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Abstract

Simulation models – such as agent-based models (abms) in the social sciences – are

now used widely across scientific and commercial domains. However, such models

often lack a tractable likelihood function, precluding standard likelihood-based sta-

tistical inference. In response to this challenge, the past two decades have seen the

development of likelihood-free, simulation-based procedures for inferring simulator

parameters within the computational statistics and machine learning communities.

A prototypical and theoretically appealing approach is approximate Bayesian com-

putation (abc), in which the pertinence of parameter values is determined on the

basis of a meaningful notion of distance between the observed data and output gen-

erated by the simulator at those parameter values. However, abc typically requires

many hundreds of thousands of calls to the simulator to construct accurate poste-

rior densities, making it unsuitable for computationally expensive simulators such as

macroeconomic abms. Furthermore, there are few abc approaches – and likelihood-

free inference (lfi) approaches more generally – that are compatible with generic

time-series simulators: many approaches involve reducing the data to hand-crafted

summary statistics – which can require substantial domain expertise and can lead

to a deleterious loss of information – or making inappropriate assumptions, such as

independent and identically distributed (iid) or regularly spaced observations.

In this thesis, we aim to develop the literature on likelihood-free inference algorithms

for generic time-series simulators, with a focus on simulation models in economics

and the social sciences. To this end, we present the following contributions:

Section 1: Introduction In the first section of this thesis, we introduce the basic

problem of (Bayesian) statistical inference, and the problem of extending this to

generic simulation models for which standard likelihood-based inference procedures

are not immediately available. We then provide a review of the literature in this area,

both as it appears in the computational statistics community and the social sciences,

before setting out the aims and objectives of the thesis.

Section 2: Approximate Bayesian Inference with Path Signatures In the

second section, we will introduce the use of the path signature as a natural, automatic



feature set for approximate Bayesian inference algorithms involving generic time-

series simulators. Besides introducing path signatures, this section will consist of

three main chapters. In the first of these, we will motivate and present experiments

on the use of path signatures as automatic summary statistics in abc. In this way,

we will demonstrate that signatures permit a natural notion of distance between

sequential data and a powerful means to performing so-called semi-automatic abc,

with competitive empirical performance in a set of benchmarking experiments. In the

second and third, we will consider the problem of performing density ratio estimation

(dre) – an alternative approach to lfi – using path signatures. In particular, we will

investigate their use in neural dre methods in Chapter 4 as a natural means to

learning low-dimensional, approximately sufficient summary statistics for sequential

data; we will then demonstrate in Chapter 5 that their use in kernel logistic regression

is able to yield more accurate parameter posteriors relative to competing methods in

low–simulation-budget regimes.

Section 3: Black-box Neural Posterior Inference for Agent-based Models

In this section, we will concentrate more specifically on parameter inference for agent-

based models, which is a class of simulation models that is growing in popularity in

economics and the social sciences. We will argue for the use of neural dre and a fur-

ther class of neural simulation-based inference methods – neural posterior estimation

(npe) – in parameter inference tasks for complex and expensive simulation models

such as abms. To do so, we will present experiments in which we demonstrate the

greater simulation efficiency and accuracy of dre and npe, and thus their potential

as generic inference procedures for expensive abms in economics and the social sci-

ences. Finally, we will discuss how such approaches naturally extend to less typical

but more complex inference tasks that may be encountered in abm settings, such as

when sequences of graphs – rather than the more typically encountered sequences

of Euclidean data – are observed. This can be the case when e.g. dynamic social

networks or occupational mobility networks in labour markets are the target of the

abm. Our contributions demonstrate that these methods are better tailored to the

key challenges faced when calibrating arbitrary abms to data than the current most

popular methods in the social scientific abm literature, and that these methods en-

able agent-based modellers to automatically perform parameter inference for abms

that model complex and high-dimensional temporal datasets.
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Chapter 1

Bayesian Statistical Inference
1

To understand and make predictions about the world, human beings construct models

– implicitly or explicitly – of their environments. Such models provide a simplified

version of the real-world system of interest, capturing only those aspects of the world

believed to be essential to reproducing the key features of the behaviour of that sys-

tem, and are often quantitative and expressed mathematically as a series of equations.

A mathematical approach towards modelling the world has a long history in the physi-

cal sciences, dating at least as far back as the 17th Century during which, for example,

Johannes Kepler developed and published the eponymous laws of planetary motion

using astronomical data collected while working with Tycho Brahe (Stephenson and

Kepler, 1994). Nowadays, mathematical models are used and developed across fields

ranging from economics (Kydland and Prescott, 1982; Korobow et al., 2007; Baptista

et al., 2016) to biology (Turing, 1952; Baker et al., 2008; Christensen et al., 2015).

While mathematical models have proved invaluable to the progression of human un-

derstanding of the universe, they are by definition limited in the degree to which they

can faithfully represent any real-world system of interest. Consequently, details that

are important to the dynamics of the system under consideration are often omitted

by necessity. For example, models of open systems – systems that are subjected to

external influences – necessarily omit details regarding the behaviour of these ex-

ternal influences. However, even when the system being modelled lacks significant

1The literature review presented in this chapter is derived elements from the background sections
of Dyer et al. (2021a), Dyer et al. (2021b), Dyer et al. (2022c), and Dyer et al. (2022a). The first
three of these are joint work with Patrick Cannon and Sebastian M. Schmon, while the last is joint
work with Patrick Cannon, J. Doyne Farmer, and Sebastian M. Schmon.
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external influences and are to a good approximation “closed”, any model of the sys-

tem may still fail to endogenously capture the internal mechanisms that determine

its behaviour with sufficient detail to accurately reproduce that behaviour.

In response to these limitations imposed on mathematical models, modellers fre-

quently attempt to indirectly capture physical effects that are important to the be-

haviour of the system, but that cannot be captured in full detail by the model, by

introducing an element of randomness or stochasticity. This inclusion of stochasticity

may not itself represent a belief that the underlying process is inherently random, only

that the processes that are not captured endogenously by an explicit deterministic

component of the model are adequately described by one or more random variables.

Throughout this thesis, we will be concerned with such non-deterministic, probabilis-

tic models. Probabilistic mathematical models may be viewed as their associated

probability mass or density functions p(x | θ) – also known as the likelihood func-

tion – for discrete or continuous data x, respectively, where θ ∈ Θ are parameters

describing the relationship between the model’s constituent variables and Θ is an

arbitrary parameter space. We will consider only the case of Θ ⊂ Rq for some fixed

(model-dependent) q ∈ N in this thesis. The non-determinism in such probabilis-

tic models then manifests itself as a varying behaviour for identical inputs θ, such

that the output of the model for a fixed value of θ is a random variable distributed

according to p(· | θ).

In particular, we will be broadly concerned in this thesis with the problem of con-

necting arbitrary probabilistic models to empirical data y: data that is generated by

and collected from the real-world system under consideration. Making the connec-

tion between a probabilistic model p(· | θ) and observed data y is usually achieved

by estimating the model parameters θ having observed y: that is, by performing sta-

tistical parameter inference. This is a classical problem in statistics, with a number

of canonical approaches to doing so. We describe these in Sections 1.1 and 1.2.

1.1 Frequentist inference

A dominant statistical inference paradigm, which relies on the conception of proba-

bilities as long-run frequencies, is frequentist inference. Under this framework, it is

assumed that a single, true value of θ exists that gives rise to data y. Inference for
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θ may then proceed by, for example, constructing an estimator θ̂(X) of θ, which is

a function of the random output X of the model and returns a point estimate of θ

when data is observed. While any estimator can in principle be used for this purpose,

an intuitively appealing estimator is the maximum likelihood estimate (mle),

θ̂(y) := argmax
θ∈Θ

p(y | θ); (1.1)

that is, the parameter that maximises the probability (density) of the observed data

assuming the model {p(· | θ) : θ ∈ Θ}.

Frequentist parameter inference is, however, not limited to obtaining point estimates

of the parameter of interest. For example, an alternative frequentist inference task is

to perform a hypothesis test, which in general takes the form of constructing a test

statistic t(X) ∈ Rn and a critical region C ⊂ Rn for some n ∈ N, on the basis of

which we determine whether to (a) reject the null hypothesis H0 : θ ∈ Θ0 in favour

of an alternative hypothesis H1 : θ ∈ Θ1 or (b) not, where Θ0 ∩ Θ1 = ϕ. This is

done with the following rule: reject the null hypothesis if t(X) ∈ C, otherwise do not

reject the null hypothesis.

1.2 Bayesian inference

An alternative dominant inference paradigm to frequentist inference is Bayesian in-

ference. In contrast to frequentist statistics, which is based on the notion that a single

true value for θ exists, Bayesian inference treats θ as a random variable and instead

considers degrees of belief regarding the values that θ can appropriately assume. In-

ference proceeds by then updating one’s degree of belief about appropriate values for

θ when new data is observed.

Central to this task of updating beliefs is the task of placing of probability distribu-

tions over Θ. Broadly speaking, Bayesian inference proceeds as follows:

1. specify one’s model for the data-generating process, yielding a likelihood func-

tion p(x | θ) which gives the probability (density) for any data x at each θ ∈ Θ;

2. on the basis of all prior information and knowledge, encode one’s initial beliefs

about appropriate values for θ by constructing a probability distribution π :

Θ→ R≥0 over θ. This distribution is termed the prior distribution over Θ;
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3. update one’s belief distribution on the basis of observed data y according to

Bayes’s theorem,

π(θ | y) = p(y | θ)
p(y)

π(θ), (1.2)

where

p(y) =

∫
Θ

p(y | θ)π(θ)dθ (1.3)

is termed the prior predictive distribution, which is the marginal distribution

over data y. The probability density function on the left-hand side of Equation

(1.2) is termed the posterior distribution, and captures one’s updated beliefs

about appropriate values for θ having observed new data y, while the ratio

p(y | θ)/p(y) on the right-hand side is often termed the likelihood-to-evidence

ratio.

The parameter posterior distribution, given by the correct application of Bayes’s

theorem, then captures all inferences one can make about θ given data y. Such

inferences may include, for example: the posterior mean of a function g : Θ→ R,

Eπ(θ|y) [g(θ) | y] =
∫
Θ

g(θ)π(θ | y)dθ; (1.4)

predictions about the future of the system via the posterior predictive distribution,

p(y′ | y) := Eπ(θ|y) [p(y
′ | θ)] =

∫
Θ

p(y′ | θ)π(θ | y)dθ; (1.5)

or the maximum a posteriori (map) estimate,

θ̂map := argmax
θ∈Θ

π(θ | y). (1.6)

The decision between assuming the frequentist and Bayesian statistical frameworks

for inferential tasks is a long-standing debate and is in large part a matter of philoso-

phy (Bayarri and Berger, 2004). However, proponents of the Bayesian framework offer

arguments in favour of Bayesian inference such as the fact that it naturally provides

uncertainty quantification via the posterior density, that it permits the incorporation

of prior information and knowledge via the prior distribution, and that it facilitates

more intuitive statements about the inferences one can draw, which has advantages

when communicating technical results to non-technical decision-makers in the real

world. There is furthermore evidence that model averaging via the posterior den-

sity provides better predictions and averts difficulties introduced by overconfidence

(Aitchison, 1975). As a result, our primary focus in this thesis will be on the Bayesian

framework.
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1.2.1 Approximating intractable posterior distributions

We briefly note that most posterior densities have no closed form expression for

arbitrary (and in some cases even simple) probabilistic models and priors, even when

the likelihood and prior themselves are available in closed form. In such cases, it is

possible to approximate the true posterior, for example by simulation: sampling from

the posterior distribution, such that the frequency with which values occur reflect the

posterior densities of those values. This may be performed in various ways, including

via Markov chain Monte Carlo (mcmc) e.g. Metropolis-Hastings (Hastings, 1970b)

and slice sampling (Neal, 2003), or for example via sequential Monte Carlo (Doucet

et al., 2001).

1.3 Summary statistics

For certain probabilistic models – and for certain approaches to approximating sta-

tistical parameter inference for many probabilistic models, as we will discuss later in

this thesis – the data y does not or cannot appear in its entirety. Instead, a sum-

mary statistic s(y) of y often appears, and is the lens through which the inference

procedure views the data. As an example, consider an experiment in which a coin

with a fixed and unknown probability θ of Heads is flipped n times. By letting Xi

be the indicator function for the event {coin toss i yields Heads}, i = 1, . . . , n, the

probability of the data is

p(X1 = x1, . . . ,Xn = xn | θ) =
n∏

i=1

θxi (1− θ)1−xi (1.7)

= θ
∑n

i=1 xi (1− θ)n−
∑n

i=1 xi . (1.8)

In this instance, we see that the model only interacts with the data via the statistic

s(x1, . . . ,xn) =
n∑

i=1

xi, (1.9)

such that all inferences regarding θ are made only on the basis of the value of
∑n

i=1 xi.

The example in Equations (1.7)-(1.9) further serves as an example of a special class

of summary statistics. Intuitively, and as a result of the data-processing inequality

that states that a (deterministic or probabilistic) function of a random variable X can
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contain no more information about X than X itself, a summary statistic s(y) contains

no additional information about the data than the data itself, and may contain less.

Summary statistics that do not incur any loss of information that is relevant to the

parameter θ being inferred, and that are in this sense completely informative about

y with respect to the given model {p(· | θ) : θ ∈ Θ}, are referred to as sufficient

statistics. More formally:

Definition 1 (Kolmogorov (1942)). A summary statistic s(x) of x is said to be

sufficient with respect to a model p(· | θ) if for every prior distribution π(θ) we have

that

π(θ | s(x)) = π(θ | x). (1.10)

That is, all inferences drawn by conditioning on s(x) are identical to those drawn by

conditioning on x.

The above definition is sometimes referred to as “Bayesian sufficiency”, in contrast

to the following notion of classical, frequentist sufficiency:

Definition 2 (Fisher and Russell (1922)). A summary statistic s(x) of x is said to

be sufficient with respect to a model p(· | θ) if

p(y | s(y),θ) = p(y | s(y)). (1.11)

That is, y and θ are conditionally independent given s(y).

Classical sufficiency implies Bayesian sufficiency, although the converse is not always

true and is more complicated (Blackwell and Ramamoorthi, 1982). A result known

as the Fisher-Neyman factorisation theorem enables verification of the sufficiency of

a summary statistic by providing a necessary and sufficient condition for sufficiency:

Proposition 1 (Neyman (1935)). A vector-valued statistic s(X1, . . . ,Xn) is jointly

sufficient for θ iff the following factorization holds:

p(x1, . . . ,xn | θ) = g (θ, s(x1, . . . ,xn))h(x1, . . . ,xn), (1.12)

where g(·, ·) and h(·) are non-negative functions, θ does not appear in h, and the xi

only appear in g via s.
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We therefore see that the summary statistic given by Equation (1.9) is indeed sufficient

with respect to the model in Equation (1.7), since Equation (1.7) exhibits the required

factorisation with h(x1, . . . ,xn) = 1.

A corollary of Proposition 1 is that an injective function of a sufficient statistic is itself

sufficient. While it is a useful guiding ideal, a low-dimensional sufficient statistic is

known to be unattainable in general, due to the Pitman-Koopman-Darmois Theorem:

Proposition 2 (Pitman (1936); Koopman (1936); Darmois (1935)). Of all families of

probability distributions for which the domain of the distribution does not vary with the

parameter that is to be estimated, it is only exponential families that permit a sufficient

statistic whose dimension remains bounded as the size of the sample increases.

A consequence of this theorem is that arbitrary probabilistic models do not permit a

sufficient statistic whose size does not grow with the number of data points observed.

This has important implications for the task of Bayesian inference in practice, and

specifically for approximations thereof as we will discuss throughout later chapters.

1.4 Simulation models & likelihood-free Bayesian

inference

In the previous sections, we discussed the basic problem of Bayesian parameter in-

ference as that of evaluating the posterior distribution over parameter values after

observing a real-world dataset y. This is obtained by application of Bayes’s theo-

rem, given in Equation 1.2. We further discussed the fact that there usually exists

no closed-form expression for the posterior distribution for arbitrary – but also even

for simple – choices of prior distribution π(θ) and model p(y | θ), necessitating the

use and development of procedures such as mcmc for approximating the posterior

distribution.

In this section, we will expand on the above by introducing in more detail the topic

of this thesis, and by discussing the relationship between this topic and the contents

of the previous sections. We will begin by discussing simulation models, which are

becoming increasingly popular across domains in the natural and social sciences –

in addition to within more applied fields such as engineering and with significant

uptake by policy-making institutions – as a tool for understanding and predicting
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the behaviour of systems of interests. We will then discuss one barrier to their use

in real-world decision-making scenarios, which will establish the topic of this thesis.

Finally, we will conclude this chapter with an outline of the remainder of this thesis.

1.4.1 Simulation models

The modern digital age, and the cheap and widely available computational resources

of the 21st Century, presents us with a plethora of unprecedented opportunities in

both applied and scientific domains. One such opportunity that concerns us here is

the ease with which simulation models can be developed and used to study complex

systems. Simulation models are models that are defined implicitly by an underlying

computer program, the purpose of which is often to directly model the mechanisms

and processes determining the interactions between and behaviours of the constituent

parts of the system of interest. For example, simulation models in biology may be

used to directly model the processes according to which cells in a tumour divide, the

ultimate goal of which being to understand the development of the tumour or pro-

gression of the underlying disease. A further example is a simulation model in which

the behavioural and interaction rules for a multitude of heterogeneous agents in a so-

cial system are implemented, with the ultimate goal of understanding how opinions,

beliefs, or culture evolves within a population of individuals. Simulation models are

however not restricted to these scientific domains, and are applied and employed in

various fields ranging from economics (Baptista et al., 2016) and epidemiology (Kerr

et al., 2021) – for example via the use of agent-based models (Bonabeau, 2002) – to

cosmology, for example in order to model supernovae (Alsing et al., 2018).

Simulation as a modelling paradigm has significant advantages. One such benefit

is that simulating affords the modeller greater flexibility than has historically been

afforded mathematical modellers: when a simulation study of the model is possible,

analytic tractability is no longer a restriction imposed on the form of the model. Con-

sequently, the modeller is free to specify the model as they desire, and is not forced

into assuming simpler or more convenient mathematical expressions in the interest

of preserving analytic tractability. Furthermore, modellers are able to study complex

systems and emergent phenomena via bottom-up simulation: the modeller is able to

implement the rules governing the behaviour of the system’s microscopic constituents,

before simply simulating and observing – rather than undertaking the arduous and

often impossible task of reasoning about – the resultant emergent macroscopic be-

haviour of the system. Finally, simulation in the social sciences and similar fields, in
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which there is significant interaction between and heterogeneity across the constituent

parts (e.g. households, firms etc.) of the system of interest, is beneficial in that

certain classes of simulation models, such as agent-based models (Bonabeau, 2002),

more naturally permit the incorporation of these interactions and heterogeneities than

more conventional modelling paradigms (Farmer and Foley, 2009). Such models thus

present a significant advantage over alternative modelling tools when these effects are

essential to the behaviour of the system.

1.4.2 Likelihood-free inference & time-series simulators

While simulation models have numerous advantages, they additionally pose challenges

to their use in real-world decision-making. The problem that we consider in this thesis

is that stochastic simulation models do not generally possess a tractable likelihood

function, in the sense that it is usually difficult, for example due to computational

expense, to evaluate p(y | θ) for some or all θ. It is not difficult to imagine such

scenarios. For example, the model of interest may contain a high-dimensional set of

latent variables z, such that evaluation of the model likelihood for observed data y

amounts to evaluating the following integral:

p(y | θ) =
∫
Z
p(y, z | θ)dz, (1.13)

where Z is the domain of z. For high-dimensional z, obtaining a closed-form expres-

sion for Equation (1.13) will in general be impossible, and evaluating it numerically

can furthermore be an intractable or otherwise undesirable computational task. A

further, more practical constraint on the tractability of simulation models’ likelihood

functions is the fact that they are often in practice black-box simulators, in the sense

that one does not have access to the simulator’s internal workings. This can re-

sult from a number of causes, for example that the simulator itself is written in a

difficult-to-read low-level programming language for computational reasons, or that

the simulation code is proprietary or confidential, such that there exist restrictions

on access to its code.

The consequence of this feature of simulation models that we consider in this thesis is

that the problem of statistical parameter inference, discussed in the previous chapter,

is made particularly complicated. This is due to the fact that many of the most

popular traditional approaches to parameter inference – such as the mle and the
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use of Bayes’s theorem in Equations (1.1) and (1.2), respectively – make explicit

use of the likelihood function. This raises the question of whether there exists good

procedures for approximating such traditional inference methods that account for the

intractability of simulation models’ likelihood functions.

This challenge has inspired significant work within the computational statistics com-

munity over the past two decades, from which various procedures for approximating

inference for intractable likelihood models have emerged. These are often termed

likelihood-free inference (lfi) or simulation-based inference (sbi) procedures (we will

use both interchangeably), and it is this class of inference procedures that concern

us here. In the following section, we provide an overview of the different streams of

work that comprise the state-of-the-art in simulation-based/likelihood-free parameter

inference. As we will discuss later in this Chapter, one of the key challenges faced

within the likelihood-free inference literature that we seek to address with our work

is making different simulation-based inference procedures compatible with time-series

data of various kinds. Our discussion will be somewhat focused on this aspect of the

literature on likelihood-free inference for this reason. It will also be focused on the

literature on simulation-based inference for models in the social sciences, since this is

another sub-focus of this thesis.

1.5 Literature review & key challenges

1.5.1 Approximate Bayesian computation

We will first recapitulate some standard approaches to approximate Bayesian com-

putation (abc) with an emphasis on time series data. Let X n be the space of

all length n sequences taking values in X and suppose we have time series data

y = (yt1 ,yt2 , . . . ,ytn) ∈ X n, observed at real times 0 = t1 < t2 < . . . < tn = T ,

and assumed to have been drawn from the generative model with density p(y | θ)
parameterised by θ = (θ1, . . . ,θp) ∈ Θ ⊆ Rp. Given a prior distribution π(θ) on Θ,

the central object in Bayesian inference is the posterior distribution

π(θ | y) ∝ p(y | θ)π(θ). (1.14)

For simulation models, the likelihood function p(y | θ) is commonly intractable, in

the sense that it cannot be evaluated point-wise, making infeasible standard Bayesian

approaches to posterior inference such as Markov chain Monte Carlo (mcmc).
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In such scenarios, an established alternative is offered by abc (Tavaré et al., 1997;

Pritchard et al., 1999; Beaumont et al., 2002) which allows the user to approximate

the true posterior (1.2) using only forward samples from the simulator. Broadly, the

user is required to specify summary statistics s : X n → S – where typically S ⊆ Rk,

k ∈ N, or X n when s is simply the identity map – after which the true likelihood

function is approximated as

p̂θ(y) =

∫
Kε [s (y) , s (x)] · p(x | θ) dx, (1.15)

where Kε(·, ·) is a kernel function with parameters ε. The resulting abc posterior is

then given by

πabc (θ | y) ∝ p̂θ(y) · π (θ) , (1.16)

which – when ϵ ∈ R is simply a bandwidth parameter – is consistent as ε→ 0 if the

employed summary statistic is sufficient, since as ε→ 0, Kε [s (y) , s (x)]→ δy(x), and

so the right hand side of Equation (1.15) approaches p(y | θ). Additionally, extending
upon the concept of generalized Bayesian inference (Bissiri et al., 2016; Knoblauch

et al., 2019), Schmon et al. (2020) note that abc can be seen as a generalized Bayesian

method targeting the posterior

πgbi(θ | y) ∝
∫
e−w·ℓ(y;x)p(x | θ)π(θ)dx (1.17)

for an arbitrary loss function ℓ(y;x) that captures the discrepancy between observa-

tion y and simulation x, and some weight hyperparameter w ∈ R.

The approach as presented above leaves open a plethora of possible choices for s

and Kε(·, ·)—or, more generally, the loss function ℓ and hyperparameter w—which

has sparked great interest in the choice of those values in different scenarios, the

complete enumeration of which is beyond the scope of this overview. However, we

summarise here some of the most common approaches.

Rejection ABC The standard rejection abc (rej-abc) algorithm corresponds to

choosing a uniform kernel Kε(·, ·) ∝ 1 [ρ{·, ·} ≤ ε], where ρ : S × S → R≥0 is some

distance function. That is, parameter values θ are independently drawn from the prior

and are retained as samples from an approximate posterior according to whether the

distance between s(y) and s(x) falls at or below a threshold ε. The choice of threshold

ε is left to the experimenter, and for example may be determined in advance of the

inference procedure, or chosen after simulation time such that a certain proportion

of the total simulation budget is retained.
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Semi-automatic ABC Fearnhead and Prangle (2012) propose a method for auto-

matically generating low-dimensional summary statistics by reducing a larger candi-

date set of summaries, referred to as semi-automatic ABC (sa-abc). Their approach

may be summarised as follows: Given a set of N training data points
(
x(i),θ(i)

)
∼

p(x | θ)π(θ), i = 1, . . . , N , and a candidate vector g(·) of J summary statistics, the

method proceeds by performing vector-valued linear regression from g(x(i)) to θ(i),

producing a matrix A of coefficients. The summaries s are then taken to be the

output of this regression, i.e. s(x(i)) = Ag(x(i)). The motivation for this is that,

under certain limits and a quadratic loss, the abc summary statistics that yield the

minimum loss between the true parameter value and point estimates from the abc

posterior can be shown to be the posterior mean E [θ | y]. A drawback of this method,

however, is that it requires the construction of an initial set of candidate summaries,

which would need to be informative. Other approaches in this vein include that of

Nakagome et al. (2013), in which the authors propose the use of sa-abc using ker-

nel ridge regression, to exploit the nonlinearities induced by kernel methods in this

regression task. We provide a more detailed review on learning summary statistics in

this fashion in Section 1.5.5.

K2-ABC Park et al. (2016) propose double kernel ABC (k2-abc), an abc method

that bypasses the problem of constructing summary statistics for iid data by using the

maximum mean discrepancy (mmd) between (a) the simulator’s distribution f(· | θ),
where x = (x1, . . . ,xn) ∼ p(x | θ) =

∏n
i=1 f(xi | θ), and (b) the true density f ∗

giving rise to the iid observations comprising y, respectively. That is, with a suitable

kernel k, the discrepancy between the simulation output x and observation y is then

taken to be the squared mmd

mmd2 = ∥Ez∼f(·|θ)[k(z, ·)]− Ez′∼f∗ [k(z′, ·)]∥2H, (1.18)

where H is the reproducing kernel Hilbert space (rkhs) associated with k. In this

way, the choice of summary statistics (e.g. as required in sa-abc) can be seen as

being replaced by the choice of kernel k. For time series data, the authors suggest

that the dependency structure can be ignored, and that the observation {yi}ni=1 and

simulation output {xi}mi=1 can still be treated as iid data from the marginal densities

f(· | θ) := fθ and f ∗, respectively. An unbiased estimate of the mmd, under this
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assumption, can thus be obtained as

m̂md
2
(fθ, f

∗) =
1

m(m− 1)

∑
i ̸=j

k(xi,xj) +
1

n(n− 1)

∑
i ̸=j

k(yi,yj)

− 2

nm

∑
i=1,...,m
j=1,...,n

k(xi,yj). (1.19)

Wasserstein ABC Bernton et al. (2019) propose a further method for measuring

the discrepancy between observations and simulated data that circumvents the prob-

lem of manually constructing summary statistics. The approach uses as its measure of

discrepancy the p-Wasserstein distance between the empirical distribution of observa-

tions y = (y1,y2, . . . ,yn), and simulated data x = (x1,x2, . . . ,xm), with yi,xj ∈ Rd.

That is, the distance ρ is taken to be

Wp(y,x)
p = inf

γ∈Γn,m

n∑
i=1

m∑
j=1

ρ0(yi,xj)
pγij (1.20)

where ρ0 is a distance on R and Γn,m is the set of n×m matrices with non-negative

entries, columns summing to m−1, and rows summing to n−1. The authors propose

to use p = 1, in order to make a minimal number of assumptions on the existence of

moments of the data-generating process.

A number of solutions are proposed in Bernton et al. (2019) to account for the de-

pendency structure inherent in time series data. The first strategy discussed is the

use of curve matching, in which a time augmentation yti 7→ (ti,yti) is applied to the

data, and the following ground distance between elements of the sequence used:

ρ0
(
(ti,yti), (tj,xtj);λ

)
= ∥yti − xtj∥+ λ|ti − tj| (1.21)

where λ > 0 is a free parameter that interpolates the distance in (1.20) between the

sum of Euclidean distances
∑

i ∥yti − xti∥ and the Wasserstein distance between the

empirical marginal distributions of y and x. A heuristic for tuning λ is offered only

for the case of univariate y and x.

A second strategy employs reconstructions, where the data are transformed to gen-

erate empirical distributions that allow for easier identifiability of parameters. Two

types of reconstructions are considered: delay reconstructions, which is a common

technique for reconstructing phase spaces in dynamical systems theory that involves
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considering lagged sequences of observations from the data; and residual reconstruc-

tions, in which the data is transformed according to the structure of the gener-

ative model such that they become iid observations, for example by considering

ϵt = (xt − axt−1) /σ in the case of a centered AR(1) model with parameter θ = (a, σ).

However, it is undesirable to rely on such methods. For the case of delay reconstruc-

tions, properly estimating the lag parameters is key to its success (Fraser and Swinney,

1986) and obtaining reliable estimates remains a significant challenge (Bradley and

Kantz, 2015). This is likely to be exacerbated in likelihood-free inference (lfi) set-

tings, in which time series are stochastic and are often short, due to computational

expense. Delay reconstructions will then also further reduce this length of the data,

which can be costly to the quality of the inference procedure. Furthermore, the often

complicated or unknown internal mechanisms of complex simulation models typically

do not allow for a simple transformation of the output into iid data, limiting the

applicability of this approach in lfi settings.

1.5.2 Approximate Bayesian computation in the social sci-
ences

Bayesian parameter inference for simulation models in the social sciences – such as

agent-based models (abms) in economics – has gained popularity with, for example,

the work of Grazzini et al. (2017) and Platt (2021) in economics. Below, we outline

these approaches, and show that each method can be comprehensively subsumed

under “abc”.

1.5.2.1 Parametric density estimation

The simplest approach discussed by Grazzini et al. (2017) involves assuming that

the simulation model has entered a statistical equilibrium, such that the observations

yt ∈ Rd in the time-series y := (y1,y2, . . . ,yT ) ∈ Rd×T are fluctuations around some

stationary value m∗:

yt = m∗ + εt, (1.22)

where the εt are iid noise terms with density gϵ and parameters ϵ. Although more

complex distributions are available, gϵ may for example be a zero-mean Gaussian

distribution, and ϵ the elements of the covariance matrix.
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Under these assumptions, recalling that the elements of the time-series are assumed

to be independent, the parameters m∗ and ϵ can be estimated by the means and

covariances of the elements of the time-series to give m̂∗ and ϵ̂. More precisely,

first fixing θ and drawing a sample x ∼ p(x | θ), one can calculate the estimates

m̂∗(x) and ϵ̂(x) using, for example, maximum likelihood estimation. Adopting as the

measure of distance the probability density of the true data being observed under this

approximated process yields the choice of kernel

Kϵ (y,x) =
T∏
t=1

gϵ̂(x) (yt − m̂∗ (x)) . (1.23)

Finally by taking R ≥ 1 iid simulated datasets2 x(r) ∼ p (x | θ), r = 1, . . . , R, and

calculating their associated estimators m̂∗ (x(r)
)
and ϵ̂

(
x(r)
)
, the likelihood at θ, i.e.

Equation (1.15), is approximated with the Monte Carlo average

p̂θ(y) ≈
1

R

R∑
r=1

T∏
t=1

gϵ̂(x(r))
(
yt − m̂∗ (x(r)

))
. (1.24)

Alternatively, theR simulations may be pooled to generate single estimates m̂∗ (x(1), . . . ,x(R)
)

and ϵ̂
(
x(1), . . . ,x(R)

)
at θ. This is closely related to synthetic likelihood approaches

(Wood, 2010; Price et al., 2018) which use similar Gaussian distributions, but usually

rely on summary statistics.

In either case, the resulting approximate likelihood p̂θ from Equation (1.24) can then

be used downstream for parameter estimation, either directly via e.g. maximum like-

lihood or through the corresponding approximate posterior, simulated e.g. through

mcmc. This approach suffers from clear limitations, however. Firstly, it treats the

data points in the observed time-series as independent – that is, as lacking a natural

ordering – which destroys important information when the observed y and simulated

x are time-series. Secondly, choosing an appropriate and sufficiently flexible family of

parametric densities gϵ to construct the likelihood approximation is non-trivial, with

poor choices leading to erroneous Bayesian inference.

1.5.2.2 Non-parametric density estimation

An alternative approach, which partially addresses the second limitation described

in Section 1.5.2.1, is to forgo the assumption of a parametric family of densities

2While R can be chosen to be any natural number, it is usually efficient to take R = 1 when
averages of estimators are concerned and run the Markov chain for an accordingly higher number of
iterations (Bornn et al., 2017; Sherlock et al., 2017).
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and instead use a non-parametric method for density estimation. Grazzini et al.

(2017) describe the use of kernel density estimation (kde) for this purpose. Here,

the data points in the time-series are once again assumed to be independent and

fluctuating about some stationary value m∗ as in the parametric approach described

above. Then, an estimate of the likelihood function is obtained by applying kde to

R ≥ 1 iid simulations of length S, x(r) := (x
(r)
1 , . . . ,x

(r)
S ) ∼ p (x | θ), r = 1, . . . , R,

providing an unbiased estimate of the approximated likelihood function in Equation

(1.15) as

p̂θ(y) ≈
1

R

R∑
r=1

Kϵ

(
y,x(r)

)
:=

1

R

R∑
r=1

T∏
t=1

p̂ϵ
(
yt | θ,x(r)

)
, (1.25)

where p̂ϵ
(
yt | θ,x(r)

)
is the estimate of the conditional density p

(
yt | θ,x(r)

)
obtained

via kde:

p̂ϵ(yt | θ,x) =
1

S

S∑
s=1

κϵ (yt − xs) , (1.26)

for some probability kernel κϵ with bandwidth parameter(s) ϵ. In particular, the

authors employ a Gaussian kernel with bandwidth chosen using Silverman’s method

(Silverman, 1986), such that

κϵ (yt − xs) =
1

ϵ
κ

(
∥yt − xs∥2

ϵ

)
. (1.27)

Alternatively, as in Section 1.5.2.1, the R simulations may be pooled and a single kde

model fit to the combined dataset to obtain p̂(y | θ). While these non-parametric

approaches to density estimation are arguably more flexible than the assumption of

a parametric family, they are well known to suffer from the curse of dimensionality,

limiting their applicability to low dimensional data only, even under the unrealistic

assumption that the yt are assumed independent.

1.5.2.3 Neural likelihood estimation methods in the social sciences

As an alternative to kernel density estimation, neural density estimators have previ-

ously been employed to perform Bayesian estimation of abms in the social sciences.

Platt (2021) presents a method which diverges from the approaches of Grazzini et al.

(2017) in two main regards. Firstly, in contrast to the previous independence assump-

tion, it assumes an autoregressive structure for the time-series model to better capture

temporal correlations in the data. In particular, the approach assumes a time-series

model that is Markov of order L, that is, p(xt | x1:t−1,θ) = p(xt | xt−L:t−1,θ), where
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x1:t = (x1, . . . ,xt). In words, the distribution of the state at time t depends only on

the previous L states (and θ). In light of this assumption, the full likelihood can be

factorised as

pθ(y) = p(y1:L | θ)
T∏

t=L+1

p(yt | yt−1, . . . ,yt−L,θ). (1.28)

Secondly, as a consequence of the autoregressive model structure, the method employs

a conditional density estimator qϕ to approximate the transition density function

p(xt | xt−L:t−1,θ). The resulting likelihood approximation can be written

p̂θ(y) =
T∏

t=L+1

qϕ(θ)(yt | yt−1, . . . ,yt−L), (1.29)

where the contribution of the first L terms is ignored. A mixture density network

(Bishop, 1994) assumes the role of the conditional density estimator qϕ(θ) with param-

eters ϕ(θ) trained for each θ. Denoting the L states preceding yt as y<t for brevity,

the particular form of the mixture density network is

qϕ(yt | y<t) =
K∑
k=1

αk(y<t)N (yt | µk(y<t),Σk(y<t)).

where αk are the mixing coefficients, and µk,Σk are the mean and covariance matrix

respectively, all of which are parameterised by neural networks and trained via max-

imum likelihood on R iid model samples x(r) ∼ p(x | θ), r = 1, . . . , R. The resulting

likelihood estimate can then once again be used also with Algorithm 1, for example,

to target the associated approximate posterior distribution.

While the model structure described above accounts for the sequential nature of

simulations generated by time-series models such as abms to some extent, the com-

putational burden associated with the simulation of sufficient training data and the

training of a new conditional density estimator at each θ renders it largely infeasible

when the simulation model is expensive to run.

1.5.2.4 Unifying the approaches

In Algorithm 1, we show how the approximate posterior (1.16), with any of the pos-

sibilities for p̂θ(·) discussed above, may be targeted using a variant of the popular

Metropolis-Hastings (mh) algorithm (e.g. Hastings, 1970a). If the likelihood estimate

18



Algorithm 1: Metropolis-Hastings sampling scheme for abc

Input: Prior distribution π(·), observation y, proposal distribution q(· | θ),
initial value θ0, number of iterations n;
Result: Empirical posterior

∑n
i=1 δθi

for r = 1, . . . , R do
Simulate x(r) ∼ p (· | θ0);

end
for i = 1, . . . , n do

Sample θ ∼ q (· | θi−1);
for r = 1, . . . , R do

Simulate x̃(r) ∼ p (· | θ);
end

Evaluate p̂θ(y) using {x̃(r)}Rr=1 according to Equation (1.15);

Set p̂θi(y) = p̂θ(y), θi = θ and {x(r)}Rr=1 = {x̃(r)}Rr=1 with probability

α = min

{
1,

p̂θ(y)π(θ)q(θi−1 | θ)
p̂θi−1

(y)π(θi−1)q(θ | θi−1)

}
,

otherwise set p̂θi(y) = p̂θi−1
(y) and θi = θi−1.

end

p̂θ(y) is an unbiased, non-negative estimate of some desired target pθ(y), then Al-

gorithm 1 is an example of a pseudo-marginal mh algorithm (Andrieu et al., 2009).

Note that while the sampling procedure in Algorithm 1 exactly targets the posterior

distributions described above, many alternative posterior sampling algorithms exist

(see e.g. Beaumont et al., 2009).

We once again emphasise that a major disadvantage to applying the methods de-

scribed by Grazzini et al. (2017) and Platt (2021) to simulation models in the social

sciences – such as abms – is that estimating the posterior involves simulating R ≥ 1

times from the abm at each proposed parameter value (θ(i))i=1,...,n. Since simulation

models in the social sciences are often expensive to simulate, and n is required to

be many hundreds of thousands in order to accurately estimate the targeted poste-

rior, such approaches can rapidly lead to a prohibitively large number of required

simulations.
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1.5.3 Latent variable models

A class of models closely related to approximate Bayesian computation is the class of

so-called latent variable models. Here, the real data, y, is assumed to be a noisy obser-

vation of an unobserved (latent) process x. Thus, in contrast to previous approaches,

some discrepancy between y and x is to be expected.

Under the most basic scenario, the data obtained from the simulator are identically

xt ∼ f(· | θ) for some density function f(· | θ) and the total likelihood p(x | θ) =∏T
t=1 f(xt | θ). The observed data is then assumed to have an error distribution, gε,

say, such that the contribution made by one observation yt to the likelihood function

is

f̃(yt | θ) =
∫
gε(yt | xt)f(xt | θ)dxt (1.30)

and p(y | θ) =
∏T

t=1 f̃(yt | θ) is the likelihood for the full data set y. We draw the

attention of the read to the conceptual similarity to (1.15); however, (1.30) is no longer

an approximation but is the exact likelihood under the assumption of measurement

error. (Similarly, abc can be seen as exact if Kε describes the observational error,

see e.g. Wilkinson 2013.) A simple unbiased estimator of (1.30) is

p̂θ(y) =
T∏
t=1

1

R

R∑
r=1

gε

(
yt | x(r)

t

)
, x

(r)
t ∼ f (· | θ)

for some3 R ≥ 1, which can then also be used in Algorithm 1, for example, to target

the associated approximate posterior. The independence assumption underlying the

simulator data is, however, not realistic for abms and other time-series models, and

incorporating the temporal aspect of data requires further structural assumptions,

such as those of hidden Markov models.

1.5.3.1 Hidden Markov Models and particle filters in the social sciences

Particle filters, an instance of a broader class of sequential Monte Carlo (smc) meth-

ods (see Ju et al., 2021, for a recent overview of smc and their application to epi-

demiological abms) relax the independence assumption imposed on the output of

the simulation model and have previously been employed for Bayesian parameter in-

ference for economic abms (Lux, 2018, 2021). However, such methods also involve

3Note that opposed to earlier cases the choice R = 1 is generally not optimal for products of
unbiased estimators, see Doucet et al. (2015); Sherlock et al. (2015); Schmon and Gagnon (2021).
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making assumptions about the structure of the model – specifically, the assumption

of a state space structure with a particular error distribution. Furthermore, previous

works have noted the significant computational burden required for smc methods in

the social sciences (Malleson et al., 2020; Lux, 2021), which can arise due to the fact

that a number of particles that grows exponentially with the model dimensions is

often required to avoid failure modes such as particle collapse.

1.5.4 Modern simulation-based inference methods

In this section, we discuss modern simulation-based inference (sbi) procedures that

have emerged more recently than the methods described above, and that are based on

estimating the posterior density (Papamakarios and Murray, 2016; Greenberg et al.,

2019) or likelihood-to-evidence ratio (Pham et al., 2014; Cranmer et al., 2016; Thomas

et al., 2021; Hermans et al., 2020) directly. These approaches have been seen to

perform competitive likelihood-free inference with far fewer samples than abc in well-

specified settings (Lueckmann et al., 2021). For these methods, the general approach

departs from that of abc – in which simulation is inherent to the task of constructing

a specific posterior distribution π(θ | y) – in that the burden of simulation is removed

from the task of posterior construction by first learning a density (ratio) estimator

with powerful function approximators (e.g. neural networks4), before using such

density (ratio) estimators to cheaply generate posterior samples, without the need for

further simulation. Such approaches may be preferable when the simulation budget

is constrained, since it has been seen in practice (Lueckmann et al., 2021) that the

number of simulations required to obtain accurate density (ratio) estimators is usually

far smaller than the number of simulations required to attain a comparably accurate

posterior estimate via abc when the model is well-specified.

1.5.4.1 Density ratio estimation for likelihood-free inference

We first consider density ratio estimation (dre). It is well-known that probabilistic

classification results in density ratio estimates as a by-product (Sugiyama et al., 2012).

Within the topic of likelihood-free parameter inference, this fact was to the best of

4Note that neural networks are not essential here – the procedures we describe require only
flexible function approximators. We frame the discussion around neural networks primarily because
they are a convenient choice of flexible function approximators in many settings.
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our knowledge first discussed in a Bayesian context by Pham et al. (2014) as a way to

estimate the acceptance probability in mh, and in a frequentist context by Cranmer

et al. (2016) as a means to performing likelihood ratio tests. Both cases proceed by

learning a probabilistic classifier that distinguishes between samples x
iid∼ p(x | θ0)

and x′ iid∼ p(x′ | θ1), yielding an estimate of the likelihood ratio

l(x,θ0,θ1) :=
p(x | θ0)
p(x | θ1)

. (1.31)

Cranmer et al. (2016) propose to use a fixed reference θ1 and consequently to use the

density ratio estimate (1.31) to obtain an maximum likelihood estimate (mle) for x

by maximising (1.31) with respect to θ0. Pham et al. (2014) embed this approach into

a Bayesian inference framework by using this to estimate the acceptance probability

in a mh proposal step as

min

{
1,
π(θ)q(θ′ | θ)
π(θ′)q(θ | θ′)

l(x,θ′,θ)

}
. (1.32)

However, both approaches are sub-optimal for lfi for the following main reasons: it

requires retraining a separate classifier at each proposal step in a posterior sampling

procedure, which can be expensive; and it requires the generation of sufficiently many

samples at each proposal step to accurately train the classifier, which may also be

computationally demanding. These drawbacks introduce significant inefficiencies to

Bayesian lfi procedures based on this conception of dre.

Dre as a means to Bayesian lfi was later developed in an early draft of Thomas et al.

(2021). The approach proposed here differs from Pham et al. (2014) and Cranmer

et al. (2016) in that the authors propose to train a probabilistic classifier at each

proposal step, but in this case to distinguish between simulations generated by p(x | θ)
and p(x). Such an approach will yield an estimate of the likelihood-to-evidence ratio

at that θ. However, it remains the case that a new classifier must be trained at each

proposed θ, and sufficiently many training data x must be generated by that θ for the

classifier to obtain a good density ratio estimate. This approach remains inefficient

for these reasons.
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Amortised density ratio estimation via binary classification

In the following, we outline amortised dre, as described by Hermans et al. (2020),

and discuss how this addresses the two inefficiencies that remain with the approach

of Thomas et al. (2021) to Bayesian lfi. In contrast to the approach of Thomas et al.

(2021), amortised dre seeks to obtain a global estimator r : X × Θ → R≥0 of the

likelihood-to-evidence ratio at (x,θ):

p (x | θ) π(θ)
p (x) π (θ)

=
p (x | θ)
p (x)

=
π (θ | x)
π (θ)

=: r(x,θ). (1.33)

When Bayesian inference is the goal, this then permits evaluation of the posterior

density as

π(θ | x) = r(x,θ)π(θ); (1.34)

however, we note that obtaining this density ratio estimate enables alternative infer-

ence tasks such as frequentist maximum likelihood estimation and hypothesis testing

(Dalmasso et al., 2020).

To obtain a global estimator of the likelihood-to-evidence ratio, a probabilistic binary

classifier is trained to distinguish between two sets of training examples:

1. a set of “genuine” examples drawn from the joint distribution, (x,θ)
iid∼ p(x |

θ)π(θ), which are then assigned label z = 1;

2. a set of “false” examples drawn from the product of the marginals, (x,θ)
iid∼

p(x)π(θ), with label z = 0.

The difference between the two cases is that the x are generated by the θ to which

they are paired in the former set of examples, while in the latter set of examples the

x bear no relation to the θ they are paired with.

The function of a probabilistic classifier trained on such data is to model the prob-

ability d(x,θ) := p(z = 1 | x,θ) ∈ [0, 1]; hard classification labels (i.e. decisions

regarding the predicted value of z) are obtained when the continuous-valued d(x,θ)

is combined with a decision rule, for example that z = 1 should be predicted when-

ever d(x,θ) > 0.5. One can show that the optimal estimate (Thomas et al., 2021;

Hermans et al., 2020) of d(x,θ) is the value
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d∗(x,θ) =
p(x | θ)π(θ)

p(x | θ)π(θ) + p(x)π(θ)
. (1.35)

Thus, a good probabilistic classifier trained to distinguish between the two possible

types of pairs (x,θ) will learn a good estimate d̂(x,θ) of this ratio.

Such a probabilistic classifier will allow us to evaluate the posterior density in this

way: by noticing that one can rearrange Equation (1.35) as

π(θ | x) = d∗(x,θ)

1− d∗(x,θ)
π(θ) := r∗(x,θ)π(θ), (1.36)

where r∗(x,θ) is the corresponding estimate of the likelihood-to-evidence ratio p(x |
θ)/p(x). In practice, of course, only an approximation d̂(x,θ) will be obtained to

the ratio in Equation (1.35), yielding a correspondingly imperfect estimate r̂(x,θ)

of the likelihood-to-evidence ratio. Nonetheless, it is known that training expressive,

high-capacity classifiers via the cross-entropy loss

ℓ
({
z(i),x(i),θ(i)

}N
i=1

)
= −

N∑
i=1

z(i) log d̂(x(i),θ(i)) + (1− z(i)) log
(
1− d̂(x(i),θ(i))

)
N

,

can yield classifiers with good probability estimates, and thus good estimates of

r∗(x,θ).

A generalisation to multi-class classification

In more recent work, Durkan et al. (2020) demonstrate that the above approach to

density ratio estimation can be generalised to the problem of training a probabilistic

classifier to identify the correct (x,θ(i)) pair from a batch {(x,θ(b))}Bb=1 of B pairs

that otherwise contain only “incorrect” pairs, where “correct” and “incorrect”, re-

spectively, correspond to having been drawn from the joint distribution p(x | θ)π(θ)
and from the product of the marginal distributions p(x)π(θ). In this case, the optimal

estimate of the correct class probability (assuming that each class is equally likely a
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priori) is

p
(
c = i | x, {θ(b)}Bb=1

)
=

π(θ(i) | x)
∏

b ̸=i π(θ
(b))∑B

b=1 π(θ
(b) | x)

∏
b′ ̸=b π(θ

(b′))
(1.37)

=
π(θ(i) | x)/π(θ(i))∑B
b=1 π(θ

(b) | x)/π(θ(b))
. (1.38)

Thus, by comparison with Equation (1.38), training a neural network fϕ on the loss

function

ℓ(ϕ) = − log
exp fϕ(x,θ

(i))∑B
b=1 exp fϕ(x,θ

(b))
(1.39)

for each (x,θ) ∼ p(x | θ)π(θ) will induce fϕ(x,θ) to learn the value fϕ(x,θ) =

log(π(θ | x)/π(θ)), thus recovering an estimate of the desired density ratio. This can

be extended to a batch of R “correct” data-parameter pairs as

L(ϕ) = − 1

R

R∑
r=1

log
exp fϕ(x

(r),θ(r))∑Br

br=1 exp fϕ(x
(r),θ(br))

, (1.40)

where the terms in the denominator are labelled with br to account for the possibility

that the contrasting (“incorrect”) set of parameters may be different for different

“correct” pairs (x(r),θ(r)). The authors further demonstrate that this can yield more

accurate density ratio estimators in some cases, although such an approach may be

more computationally expensive (since each x is now passed through the network

B > 2 times, once for each θ in the batch).

1.5.4.2 Neural posterior estimation

In this section, we provide an introduction to neural conditional density estimators

and their use in posterior estimation tasks, forming a class of methods known as

neural posterior estimation (npe). The core idea underlying this class of simulation-

based Bayesian inference techniques is to use such conditional density estimators to

model the parameter posterior density directly. While various conditional density

estimators can be used for this purpose, e.g. mixture density networks (Bishop, 1994;

Papamakarios and Murray, 2016), we focus here on the case of normalising flows

(Tabak and Vanden-Eijnden, 2010; Tabak and Turner, 2013; Rezende and Mohamed,

2015) due to their widespread use in various density estimation tasks, including in
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the areas of image generation (e.g. Kingma and Dhariwal, 2018) and physics (e.g. Noé

et al., 2019).

Normalising flows

Normalising flows involve transforming a simple base distribution into a more compli-

cated one, often with the use of neural networks. Consider a random variableU ∼ pU,

where pU is a probability distribution chosen to be a “simple” base distribution, in

the sense that it is easy to both generate samples from pU and to evaluate pU(u)

for any u. Now consider the transformed random variable X = g(U), where g is a

differentiable, invertible function with differentiable inverse f := g−1. Then, by the

change of variables formula, we have

pX(x) = pU (f(x))
∣∣∣ det Jf (x)∣∣∣ (1.41)

where Jf is the Jacobian of f . Sampling from pX then simply involves sampling a value

u from the base distribution pU and immediately obtaining x = g(u). Evaluating

pX(x) also then simply involves evaluation of the right-hand side of Equation (1.41).

The above may be extended easily to a composition, or flow, g = gn ◦ gn−1 ◦ · · · ◦ g1 of
differentiable and invertible functions gi with inverses fi, for which we now have that

pX(x) = pU (f1 (. . . fn−1 (fn(x)) . . . ))

∣∣∣∣∣
n∏

i=1

det Jfi(x)

∣∣∣∣∣ . (1.42)

Given samples from pX, the question of how to choose a base distribution pU and

a series of functions g1, . . . , gn such that the distribution of the samples is modelled

accurately arises. The idea behind normalising flows is to learn this sequence of

transformations, that is, to have each fi be a flexible transformation fϕi
with trainable

parameters ϕi. The resulting density estimator qϕ can be written

qϕ(x) = pU
(
fϕ1

(
. . . fϕn−1 (fϕn(x)) . . .

)) ∣∣∣∣∣
n∏

i=1

det Jfϕi (x)

∣∣∣∣∣ , where ϕ = (ϕn, . . . , ϕ1).

(1.43)

The simple base distribution is then often taken to be a standard normal distribution5

of the same dimension as the target distribution, and the flexible transformations fϕi

are typically neural networks with a structure designed to guarantee the required

5For this reason, the composition f = f1 ◦ · · · ◦ fn−1 ◦ fn is often referred to as the normalising
flow, since it is a flow of transformations resulting (typically) in a Gaussian base distribution.
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Figure 1.1: Schematic of a normalising flow. Sampling and density evaluation are per-
formed via the processes illustrated at the top and bottom of the figure, respectively.

invertibility and differentiability. The trainable parameters ϕ = {ϕi : 1 ≤ i ≤ n} are
optimised by maximising the log-likelihood of the data x(r) iid∼ pX, r = 1, . . . , R,

ϕ̂ = argmax
ϕ

R∑
r=1

log qϕ
(
x(r)
)
, (1.44)

which is equivalent to minimising the finite-sample estimate of the KL divergence

between qϕ and the true density. Normalising flows are typically implemented in

machine learning libraries that support automatic differentiation such as pytorch

(Paszke et al., 2019) or TensorFlow (Abadi et al., 2016) allowing the effective use

of gradient-based optimisation techniques, such as Adam (Kingma and Ba, 2014).

We provide a schematic of the sampling (flow, right-pointing arrows) and density

evaluation (normalising flow, left-pointing arrows) processes in Figure 1.1, in which

the simple, left-most distribution is morphed over successive steps into the more

complex, right-most distribution.

Normalising flows for neural posterior estimation

Normalising flows may also be extended to the case of conditional density estimation

(see e.g. Papamakarios and Murray, 2016; Lueckmann et al., 2017; Papamakarios

et al., 2019; Greenberg et al., 2019). In this way, we can use a normalising flow

to estimate the posterior density π(θ | x) associated with a simulation model by

following the same procedure as above and finding the neural network parameters as

ϕ̂ = argmax
ϕ∈Φ

R∑
r=1

log qϕ
(
θ(r) | x(r)

)
, (1.45)
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where (x(r),θ(r))
iid∼ p(x | θ)π(θ), r = 1, . . . , R. Once again, this is equivalent to

minimising the finite-sample estimate of the KL divergence between the true joint

density p(x | θ)π(θ) and the approximated joint density, qϕ(θ | x)p(x). Importantly,

this framework allows us to learn a single conditional density estimator for the pos-

terior density function across data x, rather than having to undergo the expensive

procedure of training a separate density estimator for each point evaluation of the

posterior density as in e.g. Platt (2021).

1.5.4.3 Sampling with the neural posterior and density ratio estimators

After successful training, the posterior density estimator qϕ̂(θ | x) obtained from

npe is a parametric approximation of the true posterior distribution, which can

then be used to generate iid samples θ ∼ qϕ̂(θ | x) or to evaluate the posterior

density on a pointwise basis in the ways described in Section 1.5.4.2. While ratio

estimation similarly permits a pointwise evaluation of the posterior distribution as

π(θ) exp (fϕ̂(x,θ)), it requires a further inference step using, for example, Metropolis–

Hastings to generate samples from the same posterior. However, the upfront training

of the ratio estimator eliminates the need for expensive simulation from the abm,

reducing the run-time significantly in comparison to alternative approaches such as

those described above.

1.5.4.4 Round-based training of neural density ratio and neural posterior
estimation algorithms

The procedures described in Sections 1.5.4.1 and 1.5.4.2 are framed as single density

(ratio) estimation tasks. This means that a single dataset of R data-parameter pairs

(x(r),θ(r)), r = 1, . . . , R is created in the following way:

θ(r) ∼ π(θ), sample from the prior;

x(r) ∼ p(x | θ(r)), simulate using the draws from the prior.

Subsequently, dre and npe algorithms are trained on the whole dataset to find either

the likelihood-to-evidence ratio or the posterior directly following, respectively, (1.40)

or (1.45). Density estimators trained in this way are referred to as amortised density
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estimators, which reflects the fact that they may be used to construct posterior dis-

tributions for any data x without further simulation from the simulator or the need

to train multiple density estimators.

The disadvantage of this one-stage approach is that all training simulations from the

simulator are generated by parameters drawn from the prior distribution. In many

cases, however, interest lies only in the posterior for the particular observation y,

which can be concentrated on specific subregions of the entire space covered by the

prior density. It can then be preferable to narrow down the search space of good

candidate values for the parameter θ to subregions of the parameter space that could

most plausibly have generated y. By doing so, the density (ratio) estimator will

be presented with a less varied range of dynamics between which it must learn to

distinguish, allowing it to develop a more refined approximation of the density (ratio)

in regions of high posterior density. This can facilitate more rapid learning and

potentially reduce the number of training examples that must be simulated by the

simulator, which may be useful for expensive simulation models in the social sciences

such as abms.

Significant effort has thus been extended towards the constructions of “round”-based

approaches to training density (ratio) estimators for sbi (see e.g. Papamakarios et al.,

2019; Greenberg et al., 2019; Hermans et al., 2020; Durkan et al., 2020). The idea

is to split the total budget of R simulations into subsets of size N1, N2, . . . such that∑
iNi = R. In the first step, N1 data points are created as before and a posterior

approximation qϕ̂
(
θ | x

)
is constructed. Subsequently, in round i ≥ 2, we create new

data (x(r),θ(r)), r = 1, . . . , Ni using

θ(r) ∼ q
(i−1)

ϕ̂

(
θ | x

)
, sample from round-(i− 1) posterior;

x(r) ∼ p(x | θ(r)), simulate using the draws from the round-(i− 1) posterior.

The posterior qϕ
(
θ | x

)
may now be retrained using (a combination of the old and)

the new samples, and the process can be repeated for as many rounds as necessary.

An identical process can be followed for density ratio estimation, with the exception

that parameters in round i are drawn using the likelihood-to-evidence ratio obtained

from round i− 1 and, for example, Metropolis–Hastings.

While the round-based approach is appealing, it does not come without additional

challenges. In particular, the joint distribution of the example pairs (x(r),θ(r)) is no

longer p(x | θ)π(θ) for data sampled after the first round. In practice, this needs
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to be accounted for during training by the use of additional weighing factors, such

as those appearing in Equation (1.46) (cf. Equation (1.45)). We refer the interested

reader to the following papers for further details on this matter: Papamakarios and

Murray (2016); Lueckmann et al. (2017); Greenberg et al. (2019).

When training of npe and dre proceeds in this round-based fashion, these methods

are often referred to as sequential neural posterior estimation (snpe) and sequential

neural ratio estimation (snre), respectively, where the prefix “sequential” indicates

that a round-based training design of the density (ratio) estimators has taken place

and that the resulting density (ratio) estimators are no longer amortised.

1.5.4.5 Training procedures for neural density (ratio) estimators

To summarise and conclude this section, we follow Durkan et al. (2020) and Greenberg

et al. (2019) and provide in Algorithms 2 and 3 the procedure for training neural

density ratio and neural posterior estimators for sbi over multiple rounds.

1.5.5 Summary statistics in simulation-based inference

For many lfi methods, it can be necessary to reduce high-dimensional data x into

summary statistics s(x). A number of approaches for doing so have been explored in

both the abc and more modern sbi literature. We discuss some common examples

below.

1.5.5.1 Best subset selection

A popular approach in abc, and proposed in Joyce and Marjoram (2008), is to

construct, through some means or other, a large set of p candidate statistics s =

(s1, . . . , sp) from which a subset are to be retained according to a criterion. The

criterion considered by Joyce and Marjoram (2008) is motivated by the notion of

sufficiency, and by recalling that the definition of classical sufficiency in Definition 2

is that the conditional probability (density) of some data is conditionally independent

of the parameters θ when also conditioned on a sufficient statistic. With this in mind,

the authors consider a scheme in which an approximately sufficient subset of the
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Algorithm 2: Training snre (see Durkan et al. (2020, Algorithm 1)).

Input: prior π(θ), simulator p(x | θ), observation y, density (ratio)
estimator fϕ, number of rounds M , number of simulations per round N ,
minibatch size B, contrasting set size K;
Result: Trained density (ratio) estimator
Set π̃0(θ) = π(θ), dataset D = {};
for m = 0, . . . ,M − 1 do

Sample θn
iid∼ π̃m(θ), n = 1, . . . , N ;

Simulate xn ∼ p (x | θn), n = 1, . . . , N ;
Append the dataset:

D := D ∪
N⋃

n=1

{(xn,θn)};

until convergence do

Sample minibatch {(xb,θb)}Bb=1 uniformly from D;
For each minibatch pair, draw 0 < K < B parameters θ̃k from
elsewhere in the training data D, k = 1, . . . , K;
Evaluate the finite-sample multinomial logistic loss

L(ϕ) = − 1

B

B∑
b=1

log
exp (fϕ (xb,θb))

exp (fϕ (xb,θb)) +
∑K

k=1 exp
(
fϕ

(
xb, θ̃k

)) ;
Update trainable parameters ϕ on the basis of L(ϕ)

end
Set π̃m+1(θ) ∝ exp (fϕ (y,θ)).

end

initial p statistics is arrived at by adding an element of s one by one, and assigning

the following “score” to the kth element that is considered from s:

δσk
= sup

θ
log p(sσk

| sσ1 , . . . , sσk−1
,θ)− inf

θ
log p(sσk

| sσ1 , . . . , sσk−1
,θ), (1.47)

where σ is some permutation of the indices {1, . . . , p} and σi is the ith element of

the permutation. Then, if the sσ1 , . . . , sσk−1
are “ϵ-sufficient” for sσk

– meaning that

δσk
≤ ϵ for a user-specified value of ϵ – then sσk

is not included, since it does not

contribute enough new information to the set sσ1 , . . . , sσk−1
. Otherwise, sσk

is deemed

to contain enough additional information to include in the subset of statistics that

are retained. The authors provide details on a practical approach to performing this

procedure, which cannot be applied as-is since the values log p(sσk
| sσ1 , . . . , sσk−1

,θ)

will in general not be known due to the intractability of the likelihood function.
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Algorithm 3: Training snpe (see Greenberg et al., 2019, Algorithm 1).

Input: prior distribution π(θ), simulator p(x | θ), observation y, conditional
density estimator qϕ, number of rounds M , number of simulations per round
N ;
Result: Trained conditional density estimator
Set π̃0(θ) = π(θ), dataset D = {};
for m = 0, . . . ,M − 1 do

Sample θ(n)
iid∼ π̃m(θ), n = 1, . . . , N ;

Simulate x(n) ∼ p
(
x | θ(n)

)
, n = 1, . . . , N ;

Append the dataset:

D := D ∪
N⋃

n=1

{(
x(n),θ(n)

)}
;

until convergence do
Evaluate the loss function

L(ϕ) = −
∑

(x,θ)∈D

log

(
qϕ(θ | x)

π̃m(θ)

π(θ)

1

Z(x, ϕ)

)
(1.46)

where Z(x, ϕ) is a normalising factor;
Update trainable parameters ϕ on the basis of L(ϕ)

end
Set π̃m+1(θ) := qϕ (y,θ).

end

There are a number of limitations to this approach, however. Most obvious is the

sensitivity of this approach to the choice of ϵ in the definition of “ϵ-sufficiency”.

Moreover, it assumes that it is easy to write down an initial set of p summary statistics

that are themselves approximately sufficient and are therefore informative of the

parameter to be inferred. This therefore does not straightforwardly get around the

more fundamental problem of identifying suitable and informative summary statistics

for any data, and in particular for time-series data.

1.5.5.2 Projection methods

A number of methods exist that may appropriately be grouped under the term “pro-

jection” methods, which is a term that has been used in previous reviews of summary

statistic contruction for lfi (see e.g. Blum et al., 2013). While the objective of such
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approaches are also to express the original dataset in a form that is more useful for

lfi, these methods differ from the “best subset selection” method described above

in the sense that the original data is in general transformed through a (sequence of)

map(s), rather than having individual summary statistics within an original collection

of summary statistics retained for later use. We summarise below some of the main

approaches within this class of methods.

Semi-automatic summary statistic construction Mentioned briefly in Section

1.5.1 is the semi-automatic approach to summary statistic construction in lfi pro-

posed in Fearnhead and Prangle (2012). The authors argue that optimality of a

set of summary statistics may be considered with respect to the goal of minimis-

ing the expected posterior loss in abc. By considering a quadratic loss function

between point estimates generated by the abc posterior and the ground-truth pa-

rameter, the summary statistics s(y) = E [θ | y] are shown to be optimal with re-

spect to this loss. While the posterior is not known and must be estimated through

abc or some other scheme, the posterior mean may be estimated for the simulation

model by performing a vector-valued regression of θ(i) onto g
(
x(i)
)
for training data

{
(
x(i),θ(i)

)
}Q
i=1
∼ p (x,θ) and an initial set of candidate summary statistics g (·).

This has been an influential approach within abc, and has been used widely such

as in Wong et al. (2018), where the authors perform the regression task using a

multilayer perceptron, and in Åkesson et al. (2020), where the authors perform the

semi-automatic projection method for time-series data using a convolutional neural

network architecture. A third example that is relevant to time-series data is the

partially exchangeable networks (pens) architecture (Wiqvist et al., 2019), in which

a neural network architecture is proposed that exploits certain model symmetries and

is constructed as follows. Let x = (x1, . . . ,xn),xi ∈ X be sequential data generated

by a stochastic process of Markov order r, and A be a metric space. A partially

exchangeable network model F : X n → A consist of two networks ϕ : X r+1 → R and

ρ : X r × R→ A combined as

F (x) = ρ

(
x1:r

n−r∑
i=1

ϕ
(
xi:(i+r)

))
.

The network F is then trained in the semi-automatic manner to learn the posterior

mean as a summary statistic. There are limited additional examples outside of abc:
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for example, Dinev and Gutmann (2018) use a convolutional neural network to learn

s (x) = E [θ | x], which are then used as predictors in a logistic regression model for

dre.

A considerable drawback of this approach, however, is that the resultant summary

statistics are not in general sufficient, and may be far from sufficient given the restric-

tion of the method to finding the posterior mean as summary statistic, rather than

permitting the regression function to find summary statistics of higher dimensionality

than dim(θ) for greater expressivity. Further, in the original approach described in

Fearnhead and Prangle (2012), the experimenter must – similarly to the case of “best

subset methods” described above – identify an original set of summary statistics that

are informative of the parameters in order for the learned regression function to be

accurate. This remains difficult, in particular for high-dimensional and highly depen-

dent data such as time-series. This may be somewhat mitigated by the use of neural

networks, which can be designed to operate on the full dataset directly; a trade-off

exists, however, since in such cases sufficient training data must be simulated and

provided to the network in order to accurately perform the regression task. As we

will discuss in later chapters, this can be a prohibitive assumption for certain simu-

lation models that will be of interest both in the social sciences and more broadly,

since such models can be particularly expensive to run.

Approximately sufficient statistics with mutual information maximisation

More recently, Chen et al. (2020) explored the possibility of learning approximately

sufficient, mutual information-maximising summary statistics with neural networks.

The proposed method is based on the fact that sufficient statistics s : X → S ⊆ Rd

for a model with likelihood function p(x | θ) producing data in some space X is one

that satisfies

s = arg max
s′:X→S

I(θ; s′(x)), (1.48)

where

I(x; y) = KL (p(x, y)||p(x)p(y)) (1.49)

is the mutual information between two random variables x and y (Proposition 1 Chen

et al., 2020). Consequently, the authors propose to use the mutual information – or,

alternatively, a more stable surrogate for the mutual information such as the Jensen-

Shannon divergence – between θ and a learned summary of x, where (θ,x) ∼ p(x |
θ)π(θ), as the objective function in a summary statistic learning procedure. The

34



authors note that the dimensionality d of the learned summary statistic can be as

large as the experimenter desires, and demonstrate that taking d = 2 · dim(θ) can

produce competitive performance on an Ornstein-Uhlenbeck process and other non-

time-series models when this approach is incorporated into both abc methods and

more modern neural sbi methods.

This approach is appealing due to its basis in the notion of sufficiency, and due to

the increased flexibility compared to e.g. semi-automatic summary statistic learning,

resulting from the fact that it enables us to learn a summary statistic vector of di-

mensionality greater than dim(θ) if this is desired. However, this method shares a

drawback present in the case of the semi-automatic approach to summary statistic

learning in the context of simulation modelling in the social sciences: it will require

sufficient training data from the simulator in order to accurately learn suitable ap-

proximately sufficient statistics. For some simulation models in the social sciences

– such as expensive agent-based models – the required simulation budget may be

prohibitively large, limiting the applicability of this method. The authors also con-

sider only a fully-connected neural network architecture and note that future work

is needed to address the problem of designing a problem-specific architecture for the

summary statistic-learning network. Considering appropriate architectures for more

complex data, such as time-series data, is therefore a useful contribution to the field

of summary statistic-learning for sbi.

Embedding networks in neural simulation-based inference The methods

described above remain applicable to npe and dre. Npe and dre are however

particularly interesting in that they permit the concurrent learning of both summary

statistics and densities/ratios by augmenting the density (ratio) estimator with an

initial embedding network (Lueckmann et al., 2017). More precisely, suppose we have

a neural density (ratio) estimator qϕ with trainable parameters ϕ, which consumes a

data-parameter pair to produce an estimate of the (possibly unnormalised) posterior

density at that pair. An embedding neural network produces a learnable summary

statistic sφ which prefixes the density (ratio) estimator and performs some initial

operations on the raw data x before passing it through the density (ratio) estimator.

The (possibly unnormalised) posterior density is then estimated as qϕ (θ | sφ(x)). The
parameters ϕ and φ of this composite summary-learning/posterior-estimating network

can then be trained in an end-to-end fashion on the same loss function, which has

been seen to produce competitive results (Greenberg et al., 2019).
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Table 1.1: Summary of network sizes and simulation budgets for summary statistic learn-
ing in previous works.

Authors Learning method Net size Budget

Jiang et al. (2017) Posterior mean ∼ 3× 104 106

Lueckmann et al. (2017) Embedding network ∼ 2× 103 ∼ 104

Dinev and Gutmann (2018) Posterior mean 8,422 105

Greenberg et al. (2019) Embedding network ∼ 3× 104 103 − 104

Chen et al. (2020) Mutual information ∼ 1.5× 104 103 − 104

Such an approach is appealing since it obviates the need to establish two learning tasks

– the task of learning summary statistics and the task of learning a good estimate of

the posterior density – and subsumes the task of learning good summary statistics

into the task of learning a good estimate of the posterior density. In this way, npe and

neural ratio estimation (nre) offer a convenient approach to incorporating inductive

biases through the use of an appropriate neural architecture and to learning summary

statistics in an end-to-end fashion without the additional complications associated

with alternative sbi techniques. However, as we will again see in later chapters,

learning relevant features/summary statistics from neural networks in this way in

scenarios where simulation budgets are prohibitively low can remain challenging.

1.5.5.3 Summary of summary statistic learning methods

For later reference, we tabulate some of the key works involving learning summary

statistics for time-series data in lfi settings. We list for each the adopted train-

ing scheme, the number of trainable parameters in each case (each involved neural

networks), and the assumed simulation budgets in Table 1.1. Learning method “pos-

terior mean” refers to the summary statistic-learning method discussed in Fearnhead

and Prangle (2012), while learning methods “embedding network” and “mutual in-

formation” refer to learning summary statistics by training the summary-learning

network on the same loss as the neural density (ratio) estimator (see e.g. Lueckmann

et al., 2017) and on some surrogate for the mutual information between the resultant

summary statistics and θ (Chen et al., 2020).
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1.5.6 Key challenges

Based on the above review of the literature we identify two common themes that form

key challenges in the literature on simulation-based inference:

1. the challenge of dealing appropriately with time-series data of different kinds. In

both classical abc and the more modern approaches to sbi, high-dimensional

data such as potentially multivariate time-series data must typically be ex-

pressed as a comparatively low-dimensional vector of summary statistics, but

there is a significant risk of incurring a large loss of information that is relevant

to the parameter inference task at hand. While approaches exist, the question

of how best to perform this dimensionality-reduction step for time-series data

is unclear and remains a challenge to sbi. Separately, in abc, there is an op-

portunity to devise distances between time-series data of different kinds, since

the literature on abc primarily focuses on the case of iid observations, but it

is unclear how this may be done using existing approaches. Properly handling

time-series data of different kinds in sbi is therefore one key challenge that we

identify;

2. the challenge of reducing the simulation burden associated with different sbi

methods for time-series simulators. Significant progress has been seen in this

direction with the introduction of modern sbi methods, in comparison to abc:

the former can produce more accurate inferences than abc with far fewer sim-

ulations6, but it remains the case that certain simulation models – for example,

large abms in the social sciences – will benefit or require sbi methods that

are even more simulation efficient. Reducing the simulation burden further for

time-series simulators is therefore a second key challenge we identify, since this

will more readily enable uptake of these methods within the computational so-

cial science community, where models often generate time-series data and can

be expensive to simulate.

6In the well-specified setting, at least; see Part IV for a discussion.
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1.6 Thesis aims, outline, and notation

1.6.1 Thesis aims

As described previously, we are concerned in this thesis with methods for performing

likelihood-free Bayesian inference. More specifically, we are concerned in this the-

sis with developing likelihood-free Bayesian inference procedures for approximating

Equation (1.2) when the simulation model generates sequential data: data that has

a natural ordering, usually because the simulation models the dynamics of a system

evolving over time. This is a common scenario encountered generally across appli-

cation domains – including in economics and the social sciences, which is our main

area of interest – and such simulation models and inference procedures deserve spe-

cial attention due to the fact that data points generated by these simulators cannot

be treated as independent and identically distributed (iid), which complicates the

analysis.

For this purpose, an object arising in stochastic analysis and the theory of controlled

differential equations known as the path signature features heavily in this thesis as a

principled means to automatically extract summary statistics and evoke a notion of

distance between time-series x generated by simulation models and observed time-

series y. We will discuss and present novel experiments showing how the path signa-

ture can be used in two well-known procedures for likelihood-free Bayesian inference:

approximate Bayesian computation, in which – broadly speaking – high (resp. low)

parameter posterior density is assigned to regions of the parameter space that tend to

generate simulations that closely (resp. poorly) match the observed data, according

to a chosen notion of distance; and density ratio estimation, in which the intractable

likelihood-to-evidence ratio appearing in Equation 1.2 is approximated using the class

probability estimates obtained from a probabilistic classifier.

Finally, we will motivate and present experiments on the use of recently developed

neural density (ratio) estimation methods for approximating simulation models’ pa-

rameter posterior distributions in economics and the social sciences, such as agent-

based models. As we will discuss, the literature on parameter estimation methods for

agent-based models in economics and the social sciences is relatively under-developed,

and the most widely employed methods are in certain important ways poorly suited

to such simulators. Specifically, this is due to the fact that agent-based economic
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simulation models are typically expensive dynamical models generating complex and

high-dimensional time-series as output, whereas the most widely known Bayesian

parameter estimation methods: (a) typically require many hundreds of thousands

of calls to the simulator to estimate any single posterior π(θ | y); (b) seek – ei-

ther implicitly or explicitly – to model the complex simulation output, rather than

the arguably simpler task of modelling the posterior density directly; and/or (c) are

unsuitable for time-series data of different kinds without further adjustment.

In summary, the work presented in this thesis is aimed towards developing likelihood-

free Bayesian parameter inference techniques that satisfy one or more of the following

conditions:

1. the method is suitable for univariate time-series data;

2. the method is suitable for more complex time-series, for example: vector-valued,

or graph-valued time-series consisting of regularly or irregularly spaced obser-

vations;

3. the method is suitable for expensive simulation models.

A final aim is to help to bridge the gap between the simulation-based inference commu-

nity in computational statistics and machine learning with the agent-based modelling

community in economics and the social sciences, in order to ensure the uptake of

state-of-the-art inference methods within the latter community.

1.6.2 Thesis outline

This thesis is structured as follows. In Part II, we will present and discuss our work

on the use of path signatures in lfi procedures. This will consist of an introductory

chapter on path signatures in Chapter 2, while Chapters 3 through to 5 will focus

on their novel use in approximate Bayesian computation and lfi by density ratio

estimation, respectively. In each Chapter, existing approaches will be reviewed. In

Part III, we will present investigations into the application and efficacy of neural

density (ratio) estimation methods for estimating simulation models in economics

and the social sciences, such as agent-based models, and demonstrate that this new

generation of methods offers significant advantages compared to more classical lfi
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techniques in the setting of abms. Finally, we will conclude and discuss future avenues

of work in Part IV.

1.6.3 Notation

Throughout this thesis, we will use π to denote probability density functions over

continuous simulator parameters θ ∈ Θ ⊂ Rn, n ∈ N, for example as the prior

density π(θ). Correspondingly, we will use p to denote a probability density over data

denoted x,y, or occasionally z, e.g. as in the likelihood function p(x | θ). Individual
observations within sequences will be identified with a subscript, e.g. yi will indicate

element i in the sequence y = (y1, . . . ,yn), and iid draws from the model will be

denoted using superscripts, e.g. x(r) iid∼ p(· | θ), r = 1, . . . , R, will indicate R ≥ 1 iid

draws x(r) from the model. Additional chapter-specific notation will also be clarified

at various points throughout this thesis.

1.7 Recurring benchmark models

Our goal for this thesis is to develop methodology for performing likelihood-free

Bayesian parameter inference for dynamic, stochastic simulation models, with a focus

on the sort of models that appear in economics and the social sciences. To demon-

strate the empirical performance of such methodology, we will conduct experiments in

which we attempt to recover ground-truth parameter posteriors (or approximations

of which through Monte Carlo techniques such as mcmc) using a series of different

methods. For this reason, we will introduce in this section a collection of dynamic,

stochastic simulation models that will appear at multiple points throughout the the-

sis during different benchmarking experiments. (Additional models that appear only

once in this thesis will be introduced where they are used.)

Apart from one or two exceptions which we will highlight, the models we list below

have been chosen according to the following criteria:

1. their prevalence as test cases within the simulation-based inference literature,

both more broadly and within the specific context of economics and the social

sciences, or the fact that they share similar features with such models; and
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2. analytic or numerical tractability of the likelihood function and/or posterior

density over parameters.

The latter criterion is critical to the proper and thorough benchmarking of different

simulation-based Bayesian inference procedures: to properly and clearly assess the

abilities of different methods to approximate the classical Bayesian posterior, it is

typically necessary to use benchmark models whose structure allows for the actual

classical Bayesian posterior to be obtained or estimated accurately using approximate

techniques that target the exact posterior, such as mcmc.

A possible criticism of this selection criteria is that it can be difficult to trust that

any good performance seen by such methods only in experiments performed with

simpler models will extend to more complex models, such as large-scale agent-based

models that may be encountered in the social sciences. While we agree that it is

reasonable to retain a degree of suspicion regarding the ability of any methodology’s

good performance to extend to more complex cases, we submit that we are better off

assessing their performance on simpler cases than to forgo this step altogether, since

there are few – if any – alternative approaches to assessing the quality of approximate

Bayesian inference procedures of which we are aware. Furthermore, if a method fails

to provide a reasonable posterior approximation in simple cases, we argue that it

would be difficult to trust that the performance would improve with the complexity.

1.7.1 Ricker model

The Ricker model is a simple model of ecological dynamics that exhibits chaotic

behaviour and has an intractable likelihood function. The state of the model, which

tracks the size Nt ∈ R≥0 of a population over discrete time steps t = 1, . . . , n, evolves

as

logNt+1 = log r + logNt −Nt + σϵt, (1.50)

where r > 0 is a growth parameter and ϵt ∼ N (0, 1). Following Wood (2010), we

assume Poissonian observations

yt ∼ Po(ϕNt) ∈ N, (1.51)

where ϕ > 0 is a scale parameter. At various points in this thesis, we assume the task

of recovering the posterior distribution for θ = (log r, ϕ, σ) given a time series of length
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n = 50, y = (y1,y2, . . . ,yn) ∼ p(x | θ∗) with θ∗ = (4, 10, 0.3). We take N0 = 1. We

further assume the following independent, uniform priors for each parameter:

log r ∼ U(3, 8), (1.52)

ϕ ∼ U(0, 20), (1.53)

σ ∼ U(0, 0.6). (1.54)

To obtain samples from the ground truth posterior of the Ricker model we employ

particle Markov chain Monte Carlo (pmcmc) using a simple bootstrap particle filter.

We follow the guidelines of Schmon et al. (2021), first estimating the posterior co-

variance in a shorter prior run and then tuning the random walk proposal as well as

the particle filter. We run the algorithm for 2× 105 iterations eventually retaining a

thinned subset of 103 samples as our baseline.

1.7.2 Geometric Brownian motion

We consider two variants of a geometric Brownian motion model: a univariate case

and multivariate case. These will be presented separately below.

1.7.2.1 Univariate geometric Brownian motion

Geometric Brownian motion (gbm) is a stochastic differential equation widely used

in mathematical finance to model the dynamics of a stock price xt evolving with time

t according to

dxt = µxtdt+ σxtdWt, (1.55)

where µ is the percentage drift, σ is the volatility, andWt is a Brownian motion. This

model permits an exact discretisation with i = 1, 2, . . . , n− 1 as

log xi∆t = log x(i−1)∆t +

(
µ− 1

2
σ2

)
∆t+ σ

√
∆t ϵi, (1.56)

which implicitly defines the model p(x | θ) from which we simulate. For all simula-

tions, we fix x0 = 10, n = 100, and ∆t = 1/(n− 1), and simulate the dynamics over

the interval [0, 1], such that T = 1.

We consider the task of recovering the posterior for parameters θ = (µ, σ) given an

observation y = (y0,y∆t,y2∆t, . . . ,y(n−1)∆t) ∼ p(x | θ∗) with θ∗ = (0.2, 0.5). We
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assume independent, uniform priors on the parameters as follows:

µ ∼ U(−1, 1), σ ∼ U(0.2, 2). (1.57)

Inference is amenable to standard, exact likelihood-based Bayesian techniques such

as mh sampling using the transition density implied by (1.56). We use this fact to

obtain an approximate ground-truth posterior using mh.

1.7.2.2 Multivariate geometric Brownian motion

We also consider a multivariate geometric Brownian motion (mvgbm), which is used

in a variety of applications in financial time-series modelling and an extension of

the univariate case considered above. The model is a stochastic differential equation

in which each of the d components, labelled i ∈ {1, 2, . . . , d}, of the path Xt =(
X1

t , X
2
t , . . . , X

d
t

)
∈ Rd

+ evolve according to

dX i
t = X i

t

([
bi −

1

2

d∑
j=1

σ2
ij

]
dt+

d∑
j=1

σij dW
j
t

)
, (1.58)

where the bi are drift coefficients, the σij are volatility coefficients, and W i
t is a

Brownian motion.

We consider the case of d = 3 and the task of estimating the posterior for the pa-

rameters θ = (b1, b2, b3) given an observation y ∼ p (x | θ∗) of T = 100 points spaced

equally with spacing ∆t = 1/(T − 1), where θ∗ = (0.2,−0.5, 0.0). We take priors

bi ∼ U(−1, 1) for each i = 1, 2, 3. This model once again permits both exact simula-

tions and samples from the exact posterior since the transition density is once again

tractable7 and can be written as

xt+∆t ∼ N
(
xt + (θ − γ)∆t, σσT∆t

)
, (1.59)

where

γ =
1

2

[
d∑

j=1

σ2
1j,

d∑
j=1

σ2
2j,

d∑
j=1

σ2
3j

]′
. (1.60)

In our experiments, we take

σ =

0.5 0.1 0.0
0.0 0.1 0.3
0.0 0.0 0.2

 . (1.61)

7Assuming that σ is of full rank.
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1.7.3 The Brock & Hommes agent-based model

We consider a variant of the model proposed by (Brock and Hommes, 1998), which

has previously been used in abm calibration experiments (Platt, 2020). The model

dynamics can be expressed as the following system of coupled equations:

xt+1 =
1

R

[
H∑

h=1

nh,t+1 (ghxt + bh) + ϵt+1

]
, ϵt ∼ N (0, σ2), (1.62)

nh,t+1 =
exp (βUh,t)∑H

h′=1 exp (βUh′,t)
, (1.63)

Uh,t = (xt −Rxt−1) (ghxt−2 + bh −Rxt−1) , (1.64)

where R, β, σ are parameters. We follow Platt (2020) and assume that H = 4, R =

1.0, σ = 0.04, g1 = b1 = b4 = 0 and g4 = 1.01. β will be 120 or 10, depending on the

experiment, and we note below which value is used. We consider the task of estimating

the posterior π (θ | y), where θ = (g2, b2, g3, b3), y := (y1,y2, . . . ,yT ) ∼ p(x | θ∗) is
the pseudo-observation, T = 100, and θ∗ is the parameter setting used to generate y.

We note that by rewriting the above system of equations, we are able to find the

transition density for observation yt+1 as

p(yt+1 | y1:t,θ) = N
(
yt+1; f(yt−2:t,θ),

σ2

R2

)
(1.65)

where

f (yt−2:t,θ) =
1

R

H∑
h=1

exp [β (yt −Ryt−1) (ghyt−2 + bh −Ryt−1)]∑H
h′=1 exp [β (yt −Ryt−1) (gh′yt−2 + bh′ −Ryt−1)]

(ghyt + bh) .

(1.66)

In this way, we are able to obtain approximate ground truth posteriors with standard

mcmc techniques such as mh.

1.7.4 Generalised stochastic epidemics

A generalised stochastic epidemic (gse) model (Kypraios, 2007) simulates the spread

of an infection through a fixed population of N individuals. Individuals are initially

susceptible, may become infected, and subsequently recover without the possibility

of reinfection. Dynamics of the model are determined by parameters β and γ, which
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control the rate of infection and recovery according to the following transition prob-

abilities:

P [Xt+δt −Xt = −1, Yt+δt − Yt = 1 | Ht] = βXtYtδt+ o(δt), (1.67)

P [Xt+δt −Xt = 0, Yt+δt − Yt = −1 | Ht] = γYtδt+ o(δt), (1.68)

P [Xt+δt −Xt = 0, Yt+δt − Yt = 0 | Ht] = 1− β XtYtδt+ γYtδt+ o(δt), (1.69)

where Xt and Yt are the number of susceptible and infected individuals at time t ∈
[0, T ], respectively, andHt is a sigma-algebra generated by the process up until time t.

These three transition probabilities thus capture infection, recovery, and an absence

of activity, respectively.

We consider the problem of recovering the posterior density for θ = (β, γ) given

observations of the infections and recoveries occurring in the observation period [0, T ]

with T = 50 in a system of Z = 100 individuals. For every simulation, the epidemic

begins with one infected individual at time t = 0. We generate “empirical” data at

parameters θ∗ = (10−2, 10−1), and assume Gamma priors for both β and γ,

β ∼ Γ(λβ, νβ), (1.70)

γ ∼ Γ(λγ, νγ), (1.71)

with λβ = 0.1, νβ = 2, λγ = 0.2, and νγ = 0.5. It can be shown (Kypraios, 2007) that

this prior is conjugate for the model, leading to the posterior density

π(β, γ | I,R) ∝ βλβ+nI−2 exp

{
−β
(∫ T

ϕ1

XtYt dt+ νβ

)}
γλγ+nR−1 exp

{
−γ
(∫ T

ϕ1

Yt dt+ νγ

)}
, (1.72)

where I and R are the infection and recovery times, respectively, nI and nR are the

total number of individuals in the model that are infected and that recover over the

course of the simulation, respectively, and ϕ1 is the time of the first infection. Thus,

samples can be drawn from the exact posterior for a given dataset simulated by this

model. We simulate the model using the Gillespie algorithm (Gillespie, 1977), such

that the lengths of the simulated sequences, and the spacing between points in the

sequences, are both also random.
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1.7.5 Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck (ou) process (Uhlenbeck and Ornstein, 1930) is a prototyp-

ical Gauss–Markov stochastic differential equation (sde) model. We discretise the

sde such that the data x = (x0,x1, . . . ,xT ) ,xi ∈ R is generated according to

xi = θ1 exp (θ2)∆t+ (1− θ1∆t)xi−1 +
ϵi
2
,

where ∆t = 0.2 is the time discretisation, θ = (θ1, θ2) are the model parameters

to be inferred, T = 50, and ϵi ∼ N (0,∆t). We generate x∗ ∼ p (x | θ∗) with

θ∗ = (0.5, 1) and consider the task of estimating π (θ | x∗) given priors θ1 ∼ U (0, 1)

and θ2 ∼ U (−2, 2).
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Part II

Approximate Bayesian Inference
with Path Signatures
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Chapter 2

Path Signatures
1

2.1 Introduction

Our goal in this thesis is to develop likelihood-free approaches to Bayesian parameter

inference for stochastic time-series simulation models. For this purpose, we have

investigated the use of path signatures – an infinite-dimensional object arising in

stochastic analysis and the theory of controlled differential equations that describes

the geometry of multidimensional paths – as a natural feature set for sequential data.

In this chapter, we provide an overview of path signatures, and how they may be

used in practical inference and learning settings. This will form the basis of our own

investigations into its use in lfi as presented in Chapters 3 through 5.

2.2 Path signatures

2.2.1 Path integrals and signatures

Let H be a Hilbert space and h : [0, T ] → H be a H-valued path on interval [0, T ].

For p ≥ 1, we denote the p-variation of h over the interval [s, t] ⊆ [0, T ] as

∥h∥p−var,[s,t] :=

(
sup
ζ(s,t)

n−1∑
i=1

∥∥hti+1
− hti

∥∥p
H

)1/p

1This chapter is based on the introductory sections to Dyer et al. (2022c) and from a later,
unreleased draft of Dyer et al. (2021a), both of which are joint work with Patrick Cannon and
Sebastian M. Schmon.
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where the supremum is taken over all finite partitions ζ(s, t) of the domain and

n = |ζ(s, t)|. Throughout this work, we will primarily consider H-valued paths of

bounded variation over the entire interval [0, T ], i.e. paths of finite p-variation for

p = 1 such that

∥h∥1−var := sup
ζ(0,T )

n−1∑
i=1

∥∥hti+1
− hti

∥∥
H <∞,

where the interval [0, T ] is omitted from the subscript for simplicity. We denote with

BV ([0, T ] ,H) the space of all such paths. The path signature (see e.g. Lyons et al.,

2007) of h, denoted Sig(h), maps such paths to an infinite series of tensors:

Sig : BV ([0, T ] ,H)→
∏
m≥0

H⊗m, h 7→ (1, S1(h), S2(h), . . . ), (2.1)

where ∏
m≥0

H⊗m := R⊕H⊕ (H⊗H)⊕ · · · ⊕ H⊗m ⊕ . . . (2.2)

and where we define recursively

Sm :=

∫ T

0

dh⊗m :=

∫ T

0

∫ t

0

dh⊗(m−1) ⊗ dht. (2.3)

In the above, we have adopted the convention that H⊗0 = R.

Example 1 (Example 2.3, Kíraly and Oberhauser (2019)). Let ht take values in R2,

ht = (at, bt). Then

S1(h) =


∫ T

0

dat∫ T

0

dbt

 and S2(h) =


∫ T

0

∫ t2

0

dat1dat2

∫ T

0

∫ t2

0

dat1dbt2∫ T

0

∫ t2

0

dbt1dat2

∫ T

0

∫ t2

0

dbt1dbt2

 .
These terms can be further interpreted geometrically: the terms in S1(h) capture the

increments along each dimension, while the off-diagonal elements of S2(h) capture the

areas above and below the curve; see Figure 2.1. Higher order terms capture higher

order notions of area that are more difficult to visualise and interpret.

Remark 1. Since we have assumed our paths to be of bounded variation, the integrals

above can be understood as the Riemann-Stieljes integrals with respect to h. When

the underlying path is not smooth, the integrals are taken to be stochastic or rough

path integrals (Chevyrev and Oberhauser, 2018). For example, in the case of Brow-

nian motion in Rd, the integrals are stochastic and can be taken in the Stratonovich

sense. For a larger class of stochastic processes, rough path theory (Lyons et al.,
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Figure 2.1: Geometric interpretation of the signature terms for an example two-
dimensional path, shown as the dark green curve. Depth-1 terms correspond to the in-
crements aT − a0 and bT − b0, while the depth-2 terms [S2(h)]21 and [S2(h)]12 correspond
to the blue and yellow areas, respectively.

2007) provides an integration theory that enables the computation of the terms in

the signature. As we will discuss later, this work considers throughout only linear

interpolations between points in time series, so all paths considered here are of finite

variation.

Path signatures are thus infinite sequences of statistics for path-valued random vari-

ables capturing information regarding the order of observations along, and the in-

teraction between, different channels of the path. They are grounded in the theory

of controlled differential equations (cdes) and stochastic analysis, and appear in the

solutions of cdes and sdes as obtained through a procedure analogous to Picard

iterations for ordinary differential equations.

To see this, we follow Lyons et al. (2007) and let V and W be two Banach spaces,

B : V → L(W,W ) be a bounded linear map – where L(W,W ) denotes the space of

bounded linear mappings from W → W – and h : [0, T ] → V be a continuous path

of bounded variation. Consider the following set of linear equations:

dgt = Bgt dht, g0 ∈ W (2.4)

dϕt = Bϕt dht, ϕ0 ∈ L(W,W ). (2.5)
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Here, Bgt dht is taken to mean [B(dht)] (gt) while Bϕt dht is B(dht)◦ϕt. By applying

the aforementioned iterative procedure to recover the solution ϕt to (2.5), we obtain

ϕt =
∑
m≥0

B⊗m

∫ t

0

dh⊗m, (2.6)

in which we see that the signature terms, Equation (2.3), appear in the summand.

The solution to (2.4) is then obtained from the flow ϕt as gt = ϕt(h0). Similarly, a

solution to the following linear sde driven by Brownian motion W ,

dYt = A(Yt) ◦ dWt, Y0 = y0

for some linear operator A, can be obtained as

Yt =
∑
m≥0

A⊗mSm,[0,t](W ) y0,

where Sm,[0,t](W ) is the order-m tensor in the signature of Wt over interval [0, t] and

the integrals are taken in the Stratonovich sense (Lyons et al., 2007, Section 3.3.2).

As we have seen here, signatures arise naturally as good approximations to solutions

of cdes and sdes, and accurately describe the response of systems such as that of

Equations (2.4)-(2.5) to an input signal h, where the inclusion of terms of increasing

order further refine the approximate solution. The above sums, such as in Equation

(2.6), converges as a result of the factorial rate of decay of the terms in the signature:

Proposition 3 (Proposition 2.2, Lyons et al. (2007)). Let V be a Banach space and

h ∈ BV ([0, T ] , V ). Then, for each m ≥ 0,∥∥∥∥∫ T

0

dh⊗m

∥∥∥∥
V ⊗m

≤ ∥h∥1−var

m!
. (2.7)

Remark 2. The signature of a univariate path consists only of powers of the difference

between the final and initial points in the stream (see e.g. Chevyrev and Kormilitzin,

2016, Example 5). Therefore in practice one always considers paths in at least two

dimensions. This can always be achieved by including the observation time as a

channel in the path.

2.2.2 Key properties of path signatures

Signatures have a number of desirable properties. In the following subsections, we

consider some of the main properties that we will make use of throughout this work.
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2.2.2.1 Universal nonlinearity

One such property is universal nonlinearity : the signature captures all possible non-

linearities in path-valued random variables, in the sense that it is possible to approx-

imate any nonlinear function of a path arbitrarily well with a linear functional of the

signature. This is a consequence of the shuffle product property of signatures:

Theorem 1 (Theorem 2.29, Lyons et al. (2007)). Let h ∈ BV ([0, T ] ,H). Then∫ T

0

dh⊗m ⊗
∫ T

0

dh⊗m′
=
∑
σ

σ

(∫ T

0

dh⊗(m+m′)

)
,

where the sum is taken over all order shuffles, defined as

{σ : σ is a permutation of {1, . . . ,m+m′}

with σ(1) < · · · < σ(m), σ(m+ 1) < · · · < σ(m+m′)}.

σ then acts on H⊗(m+m′) as σ(ei1 ⊗ · · · ⊗ eim+m′ ) = eσ(i1) ⊗ · · · ⊗ eσ(im+m′ ).

Applying the classical Stone-Weierstrass theorem2 results in the stated universal non-

linearity property, which can be formalised as follows:

Theorem 2. Let K be a compact set of non-tree-like3 paths of bounded variation,

and C(K,R) be the space of continuous, real-valued function on K. Then the space

of linear functionals on signatures of paths in K is dense in C(K,R); that is, for any
f ∈ C(K,R) and any ε > 0, there exists an L ∈

⊕
m≥0H⊗m such that

sup
h∈K

∣∣∣f(h)− L [Sig(h)]
∣∣∣ < ε.

2.2.2.2 Invariance properties

Further properties of the signature include its translation and reparameterisation

invariance:

2An issue that arises in the application of the classical Stone-Weierstrass theorem in this context
is that the space of interest to us – BV ([0, T ] ,H) – is not locally compact. The classical Stone-
Weierstrass theorem therefore cannot strictly be applied here. However, Chevyrev and Oberhauser
(2018) demonstrate that a Stone-Weierstrass result exists by equipping the space of continuous
bounded real-valued functions on BV ([0, T ] ,H) with an appropriate topology. See Chevyrev and
Oberhauser (2018) for details.

3See Section 2.2.2.2.
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Proposition 4. Let h ∈ BV ([0, T ] ,H), a ∈ H, and ψ : [0, T ] → [0, T ]. Then

Sig(h+ a) = Sig(h) and Sig(h ◦ ψ) = Sig(h).

In this way, signatures are able to factor out nuisance and potentially infinite-dimensional

symmetries where this is beneficial. However, when such invariances are disadvan-

tageous, they can easily be destroyed with two extremely simple preprocessing tech-

niques: time-augmentation, in which the path (t, ht) is instead considered, and base-

point augmentation, in which h0 = c for some fixed constant c ∈ H is enforced for all

paths under consideration.

A third, more interesting invariance property results from the signature’s inability

to identify regions of the path in which, informally speaking, a retracing of the path

occurs (Chen, 1958; Hambly and Lyons, 2010; Boedihardjo et al., 2016); that is,

for example, paths of the form a ⋆ b ⋆
←−
b ⋆ c for a, b, c ∈ BV ([0, T ] ,H), where ⋆

denotes concatenation and
←−
b is the path b “run-backwards”. Paths in which such

retracings occur are referred to as tree-like equivalent to their reduced paths such

that, for example, a ⋆ b ⋆
←−
b ⋆ c ∼t a ⋆ c, where ∼t denotes tree-like equivalence. This

phenomenon was originally studied in Chen (1958) for piecewise regular paths, and

subsequently extended in Hambly and Lyons (2010) to paths of bounded variation

in finite dimensional spaces. The most general form of this invariance property is

provided by Boedihardjo et al. (2016), a special case of which may be stated as

follows:

Theorem 3 (Boedihardjo et al. (2016)). Let V be a Banach space and h, g ∈
BV ([0, T ] , V ). Then Sig(h) = Sig(g) iff h ∼t g.

In the real world, however, tree-like equivalent paths are rare and can straightfor-

wardly be avoided by considering only time-augmented paths h : [0, T ] → H ×
[0, T ], t 7→ (t, ht). Such a transformation ensures that the path is injective, meaning

no partial retracing can occur at any point along the path. This, along with their uni-

versal nonlinearity property, demonstrates that signatures are powerful and faithful

representations of paths and are, essentially, an injective feature map for path-valued

random variables. Signatures are therefore an appealing option for performing infer-

ence for dynamic, stochastic processes.
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2.2.3 The signature kernel

Computing iterated integrals for high- or potentially infinite-dimensional paths quickly

becomes computationally infeasible due to the combinatorial explosion of terms in the

signature with increasing depth. In part due to this, recent research effort (Kíraly

and Oberhauser, 2019; Salvi et al., 2021) has been directed towards kernelising the

feature map in Equation (2.1), permitting the use of the signature in learning proce-

dures without explicit evaluation of the signature terms themselves. We provide here

further details on the resultant signature kernel, of which we make use throughout

the current work.

We follow Kíraly and Oberhauser (2019) and begin by defining the following for

A,B ∈
∏

m≥0H⊗m:

A+B := (a0 + b0, a1 + b1, . . . ), (2.8)

and an inner product

⟨A,B⟩ :=
∑
m≥0

⟨am, bm⟩H⊗m , (2.9)

where A = (a0, a1, . . . ), B = (b0, b1, . . . ), and

⟨u1 ⊗ · · · ⊗ um, v1 ⊗ · · · ⊗ vm⟩H⊗m =
m∏
j=1

⟨uj, vj⟩H . (2.10)

This leads us to the following norm on
∏

m≥0H⊗m:

∥A∥ :=
√∑

m≥0

∥am∥2H⊗m . (2.11)

Using the inner product (2.9) and the fact that Sig(h) ∈
∏

m≥0H⊗m for h ∈ BV ([0, T ] ,H),
we arrive at the definition of the signature kernel:

Definition 3 (Signature kernel, Kíraly and Oberhauser (2019)). The signature kernel

for h, g ∈ BV ([0, T ] ,H) is

k : BV ([0, T ] ,H)×BV ([0, T ] ,H)→ R, (h, g) 7→ ⟨Sig(h), Sig(g)⟩ , (2.12)

where the inner product is defined as in Equation (2.9).
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Figure 2.2: Two interpolation schemes to convert a series of (blue) points into paths.

A key insight of Kíraly and Oberhauser (2019) was to recognise that evaluation of

the signature kernel – which operates on paths in H – can be performed using only

evaluations of an inner product κ that operates on points in the path, amounting to a

kernel trick for the signature kernel. Kíraly and Oberhauser (2019) further describe an

efficient Horner scheme to evaluate a truncated signature kernel that approximates

Equation (2.12). In more recent work, Salvi et al. (2021) provide an alternative

approach to approximating Equation (2.12) without truncation by observing that the

signature kernel solves a Goursat partial differential equation. The solution to this

Goursat problem may be obtained numerically with standard finite element methods,

and can similarly be computed using only evaluations of an inner product κ on points

in the path.

2.2.4 Path signatures in practice

In light of their interesting and useful properties described above, signatures can be

seen as a canonical feature transformation for path-valued random variables. How-

ever, there exists an incongruity between our discussion so far and the scenarios faced

in real-world settings: in reality and from the output of simulation models, we observe

discretely sampled data x = (xt1 ,xt2 , . . . ,xtn) at times 0 = t1 < t2 < · · · < tn = T ,

where xt ∈ X for some finite-dimensional space X (for example Rd or Rd×d for some

d ≥ 1), rather than continuous paths x ∈ BV ([0, T ] ,H). This is dealt with naturally

in the signature (kernel) literature in the following ways:

1. As noted by Kíraly and Oberhauser (2019), the aforementioned signature ker-

nel trick can be used to introduce nonlinearities and embed the X -valued se-

quence x in a Hilbert space. In particular, by choosing a reproducing kernel
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κ : X × X → R with rkhs H and canonical feature map κ(xt, ·) ∈ H as the

inner product on the data space X , we may implicitly construct a sequence

(κ(xt1 , ·), κ(xt2 , ·), . . . , κ(xtn , ·)) of points in H from sequences of data in X .

2. To construct continuous paths from the discrete sequence above, an interpola-

tion scheme is employed. While many interpolation schemes are possible, for

example rectilinear interpolation (see Figure 2.2), the most common is linear

interpolation. Indeed, Kíraly and Oberhauser (2019) and Salvi et al. (2021) as-

sume a linear interpolation to construct discretised signature kernels operating

on sequences of points, and we use this interpolation scheme throughout this

work.

Remark 3. The question of whether a linear interpolation is a good model for the

evolution of the path between observations arises here. When the phenomenon and

simulator is fundamentally discrete, the interpolation does not necessarily have any

physical meaning and can be seen as an intermediate computational “trick” that gives

us access to signature-based methods and other continuous-time approaches to per-

forming inference with and modelling sequential data. When the system evolves and

the model is expressed in continuous time, however, a linear interpolation may be a

bad model for the evolution of the system in between observations, depending on the

nature of the system and model. Intuitively, this problem may become more salient

when the path is sampled at frequencies that are far smaller than those correspond-

ing to the most rapid timescales of the system of interest. Linear interpolations are

nonetheless common in applications of signatures since it (a) embodies, loosely speak-

ing, a non-informative prior on the dynamics of the system between observations, and

(b) significantly simplifies numerical evaluations of the signature through e.g. Chen’s

identity (see Remark 6, Appendix A; and Chen (1958)) and through Theorem 2 of

Kiŕaly and Oberhauser (2019). Developing methods to account for the uncertainty in

the intervening dynamics, or to impose stronger and more informative priors on the

dynamics between observations, would however be an interest avenue for future work.

By combining the above two steps, we may progress from a sequence x of points in

X to a H-valued, piecewise linear path h, given by

ht := κ(xti , ·) +
t− ti
ti+1 − ti

(
κ(xti+1

, ·)− κ(xti , ·)
)
for t ∈ [ti, ti+1] , i = 1, . . . , n− 1.

(2.13)
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Figure 2.3: Time-series embedding via the signature kernel k with static kernel κ. The
time-series x, x′ are lifted to paths in feature space H, via κ and some interpolation scheme,
before being mapped to a space of formal power series

∏
m≥0H⊗m of tensors via the signa-

ture.

Piecewise linear paths constructed in this way are naturally of bounded variation if,

for example, κ is a uniformly bounded kernel4. We will assume this throughout, such

that all observed sequences in X lift to piecewise linear paths of bounded variation

in H under the feature map corresponding to κ, and denote the space of piecewise

linear paths of bounded variation in H over time interval [0, T ] with P([0, T ] ,H).
We will furthermore abuse notation slightly by letting κ(x, ·) ∈ P([0, T ] ,H) de-

note the path in Equation (2.13), i.e. the linear interpolation of the lifted points

(κ(xt1 , ·), κ(xt2 , ·), . . . , κ(xtn , ·)), while denoting the feature map for xt with κ(xt, ·) ∈
H. Finally, we will take k(x, ·) := Sig(x) to mean the signature of the piecewise linear,

H-valued path κ(x, ·), while Sig(g) denotes the signature of a path g ∈ BV ([0, T ] ,H).
With this notation in place, we illustrate the way in which sequences are embedded

with the signature kernel in Figure 2.3.

2.2.4.1 Further pre-processing

Prior to lifting the sequence to a path in H, and depending on the nature of the

data at hand, it is sometimes appropriate to apply a transformation to the data.

The reason for doing so is that certain transformations may enable the signature to

represent information in the stream more conveniently for the learning task at hand.

A large set of such transformations have been proposed in the literature on inference

using path signatures; see Morrill et al. (2020) for a recent summary and comparison

of many of these. Here, we describe some of the most common pre-signature path

transformations.

4See Proposition 7 below.
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Cumulative sum Recall from Figure 2.1 that the depth 1 signature terms cor-

respond to the increment along the path, and that a subset of the depth 2 terms

correspond to the areas above and below the curve. For certain data types, for ex-

ample non-negative binary or spiking data, the data may not be well-characterised

by these terms by default. In such cases it can be beneficial to consider instead the

cumulative sum of the observations (Kíraly and Oberhauser, 2019), which can intu-

itively be thought of as propagating information from earlier in the sequence to later

in the stream, more readily exhibiting the structure of the stream. The effect of this

can be to shift information into lower order terms in the signature, for example the

increments (depth 1 terms).

Lead-lag transformation This transformation operates on a sequence x =

(xt1 ,xt2 , . . . ,xtn) as follows:

(xt1 ,xt2 , . . . ,xtn) 7→
(
(xt1 ,xt1), (xt1 ,xt2), (xt2 ,xt2), . . . , (xtn−1 ,xtn), (xtn ,xtn)

)
.

(2.14)

Under this transformation, the number of channels in the sequence doubles, and the

sequence length increases from n to 2n−1. Applying this transformation enables the

signature to emphasise certain properties of the path such as the quadratic variation

and the Lévy area when combined with the cumulative sum (Gyurk, 2014; Chevyrev

and Kormilitzin, 2016). For datasets for which these quantities are believed to be

important, applying the lead-lag transformation may be appropriate.

Delay transformation A similar transformation to the above is a delay transfor-

mation, for example the lag-1 delay transformation:

(xt1 ,xt2 , . . . ,xtn) 7→ ((xt1 ,xt2), (xt2 ,xt3), . . . , (xtn−1 ,xtn)). (2.15)

While the number of channels doubles here also, this transformation may be compu-

tationally preferable to the lead-lag transformation, since the length of the sequence

does not increase in this case.

2.2.4.2 Augmentations

As noted previously, two augmentations can be applied to remove the signature’s

translation and reparameterisation invariance properties:
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Time augmentation, in which the uniformly increasing time index 0 = t1 < t2 <

· · · < tn = T is added as a channel in the sequence:

(xt1 ,xt2 , . . . ,xtn) 7→ ((t1,xt1), (t2,xt2), . . . , (tn,xtn)) , (2.16)

denoting the times at which the points in the series occurred.

Basepoint augmentation, in which all sequences are enforced to assume a common

but otherwise arbitrary initial value. This can be achieved by simply concatenating

an arbitrary constant value to the beginning of each sequence.
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Chapter 3

Approximate Bayesian
Computation with Path Signatures

1

As described in Section 1.4.2, simulation models of scientific interest often lack a

tractable likelihood function, which precludes standard likelihood-based statistical

inference. Consequently, traditional approaches to statistical inference are infeasible

and alternative lfi methods are usually adopted. One of the most widely used lfi

methods is abc (Tavaré et al., 1997; Pritchard et al., 1999; Beaumont et al., 2002),

in which the Bayesian posterior distribution is approximated by sampling parameters

θ from a proposal distribution (e.g. the prior density) and synthetic datasets x from

a stochastic simulator, with likelihood denoted p(x | θ), and comparing the output

x with real data y. The simplest form of abc then makes the following decision: if

the simulator output is sufficiently ‘close’ to the observation, then θ is retained as a

sample from the approximate posterior distribution; otherwise it is discarded.

However, measuring closeness between model outputs is known to be challenging,

particularly for time-series data, which can exhibit complex dependency structures

and may be multivariate and sampled at irregular time intervals. A common ap-

proach is to attempt to distil important features of the data using summary statistics

and compare these instead (see e.g. Prangle, 2018). In practice, informative sum-

mary statistics are difficult to craft: a consequence of the Pitman-Koopman-Darmois

Theorem in Proposition 2 is that (low-dimensional) sufficient statistics are not gen-

erally available for arbitrary models, meaning that summarising generally introduces

1The contents of this chapter are drawn from a later, unreleased draft of Dyer et al. (2021a),
which is joint work with Patrick Cannon and Sebastian M. Schmon.
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a loss of information. This presents a trade off: a poor choice can materially bias the

algorithm away from the true posterior distribution, yet constructing a sufficiently

powerful choice can require substantial domain expertise, problem insight, and costly

experimentation (see e.g. Drovandi and Frazier, 2021, for a recent comparison of

methods with and without summaries).

In other approaches, the engineering of summary statistics is bypassed altogether (see

e.g. Bernton et al., 2019; Park et al., 2016), though existing methods of this type are

generally not suitable for time-series models without further adjustment. Some of the

most popular approaches of this kind were reviewed in Section 1.5.1, where we saw

that there are currently few, if any, abc methods well-suited to time-series models,

due to e.g. unrealistic assumptions such as iid data.

In this chapter, we present two novel methods for performing abc for time-series mod-

els that bypass the difficult problem of manually constructing summary statistics. Our

approach leverages so-called path signatures, a key object in the mathematics of rough

path theory (see e.g. Lyons, 2014). Signatures have been employed successfully in a

variety of tasks, from hand-gesture recognition (Li et al., 2017a) to the early identifi-

cation of Alzheimer’s disease (Moore et al., 2019), and constitute a natural feature set

for multivariate and even irregularly sampled sequential data (Salvi et al., 2021). We

demonstrate that the path signature can be employed directly as a summary statistic,

or in the context of a semi-automatic projection approach, to construct a powerful

distance measure for time-series data in abc, and further that such an approach can

recover more accurate posterior estimates than existing techniques.

3.1 Approximate Bayesian computation with sig-

nature transforms

In this section, we introduce the use of path signatures as a flexible and general frame-

work for performing abc for complex time-series models. Given its unique properties,

the path signature and its associated kernel are natural candidates for feature maps

and discrepancy measures in abc to handle irregularly spaced and potentially multi-

variate time series data. In this section, we will introduce and investigate two simple

but powerful techniques for incorporating signatures in abc.

61



3.1.1 Signature ABC

Though signatures are infinite-dimensional objects, we can leverage their kernel rep-

resentation (see Definition 3) to compute the distance between two sequences x,y

as the norm induced by the associated inner product. That is, for two time series

x and y, we can interpret the signature of their lifted paths as a summary statistic,

s(x) = Sig(x), and compute

ρ(s(x), s(y)) := ∥Sig(x)− Sig(y)∥2 = k(x,x) + k(y,y)− 2 k(x,y), (3.1)

where, again, k(x,y) = ⟨Sig(x), Sig(y)⟩. The resulting distance can be computed

easily using the sigkernel2 package or alternatives3 and used to derive an abc

posterior via Equations (1.15)-(1.16). For example, it may be embedded either in

rejection abc, leading to the abc posterior

πrej(θ | y) ∝ π(θ)

∫
1
{
∥Sig(x)− Sig(y)∥2 ≤ ε

}
p(x | θ)dx,

or alternatively following the approach of Schmon et al. (2020) as a loss in the gen-

eralized approximate posterior (1.17), that is

πgbi(θ | y) ∝ π(θ)

∫
e−w∥Sig(x)−Sig(y)∥2p(x | θ)dx.

In both cases our method straightforwardly extends classical approaches by using the

distance function (3.1), suggesting the name Signature ABC (s-abc). In the latter

case, Monte Carlo samples can be obtained using, for example, a pseudo-marginal

approach (Beaumont, 2003; Andrieu et al., 2009). For the remainder of this chapter,

however, we will only consider standard rejection abc (rej-abc) in the interest of a

simple and fair comparison with alternative distance measures.

We next consider the theoretical properties of the s-abc posterior. In particular, we

consider two asymptotic regimes: the correctness of the s-abc posterior for fixed data

and as the abc tolerance hyperparameter ε → 0; and the behaviour of the s-abc

posterior for fixed ε and as the number of samples n → ∞ in the interval [0, T ] or,

equivalently, as the sampling rate tends to infinity.

2https://github.com/crispitagorico/sigkernel
3See e.g. https://github.com/tgcsaba/KSig.
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3.1.1.1 Behaviour as ε→ 0 for fixed n

We first demonstrate that the discrepancy measure in Equation (3.1) satisfies the con-

ditions specified in Proposition 3.1 of Bernton et al. (2019), which gives a statement

on the convergence of abc posteriors to the true posterior under certain regularity

conditions on the simulator’s likelihood function as ε → 0. A specific case of the

statement is as follows:

Proposition 5 (Proposition 3.1, Bernton et al. (2019)). Let X := Rd, y = (y1, . . . ,yn) ∈
X n, and D : X n × X n → R≥0 be a non-negative distance measure on X n. Suppose

p(x | θ) is the continuous density associated with simulated data x ∈ X n and that

sup
θ∈Θ\NΘ

p(x | θ) <∞,

where NΘ is a set such that π(θ) = 0∀θ ∈ NΘ. Suppose further that there exists

ε̄ > 0 such that

sup
θ∈Θ\NΘ

sup
z∈Aε̄

p(z | θ) <∞,

where Aϵ̄ := {z : D(y, z) ≤ ε̄}. Suppose that D is continuous. If D(y, z) = 0 iff y = z

then, keeping y fixed, the abc posterior converges strongly to the posterior as ε→ 0.

Therefore, provided that the stated regularity conditions on the simulator’s likelihood

function are met, showing that the distance function in Equation (3.1) is continuous

and injective is sufficient to show that the s-abc posterior converges to the true

posterior as ε → 0. These requirements are indeed met under the assumptions of

Proposition 5 and under additional benign conditions:

Proposition 6. Let X := Rd, y = (y1, . . . ,yn) ∈ X n be the fixed real-world dataset,

and D(y, ·) be as in Equation (3.1), i.e.

D(y, ·) : X n → R≥0, x 7→ ∥Sig(y)− Sig(x)∥2 .

Assume both y and x are time- and basepoint-augmented, and that κ : X × X →
R is a continuous, uniformly bounded, injective kernel. Then D(y, ·) is uniformly

continuous.

To prove this, we will proceed by noting that each constituent map in the above

operation is a continuous map, and the result follows since compositions of continuous

maps are continuous. First, we will show that the one-variation of a basepoint-

augmented sequence/piecewise linear path is a norm:
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Lemma 1. Let X n be the space of length-n basepoint-augmented sequences in X = Rd

and x, z ∈ X n. Then the one-variation

∥x∥1−var =
n−1∑
i=1

∥xi+1 − xi∥X (3.2)

is a norm on X n.

Proof. The triangle inequality follows immediately as a result of the triangle inequal-

ity for the norm on X :

∥x+ z∥1−var =
n−1∑
i=1

∥(xi+1 + zi+1)− (xi + zi)∥X

≤
n−1∑
i=1

∥xi+1 − xi∥X + ∥zi+1 − zi∥X

= ∥x∥1−var + ∥z∥1−var.

Absolute homogeneity is also immediate:

∥sx∥1−var =
n−1∑
i=1

∥sxi+1 − sxi∥X = |s|
n−1∑
i=1

∥xi+1 − xi∥X = |s|∥x∥1−var.

Finally, since the streams are basepoint-augmented, meaning x1 = 0 for all x ∈ X n,

we have that ∥x∥1−var = 0 iff x = (0, 0, . . . , 0):

∥x∥1−var = 0 =⇒ ∥xi+1 − xi∥X = 0 ∀ i = 1, . . . , n− 1 =⇒ xi = x1 = 0 ∀ i.

We next show that lifting length-n basepoint-augmented sequences in X to sequences

inH is continuous if the canonical feature map ϕ associated with κ is itself continuous:

Lemma 2. Let X n be the space of length-n basepoint-augmented sequences in X = Rd,

x, z ∈ X n, and ϕ : X → H be the canonical feature map associated with kernel κ with

rkhs H. Assume ϕ is continuous. Then the map x 7→ κ(x, ·) – where κ(x, ·) is

the linear interpolation of the points (ϕ(x1), . . . , ϕ(xn)) in H – is continuous in the

one-variation topology.

64



Proof. By Lemma 1, the one-variation is a norm on length-n basepoint-augmented

sequences in X . We will proceed by showing that the one-variation is an equivalent

norm to the 1-product norm, defined as

∥x∥Xn :=
n∑

i=1

∥xi∥X , (3.3)

which induces the product topology on X n. By showing this, we will have the following

implications: from the definition of the 1-product norm,

∥x− z∥Xn < δ̃ =⇒ ∥xi − zi∥X < δ̃ also; (3.4)

by continuity of ϕ, we have that ∀ ϵ̃ > 0, ∃ δ̃ > 0 such that

∥xi − zi∥X < δ̃ =⇒ ∥ϕ(xi)− ϕ(zi)∥H < ϵ̃; (3.5)

and that choosing ϵ̃ = ϵ/2(n−1) for any ϵ > 0 means that ensuring ∥ϕ(xi)− ϕ(zi)∥H <

ϵ̃ for all i means

∥κ(x, ·)− κ(z, ·)∥1−var =
n−1∑
i=1

∥(ϕ(xi+1)− ϕ(zi+1))− (ϕ(xi)− ϕ(zi))∥H

≤
n−1∑
i=1

∥ϕ(xi+1)− ϕ(zi+1)∥H + ∥ϕ(xi)− ϕ(zi)∥H

< 2(n− 1)ϵ̃

= ϵ. (3.6)

We therefore have the following chain of implications: for every ϵ > 0 there is a δ̃ > 0

such that

∥x− z∥Xn < δ̃ =⇒ ∥xi − zi∥X < δ̃ =⇒ ∥ϕ(xi)− ϕ(zi)∥H < ϵ̃

=⇒ ∥κ(x, ·)− κ(z, ·)∥1−var < ϵ. (3.7)

It therefore suffices to show that for any δ̃ > 0 there is a δ > 0 such that ∥x−z∥1−var <

δ =⇒ ∥x− z∥Xn < δ̃, which by this chain of implications would imply that ∀ ϵ > 0,

∃ δ > 0 such that ∥x − z∥1−var < δ =⇒ ∥κ(x, ·) − κ(z, ·)∥1−var < ϵ. We will do so by

showing that ∥ · ∥1−var and ∥·∥Xn are equivalent norms.

We therefore seek 0 < c ≤ C such that c ∥x∥Xn ≤ ∥x∥1−var ≤ C ∥x∥Xn . This is

trivially satisfied when x = (0, 0, . . . , 0), so consider ∥x∥Xn ̸= 0 and let u = x/ ∥x∥Xn

such that ∥u∥Xn = 1. Showing that the sphere S = {u : ∥u∥Xn = 1} is compact,

65



and that ∥ · ∥1−var is continuous in the product topology for X n, enables us to use the

Extreme Value Theorem to find c and C as infu′∈Xn ∥u′∥1−var and supu′∈Xn ∥u′∥1−var.

To show that S is compact, we note that ∥u∥Xn = 1 ⇒ ∥ui∥X ≤ 1. The sets

Si := {ui : ∥ui∥X ≤ 1} are closed and bounded subsets of X = Rd and so are

compact by the Heine-Borel Theorem. Then by Tychonoff’s Theorem, the set
∏n

i=1 Si
is compact under the product topology (which is induced by ∥·∥Xn), and the sphere

S ⊆
∏n

i=1 Si is a closed subset of a compact set and is therefore also compact. Then,

we show that ∥ · ∥1−var is continuous in the product topology by considering that for

all ϵ > 0, we have that ∀x, z ∈ S

∥x− z∥Xn <
ϵ

2
=⇒ |∥x∥1−var − ∥z∥1−var| ≤ ∥x− z∥1−var ≤ 2 ∥x− z∥Xn < ϵ. (3.8)

Thus, since ∥ · ∥1−var is a continuous function on a compact set S = {u : ∥u∥Xn =

1}, then by the Extreme Value Theorem it is bounded and achieves its minimum

c = infu′∈Xn ∥u′∥1−var and maximum C = supu′∈Xn ∥u′∥1−var. Thus ∀x ∈ X n with

u := x/ ∥x∥Xn ∈ S,

c ≤ ∥u∥1−var ≤ C =⇒ c ∥x∥Xn ≤ ∥x∥1−var ≤ C ∥x∥Xn (3.9)

and so ∥ · ∥1−var and ∥·∥Xn are equivalent norms. In particular, we have that ∥x∥Xn ≤
∥x∥1−var/c, such that for all δ̃ > 0, we have that

∥x− z∥1−var < δ := cδ̃ =⇒ ∥x− z∥Xn < δ̃, (3.10)

and so we are done.

We consider next the continuity of the signature map for piecewise linear paths of

bounded variation in H. For such paths, the signature truncated at degree 1 is

a multiplicative functional with bounded variation (see Lyons et al. (2002, Section

3.1.2)) and, consequently, a special case of Lyons et al. (2002, Theorem 3.1.3) applies:

Lemma 3. Let V be a Banach space, x, z ∈ BV ([0, T ] , V ) be two bounded variation

paths in V , and τ be a constant such that

τ ≥ 2

(
1 +

∞∑
r=3

(
2

r − 2

)2
)
.

If φ is a constant such that

∥x∥1−var, ∥z∥1−var ≤
φ

τ
and ∥x− z∥1−var ≤ χ

φ

τ
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for some χ > 0, then for all m ≥ 1

∥Sm(x)− Sm(z)∥V ⊗m ≤
χ

τ
· φ

m

m!
. (3.11)

An immediate consequence of this is that the signature map is continuous in the

1-variation topology for bounded variation paths in Banach spaces:

Corollary 1. Let H be a Hilbert space, x, z ∈ BV ([0, T ] ,H) be two bounded variation

paths in H, and τ be as in Lemma 3. If φ is a constant such that

∥x∥1−var, ∥z∥1−var ≤
φ

τ
and ∥x− z∥1−var ≤ χ

φ

τ

for some χ > 0, then

∥Sig(x)− Sig(z)∥ ≤ χ

τ
exp

(
φ2

2

)
.

Proof. By definition of the norm on
∏

m≥0H⊗m,

∥Sig(x)− Sig(z)∥ =
√∑

m≥0

∥Sm(x)− Sm(z)∥2H⊗m

=

√
0 +

∑
m≥1

∥Sm(x)− Sm(z)∥2H⊗m (S0(x) = 1 ∀x ∈ BV ([0, T ] ,H))

≤

√√√√∑
m≥1

χ2

τ 2
·
(
φm

m!

)2

(from (3.11) above)

=
χ

τ

√√√√∑
m≥1

(φ2)m

(m!)2

≤ χ

τ

√√√√∑
m≥1

(φ2)m

m!
(smaller denominator)

≤ χ

τ
exp

(
φ2

2

)
. (convergent series)

We show next that the map ρ (Sig(y), ·) :
∏

m≥0H⊗m → R≥0, s 7→ ∥Sig(y)− s∥2 is

continuous. To do so, we make use of the following result:
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Lemma 4. Let κ be a uniformly bounded kernel i.e. one for which supx∈X
√
κ(x, x) <

∞, and let κ(x, ·) ∈ P([0, T ] ,H) be a H-valued piecewise linear path with knots at

κ(xi, ·), i = 1, . . . , n, and Sig(x) its signature. Then

sup
x∈Xn

∥Sig(x)∥ <∞. (3.12)

Proof. For all x ∈ X n, we have

∥κ(x, ·)∥1−var =
n−1∑
i=1

∥κ(xi+1, ·)− κ(xi, ·)∥H (piecewise linear)

≤
n−1∑
i=1

∥κ(xi+1, ·)∥H + ∥κ(xi, ·)∥H (triangle inequality)

=
n−1∑
i=1

√
κ(xi+1,xi+1) +

√
κ(xi,xi) (reproducing property)

≤ 2(n− 1) sup
z∈X

√
κ(z, z). (κ bounded)

Let v := 2(n− 1) supz∈X
√
κ(z, z). Then ∀x ∈ X n,

∥Sig(x)∥ ≤

(
∞∑

m=0

(∥κ(x, ·)∥21−var)
m

(m!)2

) 1
2

(Proposition 3)

≤

(
∞∑

m=0

(v2)m

m!

) 1
2

= e
v2

2 , (exponential series)

where in the first inequality we make use of the factorial decay property of signatures.

We obtain the result by taking the supremum over X n:

sup
x∈Xn

∥Sig(x)∥ ≤ e
v2

2 <∞.

Lemma 5. Let κ be a uniformly bounded kernel i.e. one for which supz∈X
√
κ(z, z) <

∞, and let κ(y, ·) ∈ P([0, T ] ,H) be the observed H-valued piecewise linear path with

Sig(y) its signature. Denote the signature kernel as

k(x, z) = ⟨Sig(x), Sig(z)⟩ (3.13)
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Then the distance function

ρ (Sig(y), ·) :
∏
m≥0

H⊗m → R≥0, s 7→ ∥s− Sig(y)∥2 (3.14)

is Lipschitz continuous in s.

Proof.∣∣D(y,x)−D(y, z)∣∣ = ∣∣∣∥Sig(x)− Sig(y)∥2 − ∥Sig(z)− Sig(y)∥2
∣∣∣

=
∣∣∣k(x,x)− k(z, z) + 2 (k(z,y)− k(x,y))

∣∣∣
≤
∣∣∣k(x,x)− k(z, z)∣∣∣+ 2

∣∣∣k(z,y)− k(x,y)∣∣∣. (triangle inequality)

Considering the first of these terms and making use of the reproducing property and

symmetry of k:∣∣∣k(x,x)− k(z, z)∣∣∣ = ∣∣∣k(x,x)− k(x, z) + k(z,x)− k(z, z)
∣∣∣

=
∣∣∣⟨k(x, ·), k(x, ·)− k(z, ·)⟩+ ⟨k(z, ·), k(x, ·)− k(z, ·)⟩∣∣∣

≤
∣∣∣⟨k(x, ·), k(x, ·)− k(z, ·)⟩∣∣∣+ ∣∣∣⟨k(z, ·), k(x, ·)− k(z, ·)⟩∣∣∣

≤ (∥Sig(x)∥ + ∥Sig(z)∥) · ∥Sig(x)− Sig(z)∥ ,

where in the penultimate and final lines we use the triangle inequality and the Cauchy-

Schwarz inequality twice, respectively. Considering now the second term:∣∣∣k(z,y)− k(x,y)∣∣∣ = ∣∣∣⟨Sig(y), Sig(x)− Sig(z)⟩
∣∣∣

≤ ∥Sig(y)∥ ∥Sig(x)− Sig(z)∥ , (Cauchy-Schwartz)

where in the first line we use the definition and symmetry of the inner product.

Putting the two terms together and using Lemma 5, we have∣∣D(y,x)−D(y, z)∣∣ ≤ (∥Sig(x)∥ + ∥Sig(z)∥ + 2 ∥Sig(y)∥) ∥Sig(x)− Sig(z)∥

≤ 4e
v2

2 ∥Sig(x)− Sig(z)∥

where v is as in Lemma 5. Thus ρ (Sig(y), ·) is Lipschitz continuous.

We finally arrive at the proof of Proposition 6:
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Proof of Proposition 6. Compositions of continuous maps are continuous, and each

of the constituent maps are continuous from the Lemmas and Corollaries presented

above.

Injectivity of the signature map is also guaranteed under these conditions:

Proposition 7. Let X := Rd, x,y ∈ X n. Assume both x and y are time- and

basepoint-augmented, and that κ : X × X → R is a continuous, uniformly bounded,

injective kernel. Then Sig(x) = Sig(y) iff x = y.

Proof. Obtaining a signature from a length-n data stream x entails: (1) lifting the

points xi in x to the rkhs H associated with κ as κ(xi, ·); (2) applying a linear

interpolation to obtain a piecewise linear H-valued path κ(x, ·); and (3) finally taking

the signature of κ(x, ·). To show injectivity of this composite map, it suffices to

show injectivity of each of these three steps since the composition of injective maps

is injective.

(1) is trivially injective, due to the assumed injectivity of κ. (2) is by definition

injective for a length-n sequence in H. To show injectivity of (3), we note that time-

augmentation of the sequences, along with injectivity of κ, ensure that the lifted paths

are injective, such that no tree-like equivalence is observed between the interpolated

paths in H. Time-augmentation further makes the signature sensitive to parameter-

isation, removing its parameterisation invariance property. Uniform boundedness of

κ ensures that κ(x, ·) is of bounded variation, such that κ(x, ·) ∈ P([0, T ] ,H). To

see this, note that for a piecewise linear path κ(x, ·),

∥κ(x, ·)∥1−var =
n−1∑
i=1

∥κ(xi+1, ·)− κ(xi, ·)∥H ≤ 2(n− 1) sup
z∈X

√
κ(z, z) <∞,

where we have used the reproducing property of κ and the triangle inequality. Finally,

since basepoint augmentation makes the signature sensitive to paths that differ only

by translations, the desired result follows from Theorem 3.

Taken together, these results provide the same guarantees for the asymptotic cor-

rectness of the s-abc posterior as ε → 0 for dynamic, stochastic simulators as, for

example, the Wasserstein abc posterior of Bernton et al. (2019).
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3.1.1.2 Behaviour as n→∞ for fixed ε

We now consider the behaviour of the s-abc posterior as the rate at which a (contin-

uous) path is sampled tends to infinity, such that n → ∞ within a fixed, finite time

interval [0, T ]. For the moment, we will assume that the continuous H-valued paths

h, g of which κ(x, ·) and κ(z, ·) are discretisations are of bounded variation, and will

discuss a more general setting later. Throughout this section, we will denote with

ζ(0, T ) a partition of the interval [0, T ], ∆[0,T ] := {(s, t) ∈ [0, T ]2 : 0 ≤ s ≤ t ≤ T},
mesh(0, T ) the largest interval in ζ(0, T ) i.e.

mesh(0, T ) := max
(s,t)∈ζ(0,T )

|t− s|

with 0 ≤ s ≤ t ≤ T ,

D(x,y) = ∥Sig(x)− Sig(y)∥2 , x,y ∈ P([0, T ] ,X )

and

D(h, g) = ∥Sig(h)− Sig(g)∥2 , h, g ∈ BV ([0, T ] ,H).

Lemma 6. Let κ be a uniformly bounded, injective kernel on X , and κ(x, ·), κ(y, ·) ∈
P([0, T ] ,H) be the simulated and observed datasets, respectively, which are discreti-

sations of underlying paths h, g ∈ BV ([0, T ] ,H). Then,

∥Sig(x)− Sig(y)∥2 −→ ∥Sig(h)− Sig(g)∥2 (3.15)

as mesh(0, T )→ 0.

Proof. Let ρ = (si)
N
i=1, 0 = s1 < · · · < sN = T and ϱ = (tj)

M
j=1, 0 = t1 < · · · <

tM = T be partitions of the interval [0, T ] such that κ(x, ·)si = hsi , i = 1, . . . , N and

κ(y, ·)tj = gtj , j = 1, . . . ,M , with the paths κ(x, ·), κ(y, ·) ∈ P([0, T ] ,H) linear in

between these points. Then, by Kíraly and Oberhauser (2019, Corollary 4.7),

|k(x,y)− k(h, g)| ≤ 2e∥h∥1−var+∥g∥1−var − e∥h∥1−var+∥κ(y,·)∥1−var − e∥κ(x,·)∥1−var+∥g∥1−var ,

where convergence is uniform and of orderO(maxi ∥h[si,si+1]∥1−var+maxj ∥g[tj ,tj+1]∥1−var).

Therefore,∣∣D(x,y)−D(h, g)∣∣ = ∣∣k(x,x)− k(h, h) + k(y,y)− k(g, g) + 2(k(h, g)− k(x,y))
∣∣

≤
∣∣k(x,x)− k(h, h)∣∣+ ∣∣k(y,y)− k(g, g)∣∣+ 2

∣∣k(h, g)− k(x,y)∣∣
−→ 0 as mesh(0, T ) −→ 0,

where the triangle inequality is used in the second line.
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As a consequence of the above, we see that the s-abc posterior for piecewise linear

paths converges to the s-abc posterior for continuous paths of bounded variation as

the sampling rate is increased indefinitely:

Proposition 8. Let κ be a uniformly bounded, injective kernel and g ∈ BV ([0, T ] ,H)
be the limit of κ(y, ·) ∈ P([0, T ] ,H) as mesh(0, T ) → 0. Then for fixed ε > 0 such

that

ε > inf
h′∈BV ([0,T ],H)

D(h′, g)

and as n→∞ (mesh(0, T )→ 0), the s-abc posterior

π(θ | D(x,y) ≤ ε)⇀ π(θ | D(h, g) ≤ ε)

for h, g ∈ BV ([0, T ] ,H), where ⇀ denotes weak convergence.

Proof. By Lemma 6, D(x,y)→ D(h, g) where h, g ∈ BV ([0, T ] ,H) are the bounded

variation paths of which κ(x, ·) and κ(y, ·) are discretisations. Further, by our choice

of ε, P(D(h, g) = ε) = 0 and P(D(h, g) < ε) > 0, where P denotes a probability

measure. Then, we follow Miller and Dunson (2018) and apply Lemma 5.1 contained

therein using the same notation: we obtain the result by taking the (Un)n≥1 to be the

D(x,y) as mesh(0, T ) decreases and ∥κ(x, ·)∥1−var, ∥κ(y, ·)∥1−var → ∥h∥1−var, ∥g∥1−var;

U = D(h, g); V = ε; and W = h(θ) for any continuous, bounded h : Θ→ R.

This result shows that for fixed ε greater than the minimum possible value for D(h, g),
the s-abc posterior does not converge to a Dirac mass in the limit of infinite data

over a fixed finite time horizon, or as the sampling rate is increased indefinitely in the

interval [0, T ]. Furthermore, by the same reasoning as in Miller and Dunson (2018,

Theorem 5.6), continuity of the signature in the 1-variation topology (see Appendix

6 and Lyons et al. (2002, Section 3.1.2)) implies that the s-abc posterior is robust to

small changes in the data even in the limit of infinite data. As the authors discuss, this

can be advantageous in misspecified settings, which is typically the case in real-world

modelling and inference problems.

Remark 4. Throughout the above, we have assumed that the limiting paths are of

bounded variation as mesh(0, T ) → 0. We may consider a more general case by

adopting the weaker assumption that the limiting paths h and g for κ(x, ·) and κ(y, ·)
as mesh(0, T ) → 0 are geometric p-rough paths (see Appendix A). By the Extension
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Theorem (see Appendix A and Lyons et al. (2002, Theorem 3.1.3)), the iterated inte-

grals comprising the geometric p-rough paths h and g may be extended to all iterated

integrals to obtain a path signature for h and g that is continuous in the p-variation

topology (see Lyons et al. (2007, Theorem 3.10) and Appendix A). In this way, we

may obtain s-abc posteriors in the limit mesh(0, T ) → 0 for classes of models that

are much “rougher” than the bounded variation case considered so far, such as con-

tinuous semimartingales, Gaussian processes, continuous-time Markov processes etc.

The “coarsened” posteriors (using the nomenclature introduced by Miller and Dun-

son (2018)) resulting from the application of s-abc in these instances are equipped

with the same continuity property, now in the p-variation topology, that the s-abc

posterior enjoyed in the bounded variation case under the 1-variation topology.

3.1.2 Signature Regression ABC

In some circumstances, it is desirable to find low-dimensional summary statistics for

use in abc. For example, Fearnhead and Prangle (2012) propose the use of the poste-

rior mean E [θ | y] as a summary statistic for y, since it is an optimal choice in that it

minimises the quadratic loss between the abc posterior mean and the true parameter.

As discussed in Section 1.5.1, this involves fitting a vector-valued regression model

from a large candidate set of summary statistics to parameters θ, since this gener-

ates an estimate of the (unknown) posterior mean. The approach of Fearnhead and

Prangle (2012) belongs to a larger class of methods for generating low-dimensional

summary statistics from a large initial candidate set, sometimes termed “projection

methods” (Beaumont, 2019), which also includes the partial least regression method

proposed by Wegmann et al. (2009).

However, a significant problem with projection methods is that it is often unclear

which summary statistics should be included in the initial candidate set. Yet, the

efficacy of the approach requires this initial candidate set to contain informative sum-

maries in the first place. Contriving informative statistics thus represents a major

obstacle in many inference tasks, and can involve significant domain expertise, exper-

imentation, and computational expense. Consequently, when low-dimensional sum-

mary statistics are desired, it would be preferable to bypass the manual construction

of an initial candidate set of statistics in order to use projection methods.
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For the case of time series models, the path signature is a natural set of summary

statistics for the regression task in sa-abc, providing a basis for learning functions on

streams due to its unique universal nonlinearity property. Naive regression on the full

path signature is of course impossible, since the signature is an infinite-dimensional

object. However, this may once again be circumvented using the signature kernel and

corresponding kernel trick (see Definition 3), in the following way: use the signature

kernel and kernel ridge regression (Hastie et al., 2001) to implicitly regress parameters

onto the full signature, which is in a sense equivalent to using the infinitely long path

signature as the candidate set of summary statistics in semi-automatic abc. That

is, using training examples {x(i),θ(i)}Ri=1 ∼ p (x | θ) π (θ), we find a function θ̂j in

the rkhs associated with the signature kernel k, which by the Representer Theo-

rem has the following form for each component θj, j = 1, . . . , p of the p-dimensional

parameters {θ(i)}Ri=1:

θ̂j(x) =
R∑
i=1

ω
(j)
i k(x,x(i)) (3.16)

with

ω(j) = (G+ αIR)
−1ψ(j), Gmn = k(x(m),x(n)), (3.17)

ψ(j) =


θ
(1)
j

θ
(2)
j
...

θ
(R)
j

 , IR = diag(1, 1, . . . , 1) ∈ RR×R, (3.18)

and α ≥ 0 is a regularisation parameter to be tuned. In this sense, signatures not

only provide a natural notion of distance between time series, as described in Section

3.1.1, but additionally provide a suitable basis for learning functions on sequences,

enabling the semi-automatic construction of summary statistics. This approach to

abc is somewhat similar to that of Nakagome et al. (2013), who employ kernel ridge

regression with a Gaussian RBF kernel to perform sa-abc. Our approach differs

substantially, however, in that Nakagome et al. (2013) propose the use of hand-crafted

summary statistics as input to the kernel ridge regression model, while we propose

the use of the full data.

In more detail, we proceed as follows:

1. fit a kernel ridge regression model using training data {x(i),θ(i)}Ri=1 ∼ p (x | θ) π(θ).
This amounts to solving the following optimisation problem for each of the p
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components j = 1, . . . , p of the {θ(i)}Ri=1:

min
θ̂j∈Hk

R∑
i=1

(
θ
(i)
j − θ̂j

(
x(i)
))2

+ α∥θ̂j∥2Hk
, (3.19)

where k is the signature kernel, Hk is the rkhs associated with k, and θ̂j is the

solution given by Equations (3.16)-(3.18);

2. summarise the observation y and all future simulations x ∼ p(x | θ) using this

trained kernel ridge regression model, i.e. use

s(x) =


θ̂1 (x)

θ̂2 (x)
...

θ̂p (x)

 ; (3.20)

3. use the squared difference between the summaries of y and x as the measure of

discrepancy between simulation and observation,

ρ (s(y), s(x)) = ∥s(y)− s(x)∥22. (3.21)

Once the data is summarised using this regression model, the discrepancy between

simulation and observation is then computed as the Euclidean distance between their

corresponding outputs from the kernel ridge regression model. We herein refer to this

approach as signature regression ABC (sr-abc).

3.1.3 Computational complexity

Evaluating the signature kernel for two streams y ∈ X n and x ∈ Xm with X = Rd

has complexity that is linear in d and linear in the product nm (Salvi et al., 2021).

This is likewise the case for mmd, which has complexity O (n2) (Park et al., 2016),

and compares favourably with Wasserstein distance (wass), which in multivariate

settings is known to scale poorly with the number of data. Bernton et al. (2019), for

example, note costs of order n3 when the Hungarian algorithm is used to solve the

assignment problem. Alternative algorithms with favourable performance (compared

to the Hungarian algorithm) are an active area of research, however scalability with

data remains a problem for the application of Wasserstein abc in large data settings.
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3.2 Experiments

In this section, we present experiments comparing the performance of our signature-

based methods against alternative notions of distance between simulation and obser-

vation. In particular, we compare our methods, signature abc (s-abc) and signature

regression abc (sr-abc), against the use of wass (Bernton et al., 2019) and mmd

(Park et al., 2016) as measures of discrepancy, along with sa-abc (Fearnhead and

Prangle, 2012).

3.2.1 Implementation details

For all signature kernel computations, we use the sigkernel package (Salvi et al.,

2021) and we normalise the time series by dividing by the range of the simulation

output when this is known or, when this is unknown, with the expected range of the

training set of size R = 300 for sr-abc or R = 300 samples from the prior predictive

distribution for s-abc.

In order to remove the translation invariance and time-invariance properties of the

signature, discussed in Section 2.2.2.2, we apply basepoint and time-augmentations

to all time series in every experiment.

Unless stated otherwise, we take κ to be a Gaussian RBF kernel with scale hyperpa-

rameter σ. To tune σ and the regularisation hyperparameter for sr-abc, we perform

a grid search with 5-fold cross-validation on the training set. For s-abc, we use the

median of all pairwise Euclidean distances between points in the observation y for

σ, although we note that other approaches could be taken, such as using the same

method as for sr-abc.

Both sa-abc and sr-abc require training data; for both we use R = 300 training ex-

amples {x(j),θ(j)}Rj=1 ∼ p(x | θ)π(θ). When π(·) has bounded support, we normalise

the parameters {θ(i)}Ri=1 in the training set with the range of the prior in each dimen-

sion. We also tune the bandwidth parameter for the Gaussian RBF kernel employed

in the mmd loss for k2-abc using the median of the pairwise absolute differences

between observations in y, as recommended by Park et al. (2016).

In all experiments, wass indicates the 1-Wasserstein distance with curve matching,
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Algorithm 4: Rejection sampling scheme

Input: prior π, observation y, distance function D(·, ·), number of particles
N , final sample size M < N ;

Result: Empirical posterior
∑M

i=1 δθ(i)

for i = 1, . . . , N do
Sample θ(i) ∼ π(θ);

Simulate x(i) ∼ p(x | θ(i));
Evaluate distance D(x(i),y);

end

Retain the M particles {θ(i)}Mi=1 with the lowest losses

which as described in Section 1.5.1 is a method for using the Wasserstein distance for

time series recommended in Bernton et al. (2019). To determine the λ coefficient, we

follow the guidance of Thorpe et al. (2017) and choose

λ ≃ V

T
, (3.22)

where V is the expected vertical range and T is the length of the time interval over

which observations are made, in order to balance the effects of vertical and horizontal

transport. Where the value of V is not apparent a priori, we estimate it using

R = 300 samples from the prior predictive distribution. Distances are computed

using the Python Optimal Transport package (Flamary et al., 2021).

For all losses, we sample from the abc posterior using the simple rejection scheme

outlined in Algorithm 4 and, unless stated otherwise, use N = 105 and M = 103.

While other, more sophisticated schemes exist, we choose this to facilitate a simple and

transparent comparison of the different distance measures. To assess the quality of the

recovered posteriors, we compute the 1-Wasserstein distance and an unbiased estimate

of the maximum mean discrepancy (MMD) between the approximate ground truth

posteriors π̂·|y and empirical posteriors π̂ABC. In both cases, smaller values indicate

a closer match to the approximate ground truth. To estimate the MMD between

posteriors, we use a Gaussian RBF kernel with scale parameter chosen according to

the median heuristic (Briol et al., 2019).

3.2.1.1 Reference posteriors using MCMC

We provide details on the schemes employed to generate approximate ground-truth

posterior densities for some of the experiments we present below.
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Metropolis-Hastings For the gbm and Brock & Hommes models, we obtain sam-

ples from the ground truth posterior using mh. We follow the guidelines of Schmon

and Gagnon (2021) and use a multivariate normal proposal, for which we estimate

the covariance matrix using a pilot run. We subsequently tune the mh algorithm ac-

cording to Schmon and Gagnon (2021, Table 1) and run the mh for 105 steps, keeping

a thinned subset of 103 samples as our baseline.

3.2.2 Ricker model

As the first example, we use the Ricker model, parameter prior, and simulated dataset

as described in Section 1.7.1.

The time series generated by the Ricker model tend to consist of many zero terms,

with occasional spikes. For this reason, we use the cumulative sum pre-signature

transformation (see Section 2.2.4.1) for s-abc, which is a common transformation for

spiking data such as medical data (Morrill et al., 2019). In our experiments, we also

found that the wass- and mmd-based methods benefitted from this transform and

were not competitive without it. We therefore also report the results obtained with

wass and mmd with this cumulative sum transform applied. For sa-abc, the hand-

crafted summary statistics we use are those proposed in Wood (2010), and consist

of: the autocovariances to lag 5; the mean; the number of zeros in the sequence;

the coefficients of the regression x0.3
t+1 = β1x

0.3
t + β2x

0.6
t + ϵt for error term ϵt; and

the coefficients of the cubic regression of the ordered differences xt − xt−1 on their

observed values.

In Figure 3.1, we show boxplots for the Wasserstein distances and MMDs between

samples from the abc posteriors – denoted with π̂ABC – and samples from an ap-

proximation of the true posterior obtained using pmcmc (Andrieu et al., 2010, see

Section 3.2.1.1 for details), which we denote with π̂·|y. We also show boxplots for

the Euclidean distances between the abc posterior means and the pmcmc posterior

mean. These boxplots are all obtained by running the abc procedure 20 times with

different seeds for each distance measure.

From this, we see that the signature-based methods tend to produce better per-

formance across all three metrics considered. In more detail, the estimate of the

approximate ground truth posterior obtained with the signature-based methods are
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more accurate than mmd and wass, as reflected in the Wasserstein distances and

MMDs. For s-abc, this performance gap is enhanced with the additional application

of a lag-1 delay transformation (indicated with suffix “(delay)” in Figure 3.1 and

subsequent Figures) while no such improvement is observed when applied to wass.

We note that sa-abc performs particularly well in this example, as a consequence of

its use of hand-crafted summary statistics developed specifically for this simulation

model. However, the potential power of our signature-based methods is demonstrated

by the fact that sr-abc is able to outperform sa-abc in all three metrics, despite

the latter using summary statistics carefully engineered by experts. Finally, we ob-

serve more accurate estimates of the true posterior mean using our signature-based

methods than using wass and sa-abc, despite the latter using summary statistics

carefully engineered by experts to provide accurate inferences for this model. The

posterior mean estimates from s-abc without the delay transformation and sr-abc

are also more accurate than those of mmd, further evidencing the usefulness of our

signature-based methods.

3.2.3 Geometric Brownian motion

Here, we consider the geometric Brownian motion (gbm) model and inference task

as described in Section 1.7.2.1.

For sa-abc, we follow Fearnhead and Prangle (2012) and regress the parameters θ

onto the first, second, third, and fourth powers of summary statistics of the time series.

Specifically, we take the first, second, third, and fourth powers of the variance and lag-

1 and -2 autocorrelations of the increments of the log time series, log (xi∆t/x(i−1)∆t),

since these are informative of the parameters being inferred.

We show in Figure 3.2 the marginal posteriors recovered using the Metropolis-Hastings

(mh) approximation (see Section 3.2.1.1 for details) and the true likelihood function,

along with the approximate posteriors obtained using the rejection sampling scheme

in Algorithm 4 and each of the distance measures considered. The suffix “(delay)”

once again indicates that the lag-1 delay transformation was applied. From this, we

see that and sr-abc and s-abc track the shape of the approximate ground truth

marginal posterior generated by mh for µ more closely than all other methods, and

that the marginal distribution for σ concentrates in the neighbourhood of the approx-
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Figure 3.2: (Geometric Brownian motion) Examples of the marginal posterior dis-
tributions recovered using each loss function and the approximate ground-truth posterior
recovered with a Metropolis-Hastings (mh) random walk. Top: The marginal posteriors
recovered using our signature methods (s-abc and sr-abc) and the approximate ground-
truth posterior (mh). Bottom: The marginal posteriors recovered using the Wasserstein
distance with curve matching (wass), k2-abc (mmd), and semi-automatic abc with pow-
ers of the variance and lag-1 and -2 autocorrelations of the increments of the log time series
as regressors (sa-abc).
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imate ground-truth marginal posterior for σ. This is in contrast to, for example, the

mmd, which is overly dispersed and biased for σ.

In this example, sa-abc has been able to very accurately approximate the marginal

density for σ as a consequence of the informative set of summary statistics provided

to this method. However, sa-abc has experienced difficulty recovering the shape

of the marginal density for µ, despite the provided summary statistics also being

informative of this parameter. The fact that the signature- and Wasserstein-based

methods are able to outperform sa-abc, despite the advantage the latter has been

afforded, illustrates the potential power of these methods in cases where the model

structure is too complex to easily derive summary statistics that are informative of

the parameters.

In Figure 3.3, we show boxplots for the Wasserstein distances and MMDs between the

different abc posteriors and the approximate ground truth posterior obtained with

mh, in addition to the Euclidean distance between the abc posterior means and the

mh posterior mean. The boxplots were generated by repeating the rej-abc procedure

for each distance measure with 20 different random seeds. We see that the superior

shape of the signature-based distances also manifests as lower Wasserstein distances

and MMDs between their corresponding abc posteriors and the mh posterior. Indeed,

we see that s-abc with the lag-1 delay transformation uniformly dominates the non-

signature methods across all three metrics.

3.2.4 The Brock & Hommes agent-based model

In this experiment, we consider the Brock & Hommes model described in Section

1.7.3 with β = 10. We consider the task of estimating the posterior π (θ | y), where
θ = (g2, b2, g3, b3), y = (y1, . . . ,yn) ∼ p(x | θ∗) is the pseudo-observation, n = 100,

and θ∗ := (−0.7,−0.4, 0.5, 0.3) is the parameter setting used to generate y.

We show in Figure 3.4 boxplots for the Wasserstein distance and MMD between the

abc posteriors, denoted with π̂ABC, and the approximate ground-truth posterior ob-

tained with mh, denoted with π̂·|y. We also show boxplots for the Euclidean distance

between the abc posterior means and the mh posterior mean. These boxplots were

created by running the rej-abc algorithm with the same 20 random seeds. In this
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experiment, sa-abc uses the first and second powers of l evenly spaced order statis-

tics of the output data x, as considered in Fearnhead and Prangle (2012), where we

take l = 10.

From this, we see that the signature-based methods tend to generate lower values in all

three metrics compared to existing methods. In particular, we see that s-abc with the

lag-1 delay transformation once again dominates existing methods uniformly across

all three metrics, while the same transformation applied to wass does not result in

the same improvement. This demonstrates the potential power of our signature-based

methods as automatic distance measures for abc for dynamic, stochastic simulators.

3.2.5 An example of irregular, multivariate data: generalised
stochastic epidemics

As previously discussed, the signature method naturally allows for inference with mul-

tivariate and/or irregularly spaced time series. To demonstrate this, we consider the

generalised stochastic epidemic model and inference task as described in Section 1.7.4,

since this is a simulator generating multivariate sequences with a random number of

irregularly spaced observations.

To perform s-abc, we bring all three channels of the multivariate stream — the

number of infected individuals, number of recovered individuals, and time — into

the range [0, 1] by dividing by Z, Z, and T , respectively. For wass, we set λ = 2,

since the expected vertical range is approximately twice that of the horizontal range

T = 50 when Z = 100.

We show in Figure 3.5 boxplots for the Wasserstein distances and MMDs between

samples from wass and s-abc posteriors and samples from the exact posterior. We

also show boxplots for the distribution of squared distances between the posterior

means obtained with wass and s-abc and the exact posterior mean. (In this exper-

iment, we observed the abc posterior obtained with the mmd distance measure to

perform considerably worse than wass and s-abc, and therefore omit these results

from Figure 3.5 for clarity.) To obtain these approximate posteriors, we run Algo-

rithm 4 with N = 105 and M = 100 for 20 different seeds. We also show contour

plots obtained by running the inference procedure at these 20 different seeds and
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Figure 3.6: (Generalised stochastic epidemic model) The joint posterior densities
recovered with the Wasserstein distance (dashed purple lines) and Signature abc (solid blue
lines), and samples from the exact posterior (filled yellow contours).

pooling the best M losses from each in Figure 3.6, along with samples from the exact

posterior, (1.72).

From all of this, we see that the natural notion of distance between multivariate and

irregularly sampled time series data of different lengths, enabled by the use of path

signatures, manifests as better recovery of both the true posterior distribution and the

true posterior mean in this example, in which the Wasserstein distances and MMDs

between posteriors and Euclidean distances between posterior means for s-abc are

generally lower than those obtained using wass.
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Figure 3.7: (Dynamic graph model) Samples from the prior (left) and the posterior
obtained from s-abc (right).

3.2.6 A dynamic graph model

In the previous experiments, we have seen that our signature-based methods are

able to outperform existing approaches to abc for time series simulators that gen-

erate sequential data of various types, ranging from simpler cases such as regularly

spaced, univariate sequences of fixed length to more complex sequential data such

as irregularly spaced, multivariate sequences of random length. However, a further

consequence and benefit of the kernelisation of our signature-based approaches is that

such methods can be applied to more exotic problems, in which the data evolves in

more general topological spaces. For example, equipped with a suitable kernel on

graphs, we may apply our signature-based methods to parameter inference problems

that arise for dynamic graph simulators that have intractable likelihood functions.

As an illustration of this point, we take as a final example a simple dynamic graph

model described in Zhang et al. (2017), which can be seen as the dynamic counterpart

to the canonical Erdős-Rényi random graph model (Erdős and Rényi, 1959, 1960).

In this model, edges appear with probability φ at time t = 1, . . . , n where they were

absent at time t − 1, or remain absent with probability 1 − φ. Similarly, edges that

were present at time t − 1 disappear with probability τ at time t or remain present

with probability 1−τ . The output of the simulator can thus be taken as, for example,

the sequence of graph snapshots or, equivalently, their adjacency matricesAt in which

[At]ij = the number of times edge (i, j) has appeared across all time steps t′ = 0, . . . , t,

where A0 is some initial seed network.

We consider the task of estimating the posterior π(θ | A) for parameters θ := (φ, τ)

88



given some observation A := (A0,A1, . . . ,An) ∼ p(B | θ∗), where n = 25, At ∈
R20×20, and θ∗ = (0.4, 0.7) are the generating parameters. We assume uniform priors

φ ∼ U(0, 1), τ ∼ U(0, 1). We time-augment by using the product4 of a Weisfeiler-

Lehman (wl) kernel (Shervashidze et al., 2011) on graphs At and a Gaussian RBF

kernel on the time-channel for κ:

κ ((At, t) , (Bs, s)) = WL(At,Bs) · exp− ∥t−s∥2
σ , (3.23)

in which the initial labels for all nodes in each graph in all sequences is taken to

be identically 1. Furthermore, we perform two iterations of the message-passing and

hashing procedure, and use a vertex histogram kernel as the base kernel.

We show the posterior we obtain from Algorithm 4 – using N = 105, M = 250,

and the signature distance (3.1) using (3.23) as the static kernel κ – in Figure 3.7.

From this we see that the s-abc posterior has been able to concentrate significantly

around the generating parameters θ∗, suggesting that our signature-based approach

can furthermore be successfully applied to simulators generating data evolving in

more general topological spaces than Rd.

3.3 Discussion & conclusion

In this chapter, we introduced two novel approaches—Signature abc and Signature

Regression abc—to performing approximate Bayesian computation with time series

simulation models. Each method relies on the path signature—an object that is fun-

damental to the theory of controlled differential equations and rough paths—and that

is associated with the path traversed by a sequence of data points. In particular, we

make use of the recently developed signature kernel to construct and compute discrep-

ancies between time series data arising in abc settings without manually contriving

summary statistics.

We show that the natural notion of distance between time series to which such an

approach leads satisfies conditions under which the abc posterior converges to the

ground-truth posterior (under certain regularity conditions on the simulator’s likeli-

hood function) and discuss the robustness properties of the Signature abc posterior

as the number of data points n → ∞ within a finite time horizon for a fixed abc

4Such tensor product kernels are valid kernels on product spaces.
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tolerance parameter. As an illustration of our proposed methods, we present multiple

examples of Bayesian inference tasks in which our approaches outperform existing

techniques that are common in the approximate Bayesian inference literature; in-

deed, in each experiment we consider, at least one signature-based method uniformly

dominates competing methods across all three of the metrics considered in this chap-

ter. We demonstrate that our methods flexibly accommodate a number of potentially

helpful transformations of the data—for example, delay transformations—and in our

final examples that our methods are applicable to more complex settings than uni-

variate time series, for example multivariate and irregularly sampled sequences and

even simulators that generate non-Euclidean time series.

While we have compared the different distance measures using a basic rejection al-

gorithm in this chapter in order to allow for a simple and transparent comparison,

we note that our proposed methods can be embedded within other more sophisti-

cated sampling algorithms, for example mcmc or sequential Monte Carlo methods.

Additionally for the Signature Regression abc method, there is the possibility of in-

corporating mechanisms for generating more accurate regression results, for example

using a pilot run to determine regions of non-negligible posterior mass as described

in Fearnhead and Prangle (2012). There is also the possibility of pooling information

from our signature-based abc posteriors with summary-statistic-based abc posteri-

ors; this general idea is explored recently in Frazier et al. (2022), in which the authors

consider posteriors of the form

πabc(θ | y) = ω · π̃(θ | s(y)) + (1− ω) · π̃(θ | D), (3.24)

where ω ∈ [0, 1] is a weighting parameter, π̃(θ | s(y)) and π̃(θ | D) are the abc

posteriors derived from a summary statistic-based and discrepancy-based approach

to abc, respectively, and πabc(θ | y) is the resultant, “pooled” abc posterior. The

authors consider a decision-theoretic approach to the optimal choice of ω, which

delivers guaranteed inferential accuracy under certain regularity conditions. Each

of these extensions to our work may allow for improved approximations to the true

posterior density.

3.3.1 Computational cost

While we have seen significant improvements upon baseline methods using our signature-

based approaches, we also observe a drawback in the sense that our signature-based

90



approaches tend to incur a larger computational cost, at least with current implemen-

tations. This is reflected in Table 3.1, in which we tabulate approximate average CPU

times required for each experiment described above for each method. Our signature-

based methods are listed in the first three columns, and can be seen to incur higher

CPU times in general.

However, we submit that the increased computation time associated with our signature-

based approaches that we observe here are limited in their impact. The first reason for

this is that abc tends to incur a large computational cost in the first place, since many

hundreds of thousands of simulations from the model are typically necessary. It is

therefore not typically the case that computational resources will be very constrained

in settings in which abc is a feasible inference procedure. Secondly, it is currently

difficult to assess the inherent computational burden associated with our signature-

based approaches and to disentangle this from costs derived from implementations

of the signature computations that are currently potentially suboptimal, due to the

relatively embryonic nature of the use of signature methods in computational statis-

tics and machine learning. It is indeed plausible that more efficient implementations

of signature computations will emerge with time, given that research on signature

methods in machine learning and computational statistics is active and relatively

nascent. Thirdly, as discussed in Section 3.1.3, the computational complexity of sig-

nature kernel evaluations has a favourable scaling compared to popular alternative

approaches to discrepancy-based abc such as wass, meaning that the difference in

computational cost will change in favour of our signature-based approaches as data

becomes larger than the data considered in the experiments presented in this Chapter.

Finally, there exists some steps that can be taken but that we have not taken here

to increasing the speed of computations, such as employing GPUs and using a trun-

cated signature kernel as in Kíraly and Oberhauser (2019) – using the KSig package5,

for example6. Nonetheless, under certain circumstances – such as circumstances in

which only a limited, fixed amount of wall-clock time is available to collect as many

abc posterior samples as possible – the additional computational cost under certain

regimes associated with the signature-based methods we present may be detrimental,

and it is possible that the resulting increase in Monte Carlo error may not balance

out any increased accuracy seen through the use of signatures where they are the

more appropriate tool.

5https://github.com/tgcsaba/KSig
6Of course, using a truncated signature kernel introduces a further complication of deciding on

a truncation degree, the optimal value of which may be difficult to determine.
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Experiment Method

s-abc s-abc
(delay)

sr-
abc

wass wass
(delay)

sa-
abc

mmd

Ricker 2× 102 2× 102 2× 104 6× 101 8× 101 102 4× 101

gbm 103 104 6× 104 4× 103 4× 103 9× 102 4× 103

B&H 104 104 5× 104 2× 102 2× 102 2× 101 6× 101

gse 104 – – 2× 102 – – 105

Table 3.1: (CPU times) Approximate average CPU times (in seconds) for each abc
approach for constant simulation budgets and hardware availability. The Brock & Hommes
model is listed as “B&H” to satisfy constraints on space.

3.3.2 Future work

Throughout the above, we have assumed that only one sequence y has been observed

from the real world. This is a realistic assumption in many useful real-world cases;

for example, this is often the case in macroeconomics or during a pandemic, where

it would be incorrect to treat signals recorded at e.g. the country level as being iid

rather than as different channels in a single observed sequence.

However, there are certain realistic settings in which multiple sequences {y(j)}Jj=1

are recorded in which an iid assumption is reasonable. For example, in healthcare

settings, recordings of patients with similar medical profiles may reasonably be mod-

elled as iid draws from some underlying distribution. Similarly, in the natural or

behavioural sciences, it is sometimes possible to perform multiple trials or repetitions

of experiments in which the evolution of some quantity is recorded. In these cases,

the following two generalisations of the approach taken in this chapter may be useful:

1. taking PJ = {y(j)}Jj=1, we may use the discrepancy measure

Ds(δx,PJ) := ∥Ex∼δx [Sig(x)]− Ey∼P [Sig(y)]∥2

= k(x,x) +
1

J(J − 1)

∑
i ̸=j

k(y(i),y(j))− 2

J

J∑
j=1

k(x,y(j)) (3.25)

each time we query a new parameter θ – where δx is a point mass located

on x ∼ p(· | θ) – as the distance measure in abc. This provides a meaningful
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comparison between a single output from the dynamic, stochastic simulator and

the empirical measure on sequences given by the real-world dataset when the

simulation budget should be kept as low as possible;

2. more generally, when there is greater tolerance for a larger simulation burden,

one may instead simulate N ≥ 1 times at each θ to construct an empirical

measure PN
θ = {x(n)}Nn=1,x

(n) iid∼ p(· | θ) and use the full mmd between (in

general non-Dirac) measures on sequences:

Dm(PN
θ ,PJ) :=

∥∥∥Ex∼PN
θ
[Sig(x)]− Ey∼PJ [Sig(y)]

∥∥∥2
=

1

N(N − 1)

∑
i ̸=j

k(x(i),x(j)) +
1

J(J − 1)

∑
i ̸=j

k(y(i),y(j))

− 2

NJ

∑
i,j

k(x(i),y(j)). (3.26)

The latter of these may also be useful in the case of a single observation and simulation

with J = N = 1 in the following way: if the data-generating process is known

to be ergodic, it may be reasonable to treat successive blocks/sub-sequences of y

and x as being approximately iid. Then, taking PN
θ and PJ to be the empirical

measures associated with the collection of blocks of x and y, respectively, Dm provides

a reasonable discrepancy to be used in abc for dynamic, stochastic simulation models

with intractable likelihood functions.
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Chapter 4

Deep Signature Statistics for
Simulation-based Inference with
Time-series Simulators

1

As discussed in Section 1.5, dealing appropriately with time-series data of differ-

ent kinds in sbi remains a challenge. In particular, the selection of an appropriate,

low-dimensional set of summary statistics is both a non-trivial task and key to the

quality of inference. We noted that some of the more recent approaches to sbi, such

as neural dre, are able to automate the learning of summary statistics by leveraging

the expressiveness of neural networks. Yet, it is not guaranteed that the summary

statistics implicitly generated through the use of such neural networks provide rep-

resentations of sufficient quality for posterior inference. Fully connected networks,

for example, still lack the inductive biases to easily extract meaningful representa-

tions from time-series. Indeed, as we will see in the experiments presented below,

hand-crafted summary statistics can often outperform neural networks to a signifi-

cant degree, raising the question of how automated techniques can fill the knowledge

gap of domain expertise.

In this section, we motivate and present the novel use of the so-called “deep signa-

ture method” (Morrill et al., 2020; Kidger et al., 2019) for extracting features from

multivariate sequential data for the purpose of performing lfi. The central object of

study – the path signature – is, in a sense, a canonical feature transformation in that

1This chapter is based on Dyer et al. (2021b), which is joint work with Patrick Cannon and
Sebastian M. Schmon. Horatio Boedihardjo generously provided the proof for Proposition 9 by
email.
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the signature of path-valued random variable captures all possible nonlinear effects.

For this reason, one might expect to be able to generate better posterior estimates

with a lower number of parameters or smaller sample budgets. Applications of the

signature method have produced promising results in a number of learning tasks, in-

cluding character recognition (Xie et al., 2018), gesture recognition (Li et al., 2017a),

and early identification of Alzheimer’s from clinical data (Moore et al., 2019).

We term this approach to learning summary statistics for time-series simulators deep

signature statistics (dss). The main idea is to embed a deep signature model (Kidger

et al., 2019) – in which the signature appears as a pooling operation in a neural

network – into an existing neural density ratio estimation pipeline. The deep sig-

nature model then automates the learning of model-dependent summary statistics

in tandem with neural density ratio estimation of the likelihood-to-evidence ratio.

We theoretically base this idea on the fact that – as we will show – the truncated

path signature is a sufficient statistic when the truncation is taken at a sufficiently

large depth. We demonstrate the dss framework on posterior estimation tasks for a

selection of models, and compare its performance against standard hand-crafted and

learned summary statistics.

4.1 Method: Deep Signature Statistics

It is clear from Proposition 7 that the full path signature is a sufficient statistic for

appropriately augmented sequences in a Banach space. Being an infinite dimensional

object, however, the full signature cannot be used as an explicit summary statistic. In

the interest of using the signature as an explicit summary statistic for sequences/paths

in a finite-dimensional Euclidean space Rd, we present the following result, providing

a finite guarantee on the expressiveness of the depth-N truncated signature transform,

SigN .

Proposition 9. Let x = (x1, . . . ,xn) be a stream of data generated by a model p(x |
θ), with xi ∈ Rd and fixed, known observation times t1 < t2 < · · · < tn. Assume a

linear interpolation I and that the path has been time- and basepoint-augmented. Let

ŜigN(x) be the depth-N signature transform of the linearly interpolated x. Then, the

path can be reconstructed exactly from the Ŝign−1(x), and

π(θ | Ŝign−1(x)) = π(θ | x).

95



Proof. As there is a basepoint augmentation, it is sufficient to determine the slope of

each interval [ti, ti+1].

Let a(i, j) be the slope of channel i on the interval [tj, tj+1]. Given the signature to

degree n− 1, we have (µ(i, k))1≤i≤d,1≤k≤n−1 given by the following for k ≥ 1,

µ(i, k) :=

∫
0<s1<···<sk<1

ds1 . . . dsk−1dx
i
sk

=

∫ 1

0

(sk)
k−1

(k − 1)!
dxisk

=
1

(k − 1)!

∫ 1

0

(sk)
k−1
[
xisk
]′
dsk.

Integrating on each interval separately and using that the slope is constant on each

interval, we have

µ(i, k) =
1

k!

n∑
j=2

a(i, j − 1)
(
tkj − tkj−1

)
We now show that the a(i, j − 1) are uniquely determined by the µ(i, k) or, equiva-

lently, the k!µ(i, k).

In matrix form, and with ∆tnj := tnj − tnj−1, we can rewrite the above equations as



∆t12 · · · ∆t1n
∆t22 · · · ∆t2n
...

...
∆tn−1

2 · · · ∆tn−1
n





a(i, 1)
a(i, 2)

...
a(i, n− 1)


=



1!µ(i, 1)
2!µ(i, 2)

...
k!µ(i, n− 1)


which for brevity we will write (∆t)a = µ. A unique solution exists for the a(i, j) if

and only if

det(∆t) ̸= 0. (4.1)

Notice that since t1 = 0, the first column of ∆t simplifies to (t2, t
2
2, . . . , t

n−1
2 )⊤. Using

this, and the fact that the determinant is unaffected by adding together columns,

(4.1) is equivalent to

det


t2 · · · tn
t22 · · · t2n
...

...
tn−1
2 · · · tn−1

n

 ̸= 0.
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An equivalent requirement is

t2 · · · tn det


1 · · · 1
t2 · · · tn
...

...
tn−2
2 · · · tn−2

n

 ̸= 0.

The determinant here is of (the transpose of) a Vandermonde matrix. A standard

result gives the determinant as (the reciprocal of)
∏

2≤i<j≤n(tj− ti) which is non-zero

since t1 < t2 < · · · < tn. Therefore, a is uniquely determined by µ as claimed.2

In summary, only a finite number of terms of the signature are required to form a

sufficient statistic of time-series data evolving in a finite-dimensional Euclidean space

with known observations times. For this reason, we might expect that using the

truncated signature representation of a time-series may therefore provide a useful

and expressive basis from which we may learn parameter posteriors for time-series

simulators. In general, however, the number of terms in the signature to degree n− 1

is larger than n itself: note that the number of signature terms to degree m is given

by (dm+1 − 1)/(d − 1) for a d-dimensional path. While the dimensionality may be

reduced further by making use of the more parsimonious log-signature, truncating to

a low degree is necessary in order for the number of terms to be manageable. While

the information loss this brings about may be tolerable in some instances, in others

it may be detrimental to the inference task at hand.

In this chapter, we consider that this information loss may however be mitigated

with the use of deep signature transforms (Kidger et al., 2019). A deep signature

transform, shown in Figure 4.1 and given by

σφ(x) =
(
fφk+1 ◦Bφk

Nk
◦ · · · ◦Bφ2

N2
◦Bφ1

N1

)
(x) (4.2)

entails repeated application of blocks Bφi

Ni
(x) =

(
SigNi

◦ ℓi ◦ Φφi
)
(x) of three key

elements: an augmentation of the stream with a learnable, stream-preserving feature

map Φφi ; a lift operation ℓi, which transforms the augmented stream into a stream

of streams; and the depth-Ni truncated signature transform SigNi
applied to each

substream, giving a stream of signatures. Blocks are by design able to concatenate,

and after as many blocks as desired have been concatenated, the output is obtained by

passing the output of the final block through an optional additional neural network

2We are indebted to Horatio Boedihardjo, who generously provided us with this proof by email.
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Figure 4.1: Deep signature transform with parameters φ1, . . . , φk+1.

fφk+1 . The ultimate effect is to capture higher order signature information using

fewer terms (Chevyrev and Oberhauser, 2018; Kíraly and Oberhauser, 2019). In the

above, φ = (φ1, . . . , φk+1). We provide further details on deep signature transforms

in Appendix B.

Combining path signatures—with their strong mathematical basis—with the expres-

sivity of neural networks has been seen to produce competitive results in a number

of learning tasks (Kidger et al., 2019; Morrill et al., 2020). In this way, despite

truncation, the use of a deep signature transform in place of the large signature to

degree n−1 may yield approximately sufficient statistics. This makes it an interesting

and potentially powerful candidate for use in likelihood-free inference settings as a

means for generating model-specific summary statistics, which we term deep signature

statistics (dss).

4.2 Experiments

In the following, we compare the performance of dss against state-of-the-art models

for learning summary statistics from sequential data, and common hand-crafted sum-

mary statistics. In particular, for each summary statistic-learning method, we train

the summary network as an embedding network, such that the summary network

weights are optimised in tandem with a neural density ratio estimator and using

the same loss function. The composite embedding network-classifier network then

approximates the likelihood-to-evidence ratio, or equivalently the posterior-to-prior

ratio π(θ | σφ(x))/π(θ). We compare against pens and a recurrent neural network

(rnn) trained as an embedding network3. We do this for two models: a discretized

3Wiqvist et al. (2019) did not consider training pen as an embedding network in their original
work, but we adopt this approach here in order to ensure a fair comparison.
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Ornstein-Uhlenbeck process, which is Markovian and has a tractable likelihood; and

the Ricker model, a further Markovian model with an intractable likelihood.

4.2.1 Neural network specifications

Deep signature statistics The deep signature model we use involved three neural-

lift-signature blocks followed by a final recurrent network. The neural component of

the first block consisted of a feedforward network with kernel size 3 and 2 hidden

layers of size 16 swept across the input stream. The output size of this network was

3, so that initial layer augmented the input stream with an additional 3 channels.

The neural components of the remaining two blocks were recurrent networks with

2 hidden layers of size 16. For each block, we use expanding windows with initial

size 2 that grew by 1 time step in each iteration, followed by the signature transform

truncated at degree 3. For all simulators, we apply basepoint and time augmentations

to the input stream before passing it through the deep signature model, and take an

output of size 3. This yields a model with 9,735 trainable parameters.

Partially exchangeable networks For our experiments, we follow Wiqvist et al.

(2019) and take the ϕ network to be a fully connected network with three layers of

sizes 11, 100, and 50 and output size 10, and the ρ network to be a fully connected

network with four layers of sizes (10+ r), 50, 50, and 20. ReLU activations were used

for all hidden layers. For PEN1, this yields a model with 10,093 trainable parameters.

Recurrent neural network The recurrent network model consists of two recurrent

neural networks. The first network has layers of size 64, 64, and 32, with an output

of size 6, while the second layer has layers of size 32, 32, and 32 with output size

7. Windows of size 4 were swept across the input for both networks, with strides of

4 and 2 in the first and second, respectively. Altogether, this yields a model with

10,157 trainable parameters.

4.2.2 Evaluation metrics

To assess the quality of the estimated posteriors, we compute the sliced Wasserstein

distance (swd) (Peyre and Cuturi, 2019) between samples from the approximate
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ground-truth posterior and samples from the estimated posterior densities. In all

cases, swds were computed using the Python Optimal Transport package (Flamary

et al., 2021) and 1000 posterior samples from the posterior density estimated in each

training round. To train the ratio estimator, we consider the sequential training

approach described in Section 1.5.4.4 in which we generate 1000 training examples

during each round for 20 rounds.

4.2.3 Ornstein-Uhlenbeck process

We consider here the ou model and inference task as described in Section 1.7.5.

A quantitative evaluation of the quality of the estimated posteriors is shown in Fig-

ure 4.2a. Here, we compare the swd between samples from the true posterior and

estimated posteriors for dss, hand-crafted summary statistics, rnn, and pen at each

training round. The hand-crafted summaries we used were the mean, standard de-

viation, and autocorrelations at lags 1 and 2 of the observed time-series, giving four

hand-crafted summary statistics.

Of the learned summaries, dss tends to perform at least as well as rnn and pen in the

majority of training rounds, while it significantly outperforms both for an intermediate

number of training examples. In particular, dss matches or exceeds the performance

of rnn and pen for 13 out of 20 rounds. Furthermore, while all methods perform

relatively poorly during the first round, dss improves rapidly thereafter, with rnn

and pen requiring 4-5 times as many training examples to match the performance of

dss in its second round.

The hand-crafted summary statistics deserve further discussion. For this simulator,

we observe that the hand-crafted summary statistics outperform all learned sum-

maries at almost every training round. This demonstrates the importance of well-

chosen summary statistics and inductive biases, and the non-trivial nature of learning

appropriate summary statistics for time-series data: even with state-of-the-art neural

network models such as rnn and pen for summarizing time-series data, it is difficult

to meet, let alone surpass, the performance of sensible hand-crafted summaries. Using

the inductive biases introduced by the deep signature model, we have been able to

close this gap at an early stage in the training procedure, but it is also evident that

more research is required to fully match performance across all experiment settings.
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(b) Ricker model

Figure 4.2: The sliced Wasserstein distances between the true and estimated posterior
densities for each summary statistic method at each training round for the (a) Ornstein–
Uhlenbeck process and (b) Ricker model. Crosses and shaded regions indicate mean and
standard error over 20 different seeds.

4.2.4 Ricker model

We consider here the Ricker model and inference task as described in Section 1.7.1.

In Figure 4.2b, we show the swd between the samples from the approximate ground-

truth posterior and estimated posteriors for each summary statistic method. Samples

from the approximate ground-truth posterior density π(θ | y) for the Ricker model

were obtained using particle MCMC (Andrieu et al., 2010) following the guidelines

of Schmon et al. (2021). The hand-crafted summary statistics used in this instance

are those proposed in Wood (2010), and consist of: the autocovariances to lag 5;

the mean; the number of zeros in the sequence; the coefficients of the regression

x0.3
t+1 = β1x

0.3
t +β2x

0.6
t +ϵt for error term ϵt; and the coefficients of the cubic regression

of the ordered differences xt − xt−1 on their observed values.

From Figure 4.2b, we see that dss matches or exceeds pen’s (resp. rnn’s) perfor-

mance in 14 (resp. 10) out of 20 rounds. We also see that, while each learned summary

performs comparatively poorly until the third round, dss leads for intermediate num-

bers of training examples: both pen and rnn require between 1000-4000 additional

training examples to match dss’s performance in a number of instances. This ex-

ample also highlights the possibility that learned summary statistics can outperform

expert hand-crafted summaries, in particular, when model complexity doesn’t allow

for straightforward selection.
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4.3 Discussion

In the previous subsection, we presented experiments on the use of a deep signature

model as an embedding network in neural density ratio estimation for time-series

models. The aim of this investigation was to assess whether this approach, termed

dss, provides a competitive means in practice to automating the task of learning sum-

mary statistics and density ratios concurrently for likelihood-free Bayesian inference.

We motivated this approach as being one that may provide approximately sufficient

statistics for approximate Bayesian inference, and we compared this approach to alter-

native approaches for time-series models, including using a pen and a high-capacity

rnn as alternative embedding networks. While we observed some minor improve-

ments with the use of dss, the performance was not significantly improved over the

considered baselines. In addition, each method incurred a comparable computational

expense: on the same hardware, all 20 rounds (with 1000 training examples in each

round) for both the ou and Ricker models required between 2-3 hours for dss and

rnn, while pen was slightly slower at 4-5 hours. There is therefore also little to

distinguish these methods in terms of observed computational expense.

In the following chapter, we consider an alternative regime in which signatures may

provide a more significant advantage. In the experiments we present with dss, we

consider a moderately high simulation budget of 2 × 104 (20 rounds of 1000 simula-

tions each). For such simulation budgets, learning good summary statistics may be

achievable for many simulators with a wide variety of embedding networks. However,

the appeal of the path signature is that the features they provide are ready-made

and expressive. It may therefore follow that the signature enables more accurate den-

sity ratio estimation at lower simulation budgets than neural density ratio estimation

methods in which summary statistics must be learned. We consider this possibility

in more detail in the following chapter.

4.4 Acknowledgements

We gratefully acknowledge Horatio Boedihardjo, who provided us with the proof for

Proposition 9 by email in January 2021.
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Chapter 5

Density Ratio Estimation with
Signature Kernel Logistic
Regression

1

Neural methods for estimating the likelihood function (Papamakarios et al., 2019),

posterior density (Greenberg et al., 2019), or likelihood-to-evidence ratio (Hermans

et al., 2020) as discussed in the previous section, have been seen to perform com-

petitive likelihood-free inference with far fewer samples than are typically required

in more traditional approaches such as approximate Bayesian computation (abc)

(Lueckmann et al., 2021). However, despite the greater sample efficiency provided by

these approaches, their budget requirements can still be too high for very complex

models, for example high-dimensional spatio-temporal simulations. Indeed, a single

call to a simulator can take hours to days for multi-scale models of 3D tumour growth

(e.g. Jagiella et al., 2017) or multiple thousands of CPU hours for climate models (e.g.

Danabasoglu et al., 2020). For others, high simulation budgets may in principle be

attainable but undesirable due to the concomitant financial and environmental costs.

With this challenge in mind, we propose and test a kernel method for density ratio

estimation for time-series simulators in this section. It is well known that kernel

methods are useful learning tools in low-training-example regimes, providing rich,

ready-made data representations (Shawe-Taylor and Cristianini, 2004). Moreover, the

signature can extract powerful features from time-series data, acting analogously to

moment-generating functions for path-valued random variables. To benefit from the

1This chapter is based on Dyer et al. (2022c), which is joint work with Patrick Cannon and
Sebastian M. Schmon.
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advantages of both kernels and the signature, we present an approach to lfi based on

this signature kernel, demonstrating more accurate inferences than competing density

ratio techniques when the simulation budget is limited.

5.1 Method: SignatuRE

Our goal is to perform amortised density ratio estimation as described by Hermans

et al. (2020) and in Section 1.5.4.1. In particular, we seek to be able to do so in low-

simulation-budget enivronments. As we will see in experiments below, learning both

summary statistics and a classifier can be challenging in such regimes. To ameliorate

this, we propose to build a classifier that leverages the signature kernel, which defines

a universal kernel for multivariate and possibly irregularly sampled sequential data.

The core idea is that using the predefined features captured by the signature and made

available by the signature kernel may yield a more reliable density ratio estimator in

low-sample regimes than alternative methods for which summary statistics must be

learned.

To construct a probabilistic binary classifier using the signature, we may use the fact

that a third kernel m on X n×Θ can be composed given two kernels k : X n×X n → R
and l : Θ×Θ→ R as

m ((x,θ) , (x′,θ′)) = k (x,x′) l (θ,θ′) . (5.1)

Taking k to be the signature kernel (2.12) and l to be a standard universal kernel on

Θ, we may construct a kernel-based binary classifier for the purpose of performing

dre for expensive time-series simulators, in this sense bypassing the need to learn

summary statistics in addition to a density (ratio) estimator.

For a regularisation constant λ ∈ R+, training a kernel binary classifier with loss ℓ

amounts to solving the optimisation problem

min
f∈Hm

n∑
i=1

ℓ
(
f(x(i),θ(i)), zi

)
+
λ

2
∥f∥2Hm

, (5.2)

where Hm is the rkhs associated with m. By the Representer Theorem, the solution

to (5.2) is of the form

f (x,θ) =
n∑

i=1

aik
(
x(i),x

)
l
(
θ(i),θ

)
(5.3)
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for real coefficients ai. Throughout, we use the logistic loss as ℓ, since this is known to

yield classifiers with well-calibrated probability estimates. This approach to learning

the likelihood-to-evidence ratio is appealing since m is a universal kernel:

Proposition 10. Let X n be a compact set of length-n sequences in Rp with 1 ≤
n, p < ∞. Assume that ∀x ∈ X n, x has at least one monotone coordinate and

x0 = constant. Also let k : X n × X n → R be the discretised signature kernel (which

operates on sequences x ∈ X n) and l be a universal kernel on a compact subset Θ of

Rd. Then m as defined in Equation (5.1) is a universal kernel on X n ×Θ.

Proof. From Kíraly and Oberhauser (2019, Theorem 1), the (discretised) signature

kernel is a universal kernel on the space of fixed-length sequences X n. Since X n and

Θ are compact and l is universal on Θ, Blanchard et al. (2011, Lemma 5.2) applies

the desired result follows.

The universality of m then enables learning an arbitrarily accurate ratio estimate.

5.1.1 Low-rank approximation

Computing the signature kernel for all pairs
(
x(i),x(j)

)
in the simulated dataset can be

expensive if the x(i) are long and/or are high-dimensional. Therefore, we use the kernel

m defined in (5.1) – with k the signature kernel and l : Θ ×Θ → R an anisotropic

Gaussian RBF kernel – and the Nyström approximation to first find a representation

of each pair (x,θ) before feeding this low-dimensional approximation into the logistic

regression model. For a given kernel m, the Nyström method (Williams and Seeger,

2001; Yang et al., 2012) provides a low-dimensional approximation ϕ̂ of the high- or

potentially infinite-dimensional feature map ϕ(a) := m (a, ·) as follows: assume the

kernel m is of rank q such that for any data {a(i)}Ni=1 we may write the corresponding

Gram matrix K as

K = UDUT , (5.4)

where U ∈ RN×q is the matrix of eigenvectors and D = diag (λ1, . . . , λq) ∈ Rq×q is

the diagonal matrix consisting of eigenvalues λi. Then denoting the first q rows of

U as Uq, we may find an approximate feature representation of y under m as Yang

et al. (2012)

ϕ̂ (a) = D− 1
2UT

q

[
m
(
a, a(1)

)
, . . . ,m

(
a, a(q)

)]T
. (5.5)
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Using these approximate feature representations obtained with the Nyström approx-

imation, we then construct a linear logistic regression model by solving the following

optimisation problem:

min
w∈Rq

n∑
i=1

ℓ
(
wT ϕ̂

(
a(i)
)
, zi

)
+
λ

2
∥w∥22, (5.6)

where ℓ is the logistic loss. We omit the use of an intercept in the linear logistic

regression optimisation problem above for simplicity, but include it in practice.

Throughout the rest of this chapter, we term this approach to performing ratio esti-

mation with the signature kernel and logistic regression SignatuRE.

5.2 Experiments

In this section, we present experiments on the relative performance of the SignatuRE

method against possible alternatives for dre in likelihood-free inference contexts. For

each task, we compare the quality of the posterior estimated with SignatuRE against

the posteriors estimated with three alternatives:

1. a neural network consisting of a combination of a GRU model and ResNet

classifier (GRU-ResNet). The gated recurrent unit (GRU) has trainable pa-

rameters ϕ and consists of two stacked GRU layers of size 32. The GRU

and residual neural network (ResNet) are trained concurrently with the same

cross-entropy loss, such that the GRU learns a low-dimensional summary sϕ (x)

as the ResNet learns the density ratio;

2. a ResNet which instead consumes predefined, hand-crafted summary statistics

s̃(x) that are tailored to the inference task and known to be informative of the

parameters to be inferred for tractable simulation models, or that are commonly

used elsewhere in the literature when the simulation model is not tractable. Such

an approach should be considered a gold standard that is not generally available

for complex, opaque simulation models whose structure cannot be exploited to

derive suitable summary statistics. We refer to this method as the Bespoke

ResNet;
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3. ratio estimation with double kernel logistic regression (K2-RE), a modification

of K2-ABC (Park et al., 2016) that we propose as an alternative kernel-based

method for dre. The setup is identical to SignatuRE with the exception that,

instead of the signature kernel, we use

k (x,x′) = exp

(
−M̂MD

2
(µx, µx′)

ϵ

)
(5.7)

as the positive definite kernel on x, where µx is the empirical measure consisting

of the nx points comprising x and

M̂MD
2
(µx, µx′) = − 2

nxnx′

nx∑
i=1

nx′∑
j=1

χ
(
xi,x

′
j

)
+

1

nx (nx − 1)

nx∑
i=1

∑
j ̸=i

χ (xi,xj)

+
1

nx′ (nx′ − 1)

nx′∑
i=1

∑
j ̸=i

χ
(
x′
i,x

′
j

)
(5.8)

is an unbiased estimate of the kernel maximum mean discrepancy between µx

and µx′ for an appropriate kernel χ (see Section 3. Park et al., 2016). We use a

Gaussian RBF and the median heuristic (Section 4. Park et al., 2016) for χ.

For the static kernel κ in the signature kernel (see Chapter 2), we use a Gaussian RBF

kernel with scale parameter chosen as median{∥y∗
i − y∗

j∥2i,j}, where y∗ = (y∗
1, . . . ,y

∗
n)

is the observation. For the kernel l : Θ×Θ→ R, we use an anisotropic Gaussian RBF

kernel. To tune the length scale hyperparameters for l, the regularisation parameter

λ, and the ϵ parameter for K2-RE, we use Bayesian optimisation and 5-fold cross-

validation (see the Supplementary Material for further details.) To train the logistic

regression models, we use the l-bfgs algorithm (Zhu et al., 1997) with a maximum

number of 500 iterations.

To construct the set of negative examples (x,θ) ∼ p (x) π (θ) for SignatuRE and

K2-RE, we choose a proportion K > 0 of the x(i) and pair them with some θ(j),

j ̸= i. K > 1 may also be chosen, in which case some x(i) will appear multiple

times in the set of negative examples. Unless stated otherwise, we take K = 1 and

q = Bmin(K + 1) in the Nyström approximation for both SignatuRE and K2-RE,

where Bmin is the smallest simulation budget considered in the experiment. This value

for q is chosen since it is the largest value that can be consistently applied across the

range of simulation budgets considered in a given experiment.
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Figure 5.1: Ornstein-Uhlenbeck: Posteriors obtained with SignatuRE (blue, top left),
GRU-ResNet (orange, top right), the Bespoke ResNet (Bespoke ResNet) (green, bot-
tom left), and K2-RE (red, bottom right) for a budget of 500 simulations and the approx-
imate ground truth posterior obtained using the true likelihood function and Metropolis-
Hastings (black).

Remark 5. While the methodology we have developed and will test in the follow-

ing pages has been designed to address the computational expense associated with the

cost of simulating sufficiently many times for existing sbi methods to work well, the

experiments presented below do not make use of models that are expensive to run.

The reason for this is that models that entail a genuinely large computational cost

to simulate often lack tractable likelihood functions, preventing us from acquiring (a

Monte Carlo approximation to) a ground-truth posterior density (for example through

mcmc). Without this (approximate) ground-truth, it is difficult to assess the perfor-

mance of the methods. Instead, we focus in this Section on designing scenarios that

were “as if” the models were expensive to simulate by severely limiting the simulation

budget that the sbi methods tested below are afforded.

5.2.1 Ornstein-Uhlenbeck process

Here, we consider the ou model described in Section 1.7.5.

We compare SignatuRE against the alternative dre methods described in Section

5.2. As s̃ (x), we use the intercept and slope of a linear regression of xt vs. xt−1 as

estimated with least squares (i.e. the maximum likelihood estimate) and the mean

value of x. These estimate θ1 exp (θ2)∆t, 1 − θ1∆t, and exp (θ2), respectively, and
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(a) Wasserstein distances (b) Euclidean distances between means

Figure 5.2: Ornstein-Uhlenbeck (a) Wasserstein distances between posteriors and (b)
and Euclidean distances between posterior means (mean + 95% confidence intervals) ob-
tained with each density ratio estimation method and the approximate ground truth pos-
terior.

are thus informative summary statistics for θ. For GRU-ResNet, we apply a linear

layer of size 3 after the GRU in order to match the dimension of s̃, resulting in a

GRU with 9,795 trainable parameters.

In Figure 5.1 we show contour plots obtained by pooling the samples obtained from

each ratio estimation method with a simulation budget of 500 simulations across 20

different seeds. Samples from the approximate ground truth posterior, obtained with

mh and the true likelihood function, are shown with black contour lines throughout.

Additionally, we show in Figure 5.2a the Wasserstein distances (wd) between the

estimated posteriors and the approximate ground truth posterior, and in Figure 5.2b

the distances between the means of the estimated and approximate ground truth

posteriors, for each ratio estimation method.

From this, we observe that GRU-ResNet (orange, top right of Figure 5.1) failed

to learn both informative summary statistics and an accurate ratio estimator with a

low simulation budget, despite the simplicity of the model. In contrast, an identical

residual network used for Bespoke ResNet (green, bottom left of Figure 5.1) was

able to learn a good estimate of the density ratio, even from such a limited simulation

budget and with a summary statistic vector of identical size, but with the key differ-

ence that the summary statistics were predefined and designed to be informative of

the parameter values being inferred.

This may be seen as an ablation study and suggests that the additional problem of

learning summary statistics is the primary contributing factor to the relatively poor
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performance of GRU-ResNet.

We also observe that, of the methods that do not use hand-crafted summary statis-

tics, SignatuRE tends to exhibit superior performance. This is apparent from the

posterior plots in Figure 5.1, and from Figure 5.2a in which SignatuRE consistently

generates smaller wds than GRU-ResNet and K2-RE and lags only slightly behind

Bespoke ResNet.

From Figure 5.2b we see that SignatuRE tends to generate a significantly better

parameter point estimate than GRU-ResNet and is additionally a slight improve-

ment on K2-RE in this respect. The latter indicates that the success of SignatuRE

in the low-simulation-budget regime is not only attributable to the expressive, pre-

existing feature representations available with general kernel methods, but also to

the fact that the sequentialisation of the kernel employed in SignatuRE captures

important information on the time-dependence of the data whereas in K2-RE the

data is treated as iid.

5.2.2 Moving average model

We next consider a simple moving average model of order 2 (ma(2)), for which the

data-generating process given parameters θ = (θ1, θ2) is

xt = ϵt + θ1ϵt−1 + θ2ϵt−2 ∈ R, ϵt ∼ N (0, 1) . (5.9)

We generate x∗ ∼ p (x | θ∗) with θ∗ = (0.6, 0.2) and consider the task of estimating

π (θ | x∗) given a uniform prior over the triangle given by θ1 + θ2 > −1, θ1 − θ2 < 1,

and θ2 < 1. Such a prior ensures that the model parameters are identifiable (Marin

et al., 2012).

As s̃(x) we use the variance of the observed stream and the autocorrelations for lags

1 and 2. These give estimates of

Var (X) = 1+ θ21 + θ22, ρ1 =
θ1 + θ1θ2
1 + θ21 + θ22

,

and ρ2 =
θ2

1 + θ21 + θ22
,

respectively, and are thus informative about θ. We once again apply a single linear

layer of size 3 following the GRU in GRU-ResNet to match the dimensions of the

summary statistics in Bespoke ResNet.
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(a) Wasserstein distances (b) Euclidean distances between means

Figure 5.3: MA(2) (a) Wasserstein distances between posteriors and (b) and Euclidean
distances between posterior means (mean + 95% confidence intervals) obtained with each
density ratio estimation method and the approximate ground truth posterior.

We show in Figure 5.3a the wds between samples from the posteriors estimated with

each density ratio estimation method and the approximate ground truth posterior

obtained with Metropolis-Hastings mcmc. In Figure 5.3b, we show the Euclidean dis-

tances between the means of the posteriors estimated with the different density ratio

estimators and the approximate ground truth posterior. In this experiment, we once

more see that Bespoke ResNet significantly outperforms GRU-ResNet in esti-

mating the shape of the posterior distribution, despite the fact that they use identical

residual networks to perform the density ratio estimation and that dim (s̃) = dim (sϕ).

This again suggests that the complex task of learning summary statistics in addition

to learning the density ratio is the source of the difference in their performance.

We further observe that SignatuRE outperforms GRU-ResNet both in terms of

the wd and distances between the estimated and approximate ground truth posterior

means for simulation budgets of less than 500. For simulation budgets of 600-1000,

SignatuRE and GRU-ResNet display comparable performance according to the

wds, while SignatuRE continues to obtain superior posterior mean estimates. Inter-

estingly, SignatuRE additionally yields better estimates of the posterior mean than

Bespoke ResNet, despite the fact that this density estimator has a considerable

advantage through the use of hand-crafted summary statistics that are known to be

informative of the parameters being inferred. As in the previous experiment, the suc-

cess of SignatuRE appears to be attributable not only to the general properties of

kernel methods that make them appealing in low-sample regimes – their ready-made,

expressive feature spaces – but also to the fact that the signature accounts for the
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ordering of observations. We believe this explains the gap in performance between

K2-RE and SignatuRE despite the former also being a kernel method.

5.2.3 Complex, intractable example: partially-observed stochas-
tic epidemic

Finally, we consider a more complex example with an intractable posterior distribu-

tion. The model we consider here is a partially observed version of the generalised

stochastic epidemic model described in Section 1.7.4: we simulate the model using

the Gillespie algorithm (Gillespie, 1977) and observe the series Z = (Xi∆t, Yi∆t)
D
i=0 ∈

R2×(D+1) at regular time intervals of length ∆t = 0.5 with D = 100. This defines

the model’s likelihood function p (z | θ). We then consider the task of estimating

π (θ | Z = z∗) for z∗ ∼ p (z | θ∗), θ∗ = (10−2, 10−1), and priors β ∼ Γ (0.1, 2) and

γ ∼ Γ (0.2, 0.5). To sample from the posterior in this case, we use a likelihood-free

sampling-importance-resampling (sir) scheme2: we sample T := {θm}Mm=1 from the

prior, before resampling {θ′m}
M ′

m=1 from T , where each sample in T has weight pro-

portional to the density ratio estimated by the classifiers. We take M = 5× 104 and

M ′ = 103.

In this instance, the ground truth posterior distribution is not available for compar-

ison. For this reason, we assess the quality of inferences by comparing against the

posterior obtained from sequential Monte Carlo abc (smc-abc) (Beaumont et al.,

2009) in which we use the Euclidean distance between time-series

T∑
t=1

∥xt − yt∥22 (5.10)

as the distance measure with 107 simulations, distance ∥x − x∗∥2, Gaussian kernel,

and ϵ decay factor equal to 0.8. We again compare SignatuRE with GRU-ResNet,

Bespoke ResNet, and K2-RE. For Bespoke ResNet, we use the mean of each

series, log variance of each series, autocorrelation coefficients for lags 1 and 2 of each

series, and the cross-correlation coefficient between the two series as s̃(z), which are

common summary statistics for stochastic kinetic models (Papamakarios et al., 2019;

Greenberg et al., 2019).

2We found that the Metropolis–Hastings scheme adopted in the rest of this chapter performed
poorly here.
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We present the median Wasserstein distance between the estimated posteriors and the

approximate ground truth posterior from smc-abc in Table 5.1, in which suffix “-5”

indicates that K = 5 for kernel methods (otherwise K = 1 is used as before). Median

values are obtained by repeating the inference procedure over 10 different random

seeds. Our methods are either best (bold) or second-best (italics), but outperformed

by GRU-ResNet at a budget of 1000 simulations.

5.3 Discussion

This section discusses the use of signature transforms via the signature kernel as au-

tomatic and effective feature extractors for likelihood-to-evidence ratio estimation.

Our method, based on universal kernels and termed SignatuRE, delivers compet-

itive performance even when sample numbers are very low. Indeed, our simulation

studies suggest that using signatures as features improves upon a time-series spe-

cialised GRU-ResNet or kernels based on mmd in low-simulation-budget scenarios.

In our experiments, SignatuRE was only consistently outperformed by a classifier

that used bespoke hand-crafted summary statistics which were constructed by care-

fully inspecting the model structure. For real, complex simulators, such an approach

is infeasible, making the proposed method appealing.

5.3.1 Computational expense

Empirically, we observe SignatuRE to entail a comparable computational cost to

GRU-ResNet, the former typically requiring 3-5 CPU hours for training and in-

ference and the latter typically requiring 1-2 CPU hours. For the simulation models

for which we suppose our approach may be most helpful – those with significantly

limited simulation budgets – we expect this to amount to a negligible difference: 1-4

additional CPU hours would allow for few or no additional complete simulations to

be generated.
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5.4 Future work

To extend the work presented in this chapter, it would be instructive to perform

a more thorough theoretical investigation into dre via SignatuRE, or via kernel

logistic regression more generally. In particular, it may be possible to derive explicit

approximation errors on the target posterior density through the consideration of

generalisation bounds for kernel logistic regression models. This will be the subject

of future work.

Method Simulation budget
50 100 200 500 1000

GRU-ResNet 0.434 0.425 0.355 0.273 0.090
K2-RE 0.417 0.432 0.407 0.454 0.431
K2-RE-5 0.440 0.427 0.374 0.206 0.255

SignatuRE 0.430 0.411 0.351 0.513 0.321
SignatuRE-5 0.241 0.333 0.176 0.133 0.083

Bespoke ResNet 0.379 0.222 0.146 0.104 0.092

Table 5.1: Median Wasserstein distance from the smc-abc posterior for the partially-
observed epidemic model (from 10 seeds). Of the methods that do not use hand-crafted,
informative summary statistics, the best and second-best at each simulation budget are
denoted with bold and italics, respectively.
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Part III

Black-box Neural Posterior
Inference for Agent-based Models

in the Social Sciences
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Chapter 6

A New Generation of
Simulation-based Inference
Methods

1

Simulation models in economics and the social sciences – such as agent-based models

(abms) – are becoming increasingly popular due to the availability of cheap computing

power, the greater flexibility they afford modellers, and their ability to reproduce a

variety of empirically observed phenomena, such as non-equilibrium behaviour and

emergent dynamics within complex social systems. Their widespread employment

in real-world modelling and decision-making scenarios is however impeded by the

difficulty of performing parameter inference for such models. This difficulty arises

due to the fact that these simulation models – as with simulation models in general –

lack a tractable likelihood function, which precludes the direct application of standard

likelihood-based inference techniques.

A number of approaches to performing statistical inference have been developed in

which exact density evaluations are replaced by evaluations of approximate densities

or cost functions that are constructed using simulations from the model. Some of

these simulation-based inference (sbi) methods have been explored within the abm

community. Perhaps the most prevalent of them is simulated minimum distance

(smd), in which an estimate θ̂ is obtained by minimising some loss function f(y,θ)

between the observed data y and simulated data x ∼ p (· | θ) over some search space

1This chapter is based on work appearing in Dyer et al. (2022a) and Dyer et al. (2022b), both of
which are joint pieces of work with Patrick Cannon, J. Doyne Farmer, and Sebastian M. Schmon.
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Θ:

θ̂ = argmin
θ∈Θ

f (y,θ) . (6.1)

This general class of estimators includes the maximum likelihood estimator – corre-

sponding to choosing, for example, f (y,θ) = − log p (y | θ) or, where the likelihood

is intractable, some estimate thereof (see e.g. Diggle and Gratton, 1984; Kukacka and

Barunik, 2017). It also includes the Method of Simulated Moments (msm) (Franke,

2009) – in which f takes the form

f(y,θ) = (g(y)− ĝθ)′W (g(y)− ĝθ) , (6.2)

where g(y) denotes a set of moments derived from y, ĝθ denotes the same set of

moments derived from R ≥ 1 simulations at θ, W is a suitably chosen weight matrix,

and ′ denotes the transpose. As a final example, it includes Indirect Inference (ii)

(Gourieroux et al., 1993), which follows a similar approach to msm but replaces the

moments with estimated parameters of a tractable auxiliary model. Some further loss

functions have been proposed more recently in the context of economic abm estima-

tion with limited success; see e.g. Platt (2020) for a recent review and benchmarking.

As we have already discussed, a major drawback of smd and optimisation-based ap-

proaches more generally is that only parameter point estimates are produced, while

in many contexts it is desirable to obtain meaningful uncertainty quantification re-

garding appropriate values for θ. As we have also already discussed earlier in this

thesis, Bayesian inference is an alternative inferential paradigm which naturally pro-

vides this meaningful notion of uncertainty, and has seen some recent but otherwise

limited attention within the abm community (see e.g. Grazzini et al., 2017; Lux, 2018;

Platt, 2020, 2021; Lux, 2021).

A well-known investigation into Bayesian estimation methods for abms is Grazzini

et al. (2017), which explores various means of constructing a surrogate likelihood

p̃ (y | θ) to account for the intractability of the true likelihood p (y | θ). Two imme-

diate drawbacks of the methods Grazzini et al. (2017) discuss are that they (a) are

difficult to reconcile with the fact that abms are frequently dynamical models gen-

erating time-series output, and (b) entail a huge computational burden, since each

likelihood evaluation in the employed posterior sampling algorithm requires at least

one simulation from the model, and it is typically necessary to make many hundreds

of thousands of such evaluations. Recent work by Platt (2021) suggests estimating

the model’s transition density via a mixture density network. While the approach

117



offers some improvements through the use of a more flexible density estimator and the

incorporation of some temporal dependencies, it suffers from similar drawbacks, as-

suming time-homogeneity and requiring a computationally expensive estimation step

for every single sample from the approximate posterior distribution. In summary,

there is a need for parameter inference methods that fulfil two main criteria:

1. they must be simulation-efficient in order to remain applicable to large-scale

simulation models such as abms;

2. and they must be able to deal with non-homogenous/non-stationary temporal

data, both simulated and observed, that exhibit complex dynamics.

To this end, we seek with this chapter to analyse the utility of two classes of param-

eter inference methods that have seen significant activity within the computational

statistics and probabilistic machine learning literature in recent years and that we

have reviewed in Section 1.5.4: neural posterior estimation (Papamakarios and Mur-

ray, 2016; Lueckmann et al., 2017; Greenberg et al., 2019), and neural density ratio

estimation (Thomas et al., 2021; Hermans et al., 2020; Durkan et al., 2020). Such

methods have been employed successfully in a variety of applied domains, including

high-energy physics (Brehmer et al., 2018), cosmology (Alsing et al., 2019), and neu-

roscience (Gonçalves et al., 2020). In addition, as we will demonstrate below, they

work flexibly with potentially multivariate or even non-Euclidean time-series data, re-

quiring minimal model assumptions, and typically generate more accurate parameter

inferences with a significantly reduced simulation budget in comparison to common

alternatives, such as those reported in Grazzini et al. (2017).

In summary, our contributions with this chapter are to provide:

1. a motivation for the use of discriminative approaches to parameter inference

for complex, non-linear, and potentially non-equilibrium models such as abms;

2. a systematic benchmarking of these state-of-the-art methods against popular

alternatives within the literature on parameter inference for agent-based simu-

lation models in economics and the social sciences;

3. an investigation into the use of novel neural architectures for automatically

learning parameter posteriors from high-dimensional sequential data encoun-

tered in abm settings, such as sequences of social networks.
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6.1 Motivating black-box, discriminative approaches

to parameter inference

Before motivating the methods we consider in this section, we recall and emphasise

that a common feature of existing approaches to the task of parameter inference –

that is, of constructing the posterior distribution – such as the methods discussed

in Sections 1.5.1, 1.5.2, and 1.5.3 is that they are inherently linked to the act of

simulating from the abm and – for some of these approaches – to the act of building

an additional approximate generative model (sometimes also called an emulator), in

the sense that an approximation to the likelihood function is constructed from which

samples can be generated. We will emphasise below that this contrasts with the

new generation of estimation methods described in Section 1.5.4 in which inference

is decoupled from the act of simulating and can be performed in a discriminative

manner, typically resulting in more efficient inferences.

With the above in mind, the methods we investigate in this chapter – neural posterior

estimation (npe) and neural ratio estimation (nre) – can be motivated by the fact

that they are:

1. simulation-efficient alternatives to more traditional approaches to sbi, such as

the approximate Bayesian computation (abc) approaches described in Section

1.5.1;

2. generic sbi methods that treat the simulator as a black-box, thus making min-

imal assumptions about the structure and output of the simulation model;

3. discriminative approaches to sbi, in the sense that inference does not require a

probabilistic model for the data x: instead of explaining the mechanisms that

create the data, we only need to distinguish between realisations that arise from

different parameter values.

Simulation efficiency The algorithms described in Sections 1.5.1, 1.5.2, and 1.5.3

share a common pattern. For a fixed parameter θ, iid simulations x(r) ∼ p(x | θ),
r = 1, . . . , R, are sampled to produce a proxy likelihood p̂(x | θ). Then, to generate n

approximate posterior samples via Markov chain Monte Carlo (mcmc), this procedure

is performed at n different values for θ, where n must typically be a large number –

119



often a few hundred thousand, if not orders or magnitude larger – to ensure a low

Monte Carlo error. Consequently, at least nR simulations from the abm are required

in total for inference under these algorithms. Since abms can be very expensive to

simulate, and the act of simulating from the abm remains the primary bottleneck in

Bayesian estimation procedures for abms, this simulation demand can quickly become

infeasible.

In contrast, the methods for which we advocate here differ by eliminating the need

to simulate when sampling from the posterior. Instead, they decouple the act of sim-

ulating from the task of constructing the posterior by employing powerful function

approximators to learn – in essence – global posterior density estimators on the basis of

a limited number of simulations from across the parameter space of the abm; that is,

they learn functions h : Y×Θ→ R which approximate the posterior density π(θ | y)
across the space of all possible values for θ and y. This has the potential to signifi-

cantly reduce the simulation burden associated with approximate Bayesian inference

procedures, because the pointwise estimates of π(θ | y) can borrow strength from,

and share information between, one another; in contrast, the algorithms described

in Sections 1.5.1, 1.5.2, and 1.5.3 consider each pointwise evaluation of π(θ | y) as

standalone density estimation tasks, such that no information can be shared between

them. In this way, a large number of approximate posterior samples can be generated

from an algorithm trained on what can in practice be a far smaller number of model

samples than is required for the algorithms described in Sections 1.5.1, 1.5.2, and

1.5.3.

Finally, the approaches we endorse here are equipped with a further efficiency benefit:

amortisation. This phrase captures the fact that the global density estimators can

be used to generate samples from an approximate posterior π̂(θ | y) for any data y

without the need to further simulate from the abm, which results from the fact that

they are trained on the full space of possible values for θ and y. In contrast, applying

the methods described in Sections 1.5.1, 1.5.2, and 1.5.3 to a new dataset y′ would

entail another nR simulations from the abm, multiplying the already high simulation

costs.

Black-box inference methods We saw in Sections 1.5.2.1 and 1.5.2.2 that many

inference approaches come with restrictive assumptions, for instance, stationarity of

the simulated and observed time-series. In general, it is useful to dispense with these
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assumptions, since they can be difficult to verify and limit the applicability of these

methods for arbitrary simulators. Instead, it can be preferable to employ black-box

methods that make minimal assumptions about the model and are therefore generi-

cally applicable to arbitrary simulators. Doing so enables the modeller to concentrate

resources on model design and implementation, rather than on developing bespoke

inference algorithms for each new simulator. Furthermore, assumptions such as sta-

tionarity are known to be particularly poorly suited to certain economic simulation

models such as abms, since these models are known and are even designed to produce

non-equilibrium dynamics. Employing inference procedures that are able to handle

such dynamics is therefore essential to the task of estimating generic abms.

Discriminative approaches to parameter inference Discriminative tasks in

machine learning are typically simpler than generative tasks, since generative tasks

address larger problems than pure discrimination. This is intuitive: for example, it

is typically easier for humans and computers alike to distinguish between images of

cats and dogs than to generate them. Analogously, it is generally a simpler task to

discriminate between complex time-series data than it is to generate such time-series.

Many of the approaches described in Sections 1.5.1, 1.5.2, and 1.5.3 adopt a generative

approach: they – either explicitly or implicitly – seek to derive an approximation to

the simulator’s likelihood function using a probabilistic model, and thus seek to model

the (probability density function of the) simulation output itself. Formally, this may

be understood as learning the (stochastic) map θ 7→ x. Npe and nre, in contrast,

do not seek to model the simulation output: instead, they map from instances of

the simulation output to certain target values which we will describe in more detail

below. This can be formally thought of as learning the stochastic map x 7→ θ. Such

an approach to parameter estimation therefore embodies a fundamental departure

from the approaches described in Sections 1.5.1, 1.5.2, and 1.5.3. It has the potential

to be particularly beneficial for abms, which are known to be able to produce complex,

non-equilibrium dynamics that are especially difficult to model and generate.
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6.2 Experiments and demonstrations for tractable

examples

In this section, we present experiments in which we compare the ability of npe and

nre to estimate parameter posterior distributions for economic simulation models

with tractable likelihood functions against the non-parametric density estimation

method described in Grazzini et al. (2017), which we term kde and outline in Section

1.5.2.2 as an instance of abc. We provide details of the neural network architecture

and training hyperparameters in Appendix C.4. Throughout, we assume that the

density (ratio) estimator includes any embedding network used to learn summary

statistics concurrently with the density (ratio) estimate, and thus consider ϕ to con-

tain the parameters of both the estimator and the embedding network (see Section

1.5.5).

6.2.1 Performance metrics

Each example presented in this section will be equipped with a tractable transition

density, and therefore a tractable likelihood function. Such models are thus amenable

to Bayesian inference via standard means, such as mcmc, to obtain an approximate

ground-truth posterior density2. As remarked in Section 5.2, we focus on such models

in the experiments presented here since it is important to demonstrate new methodol-

ogy on examples for which a correct answer can be obtained (at least approximately,

via methods such as mcmc). The models we use as benchmark experiments below

embody a slight departure from the narrative we have presented thus far around the

suitability of the endorsed methods for large, complex, and expensive abms for this

reason, and since the models considered below have either emerged as standard mod-

els used in benchmark experiments for abm calibration methods in the social sciences

or have a similar level of complexity to such models (see e.g. Lux, 2018; Platt, 2020,

2021; Lux, 2021, for examples).

To assess the accuracy of the estimated posteriors in this case, we compare the full

ground-truth posterior density with the full posterior estimated with each of the

implemented simulation-based approaches. This contrasts with previous studies of

2While the true posterior density is targeted with such a sampling scheme, the ground-truth
obtained in this fashion remains an approximation due to the Monte Carlo error associated with the
finite sample size.
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θ1

θ2

Figure 6.1: Visualisation: why standard Euclidean distances are misleading when gauging
the performance of Bayesian inference algorithms. The parameter θ2 is ostensibly closer to
the“true parameter” (grey) in this toy posterior than θ1. However, θ1 has higher posterior
density, i.e. it is a more credible parameter given the observed data.

Bayesian parameter estimation for abms, in which point estimates alone are often

used to assess the quality of the tested inference procedures. For example, Platt

(2021) uses a prior-weighted Euclidean distance between the estimated posterior mean

and generating parameters (that is, the θ that generated the pseudo-observation y)

as a performance metric. However, such metrics provide a very limited and at times

misleading view on the outcome of the inference process, because (a) “closesness” is

not measured in the geometry of the target distribution, as visualised in Figure 6.1;

(b) it is possible that an approximate posterior can produce a posterior mean close to

the generating parameter but simultaneously under- or over-estimate the width of the

distribution or otherwise yield poor uncertainty quantification; and (c) finite datasets

are not guaranteed to yield posterior densities that concentrate on the generating

parameter.

To compare the ground-truth and simulation-based posteriors, we compute two inte-

gral probability metrics which each correspond to a notion of dissimilarity between

the ground-truth and estimated posteriors:

Wasserstein distance This is a distance measure derived from optimal transport

theory (Kantorovich, 1960) and used widely in various machine learning contexts, e.g.

generative adversarial networks (Arjovsky et al., 2017). For some distance ρ0 on Θ

and two probability measures µ and µ̃, the p-Wasserstein metric between two sets of
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samples {θ(i)}ni=1
iid∼ µ and {θ̃(i)}mi=1

iid∼ µ̃ is computed as

Wp

(
{θ(i)}ni=1, {θ̃(j)}mj=1

)p
= inf

γ∈Γn,m

n∑
i=1

m∑
j=1

ρ0(θ
(i), θ̃(j))pγij (6.3)

where Γn,m is the set of n×m matrices with non-negative entries, columns summing

to m−1, and rows summing to n−1. Throughout, we use the Euclidean distance for

ρ0 and take p = 1.

Maximum mean discrepancy (MMD) This metric is once again a metric on

probability distributions that draws from the theory of reproducing kernel Hilbert

spaces (Gretton et al., 2006, 2012) and is used widely within the machine learning and

simulation-based inference community to assess the dissimilarity between probability

distributions (Papamakarios et al., 2019; Lueckmann et al., 2021). Here, under a

suitable choice of kernel3 k chosen by the experimenter, the discrepancy between two

probability distributions P and Q is taken to be

mmd(P,Q) =
∥∥∥Eθ∼P [k(θ, ·)]− Eθ′∼Q [k(θ′, ·)]

∥∥∥2
H
, (6.4)

where H is the reproducing kernel Hilbert space (rkhs) associated with k and

Eθ∼P [k(θ, ·)] is the so-called mean embedding of P via kernel k. When only sam-

ples {θ(i)}ni=1
iid∼ P and {θ̃(i)}mi=1

iid∼ Q are available, an unbiased estimator of this

metric can be computed as

m̂md (P,Q) =
1

m(m− 1)

∑
i,j
j ̸=i

k(θ̃(i), θ̃(j))+
1

n(n− 1)

∑
i,j
i ̸=j

k(θ(i),θ(j))− 2

nm

∑
i,j

k(θ(i), θ̃(j)).

(6.5)

Throughout, we use a Gaussian kernel as k,

k(θ,θ′) = exp

(
−∥θ − θ

′∥22
2σ2

)
, (6.6)

where the scale parameter σ2 = median{∥θ̃(i) − θ̃(j)∥22}, following Briol et al. (2019),

and {θ̃(i)}ni=1 are the samples drawn from the ground-truth posteriors.

3That is: a symmetric, positive semi-definite function Θ×Θ→ R.
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6.2.2 Brock and Hommes (1998)

We consider the simulation model and inference task described in Section 1.7.3. In

particular, we consider two experimental setups which we describe further in the

following two subsections.

For both npe and nre, we use a round-based training approach i.e. sequential neural

posterior estimation (snpe) and sequential neural ratio estimation (snre): we train

over 10 rounds and generate 1000 simulations in each round. For kde, we take R = 1

and sample from the posterior with Metropolis-Hastings (mh) (see Appendix C.1.1

for further details).

Summarising data As discussed in Section 1.5.5, there exists a number of ap-

proaches to representing high-dimensional time-series data x as a low-dimensional

vector s(x) of summary statistics to facilitate sbi. In the experiments for the Brock

& Hommes model, we demonstrate npe and nre using summary statistics obtained

in two different ways:

1. by summarising them manually as4 the mean value, variance, maximum, mini-

mum, median, 25th quantile, 75th quantile, and the autocorrelations of the xt

to lags 1, 2, and 3. We denote these summary statistics with s̃ and refer to

them as naive or hand-crafted summary statistics;

2. by learning them as part of the training process with an embedding network sφ

with trainable parameters φ (see Section 1.5.5). Through the experiments we

present below, we will demonstrate that npe and nre can be used flexibly with

various embedding networks, and that the experimenter is free to choose from

the plethora of candidate networks that incorporate useful inductive biases for

time-series data (e.g. Wong et al., 2018; Kidger et al., 2020). Below, we refer to

summary statistics obtained in this fashion as learned summary statistics.

6.2.2.1 Parameter set 1

We take β = 120 and consider the task of estimating the posterior density π(θ | y),
where θ∗ := (g∗2, b

∗
2, g

∗
3, b

∗
3) = (0.9, 0.2, 0.9,−0.2). We use the following uniform priors:

4We note however that these are not the only choices available to the experimenter.
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g2, b2, g3 ∼ U (0, 1), while b3 ∼ U(−1, 0).

In Figure 6.2, we show the posteriors obtained using different posterior estimation

methods: Figure 6.2a shows the approximate ground-truth posterior density obtained

with the true likelihood function and mh; Figure 6.2b shows the posterior obtained

with kde and mh; Figures 6.2c and 6.2d show the posterior estimated via snpe

with naive and learned summary statistics, respectively; and Figures 6.3a and 6.3b

show the posterior obtained via snre and naive and learned summary statistics,

respectively, which were also sampled using mh. Here, we use an embedding network

consisting of two stacked Elman recurrent units with hidden state of size 32, followed

by a single linear layer of size 16. In each figure, the marginals and joint bivariate

densities are located on the diagonal and upper diagonal, respectively, while the red

lines/dots locate the mean of the true posterior.

We see from the approximate ground-truth in Figure 6.2a that the marginal poste-

riors are sharply peaked on the generating parameters for b2, g3, and b3, while the

ground truth marginal for g2 is shifted towards higher values. While these features

are recovered reasonably well for Figures 6.2c–6.3b (the most notable exception being

the posteriors for g2), we see that they are recovered poorly with kde. This per-

formance gap is also manifested in the Wasserstein and mmd metrics reported in

Table 6.1, where lower values indicate better estimates of the posterior. In summary,

kde both requires a far larger simulation budget to estimate a single posterior, while

simultaneously generating worse estimates of that posterior. In contrast, snpe and

snre is able to achieve superior estimates of the ground-truth posterior distribution,

despite the 10-fold reduction in the simulation budget they have been afforded.

6.2.2.2 Parameter set 2

We now take β = 10 and consider the task of estimating the posterior density π(θ |
y), where y := (y1,y2, . . . ,yT ) ∼ p(x | θ∗), T = 100, and θ∗ := (g∗2, b

∗
2, g

∗
3, b

∗
3) =

(−0.7,−0.4, 0.5, 0.3). In this case, we use the following priors: g2, b2 ∼ U(−1, 0) and
g3, b3 ∼ U(0, 1).

In Figure 6.4, we show the posteriors obtained using different posterior estimation

methods: Figure 6.4a shows the approximate ground-truth posterior density obtained

with the true likelihood function and mh; Figure 6.4b shows the posterior obtained

with kde and mh; Figures 6.4c and 6.4d show the posterior estimated via snpe
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(a) True posterior
(b) Grazzini kernel density estimation (kde)
posterior, 1.5× 105 simulations

(c) Sequential neural posterior estimation with
naive summary statistics, 104 simulations

(d) Sequential neural posterior estimation with
learned summary statistics, 104 simulations

Figure 6.2: (Brock & Hommes, parameter set 1) Posteriors obtained with (a) the true
likelihood function + mh, (b) kde + mh, (c) sequential npe with hand-crafted summary
statistics, and (d) sequential npe with learned summary statistics. The marginal posterior
distributions are located on the diagonals, while the bivariate joint distributions for each
parameter pair are located on the upper diagonal. Red lines/dots indicate the mean of the
true posterior.
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(a) Sequential neural ratio estimation with
naive summary statistics, 104 simulations

(b) Sequential neural ratio estimation with
learned summary statistics, 104 simulations

Figure 6.3: (Brock & Hommes, parameter set 1) Posteriors obtained with (a) se-
quential density ratio estimation (dre) + hand-crafted summary statistics + mh, and (b)
sequential dre + learned summary statistics + mh. The marginal posterior distributions
are located on the diagonals, while the bivariate joint distributions for each parameter pair
are located on the upper diagonal. Red lines/dots indicate the mean of the true posterior.

Parameter set Metric Estimation method

kde snpe snpe* snre snre*

1
Wasserstein 0.690 0.477 0.336 0.241 0.299

mmd 1.015 0.789 0.552 0.451 0.781

2
Wasserstein 0.304 0.154 0.306 0.164 0.291

mmd 0.127 0.036 0.133 0.041 0.118

Simulation budget 105 104 104 104 104

Table 6.1: (Brock & Hommes) Discrepancies between the approximate ground-truth
posterior and the posteriors estimated with kde, snpe, and snre. Bold and italics indicate
best and second-best, respectively. For the neural methods, * indicates that the naive
hand-crafted summary statistics described in the main text were used, otherwise summary
statistics are learned from the simulated data.
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with naive and learned summary statistics, respectively; and Figures 6.5a and 6.5b

show the posterior obtained via snre and naive and learned summary statistics,

respectively, which were also sampled with mh. In this experiment, we now use an

embedding network consisting of two stacked gated recurrent units (GRUs) with

hidden state of size 32, followed by a single linear layer of size 16. This results in an

embedding network with approximately 10,000 trainable parameters.

We see from the approximate ground-truth in Figure 6.4a that the marginal posteriors

for b2 and b3 remain sharply peaked on the generating parameters, but that the ground

truth marginals for g2 and g3 are diffuse and sloped. The diffuseness of the posterior

with respect to these two dimensions is also visually apparent in the joint density

plots in the upper diagonal. Upon inspection of the estimated posteriors, we see that

the overall shape is recovered well by snpe and snre with learned summary statistics,

but less accurately by kde and snpe and snre when using the naive hand-crafted

summary statistics described in Section 6.2.2. This is once again reflected by the

Wasserstein and mmd scores, reported in Table 6.1, in which we see significantly

decreased values for snpe and snre with learned summary statistics with respect to

the alternatives, despite a 10-fold decrease in the simulation budget they have been

afforded. It is nonetheless noteworthy that even with the naive hand-crafted summary

statistics, snpe and snre achieve comparable and slightly favourable performance

than kde, again with a 10-fold decrease in the allotted simulation budget.

We note that this experiment is identical (i.e. same simulation model, same pseudo-

observed dataset, same posterior samples) as the experiment presented in Section

3.2.4. It is therefore also apparent that this improved performance is seen relative to

other state-of-the-art instances of abc and is not limited to the specific case of the

kde method considered in this section.

6.2.3 Multivariate geometric Brownian motion

In Section 6.2.2, we demonstrated that npe and nre can be used to generate Bayesian

parameter posteriors that better match the ground truth posterior than kde for the

univariate Brock & Hommes model, despite the fact that the latter method entailed

10 times as many simulations as the former two methods based on neural networks.

In this section, we seek to demonstrate that this remains the case even for models

that generate multivariate time-series as output.
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(a) True posterior (b) Grazzini kde posterior, 105 simulations

(c) Sequential neural posterior estimation with
naive summary statistics, 104 simulations

(d) Sequential neural posterior estimation with
learned summary statistics, 104 simulations

Figure 6.4: (Brock & Hommes, parameter set 2) Posteriors obtained with (a) the true
likelihood function + mh, (b) the kde likelihood + mh, (c) sequential npe + hand-crafted
summary statistics, and (d) sequential npe + learned summary statistics. The marginal
posterior distributions are located on the diagonals, while the bivariate joint distributions
for each parameter pair are located on the upper diagonal. Red lines/dots indicate the
mean of the true posterior.
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(a) Sequential neural ratio estimation with
naive summary statistics, 104 simulations

(b) Sequential neural ratio estimation with
learned summary statistics, 104 simulations

Figure 6.5: (Brock & Hommes, parameter set 2) Posteriors obtained with (a) se-
quential dre + hand-crafted summary statistics + mh, and (b) sequential nre + learned
summary statistics + mh. The marginal posterior distributions are located on the diago-
nals, while the bivariate joint distributions for each parameter pair are located on the upper
diagonal. Red lines/dots indicate the mean of the true posterior.

To this end, we consider the multivariate geometric Brownian motion (mvgbm) model

described in Section 1.7.2.2. In Figure 6.6a we show the approximate ground truth

posterior obtained with mh and the transition density described above, while in Fig-

ures 6.6b, 6.6c, and 6.6d we show the posteriors obtained with kde + mh, npe with

learned summary statistics, and nre with mh also with learned summary statistics,

respectively. The corresponding simulation budgets are 106, 103, and 103, respec-

tively. To learn the summary statistics, we once again use the embedding network

described in Section 6.2.2.2 and learn summary statistics and the density (ratio) es-

timator concurrently.

We see that the approximate ground-truth posteriors are relatively diffuse, with peaks

approximately coinciding with the true posterior mean, shown with red lines/dots.

The shape and degree of diffuseness is captured accurately by npe and nre. In

contrast, the posterior obtained with kde is insufficiently diffuse and biased, and

thus a significantly worse estimate of the ground-truth posterior. These observations

are corroborated by the corresponding Wasserstein and mmd metrics, reported in

Table 6.2 along with the corresponding simulation budgets. In summary, npe and

nre achieve significantly more accurate posterior estimates here with a 1000-fold

decrease in the simulation budget, and are able to flexibly accommodate multivariate
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Metric Estimation method

kde npe nre

Wasserstein 0.364 0.099 0.107
mmd 0.137 0.005 0.004

Simulation budget 106 103 103

Table 6.2: (Multivariate geometric Brownian motion) Discrepancies be-
tween the approximate ground-truth posterior and the posteriors estimated with
npe, nre, and kde. Smaller values indicate more accurate posteriors; bold and
italics indicate best and second-best, respectively.

time-series as input for the inference problem.

6.3 Validating approximate Bayesian inference

When performing approximate Bayesian inference in practice, it can be difficult to

assess whether a posterior generated by any algorithm is in some sense accurate,

informative, or meaningful. This raises the question of whether there exists methods

for checking the quality of an approximate posterior derived from procedures such

as npe and nre. In this section, we outline two common approaches to validating

approximate Bayesian inference procedures, and discuss how such posterior quality

checks are more readily available to the practitioner through the use of npe and nre

than they are when using more classical posterior inference procedures such as kde.

6.3.1 Simulation-based calibration

As previously mentioned, a major benefit of the Bayesian inferential paradigm is the

fact that uncertainty quantification is a built-in feature captured via the posterior

distribution. Its utility relies, however, on the ability to capture the correct degree of

diffuseness in the posterior, such that the uncertainty quantification in the recovered

posterior is meaningful. This presents a challenge in approximate Bayesian inference,

since by definition the experimenter does not know the correct shape of the posterior

when exact inference is intractable. Here, we address this issue by outlining a widely
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(a) True posterior (b) Grazzini kde posterior, 106 simulations

(c) Neural posterior estimation with automat-
ically learned summary statistics, 103 simula-
tions

(d) Neural posterior estimation with automat-
ically learned summary statistics, 103 simula-
tions

Figure 6.6: (Multivariate geometric Brownian motion) Posteriors obtained with (a)
the true likelihood function + mh, (b) the kde likelihood + mh, (c) npe + learned summary
statistics, and (d) neural dre + learned summary statistics + mh. The marginal posterior
distributions are located on the diagonals, while the bivariate joint distributions for each
parameter pair are located on the upper diagonal. Red lines/dots indicate the mean of the
true posterior.
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used approach to verifying the accuracy of approximate Bayesian inference pipelines

in the absence of any ground-truth posterior densities.

Simulation-based calibration is a general purpose method for validating approximate

Bayesian inference pipelines. The core idea is to use the fact that the data-averaged

posterior should be identical to the prior distribution π(θ). That is, a perfect Bayesian

inference pipeline should uphold the following equality:∫
Y×Θ

π(θ | y)p(y | θ̃)π(θ̃) dθ̃ dy = π(θ). (6.7)

A deviation from this equality signifies some error in the posterior sampling procedure;

thus, it has been proposed by Talts et al. (2020) that testing how close our Bayesian

workflow is to satisfying this equality is a test of the accuracy of the Bayesian pipeline.

This may be performed by repeating the following steps P times:

1. Generate θ̃ ∼ π(θ) from the prior distribution

2. Generate ỹ ∼ p(y | θ̃) from the likelihood function (i.e. the simulator)

3. Generate L uncorrelated posterior samples
{
θ(i)
}L
i=1
∼ π(θ | ỹ)

4. Compute and store the rank statistic r(
{
θ(i)
}L
i=1

, θ̃) ∈ {0, . . . , L} for θ̃ within{
θ(i)
}L
i=1
∪
{
θ̃
}

It can be shown (Theorem 1, Talts et al., 2020) that the rank statistics obtained as

above should follow a discrete Uniform distribution on {0, . . . , L} for any joint dis-

tribution p(y | θ)π(θ) for one-dimensional θ, while for d-dimensional θ each of the d

components’ rank histograms should be uniform. Inspecting the discrepancy between

the true distribution of rank statistics and the desired Uniform distribution thus gives

an indication of the accuracy of the Bayesian pipeline; furthermore and conversely,

particular patterns of deviation from the desired uniformity are interpretable and

provide insight into the specific way in which the obtained posteriors are inaccurate

(Talts et al., 2020). Performing this procedure, and inspecting the resultant rank

histograms, is referred to as performing simulation-based calibration (sbc).
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6.3.1.1 Computational expense of simulation-based calibration

While this procedure is in principle possible for kde, the computational burden is

immense even for cheap simulation models, and becomes completely infeasible for

large-scale abms. This is because the number of simulations required to generate n

samples from the posterior would, in general, be at least5 nR, such that the total

number of simulations required to perform sbc for kde increases to PnR. Even for

a moderately sized sbc task with P ≃ 103 and the most optimistic R = 1, the total

number of simulations required can easily reach the order of 108, since it is typically

necessary to take n to be many hundreds of thousands to obtain a reasonably accurate

estimate of the posterior. In fact, larger values of n are likely to be necessary, since

abms are usually highly parameterised and thus can have large parameter spaces.

In contrast, such an approach to verifying the accuracy of posteriors derived from npe

and nre is feasible due to the fact that such approaches involve the prior training

of a global density (ratio) estimator, obviating any simulations during the inference

(posterior sampling) phase. Thus the strength of npe and nre derives from not only

their enhanced performance and improved simulation-efficiency, but also from the fact

that such methods permit accuracy checks such as sbc that are otherwise infeasible

for alternative parameter estimation techniques when the simulator is expensive, as

is often the case for large-scale abms.

6.3.1.2 Example: Franke and Westerhoff (2012)

To further demonstrate the ability of npe and nre to recover accurate posterior

estimates and informative summary statistics in a highly automated manner, we

perform sbc using a posterior and density ratio estimator trained on the Franke &

Westerhoff model (Franke and Westerhoff, 2012), which has previously been used in

benchmarking experiments for abm estimation methods (Platt, 2021). In particular,

we consider the model version referred to as the “Wealth & Predisposition” model

which, similarly to the Brock & Hommes model (see Section 6.2.2), may be written

as a system of coupled equations which models the asset price dynamics that result

5In practice, this number may be larger due to the necessity of performing trial runs to estimate
the parameters of the proposal distribution.
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from a heterogeneous system of traders:

pt = pt−1 + µ
(
nf
t−1d

f
t−1 + nc

t−1d
c
t−1

)
, (6.8)

dft = ϕ (p∗ − pt) + σfϵ
f
t , (6.9)

dct = χ (pt − pt−1) + σcϵ
c
t , (6.10)

nf
t = 1− nc

t =
1

1 + exp (−βat−1)
, (6.11)

at = αw

(
wf

t − wc
t

)
+ α0, (6.12)

wj
t = ηwj

t−1 + (1− η) gjt , j ∈ {f, c} (6.13)

gjt = [ept − ept−1 ] djt−2, j ∈ {f, c} (6.14)

where the ϵjt ∼ N (0, 1) are standard normal random variables and j = {f, c} labels
fundamentalist and chartist traders, respectively. We take as output from the model

the time series of log returns rt = pt− pt−1, and assume the task of training a global,

amortised density and density ratio estimator via npe and nre, respectively, using

104 simulations of length T = 100 from the simulator defined by Equations (6.8)–

(6.14) with the following parameter settings: µ = 0.01, β = 1, ϕ = 1, χ = 0.9,

α0 = 2.1, σf = 0.752. The parameter vector for which we seek the posterior and

density ratio estimators is taken to be θ = (αw, η, σc), and we obtain iid samples from

the posterior associated with the density ratio estimator via a sampling-importance-

resampling scheme described in Appendix C.1.2. (Samples may be drawn iid from

the npe posterior by construction.)

We show in Figure 6.7 the rank histograms obtained via the simulation-based cal-

ibration procedure in Section 6.3.1 with npe (Figure 6.7a) and nre (Figure 6.7b).

To construct these histograms, we take P = 5, 000 and the following uniform priors:

αw ∼ U (0, 15000), η ∼ U(0, 1), and σc ∼ U (0, 5). The black line and gray band

denotes the expected height and the expected variation in the heights, respectively,

of the bars at this P and with this number of bins. We see that the bars tend to lie

within the expected range, although some notable deviations exist: for example, the

rank histograms for αw for both npe and nre exhibit a minor bias towards larger rank

values, which suggests that the marginal posteriors for αw in both cases is slightly

biased towards lower values on average than the true posteriors (Talts et al., 2020).

However, we emphasise that a major benefit of npe and nre is that they allow the

modeller to make statements of this sort in the first place, whereas the number of sim-

ulations required to make such statements in the case of more traditional techniques

such as kde would quickly become prohibitively large.
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(a) Simulation-based calibration histogram for neural posterior estimation.

(b) Simulation-based calibration histogram for neural density ratio estimation.

Figure 6.7: (Franke & Westerhoff) Rank histograms generated according to the
simulation-based calibration procedure in Section 6.3.1 using the trained posterior den-
sity estimator (top) and density ratio estimator (bottom).
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6.3.2 Posterior predictive checks

Posterior predictive checks (see e.g. Section 6.3, Gelman et al., 1995) are an additional

tool for validating approximate Bayesian inference procedures. A posterior predictive

check (ppc) captures the notion that, if the inferences that have been drawn about

plausible parameter values θ based on the observed data y are accurate, then the

posterior distribution π(θ | y) should assign high probability mass to regions of the

parameter space that tend to generate dynamics similar to y. In other words, samples

from the posterior predictive distribution,

p(ỹ | y) =
∫
Θ

p(ỹ | θ)π(θ | y)dθ, (6.15)

should be in some sense similar to y, and y should look like a “typical” data point

amongst samples from (6.15). Here, ỹ may denote either future values obtained by

simulating forward from the final value in y, or may be taken as hypothetical repeti-

tions of y. Validating approximate Bayesian inference in this way then corresponds

simply to repeatedly performing the following set of actions:

1. Sample a parameter from the approximate posterior, θ ∼ π(θ | y);

2. Simulate a dataset from the model at that parameter value, ỹ ∼ p(ỹ | θ);

3. Store ỹ for later comparison with y.

Once the J ≥ 1 posterior predictive samples S := {ỹ(j)}Jj=1 have been generated, a

comparison between y and S may be performed through, for example, a visual inspec-

tion by plotting (summary statistics of) y and the ỹ(j), or by identifying appropriate

test statistics or scoring rules (Section 6.3, Gelman et al., 1995).

6.3.2.1 Computational expense of posterior predictive checks

To simulate J ≥ 1 realisations {ỹ(j)}Jj=1 from the posterior predictive distribution, J

iid samples {θ̃(j)}Jj=1 must be generated from the posterior density. The simulation

burden for ppcs is therefore the simulation burden associated with construction of

the posterior for y in the first place, in addition to the J further simulations required

to perform the ppcs. Since this procedure needs only to be performed for the single

dataset y observed from the real world, the difference in the simulation burden of
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ppcs when used the methods we endorse – npe and nre – and with more classical

methods – such as kde or other instances of abc – is likely to be smaller than it is in

the case of sbc. However, it remains the case that the simulation burden associated

with performing ppcs under npe and nre is likely to be orders of magnitude smaller

than for more classical approaches to approximate Bayesian parameter inference, due

to the greater simulation efficiency of these methods that we explain in Section 6.

6.3.2.2 Example: Macy et al. (2003)

To illustrate the above, we consider an inference task based on the Hopfield model

of social dynamics proposed by Macy et al. (2003), which describes the coevolution

of opinions and the social network structure, and the emergence of polarisation, in a

population of N agents. At each time step t = 1, . . . , T , each agent is equipped with

N−1 undirected ties to the remaining agents in the population, and the strength and

valence of the tie between agents i and j is characterised by wtij ∈ [−1, 1]. Each agent

is also equipped with a state vector zti = (zti1, . . . , ztiK) ∈ {−1, 1}K , i = 1, . . . , N ,

which may represent the opinion status of agent i on each of a number K ≥ 1 of

topics at time t. The social pressure that agent i experiences on topic k at time t is

then modelled as

Ptik =
1

N − 1

∑
j ̸=i

wtijztik, (6.16)

and i’s corresponding propensity to adopt the positive opinion is taken to be

φtik =
1

1 + e−ρ·Ptik
, (6.17)

where ρ > 0 is a free parameter of the model. Agent i then adopts the positive

opinion on topic k at time t (i.e. z(t+1)ik = 1) if

φtik > 0.5 + ϵUti, (6.18)

where ϵ ∈ [0, 1] is a further free parameter of the model and Uti ∼ U(−0.5, 0.5).
Finally, the ties between agents evolve as

w(t+1)ij = (1− λ)wtij +
λ

K

K∑
k=1

z(t+1)ikz(t+1)jk, (6.19)

where λ ∈ [0, 1] is a third free parameter of the model.
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In this inference task, we deviate from previous experiments and assume the goal of

approximating a posterior density for θ = (ρ, ϵ, λ) having observed the agent-based

model in its entirety ; that is, we take both the agent states z = (z1, . . . , zT ) and the

inter-agent tie-strengths w = (w1, . . . ,wT ) over all T = 25 time steps – rather than

some aggregate time-series derived from these microscopic details – as the output of

the model, such that x = (z,w) ∼ p(· | θ). In this form, the output data x takes the

form of a sequence of weighted, undirected snapshots of an evolving graph, in which

the nodes have a set of K ≥ 1 attributes contained in the state vectors zti. We assume

this more unusual setting in this example as a final illustration of the fact that the

methods we investigate in this chapter are immediately able to operate on datasets

that may be encountered in the computational social sciences, such as sequences of

graphs providing a high-resolution description of the state of a social system.

To be able to derive a parameter posterior directly from this dynamic graph data –

rather than from an aggregate time-series that simply summarises this fine, granular

dataset – we employ a masked autoregressive flow (Papamakarios et al., 2017) to

perform npe and use as the embedding network a dynamic graph neural network

(gnn) (see e.g. Seo et al., 2018; Zhou et al., 2020). Dynamic gnns are neural network

architectures that are designed to operate on evolving graph structures – we refer the

interested reader to Appendix C.3 for an overview of gnns and to Appendix C.4 for

details on the exact architectures employed. In this way – as with the case of high-

dimensional, aggregate, multivariate time-series data discussed in previous sections –

npe and nre are able to operate on high-dimensional dynamic graph structures by

incorporating and leveraging useful inductive biases into their architecture, in this

case the inductive biases introduced by dynamic gnns.

We train this composite network using a budget of 1000 simulations from the abm

described above, and assume prior densities ρ ∼ U(0, 5), ϵ ∼ U(0, 1), and λ ∼ U(0, 1).
The inference task is performed for a pseudo-true dataset y ∼ p(y | θ∗) generated

at ground-truth parameter values θ∗ = (1, 0.8, 0.5), and the number of agents in the

system is taken to be N = 50.

After training the posterior estimator, we perform ppcs by visualising the distribution

of two statistics of posterior predictive samples ỹ = (z̃, w̃):

1. the number of balanced triads in the (signed) adjacency matrix ω ∈ {−1, 1}N×N

with elements ωij = sign(w̃T ij). This captures the degree to which the adage
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Figure 6.8: (Social dynamics model) Distributions of statistics of prior (red) and
posterior (blue) predictive samples. Observed statistics are shown with the vertical green
line.

“the enemy of my enemy is my friend” is reflected in the final structure of the

signed network underlying the simulated social system, and is computed as

C =
N∑
i=1

N∑
j=1

N∑
k=1

ωikωkjωki.

2. the linear correlation coefficient between the final tie-strengths w̃T ij and the

final opinion overlap value,
K∑
k=1

z̃T ikz̃Tjk, (6.20)

to compare the degree to which the correspondence between the relationship

between pairs of agents and the similarity of their opinion profiles matches

between the simulated and pseudo-true datasets.

We plot the first and second of these two statistics in the left and right subplots,

respectively, of Figure 6.8 for samples from the posterior and prior predictive distri-

butions. We also show the values of these statistics obtained from the pseudo-true

dataset y. From this, we see that the observed value of these two statistics is more

typical under the posterior predictive samples than it is under the prior predictive

samples, suggesting that the posterior estimator has accurately learned how to assign

probability mass in appropriate regions of the parameter space.
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6.4 Conclusion

In this chapter, we investigated the use of two recently developed approaches to

Bayesian parameter estimation for intractable simulation models: neural posterior

estimation (npe) for approximating the posterior density directly, and neural density

ratio estimation (dre) for approximating the likelihood-to-evidence ratio. We moti-

vated the use of these parameter inference methods as simulation-efficient black-box

discriminative approaches to Bayesian estimation for complex time-series simulators

such as agent-based models in economics and the social sciences, which contrast with

existing methods for which at least one of the following is true: (a) they entail an often

prohibitively large simulation burden; (b) they make restrictive assumptions about

the form of the simulator, for example by ignoring important structural features such

as temporal dependencies; and (c) they are inherently generative, and thus assume

a task that is typically more difficult than discrimination alone. We argue that this

latter point is likely to be particularly pertinent for the case of agent-based models

in economics and the social sciences, since they are known to be able to generate

complex and stochastic non-equilibrium dynamics that can be difficult to model and

generate.

We further reviewed existing alternatives, and benchmarked npe and neural dre

against one of the most popular of these. In these examples, we see that npe and

neural dre generally achieve superior recovery of the approximate ground-truth pos-

terior distributions, despite requiring simulation budgets that are orders of magnitude

lower than traditional alternatives. In addition, we demonstrated that a verification

of the accuracy of the density (ratio) estimators is possible with the introduced meth-

ods via simulation-based calibration (sbc), due to the amortisation of the estimators,

and furthermore by other well-known approaches such as posterior predictive checks

(ppcs). In contrast to npe and neural ratio estimation (nre), the former of these –

sbc – would necessitate an unreasonably large number of simulations when existing

methods for Bayesian estimation of large-scale simulation models in economics and

the social sciences are used, for example the methods discussed by Grazzini et al.

(2017). For these reasons, we argue that such simulation-efficient black-box Bayesian

inference as npe and nre may enable economists and social scientists alike to more

readily exploit the potential benefits of the agent-based modelling paradigm, due to

the dramatic increases in accuracy and correspondingly dramatic decreases in the

simulation burden seen with these methods.
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Epilogue
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Chapter 7

Conclusion

The goal of this thesis was to contribute to the literature on likelihood-free, simulation-

based inference procedures for dynamic stochastic simulation models. In particular,

our goal was to develop methods that are suitable for the kinds of simulation models

that are encountered in the social sciences and in social simulation more generally.

To this end, we investigated a variety of approaches to simulation-based Bayesian

inference for simulation models that produce sequential data of different kinds. In

the first part of this thesis, we framed this problem as one that is made complicated

by the intractability of simulation models’ likelihood functions. In the second part of

this thesis, we considered how an object arising in the theory of controlled differen-

tial equations and stochastic analysis – the signature of a path – may be employed

within different classes of simulation-based inference procedures for dynamic stochas-

tic simulation models. In particular, we showed in Chapter 3 that path signatures

may be naturally and successfully embedded into approximate Bayesian computa-

tion pipelines, and discussed the theoretical properties of such an approach, along

with its behaviour in misspecified settings. We further discussed in Chapters 4 and 5

how path signatures may be employed in density ratio estimation methods, in which

the likelihood-to-evidence ratio in Bayes’s theorem is approximated with probabilis-

tic classifiers. In particular, we considered how such an approach may be especially

useful for expensive time-series simulators, of which there are many examples in the

social sciences (e.g. large-scale agent-based models).

In the third part of the thesis, we investigated in more detail how two recently de-

veloped approaches to simulation-based inference that have emerged from the proba-
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bilistic machine learning community – neural posterior estimation and neural density

ratio estimation – offer a promising approach to simulation-based Bayesian parameter

inference for agent-based models, which are of significant interest in economics and

the social sciences more broadly. We motivated the use of these methods as flexible,

simulation-efficient, and accurate approaches to approximate Bayesian parameter in-

ference that simultaneously address many of the key challenges faced when calibrating

parameter for these models, and demonstrated with experiments how they may be

straightforwardly and automatically applied to not only multivariate time-series data,

but also to more exotic scenarios such as models that simulate evolving graphs. Such

an approach may prove useful in social simulation settings, such as when modelling

evolving social networks or occupational mobility networks in labour markets (del

Rio-Chanona et al., 2021).

We hope that the work presented in this thesis serves to inspire further work in the

development of inference techniques, and methodology more generally, that make so-

cial simulation an informative and robust tool for use by decision- and policy-makers.

With this in mind, we conclude by considering some limitations and challenges faced

in simulation-based Bayesian parameter inference, and how these challenges relate

to the methods we discuss in the previous chapters. We also consider some broader

challenges in the development of robust, data-driven simulation models in the social

sciences.

Choice of neural network architecture Previously, we have discussed how the

methods we endorse in Chapter 6 are able to flexibly accommodate different kinds of

data and simulators by choosing a network architecture that incorporates appropriate

inductive biases – network architectures that reflect the specific structure of the simu-

lator, or the data generated by the simulator. While this offers considerable flexibility

to the practitioner, and can result in powerful posterior estimators and eliminate the

need to manually construct summary statistics of the data, it nonetheless leaves open

the precise choice of architecture and network design. It may be argued, therefore,

that a degree of arbitrariness remains, and that the problem of designing an appro-

priate set of summary statistics that describe the data has simply been replaced with

the similarly difficult task of designing an appropriate neural architecture. We sub-

mit, however, that (a) the flexibility and (b) the reduction in the required simulation

burden that results from the use of npe and nre outweighs this drawback:
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(a) there exists a vast and rapidly growing literature in which the performance of

different neural network architectures is thoroughly tested and compared, which

will provide the practitioner with expert guidance on appropriate network ar-

chitecture choices. Furthermore, there is significant interest and progress being

made in developing neural network architectures that are robust to complex and

messy data settings – such as neural controlled differential equations (Kidger

et al., 2020) for irregularly sampled data with missing values, or temporal graph

networks (Rossi et al., 2020) for streams of edges in social networks – which are

of great practical relevance to economists and computational social scientists

seeking to use such data to calibrate agent-based models (abms);

(b) in all methods, experimentation with hyperparameters will be required (e.g.

network architecture for npe and nre; choice of distance function in approxi-

mate Bayesian computation (abc); choice of kernel in kde etc.). The key point

is that, when more traditional methods such as kde are used to approximate the

parameter posterior, such experiments will entail a number of simulations that

is orders of magnitude larger than the number of simulations that will likely be

required for corresponding experiments with npe and nre. When the cost of

simulating is large – as it typically will be for, for example, large-scale abms in

economics and the social sciences – this will allow more rapid iterations and an

ability to appropriately asses the posteriors/posterior estimators, for example

through the methods described in Section 6.3.

Expense of training The methods we endorse in Chapter 6 – npe and nre – have

been seen to entail a simulation burden that is typically orders of magnitude smaller

than more traditional parameter inference methods for abms. However, npe and nre

entail an additional training time that is not shared by some other more traditional

techniques. In general, we submit that, for large-scale abms, this training time will

likely often be a small proportion of the time spent simulating; this is particularly the

case when the practitioner has access to specialised hardware such as gpus, which are

by now taken for granted by computational scientists and access to which is relatively

straightforward through e.g. cloud computing platforms.

Robustness to misspecification Throughout the majority of this thesis (i.e. ev-

erywhere, with the exception of Section 3.1.1.2), we have implicitly assumed that the
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simulators we considered are accurate descriptions of reality. More precisely, we have

assumed throughout that the simulator is a well-specified model, meaning that there

exists some θ ∈ Θ such that p(· | θ) = p∗, where p∗ is the density from which the

observed data y was drawn, y ∼ p∗. In practice, however, models will be definition

be misspecified – every model necessarily omits some aspect of reality – such that for

all θ ∈ Θ we have p(· | θ) ̸= p∗. For the modeller, it is then a question of how poorly

specified the model is, and whether any inference procedure employed for e.g. pa-

rameter calibration can appropriately handle this misspecification. This is an active

area of research for inference procedures in general (see e.g. Miller and Dunson, 2018;

Knoblauch et al., 2019; Schmon et al., 2020), and is a problem relevant to all infer-

ence procedures (i.e. not only npe and nre). While there has been quite significant

investigation into this problem within abc (an exhaustive list is not possible here,

but we refer the reader to e.g. Frazier et al., 2020b,a; Schmon et al., 2020), there is

currently limited work on assessing or improving the robustness of npe and nre to

model misspecification – see Cannon et al. (2022) for a recent example – and further

work is needed to understand how well such approaches generalise to misspecified

settings.

Differentiable agent-based models Much of modern machine learning – specif-

ically, deep learning – relies on the differentiability of function approximators, such

that gradient-based optimisation procedures can be employed to calibrate parameter

values for optimal performance. This raises the question of whether parameterised

mechanistic models, such as abms, can also benefit from such approaches to parameter

estimation. The reason that this does not currently translate to abms is that abms are

usually not differentiable, in that the operations comprising the forward simulation of

abms are not typically differentiable operations. It is therefore not immediately possi-

ble to exploit modern autodifferentiation frameworks or gradient-based optimisation

procedures to tune abm parameters, since we cannot usually differentiate through the

internal operations of abms. However, an interesting line of work would be to develop

automatic procedures to make arbitrary abms differentiable, for example by replac-

ing non-differentiable operations with differentiable approximations to the original

operation. Some recent work in this direction includes Chopra et al. (2022), in which

epidemiological abms are the primary object of interest. Developments in this area

would constitute useful and interesting contributions to the literature on agent-based

modelling methodology.
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Model synthesis Our focus throughout this chapter, and indeed this thesis more

generally, has been on the problem of inferring parameters for (agent-based) simula-

tion models. However, there exist other learning tasks relevant to constructing useful

mechanistic models that can be used in real-world scenarios. One such task is the

problem of model synthesis; that is, learning the operations themselves that comprise

the simulation. This is the subject of inverse generative social science, a research area

in which there has already been a number of interesting developments (see e.g. Vu

et al., 2019, 2022)1. For example, Greig and Arranz (2021) learn symbolic models of

flocking behaviour and of opinion dynamics using a genetic algorithm. An interesting

direction for future work in this area would be to develop principled methods for

incorporating prior knowledge about behavioural rules into the learning procedures,

in order to reflect knowledge already derived from e.g. psychological or behavioural

experiments.

Sequential inference schemes The typical inference problem set-up in the neural

simulation-based inference (sbi) literature is that all data is observed beforehand in

an offline manner, and a single parameter posterior is derived based on this complete

observation. However, in many practically relevant settings – including the setting

of abms – data may arrive sequentially or in an online manner, and in such cases

it would be desirable to have neural sbi methods at one’s disposal that can account

for data that continues to arrive at later times. A useful research direction would

therefore be to adapt existing neural sbi techniques to these settings, allowing the

experimenter to easily update inferences on the basis of new data.

Applying these methods to, and testing these methods on, larger and

more complex models used in the social sciences The focus of this thesis has

been on developing parameter inference methodology that is applicable to stochastic

simulation models that arise in the social sciences. To this end, we have attempted to

distill such models to their primary features that make this task difficult. Aside from

the general difficulty of working with intractable likelihood functions faced in many

settings involving simulation models, we identified key features of simulation models

in the social sciences that can make this task challenging:

1This is conceptually a very closely related problem to that of parameter inference – which has
been the main focus of this thesis – in the sense that, in both cases, one’s goal is to search over a
space of possible models for ones that are consistent with the observed data.
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1. they generate non-iid, time-series data in many cases;

2. these time-series data may be complex in different ways – for example, they

may exhibit complex dynamics, or may be multivariate, or consist of irregularly

spaced observations, or may even consist of graph-valued observations when

they are used to model complex systems of interacting entities; and

3. they can be expensive to simulate, due to the number of interacting entities

they often must simulate.

The models on which we test the methods proposed and discussed in this thesis,

while significantly smaller and simpler than some models that may arise in real-world

applications of simulation modelling in the social sciences, were selected on the basis

that they possess at least one of these features, and therefore share some of the

properties that are expected from larger and more complex simulation models that

may appear elsewhere in the social sciences. A good performance of the methods

we discuss on such examples can therefore give us some confidence that this good

performance would extend to larger simulation models in the social sciences that

share these features.

Through benchmarking experiments on these simpler models, we showed that these

methods can outperform existing alternatives – often by a significant margin – on

these comparatively simple models. It would be reasonable to expect, in light of this

fact, that these new methods would continue to perform at least as well as existing

alternatives when applied to larger and more complex simulation models: if existing

alternatives cannot perform well on simple examples, it is difficult to expect that they

will not perform poorly when the complexity of the problem increases.

Additionally, there are existing instances of interesting and useful simulation models

in economics and the social sciences that are not significantly different in structure

and number of parameters to the examples considered in this thesis. For exam-

ple, del Rio-Chanona et al. (2021) provide a model of occupational mobility con-

sisting of workers undergoing a random walk on a network in which nodes are oc-

cupations and edge weights represent the probability with which workers transition

from one occupation to another. After extracting the values of certain model pa-

rameters directly from data on the real-world counterparts of those quantities –

for example, the conditional probability P({the worker transitions to occupation j} |
{the worker transitions to a different occupation}) is taken directly from a real-world
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dataset on real worker occupation transitions – the authors are left with four free pa-

rameters to calibrate, which is the same dimensionality as the Brock & Hommmes

experiment we consider in Section 6.2.2.2, for example. Using this calibrated model,

the authors were able to closely mimic and reproduce a well-known feature of labour

markets – the empirical Beveridge curve, which describes the relationship between

the unemployment rate and job vacancy rate. We furthermore note that the model

proposed in del Rio-Chanona et al. (2021) is an example of a real-world economics

simulation model which may be taken to generate a sequence of graphs as output –

for example, a graph representing the number of transitions between occupations in

the occupation network – and therefore for which the graph-based methods proposed

in Sections 3.2.6 and 6.3.2.2 will be suitable, which demonstrates the suitability of

the methods proposed and discussed in this thesis to real-world simulation models in

economics and the social sciences.

However, obtaining concrete, empirical evidence of the good performance of these new

methods on larger, more complex models would nonetheless be very informative2. An

example of such a model is Baptista et al. (2016), which is an agent-based model of

the UK housing market developed by the Bank of England and academics at the

Institute for New Economic Thinking, Oxford. The model represents the housing

market with three types of agents – each agent is either a household, a mortgage

lender, or a central bank – and the model proceeds by having the agents choose from

a discrete set of possible decisions and actions at each time step, for example the

decision by a household to purchase a property outright if the financial wealth of

the household is more than twice the price of the property. The model generates a

multivariate time-series consisting of such quantities as the house price index over

time, and is large and far more highly parameterised than the exampled considered

in this thesis, containing approximately 10,000 households and with approximately

40 free parameters to calibrate.

To begin to address the question of the extent to which the methods discussed in

this thesis would be capable of tackling a calibration problem such as the one posed

by this housing market model, it is worthwhile to note that some previous attempts

to calibrate the model have been limited in that they have attempted to calibrate

2The difficulty here – as discussed previously in this thesis – is that it can be hard to assess
whether a Bayesian inference pipeline is producing a meaningful or “correct” posterior density in
such cases, since there will usually be no ground-truth posterior density to compare against (although
as discussed in the previous chapter, posterior predictive checks provide us with some incomplete
indication that the approximate posterior is meaningful).
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to only a univariate time series output from the model, due to the limitations of

the employed calibration procedure (Platt, 2020). In contrast, the methods that

we develop, propose, and endorse in this thesis would naturally and immediately

be able to handle multivariate time-series generated as output from the simulation

model. Additionally, due to the sheer quantity of agents present in this model, some

of the methods we have proposed and investigated in this thesis – which we have

demonstrated to entail a significantly reduced simulation burden in comparison to

competing methods – will make the process of calibrating the model more computa-

tionally feasible. It is, however, difficult to make any claims about the performance

of these methods in highly parameterised settings without experimentation with such

examples, and a useful direction for future research would be to devise simulation

models that are highly parameterised but that are nonetheless sufficiently simple as

to permit an approximate ground-truth posterior density. This would enable us to

properly test the performance of these methods in parameter calibration tasks that

involve high-dimensional parameter spaces.
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Appendix A

Background on rough paths

In this section, we provide some basic definitions and results in the theory of rough

paths that are used or discussed in the main text. Throughout this section, V will

be a Banach space and ∆[0,T ] := {(s, t) ∈ [0, T ]2 : 0 ≤ s ≤ t ≤ T}.

Definition 4 (Tensor algebra). The truncated tensor algebra at integer degree n over

V

T (n)(V ) :=

{
s ∈

n∏
k=0

V ⊗k := R⊕ V ⊕ (V ⊗ V )⊕ · · · ⊕ V ⊗n

∣∣∣∣∣ s0 = 1

}
,

where s0 indicates the first element of s ∈ T (n)(V ). The extended tensor algebra

T ((V )) is the infinite sequence
∏

n≥0 V
⊗n.

With this definition in place, we can now define a multiplicative functional.

Definition 5 (Multiplicative functional, Definition 3.1 of Lyons et al. (2007)). Let

n ≥ 1 be an integer, and X : ∆[0,T ] → T (n)(V ) be a continuous map. For each

(s, t) ∈ ∆[0,T ], denote by

Xs,t := (X0
s,t, X

1
s,t, . . . , X

n
s,t) ∈

n∏
k=0

V ⊗k

the image of (s, t) under X. If X0
s,t = 1 ∀(s, t) ∈ ∆[0,T ] and

Xs,u = Xs,t ⊗Xt,u ∀s, t, u ∈ [0, T ] s.t. s ≤ t ≤ u,

then X is called a multiplicative functional of degree n in V .
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Remark 6. The path signature for a bounded variation path X : [0, T ]→ V truncated

to some finite degree M is an element of the truncated tensor algebra at degree M

over V , and is a multiplicative functional as a result of Chen’s identity (Chen, 1958),

giving that

S≤M
s,u = S≤M

s,t ⊗ S≤M
t,u ∀s, t, u ∈ [0, T ] s.t. s ≤ t ≤ u,

where S≤M
s,t denotes the collection of the first M tensors in the signature integrated

over (s, t) ∈ ∆[0,T ].

Definition 6 (Rough path, Definition 3.11 of Lyons et al. (2007)). Let p ≥ 1 be a

real number. A p-rough path in V is a multiplicative functional of degree ⌊p⌋ in V

with finite p-variation. The space of such paths is denoted with Ωp(V ).

The behaviour of rough paths may be described through the notion of a control :

Definition 7 (Control functions, Definition 1.9 of Lyons et al. (2007)). A control

function, or simply control, on [0, T ] is a continuous non-negative function ω on

∆[0,T ] which is super-additive in the following sense:

ω(s, t) + ω(t, u) ≤ ω(s, u) ∀s, t, u ∈ [0, T ] s.t. s ≤ t ≤ u

and ω(t, t) = 0 ∀t ∈ [0, T ]. If, for a continuous path X : [0, T ] → V and for all

(s, t) ∈ ∆[0,T ], ∥X∥p−var,[s,t] ≤ ω(s, t)1/p for some p ≥ 1, then we say that the p-

variation of X is controlled by ω.

A broad and useful class of rough paths – geometric p-rough paths – may be expressed

as a limit of bounded variation paths in the following metric:

Definition 8 (The p-variation metric). Let p ≥ 1 be a real number, and C0,p(∆[0,T ], T
(⌊p⌋)(V ))

be the space of all continuous functions from ∆[0,T ] to the truncated tensor algebra

T (⌊p⌋)(V ) with finite p-variation. The p-variation metric between X, Y ∈ C0,p(∆[0,T ], T
(⌊p⌋)(V ))

is defined as

dp(X, Y ) = max
1≤i≤⌊p⌋

sup
ζ(0,T )

(∥∥∥X i
tl−1,tl

− Y i
tl−1,tl

∥∥∥ p
i

)1/p

,

where the supremum is taken over finite partitions ζ(0, T ) of [0, T ].

Equipped with this metric, geometric p-rough paths are defined in the following way:
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Definition 9 (Geometric p-rough path, Definition 3.13 of Lyons et al. (2007)). Let

p ≥ 1 be a real number. A geometric p-rough path in V is a p-rough path that can

be expressed as a limit of 1-rough paths in the p-variation metric. The space of such

paths is often denoted GΩp(V ), and GΩp(V ) ⊂ Ωp(V ).

The spaceGΩp(V ) of geometric p-rough paths is therefore the closure of BV ([0, T ] , V )

in (Ωp(V ), dp) and encompasses a broad range of paths, e.g. fractional Brownian

motion with Hurst parameter > 1/4 and continuous-time Markov processes. The

following two results show that the signatures of such (geometric) p-rough paths are

well-defined and continuous in an appropriate topology.

Theorem 4 (Extension Theorem, Theorem 3.7 in Lyons et al. (2007)). Let p ≥ 1 be a

real number, n ≥ ⌊p⌋ an integer, and X : ∆[0,T ] → T (n)(V ) a multiplicative functional

with finite p-variation controlled by ω. Then there exists a unique extension of X to

a multiplicative functional ∆[0,T ] → T ((V )) which possesses finite p-variation.

Theorem 5 (Continuity of the Extension Map, Theorem 3.10 in Lyons et al. (2007)).

Let X, Y be two multiplicative functionals in T (n)(V ) of finite p-variation with n ≥ ⌊p⌋
an integer, controlled by ω. Suppose that for some ϵ ∈ (0, 1)

∥∥X i
s,t − Y i

s,t

∥∥ ≤ ϵ
ω(s, t)

i
p

β
(

i
p

)
!

(A.1)

for i = 1, . . . , n and for all (s, t) ∈ ∆[0, T ]. If

β ≥ 2p2

(
1 +

∞∑
r=3

(
2

r − 2

) ⌊p⌋+1
p

)
,

then (A.1) holds for all i.

This leads us to the definition of the signature of a geometric p-rough path:

Definition 10 (The signature of a geometric p-rough path). The signature of a

geometric p-rough path X ∈ GΩp(V ) with p-variation controlled by some control ω is

defined to be the unique extension of X to a multiplicative functional in T ((V )) under

the Extension Theorem, Theorem 4.
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Appendix B

Deep Signature Transforms

We summarise the components of deep signature transforms, following (Kidger et al.,

2019).

Stream-preserving feature map

The learnable, stream-preserving neural network Φφ : Rd×m → Re for some m ∈ N
operates on the original stream x as

Φ(x) = (Φ1, . . . ,Φn−m+1),

where Φk = Φφ(xk, . . . , xk+m; Φk−1) and Φ0 = 0. This general structure can take the

form of a one-dimensional convolutional layer, a feedforward network, or recurrent

network.

Lift operation

The learnable feature map obtained from the stream-preserving neural network aug-

ments the existing stream with additional channels. Its operation is described as

“stream-preserving” since it does not destroy the stream-like nature of the data. The

signature transform, on the other hand, operates on streams to produce an infinite set

of features with no inherent stream-like properties. Direct application of the signature

transform will thus prohibit its further application.
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In general, however, we may wish to apply the signature transform repeatedly. This

motivates the inclusion of a lift operation between the learnable, stream-preserving

network and the signature transformation. Letting S(Rd) be the space of sequences

in Rd, a lift operation ℓ : S(Rd)→ S(S(Re)) for some e ∈ N maps a stream into the

space of streams of streams. Applying the signature transform element-wise to the

lifted stream therefore yields a stream of signatures,

SigN(ℓ(x)) := (SigN(ℓ1(x)), . . . , SigN(ℓv(x))) ∈ S(R(eN+1−1)/(e−1)),

which is amenable to further signature-based analysis (because the output is a stream).

Examples of a lift operation include expanding windows ℓ(x) = (x̃2, x̃3, . . . , x̃n)

where x̃i = (x1, . . . ,xi), or sliding windows with window length p, in which case

ℓ(x) = (x̃1, x̃2, . . . , x̃n) and x̃i = (xi, . . . ,xi+p).

Neural-lift-signature block

A stream-preserving neural network can be combined with a lift-signature operation

to create a neural-lift-signature block

Bφ
N (x) = (SigN ◦ ℓ ◦ Φφ) (x) .

This composite operation may or may not be stream-preserving. In particular, a

neural-lift-signature block is not stream-preserving if we take ℓ(x) := x for that

block.

Deep Signature Transforms

Let X be some set and fφ : S (Rc)→ X be a neural network with trainable parameters

φ. A deep signature transform σ(x), illustrated in Figure 4.1, is a mapping from S(Rd)

to X defined as any sequence of k neural-lift-signature blocks followed by an optional

final neural network fφk+1 , i.e.

σφ(x) =
(
fφk+1 ◦Bφk

Nk
◦ · · · ◦Bφ2

N2
◦Bφ1

N1

)
(x) (B.1)

where φ = (φ1, . . . , φk+1). Note that the lift operation can be different in each of the

k neural-lift-signature blocks Bφk

Nk
.
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Appendix C

Further experimental details for
Part III

C.1 Posterior sampling

C.1.1 Sampling with Metropolis-Hastings

The Metropolis-Hastings algorithm is a classical algorithm for generating samples

from some density π(θ). Starting from θ(0) and given a proposal distribution q(· | θ)
which proposes successive values in the chain, it entails repeating the following steps:

at each step t ≥ 1,

1. propose θ ∼ q(· | θ(t));

2. accept θ (i.e. set θ(t+1) := θ) with probability

α = min

{
1,

π(θ)q(θ(t) | θ)
π(θ(t))q(θ | θ(t))

}
,

else set θ(t+1) = θ(t).

Since such a procedure generates correlated samples from the posterior, it is custom-

ary to thin the samples by retaining every nth sample for some integer n ≥ 1 chosen

as required.
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To sample from the posteriors obtained via kde and nre in Section 6.2, we use

Metropolis-Hastings (mh) with a normal proposal distribution q(· | θ) = N (θ; ℓ2Σ),

and perform a trial run of 50,000 steps using an isotropic Gaussian to estimate the

covariance matrix Σ of q before a further 100,000 steps are run. The use of such

pilot runs is long standing-practice for random walk mh algorithms and can be mo-

tivated theoretically, for example, using Bayesian asymptotics (Schmon and Gagnon,

2021). In addition, we set ℓ = 2/
√
d, where d is the parameter dimension following

the guidelines of Gelman et al. (1996); Roberts et al. (1997); Schmon and Gagnon

(2021). All chains are initialised at the parameter value which generated the observa-

tion. We thin the resultant chains by retaining every 100th value, resulting in 1,000

approximately uncorrelated samples from the respective posteriors.

C.1.2 Sampling with sampling-importance-resampling

Sampling-importance-resampling (sir) is an approach to obtaining samples from a

target distribution f(θ) given samples from a different distribution g(θ) which pro-

ceeds as follows:

1. generate samples {θ(i)}Ni=1

iid∼ g(θ);

2. compute weights wi = f(θ(i))/g(θ(i)) for all i;

3. resample θ(i) with probability proportional to wi.

In particular, this may be used in density ratio estimation to approximate the pos-

terior by setting g(θ) := π(θ), f(θ) := π(θ | y), and using that the density ratio

estimator estimates the ratio

f(θ)

g(θ)
=
π(θ | y)
π(θ)

=
p(y | θ)
p(y)

. (C.1)

C.2 Sampling with kernel density estimation &

Markov chain Monte Carlo

To sample from the posteriors obtained via kde, we use Metropolis-Hastings (mh)

(see Appendix C.1.1 with a normal proposal distribution q(· | ·), and perform a trial
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run of 50,000 steps to estimate the covariance matrix of q before a further 100,000

steps are run. All chains are initialised at the parameter value which generated the

observation. We thin the resultant chains by retaining every 100th value, resulting in

1,000 approximately uncorrelated samples from the kde posterior.

C.3 Graph Neural Networks

Recent years have seen considerable progress in the development of graph neural net-

works (gnns) in machine learning (e.g. Yao et al., 2019; Zhang et al., 2020; Baek et al.,

2021). In many cases, the design of a gnn consists of generalising a convolution oper-

ator from regular, Euclidean domains – as appears in convolutional neural networks

– to graphs. This has predominantly proceeded by constructing a convolution in the

spatial domain (see e.g. Masci et al., 2015; Niepert et al., 2016) or by exploiting the

convolution theorem and performing a multiplication in the graph Fourier domain

(see e.g. Bruna et al., 2014). A recent review of gnns and their design can be found

in Zhou et al. (2020).

The problem of extending gnns to dynamic graphs has also recently received sig-

nificant attention. In this vein, Li et al. (2017b) introduce Diffusion Convolutional

Recurrent Neural Networks, with applications to traffic flow prediction. In addition,

Seo et al. (2018) propose Graph Convolutional Recurrent Networks, an adaptation

of standard recurrent networks to operate on sequences of graphs via graph convolu-

tional operators. Further examples of recurrent graph neural network architectures

exist; a broader survey of neural networks for dynamic graphs can be found in Wu

et al. (2021, Section 7).

C.4 Neural network architectures and training

For each neural network method involving vector-valued time-series, the z-scores of

all variables are taken prior to passing them into the networks.

For the graph embedding network in Section 6.3.2.2, the first module is a graph

convolutional gated recurrent unit proposed in (Seo et al., 2018). Taking L ∈ RN×N

as the normalised graph Laplacian for the order-N graph, this component operates on

159



the sequence (xt)
T
t=1 of node states xt ∈ RN×K – where K ≥ 1 is the dimensionality

of each node state – to find a running embedding ht ∈ RN×dh of each subsequence

(xt′)
t
t′=1, t = 1, . . . , T , as follows:

s = σ (Wsx(L) · xt +Wsh(L) · ht−1) ,

r = σ (Wrx(L) · xt +Wrh(L) · ht−1) ,

h̃ = tanh (Whx(L) · xt +Whh(L) · (r⊙ ht−1)) ,

ht = s⊙ ht−1 + (1− s)⊙ h̃

for t = 1, . . . , T . Here, W·x : RN×N → RQ×dh×K and W·h : RN×N → RQ×dh×dh are

graph convolution operators with dhK filters that are parameterised by Q Chebyshev

coefficients, taking the form

G(L) =

Q∑
q=1

aqHq(L), (C.2)

where Hq(L) is the q-th order Chebyshev polynomial evaluated at L. We use Q = 3

Chebyshev coefficients in the graph filtering operation and choose a hidden state size

of dh = 64, such that the hidden state of each agent is a 64-dimensional vector.

A single linear layer reduces this N × 64 matrix into an N -vector, where N is the

number of agents in the system. An embedding of the entire graph then proceeds by

passing this N -vector through a feedforward network with layer sizes 32, 16, 16. In

our experiments, we take N = 50 and simulate for T = 25 time steps.

For all neural posterior estimation tasks, we use a masked autoregressive flow (Pa-

pamakarios et al., 2017) with 5 flow transforms, each with 2 blocks and 50 hidden

features; for all neural density ratio estimation tasks, we use a residual network with

two layers of size 50. To train the network weights, we use Adam (Kingma and Ba,

2014), along with a training batch size of 50 and learning rate of 5×10−4. We further-

more reserve 10% of the data for validation, and stop training when the validation

error does not improve over 20 epochs to avoid overfitting. Throughout, we use the

sbi python package (Tejero-Cantero et al., 2020) and PyTorch Geometric Temporal

(Rozemberczki et al., 2021) python packages.
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