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Recent demonstrations indicate that silicon-spin quantum processing unit will be able to shuttle physical
qubits rapidly and with high fidelity—a desirable feature for maximizing logical connectivity, supporting
new codes, and routing around damage. However it may seem that shuttling at the logical level is unwise:
static defects in the device may “scratch” a logical qubit as it passes, causing correlated errors to which the
code is highly vulnerable. Here we explore an architecture where logical qubits are 1D strings (“snakes”)
which can be moved freely over a planar latticework. Possible scratch events are inferred via monitor
qubits and the complementary gap; if deemed a risk, remarkably the shuttle process can be undone in a
way that negates any corruption. This leads to high levels of tolerance against shuttling-related imper-
fections and enables logical operations between snakes by a semitransversal method. We conclude that
this approach is suitable for fault-tolerant computing in both near-term and long-term, mature-era silicon
devices.
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I. INTRODUCTION

Quantum computing promises to outperform classi-
cal machines provided sufficiently low logical rates are
achieved so that deep quantum algorithms can be run.
Such low error rates can be obtained by assembling a
significant number of qubits together, in so-called error
correcting codes [1,2]. The choice of the code is often
determined by the constraints that the platform imposes,
for example, the surface code is well suited for devices
that have 2D qubit layouts with nearest-neighbor con-
nectivity [3,4]. Yet, even apparently simple 2D layouts
may prove challenging to engineer as systems scale: a
dense grid of qubits can quickly become unmanageable,
due to the supporting infrastructure that is necessary for
each qubit’s control and measurement. Recent studies have
advocated for alternative and more experimental-friendly
architectures that are enabled by qubit shuttling. Indeed
when a platform supports the shuttling of physical qubits,
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there are potential advantages beyond the increased flexi-
bility of design. Examples can include support for higher
connectivity low-density parity check codes, logical qubit
connectivity, and routing around damage.

While several qubit platforms have been identified as
suitable for implementing shuttling with high fidelity [5,6],
this paper will mostly focus on silicon-spin qubits. Indeed,
on top of demonstrated reliable shuttling [7–9], these
qubits are also an excellent candidate for the implemen-
tation of a quantum computer. Fast and high-fidelity gates
[10–14] and high coherence times [15] have been shown.
Besides, their minimal footprint (100 × 100 nm2 per qubit)
guarantees high scalability, yielding moderately sized
quantum computers, even in the million-physical-qubit
regime. Interestingly, it is also expected that a dynamic
quantum computer continuously shuttling its electrons
would prove beneficial, showing reduced dephasing noise
[16], motional averaging, and a synchronization of qubit
frequencies for gates implementation [17]. Appendix A
describes the specificities of silicon-spin qubits in more
detail.

Recent works proposed and explored an extremely sim-
plified shuttling-based silicon-spin-qubit architecture: a
2 × N array of qubits whose first row can be collectively
shuttled with respect to the second row [18,19]. Although
the linear architecture imposed various constraints, it was
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shown that powerful code classes could still efficiently
be embedded in such a paradigm. Full universal quantum
computation was shown to be possible using a surface code
encoding, making this approach a feasible candidate for
early fault tolerance.

This architecture however suffered two main drawbacks.
First, the highly restricted dimensionality induced con-
nectivity lockups at the logical level, meaning that in
general two-qubit logical gates could not be implemented
in parallel, thus drastically increasing the runtime. For
instance, a simple 6 × 6 Hubbard model would take 2.5
days to run [18]. Second, the proposed architecture was
not defect-resistant. If a qubit site were to become inoper-
able sometime during the computation, preventing qubits
from shuttling through it, the device would simply be split
into two disconnected halves, rendering it unusable.

In this paper, we take a step forward and introduce
an architecture suited for large-scale fault tolerance. It is
based on a 2D latticework formed of low-dimensional
array strands that occasionally meet at junctions or run
parallel. The model is tailored to silicon-spin qubits,
although other platforms which support shuttling may also

be compatible with the concepts. There are a wide range
of possible latticework structures; the strands can be very
long, creating large void areas to accommodate support
systems including measurement devices.

Latticework structures of this general kind have been
considered in Refs. [18–25], but the paradigm for fault-
tolerant computation was relatively conventional. Indeed,
in all these prior works, a logical qubit is laid out as a grid
corresponding to the canonical surface code, with shuttling
(or SWAP gates in the case of Ref. [25]) used to bring data
and ancilla qubits together. See Figs. 1(d) and 1(e).

In the present “Snakes on a Plane” (SoaP) model, we
instead take a more radical approach, where the logical
qubits are snakelike objects, or trains of physical qubits
that move through the latticework. Shuttling, combined
with junctions for rerouting the snakes, allows for the
global movement of the logical qubits at the device scale
and the exclusion of potentially defective links (see Fig. 1,
left panel). This ability to globally displace logical qubits
is a fundamental novelty of the current proposal, and
was incompatible with previous approaches (Fig. 1, right
panels). Ideas from the 2 × N paradigm [18] are only

(a)

(b)

(c)

(e)

(d)

Interaction

Manipulation zone

Ancilla

FIG. 1. Paradigms for fault-tolerant quantum computation in a 2D latticework, exploiting shuttling of physical qubits along linear
arrays (black lines) which in places run parallel and permit interactions. The “Snakes on a Plane” approach is shown in the main panel
and subfigures (a)–(c). Here a logical qubit is a 1D chain of data qubits, local on the scale of the latticework structure. Stabilizers
are evaluated by small to-and-fro shuttling motions with respect to fixed ancilla and measurement elements (part b and see Fig. 3).
In the figure, the purple snake is moving from one loop to another, e.g., via SWAP operations in the parallel-array region marked (c).
Meanwhile the blue and green snakes are performing a semitransversal logical gate in the region marked (a). In contrast, prior schemes
leveraging shuttling such as the “looped pipeline” approach [shown in panel (d), cf. Fig. 10 of Ref. [20]], typically lay out data qubits
in a grid matching the canonical surface code and do not involve net motion of the logical qubit. Other previous approaches like the
SpinBus architecture [21] or the spiderweb array [22] [shown in panel (e)] follow the same simple approach and only utilize shuttling
to bring data and ancilla qubits to manipulation zones where they can be initialized, measured or operated on. While the Snakes on
a Plane paradigm has advantages in connectivity, a potential risk is the impact of a phase-shifting defect in the device (red asterisk).
Without a suitable protective protocol, this may “scratch” an entire logical qubit as it moves past and thus induce a logical error. The
purple snake will imminently encounter this risk.
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borrowed for the stabilization of the snakes. Assuming
shuttling fidelities that are only slightly better than cur-
rently demonstrated ones, we there showed (see Fig. 9 of
Ref. [18]) that these linearized logical qubits are practi-
cal memory qubits as they can reach error rates as low
as 10−14. Now, although the 2D latticework is only an
incrementally more challenging technological scenario,
the resulting approach is profoundly superior to the 2 ×
N array in terms of connectivity and damage tolerance.
However, in comparison to prior models there is now a
significant new problem to address: by shuttling logical
qubits through a solid-state environment there is the risk
that static defects in the device will “scratch” the logical
qubit, i.e., create correlated strings of errors against which
the code is vulnerable (red stars in Fig. 1). We introduce an
entirely novel protocol to mitigate this risk.

In Sec. II, we present in more depth the general ideas
and layouts underlying the Snakes on a Plane proposal.
The following Sec. III is the largest part of the paper: here
we review the noise processes that dominate in silicon-
spin qubits and describe a means to mitigate their impact
on shuttled logical qubits. We give particular attention to
charge noise, which originates from the random fluctuation
of charges between defects spread across the device and
effectively induces uncontrolled variation in the magnetic
field landscape. These can be responsible for catastrophic
dephasing errors affecting entire logical qubits shuttled
near the defect, but we describe a protocol that is highly
effective in mitigating the impact of such events. The
approach is enabled by two defect-detection schemes:
one is based on the continual evaluation of the effective
magnetic field landscape via the use of monitor qubits;
the other analyses the stabilizer measurements signature,
more precisely by computing the syndrome’s comple-
mentary gap. The capability to infer likely defect-related
events enables a robust shuttling protocol which we call
snake surgery, allowing one effectively to reverse time and
retrieve the logical qubit’s state before the defect occurred.
The joint use of these methods enables the shuttling of
logical snakes across long distances without accumulating
errors. In Sec. IV, we show that universal quantum com-
putation is possible and efficient on our proposed archi-
tecture. In particular, the long-distance-shuttling ability
enables an all-to-all connectivity at the logical level, where
two-qubit gates are efficiently implementable transver-
sally, or semitransversally. The latter protocol, which we
describe in Sec. IV C, promises to reduce logical error rates
if accepting higher time costs than for usual transversal
gates, in case the noise level is prohibitively high.

This paper therefore represents a considerable leap for-
ward in the implementation of large-scale silicon-based
quantum computers. By capitalizing on demonstrated
high-fidelity shuttling, we design an entirely novel archi-
tecture that can achieve logical error rates that are practical
for running deep quantum algorithms. It features many

empty spaces, which are highly desirable for fitting con-
trol electronics. The dynamic picture we are considering,
where the logical objects are assimilated to 1D snakes,
enables a highly desirable all-to-all logical-level connec-
tivity, which was not supported by any existing proposal,
and the capability to route around damage. Gates are
implemented transversally rather than by lattice surgery,
which further reduces the runtime. The only requirements
of this proposal are fast and high-fidelity shuttling (which
was already required by previous latticework schemes) and
a moderate resource overhead, at most a factor 2, which is
a small price to pay given the minimal footprint of silicon
spins. This is to accommodate for monitor qubits, a neces-
sary ingredient in guaranteeing the integrity of the snakes
when shuttled in a solid-state environment.

II. GENERAL IDEA

In this section, we present the general layout of the
snakes on a plane architecture and highlight in general
terms where its advantage arises. For a more detailed
breakdown behind our choice of qubits, see Appendix A.

A. Error correction with a 2 × N array of qubits

We here review our previously published work [18],
which is incorporated into the current paradigm. In this
paper, we analyzed the suitability of 2 × N arrays of qubits
equipped with shuttling for embedding error correcting
codes. Such 2 × N arrays, simply consisting of two par-
allel rows (or “rails”) of physical qubits, are the building
block of our current architecture and are represented in
Fig. 2. In this figure, the first row of qubits can be col-
lectively shuttled while the second row is kept static.
Two-qubit gates can be implemented between neighboring
qubits across the rails. By placing data qubits in the mobile
rail and ancilla qubits in the static one, all-to-connectivity
is virtually obtained between data and ancilla qubits thanks
to shuttling: this theoretically permits the implementation
of any code. Nonetheless, as shuttling is a finite-time and

FIG. 2. Representation of the 2 × N architecture. The device
is characterized by two parallel rails of evenly spaced qubits
(gray circles with gray disks inside). Adjacent qubits from dif-
ferent rails are allowed to interact via two-qubit gate operations
(red vertical lines with disks on their ends). Finally, the qubits
of the first row are allowed to shuttle along their rail (green
arrows). Some empty locations are kept at the end of the device
to facilitate movement (empty gray circle).
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(a)

(b)

(c)

(d)

FIG. 3. Implementation of a stabilizer cycle on the Snakes on a Plane architecture. In each panel, we represent the canonical 2D
layout on the left, and a schematic for the layout on a 2 × N array on the right. Here, red and green colors indicate X and Z stabilizers
respectively. Interactions are enabled by shuttling the data qubits’ row back and forth and interacting the qubits with corresponding
nearest-neighbor ancillas. The stabilizer can be implemented in a total shuttling length of 2d + 2, where d is the code distance. Note
that the ordering of the shuttles and the staggered measurement of the X and Z stabilizers protects from hook errors, as shown in
Ref. [18].

noisy process, one should aim at minimizing the overall
shuttling distance over a stabilizer cycle. In Ref. [18], we
demonstrated that an appropriate choice of qubit labeling
along with the right gate and shuttling sequencing leads to
advantageous performances for certain code classes. The
rotated surface code is one of them and is the code we will
focus on for the rest of this paper. A schematic representa-
tion of a 3 × 3 surface code embedded on a 2 × N array is
given in Fig. 3.

As noted in Ref. [18], the use of a 1D embodiment
for the canonically 2D surface code logical qubits has the
effect that asymptotically the code cannot scale: for any
given finite shuttling speed there is some logical qubit so
large that a stabilizer cycles cannot be completed before
the accumulated noise is too great. However, the asymp-
totic performance may not be relevant to the practical
utility: attainable speeds and fidelities for shuttling mean
that this problem need not arise for logical qubit sizes of
practical interest, even those with distance 30 or more. This
is explored further in later sections.

An important characteristic of the rotated surface code
embedded in the 2 × N architecture is that stabilizer cycles
can be implemented in only four shuttles of total length
2d + 2 (where d is the code distance). This is visible in
Fig. 3: South-East and North-West data qubits around an
ancilla are separated by d + 1 increments (top right and
bottom right panels). Shuttling back and forth along these
d + 1 increments allows for all interactions within the sta-
bilizer cycle and for the data qubits to return to their initial
position. We also showed in Ref. [18] that this implemen-
tation protects against hook errors. This term refers to a
process that can potentially occur during a stabilizer cycle,

whereby a single gate failure leads to two data qubit errors.
It is a potential issue in any device using the surface code
or indeed any code involving stabilizer cycles composed
of multiple gates. The relevant scenario is that a gate oper-
ation between a data qubit and the ancilla qubit corrupts
both, and the ancilla qubit error subsequently propagates to
another data qubit in a later step of the cycle. If this leads
to, for example, a pair of X errors lying along the direc-
tion of the X logical qubit, then it is “twice as bad” as a
single error in terms of likelihood of contribution to a log-
ical error. This issue can be mitigated by properly ordering
the stabilizer cycle so that when a gate failure leads to two
data qubit errors, they must lie in the orthogonal direction.
Alternatively one can extend the size of the logical qubit
according to the risk of such error pairs (which may be
small).

B. Snakes on a Plane architecture

In Ref. [18] we gave an end-to-end protocol for uni-
versal quantum computation using one long 2 × N array
where all logical qubits were appended next to each other.
Long-range interactions between logical qubits were then
implemented via the use of a logical ancilla bus rather than
by physically bringing the logical qubits closer together.
While promising for the early fault-tolerant regime, this
proposal suffered two drawbacks presented in the introduc-
tion: a limited connectivity between logical qubits and a
high sensitivity to single-qubit failure.

In this paper, we consider a new paradigm, where logi-
cal qubits can be displaced across a latticework structure of
2 × N filaments (Fig. 4) meeting at occasional three-way
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FIG. 4. An example layout for the snakes on a plane architecture. Each edge is a 2 × N filament as in Fig. 2. Data qubits (green
squares) can be shuttled along the edges of a white square, while ancillas (green circles) are static and placed along the edges of a blue
square. Logical qubits are built from multiple data qubits, creating a snake that can be shuttled across the device. The left panel is a
zoomed-out schematics of the device. The right panel is a close-up of the region inside the green faded oval. The two bottom right
logical qubits are interacting through two-qubit transversal gates, while the four other logical qubits are normally being stabilized and
shuttled.

junctions. These filaments form loops of two kinds: small
loops (of size l1) holding ancilla qubits and larger loops
(of size l2) holding data qubits. The sizes are expressed in
the number of quantum dots. Additionally, one can distin-
guish two kinds of edges on the lattice: data/ancilla and
data/data edges. These will respectively be denoted as sta-
bilizer edges and interaction edges. Indeed, in the former,
data qubits are facing ancilla qubits, which can be uti-
lized to measure stabilizers. In contrast, in the latter, while
stabilizers cannot be measured, physical qubits from two
distinct logical qubits can meet and interact across the
ridge. In our architecture, data qubits are allowed to shuttle
(while ancilla qubits stay fixed). Therefore, for the interac-
tion edges, shuttling is permitted on both rails. The size of
the interaction edges is lint = l2 − l1.

In this representation, each logical qubit is thus embod-
ied as a snake that can travel long distances. Denoting the
code distance as d, each snake has length d2. When no log-
ical operation needs to be implemented, a snake can be
shuttled back and forth along a stabilizer edge in order to
measure stabilizers in the manner of Ref. [18] [Fig. 5(a)].
When the snake must be moved to a specific location of the
chip, e.g., to interact with another snake, it can simply be
moved forward [Fig. 5(b)]. Note that doing so may how-
ever introduce hook errors. Therefore, it may be preferable
to implement such forward motion separately from stabi-
lizer cycles. For instance, if shuttling is low-noise and fast
compared to ancilla qubit measurement times, the infor-
mation can be stabilized via the sequence of Fig. 5(a), and
the data qubits moved forward while ancillas are being

measured. When a snake eventually reaches a junction,
the user can decide on the path it will follow, either keep-
ing it the current loop or transferring it to the neighboring
one (Fig. 6). Note that the implementation of junctions that
snakes can jump across can be circumvented, in case it rep-
resents a significant experimental challenge. An alternative
solution yielding the same net result is to bring a blank
snake initialized in, say, the |0〉 state, to the other side of
a junction and swap it with the current snake (similarly to
the bottom right scenario of Fig. 4, right panel).

In general terms, one can easily understand where the
strength of this architecture comes from. Assuming fast
and high-fidelity shuttling, the snakelike logical qubits can
reliably be moved across the device, enabling all-to-all

1 234 1234

(a) (b)

FIG. 5. Stabilizer measurements while shuttling a snake.
Green squares (resp. circles) represent data (resp. ancilla) qubits.
Wiggly arrows connect a given ancilla with the qubits it must
entangle with for a subsequent stabilizer measurement; this
occurs when the qubits become aligned. Straight arrows show
the snake movement necessary to implement a stabilizer cycle,
which ends with the measurement of an ancilla qubit. (a) Stabi-
lizing a snake with no net shuttling. (b) Stabilizing a snake with
a global forward movement.
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FIG. 6. Representation of a junction. Red arrows show the
three potential directions a snake can take.

connectivity at the logical level. Additionally, transversal
gates rather than lattice surgery may be carried out through
the interaction edges, thus accelerating the implementation
of two-qubit gates. Finally, the device is resilient against
defective edges, as long as they can be detected (see
Sec. III): if a chosen path has been deemed as faulty, snakes
can simply be rerouted and travel through a different path
(Fig. 7).

Note that other latticework structures are conceivable
for our proposal. A hexagonal lattice and a rectangular
lattice are for instance sketched in Appendix C.

III. PROTECTION AGAINST CHARGE NOISE

As the impact of nuclear spins can be reduced by isotopi-
cally purifying devices [26], the most detrimental source
of noise for silicon-spin qubits is charge noise [14,27–33].
If not dealt with properly, it can lead to out-of-calibration
drifts or catastrophic events that would hinder the perfor-
mance of our error correcting protocols. In this section, we
first give a description of the noise processes we envision,
before providing four distinct protocols that can be used
jointly so as to reach exponentially low logical error rates.

FIG. 7. Rerouting of a snake in the presence of defects. The
initial and target positions are indicated by a faded and brighter
snake respectively. The red arrow represents a possible path
between these positions and that avoids the defective shuttling
links (red crosses).

The first one relies on the choice of a qubit encoding that is
resilient against phase errors. The second method is a fault-
tolerant protocol allowing one to, in effect, reverse time
and go back to the state of the system before a catastrophic
phase event occurred, if such an event is suspected. Detec-
tion is enabled by the last two schemes, which respectively
exploit additional monitor qubits and the analysis of the
syndrome signature to infer the presence of a defect.

A. Noise description

While the physical origin of charge noise remains a
matter of debate and is device-dependent, models based
on two-level fluctuators have shown good agreement with
experiments [28]. These fluctuations are typically char-
acterized by a 1/f noise spectrum which will lead to a
slow drift of the g-factor landscape. Whether the electrons
are shuttled or not, this drift needs to be characterized,
or the electrons would progressively acquire some rela-
tive phase with respect to each other, leading to dephasing
noise [27,31,34]. A problematic aspect of charge noise is
its dynamic nature: a defect can arise during computation
and persist for a short or long period, or even be permanent.

A highly damaging situation could occur if a defect
appears near the shuttling tracks and its local impact cannot
be entirely encapsulated in the above description. Rather,
we will suppose that it will lead to some phaselike error
being applied to all qubits flowing near the defect. To
encompass the most problematic cases, we will suppose
that the phase shift imparted by such effects is arbitrary,
potentially way above the surface code threshold, and can
occur abruptly. One can thus easily see the dramatic impact
these defects might have when shuttling an entire logical
qubit next to them, as they can effectively scratch all the
physical qubits of the code. Indeed, if the imparted phase
shift were close to π , the scratch event would directly give
rise to a logical phase flip for odd-distance surface codes.
This process is sudden and could lead to orbital excitations,
and thus to dephasing due to the difference in g-factor
between the orbital states. Fortunately, given that the dif-
ference in g-factor between the states is small and the fast
decay rate of the excited states, we expect that this effect
will not be the most common source of dephasing. Never-
theless even rare events of this kind could create a floor in
the achievable logical error rates; a scalable fault-tolerant
architecture must actively remediate the issue.

The general description we will adopt is thus the follow-
ing: each location in the device will be associated with a
phase channel, parametrized by the local g-factor. Charge
noise, as described above, can lead to fluctuations of these
channels of two types. The first model gives rise to slow
and small variations of the magnetic field felt by the elec-
trons, while the second more local description can lead to
sudden and severe phase errors. Our aim is to mitigate the
impact of both these contributions. In the remainder of this
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section we characterize the severity of the more ubiquitous
slow and small phase variations.

By definition, the rate of appearance of the fluctuators
yielding the phase variations is at least of the order of T ∗

2 ,
whose demonstrated values reach up to 20 µs [14,26]. This
is an order of magnitude higher than stabilizer cycles times
(a few microseconds, see Appendix A): we thus expect few
variations at this time scale. Of course, variations that are
slower than the whole computation time will be accom-
modated by calibration beforehand and application of uni-
tary corrections during the computation. Alternatively, one
could use a dynamical-decoupling-based scheme allowing
a snake to pass through the same phase channel multiple
times under a different basis to cancel out the noise. There-
fore, the only timescale that is relevant to study is that
of phase fluctuations that may arise in the middle of the
computation or evolve before its end.

B. Encoding the qubits in a decoherence-free subspace

When a single qubit is represented by a single spin,
one obtains the so-called Loss-DiVincenzo (LD) encoding.
Although this is the original and the most natural encoding
[35], quantum information can also be stored over multi-
ple spins [16]. This provides interesting features, such as
additional protection through the use of a decoherence-
free subspace when using singlet-triplet (ST) encoding
[36], and full electrical control when using exchange-only
(EO) qubits [37], which are two- and three-spin encodings
respectively.

As explained before, fluctuations of the g-factor land-
scape due to charge noise represent an important source
of errors for silicon-based quantum computers. For con-
ventional quantum processor architectures, these fluctua-
tions affect individual physical qubits. However, as long
as these effects remain below a certain threshold, error
correction will suppress their impact on the computation.
Since different encodings behave differently in fluctuating
environments, our goal is to determine which encoding
is better suited for our architecture. While noting that a
carefully chosen encoding can mitigate the effect of a sud-
den apparition of a charge near the shuttling track, we
focus here on mitigating the effect of the slowly varying
g-factor landscape. The techniques presented in the next
subsections will be targeted toward reducing the impact of
catastrophic scratching events. Here, we focus on the com-
parison between LD and ST qubits as performing gates on
EO qubits remains challenging [16].

Recently, the authors of Ref. [38] explored this compar-
ison under the assumption that the environmental changes
induce a randomly fluctuating magnetic field in space and
time. By performing a similar study as in Ref. [38], one can
extract the dephasing factor W—which can be understood
as a measure of the shuttling fidelity—due to the fluctu-
ations of the magnetic field as a function of the shuttling

FIG. 8. Dephasing error as a function of the shuttling speed
for different qubit encodings. The qubit is shuttled for a dis-
tance L = 10 µm and a time T = L/v. As the distance d between
the electrons composing the singlet-triplet qubit increases (solid
lines), the probability for them to experience a different field at
a given point increases, leading to a higher infidelity. Within
this noise model, the singlet-triplet always outperforms the Loss-
DiVincenzo for reasonable values of d. One would require a
distance d > 1 µm for the Loss-DiVincenzo (black dashed line)
encoding to be better. These curves are obtained using the
analytical expressions derived in Ref. [38].

time T for both encodings. Considering a shuttling length
L = 10 µm and a time T = L/v with v the shuttling speed,
we plot the evolution of the infidelity 1 − W(T) for LD
and ST qubits. More details on this model are given in
Appendix D.

As the speed increases in Fig. 8, a qubit spends less
time shuttling and therefore experiences less magnetic field
fluctuation. This explains why, irrespective of the encod-
ing, the infidelity decreases monotonically with speed. The
fact that the ST encoding (solid orange and purple lines)
outperforms the LD encoding (black dashed lines) for
practical values of d can be explained as follows. When
using a ST qubit, the state is protected against situations
in which both electrons experience the same change in
magnetic field. In Fig. 8, we benefit from this protection
and the remaining infidelity comes from the fact that the
two electrons are separated by a small distance, and thus
feel slightly different B(x, t). As d is reduced, the differ-
ence in the magnetic field experienced by both electrons
decreases and so does the infidelity. However, as d gets
larger, there comes a point where both electrons are too far
apart to experience a similar field, leading to a larger infi-
delity. For distances d = 1 µm (solid yellow line), we even
find that the LD encoding performs better. In Appendix E,
we report the evolution of 1 − W with speed for different
values of the correlation length λ and correlation time τ ,
which confirms our understanding.
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Within this noise model, the infidelity keeps decreasing
with speed. However, it does not account for charge noise,
spin-orbit coupling, or valley effects which are known to
be detrimental to shuttling at high speed [39]. Therefore
one needs to be careful before making definitive conclu-
sions. Nevertheless, since spin-orbit-induced effects and
valley state excitations are believed to be negligible at slow
speeds, this study suggests that ST qubits are better suited
in this regime. For larger speeds, a more realistic noise
model would be required to conclude.

The remaining dephasing error when using the ST
encoding stems from the fact that the two electrons can-
not exactly experience the same field as one will always
be in front of the other. While further suppression may be
possible with additional steps, for the present paper we
simply note that the achievable dephasing error is very
low at the likely shuttling speeds of 10–50 m/s. Conse-
quently this aspect of shuttling noise, while ubiquitous
in the device, will not be a dominant noise source in
well-designed stabilizer cycles involving modest shuttling
distances (as employed here). In essence, the decoder han-
dles these errors along with sources such as gate infidelity.
We therefore now turn to consider the more rare, but
more problematic case of defects that can “scratch” logical
qubits.

C. Snake surgery

As described in Sec. III A, we assume here that the
appearance of charge defects gives rise to unwanted phase
effects. If a charge defect materializes near a shuttling
track, a sudden and severe phase error can affect the data
qubits that are shuttled through it, alarmingly increasing
the logical error probability. While the ST qubit encoding
presented in the previous section should reduce the impact
of the resulting error surge, additional protection may be
necessary to bring it to the extremely low levels required to
run deep quantum algorithms. In this section, we suppose
that catastrophic events are phaselike and can be detected
(we give in Secs. III D and III E protocols that are able to
do so). Importantly, while detection needs to be highly sen-
sitive, i.e., able to flag genuine error events reliably, it need
not be highly specific: it is not problematic if the majority
of flagged cases are in fact error-free. With these assump-
tions, we present a fault-tolerant scheme allowing one to
retrieve the logical qubit state prior to any corruption that
may have occurred, removing its impact regardless of how
strong its effect was.

Let us assume that a localized “pin” charge did appear
near a shuttling track. Two different cases need to be
distinguished, depending on whether a given snake is
merely being stabilized in place with modest back-and-
forth motion or shuttled across a long distance [Figs. 5(a)
and 5(b)]. The first situation can easily be dealt with by
noticing that during the stabilizer cycles, a snake is only

being shuttled back and forth by d + 1 increments [as in
Figs. 3 and 5(a)]. Assuming that the shuttling direction
is, say, along the columns of a surface code, a pin defect
would only scratch one single column of the code. By
choosing to orient the Z logical operator perpendicularly
(along the rows), the code would naturally be protected
against such adversarial phase errors. Note however that,
while exponential error suppression is still guaranteed, the
logical error rate and threshold may be moderately affected
by the presence of defect-induced columns of Z errors,
albeit perpendicular to the Z logical operator. Indeed, these
strings offer more opportunities for actual Z logical errors
to form, both by slightly reducing the code distance and
increasing the number of error paths.

Consequently, the scenario one should carefully scru-
tinize is that of Fig. 5(b), where a snake is shuttled far
away from its original position. This kind of movement
could indeed lead to errors affecting all data qubits, poten-
tially beyond the error threshold of the surface code. More
specifically, we want to protect a snake from a defec-
tive shuttling link that the monitoring techniques (see
Secs. III D and III E) detected only after the snake shuttled
through it. If a defect is detected before the snake reaches
the intended shuttling path, it can be simply rerouted.

This kind of situation can be tackled by the protocol
depicted in Fig. 9, which we call snake surgery. It relies
on the transfer of the logical information contained in one

FIG. 9. Snake-surgery protocol. During long shuttles, snakes
are prone to scratch events, i.e., catastrophic phase changes along
the shuttling tracks due to the appearance of pointlike particles.
Fault tolerance is guaranteed by only shuttling the head of a
snake (solid arrow) while the tail is stabilized in place. Entan-
glement is maintained between them throughout the shuttling
process (red wiggly line). If a catastrophic event was detected
by the monitor qubits or stabilizer measurements (yellow star),
the information can be teleported back to the tail (dashed arrow).
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snake onto two distinct but entangled snakes, called head
and tail. These are obtained by successively growing and
cutting the original snake via lattice surgery [40]. While the
tail remains static and retains full error-correction capabil-
ities, the head is shuttled across long distances. If no defect
is a posteriori detected, the tail is destroyed, projecting the
delocalized logical state onto the head: this process thus
correctly transfers the information to the remote location in
the device. On the contrary, if a defect was suspected, the
head is measured out, which will project the logical state
back to the tail. Importantly, this will succeed regardless of
whether a defect event in fact occurred. The protocol can
then be restarted through another shuttling route or delayed
until the defect has disappeared or become stable.

Further, this analysis not only holds when shuttling
across long distances, but also when two distinct logical
qubits interact. Specifically, one would follow the same
protocol, i.e., stabilizing the tails of both logical qubits
in place, while shuttling the heads so as to bring them to
both sides of an interacting edge. They can then be inter-
acted through transversal CNOTs (or via the semitransversal
protocol of Sec. IV C). As such interaction requires shut-
tling across the interaction edge, defect-detection protocols
must assess if this edge became defective or not throughout
the process. Depending on the outcome of such monitor-
ing, the heads or tails are measured out as per the above
protocol.

A more detailed description of the scheme can be found
below and in Fig. 10, in the case of shuttling one snake
across long distances. The case of two interacting snakes
is left to Appendix F.

1. Step 1

Double the length of the logical snake. This is per-
formed by initializing additional data qubits in the |0〉 state
and performing an XX lattice surgery between the original
snake and a logical snake prepared in the |0L〉 state. Note
that because XL is parallel to the direction of the shuttling,
this XX lattice surgery can be performed efficiently, i.e.,
by shuttling the qubits over O(d) dots for each round of
the lattice surgery [in Fig. 10(a) the last d qubits of the
first snake and the first d qubits of the second snakes are
both XL logical operators]. This is the same shuttling dis-
tance as for the implementation of normal stabilizer cycles.
Starting from the initial state |ψ〉 encoded in a d × d sur-
face code, this step therefore encodes the same state |ψ〉
in a 2d × d surface code (where 2d is the length of the Z
logical operator),

|ψ〉d×d → |ψ〉2d×d . (1)

2. Step 2

Split the extended surface code into two separate log-
ical qubits, the head and the tail. The split operation is

FIG. 10. Detailed steps of the snake-surgery protocol. (i) The
length of a snake is doubled by initializing new data qubits
in the |0〉 state and performing an XX lattice surgery. (ii) The
double-length snake is split in halves by performing another XX
lattice surgery. This separates the head from the tail but gener-
ates entanglement between the two. (iii) The tail is stabilized in
place, thereby protecting the logical information, while the head
is shuttled across a long distance, making it sensitive to scratch
events. Entanglement between the head and tail is maintained
throughout the process. (iv) At the end of the head’s shuttling,
its integrity is assessed by analyzing its syndrome signature and
making use of the monitor qubits (Secs. III D and III E). (v) If no
catastrophic phase change was detected, the tail is measured out,
projecting the logical information onto the head. Otherwise, the
head is destroyed, projecting the information back to the tail. The
procedure has to be restarted from step (i).

again lattice-surgery-based and along the same boundary.
Assuming without loss of generality that the previously
measured XLXL was +1, this results in

|ψ〉2d×d = α |+〉 + β |−〉 → α |++〉 + β |−−〉 , (2)

where the resulting states are d × d surface codes.

3. Step 3

Stabilize the tail in place while shuttling the head across
a long distance. Throughout this process, the physical
qubits of the latter can acquire some Z errors, which we
denote as Dϕ[·],

α |++〉 + β |−−〉 → α |+〉Dϕ[|+〉] + β |−〉Dϕ[|−〉].
(3)

4. Step 4

At the end of the head’s shuttling, detection techniques
reassess the viability of the shuttling route. If no defect was
detected (Dϕ[·] is close to the identity), the tail is measured
out in the Z basis (which amounts to measuring all its data
qubits in the 0/1 basis). Depending on the measurement
outcome m, the head will be projected onto

α |++〉 + β |−−〉 → α |+〉 + (−1)mβ |−〉 . (4)
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One can then apply an X gate when m = 1, thereby cor-
rectly transferring the initial state |ψ〉 = α |+〉 + β |−〉 to
the head.

If a defect was detected however, the head must be mea-
sured in the Z basis to reverse the process and teleport the
information back to the tail. As Dϕ[·] commutes with such
Z measurement, the calculation is identical to the previous
case.

The above protocol therefore promises to fully suppress
the impact of catastrophic events, provided they are pure
Z errors and can be detected with high probability by the
defect-detection schemes of Secs. III D and III E. If this is
the case, the probability of correctly performing each step
of our protocol (snake growth and split and teleportation
of the information to the head or the tail) is simply given
by the logical error rate of a d × d surface code. Indeed, all
these steps are fault tolerant, e.g., based on lattice surgery.

The time overhead induced by this protocol is simply
that of the lattice surgery of steps 1 and 2, i.e., d stabilizer
cycles for the merge and one for the split.

Note that there exists a natural extension of the scheme
we here presented. Instead of generating a single head
and tail per snake, one could envision initializing a mul-
tiheaded snake (which one might call a hydra), in the
state

|ψ〉 = α |+〉 |+ . . .+〉 + β |−〉 |− . . .−〉 , (5)

where the first qubit is the tail’s state, and the other qubits
correspond to the heads. While the (single) tail would still
be stabilized in place to preserve the target error rate, heads
can be shuttled separately. This has a dual use. First, in the
case of a high defect rate, all heads could be brought to the
same location in the device, yet through different routes,
thereby multiplying the chances that at least one path was
stable. Second, if the defect rate is instead relatively low,
one could send the heads to different locations and exploit
their entanglement [Eq. (5)] to optimize quantum circuits
by quantum fan-out [41].

D. Monitor qubits

1. Generalities

In the previous section, we demonstrated that snakes are
resilient against phaselike defects, no matter how strong
they are, as long as they can be detected. In the present
section, we give a first protocol enabling such detection.
More specifically, we detail the use of monitor qubits
[42,43] that are employed to validate in real time the qual-
ity of shuttling links and to build an accurate model of their
characteristics over the course of repeated shuttling events.
These will be used jointly with stabilizer measurements,
whose signature can as well inform the user about errors
accumulated by shuttled data qubits (Sec. III E). Note how-
ever that the sole use of stabilizers cannot be sufficient, as

Shuttling

Measure

Decode

1 0 1 1

Defective shuttling link?

Φ(ρ)

FIG. 11. Schematic representation of the monitor-qubit-based
scheme for task (i), i.e., inferring the presence of a defect. Mon-
itor qubits (light orange squares) are interleaved in between data
qubits (green squares) so as to probe the phase environment the
logical snake evolves in. Step 1: monitor qubits are initialized in
the |+〉 state. Step 2: the logical snake is shuttled. Every qubit
picks up a phase along the way, modeled by the channel 	. Step
3: monitor qubits are measured in the X basis. Step 4: the mea-
surement outcomes are used to infer if a defect occurred. The
workflow is similar for task (ii), i.e., precisely estimating the
phase channel 	.

a π rotation on all data qubits of a snake (induced by a
pin defect) would yield a logical error with no stabilizer
signature for odd-distance surface codes.

For this purpose we assume that a set of N monitor
qubits are interlaced with the data qubits and that before
a shuttling event, they are prepared in an initial quantum
state ρ. The qubits are then shuttled which ideally should
act as an identity channel on the monitor qubits but due
to imperfections, this channel will be nontrivial which we
model via a completely positive and trace preserving map
	. Our aim is to learn characteristics of this channel in real
time by applying a decoding operation on the state 	(ρ)
and measuring in the standard basis. The measurement
basis obtained via the decoding operation, and the estima-
tor used, crucially affect the performance of the approach.
The overall procedure is represented in Fig. 11.

As motivated by Sec. III A, we will first assume that the
noise 	 acts as a pure unitary single-qubit Z rotation of
angle ω on all shuttled qubits. Monitor qubits must respond
to two tasks: (i) detect with high precision when ω is larger
than a given value ωmax (this is a decision problem); and
(ii) estimate the value of ω with low uncertainty. The first
task is the most crucial as it can inform the user of the pres-
ence of catastrophic events due to pin defects, which can
induce logical errors. The second task is a refinement of the
previous one, yet is less vital. It can be utilized as a means
to update our knowledge of a given shuttling link for sub-
sequent calibration. As an example of these two tasks, let
us suppose that a defect appears at a given time and that a
snake with interlaced monitor qubits is shuttled in its vicin-
ity. This defect must be detected with high probability by
task (i), informing the user that the shuttling event should
be reversed (using the protocol of Sec. III C). The value
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of the phase shift induced by the defect does not matter
at this stage, as one only needs to know whether a defect
occurred. If further monitoring confirms the presence of
a defect, one can temporarily deactivate the corresponding
shuttling link, thereby forbidding any snake from using this
route. Eventually, if later monitoring shows that the defect
has become stable, inducing a constant known phase shift
[task (ii)], then qubits can again be routed through this link.

We detail in Appendix I that for the considered case
of unitary Z noise, then a simple yet optimal strategy to
estimate if a given rotation is above a certain threshold
[task (i)] is to initialize the state ρ of the monitor qubits
as |+〉⊗N and measure them in the X basis. An estima-
tor ω̂ for the true angle ω can then be computed based
on the number of times the “1” measurement outcome is
observed. When ω̂ is above a given threshold, one can
assume that a defect occurred. Nonetheless, this proce-
dure cannot distinguish between angles of opposite signs
(rotations by ω and −ω render on average the same num-
ber of nontrivial measurement outcomes). Therefore, this
scheme must be refined for task (ii), i.e., for the precise
estimation of the rotation angle ω ∈ [−π ,π ]. For this task,
the strategy rather is to initialize the state ρ of the moni-
tor qubits as |−π/4〉⊗N , where |−π/4〉 := Rz(−π/4) |+〉,
then measure half of them in the eigenbasis of the Pauli
X operator and the other half in the Y operator. We devise
an estimator ω̂ in the appendix to optimally sense the rota-
tion angle π which is detrimental to the present surface
code construction (as it has no stabilizer signature). In both
cases, we show in Appendix I that the monitoring strategy
saturates the fundamental, asymptotic Cramér-Rao bound,
and that it shows remarkable noise robustness. Namely,
we demonstrate that even in the presence of dephasing
and measurement noise, this theoretical bound is only
marginally affected, by a factor (1 − 5

2 r)−1/2, where r is
the total noise strength. Given a sub-surface-code thresh-
old noise r of the order of 10−3, the noisy output is only
0.1% larger than the noiseless one. In the following, we
will assume r = 0.2%.

a. Task (i): Defect detection. For task (i), we first define
ωmax as the maximum value of ω a logical snake can tol-
erate when it is shuttled near a defect, without inducing a
dramatic increase of the logical error rate. We set ωmax =
ωth/2, where ωth = 9% is the error-correction threshold for
such a scenario (assuming circuit-level noise of strength
p = 0.1% with one round of additional dephasing at a
rate q = sin2(ω/2), see Appendix H for details). When
ω < ωmax, a strong exponential suppression of the error is
guaranteed, and by an appropriate choice of the code dis-
tance d, the logical error rate can be kept low enough to run
deep quantum algorithms. In contrast, if ω ≥ ωmax, the ini-
tially chosen code distance may fail to bring the error rate
sufficiently low. Note that we here ignore ameliorations

provided by the complementary-gap scheme of Sec. III E.
Besides, we set a detection threshold ω̂max, defined as the
value of the estimator ω̂ above which a defect is declared.
This parameter controls the rate of false positives (deeming
a nondefective shuttling link as defective) and false nega-
tives (failing to detect a defect in a defective shuttling link).
In our case, we want to minimize the latter, i.e., guarantee
that almost every defect is detected, so as to minimize the
logical error rate. This comes at the cost of a higher rate
of false positives, meaning that a finite proportion of the
shuttling links may be deemed defective even when they
are not. While this has no impact on the logical error rate,
it can lead to an increase in the computation time if the
snake-surgery protocol of Sec. III C has to be used repeat-
edly. We will thus aim to keep this false positive rate within
5%–10%, while bringing the false negative rate as close to
0 as possible.

We illustrate the performance of the monitor qubits for
task (i) in the left panel of Fig. 12. Namely, starting from
a uniform distribution of the true angle ω before moni-
toring, we plot its distribution pmon(ω) after the monitor-
qubit-based filtering. The selection rule we choose is ω̂ <
ω̂max = ωmax/4, which leads to a rejection rate of the
shuttling links of approximately 5% (see Appendix I).
This amounts to invoking the reversion option in snake-
surgery protocol approximately 5% of the time. The ver-
tical dashed lines indicate the value of ±ωmax. One must
minimize the probability Pm that a qubit is shuttled through
a postselected shuttling link whose true angle ω is out-
side the window defined by the dashed lines. This is
computed as

Pm = 2
∫ π

ωmax

pmon(ω)dω. (6)

For 900 monitor qubits, i.e., interlacing one monitor per
data qubit in a 30 × 30 surface code, Pm is as low as 10−8.
More detailed plots can be found in Appendix I.

b. Task (ii): Angle estimation. For task (ii), we simply
plot the RMS error �ω of the estimator ω̂ with respect to
ω ∈ [−π ,π ]. The dashed lines represent the corresponding
Cramér-Rao bounds as 1/

√
N and confirm that even for a

relatively low number of shots these asymptotic bounds
are practically saturated near the rotation angles ±π/2, 0
and ±π . In other words, we are optimally sensitive to these
rotation angles. Dominant noise contributions, i.e., dephas-
ing and readout errors merely shift the dashed lines above
by a fraction of a percentage. In contrast, in the worst
case the estimator has a factor of

√
2 larger RMS error

(at angles ±3π/4, ±π/4) given we split the sensing states
into two batches and use them to estimate different (but
not independent) regions of the unit circle. In conclusion,
using N = 800 monitor qubits we can achieve an RMS
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FIG. 12. Performance of the monitor qubits for the two tasks detailed in the main text. ω and ω̂ are respectively the rotation angle
associated with the shuttling link, and its estimator computed from the measurement of N monitor qubits. The cumulative dephasing
and measurement noise is set to r = 0.2%. Left: performance of task (i), as the distribution of the angle ω, postselected according to
a selection rule leading to an approximately 5% rejection rate of the shuttling links. This amounts to canceling the shuttle via snake
surgery (Sec. III C) approximately 5% of the time. The vertical dashed lines indicate the maximum angle ωmax that the surface code
can tolerate to guarantee fault tolerance (if not using the complementary-gap scheme of Sec. III E). Therefore, a logical error occurs
when a qubit is shuttled through a postselected shuttling link, yet the rotation angle ω is outside the window defined by the dashed
lines. For N = 900 monitor qubits, the probability of this occurring reaches 10−8. Right: performance of task (ii), as the RMS error
�ω of the estimator ω̂ with respect to ω. The dashed lines represent the corresponding Cramér-Rao bounds as 1/

√
N and confirm that

even for a relatively low number of shots these asymptotic bounds are practically saturated near the rotation angles ±π/2, 0 and ±π ,
i.e., we are optimally sensitive to these rotation angles. Dominant noise contributions as dephasing and readout errors merely shift the
dashed lines above by a fraction of a percentage.

error �ω ≤ 0.05, which one order of magnitude below the
maximum tolerable angle ωmax = 0.3.

The collected samples can also be split into batches of n
bits in postprocessing to perform several independent esti-
mations ω̂1, ω̂2 . . . , ω̂N/n. For instance, for n = 200 each
of these yields an uncertainty �ω ≤ 0.1 as illustrated in
Fig. 12 (right). This is still comfortably below ωmax = 0.3.

E. Complementary gap

The previous section described a method capable of
detecting defective shuttling links via the use of addi-
tional monitor qubits. Nonetheless, one must remember
that throughout the course of the computation, information
about potential errors is already collected by ancilla qubits
measuring stabilizers. Therefore, in addition to enabling
key logical error suppression, these measurement out-
comes can be put to use for the assessment of the quality
of a shuttling link. The general idea simply is that, when a
snake is shuttled near a defect, its data qubits may experi-
ence a higher physical error rate, yielding a higher number
of stabilizer events. As we suppose that defects are purely
phaselike, we will solely focus on X stabilizers. In the
present section, we formalize a criterion permitting us to
distinguish with high probability between stabilizer signa-
tures arising from the presence of a defect, or from normal

circuit noise, and to dramatically decrease the resulting
logical error rate.

Note however that stabilizers alone cannot be utilized
to detect the most catastrophic kind of defects, namely
defects inducing a π rotation on all data qubits. These
would indeed incur a logical failure with no stabilizer sig-
nature whatsoever (for odd-distance surface codes). Nev-
ertheless, detecting such large rotations is the task where
monitor qubits excel. Thus, one must think of the method
presented in this section as a second filter used on top of
the monitor-qubit-based scheme, the joint use of both pro-
tocols eventually leading to an almost-perfect detection of
all defects.

Additionally, one can note that using this scheme
inevitably leads to data qubits experiencing a high rate of
errors due to the defect, which is only detected a poste-
riori through the stabilizer measurements. This is similar
to the case of the previous section where monitor qubits
are interlaced with data qubits. This defect detection could
at first appear pointless if the data qubits have already
undergone the defect-induced error channel. However, we
demonstrated in Sec. III C that such errors can be reversed
via so-called snake surgery, as long as they are phaselike
and have been a priori identified.

The criterion we build for identifying defects from sta-
bilizer measurements uses the recently introduced concept
of complementary gap [44]. This quantity measures the
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FIG. 13. Illustration of the complementary gap. Some X stabi-
lizers indicate a nontrivial measurement outcome (bright red). In
each case (left and right panels), this syndrome can be explained
by various Z-error strings, two of which are represented with cir-
cles and triangles respectively. These specific error strings are
the shortest-length error configurations that are consistent with
the syndrome but yield opposite logical outcomes. The comple-
mentary gap is defined as their difference, i.e., 3 − 2 = 1 and
4 − 1 = 3 in the left and right panel respectively. In both cases,
the decoder would opt for the correction indicated by the circles;
for the case on the right, the complementary-gap value is higher,
meaning that the decoder is more confident in its decision.

confidence with which the decoder decided on a given cor-
rection. For instance, imagine a scenario where a single
stabilizer at the center of a surface code renders a nontriv-
ial measurement outcome. This syndrome can equally be
explained by an error string terminating at either of the
code’s boundaries. There is therefore a 50% chance of a
logical failure. Since snake surgery grants us the effec-
tive ability to reverse time whenever a high-risk event is
detected, it is in this case more wise to do so by measuring
out the head of the shuttled snake.

More generally, we denote by complementary gap the
length difference between the shortest error strings explain-
ing the syndrome but yielding opposite logical outcomes.
For instance, in the previous example of a single non-
trivial stabilizer measurement right at the center of the
code, the complementary gap is 0. More general cases are
represented in Fig. 13.

As explained in Ref. [44], this quantity can be effi-
ciently simulated by running the decoder with a switched
boundary detector. Intuitively, when the physical error rate
approaches the code’s threshold, e.g., due to a defect, the
obtained complementary gaps typically decrease. If the
other noise sources are kept sufficiently low below thresh-
old, it is thus only natural to assert that a defect occurred
when the observed complementary gap g is below a given
value gmin. As in the case of monitor qubits, our aim is to
minimize the rate of false negatives while keeping the rate
of false positives around 5%–10%. This guarantees that
almost all defects are detected, while unnecessarily revert-
ing the shuttle event in snake surgery 5%–10% of the time.
In general, the value of gmin permitting such a rejection rate
depends on the code distance.

In Fig. 14 (left), we plot the distribution of posts-
elected angles, assuming an initial uniform distribution
(therefore not using additional monitor qubits here). The
selection rule we use is g ≥ gmin = (d + 1)/2, which leads
to the rejection of less than 5% of the shuttling links (see
Appendix J). One can observe that the distribution is far
less peaked than the one obtained from the sole use of
monitor qubits. This means that the present method is not
efficient at detecting defects. Rather, its strength lies in the
significant logical error rate reductions it provides: even
if a large defect angle ω passes the filters, the action of
rejecting instances with small complementary gaps highly
improves the decoder’s performance, hence shrinking the
rate of errors. This contrasts with the monitor-qubit case,
for which the filtering has no such impact. Therefore, we
plot in Fig. 14 (right) the logical error rate obtained after
such postselection (circles) and compare it to the error rate
that would be obtained if our detection scheme was not
utilized (diamonds). The strength of this protocol is made
evident, showing up to five orders of magnitude improve-
ments for the plotted distances and error rates. Given the
tendency observed in the plot, we expect even further
reductions for higher code distances (see Appendix J).

F. Defect resilience

Putting together the elements from all previous sec-
tions, one can estimate the resilience of our architecture to
defects, as a function of the code distance d and the defect
rate ρ per d stabilizer cycles. We additionally denote as
PL the normal logical error rate one would observe with a
distance-d rotated surface code under circuit-level noise at
p = 0.1% (with no defect), again over d stabilizer cycles.

When a snake is required to travel between two distant
points in the device, its length is doubled and the head is
detached from the tail which remains stabilized in place.
The state of the shuttling path is then constantly monitored
by the monitor qubits and stabilizer outcomes. If a defect
is suspected, the head is destroyed and the shuttling event
is restarted. We showed in Sec. III C that this procedure
is fault tolerant, i.e., the snake does not pick up any error
from the defect, as long they are purely phaselike (the error
rate reduces to the normal logical error rate PL). Therefore,
the suspected main source of error corresponds to the case
where a defect occurs yet is left undetected. In this situa-
tion, one expects that the detection strategies designed in
the previous sections would catch most of the defects (i.e.,
the distribution of postselected angles is peaked around the
origin), and that the leftover angles can be handled by nor-
mal error correction, enhanced by the rejection of small
complementary gaps.

We rigorously demonstrate in Appendix K that the
final logical error rate P̃L per d stabilizer cycles indeed
reduces to the contribution of undetected defects, plus
terms smaller than PL. In particular, we show that, owing
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FIG. 14. Performance of the complementary-gap-based detection scheme for various code distances d under circuit-level noise at
p = 0.1% (see Appendix G), with one round of additional defect-induced dephasing at a rate q = sin2(ω/2). Left: distribution of
postselected defect angles ω, assuming a uniform initial distribution and according to a selection rule leading to the rejection of less
than 5% of the shuttling links. Additional filtering from monitor qubits is not implemented here. The tails of the distributions (dashed
lines) are obtained by Gaussian extrapolation. Right: logical error rate after postselection (circles), compared to the logical error rate
without postselection (diamonds). Additional linear regressions (in log scale) are plotted for both datasets.

to the low rate of false positives that we set, the rejec-
tion of multiple shuttling paths until a nondefective one
is found does not lead to any error accumulation. The
defect-induced term in P̃L is of the form

ρ ×
∫ π

|ω|=0
P(ω)pboth(ω)dω, (7)

where ρ is the rate of defects, P(ω) is the probability of a
logical error given that a defect characterized by an angle
ω is left undetected, and pboth(ω) is the distribution of
postselected angles from both defect-detection techniques.

As the monitor qubits are never entangled with the
data or ancilla qubits of the error correcting codes, it
follows that, for each value of ω, the monitoring and
complementary-gap strategies outcomes are uncorrelated.
In other words, the detection strategies are conditionally
independent given any defect angle ω. Therefore one can
write

pboth(ω) = pmon(ω)pgap(ω)∫ π
−π pmon(ω)pgap(ω)dω

. (8)

Consequently, all quantities involved in the calculation
of the final logical error rate P̃L have already been com-
puted and analyzed: P(ω) and pgap(ω) in Fig. 14, and
pmon(ω) in Fig. 12 (left).

In Fig. 15, we thus plot the quantity P(ω)pboth(ω) for
various code distances, using the data and extrapolations
from the previous sections. This product represents the
probability that a defect of angle ω is undetected and trig-
gers a logical error. We use one monitor qubit per data

qubit, i.e., N = d2 monitor qubits. P(ω) is a growing func-
tion of the defect angle ω (higher angles yield higher error
rates) while pboth(ω) is decreasing with ω (high angles are
more likely to be detected by the monitoring schemes).
Therefore, their product should feature a maximum, which
is what we observe. Values of ω closer to 0 are not plot-
ted as the effect of the circuit-level noise would become
predominant and the linear extrapolations we used from
Fig. 14 (right) would break down.

Every code distance is associated with a given achiev-
able logical error rate PL under circuit-level noise at

FIG. 15. Probability that a defect of angle ω is undetected and
triggers a logical error, plotted against ω and for various code
distances d. We use one monitor qubit per data qubit, i.e., N = d2

monitor qubits.

010339-14



QUANTUM SNAKES ON A PLANE... PRX QUANTUM 7, 010339 (2026)

p = 0.1% and in the absence of defects. By computing the
integrals under the curves, one can observe that for all code
distances d ≤ 13, these are smaller than the normal error
rates PL,

∫ π

|ω|=0
P(ω)pboth(ω)dω ≤ PL. (9)

The ratio between the left- and right-hand side of the
inequality also decreases with d, suggesting that it would
be satisfied for any code distance. The integrals are com-
puted by making use of the extrapolations of the previous
sections. As noted before, the linear extrapolations used
for P(ω) are imperfect at small ω, but this corresponds to
minimal values of P(ω) (orders of magnitude lower than at
its maximum), hence to a good approximation this has no
impact on the final value of the integral.

Evidently the combined use of our defect detection and
recovering strategies is extremely powerful, actually bring-
ing the impact of defects below the normal logical error
rate. One can now wonder to what extent both methods
are necessary. On the one hand, only using monitor qubits
does not seem to be sufficient, as we observed in Eq. (6)
that for a 30 × 30 surface code using 900 monitor qubits,
the probability of observing an angle ω leading to a logical
error was Pm = 10−8. If one aimed to reach error rates as
low as 10−15, a defect rate ρ = 10−7 would thus be nec-
essary to bring defect-induced noise as low as the normal
logical error rate. This does not mean that monitor qubits
must be overlooked however, as they are the only way to
sense angles around π , which stabilizers cannot detect. On
the other hand, the postselection of high complementary
gaps promises massive error rate reductions, with a posts-
elected error rate P(ω) orders of magnitude lower than the
normal error rate PL. Similarly to Eq. (9), one can show
that

∫ π/2

|ω|=0
P(ω)pgap(ω)dω ≤ PL. (10)

This means that, if angles closer to π are excluded,
the complementary gap method is sufficient to bring the
defect-induced error rate below the normal logical error
rate. Therefore, while both detection strategies appear nec-
essary, one improvement one could think of is to reduce
the number of monitor qubits so as to only reject angles
around π . In all other cases, stabilizers aided by the post-
selection of high complementary gaps would be able to
lower the defect-induced error rate below the normal logi-
cal error rate. Adaptive measurement strategies could also
be considered to even further reduce the overhead require-
ment induced by monitor qubits—measuring by batches
and only deploying the full monitor qubits suit when initial
measurements do not provide enough confidence.

Do note however that in all our derivations, we did
assume a low rate of defects, such that two defects would

not occur during the same shuttling event, and such that
defect declarations would mostly arise from false positive
detections (at a rate of 5%–10%). This is typically true if ρ
is much smaller than 5%–10%, i.e., smaller than 1 defect
every 10d stabilizer cycles on a given shuttling link.

IV. UNIVERSAL QUANTUM COMPUTATION

In this section we demonstrate that universal quantum
computation is possible on the snakes on a plane archi-
tecture, and give protocols for the implementation of a
universal set of gates.

A. Logical-level connectivity

One of the strengths of our proposal is that it boasts an
all-to-all connectivity at the logical level. This is permitted
by the expected fast and high-fidelity shuttling of silicon-
spin qubits, enabling the global movement of the snakelike
logical qubits across the device. During these long shuttles,
the preservation of a low logical error rate is guaranteed by
the protocols of Sec. III. In particular, it relies on the rejec-
tion of a finite number of shuttles, whenever an abnormal
event is detected by monitor qubits or stabilizer measure-
ments. If such an abnormality is repeatedly detected, a
defect can be declared, ultimately leading to the deac-
tivation of the shuttling link. Additionally, some 2 × N
filaments may be deemed defective even before the com-
putation started, as the presence of fabrication defects will
be inevitable in such large devices. Therefore, a finite pro-
portion of the shuttling links will necessarily be unusable.
Yet, we demonstrate in the following that logical-level
all-to-all connectivity is still guaranteed as long as this
proportion is below a given threshold.

In Fig. 4, snakes live in white tiles, which are connected
through interaction edges (small edges where two white
tiles are adjacent). Therefore, one can identify such tiles
as the vertices of the logical-level connectivity graph, and
the interaction edges as the edges. These form a (rotated)
square lattice. In the worst case, one can assume that a
defective shuttling link would lead to the entire deactiva-
tion of a white tile (vertex) or of an interaction edge (edge).
In these cases, the maximum proportion of deactivated
links that is tolerable to keep a fully connected lattice (at
the scale of the entire device) is given by the site and bond
percolation thresholds, which for the square lattice are
respectively about 60% and 50%. Therefore, as long as the
proportion of defective shuttling links is below 50%, all-to-
all connectivity is guaranteed. However, the computation
time may significantly increase when the number of dis-
abled links approaches the percolation threshold. Indeed,
the route a snake must follow to travel between two given
points in the device may naturally be extended to avoid
defective links.
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B. Universal set of gates

The set of universal gates we advocate for is the classic
set {CNOT, H , S, T}. One of the strengths of our architecture
is that transversal gates can seamlessly be implemented
via the interaction edges, where two logical snakes can be
made adjacent. CNOT gates can therefore be applied par-
ticularly efficiently, much faster than in more conventional
static 2D setups where lattice surgery must be used.

As for Hadamard gates, they can be applied transver-
sally as well, although this induces a 90-degree rotation
of the surface code. This rotation can be reversed by
physically reshuffling the qubits through the junctions.
This however incurs a relatively high time overhead and
changes the orientation of the logical operators of the
code, meaning Z logical operators would now be paral-
lel to the direction of shuttling, drastically reducing the
protection against Z noise. While there may exist alter-
native architectures or protocols that permit an efficient
and safe implementation of such rotations, we leave this
investigation for further research. Alternatively, one pos-
sible implementation of Hadamard gates via domain wall
patch deformation is given in Ref. [45]. It requires O(d)
rounds of error correction and always leaves the Z logical
operator orthogonal to the direction of shuttling.

As for S and T gates, we adopt the conventional choice
of an implementation via gate teleportation and additional
magic state distillation. This process relies on the con-
catenation of the surface code with an additional code
whose S or T gate is transversal. The entire procedure is
based on the successive implementation of many CNOT
gates, which as explained before are not a bottleneck in
our platform. One could even envision implementing the
multitarget CNOTs appearing in the distillation circuits via
quantum fan-out (as explained at the end of Sec. III C),
which may greatly simplify them.

C. Semitransversal CNOT gates

In order to apply a logical CNOT gate transversally, two
logical qubits have to be entirely shuttled through an inter-
action edge, which amounts to a total shuttling distance of
O(d2). If one were to implement all transversal physical
gates at once, this would imply O(d2) shuttling incre-
ments without stabilizer measurements, while these are
normally performed in O(d) shuttling increments (Figs. 3
and 5). This scaling becomes problematic when shuttling
operations are noisy, leading to greater losses in fidelity.

To address this problem, we can employ a semi-
transversal gate protocol (Fig. 16). The fundamental prin-
ciple behind semitransversal gates involves performing
transversal operations in discrete batches while concur-
rently stabilizing all physical qubits that are not actively
involved in the interaction. By batching the transversal
operations, it becomes possible to reduce the cumulative
impact of shuttling noise. The number of transversal gates

FIG. 16. Semitransversal CNOT gate. In this protocol, a logical
CNOT is implemented by applying transversal CNOTs in batches,
e.g., row by row. CNOTs that are applied at the current round
are represented in brighter brown, while CNOTs that have previ-
ously been applied are drawn in a faded brown. Some stabilizers
cannot be measured at the current round due to their anticom-
mutation with certain CNOTs: these are drawn in light gray.
Left panel: canonical 2D representation of a surface code. Right
panel: snakes on a plane representation.

executed per batch can be adjusted based on the shuttling
noise levels. Specifically, larger batches yield faster but
noisier logical gates (the limiting case being the imple-
mentation of a normal transversal gate, with one batch of
d2 CNOTs). The length of the interaction edge can basically
be set to the number of transversal operations per batch.

Because transversal CNOTs are not applied all at once,
some X (resp. Z stabilizers) have a support that only par-
tially overlaps with control (resp. target) qubits of already-
implemented CNOTs. These cannot be measured as they
would lead to a propagation of the errors. More precisely,
let us denote as |
〉 the state of the two-qubit logical state
before applying the CNOTs. By definition, the application
of any stabilizer S should leave |
〉 unchanged,

S |
〉 = |
〉 . (11)

When applying a unitary operation U on |
〉, only stabiliz-
ers that leave U |
〉 unchanged can be measured; otherwise
the state could randomly be projected outside the logical
subspace,

SU |
〉 = U |
〉 . (12)

Now let us assume that S is an X stabilizer acting on four
data qubits, indexed from 1 to 4, in the control logical
qubit. Let us additionally assume that transversal CNOTs
have only been applied between qubits 1 and 1’, and 2 and
2’ (where the i′ denotes qubit indices in the target logical
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qubit). It follows:

SU |
〉 = X1X2X3X4CNOT1,1′CNOT2,2′ |
〉
= USX ′

1X ′
2 |
〉

= UX ′
1X ′

2 |
〉 ,

where the equality between the first and second lines fol-
lows from CNOT and X gates commutation rules. X ′

1X ′
2

however is not a stabilizer of the target logical qubit
(X ′

1X ′
2X ′

3X ′
4 is). Therefore, Eq. (12) is not respected. With

this logic, one can easily deduce that, at all times, all X
stabilizers on the target logical qubit and all Z stabilizers
on the control logical qubits can be measured. However, X
(resp. Z) stabilizers whose support only partially overlaps
with already-implemented CNOTs on the control (resp. tar-
get) logical qubits cannot be measured. This is represented
in Fig. 16.

V. DISCUSSION

In this paper, we explore the practicality of shuttling
logical qubits in a latticework structure. The structure is
designed to be suitable for realization with silicon-spin
chip devices. Our approach leverages ideas presented in
the 2 × N architecture of Ref. [18]. In that earlier piece
of research, it was demonstrated that certain code classes
could efficiently be embedded on a 2 × N array equipped
with shuttling, and that universal quantum computation
was possible. However, due to the linear structure of the
device, the connectivity at the logical level was overly con-
strained, leading to relatively long run times. Additionally,
single-point failures would cause the device to be split into
two disconnected halves.

Here we have demonstrated that interfacing a large num-
ber of such structures together through junctions would
solve the aforementioned problems, while preserving a
low-density device. The proposed latticework arrangement
employs linked 2 × N filaments along which logical qubits
can travel. Contrary to our original 2 × N paper [18],
logic is scalable in this new proposal. Indeed, it permits
long-range shuttling of logical qubits and indeed large-
scale fault-tolerant quantum computation through semi-
transversal gate operations. Besides, while the length of the
snakelike logical qubits now scales as d2, this only trans-
lates into lengths of at most 100 µm for practical values
(considering a logical qubit composed of 1000 physical
qubits and an interdot distance of 100 nm). For demon-
strated shuttling speeds between 10 and 100 m/s, this
would mean only a few microseconds to shuttle an entire
snake. Subsequent interactions would then be implemented
transversally, which represents a minimal time overhead
compared to more conventional lattice-surgery procedures.
Therefore, the total time taken by our logical gates will
not be prohibitively large, even in mature fault-tolerant
devices.

These conclusions are supported by a detailed analysis
of the noise processes at hand and the design of bespoke
protocols to minimize their impact. We first character-
ize the noise experienced by silicon-spin qubits in our
device, in the form of charge noise. We demonstrate that
this error source can be ameliorated by the right choice
of qubit encoding, namely a singlet-triplet encoding. As
such a construction lives in a decoherence-free subspace, it
is naturally first-order immune against phase errors. How-
ever, the sole use of this encoding would not be sufficient
to protect the device against the most catastrophic noise
source: the appearance of pin defects materializing near
a shuttling track. This could incur a dramatic error surge
yielding a logical failure. We therefore present a protocol
that actively addresses the issue and provides a profound
suppression of logical errors. The method involves the
high-fidelity detection of defects, via the analysis of the
collected stabilizer measurements and the use of addi-
tional monitor qubits. Armed with this capability, we show
that one can revert a process that is suspected to have
involved a defect-induced error. In particular, assuming
that the defect-induced error mechanism is purely Z-like,
we demonstrate that the errors it incurs can perfectly be
annihilated, by effectively reversing time and going back to
the pre-defect version of the erroneous snake. Jointly using
all above protocols, we demonstrate a tolerance to defects
exceeding the tolerance to normal circuit-level noise, and
for any code distance. In the presence of transverse mag-
netic field gradients however, it may be necessary to con-
sider defect-induced X flips on top of the studied case of Z
flips. If these X errors are sufficiently small and noncorre-
lated, normal error correction would be able to tackle them.
Otherwise, one could resort to the use of a lower- or higher-
level code to catch and correct rare but disruptive bit-flip
like events. Alternatively, by using the dual-spin encod-
ing we advocate for in Sec. III B, we expect that correlated
Z rotations between multiple pairs of qubits are practically
impossible. Indeed, if both physical qubits in an odd-parity
pair are affected by the same Z rotation, due to shuttling
in the vicinity of a defect, then their state is unchanged
(only a global phase is applied). Therefore, snake surgery
could be repurposed for the correction of correlated X flips
instead, provided they are even observed. We leave this
investigation to further research.

In addition to these noise-resistance schemes, we show
that our proposed architecture is suited for universal
quantum computation. Its first strength is the all-to-all
connectivity at the logical level, enabled by long-distance
shuttling. In particular, we note that a high proportion of
defective edges is tolerable without the loss of connectiv-
ity. The second strength of our current proposal is the pos-
sibility to interface logical qubits so as to perform transver-
sal gates, which represents a considerable time reduction
compared to more common lattice-surgery protocols. In
this context we describe a generalized semitransversal
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implementation of two-qubit logical gates. This scheme
offers an opportunity to implement transversal gates in
batches rather than all at once (which would be the case
in a traditional transversal setup).

We conclude that the use of monitored, fault-tolerant
snakelike logical qubits (“MF snake qubits”) is a natural
solution to realizing scalable quantum computing in two-
dimensional solid-state architectures that support shuttling.
The latticework structure on which the MF snakes move
has a high degree of design flexibility, and its locally linear
nature is compatible with near-term silicon manufacturing
capabilities.

The natural next step would be the design of protocols
translating the low-level features of the SoaP architecture
all the way up the stack to the algorithm level. While it is
possible to take a standard surface code approach and map
it to SoaP (provided fast and high-fidelity shuttling), our
architecture has many properties that can lead to signifi-
cant time reductions. These include our novel two-qubit
gate implementation strategy and an all-to-all connectiv-
ity. In future research, we therefore plan to study how
these elements can be combined to optimally implement
T gates, compile an algorithm on our architecture or route
the snakes in the presence or absence of defects.

We based this proposal on surface code quantum error
correction (QEC)—while this code suffers from a high
qubit overhead, silicon-spin qubits footprint is so small that
this choice should not be problematic even in the utility-
scale regime. However, as explored in our previous work
[18], many classes of quantum low-density parity check
(qLDPC) codes are a good fit for the 2 × N qubit lay-
out and therefore also for our architecture. Such codes
can in fact naturally be implemented by accepting an
increased shuttling distance or number of shuttles within
each stabilizer cycle. The addition of junctions in the SoaP
architecture offers even higher opportunities, by allowing
one to reshuffle qubits within a snake (see Fig. 17)—this
was not possible in our previous work. Hence, one can
further optimize the syndrome extraction circuits of the

FIG. 17. Use of a junction to reshuffle the physical qubits
within a snake. This procedure can be utilized to implement
a wider class of high-rate qLDPC codes more efficiently. Left
panel: light green data qubits are sent to the left and dark green
data qubits to the right. Right panel: when all qubits have gone
through the junction, the snake is reassembled by first shuttling
back all light green qubits, then all dark green qubits.

proposed codes, or even find novel classes of codes whose
efficient implementation is enabled by the use of junctions.
Since all of the mentioned classes of codes in Ref. [18]
are Calderbank–Shor–Steane (CSS) codes, they all have a
transversal CNOT gate that can be implemented in a simi-
lar semitransversal fashion as proposed in Sec. IV C. The
same requirement holds—one needs to be careful not to
measure stabilizers for which only a partial set of data
qubits in their support have undergone the semitransver-
sal operation. Note that performing a transversal CNOT
between higher-rate codes implements a logical CNOT on
each pair of respective logical qubits and generally that
may be undesirable.

We leave the adaption of snake-surgery protocol for
higher-rate codes for future work.
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APPENDIX A: CHOICE OF A PLATFORM:
SILICON SPINS

One qubit platform is particularly well suited to the
implementation of all the operations described above:
silicon-spin qubits. While we summarize key points below,
nonexpert readers can refer to these excellent reviews for
further explanations: Refs. [46,47].

From a general point of view, silicon-spin qubits appear
as an excellent candidate for the implementation of a quan-
tum computer, due to their high coherence times [15],
scalability [46], compatibility with advanced manufactur-
ing techniques [48,49] and cryogenic classical electronics
[50,51]. Small silicon-spin qubit processors have already
been engineered [52] and small error correcting codes
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have been implemented [53]. Single- and two-qubit gates
with fidelity above 99% have been demonstrated [10–12]
even in commercially sourced chips [13] and fidelities
beyond 99.9% have been reported [14]). Among the imple-
mentable two-qubit gates, we find the CZ and CNOT gates,
which are both natural operations for stabilizer measure-
ments.

More specifically to our proposed architecture, 2 × N
arrays of silicon-spin qubits have already been demon-
strated [54]. Moreover, recent experiments succeeded in
shuttling electrons across a silicon-spin qubit chip with
99.99% fidelity per shuttling increment and at a high
speed [9]. This rapid development compared to previously
demonstrated shuttling capabilities [7,8] promises to bring
even better fidelities in the near future. We are therefore
confident that silicon-spin qubits are a promising candidate
for the implementation of the shuttling-based fault-tolerant
protocol we advocate for in this piece of research [47].

We will base all numerical parameters on state-of-the-
art silicon-spin qubit technologies. Namely, while two-
qubit gates require around 0.1 µs [10–12,55]), initializa-
tion, measurement and single-qubit gates can last up to
a few microseconds [52,56,57]. The modes of shuttling
described in Fig. 5 require 2d and d shuttling increments
respectively. Supposing d ∼ 30 for relevant applications
[2], an interdot distance ldd = 100 nm and a shuttling speed
v = 10m/s [39], shuttling would take up 300–600 ns in a
stabilizer cycle. Adding this contribution to the initializa-
tion, gates and measurement times, one can realistically
expect a stabilizer cycle time of 3 µs.

APPENDIX B: PRIOR LATTICEWORK SCHEME:
THE LOOPED PIPELINE ARCHITECTURE

The layout supporting the Snakes on a Plane architecture
is a latticework structure of one-dimensional arrays. This
is not the first instance of such a latticework-based lay-
out: previous research conducted by authors of the present
paper led to the Looped Pipeline.

In this proposal, a logical qubit is spread thinly, so to
speak, over the latticework; each local region (a square-
shaped loop in Fig. 18) hosts a single data qubit or ancilla
qubit of a given logical qubit. The highlighted blue circles
correspond to four data qubits and one ancilla; we observe
that as the physical qubits move according to the arrows,
the ancilla will encounter each of the data qubits in turn,
thus permitting a stabilizer measurement via measurement
of the ancilla, using devices in the void spaces (not shown).
As Ref. [20] explains in detail, by hosting multiple physi-
cal qubits in each loop the architecture can effectively stack
logical qubits. This means that it is equivalent to a 3D lat-
tice where k surface codes would be sitting on top of each
other, where k is the number of qubits per loop (see Fig. 4
of Ref. [20]). Charge defects are not as worrisome in this

FIG. 18. The Looped Pipeline architecture. Contrary to the
Snakes on a Plane architecture, physical qubits belonging to the
same logical qubit are spread across the device. Ancilla qubits
(hollow circles) go around the pink loops and periodically meet
the data qubits (filled circles) it needs to interact with. One such
example of ancilla and data qubits is highlighted in blue. When
k > 1 data and ancilla qubits are embedded in each loop (here
k = 12), a 3D lattice is virtually generated, containing k logical
qubits are effectively stacked on top of each other. The red star
indicates the presence of a defect in the lattice: contrary to SoaP
shuttling near a defect does not scratch an entire logical qubit but
rather affects a single data qubit in all the surface code patches,
making it easier to handle by standard error-correction protocols.

architecture as in SoaP as they would only affect a single
data qubit in each logical qubit (red star in the figure).

APPENDIX C: ALTERNATIVE LATTICEWORK
STRUCTURES

We here give two examples of arrangements of the
2 × N devices, other than the one studied in the main
text (Fig. 4). These may allow for different connectiv-
ity opportunities at the logical level. Figure 19 represents
a hexagonal lattice, using three-way junctions only as in
the main text. Figure 20 is a rectangular lattice, made of
four-way junctions.

APPENDIX D: MODELING THE FLUCTUATING
ENVIRONMENT

The authors of Ref. [38] represent the fluctuating field
B(x, t) as a zero-mean Ornstein-Uhlenbeck sheet. As it is a
Gaussian random sheet with a defined mean, its behavior
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FIG. 19. Hexagonal lattice using three-way junctions.

is fully determined by its covariance matrix,

C((x1, t1), (x2, t2)) = σ 2

4κxκt
e−κx |x1−x2|−κt|t1−t2|, (D1)

where σ is the process’ standard deviation, and κx =
1/λ, κt = 1/τ are respectively the inverse correlation
length and inverse correlation time of the fluctuating mag-
netic field. Note that we suppose that the field only depends
on a single spatial dimension corresponding to the shut-
tling path. Here, we set λ = 100 nm, τ = 20 µs and
σ 2/4κxκt = √

2κt. These parameters are extracted from
Ref. [38] and corresponds to typical values found in
experiments for Si/SiGe devices.

While shuttling through such an environment, a system
of N noninteracting qubits will experience the following
Hamiltonian [38],

H(t) = g0μB�

2

N∑
i=1

B(xi(t), t)σz, (D2)

FIG. 20. Rectangular lattice using four-way junctions.

where g0 is an averaged g-factor, μB is the Bohr magne-
ton, xi(t) is the time-dependent position of the center of the
wave packet describing the ith electron, and σz is the Pauli
Z matrix.

To compare different encodings, we can focus on char-
acterizing the random phase acquired when the qubits are
shuttled. For simplicity, consider a single qubit shuttled for
a time T. The phase it will acquire under the Hamiltonian
described in Eq. (D2) is given by

φ(T) = g0μB�

2

∫ T

0
B(x1(t), t)dt. (D3)

The density matrix of the electron at time T thus reads

ρ(T) =
(

ρ00(0) ρ01(0) exp(−iφ(T))
ρ10(0) exp(iφ(T)) ρ11(0),

)

(D4)

with ρij (0) representing the coefficients of the initial den-
sity matrix. Note that only the off-diagonal elements are
affected by the shuttling channel. This phase will vary
between experiments and could lead to the complete
dephasing of the state when averaging the results. The
quantity of interest is thus the dephasing factor W(T)
obtained by averaging the phase exp(−iφ(T)) over the ran-
dom sheet B. This factor appears in the averaged density
matrix as follows:

E [ρ(T)] =
(

ρ00(0) ρ01(0)W(T)
ρ10(0)W∗(T) ρ11(0)

)
, (D5)

where W(T) = E [exp (−iφ(T))]. Reference [38] general-
izes this derivation to more than one electron and gives
analytic expressions for W for both the LD and ST
encodings.

Their model does have limitations; it does not directly
represent charge noise as it does not have a 1/f spectrum
and it does not account for the valley degree of freedom.
Nevertheless, since the main point of this Appendix is to
convey the idea that the choice of encoding can drasti-
cally reduce the effect of a fluctuating magnetic field, and
as the valley splitting is believed to be large in Si/SiO2
devices, we will also adopt this model. It allows us to
account for slow variations of the g-factor landscape while
being simple enough to analytically derive the impact of
the environment on shuttled qubits. We leave the inclusion
of charge noise and the valley degree of freedom for future
work.

APPENDIX E: SHUTTLING INFIDELITY FOR
DIFFERENT ENCODINGS

In Fig. 13, we plotted the evolution of the infidelity
with respect to speed for different values of the distance
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FIG. 21. Evolution of the shuttling infidelity as a function of
speed for different values of the correlation length λwith d = 100
nm and τ = 20 µs. The solid and dashed lines correspond to the
ST and LD encodings respectively.

between the ST qubits. In order to confirm our understand-
ing, we study here the evolution of the shuttling infidelity
for different values of the correlation length λ in Fig. 21
and correlation time τ and Fig. 22. We find that the ST
encoding outperforms the LD encoding and that the infi-
delity decreases with the shuttling speed, which has been
explained in the main text. In addition, we find that as
λ or τ increases, the infidelity decreases. This is consis-
tent with the fact that by increasing these quantities we
reduce the spatial and time fluctuations, ultimately creat-
ing a smoother shuttling track for both encodings. More
precisely, by increasing λ, the protection power of the ST
encoding in Fig. 21 is improved for any speed v, as seen

FIG. 22. Evolution of the shuttling infidelity as a function of
speed for different values of the correlation time τ with d = λ =
100 nm. The solid and dashed lines correspond to the ST and LD
encodings respectively.

by the growing difference in infidelity between solid and
dashed lines of the same color. This comes from the fact
that the difference in experienced magnetic field between
the two electrons becomes smaller as the correlation length
increases. As for Fig. 22, the protection is only increased
up to a certain speed due to the fact that the delay between
the electrons decreases with v. After this threshold the
fidelity improvement is limited by the correlation length.

APPENDIX F: SNAKE SURGERY: RECOVERING
FROM DRAMATIC PHASE ERRORS AFTER

TRANSVERSAL GATES

We here show that the protocol described in Sec. III C
can also be applied when the logical snakes are interacted
before a defective shuttling link was detected.

In order to bring two logical snakes closer together such
that they can interact, they are first grown then split in
halves, as explained in Sec. III C. This renders the states,

|ψ〉 = α |++〉 + β |−−〉 , (F1)∣∣ψ ′〉 = α′ |++〉 + β ′ |−−〉 , (F2)

where |ψ〉 and
∣∣ψ ′〉 are the snakes states before the growth

and split. The heads are then shuttled while the tails are
stabilized in place (which is protected against scratches as
stabilizer cycles only requires O(d) shuttling increments).

The application of transversal CNOTs to the heads brings
the system to the following state:

|
〉 = (α |+〉 + β |−〉) |0〉 (α |++〉 + β |−−〉)
+ (α |+〉 − β |−〉) |1〉 (α |++〉 − β |−−〉),

where the four qubits are respectively the tail and head of
the first logical qubit, then the tail and head of the second
logical qubit.

One first case corresponds to a successful interaction,
where no defect was detected during the shuttle. In this
case the tails are measured in the Z basis, which projects
|
〉 onto

|
〉 → 1
2

[(α + (−1)m1β) |0〉 (α′ |+〉 + (−1)m2β ′ |−〉)
+ (α − (−1)m1β) |1〉 (α′ |+〉 − (−1)m2β ′ |−〉)],

where m1 and m2 are the measurement outcomes of the tail
measurements. By applying Pauli corrections in the form
X m1

1 X m2
2 , one can obtain the desired final state, i.e.,

|
〉 → CNOT12[(α |+〉 + β |−〉)(α′ |+〉 + β ′ |−〉)]. (F3)

Now let us assume that the interaction was deemed
unsuccessful due to the appearance of a defect during the
shuttle. This translates into catastrophic Z errors affecting
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the heads. In this case, they are measured in the Z basis,
rendering the state,

|
〉 → (α |+〉 + (−1)m1β |−〉)(α′ |+〉
+ (−1)m1+m2β ′ |−〉).

By this time applying Pauli corrections in the form
X m1

1 X m1+m2
2 , one can recover the initial two-logical-qubit

state,

|
〉 → (α |+〉 + β |−〉)(α′ |+〉 + β ′ |−〉). (F4)

APPENDIX G: QEC SIMULATIONS DETAILS

In all QEC simulations in this paper, we only focus on
Z errors as they are the main error mechanism at play in
our system. This is possible since the surface code is a
CSS code, hence X and Z errors can be analyzed sepa-
rately. Therefore, we evaluate the X logical error rate of
a distance-d surface code over d rounds of stabilizer mea-
surements, via Nruns runs of Monte Carlo simulations. Nruns
ranges between 10 000 and 1 000 000 depending on the
target logical error rates.

In all simulations, circuit-level noise of strength p is
adopted, i.e., depolarizing channels after every initializa-
tion and single- or two-qubit gate, as well as a classical flip
of every measurement outcome, all of strength p . Assum-
ing high-fidelity shuttling, we showed in Ref. [18] that
shuttling noise had a minimal impact on logical error rates
compared to gate noise, thus we neglect it here. Additional
noise processes described in further details in the relevant
sections may be added as well.

The syndrome these errors create is decoded via Mini-
mum Weight Perfect Matching [1]. The initial errors and
the correction are then added up to determine if the X
logical operator value was flipped.

APPENDIX H: SURFACE CODE THRESHOLD IN
THE PRESENCE OF A DEFECT

When the entire length of a snake is shuttled near a
defect (i.e., for a long shuttle), all data qubits experi-
ence one round of increased error. More specifically, we
assume that this defect-induced noise is pure Z, and for
convenience of QEC simulations, we suppose that it is a
dephasing channel of strength q. If the defect was instead
inducing single-qubit coherent rotations of angle ω, one
could just twirl them [58], which would indeed generate a
dephasing channel of strength q = sin2(ω/2).

With this assumption and normal circuit-level noise
(Appendix G), we obtain the plot of Fig. 23. From it, one
can deduce a threshold value qth = 0.95%, corresponding
to a threshold angle ωth = 0.62.

FIG. 23. Defect-induced error threshold. Ancilla and data
qubits are subject to circuit-level error of strength p = 0.1%.
Data qubits additionally experience one round of high errors of
strength sin2(ω/2), owing to a shuttling event in the vicinity of a
defect. The black dashed line indicates the value of the threshold
for such error mechanism.

APPENDIX I: MONITOR QUBITS

1. Parameter estimation task

A dominant source of error in spin qubits is the fluc-
tuation of the internal Rabi frequency of the qubits by
a variable amount ω via the Hamiltonian as H = ωZ/2,
where Z is the Pauli Z operator. In such a scenario the
channel 	(·) = U(·)U† is unitary and acts on each qubit
as a Z rotation gate by an unknown angle as U = e−iωZ/2.

a. Fundamental precision limits

The fundamental limits can be understood in terms of
the Cramér-Rao bound which is a lower bound on the
variance of the estimator ω̂ as

(�ω)2 := Var[ω̂] ≥ (νFc)
−1, (I1)

where ν is the number of times the shuttling event is
repeated. Here the classical Fisher information quanti-
fies the sensitivity of the classical probability distribution
p(q|ω) of measuring the bitstring q given a particular
rotation angle ω as

Fc =
∑

q

p(q|ω)
(
∂ ln p(q|ω)

∂ω

)2

. (I2)

Given a fixed input state ρ, the classical Fisher information
is maximized when the best possible measurement basis is
used, by mapping the standard basis measurements using
the unitary U and in this case the quantum Fisher informa-
tion is obtained which is therefore a general upper bound
as Fc ≤ FQ, please refer to Ref. [59] for more details.
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b. Optimal setting with unentangled monitor qubits

We first consider the simple scenario when all N sensing
qubits are initialized in a separable pure state. Given the
channel	 is assumed to be a unitary Z rotation, an optimal
initial state that maximizes the quantum Fisher informa-
tion is the |+〉⊗N state and the optimal measurement that
maximizes the classical Fisher information, and thus the
achievable precision, is performed in the eigenbasis of the
X Pauli operator. Due to the additivity of the quantum and
classical Fisher information one has

Fc[|+〉⊗N ] = NFc[|+〉] = N ,

where the second equation follows from Fc[|+〉] = 1 via
the probability distribution,

p(q=0|ω) = cos2
(ω

2

)
, (I3)

p(q=1|ω) = sin2
(ω

2

)
, (I4)

by substituting into Eq. (I2). Therefore, the Cramér-Rao
bound for this scenario states that the uncertainty �ω in
learning the rotation angle ω is lower bounded as �ω ≥
[νN ]−1/2.

The Cramer-Rao bound is saturated asymptotically by
the maximum likelihood estimator but the actual preci-
sion may deviate in case of relatively few samples as
presently we assume as few as N = 200 samples. Given
the likelihood function,

L(ω) = cos
(ω

2

)2m0 × sin
(ω

2

)2(N−m0)
, (I5)

where m0 denotes the number of times the 0 outcome was
observed, one can show that the maximum likelihood esti-
mator is the inverse cosine function of the estimated Z
coordinate of the Bloch sphere as

ω̂ = arccos
(

2m̂0

N
− 1

)
. (I6)

Since ω is estimated from a finite number of shots, our
estimates can only take up N different discrete values as
ω̂ ∈ {ωk} via

ωk = arccos
(

2k
N

− 1
)

, 0 ≤ k ≤ N . (I7)

The discrete probability density of ωk can readily be com-
puted given m̂0 follows a discrete binomial distribution
B(N , p), where we denote

p := p(q=0|ω) = cos2(ω/2). (I8)

This yields the probability P(ωk) = Pbinom(k,ω) as the
discrete probability density function of the binomial distri-
bution. Furthermore, we compute explicitly the precision

(root mean squared error) �ω via

�ω2 =
N∑

k=1

Pbinom(k,ω) (ωk − ω)2 . (I9)

2. Effect of dephasing and readout errors

So far we analyzed the precision of ideal state prepa-
ration and measurement and now argue that the present
scheme is particularly robust against the dominant noise
sources in solid-state devices as dephasing and readout
errors.

a. Effect of dephasing noise on precision

A dominant noise contribution is expected to be due
to fluctuations of ω faster than the characteristic shuttling
times in which case the average effect can be modeled
as a dephasing channel. Given that the unitary Z rotation
and dephasing channels commute, this can be viewed as
first dephasing the initial state as ρdeph = D[|+〉 〈+|]⊗N ,
to which a unitary rotation is then applied via 	. In this
case the information gain is guaranteed to be lower given
that the quantum Fisher information, whose inverse lower
bounds the achievable precision, is maximized only by
pure states: FQ[ρdeph] < FQ[ρ] = N where ρ is the optimal
pure initial state we detailed above. In particular, dephas-
ing with probability r affects our individual single qubit
probe states ρsing = |+〉 〈+| as

ρ ′ = (1 − r)ρsing + rZρsingZ = (1 − 2r)ρsing + 2r
1

2
.

(I10)

Above in the second equation we identify the effect of
dephasing on our particular probe state with an equiva-
lent global depolarizing noise channel, for which we can
analytically solve the quantum Fisher information [using
Eq. (76) in Ref. [59]] as

FQ[ρ ′] = 1 − 4r
1 − 3r

2

+ 4r2

1 − 3r
2

≥ 1 − 5
2

r. (I11)

Therefore, the QFI of the N -qubit separable probe state can
be computed due to the additivity of the QFI over separa-
ble states as FQ[ρdeph] = NFQ[ρ ′] ≥ N (1 − 5

2 r). Given a
sub-surface-code threshold r < 0.7% we see that dephas-
ing merely decreases the QFI by a factor (1 − 5

2 r) which
is only fraction of a percentage. This leads to an increased
Cramer-Rao bound, i.e., the dashed lines in Fig. 12 (right)
are shifted up via a multiplication by the factor (1 −
5
2 r)−1/2 due to dephasing. This robustness is thanks to the
robustness of the QFI of separable states against decoher-
ence which was studied in detail in Ref. [60]—in con-
trast, maximally entangled GHZ states are exponentially
deteriorated as a function of N .
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Furthermore, probe states have been designed that are
optimal against nonunitary channels 	 [60] and, in partic-
ular, the information gain can be maximized and improved
by a constant factor when using entangled squeezed Dicke
states as detailed in Ref. [60]. This, however, requires the
monitor qubits be prepared in a nontrivial entangled state
and due to hardware noise in the state preparation gates,
may not be beneficial and therefore our separable states
offer a slightly suboptimal but simple alternative.

b. Effect of measurement errors on precision

For our optimal protocol we assumed perfect projec-
tive measurements of the monitor qubits in the relevant
bases. However, real measurements are characterized by
general positive operator-valued measurements (POVMs)
rather than by projections. We illustrate this via a sim-
ple readout-error model where entries in the bitstring b,
as measurement outcomes of the N probe qubits, undergo
random and independent bit flips. More specifically, we
assume that the ith bit is flipped as 0 → 1 with probability
α+

i and as 1 → 0 with probability α−
i . Therefore, the pro-

jective POVM {|0〉〈0|, |1〉〈1|} on the ith qubit is replaced by
the POVM,
{
(1−α+

i )|0〉〈0| + α−
i |1〉〈1|, α+

i |0〉〈0| + (1−α−
i )|1〉〈1|} .

For the specific readout-error model when α+
i = α−

i =:
αi, i.e., the probability is the same for flipping a 1 as flip-
ping a 0, we can easily see that the POVM is identical to
performing ideal projective measurements on a dephased
probe state ρdeph = D[|+〉 〈+|]⊗N where effective dephas-
ing happens with probability αi. Therefore, exactly the
same conclusions apply to readout noise as to dephasing
noise: as long as the probabilities αi are consistent with
the surface code threshold, the Cramer-Rao bounds are
only increased by a negligible amount due to readout or
dephasing errors.

c. Noisy probability distributions

From Eq. (I10), one can easily update Eq. (I8) to include
the effect of dephasing and measurement noise by setting,

p ′ = (1 − 2r)p + r (I12)

= (1 − 2r) cos2(ω/2)+ r. (I13)

All probability distributions (binomial laws) can thereon
be computed with this new parameter. In all the follow-
ing plots, we assume an equal level of measurement and
dephasing noise at 0.1%, leading to a total noise strength
r = 0.2%.

3. Task (i): Defect detection

After explaining the generalities of monitor qubits, we
can now delve into the implementation of the two tasks

monitor qubits are utilized for. The first one is detecting
with maximum probability if a defect occurred, regardless
of the value of its angle. More precisely, let us denote by
ωmax the maximum rotation angle the surface code can tol-
erate to guarantee sufficient error suppression at the chosen
code distance, and ω̂max the value of the estimator above
which a catastrophic event is declared. As explained in the
main text, we want to minimize the rate of false negatives
while keeping the rate of false positives around 5%–10%.
Both these parameters are controlled by the choice of ω̂max.
Besides, we set ωmax = ωth/2 = 0.3 as per Appendix H.

Additionally, we assume that defects (of any angle) are
rare and occur at a rate ρ, and that the distribution of defect
angles p(ω) is uniform in [−π ,π ], i.e.,

∀ω ∈ [−π ,π ] p(ω) = 1/2π . (I14)

a. Rate of false positives

The rate P+ of false positives is given by

P+ = ρ × P(|ω̂| > ω̂max | |ω| < ωmax)

+ (1 − ρ)× P(|ω̂| > ω̂max |ω = 0).

When ρ is small, one can typically neglect the first term of
the equation and assume 1 − ρ ∼ 1, leading to

P+ = P(|ω̂| > ω̂max |ω = 0) (I15)

=
kmax−1∑

k=0

Pbinom(k, 0), (I16)

where, from Eq. (I7), kmax = �N cos2(ω̂max/2)�. The bino-
mial distributions are then computed using Eq. (I12). The
result is plotted it in Fig. 24 against the number N of
monitor qubits. As expected, ω̂max controls the rate P+
of false positives. When ω̂max is close to 0, there is a
high chance that the estimator ω̂ falls outside the inter-
val [−ω̂max, ω̂max], even when ω = 0. This translates into
a high rejection rate, approaching 1. In our case, we are
interested in a rejection rate around 5%–10%, which cor-
responds to the salmon plot, defined by ω̂max/ωmax = 0.25.
We will thus set ω̂max = 0.075 in the following.

b. Distribution of postselected angles

The next step is determining the distribution pmon(ω) of
postselected angles, according to the choice of ω̂max. This
quantity is given by

pmon(ω) = p(ω | |ω̂| ≤ ω̂max)

= p(|ω̂| ≤ ω̂max |ω)p(ω)
p(|ω̂| ≤ ω̂max)

= p(|ω̂| ≤ ω̂max |ω)∫ π
|ω|=0 p(|ω̂| ≤ ω̂max |ω)dω ,
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FIG. 24. Probability of a false positive, i.e., declaring that
a defect occurred on a nondefective link. See main text for
parameters explanation.

where in the last equation we used that the original distri-
bution p(ω) of defect rotation angles is uniform. Finally,
one gets

pmon(ω) = 1
2

∑N
k=kmax

Pbinom(k,ω)∑N
k=kmax

∫ π
ω=0 Pbinom(k,ω)dω

, (I17)

where the integration between 0 and π and the factor 2
arise from symmetry arguments. The result is plotted in
Fig. 12 (left). As expected, increasing the number of moni-
tor qubits shrinks the probability distribution around 0. The
black dashed lines indicate the value of ±ωmax: when ω
is outside this window, the chosen code distance does not
suffice to adequately lower the logical error rate.

c. Rate of false negatives

The probability of ω falling outside this window is the
rate of false negatives, which can lead a logical failure. It
is expressed as

P− = P(|ω| > ωmax | |ω̂| ≤ ω̂max) (I18)

= 2
∫ π

ω=0
pmon(ω)dω. (I19)

Using N = 900 monitor qubits, meaning that we interleave
one monitor qubit per data qubit in a 30 × 30 surface code,
one obtains P− = 1.4 × 10−8. This is still computed for a
total dephasing and measurement noise strength r = 0.2%
and ω̂max = ωmax/4 = 0.075. Therefore, by rejection 5%
of the shuttling events, the logical error rate due to defects
is brought down to 1.4 × 10−8 × ρ.

4. Task (ii): Estimating large rotation angles

We now focus on task (ii), i.e., the precise evalu-
ation of the angle ω. For this purpose, we devise an

estimator that can accurately approximate ω in the full
range (−π ,π), such that we are optimally sensitive to
the angles 0, ±π/2, ±π . We therefore initialize the state
ρ of the monitor qubits as |−π/4〉⊗N , where |−π/4〉 :=
Rz(−π/4) |+〉. Measuring half of them in the eigenbasis
of the Pauli X operator and the other half in the Y operator
results in the probability distribution,

pX (0|ω) = cos
(
ω − π/4

2

)2

,

pX (1|ω) = sin
(
ω − π/4

2

)2

,

pY(0|ω) = cos
(
ω − 3π/4

2

)2

,

pY(1|ω) = sin
(
ω − 3π/4

2

)2

.

We then use the following estimator:

ω̂ = arctan 2
(
x̂, ŷ

) + π/4, (I20)

which outperforms the maximum likelihood estimator as it
makes use of the fact that the true x and y coordinates sat-
isfy x2 + y2 = 1. Here x̂ and ŷ are estimators of the x and y
coordinates of the Bloch sphere, e.g., x̂ := (2x̂0/N/2)− 1
is the number of times x̂0 the X probes resulted in the 0
outcome.

As before the estimator ω̂ can only take up discrete
values as

ωkl = arctan 2
(

2k
N/2

− 1,
2l

N/2
− 1

)
+ π/4, (I21)

such that 0 ≤ k, l ≤ N/2. We can then explicitly com-
pute the discrete probability density function given both
x̂ and ŷ follow binomial distributions as B(N/2, px) and
B(N/2, py) where we denote as px and py the probabil-
ities pX (0|ω) and pY(0|ω) defined above. Denoting the
discrete probability density functions of the two binomial
distributions as Pbinom,X (k) and Pbinom,Y(l), the noiseless
probability of the individual ωkl estimates is given as

P(ωkl) = Pbinom,X (k)× Pbinom,Y(l). (I22)

In the presence of noise, one can easily verify that the
arguments of the previous sections still apply. In particu-
lar, dephasing and measurement noise are still equivalent,
whether the initial state is |+〉⊗N or |−π/4〉⊗N . Besides,
the noisy probability distribution can be derived from
Eqs. (I12) and (I22), by simply updating the values of px
and py as

p ′
x = (1 − 2r)px + q, (I23)

p ′
y = (1 − 2r)py + q. (I24)
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5. Test nonunitarity by estimating purity

Unitary rotations can be estimated and then corrected
by inverse rotations; however, significant nonunitary noise
above threshold can potentially be detrimental. For this
reason, we estimate resource requirements for estimating
whether the purity of the shuttled qubits remains nearly
pure.

One approach for estimating the fidelity is by apply-
ing a generalized SWAP test to the qubits in which case
we split the N sensing qubits into batches of n qubits and
for each batch of qubits we apply a SWAP test to estimate
f = tr[ρn] = 2p0 − 1 from the probability p0 of measuring
0 on the ancilla qubit. The qubits in each batch are ini-
tialized identically but can be initialized in different states,
potentially random states, across the different batches.

We have overall M = N/n bits of information to esti-
mate f via the estimator p̂0 = m̂0/M where m̂0 is the
number of times 0 was observed. In particular, we obtain
the estimator f̂ = 2m̂0/M − 1 and the variance

Var[f̂ ] = Var[2m̂0/M − 1] = 4Var[m̂0]/M 2

= 4p(1 − p)/M = 1 − f 2

M
,

where we used that m̂0 is binomially distributed and in the
last equation we substituted p = 1/2 − f /2.

APPENDIX J: COMPLEMENTARY GAP

One of our defect-detection schemes is based on the
computation of the complementary gap corresponding to
the measured syndrome. This quantity is given by the
length difference between the shortest error strings explain-
ing the syndrome but yielding opposite logical outcomes.
Low complementary gaps mean that the decoder’s decision
cannot be fully trusted.

Similarly to the monitor-qubit case, our aim is to estab-
lish a rejection criterion minimizing the rate of false neg-
atives (not detecting a defect) while keeping the rate of
false positives around 5% (so as to keep the impact on the
compute time moderate). Our selection rule is of the form
g ≥ gmin, where g is the measured complementary gap
and gmin is a distance-dependent parameter. This means
that whenever a gap lower than gmin is measured, the
shuttling event is aborted and restarted via snake surgery
(Sec. III C).

a. Rate of false positives

One can readily adapt the equations of Appendix I and
write

P+ = ρ × P(g < gmin | |ω| < ωmax)

+ (1 − ρ)× P(g < gmin |ω = 0)

FIG. 25. Rejection rate corresponding to the selection rule g ≥
gmin, where g is the measured complementary gap and gmin is
a distance-dependent parameter. The simulations are run under
circuit-level noise at a rate p = 0.1%.

from which it follows

P+ ≈ P(g < gmin |ω = 0), (J1)

owing to the assumed low rate of defects (much lower
than 5%).

In Fig. 25, we thus plot the rejection rates obtained for
two values of gmin by Monte Carlo simulations, assuming
circuit-level noise at p = 0.1% and no defect (see simula-
tion details in Appendix G). We observe that setting gmin =
(d + 3)/2 leads to a rejection rate that is higher than our
desired tolerance (around 5%–10%). In contrast, reducing
it to gmin = (d + 1)/2 yields a rejection rate of 3%–5%, at
least for the plotted code distances. This is thus the crite-
rion we will adopt in the rest of the paper. For large code
distances, e.g., d = 30, gmin may be increased to (d + 3)/2.
Finally, note that this choice is highly dependent on the
physical error rate p .

b. Distribution of postselected angles

The distribution of postselected angles can again be eas-
ily obtained by adapting the equations derived for monitor
qubits,

pgap(ω) = p(ω | g ≥ gmin)

= p(g ≥ gmin |ω)∫ π
|ω|=0 p(g ≥ gmin |ω)dω ,

p(g ≥ gmin |ω) is the acceptance probability given a cer-
tain defect angle ω. This quantity is obtained by Monte
Carlo simulations and the results are plotted in Fig. 14
(left).
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c. Resulting logical error rate

The main difference between the complementary-gap
and the monitor-qubit schemes is that the former addi-
tionally shrinks the logical error rate of the postselected
instances. This is because rejecting small complementary
gaps highly improves the confidence of the decoder thus
enhances its performance. We show such error reduction in
Fig. 14 (right). The data are obtained with the usual proce-
dure described in Appendix G, the only subtlety being than
for every instance of the Monte Carlo simulation, the code
is reset and new errors are injected until a complementary
gap higher than gmin is observed.

APPENDIX K: DEFECT RESISTANCE

Here, we rigorously estimate the logical error rate per
d stabilizer cycles P̃L associated with the displacement of
a snake from an initial location to a final location in the
device. In particular, we aim to express it as a function of
PL, the static logical error rate per d stabilizer cycles. This
PL is the quantity that is normally used as a target error rate
to run a predefined algorithm, generally ranging between
10−10 and 10−15. However, our architecture extensively
makes use of long shuttles, with possible shuttling failures
and rerouting due to defects, thereby potentially modify-
ing the raw value of the error rate. In particular, we use
a shuttling link deactivation rate of 10%, which is set by
hyperparameters in the defect-detection protocols based on
monitor qubits and complementary gap.

For this purpose, we assume that, to travel from its initial
to its final location, a snake has to attempt a collection of
paths, indexed by i. We then define the following events:

(a) log: a logical error occurred
(b) Ri: the ith path is rejected due to the detection of a

defect
(c) R̄i: the ith path is accepted

The probability of logical error occurring on any of these
paths is

P̃L =
∑
i≥1

P

⎛
⎝log |

i−1⋂
j =1

Rj ∩ R̄i

⎞
⎠ × P

⎛
⎝ i−1⋂

j =1

Rj ∩ R̄i

⎞
⎠

=
∑
i≥1

(
(i − 1)P(log | R1)+ P(log | R̄1)

)

× 0.1i−1 × 0.9.

In the first equation, we are decomposing the probability
of a logical failure depending on the number of attempted
paths (trying i paths amounts to rejecting i − 1 paths and
accepting the ith one). Then, when i paths are tried, a log-
ical error can occur at any of the i − 1 rejections, which is
P(log | R1); or it can occur on the accepted path, which is

P(log | R̄1). Note that we are here assuming that, for low
enough error rates, the probability of two logical errors is
negligible. The final factors correspond to the probability
of having i − 1 rejected paths and 1 accepted path.

Using geometric series formulae, one obtains

P̃L = 1
9
P(log | R1)+ P(log | R̄1). (K1)

Now, P(log | R1) corresponds to the probability of a log-
ical error given that a defect was detected on the chosen
shuttling path. This is handled by the snake-surgery proto-
col of Sec. III C, where it was shown that the subsequent
error rate was that of a normal lattice surgery, i.e., of d
rounds of stabilizer measurements on a static snake. In
other words

P(log | R1) = PL. (K2)

Notably, the accumulated errors stemming from the
attempt of multiple paths only represent a small fraction of
the normal logical error rate PL. This is due to the relatively
low rate of false positives we set.

P(log | R̄1) however is slightly more complicated to
evaluate. It quantifies the probability of a logical failure
given that the path was accepted. The main source of error
in this case arises from the no-detection of a defect on the
accepted path. This probability is thus conditional on the
defect rate ρ (per d stabilizer cycles) and the performance
of the detection strategies. Using the notations from the
previous sections, one can write

P(log ∩R̄1) =
∫ π

|ω|=0
p(log ∩ω ∩ M̄ ∩ Ḡ)dω,

where M and G are events respectively indicating that
the monitor qubits or complementary gap rejected a given
path. R̄1 = M̄ ∩ Ḡ as a path is only accepted if it passed
both the monitoring and complementary-gap filters. Addi-
tionally, we decomposed the probability depending on the
defect angle ω. Then,

P(log ∩R̄1) =
∫ π

|ω|=0
P(log |ω ∩ M̄ ∩ Ḡ)× p(ω | M̄ ∩ Ḡ)

× P(M̄ ∩ Ḡ)dω.

The first factor is the probability of a logical failure on
a shuttling link that passed all detection tests and that
induces a rotation by an angle ω. The second factor is
the distribution of postselected angles ω after both filter-
ing protocols. Finally, the third term is the probability of
accepting a path, i.e., 0.9.
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The second term contains two contributions, conditional
on the presence of a defect or not,

p(ω | M̄ ∩ Ḡ) = (1 − ρ)δ(ω)+ ρpboth(ω).

Here, δ is the Dirac function, indicating that the absence
of a defect corresponds to a phase shift ω = 0. pboth is the
probability density of postselected angles by both detection
techniques in the presence of a defect.

Eventually, one gets

P(log ∩R̄1)

= 0.9 × (1 − ρ)× P(log |ω = 0 ∩ M̄ ∩ Ḡ) (K3)

+ 0.9 × ρ ×
∫ π

|ω|=0
P(log |ω ∩ M̄ ∩ Ḡ)pboth(ω)dω.

(K4)

The probability in the first term [Eq. (K3)] is the proba-
bility of a logical error given that a snake travelled through
a nondefective shuttling link that was correctly declared as
nondefective. This probability is significantly smaller than
PL, as the rejection stemming from the complementary-gap
scheme highly improves the resulting error rates [Fig. 14
(right)],

P(log |ω = 0 ∩ M̄ ∩ Ḡ) � PL. (K5)

The probability appearing in the second term [Eq. (K4)]
however corresponds to the error-prone case of an unde-
tected defect and is pondered by the distribution pboth of
postselected defect angles ω. Defining

P(ω) = P(log |ω ∩ M̄ ∩ Ḡ),

one can finally write the final form of P̃L,

P̃L = 1
9

PL + ρ ×
∫ π

|ω|=0
P(ω)pboth(ω)dω. (K6)

The first term is the probability that a logical error occurs
while rejecting shuttling links via snake surgery, and the
second term describes the impact of an undetected defect.
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