Thresholds, expectation thresholds and cloning

Tomasz Przybytowski Oliver Riordan

Submitted: Feb 22, 2024; Accepted: Oct 24, 2024; Published: TBD
(© The authors. Released under the CC BY license (International 4.0).

Abstract

Let p. and g. be the threshold and the expectation threshold, respectively, of
an increasing family F of subsets of a finite set X, and let [ be the size of a largest
minimal element of F. Recently, Park and Pham proved the Kahn-Kalai conjecture,
which says that p. < Kg.log, ! for some universal constant K. Here, we slightly
strengthen their result by showing that p. < 1 — e K%o82! The idea is to apply
the Park—Pham Theorem to an appropriate ‘cloned’ family Fj, reducing the general
case (of this and related results) to the case where the individual element probability
p is small.

Mathematics Subject Classifications: 60C05

1 Introduction

Given a finite set X and p € [0,1], let X, be the random subset where each element is
included with probability p, independently of the others; we call this a p-random subset
of X for short. A family F C P(X) is increasing (or an up-set) if A€ Fand AC BC X
implies B € F. Throughout, F will denote a non-trivial increasing family, so F # @,
P(X).

Let G C P(X). Following (to some extent) the terminology in [5], for ¢ € [0, 1], we
define the g-cost of G to be

costy(G) :=> ¥ =E[{S €G: 5 C X}
Seg
We say that G is ¢-cheap if cost,(G) < % We say that G covers F if
F (G = J{T:T 25},
Seg

i.e., if F is contained in the up-set generated by G, and that G is a g¢-cheapest cover of F
if it has minimal ¢-cost among all covers of F. Of course, such a G may not be unique.
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The threshold of F is the unique p, € (0,1) such that P(X, € F) = i. Following
Kahn and Kalai [3], the ezpectation threshold of F is defined to be

¢c(F) :=sup{q € [0,1]: there exists a g-cheap cover of F}.

Kahn and Kalai noted that ¢. easily (by applying the union bound) gives a lower bound
on p.. Strikingly, they conjectured, and Park and Pham [5] proved, that a not-too-large
multiple of g. provides an upper bound on p.. Let I(F) be the size of a largest minimal
element of F.

Theorem 1 ([5]). There is a universal constant K such that for every finite set X and
non-trivial increasing family F C P(X) with [(F) > 2,

4e(F) < pe(F) < Kqe(F)logy I(F). (1)

In [1], a slightly simpler version of the proof from [5] is given, which yields K < 16
(or K < 11if [(F) > 4). The arguments in [5, 1] easily give the stronger bound

Pe(F) < 1= (1 — Kqo(F))=7), (2)
whenever ¢.(F) < 1/K. Our aim is to strengthen this bound even further.

Theorem 2. Let K be the universal constant from Theorem 1. Then for every finite
set X and non-trivial increasing family F C P(X) with I(F) = 2,

pc(f) <1-— e*K(]c(]‘—) 10%21(]'—)_ (3)

Since e™™ > (1 — x)¥ > 1 — 2y, the bound (3) does indeed imply (2) and (1). The
strategy of the proof is simply to apply Theorem 1 to an appropriate transformed fam-
ily F%. The main ingredient is a ‘cloning’ lemma showing that the expectation threshold
changes as expected under this transformation.

The improvement in (3) comparing with (2) is most significant when Kg¢. is relatively
large. In particular, (2) gives no information when Kgq. > 1. However, as pointed out by
Keith Frankston!, in this case neither does (3), because of the trivial bound p, < 27/
obtained by considering a single minimal element of F. This trivial bound is strictly
stronger than (3) already when [ > 3 and Kq. > 1. Thus it is far from clear that
Theorem 2 will have any applications. Nevertheless, we hope that the method of proof is
interesting, namely using a ‘cloning’ lemma to transfer results from the small p regime to
general p.

2 The k-cloned model

Let F C P(X) be a non-trivial increasing family, and let k be a positive integer. In-
formally, we define the k-cloned version of F as follows: instead of performing a single
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experiment for each x € X to determine whether z € X,,, we perform k experiments,
declaring x € X, if and only if at least one of (z,1),...,(z, k) is present in the corre-
sponding random subset Y, of Y = X x [k]. Then F, will be the set of subsets of YV’
corresponding to F.

Formally, we define the k-cloned family F;, C P(X X [k]) to be

Fr={S C X x [k] : m(5) € F},

where m: X X [k] — X is the projection onto the first coordinate, and 7(S) denotes the
image of a set S under 7. Since F is increasing and non-trivial, so is F.

If Y, is a p-random subset of X x [k], then 7(Y}) is a (1 — (1 — p)¥)-random subset of
X. It is thus immediate that

Pe(F) =1 = (1= pe(Fi))"- (4)

If every cheapest cover H of F arose in the natural way (see below) from a cheapest
cover of F, there would be a simple relationship between the expectation thresholds of F
and Fj. Although the former does not hold in general, the latter does.

Lemma 3. Let k be a positive integer and let F be a non-trivial increasing family of

subsets of a finite set X. Then
1

Proof. For the lower bound, let G be a ¢-cheap cover of F. It suffices to construct a
(q/k)-cheap cover of F.

Given S C X let

QC(fk') =

W(S) = {S' C X x [k]: 7(S') = S and |S'| = ||} (5)

be the set of minimal pre-images of S under 7. Note that |¥(S)| = k!¥!) since we must
choose one (z,7) € X x [k] for each x € S. Let

M= (). (6)

Seg

It is immediate that H C P(X x [k]) is a cover of Fi. Indeed, if A € Fj, then w(A) € F
and hence there is B € G such that 7(A) O B. Then A € (¥(B)) C (H). Furthermore,

S|

COStq/k(H)ZT;{( )Tl Z Z < ) SZ:Eng (%) = cost,(G).

SeG Tew(S)

Since G is g-cheap, H is (¢/k)-cheap. Hence q.(Fy) > %qc(}").

Turning to the upper bound, let H be an arbitrary g-cheap cover of F. It suffices to
deduce the existence of a kg-cheap cover of F. For this we use an averaging argument,
over all kX copies of X living inside X x [k].
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Formally, for X’ € ¥(X) let Hx» = P(X’) N H. Observe that Hyxs is a cover of
(X') N Fi. The projection 7 induces an inclusion- and size-preserving bijection from
(X') to P(X). Hence, n(Hx) is a cover of F and cost,(Hy/) = cost,.(m(Hx)) for any
€ [0,1].

A set § C X x [k] is contained in some X' € ¥(X) if and only if S contains no
‘duplicates’ (two elements from the same fibre {z} x [k]). In that case, S is contained in
exactly kX715l sets X’ € W(X), since in constructing X’ we have a free choice from each

{z} x [k] where z € X \ w(5). Thus

> costig(Hx)= > > (k1= (kg)¥ > 1(SCX)

P(X’
P(X
,

X'e¥(X) X'eW(X) SEH y/ SeH X'e¥(X)
< (g STRIXI7IS! = BIX1ST glS) — i ¥loost, (1),
SeH SeH

Therefore there is some X’ € U(X) such that costr,(Hx:) < costy(H). Then m(Hx)
is a kq-cheap cover of F, as desired. O

We are now ready to prove Theorem 2.

Proof of Theorem 2. Consider the k-clone Fj of F for k£ > m.
Park—Pham result, Theorem 1, to F; and then using Lemma 3 we have

Applying the

o(F
Pe(Fr) < Kqo(Fy) logy [(Fr) = K (k ) log, I(F),
since [(Fx) = [(F). Applying (4) we deduce that
o(F ’
pe(F) <1— (1 - K1 (k ) logzl(]:)) .
Taking the k£ — oo limit yields the result. O

3 Discussion

The proof of Theorem 2 is based on ‘scaling’ the bound (1) up from the sparse case. Since
we can take our cloning factor k to be arbitrarily large, only the asymptotic behaviour
of (1) near zero matters. In particular, we obtain exactly the same final result if we
start from (2) instead. More generally, to deduce (3) we only need the bound p.(F) <
(K + 0(1))qe(F)logy L(F) as q.(F) — 0 with I(F) fixed.

At first sight, it might seem ‘obvious’ that ¢.(Fx) = ¢.(F)/k, since one might ex-
pect every g-cheapest cover of F arises from a g-cheapest cover of F via the cloning
procedure in (5) and (6). However, this is not true in the general case. For F =
{{1,2,3},{1,2},{1,3}} we have ¢.(F2) = 1/4 and F, admits a 1/4-cheapest cover not
arising in this way.
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Related to this, one might expect that if F is symmetric under the action of some
group G on the ground-set X, then for every ¢ € [0, 1] it has a ¢g-cheapest cover which has
the same symmetry. This again is not true in general. Let F consist of all subsets of a
5-element set having size at least 4. Then one can check that all g.-cheapest covers take
the form {{i, j, k,(},{i, j,m},{k,l,m}}, which does not have the full symmetry of F.

Finally, we note that obvious modifications to the proof of Lemma 3 show that the
fractional expectation threshold gs defined in [2, 6], which behaves better with respect to
symmetry, scales under cloning in the same way that ¢. does: we have ¢ (Fy) = ¢:(F)/k.

Since the first version of the current paper was written, B. Park and J. Vondrak [4]
have proved a non-uniform version of the Park—Pham theorem. They suggest that the
‘cloning’ procedure described above gives an alternative proof of their result, but with
worse constants. However, starting from their Theorem 1, one can apply the cloning
procedure (adapted in the natural way to the non-uniform setting) to deduce the (very
slightly) stronger bound p, = 1 — e~%(*°822D]+7) Tn other words, our reduction can also
be combined with their result.
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