) wi (B (v, Iy,))
> waole) J[ (0 —dug )= > =4 i o
€Eu(v.1i) eer(v) eriany b Doz (V) — dug, (v)
e H\V, to uce\\v e H\U, to
By Proposition 6.5.2 we have that 1 —dye (v) = (146.1ag)wy(En(v, I;,)) and hence

ZGEEH('UJtO) wpo(e) Hu@\{v}(l—dw% (u)) = 1£12.3a¢. This yields that d,, ,.u,(v) =
1+ 1.1Copg_r2tg6 for every v € V(Hp) and so in particular dy < 1+ 1.1C’0pg_;r2taE as

required. O]

Corollary 6.5.13. wy is edge allowable for (H,wy,to,n).

Proof. The proof follows from Proposition 6.5.12 in the same way as Corollary 6.4.5
follows from Proposition 6.4.4. O]

Proposition 6.5.14. We have that
wo(e) = (1 £ 1.1Copg_ftae)wg,0(e)

and
wpole) = (1+£ 1.100pg_r2t56)w0(e)

for every e € H. Furthermore, for every e € Hy we have that

(1-— 1.1Copg_r2tae)wH(e) < wp(e) < 82wpy(e).
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Proof. Since, by Proposition 6.5.12, du, ,m,(v) < 14 1.1Cop, ¢ for every v €
V(Hy), we have that

wro(e)
> >
U}HA()(G) st U)()( ) = 14+1. ]_CongtOe’

for every edge e € Hy. In particular, this gives the first two statements. By Proposi-

tion 6.5.2 we have that 1 > (1 — dye (u)) > 3 — O(ag) for every u € V(H,). Hence

wg(e) < wgole) < 81.lwy(e). It then follows from the second statement of the
proposition that
(1— 1.1C’0pg_r2t55)wH(e) < wp(e) < 82wgy(e)
for every e € Hy, as claimed. m
Proposition 6.5.15. wq is a fractional matching for Hy such that
g, 11, (V) > 1= 2.2Cop, 5

for every v € V(Hy). Furthermore, given a 0-valid tuple (v, Sy, Ss, S3), we have that
wy(Ey(v, Sy, S, 53))

wH<EH (U7 ]to))
Proof. That wy is a fractional matching for H, follows from the construction of wy.

UJ(](EHO(U, Sl, 52, 53)) (1 + 2. 2C’0pg 2t0 )

Considering a 0-valid tuple (v, Sy, S2,S3) we have that
wo(EHO(U, Sl, Sg, 53)) = (1 + 1. 100pg zto ) Z U)H_()(G)
CEEHO(U,Sl,SQ,Sg)

by Proposition 6.5.14. Then since wy o is edge allowable for (H, wg,to,n) we have by
Lemma 6.5.10, that

> waole) =(1£Coplty) Y. waole) J] (1 — dug (w)).

e€Ep (v,51,52,53) e€Ep (v,51,52,53) u€e\{v}

We also have for v 3 e, and e € H[Iy,] that wro(e) [T ece ) (1 — dug, (v) = 1 zigz y-

Using Proposition 6.5.2(iv) we get that

wy(Ey (v, Sy, 5,5
wO(EHO('U,Sl,SQ,Sg)) (].j:]_ ]-OOPthO )(]‘j:COngto )(1:|:610[G) H( H( 1,92 3))

wy (v, ;) ’
and the final claim follows. In particular, this gives that
_ /IUH('U, [t )
E I 1+ 2.2Cp, "t ) —F——%.
wﬂ( HO(U’ to)) ( oP O )U)H(U, [to)
That is, du,,m,(v) = wo(Ew, (v, I,)) > 1 — 2.2Cop, 15, as required. O

In particular, we note that every edge e has wy(e) = O(wg(e)), and so it follows
that for every v, dp,(v) = O(du(v)), since dyy,m,(v) = (1 £ 0(1))dy, u(v) (as wy and

wp are both almost-perfect fractional matchings for H and H, respectively).
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6.5.4 HO to H1

We now repeat the process above, this time with (Hy, wg) in place of (H,wy), and
I;, as the new ‘target interval’ in place of I;,. We start with some useful properties

to note for this process.

Proposition 6.5.16. For each v € V(Hy), wo(Ew, (v, 11,)) > (1 — O(p2t5 ) 55-

Proof. We have by Proposition 6.5.15 that for each v € V(Hy),

wH(EH(Uv ]tl))
wH(EH<U7 Ito)) .

Now, from properties of T, in particular Fact 3.6.2 and Theorem 3.5.3, we know that
wy(Eg(v,1,)) < 2+0(ag), and that wy (Eg(v, I,)) > 55— O(ag). Thus, the result
follows. 0

wo(Ep, (v, I;,)) = (14 2.2Cyp tho )

Corollary 6.5.17. For each v € V(Hy[1,]), we have that
1 — dyg(v) = (1 £ 44.1Cop, "t Ywo(Er, (v, 1))

Proof. By Proposition 6.5.16, we have that wo(Eg,(v,I;,)) > (1 — o(1))55. Fur-

thermore, we have that for each v € V(Ho[l;,]) that dug(v) + wo(Ew,(v,Iy,)) =
1+2. ZC’Opgr . Thus,

1 — dyg (v) = wo(Ep, (v, 1)) £ 2.2Cop, 2t = (1 £+ 44.1Cop, t,  Ywo(En, (v, 1, ),
as required. O]

Proposition 6.5.18. There exists a matching M§ in (HS,w§) such that letting H§ :=
Ho[V(Hy) \ V(MY)], we have that

(1) every 0-valid subset S C I, satisfies

V(HGISDI= 1£0(t59)) Y (1—duglv)),

veV (Hp[S])

and for any vertex allowable function ps(v) : V(Hy) — Rsq for (Hy, wo,to,n)
such that ps(v) = fs(v)Loev (#os)),

S ps)=(1£0(5) Y ps)(1 — duy (0).

veV (H§[S]) veV (Hyl[S])
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(i1) every open and closed T -valid tuple (v, Sy, S2,S3) with Sy, 52, S3 C Iy, satisfies
| Erg (v, 51,52, 93)[ = (L £ O(t,)) > [T (10— dugw),
e€Epg, (v,51,52,53) uce\{v}

and for any v-edge allowable function f, : E(Hy) — Rso for (H,wn,to,n) such
that f,(e) =0 wherever v ¢ e,

FulBry (0,80, 80,5) = (120650 3 fule) T[ (1 duy (),
6€EH0 (U,S1,SQ,S3) uEe\{U}
(1i1) for every i € [c,],
|Zi—f_e,H§ (047 57 /7)| =
(1£0(t,°)) ZZEZ;LS’HO(aﬂv’Y) [Licao(I —dug(u)) ifeis abad edge,
0 otherwise.

|Zije,H§(a>57’7)| =

(1£0(4,)) ZzGZ;’E’HO(a,Bq) Huez\e(l - dwg(u)) if o # 0 and v =0,

O (jikipg) ifa=0,5=0v=4,
O (jikini?) fa=0,=1v=3,
0 otherwise.

Finally, for every bad edge e,
|Zi2,e,H8’ = O (kit1py) -

(iv) For every J € {X,Y, X +Y, X — Y} and every J-layer interval S C I;, of size

at least ty /2,

Vop(HEISD = 1 £0(t5) Y. (1—dug(v)),

VeV, 5(HolS))

(v) For every J € {X,YX +Y,X — Y} and every J-layer interval I”7 contained in
I;, of size at least téfE/Q and v ¢ J with v € V(Hf),

|Bus (v, 17, 0/E) = (1 £ 0(t5)) Y [T = duw).

e€Ep, (v,I7,0/E) uce\{v}
(vi) When n is odd, for each AB € {OF, EO},

| Mg OV Eap(Hg L, \ 1i])| = (1 45°) > wo(e)-

eEEAB(Hg[Ito\ItQOD
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Proof. The proof of (i)-(v) again follows the same strategy as the proof of Theorem
6.3.13, using Proposition 6.5.16 in place of Corollary 6.3.12 to lower bound 1 — dyq(u)
for each u € I;,. For (vi) we appeal directly to Theorem 6.1.2. By the same reasoning
as for Theorem 6.3.13, we know that the hypotheses are satisfied. Let gap : E(HS) —
R>¢ be defined by gap(e) = leerap(Hgih,\Iy))- Lhen qap(E(HG)) = [Eap(Hg[y, \
I1,,])| and maxeepimg) q(e) = 1 for every AB € {OFE, EO}. It suffices to show that
|Eap(HY Lty \ Ity ])| > 1{/_(1);1 for each AB € {OFE, EO}. First note that by Fact 3.6.2
(iii), for each v € (Iy,\It,)N(XUY"), there are at least n/50 wrap-around edges of each
relevant type which contain only other vertices in Iy, \ I1,,. That is, |E7(v, [}, O/E)| >
L for each v € (V(T)\ I;;) N (X UY), where I is the relevant layer interval that
counts only edges with all other vertices in Iy, \ Ij,,. Then by Lemma 6.5.10(v),
there exists a constant ¢; such that |Epg (v, I}, O/E)| = |Ey,(v, I}, 0/ E)| > citop},

for every v € (V(Hp) \ I;;) N X. Furthermore, by Lemma 6.5.10(iv), there exists a
constant ¢y such that [(V(HS) \ I,) N X| = [(V(Ho) \ It;) N X| > catopg. Then

|Eap(Hy ey \ Lip0])| 2 > |Erg (v, I;, O/ E)| > cicatipy, (6.22)
ve(V (HY)\Ity)NX

14n

1t_°t,1, as required to satisfy (6.2). Thus by Theorem 6.1.2 there
0

exists a matching Mg such that (as well as (i)-(v)), we have that

where ¢ czt%pgr >

MG 0 Eap(Hli \ Iug))l = aap(Mg5) = (1 £45) D aanle)w(e)
e€E(H)

= (1x¢,°) Z wo(e)

GEEAB(HS[ItO\ItQO])

for each AB € {OFE, FO}, as claimed. O

Now in Hy we still have wrap-around edges, and thus for n odd we still have

additional parity requirements to adjust for, depending on the types of edges in M.

6.5.5 Parity to reach H,

To adjust for any parity disparity in H¢, we were able to simply balance out the
disparity by adding wrap-around edges of appropriate types. Now to adjust for any
disparity in H§ (again presuming n is odd) we cannot proceed in this way since vertices
remaining to be covered may not have sufficiently large wrap around degree in I3, .
However, we do now have that every vertex should have sufficiently large non-wrap

around degree into [;,. (This was not the case for the first step, hence why we do it
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differently in each step.) Note, also, that any parity disparity can only be caused by
the existence of edges of the relevant wrap-around type appearing in Mg, thus we can
try to fix the disparity by first removing sufficiently many edges from M to reduce
the disparity to 0.

Proposition 6.5.19. There exists a constant C{, such that the parity disparity of H,
Fs, satisfies

Fy < C(l)pgrtéie/2

Proof. We have from (6.13) that

Vo (Dl = 3, 1-dwg@ 6 >, dglv)
veVSEY (Ho) veV g (Ho)

We split the sum to consider vertices in I;, and I, \ I, separately. In particular, we
know for v € I, \ I, that 1—dye(v) < 2.2p.*t;°, and furthermore, that ]V(g(/EY(HO[ItO\
toPer .

Itl])| < ‘V(g{/:EY(H[[tO \Itl])l(l_‘_O(l))% Then since ZvEVOX/EY(HO) dwg (U) = O<t0pgr>a
the difference in remaining vertices of odd parity outside I;, over both the X +Y and

X — Y parts is at most

—€ —24—¢€ 4t Pgr
O(ty ™ per) + 2.2p57t5 (1 + 0(1)) —==

< 2p'ty

T

Now, to consider the maximum disparity inside I;,, recall from Corollary 6.5.17 that
for each v € V(Hy[I,]),

1— dwg(’v) == (1 + 44.1Copg_r2t5€)w0(EHo (U, Itl)),

and by Proposition 6.5.15, that

wy (Ey(v, 1))

wo(EHo(U7[t1)) = (1 + 2200pg—1”2t66)wH(EH<1} It ))

Then

Voye (HlluDl = (149 Y 1-duyg(v)

uevgf/iEy(Ho[ftl})

= (1£46.3Cop 5 ) >

veV s (Hollt )

= (1£46.4Cop,t ) >

veV g (Holly )

wH(EH(vv It1))
wH(EH(U7 Ito))

|ET(U7 [t1)|
| E7(v, L)’
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where the last equality holds using Theorem 3.5.3, and the fact that wy is a uniform
weight function. Now we may proceed as in Proposition 6.5.5, splitting the summation
across consecutive intervals, this time of size té_s/ 2,
I;, N X +Y into intervals of size té_e/ % then for vy the vertex in the middle of I € Z,
let di = |Ex(v,1,,)| for i € {0,1}. Then we have that |Ex(u,L,)| = di + O(ty %)
for every uw € I and i € {0,1}. Noting that for every vertex u € I;, and i € {0,1} we

have that |E7(u, I;,)| = ©(ty) we thus find that

Er(v, I, —€/2 d}
Y el © 0oty 3 g

veVs Y (Holhy)) Iez veVX+Y(H 1)

= (1£0(t,") Y] d0|vX+Y<H 1)),

ez I

Letting Z be a partition of

where, by Claim 6.5.6 and Lemma 6.5.10(iv), we have that [V ™Y (Ho[I])| = (1 +
Oty ") |VEY (Ho[I])|. From this it follows that

3 [Er(v, L) _ (1i0(t06/2))z \VX Y (Hol1))]

E I
vEVg+Y(H0[It1})‘ T(U7 t0)| IGI

1
o 6/2 d[
- azomy Y 4
T€T yev XY (Ho[I)) 1

Er(v, 1))

— 1 :l: O 6/2)) ’ T 1

ot X; [E7(v, L)l

’UGVO (HO[Itl]

In particular, then, we have that |V, ™ (HS[I,])| = (1 £ O(tie/z))]VOX_Y(Hg[[tI])L

Hence, as |V Y (HS[L,])| = O(tops) the parity disparity is at most O(té_E/ngr)

since t; /% <« P2, That is, there exists a constant Cf such that Py < Cop alo " as

required. O]

Now, as noted before Proposition 6.5.19, we can only obtain such disparity from

such edges which we wish to balance out having been used in the matching Mg.

Proposition 6.5.20. There exists a constant ¢ such that at least ctopg, edges of MG

are wrap-around edges of each type which avoid I, .

Proof. By Proposition 6.5.18(vi) we have that the number of wrap-around edges of
each type used in M is

| Mg OV Eap(Hg L, \ 11])| = (1 4,°) > wo(e),

EGEAB(HS [Ito \Itg()])
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for AB € {OE, EO}. Recall that by Proposition 6.5.14, and since wgy(e) = (1 +
O(ag))ﬁgr, we have that wy(e) > #pér for every e € Eap(HY[Iy, \ Ity,]) and each
AB € {OFE, EO}. Furthermore by (6.22) we have a constant ¢’ such that Eap(HS[I1, \
I1,0])| > tpg,. Hence it follows that

CI

‘MS M EAB(HS[Ito \ It20])| > 4t0pgrv

so the claim holds. O
Since P¢ = O(pgty

avoiding I;,,, we may greedily remove edges of the relevant wrap-around parity from

) and M{ contains O (topg) of each wrap around parity

M¢§ and thus reduce Fy to 0, only affecting properties of vertices, edges and subsets
which are not within I,,,. Let M{ C Mg be the matching obtained in this way. We
will then greedily cover all remaining vertices outside the target interval, including
those which are now uncovered as a result of the wrap-around edge removal, without
reintroducing any parity disparity. Let H) := Hy[V (Hp) \ V(M})]. Note that any
lower bounds for degree and interval properties of H§ remain valid for H), since we

have only added edges back in to go from H§ to H|.

We now run the greedy cover, ensuring that we don’t introduce any parity prob-
lems. Let Uy = Uf UUY U U™ U U denote the set of uncovered vertices

remaining outside the target interval.

Proposition 6.5.21. The number of vertices remaining to cover in the greedy cover
step, Uy, satisfies
1—¢/2
Uol = Olpecty ).

Proof. Since Py = O(pgty /*), we have added at most an additional O(pgty /?)

vertices to U, than those which already needed covering after removing M§. We have
from (6.13) that |V (H§[L, \11,])| = ZUEV(HO[ItO\Itl])(l_de (v))£t, € ZV(HO[ItO\Itl]) duwg (v),
and for every v € Ho[ly,\ I, ], we have that 1—dug(v) = 1—duy, 1, (v) < 2.2p 2t . Fur-
thermore, we have that |V (Hy[l;, \ I1,])| < %%. It follows that |V (H§[Li, \ It,])| =
O(pgty ™), and thus since " < P, We have that |Uy| = O(pts ?), as re-

quired. O

Proposition 6.5.22. There exists an absolute constant ¢ > 0 such that every vertex
v € Uy is contained in at least ctopgr edges in H| which avoid vertices in I ,, and do

not wrap-around.
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Proof. In T, as per Fact 3.6.2(iv), such a vertex is in at least %)6 such edges. Fur-
thermore, for each such vertex v, one can lower bound the collection of non-wrap
around edges containing v via Eg; (v, I7,0)U Egy (v, I, E) for some J-layer interval
of size O(ty) with J such that v ¢ J. Thus by Theorem 3.5.3 we have that in H the

3
vertex v is in at least (1 — ag) & such edges. Since Hf, D HE, 1 — duwe, (u) > 1/4 by

150
Proposition 6.5.2 and 1 — dyge(u) > 1/21 by Proposition 6.5.16 for every u € I, by
Proposition 6.5.18 (v) and Lemma 6.5.10 (v) the result follows. O

By Proposition 6.5.22; since |Uy| = O (pgrtéfe/z) we are able to cover all of the
vertices in Uj greedily without causing any parity problems. Let M§ be the matching

obtained from such a greedy cover. Then setting
My == Mj U Mg,
we let
Hy = Ho[V(Ho) \ V(Mp)].

Next we will define a weight function w; satisfying the requirements of Theorem 6.1.1.

Let
wo(e)

u€(eny,) 1= dyg(u)’

woo(e) = I
for every e € Hy and set

w().o(e)

wil€e) ‘= ’
1< ) maxyev(Hl) dwo,o,Hl(U>

It remains to prove that the statements of Theorem 6.1.1 do indeed hold.

Proposition 6.5.23. w; is a fractional matching for Hy such that dy, g, (v) > 1 —
O(pg_ftae/z) for every v € V(Hy). Furthermore, wy(e) = (1 + O(pg_ftgem))wg,o(e) for
every e € Hy.

Proof. The proof follows via the same strategy used to prove Propositions 6.5.12,
6.5.14 and 6.5.15, the related facts about wy and dy, g, (v). In particular, for each
v € V(H;), we have that

dwvo,Hl (U> = wo,o(e) < Z w0.0(e) + O(pgr2tae/2)’

e€Em, (v,1¢;) eEEHS(v,Itl)
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since by Proposition 6.5.19 we have from H§ to H; that we added at most P§ =
O(pgrt1 </ 2) edges, and the weight on each such edge has order @(pgr ). Then by
Proposition 6.5.18 we have that

Y woole) =10 Y woole) [ (1—dug(u)),

eEEHS(v,Itl) e€Epy (v,11,) u€e\{v}

where Y 1) @00(€) [Tuep oy (1 — dug () = % = 1+ O(p2t5°),
and the last equality holds by Corollary 6.5.17. So we find that dy,, m(v) < 1+
O(pz’t _6/2). It follows then that w; = (1 £ O(p,*t _6/2))’100_0(6). Now, that w; is
a fractional matching for H; follows by construction. Furthermore, we have that
1, (V) = Loy (ory 01(€) = (14 Ot ") Sy o1y Woo(€) s0 from the
above, we have that dy, m, (v) > 1—0(pg’t, /2 ), for every v € V(H,), as claimed. [

Proof of Theorem 6.1.1. We recall that €; = €/10, and crucially that ¢;* > pg’ftgem.

Thus the first statement holds by Proposition 6.5.23. We also have that (vi) holds
as a direct result of our parity modifications to obtain (Hy,wy). For (ii), also by
Proposition 6.5.23, we note that w;(e) = (1 £ O(pg, 6/2))#(28% for every
e € H;. Thus using the last statement from Proposition 6.5.14 it is clear that (ii)
follows provided that 1 — dyg(v) = ©(1) for every v € V(H;). This follows from

Proposition 6.5.16 and Corollary 6.5.17. Indeed,

1>1—d, ()>% (6.23)

Claims (iii), (iv) and (v) follow using this along with Proposition 6.5.18, provided
that the edges added and removed from H{ to H; do not have a significant impact.
Note that this is true by default for all subsets inside I;,,. Furthermore note that
the upper bounds all hold by Theorem 3.5.3, since H; C H. Considering (iii) and
(iv), any 1-valid subsets S and open or closed 1-valid tuples (v, S, S, S3) containing
vertices outside Iy, satisfy |S| = O(ty) and |S1| = O(tp). Thus considering such
1-valid subsets and tuples, we have that using this along with (6.23), Propositions
6.5.2, 6.5.18 and 6.5.21, Lemma 6.5.10 and Theorem 3.5.3 yields

1 152 152
VLIS 2 55V (FO[S])| = Olpth %) 2 15|V (HIS))| = Oty ™) = O(ISIpe)

and similarly
|E, (v, 51, 82,83)] > 223|EHO(U S1, S, 83)| = O(paty /*)

1 €
535 35| Bn (v, 51, 82, 83)| = Olpwsty” %) = 0(1S1[p2,),

v
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since O(|S|pgr) = Otope) >ty /*pe and O(|S1[pd) = O(top?) >ty /*pg. For the

lower bounds in (v) we have that removing O(pgrté_e/ %) vertices from I, \ I,, can

only remove O(pg, jit(lfe/ 2) i-legal zero-sum configurations containing a fixed bad edge

e and at most O(pgrtgfeﬂ) containing a fixed edge of type (a, 3,0); with a # 0. So

in a similar vein to above, and using Fact 3.3.5 and that pgtg/ > 1, we find that

|23t 4, (bad)| > ©(pL2ite) — O(pgiity ) = O(p2jits),
for every i-bad edge e € H; and every i € [¢y], and
|Zije,H1 (o, 3,0)] > @(péftﬁ) - O(pgrt§_€/2) = @(Péft?)

for every edge e € H; of type (o, 3,0); with a # 0 and i € [¢,]. This completes the
proof. O
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Chapter 7

Classical queens and concluding
remarks

7.1 The classical n-queens problem

We now turn to Theorem 1.1.3, considering a lower bound for Q(n) rather than 7'(n).
Throughout the thesis we have considered subgraphs of 7 (n) for all n sufficiently large
though our main result, Theorem 1.1.2, only concerns n = 1,5 mod 6. It is easy to
miss why our proof counting the number of perfect matchings in 7 (n) only applies to
the cases where n = 1,5 mod 6, since for most of the sub results leading to Theorem
1.1.2 this condition is not required. The key is that our count uses that (at least)
one perfect matching exists in 7 (n), or rather that 1 € £(7(n)), which we know is
true when n = 1,5 mod 6 by Pdlya’s [49] observations (or equivalently by Corollary
3.2.14). However, when n is divisible by 2 or 3, and so no perfect matching exists
in 7 (n), we can modify our strategy to one that lower bounds perfect matchings for
some T*(n) € T(n). This T*(n) is chosen so that a perfect matching in 7*(n) has
size n/, and T (n)\ T*(n) has a collection of n —n’ edges which amount to a collection
of queens placed on the n x n board in such a way that, whilst they may attack
toroidally, they do not attack classically. Then the union of a perfect matching in
T*(n) and the fixed collection of n—n’ edges in T (n)\ T*(n) translates to a placement
of n non-attacking queens on the n xn classical board, where the only toroidal attacks

are among queens in positions corresponding to the edges used from T (n) \ T7*(n).

Proof of Theorem 1.1.3. Start by considering V(7 (n)) on coordinates {1,...,n} in
each part. We split into cases based on divisibility of n. For all cases we take
a;, b;, Ciy dy, x4, y;, Wy, z; for @ € [3] to be 24 distinct elements of [n] such that a; + b; €
n/2], v; +yi = a; + b; +n, ¢; — d; € [n/2] and w; — z; = ¢; — d; — n for every i € [3].
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Furthermore, we require that a; +0b;, ¢; +d; and w; + z; are 9 distinct elements mod n,
and also that a; — b;, x; —y;, and ¢; — d; are 9 distinct elements mod n. Then we have
that queens placed on the squares of the n x n chessboard associated with (a;, b;) and
(x;, ;) attack toroidally but not classically in the X +Y diagonal, and queens placed
on (¢;,d;) and (w;, z;) attack toroidally but not classically in the X — Y diagonal for
every i € [3]. Additionally, there are no other attacks between the 12 queens placed
on the toroidal n x n board. We split into three cases.

First we consider when n is even and 3 | n. We define W C V(7 (n)) as follows. As
well as the conditions above on {a;, b;, z;, yi, ¢i, di, Wy, 2 }icj3), we additionally require
that a; + b; = ¢; + d; mod 2 for each i € [3] and that

24+a+2) (ai+bi+c—d;) € 12Z,
1€[3]

where n = a mod 12. Then we let

Wt ={a, x5, 0],y (ai+ b)Y (a; + b +1/6) T, (0 — ) ™ (@i — )™ Yiep)

ARt At}
and

W= = {CX wX dY ZX<C,‘ + di)X+Y, (wi + Zi)X+Y, (Ci — di>X_Y, (Ci — dz —I—n/6)X_Y}Z-€[3]

ARt A Rl b Nad)

and let W:=WTUW~.

When n is even and 31 n we again also ensure that a; + b; = ¢; + d; mod 2 for
each i € [3] and also additionally require that 2 4+ a + 2 Zie[g]mi +b;+ ¢ —d;) € 4Z
where n = a mod 12. Then we define W := W+t U W™ via

W ={a;, 25,0,y (ai 4+ 0:)* Y, (@i + b +1/2) Y (a; = b)Y, (2 — 5:) 7 hiep

ARt B ')
and

W= = {ClX, U)X dY ZX<Ci +di>X+Y, (w, +Zi>X+Y, (C,‘ — di)X_Y, (Ci — dz +TL/2)X_Y}Z‘6[3} .

At A et )

When n is odd and 3 | n our additional constraint is that 1+ 23,5 (a; + b; +
¢; — d;) € 3Z and we define W := W+t U W~ via

Wt = {a, x5, 0],y (ai+ b)Y (@i + b +n/3) (0 — ) (@i — )™ Yiep)

It A}
and

W~ = {CX wX dY ZX(Ci—I—di)X+Y7 (’LUZ‘+Z7;)X+Y, (Ci —di)X_Y, (Ci —di+n/3)X_Y}i€[3}'

ARt A Rl b Nad}
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Note that Theorem 1.1.3 holds for n = 1,5 mod 6 as an immediate corollary to
Theorem 1.1.2, so this covers all remaining cases. Now let 7* := T[V(T) \ W]. We
claim that 7~ has at least ((1+0(1))%)" perfect matchings, and that each of these
extends to a distinct placement of n non-attacking queens on the n x n classical board
such that at most 6 pairs of queens attack toroidally. Indeed, supposing that 7* has
at least ((1+ 0(1))%)" perfect matchings, this translates to a placement of n — 12
queens on the n x n toroidal board so that no two queens can attack each other. Then
adding the 12 queens dictated by {(as;,b;), (¢i, d;), (x5, i), (wi, 2i) }ieg), these queens
cannot attack any of the n — 12 previously placed queens on the toroidal board (and
therefore nor on the classical board). Furthermore, these 12, by construction, do not
attack classically and divide into three pairs which attack toroidally on the X 4+ Y
diagonal, and three pairs which attack toroidally on the X — Y diagonal. Thus, to
prove the theorem, it remains to show that 7* has at least ((1+ 0(1)):—3)n perfect
matchings.

The proof of this is exactly the proof of the lower bound for Theorem 1.1.2, that
when n = 1,5 mod 6, T (n) has at least ((1+ 0(1))%)" perfect matchings, but start-
ing from 7*(n) in place of T (n). Note that the constant number of vertices removed
to obtain 7* from 7 neither affect parity issues, nor can they have a significant effect
on the other properties we track throughout the process. The only aspect of the proof
that needs reverifying for 7*(n) in place of T (n) is that 1 € £(7*). In particular,
this is the key element that ensures that L*, what is left to be absorbed at the end of
the process is a qualifying leave for the absorber A* taken out at the beginning. Let
vp+ be the support vector of L*. Then we require that vy € L(7*) to ensure that
L* is a qualifying leave. Since L* is obtained by removing a matching from 7*(n), it
follows that showing that 1 € £(7) will complete the proof.

By Lemma 3.2.13 we have that the vector v corresponding to weight 1 on all
vertices in V(7)) \ W and weight 0 on vertices in W satisfies v.€ L(T). (This is
seen simply by verifying that v satisfies (i)-(iv) when n is odd and 3 | n, and (a)-(e)
when n is even. We give more details of these calculations below the proof.) This in
fact also implies that 1 € L(T*) as follows. Consider an integer collection of edges
E, C T whose vertex shadow yields the vector corresponding to v. If eNW = 0
for every e € Ey then Ey C T* so 1 € L(T*). Supposing this is not the case, let
V*(Ey) = {v1,...,vy} be an enumeration of the vertices v € W with multiplicity
and sign such that there exists e € E; with e 3 v. Without loss of generality, suppose
that v; appears in an edge e € E; with negative sign. Since we know that v; has total

weight 0 we may also choose another edge ¢’ € F; with positive sign such that v; € €’.
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Then we form a zero-sum configuration z containing e with positive sign and ¢’ with
negative sign and only other vertices in V(7). (Since we have one degree of freedom
left to dictate z and only a constant number of vertices - those in W - to avoid, this
is possible.) Updating E; to Fy by adding z removes the edges e, e’ from E; and
adds edges only using new vertices outside W. Thus we have |V*(Es)| < [V*(E})].
Repeating the process we eventually obtain E* such that V*(E*) = (). Then E* yields
1€ L(T*), as required. O

To see that our vector v with a 1 on every element in V(7*)\ W and 0 on every
element in W is in £(7) simply requires checking (i)-(iv) or (a)-(e) of Lemma 3.2.13.
It is easy to verify (i)-(iii) and (a)-(d). We give some intermediate details of the
calculations for (iv) and (e) here for transparency.

When n is odd (and 3 | n), to satisfy (iv) in Lemma 3.2.13 reduces, after cancelling

and regrouping terms, to showing that

2n? 1 2n 2
3+n~|—3—i—3—|-3 (a; + b+ c ) €

1€[3]

Then since 3 | n, this reduces to having

1+22(a¢+b¢+6i—di)€3Z,

1€[3]

which is the requirement given in the proof of Theorem 1.1.3.

Similarly, when n is even and 3 | n, to satisfy (e) in Lemma 3.2.13 reduces to

showing that

n n 1 n

1
S E . , —d)eZ
3 2 6 12 6 ,6[3}(% bite-d)el,

which is equivalent to showing that

2+n+22(ai+bi+0i—di) € 12Z.
1€(3]
When n is even and 31 n, satisfying (e) in Lemma 3.2.13 reduces to showing that

n2 n 1 3n

1
T T b4 —d)eT
3+2+6+4+2,e[3](a2+b2+cz d;) € Z,

and since in this case we have n? = 1 mod 3, this is equivalent to showing that

2+n+22(a,+bz+cz—dz)E4Z

1€(3]
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These conditions are all satisfied by the constraints on a;, b;, ¢;, d; given in the proof
of Theorem 1.1.3.

We could, of course, give explicit collections for the 12 queens taken out and
chosen to attack toroidally (but not classically), but the general description above

shows that there are many choices for every n sufficiently large.

7.2 Concluding remarks

Theorem 1.1.2, the main result of this thesis, asymptotically in the number of choices
per queen, answers an open question whose study was first initiated by Pélya [49] in
1918. Furthermore, it settles conjectures of Rivin, Vardi and Zimmerman [50] and
Luria [39]. The proof of Theorem 1.1.2 uses the upper bounds of Luria [39] and
the lower bound is our main contribution from this thesis. Recall that previously
there was no known non-trivial lower bound for all n = 1,5 mod 6 and the best lower
bound for some n was due to Luria [39] using very different methods. Together with
Theorem 1.1.3 and the trivial upper bound of n! both for the toroidal and classical
case, we completely settle Conjecture 1.1.1, but we also recall that the classical case
of the conjecture has been independently settled by the recent lower bound of Luria
and Simkin [40] matching our lower bound in Theorem 1.1.3. One difference in our
results, other than the vastly different strategies in the absorbing, is that whilst their
lower bound obtains ‘almost-toroidal’ n-queens configurations in the sense that there
are at most o(n) toroidal attacks for each classical configuration, our result produces
the same count for an even stronger structure. In particular, we obtain the same
lower bound, but counting only those configurations where at most some constant
C < 12 toroidal attacks occur for each classical configuration counted. We note that
the three pairs of toroidal attacks on the X + Y diagonal and three pairs of toroidal
attacks on the X — Y diagonal used in the proof of Theorem 1.1.3 is not necessarily
best possible for all n, but does indeed work for all n. For example, when n is even
and 3 1 n, our constructions in the proof of Theorem 1.1.3 work taking only ¢ = 1 and
disregarding 7 = 2,3 so that we then have only one pair attacking toroidally along
the X +Y diagonal and only one pair attacking toroidally along the X —Y diagonal.

We also make some remarks concerning the n semi-queens problem. We noted
in the introduction that the toroidal semi-queens problem was settled by Eberhard,
Manners and Mrazovié [18]. This also gives a lower bound for classical semi-queens
when n is odd, however there does not seem to have been any work on considering the

classical version separately, or extending the lower bound from the toroidal setting
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to when n is even. A follow-up paper by Eberhard [17] considers how the result
of Eberhard, Manners and Mrazovié¢, which is more generally on additive triples
of bijections than just the toroidal semi-queens problem, can be extended to more
abelian groups than just those of order n where n is odd. Perhaps the ideas used
here could also give a lower bound for @'(n). Alternatively, adapting our methods
used to prove the toroidal n-queens result it should be possible to prove that 7"(n) >
(L +o0(1))%)" and Luria’s upper bound also matches this. On the one hand this in
itself is not very interesting since this bound is a weaker form than that already given
by Eberhard, Manners and Mrazovi¢. On the other hand, we note that our methods
should also then adapt to yield a lower bound for the classical n semi-queens problem,
that @'(n) > ((140(1)) %)™ for all n sufficiently large. Additionally, one could obtain
an upper bound for @)’'(n) using a fairly straight forward application of the entropy
method, as done by Luria for an upper bound on Q(n). However given Simkin’s [54]
new upper and lower bounds for ()(n), we presume that neither bound obtained this
way would be tight for Q'(n). Perhaps Simkin’s [54] methods for Q(n) could similarly
further improve the accuracy of approximation for bounds on @'(n). However, as well
as determining )'(n), determining a value for ()(n) which is as accurate as our result
for T'(n) is still open, so perhaps new ideas beyond those of Simkin’s are required to

close these gaps completely. For one, we ask the following question.

Question 7.2.1. Does the constant ¢ in Theorem 1.1.4 have a closed form expression?

The methods used in this thesis are inspired by powerful and recently developed
tools in probabilistic combinatorics including most notably the methods of randomised
algebraic construction and iterative absorption. However, these tools cannot be di-
rectly applied to the n-queens problem and so new ideas were needed to find variant
forms applicable in our setting, making use of the combinatorial and algebraic struc-
ture embedded in the problem. There are several generalisations of the toroidal and
classical n-queens problem discussed in Sections 6 and 8 of the survey by Bell and
Stevens [5], including generalisations to higher dimensions. It would be interesting to
consider whether some of the methods used in this thesis would enable progress on

the open problems in this area.
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