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Abstract

We construct bordifications of the moduli spaces of tropical curves and of tropical
abelian varieties, and show that the tropical Torelli map extends to their bordifica-
tions. We prove that the classical bi-invariant differential forms studied by Cartan
and others extend to these bordifications by studying their behaviour at infinity, and
consequently deduce infinitely many new non-zero unstable classes in the cohomol-
ogy of the general and special linear groups GL¢(Z) and SL¢(Z). In particular, we
obtain a new geometric proof of Borel’s theorem on the stable cohomology of these
groups. We completely determine the cohomology of the link of the moduli space of
tropical abelian varieties within a certain range, and show that it contains the stable
cohomology of the general linear group. In addition, we define new transcendental
invariants associated to the minimal vectors of quadratic forms, and show that a cer-
tain part of the cohomology of the general linear group GL,(Z) admits the structure
of a motive. In an Appendix, we give an algebraic construction of the Borel-Serre
compactification by embedding it in the real points of an iterated blow-up of a pro-
jective space along linear subspaces, which may have independent applications.

1 Introduction

The main goal of this paper is an algebro-geometric construction of bordifications of
the moduli spaces of tropical curves and abelian varieties. Before describing these
in detail, we first present some applications to the cohomology of the special and
general linear groups.

1.1 Unstable cohomology of linear groups

Let Py denote the space of symmetric positive definite g x g matrices X with real en-
tries. It is a connected contractible space equipped with a right action of 1 € GL, (R)
via the map h(X) =h” Xh.
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Fig.1 Known ranges for which the cohomology of GL4 (Z) has been completely determined [31, 42, 56].

Anentry H © in the table indicates that H® (GLg(Z); R) is non-zero and of rank 1. All non-zero classes are
explained by Theorem 1.1 except for the two boxed entries
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Fig.2 Compactly-supported cohomology of Pg/GLg (Z) in the known ranges [31, 42, 56]. An entry HL’:
in the table indicates that Hci (GLg(Z); R) is non-zero and of rank 1. All non-trivial classes are explained
by Theorem 1.1 except for the two boxed entries

Since the orbifold P, /GL,(Z) is a K (7, 1) one has H"(GL4(Z); R) = H"(P,/
GL¢(Z); R). Block direct sum of matrices X — X & 1 defines a map Py — Pyy1.
The stable cohomology is defined to be the limit with respect to these maps:

H"(GLoo(Z); R) =1im H"(GL, (Z): R) .
8

It was famously computed by Borel [11], from which he deduced the ranks of the
rational algebraic K -theory of the integers (and, more generally, of all number fields),
which is of fundamental importance in the modern theory of motives. Very little is
known about the unstable cohomology of the groups SL(Z) and GL,(Z). See Figs. 1
and 3 for the range in which their cohomology groups are completely known.

Even less is known about the cohomology with compact supports H'(P,/
GL,(Z); R), which we shall denote by H' (GL4(Z); R). The notation is justified by
duality: indeed, when g is odd, the orbifold P, /GL,(Z) is orientable and its com-
pactly supported cohomology is Poincaré dual to ordinary cohomology. However, in
the case when g is even, the cohomology with and without compact supports are a
priori unrelated. There is no stability property for cohomology with compact sup-
ports, as one may see from Fig. 2.

The ordinary cohomology of the special linear group SL,(Z) coincides with that
of GLg4(Z) when g is odd, but is built out of the cohomology of GL,(Z) with and
without compact supports in the case when g is even.
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Bordifications of tropical moduli spaces 37

1.2 Cohomological results

Consider the abstract graded exterior algebra

Q. /\ @ Qo™+

k>1
with generators w*™*! in degree 4k + 1. For any X € Pg and k > 1, let
4k+1 tr((X ldx))4k+l (11)

which is a well-defined closed differential form on P, with a number of remarkable
properties, including bi-invariance with respect to left and right multiplication by
GL,(R). Any w € @, defines a closed differential form of degree n on Py /GL, (Z).

Consequently there is a natural map, which is sometimes referred to as either the
‘Borel map’ or ‘Matsushima homomorphism’:

®gR — H"(GL(Z); R) . (1.2)

Can

Borel proved that j is injective for n < g/4. Results of Matsushima [45] and Garland
[34] imply that the map j is surjective in the same range. Although this range is
narrow, it nonetheless tends to infinity, which allowed Borel to compute the stable
limit:

Q2 @ R= H*(GLw(Z); R) .

can

Let g > 1 be odd, and let 2(g) C Qcan denote the graded subalgebra generated
by @, ...,w* 1. All forms w" of degree n > 2¢ vanish identically on Pg. In or-
der to state our results, we divide €2(g) into two subspaces. Let Q.(g) C Q(g)
denote the ideal generated by w?¢~!. We shall call ©.(g) the space of forms
of ‘compact type’ and define 2,.(g) C €2(g) to be the graded subalgebra gener-
ated by 1, >, ..., w?¢7>. The subscript nc stands for ‘non-compact’ type. One has

2(g) = Rc(8) Qe (g)-
Theorem 1.1 Let g > 1 be odd. There are injective maps
(D). 20.(9) ®gR > H*(GLy(Z);R) forallh =g,
(ii). Q2(g) ®g R — HT(GL,(Z); R) ,
(iii). Q2(g) ®g R > HI 2 (GLg11(Z); R) .
These facts imply the following results about the special linear group:
(iv).Q20.(¢) ®g R H*(SL4(Z);R) forallh>g,
). (20.(0) &2 () @R H (SLgy1 (2 R)

where dy = dim Py = (¢11).
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g|dm(P)|n=0 12 3 45 6 7 8 9 10 11 12 13 14 15
2] 3 1

3 6 1

41 10 1 1
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Fig.3 An entry in row g and column n equals dim H" (SLg(Z); R); blank entries are zero. All non-zero
entries in this table are explained by the previous theorem except for the three boxed entries. These are
discussed in §1.11. Some partial computations are known in g = 8 by [55]

Statement (i) (and implicitly (i7)) is discussed in a research announcement of
Ronnie Lee [41], but no proof seems ever to have appeared. The statement also ap-
pears in Franke [33, 35], which uses automorphic methods. Our proof bears some
similarity to the strategy suggested by Lee and implies that the map (i) for 7 = g and
(ii) are canonically split. The key point in the proof is the construction of representa-
tives for elements in ©2.(g) which have compact support.! Statement (i) implies, but
is much stronger than, Borel’s result on the injectivity of (1.2) in small degrees.

Statement (iii) about the unstable cohomology of linear groups of even rank is
new. It follows from a much stronger theorem (Theorem 1.3 below) on the existence
of cohomology classes in the moduli space of tropical abelian varieties and uses re-
cent results on the acyclicity of the ‘inflation complex’ established in [15].

To illustrate the content of (iv) and (v), see Fig. 3 for a table of the known coho-
mology of SL¢(Z). It is taken from [27] and uses computer calculations of [31].

1.3 Moduli of tropical abelian varieties

Theorem 1.1 is a consequence of a stronger result concerning cohomology classes on
the link |LAtgmp| of the moduli space of tropical abelian varieties, which we presently
explain. The reason for the vertical bar notation is that |LAg°p| is merely the topo-
logical incarnation of a richer kind of hybrid geometric object, denoted by L.A;,mp,
which we shall discus later. In any case, as a set, ILA;,mpl is the quotient of the ra-
tional closure Pg of P, consisting of positive semi-definite matrices with rational
kernel, modulo the action of GL¢(Z), and by R acting by scalar multiplication.
We consider its decomposition into perfect cones, due to Voronoi [44, 59], which are
described as follows. Let Q be a positive definite quadratic form, and let

Mo ={r€Z\{0}: Q1) < Q(w) forall e Z8\{0}}

denote the set of minimal vectors of Q. The set of T forreM 0> Span a convex
polyhedral cone oy in the link LP;‘ of 79?, whose points are projective classes of

Ut is easy to make the mistake of thinking that the canonical forms of compact type vanish along the
boundary of the Borel-Serre compactification, but this is insufficient: the difficulty is to prove that they
actually extend to the boundary in the first place: one sees from the definition (1.1) that they blow up as
one approaches the region where det(X) — 0. To prove this result, and resolve this apparent contradiction,
requires a careful analysis of the geometry of LPg/GL¢(Z) at infinity.
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Bordifications of tropical moduli spaces 39

Fig.4 The decomposition of the
link LP"™ into Voronoi cells

viewed inside the projective
space P2(R) of symmetric 2 x 2 /
matrices. The space |L.Al Op| is \

the quotient of the closed
simplex o by the action of X3,
and is the one-point
compactification of the interior

|L.A°UP| at the cusp. The det =0
space ILAm)p Bl has an

/N
o =
o o
~——

/

additional hdlf—mterval at the

cusp 00
(47 (01)

symmetric matrices. The topological space ILAmpl is obtained by gluing together
GL; (Z)-equivalence classes of quotients og/Aut(og) of polyhedral cones by their
ﬁnite groups of automorphisms.

Examples 1.2 (See Fig. 4). The quadratic form Q(xy, xp) = x% + x1x0 + x% has min-
imal vectors Mg = {(£1,0), (0, £1), &=(1, —1)}, and hence

o]+ a3 —Q3
= : >
090 {( o3 a2+a3>.a1,a2,a3_0}

is the convex hull of the rank 1 matrices ( (1) 8), (g ?), ( _11 _11> in the space of

projective classes of 2 x 2 symmetric matrices. There is a single GL,(Z)-orbit of
cells of maximal dimension in ILAtzmp | generated by 0. The stabiliser of o is the
symmetric group on three elements which permutes the three vertices of 0.

Denote the closed subspace of |L.AtgrOp | corresponding to symmetric matrices with
vanishing determinant by IBLAZ,IOPI. Its open complement:

‘LAZ’“OP = [LATP| \ [9LAP)

is nothing other than the space LP;/GLg(Z) where LP, = Py /RX,

Theorem 1.3 Let g > 1 be odd. Every form of compact type w € Q2:(g) extends to a
smooth differential form on ILAtgmp |. This gives an injective map of graded algebras:

Q2 (g) ®g R —> HR(LAZ™)) . (1.3)
Theorem 1.1 follows from Theorem 1.3 using a de Rham theorem for certain kinds
of topological spaces, such as ILAtgmp|, which are defined by gluing quotients of

polyhedra together by finite group actions (see below) as well as results from [15].
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40 F. Brown

In fact, Theorem 1.3 enables us to completely determine the cohomology of
|L.Atgmp| in a certain range. If g > 1 is odd and «(g) denotes the stable range for
the cohomology of the general linear group GL,(Z), we show in Corollary 15.14 that

HiR(ILAZPD = Q' (g)g ® R (1.4)
Hig 'ILAZ D =0

for n > dy — k(g). Using the recent results [40, 43], we may take «(g) = g.
1.4 Bordification of the moduli space of tropical abelian varieties

In order to prove Theorem 1.3, we construct an explicit bordification

)LAEOP’B‘ — ‘LA‘;""

It has a boundary |8LAEOP’B| C |L.Ag°p’6| with the property that

‘LA;“’"'B ’ \ ‘aLAtgmp’B‘ - ‘LAQ“P

The topological space |LAgoP’B| is technically the space obtained by gluing to-
gether ‘wonderful’ compactifications [29] of perfect cones o by blowing up specific
boundary strata which lie at infinity. It may be constructed informally as follows.

Consider the projective space P(Q(V)) whose points are projective classes of
quadratic forms Q(V) in a vector space V of dimension g over Q. The vanishing
of the determinant defines a hypersurface Det C P(Q(V)) which satisfies:

LP, C (P(Q(V)) \ Det) (R) .

Now consider the space obtained by blowing up the subspaces P(Q(V/K)) whose
points are quadratic forms with kernel K, for all rational subspaces 0 # K C V, in
increasing order of dimension. Since P(Q(V/K)) is contained in the determinant
locus Det, every blow-up adds a new boundary component at infinity. Such a bound-
ary component is indexed by a nested sequence 0 < K1 < Kp <--- < K,, < V,and is

isomorphic to a product of projective spaces. The closure of LP, in the iterated blow-

up admits an action by GL,(Z), whose quotient is the bordification |LAgOP’B|. We

show in an Appendix that it is homeomorphic to the Borel-Serre compactification
[12]. However, from this construction it is not obvious that the quotient |L.A(tg.rOp ’B|
embeds into the real points of a finite diagram of algebraic varieties obtained by
blowing up projective spaces along finitely many linear subspaces. This crucial point
is proved in the main body of the text via a different construction, discussed in §1.7
Theorem 1.3 is proven by studying the behaviour of the differential forms (1.1)
on the boundary of |LAg°p’B |. The existence of this bordification, and the techniques

used to construct it, have a variety of other applications, which we discuss below.
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Bordifications of tropical moduli spaces 41

1.5 Bordification of the tropical Torelli map

The main thrust of this paper is to provide a general technique for constructing bor-
difications of spaces built out of quotients of polyhedral cells. For example, we con-
struct a bordification

)LM}“’"*B’ — (LM;“’"

of the link of the moduli space of tropical curves whose existence was alluded to in
[19]. It is obtained by gluing together the ‘Feynman polytopes’ associated to stable
graphs and provides a single geometric object whose cells are the spaces underly-
ing the Feynman motives of [10, 17]. This bordification is presumably related to
the bordification of Culler and Vogtmann’s Outer space which was constructed in
[8, 24]. Note that our bordification concerns the quotient of unreduced Outer space
by Out(F},) and allows graphs with bridges; the latter two papers study reduced Outer
space, which only involves bridgeless (core) graphs, and concern the universal cov-
ering space, rather than its quotient by Out(F;,).

The bordifications of |LAgOp| and ILMtgrOp| are related as follows. The tropical
Torelli map A : [LMg™| — |LAG| was studied in [6, 16, 25, 47, 49]. It is non-
degenerate on the moduli space ILMrgedI C |LMgOp| of 3-edge connected graphs.

Theorem 1.4 The tropical Torelli map extends to a map AB of bordifications, giving
a commutative diagram where the vertical maps are blow-downs:
3B
‘LM?d’B’ A ‘LAgop,B‘

d
LMy

NN ‘LA?OP

This diagram gives relations between the cohomology of these four spaces, and
the existence of AB answers a question of Vogtmann. Note that the cohomology of
|LMg°p| is related to the cohomology of the commutative graph complex GCy, and
to the top-weight cohomology of the moduli stack M, [26]. The cohomology of the

bordification |LM§°P’B| is described by a new graph complex (see §8.2) involving
nested sequences of graphs, and is related to the Hopf algebra structure on graph
homology. It would be interesting to study its homology in relation to that of GCy.

1.6 Canonical integrals of perfect cones
A further consequence of the properties of canonical forms (1.1) on the bordification
of |LAg°p| is that we may assign transcendental invariants to polyhedral cones in the

Voronoi decomposition.

Theorem 1.5 Let Q be a positive definite quadratic form of rank g, and let o be the
associated cone. Let ® € Q‘Cjan be any canonical form (1.1) of degree d = dimog. If
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42 F. Brown

o has rank g then the following integral is finite:
IQ(a))zf w <00 . (1.5)
o0

The integrals 1o (w) satisfy quadratic relations arising from Stokes’ formula (Theo-
rem 14.13).

The condition that 0p has rank g means that oy meets the interior LP, of the link
of the space of positive definite matrices (i.e., it does not completely lie at infinity).
In particular, every ‘perfect’ quadratic form of maximal dimension may be assigned
a volume, which is non-zero. Theorem 1.5 provides interesting transcendental in-
variants of quadratic forms which may provide a new perspective on the extensive
literature on perfect forms in relation to sphere packing problems, which was one of
Voronofi’s original goals.

In the case when the cone o is cographical, i.e., the image under the tropical
Torelli map of the cell associated to a graph in ILM?dL the integrals (1.5) are the
canonical integrals I (w) studied in [19]. It was proved in loc. cit. that these are
generalised Feynman integrals of the sort arising in perturbative quantum field theory.
An important slogan, therefore, is that the volumes of cographical cells in the perfect
cone decomposition of the space of symmetric matrices are Feynman integrals. The
Borel regulator, in particular, is a linear combinations of integrals (1.5).

The arithmetic nature of the period integrals (1.5) is not known. However, a com-
putation by Borinsky and Schnetz [13] implies that the volume of the principle cone
for GL5(Z) is a very special linear combination of non-trivial multiple zeta values of
weight 8 which involves ¢ (3, 5).

1.7 Polyhedral cell complexes

We finally turn to the main geometric constructions. Theorem 1.3 hinges upon a de
Rham theorem for topological spaces obtained by gluing together quotients of poly-
hedra by finite group actions. In order to make sense of algebraic differential forms
such as (1.1) on these spaces, we embed each polyhedron into an ambient algebraic
variety, which are glued together according to the same pattern.

The most basic construction along these lines is a category, which we call
PLCy, of polyhedral linear configurations over a field £ C R. Its objects are triples:
(P(V), Ls,0), where V is a finite-dimensional vector space over k, o C P(V)(R)
is a closed convex polyhedron, and L, C IP(V) is the union of linear subspaces de-
fined by the Zariski closure of the boundary do. See Figure 5, left. A morphism ¢ :
(P(V), Ls,0) — (P(V'), Ly, ) in this category is a linear map ¢ : P(V) — P(V')
such that ¢(Ly) C L, and ¢(0) C o’. We demand, in addition, that ¢ : 0 — o’ be
either the inclusion of a face, or an isomorphism.

We then define a linear polyhedral complex to be a space assembled out of such
objects (and their quotients by finite linear group actions). More precisely, it is given
by a functor

F :D — PLC;
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Bordifications of tropical moduli spaces 43

Fig.5 Left: a polyhedral linear configuration in P2, Right: two polyhedra o1, o7 are glued together along
the common face 012 = o1 Noy. An algebraic differential form w defines two forms w; = w|g; , fori =1, 2,
which coincide on o77. The form w has poles along a subscheme X, which, as depicted, may not neces-
sarily meet the topological realisation o1 Ug,, 02

where D is equivalent to a finite diagram category. It has a topological realisation:

|F| = lim o (F(x)) ,
xeD

which is the topological space obtained by gluing the polyhedra o (F (x)) along linear
maps. Examples of linear polyhedral complexes include the moduli space of tropical
curves L./\/l;,r0p of genus g, where D is a category of stable graphs, and the moduli
space of tropical abelian varieties LAgOp, in which case D is a category of cones
associated to quadratic forms. The topological realisation of a polyhedral linear com-
plex is closely related to similar notions in the literature, including stacky fans [16]
and generalised CW-complexes [3].

However, a polyhedral linear complex has additional algebraic structure. In par-
ticular, there is a functor SF : D — Schy to the category of schemes which picks out
the first component in each triple x > P(VF(x)). We can speak of a subscheme of F':
it is simply a subfunctor X : D — Schy of SF. Concretely, it is given by the data of
a compatible family of subschemes X C P(Vp(x)) for every object x in D. A global
algebraic differential form on a polyhedral linear complex F with poles along X (see
Figure 5, right) is simply an element of

Q*(F\X) = lim Q° (P(Vi()\Xs) . (L6)
xeD

It is a compatible system of differential forms on P(Vp(y)) with poles along X for
each x. Our main examples are: the subscheme of L/\/lfgmp defined by the graph hy-
persurface locus, and the subscheme of LAtgrOp defined by the determinant locus Det.
The above definitions can be generalised. The most important construction, for
our purposes, is a category BLCy; whose objects consist of iterated blow-ups of poly-
hedral linear configurations along linear subspaces. They are ‘wonderful’ compactifi-
cations of linear polyhedra in the sense of [29]. Using this concept, we can efficiently
define the bordifications mentioned earlier. For instance, we construct a functor

trop, B | f, B
LA™" : D¥™" — BLCq
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44 F. Brown

from a suitable diagram category to BLC. It is defined by blowing up the subspaces
of quadratic forms with a non-trivial rational kernel which meet each cone in the
Voronoi decomposition. A key point is that this space is a diagram of finitely many
algebraic varieties with extra structure; the informal definition of |LAgOp’3| given
earlier in this introduction a priori involved infinitely many blow-ups.

The next theorem is the key geometric input in the proof of Theorems 1.1 and 1.3.

Theorem 1.6 There is a commutative diagram
trop, B trop, B
LA, — LA,
in? intg
rop rop
LA, — LA,

where the vertical maps wp are canonical blow-downs. The strict transform of the
determinant subscheme Det C L.Az,rOp defines a subscheme

Det ¢ LATPE
which satisfies 73 : Det — Det, and has the property
Det N ’LA;‘""’B) —0. (1.7)
On topological realisations, one has a commutative diagram of topological spaces
‘LAEOP’B’ \ \amg‘mﬁ\

!
‘L.AZ,’UOP \ ‘aLAg‘)P

‘ LAYP

where all arrows are isomorphisms. The open locus ILAz’tmp | is homeomorphic to
the locally symmetric space LPg/GLg(Z) =RZ )\ Py /GL4(Z).

A similar theorem holds for the moduli space LMgOp of tropical curves (§8).
1.8 ‘Motives’ of quadratic forms

Hereafter, a motive refers to an object in a suitable Tannakian category Hg of realisa-
tions, following Deligne [30]. An object M in Hg has Betti and de Rham realisations
Mg, Myr and a period pairing My ®q Mar — C. The property (1.7) of the deter-
minant locus enables us to define a canonical object motp associated to a positive
definite quadratic form Q such that the integral (1.5) is a period (Definition 16.1). In
the special case when o, = o is a cographical cone in the image of the tropical
Torelli map, motg,, is equivalent to the graph motive defined in [10]. This construc-
tion provides, in particular, a motivic interpetation of the Borel regulator.
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Bordifications of tropical moduli spaces 45

1.9 ‘Motives’ associated to GL (%)

Similarly, we may find a motivic interpretation of the canonical cohomology of
GLg(Z). For every g > 1 and d > 0 we define a cohomology group Hf (g) con-
sisting of closed compatible families of algebraic differential forms with poles along
the determinant locus (1.6), modulo exact forms. There is a natural map:

HY(g) — HI(LP;/GL,(Z): R)

which is injective on Qf (g) C HCd (g): in particular, Hf (g) contains all the
compactly-supported cohomology classes for GLg(Z) which are described in Theo-
rem 1.1. Integration of differential forms defines a pairing

H}f (GL(2); @ ®q H (9) — C
where H'T denotes locally finite (Borel-Moore) homology.

Theorem 1.7 There is an object Mg of Ho equipped with a pair of canonical linear
maps

H} (GLg(Z): Q) — (MDY

HY(g) — M)ar

such that the integration pairing factors through the period pairing: (Mg)g R0
(Mg)dR — C.

This theorem implies that the part of the locally finite homology HY(GL,(Z); Q)
which pairs non-trivially with H(f’ (g) is motivic, since Mg lies in the Tannakian sub-
category of 1 generated by the cohomology of algebraic varieties over Q. In partic-
ular, the theorem provides a motivic interpretation of the integrals of canonical differ-
ential forms over homology cycles, including the volume integrals over fundamental
domains considered by Minkowski. The objects M are interesting: for example, Mg is
a non-trivial extension of Q(—3) by Q(0) with period a rational multiple of ¢ (3).

1.10 Borel-Serre compactification in algebraic geometry

In an Appendix we study the Borel-Serre compactifiction of LPg/GL,(Z), which

is defined topologically, and prove that it is homeomorphic to |LA§°P’B|, which is

constructed algebraically.

1.11 Recent progress and discussion of unstable cohomology

It was proven by Bismut and Lott [9] that for g > 1 odd, the class of w?¢~! in
H?¢~! (GLg(Z)) vanishes. Conjecture 5.3 in [48] states that the class of »?¢~ 1 also

vanishes in H?¢~!1(GL,11(Z)).
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46 F. Brown

Since the first version of this paper became available, a flurry of preprints appeared
which have enormously advanced our understanding of the unstable cohomology of
the general and special linear groups. Firstly, Ash [5] independently constructed two
infinite families of unstable classes in the cohomology of SL,,(Z), for n = 3k + 3 and
n =3k 4+ 4. When k is even, they lie in the same degrees as the duals of the classes
we denote by [a)zg_l] € HC2 § (GL¢(Z)) and their inflations in ch g+l (GLg4+1(Z)) (see
Theorem 1.1, (ii), (iii)). For k odd, they lie in different degrees from the classes
constructed in this paper. Ash suggests that they align with classes announced by
Lee [41] (more on which below).

At around the same time, [4] and [21] independently showed that the compactly
supported cohomology of the general linear group admits a Hopf algebra structure.
By composing the classes constructed in Theorem 1.1, one can not only prove all
the claims of Lee, but also deduce the existence of a plethora of new and unexpected
classes. See loc. cit. for further details. In particular, all boxed classes in our pre-
vious figures can now be explained in terms of canonical forms using these new
results. For example, the class in H 9(SLe(Z); R) in Fig. 3, which corresponds to
a class in ng(GLé(Z); R), is denoted by [a)5|a)5] in Lee’s notation. The class in
H'(SL7(Z); R) corresponds to a class in H!3(GL7(Z); R) which is related to it by
the inflation map of [15]. The paper [22], which builds on [4] and the methods devel-
oped here, establishes infinitely many new classes on GLy,(Z). In particular, the last
remaining boxed class in H 8(GLg(2)) (equivalently H 8(SL¢(Z)), see Fig. 3) is part
of a large infinite family. We refer the reader to the survey [23] for futher context.

In a different direction, cuspidal classes for GL, (Z) were constructed recently in
[14]. A recent preprint of Vogtmann [58] revisits the bordification of outer space and
asks the question of bordifying the tropical Torelli map, which is answered in §12.

1.12 Plan and further comments

Section §2 introduces a general notion of polyhedral cell complexes in algebraic va-
rieties, for which we prove a cellular homology and de Rham cohomology theorem
in §3. In Section §4 we study the particular subcategory of linear polyhedral cell
complexes PLCy, and their iterated blow-ups in §5.

The first application of this theory is to the moduli space of tropical curves §6, and
its bordification §7-8. The discussion of the moduli space of tropical abelian varieties
begins in §9 with a study of polyhedra in spaces of quadratic forms and their blow-
ups. In Sect. 10 we study LAtgmp and define its perfect cone bordification LAtgmp’B.
Section 11 studies the properties of the determinant locus and its strict transform. In
Sect. 12, we construct the bordification of the tropical Torelli map.

From Sect. 14 onwards, we study the properties of canonical forms and their in-
tegrals, and in §15 we prove the main results on the cohomology of SL¢(Z) and
GL,(Z) mentioned in this introduction. Finally, §16 discusses the periods and mo-

tives associated to canonical integrals and in an Appendix we discuss the relation
between the Borel-Serre compactification and the space IL.Atgmp’B| defined alge-
braically using blow-ups. We expect that the methods of this paper may be used
to define and study the geometric spaces, differential forms, and cohomology classes
associated to other types of graph complexes (see, e.g., [7]), as well as the quotients

of symmetric spaces by general linear groups over number fields.
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2 Algebraic polyhedral cell complexes

We describe a formalism to construct algebraic models of certain topological spaces
defined by gluing together polyhedral cells according to a diagram category. In the
first instance, the cells will be objects of a very general category PCy, but for the
applications we shall work with more restrictive subcategories of convex linear poly-
hedra in projective space (PLCy), and of their blow-ups along linear spaces (BLCy).

2.1 A category of polyhedral cells

Let k C C be a field. There are many situations in which one encounters a polyhe-
dron embedded in the real or complex points of an algebraic variety. Since convexity
does not make sense in this generality, the concept of a polyhedron in an algebraic
variety must be defined using different concepts. To this end, let us denote by PCx
the category whose objects are triples (P, L, o) defined recursively as follows:

e P is a smooth scheme over k.

e o C P(C) is homeomorphic to a closed real ball B, C R" of dimension n > 0,
i.e., there is a continuous map g : B, — P(C) such that g : B, = o. We call n the
dimension of (P, L, o). It may be strictly smaller than the dimension of P.

e The boundary of ¢ satisfies do = o N L(C), where L C P is a subscheme with
finitely many distinct smooth irreducible components L;, i € /.

e Letn > 1.Foreveryi € I such that L; (C) No is non-empty, the triple

Li. |J LinLj.onLi(C) 2.1)
Lj#Li
is required to be an object in PCy of dimension < n.

The objects in PCy, of dimension O are triples (P, L, o) where o C L(C) is a point.
For any object (P, L, o), one has do = Uiel o;, where 0; = o N L;(C) is of smaller
dimension. Therefore by repeatedly taking boundaries, one obtains a stratification on
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o giving a structure of a regular CW-complex on the closed ball B,. Note that the
third condition do = o N L(C) captures a notion of convexity (it fails, for example,
for non-convex Euclidean polyhedra). A morphism:

¢:(P,L,o)— (P,L, o)

is given by a morphism ¢ : P — P’ such that ¢ (L) C L’ and ¢ (o) C o’'. For any

subset J C I,let Ly =(1);c; L;. A face map is an inclusion of a face

Lo | Loy NL(©) | — (P.L,o) (2.2)
JEINJ
where 0 N L;(C) #@. A facet of (P, L, o) is a face (2.1) of dimension dimo — 1.
Example 2.1 Let P = ]P’?Q) denote projective space of dimension n with homogeneous
V(xo---x,) is the union of coordinate hyperplanes, and o C I% (R) is the standard

coordinate simplex defined by the region x; > 0. Its faces are algebraic simplices of
smaller dimension.

Notation 2.2 Define the product [T/_, (P;, L;, 0;) of objects (P;, L;, 07) in PCy by
n

(P1x~--xPn, UP1x~--xP,~_1xL,~xP,~+1x~~-xPn,01x~--xa,,) .
i=1

Denote a product of morphisms fi, ..., f, in PC; by fi x -+ X f,.

We shall also add to the collection of morphisms in PCy the following projection
morphisms, defined for any ordered finite sets I D J:

H(P,',L,’,U,’)—) H(PJ',Lj,O’j) .

iel jelJ
There are two natural functors, both of which preserve products:

oc:PCk —> Top and S:PCy —  Schy

o(P,L,o) = o S(P,L,o0) = P (2.3)

to the category of topological spaces, and schemes over k, respectively.
2.2 Algebraic polyhedral cell complexes

Let Cy denote a subcategory of PC. The main cases of interest are Cy = PLCy (§4)
and C;, = BLCy (85).
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Definition 2.3 A Ci-complex is a functor
F:D—C 2.4)

where D is equivalent to a finite category. We write F, for F(x) when x is an object
of D. A morphism (¢, ®) between two functors F : D — Ci and F’' : D’ — Cy is the
data of:

(i) a functor ¢ : D — D’ and

(ii) a natural transformation ® : F — F’ o ¢.

To spell this out, ® is the data, for every object x of D, of a morphism
&, Fe — (F o)y in Cx

such that, for every morphism f : x — y in D, there is a commutative diagram

Fe -5 (Fog),
VF(p) V(Frop)(f)
®,
Fy  —>(Fog),

In particular, any functor ¢ : D — D’ induces a morphism (¢, id) between F = F’ o
¢ and F’. If ¢ is an equivalence, then F and F’ are isomorphic. In particular, by
replacing D with an equivalent category, we may assume that D is itself finite.

Definition 2.4 The ropological realisation of (2.4) is the topological space

|Fl=lm o(F). (2.5)
xe0b(D)

By taking limits, a morphism (®, ¢) from F to F’ induces a continuous map between
their topological realisations. We denote it by |®| : |F| —> | F’|.

2.3 Subschemes

Let F : D — PCy be a functor (2.4) as above.

Definition 2.5 Define a closed (resp. open) subscheme of F to be a functor
X : D — Schy

such that X is a closed (resp. open) subscheme of SF), for all objects x of D,
and such that the canonical embedding i, : &y C SF, is a natural transformation
i: X — SF.If K =R orC, and contains k C K, then the set of K-points defines a
topological space

|¥(K)| = lim & (K)
xeD

with the analytic topology.

@ Springer



50 F. Brown

Definition 2.5 is analogous to that of a subfunctor. It means that for all morphisms
f:x — yin D there is a commutative diagram

F(f)
—

SF, SF,
Ul Ul
X, 0y

and hence the morphisms between X, are obtained by restricting those from SF'.

Definition 2.6 We say that a closed subscheme Z of F is at infinity, which we denote
by |F| N Z =@, if its image does not meet any of the polyhedra o (Fy):

o (Fy)Nix(Z,)(C) =9 forall x € Ob(D).
Similarly, for an open subscheme U of F we write |F| C U if
o(Fy) C Uy (C) forall x € Ob(D).
Definition 2.7 Given an open subscheme U of F such that |F| C U, define
FNU:D— PCy (2.6)
x = (FNU)y=Uy,LyNU,0),
which we may view as an (open) subfunctor of F : D — PCy.

2.4 Algebraic and meromorphic differential forms

We define various notions of differential forms on a Cx-complex. The most important
will be the notion of a smooth form (2.8), which we can use to compute cohomol-
ogy. Since the cohomology classes we construct are in fact algebraic with specific
polar locus, we also need to define notions of algebraic forms with poles along a
subscheme, as well as meromorphic forms with unspecified poles.

Definition 2.8 Consider a Cx-complex F : D — C and a subscheme X C SF. A
global differential form of degree d on F with poles along X is an element of the
limit
QYUSF\X) = lim QUSF\Xy) .
x€0b(D)

Equivalently, it is a collection, for every x € Ob(D), of regular forms w, €
Q4 (SF,\Xy) which are compatible in the sense that

F(f)*(wy) =w, forevery feHomp(x,y). 2.7)

The graded vector space Q*(SF\X) = P, Q4(SF\X) is a differential graded
algebra. We may also write it Q°(F\X), bearing in mind that it depends only on the
functor SF.
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Consider an object (P, L, o) of PCy. Let us denote by

. d .
Qer (P.L,o)) = lim QUK
U:.occU(C)

the space of meromorphic differential forms which are regular on an open affine
subset U of P whose complex points contain o. Such a form may be restricted to
the faces of o, and so Qf., = @ -0 Q4 . is a contravariant functor from PCy to the
category of DGA’s.

Definition 2.9 Consider a Cx-complex F : D — Ci. A meromorphic differential form
of degree d on F is an element of the projective limit

d : d
Qer(F) = @ Qer (Fx) -
xeOb(D)

It is a compatible collection of meromorphic forms w, € Qflner(Fx) for x € Ob(D).

The total space Q.. (F) =D -0 Q4 (F) is a differential graded algebra.

Examples 2.10 The DGA of meromorphic forms Q& _ (P | L, o) on an algebraic sim-

plex (Example 2.1) contains the polynomial forms on ¢ in the sense of Sullivan [57].

Definition 2.11 The C-differential graded algebra of smooth forms on | F| is

A(IF)) = Lim  A*(o(Fy)) ., 2.8)
xe0Ob(D)

where A°(o (Fy)) denotes the algebra of smooth differential forms over C which
are defined in an open neighbourhood of o (F) inside SF,(C). When k C R, and
all polyhedra o (Fy) are in fact contained in SF, (R) (which will always be the case
in our applications) then A®*(|F|) has a real structure A®*(|F|; R) consisting of the
R-subalgebra of real forms.

If X is at infinity, i.e., X N |F| = (J, then there are natural maps of DGA’s:

Q*(SF\X) C Q. (F)— A*(|F)|). (2.9)

mer
Definition 2.12 Define smooth (resp. global algebraic) cohomology groups:
Hig(IF;C) = H"(A*(IF])) (resp. Hip(SF\X)= Hip(Q*(F\X))). (2.10)
The former is a vector space over C isomorphic to the cohomology of | F| as we shall
show; the latter a vector space over k, which does not equal the cohomology of | F|

in general.
If X N|F| =9, there is a natural map Hjp (SF\X) — Hj, (| F]).
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3 Homology and cohomology of polyhedral complexes
3.1 Assumptions

Let Cy. be a subcategory of PCy such that:

(1) Every face of every object (P, L, o) in C is also an object of C, and the corre-
sponding face map is a morphism in Cy.
(2) All morphisms f : (P, L,0) — (P’,L’, ") in Cy, are either face maps, or induce
homeomorphisms on topological realisations f : o0 =o',
In particular, the topological realisation f : 0 — ¢’ of any morphism in Cj is
necessarily injective. For every (P, L, o) of dimension n > 1 one has
Z ifr=n

H.(0,00;7Z) = . 3.1
r(0,90:Z) 0 otherwise @D

An orientation on ¢ is a generator w € H, (0,00;7Z) iftn>1orw € Hy(o; Z) if
n = 0. The two main categories of interest, PLCy; and BLCy, satisfy (1) and (2). An
important fact is that an isomorphism between objects of Cy induces isomorphisms
of their faces.

3.2 Cellular homology of a polyhedral C;-complex

Let Cy be a category satisfying the assumptions above and let F' : D — Cy be a Ci-
complex.

Definition 3.1 Define the face complex (Cf), of F to be the graded Q-vector space
with generators [0, @], where o is any face of dimension n of the topological real-
isation o F, of an object x of D, and @ is an orientation on o. These symbols are
subject to relations:

(i) lo, A ] = Alo, o] forany A € Z ,
(i) [o,m]=[0, @]

whenever o, ¢’ are n-dimensional faces of o (Fy), o (Fy) respectively, and g : x — y

is a morphism in D which restricts to an isomorphism o F(g) : o = o' which sends
w tow’.

Define a differential d : (Cf),, = (€f),_; by

dlo.w]=) [tz ] 3.2)

T

where the sum is over all facets T of o, where dimt =dimo — 1, and @ |r is the
image of @ under the boundary map H, (o, do0) — H,_1(zr,d7t). One checks that
d>=0.

Theorem 3.2 There is a natural isomorphism H,(CF) = H,(|F|; Q).
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3.3 Differential forms and de Rham complex

To show that the complex A" of smooth forms (Definition 2.8) computes cohomol-
ogy, we only require that:

H*(A"(0))=H"(0;C) and H°*(A"(90))=H"(do;C) (3.3)
and furthermore, that elements of A" are extendable in the sense of [57, §7]:
i*: A%00) —> A®(30) is surjective, (3.4)

where i : do C o denotes the inclusion map. The following theorem is in fact valid
for any complex of differential forms which satisfies these properties.

Theorem 3.3 Let F : D — Ci be a Ci-complex, and define the de Rham complex of
F via (2.8) (for which A" satisfies (3.3) and (3.4)). There is an isomorphism

H" (A*(IF))) — H"(|F|;C) ,
where H" (|F|; C) = H, (|F|; C)¥, which is induced by a bilinear pairing

H" (A*(IF))) ® Hy(IF|) — C (3.5

w®y|—>/w.
Y

By Theorem 3.2, it may be interpreted as a pairing H" (A*(|F|)) ® H,(€(F)) — C.

Before proceeding with the proof, note that the integral (3.5) makes sense because
a differential form w € A®*(F) gives rise to a well-defined smooth differential form on
each simplex of | F|, by the compatibility condition (2.7). The integral converges be-
cause the simplices in | F| are compact, and have finitely many isomorphism classes.

Remark 3.4 Sullivan defined a differential graded algebra of polynomial differential
forms for simplicial complexes [57, §7, (i), p. 297], and proved that it satisfies the
extendability condition (3.4). Since they are special cases of meromorphic forms, his
argument implies that the induced map H" (Q2},..(F)) — H"(A*(|F|)) is surjective.
Even though the complex Q7. (F), and hence its cohomology, has a k-structure,
the map H" (225, (F)) ® C — H"(A*(|F|)) is not an isomorphism (the former is
infinite-dimensional) and so cannot be used to define a rational structure of finite type
on the de Rham cohomology H" (A®*(| F|)). In other words, the periods one obtains

by integration (3.5) depend on the location of the poles of w.
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3.4 Proof of Theorems 3.2 and 3.3

The proof of Theorem 3.2 is standard (compare with [37, Theorem 2.35], [15]). Con-
sider the filtration of X = | F| by subspaces

where the disjoint union is over all faces of polyhedral cells of dimension p. It in-
duces a filtration F,Cq(X) = Co(X ) on the singular chain complex, giving rise to a
spectral sequence

E),=Hpiq(grhCo(X) = Hpyy(Xp. Xp1)

which converges to grf H p+q(X). The complex (E ]1] ¢ d 1) takes the form:

> Hp-‘rq(va Xp_1) — Hp+q—1(Xp—17 Xp2)—> - (3.6)

where the maps are induced on the level of chains by the boundary map. By definition
of X, there is a natural morphism

@ (Hp (0, 30y)) /Autp(oy) — Hp(Xp, X p—1) (3.7)

dimo,=p

where the sum is over all equivalence classes of faces, where two faces oy, oy are
equivalent if they have the same image in X, and Autp (o, ) is the subgroup of auto-
morphisms on the face o, induced by morphisms in the category D. The map (3.7) is
surjective since the intersections o N o, between all non-isomorphic faces oy, oy are
unions of faces of dimension < p — 1, and contained in X, 1. Since Hp4(0x, d0y)
is concentrated in degree g = 0 (3.1), this proves that the spectral sequence degener-
ates at E', and the cohomology of X is isomorphic to the cohomology of the com-
plex (3.6) on setting g = 0. In order to identify this complex with the face complex,

g (c; x) 18 isomorphic to the locally finite
(Borel-Moore) homology of the interior of o,. Since by assumption on Cy the interi-
ors of faces are either disjoint or isomorphic, we conclude that (3.7) is also injective,
and therefore defines an isomorphism

one may observe that Hj,, ,(oy, doy) = Hf

C(F), = Hy(Xp, Xp_1)

by Definition 3.1. Furthermore, since the morphisms in (3.6) are induced by the
boundary map on relative cohomology, we may identify (E[],’O, d") with the face
cgmplex (3.2). This completes the proof of Theorem 3.2, and shows, in passing, that
d-=0.

Theorem 3.3 is a de Rham version of Theorem 3.2. We shall prove it in a similar
way by replacing the singular chain complex with a complex of differential forms and
replacing vector spaces and linear maps with their duals. First we need the following

lemma.
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Lemma 3.5 Assume (3.3) and (3.4). Let K*(c) =ker(i* : A®(0c) — A®(00)). Then
H"(K*(0)) — H"(0,00) . (3.8)

Proof By assumption, the relative cohomology group H" (o, d0) is the cohomology
of the mapping cone of i*, which is the complex A" (¢) @ A"~ (do) with differential
d(a, B) = (da, i*a — dB). The map (3.8) is induced by the morphism of complexes:

K*(0) - A" (o) ® A" ' (30)

where k (w) = (w, 0). To see that (3.8) is surjective, let (w, ) € A" (o) ® A" (30)
be closed, which implies that dw = 0 and i*w = dn. By (3.4), there exists o €
A"~ (o) such that i*a = . The cohomology class of (w, 1) is also represented by
(w,n) —d(a,0) = (w —da, 0), which equals k(v — da). Note that w — do € K*(0)
since i *(w — da) = i*(w) — dn = 0. To establish the injectivity of (3.8), suppose that
k(w) = d(a, B) is exact. This implies that do = w, and i*o = dB. By (3.4), there
exists ¥ € A®*(o) such that i*y = 8, and hence w = d (o — dy) is exact in K*®(0),
since i*(a —dy) =i*a —dp =0. d

The proof of Theorem 3.3 proceeds as for Theorem 3.2. The filtration X, on
X induces a cofiltration on the differential graded algebra A" (| F|). It produces a
spectral sequence converging to the cohomology of A®*(|F|). It is enough to show
that this spectral sequence is isomorphic, via integration, to the dual of the homology
spectral sequence considered above. The integration pairing is well-defined on the
level of chain complexes because of Stokes’ theorem. The associated graded of the
cofiltration on A" (| F|) is

K;,<|F|>=ker( lim A*c) —  lim A'(m))

dimo,<p dimo,<p—1

consisting of compatible systems of differential forms on faces of dimension p which
vanish on faces of dimension p — 1. As previously, one has an isomorphism

HPI (KR (FD) = HP (K} (02)) /Autp (@)

Ox

= @ HP™ (0, d0y) /Autp(oy)

Ox

where the direct sum is over equivalence classes of o,, and the second equal-
ity follows from (3.8). The relative cohomology H?”%4 (oy, doy) is isomorphic
to the compactly supported cohomology H/ +q(gx) and is canonically dual to
H,14(0x, d0y) ®z C. This implies that H7*4 (K, (IF])) vanishes except in degree
g =0 and, in this degree, is dual to €(F), ® C via the integration pairing, which
proves Theorem 3.3.
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3.5 Relative homology and compact supports

Let F, G be two Cx-complexes and i : G — F a morphism such that i : |G| < |F]|.
We may identify |G| with its image i (|G|). Define the DGA of compactly supported
forms on the complement by

AZ(FI\ 1G] = Tim AZ (o (F)\(o (Fx) NG)))
xeD

and write Hé‘R’C (IF| \ |Gl)=H"(A2 (IF| \ |G|)). Define the relative de Rham co-
homology Hj, (|F|,|G|) to be the cohomology of the mapping cone A® (|F|) ©

A*~1(|G|) with respect to the differential d(w, n) = (dw, i*® — dn).
Relative homology and cohomology satisfy the usual long exact sequences.

Theorem 3.6 There is an isomorphism H,(Cr/Cg) = H,(|F|, |G|; Q). Integration
defines a canonical isomorphism of C-vector spaces:

Hiz (|F|,1G)) — (H, (|F|,1G|; Q)" ®C.
The map defined on complexes by w +— (w, 0) passes to a canonical isomorphism
Hiz (F| \ |G) — Hjg (IFI,|G]) . (3.9)

Proof The first part follows formally from Theorems 3.2 and 3.3. To prove (3.9), one
may follow the same strategy as Theorem 3.3: the filtration X, on | F| gives rise to a
cofiltration on A2 (|F| \ |G]) and a spectral sequence whose E },q terms are

P HE (0:\(0x NG /Autp(oy) (3.10)

Ox

= P HR (0r. 90, U (0, N |G)) /Autp (ox)
Ox

where the direct sum is over equivalence classes o, of cells of dimension p.?
Since every morphism in Ci is either a face map or an isomorphism, it fol-
lows that either o, N |G| is contained in the boundary of oy, in which case
HEF (0, 00, U (0, N|G)) = HE (0y,80y), or o, C |G|, in which case this
group vanishes. It follows that the complex on the right-hand side of (3.10) is dual,
via integration, to €r /Cs Q C. O

4 Linear polyhedral complexes

Let V be a vector space of dimension n + 1 over a field k C R, and let P(V') denote the
associated projective space of dimension n. When V has a preferred basis, we write

20ne can directly compare this with the associated spectral sequence for the cohomology of the mapping
cone A® (|F|) ® A*" 1 (|G])). One replaces KI.7 (| F|) with a complex consisting of forms which vanish on

X ,—1 U|G|. Its cohomology is B, H(ﬁjq (0%, 30y U (ox N |G))/Autp (oy).
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[P} instead of P(k™*1). We call a projective linear configuration L C P(V) any finite
union L = |J;¢; L; of linear spaces L; C P(V), all of which have equal dimension.
Correspondingly, there are linear subspaces W; C V, such that L; = P(W;) for all
i € 1. For any subset J C I, we shall write L; = ()¢, Lj and Wy =(;c; W;.

4.1 Polyhedral linear configurations

Let us write Vg =V Qi R.

Definition 4.1 A real polyhedral cone defined over V is the convex hull of a finite set
of vectors vy, ..., v, € V, where m > 1:

o =Rxo(vi,....,vm) C Wr. 4.1

Its cone point is the origin. A polyhedral cone is called strongly convex if it does not
contain any real line Rw, for a non-zero vector w € V.

A (projective) polyhedron in P(V) is a pair (o, V), where o C P(VR) is the link
of the cone point of a strongly convex polyhedral cone (4.1) defined over V:

o=(c\ {0})/RZ,.

Given a polyhedron (o, V), we write V,; C V for the k-linear span of its defining
vectors vy, ..., vy (4.1). The space V,; only depends on o, and indeed, the associated
projective space P(Vy) is the Zariski-closure of the k-rational points o NP(V) (k). In
particular, (o, V) is a polyhedron in P(V,) and has maximal dimension. In general,
the vector space V,; may be strictly contained in V. We may allow the case when all
V1, ..., Uy =0and o is empty.

By a well-known theorem of Minkowski and Weyl, a polyhedron may equiva-
lently be described by its facets. There is a unique, finite, minimal set of hyperplanes
(Hj)jes C Vs CV where H; is defined by the vanishing of a non-zero linear form
fj € V,/ defined over k, such that for all j € J:

oNVe @k R)={xeV, @ R: fj(x)>0forall j € J}.

Note that o N (V; ®k R) is canonically identified with o via the inclusion V; — V.
A facet of o is a non-empty projective polyhedron of the form (o N H;, V), and
has dimension one less than o. A face of o is any non-empty intersection of facets
(cNH; N---NHj., V), fork > 0and avertex of o is a face of dimension zero. Every
vertex of o thus defines a k-rational point in P(V') and, one may show, is the image
[vi] € Px(V)(k) of some vector v;, for 1 <i < m, where the v; are as in (4.1). Not all
of the vectors v; are necessarily vertices and may be redundant in the definition of .

Definition 4.2 A polyhedral linear configuration over k is a triple (P(V), Ly, 0)
where (o, V) is a polyhedron, and L, is the linear configuration in P(V) whose
components L; =V, are the affine spans of every facet o; of 0.
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In particular, each component L; of L, satisfies dim L; = dim o — 1 and the set of
real points L, (R) is nothing other than the Zariski-closure of the set of points of the
boundary do in P(V)(R). In this manner, a polyhedron (V, o) uniquely determines
a polyhedral linear configuration (P(V), L, o), and vice-versa.

Definition 4.3 A map of polyhedral linear configurations, which we denote by
¢ : (P(V)’ LUa G) — (]P)(V/)s L(T/9 OJ) ) (42)

is given by an injective linear map ¢ : V < V'’ such that the induced map of projec-
tive spaces, also denoted by ¢ : P(V) — P(V’), satisfies both

p(L)YCL and ¢(o)Co’.
In particular, every face of o maps to a face of o”'.

Remark 4.4 The above definitions are insufficient to express the subdivision of poly-
hedra into smaller polyhedra. For this one must consider a more general notion where
L contains linear subspaces in addition to the Zariski closures of the facets of o.

Example 4.5 The standard simplex in projective space P7, with homogeneous co-
ordinates (xg : ... : x,) is the polyhedral linear configuration (P}, L, o), where
L=V(xg---x,),and o C P@(R) is defined by the region x; > 0.

4.2 Faces and their normals

Let (P(V),Ls,0) be a polyhedral linear configuration, and consider any face
or of o. The polyhedron (of, V,,) defines a polyhedral linear configuration
(P(Voy), Loy, o0F) and a ‘face’ map

(HD(VUF)7 L0F50F) — (]P)(V)7 L’O) ’ (43)

which is the map (4.2) induced by the inclusion of V;;,. in V, and corresponds to the
inclusion of of in o. Note that (o, V) has maximal dimension, i.e., dim(of) =
dim(Vs,.) — 1, but the same is not necessarily true of (o, V). For the trivial face, when
or is equal to o itself, (4.3) gives a linear map (P(V;), Ly, 0) — (P(V), L, 0).

Definition 4.6 Let W C V be a vector subspace such that oy = o NIP(W) is a face of
o (here and elsewhere, we write 0 NP(W) for 0 NP(W)(R)). Consider the polyhedral
cone:

aw C(V/W)R

which is the image of & (4.1) under the natural map Vg — (V/W)g. It is defined
over V/W since it is the convex hull of the images of a set of defining vectors v;
(4.1) under the natural map V — V/W. Denote by o, the link of its cone point.

It is important to note that ow is not necessarily assumed to be Zariski-dense in
P(W), i.e., W may strictly contain the space Vg, .
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Lemma 4.7 The pair (o;w, V /W) is a polyhedron.

Proof 1t suffices to show that o,y is strictly convex. We do this by showing that it
is contained in a standard simplex (Example 4.5). Consider any choice of irreducible
components L; of L, such that the face ow is given by the intersection oy = o N
LiN---NLy. We may assume that Ly, ..., L,, are normal crossing. Since oy is
Zariski-dense in L{ N --- N L, it follows that L; N --- N L, C P(W), and hence
dim W > dim V — m. Since the L; cross normally, it follows that any subset of p =
dim(V /W) < m spaces L;, and in particular L1, ..., L, defines a set of coordinate
hyperplanes on P(V/W). Let x; be a system of coordinates on P(V /W) whose zero
loci are the L; fori =1, ..., p. By replacing x; with —x; we may assume that the
x; are non-negative on o. By construction, the link o, is contained in the strictly
convex region {(x:...:xp):x; >0} O

Definition 4.8 Define the normal of o relative to W to be (P(V/ W), LG/W, o/w)-

A map of polyhedral linear configurations induces maps simultaneously on faces
and their normals. More precisely, let ¢ be as in (4.2), and suppose that W C V
meets o in a face oy = o N'W of o. Then ¢ (W) = W’ also meets o’ in the face
oéV, =0’ N W/, and we deduce a pair of maps of polyhedral linear configurations:

¢l : W), Loy, ow) = P(W), Lot . o) 4.4)

¢/W : (P(V/W)a LG/wsa/W) - (P(V//W/)v Lg’/’leo‘//W/) .

Remark 4.9 The projectivised normal bundle of the linear subspace P(W) C P(V) is
trivial, and is canonically isomorphic to a product of projective spaces:

P(Npw)p(v)) =P(W) xP(V/W) .
For any subspace W C V meeting o in a face oy, the product of polyhedra
ow xoyw  C PW)R) xP(V/W)R)

is contained within it. A map of polyhedral linear configurations ¢ as above induces a
map on the products ow x o/w — oy, X oy, These products encode the infinites-
imal structure of ¢ in the neighbourhood of oW . This will be discussed in §5.4.

Lemma 4.10 Let (o,V) be a polyhedron, and let Wi C Wr C V such that o N

P(W)D@R) = o NP(W2)(R) is a face of o. Then P(Wy/ W1)(R) does not meet
(o/w,, V/W).

Proof 1f P(W,/ W1)(IR) were to meet o, w,, then there would exista 0 # v € Wp/ W
whose image in P(W>/ W1)(Q) is a vertex of o;w,. This would imply that o N
P(W>)(R) strictly contains o N P(W1)(R), a contradiction. Il
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4.3 Category of polyhedral linear configurations

Definition 4.11 Define a category PLC; whose objects are polyhedral linear config-
urations over k, and whose morphisms are generated by:

(1) (Linear embeddings) Maps of the form f : (P(V),L,o0) — (P(V'), L', o),
where f is a linear embedding which satisfies f(L) =L and f (o) =0/,
(2) (Inclusions of faces) For any face o of o, the face maps (4.3):
(]P)(VO‘F)v LO‘F’ OF) — (]P)(V)v L’ U) .
The category PLCy is a sub-category of PCy satisfying the assumptions of §3.1.

Remark 4.12 The above categories are adapted to studying the links of cones. If one
is interested in the cones per se, one may consider a version in which one replaces
projective space [P} with affine space AZH, and o with 7, efc.

4.4 Linear polyhedral complexes

Definition 2.3 leads to the following:

Definition 4.13 A linear polyhedral complex is a PLCy-complex, i.e., a functor from
a finite diagram category to the category of polyhedral linear configurations.

Remark 4.14 The topological realisation of a polyhedral linear complex is obtained
by gluing together finitely many quotients of strictly convex polyhedra by finite

groups of automorphisms and defines a symmetric CW-complex (see [3]).

We may define subschemes of polyhedral linear complexes, and differential forms
upon them in the manner of §2.3, 2.4.

5 Wonderful compactications of linear polyhedral complexes

5.1 Blowing-up linear subspaces

Let B denote a finite set of linear subspaces P(W) C P(V) with the property that B
is closed under intersections.

Definition 5.1 The (wonderful) compactification [29] of P(V) along B is denoted
ng: PB(V) — P(V)

and is defined to be the iterated blow-up of P(V) along the strict transforms of the
strata P(W;) € B, in increasing order of dimension. It is independent of the order of
blow-ups, and hence well-defined. Let DB c pB (V) denote the exceptional divisor.
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Proposition 5.2 The iterated blow-up PB has the following properties.

(i) Let f : U — V be an injective linear map, and B a set of subspaces of P(V)
as above, such that P(fU) is not contained in any element of B. If f~'B denotes
the set of preimages f~'P(W) of spaces P(W) in B, there is a canonical map fB :
PI'BWy) = PB(V) such that

1B BB
P U) — P2(V)
! o
PU) L PV
commutes, where the vertical maps are the blow-downs 7 y-13, 73 respectively.

(i) Suppose that B, B’ are two sets of linear subspaces as above which are closed

under intersections. Suppose that B’ C B. Then there is a canonical morphism

ns5 : PE(V) — PB (V).

Proof Part (i) follows from repeated application of the universal property of strict
transforms [36][II, Corollary 7.15]. For (ii), the proof is by induction. Choose any
linear ordering on B compatible with the order of blowing-up (i.e., in increasing
dimension). Let B,, C B denote the first n elements of B. Suppose by induction on
n that we have constructed morphisms 7, : PBn(v) > PB/“B'"(V) for all m <n
such that the following diagrams commute, where the vertical maps are the natural
(blow-down) maps:

pBnyy I pB0Bu(y)
1 { 5.1
pBu-i(vy 5 pBBa(y)

and where g : P(V) — P(V) is the identity. Let 5,11 \ B, = {P(W)} where P(W) C
P(V) is a blow-up locus for pB (V). To define 7,1, there are two cases to consider.
Either P(W) is an element of B/, or it is not. If it is not, then B’ N B, = B' N
B,, and the map 7,11 : PBrt1 V) — pE Bt (V) is simply the composition of the
blow-up PBr+1 V) —> PBn (V) with 7, (in this case, the vertical map on the right
in (5.1) is the identity when m = n + 1). In the contrary case, B,+1 = B, U {P(W)}
where P(W) € B'. Let Y denote the strict transform of P(W) in PB/HB"(V). By
commutativity of the diagrams (5.1) for all 0 < m < n, its inverse image 7, 1 (Y) in
PBn (V) is a Cartier divisor since it is the union of the strict transform Y’ of P(W)
in PB(V), which is Cartier, with exceptional divisors (likewise). By the universal
property of blowing up [36][II, Proposition 7.14], there is a unique morphism 7 :
Bly: pbn (V) — Bly pBNBs (V) such that the following diagram commutes:

Bly PBi (V) — BlyPEMBi(v)
\ \:
pBrvy I pBNBuy)
Since Bly' PBr (V) = PBrt1(V) and Bly PE B (V) = PBBit1 (V) we may define
Tn+1 to be the morphism 7, which completes the induction step. O
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Proposition 5.3 [29]. The irreducible components 5‘,1‘3, of DB are in one-to-one corre-
spondence with subspaces P(W) € B of codimension > 1, where 7 : SVZ[;, — P(W),
and 55‘3, is the Zariski closure of the inverse image with respect to g of the generic
point of P(W).

If we define the following sets (which are closed under intersections):

By ={P(T) S P(W) for P(T) € B such that T C W} 5.2)
Byw ={P(T/W)CP(V/W) for P(T) € B such that T 2> W}

(recall that P(0) = @) then there is a commutative diagram

pBwv s pBw = B
— Vs (5.3)
P(W) x P(V/W) — P(W)

where the horizontal map along the top is a canonical isomorphism, and the one
along the bottom is projection onto the first factor P(W). The divisor DB is simple
normal crossing, and two components 55’; and 5‘% have non-empty intersection if
and only if one of the two spaces P(W), P(W’) is contained in the other.

Remark 5.4 The following observation will be useful. By (5.3), Evlf, is canonically
isomorphic to the iterated blow-up of P(W) x P(V /W) relative to 7, and By
on each factor. The product P(W) x P(V /W) is isomorphic to the exceptional divi-
sor of a single blow-up of P(V) along P(W). Thus the exceptional divisor 8‘?, may
be computed by first blowing-up a single linear space P(W) inside P(V), and then
computing the iterated blow-ups relative to By and B,y on each factor P(W) and
P(V /W) of its exceptional divisor.

By repeated application of Proposition 5.3, one shows that intersections of irre-
ducible components of DB are in one-to-one correspondence with sequences

P(Wi) CP(Wi—1) C--- CP(Wy) CP(V) 54

where P(W;) € Bfori =1, ..., k and all inclusions are strict. The corresponding sub-
scheme of DB is isomorphic to ]_[k+1l pBi (Wi—1/W;) where Wy11 =0and Wy =V

i=

and where B; = {P(T/W;) where P(T') € B such that W; € T C W;_1}. The previ-
ous proposition can be proved using explicit local coordinates, which we describe
presently.

5.2 Local coordinates for linear blow ups

Given a sequence (5.4), we may choose projective coordinates «fp, ..., &, on P(V)
such that

PWp)=V(ay,a2,...,;,) for 1<m<k,
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for some increasing sequence 0 < i; < --- < iy < n. A choice of local affine coor-

dinates on PB lying over the open chart «, = 1 of P(V) is given by B, ..., Bi—1
where:
231 al] 1 al] aiz—l
ﬂ]: :Bll 1= ﬂll—_a“-’ﬂiz—]: y e
all (79 in (0473
(077 O —1
Biv_y = sores By—1=——, Biy =Qpg» - » Bu—1 =01
237" iy

The equation of the exceptional divisor Ey,, which lies over P(W,,) is g;, = 0.

The isomorphism Ey = pBw x pB W in the case W = W,,, is represented
by the partition of Bi,..., B,—1 into two sets of coordinates B, ..., B;,—1 and
Bin+1s - - - » Ba—1 corresponding to the iterated blow-ups of two nested sequences:

P(Wi) C-+- CP(Wiy2) CP(Wyq1) CP(Wy)
]P(Wm—l/wm) c---C P(Wl/Wm) C ]P(V/ Wm)

lying over the affine charts with coordinates (o : ... : «;,—1 : 1) for P(V/W,,), and
(ctj,+1 ... 10p—1 1 1) for P(W,,). Propositions 5. 2 5 3 may be proven by computing
directly in these coordinates.

Lemma 5.5 Let H C P(V) be a hyperplane and let P(W) € B. Denote by HcpB
the strict transform of H under . Then

PBv x Hyw if P(W)CH
Hy x PB/w if P(W)ZH,

where Hy = H NIP(W), and, when H corresponds to a subspace W C Hy C V,
we write Hyw =P(Ho/W). Their versions with tildes denote their strict transforms
under the iterated blow-ups ng,, and g, , respectively. If H € P(W) then H=0.

Proof 1t follows from Remark 5.4 that it is enough to compute the case when 5 =
{P(W)} reduces to a single blow-up. The strict transform of H is either

Hy xP(V/W) or P(W)x H;,y inside P(W)xP(V/W)

depending on which of the two cases are satisfied, since H meets the normal bundle
of P(W) in the product of a hyperplane and a projective space. Alternatively, one can
also verify the lemma by direct computation. Suppose that H has the equation

Aoy 4o+ Ao, =0, (5.5

and suppose that W = W,,,. One has P(W,,) C H ifandonly if A; 41 =--- =X, =
0. After performing the change of variables on the affine chart described above, it
becomes
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Bin - - Bir (M1B1Biy -+ Binoy +22B2Biy - Bin +++ F Aipy—1Bin—1 + Aiy,)
+ (Mipgt1 Bin41Bimsr - - Bix + -+ Ane1 Bue1 + An) -

In the case when P(W,,) € H, then setting f8;,, = O annihilates the first line of the
previous expression, leaving only the second term in parentheses. It is precisely the
equation of the strict transform of Hy in PBW_Tn the case when P(W,,) C H, the
second term in parentheses is identically zero, and therefore the strict transform of H
has the equation:

MB1Biy - Biyy +22B2Bi, - Biyy + o+ Aiy—1Bi—1 + A4,
which is the equation of the strict transform of H,w in PBiw. d
5.3 Blow-ups of polyhedral linear configurations

Let (P(V), L,o) be a polyhedral linear configuration, and let B be a finite set of
linear subspaces P(W) C P(V) such that:

(B1). B is stable under intersections, and
(B2). for every P(W) € B, the set oy =0 NP(W)(R) is a face of o, or is empty.

Consider the iterated blow up 753 : pB IP(V) defined above. In the usual case
when o is not contained in P(W)(R) for some P(W) € B, we let

oB=nz'0) c PE®) (5.6)

denote the closure, in the analytic topology, of the inverse image of the interior of o.
If o is contained in a P(W) € B, then o' is defined to be the empty set (alternatively,
we may define oB to be the closure of the inverse image of o N (P(V)\ U B)(R), the
intersection of o with the complement in P(V)(R) of all blow-up loci in B, which
covers both cases). In local coordinates §5.2, the interior of o8B is defined by the
positivity of a finite number of polynomials fi, ..., fx > 0 where the f; are the local
equations of strict transforms of bounding hyperplanes, and exceptional divisors. The
semi-algebraic set o8B is then locally defined by f1, ..., fx = 0.
When o8B is non-empty, we define a face of oBtobea non-empty intersection

o8N D®)

where D is any intersection of irreducible components of the total transform g ! (L).
A facet is a face of dimension dimo — 1. Finally, define LB < PB to be the union

of the Zariski closures of the facets of 8. It depends on o, but we usually write LB
instead of LE .
Definition 5.6 The blow-up of (P(V), L, o) along B is the triple (P5, LB, 5B).

By definition, the facets of o2 are Zariski-dense in the irreducible compo-
nents L of LB. From the description of the local coordinates on PB one sees that
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oBis a topological polyhedron inside PB(R), whose boundary satisfies 3o B =

oB N LB(R). Note that LB contains the strict transform of L, and is contained
within its total transform. It will follow from the description of faces in §5.4 that
the triple (PB, LB oB) defines an object of PC;. As in §2, a map of triples
¢: (PB, L?, GIB) — (PB, L28, 028) is a morphism of schemes ¢ : PIB — P2B such
that qb(L? ) C L? and whose restriction to real points induces qb(GlB ) C 023 . In prac-
tice, we shall only consider maps of very specific types.

Example 5.7 (i). The blow down map

i (PP, LP 0P — (B(V), L, 0) (5.7)
is a morphism in PCy. The map 75 : 0B
since it may collapse faces.

(ii). More generally, consider two sets B, B’ which satisfy B1, B2 such that B’ ¢ B
(the previous example is the case B’ = (). Then Proposition 5.2 (ii) provides a map

— o is not in general a homeomorphism

TB/B - pB ., pB .
It restricts to a continuous map o2 — o8 and defines a morphism
w5 s (PP LP, 0P) — (PP LF o). (5.8)

Definition 5.8 Recall from the proof of Proposition 5.2 (ii) that 753,53 is constructed
inductively by blowing up elements of B. Let 53, denote the first n elements of B.
Suppose that B’ N B, = B’ N B,, in which case we have a commutative diagram
(5.1):
PBr1 (V) Tl pBNByi V)
\ Il

T

PB"(V) BN PB/OB”(V)

where the vertical map on the right is the identity. Suppose that 3,11 = 5, U{P(W)},
and let Y denote the strict transform of P(W) in PBx (V). Then PBn (V) is the blow-
up of PBr(V) along Y. We shall call this blow-up extraneous (to o) if

YNobBr=¢. (5.9)

Then, since PBr+1(V) is isomorphic to PBr(v) away from Y, and hence in a Zariski-
open neighbourhood of the compact set a,fg , it follows that oBr+1 = ¢Br In other
words, the extraneous blow up only changes the geometry of P Bu(v) away from the
region oBn.

More generally, we shall call the map 73,5 an extraneous modification if, every
time this situation occurs in the formation of PB (V), i.e., for all n such that B’ N
Bu+1 = B N B,, then the blow-up locus is extraneous (i.e., (5.9) holds). Since every

such extraneous blow-up is trivial on a Zariski-open neighbourhood of oBr it follows
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B}l

that every m, is an isomorphism locally near o~". We conclude that an extraneous

modification satisfies

TB/B 0B 5 68

since the additional blow-ups in B\ B’ are away from the polyhedron o

Example 5.9 (Linear embeddings). Let & : Vi — V, be an injective linear map and
consider the corresponding morphism of polyhedral linear configurations:

h:®PV1), Li,01) = (B(V2), Lz, 02)

as in Definition 4.11 (1), where A(L{) = L, and h(o) = 05. If B; is a set of linear
subspaces of P(V,) satisfying (B1) and (B2) relative to o7, such that P(V}) is not
contained in P(W) for some P(W) € BB, then let

Bi=h"'B,= [P(h—lvv) CP(Vy), forall ]P’(W)eBg} .

The set B satisfies (B1), (B2) relative to o1 and Proposition 5.2 (i) gives a morphism

(PBr vy, LB 6Bty — (PB2(vy), 152, 6P . (5.10)

There is a commutative diagram where the vertical maps are 7, and 7,:

(PB (), LB 0Py 5 (PB2(Vy), 152, 01?)

J ~ 2 (5.11)
(P(V1), Ly, 01) — (P(V2), L2, 02)

5.4 Faces and their product structure

Proposition 5.10 Consider a polyhedral linear configuration (P(V), L,o0) and B as
above. Let P(W) € B which meets o, and let 55‘3, c PB denote the exceptional divisor
lying above P(W). Then, via the isomorphism 55”, ~ pBw x pBw (see (5.3)), one
has

oBNEE®) =0 xapy” (5.12)

where oy = o NP(W)(R) is the face of o cut out by P(W), which exists by as-
sumption (B2), and oyw CP(V/W)R) is its normal. If ow is contained in some
P(T) € B, where T C W (i.e., oy =0 NP(T)(R)), then GSW is the empty set. If not,
we have:

LBl = (LB x PP ) [ (PP < Lol ) -

Proof Let B’ = {P(W)}. Proposition 5.2 (ii) implies that the blow-down P2 — P(V)
factorizes through pB . pB P(V). Consider its restriction to the complement
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of all exceptional divisors except for Ey . It factors through the maps

PB U &]—r5\DE P
P(T)eB,T#W

where D is the union of the strict transforms of P(7") € B for every T not contained in
W, and the total transforms ng,l (T) for P(T) C P(W) in B. Since the first map is an
isomorphism, the interior of oBng VZ‘S/ (R) can be computed in the middle space P B \
D, and so it suffices to consider a single-blow up of P(V) along P(W). To compute
it, note that the interior of the polyhedron o is the intersection of a finite number of
regions f; > 0, where f; is a linear form such as (5.5) whose zero locus H; = V(f;)
is a bounding hyperplane of o. The inverse image of its interior, intersected with
the exceptional divisor £ C PB of g, 1s therefore cut out by the strict transforms
of the H; in & =P(W) x P(V/W). By Lemma 5.5, the strict transforms are of
the form H x P(V/W) or P(W) x H. The former define bounding hyperplanes for
ow C P(W)(R); the latter define bounding hyperplanes for o, , by definition of the
normal polyhedron (Definition 4.8). Thus, after a single blow-up of P(W) in P(V),
the interior of the intersection o2 N &' (R) is

ow xa,w C P(W)(R) x P(V/W)(R) ,

where a superscript o denotes the interior. In the case when there exists P(T") C P(W)
in BB such that P(W)No =P(T) No, we have 715,1 (P(T)) =P(T) x P(V/W), and
it follows that c;W X & ,w is contained in D. We conclude that the interior of oBn
E‘lf, (R) is empty. By the earlier description of oB as a connected semi-algebraic set,
the face o8N Evlf, (R) is equal to the closure of its interior, which in this case is empty.
By definition, UVBVW is also empty and so formula (5.12) holds.

In the case when there does not exist such a P(T'), every element of By meets
ow C P(W)(R) along a face (and does not strictly contain it). The same holds for
B,w relative to o/w C P(V/W)(R). By Remark 5.4, the restriction of 75,5 to Ew
is the product 73, x 7,,,. The interior of oB N Ew (R) is therefore the product

Ty @W) X 75 (0 /W) (5.13)

As before, oBnée w (R) is equal to the closure of its interior. By (5.6), the topological
closure of (5.13) is ng X U/BV{,W, which proves (5.12). The final statement concerning
LBn 8‘?, follows from the definition of LB as the union of the Zariski closures of the

facets of o'B. O

In the particular case when 5 = {P(W)} is a singleton and hence PBis simply the
blow-up of P(V) along P(W), formula (5.12) states that

O’Bﬂgw(R)ZO'W Xo/w,
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e~

P(W
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Fig.6 Two loci P(T) C P(W) meet o in the same face, and so P(W) is not minimal. After performing
the blow-up of B = {P(T)}, the strict transform of P(W) has moved away from the polyhedron oB. The
subsequent blow-up of P(W) is thus extraneous and does not affect o

which provides an infinitesimal interpretation of the normal polyhedron (Remark
4.9).

The situation when UVBVW = () arises when there exists P(7") C P(W) in B such
that ow = o NP(T)(R) =0 NP(W)(R), i.e., W is not minimal amongst the set of
spaces in B which meet o along ow. This phenomenon is discussed in further detail
in §5.5. Another way to see that 05‘” = () in this case is as follows. After blowing
up the subspace P(T), it follows from Proposition 5.3 applied to £7 that the strict
transform of P(W) no longer meets the closure of the inverse image of o, since by
Lemma 4.10, it does not meet o, 7 (see Fig. 6).

Notation 5.11 Let (PB, LB, OB) be as above, and let D be an intersection of irre-
ducible components of LB = (J L. Denote by

DN (P LF eFy=mn PP | J®@NnL), DR NP).
L#D

It is a face if D(R) NoB #¢.

Corollary 5.12 A face of the blow-up of a polyhedral linear configuration is isomor-
phic to a product of blow-ups of polyhedral linear configurations.
More precisely, for any intersection of irreducible components D of LB we have
DN (PB LB, 6By = (PP, 1P 6By x ... (PBr, 1B 6B (5.14)
for suitable o1, . .., oy polyhedra in P(Vy), ..., P(V,), and B; a subset of linear sub-
spaces in P(V;), satisfying (B1) and (B2) relative to o;, for all 1 <i <n.

Proof Let (PB, LB, O’B) be the iterated blow up of (P(V), L, o). Assume for the time
being that the face in question is given by intersecting with D, a single irreducible
component of LB. Suppose first of all that D C Ew is contained in an exceptional
divisor for some P(W) € B. Then by Proposition 5.10,

Bw Bw

"y x (PEIY, Loy o)

~ B
Ewn(PE LB, 6By = (PPv LBV o
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and by the final part of the same proposition, D C &y = PBW x PB/w is of the form
D =Dy x PB/V or D= PBv x D,y.

Now suppose that D is not contained in any exceptional divisor, and is therefore
the strict transform of a linear subspace P(U) = (D) for some U C V, such that
P(U) C L is not contained in any P(W) € B. It follows from Proposition 5.2 (i) that
D is the iterated blow up of P(U) along the set of linear subspaces By = {P(WNU) :
P(W) € B}. It follows that

DN (PB, LB By = (pBu, LBV oBv)
is the iterated blow up of the face (P(U), Ly, oy) of (P(V), L, o).

In general when D has codimension > 1, we may proceed by induction by repeat-

edly taking the intersection with irreducible components of D as above. g

5.5 Minimal blow-up

The minimal blow up is obtained from 5 by stripping out extraneous modifications
(Definition 5.8).

Definition 5.13 Let (P(V), L, o) be as above, and let BB be a finite set of linear sub-
spaces P(W) of P(V) such that (B1) and (B2) hold. Define B™™¢ c B as follows.

First consider the subset S(o) C B of spaces P(W) such that

1D).PW)YR)No £0

@i). if POW)(R) No =P(W')(R) N o for some P(W’') € Bthen W C W'.

The set of U such that P(U)(R) N o equals the face P(W)(R) N o is closed under
intersections: (ii) requires that W be minimal for this property.

Define B™™? C B to be the subspace generated by S(c) by taking intersections.
In other words, it is the set of intersections of minimal spaces which meet ¢ along a
face.

Note that taking intersections may violate (i): in the situation where o is not a
simplex, there can be spaces P(W) in B™"“ which do not meet o. The definition of
B™™9 makes sense even if B is infinite: the minimal set B™™ is necessarily finite.

Proposition 5.14 The morphism m : PB — PB™ constructed in Proposition 5.2
(i) is an extraneous modification (Definition 5.8). It restricts to an isomorphism:
7085 B

Proof One must show by Definition 5.8 that every blow-up locus in B\ B™n
is extraneous. For those loci in B which do not meet o (excluded from B™in.c
in Definition 5.13 (i)), this clear. For non-minimal loci (in the sense of Defini-
tion 5.13 (ii)), we argue as follows. Let P(T) C P(W) be elements of B such that
o NP(T)(R) = o NPP(W)(R). By Proposition 5.3 the exceptional divisor Ey C pB
does not meet 8. Since the iterated blow up is an isomorphism away from excep-
tional divisors, it follows that, immediately prior to blowing up (W) in the formation
of PB , the strict transform of P(W) does not meet the closure of the inverse image
of the interior of o, and hence P(W) is extraneous. Il
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We shall call the PB™™ the minimal blow-up of P(V) relative to B, 0.
5.6 Category of blow-ups of polyhedral linear configurations

We may now define a category BLCy of blow-ups of linear configurations.
Its objects are products (using Notation 2.2):

(PBr LB By x ... x (PBx, LBk 5Bk

of blow-ups of polyhedral linear configurations.
Morphisms between objects are generated by products of the following:

(1) (Linear Embeddings). The maps induced by linear embeddings (5.10):

(PP (), LP', 0B — (PP2(vy), LB, 6 P)

They induce isomorphisms oBr = ghe,

(2) (Extraneous modifications). With notation as in Definition 5.8, the morphisms

wgp : (PB, LB 6B) — (PP LF P
where B’ C B and 73 /53 18 an extraneous modification. Here too, oB=oB,

(3) (Face maps). A face map is defined to be a composition of inclusions of facets.
There are two types of inclusions of facets depending on whether the facet in
question is contained in an exceptional divisor or not.

(i). Consider the inclusion of an exceptional divisor &y into PB, where
P(W) € B such that oy = o N P(W)(R) is non-empty and hence by (B2) is
a face of 0. By identifying Evlf, =~ pBw x PB/w we obtain a map via Proposition
5.10:

B B B
(PBY LD o™y x (PP, Loy o) — (PP, LT, 0®)
which defines a morphism in BLCy.
(ii). Consider the case of an irreducible component D of LB which is the

strict transform of P(U) C L for some U C V, where P(U) is not contained in
any element of B. By Proposition 5.2 (i) we may identify

DN (PB, LB 6By = pBu, LBV ov)

to obtain a map: (PBU LU oUU)—>(PB LB aB).

The category PLCy is a subcategory of BLCy, which in turn is a subcategory of
PCy. Assumptions (1) and (2) of §3.1 follow from the description of iterated blow-
ups in local coordinates and the description of the faces of the oB given in §5.4.

Remark 5.15 Consider a polyhedral linear configuration (P(V), L,o) and a set B
satisfying (B1), (B2). Let P(W) € B. The inclusion of the exceptional divisor Eyw
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gives rise to the horizontal map along the top of the following commutative diagram
in PCy:

B B B B
(PBV. Loy o™ x (PP L)y oy — (PP LE, oB)
! !
(B(W), Loy, ow) —  (F(V),L,0)

The top row is in the subcategory BLCy, the bottom row is in PLCy. The horizontal
map along the bottom is the inclusion of the face ow of o. The right-most vertical
map is the blow-down 7 and the left-hand vertical map is the projection onto the first
factor, followed by the blow-down 73, (on topological realisations, o is collapsed
to a point.)

5.7 Complexes of blow-ups of polyhedra

Definition 5.16 A complex of blow-ups of polyhedra is a BLCy-complex, i.e., a func-
tor F : D — BLCy where D is equivalent to a finite diagram category.

The definition of a morphism of BLCi-complexes proceeds in an identical way
to Definition 2.3. The definition of subschemes, and differential forms follows §2.3,
2.4. Although blow-downs and projection morphisms exist in the category PCy, we
do not include them in the category BLCy in order that assumptions §3.1 hold.

6 The moduli space M of tropical curves

We recast the theory of Feynman polytopes in the context of polyhedral linear com-
plexes, before turning to the moduli space of tropical curves.

6.1 Graphs and polyhedral linear complexes

Let G be a finite graph with vertices Vg and edges E. We shall call a self-edge (or
tadpole) an edge of G with a single endpoint. The loop number (or genus) hg of G
is equal to the number of independent cycles in G, i.e., the rank of the free Z-module
Hi(G; Z).

Let PE6 = P(QF6) denote the projective space with projective coordinates o, for
every edge e € E¢. For the time being its vertices are unweighted (equivalently, have
weight zero). For any subgraph y of G, defined by a subset of edges of E¢, we denote
by G/y the graph obtained by contracting all edges e of E,, . It does not depend on
the ordering of the contractions. The edges of G are labelled in this section.

Definition 6.1 For any G, consider the object in the category PLCg defined by

F(G) = (IPEG, L O’C;) where L= | J L.,
ecEg
where o is the region in projective space where o, > 0, and L, is the coordinate

hyperplane «, = 0. The object F(G) is none other than a standard simplex (Ex. 4.5).
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Remark 6.2 Since o is a simplex, the associated polyhedral configuration has the
special property that any non-empty intersection of components of L is the Zariski
closure of a face of 0. This is not true for general polyhedra.

For every edge e € Eg, there is a canonical face map (Definition 4.11):
F(G/e) — F(G)

corresponding to the inclusion of the face oG/, C 0, which identifies PEG/e with the
locus o, = 0 in the projective space P£G

The simplex F(G), together with the data of all its faces, admits a categorical de-
scription. For this, all graphs in the following have labelled edges and hence have no
non-trivial automorphisms. Consider the category C; whose objects are all quotients
G/y of G, for all strict subgraphs y C E¢, including the case y = ¢J. The morphisms
in this category are generated by edge contractions I' — I'/e for any edge e € Er.
The map F is a functor

G F(G) : ¢’ — PLCq

which sends morphisms in Cgpp to face maps. Indeed, the faces of the standard sim-
plex F(G) are in one-to-one correspondence with the elements of the category Cgpp.

6.2 The moduli space of tropical curves M P

The moduli space of tropical curves is constructed in a completely analogous manner
to the above by gluing together simplices associated to isomorphism classes of stable
graphs of a fixed genus.

6.2.1 Weighted and stable graphs

Let G be a finite graph. A weighting is a map w : V(G) — Nxo which assigns a
non-negative integer to every vertex.
The genus of G is then defined to be:

¢(G)=hg +w(G) where w(G)= Z w(v) . 6.1)

veVg

A weighted graph (G, w) is called stable if every vertex of weight O has de-
gree at least 3, and if every vertex of weight 1 has degree > 1. An isomorphism
(G, w) > (G',w’) of weighted graphs is an isomorphism G — G’ which respects
the weightings. For every edge e € E, the contraction of e is defined as follows. If
e is not a self-edge, then (G, w)/e is the pair (G /e, w’) where G/e is the graph in
which e is removed and the endpoints vq, v» of G are identified to produce a new
vertex v of weight w’(v) = w(vy) + w(vy). The weights of all other vertices are un-
changed. In the case when e is a self-edge, G/e is defined by simply removing the
edge e. In this case, the common endpoint v of e has weight w’(v) = w(v) + 1 in the
graph G/e; the weights of all other vertices are unchanged.
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& — o — O
e e

O—O — 1O — 1=

Fig.7 Illustration of the category I5. Unlabelled vertices have weight 0. Automorphisms of graphs are not
depicted, only edge contractions

Fig.8 A picture of LM |,

1O le—el
Faces with common labels are
identified. The simplex on the
left is to be quotiented by the 0 0 O +O
action of its symmetry group
Y3; the one on the right by X,
1O O 1O 1O O 10

Definition 6.3 Let ¢ > 2 and let I, denote the category of connected, stable, weighted
graphs (G, w) of genus g and |Eg| > 1, whose morphisms are generated by isomor-
phisms and edge contractions (G, w) — (G, w)/e (see Figure 7 for the case g = 2).
Let ] ;,) PP denote the opposite category.

An isomorphism of weighted graphs (G, w) = (G’, w’) is in particular an isomor-
phism of graphs G = G’ and induces a bijection between the corresponding sets of
edges. This gives rise to a linear isomorphism P£¢ = P£¢’ and hence a canonical
isomorphism F(G) = F(G’) in PLCq. Consequently, the restriction of F to stable,
connected graphs defines a functor.

Definition 6.4 The link of the moduli space of tropical curves (in the category PLCq)
is the polyhedral linear complex defined by the functor

LMG®: [P — PLCq
which to any weighted graph (G, w) assigns the standard simplex (Example 4.5):
LMG®(G, w) = F(G) .

Note that 7 (G) does not depend on the weighting of G.

Its topological realisation |LMg°p| (2.5) is what is usually called the ‘link of the

moduli space of tropical curves’. In this paper, we use this phrase to describe LM?OP.

See Figure 8 for an illustration in the case g = 2.

Remark 6.5 The definitions are easily adapted to the moduli space of tropical curves,
rather than the link of its cone point. Let I, denote the category /,, with an additional,
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final, object given by a single vertex of weight g. Consider the functor M;mp from
’I‘;p P to PCq:

G, wy> [A% V[ [] e | .56 |
ecEg

where 6 is the cone a, > 0. The final object in Tgpp maps to (Spec(Q), Spec(Q),

{pt}), whose image in IM;mpl is the cone point. The functor Mtgmp lands in a sub-
category of PCq which is an analogue of PLCg defined using affine spaces. Since

I/\/ltgrOp | is topologically trivial, this will not be pursued further in this paper.
6.3 The open moduli space and Outer Space

Let 9/, denote the full subcategory of I, consisting of graphs of total weight w(G) >
0. Consider the functor

t
LM : 91,"" — PLCq
obtained by restricting LMgOp to a1 ;pp. It sends G to F(G).

Definition 6.6 Let us denote its topological realisation by

trop
oL

= lim o
= 96

Gedlg™

which canonically embeds in |L./\/lfg,mp|. Let |LMZ,’HOPI = ILMtgmpl \ |8L./\/lg()p| de-
note its open complement.

The open moduli space is obtained by gluing together the open interiors of sim-
plices o for graphs G which have total weight 0:

’LMg,trop

o t
=Im U oG —> ‘LMgmp
Gel™ w(G)=0

and is equipped with the subspace topology. Note that the open moduli space
|L./\/l§’tr°p| is not the topological realisation of a polyhedral complex since it is not
closed. It is the quotient of Outer space O, [28] by the action of Out(Fy).

6.4 The graph locus

Let G be a graph. The graph polynomial for a connected graph G (with all vertices
of weight zero) is defined to be the polynomial

Vs = Z nxe € Zlxe.,e€ Eg]

TCG e¢T
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where the sum is over all spanning trees 7 of G. It is homogeneous of degree A¢.

For a graph G with connected components Gy, ..., G,, we define
n
we=[]we, .
i=1

If a graph G has a vertex v with w(v) > 0, i.e., the total weight w(G) is positive, then
we define Wi = 0. The graph locus X C PE6 is defined to be the zero locus of Wg.
It is a hypersurface if G has total vertex weight 0, but equals PG otherwise.

Proposition 6.7 The map G — X¢ defines a functor
X: (Ig)olop —> Schg .

It is a subscheme functor ofL/\/ltgmp, ie.,of SF: (Ig)Olop — Schg which sends G +—
PEG | (Definition 6.1). Its topological complement is the open moduli space:

o,trop
LA

trop
= |LMg

(ot

NIXM®]) = lim 06\(06 N X6R) .

opp
xelg

Equivalently, one has |X (R)| N |LM§0P| = |3L./\/lg0p|.

Proof An isomorphism (G, w) = (G’, w’) of weighted graphs induces a bijection
on edge sets, and gives a linear isomorphism P£¢ = PEc¢’ and an isomorphism
XG = X . The image of an edge contraction G — G /e under the functor SF is the
inclusion P£6/e — PEG whose image is the coordinate hyperplane x, = 0. If e is not
a self-edge, there is a one-to-one correspondence between the set of spanning trees of
G containing e, and the spanning trees of G /e, which implies that W¢|x,—0 = Wg/e,
and therefore X/, = X N V(x.). This formula holds also for e a self-edge (G has
no spanning trees containing e), in which case G/e has positive weight, and both
WGlx,=0 and W/ vanish. This proves that X’ indeed defines a subscheme of SF.
For the last part, observe that o C X (R) if w(G) > 0 and that

ocNXgR) =0 if w(G)=0.

This follows from the fact that if w(G) = 0 then W is a non-trivial sum of positive
monomials, and so Wg > 0 for o, > 0. The open faces of o are in one-to-one cor-
respondence with the (;G sy forall y C G. It follows that o N X (R) is the union of
the faces oG/, where &, > 0, or equivalently, such that w(G/y) is positive. 0

tab
6.5 The graph complex GCy*
Consider the version of the graph complex [39] defined to be the Q-vector space
generated by oriented, stable unweighted graphs [G, w]. It is bigraded by genus g,

and the number of edges eg, which is the homological degree. An orientation @ on
G is an element of /\ (Z£6)*,i.e., an order of the edges up to even permutations. One
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has relations [G, —w] = —[G, w] and [G, w] = [G’, &'] if G = G’ is an isomorphism
which sends w to «’. The differential is:

d[G,el/\--~/\e,,]=Z(—1)i[G//ei,el A& N Aey)

where G//e denotes the graph in which the edge e is contracted, and is the empty
graph if e is a self-edge. One shows that QC(S)‘ab is quasi-isomorphic to the complex
usually denoted by GCy. The following proposition is proven in [26] and also follows
from Theorem 3.6.

Proposition 6.8 The relative face complex C(LMgOp)/C(aLMgOp) is the graph
complex gcgtab[—l] where the homological degree is given by numbers of edges —1.
Thus:

H,(GCo) = @D Hy 1 (LM ™|, [0LM™); Q) .

g=1

A more profound statement is the fact, due to [26], that |8LM§°p| is contractible.

Therefore the graph complex also computes the reduced homology of |L./\/llgmp [

7 The bordification MgOP’B of M;mp

We review the blow-ups associated to graphs, and define MgoP’B by gluing together

the blow-ups of polyhedral configurations of stable, weighted graphs.
7.1 Blow-ups and Feynman polytopes
A core graph is one which is bridgeless.

Definition 7.1 Let G be a graph. Consider the set of subspaces
B¢ = BY° — (P(QF6/7):y C G core subgraph}
which, one verifies (see e.g. [10, §7], [17, §5-6]), satisfies (B1), (B2).3 Define

FBG) = (PP, 15, 057)

to be the object in BLC(y obtained by blowing up the linear subspaces corresponding
to core subgraphs. It is equipped with a canonical blow-down morphism in PCq:

8. F8G) — FG) .

31t we set BGMaX = (PQEY) : all ¥ C G}, then one may verify that (3C-maxymin — gG.core Therefore

G,ma G.c
the core blow-up is minimal, and Proposition 5.14 defines a morphism pBTT _ pBTrE
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A key point is that the set B¢ is intrinsic to G, which is why we shall drop the
superscript G with impunity. By this we mean the following. Let y C G be a core
subgraph. Then, employing the notation (5.2), we have canonical identifications

(BG)/QEG =B and (BG>@EG/V _ ROl

since, for the first equation, there is a bijection between the set of core subgraphs
g C G which are contained in y, and the set of core subgraphs of y (the property of
being a core subgraph is intrinsic, and does not depend on the ambient graph). For
the second equation, there is a bijection between core subgraphs of G which contain
v, and core subgraphs of G/y . For all e € Eg which is not a self-edge, there is a face
morphism

FB(G/e) — FB(G) (7.1

in the category BLCg. It is compatible, via blow-down, with the corresponding map
F(G/e) = F(G). Exceptional divisors are indexed by core subgraphs ¥ # y C G.
For each such subgraph, there is a canonical face morphism:

FBy)yx FB(G/y) — FB(G). (7.2)

Compatibility with the face map F(G/y) — F(G) is expressed by the diagram in
PCq:

FB(y) X FB@Gry) — FBG)

\ \
F(G/y) —  F(G)

which commutes (see Remark 5.15). The facets of F B(G) are in one-to-one corre-
spondence with either non-self-edge edges (7.1), or core subgraphs (7.2).

7.2 Sequences of graphs and categorical formulation of the blow-up

Definition 7.2 Consider a sequence of strictly nested (non-empty) subgraphs
(Y1, ¥2+ -+ Va1, ¥n) suchthat y; Gy forl<i<n-—1, (7.3)

which are not necessarily connected (even if y;, is). Such a sequence may equivalently
be viewed as the data of a strict filtration F, on G = y,,, where F; G = y;. The graded
sequence associated to this filtration is the sequence of graphs:

1 2/ -y Va/ Va—1)

Let e € E,, be an edge. There is a unique index k such that e is an edge of yi/yi_1.
We call e admissible if it is neither a self-edge nor the only edge in the quotient
vk/Yk—1, in which case we define the edge contraction with respect to e to be the
sequence:

Wiy v)fe = (Ue)/e, (nUe)/e, ..., (yn—1Ue)/e, yufe) (1.4)
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Define a refinement of (y1,y2, ..., Yn—1,¥n) tobe: (¥, v1, ..., ¥n) Where y C y; or

(V1o Vis Vs Vitls---» Vo) Where y; Sy Cyiq

for any i. Define the edge degree to be |E,, | — n + 1, and the genus to be h,, .

Given a graph G with labelled edges, define a category Cg whose objects are
sequences (7.3) of edge degree > 0 such that y, = G/y is a quotient of G satisfying
hy, =hg (i.e., y does not contain any loops), and such that each graph y;, i < n is
core. The morphisms are given by contraction of admissible edges, and refinements
(insertion of an additional graph in the nested sequence as above): indeed, Cg is
simply the category of objects of edge degree > 1 generated by the sequence (G)
under these two operations.

Theorem 7.3 There is a canonical functor (Cg)()pp — BLCq which sends

V1, V2s - os Va1 Ya) > FE (1) x FB /) x -+ x FB(yu/vn—1)

and all morphisms to face morphisms. The objects of Cg are in one-to-one correspon-

dence with the faces of FB(G); the morphisms of Cg are in one-to-one correspon-
dence with inclusions of faces. The face corresponding to a sequence (yi, ..., Vn)
has codimension eg — e, +n — 1. There is a canonical blow-down in PCq from the
functor

FB.cE - BLCgcPCq 10 F:Cc— PLCgC PCq
which is induced by the pair (¢, @), where the functor ¢ : Cg — Cg is defined by
¢ (V1 V255 Vn) B Y Vo
and @ is the natural transformation defined by the family of morphisms in PCq:

FBo) x FBa/y1) x -+ x FBa/Vn-1) —> Fu/Va-1)

given by projection onto the final component followed by blow-down for FB Vn/
Yn—1)-

Proof To verify that the map in the statement is indeed a functor, we must check that
the following diagram commutes, where e is an edge of y; but not of y;_; fori > 2:

VL V2o Vi1 V) —> FBy») x FBa/y) x -+ x FByn/yu—1)
l 1
(y1Ue)/e,...(mmUe)fe) — FBy)x - x FB/(vi1Ue) x -+ x FByn/yn—1)

This follows from the fact that ]—"B(G/e) — FB(G) is a face map (7.1), applied to
G = y;/yi—1. The case i = 1 is similar. For refinements, we must check that

(CZITS) — FBy») x FBua/v) x - x FBn/yn—1)

! 1
Wl Viels Vi Vis oo vn) —> FBoD x . FBy i) x FBGi/y) ... x FBn/va—1)
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Fig.9 A picture of 125. All vertices have weight 0. Edge contractions are depicted in red, refinements in
green, and automorphisms are not shown (colour figure online).

AN

commutes also. This follows from the fact that ]-'B(y/yi_l) X ]:B(yi/y) —
FB(y,;/yi_1) is the face map corresponding to the inclusion of an exceptional di-
visor (7.2). The statement follows from Proposition 5.3: the exceptional divisors of
FB(y,) are indexed by strict core subgraphs of y;, and so an intersection of excep-
tional divisors is indexed by nested sequences of core subgraphs. The description of
the blow-down map follows from Remark 5.15. g

On topological realisations, |®| induces the blow-down morphism |]-'B G)| —
|F(G)| from I.FB(G)| to the closed simplex. The space |]-'B(G)| is called the Feyn-
man polytope in [17, §6], which provides a similar description of its faces in greater
generality.

7.3 Canonical blow-up of L./\/ltgmp

Consider the category whose objects are the faces of all F B(G), where G ranges
over stable connected graphs of total weight 0, and whose morphisms are generated
by isomorphisms and face morphisms. By construction, it admits a canonical functor
to BLCq. The complex LMgOP’B is defined to be this functor. It may be described

more explicitly using nested sequences of graphs.

Definition 7.4 Define a category IgB whose objects are nested sequences (7.3) of
graphs of genus h,, = g, with the property that each y;, for i < n, is a core graph
(but not necessarily connected), and y;, is a stable connected graph with all vertices
of weight 0. The morphisms in this category are isomorphisms, admissible edge con-
tractions, and refinements. See Fig. 9.

There is a ‘collapsing’ functor:
15— 1, (1.5)
()/1 3ty anl ) Vn) = Vn/ynfl

which sends a filtered graph to its highest graded component, where the quotient
Vn/Vn—1 1S to be viewed as a weighted graph as follows. First assign weight O to ev-
ery vertex of y;,, and contract each edge of y,,_1, in any order, keeping track of the
induced weights by the process described in §6.2.1. To verify that this is indeed a
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functor, one only needs to consider refinements where an additional graph y satis-
fying y,—1 C y C ¥y 1s inserted between y;,,—1 and y,. It maps to the morphism in
I, given by contracting the edges in E,\E,, . We emphasize that the collapsing
functor sends unweighted nested sequences to weighted graphs. It induces a functor
between the opposite categories in the usual manner. The functor (7.5) is essentially
surjective. Furthermore, 1 f is generated by singletons (G) for G an unweighted, con-
nected, stable graph of genus g by edge contractions and refinements. Since there are
finitely many isomorphism classes, / gB is equivalent to a finite category.

Definition 7.5 Consider the map
B opp
LMEPE (15) — BLCg (1.6)

Wis e vn) = FE) x FBGn/v) x - X FB(yu/vn—1)

sending a nested sequence to the product of the blow-ups of its graded sequence.

Theorem 7.6 The map LMgOp’B is a functor, and sends morphisms in (I f)OPP to
isomorphisms and face maps. There is a canonical morphism of functors in PCq:

LMEPB _y p pieP

which is induced by the pair (¢p°PP, @) where ¢ : 1 f — 1, is the collapsing functor,
and the natural transformation ® is defined on the image of (y1, ..., V) by

@ : FBy) x FBna/y1) x -+ X FB ) vn—1) — F(¥u/Yn-1) ,

namely, projection onto the last component followed by blow down F’ B Wn/Vn-1) —
F ¥n/Vn-1)-

Proof Any isomorphism of nested sequences (y1, )2, ..., Yn) = (yl/, yz’, ooy ¥y in-
duces an isomorphism between the associated graded sequences, and hence a canon-
ical isomorphism in the category BLCg between

FBu) x FBa/y) x - x FByu/vu-1)

and its version with each y; replaced with y;. Furthermore, this isomorphism is com-
patible, via blow-downs, with the isomorphism F(y,/va,) = F(y,/ yél). The fact

that LMgOp’B is a functor then follows the proof of Theorem 7.3, as does the rest of
the statement. g

The topological realisation |LMg°p‘B| is defined differently, but equivalent, we
expect, to the bordification discussed in [24]. See Figure 10 for an illustration in the
case g = 2. There is a canonical continuous morphism:

| MR E | — L (1.7

which collapses all exceptional components.

@ Springer



Bordifications of tropical moduli spaces 81

Fig. 10 A picture of (S2S)) (GO.00)
|LMt2mp’B\. Faces with
isomorphic labels are to be
identified. We have not labelled
all faces for reasons of space

8 The strict transform of the graph locus in Lthp’

Let G be a graph with zero weights. Recall that 773 : P56 — PEG is the correspond-
ing blow-up and X C P£G the graph hypersurface. Denote its strict transform by

&G C PBG

and let Ug C PP be its open complement PBc \)N( G- Recall from Theorem 7.3 that
(C g )Opp is equivalent to the category of faces of the blown-up Feynman polytope F, g .

Definition 8.1 Define a functor
~ opp
X (Cg) — Schg

which sends the singleton (G) to the strict transform X¢ C PB6 It is uniquely de-
fined on all other objects (7.3) by restriction to faces (i.e., by intersecting with the
corresponding divisors in PB6), and defines a subscheme functor of SF5.

An isomorphism of graphs (or nested sequence of graphs) induces an isomor-
phism of graph hypersurfaces and hence of their strict transforms by Proposition 5.2
(1). Since I gB is generated by stable unweighted graphs of genus g, we deduce the
existence of a functor

~ opp
X (If) — Schg

which is a subscheme functor of L./\/ttrOp B

~ opp
Proposition 8.2 The functor X : (IgB) — Schg is given on sequences (7.3) by

n
Viseoos V) > U PV x ... x pYi-1/Vi-2 8.1)
i=1

X gyz‘/)’i—l X P}’i+1/)’i X oo X P}’n/Vn—] .

It is a closed subscheme of LMtrOp b

SL/\/ltgmp B, whose real points do not meet the topological realisation:

at infinity, i.e., a subscheme of the functor

X®)NILMEPE =g (8.2)
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The blow-down (¢, P) : LMgOp’B — L/\/lgop induces a natural transformation
X — X o ¢, where ¢ is the collapsing functor.

Proof 1If e € Eg is not a self-edge, there is a canonical inclusion XG Je = XG in-
duced by the inclusion Pg/e — Pg , since this is true for graph hypersurfaces and
strict transforms are functorial (Proposition 5.2 (i)). This proves the formula (8.1) for
sequences of length n = 1.

The general case follows by taking refinements. Let y C G be a core subgraph of
G. One has the following identity of graph polynomials [17, (2.2)]

Ve =V, ¥s/, + Ry (8.3)

where R/, is a polynomial of homogeneous degree strictly greater than deg W), =
h, in the edge variables o, for e € E,,. The identity implies that if D C PO is the
exceptional divisor corresponding to the blow-up of P£» < PG one has a canonical
isomorphism:

Xonp= (X, x PE,) u (PP xXay) .
See also [10, (3.7)]. The right-hand side of (8.1) follows by iterating this isomor-
phism. The fact that X is at infinity follows from the fact that the strict transform

locus }N(G (R) does not meet the region og [10, Proposition 7.3 (iii)], [17, §6.5]. The
final statement follows by definition since X is the blow-down of X. O

The properties of graph hypersurfaces required in the proof will actually be red-
erived in §11 from a more conceptual viewpoint via properties of the determinant.
The open complement of the subscheme X is the functor

(18)°™

u: (18)™" — schg

Vs eoavn) = Uy XUy X X Uy, gy,
It is an open subscheme of SLMtgrOp’B and satisfies |L./\/ltgr°p’3| C U (Definition 2.6).
Corollary 8.3 Via Definition 2.7 we deduce a functor

trop,B, opp
LMgPo\X (If) — PCq
x = (U, LB NUy, ox)

Remark 8.4 A functorial system of linear subspaces of SF(G) was defined in [17,
§5.4] whose complement in PO is affine. It defines a subscheme functor A C
LMtgmp‘B such that |LMg°p'B| C PO\ A. It would be very interesting to construct
natural differential forms on P¢\ A. They would have linear poles (by contrast with
the canonical forms studied here.)
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8.1 The boundary and open locus

Definition 8.5 Let 81;3 denote the full subcategory of If whose objects are se-

quences of graphs (yi, ..., ¥,) where n > 2. Denote the restriction of L/\/lgB to this
category by

B.qa/B
aLMB 918 — BLCg .

We shall call it the boundary locus, or exceptional locus, of L/\/ltgmp’B.

The open locus |LMZJ“OP| embeds canonically into both ILMtgrOpl and

B
LM,
Proposition 8.6 There is a morphism of PCg-complexes
trop, B trop
0LM, —> LM,
given by the pair (¢°P°, 75), where ¢ : 8IgB — 01, is the restriction of the collapsing
functor, and 7B is the canonical blow-down map. In addition, there is a canonical

embedding

o,trop
Mg

2 N (8.4)

whose inverse is the blow-down |LMg0p’6| \ |8LMgOp’B| = |L./\/l§0p| \
9L M.

Proof The functor ¢ is given by restricting the collapsing functor (7.5) to nested se-
quences of length > 2. To see that it lands in the subcategory 01, note that collapsing
a nested sequence of length > 2 results in a graph y,,/y,—1 of positive weight, since
it involves the contraction of a core sugraph y,,_, which has positive loop number
hy,_, > 0. The exceptional locus of FB (G) — F(G) corresponds precisely to se-
quences (7.3) of length > 2. To prove (8.4), first define the full subcategory Ig ,,—o
of I, consisting of graphs of weight 0, and consider the functor:

onNy: I;?IE:O —> Top (8.5)
G > (cNU)g =06\ (06 NXc([R)) .

Note that (6 N U)g is contained in oG, but contains SG since (o NU)g =
U hy=0 36 /y - It follows from Proposition 6.7 and the fact that (o N /)¢ is the empty
set if w(G) > O that:

oAUl = lim 06\ (06 N XG(R) = [LMG™™

opp
Gelg,w=0
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Now consider the functor o \€ : If — Top which sends sequences (7.3) of length
> 1 to the empty set, and maps singletons (G) to

(6) > @\Og =0\ (cEnEcm®)

where £ C PP is the exceptional divisor of 7p,;, : PB¢ — PEG . The blow-down
morphism defines a functorial isomorphism of algebraic varieties, and of topological
spaces:

w5, ¢ PPO\ (€6 UXg) —> PEG\Xg
&\ (o8 NE®) = 06\(06 N X6) = (0 NG
B

The second line follows from restriction of the first, since )?G (R) does not meet o5

by (8.2). Let j : 06 \(og N X¢g) — o8\ (cBnés (R)) denote its inverse. To define
the continuous map (8.4) we define a pair consisting of a functor and natural trans-
formation, and take its limit. The natural transformation is given by j; the functor is
given by

tilgw=0 — If where t:G— (G),

and (G) denotes a sequence of graphs of length one. The isomorphism j, which is
functorial, thus defines a natural transformation from the functor o N/ defined by
(8.5)to

E
(0\E) ou: 1y w=0 = If 1) Top

It induces a continuous map

o Ul — |o\El=  lim  o§\ (ogﬂ&;(R))
Ge(B)or

which is exactly (8.4). The last statement follows from the fact that the inverse of the
continuous map j is, by definition, the restriction of the blow-down map 7B, |

The key point in the previous proposition is that simplices which are glued together
in the tropical moduli space, and which are not contained in the graph hypersurface
locus, continue to be glued together after blowing-up (i.e., if (y) is a common face
of both F(G1) and F(G3) and w(y) = 0, then .7-"3()/) is a common face of both
]—"B(Gl) and fB(Gz)). This is expressed by the fact that ¢ is a functor, using the fact
that core graphs are intrinsic.

8.2 The face complex associated to LM?""’B

Using the general Definition 3.1, we may write down the face complex associated to
LMEPE,
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Definition 8.7 Let QC(Z)3 denote the Q-vector space generated by symbols [L w]
where L= (y1,....,%), and @ =@y ATy y A ATy /yu_y >

where y1 C ... C y, is a strict nested sequence of graphs where y; is core for i <n
and y; is stable and connected (Definition 7.2), and @, , is an orientation on the
quotients y;.+1/yi, with relations:

[, —o]=—[L, o] and [[,ol=[C, o]

whenever [ = I' is an isomorphism of nested sequences f : 7y, = y, such that
fi) =/, and @’ = f(@). It is bigraded by genus, and edge number. The dif-
ferential

d:Gc8 — gcB

has two components: d = d' + d¢, which we call the internal and exceptional differ-
entials, respectively. The internal differential is defined by edge contraction (7.4)

di[(ylv""yn)’ ZU]: Z (—1)][(1/1,,%1)/3’ ZDJ]

e€Ey;jy;_

where the sum is over all admissible edges, j is the unique index such that e €
Ey;/y;, and

’_ /
o _Swyl ANRN /\w_yifl/}’i—Z /\w_y,-/y,-,l AR /\w_}’n/yn—l

/

Where ¢ = %1 is defined by Dy

18:

= £ e AWy, /(y_ Ue)- The exceptional differential

de[(Vl»'--»Vn)»w] :Z(_l)l[(yL "'17/[—17 y’ Via --w)’n)»w/]
14

where the sum is over all refinements, i.e., all possible choices of core graphs y such
that y; C ¥ C yi41 forsome 1 <i <n, or y C y;. The orientation is given by

’r_ I /
W =Wy N NDy_y/y;5 N Wy /iy A Wy, 1y N Ny, fy,
— 1 — / /

where ¢ = +1 is defined by @y, /, | =¢ew,,,  Aw@, .

The complex QCOB is filtered by the length n of sequences. Let Fkgcg denote the
subcomplex whose generators [(y1, ..., ¥x), @] have n > k components.

Proposition 8.8 If we write QCSB =F gcg then

H,GCH) = @ H, (|LMPE|) - and (8.6)
8
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H,(GC3®) = @) Hy (oL Mg "))
8

Furthermore, the homology of the usual commutative even graph complex satisfies
H,(GCy) = H, (QC?, QCSB) and fits into a long exact sequence

o —> Hy(GCB) — H,(GCB) — H,(GCo) 5> H,_1(GCIB) — ... .

This sequence may be identified with the direct sum over all g, of the relative homol-
0gy sequence of the pair (|LMg°P’B|’ IBLMEOP’BD‘

Proof The face complex of |LMgOp’B| is (QCOB )g» the subcomplex of QCOB in genus

g. This follows from the categorical description §7.3 of IBLMgOP’BI and Theorem

7.3: facets of og are identified either with af X Gg/y for y C G a core subgraph
corresponding to an exceptional divisor, or og Jes where e is a non-tadpole edge cor-
responding to the intersection of ag with strict transforms of coordinate hyperplanes

x. = 0. These two types of facets correspond to the two edge differentials (respec-

tively, exceptional and internal). By iterating one arrives at the description of the
face complex given above. Similarly, the face complex of the subspace |3LMg°p’B|
is given by the subcomplex (gch )g of (QC(? )g consisting of nested sequences of
length > 2, which correspond precisely to the exceptional faces. These facts, together
with Theorem 3.2 imply the two equations in (8.6).

Finally, use the relative long exact homology sequence
... —> H,(GCIB) — H,(GCB) — H,(GCE.GC%) — H,_1(GCB) — ...

and use the definition of GCy to identify the relative homology group H, (G C(l)g .G 086 )

with H,(GCyp). Taking the boundary along QCSB is precisely the exceptional differ-
ential d°.
Note that by exicision, the relative homology Hn(|LMg°p’B|, |8LM§°P’B ) is iso-

morphic to Hn(|LMg°p|, IBLMEOPI), and so these sequences are compatible with
Proposition 6.8. d
9 Polyhedra in spaces of quadratic forms

We now turn to the study of polyhedra whose vertices are positive semi-definite
quadratic forms with rational null spaces.

9.1 Positive semi-definite matrices

Let P, denote the space of positive definite g x g real symmetric matrices. It may be
identified, via the map X > X X, with O, (R) \ GL¢(R), and admits a right action
M — h" Mh for h € GLy(R). We write LPy = Py /R%,,.
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The space of real non-zero symmetric matrices up to scalar multiplication may
be identified with the real points of the projective space P4s~!, where d, = (g ;’1),

and hence LP, C P%~1(R). A choice of homogeneous coordinates on P~ are
given by the set of matrix entries X;; for i < j, for X a symmetric matrix. Since
the determinant is a homogeneous function of these coordinates, its vanishing locus
defines a hypersurface

Det C P%~!

which satisfies LP, N Det(R) = . The linear action of GL, on P%~!, which
corresponds to the action M + A’ Mh on symmetric matrices, preserves Det and
LP, C PAL(R).

9.2 Positive polyhedra in the space of symmetric matrices

It is convenient to reformulate the above in a coordinate-free manner. Consider a
vector space V of dimension g defined over a field k C R. Let us denote by

b \2
oV) = (Sym V)
the k-vector space of symmetric bilinear (i.e., quadratic) forms
Q: VeV —k.

Such a quadratic form may be viewed as a linear map Q : V — V' which is self-dual,
i.e., 0 = Q7. Consequently, Q defines a contravariant functor from the category of
vector spaces to itself: for any linear map V — W, there is a natural map Q(W) —
Q(V). The functor Q sends surjective maps to injective maps, and vice-versa. Given
an isomorphism V = k8 one may identify elements of Q(V') with symmetric matrices
with entries in k.

Recall that the null space ker(Q) of a quadratic form is defined to be the kernel of
Q:V — VY. If Q is a positive semi-definite quadratic form, one has

O, v)=0 <<= wveker(Q). ©.1)
Consider the projective space P(Q(V)). It has distinguished linear subspaces:
P(Q(V/K)) — P(Q(V)) for every subspace K C V .

Such a subspace is contained in the determinant locus Dety C P(Q(V)) if and only if
K # 0. Viewing Q(V/K) as the subspace of Q(V) of quadratic forms Q satisfying
Q(k,v)=0forall k € K, and v € V, one deduces the formula:

QV/K1)NQ((V/K2) =Q(V/(Ki+ K2)) 9.2)

which implies that P (Q (V/K1)) NP (Q (V/K>2)) =P(Q(V /(K1 + K3))).
Consider the convex subsets

0>%v) c 9=%v) c Q)
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consisting of positive definite, and positive semi-definite, quadratic forms on V.

Definition 9.1 We shall say that a polyhedron (o, Q(V)) in the space of quadratic
forms is positive, which we shall denote by o > 0, if its vertices lie in QEO(V),
and hence o ¢ QZ%(V)(R) is contained in the set of positive semi-definite quadratic
forms.

We shall call a polyhedron strictly positive, denoted by o > 0, if o positive, and if
in addition it meets the interior o N Q>°(V) # @. In other words, o is strictly positive
if it contains at least one positive definite quadratic form.

Positive polyhedra meet the determinant locus in a specific manner.

Lemma 9.2 Let o be a positive polyhedron in Q(V) and let oF be a face of o of
dimension > 0. The following are equivalent:

(i) The face o is contained in the determinant locus Det(R).

(ii) There is a point in the interior of oF which lies in Det(R), i.e.,

o r NDet(R) # ¢
(iii) There is a non-zero linear subspace 0 # K C V such that
or C P(QV/K)(R) .

Proof Clearly (i) implies (ii) and (iii) implies (i) since P(Q(V/K)) C Det. It suf-
fices to prove that (ii) implies (iii). Let us write o = {Z:’:l Ai Qi 1 Ai € Rso}
where Q; are non-zero positive semi-definite quadratic forms on V. If we assume
(ii) then there exist A; > 0 such that det (Z?:l)‘i Qi) = 0 since every interior
point of o admits a (non-unique) representation as a linear combination of Q; with
strictly positive coefficients. Therefore there is a non-zero vector x € V such that
x € ker (3_7_, 4;Q;). This implies in particular that Y7 A; Q;(x, x) = 0. Since
Q;(x,x) >0 we deduce that Q;(x,x)=0foralli =1,...,n. By (9.1), x € ker Q;
for all i. If we set Ko, = ﬂ?zl ker(Q;), then x € K, and in particular K, # 0.
Property (iii) holds on setting K = K. g

It follows that if o > 0 is a positive polyhedron, then it is strictly positive if and
only if its interior does not meet the determinant locus:

6>0 <= oNDet(R)=4. 9.3)

Definition 9.3 For any positive polyhedron o > 0 in P(Q(V)), we denote by K, C V
the intersection of all the null spaces of its vertices.

It follows from (9.2) that K,; is the unique largest subspace of V such that
o C P(Q(V/Kos)(R) .

In particular, o meets the strictly positive locus in V /K, i.e., 0 N Q>0(V/Kg) +0
and thus the polyhedron (o, V /K, ) is strictly positive.
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Lemma 9.4 Let o > 0 be a positive polyhedron. For any subspace K C V,
o NPQV/K)([R)

is either empty, or is a face of o.

Proof For every v € K, consider the linear map f, : Q(V) — k defined by Q
Q (v, v). Its kernel is Q(V/kv), which contains Q(V/K) by definition. The linear
form f; is non-negative on the subspace 0Z0(v) c Q(V). It follows from (9.2) that,
for any vectors vy, ..., vy which span K, one has Q(V/K) = ﬂflzl Q(V/kv;) =
ﬂ?: | H;, where H; = ker(f,,;). Since f,, is non-negative on o, it follows from the
interpretation due to Minkowski and Weyl of a polyhedron as a region bounded by a
finite number of hyperplanes, that the set o N [P(H;) is either empty (in the case when
fv; >0ono),oraface of o, and

d
o NP(V/K)(R) =(")o N H;(R)

i=1
is either empty, or a non-empty intersection of faces of o and hence also a face. [

The previous lemma has the important consequence that in defining LAtgmp’B

we shall only need to blow up linear subspaces of P(Q(V)) of the special form

P(Q(V/K)).
Definition 9.5 For any face of of o, define its essential envelope to be the face

op =0 NP(Q(V/Ksp))(R) .

It satisfies o C o°. We call a face of essential if oy = op>.

If oF > Ois strictly positive, then K, = 0 and one has 0** = o In general, a face
or of o (whether essential or not) will not be Zariski dense in P(Q(V/Ks,)). See
§13 for some examples of essential faces (we shall show that for the image of Feyn-
man polytopes under the tropical Torelli map, the essential envelope of a face oy
indexed by a subgraph y C G is the face oG ycoe Where y ™ C y is the maximal
core subgraph of y).

Lemma 9.6 The intersection of an essential face of o with any other face o' of 7, is
either empty or an essential face of o .

Proof The set of essential faces of o are precisely the sets o N P(Q(V/K))(R)
where K C V is a linear subspace. The intersection of such a face with oo is
og NP(Q(V/K))(R), which is therefore also essential or empty. Il
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9.3 Collapsing the complement of the determinant in the normal bundle

Restriction of quadratic forms to any subspace K C V defines a linear map:
QV)/QV/K) — Q(K) . 04

It does not induce a map on the corresponding projective spaces since it is not in-
jective in general. To see this, choose a complementary space V = K @ C where
C = V/K. The space Q(V)/Q(V/K) may be represented by symmetric matrices in

block matrix form,
0= (%) , 9.5)
which implies that Q(V)/Q(V/K) is isomorphic to the product Q(K) x Hom(V /K,
K). The map Q(V)/Q(V/K) — Q(K) sends Q + Q. The determinant function
det: Q(K) — k defines a homogeneous polynomial
Q> det(Q|,) 1 QV)/QV/K) — k.

In the coordinates (9.5), det(Q| k) 1s simply det(Qo). Denote its zero locus by

Det|, C P(Q(V)/Q(V/K)) . 9.6)
Lemma 9.7 Restriction of quadratic forms to K gives a well-defined projection

g P(Q(V)/Q(V/K)) \ Det|K —> P(Q(K)) \ Detg 9.7

which is a fibration in affine spaces Hom(V /K, K) = AYmK-dmV/K Jpis functorial,
i.e., for any h € GL(V), there is a commutative diagram:

P(Q(V)/Q(V/K) \ Det], =5 P(Q(K)) \ Detk
? 0
P(Q(V)/Q(V/K") \ Det|,, %5 P(Q(K") \ Detg

where the vertical maps are isomorphisms Q v+ h' Qh and K' = hK.

Proof A decomposition V = K @ C defines projective coordinates on P(Q(V)/
Q(V/K)). The complement of Det| x consists of projective classes of matrices (9.5)
with det(Qo) # 0. In particular, Qg # 0 and so the map Q + Qg is well-defined on
projective spaces. Its fiber is isomorphic to the space of matrices Q1, which is noth-
ing other than the vector space Hom(V /K, K), viewed as the k points of an affine
space of equal dimension. g

Note that the ambiguity in the choice of decomposition V = K @ V /K, is the set

of splittings of the exact sequence 0 - K — V — V/K — 0, which is a torsor over
Hom(V/K, K).
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9.4 Strict positivity of normal faces
For simplicity of notation, let us write

0/0F =0/K,, 9.8)
for the normal polyhedron (Definition 4.8) of o relative to the null space K, of a

face ofp.

Lemma 9.8 Let o be strictly positive and let o be a face of o. In the product
oF X (o/oF) C P(Q(V/Ksp)) x P(Q(V)/Q(V/Kqp))

both o and o /o are strictly positive (Definition 9.1). In the latter case, this means
that the interior of the polyhedron o /o does not meet the determinant locus:

(0/0%) CP(QV)/QV/Kop) \ Detly

or equivalently, that the image wg(o/oF) is a strictly positive polyhedron in

P(Q(Kop)).

Proof The vertices of o are projective classes of positive semi-definite quadratic
forms Qi,..., @, € Q(V). The vertices of the face o correspond to a subset of
them: {Q;,i € I}, where I C {1, ...,n}. By definition,

Kop =(\ker Qi . (9.9)
iel

which implies that in any choice of decomposition V = K, @ C, where C =V /K.,
the matrices Q; have the block matrix form

P (U
i = — 1 rtel,
0|0

where the Q; are the restrictions of Q; to C, and are positive semi-definite. Sup-
pose that of is not strictly positive. Then of is contained in Detv/KJF ®R) c
P(Q(V/Ksr))(R). By Lemma 9.2, there is a subspace 0 # K’ C V/K,, which is
contained in [); ker Q. But this implies (; ker Q; is strictly larger than K., con-
tradicting (9.9).

The polyhedron o /o has vertices given by the projective classes of the O, j ¢ I
which are non-zero in the quotient Q(V)/Q(V/K,,.) and have block matrix repre-

sentatives
Q= L1l |7, forall j ¢ 1
J PJT ‘ 0 / '

If o/oF were contained in Det|x, . (R), then by the argument of Lemma 9.2 applied
to the matrices R;, for j ¢ I, there would exist 0 # x € K such that x € ker(R;) C
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Ko, forall j ¢ I.In this case, the image y of x in V satisfies Q;(y,y) = R;(x,x) =
0 and hence y € ker(Q;) for all j ¢ I. Since y € ker(Q;) for all i € I by (9.9), we

deduce that y lies in ker Q;, foralli =1, ..., n, contradicting the strict positivity of
o by Lemma 9.2. Note that the image g (0/0F) is the link of the convex hull of the
quadratic forms R;, for j ¢ I. O

Remark 9.9 This lemma easily extends to the case when o is a strictly positive poly-
hedron in the space P(Q(V)/Q(V/K)). The statement is the following: in the prod-
uct of polyhedra

or x (0/oF) CP(Q(V/Ks,)/QV/K)) x P(Q(V)/Q(V/Kq;))

both oF and o/oF are strictly positive. The proof is identical: one only needs to
consider symmetric matrices with a number of initial rows and columns which are
identically zero.

9.5 Blow-ups and the determinant locus

The determinant locus is well-behaved with respect to blowing up linear subspaces
of the form P(Q(V/K)).

Proposition 9.10 Let 0 £ K C V be a subspace and let
7: PP — PQ(V))

denote the blow-up of P(Q(V)) along B ={P(Q(V/K))}. The exceptional divisor £
may be canonically identified with the projectivised normal bundle of P(Q(V /K)):

E=PQV/K) x P(Q(V)/Q(V/K)) .
If Dety denotes the strict transform of the determinant locus, we have
Dety NE€ = (Dety,x x P(Q(V)/Q(V/K))) U (P(Q(V/K)) x Det|,.) ,
where Det| . was defined in (9.6). In particular one has the product formula:
€\ (ENDety) = (P(QV/K)) \ Dety/x) x (P(Q(V)/Q(V/K)) \ Detly) .

Proof Choose a complementary space to K, i.e., V = K @ C and choose bases of
K, C. We can compute the blow up in local affine coordinates (§5.2) as follows. A
quadratic form in Q € Q(V) may be written in the form

_(Qk P

Let x;; denote the (i, /™ matrix coefficient. A choice of affine coordinates on
P(Q(V)) is given by the x;; for i < j, one of which, say x; j,, is set to 1. The locus
P(Q(V/K)) is represented by matrices such that Qx = P =0, i.e., the vanishing of
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all other x;; for i < j such that i < dim(K). Therefore, suppose that iy < dim(K).
The blow up may be represented in any such local affine coordinates (see §5.2) by
the map:

sk tklxij, i < j1— klz,xij,i < j]
sg(xij) = zx;;  ifi <dim(K)
sg(xij) = x;; otherwise

The exceptional divisor is defined by the equation z = 0. Applying the map s% to the
entries of the matrix of a quadratic form (9.10), we obtain

* _ ZQK zP
sKQ_(ZPT QC). 9.11)

Taking determinants of the following matrix identity:

20k P\ _ 1 0\ (20« 0 I Q¢'P
P 0c) \PToy' 1)\ 0 oQc-zPToy'P)\0 I

gives det(sx Q) =det(zQ ) det(Qc — zPT Q;l P). This implies that
det(sk Q) = 29K det(Q) det(Qc) mod (z4ME+T 9.12)

It follows that the intersection of the strict transform of the locus det(Q) = 0 with the
exceptional divisor z = 0 is given by the equation det(Qg)det(Qc¢) = 0. The zero
loci of det(Q k) and det(Q¢) are Det| K> and Dety /g respectively. O

This result generalises several asymptotic factorisation theorems for graph poly-
nomials [17, §2] simply by applying the proposition to a suitable graph Laplacian
matrix. In particular, (8.3) and other similar formulae can be deduced from the uni-
versal fact that the determinant admits an asymptotic factorisation formula (9.12).

10 Perfect cone compactification

Now consider the case when & = Q and the vector space V = Vz ® Q has a lattice
Vz. It is convenient to identify Vz = Z¢& for the purposes of the ensuing discussion.

10.1 Rational closure of P,

The rational closure 77? of the space of positive definite matrices P, is defined to be
the space of positive semi-definite matrices M whose null space ker(M) is defined
over Q. A positive semi-definite matrix M has rational kernel if and only if there
exists an element & € GL,(Z) such that

Tap (Mo O
th-(O 0
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where My is positive definite, i.e., My € P, for some g =<g.
Recall from §9.1 that we identify the space of g x g symmetric matrices with R%,
where d, = (g'é'l). We have inclusions P, C 77;,‘ C R% and

LP, C LPy CP%~'(R)

where the link of Py’ is defined by LPy = (Pg \ {0})/RZ. The group GL(Z) pre-
serves all three spaces. One has L’P;,l \ LP, C Det(R).

Remark 10.1 Lemma 9.2 and the discussion which follows implies that a positive
polyhedron (o, Q(Q%)) has the property that o is contained in the space Pg, ie.,
every point of o defines a real symmetric matrix with rational kernel.

10.2 Minimal vectors and polyhedral linear configurations

For any positive definite real quadratic form Q on R$, denote its set of minimal
vectors by

Mo ={»€Z8\{0}: Q) < Q(u) forall u € Z& \ {0}} .
The associated polyhedral cone is defined to be
EQ = Rzo(AkT))LeMQ C 'Pg

where the AA” are rank one quadratic forms in P;,‘. The cone 0 is strongly convex
since this is already the case for P;,t (although 73? is not itself a polyhedral cone). A
positive definite quadratic form Q is called perfect if 6 has maximal dimension d.
Equivalently, Q is uniquely determined up to a scalar multiple by its set of minimal
vectors [44, 59].

Definition 10.2 For any positive definite real quadratic form Q denote by
co= (P2 Lo, 0op) (10.1)

the polyhedral linear configuration where o9 = Lo = (EQ\{O}) /RZ,, is the link of
?fQ in IP’dg—l(R), Lo =J; L; is the union of the Zariski closures of its facets, and
P2 c P41 = P(Q(V)) is the linear subspace defined by the Zariski-closure of 0.

The configuration c¢ is thus an object of the category PLCg. The form Q is
perfect if and only if P¢ = P%~! ie., oo is Zariski dense in the whole space of
quadratic forms.

10.3 Admissible decompositions

See [15, 32, 50, 59].

Definition 10.3 A set ¥ = {0;} of polyhedral cones 6; C 77? is called admissible if it
is stable under the action of GL,(Z), and such that:
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it covers Py, i.e., |, 0; = Py,

if & € X, then all the faces of & are elements of X,

the intersection of two cones in X is a face of both cones,
the set of GLg(Z)-orbits of X is finite.

Theorem 10.4 (Voronoi). The set of cones {Gg, Q € Pg} is an admissible decompo-
sition of 77?. In particular, every face of Go is a cone G for some other quadratic
form Q'. Furthermore, every cone G is a face of a perfect cone.

Let us say that two quadratic forms Q, Q' are equivalent if their sets of minimal
vectors (and hence their associated cones) coincide: Mg = M. Denote by [Q] the
equivalence classes. The group GL, (Z) acts upon the classes [Q]. Write

[Q']1=<[0]
if the cone 7y is a face of 6. Let us write dim[Q] = dimoy.
Definition 10.5 Let Dgerf denote the category whose objects are equivalence classes

[Q] for Q € P,, and whose morphisms are generated by the following two kinds of
maps:

(1) face maps [Q'] — [Q] whenever [Q'] <[Q],
(i) isomorphisms & : [Q] — [hT Qh] forany h € GL,(Z).

The category Dgert is equivalent to a finite category [15], since there are only
finitely many isomorphism classes of objects, and automorphism groups of cones are
finite.

Every h € GLg(Z) defines a linear isomorphism in PLCg we denote by:

Co LN CiT o -

For every Q' < Q one has a face map co' — ¢ in the category PLCq.
Definition 10.6 Consider the functor

LA : DY PLCq (10.2)
which sends Q to cg. Its topological realisation |LAgOp| is the link of the moduli
space of tropical abelian varieties. By construction, it is a generalised cone complex
asin [1].
10.4 Blow-ups of cones associated to positive definite quadratic forms
Definition 10.7 Suppose that Q is a positive definite quadratic form on V, such that

og > 0 is strictly positive (Definition 9.1). Its Zariski closure P2 admits a canoni-
cal embedding into P(Q(V)). Consider the finite set of subspaces of P2 defined as
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follows:

Bo = U {ﬂ]P’Q NP(Q(V/K,,;)) : where o; are faces ofaQ} . (10.3)

n>1 Ui=1

By definition and (9.2), the spaces which are to be blown up are of the form
P(Q(V/K)), which meet o precisely along its essential faces.
Alternatively, consider for all 0 £ K C V, the (infinite) set B of all subspaces

P(QV/K)) CP(Q(V))

Then Bg = (Ba)minoe N PC by Definition 5.13 and Lemma 9.4.
Denote the iterated blow-up of cp along B to be:

cg € Ob(BLC).

Let us denote its topological realisation by og = a(cg). There is a natural blow-

down morphism cg — Cg in the category PCq, which induces a continuous map

O’S—)O’Q.

Remark 10.8 Because o is not a simplex in general, the set of loci P2NP(Q(V/K))
where P(Q(V/K)) meets o is not closed under intersections (the intersection of two
essential faces can be empty). Thus the intersection of two blow-up loci may not inter-
sect o at all, giving rise to an extraneous blow-up. This does not occur in LMgOp’B

because o is a simplex. This is a fundamental difference between the constructions

for L/\/ltgmp B and LAtgmp ’B. Another difference between these constructions arises
for a different reason. Unlike the case of graphs, B does not only consist of the
Zariski closures of the faces of op: we must blow up loci which can be strictly larger.
See §13 for some concrete examples.

Consequently, in contrast to the situation with polytopes associated to graphs, the
blow-ups are not intrinsic, which means that we do not strictly have face maps. In
other words, the blow-up locus is not necessarily stable under passing to faces: if Q’
is a face of Q, one has By C P2 N B but we do not a priori have equality. Nev-
ertheless, the following lemma implies that face maps are intrinsic, up to extraneous
modifications.

Lemma 10.9 Let Q' < Q be positive definite. Let us denote by FQ/CS the face ofcg
corresponding to the face o g'. Then there is a canonical morphism

Fgcg — b, (10.4)

in the category BLCq which is a composition of extraneous modifications. Conse-
quently, it induces an isomorphism on topological realisations:

FQ/O‘S ;O’g/ .

@ Springer



Bordifications of tropical moduli spaces 97

Proof By definition and (9.2), By consists of spaces of the form P2 NP(Q(V/K))
for certain 0 # K C V. By Lemma 9.4, oo N P(Q(V/K))(R) is either a face of
o or the empty set. Since P2’ is the Zariski-closure of og’, we deduce that By =
(Bo N ]P’Q/)mm’UQ’ and (10.4) is a consequence of Proposition 5.14 and Proposition
5.2 (i) applied to P2" c P2. O

Face morphisms are thus replaced in this context by face diagrams in BLCq:
o5 «— Foch — 5 (10.5)

where the map on the right is the inclusion of a face, and the map on the left is an
extraneous modification (10.4). The blow-down of (10.5) in PLCg is the diagram

Co <— Cog—>Cp - (10.6)

10.5 Definition of LA?OP’B

Every h € GLg(Z) gives rise to a bijection Bg — By ), and hence induces a linear
isomorphism and commutative diagram in PCq:

B _h B
o T Ciron

! l (10.7)

Co —> Cprop

where the horizontal maps are in BLCgy. In other words, blow-ups along linear strata

are functorial for the action of GL,(Z). Consequently, the action of GL,(Z) is com-

patible with inclusions of faces: for every face morphism F — cg and h € GL,(Z)

B

there is a unique face h(F) of ST on

mutes:

such that the following diagram in BLCg com-

where the vertical maps are inclusions of faces. Furthermore, this diagram is com-
patible with face diagrams (10.5) and their blow-downs (10.6). The reason is that
an element i € GL,(Z) induces an isomorphism not only on faces but also on their
normals (Remark 4.9).

Definition 10.10 Define a category Dgerf’B whose objects are the sets of faces of
cg, for all equivalence classes of positive definite quadratic forms [Q], and whose
morphisms are generated by face maps, linear isomorphisms £, for all & € GLg4(Z),
and extraneous modifications of the form (10.4).
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Since cg has finitely many faces, each of which blows down to a face of cgp, it

follows that Dgert’s, like Dgert, is equivalent to a finite category. Blow-down defines
a canonical functor

¢ Dgerf,B N Dgerf )
Definition 10.11 Consider the BLCg-complex
LAYPE  pPertB gy g (10.8)

which to any object of Dgerf’B

0.

There is a canonical blow-down morphism (in PCq)

associates the corresponding face of cg, for suitable

LAYPE [ AP
. . perf, 3 perf . .

given by the pair (¢, ®), where ¢ : D, — D, is the functor considered above,
and @ is the natural transformation obtained by restricting the canonical blow-down
map cg — ¢ to faces. It induces a continuous map on topological realisations:

AT — |Lag

Remark 10.12 1t is instructive to explain how, in the absence of face maps per se,
the blow ups of cones are glued together along faces. Consider two positive definite
quadratic forms Q1, Q» which share a common face [Q] < [Q1], [Q2]. In the perfect
cone complex, this is reflected by face maps cgp — cg, and cgp — co, which we
think of as gluing cg,, ¢, along the common face cg; indeed this is precisely what
happens in the topological realisation: the images of the polyhedra o, and o, are
identified along o in the limit ILA;mpL

In the complex LAgOp’B, we have instead a slightly more complicated picture

obtained by joining two face diagrams (10.5) in BLCg (below, left):

B B B B
FQch — Cp, o, —> 0g,
\ \
ch > of
1\B B TB B
FQcQ2 — Cp, o —> 0g,

where the horizontal maps are inclusions of faces, and the vertical maps are extra-
neous modifications. This diagram means that the blow-ups cgl and ng are indeed

glued along the common face cg, but only after collapsing extraneous exceptional
divisors. The diagram on the right is the realisation, in the category of topological

spaces, of the diagram on the left. The vertical maps are isomorphisms, since they are

induced by extraneous modifications. Thus, in the topological realisation |L.AgoP’B|,

this subtlety falls away and one does in effect have canonical face maps, as in the
case of the perfect cone complex.
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11 The determinant locus in LA} " and its blow-up

trop

11.1 The determinantlocusin L. A,

Lemma 11.1 The determinant locus defines a subscheme functor of LAt °p.

perf

Det: D, —> Schy .

The topological realisation of its complement is |LA§OP|\|Det(R)| = L'Pg/GLg(Z).

Proof The functor SLAgOp is given on [Q] by the first component P2 of Co =
P2, L 0, 0¢) which is canonically embedded in P(Q(V)). Define Det([Q]) = DetN
P2 < P9. It is compatible with inclusions of faces since they correspond to inclu-
sions P2 — P2 of linear subspaces of P(Q(V)). The compatibility with isomor-
phisms of Definition 10.5 (ii) follows since the determinant locus is invariant under
the action of GL¢(Z) (i.e., det(P) =0 & det(hPhT) =0 for all h € GL,(Z)). The
second statement follows from Lemma 9.2. O

The subscheme Det is not at infinity (Definition 2.6) since, in general:
oo NDet(R) #0 .

Indeed, any face oy’ where [Q'] < [Q] lies at infinity is necessarily contained in
Det(R). Nevertheless, we show below how performing iterated blow-ups separates
the strict transform of the determinant locus away from the perfect cones.

11.2 The strict transform of the determinant locus in L.A trop, 13

Lemma 11.2 The strict transform of the determinant defines a subfunctor of
SLAtrop,B.
Pl

Det : Dgerf’B — Schg .

Proof Recall that SL.Am)p on [Q] is the iterated blow-up PB¢ of P2 along Bo.

Let Det denote the strict transform of Det N P2. The functoriality with respect to
isomorphisms follows from the invariance of the determinant locus under GL(Z).
The functoriality with respect to face diagrams follows from Proposition 5.2 (i/)\i/n the
case of face morphisms, and for extraneous modifications by definition since Det is a
strict transform. g

The next section is devoted to proving the following theorem.

Theorem 11.3 The functor Det : Dperf B

— Schg of LAt B i ar infinity, i.e.
LAF] nBe =
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The proof follows from Corollary 11.5. Consequently we define a functor (Defini-
tion 2.7)

LAYPE\ Det: DE™P —, BLCq . (11.1)

11.3 Structure of faces and proof of Theorem 11.3

Let Q be a positive definite quadratic form such that op > 0. Let B denote the set
of subspaces P(Q(V/K)) of P(Q(V)) occuring in equation (10.3), such that By =
BN P2. By Proposition 5.2 (i), we may form the blow-up PB either by blowing up
P2 along Bg, or by first blowing up P(Q(V)) along B, and then restricting to the
strict transform of P€. Here we shall do the latter.

Proposition 11.4 An intersection £ of irreducible components of the exceptional di-
visor of the iterated blow-up pPB of P(Q(V)) along B is indexed by nested sequences
of spaces

0=KoCKiCKyC---CKpt1=V. (11.2)

There is a canonical isomorphism £ = P]B Lx oo x P,? " where PiBi is the iterated

blow-up of
P < Q(V/Ki) )
Q(V/Kit1)

along a certain set B; of spaces P(Q(V/K)/Q(V/Ki+1)), where K C K C Kj41.
The space B is closed under taking intersections. _
The intersection of € with the strict transform Det is canonically isomorphic to

n
£ NDet = UP]B] x~--xPE"l‘] xlf)\e/tixPilir' x~~-xPnB"
i=1

where ]f)\eJti - PiBi is the strict transform of the zero locus of the homogeneous poly-
nomial map obtained by composing the restriction map (9.4) with the determinant:

Q(V/K)) e
=R Kiv1/K; .
o kL - Sim/K)—Q

Let o8B be the closure of the inverse image of the interior of og, viewed inside
P(Q(V))(R). The set aBn E(R) is either empty or a face which is canonically home-
omeorphic to a product

o' xoPrx . xob (11.3)

where UiBi C P;(R) is the blow-up of a polyhedral cone o; C P(Q(V/K;)/
Q(V/Ki+1))(R) which is strictly positive.
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Proof The first part follows from the description (5.4) of exceptional divisors and
their intersections in iterated blow-ups in terms of nested sequences of spaces in 5.
The rest follows from repeated application of Lemma 9.8, Remark 9.9 and Proposi-
tion 9.10. The fact that B N E(R) may be empty follows since some blow-ups may
be extraneous to 0. g

Corollary 11.5 Let CZQ = (PBo, Bo, ag) be the blow-up of ¢ (Definition 10.2).
Then

o5 NDet(C) =4 .

B

Proof One has ag = o5 since P2 is the Zariski closure of 0. Since the boundary of

o8B is the union of the interiors of its faces, it suffices to show that the interior of each
face does not meet the strict transform of the determinant locus. Since each face of o
either lies at infinity (when it is contained in an exceptional divisor), or is a strictly
positive polyhedron of the form oo for some [Q'] < [Q], every face of oBisa
product of blow-ups of strictly positive polyhedra by (11.3) (on applying Proposition
11.4 to a polyhedron o). The statement follows from Lemma 9.2 which implies that
their interiors do not meet the strict transform of the determinant locus. g

Definition 11.6 With the notations of Proposition 11.4, define a morphism
~ n
Treq : €\ (€ N Det) —> H (P(Q(Ki+1/Ki) \ Detk,,,/k;) - (11.4)
i=0

It is obtained from the blow-down map £ = PIBl Xeee X P,,B” [, P (%),

by restricting it to the complement of the strict transform of the determinant locus,
and composing with the restriction map (9.7) on each component.

11.4 Inverting extraneous modifications

Consider the category Igerf’B which has the same objects as Dgerf’B but in which all
morphisms corresponding to extraneous modifications are inverted. A face diagram

in the category Dgerf’B which is represented by
[Q'] «<— Fo'[Q] — [Q]

is therefore replaced, in the category Igperf’B, by morphisms
[0'] — FolQ]— (0]

giving rise to a genuine face map [Q'] — [Q] in Igerf’B. The functor LAgOp 5 does

not extend to Igeﬁ’B, but does if the target category BLCg is replaced by its localisa-
tion with respect to extraneous modifications. We shall not pursue this any further in
this paper.
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However, by the final comments of Remark 10.12, extraneous modifications are

already isomorphisms in the topological realisation. As a result, the topological real-

.. trop, B f,3
isation functor oLAgmp’ : Dger ’

— T op canonically extends to a functor
aL.AgOp’B : Igerf’B — Top

whose associated topological space is precisely

’LAEOP’B‘ = lim o. (11.5)

ergerf,B

Remark 11.7 The category Igerf’B can be described in terms of nested sequences of
objects ([Q1],...,[Q,]) where [Q;] are objects of the category Dgerf, in much the
same way as Definition 7.2 in the case of graphs. This will not be discussed further.

11.5 The boundary and interior

Let BDgerf denote the full subcategory of Dgperf generated by classes of positive defi-
nite quadratic forms Q such that og C Det(R).

Definition 11.8 Denote the restriction of the functor LA?OP to apgerf C Dgerf by
ILAFP 9D - PLCy .

Its topological realisation |8L.Ag°p| is the union of all faces of cones in the Voronot
decomposition which lie at infinity, i.e., in Pgt\Pg. Denote its complement by

’LAZ,’"OP . (11.6)

- ‘LA‘gr0p

trop
\|orAg

By Lemma 11.1, |L.Ag0p| N |Det(R)| = |8L.Ag°p| or equivalently,

o,trop
A3

- ’LA‘;""

(e

n |Det(R)|) = LP,/GLy(Z) .

Now let us define aDgerf’B to be the full subcategory of Dgerf’B consisting of all
faces whose image under canonical blow-downs are objects of dD,.

Definition 11.9 Denote the restriction of LA;,r

op,B to a,Dgerf,l? by
ALATPE DB BLCq .

We now show the open |L.AZ,’HOP| embeds canonically into |L.A§OP’B|.
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Proposition 11.10 There is a morphism of PCq complexes
ALAPE gL AP

given by the pair (f, ®) where the functor f : aDg‘“f’B — BDgerf and the natural
transformation ® is induced by the canonical blow-downs cg — ¢cg. There is a

canonical embedding

o,trop
I

i ‘LA;“"”B ( \ ‘aLA‘g“’P’B‘ (11.7)

whose inverse is the blow-down |LAgOp’B| \ |8LAgOp’B| = |LA§OPI \ |8L.A;mp|.

o,perf

Proof Consider the full subcategory D, of Dgerf whose objects are classes [Q],

where Q is positive definite, such that o > 0. Consider the functor D;’perf — Top
defined by

[Q] oo\ (oQ al Det(R)) . (11.8)
The associated topological space is

o,itrop| __
|LAGP| =

1i_r>n oo\ (UQ N Det(R)) .
QED;perf

erf, B f
Because Dg does not have face maps, there is no natural functor from Do oper

Dgerf’B, but since we are working with topological spaces, for which face maps do
exist, we can work in the category Igerf’B (see §11.4) for which [Q']1 = Fo[Q]. For

this category, there is a functor ¢ : Dz’perf — Igerf’B. From this point onwards, the

argument is similar to that of Proposition 8.6 on replacing “LM,” with “L.A,” and
the graph hypersurface locus X with Det. Indeed, the blow-down induces a canonical
isomorphism

o5\ (aQ N LA™ B) 5 6p\(0g N Det(R))

whose inverse we shall denote by j. The pair (¢, j) defines a morphism of func-
tors from the functor Do’perf — T op defined by (11.8) to the functor /g pert. 5 _, Top

which sends [Q] to (TB \ (o N 8L.Atmp B) By taking the limit over objects, we de-
duce from (11.5) that 1t induces a continuous map

o,trop
I

— ‘LAEOP’B’ \ (aLA;“’P'B ) .

The last statement follows since the composition of the previous map with the blow-
down map |L.AgOP’B| \ |8LAgOP’B| — |L.Ag0p| \ [9LAG™| = |LAG "] is the iden-
tity. O
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12 The blow-up of the tropical Torelli map
12.1 The tropical Torelli map

Let G be a connected graph with zero weights. To each edge e € Eg we assign a
variable x,. Define a bilinear inner product on Z6 by setting (e, ¢/) = 8e,¢1xe for all
edges e, ¢’. The graph Laplacian is defined to be its restriction to H(G; Z) C ZF6
which defines a quadratic form on H;(G; Z) taking values in Z[x,, e € Eg]. See §13
for an example. Equivalently, it is given by a linear map

A : Hi(G; Z) — Hom (H{(G; Z), Z|xe, € € eg]) .

A graph Laplacian matrix is a matrix representative with respect to a basis of
H1(G;Z). It is an hg X hg symmetric matrix whose entries lie in Z[x,., e € Eg].
Its determinant, which is well-defined, is equal to the graph polynomial:

detAg = Vg . (12.1)

The definition makes sense for any such graph G, even in the absence of a metric,
since the edge parameters x, are interpreted as abstract variables. In the case when G
is a metric graph, with edge lengths £, € R>, then the variables x, are assigned the
values £, and the corresponding graph Laplacian is the real quadratic form

Ag = Ag N €  Q(H1(G;R))

e=Le

which is denoted, by abuse of notation, by the same symbol. One shows that the graph
Laplacian (for a metric graph) is positive semi-definite, with rational kernel.
The tropical Torelli map, defined and studied in [6, 25, 47, 49], is the map

te: MG —> AGP (12.2)
G [Ag® 0¥

which sends a weighted metric graph G to the class of the Laplacian of the associated
unweighted metric graph, where 0% denotes the w(G) x w(G) matrix whose en-
tries are all zero. A matrix representative A @ 0*(%) has g rows and columns, where
g is the genus of G. It was proven in [16] that the tropical Torelli map is a morphism
in a category of stacky fans. In this section, we extend it to a map on bordifications.
Before doing so, we observe that the tropical Torelli map is degenerate on certain
kinds of graphs.

Example 12.1 Consider the sunrise diagram (Fig. 11, top right), with edges oriented

to the right, and let c; = e; — e2, ¢p = €3 — e3 denote cycles in ZEG whose image in
Hi(G; Z) is a basis. The graph Laplacian matrix with respect to this basis is

A — X1+ x2 —X2
ST\ xntx
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1

d_zé x 0 a x + a2 —x9
0 3 v —xa x9 + 13
1
2 z; 0 1 9 T+ T2 —@2
O (%) oo (i
2 0 0 1 z 0
e ( 0 0) O ( 0 0 )

Fig. 11 Representatives for the graph Laplacians of the stable graphs of genus 2

with determinant W = x1x2 + x1x3 + x2x3. The vanishing of the matrix A g implies
that x; = xp = x3 = 0. The Laplacians of the remaining stable graphs of genus 2 are
depicted in the same figure. The tropical Torelli map is not injective on the dumbbell
graph (top left), and is even identically zero on the graph depicted on the bottom left.
Thus the tropical Torelli map collapses the dumbbell cell into the boundary of the
image of the sunrise cell.

Let G be a connected graph. The Laplacian A defines a linear map
hg QP — QHI(G: Q) (12.3)

which is not injective in general, as the previous example shows. When this is the
case, the tropical Torelli map does not extend to a morphism in the category PLCg.

Proposition 12.2 The linear map (12.3) is injective if and only if G is 3-edge con-
nected (the removal of any edge of G is connected and bridgeless).

Proof Suppose that G is 3-edge connected. Let e € E be any edge of e which is not
a self-edge. The graph G\e is 2-edge connected. By Menger’s theorem there exist two
edge-disjoint paths pq, py between the endpoints of e which lie in G\e. It follows
that, by choosing an orientation on the edges of G and adjoining the edge e to the
paths p1, p2, we may find two cycles ¢, c; € ZEG which are independent homology
classes in H{(G; Z), and only overlap in the single edge e. We may complete these
to a family of cycles cy, ¢, ..., ¢, which represent a basis of Hi(G; Z). It follows
from the definition of A that the entry (Ag)1,2 = £x., where the sign depends on
the choice of orientation of edges, and is immaterial. Consequently, the kernel of Ag
is contained in the subspace x, = 0 of Q€G. Now suppose that e is a self-edge. We
may choose the first cycle ¢ in a choice of representatives cy, ..., ¢, for H{(G; Z)
to consist of the single edge e. In this case, (Ag)1,1 = x. and again we conclude that
the kernel of (12.3) is contained in x, = 0. Since this holds for all edges e € Eg, Ag
is injective.

Conversely, if G is not 3-edge connected, there exist distinct edges e1,e2 € Eg
such that G’ = G\{ey, ez} is disconnected, and G/G’ is the graph with two vertices
v1, v2 and two edges connecting vy and v;. Its Laplacian is represented by the 1 x 1
matrix with a single entry x,, + x.,. It follows that A, and a fortiori A (which
restricts to A,/ on the subspace where all x, = 0 for ¢ € G'), are not injective
since the linear subspace of Q¢ given by x,, = —x,, and all remaining x, = 0, is
contained in their kernel. O
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The answer to a more precise question, namely when two tropical curves have
equivalent Laplacians, is provided in [25]. Note that for any bridge e € E, the vari-
able x, does not appear at all in the Laplacian A and one always has Qe C ker(Ag).

Remark 12.3 For any core (bridgeless) graph G, the intersection of the kernel of Ag
with the region 6 = {x, > 0,e € Eg} (which is the affine cone over o) is zero.
This is because the vanishing locus of A contains the vanishing locus of W¢, which
is positive on the interior of 6 and hence only vanishes along the boundary faces
oG Je = oG N V(x.). One concludes by repeating the argument with G /e, which is
also core.

12.2 Reduced moduli space of tropical curves
The set of 3-edge connected weighted graphs is stable under edge contractions.

Definition 12.4 Let / ged be the full subcategory of I, (Definition 6.3) whose objects
are isomorphism classes of weighted connected graphs with edge-connectivity three.
Let

LM;ed,trOp . (];ed)opp . PLCQ
denote the restriction of the functor L./\/ltgrop to (I éed)OPp. Similarly, let
X4 (1329)°PP — Schyg

denote the restriction of the graph locus functor to (/ ;’d)‘)pp.

. d, t t . . d,t
There is a natural map L/\/l;e P LM gOP and an inclusion |LM? P s

|L./\/lg°p|. In genus 2, for example, the reduced moduli space of tropical curves has
only one top-dimensional cell, which is indexed by the sunrise graph (Fig. 11).

12.3 The projective tropical Torelli map

Let G be a 3-edge connected weighted graph. By Proposition 12.2, A is injective
and its projectivisation defines a linear morphism:

PEo L9 po(H, (G; ) (12.4)

(xe)eEEG = [erQe:| s

where Q. is the quadratic form Q. (e1, €2) = b¢,¢,0e¢,¢,- A key theorem [2, Defn. 3.4
and Theorem 6.7] (see also [46, Theorem 4.2.1]), states that for any such G, there
exists a quadratic form Qg whose minimal vectors are exactly the set of Q,, for
e € Eg. Thus, for every 3-edge connected graph G of weight zero, the map [Ag] :
0G = 0@ 1s an isomorphism. Therefore [Ag] defines a morphism

cG =P, Lg,06) —> cog=P%, Loy, 00,) (12.5)
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in the category PLCq. The second part of the following proposition is a paraphrase
of the results [16] for stacky fans, transposed to the setting of polyhedral linear com-
plexes.

Proposition 12.5 There is a canonical morphism of PLCq-complexes:

i LM 5 L AP (12.6)

which maps the subscheme X9 to Det. Its topological incarnation

‘ L M;ed, trop

t
SN ‘LAgrOP

is the restriction of the tropical Torelli map (12.2) to the reduced moduli space.

Proof By the references quoted above, there exists a functor , : (1524)°PP — Dgerf
which sends a 3-edge connected graph G to [Qg]. The pair (¢4, [A]) defines the
required morphism of PLCg-complexes, since [A] is functorial and defines a natural
transformation. The compatibility of X™¢ and Det follows since WG = det A, and
hence [A](Xg) = Det. [l

12.4 The blow-up of the tropical Torelli map
The reader may wish to refer to the example studied in §13.

Proposition 12.6 Let G be a 3-edge connected graph. Then the tropical Torelli map

induces a continuous map Ag : og — O’g on blown-up polyhedra.

G
Proof Because G is 3-edge connected, the map A is injective. Since Ag : 0g = 0,
is an isomorphism and since P96 is the Zariski-closure of o, it follows that (12.5)
is an isomorphism in PLCq. It suffices to show that for every face o of ogg,
one has P(Q(V/Ks:))(R) Nog,; = Agogy for some core subgraph y C G. To
see this, note that since o is a simplex, its faces og N L, = 0/, are in one-
to-one correspondence with subgraphs y C G where L, is the linear coordinate
space defined by the vanishing of x,., for e € E,,. Therefore let y C G such that
A:0G/y = or. We first show that K. = Hi(y; Q). For this, choose an isomorphism
H{(G; Q)= H((y; Q) & H | (G/y; Q). The restriction of the graph Laplacian Ag to
L, takes the block matrix form
_ <0 0 )
L, \0 Ay )"

Since det(Ag/y) = Wi/, is positive on the interior of og, the kernel of this
quadratic form is precisely H;(y;Q) and hence K., = Hi(y; Q). Let y® de-
note the largest core subgraph of y. Since H;(y; Q) = H{(y°°"¢; Q), we deduce that
P(Q(V/H(y; Q)(R) N Aog contains Aoycore. To show the reverse inclusion, note
that the restriction of A to H'(y; Q) is Ay coe. By Remark 12.3, it vanishes on & core
only when x, = 0 for all e € y°°*® and hence P(Q(V/H(y; Q) (R) NAog = Aoycore.

Ag
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Consider the smallest set of subspaces B of ]P(QEG) which contains both BC and
A2~1B26 and is closed under intersections. It admits morphisms, by Proposition 5.2
(ii), to both

PB s pBY and pB s pr'BY
We have established that the first is an extraneous modification since the subspaces
of 271896 meet o along oG Jy for core y and therefore contain the Zariski closures
of o/, , which are in BC by definition. It gives a homeomorphism og = O'G The
'B2G _, pBY% from Prop0s1t10n 5.2
(i) and leads to a map PB — PB% 1t induces a continuous map O'G — OQG We

deduce the existence of a continous map aG — ch as claimed. |

second can be composed with the map A PA

Define LMred B {6 be the restriction of the functor L./\/ltrOp B

of the) subcategory I, red5 o I, B generated by the images of three-edge connected
graphs under adm1ss1b1e edge contractions and refinements (Definition 7.4).

to the (opposite

Theorem 12.7 The tropical Torelli map induces a continuous map
1B LMESB| s L AP E

which maps |8L/\/lg,ed’8| to |8L.Ag0p ’B| and is compatible, via the canonical blow-
down maps, with the Torelli map (12.6).

Proof This follows from Propositions 12.6 and (12.6), which makes essential use of
the theorem of [2] on the existence and functoriality of [Q¢], for G a graph. U

13 An example

The following example serves to illustrate the difference in the blow-up constructions
for L./\/ltmp and L.Agmp. Let G = W3 be the wheel with 3 spokes, with inner edges
oriented mwards from the center and outer edges oriented counter-clockwise (see
below). First we consider the quadratic form in three variables z1, z2, z3 defined by
03 = Z% + z% + Z% + 2122 4 2223 + 2123. Its minimal vectors are

M = {%(1,0,0), £(0, 1,0), £(0,0, 1), (1, =1, 0), (1,0, =1), =0, 1, =D} .

The cell 6, is the convex hull of the six matrices

1 00 0 00 0 00
0 0 0], 01 0], 0 0 0],
0 0 0 0 0 0 0 0

1 -1 0 1 0 -1 0 0
-1 1 0], 0o o0 0], 0o 1 -1
0 0 O -1 0 1 0 -1 1
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and is given explicitly by the set of projective equivalence classes of matrices

o]+ o4+ as —ay —as
—0y ay + o4 + g —Qg
—5 —g a3 + a5 + g
for arp, ..., a6 € R5o. The essential faces of op, are those where this matrix has

null space exactly K for some subspace K C Q3. For example, if K is the one-
dimensional subspace corresponding to z1, the intersection Q(Q*/K) N oQ, corre-
sponds to when the matrix has vanishing first row and column: o] = a4 = o5 = 0.
Such a face will be blown-up. Examples of non-essential faces are given by «; =0,
or even o; = j = 0 for any i, j, since the matrix above continues to have full rank
along these loci. They will not be blown-up.

This matrix can be realised as the graph Laplacian for a particular choice of homol-
ogy basis for the wheel with 3 spokes. However, to illustrate our point, we shall con-
sider a different basis of cycles for H,(G; Z) consisting of edges {1, 2, 4, 5}, {2, 4, 6},
{3,5,4}):

hi=ei+ex+es—es, hhy=er+es—eq, h3=e3—es+es

S

2

With respect to this basis and orientation, the graph Laplacian is represented by the
3 x 3 matrix

X1+ x2 + x4+ x5 X2 + x4 —X4 — X5
A =HEDGHG = X2+ X4 X2 + X4 + X6 —X4
—X4 — X5 —X4 x3 4+ x4 + x5

The (i, j)th entry is given by (h;, h;) where (, ) is the bilinear product on ZEG such
that (e;, e;j) = &;jx;. The matrix A gives a particular choice of isomorphism from
the coordinate simplex oy, in P3(R) to 0¢,. The essential faces of o,, via this iso-
morphism, correspond precisely to the faces defined where x, =0, e € E(y), where
y ranges over core (bridgeless) graphs; all other faces are non-essential.

Consider the subgraph y spanned by the edges 1, 2, 4, 5. The quotient graph G/y
has a single vertex, and two edges 3, 6. Setting x, = 0 for e € E,, one obtains

0 0 O 0 0 O
Ac;| L= 0 x¢ O], withZariskiclosure Vg = 0 % O
N0 0 x3 0 0 x

It defines a quadratic form on V = @?:1 h;Q = Hi(G; Q) whose kernel is the one-
dimensional subspace K = h{Q. The space of quadratic forms Q(V/K) with null
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space K may be identified with the space of symmetric matrices of the form

QV/K)=

o O O
* % O
* % O

The image of Ag|Ly has codimension 1 inside it, and therefore is not Zariski-

dense. This example illustrates the difference between L./\/l;mp 5 and LA;IOP’B. The
former involves blowing up the subspace L, = {x, =0, e € E, }, corresponding to
the core subgraph y, whose image under the Torelli map A¢ is the projective space

P(Vog,, ) = P!. However, in LA;rOp’B it is the space P(Q(V/K)) = P? which is
blown up, which strictly contains (V). Indeed, its preimage under A equals

V(X1 + %2 + x4 + x5, X2 + x4, x4 + x5) C P(QF0)

which strictly contains the locus V (x1, x2, x4, x5) corresponding toy. It follows that

Ag does not extend to a morphism of blow-ups from PB6 o PB" "% Nevertheless
P(Vs)(R) and P(Q(V/K))(R) both meet o along the same face o/, , and so A

does extend to a morphism between the blown-up polytopes ovlf,% and 05;-

14 Canonical bi-invariant forms and their integrals
14.1 Canonical forms

Employing the same notation as in [19, §4.1], we define

Qean = \ P Q™! (14.1)

k>1

to be the graded-commutative Hopf algebra generated by elements w**! in degree

4k + 1, for k > 1, where the coproduct A" : Q" — Q1 @ Q" has the property
that the **! are primitive, i.e., A (¥ 1) = ¥t @ 1 + 1 @ ™1,

Let R =P, R" be a differential graded algebra with differential d of degree
+1, and let X € GL, (R®) be an invertible g x g symmetric matrix. Let dX denote
the matrix whose entries (dX);; = dX;; are in R!. We define

w;t(kJrl —tr ((X—ldX)4k+1> c R

More generally, any @ € Qcay is a polynomial in the o™t We write wyx for the

corresponding polynomial in the w§k+l. One can show that the wy are:

(1) Closed: dwx =0 for any X as above.
(2) Bi-invariant: waxp = wx forall A, B € GL, (RO) such that /A =dB =0.
(3) Additive: if we write Aw =" o' ® " and X1, X2 € GL4(R"), then
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(4) Projective: wyx = wx forall A € (RY*,
(5) Vanish in low rank: w?f“ =0 if 4k+ 1> 2g.

See [19, Lemmas 4.3, 4.4 and Proposition 4.5] for proofs. In loc. cit. these forms
were studied on the moduli space |LMgOp| and were used to study the cohomology
of the even commutative graph complex. In this paper we shall study them on the
space |LAg°p|, and in particular, reprove and strengthen the results of Borel [11],
who showed that

Qean —> 1im H*(GLg (Z); R) .
8

14.2 Forms of ‘compact type’

Let g > 1 be odd. By the vanishing property (5), only a finite subspace of Q¢qp is
non-zero on g X g symmetric matrices.

Definition 14.1 Let Q2(g) C Qcan denote the graded exterior algebra generated by 1,

@, ..., 08 1t is naturally a quotient of Q¢ via the map Qe — 2(g) which

sends w**! to zero for all 2k > g. We shall call a form simple if it is a monomial in
the generators of Q2(g), i.e., a product of primitive elements. An element of Q2(g) is
a finite linear combination of simple forms. Call a form w € Q(g) of compact type in
genus g if it is divisible by w?$~!

1

w=nAw¥""  forsome neQg). (14.2)

Otherwise, a simple form @ will be called of non-compact type. Denote the space
spanned by forms of compact (resp. non-compact) type by Q2.(g) (resp. 2,.(g)). We
have

Q(g) = Qc(g) D an(g)

The subspace 2.(g) C 2(g) is an ideal.
Consider the volume form
volg =’ A A7l e Qu(g) (14.3)
which is of degree d, — 1, where dy = @. It is simple, and of compact type.
Definition 14.2 Let w € Q(g) be simple. There is a unique *w € 2(g) such that

W Axw=Volg .

The map * extends by linearity to an endomorphism (the Hodge star operator) on
€2 (g) which interchanges the subspaces of forms of compact and non-compact types:

*: Q2:(8) ; Que(g) .

It is an involution up to sign: * * ® = *w.
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Example 14.3 Let g = 7. Then vol; = > A @’ A w'3. The following table lists the

simple elements in €2,,.(7), and below them, their images in 2. (7) under the map *:

1 5 9 5 9

w w [ MVANO))
\ \ \
W3 A ad Al PCINPRE P IRE PRE

14.3 Canonical forms on L./\/tz,mp and L.A;;,mp

Lemma 14.4 Let o € ann be a canonical form of degree d, and let V be a vector

space over k C R. Then w defines a closed projective differential form
o € QIPQ(V)\Dey
which is invariant under the action of GL(V).

Proof The projectivity follows from §14.1 (4), the invariance from (2). O

Proposition 14.5 A canonical form w € Q4(g) defines an algebraic differential form

(§2.4):
w e QILAP\Det). (14.4)

It restricts to a smooth differential form, also denoted by w, on

o o (|

) =AY (LP,/GL,(Z)) .

Proof By Definition 2.9 a differential form must verify the compatibility relations
(2.7). A canonical form w satisfies the compatibilities for the two types of morphisms
in the category Dgert of Definition 10.5: for face morphisms, the compatibility is
automatic, and for isomorphisms, this follows from the bi-invariance §14.1 (2). The
fact that @ only has poles along the determinant locus follows immediately from its
definition since for any square matrix X, the one-form X ~!d X is regular outside the
locus det(X) = 0. O

In [19], we studied the canonical forms wg = wa, on the polyhedral linear con-
figuration associated to a graph G.

Proposition 14.6 A form w € Q%(g) defines an algebraic form w € Q¢ (L./\/lgOp\X).
It restricts to a smooth differential form, also denoted by w, on

d t t
o e A ([LMET\ o))
The restriction of w to the reduced moduli space L/\/l;,ed’trOP is the pull-back Af;w of

the corresponding canonical forms (14.4) on L.A;rOp by the tropical Torelli map.
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This follows from Theorem 2.1 in [19]: the first statement is equivalent to the
‘compatibility’ and ‘equivariance’ property (2.2) loc. cit.; the second on applying
Proposition 6.7. That they are pulled back from the tropical Torelli map is automatic
from their definition.

14.4 Behaviour at infinity

A key property of canonical forms is their behaviour on blow-ups and in particular, a
factorisation property at infinity.

Proposition 14.7 Let 0 < K C V be a subspace and let 7 : pB P(Q(V)) denote
the blow-up along B ={P(Q(V/K))}. Let w € ann. Denote its coproduct by

/ 1/
Ay = E w; Qw, .

1

The pull-back m*w to PB has no poles along the exceptional divisor, and hence
defines a regular differential form on the complement of the strict transform Det of
the determinant:

7w € Q'(P\ Det) .

Its restriction to the exceptional divisor £, which we recall by Proposition 9.10 is
canonically isomorphic to the product £ =P (Q(V/K)) x P(Q(V)/Q(V/K)), sat-
isfies

)| =Y o] Ami(@]) (14.5)

where w; e Q° (]P’(Q(V/K))\Detv/,(), wl/.’ € Q* (P(Q(K))\Detg), and wg is the
map (9.7).

Proof The proof is almost identical to that of theorem 7.4 in [19] to which we refer
for further details. The key point is to choose a complementary subspace V=K & C
and write Q in block form as in (9.10). Then we may write formula (9.11) in the
form:

sl*<Q=<Zle317§ ZQIZ>=AU where we set A=<ZQOK ro)’

and where

-1
U:A‘S;QEG) Q,iP> (mod z) .

For simplicity, assume that @ = @**!

is primitive. Then
Ak+1 —1p-1 —1 g7kt -1 _r)
o'kt :tr((U AN @MU +ULdU) ):tr (A dA +dU.U ) .
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The argument follows exactly as in theorem 7.4 of loc. cit. to conclude that

_ 4k+1 4k+1
Wsk 0 =0 @o. T Ogg

and hence n*(w)| £= a)g‘;l Al+1A wg‘:]. The case when w is a simple form

follows by multiplying primitive forms together; the general case follows by linearity.
O

Remark 14.8 This implies that the restriction of 7*(w) to the exceptional divisor is
actually just the pre-image of canonical forms under the collapsing map §9.3 of the
normal bundle.

It may often happen that the restriction 7 *(w) to the exceptional divisor £ van-
ishes. There is one important situation in which this always occurs.

Corollary 149 Let w € Qf(g) be of compact type, where g = dim(V) > 1 is odd.
Then, in the situation of Proposition 14.7, w*w vanishes along the exceptional divisor

£.

Proof We may assume that o is simple. Since w is of compact type, it follows that
in the expression Ao =), o] @ w!’ either @] or ]’ is of compact type for each i,
since one of these two forms must be divisible by w?¢~!. Note that since g = 2k + 1 is
odd, ®?¢~! = w**1, Property §14.1 (5) implies that >~ vanishes on all matrices
of rank £ satisfying 24 < 2g — 1, or equivalently, & < g. Let us choose a complement
V =Z K & C and use the notations of Proposition 14.7. Since K # 0, both O and
Qc have rank strictly smaller than g, and hence either (w}) o =0 or (@]) o, = 0 for
every i, since one or other is divisible by @81 1t follows from the formula (14.5)
that 7 *(w) vanishes along &. O

The essential part of the proof is the fact that Q2.(g) is a Hopf ideal in 2(g):
AN(Q:(8) C (Re(8) ®0 Rnc(8)) + (Rne(g) ®g Qc(9)) -
14.5 Canonical forms on the blow-ups LA;;OP’B and LM;mp’B

Theorem 14.10 Let w € Q¢

can*

It defines a closed algebraic differential form
el (LAE"P*B\ISB) (14.6)
which restricts to a smooth form, also denoted by the same notation,

& e Al ()LA‘;"I”BD (14.7)

on the topological realisation. In the case when g > 1 is odd and w € Qg(g) is of
compact type, then the restriction of (14.6) to the boundary BLAEOP’B \ (BL.AtgrOp’B N
ISEt) vanishes. In particular, it follows that the form (14.7) on |L.AgOp’B| vanishes on

DL ASPB).

@ Springer



Bordifications of tropical moduli spaces 115

Proof Let Q be a positive definite quadratic form such that og > 0. Let @ = n*w
denote the pull-back of the form w along the iterated blow-up = : PBo — P2, By
repeated application of Proposition 14.7 for each blow-up in the formation of PBo,
we deduce that @ is a meromorphic differential form with no poles along the excep-
tional divisor. It follows that & € Q4 (PBe \ 6&). By restricting it to faces, we obtain

a family of forms in Qd((SL.AgOp ’B\]’)\gt) (x)) for every object x of Dgerf. By the uni-
versal property of strict transforms (Proposition 5.2 (i)) and the fact that restriction
of differential forms is compatible with pull-back along blow-ups, the compatibility
conditions (2.7) for @ follow from those of w, established in Proposition 14.5. This is
because the objects in a face diagram (10.5) are the blow-ups of a face map in Dgerf,

and the form @ on each component is the pull-back of w along a suitable blow-up.
trop, B

The statement (14.7) is a consequence of the fact that |L.4, | does not meet
the strict transform of the determinant locus (Theorem 11.3). When w is of compact
type, @ vanishes along exceptional divisors by Corollary 14.9. u

The following statement for LM?OP’B may be proved using [19, Theorem 7.4].

Theorem 14.11 Ler w € Q4

can*
L./\/ltgmp’B\X, and restricts to a smooth form on |LM§OP’B| which we may denote
by:

It defines both a holomorphic differential form on

5eod (LM;“"’*B\)?) resp.  @e Al (’LM‘;""’B D . (14.8)

Note that in the case of L./\/lgop 5 the existence of the dual graph Laplacian implies

that most forms of compact type in genus g actually vanish (see [19, Lemma 8.4]),
except for the primitive ones. See the discussion in §15.6.

14.6 Integrals of canonical forms

Canonical integrals define new invariants associated to the minimal vectors of
quadratic forms.

Corollary 14.12 Let Q be a positive definite quadratic form such that o is strictly
positive. Then for any canonical form w € ann where d =dimoyg, the integral

Ip(w) :/ w
o0

is finite. In the case where Q = Q¢ is associated to a graph, the integral 1, (w)
reduces to the canonical integrals I (w) studied in [19, §8].

Proof By passing to the blow-up PBo 5 P2 we may write

IQ(w)z/Ba

Q
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. o . . .
since o ¢ is contained in ag , and has complement of Lebesgue measure zero. By

Theorem 11.3, @ has no poles along the compact region ag and therefore the integral
is finite. O

These integrals satisfy many interesting relations. The analogous relations for
graphs were studied in [19, §8.2] and related to the ‘waterfall’ spectral sequence
of [38].

Theorem 14.13 (Stokes relation). Let Q be a positive definite quadratic form such
that og > 0, and let @ € Qcan have degree dimog — 1. Let Ao =), 0] ® o]’
Then

O:Z/ w+ZZ/ w;/ Tk, @) (14.9)
Q U i F UOF e

o/oF

where Q' < Q denote the facets of oo which are strictly positive (not contained in
Det(R)), and Uf x (o0 /O’F)B denote the set of facets of its blow-up 05 which are at
infinity (in other words, of is an essential face of o at infinity, and o g /o is defined
in (9.8)). The map MK, is defined in Lemma 9.7.

Proof This follows from an application of Stokes’ formula:
0= / o / 3,
05 3O'QB

the description of the boundary facets of 05 , and the factorisation formula (14.5). O
14.7 Compactly-supported representatives

Every form of compact type has a representative which vanishes identically in a
neighbourhood of the boundary.

Corollary 14.14 Let g > 1 be odd. The cohomology class of the differential form
w8 Lin Hdzg_l (IL.AgOp’BI, |8LAgOp’B|) has a compactly supported representative

)-

AN € Q.(g) of compact type has a

. . 26—
canonical compactly supported representative w. = wz" ~ A1).

2g—1 2g—1 o,trop
w71 e Het ! (|La;

2g—1

Having chosen w; 2s—1

, any other form w = w

Proof By (3.9), and (11.7) we have HJR,C(|L,4§;“°P|) ~ H(;R(|LA§°‘°’B|,

|8LAtgr°p’B|). The form w?¢~!, being of compact type, vanishes on |8LAgOp’B| by
Theorem 14.10 and therefore defines a class in the latter cohomology group. O
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The fact that ©?¢~! has a compactly supported representative on LP,/GL¢(Z)

was claimed without proof in [41]. Since one also has ILAO /trop | = IL.AgOpl \
|8LAg°p |, the blow-down map 7 : |L.Afgr0p BI IL.Atgmp | induces an isomorphism
(excision):

trop

HdR ( ‘ LAII'OP

) N HdR (‘LAtropB

trop B D

since both sides may be identified with the compactly supported cohomology of the
interior |L.A;’trOP |. In particular, any compactly supported form w, as in the corollary

may be viewed as a closed differential form on |LA§°p|. Its cohomology class

[we] € Hix (‘LA;“’P

) (14.10)

does not depend on the choice of representative for a)fg ~! since it is the i image of

(7*)~'[@] under the natural map H (LA |, 1L AP |) — Hi (LA ).

15 Cohomology classes in |LAtgmp|

In this section we prove the theorems announced in the introduction.

15.1 Canonical classes in |L.Ar°p|

Let g > 1 be odd. We use the notation

gg+1) ¢ _8@g+D
2 SR )

where dg = dim P, and £, = dim LP,.

dy = —1

Lemma 15.1 The form volg defines a non-trivial relative cohomology class

trop,B
g .

Proof Since g is odd, the space LP,/GL¢(Z) is orientable and has a relative funda-
mental class []-';,f] eH g (IL.A;’tmpD in locally finite homology, or equivalently,

0 [voly] € Hyf (|LAG

[ e Hy (‘LA“OP B

Joraze])

A volume form 1, on LP,/GLg(Z) is defined on symmetric matrices M = (M;;);;
by

ng(M)=12 N dm;;
det(M) T l<i<j<g
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where 0 = Zi’j Mij%ij is the Euler vector field. By H. Cartan [53, Exp. 17, §12]

and [11, figure on page 265], the algebra of invariant differential forms on SL, (R)
is isomorphic to a graded exterior algebra on elements in degree 4k 4 1, for k > 0
(and in degree 4k + 1 for k > 1 for GL, (R)). Since the forms o**+1 are invariant and
non-zero they give an explicit choice of algebra generators. It follows that there exists

an o € Q* such that ng = a volg = ¢’ Aw’ A Aw?$~ 1, since 1, is invariant and

volg (defined by (14.3)) is the unique generator in £2°(g) of degree £,. We have

vol(L'Pg /GLg (Z)) :/ Ng = ozf volg .
LPg/GLg(Z) [FH

Since vol(LPy/GLg(Z)) # 0 (for a more precise statement see (15.1)), we deduce
that the cohomology class of [volg] in ije (|LA20P’B|, |8L.AgOp’B|) is non-zero.
O

Remark 15.2 1t follows from a theorem of Minkowski (see [54]) that

/ ng € ¢(3¢(G)...c2g-HQ™ . (15.1)
LPy/GLy(Z)

The point is that the volume of the symmetric space SL, (R)/SL¢(Z) is proportional,
by a rational number, to the product of consecutive zeta values ¢(2)...¢(2g—1). One
proves [60] that the volume of LP, /GL, (Z) is obtained by dividing by the volume of
SO, (R), which is proportional to the product of the even zeta values ¢(2)...¢(2g —
2), giving (15.1).

We shall first prove an injectivity theorem for the cohomology of the general linear

group, before proving a stronger but more technical result for |LA[grOp |.

Theorem 15.3 The map w +— [w.] defined in Corollary 14.14 induces an injective
map of graded algebras:

Q2(g) — Hix (LPg/GLg(Z)) .
There are canonical injective maps of graded algebras:
. . B
an(g) — HdR (lL‘A;mp |) s
Q&) = HiR(LPg/GLg(2)) .

There are natural splittings of vector spaces Hjy (L'Pg /GL, (Z)) — Q' (g) ®qgR for
each n, and likewise Hjp (LP /GLg(2)) — Q0 .(2)g ® R.

Proof Recall that £, = dim LP,. Let n > 0 and consider the cup product:
B B - B
H" (LA 19LAG™ 7)) @ HE " (ILAZ™7)
—> H(LASPE| [aL.ALPE))

8
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[0] ® [n] = [w A 7]

Apply this map to w € R1(g) of compact type, and n = @ which is of non-compact
type. They define classes in the above cohomology groups by Theorem 14.10. Since
the Hodge star operator is non-degenerate, [w A n] = [w A *w] is a non-zero rational
multiple of [vol,], which is itself non-zero by Lemma 15.1. We conclude that both
[w] and [*w] are non-vanishing in the respective cohomology groups. This proves the
first two equations, since every element of Q23 . is in the image of the star operator.

Recall that |LA™PE|\ [aL A™PB| = |LAS™| = LP, /GL,(Z). By Theorem
3.6, relative cohomology may be interpreted as compactly supported cohomology. A
variant of the above cup product may thus be written as follows:

H! x (LPg/GLy(2)) ® Hyt ™" (LPy /GLq(Z) (15.2)
— H.%y (LPy/GLy(2)).

It sends [w¢] ® [*w] = [we A xw] = [(volg) ] # 0. It follows that both [w,] and [*w]
are non-zero classes in the respective cohomology groups. This proves that €2 .(g)
injects into the ordinary (non compactly-supported) cohomology of LP, /GL¢(Z).

A splitting H g, (L'P, /GLg(Z)) — Q25,.(g) ®p R may be defined as follows. For
any [a] € Hjp (LP;/GLg(Z)), it follows from Stokes’ theorem that the map

we > [a] A we
LPy/GLy(Z)

is a well-defined element of Hom(Qf.g - (), R), which is isomorphic to ! .(g) ®pR
via the star operator since *w A @, pairs non-trivially with the fundamental class
[F¥7]. This defines a linear map Hj (LP,/GL,(Z); R) — Q5,.(g) ®q R which, after
rescaling, defines the required splitting. A splitting Hj (LP,/GL¢(Z)) — Q2(g)
may be defined similarly. g

We wish to repeat a similar argument in order to prove the more subtle fact that

€22(g) injects into the cohomology of |LAgOp|. However, replacing the cup prod-

uct for the relative cohomology of ILAtgmp ’B| with ordinary cohomology will not

succeed, since the volume form actually vanishes in the cohomology of |L.Atgr0p ’B|.

Replacing |L.A;r0p ’BI with |L,4}gmp | is also of no avail, since the non-compact canon-

ical forms are not defined on the latter space in the first place. The solution is to work
on a space which lies in between |L~Afgr0p ’B| — |L.Ag°p|. If we interpret the former
as the Borel-Serre compactification of L'P, /GL,(Z) (see the Appendix), then an ap-
propriate space is the reductive Borel-Serre compactification. It has the property that
its boundary is of sufficiently high codimension that the volume class is non-zero
(unlike |L.Ag°p’6|), but is sufficiently regular that the non-compact canonical forms
extend to it (unlike |LAtgr0p|). Instead of constructing this space explicitly, we shall

imitate its cohomology with an ad-hoc complex whose cohomology will be denoted
by H™d,
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Theorem 15.4 The map o — [w,.] (14.10) induces an injective map of graded alge-
bras

It factors through the injective map Q2(g) — H(;R(|L.Ag°p|, |8LAtgr°p|) =
H? dR(ILA;’tmpD constructed in Theorem 15.3.

. . t
Q2(e) = Hie (|14

Proof We prove a stronger result, namely that the classes 2°(g) are non-zero in a
larger complex of differential forms with ‘reduced boundary’.*

Q4L ATP Py @2 (L.AYPE \ Det)

o @ ([]P(QKit1/K)\Detk,, k)

& i=0

where the direct sum is over all components of the boundary 8L.A§,g indexed by nested
sequences (11.2). The strategy will be similar to the proof of Theorem 15.3 once we
have shown that the volume class is non-zero. The complex Q"red(LAz,mp‘B) consists
of pairs (w, (ng)¢g) such that the restriction of w to a face £ N 8LAE satisfies

@), =4 ne (15.4)

where mq was defined in (11.4). There is a corresponding complex

A"red(lLAg()p’BD of smooth differential forms defined in the same way: it con-

sists of pairs (w, (ng)g) which satisfy (15.4), where w € A’(ILAgOp’BI) and ng

are smooth forms on rrred(|8LAgOp’B| N E(R)). Let us denote its cohomology
by H "red(|L./élfgr0p ’B|). There is a natural map of complexes Q"red(L.Atgrop ’B) —

Ao,red(|LAgopo|)_

4To motivate this in the case n = 2, consider the following picture of the projectivised normal bundles asso-
ciated to a single blow-up of P(Q(V/K)) in P(Q(V)) where K C V. We choose, as usual, a complement
V =K @ C. We have the maps

P(Q(V/K)) x P(Q(V)/Q(V/K)) \ Det| , —> P(Q(V/K)) x P(Q(K)) — P(Q(V/K)) (15.3)
where the first map is id x g (see §9.3, (9.7)) and the second map is projection on to the first factor.

Their composition is the blow-down map (see Remark 5.15). The corresponding map on affine spaces,
after identifying the middle space as block diagonal matrices, may be viewed on symmetric matrices as

the map
Ok P Ok O 0 0
<PT oc) V0o o) 7o ¢c
The far left space in (15.3) describes the local structure of an exceptional divisor on LA;OP’ B , the far right

space describes the structure of a face at infinity in L.AgOp . The space in the middle corresponds to the
structure at infinity of the reductive Borel-Serre compactification. We consider forms whose restriction to
the boundary are constant in the P-direction, i.e., pull-backs from the middle space to the left-most one.
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Since the restriction of the blow down to the boundary |8L,4tr0p BI |8L.A§Op|
factors through meq (it factors through the map which projects a product (11.3)
onto its final component), it follows that the map on cohomology induced by 753 :
|L.Atgmp’B| — |L.Agop| factors through the reduced cohomology, i.e., ng is the com-
position of two maps:

Hig (LASP)) — H3 (LA E ) — H(LASPE) (15.5)

where the first map is w — (nz‘;w, 0) the second is (w, (n)g) — .
We will show that there is an injective map

2°(9) — Hy™ (|A5™")).

First of all, observe that there is a well-defined map 2°(g) — Q"red(L.AgOp’B) by
equation (14.5), which implies that the restriction of a canonical form to an excep-
tional divisor &£ is always of the form 7 (ne). See Remark 14.8. Concretely, the
forms ng are products of canonical forms which can be computed explicity from the
coproduct of w.

We next show, as before, that the volume form is non-zero in H ' recl(|L.Atmp B|)

If vol, were exact, there would exist forms « on |L.Atr0p 5

Ly — 1 such that

| and (Bg)g of degree

l,=d d =n4B. 15.6

volg o an o c® T edB ( )

However, since mrq decreases the dimension by at least g — 1, such a form 8 is nec-

essarily zero since it has degree > £, — g. Equation (15.6) then implies that, since «

restricts to zero on every exceptional divisor £(R), vol, is zero in relative cohomol-

ogy Hjé(lLAgOp’BI, |8LAgOp’B|), which contradicts Lemma 15.1.

Now let w € ©2(g). Thereis a A # 0 such that w A xw = Avol,. Since (15.4) is com-

patible with exterior products of differential forms, the complex A* red(ILAtrOp BI)
inherits a multiplicative structure giving rise to a product on reduced cohomology:

mred(lLAtrop B|)®Hézlired(|LAgop,B|) N Hm+n red(ILAtrop Bl)

Since [*w] A [@] = A[volg] is non-zero, it follows that [w] € H(;Rred(lLAm)p By is
non-zero and hence 2 (g) indeed injects into H(;Rr ed(|LAg°p B|) as claimed.

By Theorem 14.10 and (15.5), the image of the subspace of compact type Q2.(g)
in Hcfl’{ed(|LAtmp B|) factors through its image in H (|L.Atr°p ). It follows that the
map Q.(g) = dR(|L.,élf€,r°p|) given by (14.10) must already be injective.

The last part follows from the fact that the map Q.(g) — H( |LA2°P|) factors
through Hj (|LAH0P| |8L.Atmp|) by definition. d
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15.2 Cohomology of GL, (Z)

Theorem 15.3 has the following corollaries. First, some notation. Since P, is con-
tractible and an R -bundle over the space LP,, we have

H"(GL,(Z); R) = H"(L'P, /GL,(Z)) , (15.7)
H'""N(GLy(Z); R) = H(LP,/GLg(Z)) .

The reason for the shift in indices is that H!(RZ ) =0 for n % 1 and H! RZ) =R.

>

Corollary 15.5 Let g > 1 be odd. The forms of non-compact (resp. compact) type em-
bed into the cohomology (resp. compactly supported cohomology) of L'Py /GL4(Z):

25.(8) ® R H*(GLy(Z); R) (15.8)
Q(g) ®g R — HT(GLy(Z):R) .

Corollary 15.6 Let g > 1 be odd. Then for all h > g, we have:

Q.(g) — H*'GL,(Z);R). (15.9)

Proof Let k > 1 and consider the maps

Qn.(g) = Q2 .(g+2k) - H*(GLg 424 (Z); R) — H*(GLg 01 —1(Z); R)
— H*(GL4(Z); R)

where the last two maps H*®(GLg 1, (Z); R) — H*®*(GL4(Z); R) are induced by the
stabilisation map X — X @ [, where I, is the identity matrix of rank m. The com-
position of all the maps in the above is the natural map €25 .(g) — H*(GL¢(Z); R),
since wygy, = wy for any canonical form w. We have shown it is injective, by (15.8).
Therefore £27 .(g) injects into all intermediate spaces, and hence into H*(GL;,(Z); R)
forallh > g. g

Remark 15.7 A brief discussion of the history of this result is in the introduction.
Note that the previous two corollaries are strictly weaker than Theorem 15.4.

15.3 Compactly supported cohomology

The following proposition is essentially a restatement, in a different form, of results
of [15].

Proposition 15.8 Forall n, g > 1, there are short exact sequences:

—1 trop
0 — Hip ()L.Ag_l

) — Hie o (|LAT™

) — H ()LA;I"P

)—>0
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Proof Consider the long exact relative de Rham cohomology sequence:

)

o g ([orag LALP

) — Hl (]LA‘;;‘)P

The statement follows on interpreting the relative cohomology group in the middle
as compactly supported cohomology (3.9); from the homeomorphism |8L.Atgmp | =

|L.A;,m_pl |, which follows from [15, Corollary 4.12]; and from the fact that the restric-

tion maps H(?R(|L.AEOP|) — Hc’fR(|8LAg0P|) are zero. This last fact is dual to the
statement that the inclusion of the boundary |8LA§°P| > |LAg°p| induces the zero

map in homology H,(|dLAg"|;R) — H,(|LAg*|; R). The reason for this is that

the image of a chain in the boundary |8LA[gmp| only involves cones op which are

equivalent to the cone of a positive definite quadratic form of rank strictly less than
g, and therefore lies in the inflation subcomplex I(®) of the perfect cone complex
P® . Since the inflation complex is acyclic, by [15, Theorem 5.15], any such chain
is trivial in homology. O

s

— Hye (|45

Corollary 15.9 Let g > 1 be odd. Then there is a natural injective map
Q(g) = H:™(GLg11(Z):R) . (15.10)
Proof By Proposition 15.8, there is an injective map

Hi (‘LAEOP

) —> HELILAGSTPD = Hl L(LPy 11 /Gl (2)

The result follows from Theorem 15.4 and (15.7). (I
15.4 Unstable cohomology of SL(Z)
The following lemma is standard [31].

Lemma 15.10 Let n > 0. Then

H"(GL4(Z); R) if g is odd

H"(SL,(Z); R) = —n
(SLy(Z): R) H”(GLg(Z);R)GBH:ig (GLy(Z); R)Y if g is even

Proof Consider the short exact sequence

1 — SLg(Z) — GL,(Z) et GL(Z) — 1
where GL|(Z) = Z* =Z7/27Z. When g is odd, it splits: in fact, since the diagonal ma-
trix — /I, of rank g is central, GL,(Z) is isomorphic to the direct product SL,(Z) x
Z/27. Since Z/27 is torsion we deduce that H"(SL¢(Z); Q) = H"(GL4(Z); Q)
when g is odd. Now suppose that g is even, and consider the rank one R-vector space
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RYt equipped with the action of g € GLg(Z) given by g.v = det(g)v. By Shapiro’s
lemma one has:

H"(SL,(Z); R) = H"(GL, (Z):; IndSLL;((ZZ)) R) = H"(GL¢(Z): R & R%) .

Denote by O the orientation bundle on LPg, which is non-trivial when g is even. We
have

dg—n

H"(GLg(Z); R*) = H" (P, /GLg(Z); O) = He* " (P /GLg (Z): R)”

where the first equality follows from the argument of [31, Lemma 7.2] and the second
for Poincaré duality for non-orientable homology manifolds. g

The previous lemma and (15.10) imply the following result on the cohomology
of SLg(Z). Choose a surjective map s : HC’+2(GLg+1 (Z); R) — 22(g) ®p R which
is a section of the injective map Q2(g) g R — H, C'+2 (GLg+1(Z); R) equivalent to
(15.10).

Corollary 15.11 Let g > 1 be odd and n > 0. Then

Q. (8) ®g R — H"(SLg(Z); R)

dgy1—n—2
c

(20 ®0R) ® (287" P @ ® R) > H'(SLep1 (2 R)

The first map is natural. The second map depends on the choice of section s: it is

—n—2
given by its dual sV on the second component (Qfﬁl 8 (g) @R)V.

If we identify (Qfg -l (g)) with Q7 (g) via the Hodge star operator, the second
map in the corollary may be written (non-canonically) in the more convenient form

(e ® () @R H' Lyt (D:R)

Examples 15.12 For g = 3, we have ©,.(3) = Q and Q.(3) = »’Q. The pre-
vious corollary produces classes in H 0(SL3(Z); R), as well as HY(SL4(Z); R),
H?*(SL4(Z); R).

For g = 5, we have forms of non-compact type €2,,.(5) = Q@ Qw’. They give rise,
via the previous corollary, to classes in H 0(SL5(Z); R) and H’(SL5(Z); R), and also
HO(SLe(Z); R) and H>(SL¢(Z); R). The forms of compact type Q.(5) = o’Q &
(@ A »”)Q give rise to two further classes in H>(SLg(Z); R) and H'°(SL¢(Z); R).

Remark 15.13 A natural way to phrase the corollary is to say that there is a complex

dgy1—n—2
c

\%
.(8) ®g R — H"(SLg41(2):R) — (2 (8) ®gR)
where the first map is injective, and the second map is surjective.
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15.5 Stablerange

Let g > 1 be odd. By Borel [11], rephrased in terms of forms of non-compact type,
there exists a « (g) which grows linearly in g such that

Q" .(¢) ®g R —> H"(GLy(Z); R) forall n <«(g) . (15.11)

Borel showed that x(g) is of the order of g/4. Using the recent work [40, Theorem
Al], [43], and (15.9), it may be improved to «(g) = g. For n in this range, Q7 .(g) =
Q"(g).

Corollary 15.14 Let g > 1 be odd and let k(g) be such that (15.11) holds. Then

trop
Hi (|24

JERAGEI

)=o

Hy |y

foralln>d, —k(g).

Proof Let g > 1 be odd. Since LP,/GL,(Z) is orientable of dimension £, = d, —
1, Poincaré duality implies that H' (LP,/GL,(Z); R) = Hbsn (L'Py/GLg(Z); R)Y
and so we have

(15 11) ly—
dimg 2,5 (g)

dimg H'(LPg/GLg(Z); R) = dimp Heg_"(LP /GLg(Z); R)
where the last equality holds for n > £, — k(g). In (15.8) we established an injection
QL (g) ®g R — H!(LP,/GL¢(Z)) (15.12)

for all n. The Hodge star operator formalism implies that dimg QL(g) =

dimg Qﬁiin (g) for all n, and hence if n > £, — k(g), we have equality of dimen-
sions in (15.12). In summary,

Q1 (g) ® R= H!(LPy/GLy(Z); R)  forn > €y —k(g) .

Since |LAG"P| = LP,/GL,(Z) we deduce that H iy JILAGTP) = Q1 (g) ®@g R
for n in this range, and the exact sequence of Proposition 15.8 becomes

0—>H£l 1(|LAtr0p |)_) Qn(g) ®@R—> HdR(|LAtr0P|)_)0

By Theorem 15.4, the map Q(g) ®g R — Hl (ILAG™|) is injective, hence (x)
is an isomorphism, giving the first statement. Its kernel vanishes, which gives the
second. O
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15.6 Canonical forms and the tropical Torelli map

The composition
A*
2 (g) ®g R — Hi (ILATP1) 2 Hig (1LME))

sends the majority of forms to zero. Indeed, if n € Q9 (g) has degree d then

V@ "Ap=0 if d>g—2. (15.13)
This is because the left-hand side restricts to the form wég N ng in the notation of
[19] on the simplex o associated to a graph G. By [19, Corollary 6.19], it vanishes
if its degree is greater than 3g — 3. It might be possible to reduce the degree d in
(15.13) by a more detailed analysis of vanishing of graph forms [19, §6.5]. Evidence

suggests that A*(w) is non-zero if and only if w is primitive, or more precisely, that
the image of

is one-dimensional: Im(A*) = Q[w?¢~!]. The results of [20] imply that the image of
A* contains Q[w?¢~!] and is dual to the class of the wheel with g spokes.

A Hig (LPy /GLy (2)) — Hig (|LMG™

Remark 15.15 Nevertheless, a conjecture in loc. cit. states that the free Lie algebra
embeds:

Lie (2" — D H* (|LM‘;"P ) .

g>1

It is corroborated by all known evidence in low degrees, and suggests that all canon-
ical forms do appear in the cohomology of Hjp (|L./\/lg°p|), but for a higher than
expected genus.

16 Periods

We work in a suitable neutral Tannakian category Hg of motivic realisations over Q.
There are many possible variants [30]. We assume that it has two fiber functors

M — Mg, Mgr : Hg —> Vecg

and that there is a canonical element compg 4z € Isom%@ (wgr, w)(C). A conve-
nient option is to let Hg be the category of mixed Hodge structures with additional
Q-de Rham structure studied in [18]. The element compg 4r defines an isomorphism

Mg ®9 C —> Mp®qg C,
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which is natural in M, which may be interpreted as a period pairing Mgr ®q My —
C.
Consider the affine group scheme:

Gar = Aut%Q (wdr)

given by the automorphisms of the fiber functor wgr : M — Mgr. By the Tannaka
theorem [51], the fiber functor wgr defines an equivalence of categories:

wdr : Ho AN RepGyr -
16.1 ‘Motives’ of quadratic forms

Definition 16.1 Let Q be a positive definite quadratic form on V such that o > 0.
Recall that cg = (PBQ, LBQ,O'S). Let d =dimog. Define

moty = HY (PBQ\I’)‘& . LBe\(1Be n ﬁét)) . (16.1)

By Corollary 11.5, we have [o'g le (motQ)g. Any canonical form w € Qim defines
aclass [w] € (motg)yr, and so we may define the ‘motivic period’:

Ig(a)) =[motp, [og], [@]]™ € (Q(Isom%Q (wdr, wB)) . (16.2)

Note that for cones o which are contained in the determinant locus, [15, Lemma
4.9] implies that they are equivalent to the cone of a quadratic form of smaller rank,
so Definition 16.1 in fact covers all cases. The period of [/ g(w) is the convergent
integral

per(IE(w)):/ 1)

90

which is finite by Corollary 14.12. Furthermore, the relation of Theorem 14.13 is
motivic: it holds verbatim for the objects [ 'Q“(w). In the case when Q = Qg comes
from a graph, the object / 5‘6 (w) is equal to the ‘canonical motivic Feynman integral’
15 () defined in [19].

Remark 16.2 Every isomorphism [Q] = [Q’] in the category DPEB gives rise to
an isomorphism motgp = mot’Q. Similarly, face diagrams give rise to a diagram of
morphisms in the category Hg (see [19] for the case of graphs), but extraneous mod-
ifications are not necessarily isomorphisms (although they do induce equivalences of
motivic periods (16.2)).

Example 16.3 We refer to [19] for many examples of graphs for which Ig(w) are
known. The most interesting was computed by Borinsky and Schnetz [13]:

Ix (@ A’y =3 % (12¢(3,5) —29¢(8) +232(3)¢(5)) . (16.3)
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It was proven in [19, lemmas 3.7, 6.8] that the canonical integrals are stable under
duality, which implies that the volume of the graphic cell oxv where K/ is the ma-
troid dual to Kg, is given by the same integral. It is the ‘principal cone’ [15, Def.
2.13] in the fundamental domain F5 for GL5(Z). By (15.1) the volume f T 0 A
is proportional to a product ¢(3)¢(5). The appearance, therefore, of the non-trivial
multiple zeta value ¢ (3, 5) in (16.3) suggests that the principal cone does not span
the fundamental domain: ogv C F5 and that the tropical Torelli map is not surjec-
tive. Indeed, it is known (e.g. [31]) that the fundamental domain involves two further
cones. We expect from (16.3) that their volumes, which are not yet known, will in-
volve non-trivial multiple zeta values.

Asnoted in [19, §10.3.1], the particular linear combination 12 ¢(3,5) —29¢(8) is
the same one which occurs in quantum field theory as the Feynman residue of K3 4. It
is a very striking fact that ¢ (3, 5) is only ever observed in this particular combination,
and never in isolation, amongst the vast array of periods in quantum field theory [52].
This surprising phenomenon is one particular consequence of the ‘Cosmic’ Galois
group. The geometric interpretation (16.3) of this linear combination points to an
unexplored and deep connection between quantum fields and the reduction theory of
quadratic forms.

16.2 Locally finite homology ‘motive’ of GL (Z)
Let Hg, as above, be a Tannakian category of realisations which contains every object

motg (16.1).
Consider the cohomology

Hi(g) = H! (ker (Q (LA‘;""’B \ ﬁét)
o (aL,ztg"P"g \ (ALATPE A 1?&))))

of the complex of compatible systems (Definition 2.8) of algebraic forms on
LAgOp’B\IS& whose restriction to the boundary BLAEOP’B vanishes. There is a nat-

ural map

HE () — Hi (|LATE]

aLAtgrop,B‘) = HY(LP, /GLy(Z); R)

via which elements of Hf (g) may be interpreted as smooth compactly supported
differential forms on LP,/GL,(Z). There is a natural map Q¢(g) — H%(g) (which
is injective).

Theorem 16.4 For every g > 1, and d > 0, there exists a minimal object M‘; of Ho
which is equipped with a pair of canonical linear maps

H} (GL¢(Z); Q) — (M)

HY(g) — Mar
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such that the integration pairing

HJ(GLy(Z); Q) ®g HY (g) — C
factors through the period pairing: (, ) : (Mg)g ®0 (M;f)dR — C.
Proof First consider the object of Hg defined by:

d _ Aut(og)
Mg_ @ mOtQ ’

dimog=d
where the sum is over isomorphism classes of cones o of dimension d. Consider the
subspace Zg - Qd(LAgOP’B\ﬁét) consisting of compatible systems of closed forms
whose restriction to Z)L.A;mp B vanishes, and let Bg C Zg be the subspace spanned

by dw, where w are compatible systems of forms vanishing on BLAEOP’B. There is

a natural map Zg — (M ;,1 )ar- By the Tannaka theorem, there are unique subobjects
(Bd) C (2¢) C MY such that

(ZH)aw=Gar 2§  and  (BY)ar = Gar B .

Let Ng = (Zg)/(Bg). By definition, there is a natural map Hf(g) — (Ng)dR.
By Theorem 11.3, inclusion defines a natural map

Hy(g. d00) —> (motg)y = Hy (PP2\Den(C) , 152\ (L2 n Ben(C); Q)
which induces a map

P Halog.d00)/Aut(og) — (M) .
dimog=d

where the direct sum is over all isomorphism classes of cones oy of dimension d.
Via the cellular interpretation of homology (Theorem 3.2), we deduce a map from
closed cellular chains y in LAgOp’B to (Mg)g and thence to its quotient (Zg)g .
Since Stokes’ theorem (14.9) holds for motivic periods, the period pairing (y, gw)

vanishes forall g e Ggr if w € Bg ;and forall g € Ggr and w € Zg if y is supported

on BLAEOP’B, or if y = da is a boundary. This proves, at the same time, that the
image of a cellular chain y lands in the subspace ((ZZ)/(B?))E of (Zg)g, and that it

is zero if y is a boundary, or supported on BLA[gmp 5 Thus by Theorem 3.6, there is
a well-defined map

trop, B
H, (’L.Ag

B
dLAT™E|) — (V-

9

The left-hand group is isomorphic to the locally finite homology H}lf(GLg (Z); Q),
and so the object N g satisfies the conditions of the theorem. This proves the existence.
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For the minimality, one can repeat the argument of [18, §2.4], to show that any object
M of Hg equipped with maps V < My and W < Mgr, where V, W are Q-vector
spaces, has a unique smallest subquotient with the this property (the case when V,
and W have dimension 1 is proven in [18, §2.4], but the general case is similar). [

It follows from (15.8) and the relative de Rham Theorem 3.6 that the composition
Q(g) — HY(g) — MDar

is injective. Theorem 16.4 implies that any integral of a canonical form of compact
type over a locally finite homology class in Hﬂllf(GLg (Z)) is motivic. In particular, we
deduce a motivic interpretation of Minkowski’s volume integrals (15.1).

Remark 16.5 An interesting question is whether the map Htlif(GLg (Z2); Q) — (Mg)g
is injective or not: is it the case that the entire locally finite homology of GLg(Z) is
motivic in this sense, or only a quotient of it? (One could capture the entire cohomol-
ogy by enlarging H, Cd (g), for instance by replacing the determinant locus with suitable
linear subspaces, since every cohomology class can be represented by a compatible
family of algebraic forms by Remark 3.4.) A deeper question is to describe the action
of G4r on (Mg)dR. See [19, §9.5] for a related discussion for motives arising from
the moduli space of tropical curves.

Example 16.6 In the case g =3, d =5, the map
Q= Hy(GL3(2); Q) — (M3)},

is injective. In fact, M35 is given by the graph ‘motive’ [10] of the wheel with 3 spokes
W3, which, one can show, is of rank two, and is a non-trivial extension of Q(—3) by
Q(0). The space Q(—3)4r is spanned by the class of the canonical form ’; the group
H;f(GL3 (Z); Q) is spanned by the fundamental class which is the relative homology

class of UVBV3. The corresponding period is the ‘wheel integral’ and equals 60¢ (3).

Appendix: Blow-ups and Borel-Serre for GL,

In this Appendix, we prove that our blow-up construction can be used to retrieve
the Borel-Serre compactification. In view of our applications, we have focused on
the case GL, (Z), but many of the arguments presented here are quite general. This
section is mostly self-contained, although one or two proofs require statements in the
main text.

A.1 Statements

Let V be a vector space of dimension n over Q. Let Q(V) denote the space of
quadratic forms on V and P(Q(V)) the associated projective space. Let

X c PRV)HER) (A.D)
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denote the space of positive definite real quadratic forms. It is contained in the com-
plement of the determinant hypersurface Det C P(Q(V)). For any 0 £ K C V, the
space P(Q(V/K)) C Det is the subspace of quadratic forms with null space K.

Definition A.1 Let g3 : B — P(Q(V)) denote the space’ obtained by blowing up all
(infinitely many) linear subspaces of P(Q(V)) of the form P(Q(V/K)) for 0 # K C
V, in increasing order of dimension. Let Det C B denote the strict transform of Det.

Let XBS denote the Borel-Serre compactification of X. It has a stratification

xBS=xu Ue(P)
P

where P ranges over rational parabolics (see §A.2). The exceptional divisor £ for
mes defines a stratification on 5 by taking intersections of irreducible components.
Since s (€) C Det, the inclusion (A.1) induces an injective map:

—1
X — (B(Q(V))\ Det) (R) 2 (B\ &) (R) . (A.2)

Theorem A.2 There is a continuous injective map of stratified spaces
f:XBS — (B \ Det) ®) (A3)

whose restriction to the big open stratum is the embedding (A.2). The image of (A.3)
is the closure of X, for the analytic topology, inside B8 (R). The map f is equivariant
with respect to the natural actions of GL(V) on both XBS and 8.

Let P denote the rational parabolic associated to a nested sequence of strict sub-
spaces O C Vg C Vg1 C---C V1 CV.The map (A.3) restricts to a map

f:e(P) —> Ep\ (DetN Ep) (R) (A4)
where Ep C*B is the exceptional locus associated to the iterated blow-up of
PQV/V) C--- CPQ(V/Va)

in increasing order of dimension. In particular, f(e(P)) = f(XBS) N Ep(R). The
complement of the strict transform of Det is canonically isomorphic to a product of
hypersurface complements:

d

. N Q(V/ Viy1)
env@einen =T1(7(G7v) Pt

k=0

where we write Vo =V and V411 =0, and Detly, v, is the vanishing locus of
the determinant of the restriction of a quadratic form on V| Vi1 to the subspace
Vie/ Vis1.

SWe shall only consider the set of real points B (IR), viewed as a topological space with a stratification by
exceptional divisors.
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In short, the space B is an algebraic incarnation of the Borel-Serre compactifica-
tion with identical combinatorial structure. The space XBS is identified with a semi-
algebraic subset of its real points B (R). It is defined by algebraic inequalities of the
form u > 0, where u is a homogeneous polynomial given by the determinant of a
matrix minor. Note that although B is defined by infinitely many blow-ups, the local
structure of XBS in terms of spaces X (P) (see §A.2) may be studied by embedding
each X (P) into a space obtained by performing only finitely many linear blow-ups
of P(Q(V)). This is how we shall prove Theorem A.2.

Corollary A.3 Let |LA,|"™P® be the topological space defined in (11.5). Then the
there is a canonical homeomorphism

f:XBS/GL,(Z) = |LA,|™% .
A.2 Reminders on the Borel-Serre compactifcation for GL,,

Let V be a vector space of dimension n over R equipped with an inner product,
or equivalently, an isomorphism V = VV. The group of automorphisms GL(V) is
isomorphic to GL, (R), and the subgroup preserving the inner product defines a max-
imal compact subgroup K = O (V) of GL(V). It is isomorphic to O, (R). Given any
filtration F of V of length d by subspaces

F: 0=V CcVgc---CcVicVp=V, (A.5)

where all inclusions are strict, denote by Pr < GL(V) the parabolic subgroup of
automorphisms of V which preserve F. A filtration F’

F': ocv,c---CcV,CV

where 1 <i| <--- < iy <d is obtained by omitting elements from the filtration F,
is denoted by F’ < F. The set of filtrations F’ such that F’ < F forms a finite poset.
Since for F' < F, one has Pp < P, the set { Pg/ : F' < F} with respect to inclusion
of groups is isomorphic to the opposite poset.

For any such P = Pr, as above, denote by Kp = P N K. The natural map

d

P — [ [GL(Vi/ Vit)
i=0

induces an isomorphism Kp = H?:o O (V;/Vit+1), the product of orthogonal groups
with respect to the induced inner productson V; = V=V" — V..

Let Zp < P denote the subgroup of central elements acting via scalar multiplica-
tion by R, on each quotient V;/V; | for0 <i <d.Thus Zp = (Rio)d“‘l.

Example A.4 Let ey, ..., e, denote a basis of V compatible with F. In this basis,
automorphisms of V may be identified with n x n matrices, and the groups P and
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Z p are block-lower triangular, and block diagonal respectively:

Poo wolo
Po1  Pri il
P=1 . , ) Zp=
Por Pix ... Pu ity

where k =d, Iy, ..., Iy are block identity matrices and wo, ..., ux > 0. The P;; are
likewise block matrices. The group K p is isomorphic to the group of block diagonal
matrices where the matrix O; in the i™ block is orthogonal: OiT 0;,=1,.

The group Zp will be made to act upon P by multiplication on the left. Denote
the group of central elements by H = Zp N Z(GL(V)) = Rio. In Example A .4,
H < Zp is the subgroup of diagonal matrices. Let X denote the space of projective
equivalence classes of real positive definite quadratic forms on V.

A.2.1 Geodesic action

For any P = PF as above there is a homeomorphism:
HKp\ P — X (A.6)
g g'g.

Since it commutes with Kp and H, the action of Zp on P passes to a well-defined
action on HKp \ P. We write Ap = H \ Zp. The action of Ap on X induced by
(A.6) is called the geodesic action. Borel and Serre consider the following space of
orbits for its action:

(A6)
e(P)=Ap\X = ZpKp\P.

It is homeomorphic to a Euclidean space R('lzl)’d’l.
The compactification of X is defined as follows. Consider the isomorphism

H\Zp = Ap = (RX)! (A7)
(0, 1y o5 ) > (A1, oy Ag)

where A; = ui/ui—1 for 1 <i <d. Consider the multiplicative monoid
Ap=(RZ)?

with coordinates A; > 0. The subgroup Ap < ‘A p has coordinates A; > 0. Borel and
Serre define

X(P)=Ap\(Ap x X).
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The space A p is stratified by the closed subspaces A; =0 fori =1, ...,d. The cor-
responding open stratification is a union of copies of (RZ)* for a < d, which may
be identified with the subgroups A Pps for all F’ < F. Thus

x(P)y=xu][Ap\X=Xu]]e)
P’ P

is a disjoint union of spaces e(P’), where P’ = Pp: forall F' < F.
A.2.2 Borel-Serre compactification

Now suppose that V has a Q-structure and that its inner product is defined over Q.
A parabolic P = Pp is called rational if the vector spaces V; in the corresponding
sequence (A.S) are all defined over Q.

The Borel-Serre compactification is defined to be

XxBS = U X(P) (A.8)
P

where the union is over all rational parabolics P.

Example A.5 In the following example we compare and contrast the Borel-Serre ap-
proach with our own. _
(1) (Borel-Serre). Let V = R3,d =2, and vV, = R3~7, for 0 <i <?2. Write

po 0 O o 0 0
P=|pn pu O ., Z=10 wu O
po2 P12 p2 0 0

where p;; € R and det(P) = poop11p22 #0. We set

, P%o + P%l + P%z po2p12 + po1P11 Po2pP22
X =P P=| po2pi2+ poi1pui Ph+ph p12p2
Po2p22 p12p2 P

Let X;; = x;;. The geodesic action X > Z o X where Zo X = PTzTzPp, may, as
one can check, be written intrinsically as a function of X via

det(X) det(x2H?  det(x2})
5 det(X11) 0 0 ) det(X! 12)x33 X33
ZoX =ug 0 0 0]+u det}EX D) det;X“)
33 33
000 0 0 0
2
13 X13X23
2 X33 x%} X13
+ uy | xizxos X3
X33 X33 X23
X13 X23 X33
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where det(X1!) = xp0x33 — x%3 and det(X2!) = x12x33 — x13x23 are determinants
of minors of X. The action X > Z o X is clearly algebraic in the entries of X and
is well-defined on the locus where det(X) det(X'")x33 # 0. This example illustrates
that the coordinates given by the geodesic action are not ideally suited to studying the
asymptotic behaviour of canonical differential forms at infinity.

(2). (Blow-ups.) With notations as above, the coordinates in the blow-up are, in
our view, much simpler and are given by scalar multiplication on matrix blocks (see
(9.11)). They correspond to a transformation of the form

X111 X12 X13 Voviv2 X11  Viv2Xx12 V2 X13
X12 X222 X23 | > Viv2 X12 Viv2x22  V2X23
X113 X23 X33 V2 X13 V2 X23 V2 X33

for suitable vy, vy, va.

Although the geometric origin of these two points of view are markedly different,
we prove that they are in fact equivalent when restricted to the space of positive
definite matrices.

Remark A.6 The following intuition for the structure of B(R) may be helpful. Con-
sider an analytic family of (projective classes of) symmetric matrices P, C X C
B(R), as t — 0, which are positive definite for # > 0 and which we think of as
quadratic forms on a vector space V. This family is not necessarily geodesic. The
limiting matrix Py € P(Q(V))(R) may have vanishing determinant, in which case it
is positive semi-definite, and has a null space K C V. By choosing a complementary
space V = K & C, we may write Py locally near t = 0 in block matrix form

P = <l}4Ttt l;é) + higher order terms in ¢ .
If A is positive definite, the curve ¢ — P; in 8(R) has a limiting point for t = 0
which lies on the exceptional divisor associated to the blow-up of P(Q(V/K)) (if A
is not positive definite, then repeat the argument for the restriction of P; to K, i.e.
the top-left block, to define a point on a higher codimension exceptional locus). To
describe this limiting point, consider the projective classes of the pair of symmetric

matrices:
A U 0 0
ul o)'\o Py

which define a point in the exceptional divisor P(Q(V)/Q(V/K))(R) x P(Q(V/
K))(R). The latter is the projectivised normal bundle of P(Q(V/K)) inside P(Q(V))
as evidenced by the fact that the limiting point of P; in B(R) is the pair: (normal
vector, limiting value).

A.3 Linear monoidal actions and blow-ups

The Borel-Serre construction is topological, and relies on the geodesic action which
is only defined on the space of positive definite matrices, since it makes crucial use
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of the surjectivity of (A.6). In order to reformulate it in the language of algebraic
geometry, we first need some preliminaries on monoidal actions on vector space
schemes and their quotients by multiplicative groups. A possible relation between
Borel-Serre’s construction and blow-ups is hinted at in [12, pg 437, line 5], but does
not seem to have been developed further as far as we are aware.

Let k be a field. All schemes will be over k.

A.3.1 Multiplicative monoid

The multiplicative group is defined by G,, = Speck[t,t™'], where O(G,,) =
k[t,t~'] is the Hopf algebra whose coproduct A : O(G,,) — O(G,) @k O(G)
satisfies At =t @ t. The multiplication on G, is dual to A.

We denote the multiplicative monoid scheme G,, < @m to be

Gy = Specklt]

where k[t] is the coalgebra equipped with the coproduct A : k[t] — k[t] Q@ k[t]
satisfying the same formula Ar =t ® . Thus, as a scheme, G,, is simply the affine
line A!, but has a multiplication morphism G x G, — G,y It has a distinguished
point 0 € G,, such that G,,\0 = G,,, and has the property that the multiplication
satisfies 0 x G, — 0.

A.3.2 Linear monoidal action

A vector space of dimension n over a field k£ will be viewed as the k-points of an affine
scheme A" in the usual manner. Direct sums correspond to products of vector-space
schemes. Consider a finite-dimensional graded vector space W over a field k

W=W,eW,_1®--- W& W

where dim W; > 1 for all i. The multiplicative group G,, x W; — W; acts by scalar
gultiplication on each component, denoted by (A, w) — Aw. It extends to an action
G, x W; — W; which sends (0, w) to the origin of W;. Consider the monoid action

m:Gy, xW— W, (A.9)
where the i component of Gy, fori =1,...,n,acts via
G x W— W (A.10)
Aiy (W, ooy wp)) > AWy, ooy AjWi, Wi, .o, W) -

The action (A.9) restricts to an action of G}, on W. Furthermore, let G}, act on @Z
componentwise via the map G,, x G,, — Gm given by (i, A) = Ap~ r , where ;1!
is the inverse in the group G,,. We deduce that (A.9) is equivariant for the diagonal
action of G, on G x W, in other words, the following diagram commutes

G x (G, xW) — G, xW
J Im (A.11)

m

G, x W LN 14
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where the vertical map on the left is projection onto @::1 x W, and the horizontal

map is the diagonal action of G}, on both @2 and W. In the case n =1 this diagram
merely expresses the trivial fact that m (u.(A, w)) = m(u ™!, pw) = Aw =m, w).

A.3.3 Quotients and blowups

For any finite dimensional vector space W over k, let W* = W\{0}. It is an open
subscheme of W stable under the action of G,,, but not under the extended action of
G, since G, x W* — W. Let us denote by:

W=W, x W x-x W x W,

(component Wy sic). The morphism (A.9) restricts to a morphism m : @2 x W* —
W, which, by (A.11), is equivariant with respect to the action of G/,.
We wish to define its quotient by G/, in the category of schemes.

Example A.7 We warm up with the construction of projective space as a quotient. Let

xil, e, xl.” denote coordinates on the k-vector space W; = A", where n = dim W;,

and write
n .
X _ U Ui]
j=1

where U,.j C A" is the open complement of xl.j =0. Let Ul.j k—u l.j N Ul.k. The opens

v/, u! k are stable under the action of G,, on W, and the inclusions U/ ke U/ are

G -equivariant. One may define the quotient by G,,;:

G W o= G WU/

i=1

to be the union of schemes G, \\U; i glued along the G, \U; jk , where G, \U; = J
Spec (O(U; J )Em) (and similarly G,, A\ Jk ) is the affine scheme whose coordinate ring

1 B
consists of Gy, -invariant polynomials. Since O(Ul.j )Bm = k[x—"j, e
X 1

1
-], we recover

the standard affine covering of projective space and thus
G \W =P(W))
is canonically isomorphic to the projective space of W;.

Definition A.8 Consider a G,,-equivariant covering WiX =U; <j<dim W, Uij of W; for
every i =1, ...,n as in the previous example, and define a scheme:

G\ (G, x W*) = U Gl (Gf;xu,';nx.--xujlxwo), (A.12)

,,,,,

where each 1 < iy < dim W;. It does not depend on the choice of coordinates (since
G, is central in the product of general linear groups GL(W;)).
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Since it is G/ -equivariant, the map m (A.9) defines a morphism of schemes also
denoted by

m: GG, x W) — W . (A.13)

Proposition A.9 The scheme (A.12) canonically embeds as an open subscheme of the
iterated blow-up B — W of the affine space W along the linear subspaces

Wo C Wod W) C - C Wy W D--- W,

in increasing order of dimension. It is Zariski-dense in B.

Proof The most direct proof is via explicit coordinates generalising Example A.7.
Consider the coordinate ring of a particular open in (A.12)

O(@ZXU,’;”XWXU{' ><W0>

where 1 <i, <dim W,. With the labelling of coordinates of Example A.7, it is

; I I
K (55) omjen e
Xn

i
I1<i<dimW; X

where A; is the coordinate on the ith component of G,, (and the xé are coordinates
on Wp). The action of the ith component of G,, is equivalent to the action

. Austifi=j, nd o i ik
/ A ifij k X} ifk <i

for all j > 1. The ring of G/}, -invariants of O (@Z X UM X -+ % U1i1 X W()) is

i i i
X X X
1 2 n
(’)(Wo)|:<—il> ,<—i2) (—1n> ,
X1 1<i<dim W; i) 1<i<dim W, Xn 1<i<dim W,

i in
: X X
11 2 n
)»1)61,)\2—1.],...,)»,, - ],
X

In—1
1 Xn—1

since the former is generated over the latter (which is clearly G/ -invariant) by
(HE L., ()*!. By introducing G, -invariant variables
i_ i
o —M)\z...)x]xj

we can rewrite the ring of G/ -invariants in the slightly different form

i iz i
. o o o
W, i 1 2 2
O( 0)[“111 <_l> s T (_> 9 e ey
1 121 1)
A Ji<i<dimw, %1 \% / i<i<dimw,
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; .
- ( : ) }
in—l ’ in :

@1 \% / <i<dimw,

These are identical to a system of local coordinates on the iterated blow-up described
in §5.2 (after reversing the indexation of the subscripts of the «’s) along

Vi:j=1) c V@:j=2) c ... C V@;:j=n).

These coordinates define a canonical open immersion of this affine chart of (A.12)
into B. Since these coordinate charts are compatible they glue together to form an
explicit open immersion of schemes from (A.12) to B. g

Inspection of the proof shows that the scheme (A.12) is canonically isomorphic to
the complement in B of strict transforms of some linear subspaces of W which may
be written in terms of the W;, although we will not need such an explicit description.

Remark A.10 The recursive structure of the iterated blow-up may be interpreted using
the monoidal action. Consider the morphism

-7’
T Gl X Wy X oo X Wi X WX x W x Wy —>

—r—1

Gy XWyxoooxXWyx W x--xW*x Wy (A.14)

which sends ((Ag,...,Ar), (wy,...,wg)) to ((Ar,...,Ar—1), Arwp, ..., Apwy,
wrfl,-u,w()))

Lemma A.11 The morphism m, induces a map

G;\\<@:n X Wy x oo x Wpyy X Wrx X eee X Wlx X W())—)
Gt \\(@,’,j1 X Wiy X oo Wy WX X e x W x Wo) (A.15)
which sends V (\,), the vanishing locus of A, to

—1 —r—1
Z, =0x--x0xG \\(Gm X (W e x W Wo)) .
Its restriction to the complement of V (A,) is an isomorphism onto the complement of
Z, in its image. (It is not surjective, since the locus w, = 0 is not in its image).

Proof The map n, is G,,-invariant for the action of the last component of G/, =
(G;fl X Gy, (with coordinate u,) and equivariant for the action of an_l (with coor-
dinates (1, ..., r—1)). Since w, # 0, the equation A, w, # 0is equivalent to A, # 0.
Hence nr_l (Z;) = V(A;). Recall that the last copy of G, in G/, = an_l x Gy, with
coordinate j,, acts via

MVX()"19"'7)"V7wn""’w0)
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-1
’_)(Ala'-'akrfla)"r/“l'r ?l’l’rwl’l’-"’/"Lrwr5wr717”-7w0)

By passing to the quotient for this action, every point with A, # 0 has a unique repre-
sentative with A, = 1. On such points, the map in question is the identity and hence
7, is an isomorphism onto its image outside V (X;). O

Now observe that the map G}, \\ (@31 x W*) — W is a composition of morphisms
G2\ (@2 x w*) T W, x G (@;ﬁ;l X (WX %o x W x wo>)

idx o,
— W, x W,_1

x G2\ (@2;2 X (WX 5 x o x W x Wo)>

— Wy xW,_1 x...Wi xWy.

The divisors V (A,) can be described by a computation given in §A.3.5. It follows

from this and Lemma A.11, that each map is a blow-up along Z,, and one deduces
—n *\ . .

that G}, \(G,,, x W*) is an iterated blow-up along the strict transforms of 0 x - - x

Ox Wy_1 x---x Wp.

A.3.4 Variant: projective version
With notation as above, let
We=W, x W x- x W x Wy

with an action of G/;F! = G, x G, where G, acts as above, but with an additional
copy of G,, (with coordinate (o) acting by scalar multiplication on W° (i.e. diag-
onally on each copy W,*). Then we may define the quotient an“ \\(@21 x W°) as
before. By (A.10), all components of G/}, act trivially on Wy and the morphism (A.13)
now corresponds to:

GG, x W) —> G, W(W\{0}) =P(W) .

Note that its image is the open complement of P(W, @ --- @ W1 & {0}) in P(W). The
projective version of Proposition A.9 is:

L. —=n ° , I
Proposition A.12 The scheme Gf;,“ \(G,, x W°), relative to the morphism:
— .
G\ (G, x W°) —> P(W)

canonically embeds into the iterated blow-up By — P(W) along the linear sub-
spaces

P(Wo) C P(Wod W) C ... CP(Wod Wi ®---® W,_1)

in increasing order of dimension. It is Zariski-dense in By .
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A.3.5 Exceptional divisors

The exceptional divisors of G/:+! \\(@fn x W?) are in one-to-one correspondence
with the divisors V (%;) defined by A; =0fori =1,...,n.

Lemma A.13 The divisor V (A;) is canonically isomorphic to a product

V) = GG ) W x W) x Gl NG, x WX X x W)

. . . . —i—1 —n—i
Proof There is a canonical isomorphism from G,, x0x G,,  x W, x --- x W'
to

i—1

ral X X =n—i X X

G, xW. x--xWixG, xW' x--xW,

which maps an element (A1, ..., A;—1,0, Ait1, ..., Ap, Wy, ..., Wo) tO
ALy ee s Aim L, Wim 1y e, W) X (Adply oo vy Ay Wiy oo, Wi 1, W)

One checks that it is equivariant with respect to the respective actions of
i n—i+1 _~ n+l
G, x G, — G
(/-’LO9 '--9Mi—l) X (Mi9 ~--9Mﬂ)
-1
> ((0s -y Mie1s (KO -+ - i=1)" iy il -« ) -

The statement follows by passing to the quotient. 0

If we write W = W;_1 @ - - - & Wy, it follows that V (1;) embeds into the product
V(&) < Bw;w P(W/W') x By P(W') (A.16)

where the blow-ups are with respect to the flags of subspaces defined by the filtration
Fn =}y Wi on W and the filtrations it induces on W’ and W/ W'.

The irreducible components S; of the exceptional divisor S define a stratification
on the blow-up By of P(W). Consider the corresponding quasi-projective stratifica-
tion

Bw=|Js; (A.17)
1

where the union is over all subsets I C {l,...,n}, and where we denote S; =
(Nies Si> and Sy = P(W), and define

Sy=s\|Usins;
J¢l
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It follows from the description in Proposition 5.3 that each stratum of (A.17) (and

=N oN L.k . . Lo
each stratum of G’,},H \(G,, x W?) via (A.16)), is embedded in a product of projective
spaces:

] |1

s < [I#| @ w =]—[P<gr,f’w), (A.18)
k=1 k=1

ik—1=J<ik

where F'W is the increasing filtration on W whose k™ graded quotient is
@ik—l§j<ik W; where we setig =0, i1 =n + 1. The strata of (A.17) are in one-to-
one correspondence with filtrations F' < F.

The restriction of the embedding (A.18) to the locus in G;},“'l \ (@Zl x W°) where
A =0foralli €l and A; #0 for all j # 0, is given explicitly by the map

()Ll»--«»)\nswn:'--:wO)H (w()»"'»wil—l)x (wilv-"vwiz—l)

X X (Wi gy een, Wy)

where the right-hand side is in the space I—[Zif G (W, | x --- x W) which
embeds in a product of projective spaces by Example A.7. One may verify that it is
an embedding because, for every A ; # 0, we may apply a unique element of the jth
copy of G, in G"F! to make the coordinate A jequalto 1.

A.4 Spaces of parabolic and symmetric matrices

Using the previous construction, we may define an algebraic version of Ap \ (Ap x
P) associated to a rational parabolic P and embed it in an iterated blow-up. We
then provide an algebraic interpretation of the space X (P) by embedding it into the
real points of a finite iterated blow-up of projective space. We shall denote algebraic
groups with caligraphic letters to distinguish them from the topological groups con-
sidered in §A.2.

Let V be a finite-dimensional vector space over QQ and consider a flag of subspaces

F:0CcV;cVyg1Cc---cvicW=V

which has a splitting: V = @izo Vi/Vit1. Let Pr C Endp (V) denote the affine va-
riety over Q of endomorphisms of V which preserve F. Using the splitting of V we
may write

Endp(V) =Homp(V , €D Vi/ Vie1) = @ Homp (V. Vi/ Vis1)

1 1

which, upon setting P; = Hompg(V, V;/Vi41), gives a decomposition (of schemes,
corresponding to the direct sum in the category of vector spaces)

Pr=PaxPa_i x - xPp. (A.19)
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Define a subscheme Py =Py x Py x --- x Py of Pr asin §A.3.4. Let
Zp =Gt — GL (@ wm) =[[GLi/Vign
i i

be the product of multiplicative groups whose k™ component, where 0 < k < d,
acts by scalar multiplication on Vj/Vj41. Denote its coordinate ring O(Zp) =
klpo, g v ttas g '

Consider the affine group scheme Ap = G%, with coordinates Aq, ..., A4. There
is a morphism of affine group schemes Ap — Zp, which on coordinate rings is the
map

(0s s ta) > (1, Ary Aido, ooy Apoha) : O(Z2p) —> O(Ap) .
This is consistent with (A.7). The previous morphism, via the action of Zp on

@D; Vi/ Vi1, defines an action of Ap on Pz This action extends to an action of

T T —d .
the multiplicative monoid Ap = G,, whose k™ component has coordinate A; where
1 <k <d. It acts by scalar multiplication on Vj as in §A.3, i.e., for v; € V;/ Vi1, for
0 <i <d we have:

AyeosAg) X (Vg, ..o, 01, 00) B> (Ag -+ - AUg, ..., A2A1V2, AUg, Vo) .

Since the components of Zp act centrally on V;/V;, 1, this defines an action Ap x
Py — Pr by scalar multiplication on each component. It is given by the identical
formula to the above, upon replacing v; with p;, for p; € P;*. On points, an element

a € Ap acts upon (A, p) € Ap x Py by a.(A, p) = (A.a~',a.p). Finally let H =
G, denote the subgroup of Zp with coordinates o = - -+ = g, corresponding to
diagonal matrices. It acts on Ap x Pz by acting trivially on Ap, and acting via
scalar multiplication on Pg.

Theorem A.14 There is a canonical Zariski-dense embedding:
(Ap x )\ (Ap x Py) —> BrP(Pr) (A.20)
where BFP(Pr) is the iterated blow-up of P(PF) along the subspaces
P(Po) C P(Po®P1) C -+ C P(Po® - ®Pu-1) .

Let I ={i1,...,ix} and 1 <iy < --- < iy <d. The image of the locus V(X;,i €
I) under the morphism (A.20) is contained in the codimension k stratum Sy of the
exceptional divisor of BpIP(Pg) which corresponds to the flag F' < F:

F' : 0=V, CVyCVy , C--CV;yCVjy=V. (A.21)

Both 'V (), i € I) and its Zariski-closure Sy are canonically isomorphic to products,
and the morphism (A.20) restricts to the embedding:

k
V,iel)= ]‘[ (Aps, x )\ (Ap,, x Pp ) — Si (A.22)

m=0
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k
=[] Br.P(Pr,)
m=0
where Pr, =[1; <. Pi» Pr, =1l <j<in,, P; and Fn are the filtrations in-

duced by F on the quotients V;,, [/ Vi, ., .
The restriction of (A.22) to the open locus {A; #0: j & I} gives an embedding

k
(Ap, x )\Pp <= S < [[P(Pr,). (A23)

m=0

Proof Apply Proposition A.12 to Pr. The second part follows by iterating the de-
scription of a codimension one exceptional divisor given in §A.3.5. The only novelty
is (A.23). It follows from the fact that the locus {A; #0: j ¢ I} is isomorphic to

k
(]_[ (App, x H)\ (Ap,, x 79;”1)> \Jvey) =e, x ) \PE

m=0 Jj¢l

This follows from the isomorphism P% = 77;0 X ++e X P;m, and the fact that the
locus where A ; # 0 is a torsor over the jth copy of G, in Ap, , and so any point
with coordinate X ; # 0 has a unique representative in its G,,-orbit with A; =1. I

Since the determinant is a homogeneous polynomial in matrix entries, we may
define the determinant hypersurface Det C P(Pr) to be its vanishing locus. Let

Det C BrpP(Pr)

denote its strict transform. Let P = GLr(V ®q R) denote the (topological) group of
automorphisms considered in §A.2, and likewise Ap < P. Then we may interpret

P = (Pp\Det) (R)
and it follows from Theorem A.14 that there are injections:
(Ap x H)\ (Ap x P) —> ((Ap x H) \\ (Ap x (Pg\Det)) (R) (A.24)
— (BrP(Pr) \ Det) (R) .

On the left is a topological group; in the middle, the real points of a scheme-theoretic
group quotient; on the right, the real points of an iterated blow up.

Example A.15 Consider the case whend =2 and F is0 C V, C V| C V. By choosing
a basis of V adapted to this filtration, the points of P are given by block lower

. . — =2
triangular matrices, and Ap = G,, acts by

Py 0 0 Py 0 0
AL x | P P 0 =] APy AP 0
Py Pp P MM Py AA2Piy Al P
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where A1, Ap are points on @,Zn. The points of P;, for i =0, 1,2 are given by the
subsets of matrices which vanish everywhere except in (block) row i + 1, and the
subspaces Py C Py @ P which are to be blown up are the spaces of matrices of the
form:

Ph 0 O Ph 0 O
0O 0 O0)<C | Py P O
0O 0 O 0 0 O

The points of the subspace Py, satisfy Py # 0, P; # 0 and P, # 0. This strictly con-
tains the complement of the locus Det defined by det(Py) det(P;) det(P>) = 0.

The stratification of G, \\(@,zn x Pg) is generated by the equations A; = 0 and
A2 = 0 (below left). The strata themselves are described as quotients (below, middle),
which embed into the following products of blow-ups (below, right):

Vet (Gn \P) x G\ (G x PP x PS) © P(Py) x Bpep, B(Py & Py)
Vo) @ GH\ (@m x P x Pf) x (G \P§) S BpepyP(Po®P)) x P(Py) -
V22 0 (G \PY) x (G \PJ) x (Gm \P5) S P(Py) x P(Py) x P(Py) .

These strata, respectively, correspond to the flags: 0 C Vi C V for A1 =0; 0 C V> C

V for A =0; and the full flag0 C Vo, C Vi C V for A1 = A, =0.
See Example A.17 for the continuation of this example.

A.5 Spaces of quadratic forms, blow-ups and X (P)

Let F, P be as in §A.4. There is a natural morphism of algebraic varieties

P(Pr) — P(Q(V)) (A.25)
M M'M
which sends the subspace P(Py @ --- ® P;) to P(Q(V/Vit1)) C P(Q(V)), the pro-
jective space of the subspace of quadratic forms which vanish on V; 4.
Consequently, by the universal property of blow-ups, (A.25) induces a morphism
BpP(Pr) — BrP(Q(V)) (A.20)
where BFPP(Q(V)) is the iterated blow-up of P(Q(V)) along the linear subspaces
PQV/V) Cc P(Q(V/V2) C --- C P(QV/Va))
associated to the flag F'. Combining with Theorem A.14 we deduce a natural map:
(Ap x H)\ (Ap x P}) —> BrP(Pp) — BrP(Q(V)) . (A.27)

Recall from §9.5 that the exceptional divisor £ of BFP(Q(V)) defines a stratification
whose strata £ are in one-to-one correspondence with flags F' < F (A.21), and are
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canonically isomorphic to a product of iterated blow-ups
V/Vi
l_[BFP<Q( / lm+l)>
QV/Vi,)

where F; is the induced filtration on the successive quotients V;/ Vi—s—LQf (A.21).
Let Det € P(Q(V)) denote the vanishing locus of the determinant, and Det its strict
transform in BpP(Q(V)). It was proven in Proposition 11.4 that

k
N QV/ Vipyr)
Err\ (Ep N Det) = (IP’ (—*) \ Det
ﬂo v/ V,,)

where Det

Vim / Vim+l

) (A.28)

i is the zero locus of the homogeneous map
Vi / Vi 11

QV/ Vi) det
m — Q(V; /‘/lm+]) — Q,

where the first map is restriction of quadratic forms (compare §9.3).
Theorem A.16 The map (A.27) induces an injective continuous map
X(P) — (BFP(Q(V)) \ Det) (R). (A.29)
For every flag F' of the form (A.21) the map (A.29) restricts to a map
e(Pp) —> Ep \ (€ N Det) (R) (A.30)

to the corresponding stratum in the exceptional locus of BF P(Q(V)). The image of
e(Pg), via the identification (A.28), is the product e(Pg') = [],, Xm where

Q(V/vi,,,H))
X Pl ——— (R
< (Q(V/v,-,,» ()

is the set of projective classes of matrices whose image in P(Q(V;,/Vi,..)(R) is
positive definite.

Proof The equation det(M T MY = det(M)? implies that (A.25) preserves the deter-
minant loci Det in P(Pr) and P(Q(V)), and so the morphism (A.26) preserves their
strict transforms. It follows that (A.27) defines a natural map

(Ap x H) \\ (Ap x Pg) —> BFP(Q(V))\ Det (A31)
whose restriction to the open locus {A; # 0, for 1 <i <d} is the morphism
G \Pp — P(Q(V)) \ Det

which, in coordinates given by a basis of V, sends a matrix M to the projective class
of MT M. This map is invariant by left-multiplication by the subscheme rr < Pp
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whose points are matrices O such that O7 O = 1, since one has (OM)TOM = M.
Since this equation is algebraic, it remains true on the Zariski closure of Py, and
hence (A.31) is also invariant under left multiplication by Kp,., since the action of
K pp on Py, commutes with that of Ap and H. We deduce that the map of topological
spaces

(Ap x H)\ (Ap x P) —> (BFP(Q(V))\ Det) (R)

which is induced by taking real points of the map (A.31) and composing with the first
map in (A.24), is Kp < Kp, (R) invariant and so passes to the quotient

X(P)=ZpKp\ (Ap x P) —> (BFP(Q(V))\ Det) (R) .

It gives a well-defined continuous map (A.29) such that the following diagram com-
mutes:

Zp\ (Ap x P) —>  (BFP(Pr)\ Det) (R)

4 .
X(P)=Ap\(Ap x X) — (BFP(Q(V))\ Det) (R)

where the horizontal map along the top is the morphism (A.20) and the vertical maps
are M — MT M on the left, and (A.26) on the right.

Now compute the restriction of the map (A.29) on each stratum indexed by a flag
F’ of the form (A.21). The map (A.31) restricts to a map on exceptional divisors

o (A23) _, (A26)
(Ap, x H)\Pp =5 85, 25 gp

Since it is left-invariant by KCp., it descends, after taking real points, to the quotient
e(Pr) = Apy \X =Zp, Kp, \ Pr—> Ep\ (Ep \ Det) (R) .

This morphism is injective on each stratum e(Py/) since M' M = NT N holds for
two invertible real matrices M, N if and only if M = ON, for O an orthogonal
matrix. The final statement follows from the fact that (A.29) identifies the open
X C X (P) with the subspace of projective classes of positive-definite matrices in-
side P(Q(V))(R). This proves the result for the trivial flag. In the case of a flag
0 C Vi C V of length d = 1, the map from e(P) to the corresponding exceptional
locus is given on the level of matrices by

A 0 ATA 0 0 U'B
(U B) ~ ( 0 O)’(BTU BTB> ’ (4.32)
where the matrices are on the right denote projective equivalence classes. We can
choose A, B such that AT A, and BT B are arbitrary (projective classes of) positive
definite real symmetric matrices, and finally choose U such that U” B is any other
matrix, since B is invertible. This indeed proves that e(P) surjects onto the space

described in the statement of the theorem. The general case, for a flag of arbitrary
length, is similar (or follows from the case of length one by induction). O
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Examples A.17 As in Example A.15, use the splitting V=V /V & V|/ Vo2& V, to
write endomorphisms of V in block matrix form. Consider the deepest stratum which
is associated to the full flag F', which corresponds to €12 (denoted V (A, Ap) in Ex-
ample A.15)).

The morphism (A.30)
Q(V/Va) Q(V)
e(P) — P(Q(V/Vi)(R) x P (7 R xP| 5~ ) (R)
/ o/ V) o/ V)
is given explicitly on matrix representatives in P of classes in e(P) = ApKp \ P by:

Py PPy 0 0 0 PLP O
Py P > 0 0o 0], PITP()l PIT P 0],
Poo Pio P 0 00 0 0 0

0 0o PLP,

0 0 PLP

plpy PP, PIP
Now consider the stratum associated to the flag F': 0 C V| C V, which corre-
sponds to the exceptional divisor £ (corresponding to V(A1) in Example A.15). The
morphism (A.30)

/ Q(V)
e(P) — P(Q(V/V))(R) x P <Q(V—/Vl)> ®

is given on matrix representatives in P of classesin e(P’) = Ap Kp/\ P' = Ap/ K p \
P by setting A = Py, U = (ﬁg;), and B = (1:12 }92) in (A.32). This gives the map

P 0 0 PfPy 0 0
Ph P 0 |+~ 0 0o o],
Py Pp P 0 00
0 Pl Pi+ PLP1 PLP

Pl py +PLPy PP +PLP, PLP
Pl Py PPy, rlp,

A.6 Proof of the statements in §A.1
A.6.1 Proof of Theorem A.2

Theorem A.16 provides an injective map of stratified spaces from X (P) to the it-
erated blow-up BrP(Q(V)). By the argument of Proposition 5.2 (ii), there is a
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canonical map B(R) — BrP(Q(V)) which is an isomorphism away from excep-
tional divisors. Since the image of the exceptional divisors is contained in the (strict
transform) of the determinant locus, which does not meet the image of X (P), it fol-
lows that the coﬂn\t{inuous map X (P) - BrP(Q(V)) \ Det canonically lifts to a map
X (P)— (28 \ Det)(R). Via the description (A.8) of XBS as a union of X(P), for P
rational parabolics, we deduce the canonical continous map XBS — (%8 \ Det)(R). It
is injective since, by Theorem A.16, the image of each open stratum e(P) of XBS is
contained in the complement of the determinant locus in a unique exceptional stra-
tum. They are disjoint, since the intersections of exceptional strata are contained in
the determinant loci. The statement abut the closure of X will follow from the ar-
gument in the next paragraph below. The description of the image of e(P) follows
from Theorem A.16 and (A.28). Finally, the group of rational points GL(V)(Q) acts
on X via P — Pg. Correspondingly, the algebraic group GL(V) acts upon P(Q(V))
via (g, M) — g7 Mg. Since it permutes the set of flags (A.5) and hence the centers
of all the blow-ups which define 83, it extends to a natural action of GL(V) upon
8. Its group of Q-points GL(V)(Q) acts algebraically upon ‘B. This action is by
compatible, via P — PT P with the action of GL(V)(Q) upon X.

A.6.2 Proof of Corollary A.3

Consider a GL¢(Z)-equivariant admissible decomposition X = U - 0, obtained, for
example, as the intersection of an admissible decomposition §10.3 with the set of
positive definite symmetric matrices. Let us identify XBS with its image in B(R)
under the map f. Thus we may write

XCcXBScB®).

Consider a polyhedron o C X, and denote its closure in XBS by @. Its closure in
B(R) is the compact polyhedron 0B =6B™ in the minimal blow-up of o, since,
by definition, the latter is the topological closure of the inverse image of the interior
of ¢ in its minimal blow up. The equality oB = B™ follows from invariance
under extraneous modifications (Proposition 5.14). By Proposition 11.4, each open
face of 6B is a product of strictly positive polyhedra, and is therefore contained in
the image of an e(P), for a certain P, by the last part of Theorem A.16. It follows
that o8 c XBS. Thus

XCUO’BCXBS

o
and in particular o = oB. By construction, X(P) = Ap \ (Ap x X) is contained in
the closure of X = Ap \ (Ap x X) (let the coordinates A; on A p tend to zero) and so
XBS is contained in the closure of X. The previous equation then implies that
xB=| JoF (A.33)
o

It follows that XBS equals the closure of X in B(R), which was the remaining state-
ment to prove in Theorem A.2. The decomposition (A.33) has similar properties to

@ Springer



150 F. Brown

an admissible decomposition as in §10.3 (finitely many GLg (Z) orbits, intersections

are closures of faces, etc). Conclude using the fact that, by definition (11.5), the topo-
logical space |LAtgmp’f’B | is the quotient of | J,, oB by the action of GLg(Z), since the

gluing relations in the diagram category DgOP B are those induced by GL, (Z).
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