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Abstract

We consider second-order many-particle systems governed by short-range inelastic interac-
tions that may result in clustering. A short-range interaction is defined such that interactions
with three or more particles are asymptotically negligible compared with binary interactions
(in the absence of correlations), and clustering means that particles become highly correlated
in position and velocity after an interaction. The predominance of binary interactions is main-
tained by treating these highly correlated clusters as individual point objects with mass as an
extra internal dimension. With this approximation, we define an individual-based hierarchical
model for the evolution of the system in terms of clusters. From this, we systematically derive
a Boltzmann-style kinetic PDE for the probability distribution over position, velocity, and
mass from the BBGKY hierarchy, using the method of matched asymptotic expansions. This
model serves as a new framework for modelling second-order particle systems with short-range
interactions that may result in clustering. It combines a Boltzmann-style approach for non-
clustering interactions with a Smoluchowski coagulation-style clustering model and allows us
to describe and analyse new processes that are not modelled well by the mean-field approach.

Two numerical schemes are derived for the kinetic PDE model: a discrete-velocity mass-
binned model in one dimension and a fast Fourier-Galerkin spectral method in higher dimensions.
Both are implemented and optimised in Julia. The PDE model is tested against ODE simulations
of the full particle system in one and two dimensions, using a short-range version of the Cucker-
Smale velocity-averaging model of collective behaviour as a test case. In two dimensions, results
from the kinetic model are found to converge to the particle simulations as the number of
particles is increased, using the velocity and mass distributions, particle energy and mean
number of clusters as test metrics. In one dimension, the two models show more significant
discrepancies, but the kinetic PDE model still performs better than a model using the mean-field
approximation, which cannot directly model clustering interactions. To distinguish the effect
of each of the approximations made in the derivation, a pointwise clustering model and a
stochastic, spatially uniform model are derived and implemented as intermediate steps between
the particle and kinetic models. The most significant contributors to the error in one dimension
are found to be the build-up of cluster correlations and the averaging over multiple realisations
performed by the PDE model.

Evolution equations for the cluster number distribution and mass distribution are derived
from our short-range kinetic model, with the latter in the style of the Smoluchowski coagulation
equation but with coagulation kernels dependent on the velocity distribution. For a short-range
Cucker-Smale interaction with a power-law kernel, the mass distribution model is simplified to
have time-dependent coagulation kernels tracking the energy dissipated by the system. Further,
for this specific interaction, interdependent evolution equations for the mean number of clusters,
µK(t), and particle energy, E(t), are derived, as well as an upper bound for a combined quantity
µ2
K(t)E(t). Numerical simulations of the kinetic and individual-based models show the bound

to be accurate and demonstrate the overpopulated velocity distribution tails expected from the
literature on inelastic kinetic models.
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Notation

Parameters

N Number of particles.

d Dimension of system.

ε Short-range interaction length scale.

s Exponent of power law kernel or force.

v̄ Representative velocity for scaling.

Individual-based models and interactions

Xi(t),V i(t), (Xi(t), Vi(t)) Position and velocity of the ith particle or cluster in d dimensions
(one dimension).

Mi(t) Mass of the ith cluster.

H(x; v), H(x; v) Short-range interaction in d dimensioins (one dimension).

H ij ≡ H
(

xi−xj

ε ,vi − vj
)

Interaction between particles i and j.

Φ =
∫∞

−∞ ϕ(|x|) dx Integral of kernel integral over the inner region in one dimension.

Φ(r) =
∫∞

−∞ ϕ
(√

r2 + x2
)

dx Integral of kernel integral over the inner region in d dimensions
with impact parameter r.

Kinetic models: densities and operators

xi,vi, (xi, vi) Arguments to probability densities representing the position
and velocity of the ith particle or cluster in d dimensions (one
dimension).

mi Argument to probability densities representing the mass of the
ith cluster.

zi ≡ (xi; vi;m), (z) Phase of cluster i in d dimensions (one dimension). For non-
clustering model does not depend on mass.

z⃗s ≡ (z1, . . . ,zs) Vector of particle phases. Also used as x⃗s, v⃗s, for vector of
positions or velocities.

viii



pN (t; x⃗N ; v⃗N ) Full system joint probability density for non-clustering model.

pNs (t; x⃗s; v⃗s) Reduced s-particle probability density for non-clustering model.

pk(t; x⃗k; v⃗k; m⃗k) Joint probability density for a clustering model with k clusters.

pks(t; x⃗s; v⃗s; m⃗s) Reduced s-cluster density for a clustering model with k clusters.

p(t; x; v;m) One-particle clustering density with k marginalised.

nk1 = kpk1 One-particle number density.

n(t; x; v;m) One-particle number density with k marginalised.

f(t; x; v;m) = mn(t; x; v;m) One-particle mass density.

x̃1, x̃21 Inner-region variables.

p̃2 Inner-region density for non-clustering model.

p̃k(1,2),p̃k2(1,2) Inner-region density for clustering model.

x̃±
21 Ingoing (−) and outgoing (+) limits for a trajectory in the inner

region. Similar used for v±
1 , v±

2 , u±, p̃±
2 and ±p̃k(1,2).

qk(i) Clustering flux produced at zi in the k-cluster density.

C(j,s)(U), C(j,s)(zi) Clustering flux produced at zi (or with vi ∈ U) from an inter-
action between clusters j and s.

Q(f, f), QI(f, f) Elastic (inelastic) Boltzmann collisioin opereators.

Q± Splitting to gain (+) and loss (−) operators.

QC(n, n), QNC(n, n) Clustering and non-clustering operators for clustering PDE
model. Non-clustering and loss operator: QI = QNC +Q−

C .

Kinetic models: interaction maps

(v∗
1,v

∗
2) = ψm1,m2,r(v1,v2) Forward non-clustering velocity map. Also ψm1,m2 ≡ ψ12 in one

dimension and ψH,m1,m2 , when dependence on H explicit.

(∗v1,
∗v2) = ψ−1

m1,m2,r(v1,v2) Backward non-clustering velocity map.

v′
1 = λm1,m2(v1,v2) Forward clustering velocity map. Also modifications as for ψ.

v′
1 = λ̂m1,m2,v2(v1) Partially-evaluated forward clustering map.

′v1 = λ̂−1
m1−m2,m2,v2(v1) Backward clustering map.

p(2) ≡ p(t; x1; v2;m2) Shorthand for evaluation for cluster 2 in an interaction. Similar
for f(2), n(2), φ(2), z2 and pk1(2).
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p∗ ≡ p(t; x1; v∗
1;m1) Shorthand for evaluating at v∗

1. Similar for f∗, n∗, φ∗ and z∗.
Evaluating at ∗v1 shown with ∗p.

p′ ≡ p(t; x1; v′
1;m1 +m2) Shorthand for evaluating at post-cluster phase. Similarly applies

to other densities.

′p ≡ p(t; x1;′ v1;m1 −m2) Shorthand for evaluating at pre-cluster phase. Similarly applies
to other densities.

Kinetic models: other

K(t) Random variable for number of clusters in the system.

Pk Probability of system having k clusters.

µK(t) Mean number of clusters.

ΛK(t) Coefficient from Clusterzahlansatz in number density form.

E(t) Mean kinetic energy per particle.

G(t) = µ2
K(t)E(t) Combined quantity with mean number of clusters and kinetic

energy.

r, rc Impact parameter, impact paramer cutoff.

r∗
m1,m2(|u|) Impact parameter boundary between clustering and non-clustering

interactions. Shorthand r∗
(1,2) when no arguments are modified.

u, u, û Relative velocity v2 − v1 in d dimensions, one dimension, and
unit vector for relative velocity.

ω Unit vector in impact direction.

σ Unit vector representing post-interaction relative velocity if the
interaction were elastic.

Bσ, Bω Boltzmann collision kernel in σ representation and ω represen-
tation.

B Smoluchowski coagulation kernel.

θ Interaction deviation angle.

e Coefficient of restitution for inelastic interaction. Not to be
confused with exponential constant.

⟨·, ·⟩,⟨·, ·⟩x,v Inner product over position, velocity and mass. Inner product
only over position and velocity.

x



Integral regions

Ω Spatial domain.

Λm1−m2,m2(v1) Region of v2 that could be mapped to v1 under a clustering
interaction.

Cm1,m2 Region representing pairs of incoming velocities that would
result in a clustering interaction.

D Full integration region for z.

C ′(z1) Integration region for z2 that would produce a cluster at z1.

C2 Full integration region for incoming phases that would cluster.

DΓ(k), DΓ(k,m1) Mass-restricted integration region with k clusters in the system
(and mass m1 already fixed).

C2
Γ(k), C2

Γ(k,m1) Mass-restricted clustering integration region with k clusters in
the system (and mass m1 already fixed).

Numerical implementations (one dimension)

V Number of velocity grid points.

v̄i, v−
i , v+

i Velocity grid point i, lower and upper bound of velocity bin i.

∆v Spacing of velocity grid.

M Number of mass grid points.

Ml Number of linear mass grid points.

m̄a, m−
a , m+

a Mass grid point a, lower and upper bound of mass bin a.

w̄a Number of integer masses represented by bin a.

γm̄a(m),γv̄i(v) Allocation proportions in to mass grid point m̄a and to velocity
grid point v̄i.

Pi,a(t) Binned probabilities for discrete-velocity mass-binned numerical
scheme for kinetic PDE.

Pi(t) Probability density for finite volume mean-field implementation.

Numerical implementations (higher dimensions)

DL,L Integration domain for Fourier spectral model. Length of inte-
gration domain.

xi



ň Periodic extension to number density over Fourier domain.

V Maximum Fourier frequency.

Nu Number of qudrature points in radial u direction.

Nû Number of quadrature points in angular û direction.

wu, wû Weights of quadratures for u and û.

n̂κ,m Fourier coefficient for mode κ and mass m.

ν̂κ,a Fourier coefficient for mode κ and mass bin a.

h∗ = v∗ − v Change in velocity over non-clusterinig map.

h′ = v′ − v Change in velocity over clustereinig map.

G, G′, G∗ Direct Fourier spectral method kernel modes.

A′, A∗ Fast Fourier spectral method integral kernels.

εx, εv Tolerances in position and velocity for particle ODE clusters
computed using DBSCAN.

Other

K1 Modified Bessel function of the second kind.

E5/4 Generalised exponential integral function.

1F2 Generalisd hypergeometric function.

W0, W−1 Lambert-W function.

cN (µK), c̃N (µK) Empirical approximations to ΛK .

Dg Jacobian of function g.

δij = δ(xi − xj) Dirac delta in position.

SdR, Sd d-sphere of radius R (unit d-sphere).

ξd Surface element of d-sphere.

BdR d-ball of radius R.
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1. Introduction

Physical systems are often modelled as sets of interacting particles. Examples of such systems
range from the purely physical: such as gas molecules in a fluid [16, 61], ions in plasma [3]
and stars within a galaxy [9]; through biological: such as bacterial chemotaxis [49, 94] and the
collective motion of swarms of animals [34, 40, 107]; to human engineered and social systems:
such as traffic flow [22], pedestrian motion [85, 111], opinion formation [64, 76] and control of
autonomous systems such as spacecraft or remote sensors [88, 33, 92].

The most direct models of such systems are often individual-based, and track the influence
of generalised ‘forces’ on each particle in the system through a model that may take the form of
a set of coupled ordinary differential equations (ODEs), stochastic differential equations (SDEs)
or discrete-time maps. Such models may be denoted as discrete, microscopic, or agent-based,
depending on the context. They commonly fall into one of two classes: first-order systems, in
which the net force on a particle is proportional to its velocity and where the particles’ positions
are tracked, and second-order (kinetic) systems, in which the net force is proportional to the
acceleration of a particle in the form of Newton’s second law and where particles’ positions and
velocities are tracked. Some models include additional dimensions tracking internal properties
for each particle (as opposed to the external position and velocity), for example, the mass,
surface area or spin.

In many contexts, individual-based models are the simplest models to derive. However,
while they are generally conceptually transparent, they can often be intractable analytically and
computationally, particularly when the system being modelled contains a very large number
of particles (for example, in the range of 1020 to 1025 particles for typical physical systems
[69]). In such contexts, a common approach is to derive a population-averaged model (also
known as a continuum or macroscopic model) that reduces the system dimension to tracking
averaged quantities through governing equations, often a nonlinear partial differential equation
(PDE). Such models are particularly useful when the characteristic qualitative behaviour being
analysed occurs at the macroscopic or continuum level, as they can abstract from the details of
individual particle behaviour to model the system as a whole.

The passage between individual-based and population-averaged models is an important
topic in the literature. Population-averaged models can be derived phenomenologically or
empirically to capture desired behaviour at the continuum level. However, in certain limits (for
example, the mean-field limit: taking the number of particles to infinity in a system with weak
but long range interactions), they can also be rigorously derived from a given individual-based
model. Individual-based models are often written down from more fundamental assumptions
about particle behaviour, but these can also be phenomenologically sourced. The derivation of
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macroscopic physics from discrete particle behaviour is a complex and wide-ranging problem.
It is related to Hilbert’s sixth problem, which, in this context, concerns the rigorous derivation
of macroscopic physics from axiomatic (microscopic) principles. The transition process can
also proceed in the other direction, searching for individual-based models that would result in
a given macroscopic behaviour.

Two commonly studied classes of population-averaged models are kinetic and hydrodynamic
models. In the context of the kinetic theory of gases, in which they were first defined, they are
often referred to as the mesoscopic and macroscopic regimes, respectively. In a kinetic model,
the probability density (often over position and velocity) of a representative particle is tracked
through a PDE. Under the assumptions used to derive the kinetic model, the phases for all
particles in the system are assumed to be identically modelled by this distribution. Typical
examples of kinetic models are the Boltzmann equation [16, 78] and the Vlasov equation [104],
to be discussed further below. Note that even if the underlying individual-based model is
theoretically deterministic, it is often the case that precise states of the full system cannot be
measured or are not of direct interest. It is also common that the system is so sensitive to
perturbations that any measurement would be too imprecise to define a useful deterministic
particle model in any case. This is why the derived kinetic model tracks a probability density:
as an average over initial distributions selected to match observable characteristics.

Sometimes individual-based models also include stochastic processes. These are often
the representation of epistemological uncertainty, where other processes that are not directly
captured in the deterministic model are instead represented through stochastic processes.
Kinetic models can still be derived from such individual-based descriptions, but now the
one-particle distributions represent averages across the initial distributions and of the stochastic
process.

Hydrodynamic models represent a further abstraction step to tracking macroscopic quanti-
ties such as density, bulk velocity, temperature and pressure as functions of space and time only.
They can often be derived from kinetic models by making assumptions that the system is either
at equilibrium or close to equilibrium in velocity space (see [31] Ch. 5). Typical examples are
the Euler or Navier-Stokes systems of PDEs.

1.1. Classical models

A typical form of a second-order individual-based model (see [15] and [69]) tracks the evolution
of particle positions Xi ∈ Ω ⊆ Rd, and velocities V i ∈ Rd through the set of coupled SDEs:

dXi = V idt,

dV i =
√

2D dBi + F (Xi,V i) dt+ η(N, l)
N∑
j=1
j ̸=i

H

(
Xi − Xj

l
, V i − V j

)
dt, (1.1)

for i ∈ {1, . . . , N}, where N is the total number of particles in the system, Bi is a d-dimensional
Brownian motion with diffusion constant D, F (x,v) represents an external force, and H(x,v)
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is a function representing pariwise interactions betweeen particles. The interaction spatial length
scale is given by l, and η(N, l) is a scaling coefficient for the interaction strength dependent on
the number of particles and length scale. Note that the form of the functional dependence in
H assumes the interactions are symmetric in particle positions.

The seminal kinetic model is the Boltzmann equation, derived in various forms by Maxwell
[78] and Boltzmann [16] in the latter half of the nineteenth century to model the dynamics of
rarefied gases. The Boltzmann equation tracks the evolution of the one-particle mass density
over position and velocity, f(t; x; v), and is given by

∂tf + v · ∇xf = Q(f, f). (1.2)

The second term on the LHS represents the free transport of particles, while the RHS term
Q(f, f) is a quadratic integral operator that represents the effect of binary collisions on f . The
specific form of Q will be discussed in more detail in Chapter 2. The Boltzmann equation can
be derived from an individual-based model in the form of (1.1), with no Brownian motion, no
external force and a short-ranged elastic interaction:

H(x,v) = −∇xϕ(|x|), with x = Xi − Xj

ε
.

The kinetic model (1.2) can be derived rigorously for short times in the Boltzmann-grad limit
[52], in which we take the number of particles N → ∞ and the interaction length scale ε → 0
in such a way as to keep εd−1N ≡ 1 where d is the dimension. This ensures the density is
such that particles have a finite mean free path, and encounter a finite number of distinct
binary interactions per unit time. Implicit in this limit is the assumption that interactions are
localised in space and time and that higher-order interactions (i.e. involving more than two
particles) can be neglected. The interaction H is present in the final equation through a map
from post- to pre-interaction velocities in Q(f, f). In a limit with more frequent collisions, the
velocity distribution relaxes to equilibrium more quickly and it is thus natural to model such
systems in the hydrodynamic framework.

If the interaction is instead long-ranged (i.e. l = O(1)) such that all particles are interacting
with each other, then a mean-field limit, taking N → ∞ and scaling the interaction by η = 1/N ,
is appropriate. Under suitable conditions on H (and no Brownian motion or external force),
such a scaling results in the Vlasov-type equation

∂tf + v · ∇xf + ∇v · (f(H ∗ f)) = 0, (1.3)

where H ∗ f is a convolution in position and velocity. An equation of similar form can be
derived from (1.1) if we assume the external force term F dominates the behaviour and ignore
the interaction and Brownian motion terms. Such a model would be expressed by

∂tf + v · ∇xf + ∇v · (F f) = 0. (1.4)

If we assume F is only a function of x, we can factor it out of the derivative and get the Vlasov
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equation itself. Such models of longer-range forces find particular use in modelling plasmas
[108].

For systems where the characteristic behaviour is the evolution of an internal dimension of
the particle, a different class of approach, called a population balance model, is common. The
archetypical population balance model is the Smoluchowski coagulation equation [103], which
models the evolution of the number density of particles over their mass n(t;m). The evolution
equation is given by

∂tn(t;m1) = 1
2

m1−1∑
m2=1

B(m1 −m2,m2)n(t;m1 −m2)n(t;m2)−
∞∑

m2=1
B(m1,m2)n(t;m1)n(t;m2),

(1.5)
where the first term on the RHS represents the gain of particles of mass m1 and the second
term represents the loss. The coagulation kernel B(m1,m2) represents the relative propensity
for coagulation events between particles with masses m1 and m2. Such coagulation equations,
with various different kernels B, have been used to model a wide variety of physical phenomena.
Examples include the coalescence of water droplets in clouds to form rain [97], the dispersion
of liquid particles through a gas in aerosols [110, 102], the aggregation of calcium oxalate
crystals to form kidney stones [66] and the flocculation of mineral sediment in a gravity mineral
thickener [63]. The Smoluchowski coagulation equation can be considered a kinetic model with
position and velocity integrated out (in some contexts, it is called an infinite-volume mean field
limit [1]) and the extra internal coordinate of mass.

1.2. Kinetic models and the BBGKY hierarchy

As mentioned, there are a multitude of ways to derive kinetic models from individual-based
models. Many approaches begin with the full-system joint mass density fN (t; z1, . . .zN ) where
zi ≡ (xi; vi) ∈ Ω × Rd represents the phase of particle i. The time evolution equation for this
joint density can be derived directly from the individual-based model and contains equivalent
information. For a restricted class of systems of the form (1.1), (with no diffusion and with
F and H divergence-free in velocity), the time evolution equation is given by the Liouville
equation

dfN
dt = 0,

implying mass density is conserved along trajectories in the phase space. For more general
individual-based models, the evolution equation is more complex and will be discussed further
in Chapter 2. By marginalising particle phases s+ 1 to N from this time evolution equation,
we get an evolution equation for the s-particle joint distribution:

fNs (t, z1) :=
∫

(Ω×Rd)(N−s)
fN (t, z1, . . . ,zN ) dzs+1 . . . dzN .

It can be shown that the time evolution equation for the s-particle joint distribution depends
on the (s+ 1)-particle distribution up to the full distribution fN . This structure was derived
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separately by several authors [112, 75, 17, 14] and is known eponymously as the BBGKY
hierarchy.

There are several methods to derive a closed kinetic equation for the one-particle density
f1 from the BBGKY hierarchy. In the mean-field scaling, it can be shown that in the limit
N → ∞, the joint densities tensorise as fNs → (fN1 )⊗s. This result is known as the propagation
of chaos, where particles that are initially uncorrelated remain uncorrelated as time evolves. As
the joint densities have factored into products of the one-particle density, we are able to derive
a closed kinetic equation. It is common in these contexts to express the limiting one-particle
density as f ≡ f∞

1 . See [1, 104] for general reviews of the mean-field approach and [26, 68, 69]
for more specific discussions of its use in simplifying individual-based kinetic models.

In general, rigorous results are not available. It is typical instead to make phenomenologically-
informed assumptions to truncate the BBGKY hierarchy and obtain a closed system. One
approach is to insert the result of the mean-field limit directly as an assumption and close the
hierarchy at the one-particle level using fN2 (t; z1; z2) ≈ fN1 (t; z1)fNz (t; z2). Another commonly-
used closure, which allows for two-particle correlations to be considered, is the Kirkwood
superposition approximation [74]. In this approach, the three-particle joint density is approxi-
mated by considering the probability density of any pair of the particles being found in a given
state, independent of the third particle. Formally this involves the approximation

fN3 (t; z1, z2, z3, t) ≈ fN2 (t; z1, z2)fN2 (t; z1, z3)fN2 (t; z2, z3)
fN1 (t; z1)fN1 (t; z2)fN1 (t; z3)

, (1.6)

which allows the hierarchy to be closed at the two-particle level. There are a wide variety
of other closure assumptions explored in the literature, including the truncated assumption
method due to Berlyand et al. [6, 7] and a perturbative approximation to the equilibrium pair
correlation developed by Felderhof [44].

Bruna, Chapman and Robinson [20] develop a different approach for first-order models
with Brownian diffusion, external forces and interactions through a short-ranged potential
function. They use matched asymptotic expansions in a short interaction length scale ε to
define an asymptotic expression for the two-particle joint density. They then substitute this
expression into the one-particle density evolution equation to define a closed model in this
density to leading order in the interaction range. This approach has the advantage of formally
considering the particle correlations that would result from a short-ranged interaction, rather
than making phenomenological assumptions about the the approximate independence of sets of
particles. A similar approach using matched asymptotic expansions in the interaction length
parameter has been employed to model systems with excluded-volume effects or hard-core
repulsive interactions [19, 50, 94]. Such systems can be considered a limiting case of general
short-range interaction functions; particles must be prevented from overlapping, and interactions
are strictly localised as collisions.
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1.3. Aims

The primary aim of this thesis is to systematically derive and analyse kinetic models of many
particle systems governed by short-range interactions of the form

Ẋi(t) = V i,

V̇ i(t) = 1
ε

N∑
j=1
j ̸=i

H

(
Xi − Xj

ε
,V i − V j

)
,

(1.7)

for 1 ∈ {1, . . . , N}, where, as in (1.1), Xi ∈ Ω ⊆ Rd represents the position of particle i,
V i ∈ Rd its velocity and dots denote derivatives with respect to t. We suppose H is short-range
and radial, that is

H(x,v) = O(|x|−d−δ) as |x| → ∞, (1.8)

for some δ > 0. Further, we consider the regime of the Boltzmann-Grad limit for d > 1 with
the length scale of the interaction ε → 0 and the number of particles N → ∞ with Nεd−1 ≡ 1.
This ensures that the qualitative behaviour of the system is characterised by localised binary
interactions separated by periods of free transport. In doing so, we expect our model to be
qualitatively similar to the Boltzmann equation (1.2).

In contrast to many other models, we allow the interaction H to be clustering. That is, we
allow interactions where it is possible for particles to be highly correlated in position and velocity
after interacting. In order to preserve the framework of binary interactions, we approximate
these correlated particles as a single object, called a cluster, with higher mass and construct
a hierarchy of individual-based models tracking clusters of different masses. We then aim to
derive a kinetic clustering PDE model systematically using matched asymptotic expansion on
the BBGKY hierarchy similarly to in [20]. This model will track the one-particle probability
density over position, velocity and mass: p(t; x; v;m) (in some cases, the number density n

and mass density f will also be used). As the model tracks the internal property of cluster
mass, our final kinetic model will share properties with the Smoluchowski coagulation equation
(1.5), as well as the Boltzmann equation. Finally, we aim to analyse our clustering PDE model
to gain insights into the evolution of the velocity and mass distributions independently, and
of averaged quantities such as the mean number of clusters, mean cluster mass, and system
energy.

A prototypical example of a clustering interaction in the form of (1.7) is a short-range
modified version of the Cucker-Smale velocity-averaging model of collective behaviour [35, 34].
This model has

H

(
Xi − Xj

ε
,V i − V j

)
= ϕ

(
Xi − Xj

ε

)
(V j − V i),

where ϕ is an interaction kernel that satisfies the short-range condition (1.8). This suggests one
application of our model could be in collective behaviour or consensus systems where the entities
become correlated in multiple separate groups of different sizes (see e.g. [101], [84] and further
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discussion of flocking and collective behaviour systems in §2.4). Other applications could be in
the wide variety of clustering systems typically modelled with a Smoluchowski-style coagulation
equation, but where we want to take into account more detail about the velocity or spatial
distributions, for example, a system of aggregating particles dissipating energy and reducing the
variance in the velocity distribution. Another possible application is in the clustering and phase
separation of synthetic self-propelled particles and active colloidal fluids [105]. The primary
heuristic requirement for our framework to apply is that particles undergo localised binary
interactions that either result in them separating (as is standard for collisional kinetic models)
or being correlated enough post-interaction so as to be treated as a single entity.

1.4. Outline

The remainder of this thesis will be structured as follows. In Chapter 2, we introduce the
systematic framework for deriving kinetic models from second-order individual-based ODE
systems through matched asymptotic expansions. We then review some of the relevant kinetic
models in the literature, beginning with the Boltzmann equation for elastic interactions, moving
to the inelastic Boltzmann-style equations often used for modelling granular gases and before
outlining models for emergent collective behaviour. We then use the discussion of a short-range
clustering Cucker-Smale model to motivate the approach taken to derive our kinetic clustering
PDE mdoel.

In Chapter 3, we systematically derive our kinetic clustering PDE model in one dimension.
We begin by assuming interactions occur strictly at a point before extending to short-range
interactions described by ODEs on the particle model. In this chapter, we introduce the
three core assumptions used to derive the PDE model: the point-cluster approximation,
treating sets of highly correlated particles as a single point object with higher mass; the
mass-restricted Stosszahlansatz, assuming clusters approaching an interaction are uncorrelated
and have physically-realisable mass combinations; and the Clusterzahlansatz, assuming velocity
and mass distributions are independent of the number of clusters in the system.

In Chapter 4, we derive a discrete-volume, mass-binned numerical implementation of our
kinetic PDE in one dimension and implement and optimise this in Julia. We implement the
full particle ODE model in Julia as a base case for comparison and evaluate the accuracy of the
kinetic PDE model against a mean-field model for a short-range Cucker-Smale interaction. We
also derive and implement a point-wise exact clustering model and spatially uniform stochastic
model as interim steps to evaluate the effect of the different approximations used in deriving
the kinetic PDE.

In Chapter 5, we extend the kinetic clustering PDE model derived in Chapter 3 to higher
dimensions. We also introduce new formulations in terms of the number and mass density that
simplify the expression of the model and obtain evolution equations for the cluster number
distribution. We then derive the weak form of the kinetic PDE model and show how it can be
used to derive evolution equations for moments of the distribution, such as the mean number
of clusters or average particle energy. Finally, we implement our model for the short-range
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Cucker-Smale interaction and use the weak form to derive bounds for the evolution of the mean
number of clusters µK(t), particle energy E(t), and combined quantity G(t) := µ2

K(t)E(t). We
also show how the model can be reduced to a Smoluchowski-style clustering equation with
time-dependent coagulation kernels.

In Chapter 6, we derive a modified version of the fast Fourier-Galerkin spectral method
(commonly used to numerically model Boltzmann-style kinetic equations) and use it to imple-
ment our kinetic PDE in Julia. Finally, in Chapter 7, we implement and optimise this numerical
implementation before evaluating our model against the full particle ODE simulations for the
short-range Cucker-Smale model. We then evaluate the evolution bounds for the Cucker-Smale
model developed in Chapter 5 and show the presence of overpopulated velocity distribution
tails at large times.

1.5. Statement of originality

Much of the material in Chapter 2 is review. The method of deriving kinetic models from
second-order particle systems in §2.1 is new, but similar in flavour and outcome to other
methods in different formulations. The diagrams in Figure 2.4 are developed slightly from
those in the literature, and the discussion of clustering models in §2.5 is new. The material
from Chapter 3 through Chapter 8 is original.
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2. Short-range kinetic models

2.1. From individual-based to kinetic models

In this section, we will explore the derivation of kinetic (mesoscopic) population-averaged
particle models from individual-based (microscopic) models for systems with short-range binary
interactions. We will mainly follow the treatments of Cercignani [31], Harris [61] and Gallagher
et al. [52], but adapt it to our notation and framework as a procedure of matched asymptotic
expansions.

2.1.1. Individual-based (microscopic) models

In this thesis, we will primarily be interested in individual-based models of N indistinguishable
particles with positions Xi(t) and velocities V i(t) that evolve according to the generalised
pairwise interaction law

Ẋi(t) = V i,

V̇ i(t) = 1
ε

N∑
j=1
j ̸=i

H

(
Xi − Xj

ε
,V i − V j

)
,

(2.1)

for 1 ≤ i ≤ N , where Xi ∈ Ω ⊆ Rd and V i ∈ Rd, and dots denote derivatives with respect to t.
We suppose H is short range, that is

H(x,v) = O(|x|−d−δ) as |x| → ∞, (2.2)

for some δ > 0. The factor ε is introduced so that the range of the interaction scales as O(ε)
and the pre-factor of 1/ε is included to ensure that pairwise interactions lasting only O(ε) time
create an O(1) change in velocity (it arises naturally if H is the gradient of a potential). We
consider the regime ε ≪ 1, εdN ≪ 1 such that we have a low volume fraction of particles. This
includes, for d > 1, the Boltzmann–Grad limit: N → ∞, ε → 0 with εd−1N ≡ 1. This limit is
intended so that particles undergo a finite number of distinct binary interactions per unit time,
and the low volume fraction ensures the probability that three particles are within interaction
range of each other simultaneously goes to 0. As such, the primary qualitative behaviour of the
system is expected to be uniform rectilinear motion when the particles are outside of interaction
range, interspersed with pairwise interactions taking O(ε) time and causing an O(1) change in
velocity.

Note that the case of hard spheres of radius ε colliding elastically can be heuristically
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represented in this framework as the limit of the system with H(x,v) = −∇xϕ (x) , with
ϕ(x) = ∞ if |x| < ε and ϕ(x) = 0 if |x| > ε. Also note that much of the analysis that follows
could be extended to work with the more general interaction H((Xi − Xj)/ε,Xi,V i,V j),
but the form above is widely applicable and simplifies the derivation.

2.1.2. Phase-space probabilities and the BBGKY hierarchy

As noted in Chapter 1, for physically relevant particle systems it is impossible to determine
true particle trajectories or often even to precisely measure the system’s state at any one time.
Therefore, we are interested in the expected behaviour of macroscopically measurable quantities,
which we determine by averaging the full system state over particles and initial configurations.
To this end, we define the N -particle probability density function pN (t; z1, . . . ,zN ), over particle
phases zi := (xi; vi) ∈ Ω × Rd, which represents the probability density for the system being in
the state z⃗N := (z1, . . . ,zN ) ∈ (Ω × Rd)N at time t, given an assumed distribution of initial
conditions. Due to particles being indistinguishable, pN is invariant to permutations of particle
indices and hence to permutations of its arguments. Note that we use the convention that
lower case xi and vi represent independent arguments of this density function, while upper
case Xi(t) and V i(t) represent specific particle trajectories as functions of time. We use zi

or omit the arguments entirely when they are the standard (xi; vi), but will write specific x

and v arguments otherwise. For this analysis, we take Ω to be a square region with periodic
boundary conditions, equivalent to the d-dimensional torus Td. However, we note the full space
Rd can be considered with minimal modification. We assume that pN goes to 0 sufficiently
quickly as |vi| → ∞, such that integrals of the form

∫
Rd pN dvi are well defined.

Considering the conservation of probability in an infinitesimal box around z⃗ ∈ (Ω × Rd)N

we obtain the time evolution of pN :

∂tp
N +

N∑
i=1

∇xi · (ẋipN ) +
N∑
i=1

∇vi · (v̇ipN ) = 0. (2.3)

For the particle system (2.1), this becomes

∂tp
N +

N∑
i=1

vi · ∇xip
N + 1

ε

N∑
i,j=1
j ̸=i

∇vi ·
(
H ijp

N
)

= 0, (2.4)

where
H ij := H

(
xi − xj

ε
,vi − vj

)
.

We note that if system (2.1) satisfies the Liouville property (or divergence-free condition:∑
i ∇vi ·

∑
j ̸=i H ij = 0), as it does for the potential-force model discussed in §2.2, (2.4) reduces

to the Liouville equation:

D

Dt
pN = ∂tp

N +
N∑
i=1

vi · ∇xip
N + 1

ε

N∑
i,j=1
j ̸=i

H ij · ∇vip
N = 0. (2.5)
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Here, however, we don’t make this assumption and consider (2.4) as the general model for the
evolution of pN .

We initially write the evolution equation for the one-particle probability density,

pN1 (t, z1) :=
∫

(Ω×Rd)(N−1)
pN (t, z1, . . . ,zN ) dz2 . . . dzN ,

as part of the BBGKY hierarchy (a procedure developed in [112, 75, 17, 14]), where the
evolution of the s-particle marginal pNs depends on pNs+1, for s ∈ {1, . . . , N − 1}. Marginalising
(2.4) over particle phases zs+1 to zN we get

∂tp
N
s +

s∑
i=1

vi · ∇xip
N
s = −1

ε

s∑
i,j=1
j ̸=i

∇vi · (H ijp
N
s )

− 1
ε

s∑
i=1

N∑
j=s+1

∫
(Ω×Rd)(N−s)

∇vi · (H ijp
N ) dzs+1 . . . dzN

= −1
ε

s∑
i,j=1
j ̸=i

∇vi · (H ijp
N
s ) − (N − s)

ε

s∑
i=1

∫
Ω×Rd

∇vi · (H i(s+1)p
N
s+1) dzs+1,

(2.6)

where we have used the particle indistinguishability to map the indices j to s+ 1 and simplify
the integral in the final term. The evolution equations for the one- and two-particle densities
are

∂tp
N
1 + v1 · ∇x1p

N
1 = −(N − 1)

ε

∫
Ω×Rd

∇v1 · (H12p
N
2 ) dz2, (2.7)

and

∂tp
N
2 + v1 · ∇x1p

N
2 + v2 · ∇x2p

N
2 = −1

ε
∇v1 ·

(
H12p

N
2

)
− 1
ε

∇v2 ·
(
H21p

N
2

)
− (N − 2)

ε

2∑
i=1

∫
Ω×Rd

∇vi · (H i3p
N
3 ) dz3.

(2.8)

There are several methods for truncating the BBGKY hierarchy to produce a closed system
of equations, whose effectiveness depends on the specific properties of the system under
consideration. In §2.1.3, we consider the kinetic equation produced using the well-known
mean-field approximation. We then propose a generalised alternative approach based on the
method of matched asymptotics to derive a closed equation for the one-particle density with
short-range interactions.

2.1.3. Mean-field closure

The mean-field limit corresponds to truncating the hierarchy at the one-particle density, pN1 ,
ignoring correlations in the interaction term by writing

pN2 (t; z1, z2) = pN1 (t; z1)pN1 (t; z2), (2.9)
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in (2.7), resulting in

∂tp
N
1 + v1 · ∇x1p

N
1 = −(N − 1)

ε
∇v1 ·

(
pN1 (H ∗ pN1 )

)
, (2.10)

where
(H ∗ pN1 )(t; z1) :=

∫
Ω×Rd

H12p
N
1 (t; z2) dz2.

Higher-order closures, such as Kirkwood’s closure expressing pN3 in terms of pN2 , are also possible
[74]. These allow extra features to be tracked, such as particle correlations, at the cost of
significantly increased complexity.

The kinetic mean-field PDE (2.10) can be derived rigorously in the case of weak coupling,
i.e. when the strength of the pairwise interaction is small and its range remains macroscopic.
The appropriate mean-field scaling (as opposed to the strong coupling regime in (2.1)) is

V̇ i(t) = 1
N

∑
j ̸=i

H (Xi − Xj ,V i − V j) .

In the limit N → ∞ and under suitable conditions on H (typically Lipschitz or locally
Lipschitz [15]), one can prove a propagation of chaos result, namely that pNs tensorises in the
limit (pNs → (pN1 )⊗s as N → ∞), leading to the McKean-Vlasov-type equation

∂tp+ v1 · ∇x1p+ ∇v1 · (p(H ∗ p)) = 0, (2.11)

where p(t; z1) ≡ p∞
1 (t; z1). This is an active area of research, with current efforts focused on

relaxing the conditions on H to allow for singular interactions [69].

2.1.4. Matched asymptotics

Taking the Boltzmann-Grad limit (N → ∞, ε → 0 with εd−1N ≡ 1), our approach is to use
matched asymptotic expansions in the small interaction-length parameter ε to derive a closed
time evolution equation for pN1 . In one dimension, the Boltzmann-Grad limit is not defined,
and we instead take ε → 0 with εN ≪ 1.

We first consider the expansion of the time evolution equation for pN2 (2.8) in terms of
the small parameter ε. This equation shows the transport and interaction of two particles at
x1 and x2, with an additional integral term representing the influence of all other particles
as a generalised ‘third particle’. We define an inner region where particles 1 and 2 are within
interaction range, i.e. |x2 − x1| ∼ ε and an outer region where the two particles have negligible
influence on each other, i.e. where |x2 − x1| ≫ ε.

In the inner region, we introduce inner variables

x̃1 = x1, x̃21 = x2 − x1
ε

,

which result in the first-order derivatives

∇x1 = ∇x̃1 − 1
ε

∇x̃21 , ∇x2 = 1
ε

∇x̃21 .
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Defining the solution in the inner region to be p̃2(t; x̃1, x̃21; v1,v2), changing to inner variables
(2.8) becomes

ε∂tp̃2

= − εv1 · ∇x̃1 p̃2 + (v1 − v2) · ∇x̃21 p̃2

− ∇v1 · (H(−x̃21,v1 − v2)p̃2) − ∇v2 · (H(x̃21,v2 − v1)p̃2)

− εd(N − 2)
∫

Rd×Rd
∇v1 ·

(
H(x̃13,v1 − v3)pN3 (t; x̃1,x2, x̃1 − εx̃13; v1,v2,v3)

)
dx̃13dv3

− εd(N − 2)
∫

Rd×Rd
∇v2 ·

(
H(x̃23,v2 − v3)pN3 (t; x1, x̃2, x̃2 − εx̃23; v1,v2,v3)

)
dx̃23dv3.

(2.12)

We have localised the final two integral terms in two different inner regions, as they represent
particle 3 interacting with particle 1 (i.e. |x3 − x1| ∼ ε) and particle 3 interacting with
particle 2 (i.e. |x3 − x2| ∼ ε), respectively. This required defining new inner variables x̃1 = x1

and x̃13 = (x1 − x3)/ε for the first integral and similar for the second. Note that, changing
the integration variables to these inner variables, the integrands are O(1) in ε and the x

domain becomes Rd. As εd (N − 2) is O(ε) these integral terms can be ignored at leading order,
implying that interactions involving three or more particles are negligibly rare compared to
binary interactions. Thus, to leading order in ε, p̃2 satisfies

(v1 − v2) · ∇x̃21 p̃2 = ∇v1 · (H(−x̃21,v1 − v2)p̃2) + ∇v2 · (H(x̃21,v2 − v1)p̃2). (2.13)

Now considering the time evolution equation of pN1 (2.7), changing the integral term to
inner variables gives

∂tp
N
1 + v1 · ∇x1p

N
1 = −εd−1(N − 1)

∫
Rd×Rd

∇v1 · (H(−x̃21,v1 − v2)p̃2) dx̃21dv2, (2.14)

where we note that, in the Boltzmann-Grad limit, εd−1 (N − 1) is O(1) and the integral term
remains at leading order. We can rearrange (2.13) and substitute for the integrand in (2.14) to
give

∂tp
N
1 + v1 · ∇x1p

N
1 = −εd−1 (N − 1)

∫
Rd×Rd

(v1 − v2) · ∇x̃21 p̃2 dx̃21dv2

+ εd−1 (N − 1)
∫

Rd×Rd
∇v2 · (H(x̃21,v2 − v1)p̃2) dx̃21dv2. (2.15)

The second integral vanishes by the divergence theorem due to our boundary condition
assumptions that p̃2 → 0 as |v2| → ∞. Using the divergence theorem on the first integral gives

∂tp
N
1 + v1 · ∇x1p

N
1 = εd−1 (N − 1) lim

R→∞

∫
Rd

∫
Sd−1

R

p̃2(v2 − v1) · dSx̃21dv2, (2.16)

where Sd−1
R is the (d− 1)-sphere of radius R.
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v2 − v1

x̃1

α2 (ξd−2 for d > 3)

R

r

α1

Sd−1
R = S2

R

x̃+
21

x̃−
21

Figure 2.1.: A three-dimensional example of the spherical coordinate system used to manipulate
the collision integral from a surface integral over Sd−1

R to an integral in the impact
parameter r over [0, R].

Following a similar argument to that in [52], we have that∫
Sd−1

R

(v2−v1)·dSx̃21 =
∫

Sd−1
R

(v2−v1)· x̃21
|x̃21|

Rd−1 dξd−1 =
∫

Sd−1
R

(v2−v1)·(R, ξd−1)Rd−2 dξd−1,

where we have represented x̃21 in (d− 1)-spherical coordinates as (R, ξd−1) and where

dξd−1 ≡ sind−2(α1) sind−3(α2) . . . sin(αd−2) dα1 . . . dαd−1

is a surface element of the unit sphere Sd−1, parameterised in terms of angles α1 to αd−1 (see
Figure 2.1). With this parameterisation we have angle ranges αi ∈ [0, π] for i ∈ {1, . . . , d− 2}
and αd−1 ∈ [0, 2π). Given we have dξd−1 ≡ sind−2(α1) dα1 dξd−2, we can write (2.16) as

∂tp
N
1 + v1 · ∇x1p

N
1 =

εd−1(N − 1) lim
R→∞

∫
Rd

∫
Sd−2

∫ π

0
p̃2 (v2 − v1) · (R,α1, ξ

d−2) (R sin(α1))d−2 dα1 dξd−2 dv2.

(2.17)

As we have freedom to define the spherical parameterisation dξd−1 with any orientation, we
rotate it for each pair (v1,v2) such that v2 − v1 is parallel to the direction with α1 = 0. We
then have R sin(α1) = r, where r is defined as the impact parameter: the perpendicular distance
from the origin of a line passing through x̃21 with direction v2 − v1 (i.e. the closest approach
of the two particles if their velocities remained as they were at infinity in the inner region and
their paths were not curved by interaction). Using the relation dr/dα1 = R cos(α1), it also

14



follows that

(v2 − v1) · (R,α1, ξ
d−2) dα1 = |v2 − v1|R cos(α1)dα1 = ±|v2 − v1| dr.

Finally, we note that the integral over dr dξd−2 is a double cover of the sphere Sd−1
R , as

represented by the ± above. Splitting the ball Sd−1
R into two hemispheres, one representing

incoming trajectories where (v2 − v1) · x̃21 < 0, and one representing outgoing trajectories
where (v2 − v1) · x̃21 > 0, we note that two values of x̃21 project onto the same point (r, ξd−2),
one from each hemisphere (see Figure 2.1). Labelling the boundary point x̃+

21 from the outgoing
hemisphere and x̃−

21 from the incoming hemisphere, (2.17) becomes

∂tp
N
1 + v1 · ∇x1p

N
1 = εd−1(N − 1)

∫
Rd

∫
Sd−2

∫ ∞

0

(
p̃2(t; x̃1, x̃

+
21; v1,v2)

− p̃2(t; x̃1, x̃
−
21; v1,v2)

)
|v2 − v1|rd−2 dr dξd−2 dv2. (2.18)

As we take R → ∞, we intend to match these trajectories to the solution in the outer
region, where no interactions are present at leading order, and we can assume particles are
independent and uncorrelated. Given these assumptions, the outer region solution is

p̂N2 (t; z1, z2) = pN1 (t; z1)pN1 (t; z2) +O(ε).

which, expanded in terms of inner variables, becomes

p̂N2 (t; z1, z2) = pN1 (t; x̃1; v1)pN1 (t; x̃1 + εx̃21; v2) +O(ε)

= pN1 (t; x̃1; v1)
[
pN1 (t; x̃1; v2) + εx̃21 · ∇x̃1p

N
1 (t; x̃1; v2) +O(ε2)

]
+O(ε)

= pN1 (t; x1; v1)pN1 (t; x1; v2) +O(ε).

(2.19)

However, immediately post-interaction, we expect particle trajectories to be highly correlated,
which contradicts the assumptions for the outer region. Thus, we may only match incoming
trajectories for particles approaching an interaction with this outer solution. This is Boltzmann’s
Stosszahlansatz (or molecular chaos assumption) [61, 30], which asserts that, while a pair of
particles is correlated post-interaction, if they ever interact again, they will have interacted
with enough other particles in the interim that any correlation is now negligible. Matching
trajectories from the incoming hemisphere to the outer solution gives

∂tp
N
1 + v1 · ∇x1p

N
1 = εd−1(N − 1)

∫
Rd

∫
Sd−2

∫ ∞

0

(
p̃2(t; x̃1, x̃

+
21; v1,v2)

− pN1 (t; x1; v1)pN1 (t; x1; v2)
)
|v2 − v1| rd−2 dr dξd−2 dv2. (2.20)

To produce a closed equation in pN1 , it remains to express the probability densities of outgoing
trajectories, p̃2(t; x̃1, x̃

+
21; v1,v2), in terms of the density at the corresponding incoming trajec-

tories so that we can apply the same independence assumption and express them in terms of
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pN1 . That is, we wish to determine the invertible functions ζH and ψH such that

lim
|x̃21|→∞

p̃2(t; x̃1, x̃
+
21; v1,v2) = ζH

(
lim

|∗x̃+
21|→∞

p̃2(t−O(ε); x̃1,
∗x̃+

21; ∗v1,
∗v2)

)

= ζH

(
pN1 (t; x1; ∗v1)pN1 (t; x1; ∗v2) + O(ε)

) (2.21)

with
(v1,v2) = ψ−1

H (∗v1,
∗v2), (2.22)

where the pre-starred quantities, ∗x̃21, ∗v1 and ∗v2, are the incoming coordinates of the
trajectory that leaves the interaction with x̃21, v1 and v2. Throughout this thesis, we will
use the ‘pre-star’ notation to represent incoming velocities that would map to the unstarred
velocities after an interaction and ‘post-star’ notation, e.g. v∗

1, to represent velocities that
unstarred velocities would map to. With these definitions, the starred quantities can be
considered shorthand for the interaction maps

(∗v1,
∗v2) = ψ−1

H (v1,v2), and (v∗
1,v

∗
2) = ψH(v1,v2). (2.23)

In (2.21), in addition to matching to the outer solution, we have also assumed that
variations in p̂N2 over the O(ε) interaction time are negligible to leading order. Finding the
functions ζH and ψH is equivalent to solving the inner equation (2.13). Assuming we have
found these functions, our evolution equation for pN1 can be written (to leading order in ε) as

∂tp
N
1 + v1 · ∇x1p

N
1 = εd−1(N − 1)

∫
Rd

∫
Sd−2

∫ ∞

0

[
ζH

(
pN1 (t; x1; ∗v1)pN (t; x1; ∗v2)

)
− pN1 (t; x1; v1)pN1 (t; x1; v2)

]
|v2 − v1| rd−2 dr dξd−2 dv2. (2.24)

As alluded to by the subscripts on ζH and ψH , these functions and the procedure to determine
them will depend on the specific form of the interaction H(x,v). Indeed, this is the only place
where the specific interaction will be present in the evolution equation for pN1 . Introducing the
shorthand notation p ≡ pN1 (t; x1; v1), p(2) ≡ pN1 (t; x1; v2) and ∗p ≡ pN1 (t; x1; ∗v1) we can write
(2.24) as

∂tp+ v1 · ∇x1p = εd−1(N − 1)
∫

Rd

∫
Sd−2

∫ ∞

0

[
ζH

(
∗p ∗p(2)

)
− p p(2)

]
|v2 − v1| rd−2 dr dξd−2 dv2.

(2.25)
It is common in the kinetic theory literature (see [30, 31]) to instead treat this as an equation
over the mass density: f(t; x1; v1) := Nmp(t; x1; v1), where m is the mass of a particle. This
effectively amounts to a rescaling, and if we take the limit N → ∞, leads to the equation

∂tf+v1 ·∇x1f = εd−1

m

∫
Rd

∫
Sd−2

∫ ∞

0

[
ζH

(
∗f ∗f(2)

)
− f f(2)

]
|v2 −v1| rd−2 dr dξd−2 dv2, (2.26)

where ζH may also be rescaled by the change to f if it is nonlinear and where we have used
similar shorthand notation for the density arguments.
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2.1.5. Inner (two-particle) solution

Equation (2.13) is a first-order quasilinear PDE that may be solved by the method of charac-
teristics giving

dx̃21
dτ = v2 − v1, (2.27a)
dv1
dτ = H(−x̃21,v1 − v2), (2.27b)
dv2
dτ = H(x̃21,v2 − v1), (2.27c)

1
p̃2

dp̃2
dτ = −∇v1 · H(−x̃21,v1 − v2) − ∇v2 · H(x̃21,v2 − v1), (2.27d)

where τ is the arc length along a characteristic. Note that, if we set t = ετ , the characteristic
equations for x̃21, v1 and v2 are equivalent to the evolution equations for an isolated two-
particle interaction and, as such, the characteristic projections correspond to the trajectories
of this two-particle interaction. The limit τ → ∞ represents the outgoing trajectory from
an interaction, and taking the limit τ → −∞ along the same characteristic represents the
corresponding incoming trajectory. We will label the limiting outgoing quantities as x̃+

21, v+
1 ,

v+
2 and p̃+

2 and the incoming as x̃−
21, v−

1 , v−
2 and p̃−

2 . Solving the characteristic equations will
allow us to determine the outgoing quantities in terms of the incoming and determine the
functions ζH and ψH through

p̃+
2 (t; x̃1, x̃

+
21; v+

1 ,v
+
2 ) = ζH

(
p̃−

2 (t; x̃1, x̃
−
21; v−

1 ,v
−
2 )
)

and (v+
1 ,v

+
2 ) = ψH(v−

1 ,v
−
2 ). (2.28)

We use the + and − superscript notation in the inner region and the star notation once we
match to the outer region solution.

We now outline some special cases that allow us to simplify the characteristic equations,
and the rest of this chapter will be focused on specific interactions where we are able to
analytically solve the characteristics and determine ζH and ψH .

If H is independent of v (or more generally H satisfies the divergence-free condition:∑
i ∇vi ·

∑
j ̸=i H ij = 0), p̃2 is constant along characteristics and ζH is the identity.

If H is antisymmetric, i.e. H(−x,−v) = −H(x,v), changing coordinates to scaled centre
of mass, v̄ = v1 + v2, and relative velocity, u = v2 − v1, the characteristic equations can be
simplified to

dx̃21
dτ = u, (2.29a)
dv̄

dτ = 0, (2.29b)
du

dτ = 2H(x̃21,u), (2.29c)
1
p̃2

dp̃2
dτ = −2∇u · H(x̃21,u). (2.29d)

This is a commonly considered special case, even when the Liouville property is not satisfied
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(e.g. in [15]). If we then consider a one dimensional case where H is separable in x and v, i.e.
H(x, v) = ξ(x)ν(v), then p̃2ν(u) is conserved along characteristics as

d
dτ (p̃2ν(u)) = dp̃2

dτ ν(u) + dν(u)
dτ p̃2

= −2 ∂

∂u
(H(x̃21, u)) p̃2ν(u) + dν(u)

du
du
dτ p̃2

= −2ξ(x̃21)dν(u)
du p̃2ν(u) + 2dν(u)

du ξ(x̃21)ν(u)p̃2

= 0.

(2.30)

We have used non-boldface variables to represent the respective one-dimensional quantities, a
convention we will follow throughout this thesis.

2.2. Elastic interactions: the Boltzmann equation

In the original derivation of the Boltzmann equation, the interactions are assumed to be elastic;
that is, they conserve energy and momentum. Using the notation (v∗

1,v
∗
2) = ψH(v1,v2) for

the post-interaction velocities we have

v∗
1 + v∗

2 = v1 + v2 and |v∗
1|2 + |v∗

2|2 = |v1|2 + |v2|2.

Following [108] and [24], this system of d+ 1 equations in 2d unknowns has a solution defined
in terms of d− 1 parameters. Two useful representations of the solution, commonly called the
σ- and ω-representations, are

v∗
1 = v1 + v2

2 − |v2 − v1|
2 σ,

v∗
2 = v1 + v2

2 + |v2 − v1|
2 σ,

(2.31)

and

v∗
1 = v1 + ((v2 − v1) · ω) ω,

v∗
2 = v2 − ((v2 − v1) · ω) ω,

(2.32)

where σ and ω both vary over the (d−1) unit sphere Sd−1. Figure 2.2 shows a representation of
the pre- and post-collisional velocities. The unit vector σ represents the direction of v∗

1 and v∗
2

relative to the centre of mass velocity (v1 + v2)/2, while ω represents the impact direction, or
the direction each particle’s velocity changes during the interaction (see Figure 2.3 for specific
interactions).

If the interaction H(x,v) is to be energy conserving, we must have ∇v · H(x,v) = 0 from
Hamilton’s equations. This gives dp̃2/dτ = 0 from (2.27d) and implies p̃2 is constant along
trajectories, with the system satisfying the Liouville equation, (2.5). As such, we have that ζH

is the identity and, defining the relative velocity as u := v2 − v1 and assuming the particles
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v1

v∗
1

v2

v∗
2

û

σ ωθ α

Figure 2.2.: Velocity space map (v∗
1,v

∗
2) = ψH(v1,v2) for an elastic interaction. The unit

vectors û, ω, and σ are the direction of the incoming relative velocity, the impact
direction and the outgoing relative velocity, respectively.

have mass 1, (2.26) becomes the Boltzmann equation:

∂tf + v1 · ∇x1f = εd−1
∫

Rd

∫
Sd−2

∫ ∞

0

(
∗f ∗f(2) − f f(2)

)
|u| rd−2 dr dξd−2 dv2. (2.33)

The integral on the RHS of this equation is commonly written in operator form as Q(f, f). In
terms of the σ representation, it is often expressed as

Q(f, f) =
∫

Rd

∫
Sd−1

(
∗f ∗f(2) − f f(2)

)
Bσ(u,σ) dσ dv2, (2.34)

where Bσ(u,σ) is called the collision kernel. This collision kernel can be thought of heuristically
as the (unnormalised) probability that a pair of interacting particles are deflected to the relative
direction σ after interacting, given their relative velocity u. Due to the Galilean invariance
of the interactions, Bσ only depends on the magnitude of the relative velocity |u| and the
deviation or scattering angle θ (the angle between pre- and post-collisional relative velocities),
defined by cos θ = û · σ, where û := u/|u| (see Figures 2.2 or 2.3). Thus, it is often written as
Bσ(|u|, û ·σ) or Bσ(|u|, θ). A similar representation using the ω representation is also available,
with modified collision kernel Bω(u,ω). These representations are often used in physical
systems of microscopic particles as, in many cases, the deviation angle after an interaction,
θ, is observable, while the impact parameter, r, is not. The collision kernel is related to the
differential cross section, Σ, commonly defined for scattering systems, by Bσ(u, σ) = |u|Σ(u, σ).

Noting that dσ is a surface element of Sd−1 we can express it as dσ ≡ sind−2 θ dξd−2,
where θ ∈ [0, π] is the deviation angle and, as before, dξd−2 is an element of Sd−2. Note that,
due to momentum conservation, the path of the interacting particles is planar, and the collision
kernel is invariant to rotations in ξd−2. We can thus relate the σ-representation of the collision
kernel to the impact parameter representation through

Bσ(|u|, θ) sind−2 θ dξd−2 = εd−1|u| rd−2 dr dξd−2,
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which means, if a functional relationship between r and θ can be defined, that

Bσ(|u|, θ) = εd−1
(

r

sin θ

)d−2 dr
dθ |u|. (2.35)

Specific examples of Bσ will be derived in §2.2.3.

2.2.1. Cutoff kernels

Although heuristically interpreted as a probability, the collision kernel is not integrable if the
interaction H(x,v) does not have compact support in x, no matter how fast it decays as
|x| → ∞. This can be seen as a result of the diverging number of ‘grazing’ interactions with
large impact parameter r → ∞ (or, equivalently, deviation angle θ → 0). Considering (2.33)
we have that ∫ rc

0
|u| rd−2 dr = |u|rd−1

c

d− 1 ,

which is clearly unbounded if we take rc → ∞. One solution (introduced by Grad [55]) is to
assume the interaction is cut off at some finite impact parameter rc. This makes the collision
kernel integrable and allows us to formally split the collision operator into gain and loss terms:

Q+(f, f) =
∫

Rd

∫
Sd−1

∗f ∗f(2)Bσ(u,σ) dσ dv2,

and
Q−(f, f) = −

∫
Rd

∫
Sd−1

f f(2)Bσ(u,σ) dσ dv2,

respectively.
Note, however, that even though the collision kernel is not integrable, Q(f, f) produces a

finite result even without this cutoff for many commonly considered applications. This is because,
given the interaction H satisfies the short-range condition (2.2), for large impact parameters,
the interacting particles experience minimal deviation, meaning that ∗f ∗f(2) − f f(2) → 0 as
r → ∞. For certain H and f , this decay is fast enough that Q(f, f) is finite. In practice, in
this thesis, we will use the cutoff where necessary to split the collision operator but will often
simplify calculations by taking rc → ∞. Many authors have considered the formal convergence
to the Boltzmann equation without cutoff (e.g. [39] for the linear Boltzmann equation).

2.2.2. Weak form, conservation laws and the H-theorem

In many cases, we are concerned with macroscopic observable quantities that can be defined as
the expected value of a function φ(v) over f , i.e.

⟨f, φ⟩x,v :=
∫

Rd×Ω
f φ dx1dv1,

where we have defined the inner product operator ⟨·, φ⟩x,v. Acting with this inner product
operator on (2.33), we get

∂t⟨f, φ⟩x,v = ⟨Q(f, f), φ⟩x,v . (2.36)
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Using the fact that the transformations (v1,v2, σ) → (v∗
1,v

∗
2, û) and (v1,v2) → (v2,v1) are

involutions with unit Jacobians (see [108] §2.3 and [31] §2.1 for details), we can write the RHS
as

⟨Q(f, f), φ⟩x,v

=
∫

Rd×Rd×Ω

∫
Sd−1

Bσ(u, σ)ff(2)(φ∗ − φ) dσ dx1dv1dv2 (2.37)

= 1
2

∫
Rd×Rd×Ω

∫
Sd−1

Bσ(u, σ)ff(2)(φ∗ + φ∗
(2) − φ− φ(2)) dσ dx1dv1dv2 (2.38)

= −1
4

∫
Rd×Rd×Ω

∫
Sd−1

Bσ(u, σ)
(

∗f ∗f(2) − ff(2)
) (
φ∗ + φ∗

(2) − φ− φ(2)
)

dσ dx1dv1dv2,

(2.39)

where we have used similar shorthand for the arguments of φ as the arguments of f . These
represent the various weak forms of the Boltzmann equation, which are each useful in different
contexts. The first, (2.37), was written down by Maxwell [78] before Boltzmann derived the
strong form. From (2.38), we can see that

⟨Q(f, f), φ⟩x,v = 0

if and only if φ(v) satisfies
φ∗ + φ∗

(2) = φ+ φ(2),

i.e. that φ is invariant across interactions. It can be shown that the solutions φ of this
equation are linear combinations of the elementary collision invariants: {1, vi, |v|2}, where
{vi for i ∈ 1, . . . d} are the components of v [23]. Substituting this into (2.36) we get the
conservation laws

d
dt

∫
Rd×Ω

f


1
v

|v|2
2

 dxdv = 0,

showing that total mass, momentum and kinetic energy are conserved. If we only integrate
over velocity and not position, the same collision invariants set the RHS to 0. In this case, the
transport term does not go to 0, and we have the local conservation laws

d
dt

∫
Rd
f


1
vi
|v|2

2

 dv + ∇x ·
∫

Rd
f


v

v ⊗ v
|v|2

2 v

 dv = 0. (2.40)

These laws form the basis for developing hydrodynamic limits and macroscopic descriptions of
the system. It is possible to show that the only solutions to the equation Q(f, f) = 0 are the
Maxwellian distributions, defined as

fMax(t; x; v) := ρ(t; x)
(2πT (t; x))d/2 e

− |v−w|
T (t;x) ,
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where ρ(t; x), w(t; x) and T (t; x) are the macroscopic density, bulk velocity and temperature,
respectively. The fact that Q(f, f) = 0 implies that the system has reached statistical
equilibrium, as collisions are not responsible for any further variation in the density f . Assuming
the system is at this equilibrium, the local conservation laws (2.40) become the compressible
Euler equations. It is also possible to derive the Navier-Stokes equations as a leading order
system when perturbing around this equilibrium solution using a procedure known as the
Chapman-Enskog expansion (see [31], Ch. 5).

Boltzmann’s H-functional, defined as

H(f) :=
∫
Rd×Ω

f log f dxdv,

can be considered a representation of the information, or negative entropy in the distribution.
Substituting φ(f) = log f into (2.36) with the collision operator in the form (2.39), we get

d
dtH(f(t; x; v))

= −1
4

∫
Rd×Rd×Ω

∫
Sd−1

Bσ(u, σ)
(

∗f ∗f(2) − ff(2)
)

log
∗f∗f(2)
ff(2)

dσ dx1dv1dv2 ≤ 0, (2.41)

where the inequality comes from the fact that the function (x, y) 7→ (x− y)(log x− log y) is non-
negative. This is Boltzmann’s H-theorem, implying that the system dissipates information (or
increases entropy) over time, moving towards equilibrium. It is notable that this time asymmetry
has emerged from a system that was based on time-reversible microscopic interactions. Although
the individual-based system satisfies the Poincaré recurrence theorem, by applying Boltzmann’s
Stosszahlansatz and only assuming pre-collisional particles are uncorrelated we have broken the
time-symmetry and the kinetic model becomes irreversible.

2.2.3. Example interactions

Hard-sphere elastic reflection

One common system studied in the context of the Boltzmann equation is that of hard spheres
of radius ε colliding elastically (that is, they specularly reflect off each other upon impact).
Considering Figure 2.3a, we see that, in inner coordinates scaled by ε, the relationship between
the impact factor r and the angle α (between the incoming velocity, u, and the direction
between the centres of the two spheres at impact, ω) is given by r = 2 sinα. As the angle
between pre- and post-collisional relative velocities is then 2α, we have that the deviation angle
is given by θ = π − 2α and hence sin θ = sin 2α = 2 sinα cosα. Substituting into (2.35), we
then get

Bσ(|u|, θ) = εd−1|u|
( 2 sinα

2 sinα cosα

)d−2
2 cosα

= 2εd−1|u| (cosα)3−d = 2εd−1|u|
(1 − cos θ

2

) 3−d
2
. (2.42)
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(a) Elastic hard-sphere collision.
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(b) Potential-force interaction.

Figure 2.3.: Relative position schematic for specific elastic interactions. The unit vectors û, ω,
and σ are equivalent to those in Figure 2.2. (a) An elastic collision between two
hard spheres of radius ε. The relative velocity reflects across a line perpendicular
to the impact direction ω upon collision. (b) The inner region for a potential force
interaction. A point-particle is shown fixed at x̃1, with another particle at x̃21.
The short-range potential interaction is shown with blue shading.

In three dimensions, we can see that the collision kernel is independent of the deviation angle
and only depends on the relative velocity |u|.

Potential-force systems

Another common system defines the forces between particles as the gradients of a radial
potential. That is, the interaction in (2.1) is given by

H (x,v) = − 1
m

∇xϕ (|x|) ,

which gives accelerations

V̇ i = − 1
m

∑
j ̸=i

∇ Xi−Xj
ε

ϕ

( |Xi − Xj |
ε

)
.

Using the equations for the conservation of energy and angular momentum in the reference
frame of one of the particles, it is possible to define the relationship between the deviation
angle θ, the relative velocity |u| and the impact parameter r. Following Cercignani [30, 31], we
have that for a repulsive potential ϕ of infinite range with ϕ(|x|) → 0 as |x| → ∞ and particles
of mass m = 1,

θ(r, |u|) = π − 2r
∫ ∞

ρ0

ρ−2√
1 − r2

ρ2 − 4ϕ(ρ)
|u|2

dρ = π − 2
∫ r

ρ0

0

1√
1 − a2 − 4

|u|2ϕ( ra)
da, (2.43)
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where ρ represents the radial distance of the two particles and ρ0 is the distance of closest
approach, defined as the positive root of 1 − r2

ρ2
0

− 4ϕ(ρ0)
|u|2 = 0. Considering the power-law

potential ϕ(|x|) = c|x|−(s−1) for s > 2 (note that such a potential will only satisfy our
short-range condition (2.2) with s > d) and defining the quantity

β := r

( 1
4c

) 1
s−1

|u|
2

s−1 , (2.44)

we have that the relationship between θ and β is given by

θ = π − 2
∫ a0

0

1√
1 − a2 −

(
a
β

)s−1
da,

where a0 satisfies 1 − a2
0 − (a0/b)s−1 = 0. These equations specify θ as a function θ(β), and

hence inverting β as a function β(θ). As such, using (2.44), it follows that

r = (4c)
1

s−1 |u|−
2

s−1β(θ),

and substituting into (2.35) we have that

Bσ(|u|, θ) = εd−1|u|γb(θ), γ = s− (2d− 1)
s− 1 ,

where we have relabelled the angular part of the kernel

b(θ) = (4c)
d−1
s−1

(
β(θ)
sin θ

)d−2
β′(θ).

If the particles interact with a power-law potential with s = 2d− 1 (in three dimensions, where
force is proportional to the inverse fifth power), the |u| dependence is removed, and the collision
kernel becomes purely angular. Particles interacting with such forces are labelled Maxwellian
molecules, and these are often used as a simplified base case for deriving analytical results. The
limit s → ∞ approaches the hard sphere case discussed previously. Potentials with s > 2d− 1
are often labelled hard potentials, and those with s < 2d− 1 soft potentials.

The functional dependence β(θ) in the angular part of the kernel cannot be computed
explicitly in all cases, but it can be shown that sind−2 θb(θ) is smooth and has a non-integrable
singularity as θ → 0. In three dimensions it scales as O(θ−1−2/(s−1)) as θ → 0. This is related
to the non-integrability of the collision kernel discussed in §2.2.1.

2.3. Inelastic interactions (granular materials)

When relaxing the assumption that energy must be conserved across interactions, a common
class of models involves scaling the relative velocity’s normal component after an interaction
by a restitution coefficient e ∈ [0, 1] (not to be confused with the exponential constant). That
is, we assume

(v∗
2 − v∗

1) · ω = −e (v2 − v1) · ω, (2.45)
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(a) Inelastic velocity map.
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(b) Inelastic hard-sphere collision

Figure 2.4.: (a) Velocity space map and (b) hard-sphere collision example for an inelastic
interaction with restitution coefficient e. The ratio of the length of the dashed
green line to the solid green line is e, showing that the magnitude of the component
of velocity along the impact direction ω is reduced by this factor after an interaction.
The dotted lines in the velocity map show the equivalent interaction if e = 1. The
unit vector σ is defined differently to the elastic case, instead representing the
direction of the final velocity relative to its sphere of possible outcomes (or the
direction of the post-collisional relative velocity if the interaction were elastic).

but maintain the conservation of momentum: v∗
1 + v∗

2 = v1 + v2 (see Figure 2.4a). Such models
can be used to model a wide range of systems, but are most prominently studied in the field of
granular gases, collections of particles that collide inelastically, larger than the microscopic gas
molecules archetypical of the Boltzmann equation. This field has applications in areas such
as industrial sorting of particulate solids, planetary rings or motion in a dusty atmosphere
[73, 2, 95]. Combining (2.45) with the conservation of momentum, we again have a solution in
terms of d− 1 parameters. Many authors consider systems with constant restitution coefficient
e, although it is natural to consider a dependence on the relative velocity and deviation angle,
and some authors even consider a phenomenological dependence on the system temperature
[109]. Corresponding representations to (2.46) and (2.47) are available in terms of ω ∈ Sd−1,
the impact direction, and σ ∈ Sd−1, now defined as the direction of the final velocity relative
to the centre of its possible values. These are

v∗
1 = v1 + 1 + e

2 ((v2 − v1) · ω) ω,

v∗
2 = v2 − 1 + e

2 ((v2 − v1) · ω) ω,
(2.46)
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and

v∗
1 = v1 + v2

2 − 1 − e

4 (v2 − v1) − 1 + e

4 |v2 − v1|σ,

v∗
2 = v1 + v2

2 + 1 − e

4 (v2 − v1) + 1 + e

4 |v2 − v1|σ.
(2.47)

See Figure 2.4a for a representation of the maps in velocity space. Note that if we take e = 1,
this is equivalent to the elastic case discussed in 2.2, and if e = 0, the normal component of the
velocity is fully dissipated in the interaction. The inelastic Boltzmann equation is given for
one-particle mass density f by

∂tf + v1 · ∇x1f = QI(f, f), (2.48)

where QI(f, f) is a modified version of the collision operator for inelastic interactions. Following
[109], the collision operator in the σ-representation, for hard sphere inelastic interactions in
three dimensions with constant restitution coefficient is given by

QI(f, f) =
∫

Rd

∫
Sd−1

|∗v2 − ∗v1|
e

∗f ∗f(2) − |v2 − v1|ff2 dσ dv2.

The factor of 1/e is present in the gain term as it is the Jacobian of the backward interaction
map (∗v1,

∗v2) = ψ−1(v1,v2), and this is needed to ensure probability flux in velocity space is
conserved across interactions. This will be analysed further in Chapter 3, where we consider a
more generalised set of inelastic interactions. The relationship between the restitution coefficient
and the collision kernels in each representation is, in general, more complex than the elastic
case and is discussed in detail in [24]. Carillo, Hu, Ma and Rey [29], review results for inelastic
collision kernels of the ‘generalised hard sphere’ type, given by

Bσ(|u|, cos θ,E) = |u|λb(cos θ)E(f)γ , (2.49)

where θ is the angle between σ and u and

E(f) := 1
2

∫
Rd×Ω

|v|2f(t; x; v) dxdv

represents the kinetic energy of the distribution. Similar to the elastic treatment, λ = 1
represents the physical hard-spheres case, while λ = 0 defines the simplified case of Maxwellian
molecules. The classical treatments of these cases take γ = 0, removing the energy dependence,
but in more complex cases (sometimes referred to as anomalous granular gases[96]), the
generalised form with γ ̸= 0 is taken.

Similarly to in the elastic case, the weak form, showing the evolution of integrated
observables, can be derived by multiplying (2.48) by the desired function φ(v), integrating over
the domain of the first particle and simplifying by manipulating integral bounds between pre-
and post-collisional velocities. Written in terms of the inelastic collision operator, the weak
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form is equivalent to (2.36). The RHS is given explicitly in terms of the σ-representation as

⟨QI(f, f), φ⟩x,v

= 1
2

∫
Ω×Rd×Rd×Sd−1

ff(2)
(
φ∗ + φ∗

(2) − φ− φ(2)
)
Bσ(|u|, cos θ,E(f)) dσdv2dv1dx1,

where we have assumed a general dependence of the collision kernel on |u|, cos θ and E(f).

2.3.1. Energy dissipation

One of the primary qualitative differences with the case of elastic interaction is that energy is
not conserved over time. Specifically, we have from (2.46) that

|v∗
1|2 + |v∗

2|2 − |v1|2 − |v2|2 = −1 − e2

2 ((v1 − v2) · ω)2 ≤ 0. (2.50)

This energy dissipation means that, if no other processes are included, the distribution will
asymptotically approach a Dirac delta at the mean velocity (for some kernels, it is possible to
reach the Dirac delta in finite time). Using the weak form, along with (2.50) and the conservation
of mass and momentum over individual interactions we obtain the global conservation laws

d
dt

∫
Rd×Ω

f


1
v

|v|2
2

 dxdv =


0
0

−D(f)

 , (2.51)

where D(f) ≥ 0 is the energy dissipation functional, given by

D(f) = 1 − e2

8

∫
Ω×Rd×Rd×Sd−1

|u|2
(1 − û · σ

2

)
ff(2)Bσ(|u|, cos θ,E(f)) dσ dv2 dv1 dx1,

where we have used the relationship between u, σ and ω

|u · ω| = |u|(û · ω) = |u|

√
1 − û · σ

2 ,

from [24]. If the generalised hard spheres kernel (2.49) is assumed, the angular dependence of
the energy dissipation functional can be factored out, giving

D(f) = b1
1 − e2

8 Eγ
∫

Ω×Rd×Rd
|u|λ+2ff(2) dv2dv1dx1, (2.52)

where
b1 =

∣∣∣Sd−2
∣∣∣ ∫ π

0
sin2

(
θ

2

)
sind−2 θ b(cos θ) dθ,

where θ is the angle between u and σ. If we assume b(cos θ) < ∞ for all θ or define an angular
cutoff as in 2.2.1, this is integrable.

Following [29], [80] and [81], and assuming the spatially uniform case, we can use Jensen’s
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inequality twice on the energy dissipation equation given by (2.51) and (2.52) to get

d
dtE(f)(t) = −b1

1 − e2

8 E(f)γ(t)
∫

Rd×Rd
ff(2)|v1 − v2|λ+2 dv2dv1

≤ b1
1 − e2

8 E(f)γ(t)
∫

Rd
f

∣∣∣∣∫
Rd
f(2)(v1 − v2) dv2

∣∣∣∣λ+2
dv1

= b1
1 − e2

8 E(f)γ(t)
∫

Rd
f |v1|λ+2 dv1

≤ b1
1 − e2

8 E(f)γ(t)
(∫

Rd
f |v1|2 dv1

)(λ+2)/2

= 2
λ+2

2 b1
1 − e2

8 E(f)1+γ+λ/2(t),

(2.53)

where in the third step we have used the conservation of mass and momentum to set∫
Rd f(t; v) dv = 1 and

∫
Rd f(t; v)v dv = 0. Defining Ce,b := 2λ+2

2 b1
1−e2

8 and η := γ + λ/2
the following bounds on the large time energy dissipation can be established. For Maxwellian
molecules (with λ = γ = 0) the energy decays exponentially with

E(t) ≤ E(0)e−Ce,bt.

Hard spheres (with λ = 1 and γ = 0) exhibit the quadratic Haff’s cooling law [59]:

E(t) ≤
(
E(0)−1/2 + Ce,b

t

2

)−2
,

a seminal result in the field of inelastic particle interactions. For more general λ and γ (the
case with λ = 1 and γ ̸= 0 is sometimes called the anomalous granular gases case) we have

E(t) ≤


(E(0)η + Ce,bηt)−1/η , η > 0

E(0)eCe,bt, η = 0

(E(0)η − Ce,bηt)−1/η , η < 0.

Note that the case with η > 0 dissipates to the Dirac delta in finite time. These bounds have
been proved rigorously and shown to be sharp for the Maxwell case in [13, 11], hard spheres in
[81], and anomalous gases in [96].

2.3.2. Similarity scaling

As the system energy dissipates over time, it is common to search for a similarity scaling of
the variables to analyse the behaviour at long times. This is used both for deriving more
rigorous results about the moment evolution of f and to ‘zoom in’ to the mean of the velocity
distribution as time progresses to avoid challenges that come from the distribution collapsing
to the Dirac delta (for instance, when searching for a numerical solution). Following Mischler
and Mouhot [81], for the spatially-uniform hard sphere case in dimension d (sometimes called a
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homogenous cooling state [109]), we have the evolution equation

∂tf = QI(f, f), (2.54)

with
QI(f, f) =

∫
Rd×Sd−1

( 1
e2

∗f ∗f(2) − ff(2)

)
|u|b(cos θ) dσdv2,

and b(y) ∝ (1−y)−(3−d)/2 similarly to (2.42). The density f is scaled such that
∫

Rd f(t; v) dv = 1
and

∫
Rd vf(t; v) dv = 0 (these can be maintained for all t by conservation of mass and

momentum). The collision operator has the homogeneity property

QI(γf(t;λv), γf(t;λv))(v) = γ2λ−(d+1)QI(f(t;λv), f(t;λv))(λv), (2.55)

which can be found by changing variables from v to λv.
Following [81], We search for a rescaled solution of the form

f(t; v) = F(t)f̃(t̃; ṽ),

with t̃ = T (t) and ṽ = V(t)v, requiring F(0) = V(0) = 1 and T (0) = 0 so that f(0,v) = f̃(0,v).
Substituting this into the evolution equation and using the homogeneity property, (2.55), we
find

F ′(t)f̃ + F(t) T ′(t) ∂t̃f̃ + F(t) V ′(t)
V(t) ṽ · ∇ṽf̃ = F(t)2V(t)−(d+1)Q(f̃ , f̃)(ṽ).

We choose V(t) and F(t) such that we can define a self-similar solution

f̃(t̃; ṽ) = F̃ (ṽ)

that does not depend on time. In this case, conservation of mass implies that

1 =
∫

Rd
f(t; v) dv = F(t)

V(t)d
∫

Rd
F̃ (ṽ) dṽ,

which means that F(t) = V(t)d. Substituting this into the evolution equation, we get

V ′(t)∇ṽ · (ṽF̃ ) = Q(F̃ , F̃ ),

where we have used the fact that ∇ṽ · (ṽF̃ ) = d F̃ + ṽ · ∇ṽF̃ , for dimension d. Thus, we
must have that V ′(t) = c for some constant c, which using the initial datum, implies that
V(t) = 1 + c t. Considering now the evolution equation for the time-dependent f̃ , we have

V(t) T ′(t) ∂t̃f̃ + c∇ṽ · (ṽf̃) = Q(f̃ , f̃).

We choose T (t) to make this equation as simple as possible by setting V(t) T ′(t) = 1, which
gives T (t) = log(1 + c t)/c. As changing c can be countered by a rescaling of f̃ and T ′(t), we
can set c = 1 without loss of generality. This gives the scaling

F(t) = (1 + t)d, T (t) = log(1 + t), and V(t) = 1 + t. (2.56)
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With this scaling, we have the rescaled evolution equation

∂t̃f̃ = Q(f̃ , f̃) − ∇ṽ · (ṽf̃), (2.57)

where the extra term ∇ṽ · (ṽf̃) is generally known as an anti-drift term [109]. Associated to
any solution f̃(t̃; ṽ) of this rescaled equation is a solution to the original evolution equation

f(t; v) = (1 + t)d f̃(log(1 + t); (1 + t)v). (2.58)

Furthermore, for any solution F̃ (ṽ) to the stationary scaled equation

∇ṽ · (ṽF̃ ) = Q(F̃ , F̃ ), (2.59)

we can define a self-similar solution F to the original evolution equation by

F (t; v) = (1 + t)d F̃ ((1 + t)v). (2.60)

Defining
Ms[g](t) :=

∫
Rd
g(t; v)|v|s dv

to be the s-moment functional with respect to v and noting that we have∫
Rd
f(t; v) |v|s dv = (1 + t)s

∫
Rd
f̃(log(1 + t); ṽ) |ṽ|s dṽ,

and ∫
Rd
f̃(t̃; ṽ) |ṽ|s dṽ = est̃

∫
Rd
f(et̃ − 1; v) |v|s dv,

we have the following relationships between the moments of the scaled and unscaled solutions:

Ms[f ](t) = (1 + t)sMs[f̃ ](log(1 + t)),

and
Ms[f̃ ](t) = estMs[f ](et − 1).

This form of scaled solution is not the only way to avoid the problems associated with the
collapse of the velocity distribution. If it is relevant to the physical situation being modelled,
some authors add a Gaussian thermostat or heat bath as a way to input energy into the system
[109]. This consists of adding a term of the form T ∇2

vf to the RHS of the evolution equation,
where T represents the ‘external temperature’, or magnitude of the energy input. Additionally,
a drift term α∇v · (vf), with α > 0, representing external friction forces on the particles, is
sometimes added in these cases.

2.3.3. Overpopulated distribution tails

One of the more surprising predictions of inelastic kinetic theory is that of non-Maxwellian
velocity distribution tails [109]. For some models, the velocity distribution can decay slower
than a Maxwellian distribution as |v| → ∞, counterintuitively suggesting the inelasticity has
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resulted in a greater proportion of fast particles when compared to the elastic Maxwellian
equilibrium solution. Here we present a heuristic argument from [109], summarising results
from [43].

In the limit of large velocities, splitting the collision operator, the gain term Q+
I (f, f) must

be dominated by the loss term Q−
I (f, f), as the velocity distribution moves inward toward the

Dirac delta over time. If the collision kernel is proportional to |v2 − v1|λ, the loss term, and
hence the full collision operator, is asymptotically proportional to |v1|λ as |v1| → ∞. Making
the radially symmetric ansatz f(|v|) = e−α|v|β it follows that Q−

I (f, f) ∝ |v1|λe−α|v1|β and
∇v1 ·(v1f) = |v1|βe−α|v1|β . Balancing terms in the steady state solution of the rescaled evolution
equation (2.57), it then follows that β = λ. As λ = 1 for hard sphere kernels this suggests that
the the velocity distribution tail is exponentially decreasing like f(v) ∼ e−α|v| as |v| → ∞ for a
homogeneously cooling state in this case. Considering also that ∇2

v1f ∝ |v1|2β−2e−α|v1|β under
the radially symmetric ansatz, by balancing dominant terms in the steady state equation it
follows that β = 1+λ/2 for systems with an added heat bath term (∇2

vf), and β = 2 for systems
with a further added drift term (∇v · (vf)). This argument predicts velocity distribution tails
scaling like e−α|v1|3/2 for hard sphere systems with a heat bath and like e−α|v1|2 for hard sphere
systems with a heat bath and added friction.

2.4. Flocking models

A popular class of many-particle model (often called a many-agent model in this context) in
the literature today is centred around systems exhibiting emergent collective behaviour and
self-organisation. These systems can be in fields as varied as swarming and collective motion
in animals and bacteria [35, 34, 106, 107, 37, 10, 5, 65]; control of robotics, spacecraft and
other autonomous agents [92, 4, 70]; social consensus and opinion formation [51, 84]; and the
distribution of wealth in an economy [41]. Reviews of the mathematical approaches are given
in [28, 27, 32, 107]. Typically, the models in economic or social contexts are first-order, with
models including attraction terms directly depending on the modelled quantity. Models in
animal collective behaviour or autonomous agents are often second-order (as has been the focus
of this chapter), with models generally involving some kind of alignment in velocity, modulated
by the spatial distance between agents. They may also typically include an attraction force at
long ranges and a repulsion force at short ranges.

Three seminal individual-based models in this field are the Vicsek model [106], the D’orsogna
model [40], and the Cucker-Smale model [35, 34]. The Vicsek model is a discrete-time model
where the position, Xi of agents in two dimensions evolves as

Xi(t+ ∆t) = Xi(t) + V (cos(Θi), sin(Θi))∆t,

where V is a constant speed and Thetai is the orientation of agent i. This orientation evolves
through

Θi(t+ ∆t) = ⟨Θ(t)⟩r + ∆Θ,

31



where ⟨Θ(t)⟩r represents the average orientation of agents in a circle of radius r around agent
i and ∆θ represents a random number chosen at each time step uniformly in the interval
[−η/2, η/2]. The staple feature of this model is the alignment of agents with their neighbours in
orientation. The literature extending and applying this model is vast. For example, the model
has been extended to continuous-time SDE versions in higher dimensions, [38] (further discussed
in [18]) and to body-attitude coordination (considering further internal spatial dimensions of
the agents) in [37].

In the D’orsogna model [40], agents’ positions and velocities evolve according to the ODEs

Ẋi(t) = V i,

V̇ i(t) = (α− β|V i|2)V i −
N∑
j=1
j ̸=i

∇Xiϕ(|Xj − Xi|), (2.61)

where the interaction potential ϕ is generally taken to be the Morse potential

ϕ(|x|) = Cre
−|x|/lr − Cae

−|x|/la .

The constants la and lr represent the ranges of attraction and repulsion, respectively, while
Ca and Cr represent the respective amplitudes. Thus, with la > lr, this potential represents
attraction at long ranges and repulsion at short ranges, a common feature of collective behaviour
models. The parameter α scales a self-propulsive term, while the term scaled by β represents
friction described by Rayleigh’s law. The combination of these terms will cause the speeds of
the agents to tend toward

√
α/β. Significantly different behaviour is observed for this model

for different choices of the Morse potential ratios la/lr and Ca/Cr. These vary from the collapse
of all agents to one cluster to swarming solutions in a ring to dispersing behaviour where the
agents separate.

In the Cucker-Smale model [35, 34], agent velocities move toward a weighted average of
surrounding particle velocities, with the weights given by a symmetric kernel that is dependent
on the relative position:

Ẋi(t) = V i,

V̇ i(t) = 1
N

N∑
j=1
j ̸=i

ϕ(|Xi − Xj |)(V j − V i). (2.62)

The original kernel proposed by Cucker and Smale [35] was

ϕ(|x|) = β

(1 + |x|2)s , (2.63)

where β and s are positive constants, although many other kernels have been analysed since.
The symmetry of the interaction between particles i and j implies the total momentum and
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mean velocity are conserved:

d
dt

(
1
N

N∑
i=1

V i(t)
)

= 0 =⇒ V̄ (t) := 1
N

N∑
i=1

V i(t) = V̄ (0).

Unlike the Vicsek et al. or D’orsogna et al. models, agents in the Cucker-Smale model do not
have a constant or characteristic velocity. Instead, the characteristic qualitative features of the
system are the dissipation of energy and flocking behaviour. The energy dissipation can be
seen as

d
dt

(
1
N

N∑
i=1

|V i(t) − V̄ |2
)

= − 1
2N2

N∑
i,j=1

ϕ(|Xj − Xi|)|V i(t) − V̄ |2

≤ −
(

min
i,j

ϕ(|Xj − Xi|)
) 1
N

N∑
i=1

|V i − V̄ |2. (2.64)

The system is said to converge to a flock if there exists a finite D∞ such that diam{Xi(t)}Ni=1 <

D∞ for all t > 0 and there exists a V ∞ ∈ Rd such that max
i

|V i(t) − V ∞| → 0 as t → ∞ [100].
Naturally, for the Cucker-Smale model (2.62), if flocking occurs, the flock velocity would be
V ∞ = V̄ . This flocking is said to be unconditional if it occurs for all possible initial conditions,
and conditional if it only occurs with a restricted set. Cucker and Smale showed unconditional
flocking for the kernel (2.63) with s < 1/2 or conditional flocking with s ≥ 1/2 and additional
restrictions on the initial density. Many authors have rigorously derived flocking conditions
for other kernels. For example, Ha and Tadmor [58] showed unconditional flocking for kernels
satisfying the ‘fat-tail’ condition: ∫ ∞

ϕ(r) dr = ∞.

Note the contrast with our short-range condition (2.2). Many of the papers analysing the large
time and large N behaviour of the Cucker-Smale model use kinetic and hydrodynamic models
(and the equivalent definitions of flocking), which we turn to now.

2.4.1. Kinetic models of flocking with long-range communication

We will focus here on the development of kinetic and hydrodynamic models for the Cucker-Smale
model (2.62), but we note that similar style mesoscopic and macroscopic models are available
for the Vicsek and D’orsogna models and their variants. Adapting an argument from [25],
which uses a technique developed in [79], assume the outgoing velocities v∗

1, and v∗
2 from two

agents entering a binary interaction with phases (x1,v1) and (x2,v2) are given by the maps

v∗
1 = C (x1,v1; x2,v2) = [1 − γϕ(|x2 − x1|)] v1 + γϕ(|x2 − x1|) v2

and
v∗

2 = C (x2,v2; x1,v1) = [1 − γϕ(|x2 − x1|)] v2 + γϕ(|x2 − x1|) v1,
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where ϕ is considered to be the original Cucker-Smale kernel (2.63) and γ ≤ 1/2 is a parameter
representing the strength of the interaction. These maps are in the form of the velocity map
defined earlier for short-range interactions (2.22), but with ψ depending on |x2 − x1| and γ, i.e.
(v∗

1,v
∗
2) = ψγ,|x2−x1|(v1,v2). As in [25], using these maps, we can write the Boltzmann-type

kinetic equation
∂tf + v1 · ∇x1f = Q(f, f),

with the interaction operator defined as

Q(f, f) = η

∫
Rd

∫
Rd

∣∣∣Dψ−1
γ,|x2−x1|

∣∣∣ ∗f∗f(2) − ff(2) dx2dv2, (2.65)

using the same shorthand for densities with modified arguments introduced previously. In
this model, the collision frequency η is assumed to be constant. The Jacobian of the velocity
map is

∣∣∣Dψ−1
γ,|x2−x1|

∣∣∣ = 1/(1 − 2γϕ(|x2 − x1|))d. As in the Boltzmann equation for inelastic
collisional interactions (see §2.3), the Jacobian can be avoided in the weak formulation. For
inner products of the density with a test function φ(x; v), the weak form is given by

∂t

∫
R2d

fφdv1dx1 +
∫

R2d
(v1 · ∇x1φ)f dv1dx1 = η

∫
R4d

ff(2)(φ∗ − φ) dv1dx1dv2dx2, (2.66)

where φ∗ ≡ φ(x; v∗). Using the velocity maps we have

v∗
1 − v = γϕ(|x1 − x2|)(v2 − v1),

and we can then expand the RHS of (2.66) in a Taylor series in the limit of γ ≪ 1 to give

ηγ

∫
R4d

(∇v1φ · (v2 − v1))ϕ(|x2 − x1|)ff(2)dv1dx1dv2dx2 +O
(
ηγ2

)
.

This is known as the grazing collision limit as it assumes the velocity changes due to interaction
are small. The second order Taylor series term is O

(
ηγ2) as the integral part is bounded above

because of the energy dissipation properties of the system. In the limit of grazing collisions and
high collision frequency, such that ηγ2 ≪ 1 and ηγ = O(1), we can truncate this expansion at
first order. Converting back to the strong form, we obtain the Vlasov-type equation

∂tf + v1 · ∇x1f = ηγ∇v1 · [fF (f)], (2.67)

where the operator F is given by

F [f ](t; x1; v1) = (ηγϕ(|x1|)∇v1W (v1)) ∗ f = ηγ

∫
R2d

ϕ(|x1 − x2|)(v2 − v1)f(2)dx2dv2,

where W (v1) = 1
2 |v1|2 and ∗ represents a convolution in x and v, as is seen in the final equality.

As was noted in [79], this truncated operator maintains the energy dissipation properties of the
Boltzmann collision operator (2.65).

Similar results about the flocking of the Cucker-Smale model and kinetic equation have

34



been derived rigorously in the mean-field limit, often using a sequence of empirical measures

fN (t; x; v) = 1
N

N∑
i=1

δ(x − Xi(t))δ(v − V i(t))

as N → ∞. In [58], unconditional flocking was derived from the BBGKY hierarchy for bounded
radial kernels, and in [57], convergence to the Vlasov equation with flocking dissipation was
shown. In [86], these results were extended to the singular kernels ϕ(r) = |r|−s s ∈ (0, 1/2) and
in [25] it was shown that the model derived in [58] converges exponentially fast to the mean
velocity.

Defining the density ρ(t; x), the bulk velocity w(t; x), and the local temperature T (t; x) as

ρ =
∫

Rd
f dv, ρw =

∫
Rd

vf dv, dρT =
∫
Rd

|v − w|2f dv,

where d is the system dimension, it is possible to define a hydrodynamic flocking model from
the kinetic model [28]. To close this model, it is often assumed that energy fluctuations are
negligible, i.e. T (t; x) = 0, taking the monokinetic ansatz f(t; x; v) = ρ(t; x)δ(v − w(t; x)).
With these approximations, the hydrodynamic flocking model of the Cucker-Smale system with
long-range interaction kernels is given by

∂tρ+ ∇x · (ρw) = 0,

ρ∂tw + ∇x1 · (ρw ⊗ w) =
∫
Rd
ϕ(|x2 − x1|)ρ(t; x1)ρ(t; x2)(w(t; x2) − w(t; x1)) dx2.

(2.68)

Many variations to the original Cucker-Smale model are possible. Adding a Brownian
motion term in the velocity evolution ODE of the individual-based model (2.62), the kinetic
model gains an extra diffusion term D∇2

vf , similar in form to a Fokker-Planck equation [28].
Motsch and Tadmor [83] define a modified, non-symmetric interaction kernel, with interaction
strength weighted as a proportion of the total interaction on an agent:

Ẋi = V i

V̇ i = α
N∑
j=1
j ̸=i

aij(V j − V i), aij = ϕ(|Xi − Xj |)∑N
k=1 ϕ(|Xi − Xk|)

.
(2.69)

This model loses the properties of momentum conservation and energy dissipation of the original
Cucker-Smale model but is expected to be more physically realistic for animal collective be-
haviour when there is varying density among the flock. Motsch and Tadmor show unconditional
flocking for this model with the more restrictive fat tail condition

∫∞ ϕ2(r) dr = ∞.
Other modifications to the Cucker-Smale model in the literature include adding an external

force potential [98], combining non-local and local alignment terms [45], adding a time delay
[42, 99], and modelling multiple interacting species [62].
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2.4.2. Flocking with short-range communication

Several authors have analysed variants on the Cucker-Smale model with strictly bounded
interaction kernels, where the support of the kernel is less than the maximum separation of the
particles in the model. A common result is deriving conditions on the density or interaction
strength for flocking to occur in either the individual-based or hydrodynamic sense. Motsch and
Tadmor study first-order systems of opinion formation and second-order systems of flocking and
consider an adjacency matrix defined by the interaction strength of each agent on the others
[84]. They show that if the graph connectivity of this matrix is maintained, then the system
must flock for both symmetric and non-symmetric kernels. This result has been extended to the
continuum case for the one-dimensional Cucker-Smale model [56], for the cutoff Motsch-Tadmor
model [71], and for general Cucker-Smale kernels in higher dimensions [82]. In these, the
authors show explicit bounds for the coupling strength and conditions on the initial density for
flocking to occur. Shvydkoy and Tadmor [100] show flocking in a velocity alignment model with
topological kernels. This is similar to the cutoff Motsch-Tadmor model, except that interactions
are weighted based on other agents in a conical region between them, rather than a ball around
the first agent. Blanchet and Degond [12] consider a system where, at random times, a particle
adopts the velocity of its nearest neighbour or the average of its k nearest neighbours’ velocities.
They derive a kinetic equation in the limit of the system size going to infinity and assuming
the propagation of chaos.

2.5. Clustering models

Consider an alternative short-range Cucker-Smale model, where the interaction kernel ϕ(|x|)
has length scale ε and the interaction strength is scaled by 1/ε:

Ẋi = V i,

V̇ i = 1
ε

N∑
j=1
j ̸=i

ϕ

( |Xi − Xj |
ε

)
(V j − V i). (2.70)

This can be expressed in the generalised form of (2.1) with H(x,v) = −ϕ(|x|)v. We allow the
interaction kernel ϕ to have infinite support but take it to satisfy the short-range condition
from (2.2), which in this case means that

ϕ(|x|) = O(|x|−d−δ) as |x| → ∞,

for δ > 0. As in §2.1, we assume the system is in the low volume fraction regime with ε ≪ 1,
εdN ≪ 1 and take the Boltzmann-Grad limit εd−1N ≡ 1 if d > 1. This ensures isolated binary
interactions predominate, assuming particles are uncorrelated, and should allow us to follow
the systematic procedure from §2.1 of matched asymptotic expansions in the short interaction
length scale to derive a kinetic equation in the form of (2.26).

Following §2.1, the kinetic model depends on the interaction H through the maps ζH
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Figure 2.5.: (a) Velocity map for a non-clustering interaction for the short-range Cucker-Smale
model. (b) Two inner region interactions for the short-range Cucker-Smale model,
one where the interacting particles leave the inner region (labelled a) and one
where they remain bound after interacting (labelled b). We will call trajectory b a
clustering interaction. In contrast to the interactions described in §2.2 and §2.3
(see Figures 2.2, 2.3 and 2.4), the relative velocity after a non-clustering interaction
is parallel to the incoming relative velocity, rendering the representations in terms
of ω and σ degenerate.

and ψH from (2.21) and (2.22). These can be derived from the solution to the inner region
evolution equation (2.13). As (2.70) contains an antisymmetric interaction term, the solution
to the inner region equation is given by simplified characteristic equations (2.29), given using
relative velocity, u = v2 − v1, and centre of mass velocity, v̄ = (v1 + v2)/2, as

dx̃21
dτ = u, (2.71a)
dv̄

dτ = 0, (2.71b)
du

dτ = −2ϕ(|x̃21|)u, (2.71c)
1
p̃2

dp̃2
dτ = 2ϕ(|x̃21|)∇u · u = 2dϕ(|x̃21|). (2.71d)

As in §2.1.5, we consider the limiting values of the characteristic trajectories as τ → ±∞ and
label them with + and − superscripts, respectively. As the centre of mass is conserved (see
(2.71b)) and the time evolution of the relative velocity is proportional to itself (see (2.71c)),
the relative motion of the two particles will be planar. Thus, without loss of generality,
assume we are considering a two-dimensional trajectory approaching from x̃−

21 = (−∞, r) with
u− = (u−, 0) (see Figure 2.5b). Higher dimensional trajectories that approach from infinity
can be recovered through rotations to this system. As dx̃21/dτ and du/dτ are proportional to
u, the second coordinate of u will remain 0 and the second coordinate of x̃21 will remain r
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across the trajectory. As such, we have x̃21(τ) = (x(τ), r) and u(τ) = (u(τ), 0). Since

du
dx = du

dτ
dτ
dx = 1

u

du
dτ ,

it follows from (2.71c) that

du
dx = −2ϕ (|x̃21|) = −2ϕ

(√
r2 + x2

)
.

Integrating this over x gives

u(x) − u− = −2
∫ x

−∞
ϕ

(√
r2 + (x′)2

)
dx′ = −2Φ(r, x), (2.72)

where we have defined Φ(r, x) :=
∫ x

−∞ ϕ
(√

r2 + (x′)2
)

dx′. As ϕ is non-negative, Φ(r, x) is a
monotonically increasing function of x. Using the fact that dx/dτ = u, separating variables
and integrating, we get an implicit definition of x(τ):∫ x

−∞

1
u− − 2 Φ(r, x′) dx′ =

∫ τ

−∞
dτ ′ = τ. (2.73)

If limx′→∞ 2Φ(r, x′) < u−, the dx′ integrand remains finite and positive and x → ∞ as τ → ∞.
Using (2.72), it follows in these cases that

u+ = u− − lim
x′→∞

2Φ(r, x′) = u− − 2Φ(r), (2.74)

where we have defined

Φ(r) := lim
x′→∞

2Φ(r, x′) =
∫ ∞

−∞
ϕ

(√
r2 + (x′)2

)
dx′. (2.75)

Representing (2.74) in the full coordinate system, we have that if 2Φ(r) < |u−|, the relative
velocity evolves through the inner region as

u+ = u− − 2Φ(r) u−

|u−|
. (2.76)

Note that as the final relative velocity u+ is parallel to the incoming relative velocity u−, the
deviation angle θ is always 0, and the representation of the interaction in terms of the impact
direction ω or outgoing relative velocity σ is degenerate (see Figure 2.5a). However, if there is
an x < ∞ for which 2Φ(r, x) = u−, then the dx′ integrand in (2.73) goes to ∞ at a finite x,
implying τ → ∞ as x′ → x. This means the particles do not leave the inner region, with the
particles asymptotically approaching separation (x, r) with u+ → 0 as τ → ∞. This implies
that the two particles will remain bound with a separation of O(ε) after the interaction. We
will label such a trajectory a clustering trajectory.

The analysis in §2.1 tacitly assumes that all interactions result in the two particles
separating as τ → ∞ so that they leave the inner region. If this is not always the case and we
construct the model (2.26), we will lose probability mass as not all trajectories have both an
incoming and outgoing component. Furthermore, the underlying assumption that three-particle
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Figure 2.6.: One-dimensional inner-region trajectory plots for short-ranged interactions: (a) an
elastic interaction with the morse potential, H(x, v) = −∂xϕ(|x|) with ϕ(|x|) =
e−|x|−e−|x|/5, (b) an inelastic interaction from a repulsive exponential potential with
dissipation, H(x, v) = −∂xe−|x| − e−|x|v, (c) a Cucker-Smale collective behaviour
model with exponential interaction kernel, H(x, v) = −e−|x|v, and (d) an attractive
exponential potential with dissipation, H(x, v) = ∂xe

−|x|−e−|x|v. For the clustering
interactions, the shaded regions represent trajectories that do not leave the inner
region as relative velocity, u, goes to 0 at finite x̃21.
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and higher-order interactions are rare will break down for these systems. This occurs as it
is possible that multiple particles remain correlated at O(ε) distance, so if another particle
collides, all will be interacting simultaneously. (There is also an intermediate case where
particles ultimately leave the inner region but stay for long enough that the interaction time is
non-negligible at leading order (for example, see the discussion of [72] in §2.5.1).

Figure 2.6 shows examples of one-dimensional inner-region phase planes for different short-
range interactions of types explored in this Chapter. Figure 2.6a shows an elastic potential-force
interaction with the Morse potential, ϕ(|x|) = e−|x| − e−|x|/5. This could be modelled in the
framework of elastic interactions as in §2.2, but note that in the one-dimensional case, this
model is trivial as particles leave the inner region with the same velocity that they entered.
Figure 2.6b shows an inelastic interaction based on a repulsive exponential potential interaction
with dissipation term: H(x, v) = −∂xe−|x| − e−|x|v. Trajectories leave the inner region, but
with lower speeds than they entered. Figures 2.6c and 2.6d show clustering interactions, the
Cucker-Smale interaction just discussed, H(x, v) = −e−|x|v, and an attractive exponential
potential with dissipation, H(x, v) = ∂xe

−|x| − e−|x|v. The trajectories that do not leave the
inner region are shown as shaded regions. For the Cucker-Smale example, we have used an
exponential interaction kernel. The impact parameter r is not defined in one dimension, so
we define Φ :=

∫∞
−∞ ϕ(|x|) dx, which is similar to Φ(0) in the d-dimensional case. For the

exponential kernel, we have Φ = 2, which means that trajectories with incoming relative
speeds less than 4 will cluster. For the dissipative attractive exponential potential, incoming
trajectories with

|u−| < 1 +W0
((

−2 −W−1
(
−e−3

))
e−W−1(−e−3)) ≈ 5.03,

where W0 and W−1 are branches of the Lambert-W function, oscillate between positive and
negative x̃21 and have x̃21 → 0 and u → 0 as τ → ∞.

As clustering in this form is an important feature of many interactions, we hope to develop
an extended framework to capture this behaviour in a kinetic model. We make the assumption
that when particles have undergone a clustering interaction and are highly correlated, they
effectively behave as a single unit. This would allow us to preserve the binary interaction
paradigm central to many of the results of kinetic theory.

2.5.1. Related models

We conclude this section by discussing other models in the literature where groups of particles
are treated as a single unit for the purposes of deriving a kinetic or hydrodynamic equation.
Shvydkov and Tadmor [101] consider a system of ‘multi-flocks’, separate groupings with fast
intra-flock communication and slower inter-flock communication, for a Cucker-Smale model
with long-range interactions. They show how this situation can arise naturally from fluctuations
in the initial density, leading to different time scales of flocking within flocks and between flocks.
In this process, they derive an individual-based model where the influence of other flocks is
reduced to a function only of their averaged quantities, total mass, centre of mass and centre

40



of mass velocity. They derive a kinetic model for the density distribution of each flock, show
alignment at large times and analyse the hydrodynamic model in the limit of large numbers of
agents. This model differs from our approach, however, in that they are analysing a system
with long-range interactions where the flocks still feel the influence of other multi-flocks. Our
model considers clusters of particles bound by short-range interactions that undergo binary
interactions with other clusters and can join. We are concerned more with modelling the mass
and velocity distributions over time rather than showing the eventual alignment of the full
group.

Hammond [60], rigorously derives a Smoluchowski coagulation-diffusion PDE, similar to
(1.5), but maintaining spatial variation in the density n(t; x;m) and including a diffusion term,
for particles diffusing with Brownian motion that coalesce when they are within distance ε
of each other. This is done in the limit of constant mean free path, which for d ≥ 3 has
Nεd−2 = O(1). This differs from the Boltzmann-Grad limit as the volume swept out of radius
ε around a Brownian diffusing particle (known as its Wiener sausage) is O(εd−2) per unit time,
while the similar volume traced around a particle in free transport, as in Boltzmann style
equations, is O(εd−1) per unit time.

Kanzler, Schmeiser and Tora [72] consider a short-range kinetic regime, but where the
time collisions take is not negligible. They consider one-dimensional, first-order alignment
models (one with a stochastic collision time and one where molecules collide until they are fully
aligned) and simultaneously track a one-particle density for free particles and a two-particle
joint density for particles involved in a collision. Unlike our model, however, the time particles
spend in this correlated collisional state is finite, and they all eventually separate. They analyse
the long-time behaviour of these models and show that they lead to a Boltzmann-type model
in the limit of instantaneous collisions.
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3. Derivation of one-dimensional clustering model

3.1. Motivation

As we have seen, some individual-based models with short-range interactions in the form of
(2.1) result in particles remaining bound together after interacting, with positions and velocities
highly correlated post-interaction. One of the core tenets of our modelling framework here is
that the short-range interaction allows us to ignore three-particle and higher-order interactions.
As such, we wish to create a model that treats sets of bound particles as a single object called
a cluster, with properties defined by extra internal variables. This model would track binary
interactions between these clusters, with the outcome of the interaction governed by the clusters’
internal properties as well as their position and velocity.

3.1.1. Three-particle Cucker-Smale interactions

As a motivating example, we consider a Cucker-Smale system in two dimensions with N = 3
particles and with a short-ranged exponential kernel:

Ẋi = V i,

V̇ i = 1
ε

3∑
j=1
j ̸=i

exp
(

−|Xi − Xj |
ε

)
(V j − V i). (3.1)

Specifically, we consider the case where a third particle approaches two bound particles from
infinity. If the system has a low particle density with a short-ranged interaction kernel, this
scenario is a significantly more likely form of interaction than three particles interacting
simultaneously. To simplify the following analysis, we scale the variables by the length scale ε,
defining X̃i = Xi/ε and Ṽ i = V i/ε to give

˙̃Xi = Ṽ i,

˙̃V i =
3∑
j=1
j ̸=i

exp
(
−|X̃i − X̃j |

)
(Ṽ j − Ṽ i), (3.2)

We will drop the tildes for clarity for the rest of this example.
Given the symmetries in rotation and translation, the initial configuration of this system

has four degrees of freedom. Without loss of generality, we can model all interactions of this
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Figure 3.1.: Initial condition for three-particle interaction.

type through the ‘initial’ condition (as t → −∞)

X1 → −
(
δ

2 cos θ, δ2 sin θ
)
, X2 →

(
δ

2 cos θ, δ2 sin θ
)
, X3 → (r,−∞)

V 1 → (0, 0), V 2 → (0, 0), V 3 → (0, U−),
(3.3)

with δ ≥ 0, r ≥ 0, U− ≥ 0 and −π/2 < θ ≤ π/2. Note that we choose t such that the second
component of X3 is 0 when t = 0. This setup is shown in Figure 3.1. Defining the components
of X to be (X,Y ), particles 1 and 2 are bound at a distance of δ around the origin with an
angle of θ to the X-axis. Particle 3 approaches from −∞ up the negative Y -axis with offset
r and initial velocity U−. As the X-component of all initial velocities is zero and particles’
accelerations are proportional to linear combinations of these velocities, these X-components
remain 0 for all t. As such, we can recast the nontrivial behaviour of the system in terms of
the Y components:

Ÿi =
3∑
j=1
j ̸=i

exp (−|Xi − Xj |) (Ẏj − Ẏi).

Defining relative Y -positions Y21 = Y2 − Y1 and Y32 = Y3 − Y2 we have

Ÿ21 = (ϕ32 − ϕ31) Ẏ32 − (2ϕ21 + ϕ31) Ẏ21,

Ÿ32 = − (2ϕ32 + ϕ31) Ẏ32 + (ϕ21 − ϕ31) Ẏ21,
(3.4)
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Figure 3.2.: Outcomes of three-particle interactions for the Cucker-Smale interaction with
exponential interaction kernel: ϕ (|X|) = e−|X|. The vertical black lines show
where particles 2 and 3 have the same X coordinate (i.e. where r = δ

2 cos θ and
X32 = 0). The red line shows the boundary between the ‘All cluster’ and ‘Fly by’
outcomes when δ = 0. This is mapped onto outcomes for non-zero values of δ to
suggest whether making the point-cluster assumption (always taking δ = 0) might
be a reasonable approximation.
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where we use the shorthand notation ϕij := exp (|Xi − Xj |), giving specifically

ϕ21 = exp
(

−
√
Y 2

21 + (δ cos θ)2
)
,

ϕ32 = exp

−

√
Y 2

32 +
(
r − δ

2 cos θ
)2
 ,

ϕ31 = exp

−

√
(Y32 + Y21)2 +

(
r + δ

2 cos θ
)2
 .

(3.5)

Using the additional conditions Y21(t) → δ sin θ, Ẏ21(t) → 0, Y32(t) → −∞ and Ẏ32(t) → U−

as t → −∞ we can integrate (3.4) to give

Ẏ21 =
∫ Y32

−∞
(ϕ32 − ϕ31) dY ′

32 −
∫ Y21

δ sin θ
(2ϕ21 + ϕ31) dY ′

21,

Ẏ32 − V0 = −
∫ Y32

−∞
(2ϕ32 + ϕ31) dY ′

32 +
∫ Y21

δ sin θ
(ϕ21 − ϕ31) dY ′

21.

(3.6)

Noting that the initial condition has been chosen such that particle 3 passes closer to particle 2
than particle 1, there are four possible clustering outcomes as t → ∞:

• All separate: Particle 3 attracts particle 2 strongly enough to break apart the cluster
between particles 1 and 2, but not strongly enough to cluster with particle 2. There are
no clusters as t → ∞ with Y21 → ∞ and Y32 → ∞.

• Fly by: Particle 3 does not attract either particle strongly enough to break apart or join
the original cluster. As t → ∞, particles 1 and 2 remain bound in a cluster without
particle 3, i.e. Y32 → ∞ but Ẏ21 → 0.

• Capture one: Particle 3 attracts particle 2 strongly enough to break apart the cluster
between particles 1 and 2, forming a new cluster with particle 2. As t → ∞, particles 3
and 2 are bound in a cluster without particle 1, i.e. Y21 → ∞ but Ẏ32 → 0.

• All cluster: Particle 3 is attracted strongly enough to join the cluster with particles 1
and 2. As t → ∞ all three particles are bound in a cluster, i.e. Ẏ21 → 0 and Ẏ32 → 0.

Figure 3.2 shows cross-sections of the state space of outcomes for three-particle collisions
under the exponential interaction kernel ϕ (|X|) = e−|X|, given the four parameters defining
the initial condition: r, U−, δ and θ. The integrals (3.6) do not admit a closed-form analytical
expression for this kernel but can be evaluated numerically. The vertical black lines show where
particles 2 and 3 have the same X coordinate (i.e. where r = δ

2 cos θ and X32 = 0).
In the full system, we will consider treating clusters as point objects, which we call the

point-cluster assumption. It can be seen in Figure 3.2 that the ‘All cluster’ and ‘Fly by’
dominate the space of outcomes, particularly when δ < 1. The case where δ = 0 is consistent
with the point-cluster assumption and the boundary between the ‘All cluster’ and ‘Fly by’
regions for this case is mapped onto all the frames as the red line to more clearly compare the
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results to those for δ > 0. This appears to be a reasonable approximation to the true outcomes,
particularly when the particle separation is around the interaction length scale or closer (δ ≤ 1).
Considering two-particle interactions (for the one-dimensional case, see Figure 2.6c), we expect
a majority of clusters to have separation around this distance.

The point-cluster assumption also appears to be a good approximation for larger values of
δ when particles 1 and 2 are initially bound vertically (i.e. θ = π/2). When the particles are
bound non-vertically, the approximation is more accurate when θ is negative (particle 2 starts
below particle 1). In these cases, particle 2 has to be moved through a larger region of particle
1’s influence before being separated, which is consistent with there being fewer values of r and
U− for which particle 3 separates particles 1 and 2 (i.e. ‘All separate’ or ‘Capture one’).

3.1.2. Derivation framework

With this motivation for the point-cluster assumption, we now turn our attention to developing
a kinetic model of clusters as point objects with one internal variable, mass (representing the
number of particles in the cluster) in one dimension. We will build the model up in stages. First,
in §3.2, we set up a framework where point particles with differing masses interact instantly
upon colliding but do not cluster. In §3.3, we allow interactions where two clusters combine to
produce a combined cluster with a larger mass. In both cases, the interactions occur strictly
point-wise when the clusters collide. Finally, in §3.4, we relax this assumption, using the
method of matched asymptotic expansions on a system with short-ranged interactions in the
form of (2.1) to derive the kinetic one-particle model as its leading-order solution. Conceptually,
this model treats particles that are closely correlated post-interaction as a single entity and
those that are weakly correlated as independent. We expect the model to perform well if there
is a clear distinction between these cases and few particles in the middle ground where they
remain moderately correlated.

3.2. Point-wise interactions in one dimension: non-clustering case

As an initial point-wise model, we consider a system of k ‘point-clusters’ with variable masses
interacting in one dimension. Each cluster is described by a position Xi, velocity Vi and mass
Mi with Xi ∈ Ω ⊆ R, Vi ∈ R and Mi ∈ {1, . . . , N} for i ∈ {1, . . . , k}. As in Chapter 2, we
take periodic boundary conditions on Ω, (so the space is effectively T1) and assume that the
probability of a cluster having velocity V goes to 0 sufficiently quickly as V → ∞. These clusters
interact only locally (specifically, when they are at the same point in space), and interactions
are assumed to occur instantly at this point. These interactions change the clusters’ velocities,
which may depend on their masses, but do not change the masses themselves. Outside of these
interactions, the clusters move at constant velocity. None of the interactions in this section
involve clustering or breakage, so the number of clusters is fixed at k. Although it does not
influence the current analysis, we also fix cluster masses to be integers less than or equal to
a fixed value N , as a precursor to mass conservation rules being implemented for clustering
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interactions later.
We can express the collision process between clusters i and j as

(Xi;Vi;Mi) + (Xi;Vj ;Mj) → (Xi;V ∗
i ;Mi) + (Xi;V ∗

j ;Mj), (3.7)

where the stars are used similarly to (2.23) to denote the post-collisional velocities corresponding
to the un-starred pre-collisional velocities. We define the relationship between these incoming
and outgoing particle velocities through the function

(V ∗
i , V

∗
j ) = ψMi,Mj (Vi, Vj), (3.8)

which we take to be a bijection from R2 to R2 (such that it is invertible). This plays a similar
role to the function ψH defined in (2.21), except now it is dependent on the particle masses
and is a directly defined map rather than being derived from an interaction H. Again, we
use pre-starred velocities to represent pre-collisional velocities corresponding to unstarred
post-collisional velocities, and these are defined by the inverse map

(∗Vi,
∗Vj) = ψ−1

Mi,Mj
(Vi, Vj). (3.9)

We define the full joint probability density for this system (the analogue of the pN

considered in Chapter 2) as

pk(t;x1, . . . , xk; v1, . . . , vk;m1, . . . ,mk) ≡ pk(t; z1, . . . , zk),

where, for this chapter, we have defined zi to include the particle mass with zi := (xi; vi;mi) ∈
D = Ω × R × {1, . . . , N}. As for the non-clustering densities in §2.1, this density is assumed
to be invariant under permutations of the particle indices. Note that, in contrast to §2.1, the
marginal probability densities now involve sums over possible masses. Defining the integral
operator ∫

D
dzi :=

N∑
mi=1

∫
R

∫
Ω

dxi dvi, (3.10)

we can write the s-particle marginal as

pks(t; z1, . . . , zs) =
N∑

ms+1=1
· · ·

N∑
mk=1

∫
R(k−s)

∫
Ω(k−s)

pk(t; z1, . . . , zk) dxs+1 . . . dxk dvs+1 . . . dvk

=
∫

D(k−s)
pk(t; z1, . . . , zk) dzs+1 . . . dzk.

(3.11)

Integrating over all particles, the total probability is normalised to 1:∫
Dk

pk(t; z1, . . . , zk) dz1 . . . dzk = 1.
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Where possible, we will use phase notation (zi) for conciseness and will use the shorthand

∗zi := (xi; ∗vi;mi), (3.12)

for when the velocity variable is starred. Integrals over ∗zi are hence defined as

∫
D

d∗zi :=
N∑

mi=1

∫
R

∫
Ω

dxi d∗vi.

Note that the star notation applies similarly to lowercase arguments of the density as it does
to uppercase particle velocities.

3.2.1. Interaction planes and marginalisation

The probability density is discontinuous across planes where two particles are at the same
location, as this is where the particle interactions cause discontinuous changes in velocity. One
side of the discontinuity always represents particles approaching an interaction, while the other
represents particles leaving an interaction. We label the incoming and outgoing limits of pk

approaching a discontinuity on the plane with xi = xj as

−pk(i,j)(t;xi, xi; vi, vj ;mi,mj) = lim
τ→0−

pk(t+ τ ;xi + τvi, xi + τvj ; vi, vj ;mi,mj) (3.13)

and

+pk(i,j)(t;xi, xi; vi, vj ;mi,mj) = lim
τ→0+

pk(t+ τ ;xi + τvi, xi + τvj ; vi, vj ;mi,mj), (3.14)

respectively (only the ith and jth arguments are shown for conciseness). Note that these do not
represent incoming and outgoing probabilities for the same interaction but rather two different
processes with velocities vi and vj , one beginning and one ending. The notation is intentionally
analogous to the + and − superscripts defined for the inner region maps in (2.28). For the
analysis that follows, −pk(i,j) and +pk(i,j) are equal to pk away from any interaction boundary
and take their respective limit whenever xi = xj .

Considering the conservation of probability in an infinitesimal box in x⃗× v⃗ × m⃗ space, we
obtain the time evolution equation for pk:

∂tp
k +

k∑
i=1

∂xi(vipk) = − 1
2

k∑
i, j=1
j ̸=i

|vi − vj | −pk(i,j)(t; zi, zj)δij

+ 1
2

k∑
i, j=1
j ̸=i

|vi − vj | +pk(i,j)(t; zi, zj)δij ,
(3.15)

where we introduce the shorthand δij ≡ δ(xi − xj). The second term on the LHS represents
the free transport of clusters, and the terms on the RHS represent sink and source terms at an
interaction boundary where xi = xj . The factor of 1/2 is present to avoid the double-counting
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of interactions. Integrating (3.15) over arguments for particles 2 to k we get

∂tp
k
1 + v1∂x1p

k
1 = − (k − 1)

∫
D

|v1 − v2| −pk2(t; z1, z2)δ12 dz2

− (k − 1)(k − 2)
2

∫
D2

|v2 − v3| −pk3(t; z1, z2, z3)δ23 dz2dz3

+ (k − 1)
∫

D
|v1 − v2| +pk2(t; z1, z2)δ12 dz2

+ (k − 1)(k − 2)
2

∫
D2

|v2 − v3| +pk3(t; z1, z2, z3)δ23 dz2dz3,

(3.16)

where the single integral terms represent interactions involving particle 1, and the double
integral terms represent all other interactions. The combinatorial factors arise from relabelling
particles such that the interactions are between particles 1 and 2 (if particle 1 is involved) or
between particles 2 and 3 (if it is not).

3.2.2. Flux conservation over interactions

The probability flux must be conserved over all collision boundaries to ensure total probability
is conserved. Consider a region T in vi × vj space on the boundary where xi = xj . The total
probability flux crossing this region due to the interaction between particles i and j is∫

T
|∗vi − ∗vj | −pk(i,j)(t;xi, xi; ∗vi,

∗vj ;mi,mj) d∗vid∗vj , (3.17)

which must matched the total flux emerging from the region ψmi,mj (T ):∫
ψmi,mj (T )

|vi − vj | +pk(i,j)(t;xi, xi; vi, vj ;mi,mj) dvidvj . (3.18)

Changing the coordinates of the incoming integral (3.17) to the corresponding outgoing
variables (using the functional relationship (∗vi,

∗vj) = ψ−1
mi,mj

(vi, vj) from (3.9) with shorthand
ψ−1
mi,mj

(vi, vj) ≡ ψ−1
ij ), it becomes∫

ψmi,mj (T )
|∗vi − ∗vj | −pk(i,j)(t;xi, xi; ∗vi,

∗vj ;mi,mj)
∣∣∣Dψ−1

ij

∣∣∣ dvidvj , (3.19)

where |Dψ−1
ij | is the Jacobian determinant of ψ−1

ij . As the integrals (3.18) and (3.19) are over
the same region, we can combine them:∫

ψmi,mj (T )

[
|∗vi − ∗vj | −pk(i,j)(t;xi, xi; ∗vi,

∗vj ;mi,mj)
∣∣∣Dψ−1

ij

∣∣∣
− |vi − vj | +pk(i,j)(t;xi, xi; vi, vj ;mi,mj)

]
dvidvj = 0,
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and as the region ψmi,mj (T ) is arbitrary, it follows that the integrand must be zero, giving the
flux conservation condition

|∗vi − ∗vj | −pk(i,j)(t;xi, xi; ∗vi,
∗vj ;mi,mj)

∣∣∣Dψ−1
ij

∣∣∣ = |vi − vj | +pk(i,j)(t;xi, xi; vi, vj ;mi,mj).
(3.20)

3.2.3. Kinetic model for one-cluster density

Using the flux conservation condition, (3.20), the integral in the final term on the RHS of (3.16)
becomes∫

D2
|v2 − v3| +pk3(t; z1, z2, z3)δ23 dz2dz3

=
∫

D2
|∗v2 − ∗v3| −pk3(t; z1,

∗z2,
∗z3)δ23

∣∣∣Dψ−1
23

∣∣∣ dz2dz3

=
∫

D2
|∗v2 − ∗v3| −pk3(t; z1,

∗z2,
∗z3)δ23 d∗z2d∗z3.

Upon changing dummy integration variables, this coincides with the integral from the second
term on the RHS of (3.20), allowing the respective terms to cancel. This cancellation makes
sense as these terms represent interactions that do not involve particle 1 and, as such, do not
affect pk1 (they only lead to changes in velocity for other particles which are integrated over).
Thus, (3.16) becomes

∂tp
k
1 + v1∂x1p

k
1 = (k − 1)

∫
D

[
|v1 − v2| +pk2(t; z1, z2) − |v1 − v2| −pk2(t; z1, z2)

]
δ12 dz2

= (k − 1)
∫

D

[
|∗v1 − ∗v2|− pk2(t; ∗z1,

∗z2)
∣∣∣Dψ−1

12

∣∣∣− |v1 − v2| −pk2(t; z1, z2)
]
δ12 dz2,

(3.21)

where, in the second step, we have again used the probability flux conservation condition, (3.20).
To close this equation in pk1, we again take Boltzmann’s Stosszahlansatz, assuming particles
approaching an interaction are uncorrelated. That is, we take

−pk2(t; z1, z2) = pk1(t; z1)pk1(t; z2),

which, upon substituting into (3.21) and writing the full arguments explicitly gives

∂tp
k
1 + v1∂x1p

k
1 = (k − 1)

N∑
m2=1

∫
R

[
|∗v1 − ∗v2| pk1(t;x1; ∗v1;m1)pk1(t;x1; ∗v2;m2)

∣∣∣Dψ−1
12

∣∣∣
− |v1 − v2| pk1(t;x1; v1;m1)pk1(t;x1; v2;m2)

]
dv2. (3.22)

This is a closed, time-evolution equation for the one-cluster probability density.
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3.3. Point-wise interactions in one dimension: clustering case

Consider now a system where some point-wise interactions result in particles coalescing together
and becoming a point-cluster with higher mass thereafter. By defining an interaction law
for clusters of different masses, we can determine what happens when pairs of these clusters
interact. From here, we will use ‘particle’ to refer to an individual particle with mass M = 1
and ‘cluster’ to refer to a point object with any mass. We consider a system of N particles in
one dimension with the domains and boundary conditions of positions, velocities and masses as
in §3.2. We assume conservation of mass in the clustering process, which gives the additional
restriction ∑k

i=1Mi = N , where k is the number of clusters in the system. Figure 3.3 shows a
schematic depiction of a system with three particles where a non-clustering interaction occurs,
followed by a clustering interaction where two particles are replaced by a cluster of mass 2.

1 1

1

1

1 1 12 2

1 1 1 1 1 1

1

t = 0 t = t−1 t = t+1

t = t−2 t = t+2 t = t3
Figure 3.3.: Schematic depiction of a clustering model of N = 3 particles and pointwise

interactions in one dimension. A non-clustering interaction occurs at t1 with t−1
and t+1 representing limiting times just before and afterwards, respectively. A
clustering interaction occurs at t2 where two particles (by definition with mass 1)
become a cluster with mass 2.

We assume that for each pair of colliding clusters, we have a region CMi,Mj ⊆ R2 such
that interactions with (Vi, Vj) ∈ CMi,Mj result in a combined cluster, while others do not. This
gives the interaction law

(Xi;Vi;Mi) + (Xi;Vj ;Mj) →

(Xi;V ′
i ;M ′

i) if (Vi, Vj) ∈ CMi,Mj

(Xi;V ∗
i ;Mi) + (Xi;V ∗

j ;Mj) if (Vi, Vj) /∈ CMi,Mj ,

where dashes represent post-collisional velocities and masses from a clustering interaction and
stars the equivalent from a non-clustering interaction.

Similarly to the non-clustering case in §3.2, we define the functional relationship between
incoming and outgoing velocities for non-clustering interactions to be

(V ∗
i , V

∗
j ) = ψMi,Mj (Vi, Vj), for (Vi, Vj) /∈ CMi,Mj .

This is again assumed to be a bijection from R2\CMi,Mj to R2 such that it is invertible. For
these interactions, the masses are unchanged. Also as in §3.2, the backward velocity map is
defined using ψ−1 as

(∗Vi,
∗Vj) = ψ−1

Mi,Mj
(Vi, Vj), for (Vi, Vj) ∈ R2,

where the pre-stars indicate these velocities are the pre-collisional ones that would produce Vi
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and Vj after interacting.
For clustering interactions, assuming conservation of mass, it follows that the mass of a

cluster produced after an interaction between clusters of mass Mi and Mj is M ′
i = Mi +Mj .

We define the map between incoming and outgoing velocities for such a clustering interaction as

V ′
i = λMi,Mj (Vi, Vj) for (Vi, Vj) ∈ CMi,Mj . (3.23)

Throughout this thesis, we will use dashes to represent velocity maps for clustering interactions
similarly to how stars are used for non-clustering interactions. We do not require the function
λ in (3.23) to be a bijection, as in many common cases, there are a range of incoming cluster
velocities and masses that would produce equivalent outgoing clusters. However, we require it
to be possible to define a bijection between one incoming velocity, Vi, and the outgoing velocity,
V ′
i , if the other incoming velocity, Vj , is given. This means that if we are given two of the three

velocities (out of two incoming and one outgoing), the third will always be well-defined. To
formalise this, define the partially applied function

λ̂Mi,Mj ,Vj (Vi) := λMi,Mj (Vi, Vj) = V ′
i , (3.24)

which we require to have a well-defined inverse: λ̂−1
Mi,Mj ,Vj

(V ′
i ) = Vi. Acting with this inverse to

define (Xi,
′Vi,

′Mi), the pre-collisional velocity and mass of a cluster that would combine with
a cluster at (Xi, Vj ,Mj) to produce one at (Xi, Vi,Mi), we have ′Mi = Mi −Mj and

′Vi = λ̂−1
Mi−Mj ,Mj ,Vj

(Vi).

Given a system of N particles initially, define K(t) to be a random variable representing
the number of clusters in the system at time t and define the probability density

pk(t;x1, . . . , xk; v1, . . . , vk;m1, . . . ,mk) ≡ pk(t; z1, . . . , zk)

to represent the joint probability that the N particles have formed k clusters with positions,
velocities and masses given by the relevant arguments of p at time t. We now require a hierarchy
of these pk densities from k = 1 to k = N to describe the full system, as the number of
arguments depends on the number of clusters formed. This is a different approach to that taken
by other models of clustering systems in the literature. For example, Hammond [60] keeps the
system dimension the same when modelling a system of coagulating Brownian particles by
sending all but one of the bound particles in a cluster to a ‘cemetery state’.

Marginal s-cluster densities can again be computed as in (3.11). By marginalising over all
clusters, we find the probability Pk that the system has k clusters is given by

Pk(t) = pk0(t) =
∫

Dk
pk(t; z1, . . . , zk) dz1 . . . dzk. (3.25)
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Note that this is normalised such that we have
N∑
k=1

∫
Dk

pk(t; z1, . . . , zk) dz1 . . . dzk =
N∑
k=1

Pk(t) = 1.

Similarly to (3.15) in the non-clustering case, considering the change of probability in an
infinitesimal box, we obtain the evolution equation for pk:

∂tp
k +

k∑
i=1

∂xi(vipk) = − 1
2

k∑
i, j=1
j ̸=i

|vi − vj | −pk(i,j)(t; zi, zj)δij

+ 1
2

k∑
i, j=1
j ̸=i

|vi − vj | +pk(i,j)(t; zi, zj)δij

+
k∑
i=1

qk(i)(t; zi),

(3.26)

where the pre- and post-interaction limits across an interaction surface are again labelled −pk(i,j)
and +pk(i,j), respectively as defined in (3.13) and (3.14). For conciseness, we have omitted all
arguments other than the two interacting particles. The final terms, qk(i), are source terms in the
pk equation representing clustering interactions in the pk+1 equation (thus reducing the number
of clusters from k + 1 to k). Specifically, qk(i)(t; zi) represents the probability flux of the ith

particle being produced with coordinates zi at time t due to such a clustering interaction. They
are direct source terms as they represent probability being transferred from a different space
rather than a result of probability flux through the infinitesimal box boundary. Integrating
the sum of qk(i) terms over all particles represents the total probability gain in the pk equation
due to clustering. This will be matched by the total probability lost due to clustering in the
pk+1 equation, which is captured by the difference between the incoming, −pk+1, and outgoing,
+pk+1, interaction terms after integrating over all particles.

3.3.1. Conservation of clustering flux

We now determine the total outgoing flux from pk+1 space that corresponds to the clustering
flux source term qk(i)(t;xi; vi;mi) in pk space. As we are dealing with probability densities in
continuous velocity space, we must consider the incoming flux through a region U in vi space
(see Figure 3.4), i.e. ∫

U
qk(i)(t;xi; vi;mi) dvi.

Consider a representative clustering interaction

(Xi;Vj ;Mj) + (Xi;Vs;Ms) → (Xi;Vi;Mi), (3.27)

which takes the number of clusters in the system from k + 1 to k. From the definition of our
system, we have that Mi = Mj +Ms and Vi = λMj ,Ms(Vj , Vs). Considering now the full-system
probability density, the total outgoing flux from interactions of the form (3.27) that would
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vj

vs

vj

vs

T

ψmj ,ms(T )

U

vi

λ−1
mj ,ms

(vi)

λ−1
mj ,ms

(U)Λmj ,ms(vi)

(vj , vs)

ψmj ,ms(vj , vs)

Cmj ,ms

vi

(k + 1)-space cross-section at
lim
τ→0−

(xj + τvj , xj + τvs)
(k + 1)-space cross-section at

lim
τ→0+

(xj + τvj , xj + τvs)

k-space cross-section
Figure 3.4.: Schematic for the velocity phase space for particles j and s approaching and

leaving an interaction discontinuity (i.e. xj = xs) with k+ 1 clusters in the system.
The particles approaching the interaction are represented by the cross-section
at limτ→0−(xj + τvj , xj + τvs), while those leaving are represented by the other
side of the discontinuity, defined by the limit limτ→0+ . The blue region, Cmj ,ms ,
represents velocities that would result in a clustering interaction, the yellow region,
R2\Cmj ,ms , represents velocities that would result in a non-clustering interaction,
and the orange region shows velocities leaving an interaction. Probability flux
entering the discontinuity through T and exiting through its image ψmj ,ms(T ) must
be conserved under a non-clustering interaction. The region λ−1

mj ,ms
(U) represents

the velocity pairs (vj , vs) that would result in a cluster being formed with velocity
vi ∈ U under the map λmj ,ms . The black line inside λ−1

mj ,ms
(U), is, λ−1

mj ,ms
(vi), the

velocity pairs that would result in a cluster being formed with velocity exactly vi.
The one-dimensional region Λmj ,ms(vi) is the projection of λ−1

mj ,ms
(vi) onto the vs

axis, i.e. the range of possible values for vs that could produce a cluster at vi.
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result in incoming flux at (xi; vi;mi) with vi ∈ U is

mi−1∑
ms=1

∫
λ−1

mj ,ms (U)
|vj − vs| −pk+1

(j,s)(t;xi, xi; vj , vs;mi −ms,ms) dvjdvs, (3.28)

where, by an abuse of notation (as λ is a ‘many-to-one’ map, so λ−1 is ‘one-to-many’), we
define λ−1

mj ,ms
(U) as the range of velocity pairs (vj , vs) that would map to vi ∈ U under λmj ,ms .

It can be shown (see §A.1 in the appendix) that∫
λ−1

mj ,ms (U)
g(vj , vs) dvjdvs =

∫
U

∫
Λmj ,ms (vi)

g(λ̂−1
mj ,ms,vs

(vi), vs)
d

dvi

(
λ̂−1
mj ,ms,vs

(vi)
)

dvsdvi

(3.29)
where g(vj , vs) is a generic function, λ̂−1 is the partial inverse of λ (this time well defined,
see (3.24)), and Λmj ,ms(vi) is the range of possible incoming cluster velocities, vs, that could
produce a cluster with velocity vi. Note that, by a similar abuse of notation, Λmj ,ms(vi) is the
projection of λ−1

mj ,ms
(vi) onto the vs axis (see Figure 3.4). Applying (3.29) to (3.28) we get

C(j,s)(U) :=
mi−1∑
ms=1

∫
U

∫
Λ′mi,ms

(vi)

∣∣′vi − vs
∣∣−pk+1

(j,s)(t;xi, xi;
′vi, vs; ′mi,ms)

d′vi
dvi

dvsdvi, (3.30)

where we have used the shorthand ′mi = mi − ms = mj and ′vi = λ̂−1
′mi,ms,vs

(vi), and labeled
this integral as C(j,s)(U): the total clustering flux from particles j and s that would produce a
cluster at (xi; vi;mi) with vi ∈ U .

In order to match this with the incoming flux,
∫
U q

k
(i)(t;xi; vi;mi) dvi, we must consider how

the particle indices in pk+1 map to those in pk in a clustering interaction. One of the fundamental
system properties we have assumed is particle indistinguishability or probability invariance
under relabelling. That is, pk(t; z1, . . . , zk) = pk(t;π(z1, . . . , zk)) where π is a permutation of
the indices. This property is trivially maintained under non-clustering interactions. Consider a
permutation of the indices in pk on the left-hand side of (3.26). The source, +pk(i,j), and sink,
−pk(i,j), terms relating to non-clustering interactions are invariant under the same permutation,
and so the time evolution of the permuted pk is equivalent to the original. However, as a
clustering interaction reduces the number of particles in the system, and hence the number
of coordinates, it does not trivially follow that the relabelling symmetry will be maintained.
For each interaction, the k + 1 incoming coordinates must be mapped onto the k outgoing
coordinates in such a way as to preserve this symmetry. Given an interaction between particles
j and s, one way to achieve this is to map the product particle to the index j half of the time
and to index s half of the time. For example, a clustering interaction between particles 1 and 3
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in a four-cluster system would be mapped to the three-cluster system as

(x1, x2, x1, x4; v1, v2, v3, v4;m1,m2,m3,m4) →
1
2(x1, x2, x4;λm1,m3(v1, v3), v2, v4;m1 +m3,m2,m4)

+ 1
2(x2, x1, x4; v2, λm1,m3(v1, v3), v4;m3,m1 +m3,m4).

Under this mapping, we have

∫
U
qk(i)(t;xi; vi;mi) dvi = 1

2

i∑
s=1

C(i+1,s)(U) + 1
2

k+1∑
s=i+1

C(i,s)(U) (3.31)

The first term represents interactions between particles i+ 1 and s with s < i+ 1. Half of the
flux is mapped to index i+ 1 with index s removed. After removing index s, the original index
i+ 1 becomes the new index i. The second term represents interactions between particles i
and s with s > i. Half of the flux is mapped to index i, which remains as index i with index s
removed as s > i. Due to invariance under particle relabelling, we can map the interaction
indices to i and k + 1. Noting that there are k + 1 pairs of indices in total, (3.31) becomes∫

U
qk(i)(t;xi; vi;mi) dvi = k + 1

2 C(i,k+1)(U). (3.32)

Combining (3.32) with the definition of C(i,k+1)(U), (3.30), we get

∫
U

[
k + 1

2

mi−1∑
mk+1=1

∫
Λ′mi,mk+1

(vi)

∣∣′vi − vk+1
∣∣ −pk+1

(i,k+1)(t;xi, xi;
′vi, vk+1; ′mi,mk+1)d′vi

dvi
dvk+1

− qk(i)(t;xi; vi;mi)
]
dvi = 0.

Note that this required moving the mk+1 sum inside the U integral, which is possible as vi and
mk+1 are independent variables. As the interval U is arbitrary, the bracketed integrand must
be zero, resulting in the clustering flux conservation condition:

qk(i)(t;xi; vi;mi)

= k + 1
2

mi−1∑
mk+1=1

∫
Λ′mi,mk+1

(vi)

∣∣′vi − vk+1
∣∣ −pk+1

(i,k+1)(t;xi, xi;
′vi, vk+1; ′mi,mk+1)d′vi

dvi
dvk+1.

(3.33)

Substituting the clustering (3.33) and non-clustering (3.20) flux conservation conditions
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into (3.26) gives the time evolution equation

∂tp
k +

k∑
i=1

∂xi(vipk)

= − 1
2

k∑
i, j=1
j ̸=i

|vi − vj | −pk(i,j)(t;xi, xj ; vi, vj ;mi,mj)δij

+ 1
2

k∑
i, j=1
j ̸=i

|∗vi − ∗vj | −pk(i,j)(t;xi, xj ; ∗vi,
∗vj ;mi,mj)

∣∣∣Dψ−1
ij

∣∣∣ δij
+ k + 1

2

k∑
i=1

mi−1∑
mk+1=1

∫
Λ′mi,mk+1

(vi)

∣∣′vi − vk+1
∣∣

× −pk+1
(i,k+1)(t;xi, xi;

′vi, vk+1; ′mi,mk+1)d′vi
dvi

dvk+1,

(3.34)

where ′mi = mi − mk+1, ′vi = λ̂−1
′mi,mk+1,vk+1

(vi) and (∗vi,
∗vj) = ψ−1

ij (vi, vj). Introducing the
new shorthand ′zi ≡ (xi; ′vi; ′mi) for the pre-phase of a clustering interaction and again using
∗zi ≡ (xi; ∗vi;mi) for the pre-phase of a non-clustering interaction, (3.35) can be written as

∂tp
k +

k∑
i=1

∂xi(vipk) = − 1
2

k∑
i, j=1
j ̸=i

|vi − vj | −pk(i,j)(t; zi, zj)δij

+ 1
2

k∑
i, j=1
j ̸=i

|∗vi − ∗vj | −pk(i,j)(t; ∗zi,
∗zj)

∣∣∣Dψ−1
ij

∣∣∣ δij
+ k + 1

2

k∑
i=1

∫
C′(zi)

∣∣′vi − vk+1
∣∣ −pk+1

(i,k+1)(t;
′zi, zk+1)δi(k+1)

d′vi
dvi

dzk+1,

(3.35)

where have also introduced the integration region

∫
C′(zi)

dzk+1 :=
mi−1∑
mk+1=1

∫
Λ′mi,mk+1

(vi)

∫
Ω

dxk+1 dvk+1, (3.36)

representing the incoming range of zk+1 for a clustering interaction resulting in a cluster with
phase zi.

3.3.2. Marginal distributions

The marginal probability distributions are again computed as in (3.11), with the one-particle
marginal defined as

pk1(t; z1) =
∫

D(k−1)
pk(t; z1, . . . , zk) dz2 . . . dzk,
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with ∫
D

dzi :=
N∑

mi=1

∫
R

∫
Ω

dxi dvi.

We can still sum over all masses from 1 to N with the convention that pk(t; z1, . . . , zk) = 0
whenever ∑k

i=1mi ̸= N . Taking k > 3 and marginalising (3.35) over clusters 2 to k we get

∂tp
k
1 + v1∂x1p

k
1

= − (k − 1)
∫

D
|v1 − v2| −pk2(t; z1, z2)δ21 dz2

− (k − 1)(k − 2)
2

∫
D2

|v2 − v3| −pk3(t; z1, z2, z3)δ23 dz2dz3

+ (k − 1)
∫

D
|∗v1 − ∗v2| −pk2(t; ∗z1,

∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2

+ (k − 1)(k − 2)
2

∫
D2

|∗v2 − ∗v3| −pk3(t; z1,
∗z2,

∗z3)δ23
∣∣∣Dψ−1

23

∣∣∣ dz2dz3

+ k + 1
2

∫
C′(z1)

∣∣′v1 − vk+1
∣∣−pk+1

2 (t; ′z1, zk+1)δ1(k+1)
d′v1
dv1

dzk+1

+ (k + 1)(k − 1)
2

∫
D

∫
C′(z2)

∣∣′v2 − vk+1
∣∣−pk+1

3 (t; z1,
′z2, zk+1)δ2(k+1)

d′v2
dv2

dzk+1dz2,

(3.37)

Note that the marginal distributions can only be non-zero if their mass arguments are possible
with the number of clusters. For instance for pk1(t; z1) to be non-zero, we require 1 ≤ m1 ≤
N − (k − 1). The k − 1 coefficient in the first and third term arises from counting the terms
involving either i = 1 or j = 1 in the first two RHS terms of (3.35) and using the labelling
indistinguishability to map the other label to 2. The second and fourth terms involve all other
interactions from these terms (where neither i = 1 nor j = 1). Again, the terms are matched
using the labelling indistinguishability, and the coefficient (k− 1)(k− 2)/2 captures the number
of instances in each case. The coefficient (k+ 1)(k− 1)/2 of the sixth term arises from mapping
each of the k − 1 clustering terms (the third RHS term of (3.35)) with i ̸= 1 to i = 2.

With some manipulations on the integral arguments and bounds (see §A.2 in the appendix
for the full derivation), (3.37) can be rearranged to

∂tp
k
1 + v1∂x1p

k
1 = − (k − 1)

∫
D

|v1 − v2| −pk2(t; z1, z2)δ21 dz2

+ (k − 1)
∫

D
|∗v1 − ∗v2| −pk2(t; ∗z1,

∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2

+ k + 1
2

∫
C′(z1)

∣∣′v1 − v2
∣∣−pk+1

2 (t; ′z1, z2)δ12
d′v1
dv1

dz2

− (k − 1)(k − 2)
2

∫
C2

|v2 − v3| −pk3(t; z1, z2, z3)δ23 dz2dz3

+ (k + 1)(k − 1)
2

∫
C2

|v2 − v3| −pk+1
3 (t; z1, z2, z3)δ23 dz2dz3,

(3.38)
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where the new integration region C2 is defined as

∫
C2

dzi dzj :=
N∑

mi,mj=1

∫
Cmi,mj

∫
Ω2

dxidxj dvidvj . (3.39)

This is analogous to the full two-particle domain D2, except that now the velocity integrals are
only taken over the clustering region, Cmi,mj , rather than over the full R2 (see Figure 3.4).

3.3.3. Mass-restricted Stosszahlansatz

In (3.38), we have the time evolution of the one-cluster probability densities pk1 as a function of
two- and three-cluster probability densities for clusters approaching interactions. In order to
produce a closed equation in the one-cluster density, we need to express the two and three-cluster
densities in terms of pk1. From the chain rule of probability, P(A = a,B = b) = P(A = a|B =
b)P(B = b), we have that

pk1(t; z1) = p1(t; z1 | k)Pk(t), (3.40)

where Pk(t) defined in (3.25) is the probability the system has k clusters at time t and p1(t; z1 | k)
is the probability the first particle is in the state z1 at time t, given the system has k clusters.
Similarly for −pk2 and −pk3 we have

−pk2(t; z1, z2) = −p2(t; z1, z2 | k)Pk(t), and −pk3(t; z1, z2, z3) = −p3(t; z1, z2, z3 | k)Pk(t), (3.41)

respectively. Making a similar assumption to Boltzmann’s Stosszahlansatz, we assume that
pairs of clusters approaching a collision are independent so that we can write the incoming
conditional probabilities as

−p2(t; z1, z2 | k)δ12 = p1(t; z1 | k)p1(t; z2 | k)δ12. (3.42)

This assumes that after a pair of clusters interact, they either do not interact again or, if they
do, they will have interacted with several other clusters in between, rendering any correlation
that developed from the first interaction negligible. Naturally, this assumption requires the
number of clusters in the system to be large, so we expect (3.42) to be less accurate for small
k. With the three-particle joint densities, the first particle is not involved in the interaction.
We assume that this first particle is independent, i.e.

−p3(t; z1, z2, z3 | k)δ23 = p1(t; z1 | k) −p2(t; z2, z3 | k)δ23.

We can then split the −p2 factor using (3.42) again.
However, by splitting these densities into products of single-cluster densities, we can

no longer rely on the two- and three-cluster joint densities being zero for unrealisable mass
combinations, as the individual densities share no joint mass information. Given a system with
N particles forming k clusters, we note that the maximum mass contained in a set of s clusters
is

Γs(k) := N − (k − s) = N − k + s. (3.43)
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This is because there must be at least k− s particles spare to form the remaining k− s clusters.
If we already have a cluster with mass m1 fixed, then the maximum mass contained in a set of
s clusters, not including the fixed cluster, is

Γs(k,m1) := N −m1 − (k − (s+ 1)) = N −m1 − k + s+ 1. (3.44)

We generalise these to the variable argument function

Γs
(
k, {mi}Ii=1

)
:= N −

I∑
i=1

mi − k + s+ I (3.45)

representing the mass available to a set of s clusters given the system has k clusters and masses
{mi}Ii=1 are already fixed.

With these restrictions in mind, we introduce the mass-restricted Stosszahlansatz:

−p2(t; z1, z2 | k)δ12 =

p1(t; z1 | k)p1(t; z2 | k)δ12, m1 +m2 ≤ Γ

0, otherwise,
(3.46)

where Γ, the bound for realisable cluster masses, depends on the context. If there is a cluster
with mass m already fixed then Γ = Γ2(k,m), but if no masses are already fixed then Γ = Γ2(k).
By similar arguments, the three-particle case becomes

−p3(t; z1, z2, z3 | k)δ23 =

p1(t; z1 | k) −p2(t; z2, z3 | k)δ23, m1 +m2 +m3 ≤ Γ3(k)

0, otherwise.
(3.47)

Note that by choosing m1, the restriction on the other two masses is m2+m3 ≤ N−m1−k+3 =
Γ2(k,m1), which is consistent with realisable values in the two-particle case, so we can use
(3.46) to give

−p3(t; z1, z2, z3 | k)δ23 =

p1(t; z1 | k)p1(t; z2 | k)p1(t; z3 | k)δ23, m1 +m2 +m3 ≤ Γ3(k)

0, otherwise.
(3.48)

Combining (3.46) and (3.48) with (3.40) and (3.41), we get

−pk2(t; z1, z2)δ12 =


1

Pk(t)
pk1(t; z1)pk1(t; z2)δ12, m1 +m2 ≤ Γ

0, otherwise,
(3.49)

with Γ defined as in (3.46) and

−pk3(t; z1, z2, z3)δ23 =


1

Pk(t)2 p
k
1(t; z1)pk1(t; z2)pk1(t; z3)δ23, m1 +m2 +m3 ≤ Γ3(k)

0, otherwise.
(3.50)

We define new integration regions that take into account these restrictions on the particle
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masses as ∫
Ds

Γ(k)
dz1 . . . dzs :=

N∑
m1,...ms=1∑s

i=1 mi≤Γs(k)

∫
Rs

∫
Ωs

dx1 . . . dxs dv1 . . . dvs (3.51)

and ∫
Ds

Γ(k,m1)
dz2 . . . dzs+1 :=

N∑
m2,...ms+1=1∑s+1
i=2 mi≤Γs(k,m1)

∫
Rs

∫
Ωs

dx2 . . . dxs+1 dv2 . . . dvs+1. (3.52)

We also define C2
Γ(k) and C2

Γ(k,m1) analogously by setting s = 2 and changing the velocity
integral bounds from R2 to Cm1,m2 and Cm2,m3 , respectively. Note that this is a slight abuse of
notation for conciseness as the mass restrictions mean Ds

Γ is not truly a cartesian product of s
copies of DΓ (and similarly for the other regions).

Substituting the mass-restricted Stosszahlansatz, (3.49) and (3.50), into (3.38) and using
these newly defined integration regions we get

∂tp
k
1 + v1∂x1p

k
1 = − (k − 1)

Pk

∫
DΓ(k,m1)

|v1 − v2| pk1(z1)pk1(z2)δ12 dz2

+ (k − 1)
Pk

∫
DΓ(k,m1)

|∗v1 − ∗v2| pk1(∗z1)pk1(∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2

+ k + 1
2Pk+1

∫
C′(z1)

∣∣′v1 − v2
∣∣ pk+1

1 (′z1)pk+1
1 (z2)δ12

d′v1
dv1

dz2

− (k − 1)(k − 2)
2(Pk)2 pk1(z1)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3

+ (k + 1)(k − 1)
2(Pk+1)2 pk+1

1 (z1)
∫

C2
Γ(k+1,m1)

|v2 − v3| pk+1
1 (z2)pk+1

1 (z3)δ23 dz2dz3,

(3.53)

where we drop the t arguments of pk1 and Pk for conciseness from here on when writing the full
time-evolution equation. Noting that we can compute Pk(t) as a function of pk1(t; z1) through

Pk(t) =
∫

DΓ(k)
pk1(t; z1) dz1, (3.54)

(3.53) and (3.54) now form a closed hierarchy of equations for pk1, with k = 1, . . . , N. This could
be used as a PDE model for the system directly; however, as we are considering the number
of clusters, k, to be large, it may be infeasible for computation. We now consider further
approximations that will allow us to collapse the k hierarchy and produce a simpler system.

3.3.4. Clusterzahlansatz and k-hierarchy reduction

We now marginalise the number of clusters, k, in the system to produce a simplified model that
will be easier to compute. Define p1(t; z1) as the probability of a cluster in state z1 regardless
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of the number of clusters in the system, that is

p(t; z1) :=
N∑
k=1

pk1(t; z1) =
N∑
k=1

p1(t; z1 | k)Pk.

Note that we have dropped the subscript 1 from the k-marginalised distribution p for clarity
and consistency with one-particle distributions in the kinetic theory literature. For a particular
value of k, m1 can range from 1 to N − k + 1 to ensure enough mass remains in the system
to form the other clusters (except if k = 1, in which case m1 must be N). In these sums, we
assume that p(t; z1 | k) = 0 for combinations of k and m1 that are not within the appropriate
bounds. Summing (3.53) over k, simplifying and recasting in terms of conditional probabilities
(with the details in §A.3), we get

∂tp+ v1∂x1p = −
N∑
k=2

(k − 1)Pk
∫

DΓ(k,m1)
|v1 − v2| p1(z1 | k)p1(z2 | k)δ12 dz2

+
N∑
k=2

(k − 1)Pk
∫

DΓ(k,m1)
|∗v1 − ∗v2| p1(∗z1 | k)p1(∗z2 | k)δ12

∣∣∣Dψ−1
12

∣∣∣ dz2

+
N∑
k=2

k

2Pk
∫

C′(z1)

∣∣′v1 − v2
∣∣ p1(′z1 | k)p1(z2 | k)δ12

d′v1
dv1

dz2

+
N∑
k=3

k − 2
2 Pk p1(z1 | k)

∫
C2

Γ(k,m1)
|v2 − v3| p1(z2 | k)p1(z3 | k)δ23 dz2dz3.

(3.55)

Note that the three-particle terms did not cancel as they do in the non-clustering case, remaining
as the final term in (3.55). Although this term represents clustering interactions that do not
involve cluster 1, it affects p(t; z1) as these interactions affect the total number of clusters in
the system and, thus, indirectly, the probability that a single cluster has properties z1.

In order to produce a closed system in p(t; z1), we need to make a further approximation
to collapse the k sums in (3.55). Specifically, we assume single-particle probability densities of
position, mass, and velocity are independent of the number of clusters in the system. That is

p1(t; z1 | k) = p(t; z1), (3.56)

for all k. By analogy to Boltzmann’s Stosszahlansatz, we call this the Clusterzahlansatz, meaning
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cluster number independence assumption. Substituting this into (3.55) gives

∂tp+ v1∂x1p = −
N∑
k=2

(k − 1)Pk
∫

DΓ(k,m1)
|v1 − v2| p(z1)p(z2)δ12 dz2

+
N∑
k=2

(k − 1)Pk
∫

DΓ(k,m1)
|∗v1 − ∗v2| p(∗z1)p(∗z2)δ12

∣∣∣Dψ−1
12

∣∣∣ dz2

+
N∑
k=2

k

2Pk
∫

C′(z1)

∣∣′v1 − v2
∣∣ p(′z1)p(z2)δ12

d′v1
dv1

dz2

+
N∑
k=3

k − 2
2 Pk p(z1)

∫
C2

Γ(k,m1)
|v2 − v3| p(z2)p(z3)δ23 dz2dz3.

(3.57)

What remains to produce a closed system in p(t; z1) is to compute Pk(t) for k = 2, . . . , N .
However, we cannot compute this directly from p(t; z1) as we lost the information about the
distribution of K when we summed over k and took the Clusterzahlansatz. We instead compute
the K distribution from the full k-hierarchy equation (3.53).

Cluster number distribution

To compute the cluster number probabilities Pk(t), consider marginalising (3.53) over particle
1, i.e. acting with the integral operator

∫
DΓ(k) dz1. The LHS becomes

∂t

∫
DΓ(k)

p1(t; z1 | k)Pk(t) dz1 +
∫

DΓ(k)
∂x1(v1p

k
1) dz1 = d

dtPk(t),

where we used the normalisation of p1(t; z1 | k) to remove the first integral and the divergence
theorem and boundary conditions to set the second term to zero. The full integrated equation
is then

dPk
dt = − (k − 1)

Pk

∫
D2

Γ(k)
|v1 − v2| pk1(z1)pk1(z2)δ12 dz1dz2

+ (k − 1)
Pk

∫
D2

Γ(k)
|v∗

1 − v∗
2| pk1(z∗

1)pk1(z∗
2)δ12

∣∣∣Dψ−1
12

∣∣∣ dz1dz2

+ k + 1
2Pk+1

∫
DΓ(k)

∫
C′(z1)

∣∣′v1 − v2
∣∣ pk+1

1 (′z1)pk+1
1 (z2)δ12

d′v1
dv1

dz2 dz1

− (k − 1)(k − 2)
2(Pk)2

∫
DΓ(k)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z1)pk1(z2)pk1(z3)δ23 dz2dz3 dz1

+ (k + 1)(k − 1)
2(Pk+1)2

∫
DΓ(k)

∫
C2

Γ(k+1,m1)
|v2 − v3| pk+1

1 (z1)pk+1
1 (z2)pk+1

1 (z3)δ23 dz2dz3 dz1.
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With some manipulation of the integral variables and bounds (see §A.4 in the appendix for
intermediate steps), this can be simplified to

dPk
dt = − k(k − 1)

2 Pk

∫
C2

Γ(k)
|v1 − v2| p1(z1 | k)p1(z2 | k)δ12 dz2dz1

+ (k + 1)k
2 Pk+1

∫
C2

Γ(k+1)
|v1 − v2| p1(z1 | k + 1)p1(z2 | k + 1)δ12 dz1dz2.

(3.58)

Using the Clusterzahlansatz (3.56), (3.58) can be expressed in terms of p(t; z):

dPk
dt = − k(k − 1)

2 Pk

∫
C2

Γ(k)
|v1 − v2| p(z1)p(z2)δ12 dz2dz1

+ (k + 1)k
2 Pk+1

∫
C2

Γ(k+1)
|v1 − v2| p(z1)p(z2)δ12 dz1dz2.

(3.59)

This forms a set of differential equations for Pk(t) that depend on p(t; z). To form a closed
system, they can be integrated concurrently with (3.57). However, (3.57) still involves sums
over k for each term as the integral bounds depend on k. In the following section, we use the
expected value of K, µK , to approximate these bounds and simplify the model further for
computation.

3.3.5. Expected cluster number approximation

Approximating k in the summation bounds with the expected number of clusters

µK :=
N∑
k=1

kPk,

we can simplify (3.57) to

∂tp+ v1∂x1p = −
(

N∑
k=2

(k − 1)Pk
)∫

DΓ(µK ,m1)
|v1 − v2| p(z1)p(z2)δ12 dz2

+
(

N∑
k=2

(k − 1)Pk
)∫

DΓ(µK ,m1)
|∗v1 − ∗v2| p(∗z1)p(∗z2)δ12

∣∣∣Dψ−1
12

∣∣∣ dz2

+
(

N∑
k=2

k

2Pk
)∫

C′(z1)

∣∣′v1 − v2
∣∣ p(′z1)p(z2)δ12

d′v1
dv1

dz2

+
(

N∑
k=3

k − 2
2 Pk

)
p(z1)

∫
C2

Γ(µK ,m1)
|v2 − v3| p(z2)p(z3)δ23 dz2dz3.

As µK is not necessarily an integer, we use the floor, ⌊µK⌋, in the summation bounds. Specifically
the new bounds are (see (3.44) for the original definition)

Γ1(µK ,m1) := N −m1 − ⌊µK⌋ + 2

and
Γ2(µK ,m1) := N −m1 − ⌊µK⌋ + 3.
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The summation bounds in the first and second terms can be extended to k = 1 and the fourth
term extended to k = 2 as these additional terms are zero. Extending the summation bounds
in the third and fourth terms to begin at k = 1 requires assuming the probability the system
has only one cluster is negligible. Making this assumption and noting ∑N

k=1 Pk = 1, these sums
can then be defined in terms of µK to give the simplified model

∂tp+ v1∂x1p = − (µK − 1)
∫

DΓ(µK ,m1)
|v1 − v2| p(z1)p(z2)δ12 dz2

+ (µK − 1)
∫

DΓ(µK ,m1)
|∗v1 − ∗v2| p(∗z1)p(∗z2)δ12

∣∣∣Dψ−1
12

∣∣∣ dz2

+ µK
2

∫
C′(z1)

∣∣′v1 − v2
∣∣ p(′z1)p(z2)δ12

d′v1
dv1

dz2

+
(
µK
2 − 1

)
p(z1)

∫
C2

Γ(µK ,m1)
|v2 − v3| p(z2)p(z3)δ23 dz2dz3.

(3.60)

Direct µK approximation

We could calculate µK without further assumptions by computing the Pk distribution using
(3.59) and taking the mean. However, we present another approach here approximating µK
directly from p(t; z) that should be computationally simpler and does not require tracking
Pk. Consider the mass distribution for a system with k clusters, defined by marginalising the
position and velocity variables:

pk(t;m1, . . . ,mk) =
∫

Rk

∫
Ωk
pk(t;x1, . . . , xk; v1, . . . , vk;m1, . . . ,mk) dx1 . . . dxk dv1 . . . dvk.

As we have the constraint that m1 +m2 + · · · +mk = N we can write:

Npk(t;m1, . . . ,mk) = (m1 +m2 + · · · +mk)pk(t;m1, . . . ,mk).

Marginalising the m variables on both sides, we have

NPk(t) =
N∑

m1=1
· · ·

N∑
mk=1

(m1 +m2 + · · · +mk)pk(t;m1, . . . ,mk)

=
N∑

m1=1
· · ·

N∑
mk=1

k∑
i=1

mip
k(t;m1, . . . ,mk).

Note that we can take all the mass sums to N as we can assume pk(t;m1, . . . ,mk) = 0 whenever
m1 + m2 + · · · + mk ̸= N. Using the probability invariance under relabelling, this can be
rewritten as:

NPk(t) = k
N∑

m1=1
· · ·

N∑
mk=1

m1p
k(t;m1, . . . ,mk),

which simplifies to

NPk(t) = k
N∑

m1=1
m1p

k(t;m1) = k
N∑

m1=1
m1p1(t;m1 | k)Pk.
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Summing over k we have

N∑
k=1

NPk(t) =
N∑
k=1

kPk(t)
N∑

m1=1
m1p1(t;m1 | k),

and if we take the Clusterzahlansatz (3.56), i.e.

p1(t;m1 | k) ≈ p(t;m1) :=
N∑
k=1

pk1(t;m1),

this becomes

N ≈ µK(t)
N∑

m1=1
m1p(t;m1). (3.61)

This effectively encodes the relation that the product of the mean cluster mass and the mean
number of clusters should be the total number of particles. We can rearrange this to express
µK(t) as a function of p(t;x; v;m) as

µK(t) ≈ N

 N∑
m1=1

∫
R×Ω

m1p(t;x1; v1;m1) dx1dv1

−1

, (3.62)

and so complete the derivation of our clustering model as (3.60) and (3.62) solved together.

3.4. Short-range clustering interactions

We are now ready to generalise the clustering model from strictly point-wise interactions to
short-range interactions. This includes, for example, the Cucker-Smale model (2.70), which
was one of the motivating systems for our approach here (see §3.1.1). Specifically we consider
a system with N indistinguishable particles with positions Xi ∈ Ω = T1 and velocities Vi ∈ R

for i ∈ {1, . . . , N}. These evolve through the generalised ODE model

Ẋi(t) = Vi,

V̇i(t) = 1
ε

N∑
j=1
j ̸=i

H

(
Xi −Xj

ε
, Vi − Vj

)
,

(3.63)

with the interaction H assumed to be short-ranged, satisfying

H(x, v) = O(|x|−1−δ) as |x| → ∞, (3.64)

for some δ > 0 as in (2.2). See Figure 3.5a for a schematic representation.
To derive our kinetic clustering model, we first define an approximate individual-based

ODE model where we make the point-cluster approximation (as motivated in §3.1). That is,
we approximate sets of particles that remain bound after interacting (i.e. Vi(t) − Vj(t) → 0
and Xi(t) −Xj(t) = O(ε) as t → ∞) as a single point object called a cluster, with an internal
property, labelled its ‘mass’, representing the number of particles it comprises. See Figure 3.5b
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t = 0 t = t1 −O(ε) t = t1 +O(ε)

t = t2 −O(ε) t = t2 +O(ε) t = t3

(a) Particle system with a short-range clustering interaction.

2 2

1 11

1 1

1 1 1 1 1 1

1 1 1

t = 0, k = 3 t = t1 −O(ε), k = 3 t = t1 +O(ε), k = 3

t = t2 −O(ε), k = 3 t = t2 +O(ε), k = 2 t = t3, k = 2
(b) Cluster system with a short-range clustering interaction (after the point-cluster approximation).

Figure 3.5.: (a) Schematic of a particle system with a short-range clustering interaction in the
form of (3.63). A non-clustering interaction occurs around t1 while a clustering
interaction occurs at t2. These cyan and yellow particles remain highly correlated
in position and velocity after this interaction, with a separation of O(ε). (b)
Schematic of an equivalent system but after the point-cluster approximation is
made. After the clustering interaction, the two correlated particles are treated as a
combined cluster with mass 2, and the number of clusters in the system goes from
k = 3 to k = 2. This system is described by (3.66). Note that the magnitude of
the interaction force from the two-particle cluster has increased proportionately.

for a schematic of this approximated system. As in the point-wise clustering interaction model
(§3.3), define K(t) to be a random variable representing the number of clusters in the system
at time t. Given a specific K(t) = k, the k clusters in the system are defined by positions
Xi(t) ∈ Ω ≡ T1, velocities Vi(t) ∈ Rd and masses Mi(t) ∈ {1, . . . , N}, for i ∈ {1, . . . , k}. We
assume conservation of mass in clustering interactions, i.e. ∑k

i=1Mi(t) = N . To define the
evolution equations for this system, we first determine how the interaction force due to H in
(3.63) is modified for clusters of different masses. Consider the effect of M1 particles at the
same position, X1, and with the same velocity, V1, (i.e. in a cluster of mass M1) on an external
particle, labelled i, under the interaction H from (3.63). The acceleration of the particle due
to interaction with this cluster is

V̇i(t) = 1
ε

M1∑
j=1

H

(
Xi −X1

ε
, Vi − V1

)
= 1
ε
M1H

(
Xi −X1

ε
, Vi − V1

)
, (3.65)

where j indexes the particles in the cluster of mass M1. As this effect is the same for any
other particles at the same position as particle i, it represents the acceleration of a cluster at
this position. Thus, summing the interactions between all clusters and assuming interactions
between particles in the same cluster only serve to maintain the correlation of the cluster, we
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have the cluster-based ODE model

Ẋi(t) = Vi,

V̇i(t) = 1
ε

k∑
j=1
j ̸=i

MjH

(
Xi −Xj

ε
, Vi − Vj

)
,

(3.66)

for i ∈ {1, . . . , k}. This model is for a specific number of clusters k, and the full model is a
hierarchy of such cluster-based ODE models, from k = 1 to k = N . Note that we will never
solve the system (3.66) directly; we only use it as a starting point to derive the kinetic PDE
model.

Multiplying by the mass of cluster i, the acceleration in (3.66) can be seen to be analogous
to many common force laws, where the force between two objects is proportional to the product
of their masses. Defining the force on particle i as Fi, we have

Fi(t) := MiV̇i(t) = Mi
1
ε

k∑
j=1
j ̸=i

MjH

(
Xi −Xj

ε
, Vi − Vj

)
.

The clustering model from §3.3, where we assume the interactions occur strictly at a point,
can be encompassed in this framework as the limit ε → 0 of (3.66). We also note that
although we have defined the cluster interaction term to behave as if a cluster is equivalent to
multiple particles at the same location, the analysis that follows can be extended to generalised
relationships between the interaction and cluster masses H((Xi −Xj)/ε, Vi −Vj ,Mi,Mj). Such
a clustering model might be used as a phenomenological starting point, rather than beginning
with a particle model.

From this hierarchy of ODE models, we define a hierarchy of k-cluster probability distri-
butions pk(t;x1, . . . , xk; v1, . . . , vk;m1, . . . ,mk), with xi ∈ Ω ≡ T1, vi ∈ R and mi ∈ {1, . . . , N}
for i ∈ {1, . . . , k} and k ∈ {1, . . . , N}. Considering the change of probability in an infinitesimal
box, we obtain the evolution equation for pk

∂tp
k +

N∑
i=1

vi∂xip
k + 1

ε

N∑
i,j=1
j ̸=i

∂vi

(
mjHijp

k
)

=
k∑
i=1

qk(i), (3.67)

where
Hij := H

(
xi − xj

ε
, vi − vj

)
.

and qk(i) is defined as in (3.26) as the source term due to clustering in the pk+1 equation. This
is analogous to (2.4), except it now includes the clustering source terms qk(i).

We now consider a series of matched asymptotic expansions in the interaction range ε. We
define an outer region where |xi − xj | ≫ ε for all i, j ∈ {1, . . . , k} and a set of inner regions,
each where |xi − xj | ∼ ε for some i and j. Considering (3.67) in the outer region, if we take
|xi − xj | ∼ 1 we have |xi − xj |/ε ∼ 1/ε and Hij = O(ε1+δ) due to the short-range condition.
This means that the interaction terms are O(εδ) and are not present in the leading order

68



equation.
However, the outer equation will have boundary terms representing flux entering and

exiting the inner regions. Considering the inner region with |xi − xj | ∼ ε and taking ε →
0, the probability flux entering is |vi − vj | −pk(i,j)(t; zi, zj)δij and the flux exiting is |vi −
vj | +pk(i,j)(t; zi, zj)δij , with limits −pk(i,j) and +pk(i,j) defined in (3.13) and (3.14), respectively.
Thus, mapping i and j over all the inner regions, the leading-order equation in the outer region
is equivalent to (3.26):

∂tp
k +

k∑
i=1

∂xi(vipk) = − 1
2

k∑
i, j=1
j ̸=i

|vi − vj | −pk(i,j)(t; zi, zj)δij

+ 1
2

k∑
i, j=1
j ̸=i

|vi − vj | +pk(i,j)(t; zi, zj)δij

+
k∑
i=1

qk(i)(t; zi).

(3.68)

In order to use the mass-restricted Stosszahlansatz ((3.46) and (3.48)) we need to express the
outgoing fluxes, |vi − vj |−pk(i,j), and clustering source terms qk(i) in terms of incoming fluxes. To
do this, we consider, without loss of generality, the specific inner region with |x1 − x2| ∼ ε and
|xi − xj | ≫ ε if either of i, j > 2. Define the new inner variables

x̃1 := x1, x̃21 := x2 − x1
ε

,

with first-order derivatives

∂x1 = ∂x̃1 − 1
ε
∂x̃21 , ∂x2 = 1

ε
∂x̃21 .

Changing (5.4) to these inner variables and defining p̃k(1,2) to be the corresponding inner solution
we get

∂tp̃
k
(1,2) + v1∂x̃1 p̃

k
(1,2) + 1

ε
(v2 − v1)∂x̃21 p̃

k
(1,2) +

N∑
i=3

vi∂xi p̃
k
(1,2)

+ 1
ε

N∑
i,j=1
j ̸=i

(i,j) ̸=(1,2)
(i,j) ̸=(2,1)

∂vi

(
mjHij p̃

k
(1,2)

)
+ 1
ε
∂v1

(
m2H12p̃

k
(1,2)

)
+ 1
ε
∂v2

(
m1H21p̃

k
(1,2)

)
=

k∑
i=1

qk(i),

where H12 = H (−x̃21, v1 − v2) and H21 = H (x̃21, v2 − v1). As x̃21 ∼ 1, it follows that
H12, H21 ∼ 1 from the definition of H. As all other Hij are O(ε1+δ), to leading order (also
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assuming mi ≪ N for all i) we have

(v2 − v1)∂x̃21 p̃
k
(1,2) + ∂v1

(
m2H (−x̃21, v1 − v2) p̃k(1,2)

)
+ ∂v2

(
m1H (x̃21, v2 − v1) p̃k(1,2)

)
= 0, (3.69)

which is clustering model equivalent of (2.13). This is a first-order quasilinear equation that
has characteristics similar to (2.27):

dx̃21
dτ = v2 − v1, (3.70a)
dv1
dτ = m2H (−x̃21, v1 − v2) , (3.70b)
dv2
dτ = m1H (x̃21, v2 − v1) , (3.70c)

1
p̃k(1,2)

dp̃k(1,2)
dτ = −m2∂v1H (−x̃21, v1 − v2) −m1∂v2H (x̃21, v2 − v1) . (3.70d)

To simplify this, define z̃21 ≡ (x̃21, v1, v2). Then (3.69) becomes

∇z̃21 ·
(dz̃21

dτ p̃k(1,2)

)
= 0, (3.71)

with characteristic projections defined by

dz̃21
dτ = (v2 − v1,m2H (−x̃21, v1 − v2) ,m1H (x̃21, v2 − v1)). (3.72)

As such, to leading order, the evolution of the probability density can be modelled as a
divergence-free vector field in three-dimensional z̃21 space, which we will now use to derive the
probability flux conservation conditions across an interaction.

3.4.1. Non-clustering flux conservation condition

For non-clustering interactions, in a similar vein to §2.1.5 we define the limiting outgoing
quantities (as τ → ∞) to be x̃+

21, v+
1 , v+

2 and +p̃k(1,2) and limiting incoming quantities (as
τ → −∞) to be x̃−

21, v−
1 , v−

2 and −p̃k(1,2). We are interested in expressing the outgoing quantities
in terms of their incoming equivalents such that we can replace them in (3.68) and apply the
Stosszahlansatz to produce a closed system. In §3.2 and §3.3, we used the flux conservation
condition (3.20) to play this role for point-wise non-clustering interactions. Here, we intend to
show that we get an equivalent result by using the solution trajectories to (3.69). Similarly to
(2.21), define ψH,m1,m2 mapping from incoming to outgoing velocities:

(v+
1 , v

+
2 ) = ψH,m1,m2(v−

1 , v
−
2 ). (3.73)

This plays the same role as ψm1,m2 used in §3.2 and §3.3.
Consider, without loss of generality, a set of trajectories (or equivalently characteristic

projections) that approach from x̃−
21 = −∞ and hence have v−

2 > v−
1 (this is represented by the
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v1

v2

v1

v2

S−

S+ = ψH,m1,m2(S−)

U

vi

ΛaH,m1,m2
(vi)

ΛbH,m1,m2
(vi)

Ra

Rb

(v−
1 , v

−
2 )

(v+
1 , v

+
2 )

= ψH,m1,m2(v−
1 , v

−
2 )

CaH,m1,m2

CbH,m1,m2

vi

k-space cross-section at x̃21 → −∞ k-space cross-section at x̃21 → ∞

(k − 1)-space cross-section
(a)

x̃21

u = v2 − v1

CaH,m1,m2

CbH,m1,m2

Ra

Rb

S−

S+

(b)

Figure 3.6.: Cross-sections of the inner region for a one-dimensional short-range clustering
interaction. (a) Schematic of the boundary of the inner region at x̃21 → −∞ and
x̃21 → ∞. The yellow area represents trajectories entering the region approaching
a non-clustering interaction. These will leave the inner region through the orange
area. The blue region represents CH,m1,m2 , trajectories entering the inner region
approaching a clustering interaction. Note that, in contrast to Figure 3.4, this
region is split into CaH,m1,m2

at x̃21 → −∞ and CbH,m1,m2
at x̃21 → ∞, with

CH,m1,m2 = CaH,m1,m2
∪CbH,m1,m2

, as particles can enter the inner region from both
ends, depending on the sign of v−

2 −v−
1 . The region R and the interval ΛH,m1,m2(vi)

are similarly split into two parts. The region S− maps through a non-clustering
interaction to S+, and the region R maps through a clustering interaction to the
region U in (k − 1)-space. (b) A cross-section of trajectories in the inner region
along the direction of u = v2 − v1. This is the direction shown by the diagonal
dotted line in (a). These trajectories are for the Cucker-Smale model although the
qualitative behaviour is generalisable.
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yellow region in the left plot of Figure 3.6a). Specifically, consider trajectories with (v−
1 , v

−
2 ) in

a closed and bounded region T−. If we restrict T− such that all trajectories leave the inner
region at x̃+

21 = ∞ then the set of outgoing velocities (v+
1 , v

+
2 ) will also be in a closed and

bounded region T+ = ψH,m1,m2(T−). Trajectories with other combinations of x̃−
21, x̃

+
21 ∈ {±∞}

can be treated similarly and (other than an assumed measure zero set of boundary trajectories)
closed and bounded regions around them analogous to T− and T+ can be defined.

In three-dimensional z̃21 := (x̃21, v1, v2) space, define a two dimensional surface S−

parameterised by S− := (−∞, v−
1 , v

−
2 ) with (v−

1 , v
−
2 ) ∈ T−. Similarly, define S+ := (∞, v+

1 , v
+
2 )

with (v+
1 , v

+
2 ) ∈ T+ (see Figure 3.6a). Joining these two surfaces with the characteristics

that are incoming through S− and outgoing through S+ forms a three-dimensional region Z.

Define the surface C as the boundary surface of Z not at x̃21 = ±∞ (i.e. ∂Z = C ∪ S− ∪ S+).
Integrating (3.71) over Z and using the divergence theorem, we get∫

S−
p̃k(1,2)

dz̃21
dτ · dSS− +

∫
S+
p̃k(1,2)

dz̃21
dτ · dSS+ +

∫
C
p̃k(1,2)

dz̃21
dτ · dSC = 0 (3.74)

where SS− , SS− and SC are surface elements of their respective bounding surfaces. As C is
defined by a set of solutions trajectories to (3.72), dz̃21/dτ will be tangent to the surface at
any point and hence perpendicular to dSC giving

dz21
dτ · dSC = 0.

For the surfaces at x̃21 = ±∞, generalising to other combinations of x̃−
21, x̃

+
21 ∈ {±∞}, we have,

dSS− =
(
sgn

(
x̃−

21

)
dv−

1 dv−
2 , 0, 0

)
, and dSS+ =

(
sgn

(
x̃+

21

)
dv+

1 dv+
2 , 0, 0

)
,

respectively. Substituting these and noting that sgn(v+
2 − v+

1 ) = sgn(x̃+
21) and sgn(v−

2 − v−
1 ) =

− sgn(x̃−
21), (3.74) becomes

−
∫
T−

|v−
2 − v−

1 | −p̃k(1,2)(v−
1 , v

−
2 ) dv−

1 dv−
2 +

∫
T+

|v+
2 − v+

1 | +p̃k(1,2)(v+
1 , v

+
2 ) dv+

1 dv+
2 = 0,

where we only show the velocity arguments of the probability densities for clarity. Using the
map (v+

1 , v
+
2 ) = ψH,m1,m2(v−

1 , v
−
2 ), we can change the coordinates of the dv−

1 dv−
2 to dv+

1 dv+
2 ,

giving

−
∫
T+

[
|v−

2 − v−
1 | −p̃k(1,2)(v−

1 , v
−
2 )
∣∣∣Dψ−1

H,m1,m2

∣∣∣− |v+
2 − v+

1 | +p̃k(1,2)(v+
1 , v

+
2 )
]

dv+
1 dv+

2 = 0.

As the region T+ is arbitrary, we have

|v−
2 − v−

1 | −p̃k(1,2)(t; x̃1, x̃
−
21; v−

1 , v
−
2 ;m1,m2)

∣∣∣Dψ−1
H,m1,m2

∣∣∣
= |v+

2 − v+
1 | +p̃k(1,2)(t; x̃1, x̃

+
21; v+

1 , v
+
2 ;m1,m2).

Matching this to the outer solution and expressing it in outer variables, the leading order
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equation is

|∗v2−∗v1|−pk(1,2)(t;x1, x1; ∗v1,
∗v2,m1,m2)

∣∣∣Dψ−1
H,m1,m2

∣∣∣ = |v2−v1|+pk(1,2)(t;x1, x1; v1, v2;m1,m2),

where (∗v1,
∗v2) = ψ−1

H,m1,m2
(v1, v2). As this is identical to (3.20), we can see that this short-

ranged interaction model matches the point-wise interaction model to leading order in ε.

3.4.2. Clustering flux conservation condition

The process for calculating the clustering flux conservation is similar, except now we consider
clustering trajectories that enter the inner region at x̃−

21 = ±∞ and approach the v1 = v2 plane
as τ → ∞. Given a clustering interaction with incoming velocities v−

1 and v−
2 , incoming masses

m1 and m2, limiting final clustered velocity vi and clustered mass mi = m1 +m2, we can define
an equivalent of the region R that contains all clustering trajectories that approach the v1 = v2

plane with vi within an interval U . Integrating over R, we will once again be able to equate
the flux over the incoming surface to the outgoing clustering flux in the source term qk−1

(i) with
outgoing velocity vi ∈ U . Following similar steps to §3.3.1, the integral of this incoming flux is∫

U

∫
ΛH,m1,m2 (vi)

∣∣∣′vi − v−
2

∣∣∣ −p̃k(1,2)(t; x̃1, x̃
−
21; ′vi, v

−
2 ;m1,m2)d′vi

dvi
dv−

2 dvi,

where we have changed the variable of the dv−
1 integral to dvi and represented v−

1 as the
shorthand function ′vi = λ̂−1

H,m1,m2,v
−
2

(vi). The partially-evaluated backward clustering map,
λ̂−1, plays the same role as that defined in §3.3, except that here it is defined using the limits of
a clustering trajectory in the inner region under the interaction H rather than as a point-wise
interaction map. The regions ΛH,m1,m2(vi) and CH,m1,m2 also now depend on the interaction
H but we will drop the explicit subscript H from here on for conciseness. Continuing to follow
§3.3.1, if we are to equate this outgoing flux with the full clustering flux that is produced in
pk−1 space at index i with position xi, velocity vi ∈ U and mass mi, i.e.

∫
U q

k−1
(i) (xi, vi,mi) dvi,

we must sum over each combination of masses m1 and m2 such that m1 +m2 = mi and sum
over each combination of indices that could be mapped to index i. For the masses, we must
define a region R for each combination m1 and m2 and sum over the flux contribution from
each. For the indices, we can use particle indistinguishability to relabel incoming particle 1 as i
and incoming particle 2 as k and note that a total of k/2 index combinations are mapped to
index i (from the same reasoning as in 3.3.1). Combining this, the total flux contributions are
equated through

∫
U

[
k

2

mi−1∑
mk=1

∫
Λmi−mk,mk

(vi)

∣∣∣′vi − v−
k

∣∣∣ −p̃k(i,k)(t; x̃i, x̃−
ki;

′vi, v
−
k ;mi−mk,mk)

d′vi
dvi

d′vk−qk−1
(i)

]
dvi = 0.

Noting that the integrand must be 0 as the interval U is arbitrary, after matching to leading
order with outer variables, we have the equivalent of the clustering flux conservation condition
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(3.33):

qk−1
(i) (t;xi, vi,mi) = k

2

mi−1∑
mk=1

∫
Λmi−mk,mk

(vi)

∣∣′vi − vk
∣∣ −pk(i,k)(t;xi, xi; ′vi, vk;mi −mk,mk)

d′vi
dvi

dvk,

where ′vi = λ̂−1
mi−mk,mk,vk

(vi).
Substituting both clustering and non-clustering flux conservation conditions into the

outer equation (3.68), we arrive at an identical equation to (3.35): the leading-order evolution
equations for the pk hierarchy expressed in terms of incoming interaction probability fluxes.
The same process as in §3.3 can then be followed to simplify this to a closed system in either
pk1(t;x1; v1;m1) or p(t;x1; v1;m1).

3.5. Cluster model summary

Writing the arguments out in full, our final one-dimensional kinetic model for short-range
clustering interactions is, to leading order in ε

∂tp(t;x1; v1;m1) + v1∂x1p(t;x1; v1;m1)

= − (µK − 1)
N−m1−µK+2∑

m2=1

∫
R

|v1 − v2| p(t;x1; v1;m1)p(t;x1; v2;m2) dv2

+ (µK − 1)
N−m1−µK+2∑

m2=1

∫
R

|∗v1 − ∗v2| p(t;x1; ∗v1;m1)p(t;x1; ∗v2;m2)
∣∣∣Dψ−1

m1,m2

∣∣∣ dv2

+ µK
2

m1−1∑
m2=1

∫
Λm1−m2,m2 (v1)

∣∣′v1 − v2
∣∣ p(t;x1; ′v1;m1 −m2)p(t;x1; v2;m2)d′v1

dv1
dv2

+
(
µK
2 − 1

)
p(t;x1; v1;m1)

N∑
m2,m3=1
m2+m3

≤N−m1−µK+3

∫
Cm2,m3

∫
Ω

[
|v2 − v3|

× p(t;x2; v2;m2)p(t;x2; v3;m3)
]
dx2 dv2dv3,

(3.75)

where ′v1 = λ̂−1
m1−m2,m2,v2(v1) is the incoming velocity for a clustering interaction and (∗v1,

∗v2) =
ψ−1
m1,m2(v1, v2) are the incoming velocities for a non-clustering interaction, as a result of the

short-range interaction H. The mean number of clusters is estimated through

µK(t) = N

 N∑
m1=1

∫
R×Ω

m1p(t;x1; v1;m1) dx1dv1

−1

. (3.76)

Note that we write the non-integer µK in the summation bounds for m2 in the first two terms
instead of ⌊µK⌋ for conciseness. As this is at the edge of the mass distribution, the difference
between using floor or ceiling of µK in the bound should be negligible.

The main approximations used in deriving this model are: the point-cluster approximation,
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approximating clusters with non-zero spatial extent as point objects (see §3.4 and §3.1); the
Stosszahlansatz, assuming particles approaching an interaction are uncorrelated (see §3.3.3); the
Clusterzahlansatz, assuming the conditional velocity and mass distributions are independent of
the number of the clusters in the system (see §3.3.4); and approximating the mass conservation
restrictions using on the expected number of clusters in the system (see §3.3.5).
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4. Numerical evaluation of one-dimensional clustering

model

To evaluate the accuracy of the kinetic PDE model (3.75) and compare it to that of the
mean-field model (2.10), we implement both here using discrete methods. Simulations of the
individual-based model (3.63) (with initial conditions drawn as Monte Carlo samples from the
initial distributions), are used for comparison. Two other models, a stochastic model similar to
the direct-simulation Monte Carlo method and an event-based ‘exact clustering’ model, are used
to distinguish the effect of the different approximations made. The comparisons are performed
using the short-range Cucker-Smale collective behaviour model in a periodic one-dimensional
spatial domain with an exponential interaction kernel, uniform spatial density and uniform
initial velocity distribution.

4.1. Numerical implementation of short-range PDE

We use the fully reduced short-range PDE model (3.75) as the basis for the numerical im-
plementation. Although Fourier-Galerkin spectral methods are more popular currently for
numerically solving Boltzmann-style models in higher dimensions (see, for instance, [48, 46]),
we aim to derive a simpler method here for the one-dimensional case, basing our approach on
the discrete velocity methods used for modelling the Boltzmann equation (see [91] Chapter
2). The Fourier-Galerkin method will be analysed later in Chapter 6 when considering the
higher-dimensional extension.

We consider the spatially uniform case, which allows us to write p as a function of t, v and
m as

p(t; v;m) =
∫

Ω
p(t;x; v;m) dx = |Ω|p(t;x; v;m).
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A spatially independent solution to (3.75) then must satisfy

|Ω|∂tp(t; v1;m1)

= − (µK − 1)
N−m1−µK+2∑

m2=1

∫
R

|v1 − v2| p(t; v1;m1)p(t; v2;m2) dv2

+ (µK − 1)
N−m1−µK+2∑

m2=1

∫
R

|∗v1 − ∗v2| p(t; ∗v1;m1)p(t; ∗v2;m2)
∣∣∣Dψ−1

m1,m2

∣∣∣ dv2

+ µK
2

m1−1∑
m2=1

∫
Λm1−m2,m2 (v1)

∣∣′v1 − v2
∣∣ p(t; ′v1;m1 −m2)p(t; v2;m2)d′v1

dv1
dv2

+
(
µK
2 − 1

)
p(t; v1;m1)

N∑
m2,m3=1
m2+m3

≤N−m1−µK+3

∫
Cm2,m3

[
|v2 − v3| p(t; v2;m2)p(t; v3;m3)

]
dv2dv3,

(4.1)

with µK computed through

µK = N

 N∑
m1=1

∫
R
m1p(t; v1;m1)dv1

−1

,

and the backward velocity maps are given by

′v1 = λ̂−1
m1−m2,m2,v2(v1) and (∗v1,

∗v2) = ψ−1
m1,m2(v1, v2).

To implement (4.1) numerically, we consider a linear discretisation of velocity space into
V bins of width ∆v. The lower and upper boundaries of the bin i are defined as v−

i , v+
i , such

that v+
i−1 = v−

i , and each bin is assigned a representative point v̄i = (v+
i − v−

i )/2. For small N ,
we can keep the masses as defined, with m taking all values from 1 to N . However, for large
N , this will be computationally infeasible. To remedy this, we bin the set of masses onto a
linear-geometric grid with M points, as suggested by Bäbler et al. [21]. This setup maintains
the linear grid for small masses to avoid distortions and then transitions to a geometric grid at
larger masses where the distinction between mass m and mass m+ 1 is less significant. We
define the grid as the set {m̄a, a ∈ 1, . . . ,M}, with Ml linear grid points and M −Ml geometric
points. The grid points are defined as

m̄a =


a, a = 1, . . . ,Ml

Ml

(
N
Ml

) a−Ml
M−Ml , a = Ml + 1, . . . ,M.

(4.2)

The number of linear grid points Ml is chosen given M and N to be the smallest value such
that the first geometric grid spacing is greater than 1 to ensure a smooth transition between
linear and geometric regions. Similar to the velocity binning, we label the lower and upper
bounds of the bin represented by grid point m̄a as m−

a and m+
a , respectively. Bin a is defined

to include the set of w̄a masses: {⌊m−
a ⌋ + 1, . . . , ⌊m+

a ⌋}. For the linear-geometric case discussed,
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the bin bounds are defined as m−
1 = 0.5 and

m+
a =


ma + 0.5, a = 1, . . . ,Ml

Ml

(
N
Ml

) i−Ml+0.5
M−Ml = ma

(
N
Ml

) 0.5
M−Ml , a = Ml + 1, . . . ,M − 1

mM + 0.5, a = M.

(4.3)

With this velocity discretisation and mass binning, we can define the discrete set of binned
probabilities:

Pi,a(t) :=
⌊m+

a ⌋∑
m=⌊m−

a ⌋+1

∫ v+
i

v−
i

p(t; v;m)dv, (4.4)

for i ∈ {1, . . . , V } representing the velocity bin and a ∈ {1, . . . ,M} representing the mass bin.
Integrating (4.1) over this velocity-mass bin, we can derive a time evolution equation for these
binned probabilities (with the details of the derivation in §A.5):

|Ω|∂tPi,a = − (µK − 1)
M∑
b=1

m̄a+m̄b≤N−µK+2

V∑
j=1

|v̄j − v̄i|Pi,aPj,b

+ (µK − 1)
M∑
b=1

m̄a+m̄b≤N−µK+2

V∑
j,k=1

(v̄j ,v̄k)∈R\Cm̄a,m̄b

|v̄k − v̄j | γv̄i(v̄∗
k)Pk,aPj,b

+ µK
2

M∑
b,c=1

m̄b+m̄c≤m̄a+1

V∑
j,k=1

(v̄j ,v̄k)∈Cjk

|v̄k − v̄j | γv̄i(v̄′
k)γm̄a(m̄′

c)Pk,cPj,b

+
(
µK
2 − 1

)
Pi,a

M∑
b,c=1
m̄b+m̄c

≤N−m̄a−µK+3

V∑
j,k=1

(v̄j ,v̄k)∈Cm̄b,m̄c

|v̄k − v̄j |Pk,cPj,b

(4.5)

We have used a technique based on the fixed-pivot method of Kumar and Ramkrishna [77]
to deal with interactions where product particles are not produced at a grid point in the
discretisation. This involves introducing the factors γv̄i(v) and γm̄a(m), defined as

γm̄a(m) =


m−m̄a−1
m̄a−m̄a−1

, m̄a−1 < m < m̄a

m̄a+1−m
m̄a+1−m̄a

, m̄a ≤ m < m̄a+1

0, otherwise,

and

γv̄i(v) =


v−v̄i−1

∆v , v̄i−1 < v < v̄i
v̄i+1−v

∆v , v̄i ≤ v < v̄i+1

0, otherwise,

respectively, representing the proportion of a particle produced with velocity v and mass m
that would be allocated to the grid point at (v̄i, m̄a). This allocation choice is designed to
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ensure the zeroth and first moments of each distribution are conserved. In the case here, it
ensures that the numerical scheme preserves the total probability, mass, momentum and mean
velocity of the PDE model.

4.1.1. Outputs

The outputs we will consider for model comparison can be computed from the binned prob-
abilities as follows. The cluster velocity distribution can be computed by summing over m
as

p(t; v) =
N∑
m=1

p(t; v;m) ≈ 1
∆v

M∑
a=1

Pi(v),a(t), (4.6)

where i(v) represents the velocity bin such that v−
i < v < v+

i . Note that we must divide by ∆v
to ensure the output velocity distribution is normalised to be a probability density. The cluster
mass distribution is approximated as

p(t;m) =
∫

Rd
p(t; v;m)dv ≈ 1

w̄a(m)

V∑
i=1

Pi,a(m)(t), (4.7)

where, similarly, a(m) represents the velocity bin such that ⌊m−
a ⌋ + 1 < m < ⌊m+

i ⌋. It is also
common to track the mass-weighted cluster mass distribution, defined as

f(t;m) := µK(t)mp(t;m). (4.8)

This represents the expected number of particles in clusters of size m. We label this f by
analogy to the mass distribution conventionally used when describing the Boltzmann equation
(see [31] §1.6). From (3.61), it follows, given the Clusterzahlansatz, that

N∑
m=1

f(t;m) = µK(t)
N∑
m=1

mp(t;m) = N, (4.9)

and so the normalisation constant for f is N . As such, we compute

f(t,m)
N

= µK(t)
N

∫
Rd
mp(t; v;m)dv ≈ µK(t)

N

1
w̄a(m)

V∑
i=1

m̄aPi,a(m)(t). (4.10)

Following this, again using (3.61), the mean number of clusters can be approximated as

µK(t) ≈ N

(
N∑
m=1

∫
R
mp(t; v;m)dv

)−1

≈ N

(
M∑
a=1

V∑
i=1

m̄aPi,a

)−1

. (4.11)

Finally, the mean kinetic energy per particle can be computed as

E(t) = 1
2

N∑
m=1

∫
R

|v|2p(t; v,m) dv ≈ 1
2

M∑
a=1

V∑
i=1

|v̄i|2Pi,a. (4.12)
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Note that this definition does not contain the cluster mass as p is a probability distribution
over the clusters. The mean kinetic energy per cluster is given by

Ec(t) = 1
2

N∑
m=1

∫
R
m|v|2p(t; v,m) dv, (4.13)

which can be divided by the cluster mass to get the average per particle.

4.1.2. Cucker-Smale model

In the short-range version of the Cucker-Smale model of collective behaviour, particles’ positions
and velocities evolve according to

Ẋi(t) = Vi

V̇i(t) = 1
ε

N∑
j=1
j ̸=i

ϕ

( |Xi −Xj |
ε

)
(Vj − Vi). (4.14)

If we make the point-cluster approximation following §3.4 and allow sets of M particles that
were highly correlated post-interaction to be represented by a cluster with mass M , the velocity
of each cluster would instead evolve as

V̇i(t) = 1
ε

k∑
j=1
j ̸=i

Mjϕ

( |Xi −Xj |
ε

)
(Vj − Vi),

where k < N is the total number of clusters remaining in the system. This is in the form of
(3.66), with interaction

H

(
Xi −Xj

ε
, Vi − Vj

)
= ϕ

( |Xi −Xj |
ε

)
(Vj − Vi).

With this interaction, the inner equation for the evolution of the joint probability distribution
(3.69) would be

(v2 − v1)∂x̃21 p̃
k
(1,2) +m2ϕ (|x̃21|) ∂v1

(
(v2 − v1)p̃k(1,2)

)
+m1ϕ (|x̃21|) ∂v2

(
(v1 − v2)p̃k(1,2)

)
= 0.
(4.15)
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Changing variables to centre of mass velocity v̄ = (m1v1 + m2v2)/(m1 + m2) and relative
velocity u = v2 − v1, this has characteristic equations

dx̃21
dτ = u, (4.16a)
dv̄
dτ = 0, (4.16b)
du
dτ = −(m1 +m2)ϕ (|x̃21|)u, (4.16c)

1
p̃k(1,2)

dp̃k(1,2)
dτ = (m1 +m2)ϕ (|x̃21|) . (4.16d)

Note that the first three characteristic equations are equivalent to the evolution equations for
the relative position, centre of mass velocity and relative velocity for two clusters under the
Cucker-Smale interaction. We note that these characteristic equations are very similar to those
in (2.71), except that we are now in one dimension and the RHS (4.16c) and (4.16d) has a
coefficient of m1 +m2 instead of 2. Following a similar analysis to that in §2.5, we find that
trajectories with incoming relative speed |u−| < (m1 + m2)Φ will cluster, while those with
|u−| ≥ (m1 +m2)Φ will not. As before, we have

Φ :=
∫ ∞

−∞
ϕ(|x|) dx (4.17)

in the one-dimensional case.
For non-clustering interactions, the relative velocity evolves through an interaction to

u+ = u− − (m1 +m2)Φ sgn(u−), (4.18)

the equivalent of (2.76). Combining this with the conservation of momentum, (4.16b), this
gives us the definition of the forwards velocity map (v∗

1, v
∗
2) = ψm1,m2(v1, v2) as

v∗
1 = v1 +m2Φ sgn(v2 − v1), v∗

2 = v2 −m1Φ sgn(v2 − v1), (4.19)

for incoming velocities where |v2 − v1| ≥ (m1 +m2)Φ. The reverse velocity map, (∗v1,
∗v2) =

ψ−1
m1,m2(v1, v2), can also be derived as

∗v1 = v1 −m2Φ sgn(v2 − v1), ∗v2 = v2 +m1Φ sgn(v2 − v1). (4.20)

From these we can calculate
∣∣∣Dψ−1

m1,m2

∣∣∣ = 1.
For clustering interactions, where |u−| < (m1+m2)Φ, the inner region trajectory approaches

a relative velocity of u+ = 0. Treating the two clusters now as a combined cluster and using
conservation of momentum and mass, we have the forwards maps, m′

1 = m1 +m2 and

v′
1 = λm1,m2(v1, v2) = m1v1 +m2v2

m1 +m2
, (4.21)

when |v2 − v1| < (m1 +m2)Φ. As in (3.24) define λ̂m1,m2,v2(v1) to be the partial evaluation of
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λm1,m2(v1, v2) at a specific value of v2. We can then define the inverse maps ′m1 = m1 −m2

and
′v1 = λ̂−1

m1−m2,m2,v2(v1) = m1v1 −m2v2
m1 −m2

. (4.22)

and from these, we can calculate∣∣∣Dλ̂−1
m1−m2,m2,v2

∣∣∣ = m1
m1 −m2

. (4.23)

Numerical model

Adding these maps to (4.5), we get our mass-binned discrete velocity model for the Cucker-Smale
interaction in one dimension:

|Ω|∂tPi,a

= − (µK − 1)
M∑
b=1

m̄a+m̄b≤N−µK+2

V∑
j=1

|v̄j − v̄i|Pi,aPj,b

+ (µK − 1)
M∑
b=1

m̄a+m̄b≤N−µK+2

V∑
j,k=1

(v̄j ,v̄k)∈R\Cm̄a,m̄b

|v̄k − v̄j | γv̄i(v̄k + m̄jΦ sgn(v̄k − v̄j))Pk,aPj,b

+ µK
2

M∑
b,c=1

m̄b+m̄c≤m̄a+1

V∑
j,k=1

(v̄j ,v̄k)∈Cm̄b,m̄c

|v̄k − v̄j | γv̄i

(
m̄kv̄k + m̄j v̄j
m̄c + m̄b

)
γm̄a(m̄c + m̄b)Pk,cPj,b

+
(
µK
2 − 1

)
Pi,a

M∑
b,c=1
m̄b+m̄c

≤N−m̄a−µK+3

V∑
j,k=1

(v̄j ,v̄k)∈Cm̄b,m̄c

|v̄k − v̄j |Pk,cPj,b.

(4.24)

As both the clustering and non-clustering interactions in this model cause the velocities to
move towards the mean velocity, the variance of the velocity distribution (and hence the
system energy) will reduce towards 0 over time, increasing the error caused by our velocity
discretisation. This problem is similar to that seen in inelastic Boltzmann models, for example,
in the granular materials literature (see [109] and [29] for summaries). Some solutions involve
modifying the system to include an anti-drift term or adding a heat bath such that the velocity
distribution reaches a steady state with non-zero variance. However, we do not consider these
here as we wish to model the Cucker-Smale interaction without modification. One option that
maintains the unmodified interaction is to use a similarity scaling of the velocity variables in
time. We will consider this in more detail for the higher dimensional model in Chapter 5.

For the one-dimensional case considered here, we use an adaptive velocity grid, halving
the grid size ∆v and the support of the discrete velocity distribution when there is negligible
probability mass remaining in the outer quarters. We assume we are modelling a system with a
mean velocity of 0 and have defined a grid symmetrical about 0 with the number of grid points
V divisible by 4. Given this setup, we define new grid points, bin edges and corresponding grid
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size as
v̄′
i = v̄i

2 , v
′− = v−

2 and ∆v′ = ∆v
2 ,

with the change occurring whenever

1
∆v

V/4∑
i=1

+
V∑

i=3V/4+1

 M∑
a=1

Pi,a(t) < 10−6. (4.25)

During these transitions, we define the new binned probabilities to split the probability of the
previous bin they now overlap with, i.e.:

P ′
i,a =


PV/4+(i+1)/2,a

2 i odd
PV/4+i/2,a

2 i even.

4.2. Finite-volume mean-field implementation

The mean-field model for a particle system with short-range interactions in the form of (3.63)
is given by (2.10), which in one dimension, is

∂tp(t;x1; v1) + v1∂x1p(t;x1; v1)

= −N − 1
ε

∂v1

(
p(t;x1; v1)

∫
Ω×R

H

(
x1 − x2

ε
, v1 − v2

)
p(t;x2; v2) dx2dv2

)
. (4.26)

Note that we have used p here in place of pN1 for consistency with the final reduced probability
obtained in the clustering short-range PDE model. For the Cucker-Smale model specifically,
this becomes

∂tp(t;x1; v1) + v1∂x1p(t;x1; v1)

= N − 1
ε

∂v1

(
p(t;x1; v1)

∫
Ω×R

ϕ

( |x1 − x2|
ε

)
(v1 − v2)p(t;x2; v2) dx2dv2

)
. (4.27)

Assuming spatial homogeneity, we have that

p(t; v1) :=
∫

Ω
p(t;x1; v1) dx1 = |Ω|p(t;x1; v1), (4.28)

which, upon substitution, gives

|Ω|∂tp(t; v1) = N − 1
ε

∫
Ω
ϕ

( |x1 − x2|
ε

)
dx2 ∂v1

(
p(t; v1)

∫
R
(v1 − v2) p(t; v2) dv2

)
. (4.29)

Changing variables to x̃21 = (x2 − x1)/ε and assuming ε is small relative to Ω we have∫
Ω
ϕ

( |x1 − x2|
ε

)
dx2 = ε

∫ ∞

−∞
ϕ (|x̃21|) dx̃21 = εΦ,
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where Φ is defined in (4.17). Substituting this and noting that p is normalised such that∫
R p(t; v2) dv2 = 1 we get:

|Ω|
Φ(N − 1)∂tp(t; v1) = ∂v1

(
v1 p(t; v1) − p(t; v1)

∫
R
v2 p(t; v2) dv2

)
. (4.30)

To derive the finite-volume numerical scheme, again take a uniform grid in velocity with
spacing ∆v and bin centres {vi, i ∈ 1, . . . , V }. Labelling the boundaries of the ith bin as v−

i

and v+
i we can define the mean probability density in bin i as

Pi(t) := 1
∆v

∫ v+
i

v−
i

p(t; v) dv. (4.31)

Note that this is a probability density as opposed to the binned probabilities defined for the
implementation of the kinetic model in (4.4), as it is more conventional to use this definition
for the finite volume scheme here. Integrating Equation (4.30) over bin i and separating the v2

integral into bins we get

|Ω|∆v
Φ(N − 1)

d
dtPi(t) = v+

i p(t; v+
i ) − v−

i p(t; v−
i ) − (p(t; v+

i ) − p(t; v−
i ))

V∑
j=1

vjPj∆v. (4.32)

To define the bin-boundary probabilities (p(t; v+
i ) and p(t; v−

i )) in terms of the set of Pi(t) we
use the upwind scheme:

p(t; v+
i ) → Pi+1 and p(t; v−

i ) → Pi for vi >
V∑
j=1

vjPj∆v

p(t; v+
i ) → Pi and p(t; v−

i ) → Pi−1 for vi <
V∑
j=1

vjPj∆v,
(4.33)

which is based on the fact that, for this system, probability mass moves inwards towards the
mean velocity. Implementing this scheme gives the full finite-volume scheme used for the
mean-field model:

|Ω|∆v
Φ(N − 1)

d
dtPi =

v
+
i Pi+1 − v−

i Pi − (Pi+1 − Pi)
∑V
j=1 vjPj∆v, vi >

∑V
j=1 vjPj∆v

v+
i Pi − v−

i Pi−1 − (Pi − Pi−1)∑V
j=1 vjPj∆v, vi <

∑V
j=1 vjPj∆v.

(4.34)

4.3. Comparison between models

4.3.1. Particle ODE simulations

Full particle simulations using the individual-based ODEs (e.g. (4.14) for the Cucker-Smale
model) are implemented for use as a base case when evaluating the accuracy of the PDE
models. The positions Xi ∈ Ω and velocities Vi ∈ R of each particle in the system are evolved
over time without any formal clustering introduced, i.e. groups of correlated particles are not
reduced to a cluster, and weakly clustered particles could be broken off by interactions with
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other particles. Results are computed using the Monte Carlo method, with initial velocities
and positions of particles sampled from their respective distributions before the ODE is evolved
deterministically. Output quantities and confidence intervals are computed from the aggregate
set of multiple simulations at each time point. For the experiments in this chapter, the spatial
domain Ω is the interval [0, |Ω|] with periodic boundary conditions.

To compute the outputs related to cluster distributions, empirical clusters were labelled
using the DBSCAN (density-based spatial clustering of applications with noise) algorithm, as it
best matches the mechanism by which we expect clusters to be formed under a short-ranged
interaction. This is implemented in Julia using the Clustering.jl package. With the DBSCAN

definition, two particles are considered to be in the same cluster if they are within a certain
distance of each other, given a prescribed metric. The connected components of the system as
a whole then determine the overall clusters. This means that not every pair of particles in a
cluster has to be within the prescribed distance; they simply have to be linked by a chain of
particles, each of which is sufficiently close to their neighbours.

To form the combined metric, we used the magnitude of the distance in X- and V -space
separately. More specifically, two particles were considered to be in a cluster together if their
velocities were within εv of each other and their positions were within εx of each other. For
the higher dimensional particle ODE simulations performed in Chapter 7, this is generalised
to separate 2-norms in X and V space, with tolerances εx and εv. These tolerance values
were tuned to produce reasonable clusters for each interaction, i.e. clusters should include all
particles moving in a highly correlated group, but shouldn’t include groups that later separate
without the influence of a third group. Generally, for the Cucker-Smale interaction, the specific
value of εx was selected based on the interaction kernel. For example, εx = 5 corresponds to
where the exponential kernel has approximate magnitude 0.01. The V -space tolerance was
then tuned to satisfy the aforementioned qualitative criteria. Simulations with values of εv that
were too small were seen to temporarily label particles as many small clusters when two larger
clusters combine, which is potentially undesirable as the fundamental process is simply the
joining of the two larger groups. Values of εv that were too large could sometimes tag small
groups of particles as one cluster when they are still moving relatively fast enough to separate.

Cluster velocity and mass distributions were computed by binning each cluster’s mass and
mean velocity (as labelled by DBSCAN) across the set of simulations onto histograms. These
are normalised by the total number of clusters across all simulations rather than normalised in
each simulation and added to avoid simulations with fewer clusters excessively influencing the
distribution. For example, the density of the cluster mass distribution between m1 and m2

could be approximated as

∫ m2

m1
p(t;m) dm ≈

Ns∑
i=1

ki(t)∑
j=1

1(m1 < Mj,i(t) < m2)

/(
Ns∑
i=1

ki(t)
)
,

where Ns is the number of simulations, ki(t) is the number of clusters in simulation i at time t,
Mj,i(t) is the mass of cluster j in simulation i at time t and 1 is an indicator function, equal to

85



1 if the condition is true and 0 otherwise. The mean number of clusters is approximated as

µK(t) ≈ 1
Ns

Ns∑
i=1

ki(t),

and the mean kinetic energy per particle is approximated as

E(t) ≈ 1
2NNs

Ns∑
i=1

N∑
j=1

|Vi,j |2,

where vi,j is the velocity of particle i in simulation j.

4.3.2. Exact clustering model

As full particle ODE simulations can be computationally expensive, we introduce a simplified
model, which treats interactions as discrete events occurring in zero time whenever two clusters
are at the same location. Specifically, the model tracks the positions Xi ∈ Ω = T1, velocities
Vi ∈ R and masses Mi ∈ {1, . . . , N} of clusters in a one-dimensional system. Initial values are
sampled from the respective initial distributions, and the system is evolved deterministically as
for the particle ODE simulations. The relative velocities and positions of each pair of adjacent
clusters determine which pair will be the next to reach the same location. At each step, the
clusters are labelled 1 to k based on their ordering spatially (i.e. such that Xj ≥ Xi if j > i)
and the time until each adjacent pair of particles would interact, given no other particles in the
system, is computed as

τi,i+1 :=


Xi+1−Xi

Vi−Vi+1
, i ∈ {1, . . . , k − 1}

X1+|Ω|−Xk

Vk−V1
, i = k.

A negative value of τi,i+1 means particles i and i + 1 are moving away from each other and
won’t be the first to interact (they would necessarily have to interact with other particles first
before meeting in the other direction as the system is one-dimensional). The minimum value of
τi,i+1 greater than or equal to 0 (but ignoring the pair of clusters that has just interacted if
they haven’t clustered together) is selected, as this means clusters i and i+ 1 will be the next
to interact, after time τi,i+1. Cluster positions are evolved as Xj + Vjτi,i+1 for j ∈ {1, . . . , k}
and the time is evolved to t+ τi,i+1. The new velocities and masses for the interacting particles
are computed for the Cucker-Smale model as in (4.19) and (4.21):

(Vi,Mi), (Vi+1,Mi+1) →


(Vi +Mi+1Φ sgn(Vi+1 − Vi),Mi), |Vi+1 − Vi| ≥ (Mi +Mi+1)Φ

(Vi+1 −MiΦ sgn(Vi+1 − Vi),Mi+1),(
MiVi+Mi+1Vi+1

Mi+Mi+1
,Mi +Mi+1

)
, (−,−), |Vi+1 − Vi| < (Mi +Mi+1)Φ,

(4.35)
where the dashes indicate that in a clustering interaction, one of the clusters is removed from
the system, and we take k → k − 1. The clusters are then relabelled based on their new spatial
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ordering, and the process is repeated for the next interaction.
This model can be considered equivalent to full particle ODE simulations in the limit

that the interaction range ε goes to 0. Any discrepancies between these two models will be
due to effects that are assumed small for small ε. For instance, in the particle simulations,
clusters have non-zero size extent, interactions are not strictly binary between clusters, and
higher-order interactions are possible between multiple clusters simultaneously.

4.3.3. Stochastic model

As a further approximation, we then consider a stochastic model that only tracks the velocities,
Vi, and masses, Mi, of clusters, assuming a spatially uniform distribution of clusters and not
tracking their positions directly. Given the one-dimensional periodic domain Ω = T1, the
relative distance a pair of clusters (assuming they have no spatial extent themselves) would
have to travel before they interact is between 0 and |Ω|. As such, the expected time until a
pair of clusters with velocities Vi and Vj interact, assuming a uniform spatial distribution and
ignoring other clusters in the system, is

τ̄i,j = |Ω|
2|Vi − Vj |

.

To model this system efficiently using the Gillespie stochastic simulation algorithm, we treat
the interactions between pairs of clusters as independent events and model the time until they
occur as exponentially distributed with rate parameters αi,j = 1/τ̄i,j . Due to the independence
of these interaction events and properties of the exponential distribution, the time until any
interaction happens is also exponentially distributed, with rate parameter

α =
k∑

i,j=1
j<i

αi,j .

At each time step in the Gillespie algorithm, we sample from this exponential distribution to
determine the time until the next interaction occurs and select which pair of clusters it was by
sampling over the relative proportion of the total rate they each represent αi,j/α. We then
evolve the masses and velocities of the clusters as in (4.35), which may involve removing one
cluster from the system if two clusters join to form a larger cluster. The interaction rates are
then recomputed using the new velocities post-interaction.

The removal of the spatial dynamics of the interaction rates represents the central additional
approximation made in this stochastic model above the exact clustering model. In a spatial
model, the interaction rates are not truly independent and, for example, clusters that have just
interacted are in the same spatial vicinity and might be more likely to interact again, and a pair
of clusters must necessarily interact before time |Ω|/(|Vi − Vj |) had elapsed. In this stochastic
model, the rates are reset after each interaction, and the independence of the interaction rates
encompasses a similar approximation to the Stosszahlansatz made in the PDE models.

The output quantities for the exact clustering and stochastic models are computed similarly
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to the particle ODE simulations, except that now we explicitly have the results in terms of
clusters rather than particles tagged as belonging to the same cluster. The mean kinetic energy
per particle is approximated for these models as the total kinetic energy of the system divided
by the number of particles, i.e.

E(t) ≈ 1
2NNs

Ns∑
i=1

ki(t)∑
j=1

Mi,j |Vi,j |2,

where Mi,j and Vi,j represent the mass and velocity of cluster j in simulation i, respectively.

4.4. Implementation

To perform the comparison, these models were implemented in Julia, which is suggested to
improve computational efficiency over interpreted languages common for similar applications
such as Python [8]. We have not implemented alternatives in Python for comparison, but
we did notice significant efficiency gains when the code was optimised for type-stability to
assist the compiler and minimise heap allocations (up to 10× speed improvement). The
experiments were performed on a machine running Linux Ubuntu with 6-core Intel® Core™
i5-8500 CPU@2.10GHz and 16GB RAM. The Parameters.jl and DrWatson.jl packages [36] are
used for parameter control and project organisation.

Time integration for the short-range PDE, mean-field model and particle ODE simulations
was performed using ODE solvers from the DifferentialEquations.jl package [93]. Specifically,
we tested several solver algorithms on the particle ODE simulations, including:

• BS5 - A Bogaki-Shampine 5/4th order Runge-Kutta method, suggested to have more
robust error control than Tsit5, an efficient equivalent to MATLAB’s ODE45.

• Vern7 - A 7/6th order Runge-Kutta method due to Verner, suggested as an efficient
replacement for MATLAB’s ODE113.

• OwrenZen5 - An Owren-Zennaro 5/4th order Runge-Kutta method with optimised inter-
polation behaviour.

• Rodas4 - A 4th order Rosenbrock method with 3rd order interpolant, stable when used
on stiff equations.

• DPRKN6 - A 6th order Runge-Kutta-Nyström method, used with an optimised solver
framework for second-order dynamical systems.

• Euler - A standard first-order forward Euler method considered for comparison.

Apart from the standard Euler method, all of these algorithms have adaptive time-step control
to meet pre-specified integration tolerances. Note that for the particle ODE simulations, we
manually bounded the adaptive time-step such that particles moving with the current maximum
relative velocity would move at most ε/5 relative to each other in one step. This was because
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we noted that if left unchecked, the adaptive algorithms would increase the time-step such that
particles would jump through their short-range interaction window and miss interactions.

The first three algorithms listed generally proved to be the most computationally efficient
when simulating the Cucker-Smale collective behaviour system. The Euler algorithm naturally
required significantly longer computation time to approach similar levels of accuracy, and
there did not appear to be a need for a stiff solver like Rodas4. Several of the algorithms, but
most notably the DPRKN6 within the DynamicalODEProblem second order framework, exhibited
spurious fluctuations in particle velocities when clustering was occurring at weaker integration
tolerances. In the Cucker-Smale model, the velocities of two particles within interaction range
should smoothly approach each other. The observed behaviour where velocities briefly rose
sharply near interactions could potentially be explained by an overshoot and correction process.
As they are similar methods, it would be expected that BS5, Vern7, and OwrenZen5 were
similarly efficient. OwrenZen5 was selected due to its optimised interpolation behaviour as the
default choice for the following experiments, as we wished to generate uniform time output for
analysis and visualisation.

Time integration for the short-range PDE model and the finite-volume mean-field model
was also performed using OwrenZen5. The interaction allocation proportions γv̄i(v̄∗

k), γv̄i(v̄′
k) and

γm̄a(m̄′
c), were pre-calculated for each discrete binned pair of interacting particles. Specifically,

for all (v̄k; m̄c) × (v̄j ; m̄b) with k, j ∈ {1, . . . , V } and c, b ∈ {1, . . . ,M}, the output velocities
and masses, (v̄∗

k; m̄c) and (v̄∗
j ; m̄b) if non-clustering, or (v̄′

k, m̄
′
c) if clustering, were calculated

for the Cucker-Smale interaction. For each output, e.g. (v̄′
k, m̄

′
c), i and a were determined

such that v̄i ≤ v̄′
k < v̄i+1 and m̄a ≤ m̄′

c < m̄a+1 and the allocation proportions γv̄i(v̄′
k) and

γm̄a(m̄′
c) calculated. Note that γv̄i+1(v̄′

k) and γm̄a+1(m̄′
c) can be calculated cheaply at runtime

and do not need to be stored. This significantly improved the computational efficiency of the
implementation at the cost of increased memory usage. The memory available generally limited
how fine the velocity grid could be taken.

The exact clustering and stochastic simulation models are both event-based and were
implemented directly in Julia.

4.5. PDE model evaluation

To evaluate the accuracy of the short-range PDE model and mean-field model against the set of
simulation models we perform numerical experiments using the one-dimensional Cucker-Smale
model for N particles with exponential interaction kernel, ϕ(X) = e−X :

Ẋi = Vi,

V̇i = 1
ε

N∑
j=1
j ̸=i

exp
(

−|Xi −Xj |
ε

)
(Vj − Vi). (4.36)

We take a periodic spatial domain with relative size |Ω|/ε = 400 and initial conditions: uniform
in space across the domain Ω, uniform in velocity over the domain [−20, 20] and monodisperse
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in mass (i.e. all particles start separately and not in clusters).
The exponential kernel is chosen as it is short-ranged and gives a finite value for Φ, namely

Φ =
∫ ∞

−∞
e−|x̃21| dx̃21 = 2,

which allows non-clustering interactions to occur in one-dimension. Power-law interaction
kernels are singular at |x̃21| = 0 and hence give infinite values for Φ, meaning no matter how
large the relative velocity of two particles, all interactions would cause clustering.

Inspection of specific particle ODE simulations suggested that for the exponential interac-
tion kernel DBSCAN clustering tolerances of εx = 5ε and εv = 0.1 label clusters in a way that
qualitatively matches what we expect. Preliminary tests of the short-range PDE model for the
Cucker-Smale model up to N = 1250 particles suggested that mass-binning with M = 25 bins
was sufficient to make the binning error small relative to the model error. Similarly, an initial
velocity grid spacing of ∆v = 0.2 (with grid halving when necessary as discussed at the end of
§4.1.2) appeared sufficiently precise while still allowing for computation within 16GB of RAM.
The mean-field model was computed with velocity grid spacing of ∆v = 0.01 as the velocity
distribution produced became significantly sharper than the short-range PDE model at later
times, necessitating a finer grid spacing. This finer grid was possible computationally as the
mean-field model does not track mass and is cheaper to compute.

Figure 4.1 shows the mean kinetic energy per particle, E, for each of the models considered
across a range of particle numbers from N = 2 to N = 1250. The top plot shows E against
scaled time t′, which is defined as

t′ = (N − 1)Φ
|Ω|

t,

which allows the comparison of models for different values of N . For clarity, the stochastic and
exact clustering models are not shown. The bottom plots show snapshots of all the models at
specific values of t′ across different values of N . Figure 4.2 shows the velocity distributions
produced from the models with N = 1250 particles at specific values of t′.

The values of the mean kinetic energy from the short-range PDE model (labelled as ‘PDE’
in the figure labels) appear to track those from the particle ODE simulations well for early times
but consistently underestimate the particle simulations at later times. Corresponding behaviour
is seen in the velocity distributions where the PDE model approximates the distribution from
the particle ODEs well at first, capturing the tail behaviour as the velocities reduce towards
0. However, at later times, the PDE velocity distribution can be seen to be much sharper
than the particle distribution, underestimating the velocities and the kinetic energy. There are
several possible approximations that the PDE model contains that could be contributing to
this discrepancy. First, the particles may become increasingly correlated over time, rendering
the Stosszahlansatz less valid. This effect may be particularly prevalent in the one-dimensional
system we are modelling, as there will be significant re-interaction of particles that have already
interacted and become correlated. Second, the Clusterzahlansatz may be breaking down if the
variation in conditional velocity distributions for different k becomes too wide. Third, there
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Figure 4.1.: Comparison of mean kinetic energy per particle, E, across different numbers
of initial particles N. Simulations are performed with a uniform initial velocity
condition with maximum velocity 20, an exponential interaction kernel and domain
size |Ω| = 400ε. The Finite-Volume PDE model is implemented with a maximum
of 25 linear-geometric mass grid points and an initial velocity discretisation of
∆v = 0.2 with grid halving implemented. The mean field values are the same for
all N and are not shown on the t′ = 20 plot. For clarity, the stochastic and exact
clustering models are not shown on the full time plot.
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Figure 4.2.: Cluster velocity distributions for a system with N = 1250 particles, uniform initial
velocity condition, exponential interaction kernel and domain size |Ω| = 400ε. The
full animated version can be found at https://figshare.com/s/422b260c1b8f1bce3ca0.

could be errors from approximating the clusters as points if ε is not small enough. Finally, the
PDE model allows particles to interact with a distribution of other potential particle velocities
(that would only be present in theory across a suite of simulations). At later times in any
individual particle ODE simulation, the particles all move in one cluster at the same velocity.
When considered as a distribution sampled over the uniform initial velocity condition, however,
this final cluster velocity is given by the mean velocity of the sample and would follow a normal
distribution due to the central limit theorem. At such a time, the PDE model may continue to
allow interactions, reducing the velocities toward 0 as it allows particles to interact with the
distribution of other velocities. However, the velocities in the particle simulations individually
may have stopped evolving. We will evaluate the effect of these possible error sources in more
detail throughout the remainder of this chapter.

The mean-field model accurately captures the initial slope of the decrease in E. However,
it continues to decrease at this rate when the rate of decrease in the short-range PDE and
particle models reduces, and is a much worse approximation than the short-range PDE model
at later times. This may be explained as the mean-field model does not have any mechanism for
capturing clustering behaviour, which would reduce the rate at which interactions occur and,
hence, reduce the rate of energy loss from the system. Corresponding results are seen in the
velocity distributions, where the mean-field model captures the rate at which the distribution
tails move inwards but misses the shape that the other models capture. At late times, the
mean-field velocity distribution becomes extremely sharp as there is no clustering mechanism
to slow the energy loss and approach toward the mean velocity.

The exact clustering model matches the particle ODE simulations well, both in mean
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kinetic energy and velocity distribution for the lower values of N . The discrepancy at higher
values of N is expected as the potential size of the clusters increases with the number of particles
(see Figure 4.4 for example size distributions). With more particles forming each cluster, they
will behave less like point objects in the particle ODE simulations and the discrepancy with the
exact clustering model will increase. However, this discrepancy is relatively small compared to
that observed for the other models.

The results from the stochastic model also match those from the particle simulations
and exact clustering model for lower values of N , but the velocity distribution variance and
mean kinetic energy are underestimated for larger values of N . This suggests that the local
spatial correlations have more of an effect when there are more particles in the system. It is
also possible that this is an effect of the increased spatial density of the particles; we have
increased the number of particles but kept the size of the spatial domain the same. In Chapter
7, we will consider varying the density and number of particles independently in the higher
dimensional model, but this remains an avenue for further investigation in the one-dimensional
case. Results from the stochastic and short-range PDE models become more consistent as N is
increased. This is expected as the effect of the PDE model averaging over the distribution of
possible realisations simultaneously should be reduced when there are more particles in any
one simulation.

Figure 4.3 shows the modelled predictions of the mean number of clusters, µK , across
different values of N and cluster number distributions for N = 50. The short-range PDE and
stochastic models both overestimate the number of clusters remaining in the system for all
values of N , with the PDE model overestimating by a greater extent. This is further evidence
that discrepancies are caused by local spatial correlations missed in both these models and
the averaging across realisations performed by the PDE model. These models allow the mean
kinetic energy to reduce too far by allowing non-clustering interactions to occur at a greater
rate than they would in any one instance of a spatial particle simulation, where more clustering
has occurred and the particles have less relative velocity. The cluster number distributions do
not appear to span the full range of k (and even with N = 1250, the variance remains relatively
small, see Figure B.2 in the appendix), which supports the use of the Clusterzahlansatz.

Figure 4.4 shows the corresponding mass-weighted cluster mass distributions for the
system with N = 1250 particles. At later times, once the mean cluster mass has increased, the
distributions from the stochastic and PDE models have greater numbers of smaller clusters,
consistent with the cluster number distributions and µK approximations. The exact clustering
model matches the cluster mass distribution of the particle ODE simulations well.
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Figure 4.3.: (a) Mean cluster number comparison across the number of initial particles, N , and
(b) Cluster number distribution for the system with N = 50. The parameters are as
in Figure 4.1. The mean-field model does not track cluster numbers and is not shown,
while the PDE model only tracks the mean number of clusters (shown as a vertical
line in (b)) after k is marginalised out using the Clusterzahlansatz. An animated
version of (b) can be found at https://figshare.com/s/ec4ec3b427db7caeadfc.
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Figure 4.4.: Mass-weighted cluster mass distributions for a system with N = 1250
particles, uniform initial velocity condition, exponential interaction kernel
and domain size |Ω| = 400ε. An animated version can be found at
https://figshare.com/s/422b260c1b8f1bce3ca0.

4.5.1. Mean-centred initial condition

Individual particle ODE, exact clustering and stochastic simulations have different mean
velocities, while the short-range PDE and mean-field models average across simulations, resulting
in a mean velocity of 0. To analyse this discrepancy, we now consider subtracting the mean
velocity from each simulation to match the mean of the PDE-based models. For a simulation of
particle ODE, exact clustering and stochastic models, we sample N velocities from a uniform
distribution with support [−20, 20] before subtracting the mean sample velocity. That is, the
initial particle velocities Vi(0) are computed as

Vi(0) = V̂i −
N∑
i=1

V̂i, (4.37)

where V̂i are samples from the uniform distribution. There is no closed-form expression for the
effective distribution from which these mean-centred velocities could have been drawn. Instead,
for the short-range PDE and mean-field models, we draw a large number of samples using
the process in (4.37) and bin these on a histogram to use as the initial velocity distribution:
p(t = 0; v;m = 1). Note that this distribution has a wider support than [−20, 20] in general, as
velocities near the edge of the domain can be moved further from 0 by subtracting the sample
mean if the mean has the opposite sign.

Figure 4.5 shows the mean kinetic energy per particle for all the models against scaled time,
t′, for different numbers of particles, N , with this mean-centred initial velocity distribution.
Figure B.3 in the appendix shows a comparison of velocity distributions at a selection of times
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Figure 4.5.: Comparison of mean kinetic energy per particle, E, across different numbers of
initial particles, N . Simulations are performed with initial velocities sampled
from a uniform distribution on [−20, 20] before subtracting each sample’s mean
velocity. The short-range PDE and mean-field models use an equivalent initial
distribution empirically derived from samples of this mean-centred initial condition.
All models use an exponential interaction kernel and domain size |Ω| = 400ε. The
short-range PDE model is implemented with a maximum of 25 linear-geometric
mass grid points and an initial velocity discretisation of ∆v = 0.1 with grid halving
implemented. The mean-field results are similar across all values of N and are
not shown on the t′ = 20 plot for clarity as they are too small. For clarity, the
stochastic and exact clustering models are not shown in the plot against time.
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for the two initial conditions. It can be seen that the discrepancies between the models follow
a similar pattern as for the tests without the mean-centred distributions. The exact clustering
model is still a good fit for the particle ODEs, and the short-range PDE model shows better
qualitative behaviour than the mean-field model over time but still has significant discrepancies
with results from the particle ODE models. The main difference, however, is that results from
the short-range PDE model and the stochastic model converge for much smaller values of N
than when the unmodified uniform velocity distribution was used. This is consistent with what
we expect, as by matching the mean velocities of all individual simulations, they should all be
approaching the same velocity distribution at later times. As such, the fact that the PDE model
averages across a distribution of multiple realisations should cause less discrepancy. However,
the fact that these two models still show significantly different results than the exact clustering
and particle ODE simulations suggests other error sources are still important, particularly the
local spatial correlations and independence that distinguish the exact clustering and stochastic
models. The cluster number and mass distributions only vary slightly when the mean-centred
initial condition is used and are not shown here.

4.5.2. Clusterzahlansatz evaluation

When taking the Clusterzahlansatz, we approximate the conditional distribution of velocity and
mass, given a certain number of clusters in the system, with the summed distribution where
the number of clusters has been marginalised, i.e. we assume p(t; v;m | k) ≈ p(t; v;m). To test
the accuracy of this assumption, we consider the k-conditional velocity and mass distributions
from the exact clustering model and compare them to the k-marginalised distribution. Plots of
these distributions for N = 250 particles are shown in Figure 4.6. The exact clustering model
was chosen instead of the full particle ODE simulations as it is much less expensive to compute,
and a very large number of simulations are required to produce reasonable velocity and mass
distributions for each value of k.

We first note that the cluster number distributions are quite low-variance compared to
the potential range of k from 1 to N . Only a small range of cluster numbers have significant
probability at any particular time t′. This supports the Clusterzahlansatz as it implies only
a limited range of k is relevant at any particular time. The k-marginalised cluster velocity
distributions appear to be a good approximation to the k-conditional velocity distributions at
all times for the relevant values of k. However, the k-conditional cluster mass distributions show
some discrepancy with the k-marginalised distribution at later times. This is to be expected
as, given a particular number of clusters k, the mean cluster mass should be N/k. Thus, for
later times when k is small compared to N , even a small variation in k will cause a significant
variation in N/k.

As such, this evidence suggests that, for the Cucker-Smale model considered, the Clus-
terzahlansatz is a reasonable approximation except for later times when the number of clusters
is small compared to the total number of particles. Combined with the comparison of model
discrepancies between experiments with uniform initial velocity distribution and mean-centred
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(a) t′ = 1

(b) t′ = 2

(c) t′ = 10

(d) t′ = 20

Figure 4.6.: Plots of the cluster number distribution, velocity distribution, and mass-weighted
cluster mass distribution for the exact clustering model of the Cucker-Smale
interaction with exponential interaction kernel and N = 50 particles. Distributions
with specific cluster numbers k with Pk ≥ 0.02 are shown in colour in the background
with cubic smoothing spline fits overlaid when necessary to approximate the
distributions that the simulations are converging to. The distributions with k
marginalised (that would be used to approximate the k-specific distributions if
the Clusterzahlansatz p(t; v;m | k) ≈ p(t; v;m) is taken) are shown as black dashed
lines. The approximation in velocity space appears reasonable, but the mass
approximation is less accurate at later times, as would be expected from the
different expected mean cluster masses: N/k.
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initial velocity distribution, this suggests that the primary source of error between the short-
range PDE models and the particle ODE simulations is the local spatial particle correlations
and Stosszahlansatz. As we would reasonably expect these correlations to be less significant
in higher dimensions where particles have more freedom to separate after interacting, we now
turn our attention to deriving a short-range PDE model in higher dimensions.
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5. Clustering short-range PDE model in higher

dimensions

We will take the base model for a particle system with short-range interactions and clustering
in higher dimensions to be the d-dimensional equivalent of the system (3.63), depicted in
Figure 3.5a. Specifically, we consider N indistinguishable particles, defined for t ≥ 0, by
positions Xi(t) ∈ Ω ⊂ Rd and velocities V i(t) ∈ Rd for i ∈ {1, . . . , N} that evolve through the
individual-based ODE model

Ẋi(t) = V i,

V̇ i(t) = 1
ε

N∑
j=1
j ̸=i

H

(
Xi − Xj

ε
,V i − V j

)
,

(5.1)

where the binary interaction term, H, is assumed to be short-ranged, satisfying

H(X,V ) = O(|X|−1−δ) as |X| → ∞. (5.2)

We assume periodic boundary conditions on a square domain, i.e. Ω ≡ Td.

5.1. Strong form kinetic PDE derivation

As for the one-dimensional case in §3.4, to derive our kinetic clustering model, we first define
an approximate ODE model using the point-cluster approximation. That is, we treat particles
that are highly correlated after an interaction as a single cluster with an internal property,
mass, representing the number of particles that it comprises. For a specific number of clusters
remaining (i.e. K(t) = k) the system is characterised by cluster positions Xi(t) ∈ Ω ≡ Td,
velocities V i(t) ∈ Rd and masses Mi(t) ∈ {1, . . . , N}, which evolve through

Ẋi(t) = V i,

V̇ i(t) = 1
ε

k∑
j=1
j ̸=i

MjH

(
Xi − Xj

ε
,V i − V j

)
,

(5.3)

for i ∈ {1, . . . , k}. System (5.3) is the d-dimensional equivalent of (3.66). A hierarchy of these
models is defined, one for each k ∈ {1, . . . , N}. As in the one-dimensional case (see Figure
3.5b), if two clusters of masses Mi and Mj are highly correlated after interacting, they are
replaced by a combined cluster with mass Mi +Mj and the number of clusters in the system
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reduces to k − 1. As this implies cluster mass is conserved, it follows we have ∑k
i=1Mi(t) = N .

Although the ODE model (5.3) is deterministic, as in §2.1.2, we consider the initial space
and velocity values of each particle to be independent and identically distributed samples from
chosen probability distributions. Similarly to the one-dimensional case, we define a hierarchy
of k-cluster probability distribution functions pk(t; x⃗k; v⃗k; m⃗k) with xi ∈ Ω ≡ Td, vi ∈ Rd,
and mi ∈ {1, . . . , N} for i ∈ {1, . . . , k} and k ∈ {1, . . . , N}, by averaging over these initial
conditions. These distributions are invariant under permutations of indices (i.e. relabelling
clusters), and pk is set to 0 for unphysical mass combinations. We take the monodisperse initial
condition for mass, i.e. there are N clusters of mass 1 at t = 0.

Considering the conservation of probability in an infinitesimal box in phase space, we have
the hierarchy of time evolution equations

∂tp
k +

k∑
i=1

vi · ∇xip
k + 1

ε

k∑
i,j=1
j ̸=i

∇vi ·
(
mjH ijp

k
)

=
k∑
i=1

qk(i), (5.4)

where
H ij := H

(
xi − xj

ε
,vi − vj

)
,

represents the short-range interaction effect on clusters i due to j and qk(i) is the source term
representing clusters produced at (xi; vi;mi) due to clustering in the (k + 1)-cluster equation.

5.1.1. Marginalisation

Again defining the cluster phase zi ≡ (xi; vi;mi), and the integration region

∫
D

dzi :=
N∑

mi=1

∫
Rd

∫
Ω

dxi dvi,

the single-cluster probability density is defined as

pk1(t; z1) =
∫

D(k−1)
pk(t; z1, . . . ,zk) dz2 . . . dzk.

Integrating (5.4) over z2 to zk and relabelling clusters using indistinguishability we get

∂tp
k
1 + v1 · ∇x1p

k
1 = − k − 1

ε

∫
D

∇v1 ·
(
m2H12p

k
2

)
+ ∇v2 ·

(
m1H21p

k
2

)
dz2

− (k − 1)(k − 2)
2ε

∫
D2

∇v2 ·
(
m3H23p

k
3

)
+ ∇v3 ·

(
m2H32p

k
3

)
dz2dz3

+
∫

D(k−1)
qk(1) dz2 . . . dzk

+ (k − 1)
∫

D(k−1)
qk(2) dz2 . . . dzk.

(5.5)

Following a similar argument to §3.3.1, assume we have a functional Czi,(j,s)
[
pk+1(t; z⃗k+1)

]
that represents the clustering flux of an interaction between particles with labels j and s (in a
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system with k + 1 clusters) that produces a cluster at zi. It then follows that,

qk(i)(t; z⃗k) =
k+1∑
j,s=1
j ̸=s

Czi,(j,s)
[
pk+1(t; z⃗k+1)

]
.

Given outgoing phase zi and one incoming phase zs, the other incoming phase zj is defined
through zj = ′zi ≡ (xi; ′vi;mi −ms), with ′vi = λ̂−1

mi−ms,ms,vs
(vi). The functional Czi,(j,s) will

be represented as an integral over zs as there is a range of incoming velocities that could map
to outgoing velocity vi in a clustering interaction.

A simple way to ensure we preserve the permutation invariance of the probability densities
is to allocate the clustering flux equally from clustering particles to output labels. Assuming
we have permutation invariance in pk+1, there are (k + 1)k/2 choices for the clustering pair
(j, s), each of which will produce equivalent flux. The factor of 1/2 is present as zs is a
dummy variable to be integrated over and zj is defined with respect to zi and zs, so Czi,(j,s)

is indistinguishable from Czi,(s,j). Without loss of generality, we choose j = i and s = k + 1.
There are k possible output labels to allocate over, so if we allocate an equal fraction of 1/k of
the flux to each, it follows that

qk(i)(t; z⃗k) = (k + 1)
2 Czi,(i,k+1)

[
pk+1(t; z⃗k+1)

]
.

From here, we will use the slight abuse of notation C(i,k+1) ≡ Czi,(i,k+1) to denote the clustering
flux produced at zi from pre-phases ′zi and zk+1. As C(i,k+1) will only involve an integral over
zk+1, we can marginalise the other phases when substituting to (5.5) giving

∂tp
k
1 + v1 · ∇x1p

k
1 = − k − 1

ε

∫
D

∇v1 ·
(
m2H12p

k
2

)
+ ∇v2 ·

(
m1H21p

k
2

)
dz2

− (k − 1)(k − 2)
2ε

∫
D2

∇v2 ·
(
m3H23p

k
3

)
+ ∇v3 ·

(
m2H32p

k
3

)
dz2dz3

+ k + 1
2 C(1,k+1)

[
pk+1

2 (t; ′z1, zk+1)
]

+ (k − 1)(k + 1)
2

∫
D

C(2,k+1)
[
pk+1

3 (t; z1,
′z2, zk+1)

]
dz2.

(5.6)

As zk+1 is a dummy variable, we can replace C(1,k+1)
[
pk+1

2 (t; ′z1, zk+1)
]

with C(1,2)
[
pk+1

2 (t; ′z1, z2)
]

in the third RHS term and make an equivalent replacement but with C(2,3) in the final RHS
term.

5.1.2. Matched asymptotic expansion

As in the one-dimensional case, we consider the inner region where |x1 − x2| ∼ ε, representing
the region where clusters 1 and 2 are within interaction range. Note that the specific selection
of clusters 1 and 2 is without loss of generality as the clusters are indistinguishable under
relabelling. We define inner variables x̃1 := x1 and x̃21 := (x2 − x1)/ε, and the corresponding
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inner probability density as p̃k(1,2)(t; x̃1, x̃21,x3, . . . ,xk; v⃗k; m⃗k). Considering (5.4) in terms of
these inner variables, the leading-order equation is

(v2 − v1) · ∇x̃21 p̃
k
(1,2) + ∇v1 ·

(
m2H (−x̃21,v1 − v2) p̃k(1,2)

)
+ ∇v2 ·

(
m1H (x̃21,v2 − v1) p̃k(1,2)

)
= 0. (5.7)

Note that we could equivalently define the marginalised probability p̃k2(1,2)(t; x̃1, x̃21; v1,v2;m1,m2)
in terms of these inner variables, and this would satisfy the same leading-order equation (5.7),
as none of the marginalised variables are present. Substituting (5.7) to the first RHS term in
(5.6), we get

(k − 1)
ε

∫
D

(v2 − v1) · ∇x̃21 p̃
k
2(1,2) dz2 = εd−1(k − 1)

∫
D̃

(v2 − v1) · ∇x̃21 p̃
k
2(1,2) dz̃2,

where we have changed to inner variables and defined the shorthand z̃2 ≡ (x̃21; v2;m2), with
integration region ∫

D̃
dz̃i :=

N∑
mi=1

∫
Rd

∫
Rd

dx̃i(i−1) dvi.

Performing the same manipulation on the second RHS term with an equivalent inner region
between clusters 2 and 3, the time evolution equation becomes

∂tp
k
1 + v1 · ∇x1p

k
1 = εd−1(k − 1)

∫
D̃

(v2 − v1) · ∇x̃21 p̃
k
2(1,2) dz̃2

+ εd−1 (k − 1)(k − 2)
2

∫
D̃

∫
D

(v3 − v2) · ∇x̃32 p̃
k
3(2,3) dz2dz̃3

+ k + 1
2 C(1,2)

[
pk+1

2 (t; ′z1, z2)
]

+ (k − 1)(k + 1)
2

∫
D

C(2,3)
[
pk+1

3 (t; z1,
′z2, z3)

]
dz2.

(5.8)

Using the divergence theorem and writing out the integration variables fully, the first RHS
term in (5.8) becomes

εd−1(k − 1) lim
R→∞

N∑
m2=1

∫
Rd

∫
Sd−1

R

p̃k2(1,2) (v2 − v1) · dSx̃21 dv2, (5.9)

where Sx̃21 is a surface element of the sphere Sd−1
R . Following the same x̃21 integral manipula-

tions as from (2.16) to (2.18), (5.9) becomes

εd−1(k − 1)
N∑

m2=1

∫
Rd

∫
Sd−2

∫ ∞

0

[
|v2 − v1| p̃k2(1,2)(t; x̃1, x̃

+
21; v1,v2)

− |v2 − v1| p̃k2(1,2)(t; x̃1, x̃
−
21; v1,v2)

]
rd−2 dr dξd−2 dv2, (5.10)

where again r is the impact parameter, ξd−2 is a surface element of the sphere Sd−2, and x̃+
21

and x̃−
21 are the outgoing and incoming trajectories corresponding to the same point on the
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interaction cross-section, respectively (see Figure 2.1).
As in the one-dimensional case, in the outer region, clusters are independent to leading

order, meaning matching this inner solution to the outer region (following (2.19)) would
be equivalent to assuming the two clusters in question are uncorrelated. Again, making
Boltzmann’s Stosszahlansatz, we can only reasonably assume this for clusters entering the
inner region and approaching an interaction, as those leaving the inner region will have just
interacted and hence be correlated. We, thus, must map the outgoing trajectories back to
their corresponding incoming trajectories so that we can match with the outer solution and
produce a closed equation. Consider a trajectory that enters the inner region with coordinates
(x̃1, x̃

−
21; v−

1 ,v
−
2 ,m1,m2) and leaves with coordinates (x̃1, x̃

+
21; v+

1 ,v
+
2 ;m1,m2). Following a

similar analysis of the characteristics of the inner equation (5.7) to §3.4, we have that

|v−
2 − v−

1 | −pk2(1,2)(t; x̃1, x̃
−
21; v−

1 ,v
−
2 ,m1,m2)

∣∣∣Dψ−1
m1,m2,r

∣∣∣
= |v+

2 − v+
1 | +pk2(1,2)(t; x̃1, x̃

+
21; v+

1 ,v
+
2 ;m1,m2), (5.11)

where we have defined the probability density at the incoming trajectory as −pk2(1,2) and the
density at the outgoing trajectory as +pk2(1,2). In this higher-dimensional case, the map from
outgoing to incoming velocities in the inner region is given by ψ−1

m1,m2,r(v
+
1 ,v

+
2 ) = (v−

1 ,v
−
2 ),

and depends on the interaction H (not shown explicitly), particles masses m1 and m2, and
the impact parameter r. Note that we have implicitly used the Galilean invariance of the
two-particle interactions such that the only extra parameter determining the interaction map
in d dimensions is r. Inserting (5.11) into (5.10) and matching with the outer velocity variables
defined there, we get

εd−1(k − 1)
N∑

m2=1

∫
Rd

∫
Sd−2

∫ ∞

0

[
|∗v2 − ∗v1| −pk2(1,2)(t; x̃1,

∗x̃21,
∗v1,

∗v2,m1,m2)
∣∣∣Dψ−1

m1,m2,r

∣∣∣
− |v2 − v1| −pk2(1,2)(t; x̃1, x̃21,v1,v2,m1,m2)

]
rd−2 dr dξd−2 dv2, (5.12)

where (∗v1,
∗ v2) = ψ−1

m1,m2,r(v1,v2) are the incoming velocities corresponding to outgoing
velocities (v1,v2), ∗x̃21 is the incoming position corresponding to x̃21 and the − superscript
is left on −pk2(1,2) to indicate that both densities are now evaluated at incoming coordinates.
Expanding the outer solution in inner variables, we have

pk2(t; z1, z2) = pk1(t; z1)pk1(t; z2)δ12 +O(ε),

(see (2.19)) where the δ12 ≡ δ(x1 − x2) indicates, to leading order, the particles can be assumed
to have the same spatial location. As such, following (3.49), we can define the mass-restricted
Stosszahlansatz in the d-dimensional case as

−pk2(t; z1, z2)δ12 =


1

Pk(t)
pk1(t; z1)pk1(t; z2)δ12, m1 +m2 ≤ N − k + 2

0, otherwise,
(5.13)
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where, as before, the mass restriction m1 +m2 ≤ N −m1 − k + 2 ensures conservation of mass
can be satisfied. Substituting this assumption, (5.12) becomes

εd−1 (k − 1)
Pk

N−m1−k+2∑
m2=1

∫
Rd

∫
Sd−2

∫ ∞

0

[
|∗v2 − ∗v1| pk1(t; ∗z1) pk1(t; ∗z2)δ12

∣∣∣Dψ−1
m1,m2,r

∣∣∣
− |v2 − v1| pk1(t; z1) pk1(t; z2)δ12

]
rd−2 dr dξd−2 dv2, (5.14)

where we have used the shorthand ∗z1 ≡ (x1;∗ v1;m1). As ψ−1
m1,m2,r is independent of ξd−2, we

can collapse the dξd−2 integral, giving

εd−1
∣∣∣Sd−2

∣∣∣ (k − 1)
Pk

N−m1−k+2∑
m2=1

∫
Rd

∫ ∞

0

[
|∗v2 − ∗v1| pk1(t; ∗z1) pk1(t; ∗z2)δ12

∣∣∣Dψ−1
m1,m2,r

∣∣∣
− |v2 − v1| pk1(t; z1) pk1(t; z2)δ12

]
rd−2 dr dv2. (5.15)

Performing similar modifications to the second RHS term in (5.8), it becomes

εd−1
∣∣∣Sd−2

∣∣∣ (k − 1)(k − 2)
2(Pk)2 pk1(t; z1)

N∑
m2,m3=1
m2+m3≤

N−m1−k+2

∫
Rd×Rd

∫
Ω

∫ ∞

0

(
|∗v3 − ∗v2| pk1(t; ∗z2)

× pk1(t; ∗z3)δ23
∣∣∣Dψ−1

m2,m3,r

∣∣∣− |v3 − v2| pk1(t; z2) pk1(t; z3)δ23
)
rd−2 dr dx2 dv2dv3. (5.16)

In assuming ψ has a well-defined inverse, we are implicitly assuming the interaction H is
such that for every outgoing set of velocities (v1,v2) and impact parameter r, we can define
corresponding incoming velocities (∗v1,

∗ v2). This is the case for many commonly studied
interactions, even those that cause clustering. However, as H is a clustering interaction, we
cannot assume that every combination of incoming velocities (v1,v2) and impact parameter r
has a corresponding set of outgoing velocities, as some trajectories will stay in the inner region
(this is the reason for the final two terms in (5.8)). We will instead assume the interaction H

is such that for a given set of incoming velocities (v1,v2) and masses (m1,m2), there exists
an impact parameter r∗, such that interactions with r < r∗ will be clustering interactions and
those with r > r∗ will be non-clustering. We will write this bounding impact parameter as
r∗
m1,m2(|v2 − v1|) to show its dependence on the incoming velocities and masses.

If we consider the first term in the integrand of (5.16) and change integration variables
from (v2,v3) to (∗v2,

∗v3) the integral becomes

N∑
m2,m3=1
m2+m3≤

N−m1−k+2

∫
Rd×Rd

∫
Ω

∫
Sd−2

∫ ∞

r∗
m2,m3 (|∗v3−∗v2|)

|∗v3 − ∗v2| pk1(t; ∗z2) pk1(t; ∗z3)

× δ23r
d−2 dr dξd−2 dx2 d∗v2d∗v3, (5.17)

as the Jacobian is absorbed in the change of variables and only trajectories with impact
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parameter r > r∗
m2,m3(|∗v3 − ∗v2|) will be reached by the pre-image. If r were smaller, the

interaction would have caused clustering, and there would be no outgoing trajectory. If we
change the dummy velocity variables to (v2,v3), this will then cancel with part of the second
integrand term in (5.16), meaning the full term then becomes

− εd−1
∣∣∣Sd−2

∣∣∣ (k − 1)(k − 2)
2(Pk)2 pk1(t; z1)

N∑
m2,m3=1
m2+m3≤

N−m1−k+2

∫
Rd×Rd

∫
Ω

∫ r∗
m2,m3 (|v3−v2|)

0
|v3 − v2|

× pk1(t; z2) pk1(t; z3)δ23r
d−2 dr dx2 dv2dv3. (5.18)

To ensure the probability flux that does not leave the inner region in a clustering interaction
is conserved, we allocate flux from the clustering interactions in the k + 1 equation as a source
term in the k equation. Specifically we consider C(1,2)

[
pk+1

2 (t; ′z1, z2)
]
, defined in §5.1.1 to

be the source clustering flux produced at z1 ≡ (x1; v1;m1) in the k-equation from clusters
with pre-phases at ′z1 ≡ (x1; ′v1;m1 −m2) and z2 ≡ (x1; v2;m2) in the k + 1 equation. Define
λm1−m2,m2,r(′v1,v2) = v1 to be the map from incoming to clustered velocities, with partial
inverse λ̂−1

m1−m2,m2,v2,r(v1) = ′v1 defined similarly to as in (3.24). Following a similar process
to §3.4, and using similar d-dimensional integral modifications to those used in deriving (5.10),
we have that

C(1,2)
[
pk+1

2 (t; ′z1, z2)
]

= 1
Pk+1

m1−1∑
m2=1

∫
Rd

∫
Sd−2

∫ r∗
m1−m2,m2

(|′v1−v2|)

0
|′v1 − v2|

× pk+1
1 (t; ′z1) pk+1

1 (t; z2)
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ rd−2 dr dξd−2 dv2, (5.19)

where we have already mapped the incoming particle phases to outer variables using the
Stosszahlansatz. The Jacobian, Dλ̂−1, once again represents the change in the density of
a bundle of trajectories when mapping from v1 to ′v1. Assuming also that the clustering
interaction is independent of orientation, we can collapse the dξd−2 integral to give

C(1,2)
[
pk+1

2 (t; ′z1, z2)
]

=

∣∣∣Sd−2
∣∣∣

Pk+1

m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|′v1−v2|)

0
|′v1 − v2|

× pk+1
1 (t; ′z1) pk+1

1 (t; z2)
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ rd−2 dr dv2. (5.20)

For the final term in (5.8), we then have that∫
D

C(2,3)
[
pk+1

3 (t; z1,
′z2, z3)

]
dz2

=

∣∣∣Sd−2
∣∣∣

(Pk+1)2 p
k+1
1 (t; z1)

N−m1−k+1∑
m2=1

m2−1∑
m3=1

∫
Rd×Rd

∫
Ω

∫ r∗
m2−m3,m3

(|′v2−v3|)

0
|′v2 − v3|

× pk+1
1 (t; ′z2) pk+1

1 (t; z3)
∣∣∣Dλ̂−1

m2−m3,m3,v3,r

∣∣∣ rd−2 dr dx2 dv2dv3. (5.21)
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Changing integral and sum variables, we can then express this as∫
D

C(2,3)
[
pk+1

3 (t; z1,
′z2, z3)

]
dz2

=

∣∣∣Sd−2
∣∣∣

(Pk+1)2 p
k+1
1 (t; z1)

N∑
m2,m3=1
m2+m3

≤N−m1−k+2

∫
Rd×Rd

∫
Ω

∫ r∗
m2,m3 (|v2−v3|)

0
|v2 − v3|

× pk+1
1 (t; z2) pk+1

1 (t; z3)rd−2 dr dx2 dv2dv3. (5.22)

Substituting results from (5.15), (5.18), (5.20) and (5.22) into (5.8), the full time-evolution
equation becomes

1
εd−1 |Sd−2|

(
∂tp

k
1(t; z1) + v1 · ∇x1p

k
1(t; z1)

)
= (k − 1)

Pk

N−m1−k+2∑
m2=1

∫
Rd

∫ ∞

0

[
|∗v2 − ∗v1| pk1(t; ∗z1) pk1(t; ∗z2)δ12

∣∣∣Dψ−1
m1,m2,r

∣∣∣
− |v2 − v1| pk1(t; z1) pk1(t; z2)δ12

]
rd−2 dr dv2

+ k + 1
2Pk+1

m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − ′v1|

× pk+1
1 (t; ′z1) pk+1

1 (t; z2)δ12
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ rd−2 dr dv2

− (k − 1)(k − 2)
2(Pk)2 pk1(t; z1)

N∑
m2,m3=1
m2+m3

≤N−m1−k+3

∫
Rd×Rd

∫
Ω

∫ r∗
m2,m3 (|v3−v2|)

0

[
|v3 − v2|

× pk1(t; z2) pk1(t; z3)δ23
]
rd−2 dr dx2 dv2dv3

+ (k − 1)(k + 1)
2(Pk+1)2 pk+1

1 (t; z1)
N∑

m2,m3=1
m2+m3

≤N−m1−k+2

∫
Rd×Rd

∫
Ω

∫ r∗
m2,m3 (|v3−v2|)

0

[
|v3 − v2|

× pk+1
1 (t; z2) pk+1

1 (t; z3)δ23
]
rd−2 dr dx2 dv2dv3.

(5.23)

5.1.3. A note on cutoff interactions

As discussed in §2.2.1, it is well-known in the Boltzmann equation literature that it is not
possible to define an integrable cross-section for an interaction that is not compactly supported,
even if it is short-ranged (see for instance [52] §8.3.4, or [108] Chapter 1, §1.4). This is described
as being a result of the large numbers of ‘grazing’ collisions: interactions with large impact
parameters where the particles are hardly deviated. In our formulation, this manifests itself
as the fact that the two integrand terms in the first RHS term of (5.23) are not integrable
separately as r → ∞. If we wish to separate these terms and treat them as individual interaction
operators, we need to restrict the dr interval with a cutoff impact parameter rc. Given our

107



interaction H(x,v) is short-ranged (scaling as O(|x|−d−δ) with δ > 0 as |x| → ∞), we have
that the integrand

|∗v2 − ∗v1| pk1(t; ∗z1) pk1(t; ∗z2)δ12
∣∣∣Dψ−1

m1,m2,r

∣∣∣− |v2 − v1| pk1(t; z1) pk1(t; z2)δ12

scales as O(r−1−δ) as r → ∞, which means the error from introducing the cutoff will be O(r−δ
c ).

In practice, we will often take rc → ∞ in any case when computing this integral, as then there
is no contribution from the upper limit.

5.1.4. Number density

Define the cluster number density as the number of clusters in the system multiplied by the
probability density that each cluster has position x, velocity v and mass m, i.e.

nk1(t,x,v,m) := kpk1(t,x,v,m). (5.24)

From this define the k-marginalised number density, by summing over k:

n(t,x,v,m) =
N∑
k=1

nk1(t,x,v,m) =
N∑
k=1

kpk1(t,x,v,m). (5.25)

Note that we have dropped the subscript 1 in the k-marginalised number density for clarity
and consistency with the Boltzmann equation literature, as this will be our main density used
in the analysis from here on. We also drop the subscript in the k-marginalised probability
density, defined as

p(t,x,v,m) =
N∑
k=1

pk1(t,x,v,m).
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Multiplying (5.23) by k and summing over k, we get

1
εd−1 |Sd−2|

(
∂t

N∑
k=1

kpk1(t; z1) + v1 · ∇x1

N∑
k=1

kpk1(t; z1)
)

=
N∑
k=2

k
k(k − 1)
Pk

N−m1−k+2∑
m2=1

∫
Rd

∫ rc

0

[
|∗v2 − ∗v1| pk1(t; ∗z1) pk1(t; ∗z2)δ12

∣∣∣Dψ−1
m1,m2,r

∣∣∣
− |v2 − v1| pk1(t; z1) pk1(t; z2)δ12

]
rd−2 dr dv2

+
N−1∑
k=1

k(k + 1)
2Pk+1

m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − ′v1|

× pk+1
1 (t; ′z1) pk+1

1 (t; z2)δ12
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ rd−2 dr dv2

−
N∑
k=3

k(k − 1)(k − 2)
2(Pk)2 pk1(t; z1)

N∑
m2,m3=1
m2+m3

≤N−m1−k+3

∫
Rd×Rd

∫
Ω

∫ r∗
m2,m3 (|v3−v2|)

0

[
|v3 − v2|

× pk1(t; z2) pk1(t; z3)δ23
]
rd−2 dr dx2 dv2dv3

+
N−1∑
k=2

k(k − 1)(k + 1)
2(Pk+1)2 pk+1

1 (t; z1)
N∑

m2,m3=1
m2+m3

≤N−m1−k+2

∫
Rd×Rd

∫
Ω

∫ r∗
m2,m3 (|v3−v2|)

0

[
|v3 − v2|

× pk+1
1 (t; z2) pk+1

1 (t; z3)δ23
]
rd−2 dr dx2 dv2dv3.

(5.26)

Changing the dummy variables of the second and fourth RHS terms from k to k′ = k + 1, the
third and fourth RHS terms (representing the three-particle products) cancel to give

1
εd−1 |Sd−2|

(∂tn(t; z1) + v1 · ∇x1n(t; z1))

=
N∑
k=2

k(k − 1)
Pk

N−m1−k+2∑
m2=1

∫
Rd

∫ rc

0

[
|∗v2 − ∗v1| pk1(t; ∗z1) pk1(t; ∗z2)δ12

∣∣∣Dψ−1
m1,m2,r

∣∣∣
− |v2 − v1| pk1(t; z1) pk1(t; z2)δ12

]
rd−2 dr dv2

+
N∑
k=2

k(k − 1)
2Pk

m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − ′v1|

× pk1(t; ′z1) pk1(t; z2)δ12
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ rd−2 dr dv2.

(5.27)

5.1.5. Clusterzahlansatz

To close this equation, we must define a relationship between n and pk1. In the one-dimensional
case, we defined the Clusterzahlansatz, assuming pk1(t; z | k) ≈ p(t; z). Applying this to the
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definition of n, we get

n(t; z1) =
N∑
k=1

kpk1(t; z1) =
N∑
k=1

kPkp1(t; z1 | k)

≈ p(t; z1)
N∑
k=1

kPk = µKp(t; z1),
(5.28)

where again we have defined µK = ∑N
k=1 kPk: the expected number of clusters in the system.

Using another instance of the Clusterzahlansatz, we can express the product cluster probabilities
of (5.27) in terms of n through

pk1(t; z1) pk1(t; z2) = (Pk)2p1(t; z1 | k)p1(t; z2 | k)

≈ (Pk)2p(t; z1) p(t; z2)

≈
(
Pk
µK

)2
n(t; z1)n(t; z2).

(5.29)

This same manipulation applies to the other instances with modified z arguments. Substituting
this result into (5.27), we get

1
εd−1 |Sd−2|

(∂tn+ v1 · ∇x1n)

= 1
(µK)2

N∑
k=2

k(k − 1)Pk
N−m1−k+2∑

m2=1

∫
Rd

∫ rc

0

[
|∗v2 − ∗v1| ∗n ∗n(2)

∣∣∣Dψ−1
m1,m2,r

∣∣∣
− |v2 − v1|nn(2)

]
rd−2 dr dv2

+ 1
2(µK)2

N∑
k=2

k(k − 1)Pk
m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − ′v1| ′nn(2)

×
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ rd−2 dr dv2.

(5.30)

where we have introduced the shorthand n ≡ n(t; x1; v1;m1), n(2) ≡ n(t; x1; v2;m2), ∗n ≡
n(t; x1; ∗v1;m1), and ′n ≡ n(t; x1; ′v1; ′m1) = n(t; x1; ′v1;m1 −m2). If we replace k with ⌊µK⌋
in the upper limit of the m2 sum of the first RHS term, all the k dependence is in the factor

N∑
k=2

k(k − 1)Pk = µK2 − µK ,

where µK2 = ∑N
k=1 k

2Pk is the expected value of K2. Defining the coefficient

ΛK(t) := µK2(t) − µK(t)
(µK(t))2 = 1 + σ2

K(t) − µK(t)
(µK(t))2 , (5.31)
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where σ2
K(t) is the variance of the K distribution, we can write the closed strong form of our

short-range PDE clustering model:

1
εd−1 |Sd−2|

(∂tn+ v1 · ∇x1n)

= ΛK
N−m1−µK+2∑

m2=1

∫
Rd

∫ rc

0

[
|∗v2 − ∗v1| ∗n ∗n(2)

∣∣∣Dψ−1
m1,m2,r

∣∣∣− |v2 − v1|nn(2)
]
rd−2 dr dv2

+ 1
2ΛK

m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − ′v1| ′nn(2)

∣∣∣Dλ̂−1
m1−m2,m2,v2,r

∣∣∣ rd−2 dr dv2,

(5.32)

where (∗v1,
∗v2) = ψ−1

m1,m2,r(v1,v2) and ′v1 = λ̂−1
m1−m2,m2,v2,r(v1). As will be seen in the

derivation of the weak form in §5.2.1, this model conserves total cluster mass and any quantity
conserved in both clustering and non-clustering interactions. We can define it in operator form
as

1
εd−1 |Sd−2|

(∂tn+ v1 · ∇x1n) = QI(n, n) +Q+
C(n, n) (5.33)

where QI(n, n) is the first RHS term in (5.32), representing the trajectories that enter and leave
the inner region at infinity, and Q+

C(n, n) is the second RHS term in (5.32), representing the
probability produced by clustering interactions. We can also split QI(n, n) into three operators
representing different interactions. Defining the non-clustering gain,

Q+
NC(n, n) = ΛK

N−m1−µK+2∑
m2=1

∫
Rd

∫ rc

0
|∗v2 − ∗v1| ∗n ∗n(2)

∣∣∣Dψ−1
m1,m2,r

∣∣∣ rd−2 drdv2, (5.34)

non-clustering loss,

Q−
NC(n, n) = ΛK

N−m1−µK+2∑
m2=1

∫
Rd

∫ rc

r∗
m1,m2 (|v2−v1|)

|v2 − v1|nn(2)r
d−2 drdv2, (5.35)

and clustering loss,

Q−
C(n, n) = ΛK

N−m1−µK+2∑
m2=1

∫
Rd

∫ r∗
m1,m2 (|v2−v1|)

0
|v2 − v1|nn(2)r

d−2 drdv2. (5.36)

operators, we can write

QI(n, n) = Q+
NC(n, n) −Q−

NC(n, n) −Q−
C(n, n).

As discussed in §2.2 and §2.3, it is common for Boltzmann-style kinetic equations to
parameterise the interaction operators in terms of one of the unit vectors σ or ω related to the
deviation angle θ. We have chosen, however, to keep these interaction operators as integrals
over the impact parameter r as, for general clustering interactions, we are not guaranteed there
will be a well-defined, monotonically increasing map between r and θ.
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5.1.6. Cluster number distribution

The most direct way to compute the coefficient ΛK is to approximate the evolution of the
full cluster number distribution. We can do this by marginalising out the position, mass and
velocity arguments from (5.23): the evolution equation before we summed over k. Specifically,
integrating (5.23) over x and v, summing over m and following similar steps to simplify as in
the one-dimensional case (see §A.4), we get

1
εd−1 |Sd−2|

dPk
dt = − k(k − 1)

2Pk

N∑
m1,m2=1
m1+m2

≤N−k+2

∫
Rd×Rd

∫
Ω

∫ r∗
(1,2)

0
|v1 − v2| pk1pk1(2)r

d−2 dr dx1 dv1dv2

+ (k + 1)k
2Pk+1

N∑
m1,m2=1
m1+m2

≤N−k+1

∫
Rd×Rd

∫
Ω

∫ r∗
(1,2)

0
|v1 − v2| pk+1

1 pk+1
1(2)r

d−2 dr dx1 dv1dv2,

(5.37)

where we use the similar shorthand pk1(2) ≡ pk1(t; x1; v2;m2) and introduce the shorthand
r∗

(1,2) ≡ r∗
m1,m2(|v2 − v1|). Using the Clusterzahlansatz and the same modifications as (5.29),

we can express the RHS in terms of n as

1
εd−1 |Sd−2|

dPk
dt = − k(k − 1)

2(µK)2 Pk

N∑
m1,m2=1
m1+m2

≤N−k+2

∫
Rd×Rd

∫
Ω

∫ r∗
(1,2)

0
|v1 − v2|nn(2)r

d−2 dr dx1 dv1dv2

+ (k + 1)k
2(µK)2 Pk+1

N∑
m1,m2=1
m1+m2

≤N−k+1

∫
Rd×Rd

∫
Ω

∫ r∗
(1,2)

0
|v1 − v2|nn(2)r

d−2 dr dx1 dv1dv2.

(5.38)

In a numerical implementation of this model, we could then evolve the set of Pk(t) in a separate
half-step using the current value of n(t; x1; v1;m1) before using the set of Pk(t) to approximate
σ2
K(t) and hence ΛK(t), allowing us to evolve n using (5.32).

5.1.7. Scaling

We now consider how the time scale of the system changes when we change key parameters
such as the number of particles, the velocity of particles, or the size of the spatial domain
relative to the interaction length scale. As the integral of the number density is the mean
number of clusters:

N∑
m=1

∫
Ω

∫
Rd
n(t; x; v;m) dv dx = µK(t),

to normalise to a probability density we could scale n with µK(t). However, as µK(t) is time-
dependent, this scaling would introduce other terms through the time derivative, complicating
the equation. Note that as n = µKp (see (5.28)), this normalised number density is equivalent
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to the probability density p we used earlier. The extra terms arising from the time derivative
would be equivalent to the three-cluster terms that cancelled in (5.27) when we changed
variables to n. As such, we scale n by N , defining n̂ := n/N , as N is time independent and µK
scales with N .

If we consider the spatially uniform case, marginalising out x we get

n(t; v;m) =
∫

Ω
n(t; x; v;m) dx = |Ω|n(t; x; v;m). (5.39)

Define velocity and time scales through v = v̄ v̂ and t = τ t̂, where v̄ is a representative speed
given the initial condition and τ the time scale to be determined. With this velocity scale, the
number density would scale as n̂(t; v̂,m) = |Ω|n(t; x; v;m)/(Nv̄). Substituting these scales
into the spatially uniform version of (5.33), we get

|Ω|
Nεd−1 |Sd−2| v̄ τ

∂t̂ n̂ = QI(n̂, n̂) +Q+
C(n̂, n̂). (5.40)

Setting
τ = |Ω|

Nεd−1 |Sd−2| v̄
(5.41)

cancels the coefficient on the LHS and, as such, defines the time scale of the system. To
interpret this scale, we first note that∣∣∣Bd−1

ε

∣∣∣ =
∫ ε

0
rd−2

∣∣∣Sd−2
∣∣∣ dr = 1

d− 1
∣∣∣Sd−2

∣∣∣ εd−1,

where
∣∣∣Bd−1
ε

∣∣∣ is the generalised volume of the ball of radius ε in d − 1 dimensions. As such,
Nεd−1

∣∣∣Sd−2
∣∣∣ is the total cross-section of a d− 1 dimensional ball of radius ε centred on each

of the particles (up to a factor of 1/(d− 1)). When multiplied by the representative speed, v̄
(defined to be perpendicular to the cross-section), this represents the total d-dimensional volume
swept out by the particles per unit time. As such, by taking the ratio with the full spatial
volume, |Ω|, the timescale represents the representative time for the particles’ interacting cross
sections to sweep out a 1/(d− 1) fraction of the full spatial domain. In two dimensions, for
instance, the cross-section is a line of length 2ε, centred at each particle and perpendicular to
its velocity. Therefore, the time scale is the time taken for these cross-sections to sweep out
half the area of the spatial domain if each particle were to be moving at representative speed v̄.
Note that this 1/(d− 1) factor would appear from the dr integral on the RHS of (5.32) if the
interaction terms were independent of r.

5.2. Weak form kinetic PDE

To analyse the time evolution of macroscopically observable quantities, it is often useful to
modify kinetic PDE to its weak formulation (see §2.2.2). The weak formulation will also prove
useful for implementing our model numerically in Chapter 6. To derive this weak form, first
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define the inner product operator

⟨g, φ⟩ =
N−µK+1∑
m=1

∫
Rd

∫
Ω
g φdx dv (5.42)

on a function g(t; x; v;m), where φ(v;m) is an arbitrary function of v and m. Acting with
this operator on the strong form of the short-range clustering PDE model, (5.33), we have

1
εd−1 |Sd−2|

d
dt ⟨n, φ⟩ =

〈
Q+
NC(n, n), φ

〉
−
〈
Q−
NC(n, n), φ

〉
−
〈
Q−
C(n, n), φ

〉
+
〈
Q+
C(n, n), φ

〉
(5.43)

Written out fully, the non-clustering gain term is
〈
Q+
NC(n, n), φ

〉
= ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

∫ rc

0
|∗v2 − ∗v1| ∗n ∗n(2)

∣∣∣Dψ−1
m1,m2,r

∣∣∣φ rd−2 drdx1 dv2dv1. (5.44)

Changing integration variables from dv2 dv1 to d∗v2 d∗v1 using the map (∗v1,
∗v2) =

ψ−1
m1,m2,r(v1,v2), the Jacobian

∣∣∣Dψ−1
m1,m2,r

∣∣∣ is absorbed:

∫
Rd×Rd

∫
Ω

∫ rc

0
|∗v2 − ∗v1| ∗n ∗n(2)

∣∣∣Dψ−1
m1,m2,r

∣∣∣φ rd−2 dr dx1 dv2dv1 =∫
Rd×Rd

∫
Ω

∫ rc

r∗
m1,m2 (|∗v2−∗v1|)

|∗v2 − ∗v1| ∗n ∗n(2)φ r
d−2 dr dx1 d∗v2d∗v1. (5.45)

Note that the range of integration for r has also been reduced to [r∗
m1,m2(|∗v2 − ∗v1|), rc],

as only combinations of r, ∗v1, and ∗v2 that result in non-clustering interactions could be
pre-images of velocities that are part of the non-clustering gain term under consideration.
Mapping dummy integration variables (∗v1,

∗v2) to (v1,v2), it follows that v1 becomes v∗
1 as

(v1,v2) = ψ−1(ψ(v1,v2)) = ψ−1(v∗
1,v

∗
2). Using the same short-hand notation for modifications

to the arguments of φ as we used for n, i.e. φ∗ ≡ φ(v∗,m), the integral becomes∫
Rd×Rd

∫
Ω

∫ rc

r∗
m1,m2 (|v2−v1|)

|v2 − v1|nn(2)φ
∗ rd−2 dr dx1 dv2dv1.

We can combine this with the unchanged loss terms to give
〈
Q+
NC(n, n), φ

〉
−
〈
Q−
NC(n, n), φ

〉
−
〈
Q−
C(n, n), φ

〉
= ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

|v2−v1|nn(2)

[∫ rc

r∗
(1,2)

(φ∗−φ) rd−2 dr−
∫ r∗

(1,2)

0
φ rd−2 dr

]
dx1 dv2dv1.

(5.46)
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For the clustering gain term, we have〈
Q+
C(n, n), φ

〉
= 1

2ΛK
N−µK+1∑
m1=1

m1−1∑
m2=1

∫
Rd×Rd

∫
Ω

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − ′v1| ′nn(2)

×
∣∣∣Dλ̂−1

m1−m2,m2,v2,r

∣∣∣ φ rd−2 dr dx1 dv2dv1

= 1
2ΛK

N∑
′m1,m2=1
′m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

∫ r∗
′m1,m2

(|v2−′v1|)

0
|v2 − ′v1| ′nn(2) φ r

d−2 dr dx1 dv2d′v1,

(5.47)

where we have changed the dv1 integral to d′v1, absorbing the Jacobian,
∣∣∣Dλ̂−1

m1,m2,v2,r

∣∣∣ , and
changed the m1 sum variable to ′m1 = m1 −m2, combining the bounds with the m2 sum. Now,
mapping the dummy variables ′v1 to v1 and ′m1 to m1, it follows that φ(v1,m1) must become
φ(v′

1,m
′
1) = φ(v′

1,m1 +m2) ≡ φ′, giving

〈
Q+
C(n, n), φ

〉
= 1

2ΛK
N∑

m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

∫ r∗
m1,m2 (|v2−v1|)

0
|v2−v1|nn(2) φ

′ rd−2 dr dx1 dv2dv1.

(5.48)
Combining this with (5.46), we have the complete weak form of our short-range clustering

PDE model:

1
εd−1 |Sd−2|

d
dt⟨n, φ⟩ = ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

|v2 − v1|nn(2)

×
[∫ rc

r∗
(1,2)

(φ∗ − φ) rd−2 dr +
∫ r∗

(1,2)

0

(
φ′

2 − φ

)
rd−2 dr

]
dx1 dv2dv1. (5.49)

Using the symmetry of the RHS, we can switch dummy variables m1 ↔ m2 and v1 ↔ v2,
which will switch the arguments of φ to v2 and m2. Adding this modified equation to (5.49)
and dividing by two, we get a second version of the weak form of the PDE model:

1
εd−1 |Sd−2|

d
dt⟨n, φ⟩

= 1
2ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

|v2 − v1|nn(2)

[∫ rc

r∗
(1,2)

(
φ∗ + φ∗

(2) − φ− φ(2)
)
rd−2 dr

+
∫ r∗

(1,2)

0

(
φ′ − φ− φ(2)

)
rd−2 dr

]
dx1 dv2dv1, (5.50)

where φ(2) ≡ φ(v2;m2).
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5.2.1. Conserved quantities

From the structure of (5.50), we can see that any quantity φ that is conserved over both
clustering and non-clustering interactions will be conserved in general. As the inner product
⟨n,m⟩ represents the total mass of clusters in the system (i.e. the total number of particles),
this quantity should be conserved at N for all t. Setting φ(v,m) = m, we have

φ∗ + φ∗
(2) − φ− φ(2) = m1 +m2 −m1 −m2 = 0,

and
φ′ − φ− φ(2) = (m1 +m2) −m1 −m2 = 0,

giving ∂t⟨n,m⟩ = 0 as expected.
Similarly, if we set φ(v,m) = vm, then ⟨n,vm⟩ represents the total momentum of the

system. Considering the two dr integrands in (5.50) we have

φ∗ + φ∗
(2) − φ− φ(2) = v∗

1m1 + v∗
2m2 − v1m1 − v2m2,

and
φ′ − φ− φ(2) = (m1 +m2)v′

1 −m1v1 −m2v2.

If we set these to 0, they, by definition, represent the condition for momentum conservation
over each type of interaction. So if this is satisfied in both cases, we have ∂t⟨n,vm⟩ = 0.

To consider the conservation of probability mass in the system, note that, as we are
modelling the cluster number density n, we define the cluster probability density as p = n/µK .
As we also have ⟨n, 1⟩ = µK it follows that

d
dt⟨p, 1⟩ = d

dt

( 1
µK

⟨n, 1⟩
)

= d
dt(1) = 0,

and so the total probability mass is conserved, provided µK ̸= 0.

5.2.2. Mean cluster number evolution

The expected number of clusters in the system is given by µK = ⟨n, 1⟩, so by setting φ(v,m) = 1
in (5.50) we get a time-evolution equation for µK . With this definition of φ, we have that

φ∗ + φ∗
(2) − φ− φ(2) = 2 − 2 = 0,

showing non-clustering interactions don’t affect the mean number of clusters and

φ′ − φ− φ(2) = −1,

representing the fact that each clustering interaction removes one cluster from the system.
Substituting these into (5.50) and performing the dr integral (noting d ≥ 2 was required for
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the derivation) we get

1
εd−1 |Sd−2|

d
dtµK = − 1

2(d− 1)ΛK
N∑

m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

|v2 − v1|nn(2)
(
r∗

(1,2)

)d−1
dx1 dv2dv1.

(5.51)

5.2.3. Smoluchowski coagulation equation

Define a new inner product operator,

⟨g, φ⟩x,v =
∫

Rd

∫
Ω
g φdx dv, (5.52)

to be the same as (5.42), except without the sum over mass. Acting with this inner product on
the interaction operators from (5.33) and performing similar manipulations to §5.2, we have

⟨QI(n, n), φ⟩x,v = ΛK
N−m1−µK+2∑

m2=1

∫
Rd×Rd

∫
Ω

|v2 − v1|nn(2)

×
[∫ rc

r∗
(1,2)

(φ∗ − φ) rd−2 dr −
∫ r∗

(1,2)

0
φ rd−2 dr

]
dx1 dv2dv1, (5.53)

and

〈
Q+
C(n, n), φ

〉
x,v

= 1
2ΛK

m1−1∑
m2=1

∫
Rd×Rd

∫
Ω

|v2 − ′v1| ′nn(2)

×
∫ r∗

m1−m2,m2
(|v2−′v1|)

0
φ rd−2 dr dx1 dv2d′v1. (5.54)

If we set φ = 1 we have

⟨n, 1⟩x,v =
∫

Rd×Ω
n(t; x; v;m) dxdv = n(t;m),

which is the number distribution of clusters with mass m. As such, acting on (5.33) with the
inner product (5.52) and setting φ = 1, we have the time evolution equation for the mass
number distribution as

d− 1
εd−1 |Sd−2|

∂tn(t;m1)

= − ΛK
N−m1−µK+2∑

m2=1

∫
Rd×Rd

∫
Ω

|v2 − v1|nn(2)
(
r∗
m1,m2(|v2 − v1|)

)d−1
dx1 dv2dv1

+ 1
2ΛK

m1−1∑
m2=1

∫
Rd×Rd

∫
Ω

|v2 − ′v1| ′nn(2)
(
r∗
m1−m2,m2(|v2 − ′v1|)

)d−1
dx1 dv2d′v1.

(5.55)
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This is in a similar form to the discrete mass Smoluchowski coagulation equation:

∂tn(t;m1) = −
∞∑

m2=1
B(m1,m2)n(t;m1)n(t;m2)+1

2

m1−1∑
m2=1

B(m1−m2,m2)n(t;m1−m2)n(t;m2),

where B(m1,m2) is known as a coagulation kernel, describing the rate at which clusters of
mass m1 coagulate with clusters of mass m2. If we assume a spatially uniform system, we have

n(t; v;m) =
∫

Ω
n(t; x; v;m) dx = |Ω|n(t; x; v;m)

and using the law of conditional probability, we can separate the mass distribution as

n(t; v;m) = p(t; v |m)n(t;m).

Substituting this into (5.55), we can separate the product of mass distributions to give

(d− 1)|Ω|
εd−1 |Sd−2|

∂tn(t;m1)

= − ΛK
N−m1−µK+2∑

m2=1
n(t;m1)n(t;m2)

∫
Rd×Rd

|v2 − v1|p(t; v1 |m1) p(t; v2 |m2)

×
(
r∗
m1,m2(|v2 − v1|)

)d−1
dv2dv1

+ 1
2ΛK

m1−1∑
m2=1

n(t;m1 −m2)n(t;m2)
∫

Rd×Rd
|v2 − ′v1| p(t; ′v1 |m1 −m2) p(t; v2 |m2)

×
(
r∗
m1−m2,m2(|v2 − ′v1|)

)d−1
dv2d′v1,

(5.56)

which is in the form of the Smoluchowski coagulation with

B(m1,m2) =
εd−1

∣∣∣Sd−2
∣∣∣

(d− 1)|Ω|
ΛK

∫
Rd×Rd

|v2 − v1|p(t; v1 |m1) p(t; v2 |m2)

×
(
r∗
m1,m2(|v2 − v1|)

)d−1
dv2dv1. (5.57)

Note that our equation assumes a finite number of particles, whereas the Smoluchowski
coagulation equation is conventionally considered to represent a system with N → ∞ but
finite density. To match that formulation, we simply take the limit of the m2 sum in the
first RHS term to infinity. Given a specific interaction, r∗

m1,m2(|v2 − v1|) will be defined.
Further assumptions, however, would need to be made to approximate the time evolution of
the conditional velocity distributions, p(t; v |m), such that this can be made a closed equation
for the mass distribution n(t;m).
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5.3. Cucker-Smale model

To implement the PDE model for the Cucker-Smale model of collective behaviour, we follow a
similar analysis to §4.1.2. In the d-dimensional, short-range version of the Cucker-Smale model,
particles’ positions and velocities evolve according to

Ẋi(t) = V i,

V̇ i(t) = 1
ε

N∑
j=1
j ̸=i

ϕ

( |Xi − Xj |
ε

)
(V j − V i), (5.58)

with X ∈ Ω = Td and V ∈ Rd. This is in the form of (5.1), with interaction

H

(
Xi − Xj

ε
,V i − V j

)
= ϕ

( |Xi − Xj |
ε

)
(V j − V i).

As shown in deriving (5.3), if we were to consider sets of M particles that were highly correlated
post interaction as a point-cluster with mass M , the velocity of each particle in cluster i, and
hence the cluster itself, would instead evolve as

V̇ i = 1
ε

k∑
j=1
j ̸=i

Mjϕ

( |Xi − Xj |
ε

)
(V j − V i),

where k < N is the total number of clusters remaining in the system. With this interaction,
the inner equation for the evolution of the joint probability distribution, (5.7), would be

(v2−v1)·∂x̃21 p̃
k
(1,2)+m2ϕ (|x̃21|) ∇v1 ·

(
(v2 − v1)p̃k(1,2)

)
+m1ϕ (|x̃21|) ∇v2 ·

(
(v1 − v2)p̃k(1,2)

)
= 0.
(5.59)

The characteristic equations, changing variables to the centre of mass velocity v̄ = (m1v1 +
m2v2)/(m1 +m2) and relative velocity u = v2 − v1, are

dx̃21
dτ = u, (5.60a)
dv̄

dτ = 0, (5.60b)
du

dτ = −(m1 +m2)ϕ (|x̃21|) u, (5.60c)

1
p̃k(1,2)

dp̃k(1,2)
dτ = (m1 +m2)ϕ (|x̃21|) ∇u · u = (m1 +m2)ϕ (|x̃21|) d. (5.60d)

As for the one-dimensional case in §4.1.2, these characteristic equations are similar to (2.71).
Following a similar analysis to §2.5, we have that the boundary between clustering and
non-clustering interactions is given in general by

|u| = (m1 +m2)Φ(r),
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where u is the incoming relative velocity, r is the impact parameter and Φ(r) =∫∞
−∞ ϕ

(√
r2 + x2

)
dx. This gives us the definition for the boundary impact parameter between

the two types of interaction:

r∗
m1,m2(|u|) = Φ−1

( |u|
m1 +m2

)
. (5.61)

Non-clustering interactions occur with r > r∗
m1,m2(|u|), with the relative velocity evolving as

u+ = u− − (m1 +m2)Φ(r) u−

|u−|
. (5.62)

As noted in §2.5, the final relative velocity u+ is parallel with the incoming relative velocity
u−, meaning the deviation angle θ is always 0 and representations of the interaction in terms
of the impact direction ω or outgoing relative velocity σ are degenerate (see Figure 2.5). This
is why we parameterise the interaction operators in our kinetic model (5.32) by the impact
parameter, r, as opposed to the more traditional collision kernel formulations related to the
differential cross-section.

Combining (5.62) with the conservation of momentum, (5.60b), this gives us the definition
of the forwards velocity map (v∗

1,v
∗
2) = ψm1,m2,r(v1,v2) as

v∗
1 = v1 +m2Φ(r) v2 − v1

|v2 − v1|
, v∗

2 = v2 −m1Φ(r) v2 − v1
|v2 − v1|

, (5.63)

and the reverse velocity map (∗v1,
∗v2) = ψ−1

m1,m2,r(v1,v2) as

∗v1 = v1 −m2Φ(r) v2 − v1
|v2 − v1|

, ∗v2 = v2 +m1Φ(r) v2 − v1
|v2 − v1|

. (5.64)

From these, we can calculate

|v∗
2 − v∗

1| =
(

1 − (m1 +m2)Φ(r)
|v2 − v1|

)
|v2 − v1| = |v2 − v1| − (m1 +m2)Φ(r), (5.65)

and ∣∣∣Dψ−1
m1,m2,r

∣∣∣ =
(

1 + (m1 +m2)Φ(r)
|v2 − v1|

)d−1
, (5.66)

giving ∣∣∣Dψ−1
m1,m2,r

∣∣∣ |∗v2 − ∗v1| =
(

1 + (m1 +m2)Φ(r)
|v2 − v1|

)d
|v2 − v1|. (5.67)

Note that considering the maps ψ−1
m1,m2,r(v1,v2) = (∗v1,

∗v2) and ψm1,m2,r(∗v1,
∗v2) = (v1,v2)
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we have ∣∣∣Dψ−1
m1,m2,r

∣∣∣ =
(

1 + (m1 +m2)Φ(r)
|v2 − v1|

)d−1

=
(

1 + (m1 +m2)Φ(r)
|∗v2 − ∗v1| − (m1 +m2)Φ(r)

)d−1

=
( |∗v2 − ∗v1|

|∗v2 − ∗v1| − (m1 +m2)Φ(r)

)d−1

=
(

1 − (m1 +m2)Φ(r)
|∗v2 − ∗v1|

)1−d
= 1

|Dψ|
,

(5.68)

as expected.
For clustering interactions, where r < r∗

m1,m2(|u|), the inner region trajectory approaches
a relative velocity of u+ = 0. With conservation of momentum and mass, we have the forwards
maps, m′

1 = m1 +m2 and

v′
1 = λm1,m2(v1,v2) = m1v1 +m2v2

m1 +m2
. (5.69)

Note that the clustering maps have no r dependence for this interaction.
Similarly to in the one-dimensional case, define λ̂m1,m2,v2(v1) to be the partial evaluation

of λm1,m2(v1,v2), at a specific value of v2. We can then define the inverse maps ′m1 = m1 −m2

and
′v1 = λ̂−1

m1−m2,m2,v2(v1) = m1v1 −m2v2
m1 −m2

. (5.70)

From these, we can calculate

∣∣∣Dλ̂−1
m1−m2,m2,v2

∣∣∣ =
(

m1
m1 −m2

)d
, (5.71)

∣∣v2 − ′v1
∣∣ =

∣∣∣∣m1(v2 − v1)
m1 −m2

∣∣∣∣ , (5.72)

and ∣∣v2 − ′v1
∣∣ ∣∣∣Dλ̂−1

m1−m2,m2,v2

∣∣∣ = |v2 − v1|
(

m1
m1 −m2

)d+1
. (5.73)

5.3.1. Interaction kernels

For a power-law interaction kernel, ϕ(|x|) = 1/|x|s, we have

Φ(r) =
∫ ∞

−∞
ϕ
(√

r2 + x2
)

dx =
∫ ∞

−∞

1
(r2 + x2) s

2
dx = Γ((s− 1)/2)

√
π

Γ(s/2)rs−1 ,

and hence

Φ−1
(
u

m

)
=
(

Γ((s− 1)/2)
√
πm

Γ(s/2)u

) 1
s−1

. (5.74)

In Chapter 7, we will perform numerical experiments considering specifically the inverse-cube
and inverse-quintic interaction kernels, i.e. setting s = 3 and s = 5, respectively. For the
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inverse-cube kernel, we have

Φ(r) = 2
r2 , and Φ−1

(
u

m

)
=
(2m
u

)1/2
, (5.75)

and for the inverse-quintic kernel

Φ(r) = 4
3r4 , Φ−1

(
u

m

)
=
(4m

3u

) 1
4
. (5.76)

We will also consider the exponential interaction kernel, ϕ(|x|) = e−|x|, for which we have

Φ(r) =
∫ ∞

−∞
e−

√
r2+x2 dx =

2, r = 0

2rK1(r), r > 0,
(5.77)

where K1 is a modified Bessel function of the second kind. This does not have a closed-form
analytical inverse, so it is necessary to either analytically approximate Φ−1 or to compute it
numerically. This will be addressed further in Chapter 6.

5.3.2. PDE model (strong form)

Substituting these results into the general short-range clustering PDE model, (5.32), we get
the PDE model for the Cucker-Smale interaction in strong form:

1
εd−1 |Sd−2|

(
∂tn(t; x1; v1;m1) + v1 · ∇x1n(t; x1; v1;m1)

)
= ΛK

N−m1−µK+2∑
m2=1

∫
Rd

∫ rc

0
|v2 − v1|

[(
1 + (m1 +m2)Φ(r)

|v2 − v1|

)d
× n

(
t; x1; v1 −m2Φ(r) v2 − v1

|v2 − v1|
;m1

)
n

(
t; x1; v2 +m1Φ(r) v2 − v1

|v2 − v1|
;m2

)

− n (t; x1; v1;m1)n (t; x1; v2;m2)
]
rd−2 dr dv2

+ 1
2ΛK

m1−1∑
m2=1

∫
Rd

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
|v2 − v1|

(
m1

m1 −m2

)d+1

× n

(
t; x1; m1v1 −m2v2

m1 −m2
;m1 −m2

)
n (t; x1; v2;m2) rd−2 dr dv2.

(5.78)

As the only r dependence in the second RHS term is in the rd−2 factor, the dr integral can be
computed, giving

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
rd−2 dr = 1

d− 1
(
r∗
m1−m2,m2(|v2 − ′v1|)

)d−1

= 1
d− 1

(
Φ−1

( |v2 − ′v1|
m1

))d−1
= 1
d− 1

(
Φ−1

( |v2 − v1|
m1 −m2

))d−1
, (5.79)
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where we have used ′v from (5.70).

5.3.3. Mean cluster number evolution

For the Cucker-Smale interaction, we have from (5.61) that

r∗
(1,2) ≡ r∗

m1,m2(|v2 − v1|) = Φ−1
( |v2 − v1|
m1 +m2

)
.

Substituting this into (5.51), the time evolution equation for the mean number of clusters, we
get

1
εd−1 |Sd−2|

d
dtµK = − 1

2(d− 1)ΛK
N∑

m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

∫
Ω

|v2 − v1|nn(2)

×
(

Φ−1
( |v2 − v1|
m1 +m2

))d−1
dx1 dv2dv1. (5.80)

For the inverse-cube interaction kernel, we have from (5.75) that

Φ−1
( |v2 − v1|
m1 +m2

)
=
(2(m1 +m2)

|v2 − v1|

)1/2
.

As such, considering specifically a spatially uniform system with the inverse-cube interaction
kernel, the evolution equation for the mean number of clusters is

2(3−d)/2(d− 1)|Ω|
εd−1 |Sd−2|

d
dtµK = −ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

∫
Rd×Rd

(m1 +m2)(d−1)/2|v2 − v1|(3−d)/2

× n(t; v1;m1)n(t; v2;m2) dv2dv1. (5.81)

If we assume the velocity distribution is independent of the cluster masses (a similar
approximation to the Clusterzahlansatz) we have that

n(t; v;m) = µKp(t; v;m) ≈ µKp(t; v)p(t;m). (5.82)

Substituting this into (5.83) gives

2(3−d)/2(d− 1)|Ω|
εd−1 |Sd−2|

d
dtµK = −ΛKµ2

K

N∑
m1,m2=1
m1+m2

≤N−µK+2

(m1 +m2)(d−1)/2 p(t;m1)p(t;m2)

×
∫

Rd×Rd
|v2 − v1|(3−d)/2 p(t; v1) p(t; v2) dv2dv1. (5.83)
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Following a similar procedure to [80], using Jensen’s inequality, we have that∫
Rd

|v1 − v2|(3−d)/2 p(t; v2) dv2 ≥
∣∣∣∣∫
Rd

(v1 − v2) p(t; v2) dv2

∣∣∣∣(3−d)/2

as p(t; v2) dv2 is a probability measure and the function | · |(3−d)/2 is convex for d ≤ 3 (if d ≥ 3
the inverse-cube kernel will not satisfy our definition to be short-ranged in any case). Using
the fact that p is normalised to a probability distribution and that (by using conservation of
momentum) we can set the mean velocity to 0, we then have∫

Rd
(v1 − v2) p(t; v2) dv2 = v1

∫
Rd
p(t; v2) dv2 −

∫
Rd

v2 p(t; v2) dv2 = v1.

As such, it follows that∫
Rd×Rd

|v2 − v1|(3−d)/2 p(t; v1) p(t; v2) dv2dv1 ≥
∫

Rd
|v1|(3−d)/2p(t; v1) dv1. (5.84)

Using Jensen’s inequality again, we have that∫
Rd

|v1|(3−d)/2p(t; v1) dv1 ≥
(∫

Rd
|v1|2p(t; v1) dv1

)(3−d)/4
= (2E(t))(3−d)/4,

where we have used the definition from (4.12) that the mean kinetic energy per particle is given
by

E(t) = 1
2

∫
Rd

|v1|2p(t; v1) dv1.

Following a similar procedure for the mass sums, we have from Jensen’s inequality that

N−m1−µK+1∑
m2=1

(m1 +m2)(d−1)/2p(t;m2) ≥

N−m1−µK+1∑
m2=1

(m1 +m2)p(t;m2)

(d−1)/2

≈

 N∑
m2=1

(m1 +m2)p(t;m2)

(d−1)/2

=

m1 +
N∑

m2=1
m2p(t;m2)

(d−1)/2

,

(5.85)

where, in the second step, we have assumed the cluster masses are small compared to N , such
that we can ignore the restriction on the sum. Using the mean mass approximation (see §3.3.5)

N∑
m2=1

m2p(t;m2) ≈ N

µK
,

we then, given the approximations made, have that

N∑
m1,m2=1
m1+m2

≤N−µK+2

(m1 +m2)(d−1)/2 p(t;m1)p(t;m2) ≥
N∑

m1=1

(
m1 + N

µK

)(d−1)/2
p(t;m1). (5.86)
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Using Jensen’s inequality and the cluster mass approximation again, it follows that

N∑
m1=1

(
m1 + N

µK

)(d−1)/2
p(t;m1) ≥

 N∑
m1=1

(
m1 + N

µK

)
p(t;m1)

(d−1)/2

=

 N

µK
+

N∑
m1=1

m1p(t;m1)

(d−1)/2

≈
(2N
µK

)(d−1)/2

(5.87)

Substituting these results into (5.83), we have an approximate upper bound on the reduction
in mean cluster numbers for the Cucker-Smale model with inverse-cube interaction:

2(5−3d)/4(d− 1)|Ω|
N (d−1)/2εd−1 |Sd−2|

d
dtµK ≤ −ΛKµ(5−d)/2

K E(3−d)/4. (5.88)

Setting d = 2 this becomes

|Ω|
25/4

√
Nε

d
dtµK ≤ −ΛKµ3/2

K E1/4. (5.89)

This is not a closed equation in µK(t) as we would still need to approximate E(t) and σ2
K(t) (as

part of ΛK(t)) concurrently. However, we believe it could be the basis for further investigation.
However, if we set d = 3, which means the inverse-cube interaction kernel is right on the

boundary of what we would consider a short-range interaction, we have

|Ω|
2Nε2π

d
dtµK ≈ −ΛKµK , (5.90)

which is a simpler approximation as it is independent of E(t). This is an approximation and
not an upper bound as, in this case, the steps using Jensen’s inequality are identities. This
generalises to any case where the interaction kernel has power the same as the dimension, i.e.
where s = d. From (5.74), we have that

(
Φ−1

( |v2 − v1|
m1 +m2

))d−1
=
(

Γ((d− 1)/2)
√
π(m1 +m2)

Γ(d/2)|v2 − v1|

)(d−1)/(s−1)

.

If we set s = d, the power will be 1, meaning that the |v2 − v1| here will cancel with the other
instance in (5.51), and the final equation will be independent of E.

5.3.4. Energy scaling

The mean kinetic energy per particle is given by the total kinetic energy of the system,
normalised by N . That is,

E(t) = 1
2N

N∑
m=1

∫
Rd×Ω

m|v|2n(t; x; v;m) dxdv = 1
2N ⟨n,m|v|2⟩. (5.91)
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Note that this is approximately equivalent to the definition given in terms of the probability
density in (4.12) (given the approximations made in the Clusterzahlansatz) as

1
2N

N∑
m=1

∫
Rd×Ω

m|v|2n(t; x; v;m) dxdv = µK
2N

N∑
m=1

∫
Rd×Ω

m|v|2p(t; x; v;m) dxdv

≈ µK
2N

N∑
m=1

mp(t;m)
∫

Rd×Ω
|v|2p(t; x; v) dxdv

≈ 1
2

N∑
m=1

∫
Rd×Ω

|v|2p(t; x; v;m) dxdv,

(5.92)

where, in the second step, we have assumed the cluster velocity and mass distributions are
independent and, in the third step, used the estimate from §3.3.5 that

N∑
m=1

mp(t;m) ≈ N

µK
.

As such, we can find the time evolution of the mean kinetic energy by taking φ(v;m) =
1

2Nm|v|2, in (5.50), the weak form of our short-range PDE model. With this definition of φ,
using the forwards velocity and mass maps for the Cucker-Smale model ((5.63) and (5.69)), we
have

φ∗ + φ∗
(2) − φ− φ(2) = 1

2N
(
m1

(
|v∗

1|2 − |v1|2
)

+m2
(
|v∗

2|2 − |v2|2
))

= 1
2Nm1m2Φ(r) ((m1 +m2)Φ(r) − 2|v2 − v1|) ,

(5.93)

and

φ′ − φ− φ(2) = 1
2N

(
(m1 +m2)|v′

1|2 −m1|v1|2 −m2|v2|2
)

= − 1
2N

m1m2
(m1 +m2) |v2 − v1|2.

(5.94)

As φ′ − φ− φ(2) is independent of the impact parameter r in this case, we can compute the
second dr integral in (5.50) to give

∫ r∗
(1,2)

0
rd−2 dr = 1

d− 1
(
r∗

(1,2)

)d−1
= 1
d− 1

(
Φ−1

( |v2 − v1|
m1 +m2

))d−1
.
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Substituting these results in (5.50) and assuming a spatially uniform system, we have

4N |Ω|
εd−1 |Sd−2|

dE
dt

= ΛK
N∑

m1,m2=1
m1+m2

≤N−µK+2

m1m2

∫
Rd×Rd

|v2 − v1|nn(2)

×
∫ rc

r∗
(1,2)

Φ(r) ((m1 +m2)Φ(r) − 2|v2 − v1|) rd−2 dr dv2dv1

− 1
d− 1ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

m1m2
m1 +m2

∫
Rd×Rd

|v2 − v1|3 nn(2)

(
Φ−1

( |v2 − v1|
m1 +m2

))d−1
dv2dv1.

(5.95)

For the inverse-cube interaction kernel in two dimensions, this becomes

2N |Ω|
ε

dE
dt

= 4ΛK
N∑

m1,m2=1
m1+m2

≤N−µK+2

m1m2

∫
Rd×Rd

|v2 − v1|nn(2)

×
∫ rc

r∗
(1,2)

((m1 +m2)
r4 − |v2 − v1|

r2

)
dr dv2dv1

−
√

2ΛK
N∑

m1,m2=1
m1+m2

≤N−µK+2

m1m2
(m1 +m2)1/2

∫
Rd×Rd

|v2 − v1|5/2 nn(2) dv2dv1.

(5.96)

Evaluating the dr integral in the first RHS term, we get∫ rc

r∗
(1,2)

((m1 +m2)
r4 − |v2 − v1|

r2

)
dr ≈ (m1 +m2)

3(r∗
(1,2))3 − |v2 − v1|

r∗
(1,2)

= |v2 − v1|3/2

3 · 23/2(m1 +m2)1/2 − |v2 − v1|3/2
√

2(m1 +m2)1/2

= − 5
6
√

2
|v2 − v1|3/2

(m1 +m2)1/2 ,

(5.97)

where we have taken the cutoff rc → ∞. Substituting this into (5.96), we note that the two
RHS terms can now be combined to give

3N |Ω|
4
√

2ε
dE
dt = −ΛK

N∑
m1,m2=1
m1+m2

≤N−µK+2

m1m2
(m1 +m2)1/2

∫
Rd×Rd

|v2 − v1|5/2 nn(2) dv2dv1. (5.98)

If we assume the velocity and mass distributions are independent, as in (5.82), we can write

127



this as

3N |Ω|
4
√

2ε
dE
dt = −ΛKµ2

K

N∑
m1,m2=1
m1+m2

≤N−µK+2

m1m2
(m1 +m2)1/2 p(t;m1) p(t;m2)

×
∫

Rd×Rd
|v2 − v1|5/2 p(t; v1) p(t; v2) dv2dv1. (5.99)

Using Jensen’s inequality in a similar fashion to the manipulations in §5.3.3, we have that∫
Rd×Rd

|v2 − v1|5/2 p(t; v1) p(t; v2) dv2dv1 ≥
∫

Rd
|v1|5/2 p(t; v1) dv1 ≥ (2E)5/4, (5.100)

and
N∑

m1,m2=1
m1+m2

≤N−µK+2

m1m2
(m1 +m2)1/2 p(t;m1) p(t;m2) ≥ N

µK

N∑
m1=1

m1

(m1 +N/µK)1/2 p(t;m1) ≥ 1√
2

(
N

µK

)3/2
.

(5.101)
Substituting these into (5.98), we get

3|Ω|
8 · 21/4

√
Nε

dE
dt ≤ −ΛKµ1/2

K E5/4. (5.102)

Closed evolution equations

Combining (5.102) with (5.89), we note that if we can approximate ΛK , we can now produce a
closed equation in the combined quantity G(t) := µ2

K(t)E(t), as

dG
dt = 2µKE

dµK
dt + µ2

K

dE
dt

≤ −
√
Nε

|Ω|
ΛK

(
2 · 25/4µ

5/2
K E5/4 + 8 · 21/4

3 µ
5/2
K E5/4

)

= −20 · 21/4√
Nε

3|Ω|
ΛKµ5/2

K E5/4

= −20 · 21/4√
Nε

3|Ω|
ΛKG5/4.

(5.103)

Integrating this, we get

G(t) ≤
(
G(0)−1/4 + 5 · 21/4√

Nε

3|Ω|

∫ t

0
ΛK(t) dt

)−4

, (5.104)

where the integral of ΛK(t) could be determined numerically or with other approximations
on the Pk distribution. The simplest approximation is that if N is large and µK ≫ σ2

K then
ΛK ≈ 1. We will test the validity of this result numerically in §7.3.2.
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Substituting the definition of G into (5.102) we get

3|Ω|
8 · 21/4

√
Nε

dE
dt ≤ −ΛKG1/4E. (5.105)

Using the bound (5.104) and making the approximation ΛK(t) = 1 we can solve this equation
for E(t), giving

E(t) ≤ E(0)
(

1 + 5 · 21/4√
Nε

3|Ω|
G(0)1/4 t

)−8/5

. (5.106)

Substituting G(0) = µ2
K(0)E(0) and taking the monodisperse initial condition µK(0) = N we

can write this as

E(t) ≤ E(0)
(

1 + 5 · 21/4Nε

3|Ω|
E(0)1/4 t

)−8/5

. (5.107)

Note that this bound permits a similar time scaling to in §5.1.7. If we define

t = |Ω|
2Nε(2E(0))1/4 t

′ (5.108)

we can write this as
E(t) ≤ E(0)

(
1 + 5

6 t
′
)−8/5

. (5.109)

This is the same as the time scale τ defined in (5.41), except with (2E(0))1/4 in place of our
representative velocity scale v̄. This quantity is related to the velocity distribution through

(2E(0))1/4 =
(

N∑
m=1

∫
Rd

|v|2p(t; v;m)
)1/4

,

using the definition of E in terms of p from (5.92). Specifically, it is the fourth root of the
mean square cluster velocity.

Similarly, substituting the definition of G into (5.89), we get

|Ω|
25/4

√
Nε

d
dtµK ≤ −ΛKG1/4µK . (5.110)

Using the bound (5.104), substituting the time scale (5.108), and using the initial condition
µK(0) = N , we can solve this to give

µK(t) ≤ N

(
1 + 5

6 t
′
)−6/5

. (5.111)

5.3.5. Smoluchowski coagulation equation

In §5.2.3, we derived a time evolution equation for the mass distribution n(t;m), (5.56), that
was in the form of the Smoluchowski coagulation equation. The coagulation kernel is given in
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(5.57), which, for the Cucker-Smale interaction in a spatially uniform system, becomes

B(m1,m2) =
εd−1

∣∣∣Sd−2
∣∣∣

(d− 1)|Ω|
ΛK

∫
Rd×Rd

|v2 − v1|p(t; v1 |m1) p(t; v2 |m2)

×
(

Φ−1
( |v2 − v1|
m1 +m2

))d−1
dv2dv1. (5.112)

If we assume a power-law interaction kernel, i.e. ϕ(|x|) = 1/|x|s, and take the conditional
velocity distributions to be independent of m, this becomes

B(m1,m2) = b1ΛK(m1 +m2)(d−1)/(s−1)
∫

Rd×Rd
|v2 − v1|(s−d)/(s−1)p(t; v1) p(t; v2)dv2dv1,

(5.113)
where

b1 =
εd−1

∣∣∣Sd−2
∣∣∣

(d− 1)|Ω|

(
Γ((d− 1)/2)

√
π

Γ(d/2)

)(d−1)/(s−1)

.

If s ≥ d, a necessary condition for the power-law interaction to be short-ranged, then we can
follow a similar procedure to §5.3.3, using Jensen’s inequality to give∫

Rd×Rd
|v2 − v1|(s−d)/(s−1)p(t; v1) p(t; v2)dv2dv1 ≤

∫
Rd

|v1|(s−d)/(s−1)p(t; v1)dv1

≤ (2E(t))(s−d)/(2s−2).

(5.114)

As such, we have an estimate for the mass dependence of the coagulation kernel and an upper
bound for its dependence on the mean particle energy as

B(m1,m2) = b1ΛK(m1 +m2)(d−1)/(s−1)(2E(t))(s−d)/(2s−2). (5.115)

The energy dependence here is expected, as the cluster interaction rate decreases with the
variance in the velocity distribution over time. However, this means the coagulation kernel is
not purely a function of the particle masses, and this cannot be reduced to a closed system
in the form of Smoluchowski’s coagulation equation. We suggest that with an appropriate
velocity rescaling, it may be possible to define a similarity solution in velocity space with
collision kernels that are constant as a function of the rescaled velocity. This is left for future
investigation.

5.3.6. Similarity scaling

As the velocity distribution for the Cucker-Smale model will approach the Dirac delta distri-
bution as t → ∞, to numerically simulate accurately to large times it is useful to implement
a velocity rescaling. As noted in §2.3.2, similarity scalings are also commonly used to derive
theoretical results about the velocity distribution for Boltzmann-type equations. As is standard
for a similarity scaling, the scaling discussed in §2.3.2 (for the non-clustering inelastic Boltzmann
equation with a hard sphere interaction) relies on the homogeneity of the collision operator
under a rescaling of the velocity variable. This ensures the time dependence in the collision
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operator can be factored out when changing variables to scaled velocity ṽ = V(t)v, allowing a
time-independent equation for a similarity profile to be derived. However, for our clustering
model of the Cucker-Smale interaction, the interaction operator QI(n, n) is not homogeneous in
velocity. In the spatially homogenous case, substituting the scaled velocity ṽ = V(t)v, we get

QI(n, n)

= ΛK
N−m1−µK+2∑

m2=1

∫
Rd

∫ rc

0
|v2 − v1|

[(
1 + (m1 +m2)Φ(r)

|v2 − v1|

)d
∗n ∗n(2) − nn(2)

]
rd−2 dr dv2

= 1
V(t)d+1 ΛK

N−m1−µK+2∑
m2=1

∫
Rd

∫ rc

0
|ṽ2 − ṽ1|

×
[(

1 + V(t)(m1 +m2)Φ(r)
|ṽ2 − ṽ1|

)d
∗ñ ∗ñ(2) − ñ ñ(2)

]
rd−2 dr dṽ2,

(5.116)

where we have used the shorthand ñ ≡ n(t; ṽ1/V(t);m1). The V(t) factor in the Jacobian
cannot be removed, leaving the operator explicitly depending on t. This is expected as, unlike
the constant restitution coefficient cases that are commonly studied in this setting, the velocity
changes caused by a non-clustering interaction in the Cucker-Smale model have a fixed value

|v∗
2 − v∗

1| − |v2 − v1| = −(m1 +m2)Φ(r)

(see (5.65)), which is independent of the velocity scale. One way to derive a homogenous
interaction operator might be to scale mass along with velocity as m̃ = V(t)m, giving

QI(n, n)(ṽ; m̃) = 1
V(t)d+1 ΛK

N−m̃1−µK+2∑
m̃2=1

∫
Rd

∫ rc

0
|ṽ2 − ṽ1|

×
[(

1 + (m̃1 + m̃2)Φ(r)
|ṽ2 − ṽ1|

)d
∗ ˜̃n ∗ ˜̃n(2) − ˜̃n ˜̃n(2)

]
rd−2 dr dṽ2, (5.117)

where ˜̃n ≡ n(t; ṽ/V(t); m̃/V(t)). However, a similarity solution would not be expected in this
scaling as, with increasing t, the mean mass increases, while the velocity distribution variance
decreases towards the Dirac delta. A scaling that allows a steady state in the distribution of ṽ,
similar to V(t) = 1 + t, would result in the mean mass increasing even faster with time in scaled
variables. As such, for numerical simulation purposes, it may be desirable to only scale velocity,
as shown in (5.116), leaving the evolution equation in scaled variables with a non-autonomous
interaction operator.

Nevertheless, at later times, when the variance of the velocity distribution has decreased
far enough toward 0, clustering interactions begin to dominate non-clustering interactions. As
both the clustering loss and gain operators Q−

C and Q+
C are homogenous in v, we may expect

to be able to develop a similarity scaling in this regime. As the clustering gain term, Q+
C , only

contains a ratio of masses as a factor (see (5.78)), we could scale mass independently to ensure
the mean mass stays constant in scaled variables (as is commonly done for the Smoluchowski
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coagulation equation, see [1] §2.4), a necessary condition for a similarity solution to exist.
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6. Fourier-Galerkin spectral method for clustering

PDE model

To implement our clustering kinetic PDE model, we adapt one of the most popular classes
of numerical method for Boltzmann style equations: the Fourier-Galerkin spectral method.
This method involves approximating our density as a truncated Fourier series and reducing
the system to evolution equations for the Fourier weights. The direct version of this method
was developed for the elastic Boltzmann equation in [90, 89]. It was extended to quasi-elastic
cases in one dimension in [87] and extended to inelastic non-clustering interactions in higher
dimensions in [46, 47] for a granular gases model and in [54] for a variable hard sphere model.
A new version of the implementation that makes use of the fast Fourier transform to improve
computational efficiency was introduced for elastic interactions in [53], adapted to an inelastic
granular gases model in [67], and extended to more models of granular materials with a new
GPU implementation in [29]. Our main additions to these approaches in the literature are
the introduction of the mass dimension into the model and the treatment of the clustering
interactions.

6.1. Direct Fourier spectral method

To derive our Fourier-Galerkin spectral method, we begin with the weak form of the PDE
model but without summing over mass, i.e

1
εd−1 |Sd−2|

∂t⟨n, φ⟩x,v = ⟨QI(n, n), φ⟩x,v +
〈
Q+
C(n, n), φ

〉
x,v
, (6.1)

with the inner products on the RHS given in (5.53) and (5.54), respectively. We will consider
the spatially uniform case:

Nv̄τ ∂t

∫
Rd
nφdv1

= ΛK
N−m1−µK+2∑

m2=1

∫
Rd×Rd

|v2 − v1|nn(2)

[∫ rc

r∗
(1,2)

φ∗ rd−2 dr −
∫ rc

0
φ rd−2 dr

]
dv2dv1

+ 1
2ΛK

m1−1∑
m2=1

∫
Rd×Rd

|v2 − ′v1| ′nn(2)

∫ r∗
m1−m2,m2

(|v2−′v1|)

0
φ rd−2 dr dv2d′v1,

(6.2)

where we have used the time scale τ = |Ω|
Nεd−1|Sd−2|v̄ defined in §5.1.7, to simplify the LHS

coefficient. If we were to scale n, v and t, this coefficient could be absorbed, but we will
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continue to work with the unscaled equation to aid in physical interpretability. Making the
transformation ′v1 → v1 in the second RHS term, we must also make the change v1 → v′

1 and
hence φ → φ′ (this is the same transformation made in deriving (5.48)). Changing variables to
relative velocity u = v2 − v1 and writing out the arguments in full (except dropping t’s for
conciseness), this becomes

Nv̄τ∂t

∫
Rd
n(v1;m1)φ(v1;m1) dv1

= ΛK
N−m1−µK+2∑

m2=1

∫
Rd×Rd

|u|n(v1;m1)n(v1 + u;m1)

×
[∫ rc

r∗
m1,m2 (|u|)

φ(v∗
1;m1) rd−2 dr −

∫ rc

0
φ(v1;m1) rd−2 dr

]
dudv1

+ 1
2ΛK

m1−1∑
m2=1

∫
Rd×Rd

|u|n(v1;m1 −m2)n(v1 + u;m2)

×
∫ r∗

m1−m2,m2
(|u|)

0
φ(v′

1;m1) rd−2 dr dudv1.

(6.3)

To approximate n(v;m) as a Fourier series, we first assume that we can restrict the velocity
support to a ball of radius R about the origin, i.e. Supp(n(v;m)) = BR ⊗ {1, . . . , N}, with
minimal error. We then consider the cubic computational velocity domain DL = [−L,L]d, with
L > R and approximate n as

ň(v;m) =

n(v;m), v ∈ BR
0, v ∈ DL\BR,

(6.4)

with ň periodically extended over copies of DL. Note that L must be large enough to avoid
aliasing (when the domains of v1 + u, v∗

1 or v′
1 intersect with non-zero areas in the periodic

extension), but the specific value of the restriction depends on the interaction considered so
we will delay further consideration until analysing specific cases below (see Figure 6.1 for an
example). Also note that if v1, v2 ∈ BR, then

|u| = |v2 − v1| ≤ |v2| + |v1| ≤ 2R,

so we can assume that u ∈ B2R.
With this construction, we can approximate ň with a truncated Fourier series in v with

2V + 1 modes, indexed by mass m:

ň(v;m) ≈ ňV (v;m) =
V∑

κ=−V
n̂κ,me

i π
L

κ·v,

where the Fourier coefficients are defined through

n̂κ,m = 1
(2L)d

∫
DL

n(v;m)e−i π
L

κ·v dv.
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Substituting this approximation, truncating the dv1 integral to DL, the u integral to B2R and
taking φ(v;m) = e−i π

L
κ·v, we get

Nv̄τ(2L)d∂tn̂κ,m1

= ΛK
N−m1−µK+2∑

m2=1

V∑
j,l=−V

n̂j,m1 n̂l,m2

∫
DL×B2R

|u|ei
π
L

j·v1ei
π
L

l·(v1+u)

×
[∫ rc

r∗
m1,m2 (|u|)

e−i π
L

κ·v∗
1 rd−2 dr −

∫ rc

0
e−i π

L
κ·v rd−2 dr

]
dudv1

+ 1
2ΛK

m1−1∑
m2=1

V∑
j,l=−V

n̂j,m1−m2 n̂l,m2

∫
DL×B2R

|u|ei
π
L

j·v1ei
π
L

l·(v1+u)

×
∫ r∗

m1−m2,m2
(|u|)

0
e−i π

L
κ·v′

1 rd−2 dr dudv1.

(6.5)

Assuming the post-interaction velocities can be written as

v∗
1 = v1 + h∗

m1,m2(u, r), (6.6)

and
v′

1 = v1 + h′
m1−m2,m2(u, r), (6.7)

we can rearrange (6.5) to

Nv̄τ(2L)d∂tn̂κ,m1

= ΛK
N−m1−µK+2∑

m2=1

V∑
j,l=−V

n̂j,m1 n̂l,m2

∫
DL

ei
π
L

(j+l−κ)·v1 dv1

×
∫

B2R

|u|ei
π
L

l·u
[∫ rc

r∗
m1,m2 (|u|)

e−i π
L

κ·h∗
m1,m2 (u,r) rd−2 dr −

∫ rc

0
rd−2 dr

]
du

+ 1
2ΛK

m1−1∑
m2=1

V∑
j,l=−V

n̂j,m1−m2 n̂l,m2

∫
DL

ei
π
L

(j+l−κ)·v1 dv1

×
∫

B2R

|u|ei
π
L

l·u
∫ r∗

m1−m2,m2
(|u|)

0
e−i π

L
κ·h′

m1−m2,m2
(u,r) rd−2 dr du.

(6.8)

Using the orthogonality of the Fourier basis, this simplifies to

Nv̄τ∂tn̂κ,m1 = ΛK
N−m1−µK+2∑

m2=1

V∑
j,l=−V
j+l=κ

n̂j,m1 n̂l,m2 (G∗(κ, l,m1,m2) −G(l))

+ 1
2ΛK

m1−1∑
m2=1

V∑
j,l=−V
j+l=κ

n̂j,m1−m2 n̂l,m2G
′(κ, l,m1 −m2,m2),

(6.9)
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with kernel modes
G(l) = rd−1

c

d− 1

∫
B2R

|u|ei
π
L

l·u du,

G∗(κ, l,m1,m2) =
∫

B2R

|u|ei
π
L

l·u
∫ rc

r∗
m1,m2 (|u|)

e−i π
L

κ·h∗
m1,m2 (u,r) rd−2 dr du,

and

G′(κ, l,m1 −m2,m2) =
∫

B2R

|u|ei
π
L

l·u
∫ r∗

m1−m2,m2
(|u|)

0
e−i π

L
κ·h′

m1−m2,m2
(u,r) rd−2 dr du,

where we have computed the dr integral in G assuming d ≥ 2.
Given a particular dimension d, the loss kernel mode G can be computed analytically, but

this is not necessarily the case for the non-clustering gain, G∗, and clustering gain, G′, kernels.
For interactions where they are not computable analytically, they could be precomputed and
stored for all combinations of κ, l, m1 and m2. However, as the number of quantities to be
stored scales as O(V 2dN2), this will quickly become infeasible for common values of V and
N . Some approximations to reduce the memory usage and speed up computation include
binning the masses with M ≪ N grid points (as was done with the 1D finite volume model in
§4.1) or storing G∗ and G′ over a reduced grid of values spanning the parameter ranges and
interpolating between them at runtime to approximate the true values. First, however, we
examine the fast Fourier spectral method, an extension to the direct method developed for the
Boltzmann equation in [53] and extended to an inelastic Boltzmann model for granular gases
in [67].

6.2. Fast Fourier spectral method

The core idea of the fast Fourier spectral method is to approximate the weighted convolutions
in the direct method, (6.9), with a small number of pure convolutions, which can be computed
efficiently by FFT (fast Fourier transform). A weighted convolution, e.g.

V∑
j,l=−V
j+l=κ

n̂j,m1 n̂l,m2G
∗(κ, l,m1,m2),

must be computed directly, requiring O(V 2d) operations. However, a pure convolution can be
computed using FFT with O(V d log(V )) operations. To make this modification, we approximate
the du integral with a quadrature, such that we can factor out the κ-dependent exponentials
from the convolution, leaving only factors depending on j and l. As suggested in [67], we
separate u into a radial part, u, and angular part, û, giving the quadrature approximation∫

B2R

g(u) du =
∫

Sd−1

∫ 2R

0
g(u, û)ud−1 dudû ≈

∑
u∈[0,2R]

∑
û∈Sd−1

wuwû g(u, û)ud−1
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with weights wu and wû. Substituting this quadrature into (6.9) and rearranging gives

Nv̄τ∂tn̂κ,m1

= ΛK
N−m1−µK+2∑

m2=1

∑
u∈[0,2R]

∑
û∈Sd−1

wuwûu
d

(
A∗(κ, u, û,m1,m2) − rd−1

c

d− 1

)

×
V∑

j,l=−V
j+l=κ

n̂j,m1

(
ei

π
L
u l·ûn̂l,m2

)

+ 1
2ΛK

m1−1∑
m2=1

∑
u∈[0,2R]

∑
û∈Sd−1

wuwûu
dA′(κ, u, û,m1 −m2,m2)

V∑
j,l=−V
j+l=κ

n̂j,m1−m2

(
ei

π
L
u l·ûn̂l,m2

)
,

(6.10)

with the new kernels

A∗(κ, u, û,m1,m2) =
∫ rc

r∗
m1,m2 (u)

e−i π
L

κ·h∗
m1,m2 (u,r) rd−2 dr (6.11)

and
A′(κ, u, û,m1 −m2,m2) =

∫ r∗
m1−m2,m2

(u)

0
e−i π

L
κ·h′

m1−m2,m2
(u,r) rd−2 dr. (6.12)

Given u, û, m1 and m2, the sums over j and l are pure convolutions that can be computed
by FFT. Assuming Nu radial quadrature points and Nû angular quadrature points, this
method requires computing N2NuNû pure convolutions which require O(N2NuNûV

d log(V ))
operations. The direct Fourier method required N2 weighted convolutions implying O(N2V 2d)
operations are necessary. Similarly, where the direct method required storing O(N2V 2d)
quantities for each kernel mode, the fast method requires storing O(N2NuNûV

2) quantities for
each kernel. Thus, if we select a quadrature such that NuNû log(V ) < V d, both the memory
requirement and the computational complexity will be reduced in the fast Fourier method.
(Note that there are specifically 2V + 1 Fourier modes used so this requirement can be relaxed
to NuNû log(2V + 1) < (2V + 1)d.)

Hu and Ma [67] suggest a Gauss-Legendre quadrature in the radial direction, a rectangular
rule for the angular part in 2D and a spherical quadrature rule in 3D. For their tests on a
granular gases model (i.e. inelastic collisions with a constant coefficient of restitution and no
clustering), they observe that Nu = 32 and Nû = 30 appear sufficient. However, they also
suggest more points could be used depending on the precision required. We will examine the
convergence with the number of quadrature points for our model in §7.1.4.
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6.3. Mass binning

Even with the improved efficiency of the fast Fourier method, the memory requirement and
computational complexity will remain too large as N increases. To improve this, we bin the set
of masses onto a linear-geometric grid with M points, as we did for the 1D numerical model.
This grid is defined as {m̄a, a ∈ 1, . . . ,M}, with Ml linear grid points and M −Ml geometric
points. The grid points are defined as in (4.2), and the bin boundaries, m−

a and m+
a , are defined

as in (4.3). Bin i is again defined to include the set of w̄a masses: {⌊m−
a ⌋ + 1, . . . , ⌊m+

a ⌋}.
Using these mass bins, we can define a new truncated Fourier approximation to ň as

ň(v;m) ≈ ν̌V (v; a(m)) = 1
w̄a(m)

V∑
κ=−V

ν̂κ,a(m)e
i π

L
κ·v,

where a(m) denotes the bin a such that m−
a < m ≤ m+

a . The new, binned Fourier coefficients
are defined as

ν̂κ,a = 1
(2L)d

∫
DL

⌊m+
a ⌋∑

m=⌊m−
a ⌋+1

n(v;m)e−i π
L

κ·v dv =
⌊m+

a ⌋∑
m=⌊m−

a ⌋+1

n̂κ,m.

Substituting this approximation, we can derive a mass-binned fast Fourier model:

Nv̄τ∂tν̂κ,a

= ΛK
∑

m̄b∈M
m̄a+m̄b≤N−µK+2

∑
u∈[0,2R]

∑
û∈Sd−1

wuwûu
d

(
A∗(κ, u, û, m̄a, m̄b) − rd−1

c

d− 1

)

×
V∑

j,l=−V
j+l=κ

ν̂j,a

(
ei

π
L
u l·ûν̂l,b

)

+ 1
2ΛK

∑
m̄b,m̄c∈M

m̄a−1<m̄b+m̄c<m̄a+1

∑
u∈[0,2R]

∑
û∈Sd−1

wuwûu
dA′(κ, u, û, m̄b, m̄c)γa(m̄b + m̄c)

×
V∑

j,l=−V
j+l=κ

ν̂j,b

(
ei

π
L
u l·ûν̂l,c

)
,

(6.13)

where

γa(m) =


m−m̄a−1
m̄a−m̄a−1

, m̄a−1 < m < m̄a

m̄a+1−m
m̄a+1−m̄a

, m̄a ≤ m < m̄a+1

0, otherwise.

This function γa represents how clustered particles that don’t have masses on grid points are
allocated to the grid. Here, as was done for the 1D models, we have used the fixed pivot
method of Kumar and Ramkrishna [77], which allocates product clusters to the two adjacent
grid points so as to preserve the moments of cluster number and total mass.
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6.4. Output quantities

Here, we define how to compute relevant output quantities from the Fourier spectral coefficients.
Note that the Fourier coefficients n̂κ,m and ν̂κ,a are complex, but all the quantities and
distributions considered here are real. The imaginary part of the output in each case should
be 0 up to the error in the Fourier approximation, so it can be assumed that we are only
considering the real parts.

The normalised cluster velocity number distribution is equivalent to the cluster velocity
probability distribution, i.e.

p(t; v) = n(t; v)
µK(t) .

Using the definition of the Fourier coefficients, this is defined as

p(t; v) = n(t; v)
µK(t) = 1

µK(t)

N∑
m=1

n(t; v;m) ≈ 1
µK(t)

N∑
m=1

V∑
κ=−V

n̂κ,m(t)ei
π
L

κ·v.

If mass binning is used, we can use the fact that

N∑
m=1

n̂κ,m =
M∑
a=1

⌊m+
a ⌋∑

m=⌊m−
a ⌋+1

n̂κ,m =
M∑
a=1

ν̂κ,a,

to modify this definition to

p(t; v) = n(t; v)
µK(t) ≈ 1

µK(t)

M∑
a=1

V∑
κ=−V

ν̂κ,a(t)ei
π
L

κ·v.

The cluster speed distribution is defined by representing velocities as a radial and angular
part, i.e. v ≡ (v, v̂) and integrating over the angular part:

p(t; v) = n(t; v)
µK(t) = 1

µK(t)

∫
Sd−1

n(t; v, v̂) dv̂.

In two dimensions we can represent v̂ as (cos(α), sin(α)) and this integral becomes

p(t; v) = n(t; v)
µK(t) = 1

µK(t)

N∑
m=1

V∑
κ=−V

n̂κ,m(t)
∫ 2π

α=0
ei

π
L
v (cos(α), sin(α))·(κ1, κ2)v dα

= 2πv
µK(t)

N∑
m=1

V∑
κ=−V

n̂κ,m(t)J0

(
π

L
|κ| v

)
,

(6.14)

where J0 is a Bessel function of the first kind.
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The cluster mass distribution can be computed by integrating over dv:

p(t;m) = n(t;m)
µK(t) = 1

µK(t)

∫
Rd
n(t; v;m) dv

≈ 1
µK(t)

V∑
κ=−V

n̂κ,m(t)
∫
DL

ei
π
L

κ·v dv

= (2L)d
µK(t) n̂0,m(t).

(6.15)

If we are binning the masses, we must normalise by the bin width such that this is a probability
density:

p(t;m) = n(t;m)
µK(t) ≈ (2L)d

µK(t)
ν̂0,a(m)(t)
w̄a(m)

,

where a(m) is again the bin such that m−
a < m ≤ m+

a .
The mass-weighted (sometimes called particle-weighted) cluster mass distribution was

defined in terms of p in (4.8) as f(t;m) := µK mp(t;m). Using the fact that n = µKp we define
f in terms of n as

f(t;m) = mn(t;m),

and can then compute it from the Fourier coefficients as

f(t;m)
N

= m

N
n(t;m) ≈ (2L)d

N
mn̂0,m(t) ≈ (2L)d

N
m̄a(m)

ν̂0,a(m)(t)
w̄a(m)

.

Note that, as f tracks the expected number of particles in clusters of a given mass, it is
normalised by N .

The estimate for the mean number of clusters can be found by summing over the un-
normalised cluster mass number distribution:

µK(t) =
N∑
m=1

n(t;m) ≈ (2L)d
N∑
m=1

n̂0,m(t) ≈ (2L)d
M∑
a=1

ν̂0,a(t). (6.16)

The mean kinetic energy per particle is given by the integral of 1
2m|v|2 over the number

distribution, normalised by N . That is:

E(t) = 1
2N

N∑
m=1

∫
Rd
m|v|2n(t; v,m) dv

≈ 1
2N

N∑
m=1

V∑
κ=−V

mn̂κ,m(t)
∫
DL

|v|2ei
π
L

κ·v dv.

(6.17)

This definition is approximately equivalent to the definition using p instead of n in the one-
dimensional case: (4.12), except with an extra independence assumption of the velocity and
mass distributions (see (5.92)). In two dimensions, representing v in polar coordinates as
(v cos(α), v sin(α)) and noting that we have restricted the support of n(v) to BR with R ≤ L,
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this integral can be approximated as

E(t) ≈ 1
2N

N∑
m=1

V∑
κ=−V

mn̂κ,m(t)
∫ L

0

∫ 2π

0
v3ei

π
L
v(κ1 cos(α)+κ2 sin(α)) dα dv

= L4

N

N∑
m=1

m

π4 n̂0,m(t) +
V∑

κ=−V
κ̸=0

n̂κ,m(t)
(2J2 (π|κ|) − π|κ|J3 (π|κ|)

π|κ|2
) ,

(6.18)

where J2 and J3 are Bessel functions of the first kind. With mass binning, this is

E(t) = L4

N

M∑
a=1

m̄a

π4 ν̂0,a(t) +
V∑

κ=−V
κ ̸=0

ν̂κ,a(t)
(2J2 (π|κ|) − π|κ|J3 (π|κ|)

π|κ|2
) . (6.19)

6.5. Cucker-Smale model

When considering the Cucker-Smale collective behaviour model specifically, we have forwards
velocity maps (from (5.63) and (5.69))

v∗
1 = v1 +m2Φ(r) v2 − v1

|v2 − v1|
= v1 +m2Φ(r) u

|u|

and
v′

1 = m1v1 +m2v2
m1 +m2

= v1 + m2
m1 +m2

u.

Defining the product velocities using h∗ and h′ as in (6.6) and (6.7), we then have

h∗
m1,m2(u, r) = m2Φ(r) u

|u|

and
h′
m1−m2,m2(u, r) = m2

m1
u.

Note that the discrepancy with the definition of v′
1 above arises because h′ is defined for an

interaction between clusters with masses m1 −m2 and m2 whereas v′ is defined using m1 and
m2. With these definitions, and the definition of r∗ in (5.61), the fast Fourier kernels, (6.11)
and (6.12), become

A∗(κ, u, û,m1,m2) =
∫ rc

Φ−1
(

u
m1+m2

) e−i π
L
m2Φ(r)κ·û rd−2 dr

and

A′(κ, u, û,m1 −m2,m2) =
∫ Φ−1

(
u

m1

)
0

e
−i π

L

m2
m1

uκ·û
rd−2 dr

= 1
d− 1e

−i π
L

m2
m1

uκ·û
(

Φ−1
(
u

m1

))d−1
.
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6.5.1. Computational domain and aliasing

To derive the Fourier-Galerkin spectral method, we have truncated the velocity domain of
n(v;m) to be compactly supported over BR, extended it to a function over DL as in (6.4), and
periodically extended this construction over copies of DL (see Figure 6.1). In order to avoid
aliasing, we require that L be large enough such that the domains of v1 + u, v∗

1, and v′
1 do not

intersect with a non-zero part of the periodic extension.

BR

B2R
B3R

DL

Figure 6.1.: Square computational domain, DL, and restricted velocity support BR for the
periodic extension ň(v;m), with non-zero regions of the extension shown in grey.
To avoid aliasing, we must set L to be large enough such that the domains of
v1 + u, v∗

1, and v′
1 do not intersect with a non-zero part of the periodic extension.

For the Cucker-Smale model shown we have set L = 2R as v1 ∈ BR, u ∈ B2R, and
v1 + u, v∗

1, v′
1 ∈ B3R

From (5.63) and (5.69), we can see that, for the Cucker-Smale interaction, the velocity
domain of ň(v;m) remains compactly supported in BR as all resulting velocities after interaction
are on the line between the two pre-interaction velocities and BR is convex. More specifically,
for a non-clustering interaction, if ∗v1,

∗v2 ∈ BR, we have v1,v2 ∈ BR and, for a clustering
interaction, if ′v1,v2 ∈ BR, then v1 is also in BR. We also have |u| = |v2−v1| ≤ |v2|+|v1| ≤ 2R.
Then, if we take v1 ∈ BR and u ∈ B2R for our interaction operators in weak form, we have

|v1 + u| ≤ |v1| + |u| ≤ 3R,

|v∗
1| ≤ |v1| +

∣∣∣∣m2Φ(r) u

|u|

∣∣∣∣ ≤ |v1| +
∣∣∣∣ m2u

(m1 +m2)

∣∣∣∣ < 3R,

and
|v′

1| ≤ |v1| +
∣∣∣∣m2
m1

u

∣∣∣∣ < 3R,

where we have used the fact that Φ(r) ≤ Φ(r∗
m1,m2(|u|)) = |u|/(m1 +m2) for the non-clustering

interaction and that m2 < m1 for the clustering interaction. Thus, all the required quantities,
v1, v1 +u, v∗

1, and v′
1, remain supported in B3R as we integrate over time. The closest non-zero

point in the periodic extension is at a distance of 2L − R from the origin. Thus, to avoid
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aliasing errors, we require 2L−R ≥ 3R, which implies that L ≥ 2R. In what follows, we will
take L = 2R, and the domain of the u quadrature in the fast Fourier method becomes [0, L].

6.5.2. Power-law interaction kernels

Following §5.3.1, for a power-law interaction kernel, ϕ(|x|) = 1/|x|s, we have

Φ(r) = Γ((s− 1)/2)
√
π

Γ(s/2)rs−1 , and Φ−1
(
u

m

)
=
(

Γ((s− 1)/2)
√
πm

Γ(s/2)u

) 1
s−1

.

In Chapter 7, we will perform numerical experiments using the inverse-cube and inverse-quintic
kernels specifically (i.e. setting s = 3 and s = 5, respectively). For the inverse-cube kernel, we
have

Φ(r) = 2
r2 , and Φ−1

(
u

m

)
=
√

2m
u
.

The clustering Fourier kernel becomes

A′(κ, u, û,m1 −m2,m2) = 1
d− 1e

−i π
L

m2
m1

uκ·û
(2m1

u

) d−1
2
,

and the non-clustering kernel becomes

A∗(κ, u, û,m1,m2) =
∫ rc√

2(m1+m2)
u

e−i π
L
m2

2
r2 κ·û rd−2 dr.

Setting d = 2, this integrates to

re− 2iπm2κ·û
Lr2 + (1 + i)π

√
m2κ · û

L
erf

(1 + i)
√

π
Lm2κ · û

r

 ∣∣∣∣∣
r=rc

r=
√

2(m1+m2)
u

, (6.20)

where erf denotes the error function. Note that we can simplify the computation here as the
top limit in (6.20) approaches rc in the limit rc → ∞. As the loss term in two dimensions is
rc (see (6.13)), the top limit of (6.20) cancels with the loss term if we take rc → ∞. Thus,
it is simpler in this case not to include the cutoff value in the computation, and we only
substitute the bottom limit of the integral: r =

√
2(m1 +m2)/u. With these computations,

the mass-binned fast Fourier spectral model for the Cucker-Smale interaction in two dimensions
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with the inverse-cube interaction kernel is

Nτ∂tν̂κ,a

= ΛK
∑

m̄b∈M
m̄a+m̄b≤N−µK+2

∑
u∈[0,L]

∑
û∈[0,2π)

wuwûu
2

√2(m1 +m2)
u

e
− iπm2uκ·û

L(m1+m2)

+ (1 + i)π
√
m2κ · û

L
erf
(

(1 + i)
√

πm2uκ · û

2L(m1 +m2)

) V∑
j,l=−V
j+l=κ

ν̂j,a

(
ei

π
L
u l·ûν̂l,b

)

+ 1
2(d− 1)ΛK

∑
m̄b,m̄c∈M

m̄a−1<m̄b+m̄c<m̄a+1

∑
u∈[0,L]

∑
û∈[0,2π)

wuwûu
2
√

2m1
u
e

−i π
L

m2
m1

uκ·û
γa(m̄b + m̄c)

×
V∑

j,l=−V
j+l=κ

ν̂j,b

(
ei

π
L
u l·ûν̂l,c

)
.

(6.21)

This is the model we will use for the majority of the numerical experiments in Chapter 7. The
values for u and wu are defined using a Gauss-Legendre rule with Nu points across [0, L]. A
rectangular rule with Nû points on the circle is used for û, i.e. û ∈

{
0, 2π

Nû
, 4π
Nû
, . . . , 2(Nû−1)π

Nû

}
and wû = 2π

Nû
.

For the inverse-quintic kernel, we have

Φ(r) = 4
3r4 , Φ−1

(
u

m

)
=
(4m

3u

) 1
4
,

and the clustering Fourier kernel becomes

A′(κ, u, û,m1 −m2,m2) = 1
d− 1e

−i π
L

m2
m1

uκ·û
(4m1

3u

) d−1
4
.

In two dimensions, the non-clustering Fourier kernel integrates to

1
4rE5/4

(4i πLm2κ · û

3r4

) ∣∣∣∣∣
r=rc

r=
(

4(m1+m2)
3u

) 1
4
,

where E5/4 is the generalised exponential integral function En with n = 5/4 (not to be confused
with the particle energy E(t)), defined as

En(x) =
∫ ∞

1

e−xt

tn
dt.

Similarly, the limit at r = rc cancels with the loss term as rc → ∞, and so, substituting the
bottom limit, we get

1
4

(4(m1 +m2)
3u

) 1
4
E5/4

(
i πLm2uκ · û

m1 +m2

)
.

Similar results are available for other powers s in the interaction kernel and other dimensions
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d, allowing the Fourier kernels to be computed analytically.

6.5.3. Exponential interaction kernel

Considering the exponential interaction kernel, ϕ(|x|) = e−|x|, we have

Φ(r) =
∫ ∞

−∞
e−

√
r2+(y′)2 dy′ =

2, r = 0

2rK1(r), r > 0,

where K1 is a modified Bessel function of the second kind. This does not have a closed-form
analytical inverse, so it is necessary to either analytically approximate Φ−1 and the Fourier
kernel integrals or to compute them numerically.

One method involves computing Φ−1 ( u
m

)
over a range of values numerically and inter-

polating on this grid to get approximate values to use at runtime. For the clustering Fourier
kernel we need Φ−1

(
u
m1

)
and for the non-clustering kernel Φ−1

(
u

m1+m2

)
, with u ∈ [0, L] and

m1,m2 ∈ {1, . . . N}. As such, we need the interpolation grid to cover arguments of Φ−1 in
the range [0, L]. However, note that the range of Φ(r) is (0, 2]. Thus for values of u

m > 2 we
don’t need to compute Φ−1 directly and instead set Φ−1 ( u

m

)
= 0. This represents trajectories

where the ratio of relative velocity to mass is great enough such that even a direct interaction
with r = 0 will not cause clustering, so r∗

m1,m2(u) = Φ−1
(

u
m1+m2

)
= 0 (and equivalently

r∗
m1−m2,m2(u) = 0 in the clustering kernel). Thus, we only need to numerically compute

Φ−1 ( u
m

)
an interpolation grid covering u

m ∈ (0, 2]. In the numerical experiments, we compute
this over multiple rectangular grids, with the grid spacing refined for values close to 0 as the
gradient of Φ−1 ( u

m

)
increases significantly as u

m → 0.
The approximation of Φ−1 is enough to compute the clustering Fourier kernel. However,

to compute the non-clustering kernel, we must also approximate the integral

A∗(κ, u, û,m1,m2) =
∫ rc

Φ−1
(

u
m1+m2

) e−2i π
L
m2κ·û rK1(r) rd−2 dr. (6.22)

This can be represented in two dimensions as∫ rc

B2
e−iB1rK1(r) dr,

where B1 = 2 πLm2κ · û ∈
[
−2

√
2πNV
L , 2

√
2πNV
L

]
and B2 = Φ−1( u

m1+m2

)
∈ [0, rc]. This is a highly

oscillatory integral that requires care to approximate accurately, particularly as B2 → 0. As a
first attempt we compute over the grid B2 ∈ {0, 0.1, 0.2, . . . , 20} with rc = 20 and a grid in B1

over [−7000, 7000] with step size

∆B1 =



100, 7 ≤ B2 ≤ 20

10, 4.5 ≤ B2 ≤ 7

1, 2 ≤ B2 ≤ 4.5

0.1, B2 ≤ 2.
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The approximated values for A∗ are then computed using cubic-spline interpolation between
these grid points at runtime.
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7. 2D Numerical Evaluation

To evaluate the accuracy of our short-range clustering PDE model in higher dimensions, we test
it against the full particle ODE simulations for the Cucker-Smale model in two dimensions. The
Fourier-Galerkin spectral method is implemented in Julia, with the convolution sum computed
with DSP.jl package, which uses an FFT implementation written in Julia. The majority of the
experiments are performed with a uniform spatial distribution, a monodisperse initial mass
condition and a Maxwellian initial velocity distribution with mean velocity 0 given by

n(t = 0; v;m = 1) = N

16πe
− |v|2

16 .

Although we test other interaction kernels in §7.2.4, the majority of the experiments are
performed with the inverse-cube interaction kernel, which allows us to make use of the analytical
solutions for the Fourier kernel integrals and base the implementation off (6.21). Given this
initial velocity distribution, we restrict the support to BR with R = 10 when defining the
periodic extension ň and hence set L = 20 to define the Fourier domain DL. We use the
full mass distribution for models with up to N = 40 particles but use mass-binning with
M = 30 bins when N > 40. The OwrenZen5, adaptive time-step ODE solver algorithm from
the DifferentialEquations.jl package is used for time integration, with relative tolerance 10−3

and absolute tolerance 10−6.
The particle ODE simulations to be used as a base case for comparison are implemented as

described in §4.3.1. The ODEs used for the short-range Cucker-Smale model with inverse-cube
interaction kernel are

Ẋi = V i,

V̇ i = ε2
N∑
j=1
j ̸=i

1
|Xi − Xj |3

(V j − V i). (7.1)

Again, the OwrenZen5 algorithm is used for time integration, and the DBSCAN algorithm is
used to label groups of highly-correlated particles as clusters. Figures 7.1 and 7.2 show time
snapshots of particles in the spatial domain for simulations with N = 20 and N = 80 particles,
respectively. The gradual formation of clusters (indicated by different colours) and alignment
of particle velocities (shown with proportional arrows) over time can be seen.

The plots against time are shown using scaled time t′, which we define as

t′ := Nε

|Ω|
t.
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Figure 7.1.: A particle ODE simulation for the Cucker-Smale interaction with inverse-cube
kernel, N = 20 particles, density Nε2π/|Ω| = 0.004π and a Maxwellian initial
velocity distribution. Clusters identified by the DBSCAN algorithm are coloured,
and the arrows represent particle velocities. The full animated version can be
found at https://figshare.com/s/792a101f5db84e4b9e6c.
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Figure 7.2.: A particle ODE simulation for the Cucker-Smale interaction with inverse-cube
kernel. N = 80 particles, density Nε2π/|Ω| = 0.004π and a Maxwellian initial
velocity distribution. Clusters identified by the DBSCAN algorithm are coloured,
and the arrows represent particle velocities. The full animated version can be found
at https://figshare.com/s/be227121efff2cda31e7 and an animation of a simulation
with N = 160 particles at https://figshare.com/s/6d1e7d7a8fdde5036da0.
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Note that the time scale defined in §5.1.7 would become τ = |Ω|/(2Nεv̄) in two dimensions.
We have simplified the scale used for these experiments, not including the v̄ or the factor of 2,
as we will only be considering variations in the particle number and spatial density, not varying
the scale of the initial velocity distribution. Note also that this is a different time scale from
that used for the one-dimensional experiments.

We heuristically define the ‘density’ of a system we consider to be the volume fraction
occupied by a set of disks of radius ε at each particle: Nε2π/|Ω|. Although we are modelling
point particles (and thus, this is not a true volume fraction), ε is the length scale of the
interaction, and so these disks are representative of each particle’s region of influence. In
§7.2.2, we will analyse the effect of varying this density, but for all other simulations, we take
Nε2π/|Ω| = 0.004π.

7.1. Parameter selection

7.1.1. ΛK approximation

To implement our PDE method, we require a closed approximation for the coefficient ΛK ,
defined from the cluster number distribution as

ΛK = µK2 − µK
µ2
K

= 1 + σ2
K − µK
µ2
K

,

which was introduced when making the Clusterzahlansatz, (5.31). The most accurate method
for estimating ΛK using the information we already have available in the fast Fourier spectral
implementation is to track the full k distribution using (5.38) and compute ΛK directly. In the
two dimensional spatially uniform case, (5.38) becomes

Nv̄τ
d
dtPk = 1

2(µK)2 ((k + 1)kPk+1 − k(k − 1)Pk)

×
N∑

m1,m2=1
m1+m2

≤N−k+2

∫
Rd×Rd

|v1 − v2|n(t; v1;m1)n(t; v2;m2) r∗
m1,m2(|v1 − v2|) dv1dv2, (7.2)

where we have approximated both mass restrictions with m1 + m2 ≤ N − k + 2 to simplify
the equation. If, as in the derivation of the Fourier-Galerkin spectral method, we restrict
the domain of integration to DL, change variables to relative velocity, u, and substitute the
truncated Fourier approximation for ň this becomes

Nv̄τ
d
dtPk = 1

2(µK)2 ((k + 1)kPk+1 − k(k − 1)Pk)

×
N∑

m1,m2=1
m1+m2

≤N−k+2

V∑
j,l=−V

n̂j,m1 n̂l,m2

∫
DL×B2R

|u| ei
π
L

j·v1ei
π
L

l·(v1+u)r∗
m1,m2(|u|) dudv1, (7.3)
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which, using the orthogonality of the Fourier basis functions, can be reduced to

Nv̄τ
d
dtPk = (2L)2

2(µK)2 ((k + 1)kPk+1 − k(k − 1)Pk)

×
N∑

m1,m2=1
m1+m2

≤N−k+2

V∑
j=−V

n̂j,m1 n̂−j,m2

∫
B2R

|u| e−i π
L

j·ur∗
m1,m2(|u|) du. (7.4)

For the Cucker-Smale model with inverse-cube interaction kernel, we have that

r∗
m1,m2(|u|) = Φ−1

( |u|
m1 +m2

)
=
√

2(m1 +m2)
|u|

,

and so in two dimensions, using polar coordinates u ≡ (u cos(α), u sin(α)), and noting that
taking L = 2R is sufficient for the Cucker-Smale model, the du integral becomes

√
2(m1 +m2)

∫ L

0

∫ 2π

0
u3/2 e−i π

L
u (j1 cos(α)+j2 sin(α)) dα du

= 4
√

2L5/2π
√
m1 +m2

5 1F2

(
5
4; 1, 9

4; −|j|2π2

4

)
,

where 1F2 is the generalised hypergeometric function, conventionally written as
pFq(a1, . . . , ap; b1 . . . , bq; z). As such, for this interaction, we can compute the time evolu-
tion of the set of Pk alongside the Fourier coefficients n̂κ,m, using

Nv̄τ
d
dtPk = 8

√
2L9/2π

5(µK)2 ((k + 1)kPk+1 − k(k − 1)Pk)

×
N∑

m1,m2=1
m1+m2

≤N−k+2

V∑
j=−V

√
m1 +m2 n̂j,m1 n̂−j,m2 1F2

(
5
4; 1, 9

4; −|j|2π2

4

)
, (7.5)

with µK approximated directly from the set of n̂ as in (6.16), with µK(t) ≈ (2L)d∑N
m=1 n̂0,m(t).

However, to simplify the computation for these numerical experiments, we consider if it
is possible to produce a sufficiently accurate estimate for ΛK(t) directly from µK(t) at each
time step. A simple approximation is that the number of clusters is Poisson distributed, i.e.
K ∼ Pois(µK). This would give σ2

K = µK so that ΛPois
K (t) = 1 for all t. We could also

assume K was Binomially distributed with N trials and p = µK/N probability of success, i.e.
K ∼ Bin(N,µK/N), giving

ΛBin
K (t) = 1 + Np(1 − p) −Np

N2p2 = 1 − 1
N
.

Noting that for the monodisperse initial condition we have µK(0) = N and σ2
K(0) = 0 it follows

that ΛBin
K (0) = 1 − 1/N . As a result, we expect the Binomial approximation to capture the

initial behaviour well, and the Poisson approximation to improve as N → ∞.
Figure 7.3 shows ΛK against µK , with both quantities computed empirically from the
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Figure 7.3.: Clusterzahlansatz coefficient, ΛK = 1 + (σ2
K − µK)/µ2

K , for Cucker-Smale particle
ODE simulations with inverse-cube interaction kernel. Dashed lines represent
the empirical approximation using only µK for each N given by cN (µK) = (1 +
1/µK)1/2(1+(µK/N)2).

particle ODE simulations for trials with N varying from 10 to 80. In each trial, as t increases,
µK decreases, and it can be seen that ΛK also decreases. Interestingly, after an initial transient,
the same relationship between ΛK and µK is observed for all values of N . The binomial
approximation with ΛK = 1 − 1/N appears reasonable when µK is close to N but less valid for
later times when µK is small, as expected. Both binomial and Poisson approximations appear
to maintain their accuracy for longer times when N is large, with ΛK remaining closer to 1.

To match the particle ODE results more closely for all t, we define the empirical approxi-
mation

ΛK(t) ≈ cN (µK) = (1 + 1/µK)1/2(1+(µK/N)2). (7.6)

This can be seen in Figure 7.3 to be a much more accurate approximation than either Binomial
or Poisson, capturing the decrease in ΛK when µK is small. We, as yet, do not have a complete
theoretical justification for this approximation, but we expect further investigation into the
k-distribution evolution defined in (5.38) may offer some insight. We also consider a simplified
empirical approximation, a large-µK Taylor approximation to cN given by

c̃N (µK) = 1 + 1
2µK

(
1 +

(
µK
N

)2
)
.

Figure 7.4a shows a comparison of both empirical approximations against the particle ODE
simulations for the trial with N = 20. The full approximation, c20, can be seen to be
more accurate for small µK than the simplified approximation, c̃20, although this distinction
requires further investigation. For the experiments in this chapter, we will use the empirical
approximation ΛK = cN (µK) to limit the effect of the approximation of ΛK on the results.
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(a) (b)

Figure 7.4.: (a) Empirical approximations to ΛK , cN (µK) = (1 + 1/µK)1/2(1+(µK/N)2) and the
simplified c̃N (µK) = 1 + 1/(2µK)(1 + (µK/N)2), for N = 20 and inverse-cube
interaction kernel. At later times (for smaller µK), c20(µK) can be seen to be more
accurate. (b) Particle simulation results for ΛK for exponential and inverse-cube
interaction kernels. The kernels show different initial transients, but they both
approach the same limiting behaviour as µK decreases for all values of N . The
limiting curve (1 − 1/µK)1/2 (which cN (µK) approaches for µK ≪ N) is shown for
comparison.

Figure 7.4b shows ΛK against µK for particle ODE simulations with the exponential
interaction kernel for comparison with those using the inverse-cube kernel. The initial transient
behaviour differs, although the limiting behaviour for both kernels approaches ΛK ≈ (1 −
1/µK)1/2, which is the limit of cN (µK) for µK ≪ N . This difference in initial transients
suggests the empirical approximation cN (µK) is specific to the inverse-cube kernel, although
the limiting behaviour is more generalisable.

Figure 7.5 shows cluster number distributions produced by the particle ODE simulations
compared with the distributions implied by the various approximations to ΛK for a trial with
N = 20. A similar plot for N = 160 is shown in Figure B.4 in the Appendix. The empirical
approximations can be seen to give good approximations to the k distribution, with very little
difference between cN and the simplified c̃N . The binomial approximation is worse for later
times when µK has decreased, as expected. The Poisson distribution does not match well at
t′ = 0, even though it approximates ΛK better here. This may be explained as we can rearrange
(5.31) to

σ2
K = µ2

K(ΛK − 1) + µK .

We note that ∂σ2
K/∂ΛK = µ2

K , and so at t′ = 0 when µK is large, the approximation of σ2
K is

very sensitive to ΛK . In the initial condition here where µK(0) = 20, the Poisson approximation
of ΛK(0) = 1 gives σ2

K(0) = 20, while the approximation of ΛK(0) = 1 − 1/20, given by the
Binomial and empirical approximations, gives σ2

K(0) = 0.
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Figure 7.5.: Cluster number, k, distributions from particle ODE simulations with inverse-cube
collision kernel and N = 20. Normal distributions using the variance implied
by the empirical approximations cN (µK) and c̃N (µK) are shown, as well as the
distributions Bin(N,µK/N) and Pois(µK). The empirical approximations can be
seen to be the closest fit, and there is little difference observed between the two.

7.1.2. Clusterzahlansatz m2 sum approximation

When applying the Clusterzahlansatz, we approximate the upper limit for the allowed value
of m2 as N −m1 − ⌊µK⌋ + 2 (see the steps from (5.30) to (5.32)). Before k was marginalised,
the limit for each k was N −m2 − k + 2. This limited m2 to ensure there were enough other
particles available to produce another cluster with mass m1 and the required k − 2 other
clusters. The approximated limit, N −m1 − ⌊µK⌋ + 2, introduced after the k marginalisation
and Clusterzahlansatz ensures enough particles are available to produce another cluster with
mass m− 1 and ⌈µK − 2⌉ further clusters. We evaluate whether this more complicated bound is
necessary by comparing it against the simpler approximation of limiting m2 to N −m1. Figure
7.6 shows that there is a negligible difference between the two approximations for maximum
Fourier Frequency V = 30, and for lower values of V , the simpler approximation matches the
particle ODE results more accurately. As such, from here on, we use N −m1 as the upper limit
for m2.
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Figure 7.6.: Mean kinetic energy per particle, E, and mean number of clusters µK for different
Clusterzahlansatz approximations to the m2 sum limit and different maximum
Fourier frequencies, V , in the PDE model with N = 20 and inverse-cube kernel.
The equivalent particle ODE simulation result for E is shown as a black dashed
line. For the cluster numbers, the proportional difference between the PDE results,
µPDEK , and the particle ODE results, µPK , is shown for clarity as the errors in all
cases are much smaller.

7.1.3. DBSCAN clustering parameters

To determine which values to use for the spatial, εx, and velocity, εv, tolerance for two particles
to be considered linked in a cluster for the DBSCAN algorithm, we observed the clusters
produced in individual particle ODE simulations. Values of εx = 10 and εv = 0.1 appeared to
produce the qualitatively desired behaviours of pairs of clusters combining smoothly during a
clustering interaction without being labelled as multiple clusters during the process and labelled
clusters not splitting apart spontaneously. Note that this value of εx is greater than was used
in Chapter 4 for the one-dimensional case as, in those experiments, we used the exponential
interaction kernel. Here, we use the inverse-cube interaction kernel, which does not decay as
quickly in |x| and, as such, is consistent with a larger radius of spatial tolerance being necessary
to capture the majority of the interaction range of each particle.

Figure 7.7 shows plots of the mean number of clusters for the particle ODE simulations
with N = 20 and different values of εv and εx. Values of εx = 10, and εv = 0.1 appear to be
most consistent with the overlaid Fourier-Galerkin PDE results, with variation in εv in the
range shown appearing to cause much greater variation in the results. Note that the physical
model provides less direct justification for the choice of εv, so we have tested here over a wider
range of parameters.
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Figure 7.7.: Mean number of clusters, µK , for particle ODE simulations with inverse-cube
kernel and N = 20 varying the velocity tolerance, εv, and spatial tolerance, εx, for
two particles to be linked in a cluster by the DBSCAN algorithm. Fourier-Galerkin
PDE results are shown as the dashed black line for comparison. (a) Varying εv

with εx = 10. (b) Varying εx with εv = 0.1.

7.1.4. Fast Fourier parameter convergence

We now consider the convergence of results from the fast Fourier spectral implementation of
the PDE model over three parameters: the maximum Fourier frequency, V , the number of
radial grid points in the Gauss-Legendre quadrature for the du integral, Nu, and the number
of angular grid points in the quadrature of the dû integral, Nû. Figure 7.8 shows plots of the
computation time for the fast Fourier method over different values of these parameters. The
computation time is seen to be scaling as expected for higher values of each of the parameters:
linearly in Nu and Nû, and proportional to V 2 log(V ) (due to the FFT implementation) in V .
The fact that the scaling doesn’t apply as well for smaller values of each of the parameters may
suggest that there are other components of the implementation that more significantly impact
the time taken when the overall computation time is small.

Figure 7.9 shows kinetic energy per particle, E, and mean number of clusters, µK , for
the Fourier implementation of the PDE model with an inverse-cube kernel, N = 20 particles,
Nu = 20 Gauss-Legendre radial quadrature points and Nû = 24 angular quadrature points
across different maximum Fourier frequencies, V . We can see that results show much better
agreement with the particle ODE simulations for larger V . Results for V = 5 and V = 10
show spurious behaviour, such as E going negative and E or µK increasing when they should
monotonically decrease. The mean kinetic energy result for V = 20 appears to approach that
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6
12
24

Nu

5
10
20

100Nu

100

300

1000

3000

5 10 20
Nu

C
om

pu
ta

tio
n

tim
e

(s
)

6
12
24

V

5
10
20

50Nû

100

300

1000

3000

6 12 24
Nû
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Figure 7.8.: Computation time for Fourier-Galerkin PDE simulations of a system with N =
10 particles, varying the maximum Fourier frequency, V , the number of radial
quadrature grid points, Nu, and the number of angular quadrature grid points, Nû.
The expected scaling relationships are shown with overlaid dotted lines.

of the particle ODEs more accurately than that of V = 30, but we believe this is a spurious
effect as it involves the E increasing slightly and the result with V = 30 better matches the
qualitative shape of the energy decrease. Observing the velocity distributions produced, we
see that the Fourier approximation begins to break down when these unexpected effects occur,
which makes the numerical implementation unstable. This is generally due to the velocity
distribution becoming too narrow to be adequately approximated by the truncated Fourier
series. Modifying the original model with a similarity scaling before deriving the fast Fourier
method may allow the results to converge for longer times at lower values of V .

Figure 7.10a shows the convergence of E and µK as V is increased by plotting the
error relative to the results with V = 30. This shows specifically the reduction in Fourier
approximation errors at larger V and convergence of the outputs towards the large-V limiting
values. Reference curves at seventh-order convergence are overlaid, showing the output converges
quickly as V is increased, as expected from a spectral method.

However, the Fourier approximation of ň was not the only approximation used in the
derivation of the model. Figure 7.10b shows the ratio between the error relative to the PDE
model with V = 30 (as shown in Figure 7.10a) and the error relative to the particle ODE
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Figure 7.9.: Mean kinetic energy per particle, E, and mean number of clusters, µK , for the
Fourier-Galerkin PDE model with an inverse-cube kernel, N = 20 particles, Nu = 20
Gauss-Legendre radial quadrature points and Nû = 24 angular quadrature points.
Results from the corresponding particle ODE simulations are shown as the black
dashed line. As the maximum Fourier frequency, V , is increased, the results show
better agreement with the particle simulations.

simulations. That is, using E as an example,

E error ratio = |EPDEV − EPDEV=30|
|EPDEV − EP |

,

where EPDEV is the PDE result with V = 5, 10 or 20 that we are testing. An error ratio
significantly less than 1 implies that the error due to the Fourier approximation relative to that
with V = 30 is small compared to the total error from all approximations in the model. This
would suggest that such a value of V is appropriate for this test case as it does not represent a
major proportion of the error. We can see from the plots that, although the µK error ratio is
small for V = 20, all the E error ratios reach 1 in the time frame considered. This means the
Fourier approximation is a major contributor to the total error as t′ approaches 0.4, and we
should use at least V = 30 in the subsequent experiments.

Figures B.5 and B.6 in the appendix show similar analysis for the number of Gauss-
Legendre radial quadrature points, Nu, and the number of angular quadrature points Nû,
respectively. A similar order of convergence (around sixth- or seventh-order) is observed for
smaller values of t′ for both parameters; however, for t′ = 0.4, the results converge less quickly.
This may be because, by this time, errors from the underlying Fourier approximation have
increased, confounding our ability to observe independent convergence with the quadrature
parameters. The error ratio analysis suggests values of Nu = 20 and Nû = 24 are sufficient as
they result in the quadrature contributing only a small proportion of the total model error. We
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Figure 7.10.: Convergence of Fourier-Galerkin PDE results across maximum Fourier frequency,
V , for a system with inverse-cube kernel, N = 20 particles, Nu = 20 Gauss-
Legendre radial quadrature points and Nû = 24 angular quadrature points. (a)
Proportional error for different times relative to the Fourier-Galerkin PDE results
with V = 30 maximum frequency. Reference lines at seventh-order convergence
are shown. (b) Ratio between the absolute error with reference to the V = 30
Fourier-Galerkin PDE results and the error with reference to the particle ODE
simulations. If this ratio is significantly less than 1, it implies that the error due
to the Fourier approximation is small compared to the other approximations in
the model. When t′ approaches 0.4, this error ratio approaches 1 for the values of
V shown, implying that the Fourier error has become significant for V ≤ 20.
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will use these values and V = 30 for the subsequent experiments for the fast Fourier spectral
implementations.

7.2. Model evaluation

7.2.1. Convergence with N

Given the model parameters selected, we now consider how accurately the results produced by
the PDE model match the particle ODE simulations for different physical system parameters.
We first consider whether the PDE model performs better as the number of particles is increased
(while keeping the density constant). Figure 7.11 shows reference particle ODE simulations for
different values of N . Particles are drawn with a radius of ε relative to the spatial domain size
to show the density, and particles are coloured based on clusters computed by the DBSCAN
algorithm.

Figure 7.12 shows the convergence in mean kinetic energy results between the PDE model
and particle ODE simulations as N is increased. Figure 7.12a shows the values of E for each
model across N , and the plots in Figure 7.12b show the proportional error between the models
across t′ and N . First, we can see that the agreement is much closer than that observed for the
one-dimensional models in Chapter 4. This suggests that the local particle correlations are less
significant and that the Stosszahlansatz is a better approximation in two dimensions. The error
increases for later times and decreases for larger N . Reference lines are added over the second
plot in Figure 7.12b, showing that the rate of convergence with N is between N−2/3 and N−1.
For earlier times, the convergence with N is not as clear as the magnitude of the errors is much
smaller, potentially allowing errors from other approximations to confound the result.

Similarly to the one-dimensional case, any discrepancy is in the direction of the PDE models
underestimating the mean kinetic energy. This may be explained by similar reasoning: the PDE
model does not model local spatial correlations and allows particles to continue interacting
with a distribution of cluster velocities that may not be present in any one realisation, allowing
the variance of velocity distribution to reduce too far. This evidence in Figure 7.12, however,
suggests this effect is much smaller than in one-dimension, and, in this case, the two models
appear to be converging to the same value as N is increased.

Figure 7.13 shows similar plots for the mean number of clusters. Once again, the results
from the PDE models track those from the particle ODE simulations significantly more
accurately than in the one-dimensional case. However, the errors observed are smaller across all
values of N than for E (with relative errors on the order of 0.01), and no increase in accuracy
is observed as N is increased. The right plot in Figure 7.13 shows the proportional error in µK
with sign included. For all values of N , the PDE model slightly underestimates the value of
µK relative to the particle ODEs initially, before gradually overestimating as t′ increases.

These observations are consistent with the velocity and mass distributions produced by
the two models. Figures 7.14 and 7.15 show a cross-section of the normalised cluster velocity
distributions, n(v, 0)/µK , and normalised mass-weighted cluster mass distributions f(m)/N .
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Figure 7.11.: Particle ODE simulations for N = 40, 80, and 160 particles with the inverse-cube
kernel, density Nε2π/|Ω| = 0.004π and a Maxwellian initial velocity distribution.
Clusters identified by the DBSCAN algorithm are coloured, and the arrows
represent particle velocities. Similar simulations are shown in Figures 7.1 and 7.2.
Animated versions of these particle simulations for different values of N can be
found at https://figshare.com/s/1c7db37edaba0605dc60.
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Figure 7.12.: Mean kinetic energy per particle across number of particles, N, for an inverse-cube
interaction kernel, density Nε2π/|Ω| = 0.004π and a Maxwellian initial velocity
distribution. The Fourier-Galerkin method is applied with V = 30, Nu = 20 and
Nû = 24. (a) Particle energy at different values of t′, showing the convergence
of the PDE model results to the particle simulations as N is increased. (b)
Proportional error between PDE model results and particle simulations over time
and against N . Reference lines for N−1 and N−2/3 convergence are shown.
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Figure 7.13.: Mean number of clusters across number of particles, N , for an inverse-cube
interaction kernel, density Nε2π/|Ω| = 0.004π and a Maxwellian initial velocity
distribution. Good agreement between the PDE model results and the particle
ODE simulations is seen for all values of N considered. The right plot shows the
proportional error between the PDE and particle values.
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The full velocity distributions are two-dimensional, but as they would be expected to be
radially symmetric for this system, the cross-section n(v, 0) shown should be representative.
A comparison of cross-sections taken at different angles through the origin showed this to be
the case. Figure B.7 in the appendix shows the normalised cluster speed distribution as an
example that reduces the full distributions to one dimension.

Consistent with the accuracy of the µK results for all values of N , the PDE model produces
mass distributions that match well with the distributions from the particle ODE simulations.
To further test this, running the experiments to larger values of t′ when the mean cluster
mass is larger would be desirable. Such tests, however, would require the implementation of a
similarity scaling for the fast Fourier model or the use of more Fourier modes (larger V ) as the
current plots are reaching the limit of how sharp the velocity distribution can become and still
be well modelled by the Fourier approximation.

The velocity distribution results are also consistent with the scalar comparison of mean
kinetic energy. The velocity distribution from the PDE model matches the particle ODE
simulations well for early times. However, at later times, it begins to overestimate how far
the variance should reduce towards 0. This overestimation is significantly smaller for N = 160
than for N = 20, mirroring the reduction in error of the mean kinetic energy prediction as N is
increased. The small bumps observed in the tail of the PDE model distributions at later times
are due to the Fourier approximation. If t′ is increased further, these will grow as the model
attempts to approximate a distribution too sharp for the number of Fourier modes used. This
is what is happening for the times where spurious results can be observed in Figure 7.9, such
as E increasing or going below 0. Naturally, we would expect to be able to extend the PDE
model to much later times without encountering these errors if it were implemented using a
similarity scaling.

Figure 7.16 shows the computation time needed to produce the results shown in this
section for both the particle ODE simulations and fast Fourier kinetic PDE model across
different values of N . This is intended only as a heuristic reference as many factors significantly
influence the computation time, including the implementation, computational hardware and
level of accuracy desired. The PDE model can be seen to take more computation time than
the particle ODEs for the range of N considered. However, the advantage of the PDE model is
that, with mass binning, we would expect to be able to model systems for much higher values of
N without increasing the number of mass bins or affecting the computation time significantly.
Although the computational time of the particle simulations is naturally heavily dependent
on the number of simulations run, the time taken would scale at least at O(N2) as N was
increased further. As such, we would expect the PDE model to be more efficient for systems
with on the order of hundreds of particles or more. As seen in Figure 7.12, the results from
the PDE model also converge to those from the particle ODE simulations as N is increased,
suggesting the PDE model is useful for systems with N in this range.
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Figure 7.14.: Normalised cross-section of two-dimensional velocity distribution n(v, 0)/µK , and
normalised mass-weighted cluster mass distribution f(m)/N for simulations with
N = 20 particles, Nε2π/|Ω| = 0.004π density, inverse-cube interaction kernel and
a Maxwellian initial velocity distribution. Good agreement is seen between the
PDE model and particle simulations of the mass distribution. At later times, the
PDE model can be seen to under-predict the variance in the velocity distribution
when compared to particle simulations. An animated version can be found at
https://figshare.com/s/45630708860ad2aae02b.
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Figure 7.15.: Normalised cross-section of two-dimensional velocity distribution n(v, 0)/µK , and
normalised mass-weighted cluster mass distribution f(m)/N for simulations with
N = 160 particles, Nε2π/|Ω| = 0.004π density, inverse-cube interaction kernel and
a Maxwellian initial velocity distribution. Good agreement is seen between the
PDE model and particle simulation results in general. The velocity distribution
is predicted more accurately by the PDE model than with N = 20. An animated
version can be found at https://figshare.com/s/7915e31bc94db0590939.
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Figure 7.16.: Computation time for the fast Fourier implementation of the PDE model and
particle ODE simulations across different values of N , for the Cucker-Smale model
with inverse-cube interaction kernel. The PDE model uses a maximum Fourier
frequency of V = 30 and no mass binning for N ≤ 40. For the model with
N = 80 and N = 160, M = 30 mass bins are used. The number of particle ODE
simulations performed for each value of N are: N = 10, 1000; N = 20, 1000;
N = 40, 1000; N = 80, 500; N = 160, 400.

7.2.2. Variation of density

Next, we consider how the results vary if the spatial density of particles in the system is varied.
Figure 7.17 shows example particle ODE simulations with N = 20 particles and densities
ranging from Nε2π/|Ω| = 0.016π to Nε2π/|Ω| = 2.5 · 10−4π. Figure 7.18a shows plots of E
and µK from both models for different system densities. The mean kinetic energy results of
the two models do not show any significant variation across density, while the mean cluster
number results show some variation at either end of the density range. Figure 7.18b shows the
proportional error of µK between the two models over t′ for different densities, with greater
overall variation seen for higher densities. The consistency of the results at lower densities
suggests that the assumptions that higher-order interactions and the spatial extent of clusters
are negligible are both valid in this density range. The increased µK variation at the relatively
higher densities tested suggests these assumptions may begin to break down at this point.
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Figure 7.17.: Particle ODE simulations for N = 20 particles with density ranging
from Nε2π/|Ω| = 0.016π to 2.5 · 10−4π, inverse-cube collision kernel and
Maxwellian initial velocity distribution. Clusters identified by the DBSCAN
algorithm are coloured, and the arrows represent particle velocities. Ani-
mated versions of these simulations for different densities can be found at
https://figshare.com/s/11fe4376fadf70d28302.
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Figure 7.18.: Particle energy, E, and number of clusters, µK , for a system with N = 20 particles
and inverse cube collision kernel across a range of densities. (a) Comparison of the
kinetic PDE with particle ODE simulation results at different values of t′. There
is little variation for different density values other than at the higher densities
and lower times for µK . (b) Proportional error of kinetic PDE results against
particle simulation results over time for µK . Slightly more variability is seen at
the higher densities.
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7.2.3. Anisotropic initial velocity condition

To examine the effect of an anisotropic velocity distribution, we consider shifting the mean
velocity of the Maxwellian initial velocity to v̄ = (3, 3) instead of v̄ = (0, 0). As the Cucker-
Smale model conserves momentum and interactions are based on relative velocity, the evolution
of the velocity and mass distributions would be expected to be the same over time, except
with the mean of the velocity distribution remaining shifted. Figure 7.19a shows the mean
kinetic energy per particle and the mean number of clusters over time for both initial conditions
and varying maximum Fourier frequency, V . The qualitative behaviour and convergence in V

towards the particle ODE simulation results are very similar in both cases, indicating the model
is not significantly affected by this anisotropy. Figure 7.19b shows the convergence of kinetic
energy results over V , with the V = 30 PDE results used as reference. The convergence is
similar but slightly worse in the anisotropic case. This may also be because the initial condition
is less well approximated by restricting to the ball BR with R = 10 when the mean of the
distribution is shifted to v̄ = (3, 3).
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Figure 7.19.: Comparison of results between the Fourier implementation of the kinetic PDE
model and particle ODE simulations for an anisotropic initial velocity condition
with the mean velocity shifted to v̄ = (3, 3). Other model parameters are the same
as Figure 7.9 with N = 20. (a) Particle energy comparison shown with particle
ODE simulation results as black dashed lines. Mean cluster number results
are shown as proportional errors between PDE results and particle simulations.
Limited difference is seen between the two initial conditions. (b) Convergence of
the PDE model measured for different values of V , with the V = 30 implementation
as reference. The results for the anisotropic initial velocity converge similarly but
slightly slower than the isotropic initial condition.
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7.2.4. Interaction kernels

We now consider how the model performs if we vary the Cucker-Smale interaction kernel. Figure
7.20 shows the comparison between Fourier PDE results and particle ODE results for the mean
particle kinetic energy and mean number of clusters for the inverse-cube, ϕ(|x|) = 1/|x|3, inverse-
quintic, ϕ(|x|) = 1/|x|5, and exponential, ϕ(|x|) = e−|x|, interaction kernels. The simulations
are performed with N = 20 particles, Nε2π/|Ω| = 0.004π density and the implementation
parameters selected in §7.1.

The kinetic energy results show even better agreement for the inverse-quintic kernel than
the inverse-cube kernel, while the mean cluster number comparison shows similar accuracy. We
note that in §7.1.3, the µK results for the particle ODE simulations showed some variation
with the DBSCAN clustering tolerance, εv, and the value εv was selected with reference to
experiments with the inverse-cube interaction kernel. It is possible that a slightly different
value of εv might be suggested to be more appropriate when considering simulations with the
inverse-quintic kernel.

For the exponential kernel, the agreement in mean cluster number results between the
models is similar to that from the power-law kernels, but the agreement in the kinetic energy
results is much worse. One of the main reasons this could be the case is that, for the power-law
kernels, we have analytical results for the integrals in the Fourier kernels (see §6.5.2), but, for
the exponential kernel, the Fourier kernel modes had to be approximated through interpolating
on a grid of numerical values. The Fourier kernel integral for the exponential interaction kernel,
(6.22), is highly oscillatory and proved challenging to approximate effectively, and it is possible
that errors here could be contributing to the discrepancy in the kinetic energy results. Other
potential reasons for the discrepancy are that the value of εv and the empirical approximation
to ΛK were selected for the inverse-cube kernel. In Figure 7.4b, we saw that the initial transient
of ΛK as a function of µK differs for the exponential kernel. It is also possible that the particle
ODE simulations are missing interactions with the exponential kernel due to its sharper fall-off
in space. Further investigation is needed to explore this.

172



2

4

6

8

0.0 0.1 0.2 0.3 0.4
t′

E

-0.2

0.0

0.2

0.0 0.1 0.2 0.3 0.4
t′

( E
P
D
E

−
E
P
) /E

P

10.0

12.5

15.0

17.5

20.0

0.0 0.1 0.2 0.3 0.4
t′

µ
K

-0.02

0.00

0.02

0.0 0.1 0.2 0.3 0.4
t′

( µ
P
D
E

K
−
µ
P K

) /
µ
P K

Method
Particle ODEs

Kinetic PDE (Fourier)

Interaction kernel
Inverse-cube

Inverse-quintic

Exponential

Figure 7.20.: Particle energy, E, and mean cluster number, µK , results for different interaction
kernels, with N = 20 particles. The plots on the right show the same data
but as the proportional error of the PDE model results relative to the particle
ODE simulations. For the sharper inverse-quintic kernel, the PDE model appears
to track the energy more accurately but models the mean cluster numbers less
accurately with these parameters (including clustering tolerances εx = 10 and
εv = 0.1 that were set for the inverse-cube kernel). For the exponential kernel, the
PDE model appears to model the mean number of clusters similarly accurately
to the power-law kernels but shows more error modelling the kinetic energy. This
may be because analytical expressions for the Fourier kernels are available for the
power-law kernels but not for the exponential kernel.
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7.2.5. Mean-centered initial velocity condition

To consider the effect of the PDE model averaging over the distribution of possible realisations
in two dimensions, we consider centring the mean of the initial velocity distribution to (0, 0) for
all simulations, similarly to §4.5.1. Figure 7.21 shows the results compared to those from the the
non-centred Maxwellian distribution. Both sets of results show much less significant variation
between the two initial conditions than observed in the one-dimensional case, suggesting that
the effect is less relevant in the two-dimensional case considered here.
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Figure 7.21.: Comparison between particle energy and mean cluster number results with and
without centring the initial velocity condition to mean velocity v̄ = (0, 0) for
each simulation for N = 20 particles. Unlike in the one-dimensional case, the
mean-centered initial condition doesn’t appear to make a significant difference.

7.3. Cucker-Smale model analysis

7.3.1. Velocity distribution tails

One of the most well-known results in the inelastic-Boltzmann literature is the presence of
non-Maxwellian velocity distribution tails [109]. This is a counter-intuitive result as it suggests
that the presence of inelastic collisions results in a greater proportion of particles at higher
velocities and that the separate velocity coordinates are no longer independent variables [109].
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In Figure 7.22, we show this effect in the Cucker-Smale model, plotting a cross-section of the
velocity distribution for a model with N = 20 particles on a log plot for the Maxwellian initial
condition, t′ = 0, and at a later time, t′ = 0.16. Reference lines of exponential distribution tails,
i.e. n(v, 0) ∝ e−a|v|, are shown for comparison. The initial condition is curved on the log plot,
as expected for a Maxwellian distribution. In contrast, the distribution at t′ = 0.16 much more
closely matches the exponential, i.e. non-Maxwellian, tail.

The most similar non-clustering model in the literature is the inelastic hard-sphere model
in a homogenous cooling state, as this model also has interaction operators proportional to
|v2 −v1|, and we are not considering adding a heat bath or friction to produce a non-degenerate
steady state. For this model, the distribution tails are predicted to be exponential [109, 43],
consistent with the result seen here.

The bump in the distribution at t′ = 0.16 around v = 6 is caused by the Fourier
approximation. For more extreme values of v (not shown in this plot), the error of the
Fourier approximation corrupts the result, and we would require more Fourier modes to model
accurately. Nevertheless, it was easier to capture the tail behaviour in the Fourier PDE model
than with the particle ODE simulations, as an extremely large number of simulations would be
required to produce accurate distribution tails—one of the advantages of the PDE formulation.

Figure 7.22.: Log plot of normalised velocity distribution cross sections produced by the Fourier-
Galerkin PDE model for N = 20 particles. At t′ = 0.16, the tail of the distribution
matches the exponentially decaying reference curve, suggesting overpopulated tails
as predicted. The bump at around v = 6 is caused by the Fourier approximation.
This point moves out when more Fourier modes are included. The Maxwellian
initial condition is shown for reference, decaying like a quadratic on the log plot.
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Figure 7.23.: Asymptotic behaviour of particle energy, E, and mean number of clusters, µK , for
particle ODE simulations across different values of N . (a) Log-log plots showing
linear regions where the quantities exhibit power-law decay for the inverse-cube
interaction kernel. The plots for N = 500 do not span the full range of t′ as they
take significantly longer to compute numerically. (b) Slope of the log-log plots, i.e.
d log(·)/d log(t′), calculated with a smoothing spline on the numerical derivative.
The numerical result with no smoothing is overlaid at reduced opacity to show
the variability. (c) Minimum values of the log-log slope across different values of
N . The N = 500 case is not shown for the µK plot as the log-log has not reached
its minimum slope during the range of t′ simulated. The plots over t′ used to
derive the exponential kernel results are shown in Figure B.8 in the appendix.
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7.3.2. Asymptotic behaviour of E(t) and µK(t)

We now investigate the behaviour of E(t) and µK(t) over time for the Cucker-Smale model.
Figure 7.23a shows log-log plots of E and µK computed from particle ODE simulations of the
Cucker-Smale model with inverse-cube interaction kernel across different values of N (Figure
B.8 in the appendix shows similar results for the exponential interaction kernel). The plot
of µK is normalised by N such that all simulations are on the same scale to emphasise the
convergence as N increases. The models show a linear region, implying a power-law decay
in both quantities for some time range, with the extent of the linear region and the slope
increasing as N is increased.

To investigate this further, Figure 7.23b shows the slope of these log-log plots, computed
using the numerical derivative. A smoothing spline is used on the results for clarity, with
the raw numerical derivative shown with reduced opacity in the background to indicate the
variability. The smoothness coefficients of the splines were selected by eye to best match the
qualitative shape observed without overfitting to noise in the derivative. These plots indicate
that, for both quantities, there is an increase in the negative slope as t′ increases. The E results
then show a reduction in slope back to 0 for later times, and the slope of µK also reduces
but not as far. It is possible they would reduce further if the simulations were run to later
times. The region of power-law scaling is not as evident in the slope plots as in the log-log
plots. These appear to show the derivative reaching a turning point rather than staying at one
value for a significant period of time. This, however, may be a result of the variability in the
numerical derivative. Increasing the number of simulations would yield a more precise result.

Figure 7.23c shows the minimum slopes of these log-log plots across different values of N .
The results for the exponential interaction kernel are also shown for comparison. The plots
give some indication that the minima may be converging, but more precision in the derivative
estimate and larger values of N would be required to provide an estimate for the limiting value
as N → ∞. The value for the minimum log-log plot slope for E is around the value of -8/5
suggested by the estimate in (5.109), but the value of the minimum slope for µK is further
from the estimate of -6/5 suggested by (5.111). The plots in 7.23b show the slope decreases
back to 0 as t′ increases further past this minimum, suggesting that for these values of t′, the
approximations used in deriving the bounds (5.109) and (5.111) begin to break down. As the
number of clusters is significantly lower than the initial condition at this point, it’s possible
local particle correlations are more significant, or the Clusterzahlansatz becomes less accurate
(as was seen in Figure (4.6)).

This could be investigated further by increasing the number of numerical simulations to
gain more precision in the log-log plot slope and to run simulations for larger values of N .
However, as it is much easier to extend the PDE model to large N , and the results from §7.2.1
suggest the outputs converge to those from the particle simulations as N is increased, our next
step would be to model these quantities using the PDE model. As the potential power-law
scaling region is observed for larger values of t′, to perform this analysis, we would either need
to increase the number of Fourier modes or scale the velocity variable (e.g. if a variation on the
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similarity scaling from §5.3.6 was possible) such that the variance of the velocity distribution
does not become too small for the times considered.

(a) N=10 (b) N=40

(c) N=160 (d) N=500

Figure 7.24.: Plots of the combined quantity G(t) := µ2
K(t)E(t) for particle ODE simulations

of the Cucker-Smale model with the inverse-cube interaction kernel. The upper
bound for G derived from the kinetic PDE model, (5.104), is shown for comparison.
The yellow curve shows the upper bound with the integral of ΛK(t) computed
from the k-distribution of the ODE simulations, while the green dotted curve
shows the upper bound with the approximation ΛK(t) = 1. The blue dotted line
shows the bound in (5.104), but with time scaled by 23/4 (i.e. replacing the factor
of 21/4 with 2) showing that as N is increased, the results from the particle ODE
simulations converge to a fixed factor below the derived bound. Note that the
span of t′ plotted for N = 500 is smaller as these simulations are much more
computationally expensive to run.

Figure 7.24 shows plots of the combined quantity G(t) := µ2
K(t)E(t) from the particle

ODE simulations and kinetic PDE model against plots of the bound for G (5.104) (derived
from the kinetic PDE model) for the inverse-cube interaction kernel across different values of
N . Comparing the results from the bound (5.104) (yellow with circles) to those from the full
kinetic PDE model (purple with squares), we see that the upper bound holds for the systems
modelled. Comparing the results from the particle ODEs (dark blue with triangles) to the
PDE model, we see that they diverge after a certain time. The t′ value of this divergence
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increases as N increases, consistent with the results from §7.2.1. After the particle ODE results
diverge from the kinetic PDE, they go above the derived G bound, but the fact that the PDE
model stays below the bound suggests this is a result of the assumptions used in deriving
the PDE model rather than the further approximations used to derive (5.104) (notably, the
independence of velocity and mass distributions). This is consistent with the results from the
one-dimensional trials in Chapter 4, showing that assumptions such as the Clusterzahlansatz
are expected to break down at later times when µK is much less than N and particles become
more correlated, particularly for small N .

The upper bound shown by the yellow curve with circles uses ΛK(t) computed from the
k-distribution produced by the particle ODE simulations, while the green dotted curve shows
the same upper bound after making the approximation ΛK(t) = 1. As expected, these curves
are very similar for larger N , suggesting that taking ΛK(t) = 1 is a reasonable approximation
with N in this range, allowing the bound in (5.104) to be computed without using the ODE
simulations. The light blue dotted curve shows the G bound with time scaled by a factor of
23/4 (i.e. replacing the factor of 21/4 with 2). Interestingly, as N is increased, the particle ODE
and kinetic PDE results appear to converge to this curve, suggesting that the simulated results
are a constant time factor away from the derived bound. This suggests that a more precise
result may be available for the evolution of G for large N and is left for future investigation.

7.4. Summary of results

In this chapter, we have evaluated our kinetic PDE model against the full particle ODE
simulations for the short-range Cucker-Smale model in two dimensions. The majority of the
trials used an inverse-cube interaction kernel with particle density Nε2π/|Ω| = 0.004π and
initial conditions Maxwellian in velocity, uniform in space, and monodisperse in mass. The
kinetic model showed good agreement with the particle ODE simulations in the cluster mass
and velocity distributions, mean kinetic energy per particle, and mean number of clusters.
This agreement improved for larger N , with outputs from the two models converging, and
the computation time for the kinetic PDE would be expected to scale better than that of the
particle ODE simulations as N is increased further.

In §7.1, we optimised the implementation parameters of the fast Fourier spectral method
for the kinetic PDE. We determined that a maximum Fourier frequency of V = 30 and radial
and angular quadratures with Nu = 20 and Nû = 24 points, respectively, were sufficient such
that the fast Fourier implementation contributed a small fraction of the total error. We also
determined that ΛK(t) was best approximated using the empirical approximation (7.6) and
that the DBSCAN clustering parameters εx = 10 and εv = 0.1 were most consistent with
observed clustering behaviour for this interaction.

In §7.2, we evaluated the kinetic PDE model directly against the particle ODE simulations.
The kinetic model showed good agreement with the particle simulations across a range of values
of N , both in the mass and velocity distributions and in the mean number of clusters and mean
kinetic energy per particle. Further, the mean kinetic energy and velocity distributions showed
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improved agreement as N was increased. For N = 160, all quantities had proportional errors
on the order of a few percent for the trials considered. However, the Fourier implementation
began to break down at larger system times when the velocity distribution became too narrow
to represent accurately and, thus, a modification such as a velocity rescaling would be necessary
to maintain the accuracy of the PDE model for these times.

We then considered the effects of varying further parameters in the comparison. The results
were similar for a wide range of density values, suggesting the density of Nε2π/|Ω| = 0.004π is in
an appropriate range for the modelling assumptions of the predominance of binary interactions
and negligible spatial extent of clusters to be valid. Considering an anisotropic initial velocity
condition and mean-centred initial velocity condition, we observed minimal variation from the
Maxwellian initial condition in terms of the error of the kinetic model and its convergence to
the particle ODE results with increasing N . Trials with an inverse-quintic interaction kernel
showed similar error levels to the inverse-cube kernel, but trials with an exponential kernel
showed more discrepancy in the kinetic energy values. We believe this to be due to the fact
that analytical expressions are available for the Fourier kernels for the power-law interaction
kernels, but they must be approximated by interpolating a highly oscillating function for the
exponential interaction kernel.

In §7.3, we analysed predictions and results from the kinetic model for the short-range
Cucker-Smale interaction. We showed the presence of overpopulated exponential distribution
tails, as is expected given the interaction is inelastic. We also evaluated the upper bound (5.104)
for the combined quantity G(t) := µ2

K(t)E(t), derived for the inverse-cube kernel, finding that it
was correct but not tight. Empirically, it appeared a tighter bound might be available through
a constant rescaling of time.
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8. Discussion

The primary achievement of this thesis has been the derivation and evaluation of a kinetic
model for particle systems with short-range interactions that exhibit clustering. This model is
shown in the one-dimensional form in (3.75) (where it also applies to pointwise interactions), in
the higher-dimensional form in terms of the number density in (5.32) and in its weak form in
(5.50). This model shares features with both the inelastic Boltzmann equation (2.48), in terms
of the structure of the binary interaction operators and the presence of the interaction map
Jacobians to preserve probability flux, and the Smoluchowski coagulation equation (1.5), in
terms of its treatment of mass as an internal dimension and the fact clusters can combine. We
also have demonstrated the application of a systematic procedure for deriving kinetic equations
from short-range second-order individual-based systems through the procedure of matched
asymptotic expansions. One of the challenges in the derivation was the reducing dimension of
the individual-based system of clusters as clustering interactions occurred. The use of the cluster
number hierarchy and reduction to the coefficients µK and ΛK using the Clusterzahlansatz,
is a novel approach that we hope could be applied more generally. In particular, in deriving
this model, we hope to provide a framework where further results from collisional elastic
and inelastic kinetic theory and population balance modelling of clustering processes can be
generalised to other interacting systems where the number of constituent objects modelled can
vary.

From our final kinetic PDE model, we obtained simplified models for the evolution of
the cluster number and mass distributions, with the latter in terms of a Smoluchowski-style
equation with velocity-dependent coagulation kernels. These are not closed equations for general
clustering interactions but suggest starting points for further development if an interaction is
specified. We analysed the model specifically for a short-range version of the Cucker-Smale
velocity averaging model of collective behaviour. This allowed the evolution equation for the
mass density to be reduced to a Smoluchowski-style equation with time-dependent coagulation
kernels. Taking the inverse-cube interaction kernel, we derived interdependent time-evolution
upper bounds for the mean number of clusters, µK(t), and particle kinetic energy, E(t). A
closed bound for a combined quantity G(t) = µ2

K(t)E(t) was also derived and shown to be
accurate through numerical simulations of the kinetic PDE and particle ODEs. This bound
allowed us to develop independent bounds for µK(t) and E(t). We also showed the presence of
overpopulated (exponential) velocity distribution tails for the short-range Cucker-Smale model,
consistent with results obtained in inelastic kinetic theory. We believe this analysis to be readily
extended to other short-range power-law interaction kernels, although general kernels, such as
the exponential kernel, appear more challenging. We noted that the full kinetic and particle
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models appeared to be converging to a constant time factor of 23/4 below our upper bound for
G(t). This suggests that a sharper bound might be available with further analysis.

We implemented and evaluated our kinetic model against simulations of the full particle
ODE system for the short-range Cucker-Smale model in one and two dimensions. In one
dimension, we derived and implemented a discrete-velocity mass-binned numerical method for
solving the kinetic PDE. This scheme allocates product particles to neighbouring grid points,
following the fixed-pivot technique developed for population balance models, so as to conserve
probability, mean velocity and mean mass. It includes an adaptive refinement of the velocity
grid to maintain precision as the velocity distribution moves towards the Dirac delta due to the
inelastic interactions. The particle ODEs were implemented with a bounded adaptive-timestep
ODE solver, with clusters labelled in the output using the DBSCAN algorithm. Results from
the kinetic PDE showed some discrepancies with those from the particle ODE model, with the
mean mass and the mean particle energy being underestimated. The short-range kinetic model
did, however, capture more of the correct behaviour than a model defined using the mean-field
approximation, which does not track the clustering process. Two intermediate models were
derived and implemented in order to differentiate the effects of the main approximations used
in the kinetic PDE derivation. These were an ‘exact clustering’ model, which is similar to the
full particle model but treats interactions as strictly pointwise, and a stochastic model that
assumes particles are uncorrelated and distributed spatially uniformly but does not average over
realisations or use the Clusterzahlansatz as the kinetic model does. Comparing the results from
this suite of models between uniform and mean-centred uniform initial velocity distributions,
we determined that the main sources of error were local particle correlations increasing over
time and the fact that the kinetic model averages over a distribution of multiple realisations.
For future analysis, we would like to evaluate these models using a Maxwellian initial velocity
distribution and a lower spatial density of clusters to determine if these factors had any bearing
on the discrepancy.

For the higher dimensional case, we extended a fast Fourier-Galerkin spectral method that
has been developed for Boltzmann-style equations in [89, 90, 53, 67]. Our extension combines
a binning of the mass dimension (similar to the one-dimensional PDE implementation) with
the standard truncated Fourier series approximation in velocity space. We derived this
method for general clustering interactions in d dimensions with interaction integrals that can be
precomputed and stored or calculated at runtime. We implemented the model in two dimensions
for the Cucker-Smale model with short-range inverse-cube, inverse-quintic, and exponential
interaction kernels, and optimised it over possible input parameters such as the maximum
Fourier frequency, V , and number of quadrature nodes used in the integral approximations.
The numerical implementation of the kinetic PDE model showed much-improved convergence
to the particle ODE simulations when compared with the one-dimensional results, suggesting
that particle correlations are less significant in two dimensions and the Stosszahlansatz performs
better. Using velocity, speed and mass distributions, as well as the mean number of clusters
and particle energy as test metrics, the two models appeared to be converging to the same
results as N was increased, which is as expected given the approximations made. We also
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observed that the computation time of the kinetic PDE model scaled better than the particle
ODE simulations for large N , although it is more expensive for small N , and thus it is in the
many-particle regime that we would expect the kinetic model to be most useful.

One of the major drawbacks of the numerical implementation is the breakdown that occurs
at larger times due to the inelastic collapse of the velocity distribution towards the Dirac delta.
As the velocity distribution sharpens, the Fourier approximation error increases significantly.
An important future step to improve the utility of the model would be to rescale the velocity
such that the velocity distribution maintains a steady state with finite variance, or at least
stays in a reasonable range for the Fourier approximation for longer. As discussed in §5.3.6, we
do not expect a formal similarity scaling will be available for the Cucker-Smale model as the
non-clustering interaction term is non-homogenous in velocity scaling. If mass is also scaled to
maintain the homogeneity, it must be in the wrong direction for a similarity solution. However,
we expect that a similar process might be useful in extending the applicability of the numerical
scheme and providing further insight into the derived evolution equations for the averaged
quantities µK(t), E(t) and G(t). If an appropriate scaling in the energy could be obtained, it
could be possible to simplify the Smoluchowski-style equation for the mass density such that
the coagulation kernels are independent of time in scaled variables. Further analysis of the
interdependent moment evolution in velocity and mass space is an interesting avenue for future
investigation.

Another limitation of the model is the empirical approximation, (7.6), of the parameter ΛK
from µK . Although we gave evidence in §7.1.1 and §7.3.2 that ΛK → 1 for large N and large
µK , it would be interesting to evaluate the effect of tracking the cluster number distribution
and computing ΛK directly so as not to rely on this empirical approximation. We also hope
that simplified estimates of the cluster number distribution may be available such that ΛK may
be approximated in a way that is generalisable to other kernels but does not rely on tracking
the full distribution.

Although it didn’t appear to be a major source of error for the test cases considered, an
interesting extension would be to track the spatial extent of clusters as well as their masses.
This could be implemented as an extra internal variable, perhaps with a direct dependence on
mass, that altered the interaction force exerted by a cluster, and may allow the model to be
better extended to regimes where the clusters are large compared with the size of the system.
Further analysis of the limits of the point-cluster assumption for different interactions would
be necessary to extend the applicability of the model.

In its essence, our derivation provides a framework for deriving kinetic models for short-
range interacting systems with an extra internal variable and where the number of microscopic
objects can change. As such, it could be extended to systems with different internal variables,
for example, spin, charge, or surface area, that may evolve differently through interactions
than the cluster mass does in our model. Further simplifications to the model to ensure
computational feasibility may be desired if an extra, independent internal dimension is added.
Finally, we suggest that it would be possible to include the process of cluster fragmentation
in the model. This could amount to an extension of the point-cluster approximation to a
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higher-order model of the multi-particle interaction process. As a starting point, fragmentation
behaviour was observed for larger cluster diameters in the three-particle Cucker-Smale model
(see Figure 3.2). This would require a generalisable model for the interaction parameters that
would result in clustering or fragmentation and a model for the distribution of fragment sizes
that would be produced, but the framework we have established for deriving a kinetic model
with a variable number of clusters for the purely aggregative case could be extended.
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A. Supplementary derivations

This chapter presents more detailed steps for some of the integral term manipulations from
Chapter 3 and the derivation of the discrete-velocity, mass-binned numerical scheme from
Chapter 4.

A.1. Clustering flux condtition

Given vi = λmj ,ms(vj , vs), we intend to show that∫
λ−1

mj ,ms (U)
g(vj , vs) dvjdvs =

∫
U

∫
Λmj ,ms (vi)

g
(
λ̂−1
mj ,ms,vs

(vi), vs
) d

dvi

(
λ̂−1
mj ,ms,vs

(vi)
)

dvsdvi

(A.1)
where, by an abuse of notation, λ−1

mj ,ms
(U) is the range of velocity pairs (vj , vs) that would

map to vi ∈ U under λmj ,ms . The region Λmj ,ms(vi) is the range of possible incoming cluster
velocities, vs, that could produce a cluster with velocity vi and g(vj , vs) is a generic function.

To define λ−1
mj ,ms

(U) specifically, first define

Λmj ,ms (U) =
⋃
vi∈U

Λmj ,ms (vi)

to be the set of incoming velocities vs that could produce a cluster in U , given incoming masses
mj and ms. Then define U∗(vs) ⊆ U to be the set of all points in U that can be reached from
vs under the action of λmj ,ms with any possible vj . Given a specific vs, ms and mj it then
follows that the set of possible values for vj that would produce an outgoing velocity vi in U is
λ̂−1
mj ,ms,vs

(U∗(vs)). As such, we can express the LHS of (A.1) as∫
Λmj ,ms (U)

∫
λ̂−1

mj ,ms,vs (U∗(vs))
g(vj , vs) dvjdvs

Given vi and given vs ∈ Λmj ,ms(vi), vj is uniquely defined as vj = λ̂−1
mj ,ms,vs

(vi), where λ̂−1 is
the partial inverse of λ defined in (3.24). Changing the variables of the inner integral from vj

to vi then gives∫
Λmj ,ms (U)

∫
U∗(vs)

g
(
λ̂−1
mj ,ms,vs

(vi), vs
) d

dvi

(
λ̂−1
mj ,ms,vs

(vi)
)

dvidvs.

Switching the order of the integrals, we have to modify the bounds to define vi first (which
ranges over U) and then represent the range of vs given this vi, which is defined to be Λmj ,ms(vi).
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As such, the integral becomes∫
U

∫
Λmj ,ms (vi)

g
(
λ̂−1
mj ,ms,vs

(vi), vs
) d

dvi

(
λ̂−1
mj ,ms,vs

(vi)
)

dvsdvi,

as in the RHS of (A.1).
Setting U to the R as a special case, we can see that λ−1

mj ,ms
(R) is the full set of possible

incoming velocities that could be involved in a clustering interaction, which was defined in §3.3
as Cmj ,ms . As such, we have∫

Cmj ,ms

g(vj , vs) dvjdvs =
∫

R

∫
Λmj ,ms (vi)

g
(
λ̂−1
mj ,ms,vs

(vi), vs
) d

dvi

(
λ̂−1
mj ,ms,vs

(vi)
)

dvsdvi (A.2)

A.2. Marginal distributions

Equation (3.37) is

∂tp
k
1 + v1∂x1p

k
1

= − (k − 1)
∫

D
|v1 − v2| −pk2(t; z1, z2)δ21 dz2 (A.3a)

− (k − 1)(k − 2)
2

∫
D2

|v2 − v3| −pk3(t; z1, z2, z3)δ23 dz2dz3 (A.3b)

+ (k − 1)
∫

D
|∗v1 − ∗v2| −pk2(t; ∗z1,

∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2 (A.3c)

+ (k − 1)(k − 2)
2

∫
D2

|∗v2 − ∗v3| −pk3(t; z1,
∗z2,

∗z3)δ23
∣∣∣Dψ−1

23

∣∣∣ dz2dz3 (A.3d)

+ k + 1
2

∫
C′(z1)

∣∣′v1 − vk+1
∣∣−pk+1

2 (t; ′z1, zk+1)δ1(k+1)
d′v1
dv1

dzk+1 (A.3e)

+ (k + 1)(k − 1)
2

∫
D

∫
C′(z2)

∣∣′v2 − vk+1
∣∣−pk+1

3 (t; z1,
′z2, zk+1)δ2(k+1)

d′v2
dv2

dzk+1dz2. (A.3f)

Changing the variables of the dv2dv3 integral from (A.3d) to d∗v2d∗v3 (i.e. changing from dz2dz3

to d∗z2d∗z3) using the map (∗v2,
∗v3) = ψ−1

m2,m3(v2, v3) absorbs the Jacobian. The resulting
velocity integration region is symbolically ψ−1

m2,m3(R2): all the possible input combinations of
velocities ∗v2 and ∗v3 that would result in a non-clustering interaction. This can equivalently
be written as R2\Cm2,m3 , such that we can write (A.3d) out fully as

(k − 1)(k − 2)
2

N∑
m2,m3=1

∫
R2\Cm2,m3

∫
Ω2

[
|∗v2 − ∗v3|

−pk3(t;x1, x2, x2; v1,
∗v2,

∗v3;m1,m2,m3)δ23
]
dx2dx3 d∗v2d∗v3.
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Changing the dummy integration variables back to v2 and v3, this can then be combined with
(A.3b), becoming

− (k − 1)(k − 2)
2

N∑
m2,m3=1

∫
Cm2,m3

∫
Ω2

|v2 − v3|

−pk3(t;x1, x2, x3; v1, v2, v3;m1,m2,m3)δ23 dx2dx3 dv2dv3.

Define a new integration region C2 to be analogous to the full two-particle domain D2, except
that now the velocity integrals are only taken over the clustering region, Cmi,mj , rather than
over the full R2. That is,

∫
C2

dzi dzj :=
N∑

mi,mj=1

∫
Cmi,mj

∫
Ω2

dxidxj dvidvj . (A.4)

Using this notation, the combination of (A.3b) and (A.3d) can be written as

−(k − 1)(k − 2)
2

∫
C2

|v2 − v3| −pk3(t; z1, z2, z3)δ23 dz2dz3. (A.5)

The term (A.3f) has velocity integrals of the form∫
R

∫
Λ′m2,mk+1

(v2)
g(′v2, vk+1)d′v2

dv2
dvk+1 dv2,

where ′v2 = λ̂−1
′m2,mk+1,vk+1

(v2). Using (A.2) this becomes∫
C′m2,mk+1

g(′v2, vk+1) d′v2dvk+1

The mass sums in (A.3f) take the form

N∑
m2=1

m2−1∑
mk+1=1

h(′m2,mk+1),

where h represents the rest of the term and ′m2 = m2 −mk+1. This can be modified to

N−1∑
mk+1=1

N∑
m2=mk+1+1

h(′m2,mk+1) =
N−1∑

mk+1=1

N−1∑
′m2=1

h(′m2,mk+1) =
N∑

′m2,mk+1=1
h(′m2,mk+1),

where, in the last step, we have extended the sum limits to N as any −pk+1
3 term with a mass

argument of N will be 0. With these two transformations, (A.3f) becomes

(k + 1)(k − 1)
2

N∑
m′

2,mk+1=1

∫
C′m2,mk+1

∫
Ω2

[∣∣′v2 − vk+1
∣∣

−pk+1
3 (x1, x2, x3; v1,

′v2, vk+1;m1,
′m2,mk+1)δ23

]
dx2dx3 d′v2dvk+1,
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which we can modify by changing dummy variables to

(k + 1)(k − 1)
2

∫
C2

|v2 − v3| −pk+1
3 (t; z1, z2, z3)δ23 dz2dz3.

Finally, we can change dummy variables in the (A.3e) from ′zk+1 to ′z2, to give

k + 1
2

∫
C′(z1)

∣∣′v1 − v2
∣∣−pk+1

2 (t; ′z1, z2)δ12
d′v1
dv1

dz2.

With these transformations, the full pk1 time evolution equation is (note the terms have
been reordered to put the p3 terms last)

∂tp
k
1 + v1∂x1p

k
1 = − (k − 1)

∫
D

|v1 − v2| −pk2(t; z1, z2)δ21 dz2

+ (k − 1)
∫

D
|∗v1 − ∗v2| −pk2(t; ∗z1,

∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2

+ k + 1
2

∫
C′(z1)

∣∣′v1 − v2
∣∣−pk+1

2 (t; ′z1, z2)δ12
d′v1
dv1

dz2

− (k − 1)(k − 2)
2

∫
C2

|v2 − v3| −pk3(t; z1, z2, z3)δ23 dz2dz3

+ (k + 1)(k − 1)
2

∫
C2

|v2 − v3| −pk+1
3 (t; z1, z2, z3)δ23 dz2dz3.

(A.6)

A.3. Sum over k-hierarchy

Summing (3.53) over k, we get

∂tp1 + v1∂x1p1

= −
N∑
k=2

(k − 1)
Pk

∫
DΓ(k,m1)

|v1 − v2| pk1(z1)pk1(z2)δ12 dz2

+
N∑
k=2

(k − 1)
Pk

∫
DΓ(k,m1)

|∗v1 − ∗v2| pk1(∗z1)pk1(∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2

+
N−1∑
k=1

k + 1
2Pk+1

∫
C′(z1)

∣∣′v1 − v2
∣∣ pk+1

1 (′z1)pk+1
1 (z2)δ12

d′v1
dv1

dz2

−
N∑
k=3

(k − 1)(k − 2)
2(Pk)2 pk1(z1)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3

+
N−1∑
k=2

(k + 1)(k − 1)
2(Pk+1)2 pk+1

1 (z1)
∫

C2
Γ(k+1,m1)

|v2 − v3| pk+1
1 (z2)pk+1

1 (z3)δ23 dz2dz3.

Note that the sum bounds have been reduced as not all RHS terms are present for all values of
k. Changing the dummy variable in the third and fifth terms to k′ = k + 1 (and then dropping
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the dashes), we get

∂tp1 + v1∂x1p1 = −
N∑
k=2

(k − 1)
Pk

∫
DΓ(k,m1)

|v1 − v2| pk1(z1)pk1(z2)δ12 dz2

+
N∑
k=2

(k − 1)
Pk

∫
DΓ(k,m1)

|∗v1 − ∗v2| pk1(∗z1)pk1(∗z2)δ12
∣∣∣Dψ−1

12

∣∣∣ dz2

+
N∑
k=2

k

2Pk

∫
C′(z1)

∣∣′v1 − v2
∣∣ pk1(′z1)pk1(z2)δ12

d′v1
dv1

dz2

−
N∑
k=3

(k − 1)(k − 2)
2(Pk)2 pk1(z1)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3

+
N∑
k=3

k(k − 2)
2(Pk)2 pk1(z1)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3.

(A.7)

The final terms do not cancel as they do in the non-clustering case, although they can be
combined to give

N∑
k=3

k − 2
2(Pk)2 p

k
1(z1)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3.

Although this term represents clustering interactions that do not involve cluster 1, it remains
in the equation and affects p1(t; z1) as these interactions affect the total number of clusters in
the system and thus indirectly the probability that a single cluster has properties z1.

Recasting (A.7) in terms of conditional probabilities using (3.40), it becomes

∂tp1 + v1∂x1p1 = −
N∑
k=2

(k − 1)Pk
∫

DΓ(k,m1)
|v1 − v2| p1(z1 | k)p1(z2 | k)δ12 dz2

+
N∑
k=2

(k − 1)Pk
∫

DΓ(k,m1)
|∗v1 − ∗v2| p1(∗z1 | k)p1(∗z2 | k)δ12

∣∣∣Dψ−1
12

∣∣∣ dz2

+
N∑
k=2

k

2Pk
∫

C′(z1)

∣∣′v1 − v2
∣∣ p1(′z1 | k)p1(z2 | k)δ12

d′v1
dv1

dz2

+
N∑
k=3

k − 2
2 Pk p1(z1 | k)

∫
C2

Γ(k,m1)
|v2 − v3| p1(z2 | k)p1(z3 | k)δ23 dz2dz3.

(A.8)
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A.4. Cluster number distribution

Marginalising (3.53) over particle 1, we get

∂tPk = − (k − 1)
Pk

∫
D2

Γ(k)
|v1 − v2| pk1(z1)pk1(z2)δ12 dz1dz2 (A.9a)

+ (k − 1)
Pk

∫
D2

Γ(k)
|∗v1 − ∗v2| pk1(∗z1)pk1(∗z2)δ12

∣∣∣Dψ−1
12

∣∣∣ dz1dz2 (A.9b)

+ k + 1
2Pk+1

∫
DΓ(k)

∫
C′(z1)

∣∣′v1 − v2
∣∣ pk+1

1 (′z1)pk+1
1 (z2)δ12

d′v1
dv1

dz2dz1 (A.9c)

− (k − 1)(k − 2)
2(Pk)2

∫
DΓ(k)

∫
C2

Γ(k,m1)
|v2 − v3| pk1(z1)pk1(z2)pk1(z3)δ23 dz2dz3 dz1 (A.9d)

+ (k + 1)(k − 1)
2(Pk+1)2

∫
DΓ(k)

∫
C2

Γ(k+1,m1)
|v2 − v3| pk+1

1 (z1)pk+1
1 (z2)pk+1

1 (z3)δ23 dz2dz3 dz1.

(A.9e)

The terms (A.9a) and (A.9b) can be modified as with (A.3b) and (A.3d), combining to give

−(k − 1)
Pk

∫
C2

Γ(k)
|v1 − v2| pk1(z1)pk1(z2)δ12 dz2dz1. (A.10)

The term (A.9c) can be simplified similarly to (A.3f), except now the mass bounds are
more restrictive. Writing them out explicitly and modifying using the change of variables
′m1 = m1 −m2, we get

N−k+1∑
m1=1

m1−1∑
m2=1

h(′m1,m2) =
N−k∑
m2=1

N−k+1∑
m1=m2+1

h(′m1,m2)

=
N−k∑
m2=1

N−k+1−m2∑
′m1=1

h(′m1,m2)

=
N∑

′m1,m2=1
′m1+m2≤N−k+1

h(′m1,m2) =
N∑

′m1,m2=1
′m1+m2≤Γ2(k+1)

h(′m1,m2).

As in (A.3f) we can simplify the velocity integral using (A.2):∫
R

∫
Λ′m1,m2 (v1)

g(′v1, v2)d′v1
dv1

dv2 dv1 =
∫
C′m1,m2

g(′v1, v2) d′v1dv2.

Combining these simplifications and removing dashes from dummy variables (A.9c) becomes

k + 1
2Pk+1

∫
C2

Γ(k+1)
|v1 − v2| pk+1

1 (z1)pk+1
1 (z2)δ12 dz1dz2 (A.11)

The mass bounds in (A.9d), m1 ≤ Γ1(k) and m2 +m3 ≤ Γ2(k,m1), are equivalent to the
bound m1 + m2 + m3 ≤ Γ3(k) = N − k + 3. As this bound is symmetric in the masses, we
may switch the order of the integrals, fixing m2 + m3 ≤ Γ2(k) first. This removes any m1
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dependence from the dz2dz3 integral and allows us to separate the dz1 integral, giving

−(k − 1)(k − 2)
2(Pk)2

∫
C2

Γ(k)
|v2 − v3| pk1(z2)pk1(z3)δ23

[∫
DΓ(k,m2,m3)

pk1(z1)dz1

]
dz2dz3.

However, note the mass bounds of m1 are now restricted to m1 ≤ Γ1(k,m2,m3) = N −m2 −
m3 − k + 3. If we assume that m2 and m3 are small compared to N − k we can approximate
the dz1 integral with its original bounds, giving∫

DΓ(k,m2,m3)
pk1(z1)dz1 ≈

∫
DΓ(k)

pk1(z1)dz1 = Pk,

which is equivalent to removing the mass restriction on the Stosszahlansatz only in this specific
instance. This allows (A.9d) to be simplified to

−(k − 1)(k − 2)
2Pk

∫
C2

Γ(k)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3. (A.12)

Performing similar manipulations on (A.9e), it becomes

(k + 1)(k − 1)
2Pk+1

∫
C2

Γ(k+1)
|v2 − v3| pk+1

1 (z2)pk+1
1 (z3)δ23 dz2dz3. (A.13)

Substituting all the simplified terms ((A.10), (A.11), (A.12), and (A.13)), (A.9) becomes

dPk
dt = − (k − 1)

Pk

∫
C2

Γ(k)
|v1 − v2| pk1(z1)pk1(z2)δ12 dz2dz1

+ k + 1
2Pk+1

∫
C2

Γ(k+1)
|v1 − v2| pk+1

1 (z1)pk+1
1 (z2)δ12 dz1dz2

− (k − 1)(k − 2)
2Pk

∫
C2

Γ(k)
|v2 − v3| pk1(z2)pk1(z3)δ23 dz2dz3

+ (k + 1)(k − 1)
2Pk+1

∫
C2

Γ(k+1)
|v2 − v3| pk+1

1 (z2)pk+1
1 (z3)δ23 dz2dz3.

Combining terms and switching to conditional probability notation, this becomes

dPk
dt = − k(k − 1)

2 Pk

∫
C2

Γ(k)
|v1 − v2| p1(z1 | k)p1(z2 | k)δ12 dz2dz1

+ (k + 1)k
2 Pk+1

∫
C2

Γ(k+1)
|v1 − v2| p1(z1 | k + 1)p1(z2 | k + 1)δ12 dz1dz2.

(A.14)

A.5. One dimensional discrete-velocity mass-binned numerical scheme

Using the discrete probability definition

Pi,a(t) :=
⌊m+

a ⌋∑
m=⌊m−

a ⌋+1

∫ v+
i

v−
i

p(t; v;m)dv, (A.15)
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and integrating (4.1) over this velocity-mass bin, we get

|Ω|∂tPi,a(t)

= − (µK − 1)
⌊m+

a ⌋∑
m1=⌊m−

a ⌋+1

N−m1−µK+2∑
m2=1

∫ v+
i

v−
i

∫
R

|v1 − v2| p1(t; v1;m1)p1(t; v2;m2) dv2 dv1

+ (µK − 1)
⌊m+

a ⌋∑
m1=⌊m−

a ⌋+1

N−m1−µK+2∑
m2=1

∫ v+
i

v−
i

∫
R

|∗v1 − ∗v2| p1(t; ∗v1;m1)p1(t; ∗v2;m2)
∣∣∣Dψ−1

∣∣∣ dv2 dv1

+ µK
2

⌊m+
a ⌋∑

m1=⌊m−
a ⌋+1

m1−1∑
m2=1

∫ v+
i

v−
i

∫
Λm1−m2,m2 (v1)

∣∣′v1 − v2
∣∣ p1(t; ′v1;m1 −m2)p1(t; v2;m2)d′v1

dv1
dv2 dv1

+
(
µK
2 − 1

)
Pi,a(t)

N∑
m2,m3=1
m2+m3

≤N−m1−µK+3

∫
Cm2,m3

[
|v2 − v3| p1(t; v2;m2)p1(t; v3;m3)

]
dv2dv3.

(A.16)

The first RHS term can be approximated in terms of discrete probabilities using

⌊m+
a ⌋∑

m1=⌊m−
a ⌋+1

N−m1−µK+2∑
m2=1

∫ v+
i

v−
i

∫
R

|v1 − v2| p1(t; v1;m1)p1(t; v2;m2) dv2 dv1

=
⌊m+

a ⌋∑
m1=⌊m−

a ⌋+1

M∑
b=1

m̄a+m̄b≤N−µK+2

⌊m+
b

⌋∑
m2=⌊m−

b
⌋+1

∫ v+
i

v−
i

V∑
j=1

∫ v+
j

v−
j

|v1 − v2| p1(t; v1;m1)p1(t; v2;m2) dv2 dv1

≈
M∑
b=1

m̄a+m̄b
≤N−µK+2

V∑
j=1

|v̄j − v̄i|

 ⌊m+
a ⌋∑

m1=⌊m−
a ⌋+1

∫ v+
i

v−
i

p1(t; v1;m1) dv1


 ⌊m+

b
⌋∑

m2=⌊m−
b

⌋+1

∫ v+
j

v−
j

p1(t; v2;m2) dv2



=
M∑
b=1

m̄a+m̄b
≤N−µK+2

V∑
j=1

|v̄j − v̄i|Pi,aPj,b.

(A.17)

A similar process can be used to approximate the sum and integral of the fourth RHS term as

M∑
b,c=1
m̄b+m̄c

≤N−m̄a−µK+3

V∑
j,k=1

(v̄j ,v̄k)∈Cm̄b,m̄c

|v̄k − v̄j |Pk,cPj,b (A.18)
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For the second RHS term, we change variables of the velocity integrals from dv2dv1 to d∗v2d∗v1

and then remove the pre-stars on the dummy variables to give∫ v+
i

v−
i

∫
R

|∗v1 − ∗v2| p1(t; ∗v1;m1)p1(t; ∗v2;m2)
∣∣∣Dψ−1

∣∣∣ dv2 dv1

=
∫

R

∫ ψ̂−1
m1,m2,v2 (v+

i )

ψ̂−1
m1,m2,v2 (v−

i )
|v1 − v2| p1(t; v1;m1)p1(t; v2;m2) dv1 dv2

=
V∑
j=1

∫ v+
j

v−
j

(∫ ψ̂−1
m1,m2,v2 (v+

i )

ψ̂−1
m1,m2,v2 (v−

i )
|v1 − v2| p1(t; v1;m1) dv1

)
p1(t; v2;m2) dv2

≈
V∑
j=1

∫ v+
j

v−
j


V∑
k=1

(v̄j ,v̄k)
∈R\Cm̄a,m̄b

γv̄i(v̄∗
k)
∫ v+

k

v−
k

|v̄k − v2| p1(t; v1;m1) dv1

 p1(t; v2;m2) dv2,

(A.19)

where we have defined the partially-applied velocity map ψ̂ in a similar fashion to (3.24). The
approximation of the bracketed terms in the last step is the basis of the fixed pivot method
introduced in [77]. The preimage of the velocity bin i under the map ψ̂−1 is replaced by a
sum over velocity bins k, weighted by the allocation function γv̄i(v̄∗

k), which represents the
proportion of the product particles to be allocated to bin i. We can then follow similar steps
to those in (A.17) (approximating v2 in the rate factor with v̄j and splitting the m2 sum to
separate sums over bins) to arrive at the final approximation

M∑
b=1

m̄a+m̄b
≤N−µK+2

V∑
j,k=1

(v̄j ,v̄k)∈R\Cm̄a,m̄b

|v̄k − v̄j | γv̄i(v̄∗
k)Pk,aPj,b. (A.20)

For the third RHS term, we follow a similar set of steps. First, we change variables to ′v1 and
′m1 = m1 −m2. After this, we split the velocity integrals and mass sums into bins and make
the fixed pivot approximation as above, introducing the allocation proportions in both velocity
and mass space: γv̄i(v̄′

k)γm̄a(m̄′
c). Finally, we follow a similar procedure to (A.17) to derive the

final approximation in terms of binned probabilities:

M∑
b,c=1

m̄b+m̄c≤m̄a+1

V∑
j,k=1

(v̄j ,v̄k)∈Cjk

|v̄k − v̄j | γv̄i(v̄′
k)γm̄a(m̄′

c)Pk,cPj,b. (A.21)
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B. Supplementary numerical evaluation figures

B.1. One dimension

Figure B.1.: Cluster velocity for a system with N = 50 particles, uniform initial velocity
condition, exponential interaction kernel and domain size |Ω| = 400ε. An animated
version can be found at https://figshare.com/s/ec4ec3b427db7caeadfc.
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Figure B.2.: Cluster number distribution for the system with N = 1250 particles. The parame-
ters are as in Figure 4.1. The mean-field model does not track cluster numbers and
is not shown, while the PDE model only tracks the mean number of clusters (after
k is marginalised using the Clusterzahlansatz) and is shown as a vertical line. An
animated version can be found at https://figshare.com/s/422b260c1b8f1bce3ca0.

(a)

(b)

Figure B.3.: Cluster velocity distributions for a system with N = 50 particles with (a) uniform
initial velocity distribution and (b) mean-centred uniform initial velocity distribu-
tion. The Cucker-Smale model with exponential interaction kernel and domain
size |Ω| = 400ε is used in both cases. An animated version of the comparison can
be found at https://figshare.com/s/8241b48166468b816d33.
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B.2. Two dimensions

Figure B.4.: Cluster number, k, distributions from particle ODE simulations with inverse-cube
collision kernel and N = 160. Implied distributions from the approximations to
Λ[K] are again shown. Similarly to the results for N = 20 in Figure 7.5, the
empirical approximations show the best fit.
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Figure B.5.: Convergence of kinetic PDE results using the fast Fourier implementation across
the number of Gauss-Legendre radial quadrature points Nu, for a system with
inverse-cube kernel, N = 20 particles, V = 30 maximum Fourier frequency and
Nû = 24 angular quadrature points. (a) Proportional error for different times
relative to the PDE results with Nu = 30 quadrature points. Reference lines at
sixth-order convergence are shown. (b) Ratio between the absolute error with
reference to the Nu = 30 PDE results and the error with the particle ODE
simulations as reference. As the error ratio for Nu = 20 remains significantly below
1, this suggests the radial quadrature error with Nu = 20 remains small compared
with other model errors for these parameters.

206



10N−7
û
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û

=
30

re
f.)

10N−8
û
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Nû 6 12 18 24

Figure B.6.: Convergence of kinetic PDE results using the fast Fourier implementation across
number of angular quadrature points Nû, for a system with inverse-cube kernel,
N = 20 particles, V = 30 maximum Fourier frequency and Nu = 20 Gauss-
Legendre radial quadrature points. (a) Proportional error for different times
relative to the PDE results with Nû = 30 quadrature points. Reference convergence
lines are shown. (b) Ratio between the absolute error with reference to the Nû = 30
PDE results and the error with the particle ODE simulations as reference. As the
error ratio for Nû = 24 remains significantly below 1, this suggests the angular
quadrature error with Nû = 24 remains small compared with other model errors
for these parameters.
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Figure B.7.: Normalised speed distribution n(|v|)/µK for simulations with N = 160 par-
ticles, Nε2π/|Ω| = 0.004π density, inverse-cube interaction kernel and a
Maxwellian initial velocity distribution. An animated version can be found at
https://figshare.com/s/7915e31bc94db0590939.
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(a)

(b)

Figure B.8.: Asymptotic behaviour of particle energy, E, and mean number of clusters µK
for particle ODE simulations across different values of N for the exponential
interaction kernel. (a) Log-log plots showing linear regions where the quantities
exhibit power-law decay. (b) Slope of the log-log plots. Calculated using smoothing
splines on a numerical derivative. The raw derivative with no smoothing is overlaid
at reduced opacity to show the variability.
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