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Abstract
We construct bordifications of the moduli spaces of tropical curves and of tropical
abelian varieties, and show that the tropical Torelli map extends to their bordifica-
tions. We prove that the classical bi-invariant differential forms studied by Cartan
and others extend to these bordifications by studying their behaviour at infinity, and
consequently deduce infinitely many new non-zero unstable classes in the cohomol-
ogy of the general and special linear groups GLg(Z) and SLg(Z). In particular, we
obtain a new geometric proof of Borel’s theorem on the stable cohomology of these
groups. We completely determine the cohomology of the link of the moduli space of
tropical abelian varieties within a certain range, and show that it contains the stable
cohomology of the general linear group. In addition, we define new transcendental
invariants associated to the minimal vectors of quadratic forms, and show that a cer-
tain part of the cohomology of the general linear group GLg(Z) admits the structure
of a motive. In an Appendix, we give an algebraic construction of the Borel-Serre
compactification by embedding it in the real points of an iterated blow-up of a pro-
jective space along linear subspaces, which may have independent applications.

1 Introduction

The main goal of this paper is an algebro-geometric construction of bordifications of
the moduli spaces of tropical curves and abelian varieties. Before describing these
in detail, we first present some applications to the cohomology of the special and
general linear groups.

1.1 Unstable cohomology of linear groups

Let Pg denote the space of symmetric positive definite g×g matrices X with real en-
tries. It is a connected contractible space equipped with a right action of h ∈GLg(R)

via the map h(X)= hT Xh.
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Fig. 1 Known ranges for which the cohomology of GLg(Z) has been completely determined [31, 42, 56].
An entry Hi in the table indicates that Hi(GLg(Z);R) is non-zero and of rank 1. All non-zero classes are
explained by Theorem 1.1 except for the two boxed entries

Fig. 2 Compactly-supported cohomology of Pg/GLg(Z) in the known ranges [31, 42, 56]. An entry Hi
c

in the table indicates that Hi
c (GLg(Z);R) is non-zero and of rank 1. All non-trivial classes are explained

by Theorem 1.1 except for the two boxed entries

Since the orbifold Pg/GLg(Z) is a K(π,1) one has Hn(GLg(Z);R) = Hn(Pg/

GLg(Z);R). Block direct sum of matrices X �→ X ⊕ 1 defines a map Pg→ Pg+1.
The stable cohomology is defined to be the limit with respect to these maps:

Hn(GL∞(Z);R)= lim←−
g

Hn(GLg(Z);R) .

It was famously computed by Borel [11], from which he deduced the ranks of the
rational algebraic K-theory of the integers (and, more generally, of all number fields),
which is of fundamental importance in the modern theory of motives. Very little is
known about the unstable cohomology of the groups SLg(Z) and GLg(Z). See Figs. 1
and 3 for the range in which their cohomology groups are completely known.

Even less is known about the cohomology with compact supports Hn
c (Pg/

GLg(Z);R), which we shall denote by Hn
c (GLg(Z);R). The notation is justified by

duality: indeed, when g is odd, the orbifold Pg/GLg(Z) is orientable and its com-
pactly supported cohomology is Poincaré dual to ordinary cohomology. However, in
the case when g is even, the cohomology with and without compact supports are a
priori unrelated. There is no stability property for cohomology with compact sup-
ports, as one may see from Fig. 2.

The ordinary cohomology of the special linear group SLg(Z) coincides with that
of GLg(Z) when g is odd, but is built out of the cohomology of GLg(Z) with and
without compact supports in the case when g is even.
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1.2 Cohomological results

Consider the abstract graded exterior algebra

Ω•can =
∧⊕

k≥1

Qω4k+1

with generators ω4k+1 in degree 4k + 1. For any X ∈ Pg and k > 1, let

ω4k+1
X = tr((X−1dX))4k+1 , (1.1)

which is a well-defined closed differential form on Pg with a number of remarkable
properties, including bi-invariance with respect to left and right multiplication by
GLg(R). Any ω ∈Ωn

can defines a closed differential form of degree n on Pg/GLg(Z).
Consequently there is a natural map, which is sometimes referred to as either the

‘Borel map’ or ‘Matsushima homomorphism’:

j :Ωn
can ⊗Q R−→Hn(GLg(Z);R) . (1.2)

Borel proved that j is injective for n≤ g/4. Results of Matsushima [45] and Garland
[34] imply that the map j is surjective in the same range. Although this range is
narrow, it nonetheless tends to infinity, which allowed Borel to compute the stable
limit:

Ω•can ⊗Q R∼=H •(GL∞(Z);R) .

Let g > 1 be odd, and let Ω(g) ⊂ Ωcan denote the graded subalgebra generated
by ω5, . . . ,ω2g−1. All forms ωn of degree n ≥ 2g vanish identically on Pg . In or-
der to state our results, we divide Ω(g) into two subspaces. Let Ωc(g) ⊂ Ω(g)

denote the ideal generated by ω2g−1. We shall call Ωc(g) the space of forms
of ‘compact type’ and define Ωnc(g) ⊂ Ω(g) to be the graded subalgebra gener-
ated by 1,ω5, . . . ,ω2g−5. The subscript nc stands for ‘non-compact’ type. One has
Ω(g)=Ωc(g)⊕Ωnc(g).

Theorem 1.1 Let g > 1 be odd. There are injective maps

(i). Ω•nc(g)⊗Q R ↪→H •(GLh(Z);R) for all h≥ g ,

(ii). Ω•c(g)⊗Q R ↪→H •+1
c (GLg(Z);R) ,

(iii). Ω•c(g)⊗Q R ↪→H •+2
c (GLg+1(Z);R) .

These facts imply the following results about the special linear group:

(iv).Ω•nc(g)⊗Q R ↪→H •(SLh(Z);R) for all h≥ g ,

(v). (Ω•nc(g)⊕Ω
dg+1−•−2
c (g))⊗Q R ↪→H •(SLg+1(Z);R) ,

where dg = dimPg =
(
g+1

2

)
.
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Fig. 3 An entry in row g and column n equals dimHn(SLg(Z);R); blank entries are zero. All non-zero
entries in this table are explained by the previous theorem except for the three boxed entries. These are
discussed in §1.11. Some partial computations are known in g = 8 by [55]

Statement (i) (and implicitly (ii)) is discussed in a research announcement of
Ronnie Lee [41], but no proof seems ever to have appeared. The statement also ap-
pears in Franke [33, 35], which uses automorphic methods. Our proof bears some
similarity to the strategy suggested by Lee and implies that the map (i) for h= g and
(ii) are canonically split. The key point in the proof is the construction of representa-
tives for elements in Ωc(g) which have compact support.1 Statement (i) implies, but
is much stronger than, Borel’s result on the injectivity of (1.2) in small degrees.

Statement (iii) about the unstable cohomology of linear groups of even rank is
new. It follows from a much stronger theorem (Theorem 1.3 below) on the existence
of cohomology classes in the moduli space of tropical abelian varieties and uses re-
cent results on the acyclicity of the ‘inflation complex’ established in [15].

To illustrate the content of (iv) and (v), see Fig. 3 for a table of the known coho-
mology of SLg(Z). It is taken from [27] and uses computer calculations of [31].

1.3 Moduli of tropical abelian varieties

Theorem 1.1 is a consequence of a stronger result concerning cohomology classes on
the link |LAtrop

g | of the moduli space of tropical abelian varieties, which we presently
explain. The reason for the vertical bar notation is that |LAtrop

g | is merely the topo-
logical incarnation of a richer kind of hybrid geometric object, denoted by LAtrop

g ,
which we shall discus later. In any case, as a set, |LAtrop

g | is the quotient of the ra-
tional closure P rt

g of Pg consisting of positive semi-definite matrices with rational

kernel, modulo the action of GLg(Z), and by R
×
>0 acting by scalar multiplication.

We consider its decomposition into perfect cones, due to Voronoï [44, 59], which are
described as follows. Let Q be a positive definite quadratic form, and let

MQ = {λ ∈ Zg\{0} :Q(λ)≤Q(μ) for all μ ∈ Zg\{0}}
denote the set of minimal vectors of Q. The set of λλT , for λ ∈MQ, span a convex
polyhedral cone σQ in the link LP rt

g of P rt
g , whose points are projective classes of

1It is easy to make the mistake of thinking that the canonical forms of compact type vanish along the
boundary of the Borel-Serre compactification, but this is insufficient: the difficulty is to prove that they
actually extend to the boundary in the first place: one sees from the definition (1.1) that they blow up as
one approaches the region where det(X)→ 0. To prove this result, and resolve this apparent contradiction,
requires a careful analysis of the geometry of LPg/GLg(Z) at infinity.
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Fig. 4 The decomposition of the
link LPrt into Voronoï cells
viewed inside the projective
space P

2(R) of symmetric 2× 2
matrices. The space |LAtrop

2 | is
the quotient of the closed
simplex σQ by the action of Σ3,
and is the one-point
compactification of the interior
|LA◦,trop| at the cusp. The

space |LAtrop,B
2 | has an

additional half-interval at the
cusp

symmetric matrices. The topological space |LAtrop
g | is obtained by gluing together

GLg(Z)-equivalence classes of quotients σQ/Aut(σQ) of polyhedral cones by their
finite groups of automorphisms.

Examples 1.2 (See Fig. 4). The quadratic form Q(x1, x2)= x2
1 + x1x2 + x2

2 has min-
imal vectors MQ = {(±1,0), (0,±1),±(1,−1)}, and hence

σQ =
{(

α1 + α3 −α3
−α3 α2 + α3

)
: α1, α2, α3 ≥ 0

}

is the convex hull of the rank 1 matrices
(

1 0
0 0

)
,
(

0 0
0 1

)
,
(

1 −1
−1 1

)
in the space of

projective classes of 2 × 2 symmetric matrices. There is a single GL2(Z)-orbit of
cells of maximal dimension in |LAtrop

2 | generated by σQ. The stabiliser of σQ is the
symmetric group on three elements which permutes the three vertices of σQ.

Denote the closed subspace of |LAtrop
g | corresponding to symmetric matrices with

vanishing determinant by |∂LAtrop
g |. Its open complement:

∣∣∣LA◦,trop
g

∣∣∣= |LAtrop
g | \ |∂LAtrop

g |

is nothing other than the space LPg/GLg(Z) where LPg =Pg/R
×
>0.

Theorem 1.3 Let g > 1 be odd. Every form of compact type ω ∈Ωc(g) extends to a
smooth differential form on |LAtrop

g |. This gives an injective map of graded algebras:

Ω•c(g)⊗Q R−→H •dR(|LAtrop
g |) . (1.3)

Theorem 1.1 follows from Theorem 1.3 using a de Rham theorem for certain kinds
of topological spaces, such as |LAtrop

g |, which are defined by gluing quotients of
polyhedra together by finite group actions (see below) as well as results from [15].
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In fact, Theorem 1.3 enables us to completely determine the cohomology of
|LAtrop

g | in a certain range. If g > 1 is odd and κ(g) denotes the stable range for
the cohomology of the general linear group GLg(Z), we show in Corollary 15.14 that

Hn
dR(|LAtrop

g |)∼=Ωn
c(g)Q ⊗R (1.4)

Hn−1
dR (|LAtrop

g−1|)= 0

for n≥ dg − κ(g). Using the recent results [40, 43], we may take κ(g)= g.

1.4 Bordification of the moduli space of tropical abelian varieties

In order to prove Theorem 1.3, we construct an explicit bordification

∣∣∣LAtrop,B
g

∣∣∣−→
∣∣∣LAtrop

g

∣∣∣ .

It has a boundary |∂LAtrop,B
g | ⊂ |LAtrop,B

g | with the property that

∣∣∣LAtrop,B
g

∣∣∣ \
∣∣∣∂LAtrop,B

g

∣∣∣=
∣∣∣LA◦,trop

g

∣∣∣ .

The topological space |LAtrop,B
g | is technically the space obtained by gluing to-

gether ‘wonderful’ compactifications [29] of perfect cones σQ by blowing up specific
boundary strata which lie at infinity. It may be constructed informally as follows.

Consider the projective space P(Q(V )) whose points are projective classes of
quadratic forms Q(V ) in a vector space V of dimension g over Q. The vanishing
of the determinant defines a hypersurface Det⊂ P(Q(V )) which satisfies:

LPg ⊂ (P(Q(V )) \ Det) (R) .

Now consider the space obtained by blowing up the subspaces P(Q(V/K)) whose
points are quadratic forms with kernel K , for all rational subspaces 0 �= K ⊂ V , in
increasing order of dimension. Since P(Q(V/K)) is contained in the determinant
locus Det, every blow-up adds a new boundary component at infinity. Such a bound-
ary component is indexed by a nested sequence 0 < K1 < K2 < · · ·< Kn < V , and is
isomorphic to a product of projective spaces. The closure of LPg in the iterated blow-

up admits an action by GLg(Z), whose quotient is the bordification |LAtrop,B
g |. We

show in an Appendix that it is homeomorphic to the Borel-Serre compactification
[12]. However, from this construction it is not obvious that the quotient |LAtrop,B

g |
embeds into the real points of a finite diagram of algebraic varieties obtained by
blowing up projective spaces along finitely many linear subspaces. This crucial point
is proved in the main body of the text via a different construction, discussed in §1.7

Theorem 1.3 is proven by studying the behaviour of the differential forms (1.1)
on the boundary of |LAtrop,B

g |. The existence of this bordification, and the techniques
used to construct it, have a variety of other applications, which we discuss below.
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1.5 Bordification of the tropical Torelli map

The main thrust of this paper is to provide a general technique for constructing bor-
difications of spaces built out of quotients of polyhedral cells. For example, we con-
struct a bordification

∣∣∣LMtrop,B
g

∣∣∣−→
∣∣∣LMtrop

g

∣∣∣

of the link of the moduli space of tropical curves whose existence was alluded to in
[19]. It is obtained by gluing together the ‘Feynman polytopes’ associated to stable
graphs and provides a single geometric object whose cells are the spaces underly-
ing the Feynman motives of [10, 17]. This bordification is presumably related to
the bordification of Culler and Vogtmann’s Outer space which was constructed in
[8, 24]. Note that our bordification concerns the quotient of unreduced Outer space
by Out(Fn) and allows graphs with bridges; the latter two papers study reduced Outer
space, which only involves bridgeless (core) graphs, and concern the universal cov-
ering space, rather than its quotient by Out(Fn).

The bordifications of |LAtrop
g | and |LMtrop

g | are related as follows. The tropical
Torelli map λ : |LMtrop

g | → |LAtrop
g | was studied in [6, 16, 25, 47, 49]. It is non-

degenerate on the moduli space |LMred
g | ⊂ |LMtrop

g | of 3-edge connected graphs.

Theorem 1.4 The tropical Torelli map extends to a map λB of bordifications, giving
a commutative diagram where the vertical maps are blow-downs:

∣∣∣LMred,B
g

∣∣∣ λB−→
∣∣∣LAtrop,B

g

∣∣∣
↓ ↓∣∣∣LMred

g

∣∣∣ λ−→
∣∣∣LAtrop

g

∣∣∣

This diagram gives relations between the cohomology of these four spaces, and
the existence of λB answers a question of Vogtmann. Note that the cohomology of
|LMtrop

g | is related to the cohomology of the commutative graph complex GC0, and
to the top-weight cohomology of the moduli stack Mg [26]. The cohomology of the

bordification |LMtrop,B
g | is described by a new graph complex (see §8.2) involving

nested sequences of graphs, and is related to the Hopf algebra structure on graph
homology. It would be interesting to study its homology in relation to that of GC0.

1.6 Canonical integrals of perfect cones

A further consequence of the properties of canonical forms (1.1) on the bordification
of |LAtrop

g | is that we may assign transcendental invariants to polyhedral cones in the
Voronoï decomposition.

Theorem 1.5 Let Q be a positive definite quadratic form of rank g, and let σQ be the
associated cone. Let ω ∈Ωd

can be any canonical form (1.1) of degree d = dimσQ. If
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σQ has rank g then the following integral is finite:

IQ(ω)=
∫

σQ

ω <∞ . (1.5)

The integrals IQ(ω) satisfy quadratic relations arising from Stokes’ formula (Theo-
rem 14.13).

The condition that σQ has rank g means that σQ meets the interior LPg of the link
of the space of positive definite matrices (i.e., it does not completely lie at infinity).
In particular, every ‘perfect’ quadratic form of maximal dimension may be assigned
a volume, which is non-zero. Theorem 1.5 provides interesting transcendental in-
variants of quadratic forms which may provide a new perspective on the extensive
literature on perfect forms in relation to sphere packing problems, which was one of
Voronoï’s original goals.

In the case when the cone σQ is cographical, i.e., the image under the tropical
Torelli map of the cell associated to a graph in |LMred

g |, the integrals (1.5) are the
canonical integrals IG(ω) studied in [19]. It was proved in loc. cit. that these are
generalised Feynman integrals of the sort arising in perturbative quantum field theory.
An important slogan, therefore, is that the volumes of cographical cells in the perfect
cone decomposition of the space of symmetric matrices are Feynman integrals. The
Borel regulator, in particular, is a linear combinations of integrals (1.5).

The arithmetic nature of the period integrals (1.5) is not known. However, a com-
putation by Borinsky and Schnetz [13] implies that the volume of the principle cone
for GL5(Z) is a very special linear combination of non-trivial multiple zeta values of
weight 8 which involves ζ(3,5).

1.7 Polyhedral cell complexes

We finally turn to the main geometric constructions. Theorem 1.3 hinges upon a de
Rham theorem for topological spaces obtained by gluing together quotients of poly-
hedra by finite group actions. In order to make sense of algebraic differential forms
such as (1.1) on these spaces, we embed each polyhedron into an ambient algebraic
variety, which are glued together according to the same pattern.

The most basic construction along these lines is a category, which we call
PLCk , of polyhedral linear configurations over a field k ⊂ R. Its objects are triples:
(P(V ),Lσ ,σ ), where V is a finite-dimensional vector space over k, σ ⊂ P(V )(R)

is a closed convex polyhedron, and Lσ ⊂ P(V ) is the union of linear subspaces de-
fined by the Zariski closure of the boundary ∂σ . See Figure 5, left. A morphism φ :
(P(V ),Lσ ,σ )→ (P(V ′),Lσ ′, σ ′) in this category is a linear map φ : P(V )→ P(V ′)
such that φ(Lσ )⊂ Lσ ′ and φ(σ)⊂ σ ′. We demand, in addition, that φ : σ → σ ′ be
either the inclusion of a face, or an isomorphism.

We then define a linear polyhedral complex to be a space assembled out of such
objects (and their quotients by finite linear group actions). More precisely, it is given
by a functor

F :D −→ PLCk
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Fig. 5 Left: a polyhedral linear configuration in P
2. Right: two polyhedra σ1, σ2 are glued together along

the common face σ12 = σ1∩σ2. An algebraic differential form ω defines two forms ωi = ω|σi
, for i = 1,2,

which coincide on σ12. The form ω has poles along a subscheme X , which, as depicted, may not neces-
sarily meet the topological realisation σ1 ∪σ12 σ2

where D is equivalent to a finite diagram category. It has a topological realisation:

|F | = lim−→
x∈D

σ(F (x)) ,

which is the topological space obtained by gluing the polyhedra σ(F (x)) along linear
maps. Examples of linear polyhedral complexes include the moduli space of tropical
curves LMtrop

g of genus g, where D is a category of stable graphs, and the moduli
space of tropical abelian varieties LAtrop

g , in which case D is a category of cones
associated to quadratic forms. The topological realisation of a polyhedral linear com-
plex is closely related to similar notions in the literature, including stacky fans [16]
and generalised CW-complexes [3].

However, a polyhedral linear complex has additional algebraic structure. In par-
ticular, there is a functor SF :D→ Schk to the category of schemes which picks out
the first component in each triple x �→ P(VF(x)). We can speak of a subscheme of F :
it is simply a subfunctor X :D→ Schk of SF . Concretely, it is given by the data of
a compatible family of subschemes Xx ⊂ P(VF(x)) for every object x in D. A global
algebraic differential form on a polyhedral linear complex F with poles along X (see
Figure 5, right) is simply an element of

Ω•(F\X )= lim←−
x∈D

Ω•
(
P(VF(x))\Xx

)
. (1.6)

It is a compatible system of differential forms on P(VF(x)) with poles along Xx for
each x. Our main examples are: the subscheme of LMtrop

g defined by the graph hy-
persurface locus, and the subscheme of LAtrop

g defined by the determinant locus Det.
The above definitions can be generalised. The most important construction, for

our purposes, is a category BLCk whose objects consist of iterated blow-ups of poly-
hedral linear configurations along linear subspaces. They are ‘wonderful’ compactifi-
cations of linear polyhedra in the sense of [29]. Using this concept, we can efficiently
define the bordifications mentioned earlier. For instance, we construct a functor

LAtrop,B
g :Dperf,B

g −→ BLCQ
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from a suitable diagram category to BLCQ. It is defined by blowing up the subspaces
of quadratic forms with a non-trivial rational kernel which meet each cone in the
Voronoï decomposition. A key point is that this space is a diagram of finitely many
algebraic varieties with extra structure; the informal definition of |LAtrop,B

g | given
earlier in this introduction a priori involved infinitely many blow-ups.

The next theorem is the key geometric input in the proof of Theorems 1.1 and 1.3.

Theorem 1.6 There is a commutative diagram

∂LAtrop,B
g ↪→ LAtrop,B

g

↓πB ↓πB
∂LAtrop

g ↪→ LAtrop
g

where the vertical maps πB are canonical blow-downs. The strict transform of the
determinant subscheme Det⊂ LAtrop

g defines a subscheme

D̃et⊂ LAtrop,B
g

which satisfies πB : D̃et→Det, and has the property

D̃et∩
∣∣∣LAtrop,B

g

∣∣∣= ∅ . (1.7)

On topological realisations, one has a commutative diagram of topological spaces

∣∣∣LAtrop,B
g

∣∣∣ \
∣∣∣∂LAtrop,B

g

∣∣∣
↗ ↓∣∣∣LA◦,trop

g

∣∣∣ →
∣∣∣LAtrop

g

∣∣∣ \
∣∣∣∂LAtrop

g

∣∣∣

where all arrows are isomorphisms. The open locus |LA◦,trop
g | is homeomorphic to

the locally symmetric space LPg/GLg(Z)=R
×
>0 \Pg/GLg(Z).

A similar theorem holds for the moduli space LMtrop
g of tropical curves (§8).

1.8 ‘Motives’ of quadratic forms

Hereafter, a motive refers to an object in a suitable Tannakian category HQ of realisa-
tions, following Deligne [30]. An object M in HQ has Betti and de Rham realisations
MB, MdR and a period pairing M∨B ⊗Q MdR→ C. The property (1.7) of the deter-
minant locus enables us to define a canonical object motQ associated to a positive
definite quadratic form Q such that the integral (1.5) is a period (Definition 16.1). In
the special case when σQG

= σG is a cographical cone in the image of the tropical
Torelli map, motQG

is equivalent to the graph motive defined in [10]. This construc-
tion provides, in particular, a motivic interpetation of the Borel regulator.
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1.9 ‘Motives’ associated to GLg(Z)

Similarly, we may find a motivic interpretation of the canonical cohomology of
GLg(Z). For every g > 1 and d ≥ 0 we define a cohomology group Hd

c (g) con-
sisting of closed compatible families of algebraic differential forms with poles along
the determinant locus (1.6), modulo exact forms. There is a natural map:

Hd
c (g)−→Hd

c (LPg/GLg(Z);R)

which is injective on Ωd
c (g) ⊂ Hd

c (g): in particular, Hd
c (g) contains all the

compactly-supported cohomology classes for GLg(Z) which are described in Theo-
rem 1.1. Integration of differential forms defines a pairing

H lf
d (GLg(Z);Q)⊗Q Hd

c (g)−→C

where H lf denotes locally finite (Borel-Moore) homology.

Theorem 1.7 There is an object Md
g of HQ equipped with a pair of canonical linear

maps

H lf
d (GLg(Z);Q)−→ (Md

g)∨B

Hd
c (g)−→ (Md

g)dR

such that the integration pairing factors through the period pairing: (Md
g)∨B ⊗Q

(Md
g)dR→C.

This theorem implies that the part of the locally finite homology H lf
d (GLg(Z);Q)

which pairs non-trivially with Hd
c (g) is motivic, since Md

g lies in the Tannakian sub-
category of HQ generated by the cohomology of algebraic varieties over Q. In partic-
ular, the theorem provides a motivic interpretation of the integrals of canonical differ-
ential forms over homology cycles, including the volume integrals over fundamental
domains considered by Minkowski. The objects M are interesting: for example, M5

3 is
a non-trivial extension of Q(−3) by Q(0) with period a rational multiple of ζ(3).

1.10 Borel-Serre compactification in algebraic geometry

In an Appendix we study the Borel-Serre compactifiction of LPg/GLn(Z), which

is defined topologically, and prove that it is homeomorphic to |LAtrop,B
g |, which is

constructed algebraically.

1.11 Recent progress and discussion of unstable cohomology

It was proven by Bismut and Lott [9] that for g > 1 odd, the class of ω2g−1 in
H 2g−1(GLg(Z)) vanishes. Conjecture 5.3 in [48] states that the class of ω2g−1 also
vanishes in H 2g−1(GLg+1(Z)).
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Since the first version of this paper became available, a flurry of preprints appeared
which have enormously advanced our understanding of the unstable cohomology of
the general and special linear groups. Firstly, Ash [5] independently constructed two
infinite families of unstable classes in the cohomology of SLn(Z), for n= 3k+ 3 and
n= 3k + 4. When k is even, they lie in the same degrees as the duals of the classes
we denote by [ω2g−1

c ] ∈H
2g
c (GLg(Z)) and their inflations in H

2g+1
c (GLg+1(Z)) (see

Theorem 1.1, (ii), (iii)). For k odd, they lie in different degrees from the classes
constructed in this paper. Ash suggests that they align with classes announced by
Lee [41] (more on which below).

At around the same time, [4] and [21] independently showed that the compactly
supported cohomology of the general linear group admits a Hopf algebra structure.
By composing the classes constructed in Theorem 1.1, one can not only prove all
the claims of Lee, but also deduce the existence of a plethora of new and unexpected
classes. See loc. cit. for further details. In particular, all boxed classes in our pre-
vious figures can now be explained in terms of canonical forms using these new
results. For example, the class in H 9(SL6(Z);R) in Fig. 3, which corresponds to
a class in H 12

c (GL6(Z);R), is denoted by [ω5|ω5] in Lee’s notation. The class in
H 15(SL7(Z);R) corresponds to a class in H 13

c (GL7(Z);R) which is related to it by
the inflation map of [15]. The paper [22], which builds on [4] and the methods devel-
oped here, establishes infinitely many new classes on GL2n(Z). In particular, the last
remaining boxed class in H 8(GL6(Z)) (equivalently H 8(SL6(Z)), see Fig. 3) is part
of a large infinite family. We refer the reader to the survey [23] for futher context.

In a different direction, cuspidal classes for GLn(Z) were constructed recently in
[14]. A recent preprint of Vogtmann [58] revisits the bordification of outer space and
asks the question of bordifying the tropical Torelli map, which is answered in §12.

1.12 Plan and further comments

Section §2 introduces a general notion of polyhedral cell complexes in algebraic va-
rieties, for which we prove a cellular homology and de Rham cohomology theorem
in §3. In Section §4 we study the particular subcategory of linear polyhedral cell
complexes PLCk , and their iterated blow-ups in §5.

The first application of this theory is to the moduli space of tropical curves §6, and
its bordification §7-8. The discussion of the moduli space of tropical abelian varieties
begins in §9 with a study of polyhedra in spaces of quadratic forms and their blow-

ups. In Sect. 10 we study LAtrop
g and define its perfect cone bordification LAtrop,B

g .
Section 11 studies the properties of the determinant locus and its strict transform. In
Sect. 12, we construct the bordification of the tropical Torelli map.

From Sect. 14 onwards, we study the properties of canonical forms and their in-
tegrals, and in §15 we prove the main results on the cohomology of SLg(Z) and
GLg(Z) mentioned in this introduction. Finally, §16 discusses the periods and mo-
tives associated to canonical integrals and in an Appendix we discuss the relation
between the Borel-Serre compactification and the space |LAtrop,B

g | defined alge-
braically using blow-ups. We expect that the methods of this paper may be used
to define and study the geometric spaces, differential forms, and cohomology classes
associated to other types of graph complexes (see, e.g., [7]), as well as the quotients
of symmetric spaces by general linear groups over number fields.
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2 Algebraic polyhedral cell complexes

We describe a formalism to construct algebraic models of certain topological spaces
defined by gluing together polyhedral cells according to a diagram category. In the
first instance, the cells will be objects of a very general category PCk , but for the
applications we shall work with more restrictive subcategories of convex linear poly-
hedra in projective space (PLCk), and of their blow-ups along linear spaces (BLCk).

2.1 A category of polyhedral cells

Let k ⊂ C be a field. There are many situations in which one encounters a polyhe-
dron embedded in the real or complex points of an algebraic variety. Since convexity
does not make sense in this generality, the concept of a polyhedron in an algebraic
variety must be defined using different concepts. To this end, let us denote by PCk

the category whose objects are triples (P,L,σ ) defined recursively as follows:

• P is a smooth scheme over k.
• σ ⊂ P(C) is homeomorphic to a closed real ball Bn ⊂ R

n of dimension n ≥ 0,
i.e., there is a continuous map g : Bn ↪→ P(C) such that g : Bn

∼= σ . We call n the
dimension of (P,L,σ ). It may be strictly smaller than the dimension of P .
• The boundary of σ satisfies ∂σ = σ ∩ L(C), where L ⊂ P is a subscheme with

finitely many distinct smooth irreducible components Li , i ∈ I .
• Let n≥ 1. For every i ∈ I such that Li(C)∩ σ is non-empty, the triple

⎛

⎝Li,
⋃

Lj �=Li

Li ∩Lj ,σ ∩Li(C)

⎞

⎠ (2.1)

is required to be an object in PCk of dimension < n.

The objects in PCk of dimension 0 are triples (P,L,σ ) where σ ⊂ L(C) is a point.
For any object (P,L,σ ), one has ∂σ =⋃i∈I σi , where σi = σ ∩Li(C) is of smaller
dimension. Therefore by repeatedly taking boundaries, one obtains a stratification on
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σ giving a structure of a regular CW-complex on the closed ball Bn. Note that the
third condition ∂σ = σ ∩ L(C) captures a notion of convexity (it fails, for example,
for non-convex Euclidean polyhedra). A morphism:

φ : (P,L,σ )→ (P ′,L′, σ ′)

is given by a morphism φ : P → P ′ such that φ(L) ⊂ L′ and φ(σ) ⊂ σ ′. For any
subset J ⊂ I , let LJ =⋂j∈J Lj . A face map is an inclusion of a face

ιJ :
⎛

⎝LJ ,
⋃

j∈I\J
LJ∪{j}, σ ∩LJ (C)

⎞

⎠−→ (P,L,σ ) (2.2)

where σ ∩LJ (C) �= ∅. A facet of (P,L,σ ) is a face (2.1) of dimension dimσ − 1.

Example 2.1 Let P = P
n
Q

denote projective space of dimension n with homogeneous
coordinates (x0 : . . . : xn). The algebraic simplex is the triple (Pn

Q
,L,σ ), where L=

V (x0 · · ·xn) is the union of coordinate hyperplanes, and σ ⊂ P
n
Q
(R) is the standard

coordinate simplex defined by the region xi ≥ 0. Its faces are algebraic simplices of
smaller dimension.

Notation 2.2 Define the product
∏n

i=1(Pi,Li, σi) of objects (Pi,Li, σi) in PCk by

(
P1 × · · · × Pn ,

n⋃

i=1

P1 × · · · × Pi−1 ×Li × Pi+1 × · · · × Pn , σ1 × · · · × σn

)
.

Denote a product of morphisms f1, . . . , fn in PCk by f1 × · · · × fn.

We shall also add to the collection of morphisms in PCk the following projection
morphisms, defined for any ordered finite sets I ⊃ J :

∏

i∈I
(Pi,Li, σi)→

∏

j∈J
(Pj ,Lj , σj ) .

There are two natural functors, both of which preserve products:

σ : PCk −→ T op and S :PCk −→ Schk

σ (P,L,σ ) = σ S(P,L,σ ) = P
(2.3)

to the category of topological spaces, and schemes over k, respectively.

2.2 Algebraic polyhedral cell complexes

Let Ck denote a subcategory of PCk . The main cases of interest are Ck = PLCk (§4)
and Ck = BLCk (§5).
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Definition 2.3 A Ck-complex is a functor

F :D −→ Ck (2.4)

where D is equivalent to a finite category. We write Fx for F(x) when x is an object
of D. A morphism (φ,Φ) between two functors F :D→ Ck and F ′ :D′ → Ck is the
data of:

(i) a functor φ :D→D′ and
(ii) a natural transformation Φ : F → F ′ ◦ φ.

To spell this out, Φ is the data, for every object x of D, of a morphism

Φx : Fx −→ (F ′ ◦ φ)x in Ck

such that, for every morphism f : x→ y in D, there is a commutative diagram

Fx
Φx−→ (F ′ ◦ φ)x

↓F(f ) ↓(F ′◦φ)(f )

Fy

Φy−→ (F ′ ◦ φ)y .

In particular, any functor φ :D→D′ induces a morphism (φ, id) between F = F ′ ◦
φ and F ′. If φ is an equivalence, then F and F ′ are isomorphic. In particular, by
replacing D with an equivalent category, we may assume that D is itself finite.

Definition 2.4 The topological realisation of (2.4) is the topological space

|F | = lim−→
x∈Ob(D)

σ (Fx) . (2.5)

By taking limits, a morphism (Φ,φ) from F to F ′ induces a continuous map between
their topological realisations. We denote it by |Φ| : |F | −→ |F ′|.
2.3 Subschemes

Let F :D→PCk be a functor (2.4) as above.

Definition 2.5 Define a closed (resp. open) subscheme of F to be a functor

X :D −→ Schk

such that Xx is a closed (resp. open) subscheme of SFx , for all objects x of D,
and such that the canonical embedding ix : Xx ⊂ SFx is a natural transformation
i : X → SF . If K = R or C, and contains k ⊂K , then the set of K-points defines a
topological space

|X (K)| = lim−→
x∈D

Xx(K)

with the analytic topology.
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Definition 2.5 is analogous to that of a subfunctor. It means that for all morphisms
f : x→ y in D there is a commutative diagram

SFx
F(f )−→ SFy

⊆ ⊆

Xx
X(f )−→ Xy

and hence the morphisms between Xx are obtained by restricting those from SF .

Definition 2.6 We say that a closed subscheme Z of F is at infinity, which we denote
by |F | ∩Z = ∅, if its image does not meet any of the polyhedra σ(Fx):

σ(Fx)∩ ix(Zx)(C)= ∅ for all x ∈Ob(D).

Similarly, for an open subscheme U of F we write |F | ⊂U if

σ(Fx) ⊂ Ux(C) for all x ∈Ob(D).

Definition 2.7 Given an open subscheme U of F such that |F | ⊂ U , define

F ∩ U :D −→ PCk (2.6)

x �→ (F ∩ U)x = (Ux,Lx ∩U,σ) ,

which we may view as an (open) subfunctor of F :D→ PCk .

2.4 Algebraic and meromorphic differential forms

We define various notions of differential forms on a Ck-complex. The most important
will be the notion of a smooth form (2.8), which we can use to compute cohomol-
ogy. Since the cohomology classes we construct are in fact algebraic with specific
polar locus, we also need to define notions of algebraic forms with poles along a
subscheme, as well as meromorphic forms with unspecified poles.

Definition 2.8 Consider a Ck-complex F : D→ Ck and a subscheme X ⊂ SF . A
global differential form of degree d on F with poles along X is an element of the
limit

Ωd(SF\X )= lim←−
x∈Ob(D)

Ωd(SFx\Xx) .

Equivalently, it is a collection, for every x ∈ Ob(D), of regular forms ωx ∈
Ωd(SFx\Xx) which are compatible in the sense that

F(f )∗(ωy)= ωx for every f ∈HomD(x, y) . (2.7)

The graded vector space Ω•(SF\X ) =⊕d Ωd(SF\X ) is a differential graded
algebra. We may also write it Ω•(F\X ), bearing in mind that it depends only on the
functor SF .
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Consider an object (P,L,σ ) of PCk . Let us denote by

Ωd
mer ((P,L,σ ))= lim−→

U :σ⊂U(C)

Ωd(U ; k)

the space of meromorphic differential forms which are regular on an open affine
subset U of P whose complex points contain σ . Such a form may be restricted to
the faces of σ , and so Ω•mer =

⊕
d≥0 Ωd

mer is a contravariant functor from PCk to the
category of DGA’s.

Definition 2.9 Consider a Ck-complex F :D→ Ck . A meromorphic differential form
of degree d on F is an element of the projective limit

Ωd
mer(F )= lim←−

x∈Ob(D)

Ωd
mer(Fx) .

It is a compatible collection of meromorphic forms ωx ∈ Ωd
mer(Fx) for x ∈ Ob(D).

The total space Ω•mer(F )=⊕d≥0 Ωd
mer(F ) is a differential graded algebra.

Examples 2.10 The DGA of meromorphic forms Ωd
mer(P

n
Q
,L,σ ) on an algebraic sim-

plex (Example 2.1) contains the polynomial forms on σ in the sense of Sullivan [57].

Definition 2.11 The C-differential graded algebra of smooth forms on |F | is

A•(|F |)= lim←−
x∈Ob(D)

A•(σ (Fx)) , (2.8)

where A•(σ (Fx)) denotes the algebra of smooth differential forms over C which
are defined in an open neighbourhood of σ(Fx) inside SFx(C). When k ⊂ R, and
all polyhedra σ(Fx) are in fact contained in SFx(R) (which will always be the case
in our applications) then A•(|F |) has a real structure A•(|F |;R) consisting of the
R-subalgebra of real forms.

If X is at infinity, i.e., X ∩ |F | = ∅, then there are natural maps of DGA’s:

Ω•(SF\X ) ⊂ Ω•mer(F )−→A•(|F |) . (2.9)

Definition 2.12 Define smooth (resp. global algebraic) cohomology groups:

Hn
dR(|F |;C)=Hn(A•(|F |)) (resp. Hn

dR(SF\X )=Hn
dR(Ω•(F\X ))) . (2.10)

The former is a vector space over C isomorphic to the cohomology of |F | as we shall
show; the latter a vector space over k, which does not equal the cohomology of |F |
in general.

If X ∩ |F | = ∅, there is a natural map Hn
dR(SF\X )→Hn

dR(|F |).
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3 Homology and cohomology of polyhedral complexes

3.1 Assumptions

Let Ck be a subcategory of PCk such that:

(1) Every face of every object (P,L,σ ) in Ck is also an object of Ck , and the corre-
sponding face map is a morphism in Ck .

(2) All morphisms f : (P,L,σ )→ (P ′,L′, σ ′) in Ck are either face maps, or induce
homeomorphisms on topological realisations f : σ ∼= σ ′.

In particular, the topological realisation f : σ → σ ′ of any morphism in Ck is
necessarily injective. For every (P,L,σ ) of dimension n≥ 1 one has

Hr(σ, ∂σ ;Z)=
{
Z if r = n

0 otherwise
. (3.1)

An orientation on σ is a generator � ∈Hn(σ, ∂σ ;Z) if n≥ 1 or � ∈H0(σ ;Z) if
n= 0. The two main categories of interest, PLCk and BLCk , satisfy (1) and (2). An
important fact is that an isomorphism between objects of Ck induces isomorphisms
of their faces.

3.2 Cellular homology of a polyhedral Ck-complex

Let Ck be a category satisfying the assumptions above and let F : D→ Ck be a Ck-
complex.

Definition 3.1 Define the face complex (CF )n of F to be the graded Q-vector space
with generators [σ,� ], where σ is any face of dimension n of the topological real-
isation σFx of an object x of D, and � is an orientation on σ . These symbols are
subject to relations:

(i) [σ,λ� ] = λ[σ,� ] for any λ ∈ Z ,

(ii) [σ,� ] = [σ ′,� ′]
whenever σ , σ ′ are n-dimensional faces of σ(Fx), σ(Fy) respectively, and g : x→ y

is a morphism in D which restricts to an isomorphism σF(g) : σ ∼→ σ ′ which sends
� to � ′.

Define a differential d : (CF )n→ (CF )n−1 by

d[σ,� ] =
∑

τ

[τ,� ∣∣
τ
] (3.2)

where the sum is over all facets τ of σ , where dim τ = dimσ − 1, and �
∣∣
τ

is the
image of � under the boundary map Hn(σ, ∂σ )→ Hn−1(τ, ∂τ ). One checks that
d2 = 0.

Theorem 3.2 There is a natural isomorphism Hn(CF )
∼−→Hn(|F |;Q).
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3.3 Differential forms and de Rham complex

To show that the complex An of smooth forms (Definition 2.8) computes cohomol-
ogy, we only require that:

H •(An(σ ))∼=Hn(σ ;C) and H •(An(∂σ ))=Hn(∂σ ;C) (3.3)

and furthermore, that elements of An are extendable in the sense of [57, §7]:

i∗ :A•(σ )−→A•(∂σ ) is surjective, (3.4)

where i : ∂σ ⊂ σ denotes the inclusion map. The following theorem is in fact valid
for any complex of differential forms which satisfies these properties.

Theorem 3.3 Let F : D→ Ck be a Ck-complex, and define the de Rham complex of
F via (2.8) (for which An satisfies (3.3) and (3.4)). There is an isomorphism

Hn
(
A•(|F |)) ∼−→Hn (|F |;C) ,

where Hn (|F |;C)=Hn(|F |;C)∨, which is induced by a bilinear pairing

Hn
(
A•(|F |))⊗Hn(|F |)−→C (3.5)

ω⊗ γ �→
∫

γ

ω .

By Theorem 3.2, it may be interpreted as a pairing Hn (A•(|F |))⊗Hn(C(F ))→C.

Before proceeding with the proof, note that the integral (3.5) makes sense because
a differential form ω ∈A•(F ) gives rise to a well-defined smooth differential form on
each simplex of |F |, by the compatibility condition (2.7). The integral converges be-
cause the simplices in |F | are compact, and have finitely many isomorphism classes.

Remark 3.4 Sullivan defined a differential graded algebra of polynomial differential
forms for simplicial complexes [57, §7, (i), p. 297], and proved that it satisfies the
extendability condition (3.4). Since they are special cases of meromorphic forms, his
argument implies that the induced map Hn(Ω•mer(F ))→Hn(A•(|F |)) is surjective.

Even though the complex Ω•mer(F ), and hence its cohomology, has a k-structure,
the map Hn(Ω•mer(F ))⊗k C→ Hn(A•(|F |)) is not an isomorphism (the former is
infinite-dimensional) and so cannot be used to define a rational structure of finite type
on the de Rham cohomology Hn (A•(|F |)). In other words, the periods one obtains
by integration (3.5) depend on the location of the poles of ω.
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3.4 Proof of Theorems 3.2 and 3.3

The proof of Theorem 3.2 is standard (compare with [37, Theorem 2.35], [15]). Con-
sider the filtration of X = |F | by subspaces

Xp = Im

⎛

⎝
∐

dimσx=p

σx −→X

⎞

⎠

where the disjoint union is over all faces of polyhedral cells of dimension p. It in-
duces a filtration FpC•(X)= C•(Xp) on the singular chain complex, giving rise to a
spectral sequence

E1
p,q =Hp+q(grFp C•(X))∼=Hp+q(Xp,Xp−1)

which converges to grF• Hp+q(X). The complex (E1
p,q, d1) takes the form:

· · · −→Hp+q(Xp,Xp−1)−→Hp+q−1(Xp−1,Xp−2)−→ · · · (3.6)

where the maps are induced on the level of chains by the boundary map. By definition
of Xp there is a natural morphism

⊕

dimσx=p

(
Hp(σx, ∂σx)

)
/AutD(σx)−→Hp(Xp,Xp−1) (3.7)

where the sum is over all equivalence classes of faces, where two faces σx , σy are
equivalent if they have the same image in X, and AutD(σx) is the subgroup of auto-
morphisms on the face σx induced by morphisms in the category D. The map (3.7) is
surjective since the intersections σx ∩σy between all non-isomorphic faces σx , σy are
unions of faces of dimension ≤ p− 1, and contained in Xp−1. Since Hp+q(σx, ∂σx)

is concentrated in degree q = 0 (3.1), this proves that the spectral sequence degener-
ates at E1, and the cohomology of X is isomorphic to the cohomology of the com-
plex (3.6) on setting q = 0. In order to identify this complex with the face complex,

one may observe that Hp+q(σx, ∂σx)∼=H lf
p+q(

◦
σx) is isomorphic to the locally finite

(Borel-Moore) homology of the interior of σx . Since by assumption on Ck the interi-
ors of faces are either disjoint or isomorphic, we conclude that (3.7) is also injective,
and therefore defines an isomorphism

C(F )p ∼=Hp(Xp,Xp−1)

by Definition 3.1. Furthermore, since the morphisms in (3.6) are induced by the
boundary map on relative cohomology, we may identify (E1

p,0, d
1) with the face

complex (3.2). This completes the proof of Theorem 3.2, and shows, in passing, that
d2 = 0.

Theorem 3.3 is a de Rham version of Theorem 3.2. We shall prove it in a similar
way by replacing the singular chain complex with a complex of differential forms and
replacing vector spaces and linear maps with their duals. First we need the following
lemma.
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Lemma 3.5 Assume (3.3) and (3.4). Let K•(σ )= ker(i∗ :A•(σ )→A•(∂σ )). Then

Hn(K•(σ ))
∼−→Hn(σ, ∂σ ) . (3.8)

Proof By assumption, the relative cohomology group Hn(σ, ∂σ ) is the cohomology
of the mapping cone of i∗, which is the complex An(σ )⊕An−1(∂σ ) with differential
d(α,β)= (dα, i∗α − dβ). The map (3.8) is induced by the morphism of complexes:

K•(σ )
κ−→An(σ )⊕An−1(∂σ )

where κ(ω)= (ω,0). To see that (3.8) is surjective, let (ω,η) ∈An(σ )⊕An−1(∂σ )

be closed, which implies that dω = 0 and i∗ω = dη. By (3.4), there exists α ∈
An−1(σ ) such that i∗α = η. The cohomology class of (ω,η) is also represented by
(ω,η)− d(α,0)= (ω− dα,0), which equals κ(ω− dα). Note that ω− dα ∈K•(σ )

since i∗(ω− dα)= i∗(ω)− dη= 0. To establish the injectivity of (3.8), suppose that
κ(ω) = d(α,β) is exact. This implies that dα = ω, and i∗α = dβ . By (3.4), there
exists γ ∈ A•(σ ) such that i∗γ = β , and hence ω = d(α − dγ ) is exact in K•(σ ),
since i∗(α − dγ )= i∗α − dβ = 0. □

The proof of Theorem 3.3 proceeds as for Theorem 3.2. The filtration Xp on
X induces a cofiltration on the differential graded algebra An(|F |). It produces a
spectral sequence converging to the cohomology of A•(|F |). It is enough to show
that this spectral sequence is isomorphic, via integration, to the dual of the homology
spectral sequence considered above. The integration pairing is well-defined on the
level of chain complexes because of Stokes’ theorem. The associated graded of the
cofiltration on An(|F |) is

K•p(|F |)= ker

(
lim←−

dimσx≤p

A•(σx)−→ lim←−
dimσx≤p−1

A•(σx)

)

consisting of compatible systems of differential forms on faces of dimension p which
vanish on faces of dimension p− 1. As previously, one has an isomorphism

Hp+q(K•p(|F |))∼=
⊕

σx

Hp+q
(
K•p(σx)

)
/AutD(σx)

=
⊕

σx

Hp+q (σx, ∂σx) /AutD(σx)

where the direct sum is over equivalence classes of σx , and the second equal-
ity follows from (3.8). The relative cohomology Hp+q (σx, ∂σx) is isomorphic

to the compactly supported cohomology H
p+q
c (

◦
σx) and is canonically dual to

Hp+q(σx, ∂σx)⊗Z C. This implies that Hp+q(K•p(|F |)) vanishes except in degree
q = 0 and, in this degree, is dual to C(F )p ⊗ C via the integration pairing, which
proves Theorem 3.3.
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3.5 Relative homology and compact supports

Let F , G be two Ck-complexes and i :G→ F a morphism such that i : |G| ↪→ |F |.
We may identify |G| with its image i(|G|). Define the DGA of compactly supported
forms on the complement by

A•c (|F | \ |G|)= lim←−
x∈D

A•c (σ (Fx)\(σ (Fx)∩ |G|))

and write Hn
dR,c (|F | \ |G|)=Hn(A•c (|F | \ |G|)). Define the relative de Rham co-

homology Hn
dR (|F |, |G|) to be the cohomology of the mapping cone A• (|F |) ⊕

A•−1 (|G|) with respect to the differential d(ω,η)= (dω, i∗ω− dη).
Relative homology and cohomology satisfy the usual long exact sequences.

Theorem 3.6 There is an isomorphism Hn(CF /CG) ∼= Hn(|F |, |G|;Q). Integration
defines a canonical isomorphism of C-vector spaces:

Hn
dR (|F |, |G|)−→ (Hn (|F |, |G|;Q))∨ ⊗C .

The map defined on complexes by ω �→ (ω,0) passes to a canonical isomorphism

Hn
dR,c (|F | \ |G|) ∼−→Hn

dR (|F |, |G|) . (3.9)

Proof The first part follows formally from Theorems 3.2 and 3.3. To prove (3.9), one
may follow the same strategy as Theorem 3.3: the filtration Xp on |F | gives rise to a
cofiltration on A•c (|F | \ |G|) and a spectral sequence whose E1

pq terms are

⊕

σx

H
p+q

dR,c (σx\(σx ∩ |G|)) /AutD(σx) (3.10)

∼→
⊕

σx

H
p+q

dR (σx, ∂σx ∪ (σx ∩ |G|)) /AutD(σx)

where the direct sum is over equivalence classes σx of cells of dimension p.2

Since every morphism in Ck is either a face map or an isomorphism, it fol-
lows that either σx ∩ |G| is contained in the boundary of σx , in which case
H

p+q

dR (σx, ∂σx ∪ (σx ∩ |G|)) = H
p+q

dR (σx, ∂σx), or σx ⊂ |G|, in which case this
group vanishes. It follows that the complex on the right-hand side of (3.10) is dual,
via integration, to CF /CG ⊗k C. □

4 Linear polyhedral complexes

Let V be a vector space of dimension n+1 over a field k ⊂R, and let P(V ) denote the
associated projective space of dimension n. When V has a preferred basis, we write

2One can directly compare this with the associated spectral sequence for the cohomology of the mapping
cone A• (|F |)⊕A•−1 (|G|)). One replaces K•p(|F |) with a complex consisting of forms which vanish on

Xp−1 ∪ |G|. Its cohomology is
⊕

σx
H

p+q
dR (σx, ∂σx ∪ (σx ∩ |G|))/AutD(σx).
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P
n
k instead of P(kn+1). We call a projective linear configuration L⊂ P(V ) any finite

union L=⋃i∈I Li of linear spaces Li ⊂ P(V ), all of which have equal dimension.
Correspondingly, there are linear subspaces Wi ⊂ V , such that Li = P(Wi) for all
i ∈ I . For any subset J ⊂ I , we shall write LJ =⋂j∈J Lj and WJ =⋂j∈J Wj .

4.1 Polyhedral linear configurations

Let us write VR = V ⊗k R.

Definition 4.1 A real polyhedral cone defined over V is the convex hull of a finite set
of vectors v1, . . . , vm ∈ V , where m≥ 1:

σ̂ =R≥0〈v1, . . . , vm〉 ⊂ VR . (4.1)

Its cone point is the origin. A polyhedral cone is called strongly convex if it does not
contain any real line Rw, for a non-zero vector w ∈ VR.

A (projective) polyhedron in P(V ) is a pair (σ,V ), where σ ⊂ P(VR) is the link
of the cone point of a strongly convex polyhedral cone (4.1) defined over V :

σ = ( σ̂ \ {0} ) /R×>0 .

Given a polyhedron (σ,V ), we write Vσ ⊂ V for the k-linear span of its defining
vectors v1, . . . , vm (4.1). The space Vσ only depends on σ , and indeed, the associated
projective space P(Vσ ) is the Zariski-closure of the k-rational points σ ∩P(V )(k). In
particular, (σ,Vσ ) is a polyhedron in P(Vσ ) and has maximal dimension. In general,
the vector space Vσ may be strictly contained in V . We may allow the case when all
v1, . . . , vm = 0 and σ is empty.

By a well-known theorem of Minkowski and Weyl, a polyhedron may equiva-
lently be described by its facets. There is a unique, finite, minimal set of hyperplanes
(Hj )j∈J ⊂ Vσ ⊂ V where Hj is defined by the vanishing of a non-zero linear form
fj ∈ V ∨σ defined over k, such that for all j ∈ J :

σ ∩ (Vσ ⊗k R)= {x ∈ Vσ ⊗k R : fj (x)≥ 0 for all j ∈ J } .

Note that σ ∩ (Vσ ⊗k R) is canonically identified with σ via the inclusion Vσ ↪→ V .
A facet of σ is a non-empty projective polyhedron of the form (σ ∩ Hj ,V ), and
has dimension one less than σ . A face of σ is any non-empty intersection of facets
(σ ∩Hj1 ∩· · ·∩Hjk

,V ), for k ≥ 0 and a vertex of σ is a face of dimension zero. Every
vertex of σ thus defines a k-rational point in P(V ) and, one may show, is the image
[vi] ∈ Pk(V )(k) of some vector vi , for 1≤ i ≤m, where the vi are as in (4.1). Not all
of the vectors vi are necessarily vertices and may be redundant in the definition of σ̂ .

Definition 4.2 A polyhedral linear configuration over k is a triple (P(V ),Lσ ,σ )

where (σ,V ) is a polyhedron, and Lσ is the linear configuration in P(V ) whose
components Li = Vσi

are the affine spans of every facet σi of σ .
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In particular, each component Li of Lσ satisfies dimLi = dimσ −1 and the set of
real points Lσ (R) is nothing other than the Zariski-closure of the set of points of the
boundary ∂σ in P(V )(R). In this manner, a polyhedron (V ,σ ) uniquely determines
a polyhedral linear configuration (P(V ),Lσ ,σ ), and vice-versa.

Definition 4.3 A map of polyhedral linear configurations, which we denote by

φ : (P(V ),Lσ ,σ )−→ (P(V ′),Lσ ′ , σ
′) , (4.2)

is given by an injective linear map φ : V ↪→ V ′ such that the induced map of projec-
tive spaces, also denoted by φ : P(V )→ P(V ′), satisfies both

φ(L)⊂ L′ and φ(σ)⊂ σ ′.

In particular, every face of σ maps to a face of σ ′.

Remark 4.4 The above definitions are insufficient to express the subdivision of poly-
hedra into smaller polyhedra. For this one must consider a more general notion where
L contains linear subspaces in addition to the Zariski closures of the facets of σ .

Example 4.5 The standard simplex in projective space P
n
Q

with homogeneous co-
ordinates (x0 : . . . : xn) is the polyhedral linear configuration (Pn

Q
,L,σ ), where

L= V (x0 · · ·xn), and σ ⊂ P
n
Q
(R) is defined by the region xi ≥ 0.

4.2 Faces and their normals

Let (P(V ),Lσ ,σ ) be a polyhedral linear configuration, and consider any face
σF of σ . The polyhedron (σF ,VσF

) defines a polyhedral linear configuration
(P(VσF

),LσF
, σF ) and a ‘face’ map

(P(VσF
),LσF

, σF )−→ (P(V ),L,σ ) , (4.3)

which is the map (4.2) induced by the inclusion of VσF
in V , and corresponds to the

inclusion of σF in σ . Note that (σF ,VσF
) has maximal dimension, i.e., dim(σF ) =

dim(VσF
)−1, but the same is not necessarily true of (σ,V ). For the trivial face, when

σF is equal to σ itself, (4.3) gives a linear map (P(Vσ ),Lσ ,σ )→ (P(V ),L,σ ).

Definition 4.6 Let W ⊂ V be a vector subspace such that σW = σ ∩P(W) is a face of
σ (here and elsewhere, we write σ ∩P(W) for σ ∩P(W)(R)). Consider the polyhedral
cone:

σ̂/W ⊂ (V/W)R

which is the image of σ̂ (4.1) under the natural map VR→ (V/W)R. It is defined
over V/W since it is the convex hull of the images of a set of defining vectors vi

(4.1) under the natural map V → V/W . Denote by σ/W the link of its cone point.

It is important to note that σW is not necessarily assumed to be Zariski-dense in
P(W), i.e., W may strictly contain the space VσW

.
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Lemma 4.7 The pair (σ/W ,V/W) is a polyhedron.

Proof It suffices to show that σ/W is strictly convex. We do this by showing that it
is contained in a standard simplex (Example 4.5). Consider any choice of irreducible
components Li of Lσ such that the face σW is given by the intersection σW = σ ∩
L1 ∩ · · · ∩ Lm. We may assume that L1, . . . ,Lm are normal crossing. Since σW is
Zariski-dense in L1 ∩ · · · ∩ Lm it follows that L1 ∩ · · · ∩ Lm ⊂ P(W), and hence
dimW ≥ dimV −m. Since the Li cross normally, it follows that any subset of p =
dim(V/W)≤m spaces Li , and in particular L1, . . . ,Lp , defines a set of coordinate
hyperplanes on P(V/W). Let xi be a system of coordinates on P(V/W) whose zero
loci are the Li for i = 1, . . . , p. By replacing xi with −xi we may assume that the
xi are non-negative on σ . By construction, the link σ/W is contained in the strictly
convex region {(x1 : . . . : xp) : xi ≥ 0}. □

Definition 4.8 Define the normal of σ relative to W to be (P(V/W),Lσ/W
, σ/W ).

A map of polyhedral linear configurations induces maps simultaneously on faces
and their normals. More precisely, let φ be as in (4.2), and suppose that W ⊂ V

meets σ in a face σW = σ ∩W of σ . Then φ(W) = W ′ also meets σ ′ in the face
σ ′

W ′ = σ ′ ∩W ′, and we deduce a pair of maps of polyhedral linear configurations:

φ
∣∣
W
: (P(W),LσW

,σW )→ (P(W ′),Lσ ′
W ′

, σ ′W ′) (4.4)

φ/W : (P(V/W),Lσ/W
, σ/W )→ (P(V ′/W ′),Lσ ′

/W ′
, σ ′/W ′) .

Remark 4.9 The projectivised normal bundle of the linear subspace P(W)⊂ P(V ) is
trivial, and is canonically isomorphic to a product of projective spaces:

P(NP(W)|P(V ))= P(W)× P(V/W) .

For any subspace W ⊂ V meeting σ in a face σW , the product of polyhedra

σW × σ/W ⊂ P(W)(R)× P(V/W)(R)

is contained within it. A map of polyhedral linear configurations φ as above induces a
map on the products σW × σ/W → σ ′

W ′ × σ ′
/W ′ . These products encode the infinites-

imal structure of σ in the neighbourhood of σW . This will be discussed in §5.4.

Lemma 4.10 Let (σ,V ) be a polyhedron, and let W1 ⊊ W2 ⊂ V such that σ ∩
P(W1)(R) = σ ∩ P(W2)(R) is a face of σ . Then P(W2/W1)(R) does not meet
(σ/W1 ,V/W1).

Proof If P(W2/W1)(R) were to meet σ/W1 , then there would exist a 0 �= v ∈W2/W1

whose image in P(W2/W1)(Q) is a vertex of σ/W1 . This would imply that σ ∩
P(W2)(R) strictly contains σ ∩ P(W1)(R), a contradiction. □
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4.3 Category of polyhedral linear configurations

Definition 4.11 Define a category PLCk whose objects are polyhedral linear config-
urations over k, and whose morphisms are generated by:

(1) (Linear embeddings) Maps of the form f : (P(V ),L,σ ) → (P(V ′),L′, σ ′),
where f is a linear embedding which satisfies f (L)= L′ and f (σ )= σ ′,

(2) (Inclusions of faces) For any face σF of σ , the face maps (4.3):

(P(VσF
),LσF

, σF )−→ (P(V ),L,σ ) .

The category PLCk is a sub-category of PCk satisfying the assumptions of §3.1.

Remark 4.12 The above categories are adapted to studying the links of cones. If one
is interested in the cones per se, one may consider a version in which one replaces
projective space P

n
k with affine space A

n+1
k , and σ with σ̂ , etc.

4.4 Linear polyhedral complexes

Definition 2.3 leads to the following:

Definition 4.13 A linear polyhedral complex is a PLCk-complex, i.e., a functor from
a finite diagram category to the category of polyhedral linear configurations.

Remark 4.14 The topological realisation of a polyhedral linear complex is obtained
by gluing together finitely many quotients of strictly convex polyhedra by finite
groups of automorphisms and defines a symmetric CW-complex (see [3]).

We may define subschemes of polyhedral linear complexes, and differential forms
upon them in the manner of §2.3, 2.4.

5 Wonderful compactications of linear polyhedral complexes

5.1 Blowing-up linear subspaces

Let B denote a finite set of linear subspaces P(W) ⊊ P(V ) with the property that B
is closed under intersections.

Definition 5.1 The (wonderful) compactification [29] of P(V ) along B is denoted

πB : PB(V )−→ P(V )

and is defined to be the iterated blow-up of P(V ) along the strict transforms of the
strata P(Wj ) ∈ B, in increasing order of dimension. It is independent of the order of
blow-ups, and hence well-defined. Let DB ⊂ PB(V ) denote the exceptional divisor.
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Proposition 5.2 The iterated blow-up PB has the following properties.
(i) Let f : U → V be an injective linear map, and B a set of subspaces of P(V )

as above, such that P(f U) is not contained in any element of B. If f−1B denotes
the set of preimages f−1

P(W) of spaces P(W) in B, there is a canonical map f B :
P f−1B(U)→ PB(V ) such that

P f−1B(U)
fB
−→ PB(V )

↓ ↓
P(U)

f−→ P(V )

commutes, where the vertical maps are the blow-downs πf−1B , πB respectively.
(ii) Suppose that B, B′ are two sets of linear subspaces as above which are closed

under intersections. Suppose that B′ ⊂ B. Then there is a canonical morphism

πB/B′ : PB(V )−→ PB′(V ) .

Proof Part (i) follows from repeated application of the universal property of strict
transforms [36][II, Corollary 7.15]. For (ii), the proof is by induction. Choose any
linear ordering on B compatible with the order of blowing-up (i.e., in increasing
dimension). Let Bn ⊂ B denote the first n elements of B. Suppose by induction on
n that we have constructed morphisms πm : PBm(V )→ PB′∩Bm(V ) for all m ≤ n

such that the following diagrams commute, where the vertical maps are the natural
(blow-down) maps:

PBm(V )
πm−→ PB′∩Bm(V )

↓ ↓
PBm−1(V )

πm−1−→ PB′∩Bm−1(V )

(5.1)

and where π0 : P(V )→ P(V ) is the identity. Let Bn+1 \Bn = {P(W)} where P(W)⊂
P(V ) is a blow-up locus for PB(V ). To define πn+1, there are two cases to consider.
Either P(W) is an element of B′, or it is not. If it is not, then B′ ∩ Bn+1 = B′ ∩
Bn and the map πn+1 : PBn+1(V )→ PB′∩Bn+1(V ) is simply the composition of the
blow-up PBn+1(V )→ PBn(V ) with πn (in this case, the vertical map on the right
in (5.1) is the identity when m= n+ 1). In the contrary case, Bn+1 = Bn ∪ {P(W)}
where P(W) ∈ B′. Let Y denote the strict transform of P(W) in PB′∩Bn(V ). By
commutativity of the diagrams (5.1) for all 0 ≤m ≤ n, its inverse image π−1

n (Y ) in
PBn(V ) is a Cartier divisor since it is the union of the strict transform Y ′ of P(W)

in PBn(V ), which is Cartier, with exceptional divisors (likewise). By the universal
property of blowing up [36][II, Proposition 7.14], there is a unique morphism π :
BlY ′PBn(V )→ BlY PB′∩Bn(V ) such that the following diagram commutes:

BlY ′PBn(V ) → BlY PB′∩Bn(V )

↓ ↓
PBn(V )

πn−→ PB′∩Bn(V )

Since BlY ′PBn(V )= PBn+1(V ) and BlY PB′∩Bn(V )= PB′∩Bn+1(V ) we may define
πn+1 to be the morphism π , which completes the induction step. □
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Proposition 5.3 [29]. The irreducible components EBW of DB are in one-to-one corre-
spondence with subspaces P(W) ∈ B of codimension ≥ 1, where πB : EBW → P(W),
and EBW is the Zariski closure of the inverse image with respect to πB of the generic
point of P(W).

If we define the following sets (which are closed under intersections):

BW = {P(T )⊊ P(W) for P(T ) ∈ B such that T ⊆W } (5.2)

B/W = {P(T /W)⊂ P(V/W) for P(T ) ∈ B such that T ⊇W }

(recall that P(0)= ∅) then there is a commutative diagram

PBW × PB/W
∼−→ EBW↓πBW

×πB/W
↓πB

P(W)× P(V/W) −→ P(W)

(5.3)

where the horizontal map along the top is a canonical isomorphism, and the one
along the bottom is projection onto the first factor P(W). The divisor DB is simple
normal crossing, and two components EBW and EB

W ′ have non-empty intersection if
and only if one of the two spaces P(W), P(W ′) is contained in the other.

Remark 5.4 The following observation will be useful. By (5.3), EBW is canonically
isomorphic to the iterated blow-up of P(W) × P(V/W) relative to πBW

and πB/W

on each factor. The product P(W)× P(V/W) is isomorphic to the exceptional divi-
sor of a single blow-up of P(V ) along P(W). Thus the exceptional divisor EBW may
be computed by first blowing-up a single linear space P(W) inside P(V ), and then
computing the iterated blow-ups relative to BW and B/W on each factor P(W) and
P(V/W) of its exceptional divisor.

By repeated application of Proposition 5.3, one shows that intersections of irre-
ducible components of DB are in one-to-one correspondence with sequences

P(Wk)⊂ P(Wk−1)⊂ · · · ⊂ P(W1)⊂ P(V ) (5.4)

where P(Wi) ∈ B for i = 1, . . . , k and all inclusions are strict. The corresponding sub-
scheme of DB is isomorphic to

∏k+1
i=1 PBi (Wi−1/Wi) where Wk+1 = 0 and W0 = V

and where Bi = {P(T /Wi) where P(T ) ∈ B such that Wi ⊆ T ⊊ Wi−1}. The previ-
ous proposition can be proved using explicit local coordinates, which we describe
presently.

5.2 Local coordinates for linear blow ups

Given a sequence (5.4), we may choose projective coordinates α1, . . . , αn on P(V )

such that

P(Wm)= V (α1, α2, . . . , αim) for 1≤m≤ k ,
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for some increasing sequence 0 < i1 < · · · < ik < n. A choice of local affine coor-
dinates on PB lying over the open chart αn = 1 of P(V ) is given by β1, . . . , βn−1
where:

β1 = α1

αi1

, . . . , βi1−1 = αi1−1

αi1

, βi1 =
αi1

αi2

, . . . , βi2−1 = αi2−1

αi2

, . . .

βik−1 =
αik−1

αik

, . . . , βik−1 = αik−1

αik

, βik = αik , . . . , βn−1 = αn−1

The equation of the exceptional divisor EWm which lies over P(Wm) is βim = 0.
The isomorphism EW

∼= PBW × PB/W , in the case W = Wm, is represented
by the partition of β1, . . . , βn−1 into two sets of coordinates β1, . . . , βim−1 and
βim+1, . . . , βn−1 corresponding to the iterated blow-ups of two nested sequences:

P(Wk)⊂ · · · ⊂ P(Wm+2)⊂ P(Wm+1)⊂ P(Wm)

P(Wm−1/Wm)⊂ · · · ⊂ P(W1/Wm)⊂ P(V/Wm)

lying over the affine charts with coordinates (α1 : . . . : αim−1 : 1) for P(V/Wm), and
(αim+1 : . . . : αn−1 : 1) for P(Wm). Propositions 5.2, 5.3 may be proven by computing
directly in these coordinates.

Lemma 5.5 Let H ⊂ P(V ) be a hyperplane and let P(W) ∈ B. Denote by H̃ ⊂ PB

the strict transform of H under πB . Then

H̃ ∩ EW =
{

PBW × H̃/W if P(W)⊆H

H̃W × PB/W if P(W) ⊈ H ,

where HW = H ∩ P(W), and, when H corresponds to a subspace W ⊂ H0 ⊂ V ,
we write H/W = P(H0/W). Their versions with tildes denote their strict transforms
under the iterated blow-ups πBW

and πB/W
, respectively. If H ⊆ P(W) then H̃ = ∅.

Proof It follows from Remark 5.4 that it is enough to compute the case when B =
{P(W)} reduces to a single blow-up. The strict transform of H is either

HW × P(V/W) or P(W)×H/W inside P(W)× P(V/W)

depending on which of the two cases are satisfied, since H meets the normal bundle
of P(W) in the product of a hyperplane and a projective space. Alternatively, one can
also verify the lemma by direct computation. Suppose that H has the equation

λ1α1 + · · · + λnαn = 0 , (5.5)

and suppose that W =Wm. One has P(Wm)⊆H if and only if λim+1 = · · · = λn =
0. After performing the change of variables on the affine chart described above, it
becomes
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βim . . . βik

(
λ1β1βi1 . . . βim−1 + λ2β2βi1 . . . βim−1 + · · · + λim−1βim−1 + λim

)

+ (λim+1 βim+1βim+1 . . . βik + · · · + λn−1 βn−1 + λn

)
.

In the case when P(Wm) ⊈ H , then setting βim = 0 annihilates the first line of the
previous expression, leaving only the second term in parentheses. It is precisely the
equation of the strict transform of HW in PBW . In the case when P(Wm) ⊂ H , the
second term in parentheses is identically zero, and therefore the strict transform of H

has the equation:

λ1β1βi1 . . . βim−1 + λ2β2βi1 . . . βim−1 + · · · + λim−1βim−1 + λim

which is the equation of the strict transform of H/W in PB/W . □

5.3 Blow-ups of polyhedral linear configurations

Let (P(V ),L,σ ) be a polyhedral linear configuration, and let B be a finite set of
linear subspaces P(W) ⊊ P(V ) such that:

(B1). B is stable under intersections, and
(B2). for every P(W) ∈ B, the set σW = σ ∩ P(W)(R) is a face of σ , or is empty.

Consider the iterated blow up πB : PB→ P(V ) defined above. In the usual case
when σ is not contained in P(W)(R) for some P(W) ∈ B, we let

σB = π−1
B (

◦
σ) ⊂ PB(R) (5.6)

denote the closure, in the analytic topology, of the inverse image of the interior of σ .
If σ is contained in a P(W) ∈ B, then σB is defined to be the empty set (alternatively,
we may define σB to be the closure of the inverse image of σ ∩ (P(V )\⋃B)(R), the
intersection of σ with the complement in P(V )(R) of all blow-up loci in B, which
covers both cases). In local coordinates §5.2, the interior of σB is defined by the
positivity of a finite number of polynomials f1, . . . , fk > 0 where the fi are the local
equations of strict transforms of bounding hyperplanes, and exceptional divisors. The
semi-algebraic set σB is then locally defined by f1, . . . , fk ≥ 0.

When σB is non-empty, we define a face of σB to be a non-empty intersection

σB ∩D(R)

where D is any intersection of irreducible components of the total transform π−1
B (L).

A facet is a face of dimension dimσ − 1. Finally, define LB ⊂ PB to be the union
of the Zariski closures of the facets of σB . It depends on σ , but we usually write LB

instead of LB
σ .

Definition 5.6 The blow-up of (P(V ),L,σ ) along B is the triple (PB,LB, σB).

By definition, the facets of σB are Zariski-dense in the irreducible compo-
nents L of LB . From the description of the local coordinates on PB one sees that
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σB is a topological polyhedron inside PB(R), whose boundary satisfies ∂σB =
σB ∩ LB(R). Note that LB contains the strict transform of L, and is contained
within its total transform. It will follow from the description of faces in §5.4 that
the triple (PB,LB, σB) defines an object of PCk . As in §2, a map of triples
φ : (PB

1 ,LB
1 , σB

1 )→ (PB
2 ,LB

2 , σB
2 ) is a morphism of schemes φ : PB

1 → PB
2 such

that φ(LB
1 )⊂ LB

2 and whose restriction to real points induces φ(σB
1 )⊂ σB

2 . In prac-
tice, we shall only consider maps of very specific types.

Example 5.7 (i). The blow down map

πB : (PB,LB, σB)→ (P(V ),L,σ ) (5.7)

is a morphism in PCk . The map πB : σB→ σ is not in general a homeomorphism
since it may collapse faces.

(ii). More generally, consider two sets B, B′ which satisfy B1, B2 such that B′ ⊂ B
(the previous example is the case B′ = ∅). Then Proposition 5.2 (ii) provides a map

πB/B′ : PB −→ PB′ .

It restricts to a continuous map σB→ σB′ and defines a morphism

πB/B′ : (PB,LB, σB)→ (PB′ ,LB′, σB′) . (5.8)

Definition 5.8 Recall from the proof of Proposition 5.2 (ii) that πB/B′ is constructed
inductively by blowing up elements of B. Let Bn denote the first n elements of B.
Suppose that B′ ∩ Bn+1 = B′ ∩ Bn, in which case we have a commutative diagram
(5.1):

PBn+1(V )
πn+1−→ PB′∩Bn+1(V )

↓ ||
PBn(V )

πn−→ PB′∩Bn(V )

where the vertical map on the right is the identity. Suppose that Bn+1 = Bn∪{P(W)},
and let Y denote the strict transform of P(W) in PBn(V ). Then PBn+1(V ) is the blow-
up of PBn(V ) along Y . We shall call this blow-up extraneous (to σ ) if

Y ∩ σBn = ∅ . (5.9)

Then, since PBn+1(V ) is isomorphic to PBn(V ) away from Y , and hence in a Zariski-
open neighbourhood of the compact set σB

n , it follows that σBn+1 ∼= σBn . In other
words, the extraneous blow up only changes the geometry of PBn(V ) away from the
region σBn .

More generally, we shall call the map πB/B′ an extraneous modification if, every
time this situation occurs in the formation of PB(V ), i.e., for all n such that B′ ∩
Bn+1 = B′ ∩ Bn, then the blow-up locus is extraneous (i.e., (5.9) holds). Since every
such extraneous blow-up is trivial on a Zariski-open neighbourhood of σBn , it follows
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that every πn is an isomorphism locally near σBn . We conclude that an extraneous
modification satisfies

πB/B′ : σB ∼−→ σB′

since the additional blow-ups in B \B′ are away from the polyhedron σB′ .

Example 5.9 (Linear embeddings). Let h : V1 → V2 be an injective linear map and
consider the corresponding morphism of polyhedral linear configurations:

h : (P(V1),L1, σ1)→ (P(V2),L2, σ2)

as in Definition 4.11 (1), where h(L1)= L2 and h(σ1) = σ2. If B2 is a set of linear
subspaces of P(V2) satisfying (B1) and (B2) relative to σ2, such that P(V1) is not
contained in P(W) for some P(W) ∈ B2 then let

B1 = h−1B2 =
{
P(h−1W)⊊ P(V1) , for all P(W) ∈ B2

}
.

The set B1 satisfies (B1), (B2) relative to σ1 and Proposition 5.2 (i) gives a morphism

(PB1(V1),L
B1
1 , σ

B1
1 )−→ (PB2(V2),L

B2
2 , σ

B2
2 ) . (5.10)

There is a commutative diagram where the vertical maps are πB1 and πB2 :

(PB1(V1),L
B1
1 , σ

B1
1 )

∼−→ (PB2(V2),L
B2
2 , σ

B2
2 )

↓ ↓
(P(V1),L1, σ1)

∼−→ (P(V2),L2, σ2)

(5.11)

5.4 Faces and their product structure

Proposition 5.10 Consider a polyhedral linear configuration (P(V ),L,σ ) and B as
above. Let P(W) ∈ B which meets σ , and let EBW ⊂ PB denote the exceptional divisor
lying above P(W). Then, via the isomorphism EBW ∼= PBW × PB/W (see (5.3)), one
has

σB ∩ EBW(R)= σ
BW

W × σ
B/W

/W (5.12)

where σW = σ ∩ P(W)(R) is the face of σ cut out by P(W), which exists by as-
sumption (B2), and σ/W ⊂ P(V/W)(R) is its normal. If σW is contained in some

P(T ) ∈ B, where T ⊊ W (i.e., σW = σ ∩P(T )(R)), then σ
BW

W is the empty set. If not,
we have:

LB ∩ EBW =
(
LBW

σW
× PB/W

) ⋃ (
PBW ×L

B/W
σ/W

)
.

Proof Let B′ = {P(W)}. Proposition 5.2 (ii) implies that the blow-down PB→ P(V )

factorizes through PB→ PB′ → P(V ). Consider its restriction to the complement
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of all exceptional divisors except for EW . It factors through the maps

PB \
⎛

⎝
⋃

P(T )∈B,T �=W

ET

⎞

⎠−→ PB′ \D
πB′−→ P(V )

where D is the union of the strict transforms of P(T ) ∈ B for every T not contained in
W , and the total transforms π−1

B′ (T ) for P(T )⊊ P(W) in B. Since the first map is an

isomorphism, the interior of σB ∩EBW(R) can be computed in the middle space PB′ \
D, and so it suffices to consider a single-blow up of P(V ) along P(W). To compute
it, note that the interior of the polyhedron σ is the intersection of a finite number of
regions fi > 0, where fi is a linear form such as (5.5) whose zero locus Hi = V (fi)

is a bounding hyperplane of σ . The inverse image of its interior, intersected with
the exceptional divisor E ′ ⊂ PB′ of πB′ , is therefore cut out by the strict transforms
of the Hi in E ′ ∼= P(W) × P(V/W). By Lemma 5.5, the strict transforms are of
the form H × P(V/W) or P(W)×H . The former define bounding hyperplanes for
σW ⊂ P(W)(R); the latter define bounding hyperplanes for σ/W , by definition of the
normal polyhedron (Definition 4.8). Thus, after a single blow-up of P(W) in P(V ),
the interior of the intersection σB′ ∩ E ′(R) is

◦
σW × ◦σ/W ⊂ P(W)(R)× P(V/W)(R) ,

where a superscript ◦ denotes the interior. In the case when there exists P(T ) ⊊ P(W)

in B such that P(W) ∩ σ = P(T ) ∩ σ , we have π−1
B′ (P(T ))= P(T )× P(V/W), and

it follows that
◦
σW × ◦σ/W is contained in D. We conclude that the interior of σB ∩

EBW(R) is empty. By the earlier description of σB as a connected semi-algebraic set,
the face σB ∩EBW(R) is equal to the closure of its interior, which in this case is empty.

By definition, σ
BW

W is also empty and so formula (5.12) holds.
In the case when there does not exist such a P(T ), every element of BW meets

σW ⊂ P(W)(R) along a face (and does not strictly contain it). The same holds for
B/W relative to σ/W ⊂ P(V/W)(R). By Remark 5.4, the restriction of πB/B′ to EW

is the product πBW
× πB/W

. The interior of σB ∩ EW(R) is therefore the product

π−1
BW

(
◦
σW)× π−1

B/W
(
◦
σ/W ) . (5.13)

As before, σB ∩EW(R) is equal to the closure of its interior. By (5.6), the topological

closure of (5.13) is σ
BW

W ×σ
B/W

/W , which proves (5.12). The final statement concerning

LB ∩ EBW follows from the definition of LB as the union of the Zariski closures of the
facets of σB . □

In the particular case when B = {P(W)} is a singleton and hence PB is simply the
blow-up of P(V ) along P(W), formula (5.12) states that

σB ∩ EW(R)= σW × σ/W ,
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Fig. 6 Two loci P(T ) ⊂ P(W) meet σ in the same face, and so P(W) is not minimal. After performing
the blow-up of B = {P(T )}, the strict transform of P(W) has moved away from the polyhedron σB . The
subsequent blow-up of P(W) is thus extraneous and does not affect σB

which provides an infinitesimal interpretation of the normal polyhedron (Remark
4.9).

The situation when σ
BW

W = ∅ arises when there exists P(T ) ⊊ P(W) in B such
that σW = σ ∩ P(T )(R) = σ ∩ P(W)(R), i.e., W is not minimal amongst the set of
spaces in B which meet σ along σW . This phenomenon is discussed in further detail
in §5.5. Another way to see that σ

BW

W = ∅ in this case is as follows. After blowing
up the subspace P(T ), it follows from Proposition 5.3 applied to ET that the strict
transform of P(W) no longer meets the closure of the inverse image of σ , since by
Lemma 4.10, it does not meet σ/T (see Fig. 6).

Notation 5.11 Let (PB,LB, σB) be as above, and let D be an intersection of irre-
ducible components of LB =⋃L. Denote by

D ∩ (PB,LB, σB)= (D ∩ PB,
⋃

L�=D

(D ∩L),D(R)∩ σB) .

It is a face if D(R)∩ σB �= ∅.

Corollary 5.12 A face of the blow-up of a polyhedral linear configuration is isomor-
phic to a product of blow-ups of polyhedral linear configurations.

More precisely, for any intersection of irreducible components D of LB we have

D ∩ (PB,LB, σB)∼= (PB1,L
B1
1 , σ

B1
1 )× · · · × (PBn ,LBn

n , σBn
n ) (5.14)

for suitable σ1, . . . , σn polyhedra in P(V1), . . . ,P(Vn), and Bi a subset of linear sub-
spaces in P(Vi), satisfying (B1) and (B2) relative to σi , for all 1≤ i ≤ n.

Proof Let (PB,LB, σB) be the iterated blow up of (P(V ),L,σ ). Assume for the time
being that the face in question is given by intersecting with D, a single irreducible
component of LB . Suppose first of all that D ⊂ EW is contained in an exceptional
divisor for some P(W) ∈ B. Then by Proposition 5.10,

EW ∩ (PB,LB, σB)∼= (PBW ,LBW
σW

,σ
BW

W )× (PB/W ,L
B/W
σ/W

, σ
B/W

/W )
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and by the final part of the same proposition, D ⊂ EW
∼= PBW ×PB/W is of the form

D =DW × PB/W or D = PBW ×D/W .
Now suppose that D is not contained in any exceptional divisor, and is therefore

the strict transform of a linear subspace P(U)= πB(D) for some U ⊂ V , such that
P(U)⊂ L is not contained in any P(W) ∈ B. It follows from Proposition 5.2 (i) that
D is the iterated blow up of P(U) along the set of linear subspaces BU = {P(W ∩U) :
P(W) ∈ B}. It follows that

D ∩ (PB,LB, σB)∼= (PBU ,L
BU

U ,σ
BU

U )

is the iterated blow up of the face (P(U),LU ,σU) of (P(V ),L,σ ).
In general when D has codimension > 1, we may proceed by induction by repeat-

edly taking the intersection with irreducible components of D as above. □

5.5 Minimal blow-up

The minimal blow up is obtained from B by stripping out extraneous modifications
(Definition 5.8).

Definition 5.13 Let (P(V ),L,σ ) be as above, and let B be a finite set of linear sub-
spaces P(W) of P(V ) such that (B1) and (B2) hold. Define Bmin,σ ⊂ B as follows.

First consider the subset S(σ )⊂ B of spaces P(W) such that
(i). P(W)(R)∩ σ �= ∅
(ii). if P(W)(R)∩ σ = P(W ′)(R)∩ σ for some P(W ′) ∈ B then W ⊂W ′.
The set of U such that P(U)(R)∩ σ equals the face P(W)(R)∩ σ is closed under

intersections: (ii) requires that W be minimal for this property.
Define Bmin,σ ⊆ B to be the subspace generated by S(σ ) by taking intersections.

In other words, it is the set of intersections of minimal spaces which meet σ along a
face.

Note that taking intersections may violate (i): in the situation where σ is not a
simplex, there can be spaces P(W) in Bmin,σ which do not meet σ . The definition of
Bmin,σ makes sense even if B is infinite: the minimal set Bmin,σ is necessarily finite.

Proposition 5.14 The morphism π : PB → PBmin,σ
constructed in Proposition 5.2

(ii) is an extraneous modification (Definition 5.8). It restricts to an isomorphism:

π : σB ∼→ σBmin,σ

.

Proof One must show by Definition 5.8 that every blow-up locus in B \ Bmin,σ

is extraneous. For those loci in B which do not meet σ (excluded from Bmin,σ

in Definition 5.13 (i)), this clear. For non-minimal loci (in the sense of Defini-
tion 5.13 (ii)), we argue as follows. Let P(T ) ⊂ P(W) be elements of B such that
σ ∩ P(T )(R)= σ ∩ P(W)(R). By Proposition 5.3 the exceptional divisor EW ⊂ PB

does not meet σB . Since the iterated blow up is an isomorphism away from excep-
tional divisors, it follows that, immediately prior to blowing up P(W) in the formation
of PB , the strict transform of P(W) does not meet the closure of the inverse image
of the interior of σ , and hence P(W) is extraneous. □
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We shall call the PBmin,σ
the minimal blow-up of P(V ) relative to B, σ .

5.6 Category of blow-ups of polyhedral linear configurations

We may now define a category BLCk of blow-ups of linear configurations.
Its objects are products (using Notation 2.2):

(PB1 ,LB1, σB1)× · · · × (PBk ,LBk , σBk )

of blow-ups of polyhedral linear configurations.
Morphisms between objects are generated by products of the following:

(1) (Linear Embeddings). The maps induced by linear embeddings (5.10):

(PB1(V1),L
B1 , σB1)−→ (PB2(V2),L

B2 , σB2)

They induce isomorphisms σB1 ∼= σB2 .
(2) (Extraneous modifications). With notation as in Definition 5.8, the morphisms

πB/B′ : (PB,LB, σB)−→ (PB′ ,LB′, σB′)

where B′ ⊆ B and πB/B′ is an extraneous modification. Here too, σB ∼= σB′ .
(3) (Face maps). A face map is defined to be a composition of inclusions of facets.

There are two types of inclusions of facets depending on whether the facet in
question is contained in an exceptional divisor or not.

(i). Consider the inclusion of an exceptional divisor EW into PB , where
P(W) ∈ B such that σW = σ ∩ P(W)(R) is non-empty and hence by (B2) is
a face of σ . By identifying EBW ∼= PBW ×PB/W we obtain a map via Proposition
5.10:

(PBW ,LBW
σW

,σ
BW

W )× (PB/W ,L
B/W
σ/W

, σ
B/W

/W )−→ (PB,LB
σ , σB)

which defines a morphism in BLCk .
(ii). Consider the case of an irreducible component D of LB which is the

strict transform of P(U) ⊂ L for some U ⊂ V , where P(U) is not contained in
any element of B. By Proposition 5.2 (i) we may identify

D ∩ (PB,LB, σB)∼= (PBU ,L
BU

U ,σ
BU

U )

to obtain a map: (PBU ,L
BU

U ,σ
BU

U )−→ (PB,LB
σ , σB).

The category PLCk is a subcategory of BLCk , which in turn is a subcategory of
PCk . Assumptions (1) and (2) of §3.1 follow from the description of iterated blow-
ups in local coordinates and the description of the faces of the σB given in §5.4.

Remark 5.15 Consider a polyhedral linear configuration (P(V ),L,σ ) and a set B
satisfying (B1), (B2). Let P(W) ∈ B. The inclusion of the exceptional divisor EW
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gives rise to the horizontal map along the top of the following commutative diagram
in PCk :

(PBW ,L
BW
σW

,σ
BW

W
) × (PB/W ,L

B/W
σ/W

,σ
B/W

/W
) −→ (PB,LB

σ ,σB)

↓ ↓
(P(W),LσW ,σW ) −→ (P(V ),L,σ )

The top row is in the subcategory BLCk , the bottom row is in PLCk . The horizontal
map along the bottom is the inclusion of the face σW of σ . The right-most vertical
map is the blow-down πB and the left-hand vertical map is the projection onto the first
factor, followed by the blow-down πBW

(on topological realisations, σ/W is collapsed
to a point.)

5.7 Complexes of blow-ups of polyhedra

Definition 5.16 A complex of blow-ups of polyhedra is a BLCk-complex, i.e., a func-
tor F :D→ BLCk where D is equivalent to a finite diagram category.

The definition of a morphism of BLCk-complexes proceeds in an identical way
to Definition 2.3. The definition of subschemes, and differential forms follows §2.3,
2.4. Although blow-downs and projection morphisms exist in the category PCk , we
do not include them in the category BLCk in order that assumptions §3.1 hold.

6 The moduli space Mtrop
g of tropical curves

We recast the theory of Feynman polytopes in the context of polyhedral linear com-
plexes, before turning to the moduli space of tropical curves.

6.1 Graphs and polyhedral linear complexes

Let G be a finite graph with vertices VG and edges EG. We shall call a self-edge (or
tadpole) an edge of G with a single endpoint. The loop number (or genus) hG of G

is equal to the number of independent cycles in G, i.e., the rank of the free Z-module
H1(G;Z).

Let PEG = P(QEG) denote the projective space with projective coordinates αe for
every edge e ∈EG. For the time being its vertices are unweighted (equivalently, have
weight zero). For any subgraph γ of G, defined by a subset of edges of EG, we denote
by G/γ the graph obtained by contracting all edges e of Eγ . It does not depend on
the ordering of the contractions. The edges of G are labelled in this section.

Definition 6.1 For any G, consider the object in the category PLCQ defined by

F(G)=
(
P

EG,L,σG

)
where L=

⋃

e∈EG

Le,

where σG is the region in projective space where αe ≥ 0, and Le is the coordinate
hyperplane αe = 0. The object F(G) is none other than a standard simplex (Ex. 4.5).
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Remark 6.2 Since σG is a simplex, the associated polyhedral configuration has the
special property that any non-empty intersection of components of L is the Zariski
closure of a face of σG. This is not true for general polyhedra.

For every edge e ∈EG, there is a canonical face map (Definition 4.11):

F(G/e)−→F(G)

corresponding to the inclusion of the face σG/e ⊂ σG, which identifies PEG/e with the
locus αe = 0 in the projective space P

EG .
The simplex F(G), together with the data of all its faces, admits a categorical de-

scription. For this, all graphs in the following have labelled edges and hence have no
non-trivial automorphisms. Consider the category CG whose objects are all quotients
G/γ of G, for all strict subgraphs γ ⊊EG, including the case γ = ∅. The morphisms
in this category are generated by edge contractions Γ→ Γ/e for any edge e ∈ EΓ .
The map F is a functor

G �→F(G) : Copp
G −→ PLCQ

which sends morphisms in Copp
G to face maps. Indeed, the faces of the standard sim-

plex F(G) are in one-to-one correspondence with the elements of the category Copp
G .

6.2 The moduli space of tropical curves Mtrop
g

The moduli space of tropical curves is constructed in a completely analogous manner
to the above by gluing together simplices associated to isomorphism classes of stable
graphs of a fixed genus.

6.2.1 Weighted and stable graphs

Let G be a finite graph. A weighting is a map w : V (G)→ N≥0 which assigns a
non-negative integer to every vertex.

The genus of G is then defined to be:

g(G)= hG +w(G) where w(G)=
∑

v∈VG

w(v) . (6.1)

A weighted graph (G,w) is called stable if every vertex of weight 0 has de-
gree at least 3, and if every vertex of weight 1 has degree ≥ 1. An isomorphism
(G,w)

∼→ (G′,w′) of weighted graphs is an isomorphism G
∼→ G′ which respects

the weightings. For every edge e ∈ EG, the contraction of e is defined as follows. If
e is not a self-edge, then (G,w)/e is the pair (G/e,w′) where G/e is the graph in
which e is removed and the endpoints v1, v2 of G are identified to produce a new
vertex v of weight w′(v)=w(v1)+w(v2). The weights of all other vertices are un-
changed. In the case when e is a self-edge, G/e is defined by simply removing the
edge e. In this case, the common endpoint v of e has weight w′(v)=w(v)+ 1 in the
graph G/e; the weights of all other vertices are unchanged.
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Fig. 7 Illustration of the category I2. Unlabelled vertices have weight 0. Automorphisms of graphs are not
depicted, only edge contractions

Fig. 8 A picture of |LMtrop
2 |.

Faces with common labels are
identified. The simplex on the
left is to be quotiented by the
action of its symmetry group
Σ3; the one on the right by Σ2

Definition 6.3 Let g ≥ 2 and let Ig denote the category of connected, stable, weighted
graphs (G,w) of genus g and |EG| ≥ 1, whose morphisms are generated by isomor-
phisms and edge contractions (G,w) �→ (G,w)/e (see Figure 7 for the case g = 2).
Let I

opp
g denote the opposite category.

An isomorphism of weighted graphs (G,w)∼= (G′,w′) is in particular an isomor-
phism of graphs G ∼=G′ and induces a bijection between the corresponding sets of
edges. This gives rise to a linear isomorphism P

EG ∼= P
EG′ and hence a canonical

isomorphism F(G)∼= F(G′) in PLCQ. Consequently, the restriction of F to stable,
connected graphs defines a functor.

Definition 6.4 The link of the moduli space of tropical curves (in the category PLCQ)
is the polyhedral linear complex defined by the functor

LMtrop
g : I opp

g −→ PLCQ

which to any weighted graph (G,w) assigns the standard simplex (Example 4.5):

LMtrop
g (G,w)=F(G) .

Note that F(G) does not depend on the weighting of G.

Its topological realisation |LMtrop
g | (2.5) is what is usually called the ‘link of the

moduli space of tropical curves’. In this paper, we use this phrase to describe LMtrop
g .

See Figure 8 for an illustration in the case g = 2.

Remark 6.5 The definitions are easily adapted to the moduli space of tropical curves,
rather than the link of its cone point. Let Ĩg denote the category Ig , with an additional,
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final, object given by a single vertex of weight g. Consider the functor Mtrop
g from

Ĩ
opp
g to PCQ:

(G,w) �→
⎛

⎝AEG,V

⎛

⎝
∏

e∈EG

αe

⎞

⎠ , σ̂G

⎞

⎠ ,

where σ̂G is the cone αe ≥ 0. The final object in Ĩ
opp
g maps to (Spec(Q),Spec(Q),

{pt}), whose image in |Mtrop
g | is the cone point. The functor Mtrop

g lands in a sub-
category of PCQ which is an analogue of PLCQ defined using affine spaces. Since
|Mtrop

g | is topologically trivial, this will not be pursued further in this paper.

6.3 The open moduli space and Outer Space

Let ∂Ig denote the full subcategory of Ig consisting of graphs of total weight w(G) >

0. Consider the functor

∂LMtrop
g : ∂I

opp
g −→ PLCQ

obtained by restricting LMtrop
g to ∂I

opp
g . It sends G to F(G).

Definition 6.6 Let us denote its topological realisation by
∣∣∣∂LMtrop

g

∣∣∣= lim−→
G∈∂I

opp
g

σG

which canonically embeds in |LMtrop
g |. Let |LM◦,trop

g | = |LMtrop
g | \ |∂LMtrop

g | de-
note its open complement.

The open moduli space is obtained by gluing together the open interiors of sim-
plices σG for graphs G which have total weight 0:

∣∣∣LM◦,trop
g

∣∣∣= Im

⎛

⎜⎝
⋃

G∈I opp
g ,w(G)=0

◦
σG −→

∣∣∣LMtrop
g

∣∣∣

⎞

⎟⎠ ,

and is equipped with the subspace topology. Note that the open moduli space
|LM◦,trop

g | is not the topological realisation of a polyhedral complex since it is not
closed. It is the quotient of Outer space Og [28] by the action of Out(Fg).

6.4 The graph locus

Let G be a graph. The graph polynomial for a connected graph G (with all vertices
of weight zero) is defined to be the polynomial

ΨG =
∑

T⊂G

∏

e/∈T
xe ∈ Z[xe, e ∈EG]
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where the sum is over all spanning trees T of G. It is homogeneous of degree hG.
For a graph G with connected components G1, . . . ,Gn, we define

ΨG =
n∏

i=1

ΨGi
.

If a graph G has a vertex v with w(v) > 0, i.e., the total weight w(G) is positive, then
we define ΨG = 0. The graph locus XG ⊂ P

EG is defined to be the zero locus of ΨG.
It is a hypersurface if G has total vertex weight 0, but equals PEG otherwise.

Proposition 6.7 The map G �→XG defines a functor

X : (Ig

)opp −→ SchQ .

It is a subscheme functor of LMtrop
g , i.e., of SF : (Ig

)opp→ SchQ which sends G �→
P

EG , (Definition 6.1). Its topological complement is the open moduli space:
∣∣∣LM◦,trop

g

∣∣∣=
∣∣∣LMtrop

g

∣∣∣ \
(∣∣∣LMtrop

g

∣∣∣∩ |X (R)|
)
= lim−→

x∈I opp
g

σG\(σG ∩XG(R)) .

Equivalently, one has |X (R)| ∩ |LMtrop
g | = |∂LMtrop

g |.

Proof An isomorphism (G,w) ∼= (G′,w′) of weighted graphs induces a bijection
on edge sets, and gives a linear isomorphism P

EG ∼= P
EG′ and an isomorphism

XG
∼=XG′ . The image of an edge contraction G→G/e under the functor SF is the

inclusion P
EG/e → P

EG whose image is the coordinate hyperplane xe = 0. If e is not
a self-edge, there is a one-to-one correspondence between the set of spanning trees of
G containing e, and the spanning trees of G/e, which implies that ΨG|xe=0 =ΨG/e,
and therefore XG/e =XG ∩ V (xe). This formula holds also for e a self-edge (G has
no spanning trees containing e), in which case G/e has positive weight, and both
ΨG|xe=0 and ΨG/e vanish. This proves that X indeed defines a subscheme of SF .
For the last part, observe that σG ⊂XG(R) if w(G) > 0 and that

◦
σG ∩XG(R)= ∅ if w(G)= 0 .

This follows from the fact that if w(G)= 0 then ΨG is a non-trivial sum of positive
monomials, and so ΨG > 0 for αe > 0. The open faces of σG are in one-to-one cor-

respondence with the
◦
σG/γ for all γ ⊂G. It follows that σG ∩XG(R) is the union of

the faces σG/γ where hγ > 0, or equivalently, such that w(G/γ ) is positive. □

6.5 The graph complex GCstab
0

Consider the version of the graph complex [39] defined to be the Q-vector space
generated by oriented, stable unweighted graphs [G,ω]. It is bigraded by genus g,
and the number of edges eG, which is the homological degree. An orientation ω on
G is an element of

∧
(ZEG)×, i.e., an order of the edges up to even permutations. One
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has relations [G,−ω] = −[G,ω] and [G,ω] = [G′,ω′] if G∼=G′ is an isomorphism
which sends ω to ω′. The differential is:

d[G,e1 ∧ · · · ∧ en] =
∑

e

(−1)i[G//ei, e1 ∧ . . . êi ∧ · · · ∧ en]

where G//e denotes the graph in which the edge e is contracted, and is the empty
graph if e is a self-edge. One shows that GCstab

0 is quasi-isomorphic to the complex
usually denoted by GC0. The following proposition is proven in [26] and also follows
from Theorem 3.6.

Proposition 6.8 The relative face complex C(LMtrop
g )/C(∂LMtrop

g ) is the graph
complex GCstab

0 [−1] where the homological degree is given by numbers of edges −1.
Thus:

Hn(GC0)∼=
⊕

g≥1

Hn−1(|LMtrop
g |, |∂LMtrop

g |;Q) .

A more profound statement is the fact, due to [26], that |∂LMtrop
g | is contractible.

Therefore the graph complex also computes the reduced homology of |LMtrop
g |.

7 The bordification Mtrop,B
g of Mtrop

g

We review the blow-ups associated to graphs, and define Mtrop,B
g by gluing together

the blow-ups of polyhedral configurations of stable, weighted graphs.

7.1 Blow-ups and Feynman polytopes

A core graph is one which is bridgeless.

Definition 7.1 Let G be a graph. Consider the set of subspaces

BG = BG,core = {P(QEG/γ ) : γ ⊂G core subgraph}
which, one verifies (see e.g. [10, §7], [17, §5-6]), satisfies (B1), (B2).3 Define

FB(G)=
(
PBG

,LBG

,σBG
)

to be the object in BLCQ obtained by blowing up the linear subspaces corresponding
to core subgraphs. It is equipped with a canonical blow-down morphism in PCQ:

πB :FB(G)−→F(G) .

3If we set BG,max = {P(QEγ ) : all γ ⊂G}, then one may verify that (BG,max)min =BG,core. Therefore

the core blow-up is minimal, and Proposition 5.14 defines a morphism PBG,max → PBG,core
.
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A key point is that the set BG is intrinsic to G, which is why we shall drop the
superscript G with impunity. By this we mean the following. Let γ ⊂ G be a core
subgraph. Then, employing the notation (5.2), we have canonical identifications

(
BG
)

/Q
EG/γ
= Bγ and

(
BG
)

Q
EG/γ
= BG/γ

since, for the first equation, there is a bijection between the set of core subgraphs
g ⊂G which are contained in γ , and the set of core subgraphs of γ (the property of
being a core subgraph is intrinsic, and does not depend on the ambient graph). For
the second equation, there is a bijection between core subgraphs of G which contain
γ , and core subgraphs of G/γ . For all e ∈EG which is not a self-edge, there is a face
morphism

FB(G/e)−→FB(G) (7.1)

in the category BLCQ. It is compatible, via blow-down, with the corresponding map
F(G/e)→ F(G). Exceptional divisors are indexed by core subgraphs ∅ �= γ ⊂G.
For each such subgraph, there is a canonical face morphism:

FB(γ )×FB(G/γ )−→FB(G) . (7.2)

Compatibility with the face map F(G/γ )→ F(G) is expressed by the diagram in
PCQ:

FB(γ ) × FB(G/γ ) −→ FB(G)

↓ ↓
F(G/γ ) −→ F(G)

which commutes (see Remark 5.15). The facets of FB(G) are in one-to-one corre-
spondence with either non-self-edge edges (7.1), or core subgraphs (7.2).

7.2 Sequences of graphs and categorical formulation of the blow-up

Definition 7.2 Consider a sequence of strictly nested (non-empty) subgraphs

(γ1, γ2, . . . , γn−1, γn) such that γi ⊊ γi+1 for 1≤ i ≤ n− 1 , (7.3)

which are not necessarily connected (even if γn is). Such a sequence may equivalently
be viewed as the data of a strict filtration F• on G= γn, where FiG= γi . The graded
sequence associated to this filtration is the sequence of graphs:

(γ1, γ2/γ1, . . . , γn/γn−1) .

Let e ∈ Eγn be an edge. There is a unique index k such that e is an edge of γk/γk−1.
We call e admissible if it is neither a self-edge nor the only edge in the quotient
γk/γk−1, in which case we define the edge contraction with respect to e to be the
sequence:

(γ1, . . . , γn)/e = ((γ1 ∪ e)/e , (γ2 ∪ e)/e , . . . , (γn−1 ∪ e)/e , γn/e) (7.4)
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Define a refinement of (γ1, γ2, . . . , γn−1, γn) to be: (γ, γ1, . . . , γn) where γ ⊊ γ1 or

(γ1, . . . , γi, γ, γi+1, . . . , γn) where γi ⊊ γ ⊊ γi+1

for any i. Define the edge degree to be |Eγn | − n+ 1, and the genus to be hγn .

Given a graph G with labelled edges, define a category CBG whose objects are
sequences (7.3) of edge degree > 0 such that γn =G/γ is a quotient of G satisfying
hγn = hG (i.e., γ does not contain any loops), and such that each graph γi , i < n is
core. The morphisms are given by contraction of admissible edges, and refinements
(insertion of an additional graph in the nested sequence as above): indeed, CBG is
simply the category of objects of edge degree ≥ 1 generated by the sequence (G)

under these two operations.

Theorem 7.3 There is a canonical functor
(
CBG
)opp→ BLCQ which sends

(γ1, γ2, . . . , γn−1, γn) �→FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)

and all morphisms to face morphisms. The objects of CBG are in one-to-one correspon-
dence with the faces of FB(G); the morphisms of CBG are in one-to-one correspon-
dence with inclusions of faces. The face corresponding to a sequence (γ1, . . . , γn)

has codimension eG− eγn + n− 1. There is a canonical blow-down in PCQ from the
functor

FB : CBG→ BLCQ ⊂PCQ to F : CG→ PLCQ ⊂PCQ

which is induced by the pair (φ,Φ), where the functor φ : CBG→ CG is defined by

φ : (γ1, γ2, . . . , γn) �→ γn/γn−1

and Φ is the natural transformation defined by the family of morphisms in PCQ:

FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)−→F(γn/γn−1)

given by projection onto the final component followed by blow-down for FB(γn/

γn−1).

Proof To verify that the map in the statement is indeed a functor, we must check that
the following diagram commutes, where e is an edge of γi but not of γi−1 for i ≥ 2:

(γ1, γ2, . . . , γn−1, γn) −→ FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)

↓ ↑
((γ1 ∪ e)/e, . . . (γn ∪ e)/e) −→ FB(γ1)× · · · ×FB(γi/(γi−1 ∪ e))× · · · ×FB(γn/γn−1)

This follows from the fact that FB(G/e)→ FB(G) is a face map (7.1), applied to
G= γi/γi−1. The case i = 1 is similar. For refinements, we must check that

(γ1, . . . , γn) −→ FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)

↓ ↑
(γ1, . . . , γi−1, γ, γi , . . . , γn) −→ FB(γ1)× . . .FB(γ /γi−1)×FB(γi/γ ) . . .×FB(γn/γn−1)
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Fig. 9 A picture of IB2 . All vertices have weight 0. Edge contractions are depicted in red, refinements in
green, and automorphisms are not shown (colour figure online).

commutes also. This follows from the fact that FB(γ /γi−1) × FB(γi/γ ) →
FB(γi/γi−1) is the face map corresponding to the inclusion of an exceptional di-
visor (7.2). The statement follows from Proposition 5.3: the exceptional divisors of
FB(γn) are indexed by strict core subgraphs of γi , and so an intersection of excep-
tional divisors is indexed by nested sequences of core subgraphs. The description of
the blow-down map follows from Remark 5.15. □

On topological realisations, |Φ| induces the blow-down morphism |FB(G)| →
|F(G)| from |FB(G)| to the closed simplex. The space |FB(G)| is called the Feyn-
man polytope in [17, §6], which provides a similar description of its faces in greater
generality.

7.3 Canonical blow-up of LMtrop
g

Consider the category whose objects are the faces of all FB(G), where G ranges
over stable connected graphs of total weight 0, and whose morphisms are generated
by isomorphisms and face morphisms. By construction, it admits a canonical functor
to BLCQ. The complex LMtrop,B

g is defined to be this functor. It may be described
more explicitly using nested sequences of graphs.

Definition 7.4 Define a category IBg whose objects are nested sequences (7.3) of
graphs of genus hγn = g, with the property that each γi , for i < n, is a core graph
(but not necessarily connected), and γn is a stable connected graph with all vertices
of weight 0. The morphisms in this category are isomorphisms, admissible edge con-
tractions, and refinements. See Fig. 9.

There is a ‘collapsing’ functor:

IBg −→ Ig (7.5)

(γ1, . . . , γn−1, γn) �→ γn/γn−1

which sends a filtered graph to its highest graded component, where the quotient
γn/γn−1 is to be viewed as a weighted graph as follows. First assign weight 0 to ev-
ery vertex of γn, and contract each edge of γn−1, in any order, keeping track of the
induced weights by the process described in §6.2.1. To verify that this is indeed a
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functor, one only needs to consider refinements where an additional graph γ satis-
fying γn−1 ⊂ γ ⊂ γn is inserted between γn−1 and γn. It maps to the morphism in
Ig given by contracting the edges in Eγ \Eγn−1 . We emphasize that the collapsing
functor sends unweighted nested sequences to weighted graphs. It induces a functor
between the opposite categories in the usual manner. The functor (7.5) is essentially
surjective. Furthermore, IBg is generated by singletons (G) for G an unweighted, con-
nected, stable graph of genus g by edge contractions and refinements. Since there are
finitely many isomorphism classes, IBg is equivalent to a finite category.

Definition 7.5 Consider the map

LMtrop,B
g :

(
IBg
)opp −→ BLCQ (7.6)

(γ1, . . . , γn) �→ FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)

sending a nested sequence to the product of the blow-ups of its graded sequence.

Theorem 7.6 The map LMtrop,B
g is a functor, and sends morphisms in (IBg )opp to

isomorphisms and face maps. There is a canonical morphism of functors in PCQ:

LMtrop,B
g −→ LMtrop

g

which is induced by the pair (φopp,Φ) where φ : IBg → Ig is the collapsing functor,
and the natural transformation Φ is defined on the image of (γ1, . . . , γn) by

Φ :FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)−→F(γn/γn−1) ,

namely, projection onto the last component followed by blow down FB(γn/γn−1)→
F(γn/γn−1).

Proof Any isomorphism of nested sequences (γ1, γ2, . . . , γn) ∼= (γ ′1, γ ′2, . . . , γ ′n) in-
duces an isomorphism between the associated graded sequences, and hence a canon-
ical isomorphism in the category BLCQ between

FB(γ1)×FB(γ2/γ1)× · · · ×FB(γn/γn−1)

and its version with each γi replaced with γ ′i . Furthermore, this isomorphism is com-
patible, via blow-downs, with the isomorphism F(γn/γn1)

∼= F(γ ′n/γ ′n1
). The fact

that LMtrop,B
g is a functor then follows the proof of Theorem 7.3, as does the rest of

the statement. □

The topological realisation |LMtrop,B
g | is defined differently, but equivalent, we

expect, to the bordification discussed in [24]. See Figure 10 for an illustration in the
case g = 2. There is a canonical continuous morphism:

∣∣∣LMtrop,B
g

∣∣∣−→
∣∣∣LMtrop

g

∣∣∣ (7.7)

which collapses all exceptional components.
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Fig. 10 A picture of

|LMtrop,B
2 |. Faces with

isomorphic labels are to be
identified. We have not labelled
all faces for reasons of space

8 The strict transform of the graph locus in LMtrop,B
g

Let G be a graph with zero weights. Recall that πB : PBG→ P
EG is the correspond-

ing blow-up and XG ⊂ P
EG the graph hypersurface. Denote its strict transform by

X̃G ⊂ PBG

and let UG ⊂ PBG be its open complement PBG\X̃G. Recall from Theorem 7.3 that(
CBG
)opp

is equivalent to the category of faces of the blown-up Feynman polytope FB
G .

Definition 8.1 Define a functor

X̃ :
(
CBG
)opp −→ SchQ

which sends the singleton (G) to the strict transform X̃G ⊂ PBG . It is uniquely de-
fined on all other objects (7.3) by restriction to faces (i.e., by intersecting with the
corresponding divisors in PBG ), and defines a subscheme functor of SFB .

An isomorphism of graphs (or nested sequence of graphs) induces an isomor-
phism of graph hypersurfaces and hence of their strict transforms by Proposition 5.2
(i). Since IBg is generated by stable unweighted graphs of genus g, we deduce the
existence of a functor

X̃ :
(
IBg
)opp −→ SchQ

which is a subscheme functor of LMtrop,B
g .

Proposition 8.2 The functor X̃ :
(
IBg
)opp→ SchQ is given on sequences (7.3) by

(γ1, . . . , γn) �→
n⋃

i=1

P γ1 × · · · × P γi−1/γi−2 (8.1)

× X̃γi/γi−1 × P γi+1/γi × · · · × P γn/γn−1 .

It is a closed subscheme of LMtrop,B
g at infinity, i.e., a subscheme of the functor

SLMtrop,B
g , whose real points do not meet the topological realisation:

X̃ (R)∩ |LMtrop,B
g | = ∅ . (8.2)
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The blow-down (φ,Φ) : LMtrop,B
g → LMtrop

g induces a natural transformation
X̃ →X ◦ φ, where φ is the collapsing functor.

Proof If e ∈ EG is not a self-edge, there is a canonical inclusion X̃G/e → X̃G in-
duced by the inclusion PB

G/e→ PB
G , since this is true for graph hypersurfaces and

strict transforms are functorial (Proposition 5.2 (i)). This proves the formula (8.1) for
sequences of length n= 1.

The general case follows by taking refinements. Let γ ⊂G be a core subgraph of
G. One has the following identity of graph polynomials [17, (2.2)]

ΨG =Ψγ ΨG/γ +RG/γ (8.3)

where RG/γ is a polynomial of homogeneous degree strictly greater than degΨγ =
hγ in the edge variables αe for e ∈ Eγ . The identity implies that if D ⊂ P G is the
exceptional divisor corresponding to the blow-up of PEγ ⊂ P

EG , one has a canonical
isomorphism:

X̃G ∩D ∼=
(
X̃γ × PB

G/γ

)
∪
(
PB

γ × X̃G/γ

)
.

See also [10, (3.7)]. The right-hand side of (8.1) follows by iterating this isomor-
phism. The fact that X̃ is at infinity follows from the fact that the strict transform
locus X̃G(R) does not meet the region σB

G [10, Proposition 7.3 (iii)], [17, §6.5]. The
final statement follows by definition since XG is the blow-down of X̃G. □

The properties of graph hypersurfaces required in the proof will actually be red-
erived in §11 from a more conceptual viewpoint via properties of the determinant.

The open complement of the subscheme X̃ is the functor

U :
(
IBg
)opp −→ SchQ

(γ1, . . . , γn) �→ Uγ1 ×Uγ2/γ1 × · · · ×Uγn/γn−1

It is an open subscheme of SLMtrop,B
g and satisfies |LMtrop,B

g | ⊂ U (Definition 2.6).

Corollary 8.3 Via Definition 2.7 we deduce a functor

LMtrop,B
g \X̃ :

(
IBg
)opp −→PCQ

x �→ (Ux,L
B ∩ Ux, σx)

Remark 8.4 A functorial system of linear subspaces of SF(G) was defined in [17,
§5.4] whose complement in P G is affine. It defines a subscheme functor A ⊂
LMtrop,B

g such that |LMtrop,B
g | ⊂ P G\A. It would be very interesting to construct

natural differential forms on P G\A. They would have linear poles (by contrast with
the canonical forms studied here.)
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8.1 The boundary and open locus

Definition 8.5 Let ∂IBg denote the full subcategory of IBg whose objects are se-

quences of graphs (γ1, . . . , γn) where n ≥ 2. Denote the restriction of LMB
g to this

category by

∂LMB
g : ∂IBg −→ BLCQ .

We shall call it the boundary locus, or exceptional locus, of LMtrop,B
g .

The open locus |LM◦,trop
g | embeds canonically into both |LMtrop

g | and

|LMtrop,B
g |.

Proposition 8.6 There is a morphism of PCQ-complexes

∂LMtrop,B
g −→ ∂LMtrop

g

given by the pair (φopp,πB), where φ : ∂IBg → ∂Ig is the restriction of the collapsing

functor, and πB is the canonical blow-down map. In addition, there is a canonical
embedding

∣∣∣LM◦,trop
g

∣∣∣ ∼−→
∣∣∣LMtrop,B

g

∣∣∣ \
∣∣∣∂LMtrop,B

g

∣∣∣ (8.4)

whose inverse is the blow-down |LMtrop,B
g | \ |∂LMtrop,B

g | ∼−→ |LMtrop
g | \

|∂LMtrop
g |.

Proof The functor φ is given by restricting the collapsing functor (7.5) to nested se-
quences of length≥ 2. To see that it lands in the subcategory ∂Ig , note that collapsing
a nested sequence of length ≥ 2 results in a graph γn/γn−1 of positive weight, since
it involves the contraction of a core sugraph γn−1, which has positive loop number
hγn−1 > 0. The exceptional locus of FB(G)→ F(G) corresponds precisely to se-
quences (7.3) of length ≥ 2. To prove (8.4), first define the full subcategory Ig,w=0

of Ig consisting of graphs of weight 0, and consider the functor:

σ ∩ U : I opp
g,w=0 −→ T op (8.5)

G �→ (σ ∩ U)G = σG\ (σG ∩XG(R)) .

Note that (σ ∩ U)G is contained in σG, but contains
◦
σG since (σ ∩ U)G =⋃

hγ=0
◦
σG/γ . It follows from Proposition 6.7 and the fact that (σ ∩U)G is the empty

set if w(G) > 0 that:

|σ ∩ U | = lim−→
G∈I opp

g,w=0

σG\ (σG ∩XG(R))=
∣∣∣LM◦,trop

g

∣∣∣ .
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Now consider the functor σ\E : IBg → T op which sends sequences (7.3) of length
> 1 to the empty set, and maps singletons (G) to

(G) �→ (σ\E)G = σB
G \

(
σB

G ∩ EG(R)
)

where EG ⊂ PBG is the exceptional divisor of πBG
: PBG → P

EG . The blow-down
morphism defines a functorial isomorphism of algebraic varieties, and of topological
spaces:

πBG
: PBG\ (EG ∪ X̃G

) ∼−→ P
EG\XG

σB
G \

(
σB

G ∩ EG(R)
) ∼−→ σG\(σG ∩XG)= (σ ∩ U)G

The second line follows from restriction of the first, since X̃G(R) does not meet σB
G

by (8.2). Let j : σG\(σG ∩XG)
∼→ σB

G \
(
σB

G ∩ EG(R)
)

denote its inverse. To define
the continuous map (8.4) we define a pair consisting of a functor and natural trans-
formation, and take its limit. The natural transformation is given by j ; the functor is
given by

ι : Ig,w=0 −→ IBg where ι :G �→ (G) ,

and (G) denotes a sequence of graphs of length one. The isomorphism j , which is
functorial, thus defines a natural transformation from the functor σ ∩ U defined by
(8.5) to

(σ\E) ◦ ι : Ig,w=0
ι−→ IBg

σ\E−→ T op

It induces a continuous map

|σ ∩ U | −→ |σ\E | = lim−→
G∈(IBg )opp

σB
G \

(
σB

G ∩ EG(R)
)

which is exactly (8.4). The last statement follows from the fact that the inverse of the
continuous map j is, by definition, the restriction of the blow-down map πB . □

The key point in the previous proposition is that simplices which are glued together
in the tropical moduli space, and which are not contained in the graph hypersurface
locus, continue to be glued together after blowing-up (i.e., if F(γ ) is a common face
of both F(G1) and F(G2) and w(γ ) = 0, then FB(γ ) is a common face of both
FB(G1) and FB(G2)). This is expressed by the fact that ι is a functor, using the fact
that core graphs are intrinsic.

8.2 The face complex associated to LMtrop,B
g

Using the general Definition 3.1, we may write down the face complex associated to
LMtrop,B

g .
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Definition 8.7 Let GCB0 denote the Q-vector space generated by symbols
[
Γ,�

]

where Γ = (γ1, . . . , γn) , and � =�γ1 ∧�γ2/γ1 ∧ · · · ∧�γn/γn−1 ,

where γ1 ⊊ . . . ⊊ γn is a strict nested sequence of graphs where γi is core for i < n

and γn is stable and connected (Definition 7.2), and �γi+1/γi
is an orientation on the

quotients γi+1/γi , with relations:

[Γ,−� ] = −[Γ,� ] and [Γ,� ] = [Γ′,� ′]
whenever Γ ∼= Γ′ is an isomorphism of nested sequences f : γn

∼= γ ′n such that
f (γi) = γ ′i , and � ′ = f (�). It is bigraded by genus, and edge number. The dif-
ferential

d : GCB0 −→ GCB0

has two components: d = di + de, which we call the internal and exceptional differ-
entials, respectively. The internal differential is defined by edge contraction (7.4)

di
[
(γ1, . . . , γn),�

]=
∑

e∈Eγj /γj−1

(−1)j
[
(γ1, . . . , γn)/e,�

′]

where the sum is over all admissible edges, j is the unique index such that e ∈
Eγj /γj−1 and

� ′ = ε �γ1 ∧ · · · ∧�γi−1/γi−2 ∧� ′γi/γi−1
∧ · · · ∧�γn/γn−1

where ε =±1 is defined by � ′γi/γi−1
= ε e∧�γi/(γi−1∪e). The exceptional differential

is:

de
[
(γ1, . . . , γn),�

]=
∑

γ

(−1)i
[
(γ1, . . . , γi−1, γ, γi, . . . , γn),�

′]

where the sum is over all refinements, i.e., all possible choices of core graphs γ such
that γi ⊊ γ ⊊ γi+1 for some 1≤ i ≤ n, or γ ⊊ γ1. The orientation is given by

� ′ = ε �γ1 ∧ · · · ∧�γi−1/γi−2 ∧� ′γ /γi−1
∧� ′γi/γ

∧ · · · ∧�γn/γn−1

where ε =±1 is defined by �γi/γi−1 = ε� ′γ /γi−1
∧� ′γi/γ

.

The complex GCB0 is filtered by the length n of sequences. Let FkGCB0 denote the
subcomplex whose generators [(γ1, . . . , γn),� ] have n > k components.

Proposition 8.8 If we write GC∂B
0 = F1GCB0 then

Hn(GCB0 )∼=
⊕

g

Hn

(∣∣∣LMtrop,B
g

∣∣∣
)

and (8.6)
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Hn(GC∂B
0 )∼=

⊕

g

Hn

(∣∣∣∂LMtrop,B
g

∣∣∣
)

.

Furthermore, the homology of the usual commutative even graph complex satisfies
Hn(GC0)=Hn(GCB0 ,GC∂B

0 ) and fits into a long exact sequence

. . .−→Hn(GC∂B
0 )−→Hn(GCB0 )−→Hn(GC0)

de−→Hn−1(GC∂B
0 )−→ . . . .

This sequence may be identified with the direct sum over all g, of the relative homol-

ogy sequence of the pair (|LMtrop,B
g |, |∂LMtrop,B

g |).

Proof The face complex of |LMtrop,B
g | is (GCB0 )g , the subcomplex of GCB0 in genus

g. This follows from the categorical description §7.3 of |∂LMtrop,B
g | and Theorem

7.3: facets of σB
G are identified either with σB

γ × σB
G/γ for γ ⊂ G a core subgraph

corresponding to an exceptional divisor, or σB
G/e, where e is a non-tadpole edge cor-

responding to the intersection of σB
G with strict transforms of coordinate hyperplanes

xe = 0. These two types of facets correspond to the two edge differentials (respec-
tively, exceptional and internal). By iterating one arrives at the description of the

face complex given above. Similarly, the face complex of the subspace |∂LMtrop,B
g |

is given by the subcomplex (GC∂B
0 )g of (GCB0 )g consisting of nested sequences of

length ≥ 2, which correspond precisely to the exceptional faces. These facts, together
with Theorem 3.2 imply the two equations in (8.6).

Finally, use the relative long exact homology sequence

. . .−→Hn(GC∂B
0 )−→Hn(GCB0 )−→Hn(GCB0 ,GC∂B

0 )−→Hn−1(GC∂B
0 )−→ . . .

and use the definition of GC0 to identify the relative homology group Hn(GCB0 ,GC∂B
0 )

with Hn(GC0). Taking the boundary along GC∂B
0 is precisely the exceptional differ-

ential de.
Note that by exicision, the relative homology Hn(|LMtrop,B

g |, |∂LMtrop,B
g |) is iso-

morphic to Hn(|LMtrop
g |, |∂LMtrop

g |), and so these sequences are compatible with
Proposition 6.8. □

9 Polyhedra in spaces of quadratic forms

We now turn to the study of polyhedra whose vertices are positive semi-definite
quadratic forms with rational null spaces.

9.1 Positive semi-definite matrices

Let Pg denote the space of positive definite g× g real symmetric matrices. It may be
identified, via the map X �→XT X, with Og(R) \GLg(R), and admits a right action
M �→ hT Mh for h ∈GLg(R). We write LPg =Pg/R

×
>0.
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The space of real non-zero symmetric matrices up to scalar multiplication may
be identified with the real points of the projective space P

dg−1, where dg =
(
g+1

2

)
,

and hence LPg ⊂ P
dg−1(R). A choice of homogeneous coordinates on P

dg−1 are
given by the set of matrix entries Xij for i ≤ j , for X a symmetric matrix. Since
the determinant is a homogeneous function of these coordinates, its vanishing locus
defines a hypersurface

Det ⊂ P
dg−1

which satisfies LPg ∩ Det(R) = ∅. The linear action of GLg on P
dg−1, which

corresponds to the action M �→ hT Mh on symmetric matrices, preserves Det and
LPg ⊂ P

dg−1(R).

9.2 Positive polyhedra in the space of symmetric matrices

It is convenient to reformulate the above in a coordinate-free manner. Consider a
vector space V of dimension g defined over a field k ⊂R. Let us denote by

Q(V )=
(

Sym2 V
)∨

the k-vector space of symmetric bilinear (i.e., quadratic) forms

Q : V ⊗k V −→ k .

Such a quadratic form may be viewed as a linear map Q : V → V ∨ which is self-dual,
i.e., Q=QT . Consequently, Q defines a contravariant functor from the category of
vector spaces to itself: for any linear map V →W , there is a natural map Q(W)→
Q(V ). The functor Q sends surjective maps to injective maps, and vice-versa. Given
an isomorphism V ∼= kg one may identify elements of Q(V ) with symmetric matrices
with entries in k.

Recall that the null space ker(Q) of a quadratic form is defined to be the kernel of
Q : V → V ∨. If Q is a positive semi-definite quadratic form, one has

Q(v,v)= 0 ⇐⇒ v ∈ ker(Q) . (9.1)

Consider the projective space P(Q(V )). It has distinguished linear subspaces:

P(Q(V/K)) ↪→ P(Q(V )) for every subspace K ⊂ V .

Such a subspace is contained in the determinant locus DetV ⊂ P(Q(V )) if and only if
K �= 0. Viewing Q(V/K) as the subspace of Q(V ) of quadratic forms Q satisfying
Q(k, v)= 0 for all k ∈K , and v ∈ V , one deduces the formula:

Q (V/K1)∩Q (V/K2)=Q (V/(K1 +K2)) (9.2)

which implies that P (Q (V/K1))∩ P (Q (V/K2))= P (Q (V/(K1 +K2))).
Consider the convex subsets

Q>0(V ) ⊂ Q≥0(V ) ⊂ Q(V )
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consisting of positive definite, and positive semi-definite, quadratic forms on V .

Definition 9.1 We shall say that a polyhedron (σ,Q(V )) in the space of quadratic
forms is positive, which we shall denote by σ ≥ 0, if its vertices lie in Q≥0(V ),
and hence σ ⊂Q≥0(V )(R) is contained in the set of positive semi-definite quadratic
forms.

We shall call a polyhedron strictly positive, denoted by σ > 0, if σ positive, and if
in addition it meets the interior σ ∩Q>0(V ) �= ∅. In other words, σ is strictly positive
if it contains at least one positive definite quadratic form.

Positive polyhedra meet the determinant locus in a specific manner.

Lemma 9.2 Let σ be a positive polyhedron in Q(V ) and let σF be a face of σ of
dimension > 0. The following are equivalent:

(i) The face σF is contained in the determinant locus Det(R).
(ii) There is a point in the interior of σF which lies in Det(R), i.e.,

◦
σF ∩Det(R) �= ∅

(iii) There is a non-zero linear subspace 0 �=K ⊂ V such that

σF ⊂ P(Q(V/K))(R) .

Proof Clearly (i) implies (ii) and (iii) implies (i) since P(Q(V/K))⊂ Det. It suf-
fices to prove that (ii) implies (iii). Let us write σ̂F = {∑n

i=1 λiQi : λi ∈ R≥0}
where Qi are non-zero positive semi-definite quadratic forms on V . If we assume
(ii) then there exist λi > 0 such that det

(∑n
i=1 λiQi

) = 0 since every interior
point of σ admits a (non-unique) representation as a linear combination of Qi with
strictly positive coefficients. Therefore there is a non-zero vector x ∈ V such that
x ∈ ker

(∑n
i=1 λiQi

)
. This implies in particular that

∑n
i=1 λiQi(x, x) = 0. Since

Qi(x, x) ≥ 0 we deduce that Qi(x, x)= 0 for all i = 1, . . . , n. By (9.1), x ∈ kerQi

for all i. If we set KσF
=⋂n

i=1 ker(Qi), then x ∈ KσF
, and in particular KσF

�= 0.
Property (iii) holds on setting K =KσF

. □

It follows that if σ ≥ 0 is a positive polyhedron, then it is strictly positive if and
only if its interior does not meet the determinant locus:

σ > 0 ⇐⇒ ◦
σ ∩Det(R)= ∅ . (9.3)

Definition 9.3 For any positive polyhedron σ ≥ 0 in P(Q(V )), we denote by Kσ ⊂ V

the intersection of all the null spaces of its vertices.

It follows from (9.2) that Kσ is the unique largest subspace of V such that

σ ⊂ P(Q(V/Kσ ))(R) .

In particular, σ meets the strictly positive locus in V/Kσ , i.e., σ ∩Q>0(V/Kσ ) �= ∅
and thus the polyhedron (σ,V/Kσ ) is strictly positive.
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Lemma 9.4 Let σ ≥ 0 be a positive polyhedron. For any subspace K ⊂ V ,

σ ∩ P(Q(V/K))(R)

is either empty, or is a face of σ .

Proof For every v ∈ K , consider the linear map fv : Q(V )→ k defined by Q �→
Q(v,v). Its kernel is Q(V/kv), which contains Q(V/K) by definition. The linear
form fv is non-negative on the subspace Q≥0(V )⊂Q(V ). It follows from (9.2) that,
for any vectors v1, . . . , vd which span K , one has Q(V/K) =⋂d

i=1 Q(V/kvi) =⋂d
i=1 Hi , where Hi = ker(fvi

). Since fvi
is non-negative on σ , it follows from the

interpretation due to Minkowski and Weyl of a polyhedron as a region bounded by a
finite number of hyperplanes, that the set σ ∩P(Hi) is either empty (in the case when
fvi

> 0 on σ ), or a face of σ , and

σ ∩ P(V/K)(R)=
d⋂

i=1

σ ∩Hi(R)

is either empty, or a non-empty intersection of faces of σ and hence also a face. □

The previous lemma has the important consequence that in defining LAtrop,B
g

we shall only need to blow up linear subspaces of P(Q(V )) of the special form
P(Q(V/K)).

Definition 9.5 For any face σF of σ , define its essential envelope to be the face

σ ess
F = σ ∩ P(Q(V/KσF

))(R) .

It satisfies σF ⊂ σ ess
F . We call a face σF essential if σF = σ ess

F .

If σF > 0 is strictly positive, then KσF
= 0 and one has σ ess

F = σ . In general, a face
σF of σ (whether essential or not) will not be Zariski dense in P(Q(V/KσF

)). See
§13 for some examples of essential faces (we shall show that for the image of Feyn-
man polytopes under the tropical Torelli map, the essential envelope of a face σG/γ

indexed by a subgraph γ ⊂ G is the face σG/γ core where γ core ⊂ γ is the maximal
core subgraph of γ ).

Lemma 9.6 The intersection of an essential face of σ with any other face σQ′ of σ , is
either empty or an essential face of σQ′ .

Proof The set of essential faces of σ are precisely the sets σ ∩ P(Q(V/K))(R)

where K ⊂ V is a linear subspace. The intersection of such a face with σQ′ is
σQ′ ∩ P(Q(V/K))(R), which is therefore also essential or empty. □
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9.3 Collapsing the complement of the determinant in the normal bundle

Restriction of quadratic forms to any subspace K ⊂ V defines a linear map:

Q(V )/Q(V/K)−→Q(K) . (9.4)

It does not induce a map on the corresponding projective spaces since it is not in-
jective in general. To see this, choose a complementary space V ∼= K ⊕ C where
C ∼= V/K . The space Q(V )/Q(V/K) may be represented by symmetric matrices in
block matrix form,

Q=
(

Q0 Q1

QT
1 0

)
, (9.5)

which implies that Q(V )/Q(V/K) is isomorphic to the product Q(K)×Hom(V/K,

K). The map Q(V )/Q(V/K)→ Q(K) sends Q �→Q0. The determinant function
det :Q(K)→ k defines a homogeneous polynomial

Q �→ det(Q
∣∣
K

) : Q(V )/Q(V/K)−→ k .

In the coordinates (9.5), det(Q
∣∣
K

) is simply det(Q0). Denote its zero locus by

Det
∣∣
K
⊂ P (Q(V )/Q(V/K)) . (9.6)

Lemma 9.7 Restriction of quadratic forms to K gives a well-defined projection

πK : P (Q(V )/Q(V/K)) \ Det
∣∣
K
−→ P (Q(K)) \ DetK (9.7)

which is a fibration in affine spaces Hom(V/K,K)∼=A
dimK·dimV/K . It is functorial,

i.e., for any h ∈GL(V ), there is a commutative diagram:

P (Q(V )/Q(V/K)) \ Det
∣∣
K

πK−→ P (Q(K)) \ DetK
↑ ↑

P
(
Q(V )/Q(V/K ′)

) \ Det
∣∣
K ′

πK ′−→ P
(
Q(K ′)

) \ DetK ′

where the vertical maps are isomorphisms Q �→ hT Qh and K ′ = hK .

Proof A decomposition V ∼= K ⊕ C defines projective coordinates on P(Q(V )/

Q(V/K)). The complement of Det
∣∣
K

consists of projective classes of matrices (9.5)
with det(Q0) �= 0. In particular, Q0 �= 0 and so the map Q �→Q0 is well-defined on
projective spaces. Its fiber is isomorphic to the space of matrices Q1, which is noth-
ing other than the vector space Hom(V/K,K), viewed as the k points of an affine
space of equal dimension. □

Note that the ambiguity in the choice of decomposition V ∼=K ⊕ V/K , is the set
of splittings of the exact sequence 0→K→ V → V/K→ 0, which is a torsor over
Hom(V/K,K).
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9.4 Strict positivity of normal faces

For simplicity of notation, let us write

σ/σF = σ/KσF
(9.8)

for the normal polyhedron (Definition 4.8) of σ relative to the null space KσF
of a

face σF .

Lemma 9.8 Let σ be strictly positive and let σF be a face of σ . In the product

σF × (σ/σF ) ⊂ P
(
Q(V/KσF

)
) × P

(
Q(V )/Q(V/KσF

)
)

,

both σF and σ/σF are strictly positive (Definition 9.1). In the latter case, this means
that the interior of the polyhedron σ/σF does not meet the determinant locus:

◦
(σ/σF )⊂ P

(
Q(V )/Q(V/KσF

)
) \ Det

∣∣
KσF

or equivalently, that the image πK(σ/σF ) is a strictly positive polyhedron in
P(Q(KσF

)).

Proof The vertices of σ are projective classes of positive semi-definite quadratic
forms Q1, . . . ,Qn ∈ Q(V ). The vertices of the face σF correspond to a subset of
them: {Qi, i ∈ I }, where I ⊂ {1, . . . , n}. By definition,

KσF
=
⋂

i∈I
kerQi , (9.9)

which implies that in any choice of decomposition V =KσF
⊕C, where C ∼= V/KσF

,
the matrices Qi have the block matrix form

Qi =
(

0 0

0 Qi

)
if i ∈ I ,

where the Qi are the restrictions of Qi to C, and are positive semi-definite. Sup-
pose that σF is not strictly positive. Then σF is contained in DetV/KσF

(R) ⊂
P(Q(V/KσF

))(R). By Lemma 9.2, there is a subspace 0 �= K ′ ⊂ V/KσF
which is

contained in
⋂

i ker Qi . But this implies
⋂

i ker Qi is strictly larger than KσF
, con-

tradicting (9.9).
The polyhedron σ/σF has vertices given by the projective classes of the Qj , j /∈ I

which are non-zero in the quotient Q(V )/Q(V/KσF
) and have block matrix repre-

sentatives

Qj =
(

Rj Pj

P T
j 0

)
for all j /∈ I .

If σ/σF were contained in Det|KσF
(R), then by the argument of Lemma 9.2 applied

to the matrices Rj , for j /∈ I , there would exist 0 �= x ∈KσF
such that x ∈ ker(Rj )⊂
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KσF
for all j /∈ I . In this case, the image y of x in V satisfies Qj(y, y)=Rj (x, x)=

0 and hence y ∈ ker(Qj ) for all j /∈ I . Since y ∈ ker(Qi) for all i ∈ I by (9.9), we
deduce that y lies in ker Qi , for all i = 1, . . . , n, contradicting the strict positivity of
σ by Lemma 9.2. Note that the image πK(σ/σF ) is the link of the convex hull of the
quadratic forms Rj , for j /∈ I . □

Remark 9.9 This lemma easily extends to the case when σ is a strictly positive poly-
hedron in the space P(Q(V )/Q(V/K)). The statement is the following: in the prod-
uct of polyhedra

σF × (σ/σF )⊂ P
(
Q(V/KσF

)/Q(V/K)
)× P

(
Q(V )/Q(V/KσF

)
)

both σF and σ/σF are strictly positive. The proof is identical: one only needs to
consider symmetric matrices with a number of initial rows and columns which are
identically zero.

9.5 Blow-ups and the determinant locus

The determinant locus is well-behaved with respect to blowing up linear subspaces
of the form P(Q(V/K)).

Proposition 9.10 Let 0 �=K ⊂ V be a subspace and let

π : PB −→ P(Q(V ))

denote the blow-up of P(Q(V )) along B = {P(Q(V/K))}. The exceptional divisor E
may be canonically identified with the projectivised normal bundle of P(Q(V/K)):

E ∼= P(Q(V/K))× P(Q(V )/Q(V/K)) .

If D̃etV denotes the strict transform of the determinant locus, we have

D̃etV ∩ E ∼=
(
DetV/K × P(Q(V )/Q(V/K))

) ∪ (P(Q(V/K))×Det
∣∣
K

)
,

where Det
∣∣
K

was defined in (9.6). In particular one has the product formula:

E \ (E ∩ D̃etV
) ∼= (

P(Q(V/K)) \ DetV/K

) × (
P(Q(V )/Q(V/K)) \ Det

∣∣
K

)
.

Proof Choose a complementary space to K , i.e., V ∼= K ⊕ C and choose bases of
K , C. We can compute the blow up in local affine coordinates (§5.2) as follows. A
quadratic form in Q ∈Q(V ) may be written in the form

Q=
(

QK P

P T QC

)
(9.10)

Let xij denote the (i, j)th matrix coefficient. A choice of affine coordinates on
P(Q(V )) is given by the xij for i ≤ j , one of which, say xi0j0 , is set to 1. The locus
P(Q(V/K)) is represented by matrices such that QK = P = 0, i.e., the vanishing of
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all other xij for i ≤ j such that i ≤ dim(K). Therefore, suppose that i0 ≤ dim(K).
The blow up may be represented in any such local affine coordinates (see §5.2) by
the map:

s∗K : k[xij , i ≤ j ] −→ k[z, xij , i ≤ j ]
s∗K(xij ) = zxij if i ≤ dim(K)

s∗K(xij ) = xij otherwise

The exceptional divisor is defined by the equation z= 0. Applying the map s∗K to the
entries of the matrix of a quadratic form (9.10), we obtain

s∗KQ=
(

zQK zP

zP T QC

)
. (9.11)

Taking determinants of the following matrix identity:
(

zQK zP

zP T QC

)
=
(

I 0
P T Q−1

K I

)(
zQK 0

0 QC − zP T Q−1
K P

)(
I Q−1

K P

0 I

)

gives det(s∗KQ)= det(zQK)det(QC − zP T Q−1
K P ). This implies that

det(s∗KQ)= zdimK det(QK)det(QC) mod (zdimK+1) . (9.12)

It follows that the intersection of the strict transform of the locus det(Q)= 0 with the
exceptional divisor z = 0 is given by the equation det(QK)det(QC) = 0. The zero
loci of det(QK) and det(QC) are Det

∣∣
K

, and DetV/K respectively. □

This result generalises several asymptotic factorisation theorems for graph poly-
nomials [17, §2] simply by applying the proposition to a suitable graph Laplacian
matrix. In particular, (8.3) and other similar formulae can be deduced from the uni-
versal fact that the determinant admits an asymptotic factorisation formula (9.12).

10 Perfect cone compactification

Now consider the case when k = Q and the vector space V = VZ ⊗Q has a lattice
VZ. It is convenient to identify VZ

∼= Z
g for the purposes of the ensuing discussion.

10.1 Rational closure of Pg

The rational closure P rt
g of the space of positive definite matrices Pg is defined to be

the space of positive semi-definite matrices M whose null space ker(M) is defined
over Q. A positive semi-definite matrix M has rational kernel if and only if there
exists an element h ∈GLg(Z) such that

hT Mh=
(

M0 0
0 0

)



94 F. Brown

where M0 is positive definite, i.e., M0 ∈Pg′ for some g′ ≤ g.
Recall from §9.1 that we identify the space of g×g symmetric matrices with R

dg ,
where dg =

(
g+1

2

)
. We have inclusions Pg ⊂P rt

g ⊂R
dg and

LPg ⊂ LP rt
g ⊂ P

dg−1(R)

where the link of P rt
g is defined by LP rt

g = (P rt
g \ {0})/R×>0. The group GLg(Z) pre-

serves all three spaces. One has LP rt
g \ LPg ⊂ Det(R).

Remark 10.1 Lemma 9.2 and the discussion which follows implies that a positive
polyhedron (σ,Q(Qg)) has the property that σ is contained in the space P rt

g , i.e.,
every point of σ defines a real symmetric matrix with rational kernel.

10.2 Minimal vectors and polyhedral linear configurations

For any positive definite real quadratic form Q on R
g , denote its set of minimal

vectors by

MQ = {λ ∈ Zg \ {0} :Q(λ)≤Q(μ) for all μ ∈ Zg \ {0}} .
The associated polyhedral cone is defined to be

σ̂Q =R≥0〈λλT 〉λ∈MQ
⊂P rt

g

where the λλT are rank one quadratic forms in P rt
g . The cone σ̂Q is strongly convex

since this is already the case for P rt
g (although P rt

g is not itself a polyhedral cone). A
positive definite quadratic form Q is called perfect if σ̂Q has maximal dimension dg .
Equivalently, Q is uniquely determined up to a scalar multiple by its set of minimal
vectors [44, 59].

Definition 10.2 For any positive definite real quadratic form Q denote by

cQ = (PQ,LQ,σQ) (10.1)

the polyhedral linear configuration where σQ = Lσ̂Q =
(
σ̂Q\{0}

)
/R×>0 is the link of

σ̂Q in P
dg−1(R), LQ =⋃i Li is the union of the Zariski closures of its facets, and

P
Q ⊂ P

dg−1 ∼= P(Q(V )) is the linear subspace defined by the Zariski-closure of σQ.

The configuration cQ is thus an object of the category PLCQ. The form Q is
perfect if and only if P

Q = P
dg−1, i.e., σQ is Zariski dense in the whole space of

quadratic forms.

10.3 Admissible decompositions

See [15, 32, 50, 59].

Definition 10.3 A set Σ = {̂σi} of polyhedral cones σ̂i ⊂P rt
g is called admissible if it

is stable under the action of GLg(Z), and such that:
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• it covers P rt
g , i.e.,

⋃
i σ̂i =P rt

g ,
• if σ̂ ∈Σ, then all the faces of σ̂ are elements of Σ,
• the intersection of two cones in Σ is a face of both cones,
• the set of GLg(Z)-orbits of Σ is finite.

Theorem 10.4 (Voronoï). The set of cones {̂σQ,Q ∈ Pg} is an admissible decompo-
sition of P rt

g . In particular, every face of σ̂Q is a cone σ̂Q′ for some other quadratic
form Q′. Furthermore, every cone σ̂Q is a face of a perfect cone.

Let us say that two quadratic forms Q, Q′ are equivalent if their sets of minimal
vectors (and hence their associated cones) coincide: MQ =MQ′ . Denote by [Q] the
equivalence classes. The group GLg(Z) acts upon the classes [Q]. Write

[Q′] ≤ [Q]
if the cone σ̂Q′ is a face of σ̂Q. Let us write dim [Q] = dimσQ.

Definition 10.5 Let Dperf
g denote the category whose objects are equivalence classes

[Q] for Q ∈ Pg , and whose morphisms are generated by the following two kinds of
maps:

(i) face maps [Q′] → [Q] whenever [Q′] ≤ [Q],
(ii) isomorphisms h : [Q]→ [hT Qh] for any h ∈GLg(Z).

The category Dperf
g is equivalent to a finite category [15], since there are only

finitely many isomorphism classes of objects, and automorphism groups of cones are
finite.

Every h ∈GLg(Z) defines a linear isomorphism in PLCQ we denote by:

cQ
h−→ chT Qh .

For every Q′ ≤Q one has a face map cQ′ → cQ in the category PLCQ.

Definition 10.6 Consider the functor

LAtrop
g :Dperf

g −→ PLCQ (10.2)

which sends Q to cQ. Its topological realisation |LAtrop
g | is the link of the moduli

space of tropical abelian varieties. By construction, it is a generalised cone complex
as in [1].

10.4 Blow-ups of cones associated to positive definite quadratic forms

Definition 10.7 Suppose that Q is a positive definite quadratic form on V , such that
σQ > 0 is strictly positive (Definition 9.1). Its Zariski closure P

Q admits a canoni-
cal embedding into P(Q(V )). Consider the finite set of subspaces of PQ defined as
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follows:

BQ =
⋃

n≥1

{
n⋂

i=1

P
Q ∩ P(Q(V/Kσi

)) : where σi are faces of σQ

}
. (10.3)

By definition and (9.2), the spaces which are to be blown up are of the form
P(Q(V/K)), which meet σQ precisely along its essential faces.

Alternatively, consider for all 0 �=K ⊂ V , the (infinite) set Ball of all subspaces

P(Q(V/K))⊂ P(Q(V ))

Then BQ = (Ball)min,σQ ∩ PQ, by Definition 5.13 and Lemma 9.4.
Denote the iterated blow-up of cQ along BQ to be:

cBQ ∈ Ob(BLCQ) .

Let us denote its topological realisation by σB
Q = σ(cBQ). There is a natural blow-

down morphism cBQ→ cQ in the category PCQ, which induces a continuous map

σB
Q→ σQ.

Remark 10.8 Because σQ is not a simplex in general, the set of loci PQ∩P(Q(V/K))

where P(Q(V/K)) meets σQ is not closed under intersections (the intersection of two
essential faces can be empty). Thus the intersection of two blow-up loci may not inter-

sect σQ at all, giving rise to an extraneous blow-up. This does not occur in LMtrop,B
g

because σG is a simplex. This is a fundamental difference between the constructions

for LMtrop,B
g and LAtrop,B

g . Another difference between these constructions arises
for a different reason. Unlike the case of graphs, BQ does not only consist of the
Zariski closures of the faces of σQ: we must blow up loci which can be strictly larger.
See §13 for some concrete examples.

Consequently, in contrast to the situation with polytopes associated to graphs, the
blow-ups are not intrinsic, which means that we do not strictly have face maps. In
other words, the blow-up locus is not necessarily stable under passing to faces: if Q′
is a face of Q, one has BQ′ ⊆ P

Q′ ∩ BQ but we do not a priori have equality. Nev-
ertheless, the following lemma implies that face maps are intrinsic, up to extraneous
modifications.

Lemma 10.9 Let Q′ ≤Q be positive definite. Let us denote by FQ′cBQ the face of cBQ
corresponding to the face σQ′ . Then there is a canonical morphism

FQ′c
B
Q −→ cBQ′ (10.4)

in the category BLCQ which is a composition of extraneous modifications. Conse-
quently, it induces an isomorphism on topological realisations:

FQ′σ
B
Q
∼= σB

Q′ .
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Proof By definition and (9.2), BQ consists of spaces of the form P
Q ∩ P(Q(V/K))

for certain 0 �= K ⊂ V . By Lemma 9.4, σQ′ ∩ P(Q(V/K))(R) is either a face of
σQ′ or the empty set. Since P

Q′ is the Zariski-closure of σQ′ , we deduce that BQ′ =
(BQ ∩ P

Q′)min,σQ′ and (10.4) is a consequence of Proposition 5.14 and Proposition
5.2 (i) applied to P

Q′ ⊂ P
Q. □

Face morphisms are thus replaced in this context by face diagrams in BLCQ:

cBQ′ ←− FQ′c
B
Q −→ cBQ (10.5)

where the map on the right is the inclusion of a face, and the map on the left is an
extraneous modification (10.4). The blow-down of (10.5) in PLCQ is the diagram

cQ′
∼←− cQ′ −→ cQ . (10.6)

10.5 Definition of LAtrop,B
g

Every h ∈ GLg(Z) gives rise to a bijection BQ
h→ BhT Qh and hence induces a linear

isomorphism and commutative diagram in PCQ:

cBQ
h−→ cB

hT Qh

↓ ↓
cQ

h−→ chT Qh

(10.7)

where the horizontal maps are in BLCQ. In other words, blow-ups along linear strata
are functorial for the action of GLg(Z). Consequently, the action of GLg(Z) is com-
patible with inclusions of faces: for every face morphism F → cBQ and h ∈ GLg(Z)

there is a unique face h(F ) of cB
hT Qh

such that the following diagram in BLCQ com-
mutes:

F
h−→ h(F )

↓ ↓
cBQ

h−→ cB
hT Qh

,

where the vertical maps are inclusions of faces. Furthermore, this diagram is com-
patible with face diagrams (10.5) and their blow-downs (10.6). The reason is that
an element h ∈ GLg(Z) induces an isomorphism not only on faces but also on their
normals (Remark 4.9).

Definition 10.10 Define a category Dperf,B
g whose objects are the sets of faces of

cBQ, for all equivalence classes of positive definite quadratic forms [Q], and whose
morphisms are generated by face maps, linear isomorphisms h, for all h ∈ GLg(Z),
and extraneous modifications of the form (10.4).
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Since cBQ has finitely many faces, each of which blows down to a face of cQ, it

follows that Dperf,B
g , like Dperf

g , is equivalent to a finite category. Blow-down defines
a canonical functor

φ :Dperf,B
g −→Dperf

g .

Definition 10.11 Consider the BLCQ-complex

LAtrop,B
g :Dperf,B

g −→ BLCQ (10.8)

which to any object of Dperf,B
g associates the corresponding face of cBQ, for suitable

Q.

There is a canonical blow-down morphism (in PCQ)

LAtrop,B
g −→ LAtrop

g

given by the pair (φ,Φ), where φ :Dperf,B
g →Dperf

g is the functor considered above,
and Φ is the natural transformation obtained by restricting the canonical blow-down
map cBQ→ cQ to faces. It induces a continuous map on topological realisations:

∣∣∣LAtrop,B
g

∣∣∣−→
∣∣∣LAtrop

g

∣∣∣ .

Remark 10.12 It is instructive to explain how, in the absence of face maps per se,
the blow ups of cones are glued together along faces. Consider two positive definite
quadratic forms Q1, Q2 which share a common face [Q] ≤ [Q1], [Q2]. In the perfect
cone complex, this is reflected by face maps cQ→ cQ1 and cQ→ cQ2 which we
think of as gluing cQ1 , cQ2 along the common face cQ; indeed this is precisely what
happens in the topological realisation: the images of the polyhedra σQ1 and σQ2 are
identified along σQ in the limit |LAtrop

g |.
In the complex LAtrop,B

g , we have instead a slightly more complicated picture
obtained by joining two face diagrams (10.5) in BLCQ (below, left):

FQcBQ1
−→ cBQ1

σB
Q −→ σB

Q1↓ ↓
cBQ

σ�→ σB
Q

↑ ↑
FQcBQ2

−→ cBQ2
σB

Q −→ σB
Q2

where the horizontal maps are inclusions of faces, and the vertical maps are extra-
neous modifications. This diagram means that the blow-ups cBQ1

and cBQ2
are indeed

glued along the common face cBQ, but only after collapsing extraneous exceptional
divisors. The diagram on the right is the realisation, in the category of topological
spaces, of the diagram on the left. The vertical maps are isomorphisms, since they are

induced by extraneous modifications. Thus, in the topological realisation |LAtrop,B
g |,

this subtlety falls away and one does in effect have canonical face maps, as in the
case of the perfect cone complex.
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11 The determinant locus in LAtrop
g and its blow-up

11.1 The determinant locus in LAtrop
g

Lemma 11.1 The determinant locus defines a subscheme functor of LAtrop
g :

Det :Dperf
g −→ SchQ .

The topological realisation of its complement is |LAtrop
g |\|Det(R)| ∼= LPg/GLg(Z).

Proof The functor SLAtrop
g is given on [Q] by the first component PQ of cQ =

(PQ,LQ,σQ) which is canonically embedded in P(Q(V )). Define Det([Q])=Det∩
P

Q ⊆ P
Q. It is compatible with inclusions of faces since they correspond to inclu-

sions P
Q′ → P

Q of linear subspaces of P(Q(V )). The compatibility with isomor-
phisms of Definition 10.5 (ii) follows since the determinant locus is invariant under
the action of GLg(Z) (i.e., det(P ) = 0⇔ det(hPhT ) = 0 for all h ∈ GLg(Z)). The
second statement follows from Lemma 9.2. □

The subscheme Det is not at infinity (Definition 2.6) since, in general:

σQ ∩Det(R) �= ∅ .

Indeed, any face σQ′ where [Q′] ≤ [Q] lies at infinity is necessarily contained in
Det(R). Nevertheless, we show below how performing iterated blow-ups separates
the strict transform of the determinant locus away from the perfect cones.

11.2 The strict transform of the determinant locus in LAtrop,B
g

Lemma 11.2 The strict transform of the determinant defines a subfunctor of

SLAtrop,B
g :

D̃et :Dperf,B
g −→ SchQ .

Proof Recall that SLAtrop
g on [Q] is the iterated blow-up PBQ of P

Q along BQ.
Let D̃et denote the strict transform of Det ∩ P

Q. The functoriality with respect to
isomorphisms follows from the invariance of the determinant locus under GLg(Z).
The functoriality with respect to face diagrams follows from Proposition 5.2 (i) in the
case of face morphisms, and for extraneous modifications by definition since D̃et is a
strict transform. □

The next section is devoted to proving the following theorem.

Theorem 11.3 The functor D̃et :Dperf,B
g → SchQ of LAtrop,B

g is at infinity, i.e.

∣∣∣LAperf,B
g

∣∣∣∩ D̃et= ∅ .
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The proof follows from Corollary 11.5. Consequently we define a functor (Defini-
tion 2.7)

LAtrop,B
g \ D̃et :Dperf,B

g −→ BLCQ . (11.1)

11.3 Structure of faces and proof of Theorem 11.3

Let Q be a positive definite quadratic form such that σQ > 0. Let B denote the set
of subspaces P(Q(V/K)) of P(Q(V )) occuring in equation (10.3), such that BQ =
B ∩ PQ. By Proposition 5.2 (i), we may form the blow-up PB either by blowing up
P

Q along BQ, or by first blowing up P(Q(V )) along B, and then restricting to the
strict transform of PQ. Here we shall do the latter.

Proposition 11.4 An intersection E of irreducible components of the exceptional di-
visor of the iterated blow-up PB of P(Q(V )) along B is indexed by nested sequences
of spaces

0=K0 ⊂K1 ⊂K2 ⊂ · · · ⊂Kn+1 = V . (11.2)

There is a canonical isomorphism E ∼= P
B1
1 × · · · × P

Bn
n where P

Bi

i is the iterated
blow-up of

P

( Q(V/Ki)

Q(V/Ki+1)

)

along a certain set Bi of spaces P(Q(V/K)/Q(V/Ki+1)), where Ki ⊂ K ⊂ Ki+1.
The space Bi is closed under taking intersections.

The intersection of E with the strict transform D̃et is canonically isomorphic to

E ∩ D̃et ∼=
n⋃

i=1

P
B1
1 × · · · × P

Bi−1
i−1 × D̃eti × P

Bi+1
i+1 × · · · × PBn

n

where D̃eti ⊂ P
Bi

i is the strict transform of the zero locus of the homogeneous poly-
nomial map obtained by composing the restriction map (9.4) with the determinant:

Q(V/Ki)

Q(V/Ki+1)
−→Q (Ki+1/Ki)

det−→Q .

Let σB be the closure of the inverse image of the interior of σQ, viewed inside
P(Q(V ))(R). The set σB∩E(R) is either empty or a face which is canonically home-
omeorphic to a product

σ
B1
1 × σ

B2
2 × · · · × σBn

n (11.3)

where σ
Bi

i ⊂ Pi(R) is the blow-up of a polyhedral cone σi ⊂ P(Q(V/Ki)/

Q(V/Ki+1))(R) which is strictly positive.
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Proof The first part follows from the description (5.4) of exceptional divisors and
their intersections in iterated blow-ups in terms of nested sequences of spaces in B.
The rest follows from repeated application of Lemma 9.8, Remark 9.9 and Proposi-
tion 9.10. The fact that σB ∩ E(R) may be empty follows since some blow-ups may
be extraneous to σ . □

Corollary 11.5 Let c
BQ

Q = (PBQ,LBQ,σB
Q) be the blow-up of cQ (Definition 10.2).

Then

σB
Q ∩ D̃et(C)= ∅ .

Proof One has σB
Q
∼= σB since PQ is the Zariski closure of σQ. Since the boundary of

σB is the union of the interiors of its faces, it suffices to show that the interior of each
face does not meet the strict transform of the determinant locus. Since each face of σQ

either lies at infinity (when it is contained in an exceptional divisor), or is a strictly
positive polyhedron of the form σQ′ for some [Q′] ≤ [Q], every face of σB is a
product of blow-ups of strictly positive polyhedra by (11.3) (on applying Proposition
11.4 to a polyhedron σQ′ ). The statement follows from Lemma 9.2 which implies that
their interiors do not meet the strict transform of the determinant locus. □

Definition 11.6 With the notations of Proposition 11.4, define a morphism

πred : E \ (E ∩ D̃et)−→
n∏

i=0

(
P(Q(Ki+1/Ki)) \ DetKi+1/Ki

)
. (11.4)

It is obtained from the blow-down map E ∼= P
B1
1 ×· · ·×P

Bn
n →∏n

i=1 P

(
Q(V/Ki)
Q(V/Ki+1)

)
,

by restricting it to the complement of the strict transform of the determinant locus,
and composing with the restriction map (9.7) on each component.

11.4 Inverting extraneous modifications

Consider the category Iperf,B
g which has the same objects as D

perf,B
g but in which all

morphisms corresponding to extraneous modifications are inverted. A face diagram

in the category Dperf,B
g which is represented by

[Q′] ←− FQ′ [Q] −→ [Q]

is therefore replaced, in the category Iperf,B
g , by morphisms

[Q′] ∼−→ FQ′ [Q] −→ [Q]

giving rise to a genuine face map [Q′] → [Q] in Iperf,B
g . The functor LAtrop,B

g does

not extend to Iperf,B
g , but does if the target category BLCQ is replaced by its localisa-

tion with respect to extraneous modifications. We shall not pursue this any further in
this paper.
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However, by the final comments of Remark 10.12, extraneous modifications are
already isomorphisms in the topological realisation. As a result, the topological real-
isation functor σLAtrop,B

g :Dperf,B
g → T op canonically extends to a functor

σLAtrop,B
g : Iperf,B

g −→ T op

whose associated topological space is precisely

∣∣∣LAtrop,B
g

∣∣∣= lim−→
x∈Iperf,B

g

σx . (11.5)

Remark 11.7 The category Iperf,B
g can be described in terms of nested sequences of

objects ([Q1], . . . , [Qr ]) where [Qi] are objects of the category Dperf
g , in much the

same way as Definition 7.2 in the case of graphs. This will not be discussed further.

11.5 The boundary and interior

Let ∂Dperf
g denote the full subcategory of Dperf

g generated by classes of positive defi-
nite quadratic forms Q such that σQ ⊂Det(R).

Definition 11.8 Denote the restriction of the functor LAtrop
g to ∂Dperf

g ⊂Dperf
g by

∂LAtrop
g : ∂Dperf

g → PLCQ .

Its topological realisation |∂LAtrop
g | is the union of all faces of cones in the Voronoï

decomposition which lie at infinity, i.e., in P rt
g \Pg . Denote its complement by

∣∣∣LA◦,trop
g

∣∣∣=
∣∣∣LAtrop

g

∣∣∣ \
∣∣∣∂LAtrop

g

∣∣∣ . (11.6)

By Lemma 11.1, |LAtrop
g | ∩ |Det(R)| = |∂LAtrop

g | or equivalently,

∣∣∣LA◦,trop
g

∣∣∣=
∣∣∣LAtrop

g

∣∣∣\
(∣∣∣LAtrop

g

∣∣∣∩ |Det(R)|
)∼= LPg/GLg(Z) .

Now let us define ∂Dperf,B
g to be the full subcategory of Dperf,B

g consisting of all
faces whose image under canonical blow-downs are objects of ∂Dg .

Definition 11.9 Denote the restriction of LAtrop,B
g to ∂Dperf,B

g by

∂LAtrop,B
g : ∂Dperf,B

g → BLCQ .

We now show the open |LA◦,trop
g | embeds canonically into |LAtrop,B

g |.
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Proposition 11.10 There is a morphism of PCQ complexes

∂LAtrop,B
g → ∂LAtrop

g

given by the pair (f,Φ) where the functor f : ∂Dperf,B
g → ∂Dperf

g and the natural
transformation Φ is induced by the canonical blow-downs cBQ → cQ. There is a
canonical embedding

∣∣∣LA◦,trop
g

∣∣∣ ∼−→
∣∣∣LAtrop,B

g

∣∣∣ \
∣∣∣∂LAtrop,B

g

∣∣∣ (11.7)

whose inverse is the blow-down |LAtrop,B
g | \ |∂LAtrop,B

g | ∼−→ |LAtrop
g | \ |∂LAtrop

g |.

Proof Consider the full subcategory D◦,perf
g of Dperf

g whose objects are classes [Q],
where Q is positive definite, such that σQ > 0. Consider the functor D◦,perf

g → T op

defined by

[Q] �→ σQ\
(
σQ ∩Det(R)

)
. (11.8)

The associated topological space is
∣∣∣LA◦,trop

g

∣∣∣= lim−→
Q∈D◦,perf

g

σQ\
(
σQ ∩Det(R)

)
.

Because Dperf,B
g does not have face maps, there is no natural functor from D◦,perf

g to

Dperf,B
g , but since we are working with topological spaces, for which face maps do

exist, we can work in the category Iperf,B
g (see §11.4) for which [Q′] ∼= FQ′ [Q]. For

this category, there is a functor ι : D◦,perf
g → Iperf,B

g . From this point onwards, the
argument is similar to that of Proposition 8.6 on replacing “LMg” with “LAg” and
the graph hypersurface locus X with Det. Indeed, the blow-down induces a canonical
isomorphism

σB
Q\
(
σB

Q ∩ ∂LAtrop,B
g

) ∼−→ σQ\(σQ ∩Det(R))

whose inverse we shall denote by j . The pair (ι, j) defines a morphism of func-
tors from the functor D◦,perf

g → T op defined by (11.8) to the functor I
perf,B
g → T op

which sends [Q] to σB
Q\
(
σB

Q ∩ ∂LAtrop,B
g

)
. By taking the limit over objects, we de-

duce from (11.5) that it induces a continuous map
∣∣∣LA◦,trop

g

∣∣∣−→
∣∣∣LAtrop,B

g

∣∣∣ \
∣∣∣∂LAtrop,B

g

∣∣∣ .

The last statement follows since the composition of the previous map with the blow-

down map |LAtrop,B
g | \ |∂LAtrop,B

g | → |LAtrop
g | \ |∂LAtrop

g | = |LA◦,trop
g | is the iden-

tity. □
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12 The blow-up of the tropical Torelli map

12.1 The tropical Torelli map

Let G be a connected graph with zero weights. To each edge e ∈ EG we assign a
variable xe. Define a bilinear inner product on Z

EG by setting 〈e, e′〉 = δe,e′xe for all
edges e, e′. The graph Laplacian is defined to be its restriction to H1(G;Z) ⊂ Z

EG

which defines a quadratic form on H1(G;Z) taking values in Z[xe, e ∈EG]. See §13
for an example. Equivalently, it is given by a linear map

ΛG :H1(G;Z)−→Hom (H1(G;Z),Z[xe, e ∈ eG]) .

A graph Laplacian matrix is a matrix representative with respect to a basis of
H1(G;Z). It is an hG × hG symmetric matrix whose entries lie in Z[xe, e ∈ EG].
Its determinant, which is well-defined, is equal to the graph polynomial:

detΛG =ΨG . (12.1)

The definition makes sense for any such graph G, even in the absence of a metric,
since the edge parameters xe are interpreted as abstract variables. In the case when G

is a metric graph, with edge lengths �e ∈ R≥0, then the variables xe are assigned the
values �e and the corresponding graph Laplacian is the real quadratic form

ΛG =ΛG

∣∣∣
xe=�e

∈ Q(H1(G;R))

which is denoted, by abuse of notation, by the same symbol. One shows that the graph
Laplacian (for a metric graph) is positive semi-definite, with rational kernel.

The tropical Torelli map, defined and studied in [6, 25, 47, 49], is the map

tg :Mtrop
g −→Atrop

g (12.2)

G �→ [ΛG ⊕ 0w(G)]
which sends a weighted metric graph G to the class of the Laplacian of the associated
unweighted metric graph, where 0w(G) denotes the w(G)×w(G) matrix whose en-
tries are all zero. A matrix representative ΛG⊕0w(G) has g rows and columns, where
g is the genus of G. It was proven in [16] that the tropical Torelli map is a morphism
in a category of stacky fans. In this section, we extend it to a map on bordifications.
Before doing so, we observe that the tropical Torelli map is degenerate on certain
kinds of graphs.

Example 12.1 Consider the sunrise diagram (Fig. 11, top right), with edges oriented
to the right, and let c1 = e1 − e2, c2 = e2 − e3 denote cycles in Z

EG whose image in
H1(G;Z) is a basis. The graph Laplacian matrix with respect to this basis is

ΛG =
(

x1 + x2 −x2
−x2 x2 + x3

)
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Fig. 11 Representatives for the graph Laplacians of the stable graphs of genus 2

with determinant ΨG = x1x2+ x1x3+ x2x3. The vanishing of the matrix ΛG implies
that x1 = x2 = x3 = 0. The Laplacians of the remaining stable graphs of genus 2 are
depicted in the same figure. The tropical Torelli map is not injective on the dumbbell
graph (top left), and is even identically zero on the graph depicted on the bottom left.
Thus the tropical Torelli map collapses the dumbbell cell into the boundary of the
image of the sunrise cell.

Let G be a connected graph. The Laplacian ΛG defines a linear map

λG :QEG −→Q(H1(G;Q)) (12.3)

which is not injective in general, as the previous example shows. When this is the
case, the tropical Torelli map does not extend to a morphism in the category PLCQ.

Proposition 12.2 The linear map (12.3) is injective if and only if G is 3-edge con-
nected (the removal of any edge of G is connected and bridgeless).

Proof Suppose that G is 3-edge connected. Let e ∈EG be any edge of e which is not
a self-edge. The graph G\e is 2-edge connected. By Menger’s theorem there exist two
edge-disjoint paths p1, p2 between the endpoints of e which lie in G\e. It follows
that, by choosing an orientation on the edges of G and adjoining the edge e to the
paths p1, p2, we may find two cycles c1, c2 ∈ ZEG which are independent homology
classes in H1(G;Z), and only overlap in the single edge e. We may complete these
to a family of cycles c1, c2, . . . , ch which represent a basis of H1(G;Z). It follows
from the definition of ΛG that the entry (ΛG)1,2 =±xe, where the sign depends on
the choice of orientation of edges, and is immaterial. Consequently, the kernel of λG

is contained in the subspace xe = 0 of QEG . Now suppose that e is a self-edge. We
may choose the first cycle c1 in a choice of representatives c1, . . . , ch for H1(G;Z)

to consist of the single edge e. In this case, (ΛG)1,1 = xe and again we conclude that
the kernel of (12.3) is contained in xe = 0. Since this holds for all edges e ∈ EG, λG

is injective.
Conversely, if G is not 3-edge connected, there exist distinct edges e1, e2 ∈ EG

such that G′ =G\{e1, e2} is disconnected, and G/G′ is the graph with two vertices
v1, v2 and two edges connecting v1 and v2. Its Laplacian is represented by the 1× 1
matrix with a single entry xe1 + xe2 . It follows that λG/G′ , and a fortiori λG (which
restricts to λG/G′ on the subspace where all xe = 0 for e ∈ G′), are not injective
since the linear subspace of QEG given by xe1 = −xe2 and all remaining xe = 0, is
contained in their kernel. □
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The answer to a more precise question, namely when two tropical curves have
equivalent Laplacians, is provided in [25]. Note that for any bridge e ∈EG, the vari-
able xe does not appear at all in the Laplacian ΛG and one always has Qe⊂ ker(λG).

Remark 12.3 For any core (bridgeless) graph G, the intersection of the kernel of λG

with the region σ̃G = {xe ≥ 0, e ∈ EG} (which is the affine cone over σG) is zero.
This is because the vanishing locus of λG contains the vanishing locus of ΨG, which
is positive on the interior of σ̃G and hence only vanishes along the boundary faces
σ̃G/e = σ̃G ∩ V (xe). One concludes by repeating the argument with G/e, which is
also core.

12.2 Reduced moduli space of tropical curves

The set of 3-edge connected weighted graphs is stable under edge contractions.

Definition 12.4 Let I red
g be the full subcategory of Ig (Definition 6.3) whose objects

are isomorphism classes of weighted connected graphs with edge-connectivity three.
Let

LMred,trop
g : (I red

g )opp −→ PLCQ

denote the restriction of the functor LMtrop
g to (I red

g )opp. Similarly, let

X red : (I red
g )opp −→ SchQ

denote the restriction of the graph locus functor to (I red
g )opp.

There is a natural map LMred,trop
g → LMtrop

g and an inclusion |LMred,trop
g | ↪→

|LMtrop
g |. In genus 2, for example, the reduced moduli space of tropical curves has

only one top-dimensional cell, which is indexed by the sunrise graph (Fig. 11).

12.3 The projective tropical Torelli map

Let G be a 3-edge connected weighted graph. By Proposition 12.2, λG is injective
and its projectivisation defines a linear morphism:

P
EG
[λG]−→ P(Q(H1(G;Q))) (12.4)

(xe)e∈EG
�→

[
∑

e

xeQe

]
,

where Qe is the quadratic form Qe(e1, e2)= δe,e1δe,e2 . A key theorem [2, Defn. 3.4
and Theorem 6.7] (see also [46, Theorem 4.2.1]), states that for any such G, there
exists a quadratic form QG whose minimal vectors are exactly the set of Qe , for
e ∈ EG. Thus, for every 3-edge connected graph G of weight zero, the map [λG] :
σG
∼= σQG

is an isomorphism. Therefore [λG] defines a morphism

cG = (PEG,LG,σG) −→ cQG
= (PQG,LσQG

,σQG
) (12.5)
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in the category PLCQ. The second part of the following proposition is a paraphrase
of the results [16] for stacky fans, transposed to the setting of polyhedral linear com-
plexes.

Proposition 12.5 There is a canonical morphism of PLCQ-complexes:

λ : LMred,trop
g → LAtrop

g (12.6)

which maps the subscheme X red to Det. Its topological incarnation
∣∣∣LMred,trop

g

∣∣∣−→
∣∣∣LAtrop

g

∣∣∣

is the restriction of the tropical Torelli map (12.2) to the reduced moduli space.

Proof By the references quoted above, there exists a functor tg : (I red
g )opp −→Dperf

g

which sends a 3-edge connected graph G to [QG]. The pair (tg, [λ]) defines the
required morphism of PLCQ-complexes, since [λ] is functorial and defines a natural
transformation. The compatibility of X red and Det follows since ΨG = detΛG, and
hence [λ](XG)=Det. □

12.4 The blow-up of the tropical Torelli map

The reader may wish to refer to the example studied in §13.

Proposition 12.6 Let G be a 3-edge connected graph. Then the tropical Torelli map
induces a continuous map λBG : σB

G → σB
QG

on blown-up polyhedra.

Proof Because G is 3-edge connected, the map λG is injective. Since λG : σG
∼= σQG

is an isomorphism and since P
QG is the Zariski-closure of σQG

it follows that (12.5)
is an isomorphism in PLCQ. It suffices to show that for every face σF of σQG

,
one has P(Q(V/KσF

))(R) ∩ σQG
= λGσG/γ for some core subgraph γ ⊂ G. To

see this, note that since σG is a simplex, its faces σG ∩ Lγ
∼= σG/γ are in one-

to-one correspondence with subgraphs γ ⊂ G where Lγ is the linear coordinate
space defined by the vanishing of xe, for e ∈ Eγ . Therefore let γ ⊂ G such that
λ : σG/γ

∼= σF . We first show that KσF
=H1(γ ;Q). For this, choose an isomorphism

H1(G;Q)∼=H1(γ ;Q)⊕H1(G/γ ;Q). The restriction of the graph Laplacian ΛG to
Lγ takes the block matrix form

ΛG

∣∣∣
Lγ

=
(

0 0
0 ΛG/γ

)
.

Since det(ΛG/γ ) = ΨG/γ is positive on the interior of σG, the kernel of this
quadratic form is precisely H1(γ ;Q) and hence KσF

= H1(γ ;Q). Let γ core de-
note the largest core subgraph of γ . Since H1(γ ;Q)=H1(γ

core;Q), we deduce that
P(Q(V/H1(γ ;Q))(R) ∩ λσG contains λσγ core . To show the reverse inclusion, note
that the restriction of ΛG to H 1(γ ;Q) is Λγ core . By Remark 12.3, it vanishes on σ̃γ core

only when xe = 0 for all e ∈ γ core and hence P(Q(V/H1(γ ;Q))(R)∩λσG = λσγ core .
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Consider the smallest set of subspaces B̃ of P(QEG) which contains both BG and
λ−1BQG and is closed under intersections. It admits morphisms, by Proposition 5.2
(ii), to both

P B̃ −→ PBG

and P B̃ −→ P λ−1BQG
.

We have established that the first is an extraneous modification since the subspaces
of λ−1BQG meet σG along σG/γ for core γ and therefore contain the Zariski closures

of σG/γ , which are in BG by definition. It gives a homeomorphism σB
G
∼= σ B̃

G . The

second can be composed with the map λ : P λ−1BQG → PBQG from Proposition 5.2
(i) and leads to a map P B̃→ PBQG . It induces a continuous map σ B̃

G → σB
QG

. We

deduce the existence of a continous map σB
G → σB

QG
as claimed. □

Define LMred,B
g to be the restriction of the functor LMtrop,B

g to the (opposite

of the) subcategory I
red,B
g of IBg generated by the images of three-edge connected

graphs under admissible edge contractions and refinements (Definition 7.4).

Theorem 12.7 The tropical Torelli map induces a continuous map

λB : |LMred,B
g | −→ |LAtrop,B

g |

which maps |∂LMred,B
g | to |∂LAtrop,B

g | and is compatible, via the canonical blow-
down maps, with the Torelli map (12.6).

Proof This follows from Propositions 12.6 and (12.6), which makes essential use of
the theorem of [2] on the existence and functoriality of [QG], for G a graph. □

13 An example

The following example serves to illustrate the difference in the blow-up constructions
for LMtrop

3 and LAtrop
3 . Let G =W3 be the wheel with 3 spokes, with inner edges

oriented inwards from the center and outer edges oriented counter-clockwise (see
below). First we consider the quadratic form in three variables z1, z2, z3 defined by
Q3 = z2

1 + z2
2 + z2

3 + z1z2 + z2z3 + z1z3. Its minimal vectors are

M = {±(1,0,0),±(0,1,0),±(0,0,1),±(1,−1,0),±(1,0,−1),±(0,1,−1)} .
The cell σQ3 is the convex hull of the six matrices

⎛

⎝
1 0 0
0 0 0
0 0 0

⎞

⎠ ,

⎛

⎝
0 0 0
0 1 0
0 0 0

⎞

⎠ ,

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ ,

⎛

⎝
1 −1 0
−1 1 0
0 0 0

⎞

⎠ ,

⎛

⎝
1 0 −1
0 0 0
−1 0 1

⎞

⎠ ,

⎛

⎝
0 0 0
0 1 −1
0 −1 1

⎞

⎠
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and is given explicitly by the set of projective equivalence classes of matrices
⎛

⎝
α1 + α4 + α5 −α4 −α5
−α4 α2 + α4 + α6 −α6
−α5 −α6 α3 + α5 + α6

⎞

⎠

for α1, . . . , α6 ∈ R≥0. The essential faces of σQ3 are those where this matrix has
null space exactly K for some subspace K ⊂ Q

3. For example, if K is the one-
dimensional subspace corresponding to z1, the intersection Q(Q3/K) ∩ σQ3 corre-
sponds to when the matrix has vanishing first row and column: α1 = α4 = α5 = 0.
Such a face will be blown-up. Examples of non-essential faces are given by αi = 0,
or even αi = αj = 0 for any i, j , since the matrix above continues to have full rank
along these loci. They will not be blown-up.

This matrix can be realised as the graph Laplacian for a particular choice of homol-
ogy basis for the wheel with 3 spokes. However, to illustrate our point, we shall con-
sider a different basis of cycles for H1(G;Z) consisting of edges {1,2,4,5}, {2,4,6},
{3,5,4}:

h1 = e1 + e2 + e4 − e5 , h2 = e2 + e4 − e6 , h3 = e3 − e4 + e5

With respect to this basis and orientation, the graph Laplacian is represented by the
3× 3 matrix

ΛG =HT
G DGHG =

⎛

⎝
x1 + x2 + x4 + x5 x2 + x4 −x4 − x5

x2 + x4 x2 + x4 + x6 −x4
−x4 − x5 −x4 x3 + x4 + x5

⎞

⎠ .

The (i, j)th entry is given by 〈hi, hj 〉 where 〈, 〉 is the bilinear product on Z
EG such

that 〈ei, ej 〉 = δij xi . The matrix ΛG gives a particular choice of isomorphism from
the coordinate simplex σW3 in P

5(R) to σQ3 . The essential faces of σQ3 , via this iso-
morphism, correspond precisely to the faces defined where xe = 0, e ∈ E(γ ), where
γ ranges over core (bridgeless) graphs; all other faces are non-essential.

Consider the subgraph γ spanned by the edges 1, 2, 4, 5. The quotient graph G/γ

has a single vertex, and two edges 3, 6. Setting xe = 0 for e ∈Eγ one obtains

ΛG

∣∣
Lγ
=
⎛

⎝
0 0 0
0 x6 0
0 0 x3

⎞

⎠ , with Zariski closure VσG/γ
=
⎧
⎨

⎩

⎛

⎝
0 0 0
0 ∗ 0
0 0 ∗

⎞

⎠

⎫
⎬

⎭ .

It defines a quadratic form on V =⊕3
i=1 hiQ

∼=H1(G;Q) whose kernel is the one-
dimensional subspace K = h1Q. The space of quadratic forms Q(V/K) with null
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space K may be identified with the space of symmetric matrices of the form

Q(V/K)∼=
⎧
⎨

⎩

⎛

⎝
0 0 0
0 ∗ ∗
0 ∗ ∗

⎞

⎠

⎫
⎬

⎭ .

The image of ΛG|Lγ has codimension 1 inside it, and therefore is not Zariski-

dense. This example illustrates the difference between LMtrop,B
3 and LAtrop,B

3 . The
former involves blowing up the subspace Lγ = {xe = 0, e ∈ Eγ }, corresponding to
the core subgraph γ , whose image under the Torelli map λG is the projective space

P(VσG/γ
) ∼= P

1. However, in LAtrop,B
3 it is the space P(Q(V/K)) ∼= P

2 which is
blown up, which strictly contains P(VσG/γ

). Indeed, its preimage under λG equals

V (x1 + x2 + x4 + x5, x2 + x4, x4 + x5)⊂ P(QEG)

which strictly contains the locus V (x1, x2, x4, x5) corresponding to γ . It follows that

λG does not extend to a morphism of blow-ups from PBG to PBmin,σQ3 . Nevertheless
P(Vσ )(R) and P(Q(V/K))(R) both meet σG along the same face σG/γ , and so λ

does extend to a morphism between the blown-up polytopes σB
W3

and σB
Q3

.

14 Canonical bi-invariant forms and their integrals

14.1 Canonical forms

Employing the same notation as in [19, §4.1], we define

Ωcan =
∧⊕

k≥1

Qω4k+1 (14.1)

to be the graded-commutative Hopf algebra generated by elements ω4k+1 in degree
4k+ 1, for k ≥ 1, where the coproduct Δcan :Ωcan→Ωcan⊗Q Ωcan has the property
that the ω4k+1 are primitive, i.e., Δcan(ω4k+1)= ω4k+1 ⊗ 1+ 1⊗ω4k+1.

Let R =⊕n≥0 Rn be a differential graded algebra with differential d of degree
+1, and let X ∈ GLg(R

0) be an invertible g × g symmetric matrix. Let dX denote
the matrix whose entries (dX)ij = dXij are in R1. We define

ω4k+1
X = tr

(
(X−1dX)4k+1

)
∈ R4k+1 .

More generally, any ω ∈ Ωcan is a polynomial in the ω4k+1. We write ωX for the
corresponding polynomial in the ω4k+1

X . One can show that the ωX are:

(1) Closed: dωX = 0 for any X as above.
(2) Bi-invariant: ωAXB = ωX for all A,B ∈GLg(R

0) such that dA= dB = 0.
(3) Additive: if we write Δcanω=∑ω′ ⊗ω′′ and X1,X2 ∈GLg(R

0), then

ωX1⊕X2 =
∑

ω′X1
∧ω′′X2

.
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(4) Projective: ωλX = ωX for all λ ∈ (R0)×,
(5) Vanish in low rank: ω4k+1

X = 0 if 4k+ 1 > 2g.

See [19, Lemmas 4.3, 4.4 and Proposition 4.5] for proofs. In loc. cit. these forms
were studied on the moduli space |LMtrop

g | and were used to study the cohomology
of the even commutative graph complex. In this paper we shall study them on the
space |LAtrop

g |, and in particular, reprove and strengthen the results of Borel [11],
who showed that

Ωcan
∼−→ lim←−

g

H •(GLg(Z);R) .

14.2 Forms of ‘compact type’

Let g > 1 be odd. By the vanishing property (5), only a finite subspace of Ωcan is
non-zero on g× g symmetric matrices.

Definition 14.1 Let Ω(g)⊂Ωcan denote the graded exterior algebra generated by 1,
ω5, . . . , ω2g−1. It is naturally a quotient of Ωcan via the map Ωcan→ Ω(g) which
sends ω4k+1 to zero for all 2k > g. We shall call a form simple if it is a monomial in
the generators of Ω(g), i.e., a product of primitive elements. An element of Ω(g) is
a finite linear combination of simple forms. Call a form ω ∈Ω(g) of compact type in
genus g if it is divisible by ω2g−1

ω= η ∧ω2g−1 for some η ∈Ω(g) . (14.2)

Otherwise, a simple form ω will be called of non-compact type. Denote the space
spanned by forms of compact (resp. non-compact) type by Ωc(g) (resp. Ωnc(g)). We
have

Ω(g)=Ωc(g)⊕Ωnc(g)

The subspace Ωc(g)⊂Ω(g) is an ideal.

Consider the volume form

volg = ω5 ∧ · · · ∧ω2g−1 ∈ Ωc(g) (14.3)

which is of degree dg − 1, where dg = g(g+1)
2 . It is simple, and of compact type.

Definition 14.2 Let ω ∈Ω(g) be simple. There is a unique �ω ∈Ω(g) such that

ω ∧ �ω= volg .

The map � extends by linearity to an endomorphism (the Hodge star operator) on
Ω(g) which interchanges the subspaces of forms of compact and non-compact types:

� :Ωc(g)
∼−→Ωnc(g) .

It is an involution up to sign: � � ω=±ω.
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Example 14.3 Let g = 7. Then vol7 = ω5 ∧ ω9 ∧ ω13. The following table lists the
simple elements in Ωnc(7), and below them, their images in Ωc(7) under the map �:

1 ω5 ω9 ω5 ∧ω9

↓ ↓ ↓ ↓
ω5 ∧ω9 ∧ω13 ω9 ∧ω13 −ω5 ∧ω13 ω13

14.3 Canonical forms on LMtrop
g and LAtrop

g

Lemma 14.4 Let ω ∈ Ωd
can be a canonical form of degree d , and let V be a vector

space over k ⊂R. Then ω defines a closed projective differential form

ω ∈ Ωd(P(Q(V ))\Det)

which is invariant under the action of GL(V ).

Proof The projectivity follows from §14.1 (4), the invariance from (2). □

Proposition 14.5 A canonical form ω ∈Ωd(g) defines an algebraic differential form
(§2.4):

ω ∈ Ωd(LAtrop
g \Det) . (14.4)

It restricts to a smooth differential form, also denoted by ω, on

ω ∈ Ad
(∣∣∣LA◦,trop

g

∣∣∣
)
=Ad

(
LPg/GLg(Z)

)
.

Proof By Definition 2.9 a differential form must verify the compatibility relations
(2.7). A canonical form ω satisfies the compatibilities for the two types of morphisms
in the category Dperf

g of Definition 10.5: for face morphisms, the compatibility is
automatic, and for isomorphisms, this follows from the bi-invariance §14.1 (2). The
fact that ω only has poles along the determinant locus follows immediately from its
definition since for any square matrix X, the one-form X−1dX is regular outside the
locus det(X)= 0. □

In [19], we studied the canonical forms ωG = ωΛG
on the polyhedral linear con-

figuration associated to a graph G.

Proposition 14.6 A form ω ∈Ωd(g) defines an algebraic form ω ∈Ωd(LMtrop
g \X ).

It restricts to a smooth differential form, also denoted by ω, on

ω ∈ Ad
(∣∣∣LMtrop

g

∣∣∣\
∣∣∣∂LMtrop

g

∣∣∣
)

.

The restriction of ω to the reduced moduli space LMred,trop
g is the pull-back λ∗Gω of

the corresponding canonical forms (14.4) on LAtrop
g by the tropical Torelli map.
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This follows from Theorem 2.1 in [19]: the first statement is equivalent to the
‘compatibility’ and ‘equivariance’ property (2.2) loc. cit.; the second on applying
Proposition 6.7. That they are pulled back from the tropical Torelli map is automatic
from their definition.

14.4 Behaviour at infinity

A key property of canonical forms is their behaviour on blow-ups and in particular, a
factorisation property at infinity.

Proposition 14.7 Let 0 ≤K ⊂ V be a subspace and let π : PB→ P(Q(V )) denote
the blow-up along B = {P(Q(V/K))}. Let ω ∈Ωd

can. Denote its coproduct by

Δcanω=
∑

i

ω′i ⊗ω′′i .

The pull-back π∗ω to PB has no poles along the exceptional divisor, and hence
defines a regular differential form on the complement of the strict transform D̃et of
the determinant:

π∗(ω) ∈ Ωd
(
P \ D̃et

)
.

Its restriction to the exceptional divisor E , which we recall by Proposition 9.10 is
canonically isomorphic to the product E = P (Q(V/K))× P (Q(V )/Q(V/K)), sat-
isfies

π∗(ω)
∣∣
E =

∑

i

ω′i ∧ π∗K(ω′′i ) (14.5)

where ω′i ∈ Ω•
(
P(Q(V/K))\DetV/K

)
, ω′′i ∈ Ω• (P (Q(K))\DetK), and πK is the

map (9.7).

Proof The proof is almost identical to that of theorem 7.4 in [19] to which we refer
for further details. The key point is to choose a complementary subspace V ∼=K ⊕C

and write Q in block form as in (9.10). Then we may write formula (9.11) in the
form:

s∗KQ=
(

zQK zP

zP T QC

)
=ΛU where we set Λ=

(
zQK 0

0 QC

)
,

and where

U =Λ−1s∗KQ≡
(

1 Q−1
K P

0 1

)
(mod z) .

For simplicity, assume that ω= ω4k+1 is primitive. Then

ω4k+1
ΛU = tr

(
(U−1Λ−1(dΛ)U +U−1dU)4k+1

)
= tr

((
Λ−1dΛ+ dU.U−1

)4k+1
)

.
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The argument follows exactly as in theorem 7.4 of loc. cit. to conclude that

ωs∗KQ

∣∣∣
z=0
= ω4k+1

QC
+ω4k+1

QK

and hence π∗(ω)
∣∣
E = ω4k+1

QC
∧ 1 + 1 ∧ ω4k+1

QK
. The case when ω is a simple form

follows by multiplying primitive forms together; the general case follows by linearity.
□

Remark 14.8 This implies that the restriction of π∗(ω) to the exceptional divisor is
actually just the pre-image of canonical forms under the collapsing map §9.3 of the
normal bundle.

It may often happen that the restriction π∗(ω) to the exceptional divisor E van-
ishes. There is one important situation in which this always occurs.

Corollary 14.9 Let ω ∈ Ωd
c (g) be of compact type, where g = dim(V ) > 1 is odd.

Then, in the situation of Proposition 14.7, π∗ω vanishes along the exceptional divisor
E .

Proof We may assume that ω is simple. Since ω is of compact type, it follows that
in the expression Δcanω=∑i ω

′
i ⊗ω′′i either ω′i or ω′′i is of compact type for each i,

since one of these two forms must be divisible by ω2g−1. Note that since g = 2k+1 is
odd, ω2g−1 = ω4k+1. Property §14.1 (5) implies that ω2g−1 vanishes on all matrices
of rank h satisfying 2h < 2g−1, or equivalently, h < g. Let us choose a complement
V ∼= K ⊕ C and use the notations of Proposition 14.7. Since K �= 0, both QK and
QC have rank strictly smaller than g, and hence either (ω′i )QC

= 0 or (ω′′i )QK
= 0 for

every i, since one or other is divisible by ω2g−1. It follows from the formula (14.5)
that π∗(ω) vanishes along E . □

The essential part of the proof is the fact that Ωc(g) is a Hopf ideal in Ω(g):

Δcan(Ωc(g)) ⊂ (
Ωc(g)⊗Q Ωnc(g)

)+ (Ωnc(g)⊗Q Ωc(g)
)

.

14.5 Canonical forms on the blow-ups LAtrop,B
g and LMtrop,B

g

Theorem 14.10 Let ω ∈Ωd
can. It defines a closed algebraic differential form

ω̃ ∈Ωd
(
LAtrop,B

g \D̃et
)

(14.6)

which restricts to a smooth form, also denoted by the same notation,

ω̃ ∈Ad
(∣∣∣LAtrop,B

g

∣∣∣
)

(14.7)

on the topological realisation. In the case when g > 1 is odd and ω ∈ Ωd
c (g) is of

compact type, then the restriction of (14.6) to the boundary ∂LAtrop,B
g \ (∂LAtrop,B

g ∩
D̃et) vanishes. In particular, it follows that the form (14.7) on |LAtrop,B

g | vanishes on

|∂LAtrop,B
g |.
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Proof Let Q be a positive definite quadratic form such that σQ > 0. Let ω̃ = π∗ω
denote the pull-back of the form ω along the iterated blow-up π : PBQ → P

Q. By
repeated application of Proposition 14.7 for each blow-up in the formation of PBQ ,
we deduce that ω̃ is a meromorphic differential form with no poles along the excep-
tional divisor. It follows that ω̃ ∈Ωd(PBQ \ D̃et). By restricting it to faces, we obtain

a family of forms in Ωd((SLAtrop,B
g \D̃et)(x)) for every object x of Dperf

g . By the uni-
versal property of strict transforms (Proposition 5.2 (i)) and the fact that restriction
of differential forms is compatible with pull-back along blow-ups, the compatibility
conditions (2.7) for ω̃ follow from those of ω, established in Proposition 14.5. This is
because the objects in a face diagram (10.5) are the blow-ups of a face map in Dperf

g ,
and the form ω̃ on each component is the pull-back of ω along a suitable blow-up.

The statement (14.7) is a consequence of the fact that |LAtrop,B
g | does not meet

the strict transform of the determinant locus (Theorem 11.3). When ω is of compact
type, ω̃ vanishes along exceptional divisors by Corollary 14.9. □

The following statement for LMtrop,B
g may be proved using [19, Theorem 7.4].

Theorem 14.11 Let ω ∈ Ωd
can. It defines both a holomorphic differential form on

LMtrop,B
g \X̃ , and restricts to a smooth form on |LMtrop,B

g | which we may denote
by:

ω̃ ∈Ωd
(
LMtrop,B

g \X̃
)

resp. ω̃ ∈Ad
(∣∣∣LMtrop,B

g

∣∣∣
)

. (14.8)

Note that in the case of LMtrop,B
g the existence of the dual graph Laplacian implies

that most forms of compact type in genus g actually vanish (see [19, Lemma 8.4]),
except for the primitive ones. See the discussion in §15.6.

14.6 Integrals of canonical forms

Canonical integrals define new invariants associated to the minimal vectors of
quadratic forms.

Corollary 14.12 Let Q be a positive definite quadratic form such that σQ is strictly
positive. Then for any canonical form ω ∈Ωd

can where d = dimσQ, the integral

IQ(ω)=
∫

σQ

ω

is finite. In the case where Q = QG is associated to a graph, the integral IQG
(ω)

reduces to the canonical integrals IG(ω) studied in [19, §8].

Proof By passing to the blow-up PBQ→ P
Q, we may write

IQ(ω)=
∫

σB
Q

ω̃
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since
◦
σQ is contained in σB

Q , and has complement of Lebesgue measure zero. By

Theorem 11.3, ω̃ has no poles along the compact region σB
Q and therefore the integral

is finite. □

These integrals satisfy many interesting relations. The analogous relations for
graphs were studied in [19, §8.2] and related to the ‘waterfall’ spectral sequence
of [38].

Theorem 14.13 (Stokes relation). Let Q be a positive definite quadratic form such
that σQ > 0, and let ω ∈ Ωcan have degree dimσQ − 1. Let Δcanω =∑i ω

′
i ⊗ ω′′i .

Then

0=
∑

Q′

∫

σQ′
ω+

∑

i

∑

F

∫

σF

ω′i
∫

σQ/σF

π∗KσF
(ω′′i ) (14.9)

where Q′ ≤Q denote the facets of σQ which are strictly positive (not contained in
Det(R)), and σB

F × (σQ/σF )B denote the set of facets of its blow-up σB
Q which are at

infinity (in other words, σF is an essential face of σQ at infinity, and σQ/σF is defined
in (9.8)). The map πKσF

is defined in Lemma 9.7.

Proof This follows from an application of Stokes’ formula:

0=
∫

σB
Q

dω̃=
∫

∂σB
Q

ω̃ ,

the description of the boundary facets of σB
Q , and the factorisation formula (14.5). □

14.7 Compactly-supported representatives

Every form of compact type has a representative which vanishes identically in a
neighbourhood of the boundary.

Corollary 14.14 Let g > 1 be odd. The cohomology class of the differential form

ω2g−1 in H
2g−1
dR (|LAtrop,B

g |, |∂LAtrop,B
g |) has a compactly supported representative

[ω2g−1
c ] ∈ H

2g−1
dR,c

(∣∣∣LA◦,trop
g

∣∣∣
)

.

Having chosen ω
2g−1
c , any other form ω= ω2g−1 ∧ η ∈Ωc(g) of compact type has a

canonical compactly supported representative ωc = ω
2g−1
c ∧ η.

Proof By (3.9), and (11.7) we have H •dR,c(|LA◦,trop
g |) ∼= H •dR(|LAtrop,B

g |,
|∂LAtrop,B

g |). The form ω2g−1, being of compact type, vanishes on |∂LAtrop,B
g | by

Theorem 14.10 and therefore defines a class in the latter cohomology group. □
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The fact that ω2g−1 has a compactly supported representative on LPg/GLg(Z)

was claimed without proof in [41]. Since one also has |LA◦,trop
g | = |LAtrop

g | \
|∂LAtrop

g |, the blow-down map π : |LAtrop,B
g | → |LAtrop

g | induces an isomorphism
(excision):

π∗ :H •dR

(∣∣∣LAtrop
g

∣∣∣ ,
∣∣∣∂LAtrop

g

∣∣∣
) ∼−→H •dR

(∣∣∣LAtrop,B
g

∣∣∣ ,
∣∣∣∂LAtrop,B

g

∣∣∣
)

since both sides may be identified with the compactly supported cohomology of the
interior |LA◦,trop

g |. In particular, any compactly supported form ωc as in the corollary
may be viewed as a closed differential form on |LAtrop

g |. Its cohomology class

[ωc] ∈H •dR

(∣∣∣LAtrop
g

∣∣∣
)

(14.10)

does not depend on the choice of representative for ω
2g−1
c since it is the image of

(π∗)−1[ω̃] under the natural map H •dR(|LAtrop
g |, |∂LAtrop

g |)→H •dR(|LAtrop
g |).

15 Cohomology classes in |LAtrop
g |

In this section we prove the theorems announced in the introduction.

15.1 Canonical classes in |LAtrop
g |

Let g > 1 be odd. We use the notation

dg = g(g+ 1)

2
, �g = g(g + 1)

2
− 1

where dg = dimPg , and �g = dimLPg .

Lemma 15.1 The form volg defines a non-trivial relative cohomology class

0 �= [volg] ∈ H
�g

dR

(∣∣∣LAtrop,B
g

∣∣∣ ,
∣∣∣∂LAtrop,B

g

∣∣∣
)

.

Proof Since g is odd, the space LPg/GLg(Z) is orientable and has a relative funda-
mental class [F lf

g ] ∈H lf
�g

(|LA◦,trop
g |) in locally finite homology, or equivalently,

[F lf
g ] ∈H�g

(∣∣∣LAtrop,B
g

∣∣∣ ,
∣∣∣∂LAtrop,B

g

∣∣∣
)

.

A volume form ηg on LPg/GLg(Z) is defined on symmetric matrices M = (Mij )ij
by

ηg(M)= ∂

⎛

⎝ 1

det(M)
g+1

2

∧

1≤i≤j≤g

dMij

⎞

⎠
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where ∂ =∑i,j Mij
∂

∂Mij
is the Euler vector field. By H. Cartan [53, Exp. 17, §12]

and [11, figure on page 265], the algebra of invariant differential forms on SLg(R)

is isomorphic to a graded exterior algebra on elements in degree 4k + 1, for k ≥ 0
(and in degree 4k+ 1 for k ≥ 1 for GLg(R)). Since the forms ω4k+1 are invariant and
non-zero they give an explicit choice of algebra generators. It follows that there exists
an α ∈Q× such that ηg = α volg = α ω5∧ω9∧ · · ·∧ω2g−1, since ηg is invariant and
volg (defined by (14.3)) is the unique generator in Ω•(g) of degree �g . We have

vol(LPg/GLg(Z))=
∫

LPg/GLg(Z)

ηg = α

∫

[F lf
g ]

volg .

Since vol(LPg/GLg(Z)) �= 0 (for a more precise statement see (15.1)), we deduce

that the cohomology class of [volg] in H
�g

dR

(
|LAtrop,B

g |, |∂LAtrop,B
g |

)
is non-zero.

□

Remark 15.2 It follows from a theorem of Minkowski (see [54]) that
∫

LPg/GLg(Z)

ηg ∈ ζ(3)ζ(5) . . . ζ(2g − 1)Q× . (15.1)

The point is that the volume of the symmetric space SLg(R)/SLg(Z) is proportional,
by a rational number, to the product of consecutive zeta values ζ(2) . . . ζ(2g−1). One
proves [60] that the volume of LPg/GLg(Z) is obtained by dividing by the volume of
SOg(R), which is proportional to the product of the even zeta values ζ(2) . . . ζ(2g −
2), giving (15.1).

We shall first prove an injectivity theorem for the cohomology of the general linear
group, before proving a stronger but more technical result for |LAtrop

g |.
Theorem 15.3 The map ω �→ [ωc] defined in Corollary 14.14 induces an injective
map of graded algebras:

Ω•c(g) ↪→H •dR

(
LPg/GLg(Z)

)
.

There are canonical injective maps of graded algebras:

Ω•nc(g) ↪→H •dR

(
|LAtrop,B

g |
)

,

Ω•nc(g) ↪→H •dR(LPg/GLg(Z)) .

There are natural splittings of vector spaces Hn
dR

(
LPg/GLg(Z)

)→Ωn
c(g)⊗QR for

each n, and likewise Hn
dR(LPg/GLg(Z))→Ωn

nc(g)Q ⊗R.

Proof Recall that �g = dimLPg . Let n≥ 0 and consider the cup product:

Hn(|LAtrop,B
g |, |∂LAtrop,B

g |)⊗H�g−n(|LAtrop,B
g |)

−→H�g (|LAtrop,B
g |, |∂LAtrop,B

g |)
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[ω] ⊗ [η] �→ [ω ∧ η].
Apply this map to ω ∈Ωn

c (g) of compact type, and η= �ω which is of non-compact
type. They define classes in the above cohomology groups by Theorem 14.10. Since
the Hodge star operator is non-degenerate, [ω ∧ η] = [ω ∧ �ω] is a non-zero rational
multiple of [volg], which is itself non-zero by Lemma 15.1. We conclude that both
[ω] and [�ω] are non-vanishing in the respective cohomology groups. This proves the
first two equations, since every element of Ω•nc is in the image of the star operator.

Recall that |LAtrop,B
g | \ |∂LAtrop,B

g | = |LA◦,trop
g | ∼= LPg/GLg(Z). By Theorem

3.6, relative cohomology may be interpreted as compactly supported cohomology. A
variant of the above cup product may thus be written as follows:

Hn
c,dR

(
LPg/GLg(Z)

)⊗H
�g−n

dR

(
LPg/GLg(Z)

)
(15.2)

−→H
�g

c,dR

(
LPg/GLg(Z)

)
.

It sends [ωc] ⊗ [�ω] �→ [ωc ∧ �ω] = [(volg)c] �= 0. It follows that both [ωc] and [�ω]
are non-zero classes in the respective cohomology groups. This proves that Ω•nc(g)

injects into the ordinary (non compactly-supported) cohomology of LPg/GLg(Z).
A splitting H •dR(LPg/GLg(Z))→ Ω•nc(g)⊗Q R may be defined as follows. For

any [α] ∈Hn
dR(LPg/GLg(Z)), it follows from Stokes’ theorem that the map

ωc �→
∫

LPg/GLg(Z)

[α] ∧ωc

is a well-defined element of Hom(Ω
�g−n
c (g),R), which is isomorphic to Ωn

nc(g)⊗QR

via the star operator since �ω ∧ ωc pairs non-trivially with the fundamental class
[F lf

g ]. This defines a linear map H •dR(LPg/GLg(Z);R)→Ω•nc(g)⊗QR which, after
rescaling, defines the required splitting. A splitting H •dR

(
LPg/GLg(Z)

)→ Ω•c(g)

may be defined similarly. □

We wish to repeat a similar argument in order to prove the more subtle fact that
Ω•c(g) injects into the cohomology of |LAtrop

g |. However, replacing the cup prod-

uct for the relative cohomology of |LAtrop,B
g | with ordinary cohomology will not

succeed, since the volume form actually vanishes in the cohomology of |LAtrop,B
g |.

Replacing |LAtrop,B
g | with |LAtrop

g | is also of no avail, since the non-compact canon-
ical forms are not defined on the latter space in the first place. The solution is to work
on a space which lies in between |LAtrop,B

g | → |LAtrop
g |. If we interpret the former

as the Borel-Serre compactification of LPg/GLg(Z) (see the Appendix), then an ap-
propriate space is the reductive Borel-Serre compactification. It has the property that
its boundary is of sufficiently high codimension that the volume class is non-zero

(unlike |LAtrop,B
g |), but is sufficiently regular that the non-compact canonical forms

extend to it (unlike |LAtrop
g |). Instead of constructing this space explicitly, we shall

imitate its cohomology with an ad-hoc complex whose cohomology will be denoted
by H red.
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Theorem 15.4 The map ω �→ [ωc] (14.10) induces an injective map of graded alge-
bras

Ω•c(g) ↪→H •dR

(∣∣∣LAtrop
g

∣∣∣
)

.

It factors through the injective map Ω•c(g) ↪→ H •dR(|LAtrop
g |, |∂LAtrop

g |) ∼=
H •c,dR(|LA◦,trop

g |) constructed in Theorem 15.3.

Proof We prove a stronger result, namely that the classes Ω•c(g) are non-zero in a
larger complex of differential forms with ‘reduced boundary’.4

Ω•,red(LAtrop,B
g )⊂Ω•(LAtrop,B

g \ D̃et)

⊕
⊕

E
Ω•
(

n∏

i=0

P
(
Q(Ki+1/Ki)\DetKi+1/Ki

)
)

where the direct sum is over all components of the boundary ∂LAB
g indexed by nested

sequences (11.2). The strategy will be similar to the proof of Theorem 15.3 once we

have shown that the volume class is non-zero. The complex Ω•,red(LAtrop,B
g ) consists

of pairs (ω, (ηE )E ) such that the restriction of ω to a face E ∩ ∂LAB
g satisfies

ω

∣∣∣
E
= π∗red ηE (15.4)

where πred was defined in (11.4). There is a corresponding complex
A•,red(|LAtrop,B

g |) of smooth differential forms defined in the same way: it con-

sists of pairs (ω, (ηE )E ) which satisfy (15.4), where ω ∈ A•(|LAtrop,B
g |) and ηE

are smooth forms on πred(|∂LAtrop,B
g | ∩ E(R)). Let us denote its cohomology

by H •,red(|LAtrop,B
g |). There is a natural map of complexes Ω•,red(LAtrop,B

g )→
A•,red(|LAtrop,B

g |).
4To motivate this in the case n= 2, consider the following picture of the projectivised normal bundles asso-
ciated to a single blow-up of P(Q(V/K)) in P(Q(V )) where K ⊂ V . We choose, as usual, a complement
V =K ⊕C. We have the maps

P(Q(V/K))× P(Q(V )/Q(V/K)) \Det
∣∣
K
−→ P(Q(V/K))× P(Q(K))−→ P(Q(V/K)) (15.3)

where the first map is id × πK (see §9.3, (9.7)) and the second map is projection on to the first factor.
Their composition is the blow-down map (see Remark 5.15). The corresponding map on affine spaces,
after identifying the middle space as block diagonal matrices, may be viewed on symmetric matrices as
the map

(
QK P

PT QC

)
−→

(
QK 0

0 QC

)
−→

(
0 0
0 QC

)

The far left space in (15.3) describes the local structure of an exceptional divisor on LAtrop,B
g , the far right

space describes the structure of a face at infinity in LAtrop
g . The space in the middle corresponds to the

structure at infinity of the reductive Borel-Serre compactification. We consider forms whose restriction to
the boundary are constant in the P -direction, i.e., pull-backs from the middle space to the left-most one.
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Since the restriction of the blow down to the boundary |∂LAtrop,B
g | → |∂LAtrop

g |
factors through πred (it factors through the map which projects a product (11.3)
onto its final component), it follows that the map on cohomology induced by πB :
|LAtrop,B

g | → |LAtrop
g | factors through the reduced cohomology, i.e., π∗B is the com-

position of two maps:

H •dR(|LAtrop
g |)−→H

•,red
dR (|LAtrop,B

g |)−→H •dR(|LAtrop,B
g |) (15.5)

where the first map is ω �→ (π∗Bω,0) the second is (ω, (η)E ) �→ ω.
We will show that there is an injective map

Ω•(g)−→H
•,red
dR

(∣∣∣LAtrop,B
g

∣∣∣
)

.

First of all, observe that there is a well-defined map Ω•(g)→ Ω•,red(LAtrop,B
g ) by

equation (14.5), which implies that the restriction of a canonical form to an excep-
tional divisor E is always of the form π∗red(ηE ). See Remark 14.8. Concretely, the
forms ηE are products of canonical forms which can be computed explicity from the
coproduct of ω.

We next show, as before, that the volume form is non-zero in H�g,red(|LAtrop,B
g |).

If volg were exact, there would exist forms α on |LAtrop,B
g | and (βE )E of degree

�g − 1 such that

volg = dα and α

∣∣∣
E(R)
= π∗redβ . (15.6)

However, since πred decreases the dimension by at least g − 1, such a form β is nec-
essarily zero since it has degree > �g − g. Equation (15.6) then implies that, since α

restricts to zero on every exceptional divisor E(R), volg is zero in relative cohomol-

ogy H
�g

dR(|LAtrop,B
g |, |∂LAtrop,B

g |), which contradicts Lemma 15.1.
Now let ω ∈Ω(g). There is a λ �= 0 such that ω∧�ω= λvolg . Since (15.4) is com-

patible with exterior products of differential forms, the complex A•,red(|LAtrop,B
g |)

inherits a multiplicative structure giving rise to a product on reduced cohomology:

H
m,red
dR (|LAtrop,B

g |)⊗H
n,red
dR (|LAtrop,B

g |)−→H
m+n,red
dR (|LAtrop,B

g |) .

Since [�ω] ∧ [ω] = λ[volg] is non-zero, it follows that [ω] ∈ H
•,red
dR (|LAtrop,B

g |) is

non-zero and hence Ω(g) indeed injects into H
•,red
dR (|LAtrop,B

g |) as claimed.
By Theorem 14.10 and (15.5), the image of the subspace of compact type Ωc(g)

in H
•,red
dR (|LAtrop,B

g |) factors through its image in H •dR(|LAtrop
g |). It follows that the

map Ωc(g)→H •dR(|LAtrop
g |) given by (14.10) must already be injective.

The last part follows from the fact that the map Ωc(g)→ H •dR(|LAtrop
g |) factors

through H •dR(|LAtrop
g |, |∂LAtrop

g |) by definition. □
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15.2 Cohomology of GLg(Z)

Theorem 15.3 has the following corollaries. First, some notation. Since Pg is con-
tractible and an R

×
>0-bundle over the space LPg , we have

Hn(GLg(Z);R)=Hn(LPg/GLg(Z)) , (15.7)

Hn+1
c (GLg(Z);R)=Hn

c (LPg/GLg(Z)) .

The reason for the shift in indices is that Hn
c (R×>0)= 0 for n �= 1 and H 1

c (R×>0)=R.

Corollary 15.5 Let g > 1 be odd. The forms of non-compact (resp. compact) type em-
bed into the cohomology (resp. compactly supported cohomology) of LPg/GLg(Z):

Ω•nc(g)⊗Q R ↪→H •(GLg(Z);R) (15.8)

Ω•c(g)⊗Q R ↪→H •+1
c (GLg(Z);R) .

Corollary 15.6 Let g > 1 be odd. Then for all h≥ g, we have:

Ω•nc(g) ↪→ H •(GLh(Z);R) . (15.9)

Proof Let k ≥ 1 and consider the maps

Ω•nc(g)→Ω•nc(g + 2k)→H •(GLg+2k(Z);R)→H •(GLg+2k−1(Z);R)

→H •(GLg(Z);R)

where the last two maps H •(GLg+m(Z);R)→ H •(GLg(Z);R) are induced by the
stabilisation map X �→X⊕ Im, where Im is the identity matrix of rank m. The com-
position of all the maps in the above is the natural map Ω•nc(g)→H •(GLg(Z);R),
since ωX⊕Im = ωX for any canonical form ω. We have shown it is injective, by (15.8).
Therefore Ω•nc(g) injects into all intermediate spaces, and hence into H •(GLh(Z);R)

for all h≥ g. □

Remark 15.7 A brief discussion of the history of this result is in the introduction.
Note that the previous two corollaries are strictly weaker than Theorem 15.4.

15.3 Compactly supported cohomology

The following proposition is essentially a restatement, in a different form, of results
of [15].

Proposition 15.8 For all n,g > 1, there are short exact sequences:

0−→Hn−1
dR

(∣∣∣LAtrop
g−1

∣∣∣
)
−→Hn

dR,c

(∣∣∣LA◦,trop
g

∣∣∣
)
−→Hn

dR

(∣∣∣LAtrop
g

∣∣∣
)
−→ 0
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Proof Consider the long exact relative de Rham cohomology sequence:

· · · −→Hn−1
dR

(∣∣∣∂LAtrop
g

∣∣∣
)
−→Hn

dR

(∣∣∣LAtrop
g

∣∣∣ ,
∣∣∣∂LAtrop

g

∣∣∣
)

−→Hn
dR

(∣∣∣LAtrop
g

∣∣∣
)
−→ · · · .

The statement follows on interpreting the relative cohomology group in the middle
as compactly supported cohomology (3.9); from the homeomorphism |∂LAtrop

g | ∼=
|LAtrop

g−1|, which follows from [15, Corollary 4.12]; and from the fact that the restric-

tion maps Hn
dR(|LAtrop

g |)→ Hn
dR(|∂LAtrop

g |) are zero. This last fact is dual to the

statement that the inclusion of the boundary |∂LAtrop
g | ↪→ |LAtrop

g | induces the zero
map in homology Hn(|∂LAtrop

g |;R)→ Hn(|LAtrop
g |;R). The reason for this is that

the image of a chain in the boundary |∂LAtrop
g | only involves cones σQ which are

equivalent to the cone of a positive definite quadratic form of rank strictly less than
g, and therefore lies in the inflation subcomplex I (g) of the perfect cone complex
P (g). Since the inflation complex is acyclic, by [15, Theorem 5.15], any such chain
is trivial in homology. □

Corollary 15.9 Let g > 1 be odd. Then there is a natural injective map

Ω•c(g) ↪→H •+2
c (GLg+1(Z);R) . (15.10)

Proof By Proposition 15.8, there is an injective map

H •dR

(∣∣∣LAtrop
g

∣∣∣
)
−→H •+1

dR,c(|LA◦,trop
g+1 |)∼=H •+1

dR,c(LPg+1/GLg+1(Z))

The result follows from Theorem 15.4 and (15.7). □

15.4 Unstable cohomology of SLg(Z)

The following lemma is standard [31].

Lemma 15.10 Let n≥ 0. Then

Hn(SLg(Z);R)∼=
{

Hn(GLg(Z);R) if g is odd

Hn(GLg(Z);R)⊕H
dg−n
c (GLg(Z);R)∨ if g is even

Proof Consider the short exact sequence

1−→ SLg(Z)−→GLg(Z)
det−→GL1(Z)−→ 1

where GL1(Z)= Z
× ∼= Z/2Z. When g is odd, it splits: in fact, since the diagonal ma-

trix −Ig of rank g is central, GLg(Z) is isomorphic to the direct product SLg(Z)×
Z/2Z. Since Z/2Z is torsion we deduce that Hn(SLg(Z);Q) ∼= Hn(GLg(Z);Q)

when g is odd. Now suppose that g is even, and consider the rank one R-vector space
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R
det equipped with the action of g ∈ GLg(Z) given by g.v = det(g)v. By Shapiro’s

lemma one has:

Hn(SLg(Z);R)∼=Hn(GLg(Z); Ind
GLg(Z)

SLg(Z)
R)∼=Hn(GLg(Z);R⊕R

det) .

Denote by O the orientation bundle on LPg , which is non-trivial when g is even. We
have

Hn(GLg(Z);Rdet)=Hn(Pg/GLg(Z);O)∼=H
dg−n
c (Pg/GLg(Z);R)∨

where the first equality follows from the argument of [31, Lemma 7.2] and the second
for Poincaré duality for non-orientable homology manifolds. □

The previous lemma and (15.10) imply the following result on the cohomology
of SLg(Z). Choose a surjective map s :H •+2

c (GLg+1(Z);R)→Ω•c(g)⊗Q R which
is a section of the injective map Ω•c(g)⊗Q R ↪→H •+2

c (GLg+1(Z);R) equivalent to
(15.10).

Corollary 15.11 Let g > 1 be odd and n≥ 0. Then

Ωn
nc(g)⊗Q R ↪→Hn(SLg(Z);R)

(
Ωn

nc(g)⊗Q R
)⊕

(
Ω

dg+1−n−2
c (g)⊗Q R

)∨
↪→Hn(SLg+1(Z);R)

The first map is natural. The second map depends on the choice of section s: it is

given by its dual s∨ on the second component (Ω
dg+1−n−2
c (g)⊗R)∨.

If we identify (Ω
dg−n−1
c (g))∨ with Ωn

nc(g) via the Hodge star operator, the second
map in the corollary may be written (non-canonically) in the more convenient form

(
Ωn

nc(g)⊕Ω
n−g
nc (g)

)
⊗Q R ↪→Hn(SLg+1(Z);R) .

Examples 15.12 For g = 3, we have Ωnc(3) = Q and Ωc(3) = ω5
Q. The pre-

vious corollary produces classes in H 0(SL3(Z);R), as well as H 0(SL4(Z);R),
H 3(SL4(Z);R).

For g = 5, we have forms of non-compact type Ωnc(5)=Q⊕Qω5. They give rise,
via the previous corollary, to classes in H 0(SL5(Z);R) and H 5(SL5(Z);R), and also
H 0(SL6(Z);R) and H 5(SL6(Z);R). The forms of compact type Ωc(5) = ω9

Q ⊕
(ω5 ∧ω9)Q give rise to two further classes in H 5(SL6(Z);R) and H 10(SL6(Z);R).

Remark 15.13 A natural way to phrase the corollary is to say that there is a complex

Ωn
nc(g)⊗Q R−→Hn(SLg+1(Z);R)−→

(
Ω

dg+1−n−2
c (g)⊗Q R

)∨

where the first map is injective, and the second map is surjective.
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15.5 Stable range

Let g > 1 be odd. By Borel [11], rephrased in terms of forms of non-compact type,
there exists a κ(g) which grows linearly in g such that

Ωn
nc(g)⊗Q R

∼−→Hn(GLg(Z);R) for all n < κ(g) . (15.11)

Borel showed that κ(g) is of the order of g/4. Using the recent work [40, Theorem
A], [43], and (15.9), it may be improved to κ(g)= g. For n in this range, Ωn

nc(g)=
Ωn(g).

Corollary 15.14 Let g > 1 be odd and let κ(g) be such that (15.11) holds. Then

Hn
dR

(∣∣∣LAtrop
g

∣∣∣
)∼=Ωn

c (g)⊗Q R

Hn−1
dR

(∣∣∣LAtrop
g−1

∣∣∣
)
= 0 ,

for all n≥ dg − κ(g).

Proof Let g > 1 be odd. Since LPg/GLg(Z) is orientable of dimension �g = dg −
1, Poincaré duality implies that Hn

c (LPg/GLg(Z);R)∼=H�g−n(LPg/GLg(Z);R)∨
and so we have

dimR Hn
c (LPg/GLg(Z);R)= dimR H�g−n(LPg/GLg(Z);R)

(15.11)= dimQ Ω
�g−n
nc (g)

where the last equality holds for n > �g − κ(g). In (15.8) we established an injection

Ωn
c (g)⊗Q R ↪→Hn

c (LPg/GLg(Z)) (15.12)

for all n. The Hodge star operator formalism implies that dimQ Ωn
c (g) =

dimQ Ω
�g−n
nc (g) for all n, and hence if n > �g − κ(g), we have equality of dimen-

sions in (15.12). In summary,

Ωn
c (g)⊗Q R∼=Hn

c (LPg/GLg(Z);R) for n > �g − κ(g) .

Since |LA◦,trop
g | ∼= LPg/GLg(Z) we deduce that Hn

dR,c(|LA◦,trop
g |) ∼= Ωn

c(g) ⊗Q R

for n in this range, and the exact sequence of Proposition 15.8 becomes

0−→Hn−1
dR (|LAtrop

g−1|)−→Ωn
c(g)⊗Q R

(∗)−→Hn
dR(|LAtrop

g |)−→ 0.

By Theorem 15.4, the map Ωn
c(g) ⊗Q R→ Hn

dR(|LAtrop
g |) is injective, hence (∗)

is an isomorphism, giving the first statement. Its kernel vanishes, which gives the
second. □
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15.6 Canonical forms and the tropical Torelli map

The composition

Ωn
c (g)⊗Q R−→Hn

dR

(
|LAtrop

g |
)

λ∗−→Hn
dR

(
|LMtrop

g |
)

sends the majority of forms to zero. Indeed, if η ∈Ωd(g) has degree d then

λ∗(ω2g−1 ∧ η)= 0 if d > g − 2 . (15.13)

This is because the left-hand side restricts to the form ω
2g−1
G ∧ ηG in the notation of

[19] on the simplex σG associated to a graph G. By [19, Corollary 6.19], it vanishes
if its degree is greater than 3g − 3. It might be possible to reduce the degree d in
(15.13) by a more detailed analysis of vanishing of graph forms [19, §6.5]. Evidence
suggests that λ∗(ω) is non-zero if and only if ω is primitive, or more precisely, that
the image of

λ∗ :Hn
dR(LPg/GLg(Z))−→Hn

dR

(∣∣∣LMtrop
g

∣∣∣
)

is one-dimensional: Im(λ∗)=Q[ω2g−1]. The results of [20] imply that the image of
λ∗ contains Q[ω2g−1] and is dual to the class of the wheel with g spokes.

Remark 15.15 Nevertheless, a conjecture in loc. cit. states that the free Lie algebra
embeds:

Lie (Ωcan) ↪→
⊕

g≥1

H •
(
|LMtrop

g |
)

.

It is corroborated by all known evidence in low degrees, and suggests that all canon-

ical forms do appear in the cohomology of H •dR

(
|LMtrop

g |
)

, but for a higher than

expected genus.

16 Periods

We work in a suitable neutral Tannakian category HQ of motivic realisations over Q.
There are many possible variants [30]. We assume that it has two fiber functors

M �→MB,MdR : HQ −→VecQ

and that there is a canonical element compB,dR ∈ Isom⊗HQ
(ωdR,ωB)(C). A conve-

nient option is to let HQ be the category of mixed Hodge structures with additional
Q-de Rham structure studied in [18]. The element compB,dR defines an isomorphism

MdR ⊗Q C
∼−→MB ⊗Q C ,
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which is natural in M , which may be interpreted as a period pairing MdR ⊗Q M∨B →
C.

Consider the affine group scheme:

GdR =Aut⊗HQ
(ωdR)

given by the automorphisms of the fiber functor ωdR :M �→MdR. By the Tannaka
theorem [51], the fiber functor ωdR defines an equivalence of categories:

ωdR :HQ
∼−→ RepGdR .

16.1 ‘Motives’ of quadratic forms

Definition 16.1 Let Q be a positive definite quadratic form on V such that σQ > 0.
Recall that cBQ = (PBQ,LBQ,σB

Q). Let d = dimσQ. Define

motQ =Hd
(
PBQ\D̃et , LBQ\(LBQ ∩ D̃et)

)
. (16.1)

By Corollary 11.5, we have [σB
Q ] ∈ (motQ)∨B. Any canonical form ω ∈Ωd

can defines
a class [ω] ∈ (motQ)dR, and so we may define the ‘motivic period’:

ImQ (ω)= [motQ, [σQ], [ω]]m ∈ O(Isom⊗HQ
(ωdR,ωB)) . (16.2)

Note that for cones σQ which are contained in the determinant locus, [15, Lemma
4.9] implies that they are equivalent to the cone of a quadratic form of smaller rank,
so Definition 16.1 in fact covers all cases. The period of ImQ (ω) is the convergent
integral

per
(
ImQ (ω)

)=
∫

σQ

ω

which is finite by Corollary 14.12. Furthermore, the relation of Theorem 14.13 is
motivic: it holds verbatim for the objects ImQ (ω). In the case when Q =QG comes
from a graph, the object ImQG

(ω) is equal to the ‘canonical motivic Feynman integral’
ImG (ω) defined in [19].

Remark 16.2 Every isomorphism [Q] ∼= [Q′] in the category Dperf,B gives rise to
an isomorphism motQ ∼= mot′Q. Similarly, face diagrams give rise to a diagram of
morphisms in the category HQ (see [19] for the case of graphs), but extraneous mod-
ifications are not necessarily isomorphisms (although they do induce equivalences of
motivic periods (16.2)).

Example 16.3 We refer to [19] for many examples of graphs for which IG(ω) are
known. The most interesting was computed by Borinsky and Schnetz [13]:

IK6(ω
5 ∧ω9)= 3

10!
16

(12 ζ(3,5)− 29 ζ(8)+ 23 ζ(3)ζ(5)) . (16.3)
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It was proven in [19, lemmas 3.7, 6.8] that the canonical integrals are stable under
duality, which implies that the volume of the graphic cell σK∨6 where K∨6 is the ma-
troid dual to K6, is given by the same integral. It is the ‘principal cone’ [15, Def.
2.13] in the fundamental domain F5 for GL5(Z). By (15.1) the volume

∫
F5

ω5 ∧ ω9

is proportional to a product ζ(3)ζ(5). The appearance, therefore, of the non-trivial
multiple zeta value ζ(3,5) in (16.3) suggests that the principal cone does not span
the fundamental domain: σK∨6 ⊊ F5 and that the tropical Torelli map is not surjec-
tive. Indeed, it is known (e.g. [31]) that the fundamental domain involves two further
cones. We expect from (16.3) that their volumes, which are not yet known, will in-
volve non-trivial multiple zeta values.

As noted in [19, §10.3.1], the particular linear combination 12 ζ(3,5)− 29 ζ(8) is
the same one which occurs in quantum field theory as the Feynman residue of K3,4. It
is a very striking fact that ζ(3,5) is only ever observed in this particular combination,
and never in isolation, amongst the vast array of periods in quantum field theory [52].
This surprising phenomenon is one particular consequence of the ‘Cosmic’ Galois
group. The geometric interpretation (16.3) of this linear combination points to an
unexplored and deep connection between quantum fields and the reduction theory of
quadratic forms.

16.2 Locally finite homology ‘motive’ of GLg(Z)

Let HQ, as above, be a Tannakian category of realisations which contains every object
motQ (16.1).

Consider the cohomology

Hd
c (g)=Hd

(
ker
(
Ω•
(
LAtrop,B

g \ D̃et
)

−→ Ω•
(
∂LAtrop,B

g \ (∂LAtrop,B
g ∩ D̃et)

)))

of the complex of compatible systems (Definition 2.8) of algebraic forms on
LAtrop,B

g \D̃et whose restriction to the boundary ∂LAtrop,B
g vanishes. There is a nat-

ural map

Hd
c (g)−→Hd

dR

(∣∣∣LAtrop,B
g

∣∣∣ ,

∣∣∣∂LAtrop,B
g

∣∣∣
)∼=Hd

c (LPg/GLg(Z);R)

via which elements of Hd
c (g) may be interpreted as smooth compactly supported

differential forms on LPg/GLg(Z). There is a natural map Ωd
c (g)→Hd

c (g) (which
is injective).

Theorem 16.4 For every g > 1, and d ≥ 0, there exists a minimal object Md
g of HQ

which is equipped with a pair of canonical linear maps

H lf
d (GLg(Z);Q)−→ (Md

g)∨B
Hd

c (g)−→ (Md
g)dR
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such that the integration pairing

H lf
d (GLg(Z);Q)⊗Q Hd

c (g)−→C

factors through the period pairing: 〈 , 〉 : (Md
g)∨B ⊗Q (Md

g)dR→C.

Proof First consider the object of HQ defined by:

Md
g =

⊕

dimσQ=d

mot
Aut(σQ)

Q ,

where the sum is over isomorphism classes of cones σQ of dimension d . Consider the

subspace Zd
g ⊂Ωd(LAtrop,B

g \D̃et) consisting of compatible systems of closed forms

whose restriction to ∂LAtrop,B
g vanishes, and let Bd

g ⊂ Zd
g be the subspace spanned

by dω, where ω are compatible systems of forms vanishing on ∂LAtrop,B
g . There is

a natural map Zd
g → (Md

g )dR. By the Tannaka theorem, there are unique subobjects
〈Bd

g 〉 ⊂ 〈Zd
g 〉 ⊂Md

g such that

〈Zd
g 〉dR =GdR Zd

g and 〈Bd
g 〉dR =GdR Bd

g .

Let Nd
g = 〈Zd

g 〉/〈Bd
g 〉. By definition, there is a natural map Hd

c (g)→
(
Nd

g

)

dR
.

By Theorem 11.3, inclusion defines a natural map

Hd(σQ, ∂σQ)−→ (motQ)∨B =Hd

(
(PBQ\D̃et)(C) , LBQ\(LBQ ∩ D̃et)(C);Q

)

which induces a map

⊕

dimσQ=d

Hd(σQ, ∂σQ)/Aut(σQ)−→ (Md
g )∨B ,

where the direct sum is over all isomorphism classes of cones σQ of dimension d .
Via the cellular interpretation of homology (Theorem 3.2), we deduce a map from
closed cellular chains γ in LAtrop,B

g to (Md
g )∨B and thence to its quotient 〈Zd

g 〉∨B.
Since Stokes’ theorem (14.9) holds for motivic periods, the period pairing 〈γ,gω〉
vanishes for all g ∈GdR if ω ∈ Bd

g ; and for all g ∈GdR and ω ∈ Zd
g if γ is supported

on ∂LAtrop,B
g , or if γ = ∂α is a boundary. This proves, at the same time, that the

image of a cellular chain γ lands in the subspace (〈Zd
g 〉/〈Bd

g 〉)∨B of 〈Zd
g 〉∨B, and that it

is zero if γ is a boundary, or supported on ∂LAtrop,B
g . Thus by Theorem 3.6, there is

a well-defined map

Hd

(∣∣∣LAtrop,B
g

∣∣∣ ,

∣∣∣∂LAtrop,B
g

∣∣∣
)
−→ (Nd

g )∨B .

The left-hand group is isomorphic to the locally finite homology H lf
d (GLg(Z);Q),

and so the object Nd
g satisfies the conditions of the theorem. This proves the existence.
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For the minimality, one can repeat the argument of [18, §2.4], to show that any object
M of HQ equipped with maps V ↪→M∨B and W ↪→MdR, where V , W are Q-vector
spaces, has a unique smallest subquotient with the this property (the case when V ,
and W have dimension 1 is proven in [18, §2.4], but the general case is similar). □

It follows from (15.8) and the relative de Rham Theorem 3.6 that the composition

Ωd
c (g)−→Hd

c (g)−→ (Md
g)dR

is injective. Theorem 16.4 implies that any integral of a canonical form of compact
type over a locally finite homology class in H lf

d (GLg(Z)) is motivic. In particular, we
deduce a motivic interpretation of Minkowski’s volume integrals (15.1).

Remark 16.5 An interesting question is whether the map H lf
d (GLg(Z);Q)→ (Md

g)∨B
is injective or not: is it the case that the entire locally finite homology of GLg(Z) is
motivic in this sense, or only a quotient of it? (One could capture the entire cohomol-
ogy by enlarging Hd

c (g), for instance by replacing the determinant locus with suitable
linear subspaces, since every cohomology class can be represented by a compatible
family of algebraic forms by Remark 3.4.) A deeper question is to describe the action
of GdR on (Md

g)dR. See [19, §9.5] for a related discussion for motives arising from
the moduli space of tropical curves.

Example 16.6 In the case g = 3, d = 5, the map

Q∼=H lf
5 (GL3(Z);Q)−→ (M5

3 )∨B

is injective. In fact, M5
3 is given by the graph ‘motive’ [10] of the wheel with 3 spokes

W3, which, one can show, is of rank two, and is a non-trivial extension of Q(−3) by
Q(0). The space Q(−3)dR is spanned by the class of the canonical form ω5; the group
H lf

5 (GL3(Z);Q) is spanned by the fundamental class which is the relative homology
class of σB

W3
. The corresponding period is the ‘wheel integral’ and equals 60ζ(3).

Appendix: Blow-ups and Borel-Serre for GLn

In this Appendix, we prove that our blow-up construction can be used to retrieve
the Borel-Serre compactification. In view of our applications, we have focused on
the case GLn(Z), but many of the arguments presented here are quite general. This
section is mostly self-contained, although one or two proofs require statements in the
main text.

A.1 Statements

Let V be a vector space of dimension n over Q. Let Q(V ) denote the space of
quadratic forms on V and P(Q(V )) the associated projective space. Let

X ⊂ P(Q(V ))(R) (A.1)
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denote the space of positive definite real quadratic forms. It is contained in the com-
plement of the determinant hypersurface Det ⊂ P(Q(V )). For any 0 �= K ⊂ V , the
space P(Q(V/K))⊂Det is the subspace of quadratic forms with null space K .

Definition A.1 Let πB :B→ P(Q(V )) denote the space5 obtained by blowing up all
(infinitely many) linear subspaces of P(Q(V )) of the form P(Q(V/K)) for 0 �=K ⊂
V , in increasing order of dimension. Let D̃et⊂B denote the strict transform of Det.

Let XBS denote the Borel-Serre compactification of X. It has a stratification

XBS =X ∪
⋃

P

e(P )

where P ranges over rational parabolics (see §A.2). The exceptional divisor E for
πB defines a stratification on B by taking intersections of irreducible components.
Since πB(E)⊂Det, the inclusion (A.1) induces an injective map:

X −→ (P(Q(V )) \Det) (R)
π−1
B−→ (B \ E) (R) . (A.2)

Theorem A.2 There is a continuous injective map of stratified spaces

f :XBS −→ (
B \ D̃et

)
(R) (A.3)

whose restriction to the big open stratum is the embedding (A.2). The image of (A.3)
is the closure of X, for the analytic topology, inside B(R). The map f is equivariant
with respect to the natural actions of GL(V ) on both XBS and B.

Let P denote the rational parabolic associated to a nested sequence of strict sub-
spaces 0⊂ Vd ⊂ Vd−1 ⊂ · · · ⊂ V1 ⊂ V . The map (A.3) restricts to a map

f : e(P )−→ EP \
(
D̃et∩ EP

)
(R) (A.4)

where EP ⊂B is the exceptional locus associated to the iterated blow-up of

P(Q(V/V1))⊂ · · · ⊂ P(Q(V/Vd))

in increasing order of dimension. In particular, f (e(P )) = f (XBS) ∩ EP (R). The
complement of the strict transform of Det is canonically isomorphic to a product of
hypersurface complements:

EP \
(
D̃et∩ EP

)∼=
d∏

k=0

(
P

(Q(V/Vk+1)

Q(V/Vk)

)
\ Det

∣∣
Vk/Vk+1

)

where we write V0 = V and Vd+1 = 0, and Det|Vk/Vk+1 is the vanishing locus of
the determinant of the restriction of a quadratic form on V/Vk+1 to the subspace
Vk/Vk+1.

5We shall only consider the set of real points B(R), viewed as a topological space with a stratification by
exceptional divisors.
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In short, the space B is an algebraic incarnation of the Borel-Serre compactifica-
tion with identical combinatorial structure. The space XBS is identified with a semi-
algebraic subset of its real points B(R). It is defined by algebraic inequalities of the
form u ≥ 0, where u is a homogeneous polynomial given by the determinant of a
matrix minor. Note that although B is defined by infinitely many blow-ups, the local
structure of XBS in terms of spaces X(P ) (see §A.2) may be studied by embedding
each X(P ) into a space obtained by performing only finitely many linear blow-ups
of P(Q(V )). This is how we shall prove Theorem A.2.

Corollary A.3 Let |LAn|trop,B be the topological space defined in (11.5). Then the
there is a canonical homeomorphism

f :XBS/GLn(Z)
∼−→ |LAn|trop,B .

A.2 Reminders on the Borel-Serre compactifcation for GLn

Let V be a vector space of dimension n over R equipped with an inner product,
or equivalently, an isomorphism V ∼= V ∨. The group of automorphisms GL(V ) is
isomorphic to GLn(R), and the subgroup preserving the inner product defines a max-
imal compact subgroup K =O(V ) of GL(V ). It is isomorphic to On(R). Given any
filtration F of V of length d by subspaces

F : 0= Vd+1 ⊂ Vd ⊂ · · · ⊂ V1 ⊂ V0 = V , (A.5)

where all inclusions are strict, denote by PF ≤ GL(V ) the parabolic subgroup of
automorphisms of V which preserve F . A filtration F ′

F ′ : 0⊂ Vik ⊂ · · · ⊂ Vi1 ⊂ V

where 1 ≤ i1 < · · · < ik ≤ d is obtained by omitting elements from the filtration F ,
is denoted by F ′ ≤ F . The set of filtrations F ′ such that F ′ ≤ F forms a finite poset.
Since for F ′ ≤ F , one has PF ≤ PF ′ , the set {PF ′ : F ′ ≤ F } with respect to inclusion
of groups is isomorphic to the opposite poset.

For any such P = PF , as above, denote by KP = P ∩K . The natural map

P −→
d∏

i=0

GL(Vi/Vi+1)

induces an isomorphism KP
∼=∏d

i=0 O(Vi/Vi+1), the product of orthogonal groups
with respect to the induced inner products on Vi→ V ∼= V ∨ → V ∨i .

Let ZP ≤ P denote the subgroup of central elements acting via scalar multiplica-
tion by R

×
>0 on each quotient Vi/Vi+1 for 0≤ i ≤ d . Thus ZP

∼= (R×>0)
d+1.

Example A.4 Let e1, . . . , en denote a basis of V compatible with F . In this basis,
automorphisms of V may be identified with n× n matrices, and the groups P and
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ZP are block-lower triangular, and block diagonal respectively:

P =

⎛

⎜⎜⎜⎝

P00
P01 P11
...

. . .

P0k P1k . . . Pkk

⎞

⎟⎟⎟⎠ , ZP =

⎛

⎜⎜⎜⎝

μ0I0
μ1I1

. . .

μkIk

⎞

⎟⎟⎟⎠

where k = d , I0, . . . , Ik are block identity matrices and μ0, . . . ,μk > 0. The Pij are
likewise block matrices. The group KP is isomorphic to the group of block diagonal
matrices where the matrix Oi in the ith block is orthogonal: OT

i Oi = Ii .

The group ZP will be made to act upon P by multiplication on the left. Denote
the group of central elements by H = ZP ∩ Z(GL(V )) ∼= R

×
>0. In Example A.4,

H ≤ ZP is the subgroup of diagonal matrices. Let X denote the space of projective
equivalence classes of real positive definite quadratic forms on V .

A.2.1 Geodesic action

For any P = PF as above there is a homeomorphism:

HKP \ P
∼−→X (A.6)

g �→ gT g .

Since it commutes with KP and H , the action of ZP on P passes to a well-defined
action on HKP \ P . We write AP = H \ ZP . The action of AP on X induced by
(A.6) is called the geodesic action. Borel and Serre consider the following space of
orbits for its action:

e(P )=AP \X
(A.6)∼= ZP KP \ P .

It is homeomorphic to a Euclidean space R
(n+1

2 )−d−1.
The compactification of X is defined as follows. Consider the isomorphism

H \ZP
∼= AP

∼= (R×>0)
d (A.7)

(μ0,μ1, . . . ,μd) �→ (λ1, . . . , λd)

where λi = μi/μi−1 for 1≤ i ≤ d . Consider the multiplicative monoid

AP = (R×≥0)
d

with coordinates λi ≥ 0. The subgroup AP ≤ AP has coordinates λi > 0. Borel and
Serre define

X(P )=AP \ (AP ×X) .
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The space AP is stratified by the closed subspaces λi = 0 for i = 1, . . . , d . The cor-
responding open stratification is a union of copies of (R×>0)

a for a ≤ d , which may
be identified with the subgroups APF ′ , for all F ′ ≤ F . Thus

X(P )=X #
∐

P ′
AP ′ \X =X #

∐

P ′
e(P ′)

is a disjoint union of spaces e(P ′), where P ′ = PF ′ for all F ′ ≤ F .

A.2.2 Borel-Serre compactification

Now suppose that V has a Q-structure and that its inner product is defined over Q.
A parabolic P = PF is called rational if the vector spaces Vi in the corresponding
sequence (A.5) are all defined over Q.

The Borel-Serre compactification is defined to be

XBS =
⋃

P

X(P ) (A.8)

where the union is over all rational parabolics P .

Example A.5 In the following example we compare and contrast the Borel-Serre ap-
proach with our own.

(1) (Borel-Serre). Let V =R
3, d = 2, and Vi

∼=R
3−i , for 0≤ i ≤ 2. Write

P =
⎛

⎝
p00 0 0
p01 p11 0
p02 p12 p22

⎞

⎠ , Z =
⎛

⎝
μ0 0 0
0 μ1 0
0 0 μ2

⎞

⎠

where pij ∈R and det(P )= p00p11p22 �= 0. We set

X = P T P =
⎛

⎝
p2

00 + p2
01 + p2

02 p02p12 + p01p11 p02p22

p02p12 + p01p11 p2
12 + p2

11 p12p22

p02p22 p12p22 p2
22

⎞

⎠

Let Xij = xij . The geodesic action X �→ Z ◦X where Z ◦X = P T ZT ZP , may, as
one can check, be written intrinsically as a function of X via

Z ◦X = μ2
0

⎛

⎝
det(X)

det(X11)
0 0

0 0 0
0 0 0

⎞

⎠+μ2
1

⎛

⎜⎝

det(X21)2

det(X11)x33

det(X21)
x33

0
det(X21)

x33

det(X11)
x33

0
0 0 0

⎞

⎟⎠

+μ2
2

⎛

⎜⎜⎝

x2
13

x33

x13x23
x33

x13

x13x23
x33

x2
23

x33
x23

x13 x23 x33

⎞

⎟⎟⎠
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where det(X11) = x22x33 − x2
23 and det(X21) = x12x33 − x13x23 are determinants

of minors of X. The action X �→ Z ◦X is clearly algebraic in the entries of X and
is well-defined on the locus where det(X)det(X11)x33 �= 0. This example illustrates
that the coordinates given by the geodesic action are not ideally suited to studying the
asymptotic behaviour of canonical differential forms at infinity.

(2). (Blow-ups.) With notations as above, the coordinates in the blow-up are, in
our view, much simpler and are given by scalar multiplication on matrix blocks (see
(9.11)). They correspond to a transformation of the form

⎛

⎝
x11 x12 x13
x12 x22 x23
x13 x23 x33

⎞

⎠ �→
⎛

⎝
ν0ν1ν2 x11 ν1ν2 x12 ν2 x13
ν1ν2 x12 ν1ν2 x22 ν2 x23
ν2 x13 ν2 x23 ν2 x33

⎞

⎠

for suitable ν0, ν1, ν2.
Although the geometric origin of these two points of view are markedly different,

we prove that they are in fact equivalent when restricted to the space of positive
definite matrices.

Remark A.6 The following intuition for the structure of B(R) may be helpful. Con-
sider an analytic family of (projective classes of) symmetric matrices Pt ⊂ X ⊂
B(R), as t → 0, which are positive definite for t > 0 and which we think of as
quadratic forms on a vector space V . This family is not necessarily geodesic. The
limiting matrix P0 ∈ P(Q(V ))(R) may have vanishing determinant, in which case it
is positive semi-definite, and has a null space K ⊂ V . By choosing a complementary
space V =K ⊕C, we may write Pt locally near t = 0 in block matrix form

Pt =
(

At Ut

UT t P0

)
+ higher order terms in t .

If A is positive definite, the curve t �→ Pt in B(R) has a limiting point for t = 0
which lies on the exceptional divisor associated to the blow-up of P(Q(V/K)) (if A

is not positive definite, then repeat the argument for the restriction of Pt to K , i.e.
the top-left block, to define a point on a higher codimension exceptional locus). To
describe this limiting point, consider the projective classes of the pair of symmetric
matrices:

(
A U

UT 0

)
,

(
0 0
0 P0

)

which define a point in the exceptional divisor P(Q(V )/Q(V/K))(R) × P(Q(V/

K))(R). The latter is the projectivised normal bundle of P(Q(V/K)) inside P(Q(V ))

as evidenced by the fact that the limiting point of Pt in B(R) is the pair: (normal
vector, limiting value).

A.3 Linear monoidal actions and blow-ups

The Borel-Serre construction is topological, and relies on the geodesic action which
is only defined on the space of positive definite matrices, since it makes crucial use
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of the surjectivity of (A.6). In order to reformulate it in the language of algebraic
geometry, we first need some preliminaries on monoidal actions on vector space
schemes and their quotients by multiplicative groups. A possible relation between
Borel-Serre’s construction and blow-ups is hinted at in [12, pg 437, line 5], but does
not seem to have been developed further as far as we are aware.

Let k be a field. All schemes will be over k.

A.3.1 Multiplicative monoid

The multiplicative group is defined by Gm = Speck[t, t−1], where O(Gm) =
k[t, t−1] is the Hopf algebra whose coproduct Δ : O(Gm)→ O(Gm) ⊗k O(Gm)

satisfies Δt = t ⊗ t . The multiplication on Gm is dual to Δ.
We denote the multiplicative monoid scheme Gm ≤Gm to be

Gm = Speck[t]
where k[t] is the coalgebra equipped with the coproduct Δ : k[t] → k[t] ⊗k k[t]
satisfying the same formula Δt = t ⊗ t . Thus, as a scheme, Gm is simply the affine
line A

1, but has a multiplication morphism Gm ×Gm→Gm. It has a distinguished
point 0 ∈ Gm such that Gm\0 = Gm, and has the property that the multiplication
satisfies 0×Gm→ 0.

A.3.2 Linear monoidal action

A vector space of dimension n over a field k will be viewed as the k-points of an affine
scheme A

n in the usual manner. Direct sums correspond to products of vector-space
schemes. Consider a finite-dimensional graded vector space W over a field k

W =Wn ⊕Wn−1 ⊕ · · · ⊕W1 ⊕W0

where dimWi ≥ 1 for all i. The multiplicative group Gm ×Wi→Wi acts by scalar
multiplication on each component, denoted by (λ,w) �→ λw. It extends to an action
Gm ×Wi→Wi which sends (0,w) to the origin of Wi . Consider the monoid action

m :Gn

m ×W −→W , (A.9)

where the ith component of Gm for i = 1, . . . , n, acts via

Gm ×W −→W (A.10)

(λi, (wn, . . . ,w0)) �→ (λiwn, . . . , λiwi,wi−1, . . . ,w0) .

The action (A.9) restricts to an action of Gn
m on W . Furthermore, let Gn

m act on G
n

m

componentwise via the map Gm ×Gm→Gm given by (μ,λ) �→ λμ−1, where μ−1

is the inverse in the group Gm. We deduce that (A.9) is equivariant for the diagonal
action of Gn

m on G
n

m ×W , in other words, the following diagram commutes

G
n
m × (G

n

m ×W) −→ G
n

m ×W

↓ ↓m

G
n

m ×W
m−→ W

(A.11)
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where the vertical map on the left is projection onto G
n

m ×W , and the horizontal
map is the diagonal action of Gn

m on both G
n

m and W . In the case n= 1 this diagram
merely expresses the trivial fact that m(μ.(λ,w))=m(λμ−1,μw)= λw =m(λ,w).

A.3.3 Quotients and blowups

For any finite dimensional vector space W over k, let W× =W\{0}. It is an open
subscheme of W stable under the action of Gm, but not under the extended action of
Gm, since Gm ×W× →W . Let us denote by:

W� =W×n ×W×n−1 × · · · ×W×1 ×W0 ,

(component W0 sic). The morphism (A.9) restricts to a morphism m : Gn

m ×W�→
W , which, by (A.11), is equivariant with respect to the action of Gn

m.
We wish to define its quotient by G

n
m in the category of schemes.

Example A.7 We warm up with the construction of projective space as a quotient. Let
x1
i , . . . , xn

i denote coordinates on the k-vector space Wi
∼= A

n, where n = dimWi ,
and write

W×i =
n⋃

j=1

U
j
i

where U
j
i ⊂ A

n is the open complement of x
j
i = 0. Let U

jk
i = U

j
i ∩Uk

i . The opens

U
j
i , U

jk
i are stable under the action of Gm on W , and the inclusions U

jk
i ↪→ U

j
i are

Gm-equivariant. One may define the quotient by Gm:

Gm \\W×i :=
n⋃

i=1

Gm \\Uj
i

to be the union of schemes Gm \\Ui
i glued along the Gm \\Ujk

i , where Gm \\Uj
i =

Spec (O(U
j
i )Gm) (and similarly Gm\\Ujk

i ) is the affine scheme whose coordinate ring

consists of Gm-invariant polynomials. Since O(U
j
i )Gm = k[ x1

i

x
j
i

, . . . ,
xn
i

x
j
i

], we recover

the standard affine covering of projective space and thus

Gm \\W×i ∼= P(Wi)

is canonically isomorphic to the projective space of Wi .

Definition A.8 Consider a Gm-equivariant covering W×i =
⋃

1≤j≤dimWi
U

j
i of Wi for

every i = 1, . . . , n as in the previous example, and define a scheme:

G
n
m \\(Gn

m ×W�) :=
⋃

i1,...,in

G
n
m \\

(
G

n

m ×Uin
n × · · · ×U

i1
1 ×W0

)
, (A.12)

where each 1≤ ik ≤ dimWk . It does not depend on the choice of coordinates (since
G

n
m is central in the product of general linear groups GL(Wi)).
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Since it is Gn
m-equivariant, the map m (A.9) defines a morphism of schemes also

denoted by

m : Gn
m \\(Gn

m ×W�)−→W . (A.13)

Proposition A.9 The scheme (A.12) canonically embeds as an open subscheme of the
iterated blow-up B→W of the affine space W along the linear subspaces

W0 ⊂ W0 ⊕W1 ⊂ · · · ⊂ W0 ⊕W1 ⊕ · · · ⊕Wn−1

in increasing order of dimension. It is Zariski-dense in B .

Proof The most direct proof is via explicit coordinates generalising Example A.7.
Consider the coordinate ring of a particular open in (A.12)

O
(
G

n

m ×Uin
n × · · · ×U

i1
1 ×W0

)

where 1≤ ir ≤ dimWr . With the labelling of coordinates of Example A.7, it is

k

[
λ1, . . . , λn,

(
xi
j

)
0≤j≤n

1≤i≤dimWi

,
1

x
i1
1

, . . . ,
1

x
in
n

]

where λi is the coordinate on the ith component of Gm (and the x
j

0 are coordinates
on W0). The action of the ith component of Gm is equivalent to the action

λj �→
{

λjμ
−1
i if i = j ,

λj if i �= j
and x

j
k �→

{
μix

j
k if k ≥ i

x
j
k if k < i

for all j ≥ 1. The ring of Gn
m-invariants of O

(
G

n

m ×U
in
n × · · · ×U

i1
1 ×W0

)
is

O(W0)

[(
xi

1

x
i1
1

)

1≤i≤dimW1

,

(
xi

2

x
i2
2

)

1≤i≤dimW2

, . . . ,

(
xi
n

x
in
n

)

1≤i≤dimWn

,

λ1x
i1
1 , λ2

x
i2
2

x
i1
1

, . . . , λn

x
in
n

x
in−1
n−1

]
,

since the former is generated over the latter (which is clearly G
n
m-invariant) by

(x
i1
1 )±1, . . . , (x

in
n )±1. By introducing G

n
m-invariant variables

αi
j = λ1λ2 . . . λj x

i
j

we can rewrite the ring of Gn
m-invariants in the slightly different form

O(W0)

[
α

i1
1 ,

(
αi

1

α
i1
1

)

1≤i≤dimW1

,
α

i2
2

α
i1
1

,

(
αi

2

α
i2
2

)

1≤i≤dimW2

, . . . ,
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α
in
n

α
in−1
n−1

,

(
αi

n

α
in
n

)

1≤i≤dimWn

]
.

These are identical to a system of local coordinates on the iterated blow-up described
in §5.2 (after reversing the indexation of the subscripts of the α’s) along

V (αi
j : j ≥ 1) ⊂ V (αi

j : j ≥ 2) ⊂ . . . ⊂ V (αi
j : j ≥ n) .

These coordinates define a canonical open immersion of this affine chart of (A.12)
into B . Since these coordinate charts are compatible they glue together to form an
explicit open immersion of schemes from (A.12) to B . □

Inspection of the proof shows that the scheme (A.12) is canonically isomorphic to
the complement in B of strict transforms of some linear subspaces of W which may
be written in terms of the Wi , although we will not need such an explicit description.

Remark A.10 The recursive structure of the iterated blow-up may be interpreted using
the monoidal action. Consider the morphism

πr :Gr

m ×Wn × · · · ×Wr+1 ×W×r × · · · ×W×1 ×W0 −→
G

r−1
m ×Wn × · · · ×Wr ×W×r−1 × · · · ×W×1 ×W0 (A.14)

which sends ((λ1, . . . , λr ), (wn, . . . ,w0)) to ((λ1, . . . , λr−1), (λrwn, . . . , λrwr,

wr−1, . . . ,w0)).

Lemma A.11 The morphism πr induces a map

G
r
m \\

(
G

r

m ×Wn × · · · ×Wr+1 ×W×r × · · · ×W×1 ×W0

)
−→

G
r−1
m \\

(
G

r−1
m ×Wn × · · · ×Wr ×W×r−1 × · · · ×W×1 ×W0

)
(A.15)

which sends V (λr), the vanishing locus of λr , to

Zr = 0× · · · × 0×G
r−1
m \\

(
G

r−1
m × (W×r−1 × · · · ×W×1 ×W0)

)
.

Its restriction to the complement of V (λr) is an isomorphism onto the complement of
Zr in its image. (It is not surjective, since the locus wr = 0 is not in its image).

Proof The map πr is Gm-invariant for the action of the last component of G
r
m =

G
r−1
m ×Gm (with coordinate μr ) and equivariant for the action of Gr−1

m (with coor-
dinates (μ1, . . . ,μr−1)). Since wr �= 0, the equation λrwr �= 0 is equivalent to λr �= 0.
Hence π−1

r (Zr)= V (λr). Recall that the last copy of Gm in G
r
m =G

r−1
m ×Gm, with

coordinate μr , acts via

μr × (λ1, . . . , λr ,wn, . . . ,w0)
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�→ (λ1, . . . , λr−1, λrμ
−1
r ,μrwn, . . . ,μrwr,wr−1, . . . ,w0)

By passing to the quotient for this action, every point with λr �= 0 has a unique repre-
sentative with λr = 1. On such points, the map in question is the identity and hence
πr is an isomorphism onto its image outside V (λr). □

Now observe that the map G
n
m \\(Gn

m×W�)→W is a composition of morphisms

G
n
m \\

(
G

n

m ×W�
)

πn−→ Wn ×G
n−1
m \\

(
G

n−1
m × (W×n−1 × · · · ×W×1 ×W0)

)

id×πn−1−→ Wn ×Wn−1

×G
n−2
m \\

(
G

n−2
m × (W×n−2 × · · · ×W×1 ×W0)

)

...

−→ Wn ×Wn−1 × . . .W1 ×W0 .

The divisors V (λr) can be described by a computation given in §A.3.5. It follows
from this and Lemma A.11, that each map is a blow-up along Zr , and one deduces
that Gn

m \\(Gn

m ×W�) is an iterated blow-up along the strict transforms of 0× · · · ×
0×Wr−1 × · · · ×W0.

A.3.4 Variant: projective version

With notation as above, let

W ◦ =W×n ×W×n−1 × · · · ×W×1 ×W×0

with an action of Gn+1
m =G

n
m ×Gm where G

n
m acts as above, but with an additional

copy of Gm (with coordinate μ0) acting by scalar multiplication on W ◦ (i.e. diag-
onally on each copy W×i ). Then we may define the quotient Gn+1

m \\(Gn

m ×W ◦) as
before. By (A.10), all components of Gn

m act trivially on W0 and the morphism (A.13)
now corresponds to:

G
n+1
m \\(Gn

m ×W ◦)−→Gm \\(W\{0})= P(W) .

Note that its image is the open complement of P(Wn⊕· · ·⊕W1⊕{0}) in P(W). The
projective version of Proposition A.9 is:

Proposition A.12 The scheme G
n+1
m \\(Gn

m ×W ◦), relative to the morphism:

G
n+1
m \\(Gn

m ×W ◦)−→ P(W)

canonically embeds into the iterated blow-up BW → P(W) along the linear sub-
spaces

P(W0) ⊂ P(W0 ⊕W1) ⊂ . . . ⊂ P(W0 ⊕W1 ⊕ · · · ⊕Wn−1)

in increasing order of dimension. It is Zariski-dense in BW .
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A.3.5 Exceptional divisors

The exceptional divisors of G
n+1
m \\(Gn

m ×W ◦) are in one-to-one correspondence
with the divisors V (λi) defined by λi = 0 for i = 1, . . . , n.

Lemma A.13 The divisor V (λi) is canonically isomorphic to a product

V (λi) ∼= G
n−i+1
m \\(Gn−i

m ×W×n ×· · ·×W×i ) × G
i
m \\(Gi−1

m ×W×i−1×· · ·×W×0 ) .

Proof There is a canonical isomorphism from G
i−1
m × 0×G

n−i

m ×W×n × · · · ×W×0
to

G
i−1
m ×W×i−1 × · · · ×W×0 ×G

n−i

m ×W×n × · · · ×W×i

which maps an element (λ1, . . . , λi−1,0, λi+1, . . . , λn,wn, . . . ,w0) to

(λ1, . . . , λi−1,wi−1, . . . ,w0)× (λi+1, . . . , λn,wn, . . . ,wi+1,wi) .

One checks that it is equivariant with respect to the respective actions of

G
i
m ×G

n−i+1
m

∼−→G
n+1
m

(μ0, . . . ,μi−1)× (μi, . . . ,μn)

�→ (μ0, . . . ,μi−1, (μ0 . . .μi−1)
−1 μi,μi+1, . . . ,μn) .

The statement follows by passing to the quotient. □

If we write W ′ =Wi−1⊕ · · · ⊕W0, it follows that V (λi) embeds into the product

V (λi) ↪→ BW/W ′ P(W/W ′)×BW ′ P(W ′) (A.16)

where the blow-ups are with respect to the flags of subspaces defined by the filtration
Fm =⊕m

k=0 Wk on W and the filtrations it induces on W ′ and W/W ′.
The irreducible components Si of the exceptional divisor S define a stratification

on the blow-up BW of P(W). Consider the corresponding quasi-projective stratifica-
tion

BW =
⋃

I

S◦I (A.17)

where the union is over all subsets I ⊂ {1, . . . , n}, and where we denote SI =⋂
i∈I Si , and S∅ = P(W), and define

S◦I = SI \
⎛

⎝
⋃

j /∈I
SI ∩ Sj

⎞

⎠ .
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It follows from the description in Proposition 5.3 that each stratum of (A.17) (and
each stratum of Gn+1

m \\(Gn

m×W ◦) via (A.16)), is embedded in a product of projective
spaces:

S◦I ⊂
|I |∏

k=1

P

⎛

⎝
⊕

ik−1≤j<ik

Wj

⎞

⎠=
|I |∏

k=1

P

(
grF

′
k W

)
, (A.18)

where F ′W is the increasing filtration on W whose kth graded quotient is⊕
ik−1≤j<ik

Wj where we set i0 = 0, in+1 = n+ 1. The strata of (A.17) are in one-to-
one correspondence with filtrations F ′ ≤ F .

The restriction of the embedding (A.18) to the locus in G
n+1
m \\(Gn

m×W ◦) where
λi = 0 for all i ∈ I and λj �= 0 for all j �= 0, is given explicitly by the map

(λ1, . . . , λn,wn, . . . ,w0) �→ (w0, . . . ,wi1−1)× (wi1, . . . ,wi2−1)

× · · · × (win−1 , . . . ,wn)

where the right-hand side is in the space
∏n+1

k=1 Gm \\(W×ik−1
× · · · ×W×ik−1) which

embeds in a product of projective spaces by Example A.7. One may verify that it is
an embedding because, for every λj �= 0, we may apply a unique element of the j th
copy of Gm in G

n+1
m to make the coordinate λj equal to 1.

A.4 Spaces of parabolic and symmetric matrices

Using the previous construction, we may define an algebraic version of AP \ (AP ×
P) associated to a rational parabolic P and embed it in an iterated blow-up. We
then provide an algebraic interpretation of the space X(P ) by embedding it into the
real points of a finite iterated blow-up of projective space. We shall denote algebraic
groups with caligraphic letters to distinguish them from the topological groups con-
sidered in §A.2.

Let V be a finite-dimensional vector space over Q and consider a flag of subspaces

F : 0⊂ Vd ⊂ Vd−1 ⊂ · · · ⊂ V1 ⊂ V0 = V

which has a splitting: V ∼=⊕i≥0 Vi/Vi+1. Let PF ⊂ EndF (V ) denote the affine va-
riety over Q of endomorphisms of V which preserve F . Using the splitting of V we
may write

EndF (V )=HomF (V ,
⊕

i

Vi/Vi+1)=
⊕

i

HomF (V,Vi/Vi+1)

which, upon setting Pi = HomF (V,Vi/Vi+1), gives a decomposition (of schemes,
corresponding to the direct sum in the category of vector spaces)

PF =Pd ×Pd−1 × · · · ×P0 . (A.19)
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Define a subscheme P◦F =P×d ×P×d−1 × · · · ×P×0 of PF as in §A.3.4. Let

ZP =G
d+1
m ↪→ GL

(
⊕

i

Vi/Vi+1

)
=
∏

i

GL(Vi/Vi+1)

be the product of multiplicative groups whose kth component, where 0 ≤ k ≤ d ,
acts by scalar multiplication on Vk/Vk+1. Denote its coordinate ring O(ZP ) =
k[μ0,μ

−1
0 , . . . ,μd,μ−1

d ].
Consider the affine group scheme AP =G

d
m, with coordinates λ1, . . . , λd . There

is a morphism of affine group schemes AP → ZP , which on coordinate rings is the
map

(μ0, . . . ,μd) �→ (1, λ1, λ1λ2, . . . , λ1 · · ·λd) :O(ZP )−→O(AP ) .

This is consistent with (A.7). The previous morphism, via the action of ZP on⊕
i Vi/Vi+1, defines an action of AP on P◦F . This action extends to an action of

the multiplicative monoid AP =G
d

m whose kth component has coordinate λk where
1≤ k ≤ d . It acts by scalar multiplication on Vk as in §A.3, i.e., for vi ∈ Vi/Vi+1, for
0≤ i ≤ d we have:

(λ1, . . . , λd)× (vd, . . . , v1, v0) �→ (λd · · ·λ1vd, . . . , λ2λ1v2, λ1v1, v0) .

Since the components of ZP act centrally on Vi/Vi+1, this defines an action AP ×
P◦F → PF by scalar multiplication on each component. It is given by the identical
formula to the above, upon replacing vi with pi , for pi ∈ P×i . On points, an element
a ∈ AP acts upon (λ,p) ∈ AP × P◦F by a.(λ,p) = (λ.a−1, a.p). Finally let H =
Gm denote the subgroup of ZP with coordinates μ0 = · · · = μd , corresponding to
diagonal matrices. It acts on AP × P◦F by acting trivially on AP , and acting via
scalar multiplication on P◦F .

Theorem A.14 There is a canonical Zariski-dense embedding:

(AP ×H) \\ (AP ×P◦F
)−→ BF P(PF ) , (A.20)

where BFP(PF ) is the iterated blow-up of P(PF ) along the subspaces

P(P0) ⊂ P(P0 ⊕P1) ⊂ · · · ⊂ P(P0 ⊕ · · · ⊕Pd−1) .

Let I = {i1, . . . , ik} and 1 ≤ i1 < · · · < ik ≤ d . The image of the locus V (λi, i ∈
I ) under the morphism (A.20) is contained in the codimension k stratum SI of the
exceptional divisor of BFP(PF ) which corresponds to the flag F ′ ≤ F :

F ′ : 0= Vik+1 ⊂ Vik ⊂ Vik−1 ⊂ · · · ⊂ Vi1 ⊂ Vi0 = V . (A.21)

Both V (λi, i ∈ I ) and its Zariski-closure SI are canonically isomorphic to products,
and the morphism (A.20) restricts to the embedding:

V (λi, i ∈ I )∼=
k∏

m=0

(APFm
×H) \\ (APFm

×P◦Fm

)−→ SI (A.22)
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∼=
k∏

m=0

BFmP(PFm)

where PFm =
∏

im≤j<im+1
Pj , P◦Fm

=∏im≤j<im+1
P×j and Fm are the filtrations in-

duced by F on the quotients Vim/Vim+1 .
The restriction of (A.22) to the open locus {λj �= 0 : j /∈ I } gives an embedding

(APF ′ ×H) \\P◦F ↪→ S◦I ⊆
k∏

m=0

P(PFm) . (A.23)

Proof Apply Proposition A.12 to PF . The second part follows by iterating the de-
scription of a codimension one exceptional divisor given in §A.3.5. The only novelty
is (A.23). It follows from the fact that the locus {λj �= 0 : j /∈ I } is isomorphic to

(
k∏

m=0

(APFm
×H) \\ (APFm

×P◦Fm

)
)
\
⋃

j /∈I
V (λj )∼= (APF ′ ×H) \\P◦F .

This follows from the isomorphism P◦F = P◦F0
× · · · × P◦Fm

, and the fact that the
locus where λj �= 0 is a torsor over the jth copy of Gm in APFm

, and so any point
with coordinate λj �= 0 has a unique representative in its Gm-orbit with λj = 1. □

Since the determinant is a homogeneous polynomial in matrix entries, we may
define the determinant hypersurface Det⊂ P(PF ) to be its vanishing locus. Let

D̃et ⊂ BFP(PF )

denote its strict transform. Let P =GLF (V ⊗Q R) denote the (topological) group of
automorphisms considered in §A.2, and likewise AP ≤ P . Then we may interpret

P ∼= (PF \Det) (R)

and it follows from Theorem A.14 that there are injections:

(AP ×H) \ (AP × P
)−→ (

(AP ×H) \\ (AP × (P◦F \Det
))

(R) (A.24)

−→ (
BFP(PF ) \ D̃et

)
(R) .

On the left is a topological group; in the middle, the real points of a scheme-theoretic
group quotient; on the right, the real points of an iterated blow up.

Example A.15 Consider the case when d = 2 and F is 0⊂ V2 ⊂ V1 ⊂ V . By choosing
a basis of V adapted to this filtration, the points of PF are given by block lower

triangular matrices, and AP
∼=G

2
m acts by

(λ1, λ2)×
⎛

⎝
P0 0 0
P01 P1 0
P02 P12 P2

⎞

⎠ �→
⎛

⎝
P0 0 0

λ1P01 λ1P1 0
λ1λ2P02 λ1λ2P12 λ1λ2P2

⎞

⎠
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where λ1, λ2 are points on G
2
m. The points of Pi , for i = 0,1,2 are given by the

subsets of matrices which vanish everywhere except in (block) row i + 1, and the
subspaces P0 ⊂ P0 ⊕P1 which are to be blown up are the spaces of matrices of the
form:

⎛

⎝
P0 0 0
0 0 0
0 0 0

⎞

⎠ ⊆
⎛

⎝
P0 0 0
P01 P1 0
0 0 0

⎞

⎠ .

The points of the subspace P◦F satisfy P0 �= 0, P1 �= 0 and P2 �= 0. This strictly con-
tains the complement of the locus Det defined by det(P0)det(P1)det(P2)= 0.

The stratification of Gm \\(G2
m × P◦F ) is generated by the equations λ1 = 0 and

λ2 = 0 (below left). The strata themselves are described as quotients (below, middle),
which embed into the following products of blow-ups (below, right):

V (λ1) : (
Gm \\P◦0

)×G
2
m \\

(
Gm ×P◦1 ×P◦2

)
⊆ P(P0)×BP(P1)P(P2 ⊕P1)

V (λ2) : G
2
m \\

(
Gm ×P◦0 ×P◦1

)
× (Gm \\P◦2

) ⊆ BP(P0)P(P0 ⊕P1)× P(P2)

V (λ1, λ2) : (
Gm \\P◦0

)× (Gm \\P◦1
)× (Gm \\P◦2

) ⊆ P(P0)× P(P1)× P(P2) .

.

These strata, respectively, correspond to the flags: 0⊂ V1 ⊂ V for λ1 = 0; 0⊂ V2 ⊂
V for λ2 = 0; and the full flag 0⊂ V2 ⊂ V1 ⊂ V for λ1 = λ2 = 0.

See Example A.17 for the continuation of this example.

A.5 Spaces of quadratic forms, blow-ups and X(P )

Let F , P be as in §A.4. There is a natural morphism of algebraic varieties

P(PF )−→ P(Q(V )) (A.25)

M �→ MT M

which sends the subspace P(P0 ⊕ · · · ⊕ Pi ) to P(Q(V/Vi+1))⊂ P(Q(V )), the pro-
jective space of the subspace of quadratic forms which vanish on Vi+1.

Consequently, by the universal property of blow-ups, (A.25) induces a morphism

BFP(PF )−→ BFP(Q(V )) (A.26)

where BFP(Q(V )) is the iterated blow-up of P(Q(V )) along the linear subspaces

P (Q(V/V1)) ⊂ P (Q(V/V2)) ⊂ · · · ⊂ P (Q(V/Vd))

associated to the flag F . Combining with Theorem A.14 we deduce a natural map:

(AP ×H) \\ (AP ×P◦F
)−→ BFP(PF )−→ BFP(Q(V )) . (A.27)

Recall from §9.5 that the exceptional divisor E of BFP(Q(V )) defines a stratification
whose strata EF ′ are in one-to-one correspondence with flags F ′ ≤ F (A.21), and are
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canonically isomorphic to a product of iterated blow-ups

EF ′ ∼=
k∏

m=0

BFi
P

(Q(V/Vim+1)

Q(V/Vim)

)
,

where Fi is the induced filtration on the successive quotients Vi/Vi+1 of (A.21).
Let Det⊂ P(Q(V )) denote the vanishing locus of the determinant, and D̃et its strict
transform in BFP(Q(V )). It was proven in Proposition 11.4 that

EF ′ \
(
EF ′ ∩ D̃et

)∼=
k∏

m=0

(
P

(Q(V/Vim+1)

Q(V/Vim)

)
\ Det

∣∣
Vim/Vim+1

)
(A.28)

where Det
∣∣
Vim/Vim+1

is the zero locus of the homogeneous map

Q(V/Vim+1)

Q(V/Vim)
−→Q(Vim/Vim+1)

det−→Q,

where the first map is restriction of quadratic forms (compare §9.3).

Theorem A.16 The map (A.27) induces an injective continuous map

X(P )−→ (
BF P(Q(V )) \ D̃et

)
(R) . (A.29)

For every flag F ′ of the form (A.21) the map (A.29) restricts to a map

e(PF ′)−→ EF ′ \
(
EF ′ ∩ D̃et

)
(R) (A.30)

to the corresponding stratum in the exceptional locus of BF P(Q(V )). The image of
e(PF ′), via the identification (A.28), is the product e(PF ′)∼=∏m Xm where

Xm ⊂ P

(Q(V/Vim+1)

Q(V/Vim)

)
(R)

is the set of projective classes of matrices whose image in P(Q(Vim/Vim+1))(R) is
positive definite.

Proof The equation det(MT M) = det(M)2 implies that (A.25) preserves the deter-
minant loci Det in P(PF ) and P(Q(V )), and so the morphism (A.26) preserves their
strict transforms. It follows that (A.27) defines a natural map

(AP ×H) \\ (AP ×P◦F
)−→ BFP(Q(V )) \ D̃et (A.31)

whose restriction to the open locus {λi �= 0, for 1≤ i ≤ d} is the morphism

Gm \\P◦F −→ P(Q(V )) \Det

which, in coordinates given by a basis of V , sends a matrix M to the projective class
of MT M . This map is invariant by left-multiplication by the subscheme KPF

≤ P◦F
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whose points are matrices O such that OT O = 1, since one has (OM)T OM =M .
Since this equation is algebraic, it remains true on the Zariski closure of P◦F , and
hence (A.31) is also invariant under left multiplication by KPF

, since the action of
KPF

on P◦F commutes with that of AP and H. We deduce that the map of topological
spaces

(AP ×H) \ (AP × P
)−→ (

BFP(Q(V )) \ D̃et
)
(R)

which is induced by taking real points of the map (A.31) and composing with the first
map in (A.24), is KP ≤KPF

(R) invariant and so passes to the quotient

X(P )= ZP KP \
(
AP × P

)−→ (
BFP(Q(V )) \ D̃et

)
(R) .

It gives a well-defined continuous map (A.29) such that the following diagram com-
mutes:

ZP \
(
AP × P

) −→ (
BFP(PF ) \ D̃et

)
(R)

↓ ↓
X(P )=AP \

(
AP ×X

) −→ (
BFP(Q(V )) \ D̃et

)
(R)

,

where the horizontal map along the top is the morphism (A.20) and the vertical maps
are M �→MT M on the left, and (A.26) on the right.

Now compute the restriction of the map (A.29) on each stratum indexed by a flag
F ′ of the form (A.21). The map (A.31) restricts to a map on exceptional divisors

(APF ′ ×H) \\P◦F
(A.23)−→ S◦F ′

(A.26)−→ EF ′ .

Since it is left-invariant by KPF
, it descends, after taking real points, to the quotient

e(PF ′)=APF ′ \X ∼= ZPF ′KPF ′ \ PF ′ −→ EF ′ \
(
EF ′ \ D̃et

)
(R) .

This morphism is injective on each stratum e(PF ′) since MT M = NT N holds for
two invertible real matrices M , N if and only if M = ON , for O an orthogonal
matrix. The final statement follows from the fact that (A.29) identifies the open
X ⊂ X(P ) with the subspace of projective classes of positive-definite matrices in-
side P(Q(V ))(R). This proves the result for the trivial flag. In the case of a flag
0 ⊂ V1 ⊂ V of length d = 1, the map from e(P ) to the corresponding exceptional
locus is given on the level of matrices by

(
A 0
U B

)
�→

(
AT A 0

0 0

)
,

(
0 UT B

BT U BT B

)
, (A.32)

where the matrices are on the right denote projective equivalence classes. We can
choose A, B such that AT A, and BT B are arbitrary (projective classes of) positive
definite real symmetric matrices, and finally choose U such that UT B is any other
matrix, since B is invertible. This indeed proves that e(P ) surjects onto the space
described in the statement of the theorem. The general case, for a flag of arbitrary
length, is similar (or follows from the case of length one by induction). □
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Examples A.17 As in Example A.15, use the splitting V ∼= V/V1 ⊕ V1/V2 ⊕ V2 to
write endomorphisms of V in block matrix form. Consider the deepest stratum which
is associated to the full flag F , which corresponds to E12 (denoted V (λ1, λ2) in Ex-
ample A.15)).

The morphism (A.30)

e(P )−→ P(Q(V/V1))(R)× P

(Q(V/V2)

Q(V/V1)

)
(R)× P

( Q(V )

Q(V/V2)

)
(R)

is given explicitly on matrix representatives in P of classes in e(P )=AP KP \P by:

⎛

⎜⎜⎝

P0

P01 P1

P02 P12 P2

⎞

⎟⎟⎠ �→

⎛

⎜⎜⎝

P T
0 P0 0 0

0 0 0

0 0 0

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

0 P T
01P1 0

P T
1 P01 P T

1 P1 0

0 0 0

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

0 0 P T
02P2

0 0 P T
12P2

P T
2 P02 P T

2 P12 P T
2 P2

⎞

⎟⎟⎠

Now consider the stratum associated to the flag F ′ : 0 ⊂ V1 ⊂ V , which corre-
sponds to the exceptional divisor E1 (corresponding to V (λ1) in Example A.15). The
morphism (A.30)

e(P ′)−→ P(Q(V/V1))(R)× P

( Q(V )

Q(V/V1)

)
(R)

is given on matrix representatives in P of classes in e(P ′)=AP ′KP ′ \P ′ =AP ′KP \
P by setting A= P0, U =

(
P01
P02

)
, and B =

(
P1 0
P12 P2

)
in (A.32). This gives the map

⎛

⎜⎜⎝

P0 0 0

P01 P1 0

P02 P12 P2

⎞

⎟⎟⎠ �→

⎛

⎜⎜⎝

P T
0 P0 0 0

0 0 0

0 0 0

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

0 P T
01P1 + P T

02P12 P T
02P2

P T
1 P01 + P T

12P02 P T
1 P1 + P T

12P12 P T
12P2

P T
2 P02 P T

2 P12 P T
2 P2

⎞

⎟⎟⎠

A.6 Proof of the statements in §A.1

A.6.1 Proof of Theorem A.2

Theorem A.16 provides an injective map of stratified spaces from X(P ) to the it-
erated blow-up BFP(Q(V )). By the argument of Proposition 5.2 (ii), there is a
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canonical map B(R)→ BFP(Q(V )) which is an isomorphism away from excep-
tional divisors. Since the image of the exceptional divisors is contained in the (strict
transform) of the determinant locus, which does not meet the image of X(P ), it fol-
lows that the continuous map X(P )→ BFP(Q(V )) \ D̃et canonically lifts to a map
X(P )→ (B \ D̃et)(R). Via the description (A.8) of XBS as a union of X(P ), for P

rational parabolics, we deduce the canonical continous map XBS→ (B \ D̃et)(R). It
is injective since, by Theorem A.16, the image of each open stratum e(P ) of XBS is
contained in the complement of the determinant locus in a unique exceptional stra-
tum. They are disjoint, since the intersections of exceptional strata are contained in
the determinant loci. The statement abut the closure of X will follow from the ar-
gument in the next paragraph below. The description of the image of e(P ) follows
from Theorem A.16 and (A.28). Finally, the group of rational points GL(V )(Q) acts
on X via P �→ Pg. Correspondingly, the algebraic group GL(V ) acts upon P(Q(V ))

via (g,M) �→ gT Mg. Since it permutes the set of flags (A.5) and hence the centers
of all the blow-ups which define B, it extends to a natural action of GL(V ) upon
B. Its group of Q-points GL(V )(Q) acts algebraically upon B. This action is by
compatible, via P �→ P T P , with the action of GL(V )(Q) upon X.

A.6.2 Proof of Corollary A.3

Consider a GLg(Z)-equivariant admissible decomposition X =⋃σ σ , obtained, for
example, as the intersection of an admissible decomposition §10.3 with the set of
positive definite symmetric matrices. Let us identify XBS with its image in B(R)

under the map f . Thus we may write

X ⊂XBS ⊂B(R) .

Consider a polyhedron σ ⊂ X, and denote its closure in XBS by σ . Its closure in
B(R) is the compact polyhedron σB = σBmin,σ

in the minimal blow-up of σ , since,
by definition, the latter is the topological closure of the inverse image of the interior
of σ in its minimal blow up. The equality σB = σBmin,σ

follows from invariance
under extraneous modifications (Proposition 5.14). By Proposition 11.4, each open
face of σB is a product of strictly positive polyhedra, and is therefore contained in
the image of an e(P ), for a certain P , by the last part of Theorem A.16. It follows
that σB ⊂XBS. Thus

X ⊂
⋃

σ

σB ⊂XBS

and in particular σ = σB . By construction, X(P )= AP \ (AP ×X) is contained in
the closure of X =AP \ (AP ×X) (let the coordinates λi on AP tend to zero) and so
XBS is contained in the closure of X. The previous equation then implies that

XBS =
⋃

σ

σB (A.33)

It follows that XBS equals the closure of X in B(R), which was the remaining state-
ment to prove in Theorem A.2. The decomposition (A.33) has similar properties to
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an admissible decomposition as in §10.3 (finitely many GLg(Z) orbits, intersections
are closures of faces, etc). Conclude using the fact that, by definition (11.5), the topo-
logical space |LAtrop,B

g | is the quotient of
⋃

σ σB by the action of GLg(Z), since the

gluing relations in the diagram category Dtrop,B
g are those induced by GLg(Z).
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