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ABSTRACT

This paper develops a formula for the optimal nonlinear income tax, the terms of
which are familiar from the theory of linear income taxation. The development uses
the idea of a perturbation of the optimal schedule and is based upon an assumption of
differentiability. It is also shown that the introduction of non-differentiability, implying
bunching of taxpayers, may be desirable and, in this case, the optimal schedule may
be difficult to determine. The analysis can be applied to nonlinear tax reform:
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Introduction

Following on from the seminal work of Mirrlees (1971), an extensive literature
on the design of optimal nonlinear tax schedules has developed. Whilst some of this
literature (e.g. Sadka (1976)) has dealt with easily understandable properties possessed
by such schedules, a major drawback of the “state-of-the-art” is that formulae used to
characterize optimal schedules are defined in terms of functions that, whilst open to
limited interpretation (Atkinson and Stiglitz (1979)), lack the straightforwardness of
direct supply elasticities, etc., that have become a commonplace of linear tax formulae.

There is no guarantee that the particular variational approach to optimization
that has been adopted in the literature produces the most appealing tax formulae.
Approaches that depend upon different perturbations of the tax schedule will produce
formulae that can look very different. Omne purpose of this paper is to present an
approach which is transparent and which produces tax formulae with all of the appeal
of the neatest linear tax formulae (Diamond (1975), Dixit and Sandmo (1977)). 1
consider a particular easily understandable perturbation in the tax schedule which,
when broken down by a Taylor expansion, produces the optimal tax formula. As
some seem to look upon nonlinear tax theory as an unfathomable area, I hope that
the present derivation will be found useful. Here, the aim is to present an approach
to nonlinear tax theory that is akin to the derivation of the Keynes-Ramsey rule in
growth theory. The appendix shows how the same formula can be derived using a
control theoretic approach using the dual approach to nonlinear taxation introduced
in Roberts (1979).

There has been little work looking at alternative derivations and formulae for non-
linear tax schedules and the contrast with linear taxation is striking. Saez (1999)
has recently looked at nonlinear taxation using the idea of a perturbation of the tax
schedule. The perturbation used and presentation of formulae is different to that in
this paper though, as in the present analysis, he recognises that one does not need to
base formulae on the distribution in the population of some unobservable parameter
like ability, as in the original Mirrlees work. Instead, the more natural distribution
of income may be used. Saez derives numerical tax formulae using the actual income
distribution derived from US tax returns and this offers a great improvement upon
the numerical solutions in Mirrlees (1971) and Tuomala (1990). The other work that

has investigated alternative formulae is that of Revesz (1989). He uses a calculus of



variations approach based upon choosing marginal prices as in the dual approach of
Roberts (1979). He derives a formula which incorporates an inverse elasticity rule as
in this paper, but in other respects, it retains the structure of the original Mirrlees
approach.

All previous derivations of tax formulae depend upon the seemingly innocuous as-
sumption that the tax schedule is differentiable so that taxpayers with different prefer-
ences are not ‘bunched’ together at the same income level. However, the perturbation
technique developed in the first part of this paper can be amended to examine the
issue of whether optimal schedules are differentiable and it is shown that ‘bunching’
may be optimal. In earlier work (Ebert (1992), Lollivier and Rochet (1983)), the exis-
tence of bunching is related to the failure of taxpayer first-order conditions to define a
point of maximum utility along the tax schedule. In this paper, the differentiable tax
schedules that are candidates for optimal tax schedules can possess the feature that
individual taxpayers are maximizing their own utility. Our analysis uncovers some
strange possibilities. For instance, it can be shown that when the income distribution
is unbounded, the number of ‘bunch’ points may be infinite. This casts doubt on the
technique of looking at limiting tax rates in such circumstances (Mirrlees (1971), Saez
(1999)). A second purpose of this paper is to expose these ‘exotic’ possibilities.

In the next section, the new formula is derived and interpreted. In Section 3,
problems concerned with the marginal rate at the upper-end of the tax schedule are
considered. When the highest income is known at the outset, the famous (or infamous)
result is obtained that the marginal tax rate should, on efficiency grounds, be zero.
When this is not the case, the limiting rate may still be obtainable from a simple
formula. The tax formula is derived under the assumption that the optimal tax
schedule is twice differentiable. However, in Section 4, a perturbation technique is
used to show that ‘bunching’ may be optimal. The analysis suggests that the structure
of optimal tax schedules may be much more complicated than earlier analysis have
suggested.

Section 5 considers how various perturbations can be put together to produce a
global result like an overall increase in progressivity. When the technique is used to
derive the optimal linear income tax, the ‘simplified formula’ of Dixit and Sandmo
(1977) is reproduced. One can also obtain an insight into the structure of optimal
polynomial tax schedules.

Concluding remarks are contained in Section 6.



2. The New Tax Formula

The net effect of an income taxation scheme is that post-tax income, which may

2 is made some function of pre-tax income, the latter

be thought of as consumption,
being under an individual’s control by varying effort, hours of work, etc. In Figure
1, the schedule ¢(y) gives the consumption-income relationship implied by the optimal

tax schedule T*(y), i.e.

c(y) =y —T"(y) (1)

For the moment, I will assume that ¢ is twice-differentiable, which follows if and
only if T™ is twice differentiable. In Section 4, the relevance of this assumption will
be considered in more detail.

Different taxpayers will choose to obtain different pre-tax incomes. An advantage
of the present approach is that the reasons for this difference do not need to be con-
sidered. But for simplicity, I will assume that those who choose to obtain the same
income have identical tastes and are equally valued in society’s objective function (a
removal of this assumption does not seem to produce any unexpected changes in re-
sults). Again, in Figure 1, C(y) shows the indifference curve of taxpayers who, under
¢, choose to obtain an income y*. C'is also assumed to be twice-differentiable. Tax-
payers who choose to obtain different incomes will have different indifference curves
that are tangential to the tax schedule. Thus, more generally, we can write C(y, y*)
and this is assumed to be twice differentiable. Its properties will be investigated in
more detail in Section 4.

As C'is a curve of constant utility, it seems clear that its curvature is related to
the compensated elasticity of supply of labour, . If w is the rate at which effort (pre-
tax income) can be turned into consumption (post-tax income) then, holding utility

constant, the taxpayer will choose a supply of effort y where

C'(y) =w (2)

(where a prime denotes derivatives).

2A timeless world is being examined but consumption here could be thought of as that which is
available for spending over some defined time period, e.g. a year, and taxation is based upon yearly
income. With rational agents, it would be more reasonable to relate the present value of lifetime
consumption to the present value of income.



Now,

so that, at y*,

C// * — 4
)= 7 (4)

where ¢ is the marginal tax rate at y*:
t=1-d(y) =1-C"(y). (5)

It may also be noted that second-order conditions of optimization give

O// (y*) 2 C//(y*) , (6)
which, as
//(y*) — _t/ , (7)
becomes,
eyt ’

This says that if the marginal tax rate falls too rapidly, taxpayers will not choose to
be at that part of the income tax schedule.?

As ¢ derives from the optimal tax schedule, any perturbation in the schedule must
lower welfare. Some perturbations induce inefficiencies and to a first-order, cause
a strict reduction in welfare.  The trick that permits first-order conditions to be
used to characterize optimality depends on finding perturbations that can be operated
in a ‘reverse’ direction: if a perturbation reduces welfare to a first-order then the
‘reverse’ policy must raise welfare (assuming appropriate differentiability) and, as this
is ruled out at the optimum, there can be no welfare change to a first-order from such
perturbations.

Consider a perturbation which, in Figure 1, changes the consumption schedule from
a, b, d, etoa, b, f, g. Up tob the schedule is unaffected, after d the new schedule is
a constant distance above the old one. The effect of such a change is that taxpayers
between y and y + Ay are encouraged to work harder, so that the disincentive effect
of the tax is diminished, but this is achieved at the ‘cost’ of transferring resources to

everybody with an income exceeding y + Ay.

3In the original analyses of Mirrlees (1971) it is shown that there are no ‘holes’ where no taxpayers
choose to locate when the schedule is optimally chosen and there is a desire for redistribution.



[Figure 1 about here]

To evaluate the effects of such a perturbation, it is necessary to define some more
terms. First, the number of taxpayers involved is important. Let F' be the cumulative
distribution of income when the optimal income tax is in operation and let f be the
associated density function. Second, to evaluate the welfare effect of a change, it is
necessary to posit society’s trade-off between gains to some and losses to others. For
this purpose, let a(y) be the social marginal utility of consumption at the optimum for
taxpayers who choose to earn income y. Let A\ be the marginal value of taxes to the
government - this is the lowest social cost which can be incurred to raise revenue. If a
pound is given to a taxpayer with income y then the net gain to society, what Diamond
(1975) has termed the social marginal utility of income ((y), will depend upon the
change in tax revenue from the taxpayer that occurs because of the labour supply
response to an increase in lump-sum income. With a nonlinear budget constraint,
comparative static effects differ from those under linearity. If y(w,m) is the pre-tax
work income that somebody chooses to obtain when w is the rate at which pre-tax
income can be converted into post-tax income and m is lump-sum income then if the

income y is chosen under c(-) it must satisfy?

y=y(c(y), cly) —yc'(y)) 9)

The total effect on y of an increase in lump-sum income is given by

dy Yrm
=7 _ 10
dm — 1=c" (Yu = YYm) 4o
Invoking Slutksy’s equation allows this to be reduced to
dy Yrm
— = 11)
t'ye (
dm T+ I
Using A to value the change in tax revenue, (3 is given by
AtYm
R (12)

1—t
As leisure can be expected to be normal, v, will be negative and, as the denominator

of the second term in (12) is positive (see (8)), § will be less than .

4This technique may be used to neatly follow through the comparative statics exercise for a
consumer faced by a nonlinear budget constraint. See Neary and Roberts (1980).

6



Finally, following Mirrlees (1976), we can define the social marginal utility of trans-

fer ~ to be the net gain of transferring one pound from the government to an individual:
tYm

1) = Bly) —A = aly) = A (1 - —) (13)

B t'ye
1 + 1—t

As the tax schedule can be shifted both vertically upwards and vertically downwards,

it is clear that with optimal taxation,

0= / T ) w)dy. (14)

Returning to the evaluation of the perturbation, the efficiency effect which reduces
the disincentive for a small number must be compared with the distributional effect
for a large number. Consider the efficiency effect first. As a particular income is
being discussed, let y be used as the appropriate carrier variable. For small changes,
the change in tax revenue is

y+Ay
AT = [+ By=F ~Clu+ By)+ @)@ 47 (15)
y

For the distributional effect, the distance between d and f in Figure 1 is important.
This is given by C'(y + Ay) — c(y+ Ay) and, if this is small, the effect in welfare terms
is given by

aw=|[" @] e+ an - e+ a) (16)
y+Ay
To simplify this expression, assume that Ay is small so that (12) and (13) can be
approximated by Taylor expansions. Using (5), (15) becomes

AT = w + o(Ay?) . (17)

and using (4), (5) and (7), (16) becomes

aw= [T @rmam] [0 ve] B2 Lo as)
/ | [ +]

Y 2
It may be noted that we have ignored the welfare effect of taxpayers between y
and y+ Ay being made better off. This is a third-order effect and, for small At, is
dominated by (18).
The net welfare gain from the perturbation is therefore given by AW + AAT. To

show that this must be zero at the optimum, it is necessary to show that the ‘reverse’

5See Section 4 below.



perturbation is possible. In a symmetrical fashion, one can consider increasing the
progressivity of the tax faced by taxpayers who earn income y and this is accomplished
by benefitting all those who earn lower incomes. Using (14), one obtains the result
that the welfare effect of such a perturbation is the negation of the effect that has been
derived. As both changes are feasible, it must be true that the net welfare effect is

zero. Thus, letting Ay tend to zero gives (using (14))

A = (1_t +t’) I'(y) (19)

gy

where

I(y) = / "G (20)

Before considering the economic implications of (19) two points may be mentioned.
First, (19) has been derived under the assumption that the tax schedule is twice-
differentiable and that taxpayers’ indifferences curves are smoothly tangential to the
curve ¢(y). An example of where this will not be satisfied occurs when some taxpayers
choose not to work and individual optimization leads to a corner solution. The
approach taken here can be amended to cope with this situation and the possible
optimality of a non-differentiable schedule will be investigated in Section 4.

The second point deals with the content of (19). As it stands, it seems to define
a differential equation in the marginal tax rate and its solution will depend upon
some initial condition (the level of taxation is determined by the government revenue
requirement). However, notice that as I will be zero at the end-points of the income
distribution, if f is bounded away from zero then ¢ will have to be zero (see (23)
below). Using this, differentiation of (19) at the upper-end point 7, say, gives

v [ 1) _ ] 1 1)
A =@ ey
and this serves as a further condition to pin down the marginal tax schedule.

Looking at (19), the first point to be made is that, as promised, it provides a
formula for the optimal nonlinear income tax which is defined solely by the easily
interpretable functions that are familiar from linear tax theory. In particular, echoing
Diamond’s (1975) remarks, distributional judgements are completely captured by the
social marginal utilities of income (or transfer). The next remarkable feature concerns
the structure of the formula. If the nonlinearity feature (captured by t') is small then

(19) becomes a tax formula which incorporates an inverse elasticity rule - viewing the
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tax rate as a tax on general consumption, the tax rate should be inversely proportional
to the compensated elasticity of labour supply.’ Furthermore, efficiency considerations
(captured by the elasticity) and distributional considerations (captured by the social
marginal utilities of transfer) enter into the tax rule multiplicatively. With regard
to the general shape of the tax schedule, it has already been mentioned that I' is
zero at the lowest and highest income (recall (14)). With f bounded away from
zero at these end-points, (19) says that the marginal tax rate must be zero at these
end-points (see Sadka (1976) for the upper-end result, Seade (1977) for the lower-end
result). Furthermore, if the government would, on welfare grounds, be in favour of
redistributing income from high-income taxpayers so that v declines with y then I'
will be positive between the end-points and, using (8), the optimal marginal tax rate
will be positive. Thus when the optimal schedule is differentiable and there are no
corner solutions for taxpayers, the marginal tax rate starts at zero, becomes positive,
and falls again to zero at the top of the income distribution. This feature at the
upper-end will be investigated in greater detail in the next section.

In simple cases, (19) can be used to obtain an explicit formula for the optimal tax
schedule. Assume, following Phelps (1973), that the government is Rawlsian in the
sense that « is non-zero only for taxpayers with the lowest income, and that there is a
zero income effect of labour supply. For almost everybody ~ will then be given by —A\.
If one further assumes that 1 — F = k(g-y)? and that everybody’s compensated labour
supply curve possesses the same slope s (this seems to be the simplest assumption
possible) then the only feasible solution to (19) is given by

= 7 1) 22)

(c+1)s
which implies that a quadratic tax schedule with a declining marginal tax rate is op-
timal. But notice that if k£ is small then low incomes will arise and ¢ will exceed
unity at low incomes; this will be incompatible with a smooth tangency with the tax
schedule for low income taxpayers. In this case the optimum will involve some non-

differentiabilities.

3. The Limiting Tax Rate

OIf 7 is the consumption tax then with income y, consumption c is given by ¢ = (117 . For this

to be the equivalent to an income tax t so that ¢ = (1 — t)y, 7 must be given by ¢/(1 — ¢

]

9



Perhaps the strongest result to come out of optimal nonlinear tax theory is that,
on efficiency grounds, the taxpayer who earns the highest income should face a zero
marginal tax rate (Phelps (1973), Sadka (1976)). Using (19), if 7 is the highest income
then, close to 7, I is approximated by v(7)(y — ¥) f(¥) and, locally, (19) looks like

~
>

— (23)

which solves to give ¢(y) = 0.

The problem with this derivation is that it depends upon there being a highest
income.  Whilst a highest income will always exist, it is not necessarily the case
that a government will have knowledge of what it will be in the ex ante state when
the tax structure is being determined. If the government believes that the income
distribution will be f(y,r) with probability g(r) then the maximization of expected
welfare is similar to the certainty problem with income distribution h where h(y) =
[ f(y,7)g(r)dr. Then, with a high probability, the highest income observed will fall
short of the upper-bound on the support of A - the simple zero rate at the top result
will not usually be applicable.”

We are thus interested in tax rates for high incomes but ones below what could,
in some circumstances, be considered possible. For simplicity, assume that A has no
upper bound and let us investigate the limiting marginal tax rate. If the appropriate

functions tend to a limit then (19) gives

1
limt = 7 (24)
1 — Xe (lim {%5)
v
where € and 7 are limiting values of € and ~.
Notice that the income distribution enters through lim % If f is bounded below

at the upper bound of its support then the limit will be infinite and this takes us

back to the zero marginal tax rate. However, % is the constant Pareto parameter

of the Pareto distribution so that the widely observed phenomenon that the tail of

the income distribution appears to be Pareto in form is equivalent to an observation

"Many other arguments against the zero rate at the top can be given. For instance, assume that
wages are marginal products plus an error term. Then the highest income earner will almost certainly
receive a wage greater than his marginal product and, on efficiency grounds, it will be desirable for
him to face a strictly positive marginal tax rate. Of greater importance is the fact that income will
be stochastic for fixed effort on the part of a taxpayer. Taxation will then have an insurance role
(Varian (1980)) and those with the highest incomes will be those who have had the greatest luck. In
this case, the insurance aspect of taxation will be dominant.

10



that p = lim % is bounded away from zero and, being more specific, empirical work
suggests that it lies between 1.5 and 3. Unfortunately, as an optimal tax formula
(24) has a serious defect. To uncover this, it is necessary to look more carefully at

the role played by differentiability.

4. Differentiable Schedules and Optimality

The derivation of the optimal tax schedule assumed implicitly that the schedule
was twice-differentiable and that taxpayers’ indifference curves were tangential to the
schedule at the income that they wished to earn. The possibility of a corner solution
at zero income has already been mentioned. Here, the object is to see whether it is
desirable for the government to introduce kinks into the tax schedule, the implication
of these kinks being that taxpayers with different preferences between leisure and
consumption will choose to obtain the same income.

To investigate this problem, we will take the schedule defined by (19), introduce a
perturbation that produces a kink, and see what effect is produced. Figure 2 shows
the effect of offering the consumption/income point K as well as the schedule c(y).
The effect of this is equivalent to introducing a small kink in the schedule at K and
all taxpayers who chose to obtain income between y — x; and y + x5 will now move to

K. The change in tax revenue to the government is given by

Yy+z2

AT = / (-7 —cy) —d+ @) di (25)

y—x1

[Figure 2 about here]

To evaluate this, we note first that, if C(-,y) is the indifference curve of a taxpayer

which is tangential to ¢(-) at y, then x; and x5 are defined by

Cly,y —m1) =c(y) +d (26a)

Cly,y +m2) =c(y) +d (26b)

8Using tax return data, Saez (1999) estimates p to vary between 1.8 and 2.2 over time.
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where, for all x,
Cly+azy+z)=cly+z (27)
and
Cily +,y +z) = (y + z) (28)
Differentiating (27) and applying (28) gives
Coly+z,y+z)=0 (29)
Twice-differentiation of (27) gives
Ci +2C1 +Coy =¢" (30)
and differentiation of this gives
Ci11 +3Ch12 + 3C199 + Cag = . (31)
Multiple differentiation of (29) gives
Cyn +Cyp% =0 (32)
and
Criz +2C122 + Cozp =0 (33)

Eliminating d from (26a,b) gives x5 as a function of z; Because of the degeneracy
induced by (29), the derivative of x5 with respect to x; depends upon the second

derivative of C' (through I'Hopital’s rule) and we obtain

2 0) =1 (34)
dl’l
dQZ‘Q . 2 0222

0) = ———==
dl‘% ( ) 3 CQQ

so that, using (30) and (32) to solve for Csy, and (31) and (33) to solve for Cagy, we

obtain

= 35
3 011 — C” ( )

d.’l?l n

d?zo _ <2) 2C111 + 3C 19 — 2"

12



The denominator is related to the compensated elasticity of labour supply and the
curvature of the tax function whilst the numerator is related to how an individual’s
elasticity charges with income, how elasticity varies across individuals, and changes to
the curvature of the tax function.

Turning to (25), a Taylor expansion can be taken around x; = x5 = 0. Differenti-

ation with respect to x; with d and x5 viewed as functions of x; gives

o = (e —cly) — el + e+ )
+ (21— ely) —d+ely — 1)) f(y — 1) (36)
- [ a@r@a
Tt = 1+ el aa) + (=2 = clo) = dot ol + 22) 0+ 22) (52
#l(mm = cly) = d-+oly-+ )y + 22
+ 1=y =) f(y—21) = (21— c(y) —d+cly — 1)) [y — z1)
2 ([t T4 Syt - [ @) @) "
Differentiation once again and letting x; tend to zero gives
DoE =2 W) — 6O~ (- )AF )+ TS 9

where we have made use of the fact that d(0) = d'(0) = 0 (using (26) and (29)). Now,
d//(O) = CQQ = 011 — C” (39)

(using (30) and (32)). At z; = 0, (36) and (37) both become zero so (38) becomes
the dominant effect. Using (4), (5), (38) and (39) we have AT as a third order Taylor

expansion in x

AT = —Luge 4 371 ~1)
3 gy

ot 4 SepEt2) 3 40
+ 2"+ St lat + ofxy) (40)
1

This expression applies for any differentiable tax schedule. If we abstract from

d?zo
2
dzy

the change in curvature term as the second term in square brackets is positive,
AT will be positive only when the proportional rise in the marginal tax rate is small

relative to the proportional fall in the income distribution density. Alternatively,

13



when the tax schedule is approximately linear so that t' = 0, AT will be positive only
when the marginal tax rate is large and the density of the income distribution is falling
sufficiently rapidly. This suggests that AT will be negative at low income levels but
may be positive at high income levels under tax schedules observed in practice.

We now investigate whether the ‘optimal’ tax schedule derived in Section 2 is in
fact optimal by considering the introduction of a kind. Applying (19) to (40) gives
the tax effect

4f2)\ f 3 dQZEQ 3 3
Loy ot 41
F + €y + 2 d.'lj% ) xl + O(xl) ( )

AT = L1 —t(2f" +
3 |ey

As well as the tax revenue change, another third-order effect will be the welfare im-
provement brought to those with incomes between y—x; and y+z,. Even if a(y) =0,
however, (41) being positive is possible.

To investigate this further, we concentrate on the optimality of the limiting tax

rates derived in the last section. If lim % = p then lim nyI = —(p+1). Turning to

the change in curvature effect, if this is small then (41) will be positive if

t> (42)

1+Z(p+1)

For instance, with a Pareto parameter p of 2 and an elasticity of % then (44) is satisfied

if ¢t is above % A more reasonable assumption would be to assume that, in the limit,

the compensated elasticity of a taxpayer is locally constant, and approaches a limit

when viewed across taxpayers. Using (4), C' will take the form

Cr(9,) = (”#y@ (43)

Using (43) and (35) gives

d’zy  (2\2+1/e (44)
dz?  \3 y

Equation (40) will then be positive if

3

t> .
14+ 2pue

(45)

Taking 4 =2 and € = %, this will be satisfied if ¢ is above %. If the limiting tax rate

is set optimally then combining (24) and (45) gives AT > 0 if
1 3\

14



When high income earners are not given positive welfare weight (a = 0), so that there
is no direct welfare gain from the introduction of a kink, we have —y > A. If —v is
close to A then (46) is never satisfied for positive u and €. But, recalling (13), if the
income effect of labour supply is large, then satisfaction of (46) is made more likely.
If all taxpayers are at kink points at the upper end of the optimal tax function,
then it is not difficult to determine something of the structure of these kink points.
Assume that there is an upper kink point (A in Figure 3) and that the taxpayer with
preferences BAD and everybody with a greater preference for work (less sloped indif-
ference curves) are bunched at A. If B is a point on the tax function that taxpayers
will move to if A is withdrawn then it is clear that the government is free to choose A
anywhere on the indifference curve to the right of B without changing the composition
of the bunched group or affecting everybody else in the population. As it is being
assumed that o = 0 for the bunched group, the net effect of a movement around the
indifference curve is the tax change of the bunched group - clearly, taxes increase by a
movement to the right whenever the slope of the indifference curve is less than unity.
Therefore, the slope of the indifference curve at the kink point must be at least unity.
But now consider offering a new point E with the property that the slope between A
and E is, for instance, one-half. E will be chosen in preference to A by those with the
greatest preference for work and, as is obvious, the net effect will be to increase tax
revenue without producing any welfare effect. Thus we have shown that there can
be no upper kink point - in the optimum, there are an infinite number of kink points

offered at the tail-end of the tax function.

[Figure 3 about here]

Finally, when « is non-zero, a different picture can emerge. The direct welfare

effect of the kink perturbation is approximated by

Mf2a o

AW = 5 N (47)

and if this is combined with (41) then, as v must incorporate «, the net effect of the
kink perturbation is made more ambiguous. However, (47) may be combined with
(41) to give a measure of the net effect of the perturbation. If « is large relative

to the weight given to most taxpayers (so that A is not correspondingly large) then

15



(47) will dominate (41) and again the introduction of a kink can be desirable. Thus
if the government weights low-income taxpayers much more highly than high-income
taxpayers then one may expect to observe a kink at the bottom of the tax schedule
with a group of low income taxpayers being bunched at the kink. In this case, the
result that the optimal tax rate at the lowest income is zero (Seade (1977)) will not
hold.”

These results point to the complex nature of the nonlinear taxation problem. Given
the structure of the problem, one can expect to be able to provide the strongest results
about taxation at the two ends of the tax schedule. The analysis of this section sug-
gests that there can be non-differentiabilities at both ends of the schedule and results

about marginal tax rates will fail to be meaningful.

5. Global Perturbations and Tax Reform

In Section 2, the fact that perturbations in a tax schedule at a particular point
are permissible was used to determine a set of first-order conditions of optimality for
nonlinear income tax schedules and, subject to the caveat discussed in the last section,
these conditions may be used to determine the optimal schedule. However, the analysis
conducted is directly applicable to the situation where the tax schedule is sub-optimal
and one wishes to ask whether the marginal tax rate should be raised or lowered at
a particular income level. Using A, (17) and (18) may be combined to give the net
welfare effect of a small perturbation. Figure 1 makes clear that the perturbation is, in
essence, a reduction in the marginal tax rate from 1—¢'(y) = 1—C"(y)tol —C'(y+ Ay).
Therefore, the change in the marginal tax rate is given by

At = -C" (ATy)z + o(Ay?) (48)
Thus, for small At, the net welfare change is given by (using (17) and (18)):
t'ey
1—t

At fey At

AV = [T() e

+1)—

(49)

where it is here assumed that, at the margin, tax revenue is raised in a lump-sum

manner.

9The possible optimality of a kink should not be too surprising. On welfare grounds it may be
desirable to force those who choose to obtain higher incomes to obtain a lower income (work less).
The fact that choices are decentralized through a single budget constraint implies that the best that
the government can do is to bunch a group of taxpayers at a particular income.
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Equation (49) can be used to compute the effect of a small perturbation in the whole
schedule. Assume that the government is contemplating a change in the progressivity
of the tax structure which involves the marginal tax at y,t(y), changing at rate p(y).
The change in welfare will be given by

av= [ oS 0 -3 s (50

y
As an example, assume that the tax is initially linear (# = 0) and that the government
is contemplating a change to a linear tax with higher rate. Then p(y) would equal
some constant p and (50) will become (integrating I' by parts):
Ate
AV = /(7 — T pypfdy (51)
Yy
Equating this to zero gives the optimal linear tax rate:
t _ Jwfdy
1—t A eyfdy

which is exactly the “simplified” formula of linear taxation derived by Dixit and

Sandmo (1977).

(52)

Equation (50) can also be used also to derive first-order conditions for optimal

polynomial tax schedules, e.g.

a2y2 ary"
— S

T=a, +a1y+ (53)

If a change in a; is contemplated then p(y) is given by axy* ! and inserting this in
(50) gives, on equating the result to zero, a condition for the optimal ay.

Two final points concerning (50) are worth mentioning. First, if (50) is used to
evaluate a tax reform then the functions in the formula will be evaluated at the initial
point. For instance, f will be the present observed distribution of income. Second, a
particular example of (50) gives the change in tax revenue as the result of a change in
tax structure. For with a = 0, (50) becomes, apart from a multiplier A, the change in
tax revenue. Therefore, a change in the tax structure p will lead to a change in tax

revenue of

e}

ar—— || [a- sa@nar| G2 cv+ 2 pay 60

Y
Even if p is constant, (54) requires considerable calculation. However, in empirical

analysis of budget changes, numerical calculation should be straightforward.
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6. Concluding Remarks

The purpose of this paper has been to adopt a non standard approach to the
solution of the optimal nonlinear tax problem. This approach seems to have four
advantages. First, the approach itself is easily understood, being both direct and
simple. Second, the formula produced for the optimal tax rate is easily interpretable
as it is defined in terms of functions that are easily interpretable. This formula
has close connections to formulae in linear tax theory. Third, an identical approach
can be used to evaluate income tax reform and, as was shown in the last section, it
is possible to evaluate different types of marginal reform that may be envisaged in
a nonlinear framework. Finally, it has been possible to demonstrate some of the
inherent complexity of the set of problems to which the optimal income tax problem
belongs. In particular, it has been shown that although a well-behaved differentiable
tax function that satisfies optimality with respect to well-behaved perturbations can
be found, it is sometimes the case that the problem will involve non-differentiabilities
at the optimum. The problem raised by this is that it will not always be clear that
well-behaved solutions are not optimal - in numerical work, the search for the optimum

could be quite difficult.
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APPENDIX

The purpose of this appendix is to show how the optimal tax rule (19) can be
derived using standard control methods. To do this, assume that individuals are
indexed by a parameter z which determines tastes and social deservingness. The
parameter z will be defined so that, at the optimum, the supply of effort, i.e. pre-tax
income y, will be z for a z—type individual.

If v(m,wz) is the indirect utility function of a z type individual where m is (lump-
sum) income and w is the rate at which pre-tax income can be converted into post-tax

income, i.e. the wage, then Roy’s Identity gives
(M, w, 2) = y(m,w, 2)v,(m,w, 2) (A.1)

where y(m,w, z) is the (uncompensated) supply equation ( (9) in the text). When
an individual chooses to be at a point on a nonlinear tax schedule, he makes the same
choice as he would under a linear tax schedule passing through that point with the
same slope as the nonlinear schedule at that point (see Figure 4).!° Thus a nonlinear
schedule is equivalent to a situation where individuals face linear tax schedules though
the implied m and w will depend upon the tastes of the individual z. For a nonlinear

schedule ¢(-), m(z) and w(z) will be defined by

m(z) = c(y(z)) — ¢(y(2))y(2) (A-2)

w(z) = d(y(2)) (A-3)

where y(z) is the pre-tax income choice of an individual. Differentiating (A.2) and
(A.3) gives

dm dw

—ty(x) o~ =0 (A-4)

which is the constraint imposed by the fact that m(-) and w(-) are formed from a
nonlinear tax schedule.
Locally around the optimum, the government’s objective can be viewed as being

linear in utilities:

W= / §(2)o(m(2), w(z), 2) f(2)dz (A5)

10This is discussed further in Roberts (1979).
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where f(z) is the density of z - this will, by assumption, describe the income distribu-
tion at the optimum.
Finally, there is a resource constraint faced by the government - aggregate income

must be at least as great as aggregate consumption plus required government revenue
R:

/ y(z) - c(y(2))] f(z)dz> R (A.6)

0
which, using (A.2) and (A.3), becomes

[e.°]

/ m(z) + (w(z) - Dy(=)] f(Z)dz+R< 0 (A7)

Instead of choosing a tax schedule, the government may be viewed as choosing

functions m(-) and w(-) to maximize (A.5) subject to (A.4), (A.7) and (A.8):

y(2) = y(m(2),w(z), 2). (A-8)

As ) is the value of a change in tax revenue, A will be the multiplier associated with
(A.7) in the optimization problem. Letting p; and puo be the multipliers associated
with (A.4) and (A.8), standard control theory gives first-order conditions:

d
ovpmf — Af — el o Ym =0 (A.9)
dz
d d
bvwf —Ayf —y % - d—z — paYw =0 (A.10)
dw
—)\(w — 1)f + 1 d_z + e =0 (All)
pi(o) = pi(oco) = O(transversality) (A.12)

Now, by definition, év,, = o and (A.1) gives év,, = ay. Combining (A.9) and (A.10)

gives

dy oy
= = (Yo — YY) = — —— , A13
oo = k(Y — YY) " (A.13)
the second equality following from Slutsky’s equation (see (12) in the text). Now, at

d

the optimum3? = 1 so that solving for po from (A.11) and (A.13) and replacing p; in

(A.9) gives

by M |y
dy [ A (tfyi)]f(y) W) f () (A.14)
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from (13) in the text (y(z) = z,t = 1 — w,t = —22). Equation (20) therefore gives

(using (A.12)):

L(y) = m(y)-

Finally, (A.11), (A.13) and (A.15) give, on rearrangement

Mfz(l_t+ﬂ>F@)

ey

which is the optimal tax formula in the text.
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