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Abstract

In-plane vibrations of an elastic rod clamped at both exitiesare studied. The rod is modeled
as an extensible planar Kirchffielastic rod under large displacements and rotations. bquil

rium configurations and vibrations around these configomatare computed analytically in the
incipient post-buckling regime. Of particular interesttie variation of the first mode frequency
as the load is increased through the buckling threshold.|dadding type is found to have a cru-
cial importance as the first mode frequency is shown to besiagilarly in the zero thickness

limit in case of prescribed axial displacement, whereagalag behavior is found in the case of

prescribed axial load.

Keywords: Vibrations, Kirchhdt elastic rods, Buckling, Bifurcation.

+ 1. Introduction

2 External loads and boundary conditions are known to playyaréke in the statics and dy-

s namics of elastic structures. In the analysis of vibratioha string or a rod, external loads
« have a direct influence on the response of the system, e.gioteim a string raises its natural
s frequency whereas compression in a rod lowers its natwglfency. Nonlinearfiects become

s important when external loads not only change the vibratgsponse of the rod but also alter
- its overall stability through buckling. Several studiesd@anvestigated dynamical responses of
s post-buckled elastic rods [1, 2]. Vibrations and resonareealso used to destabilize buckled

s beams |3, 4]. In a classical buckling experiment with clachbeundary conditions there are two

1corresponding author: email sebastien.neukirch@upm@dt+33 1 44 27 87 13
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ways to apply the loading: the distance between the two eragsha imposed (and we refer to
this situation as prescribed axial displacement or rigatling), or the axial force pushing the
two ends together may be imposed (and we refer to this situas prescribed axial load or dead
loading). In fact due to the intrinsic elasticity of any l@agl device, one is never exactly in a
pure dead or rigid loading situation [5]. For equilibriunetfesponse of the system is the same
under both loadings, axial force and axial displacementdeonjugate variables in the energy
of the system. But as soon as stability and vibrations arsidered the response of the system
strongly depends on the loading type, with rigid loadingipsttypically being more stable that
dead loading ones [6].

Here, we consider the problem of in-plane vibrations of a{bogkled Kirchhdr extensible
unshearable elastic rod with clamped boundary conditioeurigid and dead loadings. First,
we study the post-buckled equilibrium configurations of thé. We then focus on the small-
amplitude vibrations around the equilibrium state and looW the first mode frequency evolves
as the rod goes into the post-buckling regime, comparingi¢fietand dead loading cases.

We recall Kirchhdt model for elastic rods in Section 2 and derive vibrationsagigas in
Section 3. We then compute analytically the incipient gmstkling equilibrium solution in
Section 4 and the first mode vibration around this equiliforaolution in Section 5, in the rigid
loading case (Section 5.1) and in the dead loading casei¢8éc®). Discussion (Section 6) and

conclusion (Section 7) follow.

2. Model

We consider an elastic rod with a rectangular cross secfiavidih b and thicknes$, total
lengthL and arc lengtts in its unstressed reference state. In this state the rodlies thee,
axis, from the origirD = (0, 0, 0) to the point atl(, 0, 0). The position vector of the center of the
rod cross section is noteR(S) and we havdR(0) = (0, 0,0) andR(L) = (L, 0, 0) in the reference

State.

Kinematics

We use the special Cosserat theory of rods [7] where the moguier bending and extension,
but no shear. We work under the assumption that the rod cext®Bs remains planar (and
rectangular) as the rod deforms and use a set of three Codam@ors ¢1(S), do(S), d3(S))

2
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Figure 1: Clamped-clamped rod buckled in tixeyj plane. Either the end-shortening D or axial Idads controlled.
The pointAin the reference configuration moves to poin the deformed configuration, introducing horizoritak 0

and verticalV displacements. The origi@ is at the left end of the rod.

embedded in each cross sectiah:is perpendicular to the section plar,is along the small
span (of lengttn) of the section, ands is along the wide span (of lengt) of the section. In the
undeformed stated;(S) = ey, d2(S) = ey, anddz(S) = e,. We only consider deformed states
that are i) planar (where the rod center lif%S) lies in the &, y) plane, the rod being bent along
its small sparh), and (i) twist-less (where the directal;(S) = e,). Note that in the presence
of extension,S may no longer be the arc length of the culRéS) in the deformed state. We

introduce the extensio®(S) with:

R(S) £'dR/dS = (1 + &(S)) ds . (1)

In the absence of extensioa £ 0) the directord; is the unit tangent to the centerlif¥S) =
(X(S), Y(S), Z(S)). We introduce the angkS) to parametrize the rotation of thd,( d,) frame

around thee, = d; axis:

cosH(S) —sing(S)
di(S) =| sing(S) and dx(S)=| cosy(S) . (2)
0 0
ex,ey,ez ex,ey,ez

Dynamics

We use Kirchh& dynamical equations for elastic rods [7], where the stieBs¢he section

are averaged to yield an internal fofdéS) and an internal mome (S). These internal forces
3
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and moments are the loads exerted on the sectiGhtst the part of the rod & > S. In the

absence of body force and couple, the linear and angular miimebalance read

N’(S,T) pAR(S,T), 3)

pl6(S,T), (4)

M(S,T)+ R(S, T) x N(S,T)

def

where ( J € &

8/0S, () = 8/0T, T is time, p the density of the materiah the area of the cross
section (in the present cade= hb), andl the second moment of area of the cross section (in the
present cask = hb/12). As we are only interested in low frequencies we negleetotational

inertia, that is the left-hand side of (4) will be zero.

Constitutive law

We use the standard linear constitutive relationshipirelahe bending strair(S) def a'(S)

to the bending momenil; def M - ds:
Ms = E I, (5)

whereE is Young's modulus. Note thatis not the curvature in general. The extension constitu-

tive law relates the tensioN - d; to the extensioe:
Nycosd + Nysind = EAe (6)

Equations in component form

In the planar case considered here, we HA(& T) = 0, N(S,T) = 0, My (S, T) = 0, and

My(S, T) = 0 V(S, T) and the equations for the six remaining unknowns are

X" = (1+e€)cosh, (7a)
Y = (1+e)sing, (7b)
¢ = M/EI), (7c)
M" = (1+¢€)(Nxsingd— Nycost), (7d)
N, = phbX, (7e)
N, = phbY, (7f)

whereM = M; = M3 and the extensioais given by Eqs (6).
4
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Dimensionless variables

We scale all lengths with, time withr =" .2 \phb/(El), forces withEl/L?, and moments
with EI/L. This naturally introduces a parameter

2
ndéfﬁniz(g) , ®)

which takes small values in the present case of slender mMaeensionless variables will be
written lowercase, e.gs ot S/L, x ot X/L,orm o ML/(EI). The constitutive relation (6)
reads:

e =1 (Nxcosd + nysing). 9)
The casey > 0 corresponds to extensible rods, the opase0 to inextensible rods. The particular
casen = 0 has been studied in detail in [8] and we will assume for tles@nt study thaj # 0
and only briefly comment on the inextensible case.

3. Small-amplitude vibrations around equilibrium configur ations

The systems of equations (7) in dimensionless form reads

X(st) = (1+nnxcosd+nnysing) coss, (10a)
y(st) = 1+nnxcose+nnysin9) sing, (10b)
g(st) = m, (10c)
m(st) = (1+nny,coss+nnysing) (nysing - nycost) , (10d)
n(st) = X, (10e)
n(st) = V. (10f)

We consider a rod subject to clamped-clamped boundary tonsli

x(0,t)=0 (11a)
yO,t)=0  y(1,t)=0, (11b)
600,t)=0  6(1L,t)=0. (11c)

The rod is subject to either dead or rigid loading. In thedilgiading setup we control the

end-shortening, that is we impose the additional boundary condition

xLt)=1-d, (12)
5



81

82

83

84

85

86

87

88

89

90

91

and the axial loagh(t) = —ny(1, t) is unknown and varying with time. In the dead loading case, a

constant axial loag is imposed, replacing (12) by
nk(1,t) = p, (13)

while the end-shortenind(t) becomes a time-varying unknown. Note that in both cases the
transverse displacemey(tl,t) = 0 being fixed, the shear loaft) = ny(1,t) is a time-varying
unknown. For a given ratig we first look for the equilibrium configuratiornd, Ve, e, Me, Nxe,

Nye), solution to (10) withxe = 0 andye = 0, and then we look for small amplitude vibrations

around the equilibrium configuration, that is we set

X(st) = X(s)+5X(s) e, (14a)
Yt = Ye(s)+ (), (14b)
0(st) = 6u()+056(s) e, (14c)
m(st) = me(s)+m(s)e, (14d)
N(St) = NelS)+3N(s) €, (14e)
n(st) = nye(s) +5n,(s) e, (14f)

where§ <« 1 is a small amplitude parameter, ands the frequency of the vibration. Inserting
(14) into (10) and keeping only linear terms dn we obtain equations for the spatial modes

(X.y. 6. M., 0y):

X(S) = —(L1+nNeCOShe+7NyeSinde) 6 Sinbe + € COSle, (15a)
V(s = (1 + 1) NyeCOSOe + 77 nyesinee) 6 COSfe + € SiNbe, (15b)
g(s) = m, (15c)
m(s) = (1 + 1) NyeCOSOe + 77 nyesinee) (ﬁx sinde — N, COSOe + H_[(nxecosae + nyesinae])

+€ (NyeSiNfe — NyeCOSte) , (15d)
(s = -w’X, (15€e)
n(s) = -o?, (15f)
where we introduced

€= (oSl + Ny SiNfe — 0 [Nxe SN — Nye COSTe|) (16)

6
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The boundary conditions on the spatial modes are

X0)=0 * (17a)
y0)=0 y1)=0, (17b)
6(0)=0  6(1)=0. (17¢)

with x replaced byx(1) = 0 in the rigid loading case, and by (1) = 0 in the dead loading
case. The 6D system (15) with the six boundary condition} ill@ well-defined generalized
eigenvalue problem, with eigenvalae For computational purpose, we normalize the linear

solution of this problem by imposing the condition

m?(0) + NZ(0) + N5(0) = 1. (18)

4. Post-buckled equilibrium configurations

In order to obtain the vibrations in the post-buckling regime first have to calculate the
post-buckled equilibrium solution. As the end-shortenimghe axial load is increased from
zero, the rod first experiences axial compression until@sadly buckling is reached and flexural
deformations kick in. We have shown in [8] that the bucklihgesholdp* for an extensible rod
with clamped boundary conditions is given py (1 - 5 p*) = 4x?, that is

1- +/1-16n2
p* = 2—’7 = 4n? + 167 + O (if)) . (19)
n
We now study the equilibrium solutions in the post-buckliegime. Equilibrium equations are
obtained by setting = 0 andy'= 0 in system (10). At equilibrium the internal force vector is
found to be uniform along the rod and we writgg(s) = —pe andnye(s) = —ge ¥s. System (10)

is then reduced to

X, = (1-17peCOShe — nQeSiNde) COSHe With x(0) =0, (20a)
Yo = (1—-1peC0She —nQeSinde)sinde with ye(0) = 0 =ye(1), (20b)
0] = (1-npeCOShe —1QeSiNGe) (—PeSiNbe + Qe COSYs) With 6(0) = 0 = G¢(1). (20c)

For the first buckling mode, we are looking for an equilibrish@pe whose curvature is symmet-
ric about the middle poing = 1/2, hence we requirey,(s — 1/2) to be an odd function. From

(10d) the functiomye(s— 1/2) has to be odd as well, eventually imposigg= 0.
7
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We address the behavior of the solutions after, but clodeuickling. Therefore, we expand

the variables in powers @f a small parameter measuring the distance from buckling:

Oe(s) = €bi(S) + €262(3) + €05() + O (%) , (21a)
(9 = Xo(9) +exa(s) + €xa(s) + €¥x5(s) + O (€*) , (21b)
Ye(9) = eyi(9) + €ya(9) + €ya(s) + O () , (21c)

Pe = Po+epr+eipy+eps+O(e?). (21d)

We substitute these expansions in the equilibrium equaii2@), which have to be satisfied to

all orders ine. The solution up to order 3 reads:

6e(S) = esin2rs+ 63% cosi(2rs) sin(2rs) + O (%) , (22a)
(9 = S1-np) - o 20po)” (4rs I ;Tf_rsz);p;ﬂsn (167~ 3p0) +0(eY),  (22b)
Ve(9) = % (1- cos Zs) — ggj(i%% (Cu + Cy COS(2rS) + Cy COS(4r9)) + O (€*) ,(22¢)

Pe = Po+ 62% O(e*) . with po = 1o y1-16r ”2;16”2" : (22d)

wherec, = 7 — 22po — 3272, ¢, = —6 (1+ 25ypo — 32y7?), andc,, = —3 — 6ypo + 96n72. From

(9) we recover the extension:

1672-3pp 1 _
m - ipo S|n2(27TS)) 62 + 0(64) . (23)

€e(S) = —npo - n(

Equations (20) were solved in the absence of any conditiotheraxial loading, and conse-
guently solutions (22) is valid for both dead and rigid loag. From (22b) and (22d) we elimi-
natee and write the relation:

2 - 3npo — 16n7°

Tex —ap,  (Pe Po) + O((Pe - po)’) (24)

de — 17pP0 =

between the axial loage and the axial displacemedt = 1 — x,(1). In dead loading the load
Pe is prescribed and the resulting end-shortenilags computed form (24). Respectively in
rigid loading the end-shortenirdy is prescribed and the resulting axial lopgis computed for
the same equation (24). We therefore see that the equitibsiution does not depend on the

loading type.



124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

5. Vibrations around post-buckled equilibrium configurations

We expand all modal variables,, 6, m, ny, ny) and the frequency in powers ofe. For
instance we have) = wg + ew; + 2wy + w3 + O(e*), and so on. We restrict the study to
the fundamental frequency which is zero at buckling; consetly we setwg = 0. We solve
equations (15) with boundary conditions (17), using theldgium solution (22). Contrary to

the equilibrium solution we show that the vibration solatisirongly depends on the loading

type.

5.1. Vibrations in the rigid loading case

In the rigid loading case we use the boundary conditith) = 0 in (17). To order® we

solve:
Xg = nhy Wwith Xo(0) =0 = Xo(1), (25a)
Mo = 0, (25b)
Yo +41%, = 0 with ¥o(0) = Yo(1) = ¥,(0) = yy(1) = 0. (25c¢)

The first two equations describe the longitudinal mode amddacoupled from the third one

which is associated with the transverse mode. The solugion i

X(s) = 0, (26a)
no(s) = O, (26b)
Yo(s) = Ao(l-coss). (26¢)

whereA is the linear small amplitude of the vibration mode. To orereve have to solve:

X, = nha-27A 11_ 2”pp° sirf(2rs) with x(0)=0=x (1), (27a)
—1Po
m, = 0, (27b)
y, +4r%y;, = 0 with y1(0)=yi(1) = ¥;(0) = ¥,(1) = O. (27¢)

The transverse mode solution
y1(8) = A1(1 — cos Zrs) (28)

is a multiple ofyg(s), and we sefA; = 0 without loss of generality (this amounts to redefining

€, see also [9]). For the longitudinal mode, (27b) requintggs) to be constant and we note
9



140

141

142

143

144

145

146

147

148

149

150

151

Ny (S) = cnxa. We then integrate (27a) and ask for the boundary condij¢h) = 0 to be met.
This yields:

1 Caxa (1= 1po) — 7 Ao (1 - 2npo) = 0, (29)
which typically determinesx. We nevertheless remark that in the inextensional gas@ one

concludes tha®, = 0, which eventually prevents they = 0 mode to exist, see [8] for more

details. In the extensional case we have:

_ 1-2npo sin4rs

WS = AT (30a)
_ 1-2
Na(s) = 1_—::)0 % . (30b)

We note that the /Iy singularity appearing in (30b) eventually leads to the timtEyw to be
singular as; — 0, see (37). This singularity has its roots in the boundandi®n x;(1) = 0,
that is prescribed axial displacement. We show in Secti@nHat in the case of prescribed axial

load no such singularity is present. To ordfelongitudinal mode equations are:

X, = nhe with Xx(0)=0= x(1), (31a)
W, = 0. (31b)
and their solution is:
X(9) = O, (32a)
Ne(s) = 0. (32b)

For the tranversal mode, equations are

p—v

Y, + 4%y, = C, COSBrS+ Cscos s+, with Y2(0) = y2(1) = ¥5(0) = ¥,(1) =0,  (33)

with
C, = —Bartp, im0 (34a)
1-npo
G = Ao {2n[1 -7 (222 + po - 20n°npo - 647%n)|

n[1-n(872+ po)]
—nwf [1-n (16" + po - 12e°npo - 321%y)| |, (34b)

¢ = Al [1-n (4% + o). (34c)

10
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where we have used the identip§ = (po — 47%)/n. Boundary conditiory;(1) = O requires
Cs = 2C, , that is:

or2 1-n(2272 + po) + 4n?p? (162 + 5po)
3 1-n(16n2+ po) + 4n2n? (872 + 3pg)
where we clearly see the singutar 0 limit. Finally we express = w1e + O(€?) as a function
of the height of the arch at equilibriungs(1/2). From (22c) we obtaig(1/2) = 4re/ po+O(e3),

2 _
w1 =

(35)

which gives us a measure afHence we have

_ Pows

T Ye(1/2) + O(€). (36)

Using (22d) and expanding for smallields

- \/% 7 Ye(1/2) [1+ 70 + OGP)| + OWR(L/2)). (37)

Noting that v2/37? ~ 8.058, we recover the numerical interpolation given in Eq. @B In
Fig. 2 we compare this linear approximation= 27> V2 Ye(L/2)/hwith the nonlinear numerical
solution of system (15) and we see that it is only valid whenehuilibrium height of the arch
Ye(L/2) is less than twice the thicknelss

5.2. Vibrations in the dead loading case

In the dead loading case the solution (22) to the equilibwoblem is the same as in the
rigid loading case, but the solution for spatial modeteds and we show that the singularity;l
no longer exists. We use the boundary conditigfi) = 0 in (17). To ordee® the solution is the
same as before, given by (26). To or@éthe transverse mode is also still given by (28), but the
solution for the longitudinal mode is now

1-2npo sindrs— 4rxs
Po 1-npo 4
0. (39)

xa(s) , (38)

ﬁxl (S)

We see thak;(1) # 0, that is the axial displacementst 1 is no longer fixed. Moreover the
1/x singularity present in (30b) no longer exists. To orefdpngitudinal equations and solutions
(32) stay the same. For the transverse mpde the equation has the same structure as (33) but
with a differentcs coefficient. Boundary conditiog,(1) = 0 here yields the non-singular:

o 1- 23(1672 - po)
3 1-n(162 Ji 1po) + 4n2n2 (8n2 + 3po)

(40)

2
W
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Figure 2: Post-buckling evolution of the first frequency yétem (10) as a function of the equilibrium height of the arch
Ye(L/2). The physical frequency @ = w/7 wherer is defined in Section 2. Plain curves (black) have been cosdput
by numerically solving the nonlinear system (15) with boamydconditions (17) andl = 40h. Straight lines (red) are
first order approximations given in Section 5. (Left) Rigidling case. The equilibrium height of the aMfL/2) is
plotted inh units. The (red) approximation is given by formula (37) amdnly valid when the equilibrium height of the
archYe(L/2) is less than twice the thicknebs (Right) Dead loading case. The equilibrium height of thehafe(L/2)

is plotted inL units. The (red) approximation is given by formula (41). &ldtat forL = 40h, Ye(L/2)/L = 0.3 is
equivalent toYe(L/2)/h = 12.

We finally arrive at the expansion

271.3
V3

w =

Ye(1/2) [1+ 22°n + O(%)| + O(y2(1/2)) (41)

In Fig. 2 we compare this linear approximatiorn 2”7; Ye(L/2)/L with the nonlinear numerical

solution of system (15).

6. Discussion

The 1/n singularity present in the rigid loading case can be analyefollowing. As the
rod extremities are strongly held by clamps, the vibratioage to be confined to the rod. Just
after buckling the rod is nearly flat and the first mode netates extensional deformations to
develop. Consequently as the thicknbgsr ) is reduced, the system getdi&r and the mode
frequency is rapidly rising. In the limif — O the mode ceases to exist at buckling.

In Fig. 3 we plot first modes frequencies as functions of thaldsad pe or axial displace-

mentde in both rigid and dead loadings. From (37), (22c), and (28daigid loading we have

Pe— Po. (42)
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been computed by numerically solving nonlinear system (i) boundary conditions (17) and = 40h, the lower
(resp. upper) curve being for the dead (resp. rigid) loademe. Dashed (red) curves are analytic approximationsngiv
by (42) in the rigid loading case and (43) in the dead loadasec The physical frequency(s= w/r wherer is defined

in Section 2. Note that for = 40h, pe — pp = 6 approximately corresponds Ya(L/2)/h = 12 orYe(L/2)/L = 0.3.

and from (41), (22¢), and (22d) in dead loading we have
w = 27~/2/3 \/Pe - Po.- (43)

We see that the frequency in the rigid loading case is mudhehithat in the dead loading case.
This difference can be analyzed as following. As said above, in the logding case the first
mode necessitates extensional deformations to develsylfirgy in a high frequency whepis
small. In the dead loading case axial movement of the rigithplis possible and the first mode

is able to develop without having so much to rely on extersideformations. The system is

then comparatively softer and its frequency lower.

7. Conclusion

We have considered an unshearable elastic rod bent in the,pladergoing flexural and

extensional deformations but no twist. We have calculatedygically the post-buckled equi-
13
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librium shape of such a rod together with the first vibratiood®a around this shape. We have
studied the dependance of the frequency of this mode withatthelenderness ratly L and we
have shown that in the rigid loading case the frequency besaimgular ak/L — 0, while in

the dead loading case the singularity does not exist.
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