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The separation of double-stranded peptide chains can occur in two ways:
cooperatively or non-cooperatively. These two regimes can be driven either
by chemical or thermal effects, or through non-local mechanical interactions.
Here, we show explicitly that local mechanical interactions in biological
systems may regulate the stability, the reversibility, and the cooperative/
non-cooperative character of the debonding transition. We show that this tran-
sition is characterized by a single parameter depending on an internal length
scale. Our theory describes a wide range of melting transitions found in bio-
logical systems such as protein secondary structures, microtubules and tau
proteins, and DNA molecules. In these cases, the theory gives the critical
force as a function of the chain length and its elastic properties. Our theoretical
results provide quantitative predictions for known experimental effects that
appear in different biological and biomedical fields.
1. Introduction
Polypeptide molecules such as DNA and proteins are the basic structural and
information components in living systems. Their assembly and function are
of paramount importance to avoid diseases and genetic defects. It is now
appreciated that they operate not only through chemical and electrical effects,
but also using mechanical and thermal fields [1–3]. Often, biomolecules
undergo conformational transitions to perform tasks such as folding in proteins
[4–6], DNA replication and denaturation [2,7,8], axonal growth [9] or focal
adhesion mechanosensing [10–12]. The relative stability of different equilibrium
states and their transition reversibility is particularly important for the
associated biological functions.

Here, we focus on the cooperativity, stability and toughness of the mechani-
cally induced melting transition in double-stranded molecules. Cooperativity, the
emergent property of a transition based on the coordination of a network of inter-
actions between different segments of the molecule, depends on the external field
that drives the transition either through thermal [13] or chemical [14] effects. How-
ever, mechanical loading may lead to different responses, depending also on the
properties of the system such as variations in linker stiffness, which can strongly
decrease the transition cooperativity [15–17]. We show that, in a purely mechanical
setting, cooperativity and stability effects can be induced by purely local mechan-
ical interactions. These results are directly relevant for DNA and RNA hairpins
[18] and to support the hypothesis of a zipper cooperativity model for protein
folding [19,20], considered as a possible solution to Levinthal’s paradox.

Specifically, we consider a Peyrard–Bishop (PB) model composed of two chains
of harmonic springs interacting through breakable shear links. Due to their simpli-
city that allows for analytic treatment, PB models played a key role to describe
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(a)

(b)

Figure 1. (a) Mechanical model describing a generic double-stranded molecule with breakable links connecting the elastic chains representing the strands.
(b) Energy and force of a single breakable cross-link and of a single harmonic unit composing the strands.
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important phenomena related to the thermomechanical and
dynamical behaviour ofDNA [21–29], includingmelting studies
depending on the ionic [30] and crowding environments [31].
This approach can also be extended to other double-stranded
molecules, such as protein secondary structures or tropocollagen
fibres, where the relation between the critical melting force and
chain length is of paramount importance for the transition prop-
erties [32–35]. Moreover, PB models can be enriched to describe
the temperature dependence of the melting transition, as
recently reported in [36], where the case of the unzipping force
of a DNA chain under orthogonal loading within the whole
range of temperatures experimentally observed has been
predicted.Weargue that thepossibilityof quantitatively describ-
ing the cooperative→non-cooperative transition by varying the
next-to-nearest interaction stiffness in the PB model supports
once again the fundamental effect of local interactions. Other
effects, such as torsional and bending stiffnesses or the evolution
and nucleation of tertiary and quaternary structures in proteins,
cannot be readily addressed by such models. However, a first
possible extension in this direction is to introduce non-local
effects [22,23,37,38].

Here, we obtain analytical solutions capturing crucial
features such as the dependence of the rupture force on the
length of the molecule, the persistence length, and the tran-
sition between cooperative and non-cooperative debonding
strategies together with the corresponding transition energy.

In particular, for a chain of contour length L, we introduce a
dimensionless parameter, the cooperativity index μ = L/‘o. It
depends on an emerging parameter, the localization length ℓo,
which generalizes the notion of persistence length for a
single molecule and regulates the cooperativity and the
melting energy. We select the value μ = 1 (L = ℓo) such that if
μ≪ 1 the behaviour is cooperative and it is characterized by
an all-or-none phenomenon, whereas if μ≫ 1 the transition
is non-cooperative, with a much higher ‘stability’ of partially
debonded states. Interestingly, what emerges from our analy-
sis is that cooperative transition can be obtained as a purely
local mechanical effect. This completes previous models
regulating cooperativity through non-local interactions [38–41].

Our model predicts important properties of biological
systems where the cooperative/non-cooperative character of
the melting transition is of crucial importance for their
counterparts in physiology and medical fields. We derive
analytical formulae describing the role of local mechanical
interactions in the stability and the cooperativity of double-
stranded molecules under external mechanical loading. In
addition, we compare our theoretical results with experimen-
tal data and molecular dynamic simulations focusing on the
phenomena of DNA denaturation, tropocollagen maximum
pull-out force, and critical length of microtubules and
tau proteins inside the neuronal axons.
2. Model
To analyse the main energetic components regulating the
melting transition of a double-stranded molecule, we start
from the classical PB model [39]. In particular, we consider
two chains of n massless points connected by (identical)
elastic springs with energy

ce ¼
1
2
ke‘

X
j¼up,low

Xn�1

i¼1

ujiþ1 � uji
‘

 !2

, ð2:1Þ

where ℓ is the spring length, ke =Keℓ measures the material
stiffness, where Ke is the springs stiffness. The indices up
and low indicate upper and low chains, respectively. The
chains are connected by (identical) local breakable links
(see figure 1), modelling non-covalent interactions such as
H-bonds, and subjected to an endpoint displacement d with
conjugated force F. Moreover, we assume that the shear
links have an harmonic regime up to a displacement
threshold Δ, followed by a zero force detached state. We
note that, although re-cross-linking effects are typical under
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cyclic loading for biological systems, here we neglect them
because we consider monotonic stretching.

To describe the state of the system, we introduce a ‘spin’
variable χi [42–44], with χi = 1 if uupi � ulowi , D, corresponding
to attached states, and χi = 0 if uupi � ulowi � D when the ith
cross-link is broken. Accordingly, the interaction energy reads

ct ¼
1
2
kt‘
Xn
i¼1

xi
uupi � ulowi

D

� �2

þ (1� xi)

" #
: ð2:2Þ

Here, kτ =Kτ Δ
2/h measures the material shear stiffness, where

Kτ is the springs stiffness and h its length.
After introducing the non-dimensional displacements,

force and energy

wi ¼ ui
D
, d ¼ d

D
, f ¼ FL

keD
and w ¼ ‘(ce þ ct)

keD2 , ð2:3Þ

at assigned displacement wup
n � wlow

1 ¼ 2d, we minimize the
energy function

min
wup

i ,wlow
i

wðwup
i , wlow

i Þ � f
n
(wup

n � wlow
1 � 2d)

� �
, ð2:4Þ

where the force f represents a Lagrange multiplier. We
remark that to focus on the mechanical behaviour here we
neglect external thermal and chemical effects and minimize
the total (elastic plus debonding) energy w as in classical
Griffith-type approaches to fracture and decohesion [45].

Equilibrium solutions obtained from (2.4) can be para-
metrized by the internal variables χi. Indeed, the exact
solution involves the inversion of a tri-diagonal Hessian
matrix which depends on the configuration χi and is charac-
terized by shears (vi ¼ wup

i � wlow
i ) attaining the maximum

value at the system boundaries [46,47] (see electronic sup-
plementary material). According to our assumption on
(2.2), this implies that all local minimizers of the energy are
characterized by a ‘single-block’ of p attached elements. Due
to the absence of non-local energy interactions, it is possible
to show that all the solutions characterized by the same
size of the attached/detached blocks (same number of
p/n− p elements) are energetically invariant independently
on the position of the remaining n− p detached elements
that can be either in a single block or at the two endpoint
blocks, possibly with different lengths. Conversely, interfacial
energy terms could favour single interface solutions [48], as
well as it is important to remark that when thermal effects
cannot be neglected multi-block solutions can be observed
with one or several ‘bubbles’ before melting. However, in
many cases, DNA and proteins have been observed to
debond through zipper fronts propagations, often single
fronts [49,50]. Moreover, in [37], the authors present a
numerical analysis supporting the hypothesis of single wall
solutions at low values of temperatures even when thermal
effects are introduced.

Under the single block hypothesis, the inverse of the matrix
can be computed explicitly (see electronic supplementary
material) and the equilibrium energy assumes the simple form

weq ¼ ktd2 þ m2 1� p
n

� �
: ð2:5Þ

Correspondingly, the equilibrium force is given by

f ¼ ktd, ð2:6Þ
with

kt ¼ 4n
ð2n� p� 1þ 4gÞ ð2:7Þ

being the chain stiffness, where

g ¼ sinhlþ sinhðplÞ
2fsinh½ðpþ 1Þl� � sinhl� sinhðplÞg ð2:8Þ

and

l ¼ arccosh 1þ 2m2

n2

� �
: ð2:9Þ

As previously anticipated, here we introduced the main non-
dimensional parameter of the paper, i.e. the cooperativity index μ,

m2 ¼ L2

‘2o
¼ kt

2ke

L2

D2 , ð2:10Þ

where

‘o ¼
ffiffiffiffiffiffiffi
2ke
kt

s
D ð2:11Þ

is an internal length-scale measuring the localization length of
the decohesion and plays a role similar to the persistence
length for single chains [51]. These solutions (see electronic
supplementary material) are defined for

d [ ½0, dmaxðpÞ�, p ¼ 1, . . . , n,

dmax :¼ 1
4

ð2n� p� 1Þsinh[ðpþ 1Þl]
sinhlþ sinhðplÞ � 2nþ pþ 3

	 

:

ð2:12Þ
Here, based on previously recalledmonotonicity results, δmax(p)
is the maximum displacement inducing the cross-link i = p
attaining the debonding threshold uupp � ulowp ¼ D.
3. Melting strategies
The evolution of the system in itswiggly energy landscape relies
on the competition between loading rate and rate of overcoming
energy barriers [6,52]. Three main time scales are involved: τint,
the time scale required for exploring the energywells and relax-
ing to the local energy minima; τext, associated with the rate
of external loading; τbar, the time scale to overcome energy bar-
riers and relax to the global energy minima. Here, we assume
τint≪ τbar and we consider two limiting cases. First, for high
temperature and low rate of loading (τbar≪ τext), the system con-
figuration always corresponds to the global energy minima
(Maxwell convention). Second, for low temperature and rate of
loading (τint≪ τext≪ τbar), according with the maximum delay
convention [43], we assume that the system remains in a meta-
stable equilibrium branch (characterized by a certain value of
p), i.e. in a localminimumof the energy, until it becomesunstable
at δ = δmax(p). The corresponding equilibrium branches are
represented by grey lines in figure 2.

Once again we remark that, based on previously reported
energetic considerations, we restrict our analysis to single-
block solutions with the purpose of obtaining clear analytical
results. However, the following analysis can be adapted to
the case with multiple blocks, where, again, the energetic
competition is between the energy loss in fronts propagation
against the elastic energy gain.



(a) (b)

Figure 2. Melting transition behaviour under shear. (a) Equilibrium energy and force diagrams for a system with μ2 = 10, n = 20. Grey lines represent the equili-
brium branches at different number of attached links p. Yellow lines represent the Maxwell convention, in which the global minima path is followed and the system
jumps from a fully attached configuration to a fully detached configuration at δMax. The blue path represents the maximum delay convention in which the system
follows the equilibrium branches until they become unstable. In this case, a sequential detachment is attained starting from δel until the breaking threshold δbreak is
reached. (b) Equilibrium force–displacement diagrams for different values of μ2 and n.
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Under the Maxwell convention (figure 2), the system
behaves cooperatively (for all values of μ and n) and follows
elastically the fully attached branch p = n until at δMax it
undergoes a transition to the fully detached state (yellow
path in figure 2).

Under the maximum delay convention (blue lines in
figure 2), the system switches from a given branch p = q to a
branch with p = q− 1 unbroken bonds when δ = δmax(q). Inter-
estingly, cooperativity is regulated by μ (see the right panel of
figure 2). Decohesion is cooperative for low values of μ corre-
sponding to high stiffness of the covalent versus non-covalent
bonds. On the other hand, for large values of μ, after an
elastic reversible regime (δ≤ δel, see figure 2), a ductile deco-
hesion is observed, with a sawtooth force–displacement path
representing the sequential phase-switching of the domains
typically observed in the experiments [53]. As the assigned
shear δ increases, the decohesion front coherently propagates
until a second threshold δbreak is attained and the system fully
detaches. Remarkably, as μ increases (ℓo≪ L) the ductility of
the system

Q ¼ dbreak � del
del

ð3:1Þ

increases as its unfolding energy:
Ð D
0 f=ð2mÞ (see figure 3c).
3.1. Continuum limit
With the purpose of analytical transparency, we also study
the continuum approximation, relevant when the number of
bonds is large. To determine this limit [54], we fix the contour
length of the chain L = nℓ, and we consider the limit of n→∞
with ℓ→ 0. To correctly rescale the mechanical quantities, we
introduce the fraction of unbroken elements π = p/n∈ (0, 1).
Using classical arguments [55], the overall stiffness of the
system reads

�ktðpÞ :¼ lim
n!þ1 kt ¼ 4m

mð2� pÞ þ cothðmpÞ , ð3:2Þ

with force and energy given by (2.5) and (2.6).
Also in this limit, under the Maxwell convention the be-

haviour is always cooperative with an all-or-none transition at

�dMax ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ mcothm

p
, ð3:3Þ

attained at a corresponding force of

�fMax ¼
2m2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ mcothm
p , ð3:4Þ

as described in figure 3a.
On the other hand, within the maximum delay conven-

tion, the cooperativity is regulated by μ and the elastic path
holds until the first element breaks at

�del ¼ 1
2
ð1þ mtanhmÞ ð3:5Þ

with a force

�fel ¼ 2mtanhm ð3:6Þ
that corresponds to the maximum force attained by the
system. This force combined with (2.10) and (2.3) determines
how the critical decohesion force is regulated by the physical
parameters

�Fc ¼
ffiffiffiffiffiffiffiffiffiffi
2ktke

p
tanh

ffiffiffiffiffiffiffi
kt
2ke

s
L
D

 !
: ð3:7Þ

It is important to remark that μ regulates the maximum force
�fel and controls the cooperativity through the microscopic
mechanical properties. Indeed, μ can be varied either by



(a) (b) (c)

Figure 3. Continuum limit behaviour. (a) Equilibrium force and energy in the continuum limit when the Maxwell convention (brown line) and the maximum delay
convention (yellow path) are considered. Also, in this case, we observe that in the first hypothesis the system behaves cooperatively, i.e. it switches from the fully
attached to the fully detached configuration at �dMax, whereas in the maximum delay assumption a coherent front propagation is observed with a force plateau
that depends on the cooperativity index μ. Here, we assume μ2 = 10. (b) Force–displacement diagram at different μ. The force plateau is larger for a larger
value of μ. (c) Dissipative behaviour of the system in terms of ductility Q, which increases with μ and critical saturation force. For low L/ℓo, the regime is linear
(the shear �v in the inset affects all the length of the chain) whereas for greater L/ℓo the force saturates because the shears are confined at the boundary of the
system (see inset).
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changing the contour length L, or by changing ℓo, which
depends on bond stiffness. This reliance was already pointed
out by de Gennes [33], who questioned the dependence of the
rupture force of a double-stranded DNA (dsDNA) in terms of
the number of base pairs. Conversely, when the length is
fixed, we can study the force-varying bond properties.
The dependence on μ of the cooperative/non-cooperative
transition is crucial also in the limits

�Flinearc :¼ lim
m!0

�Fc ¼ 2m2 keD
L

¼ ktL
D

,

�Fplateauc :¼ lim
m!1

�Fc ¼ 2m
keD
L

¼
ffiffiffiffiffiffiffiffiffiffi
2ktke

p
,

ð3:8Þ

obtaining a linear behaviour for small values of μ and a
plateau for large values of μ.

In figure 3a,b, we summarize the influence of μ on the
cooperativity and the stability properties of the melting tran-
sition. In particular, the ductility Q exhibits two regimes
separated by the threshold ℓo≃ L (μ≃ 1). For smaller values
of μ the behaviour is fragile. Indeed, in this case, the two
chains are highly stiff, with a large value for the correlation
length ℓo. As described in the inset of the saturation force in
figure 3c, in this regime, the stretch along all the attached
bases in non-negligible (non-zero shears) and this leads to a
sudden decohesion of all of them, resulting in an all-or-none
melting transition. When μ is large, the behaviour is non-coop-
erative, with a ductile melting and a reserve after debonding
begins. In the Introduction, we referred to this property as
‘stability’ of the melting transition. In this case, the correlation
length is small and only a few bases have non-negligible
stretch. This results in a coherent propagation front. In particu-
lar, this is reflected in the determined value of the saturation
force as a function of L.
4. Comparison with existing experiments
We now analyse the ability of the proposed model in predict-
ing quantitatively important phenomena regulating the
melting transition of diverse biomolecules. We argue that
this is possible because the cooperative and stability proper-
ties of the melting transition effects on which we focus in
the following are mostly regulated by the interplay between
the energy of local interactions and the decohesion energy
of debonding fronts.
4.1. DNA
First, we consider the melting transition of dsDNA in shear
mode. The existence of a saturation force and of an internal
length, corresponding to our localization length, is supported
by both experiments [56] and theoretical results such as
the coarse-grained model proposed in [34]. Of interest, de
Gennes suggested the existence of a saturation number of
base pairs, after which the DNA shear melting force satu-
rates. More in detail, the experiments reported in figure 4a
show the existence of an initial linear dependence of the
force on the number of bases followed by a saturation
effect, leading to a shear-lag type behaviour [57], in perfect
accordance with our analytical results.

To show the possibility of applying our model in predict-
ing actual experimental values, we determine the melting
forces of dsDNA with lengths ranging from 12 to 50 base
pairs [56]. We remark that the theory used in [56] is based
on de Gennes’s approach [33] but, unfortunately, it requires
unphysical values for some parameters. Here, to describe
the energetic competition between inter- and intra-chains
bonds we use well-established physical parameters [24,34,
58–63]. Specifically, since we focus on the decohesion in the
double-stranded domain (attached block), the distance



(a)

(c)

(b)

Figure 4. Comparison of our model with various examples of biological systems. (a) Saturation force for a DNA helix. (b) Saturation force with respect to the plateau
force for a tropocollagen fibre. (c) Critical length separating a cooperative to a non-cooperative behaviour of a microtubule depending on its length.
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between bases can be taken to be ℓDNA = 3.4 Å and ΔDNA =
0.025 nm (figure 4a). In this section, with a slight abuse of
notation, we use indexes to refer mechanical quantities to
the specific biological example.

To obtain the values of the stiffness, we compared
the experimental value of the force plateau �F plateau

c ¼ 61:5 pN
with the expression of �F plateau

c in (3.8) to obtain
k DNA
t kDNA

e ≃ 1890 pN2. Then, by fitting the first three exper-
imental values and comparing them with the expression of
the linear force �Flinearc in (3.8) we obtain kDNA

t ¼ 0:24 pN and
kDNA
e ¼ 7875 pN. It is worth noticing that the obtained values
are in perfect agreement with those deduced in [36] to fit the
thermomechanical melting of DNA. As a result, we may now
compute the cooperativity index μDNA≃ 0.05n and the localiz-
ation length ‘DNA

o ¼ 6:5 nm. Following, we predict a non-
cooperative behaviour for n > nDNA≃ 20 in agreement with
[34,56,61]. The comparison with the experimental unfolding
forces at variable number of bases is shown in figure 4a. It is
important to remark that despite the correct prediction of the
critical value of the internal length ℓo, other important features
such as variations of the boundary conditions, three-dimen-
sional effects, inhomogeneity of the bases, and the position of
application of the force influence the DNA melting behaviour
[64,65]. More sophisticated augmented models can be con-
sidered to describe such effects, but the physical clarity and
analytical transparency of the obtained results justify the analy-
sis of the considered prototypical system.
4.2. Tropocollagen fibres
Second, we determine the melting force for collagen fibrils
forming tropocollagen molecules as a function of the mol-
ecule length. In this case, in accordance with our theoretical
results, it is possible to distinguish two regimes as reported
in [32]. For small molecular length (when compared with
the localization length), the shear force is distributed along
the whole molecule. The resulting melting energy thus
increases linearly with the molecular length as exhibited by
the molecular dynamic simulations reported in figure 4b.
When the length is much larger, the force can be considered
localized only in the external areas of the attached portion of
the molecule and thus the melting force attains a saturation
value, with no actual increase in molecule elongation.
To reproduce the simulations reported in [32], we use again
data from the literature and we follow the same procedure
as above to obtain the values rescaled with the plateau
force. As a result, we obtain the non-dimensional stiffnesses
kTCe ¼ 0:3, kTCt ¼ 1:7. Then, we take known values of the
decohesion elongation ΔTC = 0.19 nm and the natural length
ℓTC = 0.18 nm [32]. In figure 4b, we show the corresponding
theoretical fitting of the data, which are in good agreement
with molecular dynamics (MD) simulations.

4.3. Microtubules and tau proteins
Third, we consider the melting transition of tau proteins under
shear. In particular, also in this case in accordance with our
theoretical results, the experimental literature [66–71] indicates
that short microtubules (1–5 μm) exhibit a fragile decohesion,
whereas as length increases their transition becomes non-
cooperative, with a sequential detachment of the tau proteins.
This behaviour is of crucial importance for describing known
effects on brain damage, possibly leading to neurodegenerative
diseases [68]. Such an analysis will be proposed in our forth-
coming work. The experimental behaviour is schematically
reported in figure 4c. According to the experimental literature,
in this case, we assume kMT

e ¼ 1200MPa, kMT
t ¼ 10MPa,

ΔMT = 65 nm and ℓMT= 30 nm, obtaining a cooperativity index
μMT≃ 0.03n and a localization length ‘MT

o ≃ 1m, in agreement
with the reported experimental values.
5. Discussion
Our theoretical results highlight the possible fundamental role
of local interactions in cooperativity of several melting processes
in double-stranded biomolecules. Under shear-type loading, we
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can describe different transition strategies. In the cooperative
(fragile) regime, an all-or-none melting behaviour is attained,
as in dsDNA [1]. On the other hand, in the non-cooperative
regime, a propagating front is observed with a ductile transition
[69,70]. Similar behaviour can be found in other contexts:
double-stranded molecules under orthogonal loading [36];
decohesion in gecko-type adhesive systems under peeling
[43]; in the field of force transmitted by single fibres in compo-
site materials [12,57,72,73], indicating a saturation force and an
internal length scale in accordance with the classical ‘shear lag
theory’. The transition between these regimes is regulated by
the introduced cooperativity index μ (figure 3) representing
the main non-dimensional parameter of the paper.

We remark that in biological systems also thermal and
rate effects can have a crucial role with the possibility of spon-
taneous transition at a bond stiffness-dependent critical
temperature [6,36,74]. Specifically, for low rates thermal fluc-
tuations can drive the system over the energy barriers of its
wiggly energy landscape with unbinding forces smaller
than the ones observed in the purely mechanical case. On
the other hand, for higher rates the mechanical potential
quickly overwhelms the most prominent energy barrier
along the reaction pathway, leaving all states free to unbind
[6,75–77]. These important effects will be the subject of further
investigations by the authors of the present paper.

The main result of our model is that a non-cooperative→
cooperative transition can be described as the result of
purely local interactions. Previous models are based on the
assumption of the important role of non-local interactions to
obtain the same effects [39–41,78,79]. Hence, we have shown
that cooperativity, melting stability and ductility may emerge
from local mechanical interactions in double-stranded chains.
Eventually, by considering a single parameter, it is possible
to predict different melting strategies, also in agreement with
experimental data and MD simulations, which in our opinion
may be crucial both for the behaviour of many biological
systems and in the design of new molecular-scale devices.
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