ADAPTIVE GALERKIN APPROXIMATION ALGORITHMS
FOR PARTIAL DIFFERENTIAL EQUATIONS
IN INFINITE DIMENSIONS

CHRISTOPH SCHWAB AND ENDRE SULI

ABSTRACT. Space-time variational formulations of infinite-dimensional Fokker—Planck (FP) and
Ornstein—Uhlenbeck (OU) equations for functions on a separable Hilbert space H are developed.
The well-posedness of these equations in the Hilbert space LZ(H, w) of functions on H, which
are square-integrable with respect to a Gaussian measure p on H, is proved. Specifically, for
the infinite-dimensional FP equation, adaptive space-time Galerkin discretizations, based on a
tensorized Riesz basis, built from biorthogonal piecewise polynomial wavelet bases in time and
the Hermite polynomial chaos in the Wiener—Itd decomposition of LQ(H, 1), are introduced and
are shown to converge quasioptimally with respect to the nonlinear, best N-term approximation
benchmark. As a consequence, the proposed adaptive Galerkin solution algorithms perform
quasioptimally with respect to the best N-term approximation in the finite-dimensional case,
in particular. All constants in our error and complexity bounds are shown to be independent of
the number of “active” coordinates identified by the proposed adaptive Galerkin approximation
algorithms.

1. INTRODUCTION

Partial differential equations in infinite dimensions arise in a number of relevant applications;
most notably as forward and backward Kolmogorov equations for stochastic partial differential
equations (see, e.g., [7, 5] and the references therein). Their numerical solution has, to date,
received scant attention, however. Approximations to such equations are typically attempted by
path simulations in the corresponding stochastic partial differential equation, whose path-wise
solutions belong to function spaces over finite-dimensional domains and can be, therefore, approx-
imated by standard discretization techniques, combined with Monte Carlo path sampling. In the
present paper, we propose a novel, adaptive approach to the construction of finite-dimensional
numerical approximations to the deterministic forward equation in infinite-dimensional spaces,
which exhibit certain optimality properties. The proposed approach is based on space-time varia-
tional formulations of these equations, which are posed in Gel’fand-triples of Sobolev spaces over
a separable Hilbert space H with respect to a Gaussian measure, and on Riesz bases of these
spaces, which have been developed for linear and nonlinear parabolic PDEs in finite dimensions
in [24, 8, 17].

The structure of the paper is as follows: in the next section we present two space-time vari-
ational formulations of linear parabolic equations set in a domain of finite dimension, which we
then apply in Section 3 to Fokker—Planck equations that arise in bead-spring chain models for d-
dimensional polymeric flow, d € {2, 3}, with chains consisting of K 41 beads whose kinematics are
statistically described by a configuration vector ¢ € R€?, K >> 1. The probability density function
1 = 1(q,t) that is sought as the solution of the associated Fokker—Planck equation is therefore a
function of Kd spatial variables with K > 1 and the time variable ¢. Our aim is to embed this
finite-dimensional problem of potentially very high dimension into an infinite-dimensional problem.
We therefore turn to Fokker—Planck equations in infinite-dimensional domains by recapitulating
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basic facts about Gaussian measures, before proving in Section 5 well-posedness of the second of
our two space-time variational formulations in the infinite-dimensional space L2(H, 1), where H
denotes a separable Hilbert space and p is a Gaussian measure on H. We show in particular that
the solution operator of the variational formulation is an isomorphism between suitable solution
and data spaces. We then turn our attention to adaptive Galerkin approximations. We outline the
general principle in Section 6, where we introduce the idea of conversion of abstract, well-posed
operator equations on separable Hilbert spaces to equivalent, infinite matrix-vector problems in
the sequence space EQ(N). After reviewing some relevant facts concerning N-term approxima-
tions in ¢?(N), we introduce abstract adaptive Galerkin approximation algorithms that construct
sequences of N-term approximations, which, while not being best N-term approximations, are
optimal in the sense that they converge asymptotically at the rate afforded by the best N-term
approximation, provided that certain conditions are met by the operators and the Riesz bases
used to discretize them. In Section 9 the abstract concepts are applied to infinite-dimensional
Fokker—Planck equations. Notably, a Wiener polynomial chaos type Riesz basis in L?(H, ;1) and a
wavelet basis in time are used for the Galerkin discretization. In Section 10 we verify the abstract
assumptions for the specific equations of interest, and in Section 11 we consider the more general
setting of nonsymmetric equations with drift, leading to our main result concerning the optimality
of adaptive Galerkin discretizations with dimension-independent bounds, in Section 12.

2. SPACE-TIME VARIATIONAL FORMULATION OF ABSTRACT PARABOLIC PROBLEMS

2.1. Abstract elliptic equations. Suppose that D C R? is either a bounded open domain with
Lipschitz continuous boundary 0D or D = R%. In D, we consider the elliptic partial differential
equation

Au= fin D (2.1)
with suitable homogeneous boundary conditions on 0D when D is bounded, or subject to a
decay condition at infinity when D = R?. In typical weak formulations of elliptic boundary-value
problems the solution w is sought in a certain separable Hilbert space V of functions defined on
D (usually a hilbertian Sobolev space), so that A € L(V,V*) and f € V*, where V* is the dual
space of V), resulting in the following weak formulation of problem (2.1):

Given f € V*, find w € V such that: a(u,v) = y«(f,v)y Vv e V.

Here, a(u,v) = p+(Au,v)y and p«(-, -)y denotes the V* x V duality pairing. It is also assumed that
there exists a separable Hilbert space H, identified with its dual H*, such that

Vo H=EH =V (2.2)

where the continuous embeddings signified by the symbol < are dense and compact. All Hilbert
spaces considered here are, for the sake of simplicity, assumed to be over the field R of real numbers.
By (-, ) we denote the inner product in H, which extends to the duality pairing y«(-, -}y on V*xV
by continuity.

Example 2.1. The prototypical example of a problem of the above form is Poisson’s equation on
a bounded open Lipschitz domain D C R?, subject to a homogeneous Dirichlet boundary condition
on D, in which case:

A=-A,V=H)D), H=L*D), V' =H (D) :=Hy(D)*, a(u,v) :/ Vu - Voda.
D

We shall assume that A is selfadjoint, i.e., A = A* (which implies that the bilinear form a(-,-)
is symmetric on V x V) and coercive on V, i.e., there exists a real number vy > 0 such that

VueV:  a(uu) = v(Au uhy > vollul. (2.3)

Our assumption A € L£(V,V*) implies the existence of a positive real number v; = ||A|| £ v+
> o such that

Vawe Vi Jau,o) < llulvlviv: (2.4)

i.e., the bilinear form a is bounded.
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Hence, (2.3) and (2.4) imply that the energy norm || - ||a, defined on V by |[v||q := [a(v,v)]"/?,
v €V, is equivalent on V with the norm || - ||y; viz.,
YoeVi  llolly < llollg < llvll-

We recall the following version of the Hilbert—Schmidt theorem (cf. Lemma 15 in [14]).

Theorem 2.2. Suppose that H and V are separable Hilbert spaces, with V densely and compactly
embedded in H. Leta : V xV — R be a nonzero, symmetric, coercive and bounded bilinear form.
Then, there exists a sequence of real numbers (A,)52, and a sequence of unit H-norm elements
(pn)sey in V), which solve the following eigenvalue problem: find A € R and ¢ € V\ {0} such that

a((p,U) = /\(QO)U)H Vo e V.

The real numbers A, n € N, which can be assumed to be in increasing order with respect to the
index n € N, are positive, bounded away from 0, and lim, .o A, = +00.

In addition, the ¢,, n € N, form an orthonormal system in H whose closed span in H is equal
to H, and the scaled elements @, /\/An, n € N, form an orthonormal system with respect to the
inner product defined by the bilinear form a(-,-), whose closed span with respect to the norm || - |4
induced by a(-,-) is equal to V. Furthermore,

h=> (hon)uen  and B3 =) (hen)}  VheH (2.5)
n=1 n=1

and

[eS) [es] 2
sza(v, f%) j—/% and |h||§:Za<v, j%) Yv e V;

n=1 n=1
and, in addition,

heH and Y An(h,pn)j <00 <= heV.
n=1

By virtue of Theorem 2.2, there exists a countable family o C R of eigenvalues A of A, bounded
away from zero, whose accumulation point is at 400, and an H-orthonormal sequence {py : A € o}
of eigenfunctions ¢y € V, i.e.,

A(p)\:)\(p)\, A€o, and (QD)\,QO)\/)'H:(S,\)\/, )\,)\/60'.
We then have by (2.5), for each v € H, the Fourier series expansion

v=Y vpn, va = (v,00)n
A€o

lollZ, = loal®.

AET
In particular, therefore, the system {¢) : A € o} forms a normalized Riesz basis of H. The
next two lemmas whose proofs are elementary show that renormalized versions of {p) : A € o}
constitute Riesz bases in V and V* as well.

and Parseval’s identity

Lemma 2.3. The following two-sided bound holds for each v € V:
Yollvlf < Y- Aoal® < 7 llolf
A€o
For f € V*, we have that
F=Y"hen  he=vlfea
A€o
Lemma 2.4. The following two-sided bound holds for each f € V*:

1 1
— £ <D AT AP < = F13-
et v /\EE;T Yo ¢
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As
u=A"1f= Z uxpy, with uy = A"t fy for A€o,
A€o
it follows that
ST AP =3 AT AR (2.6)
A€o AEo

where, by Lemma 2.3, the left-hand side of the equality belongs to the interval ||u||3, [y0,71] and, by
Lemma 2.3, the right-hand side belongs to the interval || f||%. ['yfl,ﬂyal]. Here, for a nonnegative
real number « and a nonempty bounded closed interval [s,t] C R, the notation = € a[s,#] and
x € [s,t]a are abbreviations for the two-sided inequality: as < z < at. We deduce from (2.6) in
particular that

Yo lully < Ifllv- < 7 llully.
Thus, the linear operator A~! is a (bi-Lipschitz) quasi-isometric isomorphism between V* and V,
when these spaces are equipped with the norms || - [y« and || - ||y, respectively.

2.2. Abstract parabolic equations. Given T' > 0 and the triple (2.2), we consider the abstract
parabolic differential equation

Ou+Au=f in Q:=(0,T)x D, (2.7)
where A € L(V,V*), with [|A][zv,v+) = 71 > 0, satisfies A = A*, and
>0 YoeV: a(v,v) == p=(Av,v)y > yo|v3.

As our aim is to develop the numerical analysis of space-time adaptive Galerkin discretizations of
infinite-dimensional parabolic problems, we begin, following [24], by presenting weak formulations
that are amenable to adaptive Galerkin discretizations. To this end, we consider the Bochner
spaces L2(0,T; V), L2(0,T;H) and L?(0,T; V*) and we define

HY(0,T;V) == {u € L2(0,T;V) : v’ € L*(0,T;V)},
as well as

Hg (01(0,T;V) := {u € H'(0,T;V) : u(0) = 0 in V}, (2.8a)

HG (7 (0,T5V) == {u e H'(0,T5V) : uw(T) = 0 in V}. (2.8b)

Here and throughout the rest of the paper v/ will signify du/dt or du/0t, depending on the
context.
In the variational formulation of the parabolic problem, an important role is played by the
space X defined by
X :=12(0,T;V)nHY(0,T; V"),

which we equip with the norm || - ||+ defined by

1
lolla = (IvlE2 0,200y + 1012 0.70)) * -
With V, H and V* as in the triple (2.2) the following continuous embedding holds:
X = C([0,T; H) (2.9)

(in the sense that any v € X is equal almost everywhere to a function that is uniformly continuous
as a mapping from the nonempty closed interval [0, 7] of the real line into H).

Therefore, for u € X and 0 < t < T, the values u(t) are well-defined in H and there exists a
constant C' = C(T) > 0 such that

YueX Ytel0,T]: |lu®)|lu <Clulx.
In particular, for v € X the values u(0) and u(T) are well-defined in ‘H and
Xoqoy ={ue X :u(0)=0inH}, Xyyry:={uecX:u(T)=0inH}

are closed linear subspaces of X'. Henceforth we shall write ) = L2(0,T; V) and we denote by V*
the dual space L2(0,T; V*) of Y, identifying L2(0, T; H) with its own dual.
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2.3. First space-time variational formulation. We consider (2.7) in the special case when
Lu:=0wu+Au=feY inQ:=(0,T)x D, u0)=ug€H, (2.10)

in conjunction with a suitable homogeneous boundary condition incorporated in the (domain of)
definition of the linear operator A. We begin by considering the case when the initial condition is
also homogeneous, i.e., ug = 0 € H.

The first space-time variational formulation of the parabolic problem (2.10) is based on the
bilinear form

T
(u,v) € X X Y = B(u,v) := /o (V*<u/,v>y + a(u,v)) dt € R. (2.11)

Then, the space-time weak formulation of the parabolic problem (2.10) with homogeneous initial
condition ug = 0 in H reads as follows: given f € V*, find u € X} (o} such that

B(u,v) = fv) Yve. (2.12)

2.4. Second space-time variational formulation. In (2.12), the initial condition u(0) = 0
is incorporated as essential condition in the function space X fo3 in which the solution to the
problem was sought. To accommodate a nonhomogeneous initial condition, one may proceed in
(at least) two different ways. If

u(0) =up #0 inH, (2.13)
then one can for example first subtract from u a function u, € X’ such that u,|¢—¢ = uo; we may,
in particular, choose for this purpose

Up = e tug, for ug € V C H.

The disadvantage of this approach is that ug € V is needed (instead of uy € H), which can be
viewed as an unnecessarily restrictive demand on the regularity of the initial datum wug.

Alternatively, in order to relax the regularity requirement ug € V to ug € H, one may impose
(2.13) weakly, either by enforcing it via a multiplier as in [24] or through a space-time variational
formulation, which incorporates it as a natural boundary condition, as follows: we integrate the
time derivative by parts using that

T T
/ v(u' v)y dt = —/ ve(v' u)y dt + (u,v)|d,  w,v € L2(0,T;V) NHY0,T; V*).  (2.14)
0 0

If u(0) = ug # 0 in H, we require that

o(T) = 0. (2.15)
Thus, (2.14) and (2.15) lead to the weak formulation (2.18) below. To state it, we recall the spaces
Y =L%*0,T;V) and

X =12(0,T;V) nHY(0,T; V*) (2.16)

and the subspaces (cf. also (2.8))
Xoqoy ={u € X : u(0)=0 inH}, (2.17a)
Xoqry ={uecX: u(T) =0 inH}, (2.17b)

equipped with the norm of X’; we shall write ||-||x, ;,, and [|-||x, 5, to indicate that the norm of X
is applied to an element of Xy 19y and X (1), respectively. Thanks to the continuous embedding
(2.9), the spaces Xj 10y and &y (7} are correctly defined and are closed subspaces of X’; in particular
the expression (2.14) is meaningful for u,v € X. The variational form of the parabolic problem
(2.10) with weak enforcement of the initial condition, which we shall also refer to as the space-time
adjoint weak formulation, then reads: given ug € H and f € X(T,{T}’ find

uel: B (u,v) =) Yve Xy (2.18)
Here the bilinear form B*(-,-) is given by

T
B*(u,v) := /0 (= v-(v',u)y +a(u,v)) dt (2.19)
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and the linear functional ¢* is defined by

0 (v) :== x(f,0)x + (uo,v(0)) 3. (2.20)

Clearly, for f € Xf (7} = L2(; V") + (H(IL{T})*(I; V)~ L2(1) @V + (Hg (71 (1))* ®V and, for any

ug € H, the functional £* in (2.20) is linear and continuous on Xo,Ty; i-e., there exists a constant
C > 0 such that

Vo e Xoqry s )] < C(Ifllxg ., + luoll) 10llx (r,-

2.5. Well-posedness. The well-posedness of the variational problems (2.12) and (2.18) is an
immediate consequence of the following result.

Theorem 2.5. Suppose thatV and H are separable Hilbert spaces over the field R such that V —
H ~ H* — V* with dense embeddings. Assume further that the bilinear form a(-,-) : V xV — R
s continuous, i.e.,

M, >0 YwveV: |a(wv) < Mvlvlw]y, (2.21)

and coercive in the sense that it satisfies a Garding inequality, i.e., there exists mg >0 and k > 0
such that

YoeV: a(v,v) > mav|3 — &lv]3,. (2.22)

Under these hypotheses, there exists a positive constant C' such that the bilinear form B(-,-),
as defined in (2.11), satisfies the following inf-sup condition:

. B (u,v)
inf sup @ —————— >
u€Xo, 10} \{0}  vey\{0} HUHXO,{O}H'U”J?
and

Voe Y\ {0} : sup B(u,v)>0.
uEXy {0}

Analogously, there exists a positive constant C' such that the bilinear form B*(-,-) in (2.19) satisfies
the following inf-sup condition:

inf sup _ B (w,v) >C
weVN0} vexy (ry\{0} [[ullylIvllxg oz
and
Vv € Xy 1y \ {0} : sup B*(u,v) > 0.

ucy

Furthermore, the bilinear forms B(-,-) and B*(-,-) defined in (2.11) and in (2.18), respectively,
induce boundedly invertible, linear operators B € L(Xy 10y, V*) and B* € L(Y,(Xo (1})*), where
the spaces Xy 10y, Xo,qry are defined in (2.16) and (2.17), and Y = L2(0,T; V).

The proof is analogous to that of Theorem 5.1 in [24]. The following result is now an immediate
consequence of Theorem 2.5.
Theorem 2.6. For every uo € H and every f € Xy = L2(L; V") + HS%T} (I; V), there exists a
unique weak solution u € Y = L2(0,T;V) of (2.10) in the sense that u satisfies (2.18). Moreover,
the operator L : Y — X (T} is an isomorphism.

In the next section we apply these abstract results to a class of Fokker—Planck equations, posed
on high-dimensional domains, that arise in bead-spring chain models in kinetic models of dilute
polymers (see, for example, [2] and [3]).
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3. FOKKER—PLANCK EQUATION

Suppose that K is a fixed positive integer and d € {2,3}. Suppose further that D C R? is
either a bounded ball in R? centred at the origin of R? and of fixed radius v/by, where by > 0,
k=1,...,K, or that D, = R for all k = 1,..., K. By identifying R¢ with a ball of radius +oo,
we can unify the two scenarios by taking by € (0,4o00] and by assuming that the by are either
finite for all £k = 1,..., K or infinite for all k = 1,..., K. We define D := D; X --- X Dg. On
the interval [0, %) we consider the function Uy € C*[0, %’“), referred to as a potential, such that
Uk (0) = 0, Uy, is strictly monotonic increasing and limg_p, - Up, = +o00, k = 1,..., K. We then

associate with Uy the partial Mazwellian, defined by
1
My (qr) = ZGXP (=Uk (3lax*)) . ax € Dy,

where
zii= [ e (<UL (Inf) dp
for k=1,..., K, and we define the (full)k Maxwellian
M(q) == Mi(q1)- Mg(qx),  q=(a,....qk)" € D1 x---x Dg =D C RF?.

Clearly, M(q) > 0 on D, [, M(q)dg = 1 and limg, |y, Mi(qx) = 0, k = 1,..., K. When the
domains Dy, are bounded balls, we shall suppose that there exist positive constants Cy; and Cyao,
and real numbers o, > 1, k=1,..., K, such that

0 < Cr1 <exp (*Uk (%‘Qkﬁ)) /(dist(qk,aDk))‘”"“ <(Cpp<oo, k=1,...,K.

Alternatively, when Dj, = R? for all k = 1,..., K, we shall assume that Uy(s) = s, k=1,..., K.
This section is devoted to the proof of existence and uniqueness of weak solutions to the Fokker—
Planck equation

K
Y

O — Jz::l AV, - <M YV <M =0, (q,t) €D x (0,77, (3.23)
subject to the initial condition
where A € RE*X is a symmetric positive definite matrix with minimal eigenvalue 79 > 0 and
maximal eigenvalue v; > 0, and vy € L!(D) is a nonnegative function such that J p¥%odg=1. As
1) is a probability density function, and this property needs to be propagated during the course
of the evolution over the time interval [0, 7], the boundary condition on dD x [0,7T] needs to be
chosen so that 9 (-, t) remains a nonnegative function for all ¢ € [0, T], and fD ¥(gq,t)dg =1 for all
t € [0,T]. This can be achieved, formally at least, by demanding that

K
ZAU <qui (1/}))'%—%) as  |q;|* — bj, forall j=1,..., K, (3.25)
p M A

where either b; € (0,00) for all j = 1,..., K when D; is a bounded ball of radius /b;; or b; := +00
for all j = 1,..., K when D; = R%. By writing

T_Y 5%
1/1.—M and g = U

the initial-value problem (3.23), (3.24) can be restated as follows:

K
Mo~ Y AyvV,, - (M vqi@ =0, (q.t)€Dx(0,T], (3.26)
3,7,=1
subject to the initial condition

~

M(q)9(q,0) = M(q)%o(q), g€ D, (3.27)
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together with the (formal) boundary condition
ZAU (M) & o | 0 as g2 —b;, forallj=1,... K, (3.28)

and the adopted convention that b; := 400 when D; = R?. We consider the Maxwellian-weighted
L2 space
L3/(D) == {§ € Li,e(D) : VM $ e L*(D)},

equipped with the inner product (-, -)Lz (p) and norm | - ”L?w( D), defined, respectively, by

m\»—-

0. Puz,0) = [ M@ TP g and 12z, = @Dy,

and the associated Maxwellian-weighted H' space
Hy (D) :={p e L}/(D) : Vo, g €Li(D), k=1,...,K}

equipped with the inner product (-, ')H}\J(D) and norm || - ”H}W(D) defined, respectively, by
~ ~ K o~ 1
(¥, @HMD) = (%@Li,(l)) + Z(qu¢7vqk@[L§J(D)]d and ||95||H}W(D) = (@, @)ﬁ[}u(D)‘
k=1

We note that when Dy, are bounded open balls, the open set D, as a Cartesian product of bounded
Lipschitz domains, is also a bounded Lipschitz domain (cf. the footnote on p.10 of [14]).

Under our assumptions on the potentials Uy, k = 1,..., K, L2,(D) and H};(D) are separable
Hilbert spaces over the field of real numbers (cf. Theorems 2.7.1, 2.8.1 and 8.10.2 in [19]). Clearly,
H},(D) is continuously embedded in L2,(D). In fact the embedding H},(D) < L2,(D) is dense

and compact (in the case when of each Dy, k =1,..., K, is a bounded ball we refer for the proofs
of these statements to the Appendix in Barrett & Siili [1], and Appendices B, C, D in the extended
version of Barrett & Siili [2]; in the case when D), = R? for each k = 1,..., K, we refer to the

Appendices A and D in Barrett & Siili [3]).
Adopting the notations introduced in the previous sections, we take H := L2,(D), V := H},(D),
and consider the linear differential operator

Z AijVg, - (MV4,2), PEV,
1,9=1
that maps V into its dual space V* (with respect to the pivot space H).
We strengthen our original assumption 1y € L'(D) by demanding that 150 € L2,(D) (note that
1Yol (py < ||12)\0||L3\4(D) = ||QZOHH for all ¢y € H = LZ%,(D)), and we consider the following weak

formulation of the Fokker—Planck initial-boundary-value problem: given 720 € H :=L3,(D), find
ey =120,T;V) =L12(0,T;H},(D)) such that

T
B (Y, p) = /o (—v(@", )y + a(th, @) dt = (o, 2(0))x V& € Xy (1} (3.29)

Here, as in the previous sections, @’ signifies the derivative of ¢ with respect to the variable t.

On recalling the Brascamp-Lieb inequality (cf. [18], Corollary 2.2) in the case of by < oo,
k =1,...,K; and the Poincaré inequality for Gaussian measures (cf. the work of Beckner [4],
Theorem 1, inequality (3) with p = 1) when by = oo, k = 1,..., K, we deduce from Theorem
2.6 the existence of a unique weak solution 1) € L2(0,T;HL;(D)) to the Fokker—Planck equation
(3.26), (3.27). By choosing in the weak formulation (3.29) the test function @ from the dense
linear subspace {¢ € C>([0,T];H},(D)) : &(-,T) = 0} of Xy (7}, it then follows from (3.29) that
¢ € HY(0, T;H.,(D)*), and therefore ¢ € L2(0, T; HL,(D))NH'(0, T; H.,(D)*). Thus, returning to
our original variable 1, we deduce the existence of a unique weak solution v to (3.23), (3.24), with
/M € L0, T;H},; (D)) N HY(0,T; H},;(D)*). The boundary condition (3.25) (or, equivalently,
(3.28)) is imposed weakly, by demanding that the function v (or, equivalently, 12) belongs to the
appropriate function space for weak solutions.
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Henceforth we shall concentrate on the simplest case from the technical point of view, when
Dy, =R% and Uy (s) = s for all k = 1,..., K; then,

1
My (qr) = fkeXp (=%lael?), ax € R?  where Zj := /Rd exp (—3lpxl?) dpr, k=1,...,K,

and

1
M(q) = Mi(q1) -+ M (qxc) = Zexp (=3la®), a=(q,....qk)" e RFY,

where |g|* = g1+ - + gk |* and Z = Hfil Z,k=1,.. K.

We are particularly interested in the case when K > 1; specifically, our objective is to develop
adaptive numerical algorithms with quantitative optimality properties, which are dimensionally
robust, i.e., whose computational complexity does not exhibit the curse of dimensionality. To this
end, we shall embed the weak formulation of the Fokker—Planck initial-boundary-value problem
(3.29), with a finite, but arbitrarily large number of independent variables ¢, k = 1,..., K, into
a problem with countably many variables, ¢i, k = 1,2,..., corresponding to formally setting
K = 400. Thus, instead of working on D = R¥?  we shall be interested in the case when D = R>®
(cf. the next section for the definition of R*°), which we shall equip with a finite measure, the
Gaussian measure on R°°. We shall employ for this purpose the notion of Gaussian measure on
a separable Hilbert space. Our exposition in the next section closely follows Sections 1.1, 1.2, 9.1
and 9.2 in the monograph of Da Prato and Zabczyk [12].

4. GAUSSIAN MEASURES

Suppose that H is a separable Hilbert space with norm || - || and inner product (-, )z over the
field of real numbers. We denote by L(H) the space of all bounded linear operators from H into
H equipped with the associated operator norm ||- ||z, and we denote by L™ (H) the subset of H
consisting of all nonnegative symmetric linear operators. Finally, B8(H) will signify the o-algebra
of all Borel subsets of H. A bounded linear operator R € L(H) is said to be of trace class if there
exist two sequences (ax)72; and (by)72, in H such that

Rh = Z(h, ar)gby, heH, (4.1)
k=1

and

> llaklm bell < oo.

k=1
The set of all elements of L(H) that are trace class will be denoted by L;(H). We note that if
R € Ly(H), then R is a compact linear operator on H. The set L;(H), endowed with the usual
operations of addition and scalar multiplication, is a Banach space with the norm

[ Rl (1) = inf {Z larllm loxll : Rh="Y"(hax)mbr, heH, (ar)ily, (b7 C H} :
k=1 k=1

Assuming that R € Ly (H), the trace Tr R of R is defined by the formula

TI‘R = Z(Rek,ek)H,

k=1

where at this stage (e;)72 ; is any complete orthonormal basis in H. In particular if R € Ly (H) is
expressed by (4.1), then

TrR=> (abi)u-
k=1

The definition of trace being independent of the choice of the basis, we have that |Tr R| < || R||r,, (zr)-
The next proposition (cf. Pietsch [22], Theorem 8.3.3) sharpens these statements further.
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Proposition 4.1. Suppose that R is a compact selfadjoint linear operator on a separable Hilbert
space H, and that (\p)72, are its eigenvalues (repeated according to their multiplicity).

Then, R € Li(H) if, and only if, Y7~ | k] < +oo. Furthermore, |R||v, () = > opey |Ak| and
Tr R = Y321 M- In particular if A, > 0 for all k € N, then Tr R = ||R||v,, () -

Let R* denote linear space of all sequences @ = (x)72, of real numbers, equipped with the
metric

Z2—k |z — Ykl 2.y € R,
1+ |xk — yk|’

Let further ¢2(N) denote the Hllbert space of all sequences x = (x1)?2; € R*™ such that

~ 1/2
2/l vy := (Z |xk|2> < +00;
k=1

the inner product on ¢2(N) is defined by (z, Y)e2() = Dopeq Tklk, for z,y € 2(N).
Let us further consider, for a € R and for A > 0, the Gaussian measure on R with mean a and
standard deviation A defined by

1 x—a
Ny (dx) ::me : >d:c

The following result is stated as Theorem 1.2.1 in [12].

Theorem 4.2. Suppose that a € H and Q € LY(H) Then, there exists a unique probability
measure p on (H,*B(H)) such that

/ el(h’x)Hu(dx) = e’(a’h)He_%(Qh’h)H, h e H.
H

Moreover, i is the restriction to H (identified with the Hilbert space £2(N)) of the product measure

e} o0
®Mk = ®Nak,)\k,
k=1 k=1

defined on (R, B(R>)).

We shall write u = N, g, and we call a the mean and the trace class operator @ the covariance
operator of p. The measure p will be referred to as a Gaussian measure on H with mean a and
covariance operator Q. If the law of a random variable is a Gaussian measure, then the random
variable is said to be Gaussian. In particular, Theorem 4.2 implies that a random variable X with
values in H is Gaussian if, and only if, for any h € H the real-valued random variable (h, X )y is
Gaussian.

For u = N, g, we denote by L?(H, u) the Hilbert space of all square-integrable (equivalence
classes of) functions from H into R with inner product

()izing = [ u@)o(@)p(de), wo €L

and norm )

||u||L2(H7M) = (u,u)ﬁz(H’#), u e LQ(H, ).
Analogously, we shall denote by L2(H, u; H) the Hilbert space of all square-integrable (equivalence
classes of) functions from H into H with inner product

(w, V)12 (s 1) :/H(u(x),v(ac))Hu(dx), u,v € L2(H, y; H)

and norm .
lulliz(mpsiy = (W w)fe g oy wE L%(H, p; H).
Throughout the rest of the paper, u = Ng := No g, where Q € L (H). Moreover, we shall

assume that Ker(Q) = {0}. We shall also suppose that there exists a complete orthonormal system
(ex)72, in H and a sequence ()32, of positive real numbers, the eigenvalues of @, such that
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Qer, = Ageg, k € N. The eigenvalues )\ are assumed to be enumerated in decreasing order (and
repeated according to their multiplicity), and accumulating only at zero. For x € H, we shall then
write z = (2, ex)m, k € N.

The subspace QY/2(H) = {Q'/?h : h € H} is called the reproducing kernel of the Gaussian
measure Ng := Ny ¢. If Ker(Q)) = {0} as has been assumed, then Q'?(H) is dense in H. In fact,
if zo € H is such that (QY/2h,z¢)y = 0 for all h € H, then Q'/%zy = 0, and therefore Qzy = 0,
which implies that g = 0.

For Q € L{(H) such that Ker(Q) = {0}, we introduce the isomorphism W from H into
L2(H, Ng) as follows: for f € Q'/2(H) let Wy € L?(H; Ng) be defined by

Wi(z) = (Q Y?f,2)y, x€H.

Let 4 = Ng. We define Hermite polynomials in L?(H, u). Let us consider to this end the set T
of all mappings v : n € N — v, € {0} UN, such that |y| := > ;- ; v, < +oc0. Clearly v € T if, and
only if, v, = 0 for all, except possibly finitely many, n € N. For any v € " we define the Hermite
polynomial

Hy(x) =[] Hy (We,(2)), =€ H, (4.2)
k=1

where the factors in the product on the right-hand side are defined by

Hoe) = ey & <e£) £€R, ne{0}UN: (4.3)

n - m dé-” ) ) ) *
H,, is the classical univariate Hermite polynomial of degree n on R. Note that Hy = 1, so that
for each v € I, the countable product H,(x) contains only finitely many nontrivial factors and is,
therefore, well-defined. Moreover, with the Gaussian measure ;1 = Ng being a countable product
measure, we have that

V"}’, ’-}/ el: (H’Yv H’Y’)L2(H,u) = 5’y,'y’- (44)

We shall denote by E(H) the linear space spanned by all exponential functions, that is all functions
¢ x € Hw ¢(x) € R of the form

o(z) =e@u  heH.

It follows from Proposition 1.2.5 in Da Prato and Zabczyk [12] that E(H) is dense in L2(H, ).
On account of the separability of H, L2(H, i) is separable.

For any k € N we consider the partial derivative in the direction e; (with ey as above), defined
by

Digp(x) = lim = (plz +eer) — pl2)), @€ H, ¢ € B(H).
Thus, if ¢(z) = e™®)# with h € H, then clearly
Dyp(z) = em®)u b where hy, = (hyex)m.
Let Ag denote the linear span of {H, ® e, : v € I, k € N}, with H, and ej, as above and
it = Ng, and define the linear operator

D : E(H) C L*(H,u) — L*(H,;; H) by Deg(z):=Y Dpp(z)er, € H.
k=1

Thanks to Proposition 9.2.2 in Da Prato and Zabczyk [12], Dy, is a closable linear operator for all
k € N. If ¢ belongs to the domain of the closure of Dy, which we shall still denote by Dy, we shall
say that Dy belongs to L2(H, u).

Analogously, by Proposition 9.2.4 in Da Prato and Zabczyk [12], D is a closable linear operator.
If ¢ belongs to the domain of the closure of D, which we shall still denote by D, we shall say that
Dy belongs to L2(H, u; H).
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For 1 = Ng, let us denote by Wh2(H, 1) the linear space of all functions ¢ € L?(H, ) such
that Dy € L2(H, u; H), equipped with the inner product

(o) wra(rt = ()L + /H (Dg(a), Dib(x))  u(clz)

1
and norm [|¢||wi.2(m,.) = (¢, <p)\2)vl’2(H ) Then, the Sobolev space WY2(H, i) is complete, and is
therefore a separable Hilbert space. In particular, for any ¢ € L2(H, i), we have that

o= Y g, where ¢, = (0, H s
yel

The next theorem, proved independently by Da Prato, Malliavin and Nualart [11] and Peszat
[21] provides an analogous characterization of functions belonging to W12(H, ;1) in terms of the
complete orthonormal basis (Hy)yer.

Theorem 4.3. A function ¢ € L2(H, i) belongs to WY2(H, u) if, and only if,

DA Doy P < oo, (4.5)
~el’

where 0y = (0, H))12(m ), (1AY== Yooy WAL s and (Ag)$2, is the sequence of (positive)
eigenvalues (repeated according to their multiplicity) of the covariance operator Q@ € L (H),
Ker(Q) = {0}. Moreover, if (4.5) holds, then

lllvr2 e = NelEa g + D Ao
yel’
Identifying L2(H, p) with its own dual L?(H, u)*, we obtain
p € (WH(H, p)" <= (7, N)ey[* < +oo.
yel

Furthermore, the embedding of WY2(H, 1) into L2(H, 1) is compact.

For a proof of these statements we refer, for example, to [12, Theorem 9.2.12]. As F(H) is
dense in both L?(H, p) and WY2(H, i), the embedding of W12(H, 1) into L?(H, p1) is also dense.

5. FOKKER—PLANCK EQUATION IN COUNTABLY MANY DIMENSIONS

For k € N, let us denote by D, the set R¢ equipped with the Gaussian measure

1
(2m)2/2[det(S

pr(dgr) = Ng,. 3, (dgr) = NE exp (—3(qe — arx) 'S (qk — ar)) daw

with mean aj, € R? and positive definite covariance matriz ¥;, € R4*¢. We shall assume henceforth
that ay = 0 for all £ € N and that the covariance operator @), represented by the bi-infinite block-
diagonal matrix

Y = diag(X,Xo,...),
with d x d diagonal blocks ¥, k =1,2,..., is trace class. We define
D = ;2 Dy,
k=1
so that
¢:=(q),q9,...) €D, qeDy, k=12,....

We equip the domain D with the product measure

oo oo
W= ®Mk = ®N0,2k-
k=1 k=1
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Let A = (Aij)?,.}:l € R>®** be a symmetric infinite matrix, i.e., A;; = Aj; for all 4,5 € N.
Suppose further that there exists a real number ¢ > 0 such that

> A& = 0léllnqy forall ¢ = (&), € A(N) (5.1)
ij—1

and a real number v; > 0 such that

> Aijén| < llélleey Inleqy  forall €= (£)2, € 2(N) and n = ()32, € (N). (5.2)

ij=1
Example 5.1. As an example of an infinite matriz A that satisfies (5.1) and (5.2), we mention
Ale] = tridiag{(e;,1,¢;) : j =1,2,...}, (5.3)

where the sequence € = (€;)32, is assumed to satisfy ||€[|g~w) < 1/2. Then, the matriz Ale] in
(5.3) satisfies (5.1) with yo = 1 — 2||€[|geo vy and (5.2) with y1 = 1+ 2||€||goo vy -

Example 5.2. More generally, we may consider A of block-diagonal form A = diag{A11, Ao},
where A1y € R¥? s symmetric, positive definite, and Ay is as in Ezample 5.1. Then, (5.1) and
(5.2) hold with constants 0 < vy < v1 < oo depending on the spectrum of A11 and on d, however.

In order to state the space-time variational formulation of the Fokker—Planck equation using
the notation introduced in Section 2, we select H = L?(D;u) and V = Wh2(D, i), and we write
Y =12(0,T;V). Guided by the abstract framework in Sections 2.3, 2.4, we consider the space

X =1%0,T;V) nH (0, T; V") (5.4)

and its subspaces Xy (0}, Ao {7} as in (2.17), equipped with the norm of &', which are closed due
to (2.9). With these spaces, the space-time adjoint weak formulation of the infinite-dimensional
Fokker—Planck equation reads as follows: given ¢y € H and g € X (> find

VEY: BW,0)=L(P) VP E Xy, (5.5)
where the bilinear form B*(-,-) : ¥ x Xy ¢7y — R is defined by

T
B (1, 3) = / (= - (@ D)y +a(,3)) dt, (5.6)
0
with
a({b\a ()/0\) = Z Al](qu/(z7 vqj@)[Lz(D,p,)]d’
ij=1

and the linear functional ¢* is defined by
(@) = (%0, B(0)) 2D - (5.7)

We note that ¢ := €' € Xy ¢ry if, and only if, $ € X (ry; analogously, ¥ = et € Y if, and
only if, zZ € Y. Thus, by selecting ¢ = e~ as test function in (5.5), we deduce that 12 €Yisa
solution to (5.5) if, and only if, 1 := e~t1) € Y solves

veY: B ,p)=L0(3) VPE X

where the linear functional £* is defined as in (5.7) (note that ¢ (0) = 12(0)), and the bilinear form
B*(-,+) : ¥ x Xy gy — R is defined by (5.6), except that now

oo

a(y, P) = Z Aij (Y, Ve, BV 2D yja + (0, B2,

ij=1
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The solution @E € Y to (5.5) is then directly recovered from 7:2; by setting QZ = etzz. We shall
therefore assume (without loss of generality) in what follows that, whenever the problem (5.5) is
referred to, it is the bilinear form a defined by

a(wa @) = Z Alj(vqlz/}7 VQj @)[L%D,y)]d + (w7 @)LZ(D,;L) (58)
i,j=1
that is used in the definition of B*, rather than the bilinear form a defined above following (5.6).
By adopting this simple convention, the well-posedness of the infinite-dimensional Fokker—
Planck equation is now an immediate consequence of Theorem 2.5; in particular, the following
result holds.

Theorem 5.3. For the bilinear form B*(-,-) in (5.6), where a(-,-) is defined by (5.8), there exists
a positive constant C such that

B* (), p
_inf sup % 2 (5.9)
PeV(0} geXo (r\ 0} [y Pl 2y 1
and R
Vo € Xy gy \ {0} : sup B* (4, p) > 0. (5.10)

PpeY
Furthermore, for each 120 € H and each g € X()*A{Tp there exists a unique 1Z €Y =L%0,T;V) that
satisfies (5.5); and the linear operator B* € L(Y, X{ (1) induced by B*(-,-) is an isomorphism.

Following [24], we shall next develop a class of adaptive Galerkin discretization algorithms for
(5.5), along the lines of adaptive wavelet discretizations of boundedly invertible operator equations
considered in [9, 10]. These algorithms exhibit, in particular, “stability by adaptivity”, i.e., their
stability follows directly from the stability (5.9), (5.10) of the continuous, infinite-dimensional
problem through suitable Riesz bases of the spaces ) and X (7, which we shall construct. No-
tably, in the present context, these algorithms are dimensionally robust by design: as we shall
prove, they deliver a sequence of approximate solutions with finitely supported coefficient vectors,
i.e., with only finitely many variables g; being ‘active’ in each iteration. We will establish certain
optimality properties for these finitely supported Galerkin solutions, with all constants in the error
and complexity bounds being absolute, i.e., independent of the number of active variables. We first
develop the necessary concepts in an abstract setting, before applying them to the Fokker—Planck
equation (5.5) in space-time variational form.

6. WELL-POSED OPERATOR EQUATIONS AS INFINITE MATRIX PROBLEMS
Let us denote for a moment by X,) two generic separable Hilbert spaces over R, and let us
assume that we have available a Riesz basis U*¥ = {1/J;Y : A € Va} for X, meaning that the
synthesis operator
o= 3 ey

AEV x
is boundedly invertible. By identifying ¢?(Vy) with its dual, the adjoint of sgx, known as the
analysis operator, is

sgx 2(Vy) = X:c—c

syt X = (V)1 g (94 heva-

Similarly, let UY = {¢§\; : A € Vy} be a Riesz basis for ), with synthesis operator sg» and its
adjoint s},,,. Here, Vx and Vy are countable sets of (multi-)indices .

Now let B € L(X,Y*) be boundedly invertible; then, also its adjoint B* € L(Y, X*) is bound-
edly invertible and, for every f € Y*, f* € X* the operator equations

Bu = f, B*u* = f*

admit unique solutions v € X, u* € ). Writing u = sgxu and uv* = sgyu*, these operator
equations are equivalent to infinite matrixz-vector problems

Bu=f, B'u"=f" (6.1)
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where the “load vectors” f = si,f = [f(l/f,)\})hevy € A(Vy), * = siyaf = [fW)]revay €
(?(Vx); and the system matriz B given by

B = sy Bsyx = [(BY) (WX)revyueva € LIE(Va), #(Vy))

and with B* defined analogously, are boundedly invertible. We consider the associated bilinear
forms

B(-,) : XAxY->R:(w,0) = (Bw)(v), B°(,:) : YxX =>R:(v,w)— (B*)(w),
and introduce the notations
B=3UY ), f=fTY), B =987V, 0Y) =70
With the Riesz constants

cT Uy
A§X = ||8q,x||¢2(vx)a)( = sup u’
0zcer2(Va) llCllez(va)

ToX
AGw = ||5\£%c||}1—>z2(v ) T gsett M’
*) o 0zee2(Va) |lclle(va)

and A%Iiy and )\iy defined analogously, we obviously have that

IBle2(vx)—e2(vy) < I1Bllamy+ Agx Ay, (6.2)
- B~ ly-—x
B 1H/€2(Vy)~>42(vx) < W (6.3)
wx Ay

7. BEST N-TERM APPROXIMATIONS AND APPROXIMATION CLASSES

We say that uy € £2(Vy) is a best N-term approzimation of u € £2(V x), if it is the best possible
approximation to u in the norm of £2(Vy), given a budget of N coefficients. Determining the best
N-term approximation uy of u requires searching the infinite vector u, which is not feasible, i.e.,
actually locating uy may not be practically feasible. Nevertheless, rates of convergence afforded
by best N-term approximations serve as a benchmark for concrete numerical schemes. To this end,
we collect all u € £2(Vy) admitting a best N-term approximation converging with rate s > 0 in
the approximation class A5 ((2(Vy)) := {v € £2(Vx) : V]| as_(e2(vx)) < 00}, where

IVIlas_@2(va)) == Supe x min{N € No : [|[v = vn|lez(vy) <€},
£

which consists of all v € £2(Vy) whose best N-term approximations converge to v with rate s.

Generally, best N-term approximations cannot be realized in practice, in particular not in
situations where the vector u to be approximated is only defined implicitly as the solution of
an infinite matrix-vector problem, such as (6.1). We will now design, following [24], a space-
time adaptive Galerkin discretization method for the infinite-dimensional Fokker—Planck equation
(5.5) that produces a sequence of approximations to u, which, whenever u € A% (/*(Vy)) for
some s > 0, converge to u with this rate s > 0 in computational complexity that is linear with
respect to N, the cardinality of the support of the “active” coefficients in the computed, finitely
supported approximation to u.

8. ADAPTIVE GALERKIN METHODS

Let s > 0 be such that u € A5 (¢*(Vx)). In [9] and [10], adaptive wavelet Galerkin methods for
solving elliptic operator equations (6.1) were introduced; the methods considered in both papers
are iterative methods. To be able to bound their complexity, one needs a suitable bound on the
complexity of an approximate matrix-vector product in terms of the prescribed tolerance. We
formalize this idea through the notion of s*-admissibility.

Definition 8.1. The infinite matrices B € L({*(Vx),0*(Vy)), B* € L({*(Vy),l*(Vx)) are
s*-admissible if there exist routines

APPLYg[w,c] -z, APPLYgp-|W,c] >z
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that yield, for any prescribed tolerance ¢ > 0 and any finitely supported w € £?(Vy) and w €
¢%(Vy), finitely supported vectors z € ¢2(Vy) and z € £2(Vy) such that

IBw — zle2(vy,) + [[B*W — 2] 2(vy) <,
and for which, for any 35 € (0, s*), there exists an admissibility constant ap s such that

1/s

#suppz < aB s 5_1/§||W||A§C(€2(VX))’

and likewise for z, w. The number of arithmetic operations and storage locations used by the call
APPLYg[w,¢] is bounded by some absolute multiple of

—1/5 1/5
agse ||W||A/S;C(€2(Vx)) + #suppw + 1.

The design of APPLYg[w,¢] and APPLY - [w,¢] for the system matrices B and B* arising
from the infinite-dimensional Fokker—Planck equation (5.5) is the major technical building block
in the adaptive Galerkin discretization of (5.5).

In order to approximate u one should be able to approximate f*. To this end, we shall assume
in what follows the availability of the following routine.

RHS;: €] — £ : For a given € > 0, the routine yields a finitely supported £* € (*(Vx) with
£ —£2]|2(vy) <€ and Fsuppfl Smin{N : [|f* — 5| < e},

with the number of arithmetic operations and storage locations used by the call RHS¢-[e] being
bounded by some absolute multiple of #suppf’ + 1.

The availability of the routines APPLY g and RHS¢ has the following implications.
Proposition 8.2. Let B in (6.1) be s*-admissible. Then, for any § € (0,s*), we have that

IBllaz_(e2(v )= Az (e2(9y)) < 0B s-
For z. := APPLY g[w,¢|, we have that

I2ell 4z (e2(vy)) < ap sllW]
Analogous statements hold for B* in (6.1).

AL (2 (V)

A proof of Proposition 8.2 can be given along the lines of the arguments presented in [9, 10].
Using the definition of A% (¢2(Vy)) and the properties of RHS¢, we have the following corollary.

Corollary 8.3. Suppose that, in (6.1), B* is s*-admissible and u € A5 (¢*(Vy)) for s < s*;
then, for £ = RHS¢«[¢],

* —1/¢ 1
#supp fa 5 aB+s € 1/9||u”,¢(;o(g2(vy))7
with the number of arithmetic operations and storage locations used by the call RHS¢«[e] being
bounded by some absolute multiple of

1/s

T ey L

aB~* s €

Remark 8.4. Besides ||f* — £X|2(v,) < €, the complexity bounds in Corollary 8.3, with ap« s
signifying a constant that depends only on B* and s, are essential for the use of RHSg« in the
adaptive Galerkin methods.

The following corollary of Proposition 8.2 from [24] can be used for example for the construction
of valid APPLY and RHS routines in case the adaptive Galerkin algorithms are applied to a
preconditioned system.

Corollary 8.5. Suppose that B* € L({*(Vy),l3(Vx)), C € L(3(Vx),l?(Vz)) are both s*-
admissible; then, so is CB* € L((*(Vy),¢*(Vz)). A valid routine APPLY cp~ is

(w,e] - APPLY c[APPLY - [w, /(2] C|)], /2], (8.1)

with admissibility constant acp- s < ap- s(||C||*/* + ac5) for 5 € (0,5%).
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For some s* > s, let C € L(I?(Vy),?(Vz)) be s*-admissible. Then, for
RHScs-[¢] := APPLY c[RHS¢-[¢/(2]|C||)],£/2], (8.2)

we have that

#supp RHScy-[¢] < ap- o(|CI1Y* +ac0) e *[ull'f] (2o,

and ||Cf* —RHScs[€]||2(v ) < &, with the number of arithmetic operations and storage locations
used by the call RHSc¢- [g] being bounded by some absolute multiple of

N _ . 1/s
an- s (|C* + ac,s) e ¥l lfS (awyy + 1

Remark 8.6. The properties of RHSgg+ stated in Corollary 8.5 show that RHSce~ is a valid
routine for approrimating C£* in the sense of Remark 8.4.

In the special case when B is symmetric positive definite, i.e., Vy = Vy and B = B* > 0,
the two Galerkin methods considered in the papers [9, 10] were shown to be quasi-optimal in the
following sense.

Theorem 8.7. Suppose that, in (6.1), B* is s*-admissible; then, for any € > 0, the two adaptive
Galerkin methods from [9, 10] produce approzimations u. to u with ||[u — uc|[s2(v,,) < . Suppose

that, in (6.1), for some s > 0 we have u € A5 (¢*(Vy)); then #suppu.< 5_1/s||u||}4/sS ((Vy))
and if, moreover, s < s*, then the number of arithmetic operations and storage locations required
by a call of either of these adaptive solvers with tolerance € > 0 is bounded by some multiple of

/s 1/s
e~ Us (1+ aB,s)Hqu(;c(é?(Vy)) +1

The multiples depend on s only when s tends to 0 or co, and on |B|| and |B~|| when they tend
to infinity.

The method from [10] consists of the application of a damped Richardson iteration to Bu = f,
where the required residual computations are approximated using calls of APPLY g and RHS¢
within tolerances that decrease linearly with the iteration counter.

The method from [9] produces a sequence =y C Z; C --- C Vx, together with a corresponding
sequence of (approximate) finitely supported Galerkin solutions u; € ¢2(Z;). The coefficients of
approximate residuals f — Bu; are used as indicators how to expand =Z; to Z;41 so that the latter
gives rise to an improved Galerkin approximation.

Both methods rely on a recurrent coarsening of the approximation vectors, where small coeffi-
cients are removed in order to keep an optimal balance between accuracy and support length; in
[15], a modification of the algorithm introduced in [9] was proposed, which does not require the
coarsening step.

The key to why s*-admissibility of B can be expected is the observation that for a large class
of operators the stiffness matrix with respect to suitable wavelet bases is close to a computable
sparse matrix, in the sense of the following definition.

Definition 8.8. B € L({*(Vx),¢*(Vy)) is s*-computable if, for each N € N, there ezists a
BNl € L(1?(Vx),0%(Vy)) having in each ‘column’ at most N nonzero entries whose joint com-
putation takes an absolute multiple of N operations, such that the computability constants

. _ pIN] 1/5
CB,S = ;%%NHB B Hez(vx)_>£2(vy) (83)

are finite for any 5 € (0,s*). The notion of s*-computability of B* is defined analogously.

Theorem 8.9. An s*-computable B is s*-admissible. Moreover, for § < s*, ap s S cB,s where
the constant in this estimate depends only on 510, §1 s*, and on ||B|| — oo.

This theorem is proved by constructing a suitable APPLY g routine as in [9, §6.4] (a log factor
in the complexity estimate there due to sorting was removed later through the use of approximate
sorting, see [13] and the references there).
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Remark 8.10. Theorem 8.7 requires that B is s*-admissible for an s* > s whenu € A3 (£*(Vy)).
Generally this value of s is unknown, and so the condition on s* should be interpreted in the sense
that s* has to be larger than any s for which membership of the solution u in AS (¢*(Vx)) can be
expected.

The approach from [10] applies also to the saddle point variational principle (5.5) whenever
one has a linearly convergent stationary iterative scheme available for the matrix-vector problem
B*u = f*. There is, unfortunately, no such scheme available for a general boundedly invertible B*.
In particular, for the stiffness matrices B* resulting from the space-time saddle-point formulation
(5.5) of the infinite-dimensional Fokker—Planck equation no directly applicable scheme is available.

A remedy proposed in [10] is to apply adaptive Galerkin discretizations to the normal equation

BB*u = Bf*. (8.4)

By Theorem 5.3, the operator BB* € L((?(Vy),¢*(Vy)) is boundedly invertible, symmetric
positive definite, with

IBB*|li2(vy)»2(vy) < IB* 2wy sezvays IBB)  Hlewmsewy) < I8 HEmy ey

Now let u € A5 (?(Vx)), and for some s* > s, let B and B* be s*-admissible. By Corollary
8.5, with B* in place of C, a valid RHSg¢- routine is given by (8.2), and BB* is s*-admissible with
a valid APPLY gg- routine given by (8.1). In the context of (5.5), one execution of APPLY gg-
corresponds to one (approximate) sweep over the “primal” problem, followed by one (approximate)
sweep over the dual problem, respectively. A combination of Theorem 8.7 and Corollary 8.5 yields
the following result obtained in [24].

Theorem 8.11. For any € > 0, the adaptive wavelet methods from [10] or from [9] and [15]
applied to the normal equations (8.4) using the above APPLY gg- and RHSg ¢+ routines produce
an approzimation u. to u with ||u —ucl|p2(v,) <e.

Suppose that for some s > 0, u € A5 (£*(Vy)); then #suppu. < e~ /*|u|

~

1/s .
Az (e2(y))r With
the constant in this bound only being dependent on s when it tends to 0 or oo, and on |B*|| and
|(B*)~L|| when they tend to infinity.

Suppose that s < s*; then, the number of arithmetic operations and storage locations required
by a call of either of these adaptive wavelet methods with tolerance € is bounded by some multiple

of

14 5—1/5(1 +ag+ (1 +as))|ul

1/s

A (B2(Vy))

where this multiple only depends on s when it tends to 0 or 0o, and on ||B*|| and ||(B*)~"!| when
they tend to infinity.

9. INFINITE-DIMENSIONAL FOKKER—PLANCK EQUATION AS AN INFINITE MATRIX VECTOR
EQUATION

We apply the foregoing abstract concepts to the space-time variational formulation (5.5) of the
infinite-dimensional Fokker-Planck equation. To construct Riesz bases for Xy (ry and YV, we use
that

Xoqry = (L*(0,T) @ V) N (Hp (3 (0, T)@V*)  and Y =L*0,T)®@V

with the spaces Xy (7} as defined in (5.4), and Y = L2(0,T;V); recall that H = L2(D,p), V =
WL2(D, u). Let

: - qk
Y={H,:veT}CV, with H,(¢)= || H (),
Y Y kl;[l Tk m

denote the polynomial chaos basis (4.2). By Theorem 4.3, T is a normalized Riesz basis for
[L2(H, p)]¢, which, when renormalized by the scaling sequence ({(y,A™!)),er in V and by the
scaling sequence ({7, A))yer in V*, is a Riesz basis for V and V*, respectively. Let

© ={6\: X e Vi} CHg (1,(0,7)
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be a family of functions that is a normalized Riesz basis for L2(0,7"), which, renormalized in
H'(0,7), is a Riesz basis for H} (T} (0,7). From [16, Prop. 1 and 2], it follows that then the
collection ® ® Y, normalized in X, i.e., the collection

(t,q) — Or () H(a) (A7) EVar =V xT 3,
VA 10 o,y (7 )

is a Riesz basis for Xy (7}, and that © @ T normalized in ), i.e., the collection

{(tag) o RO () e vy = v, 1),
| Hy v
is a Riesz basis for Y. Moreover, denoting the Riesz basis for V* consisting of the collection T
normalized in V* by [Y]y-, and similarly for the other collections and spaces, with the notations
introduced in Section 6 we have that
2 1 *
A[%@T]X < maX(AIC:) (OVT)AE} Tlyv> F@](Ifl’?;)j) Eif]v* );

. L? 0,T) H! 0,T) y*
)\ [ORY]x > mln()\ )\[T]V 5 )\[Q]Hl(o T))\[T]V* )

y L2(0,T)
A[@@T] < A A[T]w

hY 2(0,1)
Moy = Ao TN,

Denoting by [|Y||y the infinite diagonal matrix with diagonal entries ||H. ||y where v € T, and
similarly for the other collections and spaces, the stiffness or system matrix B* corresponding to
the variational form (5.5) and the Riesz bases [© ® Y]y, [© @ T]x for J and &p (7 is given by
the infinite matrix

B* = B([0® Ty, [0 ® YT]x)

T
= [Id; @ |T)5,"] o | (0,0 )120,1) ®(T7T)H+/ a(O®Y,00Y)dt| o [lo® T3],
0

where Id; denotes the identity operator with respect to the ¢ variable and the symbol o signifies
composition of operators.

Writing the solution 1 of (5.5) as v =u' [© ® T]x, we deduce that u is the solution of the
infinite matrix-vector equation B*u = f* with

Introducing the infinite matrices
Dy = (|[8]luio,r) @ IT[v-) @@ T3 and Dy:=(Id, ® [T[v)[© ® T},

both being diagonal, with entries in modulus less than 1, the infinite matrix operator B* can be
written as

B* = (0. [Olin o)1 © (X [Th)u D+ [ a(@ 0 My.0 0 (1) dDs| . (02)

10. s*-ADMISSIBILITY OF B AND B* FROM (9.2) AND OF ITS ADJOINT

By Theorem 8.9, the s*-admissibility of B and B* follows from their s*-computability. To
verify the s*-computability of tensor products of possibly infinite matrices, it suffices to analyze
the s*-computability of the factors, according to the following result from [24, 20].

Proposition 10.1. Let, for some s* > 0, D and E be s*-computable. Then,
(a) D ® E is s*-computable with computability constant satisfying, for 0 < § < § < s¥,
cpsks S (cpsces)’/®; and
(b) for any € € (0,s*), D®E is (s* — ¢)—computable, with computability constant cpgr,s
satisfying, for 0 < 5 < s* —e <5< s*, cpge,s S max(cp s, 1) max(cg s, 1).

~
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The constants absorbed in the < symbol in the bounds on the computability constants in (a) and
(b) are only dependent on 5] 0, § — oo and § —5 ] 0.

In view of the representation (9.2) of B*, using Corollary 8.5 and Proposition 10.1, part (a), for
proving s*-admissibility of B and B* it suffices to show that (T, 1) and fOT a(OR[Y]y, Ox[T]y,) dt
and its adjoint are s*-admissible. To prove this, by Theorem 8.9 we need to verify that these objects
are s*-computable. This will follow from the fact that ([©]i o 7y, ©)r2(0,7): (©, Ol 7))12(0,7)5
([X]y+, [Y]v)n and ([Y]y,[Y]y+)n are s*-computable and, in view of the definition of a(-,-) in
(5.6), from a sparsity assumption on the coefficient matrix A.

10.1. Choice of Riesz bases © and Y. We have already assumed that © = {0y : A € V,} is
a normalized Riesz basis of L2(0,T), which, when renormalized in H!(0,T) is a Riesz basis for
H(lL (73(0,T). We will now select the basis © to be a wavelet basis that satisfies certain additional
assumptions. Specifically, we shall assume that the basis functions 6y of © are:

(t1) local, i.e., SUPge0,1],€N, #{|\| = £: 2 €supphr} < co and suppfy < 271,

(t2) piecewise polynomial of order d;, where by “piecewise” we mean that the singular support

consists of a set of points whose cardinality is uniformly bounded;

(t3) globally continuous, specifically [|0x[lwx (0,1) < 2MGEHR) for k€ {0,1};

(t4) for |A| > 0, have d; > d, vanishing moments.

The assumptions (t1)—(t4) can be met by wavelet constructions (see, e.g. [8] and the references
therein).

As a Riesz basis in D we choose the (countable) “polynomial chaos” basis ¥ = {H,, : v € T'}.
According to Theorem 4.3, T is an orthonormal Riesz basis of L?(D, i) that, normalized in V =
WH2(D, u) or its dual V*, is a Riesz basis for these spaces, respectively. Indeed, on denoting by
D* the diagonal matrix

D* = diag{({(y,\""}))¥/?: y €T}, (10.1)

we observe that the diagonal entries of D relate to the V and V* norms of [Y]3 as follows:
DY & [[T]pclv, (D)™ = [ Y]l

Therefore, the collection [Y]y := (D*)"'[Y]y = {(D))"'H, : v € T} is a Riesz basis of V =
WH2(D, i). This follows readily from the L2(D, i) orthonormality of T and from the identity (cf.
[12, (9.2.11)])

DiH, =3/ N PH, (W )HP,  for k=1,2,... and yel with 7 >1; (10.2)

with the notational convention Hﬂ(yk) i= [, Hy, for v € I'. If 75, = 0, then Dy H, = 0.

By duality, the family [Y]y~ := D*[Y] is a Riesz basis of V*.
10.2. s*-computability of ([@]hl(o,T)’G)U(O,T) and of its adjoint. By (t1), (t2) and (t4), for
each A € V; and / € Ny, the number of i € V; with || = £ and [, 036, dt # 0 or [, 6,6, dt #0
is bounded, uniformly in A and ¢. Indeed, fOT 60,, dt can only be nonzero when 6, does not vanish

on the singular support of 8, and using integration by parts, fOT 9;0)\ dt can only be nonzero when
6,, does not vanish on the singular support of 6 or at t € {0,7'}.
As a consequence of © being of order d; > 1 we have that

22 = 2105|120,y = 2N (1d = Q)x-1)0x Il 0,1y S 1107 ]l1s 0,7 -
Using (t1) and (t3), we infer that

T
/ 6,6, dt
0

Finally, we note that any entry of <[®M{1(O,T)7 ©)r2(0,7) can be evaluated in closed form in O(1)
work and memory. Schur’s Lemma (cf. [23], p.6, 92 and [6], p.449, Theorem B) now implies that
(1O]41(0,7)> ©)r2(0,7) and (O, [Oliy o 7y)12(0,7) are oo-computable.

1035t o < 9= Mg=max(MLIn) gl (5 +D)gblul — 9=} |I—lul]. (10.3)
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Note that from diam(supp 6y) < 271 (cf. (t1)) and from and (t3) we deduce that 011 0,7) S
21A - and thus that
07|72 0,7y = 217
Remark 10.2. Suppose that instead of (t3), the 65 belong also to C™(0,T) for some ry € N
(necessarily with 1, < dy — 2), i.e., that ||0x]|we=(0,1) S 2N 2t5) for s € {0,7, + 1}. Then, by
subtracting a suitable polynomial of order vy from 0% in (10.3), and using that 6,, has dy > dy >y
vanishing moments one deduces that, for |\ < |ul,

T
HQAHI;I(O,T)/O 010, dt| < 2 |A-lul |G,

Similarly, for |\ > ||, using integration by parts one obtains that

T
— —|p|| (B4
N / 010, dt| < 2|11l 3+
0

if t — 6x(t)0,(t) vanishes at t € {0,T}. Since the wavelets in time do not satisfy Dirichlet
boundary conditions, there are, however, A, € V¢ with |X| > |p| for which t — 0x(t)0,(t) does
not vanish at the boundary. For those entries (10.3) cannot be improved.

Remark 10.3. In [8], multiresolutions © = (0x)rev, were constructed for which the matrices
([@H{l(o,T)’ ©)r2(0,7) are sparse without compression.

10.3. s*-computability of (T,Y)y and ([Y]y+,[Y]y)n and of its adjoint. By the L2(H, u)-
orthonormality (4.4) of the family Y of Hermite polynomials, both (Y, T)y and ([Y]y«, [Y]y)x
and their adjoints are bi-infinite, diagonal matrices that are therefore co-computable.

10.4. s*-computability of fOT a(®@® [Y]y,0 ®[Y]y)dt and of its adjoint. We have that

T
/0 a(© ® Y]y, © @ [Y]y) di = (O, ©)rory @ a([ Y]y, [Yy). (10.4)

Since the form a(-,-) defined in (5.8) is symmetric, by Proposition 10.1 it suffices to investi-
gate s*-computability of the two factors on the right-hand side of (10.4) in order to deduce
s*-computability of B and B*.

As was noted in [24, Sec. 8.5], under the assumptions (t1)-(t4) above, (©,0)r2(,1) is oo-
computable, so it remains to address the s*-computability of a([Y]y, [Y]y).

In view of the definition (5.8) of the bilinear form a(-, -) appearing in (5.6) and noting Definition
8.8, the s*-computability of the infinite matrix G = a([Y]y, [Y]y) depends on the structure of the
infinite matrix A = (4;;)75_; in (5 6) For the sake of simplicity of the exposition we shall suppose
that d =1, so that D =R x R x ---. Thanks to (10.4),

a([Y]v, [Y]y) = (G4 )y yer

where, on recalling the definition (5.8) of the symmetric bilinear form a(-,-), the entries G,/ of
the symmetric matrix G are, for v,7" € T, given by

Gy = Y Aij (D) (Dg,Hy, Dy, Hy)r2(p,py (D) ™1 4 Gy
3,71

Clearly, if v = 0, then G, = 0, for all 4" € T; similarly, if v = 0, then G, = 0, for all
~v € T'. We shall therefore focus our attention on the nontrivial case when ~,~’ € T'\ {0}; for any
such v and «/, we have by (10.2) that

Gov= > AN (VA Hoy B\ [y /A Hoy 1 HY )

i,j>1:yi>1,952>1

_ Mol A —1 Y i )
=Y a0 AR (s D) s

1,521y >1,95>1

L2(D,) (D)™ + Gy



22 CHRISTOPH SCHWAB AND ENDRE SULI

We now impose additional hypotheses on the matrix A. It is illustrative (and will be used in
what follows) to first consider the special case A;; = d;;. We denote the corresponding matrix G
by G, Inserting this choice of A;; into the previous expression, we obtain from the L3(D, p)
orthonormality (4.4) of the family {H, : v € I'} that

/
©  _ T a1yt () ()
¥ = S Gy @D (#ya ,HV;,IHV,)LQ(D)H)—HSW,

1,521y >1,95>1

ViVi (A1 A - ; ;
= Z )\2 (D'y) 1(D'y’) ! <H’Yi71H‘S)7Hry;71HE//)> R —&—&W
i>1:y;>1,7>1 v L2(D,p)
- - Vi
= ‘5w’(D:>) 1(D:\/) ! Z 2 + 0y
iiy; >1,yi>1 v

= Oyy (D$)72<% AT+ Oyt = 2057

For A;; = d;; the infinite matrix G = G is, therefore, co-computable.
We next turn to the tridiagonal matrix A considered in Example 5.1, whose entries are

Aij = 5ij +€i§i,j71 +6i57;$j+1, i,j = 1,2,.... (105)
With the diagonal term having already been discussed, by superposition we may now confine
ourselves to investigating the computability of the matrix G when the matrix A has entries
Aijj = €0;5-1,4,7=1,2,..., and when A has entries A;; = €;0; j4+1, %,J = 1,2,.... The matrices
G corresponding to these two cases will be denoted below by G(=) and G(*), and we denote their
respective entries by GE;? and GEY;,), with v,+" € T'. For the sake of excluding trivial situations

we shall assume henceforth that ¢; 20,7 =1,2,....
Given v, € T'\ {0}, we calculate, as before, that

/
& _ ViV A =1/ 1 i )
¢ = > by (D)7HD)) (H%,lHﬁ),H;,lHV,)LQ(D by
03217 21,7521 v o
= > € Wiz (DX)~Y(DX)~t (H HD H., H(“F”) + 6o
N N Aidig 7 v A At = e L % 102 WD R

P21yl 21

(10.6)
with the notational convention 7} := 0 and Ag := A1 (> 0). Thus, for example, if v = 1; :=
(1,0,0,...), then G} = 46, for all y/ € T\ {0}; G\.) = & for v/ = (0,1,0,0,...), and
GE,;? = 0,4 for all other o/ € T'\ {0}. Also, if v = 0, then G((Jf,) = 0o,y for all 4/ € T'; and,
analogously, if 4/ = 0, then G,%) =0, for all y €T,

It therefore remains to compute G%,) for 7,7 € T'\ {0,1:}. Hence, by defining for a fixed
integer 7 > 1 and for 7,7" € I'\ {0} such that v; > 1 and 7, > 1 the expression
ﬁ(i),(i) = (H"/i—lH'E'i)aH ! 1H(%:F1)

! " —
Yy Yig1 Y )LQ(D,M) )

we deduce that
ﬁ(i/)7(i) _ {1 if . :”yi — 1/\%’»;1 = YiT1 Jrl/\’y} =7, j€{i,iF1}°NN,
7 0 otherwise.

Now, for any v € T\ {0} consider the finite sets Z1 (y) C T\ {0} consisting of all 4/ € T"\ {0} for
which there exists an integer ¢ > 1 such that .V),(yf,)’(i) = 1. Clearly, Z,(11) = 0, while Z_(1;) is
equal to the singleton {(0,1,0,0,...)}. More generally,

(a) for each v € T'\ {0, 11}, the set Z4(y) is nonempty;

(b) for each v € I'\ {0,1;} and 4/ € Z4 (), there exists a unique integer iL = iL(y,7) > 1

such that 5%?’@) =1;
(c) for each v € T'\ {0,141}, the mapping i1 (vy,-) : v € Z1(y) — i+(y,7) € N is injective;
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(d) for each v € '\ {0}, v € Z+(7).
Hence, for a fixed v € I'\ {0,1;}, and any v € Z4(7), we have from (10.6) (note that by (d):
(S,Y,y/ = 0) that

. , .
(+) ’Yii’yzl'i$1 =1, ;-1\ =1 [E= *>Zi.(777) > 17
G =€is\[ . ., (A7) T2(Y, A7) T2, where Yie = 1 (10.7)
4 Ny F1 > 1;

/
Vi1 Z

otherwise, for v € (I'\ {0,11}) \ Z+(v), we have that G,(Yj,[y,) =

each ‘row’ with index v € T'\ {0, 1} the matrix G*) contains nonzero off-diagonal entries only in
‘columns’ 7' € Z, (); analogously, in each ‘row’ with index v € T'\ {0} the matrix G(~) contains
nonzero off-diagonal entries only in ‘columns’ 7' € Z_(v). All diagonal entries of G(*) and G(~)
are equal to 1.

An analogous calculation reveals that the nonzero off-diagonal entries of the transpose of G(¥)
contained in ‘row’ 7y (i.e. ‘column’ v of G) are given by

~~- In any case, we deduce that in

Jr=Jx(n) > 1

Vg £17;
Gfﬁ) =€), /\ﬁi/\” (v, )\_1>_%<7',/\_1>_%, where ’75# >1; (10.8)
el Viz+1 = L.
By taking j+ = i+ F 1, noting that i+ — jr := ix F 1 is a one-to-one correspondence, and

comparing (10.8) with (10.7) we see that the number of nonzero off-diagonal entries in ‘row’ =y of
G&) is equal to the number of nonzero off-diagonal entries in ‘column’ v of G(¥). Since ¢; , and
¢, +1 may differ, the individual nonzero off-diagonal entries in ‘row’ v of G(*) are not necessarily
equal to the respective off-diagonal entries in ‘column’ 4 of G(¥); however, that is of no relevance
for the rest of our argument.

Returning to (10.5), we thus deduce by superposition that for the Fokker—Planck equation
(3.23), with a tridiagonal coefficient matrix A as defined in Example 5.1, the infinite matrix
G = GO + G + G is such that in each ‘row’ with index v € T'\ {0} the matrix G has
nonzero off-diagonal entries in ‘columns’ 4" € Z, (y) U Z_(~) only. Thanks to the symmetry of G
the number of nonzero off-diagonal entries in each ‘row’ v of G is equal to the number of nonzero
off-diagonal entries in ‘column’ v of G. The diagonal entry of G in each ‘row’ v € T' is equal to
205y 4 0yy + 04y =4

We now refer to Definition 8.8 and verify condition (8.3): i.e., we wish to show that for § > 0
we have that "

N s
e = sup N|IG - Gy ey
where (G[N ])?:1 is a sequence of infinite matrices, which we shall define below.

We consider, for each N > 1, the matrix GV := GO 4 G INl L G-IV N > 1, where the
matrices G-V and G(=):[N] are defined as follows. For N = 1, we choose GVl and G(-):[V]
to be diagonal, with the same diagonal entries as G(*) and G(7), respectively. For N > 1, we
again define the diagonal parts of the matrices G&)[V] to be the same as those of G(+) and G(-).
The off-diagonal entries of G(F)IN and G-IV are defined, ‘row’-wise, as follows.

Let 0 < p < 2 and define ¢, := [22”/(2*”)] + 1; for an integer N > 1 we shall then use the
notation N, := ¢,N, and for a given sequence ¢ € ¢*(N) in the definition (5.3) of the infinite
tridiagonal matrix A appearing in the bilinear form a(-, -), we shall denote by eV the best N,-

term approximation of € in £2(N). For N > 1, we define G()[N to contain, in the off-diagonal

of the ‘row’ associated with an index v € I'\ {0}, at most NN, nonzero elements G,(;?, whenever

v € Z,(v) with associated index iy := iy (7y,7') is such that iy € {j : eg-Np] # 0}. Otherwise,
the off-diagonal entry GE;?’[N] is defined to be 0. For N > 1 the off-diagonal entries of the matrix

GV are defined completely analogously to those of G(T):[N],
Having thus defined the infinite matrices Gl N = 1,2, ..., and noting that by the triangle
inequality,

IG = G™M | rme@y < IGH = GOy Loy + G = GOy Loy, (10.9)
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it remains to bound the norms of G™*) — GEHLINI We shall use Schur’s Lemma (cf. [23], p.6,
92 and [6], p.449, Theorem B) for this purpose. Thanks to the ‘row’-wise definition of GE)LINT
we already know the elements contained in each ‘row’ of G — G&):[IN: in particular, the
diagonal entries of these matrices are equal to 0. Since the infinite matrices G — GE)IIN are
nonsymmetric, we also need to understand the structure of their ‘columns’ in order to be able to
apply Schur’s Lemma. As we already know from (10.8) what the nonzero off-diagonal entries in
the columns of G() are, it remains to consider the off-diagonal column entries of G&) [Nl We
shall in fact consider G(+)>:[V] only, as an identical argument applies in the case of G(=)IN],

Thanks to (10.8) the number of nonzero off-diagonal entries of G-V in ‘column’ v € T'\ {0}
is equal to the number of nonzero off-diagonal entries in ‘row’ v of G(=)INl; let us denote this
number by Ji (7). Hence, column ~ of GV contains at most Jy () nonzero off-diagonal
entries, given by the formula (10.8) whenever €;_ = €;, 1 # 0 is present in the best Nj-term
approximation of €; every other off-diagonal entry in column v of GVl is equal to zero, either
because the particular entry was already equal to zero in the matrix G(*), or because the entry
was nonzero in G(+) but was set to zero while sweeping through the rows in the course of defining
the off-diagonal entries of G(=):INT ‘row’-wise.

Since, for all N € N and every 0 < p < 2,

e = sy < Ny O D el < (2258) 7 ellogsy = SNCA ey,
it then follows by Schur’s Lemma (cf. [23], p.6, §2 and [6], p.449, Theorem B) that
VN eN: |GH —GHEWM|pq,pr < le—e™l|pw) < §N-O/P71D|e]| ),
and, therefore, by the triangle inequality (10.9) we have that
YNeN: [G=GMN|pr),em < NTHP7V2 e|ma),

from which we deduce that

ca,s = sup N||G — G5, < sup NT=C/p=1/2/5) ¢/ < el /6y < oo,
NeN NeN

provided that € € ¢P(N) with 0 < p < 2 and that 5 is chosen as
0<3(p):=1/p—1/2. (10.10)

Referring to the definition of s*-computability (cf. Definition 8.8), we infer that G is s* computable
with any 0 < s* < 3(p) if the sequence € in Example 5.1 belongs to ¢#(N) with some 0 < p < 2,
resp. with s* = 1/p—1/2 (this encompasses the previous case of 4;; = §;;,4,j =1,2,...,if p=0
is understood to indicate that € is the zero sequence).

11. FOKKER—PLANCK EQUATIONS WITH DRIFT

11.1. Bounded invertibility of B and B* for nonsymmetric a(-,-). So far, we have assumed
that the “spatial” differential operator is defined by the symmetric bilinear form a(-,-). This
is always possible when the vector function appearing in the coefficient of the drift term in the
Fokker—Planck equation is the gradient of a spring potential, by introducing Maxwellian-weighted
spaces L2,(D) and H};(D) and by rescaling the probability density function by the Maxwellian;
cf. (3.26). In cases when the drift term cannot be removed by transformation to Maxwellian-
weighted operators, however, nonsymmetric bilinear forms a(-, -) must be considered. The bounded
invertibility of the operator B corresponding to the bilinear form B*(-,-) in (5.6) must then be
considered separately. We shall now prove existence of weak solutions for the Fokker-Planck
equation with an Ornstein—Uhlenbeck type drift term. To this end, we verify the conditions for
the abstract existence result Theorem 2.5. To this end, we consider in detail the structure of the
drift term. Let ;1 be the countable product of Gaussian measures u, k > 1, on R? with trace class
covariance operator ). The new contribution added to the symmetric bilinear form a(-, -) that was
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under consideration in previous sections is assumed, for a sequence o = (0)%2, € [(°>°(N)]9*¢  to

be the bilinear form d(-,-) defined by

L2(H,p)
i>1 (H,p)

Proposition 11.1. Assume that o € [(>°(N)]9*? and that the covariance operator Q of the Gauss-
ian measure i on H is trace-class. Then, 0(-,-) : WH2(H, u) x Wh2(H, ) — R is continuous and

~ R N 1/2
(W, D)| < llolljess yaxa (2TrQ /H|¢(Q)|2H(dQ)+4|Q||2/H|D¢(Q)2#(01(1)) DALz (ar,p0) -

(11.11)
Proof. We write
1/2 1/2
~ ~||2 2
2@ D) < lollumanpeen | 3 [lael ], ] | D 1Dk Bl
E>1 ’ k'>1
1/2
~[|2 N
= lolmooess | D lael @], | IPBlag -
k>1 ’

Using [12, Prop. 9.2.10] and the assumption that 12)\ € WH2(H, 1), we deduce that, for a Gaussian
measure p with trace-class covariance @,

[ W@ P < 210Q [ (ia)ud) + 41Q1° | D) Pudo)
This then yields the desired inequality (11.11). O
The bound (11.11) implies a Garding inequality for the Fokker—Planck operator with drift.

Proposition 11.2. Assume that the covariance operator @ of the Gaussian measure j is trace-
class, and that the infinite coefficient matriz A satisfies (5.1), (5.2). Then, the bilinear form

a(, ) +0(,): VXV =R
is continuous (i.e. (2.21) holds) and satisfies the Garding inequality (2.22) in the triple V C H ~
H* C V*. In particular, the space-time variational formulation (5.5) with the spatial bilinear
form a(-,-) +0(-,-) in place of a(-,-) in (5.6) is well-posed and its bilinear form B*(-,-) induces a
boundedly invertible operator B* € L(Y, (Xo (1})").

Proof. The continuity of the bilinear form a(-,:) 4+ 0(-,-) is evident from the previous proposition
and the continuity of a(-,-). The Garding inequality (2.22) follows from the coercivity of a(-,-)
on V x V and from the continuity estimate (11.11) using a Cauchy inequality. The bounded
invertibility of B* € L(Y, (X {r})*) follows from Theorem 2.5. O

11.2. s*-computability of fOTD(@ ® [T]y,© ®[Y]y)dt and of its adjoint. As in Section 10.4,
thanks to the independence of the sequence o € [(*°(N)]¢*? of ¢, we have that

T
/0 2(0 ® Y]y, 0 & [Y]y) df = (€,0)12(0.1) @ ([T, [T]y).

As in the discussion of (10.4), the sparsity of the factor (©,©)r2(or) is considered in [24, Sec.
8.5]. Sparsity and s*-computability of 9(-,-) are therefore determined by that of the infinite drift
matriz D = Dlo] defined via 0([Y]y, [Y]y) = (Dy,4/),yer. With the Hermite polynomial Riesz
basis [T]y of L?(H, u), the matrix entries D.,.» = D../[0] are (assuming, once again, for the sake
of simplicity of the exposition that d = 1; abbreviating Dy, as Dy to simplify the notation; and
recalling the definition (10.1) of D2):

Doy lo] = Zak(Di\)il(D?y\')il (D (qeH5), H’y’)Lz(Hyﬂ) : (11.12)
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For the ensuing calculations, we define
Oy (k) := (Dk(QkH'y)vH'v’)LQ(H,H)
and observe that
Oy (k) = (Hy, H’Y/)L2(H,;L) + (qrDrHy, H"//)LZ(H,#) = 0yy + (axDiHy, H’Y')L2(H,u) : (11.13)
In order to calculate the second term on the right-hand side of (11.13), we note that, by (10.2),

T .
DkH'y(q) _ >\Z H’y—ek (q) if V& > 1;
0 otherwise,

where e € T' denotes the multi-index with entry 1 in position k£ and with zero entries in all other
positions. Also, thanks to the three-term recurrence relation

aHy, (ax) = /v + 1 Hy 1 (q) + Ve Hy—1(ak), v € NU{0},

for the univariate Hermite polynomials (4.3), with the notational convention that H,,(¢x) = 0
when m < 0, we have that

q q q q
0 [ (G )] = oot () = () + Vit =002 ()

for any v, > 0. Consequently, upon multiplying both sides of the last identity with H§k), we

deduce that
@DrHy = v Hy + /(v — 1) Hy_2c,,,

which, upon substitution into (11.13) and then inserting the resulting expression into (11.12)
yields, for v,~" € T', that

D’Y'Y’ [U] = Z Ok ((1 + ’yk)(s’Y'Yl + V ’Yk(’yk - 1) 57*281@77,) <’Y, )\>_1/2<'7/7 >‘>_1/2'

k>1

We observe that D|[o] depends linearly on the sequence o. The verification of the s*-computability
now proceeds analogously to that of Alel.

We denote by o™ an N-term approximation of the sequence o and observe that DIV [o] ==
D[o!N] has at most 2N + 1 nonzero entries in each ‘row’ with index v € T. To verify s*-
computability, by Definition 8.8 we must estimate

1/5 1/5
L= NHD — DIV < sup (2N + 1 HD — o] . (1114
s = sup N[ Dlo) g ypnry <SRN FD|Ple =)y 1)
For a given fixed v € T" and for any 7' € I" and any k € N, we have that
L+ ify =7,
Oy (K) := (1 +Yk)0yy + Ve(Ve — 1) 6y—2¢, 7 = V(e — 1) ify =7 — 2ey,
0 otherwise.
Therefore, we can estimate
2
|D[o] — DIV [U}H§2(F)‘>[2(F) < sup Z ‘va’[a - U[N]]’
ver y'el
2
= sup 1_1 Z - 1_1 Z(O’k — O']E:N])e,y,yl(k)
vell <73 A > ~'er <’Y a/\ > E>1

Fixing v € T" for now, we deduce that
2

S, = 3 e [ = el ()

~y'er ’ k>1
2
NI (L) Ye(yk — 1)
o= |7 oy {blép oy + Slip 5 —2em A1y [

IN
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This implies that

S
D — DIV|2, 2 < sup—1—
ID DY)y s
1 (1+vk)? (ke — 1)
< o — oV1)2 su {su Ty TSUP Ty
< | e S0 23y P 0 31y oW = 2 ATy
< ClQIP llo — o™ |7 -

Inserting this into (11.14), we infer that for o € ¢P(N) with some 0 < p < 1 the infinite drift
matrix D[o] is s*-computable for any 0 < s* < 1/p — 1.

12. OPTIMALITY

Based on Proposition 10.1 and on the definition (9.2) of the infinite matrix B*, we deduce from
these observations our main result.

Theorem 12.1. Consider the space-time variational formulation (5.5) of the infinite-dimensional
Fokker—Planck equation with bilinear form a(-,-) defined in (5.8) corresponding to the tridiagonal
matriz A as in Example 5.1 based on the sequences €,0 € (P(N) of elements €;, o; with 0 < p < 1.
Consider its representation B*u = f* using a temporal wavelet basis © as in Section 10.1
and a spatial Hermite polynomial chaos basis ¥ = {Hy(q) : v € ', q € D}. Then, for any
e > 0, the adaptive wavelet methods from [10] or [9] (and [15]) applied to the normal equation
(8.4) with £* and B* as in (9.1) and (9.2), respectively, of the infinite matriz representation of the
Fokker—Planck equation (5.5) in countably many dimensions produce an approzimation u. with

[ —ul[O@® Y]]y~ |lu—ul <e.

Suppose that for some 0 < s < min{d, — 1,3(p)} we have that u € A (¢*(Vy)); then,

1/s

suppu. S 5_1/s||uHAgo(z2(vy))-

The number of arithmetic operations and storage locations required by one call of the space-time

adaptive solver with tolerance € is bounded by some multiple of 5_1/"'Hu||i(gS @2(vy) T1-

The above assertions remain valid when in (3.23) the dimension K is finite, with the com-
putability and admissibility constants cg- s and ap~ s independent of the dimension K.

We remark in closing that for matrices A as in Example 5.2 this result remains valid, however
now with admissibility constants depending on the block A1; in an unspecific way.

We also remark that the assumptions on the sequence o could be slightly weakened, as the limit
1/p — 1 of s*-computability of DJo] is larger than the value 5(p) found in (10.10).
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