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Abstract

This thesis makes several contributions to the representation theory of affine Hecke

algebras and related topics:

• We show that there is an equivalence of triangulated categories relating certain

(dg-)modules over affine Hecke algebras with certain categories of constructible

sheaves. This can be viewed as a derived version of the celebrated Deligne-

Langlands correspondence.

• We provide a new algorithm that computes the canonical basis in any quantum

group of finite ADE type or equivalently the stalks of perverse sheaves on

a corresponding moduli space of quiver representations. In type A, this also

encodes the composition multiplicities of the standard modules for the affine

Hecke algebra of GLn and we show further how this algorithm can be extended

to compute the dimensions of the simple modules.

• We construct a geometric realization of any affine Hecke algebra of simple type

with two unequal parameters via equivariant algebraic K-theory. This can

be viewed as an extension of a classical theorem due to Kazhdan-Lusztig and

Ginzburg which provides such a realization in the equal parameter setting.
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Chapter 1

Introduction

Affine Hecke algebras are certain deformations of group algebras associated to affine

Weyl groups. These algebras arise in various different places throughout Lie theory,

but they are probably most well-known for their role in the representation theory of

p-adic groups. In fact, for each split p-adic group G there is a (specialized) affine

Hecke algebra Haff
q0

such that the category of Haff
q0
-modules is equivalent to the cate-

gory RepI(G) of smooth G-representations that are generated by their Iwahori-fixed

vectors [21]. Thus, the representation theory of affine Hecke algebras is of considerable

interest. In their groundbreaking work, Kazhdan and Lusztig were able to classify

the irreducible representations of affine Hecke algebras (with equal parameters) by

geometric data on the complex reductive group G whose root datum is dual to that

of G [41]. This is often phrased as a finite-to-one map

Irr(Haff
q0
)→ {(s, n) ∈ G×N | s semisimple, s · n = q0n}/G (1.1)

known as the Deligne-Langlands correspondence, and it can be understood as a special

case of the celebrated local Langlands conjectures. Here N ⊂ g is the variety of

nilpotent elements also known as the nilpotent cone. The tuples (s, n) are also called

‘Langlands parameters’.

A derived Deligne-Langlands correspondence

One of the main results of this thesis lifts the Deligne-Langlands correspondence to an

equivalence of triangulated categories (Chapter 3). For this, it is useful to rephrase the

Deligne-Langlands correspondence in a geometric language involving perverse sheaves

(c.f. [24]): We denote by Haff
C,q the (complexified) affine Hecke algebra with generic

paramter q. The semisimple element s ∈ G in a Langlands parameter corresponds to
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the choice of a central character

χs,q0 : Z(Haff
C,q)→ C.

We can then consider the corresponding variety of Langlands parameters

N (s,q0) = {n ∈ N | s · n = q0n}

with fixed semisimple part s. A key result in [24] relates representations of Haff
C,q

with central character χ(s,q0) to the category of constructible sheaves Db
c(N (s,q0)) and

in particular the category of perverse sheaves Perv(N (s,q0)) ⊂ Db
c(N (s,q0)). More

specifically, there is a certain semisimple complex S(s,q0) ∈ Db
c(N (s,q0)) (which means

that S(s,q0) is a direct sum of shifts of simple perverse sheaves) such that there is an

isomorphism

Haff
C,q/(ker(χ(s,q0)))

∼= Hom∗(S(s,q0),S(s,q0)). (1.2)

It can be deduced from this that there is a bijection

Irr(Haff
C,q/(ker(χ(s,q0))))

1:1←→ {X ∈ Irr(Perv(N (s,q0))) | X appears in S(s,q0)}.

This can be viewed as a perverse sheaves version of the more combinatorial Deligne-

Langlands correspondence from (1.1). In fact, one can associate to any (equivariant)

simple perverse sheaf on N (s,q0) a G(s)-orbit and picking any point n in that orbit

yields a pair (s, n) which is the Langlands parameter associated to that simple perverse

sheaf. Let

DSpr(N (s,q0)) := ⟨S(s,q0)⟩∆,A

be the smallest full triangulated subcategory of Db
c(N (s,q0)) which contains S(s,q0) and

is closed under shifts and direct summands. We will prove the following derived

version of the Deligne-Langlands correspondence.

Theorem. (Theorem 3.5.4)

There is an equivalence of triangulated categories

Dperf(Haff
C,q/(ker(χ(s,q0)))− dgMod) ∼= DSpr(N (s,q0))op

which identifies S(s,q0) with the free dg-module Haff
C,q/(ker(χ(s,q0))). Here we consider

Haff
C,q/(ker(χ(s,q0))) as a dg-algebra with vanishing differential and grading induced by

the Hom∗-grading in (1.2).
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We briefly explain the strategy of the proof of this theorem. By standard dg-

techniques, there is an abstract dg-algebra R such that

Dperf(R− dgMod) ∼= DSpr(N (s,q0))op

and

H∗(R) ∼= Hom∗(S(s,q0),S(s,q0)).

Thus, the main content of the theorem above is that the dg-algebra R can be replaced

with its cohomology which is known as ‘formality’. To prove formality, we first reduce

to varieties over a field of positive characteristic using the ‘De F à C’ technique
from [11]. Then all relevant sheaves can be equipped with a canonical Frobenius

action. We show by explicit computation that this action is ‘pure’ which means

that its eigenvalues are of a specific form. It can then be shown that this purity

implies formality in a fairly general setting which completes the proof of our derived

Delinge-Langlands correspondence.

The idea that purity implies formality goes back to [28, 29]. However, there are

several technical problems one has to deal with to obtain a “purity implies formal-

ity” result in a general setting as we use it: one difficulty that arises is that the

constructible derived category Db
c(X) = Db

c(X,Qℓ) is not a genuine derived category,

at least in its standard definition [11, 28]. In particular, Db
c(X,Qℓ) is not naturally

dg-enhanced in this setting. It is shown in [54] that this problem can be solved by

working with a dg-enhancement of Db
c(X,Qℓ) arising from an alternative construc-

tion of the constructible derived category with integral coefficients Db
c(X,OE) [31,43].

There is yet another construction of Db
c(X,Qℓ) coming from the pro-étale topology

introduced in [19] which is the most natural setting for dg-purposes. In fact, in

the pro-étale topology, the constructible derived category Db
c(X,Qℓ) does arise as a

full triangulated subcategory of a genuine derived category and thus it is naturally

dg-enhanced. For this reason, we choose to work with Db
c(X,Qℓ) in its pro-étale real-

ization (which will be reviewed in Section 3.3.3). To get a “purity implies formality”

result, one also has to lift the Frobenius action on morphisms of sheaves to the dg-

level as in [54, Appendix A]. We explain a variant of this Frobenius lifting argument

in Section 3.3.4. Once the Frobenius action is lifted to the dg-level, formality will be

a consequence of an algebraic result in [54, Theorem B.1.1]. While it would certainly

be possible to directly apply the results from [54] in our setting without referring to

the pro-étale topology, we hope that our alternative approach clarifies some of the

technical difficulties.
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Canonical bases and composition multiplicities

The geometric methods employed in the proof of the Deligne-Langlands correspon-

dence also allow to construct representations of Haff
q0
. In fact, for each Langlands

parameter (s, n), there is a corresponding ‘standard module’ which can be realized

geometrically as the Borel-Moore homology of a certain ‘Springer fiber’. The irre-

ducible representations of the affine Hecke algebra then appear as quotients of these

standard modules. Thus, to study simple modules via standard modules one has to

compute the composition multiplicities of the standard modules. It is known that

these multiplicities are encoded in the stalks of the (equivariant) simple perverse

sheaves on N (s,q0).

In the GLn-case, it turns out that the variety N (s,q0) can also be interpreted as

a moduli space of quiver representations for a type A quiver (when q0 is not a root

of unity). Such moduli spaces are nice for computations since all irreducible local

systems on their orbits are trivial and if the quiver is of finite ADE type, there are

only finitely many orbits. We will therefore consider moduli spaces of finite ADE

type quivers.

Let I be an indexing set for the vertices of such a finite ADE type quiver. We can

then consider the positive part of the corresponding quantum group U+ with standard

generators {Ei | i ∈ I}. This is a certain quantized version of the positive part of

the universal enveloping algebra. The algebra U+ admits several standard bases of

PBW type, but it was observed by Lusztig [48] that U+ also admits a canonical basis.

Moreover, it is known that the change of basis between the standard basis Bstd and

the canonical basis Bcan is encoded in the stalks of the (equivariant) simple perverse

sheaves on the corresponding moduli space of quiver representations. Thus, in type

A, the following problems are equivalent:

• Compute the change of basis between the standard basis Bstd and the canonical

basis Bcan;

• Compute the stalks of the (equivariant) simple perverse sheaves on N (s,q0);

• Compute the composition multiplicities for the standard modules overHaff
C,q with

central character χs,q0 .

Our main result in Chapter 4 is a new algorithm that computes the change of

basis between Bstd and Bcan in U+ for any quiver of finite ADE type, thus providing

a solution to the above problems. The algorithm is inspired by the Lusztig-Shoji
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algorithm [45, 62] which computes stalks of perverse sheaves on the nilpotent cone.

At the heart of the Lusztig-Shoji algorithm lies a Gram-Schmidt type procedure

which is applied to a certain Ext-pairing on perverse sheaves. In the quantum groups

setting, the replacement for the Ext-pairing is the standard bilinear form

(·, ·) : U+ × U+ → Q(v)

defined in [49, 1.2.3]. One of our main results is a new explicit formula for this

bilinear form on monomials in the generators {Ei | i ∈ I} (Corollary 4.3.11). The

formula is combinatorial, but its proof relies on some explicit computations with

perverse sheaves. In principle, the bilinear form on U+ can also be computed from

its recursive definition (see also the closed formula in [56]) but our new formula has

the advantage that it applies to more general geometric situations (Theorem 4.3.9).

We can now pick a basis Bmon of U+ consisting of monomials. Our new formula for

the standard bilinear form allows us to explicitly compute the matrix Ψ representing

the standard bilinear form with respect to Bmon. The following algorithm explains

how to compute the standard and the canonical basis from the matrix Ψ.

Algorithm. (Algorithm 4.3.12)

1. Compute the matrix Ψ using the formula from Corollary 4.3.11;

2. Compute the decomposition Ψ = LDLT using the Gram-Schmidt procedure

(where L is lower unitriangular and D is diagonal);

3. Compute the unique decomposition L = QP (where Q and P are lower unitri-

angular matrices with entries below the diagonal in Z[v + v−1] and v−1Z[v−1]

respectively).

Output: P,Q (change of basis matrix between Bstd and Bcan resp. Bcan and Bmon).

We will execute this algorithm in a few examples to compute canonical bases in

type A as well as the corresponding composition multiplicities of standard modules

for the affine Hecke algebra of GLn. We will also extend these methods to compute

the dimensions of the corresponding simple modules. In fact, these dimensions can be

interpreted geometrically as counting multiplicities of simple perverse sheaves in the

semisimple complex S(s,q0) ∈ Db
c(N s,q0) [24]. Using the identification of N (s,q0) with a

moduli space of quiver representations, the sheaves S(s,q0) correspond to certain ele-

ments in U+. Decomposing the sheaves S(s,q0) into simples can then be reduced to an

Ext-computation which we perform using a variation of our formula for the standard
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bilinear form on monomials. We spell out this extended algorithm for computing

dimensions of simple modules in more detail in Algorithm 4.5.10. As an example,

we compute the dimensions of certain simple modules for the affine Hecke algebra of

GL4 in Example 4.5.11.

Affine Hecke algebras with unequal parameters

So far, we have only considered affine Hecke algebras with a single parameter q. How-

ever, there are also affine Hecke algebras with several unequal parameters which also

play an important role in local Langlands. For example, any irreducible unipotent

representation of a p-adic group in the sense of Lusztig [50] corresponds to a repre-

sentation of an associated affine Hecke algebra which may have unequal parameters.

Given the success of the geometric methods in the equal parameter setting, one might

hope to be able to use similar techniques to study the unequal parameter setting. In

the equal parameter setting, the starting point for most geometric considerations

is the famous realization of the affine Hecke algebra via the equivariant algebraic

K-theory of the so-called ‘Steinberg variety’ Z

KG×Gm(Z) ∼= Haff
q

due to Kazhdan-Lusztig [41] and Ginzburg [24]. It is already mentioned in the in-

troduction of [51] that “the K-theoretic approach seems to run into some serious

difficulties in the general [unequal parameter] case”. Nonetheless, Lusztig was able to

classify unipotent representations of p-adic groups by relating irreducible representa-

tions of affine Hecke algebras with representations of certain graded Hecke algebras.

These graded Hecke algebras do have a geometric interpretation via constructible

sheaves. However, apart from being more technical, the graded Hecke algebra ap-

proach to p-adic groups has the disadvantage that it seems to be less well-behaved on

a categorical level. The K-theory approach on the other hand has received renewed

attention in recent years due to its applications to categorical local Langlands [14]. In

light of this, the goal of finding a K-theory realization of affine Hecke algebras with

unequal parameters remains highly desirable.

In type C, Kato [39] gave a surprising solution to this problem by considering a

certain ‘exotic Springer resolution’ attached to an Sp2n-representation

W = V (ϵ1)⊕ V (ϵ1 + ϵ2)⊕ V (ϵ1 + ϵ2).
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Note that there is a natural Sp2n ×G3
m-action on W where each copy of Gm acts by

scaling one of the three summands. One of the main results of [39] then states that the

Sp2n×G3
m-equivariant K-theory of the associated ‘exotic Steinberg variety’ realizes a

certain affine Hecke algebra with three unequal parameters. This suggests that affine

Hecke algebras with unequal parameters should arise more generally fromK-theory by

considering direct sums of representations and their ‘Springer resolutions’. The main

difficulty here is to find an appropriate representation and Springer resolution that

yield the correct relations in algebraic K-theory. Unfortunately, outside of type C,

there are no obvious candidates for complex representations that give rise to relations

that resemble those of the affine Hecke algebra.

Surprisingly, the situation improves when passing to small positive characteristic.

More specifically, we will show in Chapter 5 that any affine Hecke algebra of simple

type with two unequal parameters has a realization via equivariant algebraic K-

theory by exploiting the anomalous behavior of the adjoint representation in small

characteristic. In [40] Kato already makes the observation that the exotic Springer

resolution is related to small characteristic phenomena, but outside of type C, this

connection hasn’t been explored further in the literature thus far.

The starting point for our construction is a classical result due to Hogeweij and

Hiss [35,36] which states that for any simple algebraic group G in characteristic p = 2

or p = 3 (depending on the type of G) there is a subrepresentation gs ⊂ g whose

non-zero weights are precisely the short roots. We then consider a certain ‘Springer

resolution’ Ṽ → V where

V := gs ⊕ g/gs.

We equip V (and the associated ‘Steinberg variety’ Z) with a natural G×Gm×Gm-

action where each copy of Gm acts by scaling one of the summands of V . Note

that V has the same weights as g, namely the roots of G. This will allow us to

prove the following geometric realization of the affine Hecke algebra with two unequal

parameters Haff
qs,ql

associated to G.

Theorem. (Theorem 5.3.12)

There is an isomorphism of algebras KG×Gm×Gm(Z) ∼= Haff
qs,ql

.

We also conjecture that graded Hecke algebras with unequal parameters can be

realized in a similar fashion by replacing equivariant K-theory with equivariant Borel-

Moore homology (see Conjecture 5.4.2).
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Chapter 2

Affine Hecke algebras and their
representations

In this chapter, we recall a few algebraic and geometric constructions related to affine

Hecke algebras culminating in the statement of the celebrated Deligne-Langlands

correspondence. The reader that is familiar with these classical results may skip to

the next chapter.

2.1 Affine Hecke algebras and p-adic groups

Fix a root datumR = (X∗, X∗,Φ,Φ
∨) with Weyl groupW and fix a system of positive

roots Φ+ ⊂ Φ with simple roots Π ⊂ Φ+. Throughout this thesis, q will denote the

variable in the ring of Laurent polynomials Z[q, q−1].

Definition 2.1.1. The affine Hecke algebra (with equal parameters) Haff
q = Haff

q (R)
associated to R is the Z[q, q−1]-algebra with basis {Tweλ | w ∈ W,λ ∈ X∗} and

multiplication rules

(i) T 2
sα = (q − 1)Tsα + q α ∈ Π,

(ii) TwTw′ = Tww′ l(ww′) = l(w) + l(w′),

(iii) eλeµ = eλ+µ λ, µ ∈ X∗,

(iv) eλTsα − Tsαe
sα(λ) = (q − 1) e

λ−esα(λ)

1−e−α α ∈ Π, λ ∈ X∗,

where Tw := Twe
0 and eλ := Tee

λ.

Note that the Tw (w ∈ W ) span a subalgebra Hq ⊂ Haff
q which is the (finite)

Hecke algebra associated to W . Similarly, the eλ (λ ∈ X∗) span a subalgebra of Haff
q

8



isomorphic to the group algebra Z[q, q−1][X∗]. We will also consider the complexified

affine Hecke algebra

Haff
C,q := Haff

q ⊗Z C.

Moreover, we can specialize the affine Hecke algebra at any parameter q0 ∈ C×:

Haff
q0

:= Haff
C,q/(q − q0).

Here are some well-known algebraic properties of the affine Hecke algebra.

Lemma 2.1.2. [24,47]

(i) The center of the affine Hecke algebra is

Z(Haff
q ) = Z[q, q−1][X∗]W ,

Z(Haff
C,q) = C[q, q−1][X∗]W .

(ii) The affine Hecke algebra Haff
q (resp. Haff

C,q) is a free Z(Haff
q )-module (resp.

Z(Haff
C,q)-module) of rank |W |2.

The (complex) representation theory of affine Hecke algebras is of considerable

interest due to its connection with the representation theory of p-adic groups which

we now briefly recall.

Let F be a non-archimedian local field with ring of integers OF and residue field

κF . Let G be a split reductive group over F and consider the corresponding p-adic

group G(F ) which is the group of F -points of G. A central problem is to classify

and construct the irreducible smooth representations of G(F ). For this, it is useful

to consider fixed-vectors with respect to some interesting compact open subgroups of

G(F ). One such subgroup is the so-called Iwahori subgroup I ⊂ G(F ) which can be

thought of as a p-adic analogue of the Borel subgroup of a reductive algebraic group.

In fact, if G is simply connected, I is precisely the preimage of the Borel subgroup

B(κF ) ⊂ G(κF ) under the projection G(OF ) → G(κF ). The following theorem due

to Borel and Casselman provides a correspondence between representations of affine

Hecke algebras and p-adic groups.

Theorem 2.1.3. [21] Let R be the root datum dual to the root datum of G. Then

there is a bijection

{V ∈ Irrsm(G(F )) | V I generates V } 1:1←→ Irr(Haff
|κF |)

where Haff
|κF | is the affine Hecke algebra with root datum R specialized at |κF | ∈ C×.
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Remark 2.1.4. This bijection can also be upgraded to an equivalence of categories:

The category of smooth G(F )-representations Repsm(G(F )) breaks into so-called Bern-

stein blocks and there is a unique ‘principal block’

Rep0
sm(G(F )) ⊂ Repsm(G(F ))

which contains the trivial representation. The bijection from Theorem 2.1.3 then lifts

to an equivalence of categories

Rep0
sm(G(F )) ∼= Haff

|κF | −Mod .

Motivated by the Borel-Casselman equivalence, one would like to parametrize and

construct the irreducible representations of affine Hecke algebras. This problem was

solved by Kazhdan-Lusztig and Ginzburg using geometric methods and we will review

their results in the following sections.

2.2 Equivariant K-theory and the Kazhdan-Lusztig

isomorphism

Let H be a complex linear algebraic group and X a quasi-projective H-variety. We

denote by CohH(X) the category of equivariant coherent sheaves on X and the equiv-

ariant algebraic K-theory of X by

KH(X) := K0(Coh
H(X)).

Let X be smooth and consider the projections pij : X × X × X → X × X onto

the i-th and j-th factor (1 ≤ i < j ≤ 3). Then for any H-stable closed subvarieties

Z12, Z23 ⊂ X ×X, there is a convolution operation (c.f. [24, (5.2.21)])

KH(Z12)×KH(Z23)→ KH(Z12 ◦ Z23)

where

Z12 ◦ Z23 := p13(p
−1
12 (Z12) ∩ p−1

23 (Z23)).

We will review the construction of this convolution operation and the basic properties

of equivariantK-theory in more detail in Chapter 5. For the remainder of this section,

we recall how affine Hecke algebras arise from equivariant K-theory.

Let G be a complex reductive group with simply connected derived subgroup. Let

B ⊂ G be a Borel subgroup and let B := G/B be the flag variety. We denote by g

10



(resp. b) the Lie algebra of G (resp. B). Let n = [b, b] and let N ⊂ g the nilpotent

cone of G. The Springer resolution is the space

Ñ := G×B n ∼= {(gB, x) ∈ B ×N | g−1 · x ∈ b}

This comes with the two projections

Ñ

B N .

π µ (2.1)

The maps π and µ are G×Gm-equivariant where t ∈ Gm acts by scaling with t−1 on

N (resp. n) and trivially on B. Let

Z = Ñ ×N Ñ = {((g1B, x1), (g2B, x2)) ∈ Ñ × Ñ | x1 = x2}

be the Steinberg variety. It is straightforward to check that

Z ◦ Z = Z.

Hence, convolution equips KG×Gm(Z) with the structure of a Z[q, q−1]-algebra where

multiplication by q corresponds to tensoring with the irreducible weight 1 represen-

tation of Gm. The following theorem is the key result that builds a bridge between

affine Hecke algebras and the geometry of the Steinberg variety.

Theorem 2.2.1. [24,41] There is an isomorphism of Z[q, q−1]-algebras

Haff
q
∼= KG×Gm(Z).

Under this isomorphism, the center Z(Haff
q ) corresponds to KG×Gm(pt).

2.3 Constructible and perverse sheaves

For any variety X, we can consider the derived category of constructible sheaves

Db
c(X) with complex coefficients. When X is defined over the complex numbers, this

category is often constructed using sheaves on the associated complex analytic space

X(C). However, for technical reasons, we will also have to consider varieties (and

schemes) which are not defined over the complex numbers. Thus, we will use the

ℓ-adic version of the constructible derived category

Db
c(X) := Db

c(X,Qℓ)
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coming from the (pro-)étale topology as defined in [11, 19, 28]. Here ℓ is a prime

number which is coprime to the characteristic of X. We will also occasionally consider

the constructible derived category with respect to other coefficient systems (e.g. with

Fℓ or Zℓ cofficients) but we will reserve the notation Db
c(X) for Qℓ coefficients.

Remark 2.3.1. Note that we can pick an isomorphism C ∼= Qℓ, so Db
c(X) can still

be considered as a construcible derived category with complex coefficients.

The construction of the category Db
c(X) will be reviewed in more detail in Sec-

tion 3.3.3. For now, we summarize a few of its basic properties and fix some notation.

The constructible derived category comes equipped with the usual 6 (derived) oper-

ations

(f ∗, f∗), (f!, f
!), (⊗L,RHom)

associated to any morphism of varieties f : X → Y . These are pairs of adjoint

functors which are subject to many useful identities (e.g. base change, projection

formula, ...). We denote the constant sheaf on X by 1X and the dualizing complex by

ωX := a!1pt where a : X → {pt} is the structure map. The Verdier duality functor

will be denoted by D := Hom(−, ωX). We will write

Homi(F ,G) := HomDb
c(X)(F ,G[i]).

The cohomology and (Borel-Moore) homology of X are defined as

H i(X) := Homi(1X ,1X)

Hi(X) := Hom−i(1X , ωX).

The category Db
c(X) comes equipped with a standard t-structure whose heart is de-

noted by Shc(X). There is a full subcategory of ‘local systems’ Loc(X) ⊂ Shc(X)

and if X is connected, Loc(X) is equivalent to the category of continuous finite-

dimensional Qℓ-representations of the étale fundamental group πét
1 (X).

There is also a non-standard t-structure on Db
c(X) called the perverse t-structure

which is defined by

F ∈ pDb
c(X)≥0 ⇔ dim suppH−iF ≤ i ∀i ∈ Z

F ∈ pDb
c(X)≤0 ⇔ dim suppH−iDF ≤ i ∀i ∈ Z.

(2.2)

Its heart will be denoted by Perv(X). If X is smooth and connected, we have

ωX = 1X [2 dimX]
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and hence D(1X [dimX]) = 1X [dimX]. Comparing with (2.2), we see that

CX := 1X [dimX]

is a perverse sheaf which we call the constant perverse sheaf. More generally, if X is

smooth with connected components X1, ..., Xn, we obtain a constant perverse sheaf

CX :=
n⊕
i=1

1Xi
[dimXi]. (2.3)

In general, the simple objects of Perv(X) can be classified as the so-called intersection

cohomology complexes on X. More specifically, for any smooth connected locally

closed subvariety Y ⊂ X and any irreducible local system ϕ on Y , there is a unique

simple object IC(Y, ϕ) ∈ Perv(X) which is supported on Y and satisfies

H− dimY (IC(Y, ϕ))|Y = ϕ.

Any simple object in Perv(X) is of this form. A very powerful tool in the study of

perverse sheaves is the decomposition theorem.

Theorem 2.3.2. [11] Let f : X → Y be a proper morphism and Z ⊂ X a smooth

locally closed subvariety. Then there is a finite decomposition

f∗ IC(Z,1Z) ∼=
⊕
k

IC(Yk, ϕk)[lk]

where each IC(Yk, ϕk) is a simple perverse sheaf on X and lk ∈ Z.

The decomposition theorem has many useful applications to representation theory.

For example, it can be used to study representation of certain Ext-algebras. To

simplify notation, we will write

ICϕ := IC(Y, ϕ).

Let A be a finite dimensional algebra which can be realized as an Ext-algebra

A ∼= Hom∗(f∗CX , f∗CX)

for a proper morphism f : X → Y with X smooth. Using the decomposition theorem,

we obtain a decomposition

f∗CX = f∗ IC(X,1X) ∼=
⊕
ϕ

ICϕ⊗Vϕ

13



where the Vϕ are finite-dimensional graded vector spaces which are non-zero for only

finitely many ϕ. We now obtain the following (non-grading preserving) isomorphism

of algebras

A ∼=
⊕
k∈Z

Hom

(⊕
ϕ

ICϕ⊗Vϕ,
⊕
ψ

ICψ⊗Vψ[k]

)
∼=
⊕
i,j,k∈Z

⊕
ϕ,ψ

Hom (ICϕ[i], ICψ[j + k])⊗ HomVect(V
i
ϕ, V

j
ψ )

∼=
⊕
k≥0

⊕
ϕ,ψ

Homk (ICϕ, ICψ)⊗ HomVect(Vϕ, Vψ)

=
⊕
ϕ

EndVect(Vϕ)⊕ I

(2.4)

where

I :=
⊕
k>0

⊕
ϕ,ψ

Homk (ICϕ, ICψ)⊗ HomVect(Vϕ, Vψ).

Note that
⊕

k≥0

⊕
ϕ,ψ Hom

k (ICϕ, ICψ)⊗ HomVect(Vϕ, Vψ) comes with a new internal

Ext-grading which makes I into a positively graded ideal. In particular, since A is

finite-dimensional, we see that I is nilpotent. Hence, the maximal semisimple quotient

of A is A/I ∼=
⊕

EndVect(Vϕ). Thus, we obtain the following parametrization of simple

modules as a consequence of the decomposition theorem.

Corollary 2.3.3. The non-zero Vϕ form a complete set of (pairwise distinct) irre-

ducible representation of A.

The theory of constructible and perverse sheaves can also be formulated in an

equivariant setting. LetH be a linear algebraic group acting on a varietyX. Following

[16], one can define the bounded derived category of constructible equivariant sheaves

Db
H,c(X). This also comes with the usual 6 functors where f∗, f

∗, f! and f ! are defined

for H-equivariant morphisms f : X → Y . For any F ,G ∈ Db
H,c(X) we will write

Homi
H(F ,G) := HomDb

H,c(X)(F ,G[i]).

There are equivariant versions of the constant sheaf and the dualizing complex

1X , ωX ∈ Db
H,c(X)

and one can define equivariant cohomology and equivariant (Borel-Moore) homology

of X as

H i
H(X) := Homi

H(1X ,1X)

HH
i (X) := Hom−i

H (1X , ωX).

14



As in the non-equivariant setting, there is a perverse t-structure on Db
H,c(X) and

we will denote its heart by PervH(X). The simple objects of this category can be

classified as equivariant IC-sheaves associated to irreducible equivariant local systems

on smooth locally closed H-subvarieties. There also is a forgetful functor Db
H,c(X)→

Db
c(X) which is exact with respect to the perverse t-structures. If H is connected,

the induced functor PervH(X) → Perv(X) is fully faithful and closed under taking

subquotients (but the whole forgetful functor Db
H,c(X)→ Db

c(X) is not fully faithful

in general).

If X has only finitely many H-orbits, the classification of the simple objects in

PervH(X) is particularly nice. In this case, the equivariant local system on an H-orbit

O ⊂ X correspond to representations of the component group

A(O) = A(x) = Hx/H
◦
x

where x ∈ O is any base point. Then any simple object in PervH(X) is of the form

IC(O, ρ) for some orbit O and ρ ∈ Irr(A(O)). This yields a bijection

Irr(PervH(X))
1:1←→ {(x, ρ) | x ∈ X, ρ ∈ Irr(A(x))}/H. (2.5)

Since the component group A(x) is always finite, this implies that there are only

finitely many simple objects in PervH(X). For more details on the construction and

properties of the equivariant derived category and equivariant perverse sheaves, we

refer to [1, Chapter 6].

2.4 Affine Hecke algebras at a central character

In this section, we discuss a geometric incarnation of the affine Hecke algebra at a

central character using constructible sheaves. Recall that G is a complex reductive

group with simply connected derived subgroup and root datum R = (X∗, X∗,Φ,Φ
∨).

Let T ⊂ G be a maximal torus. Using Lemma 2.1.2 there is the following geometric

interpretation of the center of the affine Hecke algebra with root datum R:

Z(Haff
C,q) = C[q, q−1][X∗]W ∼= O(T ×Gm)

W . (2.6)

Hence, the central characters of Haff
C,q are parametrized by the points of T/W × Gm

or equivalently by semisimple conjugacy classes in G × Gm. For (s, q0) ∈ G × Gm

semisimple, we denote the corresponding central character by

χ(s,q0) : Z(Haff
C,q)→ C.
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By (the countable dimension version of) Schur’s lemma [24, Lemma 2.1.3], any simple

Haff
C,q-module admits a central character. Together with Lemma 2.1.2 this implies that

the simple Haff
C,q-modules are finite-dimensional. Moreover, the simple Haff

C,q-modules

with central character χ(s,q0) are precisely the simple modules of the finite-dimensional

algebra

Haff
(s,q0)

:= Haff
C,q/(ker(χ(s,q0))).

Here (ker(χ(s,q0))) = Haff
C,q · ker(χ(s,q0)) is the two-sided ideal in Haff

C,q generated by

ker(χ(s,q0)). On the geometric side, fixing a central character is related to taking

fixed-points. More specifically, passing to (s, q0)-fixed points in (2.1), we obtain a

diagram

Ñ (s,q0)

Bs N (s,q0).

π(s,q0) µ(s,q0)

The variety Ñ (s,q0) is smooth (c.f. [24, Lemma 5.11.1]) and thus, we can consider the

constant perverse sheaf CÑ (s,q0) ∈ Db
c(Ñ (s,q0)) and the corresponding ‘Springer sheaf’

S(s,q0) := (µ(s,q0))∗CÑ (s,q0) ∈ Db
c(N (s,q0)).

Then there is the following important geometric incarnation of the affine Hecke alge-

bra at a central character.

Theorem 2.4.1. [24] There is an isomorphism of algebras (over C ∼= Qℓ)

Haff
(s,q0)

∼= Hom∗(S(s,q0),S(s,q0)).

Proof. This is proved in [24, Proposition 8.1.5, Lemma 8.6.1]. The only difference to

our situation is that we work with the constructible derived category of Qℓ-sheaves

Db
c(X) = Db

c(X,Qℓ) coming from the (pro-)étale topology whereas loc.cit. works with

the constructible derived category Db
c(X(C),C) coming from the associated complex

analytic space X(C). It turns out that the two approaches are essentially equivalent:

By [11, p.146] there is a fully faithful functor

Db
c(X,Qℓ)→ Db

c(X(C),C)

(which involves choosing an isomorphism C ∼= Qℓ). For X = N (s,q0) this identifies the

Qℓ-Springer sheaf S
(s,q0) with its analytic version and thus we get an isomorphism of

graded algebras

Hom∗
Db

c(X,Qℓ)
(S(s,q0),S(s,q0)) ∼= Hom∗

Db
c(X(C),C)(S

(s,q0),S(s,q0)).
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2.5 The Deligne-Langlands correspondence

Combining Theorem 2.4.1 with Corollary 2.3.3 we get the following geometric parametriza-

tion of simple Haff
(s,q0)

-modules.

Theorem 2.5.1. [24] There is a canonical injection

Irr(Haff
(s,q0)

) ↪→ Irr(Perv(Ñ (s,q0))).

The image of this map consists of all simple perverse sheaves that appear in S(s,q0).

This can be viewed as the first instance of the Deligne-Langlands correspondence.

Note that the morphism µ(s,q0) : Ñ (s,q0) → N (s,q0) is equivariant with respect to the

centralizer group

G(s) = {g ∈ G | gs = sg}.

This implies that S(s,q0) and its simple constituents are also G(s)-equivariant. Thus,

the injection above is in fact a map

Irr(Haff
(s,q0)

) ↪→ Irr(PervG(s)(Ñ (s,q0))).

It can be shown that N (s,q0) has only finitely many G(s)-orbits (c.f. [24, Proposition

8.1.17]). Thus, the combinatorial description of simple equivariant perverse sheaves

from (2.5) yields a map

Irr(Haff
(s,q0)

) ↪→ {(n, ρ) | n ∈ N (s,q0), ρ ∈ Irr(A(s, n))}/G(s)

where A(s, n) is the component group of the simultaneous centraliser

G(s, n) = {g ∈ G(s) | g · n = n}.

Combining these injections for all central characters we obtain the following more

combinatorial version of the Deligne-Langlands correspondence.

Corollary 2.5.2. [24,41] There is a canonical injection

Irr(Haff
q0
) ↪→ {(s, n, ρ) | s ∈ G semisimple , n ∈ N (s,q0), ρ ∈ Irr(A(s, n))}/G. (2.7)

If q0 is not a root of unity, there also is a geometric description of the image of

this map. Let

Bsn := (µ(s,q0))−1(n) ∼= {B ∈ B | s ∈ B, n ∈ b}.

Then the canonical G(s, n)-action on Bsn induces an A(s, n)-module structure on

H∗(Bsn).
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Theorem 2.5.3. [24, 41] Let q0 be not a root of unity. Then, a triple (s, n, ρ) lies

in the image of the map (2.7) if and only if ρ appears in the A(s, n)-module H∗(Bsn).

One can also use geometric techniques to construct modules for the affine Hecke

algebra. Note for this that we have a cartesian square

Bsn Ñ (s,q0)

{n} N (s,q0).

a

ι̃

µ(s,q0)

ι

Hence, using base change, we can identify

H∗(Bsn) = Hom∗(1Bs
n
, ωBs

n
)

= Hom∗(a∗1{n}, ι̃
!ωÑ (s,q0))

∼= Hom∗(ι̃!a
∗1{n}, ωÑ (s,q0))

∼= Hom∗((µ(s,q0))∗ι!1{n}, ωÑ (s,q0))

∼= Hom∗(ι!1{n}, (µ
(s,q0))∗ωÑ (s,q0)).

Note that the sheaves ωÑ (s,q0) and CÑ (s,q0) are the same up to a shift of summands

since Ñ (s,q0) is smooth. Thus, we get a (non-grading preserving) isomorphism

H∗(Bsn) ∼= Hom∗(ι!1{n},S
(s,q0))

Hence, by Theorem 2.4.1, there is a canonical Haff
(s,q0)

-module structure on H∗(Bsn).
It can be shown that this structure is compatible with the A(s, n)-module structure.

Thus, for any ρ ∈ Irr(A(s, n)), we obtain an Haff
(s,q0)

-module

Ms,n,ρ := HomA(s,n)(ρ,H∗(Bsn))

known as the standard module associated to the triple (s, n, ρ). It is straightforward

to check that for any g ∈ G, we have

M(s,n,ρ)
∼= Mg·(s,n,ρ)

as Haff
q -modules, so the standard module only depends on the G-orbit of the triple

(s, n, ρ). Note that by Theorem 2.5.3 we have Ms,n,ρ ̸= 0 if and only if (s, n, ρ) lies in

the image of the map (2.7). The following important result explains how to obtain

the simple modules from the standard modules.

Theorem 2.5.4. [24,41] Let q0 be not a root of unity.
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(i) If the Haff
(s,q0)

-module Ms,n,ρ is non-zero, it has a unique simple quotient Ls,n,ρ;

(ii) The Ls,n,ρ form a complete set of (distinct) simple Haff
(s,q0)

-modules;

(iii) We have

[M(s,n,ρ) : L(s,n′,ρ′)] =
∑
k

dimHomA(s,n)(ρ,H
k(ι!n IC(G(s) · n′, ρ′)))

where ιn : {n} ↪→ N (s,q0) is the inclusion of the point.
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Chapter 3

Formality in the Deligne-Langlands
correspondence

The goal of this chapter is to lift the Deligne-Langlands correspondence (specifically

Theorem 2.5.1) to an equivalence of triangulated categories. These results can also

be found in [5].

3.1 Springer geometry

Let F be an algebraically closed field and ℓ a prime number which is invertible in

F. We will use the notation and definitions from Section 2.3 (e.g. we work with the

constructible derived category of Qℓ-complexes Db
c(X) := Db

c(X,Qℓ)).

3.1.1 Borel-Moore homology

In this section we recall a few basic facts about Borel-Moore homology. Recall that

the i-th Borel-Moore homology is the Qℓ-vector space

Hi(X) := Hom−i(1X , ωX) = H−i(a∗ωX)

where a : X → {pt} is the structure map. It can be shown that Hi(X) is concentrated

in degrees 0, 1, ..., 2 dimX. Moreover, we have the Künneth formula

H∗(X × Y ) ∼= H∗(X)⊗H∗(Y ).

If i : Y ↪→ X is a closed immersion with complement j : U ↪→ X and F ∈ Db
c(X),

there is a canonical distinguished triangle

i∗i
!F → F → j∗j

!F → [1] (3.1)
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which is natural in F . For F = ωX this induces a long exact sequence on Borel-Moore

homology

· · · → Hi+1(U)→ Hi(Y )→ Hi(X)→ Hi(U)→ Hi−1(Y )→ · · · . (3.2)

Let p : X̃ → X be a smooth morphism of relative dimension d. The adjoint pair

(p∗, p∗) gives rise to a canonical morphism

ωX → p∗p
∗ωX = p∗p

!ωX [−2d] = p∗ωX̃ [−2d].

This induces a ‘smooth pullback’ map on Borel-Moore homology

Hi(X)→ Hi+2d(X̃).

The naturality of the distinguished triangle in (3.1) implies that smooth pullback

is compatible with the long exact sequence from (3.2), i.e. if Y ⊂ X is a closed

subvariety with open complement U and Ỹ := p−1(Y ), Ũ := p−1(U), the following

diagram commutes:

· · · Hi+2d(Ỹ ) Hi+2d(X̃) Hi+2d(Ũ) Hi+2d−1(Ỹ ) · · ·

· · · Hi(Y ) Hi(X) Hi(U) Hi−1(Y ) · · · .

(3.3)

Lemma 3.1.1. Let p : X̃ → X be a Zariski locally trivial fibration with affine fiber

Ad. Then the smooth pullback map Hi(X) → Hi+2d(X̃) is an isomorphism for all

i ∈ Z.

Proof. Using (3.3) and the five lemma, one can reduce to the case where p is trivial.

By the Künneth formula, it suffices to consider the case where p : Ad → pt. Note that

Hi(Ad) = 0 for i ̸= 2d and H2d(Ad) = Qℓ. The claim now follows since the smooth

pullback map H0(pt)→ H2d(Ad) is non-zero.

Recall that if X is smooth and connected, the dualizing complex is given by

ωX = 1X [2 dimX].

The fundamental class of X is the distinguished element

id1X
∈ Hom0(1X ,1X) = Hom−2 dimX(1X , ωX) = H2 dimX(X)

also denoted by [X] ∈ H2 dimX(X). More generally, if X is irreducible one can define

the fundamental class as follows: Pick a smooth open subset U ⊂ X. Then the long
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exact sequence (3.2) induces an isomorphism H2 dimX(U) ∼= H2 dimX(X). The image

of [U ] under this isomorphism defines a distinguished element [X] ∈ H2 dimX(X)

called the fundamental class of X. It can be shown that [X] does not depend on

the choice of U . If Y ⊂ X is an irreducible closed subvariety, the image of the

fundamental class of Y under H2 dimY (Y ) → H2 dimY (X) also defines a fundamental

class [Y ] ∈ H2 dimY (X). If elements of this form span the vector space Hi(X) for

each i ∈ Z, we say that H∗(X) is spanned by fundamental classes. Note that being

spanned by fundamental classes implies that Hi(X) = 0 for i odd. Let Zi(X) be

the free abelian group on the set of i-dimensional irreducible closed subvarieties of X

and let Ai(X) = Zi(X)/ ∼Rat be the Chow group (c.f. [33]). The fundamental class

construction gives rise to a cycle class map

clX : Zi(X)→ H2i(X)

[Y ] 7→ [Y ]

which descends to the Chow group

clX : Ai(X)→ H2i(X) (3.4)

by [44, Théorème 6.3]. The open-closed exact sequence and smooth pullback map

from Borel-Moore homology have analogues for Chow groups: For any Y ⊂ X closed

with complement U = X\Y there is an exact sequence

Ai(Y )→ Ai(X)→ Ai(U)→ 0

and for p̃ : X̃ → X smooth (or more generally flat) of relative dimension d, there is

a pullback map

Ai(X)→ Ai+d(X).

The cycle class map clX is functorial with respect to these constructions [44, Théoreme

6.1]. We define

Ai(X)Qℓ
:= Ai(X)⊗Z Qℓ.

Following [26, 1.7], we say that a variety X has property (S) if

• Hi(X) = 0 for i odd;

• clX : Ai(X)Qℓ
→ H2i(X) is an isomorphism for all i ∈ Z.

Note that if X has property (S), then H∗(X) is spanned by fundamental classes. The

following two lemmas are Qℓ-versions of [26, Lemma 1.8, 1.9].
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Lemma 3.1.2. Let Y ⊂ X be a closed subvariety with complement U = X\Y . If U

and Y have property (S) then X also has property (S).

Proof. The groups Hi(Y ) and Hi(U) vanish for i odd. Using the long exact sequence

(3.2), we deduce that Hi(X) = 0 for i odd. Moreover, for any i ∈ Z, we get a

commutative diagram with exact rows

Ai(Y )Qℓ
Ai(X)Qℓ

Ai(U)Qℓ
0

0 H2i(Y ) H2i(X) H2i(U) 0.

≀ ≀

By the five lemma, this implies that the map Ai(X)Qℓ
→ H2i(X) is an isomorphism.

Lemma 3.1.3. Let p : X̃ → X be a Zariski locally trivial fibration with fiber Ad. If

X has property (S) then X̃ also has property (S).

Proof. By Lemma 3.1.1, the pullback map Hi(X) → Hi+2d(X̃) is an isomorphism.

In particular, Hi(X) = 0 for i odd. Moreover, for any i ∈ Z we get a commutative

diagram

Ai+d(X̃)Qℓ
H2i+2d(X̃)

Ai(X)Qℓ
H2i(X).∼

≀

As a consequence, the map Ai(X)Qℓ
→ Ai+d(X̃)Qℓ

is injective. It is also surjective

by [33, Proposition 1.9] and thus an isomorphism. This implies that Ai+d(X̃)Qℓ
→

H2i+2d(X̃) is also an isomorphism.

3.1.2 Morphisms of Springer type

In this section, we introduce a general setting of ‘Springer geometry’ which provides a

framework to study geometric settings such as the one encountered in Chapter 2. Let

G be a reductive group defined over F. We fix a maximal torus and a Borel subgroup

T ⊂ B ⊂ G with Weyl group W = NG(T )/T and flag variety B = G/B. Given a

G-representation V and a finite collection {V i ⊂ V | i ∈ I} of B-stable subspaces,

we define for each i ∈ I the G-variety

Ṽ i := G×B V i = {(gB, x) ∈ B × V | g−1 · x ∈ V i}.
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This comes with two G-equivariant projection morphisms

Ṽ i

B V.

πi µi

Definition 3.1.4. We call µi a morphism of Springer type.

Example 3.1.5. Let V = g be the Lie algebra of G. Then the morphism of Springer

type corresponding to the B-stable subspace n = [b, b] ⊂ g is the Springer resolution

Ñ = G×B n→ N ⊂ g.

For b ⊂ g we recover the Grothendieck-Springer alteration G ×B b → g. Moreover,

we will see in Corollary 3.5.2 that (up to taking connected components) the morphism

Ñ (s,q0) → N (s,q0) considered in Section 2.4 is also of Springer type (see also [24,41]).

For i, j ∈ I, we consider the Steinberg variety

Zij := Ṽ i ×V Ṽ j = {((g1B, x1), (g2B, x2)) ∈ Ṽ i × Ṽ j | x1 = x2}.

This comes with the projection map πi × πj : Zij → B × B. Consider the orbit

partition

B × B =
⊔
w∈W

Yw

with

Yw := G · (eB, ẇB) ∼= G/(B ∩ ẇBẇ−1)

where ẇ ∈ NG(T ) is a lift of w ∈ W . This induces a partition of Zij into locally

closed subvarieties

Zij =
⊔
w∈W

Zij
w

where

Zij
w := (πi × πj)

−1(Yw).

Lemma 3.1.6. (i) The morphism µi : Ṽ
i → V is proper;

(ii) The morphism πi : Ṽ
i → B is a Zariski vector bundle with fiber V i;

(iii) For each w ∈ W the morphism πi × πj : Z
ij
w → Yw is a Zariski vector bundle

with fiber V i ∩ ẇV j;
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(iv) The first projection p1 : Yw → B is a Zariski locally trivial fibration with fiber

Al(w).

Proof. The map µi can be factored into a closed immersion followed by a projection:

Ṽ i ↪→ B × V
p2−→ V

(g, v) 7→ (gB, gv).

Since B is projective, this implies that µi is proper. The local triviality in (ii)-(iv)

follows from standard results about quotients (c.f. [37, §I.5.16]). The respective fibers
are easily computed.

Proposition 3.1.7. The variety Zij has property (S). In particular, H∗(Z
ij) is

spanned by fundamental classes.

Proof. By Lemma 3.1.6 the maps Zij
w → Yw → B are locally trivial fibrations with

affine fibers. It is well known that B has property (S) (in fact, this follows from

Lemma 3.1.2 and the decomposition of B into Bruhat cells). By Lemma 3.1.3 this

implies that Zij
w has property (S) for all w ∈ W . Pick a total order ≤ on W extending

the Bruhat order and define

Zij
≤w :=

⊔
y≤w

Zij
y

Zij
<w :=

⊔
y<w

Zij
y .

Note that Zij
<w = Zij

≤w′ where w′ ∈ W is the maximal element with w′ < w. We show

by induction along the total order on W that Zij
≤w has property (S). We have already

proved the claim for Zij
≤e = Zij

e . Now assume we have shown the claim for each y < w.

Note that Zij
<w ⊂ Zij

≤w is closed with open complement Zij
w . The varieties Zij

<w and

Zij
w have property (S), so Zij

≤w also has property (S) by Lemma 3.1.2. This completes

the induction. Note that Zij = Zij
≤w0

where w0 ∈ W is the longest element. Hence,

Zij has property (S).

Since Ṽ i is smooth, there is the constant perverse sheaf

CṼ i = 1Ṽ i [dim Ṽ i] ∈ Perv(Ṽ i).

We define the Springer sheaves

Si := (µi)∗CṼ i ∈ Db
c(V )

25



and

S :=
⊕
i∈I

Si .

The morphism µi is proper by Lemma 3.1.6. Hence, the decomposition theorem

(Theorem 2.3.2) implies that Si, and thus also S, is a semisimple complex. In other

words, we have

S =
n⊕
j=1

Xj[kj]

for some simple perverse sheaves Xj ∈ Perv(V ) and integers kj ∈ Z. We define the

Springer category

DSpr(V ) := ⟨X1, ..., Xn⟩∆ (3.5)

to be the smallest full triangulated subcategory of Db
c(V ) that is closed under isomor-

phisms and contains the simple perverse sheaves X1, ..., Xn. Our main goal is to give

an algebraic description of the Springer category.

3.2 Purity

In this section, we show that the canonical Frobenius action on the space of morphisms

between any two Springer sheaves is pure.

3.2.1 The Frobenius action

LetX0 be a variety defined over a finite field Fq with structure map a : X0 → Spec(Fq)
and let

X := X0 ⊗Fq Fq.

Denote by Db
c(X0) := Db

c(X0,Qℓ) the constructible derived category of Qℓ-complexes

on X0. For any F0 ∈ Db
c(X0) the pullback of F0 along X → X0 will be denoted by

F ∈ Db
c(X). We also define

Homi(F0,G0) := H i(a∗RHom(F0,G0)) ∈ Shc(Spec(Fq)) (3.6)

for any F0,G0 ∈ Db
c(X0). The category Shc(Spec(Fq)) is equivalent to the category

of finite-dimensional continuous Gal(Fq/Fq)-representations. Hence, we can consider

Homi(F0,G0) as a Qℓ-vector space equipped with a canonical Frobenius action (see

Section 3.3.4 for a construction of this action). Forgetting this action recovers the

vector space Homi(F ,G). Note that the sheaves 1X , ωX ∈ Db
c(X) have canonical
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Fq-versions 1X0 and ωX0 = a!1Spec(Fq). This induces a canonical Frobenius action on

H∗(X) coming from the Frobenius action on

H i(X) := Hom−i(1X0 , ωX0) = H i(a∗ωX0).

It can be shown that the constructions on Borel-Moore homology from the previous

section are compatible with the Frobenius action. For example, if i : Y0 ↪→ X0 is

a closed immersion with open complement j : U0 ↪→ X0, there is a distinguished

triangle

i∗i
!ωX0 → ωX0 → j∗j

!ωX0 → [1]

inducing a long exact sequence

· · · → H i+1(U)→ H i(Y )→ H i(X)→ H i(U)→ H i−1(Y )→ · · ·

where all maps commute with the Frobenius action. For any n ∈ Z, let

1Spec(Fq)(n) ∈ Shc(Spec(Fq))

be the n-th Tate twist. This corresponds to the 1-dimensional Qℓ-vector space on

which the (geometric) Frobenius element acts by multiplication with q−n. Moreover,

we define

1X0(n) := a∗1Spec(Fq)(n) ∈ Shc(X0)

F0(n) := F0 ⊗L 1X0(n) ∈ Db
c(X0)

for any F0 ∈ Db
c(X0) and n ∈ Z. If X0 is smooth and connected, the dualizing

complex on X0 is given by

ωX0 = 1X0 [2 dimX](dimX).

Lemma 3.2.1. Let X be irreducible. Then Frobenius acts on [X] ∈ H2 dimX(X) by

multiplication with q− dimX .

Proof. Let U0 ⊂ X0 be a smooth open subset. Then we get a canonical element

id1U0
∈ Hom0(1U0 ,1U0)

∼= Hom0(1U0 , ωU0 [−2 dimU ](− dimU))

= Hom−2 dimU(1U0 , ωU0)(− dimU)

which is Frobenius invariant and corresponds to the fundamental class [U ] ∈ H2 dimU(U)

after forgetting the Frobenius action. Note that the Frobenius action on H2 dimU(U)
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comes from the Frobenius action on Hom−2 dimU(1U0 , ωU0). Thus, taking into account

the Tate twist, we get that Frobenius acts on [U ] by multiplication with q− dimU . The

fundamental class [X] is the inverse image of [U ] under the Frobenius equivariant

restriction isomorphism H2 dimX(X)
∼→ H2 dimX(U). Hence, Frobenius also acts on

[X] by multiplication with q− dimU = q− dimX .

Corollary 3.2.2. Assume that H∗(X) is spanned by fundamental classes. Then for

Fq large enough, Frobenius acts on H i(X) by multiplication with q−
i
2 .

Proof. Let Y1, ..., Yn be irreducible closed subvarieties of X such that the fundamental

classes [Y1], ..., [Yn] span H∗(X). For Fq large enough, we may assume that each of

the Yi can be defined over Fq. Then Lemma 3.2.1 implies that Frobenius acts on

[Yi] ∈ H2 dimYi
(X) by multiplication with q− dimYi . Since the [Yi] span H∗(X), this

proves the claim.

3.2.2 Frobenius and the Springer sheaf

Let µi : Ṽ
i → V (i ∈ I) be a finite collection of morphisms of Springer type (Defini-

tion 3.1.4) defined over Fq. Assume that Fq is large enough so that there are Fq-forms

µi : Ṽ
i
0 → V0 for each of the µi (i ∈ I). Then Zij can also be defined over Fq by

considering Zij
0 := Ṽ i

0 ×V0 Ṽ
j
0 .

Lemma 3.2.3. For Fq large enough, Frobenius acts on Hk(Z
ij) by multiplication with

q−
k
2 .

Proof. This follows from Proposition 3.1.7 and Corollary 3.2.2.

We fix a square root q
1
2 of q in Qℓ. This corresponds to fixing a square root

1Spec(Fq)(
1
2
) of the Tate sheaf 1Spec(Fq)(1). Then we can form the half integer Tate

twists F0(
n
2
) for any F0 ∈ Db

c(X0) and n ∈ Z. Consider the constant perverse sheaf

of weight 0 on Ṽ i
0

CṼ i
0
:= 1Ṽ i

0
[di](

di
2
) ∈ Db

c(Ṽ0)

where di = dim Ṽ i and let

Si0 := (µi)∗CṼ i
0
∈ Db

c(V0)

be the corresponding Fq-Springer sheaf. We will need the following Frobenius equiv-

ariant version of [24, Lemma 8.6.1].
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Lemma 3.2.4. There is a (Frobenius equivariant) isomorphism

Homk(Si0,S
j
0)
∼= Hdi+dj−k(Z

ij)(
−di−dj

2
).

Proof. Note that µi is proper over Fq since it is proper over Fq (properness can be

checked fpqc locally). Hence, we have Si0 = (µi)∗CṼ i
0
= (µi)!CṼ i

0
. Using base change

with respect to the cartesian diagram

Zij
0 Ṽ j

0

Ṽ i
0 V0

p

q

µj

µi

we get

RHom(Si0,S
j
0)
∼= RHom((µi)!1Ṽ i

0
, (µj)∗1Ṽ j

0
)[dj − di](

dj−di
2

)

∼= (µi)∗RHom(1Ṽ i
0
, µ!

i(µj)∗1Ṽ j
0
)[dj − di](

dj−di
2

)

∼= (µi)∗RHom(1Ṽ i
0
, p∗q

!1Ṽ j
0
)[dj − di](

dj−di
2

)

∼= (µi)∗p∗RHom(p∗1Ṽ i
0
, q!1Ṽ j

0
)[dj − di](

dj−di
2

)

∼= (µi)∗p∗RHom(p∗1Ṽ i
0
, q!ωṼ j

0
)[−dj − di](

−dj−di
2

)

∼= (µi)∗p∗RHom(1Zij
0
, ωZij

0
)[−dj − di](

−dj−di
2

).

Applying Hka∗ to this, we obtain

Homk(Si0,S
j
0) = Hk(a∗RHom(Si0,S

j
0))

∼= Hk−di−dj(a∗(µi)∗p∗RHom(1Zij
0
, ωZij

0
))(

−di−dj
2

)

∼= Hdi+dj−k(Z
ij)(

−di−dj
2

).

Corollary 3.2.5. For Fq large enough, Frobenius acts on Homk(Si0,S
j
0) by multipli-

cation with q
k
2 .

Proof. By Lemma 3.2.3 Frobenius acts on Hdi+dj−k(Z
ij)(

−di−dj
2

) by multiplication

with

q−
di+dj−k

2 · q−
−di−dj

2 = q
k
2 .

The claim now follows from Lemma 3.2.4.
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3.3 Formality

3.3.1 Idempotent complete triangulated categories

Recall that an additive category A is called idempotent complete if any idempotent

e : X → X in T splits. This is equivalent to the property that all idempotents

have kernels (or cokernels). In an idempotent complete category, every idempotent

e : X → X gives rise to a canonical decomposition

X = ker(e)⊕ im(e).

If A′ ⊂ A is an additive subcategory that is closed under direct summands and A
is idempotent complete, then A′ is also idempotent complete. Moreover, for any

additive category A one can define its idempotent completion Ã. This is an idempo-

tent complete additive category with a fully faithful additive functor ι : A → Ã and

the following universal property: Any additive functor A → C with C idempotent

complete factors uniquely (up to isomorphism) through ι. For more details about

idempotent completeness we refer to [38, I.6].

A triangulated category is called idempotent complete if its underlying additive

category is idempotent complete. All triangulated categories we will encounter are

idempotent complete thanks to the following well-known result (c.f. [20, Proposition

3.2], [9, Lemma 2.4], [53, Lemma 1.6.8]).

Lemma 3.3.1. Any triangulated category with countable coproducts is idempotent

complete. Moreover, the bounded below derived category D+(A) of an abelian category

A is always idempotent complete.

Let T be a triangulated category. For any object X ∈ T , we denote by

⟨X⟩T ,∆ = ⟨X⟩∆

the smallest full triangulated subcategory of T that contains X and is closed under

isomorphisms. Similarly, we denote by

⟨X⟩T ,∆,A = ⟨X⟩∆,A

the smallest full triangulated subcategory of T that contains X and is closed under

isomorphisms and direct summands.

Lemma 3.3.2. Let T be an idempotent complete triangulated category and X ∈ T .
Then ⟨X⟩∆,A is the idempotent completion of ⟨X⟩∆.
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Proof. By [38, Theorem I.6.12] the idempotent completion of ⟨X⟩∆ can be described

as the full additive subcategory C ⊂ T consisting of those objects Y ∈ T which are

isomorphic to a direct summand of an object in ⟨X⟩∆. In particular, we have C ⊂
⟨X⟩∆,A. The cone of a morphism in C is a direct summand of the cone of a morphism

in ⟨X⟩∆. Hence, the category C is closed under cones and thus C = ⟨X⟩∆,A.

We will also need the following idempotent complete version of Beilinson’s Lemma

(see [10] and [61, Lemma 6]) .

Lemma 3.3.3. Let F : T → T ′ be a triangulated functor between idempotent com-

plete triangulated categories. Let X ∈ T such that F induces an isomorphism

HomT (X,X[i])
∼→ HomT ′(F (X), F (X)[i])

for all i ∈ Z. Then F restricts to an equivalence of triangulated categories

⟨X⟩∆,A ∼= ⟨F (X)⟩∆,A.

Proof. By a standard dévissage argument, F induces an equivalence ⟨X⟩∆ ∼= ⟨F (X)⟩∆.
This extends to an equivalence of the respective idempotent completions and thus to

an equivalence ⟨X⟩∆,A ∼= ⟨F (X)⟩∆,A by Lemma 3.3.2.

3.3.2 Derived categories and dg-algebras

Let k be a commutative ring. For any dg-algebra R over k, we denote by R− dgMod

the category of (left) dg-modules over R. The homotopy category of dg-modules will

be denoted by K(R−dgMod) and the derived category by D(R−dgMod). We write

Dperf(R− dgMod) := ⟨R⟩D(R−dgMod),∆,A

for the perfect derived category. For more details about dg-algebras and dg-modules

we refer to [16,42].

Let A be a k-linear abelian category. Then for any two chain complexes X•, Y • ∈
C(A), we can consider the Hom-complex Hom•

dg(X
•, Y •) ∈ C(k). Explicitly, this

complex is defined as

Homi
dg(X

•, Y •) :=
∏
l+m=i

HomA(X
−l, Y m)

with differential dHom•
dg(X

•,Y •)(f) = dY • ◦ f − (−1)|f |f ◦ dX• . Taking cohomology of

this complex recovers the morphism space in the homotopy category:

H i(Hom•
dg(X

•, Y •)) = HomK(A)(X
•, Y •[i]).
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Component-wise composition defines a map

Homi
dg(Y

•, Z•)⊗ Homj
dg(X

•, Y •)→ Homi+j
dg (X•, Z•)

for any X•, Y •, Z• ∈ C(A). This equips Hom•
dg(Y

•, Y •) with the structure of a dg-

algebra and Hom•
dg(X

•, Y •) with the structure of a (left) dg-module over Hom•
dg(Y

•, Y •).

Furthermore, this gives rise to a functor

Hom•
dg(−, Y •) : C(A)op → Hom•

dg(Y
•, Y •)− dgMod

X• 7→ Hom•
dg(X

•, Y •)
(3.7)

which descends to a triangulated functor on the respective homotopy categories

Hom•
dg(−, Y •) : K(A)op → K(Hom•

dg(Y
•, Y •)− dgMod). (3.8)

If Y • is a K-injective complex (e.g. a bounded below complex of injectives), this

descends further to a triangulated functor on the corresponding derived categories

Hom•
dg(−, Y •) : D(A)op → D(Hom•

dg(Y
•, Y •)− dgMod). (3.9)

Assume now that the abelian categoryA has enough injectives. Then for eachX ∈
D+(A) we can pick a complex of injectives I•X ∈ C+(A) representing X. Moreover,

we can consider the associated dg-algebra

RX := Hom•
dg(I

•
X , I

•
X) (3.10)

and the corresponding functor

Hom•
dg(−, I•X) : D(A)op → D(RX − dgMod). (3.11)

The following statement is an idempotent complete version of [61, Proposition 7].

Lemma 3.3.4. The functor from (3.11) induces an equivalence of triangulated cate-

gories

⟨X⟩D+(A)op,∆,A
∼= Dperf(RX − dgMod)

which sends X to the free dg-module RX .

Proof. By construction, the functor from (3.11) sends X to Hom•
dg(I

•
X , I

•
X) = RX .

Moreover, this functor induces an isomorphism

HomD+(A)(X,X[i]) ∼= HomK(A)(I
•
X , I

•
X [i])

∼= H i(RX)

∼= HomK(RX−dgMod)(RX , RX [i])

∼= HomD(RX−dgMod)(RX , RX [i])
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for all i ∈ Z. Here we have used for the first (resp. last) isomorphism that I•X
(resp RX) is a K-injective complex (resp. K-projective dg-module). Note that the

categories D+(A)op and D(RX − dgMod) are idempotent complete by Lemma 3.3.1

(using that D(RX−dgMod) has countable coproducts). By Lemma 3.3.3 this implies

that (3.11) restricts to an equivalence of triangulated categories

⟨X⟩D+(A)op,∆,A
∼= ⟨RX⟩D(RX−dgMod),∆,A = Dperf(RX − dgMod).

The dg-algebra RX crucially depends on the choice of the injective resolution I•X
which makes it difficult to compute RX explicitly. The cohomology of RX on the

other hand can be described more concretely as

H i(RX) = H i(Hom•
dg(I

•
X , I

•
X)) = Homi(X,X).

Hence, we would like to replace the dg-algebra RX in Lemma 3.3.4 with its coho-

mology. Recall that a dg-algebra R is called formal if there is a chain of quasi-

isomorphisms of dg-algebras

R← A1 → A2 ← ...→ ...← An → H∗(R).

Here we consider H∗(R) as a dg-algebra with vanishing differential. Any quasi-

isomorphism of dg-algebras A → B induces an equivalence Dperf(B)
∼→ Dperf(A)

which identifies the free dg-module B with the free dg-module A. Hence, if R is

formal, there is an equivalence of triangulated categories

Dperf(R− dgMod) ∼= Dperf(H
∗(R)− dgMod).

In particular, if RX is formal Lemma 3.3.4 induces an equivalence

⟨X⟩D+(A)op,∆,A
∼= Dperf(Hom

∗(X,X)− dgMod). (3.12)

The following theorem provides a useful criterion for formality.

Theorem 3.3.5. [54] Let R be a dg-algebra over an algebraically closed field k and

q ∈ k× not a root of unity. If R can be equipped with a dg-algebra automorphism

F : R → R such that H i(F ) acts on H i(R) by multiplication with qi, then R is

formal.
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Proof. This is proved for k = C in [54, Theorem B.1.1] (with a slightly different

condition on the action of H i(F )). The same proof works for general k: By [54,

Theorem B.1.2], we may assume that F acts locally finitely on R. Hence, there is a

generalized eigenspace decomposition Ri =
⊕

α∈k× Ri
α which satisfies Ri

α ·R
j
β ⊂ Ri+j

αβ .

Using this decomposition, we can define a dgg-algebra (i.e. a Z2-graded algebra

with a differential d homogeneous of degree (1, 0) satisfying the Leibniz rule) via

R̃ :=
⊕

i,j∈Z R̃
i
qj . Note that the inclusion R̃ ↪→ R is a quasi-isomorphism. Moreover,

the cohomology of the dgg-algebra R̃ lives in degrees {(i, i) | i ∈ Z}. Such dgg-

algebras are known to be formal (c.f. [61, Proposition 4]).

3.3.3 The pro-étale topology

In this section, we recall the definition of the constructible derived category in the

pro-étale topology and a few of its basic properties from [19].

Definition 3.3.6. A morphism of schemes f : U → X is called weakly étale if both

f and its diagonal ∆f : U → U ×X U are flat morphisms. Let Xproét be the category

of schemes U weakly étale over X. This becomes a site by declaring a family of maps

{Ui → U} to be a covering if it is a covering in the fpqc topology.

The property of being weakly étale is stable under composition and base change.

Moreover, any morphism in Xproét is weakly étale. We denote the category of sheaves

of abelian groups on Xproét by Ab(Xproét). Let f : X → Y be a morphism of schemes.

Then f induces a morphism of sites Xproét → Yproét via the functor

Yproét → Xproét

V 7→ V ×Y X.

There is a corresponding pair of adjoint functors

Ab(Yproét) Ab(Xproét).
f−1

f∗

Let Λ be a topological ring. By [19, Lemma 4.2.12] there is a sheaf of rings ΛX on

Xproét defined by

ΛX(U) := Homcont(U,Λ).

If Λ is totally disconnected and U is quasi-compact, we get

ΛX(U) = Homcont(π0(U),Λ) (3.13)
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where π0(U) is the space of connected components. If Λ is discrete, ΛX is the constant

sheaf with values in Λ. For any morphism of schemes f : X → Y , there is a canonical

map f# : ΛY → f∗ΛX and hence a morphism of ringed sites

(Xproét,ΛX)→ (Yproét,ΛY ).

Thus we get corresponding pairs of adjoint functors

Sh(Yproét,ΛY ) Sh(Xproét,ΛX)

D(Yproét,ΛY ) D(Xproét,ΛX).

f∗

f∗

f∗

f∗

Here we adhere to the derived convention, i.e. the functors f ∗ and f∗ are understood

to be derived when applied to complexes. From now on, we fix a prime number ℓ and

make the following assumption on the coefficient ring Λ.

Assumption 3.3.7. The ring Λ is of one of the following forms:

(i) Λ = F is a finite field of characteristic ℓ;

(ii) Λ = OE is the ring of integers in an algebraic extension E/Qℓ;

(iii) Λ = E is an algebraic extension E/Qℓ.

We equip Λ with the ℓ-adic topology.

Note that the assumption above includes the ring Λ = Qℓ. For any algebraic

extension E/Qℓ, we denote by OE the ring of integers in E. If E/Qℓ is finite, we pick

a uniformizer ω ∈ OE.

Example 3.3.8. [19, Lemma 6.8.2] gives an alternative description of ΛX under

Assumption 3.3.7: If Λ is a finite ring (e.g. Λ = F a finite field) then ΛX is just

the constant sheaf on Xproét with values in Λ. In the remaining cases, ΛX can be

constructed as follows:

OE,X = lim←−(OE/ω
nOE)X for E/Qℓ finite;

OE,X = colim
F/Qℓ finite,

F⊂E

OF,X for E/Qℓ algebraic;

EX = OE,X [ℓ−1] for E/Qℓ algebraic.
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Lemma 3.3.9. For any morphism of schemes X → Y , the canonical map f# :

f−1ΛY → ΛX is an isomorphism. In particular f ∗ = f−1 is exact.

Proof. This result can be found in [23, Proposition 4.6]. The proof uses the explicit

description of ΛX in Example 3.3.8. Since pullback commutes with colimits and

localization, the main step is to show that f# is an isomorphism when Λ = OE for

a finite extension E/Qℓ. In this case, ΛY = lim←−(OE/ω
nOE)Y is represented by the

scheme lim←−(
⊔

OE/ωnOE
Y ). Hence, f ∗ΛY is represented by the scheme

X ×Y lim←−(
⊔

OE/ωnOE

Y ) = lim←−(
⊔

OE/ωnOE

X ×Y Y ) = lim←−(
⊔

OE/ωnOE

X)

and thus f ∗ΛY = ΛX .

Recall that a scheme X is called ℓ-coprime if ℓ is invertible in OX . Following [19],

the constructible derived category can be defined as follows.

Definition 3.3.10. Let X be a noetherian ℓ-coprime scheme.

(i) A sheaf F ∈ Sh(Xproét,ΛX) is called locally constant of finite presentation if it

is locally isomorphic to M ⊗Λ ΛX for a finitely-presented Λ-module M .

(ii) A sheaf F ∈ Sh(Xproét,ΛX) is called constructible if there exists a finite strati-

fication {Xi → X} such that F|Xi
is locally constant of finite presentation.

(iii) A complex F ∈ D(Xproét,ΛX) is called constructible if it is bounded and all its

cohomology sheaves are constructible.

We denote by Shc(X,Λ) ⊂ Sh(Xproét,ΛX) the category of all constructible sheaves.

The constructible derived category is the full subcategory Db
c(X,Λ) ⊂ D(Xproét,ΛX)

consisting of constructible complexes.

Remark 3.3.11. The assumptions on X in the definition above can be weakened to

topologically noetherian and qcqs. For our purposes, noetherian is good enough since

all schemes we will encounter are noetherian.

The six functor formalism can also be conveniently described in the pro-étale

topology: The functors ⊗L,RHom and f ∗ preserve constructible complexes and thus

they descend to the constructible derived category. The same is true for f∗ if f :

X → Y is of finite type and Y satisfies some mild assumptions (e.g. for Y of finite

type over a field or more generally for Y quasi-excellent). If j : U ↪→ X is an open

immersion, the pullback functor j∗ has a left adjoint j! which preserves constructible
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complexes. For a general f : X → Y (of finite type with Y quasi-excellent), we define

f! := f ∗ ◦ j! where we factor f as an open immersion followed by a proper map

X
j
↪→ X

f→ Y. (3.14)

When restricted to the constructible derived category, the functor f! admits a right

adjoint denoted by f !. These are the usual six functors f ∗, f∗, f!, f
!,⊗L and RHom.

Remark 3.3.12. In [19] a slightly different pullback functor f ∗
comp is used which is

defined as f ∗ followed by a certain completion operation ( [19, Lemma 6.5.9]). It turns

out that in our situation (i.e. under Assumption 3.3.7) the two functors agree on the

constructible derived category. To see this, recall that f ∗ is exact by Lemma 3.3.9.

Using this, it is straightforward to check that f ∗ preserves constructible complexes.

Since constructible complexes are complete ( [19, Proposition 6.8.11(3), Definition

6.5.1]), it follows that f ∗ = f ∗
comp on Db

c(X,Λ).

If F is a finite field of characteristic ℓ, we denote by Db
c(Xét,F) the constructible

derived category in the étale topology with coefficients in F. The standard compati-

bility and base change results for the six functors on Db
c(X,Λ) can be deduced from

the corresponding results in Db
c(Xét,F) using the following reduction steps.

Lemma 3.3.13. [19] Let X be noetherian and ℓ-coprime.

(i) Let F be a finite field of characteristic ℓ. Then the canonical morphism of sites

ν : Xproét → Xét induces an equivalence of categories

ν∗ : Db
c(Xét,F)

∼→ Db
c(X,F);

(ii) Let E/Qℓ be a finite extension and κ the residue field of OE. Then the functor

κX ⊗LOE,X
− : Db

c(X,OE)→ Db
c(X, κ)

is well-defined (i.e. preserves constructibility) and conservative (i.e. reflects

isomorphisms);

(iii) Let E/Qℓ be algebraic. Then the canonical functor

colim
F/Qℓ finite,

F⊂E

Db
c(X,OF )→ Db

c(X,OE)

is an equivalence of categories;
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(iv) Let E/Qℓ be algebraic. Then the canonical functor

Db
c(X,OE)[ℓ−1]→ Db

c(X,E)

is an equivalence of categories. Here Db
c(X,OE)[ℓ−1] is the category with the

same objects as Db
c(X,OE) and

HomDb
c(X,OE)[ℓ−1](F ,G) := HomDb

c(X,OE)(F ,G)[ℓ−1].

Moreover, the functors in (i)-(iv) are compatible with the six functors f ∗, f∗, f!, f
!,⊗L

and RHom.

Proof. This follows from various results in [19]: (i) follows from [19, Corollary 5.1.5,

5.1.6]. The well-definedness in (ii) follows from [19, Proposition 6.8.11(3), Definition

6.5.1]. To show that the functor κX ⊗LOE,X
− is conservative, it suffices to prove that

it reflects zero objects. Let F ∈ Db
c(X,OE) with κX ⊗LOE,X

F = 0. We need to show

that F = 0. Let m ⊂ OE be the maximal ideal. Then there is a short exact sequence

of OE-modules

0→ mn/mn+1 → OE/mn+1 → OE/mn → 0

with mn/mn+1 ∼= κ. This induces a distinguished triangle

κX ⊗LOE,X
F → (OE/mn+1)X ⊗LOE,X

F → (OE/mn)X ⊗LOE,X
F → [1].

By an induction argument, this implies that (OE/mn)X ⊗LOE,X
F = 0 for all n ≥ 1.

Moreover, F is m-adically complete by [19, Proposition 6.8.11(3), Definition 6.5.1]

which means that

F = Rlim((OE/mn)X ⊗LOE,X
F) = 0.

This completes the proof of (ii). The claims in (iii) and (iv) are [19, Proposition

6.8.14]. It remains to prove compatibility with the six functors in (i)-(iv). Note for

this that the category colimF Db
c(X,OF ) in (iii) inherits the six functors from the

Db
c(X,OF ) (a standard argument shows that the transition maps in the colimit are

compatible with the six functors using that OF ′,X
∼= O⊕[F ′:F ]

F,X as sheaves of OF,X-
modules for any finite extension F ′/F ). Similarly, the category Db

c(X,OE)[ℓ−1] in

(iv) inherits the six functors from Db
c(X,OE). All functors in (i)-(iv) are induced by

pullbacks along morphisms of ringed sites (e.g. the functor in (ii) is the (derived)

pullback along the morphism of ringed sites (Xproét, κX)→ (Xproét,OE,X)). As such,
they commute with f ∗ and ⊗L by standard results about ringed sites [64, Tag 0D6D,

Tag 07A4]. Since the functors in (i),(iii) and (iv) are equivalences, they also commute
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with the corresponding (right) adjoints f∗ and RHom. Similarly, they commute with

j! for j an open immersion which is left adjoint to j∗. Hence, they also commute with

f! = f ∗ ◦j! (see (3.14)) and thus also with its right adjoint f !. It remains to show that

the functor in (ii) commutes with f∗,RHom, f! and f !. This follows from [19, Lemma

6.5.11(3), 6.7.13, 6.7.14, 6.7.19].

We conclude this section by collecting a few useful properties about pro-étale

sheaves. In the pro-étale topology, so-called w-contractible affine schemes play a

distinguished role.

Definition 3.3.14. An affine scheme U is called w-contractible if every faithfully-flat

weakly-étale map V → U has a section.

Lemma 3.3.15. Let U be a connected w-contractible affine scheme.

(i) The global sections functor Γ(U,−) is exact on Sh(Uproét,ΛU);

(ii) Any locally constant sheaf of finite presentation F ∈ Shc(U,Λ) is already con-

stant, i.e. F ∼= M ⊗Λ ΛU for a finitely-presented Λ-module M ;

(iii) If R is a strictly Henselian local ring (e.g. an algebraically closed field) then

Spec(R) is w-contractible.

Proof. The exactness in (i) is mentioned in the introduction of [19] (see also [64, Tag

098H, Tag 0946]). Let F ∈ Shc(U,Λ) be locally constant of finite presentation. Then

we can find a weakly-étale cover V =
⊔
Vi → U such that F|Vi = Mi⊗Λ ΛVi for some

finitely-presented Λ-modules Mi. Since U is weakly contractible, there is a section

s : U → V and by connectedness s lands in some Vi. Thus, we get

F = s∗(F|Vi) = s∗(Mi ⊗Λ ΛVi) = Mi ⊗Λ ΛU .

This proves (ii). (iii) follows from [19, Theorem 1.8].

Lemma 3.3.16. The triangulated category Db
c(X,Λ) ⊂ D(Xproét,ΛX) is closed under

direct summands. In particular, Db
c(X,Λ) is idempotent complete.

Proof. Since taking cohomology commutes with direct sums, it suffices to prove that

Shc(X,Λ) ⊂ Sh(Xproét,ΛX) is closed under direct summands. In fact, by [19, Lemma

6.8.7, Proposition 6.8.11] the category Shc(X,Λ) is abelian, so it is certainly closed

under direct summands.
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Lemma 3.3.17. If f : X → Y is weakly étale, the pullback functor f ∗ preserves

injectives.

Proof. Compositions of weakly étale maps are weakly étale and morphisms between

weakly étale maps are weakly étale. Together with Lemma 3.3.9 this implies that

(Xproét,ΛX) is the localization of the ringed site (Yproét,ΛY ) at X → Y . By general

results on ringed sites [64, Tag 04IX] this implies that f ∗ has an exact left adjoint f!.

In particular, f ∗ preserves injectives.

Let F ∈ Db
c(X,Λ) and pick a complex of injectives I•F ∈ C+(Sh(Xproét,ΛX))

representing F . Let RF = Hom•
dg(I

•
F , I

•
F) be the dg-algebra from (3.10). Thanks to

the pro-étale formalism, we obtain the following algebraic description of the category

⟨F⟩∆,A.

Corollary 3.3.18. There is an equivalence of triangulated categories

⟨F⟩Db
c(X,Λ)

op,∆,A
∼= Dperf(RF − dgMod)

which send F to the free dg-module RF .

Proof. By Lemma 3.3.16 we have ⟨F⟩Db
c(X,Λ),∆,A = ⟨F⟩D+(Xproét,ΛX),∆,A. The result

now follows from Lemma 3.3.4.

3.3.4 The Frobenius action on dg-algebras

In this section we show that the Frobenius action on Hom from (3.6) is compatible

with the dg-techniques from Section 3.3.2. These results are similar to the ones in [54,

Appendix A] but some of the arguments simplify because the canonical morphism

Spec(Fq)→ Spec(Fq) is a weakly-étale (but not étale).

LetX0 be a variety defined over a finite field Fq. Recall that we defineX := X0⊗Fq

Fq. Let π : X → X0 be the canonical map and define F := π∗(F0) ∈ Sh(Xproét,ΛX)

for any F0 ∈ Sh(X0,proét,ΛX0).

Lemma 3.3.19. The pullback functor π∗ : Sh(X0,proét,ΛX0) → Sh(Xproét,ΛX) pre-

serves injectives.

Proof. The morphism Spec(Fq) → Spec(Fq) is weakly étale. By base change, π∗ :

X → X0 is also weakly étale. Hence, π∗ preserves injectives by Lemma 3.3.17.
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The geometric q-Frobenius F ∈ Gal(Fq/Fq) defines a morphism Spec(Fq) →
Spec(Fq) in the category Spec(Fq)proét. Thus, for any F0 ∈ Sh(Spec(Fq)proét,ΛSpec(Fq))

there is a corresponding restriction map on sections

F : Γ(Spec(Fq),F0)→ Γ(Spec(Fq),F0).

This map is an isomorphism with inverse given by restriction along the arithmetic

Frobenius F−1 ∈ Gal(Fq/Fq). Hence, we can equip Γ(Spec(Fq),F0) with the structure

of a Λ[F, F−1]-module. Moreover, for any morphism of sheaves F0 → G0, we get a

commutative diagram

Γ(Spec(Fq),F0) Γ(Spec(Fq),F0)

Γ(Spec(Fq),G0) Γ(Spec(Fq),G0).

F

F

Hence, we obtain a functor

ΓF : Sh(Spec(Fq)proét,ΛSpec(Fq))→ Λ[F, F−1]−Mod

F0 7→ Γ(Spec(Fq),F0).

Remark 3.3.20. Recall from Section 3.2.1 that there is an equivalence between

the category of constructible sheaves Shc(Spec(Fq),Qℓ) and the category of finite-

dimensional continuous Gal(Fq/Fq)-representations over Qℓ. On Shc(Spec(Fq),Qℓ)

the functor ΓF simply corresponds to restricting the Gal(Fq/Fq)-action to the (geo-

metric) Frobenius element F ∈ Gal(Fq/Fq).

Note that

ForF ◦ΓF (−) = Γ(Spec(Fq),−). (3.15)

where

ForF : Λ[F, F−1]−Mod→ Λ−Mod

is the forgetful functor.

Lemma 3.3.21. The functors ForF ,ΓF and Γ(Spec(Fq),−) are exact.

Proof. The forgetful functor ForF is exact and reflects exact sequences. Hence, by

(3.15) it suffices to prove that Γ(Spec(Fq),−) is exact. This follows from Lemma 3.3.15.
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We define a functor

Hom(−,−) : Sh(X0,proét,ΛX0)
op × Sh(X0,proét,ΛX0)→ Λ[F, F−1]−Mod

via

(F0,G0) 7→ ΓF ◦ a∗ ◦ Hom(F0,G0).

Note that we have

ForF (Hom(F0,G0)) = ForF ◦ΓF ◦ a∗ ◦ Hom(F0,G0)
(3.15)
= Γ(Spec(Fq), a∗Hom(F0,G0))

= Γ(X,Hom(F0,G0))

= Hom(F ,G).

Hence, Hom(F0,G0) is just the vector space Hom(F ,G) together with a canonical

Frobenius action. The composition map

Hom(G0,K0)⊗Hom(F0,G0)→ Hom(F0,K0)

gives rise to a map

a∗Hom(G0,K0)⊗ a∗Hom(F0,G0)→ a∗Hom(F0,K0)

and thus to a map of Λ[F, F−1]-modules

Hom(G0,K0)⊗Λ Hom(F0,G0)→ Hom(F0,K0). (3.16)

Similarly, the unit morphism

ΛX0 → Hom(F0,F0)

induces a map

ΛSpec(Fq) → a∗Hom(F0,F0)

by adjunction and thus a morphism of Λ[F, F−1]-modules

Λ→ Hom(F0,F0). (3.17)

Forgetting the Frobenius action in (3.16) and (3.17) recovers the standard composition

map

Hom(G,K)⊗Λ Hom(F ,G)→ Hom(F ,K)
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and unit map

Λ→ Hom(F ,F).

Similarly, one can define pre- and post-composition maps

− ◦ α : Hom(F ′
0,G0)→ Hom(F0,G0)

β ◦ − : Hom(F0,G0)→ Hom(F0,G ′0)
(3.18)

for any α : F0 → F ′
0 and β : G0 → G ′0 which recover the maps

− ◦ π∗(α) : Hom(F ′,G)→ Hom(F ,G)

π∗(β) ◦ − : Hom(F ,G)→ Hom(F ,G ′)

when forgetting the Frobenius action.

We also define a functor on derived categories

RHom(−,−) : D(X0,proét,ΛX0)
op ×D(X0,proét,ΛX0)→ D(Λ[F, F−1]−Mod)

via

(F0,G0) 7→ ΓF ◦ a∗ ◦ RHom(F0,G0)

(recall that we adhere to the derived convention, i.e. ΓF and a∗ are understood to be

derived when applied to complexes). Moreover, we set

Homi(F0,G0) := H i(RHom(F0,G0)) = ΓF (H
i(a∗RHom(F0,G0))).

Remark 3.3.22. This definition of Homi extends our previous definition (3.6) for

constructible complexes to arbitrary complexes in D(X0,proét,ΛX0) (see also Remark 3.3.20).

For any two chain complexes F•
0 ,G•0 ∈ C(Sh(X0,proét,ΛX0)) we define a chain

complex

Hom•
dg(F•

0 ,G•0) ∈ C(Λ[F, F−1]−Mod).

Explicitly, this complex is given by

Homi
dg(F•

0 ,G•0) :=
∏
l+m=i

Hom(F−l
0 ,Gm0 )

with differential dHom•
dg(F•

0 ,G•
0 )
(f) = dG•

0
◦f − (−1)|f |f ◦dF•

0
(where we use (3.18)). The

composition map on Hom(−,−) from (3.16) can be applied component-wise to define

a composition map

Homi
dg(G•0 ,K•

0)⊗Λ Homj
dg(F

•
0 ,G•0)→ Homi+j

dg (F•
0 ,K•

0).

This equips Hom•
dg(F•

0 ,F•
0 ) with the structure of a dg-algebra over Λ together with a

dg-algebra automorphism induced by the Frobenius action. Forgetting this Frobenius

action recovers the dg-algebra Hom•
dg(F•,F•).
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Lemma 3.3.23. Let F0,G0 ∈ D+(X0,proét,ΛX0) and pick bounded below complexes of

injectives I•F0
, I•G0
∈ C+(Sh(X0,proét,ΛX0)) representing F0 and G0. Then

H i(Hom•
dg(I

•
F0
, I•G0

)) = Homi(F0,G0)

as Λ[F, F−1]-modules.

Proof. By definition, RHom(F0,G0) is represented by the complex Hom•
dg(I

•
F0
, I•G0

)

defined as

Homi
dg(I

•
F0
, I•G0

) :=
∏
l+m=i

Hom(I−lF0
, ImG0

)

with differential dHom•
dg(I

•
F0
,I•G0

)(f) = dI•G0
◦f−(−1)|f |f ◦dI•F0

. Note that Hom(I−lF0
, ImG0

)

is acyclic for a∗ for all l,m ∈ Z (see [6, V-(4.10), V-(5.2)]). Hence, Homi
dg(F•

0 ,G•0) is
acyclic for a∗ for all i ∈ Z. Since ΓF is exact, Homi

dg(F•
0 ,G•0) is also acyclic for ΓF ◦a∗

for all i ∈ Z. In particular, RHom(F0,G0) = ΓF ◦ a∗ ◦ RHom(F0,G0) is represented
by the complex obtained by applying ΓF ◦ a∗ to each component in Hom•

dg(I
•
F0
, I•G0

).

This is precisely the complex Hom•
dg(I

•
F0
, I•G0

). Hence,

H i(Hom•
dg(I

•
F0
, I•G0

)) = H i(RHom(F0,G0)) = Homi(F0,G0).

The constructions of this section can be summarized as follows.

Proposition 3.3.24. For any F0 ∈ Db
c(X0,Λ), there is a bounded below complex of

injectives I•F ∈ C+(Sh(Xproét,ΛX)) representing F and dg-algebra automorphism F

of RF = Hom•
dg(I

•
F , I

•
F) such that the action of H i(F ) on H i(RF) = Homi(F ,F) is

the Frobenius action coming from Homi(F0,F0).

Proof. Pick a complex of injectives I•F0
∈ C+(Sh(X0,proét,ΛX0)) representing F0. Then

I•F := π∗(I•F0
) is a complex of injectives representing F by Lemma 3.3.19. The

dg-algebra Hom•
dg(I

•
F0
, I•F0

) is just RF = Hom•
dg(I

•
F , I

•
F) equipped with a dg-algebra

automorphism F . By Lemma 3.3.23, we have H i(Hom•
dg(I

•
F0
, I•F0

)) = Homi(F0,F0).

Hence, H i(F ) is the canonical Frobenius action on Homi(F0,F0).

3.3.5 Formality for the Springer category

Let µi : Ṽ
i → V be a finite collection of morphisms of Springer type defined over Fq

and let S =
⊕

i∈I S
i ∈ Db

c(V ) be the associated Springer sheaf (recall that Db
c(V ) :=

Db
c(V,Ql)). Recall from (3.5) that the Springer category is defined as

DSpr(V ) := ⟨X1, ..., Xn⟩∆ ⊂ Db
c(V )

where the Xi are the simple perverse sheaves appearing in S.
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Lemma 3.3.25. We have DSpr(V ) = ⟨S⟩∆,A.

Proof. Since X1, ..., Xn ∈ ⟨S⟩∆,A, we have DSpr(V ) ⊂ ⟨S⟩∆,A. Hence, it suffices to

show that DSpr(V ) is closed under direct summands. Let PervSpr(V ) ⊂ Perv(V ) be

the Serre subcategory generated by the X1, ..., Xn. Then by a standard dévissage

argument, the Springer category can be described as

DSpr(V ) = {F ∈ Db
c(V ) | pH i(F) ∈ PervSpr(V ) for all i ∈ Z}.

Note that as a Serre subcategory, PervSpr(V ) is closed under direct summands in

Perv(V ). Hence, DSpr(V ) is also closed under direct summands.

We obtain the following general formality result for the Springer category.

Theorem 3.3.26. There is an equivalence of triangulated categories

DSpr(V )op ∼= Dperf(Hom
∗(S,S)− dgMod)

which identifies S with the free dg-module Hom∗(S,S).

Proof. Combining Corollary 3.3.18 and Lemma 3.3.25 we get an equivalence

DSpr(V )op = ⟨S⟩∆,A ∼= Dperf(RS − dgMod)

which sends S to the free dg-module RS. By Corollary 3.2.5 and Proposition 3.3.24

the dg-algebra RS can be equipped with a dg-algebra automorphism F : RS → RS

such that H i(F ) acts by multiplication with q
i
2 . This implies that RS is formal by

Theorem 3.3.5. In particular, by (3.12) we get an equivalence

DSpr(V )op ∼= Dperf(RS − dgMod) ∼= Dperf(Hom
∗(S,S)− dgMod)

which sends S to the free dg-module Hom∗(S,S).

Remark 3.3.27. There are several formality results in the literature similar to the

one above. For example, formality of the Springer sheaf in the classical Springer

correspondence appears in [30, 54, 59, 60]. There are also similar formality results in

the context of flag varieties and Koszul duality [12,61] where formality has also been

studied for modular coefficients [3, 58].
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3.4 De F à C

In this section we prove a formality result for Springer sheaves on varieties over a

field of characteristic 0 by reduction to the positive characteristic case. This is a

standard application of the ”De F a C” technique from [11, §6]. We will explain how

these arguments work in the pro-étale setting. If XA is a scheme defined over a ring

A and A → R is a ring homomorphism, we denote by XR the base change of XA

to R. Similarly, if S → Spec(A) is a morphism of schemes, we denote by XS the

corresponding base change to S. Furthermore, for F ∈ Db
c(XA,Λ), we denote by

FR ∈ Db
c(XR,Λ) (resp. FS ∈ Db

c(XS,Λ)) the corresponding pullback to XR (resp.

XS).

3.4.1 Generic base change

The main tool that we need to compare constructible sheaves on varieties in charac-

teristic p and characteristic 0 is the generic base change theorem. Let us first explain

what we mean by generic base change.

Definition 3.4.1. Let S be a scheme and f : X → Y a morphism of S-schemes. Let

F ,G ∈ D(Xét,Λ) for a noetherian ring Λ (resp. F ,G ∈ D(Xproét,ΛX) for Λ as in

Assumption 3.3.7).

(i) We say that the formation f∗F commutes with generic base change if there

is a dense open subscheme U ⊂ S such that for each morphism of schemes

g : S ′ → U ⊂ S with corresponding pullback diagram

XS′ X

YS′ Y

S ′ S

f ′

g′′

f

g′

g

the canonical map (g′)∗f∗F → f ′
∗(g

′′)∗F is an isomorphism.

(ii) We say that the formation RHom(F ,G) commutes with generic base change if

there is a dense open subscheme U ⊂ X such that for each morphism of schemes

g : S ′ → U ⊂ S the canonical map g∗RHom(F ,G) → RHom(g∗F , g∗G) is an

isomorphism.

There is the following generic base change theorem for étale sheaves.
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Theorem 3.4.2. [27] Let S be a noetherian scheme, f : X → Y a morphism of S-

schemes of finite type and Λ a noetherian ring annihilated by an integer invertible in

OS. Then for any F ,G ∈ Db
c(Xét,Λ) the formations f∗F and RHom(F ,G) commute

with generic base change.

Proof. This is proved for constructible sheaves F ∈ Shc(Xét,Λ) in [27, Th. finitude

1.9, 2.10]. The case of an arbitrary complex F ∈ Db
c(Xét,Λ) can be deduced from

this by a dévissage argument.

We get a similar result for non-torsion coefficients in the pro-étale topology. For

the rest of this section, we assume that Λ is as in Assumption 3.3.7.

Lemma 3.4.3. Let S be a noetherian, quasi-excellent, ℓ-coprime scheme and f :

X → Y a morphism of S-schemes of finite type. Then for any F ,G ∈ Db
c(Xproét,ΛX)

the formations f∗F and RHom(F ,G) commute with generic base change.

Proof. Using the reduction steps for constructible sheaves from Lemma 3.3.13 this can

be reduced to the étale generic base change theorem (Theorem 3.4.2). The assumption

that S is quasi-excellent ensures that f∗F is constructible.

The following lemma can also be deduced from [11, Lemme 6.1.9] or [54, A.5].

Lemma 3.4.4. Let XA be a scheme of finite type over a finitely-generated Z[ℓ−1]-

algebra A ⊂ C and s ∈ Spec(A) a closed point. For any FA ∈ Db
c(XA,Λ) there exists

a strictly Henselian local ring R such that

(i) A ⊂ R ⊂ C;

(ii) the residue field of R is the algebraic closure s of s;

(iii) Pulling back along the morphisms in the diagram XC
u→ XR

v← Xs induces

equivalences of categories

⟨FC⟩Db
c(XC,Λ),∆,A

∼= ⟨FR⟩Db
c(XR,Λ),∆,A

∼= ⟨Fs⟩Db
c(Xs,Λ),∆,A.

Proof. By constructibility, we may enlarge A so that the cohomology sheaves of

a∗RHom(FA,FA) are locally constant of finite presentation. By Lemma 3.4.3 we may

enlarge A further so that a∗RHom(FA,GA) commutes with arbitrary base change, i.e.

for any g : S → Spec(A), we have

g∗a∗RHom(FA,FA) = a∗RHom(FS,FS).
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Let S be a connected w-contractible affine scheme. Then any locally constant sheaf

of finite presentation on Sproét is constant by Lemma 3.3.15 and hence

H i(a∗RHom(FS,FS)) = H i(g∗a∗RHom(FA,FA))

= g∗H i(a∗RHom(FA,FA))

= Mi ⊗Λ ΛS

(3.19)

for some finitely-presented Λ-module Mi. Note that the global sections functor ΓS =

Γ(S,−) is exact by Lemma 3.3.15. Hence, for S affine, connected and w-contractible,

we get
Homi(FS,FS) = H i(ΓS ◦ a∗ ◦ RHom(FS,FS))

= ΓS ◦H i(a∗RHom(FS,FS))

= ΓS(Mi ⊗Λ ΛS)

= Mi.

(3.20)

Here the first equality follows from general results about sites (see [6, V-(4.10), V-

(5.2)]). The second uses exactness of ΓS and the third follows from (3.19). To see the

last equality, pick a presentation Λn → Λm → Mi → 0. This induces a presentation

ΛnS → ΛmS → Mi ⊗Λ ΛS → 0. Note that ΓS(ΛS) = Λ by (3.13) and the fact that S is

connected. Since ΓS is exact, this implies ΓS(Mi ⊗Λ ΛS) = coker(Λn → Λm) = Mi.

Now let R be any strictly Henselian local ring satisfying (i) and (ii) (it is explained

in [11, p.156] that such a ring always exists and one can even assume that R is also a

discrete valuation ring). Then the schemes Spec(C), Spec(R), and s are all connected

w-contractible affine schemes by Lemma 3.3.15. Using (3.20), we get

Homi(FC,FC) = Homi(FR,FR) = Homi(Fs,Fs) = Mi

for all i ∈ Z. By Lemma 3.3.3 this implies that there are equivalences of triangulated

categories

⟨FC⟩Db
c(XC,Λ),∆,A

∼= ⟨FR⟩Db
c(XR,Λ),∆,A

∼= ⟨Fs⟩Db
c(Xs,Λ),∆,A.

3.4.2 Lifting Springer sheaves

Any variety X over C can be defined over a finitely-generated Z[ℓ−1]-algebra A ⊂ C,
i.e. there exists a scheme XA (of finite type) over Spec(A) such that X = XA ⊗A C.
Choosing a maximal ideal of A gives rise to a ring homomorphism A→ Fq for a finite

field Fq. Hence, it makes sense to consider XFq relating X to a scheme over a field
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of positive characteristic. We first check that this procedure preserves morphisms of

Springer type.

Any complex reductive group G can be defined over Z, i.e. there exists a split

reductive group scheme GZ over Z with G = GZ⊗ZC. Fix a Borel subgroup BZ ⊂ GZ

and let B := BZ ⊗Z C be the corresponding Borel subgroup of G. Let V be a G-

representation and {V i ⊂ V | i ∈ I} a finite collection of B-stable subspaces. Recall

that a representation of an affine group scheme H is the same as a comodule over the

Hopf algebra O(H).

Lemma 3.4.5. There is a finitely generated Z[ℓ−1]-algebra A ⊂ C, a GA-representation

VA and BA-stable A-submodules V i
A ⊂ VA which recover the V i ⊂ V when extending

scalars to C.

Proof. Pick a basis v1, ..., vn ∈ V . Then we can write the comultiplication on the vi

as

∆(vi) =
∑
j

vj ⊗ fij

for some fij ∈ O(G). Since O(G) = O(GZ)⊗Z C, we can write each fij as

fij =
∑
k

gijk ⊗ cijk

for some gijk ∈ O(GZ) and cijk ∈ C. Let A ⊂ C be the Z[ℓ−1]-algebra generated

by all the cijk. Then VA := SpanA{v1, ..., vn} is an O(GA)-comodule and thus a GA-

representation which recovers V when extending scalars to C. We can use the same

argument (potentially enlarging A further) to show that there are BA-representations

V i
A which are spanned by finitely many vectors wi

j ∈ V i and recover V i when extending

scalars to C. After enlarging A further, we may assume that VA contains all the wi
j

and thus V i
A ⊂ VA.

Consider the scheme Ṽ i
A := GA ×BA V i

A and the canonical map µi : Ṽ i
A → VA

induced by the action map GA × V i
A → VA. For any ring homomorphism A→ R, we

get a pullback diagram

Ṽ i
R Ṽ i

A

VR VA

u

µi µi

u
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where Ṽ i
R = GR ×BR V i

R. We define

SiR := (µi)!1Ṽ i
R
[dim Ṽ i] ∈ Db

c(VR)

SR :=
⊕
i∈I

SiR ∈ Db
c(VR).

By proper base change we have u∗(SiA) = SiR and u∗(SA) = SR. Moreover, if R = k

is an algebraically closed field, the morphism µi : Ṽ
i
k
→ Vk is of Springer type and Si

k

is the associated Springer sheaf (c.f. Section 3.1.2). Here we use that

dim Ṽ i = dimG+ dimV i − dimB = dimGk + dimV i
k
− dimBk = dim Ṽ i

k
.

Corollary 3.4.6. Let µi : Ṽ
i → V be a finite collection of morphisms of Springer

type over C. Then there is an equivalence of triangulated categories

DSpr(V )op ∼= Dperf(Hom
∗(S,S)− dgMod)

which identifies S with the free dg-module Hom∗(S,S).

Proof. Let A, Ṽ i
A, VA, ... be as in Lemma 3.4.5 and pick a closed point s → Spec(A)

with algebraic closure s. Note that since A is finitely-generated over Z[ℓ−1], we have

s = Spec(Fq) for a finite field Fq with ℓ invertible in Fq. By Lemma 3.4.4 there is an

equivalence of triangulated categories DSpr(V ) ∼= DSpr(Vs) which identifies S with Ss.

In particular, we get

Hom∗(S,S) ∼= Hom∗(Ss,Ss).

Hence, by Theorem 3.3.26, we have

DSpr(V )op ∼= DSpr(Vs)
op

∼= Dperf(Hom
∗(Ss,Ss)− dgMod)

∼= Dperf(Hom
∗(S,S)− dgMod).

3.5 A derived Deligne-Langlands correspondence

Let G be a complex reductive group with simply connected derived subgroup and root

datum R and let Haff
q be the associated affine Hecke algebra. Recall from Section 2.4
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that the affine Hecke algebra at the central character χ(s,q0) can be studied using the

maps

Ñ (s,q0)

Bs N (s,q0)

π(s,q0) µ(s,q0)

and in particular the sheaf

S(s,q0) = (µ(s,q0))∗CÑ (s,q0) ∈ Db
c(N (s,q0)).

As the notation suggests, the sheaf S(s,q0) is a Springer sheaf in the sense of Sec-

tion 3.1.2. To check this, we need the following standard results about centralizers.

Lemma 3.5.1. [24, Proposition 8.8.7]

(i) The centralizer G(s) is connected and reductive;

(ii) Each connected component of the fixed-point variety Bs is G(s)-equivariantly

isomorphic to the flag variety of G(s).

We decompose Ñ (s,q0) into connected components

Ñ (s,q0) =
⊔
i∈I

Ñ (s,q0),i.

Pick the Borel subgroup B ⊂ G such that s ∈ B, i.e. B ∈ Bs. Note that B(s) =

G(s) ∩ B is the stabilizer of B ∈ Bs in G(s). By Lemma 3.5.1(ii) this implies that

B(s) ⊂ G(s) is a Borel subgroup. Let

Bs =
⊔
j∈J

Cj

be the decomposition of Bs into connected components. Then for each j ∈ J there

is a unique element Bj ∈ Cj ∼= G(s)/B(s) whose stabilizer in G(s) is B(s) (i.e.

Bj(s) = B(s)). Let bj be the Lie algebra of Bj and nj = [bj, bj]. The fiber of Bj

under π(s,q0) is given by

(π(s,q0))−1(Bj) ∼= N (s,q0) ∩ π−1(Bj) = N (s,q0) ∩ bj = n
(s,q0)
j .

Hence, we get an isomorphism (c.f. [24, Corollary 8.8.9])

(π(s,q0))−1(Cj) ∼= G(s)×B(s) n
(s,q0)
j .

Note that the variety G(s)×B(s) n
(s,q0)
j is connected, so the (π(s,q0))−1(Cj) are already

the connected components Ñ (s,q0),i of N (s,q0). We have thus shown that the (s, q0)-

Springer resolution is of Springer type (c.f. Definition 3.1.4).
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Corollary 3.5.2. For each i ∈ I, the morphism µ(s,q0) : Ñ (s,q0),i → g(s,q0) is of

Springer type with Springer sheaf S(s,q0),i.

Hence, we can consider the corresponding Springer category

DSpr(N (s,q0)) := DSpr(g
(s,q0)) = ⟨X1, ..., Xn⟩Db

c(g
(s,q0)),∆

where the Xi are the simple perverse constituents of S(s,q0) ∈ Db
c(g

(s,q0)).

Remark 3.5.3. It might be more natural to consider the Springer category DSpr(N (s,q0))

as a subcategory of Db
c(N (s,q0)) instead of Db

c(g
(s,q0)). Note that this is not much of a

difference since the canonical functor Db
c(N (s,q0)) → Db

c(g
(s,q0)) induced by the closed

immersion N (s,q0) ↪→ g(s,q0) is fully faithful. In particular, we also have

DSpr(N (s,q0)) = ⟨X1, ..., Xn⟩Db
c(N (s,q0)),∆.

Moreover, if q0 is not a root of unity, it can be shown that N (s,q0) ∼= g(s,q0) (c.f. [24,

Proposition 8.8.7]).

By Corollary 3.4.6 and Corollary 3.5.2 there is an equivalence of triangulated

categories

DSpr(N (s,q0))op ∼= Dperf(Hom
∗(S(s,q0),S(s,q0))− dgMod)

which sends S(s,q0) to the free dg-module Hom∗(S(s,q0),S(s,q0)). Combining this with

Theorem 2.4.1, we arrive at the following ‘derived Deligne-Langlands correspondence’.

Theorem 3.5.4. There is an equivalence of triangulated categories

DSpr(N (s,q0))op ∼= Dperf(Haff
(s,q0)

− dgMod)

which sends S(s,q0) to the free dg-module Haff
(s,q0)

. Here we consider Haff
(s,q0)

as a dg-

algebra with vanishing differential and grading induced by the Hom∗-grading in The-

orem 2.4.1.

Remark 3.5.5. It would also be interesting to prove similar formality results for

graded Hecke algebras at central characters. These algebras can be used to study

a wider range of representations of p-adic groups such as unipotent representations

[47, 50]. In terms of geometry, graded Hecke algebras arise as certain Ext-algebras

in an equivariant derived category of constructible sheaves [8, 51]. Some formality

results in this direction can be found in [63]. There also is a coherent categorical

Deligne-Langlands correspondence [14] which works without fixing a central character

but replaces constructible sheaves with a certain category of coherent sheaves (see also

the conjectures in [34]). The relation between the constructible and the coherent side

is discussed in [13].

52



Chapter 4

Canonical bases via pairing
monomials

In this chapter, we develop a new algorithm to compute canonical bases in quantum

groups of finite ADE type and we explore some applications to the representation

theory of the affine Hecke algebra of GLn. We first explain the linear algebra under-

lying our new algorithm (which is motivated by the Lusztig-Shoji algorithm [45,62])

before we apply it to quantum groups and their geometric categorification. These

results can also be found in [4].

4.1 The linear algebraic skeleton

Let V be a finite-dimensional Q(v)-vector space equipped with the following data:

• a bar involution · : V → V which is Q(v)-antilinear;

• a standard basis Bstd = {ac | c ∈ C} indexed by a partially ordered set (C,≤)
satisfying

ac ∈ ac +
∑
c′<c

Z[v, v−1] · ac′ .

Then by [49, 24.2.1] there is a unique canonical basis

Bcan = {bc | c ∈ C}

of V satisfying

• bc = bc for all c ∈ C;

• bc = ac +
∑

c′<c pcc′(v)ac′ for some pcc′(v) ∈ v−1Z[v−1].
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If we refine the partial order on C to a total order, the last condition implies that the

change of basis matrix

P := (pcc′(v))c,c′∈C

between Bstd and Bcan is lower unitriangular with entries in v−1Z[v−1] below the

diagonal. We want to compute that canonical basis in terms of the standard basis

or equivalently the matrix P . For this, we assume that we are given the following

additional data: Let

(·, ·) : V × V → Q(v)

be a non-degenerate symmetric bilinear form such that Bstd is orthogonal with respect

to (·, ·). Consider the matrices

D := ((ac, ac′))c,c′∈C

Ω := ((bc, bc′))c,c′∈C

representing (·, ·) with respect to Bstd and Bcan. By change of basis, we have

Ω = PDP T (4.1)

where Ω is symmetric and invertible, P is lower unitriangular and D is diagonal. In

linear algebra, this is called the LDLT decomposition of Ω. The LDLT decomposition

of any symmetric invertible matrix is unique (if it exists) and it can be computed

using the Gram-Schmidt orthogonalization algorithm.

Corollary 4.1.1. We can compute Bcan from the matrix Ω, i.e. from the values of

the bilinear form on Bcan.

In applications, computing the bilinear form on Bcan is a non-trivial task. How-

ever, there are sometimes certain ‘monomial elements’ in V for which the bilinear

form can be computed explicitly. Assume that we are given the following additional

data: Let

Bmon = {mc | c ∈ C}

be another ordered basis called the ’monomial basis’ satisfying

• mc = mc for all c ∈ C;

• mc = bc +
∑

c′<c qcc′bc′ for some qcc′ ∈ Z[v, v−1].
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The last condition implies that the change of basis matrix

Q := (qcc′)c,c′∈C

between Bcan and Bmon is lower unitriangular with entries in Z[v, v−1]. This is equiv-

alent to the change of basis matrix

L := QP

between Bstd and Bmon being lower unitriangular with entries in Z[v, v−1]. Since the

elements of Bcan and Bmon are bar invariant, we have

qcc′ = qcc′ (4.2)

for all c, c′ ∈ C. Thus the entries of Q actually lie in Z[v + v−1]. Let

Ψ := ((mc,mc′))c,c′∈C

be the matrix representing the bilinear form (·, ·) with respect to the basis Bmon.

Then by change of basis we get

Ψ = LDLT (4.3)

which is the LDLT decomposition of Ψ. Hence, L and D can be computed from Ψ.

Note that we also have

Ψ = QΩQT . (4.4)

The following lemma says that P and Q are uniquely determined by L (and hence

also by Ψ).

Lemma 4.1.2. The matrices P and Q are the unique matrices satisfying

• L = QP ;

• Q is lower unitriangular with entries in Z[v + v−1];

• P is lower unitriangular with entries in v−1Z[v−1] below the diagonal;

Moreover, P and Q can be computed from L by a row elimination algorithm.

Proof. Assume we have L = Q1P1 = Q2P2 satisfying the conditions above. Then

P1P
−1
2 = Q−1

2 Q1 is a lower triangular matrix whose entries below the diagonal lie in

Z[v+ v−1]∩ v−1Z[v−1] = {0}. Hence, P1 = P2 and Q1 = Q2 which proves uniqueness.

To compute P and Q, note that we can transform L into a matrix with entries in

v−1Z[v−1] below the diagonal using only elementary row operations with coefficients

in Z[v + v−1]. The result of this process is the matrix P and the product of all the

row operation is the matrix Q−1.
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We can summarize the results of this section as follows.

Corollary 4.1.3. The matrix P can be computed from the matrix Ψ by computing

the unique matrix decompositions Ψ = LDLT and L = QP .

Hence, the problem of computing the canonical basis is reduced to finding a nice

monomial basis for which the matrix Ψ can be computed explicitly.

4.2 Quantum groups

In this section we recall a few well-known facts about the positive half of quantum

groups and its standard, canonical and monomial bases. We denote by N the set of all

natural numbers including zero. For any k ∈ N, we write [k]! ∈ Q(v) for the quantum

factorial.

4.2.1 PBW bases

Let Φ be a simply laced root system with Weyl group W . Choose a set of positive

roots Φ+ ⊂ Φ and denote the corresponding simple roots by ei (i ∈ I). The positive

half of the quantum group associated to Φ is the Q(v)-algebra U+ = U+(Φ) with

generators Ei (i ∈ I) and relations

EiEj − EjEi = 0 if ⟨ei, ěj⟩ = 0,

E2
iEj − (v + v−1)EiEjEi + EjE

2
i = 0 if ⟨ei, ěj⟩ = −1.

This algebra admits a grading

U+ =
⊕
v∈N[I]

U+
v

where Ei has degree i. For any x ∈ U+ we define

x(k) := xk

[k]!
.

The bar involution is the ring homomorphism

· : U+ → U+

with v = v−1 and Ei = Ei. This restricts to an involution

· : U+
v → U+

v
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on each homogeneous component. Fix a reduced expression

w0 = si1si2 ...siN

of the longest element of W . This induces a total order on the set of positive roots

Φ+ = {γ1 < γ2 < ... < γN}

where

γj := si1si2 ...sij−1
(eij).

Moreover, using braid group actions, one can define for each γ ∈ Φ+ a distinguished

element

Eγ ∈ U+

which also depends on the choice of reduced expression for w0 [49, §40]. For any

v ∈ N[I] let
KP(v) = {c : Φ+ → N |

∑
γ∈Φ+

c(γ) · γ =
∑
i∈I

viei}

be the set of Kostant partitions of v. For each c ∈ KP(v) the corresponding PBW

element is defined as

Ec := E(c(γ1))
γ1

E(c(γ2))
γ2

...E(c(γN ))
γN

∈ U+
v .

These elements form a basis

Bstd
v = {Ec | c ∈ KP(v)}

of U+
v known as the standard basis (or PBW basis) [49, 40.2.2]. There is a coproduct

U+ → U+⊗U+ which equips U+ with the structure of a (twisted) bialgebra. Moreover

there is a non-degenerate symmetric bilinear form

(·, ·) : U+ × U+ → U+ (4.5)

defined in [49, 1.2.3] which is given on generators by

(Ei, Ej) = δi,j(1− v−2)−1

and adjoins the product in U+ with the coproduct. This bilinear form satisfies

(U+
v , U

+
w) = 0

for any v ̸= w and thus the restricted bilinear form

(·, ·) : U+
v × U+

v → Q(v)

is still non-degenerate.

Lemma 4.2.1. [49, 38.2.3] The standard basis Bstd
v on U+

v is orthogonal with respect

to this bilinear form.
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4.2.2 Canonical and monomial bases

Fix an orientation of the Dynkin diagram of Φ, i.e. a quiver Q whose underlying

graph is the Dynkin diagram. The structure of U+ is closely related to the quiver Q.

For any v ∈ N[I] we denote by

Rv = Rv(Q) =
⊕
i→j

Hom(Cvi ,Cvj)

the space of v-dimensional representations of Q. This comes with a canonical change

of basis action of

GLv =
∏
i∈I

GLvi
.

By Gabriel’s theorem there is a canonical bijection

KP(v)
1:1↔ {GLv -orbits on Rv}

c 7→ Oc.
(4.6)

This induces a partial order ≤ on KP(v) where

c < c′ if dimOc < dimOc′ .

From now on, we assume that the reduced expression w0 = ss1si2 ...siN is adapted

to Q in the sense of [48, 4.7] (such a reduced expression always exists by [48, 4.12]).

Then by [48, 7.9] we have

Ec ∈ Ec +
∑
c′<c

Z[v, v−1]Ec′ (4.7)

for each c ∈ KP(v). Hence, by [49, 24.2.1] there is a canonical basis of U+
v

Bcan
v = {bc | c ∈ KP(v)}.

It turns out that this basis is independent of the choice reduced expression and ori-

entation [48, 2.3, 3.2] (however the partial order on KP(v) does depend on the choice

of orientation).

Remark 4.2.2. We can also replace the orbit dimension partial order ≤ in (4.7) with

the orbit closure partial order ≤cl where

c ≤cl c′ if Oc ⊂ Oc′ .

We work with ≤ since it is easier to compute in examples.

58



Next, we discuss the monomial basis. Given a non-negative integer m and a pair

of sequences

i = (i1, ..., im) ∈ Im

a = (a1, ..., am) ∈ Nm

we say that (i, a) has weight v if

vj =
∑
ik=j

ak

for all j ∈ I. For any pair (i, a) of weight v we can define a corresponding monomial

Ei,a := E
(a1)
i1

E
(a2)
i2

...E
(am)
im
∈ U+

v .

Lemma 4.2.3. [48, 7.8], [55, 4.2] We can find m ∈ N, i ∈ Im, and for each

c ∈ KP(v) a sequence ac ∈ Nm such that (i,ac) has weight v and

Ei,ac ∈ Ec +
∑
c′<c

Z[v, v−1]Ec′

for all c ∈ KP(v).

Thus, if we pick i and for each c ∈ KP(v) a sequence ac as above, we obtain a

monomial basis

Bmon
v = {Ei,ac | c ∈ KP(v)}

of U+
v . By Corollary 4.1.3 the canonical basis can then be computed from the matrix

Ψ = ((Ei,ac , Ei,ac′
))c,c′∈KP(v). (4.8)

In principle, the entries of the matrix Ψ can be computed from the recursive for-

mula in [49, 1.2.3]. We will provide an alternative formula for Ψ in terms of quiver

representations in the next section.

Remark 4.2.4. There is an explicit procedure [55, 4.2] that constructs the sequences

ac, depending on the choice of a ’directed partition’ on the set of indecomposable

representations of Q. We will give explicit examples in type A in Section 4.4.

4.3 A geometric formula for the bilinear pairing

In this section, we derive a new formula for the standard bilinear form of U+ evaluated

at monomials. The proof relies on geometric techniques.

59



4.3.1 Notation

Let G be a connected complex algebraic group and X a G-variety. Recall from Sec-

tion 2.3 that the equivariant cohomology and Borel-Moore homology (with coefficients

in C ∼= Ql) are defined as

H i
G(X) := Homi

G(1X ,1X)

HG
i (X) := Hom−i

G (1X , ωX).

For G = {e} this recovers ordinary cohomology H∗(X) and Borel-Moore homology

H∗(X). If X is smooth and connected there is the Poincaré duality isomorphism

HG
k (X)

PD∼= H2 dimX−k
G (X).

We will make use of the following standard result about Borel-Moore homology.

Lemma 4.3.1. Let X =
⊔
j∈J Xj be a finite partition into locally closed G-stable

subsets such that HG
k (Xj) vanishes for k odd for all j ∈ J . Assume that we can pick

a total order on J such that X≤j =
⊔
j′≤j Xj′ is closed in X for all j ∈ J . Then

HG
k (X) ∼=

⊕
j∈J

HG
k (Xj)

for all k.

Proof. This follows by a standard induction argument using the long exact sequence

of Borel-Moore homology (see the proof of [32, B.3-Lemma 6] for more details on this

type of argument).

Denote by

χGv (X) := vdimX
∑
k≥0

dimHk
G(X)v−k ∈ Z((v−1))

χv(X) := vdimX
∑
k≥0

dimHk(X)v−k ∈ Z[v, v−1]
(4.9)

the (normalized) Poincaré polynomials of X. Denote by SemisG(X) ⊂ Db
G,c(X) the

additive category of semisimple complexes, i.e. the full subcategory whose objects are

direct sums of shifts is simple perverse sheaves. Then the split Grothendieck group

K⊕(X) := K⊕(SemisG(X))
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is a free Z[v, v−1]-module (where v acts by the homological shift [1]) with a basis given

by the classes of simple equivariant perverse sheaves. If X is smooth and connected

with structure map a : X → pt we have

[a∗CX ] = χv(X) · [Cpt] (4.10)

in K⊕(pt). For any Laurent polynomial

f(v) =
∑
k∈Z

akv
k ∈ N[v, v−1]

and F ∈ SemisG(X) we define

f(v) · F :=
⊕
k∈Z

F⊕ak [k].

4.3.2 Lusztig’s geometric categorification of U+

We retain the notation from Section 4.2: Φ is a simply laced root system with positive

roots Φ+ and simple roots {ei | i ∈ I}, Q is a quiver whose underlying graph is the

Dynkin diagram of Φ, Rv is the space of v-dimensional representations of Q and GLv

is the corresponding change of basis group. The GLv-stabilizer of any point in Rv is

connected. Hence, all equivariant local systems on GLv-orbits in Rv are trivial and

there is a canonical bijection

{GLv -orbits on Rv}
1:1↔ Irr(PervGLv(Rv)).

Combining this with (4.6), we obtain a canonical bijection

KP(v)
1:1↔ Irr(PervGLv(Rv))

c 7→ ICc .

This yields a Z[v, v−1]-basis

{[ICc] | c ∈ KP(v)}

of K⊕(Rv). This is also a Q(v)-basis of

K⊕(Rv)Q(v) := Q(v)⊗Z[v,v−1] K⊕(Rv).

For any v,w ∈ N[I] there is an induction functor [49, 9.2.5]

Db
GLv ×GLw,c(Rv ×Rw)

Indv+w
v,w−→ Db

GLv+w,c
(Rv+w)
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which induces a ‘convolution map’

K⊕(Rv)⊗Z[v,v−1] K⊕(Rw)→ K⊕(Rv+w)

[F ]⊗ [G] 7→ [Indv+w
v,w (F ⊠ G)].

This equips

K⊕(Q) :=
⊕
v∈N[I]

K⊕(Rv)Q(v)

with the structure of a Q(v)-algebra. For any F ,G ∈ SemisGLv(Rv), we define

(F ,G) =
∑
k∈Z

dimHomk
GLv

(DF ,G) · v−k ∈ Q(v).

A priori, this pairing takes values in Z((v−1)) but it can be shown that on semisimple

complexes it actually takes values in Z((v−1)) ∩ Q(v). There is an induced bilinear

pairing

(·, ·) : K⊕(Rv)×K⊕(Rv)→ Q(v)

which can be extended to a symmetric bilinear form

K⊕(Q)×K⊕(Q)→ Q(v) (4.11)

by stipulating that (K⊕(Rv), K⊕(Rw)) = 0 for any v ̸= w. The following theorem is

Lusztig’s geometric categorification of U+.

Theorem 4.3.2. [49, 13.2.11] For each v ∈ N[I] there is an isomorphism of Q(v)-

vector spaces
K⊕(Rv)Q(v)

∼→ U+
v

[ICc] 7→ bc.
(4.12)

This induces an isomorphism of N[I]-graded algebras

K⊕(Q)
∼→ U+

which intertwines the bilinear forms from (4.11) and (4.5).

The change of basis matrix between Bstd
v and Bcan

v also has a geometric interpre-

tation.

Proposition 4.3.3. [48, 10.7] The entries of the change of basis matrix P between

Bstd
v and Bcan

v are given by

pc,c′(v) =
∑
k∈Z

dimHk(ι∗x ICc)v
k

where ιx : {x} ↪→ Oc′ is any base point.
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Remark 4.3.4. When Q is the equioriented type A quiver, the polynomials pc,c′(v)

turn out to be certain parabolic Kazhdan-Lusztig polynomials [68].

Next, we discuss the geometric interpretation of monomials. Let

i = (i1, ..., im) ∈ Im

a = (a1, ..., am) ∈ Nm

such that (i, a) has weight v. Let B ⊂ GLv be a fixed Borel subgroup. Then there is

a unique B-stable flag F ∗ of I-graded subspaces

Cv = F 0 ⊃ F 1 ⊃ ... ⊃ Fm = {0}

of type (i, a) (i.e. F k−1/F k is pure of weight ik and dimension ak). The stabilizer

Pi,a ⊂ GLv of F ∗ is a parabolic subgroup containing B. Let Ri,a ⊂ Rv be the subspace

of all representations x that are compatible with the flag F ∗, i.e. x(F k) ⊂ F k for all

k. We define

R̃i,a := GLv×Pi,aRi,a.

Then the morphism

µi,a : R̃i,a → Rv

(g, v) 7→ g · v

is proper and we define

Si,a := (µi,a)∗CR̃i,a
∈ Db

GLv,c(Rv).

By the (equivariant) decomposition theorem, we have

Si,a ∈ SemisGLv(Rv).

Moreover,
DSi,a = D(µi,a)∗CR̃i,a

= (µi,a)∗DCR̃i,a

= (µi,a)∗CR̃i,a

= Si,a .

(4.13)

Proposition 4.3.5. The isomorphism K⊕(Rv)Q(v)
∼→ U+

v from (4.12) identifies [Si,a]

with Ei,a.
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Proof. See [57, §5] for an argument in the language of Hall algebras. In the language

of perverse sheaves this can be explained as follows: It is straightforward to check

that E
(aj)
ij

is a canonical basis element for all j = 1, ...,m. Hence, we have

Ei,a = E
(a1)
i1

E
(a2)
i2

...E
(am)
im

(4.12)
= [ICe

a1
i1
] · [ICe

a2
i2
] · ... · [ICeamim

]

Note that R
e
aj
ij

= {0} is just a point and hence IC
e
aj
ij

is just the constant sheaf

CR
e
aj
ij

. Spelling out the definition of the corresponding convolution explicitly (see for

example [1, (10.3.8)]), we arrive at

Ei,a = [CR
e
a1
i1

] · [CR
e
a2
i2

] · ... · [CRe
am
im

] = [(µi,a)∗CR̃i,a
] = [Si,a].

Combining Theorem 4.3.2 and Proposition 4.3.5 yields the following geometric

interpretation of the matrix Ψ from (4.8):

Ψc,c′ = (Ei,ac , Ei,ac′
)

= ([Si,ac ], [Si,ac′
])

=
∑
k∈Z

dimHomk
GLv

(D(Si,ac),Si,ac′
) · v−k

(4.13)
=
∑
k∈Z

dimHomk
GLv

(Si,ac ,Si,ac′
) · v−k.

(4.14)

There also is a geometric version of Lemma 4.2.3.

Lemma 4.3.6. [57, 2.2] We can find m ∈ N, i ∈ Im, and for each c ∈ KP(v) a

sequence ac ∈ Nm such that (i, ac) has weight v and

(i) µi,ac has image Oc,

(ii) µi,ac restricts to an isomorphism µ−1
i,ac

(Oc)
∼→ Oc over Oc,

for all c ∈ KP(v).

Note that the lemma above (together with the decomposition theorem) implies

that

Si,ac
∼= ICc⊕

n⊕
k=1

ICck [dk]

for some (not necessarily distinct) Kostant partitions ck < c and integers dk ∈ Z.
Taking the corresponding classes in K⊕(Rv)Q(v)

∼= U+
v yields

Ei,ac = [Si,ac ] = [ICc] +
n∑
k=1

[ICck [dk]] = Ec +
n∑
k=1

vdkEck .
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Hence, Lemma 4.2.3 and the existence of a monomial basis is a consequence of

Lemma 4.3.6.

4.3.3 Computation of some Ext groups

In this section we derive a formula for the graded dimensions of Hom-spaces between

certain semisimple complexes. Let G be a connected complex reductive group with

a fixed Borel subgroup B ⊂ G, torus T ⊂ B and Weyl group W . Let P1, P2 ⊂ G

be two parabolic subgroups containing B with corresponding parabolic subgroups

W1,W2 ⊂ W . For any w ∈ W , we write wPi := ẇPiẇ
−1 (i = 1, 2) where ẇ ∈ NG(T )

is a lift of w. Consider the orbit partition

G/P1 ×G/P2 =
⊔

[w]∈W1\W/W2

Y[w] (4.15)

where Y[w] = G · (P1,
wP2) ∼= G/(P1 ∩ wP2). We start by computing the Poincaré

polynomial of Y[w].

Lemma 4.3.7. We have

χGv (Y[w]) = v−r[w]
χGv (G/B)

χv(P1/B)χv(P2/B)

∑
y∈[w]

v2l(y)

where r[w] = dimY[w] + dimP1/B + dimP2/B − dimG/B

Proof. Let

q : G/B ×G/B → G/P1 ×G/P2

be the projection and

X[w] := q−1(Y[w]).

We first compute χGv (X[w]). Note that X[w] =
⊔
y∈[w]Oy where

G/B ×G/B =
⊔
y∈W

Oy

is the partition into G-orbits. For any y ∈ W , the map pr1 : Oy → G/B is a

G-equivariant locally trivial fibration with fiber AdimOy−dimG/B. Hence, Hk
G(Oy) ∼=

Hk
G(G/B) for all k ≥ 0 and

χGv (Oy) = vdimOy−dimG/BχGv (G/B). (4.16)

Moreover,

HG
k (Oy)

PD∼= H
2 dimOy−k
G (Oy) ∼= H

2 dimOy−k
G (G/B)
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vanishes for k odd. By Lemma 4.3.1, this implies

HG
k (X[w]) =

⊕
y∈[w]

HG
k (Oy). (4.17)

Hence, we get

χGv (X[w])
(4.9)
= vdimX[w]

∑
k∈Z

dimHk
G(X[w])v

−k

PD
= vdimX[w]

∑
k∈Z

dimHG
2 dimX[w]−k(X[w])v

−k

= v− dimX[w]

∑
k∈Z

dimHG
k (X[w])v

k

(4.17)
= v− dimX[w]

∑
k∈Z

∑
y∈[w]

dimHG
k (Oy)vk

= v− dimX[w]

∑
k∈Z

∑
y∈[w]

dimHG
2 dimOy−k(Oy)v

2 dimOy−k

PD
= v− dimX[w]

∑
k∈Z

∑
y∈[w]

dimHk
G(Oy)v2 dimOy−k

= v− dimX[w]

∑
y∈[w]

χGv (Oy)vdimOy

(4.16)
= v− dimX[w]

∑
y∈[w]

χGv (G/B)v2 dimOy−dimG/B.

(4.18)

Note that dimOy = dimG/B + l(y), so we can also write (4.18) as

χGv (X[w]) = v− dimX[w]

∑
y∈[w]

χGv (G/B)v2(dimG/B+l(y))−dimG/B

= vdimG/B−dimX[w]χGv (G/B)
∑
y∈[w]

v2l(y).
(4.19)

Let q̃ : X[w] → Y[w] be the restriction of the map q to Y[w]. This is a G-equivariant

locally trivial fibration with fiber P1/B × P2/B. Hence,

dimX[w] − dimG/B = dimY[w] + dimP1/B + dimP2/B − dimG/B = r[w]. (4.20)

To complete the proof, we claim that

χGv (X[w]) = χGv (Y[w])χv(P1/B)χv(P2/B). (4.21)

Note that q̃ is a G-equivariant proper morphisms, so by the decomposition theorem

q̃∗CX[w]
is a semisimple G-equivariant complex on Y[w]. The only simple G-equivariant

perverse sheaf on Y[w] is CY[w]
. Therefore, we can write

q̃∗CX[w]
= f(v) · CY[w]

(4.22)
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for some f(v) ∈ N[v, v−1]. Pushing (4.22) forward to the point, we get from (4.10)

that

χGv (X[w]) = f(v) · χGv (Y[w]). (4.23)

Consider the inclusion maps ιx : {x} ↪→ Oy and ιq−1(x) : q
−1(x) ↪→ X[w]. Using proper

base change (after forgetting the G-equivariance), we get

f(v) · C{x} = f(v) · ι∗xCY[w]
[− dimY[w]]

(4.22)
= ι∗xq̃∗CX[w]

[− dimY[w]]

= q̃∗ι
∗
q−1(x)CX[w]

[− dimY[w]]

= q̃∗Cq−1(x).

In the Grothendieck group this implies

f(v) · [C{x}] = [q̃∗Cq−1(x)]
(4.10)
= χv(q

−1(x))[C{x}].

Since q−1(x) ∼= P1/B × P2/B, we get

f(v) = χv(q
−1(x)) = χv(P1/B)χv(P2/B).

Thus (4.21) follows from (4.23). Hence, we obtain

χGv (Y[w])
(4.21)
=

1

χv(P1/B)χv(P2/B)
χGv (X[w])

(4.19),(4.20)
= v−r[w]

χGv (G/B)

χv(P1/B)χv(P2/B)

∑
y∈[w]

v2l(y).

We now use the lemma above to compute the graded dimensions of certain Hom-

spaces which includes the entries of the matrix Ψ from (4.8) as a special case. Let

V be a G-representation and V i ⊂ V a Pi-stable subspace for i = 1, 2. We can then

consider the G-space

Ṽ i := G×Pi V i = {(gPi, v) ∈ G/Pi × V | v ∈ gV i}. (4.24)

This comes with the two projection maps

Ṽ i

G/Pi V

πi µi

and the associated ‘Springer sheaf’

Si := (µi)∗CṼ i ∈ Db
G,c(V ).
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Remark 4.3.8. This set-up can be viewed as a parabolic version of the Springer

morphisms considered in Section 3.1.2.

For any w ∈ W we can define the subspace

wV i := {ẇ · v | v ∈ V i} ⊂ V

where ẇ ∈ NG(T ) is a lift of w ∈ W .

Theorem 4.3.9. We have∑
k∈Z

dimHomk
G(S

1,S2)v−k = cv(V
1, V 2)

∑
w∈W

v2(l(w)+dimV 1∩wV 2)

where

cv(V
1, V 2) = v− dimG/B−dimV 1−dimV 2 χGv (G/B)

χv(P1/B)χv(P2/B)
.

Proof. Consider the Steinberg variety

Z := Ṽ 1 ×V Ṽ 2.

By [24, 8.6], there is an isomorphism

Homk
G(S

1,S2) ∼= HG
d1+d2−k(Z) (4.25)

where

di = dim Ṽ i = dimG− dimPi + dimV i.

The orbit partition on G/P1 ×G/P2 from (4.15) induces a partition

Z =
⊔

[w]∈W1\W/W2

Z[w]

where Z[w] := (π1 × π2)
−1(Y[w]). The projection Z[w] → Y[w] is a G-equivariant vector

bundle with fiber V 1 ∩ wV 2. Hence, Z[w] is smooth and

HG
k (Z[w])

PD
= H

2d[w]−k
G (Z[w]) ∼= H

2d[w]−k
G (Y[w]). (4.26)

where

d[w] := dimZ[w] = dimY[w] + dimV 1 ∩ wV 2.

It follows from Lemma 4.3.7 that Hk
G(Y[w]) vanishes for k odd, so HG

k (Z[w]) also

vanishes for k odd. By Lemma 4.3.1, we get

HG
k (Z) =

⊕
[w]∈W1\W/W2

HG
k (Z[w]). (4.27)
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Hence, we have

(†) :=
∑
k∈Z

dimHomk
G(S

1,S2)v−k

(4.25)
=
∑
k∈Z

dimHG
d1+d2−k(Z)v

−k

(4.27)
=
∑
k∈Z

∑
[w]∈W1\W/W2

dimHG
d1+d2−k(Z[w])v

−k

(4.26)
=
∑
k∈Z

∑
[w]∈W1\W/W2

dimH
2d[w]−d1−d2+k
G (Y[w])v

−k

=
∑
k∈Z

∑
[w]∈W1\W/W2

v2d[w]−d1−d2 dimHk
G(Y[w])v

−k

(4.9)
=

∑
[w]∈W1\W/W2

v2d[w]−d1−d2−dimY[w]χGv (Y[w])

4.3.7
=

∑
[w]∈W1\W/W2

v2d[w]−d1−d2−dimY[w]−r[w]
χGv (G/B)

χv(P1/B)χv(P2/B)

∑
y∈[w]

v2l(y)

=
χGv (G/B)

χv(P1/B)χv(P2/B)

∑
w∈W

v2d[w]−d1−d2−dimY[w]−r[w]+2l(w).

Recall that

d[w] = dimY[w] + dimV 1 ∩ wV 2

r[w] = dimY[w] + dimP1/B + dimP2/B − dimG/B

di = dimG− dimPi + dimV i.

Hence, we have

2d[w] − d1 − d2 − dimY[w] − r[w] = 2dimV 1 ∩ wV 2 − dimG/B − dimV 1 − dimV 2

and thus

(†) = χv(G/B)

χv(P1/B)χv(P2/B)

∑
w∈W

v2 dimV 1∩wV 2−dimG/B−dimV 1−dimV 2+2l(w)

= v− dimG/B−dimV 1−dimV 2 χv(G/B)

χv(P1/B)χv(P2/B)

∑
w∈W

v2(l(w)+dimV 1∩wV 2).

Remark 4.3.10. The theorem above can be used to compute the graded dimension

of some interesting Ext-algebras. For example, KLR algebras can be realised as Ext

69



algebras of a direct sum of sheaves of the form Si as above [66]. Similarly, affine

Hecke algebras at a central character (away from roots of unity) also have such a

realization [24], though the Ext-algebras are non-equivariant. We will make use of

this realization in Section 4.5.2 to compute the dimensions of the simple modules for

the affine Hecke algebra of GLn. In both of these examples, the parabolic subgroups Pi

in the definition of the corresponding sheaves Si are always Borel subgroups. However,

to compute the bilinear form on U+ at monomials, we also need to consider parabolic

subgroups that are not Borel subgroups.

We now apply the formula from the theorem above to the quantum groups setting.

Recall for this that Sv =
∏

i∈I Svi
is the Weyl group of GLv =

∏
i∈I GLvi

, B ⊂ GLv

is fixed a Borel subgroup and Ri,a ⊂ Rv is the subspace that fixes the unique B-stable

flag F ∗ of type (i, a). For any sequence a = (a1, a2, ..., am) ∈ Nm we define

[a]! := [a1]![a2]! · ... · [am]!.

Corollary 4.3.11. Let (i,a) and (i′,a′) be of weight v. Then

(Ei,a, Ei′,a′) = v− dimRi,a−dimRi′,a′

∏
i∈I(1− v−2)−vi

[a]![a′]!

∑
w∈Sv

v2(l(w)+dimRi,a∩wRi′,a′ ).

Proof. The parabolics Pi,a, Pi,a′ contain the common Borel subgroup B. Hence, we

can apply Theorem 4.3.9 to obtain

(Ei,a, Ei′,a′) =
∑
k∈Z

Homk
G(Si,a,Si′,a′)v−k

= v−s
χGLv
v (GLv /B)

χv(Pi,a/B)χv(Pi′,a′/B)

∑
w∈Sv

v2(l(w)+dimRi,a∩wRi′,a′ )

where

s = dimGLv /B + dimRi,a + dimRi,a.

Note that the Levi factor of Pi,a is isomorphic to GLa1 ×... × GLam . The Poincaré

polynomials for the flag variety are well-known:

χGLv
v (GLv /B) = vdimGLv /BχBv (pt) = vdimGLv /B

∏
i∈I

(1− v−2)−vi

χv(Pi,a/B) = [a]!

χv(Pi′,a′/B) = [a′]!.
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Thus we have

(Ei,a, Ei′,a′) = v−s
vdimGLv /B

∏
i∈I(1− v−2)−vi

[a]![a′]!

∑
w∈Sv

v2(l(w)+dimRi,a∩wRi′,a′ )

= v− dimRi,a−dimRi′,a′

∏
i∈I(1− v−2)−vi

[a]![a′]!

∑
w∈Sv

v2(l(w)+dimRi,a∩wRi′,a′ ).

We can now combine Corollary 4.1.3 and Corollary 4.3.11 to obtain the following

algorithm that computes the canonical basis.

Algorithm 4.3.12. Input: v (weight vector), Output: P,Q (change of basis matrix

between Bstd
v and Bcan

v resp. Bcan
v and Bmon

v ).

1. Compute the matrix Ψ using the formula from Corollary 4.3.11;

2. Compute the decomposition Ψ = LDLT using the Gram-Schmidt procedure;

3. Compute the decomposition L = QP using row elimination.

4.4 Examples in type A

In order to be able to execute Algorithm 4.3.12, we need to explicitly compute:

• the sequences i and ac from Lemma 4.3.6 that give rise to the monomial basis

Bmon = {Ei,ac | c ∈ KP(v)};

• the partial order ≤ on KP(v), i.e. the dimensions of the orbits Oc.

The orbit dimensions can be computed using Lusztig’s formula [48, Proposition 6.6].

Alternatively, they can also be computed from the sequences i and ac using that

dimOc = dim R̃i,ac = dimG− dimPi,ac +Ri,ac (4.28)

by Lemma 4.3.6. We now recall an explicit description of the sequences i, ac from [57]

for the equioriented type A quiver

An = • • ... • (4.29)
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with n vertices and n − 1 arrows (see also [2, §4] for an alternative combinatorial

description using triangular arrays). Let U+ = U+(An) be the associated positive

quantum group. The set of positive roots is given by

Φ+ = {αij = ei + ei+1 + ...+ ej | i ≤ j}

where e1, ..., en are the simple roots labelling the quiver from left to right. The reduced

expression

w0 = sn(sn−1sn)...(sisi+1...sn)...(s1s2...sn)

is adapted to An in the sense of [48, 4.7]. Let

i = (n, n− 1, n, ..., i, i+ 1, ..., n, ...1, 2, ..., n).

For any Kostant partition c = (mij)i≤j ∈ KP(v) set

ac = (mnn,mn−1,n−1 +mn−1,n,mn−1,n, ...,m1,1 +m1,2 + ...+m1,n, ...,m1,n).

Then by [57] the ac satisfy the conditions from Lemma 4.3.6. Hence,

Bmon
v = {Ei,ac | c ∈ KP(v)}

is a monomial basis of U+
v . We now compute the canonical basis of U+

v in two

examples.

4.4.1 Example: v = (2, 2)

Let n = 2 and v = (2, 2). The order on the set of positive roots is given by

Φ+ = {e2 < e1 + e2 < e1}.

There are three Kostant partitions of v:

c1 = (2, 0, 2), c2 = (1, 1, 1), c3 = (0, 2, 0).

We have

i = (2, 1, 2)

and

ac1 = (2, 2, 0), ac2 = (1, 2, 1), ac3 = (0, 2, 2).

Let B ⊂ GL2 be the standard (geometric) Borel subgroup consisting of lower trian-

gular matrices and consider the corresponding Borel B × B ⊂ GL2×GL2 = GLv.
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The space of quiver representations Rv can be identified with the set of 2×2 matrices

( ∗ ∗
∗ ∗ ). The corresponding spaces Ri,ac ⊂ Rv are given by

Ri,ac1
= ( 0 0

0 0 ) , Ri,ac2
= ( 0 0

∗ ∗ ) , Ri,ac3
= ( ∗ ∗

∗ ∗ ) .

The corresponding parabolic subgroups of GLv are

Pi,ac1
= GLv, Pi,ac2

= GL2×B, Pi,ac3
= GLv .

Using (4.28), we can compute the orbit dimensions

dimOc1 = 0, dimOc2 = 3, dimOc3 = 4

and hence the order on Kostant partitions is

c1 < c2 < c3.

We can now evaluate the formula from Corollary 4.3.11 to compute the entries of the

matrix Ψ. For example, we have

(Ei,ac2
, Ei,ac2

) = v− dimRi,ac2
−dimRi,ac2

∏
i(1−v−2)−vi

[ac2 ]![ac2 ]!

∑
w∈S2×S2

v2(l(w)+dimRi,ac2
∩wRi,ac2

)

= v−2−2 (1−v−2)−4

(v+v−1)(v+v−1)
(v2(0+2) + v2(1+2) + v2(1+0) + v2(2+0))

= (1− v−2)−4

= 1+2v−2+v−4

(1−v−2)2(1−v−4)2
.

(4.30)

More generally, we have

Ψ = 1
(1−v−2)2(1−v−4)2

(
1 v−1+v−3 v−4

v−1+v−3 1+2v−2+v−4 v−1+v−3

v−4 v−1+v−3 1

)
.

The matrices L and D in the corresponding LDLT decomposition Ψ = LDLT are

L =
(

1 0 0
v−1+v−3 1 0
v−4 v−1 1

)
D = 1

(1−v−2)2(1−v−4)2

( 1 0 0
0 1+v−2−v−4−v−6 0
0 0 1+v−2−v−4−v−6

)
.

Note that L already has coefficients in v−1Z[v−1] below the diagonal. Hence the

change of basis matrix between Bstd
v and Bcan

v is

P = L =
(

1 0 0
v−1+v−3 1 0
v−4 v−1 1

)
.

The matrix Q is just the identity matrix which corresponds to the fact that

Bcan
v = Bmon

v = {E(2)
2 E

(2)
1 , E1E

(2)
2 E1, E

(2)
1 E

(2)
2 }.
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Remark 4.4.1. The matrix Ψ can also be computed recursively from [49, 1.2.3] or

using the closed formula in [56] derived from this recursion. To illustrate the difference

to our formula, we briefly explain how to compute Ψ with the formula from [56]. For

any a ∈ N let

({a})−1 :=
a∏
s=1

(1− v−2s)−1.

The formula from [56, Theorem 2.2] is then

(Ei,a, Ei′,a′) =
∑

z∈Z i,a

i′,a′

vQ(z)
∏
m,p

({zmp})−1 (4.31)

where Z i,a
i′,a′

is a certain finite set of |i′| × |i| matrices with entries in N and Q(z) is

a certain integer which can be computed from the entries of z. For example, one can

check that

Z i,ac2
i,ac2

=
{(

1 0 0
0 2 0
0 0 1

)
,
(

0 0 1
0 2 0
1 0 0

)}
and

Q
((

1 0 0
0 2 0
0 0 1

))
= 0, Q

((
0 0 1
0 2 0
1 0 0

))
= −2.

Hence, we get

(Ei,ac2
, Ei,ac2

)
(4.31)
= v0({1})−2({2})−1 + v−2({1})−2({2})−1

= 1
(1−v−2)3(1−v−4)

+ v−2 1
(1−v−2)3(1−v−4)

= (1− v−2)−4

which is the same result as in (4.30).

4.4.2 Example: v = (1, 2, 1)

Let n = 3 and v = (1, 2, 1). The order on the set of positive roots is

Φ+ = {e3 < e2 + e3 < e2 < e1 + e2 + e3 < e1 + e2 < e1}.

The Kostant partitions of dimension v are:

(1,0,2,0,0,1), (1,0,1,0,1,0), (0,1,1,0,0,1), (0,1,0,0,1,0), (0,0,1,1,0,0). (4.32)

We have

i = (3, 2, 3, 1, 2, 3)

and the corresponding sequences ac are

(1,2,0,1,0,0), (1,1,0,1,1,0), (0,2,1,1,0,0), (0,1,1,1,1,0), (0,1,0,1,1,1).
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Let B ⊂ GLv be the Borel consisting of all lower triangular matrices. Then the

corresponding parabolic subgroups Pi,ac are

GLv, B, GLv, B, B.

The corresponding spaces Ri,ac ⊂ Rv = (( ∗
∗ ) , ( ∗ ∗ )) are

(( 0
0 ) , ( 0 0 )), (( 0

∗ ) , ( 0 0 )), (( 0
0 ) , ( ∗ ∗ )), (( 0

∗ ) , ( ∗ 0 )), (( ∗
0 ) , ( ∗ ∗ )). (4.33)

It follows from (4.28) that the corresponding orbit dimensions are

0, 2, 2, 3, 4.

Thus the Kostant partitions in (4.32) are already ordered with respect to the partial

order. The entries of the matrix Ψ can now be computed explicitly. For example,

taking

c3 = (0, 1, 1, 0, 0, 1), c5 = (0, 0, 1, 1, 0, 0)

we get

Ψc3,c5 = v− dimRi,a3
−dimRi,a5

∏
i(1−v−2)−vi

[ac3 ]![ac5 ]!
(v2 dimRi,ac3

∩Ri,ac5 + v2+2dimRi,ac3
∩sRi,ac5 )

= v−5 (1−v−2)−4

[2]!·1 (v4 + v6)

= (1− v−2)−4

= 1+v−2

(1−v−2)−3(1−v−4)
.

More generally, we have

Ψ = 1
(1−v−2)3(1−v−4)

 1 1+v−2 v−2 v−1+v−3 v−2+v−4

1+v−2 2+2v−2 v−2+v−4 2v−1+2v−3 2v−2+2v−4

v−2 v−2+v−4 1 v−1+v−3 1+v−2

v−1+v−3 2v−1+2v−3 v−1+v−3 1+2v−2+v−4 2v−1+2v−3

v−2+v−4 2v−2+2v−4 1+v−2 2v−1+2v−3 2+2v−2

 . (4.34)

The decomposition Ψ = LDLT is given by

L =

 1 0 0 0 0
1+v−2 1 0 0 0
v−2 0 1 0 0

v−1+v−3 v−1 v−1 1 0
v−2+v−4 v−2 1+v−2 v−1 1


D = 1

(1−v−2)3(1−v−4)

 1
1−v−4

1−v−4

1−v2−v−4+v−6

1−v−2−v−4+v−6

 .

The matrix L can be decomposed further as

L = QP =

(
1 0 0 0 0
1 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 1

)( 1 0 0 0 0
v−2 1 0 0 0
v−2 0 1 0 0

v−1+v−3 v−1 v−1 1 0
v−4 v−2 v−2 v−1 1

)
. (4.35)

75



Remark 4.4.2. The matrix P is also computed in the context of (graded) affine Hecke

algebras in [25, 4.2] using the slightly different normalisation

P̃ = (vdimOc′−dimOcpc′,c(v))c,c′∈KP(v) =

(
1 1 1 1+v2 1
0 1 0 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

)
.

The relation between the quantum groups setting and the affine Hecke algebra setting

will be discussed in more detail in the next section.

4.5 Applications to the representation theory of

affine Hecke algebras

4.5.1 Affine Hecke algebras and quivers

Let Haff
q be the affine Hecke algebra of GLn (i.e. the affine Hecke algebra associated

to the root datum of GLn). Consider a semisimple element (s, q0) ∈ GLn×Gm where

q0 is not a root of unity. Recall from Section 2.4 that the affine Hecke algebra at the

central character χ(s,q0) can be studied using the map

µ(s,q0) : Ñ (s,q0) → N (s,q0).

For any x ∈ N (s,q0) let

Ox := GLn(s) · x ⊂ N (s,q0)

be the corresponding orbit and let

Mx := H∗((µ
(s,q0))−1(x)) = H∗(Bsx)

be the Borel-Moore homology of the corresponding fiber. It can be shown that the

simultaneous centralizer GLn(s, x) is always connected. Hence, the component groups

A(s, x) are all trivial and thus the simple equivariant perverse sheaves on N (s,q0) are

of the form

ICOx := IC(Ox, triv).

In particular, in the GLn case, the results from Theorem 2.5.4 take the following

simpler form.

Theorem 4.5.1. [17,24,41,67]

(i) There is a canonical Haff
q -module structure on Mx with central character χ(s,q0).

(ii) If Ox = Ox′, then Mx
∼= Mx′ as Haff

q -modules.
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(iii) The module Mx has a unique simple quotient Lx. This induces a bijection

{GLn(s)-orbits on N (s,q0)} 1:1↔ Irr(Haff
(s,q0)

)

Ox 7→ Lx.

(iv) The composition multiplicities of the Mx are given by the formula

[Mx : Ly] =
∑
k∈Z

dimHk(ι!x ICOy) =
∑
k∈Z

dimHk(ι∗x ICOy)

where ιx : {x} ↪→ N (s,q0) is the inclusion.

It turns out that N (s,q0) is just a space of quiver representations in disguise. As-

sume for simplicity that s is a diagonal matrix of the form

s = se,v := e ·


Idv1

q0 Idv2

. . .

qk−1
0 Idvk

 (4.36)

for some integers v1, ...,vm ∈ N and e ∈ C× (see Remark 4.5.5 for the case of a

general semisimple s). Then we have

GLn(s) =


GLv1

GLv2

. . .

GLvm



N (s,q0) =


0v1×v1

Hom(Cv1 ,Cv2 ) 0v2×v2

Hom(Cv2 ,Cv3 ) 0v3×v3

· · · · · ·

Hom(Cvm−1 ,Cvm ) 0vm×vm

.

(4.37)

Thus, we can identify
GLn(s) ∼= GLv

N (s,q0) ∼= Rv(Am)
(4.38)

where Am is the quiver from (4.29). Hence, the sets of simple and standard modules

with central character χ(s,q0) are indexed by Kostant partitions:

{Lc | c ∈ KP(v)}, {Mc | c ∈ KP(v)}.

Let U+ be the positive part of the quantum group associated to Am.
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Lemma 4.5.2. We have

[Mc : Lc′ ] = pc′,c(1)

where P = (pc,c′(v))c,c′∈KP(v) is the change of basis matrix P between Bcan
v and Bstd

v

in U+
v .

Proof. By Theorem 4.5.1 and Proposition 4.3.3 we have

[Mc : Lc′ ] =
∑
k∈Z

dimHk(ι∗x ICc′) = pc′,c(1)

where ιx : {x} ↪→ Oc is any base point.

Corollary 4.5.3. The multiplicities [Mc : Lc′ ] can be computed with Algorithm 4.3.12.

Example 4.5.4. Let v = (1, 2, 1) and consider a semisimple element of the form

s = se,v = Diag(e, eq0, eq0, eq
2
0) ∈ GL4 .

Then

GL4(s) = GL(1,2,1), N (s,q0) = R(1,2,1)

is the geometry considered in Section 4.4.2. In particular, there are five orbits and

hence Haff
q has five simple (resp. standard) modules

L1, ..., L5, M1, ...,M5

with central character χ(s,q0) Recall from (4.35) that the base change of basis matrix

P between Bstd
v and Bcan

v in U+
v is given by

P =

( 1 0 0 0 0
v−2 1 0 0 0
v−2 0 1 0 0

v−1+v−3 v−1 v−1 1 0
v−4 v−2 v−2 v−1 1

)

Hence, we get

[Mi : Lj] = pj,i(1) =


0 i > j

0 i = 2, j = 3

2 i = 1, j = 4

1 otherwise.

Remark 4.5.5. For a general semisimple pair (s, q0) ∈ GLn×C× such that q0 is not

a root of unity, one can still show that there exist integers m1, ...,mk and sequences

v1, ..., vk (where vi ∈ Nmi) such that

GLn(s) ∼= GLv1 ×...×GLvk

N (s,q0) ∼= Rv1(Am1)× ...×Rvk(Amk
).

(4.39)
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In fact, we may conjugate s into a diagonal matrix of the form

s = Diag(se1,v1 , se2,v2 , ..., sek,vk)

for some ei ∈ C× and vi ∈ Nmi where sei,vi is as in (4.36). Moreover, we may assume

that

ei/ej ̸∈ {qmi
0 , qmi−1

0 , ..., q
−mj

0 } for all i ̸= j

since otherwise sei,vi and sej ,vj can be combined into a single block. Then one can

construct the isomorphisms in (4.39) by the same argument as in (4.37). When q0 is

a root of unity, the space N (s,q0) is related to representations of the cyclic quiver and

affine Schubert varieties [48, §11].

4.5.2 Dimensions of simple modules

We now want to explain how to compute the dimensions of the simple Haff
q -modules

with central character χ(s,q0) for s = se,v as in (4.36) and q0 ∈ C× not a root of

unity (the case of a general semisimple element s can be reduced to this case as in

Remark 4.5.5). Using the identification from (4.38), we can view S(s,q0) as an element

of Db
GLv,c

(Rv(Am)). By the decomposition theorem, we have

S(s,q0) =
∑

c∈KP(v)

f ′
c(v) · ICc

for some f ′
c(v) ∈ Z[v, v−1]. By Corollary 2.3.3 the dimensions of the simple Haff

q -

modules then have the following geometric interpretation.

Lemma 4.5.6. [24, 8.6.12] We have dimLc = f ′
c(1).

Thus, to compute the dimensions of simple modules, it is sufficient to compute

the polynomials f ′
c(v). For this we need to analyse the geometry of Ñ (s,q0) in a bit

more detail. Let B ⊂ GLn be a Borel subgroup containing s, T ⊂ B a maximal

torus containing s and W = Sn the corresponding Weyl group. Then B(s) is a Borel

subgroup of GLn(s) [24, 8.8.7]. The following lemma can be viewed as a refinement

of Corollary 3.5.2.

Lemma 4.5.7. The connected components of Ñ (s,q0) are of the form

Ñ (s,q0),w := G(s)×B(s) (wn ∩N (s,q0))

where w runs through the set vSn of minimal (right) coset representatives in Sv\Sn.
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Proof. Let B = GLn /B be the flag variety of GLn and Bs the variety of s-fixed points,

i.e. the variety of all Borel subgroups containing s. Let

π(s,q0) : Ñ (s,q0) → Bs

be the projection. By [24, 8.8.7] the connected components of Bs are all isomorphic

to the flag variety GLn(s)/B(s) of GLn(s). Thus each connected component C of Bs

contains a unique Borel subgroup B′ whose stabilizer in G(s) is B(s), i.e. B′(s) =

B(s). By [24, 8.8.9] the connected components of Ñ (s,q0) are of the form

(π(s,q0))−1(C) ∼= GLn(s)×B(s) (n′ ∩N (s,q0)).

Thus, to complete the proof, it remains to show that

{B′ ∈ Bs | B′(s) = B(s)} = {wB | w ∈ vSn}. (4.40)

To see this, note that any B′ with B′(s) = B(s) contains the maximal torus T ⊂ B(s)

and thus B′ = wB for some w ∈ Sn. Let Φ be the root system of GLn and let

Φv := {α ∈ Φ | α(s) = 1}.

This a subrootsystem of Φ whose Weyl group is the parabolic subgroup Sv ⊂ Sn.

The set of non-zero roots of B′(s) = wB ∩GLn(s) is

w(Φ+) ∩ Φv.

Thus, we have B′(s) = B(s) if and only if

w(Φ+) ∩ Φv = Φ+ ∩ Φv

⇔Φ+ ∩ Φv ⊂ w(Φ+)

⇔w−1(Φ+ ∩ Φv) ⊂ Φ+.

This is equivalent to w−1 being a minimal (left) coset representative in Sn/Sv or

to w being a minimal (right) coset representative in Sv\Sn. Hence, we have verified

(4.40) completing the proof.

For any w ∈ vSn let

Sw := (µ(s,q0))∗CÑ (s,q0),w ∈ Db
GLv,c(Rv(Am))

and write

Sw =
∑

c∈KP(v)

fwc (v) · ICc . (4.41)

80



Then we have
S(s,q0) =

⊕
w∈vSn

Sw

f ′
c(v) =

∑
w∈vSn

fwc (v).
(4.42)

We also define polynomials

hwc (v) =
∑
k∈Z

dimHomk(Si,ac ,S
w)v−k (4.43)

for any c ∈ KP(v). To get slightly nicer formulas later on, we also define renormalized

polynomials:

fc(v) :=
∑
w∈vSn

v2l(w)+dimwn∩N (s,q0)fwc (v)

hc(v) :=
∑
w∈vSn

v2l(w)+dimwn∩N (s,q0)hwc (v).
(4.44)

Note that

dimLc
4.5.6
= f ′

c(1)
(4.42)
=

∑
w∈vSn

fwc (1)
(4.44)
= fc(1)

so for the purpose of determining the dimensions of simple modules it is sufficient to

compute the renormalized polynomials fc(v). For any w ∈ Sn we can consider the

intersection Ri,ac ∩ wn by viewing Ri,ac as a subspace of g via

Ri,ac ⊂ Rv
∼= N (s,q0) ⊂ g.

Here we assume that Ri,ac is defined with respect to the Borel subgroup B(s) ⊂
GLn(s) ∼= GLv.

Lemma 4.5.8. We have hc(v) = v− dimRi,ac
(1−v−2)−n

[ac]!

∑
w∈Sn

v2(l(w)+dimRi,ac∩wn).

Proof. The parabolic Pi,ac contains the Borel B(s). Hence, for any w ∈ vSn we can

apply Theorem 4.3.9 with G = GLn(s), V = N (s,q0) ∼= Rv, V
1 = Ri,ac , P1 = Pi,ac ,

V 2 = wn ∩N (s,q0) and P2 = B(s) to obtain

hwc (v) = v− dimGLn(s)/B(s)−dimRi,ac−dimwn∩N (s,q0) χ
GLn(s)
v (GLn(s)/B(s))
χv(Pi,ac/B(s))

·
∑
y∈Sv

v2(l(y)+dimRi,ac∩y(wn∩N (s,q0))

= v− dimRi,ac−dimwn∩N (s,q0) (1−v−2)−n

[ac]!

∑
y∈Sv

v2(l(y)+dimRi,ac∩ywn).

(4.45)
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Hence, we get

hc(v)
(4.44)
=

∑
w∈vSn

v2l(w)+dimwn∩N (s,q0)hwc (v)

(4.45)
=

∑
w∈vSn

v2l(w)−dimRi,ac
(1−v−2)−n

[ac]!

∑
y∈Sv

v2(l(y)+dimRi,ac∩ywn)

=
∑
w∈vSn

v− dimRi,ac
(1−v−2)−n

[ac]!

∑
y∈Sv

v2(l(yw)+dimRi,ac∩ywn)

= v− dimRi,ac
(1−v−2)−n

[ac]!

∑
w∈Sn

v2(l(w)+dimRi,ac∩wn).

Consider the column vectors

F := (fc(v))c∈KP(v)

H := (hc(v))c∈KP(v).

Recall that Ψ is the matrix representing the standard bilinear form on U+
v with respect

to Bmon
v and Q is the change of basis matrix between Bcan

v and Bmon
v .

Lemma 4.5.9. We have H = ΨQ−TF .

Proof. By Theorem 4.3.2 and Proposition 4.3.5 we have

Si,ac =
∑

c′∈KP(v)

qc′,c(v) · ICc′ . (4.46)

Hence, we get

hwc (v)
(4.43)
=
∑
k∈Z

dimHomk(Si,ac ,S
w)v−k

(4.41),(4.46)
=

∑
k∈Z

∑
c′,c′′

qc,c′(v)f
w
c′′(v) dimHomk(ICc′ , ICc′′)v

−k

(4.2)
=
∑
k∈Z

∑
c′,c′′

qc,c′(v)f
w
c′′(v) dimHomk(ICc′ , ICc′′)v

−k

4.3.2
=
∑
c′,c′′

qc,c′(v)ωc′,c′′(v)f
w
c′′(v)
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where the ωc′,c′′(v) are the entries of the matrix Ω representing the standard bilinear

form on U+
v with respect to Bcan

v . Thus, we get

hc(v)
(4.44)
=

∑
w∈vSn

v2l(w)+dimwn∩N (s,q0)hwc (v)

=
∑
w∈vSn

v2l(w)+dimwn∩N (s,q0)
∑

c′,c′′∈KP(v)

qc,c′(v)ωc′,c′′(v)f
w
c′′(v)

(4.44)
=

∑
c′,c′′∈KP(v)

qc,c′(v)ωc′,c′′(v)fc′′(v).

As a matrix equation, this is precisely H = QΩF . Hence, we get

H = QΩQTQ−TF
(4.4)
= ΨQ−TF.

Recall that we can compute Q and Ψ using Algorithm 4.3.12. The vector H can

be computed explicitly using Lemma 4.5.8. Hence, using the lemma above, we can

compute F from Q,Ψ and H. Thus, we arrive at the following algorithm to compute

the dimensions of simple Haff
q -modules with central character χ(s,q0) where s = se,v.

Algorithm 4.5.10. Input: v, Output: dimLc for all c ∈ KP(v);

Step 1: Compute the matrices Ψ and Q using Algorithm 4.3.12;

Step 2: Compute the vector H using Lemma 4.5.8;

Step 3: Compute the vector F = QTΨ−1H.

Step 4: Compute dimLc = fc(1).

Example 4.5.11. Let v = (1, 2, 1) and s = se,v. We compute the dimensions of the

simple Haff
q (GL4)-modules with central character χ(s,q0). This continues the examples

from Section 4.4.2 and Example 4.5.4. We use the Borel B ⊂ GL4 consisting of

lower triangular matrices. In Table 4.1, we list for each w ∈ S4 (in cycle notation)

the length of the element w and the subspace

N (s,q0) ∩ wn = Rv ∩ wn ⊂ Rv = (( ∗
∗ ) , ( ∗ ∗ )) .

Using this table and the explicit description of the Ri,ac in (4.33), we can compute the

intersections

Ri,ac ∩ wn = Ri,ac ∩ (Rv ∩ wn).
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Table 4.1:

w l(w) Rv ∩ wn

e
(23)

0
1

(( ∗
∗ ) , ( ∗ ∗ ))

(12) 1 (( 0
∗ ) , ( ∗ ∗ ))

(34) 1 (( ∗
∗ ) , ( ∗ 0 ))

(132) 2 (( ∗
0 ) , ( ∗ ∗ ))

(234) 2 (( ∗
∗ ) , ( 0 ∗ ))

(123)
(13)
(1234)
(134)

2
3
3
4

(( 0
0 ) , ( ∗ ∗ ))

(243)
(24)
(1432)
(142)

2
3
3
4

(( ∗
∗ ) , ( 0 0 ))

(12)(34)
(1243)

2
3

(( 0
∗ ) , ( ∗ 0 ))

(1342)
(13)(24)

3
4

(( ∗
0 ) , ( 0 ∗ ))

(1324) 5 (( 0
0 ) , ( 0 ∗ ))

(124) 4 (( 0
0 ) , ( ∗ 0 ))

(143) 4 (( 0
∗ ) , ( 0 0 ))

(1423) 5 (( ∗
0 ) , ( 0 0 ))

(14)
(14)(23)

5
6

(( 0
0 ) , ( 0 0 ))
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We now have all the ingredients needed to evaluate the formula from Lemma 4.5.8.

For example, for

c4 = (0, 1, 0, 0, 1, 0)

ac4 = (0, 1, 1, 1, 1, 0)

Ri,ac4
= (( 0

∗ ) , ( ∗ 0 ))

we get

hc4(v) = v−2(1− v−2)−4(v4 + v6 + v6 + v6 + v6 + v6 + v6 + v8 + v8 + v10 + v6 + v8 + v8

+ v10 + v8 + v10 + v6 + v8 + v10 + v10 + v10 + v10 + v10 + v12)

= v2+8v4+6v6+8v8+v10

(1−v−2)4
.

More generally, we get

H = (1− v−2)−4

 v+2v3+3v5+3v7+2v9+v11

v+5v3+6v5+6v7+5v9+v11

3v3+3v5+3v7+3v9

v2+8v4+6v6+8v8+v10

3v3+9v5+9v7+3v9

 .

We have already computed Q and Ψ in (4.34) and (4.35) and hence we can compute

F = QTΨ−1H =

 3v9+v11

2v5+2v7+2v9

2v5+2v7+2v9

v6+v8

v3+3v5

 .

Setting v = 1, we get that the dimensions of the simple Haff
q -modules with central

character χ(s,q0) are

dimL1 = 4, dimL2 = 6, dimL3 = 6, dimL4 = 2, dimL5 = 4.
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Chapter 5

Geometric realizations of affine
Hecke algebras with unequal
parameters

In this chapter we provide a new geometric realization of certain affine Hecke algebras

with two unequal parameters via equivariant algebraic K-theory. This can be viewed

as a generalization of the classical K-theory realization of the affine Hecke algebra

with equal parameters (Theorem 2.2.1).

5.1 K-theory and support

We begin by reviewing some elementary facts and constructions in equivariant alge-

braic K-theory. Let G be a reductive group defined over an algebraically closed field

k (not necessarily of characteristic 0) and let X be a quasi-projective G-variety. We

denote by CohG(X) the category of G-equivariant coherent sheaves, by Db(CohG(X))

its bounded derived category and by Db
perf(Coh

G(X)) the category of strictly perfect

complexes (i.e. complexes quasi-isomorphic to a bounded complex of G-equivariant

locally free sheaves of finite type). Consider the Grothendieck groups

KG(X) := K0(D
b(CohG(X)))

KG(X) := K0(D
b
perf(Coh

G(X))).

We will write [F ] ∈ KG(X) for the class of a coherent sheaf F ∈ CohG(X) and

[E ] ∈ KG(X) for the class of a locally free sheaf E on X. There are the usual

pushforward and pullback maps

f∗ : K
G(X)→ KG(Y )

f ∗ : KG(Y )→ KG(X)

86



which are defined for f : X → Y proper (resp. flat) and satisfy flat base change.

Moreover, there is a pullback map

f ∗ : KG(Y )→ KG(X)

which is defined without any assumptions of f . The tensor product induces maps

−⊗− : KG(X)×KG(X)→ KG(X)

−⊗− : KG(X)×KG(X)→ KG(X).

This equips KG(X) with a ring structure and KG(X) with the structure of a KG(X)-

module. For any proper f : X → Y and [F ] ∈ KG(X), [E ] ∈ KG(Y ), we have the

projection formula

f∗[F ]⊗ [E ] = f∗([F ]⊗ f ∗[E ]). (5.1)

There is a canonical map

[OX ]⊗− : KG(X)→ KG(X)

which is an isomorphism if X is smooth (this follows from the fact that any G-

equivariant coherent sheaf on a smooth variety has a finite resolution by G-equivariant

locally-free sheaves [65, Theorem 2.18]). If H ⊂ G is a closed subgroup and X is an

H-variety, then there is an induction isomorphism

KG(G×H X) ∼= KH(X)

which is compatible with proper pushforward and flat pullback.

For any G-stable closed subvariety Z ⊂ X, we denote by ιZ : Z ↪→ X the

inclusion. Let CohGZ(X) ⊂ CohG(X) be the full subcategory consisting of those

coherent sheaves F on X which are (set-theoretically) supported on Z (i.e. the

restriction of F to X\Z vanishes or equivalently F is killed by some power of the

ideal sheaf IZ ⊂ OX). Similarly, we denote by Db
Z(Coh

G(X)) ⊂ Db(CohG(X)) the

full subcategory consisting of those complexes whose cohomology lies in CohGZ(X).

Then there is the following standard result (see for example [18, §3.1.7]).

Lemma 5.1.1. The inclusion CohGZ(X) ⊂ CohG(X) induces an equivalence

Db(CohGZ(X))
∼→ Db

Z(Coh
G(X)).
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We consider the K-groups with support

KG
Z (X) := K0(D

b(CohGZ(X))) ∼= K0(D
b
Z(Coh

G(X))).

Pushforward along the inclusion Z ↪→ X induces a functor

Db(CohG(Z))→ Db(CohGZ(X)).

This is not an equivalence, but the induced map on K-groups

KG(Z)→ KG
Z (X)

is an isomorphism with inverse

[F ] 7→ grZ [F ] =
∑
n≥0

(−1)n[InZF/In+1
Z F ].

From now on we will implicitly identify

KG(Z) = KG
Z (X)

via this isomorphism. If X is smooth, we have the derived tensor product

⊗LX : Db(CohG(X))×Db(CohG(X))→ Db(CohG(X)).

Passing to K-theory and taking supports into account, this induces a tensor product

⊗LX : KG(Z1)×KG(Z2)→ KG(Z1 ∩ Z2)

for any Z1, Z2 ⊂ X closed. For locally free sheaves on X, the tensor product with

support reduces to the ordinary tensor product in the following sense.

Lemma 5.1.2. Let X be smooth and Z ⊂ X a closed subvariety. Then

[F ]⊗LX [E ] = [F ⊗ ι∗ZE ]

for any [F ] ∈ KG(Z) and [E ] ∈ KG(X) ∼= KG(X).

Proof. SinceX is smooth, we can pick a finite resolution E• of (ιZ)∗F byG-equivariant

locally free sheaves. Then, by the definition of the tensor product with support, we

have

[F ]⊗LX [E ] =
∑
i

(−1)igrZ [H i(E• ⊗ E)].
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Since −⊗E is exact, we get H i(E•⊗E) = 0 for i ̸= 0 and H0(E•⊗E) ∼= (ιZ)∗F ⊗E .
Hence, we get

[F ]⊗LX [E ] = grZ [(ιZ)∗F ⊗ E ]
(5.1)
= grZ [(ιZ)∗(F ⊗ ι∗ZE)]

= [F ⊗ ι∗ZE ].

The following well-known lemma says that the tensor product with support be-

haves well with respect to transverse intersections (see [22, Lemma 1] for a proof of

this result in a more general setting).

Lemma 5.1.3. Let Z1, Z2 ⊂ X be smooth closed subvarieties of a smooth variety X.

Assume that Z1 and Z2 intersect transversally, i.e. for all p ∈ Z1 ∩ Z2, we have the

equality of Zariski tangent spaces

TpZ1 + TpZ2 = TpX.

Then we have

[OZ1 ]⊗LX [OZ2 ] = [OZ1∩Z2 ]

where the tensor product with support is taken with respect to [OZ1 ] ∈ KG(Z1) and

[OZ2 ] ∈ KG(Z2).

If f : X̃ → X is a morphism between smooth varieties there is a pullback functor

Lf ∗ : Db(CohG(X))→ Db(CohG(X̃)).

For any closed subvariety Z ⊂ X this restricts to a derived functor

Lf ∗ : Db
Z(Coh

G(X))→ Db
f−1(Z)(Coh

G(X̃))

which induces a ‘pullback with support’ map on K-theory:

f ∗ : KG(Z)→ KG(f−1(Z)).

The pullback with support construction if functorial (i.e. f ∗ ◦ g∗ = (g ◦ f)∗) and if

f is flat, it agrees with the ordinary flat pullback. Moreover, pullback with support

essentially commutes with the tensor product with support in the following sense.
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Lemma 5.1.4. Let f : X̃ → X be a morphism between smooth varieties and let

Z1, Z2 ⊂ X be closed. Then for any [F1] ∈ KG(Z1) and [F2] ∈ KG(Z2) we have

f ∗([F1]⊗LX [F2]) = f ∗[F1]⊗LX̃ f ∗[F2].

Proof. By standard facts about derived categories, we have

Lf ∗(F• ⊗L G•) ∼= Lf ∗F• ⊗L Lf ∗G•

for any F•,G• ∈ Db(CohG(X)). In particular, this holds for any F• ∈ Db
Z1
(CohG(X))

and G• ∈ Db
Z2
(CohG(X)). The result now follows by taking Grothendieck groups.

We also have the following relative description of the proper pushforward.

Lemma 5.1.5. Let f : X̃ → X be a morphism of varieties and let Z̃ ⊂ X̃, Z ⊂ X

be G-stable closed subvarieties such that f(Z̃) ⊂ Z. If the restriction f : Z̃ → Z is

proper, the functor

Rf∗ : D
b(QCohG(X̃))→ Db(QCohG(X))

restricts to a functor

Rf∗ : D
b
Z̃
(CohG(X̃))→ Db

Z(Coh
G(X)).

Upon taking Grothendieck groups, this yields the ordinary proper pushforward map

f∗ : K
G(Z̃)→ KG(Z).

Proof. By flat base change, Rf∗F• is supported on Z for any F• ∈ Db
Z̃
(CohG(X̃)).

We need to show that H i(Rf∗F•) is coherent for all i. Since Db(CohG
Z̃
(X)) ∼=

Db
Z̃
(CohG(X̃)), we may assume F• = F ∈ CohG

Z̃
(X). By dévissage, we may fur-

ther assume that IZ̃F = 0 and thus F = (ιZ̃)∗G for some G ∈ CohG(Z̃). Then, by

functoriality, we have

Rf∗F = Rf∗(ιZ̃)∗G = (ιZ)∗Rf∗G (5.2)

Since ιZ is proper and f is proper on Z̃, this complex has coherent cohomology. The

second equality in (5.2) also implies that Rf∗ induces the ordinary pushforward on

the Grothendieck group.

There is also the following ‘projection formula with support’.
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Lemma 5.1.6. Let f : X̃ → X be a morphism between smooth varieties and let

Z ⊂ X and Z̃ ⊂ X̃ be closed subvarieties such that the restriction f : Z̃ → f(Z̃) (and

hence also f : Z̃ ∩ f−1(Z)→ f(Z̃) ∩ Z) is proper. Then

f∗[F ]⊗LX [G] = f∗([F ]⊗LX̃ f ∗[G])

for any [F ] ∈ KG(Z̃) and [G] ∈ KG(Z).

Proof. By the Lemma 5.1.5, all relevant functors are computed on full subcate-

gories of Db(QCohG(X)). The claim hence follows from the projection formula in

Db(QCohG(X)) (note that any complex G• ∈ Db
Z(Coh

G(X)) is perfect since X is

smooth).

Let X be a smooth variety, let Z12, Z23 ⊂ X ×X be closed subvarieties such that

p13 : p
−1
12 (Z12) ∩ p−1

23 (Z23)→ X ×X

is proper and define

Z12 ◦ Z23 := p13(p
−1
12 (Z12) ∩ p−1

23 (Z23)).

Then there is a convolution operation

⋆ : KG(Z12)×KG(Z23)→ KG(Z12 ◦ Z23) (5.3)

defined via

a ⋆ b := (p13)∗(p
∗
12a⊗LX×X×X p∗23b).

One can check using Lemma 5.1.6 that this operation is associative. Moreover, con-

volution with the diagonal has the following concrete description.

Lemma 5.1.7. Let Z12, Z23 ⊂ X × X such that Z12 contains the diagonal. Then

Z23 ⊂ Z12 ◦ Z23 and for any [E ] ∈ KG(X) ∼= KG(X) and [F ] ∈ KG(Z23) we have

(∆X)∗[E ] ⋆ [F ] = ι∗([p
∗E ]⊗ [F ])

where ∆X : X → Z12 is the diagonal embedding, ι is the embedding Z23 ↪→ Z12 ◦ Z23

and p : Z23 → X is the projection onto the first factor.
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Proof. We have Z23 = Z∆ ◦ Z23 ⊂ Z12 ◦ Z23. Let p1 : X × X → X be the first

projection. Then, we have

(∆X)∗[E ] ⋆ [F ]
def
= (p13)∗(p

∗
12(∆X)∗[E ]⊗LX×X×X p∗23[F ])

base change
= (p13)∗((∆X × idX)∗p

∗
1[E ]⊗LX×X×X p∗23[F ])

Lemma 5.1.6
= (p13)∗(∆X × idX)∗(p

∗
1[E ]⊗LX×X (∆X × idX)

∗p∗23[F ])
functoriality

= ι∗(p
∗
1[E ]⊗LX×X [F ])

Lemma 5.1.2
= ι∗(p

∗[E ]⊗ [F ]).

5.2 K-theory of vector bundles and Steinberg va-

rieties

In this section we review some elementary properties of the equivariant K-theory of

vector bundles and Steinberg varieties. Recall that G is reductive and fix a maximal

torus T ⊂ G. Let (X∗(T ), X∗(T ),Φ,Φ
∨) be the corresponding root datum. Fix a

system of positive roots Φ+ ⊂ Φ with simple roots Π ⊂ Φ+ and denote the set

of negative roots by Φ− = −Φ+. Let B be the corresponding (geometric) Borel

subgroup, i.e. the Borel subgroup whose Lie algebra has non-zero weights Φ−. We

denote by B = G/B the flag variety. For any B-module W there is a corresponding

G-equivariant vector bundle π : G×B W → B and there is the Thom isomorphism

π∗ : KG(B) ∼→ KG(G×B W ).

Combining this with the equivalence

KG(B) ∼= KB(pt) ∼= KT (pt) ∼= Z[X∗(T )]

we get an isomorphism
Z[X∗(T )] ∼= KG(G×B W )

eλ 7→ [π∗Eλ]
(5.4)

where Eλ denotes the line bundle on B whose fiber over B has weight λ. From now

on we will identify Z[X∗(T )] and KG(G ×B W ) via this isomorphism. We will need

the following two standard results about the equivariant K-theory of vector bundles.

Lemma 5.2.1. Let W be a B-module, W ′ ⊂ W a B-stable subspace and denote by

ι : G×B W ′ ↪→ G×B W the inclusion. Then the map

KG(G×B W ′)
ι∗−→ KG(G×B W )
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is given by

eµ 7→ λ∨(W/W ′) · eµ

where

λ∨(W/W ′) :=
∏

λ∈X∗(T )

(1− e−λ)dim(W/W ′)λ .

Proof. Consider the projections

π : G×B W → B

π′ : G×B W ′ → B.

Then, for any µ ∈ X∗(T ), we have

ι∗[(π
′)∗Eµ]

functoriality
= ι∗ι

∗[π∗Eµ]

= ι∗([OG×BW ′ ]⊗ ι∗[π∗Eµ])
(5.1)
= ι∗[OG×BW ′ ]⊗ [π∗Eµ].

Thus, ι∗ acts by multiplication with ι∗[OG×BW ′ ], so it suffices to show that

ι∗[OG×BW ′ ] = λ∨(W/W ′).

There is a commutative diagram

KG(G×B W ′) KB(W ′) KT (W ′)

KG(G×B W ) KB(W ) KT (W )

ι∗

where the horizontal identifications are induced by induction equivalences and re-

striction along T ↪→ B. Hence, we may assume G = B = T . Choosing a splitting

W ∼= W ′ ⊕W/W ′ as T -modules, we can view the inclusion ι : W ′ ↪→ W as the zero

section of the T -equivariant vector bundle p1 : W → W ′ with fiber W/W ′. Let E be

the T -equivariant locally free sheaf on W ′ corresponding to this vector bundle. In

KT (W ′), we have

[ΛiE ] =
∑

λ∈X∗(T )

dim(Λi(W/W ′))λ · eλ.

It now follows from the Koszul resolution

...→ Λ1p∗1E∨ → Λ0p∗1E∨ → ι∗OW ′ → 0
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that

ι∗[OW ′ ] =
∑
i

(−1)i[Λip∗1E∨]

=
∑
i

∑
λ∈X∗(T )

(−1)i dim(Λi(W/W ′))λ · e−λ

=
∏

λ∈X∗(T )

(1− e−λ)dim(W/W ′)λ

= λ∨(W/W ′).

Lemma 5.2.2. Let α ∈ Π be a simple root and let Pα = B ⊔ BṡαB be the cor-

responding parabolic subgroup. Let W be a Pα-module and consider the projection

πα : G×B W → G×Pα W . Then we have

π∗
α(πα)∗e

λ = eλ−esα(λ)−α

1−e−α

in KG(G×B W ).

Proof. There is a commutative diagram

KG(G×B W ) KG(G/B) KPα(Pα/B) KLα(Pα/B)

KG(G×Pα W ) KG(G/Pα) KPα(pt) KLα(pt)

πα

where the horizontal maps are induced by Thom isomorphisms, induction equivalences

and restriction to the standard Levi Lα ⊂ Pα. Note that Pα/B is the flag variety

of Lα, so the map KLα(Pα/B) → KLα(pt) is given by the (rank 1) Weyl character

formula eλ 7→ eλ−esα(λ)−α

1−e−α which holds in arbitrary characteristic (c.f. [37, II.5.10] - this

is where we use that the Lie algebra of B has non-zero weights Φ−).

Consider a morphism of Springer type (Definition 3.1.4)

Ṽ
µ−→ V

where V is a G-representation, V − ⊂ V is a G-stable subspace and

Ṽ = G×B V − = {(gB, v) ∈ B × V | g−1 · v ∈ V −}.

The associated ‘Steinberg variety’

Z := Ṽ ×V Ṽ = {((g1B, v1), (g2B, v2)) ∈ Ṽ × Ṽ | v1 = v2}
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comes with a canonical projection map

π × π : Z → B × B.

Note that we can view Z as a closed subvariety of the smooth variety Ṽ × Ṽ . Then

convolution with respect to the ambient space Ṽ ×Ṽ equips KG(Z) with the structure

of a KG(pt)-algebra (see (5.3)). The inclusion of the diagonal

Z∆ := Ṽ ×Ṽ Ṽ ⊂ Z

induces a map

KG(Z∆)→ KG(Z)

which is an algebra homomorphism by Lemma 5.1.7 (here the algebra structure on

KG(Z∆) is also given by convolution with respect to the ambient space Z∆ ⊂ Ṽ × Ṽ ).

Let

B × B =
⊔
w∈W

Yw

be the decomposition into G−orbits and let

Zw := (π × π)−1(Yw).

We pick a total order on W extending the Bruhat order and define

Z≤w :=
⊔
y≤w

Zy

Z<w :=
⊔
y<w

Zy.

Note that Z<w = Z≤w′ where w′ is the maximal element with w′ < w.

Lemma 5.2.3. KG(Z) is a free left KG(Z∆)-module with basis {[OZw
] | w ∈ W}.

Proof. For any G-stable locally closed subvariety X ⊂ Ṽ × Ṽ , there is a canonical

KG(B)-module structure on KG(X) via

[E ] · [F ] := [p∗E ⊗ F ]

where p is the composition

X ↪→ Ṽ × Ṽ
p1→ Ṽ → B.

Note that we can identify

KG(Z∆) ∼= KG(B) ∼= KG(B)
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via the Thom isomorphism. By Lemma 5.1.7, the KG(Z∆)-module structure on

KG(X) via convolution agrees with the canonical KG(B)-module structure just de-

fined. Thus, it suffices to show that KG(Z) is a free KG(B)-module with basis

{[OZw
] | w ∈ W}. We show by induction on the total order that KG(Z≤w) is a

free KG(B)-module with basis {[OZy
] | y ≤ w}. Note that for any y ∈ W , the Thom

isomorphism together with Lemma 3.1.6 implies that KG(Zy) is a free KG(B)-module

of rank 1 with basis [OZy ]. This proves the claim for Z≤e = Ze. We have a short

exact sequence

0 KG(Z<w) KG(Z≤w) KG(Zw) 0 (5.5)

where the exactness on the left is proved exactly as in [24, (5.4.4)]. Functoriality

of pullback and the projection formula imply that this is a short exact sequence of

KG(B)-modules. We know by the induction hypothesis that the outer terms are

free KG(B)-modules with bases {[OZy
] | y < w} and {[OZw ]} respectively. Thus

the sequence splits and KG(Z≤w) is also a free KG(B)-module. Note that [OZw
] ∈

KG(Z≤w) lifts the element [OZw ] ∈ KG(Zw). Thus, KG(Z≤w) has the basis {[OZy
] |

y ≤ w} as a KG(B)-module. To complete the proof, note that Z = Z≤w0 where

w0 ∈ W is the longest element.

The result above implies that the algebra homomorphism KG(Z∆) → KG(Z) is

injective. Hence, we can view KG(Z∆) as a subalgebra of KG(Z).

5.3 Affine Hecke algebras with unequal parame-

ters

Let R = (X∗, X∗,Φ,Φ
∨) be a simple root datum of non-simply laced type (i.e. the

Z-span of Φ is of finite index in X∗ and Φ is of type Bn, Cn, G2 or F4). Then we have

Φ = Φs ⊔ Φl

where Φs is the set of short roots and Φl is the set of long roots. We pick systems of

simple and positive roots Π ⊂ Φ+ ⊂ Φ. For any α ∈ Π, we denote by qα ∈ Z[q±1
s , q±1

l ]

the element

qα :=

{
qs α ∈ Φs,

ql α ∈ Φl.

Definition 5.3.1. [47] The affine Hecke algebra with two unequal parameters Haff
qs,ql

=

Haff
qs,ql

(R) is the Z[q±1
s , q±1

l ]-algebra with basis {Tweλ | w ∈ W,λ ∈ X∗} and multipli-

cation rules
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(i) T 2
sα = (qα − 1)Tsα + qα α ∈ Π,

(ii) TwTw′ = Tww′ l(ww′) = l(w) + l(w′),

(iii) eλeµ = eλ+µ λ, µ ∈ X∗,

(iv) eλTsα − Tsαe
sα(λ) = (qα − 1) e

λ−esα(λ)

1−e−α α ∈ Π, λ ∈ X∗,

where Tw := Twe
0 and eλ := Tee

λ.

Remark 5.3.2. There are several definitions and conventions in the literature which

sometimes differ slightly from our convention. First, the affine Hecke algebra is often

defined with respect to the dual root datum, i.e. using the cocharacter lattice instead

of the character lattice. Moreover, our definition differs slightly from the one in [47]

which only considers parameters which are powers of a single parameter q. However,

the definitions and basic results also hold for parameters which are independent vari-

ables qα. Finally, loc.cit. allows an additional third parameter in adjoint type B (i.e.

simply connected type C in the dual convention) attached to the affine node of the

affine type C Dynkin diagram. In our definition this additional parameter is taken

to be equal to the parameter of the unique simple short root in type B (resp. the

parameter of the unique simple long root in the dual type C convention).

Here are some elementary algebraic properties of Haff
qs,ql

which easily follow from

the definition (see also [47]).

Lemma 5.3.3. (i) The {Tw | w ∈ W} span a subalgebra Hqs,ql ⊂ Haff
qs,ql

which is

the (finite) Hecke algebra with unequal parameters.

(ii) The eλ span a commutative subalgebra of Haff
qs,ql

which is isomorphic to the group

algebra Z[q±1
s , q±1

l ][X∗].

(iii) Haff
qs,ql

is a free right (and also left) Z[q±1
s , q±1

l ][X∗]-module with basis {Tw | w ∈
W}.

(iv) Haff
qs,ql

is generated as an algebra by Z[q±1
s , q±1

l ][X∗] together with the Tsα for

α ∈ Π.

Let sgn be the sign representation of Hqs,ql , i.e. the free Z[q±1
s , q±1

l ]-module of

rank 1 on which Tsα acts as −1. The antispherical module is the Haff
qs,ql

-module

Masph := Haff
qs,ql
⊗Hqs,ql

sgn

which has the natural basis {eλ ⊗ 1 | λ ∈ X∗}.
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Lemma 5.3.4. Masph is the unique Haff
qs,ql

-module with basis {eλ ⊗ 1 | λ ∈ X∗} and

multiplication rules

(i) eµ · (eλ ⊗ 1) = eµ+λ ⊗ 1

(ii) −(Tsα + qαe
α) · eλ ⊗ 1 = (1− qαe

α) e
λ−esα(λ)−α

1−e−α ⊗ 1.

Proof. The uniqueness follows from the fact that the eλ together with the Tsα generate

Haff
qs,ql

(Lemma 5.3.3). The equality eµ · (eλ⊗1) = eµ+λ⊗1 follows from the definition.

Using the relation

−Tsαeλ = −esα(λ)Tsα + (qα − 1)
esα(λ) − eλ

1− e−α

we get

−(Tsα + qαe
α) · eλ ⊗ 1 =

(
−esα(λ)Tsα + (qα − 1)

esα(λ) − eλ

1− e−α
− qαe

αeλ
)
⊗ 1

=

(
esα(λ) + (qα − 1)

esα(λ) − eλ

1− e−α
− qαe

λ+α

)
⊗ 1

=

(
esα(λ) − esα(λ)−α

1− e−α
+ (qα − 1)

esα(λ) − eλ

1− e−α
− qα

eλ+α − eλ

1− e−α

)
⊗ 1

= (1− qαe
α)
eλ − esα(λ)−α

1− e−α
⊗ 1.

Lemma 5.3.5. [52, (4.3.10)] Masph is a faithful Haff
qs,ql

-module, i.e. the Haff
qs,ql

-

module structure on Masph induces an injective algebra homomorphism Haff
qs,ql

↪→
EndZ(Masph).

Let G be the simple algebraic group with root datum R, defined over an alge-

braically closed field k of characteristic p where

• p = 2 if G ̸= G2 (i.e. if G is of type Bn, Cn or F4)

• p = 3 if G = G2.

We pick a maximal torus T ⊂ G and denote the corresponding (geometric) Borel

subgroup by B. Let g be the adjoint representation of G with the root space decom-

position

g = h⊕
⊕
α∈Φ

gα.
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We define

gs =
∑
α∈Φs

hα +
∑
α∈Φs

gα ⊂ g

where hα := [gα, g−α] ⊂ h. The following theorem is a consequence of the Chevalley

formulas for the adjoint action and our assumption on the characteristic p.

Theorem 5.3.6. [35,36] The subspace gs ⊂ g is G-stable.

We can equip

V := gs ⊕ g/gs

with the structure of a G×Gm ×Gm-module via

(g, ts, tl) · (vs, vl) = (t−1
s gvs, t

−1
l gvl).

Note that the non-zero weights of V are precisely the roots of G and all non-zero

weight spaces are one-dimensional. Consider the B-stable subspace

V − :=
⊕
α∈Φ−

Vα ⊂ V.

Then we can consider the varieties Ṽ = G×B V −, Z, Zw, .. as in the previous section.

For any w ∈ W , we will write wV − := ẇV − where ẇ ∈ NG(T ) is any lift of w. For

any simple root α ∈ Π, we denote the corresponding parabolic subgroup by

Pα = B ⊔BṡαB.

Lemma 5.3.7. For each simple root α ∈ Π, the subspace V − ∩ sαV − is Pα-stable.

Proof. Note that V − ∩ sαV − =
⊕

γ∈Φ−\{−α} Vγ. Since Uβ · Vλ ⊂
⊕

n≥0 Vλ+nβ, the

subspace V − ∩ sαV − is Uβ stable for all β ∈ Φ−. It is also T -stable and thus also

B-stable. It is also stable under ṡα and hence also under Pα.

Define the varieties

Ṽα := G×B (V − ∩ sαV −)

V̄α := G×Pα (V − ∩ sαV −)

Λα := Ṽα ×V̄α Ṽα.

Then Ṽα ⊂ Ṽ is a subbundle and Λα ⊂ Z is closed.

Lemma 5.3.8. We have Λα = Zsα.
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Proof. The fiber of (B, ṡαB) ∈ B × B under the projection Z → B × B is precisely

V −∩ sαV − which is also the fiber under Λα → B×B. By G-equivariance, this implies

Zsα ⊂ Λα and hence

Zsα ⊂ Λα. (5.6)

Note that the map Ṽα → V̄α is a locally trivial P1-fibration. By base change, Λα → Ṽα

is also a locally trivial P1-fibration. In particular, this map is flat and hence open [64,

Tag 01UA] which implies that Λα is irreducible by [64, Tag 004Z]. Moreover, we have

dimΛα = dim Ṽα + 1

= dimG− dimB + dimV − ∩ sαV − + 1

= dimYsα + dimV − ∩ sαV −

= dimZsα

= dimZsα .

This implies that Λα = Zsα by the irreducibility of Λα and (5.6).

Given [F ] ∈ KG×Gm×Gm(Z) and [G] ∈ KG×Gm×Gm(Ṽ ), we define their convolution

as

[F ] ⋆ [G] := (p1)∗([F ]⊗LṼ×Ṽ p∗2[G]) ∈ KG×Gm×Gm(Ṽ ).

This equips KG×Gm×Gm(Ṽ ) with the structure of a KG×Gm×Gm(Z)-module. Recall

from (5.4) that we have a canonical identification

Z[q±1
s , q±1

l ][X∗] ∼= KG×Gm×Gm(Ṽ ). (5.7)

Proposition 5.3.9. For any λ ∈ X∗, α ∈ Π, convolution of [OZsα
] ∈ KG×Gm×Gm(Z)

with eλ ∈ KG×Gm×Gm(Ṽ ) is given by

[OZsα
] ⋆ eλ = (1− qαe

α)
eλ − esα(λ)−α

1− e−α
∈ KG×Gm×Gm(Ṽ ).

Proof. Recall that by Lemma 5.3.8 we have Zsα = Λα. Hence, we may compute

the convolution of [OΛα ] with eλ. Let ι̃α : Λα ↪→ Z be the inclusion. There is a

commutative diagram

Ṽ × Ṽ Ṽ

Z Λα Ṽα

Ṽ Ṽα V̄α

p2

p1

ιZ

p2

p1

ι̃α

ια

πα

παια
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where the bottom right square is cartesian. Using these maps, we have

[OΛα ] ⋆ e
λ def
= (p1)∗((ι̃α)∗[OΛα ]⊗LṼ×Ṽ p∗2e

λ)

Lemma 5.1.2
= (p1)∗((ι̃α)∗[OΛα ]⊗ ι∗Zp

∗
2e
λ)

(5.1)
= (p1)∗(ι̃α)∗ι̃

∗
αι

∗
Zp

∗
2e
λ

functoriality
= (ια)∗(p1)∗p

∗
2(ια)

∗eλ

base change
= (ια)∗(πα)

∗(πα)∗(ια)
∗eλ.

By Lemma 5.2.2 (πα)
∗(πα)∗ acts as eλ 7→ eλ−esα(λ)−α

1−e−α . Note that V −/(V − ∩ sαV −) ∼=
V−α is one-dimensional of weight q−1

α e−α. Thus, by Lemma 5.2.1 (ια)∗ acts as multi-

plication with 1− qαe
α. Finally, (ια)

∗ is given by eλ 7→ eλ. Hence, we have

[OΛα ] ⋆ e
λ = (1− qαe

α)
eλ − esα(λ)−α

1− e−α
.

Our next goal is to determine a nice generating set of the algebra KG×Gm×Gm(Z).

For this, we need the following transversality result.

Lemma 5.3.10. Let w ∈ W and α ∈ Π such that l(sαw) = l(w) + 1. Then the

varieties Zsα × Ṽ and Ṽ ×Zw intersect transversally in Ṽ 3. Moreover, the projection

onto the first and third factor induces an isomorphism

p13 : (Zsα × Ṽ ) ∩ (Ṽ × Zw)
∼→ Zsαw. (5.8)

Proof. Let (y1, y2, y3) ∈ Ṽ 3 lie in the intersection of Zsα × Ṽ and Ṽ × Zw. Note that

there is a commutative diagram

(Zsα × Ṽ ) ∩ (Ṽ × Zw) Zsαw

(Ysα × B) ∩ (B × Yw) Ysαw.

p13

π3 π2

p13

(5.9)

It is well-known that the horizontal map in the bottom row is an isomorphism when

l(sαw) = l(w) + 1. Hence, by equivariance, we may assume that (y1, y2, y3) maps

to p−1
13 (ṡαB, ẇB) = (ṡαB, eB, ẇB) ∈ B3 under the projection Ṽ 3 π3

→ B3. To prove

transversality of Zsα × Ṽ and Ṽ × Zw, it suffices to show that the map

T(y1,y2)Zsα ⊕ T(y2,y3)Zw
(p2)∗⊕(p1)∗−→ Ty2Ṽ (5.10)
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is surjective. Note that there are isomorphisms

G×B∩wB (V − ∩ wV −)
∼→ Zw

(g, v) 7→ (gB, gv, gẇB, gv),

G×B∩sαB (V − ∩ sαV −)
∼→ Zsα

(g, v) 7→ (gṡαB, gv, gB, gv),

G×B (V −)
∼→ Ṽ

(g, v) 7→ (gB, gv).

Let y2 = (eB, v). Then v ∈ sαV − ∩ V − ∩ wV − and the isomorphisms above identify

the tuple (e, v) with (y2, y3), (y1, y2) and y2 respectively. The maps p1 : Zw → Ṽ and

p2 : Zsα → Ṽ then correspond to the maps

G×B∩wB (V − ∩ wV −)→ G×B V −

(g, v) 7→ (g, v)
(5.11)

and
G×B∩sαB (V − ∩ sαV −)→ G×B V −

(g, v) 7→ (g, v).
(5.12)

The map on tangent spaces at (e, v) induced by (5.11) is

g/(b ∩ wb)⊕ (V − ∩ wV −)→ g/b⊕ V −

(x+ b ∩ wb, v) 7→ (x+ b, v).

Similarly, (5.12) corresponds to the map

g/(b ∩ sαb)⊕ (V − ∩ sαV −)→ g/b⊕ V −

(x+ b ∩ wb, v) 7→ (x+ b, v)

on tangent spaces at (e, v). Since l(sαw) = l(w) + 1, we have α ∈ wΦ+ and thus

V−α ⊂ V − ∩ wV −. It now follows that

V − = (V − ∩ sαV −) + (V − ∩ wV −)

Hence, by the explicit description of the maps on tangent spaces above, it follows

that (5.10) is surjective. This completes the proof of transversality.
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Recall that the map in the bottom row in (5.9) is an isomorphism. Thus, to

prove that the map from (5.8) is an isomorphism, it suffices to show that the map

in the top row in (5.9) induces an isomorphim on the fibers of the vertical maps.

By equivariance, it suffices to do this for the fibers over (ṡαB, eB, ẇB) ∈ B3 and

(ṡαB, ẇB) ∈ B2. These fibers are given by sαV − ∩ V − ∩ wV − and sαV − ∩ wV −

respectively. Note that

sαΦ+ ∩ Φ+ ∩ wΦ+ = (sαΦ+\{−α}) ∩ wΦ+ = sαΦ+ ∩ wΦ+

since −α ̸∈ wΦ+. This implies

sαV − ∩ V − ∩ wV − = sαV − ∩ wV −

which finishes the proof.

Corollary 5.3.11. KG×Gm×Gm(Z) is generated as an algebra by KG×Gm×Gm(Z∆) to-

gether with the [OZsα
] for α ∈ Π.

Proof. Let A be the subalgebra of KG×Gm×Gm(Z) generated by KG×Gm×Gm(Z∆) to-

gether with the [OZsα
] for α ∈ Π. We prove by induction along the length of w that

[OZw
] ∈ A for all w ∈ W . If l(w) ∈ {0, 1}, the claim is true by construction. Now let

w ∈ W and α ∈ Π such that l(sαw) = l(w) + 1 and assume we have shown the claim

for all y ∈ W with l(y) ≤ l(w). Let

Zsα,w := (Zsα × Ṽ ) ∩ (Ṽ × Zw)

Z◦
sα,w := (Zsα × Ṽ ) ∩ (Ṽ × Zw).

The projection onto the first and third factor restricts to a map

p13 : Zsα,w → Z≤sαw.

Hence, we have

[OZsα
] ⋆ [OZw

] ∈ KG×Gm×Gm(Z≤sαw).

Let

U := Ṽ 3\((Z<sα × Ṽ ) ∪ (Ṽ × Z<w))

which is an open subset of Ṽ 3. Note that

U ∩ (Zsα × Ṽ ) = U ∩ (Zsα × Ṽ )

U ∩ (Ṽ × Zw) = U ∩ (Ṽ × Zw).
(5.13)
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In particular, we have

U ∩ Zsα,w = U ∩ Z◦
sα,w = Z◦

sα,w. (5.14)

Thus, Z◦
sα,w ⊂ Zsα,w is open and the flat pullback

ι∗Z◦
sα,w

: KG×Gm×Gm(Zsα,w)→ KG×Gm×Gm(Z◦
sα,w)

agrees with the restriction with support map

ι∗U : KG×Gm×Gm(Zsα,w)→ KG×Gm×Gm(Z◦
sα,w)

coming from the inclusion ιU : U ↪→ Ṽ 3. Moreover, (5.13) together with Lemma 5.3.10

implies that the intersection of U ∩ (Zsα × Ṽ ) and U ∩ (Ṽ × Zw) is transverse in U .

Using these facts, we can compute the restriction of [OZsα
] ⋆ [OZw

] to Zsαw ⊂ Z≤sαw:

ι∗Zsαw
([OZsα

] ⋆ [OZw
])

def
= ι∗Zsαw

(p13)∗(p
∗
12[OZsα

]⊗L
Ṽ 3 p

∗
23[OZw

])

base change
= (p13)∗ι

∗
Z◦
sα,w

(p∗12[OZsα
]⊗L

Ṽ 3 p
∗
23[OZw

])

= (p13)∗ι
∗
U(p

∗
12[OZsα

]⊗L
Ṽ 3 p

∗
23[OZw

])

Lemma 5.1.4
= (p13)∗(ι

∗
Up

∗
12[OZsα

]⊗LU ι∗Up
∗
23[OZw

])

= (p13)∗([OU∩(Zsα×Ṽ )]⊗
L
U [OU∩(Ṽ×Zw)])

Lemma 5.1.3
= (p13)∗[OU∩Zsα,w ]

(5.14)
= (p13)∗[OZ◦

sα,w
]

Lemma 5.3.10
= [OZsαw ].

Using the short exact sequence from (5.5), this implies that

[OZsα
] ⋆ [OZw

] ∈ [OZsαw
] +KG×Gm×Gm(Z<sαw).

The proof of Lemma 5.2.3 shows that KG×Gm×Gm(Z<sαw) is a free KG×Gm×Gm(Z∆)-

module with basis given by the [OZy
] with y < sαw. Thus, by the induction hy-

pothesis, we get [OZsαw
] ∈ A. Hence, A contains all [OZw

] for w ∈ W and thus

A = KG×Gm×Gm(Z) by Lemma 5.2.3. This completes the proof.

We are now ready to prove the main result of this chapter.

Theorem 5.3.12. There is an isomorphism of algebras KG×Gm×Gm(Z) ∼= Haff
qs,ql

.

Proof. We can identify

Masph

Lemma 5.3.4∼= Z[q±1
s , q±1

l ][X∗]
(5.7)∼= KG×Gm×Gm(Ṽ ).
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Hence, we get algebra homorphisms

α1 : K
G×Gm×Gm(Z)→ EndZ[q±s ,q±l ](Masph)

α2 : Haff
qs,ql
→ EndZ[q±s ,q±l ](Masph).

By Proposition 5.3.9, Lemma 5.1.7 and Lemma 5.3.4 we have

α1([OZsα
]) = −α2(Tsα + qαe

α)

α1((∆Ṽ )∗e
λ) = α2(e

λ)

where ∆Ṽ : Ṽ ↪→ Z is the diagonal embedding. Thus, by Corollary 5.3.11 and

Lemma 5.3.3, α1 and α2 have the same image in EndZ[q±s ,q±l ](Masph). Moreover, α2 is

injective by Lemma 5.3.5. Hence, we get a surjective homomorphism of algebras

α−1
2 ◦ α1 : K

G×Gm×Gm(Z)→ Haff
qs,ql

which restricts to an isomorphism on polynomial subalgebras

α−1
2 ◦ α1 : K

G×Gm×Gm(Z∆)
∼→ Z[q±1

s , q±1
l ][X∗].

Note that KG×Gm×Gm(Z) and Haff
qs,ql

are free modules of rank |W | over this commu-

tative noetherian subalgebra (by Lemmas 5.2.3 and 5.3.3). Surjective maps between

free modules of the same (finite) rank over a commutative noetherian ring are always

isomorphisms (c.f. [7, Exercise 6.1]), so α−1
2 ◦ α1 is an isomorphism.

Remark 5.3.13. The theorem above provides a geometric realization of all affine

Hecke algebras with unequal parameters that arise from simple root data except in

adjoint type B (resp. simply connected C if one defines the affine Hecke algebra with

respect to the cocharacter lattice) where three unequal parameters are possible. A

geometric realization of this affine Hecke algebra with three unequal parameters can

be found in [39].

In the equal parameter setting, the K-theory realization (Theorem 2.2.1) has

been used to parametrize the irreducible representations of the affine Hecke algebra

and construct standard representations [24, 41] (see also Chapter 2). It would be

interesting to obtain similar results for affine Hecke algebras with unequal parameters

building on our K-theory realization from Theorem 5.3.12. The author intends to

explore this in future work.
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5.4 Graded Hecke algebras with unequal parame-

ters

In [47,51] Lusztig defined certain graded versions of affine Hecke algebras and studied

their representations using geometric methods. These graded Hecke algebras can also

be defined with respect to several unequal parameters, but the geometric construc-

tions of Lusztig only realize these algebras for certain specific parameters (which is

enough for his goal of classifying unipotent representation of p-adic groups [50]). In

this section we discuss a conjectural realization of graded Hecke algebras of simple

type with arbitrary unequal parameters via constructible sheaves. As before, we as-

sume that R = (X∗, X∗,Φ,Φ
∨) is a simple root datum of non-simply laced type,

Π ⊂ Φ is a system of simple roots and Φ = Φs ⊔ Φl is the decomposition into short

and long roots. We set

t := C⊗Z X∗

and for any α ∈ Π, we denote by rα ∈ C[rs, rl] the element

rα :=

{
rs α ∈ Φs,

rl α ∈ Φl.

Definition 5.4.1. [47] The graded Hecke algebra with two unequal parameters Hrs,rl =

Hrs,rl(R) is the C-vector space

Hrs,rl = C[rs, rl]⊗C C[W ]⊗C S(t∗)

with algebra structure uniquely determined by

(i) C[rs, rl]⊗C C[W ] ⊂ Hrs,rl is a subalgebra,

(ii) C[rs, rl]⊗C S(t∗) ⊂ Hrs,rl is a subalgebra,

(iii) ξ · sα − sα · sα(ξ) = rα
ξ−sα(ξ)

α
for any α ∈ Π, ξ ∈ S(t∗).

This becomes a graded C-algebra by setting

deg(w) = 0 w ∈ W,

deg(rα) = 2 α ∈ Π,

deg(ξ) = 2 ξ ∈ t∗\{0}.
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Let G, V = gs ⊕ g/gs, Ṽ , Z, ... be as in the previous section. Then we can con-

sider the (equivariant) constructible derived category as defined in Section 2.3. In

particular, there is the ‘Springer sheaf’

S := µ∗CṼ ∈ Db
G×Gm×Gm,c(V ).

We conjecture that there is the following geometric realization of the graded Hecke

algebra with unequal parameters.

Conjecture 5.4.2. There is an isomorphism of graded C-algebras

Hom∗
G×Gm×Gm

(S,S) ∼= Hrs,rl .

Remark 5.4.3. An interesting consequence of this conjecture would be that

HomG(S,S) ∼= C[W ].

This would allow to parametrize the irreducible representations of W by the simple

perverse constituents of S similar to Springer theory. Note that S is supported on the

analogue of the nilpotent cone

N := im(µ).

We expect that N has only finitely many G-orbits (the author has verified this by

explicit computation in the G2 case, but we do not know if this is true in general).

Using (2.5), this would yield a combinatorial parametrization of the irreducible W -

representations via pairs (n, ρ) similar to the Springer correspondence where n ∈ N

and ρ is an irreducible representation of the component group A(n).

It seems reasonable to expect that Conjecture 5.4.2 can be proved by techniques

similar to the proof of Theorem 5.3.12. We briefly sketch how one might attempt to

execute such a proof. For simplicity, we will ignore any grading shifts/flips. Recall

that the proof of Theorem 5.3.12 relies on the observation that the antispherical

module arises via the convolution action of KG×Gm×Gm(Z) on KG×Gm×Gm(Ṽ ). Note

that there is an isomorphism

Hom∗
G×Gm×Gm

(S,S) ∼= HG×Gm×Gm
∗ (Z)

andHG×Gm×Gm
∗ (Z) naturally acts onHG×Gm×Gm

∗ (Ṽ ) via an analogously defined convo-

lution operation (see [24, §2.7] for more details on this in the characteristic 0 setting).
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Moreover, there is a canonical isomorphism

HG×Gm×Gm
∗ (Ṽ ) ∼= H∗

G×Gm×Gm
(Ṽ )

∼= H∗
G×Gm×Gm

(B)
∼= H∗

B×Gm×Gm
(pt)

∼= C[rs, rl]⊗C S(t∗).

Hence, as a C[rs, rl]-module, HG×Gm×Gm
∗ (Ṽ ) can be identified with the antispherical

module

M̃asph := Hrs,rl ⊗C[W ] sgn

where sgn is the sign representation ofW . The action of −(sα+1) on the antispherical

module is given by

−(sα + 1) · ξ ⊗ 1 = −(sα(ξ) · sα + rα
ξ − sα(ξ)

α
+ ξ)⊗ 1

= −(−sα(ξ) + rα
ξ − sα(ξ)

α
+ ξ)⊗ 1

= −(rα + α)
ξ − sα(ξ)

α
⊗ 1.

This operation arises geometrically as follows: The map

ξ 7→ ξ − sα(ξ)

α

is the Demazure operator which is well-known to arise geometrically via

(pα)
∗(pα)∗ : H

G×Gm×Gm
∗ (B)→ HG×Gm×Gm

∗ (B)

where pα : G/B → G/Pα is the projection [15]. One can deduce from this (by an

argument similar to Lemma 5.2.2) that the Demazure operator also corresponds to

the map

(πα)
∗(πα)∗ : H

G×Gm×Gm
∗ (Ṽα)→ HG×Gm×Gm

∗ (Ṽα)

where πα is the map from Lemma 5.2.2. The map

ξ 7→ −(rα + α)ξ (5.15)

arises geometrically as the map (c.f. [46, 1.10])

ι∗ : H
T×Gm×Gm
∗ ({0})→ HT×Gm×Gm

∗ (k−α)
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where ι : {0} ↪→ k−α is the inclusion and k−α is the one-dimensional T × Gm × Gm-

module with

(t, cs, cl) · x =

{
α(t)−1c−1

s x α short,

α(t)−1c−1
l x α long.

Note that k−α ∼= V −/(V − ∩ sαV −). It follows from this (by an argument similar to

Lemma 5.2.1) that

(ια)∗ : H
G×Gm×Gm
∗ (Ṽα)→ HG×Gm×Gm

∗ (Ṽ )

is also given by the map in (5.15). Following the proof of Proposition 5.3.9, we expect

that convolution with [Zsα ] on HG×Gm×Gm
∗ (Ṽ ) is given by (ια)∗(πα)

∗(πα)∗(ια)
∗ which

is the map

ξ 7→ −(rα + α)
ξ − sα(ξ)

α
.

This is precisely the action of −(sα + 1) on the antispherical module. Hence, we

expect that the convolution action of HG×Gm×Gm
∗ (Z) on HG×Gm×Gm

∗ (Ṽ ) realizes the

antispherical module M̃asph. The rest of the proof of Theorem 5.3.12 is purely for-

mal, so it seems reasonable to expect that a similar argument should work in the

equivariant Bore-Moore homology setting. This would prove Conjecture 5.4.2.
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