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ABSTRACT

We present a model for the strategic selection of party nominees,
where competing groups choose their representatives based on
the expected electoral returns. Technically, we look at a general-
isation of the Hotelling-Downs model, where each nominee has
a predefined position on the political spectrum and attracts the
closest voters compared to all other representatives. Within this
framework we explore the algorithmic properties of Nash equilibria,
which are not guaranteed to exist even in two party competitions.
We show that finding a Nash equilibrium is NP-complete for the
general case. However, if there are only two competing parties, this
can be achieved in linear time. The results readily extend to games
with restricted positioning options for the players involved, such
as facility location and Voronoi games.
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1 INTRODUCTION

Strategic voting [23] has become a central topic of algorithmic game
theory and computational social choice. The analysis of collective
decision-making among self-interested individuals poses deep com-
putational problems with neat applications to economic interaction.
This is particularly true for the analysis of representative democ-
racy, where parties compete for electoral returns: deciding which
candidate to select as the party’s representative at an upcoming
election warrants a careful examination of the behaviour of voters
and candidates alike.

In US elections, for example, there is an explicit two-stage pro-
cess, where parties undergo an internal nominee selection process,
referred to as primaries. The candidates selected by the parties in
the primaries then face one another in the general elections. This
mechanism has been widely studied in the political science litera-
ture (see, e.g. [8, 32]) and has recently also attracted the attention
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of researchers in artificial intelligence (see, e.g. [5]). The latter fo-
cused on the parties’ internal selection mechanisms rather than the
strategic aspects thereof. As also emphasised by Borodin et al. [5],
an important challenge has remained open, namely, that of under-
standing how parties can best select their nominees, as a function
of the voters’ opinions and the other competing parties’ nominees.

The Hotelling-Downs model [21] is perhaps the most impactful
and well-established framework to study strategic positioning of
self-interested players on a spacial dimension, e.g., candidates on a
political spectrum. In Hotelling and Downs’s original setup, two
self-interested ice cream vendors strategically place themselves
on a beach so as to attract as many customers as possible, in the
knowledge that the relaxed beachgoers will always opt for the
one closer to them. This game has a unique Nash equilibrium, in
which both agents choose the most central location. The simplicity
and depth of this observation has led to applications in corporate
strategy, strategic candidacy, and spatial design [13]. In [9], Downs
himself mentions the potential of this framework to predict how
parties will set their agendas and how they will position themselves
in the political spectrum, suggesting that party politics will tend to
more moderate choices.

It is fair to say that Downs’s observation relies on severely re-
strictive assumptions. First and foremost, his model involves only
two agents. Indeed, it has been shown that, if the number of agents
is increased, there are cases without (pure) Nash equilibria [12].
Second, and perhaps more importantly, agents are allowed unre-
stricted movement. While this might be a reasonable assumption
for ice cream vendors on a beach, this is certainly not the case for
political parties, which can only count on a few potential nominees,
typically tied up to relatively fixed political stances. Similarly, from
an economics perspective, producers might be limited to a fixed
number of products which can potentially be released.

Surprisingly, variations of the Hotelling-Downs model involving
multiple participants with restricted options—and which could thus
capture the mathematics behind real-world situations like the US
primaries—have been largely overlooked. A notable exception is
the work by Sabato et al. [28] on real candidacy games, where
competing candidates select intervals on a line and are then chosen
based on a given social choice rule. Notwithstanding the similarities
of this work with our framework, it also displays some important
technical differences. In particular, their restricted action spaces,
in our view not suitable to model nominee selection, can force
equilibrium existence, while they do not consider computation.



Our Contribution. We provide a game-theoretic analysis of nom-
inee selection, where parties choose independently and simultane-
ously from their respective pools of potential candidates. We assume
that both voters and party candidates occupy a fixed position on a
line, with voters always voting for the (nominated) candidate that
is closest to them. We carry out an algorithmic analysis of verifying
the existence of Nash equilibria (NEs), while focussing on the dif-
ferences between two-party and n-party systems. Specifically, we
show that if there are only two parties, the problem of establishing
whether an NE exists can be achieved in linear time (Theorem 3.7).
By contrast, finding an NE is NP-complete in the multi-party case
(Theorem 3.14). We also look at some natural restrictions, such as
having parties with non-overlapping political spectra, and provide
equilibrium existence results for these, as well.

Related Literature. Our work connects to both to the literature
on the Hotelling-Downs model in economics and the research on
Voronoi games and facility location in computer science.

The Hotelling-Downs model has been widely studied and applied
to various contexts (see, e.g. the highly impactful [30] and [14], as
well as [13] for a survey). In a similar vein to ours, much research
has been devoted to lifting the assumptions made in the original
model, including scenarios with multiple players and voting rules
(see, e.g. [12], [3],[29]) or dimensions in the metric space (e.g. [31],
see also [13]). In the field of algorithmic game theory, Feldman et al.
[19] have analysed the case in which candidates attract voters only
in a limited range. In the context of voting, Brusco et al. 7] have
looked at an application of the model with employment of the plu-
rality with the run-off rule. As noted previously, the work of Sabato
et al. [28] is certainly the closest to ours, but it presents impor-
tant differences in terms of equilibrium existence and algorithmic
analysis. In particular their setup restricts agents’ positioning to
intervals, which, forces equilibrium existence under simple voting
rules (also see our Proposition 3.2 and Example 4.2). Moreover, it is
not focussed on computing equilibria.

In algorithmic game theory, Voronoi games feature players se-
lecting points in a given space, with their utility being equal to the
sum of points in the space for which their selection is the closest.
Voronoi games have been studied as sequential decision problems
(see, e.g. Ahn et al. [1], Bandyapadhyay et al. [2]), where two players
select their (potentially multiple) locations in rounds. It the simulta-
neous variant, which is the closer to our setup, Diirr and Thang [10]
show that checking if a Nash equilibrium exists is NP-complete, al-
though studying games played on arbitrary graphs and using more
complex computational gadgets. Furthermore, Mavronicolas et al.
[22] provide a characterisation of Nash equilibria in games played
on cycle graphs. Also, Fournier [20] considers a setting in which
consumers (our voters) are distributed non-uniformly, but players
are allowed to position themselves anywhere on a graph. In a re-
lated contribution Boppana et al. [4] consider Voronoi games with
restricted positioning, but on a different spacial domain, namely a
k-dimensional unit torus. Similarly, Nuflez and Scarsini, in a series
of works [25, 26], study players with limited available positions
from a finite set of locations. In contrast to our model, the action
spaces are the same for all of the players. They then show that Nash
equilibria exist provided a large number of players.

Facility location is an important related problem, where a plan-
ner selects the location of various facilities to satisfy as many agents
as possible, given their positioning. This setup, originating from
Moulin [24], has been extensively studied in the social choice lit-
erature. In particular, Feldman et al. [18] have considered how to
locate facilities when participants can strategically misrepresent
their position in order to benefit from the planner’s decisions.

Our framework is closely linked to strategic voting, (see e.g. [23]),
the emerging area of computational social choice where participants
may misrepresent their preferences to potentially manipulate the
result of an election and, in particular, strategic candidacy.

In the typical settings of strategic candidacy (see, e.g. [6, 11, 16]),
candidates are equipped with preferences over their opponents,
and are allowed to step down to let their favourite rival win. In
some models (e.g. [15, 27]) participation in the elections incurs a
cost, in which case it might be beneficial for candidates to sim-
ply abstain, if they cannot themselves win. An approach that is
closer in spirit to ours is that of Faliszewski et al. [17], who study
the behaviour of coalitions of potential candidates, which can be
thought of as political parties. Then, given a profile of voters and a
voting rule, parties select a single candidate maximizing the party’s
chances of winning. The authors analyse the algorithmic properties
of checking if a party has a potential or a necessary winner.

Finally, our approach contributes to the study of primaries, along
the lines of the work by Borodin et al. [5], who focus on the proto-
cols for nominee selection within a party.

Paper Structure. In Section 2 we define our basic setup, including
examples and key observations used in the remainder of the paper.
In Section 3 we study the structural and algorithmic properties of
Nash equilibria. Section 4 concludes with a discussion of our main
findings and of some interesting directions for future research.

2 COALITIONAL STRATEGIC CANDIDACY

Parties, Voters, and Games. The games we are concerned with are
played on a discrete line {0,1,2,...,k}. For x,y € Ro with x < y,
we denote by [x, y] the segment {|x], [x]+1, ..., [y]}. On this line,
a positive number of voters are placed according to a distribution
function f: [0, k] — No. We have V(f) = X;¢[o,k] f(i) denote the
total number of voters on a line. At times we will restrict attention
to distribution functions f that are uniform, i.e., for which f(i) = 1,
for each i € [0, k].

The players of the game are given by a set P = {P1, P2, ..., Py}
of parties. Each party P; is fully described by a set of points on
the line, i.e., P; C [0, k]. Intuitively, these points correspond to the
positions of the candidates the party has to choose its nominee from.
Formally, they make up the party’s strategies. We allow different
parties to have candidates that occupy the same position, i.e., P;
and P; need not be disjoint for distinct i and j.

Parties strategise over which candidate to select as their nomi-
nee. Thus, we define a strategy profile as a tuple ¢ = (c1, c2, ..., cn),
where ¢; € P;. With each party P; and strategy profile ¢ = (¢1,...,c¢n)
we associate a utility, which is intuitively given by the number of
voters that are closer to c; than any other party P;’s chosen nomi-
nee cj. A voter that is just as far removed from nominees on the left
as from nominees to the right will contribute a half to the utility of
the former and half to the utility of the latter. Nominees that are in



Figure 1: Party choices on a line: candidates are at the bot-
tom, number of voters per position at the top.

the same position share the number voters they attract evenly. The
following example illustrates the setup and introduces the intuition
behind the concept of utility.

Example 2.1. Figure 1 depicts the line [0, 4] and three parties
P; ={0,2}, P, = {4}, and P3 = {1, 2,4}. The distribution f of the
voters, indicated at the top of the line, is given by f(0) = f(1) = 1,
f(2) = f(3) = 2 and f(4) = 3. Below the line the figure displays
the strategy profile ¢ = (c1, c2, ¢3), where ¢c; = 2, c2 = 4, and c3 = 4.
Given this strategy profile, P; attracts 1 + 1+ 2 + % -2 = 5 voters,
while P, and Pj5 attract %(% - 2+ 3) = 2 voters each.

Let now P; be a party and ¢ = (cq,...,c,) a strategy profile.
We set L(c;) to return the immediate predecessor of ¢; in ¢ on the
line, whenever one exists. Likewise, we use R(c;) for ¢;’s immediate
successor in ¢ on the line, whenever one exists. That is, L(c;) =
sup{cj € c: ¢j < c;j} and R(c;) = inf{c; € c:¢j > ¢;}, on the
understanding that sup @ = —oco and inf () = co. We associate with
each candidate ¢; € c an indicator function o¢, : [0, k] — {0, %, 1}
that assumes value 1 if m € [0, k] is strictly closer to ¢; than to any
other ¢; € c, value % if m is equally close to c; as some other ¢;j € c,
with ¢; # ¢;j and not farther removed from m than any, and value 0
if m is strictly closer to some ¢cj € c other than ¢;, i.e.,

if |Ci - m| < min{|LCi - m|7 |RCi - m|})

1
oc,(m) = % if [c; —m| = min{|Lc,~ -mj, |Rc,~ - m|},

0 otherwise.

The range of candidate c; on line [0, k], denoted range,. (c), is then
given by the set {m € [0, k]: o¢,(m) > 0}, which is worth observing,
is an interval. Let #S denote the cardinality of a set S and [c;] the
set of candidates in ¢ sharing the position ¢;, i.e., [¢;] = {1 < j <
n: ¢; = cj}. We now define the utility u;(c) of party P; on profile ¢
as:

1

[cil

Observe that in the current setting each voter is attracted to one
candidate and hence Y p,cp ui(c) = V(f).

It is worth noting that our setting defines a class of strategic
games, where parties are players and their available candidates
are their strategies. Hence, in the remainder of the paper we will
study the properties of game-theoretic solution concepts induced
by party choices, specifically Nash equilibrium.

Given a strategy profile ¢ = (c1,...,cp), a party P; and a can-
didate cl{ € P;, we denote (clf, c—j) = (c1,..., cl{, ...,cp), ie, the
strategy profile in which the candidate of P; is ¢] and all other
parties select the same candidate as in c¢. We say that profile c is
a (pure) Nash equilibrium (NE), if u;(c) > u;(c}, c—;) for all i and
¢; € P;.In words, a profile is a Nash equilibrium if no party can
improve their utility by switching their choice unilaterally.

D oe,(m)- f(m)

mel0,k]

ui(c) =

Input representation. As we are concerned with the computa-
tional complexity of decision problems within this framework, it is
useful to clarify the input representation. In particular, it is impor-
tant to notice that we can represent a game with voters situated on
the line [0, k] with a distribution given by a function f : [0, k] — Ny
and a set of parties P = {Py,...,Pp} asa(n+ 1) X (k + 1) table,
where entry (1, i) specifies the number of voters at position i — 1
and for j > 1, entry (j, i) specifies if party Pj_; has a potential
candidate at position i — 1. So, the representation of the game has
size bounded by (k + 1) - n+ (k + 1) - log maxy bits, where maxy
denotes the maximum number of voters at any point on line [0, k].

We will also consider a natural class of games, where we have
parties with non-overlapping ranges, which we call a sector struc-
ture. Intuitively, this is a scenario in which each two parties are
one at the left of the other. Formally, for line [0, k] with set of
parties P = {Py,...,P,}, we say that P has the sector structure
if i # j implies [min(P;), max(P;)] N [min(P;), max(P;)] = 0. We
will assume, without loss of generality, that, given a set of parties
P = {P1,...,Py} with a sector structure and parties P;, P; such
that i > j, we have that ¢; > c; for each ¢; € P; and ¢; € P;. Notice
that, if we only have two groups Py, P, the parties have the sector
structure if and only if either for every ¢; € Py and ¢z € P2, ¢c1 > ¢
or for every c¢; € Py and ¢z € Py, g > cq.

3 EQUILIBRIA

In this section we carry out an analysis of Nash equilibria, focus-
ing on existence and computation. We start with games with two
parties, then we generalise to the n-party case.

3.1 Games with two parties

3.1.1  Existence. Our model is a generalisation of the discrete ver-
sion of Hotelling-Downs model where, as argued earlier on, a Nash
equilibrium is guaranteed to exist.

To see this in our model, consider a [0, k] line and two parties,
P; and P;. It is well known (see e.g. [23]) that if P; = P, = [0,k], k
is even and f is uniform, then the game has a unique NE, which
can be computed in k — 1 rounds of iterated elimination of strictly
dominated strategies. In this equilibrium both players choose the

central position, getting utility of VTU) each. When k is odd instead,
then any outcome in which players select a central position is an
NE.

With voters that are potentially non uniformly distributed this
fact is still true, provided the notion of central position is replaced
by that of median position, which we will define next and also
need later on. A position m € [0, k] is called median if f(m) > 0,
Yin<m f(n) > VT(f) and Y ,5m f(n) > VT(f) In words, a median is
a non-empty position such that half of the voters is located there
or on the left of it, and a half there or on the right of it. Given a
line, we denote as my its smallest median position, and as mp its
largest. If the median position is unique, we simply refer to it as m.

Median positions always exist but they need not be unique. More-
over, there are cases in which median positions do not come con-
secutively. To see this, consider a [0, 4] line and the distribution of
voters f such that f(0) = f(4) = 1 and for i € [1,3], f(i) = 0. Then,
both 0 and 4 are the only median positions and are not consecutive.
Note also that we immediately have that in any election there are



at most two median positions and that, given positions my, mg, if
n € [mgp + 1,mpg — 1], then f(n) = 0.

We now use the notion of a median position to show that an NE
is guaranteed to exist if the parties’ choices are intervals, i.e., for
each party P there are pg, pr such that P = [pg, pr]. Incidentally,
this encodes the action space as studied in [28], under a very basic
“voting” rule.

Let us fix the following definition. For candidates p1,p] € P;
and py € P we say that p] is strictly closer to ps than py whenever
either p1 < p{ < pz or p2 < p; < p1. This lemma follows directly.

LEmMA 3.1. Let ¢ = (p1, p2) be a strategy profile with p; € Py and
p2 € Py. Then, if there exists p| € Py such that p] is strictly closer to

p2 than p1, we have that ui(p1, p2) = u1(p1. p2).
Now we are ready to show the existence of NE in interval models.

ProPOSITION 3.2. Let f be the distribution of voters and P1, Py
be parties. If P; and P, are intervals, then there are c1 € P1,cz € Py
such that (c1, c2) is an NE.

Proor. Let Py and P, be intervals. We show there exists an
NE profile ¢=(cy, c2). Recall that my and mp denote the median
positions. If there is a single median position, then m = m; = mg.

Case 1: {my;, mg}NP; # 0 and {my, mr}NPy # 0. Then, take
m; € {my,mg} suchthat m; € P; and my € {my, mpg} such that
my € P;. Then, let us show that (m;, my) is an NE. Suppose it is not
and that w.l.o.g. there is a candidate ¢ € Py such that u;(cy, mp) >
u1(mj, my). Observe that by the definition of a median position

VT(f). But also uz(mp, my) > VT(f) which implies

that up(m, my) < VT(’[) So, u1(my,my) = up(my, my) = VT(f) It
is then easy to see that, by the properties of median, for every value

u1(myp,my) >

of c;, we have that ul(ci, my) < VTU) Hence, c{ is not a profitable
deviation which contradicts the assumptions.

Case 2: {my,mg} NP; =0 or {mp,mgr} NP, =0. Wlo.g. let
{mp,mg} N P; = 0. Notice that as P is an interval, either (1) for
allp € P1,p <my,or(2)forallp € P1,p > mpg,or (3)forallp € Py,
p€[mp+1,mg - 1].

Suppose that (1) is the case. We first consider the case in which
for some p € P, p > max(P;). Then, take the smallest such
p € P, (denote it as sy). Notice that max(P;) is a best response
to s; by Lemma 3.1. Also, if min(P;) > max(P;), then sy is a
best response by Lemma 3.1. Moreover, uz(max(P;), s3) > VTOC) if
min(Pz) < max(P;), and uz(max(P;),c2) < VT(f) for every ¢z < sp,
as max(P;) < my. So, (max(P;),s2) is an NE. If instead it is not
true that for some p € Pz, p > max(P;), we either have that for all
p € Py, p < max(P;), or that max(P;) = max(P;). If for all p € P,
p < max(P;), take the smallest p € P; such that p > max(P;) (de-
note it s1). Notice that (s1, max(P;) is an NE by the definition of a
median position and Lemma 3.1, similarly to how we argued above.
Also, if max(P;) = max(P;), the profile (max(P;), max(Pz)) is an
NE by the definition of a median position, as max(P;) < my.

The reasoning for case (2) is symmetric, and the claim can be
shown for case (3) along similar lines. O

Critically, the existence of Nash equilibria is no longer guaran-
teed in the general setting where parties are not necessarily given

Figure 2: Normal form representation, with rows represent-
ing P;’s choices and column P;’s. The matrix entries encode
the utilities as a function of k and f.

by intervals, which is arguably a more realistic representation of
nomination processes.

PROPOSITION 3.3. There are games with two parties and no Nash
equilibria even when the distribution of voters is uniform.

Proor. Take the [0,8] line of uniformly distributed voters and
two parties Pi, Py, with P; = {1,7}, P, = {2,6}. For simplicity,
we model the instance as the normal form game in Figure 2. It is
straightforward to check that this game has no NE. O

Notice that the existence of a Nash equilibrium is not guaranteed
in our framework even in the simplest case of games with two
parties and a uniform distribution of voters. This motivates the
need for an algorithmic analysis of deciding the existence of Nash
equilibria in our framework.

3.1.2  Computation. We now move to studying the complexity of
checking whether a Nash equilibrium exists or not in a given two-
player game. While it is straightforward to see that a polynomial-
time algorithm exists for this problem (simply try all possible pro-
files and check if any is an NE), we will give a linear-time algorithm.
Moreover, the procedure we present will also return an equilibrium
profile whenever one exists. Before presenting it and proving its
soundness, we show that, if elections with two parties admit an
NE, they also admit an NE in which one of the parties selects a
candidate close to the median position.

We start with the concept of most central candidates. Consider a
party P; on a line [0,k]. We call P;’s most central candidates the set
Ci = {LE, LR RE,RR}, where LY, LR RE RR € P; and

L .
Ly = argmin |mp —p|
{peP;: p<mp }
IR = argmin |p—mp|
{peP;: pe[mp+1,mg—-1]}
L _ .
Ry = argmin |mp — p|

{peP;: pe[mp+1,mp—-1]}
R _ .
R’ = argmin |p—mpg|
{pePi: p>mp}

In words, P;’s most central candidates are those that are closest to
the left (i.e., LIL and Lf) and the right (i.e., RII.‘ and Rf ) median voter
positions. Notice that while every party P has at least one most
central position, the cardinality of C; may vary. For instance, if the
median voter position is unique and a party has a candidate that is
exactly there, then the set of most central candidates of a party is a



singleton. Figure 3 illustrates the central candidates of a party P;
made up by candidates p1, p2, p3 and p4 on a line [0,6].

: . L 1R pL
Figure 3: p1, p2, p3 and p4 from party P, are the L7, LT, Ry and
Rf candidates respectively, as m; = 1 and mpg = 5.

We show that if an NE exists, then there is an NE in which at
least one of the two parties selects a most central candidate. This
allows us to show that a strategy profile is an NE, if both parties
select candidates located between median positions.

LEMMA 3.4. Let [0, k] be a line, f be a distribution of voters, Py, Py
be parties, and (c1, c2) a strategy profile such that c1,cp € [mp, mg].
Then, (c1,c2) is an NE.

Proor. Notice that by properties of median, for every profile
(c1,c) such that ¢, ¢; € [my, mg], ui(cq, cp) = uz(cqy,cp) = VT(f)
So, we can assume w.l.o.g that ¢; < cz. Let us show further that
c1 is a best response to cy, i.e. that for every c{ € Py, ul(c{, c2) <
ui(c1, c2). Indeed, ifc; < mp < c1,then the claim holds by Lemma 3.1.
VT(f)

Also, if ¢ € [mp, mg], then us(c], c2) = uz(c1,c2) = . Finally,

if ¢ > mp, then by properties of median u;(c],c2) < VT(f) S0
the claim follows. Analogously it can be shown that ¢ is a best
response to c1.

]

We will further show that if there is an NE in given elections,
then there is an NE in which at least one of the parties selects a
most central candidate.

LEMMA 3.5. Forevery line[0, k], distribution of voters f and parties
Py, Py, if there is an NE (c1, c2), then there is an NE profile (c], c})
such thatc] € Cy orcj € Ca.

Proor. Take the line [0, k], distribution of voters f and parties
Py, P,. Suppose that there is an NE profile ¢ = (¢, ¢2). Let us show
that there is an NE profile (c{, ¢;) such that ¢; € Cj or ¢} € Cy.
W.lo.g. assume that ¢; < c3.

Case 1: ¢c1 € C1 orcy € Cy. The claim follows immediately.

Case 2:c1 ¢ Cq and ca ¢ Cy. Consider the following cases.

(i) c1,¢2 € [mp+1, mg—1]: then, (L, R‘g‘) isan NE by Lemma 3.4.

(ii) c1,¢2 < mp: If ¢ = ¢2, notice that uj(cq,c2) = uz(c,c2) =
VT(f). Further, consider the position Lé‘. We will show that (cl,Lé‘)
is a NE. Observe that it exists since ¢ < my, and ¢ ¢ Cy. Notice
that as ¢ is an NE, uz(cl,Lé) < uy(cq, c2). So, by properties of
V)

2

response to ci, so is L%. To show that ¢; is a best response to L%

median ug(cl,LIZ“) = up(cy,c2) = . Therefore, as ¢ is a best

as well, assume for contradiction that ul(c{,Lé) > ui(eq, Lé) for
some c{ € Py. Observe that ul(cl,LIZ“) = VT(f) Ascy < Lé < myp,
by the definition of median we then get that ¢] > Lé. But then,

ul(c{,Lé) < uy(c], c2) by Lemma 3.1. Hence, u1(c{, c2) > ui(c, c2),
V)
2

Assume further that ¢; # c3. Then, consider position Lf and

asui(cy,c2) = . This is however impossible as (c1, c2) is an NE.
the profile (LE, ¢9). Lf exists since ¢; < my, and ¢; ¢ Cy. Observe
that, as ¢ is a best response to cz, so is LIl“. Indeed, if Lf < ¢,
then Lf is also a best response by Lemma 3.1. Also notice that, as
c1 < ¢z < mp, we have ui(cy, c2) < VT(f) So, as ifo > cg, then
ul(LL, c2) = VT(f) o) Lf is a best response. We can further show
that (LL, c2) is an NE analogously to the case in which ¢; = cp.

(iii) ¢1, c2 > mpg: reasoning is symmetric to (ii).

(iv) e1 < mp < c2: wlo.g. let my € range, (c). Hence, ui(c) >
uz(c). Consider position LR if it exists, and R}; otherwise. W.lo.g.
we assume the that L§ exists and show that (cl,Lg") is an NE. As
(c1,c¢2) is an NE and by Lemma 3.1 uz(c1, ¢2) < uz(cl,LI;), we have

\4 \%4

that uz(c1,c2) = uz(cl,Lg) < % So, ul(cl,LI;) > # Further,
as ¢ is a best response to cq, so is L§ by Lemma 3.1. To show that c¢;
is a best response to L§ as well, assume for contradiction that there
is ac; € P; such that ul(ci,L};) > ul(c1,L§). By the properties
of median and Lemma 3.1, ul(c{,Lg) < ul(cl,Lg), if ci < ¢ or
¢ = LJZQ. Hence, ¢; < ¢] < Lg. But then u;(cq, c2) > ug(c1, c2) again
by Lemma 3.1. This, however, leads to a contradiction, since (c1, c2)
had been assumed to be an NE.

(v) c1 < mp < cp: reasoning is symmetric to (iv). O

We can now show that checking if an NE exists can be done in
linear time. Given parties P;, P; and a candidate c; € P1,cp € Paisa
best response to ¢1 if and only if ¢; € argmax,, cp, uz(c1,p). Notice
that a profile (c1, c2) is an NE if and only if ¢ is a best response to
¢z and ¢y is a best response to cj.

LEMMA 3.6. Take a line [0,k] and c¢; € Py. Then, there is a best
response cz to c1 such that one of the following holds: (1) c3 = c1, (2)
c1 < cz and for everycy € Py suchthatcy, > c1, [c;—c1| > |c2—c1l, or
(3)c1 > c2 and foreveryc) € Pz such thatcy > ¢}, |c1—cj| > |e1—cal.

Thanks to Lemma 3.6 we have that given a choice of one of two
parties, we only need to check three choices of the second to find
its best response. This and the previous facts allows us for a simple
procedure for checking if an NE exists and, if it does, constructing
a profile witnessing it.

THEOREM 3.7. If only two parties are present, then checking if an
NE exists is linear-time solvable.

Proor. Consider the line [0, k], distribution of voters f and two
parties P, Po. Then, compute the sets of most central candidates,
C1 and Cy. Notice that we can do it in linear time, having computed
the median positions which is also possible in linear time. Also, by
Lemma 3.5, we know that if there is an NE in the considered game,
then there is a profile ¢ = (c1, c2) which is an NE and ¢; € C; or
¢y € Co.

Given an i in Cy, let S(i) be the set of ¢c; € P, such that ei-
ther (1) c2 = i, (2) i < ¢z and for every ¢; € Py stc, > i
¢y —i > cy—i,or(3)i > cyandforeveryc, € Pasti > cy,
i — ¢} > i— cy. Notice that #5(i) < 3 and that by Lemma 3.6 there

2
is ¢z € argmax ,¢p, uz(i, p) such that ¢z € S(i). Then, we can easily

P
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(a) Game in the proof of
Proposition 3.8

(b) Game in Example 3.10

Figure 4: In the games above, P; chooses rows, P, columns.

compute argmax,cp, uz(i, p). We now check symmetrically if for
some ¢y € argmax,cp, uz(i,p), i € argmax,, cp, u1(p, c2). If yes, we
found an NE. Repeat this procedure for all i in C; UCy. As #C1 +#C»
is bounded by 8, we can find an NE, if it exists, in linear time. So, our
linear time algorithm computes the sets of most central candidates
and subsequently checks, for each member of these sets, whether
they can be extended to a NE profile. O

3.2 Games with many parties

Let us observe that there are instances without NE for games with
any number of parties present, even when the setting is restricted to
a uniform distribution of voters. This constitutes a major difference
between the studied framework and the classical Hotelling-Downs
model, where the existence of NE depends on the number of agents
(see [12]). In that framework, for instance, an NE equilibrium exists
with four agents competing, but not with three.

PROPOSITION 3.8. For everyn > 2, there is a game with a uniform
distribution of voters and n parties, that has no NE.

PRrROOF. Suppose that n > 2. Then, take the line [0,20] and a set
of parties P = {P1,P,,...,Pn}. Then, let P; = {4,7}, P, = {6,8}
and for every P; such thati > 2and i < n, P; = {5}. Note that in all
strategy profiles parties other than P; and P, select 5. Let us then
consider utilities of parties P; and P, in all strategy profiles. The
utilities of these parties are shown in the Figure 4 (a). It is routine to
check that this game has no NE. Finally notice that by Proposition
3.3 there are instances without NE also for the two party case. O

Interestingly, there are cases without NEs, even if there is a
party that is guaranteed to get the majority of votes. This would be
impossible, however, if parties were only concerned with winning
the elections rather than with attracting voters.

Example 3.9. Consider the elections with voters uniformly dis-
tributed on the line [0, 100]. Also, consider the parties P; = {70}, P, =
{73,89}, P3 = {88,90}, Py = {88,90}, P5s = {75}, Ps = {100}. Notice
that, by construction, under any strategy profile in this game, P;
receives at least 70 out of 101 votes. Let us show now that there is
no NE in this game. As actions of Py, Ps and Pg are fixed, we focus
on the utilities of parties Py, P3 and Py4. Table 1 gives the utilities of
these parties in all strategy profiles. It is straightforward to check
that there is no NE in this game.

(73,88,88)  (89,88,88) (89,88,90) (73,88,90) (89,90,88) (73,90,88) (73,90,90) (89,90,90)

u; 21 6 1 24 1 21 21 7%
u3 61 31 7 73 54 6 61 23
uy 61 31 54 6 7 7% 61 23

Table 1: Utillity of parties P;, P3, P4 in all strategy profiles.
Given a profile (c2, c3, c4), c2 is the choice of party Py, c3 is the
choice of P3 and c4 is the choice of Py.

Moreover, it turns out that there are instances without NE even
if parties have the sector structure.

OBSERVATION 1. There are games where P has the sector structure
but which have no Nash equilibria.

Example 3.10. Take a line [0, 36] and distribution of voters such
that f(11) = 5, f(21) = 6, f(35) = 3 and for every i € [0,36] \
{11,21,35}, f(i) = 0. Also, let P = {Py,Pp,P3,P4} with P; =
{15,20}, P, = {25,35}, P3 = {5} and P4 = {36}. Notice that P
has the sector structure. The strategic game between P; and P; is
depicted in Figure 4(b). It is routine to check that this game has no
NE, as P53 and P4 have only one action available.

Interestingly, this observation does not hold if the distribution of
voters is uniform. This is due to an interesting observation that if a
representative of a party is located between two neighbours, select-
ing an alternative which is also located between these neighbours is
not profitable. Given a strategy profile ¢ and a uniform distribution
of voters, a candidate ¢; € P; in ¢ and clf € P;, we say that ¢; and
¢; have the same neighbourhood if the following conditions hold:
(i) both L(c;) and R(c;) exist; (i) L(c;) < ¢ < R(c;), and (iii) ¢; and
¢; do not share their position with any other party’s candidates
inc.Le,c; # ¢j and clf +¢j for all ¢j in ¢ with j # i. Notice that
this notion is only defined for candidates which are not leftmost or
rightmost in a strategy profile.

Example 3.11. Consider the game in Figure 5. This is an example
of a game where p, and p% have the same neighbourhood.

P Pz Pz p3

Figure 5: A game with the line of uniformly distributed vot-
ers of length 4 and parties P; = {0}, P> = {1,3} and P3 = {4}.

Let us state now the following lemma.

LEMMA 3.12. When voters are uniformly distributed, then, for
every strategy profile ¢ and a party P;, with ¢;, c] € P;, we have that
ifci and c] have the same neighbourhood, then u;(c) = u;(c}, c-;).

ProoF. Take a strategy profile ¢, party P; and a candidate ¢} € P;
such that ¢ > L(c;) and ¢; < R(c;). From the definition of utilities,
R(ci)—L(ci)

5 .

we get by calculation that u;(c) = u;(c},c-;) = O

This leads us to the existence of NE in games with parties with
the sector structure and uniform distribution of voters.



Figure 6: Variable segments [9i, 9i + 8] (above) and [9/, 9j + 8]
(below) for a variables x; and x; such that —x; € C; and
xj € Cy. Variable parties Py, and Py; are indicated by the
bullets in respectively the top and bottom segment. Choos-
ing the left candidate corresponds to setting variable x;, re-
spectively x;, to true, and choosing the right candidate cor-
responds to setting variable x;, respectively x;, to false. The
clause party Pc, has candidates at the positions indicated by
the boxes. (If neither x;;, nor ~xp, occurs in Cy, party Pc, has
no candidates in segment [9m, 9m + 8]). The triangles denotes
the solitary candidates of parties Py and ij(.

PROPOSITION 3.13. For every line [0, k], distribution of voters f
and a set of parties P = {P1,...,Pn}, if f is uniform and P has the
sector structure, then there exists an NE.

Proor. Take a line of k uniformly distributed voters and set of
parties P = {Py, ..., P,} with the sector structure. Consider any
strategy profile ¢ such that ¢; = max(P;) and ¢, = min(P,). Notice
that, as c; is the leftmost position in ¢ and ¢y, is the rightmost posi-
tion in ¢, by Lemma 3.1, P; and P, cannot improve their utilities
unilaterally. But also, as P has the sector structure, for every other
party P; and a pair ¢;, ¢] € P;, ¢; and ¢} have the same neighbour-
hood. So, by Lemma 3.12, no other party P; € P can improve their
utility. Hence, ¢ is an NE. O

Given that there are instances without NE even in elections with
a relatively simple structure, it is natural to study the complexity
of checking whether there is an NE in a given game. While it is
not difficult to see that the problem is solvable in polynomial time
when the number of parties is bounded by a constant, we find that
the general case is NP-complete.

THEOREM 3.14. Given line [0, k|, distribution of voters f, and a set
of parties P = {Py, ..., Py}, deciding whether the game on [0, k], P,
and f has a Nash equilibrium is NP-complete. The problem remains
NP-hard even if the party size is bounded by a constant not smaller
than 5.

Proor. First notice that the problem is in NP: given a strategy
profile ¢ = (c1, . . ., cn), we can check in polynomial time whether
u;(c) = uj(c—;, c}) for every party P; and strategy c; € P;.

We prove NP-hardness by a reduction from the satisfiability
problem 3SAT. Let an instance ¢ of 3SAT be given by a set C =
{Co, ..., C|c|-1} of clauses, where, for each 0 < k < |C|, clause Cy
is given by a set of three distinct literals {fé‘, ff, [5} over a set of
variables X. Let C]’C denote a copy of Cy and x; a copy of x;.

We now construct the game on the line [0, 9(|X| + |C]) — 1],
which we can conveniently think of as being composed of |X| + |C|
segments of length 9. Figures 6 and 7 illustrate our construction.

Figure 7: Clause segment [9(|X|+k), 9(|X|+k)+8] for clause Cy.
Party Pc, has candidates at the locations indicated by the
boxes, but has no candidates in any other clause segments.
Party Pc;C has two candidates at the locations indicated by
the circles.

Thus, we have for each variable x; (0 < i < |X|) a variable seg-
ment [9i,9i + 8] and for each clause Cy. (0 < k < |C|) a clause
segment [9(|X| + k), 9(|X| + k) + 8]. Thus all positions n < 9|X]| lie
in variable segment whereas all positions n > 9|X]| lie in a clause
segment. Now define the distribution function f such that, for
every 0 < n < 9(|X| + |C),

6lc] if n<9lX|
fm=41 if n>9X|

0 otherwise.

and nmod9 € {3,5},
and nmod?9 € {2,3,5,6},

As parties we have for every variable x; (0 < i < |X|), and every
clause Cy and its copy C; (0 < k <|C]),
Py, = {9i +3,9i + 5}
Py = {9i +4}
Pe, ={9i+6:x; € C} U{9i +2: =x; € Cr U
{9(IX| + k) +2,9(|X]| + k) + 6}
PCL ={9(|X| + k) +3,9(|X]| + k) + 5}.

k

Importantly, observe that the distribution function has been chosen
in such a way that a party can attract voters from the segment
within which its representative is positioned. Also observe that the
size of each party Py, and each party Pey is2, whereas the size of
each party Pc, is 5.

We prove that this game has an NE if and only if ¢ is satisfiable.

First assume that ¢ is satisfiable and let « : X — {T, L} be a
satisfying assignment, that is, « satisfies at least one literal in each
clause. Given assignment o, we consider profiles ¢ = (¢, . . ., Cc}(),
which we will refer to as proto-equilibria, that are such that for
every variable x; with 0 < i < |X]|,

Cx;

_)9i+3 if a(x;) =T,
T oi+5 ifalx) = L.

Moreover, to qualify as a proto-equilibrium, for every clause Cy
there has to be some literal ¢ in Cy. that is satisfied by « such that

9j+6 ifa(xj)=Tand(=xj,
C =
Cr 9j+2 ifa(xj)=Land (= —x;.

We furthermore require e = 9(|X| + k) +3forall0 < k < |C|.
Obviously, Cx; =9i+4 for0 <i < |X].

By means of the following potential argument, we now show
that among the proto-equilibria for «, there must be at least one NE.
To this end, let )L?, for each proto-NE c for @, and each 0 < i < |X],
be the number of clause players that choose their representative



from the variable segment [9i, 9i + 8] under c, that is,
AS = {Cx € C: cc, €19i,9i + 8]}

LetA¢ = (Afo, ... ,Alel_ TX—II
ordered in non-decreasing order. We argue that any proto-NE ¢ for
which the sequence AC is lexicographically maximal is also an NE.!

To this end, let ¢* be a proto-equilibrium for which A¢" is lexi-
cographically maximal. Then, for every variable party Py, it holds
that uy, (cZ,,, 9 + 3) = ux,(cX,,,9 + 5) = 6|C|, and it follows
that Py, does not want to deviate from c*. Obviously, the singleton
parties Py/ (0 < i < |X]) cannot profitably deviate from c* either.

1) be a sequence of the values )Lg, oA

Moreover, for every party PC; we have,
* — * —
uCL(C—C,L’g('X' +k)+3)= uCL(C—C;’guxl +k)+5) =4,

because c*ck ¢ [9(]X| + k), 9(]X| + k) + 9], and, therefore, PC;< does
not want to deviate from c* either.

Now, consider an arbitrary clause party Pc,. As c* is a proto-
equilibrium, we find that there is some 0 < i < |X| such that
cc, = 9i+2ifcy, = 9i+5,andcc, = 9i+6,ifcy, = 9i +

3){5'.As A€ < [Cl, it follows that

uc, (c*) > 3. Observe that, if Pclk were to deviate and choose its
representative in another variable segment [9j, 9j + 8] such that
either c’ck = 9j + 2 and cij =9j+3, or c&k = 9j + 6 and c’;cj =
9j + 5, then uc, (c*) = 0. Moreover, if Pc, were to deviate to a
position in clause segment [9(|X| + k), 9(|X| + k) + 8], then both
uck(cfck,9(|X| +k)+2) <2and uck(c’ick,9(|X| +k)+6) <2
again party Pc, does not want to deviate from c*. Finally, assume
for contradiction Pc, would profit from deviating to a position
c'ck in a variable segment [9/,9j + 8] with 0 < j < |X] different
from [9i, 9i + 8] such that either c’Ck =9j+2and c;j =9j+5,0r

7

o, =9 +6 and c;j = 9j+ 3. Let ™ = (c*ck, c’ck). Notice that

3. In either case, uc, (c*) =

¢ is a proto-equilibrium. Moreover, uc, (¢**) > uc, (c*), that is,
3|C| 3|C| c** c* : c*x _ gct _

/1;7 > F Hence, /1]. < Aj . Observing that A7 * = A7 —1and
c*x _ yc* c ¢t 4c** c** ¢t _ jctx

/1]. = )lj + 1, we find that /1]. **< A ,)lj <A sand AL = AL

for all k # i, j. It follows that A° is lexicographically greater than

A€, a contradiction.

For the opposite direction, assume that ¢ is not satisfiable. Con-
sider an arbitrary profile ¢ = (cx,, .. ., ccy, ), and assume for con-
tradiction that ¢ is an NE. Let a, be the assignment such that for
every 0 < i < |X|,

T ifcy, =9i+3,
ac(xi) = . .
1 ifey;, =9i+5.

Then, there is some clause Ci (0 < k < |C|) such that a, evaluates
every literal in Cj to false. Accordingly, if c¢c, is in a variable
segment [9i,9i + 8] with 0 < i < |X], then either both ¢c, =
9i +2and cy, = 9+ 3, or bothcc, =9 +6and cy, = 9 +5.In
either case uc, (c) = 0. Now, consider dc, = 9(|X| + k) + 2. Then,
uc, (c_c,»dc,) = 1. Hence, c is not an NE, a contradiction.

To conclude, assume cc, is in the segment [9(|X|+k), 9(|X|+k)+
8]. Observe that, if cc, = 9(|X|+k)+2and ccp = 9(|1X|+k)+3, party

'Here we understand that the lexicographic order with respect to the normal relation <
on the integers, and where, for instance, (0, 1, 3, 4, 7, 9) is lexicographically greater
than (0, 1, 2, 7, 8, 8).

Pc, would deviate to dc, = 9(|X| + k) +6.If cc, = 9(|X]| + k) +6
and ccp = 9(|1X| + k) + 3, party PC;c deviates to dc;C =9(|X|+k)+5,
and, if cc, = 9(|X| + k) + 6 and ccp = 9(IX| + k) + 5, party Pc,
deviates to dc, = 9(|X| + k) + 2. Finally, if ccp = 9(|X| + k) + 5 and
cc, = 9(X|+k)+2, then party PC;C deviates to ch =9(|X| +k)+3.
It follows that c is not an NE, a contradiction. We may conclude
that the game does not allow for any NE. O

4 DISCUSSION AND CONCLUSIONS

We studied a variation of the Hotelling-Downs model where polit-
ical parties compete for voters located on a left-to-right political
spectrum, by selecting a representative within their pool of poten-
tial nominees, who in turn have fixed political stances and attract
the closer voters. Even if restricting ourselves to a finite number
of positions, the framework can be directly generalised in vari-
ous ways, for example to scenarios where finitely many voters are
placed on real intervals, preserving utilities.

Our results indicate that predicting nominee selection can be a
computationally hard problem. In particular, we have shown games
without NE even with two parties (Proposition 3.3). Also, we have
established that NE computation is NP-complete with more than
two parties (Theorem 3.14). Conversely, computing NE becomes
easy in two-party systems (Theorem 3.7).

Our contribution suggests a number of directions for future
research. In particular, it is worth studying solution concepts other
than NE, such as dominant strategy equilibria (DSE). This concept
is especially interesting from the perspective of predicting parties’
actions. Finding a dominant strategy for a given party strongly
suggests their choice regardless of other parties’ selections. We
believe that in the setting studied in the current paper checking
the existence of a DSE is algorithmically easier than verifying the
existence of an NE. Furthermore, even though the NP-hardness of
NE existence shows the difficulty of this problem in the general case,
it is natural to study classes of elections in which this is tractable.

Establishing the parametrised complexity of checking the exis-
tence of NE is an important follow up. We saw that if the number
of parties is fixed at a constant, then the problem can actually be
solved in polynomial time. Indeed, if the line is given by [0, k] the
number of parties is n, then one can enumerate the at most k"
possible strategies, and for each one of them, check whether it
is a NE in polynomial time. This corresponds to an XP algorithm
parameterised by the number of parties. However, obtaining a fixed-
parameter algorithm parameterised by the number of parties, i.e.,
an f(n)k€ time algorithm, where c is a constant independent of k
and n, appears to be a challenging problem.

Another interesting direction involves the modelling assump-
tions, starting with the role of information, e.g., taking into account
the uncertainty of voters participating in the election. In this paper,
we did not take into account the possibility of strategic behaviour
from the side of voters, either, who might misrepresent their posi-
tion on the political spectrum to get a better outcome in the end.
Also, in the context of voting, it is certainly interesting to study
parties that are concerned with winning the elections under various
voting rules, rather than accumulating utility only. Likewise, we
assumed that each party only selects one candidate, leaving open
the problem of parties choosing sets of candidates, instead.
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