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Abstract

This thesis makes several contributions to the representation theory of affine Hecke

algebras and related topics:

e We show that there is an equivalence of triangulated categories relating certain
(dg-)modules over affine Hecke algebras with certain categories of constructible
sheaves. This can be viewed as a derived version of the celebrated Deligne-

Langlands correspondence.

e We provide a new algorithm that computes the canonical basis in any quantum
group of finite ADFE type or equivalently the stalks of perverse sheaves on
a corresponding moduli space of quiver representations. In type A, this also
encodes the composition multiplicities of the standard modules for the affine
Hecke algebra of GL,, and we show further how this algorithm can be extended

to compute the dimensions of the simple modules.

e We construct a geometric realization of any affine Hecke algebra of simple type
with two unequal parameters via equivariant algebraic K-theory. This can
be viewed as an extension of a classical theorem due to Kazhdan-Lusztig and

Ginzburg which provides such a realization in the equal parameter setting.
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Chapter 1

Introduction

Affine Hecke algebras are certain deformations of group algebras associated to affine
Weyl groups. These algebras arise in various different places throughout Lie theory,
but they are probably most well-known for their role in the representation theory of
p-adic groups. In fact, for each split p-adic group G there is a (specialized) affine
Hecke algebra 7-[2? such that the category of Hgf—modules is equivalent to the cate-
gory Rep;(G) of smooth G-representations that are generated by their Iwahori-fixed
vectors [21]. Thus, the representation theory of affine Hecke algebras is of considerable
interest. In their groundbreaking work, Kazhdan and Lusztig were able to classify
the irreducible representations of affine Hecke algebras (with equal parameters) by
geometric data on the complex reductive group G whose root datum is dual to that

of G |41]. This is often phrased as a finite-to-one map
Irr(H2T) — {(s,n) € G x N | s semisimple, s - n = gon}/G (1.1)

known as the Deligne-Langlands correspondence, and it can be understood as a special
case of the celebrated local Langlands conjectures. Here A/ C g is the variety of
nilpotent elements also known as the nilpotent cone. The tuples (s,n) are also called

‘Langlands parameters’.

A derived Deligne-Langlands correspondence

One of the main results of this thesis lifts the Deligne-Langlands correspondence to an
equivalence of triangulated categories (Chapter . For this, it is useful to rephrase the
Deligne-Langlands correspondence in a geometric language involving perverse sheaves
(c.f. [24]): We denote by H&T the (complexified) affine Hecke algebra with generic

paramter ¢. The semisimple element s € GG in a Langlands parameter corresponds to



the choice of a central character
Xsuo Z(H(?:ffq) — C.
We can then consider the corresponding variety of Langlands parameters
NE® = I e N | s-n=qn}

with fixed semisimple part s. A key result in [24] relates representations of H(?;ffq
with central character X 4) to the category of constructible sheaves D5(N(#%)) and
in particular the category of perverse sheaves Perv(N(®®)) < DN (®)).  More
specifically, there is a certain semisimple complex S©%) € DY(N(@)) (which means
that S%) is a direct sum of shifts of simple perverse sheaves) such that there is an
isomorphism

M/ (ker(X(s.40)) = Hom* (S©%), §lo0)), (1.2)

It can be deduced from this that there is a bijection
Trr(HE, / (ker (X (s.a0))) &5 {X € Irr(Perv(N %)) | X appears in S},

This can be viewed as a perverse sheaves version of the more combinatorial Deligne-
Langlands correspondence from (1.1)). In fact, one can associate to any (equivariant)
simple perverse sheaf on N(*%) a G(s)-orbit and picking any point n in that orbit
yields a pair (s, n) which is the Langlands parameter associated to that simple perverse
sheaf. Let

Dspr(N(S’qO)) — (S(S’QO)>A .

)

be the smallest full triangulated subcategory of D(N(#%)) which contains S(=90) and
is closed under shifts and direct summands. We will prove the following derived

version of the Deligne-Langlands correspondence.

Theorem. (Theorem[3.5.4))

There is an equivalence of triangulated categories
DPerf(H%{{q/(ker(X(&qo))) — dgMod) = Dspr(N(S’qo))OP

which identifies %) with the free dg-module HH/ (ker(X(s.q0))). Here we consider
H%{fq (ker(X(s,q0))) @s a dg-algebra with vanishing differential and grading induced by
the Hom™-grading in (1.2)).



We briefly explain the strategy of the proof of this theorem. By standard dg-
techniques, there is an abstract dg-algebra R such that

Dpert(R — dgMod) = Dspr('/\/(s,qo))op

and
H*(R) = Hom* (S, 8>y,

Thus, the main content of the theorem above is that the dg-algebra R can be replaced
with its cohomology which is known as ‘formality’. To prove formality, we first reduce
to varieties over a field of positive characteristic using the ‘De F a C’ technique
from [11]. Then all relevant sheaves can be equipped with a canonical Frobenius
action. We show by explicit computation that this action is ‘pure’ which means
that its eigenvalues are of a specific form. It can then be shown that this purity
implies formality in a fairly general setting which completes the proof of our derived
Delinge-Langlands correspondence.

The idea that purity implies formality goes back to [28,29]. However, there are
several technical problems one has to deal with to obtain a “purity implies formal-
ity” result in a general setting as we use it: one difficulty that arises is that the
constructible derived category D%(X) = D?(X, Q) is not a genuine derived category,
at least in its standard definition [11,128]. In particular, D’(X,Q,) is not naturally
dg-enhanced in this setting. It is shown in [54] that this problem can be solved by
working with a dg-enhancement of D%(X,Q,) arising from an alternative construc-
tion of the constructible derived category with integral coefficients D%(X, Og) [31,43].
There is yet another construction of D%(X, @g) coming from the pro-étale topology
introduced in [19] which is the most natural setting for dg-purposes. In fact, in
the pro-étale topology, the constructible derived category D%(X,Q,) does arise as a
full triangulated subcategory of a genuine derived category and thus it is naturally
dg-enhanced. For this reason, we choose to work with D%(X,Q,) in its pro-étale real-
ization (which will be reviewed in Section |3.3.3]). To get a “purity implies formality”
result, one also has to lift the Frobenius action on morphisms of sheaves to the dg-
level as in |54, Appendix A]. We explain a variant of this Frobenius lifting argument
in Section Once the Frobenius action is lifted to the dg-level, formality will be
a consequence of an algebraic result in |54, Theorem B.1.1]. While it would certainly
be possible to directly apply the results from [54] in our setting without referring to
the pro-étale topology, we hope that our alternative approach clarifies some of the

technical difficulties.



Canonical bases and composition multiplicities

The geometric methods employed in the proof of the Deligne-Langlands correspon-
dence also allow to construct representations of ’Hj;(f)f. In fact, for each Langlands
parameter (s,n), there is a corresponding ‘standard module’ which can be realized
geometrically as the Borel-Moore homology of a certain ‘Springer fiber’. The irre-
ducible representations of the affine Hecke algebra then appear as quotients of these
standard modules. Thus, to study simple modules via standard modules one has to
compute the composition multiplicities of the standard modules. It is known that
these multiplicities are encoded in the stalks of the (equivariant) simple perverse
sheaves on N/ (5:).

In the GL,-case, it turns out that the variety A>9) can also be interpreted as
a moduli space of quiver representations for a type A quiver (when ¢, is not a root
of unity). Such moduli spaces are nice for computations since all irreducible local
systems on their orbits are trivial and if the quiver is of finite ADFE type, there are
only finitely many orbits. We will therefore consider moduli spaces of finite ADFE
type quivers.

Let I be an indexing set for the vertices of such a finite ADFE type quiver. We can
then consider the positive part of the corresponding quantum group U* with standard
generators {F; | « € I}. This is a certain quantized version of the positive part of
the universal enveloping algebra. The algebra UT admits several standard bases of
PBW type, but it was observed by Lusztig [48] that U™ also admits a canonical basis.
Moreover, it is known that the change of basis between the standard basis B**® and
the canonical basis B is encoded in the stalks of the (equivariant) simple perverse
sheaves on the corresponding moduli space of quiver representations. Thus, in type

A, the following problems are equivalent:

e Compute the change of basis between the standard basis B**® and the canonical

basis B“";
e Compute the stalks of the (equivariant) simple perverse sheaves on A/(*®):

e Compute the composition multiplicities for the standard modules over H%ﬁfq with

central character x4, -

Our main result in Chapter {4] is a new algorithm that computes the change of
basis between B%4 and B in U™ for any quiver of finite ADFE type, thus providing
a solution to the above problems. The algorithm is inspired by the Lusztig-Shoji



algorithm [45,/62] which computes stalks of perverse sheaves on the nilpotent cone.
At the heart of the Lusztig-Shoji algorithm lies a Gram-Schmidt type procedure
which is applied to a certain Ext-pairing on perverse sheaves. In the quantum groups

setting, the replacement for the Ext-pairing is the standard bilinear form
() : U xU" = Q(v)

defined in [49, 1.2.3]. One of our main results is a new explicit formula for this
bilinear form on monomials in the generators {E; | i € I} (Corollary [.3.11). The
formula is combinatorial, but its proof relies on some explicit computations with
perverse sheaves. In principle, the bilinear form on UT can also be computed from
its recursive definition (see also the closed formula in [56]) but our new formula has
the advantage that it applies to more general geometric situations (Theorem .

We can now pick a basis B™" of U™ consisting of monomials. Our new formula for
the standard bilinear form allows us to explicitly compute the matrix ¥ representing
the standard bilinear form with respect to B™". The following algorithm explains

how to compute the standard and the canonical basis from the matrix V.

Algorithm. (Algorithm

1. Compute the matrix ¥ using the formula from Corollary|4.5.11;

2. Compute the decomposition ¥ = LDLT wusing the Gram-Schmidt procedure

(where L is lower unitriangular and D is diagonal);

3. Compute the unique decomposition L = QP (where Q and P are lower unitri-
angular matrices with entries below the diagonal in Z[v + v™1] and v™1Z[v™1]

respectively).
Output: P,Q (change of basis matriz between B and B resp. B®™ and B™™").

We will execute this algorithm in a few examples to compute canonical bases in
type A as well as the corresponding composition multiplicities of standard modules
for the affine Hecke algebra of GL,. We will also extend these methods to compute
the dimensions of the corresponding simple modules. In fact, these dimensions can be
interpreted geometrically as counting multiplicities of simple perverse sheaves in the
semisimple complex S ¢ Db(A/*%) [24]. Using the identification of N'5%) with a
moduli space of quiver representations, the sheaves S®%) correspond to certain ele-
ments in Ut. Decomposing the sheaves S%) into simples can then be reduced to an

Ext-computation which we perform using a variation of our formula for the standard



bilinear form on monomials. We spell out this extended algorithm for computing
dimensions of simple modules in more detail in Algorithm 4.5.10] As an example,

we compute the dimensions of certain simple modules for the affine Hecke algebra of

GL, in Example [4.5.11]

Affine Hecke algebras with unequal parameters

So far, we have only considered affine Hecke algebras with a single parameter q. How-
ever, there are also affine Hecke algebras with several unequal parameters which also
play an important role in local Langlands. For example, any irreducible unipotent
representation of a p-adic group in the sense of Lusztig [50] corresponds to a repre-
sentation of an associated affine Hecke algebra which may have unequal parameters.
Given the success of the geometric methods in the equal parameter setting, one might
hope to be able to use similar techniques to study the unequal parameter setting. In
the equal parameter setting, the starting point for most geometric considerations
is the famous realization of the affine Hecke algebra via the equivariant algebraic

K-theory of the so-called ‘Steinberg variety’ Z
KG’XGm (Z) ~ Hgﬁ

due to Kazhdan-Lusztig [41] and Ginzburg [24]. It is already mentioned in the in-
troduction of [51] that “the K-theoretic approach seems to run into some serious
difficulties in the general [unequal parameter] case”. Nonetheless, Lusztig was able to
classify unipotent representations of p-adic groups by relating irreducible representa-
tions of affine Hecke algebras with representations of certain graded Hecke algebras.
These graded Hecke algebras do have a geometric interpretation via constructible
sheaves. However, apart from being more technical, the graded Hecke algebra ap-
proach to p-adic groups has the disadvantage that it seems to be less well-behaved on
a categorical level. The K-theory approach on the other hand has received renewed
attention in recent years due to its applications to categorical local Langlands [14]. In
light of this, the goal of finding a K-theory realization of affine Hecke algebras with
unequal parameters remains highly desirable.

In type C, Kato [39] gave a surprising solution to this problem by considering a

certain ‘exotic Springer resolution’ attached to an Sps,-representation

W = V(Gl) D V(€1 + 62) @D V(€1 + 62).



Note that there is a natural Sp,, x G2 -action on W where each copy of G,, acts by
scaling one of the three summands. One of the main results of [39] then states that the
Span x GP ~equivariant K-theory of the associated ‘exotic Steinberg variety’ realizes a
certain affine Hecke algebra with three unequal parameters. This suggests that affine
Hecke algebras with unequal parameters should arise more generally from K-theory by
considering direct sums of representations and their ‘Springer resolutions’. The main
difficulty here is to find an appropriate representation and Springer resolution that
yield the correct relations in algebraic K-theory. Unfortunately, outside of type C,
there are no obvious candidates for complex representations that give rise to relations
that resemble those of the affine Hecke algebra.

Surprisingly, the situation improves when passing to small positive characteristic.
More specifically, we will show in Chapter |5| that any affine Hecke algebra of simple
type with two unequal parameters has a realization via equivariant algebraic K-
theory by exploiting the anomalous behavior of the adjoint representation in small
characteristic. In [40] Kato already makes the observation that the exotic Springer
resolution is related to small characteristic phenomena, but outside of type C, this
connection hasn’t been explored further in the literature thus far.

The starting point for our construction is a classical result due to Hogeweij and
Hiss [35,[36] which states that for any simple algebraic group G in characteristic p = 2
or p = 3 (depending on the type of () there is a subrepresentation gs C g whose
non-zero weights are precisely the short roots. We then consider a certain ‘Springer

resolution’ V — V where
Vi=g,® g/gs-

We equip V' (and the associated ‘Steinberg variety’ Z) with a natural G X G,,, X G-
action where each copy of G,, acts by scaling one of the summands of V. Note
that V' has the same weights as g, namely the roots of G. This will allow us to
prove the following geometric realization of the affine Hecke algebra with two unequal

parameters Hffql associated to G.

Theorem. (Theorem

There is an isomorphism of algebras K&*Cm>Cm(7) = Hfz‘gql.

We also conjecture that graded Hecke algebras with unequal parameters can be

realized in a similar fashion by replacing equivariant K-theory with equivariant Borel-
Moore homology (see Conjecture [5.4.2)).



Chapter 2

Affine Hecke algebras and their
representations

In this chapter, we recall a few algebraic and geometric constructions related to affine
Hecke algebras culminating in the statement of the celebrated Deligne-Langlands
correspondence. The reader that is familiar with these classical results may skip to

the next chapter.

2.1 Affine Hecke algebras and p-adic groups

Fix aroot datum R = (X*, X,, ®, &) with Weyl group W and fix a system of positive
roots ® C ® with simple roots II € ®*. Throughout this thesis, ¢ will denote the

variable in the ring of Laurent polynomials Z|q, ¢~}].

Definition 2.1.1. The affine Hecke algebra (with equal parameters) H3 = H2T(R)
associated to R is the Z[q,q *]-algebra with basis {T,e* | w € W, A € X*} and

multiplication rules

(i) T2 =(¢— 1T, +q aell,
(i1)) TywTw = Ty Hww') = 1(w) + (w'),
(iii) eret = M A€ X¥,

e)\ _eSa (X)
l—e~>

(’L’U) eATSQ - Ts(xesa()\) = (q - 1)
where T,y := T,e® and e* = T,e .

Note that the T,, (w € W) span a subalgebra H, C H2 which is the (finite)
Hecke algebra associated to W. Similarly, the e* (A € X*) span a subalgebra of ’H;‘H



isomorphic to the group algebra Z[q, ¢ *][X*]. We will also consider the complexified
affine Hecke algebra
HE = HA @, C.

Moreover, we can specialize the affine Hecke algebra at any parameter ¢y € C*:
’HZf = H(?:f,fq/((] — Qo).
Here are some well-known algebraic properties of the affine Hecke algebra.
Lemma 2.1.2. 24,47/
(i) The center of the affine Hecke algebra is

Z(Hy")
Z(HE,)

Zlg,q [X*",
Clg, ¢ "[X*]".

(it) The affine Hecke algebra HAT (resp. ML) is a free Z(H2T)-module (resp.
Z (M )-module) of rank [W|?.

The (complex) representation theory of affine Hecke algebras is of considerable
interest due to its connection with the representation theory of p-adic groups which
we now briefly recall.

Let F' be a non-archimedian local field with ring of integers O and residue field
kr. Let G be a split reductive group over F' and consider the corresponding p-adic
group G(F) which is the group of F-points of G. A central problem is to classify
and construct the irreducible smooth representations of G(F'). For this, it is useful
to consider fixed-vectors with respect to some interesting compact open subgroups of
G(F). One such subgroup is the so-called Iwahori subgroup Z C G(F') which can be
thought of as a p-adic analogue of the Borel subgroup of a reductive algebraic group.
In fact, if G is simply connected, Z is precisely the preimage of the Borel subgroup
B(kr) C G(kp) under the projection G(Or) — G(kr). The following theorem due
to Borel and Casselman provides a correspondence between representations of affine

Hecke algebras and p-adic groups.

Theorem 2.1.3. |21 Let R be the root datum dual to the root datum of G. Then

there is a bijection

{V € Trryn(G(F)) | V! generates V' =5 Trr(HAT )

|F]

where Hffﬂ is the affine Hecke algebra with root datum R specialized at |kp| € C*.

9



Remark 2.1.4. This bijection can also be upgraded to an equivalence of categories:
The category of smooth G(F')-representations Repy,,(G(F)) breaks into so-called Bern-

stein blocks and there is a unique ‘principal block’
Repy,, (G(F)) C Rep,,,(G(F))

which contains the trivial representation. The bijection from Theorem [2.1.5 then lifts

to an equivalence of categories

Rep? (G(F)) = HM  — Mod.

|F]

Motivated by the Borel-Casselman equivalence, one would like to parametrize and
construct the irreducible representations of affine Hecke algebras. This problem was
solved by Kazhdan-Lusztig and Ginzburg using geometric methods and we will review

their results in the following sections.

2.2 Equivariant K-theory and the Kazhdan-Lusztig
isomorphism

Let H be a complex linear algebraic group and X a quasi-projective H-variety. We
denote by Coh™(X) the category of equivariant coherent sheaves on X and the equiv-

ariant algebraic K-theory of X by
K7 (X) := Ky(Coh™ (X)).

Let X be smooth and consider the projections p;; : X x X x X — X x X onto
the i-th and j-th factor (1 < i < j < 3). Then for any H-stable closed subvarieties
Zh2, Zaz C X x X, there is a convolution operation (c.f. [24, (5.2.21)])

KH(Z12) X KH(223) — KH(Zm 0 Z3)

where
Zi9 0 Laz 1= pls(szl(Zm) ﬂpggl(Zzs))-

We will review the construction of this convolution operation and the basic properties
of equivariant K-theory in more detail in Chapter[5] For the remainder of this section,
we recall how affine Hecke algebras arise from equivariant K-theory.

Let G be a complex reductive group with simply connected derived subgroup. Let
B C G be a Borel subgroup and let B := G/B be the flag variety. We denote by g

10



(resp. b) the Lie algebra of G (resp. B). Let n = [b,b] and let AV C g the nilpotent

cone of GG. The Springer resolution is the space
N:=GxPn={(¢yB,x)eBxN|g ' zecb}

This comes with the two projections

I
™ 1 (2.1)
B / \ N.

The maps 7 and p are G x G,,-equivariant where t € G,, acts by scaling with ¢t~ on
N (resp. n) and trivially on B. Let

Z :N XNN = {((ng,l’l), (92B7ZL’2)) € ./(/’ X ./\7 | T = .172}
be the Steinberg variety. It is straightforward to check that
ZolZ=1.

Hence, convolution equips K%*¢=(Z) with the structure of a Z[q, ¢~!]-algebra where
multiplication by ¢ corresponds to tensoring with the irreducible weight 1 represen-
tation of G,,. The following theorem is the key result that builds a bridge between
affine Hecke algebras and the geometry of the Steinberg variety.

Theorem 2.2.1. [2/,|/1] There is an isomorphism of Z|q,q ]-algebras
Hgﬁ ~ KGXGm(Z).

Under this isomorphism, the center Z(H;ﬁ) corresponds to K*®m(pt).

2.3 Constructible and perverse sheaves

For any variety X, we can consider the derived category of constructible sheaves
D%(X) with complex coefficients. When X is defined over the complex numbers, this
category is often constructed using sheaves on the associated complex analytic space
X(C). However, for technical reasons, we will also have to consider varieties (and
schemes) which are not defined over the complex numbers. Thus, we will use the

(-adic version of the constructible derived category
De(X) = Dg(X, Q)

11



coming from the (pro-)étale topology as defined in [11}|19,28]. Here ¢ is a prime
number which is coprime to the characteristic of X. We will also occasionally consider
the constructible derived category with respect to other coefficient systems (e.g. with

IF, or Z, cofficients) but we will reserve the notation D%(X) for Q, coefficients.

Remark 2.3.1. Note that we can pick an isomorphism C = Q,, so DY(X) can still

be considered as a construcible derived category with complex coefficients.

The construction of the category D2(X) will be reviewed in more detail in Sec-
tion For now, we summarize a few of its basic properties and fix some notation.
The constructible derived category comes equipped with the usual 6 (derived) oper-

ations
(f*, fo), (S, f!), (®L, RHom)

associated to any morphism of varieties f : X — Y. These are pairs of adjoint
functors which are subject to many useful identities (e.g. base change, projection
formula, ...). We denote the constant sheaf on X by 1y and the dualizing complex by
wx = a'ly where a : X — {pt} is the structure map. The Verdier duality functor
will be denoted by D := Hom(—, wx). We will write

Hom'(F,G) := Hompsx)(F, Gli]).
The cohomology and (Borel-Moore) homology of X are defined as

H'(X) := Hom"(1x,1x)
H;(X) := Hom “(1x,wx).

The category D°(X) comes equipped with a standard t-structure whose heart is de-
noted by Sh.(X). There is a full subcategory of ‘local systems’ Loc(X) C Sh.(X)
and if X is connected, Loc(X) is equivalent to the category of continuous finite-
dimensional Q,-representations of the étale fundamental group 75t(X).

There is also a non-standard t-structure on D%(X) called the perverse t-structure
which is defined by

FePDYX)?" & dimsupp H ‘F<i VicZ

: 2.2
Fe?DYX)" & dimsupp H 'DF <i Vi€ Z. (22)

Its heart will be denoted by Perv(X). If X is smooth and connected, we have

12



and hence D(1x[dim X]) = 1x[dim X]. Comparing with (2.2), we see that
CX = 1x[dlmX]

is a perverse sheaf which we call the constant perverse sheaf. More generally, if X is

smooth with connected components X, ..., X,,, we obtain a constant perverse sheaf

Cx = é 1, [dim X;]. (2.3)

i=1

In general, the simple objects of Perv(X) can be classified as the so-called intersection
cohomology complexes on X. More specifically, for any smooth connected locally
closed subvariety Y C X and any irreducible local system ¢ on Y, there is a unique
simple object IC(Y, ¢) € Perv(X) which is supported on Y and satisfies

H™ ™Y (1C(Y, ¢))ly = ¢.

Any simple object in Perv(X) is of this form. A very powerful tool in the study of

perverse sheaves is the decomposition theorem.

Theorem 2.3.2. [11] Let f: X — Y be a proper morphism and Z C X a smooth

locally closed subvariety. Then there is a finite decomposition
£1C(Z, 1) = @ IC(Ye, ) [ls]
k

where each 1C(Yy, ¢x) is a simple perverse sheaf on X and Iy, € Z.

The decomposition theorem has many useful applications to representation theory.
For example, it can be used to study representation of certain Ext-algebras. To

simplify notation, we will write
ICy = IC(Y, ¢).
Let A be a finite dimensional algebra which can be realized as an Ext-algebra
A = Hom™(f.Cx, f.Cx)

for a proper morphism f : X — Y with X smooth. Using the decomposition theorem,

we obtain a decomposition

f.Lx = LIC(X, 1x) = EPIC, @V
@
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where the V,, are finite-dimensional graded vector spaces which are non-zero for only
finitely many ¢. We now obtain the following (non-grading preserving) isomorphism

of algebras

A= P Hom (@ IC, ®Vy, PIC, ®v¢[/f]>
¢ P

keZ
= @ @ Hom (IC¢[Z], ICd, [j + k]) ® HomVect(ngv Vz/]))
i,J,k€L ¢ (24)

& @ @ Homk (Iqu, Icqp) ® HomVect(V¢7 Vw)
k>0 ¢,

= @ Endvee (V) ® 1
¢

where

I = @ @ Hom” (IC4, ICy) @ Homyect Vi, Vip)-
k>0 ¢,

Note that B, D, ., Hom" (ICy,1Cy) ® Homyeet (Vy, Vi) comes with a new internal
Ext-grading which makes I into a positively graded ideal. In particular, since A is
finite-dimensional, we see that I is nilpotent. Hence, the maximal semisimple quotient
of Ais A/I = @@ Endvect(Vy). Thus, we obtain the following parametrization of simple

modules as a consequence of the decomposition theorem.

Corollary 2.3.3. The non-zero Vy form a complete set of (pairwise distinct) irre-

ducible representation of A.

The theory of constructible and perverse sheaves can also be formulated in an
equivariant setting. Let H be a linear algebraic group acting on a variety X. Following
[16], one can define the bounded derived category of constructible equivariant sheaves
D}, (X). This also comes with the usual 6 functors where f,, f*, fi and f' are defined
for H-equivariant morphisms f : X — Y. For any F,G € D?’I,C(X ) we will write

Hom', (F,G) := HomD%’C(X)(]:,g[i]).
There are equivariant versions of the constant sheaf and the dualizing complex
1x,wyx € DY (X)

and one can define equivariant cohomology and equivariant (Borel-Moore) homology
of X as

Hi(X) := Hom’y (1x,1x)
HP(X) := Hom (1x,wyx).

)
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As in the non-equivariant setting, there is a perverse t-structure on D’}{’C(X ) and
we will denote its heart by Pervy(X). The simple objects of this category can be
classified as equivariant [C-sheaves associated to irreducible equivariant local systems
on smooth locally closed H-subvarieties. There also is a forgetful functor D}, (X)) —
D%(X) which is exact with respect to the perverse t-structures. If H is connected,
the induced functor Pervy(X) — Perv(X) is fully faithful and closed under taking
subquotients (but the whole forgetful functor D% .(X) — DZ(X) is not fully faithful
in general).

If X has only finitely many H-orbits, the classification of the simple objects in
Pervy (X)) is particularly nice. In this case, the equivariant local system on an H-orbit

O C X correspond to representations of the component group
A(O) = A(x) = H/H;

where x € O is any base point. Then any simple object in Pervy(X) is of the form
IC(0O, p) for some orbit O and p € Irr(A(O)). This yields a bijection

Irr(Pervy (X)) <= {(z,p) |z € X, p € Irr(A(x))}/H. (2.5)

Since the component group A(x) is always finite, this implies that there are only
finitely many simple objects in Pervy(X). For more details on the construction and
properties of the equivariant derived category and equivariant perverse sheaves, we
refer to |1, Chapter 6].

2.4 Affine Hecke algebras at a central character

In this section, we discuss a geometric incarnation of the affine Hecke algebra at a
central character using constructible sheaves. Recall that G is a complex reductive
group with simply connected derived subgroup and root datum R = (X*, X, ®, ®V).
Let T' C G be a maximal torus. Using Lemma there is the following geometric

interpretation of the center of the affine Hecke algebra with root datum R:
Z(HE,) = Clg, ¢ '][X* ]V 2 O(T x G,)" (2.6)

Hence, the central characters of H%ﬁfq are parametrized by the points of T/W x G,,
or equivalently by semisimple conjugacy classes in G x G,,. For (s,q) € G x G,

semisimple, we denote the corresponding central character by
aff
X(s,q0) - Z(/HQQ) — C.

15



By (the countable dimension version of) Schur’s lemma [24, Lemma 2.1.3], any simple
H%{fq—module admits a central character. Together with Lemmam this implies that
the simple H%ﬁfq—modules are finite-dimensional. Moreover, the simple H(%ffq—modules
with central character x(, 4,) are precisely the simple modules of the finite-dimensional

algebra
H?gqo) = ?foq/(ker(x(s,qo)))-

Here (ker(X(sq)) = HEY - ker(X(sq)) is the two-sided ideal in H&! generated by
ker(X(s,q0))- On the geometric side, fixing a central character is related to taking
fixed-points. More specifically, passing to (s, qo)-fixed points in (2.1)), we obtain a
diagram
N’(quo)
W(V XWIO)
Bs N(quo) .

The variety N %) is smooth (c.f. [24, Lemma 5.11.1]) and thus, we can consider the
constant perverse sheaf Cy.q) € DQ(J\T (s’qo)) and the corresponding ‘Springer sheaf’

S0 = ().t € DENEM),

Then there is the following important geometric incarnation of the affine Hecke alge-

bra at a central character.
Theorem 2.4.1. [24] There is an isomorphism of algebras (over C = Q,)

Ho 22 Hom* (S(5%0) §le0)),

(s»qO)

Proof. This is proved in |24, Proposition 8.1.5, Lemma 8.6.1]. The only difference to
our situation is that we work with the constructible derived category of Q,-sheaves
Db(X) = D’(X,Q,) coming from the (pro-)étale topology whereas loc.cit. works with
the constructible derived category D?(X(C),C) coming from the associated complex
analytic space X (C). It turns out that the two approaches are essentially equivalent:
By |11, p.146] there is a fully faithful functor

D;(X,Q,) = D(X(C),C)

(which involves choosing an isomorphism C 2 Q,). For X = A/(®%) this identifies the
Q,-Springer sheaf %) with its analytic version and thus we get an isomorphism of

graded algebras

Hom* (S(s,qo)’ S(quo)) ~ HOmEg(x((C)

Db (X,Qy) 0 (S(S’QO), S(s,qo)).

)
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2.5 The Deligne-Langlands correspondence

Combining Theorem with Corollary we get the following geometric parametriza-

tion of simple H?Sffqo)—modules.

Theorem 2.5.1. 2]/ There is a canonical injection

Trr(H2E 1) < Trr(Perv(N90))).

(s,90)
The image of this map consists of all simple perverse sheaves that appear in S(sa0),
This can be viewed as the first instance of the Deligne-Langlands correspondence.

Note that the morphism p(5%) N(sa0) 5 Af(s:0) i equivariant with respect to the

centralizer group
G(s) = {9 € G | g5 = sg}.
This implies that S*%) and its simple constituents are also G(s)-equivariant. Thus,

the injection above is in fact a map

Irr(H{L,,)) = Irr(Perve) (Ne@y),

(quO

It can be shown that A®®) has only finitely many G(s)-orbits (c.f. [24, Proposition
8.1.17]). Thus, the combinatorial description of simple equivariant perverse sheaves

from (2.5 yields a map

Ir(HE ) = {(n,p) | n € N p € Trr(A(s,n))}/G(s)

(S’qO
where A(s,n) is the component group of the simultaneous centraliser
G(s,n) ={9 € G(s) | g-n=n}

Combining these injections for all central characters we obtain the following more

combinatorial version of the Deligne-Langlands correspondence.
Corollary 2.5.2. [2/]/1] There is a canonical injection
Irr(?—lggf) — {(s,n,p) | s € G semisimple ,n € N®©) pcTrr(A(s,n))}/G.  (2.7)

If ¢o is not a root of unity, there also is a geometric description of the image of
this map. Let
B: = (u2)Yn) = {BecB|sec B,necb)

Then the canonical G(s,n)-action on B induces an A(s,n)-module structure on

H,(B:).

17



Theorem 2.5.3. 24, 41] Let qy be not a root of unity. Then, a triple (s,n,p) lies
in the image of the map (2.7) if and only if p appears in the A(s,n)-module H.(B%).

One can also use geometric techniques to construct modules for the affine Hecke

algebra. Note for this that we have a cartesian square

BZ ;) N(quo)

la lu(S,qo)

{n} -t N0,
Hence, using base change, we can identify

H*(BZ> = Hom* ]_Bs UJBS)

*

= Hom™(a 1{n},bwj\/(s qo))

(
(
= Hom™ (fia™ 1{py, Wrtsiao))
>~ Hom™ ((p(>90))* ulgny, Wi )
(

=~ Hom" ulgny, (1 ’qO))*W/\?(s,qo))-

Note that the sheaves wyss,q9) and Cyri.q are the same up to a shift of summands

since N9 is smooth. Thus, we get a (non-grading preserving) isomorphism
H*(Bfl) = Hom*(ul{n}, S(S’qo))

Hence, by Theorem [2.4.1} there is a canonical H?! \-module structure on H.(B;).
It can be shown that this structure is compatible with the A(s,n)-module structure.

Thus, for any p € Irr(A(s,n)), we obtain an H?Sffqo)—module
Ms,n,p = HomA(s,n) (p7 H*(BZ))

known as the standard module associated to the triple (s,n, p). It is straightforward

to check that for any g € G, we have
M(SJL,p) = Mg-(s,n,p)

as Hgﬂ—modules, so the standard module only depends on the G-orbit of the triple
(s,n,p). Note that by Theorem we have M, ,, , # 0 if and only if (s, n, p) lies in
the image of the map (2.7). The following important result explains how to obtain

the simple modules from the standard modules.

Theorem 2.5.4. [2/,141] Let qy be not a root of unity.
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(i) If the H?qu)—module M, ., 1s non-zero, it has a unique simple quotient L, ,;

(1) The Ly, , form a complete set of (distinct) simple H?Sffqo)—modules;

(iii) We have
[(Msnp) @ L )] = Zdim Hom s ) (0, HE (1, IC(G(s) - 1, p')))
k

where 1, : {n} < N&®) js the inclusion of the point.
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Chapter 3

Formality in the Deligne-Langlands
correspondence

The goal of this chapter is to lift the Deligne-Langlands correspondence (specifically
Theorem [2.5.1)) to an equivalence of triangulated categories. These results can also
be found in [5].

3.1 Springer geometry

Let F be an algebraically closed field and ¢ a prime number which is invertible in
F. We will use the notation and definitions from Section (e.g. we work with the
constructible derived category of Q,-complexes Db(X) := Db(X,Q,)).

3.1.1 Borel-Moore homology

In this section we recall a few basic facts about Borel-Moore homology. Recall that

the i-th Borel-Moore homology is the Q,-vector space
Hi(X) := Hom “(1x,wx) = H (a,wx)

where a : X — {pt} is the structure map. It can be shown that H;(X) is concentrated

in degrees 0,1, ...,2dim X. Moreover, we have the Kiinneth formula
H((X xY)2 H(X)® H,(Y).

If i : Y < X is a closed immersion with complement j : U < X and F € D%(X),

there is a canonical distinguished triangle

i ' F— F = jjF — 1] (3.1)
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which is natural in F. For F = wx this induces a long exact sequence on Borel-Moore

homology

Let p : X — X be a smooth morphism of relative dimension d. The adjoint pair

(p*, p«) gives rise to a canonical morphism
Wx — PP iwx = p*p!wX[—Qd] = pwy[—2d].
This induces a ‘smooth pullback’ map on Borel-Moore homology
Hi(X) = Hiaa(X).

The naturality of the distinguished triangle in (3.1)) implies that smooth pullback
is compatible with the long exact sequence from (3.2)), i.e. if Y C X is a closed
subvariety with open complement U and Y := p~(Y), U := p~*(U), the following

diagram commutes:

- —> HiJer(i}-) — HiJer(X) — Hi+2d<ﬁ) — Hi+2d71<Y) —_— s

T T T T (3.3)

Lemma 3.1.1. Let p : X — X be a Zariski locally trivial fibration with affine fiber

A, Then the smooth pullback map H;(X) — H;y24(X) is an isomorphism for all
i € Z.

Proof. Using and the five lemma, one can reduce to the case where p is trivial.
By the Kiinneth formula, it suffices to consider the case where p : A% — pt. Note that
H;(A?) = 0 for i # 2d and Hyq(A?) = Q,. The claim now follows since the smooth
pullback map Hy(pt) — Hayg(A?) is non-zero. O

Recall that if X is smooth and connected, the dualizing complex is given by
wx = 1x[2dim X].
The fundamental class of X is the distinguished element
id; , € Hom"(1x,1x) = Hom_QdimX(lx,wX) = H3qim x (X)

also denoted by [X] € Hagim x(X). More generally, if X is irreducible one can define
the fundamental class as follows: Pick a smooth open subset U C X. Then the long
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exact sequence induces an isomorphism Hs gim x (U) = Hagim x(X). The image
of [U] under this isomorphism defines a distinguished element [X] € Hsgim x(X)
called the fundamental class of X. It can be shown that [X] does not depend on
the choice of U. If Y C X is an irreducible closed subvariety, the image of the
fundamental class of Y under Hygimy (Y) — Haqimy (X) also defines a fundamental
class [Y] € Haqimy (X). If elements of this form span the vector space H;(X) for
each i € Z, we say that H,(X) is spanned by fundamental classes. Note that being
spanned by fundamental classes implies that H;(X) = 0 for i odd. Let Z;(X) be
the free abelian group on the set of i-dimensional irreducible closed subvarieties of X
and let A;(X) = Z;(X)/ ~ra be the Chow group (c.f. [33]). The fundamental class

construction gives rise to a cycle class map
clx : Z;(X) — Hyu(X)
Y] = [Y]
which descends to the Chow group
clx : A;y(X) = Hyu(X) (3.4)

by [44, Théoreme 6.3]. The open-closed exact sequence and smooth pullback map
from Borel-Moore homology have analogues for Chow groups: For any ¥ C X closed

with complement U = X'\Y there is an exact sequence

and for p : X — X smooth (or more generally flat) of relative dimension d, there is
a pullback map

The cycle class map clx is functorial with respect to these constructions [44, Théoreme
6.1]. We define
AZ(X)@Z = AZ(X) ®Z @Z'

Following [26, 1.7], we say that a variety X has property (S) if
e H;(X) =0 for i odd;
o cly: Az’(X)@,_, — Hy;(X) is an isomorphism for all i € Z.

Note that if X has property (S), then H,(X) is spanned by fundamental classes. The

following two lemmas are Q,-versions of [26, Lemma 1.8, 1.9].

22



Lemma 3.1.2. Let Y C X be a closed subvariety with complement U = X\Y. IfU
and Y have property (S) then X also has property (S).

Proof. The groups H;(Y') and H;(U) vanish for ¢ odd. Using the long exact sequence
(3.2), we deduce that H;(X) = 0 for i odd. Moreover, for any i € Z, we get a

commutative diagram with exact rows

A(Y)g, — A(X)g, — Ai(l)g, —— 0

§ | §

By the five lemma, this implies that the map A;(X)g, — H2;(X) is an isomorphism.
[

Lemma 3.1.3. Let p: X — X be a Zariski locally trivial fibration with fiber A%. If
X has property (S) then X also has property (S).

Proof. By Lemma m, the pullback map H;(X) — H; 24(X) is an isomorphism.
In particular, H;(X) = 0 for i odd. Moreover, for any ¢ € Z we get a commutative
diagram

Ai—l—d(X)@e —— Haiy0a(X)

As a consequence, the map A4;(X)g, — Aia(X )g, 18 injective. It is also surjective

by [33, Proposition 1.9] and thus an isomorphism. This implies that A;4(X )@e —

Hy;i i 0q(X) is also an isomorphism. O

3.1.2 Morphisms of Springer type

In this section, we introduce a general setting of ‘Springer geometry’ which provides a
framework to study geometric settings such as the one encountered in Chapter 2] Let
G be a reductive group defined over F. We fix a maximal torus and a Borel subgroup
T C B C G with Weyl group W = Ng(T)/T and flag variety B = G/B. Given a
G-representation V and a finite collection {V? C V | i € I} of B-stable subspaces,
we define for each ¢ € I the G-variety

Vi=GxPVi={(yB,x)eBxV|g - zecV'}
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This comes with two G-equivariant projection morphisms

f/z‘
N
B V.

Definition 3.1.4. We call pi; a morphism of Springer type.

Example 3.1.5. Let V = g be the Lie algebra of G. Then the morphism of Springer
type corresponding to the B-stable subspace n = [b,b] C g is the Springer resolution

N=GxPnsNcCayg.

For b C g we recover the Grothendieck-Springer alteration G xZ b — g. Moreover,
we will see in Corollary that (up to taking connected components) the morphism
N(s:90) 5 N[S90) considered in Section is also of Springer type (see also [24,141]).

For i, 5 € I, we consider the Steinberg variety
Zij = ‘N/l Xy Vj = {((ng,f,El), (ggB,x2>) € ‘N/l X f/j ‘ T = 33'2}.

This comes with the projection map m; x 7; : Z% — B x B. Consider the orbit
partition
BxB= ||V,
weW
with
Y, =G - (eB,wB) = G/(BNwBuw™")

where w € Ng(T) is a lift of w € W. This induces a partition of Z% into locally

closed subvarieties
ij ij
= | 7
weW

where
7 = (m x 7)) (Ya)

Lemma 3.1.6. (i) The morphism p; : Vi — V is proper;
(ii) The morphism m; - Vi — B is a Zariski vector bundle with fiber V;

(iii) For each w € W the morphism m; x 7; : Z4 — Y, is a Zariski vector bundle
with fiber VI N wV7;
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(iv) The first projection py : Y, — B is a Zariski locally trivial fibration with fiber
Alw),

Proof. The map p; can be factored into a closed immersion followed by a projection:

Vies BxV 22 v
(g.v) = (9B, gv).

Since B is projective, this implies that p; is proper. The local triviality in (ii)-(iv)
follows from standard results about quotients (c.f. [37, §1.5.16]). The respective fibers

are easily computed. O

Proposition 3.1.7. The variety Z“ has property (S). In particular, H.(Z"9) is

spanned by fundamental classes.

Proof. By Lemma the maps Z“ — Y,, — B are locally trivial fibrations with
affine fibers. It is well known that B has property (S) (in fact, this follows from
Lemma and the decomposition of B into Bruhat cells). By Lemma this
implies that Z% has property (S) for all w € W. Pick a total order < on W extending
the Bruhat order and define

72, =| | zJ

y<w
j_ ij
z2,=| |2y
y<w

Note that Z%, = Z7 , where w' € W is the maximal element with w’ < w. We show
by induction along t_he total order on W that Z;jw has property (S). We have already
proved the claim for Z2, = Z%. Now assume we have shown the claim for each y < w.
Note that Zijw C Z;jw is closed with open complement Z%. The varieties Zijw and
Z' have property (S), so Z;jw also has property (S) by Lemma . This completes
the induction. Note that Z¥ = Z¥ where wy € W is the longest element. Hence,
Z' has property (S). O

Since V' is smooth, there is the constant perverse sheaf
Ci: = 15:[dim V7] € Perv (V7).
We define the Springer sheaves
8" = (1:)Cy: € D(V)
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and
S .= @ S’
iel
The morphism p; is proper by Lemma [3.1.6l Hence, the decomposition theorem
(Theorem implies that S’, and thus also S, is a semisimple complex. In other

words, we have
S = P X;lk]
j=1

for some simple perverse sheaves X; € Perv(V') and integers k; € Z. We define the
Springer category
DSpr(V) = <X17 S Xn)A (35)

to be the smallest full triangulated subcategory of D%(V') that is closed under isomor-
phisms and contains the simple perverse sheaves X1, ..., X,,. Our main goal is to give

an algebraic description of the Springer category.

3.2 Purity

In this section, we show that the canonical Frobenius action on the space of morphisms

between any two Springer sheaves is pure.

3.2.1 The Frobenius action

Let Xy be a variety defined over a finite field F, with structure map a : Xy — Spec(F,)
and let

X := Xo @z, F,.

Denote by D%(X) := D%(Xo,Q,) the constructible derived category of Q,-complexes
on X,. For any Fy € D°(Xj) the pullback of Fy along X — Xj will be denoted by
F € D(X). We also define

Hom'(Fy, Go) := H'(a, RHom(Fy, Go)) € Sh.(Spec(F,)) (3.6)

for any Fy, Gy € D%(X). The category Sh.(Spec(F,)) is equivalent to the category
of finite-dimensional continuous Gal(Fq /F,)-representations. Hence, we can consider
Hom'(Fy, Gy) as a Q,-vector space equipped with a canonical Frobenius action (see
Section for a construction of this action). Forgetting this action recovers the

vector space Hom'(F,G). Note that the sheaves 1x,wx € D% X) have canonical
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. [ . . . . .
[F4-versions 1x, and wx, = @'lgpec(r,)- This induces a canonical Frobenius action on

H.(X) coming from the Frobenius action on

H,(X) := Hom “(1x,,wx,) = H (a,wx,).

=1

It can be shown that the constructions on Borel-Moore homology from the previous
section are compatible with the Frobenius action. For example, if ¢ : Yy — Xj is
a closed immersion with open complement j : Uy — Xy, there is a distinguished
triangle

B Wy, = wxy = Jef wxy — [1]
inducing a long exact sequence
o= Hiy (U) = Hy(Y) = Hy(X) = Hy(U) = H; ((Y) — -+
where all maps commute with the Frobenius action. For any n € Z, let

1gpec(r,)(n) € She(Spec(F,))

be the n-th Tate twist. This corresponds to the 1-dimensional Q,-vector space on
which the (geometric) Frobenius element acts by multiplication with ¢=". Moreover,

we define

1x,(n) = a"1gpec(r,)(n) € She(Xo)
Fo(n) == Fo ®@" 1x,(n) € D(X))

for any Fy € D%(Xp) and n € Z. If X; is smooth and connected, the dualizing

complex on X is given by
wy, = 1x,[2dim X](dim X).

Lemma 3.2.1. Let X be irreducible. Then Frobenius acts on [X] € Hy g x(X) by

multiplication with ¢~ 9™ X .

Proof. Let Uy C Xy be a smooth open subset. Then we get a canonical element

idlUO c I’IO_I’HO(]_UO, 1U0)
=~ Hom"(1y,, wy,[—2 dim U](— dim U))
= Hom 2™V (1, wy, ) (— dim U)

which is Frobenius invariant and corresponds to the fundamental class [U] € Hs gim (U)

after forgetting the Frobenius action. Note that the Frobenius action on H, 4, (U)
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comes from the Frobenius action on Hom 24mY (

1y,,wr, ). Thus, taking into account
the Tate twist, we get that Frobenius acts on [U] by multiplication with ¢~ 4™V, The
fundamental class [X] is the inverse image of [U] under the Frobenius equivariant

restriction isomorphism Hy g v (X) = Hyqm x(U). Hence, Frobenius also acts on

—dimU:q—dimX_ ]

[X] by multiplication with ¢

Corollary 3.2.2. Assume that H.(X) is spanned by fundamental classes. Then for
F, large enough, Frobenius acts on H,(X) by multiplication with q’%.

Proof. Let Y, ..., Y, beirreducible closed subvarieties of X such that the fundamental
classes [Y1],..., Y] span H,(X). For F, large enough, we may assume that each of
the Y; can be defined over F,. Then Lemma implies that Frobenius acts on
Yi] € Hygimy, (X) by multiplication with ¢~ 4™Yi. Since the [Y;] span H,(X), this

proves the claim. O]

3.2.2 Frobenius and the Springer sheaf

Let y1; : Vi — V (i € I) be a finite collection of morphisms of Springer type (Defini-
tion defined over F,. Assume that F, is large enough so that there are F,-forms
i+ Vi — Vj for each of the y; (i € I). Then Z¥ can also be defined over F, by
considering Z = Vi xy, V{.

Lemma 3.2.3. ForF, large enough, Frobenius acts on H,(Z7) by multiplication with

¢ 7.
Proof. This follows from Proposition and Corollary [3.2.2] O

We fix a square root q% of ¢ in Q,. This corresponds to fixing a square root
1SpeC(Fq)(%) of the Tate sheaf 1gyec(r,)(1). Then we can form the half integer Tate
twists Fo(%) for any Fy € D%(X,) and n € Z. Consider the constant perverse sheaf
of weight 0 on V{

2

Cor = 15,[d](%) € DA(T)

where d; = dim V? and let
S§ = (i):Cyy € DA(Vy)

be the corresponding F,-Springer sheaf. We will need the following Frobenius equiv-

ariant version of [24, Lemma 8.6.1].
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Lemma 3.2.4. There is a (Frobenius equivariant) isomorphism
i ij\ —di—d;
I—Io—mk(SOaS]) Hy, 4, K295 7).

Proof. Note that p, is proper over F, since it is proper over F (properness can be
checked fpqc locally). Hence, we have S{ = (,ui)*C = () C . Using base change

with respect to the cartesian diagram

o
Zy —— Wy

|

70 i
e

we get

RHom(Sh, $5) 2 RHom (1) Ly, (1) 1)y — di)(52)
i) RHom (L. (1), 1)l — ] (45%)
Li)s R?-[om(lvi,p*qllw)[d' — di](45%)

)

)epe RHom(p" Ly, 'Ly )ld; — di)(%5%)

,uz)*p* R'Hom(p 1‘72’ q WV]) dj ](_dg_di)
)

[—
g *p*R’H,om( Z”#('Uzéj)[ d] d](%)

Applying H*a, to this, we obtain
Hom"(Sy, Sf) = H"(a. RHom(Sp, Sp))
= HN 0 (a, (1) ope RHom(1 415, w,0)) (F252)

= ﬁdi—kdj—k(zij)(#)'

[]

Corollary 3.2.5. For F, large enough, Frobenius acts on Homk(Sé, S%) by multipli-

cation with q% .

Proof. By Lemma [3.2.3) Frobenius acts on ﬂdierj_k(Zij)(M) by multiplication
with
dri»dj*k‘ 7di7dj k
q_ 2 . q_ 2 = q§'
The claim now follows from Lemma 3.2.4 ]

29



3.3 Formality

3.3.1 Idempotent complete triangulated categories

Recall that an additive category A is called idempotent complete if any idempotent
e : X — X in T splits. This is equivalent to the property that all idempotents
have kernels (or cokernels). In an idempotent complete category, every idempotent

e: X — X gives rise to a canonical decomposition
X = ker(e) @ im(e).

If A/ C A is an additive subcategory that is closed under direct summands and A
is idempotent complete, then A’ is also idempotent complete. Moreover, for any
additive category A one can define its idempotent completion A. This is an idempo-
tent complete additive category with a fully faithful additive functor ¢ : A — A and
the following universal property: Any additive functor A — C with C idempotent
complete factors uniquely (up to isomorphism) through ¢. For more details about

idempotent completeness we refer to [38, 1.6].

A triangulated category is called idempotent complete if its underlying additive
category is idempotent complete. All triangulated categories we will encounter are
idempotent complete thanks to the following well-known result (c.f. |20, Proposition
3.2], |9, Lemma 2.4}, [53, Lemma 1.6.8]).

Lemma 3.3.1. Any triangulated category with countable coproducts is idempotent
complete. Moreover, the bounded below derived category Dt (A) of an abelian category

A is always idempotent complete.
Let T be a triangulated category. For any object X € T, we denote by
(X)7a =(X)a

the smallest full triangulated subcategory of T that contains X and is closed under

isomorphisms. Similarly, we denote by

(X)7ae=(X)ae

the smallest full triangulated subcategory of T that contains X and is closed under

isomorphisms and direct summands.

Lemma 3.3.2. Let T be an idempotent complete triangulated category and X € T.
Then (X)ae is the idempotent completion of (X)a.

30



Proof. By [38, Theorem 1.6.12] the idempotent completion of (X)a can be described
as the full additive subcategory C C T consisting of those objects Y € T which are
isomorphic to a direct summand of an object in (X)A. In particular, we have C C
(X)a.e. The cone of a morphism in C is a direct summand of the cone of a morphism

in (X)a. Hence, the category C is closed under cones and thus C = (X)a¢. O

We will also need the following idempotent complete version of Beilinson’s Lemma
(see |10] and [61, Lemma 6]) .

Lemma 3.3.3. Let F': T — T’ be a triangulated functor between idempotent com-

plete triangulated categories. Let X € T such that F induces an isomorphism
Hom (X, X[i]) = Homy (F(X), F(X)[i])
for all i € Z. Then F' restricts to an equivalence of triangulated categories
(X)ae = (F(X))ae-

Proof. By astandard dévissage argument, F' induces an equivalence (X)a = (F(X))a.
This extends to an equivalence of the respective idempotent completions and thus to
an equivalence (X)a e = (F(X))a,e by Lemma [3.3.2] O

3.3.2 Derived categories and dg-algebras

Let k be a commutative ring. For any dg-algebra R over k, we denote by R —dgMod
the category of (left) dg-modules over R. The homotopy category of dg-modules will
be denoted by K (R — dgMod) and the derived category by D(R —dgMod). We write

Dperf(R - dgM0d> = <R>D(R—dgM0d),A,@

for the perfect derived category. For more details about dg-algebras and dg-modules
we refer to [16/42].

Let A be a k-linear abelian category. Then for any two chain complexes X* Y* €
C(A), we can consider the Hom-complex Hom3 (X*,Y*®) € C(k). Explicitly, this

complex is defined as

Hom[,(X*,V*) := [ Homa(X~', Y™

l+m=1i

with differential dHom;g(X.’y.)(f) =dyeo [ — (—1)|f‘f o dye. Taking cohomology of

this complex recovers the morphism space in the homotopy category:
H'(Homj,(X*,Y*)) = Hompg ) (X*®, Y*[i]).
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Component-wise composition defines a map
Homilg (Y.a Z.) ® Homgg (X.7 Y.) — HOmZZ%X') Zo)

for any X* Y* Z* € C(A). This equips Homg (Y*,Y*) with the structure of a dg-
algebra and Homg, (X*®,Y"*) with the structure of a (left) dg-module over Homg, (Y*,Y™®).

Furthermore, this gives rise to a functor
Homg, (—,Y*) : C(A)®® — Homg (Y*,Y*) — dgMod 57)
3.
X* +— Homg, (X*,Y*)

which descends to a triangulated functor on the respective homotopy categories
Homg (—,Y*) : K(A)® — K(Homg, (Y*,Y*) — dgMod). (3.8)

If Y* is a K-injective complex (e.g. a bounded below complex of injectives), this

descends further to a triangulated functor on the corresponding derived categories
Homg (—,Y*) : D(A)*®® — D(Homg,(Y*,Y*) — dgMod). (3.9)

Assume now that the abelian category A has enough injectives. Then for each X €
D*(A) we can pick a complex of injectives Iy € CT(A) representing X. Moreover,

we can consider the associated dg-algebra
Ry := Homj, (1%, I%) (3.10)
and the corresponding functor
Hom§ (—,I%) : D(A)® — D(Rx — dgMod). (3.11)
The following statement is an idempotent complete version of |61, Proposition 7].

Lemma 3.3.4. The functor from (3.11) induces an equivalence of triangulated cate-
gories
(X)D+(ayr,ae = Dpet(Rx — dgMod)

which sends X to the free dg-module Ry .

Proof. By construction, the functor from (3.11]) sends X to Hom,(I%,1%) = Rx.

Moreover, this functor induces an isomorphism
Hom p+ () (X, X[i]) = Home(a) (1%, IX[i])
~ H'(Rx)
= Hom g (g —dgMod) (Rx, Rx[1])

>~ HOHID(RX —dgMod) (Rx, Rx[i])
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for all i« € Z. Here we have used for the first (resp. last) isomorphism that I%
(resp Rx) is a K-injective complex (resp. K-projective dg-module). Note that the
categories DT (A)°? and D(Ry — dgMod) are idempotent complete by Lemma m
(using that D(Rx —dgMod) has countable coproducts). By Lemma this implies
that restricts to an equivalence of triangulated categories

(X) Dt (ayr ae = (Rx)D(Rx—dgMod),Ae = Dpert(Rx — dgMod).
O

The dg-algebra Rx crucially depends on the choice of the injective resolution /%
which makes it difficult to compute Rx explicitly. The cohomology of Rx on the

other hand can be described more concretely as
H'(Rx) = H'(Homj,(I%, I%)) = Hom'(X, X).

Hence, we would like to replace the dg-algebra Rx in Lemma with its coho-
mology. Recall that a dg-algebra R is called formal if there is a chain of quasi-

isomorphisms of dg-algebras
R+ A — Ay« ... > ...« A, > H(R).

Here we consider H*(R) as a dg-algebra with vanishing differential. Any quasi-

~

isomorphism of dg-algebras A — B induces an equivalence Dpef(B) — Dpers(A)
which identifies the free dg-module B with the free dg-module A. Hence, if R is

formal, there is an equivalence of triangulated categories

Dpert(R — dgMod) =2 Dper(H*(R) — dgMod).
In particular, if Ry is formal Lemma [3.3.4] induces an equivalence

(X)prayr,ae = Dpers(Hom™ (X, X') — dgMod). (3.12)
The following theorem provides a useful criterion for formality.

Theorem 3.3.5. /5] Let R be a dg-algebra over an algebraically closed field k and
q € k* not a root of unity. If R can be equipped with a dg-algebra automorphism
F : R — R such that H(F) acts on H'(R) by multiplication with ¢', then R is

formal.
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Proof. This is proved for k¥ = C in [54, Theorem B.1.1] (with a slightly different
condition on the action of H'(F')). The same proof works for general k: By [54,
Theorem B.1.2], we may assume that F acts locally finitely on R. Hence, there is a
Ri, which satisfies R!,- R}, C R, .

Using this decomposition, we can define a dgg-algebra (i.e. a Z?-graded algebra

generalized eigenspace decomposition R' = @,

with a differential d homogeneous of degree (1,0) satisfying the Leibniz rule) via
R:= @Z ez R;j. Note that the inclusNion R < R is a quasi-isomorphism. Moreover,
the cohomology of the dgg-algebra R lives in degrees {(i,7) | i« € Z}. Such dgg-

algebras are known to be formal (c.f. [61, Proposition 4]). O

3.3.3 The pro-étale topology

In this section, we recall the definition of the constructible derived category in the

pro-étale topology and a few of its basic properties from [19].

Definition 3.3.6. A morphism of schemes f : U — X is called weakly étale if both
f and its diagonal Ay : U — U xx U are flat morphisms. Let X6, be the category
of schemes U weakly étale over X. This becomes a site by declaring a family of maps

{U; = U} to be a covering if it is a covering in the fpqc topology.

The property of being weakly étale is stable under composition and base change.
Moreover, any morphism in X, is weakly étale. We denote the category of sheaves
of abelian groups on Xp06 by Ab(Xpreet). Let f: X — Y be a morphism of schemes.

Then f induces a morphism of sites Xp060 — Yproet Via the functor

Yproét — Xproét
ViV xy X.
There is a corresponding pair of adjoint functors

f71
Ab(Yi)roét) f<:> Ab(Xproét) .

Let A be a topological ring. By [19, Lemma 4.2.12] there is a sheaf of rings Ax on
Xproet defined by
Ax(U) := Homeon (U, A).

If A is totally disconnected and U is quasi-compact, we get

Ax(U) = Homegn (70(U), A) (3.13)
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where mo(U) is the space of connected components. If A is discrete, Ax is the constant
sheaf with values in A. For any morphism of schemes f : X — Y, there is a canonical

map f# : Ay — f.Ax and hence a morphism of ringed sites
(Xproé‘w AX) — (}/proétu AY)

Thus we get corresponding pairs of adjoint functors

f*
Sh(Yproéta AY) & Sh(Xproét7 AX)

*

f*
D (Yprosts Av) 77— D(Xproer, Ax ).

*

Here we adhere to the derived convention, i.e. the functors f* and f, are understood
to be derived when applied to complexes. From now on, we fix a prime number ¢ and

make the following assumption on the coefficient ring A.
Assumption 3.3.7. The ring A is of one of the following forms:
(i) A =T is a finite field of characteristic {;
(ii) A = Og is the ring of integers in an algebraic extension E/Qy;
(i) A = E is an algebraic extension E/Q.
We equip A with the (-adic topology.

Note that the assumption above includes the ring A = Q,. For any algebraic
extension £/Qy, we denote by Op the ring of integers in E. If E'/Q, is finite, we pick

a uniformizer w € Op.

Example 3.3.8. [19, Lemma 6.8.2] gives an alternative description of Ax under
Assumption [3.5.7: If A is a finite ring (e.g. A = F a finite field) then Ax is just
the constant sheaf on Xpposr with values in A. In the remaining cases, Ax can be

constructed as follows:

OE,X = I&H(OE/O}”OE)X fO?“ E/Qg ﬁnite;
@ = li @ FE lgebraic;
EX F/%? }ifrgte, F X for E/Qq algebraic;
FCE
Ex = Op.x[(7] for E/Qy algebraic.
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Lemma 3.3.9. For any morphism of schemes X — Y, the canonical map f# :

f~'Ay — Ax is an isomorphism. In particular f* = f=! is exact.

Proof. This result can be found in |23, Proposition 4.6]. The proof uses the explicit
description of Ax in Example 3.3.8] Since pullback commutes with colimits and
localization, the main step is to show that f# is an isomorphism when A = O for
a finite extension E/Q,. In this case, Ay = @(OE/w”OE)y is represented by the
scheme @(UOE Junoy Y ). Hence, f*Ay is represented by the scheme

Xxylm( || V)=lm( || XxyV)=lm( || X)

Op/w™Of OE/OJ”OE OE/UJ”OE
and thus f*Ay = Ax. ]

Recall that a scheme X is called ¢-coprime if ¢ is invertible in Ox. Following [19],

the constructible derived category can be defined as follows.
Definition 3.3.10. Let X be a noetherian (-coprime scheme.

(i) A sheaf F € Sh(Xproat, Ax) ts called locally constant of finite presentation if it
is locally isomorphic to M @5 Ax for a finitely-presented A-module M.

(i) A sheaf F € Sh(Xprost, Ax) is called constructible if there exists a finite strati-
fication {X; — X} such that F|x, is locally constant of finite presentation.

(111) A complex F € D(Xprost, Ax) is called constructible if it is bounded and all its

cohomology sheaves are constructible.

We denote by Sh.(X,A) C Sh(Xpreet, Ax) the category of all constructible sheaves.
The constructible derived category is the full subcategory DX, ) C D(Xprost, Ax)

consisting of constructible complezes.

Remark 3.3.11. The assumptions on X in the definition above can be weakened to
topologically noetherian and qcqs. For our purposes, noetherian is good enough since

all schemes we will encounter are noetherian.

The six functor formalism can also be conveniently described in the pro-étale
topology: The functors ®%, RHom and f* preserve constructible complexes and thus
they descend to the constructible derived category. The same is true for f, if f :
X — Y is of finite type and Y satisfies some mild assumptions (e.g. for Y of finite
type over a field or more generally for Y quasi-excellent). If j : U < X is an open

immersion, the pullback functor j* has a left adjoint j; which preserves constructible
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complexes. For a general f: X — Y (of finite type with Y quasi-excellent), we define

fi :== f, o ji where we factor f as an open immersion followed by a proper map

xLxX Ly (3.14)

When restricted to the constructible derived category, the functor f; admits a right
adjoint denoted by f'. These are the usual six functors f*, f., fi, ', @ and RHom.

Remark 3.3.12. In (19] a slightly different pullback functor f%, . is used which is
defined as f* followed by a certain completion operation ( (19, Lemma 6.5.9]). It turns
out that in our situation (i.e. under Assumptian the two functors agree on the
constructible derived category. To see this, recall that f* is exact by Lemma[3.3.9
Using this, it is straightforward to check that f* preserves constructible complexes.
Since constructible complexes are complete ( [19, Proposition 6.8.11(3), Definition

6.5.1]), it follows that f* = f% _ on D’(X,A).

omp

If F is a finite field of characteristic £, we denote by D’(X¢,F) the constructible
derived category in the étale topology with coefficients in F. The standard compati-
bility and base change results for the six functors on D%(X, A) can be deduced from

the corresponding results in D?( X, F) using the following reduction steps.
Lemma 3.3.13. [19/ Let X be noetherian and (-coprime.

(i) Let F be a finite field of characteristic . Then the canonical morphism of sites

v Xprost — Xet induces an equivalence of categories

v Do(Xa, F) = DY(X,F);

(i) Let E/Qq be a finite extension and k the residue field of Og. Then the functor

is well-defined (i.e. preserves constructibility) and conservative (i.e. reflects

isomorphisms);
(iii) Let E/Qq be algebraic. Then the canonical functor

colim D% X,0r) — D)X, Op)
F/Qq finite,
FCE

18 an equivalence of categories;
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(iv) Let E/Qy be algebraic. Then the canonical functor
DX, 0p)[t™"] = DUX, E)

is an equivalence of categories. Here DY X, Og)[¢™'] is the category with the
same objects as D(X,0g) and

Hong(X,OE)[E—I](]:ag) = Hong(X,OE)(]:v g)[fl]-

Moreover, the functors in (i)-(iv) are compatible with the siz functors f*, f., fi, f', @
and RHom.

Proof. This follows from various results in [19]: (i) follows from [19, Corollary 5.1.5,
5.1.6]. The well-definedness in (ii) follows from [19, Proposition 6.8.11(3), Definition
6.5.1]. To show that the functor kx ®{5E’X — is conservative, it suffices to prove that
it reflects zero objects. Let F € D!(X,Op) with kx ®%,  F = 0. We need to show
that F = 0. Let m C Og be the maximal ideal. Then the7re is a short exact sequence
of Og-modules

0 —m"/m"t — Op/m"* — Op/m™ = 0

with m™ /m™*! = k. This induces a distinguished triangle
Rx @6, F = (Op/m" )y ®p, F = (Op/m")x @5,  F — [1].

By an induction argument, this implies that (Op/m")x ®§,  F = 0 for all n > 1.
Moreover, F is m-adically complete by |19, Proposition 6.8.’11(3), Definition 6.5.1]
which means that

F = Rlim((Op/m")x ®5,, , F) =0

This completes the proof of (ii). The claims in (iii) and (iv) are [19, Proposition
6.8.14]. It remains to prove compatibility with the six functors in (i)-(iv). Note for
this that the category colimp D%(X,OF) in (iii) inherits the six functors from the
D%(X,0p) (a standard argument shows that the transition maps in the colimit are
compatible with the six functors using that Op x = O;‘?,“;/:F] as sheaves of Op x-
modules for any finite extension F’/F). Similarly, the category D%(X,Og)[¢(7!] in
(iv) inherits the six functors from D2(X, Og). All functors in (i)-(iv) are induced by
pullbacks along morphisms of ringed sites (e.g. the functor in (ii) is the (derived)
pullback along the morphism of ringed sites (Xproct, £x) = (Xproat, Op.x)). As such,
they commute with f* and ® by standard results about ringed sites |64, Tag 0D6D,

Tag 07A4]. Since the functors in (i),(iii) and (iv) are equivalences, they also commute
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with the corresponding (right) adjoints f, and RHom. Similarly, they commute with
7 for j an open immersion which is left adjoint to j*. Hence, they also commute with
fi = f.oj (see (3.14)) and thus also with its right adjoint f'. It remains to show that
the functor in (ii) commutes with f,, RHom, f; and f'. This follows from [19, Lemma
6.5.11(3), 6.7.13, 6.7.14, 6.7.19]. 0

We conclude this section by collecting a few useful properties about pro-étale
sheaves. In the pro-étale topology, so-called w-contractible affine schemes play a

distinguished role.

Definition 3.3.14. An affine scheme U 1is called w-contractible if every faithfully-flat
weakly-étale map V- — U has a section.

Lemma 3.3.15. Let U be a connected w-contractible affine scheme.
(i) The global sections functor I'(U, —) is exact on Sh(Upoet, Av);

(ii) Any locally constant sheaf of finite presentation F € Sh.(U, A) is already con-
stant, i.e. F = M ®p Ay for a finitely-presented A-module M ;

(i5i) If R is a strictly Henselian local ring (e.g. an algebraically closed field) then

Spec(R) is w-contractible.

Proof. The exactness in (i) is mentioned in the introduction of [19] (see also [64], Tag
098H, Tag 0946]). Let F € Sh.(U, A) be locally constant of finite presentation. Then
we can find a weakly-étale cover V = | |V; — U such that Fly, = M; ®, Ay, for some
finitely-presented A-modules M;. Since U is weakly contractible, there is a section

s: U — V and by connectedness s lands in some V;. Thus, we get
F =" (Flv;) = s"(M; @ Av;) = M; @p Ay
This proves (ii). (iii) follows from [19, Theorem 1.8]. O

Lemma 3.3.16. The triangulated category D%(X, A) C D(Xproet, Ax) is closed under

direct summands. In particular, D’(X, A) is idempotent complete.

Proof. Since taking cohomology commutes with direct sums, it suffices to prove that
Sh.(X,A) C Sh(Xpest, Ax) is closed under direct summands. In fact, by [19, Lemma
6.8.7, Proposition 6.8.11] the category Sh.(X,A) is abelian, so it is certainly closed

under direct summands. O
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Lemma 3.3.17. If f : X — Y s weakly étale, the pullback functor f* preserves

mjectives.

Proof. Compositions of weakly étale maps are weakly étale and morphisms between
weakly étale maps are weakly étale. Together with Lemma this implies that
(Xprost, Ax) is the localization of the ringed site (Yproet, Ay) at X — Y. By general
results on ringed sites |64, Tag 04IX] this implies that f* has an exact left adjoint f;.

In particular, f* preserves injectives. O
Let F € D% X,A) and pick a complex of injectives 1% € CF(Sh(Xproet, Ax))
representing F. Let Rr = Homg, (I%, %) be the dg-algebra from (3.10). Thanks to

the pro-étale formalism, we obtain the following algebraic description of the category

(Flae-

Corollary 3.3.18. There is an equivalence of triangulated categories
(F)prxayrae = Dyert(Rr — dgMod)
which send F to the free dg-module Rx.

Proof. By Lemma [3.3.16| we have (F)psx.a)ae = (F)D+(Xpos.Ax),A e Lhe Tesult
now follows from Lemma [3.3.4] O

3.3.4 The Frobenius action on dg-algebras

In this section we show that the Frobenius action on Hom from (3.6) is compatible
with the dg-techniques from Section|3.3.2] These results are similar to the ones in |54,
Appendix A] but some of the arguments simplify because the canonical morphism

Spec(F,) — Spec(F,) is a weakly-étale (but not étale).

Let X, be a variety defined over a finite field ;. Recall that we define X := X(®p,
F,. Let 7 : X — Xj be the canonical map and define F := 7*(F;) € Sh(Xprost, Ax)
for any Fo € Sh<X0,proét7 AXO)'
Lemma 3.3.19. The pullback functor 7 : Sh(Xo proct; Ax,) — Sh(Xproet, Ax) pre-
serves injectives.
Proof. The morphism Spec(F,) — Spec(F,) is weakly étale. By base change, 7* :
X — Xy is also weakly étale. Hence, m* preserves injectives by Lemma [3.3.17] O
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The geometric g-Frobenius F' € Gal(F,/F,) defines a morphism Spec(F,) —
Spec(Fq) in the category Spec(IF;)prost- Thus, for any Fo € Sh(Spec(Fy)proet; Aspecr,))

there is a corresponding restriction map on sections
F : T(Spec(F,), Fo) — I'(Spec(F,), Fo).

This map is an isomorphism with inverse given by restriction along the arithmetic
Frobenius F'~! € Gal(F,/F,). Hence, we can equip I'(Spec(F,), Fy) with the structure
of a A[F, F~]-module. Moreover, for any morphism of sheaves Fy — Gy, we get a

commutative diagram
(F,), Fo) —= T'(Spec(F

L(Spec(Fy), Go) —— T(Spec(F,), Go)-

['(Spec

a): o)

Hence, we obtain a functor

FF . Sh(SpeC(Fq)proéta ASpeC (Fq) ) - A[F F_l} — Mod
Fo > T(Spec(F,), Fo)-

Remark 3.3.20. Recall from Section that there is an equivalence between
the category of constructible sheaves Sh.(Spec(F,),Q,) and the category of finite-
dimensional continuous Gal(F,/F,)-representations over Q,. On Sh.(Spec(F,),Q,)
the functor I'rp simply corresponds to restricting the GaI(Fq/Fq)—action to the (geo-
metric) Frobenius element F € Gal(F,/F,).

Note that
Forp ol'p(—) = I'(Spec(F,), —). (3.15)

where

Forp : A[F, F~'] — Mod — A — Mod
is the forgetful functor.

Lemma 3.3.21. The functors Forp, T and T'(Spec(F,), —) are evact.

Proof. The forgetful functor Forp is exact and reflects exact sequences. Hence, by

(3.15) it suffices to prove that I'(Spec(F,), —) is exact. This follows from Lemma/|3.3.15
[l
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We define a functor
M(_a _) : Sh(XO,proéta AXO)Op X Sh(XO,proéty AXO) — A[Fa F_l] — Mod

via
(JT"Q, go) — FF O Q4 O HOHI(JT"Q, go)

Note that we have

Forp(Hom(Fo, Gy)) = Forp ol'r 0 a, o Hom(Fo, Go)
I'(Spec(F,), a. Hom(Fy, Go))
= T'(X, Hom(Fy, Go))
= Hom(Fy g)

Hence, Hom(Fy, Gy) is just the vector space Hom(F,G) together with a canonical

Frobenius action. The composition map

Hom(Gy, Ko) @ Hom(Fo, Go) — Hom(Fy, Ko)
gives rise to a map

a, Hom(Go, Ko) ® a, Hom(Fy, Go) — a, Hom(Fo, Ko)

and thus to a map of A[F, F~!]-modules

Hom(Gy, Ko) @ Hom(Fy, Go) — Hom(Fo, Ko). (3.16)
Similarly, the unit morphism

Ax, — Hom(Fy, Fo)

induces a map

Aspec(r,) — ax Hom(Fo, Fo)

by adjunction and thus a morphism of A[F, F~!|]-modules

A— HOIH(.F07 fo) (317)

Forgetting the Frobenius action in (3.16|) and (3.17]) recovers the standard composition

map

Hom(G, K) ®y Hom(F,G) — Hom(F, K)
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and unit map

A — Hom(F, F).
Similarly, one can define pre- and post-composition maps
— o« : Hom(F, Go) — Hom(Fo, Go) (3.18)
B o —: Hom(Fo, Go) — Hom(Fo, Gp)

for any o : Fo — F and B : Gy — G which recover the maps
—om*(a) : Hom(F', G) — Hom(F,G)
7(B) o — : Hom(F,G) — Hom(F, Q’)

when forgetting the Frobenius action.

We also define a functor on derived categories
RHom(—, =) : D(Xo prost; Axy)® X D(Xo proct, Ax,) — D(A[F, F~'] — Mod)
via
(F(), go) —> FF O ay O RHOm(.Fo, go)
(recall that we adhere to the derived convention, i.e. I'r and a, are understood to be
derived when applied to complexes). Moreover, we set

HO_mi(}—m go) = Hi(RM(}—O, go)) = FF(Hi(CL* RHOm(]'—o, go)))'

Remark 3.3.22. This definition of Hom' extends our previous definition (3.6)) for
constructible complexes to arbitrary complezes in D(Xo proct; Ax,) (see also Remark|3.3.20)).

For any two chain complexes F3,G5 € C(Sh(Xoproct; Ax,)) we define a chain
complex
Homj (Fs,Gy) € C(A[F, F~'] — Mod).
Explicitly, this complex is given by
Hom}, (75,G3) == ] Hom(F', 65"

l+m=i

with differential duoms (r3.65)(f) = dggo f — (—=1)VIfodzs (where we use (3.18)). The
composition map on Hom(—, —) from (3.16)) can be applied component-wise to define

a composition map
Hom}, (G5, K3) ®a Hom) (F3,G5) — Homy!? (F5, K3).

This equips Homj, (F3, F3) with the structure of a dg-algebra over A together with a
dg-algebra automorphism induced by the Frobenius action. Forgetting this Frobenius

action recovers the dg-algebra Homg (F*, F*).
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Lemma 3.3.23. Let Fy,Go € DT (Xo procts Ax,) and pick bounded below complezes of
injectives 1%, I§ € C*(Sh(Xo proet, Ax,)) representing Fo and Go. Then

H'(Homy, (I3, I, )) = Hom'(F, Go)
as A[F, F~']-modules.
Proof. By definition, RHom(Fy, Go) is represented by the complex Homg, (I3, I5,)

defined as
Homgg(]}o,léo) = H Hom([}é,]gg)

I4+m=i
with differential d}[om;g(]}07[50)(f) =dpg of - (—1)|f‘fod1}0. Note that Hom(I7, 1)
is acyclic for a, for all [,m € Z (see [6, V-(4.10), V-(5.2)]). Hence, Homy (Fg,Gp) is
acyclic for a, for all i € Z. Since I'r is exact, Homg, (Fg, Gg) is also acyclic for I'roa.
for all i € Z. In particular, RHom(Fy, Go) = I'r 0 a, o RHom(Fo, Go) is represented
by the complex obtained by applying I'r o a. to each component in Homj, (1%, I, ).

This is precisely the complex Homg (1%, Ig,). Hence,

H'(Homg, (1%, Ig,)) = H'(RHom(Fy, Go)) = Hom'(F, Go)-

The constructions of this section can be summarized as follows.

Proposition 3.3.24. For any Fy € D%( Xy, \), there is a bounded below complex of
injectives 13 € CT(Sh(Xprost, Ax)) representing F and dg-algebra automorphism F
of Ry = Homy, (I3, I%) such that the action of H'(F) on H'(Rr) = Hom'(F, F) is
the Frobenius action coming from Hom'(Fy, Fo).

Proof. Pick a complex of injectives I3, € C*(Sh(Xo proet, Ax,)) representing Fo. Then
I3 = 7*(I%,) is a complex of injectives representing F by Lemma [3.3.19} The
dg-algebra Hom§ (1%, I%,) is just Ry = Homj (I%, [3) equipped with a dg-algebra
automorphism F. By Lemma , we have H'(Hom, (I%,,1%,)) = Hom'(Fy, Fo).

Hence, H'(F) is the canonical Frobenius action on Hom'(Fy, Fp). O

3.3.5 Formality for the Springer category

Let p; : Vi — V be a finite collection of morphisms of Springer type defined over F,
and let S = @, ., S* € D(V) be the associated Springer sheaf (recall that D(V) :=
D%(V,@Q,)). Recall from (3.5 that the Springer category is defined as

Dgpe(V) = (X1, ..., Xp)a € DUV)

where the X; are the simple perverse sheaves appearing in S.
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Lemma 3.3.25. We have Dgp, (V) = (S)ae-

Proof. Since Xi,...,X,, € (S)ae, we have Dg, (V) C (S)ae. Hence, it suffices to
show that Dgp, (V) is closed under direct summands. Let Pervg,, (V) C Perv(V) be
the Serre subcategory generated by the Xi,...,X,,. Then by a standard dévissage

argument, the Springer category can be described as
Dgpe(V) = {F € DYV | PH'(F) € Pervs,, (V) for all i € Z}.

Note that as a Serre subcategory, Pervg, (V) is closed under direct summands in

Perv(V). Hence, Dgp, (V) is also closed under direct summands. O
We obtain the following general formality result for the Springer category.

Theorem 3.3.26. There is an equivalence of triangulated categories
Dgpr (V)P = Do (Hom* (S, S) — dgMod)

which identifies S with the free dg-module Hom* (S, S).

Proof. Combining Corollary and Lemma we get an equivalence
DV} = (8) s = Dyss(Rs — dgMod)

which sends S to the free dg-module Rg. By Corollary and Proposition [3.3.24
the dg-algebra Rg can be equipped with a dg-algebra automorphism F': Rg — Rg
such that H'(F) acts by multiplication with ¢2. This implies that Rg is formal by

Theorem [3.3.5, In particular, by (3.12)) we get an equivalence
Dspr(V)Op = Dperf(RS — dgMOd) = Dperf(HOHl*(S, S) — dgMOd)
which sends S to the free dg-module Hom*(S, S). O

Remark 3.3.27. There are several formality results in the literature similar to the
one above. For example, formality of the Springer sheaf in the classical Springer
correspondence appears in [30,(54,159,60]. There are also similar formality results in
the context of flag varieties and Koszul duality [12,/61] where formality has also been
studied for modular coefficients [3,58].
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34 DelF aC

In this section we prove a formality result for Springer sheaves on varieties over a
field of characteristic 0 by reduction to the positive characteristic case. This is a
standard application of the "De F a C” technique from [11, §6]. We will explain how
these arguments work in the pro-étale setting. If X4 is a scheme defined over a ring
A and A — R is a ring homomorphism, we denote by Xg the base change of X4
to R. Similarly, if S — Spec(A) is a morphism of schemes, we denote by Xg the
corresponding base change to S. Furthermore, for F € D?(X4,A), we denote by
Fr € DY(Xg,A) (resp. Fs € D%(Xg,A)) the corresponding pullback to Xz (resp.
Xg).

3.4.1 Generic base change

The main tool that we need to compare constructible sheaves on varieties in charac-
teristic p and characteristic 0 is the generic base change theorem. Let us first explain

what we mean by generic base change.

Definition 3.4.1. Let S be a scheme and f : X — Y a morphism of S-schemes. Let
F.G € D(Xg, ) for a noetherian ring A (resp. F,G € D(Xpoets Ax) for A as in

Assumption .

(i) We say that the formation f.JF commutes with generic base change if there
is a dense open subscheme U C S such that for each morphism of schemes

g:S"— U C S with corresponding pullback diagram

1"

XS/g—>X

oo

YS’ L)Y

I

g —2— S
the canonical map (¢')* f.F — fL.(¢")*F is an isomorphism.

(ii) We say that the formation RHom(F,G) commutes with generic base change if
there is a dense open subscheme U C X such that for each morphism of schemes
g:S" — U C S the canonical map g* RHom(F,G) — RHom(g*F, g*G) is an

isomorphism.

There is the following generic base change theorem for étale sheaves.
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Theorem 3.4.2. [27] Let S be a noetherian scheme, f: X — Y a morphism of S-
schemes of finite type and A a noetherian ring annihilated by an integer invertible in
Os. Then for any F,G € DX, A) the formations f.JF and RHom(F,G) commute

with generic base change.

Proof. This is proved for constructible sheaves F € Sh.(Xg, A) in [27, Th. finitude
1.9, 2.10]. The case of an arbitrary complex F € D% X4, A) can be deduced from

this by a dévissage argument. O

We get a similar result for non-torsion coefficients in the pro-étale topology. For

the rest of this section, we assume that A is as in Assumption [3.3.7]

Lemma 3.4.3. Let S be a noetherian, quasi-excellent, (-coprime scheme and f :
X — Y a morphism of S-schemes of finite type. Then for any F,G € D% X proet, Ax)
the formations f.F and RHom(F,G) commute with generic base change.

Proof. Using the reduction steps for constructible sheaves from Lemma|3.3.13|this can
be reduced to the étale generic base change theorem (Theorem [3.4.2)). The assumption

that S is quasi-excellent ensures that f,JF is constructible. O
The following lemma can also be deduced from [11, Lemme 6.1.9] or [54, A.5].

Lemma 3.4.4. Let X4 be a scheme of finite type over a finitely-generated Z[¢~']-
algebra A C C and s € Spec(A) a closed point. For any Fs € D%(X 4, \) there exists

a strictly Henselian local ring R such that
(i) ACRCC;
(i) the residue field of R is the algebraic closure s of s;

(iii) Pulling back along the morphisms in the diagram X¢ — Xgr < X, induces

equivalences of categories
(Fe)pp(xenrae = (FR) Db (xnA)ae = (Fs) Db(xeA),A -

Proof. By constructibility, we may enlarge A so that the cohomology sheaves of
a. RHom(F 4, F4) are locally constant of finite presentation. By Lemma [3.4.3 we may
enlarge A further so that a, RHom(Fa,G4) commutes with arbitrary base change, i.e.
for any g : S — Spec(A), we have

g a. RHom(Fa, Fa) = a. RHom(Fg, Fs).
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Let S be a connected w-contractible affine scheme. Then any locally constant sheaf
of finite presentation on Sp,. is constant by Lemma |3.3.15] and hence

H'(a. RHom(Fs, Fs)) = H'(g"a. RHom(Fa, Fa))
= g"H'(a, RHom(Fa, Fa)) (3.19)
= M; @) As
for some finitely-presented A-module M;. Note that the global sections functor I'g =
['(S, —) is exact by Lemma . Hence, for S affine, connected and w-contractible,

we get

Hom'(Fg, Fs) = H'(I's © a. o RHom(Fs, Fs))
=I's o H'(a. RHom(Fs, Fs))
= [g(M; ®a Ag)

— M,

(3.20)

Here the first equality follows from general results about sites (see [6, V-(4.10), V-
(5.2)]). The second uses exactness of I'g and the third follows from (3.19). To see the
last equality, pick a presentation A — A™ — M; — 0. This induces a presentation
Al — A — M, @y Ag — 0. Note that I's(Ag) = A by and the fact that S is
connected. Since I'g is exact, this implies I's(M; ®a Ag) = coker(A™ — A™) = M,;.
Now let R be any strictly Henselian local ring satisfying (i) and (ii) (it is explained
in [11, p.156] that such a ring always exists and one can even assume that R is also a

discrete valuation ring). Then the schemes Spec(C), Spec(R), and 5 are all connected
w-contractible affine schemes by Lemma [3.3.15] Using (3.20]), we get

Hom'(F¢, Fc) = Hom'(Fg, Fr) = Hom'(Fs, Fs) = M,

for all € Z. By Lemma this implies that there are equivalences of triangulated

categories

(Fe)pp(xenrae = (FR) Db (Xn ) = (Fs) Db(xeA),A -

3.4.2 Lifting Springer sheaves

Any variety X over C can be defined over a finitely-generated Z[¢~!]-algebra A C C,
i.e. there exists a scheme X4 (of finite type) over Spec(A) such that X = X, ®4 C.
Choosing a maximal ideal of A gives rise to a ring homomorphism A — F, for a finite

field F,. Hence, it makes sense to consider Xp, relating X to a scheme over a field
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of positive characteristic. We first check that this procedure preserves morphisms of

Springer type.

Any complex reductive group G can be defined over Z, i.e. there exists a split
reductive group scheme Gz over Z with G = Gz ®7C. Fix a Borel subgroup By C Gz
and let B := Bz ®z C be the corresponding Borel subgroup of G. Let V be a G-
representation and {V? C V | i € I} a finite collection of B-stable subspaces. Recall
that a representation of an affine group scheme H is the same as a comodule over the
Hopf algebra O(H).

Lemma 3.4.5. There is a finitely generated Z[(~']-algebra A C C, a G 4-representation
V4 and Ba-stable A-submodules Vﬁ C V4 which recover the Vi C V when extending

scalars to C.

Proof. Pick a basis vy, ...,v, € V. Then we can write the comultiplication on the v;

as

Alv) =) 0, ® f

J

for some f;; € O(G). Since O(G) = O(Gz) @z C, we can write each f;; as
fij = Zgijk: ® Cijik
k

for some g, € O(Gz) and ¢, € C. Let A C C be the Z[¢~!]-algebra generated
by all the ¢;jz. Then V4 := Span,{vy,...,v,} is an O(G4)-comodule and thus a G 4-
representation which recovers V' when extending scalars to C. We can use the same
argument (potentially enlarging A further) to show that there are Bs-representations
V% which are spanned by finitely many vectors w§ € V¥ and recover V¢ when extending
scalars to C. After enlarging A further, we may assume that V4 contains all the w}
and thus V; C V. ]

Consider the scheme Vi := G4 x54 Vi and the canonical map p; : Vi — Vy
induced by the action map G4 x V} — V4. For any ring homomorphism A — R, we
get a pullback diagram

Vi s Vi
lﬂi lﬂi

VR —t VA
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where Vi, = G xP2 V. We define

S = (i), [dim V'] € DY(Vi)
Sk =P Sk € DAVk).

i€l
By proper base change we have u*(S’) = S% and u*(S4) = Sg. Moreover, if R =k
is an algebraically closed field, the morphism p; : \7%1 — Vi is of Springer type and S%
is the associated Springer sheaf (c.f. Section [3.1.2)). Here we use that
dim V! = dim G + dim V* — dim B = dim G5 + dim V! — dim By = dim V..

Corollary 3.4.6. Let y; : Vi — V be a finite collection of morphisms of Springer

type over C. Then there is an equivalence of triangulated categories
Dgpr (V)P = Dpere(Hom™ (S, S) — dgMod)
which identifies S with the free dg-module Hom*(S, S).

Proof. Let A, Vj, V4, ... be as in Lemma and pick a closed point s — Spec(A)
with algebraic closure 5. Note that since A is finitely-generated over Z[(~!], we have
s = Spec(F,) for a finite field F, with ¢ invertible in F,. By Lemma there is an
equivalence of triangulated categories Dgp, (V') = Dgp,(V5) which identifies S with Ss.
In particular, we get

Hom*(S,S) = Hom" (S, S3).

Hence, by Theorem [3.3.26, we have

DSpr(V)Op = DSpr(V§)0p
= Dperf<HOm*(S§7 Sg) — dgMOd)
= Dpert(Hom™ (S, S) — dgMod).

]

3.5 A derived Deligne-Langlands correspondence

Let G be a complex reductive group with simply connected derived subgroup and root
datum R and let H;ﬁ be the associated affine Hecke algebra. Recall from Section
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that the affine Hecke algebra at the central character x(s4,) can be studied using the
maps

N(S:QO)

W(V X(s,qo)

B N(S,(IO)

and in particular the sheaf
Q(s:q0) (M(&qo))*cmmo) c Dg(/\/‘(s,qo))_

As the notation suggests, the sheaf S%) is a Springer sheaf in the sense of Sec-

tion [3.1.2] To check this, we need the following standard results about centralizers.
Lemma 3.5.1. |2/, Proposition 8.8.7]

(i) The centralizer G(s) is connected and reductive;

(ii) Each connected component of the fized-point variety B® is G(s)-equivariantly
isomorphic to the flag variety of G(s).
We decompose N(0) into connected components
N(quo) — |_|N(57q0)7i'
icl
Pick the Borel subgroup B C G such that s € B, i.e. B € B*. Note that B(s) =

G(s) N B is the stabilizer of B € B* in G(s). By Lemma [3.5.1(ii) this implies that
B(s) C G(s) is a Borel subgroup. Let

B =|]c
jeJ
be the decomposition of B* into connected components. Then for each j € J there
is a unique element B; € C; = G(s)/B(s) whose stabilizer in G(s) is B(s) (i.e.
B;(s) = B(s)). Let b; be the Lie algebra of B; and n; = [b;,b;]. The fiber of B;
under 7(%) ig given by
(s,q0)\—1 N~ A/(s,90) -1 N — A/(sq0) C_ . (s0)

(m ) H(Bj) =N Nr(Bj) =N Nb; =n""".

Hence, we get an isomorphism (c.f. [24, Corollary 8.8.9])
(r®)7H(C;) 2 G(s) x P o),

Note that the variety G/(s) x?() ng-s’(m) is connected, so the (7(%))=1(C;) are already
the connected components N %) of N'(5%)  We have thus shown that the (s, go)-
Springer resolution is of Springer type (c.f. Definition [3.1.4]).
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Corollary 3.5.2. For each i € I, the morphism /L(quO) - N(:90)7 9(87(10) is of
Springer type with Springer sheaf 8%+,

Hence, we can consider the corresponding Springer category
Dspr(N(squ)) = DSpr(g(s7q0)) — <)(17 ceny X”>Dg(g(s’q0)),A
where the X; are the simple perverse constituents of S(*%) e Db(gls0)).

Remark 3.5.3. It might be more natural to consider the Springer category Dgp (N (S"IO))
as a subcategory of DY(N(*9)) instead of D%(g®®)). Note that this is not much of a
difference since the canonical functor DY(N(®®©)) — Db(g(>90)) induced by the closed

immersion N(®%) — g(&:0) 45 fully faithful. In particular, we also have
Dgpre(N%)) = (X1, .., Xo0) pptcaao a-

Moreover, if qy is not a root of unity, it can be shown that N'®%) = g(s:@) (¢ f [2/
Proposition 8.8.7]).

By Corollary and Corollary there is an equivalence of triangulated
categories
Dgppr(N®90)°P 22 D (Hom* (8% §(5:00)) _ qgMod)

which sends S to the free dg-module Hom*(S%) §(%))  Combining this with

Theorem [2.4.1] we arrive at the following ‘derived Deligne-Langlands correspondence’.
Theorem 3.5.4. There is an equivalence of triangulated categories

DSPI"(N(SHO))OP = Dperf(HaH ) - dgMOd)

(5,90

which sends S to the free dg-module H?Sffqo). Here we consider "H?Sﬁqo) as a dg-

algebra with vanishing differential and grading induced by the Hom™-grading in The-
orem [2.41]

Remark 3.5.5. It would also be interesting to prove similar formality results for
graded Hecke algebras at central characters. These algebras can be used to study
a wider range of representations of p-adic groups such as unipotent representations
(47,50]. In terms of geometry, graded Hecke algebras arise as certain Ezt-algebras
in an equivariant derived category of constructible sheaves [8,/51]. Some formality
results in this direction can be found in [63]. There also is a coherent categorical
Deligne-Langlands correspondence [14|] which works without fixing a central character
but replaces constructible sheaves with a certain category of coherent sheaves (see also
the conjectures in [34)]). The relation between the constructible and the coherent side

is discussed in [15].
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Chapter 4

Canonical bases via pairing
monomials

In this chapter, we develop a new algorithm to compute canonical bases in quantum
groups of finite ADFE type and we explore some applications to the representation
theory of the affine Hecke algebra of GL,. We first explain the linear algebra under-
lying our new algorithm (which is motivated by the Lusztig-Shoji algorithm [45,|62])
before we apply it to quantum groups and their geometric categorification. These

results can also be found in [4].
4.1 The linear algebraic skeleton
Let V' be a finite-dimensional Q(v)-vector space equipped with the following data:

e a bar involution = : V' — V which is Q(v)-antilinear;

e a standard basis B¥? = {a, | ¢ € C'} indexed by a partially ordered set (C, <)
satisfying
G € ac + ZZ[U,qﬁl] o

c<c

Then by |49, 24.2.1] there is a unique canonical basis
B ={b.| ce C}
of V satisfying
o b, = b, for all c € C;

® bo=ac+ Y . Pecr(V)aw for some pe(v) € v Z[v7.
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If we refine the partial order on C' to a total order, the last condition implies that the
change of basis matrix
P = (peer(V))cerec
between B** and B is lower unitriangular with entries in v~'Z[v~'] below the
diagonal. We want to compute that canonical basis in terms of the standard basis
or equivalently the matrix P. For this, we assume that we are given the following
additional data: Let
(,):VxV—=Q(©)

be a non-degenerate symmetric bilinear form such that B%¢ is orthogonal with respect

to (-,-). Consider the matrices

D = ((acuac’))c,c/ec
Q: ((bm bc’))c,c’GC

representing (-,-) with respect to B¥¢ and B®". By change of basis, we have
Q=PDP" (4.1)

where €2 is symmetric and invertible, P is lower unitriangular and D is diagonal. In
linear algebra, this is called the LDLT decomposition of €2. The LDLT decomposition
of any symmetric invertible matrix is unique (if it exists) and it can be computed

using the Gram-Schmidt orthogonalization algorithm.

Corollary 4.1.1. We can compute B®" from the matriz ), i.e. from the values of

the bilinear form on B®".

In applications, computing the bilinear form on B“" is a non-trivial task. How-
ever, there are sometimes certain ‘monomial elements’ in V' for which the bilinear
form can be computed explicitly. Assume that we are given the following additional
data: Let

B™" = {m.|ce C}

be another ordered basis called the 'monomial basis’ satisfying
e m.=m, for all c € C;

e me=b.+ Y .G for some g € Zjv, v
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The last condition implies that the change of basis matrix

Q = (QCC’)C,C’EC

between B®" and B™" is lower unitriangular with entries in Z[v, v=!]. This is equiv-

alent to the change of basis matrix
L:=QP

between B and B™" being lower unitriangular with entries in Z[v,v~']. Since the

elements of B®" and B™" are bar invariant, we have
Qeer = Gee! (4.2)
for all ¢, € C. Thus the entries of Q actually lie in Z[v + v~!]. Let
V= ((me, me))e,eec

be the matrix representing the bilinear form (-,-) with respect to the basis B™".
Then by change of basis we get

U =LDL" (4.3)
which is the LDLT decomposition of ¥. Hence, L and D can be computed from W.
Note that we also have

U =QOQT. (4.4)
The following lemma says that P and ) are uniquely determined by L (and hence
also by ).

Lemma 4.1.2. The matrices P and ) are the unique matrices satisfying
.« L=QP;
o Q is lower unitriangular with entries in Zv + v™!];

o P is lower unitriangular with entries in v 1Z[v™!] below the diagonal;
Moreover, P and Q) can be computed from L by a row elimination algorithm.

Proof. Assume we have L. = Q1 P, = ()2 P; satisfying the conditions above. Then
PP, ' = Q5;'Q, is a lower triangular matrix whose entries below the diagonal lie in
Zv+v ) Nou'Z[v™1 = {0}. Hence, P, = P, and Q; = Q2 which proves uniqueness.
To compute P and (), note that we can transform L into a matrix with entries in
v71Z[v™!] below the diagonal using only elementary row operations with coefficients
in Z[v 4+ v~!]. The result of this process is the matrix P and the product of all the

row operation is the matrix Q*. O
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We can summarize the results of this section as follows.

Corollary 4.1.3. The matriz P can be computed from the matriz ¥ by computing
the unique matriz decompositions W = LDLT and L = QP.

Hence, the problem of computing the canonical basis is reduced to finding a nice

monomial basis for which the matrix ¥ can be computed explicitly.

4.2 Quantum groups

In this section we recall a few well-known facts about the positive half of quantum
groups and its standard, canonical and monomial bases. We denote by N the set of all
natural numbers including zero. For any k € N, we write [k]! € Q(v) for the quantum

factorial.

4.2.1 PBW bases

Let ® be a simply laced root system with Weyl group W. Choose a set of positive
roots ®* C ® and denote the corresponding simple roots by e; (i € I). The positive
half of the quantum group associated to ® is the Q(v)-algebra UT = U™ (®) with

generators E; (i € I) and relations

EZ‘E]‘ — E]El =0 if <ei, é]> = O,

This algebra admits a grading

The bar involution is the ring homomorphism
Ut = UT
with 7 = v~ ! and E; = F;. This restricts to an involution

T:U:,r—>U‘J,r
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on each homogeneous component. Fix a reduced expression

Wy = 54, Siy---Sin

of the longest element of W. This induces a total order on the set of positive roots

" ={n < <. <}
where
Y = iy Siy--Si;_, (€4))
Moreover, using braid group actions, one can define for each v € ®* a distinguished

element
E,eU"
which also depends on the choice of reduced expression for wqy [49, §40]. For any
v € N[/] let
KP(v) = {c: ®* - N | Z c(y)-v= Zviei}

yeEDT il
be the set of Kostant partitions of v. For each ¢ € KP(v) the corresponding PBW

element is defined as
E. := ng(’Yl))E’sg(’YQ))‘“Eg‘]f\g’YN)) c U7
These elements form a basis
B = {E, | c € KP(v)}

of U known as the standard basis (or PBW basis) [49, 40.2.2]. There is a coproduct
Ut — UT®U™ which equips UT with the structure of a (twisted) bialgebra. Moreover

there is a non-degenerate symmetric bilinear form
(,): Ut xUT = U (4.5)

defined in [49, 1.2.3] which is given on generators by

(Ei, Ej) = 6i5(1 —v™%)7"
and adjoins the product in Ut with the coproduct. This bilinear form satisfies

(Uy.Ug) =0

for any v # w and thus the restricted bilinear form

() 1 Uy x U = Q(v)
is still non-degenerate.

Lemma 4.2.1. [{9, 38.2.8] The standard basis B on U} is orthogonal with respect

to this bilinear form.
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4.2.2 Canonical and monomial bases

Fix an orientation of the Dynkin diagram of ®, i.e. a quiver () whose underlying
graph is the Dynkin diagram. The structure of U™ is closely related to the quiver Q.
For any v € N[I] we denote by

Rv = Rv(Q) - @ Hom((cvi, Cvj)
i—]
the space of v-dimensional representations of (). This comes with a canonical change

of basis action of

GLy = [[ GLv. .
el

By Gabriel’s theorem there is a canonical bijection

KP(v) & {GLy -orbits on Ry}

(4.6)
c— O..
This induces a partial order < on KP(v) where
c<c if dimO, < dimO..
From now on, we assume that the reduced expression wy = s, si,...5;, is adapted

to @ in the sense of [48, 4.7] (such a reduced expression always exists by [48], 4.12]).
Then by |48, 7.9] we have

Ec€Ee+ ) Z[v,v ' Eo (4.7)

c’'<c

for each ¢ € KP(v). Hence, by [49, 24.2.1] there is a canonical basis of U}
B = {b. | c € KP(v)}.

It turns out that this basis is independent of the choice reduced expression and ori-
entation |48, 2.3, 3.2] (however the partial order on KP(v) does depend on the choice

of orientation).

Remark 4.2.2. We can also replace the orbit dimension partial order < in (4.7)) with

the orbit closure partial order <. where
(& Scl CI Zf Oc C @c’-
We work with < since it is easier to compute in examples.
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Next, we discuss the monomial basis. Given a non-negative integer m and a pair

of sequences

i= (i1, ., im) € 1™

a=(a,..,a,) € N"

we say that (i,a) has weight v if
Vj = Z Qg
1k=J

for all j € I. For any pair (i,a) of weight v we can define a corresponding monomial

Eia:= EYVE™ _E") ¢ UF.

11 22

Lemma 4.2.3. [/8, 7.8], [55, 4.2] We can find m € N, ¢ € I'"™, and for each
c € KP(v) a sequence a, € N™ such that (3, a.) has weight v and

Eio € E.+ Z Zlv,v " Ey

c<c

for all ¢ € KP(v).

Thus, if we pick i and for each ¢ € KP(v) a sequence a. as above, we obtain a
monomial basis
By" = {Eja | c € KP(v)}

of U}. By Corollary the canonical basis can then be computed from the matrix
V= ((Ei,aca Ei,ac/))c,c’eKP(v)' (48)

In principle, the entries of the matrix W can be computed from the recursive for-
mula in [49, 1.2.3]. We will provide an alternative formula for ¥ in terms of quiver

representations in the next section.

Remark 4.2.4. There is an explicit procedure [55, 4.2] that constructs the sequences
a., depending on the choice of a ’directed partition’ on the set of indecomposable

representations of Q. We will give explicit examples in type A in Section[4.4).

4.3 A geometric formula for the bilinear pairing

In this section, we derive a new formula for the standard bilinear form of U™" evaluated

at monomials. The proof relies on geometric techniques.
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4.3.1 Notation

Let G be a connected complex algebraic group and X a G-variety. Recall from Sec-
tionthat the equivariant cohomology and Borel-Moore homology (with coefficients
in C = Q) are defined as

HL(X) := Hom,(1x,1x)
HE(X) := Homg' (1x,wx).

)

For G = {e} this recovers ordinary cohomology H*(X) and Borel-Moore homology

H,.(X). If X is smooth and connected there is the Poincaré duality isomorphism
PD .
Hi(X) = HE™™ (X)),
We will make use of the following standard result about Borel-Moore homology.

Lemma 4.3.1. Let X = | |;;
subsets such that HY (X;) vanishes for k odd for all j € J. Assume that we can pick
a total order on J such that X<; = | |;,; Xj is closed in X for all j € J. Then

X, be a finite partition into locally closed G-stable

H{(X) = P H{ (X))

jeJ
for all k.

Proof. This follows by a standard induction argument using the long exact sequence

of Borel-Moore homology (see the proof of [32, B.3-Lemma 6] for more details on this

type of argument). O
Denote by
XS (X) = 0™ XN " dim HE(X o™ € Z((v™))
o= (4.9)
Xo(X) 1= o™X " dim H*(X)v™* € Z[v,v™"]
k>0

the (normalized) Poincaré polynomials of X. Denote by Semisg(X) C D (X) the
additive category of semisimple complexes, i.e. the full subcategory whose objects are

direct sums of shifts is simple perverse sheaves. Then the split Grothendieck group

Kg(X) := Kg(Semisg(X))
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is a free Z[v,v~!]-module (where v acts by the homological shift [1]) with a basis given
by the classes of simple equivariant perverse sheaves. If X is smooth and connected

with structure map a : X — pt we have

[a.:Cx] = xw(X) - [Cpi] (4.10)

in Kg(pt). For any Laurent polynomial

fv) = Z arv® € Nv,v™!]

kEZ

and F € Semisg(X) we define

f) - F = @ F[k].

kEZ

4.3.2 Lusztig’s geometric categorification of U™

We retain the notation from Section[d.2} ® is a simply laced root system with positive
roots @ and simple roots {e; | i € I}, @ is a quiver whose underlying graph is the
Dynkin diagram of ®, R, is the space of v-dimensional representations of () and GL,
is the corresponding change of basis group. The GL,-stabilizer of any point in Ry is
connected. Hence, all equivariant local systems on GLy-orbits in R, are trivial and

there is a canonical bijection
{GL, -orbits on Ry} g Irr(Pervar, (Ry))-
Combining this with (4.6]), we obtain a canonical bijection

KP(v) ¢ Irr(Pervgr, (Ry))

c— 1C,.

This yields a Z[v,v!]-basis
{[IC.] | c € KP(v)}

of Kg(Ry). This is also a Q(v)-basis of

Kg(Ry)ow) = Qv) @zpp1) Ko (Ry).

For any v, w € N[I] there is an induction functor |49, 9.2.5]



which induces a ‘convolution map’

K®(Rv) ®Z[v,v—1} K@(Rw) — K@(Rerw)
Fl®[G] = mdy S (FRG)).

This equips
Ke(Q) = P Ka(Ry)ow

veN[I]
with the structure of a Q(v)-algebra. For any F,G € Semisgr, (Ry), we define
(F,G) = > _dimHom¢, (DF,G)-v™* € Q(v).
keZ

A priori, this pairing takes values in Z((v™')) but it can be shown that on semisimple
complexes it actually takes values in Z((v™')) N Q(v). There is an induced bilinear
pairing

()« Ke(Ry) x Kg(Ry) = Q(v)

which can be extended to a symmetric bilinear form

K(Q) x Kg(Q) = Q(v) (4.11)

by stipulating that (Kg(Ry), Ke(Rw)) = 0 for any v # w. The following theorem is

Lusztig’s geometric categorification of U™.

Theorem 4.3.2. [49, 13.2.11] For each v € N[I| there is an isomorphism of Q(v)-

vector spaces
K@(RV)Q(v) - Uj

[ICc] > be.

This induces an isomorphism of N[I|-graded algebras

(4.12)

Ko(Q) = U™

which intertwines the bilinear forms from (4.11)) and (4.5)).

The change of basis matrix between B! and B also has a geometric interpre-

tation.

Proposition 4.3.3. [48, 10.7] The entries of the change of basis matriz P between
B and BS™ are given by

Pecr (V) = Z dim H* (¢ 1Ce)v*

kEZ

where 1, : {x} — O is any base point.
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Remark 4.3.4. When Q) is the equioriented type A quiver, the polynomials pe o (v)

turn out to be certain parabolic Kazhdan-Lusztig polynomials [68).

Next, we discuss the geometric interpretation of monomials. Let
i= (i1, . im) € 1™

a=(ay,..,a,) € N"

such that (i,a) has weight v. Let B C GLy be a fixed Borel subgroup. Then there is
a unique B-stable flag F™* of [-graded subspaces

C"=F'>F'>..0F"={0}

of type (i,a) (i.e. F¥!/F¥ is pure of weight i, and dimension a;). The stabilizer
P, a C GLy of F'* is a parabolic subgroup containing B. Let R; o C Iy be the subspace
of all representations x that are compatible with the flag F™*, i.e. z(F*) C F* for all
k. We define

Ria:=CL, x%aR; .

Then the morphism
flia: Ria — Ry
(g,v) = g-v
is proper and we define
Sia 1= (110).Cr,, € Dy, o(BY).
By the (equivariant) decomposition theorem, we have
Sia € Semisgr,, (Ry).

Moreover,

(,ui,a)*]D)C[gi a

e (4.13)
i,a)*xUR.

Sia-

ia

D Si,a = ]D)(,Ui,a)*céi a

Proposition 4.3.5. The isomorphism Kg(Ry)gw) — U from [{.12) identifies [S; a)
with Ei,a'
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Proof. See [57, §5] for an argument in the language of Hall algebras. In the language
of perverse sheaves this can be explained as follows: It is straightforward to check

that EZ-(;j ) is a canonical basis element for all j=1,...,m. Hence, we have
Fia = EE B D (100 [1C0] - .. - [ICem]
71 19 m
Note that Re{zj = {0} is just a point and hence ICer_x]- is just the constant sheaf

J J
C Ra;- Spelling out the definition of the corresponding convolution explicitly (see for

exarjnple [1, (10.3.8)]), we arrive at

Eia=1[Cra ] [Crau] - [CRawm] = [(1ia)Cp, ] = [Sial-

i1 i9 m

]

Combining Theorem and Proposition yields the following geometric
interpretation of the matrix ¥ from (4.8]):
\ch,c’ = (Ei,ac7 Ei,acz)
= ([Sia.); [Siay])

= Z dim Hom’éLv (D(Sia.), Sia,) - v * (4.14)
kEeZ
S dim Homl, (Siac: Sta) - v°".
kEZ

There also is a geometric version of Lemma [4.2.3

Lemma 4.3.6. [57, 2.2] We can find m € N, i € I"™, and for each ¢ € KP(v) a

sequence a. € N such that (i,a.) has weight v and

(i) piia, has image Ok,

(11) pia. restricts to an isomorphism u;;C(OC) = O, over O,
for all c € KP(v).

Note that the lemma above (together with the decomposition theorem) implies
that

Sia. = 1C. ® @ IC,, [di]
k=1

for some (not necessarily distinct) Kostant partitions ¢, < ¢ and integers dj, € Z.

Taking the corresponding classes in Kg(Ry)gw) = UJ yields

Eia, = [Sia) = [IC] + Z[IC% [dy]] = Ec + Z UdkECk‘
k=1 k=1
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Hence, Lemma [4.2.3] and the existence of a monomial basis is a consequence of
Lemma [4.3.0l

4.3.3 Computation of some Ext groups

In this section we derive a formula for the graded dimensions of Hom-spaces between
certain semisimple complexes. Let G be a connected complex reductive group with
a fixed Borel subgroup B C G, torus T' C B and Weyl group W. Let P, P, C G
be two parabolic subgroups containing B with corresponding parabolic subgroups
Wy, Wy C W. For any w € W, we write “P; := wPu" (i = 1,2) where w € Ng(T)

is a lift of w. Consider the orbit partition

G/PxG/Pr= || Yy (4.15)
[w]EW1\W/W2
where Y,y = G - (P1,"FP,) =2 G/(PiN"P,). We start by computing the Poincaré
polynomial of Y},

Lemma 4.3.7. We have

(G/B)
(Vi) = vl Xy
Xy ( }) Xo(P1/B)x.(Ps/B) Z[

where i, = dim Yy, +dim P /B + dim /B — dim G/B
Proof. Let
QG/BXG/B%G/P1XG/PQ

be the projection and

We first compute x§(X[,). Note that X, = | | O, where

y€[w]

G/BxG/B=| |0,

yeW

is the partition into G-orbits. For any y € W, the map pry : O, — G/B is a
G-equivariant locally trivial fibration with fiber AdmOy=dimG/B " Hence, HE(O,) =
HE(G/B) for all k > 0 and

Xf(o) UdlmO —dim G/B G(G/B) (4.16)

Moreover,

T

D : .
HE(0,) = HG™ 1 (0,) = HE™ 2 MG/ B)
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vanishes for £ odd. By Lemma 4.3.1} this implies

HE (X)) = @ HY (O (4.17)

y€lw]

Hence, we get

Xo (X[w]) ! pdm Xw) Z dim Hg(X[w})U_k

keZ
22 X1 3 ditn Hy (X0
keZ
= ¢~ dm X Z dim H (Xp)v*
kEZ
! — dim Xpy,) Z Z dim HZ (O
Fel el (4.18)
_ deimX[w] Z Z dim H2dim(9y7k<oy)v2dimoyik .
keZ yelw]
PD p— dim Xpy) Z Z dim HG 2dim0y7k
kEZ ye|w
_ deime] Z XU y UdlmOy
y€[w]
(4.16) 7d1mX Z 2dim O dlmG/B
= Wy Xy (G)B)rm O
y€(w)]
Note that dim O, = dim G/B + l(y), so we can also write (4.18]) as
y
XUG(X[w]) o~ dim X[y Z Xv (G/B)v 2(dim G/B+(y))—~dim G/B
velv] (4.19)
_ pdimG/B—dim X, G/B Z VAW

y€E(w]
Let ¢ : X — Y} be the restriction of the map ¢ to Y},. This is a G-equivariant
locally trivial fibration with fiber P,/B x P»/B. Hence,

dim X},) — dim G/B = dim Y}, + dim P, /B + dim P,/B — dim G/B = r).  (4.20)
To complete the proof, we claim that
X¢ (X)) = X7 (Yiu))Xo (PL/B)xo(P2/ B). (4.21)

Note that ¢ is a G-equivariant proper morphisms, so by the decomposition theorem
G:C X, 1S a semisimple G-equivariant complex on Y},). The only simple G-equivariant

perverse sheaf on Y}, is Cy,,,. Therefore, we can write
4:Cx,y = f(v) - Cyy, (4.22)
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for some f(v) € N[v,v™!]. Pushing (4.22)) forward to the point, we get from (4.10))
that

X?(X[w]) = f(v) - Xf(Y[w])' (4.23)
Consider the inclusion maps ¢, : {z} — O, and t4-1(4) : ¢ (2) <> X[,). Using proper
base change (after forgetting the G-equivariance), we get
f() - Cray = f(v) - 1;Cy, [— dim Y]]
129 , . .
123:Cx, [— dim Y]]
- g*LZ_l(x)CX[w] [— dlm )/[w]]
= 0:Co1(a)-
In the Grothendieck group this implies
- (4.10) _
1) [Cp) = 3. ] =2 xola™ (@) Cpay)

Since ¢~ '(z) = P,/B x P»/B, we get

f(v) = xu(qg" ' (2)) = xo(P1/B)xs(P,/B).

Thus (4.21)) follows from (4.23)). Hence, we obtain
@21) 1 a
- Xv X”LU
e
,U—T‘[w] X’U (G/B> Z UQZ(y)
Xv(Pl/B)Xv(P2/B)

X5 (Yiup)

y€[w]

O

We now use the lemma above to compute the graded dimensions of certain Hom-
spaces which includes the entries of the matrix ¥ from (4.8) as a special case. Let
V be a G-representation and V¢ C V' a P,-stable subspace for i = 1,2. We can then

consider the G-space
Vi=GxPVi={(gP,v) € G/P;xV |ve gV} (4.24)

This comes with the two projection maps

Vi
G/ P, V
and the associated ‘Springer sheaf’

S = (1).Cy € Dy (V).
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Remark 4.3.8. This set-up can be viewed as a parabolic version of the Springer

morphisms considered in Section |3.1.2,
For any w € W we can define the subspace
wWhi={w-v|veV}cV
where w € Ng(T) is a lift of w € W.
Theorem 4.3.9. We have

ZdimHom'&(Sl,SQ)v_k — o, (V1,V?) Z p2(Uw)+dim VInwy2)

kEZ weW
where o
(V1 V2) = p— dim G/B—dim V! ~dim V2 X (G/B) ‘
’ Xo(P1/B)xo(P2/B)
Proof. Consider the Steinberg variety
Z = ‘71 Xy ‘72.
By [24) 8.6], there is an isomorphism
Hom(,(S",S%) 2 HY .. (2) (4.25)

where

d; = dim V'’ = dim G — dim P; + dim V",
The orbit partition on G/P; x G/P, from (4.15]) induces a partition

7 = |_| Ziy

[w] e \W/W2

where Zp,) := (m X m2) ! (Y}y)). The projection Zj,) — Y, is a G-equivariant vector
bundle with fiber V! N*V?2. Hence, Zp, is smooth and

PD ,,2dp,1—k ~ 772dp —k
HE(Zw) = Hg ™ " (Zuw)) 2 Hg ™ (Yu)- (4.26)

where

d[w] = dim Z[w} = dim Yw] +dim VI nvv2.
It follows from Lemma m that H(Y],)) vanishes for k odd, so Hf (Zp,)) also
vanishes for £ odd. By Lemma [4.3.1] we get

HEZ) = @ HE ), (127
[w}€W1\W/W2
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Hence, we have

(1) :== Z dim Hom?,(S*, 8*)v=*
ke
Z dim H; 4, (Z)v™"
kEZ
(4.27) . _
— Z Z dim Hg,, g, (Zu))v ™"
kEZ [w]eWi\W/W3
. 2djy)—d1—da+k _k
DS Y ama g,
kEZ [w]eW, \W/ W,
= Z 2w —di—d2 3im chc;(y[w})v—k
kEZ [w]eWi\W/W»

I

2dy1—d1 —dz —dim Vi1 G
28w —d1—d2 ”XU(Y[w])

2.
[w]eW 1 \W/Wo
2.

G
i3 2w —d1—d2—dim Yiy) —riy PX”éG/ B; IE > W
T A, Xo(Pr/B)xo(P2/B) ==
_ x$(G/B) Z 2y~ —da—dim Y~ +20(w)
Xo(P1/B)xv(P2/B)

weW

Recall that

dp = dim Yy + dim V' 0 V2
Tw) = dim Y}y + dim P, /B 4 dim P,/B — dim G/ B
d; = dim G — dim P, + dim V".

Hence, we have

2y — di — dy — dim Y] — 1y = 2dim V' N *V? —dim G/B — dim V' — dim V?

and thus
. X+(G/B) 2dim V1N®V2—dim G/B—dim V! —dim V2 +2I(w)
0 = B BB E) 2=
Xv( 1/ )Xv( 2/ )wEW
_ -~ dimG/B—dim V! —dim V2 xo(G/B) Z 2((w)+dim VN V2)
Xv(Pl/B)Xv(P2/B) welV

O

Remark 4.3.10. The theorem above can be used to compute the graded dimension

of some interesting Fxt-algebras. For example, KLR algebras can be realised as Ext

69



algebras of a direct sum of sheaves of the form S' as above [66]. Similarly, affine
Hecke algebras at a central character (away from roots of unity) also have such a
realization (24|, though the Ext-algebras are non-equivariant. We will make use of
this realization in Section[4.5.9 to compute the dimensions of the simple modules for
the affine Hecke algebra of GL,,. In both of these examples, the parabolic subgroups P;
in the definition of the corresponding sheaves S* are always Borel subgroups. However,
to compute the bilinear form on Ut at monomials, we also need to consider parabolic

subgroups that are not Borel subgroups.

We now apply the formula from the theorem above to the quantum groups setting.
Recall for this that Sy, = [],.; Sv, is the Weyl group of GL, = [[,.; GLy,, B C GLy,
is fixed a Borel subgroup and R; , C Ry is the subspace that fixes the unique B-stable

flag F* of type (i,a). For any sequence a = (ay, as, ..., a;,) € N we define
[a]l == [a1]![a2]! - ... - [am ]l
Corollary 4.3.11. Let (i,a) and (7, d) be of weight v. Then

(E’L a Ei’ a/) = ”U_dimRi*a_dimRi/,a/ Hlelfl]E flj}|2>vz Z UQ(l(w)+dimRi,amei/7a/)‘
’ ’ al'la’l

WESy

Proof. The parabolics P, a, P, o contain the common Borel subgroup B. Hence, we

can apply Theorem to obtain

(Bia, Bya) = Y Hom(Sia, Sya)v ™

keZ

—s XUGLV (GLV /B) Z U?(l(w)-{—dim Ry aN" Ryr 1)
Xv<Pi,a/B)Xv(Pi’,a//B)

wESv
where

s =dimGL, /B + dim R; , + dim R; ,.

Note that the Levi factor of P;, is isomorphic to GLa, X... X GL,,,. The Poincaré

polynomials for the flag variety are well-known:

XSLV(GLV /B) _ UdimGLv /Bxf(pt) _ UdimGLV /B H(l . U—Q)—vi
el
Xo(Pia/B) = [a]!
Xo(Py o /B) = [a]L.

70



Thus we have

UdimGLV /B Hie[(l o U_2)_
[a]l[a’]!

v
' Z p2(U(w)+dim Ry aN® Ry o)

UJESV

(Bia, By o) =v°

_ U—dimRLa—dimRi/’a/ Hie](l B ,U72)7Vi Z U2(l(w)+dimRi7aﬂwRi/,a/)‘
[a]!a’]!
wWESy

]

We can now combine Corollary and Corollary [4.3.11] to obtain the following

algorithm that computes the canonical basis.

Algorithm 4.3.12. Input: v (weight vector), Output: P,Q (change of basis matriz
between B and BS™ resp. B and B2").

1. Compute the matriz ¥ using the formula from Corollary|4.5.11;
2. Compute the decomposition W = LDLT using the Gram-Schmidt procedure;

3. Compute the decomposition L = QP using row elimination.

4.4 Examples in type A
In order to be able to execute Algorithm [4.3.12] we need to explicitly compute:
e the sequences i and a. from Lemma that give rise to the monomial basis

B"" = {E;.. | c € KP(v)};

e the partial order < on KP(v), i.e. the dimensions of the orbits O,.

The orbit dimensions can be computed using Lusztig’s formula |48 Proposition 6.6].

Alternatively, they can also be computed from the sequences i and a, using that
dim O, = dim R; o, = dim G — dim P, ,, + Rj.a, (4.28)

by Lemma[4.3.6, We now recall an explicit description of the sequences i, a. from [57]
for the equioriented type A quiver

A, = o

~
[
~
2\
[ ]

(4.29)

71



with n vertices and n — 1 arrows (see also |2, §4] for an alternative combinatorial
description using triangular arrays). Let Ut = U (A,) be the associated positive

quantum group. The set of positive roots is given by
(I)Jr:{()éij :ei+ei+1+...+ej | 7 S]}

where ey, ..., e, are the simple roots labelling the quiver from left to right. The reduced

expression

Wo = Sp(Sn—15n)--(SiSit1.--5n)...(S182...85)

is adapted to A, in the sense of [48] 4.7]. Let
i=mn—1n, . ii+1,...n,..1,2 ... n).
For any Kostant partition ¢ = (m;;);<; € KP(v) set
ac = (Mupns Min—1.0-1 + M1y Mi—1my ooy M1+ Mg+ oo Mgy ey My ).
Then by [57] the a. satisfy the conditions from Lemma Hence,
By" = {Eja. | c € KP(v)}

is a monomial basis of US. We now compute the canonical basis of UJ in two

examples.

4.4.1 Example: v = (2,2)
Let n =2 and v = (2,2). The order on the set of positive roots is given by
Pt ={ey < e +e, <e}.
There are three Kostant partitions of v:
c1 =1(2,0,2), c2=(1,1,1), c3=(0,2,0).

We have
i=(2,1,2)

and

ac, = (2,2,0), a,,=(1,2,1), ac =1(0,2,2).

Let B C GLy be the standard (geometric) Borel subgroup consisting of lower trian-
gular matrices and consider the corresponding Borel B x B C GLy x GLy, = GL,.
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The space of quiver representations R, can be identified with the set of 2 x 2 matrices

(3%). The corresponding spaces R;,, C Ry are given by
Rivaclz(gg)v Ri,ac2:(22), Ri,ac3:(II>-
The corresponding parabolic subgroups of GL, are

Pia., =GLy, P, =GLyxB, P, =GL,.

»Acq Acg

Using , we can compute the orbit dimensions
dimO,, =0, dimO., =3, dimO., =4
and hence the order on Kostant partitions is
c; < ¢y <c3.

We can now evaluate the formula from Corollary 4.3.11] to compute the entries of the

matrix W. For example, we have
. ‘ _ —dimRia, —dimRi,aC Hi(l_v—Q)—vi Z 2(l(w)—|—dimRi’ac NY R ac )
(El’ac2 ’ El’aCQ) = ’ ’ [acy]![ac, ]! v ? ?
weS2 xS

—2— 1—p—2)—4
2 2%@%%2) 1) | g 2040) o 2(240)y

=(1—-v?)™

14202404
(1—v=2)2(1—v—%)2"

(4.30)

More generally, we have

1 1 v 143 p—4
v = 1—0-2)2(1—0-1)2 v v 73 142072404 v 14073 .
v4 v 143 1

The matrices L and D in the corresponding LDLT decomposition ¥ = LDL” are

100
L = <v_1+v_5 1 0>

v4 vl 1

1 1 0 0
D = <0 14v=2—p~4—p=6 0 ) .

——2)2(1_4—4)2
(I-v=2)2(1-v=%)2 \ g 0 1+v=2—p=4—p=6

Note that L already has coefficients in v~'Z[v™!] below the diagonal. Hence the

change of basis matrix between B and B is
1 00
P=L= (’U_1+’U_3 1 O> .
vt v 11
The matrix @ is just the identity matrix which corresponds to the fact that
Be = B = {EY BEY, B EY By B ES)Y.
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Remark 4.4.1. The matriz U can also be computed recursively from [49, 1.2.3] or
using the closed formula in (56 derived from this recursion. To illustrate the difference
to our formula, we briefly explain how to compute ¥ with the formula from [56]. For

any a € N let

a

Gap =L -0

s=1

The formula from [56, Theorem 2.2] is then

(Fia, By o) = Z 9 H({zm,,})—l (4.31)
22, m.p

where Z;%, is a certain finite set of |4| x || matrices with entries in N and Q(2) is
a certain integer which can be computed from the entries of z. For example, one can
check that

and

Hence, we get

(Biaey: Bia,,) = v"({1H)72({2H) 7 + 02 ((1) 2 ({2h)

1 -2 1

(1—v )™

which is the same result as in (4.30)).

4.4.2 Example: v=(1,2,1)
Let n =3 and v = (1,2,1). The order on the set of positive roots is
Pt ={es<eytez<ey<e t+ete3<e +e <e}
The Kostant partitions of dimension v are:
(1,0,2,0,0,1), (1,0,1,0,1,0), (0,1,1,0,0,1), (0,1,0,0,1,0), (0,0,1,1,0,0). (4.32)

We have
i=(3,2,3,1,2,3)

and the corresponding sequences a. are
(17270717070)7 (17170717170)7 (07271717070)7 (07171717170)7 (071707]‘7171)'
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Let B C GL, be the Borel consisting of all lower triangular matrices. Then the

corresponding parabolic subgroups P 5, are

GL,, B, GL,, B, B.

*

The corresponding spaces Rja, C Ry = ((1),(**)) are

((6),(00)), ((2),(00)), ((6):(x=)) ((2),(x0)), ((5),(+=)) (4.33)

It follows from (4.28]) that the corresponding orbit dimensions are
0, 2, 2, 3, 4.

Thus the Kostant partitions in are already ordered with respect to the partial
order. The entries of the matrix ¥ can now be computed explicitly. For example,
taking

c; =(0,1,1,0,0,1), ¢5=(0,0,1,1,0,0)

we get

Weyor =0~ dim Rj ay —dim R o, [1;(1=v"%)"Vi (UQ dim Rijac, MRiacy | o 2+2dim Riacy N Rijac )

[ac3]![ac5]!
B € il R O ST
= v m—,l(v —|— v )
=(1-v?)™
_ 14+v—2
(02311
More generally, we have
1 14+v~2 v2 vl 4p—3 v 2y
1 14+v~2 242072 w7 24u™* 207142073 207242074
¥ = m v2 v 244 1 vl 473 14+v~2 . (434)

v 1473 207142078 v 403 14202404 207142078
v 2404 207242074 14072 207142073 24202

The decomposition ¥ = LDL” is given by

1 0 0 0 0
1+v—2 1 0 0 0
L= 02 0 1 00
v lpp 3 71yl 1 0
v 24t v 2 140201 1
1
1—v—4
D = 1 1—v—4

0 1 0 0 0 0
o v™2 1 0 0 0
0 v=2 0 1 0 0|. (4.35)
0 v i4p 3 vl 1 0
1 —4 -2 =2 -1 1



Remark 4.4.2. The matriz P is also computed in the context of (graded) affine Hecke
algebras in [25, 4.2] using the slightly different normalisation

11114021
3 dim @, —dim © 010 1 1
P=(v ¢ cpc’,c(v))c,c’eKP(v) =lo01 1 1]|-
000 1 1
000 0 1

The relation between the quantum groups setting and the affine Hecke algebra setting

will be discussed in more detail in the next section.

4.5 Applications to the representation theory of
affine Hecke algebras

4.5.1 Affine Hecke algebras and quivers

Let Hgﬁ be the affine Hecke algebra of GL,, (i.e. the affine Hecke algebra associated
to the root datum of GL,,). Consider a semisimple element (s, qy) € GL,, XG,, where
o is not a root of unity. Recall from Section [2.4] that the affine Hecke algebra at the

central character x(sq,) can be studied using the map
ILL(S’qO) :N(quo) — N(S:QO).

For any x € N'(59) ]et
O, = GL,(s) -z ¢ N&®

be the corresponding orbit and let
M, = H.((*) " (2) = H.(B)

be the Borel-Moore homology of the corresponding fiber. It can be shown that the
simultaneous centralizer GL, (s, ) is always connected. Hence, the component groups
A(s, ) are all trivial and thus the simple equivariant perverse sheaves on N(*9) are

of the form
[Co, = 1C(O,, triv).

In particular, in the GL, case, the results from Theorem take the following

simpler form.

Theorem 4.5.1. [17,24,41,/67]

(i) There is a canonical H2™-module structure on M, with central character X (s q).-
(ii) If Op = Oy, then M, = M, as H;H—modules.
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(11i) The module M, has a unique simple quotient L,. This induces a bijection

{GL,(s)-orbits on N&®)} & Irr(H3 )
O, = L.

(iv) The composition multiplicities of the M, are given by the formula

(M, : L) =) dim H*()},1Co,) = Y _ dim H*(13 1Co,)

kEZ kEZ
where 1, : {x} — NP js the inclusion.
It turns out that N*%) is just a space of quiver representations in disguise. As-
sume for simplicity that s is a diagonal matrix of the form
Id,
qo Idvz
§=Sey:i=e€- ‘ (4.36)
g 1d,,

for some integers vi,...,v,, € N and e € C* (see Remark for the case of a

general semisimple s). Then we have

GLy,
GLy,
GL,(s) =
GLy,,
— (4.37)
Hom(CV1,CV2) 0v2 X Vo
N(S,qo) — Hom(CY2,C¥3)  Oyyxvy
Hom(CYVm—1 CVm) Ovyn X vim
Thus, we can identify
GL,(s) = GLy
(4.38)

NE© = R (A)
where A,, is the quiver from (4.29). Hence, the sets of simple and standard modules

with central character x4, are indexed by Kostant partitions:
{L.|c € KP(v)}, {M.]|ceKP(v)}.

Let UT be the positive part of the quantum group associated to A,,.
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Lemma 4.5.2. We have

[Mc . Lc’] = pc/,c(l)
where P = (pe,e(v))e.eexpw) i the change of basis matriz P between B and By
in UF.

Proof. By Theorem [4.5.1| and Proposition [4.3.3| we have

[Me: Le) =) dim H*(1; ICer) = pere(1)
keZ

where ¢, : {z} — O, is any base point. O
Corollary 4.5.3. The multiplicities [M. : L] can be computed with Algorithm[{.3.13,
Example 4.5.4. Let v= (1,2,1) and consider a semisimple element of the form

s = Se» = Diag(e, eqo, €qo, eqz) € GLy .
Then

GLy(s) = GL(1,2,1), N(00) = R21)

is the geometry considered in Section [{.4.3 In particular, there are five orbits and

hence ’Hgﬁ has five simple (resp. standard) modules
Ly, Ls, My, ..., Ms

with central character X(sq,) Recall from (4.35)) that the base change of basis matriz
P between B and BS™ in U is given by

1 0 0 00
v=2 1 0 00

P = v2 0 1 00
v’1+v*3 vl 1 0

Hence, we get

1=1,7=4
otherwise.
Remark 4.5.5. For a general semisimple pair (s,qo) € GL,, xC* such that qo is not
a root of unity, one can still show that there exist integers mq, ..., my and sequences
v, ..., Y (where vV € N™i ) such that
GL,(s) = GLy X... x GLy

) o (4.39)
N{$0) =~ va(Aml) X ... X Rvk(Amk).
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In fact, we may conjugate s into a diagonal matriz of the form
s = Diag(Se, o1, Sep, 125 s Sep 0k)

for some e; € C* and v' € N™ where s,, i is as in ([4.36). Moreover, we may assume
that

eife; Eay q Y o qe Y for alli # j

since otherwise S, i and Se; i can be combined into a single block. Then one can
construct the isomorphisms in by the same argument as in . When qq is
a root of unity, the space N*%) s related to representations of the cyclic quiver and
affine Schubert varieties [48, §11].

4.5.2 Dimensions of simple modules

We now want to explain how to compute the dimensions of the simple Hgﬂ—modules
with central character x(sq,) for s = s., as in (4.36) and g € C* not a root of
unity (the case of a general semisimple element s can be reduced to this case as in
Remark . Using the identification from , we can view S™%) as an element
of Dy, (Ry(Ap)). By the decomposition theorem, we have

g(s:90) — Z f":(v) -IC,

ceKP(v)

for some f.(v) € Z[v,v!]. By Corollary W the dimensions of the simple HA3f-

modules then have the following geometric interpretation.
Lemma 4.5.6. [2/, 8.6.12] We have dim L. = f.(1).

Thus, to compute the dimensions of simple modules, it is sufficient to compute
the polynomials f.(v). For this we need to analyse the geometry of N0 in a bit
more detail. Let B C GL, be a Borel subgroup containing s, 7" C B a maximal
torus containing s and W = S,, the corresponding Weyl group. Then B(s) is a Borel

subgroup of GL,(s) [24, 8.8.7]. The following lemma can be viewed as a refinement

of Corollary [3.5.2]

Lemma 4.5.7. The connected components of N &%) are of the form
Nwo)w . — G(s) x B() (“n ﬂ./\/(s’qo))

where w runs through the set ¥S, of minimal (right) coset representatives in Sy\S,.
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Proof. Let B = GL,, /B be the flag variety of GL,, and B?® the variety of s-fixed points,

i.e. the variety of all Borel subgroups containing s. Let
60, o) _y e

be the projection. By [24, 8.8.7] the connected components of B* are all isomorphic
to the flag variety GL,(s)/B(s) of GL,(s). Thus each connected component C' of B?
contains a unique Borel subgroup B’ whose stabilizer in G(s) is B(s), i.e. B'(s) =
B(s). By [24, 8.8.9] the connected components of N'(%) are of the form

(W(s’qO))_l(C) >~ GL,(s) x B() (n ﬂN(s’qO)).
Thus, to complete the proof, it remains to show that
{B"eB°| B'(s) =B(s)} ={"B|we"S,}. (4.40)

To see this, note that any B’ with B’(s) = B(s) contains the maximal torus 7' C B(s)
and thus B’ = "B for some w € S,,. Let ® be the root system of GL,, and let

O, :={acd|as) =1}

This a subrootsystem of & whose Weyl group is the parabolic subgroup S, C 5,.
The set of non-zero roots of B/(s) =B N GL,(s) is

w(®T) N d,.
Thus, we have B'(s) = B(s) if and only if
w(®H)Nd, =dTNd,

ST Nd, C w(dh)
sw H(dTNd,) Cc ot

This is equivalent to w™! being a minimal (left) coset representative in S,, /Sy or
to w being a minimal (right) coset representative in Sy\S,. Hence, we have verified

4.40) completing the proof. O
( pleting the p

For any w € V.S, let

S = ().C e € DeLy o Ro(Am))

and write
SY = f&(v) - 1C, . (4.41)

ceKP(v)
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Then we have

S(&q@ _ €£> qw

, v (4.42)
faw) =Y f).
’LUGVSn
We also define polynomials
he(v) =) dim Hom*(S;,,, 8)v " (4.43)

kEZ

for any ¢ € KP(v). To get slightly nicer formulas later on, we also define renormalized

polynomials:
w im®Y (5,90) po
folv) = Y pram T )
wWEV Sy, (4 44)
hc(v) — Z U2l(w)+dimwnﬁN(S’q0>hzt)(U). '
wevSy,
Note that

. E1) ()

dim Le =" fo(1) = ) f2(1) = fe(1)
weV Sy

so for the purpose of determining the dimensions of simple modules it is sufficient to

compute the renormalized polynomials f.(v). For any w € S, we can consider the

intersection R;j,. N "“n by viewing R; .. as a subspace of g via
yac yac g
Ria. C Ry X N©®®) C g

Here we assume that R;,, is defined with respect to the Borel subgroup B(s) C
GL,(s) = GL,.

Lemma 4.5.8. We have h.(v) = v_dimR’?ac% > wes, vAUwHdim R0

Proof. The parabolic P, ,, contains the Borel B(s). Hence, for any w € V.S, we can

apply Theorem with G = GL,(s), V = N6 2 R V! = R, , P = Pa,,
V2 =vnn N&®) and P, = B(s) to obtain

w(,\ _ o —dimGLy(s)/B(s)—dim R ag —dim “nrV(=:90) xg ") (GLn(s)/B(s))
he(v) =wv X0 (Prac/B(9)

) 2: U2(l(y)+dimRiyacﬂy(wnm\/(sv‘m))

yESv

— dim R; a, —dim “nnN(5:90) (1—v=2)~" 2; p2((y)+dim R; oo N¥*n)
[ac]! :

(4.45)

=7
YyESy
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Hence, we get

he() Z v21(w)+dimwnﬂ/\/’(qu0)hz)(v)

weVSy,

(4.43) Z p2l(w)—dim By o (1=072)7" Z p2(U(y)+dim Ry o M9 n)

— lac]!

wevV Sy YyESy
_ E : deimRiyaC (1—v=2H)—n E :U2(l(yw)+dimRi,acﬂywn)
[ac]!
wEV Sy yESv
_ vfdlmR, ac 1=v~5H)™™ 1) § U (l(w)+dim R; 5,N* n)
wWESy

Counsider the column vectors

F = (fe(v))cexp(v)
H = (he(v))cexp(v)-

Recall that ¥ is the matrix representing the standard bilinear form on U with respect

to By" and @ is the change of basis matrix between B{™ and B*".
Lemma 4.5.9. We have H = VQ~TF.

Proof. By Theorem and Proposition [4.3.5( we have

Si,ac = Z qC/’C(U) : ICC/ . (446)

c’eKP(v)

Hence, we get

L deHom Siac, S" )v_k

keZ
@41, (@16 Z Z e (V) f4 (v) dim Hom*(ICe, ICen )™
kEZ C/ C//
. Z Z dc, c’ c” dlm HOHI (ICCI ICCH)
keZ c’,c”
w
Z e,/ wc ,c” ) o ('U)
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where the we o#(v) are the entries of the matrix (2 representing the standard bilinear

form on UJ with respect to B¢™. Thus, we get

hC(U) 4é4 Z U2l(w)+dim“’nﬂ/\/’(s"10)héu(v)

weVSy

— Z ?jzl(w)“l‘dlm wnﬂN(S,QO) Z qc7c/ (U)(,uc/7c// (/I_}) g,), (’U)

weY Sy c’,c"eKP(v)

' Z e,c’ (U)wc’,c” (U)fc” (U)

c/,c""eKP(v)

S
IFS
N

As a matrix equation, this is precisely H = QQF. Hence, we get
H=000"0"r @ gop

]

Recall that we can compute ) and ¥ using Algorithm The vector H can
be computed explicitly using Lemma [4.5.8, Hence, using the lemma above, we can
compute F' from @,V and H. Thus, we arrive at the following algorithm to compute

the dimensions of simple ”Hgﬁ—modules with central character x (s q,) where s = s, .

Algorithm 4.5.10. Input: v, Output: dim L. for all ¢ € KP(v);
Step 1: Compute the matrices ¥ and Q using Algorithm [{.3.15;
Step 2: Compute the vector H using Lemma [{.5.8;

Step 3: Compute the vector F = QTU~1H.

Step 4: Compute dim L, = f.(1).

Example 4.5.11. Let v= (1,2,1) and s = s.,. We compute the dimensions of the
simple HgH(GL4)—m0dules with central character X (sqy). This continues the examples

from Section and Example [{.5.4] We use the Borel B C GLy4 consisting of
lower triangular matrices. In Table we list for each w € Sy (in cycle notation)
the length of the element w and the subspace

NE©) Ay — R NYn C Ry=((%),(*+)).

Using this table and the explicit description of the R; 4, in (4.33)), we can compute the

intersections
Ria.N“n=R;a. N(R,N"n).
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Table 4.1:

l(w)| RyN®n

— ||| — — — /N |||
— ||| — — — /N |||
* * | O | * | * * (=) (=) * ¥ | OO | O =]
* * | *x | ¥ | © * o * o S| x| OO =]
~— || ~— ~—~" ~— ~— ||| ~
—~ ||| — —~ — —~ |~ —
* % O *|* * [¥O|* % [enfen) * % S * *O OO|IOO|O *|* D (e]es)
S~— || [ — | ~— SN~— N~—r SN~— S~— || ~—
S~— ||| ~— SN~— N~— N~— S~— || ~—
NN e e e <t ho [ o o ©

—~ —~ —~
REFIR RN ER TR I ERITRQFTE

N~— N~— N~—
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We now have all the ingredients needed to evaluate the formula from Lemma |4.5.8.

For example, for

ey = (0,1,0,0,1,0)
ac, = (0,1,1,1,1,0)
Ria,, = ((2),(+0))

we get

he,(W) =v72(1 — v ) (0 + 08 + 00 408 + 08 + 08 4 0% + 0% 0B 010 08 0B 0B
A T e B T Y O B U

_ 2 4+8v% 60548084010
- (1—v=2)4 '

More generally, we get

v4+2034+3v° 4307 4209 4011
_ov_4 v+5v3+6v°+607+509 4011
H=(1-v") 30343054307 4309
v24+8v+6v0+8v8 4010
303 4+9v°+90v7 4307

We have already computed Q@ and V in (4.34) and (4.35)) and hence we can compute

3U9+7_)11

20542074207

F=QI UV 'H = | 2420742
v6+1)8
v3430°

Setting v = 1, we get that the dimensions of the simple H;ﬂ-modules with central

character x(s,q,) are

dim L1 = 4, dim L2 = 6, dim L3 = 6, dim L4 = 2, dim L5 =4.
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Chapter 5

Geometric realizations of affine
Hecke algebras with unequal
parameters

In this chapter we provide a new geometric realization of certain affine Hecke algebras
with two unequal parameters via equivariant algebraic K-theory. This can be viewed
as a generalization of the classical K-theory realization of the affine Hecke algebra
with equal parameters (Theorem [2.2.1]).

5.1 K-theory and support

We begin by reviewing some elementary facts and constructions in equivariant alge-
braic K-theory. Let G be a reductive group defined over an algebraically closed field
k (not necessarily of characteristic 0) and let X be a quasi-projective G-variety. We
denote by Coh®(X) the category of G-equivariant coherent sheaves, by D?(Coh® (X))
its bounded derived category and by Dgerf(Cth (X)) the category of strictly perfect
complexes (i.e. complexes quasi-isomorphic to a bounded complex of G-equivariant

locally free sheaves of finite type). Consider the Grothendieck groups

KY%X) := Ko(D"(Coh®(X)))
Kg(X) = Ko(Dgerf(COhG(X)))-

We will write [F] € K%(X) for the class of a coherent sheaf F € Coh“(X) and
(€] € Kg(X) for the class of a locally free sheaf £ on X. There are the usual
pushforward and pullback maps

fo i KC(X) = KE(Y)

[P KE(Y) = K9(X)
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which are defined for f : X — Y proper (resp. flat) and satisfy flat base change.

Moreover, there is a pullback map
f* : Kg(Y> — Kg(X)
which is defined without any assumptions of f. The tensor product induces maps

-—®—: Kg(X) X KG(X) — Kg(X)
—®—: K9X) x Kg(X) = K9X).

This equips K¢ (X) with a ring structure and K¢(X) with the structure of a Kg(X)-
module. For any proper f: X — Y and [F] € K9(X),[€] € Kg(Y), we have the
projection formula

LIFI@ €] = f([F] @ [E]). (5.1)

There is a canonical map
[Ox] ® —: Kg(X) = K9(X)

which is an isomorphism if X is smooth (this follows from the fact that any G-
equivariant coherent sheaf on a smooth variety has a finite resolution by G-equivariant
locally-free sheaves |65, Theorem 2.18]). If H C G is a closed subgroup and X is an

H-variety, then there is an induction isomorphism
KOG x" X) = KA (X)

which is compatible with proper pushforward and flat pullback.

For any G-stable closed subvariety Z C X, we denote by 1tz : Z — X the
inclusion. Let Coh%(X) C Coh®(X) be the full subcategory consisting of those
coherent sheaves F on X which are (set-theoretically) supported on Z (i.e. the
restriction of F to X\Z vanishes or equivalently F is killed by some power of the
ideal sheaf T, C Ox). Similarly, we denote by D%(Coh®(X)) C D¥(Coh®(X)) the
full subcategory consisting of those complexes whose cohomology lies in CohCZ;(X ).

Then there is the following standard result (see for example [18 §3.1.7]).

Lemma 5.1.1. The inclusion Coh%(X) € Coh®(X) induces an equivalence

Db(Coh$ (X)) = DY (Coh%(X)).
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We consider the K-groups with support
K7 (X) := Ko(D"(CohZ(X))) = Ko(Dy(Coh®(X))).
Pushforward along the inclusion Z < X induces a functor
D¥(Coh%(Z)) — D*(Coh$(X)).
This is not an equivalence, but the induced map on K-groups
K9(Z) = KZ(X)
is an isomorphism with inverse

(Fl = grzlFl =D (~1)"[Z3F /T3 Fl.

n>0

From now on we will implicitly identify
K%(Z) = K7 (X)
via this isomorphism. If X is smooth, we have the derived tensor product
@k : D*(Coh® (X)) x D*(Coh%(X)) — D’(Coh%(X)).
Passing to K-theory and taking supports into account, this induces a tensor product
®%  K9(Z1) x K9(Zy) = K (Z, N Zy)

for any 71,7 C X closed. For locally free sheaves on X, the tensor product with

support reduces to the ordinary tensor product in the following sense.

Lemma 5.1.2. Let X be smooth and Z C X a closed subvariety. Then
[Fl @k [€] = [F ® €]

for any [F] € K¢(Z) and [€] € Kg(X) = K¢(X).

Proof. Since X is smooth, we can pick a finite resolution E*® of (¢z).F by G-equivariant
locally free sheaves. Then, by the definition of the tensor product with support, we

have
[Fl &% (€] =D (~1)igrz[H'(E* ® £)].

i
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Since — ® & is exact, we get H/(E*®E) =0 fori# 0 and H(E* Q&) = (17).F QE.

Hence, we get

F] &% [€] = gra[(12).F ® €]
S gr(12)o(F @ 136)]
= [F® ;€]
]

The following well-known lemma says that the tensor product with support be-
haves well with respect to transverse intersections (see [22, Lemma 1] for a proof of

this result in a more general setting).

Lemma 5.1.3. Let Zy,Zy C X be smooth closed subvarieties of a smooth variety X .
Assume that Z, and Zy intersect transversally, i.e. for all p € Z1 N Zy, we have the

equality of Zariski tangent spaces
1,2, +T1T,Z, =T,X.

Then we have
[Ozl] ®§( [022] = [021022]

where the tensor product with support is taken with respect to [Oz] € K%(Z,) and
[OZQ] S KG(ZQ)

If f: X — X is a morphism between smooth varieties there is a pullback functor
Lf*: D*(Coh®(X)) — D’(Coh%(X)).
For any closed subvariety Z C X this restricts to a derived functor
Lf*: D}(Coh%(X)) — DY-14)(Coh® (X))
which induces a ‘pullback with support’ map on K-theory:
frK9(2) = KO (f71(2).

The pullback with support construction if functorial (i.e. f*o ¢g* = (go f)*) and if
f is flat, it agrees with the ordinary flat pullback. Moreover, pullback with support

essentially commutes with the tensor product with support in the following sense.
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Lemma 5.1.4. Let f : X — X be a morphism between smooth varieties and let
Z1,7Zs C X be closed. Then for any [F1] € K9(Z1) and [F] € K¢(Z,) we have

(Rl e [F)) = fIA] % 17
Proof. By standard facts about derived categories, we have
L (F @b GY) = LI F* oL Lf*G*
for any F*,G* € D¥(Coh®(X)). In particular, this holds for any F* € D% (Coh®(X))
and G* € DY, (Coh%(X)). The result now follows by taking Grothendieck groups. [
We also have the following relative description of the proper pushforward.

Lemma 5.1.5. Let f : X — X be a morphism of varieties and let Z ¢ X, Z € X
be G-stable closed subvarieties such that f(Z) C Z. If the restriction f : Z — Z is

proper, the functor
Rf. : D'(QCoh%(X)) — D*(QCoh(X))
restricts to a functor
Rf, : D%(Coh%(X)) — D (Coh“(X)).
Upon taking Grothendieck groups, this yields the ordinary proper pushforward map

fo: K9Z2) = K9(2).

Proof. By flat base change, Rf.F*® is supported on Z for any F* € D%(Cth(X)).
We need to show that H'(Rf.F*) is coherent for all i. Since D’(Coh%(X)) =
D%(Cth(X)), we may assume F* = F € CohZ(X). By dévissage, ‘we may fur-
ther assume that Z,F = 0 and thus F = (15).G for some G € Coh®(Z). Then, by
functoriality, we have

Rf.F = Rf(15):G = (12)Rf.G (5.2)

Since 1y is proper and f is proper on Z, this complex has coherent cohomology. The
second equality in (5.2)) also implies that Rf, induces the ordinary pushforward on
the Grothendieck group. O]

There is also the following ‘projection formula with support’.
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Lemma 5.1.6. Let f : X — X be a morphism between smooth varieties and let
Z C X and Z C X be closed subvarieties such that the restriction f : Z — f(Z) (and
hence also f : Z N f~Y(Z) — f(Z)N Z) is proper. Then

LIFl &% (6] = f([F]@% f7[9])
for any [F] € K¢(Z) and [G] € KS(Z).

Proof. By the Lemma [5.1.5] all relevant functors are computed on full subcate-
gories of D*(QCoh%(X)). The claim hence follows from the projection formula in
D*(QCoh“(X)) (note that any complex G* € D%(Coh%(X)) is perfect since X is
smooth). O

Let X be a smooth variety, let Z15, Zo3 C X X X be closed subvarieties such that
P13 5 P (Z12) Nz (Zaz) — X x X
is proper and define
Zha 0 Zog = p13(p1s (Z12) N oy (Za3)).
Then there is a convolution operation
* 1 K9(Z19) x K9(Za3) — KY(Z15 0 Za3) (5.3)

defined via
a* b= (p13)(P}20 @%  x x Phsb).

One can check using Lemma that this operation is associative. Moreover, con-

volution with the diagonal has the following concrete description.

Lemma 5.1.7. Let Zy5, Zo3 C X X X such that Zi5 contains the diagonal. Then
Zy3 C Zig 0 Zog and for any [€] € Ka(X) = K9(X) and [F] € K% (Zy3) we have

(Ax)«[E]x [F] = eu(p"€] @ [F])

where Ax : X — Zy5 is the diagonal embedding, v is the embedding Zaz — Z15 0 Za3
and p : Za3 — X s the projection onto the first factor.
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Proof. We have Zy3 = Za 0 Zy3 C Z130 Zag. Let p1 : X x X — X be the first

projection. Then, we have

(Ax)ul€] % [F] E (013). (075D x)u[E] % xcxc PB3[F])
P LU (1) (A X idx )wPIE] @5 xnx P31 F])
pa)o(Ax X idx).(}[E] @k x (Ax X idx) P35l F])
P L €] ©% x 7))
Lemma BI2 (pr (€] @ [F)).

Lemm:a E1sl (

]

5.2 K-theory of vector bundles and Steinberg va-
rieties

In this section we review some elementary properties of the equivariant K-theory of
vector bundles and Steinberg varieties. Recall that G is reductive and fix a maximal
torus T C G. Let (X*(T), X.(T),®,®") be the corresponding root datum. Fix a
system of positive roots ®* C & with simple roots II C ®* and denote the set
of negative roots by &= = —®*. Let B be the corresponding (geometric) Borel
subgroup, i.e. the Borel subgroup whose Lie algebra has non-zero weights ®~. We
denote by B = G/ B the flag variety. For any B-module W there is a corresponding
G-equivariant vector bundle 7 : G x® W — B and there is the Thom isomorphism

™ K9 B) > KC(G xPW).
Combining this with the equivalence
K%(B) = K"(pt) = K'(pt) = Z[X*(T)]

we get an isomorphism

Z[X*(T)] = K¢ (G xB W)
(5.4)
e s [1°E)]

where &, denotes the line bundle on B whose fiber over B has weight A\. From now
on we will identify Z[X*(T)] and K¢(G x® W) via this isomorphism. We will need

the following two standard results about the equivariant K-theory of vector bundles.

Lemma 5.2.1. Let W be a B-module, W' C W a B-stable subspace and denote by
L:GXxXBW' — G xBW the inclusion. Then the map

K9G xP W) 2 K¢ (G xP W)
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15 given by
et s N (W/W') - et

where

)\V(W/W/) — H (1 i 6—)\)dim(W/W’)>\.

AEX*(T)

Proof. Consider the projections

7:GxBPW = B
G xBW = B.

Then, for any p € X*(T'), we have

L [(7?’)*5“] functgiality L*L* [7'('*5”]
L ([Ogxmw ] © [ E,])

(©.1) *
(O] ® [1°E,).

Thus, ¢, acts by multiplication with ¢,[Ogy sy, so it suffices to show that
L Oy = N (W/W').

There is a commutative diagram

KG(GxBW') == KB(W') =—— KT(W")
K%(GxBW) == KB(W) =—— KT(W)

where the horizontal identifications are induced by induction equivalences and re-
striction along 7" — B. Hence, we may assume G = B = T. Choosing a splitting
W =W e W/W’"as T-modules, we can view the inclusion ¢ : W’ < W as the zero
section of the T-equivariant vector bundle p; : W — W’ with fiber W/W’. Let £ be
the T-equivariant locally free sheaf on W’ corresponding to this vector bundle. In
KT(W'), we have
A€ = dim(AT(W/W))y - e
AEX*(T)

It now follows from the Koszul resolution

I Alp“{c‘:v — Aop’fgv — 1Oy — 0
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that
L[ Owr] = Z(— ) [A'prEY]
:Z > (=) dim (AT (W/W))y - e

. AeX*(T)

= H (1 —e )dlm(W/W/)A

AEX*(T)
=\ (W/W").

]

Lemma 5.2.2. Let a € II be a simple root and let P, = B L Bs,B be the cor-
responding parabolic subgroup. Let W be a P,-module and consider the projection
o : GXBW — G xFe W. Then we have

* A et —esa(N)—a
T (Ta)we” = ST

in K¢(G xPW).

Proof. There is a commutative diagram

K9G xBW) == K%G/B) == K"*(P,/B) =—— K% (P,/B)
KG(G xP» W) == K%(G/P,) =—= K" (pt) =——= K% (pt)

where the horizontal maps are induced by Thom isomorphisms, induction equivalences
and restriction to the standard Levi L, C P,. Note that P,/B is the flag variety
of Ly, so the map K% (P,/B) — K=(pt) is given by the (rank 1) Weyl character
2=e*™% Which holds in arbitrary characteristic (c.f. [37, I1.5.10] - this

formula e* s €=¢
is where we use that the Lie algebra of B has non-zero weights ®7). O

l1—e—

Consider a morphism of Springer type (Definition
V-5 v
where V' is a G-representation, V— C V is a G-stable subspace and
V=GxBV ={(4B,v)eBxV|gl-veV}
The associated ‘Steinberg variety’
Z =V xy V={((g1B,v1),(g2B,12)) € VXV |1y = vy}
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comes with a canonical projection map
TX®w: /4 —BxDB.

Note that we can view Z as a closed subvariety of the smooth variety V x V. Then
convolution with respect to the ambient space V x V equips K ¢(Z) with the structure
of a K%(pt)-algebra (see (5.3)). The inclusion of the diagonal

In=VxyVCZ
induces a map
K% (Zx) — K4(2)

which is an algebra homomorphism by Lemma m (here the algebra structure on
KY(Zx) is also given by convolution with respect to the ambient space Zx C V x f/)
Let

BxB= |_| Y.,

weW
be the decomposition into G—orbits and let

Zy = (1 x 1) 1 (Yy,).
We pick a total order on W extending the Bruhat order and define

Zew=| |2,

y<w

Zow=|]2,

y<w

Note that Z.,, = Z<, where w’ is the maximal element with v’ < w.
Lemma 5.2.3. K(Z) is a free left K% (Za)-module with basis {{O7 ]| w € W}.

Proof. For any G-stable locally closed subvariety X C V x V, there is a canonical
Kg(B)-module structure on K¢(X) via

€] [F] = [prE@ F]

where p is the composition

Note that we can identify
K%(Za) = K°(B) = Kq(B)
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via the Thom isomorphism. By Lemma [5.1.7, the K%(Za)-module structure on
K%(X) via convolution agrees with the canonical K¢ (B)-module structure just de-
fined. Thus, it suffices to show that K¢(Z) is a free Kg(B)-module with basis
{[0z.] | w € W}. We show by induction on the total order that K“(Z<,) is a
free Kg(B)-module with basis {[O7 ] [ y < w}. Note that for any y € W, the Thom
isomorphism together with Lemma implies that K¢(Z,) is a free K¢ (B)-module
of rank 1 with basis [Oz, ]. This proves the claim for Z<. = Z.. We have a short

exact sequence
0 — K9 Z.y) — K% Z<p) —— K%(Z,) —— 0 (5.5)

where the exactness on the left is proved exactly as in [24, (5.4.4)]. Functoriality
of pullback and the projection formula imply that this is a short exact sequence of
Kg(B)-modules. We know by the induction hypothesis that the outer terms are
free Kg(B)-modules with bases {[Oz ] | y < w} and {[Og,]} respectively. Thus
the sequence splits and K“(Z<,,) is also a free K¢(B)-module. Note that [0 | €
K%(Z<y) lifts the element [Og,] € K9(Z,). Thus, K“(Z<,) has the basis {[O7 ] |
y < w} as a Kg(B)-module. To complete the proof, note that Z = Z,, where
wo € W is the longest element. O]

The result above implies that the algebra homomorphism K%(Zx) — K%(Z7) is

injective. Hence, we can view K%(Za) as a subalgebra of K%(Z).

5.3 Affine Hecke algebras with unequal parame-
ters

Let R = (X*, X,,®,®") be a simple root datum of non-simply laced type (i.e. the
Z-span of ® is of finite index in X* and ® is of type B, C,, Gy or Fy). Then we have

O =, LIP,

where @, is the set of short roots and ®; is the set of long roots. We pick systems of

simple and positive roots IT C ®* C ®. For any « € II, we denote by ¢, € Z[¢F?, ¢

qs o€ Dy,
Qo ‘=
q o€ .

the element

Definition 5.3.1. [47] The affine Hecke algebra with two unequal parameters H =

qs,q1

HE (R) is the Z[qt, ¢i']-algebra with basis {T,e* | w € W, \ € X*} and multipli-

qds,q1
cation rules
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(7’) nga = <Qa - 1)Tsa + o a € H,
(i) TwTw = Twuw l(ww') = l(w) + l(w'),

(iii) eret = eMH A€ X¥,

e —esSa (X)
l—e—@

(iv) e T, — T e N = (g, — 1) acll, e X*,

where T, := T,,e° and e = T.e .

Remark 5.3.2. There are several definitions and conventions in the literature which
sometimes differ slightly from our convention. First, the affine Hecke algebra is often
defined with respect to the dual root datum, i.e. using the cocharacter lattice instead
of the character lattice. Moreover, our definition differs slightly from the one in [47]
which only considers parameters which are powers of a single parameter q. However,
the definitions and basic results also hold for parameters which are independent vari-
ables q,. Finally, loc.cit. allows an additional third parameter in adjoint type B (i.e.
simply connected type C in the dual convention) attached to the affine node of the
affine type C' Dynkin diagram. In our definition this additional parameter is taken
to be equal to the parameter of the unique simple short root in type B (resp. the

parameter of the unique simple long root in the dual type C' convention).

Here are some elementary algebraic properties of H;qu which easily follow from
the definition (see also [47]).

Lemma 5.3.3. (i) The {T,, | w € W} span a subalgebra H,,, C HE which is

qs,9q1
the (finite) Hecke algebra with unequal parameters.

(ii) The e* span a commutative subalgebra of H1

oe.q Which is isomorphic to the group
algebra Z[g*, ¢ '] X7].

(iii) HXE s a free right (and also left) Z[gt!, ¢ '][X*]-module with basis {T,, | w €

qs,4q1 s

W},

(iv) H2T is generated as an algebra by Zlgt', ¢™][X*] together with the Ty, for

4s,q1
a € 11.

+1

#1 ¢ -module of

Let sgn be the sign representation of H,, ., i.e. the free Z[q

rank 1 on which 7§, acts as —1. The antispherical module is the H;iql—module

aff
Masph = H‘]sﬂll ®Hqs’ql sgn
which has the natural basis {e* ® 1 | A € X*}.
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Lemma 5.3.4. Mgy, is the unique H2T -module with basis {e* ® 1 | A € X*} and

multiplication rules

(i) et (e*®1)=ertr @1

A sa(A)—a

(it) —(Ts, + qae®) - * @1 = (1 — gue®) =r— ® 1.
Proof. The uniqueness follows from the fact that the e* together with the T}, generate
H2  (Lemmal5.3.3). The equality e#- (e*®1) = e @1 follows from the definition.

4s,9q1
Using the relation

l—e@
sa(N) _ ,sa(N)—« Sa(AN) _ A Ma A
e e € € (& €
- T H U TR B s q"l—e—a)@l
A _ sa(N)—a
€ €
= (1 — gne) = ®1

Lemma 5.3.5. [5%, (4.3.10)] Mg is a faithful H2E -module, i.e. the H

9s,q1 qs,q1
module structure on M, induces an injective algebra homomorphism HE ey

4ds,q1
Endz(Masph) .

Let G be the simple algebraic group with root datum R, defined over an alge-

braically closed field k of characteristic p where
e p=2if G # G, (i.e. if G is of type B,,C, or F})
e p=3if G =(Ghs.

We pick a maximal torus 7" C G and denote the corresponding (geometric) Borel

subgroup by B. Let g be the adjoint representation of G with the root space decom-

g=bhaPo.

acd

position
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We define

gs:Zha+Zgan

aed)s Oéeq:'.s
where §, 1= [ga, 8-o) C . The following theorem is a consequence of the Chevalley

formulas for the adjoint action and our assumption on the characteristic p.
Theorem 5.3.6. 35,36/ The subspace gs C g is G-stable.

We can equip
Vi=g,®9/0s

with the structure of a G x G,, X G,,-module via
(ga tsatl> : (US,UZ) = (tglgvsa tflgvl>-

Note that the non-zero weights of V' are precisely the roots of G and all non-zero

weight spaces are one-dimensional. Consider the B-stable subspace

v—;z@vacv.

acd—

Then we can consider the varieties V = G xBV~, Z, Z,, .. as in the previous section.
For any w € W, we will write “V~ := wV~ where w € Ng(T) is any lift of w. For

any simple root a € II, we denote the corresponding parabolic subgroup by
P, = Bl Bs,B.
Lemma 5.3.7. For each simple root o € 11, the subspace V— N**V~ s P,-stable.

Proof. Note that V— N %V~ = @W@*\{—a} V.. Since Us - VA C D,,59 Vatns, the
subspace V'~ NV~ is Ug stable for all 3 € ®~. It is also T-stable and thus also

B-stable. It is also stable under 3, and hence also under P,. O

Define the varieties

Then Va C V is a subbundle and A, C Z is closed.

Lemma 5.3.8. We have A, = Z,,
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Proof. The fiber of (B, $,B) € B x B under the projection Z — B x B is precisely
V=NV~ which is also the fiber under A, — B x B. By G-equivariance, this implies
Zs,, C A, and hence

Z,, C A, (5.6)

Note that the map V,, — V,, is a locally trivial P!-fibration. By base change, Ao — V,
is also a locally trivial P!-fibration. In particular, this map is flat and hence open [64,
Tag 01UA| which implies that A,, is irreducible by [64}, Tag 004Z]. Moreover, we have

dim A, = dimV, + 1
=dimG —-dimB +dimV N%* V- +1
=dimY,, + dimV - N%V-

= dim Z;,
=dim Z,,.
This implies that A, = Z,, by the irreducibility of A, and (5.6 ]

Given [F] € KG*CnxCm(7) and [G] € K&*Em*Cm (V) we define their convolution
as

[FI % [G) = (p)-([F] @, ¢ p31G]) € K EmxEn (V).

This equips K*Cm*Gm (V) with the structure of a K&*®m*Gm(Z)-module. Recall
from (|5.4]) that we have a canonical identification

ZlgE', g [X") = KO CnxCn(17), (5:7)

s

Proposition 5.3.9. For any A € X*, a € II, conwolution of [O5, ] € K&*®m>En(Z)
with e* € KG*CmxCm (V) is given by

6)\ _ esa()\)—oz

= c KG’XGmXGm (V)

0z, ]xe* = (1 = gac®)

Proof. Recall that by Lemma we have Z,. = A,. Hence, we may compute
the convolution of [O,,] with e*. Let 7, : A, = Z be the inclusion. There is a

commutative diagram

VxV 2 sV
E

AT R S BN v
ml pll wal

3
R
|

> L
V+————1V, g

Q
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where the bottom right square is cartesian. Using these maps, we have

On] % = (91).((70).[On] @50 p3e?)
Femma BI2 () ((i0),[On.] @ iypie?)

(5-1) ~ ~ ok
- (pl)*(La)*LaLZPZG)\

functgiality ( A

La)*(p1>*p§(ba)*e

ME (1), (7o) () (1)

By Lemma [5.2.2| (74)* (74 )« acts as e* — %

. Note that V= /(V- N%V™) =
V_, is one-dimensional of weight g;'e~®. Thus, by Lemma [5.2.1] (1,). acts as multi-

*

plication with 1 — g,e®. Finally, (1,)* is given by e* — e*. Hence, we have

A Ssa(N)—«a
ed—e

Op lxe* = (1 = gue®

On] e = (1= gue)

L]

Our next goal is to determine a nice generating set of the algebra K&*®&m>Gm(7),

For this, we need the following transversality result.

Lemma 5.3.10. Let w € W and o € I such that l(sqw) = l(w) + 1. Then the
varieties Zs, X V and V x Z,, intersect transversally in V®. Moreover, the projection

onto the first and third factor induces an isomorphism
pis: (Ze, x V)N (V X Zy) = Z 0. (5.8)

Proof. Let (y1,y2,y3) € V3 lie in the intersection of Z;, x V and V x Z,. Note that

there is a commutative diagram

—
| l (5.9)

(Y, x B)N (B xYy,) 225 Y, 0.

It is well-known that the horizontal map in the bottom row is an isomorphism when
l(sqw) = l(w) + 1. Hence, by equivariance, we may assume that (yi,ys,ys) maps
to pis ($aB,wB) = ($4B,eB,wB) € B under the projection V3 ™ B3 To prove
transversality of Zs X V and V x Z,, it suffices to show that the map

(p2)*€5 1)* ot
T(yhyz)ZSa S T(y27y3)Zw j Ty2v (510)
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is surjective. Note that there are isomorphisms

G xB"E (v nvvT) S Z,
(g,v) = (9B, gv, gwB, gv),

G xB"B (Vo nsyT) S 7,
(g,U) = (géaB,gv,gB,gv),

Let yo = (eB,v). Then v € **V- NV~ N"V~ and the isomorphisms above identify
the tuple (e,v) with (y2,¥s), (y1,2) and y, respectively. The maps py : Z, — V and
po i Ls, — V then correspond to the maps

GxPTE (VT nrYT) - G xP VT

5.11
(g,v) = (g,v) >

and .
GxPTE (Vo neyT) - G PV
(9,v) = (g,0).
The map on tangent spaces at (e,v) induced by (5.11)) is

(5.12)

g/(bN“b)d (V- N“V7") = g/bo V™
(x+bN"Yb,v) — (x4 b,v).

Similarly, (5.12]) corresponds to the map

g/(bN®*b)d (V- N*V")—>g/bad V™
(x+b6N"b,v) — (z+b,v)

on tangent spaces at (e,v). Since l(s,w) = l(w) + 1, we have a € “®* and thus
V_o C V- N"V~. It now follows that

Vi=V"Nn%*V7 )+ (V- Nn*V")

Hence, by the explicit description of the maps on tangent spaces above, it follows
that (5.10]) is surjective. This completes the proof of transversality.
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Recall that the map in the bottom row in (5.9) is an isomorphism. Thus, to
prove that the map from is an isomorphism, it suffices to show that the map
in the top row in induces an isomorphim on the fibers of the vertical maps.
By equivariance, it suffices to do this for the fibers over ($,B,eB,wB) € B? and
(4B, wB) € B2 These fibers are given by V- N V- NYV~ and V- NV~
respectively. Note that

2Pt NPT NPT = (d\{—a}) NPT =P NPT
since —a & “®*. This implies
YT AVTAYYT =%V T NYY T
which finishes the proof. m

Corollary 5.3.11. K*CmxCm(7) is generated as an algebra by K&*Cm*Cm(Z,\) to-
gether with the [O7 | for a € 1L

Proof. Let A be the subalgebra of K¢*CmxCm(7) generated by K&*Cm>xCm(Z,) to-
gether with the [O7 | for a € II. We prove by induction along the length of w that
Oz 1€ Aforallw e W. If [(w) € {0,1}, the claim is true by construction. Now let
w € W and « € II such that [(s,w) = [(w) + 1 and assume we have shown the claim

for all y € W with I(y) < l(w). Let

Zpw = (Zs, x V)N (V X Zy)
Z2 = (Zs, x V)N (V X Z,,).

The projection onto the first and third factor restricts to a map
P13 - Zsa,w — ngauw
Hence, we have
(07..1%102,] € K&ECn(Zy,0).

Let
U= VN\(Zey, x VYUV X Zoy))

which is an open subset of V3. Note that

UN(Z,, xV)=UnN(Z,, xV)

o N (5.13)
UN(V x Z,)=UN(V X Zy).
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In particular, we have
UﬂZSouw = Unga,w = Zsa,w' (514)

Thus, Z¢ ,, C Zs, w is open and the flat pullback

LZo KGxGmem(Zsa’w)_)KGxGmem<Zo )

Sa,w Sa,W

agrees with the restriction with support map

L*U . KGXGmXGm(Zsa,w) KGxGmem(Zo )

Sov,W

coming from the inclusion ¢y : U < V3. Moreover, (5.13)) together with Lemmal5.3.10
implies that the intersection of U N (Z,, x V) and U N (V x Z,,) is transverse in U.

Using these facts, we can compute the restriction of [0 | %[Oz | to Zs,w C Z<s,u:

* def * *
(02, 15102, = 15, (013).(07,[07, ] @F: 135107, ])

base chan e * * *
! (p13)*bzo w <p12[075a] ®‘@/3 p23[(97w])
= (p13)stis (D12[O7, 1 ®F, p33[07,])

emmam T

’ (P13)- (1597507, ] @ 1i95[07,])
= (p13)

D13 *([ UN(Z sy ><V)] ®U [OUO(VXZM)])

Lemma E13
(13)+[Ovnz., .}
(5.14)

= (13)+[0z¢_ ]

Lemm& [Ozsa w] °
Using the short exact sequence from ((5.5)), this implies that
07,1%102,] € [0z, ]+ KECCn(Z ).

The proof of Lemma shows that K&*GmxGm(7__ Y is a free KE*Cm*Cm(7Z,)-
module with basis given by the [0z | with y < sqw. Thus, by the induction hy-

pothesis, we get [0z | € A. Hence, A contains all [O7 | for w € W and thus
A = K&*CnxCm(7) by Lemma [5.2.3 This completes the proof. O

We are now ready to prove the main result of this chapter.

Theorem 5.3.12. There is an isomorphism of algebras K&*Cm>Cm(7) = Hgffql

Proof. We can identify

Lemma B34 ~
Mo 25 g X7 E KOO (1),



Hence, we get algebra homorphisms

ay KGxGmem(Z) - Endz[qiqli](Masph)

g s H

a7 EndZ[q;t,qli}(MaSph)-

By Proposition [5.3.9] Lemma [5.1.7| and Lemma [5.3.4] we have

a1([0z, ) = —aa(Ts, + gae”)
a1((Ap)se?) = as(e?)
where Ay : V < Z is the diagonal embedding. Thus, by Corollary [5.3.11| and
Lemma , aq and oy have the same image in EndZ[q}’qli](Masph). Moreover, s is

injective by Lemma [5.3.5. Hence, we get a surjective homomorphism of algebras

-1 . GXGmxG aff
ay oyt K (Z) — He

which restricts to an isomorphism on polynomial subalgebras

051 00y : KOGm<En(7,) 5 Z]gH, gH][X7)

s )

Note that K¢*Cm*Cm(7) and H21

qs,4i
tative noetherian subalgebra (by Lemmas [5.2.3| and [5.3.3). Surjective maps between

are free modules of rank |W| over this commu-

free modules of the same (finite) rank over a commutative noetherian ring are always

isomorphisms (c.f. [7, Exercise 6.1]), so ;' o a; is an isomorphism. O

Remark 5.3.13. The theorem above provides a geometric realization of all affine
Hecke algebras with unequal parameters that arise from simple root data except in
adjoint type B (resp. simply connected C' if one defines the affine Hecke algebra with
respect to the cocharacter lattice) where three unequal parameters are possible. A

geometric realization of this affine Hecke algebra with three unequal parameters can

be found in [39].

In the equal parameter setting, the K-theory realization (Theorem has
been used to parametrize the irreducible representations of the affine Hecke algebra
and construct standard representations [24}|41] (see also Chapter 2)). It would be
interesting to obtain similar results for affine Hecke algebras with unequal parameters
building on our K-theory realization from Theorem [5.3.12] The author intends to

explore this in future work.
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5.4 Graded Hecke algebras with unequal parame-
ters

In [47,/51] Lusztig defined certain graded versions of affine Hecke algebras and studied
their representations using geometric methods. These graded Hecke algebras can also
be defined with respect to several unequal parameters, but the geometric construc-
tions of Lusztig only realize these algebras for certain specific parameters (which is
enough for his goal of classifying unipotent representation of p-adic groups [50]). In
this section we discuss a conjectural realization of graded Hecke algebras of simple
type with arbitrary unequal parameters via constructible sheaves. As before, we as-
sume that R = (X*, X,,®,®") is a simple root datum of non-simply laced type,
IT C @ is a system of simple roots and ® = &, U ®; is the decomposition into short

and long roots. We set
t:= (C ®Z X*

and for any « € I, we denote by r, € Cl[rg, r;] the element

re a¢c Py
ro 1=
r o€ P

Definition 5.4.1. [47] The graded Hecke algebra with two unequal parameters H,_ ,, =
H,, ,,(R) is the C-vector space

H,, ,, = Clrs, 7] ®c C[W] ®¢ S(t")
with algebra structure uniquely determined by
(1) Clrs,m] ®c C[W] C H,, ,, is a subalgebra,
(i1) Clrs,m] @c S(t*) C H,.,,, is a subalgebra,
(111) € - Sa — Sa - Sa(§) = raf_ST"(O for any a € 11, £ € S(t¥).

This becomes a graded C-algebra by setting

deg(w) =0 we W,
deg(ry) =2 a eI,
deg(¢) =2 ¢ € t"\{0}.

106



Let G,V = g, @ g/gs, V,Z, ... be as in the previous section. Then we can con-
sider the (equivariant) constructible derived category as defined in Section . In

particular, there is the ‘Springer sheaf’
S:= ,U’*CV € Dbe(Gmem,c<V)'

We conjecture that there is the following geometric realization of the graded Hecke

algebra with unequal parameters.

Conjecture 5.4.2. There is an isomorphism of graded C-algebras
Hom*GxGmx(Gm(Sv S) = HTsﬂ"l'
Remark 5.4.3. An interesting consequence of this conjecture would be that
Homg(S, S) = C[W].

This would allow to parametrize the irreducible representations of W by the simple
perverse constituents of S similar to Springer theory. Note that S is supported on the

analogue of the nilpotent cone
N = im(p).

We expect that N has only finitely many G-orbits (the author has verified this by
explicit computation in the Gy case, but we do not know if this is true in general).
Using , this would yield a combinatorial parametrization of the irreducible W -
representations via pairs (n, p) similar to the Springer correspondence where n € N

and p is an irreducible representation of the component group A(n).

It seems reasonable to expect that Conjecture [5.4.2| can be proved by techniques
similar to the proof of Theorem [5.3.12] We briefly sketch how one might attempt to
execute such a proof. For simplicity, we will ignore any grading shifts/flips. Recall
that the proof of Theorem [5.3.12| relies on the observation that the antispherical
module arises via the convolution action of K¢*Em*Gm(z) on KG*EmxCm (V7). Note

that there is an isomorphism
Hom*GxGmem(S> S) = HEXGmXGM(Z>

and HG*Cm*CGm (7) naturally acts on HE*m*Em (V) via an analogously defined convo-

lution operation (see [24], §2.7] for more details on this in the characteristic 0 setting).
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Moreover, there is a canonical isomorphism

H*GXGmXGm(V) = ngGmem(f/>
= HéxGmx(Gm(B)

= HEXGmXGm(pt)
= Clrs,m] ®c S(t).

Hence, as a C[r,,r;]-module, HE*Gn*Em (V) can be identified with the antispherical
module

Mo, = H,_,, Qciw] sgn
where sgn is the sign representation of W. The action of —(s,+1) on the antispherical

module is given by

(st 1) @1 = _(Sa(g).SaJrTf%a@ng)@l
= (sal® +r 2 g e
_ —(Ta +a>§ - 5a(§) ® 1.
!
This operation arises geometrically as follows: The map
g — 5 - Sa(g)

«

is the Demazure operator which is well-known to arise geometrically via
(o) (po). - HEECn(B) = HEEnCn (B)

where p, : G/B — G/P, is the projection [15]. One can deduce from this (by an
argument similar to Lemma [5.2.2)) that the Demazure operator also corresponds to

the map
(1) (7)o« HE X0 (7,) =5 HOXCnxCn (V)

where 7, is the map from Lemma [5.2.2l The map
E —(ro + )¢ (5.15)
arises geometrically as the map (c.f. [46, 1.10])

(o BTG ({0}) — HIEnCn k)
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where ¢ : {0} < k_, is the inclusion and k_,, is the one-dimensional 7' x G,, x G-

t ) a(t)e;tr  a short,
yCs,C1) - T = _
: a(t)"le e a long.

module with

Note that k_, = V= /(V- N % V~). It follows from this (by an argument similar to

Lemma [5.2.1]) that
(La)* . H*GxGmx(Gm(Va) N foGmem(f/)

is also given by the map in ([5.15)). Following the proof of Proposition [5.3.9) we expect
that convolution with [Z,,] on HE*Cm>Cm (V) is given by (i)« (7a)*(7a)s(ta)* which

is the map
E —(ro + a)la(g).
o
This is precisely the action of —(s, + 1) on the antispherical module. Hence, we
expect that the convolution action of HE*®m>Cm(Z) on HE*Cm>Gm (V) realizes the
antispherical module Masph. The rest of the proof of Theorem is purely for-
mal, so it seems reasonable to expect that a similar argument should work in the

equivariant Bore-Moore homology setting. This would prove Conjecture [5.4.2
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