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1 Introduction

To any four-dimensional N = 2 superconformal field theory (SCFT), one can canonically
associate a two-dimensional vertex operator algebra (VOA) via the construction of [1],

V : 4d N = 2 SCFT −→ VOA . (1.1)

The VOA arises as a cohomological reduction of the full local OPE algebra of a four-
dimensional theory T with respect to a certain nilpotent supercharge.1 This correspondence
has been investigated extensively in recent years and there are many indications that V[T ]
is deeply connected with the physics of the Higgs branch of vacua HB[T ]. An important
observation — conjectured to be universally true [2] — is that the Higgs Branch can be
recovered directly from V[T ] by applying a certain canonical map [3] that extracts from
any VOA V a Poisson variety XV known as the associated variety. In short, the Higgs
Branch Conjecture of [2] reads as

HB[T ] = XV[T ] . (1.2)

1The supercharge takes the schematic form Q+ S̃, where Q and S̃ denote certain Poincaré and special
conformal supercharges, respectively.
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Starting with the work of [4, 5], the connection between VOA and Higgs branch physics has
been seen to go deeper, with the latter being in some cases sufficient to determine the full VOA
through geometrically motivated free field realizations. Though the principles underlying these
free field realizations have yet to be completely elucidated, the intuitive picture that arises
from the examples studied thus far is that geometric data of the Higgs branch as a holomorphic
symplectic variety, supplemented by knowledge of the low-energy degrees of freedom in a
generic Higgs branch vacuum, largely determine the free field realization. In particular, at
low energies at a given point on the Higgs branch the theory will generally flow to another
interacting SCFT (with associated VOA VIR) plus a collection of free hypermultiplets and/or
free vector multiplets. The details of the low energy physics dictate the number of (lattice)
chiral bosons, symplectic bosons, and symplectic fermions that should arise in the construction.
The sought after VOA is identified as a subVOA of VIR tensored with the requisite free fields.

More formally, we expect that the vertex algebras associated to SCFTs possess some
good (micro)localization properties on their associated varieties, and so can be interpreted as
algebras of sections of appropriately defined sheaves of vertex algebras on XV[T ].2 Absent a
general computational handle on this local structure, in practice the examples in works past
and present rely on identifying a Zariski-open patch on the Higgs branch whose symplectic
geometry takes a particularly simple form, so that the assignment of our hypothetical sheafified
vertex algebra to this set is determined straightforwardly from the low energy physics on
that patch. We can then construct by hand certain elements of the (global section) vertex
algebra such as the stress tensor operator and geometrically meaningful operators (e.g., those
corresponding to Higgs branch chiral ring generators), the details of which are constrained by
physical considerations and consistency conditions for the vertex algebra. Additional strong
generators of the VOA may arise in the singular terms in the operator product expansion
(OPE) of those geometric operators, which are a priori fixed given the free field constructions.
It must be acknowledged, however, that all SCFTs for which free field realizations have
been obtained so far, including our new set, are still somewhat special due to the existence
of an appropriate open chart.

In this work we apply these free-field methods to produce uniform constructions of the
VOAs associated to all rank-one SCFTs — the simplest set of four dimensional N = 2 SCFTs —
which have been classified on the basis of consistency conditions for Coulomb branch geometries
in [9–12]. The results of this classification are summarized in table 1. The VOAs of certain
rank-one SCFTs — those in the first series in table 1 — have been known since the original work
of [1]. Here we construct the VOAs for the remaining entries. This result fills a conspicuous
gap in the systematic study of VOAs for four dimensional SCFTs. The common theme of the
theories analyzed is the presence of free hypermultiplets at a generic point of their Coulomb
branch, i.e., these theories have Enhanced Coulomb Branches. This fact plays an important
role in dictating the structure of our free field constructions, linking Higgs and Coulomb
branch data with the latter providing additional guidance regarding the VOA building blocks.

A central conjecture about Higgs branch free-field realizations is that they realize the
simple quotient of the relevant VOA, i.e., all null vectors vanish identically when expressed

2More accurately, they should be something like sections of sheaves of asymptotic algebras of chiral
differential operators as in [6]; see [7, 8] for related recent work connected to supersymmetric field theories.
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in terms of the free fields. This is a delicate property, as the VOAs in question occur at
specific values of the central charge and other parameters such that there generally exists
an array of non-trivial singular vectors, whose nullity is essential for the VOA to exist (as
associativity of the OPE would fail if these null vectors were not set to zero). While a general
argument remains elusive, this property has been observed in all geometrically inspired
free-field realizations to date. We provide strong evidence for the continued validity of this
property in our new examples as well.

The interplay among Coulomb, Higgs, and VOA data appears to be so delicate and
constrained that a more ambitious program naturally suggests itself: a bottom-up approach
to classifying SCFTs. The aspiration would be to identify a set of consistency conditions
on the allowed moduli space geometry and on the free-field construction of the VOA such
that table 1 might be derived rather than assumed. The continued (nontrivial) success of
these geometrically motivated free field methods in the larger class of models studied in
this paper is a welcome affirmation of the general program. A further encouraging sign in
this direction is that when we lift some of the assumptions that follow from our focus on
rank-one theories, a larger set of allowed geometries arise, all of which are indeed realized
in known higher-rank N = 2 SCFTs. Such a classification program would share a kindred
spirit with that of [13], which also aimed to combine Higgs, Coulomb, and VOA data. Here,
though, we envision the full VOA being realized as a natural output. We leave this promising
line of work for the future.

This paper is organized as follows. In section 2 we recall in brief the structure of the
moduli space of vacua of rank-one SCFTs, with an emphasis on Higgs and Enhanced Coulomb
branches (ECB). We explain how the structure of the ECB serves to constrain the allowed IR
theories that can remain after Higgsing the UV SCFT. The VOAs of these IR theories act as
building blocks in the construction of VOAs for the more elaborate rank-one theories under
consideration. In section 3 we review the structure of Higgs branch free field realizations
in the case of rank-one and rank-two Deligne SCFTs to illustrate the intuition and general
idea behind these constructions. We give an overview of our strategy to obtain free fields
realizations and discuss the C2U1 and A1U1 theory in detail in section 4. In section 5 we discuss
the generalization of the construction to the remaining rank-one theories with Enhanced
Coulomb branches. Appendix A discusses anomaly matching constraints on the Higgs branch.

2 Moduli spaces of rank-one SCFTs

The free field realizations studied below are motivated by the structure of the moduli space of
vacua of the corresponding SCFTs. In this section, we provided a targeted review of salient
facts about these moduli spaces, with a focus on certain special features of the rank-one case.

We begin by recalling terminology. Different branches of the moduli space of vacua
are distinguished by their patterns of spontaneous symmetry breaking of superconformal
R-symmetries. Within this framework, the Coulomb branch is the locus where the SU(2)R

symmetry is completely unbroken, while U(1)r is broken. Alternatively, the Higgs branch is
the locus where SU(2)R is broken, while U(1)r remains unbroken.3 In general, there can also

3In theories with enhanced supersymmetry, this division of branches is somewhat artificial, as the SU(2)R
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Theory data Central charges VOA data

Name ∆(u) gUV dHB nmix
h kf 24a 12c H χ(T )

[II∗, E8] 6 E8 29 0 12 95 62 Omin(e8) V−6(e8)
[III∗, E7] 4 E7 17 0 8 59 38 Omin(e7) V−4(e7)
[IV ∗, E6] 3 E6 11 0 6 41 26 Omin(e6) V−3(e6)
[I∗

0 , D4] 2 D4 5 0 4 23 14 Omin(d4) V−2(d4)
[IV, A2] 3/2 A2 2 0 3 14 8 Omin(a2) V− 3

2
(a2)

[III, A1] 4/3 A1 1 0 8/3 11 6 Omin(a1) V− 4
3
(a1)

[II,∅] 6/5 ∅ 0 0 − 43/5 22/5 − Vir2,5

[I0,∅] 1 ∅ 0 0 − 5 2 − Vη

Hmixed g♮
UV χ(TIR) Vfree

[II∗, C5] 6 C5 16 5 7 82 49 Omin(c5) C4 V−3(e6) Vsp(8)
ξ

⊗Π 1
2

[III∗, C3A1] 4 C3A1 8 3 (5, 8) 50 29 Omin(c3) C2A1 V−2(d4) Vsp(4)
ξ

⊗Π 1
2

[IV ∗, C2] 3 C2U1 4 2 (4, •) 34 19 Omin(c2) C1U1 V− 3
2
(a2) Vsp(2)

ξ
⊗Π 1

2

[I∗
0 , C1] 2 C1 1 1 3 18 9 Omin(c1) ∅ Vη Π 1

2

[II∗, A3] 6 A3⋊Z2 9 4 14 75 42 H4/Z3 A2 V−2(d4) (Vβγ)⊗3 ⊗Π 1
3

[III∗, A1] 4 A1U1⋊Z2 3 2 (10, •) 45 24 H2/Z3 U2
1 V− 4

3
(a1) Vβγ ⊗Π 1

3

[IV ∗, U1] 3 U1 1 1 5 30 15 H/Z3 U1 Vη Π 1
3

[II∗, A2] 6 A2⋊Z2 5 3 14 71 38 H3/Z4 A1 V− 3
2
(a2)(Vβγ)⊗2 ⊗Π 1

4

[III∗, U1] 4 U1⋊Z2 1 1 7 42 21 H/Z4 U1 Vη Π 1
4

[IV ∗,∅] 3 ∅ 0 0 − 55/2 25/2 − ∅ ?

[II∗, U1] 6 U1⋊Z2 1 1 11 66 33 H/Z6 U1 Vη Π 1
6

[III∗,∅] 4 ∅ 0 0 − 39 18 − ∅ ?
[IV ∗,∅]√2 3 ∅ 0 0 − 29 14 − ∅ ?

Table 1. Select details of VOA constructions for the rank-one SCFTs. In the above Vsp(2n)
ξ :=

(Vβγ)⊗(2n) and Πℓ :=
⊕∞

n=−∞
(
V∂φ ⊗ V∂δ

)
eℓ(δ+φ), where the (β, γ) are a pair of symplectic bosons

while (δ, φ) are chiral bosons. The notation is explained in greater detail in the main text.

be vacua where SU(2)R and U(1)r are both spontaneously broken, and these are designated
as mixed branches. In a Lagrangian theory, the Coulomb branch comprises the vacua where
complex scalars in the vector multiplets have acquire vacuum expectation values, while on
the Higgs branch it is the complex scalars in hypermultiplets. For a given SCFT T we denote
the Coulomb branch by CB[T ] and its Higgs branch by HB[T ].

The rank of an N = 2 SCFT is the complex dimension of its Coulomb branch. A
pervasive conjecture that underlies much of the classification-oriented work on N = 2 SCFTs

— and which we will take this for granted whenever it is relevant in this work — is that the only
SCFTs with rank zero (i.e., without a Coulomb branch) are theories of free hypermultiplets
and their discrete gaugings, making rank-one theories the “simplest” (from a Coulomb branch
perspective) interacting examples of N = 2 SCFTs. By contrast, there are many examples of
interacting SCFTs with no Higgs branch, and indeed these are of some particular interest
in the context of the SCFT/VOA relation.

and U(1)r symmetries are unified into a larger R-symmetry group. Nevertheless, for the study of N = 2-based
structures such as the associated VOA this division remains pertinent.
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The Coulomb branch CB[T ] is a complex affine variety, further endowed with a special
Kähler structure, which formalizes the physical notion of Seiberg-Witten geometry.4 There is
a rich story to the analysis of the constraints of special Kaḧler geometry, and in a series of
papers [9–12, 16–21] a Coulomb-branch-based classification program for N = 2 SCFTs has
been pursued. This program has been completed for rank one, leading to the list of theories
in table 1. As the physics of the Coulomb branch is largely complementary to that of the
Schur subsector captured by the associated VOA, the relation between this classification
program and vertex algebraic considerations is not entirely transparent.

The Higgs branch HB[T ] is a hyperkähler cone. From an algebraic-geometric view-
point (fixing a complex structure), the Higgs branch is a complex affine variety endowed
with a holomorphic symplectic two-form, and a C∗ action associated to scaling symmetry
(complexified by the Cartan of SU(2)R) with respect to which the symplectic form has
weight −2.5 A key feature of the Higgs branch is that it admits a finite stratification: it
is partitioned into a finite union of symplectic leaves, with each leaf corresponding to a
pattern of “Higgsing” [22–25]. The leaves are partially ordered by inclusion of closures. In
the simplest scenario there are just two leaves: the origin (superconformal point) and the
larger leaf covering the entire Higgs branch except for the origin. More generally there can
be intermediate leaves corresponding to partial Higgsing.

2.1 Rank-one SCFTs and their moduli spaces

Many details about the catalogue of rank-one SCFTs produced by the classification methods
of [9–12, 16–21] can be found in table 1. Theories coded in red are those with trivial Higgs
branch. According to the Higgs Branch Conjecture of [2], the corresponding VOAs should
have trivial associated variety and so are (synonymously) lisse or C2-cofinite. Lisse VOAs
can enter our free field constructions as elementary building blocks, where they correspond
to nontrivial IR degrees of freedom that remain in vacua on the generic stratum of the
Higgs branch. Theories coded in blue (green) are those with enhanced N = 4 (N = 3)
supersymmetry, respectively.

Table 1 is organised into five blocks. The theories within each block are connected by
renormalisation group flows triggered by relevant deformations. The first block contains the
most well-studied rank-one theories: those realized by a single D3 brane probing a Kodaira
singularity in F-theory [26–29]. These theories have also been dubbed the Deligne-Cvitanović
(DC) series, and their associated VOAs are affine Kac-Moody vertex algebras associated to
(a subset of) the DC exceptional series of simple Lie algebras [1, 4]. Their moduli spaces
are particularly simple. Indeed:

(i) They have no mixed branches.

4See [14, 15] for modern reviews on this subject.
5A more specific mathematical formalization of the Higgs branch geometry in a fixed complex structure

is as a symplectic singularity, as defined by Beauville [22]. The physical status of the technical conditions
entering this definition is unclear, but for broad classes of examples, including all rank-one theories, they do
appear to hold.

– 5 –
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(ii) The Higgs branches are minimal nilpotent orbit closures for the complexified flavour
groups, and so have the simplest nontrivial stratification with just two leaves: the origin
and the generic stratum.

These theories have a single pattern of Higgsing. The IR theory at a generic point of the
Higgs branch (all such points being related to one another by a flavor rotation) must have
rank zero, and as such consist of a collection of free hypermultiplets which in this case are all
Nambu-Goldstone bosons for the spontaneously broken flavour symmetry.6 This physical
picture informs the free field constructions obtained in [4, 5], where the associated VOAs
are identified as subalgebras of a collection of symplectic bosons and a half-lattice vertex
algebra, as we shall review in the next section.7

The moduli spaces of the theories in the lower four blocks of table 1 are more involved,
but still admit uniform descriptions. The relative novelty in these cases is the existence
of a mixed branch. Following [12], we will refer to the mixed branch in these cases as an
extended Coulomb branch (ECB). The name captures the fact that the closure of the mixed
branch contains the entire Coulomb branch ECB ⊃ CB as a smoothly embedded submanifold.
For rank-one theories, the low energy physics of the ECB is that of a single massless vector
multiplet and some number nmix

h of massless hypermultiplets; the total complex dimension of
ECB is 2nmix

h + 1. One can think of the ECB as “extending” the Coulomb branch into nmix
h

quaternionic directions. A fact related to the presence of an ECB is that the Higgs branch of
these theories has a three-step stratification, as described by the Hasse diagrams in figure 2.
There is a single intermediate leaf U between the origin and the generic locus, corresponding
to the subvariety where the ECB intersects the Higgs branch,8

ECB ∩ HB = U . (2.1)

The general structure of the ECB for the rank-one theories in the lower blocks of table 1
can be anticipated reasonably well on general physical grounds. The IR theory at any
smooth point of the Coulomb branch must consist of a free vector multiplet and d = nmix

h

decoupled massless hypermultiplets,9 possibly discretely gauged (though we will ignore this
possibility as it does not appear to arise in practice at rank one). This follows from our
assumption that free hypermultiplets and their discrete gaugings are the only rank-zero
theories. In fact, the Higgs branch of the theory rooted at the given point in the Coulomb
branch must be identified globally (not just in an infinitesimal neighborhood) by the space
Hd as a holomorphic symplectic variety. This is because the complexified Cartan of the

6This is a special feature of these particularly simple examples. In general, Higgsing may yield massless
hypermultiplets that are not Nambu-Goldstone bosons.

7The construction works in a uniform way for a slightly larger family of VOAs labeled by all the elements
of the DC exceptional series of simple Lie algebras; this includes g2 and f4 in addition to the Kodaira algebras
{a1, a2, d4, e6, e7, e8}. There is no known four-dimensional interpretation of the g2 and f4 cases (cf. [30]).

8See figure 1 for a schematic rendering of the various branches. The diagram is correct at the level of
inclusion of different branches as sets, but fails to capture the subtleties of the global structure, which we
discuss in more detail below.

9The hypermultiplets must be neutral with respect to the IR U(1) gauge field, otherwise giving them an
expectation value would Higgs the gauge symmetry and lift the Coulomb branch, in contradiction with the
existence of the ECB.
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Figure 1. Sketch of different branches of Moduli Space. The SCFT sits at the tip of the cone. The
red line represents the Coulomb branch which is a subvariety of the ECB. From the origin of the
Coulomb branch emanates Higgs branch. The intersection of the Higgs branch and ECB is represented
by the blue line.

unbroken SU(2)R symmetry gives an algebraic C∗ action on the Higgs branch. Consequently
the full ECB (including the Coulomb branch itself) will have the structure of a local system
over the Coulomb branch with fiber Hd. The global structure is then determined by the
monodromy of the Hd fiber around the origin of the CB.

There is a natural choice for the closure of an ECB described above which is a global
quotient,

ECB = C̃B ×Hd

Γ , (2.2)

where Γ ∼= Zℓ is the (cyclic) subgroup of Sp(d) generated by the monodromy of the above
local system, and C̃B is a Γ-covering space of the CB [31],

CB = C̃B
Γ . (2.3)

The group Γ should act faithfully on C̃B for the fiber of the local system to be Hd rather
than an orbifold thereof. We can additionally identify the intersection U with the Higgs
branch as the orbifold

U = Hd

Γ ⊂ HB . (2.4)

Upon partially Higgsing the UV SCFT at a point on U , the dimension of the Coulomb branch
does not decrease. The residual IR theory will therefore consist of a (generally interacting)
rank-one SCFTIR plus d decoupled hypermultiplets. The Higgs branch HBIR of SCFTIR —
if it exists — which is given by the transverse slice of U into HBUV, must then have trivial
stratification. Then the IR SCFT at a point on U must be one of the Kodaira theories (first
block of table 1) or the free vector multiplet SCFT (indicated as [I0,∅] above).

From (2.2) we deduce that the Coulomb branch of the IR SCFT at a point of U should
be identified with the covering space,

CBIR = C̃B . (2.5)

– 7 –
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ℓ pairs of (∆IR,∆UV)

2 (1,2), (32 ,3), (2,4), (3,6)
3 (1,3), (43 ,4), (2,6)
4 (1,4), (32 ,6)
5 (65 ,6)
6 (1,6)

Table 2. Table listing the allowed pairs for ∆IR and ∆UV .

This further implies a relation between the dimensions of the Coulomb branch operators
of the UV and the IR theories,

∆UV = ℓ∆IR . (2.6)

Equation 2.6 restricts the allowed pairs of ∆UV and ∆IR. Since ∆IR ∈
{
1, 6

5 , 4
3 , 3

2 , 2, 3, 4, 6
}

(with ∆IR = 1 corresponding to the free vector multiplet) we can easily list the allowed
pairs (∆IR,∆UV). They are given in table 2. Remarkably, all but one of the naively allowed
pairs is realized by one (and only one!) of the non-Kodaira rank-one SCFTs,10 with the
four distinct values of ℓ corresponding to the four non-Kodaira blocks. The unaccounted-for
option (red in Tab 2 with ℓ = 5) can be ruled out if we further require that Γ acts faithfully
on the electromagnetic lattice, which restricts it to be a cyclic subgroup of SL(2,Z) allowing
only Zℓ=2,3,4,6. Alternatively, we have applied the free-field techniques described later in
this paper to attempt to construct a candidate vertex algebra associated to the choice
with ℓ = 5 and any such construction fails; this is an interesting instance of the rigidity of
our vertex algebraic methods apparently ruling out candidate SCFT data in a bottom-up
construction. All in all, though it is entirely non-obvious that a one-to-one correspondence
of this type should hold, we nevertheless arrive at a strikingly simple way to rationalize
the complicated structure of table 1.

3 Review of geometrically inspired free field realizations

In this section we review the main conceptual and technical features of “geometric” free field
realizations of vertex operator algebras associated to four dimensional N = 2 SCFTs. In the
SCFT/VOA setting, this line of study was initiated in [4] (see also [32] for related ideas that
have a somewhat different geometric flavour) and was further developed in [5, 33, 34].

In physical terms, the general idea is to construct the VOA of a given SCFT using
“simpler” building blocks corresponding to the low energy degrees of freedom on some
stratum/symplectic leaf of the Higgs branch. In other words, the contention is that, at
least in certain circumstances, it should be possible to “invert” Higgsing at the level of
the associated VOA.

For the case of the generic stratum (“maximal Higgsing”), these degrees of freedom
should roughly be encoded in n = dimC(MHiggs) chiral bosons associated to the massless

10Excluding SCFTs with trivial Higgs branches, which are outside the scope of this geometric discussion.
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C5 C3A1 C2U1 A3 ⋊ Z2 A1U1 ⋊ Z2 A2 ⋊ Z2 N ⩾ 3 theories

e6

c5

d4

c3

a2

c2

d4

h4,3

a1

h2,3

a2

h3,4

h1,k=2,3,4,6

Figure 2. Hasse diagrams for rank-one theories. The Lie algebra g denotes its minimal nilpotent
orbit g → Omin(g) and hn,m = Hn/Zm. The last column is for theories with enhanced supersymmetry
having Higgs branches of the form H/Zk.

half-hypermultiplets on a generic point of the HB, along with k symplectic fermions associated
to massless vector multiplets if an abelian gauge group U(1)k remains unbroken at generic
points of the HB, and a further C2 co-finite VOA in the case of a residual interacting SCFT
with trivial HB.

It is often convenient to consider partial Higgsing as well, in which case the VOA of the
given theory is realized as a subVOA of the product of V(TIR)⊗ Vfree, where Vfree includes
all chiral bosons and symplectic fermions in the IR and V(TIR) is the VOA of the interacting
theory (or product of interacting theories) obtained in the IR. It may be possible to iterate
this procedure and obtain a free field realization for V(TIR). When such an iteration is
possible the key operation to understand will be the case of minimal Higgsings.

In practice, such free field realizations have been worked out mainly for a very special
class of Higgsings in which the construction envisioned above can be implemented in a fairly
uniform fashion. These are cases where the (partial) Higgsing in question can be realized by
assigning a non-zero expectation value to a single Higgs branch generator.11 We will denote
the corresponding chiral ring generator by e with the warning that it is not necessarily an sl(2)
nilpotent generator.12 We can now consider the open patch Ue := {e ̸= 0} ⊂ MHiggs. This
patch is invariant under the scaling C∗ action on the Higgs Branch. An observation which is
crucial for the geometric construction is that this big open patch can be identified with

Ue ≃
T ∗(C∗)× C2(d−1) ×MH [TIR]

Zℓ
, (3.1)

where the T ∗(C∗) factor13 has coordinates e1/ℓ for the C∗ direction and h for the fiber direction
and we denote the coordinates of C2(d−1) by (βa,γb) with a, b = 1, . . . , d − 1. The action of
the group Zℓ on the factors in the numerator is given by

(e1/ℓ, h) 7→ (ωℓ e1/ℓ, h) , (β,γ) 7→ (ωℓ β, ω−1
ℓ γ) , ωℓ = e2πi/ℓ , (3.2)

11One of the simplest examples that does not belong to this class is the case of N = 4 SYM with gauge
group SU(3), see e.g., [32].

12In these cases our construction could be regarded as an inverse Drinfel’d-Sokolov reduction.
13Here T ∗M denotes the cotangent bundle of M .
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on the coordinates and by a Zℓ automorphism on MH [TIR]. Notice that when ℓ = 2 all the
C2(d−1) directions get the same factor. The relation (3.1) provides an isomorphism of Poisson
varieties, where we have the canonical Poisson brackets {h, e1/ℓ} = e1/ℓ and {γa,βb} = δa

b .
The identification (3.1) can be shown in the examples in which we know well the Higgs branch,
like in the cases analyzed in [4, 5, 33] reviewed below. Alternatively, we could take (3.1) as
an approximation of the Higgs branch we want to construct.

The intuitive picture behind (3.1) is simple: from each point of the subset T ∗(C∗) sprouts
the product of C2(d−1), associated to free hypermultiplets in the IR, with the Higgs branch of
the residual IR effective theory MH [TIR]. Via the identification (3.1) one can express the
elements of the Higgs branch chiral ring in terms of the building blocks on the right hand
side but in general it remains an open problem to determine which holomorphic function
on (3.1) has a counterpart on the whole HB. The simplest example being e−1 which is a
function on Ue with no counterpart in the HB chiral ring.

Generalized free field realizations of the associated VOAs should be regarded as a sort
of “chiralization” or “affinization” of the geometric construction above. To proceed, we
introduce the VOAs associated to the low energy degrees of freedom in the following way.
The affinization of the T ∗(C∗) coordinates (e1/ℓ, h) is achieved by introducing two chiral
bosons δ and φ satisfying the OPEs

δ(z1)δ(z2) ∼ ⟨δ, δ⟩ log z12 , φ(z1)φ(z2) ∼ ⟨φ, φ⟩ log z12 , δ(z1)φ(z2) ∼ 0 , (3.3)

with z12 = z1 − z2 and ⟨φ, φ⟩ + ⟨δ, δ⟩ = 0. In terms of the latter we define the isotropic
lattice vertex algebra14

Π 1
ℓ
:=

∞⊕
n=−∞

(V∂φ ⊗ V∂δ) e
n
ℓ
(δ+φ) , (3.4)

where Vj is the ĝl(1) affine current algebra associated with the current j. The condition
⟨φ, φ⟩+ ⟨δ, δ⟩ = 0 guarantees that the exponentials have regular OPEs with each other.

The next ingredients correspond to the affinization of the C2(d−1) factor in (3.1). These
are symplectic bosons ξm, with m = 1, . . . , 2(d − 1), with OPEs

ξm(z1)ξn(z2) ∼
Ωmn

z12
, (3.5)

where Ωmn is a non degenerate symplectic form. We will sometimes split the symplectic
bosons as ξm = (βa, γa) where a, b = 1, . . . , (d − 1) and OPEs

βa(z1)γb(z2) ∼
−δb

a

z12
, βa(z1)βb(z2) ∼ γa(z1)γb(z2) ∼ 0 . (3.6)

The other free field ingredient is given by symplectic fermions15 ηI , I = 1, . . . , 2r with OPEs

ηI(z1)ηJ(z2) ∼
ωIJ

z212
, (3.7)

14These vertex algebras are constructed after having identified an isotropic sublattice, i.e. a sublattice on
which the non-degenerate bilinear form ⟨−,−⟩ vanishes. Roughly speaking, only chiral bosons associated to
the isotropic directions can be put in exponent, see [35, 36] for more details.

15They appear in the cases of N > 2 theories discussed in section 5.4 and have featured in the case studied
in [33].
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ξ = (β, γ) ∂(δ − φ) e
n
ℓ
(δ+φ) ∂(δ + φ) η1 η2 ∂

R 1
2 1 n

2 0 1
2

1
2 0

h − R 0 0 0 1 1
2

1
2 1

r 0 0 0 0 +1
2 −1

2 0

Table 3. R degrees of the free field ingredients.

where ωIJ is a non degenerate symplectic form. To summarize, the free field realization, in the
cases in which the identification (3.1) holds, consists in realizing V[T ] as a subVOA, namely16

V[T ] ⊂
(
Π 1

ℓ
⊗ Vξ ⊗ Vη ⊗ V[TIR]

)Zℓ
, (3.8)

where (. . . )Γ denotes the Γ-invariant subVOA. The aim of the game is to identify the
appropriate subVOA V[T ]. The strategy that we adopt to achieve this is the following. We
construct a set of generators that we either know exist from a partial knowledge of V[T ]
(or of the Higgs branch) or we assume they exist, and generate the whole algebra starting
from these. It should be noticed that in general the complete list of strong generators will be
bigger than the starting set. The explicit construction of the generator will be guided by the
knowledge of quantum numbers related to the flavor symmetry and the conformal weight.

An important feature which is expected to hold for these generalized free field realizations
is that they realize simple vertex algebras, so any null states naively present in a strong-
generators-and-OPEs presentation should vanish identically in the free field realization.17

The free field realization also allows to propose a canonical prescription to recover the four-
dimensional R-filtration of these VOAs [2, 4] which works as follows. We assume that we
know the R-filtration of the IR VOA V[TIR] appearing in (3.8). We then supplement it with
an R-grading for the free field ingredients that we summarize in table 3.

In the following we will highlight how this strategy works in the examples of rank-one
Deligne theories and their rank-two generalizations. We conclude this section emphasizing
some important features of these examples, most of which will continue to hold for the
remaining rank-one theories with some interesting twists.

3.1 Example 1: rank-one Kodaira/Deligne-Cvitanović series

The VOAs associated to the Kodaira rank-one theories are affine Kac-Moody VOAs for
the corresponding simple Lie algebras at level k = −h∨

6 − 1, where h∨ is the dual Coxeter
number of g. These VOAs naturally sit within a slightly larger family corresponding to the
Deligne-Cvitanović exceptional series of simple Lie algebras,

a0 ⊂ a1 ⊂ a2 ⊂ g2 ⊂ d4 ⊂ f4 ⊂ e6 ⊂ e7 ⊂ e8 , (3.9)
16In all the examples treated here the four factors will never all be simultaneously non-trivial.
17We note that typically, the VOAs associated to four dimensional SCFTs are not obviously simple quotients of

some universal VOA as is the case for, e.g., current algebras. Rather, they tend be rigid VOAs which, when pre-
sented in terms of strong generators and OPEs, are only well-defined when certain null operators are set to zero.
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where for a0 the associated VOA is the Virasoro vertex algebra at central charge c = −22/5.
The Higgs branches (associated varieties) for these SCFTs (VOAs) are the closures of the
minimal nilpotent orbits of the relevant Lie algebra, namely,

MH = Omin(g) . (3.10)

We recall that the minimal nilpotent orbit is the orbit of the nilpotent element eθ ∈ g

associated to the highest root θ of g. One has the following decomposition for g,

g = g♮ ⊕ sl(2)θ ⊕ (R, 2) , (3.11)

where sl(2)θ = ⟨eθ, fθ, hθ⟩, g♮ is the commutant of sl(2)θ in g and R is a specific quaternionic
representation of g♮. These nilpotent orbit closures are smooth everywhere apart from the
origin; correspondingly there is only one pattern of non-trivial Higgsing for these theories,
and in the IR the theory becomes that of free hypermultiplets. At a generic point of the
Higgs branch the symmetry is broken spontaneously to g♮ with one full hyper transforming as
a singlet under this symmetry and the rest transforming in the representation R introduced
in (3.11).18 Indeed, one can verify the relation dimC(Omin(g)) = 2 + dimR.

These nilpotent orbits possess open charts of the form (3.1) where the factor MH(TIR)
is absent and ℓ = 2. According to the general scheme advertised in equation (3.8), these
current algebras are realized as subalgebras of free field vertex algebras that chiralize the
coordinate rings of these open charts,

V(1)
g = V−h∨

6 −1(g) ⊂
(
Π 1

2
⊗ Vξ

)Z2
, (3.12)

where Vξ is the VOA of dimR symplectic bosons. Certain generators of the current algebras
take a simple form in terms of free fields. This is explained by the fact that part of the
UV symmetry, namely the U(1) generated by hθ and the unbroken symmetry g♮, is realized
linearly and in a known manner in the IR. Consequently the U(1) charge assignments and
g♮ transformation properties of both the free field ingredients on the left hand side of (3.12)
and the current algebra generators are fixed. Additionally, scaling dimensions on both sides
of (3.12) are understood, leaving unique candidates19 for the sl(2)θ highest weight generators
(i.e., elements that are annihilated by the action of the generator e) in (3.11),

eθ(z) = eδ+φ , eA(z) = ξA e
δ+φ

2 , J ♮
α(z) = T AB

α ξAξB , (3.13)

where the tensor T AB
α is determined by the embedding of g♮ ⊂ sp(R), which in turn is specified

by the fact that R is an irreducible representation of g♮. The generator corresponding to
hθ takes the form20

h(z) = k∂φ . (3.14)
18This is the unbroken symmetry as a holomorphic symplectic variety. As a hyperkähler manifold, the

unbroken symmetry contains an sl(2)
R
= diag(sl(2)R, sl(2)θ) which matches the SU(2)R symmetry of the IR

fixed point.
19Up to a field redefinition of δ and φ discussed in [4, footnote 16].
20Though the value of the level k is fixed as in (3.12), we keep it as an indeterminate here as similar

expressions appear in other examples.
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Completing the construction requires expressions for the remaining generators in (3.11),
namely the sl(2)θ descendants denoted as fθ(z) and fA(z). There are several ways to
determine these. One is to make the most general Ansatz in terms of free fields compatible
with the charge assignment and fix coefficients by requiring that the appropriate OPEs are
satisfied. In this case it is more convenient to realize fθ(z) using a general construction
due to [37, 38] and extract fA(z) from the OPEs of fθ(z) with eA(z). In this scheme, fθ(z)
has the form21

fθ(z) =
(
S♮ −

(
(k

2 ∂δ)2 − k(k + 3)
2 ∂2δ

))
e−(δ+φ) . (3.15)

The operator S♮, which does not involve the free fields δ and φ, needs to satisfy certain
properties. Firstly, in order for the sl(2)θ OPEs to come out right one requires

S♮(z1)S♮(z2) ∼ (k + 2)
(
(k + 2) c♮

2
z412

+ 2S♮(z2)
z212

+ ∂S♮(z2)
z12

)
, c♮ = 1− 6(k + 1)2

k + 2 . (3.16)

Additionally, for the other OPEs to work we need S♮ to have regular OPEs with the J ♮

currents. The resulting explicit expressions for S♮ and fA can be found in [4]. It is interesting
to look at what happens if one tries to apply the free field construction for a generic pair
(g, k). One finds that the construction works only for the cases such that Wk(g, fθ) ≃ C which
are listed in [39, Theorem 7.2]. Apart from the DC exceptional series at the appropriate level,
the list includes only cn at level k = −1

2 (which corresponds to a Z2 quotient of symplectic
bosons) and a1 at the critical level k = −2.

To conclude this example, let us recall how the level k of the flavor symmetries and
the central charge c are quickly obtained from the free field realization. The level of the
g♮ is obtained by recalling that the symmetry is a subalgebra of the sp(R) transformations
of the symplectic bosons, so that

J ♮ = J ♮
ξ , =⇒ k♮ = −1

2 Ig♮↪→sp(R) , (3.17)

where I denotes the embedding index.22 The stress tensor, which in these examples happens
to coincide with the Sugawara stress tensor, takes the form

T = Tδ,φ + Tξ . (3.19)

Here Tξ = ∂ξΩ−1ξ is such that ξA are Virasoro primaries of dimension 1
2 and its contribution

to the central charge is given by cξ = −1
2dimR = 2 − h∨. The contribution of the chiral

21Here and in the following we adopt the conventions for normal ordering used in [33] which differ from the
one employed in [4].

22We recall that the embedding index is defined as

IG↪→H =
∑

i
T (ri)

T (r) , (3.18)

where T (r) is the quadratic index of representation r. While the definition above employs a specific represen-
tation and its branching r →

∑
i ri, the index is independent of the choice of r. The levels of the embedded

current algebra is given by kG = IG↪→HkH . (See, e.g., [40] for more details.)
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bosons (δ, φ) is more interesting. The associated stress tensor takes the form

Tδ,φ = Tδ + Tφ , Tδ = 1
2⟨δ, δ⟩

((∂δ)2 − α ∂2δ) , Tφ = 1
2⟨φ, φ⟩

(∂φ)2 . (3.20)

It follows that cδ = 1 − 3α2

⟨δ,δ⟩ , cφ = 1. We have assumed that the chiral boson φ has zero
background charge, which is related to the fact that ∂φ is the generator of a physical U(1)
current algebra. From the requirement that eθ(z) = e(δ+φ)(z) has conformal dimension 1, and
recalling that ⟨δ, δ⟩ = −⟨φ, φ⟩ = − 2

k , we find α = 2 and we conclude that

cδ,φ = cδ + cφ = 2 + 6k . (3.21)

Putting everything together we reproduce the correct value of the central charge for the
DC exceptional series

c = cξ + cδ,φ = (2− h∨) + 2 + 6(−1
6h∨ − 1) = −2− 2h∨ . (3.22)

3.2 Example 2: rank-two Deligne series

We will now briefly recall the free field realizations of the rank-two Deligne series [5]. These
cases are particularly interesting since they are some of the simplest examples for which the
moduli space of vacua contains an ECB. Accordingly, there is a non-trivial rank preserving
Higgsing, so that the theory obtained in the IR is the product of two rank-one Deligne theories.

The HB is the (centered) two-instanton moduli space for the corresponding group. These
enjoy sl(2) ⊕ g symmetry and the singular locus U is identified with the subspace where
the g symmetry is unbroken, which is isomorphic to C2/Z2. The relevant open chart (3.1)
associated to partial Higgsing takes the form

Ue ≃
T ∗(C∗)× M̃(1)

g × M̃(1)
g

Z2
, (3.23)

where the Z2 act on T ∗(C∗) as in (3.2) and exchanges the two copies of the instanton moduli
spaces M̃(1)

g . The symmetry preserved along the partial Higgsing flow is just g, and the
distinguished U(1) that acts on e is generated by the Cartan of the sl(2) factor of the flavor
symmetry. According to the general scheme, the VOA associated to the rank-two Deligne
theories as will be realized as23

V(2)
g ⊂

(
Π 1

2
⊗ V−h∨

6 −1(g)⊗ V−h∨
6 −1(g)

)Z2

. (3.24)

We denote by J IR
1 and J IR

2 the generators of the current algebra factors in (3.24). Again
some of the generators of the VOA are very easy to construct. The reason is again that we
know the g transformation properties, U(1) assignment, and conformal grading of the free
field ingredients and we have to select Z2 invariant elements. With these observations in
mind, the free field realization of the sl(2) primaries is easy to determine:

e(z) = eδ+φ , W+(z) =
(
J IR
1 − J IR

2

)
e

δ+φ
2 , Jg(z) = J IR

1 + J IR
2 , (3.25)

23As for the rank-one DC theories, the case of a0 is a little bit different. In this case the two copies of the
current algebras should be replaced with two copies of Virasoro at level c = −22/5. See [5] for more details.
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where we leave Adj(g) indices implicit. The sl(2) Cartan generator takes the same form as
in (3.14), h(z) = k∂φ. To complete the free field realization it is sufficient to construct the
lowering sl(2) generator f(z). This is done again with the formula (3.15) for an appropriate
choice of S♮. Now the condition that S♮ has regular OPE with Jg(z) immediately singles out
a unique element proportional to the stress tensor for the diagonal coset VOA,

S♮(z) = (ksl(2) + 2)(T Sug
1 + T Sug

2 − T Sug
12 ) , (3.26)

where T Sug
1 , T Sug

2 and T Sug
12 are Sugawara stress tensors built using J IR

1 , J IR
2 and J IR

1 + J IR
2

respectively.24

It is instructive to see how the levels of the current algebras and the central charge c are
uniquely fixed from the free field construction. The level of the g symmetry is immediately
obtained from the expression of Jg given in (3.25) to be the sum of the levels of the rank-one
theories. The central charge is the sum of the contribution from the chiral bosons (φ, δ),
which follows the general formula (3.21), and from the two copies of the rank-one theories in
the IR. The way in which the level ksl(2) is fixed by the free field construction is a little more
subtle: it comes from the requirement that the most singular term in the OPE of the lowering
operator f(z) given in (3.15) with W+(w) in (3.25) is a simple pole, i.e., that W+(w) be an
AKM primary. This can also be interpreted as the requirement that there be no states of
conformal weight 1/2, which would necessarily correspond to free fields in four dimensions.

An alternative, intrinsically four dimensional, derivation of central charges proceeds as
follows. As reviews in appendix A, since U(1)r is unbroken on the HB, the anomaly Tr(r3)
can be matched on different strata. This implies a relation between the central charges of the
UV theory and the one of the IR theory obtained after higgsing which takes the form

24(c − a)UV
4d = 24(c − a)IR

4d + dimH(MH(TUV))− dimH(MH(TIR))− nv , (3.27)

where nv denotes the number of vector multiplets supported on the stratum associated to
the choice of Higgsing. Additionally, the Shapere-Tachikawa formula [41] relates a second
combination of conformal anomaly coefficients to the set of scaling dimensions {∆(ui)} of
the generators of the CB in the following way

4(2a − c)4d =
rank∑
i=1

(2∆(ui)− 1) . (3.28)

According to the discussion of the previous section (see [31] for more details), in the case of
minimal Higgsing in the presence of an ECB, the set of scaling weights of the Coulomb branch
generators in the UV are simply related to those in the IR. In the case of rank-two Deligne
theories, this gives (∆(u1),∆(u2)) = (∆, 2∆) where ∆ is the scaling dimension of the Coulomb
branch generator of the rank-one theory. From this, together with the absence of additional
vector multiplets, one immediately derives the value of a and c from (3.27) and (3.28).

3.3 General remarks

Let us make a few general remarks and observations concerning these examples that will help
guide us through the free field constructions for the remaining rank-one theories.

24Notice that the normalization in (3.26) has been modified from that of (3.16). See [5] for more details.
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• At a point on the singular locus associated to the choice of Higgsing, the flavor symmetry
is spontaneously broken.25 We denote the semi-simple part of the unbroken subalgebra
of gUV by g♮

UV. This symmetry is visible all the way from the UV to the IR and
it is consequently very useful for the free field construction. The generators of the
corresponding affine currents take the simple form

JUV = Jξ + JIR . (3.29)

In this formula Jξ generate a g♮
UV subalgebra of sp(V ) determined by the representation

(possibly trivial) of the symplectic bosons/free hypermultiplets under g♮
UV. JIR generate

a g♮
UV current subalgebra of VOAs associated to the interacting theory (or theories)

in the IR. In the examples of rank-one and rank-two Deligne theories one of the two
factors in (3.29) always vanishes (cf. (3.17) and the last equation in (3.25)). The level
of the current algebra generated by (3.29) then follows directly from the IR levels and
the action of the unbroken symmetry on the free hypermultiplets.

• There is a distinguished u(1) factor in the UV flavor symmetry that commutes with the
unbroken symmetry (3.29) and under which the generator e is charged and we choose
to normalize this current so that e has charge and conformal dimension equal to ℓ (as
appearing in the Zℓ orbifold describing the ECB). This u(1) combines with the Cartan
generator of the SU(2)R symmetry of the UV theory to provide Cartan generator of
the infrared SU(2)R symmetry. We elaborate further on this point in appendix A.

• The stress tensor takes the general form

TUV = Tδ,φ + Tξ + Tη + TIR . (3.30)

The central charge of the UV theory is then determined once the contribution of the
chiral bosons (δ, φ) is known. When the chiral boson φ has zero background charge —
which is related to the fact that ∂φ will be part of the distinguished u1 current — this is
determined by cδ = 1− 3α2

⟨δ,δ⟩ , cφ = 1. The value of the parameter α is fixed to be 2ωe = ℓ

from the condition that e(z) := eδ+φ has conformal weight ωe. We conclude that

cδ,φ = 2 + 3 ℓ2

⟨φ, φ⟩
. (3.31)

In the cases in which e is associated with a current we have that ℓ = 2 and ⟨φ, φ⟩ = 2/k

and this equation reduces to (3.21). As we will see, the value of ⟨φ, φ⟩ in the remaining
cases is fixed by the requirement that the algebra of the affine currents, realized in
terms of free fields, closes.

4 Overview of the strategy and C2U1, A1U1 in detail

We now move on to discuss two examples of new rank-one free field realizations in detail.
The first example is the C2U1 theory which has ℓ = 2. The VOA for this theory was

25In all examples considered the flavor symmetry is non trivial.
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previously discussed in [42] without using free field techniques. The second example is the
A1U1 theory which has ℓ = 3. This case exemplifies new technical features that are absent
from the ℓ = 2 series. We discuss the general structure and its extension to the remaining
rank-one theories in section 5.

In each of our two cases we start from an analysis of the singular locus of the Higgs
branch, namely Hd/Zℓ with ℓ = 2 and ℓ = 3. For ℓ = 2 this is the minimal nilpotent orbit
closure Omin(cd). We parametrize these by coordinates (X1, . . . , Xd) and (Y 1, . . . , Y d) on
which Zℓ act as (X, Y ) 7→ (ωX, ω−1Y ) with ω and ℓ’th primitive root of unity. The ring of
invariants under this action describes the singular locus. Then we explain how to fiber the
Deligne theory over this singular locus and perform an affine uplift to a free field realization.
This requires specifying a Zℓ action on the rank-one Deligne VOA, see (3.1). The Zℓ invariant
combinations of the ingredients are arranged appropriately to form the strong generators of
the VOA. Once we finish the construction of generators, we also discuss how to use the free
fields to compute various limits of the superconformal index. Since the free field realization
that we discuss is a simple quotient, all the nulls are automatically zero. This makes the
computation of different indices easier. For the case of the C2U1 theory, we reproduce the
indices obtained using class S techniques (see [42]) but the computation of indices for the
A1U1 case, to our knowledge, is new. Thus, the free fields also facilitate the computation of
indices for theories for which class Se or other known methods are not available.

4.1 C2U1

The example of the C2U1 theory corresponds to the UV-IR pair (∆IR,∆UV ) = (32 , 3) where
the infrared theory is the Deligne a2 theory. The singular locus is H2/Z2 = Omin(c2). Let
us denote the coordinates of H2 = C2 × C2 by (X1, X2) and (Y 1, Y 2). The Z2 acts on
(XA, Y A) as follows

(XA, Y A) 7→ (−XA,−Y A) . (4.1)

This action is compatible with the symplectic structure
{

XA, Y A
}

= δA
B. The ring of

invariants is generated by the following combinations

bAB = XAXB, b
AB = Y AY B

MB
A = XAY B − 1

2δA
BXCY C , m = XCY C ,

(4.2)

which combine together to form the c2 moment map. These combinations satisfy the
quadratic relations describing the minimial c2 nilpotent orbit leading to the identification
H2/Z2 = Omin(c2). Notice that we have split the c2 generators to anticipate what will happen
in the case ℓ ̸= 2. In that case only the generator MB

A and m are moment map generators.
The subset of H2/Z2 where e = b22 = (X2)2 ̸= 0 is identified with

T ∗(C∗)× C2

Z2
, (4.3)

where we have written

(X1, X2) = (ξ1, e1/2) , (Y 1, Y 2) = (ξ2, he−1/2) . (4.4)
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Here e1/2, h are coordinates of T ∗(C∗) with {h, e1/2} = e1/2 and {ξ1, ξ2} = 1 with Z2 acting
as (h, e1/2, ξ) 7→ (h,−e1/2,−ξ). In this patch, the generators of the c2 flavour symmetry
are rewritten as follows

X1X1 X1Y
1 X1X2 X2Y

1

X1Y
1 Y 1Y 1 X1Y

2 Y 2Y 1

X1X2 X2Y
1 X2X2 X2Y

2

X2Y
1 Y 1Y 2 X2Y

2 Y 2Y 2

 =


ξ21 ξ1ξ2 ξ1e1/2 ξ2e1/2

ξ1ξ2 ξ22 ξ1he−1/2 ξ2he−1/2

ξ1e1/2 ξ1he−1/2 e h
ξ2e1/2 ξ2he−1/2 h h2e−1

 . (4.5)

Having gained some understanding of the singular locus, let us try to fiber the Deligne a2
theory over this. The infrared Deligne theory now introduces new ingredients J IR

a2 . The
next step is to specify a Z2 action on these currents. This should act as a Lie algebra
automorphism and, in this case, there are three inequivalent26 such automorphisms. The
choice that produces the correct flavor symmetry is

J IR
a2 7→ J IR

c1 ⊕ J IR
u1 ⊕ J IR

(2,±) , (4.6)

where the first two factors are Z2 even while the third is Z2 odd. The latter transform
under the Z2-even subalgebra as the two dimensional representation of c1 and have charges
±1 under the u(1) factor.

Next, we identify the unbroken symmetry at a generic point (any point other than the
origin) on the singular locus which in this case is g♮

UV = c1 ⊕ u1. Notice that the u1 factor
is unbroken on the whole singular locus while the c1 is unbroken by the choice of VEV.
According to our general discussion in the previous section, we can immediately write down
the free field realization of the currents associated to the unbroken symmetry to be

(Jc1)mn = (J IR
c1 )mn + ξmξn Ju1 = J IR

u1 . (4.7)

This symmetry needs to be combined with other current generators to form the full c2 ⊕ u1
flavour symmetry of the UV theory. The c2 ⊕ u1 decomposes in terms of g♮ as follows

Jc2 7→ Jc1 ⊕ J α
2 ⊕ J αβ

sl2
, (4.8)

or, in matrix notation,

Jc2 =


Jc1 J +

2 J −
2

J +
2 J ++

sl2
J +−
sl2

J −
2 J −+

sl2
J −−
sl2

 , (4.9)

where J ++
sl2

= e is associated to the moment map that gets a vev. There is a unique candidate
for the free field realization of the currents with non negative weight under J +−

sl2
, namely

J ++
sl2

= eδ+φ , J +−
sl2

= 1
2 k∂φ , J +

m = ξm e
δ+φ

2 , (4.10)

26The even subalgebras are respectively a2, a1 and c1 ⊕ u1.
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with Jc1 given in (4.7). The lowering generator J −−
sl2

is constructed following the general
scheme discussed in the previous section and takes the form (3.15) for an appropriate choice
of S♮. Before discussing the explicit form of S♮, we will construct the non-current generators
of the VOA with non negative weight. One candidate is very simple

W+
m,± = J IR

m,± e
δ+φ

2 . (4.11)

This is an operator of conformal weight 3/2 and should be part of a multiplet of the UV
flavor symmetry c2 ⊕ u1. Since it has regular OPEs with the generators J +

m given in (4.10),
the combination (4.11) is a generalized highest weight state and, from its charges, we can
identify unambiguously the relevant representation to which it belongs:

W±1
JMNK 7→ Wα

m,± ⊕W± , (4.12)

where M, N = 1, . . . , 4 are c2 indices and JMNK denotes antisymmetric Ω-traceless combina-
tion, which in this case gives the five dimensional representation. The free field realization
of W± has also a unique candidate in the free field space, namely

W± = ξmJ IR
n,±Ωmn . (4.13)

To conclude the construction we need to build S♮, the lowest weight states J −
m and W−

m,±
will then be obtained acting with the lowering operator J −−

sl2
on the highest weight state.

As in the example of rank-one and rank-two Deligne theories, the operator S♮ is found by
imposing that it has regular OPEs with (4.10) and that its OPEs with the sl(2) highest weight
generators J +

m , W+
m,± and W± does not contain any pole higher then the first. This gives

S♮ = −1
8(J

IR
c1 )mn(J IR

c1 )pqΩmpΩnq + 3
4ξm∂ξnΩmn − 1

4(J
IR
c1 )mnξpξqΩmcΩpq , (4.14)

where the normalization is fixed by (3.16). Now that we have constructed all the generators
Jc2 ,Ju(1) and W±

5 , let us check the levels, close the OPEs and look at the R-filtration.

Central charges. Let us check that the conformal anomaly c2d and flavor central charge
k2d are correctly reproduced

cUV = ca2 + cξ + cδ,φ , kUV = Ic1↪→a2kIR + kξ , (4.15)

−19 = −8 + 2×
(
−1
2

)
− 10 , −2 = −1× 3

2 − 1
2 . (4.16)

In fact, these values can be easily derived from the free field construction as follows. The
level of Jc1 is fixed in terms of the IR data thanks to the free field realization (4.7). The
level of its sl(2) ⊂ c2 commutant is in turn fixed and specifies, via (3.21), the contribution
to the central charge cδ,φ.

OPEs. All the above constructed generators have the following OPEs

J (z) J (0) ∼ −1
z2

, (4.17)

JIJ(z) JKL(0) ∼
−2 ΩL(IΩJ)K

z2
+

2 Ω(I(K JJ)L)(0)
z

, (4.18)

– 19 –



J
H
E
P
1
2
(
2
0
2
4
)
0
0
4

J (z) W±
IJ(0) ∼ ± W±

IJ(0)
z

, (4.19)

JIJ(z) W±
KL(0) ∼

Ω(I[K W±
J)L](0)

z
, (4.20)

W+
K1L1

(z) W−
K2L2

(0) ∼
−3∆5,5

K1L1;K2L2

z3
+ 1

z2

(
3∆5,5

K1L1;K2L2
J − 3

4 Ω[K1[K2 JL1]L2]
)

+ 1
z

(3
2 ∆5,5

K1L1;K2L2
∂J − 3

8Ω[K1[K2 ∂JL1]L2] −
3
2 ∆5,5

K1L1;K2L2
(JJ )

3
4 Ω[K1[K2 (jJL1]L2])−

1
16∆

5,5
K1L1;K2L2

ΩP Q ΩRS (JP RJQS)

− 1
8
(
(J[K1[K2JL1]L2])|Ω-traceless

))
, (4.21)

where
∆5,5

K1L1;K2L2
:= ΩK1K2ΩL1L2 +ΩK1L2ΩK2L1 −

1
2ΩK1L1ΩK2L2 . (4.22)

Null states and superconformal indices. The free field realization has given us an
explicit realization of the VOA. One of the advantages of the construction is that it gives a
simple quotient of the VOA, which essentially means that null states are zero once expressed
in terms of the free fields. What is more, is that it also allows to recover the R-filtration. This
helps us to compute different limits of the superconformal index. This method is especially
useful since not all theories we know have a class-S realization.

Schur index. The vacuum character of the VOA can be computed to be

χC2U1(q) = 1 + 11q + 10q3/2 + 72q2 + 90q5/2 + . . .

= PE
[
11q + 10q3/2 − 5q2 − 30q5/2 + . . .

1− q

]
.

(4.23)

It can be refined by the flavour fugacities to give

χC2U1(q) = 1 + (1 + 100)q + (51 + 5−1)q3/2 + (3 + 140 + 350 + 2 · 100)q2

+ (2 · 5+1 + 2 · 5−1 + 35+1 + 35−1))q5/2 + . . . (4.24)

= PE
[
(1 + 100)q + (51 + 5−1)q3/2 − 50q

2 − (51 + 5−1 + 101 + 10−1)q5/2 + . . .

1− q

]
This matches with the class-S computation of the Schur Index. The terms at order q are
associated to the AKM currents and q3/2 terms to the generators W±

5 . There are 5 null
states at conformal dimension 2 of the form

(Jc2Jc2)5 = 0 . (4.25)

At conformal weight 5
2 , there are nulls in representation 51, 5−1, 101 and 10−1

Jc2 W± + Ju1 W± + ∂W± = 0 , Jc2 W±∣∣
10 = 0 . (4.26)

Additional null states at conformal weight h = 3 can be found in [42]. It is easy to verify
that using the generalized free field realization these expressions are either identically zero
or proportional to null operators of the IR theory. We will return to a discussion of null
states for all rank-one theories with ECB in section 5.3.
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Hall-Littlewood index. The Hall-Littlewood Index can be computed by working in the
leading R-filtration and is given by

IHL = 1 + 11t2 + 10t3 + 60t4 + 80t5 + . . .

= PE[11t2 + 10t3 − 6t4 − 30t5 + . . .] ,
(4.27)

If we refine by the flavour fugacities we obtain

IHL = 1 + (1 + 100)t2 + (51 + 5−1)t3 + (1 + 140 + 350 + 100)t4+
+ (5+1 + 5−1 + 35+1 + 35−1))t5 + . . . (4.28)

= PE
[
(1 + 100)t2 + (51 + 5−1)t3 − (1 + 50)t4 − (51 + 5−1 + 101 + 10−1)t5 + . . .

]
The null operators in the VOA given in (4.25) and (4.26) immediately give relations among
the Hall-Littlewood (HB in this case) generators by taking the leading term in the R-filtration
limit which corresponds to ignoring the derivative terms in (4.26). These is an additional
relation in the Higgs branch, corresponding to the term 1 in the HL index. This is associated
wih the fact that in this example the stress tensor, which has R = 1, coincides with the
Sugawara stress tensor. This gives rise to the additional HB relation(

Jc2Jc2 + J2
)

1
= 0 , (4.29)

where J are the HB avatars of the VOA currents J .

4.2 A1U1

The example of A1U1 theory corresponds to the UV-IR pair (∆IR,∆UV ) = (43 , 4) where
the infrared Deligne theory is the a1 theory. The singular locus is H2/Z3 which we now
describe. Let us denote the coordinates of H2 = C2 × C2 by (X1, X2) and (Y 1, Y 2). The
Z2 acts on (XA, Y A) as follows

(XA, Y A) 7→ (ωXA, ω−1Y A), ω3 = 1 . (4.30)

This action is compatible with the symplectic structure
{

XA, Y A
}

= δA
B. The ring of

invariants is generated by

bABC = XAXBXC , b
ABC = Y AY BY C ,

MB
A = XAY B − 1

2δA
BXCY C , m = XCY C ,

(4.31)

where MB
A and m generate su(2)⊕ u(1) symmetries. The subset of H2/Z3 where e = b222 =

(X2)3 ̸= 0 is identified with

T ∗(C∗)× C2

Z3
. (4.32)

In this patch we write

(X1, X2) = (β, e1/3) , (Y 1, Y 2) = (γ, he−1/3) , (4.33)
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where e1/3 and h are coordinates of T ∗(C∗) with {h, e1/3} = e1/3 and {β,γ} = −1. The
generators of H2/Z3 can then be written as

MB
A =

−1
2 z βhe−1/3

γe1/3 1
2 z

 , m = βγ+ h , (4.34)

bABC =


e

βe2/3

β2e1/3

β3

 , b
ABC =


γ3

γ2he−1/3

γh2e−2/3

h3e−1

 , (4.35)

where we introduced the short hand notation z = h − βγ. We refer to the generator γ e1/3

as raising operator and to the quantities annihilated by it, like b222 = e and b
111 = γ3,

as highest weight states.
Having gained some understanding of the singular locus, let us try to fiber the Deligne

a1 theory over this. The infrared Deligne theory now introduces new ingredients J IR
a1 on

which we need to specify a Z3 action. In this case there is a unique non-trivial choice, it
is associated with the branching

J IR
a1 7→ J IR

u1 ⊕ J IR
−2 ⊕ J IR

+2 , (4.36)

so that the generator of Z3 acts as

J IR
u1 7→ J IR

u1 , J IR
±2 7→ ω∓1J IR

±2 . (4.37)

The flavor symmetry of the UV theory is a1 ⊕ u1. A linear combination of the Cartan
generator of the a1 factor and the u1 generator is unbroken by the VEV and a combination
orthogonal to the latter (in the sense of OPEs) is identified with the distinguished U(1) that
acts on e. The charges of the free field ingredients associated to the coordinates of the singular
locus with respect to Z, the Cartan of a1, and Ju1 are easy to determine to be (1, 1

3) for e1/3

and (−1, 1
3), (+1,−1

3) for β and γ respectively. We also need to assign charges to the IR
currents. A possible way to do it is to insist that the highest wight state b111 = γ3 in (4.35)
gets modified by IR currents when we move away from the singular locus. We have already
encountered this mechanism in the C1A1 example, in that case b11 is part of the c2 currents
and the corresponding VOA generator takes the form ξ2ξ2 + J IR

22 . In our case, we postulate

b111 ⇝ B111(z) = γ γ γ + J IR
+2 e

1
3 (δ+φ) , (4.38)

where BABC(z) is the VOA avatar of b
ABC given in (4.35). It is important that the extra

term has the correct conformal weight 3/2 and is invariant under the Z3 action, this condition
singles out the choice of exponent. Now we can read off from (4.38) the weight of J IR

+2 under
the u1s above to be (3,−1)− (1,−1

3) = (2,−4
3). The generator J IR

−2 will have opposite charges.
We conclude that the free field expression for the currents associated to these factors is

Z = h − βγ + J IR
u1 , Ju1 = 1

3
(
h + βγ − 2J IR

u1

)
, (4.39)
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where h(z) = 3 ⟨φ, φ⟩−1∂φ(z). Imposing that the OPE of Z with Ju1 is regular and the OPE
of Z with itself reproduces27 the UV a1 level, we obtain the conditions

kUV = 3kIR − 1 , ⟨φ, φ⟩ = 9
4kIR − 1 . (4.41)

Notice that we did not yet set kIR = −4
3 to emphasize that these properties will be satisfied

for any value of kIR. The fact that the correct value of the level kUV = −5 is reproduced
is an indication that we are on the right track. We are ready to complete the construction
of a1 AKM currents

(Ja1)A
B =

−1
2Z J −

J+ +1
2Z

 . (4.42)

The most general ansatz for J+ and J − which is of conformal dimension 1, Z3 invariant
and consistent with our charge assignement is

J+ = γ e
1
3 (δ+φ) , (4.43)

J − =
(
β (c1∂δ + c2∂φ) + c3∂β + c4 βJ IR

u1

)
e−

1
3 (δ+φ) + c5 J IR

−2 γγ e−
2
3 (δ+φ) . (4.44)

Requiring that the generators in (4.42) closes onto the a1 current algebra gives the conditions

c1 =
1
3 − kIR , c2 =

1
3 kIR , c3 = 3 kIR , c4 = 1 , (4.45)

where we left the value of kIR unspecified since the a1 ⊕ u1 current algebra closes for any
value of kIR. The coefficient c5 is in turn fixed by the requirement that the operator B111

introduces in (4.38) is an AKM primary, i.e. the OPE with J − contains only a simple pole.
This gives c5 = −9. This completes the construction of A1U1 AKM currents. We now use the
lowering generator J − to build the B and B modules from their highest weight states eδ+ϕ

and (4.38) respectively. Notice that these two state have charge (3, 1) and (3,−1) respectively
with respect to the current Z and Ju1 . The first two descendants of B take the form

J − · e = 3β e
2
3 (δ+φ) , J − · J − · e = 6

(
ββ e

1
3 (δ+φ) − 9 γ J IR

−2

)
. (4.46)

Interestingly, requiring the absence of a second order pole when acting one more time with J −

imposes the condition kIR = −4
3 which is the correct value. This condition further guarantees

that the B and B operators transform in the four dimensional representation of a1.
We succeeded in the construction of all the VOA generators which are associated to

generators of the chiral ring of the singular locus. As in the C2U1 example we expect that
this does not exhaust the list of strong generators. The missing generators can be found
by closing the OPEs of the generators we have already constructed. The OPEs B(z)B(0)
and B(z)B(0) close on new generators of conformal dimension two in the singlet of the a1

27Recall that

Z(w)Z(0) ∼ 2kUV

w2 , J IR
u1 (w)J IR

u1 (0) ∼ 2kIR

w2 , (βγ)(w)(βγ)(0) ∼ −1
w2 , (4.40)
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flavor symmetry and with charges ±2 under the u1 flavor symmetry and are denoted as
W±±. The schematic form of the OPEs is

B(z)B(w) ∼ W++(w)
(z − w) , B(z)B(w) ∼ W−−(w)

(z − w) . (4.47)

The form of W++ is very simple and in fact is obtained from the OPE of the two descendants
in (4.46). This gives

W++ = J IR
−2 e

2
3 (δ+φ) . (4.48)

The generator W−− is more complicated. Here we present the explicit expression of its
leading term in the R-filtration28

W−− = JIR
−2 γ6 e−

4
3 + x JIR

u1 γ3 e−1 − x2 JIR
+2 e−

2
3 , (4.49)

where we introduced the combination x = 1
6(JIR

u1 − 2(h + βγ)). Setting to zero the
generators of the Higgs branch of the IR theory, which are associated to transverse directions,
corresponds to restricting the generators of the UV theory to the singular locus. The
generator W−− given in (4.49), together with W++ obtained from (4.48), vanishes on the
singular locus as it should. We finally point out that the stress tensor is also an independent
strong generator in this case.

A C2/Z3 locus and a subVOA. One can define a subspace of the Higgs branch by the
condition that the symmetry which is unbroken by the VEV, which we call g♮

UV, is unbroken.
This subspace clearly includes the point associated with the VEV. At the level of the VOA
we can look at the (or a) subVOA of invariants under g♮

UV. In the example of C2U1 presented
in the previous section, the unbroken symmetry is c1 ⊕ u1 and the invariant locus is29 C2/Z2.
At the level of the VOA we have an AKM sl2 algebra whose free field realization follows
the general scheme presented in section 3. In the example of the A1U1 theory considered
here, the unbroken symmetry is generated by the combination Z − 3Ju1 = 3J IR

u1 − 2βγ,
see (4.39). The invariant locus of the HB this time is C2/Z3. Let us see how this emerges
from our free field realization. The VOA (strong) generators that are invariant under this
u1 are the highest weight state of the B multiplet, namely B222 = eδ+φ, the lowest weight
state of the B multiplet, namely B222, together with Z, Ju1 and T .

The leading term in the R-filtration of the B222 generator gives

B222 = H e−1 − JIR
+2 β

3 e−
2
3 + 9 JIR

−2 γ
3(JIR

u1 − 2h + βγ) e−
4
3 , (4.50)

where
H = 1

4(2h − JIR
u1 )

2(2h + JIR
u1 )−

3
2 JIR

u1 βγ (JIR
u1 − 2h + 2βγ) . (4.51)

It is easy to see that on the locus in which the symmetry associated to the combination
Z − 3Ju1 is unbroken, the vanishing of the charged Higgs branch generators implies that β,γ

28To simplify the form of W−− we used the IR Higgs branch relation JIR
+2JIR

−2 + 1
4 JIR

u1 JIR
u1 = 0.

29The same is true for the rank-one and rank-two Deligne theories reviewed in section 3.
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and the IR HB generators JIR all vanish. In this limit B222 7→ h2e−1 and Z 7→ h. Together
with B222 = e they reproduce the relations of C2/Z3 in the locus where e ̸= 0.

One may wonder whether a similar mechanism takes place at the level of the VOA and
look for the subVOA which has regular OPE with the current associated with the unbroken
symmetry. The expectation is that this VOA might be isomorphic to the Bershadsky-
Polyakov algrebra. This is not the case.

Central charges. Let us check if we can reproduce the conformal anomaly c2d and flavor
central charge k2d.

cUV = ca1 + cβ,γ + cδ,φ , (4.52)

−24 = −6 + 2×
(
−1
2

)
− 17 , (4.53)

The flavor central charge is obtained simply by adding the levels of individual terms in the
expression for Z (equation (4.39)), which reproduces the correct kUV.

OPEs Having obtained the free field expression of the generators we can proceed to compute
their OPEs and check that they close upon adding the stress tensor T to the list of strong
generators. As the OPEs invlolving currents or the stress tensor take a canonical form, here
we report only the remaining non-vanishing OPEs30

BA1B1C1(z)B
A2B2C2(w) ∼

15δA2
A1

δB2
B1

δC2
C1

(z − w)3 +
3δA2

A1
δB2

B1
(Ja1)

C2
C1

+
(
− 15

2

)
δA2

A1
δB2

B1
δC2

C1
Ju1

(z − w)2

+
δA2

A1
δB2

B1
δC2

C1
( 9

8 T + 1
2 (Ja1Ja1) + 9

8Ju1Ju1 +
(
− 15

4

)
J ′

u1)
(z − w)

+
δA2

A1
δB2

B1
(( 3

2Ja1)
C2
C1

)′ +− 3
4Ju1(Ja1)

C2
C1

)
(z − w)

+
1
4 δA2

A1
(Ja1)

B2
B1

(Ja1)
C2
C1

(z − w) (4.54)

BABC(z)W−−(w) ∼ −6BABC

(z − w)2 +
−3(BABC)′ +

(
9
2

)
Ju1BABC +

(
− 3

2

)
J D

A BDBC

z − w
(4.55)

BABC(z)W++(w) ∼ −6BABC

(z − w)2 +
−3B′

ABC +
(
− 9

2

)
Ju1BABC +

(
− 3

2

)
J D

A BDBC

z − w
(4.56)

W++(z)W−−(w) ∼ 90
(z − w)4 + −90Ju1

(z − w)3 +
−18T +

(
− 81

2

)
Ju1Ju1 + (−45)J ′

u1 + (−3)Ja1Ja1

(z − w)2

+
(27)T Ju1 + (−18)T ′ +

(
189

4

)
J ′

u1Ju1 + (−36)J ′′
u1 +

(
− 81

8

)
Ju1Ju1Ju1

z − w

+
(

3
2

)
J ′

a1Ja1 +
(
− 1

4

)
BB +

(
3
4

)
Ja1Ja1Ju1

(z − w) (4.57)

Schur index. The vacuum character of the VOA can be computed to be

χA2U1(q) = 1 + 4q + 8q
3
2 + 17q2 + 36q

5
2 + 77q3 . . .

= PE
[
4q + 8q3/2 + 3q2 − 4q5/2 − 14q3 . . .

1− q

]
.

(4.58)

30The notation used here is such that all the indices are totally symmetrized. For example, δA2
A1

δB2
B1

δC2
C1

is
totally symmetrized in A1, B1, C1 and also totally symmetrized in A2, B2, C2.
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Its refined version is given by

χA1U1(q) = 1 + (10 + 30)q + (41 + 4−1)q
3
2 + (4 · 10 + 12 + 1−2 + 30 + 30 + 50)q2+

+ (3 · (41 + 4−1) + 61 + 6−1)q
5
2+

+ (8 · 10 + 2 · (12 + 1−2) + 7 · 30 + 32 + 3−2 + 2 · 50 + 2 · 70 + 72 + 7−2)q3 + . . .

= PE
[
χgen − χnulls + . . .

1− q

]
, (4.59)

where

χgen = (10 + 30)q + (41 + 4−1)q
3
2 + (10 + 12 + 1−2)q2 , (4.60a)

χnulls = (21 + 2−1)q5/2 + (30 + 32 + 3−2 + 50)q3 . (4.60b)

The set of strong generators of the VOA is consistent with the index with four AKM currents
at order q, eight B4,± generators at q3/2 and W±± and the stress tensor T , which we highlight
as 10, at order q2. Additionally, there are null states of conformal dimension 5/2 given by

(Ja1B)2+1
= 0 ,

(
Ja1B

)
2−1

= 0 , (4.61)

and at conformal weight 3, there are nulls in representation 30, 32, 3−2 and 50 given by(
BB + J 3

a1 +Ja1∂Ja1 + ∂2Ja1+ Ju1J 2
a1 + J 2

u1Ja1 + ∂Ju1Ja1 + Ju1∂Ja1 + TJa1

)
30

= 0 (4.62)(
B B + Ja1W++

)
32

= 0 (4.63)(
B B + Ja1W−−

)
3−2

= 0 (4.64)(
B B + Ju1J 2

a1 + Ja1∂Ja1

)
50

= 0 (4.65)

There are more nulls at higher conformal weights, but we will not display them here.

Hall-Littlewood index. The Hall-Littlewood Index can be computed by working in the
leading R-filtration and is given by

IHL = 1 + 4t2 + 8t3 + 12t4 + 28t5 + 49t6 + . . .

= PE[4t2 + 8t3 + 2t4 − 4t5 − 15t6 + . . .] ,
(4.66)

with its refined version given by

IHL = 1 + (10 + 30)t2 + (41 + 4−1)t3 + (2 · 10 + 12 + 1−2 + 30 + 50)t4

+ (2 · (41 + 4−1) + 61 + 6−1)t5

+ ((2 · 10 + 12 + 1−2) + 2 · 30 + 32 + 3−2 + 50 + (2 · 70 + 72 + 7−2))t6 + . . .

= PE
[
χHL

gen − χHL
nulls + . . .

] (4.67)

where now

χHL
gen = (10 + 30)t2 + (41 + 4−1)t3 + (12 + 1−2)t4 , (4.68a)

χHL
nulls = (21 + 2−1)t5 + (10 + 30 + 32 + 3−2 + 50)t6 . (4.68b)
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Comparing this expression with its Schur counterpart (4.60) we see that the VOA has an
additional generator identified with the stress tensor, see the 10 in (4.60), while the HB has
an additional relation not associated with a null state in the VOA denoted by 10. As in the
previous example this HB relation is accociated to a composite operator in the VOA, which
we call W3, with lower degree in the R-filtration compared to the one of its constituents.
This operator should be regarded as the analogue of the stress tensor for the C2U1 theory
previously discussed. The operator W3 transforms in the 10 representation and has conformal
weight 3, there are 8 operators in the VOA with these quantum numbers, half of which are
quasi-primary with three being Virasoro primary.31 A single linear combination of these
three Virasoro primaries has degree R = 2 < 3 and it is schematically given by

W3 =
(
BB + J 2

a1Ju1 + Ja1∂Ja1 + Ju1∂Ju1 + ∂2Ju1 + TJu1 + ∂T
)

10
. (4.69)

Notice that only seven of the eight terms appear in this linear combination with the term J 3
u1

appearing with coefficient zero. The relative coefficients between BB and J 2
a1Ju1 is fixed in

such a way that there is a drop of the degree in R while the remaining coefficients are fixed
by the requirement that W3 is a Virasoro primary. Let us take a closer look at the explicit
expression of W3. In the free field realization, the drop in the R filtration of the composite
operator W3 is a consequence of the existence of the following null state32 of the IR VOA

OIR
null = TIR J IR

u1 + ∂J IR
+2 J IR

−2 − J IR
+2 ∂J IR

−2 −
1
3∂2J IR

u1 . (4.70)

Once we set this to zero, as it should be done, the leading term of W3 in the R-filtration
takes the form

(20TIR + 13 (Tβγ − Tδφ)) (3v− + 2jβγ)− J IR
u1 (14Tδφ + 52Tβγ + 22 v+jβγ − 33 ∂jβγ) (4.71)

11 (J IR
u1 )2 v+ + 198(v+γ − 3 ∂γ)γ2 J IR

−2 e−
1
3 + 19 (J IR

+2∂J IR
−2 − J IR

−2∂J IR
+2)−

33
2 J IR

u1 ∂J IR
u1 ,

where

v+ = ∂(δ+φ) , v− =− 1
⟨φ, φ⟩

∂(δ−φ) , jβγ = βγ , Tβγ = 1
2 (β∂γ − γ∂β) , Tδφ = v−v+

2 .

(4.72)
The composite operator W3 should be regarded as the generalization of the stress tensor
in the C2U1 example.

5 Free field realization for all rank-one theories with ECB

In this section we present the free field realization of all rank-one theories with an ECB. As in
the examples discussed in the previous section, we will first describe the singular locus of the
HB which is C2d/Zℓ and explain in which sense the Deligne rank-one theories are fibered over
it. This requires specifying an appropriate Zℓ action on the IR Deligne currents. Next we turn
to the construction of the VOA generators. Again, some of the VOA generators are very easy

31The quasi-primary which is not Virasoro primay is T Ju1 − 1
2 ∂2Ju1 .

32This is a special feature of the a1 Deligne theory, in the other cases, expect for a0, there are nulls already
at conformal weight two.
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to construct in terms of free fields, the remaining ones follow from the OPEs once a relatively
simple “lowering generator” is built. Finally, we show that the OPEs close and present two
important applications of the free field construction: determination of null states and the
R-filtration. As we will recall, both are related to the relations satisfied by the HB generators.

5.1 The free field realization

The singular locus. Let us start by looking at the space W = C2d/Zℓ. We denote by
(XA, Y A) with A = 1, . . . , d, the coordinates of C2d on which Zℓ acts as

(XA, Y A) 7→ (ωℓ XA, ω−1
ℓ Y A) , ωℓ = e2πi/ℓ . (5.1)

The symplectic structure is given by {Y A, XB} := δA
B and is compatible with the Zℓ action.

The ring of invariants is generated by

bA1...Aℓ
= XA1 · · ·XAℓ

, b
A1...Aℓ = Y A1 · · · Y Aℓ ,

MB
A = XAY B − 1

d
δA

B XCY C , m = XCY C ,
(5.2)

where MA
B and m generate the symmetry su(n) ⊕ u(1) which is enhanced to usp(2n) = cn

for ℓ = 2. In this case W is the closure of the minimal nilpotent orbit of cd.
As recalled in section 3, the generalized free field realization should be thought as an

inverse Higgsing performed at the level of the VOA. In this case, the relevant Higgsing
corresponds to a point on the singular locus W for which the only non vanishing generator is
the component bdd...d ̸= 0 of b. Associated to this Higgsing there is a Zariski open subset of
W defined by the condition bdd...d =: e ̸= 0 which can be identified with

T ∗(C∗)× C2(d−1)

Zℓ
. (5.3)

Accordingly, we write

(X1, . . . , Xd−1, Xd) = (β1, . . . ,βd−1, e1/ℓ) ,

(Y 1, . . . , Y d−1, Y d) = (γ1, . . . ,γd−1, he−1/ℓ) ,
(5.4)

where e1/ℓ, h are coordinates of T ∗(C∗) with {h, e1/ℓ} = e1/ℓ and {γa,βb} = δa
b , see (3.2). For

later convenience we collect the form of MB
A and m in this patch

MB
A =

M̂ b
a − 1

d z δb
a βahe−1/ℓ

γbe1/ℓ d−1
d z

 ,

m = h + βcγ
c ,

M̂ b
a = βaγ

b − 1
d − 1δb

a βcγ
c

z = h − 1
d − 1βcγ

c ,
(5.5)

where a, b, c = 1, . . . , d− 1. We denote by u(1)m and u(1)z the abelian algebras corresponding
to m and z and by u(1)unb the combination that acts trivially on e whose generator is
z − m = − d

d−1βcγ
c. We will call generalized highest weight (ghw) states the states that are

annihilated by the raising generator represented by γbe1/ℓ. For the b and b generators the
corresponding generalized highest weight states take the form

bghw = e , (bghw)a1...aℓ = γa1 . . .γaℓ . (5.6)

As we will see, the first one does not change as we move away from the singular locus W

onto the general point of the HB, while the second is modified.
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The Zℓ action on IR currents. Next, let us present the relevant Zℓ automorphisms of
Deligne currents. An important uniform feature of the choice of Zℓ automorphisms is that
the Zℓ invariant part of the IR symmetry takes the form

(gIR)0 =

cd−1 ⊕ f , ℓ = 2 ,

ad−2 ⊕ f , ℓ ̸= 2 ,
(5.7)

where d, the quaternionic dimension of the singular locus W , and the factor f depend on
the theory: f = a1 for the C3A1 theory, f = u1 for the C2U1 and A1U1 theories and trivial
in the other cases. The symmetry (5.7) should be compared with the UV flavor symmetry
which follows the same uniform pattern

gUV =

 cd ⊕ f , ℓ = 2 ,

ad−1 ⊕ f , ℓ ̸= 2 .
(5.8)

The list of the relevant Zℓ automorphisms is the following. For the Z2 cases we have the
branching rules

J IR
e6 → J IR

c4 ⊕ J IR
42 = J IR

mn ⊕ J IR
JmnpqK , (5.9a)

J IR
d4 → J IR

c2⊕a1 ⊕ J IR
(5,3) =

(
J IR

mn ⊕ J IR
(IJ)

)
⊕ J IR

JmnK,(IJ) , (5.9b)

J IR
a2 → J IR

c1⊕u1 ⊕ J IR
2+⊕2− =

(
J IR

mn ⊕ J IR
)
⊕
(
J IR

m,+ ⊕ J IR
m,−

)
, (5.9c)

where the first term is Z2 even and the second is Z2 odd. For the Z3 cases the relevant
branchings are

J IR
d4 → J IR

a3 ⊕ J IR
10 ⊕ J IR

10 = (J IR)a
b ⊕ (J IR)(abc) ⊕ (J IR)(abc) , (5.10a)

J IR
a1 → J IR

u1 ⊕ J IR
−2 ⊕ J IR

+2 , (5.10b)

where the first, second and third terms after the arrow have eigenvalues 1, ω3, ω−1
3 under

the Z3 action respectively. Finally, in the Z4 case only a Z2 acts non trivially with even
and odd part respectively given by

J IR
a2 → J IR

a1 ⊕ J IR
5 = (J IR)a

b ⊕ (J IR)(abcd) (5.11)

Notice that we used m, n, . . . = 1, . . . , 2r for indices of cr = sp(2r) and a, b, . . . = 1, . . . , r + 1
for ar = su(r + 1). The notation Jmn . . .K indicates antisymmetrization and removal of Ω
traces while (ab . . .) indicates that the indices are totally symmetrized.

Fibering the Deligne rank-one theories over the singular locus. As already discussed
in detail, the starting point for the genealized free field construction is the identification of
the patch of the Higgs branch where the generator that is getting a VEV, which we call e,
is non vanishing. As in (3.1) this open subset takes the form

Ue ≃
T ∗(C∗)× C2(d−1) ×MH [TIR]

Zℓ
, (5.12)
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where the Zℓ action on the T ∗(C∗) and C2(d−1) is the same as given in (3.2) while the action
of the IR currents, which are the generators of the MH [TIR] chiral ring, has been introduced
in equations (5.9), (5.10) and (5.11). Accordingly we will realize the VOA as a subVOA

V[T ] ⊂
(
Π 1

ℓ
⊗ Vξ ⊗ V−h∨

6 −1(gIR)
)Zℓ

, (5.13)

where T ∈ {C5, C3A1, C1U1, A3, A1U1, A2} and for each of the six cases we have already
discussed the choice of gIR, Zℓ action and number of symplectic bosons ξ.

The next step is to identify the part of the UV symmetry, denoted by g♮
UV, which is not

broken by the choice of VEV (mathematically, it is the semi-simple factor of the subalgebra
of gUV that acts trivially on e) and the distinguished u(1) ⊂ gUV that commutes with33

g♮
UV. These symmetries are important since the associated quantum numbers of both the

(generalized) free field ingredients and UV VOA are under control. The unbroken symmetry
can have two factors:

(i) symmetries which remain unbroken everywhere on the singular locus W = C2d/Zℓ,

(ii) symmetries that do act on W , but are unbroken by the VEV e.

Concerning the second factor, it is easy to identify the symmetries of W that remain unbroken
by the VEV, they are cd−1 in the ℓ = 2 cases and ad−2 ⊕ u(1)unb in the ℓ = 3, 4 cases, where
the form of u(1)unb is spelled out below (5.5). Naively, one would conclude that these are the
unbroken symmetries of type (ii). While this is correct for the ℓ = 2 cases, and this is related
to the fact that the symmetries of W in these instances have no abelian factors, it is not
always true for ℓ = 3, 4. In these cases the contribution to the unbroken symmetries (ii) can
be smaller. This happens for the A3 and A2 theories (for which d = 4 and 3 respectively) as
it can be anticipated since the symmetry of W is bigger then the one of TUV by an extra u(1)
factor generated by m, see (5.2). In these two cases the generator m is not the restriction of a
function34 on MH [TUV ]. Since the generator of u(1)unb contains a factor of m, it is not part
of the symmetries of TUV and in particular cannot be unbroken.35 We conclude that for the
A3 and A2 theories the unbroken symmetry is ad−2. The only remaining case is T = A1U1
for which d = 2. We know how the Cartan of A1 acts on e since it is the highest weight state
of a four dimensional representation and it will have some charge under U1. Now we can form
two linear combinations of the Cartan generator of the A1 factor and the generator of the U1
factor. One combination will act trivially on e and the other (defined up to the addition of
the one with trivial action) will act non trivially. We conclude that the combination of type
(i) and (ii) unbroken symmetries for the A1U1 theory is a single u(1).

To conclude the analysis we need to discuss unbroken symmetries of type (i). It is easy
to see by looking at the UV flavor symmetries (5.8) that the factor f for the ℓ = 2 theories,

33If g♮
UV contains abelian factors we should add the requirement that the current associated with the

distinguished u(1) has regular OPE with all the g♮
UV currents.

34Apart from these two exceptions, the remaining generators of C[W ], b, b and M are associated to the
restriction of functions on MH [TUV ] to the singular locus W .

35Not all the symmetries of the singular locus have to come from the restriction of a symmetry of the Higgs
Branch to the singular locus. More generally, functions on the singular locus are not necessarily the restriction
of functions on the whole HB to the singular locus.
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Theory ℓ d (gIR)0 ⊂ gIR Rξ kIR kξ IG↪→H kUV

C5 2 5 c4 ⊂ e6 8 −3 −1
2 1 −7

2

C3A1 2 3 c2 ⊕ a1 ⊂ d4 (4, 1) (−2,−2) (−1
2 , 0) (1, 2) (−5

2 ,−4)
C2U1 2 2 c1 ⊕ u1 ⊂ a2 (2, 1) −3

2 −1
2 1 −2

A3 3 4 a2 ⊂ d4 3 ⊕ 3 −2 −1 3 −7
A1U1 3 2 u1 ⊂ a1 1+ ⊕ 1− −4

3 −5
A2 4 3 a1 ⊂ a2 2 ⊕ 2 −3

2 −1 4 −7

Table 4. This table gives data on how to obtain AKM level kUV from kIR using the formula
kUV = IG↪→HkIR + kξ which follows from (5.15) and (5.16) for the non-abelian symmetries. More
precisely, this formula applies to the non-abelian part of the (gIR)0 symmetry. The level of the A1
factor for the A1U1 theory is determined from the explicit free field realization.

namely C3A1 and C2U1, cannot act on the singular locus W so it is part of the unbroken
symmetries of type (i). The only remaining case with a non-trivial f factor is the A1U1 theory
that we already discussed. The important conclusion is that the unbroken symmetry coincides,
at the Lie algebra level, with the Zℓ invariant part of the IR currents given in (5.7), in equation

g♮
UV = (gIR)0 . (5.14)

Notice that to derive this result we used the knowledge of the flavor symmetry of the UV
theory, in a bottom-up construction we could have taken the fact that the symmetry unbroken
by the VEV coincides with the Zℓ invariant part of the IR flavor symmetry as the starting
point to bootstrap the UV theory.

As reviewed in section 3, the free field realization of the currents associated with the
unbroken symmetries follows the general pattern given in equation (3.29). In our case it givesJcd−1 = J IR

cd−1 + ξξ , ℓ = 2 ,

Jad−2 = J IR
ad−2 + βγ , ℓ ̸= 2 ,

(5.15)

where βγ here is a shorthand for βaγb − 1
d−1δb

aγcβ
c andJf = J IR

f , T = C3A1 or T = C2U1 ,

Jf=u1
= 1

3

(
h + βγ − 2J IR

u1

)
, T = A1U1 ,

(5.16)

while for the remaining theories the factor f is absent. For the A1U1 theory the form of Jf

was derived in section 4.2, see (4.39). Notice that (only) in this case Jf=u1 acts non trivially
on e(z). As a confirmation that we are on the right track we can compute the levels of
the (non-abelian) unbroken symmetries and verify that it reproduces the correct values, see
table 4. It is interesting to notice that the value of the levels is an output of our construction.

Having identified the unbroken symmetry we will now identify the distinguished U(1)
that commutes, more precisely that has regular OPEs with, the unbroken symmetry. For the
ℓ = 2 cases, there is a full c1 = sl(2) that commmutes with cd−1 ⊂ cd and its Cartan generator
is associated with the distinguished U(1). For the A2 and A3 theories it is the affinization
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h e1/ℓ β γ

ad−2 ⊕ u(1) (1, 0) (1,−(d − 1)) (d − 1, 1) (d − 1,−1)
Conformal weight 1 1 1

2
1
2

Table 5. The normalization of the u(1) is chosen so that the fundamental representation of ad−1
decomposes as d 7→ (d − 1, 1)⊕ (1,−(d − 1)) and it corresponds to βcγc − (d − 1)h = −d u.

of the generator z introduced in (5.5) and, finally, for the A1U1 theory it is a combination
of the affinization of z and J IR

u1 . After fixing the normalization of this distinguished u(1)
from the condition that the associated currents j(z) satisfies

j(z)e(w) ∼ ℓ e(w)
(z − w) , e(z) = eδ+φ , (5.17)

we thus have

j(z) =


h(z) , for ℓ = 2,
Z(z) = h − 1

d−1βcγ
c , for the A3 (d = 4) and A2 (d = 3) theories,

Z(z) = h − βγ + J IR
u1 , for the A1U1 theory,

(5.18)

where h(z) = ℓ
⟨φ,φ⟩ ∂φ(z) and Z(z) should be regarded the affinization of h and z respectively

(with the latter receiving further corrections determined in section 4.2 for the A1U1 theory).
At this point the value of ⟨φ, φ⟩ has not yet been fixed. This can be done by recalling that
we know how j(z) is embedded in the cd or ad−1 factor of the flavor symmetry. In the case
ℓ = 2 this is the Cartan of sl(2) at level kc and one easily finds that ⟨φ, φ⟩ = 2/kc, so that
h(z) = kc ∂φ. In the cases ℓ ̸= 2, we have that Z = d

d−1 J
d
d (no sum over d), so that36

Z(z)Z(w) ∼

(
d

d−1

)
ka

(z − w)2 , (5.19)

where ka is the ad−1 level. Computing this OPE using the expressions given in (5.18) gives
the condition

⟨φ, φ⟩ =


(d−1)ℓ2

1+d ka
, for A2 and A3 ,

32

1+2(ka−kIR) , for A1U1 ,
(5.20)

see also (4.40) for the A1U1 theory. We could cover also the case ℓ = 2 by these considerations
by recalling that in this case Z = h − 1

d−1(βcγ
c + J IR

u1⊂cd−1). In this case (5.19) give us back
the condition ⟨φ, φ⟩ = 2/kc after recalling that ka = 2kc from its embedding. We can also
compute the central charge c that follows from the free field construction as c = cIR+cβγ +cδ,φ

where cδ,φ is given in (3.31). For convenience we also report the ad−2 ⊕ u(1) ⊂ ad−1 quantum
numbers of e, h, β, γ in table 5.

Having under good control the unbroken symmetry together with its free field realization
and the distinguished U(1) generated by j(z), we are ready to construct the remaining

36Recall the general form of the OPEs given in (5.32).
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generators of the VOA. As usual, some of them are very easy to build since there is a
unique candidate in the free field space with the appropriate quantum numbers. In our
case, they are the following combinations associated with HB generators that do not vanish
on the singular locus

e(z) = eδ+φ , (J −
a · e)(z) = ℓ βa e

ℓ−1
ℓ

(δ+φ) , J a
+(z) = γa e

1
ℓ
(δ+φ) , (5.21)

and the following which is associated to an HB generator that do vanish on the singular locus

Wghw = [J IR ]ωℓ
e

ℓ−1
ℓ

(δ+φ) , (5.22)

where [J IR]ωℓ
denotes the set of currents that pick a factor ωℓ under the Zℓ action.37 Several

comments are in order. Firstly all these objects are Zℓ invariant. Notice that we did not include
other Zℓ invariant combinations like βa e−

1
ℓ
(δ+φ) and γa e−

ℓ−1
ℓ

(δ+φ), but these are clearly to
be discarded since they have non-positive conformal weight 0 and 1

2(2− ℓ) respectively. The
generator e(z) in (5.21) is the generalized highest weight state of a multiplet of operators
which we call B, with conformal dimension 1

2ℓ, that is the VOA avatar of the b generator
given in (5.6). Similarly, we will denote by B, to be constructed momentarily, the VOA avatar
of b. The operator Wghw, when present, has conformal weight 1

2(ℓ + 1). The transformation
properties of B, B and W under the UV flavor symmetry are uniquely fixed by the fact that
we know their quantum numbers under the unbroken symmetry and the distinguished38 U(1).
The relevant representations together with their branching ratios are collected in table 7.

The next task is to construct the generalized highest height state of B and the current
associated to the lowering generator J −

a . We know from the analysis of the singular locus,
that the associated HB generators restricted to the singular locus W take the simple form
γa1 . . .γaℓ and βa h e−1/ℓ, see (5.2), (5.4) and (5.5). The quantum number assignment is very
restrictive and we find that the only candidate for the generalized highest height state of B is

(Bghw)a1...aℓ(z) = γa1(z) . . . γaℓ(z) + x (J IR)a1...aℓ e
ℓ−2

ℓ
(δ+φ) , (5.23)

where the component of the IR currents appearing here is singled out by Zℓ invariance do that
it has eigenvalues ω2

ℓ = (1, ω−1
3 ,−1) under the Zℓ action for the cases ℓ = 2, 3, 4 respectively.

It is a non-trivial fact, which is necessary for the consistency of the construction, that the
two terms summed in (5.23) have the same transformation properties under the unbroken
symmetry. Notice that in the second term in (5.23) we introduced a coefficient x. Its value is
arbitrary as long as it is non-zero and it could be set two one without loss of generality.39

The last generator we need to construct to have a complete set of (non-strong) generators
is the lowering operator current J −

a (z). To determine it, we build the most general operator
with the correct quantum numbers in the free field space, namely

J −
a (z) =

(
βa (α1∂δ + α2∂φ) + α3∂βa + α4βaβcγ

c + α5(βJ IR
0 )a

)
e−

1
ℓ
(δ+φ)+

+ α6 (J IR)ab1...bℓ−1γb1 . . . γbℓ−1 e−
ℓ−1

ℓ
(δ+φ) ,

(5.24)

37Notice that in the ℓ = 4 this eigenspace is empty, see (5.11), so that there is no W type generator.
38For the B and B operator the same conclusion can be reached by recalling that B and B must transform

in the same representation as b and b.
39This freedom already appeared and has been discussed in the free field realization presented in [32].
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and fix the coefficients α1, . . . , α6 by the conditions that the generators ⟨J −
a ,J a

+, Ĵ a
b ,Z⟩

close into the ad−1 algebra and that the AKM primaries proposed in (5.22) and (5.23) are
indeed primaries. Notice that the IR currents that appear in the term multiplying40 α5
are Zℓ invariant (as the index 0 indicates) while the IR currents appearing in the term
multiplying α6 have eigenvalues ω−2

ℓ = (1, ω3,−1) under the Zℓ action for the cases ℓ = 2, 3, 4
respectively. The first condition we impose is

J a
+(z)J −

b (w) ∼
kad−1 δa

b

(z − w)2 + δa
b Z(w)− Ĵ a

b (w)
(z − w) . (5.25)

This condition implies

α1 =
kad−1

ℓ
, α2 =

kad−1

ℓ
+ ℓ

⟨φ, φ⟩
, α3 = 1 + kad−1 , α4 = 0 , α5 = −1 , (5.26)

and no restriction on the value of α6. The value of ⟨φ, φ⟩ has already been fixed from the
Z-Z OPE but we left it free here since (5.25) holds for any value of ℓ, d, k and ⟨φ, φ⟩. The
fact that the coefficient α4 = 0 is not surprising and it could have been anticipated by taking
the leading term in the R-filtration. When d > 2, the only exception being the A1U1 theory
already presented in section 4.2, we know from the form of the unbroken generators in (5.15)
that kad−1 = kIR

ad−2 − 1. Now all parameters, except for α6, are fixed in terms of kIR
ad−2 but

we still need to impose that the J −-J − OPE is regular.
Finally, the condition that Bghw given in (5.23) is an AKM primary, namely that its

OPE with J − has no double (or higher) order poles gives the condition41

# kIR x α6 + (kad−1 + 1) = 0 , (5.28)

which fixes the value of α6. We have constructed all VOA generators that are associated to
HB generators. We will know close the OPEs and establish if some extra strong generator42

of the VOA should be added. Our findings are collected in table 6 .

Remarks on the case ℓ = 2. In the discussion above we presented the ℓ = 2 case in
a uniform way with its ℓ ̸= 2 relatives. In this case, the operator that is getting a VEV
is a nilpotent current and the commutant of the unbroken symmetry is an sl2 triplet. To
construct the free field realization it is sufficient to build the sl2 primaries and the sl2 lowering

40In the ℓ = 2 case the term α5(βJ IR
0 )a should be understood as the sum of two terms: α

(1)
5 βb(J IR

ad−2⊂cd−1)
b
a+

α
(2)
5 βa(J IR

u1⊂cd−1).
41We have fixed the normalization of the IR currents in such a way that

(J IR)a1...aℓ(z) (J
IR)a1...aℓ(w) ∼

# kIR δb1
(a1

. . . δ
bℓ
aℓ)

(z − w)2 + . . . (5.27)

with the total symmetrization being unit normalized.
42In cases where the stress tensor is Sugawara (i.e. C2U1,C3A1) one can verify that the strong generators W

are AKM and Virasoro primaries satisfying the relation between the conformal dimension ∆ and the Quadratic
Casimir of the highest weight representation Λ which we call cΛ: ∆ = cΛ

2(k+h∨) . Here k is the AKM level and
h∨ is the dual coxeter number.

– 34 –



J
H
E
P
1
2
(
2
0
2
4
)
0
0
4

Theory Affine Currents B,B W Extra
C5 Jc5 = JMN W132 = WJMNP QRK T

C3A1 Jc3 = JMN , Ja1 = JIJ W(14′,3) = W(IJ)
JMNP K −

C2U1 Jc2 = JMN , Ju1 = J W(5,±1) = W±
JMNK −

A3 Ja3 = J B
A B20′′ = B(ABC), B20′′ = B(ABC) W50 = W(ABC)

(EF G) T

A1U1 Ja1 = J B
A , Ju1 = J B(4,+1) = B(ABC), B(4,−1) = B(ABC) W(1,±2) = W±± T

A2 Ja2 = J B
A B15′ = B(ABCD), B15′ = B(ABCD) − T , W3

Table 6. This table contains a summary of the strong generators of the VOAs discussed in this
section. J are affine currents, B and B are VOA generators of conformal weight h = ℓ/2 associated to
HB generators that do not vanish on the singular locus (in the ℓ = 2 case we include them as part of
the currents). The generators W are associated to HB generators that vanish on the singular locus.
They have conformal weight 3/2 and 2 for the cases ℓ = 2 and ℓ = 3 respectively and are absent
in the ℓ = 4 case. The pattern of representations of the non-current HB generators becomes more
uniform is we use Dynkin labels. In the ℓ = 2 case the relevant representations for the W generators
are 132 = [00001], 14′ = [001], 5 = [01]. For A3, 20′′ = [300], 20′′ = [003], 50 = [030] while for A2
we have 15′ = [4, 0], 15′ = [0, 4]. The entry “Extra” shows strong generators of the VOA that are not
associated with Higgs branch generators.

generator f(z) following the general scheme given in equation (3.15). The operator S♮ takes
the following form43

S♮ = c1 (J IR
cd−1)

2 + c2 (J IR
f )2 + c3 (J IR

odd)2 + c4 Tξ + c5 ξξ J IR
cd−1 . (5.29)

To fix the coefficients we first demand that S♮ has regular OPEs with the flavor currents
given in (5.15) and (5.16), this gives

# c1 +#c3 = c5 , c4 = −kIR c5 , # c1 +#c2 +#c3 = 0 , (5.30)

Additionally we require that the OPE of f(z) with the primary ξ e
1
2 (δ+φ) and J IR

odd e
1
2 (δ+φ)

has at most a simple pole. This implies c4 = −1
2(2k+1) = # c1+#c2+#c3. The coefficients

c3 turns out to be zero in a non trivial way: it is porportional to C2(R) + kIR(h∨
cd−1 + kIR)

which (recalling that C2(42) = 6, C2(5) = 2, C2(2) = 3
4 and h∨

cd−1 = d with d = 5, 3, 2) is zero
for the ℓ = 2 theories. The coefficients are all fixed but we still have to check that c♮ takes the
correct value and that ξJ IR

odd projected into the appropriate representation has regular OPE
with S♮. This is, non trivially, the case for the VOAs constructed here. The rigidity of the
construction is a feature that makes it particularly promising for a bottom-up clasification.

5.2 The OPEs

We will now collect all the OPEs in schematic form. We will not report OPEs among currents
and between currents and the other generators since they take the standard form. We report
once for all the OPEs for cd currents

JMN (z)JP Q(w) ∼
k ΩP (MΩN)Q
(z − w)2 +

2 (ΩM(PJQ)N (w) + ΩN(QJP )M (w))
(z − w) , (5.31)

43We normalize things in such a way that (J IR)2 = (J IR
cd−1)

2 + (J IR
f )2 + (J IR

odd)2 and recall that T Sug
g =

1
2(k+h∨) (Jg)2.
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Theory gIR
Deligne theory (gIR)0

IR Branching
gIR → (gIR)0

UV Branching

C5 e6 c4 J IR
e6 7→ J IR

c4 ⊕ J IR
42 ,

c5 7→ c4 ⊕ a1
Jc5 7→ Jc4 ⊕ Ja1 ⊕ J(8,2) ,

W : 132 7→ (42, 2)⊕ (48, 1)

C3A1 d4 c2 ⊕ a1 J IR
d4

7→ J IR
c2 ⊕ J IR

a1 ⊕ J IR
(5,3)

c3 ⊕ a1 7→ c2 ⊕ a1 ⊕ a1
Jc3 7→ Jc2 ⊕ Ja1 ⊕ J(4,2,1)

Ja1 7→ Ja1
W : (14′, 3) 7→ (5, 2, 3)⊕ (4, 1, 3)

C2U1 a2 c1 ⊕ u1 J IR
a2 7→ J IR

c1 ⊕ J IR
u1 ⊕ J IR

(2,±1) ,

c2 ⊕ u1 7→ c1 ⊕ a1 ⊕ u1
Jc2 7→ Jc1 ⊕ Ja1 ⊕ J(2,2)0 ,

Ju1 7→ Ju1 ,

W : 5±1 7→ (2, 2)±1 ⊕ (1, 1)±1 .

A3 d4 a2 J IR
d4

7→ J IR
a2 ⊕ J IR

10 ⊕ J IR
10

,

a3 7→ a2 ⊕ u1

Ja3 7→ Ja2 ⊕ Ju1 ⊕ J± 4
3

3
B : 20′′ 7→ 13 ⊕ 3 5

3
⊕ 6 1

3
⊕ 10−1

B : 20′′ 7→ 101 ⊕ 6− 1
3
⊕ 3− 5

3
⊕ 1−3

W : 50 7→ 102 ⊕ 15 2
3
⊕ 15− 2

3
⊕ 10−2

A1U1 a1 u1 J IR
a1 7→ J IR

u1 ⊕ J IR
−2 ⊕ J IR

+2

a1 ⊕ u1 7→ u1 ⊕ u1
Ja1 7→ Ju1 ⊕ J±2

Ju1 7→ Ju1
B : 4 7→ (+, 3)⊕ (+, 1)⊕ (+,−1)⊕ (+,−3)
B : 4 7→ (−, 3)⊕ (−, 1)⊕ (−,−1)⊕ (−,−3)

W : 1+2 7→ (+2, 0) , 1−2 7→ (−2, 0)

A2 a2 a1 J IR
a2 7→ J IR

a1 ⊕ J IR
5

a2 7→ a1 ⊕ u1

Ja2 7→ Ja1 ⊕ Ja1 ⊕ J± 3
2

2
B : 15′ 7→ 14 ⊕ 2 5

2
⊕ 31 ⊕ 4− 1

2
⊕ 5−2

B : 15′ 7→ 52 ⊕ 4 1
2
⊕ 3−1 ⊕ 2− 5

2
⊕ 1−4

Table 7. Branchings for IR VOA AKM currents and UV VOA generators. We use the color blue
to indicate the Zℓ invariant part of the IR flavor symmetry which coincides with part of the UV
symmetry unbroken by the VEV: g♮

UV = (gIR)0. In green we indicate the commutant of (gIR)0 in
the UV symmetry. Finally, we displayed in purple the components of B and W that reduce, after
Higgsing, to the IR currents that are not Zℓ invariant, see equations (5.22) and (5.23). The A1U1 is a
little special from the point of view of purple coloring, this is related to the way J IR

u1
enters in the

u1 ⊕ u1 currents, see equation (4.39). Lets also recall that for ℓ = 2 the generator e(z) is part of the
Ja1 currents while for the other cases is the generalized highest weight state of the B operator.

where we use conventions v(AB) = 1
2(vAB + vBA) and for ad−1 currents

J A
B (z)J C

D (w) ∼
k(δA

DδC
B − 1

dδA
BδC

D)
(z − w)2 + δA

DJ C
B − δC

BJ A
D

z − w
. (5.32)

We remark that in all cases but the A1U1 theory the closure of the OPEs requires that IR
nulls vanish. For this reason, in the practical verification of the OPEs, we employed the
free field realization for the IR VOA as well. In table 8 we report the branching of the IR
VOA in the basis in which the Zℓ action is diagonal.

5.2.1 ℓ = 2

The case of C5. The HB generators are the c5 currents J and additional operators W of
conformal dimension 3/2 transforming in the 132 = [00001] representation, see table 6. The
set of strong generators of the VOA consists of generators associated to these HB generators
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(UV Theory, IR Theory) IR Branching

(C5,E6)
c4 → c3 ⊕ a1

36 → (1, 3)⊕ (21, 1)⊕ (6, 2)
42 → (14′, 2)⊕ (14, 1)

(C3A1,D4)

c2 ⊕ a1 7→ c1 ⊕ a1 ⊕ a1
(10, 3) → (3, 1, 1)⊕(2, 2, 1)⊕ (1, 3, 1)

(1, 3) → (1, 1, 3)
(5, 3) → (2, 2, 3)⊕ (1, 1, 3)

(C2U1,A2)

c1 ⊕ u1 7→ c1 ⊕ u1
30 → 30
10 → 10

2±1 → 2±1

(A3,D4)

a2 → a1 ⊕ u1
8 → 10 ⊕ 23 ⊕ 2−3 ⊕ 30

10 → 1−6 ⊕ 2−3 ⊕ 30 ⊕ 43
10 → 16 ⊕ 23 ⊕ 30 ⊕ 4−3

(A1U1,A1)

u1 ⊕ u1 7→ u1 ⊕ u1
10 → 10

1+2 → 1+2
1−2 → 1−2

(A2,A2)
a2 → a1

8 → 3 ⊕ 5

Table 8. Branchings of the IR VOA. The branching in the second column shows a convenient basis.
The black representations are the ones which comprise the IR adjoint representation. The IR VOA
can be decomposed as g =g♮⊕sl2⊕(R, 2). The colors correspond to where does the representation
lie in this decomposition. The purple theories are a little special since here we don’t require further
branching for the IR theory for the free fields.

together with the stress tensor. The J -J OPEs and J -W OPE take the standard form
and we are left with specifying the W-W OPE. The structure of the latter is dictated by
the c5 symmetry recalling that

(132 ⊗ 132)S = 4719 ⊕ 4004 ⊕ 55 , (132 ⊗ 132)A = 7865 ⊕ 780 ⊕ 1 , (5.33)

and that J 2 transforms in the representation

(55 ⊗ 55)S = 715 ⊕ 780 ⊕ 44 ⊕ 1 . (5.34)

The OPEs take then the schematic form

W(z)W(w) ∼ I
(z − w)3 + J (w)

(z − w)2 +
J 2(w)

∣∣
780 + J 2(w)

∣∣
1 + T (w) + J ′(w)

(z − w) . (5.35)

Let us make a few remarks on how (5.35) is obtained from our free field expressions. To do this
we apply the UV branchings for J and W given in table 7 together with 780 → (3, 36) + . . . .
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The generalized highest weight state of 780, for example, takes the form

(
J 2(w)

∣∣
780

)ghw
= Jc4 e − (ξe

1
2 )(ξe

1
2 ) = J IR

c4 e , (5.36)

and is easy to reproduce form the OPEs. The OPEs (5.35) closes only when IR null states
are taken into account.

The case of C3A1. This case is very similar to the previous one and we only need to
specify the W-W OPEs where W is an AKM primary transforming in the representation
(14′, 3) = [001; 2], see table 6, and with conformal dimension 3/2. In this case the stress
tensor is not an additional generator but is the Sugawara stress tensor. The structure of
the OPEs is constrained by the rules

((14′, 3)⊗ (14′, 3))S = (84 ⊕ 21, 1 ⊕ 5)⊕ (90 ⊕ 1, 3) , (5.37a)
((14′, 3)⊗ (14′, 3))A = (84 ⊕ 21, 3)⊕ (90 ⊕ 1, 1 ⊕ 5) , (5.37b)

and the contribution form J 2 by the tensor product

(((21, 1)⊕ (1, 3))⊗ ((21, 1)⊕ (1, 3)))S

= (126′ ⊕ 90 ⊕ 14 ⊕ 1, 1)⊕ (1, 1 ⊕ 5)⊕ (21, 3) .
(5.38)

The relevant representations of J 2 that can appear are the one overlapping with (5.37) and in
fact they overlap only with the antisymmetric tensor product. They are the representations
(90, 1), (1, 5), (21, 3) and twice the singlet (1, 1). Their explicit expression is given by

(
J 2(w)

∣∣
(90,1)

)ghw
= Jc2 e − (ξe

1
2 )(ξe

1
2 ) = J IR

c2 e , (5.39)

(J 2
f=a1)

∣∣
5 , Jc3 Jf=a1 , (J 2

c3)
∣∣
1 , (J 2

f=a1)
∣∣
1 , (5.40)

where we used the branchings 90 7→ (3, 10) + . . . . The OPEs take then the schematic form

W(z)W(w) ∼ I
(z − w)3 + J (w)

(z − w)2 + J 2(w) + J ′(w)
(z − w) , (5.41)

where the J 2 term includes the five contributions from (5.39) and (5.40).

The case of C2U1. The OPEs for this theory have been presented in detail in section 4.1
and will not be repeated here.

5.2.2 ℓ = 3

The case of A3. The HB generators are the a3 currents J (z) and B(z),B(z),W(z) in the
20′′

, 20′′ and 50 with conformal weight 3/2, 3/2 and 2 respectively. The stress tensor T (z)
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is an additional strong generator. The OPEs take the schematic form

B(z)B(w)∼ I
(z−w)3+

J (w)
(z−w)2+

J 2(w)+J ′(w)+T (w)
(z−w) , (5.42)

B(z)B(w)∼ W(w)
(z−w) , B(z)B(w)∼ W(w)

(z−w) , (5.43)

W(z)B(w)∼ B(w)
(z−w)2+

JB(w)+B′(w)
(z−w) , W(z)B(w)∼ B(w)

(z−w)2+
JB(w)+B′(w)

(z−w) , (5.44)

W(z)W(w)∼ I
(z−w)4+

J (w)
(z−w)3+

J 2(w)+J ′(w)+T (w)
(z−w)2 +(BB)(w)+J 3(w)+. . .

(z−w) . (5.45)

The form of the OPE is very constrained by the A3 symmetry. In particular no JW term is
allowed in the right hand side of the last OPE. We notice that there can be no contamination
from null operators on the right hand side of these OPEs. The first potentially dangerous
term is in the WB OPE, where the combination JB appears. By A3 symmetry it can appear
here only once projected in the representations 140 = [112] and 20′′ = [003], but the nulls of
the schematic form JB are in the 20 = [011] so they cannot appear in this OPE. The case of
the WB is obtained by conjugation. We are left to analyze the simple pole in the WW OPE.
In this case the simple pole contains operators in the 300′ = [303], 175 = [121] and 15 = [101]
and there is no null operator of conformal weight three transforming in these representations.

The case of A1U1. The OPEs for this theory have been presented in detail in section 4.2
and will not be repeated here.

5.2.3 ℓ = 4

The case of A2. The HB generators are the a2 currents J (z), the generators B(z),B(z)
in the 15′ and 15′ with conformal weight 2, 2 respectively. The stress tensor T (z) is an
additional strong generator together with an extra operator of conformal weight 3, denoted
as W3, which is a singlet under the flavor symmetry. The OPEs take the form

B(z)B(w)∼ I
(z−w)4+

J (w)
(z−w)3+

J 2(w)+J ′(w)+T (w)
(z−w)2 + O3

(z−w) , (5.46)

B(z)B(w)∼ B(w)
(z−w)2+

(JB)(w)+B′(w)
(z−w) , B(z)B(w)∼ B(w)

(z−w)2+
(JB)(w)+B′(w)

(z−w) , (5.47)

Also in this case, there can be no contamination from nulls in the OPEs. We found that the
operator appearing in the simple pole of the BB OPEs cannot be written as a composite of
the remaining generators. We thus introduce a new generator, that we call W3, which is a
Virasoro primary of conformal weight 3 and singlet under the flavor symmetry such that

O3
∣∣
1 = W3 +#J 3 + Virasoro descendants (5.48)

We fix the value of #, and as a consequence the form of W3, by the requirement that its
leading term in the R-filtration has R < 3. Notice that with this choice W3 is not an AKM
primary. The explicit expression of the strong generator W3 in terms of free fields in not
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Theory [12] S-fold theory [31] Class S realization
C5 S(1)

E6,2 S(1)
E6,2 ⊗ HM⊗3 ↔ ([3, 22, 1], [3, 22, 1], [22, 14])d4

C3A1 S(1)
D4,2 S(1)

D4,2 ⊗ HM⊗1 ↔ ([2, 12], [22, 1], [22, 1])a3

C2U1 S(1)
A2,2 S(1)

A2,2 ↔ ([2, 1], [1, 1], [1, 1])a2

A3 ⋊ Z2 S(1)
D4,3 S(1)

D4,3 ↔ ([5, 3], [A1]ω, [A1]ω2)d4

Table 9. Known class S realization of some of the rank-one theories with ECB.

particularly illuminating. Its structure in the leading R-filtration is similar to the one of the
composite operator W3 in the A1U1 theory given explicitly in (4.71).

To complete the analysis we have to compute the OPEs of W3 with the remaining
generators and its self-OPE and show that they close on the proposed list of strong generators.
The OPE with the a2 currents gives

J a
b (z)W3(w) ∼ ∂J a

b + J a
x J x

b + δa
bJ 2

(z − w)2 . (5.49)

It should be noticed that the simple pole is absent since W3 is a singlet, while the double
pole is present indicating that W3 is not an AKM primary. Its OPEs with the B, B have
the form (indices are totally symmetrised)

W3(z)Babcd(w) ∼ Babcd

(z − w)3+
B′

abcd + J x
a Bxbcd

(z − w)2 +B′′
abcd + J x

a
′Bxbcd + J x

a B′
xbcd + TBabcd

(z − w) (5.50)

and similarly for B. Finally, its self OPE is given by

W3(z)W3(w) ∼ 1
(z − w)6 + T + J 2

(z − w)4 + T ′ + J ′J
(z − w)3 + T 2 + T ′′ + J ′′J + J ′J ′ + TJ 2

(z − w)2

+ T ′′′ + TT ′ + J ′′J ′ + JJ ′′′ + TJ 2 + TJ ′J
z − w

.

(5.51)

5.3 R-filtration, nulls and HB relations

We will now elaborate on two important (conjectural) aspects of the free field realization: (i)
all null states are identically zero, (ii) the four dimensional R-filtration, and the Higgs Branch
chiral ring, can be easily reconstructed. For the subset of rank-one theories with ECB that
have a known class-S realization, determined in [31], see table 9, we can compare our findings
with the index.44 In the HL limit, our results also confirm the Hilbert series proposal based
on magnetic quivers given in [43]. Having discussed these issues in the examples of the C2U1
and A1U1 theories in section 4, here we will first take a closer look at the null states for the
C5 theory as an illustrative example and emphasize how the latter are proportional to the
null states of the associated IR theory. We will then discuss Higgs Branch relations that are
associated with a drop in the R-filtration degree rather than to null states in the VOA.

44We thank Wolfger Peelaers for providing these indices back in 2019.

– 40 –



J
H
E
P
1
2
(
2
0
2
4
)
0
0
4

Nulls in the C5 theory. The first null state involves only the c5 currents and takes the
form J 2|44 = 0. Its generalized highest weight (recalling that 44 → (2, 8) + . . . ) has the
schematic form

J −
m J ++

sl2
+ (Jc4)mn ΩnpJ +

p + J +
m J +−

sl2
+ ∂J −

m = 0 , (5.52)

and is easily checked to vanish in the free field realization. Alternatively, one could solve
equation (5.52) to find J −

m once the remaing generators are given. At conformal dimension 3
we have null states of the form JW projected in the representation45 1408. Once again, it
is sufficient to check the relation with maximal weight under the Cartan of sl2. Recalling
that 1408 → (3, 48) + . . . , the relevant component is

J ++
sl2

W[mnp] = W+
[mnpq]Ω

qr J +
r , (5.53a)

e (J IR
mnpq Ωqr ξr) = (J IR

mnpq e
1
2 ) Ωqr (ξr e

1
2 ) . (5.53b)

In the second line we added the free field realization which makes the equality (5.53a) obvious.
There are additional relations at order q3. The presence of these relations can be anticipated
by looking at the Schur index but with some caution. These relations have the same conformal
weight as the generator J times the relation of smallest conformal weight, namely J 2|44.
This implies that (1− q) times the Plethystic logarithm of the Schur index contains at q3 new
nulls “polluted” by the contributions mentioned above.46 The first null state at this order is
of the form (JJJ +WW)

∣∣
4004. As before, it is sufficient to check the relation with maximal

weight under the Cartan of sl2. Since 4004 → (3, 308) + . . . , the relevant component is

J ++
sl2

(J 2
c4)
∣∣∣
308

= (W+
42 W

+
42)
∣∣∣
308

. (5.55)

It is not hard to see that the difference of the operators in (5.55) is proportinoal to a null
state in the IR VOA. More precisely, the Joseph relation of the e6 Deligne theory corresponds
to the 650 of e6, which under e6 → c4 decomposes as 650 → 308 ⊕ 315 ⊕ 27. Finally there
is a null state of the schematic form(

JJJ +WW + TJ + J ∂J + ∂2J
) ∣∣

55 . (5.56)

The component with maximal weight under sl2 vanishes thanks to the fact that the con-
tribution to T from the IR VOA is precisely the IR Sugawara stress tensor. This ensures
that the operator (5.56) is zero.

45Recall that the currents J and the generators W transform in the 55 and 132 irreps of c5 respectively so
that their product decomposes as 55 ⊗ 132 = 5720 ⊕ 1408 ⊕ 132.

46An example of this phenomenon can be seen for the minimal nilpotent orbit of a2 (but it is not present in
the case of the minimal nilpotent orbit of a1). In this case the Hilbert series is

PE
[
t2 χ[1,1] − t4 (χ[1,1] + χ[0,0]) + 2t6 χ[1,1] + . . .

]
, (5.54)

The term 2t6 χ[1,1] is not associated to new generators but comes, roughly, from the fact that the expression
J2|[1,1] and J2|[0,0] associated to the null automatically satisfied certain relations once multiplied by the
generators. These are added back by the term 2t6 χ[1,1].
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Higgs branch relations not associated with VOA nulls. We will now briefly discuss
Higgs branch relations that are not associated with VOA nulls but rather to a drop of the
R-filtration. This is a common phenomenon already observed in e.g. [4, 5, 42]. For the ℓ = 2
theories of type C3A1 and C2U1 there is a flavor singlet Higgs branch relation with R = 2.
From the VOA point of view, the stress tensor, which has R = 1 from four-dimensional
considerations, coincides with the Sugawara stress tensor. This implies that the combination
of affine currents that equates the stress tensor presents a drop of its R degree from two
to one implying the existence of an Higgs branch relation. The case of ℓ = 3, 4 is more
interesting. In each of these three cases there is a flavor singlet Higgs branch relation of
degree R = ℓ of the schematic form

J ℓ + BB . (5.57)

At the level of VOA this null originates from a composite operator which has a drop in
R-degree. For the A1U1 theory this operator was presented in equation (4.69) and below it.

5.4 Theories with enhanced supersymmetry N = 3, 4

In this section we will discuss the remaining rank-one theories: theories with N ≥ 3. The
enhanced supersymmetry has implications both on the structure of the moduli space of vacua
and on the associated VOA, see [32]. The associated VOAs in the rank-one case have been
bootstrapped in [44] and a free field realization was given in [32] in terms of a βγbc system.
For N ≥ 3 theories the full moduli space of vacua coincides with the ECB and is given by

MECB = C×H
Zℓ

. (5.58)

From considerations on the low energy effective theory on the Coulomb branch only the
values ℓ = 2, 3, 4, 6 are allowed, but the VOA, and its free field realization, exist for any
value of ℓ. In the case ℓ = 2 the supersymmetry is further enhanced to N = 4. The
action of Zℓ is as in the rest of examples considered in this work. The first step to set
up the free field realization is to identify an open patch the HB H/Zℓ with T ∗(C∗). Over
this space we will fiber r = 1 symplectic fermions η1, η2, see47 (3.7), where the action of
Zℓ is given by (η1, η2) 7→ (ωℓ η1, ω−1

ℓ η2). According to the general rules we will realize the
associate VOA as a subVOA

V(ℓ)
N≥3 ⊂ (Π 1

ℓ
⊗ Vη)Zℓ , (5.59)

where the factor Π 1
ℓ

is associated to the chiral bosons (δ, φ), see equation (3.4). These
VOAs possess a U(1) outer automorphism for ℓ ̸= 2 which is enhanced to a SL(2) outer
automorphism48 for ℓ = 2. From the four dimensional point of view this U(1), or the Cartan
of SL(2), is interpreted as the U(1)r R-symmetry.

As a consequence of N = 3 superconformal symmetry in four dimensions these VOAs
posses an N = 2 super-Virasoro subalgebra, generated by ⟨J ,G, G̃, T ⟩, where J is a U(1)

47We take ω12 = 2.
48While r symplectic fermions have a SP (2r) group of outer automorphism, the Γ = Zℓ quotient breaks it

in part.
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current, T the stress tensor and G and G̃ are fermionic AKM primary generators of dimensions
3/2. Let us present some of the OPEs

J (z)J (w) ∼ 2k

z − w
,

G(z)G̃(w) ∼ 2k

(z − w)3 + J
(z − w)2 +

T + 1
2∂J

z − w
,

J (z)G(w) ∼ +G(w)
z − w

,

J (z)G̃(w) ∼ − G̃(w)
z − w

,

(5.60)

see [32] for the full list. Central charge and level are related as c = 6k. The remaining
generators are organized into two short chiral/antichiral osp(2|2) multiplets whose supercon-
formal primaries are W and W̃ with conformal dimension ℓ/2 and their susy descendants
of dimension (ℓ + 1)/2 constructed as

W G̃−→ L , W̃ G−→ L̃ , (5.61)

For ℓ = 2 these enhanced the N = 2 super-Virasoro subalgebra to the small N = 4 super-
Virasoro algebra, with W and W̃ providing the extra current to form a sl2. The HB generator
e to which we give a VEV is the avatar of the VOA generator W. So we set

W(z) = eδ+φ . (5.62)

It follows that the current is J = ℓ ⟨φ, φ⟩−1∂φ with ⟨φ, φ⟩ = ℓ2/(2k). The stress tensor takes
the canonical form, see (3.30), namely T = Tδ,φ + Tη with Tη = −1

2η1η2. Next we build the
fermionic generator of the super-Virasoro algebra by first making the most general ansatz
compatible with J quantum numbers, conformal weight and Zℓ invariance

G = η1 e
δ+φ

ℓ , G̃ = (c1 η2 ∂δ + c2 ∂η2) e−
δ+φ

ℓ . (5.63)

Requiring that the G-G̃ OPE given in (5.60) is satisfied implies that c1 = −k
ℓ and c2 = 2k+1

4 .
The G̃-G̃ OPE is then automatically regular as long as ⟨φ, φ⟩ = ℓ2/(2k) without imposing any
further condition on the values of k and ℓ. Given G̃ we can construct the SUSY descendants
of W, see (5.61) which takes the simple form

L = η2 e
ℓ−1

ℓ
(δ+φ) . (5.64)

Notice that, for ℓ > 2, the symplectic fermions η1 and η2 enter asymmetrically in the
construction, compare the generator G in (5.63) with L. The final generator that we need is
W̃ . Also in this case, we write the most general ansatz compatible with its quantum numbers49

W̃ = ((∂δ)ℓ +#1 Tη (∂δ)ℓ−2 +#2 ∂2δ(∂δ)ℓ−2 + . . . )e−(δ+φ) , (5.65)

and fix the coefficients by the requirement that W̃ is a N = 2 super-Virasoro chiral primary
of dimension ℓ

2 . This includes the relations

G̃(z)W̃(w) ∼ 0 , G(z)W̃(w) ∼ L̃(w)
z − w

. (5.66)

49In the case ℓ = 2, W̃ is part of the sl(2) currents of the small N = 4 super-Virasoro algebra and its
free-field realization coincides with f(z) given in (3.15) upon taking S♮ ∼ Tη.
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Imposing these conditions not only fixes the coefficients in (5.65), but also produces a finite
list of allowed values of k for a given ℓ. The interesting values are given by50 k = − (2ℓ−1)

2
while the remaining one are associate to discrete quotients.51 Focusing on the case of interest
k = − (2ℓ−1)

2 , we have checked that the OPE among the generators we constructed close so
that they provide a complete list of strong generators.
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A Anomaly matching

One of the simple, but powerful, implications of the generalized free field construction is that
we can predict the central charge and AKM levels of the VOA from the IR data. In this
appendix we discuss how these relations emerge by anomaly matching on the moduli space of
vacua, see e.g. [30]. We will match anomalies associated to symmetries that are preserved
in the Higgsing procedure all the way from the UV to the IR.

First, let us recall that the conformal anomalies a, c and level52 k are given by

Tr
(
r3
)
= 48(a − c) , Tr

(
rR2) = 2(2a − c) , Tr

(
r F aF b) = −k

2 δab , (A.1)

50Recall that this fixes also the value of the central charge since for the N = 2 super-Virasoro c = 6k.
51For the first few values of ℓ the allowed level k are given by

ℓ = 2, k = −(1/2),−(3/2)
ℓ = 3, k = −(1/2),−(5/2)
ℓ = 4, k = −(1/2),−(3/2),−(7/2)
ℓ = 5, k = −(1/2),−(9/2)
ℓ = 6, k = −(1/2),−(3/2),−(5/2),−(11/2)

(5.67)

The last value correspond to the desired one, namely k = − (2ℓ−1)
2 . The fist k = −1/2 to the Zℓ quotient of

the β-γ VOA. The intermediate values are other quotient, for examples for ℓ = 6 they correspond to the Z2

quotient of the ℓ = 3 VOA and Z3 quotient of the ℓ = 2 VOA.
52Here we are a bit schematic since each simple factor of the flavor symmetry is a associated to a different

level k.
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where r is the generator of U(1)r normalized so that supercharges have charge one, R is the
Cartan generator, normalized to be ±1

2 on the two-dimensional representation, of SU(2)R

and F a are generators of the flavor symmetry. On the Higgs branch U(1)r is, by definition,
unbroken so that the Tr r3 anomaly can be immediately matched. The SU(2)R on the other
hand is broken but we can still extract information by recalling that, as emphasized in
section 5.1, the choice of VEV preserves a combination of R and a generator of the flavor
symmetry given by53

R = R − 1
2 j , (A.2)

where j is the avatar of the VOA generator j(z) given in (5.18). Recall from (5.17) that
j ·e = ℓ e and, from table 3, that R[e] = ℓ

2 , so that giving a VEV to e preserves R. Additionally,
the semi-simple part of the unbroken flavor symmetry, whose algebra has been denoted by
g♮

UV can also be matched. To summarize, we can match the anomalies

Tr
(
r3
)

, Tr
(
rR

2)
, Tr

(
r F̂ αF̂ β) , (A.3)

where F̂ denote the generators of g♮
UV. Lets compute and match these three quantities

in the UV and in the IR.
Concerning the Tr r3 anomaly, recalling that each full hyper contributes a factor −2 to

the anomaly (associated to the fermions in the hypermupltiplet which have r charge −1) and
each vector multiplet contributes with a factor +1, we have

Tr
(
r3
)∣∣

UV = 24(a − c)UV , Tr
(
r3
)∣∣

IR = 24(a − c)IR − (nβγ + 1) + nv , (A.4)

where nβγ + 1 and nv are the total number of hypers and vectors in the IR. Notice that the
βγ and (e1/ℓ, he−1/ℓ) hypers give the same contribution to Tr r3. Let us turn to the second
anomaly in (A.3). In the UV it is easy to compute using the explicit form of R

Tr
(
rR

2)∣∣
UV = Tr

(
rR2)∣∣

UV + 1
4 Tr

(
r j2
)∣∣

UV = 2(2a − c)UV − 1
2 Iu(1)↪→gUVkUV , (A.5)

j is embedded in the UV symmetry with an embedding index Iu(1)↪→gUV
. The embedding

index can be evaluated based on discussions in section 5.1 and equals 1, 2
3 and 3

4 for ℓ = 2, 3
and ℓ = 4 respectively. We now turn to the evaluation of Tr rR

2 in the IR. In this case the βγ

and (e1/ℓ, he−1/ℓ) hypers give different contributions as they have different R assignment. The
latter have weight (0, 1) as it should since the generator e getting a VEV is uncharged under
R. The R assignment of βγ is collected in table 10 and follows from table 3 and (5.17). The
contribution of a full hypermultiplets with R charges (λ, 1−λ)r=0 to the anomaly in question
comes from the fermions which have charges (λ− 1

2)−1 and (12−λ)−1 respectively and is given by

Tr
(
rR

2) = −2
(

λ − 1
2

)2
. (A.6)

This implies that (e1/ℓ, he−1/ℓ), which corresponds to λ = 0, contribute −1
2 and each βγ

pair contributes with a factor α(λ) collected in table 11. As vector multiplets in our cases,
53For a special class of Higgsing, the ℓ = 2 cases in the construction presented here, there is a whole SU(2)

that can be constructed in this way and is interpreted and the IR R-symmetry.
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Theory R[(β, γ)] j[(β, γ)] R[(β, γ)]
C-series (1/2, 1/2) (0, 0) (1/2, 1/2)

A3 (1/2, 1/2) (1/3,−1/3) (1/2,−1/2)
A1U1 (1/2, 1/2) (1/2,−1/2) (0, 1)
A2 (1/2, 1/2) (1/2,−1/2) (1/4, 3/4)

Table 10. Charge assignments for the βγ pairs under R, j and R.

Theory R[(β, γ)] nβγ nβγc
(λ)
βγ cδφ

E8 (12 , 1
2) 29 −29 −34

E7 (12 , 1
2) 17 −17 −22

E6 (12 , 1
2) 11 −11 −16

D4 (12 , 1
2) 5 −5 −10

A2 (12 , 1
2) 2 −2 −7

A1 (12 , 1
2) 1 −1 −6

C5 (12 , 1
2) 5 −5 −19

C3A1 (12 , 1
2) 3 −3 −13

C2U1 (12 , 1
2) 2 −2 −10

A3 (23 , 1
3) 3 −2 −25

A1U1 (23 , 1
3) 1 −2

3 −17
A2 (34 , 1

4) 2 −1
2 −28

Table 11. cδφ for the rank-one theories.

when present, are not charged under j, they give a contribution 1
2nvector to this anomaly.

Putting the pieces together we get54

Tr
(
rR

2)∣∣
IR = 2(2a − c)IR − 1

2 + nβγ α(λ) + 1
2nv . (A.7)

By equating (A.7) to (A.5) and the two expressions in (A.4) we immediately obtain55

−12 cUV = −12 cIR + 2− 3Iu(1)↪→gUVkUV − nβγ(6α(λ) + 1)− 2nv , (A.8)

which, translated to 2d central charges gives

c2d
UV = c2d

IR + 2 + 6Iu(1)↪→gUV
k2d

UV + nβγ c
(λ)
βγ − 2nv , (A.9)

54For the A1U1 theory this formula needs a small modification since in this case j (the avatar of j(z) = h −
βγ + J IR

u1 ) acts non-trivially on the interacting part of the IR theory. Due to the additional J IR
u1 piece, in

the infrared we also have contribution from 1
4 Tr r

(
J IR

u1

)2 = − ku1
2 . The effect of this term is to simply shift

k2d → k2d − ku1 in the final formula for the central charges.
55Notice that this is possible thanks to the fact that the a central charge always appears in the combination

aUV − aIR.
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where we introduced c
(λ)
βγ = −(6α(λ) + 1) which is the central charge of a βγ pair with

conformal weights (λ, 1− λ). Let us compare this expression to the expression coming from
the free field construction (3.30)

c2d
UV = cδ,φ − nβγ − 2nv + c2d

IR . (A.10)

Comparing (A.9) to (A.10) we obtain

cδ,φ = 2 + 6Iu(1)↪→gUV
k2d

UV + nβγ (c(λ)βγ + 1) . (A.11)

In particular if the (β, γ) have canonical R assignment (12 , 1
2) we get c

(λ)
βγ = −1 and recover

the formula from [4] of which (A.11) is a generalization.
Finally we match the third anomaly in (A.3) recalling that the IR ingredients transform

under the unbroken symmetry as dictated by (3.29). This gives

kUV = I
gIR↪→g♮

UV
kIR + kξ , (A.12)

reproducing table 4.
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