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Abstract

Quantum mechanics exhibits many counter-intuitive features, which chal-
lenge our classical understanding of the world. This makes the theory si-
multaneously difficult to grasp, and a source of great potential for new tech-

nologies.

We study various characteristics of classical and quantum mechanics and
their respective roles in computation. This is interesting from a philosoph-
ical perspective, as it brings us a small step closer to understanding the
nature of quantum mechanics. Furthermore, it leads us to discover scenar-
i0s where quantum resources provide a genuine advantage over classical

resources, as well as more intuitive ways to model quantum protocols.

Firstly, we explore the concept of quantum contextuality, which distin-
guishes uniquely-quantum experimental outcomes from outcomes that can
be realised classically. In pursuit of a universal theory of contextuality, we
unify two abstract frameworks: the sheaf-theoretic approach to contextual-
ity by Abramsky and Brandenburger and the equivalence-based approach
by Spekkens.

We apply the sheaf-theoretic formalism to the field of communication com-
plexity. We derive a bound on the success probability of a communication
complexity protocol, based on the amount of contextuality present in its
quantum resource. We provide a set of necessary conditions for distributed

functions that allow a contextual advantage.

Secondly, we consider a family of bicategorical models to describe the in-
teraction of classical and quantum information in quantum protocols. We
prove that this family is symmetric monoidal, and therefore suitable for
describing compound and parallel protocols. This family serves as a math-
ematical foundation for the planar language for quantum protocols by Vi-
cary. Important examples of this family are the bicategories 2Hilb and
2Vect. Additionally, we introduce the structure 2[CP*[FHilb]], which con-
tains a symmetric monoidal bicategory of mixed states and completely pos-

itive maps. This allows a unified description of quantum teleportation and



classical encryption in a single 2-category, as well as a universal security

proof applicable simultaneously to both scenarios.

As part of the process, we develop extensive categorical machinery for con-
structing symmetric monoidal structures of bicategories, pseudo functors,
pseudo transformations and modifications. We consider a method of con-
structing symmetric monoidal bicategories from symmetric monoidal dou-
ble categories. We show that this method can be generalised to a functor
from the locally cubical bicategory of monoidal double categories to the

locally cubical bicategory of monoidal bicategories.
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Chapter 1

Introduction

The way that physicists understand the world has for long been influenced by classical
mechanics, also known as ‘Newtonian” mechanics. This theory of physics describes the
behaviour and attributes of particles, such as their position and momentum. Particles
are assumed to have no volume and their position is represented as coordinates in three-
dimensional space. Classical mechanics allows one to make predictions about the future
state of a particle, or system of particles, as long as one has sufficient knowledge of its
attributes. For example, if one knows the position, mass, velocity and force applied to
an object, one can predict the object’s position and velocity at any future point in time.
The theory of classical mechanics assumes that all attributes of a physical system are
definite and observable. Uncertainty in classical mechanics, described by probability
theory, is always due to a lack of knowledge of the actual attributes. It can, at least in
theory, be eliminated by making more accurate measurements. Furthermore, it relies
on the assumption that the world is causal, meaning that the events in the present may
influence the future, but not vice versa. Finally, forces act only on contiguous objects,
a phenomenon known as ’locality’.

Various phenomena, such as black body radiation and the photo-electric effect could
not be explained by classical mechanics. This lead to the development of quantum me-
chanics. The theory of quantum mechanics deviates from classical mechanics in nu-
merous counter-intuitive ways. In most cases, quantum mechanics cannot predict the
outcome of an experiment with certainty, it can only predict the probability of various
possible outcomes. Furthermore, the statistical behaviour of spatially separated objects
can be strongly correlated in remarkable ways. This was famously called “spooky ac-
tion at a distance” by Albert Einstein, as the correlations are not possible according to
the laws of classical mechanics. As a consequence, quantum mechanics was initially
regarded as a mathematical tool to make predictions, rather than a description of the

physical reality.



In an attempt to explain the mysterious behaviour in quantum mechanics, there was
a quest for a suitable "hidden variable theory’. Such a theory would combine observed
attributes, with ones that are not observable, called "hidden variables’. The hidden vari-
ables together with the observable ones should give a full description of the particles,
as they really are. Therefore, the hidden variable theory would in principle be sufficient
for making predictions with certainty.

However, in 1964 John Bell showed that any such hidden variable theory that ex-
plains our experimental observations, cannot be simultaneously local and causal, which
means that quantum mechanics is fundamentally different from classical mechanics.
The realisation that quantum mechanics cannot be explained in classical terms raises a
new question: How can classical phenomena arise in a world that is quantum mechani-
cal at its smallest scale?

In the late 20th century, work by Feynmann and Manin suggested that the peculiar
nature of quantum mechanics could be used for computation [Fey82], [Man80]. This
motivated the concept of quantum computers.

In this thesis, we study various characteristics of classical and quantum systems.
This exploration leads to new insights on the source of computational power of quan-
tum computers. Additionally, we develop a mathematical foundation for an intuitive
diagrammatic language of quantum protocols and we make new contributions to the

abstract mathematical field of higher category theory.

1.1 Main Results and Outline of the Thesis

This work can be divided into two main parts. In the first part, contained in Chapter
2 and 3, we explore the concept of contextuality and its advantages in communication
complexity.

The main results are the following:

e We give a formal account of the equivalence-based formalism for contextuality,

containing an explicit list of necessary assumptions.

e We define a categorical isomorphism expressing the relation between the sheaf-

theoretic approach and the equivalence-based approach to contextuality.

e We provide a canonical method to detect contextuality for scenarios with prepa-

rations and measurements, where factorazibility is justified.

e We formulate a unified notion for one-way communication complexity protocols

with classical or quantum resources as constraint satisfaction problems (CSPs).
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e We obtain a bound on the success probability of a communication complexity
protocol, based on the K-consistency of the CSP and the contextual fraction - a

measure for the amount of contextuality of the protocol.

e We give a set of necessary conditions for distributed functions that allow a con-

textual advantage, based on graph colourings.

The second part of this thesis, contained in Chapter 4 and 5, focuses on modelling
the interaction of classical and quantum structures in quantum protocols. We discuss
the bicategorical model 2[—], which serves as a mathematical basis for an intuitive
diagrammatic language for quantum mechanics. We prove that it belongs to a family
of models, based on abstract modules and algebras, which has suitable properties for
modelling quantum protocols, i.e. being symmetric monoidal. These results are based
on a method, developed in this thesis, to construct symmetric monoidal bicategories and
higher structures. The abstract result exceeds the presented applications in generality
and is applicable to a wide range of questions in mathematics and quantum computing.

The main results are the following:

e We give a definition of braided, sylleptic and symmetric monoidal structures on
object and cells of a locally cubical bicategory and prove that such objects and

cells form a new locally cubical bicategory.

e We prove that every product-preserving functor of locally cubical bicategories

preserves all monoidal structure.

e We show how the assignment £ that lifts double categories to bicategories gives
rise to a product-preserving functor of locally cubical bicategories. Hence, it
gives rise to a method to construct braided and symmetric monoidal bicategories,

pseudo functors, pseudo transformations and modifications.

e We prove that the family Alg of double categories of algebras, algebra homomor-
phisms, bimodules and bimodule homomorphisms is symmetric monoidal and
contains the required lifting property to give rise to the symmetric monoidal bi-

category L(Alg) of algebras, bimodules and bimodule homomorphisms.

e As a corollary, we show that the well-known bicategories. 2Hilb and 2Vect of
finite-dimensional Hilbert spaces and finite-dimensional vector spaces, respec-

tively, are symmetric monoidal.

e We show that this construction gives rise to a functor from the bicategory of

monoidal categories to the bicategory of monoidal double categories



e We introduce the bicategory of mixed quantum states as a model for quantum
computation, which is symmetric monoidal due to our previous results. This
bicategory allows a unified description of quantum teleportation and classical en-
cryption in a single 2-category, as well as a universal security proof applicable

simultaneously to both scenarios.

In Chapter 2, we take a step towards a unified notion of contextuality. We ex-
plore the approach by Abramsky and Brandenburger, based on sheaf-theory, and the
approach by Spekkens, based on statistical equivalences. We discuss which additional
assumptions are needed in order to recover traditional examples of contextuality from
the equivalence-based approach. By doing so, we clarify the meaning of the contextu-
ality within this framework. We show that the frameworks are equivalent for scenarios
with preparations and measurements, whenever factorizability is justified. This connec-
tion gives rise to a categorical isomorphism between suitable categories. We combine
the advantages of the two approaches to derive a canonical method for detecting con-
textuality in such settings.

In Chapter 3, we explore contextuality as a resource for communication complexity
- the field that studies distributed computation with minimal communication between
the different parties. We apply the sheaf-theoretic formalism to questions of commu-
nication complexity. This leads to a unified notion for one-way communication com-
plexity protocols with classical or quantum resources and a characterisation of such
protocols as constraint satisfaction problems. We derive a bound on the success proba-
bility of a communication complexity protocol, based on the K-consistency of the CSP
and the contextual fraction - a measure for the amount of contextuality present in the
protocol. This bound separates classically simulatable protocols from those where con-
textuality offers a complexity advantage. Furthermore, we provide a set of necessary
conditions for distributed functions that allow a contextual advantage based on graph
colourings.

In Chapter 4, we discuss a method to construct symmetric monoidal bicategories.
As this is a tedious and laborious exercise in general, we make use of a method to
construct such categories from double categories, which are their simpler counterpart.
We demonstrate that a similar construction can be used to create symmetric monoidal
pseudo functors, pseudo transformations and modifications, and that this construction
forms a functor between locally cubical bicategories. These structures represent models
for computation and transformations between them. Such transformations are used to
show that two models for computation are equivalent, or that one is contained in another.

This technical chapter contains background needed for Chapter 5.



In Chapter 5 we build on the main result of Chapter 4 to describe a family of models
for quantum computation and transformations between them. This approach captures
the interaction of classical and quantum data types and can be used to describe en-
tire protocols, including probabilistic branching due to intermediate measurements. It
contains the well-known categories 2Hilb and 2Vect, and gives rise to a new model
for protocols of mixed states 2[CP*[FHilb]]. We prove that the family of models is

well-defined and has a symmetric monoidal structure.

1.2 Prerequisites

We use various tools from category theory to describe the specific characteristics of
classical and quantum mechanics. Our focus is on the sheaf-theoretic formalism for
contextuality and higher categorical models for quantum protocols. We require famil-
iarity with the Hilbert space formalism; a brief overview is provided below. Further
details can be found in [NCOO0, Chapter 2].

1.2.1 The Hilbert Space Formalism of Finite-Dimensional Quan-
tum Mechanics

The Hilbert space formalism is based on linear algebra, which can be described using

the Dirac notation for vectors and matrices, specified in the following table.

Notation | Description

4 Complex conjugate of the complex number z.

A* Complex conjugate of the matrix A.

AT Transpose of the matrix A.

AT Adjoint of the matrix A, A" := (AT)".

W) Column vector, which is an n X 1 matrix.

Wl Row vector, which is the 1 x n matrix corresponding to the adjoint )" of |i).

() Matrix product of (¢| and |/), which defines an inner product of |¢) and |y/).

(DA Matrix product of (¢|, A and |i/), which corresponds to the inner product of |¢) and A |¢).
|p) (W The matrix arising from the matrix product of |¢) and (|

|#) ® [y | Tensor product of |¢) and |y).

o) |y) Abbreviated notation for tensor product of |¢) and |i).

|pyr) Abbreviated notation for tensor product of |¢) and |i).

Any physical system in quantum mechanics is associated with a Hilbert space,
known as the state space of the system. The system is completely described by its

state vector, which is a unit vector /) in the state space. Consequently, any convex



combination a|¢) + b |) of two quantum states |¢) , [) is also a state in quantum the-
ory. Such a state is said to be in a superposition of ¢ and . The evolution of a system
is described by a unitary transformation. For a system that is in state |) at time #; and
in state [if’) at time #,, the transition from |¢) to [)") is described by a unitary operator

U, satisfying the equation below.
W'y =Uly)

A measurement, also referred to as a Positive Operator-Valued Measure (POVM),
is described by a collection of positive semi-definite operators {M,,}, indexed by the
possible outcomes of the measurement. An operator with corresponding matrix M is
positive semi-definite when the scalar corresponding to the matrix product {¢| M |¢) is
bigger than or equal to zero, for every non-zero complex vector |¢). The operators must

satisfy the completeness equation below.

ZM,T,,M," =1

Each such set of operators represents an observable. This is a variable that can be
measured. Each possible outcome value to the observable corresponds to the index
of one of the operators. Examples of observables are the position or momentum of a
particle. The probability of obtaining outcome m when measuring the state |/) with the

POVM {M,,} is given by the Born rule, which states that it equals the scalar below.

WIM} M|y

The state of the system after the measurement with outcome m is given below.

M, |y)

NWIMLM, )

As a special case, we distinguish projection-valued measurements (PVMs). These

consist of a Hermitian operator M, which has a spectral decomposition

M:Zum

Here, P,, is the projector onto the eigenspace with eigenvalue m. The probability of
obtaining the result m when measuring a state |y/) with the PVM M = ), mP,, is given

below.

WPyl



If the outcome m occurs, the state after measurement is given by the expression below.

P, W)
\p(m)

The state space of a composite physical system of states |y, ..., [i,,) is the tensor prod-

uct of the state spaces of its respective components
H1 ®H2®...®Hn

This is also called a joint state. We call an n-partite state entangled if it cannot be
written as a tensor product of n different parts. An example of such a state is the Bell

state
|00) +|11)

V2
We can measure single components of a joint state. Such a measurement is called a
partial measurement and corresponds to a set of operators of the form {I ® M,} or

{M, ® I}, where [ is the identity operator on part of the system.

The Density Matrix Formalism

In reality, it is difficult to completely isolate a quantum system from its environment.
Therefore, it is often necessary to take the environment of the system into account.
This can be done using density matrices to represent states. A density matrix is a
self-adjoint positive operator p on a Hilbert space, such that Tr(o) = 1. Evolution
of a quantum system is given by a unitary transformation U, which maps the density
matrix p to UpU". The probability of obtaining outcome m for a measurement {M,} of

a density matrix p is given below.
P(m) = tr(M! M,,0)

The resulting state after the measurement is the following.

N WIME M, )

A quantum system A that is part of a bigger system described by the density matrix

p"8 is expressed by the reduced density matrix

ot = Trp(p*?),



Here, Trp is a map of density operators, called the partial trace. This is defined on
states of the form (|a) {a|]) ® (|b) (b]|) as

Try((la) ¢al) ® (1b) (b)) := la) (al (] Ib)

On general density matrices it is the linear expansion
Trg( ) pila) (@l ® ) (Wil ) = ) pila) Cal Wil

The reduced density matrix captures the measurement statistics of measuring the sub-
system, without examining the total system.

A density matrix that can be written as |) (/| for a single vector |i) is called a pure
state. A density matrix that can only be written as a convex combination of pure states
> Pilwiy (| is called a mixed state. A state is maximally mixed when }}; p; is a uni-
form distribution and {y;}; is a set of orthonormal states. A mixed state ); p; ;) (Wil
represents a system that is in one of several states |;), each with probability p;, respec-
tively. It can arise as a statistical mixture of pure states, or as a subsystem of a bigger

quantum system.

Data Types

A quantum data type is an n-dimensional Hilbert space. This can be realised by an
n-dimensional quantum system. A special case of a quantum data type is a qubit, which
is a 2-dimensional Hilbert space. A common physical realisation of a qubit is the spin

of a particle. We write {|0),|1)} as the standard basis for a qubit, where |0) and |1)

o) 0l

This basis is called the computational basis or Z basis. Other common bases are the X
basis {|+),|-)} and the Y basis {|+i), |-i)}, defined below.

correspond to the vectors

1 1
[+) = (10) + 1)/ V2 = (f) =) = (10) - [1))/ V2 = [f)
V2 V2
L 1
[+i) == (10) +i[1))/ V2 = (f} |—i) == (10) — i[1))/ V2 = {f]
V2 V2

Measurements in these respective bases are given by the matrices below.
It is easy to verify that the relations below hold; hence, the different operators do

not commute.



Basis | Matrix | Dirac notation | Eigenvectors | Eigenvalues
X Dol |- B!
0 —i N | e
Y Y B A R AU 4
(1 0 0
zZ 0 -1 10 €01 = [1) <11 | S 4
XY =iZ YX =-iZ
YZ =iX ZY = —iX
XZ =1iY ZX = —iY

Let a, 8 be complex numbers, such that |a|?> + |8]> = 1 and let {|b,), |b,)} be a basis
for a 2-dimensional Hilbert space. When a qubit is in the state below, we say that it is

in the state |b;) with amplitude « and in state |b,) with amplitude S.

B

One can check that if we measure in the basis {|b;), |b,)}, we obtain the state |b;) with

T
albyy + Blby) = [0‘]

probability |a|?, or the state |b,) with probability |8]*.

A Hilbert space with a basis is isomorphic to @7 C, where n is the dimension of
the Hilbert space. The decomposition represents a system with n different values, each
corresponding to one of the basis elements. We call this a classical data type. When n

equals two, this is a bit, when n is bigger than two, it is called a dit.

1.2.2 Category Theory

We will assume that the reader is familiar with basic concepts of category theory, such
as categories, functors, natural transformations, products and equalizers. An overview
is provided in [AT10]. Furthermore, we assume familiarity with monoidal categories
and bicategories. We provide a brief review below. Further details on these structures

and how they are used to describe quantum theory can be found in [HV18].

Bicategories

A bicategory consists of the following data:

e A collection of 0-cells or objects B



A category B(A, B) for each two O-cells A,B. The objects of this category are
called 1-cells and the morphisms are called 2-cells. We call composition in these

categories 'tight’ composition, depicted with ”-”.

e For each three O-cells A, B, C, a bifunctor ® : B(B, C) X B(A, B) — B(A, C). This
functor defines 'loose’ composition of 1-cells and 2-cells.

e Foreach O-cell A, a functor I, : 1 — B(A, A), where 1 is the trivial category. This

corresponds to a 1-cell A 1, A called the unit.

e For each four O-cells A, B, C, D, a natural isomorphism, called the associator,

depicted below.
B(C,D) xB(B,C) X B(A, B)K&@B(C, D) xB(A,C)
® xid J Jla J ®
®

B(B, D) x B(A, B) B(A, D)

e For each two O-cells A, B, a natural isomorphisms called the left and right unitor,

respectively.
1 x B(A, B) B(A,B) x 1
Iy x id N idx I N
U2 Up
B(B, B) x B(A, B) Y B(A, B) B(A,B) XxB(A,A) = B(A, B)

This data needs to satisfy the following axioms for all O-cells A, B and all 1-cells
f,g,h,k € B(A, B):

Afoh ® ldk At o0k
(fege)eh)®k —— (f®(E®h)®k — fR(g®h) ®k)
af®g,h,kl Jidf ©ag, (121
Q f,0.hok
f®Eg®hek) (fe®g)®hek)

10



Arlg

(fehog fRUI®g)
oy ®EN /id/f ® A, (1.2.2)
feg

Bicategories can be expressed diagrammatically [BMSI3]]. In this diagrammatic
language, we depict O-cells as regions, 1-cells (and identity 2-cells) as lines, and 2-cells

as boxes between the source 1-cells in the bottom and the target 1-cell on top.

M

(1.2.3)

M

Elements of the diagrammatic language can be composed vertically and horizon-
tally. We write tight composition in the vertical direction and loose composition as

juxtaposition in the horizontal direction.

Horizontal composition Vertical composition

¢ |

This language is sound and complete for bicategories Theorem 1.3], mean-
ing that every statement that can be proven diagrammatically is true for its categorical
counterpart and vice versa.

Transformations between bicategories B, C are given by pseudo functors, which

consists of the elements below.

e An assignment on objects F' : A — FA

11



e For each two objects A, B of B, a functor between hom-sets F4, B : B(A,B) —
C(FA, FB).

e For each object A and each pair of objects (A, B) of B, natural isomorphisms

Iy

| —2 B4, A) B(B,C) x B(A, B) —>— B(A, C)
U¢ lFA,C FBCXFABJ U¢ JFA’C (124)
1 ) C(FA,FA) C(FB,FC)x C(FA, FB) 3 C(FA,FC)

F.

such that the diagrams below commute.

$®id

(Fh®Fg)® Ff Fheg)®Ff (F((h®g)®f)
QFn,Fg Ff J ' l Fan,,  (1.2.5)

Fhe(Fg® Ff) — % Fhe F(z® f) Fh® (28 f))

®

Ff®Ira ¢ Ff®Fly [, ®Ff $®id FI,@Ff

ﬂ lp ¢J |A (1.2.6)
F(f®14) Ff F(l,® f) =

If the natural transformations are not isomorphisms, it is called a lax functor. If, in

addition, they go in the opposite direction, it is called a colax functor.

Transformations between pseudo functors F,G : B — C are given by pseudo natu-

ral transformations, defined below. For this definition, we write —® f and f ® — for the

functors induced by right- and left composition of f. An pseudo natural transforma-

tion y : F = G consists of the following data

e For each object A of B,a I-celly, : FA - GAin C

e For each two objects A, B, a natural isomorphism Y45 : (—®7yg) 0 Fap = (Y4 ®
—) © G4 p, such that the diagrams below commute.
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-1
Gg® (ys®Ff) ——— (Gg®@yp) @ Ff

M@W// \\%®m

Gg®(Gf®ya) (Yc®Fg)QFf
a// \gr (12.7)
(Gg®G[f)®ya Ye®(Fg®Ff)
¢®m] jM®¢
Ysof
G(g® f)®ya : Yc®F(g® f)
pl Prs
Iga ®ya “ Ya A Y4 ® Ipy
¢®mj JM®¢ (1.2.8)
Gly®ya YaQ® Fly
Yiu

If the maps y,4 p are not isomorphisms, but merely natural transformations, it is an
colax natural transformation. If, in addition, y, 5 goes in the opposite direction for
all 1-cells f : A — B, itis a lax natural transformation.

As argued in [Gur06]], a more appropriate notion of a transformation between pseudo
functors is a pseudo natural adjoint equivalence. Such a transformation specifies the
choice of an inverse equivalence. Its definition makes use of the notion of adjunction
y4oofl-cellsy: A — B, :b — A. This consists of a pair of 2-cells 7, €, such that
the equations below hold.

0 Y
| . . |
0 Y

A conjunctional transformation, y < ¢ consists of the following data.

e A pair (y, 0) of colax and lax transformations, respectively.
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e For each object A of B, an adjunction y, 4 d4 in C such that the diagrams below
commute, where we write y; : v ® F f — G f ® y,4 for the 2-cell components of

YA,B-

va Gf 0Op vYa Gf 0O Gf Gf

xa ==

Vs = of Yf = of (1.2.10)

A FfY

o

oa I'f VB

If v and ¢ are isomorphisms and the adjunctions y4 - d4 are adjoint equivalences, it is a
pseudo natural adjoint equivalence.

When pseudo functors F,G : B — C agree on objects, there is a simpler notion of
a transformation, called an icon. Anicon a : F = G is given by a family of 2-cells

ay . Ff — Gf indexed by the 1-cells of O, which are natural in f and such that for all

objects A, B, C and 1-cells A ER B C the following diagrams commute:

I — F@)® F(f) —— Fge f)
@, @, ®ay gof (1.2.11)
Iga Gly G(g) ® G(f) 7 G(g®f)

One can compose the two pseudo natural transformations or icons below. Their

composition is given by the Godement product 3 * a.
A
C \U; D \l_}g{ E
G K
This product has the following components:

(B * a)r = Bar) ® H(ay)

Lety,y : F = G be pseudo natural transformations. A modification y : y = '
consists of 2-cells uy : y4 — 7/, for each object A of B, such that the diagram below

commutes.
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Vs

v5® F(f) G(f)®ya
Hp ® idF(f)J lidG(f) ® Ha (1.2.12)
¥, ® F(f) , G(f)ey,
Yy

If y <6 and y’ < ¢’ are conjunctional transformations and u : y = y', i : 6 = ¢’ are
modifications, then u and fi correspond to each other as mates with respect to the adjoint
equivalences y4 4y, 04 4 ¢/, if the equation uy = (id,, ®€)o(id,, ®x ®id,,) o (p®id,, )
depicted below holds.

(1.2.13)

Monoidal Categories

A monoidal category is a bicategory with one object. This is a category C := B(x, )
equipped with a bifunctor ® : C x C — C, an object I and isomorphisms a, 4, p that
satisfy axioms [T.2.T] and [T.2.2l An explicit definition can be found in [HVIS]. Its
corresponding diagrammatic language has trivial regions.

Composition Tensor product

L]

r e
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A monoidal category C is braided if it is equipped with a natural isomorphism o : ® —
® with components 045 : A® B — B ® A. This natural isomorphism must satisfy the

hexagon equations below.

@AB,C T A,BeC

A®B)®C A®(B®C) BeC)®A
o5 ®ide J Jamm (1.2.14)
A, ldB ® O-A,C
B®A)RC B®A®C) B®(C®A)
-1
@y B O A®B,C
A®(B®C) A®B)®C C®(A®B)
idi® e | . | oz, (1219
Xy cB Oac ®idp
A®(C®B) A®C)®B (C®A)®B
A braided monoidal category is called symmetric when o~! = o. The braiding is

depicted in the diagrammatic language as a crossing of the wires. The symmetry mor-

phism is a symmetrically drawn braiding, as depicted below.

Braiding Symmetry

Similarly, one can define a braiding on bicategories. The details can be found in [McCOO].

Let C be a category. A dagger T : C — C, is a contravariant functor which is the
identity on objects such that §((f)) = f. A dagger monoidal category is a monoidal
category that is equipped with a dagger T, such that the equalities below hold.

(feog) =g ®f

01T = 01_1
pl=p"
A=t

A dagger braided monoidal category is a dagger monoidal category with a braiding,
such that the equation below holds



1.3 Scientific Background

1.3.1 Quantum Contextuality

In order to understand what causes an advantage of quantum computers, one needs
to understand what distinguishes quantum mechanics from classical mechanics. This
is not an easy question with a clear-cut answer. One can approach this question opera-
tionally, by distinguishing experimental scenarios that are unique to quantum mechanics
from those that could arise from classical mechanics based on their outcome statistics.
This leads to the notion of contextuality. We give a short introduction to quantum con-

textuality and its philosophical implications below.

Interpreting the Hilbert Space Formalism for Quantum Mechanics

First of all, we should understand what exactly the Hilbert Space Formalism tells us
about the nature of the physical world. There are various ways one can regard a theory
of physics. One is as a mathematical tool to make predictions. From this point of view,
the theory does not need to describe what a physical system is like, it only needs to
provide accurate predictions about its observable behaviour. On the contrary, one can
require a physical theory to provide a description of the universe as it really is. The
accuracy of predictions is a result of the accuracy of the theory as a representation of
reality. A theory that satisfies this requirement is called an ontological theory. This in-
terpretation of physical theories is called realism. Alternatively, one can view a theory
of physics as a representation of our knowledge about the physical world. This knowl-
edge may not be accurate or complete. Such a theory is called an epistemic theory.

In the theory of quantum mechanics, it is impossible to predict the outcome of a
measurement for most - but not all - physical states, with certainty. In the theory, values
of a system are not pre-existent, but arise as a result of measurements. Potentially,
with the exceptions of those specific properties that can be predicted with certainty for
a given state. It is therefore difficult to maintain a realist interpretation of quantum
mechanics. There are well-known properties of particles that cannot be determined
simultaneously. For instance, the position and momentum of a particle, or, as we will
discuss below, the spin of a particle with respect to different bases. This indeterminism
in quantum mechanics goes against the classic idea that nature exists independently
from any observer, and that measurements merely reveal its true values to us. As a
consequence, quantum mechanics was suspected to be an epistemic theory. Einstein,

Podolsky and Rosen reasoned that if quantum mechanics is a local, ontological physical
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theory, it cannot be a complete theory of reality [AE35]]. Their argument was made

based on the thought experiment described below.

The EPR Thought Experiment

Consider the entangled state (J01) —|10))/ V2, shared by two spatially separated parties,
Alice and Bob. Let Alice and Bob be given the choice to measure their part of the en-
tangled state in either the X basis, or in the Z basis. The corresponding operators do not
commute, which means that if one measures in both bases sequentially, the outcomes
differ depending on their order. Suppose that Bob measures in the Z basis. After Bob’s
measurement, Alice’s qubit is either in the state [1) or |0), if Bob’s outcome was 1, or
—1, respectively. The outcome of a Z measurement can be predicted with certainty if
we know that the measured quantum state is in either of these states. Therefore, if we
know Bob’s outcome, we know the outcome of Alice, if measured in the Z basis, with
certainty. However, if Alice measures in the X-basis, she may get any of the two out-
comes with equal probability. Now consider what happens if Bob measures his qubit
in the X-basis instead. When we write the entangled state |01) — [10) / V2 in the basis
{l+),]-)}, it corresponds to |[+—) — |-+). After Bob’s measurement, Alice’s qubit is
either in the state |—), which is the case when Bob’s outcome was 1, or in the state |+),
which is the case if Bob’s outcome was —1. These states determine the outcome of the

X measurement for Alice with certainty.

Einstein, Podolsky and Rosen concluded that the quantum mechanical description
of Alice’s qubit changes in different ways after Bob’s measurement. Depending on his
choice, either the X-spin or the Z-spin has a definite value. If we assume that quantum
mechanics is an ontological theory, this means that these values are predetermined. If,
in addition, we assume that quantum mechanics is a local theory - a physical process
can only have an instantaneous effect to adjacent physical objects - the predetermined
values for the X and Z spin must exist already before Bob’s measurement. However,
the description of the joint state before the measurement does not contain these pre-

determined values. One must therefore conclude that if the world is local, quantum
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mechanics is not a complete theory of reality. This raises the question whether there ex-
ists a more complete local ontological theory of physics that explains the measurement

outcomes we obtain in experiments.

Hidden Variable Theories

One can formalize an ontological theory as follows: There is a probability space A
with measure p, representing the real, possibly hidden, values of a physical system.
Each measurement has an associated set of values M describing the different possible
measurement settings. Each hidden variable 4 € A and each measurement setting m €
M may represent a set of any number of values. The outcome of the measurement A
is a function A : A X M — O of the measurement settings and the real values. The

probability of obtaining outcome x for measurement setting m is given by the integral

f p()dA

AeA:
M(A,m)=x

below.

Note that in order to define this integral, one needs to specify a measure space A of
hidden variables and a measure p on A. The hidden variable theory should recover the
outcome probabilities predicted by quantum mechanics. Let {M,} be the measurement
operators defining the measurement with measurement setting m, the following equality
must hold.

(WIPly) = f p(D)dAa (1.3.1)

AeA:
M(A,m)=x

Let’s apply this to the measurement setting above. We write A for the measure-
ment conducted by Alice and B for the measurement conducted by Bob. Furthermore,
we write a and b for the X-measurement for Alice and Bob, respectively; and we
write a’ and b’ for the Z-measurement for Alice and Bob, respectively. We know that
A(a, A),A(a’, 1), B(b, 1), B(b’, 1) € {—1,1}. The outcome probabilities and expectation

values for the joint measurement (a, b) are given by the probability below.

Pla=x,b=y)= f p(D)dA
AeA:
(A(a,D),B(b,)=(x.y)

E(a,b) = f p(DA(a, )B(b, 1)dA

AeA
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A non-local hidden variable theory would have an additional dependence on the other

measurement setting.

Pla=xb=y)= f p(DdA
AEA:
(A(a,b,/l),B(a,b,/l):(x,y)

E(a,b) = f p(DA(a, b, )B(a, b, 1)dA
FEIN
A weakness in this setup is that it assumes that the measurement outcomes determin-
istically depend on the hidden variables. It might be true that the universe is inherently
indeterministic, in which case we would need a stochastic hidden variable theory. In
such a theory, the measurement A is a function A : A X M — Dg_ (O) to the set of
probability distributions over the outcomes. We call a stochastic hidden variable theory

factorizable if, for joint measurements AB, the equation below holds.
AB(A,d’,b") = A(4,d")B(A,b")

Factorizability entails that the random variables A and B are independent.

Non-Locality of Quantum Mechanics

It was shown by Bell in [Bel64] that there is a specific scenario in which no determin-
istic local hidden variable theory can satisfy equation[I.3.1] This was later generalised
by Clauser, Horne, Shimony, and Holt, to the CHSH inequality, which restricts the

expectation values E of the joint measurements by the equation below [CHSH69].

C :=[E(a, b) + E(a,b') + E(d', b) - E(d',b')| < 2

We derive this equality by the simple equations below. Note that for a non-local hidden

variable theory, the 4th equality does not hold.
C:= |E(a, b) + E(a,b") + E(d’,b) — E(d’, b))

f A(a, )B(b, D)p(A)dA + f A(a, )B', Dp()dA + f A(d’, V)B(b, Dp(1)dA

AeN AeA AeAN

- f A(a’,/l)B(b’,/l)p(/l)dxl‘
AeA
f A(a, )B(b, ) + A(a, )B(', 1) + A(d, )B(b, 1) — Ad’, )B(, /l)p(/l)d/l‘
AN
f A(a, D)|B(b, 1) + B(', )| + A@, )| Bb, 1) - B, /l)]p(/l)d/l'

AeA

<2
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For the last inequality, observe that each of the terms A(a, 1), A(a’, 1), B(b, 1) and B(b', 1)
takes the value +1 or —1, which means that exactly one of the two expressions ‘[B(b, D+
B(b', 1)|| and |[B(b, 1) - B(', )|
follows that A(a, )| B(b, 1) + B, )| + Aa’, )| B(b, 2) = B(b', 1)]p(A) is either +2 or

—2. Integrating over A yields the inequality, as p is a probability measure.

takes the value 2 and the other takes the value 0. It

and

It is easy to verify that quantum mechanics cannot be described by a local hidden
variable model. To demonstrate this, consider for instance the Bell state [00) +[11) / V2
and the measurement corresponding to the bases M? := {cos(¢) |0)+sin(¢) |1), sin(¢) |0)

cos(¢)|1)}. The first basis element corresponds to the outcome 1 and the second corre-
sponds to the outcome —1. Now we fix the measurements a = M~/16 ¢’ = M~37/16 p =
M™% and b* = M>*/'®. Alice can apply the measurement a or @’ and Bob apply the
measurement b or b’. One can verify that the equations below hold. We will discuss
this example further in Chapter 3]

|E(a, b) + E(a,b’) + E(d’, b) — E(d', b")| = |4(cos*(n/8) — sin*(n/8))]
=2V2>2.

Since this violates the CHSH inequality, it follows that no local hidden variable
theory can reproduce this experiment. Therefore, it is impossible to replicate the laws
of quantum mechanics in terms of a local hidden variable theory.

It was shown by Fine that Bell’s initial definition of a deterministic hidden vari-
able model is sufficient, even if we do not assume that the universe is deterministic.
In [Fin82], he proved that the statements below are equivalent for any Bell-experiment
E. This is any experiment where two parties have a choice of 2 dichotomic measure-
ments each. Later, Fine’s theorem was generalised by Abramsky and Brandenburger
in [AB11b]. Their theorem states that the following statements are equivalent for gen-

eral experiments:
e There is a deterministic hidden variable theory for E
e There is a factorizable stochastic hidden variable theory for E
e There is a joint probability distribution for all the observables in E

In the case of spatially separated events, the mathematical assumtion of factorizability
can be justified by relativity theory, which prohibits objects to affect anything outside of
their future light cone. Therefore, if relativity theory is correct, Bell’s experiment does

not admit any non-local hidden variable theory, whether deterministic or stochastic.
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It was experimentally verified that the outcome statistics of experiments violate the
CHSH equality, as predicted by quantum mechanics [HBD™15], [GVW™15]. There-
fore, it is not only the theory of quantum mechanics that cannot be replicated by a local
hidden variable theory; this is the case for any theory that explains such experiments.

Still, there are various implicit assumptions that could be dropped in order to main-
tain locality. One is the assumption that Alice and Bob have a free will. If the universe
would be super-deterministic, as suggested by 't Hooft [tH] and the choices that Alice
and Bob make are predetermined, then a local hidden variable model that takes the pre-
determined choices into account would be possible. The other assumption is causality.
If, for instance, an event in the future could determine events in the past, then a local
hidden variable theory would also be possible. This concept, called retro-causality, was
advocated by [Pr112]. This would simply take some values into account which lie in
an intersection of the future light cones of Alice and Bob after Alice’s measurement.
That way, Bob’s measurement setting can influence the state of Alice’s particle. In such
scenarios, the choice of Alice and Bob is no longer independent from the measurement

outcomes they obtain, which means that any statistical behaviour could be justified.

Contextuality of Quantum Mechanics

Bell [BelO1] and Kochen and Specker [KS67]] showed that no deterministic hidden vari-
able theory that is independent from the choice of the measurement setting can replicate
the statistics of measurement outcomes in quantum mechanics. This holds in a larger
class of scenarios, where the measurement setting does not necessarily arise from spa-
tially separated joint measurements. In that sense, it is more general than non-locality;
however, in such settings, one cannot justify the assumption of factorizability from rel-
ativity theory. This phenomenon of quantum mechanics is called contextuality. We
will give a simplified version of the Kochen-Specker proof by Cabello, Estebaranz and
Garcia-Alcaine [CEGA96], based on the hypergraph below.
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(0,0,1,0) (1,1,0,0)
0,0,0, 1) (1 -1,0,0)

0,1,0,0) (0,0,1,1)

(1,0,1,0)

(O’ 17 07 -

(1,-1,1,- ' (1,0,0,1)
O

(1,1, 1,1) 0,1,-1,0)
(1,-1,-1,1) (1,0,0,-1)

Recall that an outcome to a measurement corresponds to a basis vector in the quan-
tum formalism. Such a basis vector can be part of various different bases to the same
state space. The 18 nodes in the graph depict basis elements of a 4-dimensional Hilbert
space. The 9 hyperedges, marked by the loops, represent the bases that correspond
to measurements - we will call these the measurement contexts. A hidden variable
model that is independent of the measurement contexts would assign exactly one node
to each hyperedge as the measurement outcome to that context. One can encode this as
a value assignment of 0 or 1 to each of the nodes, such that exactly one node in each
hyperedge receives a 1. This node is the outcome of the measurement. It is not possible
to make such an assignment, as there is an odd number of hyperedges and each node is
contained in exactly two of them. Therefore, there exists no set of predetermined mea-
surement outcomes for this set of measurements. One can derive that any deterministic
hidden variable theory for this set of measurements must depend on the choice of the

measurement.

Can Factorizability be Justified in Contextuality Scenarios?

Whether one accepts factorizability as a valid assumption or not, the example demon-
strates curious characteristics of the microscopic world: either it is inherently indeter-

ministic, or it is contextual.
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To resolve this issue, Spekkens proposed a general notion of contextuality which
does not presuppose outcome-determinism [Spe0S5]. Within this framework, factoriz-
ability is derived from the notion of contextuality, only for those measurements for
which the outcomes can be predicted with certainty, if the quantum system is in a par-
ticular state. However, as we will discuss in Chapter one needs to introduce additional

assumptions to derive the Bell-Kochen-Specker theorem from this general notion.

Frameworks for Contextuality

Since the discovery of contextuality, various abstract formalisms of different scope and
nature have been proposed [AB11b, Spe03, ICSW 14, |AFLS15, IDK16, SU135] to gen-
eralise and expand the range of contextual scenarios. Such frameworks aim to capture
the principle of contextuality abstractly, independent from the quantum formalism. The
mathematical formulations facilitate the utilisation of various theorems and tools in
graph-theory [CSW14, AFLS135]] and sheaf-cohomology [AB11b, Roul6]. They en-
able applications beyond the world of physics, such as experimental psychology and
linguistics [DK16, |AS14]. While some of the approaches are known to be equiva-
lent [dS15, IAFLS15], this is not the case in general.

The Computational Power of Contextuality

The lack of predictability of quantum systems, or their dependence on other systems
may seem to be a disadvantage; however, it turns out to be a source for computational
power in various scenarios. It was shown in [Raul3, [HCLBI11] that contextuality is
necessary for non-linear computations in mod-2 measurement-based quantum compu-
tation. Contextuality is essential for magic state distillation [HWVE14], which is an
experimental method that enables fault-tolerant quantum computation. Furthermore,
contextuality provides a speed-up over classical algorithms for specific problems, such
as constraint satisfaction, graph isomorphisms, and certain questions in game-theory
and communication complexity, as shown in [ABdSZ] [ABM17], [BCVDOI]. In other
schemes of quantum computing, such as the circuit model, the reason why quantum
resources provide an advantage is still an open problem. Therefore, we have no conclu-
sive evidence that contextuality is the cause of a quantum advantage in computation.
While the answer to this question is beyond the scope of this thesis, we take a step
towards a universal understanding of contextuality, by unifying two main frameworks.
We hope that one day this will lead to a deeper understanding of contextuality within the

circuit model. In the meantime, we apply this unified framework to demonstrate the role
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of contextuality in communication complexity. Thereby, we add to the accumulating

evidence that contextuality in quantum computing increases computational power.

1.3.2 Modeling Quantum Protocols

One of the challenges of the development of quantum computing lies in the tools we
have available to describe protocols. In the Hilbert space formalism, a quantum pro-
tocol, which is a sequence of quantum operations, corresponds to a multiplication of
matrices. The size of such matrices increases exponentially with regards to their input,
which makes them hard to grasp for the human brain.

To design and reason more easily about quantum protocols, more intuitive ways to
visualise or process them have been developed, such as the circuit model. Other tools
for specific facets of quantum computation include the Bloch Sphere [Blo46l], for sin-
gle qubit operations; tensor networks, to compute the ground state of one-dimensional
quantum spin models for many particle systems [Orul4]; the ZX-calculus for surface
codes lattice surgery in quantum error correction [[dBH17] and the measurement calcu-
lus for measurement-based quantum computing [DKPO7]].

One can generalise the circuit model using monoidal categories [AC04], which pro-
vide an abstract language for the description of processes. The objects of a monoidal
category represent the different states that something can be in, and the morphisms rep-
resent transformations from one state to another. The tensor product of two transforma-
tions represents the parallel execution of the transformations. The coherence equations
ensure that the different ways in which processes can be composed correspond to the
same compound process. Additional structure on a monoidal category such as a braid-
ing or dagger functor is used to describe the characteristics of a specific process theory.

Symmetric monoidal dagger categories capture the essential characteristics of Hilbert
spaces, such as the tensor product, transposition, conjugation, the inner product and the
trace. Therefore, one can describe many essential elements of quantum theory inde-
pendently from the Hilbert Space formalism. Examples are product states, maximally
mixed states, measurements, the Born rule and perfect correlation. This allows one
to prove various properties and theorems, such as quantum teleportation, quantum key
distribution, dense coding, non-locality, no-cloning and no-broadcasting [CK17]]. Most
proofs are considerably easier, sometimes even trivial, in the diagrammatic language
compared to their counterparts in the Hilbert space formalism.

Like the circuit model, monoidal categories do not capture Schrodinger’s equation,
which describes exactly how quantum states evolve over time. Schodinger’s equation

is essential for experiments in the lab, or the construction of quantum computers, as
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it tells us how to create and transform specific quantum states. From a programmer’s
point of view, it is only important to know which operations are possible on a given
computer, not how these operations are implemented. Therefore, monoidal categories
have the right level of simplicity for an operational language of quantum protocols.

Monoidal categories give rise to an intuitive diagrammatic language, which is sim-
ilar to the circuit model. This language is sound and complete [Sel09, Theorem 3.12],
which means that any statement that can be proven diagrammatically is true in the
categorical model and vice versa. This guarantees that one can design and reason
about quantum protocols, by drawing and manipulating their corresponding diagrams.
The diagrammatic language can be processed by computer programs, such as Quan-
tomatic [KZ15] and Globular [BKV 16|, which increases the ease of dealing with large
inputs or extensive sequences of operations. Various advancements in quantum in-
formation have been derived through the framework of monoidal categories [dBH17,
CW18, DP10,[VV18].

Additionally, monoidal closed categories are used as the semantics for quantum pro-
gramming languages [SelO4, (GLR™13,[LMZ]18]]. They generalise Cartesian closed cat-
egories, which serve as the semantics for classical functional programming languages.
A Cartesian closed category is merely a monoidal closed category where the tensor is
the categorical product.

To summarize, symmetric monoidal dagger categories allow us to describe quan-
tum processes in an intuitive way. They capture exactly the facets that are needed from
a programmer’s point of view, without the complexity that arises from large matrix
multiplications. Furthermore, they are essential in the development of higher level pro-
gramming languages.

One thing that cannot be expressed explicitly in monoidal categories is the proba-
bilistic branching of protocols due to measurements. Each measurement has a number
of possible outcomes, each of which leads to a different evolution, called a branch of
the protocol, and possibly a different outcome. One would like to keep track of all
the different branches; a natural way to do this, is by using bicategories, as described
in [Vicl2]. Bicategories are a generalisation of monoidal categories, which have an
extra dimension to store classical information, such as classical control or input bits,
and measurement outcomes. This makes them particularly useful for modelling the in-
teraction between classical and quantum information. This interaction is essential for
various fundamental operations in quantum computing. It is needed for the creation of
inputs and the recording of outputs of algorithms, as well as for controlled operations
- operations that are conditional on previous measurement outcomes or classical input
bits.
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In the last two chapters of this thesis, we provide the mathematical foundation for
such bicategorical models, based on modules that act on algebras. We prove that they
have all the desired properties for a model of quantum computation. The algebras are a
generalisation of C*-algebras on a Hilbert space, which capture classical and quantum
data types as different instances of the same structure. Modules allow one to consider
probability distributions over different outcome states. This provides a simple way of
expressing the entire set of probabilistic branches of a quantum protocol, without the
need to specify the actual outcome. In the next section we give a brief introduction to

C*-algebras.

C#*-algebras as a Formalism for Quantum Mechanics

There is an elegant mathematical way to unify the classical and the quantum world us-
ing C*-algebras as a generalization of the mixed-state formalism. Notions of states,
measurements and evolutions have a simple description in this formalism. We can dis-
tinguish classical systems from quantum systems as those algebras that are commuta-
tive.

We will briefly set out how classical and quantum systems give rise to the C*-
algebras listed below. More details can be found in [Heul/].

e Any state space in the density matrix formalism gives rise to an operator algebra.

e Any classical system can be represented by a commutative C*-algebra.

Definition 1.3.2. A normed vector space, is a vector space A, with a morphism | — | :

A — R. For any two vectors a, b, and for any scalar 4, the following equalities hold:

|- x| =14] - |x] (1.3.3)
la + bl < |al + 15| (1.3.4)

We call the morphism | — | a norm.
Note that a norm induces a metric, given by d(a, b) = |a — b|

Definition 1.3.5. A Banach space is a normed vector space which is complete. That is,
every Cauchy sequence - a sequence whose elements become arbitrarily close to each

other as the sequence progresses - converges.

We define C*-algebras as algebras on a Banach space that respect all structure of

the space, and in addition, the C*-condition:
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Definition 1.3.6. A C*-algebra is an algebra on a Banach space which satisfies the
triangle inequality |la - b|]| < ||al| - |||, and 1s equipped with an antilinear morphism
x 1 A — A, such that:

(@+b) =a +b' (1.3.7)
lla*all = llall? (1.3.8)

One can verify that C*-algebras are closed under appropriately chosen tensor prod-
ucts and direct sums.
There are two important examples of C*-algebras: commutative C*-algebras, and

the space B(H) of bounded operators on a Hilbert space. We will discuss these below.

Classical Structures as Commutative C*-algebras

Classical structures can be characterized as commutative C*-algebras. As we dis-
cuss below, finite commutative C*-algebras are isomorphic to & C for some n, which
means they represent classical data types.

Let X be a compact Hausdorft space - a topological space in which distinct points
have disjoint neighbourhoods. The space of continuous operators C(X) = {f : X — C},

is a C*-algebra with the following multiplication and unit:

f-8gX—C (1.3.9)
x — f(x)- g(x) (1.3.10)
1:X—C (1.3.11)

x—1 (1.3.12)

C(X) is a vector space for function addition and scalar multiplication. The con-
ditions that operators should be continuous and X should be compact guarantee com-
pleteness of this vector space. The norm is inherited from C. The *-morphism is defined

as

«(f) :X — C (13.13)

x — f(x) (1.3.14)

As multiplication in C is commutative, this is a commutative C*-algebra. By the
Gelfand duality, every commutative C*-algebra is *-isomorphic to C(X) for some Haus-
dorff space X, see Theorem 9.18 of [Tak02]. Therefore, this is a complete classification
of commutative C*-algebras. When X is a finite Hausdorff space of n elements, C(X) is

the complex linear space on n generators. This is isomorphic to C"
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Quantum Structures as Operator Algebras

The second important example of a C*-algebra is the space of continuous linear oper-
ators on a Hilbert space. Let H be a Hilbert space. The space B(H) of bounded linear
operators forms a C*-algebra with function composition and the identity function as
multiplication and unit. A linear operator f : H — H’ is bounded if exists some M > 0
such that for all vi e H

lF0)|| < Ml

Bounded linear operators form a vector space under addition and scalar multiplica-
tion. The norm ||f|| of a function f in this space is defined as sup{||f(x)|| : ||x|]| = 1}.
The condition that operators should be bounded guarantees completeness of this vector
space. The antilinear morphism * : B(H) — B(H) of the C*-condition is induced by
the adjoint in H:

*(f):H—>H (1.3.15)
#*()(x) = (f(x) (1.3.16)

The remaining conditions are straightforward. Direct sums of operator algebras are C*-
algebras themselves, which may arise from degenerate measurements. In that case it
expresses the fact that we have partial information about the state.

Transformations in the algebraic formalism for quantum mechanics are given by
completely positive maps on C*-algebras. For finite-dimensional C*-algebras, these

are morphisms of the form below.

1

Dlclg @l e > dilwn Wil (13.17)
J

These maps are probabilistic mixtures of evolutions of closed quantum states. Such a

map can always be represented as
flp) = ) EpE]

A completely positive map is trace preserving if >; EjEi = /. For each C*-algebra
A, a quantum state can be recovered as a trace preserving completely positive map
C — A. The image of this map is a positive element of the operator space, which is a
density matrix.

A measurement corresponds to a completely positive map from a non-commutative

C*-algebra to a commutative C*-algebra.

29



Chapter 2

Towards a Universal Description of
Contextuality

Non-locality and contextuality are curious phenomena of physics. While nature seems
to contradict itself, the fact that not everything can be observed at the same time keeps
the universe coherent.

Following Bell and Kochen-Specker, numerous examples and proofs of contextu-
ality in quantum mechanics were discovered, such as Hardy’s paradox [Har92, |Har93]|
and Mermin’s All-versus-nothing argument [Mer90]. Each of these examples is spe-
cific to the Hilbert space formalism for quantum mechanics. In the last decade, various
formalisms of different scope and nature have been proposed, which generalise these
examples of contextuality in a more abstract framework: [AB11b, IAFLS15, ICSW14,
DK16, Spe05, SU15)]. These approaches share the goal of expressing the notion of
non-contextuality in a manner that is independent of the quantum formalism. They
are applicable to any high-level description of an experimental setting. The relation
between some of the formalisms has been studied in [[dS15] [SU15].

In this chapter, which is based on work published in [Wes17/], we unify the sheaf-
theoretic formalism by Abramsky and Brandenburger [AB11b] with the equivalence-
based notion of contextuality developed by Spekkens in [Spe05]. The mathematical
framework of sheaf-theory provides algorithmic methods based on sheaf-cohomology
to detect contextuality [AMB11], as well as means of quantifying contextuality [ABM17]]
and a structural method for deriving non-contextuality inequalities [AH12]. The equivalence-
based approach provides simple critera to define contextuality for preparations, trans-
formations and for (unsharp) measurements. The formalism does not presuppose out-
come assignments in a hidden-variable model to be deterministic; it derives it from
different assumptions about convexity in probabilistic samples. Additionally, it gives

rise to different non-contextuality inequalities [Kun17], [MPK*16]. In Section we
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recall the equivalence-based approach to contextuality. We discuss how known exam-
ples of contextuality and non-locality arise in this formalism by imposing additional
assumptions which force the outcome assignments in an ontological model to be de-
terministic. We analyse the notion of contextuality beyond theories where outcome-
determinism of ontological representations is justified. As an illustration, we discuss
Mermin’s All Versus Nothing argument and Bell’s scenario in the equivalence-based
model. In Section[2.2] we recall the sheaf-theoretic approach. We extend the framework
to incorporate preparations. In Section we introduce a method for constructing a
canonical non-contextual ontological representation for any non-contextual empirical
theory. We prove that such a canonical non-contextual ontological representation exists
whenever the theory admits a factorizable non-contextual ontological representation. In
Section we introduce the categories Emp of empirical theories, OT of operational
theories, and OR of ontological representations. We show how the correspondence be-
tween empirical and operational theories gives rise to a categorical isomorphism, which
maps the subcategory of non-contextual empirical theories to the subcategory of oper-
ational theories that can be realised by a factorizable non-contextual ontological repre-
sentation. In Section [2.5] we discuss contextuality for unsharp measurements and give

an example for which the two notions of contexuality are different.

2.1 The Equivalence-Based Approach

Contextuality in the equivalence-based approach is defined as the non-existence of cer-
tain hidden variable models, called ’ontological representations’, of operational theo-
ries. An operational theory is a high-level description of an experimental setting. An
ontological representation represents physical systems as they really are, while the op-
erational theory merely describes the operations we can perform on the system. We may
be able to obtain information about the system through the outcomes of such operations,
but this information may not be accurate or complete. To be non-contextual, an onto-
logical representation must be determined by the statistical data of the experiment only.
It cannot depend on any additional data, regarded as the ’context’. This gives a natural
explanation for operational equivalence of measurements and preparations: we cannot
distinguish them because they correspond to the same ontological values. The formal-
ism distinguishes three different types of contextuality: contextuality for preparations,
transformations and for (unsharp) measurements. Unlike traditional notions of contex-
tuality, the formalism does not presuppose outcome assignments in a hidden-variable

model to be deterministic.
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Operational Theories

Consider two sets, P and M, of preparation procedures and measurement procedures,
respectively. For each measurement m € M there is a finite set O™ of possible measure-
ment outcomes. For each pair (p,m) € P X M, there exists a probability distribution
dpm - O™ — [0, 1] over the set of possible outcomes O™. The value d,, (k) should be
understood as the probability of obtaining the outcome k when a preparation p is per-
formed, followed by a measurement m. We write D for the indexed set of probability
distributions {d, .} jecpmen. An operational theory is defined by a tuple (P, M, D, O),
where O = U,,0™. In [Spe035], operational theories also contain a set of transformation
procedures, but we will not consider these here. We can still account for any transfor-
mation followed by a measurement by considering it as a new measurement. However,
we cannot account for contextuality that arises from statistical equivalences, which are
the result of the composition of transformations.

Preparations and measurements are statistically equivalent when they are not dis-
tinguishable based on the measurement statistics in the operational theory. Let p, p’ € P
be preparations, let m,m’ € M be measurements and let k € O, k' € O™ be measure-

ment outcomes, this is expressed below.

Vp,p' p~p e dpm =dy Yme M
Vm, m' m~m & dpm =dppw VYpeP
Y(m,k),(m', k") (m, k) ~ (m', k') & dpm(k) = dp (k') VpeP

Example 2.1.1 (Quantum Mechanics). The standard example of an operational theory
is the Hilbert space formalism for quantum mechanics. Equivalence classes of prepa-
ration procedures correspond to density matrices. Equivalence classes of measurement
procedures correspond to POVM’s. Different decompositions of density matrices or
POVM’s correspond to different preparation or measurement procedures, respectively.
Joint measurements correspond to the tensor product of POVM’s The outcome set of
each measurement procedure corresponds to the index set of the POVM elements. The

indexed set of distribution functions D is derived from the Born rule.

An ontological representation of the operational theory A = (P, M, D, O) consists
of a set of ontological values €, together with sets of discrete distribution functions
w=Aup, : Q@ — [0,1]},ep and & = {£,(1) : O" — [0, 1]} 1comem. The distribution
functions are such that they realise the measurement statistics of A, which is expressed

by the formula below.

32



D ExDER) = dpu(k) VpePmeM (2.1.2)

1€Q

In this paper, we will assume that all distribution functions u are of finite support and
that all ontological values can be obtained by performing some preparation procedure.
This means that for all p € P, the set {1 € Q|u,(1) > 0} is finite and for all A € Q there
exists a preparation p € P, such that u,(1) > 0.

Definition 2.1.3. An ontological representation is called preparation non-contextual
if p, = p,, whenever p ~ p’; it is called measurement non-contextual if &,(k) =
&w(k"), whenever (m, k) ~ (m’,k’); it is called non-contextual if it is preparation non-
contextual as well as measurement non-contextual. An operational theory is called
non-contextual whenever there exists a non-contextual ontological representation that
realises the theory. When there exists no such ontological representation, the opera-

tional theory is called contextual.

Contextuality is characterised as the impossibility of any non-contextual hidden
variable model. Therefore, one would want to consider non-discrete distributions of
unbounded support as well. We conjecture that all results can be generalised to hold for
general probability measures. We leave this for future work.

Nevertheless, the notion of non-contextuality without any further restrictions is too
permissive. We can find a non-contextual ontological representation for any operational
theory with discrete sets P, M. This covers all classic examples of contextuality men-

tioned so far. The ontological representation is defined as follows:

Q:={[plper ug([PD) :=06pq  En(lPDK) = dpm(k) (2.1.4)

Here, [p] is the statistical equivalence class of p € P. One could ask whether
it is possible to find a non-contextual ontological representation that satisfies specific
properties. These can either be derived from the formalism or justified by physical
principles. In the rest of this section, we discuss which additional properties we need to

derive known examples of contextuality from the equivalence-based definition.

Deriving Contextuality Arguments From Convex Structure

The following assumption is required for the contextuality proof of preparations and

unsharp measurements of 2-dimensional quantum systems given in [Spe03].
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Assumption 1 (Preservation of Convexity). Let p, pi,p> € P be preparation pro-
cedures, such that p = cp; + (1 — ¢)p, is a convex combination of p, and p,; let
m, my,my € M be measurement procedures, such that m = cm; + (1 — c)m;, is a convex

combination of m; and m,. We have the following equalities of distribution functions:

Hepi+(i-ops = Clp, + (1 = Oy, (2.1.5)
Eem+(1-omy, = CEmy + (1 = )&, (2.1.6)

Example 2.1.7. In any physical experiment, the convex combination of two operations
can be seen as a probabilistic sample of these operations. In the Hilbert space formalism
for quantum mechanics, it is the convex combination of a set of density matrices or

observables, respectively.

The contextuality examples in [Spe05] arise from the fact that POVM’s and mixed
density matrices can be written as different convex combinations of projectors and pure
density matrices, respectively. It is not possible that the convex decompositions are
preserved at the ontological level for all combinations at once. We will discuss the two
examples in detail in section

Deriving Traditional Notions of Contextuality and Non-locality

An ontological representation is outcome-deterministic if &,,(1)(k) € {0, 1} for all m €
M,k € O and 1 € Q. In [Spe03] it was shown that every non-contextual ontological
representation for PVM’s in the Hilbert space formalism for quantum mechanics must
be outcome-deterministic. We generalise this argument below for operational theories.
To characterize a class of operational theories in which outcome-determinism can be
justified, we generalise the notion of sharp measurements and the maximally mixed

state in quantum mechanics to the operational notions below.

Definition 2.1.8. A measurement procedure m with outcome set 0" is perfectly pre-

dictable if for all k € O™ there exists a preparation py, such that d,, ,,(k") = 6y

Definition 2.1.9. A preparation p™™* is maximally mixed if the following two condi-
tions hold.

(i) For every preparation procedure p’, p™~ is statistically equivalent to some prepa-

ration procedure which is a convex combination of preparations containing p’.

(ii) For every perfectly predictable measurement procedure m, p™~ is statistically
equivalent to some measurement procedure which is a convex combination of p;

for k € O™.
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Example 2.1.10 (Quantum Mechanics). In quantum theory, PVM'’s are perfectly pre-
dictable. In the Hilbert space model for quantum theory of a fixed dimension d, any

preparation of the maximally mixed state 1/2¢ is a maximally mixed preparation.

Lemma 2.1.11. Let m be a perfectly predictable measurement procedure in an opera-
tional theory that satisfies Assumption |l|and contains a maximally mixed preparation.
If the distribution function &,, is part of a preparation non-contextual ontological rep-

resentation, it is outcome-deterministic.

Proof. Let Q, := {4 € Q|u,(1) > 0} be the support of u,,. Perfect predictability implies
that for each measurement m and outcome k of m, there exists a preparation py, such
that d,, (k') = 2 (DK, (1) = Oy for all & € O™. If k = k’, this means that
En(D)(k) = 1 forall A € Q,,, since u,, is a probability distribution and &,,(1)(k) < 1.
For k # k', this implies that &,(1)(k) = 0 for A € Q,,. As a result, &,(1)(k) € {0, 1} for
A€ UL,,.

It is left to prove that Q = U,Q,, . By preparation non-contextuality, there is one

14

probability distribution .. for all preparations that are statistically equivalent to the
maximally mixed preparation p™*. We use this to show that Q = Qu.. It is clear
that Q. C €, so we need to show that for all 2 € €, it is true that 4 € Q,m:. By
our earlier assumption, for every element A € € there exists a preparation p, such that
A C Q,. By the first condition of the maximally mixed preparation and Assumption
we know that 4 C Q.. It follows that Q = Q... By the second condition and
Assumption T} we know that pi,mi: = s ¢, . It follows from the definition of the support,
that Qnix = Qs , = UQ., = UQ,. Asaresult, Q = UQ, , hence &, is outcome-

deterministic. O

Another crucial structure in various contextuality examples is the notion of joint

measurements. We recall the following recursive definition given in [LSW11].

Definition 2.1.12. A set of N measurements {m,, m,, ..., my} is jointly measurable if
there exists a measurement m with the following features:
(i) The outcome set of m is the Cartesian product of the outcome sets of my, ..., my
(i1) Let S be a subset of the index set {1, ..., N}. The outcome distributions for every joint
measurement of any subset {m|s € S} C {my,...,my} is recovered as the marginal of
the outcome distribution of m for all preparations p € P. Denoting a joint measurement
of the subset S by myg with a corresponding outcome ks € O™, the condition can be
expressed as

VS, Vp :d, (k) = Z dp (k). (2.1.13)

keO™:ntg (k)=ks
Here, s 1s the projection function on the subset O™ c O™.
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Note that the notion of joint measurement defines a preorder on the set M. We re-
strict our attention to operational theories where each joint measurement m corresponds
to a chosen set of measurements {m;, my, ..., my}, that satisfies the requirements of Def-
inition We regard m as the unique joint measurement of m;, my, ..., my.

An ontological representation is called parameter independent if for each mea-
surement the effect on the ontological states is independent of any other measure-
ment performed simultaneously. We can restrict the distribution function of m to a
subset m’. The corresponding distribution, which we denote by &, ,, is defined as
Enly K = Yker =k Em(K)(A), Where 7,y + O™ — O™ projects the outcomes of m to
the set of outcomes of m’. Parameter independence means that for two joint measure-

ments m, n, the equality &,| . = &,|,,~, holds.

mNn

Lemma 2.1.14. Any measurement non-contextual representation of an operational the-
ory (P, M, D, O) is parameter independent. That is, for all joint measurements {m, n},

we have the following equalities:

Enlnon () = € (D) = EXn (D) (2.1.15)

Proof. Let m = {my,...,my} be a jointly measurable set of measurement procedures of
M, let p be a preparation procedure, let K; be the set {k € O"|n (k) = k;}, for some
sef{l,..,N},k, € O™.

By joint measurability and basic probability theory, we have the following sequence

of equalities on the operational level:

dp,pks) = > dy (k)
keK
= m,p(KS)

It then follows from measurement non-contextuality that

Em,(ks) = Em(K)

Em(k)

Klmrs (k)=k

= gmlmx (ks)
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A stronger restriction on ontological representations is factorizability. We call an
ontological model factorizable when for joint measurements m = (my, ..., m,), we can
ontological model which is outcome-deterministic and measurement non-contextual, is
factorizable. In fact, we will show in Section that an operational theory admits a
factorizable non-contextual ontological representation if and only if it admits a deter-
ministic non-contextual ontological representation. This is a generalisation of Fine’s

theorem [Fin82] for the equivalence-based notion of contextuality.

Bell’s Scenario

We derive Bell’s non-locality proof as a special case of equivalence-based contextual-
ity. Consider the following experiment, where two parties can each choose from two
different measurements with outcome set {1, —1}: a and @’ for the first party; b and b’
for the second party. The outcome statistics of each possible combination of measure-
ments after a preparation p is organised in the table below. Each entry g; ; of the table

represents the probability of obtaining outcome i for measurement ;.

1.0 LD d,-1) (1.-1)

(a,b) | 12 0 0 1/2

(a,b) | 3/8 1/8 1/8 3/8 (2.1.16)
(a,b") | 3/8 1/8 1/8 3/8

a,b)| 1/8 3/8 3/8 1/8

This setup can be realised in the operational theory given by the Hilbert space for-

malism of quantum mechanics. Consider the quantum states below.

(10y = 11)) / V2)
(10) + ™3+ 1))/ V2)

Garr b, =(0) + 1))/ V2) bu» i
b by, =(10) + e 1))/ V2) b Pr
denz =(100) + [11))/ V2

Let P,, and P, be observables that project onto the state ¢,, and ¢, _, respectively
and consider the PVM x := (P, , P, ) for x € {a,b,a’,b'}.

We are interested in measurement procedures (a, b), (a’, b), (a,b’), and (a’, b") cor-
responding to the PVM’s a ® b,a’ ® b,a ® b’ and a’ ® b’, respectively, as well as the
restriction to each of the components for each of the measurements, which are obtained

by taking the partial trace.
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We have seen before that the Hilbert space formalism of fixed dimension has a
well-defined notion of convex combinations and contains a maximally mixed prepa-
ration. Furthermore, all measurements are perfectly predictable as they are PVM'’s.
The tuples are joint measurements of their restrictions, which fall into four equiva-
lence classes a,a’, b, b’. Since any non-contextual ontological representation is in par-
ticular preparation non-contextual, it follows that any such a representation must be
outcome-deterministic under Assumption [I] hence factorizable. As a result, every on-
tological state can be associated with a function {a,ad’,b,b’} — {0, 1} from the set of
equivalence classes of elementary measurements to the outcome set. This morphism
maps each measurement to the outcome that occurs with probability 1 when the sys-
tem is in ontological state A. In other words, we can identify each ontological value
A with the outcome (a,8,,8’) € {0, 1}*. We obtain the presupposed probability that
a=a,b=8,a =a,b =p,bysumming over all ontological values that correspond to
this outcome, according to equation [2.1.2] We denote this probability by p,s.s. These
probabilities should add up to the values given in the table. The entries a; 1, az», as3,

and a, 4, give us the 4 equations below.

a1 Poooo + Pooio + Pooot + Poorr = 1/2 a» * pooto + Pioio + Poot1 + pronn = 1/8

asz : pooor + Poiot + Poort + porn = 1/8 a4 * Poooo + Poioo + Prooo + Prico = 1/8

The left-hand-side of the sum of a5, as3 and a4 should be greater than 1/2, since it
contains all summands of a; ;. However, the right-hand side of these equations sums to
3/8. As aresult, the equations cannot be satisfied. As a consequence of this contradic-

tion, a non-contextual ontological representation cannot exist.

Mermin’s All Versus Nothing Argument

For the next example, we again consider the operational theory defined by the Hilbert
space formalism of quantum mechanics. Suppose that we are given a GHZ state ¢ggz =
(|000Y + |111))/ V2 and we may perform Pauli X or Y measurements on each of its
components. One can verify that for a choice of joint measurements, the following
equalities hold with certainty. The right-hand-side of the equalities are given by the
product of the outcomes of the three individual measurements:

X1Y2Y3 = —1 Y1Y2X3 = —1 Y1X2Y3 = —1 X1X2X3 = 1

38



As in the previous example, the measurements are perfectly predictable, and the
operational theory contains a maximally mixed state. Furthermore, the triples are joint
measurements of their restrictions to the three different components, given by the par-
tial trace. These restrictions fall into the equivalence classes X, Y1, X5, Y2, X3, Y3. We
will show that no ontic state A in a non-contextual representation allows for proba-
bility distributions £_(1) that are consistent with this scenario. Suppose there exists
a non-contextual ontological representation for this operational theory. In particu-
lar, this representation is preparation non-contextual. Perfect predictability and the
maximally mixed preparation imply outcome determinism and factorizability. Hence,
Exivyys = Ex,év,€y,, and similarly for the other joint measurements. Given any on-
tological state A of such representation, we can identify each distribution function
&x, (), &y, (1) with the outcome that occurs with certainty. We will denote this constant
function by &% and &}, respectively. As aresult, £ and £}, assign —1 or I to 4, in a way

that the equalities below are satisfied.

&x, (Déy, (DEy, (D) =-1 &y, (DEy, (DEx, (D) =-1
&y, (D€, (DEy, (D) =-1 3, (DEx, (D€, (D) =1

It is easy to see that this is impossible: The product of the expressions on the left-
hand-side of the equations must equal 1, since every component occurs twice, while the

product of the right-hand-sides equals -1.

2.2 The Sheaf Approach

In the sheaf approach to contextuality, one defines contextuality as the non-existence
of a joint probability distribution over the outcomes of a set of measurements. It is
formulated within the mathematical framework of sheaf theory as the non-existence
of a global section for a presheaf of distributions over measurement outcomes. This
approach provides algorithmic methods based on sheaf-cohomology to detect contextu-
ality [AMB11], as well as means of quantifying contextuality [ABM17/]] and a structural
method for deriving non-contextuality inequalities [AH12].

In this section, we recall the sheaf-theoretic approach to contextuality and non-
locality, which was introduced by Abramsky and Brandenburger in [AB11b] and [AB11al.

A sheaf is a mathematical tool for describing how local data can be combined to
obtain global information about a system. In the sheaf approach, this is applied to sets of
outcome probabilities in an experiment. A measurement scenario consists of a discrete

set L of measurement labels, together with a measurement cover M = {C;};c; and an
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outcome set O. The measurement cover M is an antichain of subsets C; C L, such that
Uie;C; = L. This means that for C, C’ € M, we have the implication C c ¢’ — C =
C’. The measurement cover M represents the maximal sets of measurements that can
be performed jointly. It gives rise to a simplicial set | M, consisting of all subsets of
the elements of the measurement cover. The outcome set O is the union of the sets of
possible outcomes for each of the measurements in L. For each set of measurements
U c L, a section over U is a function U — O. We write OY for the set of sections over
U. The assignment U — OV defines a sheaf & : P(L) — Set, which is a contravariant
functor over the powerset $£(L). We call this the sheaf of events, as it assigns every
context to a set of outcomes. Furthermore, it maps every subset to a restriction function

of the outcomes to that subset, as defined below.
pY =8UcU): 0" -0V i 5 = sly

We call elements of E(L) global sections of measurement outcomes. Each global sec-
tion consists of an assignment of an outcome to each of the measurements.
For any commutative semiring R and set L, an R-distribution d on L is a map d :

L — R of finite support, such that

Zd(x) =1

xelL
We write Dx(X) for the set of R-distributions on a set X. For a function of sets
f X — Y, wedefine

Dr(f) : Dr(X) = Dr(Y) :d > [y — Z d(x)]
f)=y

It is easy to see that Dy is functorial. Hence, we can compose & with Dy to obtain a
presheaf DrE @ P(L) — Set, which maps each set of measurements to the set of R-
distributions over their sections. When R is the ring of non-negative reals R, DrE(m)
corresponds to probability distributions over the outcomes of m; if R is the ring of
Booleans B, it represents the possibility of obtaining each of the outcomes of m.

An empirical model for a measurement scenario (L, M, O) is a collection of distri-
bution functions {o¢ € DrE(C)}cepm. An empirical model is called no-signalling when

forall C,C’' e M

oclenc = oerlene

When an empirical model o is no-signalling, the restriction o, for m € L cor-
responds to the same probability distribution for each C € M. We will denote this

distribution by o0,,. A quantum state can be expressed as a no-signalling empirical
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model, but is not uniquely determined by one. A state is a label for an empirical model.
There may be various states that correspond to the same empirical model. States that
correspond to the same empirical model are statistically equivalent states.

An empirical theory comprises a measurement scenario (L, M, O), together with a
set of states S and a function assigning an empirical model over (L, M, O) to each state
in §. For simplicity, in this chapter we will elide the function and informally conflate
states with the empirical models that they label. We will refer to empirical theories as
tuples (L, M, O). A global section for the presheaf D& is given by an indexed set
d = {d”},es, such that for each o € §, d” € DrE(L) and we have the following equality

dy =djl|, =op, YoeS

m

We define contextuality of an empirical theory as the non-existence of a global

section for the presheaf DiE.

Example 2.2.1 (Quantum Mechanics). The Hilbert space model for quantum mechan-
ics gives rise to an empirical theory. The measurement labels correspond to POVMs;
the measurement cover consists of maximal sets of joint measurement as in Defini-
tion[2.1.12} and states are given by density matrices, which determine the corresponding

families of probability distributions according to the Born rule.

Example 2.2.2 (Quantum Mechanics 2). An alternative way to express the Hilbert space
formalism as an empirical theory, is to take the projectors as measurement labels and
sets of orthogonal projectors as the measurement cover. These sets form the ordinary
measurements in the Hilbert space formalism. The outcome set of a measurement label
is {0, 1}, where ’1° represent the event that the image of the projector is the outcome
of the measurement and ’0’ represents the event that it is not. The distributions o,
are only non-zero on a section s that assigns a 1 to exactly one of the measurement
labels in a measurement cover. Otherwise there would not be a unique outcome to the

measurement m on the state o.

We will usually interpret quantum mechanics as the empirical theory of exam-
ple However, we will see that the perspective of example [2.2.2] can be useful

in specific situations.

2.3 Unifying Approaches

In this section, we will explore the relation between empirical theories, operational theo-
ries, and ontological representations. We establish a link between general equivalence-

based contextuality and sheaf-theoretic contextuality. Specifically, we connect theo-
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ries that admit no ontological representation that is simultaneously preparation non-
contextual and measurement non-contextual according to equivalence-based formalism,
and theories that admit no global section d € Dr(E(L)) in the sheaf-theoretic formalism,
respectively.

Recall that we only consider operational theories where each joint measurement m
corresponds to a chosen set of measurements {m,, m,, ..., my}, that satisfies the require-
ments of Definition Any no-signalling empirical theory A = (L4, M4, S 4, 04)
corresponds to an operational theory O'p(A) = (Pgpa), Mopay, Dopay, Oa) defined be-

low.
Pﬁp(A) = SA
Meppa) =1 My
Ao (k) := 0,(s) for s(m) = k

Conversely, every set of preparation procedures P together with the set of distributions
D gives rise to a set of states S ; every set of measurement procedures M gives rise to the
measurement cover M, which consists of all maximal joint measurements. It gives rise

to the set of measurement labels L, which is the set of all minimal joint measurements.

Remark 2.3.1. Signalling empirical theories cannot be described as operational theo-
ries. The reason is that operational theories are defined by their outcome statistics.
While the ’same’ measurement can have different outcome statistics in the empirical
theory, depending on the context, in an operational theory, it can have only one out-
come distribution for each preparation. One could get around it by treating restrictions

of a context to a measurement as elementary measurements.

We will show that every sheaf-theoretic non-contextual empirical theory A gives rise
to a non-contextual ontological representation for &'p(A). We will call this a canonical
ontological representation for the operational theory. Finally, we prove the theorem be-
low, which connects sheaf-theoretic contextuality to equivalence-based contextuality.
This theorem generalises the result in [AB11bl], as well as Fine’s Theorem [Fin82],
to the more general setup of sheaf-theoretic contextuality in empirical theories and

equivalence-based contextuality in operational theories.

Theorem 2.3.2. The following statements are equivalent for any no-signalling empiri-

cal theory A and its corresponding operational theory O p(A)

(i) The empirical theory A admits a global section

(ii) The operational theory O'p(A) admits a canonical non-contextual ontological

representation
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(iii) The operational theory O p(A) admits a factorizable non-contextual ontological

representation

A Canonical Ontological Representation

As a warm-up, we recall the canonical ontological representation for empirical models

with a global section d, which was introduced in [AB11b].

Q:=&L) U (8) := d(5s) En(5)(K) 1= Oy imyk

This ontological representation is generally not non-contextual, for the reason set
out below. Consider two statistically equivalent measurements m ~ n. While for each
state o the outcome distributions o, 0, over the local sections are the same, a global
section s, may assign different outcomes to m and n. Suppose that s is a section of
measurement outcomes such that s|,, # s|, for m ~ n, then &,(s)(k) # &,(s)(k). Hence,
&n # &y, which means that the ontological representation is contextual.

To get around this, we will prove that whenever a global section exists, we can find
another global section that depends on equivalence classes of measurements only. It is

not hard to see that the same holds for states.

Statistical Equivalence in Empirical Theories

We call two states o, 0" € § and two measurement labels m, m’ € L statistically equiv-
alent when o, = 07, for all m € L and 0, = 0, for all o € S 4, respectively. In that
case we write o ~ o’ and m ~ m’.

Let A = (L4, M4, S 4,0,) be an empirical theory. We construct a new empirical
theory A = (Ly/~, Mus/~,§4),04 by taking the quotients of the set of measurement
labels L, and the measurement cover M, by the equivalence relation. For each mea-
surement label [m] of L,/ ~ and each section s € &(m), we define a (not necessarily
unique) section §, such that §([m]) := s(m). Likewise, we define a section § for each
section s over an element of | M. We take S 4 to be the set {3|s € E(m),m €| M}. The

set S 4 is well-defined, because [C] = [D] if and only if o¢c = op foreach o € S 4.

Lemma 2.3.3. Any empirical theory A admits a global section if and only if it admits a

global section that only depends on equivalence classes of measurements of A.

We will prove this Lemma formally in Section[2.4] Intuitively, it can be understood
as follows: Any global section d of S, can be restricted to a global section over a

subset of L, of representatives of L,/ ~. This restriction defines a global section for
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S 4. Conversely, any global section d of A defines a global section d for A, defined as
d(s) := d(5) when s assigns the same value to all elements of an equivalence class, and
d(s) := 0 otherwise.

We have shown how to deal with equivalence on the level of measurements. How-
ever, individual outcomes of measurements can be statistically equivalent, even when
the measurements as a whole are not. This means that for some s € O™ and s’ € 0",
ou(s) = o (s’) for all o € S4. To eliminate this last form of statistical redundancy,
we rewrite any such system type A as a system type A’ with outcome set {0, 1}, as
laid out in example 2.2.2] The measurement labels of A’ are given by the individual
measurement outcomes for each experiment. We denote each measurement label by a
tuple (m, k) of a measurement and an outcome, so Ly := {(m, k)}er, reo. The mea-
surement cover is given by the sets of measurement outcomes of measurements in the
original cover: My = {{(m,k)lk € O,m € C}cepm,}. Joint measurements are defined
analogously. The outcomes 0 and 1 indicate whether the outcome corresponding to the
observable is observed, hence S, := {o"|0'2m’k)(1) = o,(k)}. Recall that the support
&E(m) of each measurement m consists of those sections where exactly one observable
in each measurement is assigned a 1, and all others are assigned a 0.

Note that the model A has a global section if and only if A’ has a global section
under the given restrictions. As a consequence of Lemma[2.3.3] A has a global section
if and only if A’ has a global section. Hence, A contains a global section induced by a

global section d for A’, which is only defined on equivalence classes.

Non-contextual Canonical Ontological Representations

We can now define a canonical ontological representation that preserves non-contextuality.
Let A be an empirical theory with a global section d,. for each state o~ € S 4, which only
depends on the equivalence classes of the preparations. We make use of the minimal
empirical theory A’ and its induced global sections d to define the canonical ontologi-
cal representation Z(A) = (QYC, (N} ves » 1€V Y meim):

O5(Im])[k] if s is a section over m

Qaw =8/ ~), W) :=ds(3),  &°()k) = { .
0 otherwise

This representation generates the required outcome statistics, as shown below.

44



D EE @I = Y deSSamin

seQ¢ §e&(L/~)

= Z d ()0, 0m) k

se&(L)

= d. (k)

The first equality holds by unfolding definitions of the canonical representation. The
second equality holds because d,(s) is only nonzero on those sections s that assign the
same outcome to all equivalent measurements; therefore, we can extend the sum over
&E(L/ ~) to the sum over &(L). The last equality holds as both expressions are equal to
Tu(8)(k).

This canonical ontological representation is by definition preparation non-contextual.
On measurements, it is defined such that m ~ m’ implies £)¢ = V¢ hence it is mea-
surement non-contextual.

It is left to determine under which conditions an operational theory can be re-
alised by a non-contextual empirical theory. To this end, we generalise Theorem 8.1
of [AB11b].

Lemma 2.3.4. For every factorizable, non-contextual ontological representation B,
there exists an empirical theory A with a global section, such that Z(A) and B realise

the same operational theory.

Proof. Let B be a factorizable, measurement non-contextual ontological representation.
The operational theory realised by B induces an empirical theory A where the set of
measurement labels L, of A is given by the minimal elements of the preorder of joint
measurements. By Lemma B is parameter independent. Every preparation p €
Pp realises a state o, with a global section d,, for the sheaf of distributions induced by
A. These are defined below for » € E(m) and s € E(L):

o) = 3 En D) dy(s) = 3 [ | EDslampp(d)  (23.5)

A€Qp AeQp meLy

We need to verify that Z(A) and B realise the same measurement statistics. This
follows from the equalities below, where we denote the canonical ontological represen-

tation by Q',, i, and &’.
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Z &, = Z O 811 (L)) [K] [CZ&P(@]
5eQ, 5€E(La/~)
= Z 5slm(m),k[ Z nﬂp(ﬂ)fn(/l)(ﬂn(n))]
s€E(Ly) AeQp nely

Z@@@[Z [IMMMW%@

A€Qp S€E(La\m) neLs\m
= " DR (A)
/lEQB

The first two equalities result from expanding definitions. For the third, we apply
the discrete version of Fubini’s theorem, split the sum and product, and rewrite the
expression. The last equality holds because probability distributions sum to one over

all the inputs. O

Proof of Theorem For any empirical theory A, the canonical non-contextual on-
tological representation for &'p(A) is given by Z(A), which means that 1) = 2). The
canonical ontological representation Z(A) is factorizable; therefore, 2) = 3). Finally,
3) = 1) holds by Lemma[2.3.4] O

Corollary 2.3.6. For the class of perfectly predictable operational theories with a max-
imally mixed preparation, an operational theory is non-contextual if and only if its

canonical ontological representation is non-contextual.

Proof. By Lemma|2.1.11] all preparation non-contextual ontological representations of
operational theories in this class are outcome-deterministic. By Theorem 6 of [LSW11]]
that implies that all non-contextual ontological representations are factorizable. The
result follows directly from Theorem [2.3.2] O

2.4 A Categorical Isomorphism

In this section, we show that the two formalisms can be used to represent the no-
signalling world in equivalent ways. To give a formal proof, we use the mathematical
framework of category theory. We show that the correspondence between no-signalling
empirical theories, operational theories and ontological representations discussed in the
previous section gives rise to functors between suitable categories. In particular, there is
an isomorphism between the categories Emp,,; of no-signalling empirical theories and
OT operational theories. This isomorphism maps non-contextual empirical theories to

operational theories that admit a factorizable non-contextual ontological representation.
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The Category of Empirical Theories

We will define the category Emp of empirical theories and transformations of empir-
ical theories. The category Emp is an extension of the category of empirical models
introduced in [[AB11al].

Definition 2.4.1. A transformation of empirical theories f : A — B is given by a
triple £ = (f5, fM, f©) of maps f° : S, — S5 between the set of states, ¢ : O, —
O3 between the set of outcomes, respectively and a simplicial map fM :| M, —|
M5 between the simplicial sets generated by the measurement covers. This guarantees
that the image of each joint measurement is a joint measurement itself. Since M is a
simplicial map, it gives rise to a function fM|c : C — fM(C) for each context C € M.
The triple f should satisfy the equality below for all C €| M and for each section
s € 8(0).

oc(s) = f5(0) e (s) for s € E(fM(C)) such that fCos = 5" 0 fMc (2.4.2)

Note that € o s and s’ o fM|¢ are both sections over C that take values in Oz. We
write f for either of the three components when it is clear from the context which one

w€ mean.

Lemma 2.4.3. Let f : A — B be a transformation of empirical theories and let o be
a state of A. If o does not admit a global section, then f(o) does not admit a global

section.

Proof. Suppose that f(o) € B has a global section 6’ € Dr&E(Lg), then 6 = |,
is a section in DrE(f(Ly)) such that 6| = f(o)c for all C" € L,. This induces a
global section for o, given by y(s) = 6|, (s") in Dr(E(Ly4)), where 5" € E(Lp) satisfies
s 0 fM, = fO0s.

O

Note that it follows from Equation and the notion of statistical equivalence 2?2,
that f preserves statistical equivalences.

m~m = f(m)~ f(m) oc~0c = flo)~ f(o) (2.4.4)

We can now prove the statement in Lemma [2.3.3] that any global section gives rise

to a global section defined on equivalence classes.
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Proof of Lemma[2.3.3} Consider the quotient map A — A and any inclusion map A 5
A, which is defined such that 6 is mapped to o. It is easy to see that g and i are

morphisms in Emp,,. consequently, the proof follows from Lemma [2.4.3] O

Remark 2.4.5. Another way to define transformations between empirical theories is
given in [AH13l]. Here, empirical models are defined in terms of Chu spaces and the
function on states goes in the opposite direction. By that definition, contextuality of

states would only be preserved by transformations that are surjective on states.

In the rest of this paper we will restrict our attention to the subcategory Emp,,; of no-
signalling empirical theories. We write Emp/C for the subcategory of non-contextual

empirical theories.

The Category of Operational Theories

Operational theories form a category Ot. Morphisms are triples f = (f™, fF, f9): A —
B of maps, such that f¥ : M, — Mg, f¥ : P, — Pgand f° : O4 — Op preserve
outcome statistics:

d ey (O K)) = dp (k) (2.4.6)

As a consequence, morphisms in Ot preserve statistical equivalence:

m~m' = f(m)~ f(m') p~p = f(p)~ f(p) (2.4.7)

One can see this by combining the notion of statistical equivalence ?? with equa-
tion This category is similar to the category of operational theories defined
in [AH13].

The Category of Ontological Representations

Objects in the category OR of ontological representations correspond to a pair of an
ontological representation and its induced operational theory. Morphisms consist of
triples (f, f*, f¢), where f : A — B is a morphism of operational theories, and f* : &
& and f* : u v y are functions of sets. We require that the image of (f, f*, f¢) realises
the operational theory in the image of f. This means that the images of the elements
of u and & coincide with the elements corresponding to the images of f7 and f™. We
express this as f*(u,) = f*(u) ey and f(&,) = f4(€) pmimy- In addition, one can deduce
from equations [2.1.2]and [2.4.6| that the equality below holds.

Z FEENDOSO N p)) = Z Em(D () (2.4.8)

/lGQB AEQA
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Remark 2.4.9. Note that the morphisms do not contain a component that maps between
the sets of ontological values. This is because our goal is not to understand individual
ontological representations, but to explore the existence of certain classes of ontological

representations for operational theories.

There is a forgetful functor G : OR — OT that maps each ontological represen-
tation to its corresponding operational theory. More precisely, it maps (€, &, ) to
uptpers (Emmem, D, O), where d,,,, = Y 1cq Hp(A)E,(A). The elements up and &y no
longer represent distribution functions, but merely label the preparations and measure-

ments.
Lemma 2.4.10. Contextuality of operational theories is preserved by morphisms in OT

Proof. Let f : A — Bbe amorphism of operational theories. Let (g, (1)} pepy» 1Embmemsy)
be a non-contextual ontological representation of B. This induces an ontological rep-
resentation (£2p, {,u;}pepA,{f,’n}meMA), which is defined as K, = fpps &y = Epm. Non-
contextuality of this ontological representation is guaranteed by the equivalence preser-
vation condition on f. It follows by contradiction that when A is contextual, B must be

contextual. O

The Isomorphism

The map A — O'p(A) that assigns an operational theory to each no-signalling empirical
theory described in Section [2.3| gives rise to the functor below.

7
Empyg b oT
Al Op(A)
(S, M 1O (fM, fF, fOora)

Here, fM is defined as the assignment of f™ on the 0-simplices of | M, ¥ := f5
and fOorw = £ since Oy = O pa)- To verify that this is well-defined on morphisms,
one needs to check that equation [2.4.6/ holds. This follows directly from equation[2.4.2]

Functoriality is straightforward.
o
Proposition 2.4.11. The functor Emp,,; L 0T isan isomorphism

Proof. As discussed in section the assignment is bijective on objects. To see that
it is injective on morphisms, note that the simplicial map f™ is completely determined
by its assignments on O-simplices. Therefore, if Op(fM) = Op(gM), then fM = gM.
Surjectivity follows from the fact that equation [2.4.2|implies equation O
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We will show that the isomorphism Emp,,, LA OT maps non-contextual empiri-
cal theories to operational theories that admit a factorizable non-contextual ontological
representation. In order to do so, we first examine how the canonical ontological rep-
resentation described in Section gives rise to an equivalence functor EmpC Z,
OR. This equivalence maps each non-contextual empirical model to its canonical non-
contextual ontological representation, which is factorizable. We show that the com-
position Emp¢ Z, OR — OT of the equivalence with the forgetful functor equals

o ..
Empys %, OT on the class of non-contextual empirical models.

Proposition 2.4.12. For any choice of a global section 6, the assignment A +— Z(A) de-
fines an equivalence between the subcategory of non-contextual empirical theories and
the subcategory of non-contextual, factorizable ontological representations. The image
Rf = (Op(f), (B (Zf)) of each morphism f = (f5, fM, fO) has the following

components

(ZfY(ow) = SO omys (gff)‘f(fm)(s)(k) = Og(fm)k

Proof. We need to verify that for each f : A — Bin Emp,,, Zf : Z(A) - Z(B) is a
well-defined morphism in the category of ontological representations. By the following

equations, Z f satisfies equation [2.4.8

D EDOAD = D SmiTn(D) (2.4.13)
Qa4 AeE(m)
= Z O (fem. o SO () (2.4.14)
VeEGm)
= Z FfEDQ) SN f (o)) (2.4.15)
VeQzp)

The equalities are obtained by unfolding definitions, application of equation [2.4.2
and rewriting the summation.

By Lemma[2.3.4] 7 is essentially surjective on the subcategory of factorizable non-
contextual ontological representations. We will show that the functor & is injective on
hom-sets. First of all, & mx = Osemyp for all k € O implies that f5 = g5. Similarly,
R = Z(g)* implies fM = gM. We will prove that F is surjective on hom-sets. Let
(g,8", 8% : #A — ZB be a morphism in OR. This corresponds to the morphism g’ :
A — B in Emp, with components g’M({m}) = g (m) and g5 (o) gt (s) = &7 () ()
for s € E(m). Finally, to show that equation holds, we take equation [2.4.8] and
unfold the definitions of Q4, Qp, g(&y), and &y. This gives us the equality below,

which reduces to the second condition for transformations of empirical theories.
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Z Osm Hor () = Z Os(f(m) k8u(Ho)(S) (2.4.16)

se&(m) s€&(f(m))

O

Theorem 2.4.17. The isomorphism O p restricts to an isomorphism between the subcat-
egory of non-contextual empirical theories and the subcategory of operational theories

that do not admit a factorizable non-contextual ontological representation.

Proof. Note that the following diagram commutes, where we write Emp ¢ and ORTN®

for the subcategories of non-contextual empirical theories and factorizable non-contextual

ontological representations, respectively.

Op
Emp,s oT
J G
EmpNC OR
ORFNC

O

Corollary 2.4.18. For models with perfectly predictable measurements and a maxi-
mally mixed preparation, X% restricts to an isomorphism between non-contextual em-

pirical theories and non-contextual operational theories.

2.5 Non-Factorizable Representations and POVM’s

In general, equivalence-based measurement contextuality implies sheaf-theoretic con-
textuality, but not necessarily the other way around. The two formalisms coincide in

any scenario where factorizability can be justified, such as in the following three cases:

e For theories with perfectly predictable measurements and a maximally mixed
preparation, non-contextuality of an ontological representation implies factoriz-

ability.

e Any non-local scenario rules out non-factorizable ontological representations, as

these would violate local causality.
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e In theories that do not contain joint measurements, the notion of factorizability is

vacuous.

The following example, which is known as Specker’s Triangle, shows that the two

formalisms are not equal for all scenarios.

Example 2.5.1 (Specker’s Triangle). There are three parties, A, B, C, that each conduct
a measurement with two outcomes, {0, 1}. It is possible for two parties to apply the
measurement at the same time, but it is not possible to apply all three measurements
simultaneously. The measurement statistics is such that for any joint measurement, the
obtained outcome is (0, 1) half of the time, and (1, 0), half of the time.

Lemma 2.5.2. The scenario in Example is contextual in the sheaf sense, but non-

contextual in the equivalence-based sense

Proof. The marginal probabilities for each of the individual measurements are % for
either of the outcomes. It follows that all measurements are statistically equivalent, and
hence, should not be distinguishable on the ontological level. This means that we can
define the set  := {x} to be a singleton set. We set u,(*) = 1 for any preparation of
this scenario, &,(x)(0) = &,(x)(1) = % for each of the elementary measurements, and
En()(0,1) = £,(x)(1,0) = %, for each of the joint measurements. On the other hand,
it is not possible to define a factorizable non-contextual ontological representation. It
is easy to see this, since without loss of generality, any global section of measurement
outcomes to the presheaf describing this scenario must assign the same outcome to
measurement A and B. But that means that it does not marginalise to an admissible

outcome for the joint measurement of A and B. O

This scenario cannot be realised by sharp measurements in quantum mechanics.
However, one can find a POVM for each joint measurement that margnalises to the
required outcomes: (0 - Po,o,% - Py, % - P1o,0 - Py;), where P;; is the projector onto
outcome (i, j). Note however, that this POVM can be classically realised, by flipping a
coin to decide between outcomes (0, 1) or (1, 0).

Whether such POVM'’s are within the scope of scenarios that are of interest is up for
debate. As we have shown before, in the absence of perfect predictability or any convex
structure, there is always a universal non-contextual ontological representation [2.1.4
Therefore, contextuality for scenarios like these is trivial. Perhaps a more restrictive
notion of what a measurement can constitute would resolve the difference between the

two notions of contextuality.
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Chapter 3

Contextuality in Communication
Complexity

In this section, we take a structural approach to clarify the role of contextuality in com-
munication complexity of one-way protocols.

We use the sheaf-theoretic framework by Abramsky and Brandenburger to provide
a general notion of classical and quantum communication protocols. This formulation
allows one to determine the contextuality of a protocol. We draw from various results on
sheaf-theoretic contextuality [AH12], [ABM17] [Wes17], [ABdSZ]], to develop criteria
that specify when a contextual protocol offers a communication complexity advantage.

This work reduces questions regarding the existence of quantum advantages in com-
munication complexity to questions about the realisability of contextual scenarios in
quantum mechanics. The question of realisability for a general empirical model in
a Hilbert space of arbitrary finite dimension, or as a limit of realisations in finite di-
mensional Hilbert spaces, has been demonstrated to be undecidable [Slo17]. However,
realisability is known for specific empirical models [ABC*17], [ABCP17]. Solving
this question for scenarios described in this paper would result in the discovery of new

quantum protocols with optimal communication complexity.

Scientific Context

Communication complexity for 2-party distributed functions was introduced by Yao
in [[Yao79]. It is concerned with lower bounds on the required amount of communica-
tion between two parties that perform a distributed computation. In order to achieve
this, the parties may perform local operations before communicating their respective
output. We talk about classical communication complexity when the parties only have
access to classical resources. This may include having an initial shared random bit
string - a bit string that is stochastically generated by a probability distribution and a
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classical computer. In the case of quantum communication complexity, the parties can
also access quantum resources, such as (entangled) qubits. They may perform quantum
operations and measurements on these qubits. In both scenarios, the parties communi-
cate or broadcast classical bits. A different scenario, where the parties can communicate
qubits, was proposed in [Yao93]]. As one can perform the communication of a qubit by
using a quantum teleportation protocol with an entangled state, this scenario is funda-
mentally the same. Some examples of quantum communication protocols have been
proposed, which offer a communication complexity advantage over any classical pro-
tocol [BCWIS|] [CYVDNT99] [BCVDOI] [RK11], [BCG™16]. A plausible explanation
for this advantage lies in the strength of correlations between measurement outcomes
of different qubits, which exceed those of shared random bit strings. Such correlations
can increase the probability of some outcomes over others in a way that is not possi-
ble classically. Such correlations characterize non-locality scenarios, which suggest a
connection between comunication complexity and non-locality. In fact, it was shown
in [BCG™16] that any two-party quantum protocol with a lower communication com-
plexity than any classical protocol for the same functions gives rise to a non-locality

scenario.

Communication Protocols

A one-way communication complexity protocol for n parties is set up as follows. Let
[ X; X...x X, — Z be a function. The n different parties jointly want to compute the
output z = f(x) for an input X = (x1, ..., x,) € X; X... X X,,, with minimal communication
between the parties. The ith party only has access to the input x; € X;. Each party
can apply computations to their input and broadcast the output of these computations
once. After broadcasting their output, all parties must be able to compute f(x) with
some minimal success probability P. This generalisation of one-way communication
protocols between two parties by [Yao79]], was used in [BvDHT99]]. It should not be
confused with Chandra and Ashok’s “numbers on the forehead” model, where each
party has knowledge of all inputs but their own [CFL83]].

The complexity of a communication protocol corresponds to the minimum num-

ber of bits that each party needs to broadcast to complete the computation.

Definition 3.0.1. An (n,i,0)- distributed function is a function f : X; X ... X X, = Z,
where X; = {0,1}) for j € {1,...,n} and Z = {0, 1}°, for some n,i,0 € N,. A k-bit
classical communication protocol (CCP) for a (n,i,0)-function f is a tuple (a, g, d),

where a is a set of functions {a; : A; X X; — {0, 1}*},=1__,., g is a function {0, 1}* x ... x

.....
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{0,1}* — Z and d is a probability distribution d : []%,; A; — [0, 1]. Each set A; equals
{0, 1}/, for some [ € N.

The protocol is successful if g(a;(4y, x1), ..., a,(4,, x,)) = f(x1, ..., X,,) for some ran-
dom bit string A = (44, ..., 4,) € A =[], A;, generated according to the distribution d.

The success probability for each of the inputs can be computed by the formula below.

Pia,gdx) = > dW) (3.0.2)

Ae__ﬁl Aig(AX)=/(x)

We say that the success probability Pf, of the protocol(a, g,d) is defined as the

average success probability below.

1
Pi@g.d) = ) Pj@ g d®

xeX

.....

projective measurements, each with outcome set O; = {0, 1}. the set is indexed by the
input x; for each party i. A k-bit quantum communication protocol (QCP) is given

by a tuple (¥, {P'. }ic(1,..npex,» &) -

For each input x = (xy, ..., x,,), each party i applies P;i to their part of the quantum
state ¥ and broadcasts the outcome o;. The outcome of the protocol is then given by
g(oy, ..., 0,) for some classical function g : Oy X .... X O, — Z.

We can calculate the success probability from the probabilities of each of the mea-
surement outcomes. Let Prob[(P}C1 QP ®..0PL)W) = o] be the probability that the

set of measurements P;lc. s eer P ON the state ¢ gives the outcome 0. The average success
probability Pf( W, {P;,-}ie{l,..,n},x,-eXp g) of the protocol is given by the probability below.

P, (P ). g) = L > Prob[(P}Cl ®P.®..0 P )(Y) = o] (3.0.4)

|X| xeX" 0€0"|f(x)=g(0)

Example 3.0.5. Fix X = {(x,y) € {0, 1}>x{0, 1}%}, f = x;©y: ®(x2 A y>) and g(a;,a,) =
a; ® a;. As shown in [BCVDOI], there is a quantum protocol to compute this function

with only one bit of communication per party and success probability P = cos*(/8) =

V2+V2
2

one to compute the function (x,, y,) — (01, 0,) in a distributed setting, such that x, Ay, =

Vi
2

y1 @ 0,. Finally, they compute (x; @ 01) @ (02 D y,).

. The protocol is based on the non-locality scenario in [CHSHG69], which allows

01 ® 0, with success probability . Subsequently, the parties broadcast x; @ 0; and
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The scenario that enables this distributed function is set up as follows: The two
parties share the entangled state %(IOO) —|11)). They are able to perform the following
rotation to their qubit:

R@) = (cos@ —sin@)

sinf  cosf

The first party applies the R(—nr/16) if their second input is x, = 0 and R(-37/16) if
their second input is x, = 1. The second party applies the R(sr/16) if their second input
is y, = 0 and R(37/16) if their second input is y, = 1. Afterwards, they both measure in
the computational basis. The state after the rotation is cos(¢)*(|00)+|11))+sin(¢)*(|01)+
[10)) where ¢ = n/8 for the input (x,,y,) = (0,0), (x2,y2) = (1,0), ¢ = —n/8 for the
input (x,,y;) = (0, 1) and ¢ = 37/8 for the input (x,,y,) = (1, 1). The probability table

below shows the probabilities that the two parties obtain each of the outcomes in the

first row for each of the inputs in the first column. In this table, p = cos*(/8) = 2; \5,
which means that 1 — p = 22_ V2
@001 0.0 | 1) | 1.0y | (1)
(x2,¥2)
= =

0.9 R

o A

(L0 R

01, 1) =L 5 5 =L

One can check that for each pair of inputs (x,, y,) and each pair of outputs (0, 03),

2 2ifxz/\yz =o01®0yanditis

the outcome probability is ifx; Ay, #01®0;

Outline

In section |3.1| we describe a general notion of a communication protocol, using the
sheaf-theoretic framework for contextuality by Abramsky and Brandenburger [AB11b].
We show that non-contextual protocols correspond to protocols that can be realised
classically. In section [3.2) we use a connection between sheaf-theoretic contextuality
and constraint satisfaction problems to describe a bound on the success probability of
classical communication protocols. We give a description of contextual protocols with
maximal success probability for each distributed function. In section [3.3| we give a
complete characterization of the set of (2,2, 1)-distributed functions where contextual
protocols provide a communication complexity advantage. For (n, i, 0)-functions, we

can give a more abstract description of functions that admit a contextual communication
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complexity advantage, in terms of hypergraph colouring problems. In Section [3.4] we
quantify the relationship between the contextual fraction of a protocol - a measure for

the amount of contextuality - and its success probability.

3.1 General Communication Protocols

We will describe communication protocols as scenarios in the sheaf-theoretic formalism
of contextuality, introduced in Section Observe that in a QCP, the individual input
value of each party determines their choice of quantum measurement. The joint input
values make up the different contexts of the individual measurements. We generalise
this observation to describe a k-bit communication protocol (CP) of a function f :
X X ...x X, = Zas atuple (e, g), of a no-signalling empirical model e and a function

g [15,{0, 1}* = Z. The measurement scenario for e is defined below.

L= X
M= {{xi, ..., x, )X € X3}
0 =1{0,1}

We write X := X; X ... X X,. Note that we can identify every element x € X with
an element {xy, ..., x,} € M. For readability, we will denote the context {xi, ..., x,,} by X.
Every section s over a context x € M can be identified with a bit string (s(x;), ..., $(x,)),
which we will denote by s(x) € O". The corresponding outcome distribution ex(s) of the
empirical model determines the probabilities of each bit string s(x) to be broadcasted.
The success probability P?(g, e)(x) of a communication protocol (g, e) for the input
x € X is the sum of the probabilities ex(s) for those s such that f(x) = g(s(x)).

Pigom= > e«
xeX,s€E(X)| f(x)=g(s(x))

We can describe a QCP (¢, {P' }ic(1....nxex,.¢) as the empirical model defined below.

ex(s) = Prob[(P}Cl, o POYW) = (5(x1),s s s(xn))] (3.1.1)

A CCP (a, g,d) can be described as an empirical model with outcome distributions

given by the equation below, where A and a are as in Definition [3.0.1]

ex(s) = Z d(d) (3.1.2)

AeA:a(A,x)=(s(x1),...,5(xn))
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Example 3.1.3. The QCP in Example 3.0.5| corresponds to the measurement scenario
with a set of measurement labels L = {0,1}> U {0, 1}?>, a measurement cover M =
{{x1, X2}}(x, xp)ex, and outcome set O = {0, 1}. Note that we have switched from the
notation (X,y) € X to the standard notation (xi, x,) € X for the input bit strings. The

‘2“5. The

2
entries dy, )0, where {x;, x,} is the context in the first column and o is the outcome

empirical model is expressed in the probability table below, where p =

in the first row, correspond to the probabilities ey, .,;(s) for the section s such that

s({x1, x2}) = o.

0,00 | 0,1 | (1,00 | 1,1
(00,00) | p/2 | (I-p/2 | (A-p)2| p/2
(00,01) | p/2 | (I-p)/2 | (-p)2| p/2
(00,10) | (1-p)/2 | p/2 p2 | (1-p)2
(00,11) | (1-p)/2 | p/2 p2 | (1-p)2
(01,00) | p2 | (I-p)/2 | (A-p)2| p/2
(0L,01) | (I-p)/2 | p/2 p/2 | (1-p)2
(01,10) | (I-p)/2 | p/2 p/2 | (1-p)2
O1,11) | p2 | (dA-p)/2 | (A-p)2| p/2
(10,00) | (1-p)/2 | p/2 p2 | (1-p)2
(10,01) | (1-p)/2 | p/2 p2 | (1-p)2
(10,10) | p/2 | (I-p)/2 | (1-p)2 | p/2
(10,11) | p/2 | (I-p)/2 | (1-p)2 | p/2
(11,00) | (1-p)/2 | p/2 p/2 | (1-p)/2
(11,01) | p2 | (I-p)/2 | (-p)2 | p/2
(11,10) | p2 | (I-p)/2 | (A-p)2| p/2
(11,11) | (1-p)/2 | p/2 p2 | (1-p)2

In general, one can calculate the success probability of the communication protocol

directly from its probability table. In order to do so, one sums over all entries pyx, of
the probability table such that f(x) = g(o) and divides by the number of inputs. For the

example above, this gives us PS = —“2;\5

Proposition 3.1.4. Let (e, g) be a k-bit CP for a (n,i,o)-function f. The empirical model
e admits a global section, if and only if there exists a k-bit CCP (a, g,d) for f such that
Pf((g, e)x) = Pf((a,g, d)(x) for all x € X.

Proof. Recall that a CCP for a (n,i,0o)-function f : X — Z corresponds to a set of
functions {a; : A x X; — {0,1}*)2, a function g : {0,1}*" — Z and a probability
distribution d : A — [0, 1]; a CP corresponds to an empirical model e for the mea-
surement scenario L = L X;, M = {{xy, ..., x,}|(x1, ..., x,) € X} and O = {0, 1}¥ and a

function g : []:,{0, 1}* — Z; furthermore, any CCP (a, g, d) gives rise to a CP where
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We will first show that a CP with a global section gives rise to a CCP. Let e be an
empirical model of a CP with a global section d. Given some binary enumeration of the
sections s € &(X;), we can define functions g; : E(X;) X X; — {0, 1}* as a;(s, x;) := s(x,).
To define the distribution d : []; &(X;) — [0, 1], note that every s € &L X;) gives
rise to a function s € []._, &(X;), that maps each x € X to s(x) := (s(x1), ..., $(x,)).
We define the distribution d as d(s) := 6(s) for each such s that can be obtained from
some s € & X;) and d(s) := O for all other functions s € []i; &(X;). The success
probability of (a, g, d) equals the success probability of (e, g) by the equations below,
where we simply apply equations [3.0.2]3.1.2] and rewrite the summations. We write
s, € &(x) for the specific section s, € E(L X;), such that (s4(x1), ..., 5o(x,)) = 0, for
0 € {0, 1}Pn,

S .
PS(a,g,d)(x) := > d(s)
se[1L,8(X)):
8(ar(1,X1)seesGn(Sp,%n))=f(X)

IEDYRT

0:g(0)=f(x) seg(ulr_;lxi)
(5(x1)5000,5(xn))=0

Olx(55)
0:g(0)=f(x)

eX ( S())
0:8(0)=f(x)

D el

seE(X):
g(s(x))=f(x)

1= P° (e, 9)(X)

Conversely, we show that any CCP gives rise to a non-contextual, factorizable onto-
logical representation in the equivalence-based sense of contextuality, defined in [Spe05]]
and[Wes17]].

We consider the operational theory where P = X and M = P({a;}i=1..,).- The onto-
logical representation, has a set of ontological states = {(A, X)}xex.1ea. The distribution
functions for the inputs are px(4,y) = 0xyd(4). The distribution functions for the out-
puts are &,(4,X)(0) = da1x).0 and &,,(4,X)(0) = d41x).0- This ontological representation
is clearly non-contextual and factorizable by [Wes17/, Definition 1]; therefore, it gives
rise to a non-contextual empirical model with the same outcome statistics by Lemma 6
of [Wes17]]. O
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3.2 Bounding the Success Probability of Classical Pro-
tocols

In this section, we give a CP with optimal success probability for each distributed func-
tion f. Furthermore, we bound on the success probability of a non-contextual CP, based
on the structure of the probability table of this optimal protocol.

Each probability table of an empirical model e gives rise to a possibility table for e.
This is a table where the entries are either O or 1, indicating the possibility of obtaining
the outcomes in the first row for the inputs in the first column. The entry ax, = 1, when
ec(s) > 0 for s(x) = o, this means that the outcome o can be obtained for the input x.
Otherwise, ax, = o, which means we cannot obtain this outcome. The possibility table
for an empirical model e corresponds to a different type of empirical model ¢’, where
the probability distributions ey are replaced by distribution functions over the ring B of
Booleans. This is called a possibilistic empirical model. If the empirical model ¢’ is
contextual, this implies that e is also contextual, but not necessarily vice versa.

We give a necessary and sufficient condition for a CP (g,e) to have maximal success

probability P} (g, e) = 1.

Lemma 3.2.1. Let (g, e) be a communication protocol for a function f. The following

two statements are equivalent:
° Pfc(g, e)=1
o ex(s) 2 0= f(x) = g(s(x))
Proof. By the expression for the success probability P} (g, e) Pi(g,e) = 1 if and

only if forall x € X

ex(s) =1
seEX)|f(x)=g(s(x))
This implies that ex(s) = 0 for all s € &(x) such that f(x) # g(s(x)). Hence, by
contradiction, we know that P? (g,e) = 1if and only if e;(x)(0) = 1 = f(x) = g(0). O

Definition 3.2.2. Let f : X; X ... X X, — Y be a distributed function. We define the

possibilistic empirical model e/*¢ as

. (3.2.3)
0, otherwise

o) = {1, iff (%) = g(s(x)
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Note that for any probabilistic no-signalling empirical model e that gives rise to e/,
(e, g) is a CP for f with success probability 1. If e/ is no-signalling, one can always find
such an empirical model, by taking the uniform distribution over all sections s € &(x)
such that e/*(s) = 1 for each x € X. However, ¢/ is not necessarily no-signalling.
When it is not, there exists no quantum realisation.

We can define any possibility table as a constraint satisfaction problem where we
regard the measurement labels m € L as variables that take values o € O [ABdSZ]]. For

any section s, we can define the following constraint on the possible assignments of L.

o=\ N m==0

0€0 meClsl,(m)=o

If we take the section s : (a,e) — (0,0) in the upper left corner of the possibility
table of Example [3.2.5below, we get ¢, = (a == 0) A (e == 0). This constraint is
satisfied by any assignment r : L — O such that r(a) = 0 and r(e) = 0.

The set of all possible sections over a context C, specified by the row of the table
with label C, corresponds to the formula ¢¢ =\ jcgic)oe(s)=1 $5- For the context (a, e)
this corresponds to (a ==0Ae==0)V(a==1Ae==1).

The possibility table as a whole corresponds to the set of formulas for each of the

contexts.
O, = {pclcem (3.2.4)

For dichotomic measurements, we can write this as Boolean formulas, interpreting

0 as False and 1 as True.

¢S = /\ mA /\ -m
meC|s|,(m)=0 meC|s|,,(m)=0
For example, the first row of the table in the example below corresponds to (a A e) V

(—a A —e), which can be written more concisely as a & e.

Example 3.2.5. The possibility table of the empirical model ¢/*® for the function f in
Example is given below. We have relabelled the inputs 00,01, 10,11 to a, b, c,d,
respectively, for party 1 and to e, f, g, h, respectively, for party 2. One can check that
DPxo = 1 iff f(X) = g(o). Note that this empirical model is no-signalling. The table
on the right of the possibility table contains the list of logical formulas defining the
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restrictions corresponding to each of the rows.

ef,@ (090) (091) (190) (1,1) ¢x
(a,e) 1 0 0 1 aee
(a,f) 1 0 0 1 ae f
(a,g) 0 1 1 0 adg
(a,h) 0 1 1 0 a®h
(b,e) 1 0 0 1 bee
(b,f) 0 1 1 0 be f
(b,g) 0 1 1 0 bodg
(b,h) 1 0 0 1 beh (3.2.6)
(c,e) 0 1 1 0 c®he
(c,f) 0 1 1 0 cdf
(c,g2) 1 0 0 1 cog
(c,h) 1 0 0 1 coh
(dye) 0 1 1 0 d®e
(d,f) 1 0 0 1 deo f
(d,g) 1 0 0 1 deo g
(d,h) 0 1 1 0 deh

We define the K-consistency K(®,) as the cardinality of the largest subset S C ©,
that is satisfiable. Every formula ®, gives rise to an inequality, as shown in [AH12,
Proposition V.1]. This inequality is of the form below, where
supp(C) = {s € E(C)loc(s) > 0}.

ec(s) < K(®,)
CeL sesupp(C)

We bound the success probability of any CCP (a, g, d) for a function f by a measure
of the "hardness’ of f compared to g. This is a function of the size of the input of f and
the K-consistency of @, . Here, e/*8 is the possibilistic empirical model that satisfies
eﬁ’g(s) =1 & f(x) = g(s(x)). We denote the K-consistency by K(f, g) := K(®,re).
It follows that any k-bit CP (e, g) for f such that PJSc(e, g) is larger than this bound is

contextual.

Lemma 3.2.7. Let (e, g) be a non-contextual k-bit CP for the function f. The success
probability of (e, g) is bounded by the inequality below.

< K(g, f)
1X|

Pi(e, )

Proof. By Lemma , there exists a CP (e, g) with a global section such that p} (e, g) =
Pff(a, g,d). This follows from the (in)equalities below, where first is merely unfolding
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the definition of the success probability and the inequality holds by Proposition V.1
of [AH12].

1

ex(s)
XEX,seEX)If(X)=g(5(X))

els(s)

D Pie,9x) =

xeX

=

IA
| =

xeX,sesupplef,g)

K(f,8)

| =

<

=

O

Solutions to constraint satisfaction problems are computable, but NP-hard. There-
fore, Lemma [3.2.7|provides algorithmic methods for finding optimal classical protocols
- if they exist. This may be useful for protocols with a small input. Most known quan-
tum communication protocols have only single-digit numbers of input bits. Therefore,

this new approach promises to be useful to extend our current knowledge of QCPs.

Example 3.2.8. We use Lemma to demonstrate that the example in section [3.0.3]
would have a lower success probability, were it not contextual. We regroup the logical
formulas in the sets of 4 below.

aee beh adg che
bee ceoh ad®h codf
ao f cog dog do f (3.2.9)
bo f bdg doh dde

Any valuation of the variables can only satisfy at most 3 out of the 4 formulas in

each of the rows. Hence, the K-consistency is at most 12.

As a result of Lemma the maximal success probability of any non-contextual
CP (e,®) is 3.

3.3 Functions With a Contextual Advantage

We will give a set of necessary conditions for (2,2,1)-functions f to ensure that con-
textual 1-bit CPs have an advantage over non-contextual 1-bit CPs. We generalise
this statement to (n,i,0)-functions k-bit communication protocols. Lemma tells
us when a contextual CP (e, g) has an advantage over all non-contextual CP’s (¢’, g). To
verify that there is no non-contextual CP (¢’, g’) with the same success probability, it
seems that we need to check the consistency of @, for all g : H;?: A0, 1 x {0, 1} —
{0, 1}°. However, it turns out that we can restrict this set drastically, as only the global

structure of the functions g is of interest for our purpose.

63



Definition 3.3.1. We define the order < onthe set {g : O X ... X 0, —» Z}as g’ < g
if ¢ = g o (hy,...,h,) for some tuple of functions h; : {0,1}* — {0, 1}*. We denote
M_(n, k, 0) as the set of maximal elements of {g : []’,{0, 1}¥ — {0, 1}°} for the ordering
<.

Lemma 3.3.2. Let f be a (n,i,o)-distributed function. The inequality below holds for
any k-bit CCP (a, g, d).

K(g', f)
P a,¢,d) < max -
7(@.8.d) geM(nkoy 2"

Proof. Let g, g’ : O; X ... X O, — Z be functions such that g’ < g and let (a, g, d) be
a CCP. The composition (h o a, g, d) is another CCP. Since g o h = g’. It follows that
PS(a,g.d) = Pi(hoa,g,d) < &0,

Now we derive the inequalities below from Lemma

Pia,g,d)<  max Pi(a,g'.d)
a:{0,1)'x...x{0,1)'—{0,1}°,x{0,1}
2:(0,1)%x...x{0,1}*—{0,1}

K(g'. f)

< in
20,1k x..x{0, 1}k >{0,1} 2!
K(g', f)

geM(nko) 2"

O

Any QCP that violates this bound offers a communication complexity advantage
over all classical protocols, since any classical protocol will need more communication

bits to achieve the same success probability.

Lemma 3.3.3. Let f be a (2,i,1)- distributed function. The inequality below holds for
any 1-bit CCP (a, g, d).

K. f)
pS <
r(@,g,d) < &) 2

Proof. A simple case analysis based on the table below shows that for every g : {0, 1} X
{0, 1} — {0, 1}, one of the following three statements holds:

g<o®
g <A

g=<Vv

The columns of the table show the outcomes of each of the 16 functions in the set
{g : {0, 1} x {0, 1} — {0, 1} for each of the 4 inputs in the first row.
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F anb an-b aANT -aANb TAb a®b aVb -aAN-b a-b TA-b aV-b -aANT -aVb -aV -b

0010 O 0 0 0 0 0 0 1 1 1 1

1 1
01{0 O 0 0 1 1 1 1 0 0 0 0 1 1
10/0 0 1 1 0 0 1 1 0 0 1 1 0 0
1110 1 0 1 0 1 0 1 0 1 0 1 0 1

O O = = =

The rest follows immediately from Lemma[3.3.2]

The result above characterizes the set of (2, i, 1)-distributed functions that admit a
communication complexity advantage for contextual CPs, as a set of constraint satis-
faction problems. We will reformulate this in terms of properties on a set of bipartite
graphs. The graphs provide a visual illustration and allow us to deduce the sets of
formulas ®,r, directly from the functions f and g without working out the possibility
tables for e/*. From the graphs, we derive an explicit characterization of functions f
that allow a communication complexity advantage for contextual CP’s.

Note that for each g, the set @, specified in equation [3.2.4] can be written as the
union {®Y(C)}cepmricy=0 U{P4(O)}cemsic)=1- Where for i € {0, 1}, @4(C) is defined below.

0= \/ & (3.34)
s€&(C)
g(s(C))=i

We will prove this in full generality in Lemma Applying this expression to g =
®, A and V gives us the following formulas:

d)%(ai,bj) =a; © b; ‘I)é;(ai,bj) =a;®Db;
(D?\(ai,bj) = -a; V —|bj (D}\(a,‘,bj) =a; N\ bj
(D(\)/(Cli,bj) = da; A _|bj (Dlv(a,-,bj) = da; \Y bj

For a fixed f : X; X X, — {0, 1} and g, the consistency of a set ®,r, corresponds to
a colouring problem on a tuple of bipartite graphs (G, G}) on the set L = X; U X, of
vertices, where (a;, b;) € e(GF}) iff f(a;,b;) = 0 and (a;,b;) € e(Gjl,.) iff f(a;,b;) = 1. The
colouring problem is defined as follows: one needs to assign a 0 or a 1 to each vertex,
such that for each edge (a;,b;) € e(G?.), the formula d)g(ai, b;) holds and for each edge
(ai, b)) € e(G}), the formula @,(a;, b;) holds.

Example 3.3.5. The pair of bipartite graphs for the function £ : {0, 1}*> x {0, 1}> — {0, 1}
where f(ay,as2,b1,b,) = a; ® by & (ax A by) in Section [3.0.5] is given below, as well as

the derived sets of logical formulas for each of the functions g = @, A, V.
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Dre D p Dy

aee adg | ~aV —e ang | nan-e avg
ae f ad®h | —aVv-f anNh | —manN—f aVvh
boe bef | bV —e bANf | =bA—e bv f
beh beg | -bVv-h bAg | =bA-h bvg
ceog cde -icV g cANe —c N\ g cVe
ceoh c®f | ncV-h cANf | ncA—h cVf
de f d®e | ~dV-f dhe | ~dAN—f dVe
de g deh | ~dV g dNh | =d N —g dVh

To show that the sets are inconsistent, we make the following observations:

e We can find closed loops of edges in G_(} and G}, corresponding to the 4 groups
of formulas [3.2.9] Each of these closed loops contains an odd number of edges
in G}. As a result, any attempt to colour such a subset leads to a contradiction.
Therefore, @ is not satisfiable.

e The set @y, is not satisfiable, as each blue edge forces both vertices in that edge
to be 1, while each red edge forces at least one of the two vertices to be 0. Any
blue edge is connected to a red edge through both of its vertices; hence, neither

of the two vertices can be 1, which is a contradiction.

e For the set @, we can give a similar argument. Now each red edge forces at
least one of the two vertices to be 0, while each blue edge forces both vertices
in that edge to be 1. Each blue edge is connected to red edges through each
of the two vertices; hence, both vertices in the blue edge must be 0, which is a

contradiction.

We generalize the observations above to give a set of necessary conditions for
(2,1, 1)-distributed functions f, for which there is no contextual advantage in commu-
nication complexity. An inversion of the conditions provides neccessary conditions for

functions that allow an advantage for contextual CPs.

66



Lemma 3.3.6. The following three statements are equivalent for a (2, i, 1)—distributed
function f:

1) There exists a non-contextual CP for f with maximal success probability.
2) The function f satisfies at least one of the following three requirements:
i The function f is mod-2 linear: There exist ¢\, ¢, € {0, 1} such that f(a;, b i) =
cia; + cabj(mod 2)¥(a;, b)) € X.
ii The kernel Ker(f) is a product Ker(f) = X| X X} for some X| C X;, X} C X,
iii. The kernel Ker(f) is the complement of a product Ker(f) = X\(X] x X)) for
some X| C X, X), C X,
3) The pair of bipartite graphs (G, G}) satisfies one of the following requirements:
i Any closed loop of edges in e(G(}) U e(G‘lf) has an even number of edges from
each of the two graphs
i If (a;,b)) € e(G(}) then either
e (a,b)) e e(G(})Va; € X, or
* (aib) € e(G(;\)Vb;. X,
iii If (ai, b)) € e(G},) then either
e (a;,b)) € e(G})Va; € X, or
® (a;, b;.) € e(G})Vb;. € X
Proof of Lemma([3.3.6] First, we will prove that 1) & 3). By Lemma/[3.3.3] 1) holds iff

@, is consistent for g = @, g = A or g = V. We show that each of the three cases is

equivalent to one of the three conditions of 3).

1 @4 is satisfiable iff any closed loop of edges in e(G?) Ue(G}) has an even number
of edges from each of the two graphs.
To see that this is true, note that every closed loop in a bipartite graph has an even
number of edges, so it is sufficient to show that there is an even number of blue
edges in each closed loop iff @4 is satisfiable. A blue edge (a;, b;) implies that a;
and b; must have different colour assignments. Since there are only two possible
values, a closed loop with an odd number of blue edges leads to a contradiction.

The result follows.

ii @y, is consistent iff (a;, b;) € e(G}) implies
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o (a),b)) € e(G(;,)Val’. € X,, or
o (a,b) € eGP, € X,

To see this, note that (a;, b)) € e(Gf;.) implies =a; V =b;. If without loss of gener-
ality, for some b;., (ai, b;.) € e(G}), then a; must be 1. Hence, b; must be 0, which
implies that (a}, b;) € e(G?) for all a; € X,. Conversely, we assign 0 to a vertex if
all edges containing the vertex are in G(; We assign a 1 to all other vertices. This

colouring satisfies @,
iii @y, is consistent iff (a;, b)) € e(G}.) implies

e (a,b)) € e(G})Va',i € X, or
e (a, b;) € e(G})Vb’,j € X,

To see this, note that (a;, b)) € e(G}) implies a; V b;. If without loss of generality,
if for some b;., (a,»,b;.) € e(Gf;.), then a; must be 0. Hence, b; must be 1, which
implies that (a},b;) € e(G}.) for all a; € X,. Conversely, we assign 1 to the
vertices such that all edges containing the vertex are in G.; we assign a 0 to all

other vertices. This colouring satisfies @,

Now we will prove that 3) & 2) by showing that the three conditions for each of the

statements are equivalent, respectively.

2)i & 3)i For any closed loop, L = {(a;, b,), (az, by),(az, by), ..., (a,, b,), (a1, b,)}, the
following equality holds for any c;, ¢, € {0, 1}, because each summand appears
twice.

Z cia; + c;bj(mod 2) = 0
(a,‘,hj)EL

It follows that f(a;, b;) = 1 for an even number of edges in this loop iff f is mod-
2-linear. Since the total number of edges in a closed loop of a bipartite graph is

even, this is the case iff there is an even number of edges in G(;. and G},.

2)ii & 3)ii Unfolding definitions shows that 3)ii holds iff the kernel Ker(f) is of the
form | J;e;(a; X X2) U U je,(X1 X a;). This is the case, iff Ker(f) = X| x X for some
X; c X and Xé C X,.

2)iii < 3)iil Let f’ be defined as f” := f @ 1, then 3)ii holds for f” iff 3)iii holds for f.
By the argument above, this is the case iff Ker(f’) = X] x X/, for some X| C X;
and X C X,. The result follows from the observation that Ker(f) = X\Ker(f").

O
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For general (n, i, 0)-distributed functions, we provide an abstract description of the
necessary set of functions that admit a contextual advantage for n-bit communication
protocols. This description is in terms of colourings of sets of directed hypergraphs.

Every (n, i, 0)-distributed function f : X; X... X X,, = Z gives rise to a set of disjoint
directed n-partite hypergraphs {jS}zez- The set of nodes for the hypergraph corresponds
to the set of measurement labels L := U, X;. The set of directed hyperedges for each
graph Gj;. corresponds to {(xi, ..., x,) € X|f(xy,...,x,) = z}. The union of these hyper-
graphs forms a complete n-partite hypergraph on L. For each edge x € G%, we have
a formula q)i,(x) . The K-consistency K(G, @,) is the number of edges of the largest
subgraph G of the complete n-partite hypergraph on L, such that there exists a colouring
c: L —{1,..,2% for which ®@%(x) holds for every hyperedge x of G in Gj;. and for every
z€Z.

Lemma 3.3.7. Let f : X — Z be a (n, i, 0)-distributed function. The following equality
holds forany g : Y — Z.
K(®,5) = K(Gy, Dy)

Proof. We can write the colouring problem of {jS}zez for the formulas {(DZ,} as the
constraint satisfaction problem Uzez{cbi,(x)}xee((;;). This is equivalent to ®,r., as shown
by the equations below. An analogous argument shows that a subgraph of UZGZ{Gj;.}
defines a subset of @,/ and vice versa.

(De/?g = {q)X}XEM
= UzeZ{(Dx}xele(x):z
= Uzezd \/ BsbxeMif )=z

se&EX)|
e‘,f'g (8)=0

:UZEZ{ \/ (ps}xele(x):z

s€E(X)|
8(s(x))=z

= Uez{ O ()} xeMir =2
O

It follows that a function f admits a contextual advantage if the following two con-
ditions are met. In that case, any CP (e, g’) for any e that gives rise to the possibilistic

empirical model e/*¢ attains the maximum contextual advantage.

(1) max <1

K(G f,®g)
gEM(n.k.0) —"
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KG9 is attained by a function g’ such that e/ € is no-

(i1)) The maximum max 57
geM(nk,0)

signalling

3.4 Complexity Bounds From the Contextual Fraction

In this section we explore how the amount of contextuality in a communication protocol
influences its success probability.

In [ABM17]], the contextual fraction of an empirical model was introduced as a mea-
sure for the amount of contextuality. The authors show that an increase in the amount
of contextuality corresponds to an increase in the success probability for probabilistic
quantum protocols in measurement-based quantum computing, as well as for certain
non-local games. Here, we will make a similar argument to show that an increase in
contextuality of an empirical model corresponds to an increase in the upper bound of
the success probability a corresponding quantum communication protocol. We will de-
rive such a bound for the success probability of any k-bit CP (e, g) for a function f,
based on the contextual fraction of e and the K-consistency K(f, g)

We call an empirical model strongly contextual if there exists no global section of
measurement outcomes s € &(L) in the support of e, which is defined as supp(e) :=
{s € E(oc(slc) > 0 VC € M)}. Any strongly contextual model is contextual, but not
vice versa. Furthermore, strongly contextual models correspond to maximal violations
of Bell-inequalities: by Proposition II1.2 of [AH12], if K(f,g) < 1, then the inequality
derived from and empirical model e is only maximally violated by a strongly contextual
model. Hence, if Pfc(e, g) = 1 and @, is not consistent, then (e, g) must be strongly
contextual.

The notion of the contextual fraction of an empirical model e is based on a convex
decomposition e = 1e"¢ + (1 — 1)e5C¢, where "¢ is a non-contextual empirical model
and €%€ is a strongly contextual empirical model. It was proven in [ABT1b] that such a
decomposition always exists, but may not be unique. The non-contextual fraction of
the empirical model e is the maximum possible value A for which such a decomposition
exists. We denote the non-contextual fraction of e by NCF(e). The contextual fraction,
which we denote by CF(e) is equal to 1 — NCF(e). Hence, we can decompose any
empirical model e as e = NFC(e)e"® + CF(e)e5C for some non-contextual empirical

model e¥¢ and some strongly contextual empirical model e5€.

Theorem 1. Let (e, g) be a k-bit CP for a function f, such that e’*8 is no-signalling. We
have the following bound on the success probability of (e, g)

NCF(e)(X| - K(f,2))

v(e,8) X

70



Proof. We know that PS5 (eVC, g) < %, while P5(e5€, g) < 1. Following [ABM17][Theorem
4], we can bound the probability of failure 1 — PS for an arbitrary protocol based on the
amount of contextuality, as derived below. The inequality shows that one can improve

the bound on the failure of a protocol by increasing the amount of contextuality

1= PS(e.g) = 1 - (NCF(e)P’ (", g) + CF(e)P* (¢°C, 9))

K(f, )
> - (NCF(e)T + CF(e))
=1~ (NCF(e) K(I;C(’Ig) +(1 - NCF(e)))
= NCF(e) - NCF(e) Kg("g )
_ NCF@(XI - K(f,9)

X
O

When the non-contextual fraction is 0, the upper bound for the protocol is 1. If
the non-contextual fraction is bigger than 0, and K(f,g) < |X|, the upper bound is
strictly smaller than 1. It follows that if we want to improve the success probability of a
protocol, we need to decrease the non-contextual fraction, which means increasing the
contextual fraction. We conclude that contextuality is the resource that enables quantum

protocols to achieve an advantage in communication complexity.
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Chapter 4

Constructing Symmetric Monoidal
Bicategories Functorially

We turn our attention away from contextuality to study the nature of general quantum
protocols. Our aim is to develop the mathematical foundation proposed by the au-
thor in [Wes13] for the higher categorical semantics for quantum protocols introduced
in [Vic12].

Specifically, we will establish the existence of a symmetric monoidal structure for
bicategories underlying the semantics, and functors between them. This allows for the
description of compound and parallel protocols and guarantees that compound proto-
cols are preserved by transformations between different models. The definition of a
symmetric monoidal bicategory [GPS93, Gur06, KV94b, KV94a, BN96, |DS97, (Cra98,
McC00, |Gur] is time-consuming to verify in any example, let alone a monoidal pseudo
functor, monoidal transformation or a monoidal modification. Double categories, on
the other hand, are hardly more difficult to construct than symmetric monoidal cate-
gories. Therefore, we make use of the method developed in [ShulQ] to construct sym-
metric monoidal bicategories from symmetric monoidal double categories and extend it
to pseudo functors, pseudo natural transformations and modifications. The main result

of [Shul0] is the following theorem:

Theorem (Theorem 1.2 of [ShulO)). If D is a fibrant monoidal double category, then
its underlying bicategory L(D) is a monoidal bicategory. If D is braided or symmetric,
so is L(D).

In this chapter, which is based on joint work with Michael Shulman, we improve
and extend this theorem to the one below. We make use of locally cubical bicategories,
which are bicategories enriched in the bicategory Dbl of double categories. This is
the simplest higher categorical structure containing monoidal bicategories, monoidal

pseudo functors, monoidal pseudo transformations and monoidal modifications.
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Our result provides a method for constructing pseudofunctors, pseudo transfor-
mations and modifications between bicategories from their double categorical counter
parts. The construction preserves all different kinds of composition possible in a locally

cubical bicategory, as well as any braided, sylleptic and symmetric monoidal structure.

Theorem 4.0.1. IfD is a monoidal double category, of which the monoidal constraints
have loosely strong companions and conjoints, then its underlying bicategory L(D) is
a monoidal bicategory. If D is braided or symmetric, so is L(D). Furthermore, the
assignment L extends to a functor of locally cubical bicategories, which preserves all

monoidal structures as well as compositions.

There are three versions of this result, depending on whether the functors and trans-
formations are chosen to be lax, colax, or strong with respect to the monoidal structure.
In fact, we derive the more abstract result that any product preserving functor of locally
cubical bicategories preserves all braided, sylleptic and symmetric monoidal structure.

In §4.1) we review the definition given in [ShulO] of fibrant symmetric monoidal
double categories and their loose bicategories. In addition, we define symmetric monoidal
pseudo double functors and transformations. In we show that £ forms a product-
preserving functor of locally cubical bicategories. In §4.3|we define monoidal structures
abstractly on the elements of a locally cubical bicategory and show that monoidal ob-
jects and higher cells form a new locally cubical bicategory. The abstract notions gen-
eralise simultaneously the locally cubical bicategory of monoidal bicategories, as well
as that of monoidal double categories. We prove that any product-preserving functor
of locally cubical bicategories preserves all monoidal structures. We apply this result
to the functor L to derive a functorial method for constructing braided and symmetric

monoidal bicategories, pseudo functors, pseudo transformations and modifications.
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4.1 Fibrant Symmetric Monoidal Double Categories

In this section, we recall notions of fibrant monoidal double categories and their cor-
responding bicategories from [ShulO]. We define braided, symmetric and monoidal
double functors as well as braided, symmetric and monoidal transformations between

them.

Definition 4.1.1. A double category D consists of the following elements:

e A pair of categories Dy, Dy,
e A unit functor U: Dy — D,

e A source and target functor §,T: D; = Dy

e A composition functor ©: D Xp,D; — D; from the pullback over D, l) Dy <S—

Dy, that satisfies S(Uy) = A, S(MON) = SN, T(Uy) = A, TIMON) =TM,
naturally.

e Natural isomorphisms called the associator @ : (MON)® P Mo (NOP), the
left unitor A : UgO M = M, and the right unitor p : M © Uy = M, such that
S(@), T(a), S(1), T(A), S(p), and T (p) are identities, which satisty the coherence
axioms

Let’s unfold this definition. The double category contains objects or 0-cells, which
are the objects of Dy; tight 1-morphisms f: A — B, which are the morphisms of Dj;
loose 1-cells M: A + B, corresponding to the objects M of D; with S(M) = A and
T(M) = B; 2-morphisms, which correspond to a morphism @: M — N of D; with
S(@)=fand T(a) = g.

A B
7l owe s 4.12)

C—=+D
We distinguish two different ways in which elements of a double category can be com-
posed: tight composition, "o’ of tight 1-morphisms A N B -5 Candof 2-morphisms
M-5N R P, given by composition in the respective categories. We write tight com-
position as g o f and 8 o @, or sometimes just gf and Sa; loose composition, ©’ of

1-cells and 2-morphisms, which we write as A Y ci=aBd Cand
l 4 oo l::l b l % l
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Tight composition is strictly associative and unital, while loose composition is only
weakly associative and unital. Tight and loose composition of 2-morphisms obey an

interchange law, by the functoriality of ©:
(M © M) o (N1 © Np) = (M o Np) © (M3 o Ny).

Every object A and every loose 1-cell has a tight identity 14 and 1,,, respectively. This
is the respective identity morphism in Dy and D;. Every object A and every tight 1-
morphism f has a loose unit Uy, Uy. These are the images U(A), U(f), respectively.
By funtoriality of U, we have the equality 1, = U,,.

Example 4.1.3. There is a double category Mod where the objects are rings, the tight
I-morphisms are ring homomorphisms, the loose 1-cells are bimodules, and the 2-
morphisms are equivariant bimodule maps. Its loose bicategory Mod = L(Mod) is

the bicategory of rings, bimodules and bimodule homomorphisms.

Example 4.1.4. There is a double category Prof where the objects are categories, the
tight 1-morphisms are functors, the loose 1-cells are profunctors (a profunctor A + B

is a functor B” X A — Set), and the 2-morphisms are natural transformations.

Sometimes it is useful to draw the Poincaré dual of the diagram [Myel6]. In these
diagrams, the regions are objects, the vertical lines are 1-cells, the horizontal lines are
I-morphisms and the boxes are 2-morphisms. Below we depict loose and tight compo-

sition of 2-cells.

Loose composition Tight composition

Every double category D has a loose bicategory L£(DD) consisting of the objects,
loose 1-cells, and globular 2-morphisms, which are 2-morphisms (.1.2)) where f and g
are identities. In the literature, this is often called the “horizontal” or “vertical” bicat-
egory of a double category, depending on the direction in which the loose 2-cells are
drawn. We have chosen to use the terms ’loose’ and ’tight’, to avoid any confusion that

may arise from different diagrammatic conventions.
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The diagrams corresponding to the loose bicategories have all the elements of the
diagrams for double categories, without the horizontal lines. They correspond to the
ones given in Equation [I.2.3] which generate the calculus for monoidal bicategories
described in [BMS13]].

Definition 4.1.5. Let D and E be double categories. A pseudo double functor F: D —

E consists of the following elements:

e Two functors Fyy: Dy — Eg and F;: D; — E,;, which satisfy S o F; = Fy0o § and
T0F1 :FOOT.

e Two globular natural isomorphisms F: FiMOF|N — Fi(MON)and Fy: Upa —
F1(U,), which satisfy coherence axioms §.1.20]

Composition of pseudo double functors is strictly associative and unital; hence,

double categories form a category, which we denote by Dbl.

Definition 4.1.6. A tight transformation between two functors @ : F - G : D —» E
consists of two natural transformations ag: Fg — Gy and «,: F; — Gy, such that
S(ay) = asy and T(ay) = ary, which satisty the following equality for all 1-cells
M: A- B, N: B-» C and for each object A.

FAEM RN, pC FALM pp Y pC FA— L FA FA—Y2 L FA

T A e T e R
FA —FWomy— FC = GA Y4 GB = GC FA—FUy—FA = GA—Us— GA
S T S R o PR
GA G(NwGC GA G(NwGC GA—G(bTGA GA—&TGA.

We often drop the subscript and write « for either component of a tight transfor-
mation @, a;. We write Dbl for the 2-category of double categories, functors, and
transformations.

Now, we recall the definition of a monoidal double category given in [ShulO].

Definition 4.1.7. A monoidal double category is a double category D, equipped with
the following data:

e A functor ®: D X D — D, called the tensor product.
e A functor /: * — D, called the unit.

e Invertible tight transformations

a:®o(IldxX®) » @o(®@x1d),r: ®o(IdxI) —» Id, 1 : ®o (I xId) — Id, satisfying
axioms [1.2.1land [1.2.2)

76



A braided monoidal double category is a monoidal double category with a braid-
ing isomorphism s : ® — ® o7, where 7: D X D = D X D is the functor that maps
AX B+ BXAand f X g~ gXxf. The braiding o must satisfy the usual coherence
axioms

A symmetric monoidal double category is a braided monoidal double category

where the braiding is self-inverse.

Unfolding the definition tells us that a monoidal double category consists of two
monoidal categories Dy and Dy, such that U, is the monoidal unit of D 1[], the functors
S and T preserve the associativity and unit constraints and are strict monoidal, i.e.
SM®N)=SM®SNand T(M ® N) =TM ® TN, and we have globular isomor-

phisms derived from ®; and ®;
1 (M ® N))© (Mz ® Ny) — (M; © My) ® (N} © Ny)

and
u: Upgp — (Us ® Up)

such that the diagrams below commute.

(M ®N) O (M, ®N,)) 0 (M;® N3)xgd((M1 O M>)® (N O N>)) © (M3 ® N3)

| |

(M ® N1) © (M ® N,) © (M3 ® N3)) (M, © M) © M3) ® (N, © N,) © N3)

idoxl aoal
(M} ® Ni) © (M, © M3) ® (N, © N3)) =, (M, © (M, © M3))® (N, © (N, ©N3))

4.18)

(M&N) 6 Ucp idowu (M&N)o (Ue ® Up)
rJ *J 4.1.9)

M&N rer (Mo U:)® (N Up)

Unes © (M ® N) uoid (U, ® Up)© (M®N)
IJ xJ (4.1.10)

M&N tol (Uy 0 M)® Uz © N)

'Tt is sufficient that U is isomorphic to the monoidal unit of D;. However, we can choose the unit
isomorphism Iy : U, Iy = Ip, of the functor / : * — D to be an identity, which makes U, the monoidal
unit.
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(M, ® N))® P) © (Ms ® Ny) ® P2) “25 (M, ® (N, ® P) © (Ms ® (N> ® Py))

(|
(M, ® N1) © (M, ®N,)) ® (P © P»)
x®idJ

|

id®xl

(M ©M>)® (N, ® P1) © (N2 ® P,))

((Ml®M2)®(N1®N2))®(P1®P2)i’(Ml®M2)®((N1®N2)®(P1®P2))

Uaype
Uepec — Uss(ssc)
uJ uJ
Uaep ® Uc Us ® Upsc
u®idJ id®uJ
(Up® Up) ® Ue B0 Us Ve Uy ® (U ® Uc)
(Me U)o (NeU) * (Mo N)® U, 0 U)
Pum QPMJ id®,0u,l
MON PN (MoN)® U,
Uaser = Us® U,
pa JPUA
Ua
(U; ® M)© (U; ® N) : (U; 0 Up) ® (MO N)
/IMQ/INJ /lU,®idJ
MoN Ao U;® (Mo N)
Uisa 1 U Uy
0 J/lUA
Uy

(4.1.11)

(4.1.12)

(4.1.13)

(4.1.14)

(4.1.15)

(4.1.16)

Equations {4.1.8] 4.1.9] and .1.10] express that ® is a pseudo double functor; equa-

tions 4.1.11| and 4.1.12| express that « is a tight transformation of double categories;
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equations4.1.13[4.1.14,4.1.15/and 4.1.16|express that the unit isomorphisms for ® are

transformations of double categories.

Similarly, a braided monoidal double category is a monoidal double category that
consists of two braided monoidal categories Dy and Dy, such that the functors S and T
are strict braided monoidal and the diagrams below commute. These equations express

that the braiding is a tight transformation of double categories.

(M, © My) ® (N, © Ny) . (N1 © Ny) ® (M, © M)
34 x‘ 4.1.17)
(M, & Ny) © (My ® Ny) 2Os (N ® My) © (N> ® My)
Uy ® U = Uses
sﬂ UB‘ (4.1.18)
Up® Uy = Upen

Finally, a symmetric monoidal double category is a braided monoidal double cate-
gory, such that Dy and D; are symmetric monoidal.
We now move on to define functors and transformations of monoidal double cate-

gories.

Definition 4.1.19. Let D, E be (braided/symmetric) monoidal double categories. A
(braided or symmetric) lax monoidal double functor F : D — E is a pseudo double
functor F, together with transformations ¢ : ® o (F, F) - Fo®and ¢, : Iy = Fo Iy
satisfying the usual axioms for (braided/symmetric) monoidal functors with respect to
.

Unfolding the definitions tells us that Fy and F; are (braided/symmetric) monoidal
such that Fyo Sp = Sgo Fy and Fy o Tp = Ty o Fy are strict equalities of monoidal

functors and the diagrams below commute.

(FN® FL)® (FM ® FK) $0¢ FIN®L)O F(M ® K)
3 Fo
(FNOFM)® (FLO FK) FIN®L O (M®K)) (4.1.20)
FooFs | , F&|
FINOM)® F(LOK) F(NoM)® (LoK))
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Uy

Urasrs Uren)
ul FUJ
Ura® Urp F(Usgs) (4.1.21)
FM®FMJ Foul
F(Us) ® F(Up) F(Us® Up)

These diagrams express that ¢ is a transformation of double categories. When the nat-
ural transformations are in the opposite direction, the functor is colax monoidal, and

when they are isomorphisms, the functor is strong monoidal.

Definition 4.1.22. Let D, E be monoidal double categories and let (F, ¢), (G,¢) : D —
E be monoidal double functors. A monoidal transformation ¢ : F — G is a tight
transformation such that @, and @; are monoidal natural transformations. Explicitly,

this means (in the lax case) that the following equalities hold:

FM® FN FM® FN
FA® FB FC®FD FAQFB—+——— FCQ®FD
ba.B U dun bc.p ) ® ap Jay®ay ac®ap
F(M®N) GM ® GN
FA®B) —+——— F(C®D) = GA®GB —+— GC®GD
AAeB U apen QoD YaB U¥mn Yep
GM®N) GM®N)
GA®B) —+— G(C®D) GA®B) ——+— G(C® D)
(4.1.23)
U
Is IIE Iz
U,
¢uo 'U' ¢u1 ¢u1 IE f IE
F(UID)
F(Ip) = F(lp) = Yu Uy, Y (4.1.24)
o U ay, aj G(I, : G(I.
D U, D (Ip) G(U[D) ( D)
G(Ip) i G(Ip)
(Un,)

A braided or symmetric monoidal tight transformation is a monoidal transfor-

mation between braided/symmetric monoidal functors.
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It is straightforward to verify that we have various 2-categories of monoidal double
categories, depending on whether we take the objects to be braided, symmetric, or
neither, and whether the morphisms are lax, colax, or strong.

The loose bicategory of a (symmetric) monoidal double category will in general not
be symmetric monoidal, as the monoidal constraints are tight isomorphisms, which are
discarded. In order to preserve (symmetric) monoidal structure, we need an appropriate
way to turn such constraints into loose 2-cells. The following definition was given
in [ShulO] for this purpose. The form of this definition is due to [GPO4, IDPP10],
but the ideas date back to [BS76]; see also [BM99, [Fi007]. In the terminology of these
references, a connection on a double category is equivalent to a strictly functorial choice

of a companion for each tight arrow.

Definition 4.1.25. A companion of a tight 1-morphism f: A — B in a double category
D consists of a triple (f, €7, 17), where f: A - Bis aloose 1-cell and €7, 17 are
2-morphisms of the form depicted below.

f Ua
— —
fl lej ‘ and H Uny lf

—
Uy f

This data needs to satisfy the equalities below.

’ Ua f f
H ” lf oy P
iUUflf H Un,er ‘ = H Uy H (4.1.26)
fJ/ Uef ‘ S N —
/o Us f

A conjoint ( f s €717 of f, 1s a companion of f in the double category D'°P_ This is
the category C, with all loose 1-cells in the opposite direction; hence, f is of the form
B+ A.

Note that the second equation in (4.1.26) requires an additional unit; we have left it

out as we assume the double categories to be strict.

Definition 4.1.27. A double category is fibrant if every tight 1-morphism has a com-

panion and a conjoint.

In [ShulO], it was shown that companions and conjoints give rise to a lifting
from tight double transformations to loose 1-cells, which is unique up to isomorphism,
canonical and coherent. We recall four lemmas, which we will use to prove that if D has
sufficient companions and conjoints, the assignment £ : D — £(D) lifts the monoidal

structure functorially. These lemmas all have dual versions for conjoints.
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Lemma 4.1.28. Let f: A-» Band f': A- B be companions of f (that is, each comes

equipped with 2-morphisms as in [Definition 4.1.25|). Then there is a unique globular

isomorphism 6; 4, : f = f” such that

Ux
—
|t |7 a
—f— —
H U6 H = fl Wy lf (4.1.29)
—f— >
fl Uep ?
Up

We will often use this type of unique isomorphism, which we call a #-isomorphism.

Lemma 4.1.30. Suppose that f: A — B has a companion f and g: B — C has a

companion §. Then § ® f is a companion of gf.

Lemma 4.1.31. Let F: D — E be a functor between double categories and let f: A —
B have a companion f in D. Then F(f) is a companion of F(f) in E.

Lemma 4.1.32. If f: A — B is a tight isomorphism with a companion f, then f is a

conjoint of its inverse .
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4.2 From Double Categories to Bicategories

In [ShulO], it was shown that the assignment £ : D +— /(D) on fibrant double cat-
egories gives rise to a trifunctor between the tricategory of double categories and the
tricategory of bicategories. In this section, we show that it is in fact a functor of lo-
cally cubical bicategories. A locally cubical bicategory is a bicategory enriched in the
2-category Dbl of double categories, double functors and tight transformations. In con-
trast, a tricategory is a bicategory enriched in the bicategory Bicat, which is a more
complex structure, due to the additional coherence equations of the hom-bicategories.
In order to maintain consistency with the notation for double categories, we write
the horizontal composition functor for bicategories as ©. We make use of Theorem 4.1
and Theorem 4.6 of [ShulOl], which we recall below. Here, Conj(L(D), L(E)) is the
bicategory of pseudo functors from £L(D) to L(E), conjunctional transformations and
modifications. As discussed in Section[1.2.2] conjunctional transformations are merely
lax natural transformations with a canonical choice of adjunction in the horizontal direc-
tion. When the tranformations are isomorphisms and the adjunctions are equivalences,

this extra structure provides an explicit description of canonical horizontal inverses.

Theorem (Theorem 4.1 of [ShulOl]). IfD is a double category, then L(D) is a bicate-
gory, and any functor F: D — E induces a functor L(F): L(D) — L(E). In this way
L defines a functor of 1-categories Dbl — Bicat.

Theorem (Theorem 4.6 of [ShulO]). IfD is a double category and E is a double cate-
gory with chosen companions and conjoints for all transformations, we have a functor

of bicategories

Dbl(D, E) — Conj(L(D), L(E))
F — L(F)

a b (&< a).
Moreover, if a is an isomorphism, then & < & is a pseudo natural adjoint equivalence.

In this result, the 1-category Dbl(D, E) is regarded as a bicategory with only identity
2-cells. The colax transformation & is defined below, which has 1-cell components of

the form &4 = @,.

Upa Ff ap

H Una, (IJC Uay s Ueay

‘ (4.2.1)
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The lax transformation & is defined using the data of the conjoint instead of the com-
panion. All structure isomorphisms are constructed from the unique canonical isomor-
phisms between different companions of the same 1-morphism, Lemma #.1.2§]

While the theorem above relies on a choice of companions and conjoints, the result-
ing functor is unique up to equivalence, as shown in [Shul0, Theorem 4.8].

If the images & < & are pseudo natural adjoint equivalences, this pseudo functor can
be upgraded to a functor of locally cubical bicategories. It is not sufficient for the images
to be conjunctional transformations, as the interchange law does not hold strictly in this

case. Therefore, we introduce the following definition.

Definition 4.2.2. We will say that a transformation « in Dbl has loosely strong com-

panions and conjoints if @ is a pseudo natural adjoint equivalence.

We write Dbl for the sub-2-category of Dbl containing the double categories, all
functors between them, and only transformations with loosely strong companions. For
the construction of (braided or symmetric) monoidal bicategories and pseudo functors,
we only require the monoidal constraints to have loosely strong companions. As such
constraints are isomorphisms by definition, this merely amounts to the existence of
companions and conjoints for the monoidal constraints.

We are now ready to prove that £ lifts to a functor of locally cubical bicategories.
The definition of a locally cubical bicategory can be found in [GGO9]]. It can also be
derived as a bicategory enriched in the monoidal 2-category Dbl. The 2-category Dbl

has finite products, which gives the monoidal structure.

Definition 4.2.3. Let V be a monoidal 2-category. A “V-enriched bicategory B consists
of the following elements:

e A collection of objects B = {A, B, C, ...}

For each two objects A, B of B, an object B(A, B) of V.

For each three objects A, B, C of B, a 1-cell o : B(B,C) @ B(A, B) — B(A,C) of
V.

For each object A of B, a 1-cell
Iy : 1 — B(A,A) of V, where 1 is the initial object of V.

For each four objects A, B, C, D of B, a 2-cell of V, depicted below.
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B(C,D)®B(B,C)®B(A, B)idﬁ?B(C, D)®B(A,C)

°0® idJ Ua Jo
B(B.D) ® B(A. B) B(A. D)

e For each two objects A, B of B, a natural isomorphisms

1 ® B(A, B) BA.B)® 1
Iy ®id N de I, N
A Ulp
B(B,B)®B(A, B) — B(A, B) B(A, B) ® B(A,A) — B(A, B)

This data needs to satisfy the usual axioms for bicategories from Section[1.2.2]

When we apply the definition above to Dbl, we see that a locally cubical bicategory
has objects, hom-double categories of 1-morphisms, tight 2-morphisms, loose 2-cells,
and 3-cells, which fit in a square of tight and loose 2-cells. We have double functors o,
14 and tight isomorphisms a, p, 4.

Note that a locally cubical bicategory with one object is precisely a monoidal double
category in the sense of and thus the explicit description of the coherences in{4.1|can

also be applied here. We will primarily be concerned with the following two examples.

Example 4.2.4. Any category can be regarded as a double category in the loose direc-
tion, with only identity tight morphisms and identity 2-cells. (Note that this is a strict
double category, not a pseudo one.) This operation preserves products, and thereby
any strict 2-category can be regarded as a locally cubical bicategory. Therefore, we
can regard the 2-category Dbl as a locally cubical bicategory in this way; thus it has
only identity tight 2-cells and identity 3-cells. We write Dbl for this locally cubical
bicategory.

Example 4.2.5. By [GGO09, Corollary 12], there is a locally cubical bicategory Bicat
defined by the following data:

e Its objects are bicategories.
e Its morphisms are functors.

e Its loose 2-cells are pseudo natural transformations.
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o [ts tight 2-cells are icons.

e Its 3-cells are cubical modifications as defined in [GGQ9, Definition 13].
‘We recall the definition of a cubical modification.

Definition 4.2.6. Let F,G,H,K : D — & be pseudo functors; let @ : F = G, 8 :
H = K be pseudo transformations; lety : F = H, 6 : G = K be icons. A cubical
modification
FSG
YT s
H=K
B

is given by a family of 2-cells 'y : @4 = B4 such that for every 1-cell f : A — B of D,
the following equality holds.

FA:];FB:>GB FA:];FB:>GB

FA A GA =5 GB HA:»HB:»KB

I I g, Vo1 kr |l
HAéKA:f;KB a2 ka 2L kg

4.2.7)

The double functor id, : * — Bicat(A, A) maps the cells in the trivial bicategory
* to the identity cells and morphisms of Bicat(A, A). The double functor o is defined
on functors of bicategories by composition. On pseudo transformations and icons it is

given by the Godement product. On cubical modifications it is defined below:

G(a))
FFA:>GFA:>GG’A
U FF’A U 6&}\

Bra K(CY;‘)

HF'A — KF'A — KG'A

= VKT,

Brra K(5'A)
HH'A— KH'A — KK'A
Functoriality follows from naturality of the icons. Note that there are several canon-
ical ways to define this composition on cubical modifications, by choosing different
versions of the Godement product.
Now, we can similarly obtain the notion of functor between locally cubical bicate-

gories from the definition of a ‘V-enriched functor between V-enriched bicategories.
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Definition 4.2.8. Let V be a monoidal 2-category. Let B, € be V-enriched bicategories.
A “V-enriched functor F : B — € consists of the following data:

(i) An assignment on objects that sends each object A of B to an object FA of €.
(i) For each two objects A, B of B, a 1-cell B(A, B) — C(F(A), F(B)) of V.
(iii) For every triple of objects A, B, C of B, a 2-cell of V

Bo

/\

BA,B)®B(B,C) o= C(F(A), F(C))

\_/

o(F, F)

(4.2.9)
(iv) For every object A of B a 2-cell of V
Id4
* C(A,A)
U ¢y = J
IdF(A) F
B(F(A), F(A) 42.10)

(v) The usual coherence diagrams, Definition 10 of [Gurl3] commute.

When we apply this definition to the monoidal 2-category Dbl, we see that a functor
of locally cubical bicategories F consists of a map of objects A — FA; pseudo double
functors B(A, B) — C(F(A), F(B)) for each two objects A, B; and tight transformations
¢ for each two objects A, B of B, and ¢, for every object A of B.

The following result is an extension of Theorem 4.9 of [ShulOl], which shows that

the trifunctor that arises from £, is in fact a functor of locally cubical bicategories.
Theorem 4.2.11. There is a functor of locally cubical bicategories L: Dbly — Bicat.

Proof. Since any pseudo functor can be seen as a double functor between double cat-
egories with only identity tight 1-morphisms, each pseudo functor £ : Dbl(D,E) —
Bicat(LD, LE) corresponds to a pseudo double functor £ : Dblg(D, E) — Bicat(LD, LE).
Consequently, the first two requirements in [Definition 4.2.8| are satisfied by Theorems

M.2]and 4.2] The third requirement amounts to the existence of a tight transformation

¢: B+ & =B *afor every pair of transformations with loosely strong companions

F H
TR T

87



such that

1 trorr — 1n = 1p ya x 68— (7 % &) o (& * )
l o and ] I (4.2.12)
1 stor) — 1o * 15 Y& * 68— (y * 8) o (@ * B)

commute. Here, we use the ’Godement product’ * of 2-cells in Dbl.
Now by Lemmas 4.1.30| and 4.1.31}, (8 * @), = Bga o H(@,) is a companion of
(B * @)a = Bga o H(ay). Therefore, we take the component (¢, )4 to be

2N

BoaoH(@a), Bray

As the other morphisms in the diagrams above are also #-isomorphisms, the equations
hold by uniqueness of #-isomorphisms. For the tight transformation ¢, we can simply
take the identity, since £ is strictly unital. The coherence equations hold by uniqueness

of f-isomorphisms. O

Remark 4.2.13. Alternatively, one can show that, £ lifts tight transformations with
companions to oplax transformations. If their images under £ are in fact pseudo natural
transformations, £ is a functor to the locally cubical bicategory Bicat of bicategories,
pseudo functors, pseudo natural transformations, icons and cubical modifications. For
further details, see [HS19].

Our goal is to enhance this functor to act on “monoidal objects”. We do so, by
defining the monoidal structure of objects and higher cells in a locally cubical bicate-
gory using the cartesian product of Dbl and Bicat, in such a way that any functor that
preserves this product will preserve the monoidal structures, in a functorial way. We
show that £ preserves products and hence gives rise to a functor of the locally cubical
bicategories of monoidal objects and higher monoidal cells.

In general, if V is a monoidal 2-category with strict 2-categorical finite products
(such as Dbl), we say that a V-enriched bicategory B has finite products when for
each two objects C, D € B there is an object C X D with projections C X D — C and
C X D — D (i.e. morphisms I — B(C X D,C) and I — B(C X D, D) in V) inducing an

isomorphism in V' (not merely an equivalence):
B(A, C x D) = B(A, C) x B(A, D) (4.2.14)

and similarly there is a strict terminal object * such that B(A, %) is strictly terminal in V
for all A. This holds for Bicat and Dbl, because cartesian products of bicategories and
double categories are simply componentwise, and all the morphisms in Bicat and Dbl;

are defined in terms of data in their targets.
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Similarly, we say that a functor of V-enriched bicategories preserves products
if it takes the terminal object to a terminal object and pairs of product projections A «

A X B — B to pairs of product projections (in the above strict sense).

Theorem 4.2.15. The functor of locally cubical bicategories L : Dbly — Bicat pre-

serves products.

Proof. Since L merely forgets a part of the double categories and double functors, we
have simple equalities L(DXE) = £(D)x L(E), and the product projections are likewise

preserved. The case of the terminal object is likewise easy. O

89



4.3 Monoidal Objects in Locally Cubical Bicategories

In this section, we define abstract monoidal, braided, sylleptic and symmetric objects
and higher cells in a locally cubical bicategory and we prove that the symmetric, syllep-
tic or braided monoidal cells in a locally cubical bicategory 8 form a new locally cubical
bicategory. Furthermore, we show that any functor of locally cubical bicategories that
preserves finite products, preserves the monoidal structures.

The abstract definitions generalise the notions of monoidal, braided, and symmetric
structure for bicategories, pseudofunctors, pseudo transformations, icons and cubical
modifications [Gurl3l|GG09, McCO00]. The monoidal constraints and coherence axioms
are reformulated in equational form, instead of the explicit definitions in terms of 2-cell
composites in the target bicategory. Note that certain constraint 2-cells are suppressed
in [Gurl3, McCO00, IGG09]] to simplify notation. In the equational form below, this
cannot be done, which leads to coherence-equations that look more intimidating, but
are in fact not more complicated than their bicategorical counterparts. We give the
coherence axioms for monoidal objects, 1-cells, 2-cells, icons and 3-cells explicitly,
but leave the axioms for braided, symmetric and sylleptic monoidal structures as an
exercise for the reader. For monoidal objects, 1-cells and 2-cells, the coherence axioms
live entirely in the loose bicategory of the hom double category, since all the tight 2-cells
are identities. Therefore, we write them with ordinary bicategorical pasting diagrams,
leaving out the identity 2-cells.

Before we give the definitions of monoidal cells, we unfold the structure of a locally
cubical bicategory and fix our notation. In addition to objects, locally cubical bicate-
gories have 4 different elements, which together form the hom-double category. We
call the objects, loose 1-cells and 2-morphisms of the hom-double category ’1-cells’,
"2-cells’ and *3-cells’, respectively; the tight 1-morphisms are called ’icons’, after the
icons between pseudofunctors. The structure contains three types of composition. We
will adopt the notation introduced for intercategories [GP14]], of which locally cubical
bicategories are a special case. Firstly, we have loose composition “e” within the hom-
double categories. This gives us composition of loose 2-cells along a 1-cell boundary
and of 3-cells along a tight 2-cell boundary. We write this composition in the order of di-
agrammatic composition: a e 3, meaning “f after «”’. We write Id s and 1d,, for the loose
identity on a 1-cell f and a tight 2-cell @, respectively. Loose composition is weakly
associative and loose identities hold up to isomorphism. We denote the associator, left
and right unitor for e by a®, r*, [°, respectively. Secondly, we have tight composition *-”
in the hom-double categories. This gives us composition of tight 2-cells along a 1-cell

boundary and tight composition of 3-cells along a loose 2-cell boundary, written in the
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conventional order: f - g denoting “f after g”. We write 1, and 1,, for the tight identity
on a 1-cell f and a loose 2-cell @, respectively. Tight composition is strictly associative
and has strict identities. Thirdly, there is composition “o” of 1-cells, 2-cells, and 3-cells
along a O-cell boundary, given by the enriched structure. We write this composition in
the conventional order: f o g meaning “f after g”. When it is clear from the context, we
omit the composition symbol “o”, and write the juxtaposition of 1-cells instead. The
identities for this composition are denoted by “id”. We denote the associator, left and
right unitor for o by a°, r°, [°, respectively. We write “-e> " to denote 1-cells, “-#>" to
denote the loose 2-cells, “=" to denote the tight 2-cells and “=" to denote 3-cells.

For readability, we will strictify the hom-double categories, as we did with the dou-
ble categories in Section except where we prove that this structure is preserved by
monoidal cells. As a consequence, we omit the associativity and unit constraints for o
and - in various places. Furthermore, we restrict our attention to locally cubical bicat-
egories where composition of 1-cells along 0-cells is strict, while it is weak on higher
cells. This is sufficient for the cases of bicategories and double categories.

Let B be a locally cubical bicategory with products and strict composition of 1-cells

along O-cells.

Definition 4.3.1. A monoidal object in B is an object A, equipped with 1-cells ® :
AXA - Aandl, :* <> A, and 2-cells

e a:®(®xid) ® ®(1dX®)
e [:® (I xid)i, =® id and r :® (id x I)i; = id

where * is the terminal object of Bandi; : A - A X%, i, : A — % X A are the
embedding morphisms defining the products A X * and * X A, respectively. For read-
ability, we will omit the functions i; and i,. Finally, it must be equipped with the invert-
ible globular 3-cells m, u, A, p depicted below, which generalise the Mac Lane pentagon
and the three other coherence diagrams given in Definition 4.1 of [Gurl3]. The hor-
izontally drawn equality is added for readability. These 3-cells must satisfy the three
axioms [B.0.1} [B.0.2[B.0.3] which generalise the coherence axioms for monoidal bicat-
egories [Gurl3, Definition 4.1].

Id(a x Id) ald Id(Id x )
Q(® X id)(® X id X id) —#> @(® X id)(id X ® X id) —#=> ®(id X ®)(id X ® X id) —#=> Q(id X ®)(id X id X ®)

| Yr H (4.3.2)

1d 1d
8(® x id)(® x id x id) —8> @(id X &)(® X id X id) = @(® x id)(id x id X &) —8> ®(id x ®)(id X id X ®)
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1d
8(® X id)(id X I X id) ———8——— &(id x ®)(id x I X id)

\
/

®([®(d x I)] x id) ®(id x [®(I x id)])
#1406 x10) 1 x ) @ (4.3.3)
®(id x id) ®(id x id)
\ . /
® o ®
Id(/ x Id)

®® x id)(I x id x id) =—= @([®(I x id)] X id) =——#——> &(id X id) =—r————— id®

[ ¥ | @34
. o ald . L . d
®(®@ X id)(I x id X id) —#=> ®(id X ®)(I X id X id) ——= (I X id)Q ——8——> id®
Id(Id x r~ 1)

id ———— ®(id X id) ——@&——> ®(id X [®(id X I)]) ®(id X ®)(id x id x I)

I ¥ [ (4.3.5)
r1d . L . ald . 5 .
dg ———8——> Q(Id X N® —— Q@ xid)(id X id x I) —#=> Q(id X ®)(id x id x I)

A monoidal object is braided if in addition it is equipped with a loose 2-cell o4 :
® =® 1, where 7 : A X A — A X A interchanges the two copies of A; and if there are

invertible globular 3-cells

1d ; 1d ~
8(® x id) ——8—> (id x ) —a—> eridxe) — _ S&Xid G (id x ®)

7((id x id)  id)) ((id x id) x id)
Yr | (4.3.6)
. . ®(® X id) ®(id X ®) ®(id X ®1)
BEXID T8 PO T daxid) xid) gy (r(id x id) X idyg gy o x id) x id)
. a”! gy 1 . eidx®) o'l g@xid)
8lid x @) —8—> 8@ xid) =—8—> ST@XI) == (4 iq)xid) ® r(idxid) x id)
Us [ (4.3.7)
®(id X ®) ®(® x id) R(®T1 X id)

048 ey, SO T Gaxraxiay R dxld x id)g % qfid x 7(id x id)

satisfying the axioms (BA1), (BA2), (BA3), and (BA4) given in [McCO00, p136-139] .
It is sylleptic when it is equipped with an additional invertible globular 3-cell

\a\“v = / (4.3.8)

satisfying the axioms (SA1), (SA2) on [McCO00, p144—145]. It is symmetric if in
addition, it satisfies the axiom given on [McCOQ0, p91].
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Definition 4.3.9. Let A, B be monoidal objects in B. A l-cell f : A > B is lax

monoidal when it is equipped with the following loose 2-cells:
o Y:®(fXf)® f®
o (: Iy =% fl,

as well as globular invertible 3-cells

w : Idg(y X Idy) @ yIdgyia ® Idfa@ = ald sy sxr @ Ide(Id X x) @ ¥Idiaxe
Y Id®(tf X Idf) .)(Idlxid ° Idfl = lIdf
6 :1d;r7" = r7'1ds o Idg(Id X ¢) @ xIdaxs)

as in Definition 4.10 of [GurI3]], which satisfy the coherence axioms [B.0.4]and [B.0.5]

A lax monoidal 1-cell is called braided, when A and B are braided and there is a

globular 3-cell
u:opldyy o xld, = y o (Idsoy)

satisfying the braiding axioms (BHA1) and (BHA2) [McCO00, p141-142].
The 1-cell f : A <> B is colax monoidal when it is equipped with loose 2-cells
and ¢ which go in the opposite direction of y and ¢, respectively, and with the following

globular invertible 3-cells:

@ : Pldigxe @ Idg(Id X ) @ @ 'dfsup = Idja™" ® yldgyia @ Idg (i X Id/)
7'dy = 1d 7" e gldgyg @ Ide(Z; X 1dy)
: ¥ldigxs @ Idg(Idf x DId;; @ 77 '1dy = Id,r!

S A

satisfying analogous axioms with the cells pasted together in a different order, corre-
sponding to the direction of ¥, , and @.
A colax monoidal 1-cell is called braided, when A and B are braided and there is a
globular 3-cell
i:xld, e opldsyy = (Idfoy) @ x

satisfying the braiding axioms analogous to (BHA1) and (BHA2) in [McCO00, p141-
142]. The 3-cells of these axioms are pasted in a different order, such that composition
of their 2-cell sources and targets is well-defined.

If f is both lax and colax monoidal, the associated loose 2-cells y and ¢ form adjoint
equivalences with their colax counterparts, as depicted in and the 3-cells corre-
spond to their colax counterparts as mates under the adjoint equivalence structure, it
is strong monoidal. The mate correspondences for w, y and ¢ are depicted in planar
diagrams in equations[B.0.6| [B.0.7, and [B.0.8| of Appendix [B|for illustration.
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A monoidal 1-cell between sylleptic or symmetric objects is sylleptic or symmetric,
respectively, if it is braided and the 3-cells defining the braided monoidal structure
satisfy the additional axiom (SHAT1) given in [McCO00, p145].

By construction, monoidal objects and 1-cells in the locally cubical bicategory Bicat
correspond to monoidal bicategories and monoidal pseudo functors. In Dbl, it reduces
to monoidal double categories and monoidal double functors defined in Section 4.1}

since there are no non-identity 3-cells.

Definition 4.3.10. Let f,g : A => B be lax monoidal 1-cells in B. A lax monoidal
2-cell B : f =% g is aloose 2-cell in B that is equipped with globular 3-cells

o I1: Ide(BXB) ®x; = xr®pBlds
o M:Id; e, = 1y epld;,

such that coherence equations (B.0.9), (B.0.10), and (B.0.11)) in Appendix [B|hold. Ap-
plied to the special case of bicategories gives us equations (TA2), (TA3) and (TA4)

of [GG09]. It is colax monoidal if it is equipped with morphisms I1, M, which corre-
spond to IT and M in the opposite direction, respectively. Is is strong monoidal, when
IT and M are isomorphisms

A monoidal 2-cell between lax monoidal 1-cells is braided, sylleptic or symmetric
when f, g are braided, sylleptic or symmetric, and in addition the abstract coherence ax-
iom corresponding to [McCO00, (BTA1) p143] holds. This axiom corresponds to (BTA1)
of [McCO0, p143], when applied to the locally cubical bicategory of bicategories.

Let f,g : A <> B be colax monoidal 1-cells in B. A colax monoidal 2-cell

B : f =# gisaloose 2-cell in B that is equipped with globular 3-cells
o I1:Bldg ® ¥, = yr @ 1de(B X )
o M:pld;et, = 7, e1d;

such that coherence equations analogous to (B.0.9), (B.0.10), and (B.0.11)) hold, with

the same cells pasted together in the order that makes composition of their 2-cell sources

and targets well-defined.

A monoidal 2-cell between colax monoidal 1-cells is braided, sylleptic or sym-
metric when f, g are braided, sylleptic or symmetric, and in addition coherence axiom
analogous to [McCO00, (BTA1) p143] holds. The difference comes from a different
structure of the 3-cell u because of which the cells are pasted in a different order.

We call a loose 2-cell 8 a strong monoidal 2-cell when IT and M are isomorphisms.
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When interpreted in Bicat, monoidal 2-cells should correspond to monoidal pseudo
transformations. Such transformations are less general than tritransformations between
one-object tricategories. As there is only one fixed object, the constraints IT and M are
given by icons instead of adjoint equivalences, which leads to the notion of a pseudo-
icon [GGOY, Definition 5], from which the definition above is derived. This notion
equals that of a monoidal pseudo transformation given in [SPO9] up to isomorphisms
(0 x Id)(Id x 0) = (6 x 0) and ¢ = Id: to ensure that the different instances of Il and M
are of the same type.

As remarked above, we will actually construct a locally cubical bicategory of monoidal
objects. The monoidal 2-cells will be the loose 2-cells therein; we now define the tight

2-morphisms.

Definition 4.3.11. Let f,g : A — B be lax monoidal 1-cells in B. A monoidal icon
B : f = gisa(tight) 2-morphism in B that is equipped with 3-cells

Lf Xf
Iy —8—> fl4 @ (fXf) =—8= [f®
Sve (B LeBxp || by Bl (4.3.12)
Iy =8> gl ®(g><g):X‘:>8®
8 4

such that the coherence axioms [B.0.12} [B.0.13| [B.0.14]in Appendix [B]hold. In the
case of bicategories, these axioms specify to (TA2), (TA3) and (TA4) of [GGO9].
If f,g : A — B are colax monoidal 1-cells the data for a monoidal icon consists

of the same 2-cells between 1-cells in the opposite direction; the coherence equations
analogous to [B.0.12] [B.0.13] and [B.0.14] are derived by pasting 3-cells together in the
order for which composition their 2-cell source and targets is well-defined.

A monoidal icon is braided, sylleptic or symetric when f, g are braided, sylleptic
or symmetric, respectively, and in addition, the coherence axiom holds.

Monoidal icons interpreted in Bicat correspond to ico-icons [[GGO9, Definition 2].
These are doubly degenerate colax tritransformations between lax trthomomorphisms
which agree on both O-cells and 1-cells. In Dbl, they correspond to pseudo double

transformations.

Definition 4.3.13. Let f,g,f’,g’ : A — B be lax monoidal 1-cells, let « : f =% g,
B : f’ =% g’ be lax monoidal 2-cells, and lety : f = f’, 6 : g = g’ be monoidal icons.
A monoidal 3-cell is a 3-cell
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Lf ald; Ly ald;

Ip . fla - gla Ip . fly * glx
)’11 ‘IU/M(Y
‘MNV ‘M’Flld 61y 1d; lg
Ip L Ip - glA
L Bld; = (4.3.14)
Ip * fla * g'la
= \MNJ 51[
Y mr
Id[ 74 IdI Llg )
Ip L Ip o g1y Ip L Ip L 8 1
Xf aldg - Xf - alds ®
O(fXf) —8=> f® —8—> g® OUX) == J® — ¢
yl@ MH(P
1®('y>('y) \[U/Ey \lu/rl olg ® (f)( fI)d@((l X(l% (gxg) XA’ A
i :X; he :ﬁi‘g v = ks (4.3.15)
8 e x || Y1 xT) Yso sl
Y
1d B )(B) Xg’ ’ ’ ’ ’ ’
®(f' xf) > 8 (¢ xg) =8> ¢'®@ SR i R o 7ee

If the 1-cells or 2-cells are colax, the 3-cells in the coherence equations are pasted
together in a different order, such that composition of the 1-cell and 2-cell components
is well-defined.

Let f,g,f',¢,a,B,y and 6 : g = g’ be braided, sylleptic, or symmetric monoidal
1-cells, 2-cells, and icons, respectively. A braided, sylleptic, or symmetric monoidal

3-cell is simply a monoidal 3-cell I as depicted above.

Monoidal 3-cells in Bicat correspond to cubical pseudo-icon modifications [GGO9,
Definition 16]. When the icon components are identities, this reduces to a monoidal
modification [SP09, Definition 2.8].

We will show that monoidal objects, lax monoidal 1-cells, lax monoidal 2-cells,
monoidal icons, and monoidal 3-cells in a locally cubical bicategory B form a lo-

cally cubical bicategory Mon;B. If we consider colax or strong cells instead, we ob-
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tain the locally cubical bicategory Mon.B or Mon,B, respectively. Braided, syllep-
tic and symmetric cells form locally cubical bicategories BrMon,, B, SylMon,, B, and

SymMon,,B. Here, w € {[, ¢, s} denotes whether the cells are lax, colax, or strong.

Proposition 4.3.16. Let A, B be monoidal objects in a locally cubical bicategory with
strict composition of 1-cells along O-cells. The hom-spaces Mon,,B(A, B), BrMon,,B(A, B),
SylMon,,B(A, B), and SymMon,,B(A, B) are double categories for w € {l, c, s}.

Proof. First we show that 1-cells and icons in the respective hom-spaces form a cate-
gory. For each lax monoidal 1-cell f : A — B, the identity icon 1 is a lax monoidal
icon with the 3-cells N'/ := Lf and I =1 Xs+ This is well-defined, because the func-
tor “o” preserves tight identities. The coherence equations are trivially satisfied. For
each two lax monoidal 1-cells f, g and lax monoidal icons @, : f = g, the composite
icon B - @ can be equipped with the lax monoidal structure given by the composites
NP® := NP . N® and 3F® := 3P - ® We have a strict interchange law between - and o,
induced by functoriality of o, so these 3-cells are well-defined. The coherence condi-

tions (B.0.12)—(B.0.14)) hold by componentwise application of the coherence equalities

for N and . The same argument holds for colax 1-cells and icons. For strong 1-
cells and icons we need to verify that the lax structure cells N/, N¥¢ T/ and £ are
inverse in the loose direction to their colax counterparts. For N/ and X/, this follows
from functoriality of “e”. For NP and ¥, this follows from the the fact that the state-
ment is true for their components combined with the exchange law between “e” and *-”
and strictness of “-”. When f and g are braided, sylleptic or symmetric, the same data
satisfies the coherence equation for braided monoidal icons.

We also need to show that lax monoidal 2-cells and monoidal 3-cells form a cat-
egory. For every lax monoidal 2-cell @ : f =% g, the identity 3-cell 1, in B is lax
monoidal. The required two equations [4.3.14] and [{.3.15] are trivially satisfied. For
any two monoidal 3-cells L : @« = B, K : f = 7, the composition K - L in B is a
monoidal 3-cell. The equations for monoidal 3-cells hold by sequential application of
the respective equations for L and K. The same is true for colax monoidal 2-cells and
3-cells, and hence for strong monoidal 2-cells and 3-cells. As braided, sylleptic, and
symmetric monoidal 3-cells are not required to satisfy additional data, it follows that
braided, sylleptic, or symmetric monoidal 2-cells and 3-cells form a category.

Now we describe the loose structure; we need to show that e and Id are well-defined
as the functors which give the loose structure in the new double category. To see this,
recall that e and Id correspond to the functors ® and U, respectively, given in Defini-
tion d.1.1] Let f be a lax monoidal 1-cell. The loose identity 2-cell Id is a strong
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monoidal 2-cell with monoidal structure given by the composition of coherence cells /°,

r.

1d; Lf
Ip —@—> Ip —8—> fI4

MY = I= 4.3.17)
Ip —@—> fly —@=> fI4
Lf Ided]
Id@(ldf X Idf) Xf
B(fX)f) — &= (X f) —o—> f®
e .= [ (4.3.18)

fe

oD X re Id f-1d®
The conditions for monoidal 3-cells follow from the naturality conditions of the coher-
ence cells /* and r*. Let y be a monoidal icon, one can verify that the loose identity
3-cell Id, is a monoidal 3-cell: The loose source and target 2-cells of Id,, are loose
identities; hence, the coherence condition holds by naturality of /° and r°.

Leta : f =% gand B : g = h be two lax monoidal 2-cells. Their composition « e 8
is lax monoidal with the structure 3-cells given below.

Id,

/‘;\

Ip —e—> I ﬁ:>1d I jﬁ I
1 1

M = 1y —e=> Iy —e=> gy —e=> hi, (4.3.19)

med

Ip —@—> fIy —@—> gly — @ hiy
Lf ald PL

((I (] ﬂ)Id 1
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Idy o (@ e B) X (@ » B)

®(f><f) ——> ®(g7>(g) —o—> Q(hXh) ——8——> h®

Idg(a X &) 1da(8 % ) Xh
= Y
Idg(a x @) Xe
[1°% ;= e(fxf) —e—> ®(gxg) ——o—> g® a5 (4.3.20)
\w/H(Y =
®(fx[) ® f® . g® o h®
. w
(o p)ldg

The coherence equations are satisfied by sequential application of the respective equa-
tion for @ and S, applications of the exchange law between loose and tight composition,
together with simple manipulations of coherence cells.

Let I" and A be monoidal 3-cells. Their composite I" ® A is again monoidal. Again,
the conditions for monoidal 3-cells follow directly from the conditions on the monoidal
3-cells I and A, applications of the exchange law between loose and tight composition,
and simple manipulations of coherence cells. By analogous arguments, one can show
that the images of e and Id on colax or strong cells are well-defined as colax or strong
monoidal cells.

Let f be a braided, sylleptic or symmetric monoidal 1-cell. The loose identity Id, is
a braided, sylleptic or symmetric monoidal 2-cell, respectively, as the coherence equa-
tion [McCO00, (BTAT) p143] merely states that the 3-cell u pasted with coherence 3-cells
equals itself. Let «, be braided, sylleptic, or symmetric monoidal 2-cells, the loose
composition « e 3 is braided, sylleptic, or symmetric monoidal, respectively. One can
verify that [McCO00, (BTAT) p143] holds by applying the exchange law between loose
and tight composition, manipulation of coherence cells, and sequential application of
the respective equations for @ and . Braided, sylleptic and symmetric monoidal 3-
cells are simply monoidal 3-cells; therefore, it follows that the images of e and Id of
braided, sylleptic, or symmetric monoidal cells are well-defined in BrMon,, B(A, B),
SylMon,,B(A, B), and SymMon,,B(A, B), respectively.

Functoriality of e and Id in MonB(A, B) follows from their functoriality in B(A, B).
The unitality and associativity cells a®, [°, and r* are monoidal 3-cells. Unfolding the
constraints for monoidal 3-cells shows that the 3-cells pasted together with coherence
cells need to equal themselves. It follows from coherence of the functor e, that this
is the case. Therefore, Mon, B(A, B) is a double category for g € {l,c,s}. Since

braided, symmetric, or sylleptic monoidal 3-cells require no extra data, it follows that

99



BrMon,,B(A, B), SylMon,,B(A, B), and SymMon,,B(A, B) are double categories for
w € {l,c,s}. m|

Theorem 4.3.21. Let B be a locally cubical bicategory with strict composition of 1-cells
along O0-cells. Monoidal objects, lax monoidal 1-cells, lax monoidal 2-cells, monoidal
icons, and monoidal 3-cells in B form a locally cubical bicategory MonB. If we
consider colax or strong cells instead, we obtain the locally cubical bicategory Mon.B
or MonB, respectively. When the objects and cells are braided, sylleptic or symmetric,
we obtain the locally cubical bicategories BrMon,,B, SylMon,,B, and SymMon,,B,

where w € {l, c, s} denotes whether the cells are lax, colax, or strong.

Proof. We have established in Proposition[4.3.16] that the respective homsets Mon,, B(A, B),
BrMon,, B, SylMon,, B, and SymMon,,B for w € {l, ¢, s} form double categories.

We need to check that the unit id4 is a well-defined pseudo double functor from
the trivial double category to the respective hom-categories of lax, colax and strong
monoidal cells, as well as braided, sylleptic and symmetric cells. The unit 1-cells id,
are monoidal for all objects A € B, with the monoidal structure &, ¢ given by the unitor
2-cells, and vy, 6, and w. This is well-defined by coherence of the double category. By
functoriality of id, its image on the loose 2-cell is isomorphic to the loose identity Id;g, .
This isomorphism gives rise to the following lax monoidal structure on idig, :

Lidy

Id;
Iy —&—> [ — @ idsls

. Y=
M = (4.3.22)
Idig, Id;
Iy :‘:> idAIA idAIA
Lidy N 1‘37
idig, 1d;

Idg(idiq, X idig,)

f‘N

=® (idg xidy) % ® (idg Xidy) —e—> idx ®
Id@(ldidA X IdidA) Xidy

ITdias ;= J= (4.3.23)

Idiq N Id®

® (idg Xidy) —e—> idx ® :\w/.:> idg ®
ida S—Te—

idia, Ide

Coherence equations [B.0.9] [B.0.10} [B.0.11] and [McCO0Q, (BTA1) p143] hold by
simple manipulations of the isomorphisms. This makes id;q, a braided, sylleptic, or

symmetric monoidal 2-cell if i1d4 is braided, sylleptic, or symmetric, respectively. An

analogous construction makes id;q, a colax monoidal 2-cell.
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By functoriality, the image of id on the tight 2-cell and 3-cell equal 14, and Id,,, =
lig,, , respectively. These cells are braided, symmetric or sylleptic; lax, colax, or strong
monoidal, depending on A. It follows that id4 is a well-defined functor from the trivial
double category to the respective hom-categories of lax, colax and strong monoidal
cells, as well as braided, sylleptic and symmetric ones.

Next, we need to show that monoidal structure is preserved by the composition
along a 0-cell boundary. For any two lax monoidal 1-cells f : A — B, g : B — C, the

composite g o f is monoidal with y*°/ and (*°/ defined below.

Xeldypxs Idgx s

Xgof ®gfxgf) = gR(fX[) = gf® (4.3.24)
Lg Idges

lgof - IC > gIB > gfIA (4325)

—~os

The structure 3-cell y¢°/ for is defined below. For readability, we write 7" to
express that we have left out coherence 3-cells, needed to make the source and target of

the 3-cell well defined.

Idg(tgr ¥ Idgs)Id(r,xia) ® Xgf

~

Ide (X 1dgp) Xeldixs Mgt x1dp) Idex r1d, xid) Idgrls

®lc x gf) —®=> ®(glp X gf) —®=> g@(UpX f) =8> g (fla X f) —®> gf @ (Iy xid) ® gf

- i

Id@(tg X Idg)ldj XgId(IBXid)f
®lc x 8)f —®=> ®(glp X g)f —#> g®(Ipxid)f s sf (4.3.26)
gtldr
S
11dglds

®(Ic x id)gf ® af

ndg =

The 3-cells 6%°/ and w?*/ are defined similarly, and so is u%>/ when g, f are braided
monoidal 1-cells.

Let f,h: A — Band g,i : B — C be lax monoidal 1-cells and let @ : f — h,
B : g — ibelax monoidal 2-cells, the composite Soa is lax monoidal with the following

structure 3-cells
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Id;

Lhk

]{l‘(

Ic o Ic L hkly
Id th Idy1d, Idj e
Ic L Ic o hlg o hlg L hkly
o . — —
MPe = Y mp Vi 4.3.27)
lg Bld; Idpey 1d,ald;
Ie . sls . hlg . Ia . hkly
Lef Ba
Ic . efla . ihly
Idg(Ba X Ba) Yk
®f xgf) . ®(hk x hk) . hk®
Idg(B x B)ldyx s Idpe (@ X @)
®(gf X gf) —®8=> ®(hf X hf) :.:> h@(f X f) —e—> h® (kxk) :o:> hk®
Boa . _
H T \M(Hlarlldfxf Uhd,’ (4.3.28)
Bldg(rxf)

Xeldyxr

Idpy s

Idpaldg

R(gfxgf) —®—=> g (f X f) —@—=> h(f X f) o hf® o hk®

Xef
®gf xgf) ®

Paldg

gf® hk®

Colax and strong monoidal structure 2-cells are obtained in a similar way.

Let f,h: A — Bandg,i
B : g — i be monoidal icons, the composite 5 o « is monoidal with N?°® :=
and XP° := 3P1d ., © 1dgE".

When g, f are strong monoidal, the maps y,.; and y,.; are an adjoint equivalence,

: B — C be lax monoidal 1-cells and let @ : f — h,
NP o IdgN®

constructed by the enriched composition from the adjoint equivalence of the pairs y,,
and y, x 7. Similarly, ¢, and 4. form an adjoint equivalence. One can check that the
required pairs of 3-cells correspond to each other as mates by componentwise applica-
tion of the adjoint equivalences for the composites of ¢, and yg.¢. Let I and A be two
composable monoidal 3-cells. It is easy to see that the composition I o A satisfies the
two equations for monoidal 3-cells. This is a matter of applying the equations for I" and
A sequentially.

In all coherence equations between 3-cells for the monoidal and braided, sylleptic
and symmetric structure of composition above, each 3-cell consists of a component for
the first composite composed with the identity on the second composite, and a compo-
nent for the second composite composed with the identity on the product of the first
composite with itself. This means that the coherence equations for g o f can be estab-

lished by componentwise application of the equations for g and f. Some 3-cells also
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contain coherence cells, but these equally break up in a part concerning the first, and a
part concerning the second component. Manipulation of these coherence cells results in
the required equalities. Note that rewriting the 1-cells and composites of loose 2-cells
is necessary in several of the steps. A similar argument holds for coherence equations

for braided, sylleptic and symmetric cells. O

Lemma 4.3.29. Let T : T — S be a functor of locally cubical bicategories. If F
preserves products, it preserves monoidal objects, 1-cells, 2-cells, icons and 3-cells as
well as any braided, sylleptic or symmetric structure on the objects, 1-cells, 2-cells,

icons and 3-cells.

Proof. Let A be a monoidal object. As the functor 7 preserves products, we have a
product 7 (A) X7 (A) = T (A X A). As a consequence ®: A X A — A induces 1-cells
Qr: TAXsr TA—- TAand Iy :=T (Iy).

Since ¢ and ¢, are globular, we have an equality 7(f o g) = T7(f) o 7 (g) for all
f and g and for the identity 1-cell we have an equality 7 (ids) = ids(4). The loose

associativity 2-cell of A gives rise to a loose 2-cell

&7 (1dx®7)
T(A)XT(A)XT(A)—UM:/MQT(A)
&7 (@7 X1d)
which simply equals 7 (@) together with the invertible 2-cells.

Likewise, the unit constraints /, » as well as the constraints for (braided) monoidal
I-cells o induce 1-cells I, -, and o, respectively. Note that the swap functor 7 is
mapped by 7 to the swap functor for the product Xs, so o+ is well-defined.

Furthermore, the invertible 3-cell filling the Mac Lane pentagon lifts to the invert-
ible 3-cell of the Mac Lane Pentagon for 7 (A). Which is simply its image under 7,

composed the natural transformations 7, ¢,and ¢, ensuring that it has the right type.

® (® xid)(idx ® xid)

Id(W \q&
® (® xid)(® xid X id) = ® (1dX ®)(idx ® xid)
aldl \k\ JId(Id X @)

® (1dx ®)(® xid X id) ® (idx ®)(id X idx ®)

\Id\ ald

® (® xid)(id X 1dX ®)
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Note that there may be several ways to paste these 3-cells together, but by coherence
of enriched pseudo functors, the result is the same. Likewise, the isomorphic 3-cells
u, 4, p and the isomorphic 3-cells R, S, and v witnessing the braiding and syllepsis, lift
to the appropriate 3-cell for 7 (A). This is also the case for the isomorphic 3-cells R, S
that characterise the braiding. Finally, the three equations between pasting composites
of nr, usr, A7, pr hold by coherence of enriched pseudo functors.

Similarly, one can show that for a monoidal transformation f, 7 (f) is monoidal
with structure loose 2-cells 7 (¢f) and 7 (y ¢) and 3-cells obtained from 7 (w), 7 (y), and
7 (6) analogously to a. If f is braided, the braiding of 7 (f) is witnessed by the 3-
cell obtained from 7 (u). Likewise, 7 preserves any monoidal, braided, sylleptic and

symmetric structure of tight 2-morphisms, loose 2-cells and 3-cells. O
We are now ready to prove our main result.

Theorem 4.3.30. Let F : C — D be a functor of locally cubical bicategories, such that
the tight transformations ¢, ¢, are globular. If F preserves products, then it lifts to the

functors below between locally cubical bicategories, for w € {l, 0, s}.

Mon,, F : Mon,,C — Mon,D

BrMon,, F : BrMon,C — BrMon,,D
SylMon,, F : SylMon,,C — SylMon,,D
SymMon,, F : SymMon, C — SymMon,, D

Proof. By Lemma [4.3.29] the assignment of F' on objects and higher cells is well-
defined in the respective categories. We will show that the functor F gives rise to
a pseudo double functor MonF : Mon,C(A, B) — Mon,D(MonF(A), Mon,F(B)).
The other functors are derived in a similar way. We need to verify that F(N?) =
F(N?) - F(NP) and F(N'") = N'¥/ in Mon;D and likewise for X. This follows from
functoriality of F, the fact that N = N® - Nf and N'/ = 1,,, F(ty) = tpy. The
natural transformations F and F are well-defined 3-cells in MonD; the respective
equations hold by coherence of the pseudo double functor F. Finally, we need to
prove that ¢ and ¢, are well-defined tight transformations in Mon(7 A, 7 B). Since
their components are globular 3-cells, we only need to check that these are monoidal.
The equations hold by coherence of enriched functors after expanding the definitions of
M7 T pMT @B M7 and M7/ and similarly for IT. O

We are now ready to state the main theorem of this section, which is that the functor
L that maps double categories to their loose bicategories lifts to a functor of locally cu-

bical bicategories. Recall that we write Dbl for the locally cubical bicategory of double
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categories, functors and transformations with loosely strong companions and Bicat for
the locally cubical bicategory of bicategories, functors, pseudo natural transformations,
icons and cubical modifications. Furthermore, we use the prefix Mon,,, Br,,, Syl,, and
Sym,, to denote that the locally cubical bicategories of monoidal, braided, sylleptic or
symmetric, double and bicategories, respectively, where w € {/, c, s} denotes whether

the monoidal functors are lax, colax, or strong, respectively.

Theorem 4.3.31. The functor L : Dbl — Bicat lifts to the functors Mon,, L : Mon,,Dbl; —
Mon,, Bicat, Br,L : Br,Dbly — Br,Bicat, Syl L : Syl, Dbl — Syl Bicat, and
Sym,, L : Sym,,Dbl, — Sym, Bicat for w € {1, 0, s}.

Proof. Note that in the case of £, ¢ and ¢, have globular components. The result then
follows from Theorem 4.3.30) |
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Chapter 5

Higher Categorical Models for
Quantum Protocols

We discuss an abstract mathematical foundation for the diagrammatic language for
quantum protocols introduced in [Vicl2]. This language arises from a bicategorical de-
scription of quantum mechanics. We prove that the underlying bicategorical model has
the desired properties for describing quantum protocols: being symmetric monoidal.

The formalism, which was first proposed by the author in [Wes13], is based on the
algebraic approach to quantum mechanics. It extends this approach, by considering bi-
modules acting on C*-algebras. In the category FHilb, the bimodule action captures
the correlation between the quantum state and a set of classical information. It turns out
that quantum data types correspond to states in the model that are completely uncorre-
lated with the available classical information. On the other hand, classical data types
are states that are maximally correlated with the available classical information. This
is analogous to the case of decohered quantum systems, which exhibit a correlation be-
tween the state of the quantum system and the state of the environment, as one can see
in equation [A.0.T] A brief introduction to the notion of decoherence can be found in
Appendix

In addition to classical and quantum data types, one can express protocols in their
entirety, with the different probabilistic branches indexed by the classical structure.

This chapter is based on the final section of ’Constructing Symmetric Monoidal
Bicategories Functorially’ [HS19] and section 2 and 3 of the paper "Mixed Quantum
States in Higher Categories’ [HVW14].

Related Work

The planar algebra induced by bicategories offers an intuitive tool for the description

and verification of quantum protocols. In [Vicl2] it is shown how various quantum
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protocols such as quantum teleportation and dense coding can be expressed as a single
diagram in this language. Verification of the correctness of diagrammatic protocols is
often straightforward and can be automated [BKV16]. Examples are procedures for
the construction of GHZ states and cluster states [RV18]. The diagrammatic language
is also used to find a local hidden variable model for a subset of quantum mechanics
in which a range of quantum protocols - entanglement creation, teleportation, dense

coding, and secure key distribution - can be implemented [RV17].

Contribution

The symmetric monoidal structure of a bicategorical model is essential for the diagram-
matic description of parallel processes. We prove the existence of this structure for a
family of bicategories Alg[], constructed from monoidal categories. This family con-
tains various bicategories that are relevant in the field of categorical quantum mechanics
and other branches of category theory, such as the finite-dimensional versions of 2Hilb
and 2Vect introduced in [KV94b], [BC04]]. These are the bicategory of finite dimen-
sional 2-Hilbert spaces, linear functors and natural transformations and the bicategory
of finite-dimensional 2-vector spaces, linear functors and natural transformations, re-
spectively. We show that the family gives rise to a functor from the locally cubical
bicategory of monoidal categories to the locally cubical bicategory of monoidal bicat-
egories. Hence, it provides a way of constructing a range of monoidal bicategories,
pseudofunctors, transformations and modifications. Building on the theory developed
in this chapter, we introduce the bicategory of mixed quantum states, which is con-
tained in the larger structure 2[CP*[FHilb]]. This bicategory allows the description and

verification of quantum teleportation and classical encryption, as shown in [HVW 14]

Outline

In Section we discuss the formalism of algebraic quantum mechanics in the more
abstract form of algebras in a monoidal category. In section we introduce the con-
cept of bimodules on dagger Frobenius algebras in a dagger monoidal category. In
Section [5.3] we establish that special dagger Frobenius algebras, dagger bimodels and
bimodule homomorphisms form a weak bicategory. In section we consider the bi-
category Alg[C] of algebras, bimodules and bimodule homomorphisms in a monoidal
category C. We apply Theorem §.3.30] of Chapter [] to prove that the construction
Alg[—] gives rise to a functor of locally cubical bicategories which preserves braided

and symmetric monoidal structure. We extend the result to include special dagger
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Frobenius algebras in a monoidal category. Finally, in Section [5.5] we introduce the

category of mixed quantum states.

5.1 Algebraic Quantum Mechanics in Computer Science

In the field of quantum computing, the interaction of quantum information and classical
information plays a key role through measurements, encoding of classical information,
and controlled operations. These are essential in various important quantum protocols
such as quantum teleportation, dense coding and classical encryption. As discussed
in the introduction, algebraic quantum mechanics offers a suitable model for describ-
ing such interactions. This model captures classical and quantum information as two
different instances of the same type of structure.

In this section we describe a framework for quantum computing based on algebraic
quantum mechanics introduced in [CHK16|]. The framework is a generalisation of
algebraic quantum mechanics in the language of monoidal categories, based on dagger
Frobenius algebras. Dagger Frobenius algebras correspond to C*-algebras in the dagger
monoidal category of Hilbert spaces. The advantage of this generalisation stems from
the diagrammatic language of monoidal categories, which turns complex calculations

into visually intuitive procedures.

Definitions

We consider the abstract notion of an algebra (A, r<5\, 5) in a monoidal category C. This
is also called a monoid. This is an object a, together with a multiplication morphism
A A®A — A, as well as a unit morphism, o: ] A, satisfying the associativity and

unit law below.

A A A
A AA AA A A

Definition 5.1.2. An algebra in a braided monoidal category C is called commutative

A A

/$\O (5.1.1)

A A

whenever the following equation holds.

ale 51
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Definition 5.1.4. A Frobenius algebra in a monoidal category C is a monoid (A, ©\, 0)
together with a comonoid (A, \‘?), ?) that satisfies the equations below.

I

Definition 5.1.6. We call a pair of an algebra and a coalgebra special whenever the

following equation holds.
= (5.1.7)

It is called symmetric when the weaker condition below holds.

3¢

A Frobenius algebra in a monoidal dagger category is a dagger Frobenius algebra
when the coalgebra is the dagger image of the algebra.

An algebra homomorphism f : (A, réx, 5) — (B, réx, é>) between two algebras is a
morphism f : A — B in C that respects the multiplication: f o [ = o (f ® f), and
the unit: © = fo o,

It was shown in [Vicl 1, Lemma 4.1] that dagger Frobenius algebras in the monoidal
dagger category of Hilbert spaces correspond to finite C*-algebras. Furthermore, com-
mutative dagger Frobenius algebras correspond to commutative C*-algebras and al-
gebra homomorphisms correspond to *-homomorphisms. Specifically, the unit of an
n-dimensional classical structure corresponds to the sum of the basis elements of C".
The multiplication map is given by the inner product of states. Details are provided
in [HV18]. We conclude that dagger Frobenius algebras, along with algebra homomor-

phisms, generalise classical states, quantum states and unitary evolutions.

Interpretation

The abstract formalism reflects some interesting characteristics of classical information.
The co-multiplication associated with a commutative C*-algebra is an operator on the
system which copies these states. The co-unit can be seen as a map that deletes or

disregards the state. Commutativity assures that the output of the co-multiplication
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consists of two equal copies. Furthermore, the co-unit axiom guarantees that each of
the copies equals the original state.

Copying of information is an essential procedure in classical computation. By the
No-Cloning Theorem [Par70]], quantum systems cannot be copied. Hence, this feature

is unique to classical information.

5.2 Bimodules

As we have seen in the previous section, we can model classical information as commu-
tative dagger Frobenius algebras and quantum information as non-commutative dagger
Frobenius algebras in a monoidal category. Here, we take a slightly different approach.
We will discuss a module-theoretic way to model quantum systems that are correlated
to classical information. Classical data types arise as completely correlated systems and
quantum data types arise as uncorrelated systems.

Let A and B be Frobenius algebras in a monoidal category C. An A-B-bimodule in
C is an object M together with a morphism M : A ® M ® B — M in C, satisfying the

composition and unit law below.

M M
= 4 = (5.2.1)
AA'MB'B Alal 'M'B'B M

For readability, we sometimes write A-B-bimodules M as 4Mp and we abbreviate the
following compositions: oM := Mo (0®id), M := Mo(id®9), and )M, := Mo (°®9).

A bimodule in a monoidal dagger category is called a dagger bimodule if the equa-
tion below holds, and the coalgebra is the dagger of the algebra and we denote (M) by
M.

M - M (5.2.2)

M M

A bimodule homomorphism f : M — N is a morphisms f of C, such that f oM =
No(id® f ®id).
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Bimodules as Data Types

Each A-B-bimodule M on biproducts of Frobenius algebras A = @ (A;, m;,u;), B =

@’;’zl (Bj,nj,v;) corresponds to a decomposition M = &@; ;P; ; into the morphisms below.

(5.2.3)

One can easily verify from equations [5.2.1 and [5.2.2] that the morphisms P; ; are

projectors. When, in addition, the category C has images, we can identify M with the
direct sum of the images &; ;Py, ,(M). This means that each component of the classical
structure corresponds to a component of the underlying object M.

In the case of Hilbert spaces, an A — B—bimodule on classical structures corresponds
to a decomposition of the underlying Hilbert space into subspaces. The unit elements u;,
v; are the basis elements of the classical structures A and B, respectively. Each subspace
therefore corresponds to a basis element of the classical structure, which corresponds
to one of the possible values of the classical structure. Each of these values restricts the
possible quantum states to the corresponding subspace.

By Lemma 3.6.4 of [Wes13]], any decomposition of a Hilbert space can be realised
as a bimodule. When the bimodule M on a Hilbert space H corresponds to the decom-
position &?_,C, M corresponds to a classical data type. Conversely, when the bimodule
action is trivial, we can identify M with H, so it is a quantum data type. Likewise, we
can describe the states in different probabilistic branches of a protocol as a bimodule,

where each state is indexed by the basis element of the classical structure.

5.3 The Bicategory of Algebras and Bimodules

Dagger Frobenius algebras, dagger bimodules and bimodule homomorphisms in a dag-
ger monoidal category form a bicategory. A partial proof was given in [Wes13]], which
contains most data for horizontal composition, but not all. We provide the remaining
details below. The material in this section is joint work with Jamie Vicary, except for
Lemmal5.3.4l

Let M be an A-B-bimodule, and let N be a B-C-bimodule, the horizontal composi-
tion MoN is defined by the diagram below. The pair (¢, MoN) is the coequalizer of the
two morphisms M ® B®& N — M ® N induced by the two B-actions. As ® preserves

coequalizers, the pair (A® MoN®C, id, ®c®id) is a coequalizer of the two morphisms

111



AMR®BAIN®C - AQM®N ®C. As the left-hand square commutes, the composite
c oMy ® oN is a cocone of the same two maps. By uniqueness of coequalizers, there is
a unique map A ® MoN ® C — MyN making the right-hand square commute. This is
the horizontal composition MgN of the two modules.

idga ® )M ® idy ® id¢ idy ® c ® idc
AOM®BON®C AOMON®C —— A9 MoN ® C
idy ® idy; ® Ng ® id¢ |
M, ® idp ® oN Mg ® oN MoN | (5.3.1)
oM’ ® idy !
M®B®N M®N MoN
idM’®N,.

Furthermore, Mgy ® oN is a module. It is easy to check that MgN satisfies the
module axioms as well, using commutativity of the diagram above and the fact that c is
epic.

The horizontal composition of 2-cells f: M — M’ and g: N — N’ is the unique

arrow making the following diagram commute:

oM ®id[N] c
M®D®N M®N MoN
id[M] ® Ng ;
(f ®id[D]®¢g) feg fog | (5.3.2)
oM’ ®id[N'] v
M ®D®N’ M N’ ; M’oN’
idM']®N'q ¢

Pasting diagrams and[5.3.2]together into a cube proves that (fog) is a bimodule

homomorphism. With this additional data, we can complete the result of [Wes13]].

Proposition 5.3.3. If C is a dagger monoidal category where all coequalizers exist,
then the following data defines a bicategory 2[C]:

o O-cells are special dagger Frobenius algebras in C;
o [-cells are dagger bimodules; the identity 1-cell on (C, réx, 5) is f¢\

e 2-cells are dagger bimodule homomorphisms;
e horizontal composition is given by (5.3.1) and (5.3.2);

Proof. In [Wes13]] is it shown that these data satisfy all coherence conditions required

of a weak bicategory. O

The main example of this approach is the bicategory 2Hilb of 2-Hilbert spaces,

linear functors and natural transformations [[Bae97]]. It was shown in the author’s MSc.
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thesis [Wes13]] that 2Hilb is equivalent to the bicategory 2[FHilb] of special dagger
Frobenius algebras, dagger bimodules and bimodule homomorphisms in FHilb.
Requiring the existence of all coequalizers is not necessary, as we only use the exis-
tence of the specific coequalizers in We give a sufficient condition for horizontal
composition to be well-defined, even if not all coequalizers exist, based on splittings of
dagger idempotents. A map f: A — A is a dagger idempotent if > = f = f7. A

dagger idempotent f splits when there is a map i such that f =i oi' and i’ o i = id.

Lemma 5.3.4. Let M,N be dagger bimodules. The horizontal composition MgN is

well-defined when the morphism below splits.

(5.3.5)

Proof. Let i be the dagger splitting of The dagger i' is a cocone of (M ® id[N])
and (1d[M] ® Ng) by the equalities below.

Furthermore, if f((M®id[N]) = f(id[M]®N,), the equations below show that f factors
uniquely through i*. The factorization is unique: if f = mi', then m = mi'i = fi. Hence,

i' is a coequalizer of the two maps.

M 'N

It is easy to check that the map below makes the right-hand square of commute

for the coequalizer i*. Therefore, it is the horizontal composition of M and N.
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MoN

(5.3.6)

The Diagrammatic Language

The planar language for bicategories provides a way to visualise quantum protocols.
The computational states are visualised as lines M, M’. These correspond to quantum
systems which are correlated to classical information, visualised as the the coloured
regions A, B, bordering the lines. Transformations of the computational states are bi-

module homomorphisms, which are depicted as boxes.

MI

M

Quantum data types correspond to modules on trivial classical regions. As there is
no non-trivial interaction, the module contains no information other than the underlying
object. In the case of 2Hilb, this underlying object is a Hilbert space. Therefore, it can
be interpreted as a quantum system. Such a system is in a pure quantum state.

Classical data types can be characterised diagrammatically in this language as clas-
sical witnesses, Section 2.3]. In [HVW14, Lemma 10], it was shown that special
dagger Frobenius algebras indeed give rise to bimodules that satisfy the diagrammatic
axioms of a classical witness. This result was implicitely derived in [Wes13]]. Such clas-
sical data types are of the form RyL, where L and R are the bimodules below, arising

from a special dagger Frobenius algebra.
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A = A ‘= (5.3.7)

L R

Similarly, measurements and controlled operations can be characterised diagram-
matically as 2-cells of a certain form. As shown in [Vicl2], these building blocks
are sufficient to express and verify correctness of quantum teleportation, dense coding,

complementary observables and quantum erasure, in purely diagrammatic terms.

5.4 The Monoidal Structure

An essential feature of a theory of physics is a procedure to combine various separate
systems into one compound system. In computation, such a procedure allows one to
reason about sub-procedures of an algorithm and to model parallel computations. In the
Hilbert space formalism for quantum mechanics, the tensor product serves this purpose.
The appropriate generalisation for categorical models is the existence of symmetric
monoidal structure.

In this section we demonstrate that the bicategory of dagger Frobenius algebras,
dagger bimodules and bimodule homomorphisms in a monoidal dagger category C is
symmetric monoidal whenever C is symmetric monoidal.

We consider the construction (Alg[], that maps a braided monoidal category C to
the bicategory of algebras, bimodules and bimodule homomorphisms in C. We apply
Theorem of Chapter 4| to demonstrate that the construction Alg[] gives rise to
functors of locally cubical bicategories below. We then specialise the result to special

dagger Frobenius algebras.

BrMon,Cat — BrMon,Bicat
SymMony,Cat — SymMonBicat

To obtain this result, we define the double category Alg[C], whose loose bicate-
gory corresponds to Alg[C], and we show that Alg[C] is fibrant and braided monoidal.

This assignment gives rise to several pseudofunctors between bicategories of monoidal
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categories and bicategories of fibrant monoidal double categories. Composing these
functors with the functors from Theorem #.3.30] gives the required result. This general

theorem covers various categories of interest, such as 2Hilb and 2Vect.

The Bicategory Alg

Let C be a braided monoidal category. We consider the bicategory Alg[C] consisting

of the elements listed below.

objects are algebras in C;

1-cells are bimodules; the identity 1-cell on (C, O, 5) is o

2-cells are bimodule homomorphisms;

horizontal composition of 1-cells is given by (5.3.1));
horizontal composition of 2-cells is given by (5.3.2));

Structural data regarding this construction, such as loose composition, is as de-
scribed in Section[5.31

The Double Category Alg

We will define a double category whose loose bicategory is the bicategory Alg[C]. The

tight morphisms in this double category are algebras homomorphisms.

Lemma 5.4.1. Let C be a braided monoidal category. The category of algebras and
algebra homomorphisms in C is braided monoidal. It is symmetric whenever C is

symmetric.

Proof. The tensor product for algebras, depicted below, is inherited from the original

monoidal category.

The unit object is the trivial algebra on the unit for the original monoidal structure

with multiplication given by 4; = p;.
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The structure isomorphisms in C are all algebra homomorphisms. In principle this
can be shown directly, but in the diagrammatic calculus this holds trivially. Similarly,
if C is braided monoidal, then the braiding in C defines a braiding on the category of
algebras and algebra homomorphisms.

O

What is left is an appropriate notion of morphisms between bimodules, which map
between algebra homomorphisms in the loose direction. We denote tight composition
in the double category by o and loose composition by ©.

An extended bimmodule homomorphism f : M — N is a triple of 2-cells (A LR
C,M EN N,B N D) such that f oM = No (f;® f ® f,). When f; and f, are both
identities, this corresponds to the standard definition of a bimodule homomorphism.

Lemma 5.4.3. Bimodules and extended bimodule homomorphisms in a braided or sym-
metric monoidal category C form a braided or symmetric monoidal category, respec-

tively.

Proof. On morphisms, the tensor product is defined as (f;, f, f;) ® (g1, 8,8,) = (/i ®
g, ®g, f ®g). The tensor product on objects is given below, as well as the unit

object. In this definition the object / is the unit object of C.

I
M| [N
I:= M ® N = X (5.4.4)
111 AC M N BD

We may draw the multiplication on the unit object symmetrically because of the asso-
ciativity condition for algebras. The associator, unitor, and swap natural isomorphisms
are given by the maps with the following components, where «, A, and p are the struc-

ture isomorphisms of the original category.

@, Mp.oNp.Pr = (¥ACEs XMNP» XBD.F) (5.4.5)
Amy = (Aa, Ay, AB) (5.4.6)

PaM; = (04 Py PB) (5.4.7)

T \Mp.cNp = (OACs OuN> OB.D) (5.4.8)

O
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For clarity, we write algebras and algebra homomorphisms in normal font and we
write bimodules and (extended) bimodule homomorphisms in bold. This will help dis-

tinguishing between the two categories, which together form a double category.

Proposition 5.4.9. Let C be a monoidal category where all coequalizers exist, and
where the tensor product preserves coequalizers. The category Dy of algebras and
algebra homomorphisms of C and the category Dy of bimodules and extended bimodule
homomorphisms of C form a double category, which we call Alg

Proof. The unit functor D, E) D, is defined on objects as U(A, réw,é) = r¢\; and
on morphisms as U(f) := (f, f, f). The source and target functors S, T : D; — D, are
defined on objects as S (4Mp) = A, and T (4Mp) = B, and on morphisms as S (f;, f, f,) =
Ji.and T(f;, f, f) = f,. The functor © : D; Xp, D; — D, maps objects (4Mp, sN¢) to

aMoN¢, and morphisms ((f, f, h), (h, g, g,)) to (fi, fog, g.), defined in[5.3.T|and [5.3.2]
It is left to verify functoriality of ®. This comes down to checking that (fof”) o

(gog’) = (f o f)o(g o g’), and idyeidyy = idyewr- The two maps that form the first
equality are the unique morphisms that make the two diagrams below commute. The
outer left squares of the two diagrams are equal by the exchange law for ® and o. As
a consequence, the dashed arrows must be equal too. A similar argument shows that

idM OidM/ = idMoM’ .

oM ® idy s M ® idy cs
M®B®N M@N-—MN M®B®N M®&N — MoN
) idM®N. | idM®N. |
I®I®8 Keid Jf®g Jo8 (ho oo
° L - (ko f)®(joi) °f)lkeog)
L®C®K LK — KoL ‘
. idg® L cc P ® (ko g) (ho flelko g)
he jek . Jh@k | hok . |
1 OP &® ldQ cp M OP ® ldQ cp .
POD®Q P®Q—>MN PoD®Q P®Q -2 MgN
idP®Q. idP®Q.

(5.4.10)

The associator a : (M; © M,) © M3 — M; © (M, © M3) is an extended algebra
homomorphism of the form (id, a,id). The components of the morphism a are defined
as the unique maps that make the diagram below commute. Naturality of a follows
from commutativity of the rightmost square of the diagram, which commutes because

all other sub diagrams commute.
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oM; ® oM, ® idy, * (M10M2)0M3

-

M B M, ® C® M; M, @ M, ® Ms am, My M-~ ;
‘ idy, ® Mo ® M3, > Mlo(MzoX/Is) i (fief2)ofs
H®fE®L®fc®f; [i®hefs f1~’(f2~’f3)§ iv
N1 ® N2 ® idy, M (NigNa)ohs
Ni®D®N, ® E®Ns NI ®N,®N; AN NN
idy, ® N2 ® N3q e Nl 1\}20 ](}3)

The coequalisers m; and m, correspond to the compositions of coequalisers below.

(M oM>)o M3 M o(MoM3)
CB
T o= W20M3 T = Mlo 5.4.11)
M] M M3 Ml M, M3

To verify that m; is a coequaliser we first check that it is a cocone of M; ® (M, ®

idys, and idy, ® Mo ® M3,. This follows from the equalities below.

M\BM>C M5 M, B MCM; M, BM, CM; M, BM, C M;

The last step to show that 7 is a coequaliser, is to prove that if we have another
cocone f, then f factorises through ;. Let f be such a cocone. First of all, it is easy to
show that the two equalities below hold, expressing that f is a cocone of the respective
pairs of morphisms. One obtains this by plugging the unit on B or C, respectively, in

the cocone equality for f and then applying the unit laws for modules.

(M oM>)oM; (M oM>)oM5 (M oM>)oM; (M oM3)o M3
M, M,C M; M, M, CM3 M\BM, M; M\BM, Mj;
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It follows from the first equality that f factorises through id,;, ® c¢. This means that
there exists a morphism f” such that f = f” o (idy, ® c¢). From the second statement
we deduce that f” factorises through ¢g, which finishes our proof. The equations below
and the fact that id ® c¢ is epic imply that f” is a cocone of (M; ® idy, ® idy, and
idy, ® MyoMs,. As a result, f’ factorises through idy, ® ¢p. Hence, there exists a
morphism f” such that f = f” o ¢z o (idy, ® c¢) = f” o m;. One can use a similar

argument to show that x, is a coequaliser.

i
—E -
E

The components of the left unitor ly; : Uy ©M — M are given by (id, /;;,1d), where
[y 1s defined as follows: By the module laws, My : A ® M — M is a coequaliser of the
maps oA ® idy, and id4 M. The canonical isomorphisms between M and AoM is the
middle component of /y;, and naturality of / follows from commutativity of the diagram

below. We can define r, and prove its naturality, in a similar way.

JUs ® idy M AM
Ly-~~

A M

ARA®M

X g ‘
ldA®Mo M\OM :fng
fefres feg g :
Uy, ®id N1~ BoN
oYA N l
B®B®N BN~ | 1

The Braided Monoidal Structure of Alg

In this section we will prove that Alg[C] is a braided monoidal double category and that

it is symmetric whenever C is symmetric.

Proposition 5.4.12. Let C be a braided monoidal category where all coequalisers exist
and where the tensor product preserves coequalisers. The double category Alg[C] of
algebras, bimodules and bimodule homomorphisms in C is braided monoidal. It is

symmetric, whenever C is symmetric, respectively.

Proof. By Lemmal5.4.T|and[5.4.3] Dy and D, are braided or symmetric monoidal when

C is braided or symmetric. Clearly, S and T are strict monoidal functors preserving
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the associativity and unit constraints, and U, is the monoidal unit of D, when [ is the
monoidal unit of D,.

Unfolding definitions shows that the globular isomorphism 1 from U o ® to ® o
(U x U) is the identity. We define the exchange law, ¥, between the functors © and ® as
(id, &, 1d), where £ is the unique morphism completing the commuting diagram below. In
this diagram, ¢, ¢, and cy are the coequalisers defining (M, ® N;)o(M, ® N,), MioM>,
and N,,N,, respectively. By a similar argument given while defining the associator a
for the double category, one can show that ¢y ® cy is the coequaliser of the lower
two parallel maps in the diagram. The two left-most vertical morphisms are natural
isomorphisms constructed from swap maps. For later use, we will denote the middle

morphism by &-.

O(Ml ® MZ) ® id[\/]@Nz

(M ® M>) ® c (M, ® N))o
(B, ® By) ® (N} ® N2) (M1 ® M) & (N1 & N2) (M ® Ny)
idM|®M2 ® (Nl ® Nz). :
~ &= Ex (5413
(oM; ® idy,) ® (c M2 ® idy,) .
(M ® B1 ® N|)® (MyoM>)®

M QN)Q®(Mr ® N)) ——
(M, 1) ® (M 2)0M®CN (N1oN»)

(M2 ® B, ® N>)
(idy, ® N1g) ® (idps, ® Nag)

It is left to prove that the diagrams [4.1.8} [4.1.16] commute. Because u and x are
globular, it suffices to verify commutativity of the diagrams for the middle component
of the extended module homomorphisms.

Diagram @.1.§] corresponds to the front square of the diagram below. The unla-
belled arrows represent the coequalisers defining their target object. The back square
commutes by coherence of the braided monoidal category C. The squares on the sides
commute by definition of &, a and o. It follows that the front square must commute as

well, which is what we wanted to prove.
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(My @ Ny o (Mz ® N2)) o (M3 ® N3 (M, o M2) @ (N, @ N2)) o (M3 ® N3)

\ oid \
(M1 ® N1)o(Mz ® N2))o(M3 ® N3) —— (M1oM>) ® (N1oN2))o(M3 ® N3)
a loa
a '3
(M ® Ny) o (M2 ® N7)) @ (M3 ® N3)) (M1 e M) @ M3) ® ((N1 ® N2) @ N3)
\ \
(M ® N1)o((M2 ® N2)o(M3 ® N3)) (MyoM32)oM3) ® (N1oN2)oN3)
ide a®a
idef . a®a
(M ® Ny) o (M e M3)® (N, @ N3)) - 3 (M o (M, @ M3)® (Ny ® (N, ® N3))

(M1 ® N1)o((M2oM3) ® (N26oN3))

(M1o(M2oM3)) ® (N16(N26N3))

The equations [d.1.9) 4. T.T0, A.T.TT} F.1.13] [4.1.15] [4.1.17| concerning ¢ are proven
in the same way. It is easy to see that the other equations, 4.1.12,{4.1.14]|4.1.16{4.1.18|

concerning u hold, as u is the identity, and U,, ,. = au, v,ve» U(Pa) = pu,, Udy) =

/lUA, and Oy,Uup = U(O'A’B). O

Companions and Conjoints in Alg

Finally, we will prove that Alg[C] is fibrant. This is the last step we need to take to show
that we can lift Alg[C] to obtain the bicategory Alg[C], which preserves any braided

monoidal structure.

Lemma 5.4.14. Let C be a braided monoidal category. The double category Alg[C] is
fibrant.

Proof. Let f be a morphism of Dy. The companion of f is defined by the following
data:

m o= Gda f.f) &= (f.idp, idp) (5.4.15)

A BB
The first equation of holds because g o m; = (f, f, f) = Uy. The left-hand-

side of the second equation corresponds to 17; © = (id,, foidg, idp) : UAof' — f'OUB,

where foidp: is the unique map that makes the back of the diagram below commute.
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lf// |

A®A®B A®B
id) ® f TB“ | foid
f®feids o f®idg o lidg . (5.4.16)
of®1dB ///_/B;:~//'/iBOB
B®B®B B® B LT
idp ® Upg \fqgk
O.

We need to show that foidg = idg. In this diagram, c4 and cp are the coequalisers
defining UAof' and f,Uj, respectively. It is easy to check that f, and . f are coequalisers
as well. The morphisms idg, /; and rj are the unique morphisms that make all diagrams
commute. It follows from coherence of double categories that foidg = idg, and thus
nj © € = 1. This simultaneously proves that f has a conjoint, because Alg[Clor] =
Alg[C]. O

Theorem 5.4.17. Let C be a braided monoidal category where all coequalisers exist
and where the tensor product preserves coequalisers. The loose bicategory Alg(C) is

braided monoidal; it is symmetric whenever C is symmetric.

Proof. By[5.4.95.4.12][5.4.14] Alg[C] is braided monoidal and fibrant; and it is sym-

metric whenever C is symmetric, respectively. As a result, all constraints have loosely

strong companions. Therefore we may apply Theorem [4.3.30|to finish the proof. O

Example 5.4.18. When we take Alg(AB) of the category of Abelian groups and group
homomorphisms as our symmetric monoidal category, we obtain the double category
Mod of rings, ring homomorphisms, bimodules and bimodule homomorphisms. As

a consequence of Lemmas [5.4.9 [5.4.12] [5.4.14] and Theorem [{.3.30] the loose

bicategory Mod of Mod is symmetric monoidal.

Monoidal Functors and Transformations

We extend Alg to functors and transformations and show that it gives rise to a pseudo-

functor.

Proposition 5.4.19. Any braided monoidal strong functor F : C — D which preserves
coequalisers lifts to a braided monoidal strong double functor Alg[F] : Alg[C] —
Alg[D]. The functor Alg[F] is symmetric, whenever F is symmetric, respectively.
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Proof. Any braided monoidal functor preserves algebras and bimodules. The functor
Alg[F]o maps an algebra (A, o, 5) to the algebra (FA, F(réx) oX, F(é) ot). The functor
Alg[F], maps an A-B-bimodule M to F(M)oxa yep©(id®x.5). On extended bimodule
homomorphisms, Alg is defined component-wise. The pseudo double transformation

Alg[F] is the unique morphism defined by the coequalisers below.

of M) ® idF(N)
FM® FB® FN FM® FN
idF(M) ® F(N).

FMoFN

1

X =
F(ocM ®idy) .
F(M ® B® N) F(M ® N) F(MoN)
F(idy, ® Ng)

Alg[Flo  (5.4.20)

The two commuting diagrams below show that Alg[F] is an extended bimodule

homomorphism and that Alg[F], is natural in Alg[D];.

FA®M®B®N®C) —— FA®M®N®C) F(A® MoN ® C)
_— | ideAlglFlo®id -7
FA® FM® FB® FN ® FC|= FA® FM® FN ® FC —— FA® FMoFM ® FC |
F(Mp ®lidg ® oN) F(Mg ® oN) F(MoN)
F(M)o ® idrp ® o F(N) | |
° © F(M)o|® oF(N) FMyFN !
FIM® B® N) —— F(M®N) F(MoN)
" " | _--TAlg[Fle
FM ® FB® FN FM ® FN FMoFN
F(IM®B®N) F(M®N) F(MoN)
] _— | Alg[Flg -~~~ 3
FM®FB® FN FM®FN FMoFM |
F(f ®lid® g) F(fl®g) F(fog)
F(f) ®id[® F(g) F(P)|® F(g) F(fJoF(g) :
F(M'® B& N') F(M' ®N') | F(M'oN')
/ / \L //f’/Alg[F]@
FM' ® FB® FN' FM' ® FN' FM'oFN'

One can show with a similar commuting diagram that Alg[F] is a natural isomor-
phism in Alg[D]. The natural isomorphism Alg[Fly : Ug,ua — F1(Uy) is a strict
identity, by the definition of U, Alg[F]y, and Alg[F];. Finally, it is straightforward that
S o Alg[F], = Alg[F]oo S and T o Alg[F], = Alg[F]poT.
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It is left to prove that the double functor Alg[F] is braided monoidal strong and
that it is symmetric whenever F' is symmetric. Firstly, Alg[F], and Alg[F]; need to
be braided monoidal strong functors, which comes down to showing that the natural
transformations y :® (Alg[F], Alg[F]) — Alg[F] ® and ¢ : I, — Alg[F](Ic) give rise
to tight transformations of double categories, whose components are well-defined as
algebra and module homomorphisms, respectively. This follows from the naturality of
X, and the coherence and functoriality of F. Coherence of Alg[F], and Alg[F]; follows
from coherence of F. Similarly, the symmetric monoidal structure of F' gives rise to a
symmetric monoidal structure for Alg[F']y and Alg[F],. Secondly, we need to show that
Alg[F]po S equals S o Alg[F]; as monoidal functors, and similarly, Alg[F]ooT =T o
Alg[F),. The first equality amounts to y%81F10°S = ySeAlIFl gpd ) AlslFloS — | SoAlglFli
where we have written the functor that y belongs to in superscript. Unfolding definitions
gives us Alg[Flo(x®) o xy*&Flo = §(,4%lFly o 45 This holds, since y° is the identity.
The constraints are shown to hold in a similar way.

Finally, the first of the two commuting diagrams of Definition corresponds
to the front square of the commuting diagram below. The unlabelled arrows represent
the coequalisers defining their target object. The back square commutes by coherence
of F. The squares on the sides commute by definition of &, Alg[F]s, and yoy and by
naturality of y. It follows that the front square must commute. The second diagram can

be shown to hold by a similar argument.

(FN ® FL) ® (FM ® FK) (FN ® FM) ® (FL ® FK)

(FN ® FL)o(FM ® FK) (FNoFM) ® (FLoFK)
X ®x X ®x
Xox Alg[Flo ® Alg[Flo
FIN®L)® F(M ® K) F(N® M)® F(L® K)
\ \
F(N ® L)oF(M ® K) F(NoM) ® F(LoK)
X X
Alg[Flo
F(6) X
F(N®L)® (M Q® K)) F(N® M) ® (L®K))
I Fe
F((N ® L)oM ® K)) F((NoM) ® (LoK))
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Note that a similar result does not hold for braided monoidal lax or colax functors,

as the transformations y and ¢ of Alg[F] may not have loosely strong companions.

Proposition 5.4.21. Let F,G : C — D be braided monoidal functors that preserve co-
equalisers. A braided monoidal transformation a : F = G lifts to a braided monoidal
double transformation Algla] : Alg[F] = Alg[G). Furthermore, Algla] is symmetric,

whenever a is symmetric, respectively.

Proof. The components of any monoidal transformation « are algebra homomorphisms
by the two coherence equations and by naturality of @; hence, a gives rise to a natural
transformation Alg[a]y : Alg[Flo = Alg[G]y. It gives rise to a natural transformation
Alglaly : Alg[F], = Alg[G];, where the component Alg[a]y of an A-B-bimodule M
is defined as (@4, @y, ap). This is well-defined by naturality of @ and the coherence
equations for monoidal transformations.

The first equality for tight transformations follows from the first coherence condition
for monoidal transformations, as shown below. Similarly, the second equality follows

from the second coherence condition for monoidal tranformations.

F(M® B ® N) F(M® N) F(MoN)
P ] AlglFlo--"" |
FM®FB®FN FM®FN FMoFM |
Q M&BON apMeN i A M
ay ® ag ® any 3 |
ay|® ay | AMOAN !
G(M ® B® N) G(M ® N) G(MoN)
_— _— L -AlglFlo
GM ® GB® GN GM ® GN GMoGN
(5.4.22)

The coherence diagrams for monoidal transformations of double categories follow

directly from the original coherence diagrams of a. |

We are now ready to prove that the Alg construction gives rise to the following
functors of locally cubical bicategories. Recall from the previous section that the sub-
script s is used to denote that the 1-cells of these locally cubical bicategories are strong

monoidal pseudofunctors.
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Proposition 5.4.23. The Alg construction gives rise to the following functors of locally

cubical bicategories

BrMon,Cat — BrMonDbl,
SymMon,Cat — SymMonDbl;

Proof. We regard BrMon,Cat and SymMon,Cat as locally cubical bicategories with
only identity tight 2-morphisms and 3-cells. The assignment on categories, functors
and transformations is given in Propositions [5.4.9] [5.4.19] and [5.4.21] By Proposi-
tions Alg[F] is braided monoidal strong and Alg[C] and Alg[D] are fi-

brant. Therefore, the transformations y and ¢ of Alg[F] have loosely strong companions.

The assignment Alg on functors and transformations preserves horizontal composition

and units strictly. It follows that the coherence equations are trivially satisfied. O

Special dagger Frobenius algebras and dagger bimodules

The result can be extended to the bicategory 2[C] of special dagger Frobenius algebras,
dagger bimodules and bimodule homomorphisms in a monoidal dagger category C.
When a braided monoidal category C is equipped with a dagger functor, dagger
Frobenius algebras, dagger bimodules and bimodule homomorphisms do not form a
fibrant double category by the method introduced in this paper. The reason is that the
bimodule defined in equation [5.4.15]as part of the data that forms a companion is not a
dagger bimodule. To solve this, we restrict the categories Dy and D; in an appropriate

way to ensure that the result still holds.

Definition 5.4.24. Let A, B be Frobenius algebras and let f : A — B be an algebra

homomorphism in a dagger monoidal category. The conjugate f. of f is defined as

fi= ff

An algebra homomorphism f is self-conjugate if f = f..

We denote the double category of special dagger Frobenius algebras, self-conjugate
algebra homomorphisms, dagger bimodules and extended bimodule homomorphisms
(fi, f, f2) in C, of which fi and f, are self-conjugate, as 2[C]. The restriction to self-
conjugate morphisms ensures that the 1-cell f in is in fact a dagger bimodule.
The double category 2[C] is a fibrant braided monoidal sub-category of Alg[C], since
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the monoidal unit is a special dagger Frobenius algebra, all structure isomorphisms are
self-conjugate and the tensor product, as well as loose and tight composition, preserves
all structure. We show that 2 gives rise to a functor of locally cubical bicategories. We
denote BrMon, T Cat as the locally cubical bicategory of braided monoidal dagger cat-
egories and strong monoidal dagger functors and SymMon; T Cat as the locally cubical
bicategory of symmetric monoidal dagger categories and symmetric monoidal strong
dagger functors. Both locally cubical bicategories have identity tight 2-morphisms and
3-cells.

Proposition 5.4.25. The assignment 2(—) gives rise to the functors of locally cubical

bicategories below.

BrMon, T Cat 2 BrMon,Dbl,
Sym2
SymMony T cCat - SymMon,Dbl;

Proof. Let C be a braided monoidal dagger category. We obtain the braided monoidal
sub-double category 2(C) c Alg(C). This assignment gives rise to the pseudofunctors
BrMon, T Cat 2 BrMon,Dbly and SymMon, T cCat % SymMon,Dbl;. On
monoidal categories, this is the assignment C — 2[C]; on hom-categories, it is defined

as in Prop O

Now we can state out final result.

Theorem 5.4.26. The assignment 2[—] gives rise to the functors of locally cubical bi-

categories below

2[-]: BrMong t Cat — BrMon,Bicat
Sym2[-] : SymMong T Cat - SymMon,Bicat

Proof. Theorem [4.3.31] and Proposition give us the required composition of

functors below.

BrMons TCat 2 BrMonDbl, M) BrMon,Bicat

SymMong L
SymMony T cCat 22, SymMon; Dbl o, SymMonBicat
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For completeness, one could show that 8rMon, L and 2 preserve the dagger struc-
ture, which implies that 2[C] is a symmetric monoidal dagger bicategory. We leave this

for future work.
Corollary 5.4.27. The bicategory 2Hilb is symmetric monoidal.

Proof. As shown in [Wes13| Section 3.6.3], 2Hilb is equivalent to the subbicategory
2[FHilb] of commutative dagger Frobenius algebras, where FHilb is the symmetric
monoidal category of finite Hilbert spaces and linear maps, which contains all coequal-

izers. As this subcategory is equivalent to 2[FHilb], the result follows from Theo-
rem[5.4.26 O

Corollary 5.4.28. The bicategory 2Vect is symmetric monoidal.

Proof. We obtain 2Vect as Alg[FVect] from the braided monoidal category FVect of
finite-dimensional vector spaces and linear maps. The category 2Vect is symmetric
monoidal, contains all coequalisers and has a tensor product that preserves coequalisers.

O

Corollary 5.4.29. Let C be a braided monoidal category that contains all coequalis-
ers and where the tensor product preserves coequalisers. The bicategory 2[C] defined
in [Wesl3] is braided monoidal. It is symmetric monoidal whenever C is symmetric

monoidal, respectively.

Proof. The bicategory 2[C] is the horizontal bicategory of 2[C]. O

5.5 Higher Categories of Mixed States

In this section we combine the algebraic approach to quantum mechanics with the de-
coherence perspective on classical and quantum behaviour. We apply the 2[—] con-
struction to the category of algebras and completely positive maps CP*[FHilb] defined
in [CHK16]. The integrated approach describes the interaction of mixed quantum states
with their environment. It allows a unified description of quantum teleportation and
classical encryption in a single 2-category, as well as a universal security proof applica-
ble simultaneously to both scenarios, as shown in [HVW14]. Specifically, it is shown
that destroying the second half of the shared resource is equivalent to destroying the
original message or state. This proof relies on the existence of a canonical ’deletion’
map. Such a map, which does not exist for the state vector formalism of quantum me-
chanics, arises in the algebraic approach to quantum mechanics from the trace map on

density matrices.
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By [HVW14, Lemma 11], not all idempotents in the category CP*[FHilb] have a
dagger splitting. Therefore, horizontal composition is not necessarily defined for all
I-cells in 2[CP*[FHilb]]. However, we will show that for a substructure consisting
of natural numbers, matrices of finite-dimensional C*-algebras, and matrices of com-
pletely positive maps, composition is well-defined. We then proceed to show that the
substructure is a symmetric monoidal bicategory.

First of all, note that for every classical structure C = (A, O, 6) in FHilb, the mor-
phisms A and © are completely positive maps of the form / — C and C X C — C.
Therefore, (C, (6\ 5) corresponds to a classical structure in CP*[FHilb], which we call
a classical structure over itself. As we noted before, such a structure is just a natural

number, up to isomorphism C = C".

Lemma 5.5.1. There is a one-to-one correspondence between dagger bimodules on
classical structures over themselves in CP*[FHilb], and matrices of finite-dimensional

C*-algebras.

Proof. First, we show that a dagger bimodule on classical structures over themselves in
CP*[FHilb] corresponds to a matrix of finite-dimensional C*-algebras. Let C"-C" be
classical structures over themselves and let M: C"®@ M®C" — M be a dagger bimodule
in CP*[FHilb]. Then M is a finite-dimensional C*-algebra, and M is a completely
positive map. By Theorem 11 of [HVW14]], the units of C" and C" correspond to
the sum over the standard basis vectors |i) and |j) of C" and C", respectively. By the
unit law for bimodules we have the equality idy = ;. i Pij(M), where P;; =
19y 1) @ id[M] ® (|j) {j]), as in equation @ Each P; ; is completely positive, as it is
a composition of completely positive maps and dagger idempotent, by the first module
axiom Hence, its image M;; = P;j(M) is a finite-dimensional C*-algebra by a
classic theorem of Choi and Effros [CE77]]; see [HKS13, Proposition 2.4]. This means
that the bimodule M gives rise to a matrix (M;;) of finite-dimensional C*-algebras.
Conversely, let (M;;) be an m-by-n matrix of finite-dimensional C*-algebras. We
will define the corresponding bimodule M in 2[CP*[FHilb]]. The underlying object
is defined as the direct sum of the entries of the matrix M := @i’j M;;. The module
M: C"® M ® C" — M is defined on the basis elements |i),|j) of C" and C" as the
projection onto the summand M;;. This is a *-homomorphism, which is a completely
positive map [[CHK16, Lemma 3.8]. We need to check that it satisfies the bimodule
equations [5.2.1] [5.2.2] The first two equalities are straightforward. For the third equal-
ity, note that M": M — C" @ M ® C" maps b € M to ¥, ;i) ® (1;;0) ® | ). O

Next, we show that horizontal composition is well-defined for matrices of C*-

algebras.
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Proposition 5.5.2. Let (C, réx, é), (D, réw, é), (E, r‘\, ‘) be classical structures over them-
selves in CP*[FHilb], and let M and N be a C-D-bimodule and a D-E-bimodule. The

horizontal composition Mgy is well-defined.

Proof. 1t is sufficient to show that the idempotent (5.3.3) splits. Let |i), |j), |k) be the
standard bases of C/, C", C". Let M be a dagger C'-C™-bimodule, and let N be a dagger
C"-C"-bimodule in CP*[FHilb]. The idempotent maps m ® n to 3, ;; M(li) ®
m®|j)) ®N(|j) ®n® |k)). This morphism is a sum of orthogonal projections, and hence
a projection. Again, by [CE77], its image is a C*-algebra. Therefore, it has a splitting
within the subcategory. By Lemma 5.3.4] horizontal composition is well-defined. O

Lemma 5.5.3. There is a one-to-one correspondence between homomorphisms of dag-
ger bimodules between classical structures over themselves in CP*[FHilb], and matri-

ces of completely positive maps between finite-dimensional C*-algebras.

Proof. Firstly, we show that every homomorphisms of dagger bimodules between clas-
sical structures over themselves corresponds to a matrix of completely positive maps.
Let f: M — N be a homomorphism of dagger C"-C"-bimodules in CP*[FHilb]. Fol-
lowing the proof of Lemma [5.5.1} let P;;: M — M;; and Q;;: N — Nj; be the com-
pletely positive projections, indexed by the standard bases of C" and C", as defined
in[5.2.3] We define f;; := Q;; fPl.Tj: M;; — N;; as the components of an m-by-n matrix
(fi.j)i,j» The components are compositions of completely positive maps; hence, they are
completely positive themselves. Conversely, we show that every matrix of completely
positive maps defines a bimodule homomorphism of bimodules on classical structures
over themselves in 2[CP*[FHilb]]. Let (f;;) be an m-by-n matrix of completely posi-
tive maps f;;: M;; — N;;. By Lemma[5.5.1] it suffices to define a completely positive
map f: M — N for M = D, M;; and N = €D, ; N; that satisfies the bimodule ho-
momorphims equation f oM = No (id ® f ® id). We define f := EBU fij, which is
well-defined, since CP*[C] has biproducts [[CHK16, Theorem 3.2]. The equations be-
low show that this satisfies the bimodule homomorphism equation for all basis elements

i), |j) of C",C™, respectively.

M @aw®lj) =D, fiPij@
=Qi; @ fij(@)
ij

=N(i) ® f(a) ® 1))
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We derive the following sub-bicategory of 2[CP*[FHilb]], which has sufficient co-

equalizers.
Theorem 2. The following sub-structures of 2[CP*[FHilb]] form a bicategory:

o O-cells are natural numbers m;

e [-cells m — n are m-by-n matrices (M;;) of finite-dimensional C*-algebras;

o 2-cells (M;;) — (N;;) are m-by-n matrices (f;;) of completely positive maps;

e horizontal composition of 1-cells M, N, is given by (@j M;; ® Nj)ixs The unit
1-cell is the matrix with all components equal to C.

e horizontal composition of 2-cells f,g, is given by (EB]. fii ® gidiks

e vertical composition of 2-cells f,g, is given by (g;;fij)-

Proof. We know by Lemmas [5.5.1] and [5.5.3] that the O-cells, 1-cells and 2-cells are
well-defined elements of 2[CP*[FHilb]]. We apply definition of horizontal com-
position through dagger splittings to the notions of bimodules and bimodule homomor-
phisms as matrices. The underlying object MoN of [5.3.5]is the image of the map[5.3.5]
which can be written explicitly as 3}, ;, M(|i) ® [-] ® |j)) ® N(|j) ® [-] ® |k)). This
corresponds to the biproduct @ijk M;;® Nj. As a consequence, by Lemma MN

corresponds to the matrix (EB]. M;; ® Nji)ir. Similarly, horizontal composition of bi-

module homomorphisms f: M — M’ and g: N — N’ corresponds to (EBJ. fii®gir), by
uniqueness of coequalizers, as this map makes the diagram [5.3.2] commute. Finally, it

is easy to show that the matrices are closed under vertical composition. O

The bicategory defined above is sufficient for expressing and verifying correctness
of quantum teleportation and encrypted communication, as shown in [HVW14, Sec-
tion 4]. Whether 2[CP*[FHilb]] as a whole is well-defined remains an open problem.
To solve this, we first need a characterization of its objects. A first step was made
in [HVW 14| Theorem 16], showing that special dagger Frobenius algebras on classical

structures in CP*[FHilb] are isomorphic to groupoids.
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Conclusions

We have explored various features that distinguish quantum mechanics from classical
mechanics and assessed their respective roles in quantum computing. We have unified
two prominent perspectives on contextuality and formulated necessary conditions un-
der which contextuality provides an advantage in communication complexity. We have
developed a mathematical foundation for an intuitive planar language of quantum pro-
tocols and we have introduced such a model for mixed states. Yet, there are still various

open problems and our exploration leads to new interesting questions.

Contextuality of Unsharp Measurements

We have demonstrated that the sheaf-theoretic approach to contextuality is equivalent
to the equivalence-based approach in scenarios where factorizability is justified. In
practice, measurement results in any experiment are to some extent affected by noise.
Hence, perfect predictability of measurement outcomes does not exist, which means
that factorizability can generally not be assumed. The two formalisms give rise to
different contextuality inequalities, [AHI12], [Kunl7], as a way to cope with this. The
extent to which these inequalities are related remains an open question. An investigation
of this issue could potentially lead to experimental ways to distinguish between the two,

which may give us a clue of which assumptions about reality are justified.

Multiround Communication Complexity

We have given a unified notion of classical and quantum one-way communication com-
plexity protocols based on the sheaf-theoretic approach to contextuality and constraint
satisfaction problems. We have used this formulation to quantify the relation between
the complexity advantage and the amount of contextuality available in the resource for
the protocol.

While this scenario covers a number of interesting cases, one would like to account
for more general scenarios where parties are allowed to send arbitrarily many rounds
of messages to eachother. It was shown in [BCG™16] that advantages in multiround

comunication complexity imply the violation of some linear Bell inequality.
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In order to give a formal account of such scenarios in sheaf-theoretic terms, one
would need a notion of compositionality of empirical models. Some progress in this

direction has been made in [Man18]].

Communication Complexity Algorithms

The formulation of communication complexity protocols as constraint satisfaction prob-
lems provides opportunities for finding better communication complexity protocols. As
constraint satisfaction is an NP-hard problem, we will not be able to use it for protocols
with a large input. It may still be useful, since there are only few examples of quantum
communication protocols, which all rely on a small number of qubits.

Various computational tools have been developed for calculating various aspects of
contextuality. The Mathematica package [ABM16] contains two functions which are
relevant for communication complexity protocols, when combined with a constraint

satisfaction solver:

e Quantum empirical models from any state and any sets of compatible measure-

ments

¢ Quantifying the degree of contextuality of any empirical model

To make use of these tools, one needs to determine the required quantum resources
for realisations of strong non-locality scenarios. This is comparable to the work in [ABC*17],
and [ABCP17].

Transformations of Bicategorical Models for Quantum Protocols

We have developed machinery to construct monoidal structures of higher cells. There
are various interesting functors between monoidal categories representing various types
of computation, such as the embeddings CPM[C] — CP*[C], described in [CHK16,
Section 4] and Stoch[C] < CP*[C], described in [CHK16, Section 5]. These functors
represent the embedding of classical stochastic computing and ’purely’ quantum com-
puting into the framework CP*[C], respectively. Additionally, there is the embedding
FHilb — CP*[FHilb] which represents the inclusion of the pure-state formalism in
the algebraic framework. Bicategorical equivalents of such embeddings would provide
interesting insights into the structure of 2[CP*[FHilb]].
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Categories of Algebras and Bimodules in a Monoidal Double Category

There are interesting categories that arise from the construction Alg[—], when we take
the base category to be a bicategory instead of a monoidal category. This generalisation
captures the equivariant completion of a bicategory introduced in [CR14], which offers
a way to describe topological quantum field theories.

While bicategories are hardly any more complex than monoidal categories, our ma-
chinery no longer works in those scenarios, for the following reason: We need to find
a suitable notion of 1-morphism between algebras. One candidate is the algebra ho-
momorphism, defined within the hom-categories of the bicategory. This choice is not
suitable if we want the double category to be monoidal, since the structure morphisms
a, p, and A have source and target objects in distinct hom-categories. An alternative
candidate is the monad map, a morphism f : (A, réx, é>) — (B, réw, 5) is a pair (fi, f>)
where f; : a — bis a l-cell and f, is a 2-cell

fi B

al

A fi

However, composition of monad maps is not associative nor unital, which means that
algebras and monad maps do not form a category.

To solve this, one could consider algebras, bimodules and bimodule homomor-
phisms in a monoidal double category D. These are defined as algebras and bimod-
ules in the category of morphisms D, that are coherent with the monoidal structure of
the double category. Expand the results for monoidal categories to be applicable to
monoidal double categories is a matter of checking that all the data is coherent. We
leave this for future work. An indirect result on this is derived in [Shu08]; however,
this result does not cover dagger algebras and dagger bimodules and is therefore not

applicable to the equivariant completion of a bicategory.
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Appendix A

Decoherence

Quantum Systems and Their Environment

The module-theoretic approach to quantum mechanics exhibits various similarities to
the dynamics of decoherence. While there is no formal correspondence, one may find
the analogy illustrative. The study of decoherence aims to address the question of how
classical behaviour can arise in a world governed by the laws of quantum mechanics.
Below, we briefly set out how in an idealized scenario and under the assumption of the
decoherence principle, a quantum system can exhibit classical behaviour as a result of
interactions with its environment. This is also called einselection, which is short for

environment-induced superselection.

Decoherence

We describe a quantum system and its environment as two distinct quantum systems.
Let the quantum system be in the state [/) and the environment be in the state |e).
For some orthonormal basis {|i)} and ¥; := (ily), we can write |¥) = > ;i;|i). In this
notation, the joint state is given by }’; |i) [e) (i[).

Now, suppose there is an interaction between the system and the environment, de-
scribed by a unitary operation U, which does not disturb the state of the system. In
practice, we cannot achieve a perfect realisation of such an interaction, as any interac-
tion will cause some disturbance to the system. Nevertheless, it is worth considering
such a scenario, as we will see below. The operation U acts on each component as
i) |le) — i) le;). Hence, it sends the state |[y/) to

D wiliylen (A.0.1)

By the decoherence principle, there exists a basis {|i)}, called the einselected basis,

for which the equality {e;le;) = ¢, ; holds approximately. This approximation is better
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when the environment has higher degrees of freedom. In other words, the environmental
states {e;} form a near-orthonormal basis. In terms of density matrices, the quantum state

before decoherence corresponds to the state below.
W) @l = > w1 il
bj

The probability of measuring the state (¢| is obtained by the Born rule.

<4wawﬂm:2ﬁ%mmm>
i.j ij
= > U9,
bj

Here, ¢; := (il¢). The quantum state after decoherence is obtained by tracing out the

environment. This results in the maximally mixed state below.

ﬂ{ZM%wmp”:Zﬁ%mmww
ij i.j
~ > Wil Gl
i.j
~ ) wwili) i

Applying the Born rule gives the following probability for measuring |¢):

m&ymmﬂm=sz

The probability of each outcome |¢) for this state is the weighted sum over the
probabilities of obtaining outcome |¢) for each of the components |i) (i|. In other words,
the outcome probabilities for the basis elements {|i)} are additive, just like probabilities
of mutually exclusive events in classical physics.

In comparison, if we measure a state before decoherence there is an additional com-
ponent ) ; Y ;¢: ¢;, which causes the probability to be smaller or larger than the sum of
the probabilities for each of the components. This effect is called quantum coherence.

Environmental Interactions in the Semantics of Quantum Protocols

The semantics for quantum protocols introduced in Chapter 5 exhibits similarities to
the principle of decoherence. In the decohered quantum state, equation [A.0.1] there is
a correlation between the quantum state and the state of the environment. More specif-

ically, this is a correlation between the basis states of the quantum system and the basis
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states of the environment. One could therefore consider the basis of the environment
as classical information about the quantum system. One could extend the analogy, by
interpreting the bimodule action as an interaction between the quantum system and the
environment through which information about the quantum system is ’leaked’ into the
environment. In support of this interpretation, in [CP0O6], quantum measurements are
characterized exactly as dagger modules. This ‘leaking’ of information into the envi-
ronment causes the system to exhibit classical features. As in the case of decoherence,
classical datatypes arise when the environment captures all quantum information about
the system. Quantum states are preserved when all interactions are trivial, which means

that the system is completely isolated.
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Appendix B

Coherence Diagrams

We give the coherence diagrams for monoidal objects, 1-cells, 2-cells and icons in a
locally cubical bicategory, defined in Section For readability, we sometimes write
S(a) and T () for the composite 2-cells that form the source and target, respectively,
of a 3-cell @. Furthermore, we simplify notation for coherence constraints for double

categories, by writing = to indicate composites of such coherence cells.
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Monoidal Object

Q(®xid)
(idx@xid)
1dId (idxidx®@xid)
(IdxaxId) oldld
®(®xid) R(idx®)
(idx®xid) _ (idx®xid)
(idx@xidxid) (idxidx®@xid)
Id(axId)Id oldld (Id><(z><Id) Id(Idxa)Id
®(®@xid) ®(1dX®) R(IdX®)
(®xidxid) S (mId (idx®@xid) (idxidx®)
(idx@xidxid) (idx@xidxid) 1d (idxidx®@xid)
(IdxS (7))
Id
(Idxa)
1dId d IdId
(axIdxId) oldld Id IdxIdxa)
. .
®(1dx®)
(Idxidx®)
(idx®xidxid)
J= aldy

®(®xid) ®(idx®) ®(®xid) ®(idx®) Id(Idxa)Id R(idx®)
(®xidxid) ®@xidxid) =——= (idxidx®) = (idx®@xid) - (idxidx®)
(®xidxidxid) (idx®@xidxid) (idx@xidxid) oldld (idx®@xidxid) (idxidxidx®)
®(®xid)
I (idx®xid) e
idxidxidx®
aldld (axIdxId) (idxidxidx®) S(mid
9
aldld
=
d
® (axId)
®(dX®) T(m)Id
(®xidxid) Je
(®@xidxidxid)
®(®@xid) oldld ®>1dx®) ®(®xid)
(Idxidx®) ——e—— (idxidx®) —— (idxidx®)
(®@xidxidxid) (®xidxidxid) (idxidxidx®)
= (B.0.1)
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1dId .
(axIdxId)

®(®@xid)
(idx®@xid)
(idx®@xidxid)

®(®xid)

(®xidxid) 1d(S (m)xId)
(idx@xidxid)

1dId
(IdxaxId)
®@xid) Gl ®(idx®)

(idx@xid) —e= (idx®xid)
(idxidx®xid) (idxidx®xid)

Id(Idxa)ld
i xn) [d(ax1d) S (0)ld
®(®xid) ®(®xid) ®(idx®)
(®xidxid) 1d(T (m)x1d) (®xidxid) (idxidx®)
(@xidxidxid) Id(axId)ld / (lXmdX®X1d> (idxidx@xid)
®(®xid) T(ld Id><Id><a)
(idx@xid) aldld (”) aldld
(®@xidxidxid)
aldld ® =
®(1dX®) ®(®@xid) ®(1dX®)
aldld (®xidxid) (idxidx®) (idxidx®)
(idxidx®@xid) (1d><1d><®><1d) (idxidxidx®)
Yo Z
®(i§i>@) @(@xiql)
(®xidxid) (0l (idx®xid) e aldld
(®xidxidxid) (®@xidxidxid)
(Id><Id><a)

Id ®(®xid)
(Idxa) (idxidx®)

\ Id / (idxidxidx®)
®(®xid) oldld R(Idx®) /

(1dXidxX®) ——e——— (idxidX®)
(®@xidxidxid) (®@xidxidxid)
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®(®xid)

; ) — | ®(@xid) 1dId
HaxIdId (igi;%lxdﬁj) (idx[®(Ixid)xid) __ (IdxixId)
®(®xid)
(idxidxid)
. ®(@xid) @
®(®xid) _ i
([®(idxI]xidxid) — (ifi%lxdiﬁ‘xdﬁi) oldld \
®(idx®)
ldid e e (idxidxid)
(' x1dxId) ®(idx®) ®(idx®)
(igg?%%) = (idx[@(Ixid)]xid) ldld(1dxixId)
S(old
=
®(@xid) Id(Idxa)
(idxidxid) oldld e
e
®(1dx®)
N[ (idxidx®) 1dT (1)
(idxIxidxid) =
aldld/ \
o (g(xiﬁ;@i)i) o ﬁgﬁ;‘g) ®(id><[®(1><id)];d(EXD@(idxid) 6(1dx®)
(dxIxidxid)  (idx/xidxid) (idxidx®) (idxidx®)
/ =
®([®(idx)]x®)
(idxidxid) 1d(1dxS ()
/‘d(r"xldl
®(idx®)
(idxidxid) Yrd1dxpw)
R(IdX®)
- (B.0.2)
®(®xid) 1d(axI1d)1d ®(@xid)
(®xidxid) * (idx®@xid)
idxIxidxid) (idxIxidxid)
/ @ \
®(®xid) iuﬁ ®(®xid)
. ([®(idxI]xidxid) (S Gyxid) (idx[@(Ixid)]xid)
(r~'xIdx1d) IdId
(IdxIxId)
]
®(®xid) %1( Xy ®(®xid)
(idxidxid) . (idxidxid)
aey o
®(idx®) m ®(idx®)
(idxidxid) = (idxidxid)
\ /
®(idx®) ®(idx®)
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®(1dX®)
(idxidx®)

(idxidxIxid)

° (”)Id N\

®(idxid)
(®xidxid)

\

®(IdX®) Id(Idxa)Id
®(idx®) (idx[®(idxD]xid) = (idx®xid) -
(idxidxIxid)
1dld
(Idxr~ x1d) H
aldld
®(®xid)
®idx®) (idxidxid) e (idx®xid) Jr1
(idxidxIxid)
= T (ol
®(®xid) d(axId)
(idx[®(idxI]xid) }\ Id =
IdId
(Idxr~'xId) ®@xid)  oidld  ®(dx®)
®(1dx®) (®@xidxid) —e—> (®xidxid)
(idxidxIxid) (idxidxIxid)
®(®xid)
(idxidxid)
= .
®(®xid) . .
1dS (p) (idxIxid) ®(‘€gx[%iﬁ§l)])
(®xidxid)
J=
ae /
N
Id(r’l xId) ®([%1XC1§Q£;M)
®(1d><1d)
(®><1d><1d)
T (wld

®(idX®)
(idxidx[®(Ixid)])

ald%

®(®xid)
(idxidx®)

) Idid
(idxidxxid) (IdxIdx1)

Y R(idx®)

®(®xid)

(B.0.3)

®(1dx®)

Id(Idxa)ld

(idxidx®)

®(®><id)
Id
®(1dX®)
R(1dx®) (idx[®(idxI)]xid) (idx®xid)
(idxiﬁél xid)
1did -

(Idxr~'x1d) I

®(idx®) (idxidxid) Yut

m
®(1dX®)
W
.

(idxidxIxid)

(idxidx[®(Ixid)])
Idld
(IdxIdx1)

®>1dx®)

®>1dx®) .

®(®xid)

®(®xid) P
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Lax Monoidal 1-cell

dld fe(@xid) ( IdIIc:i )
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