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Abstract

We investigate the long term behaviour of two models for the spatial distribution of alleles in a

diploid population, one with asymmetric selection in favour of the homozygotes, and one with

selection in favour of the heterozygote.

We model the population with asymmetric homozygous selection using a version of the spatial

Λ-Fleming-Viot process. We identify three regimes. For very small values of the asymmetry,

the limiting behaviour of the process is the same as for the case with symmetric selection. This

case was studied in [13], and they showed, under certain rescaling and initial conditions, that

the hybrid zone, the interface between two homogeneous regions of each homozygote, evolves

according to mean curvature flow. However, for larger, but not that much larger, values of

asymmetry, we show a new behaviour, that the hybrid zone evolves according to a different type

of flow, which we call constant curvature flow. Furthermore, there is a strength of asymmetry

for which elements of both types of curvature flow are present in the limit. This suggests that

the behaviour found in [13] is more sensitive to perturbations than first thought.

We then go on to investigate the fluctuations of this process about its limit. To do this, we

specialise to the one-dimensional case. We show that, when time, space and the strength of the

asymmetry are appropriately rescaled, the hybrid zone, which is a single point in one dimension,

evolves according to a Brownian motion, with drift proportional to the asymmetry.

Finally, we turn to the model with heterozygous selection. We restrict ourselves to two

dimensions, and investigate this process through its dual, the branching annihilating random

walk. We show that, up to an arbitrary time, and with arbitrarily high probability, there exists

a branching rate such that we may couple a branching annihilating random walk to a ternary

branching Brownian motion. While interesting in its own right, this result lends support to a

conjecture of [6], that a branching annihilating random walk in two dimensions has a positive

probability of survival for all time for any positive branching rate.
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Notation

[·] The set of positive integers up to and including ·.
∼ If f(n) ∼ g(n), then f equals g asymptotically, i.e., lim

n→∞
f(n)
g(n) = 1. If a f and

g are functions of multiple variables, a subscript may be used to indicate the
variable which is being taken to infinity, i.e., f(n, ·) ∼

n→∞ g(n, ·).
A[t′,t] Non-collision event during the interval [t′, t] for two instantaneous continuous

time random walks, see page 145.
At Non-collision event during the interval [0, t] for two instantaneous continuous

time random walks, see page 145.
BARW Branching annihilating random walk.
BBM Branching Brownian motion.
Bt One-dimensional historical branching Brownian motion, see Section 2.2.
Bi
t In Chapter 4, the ith continuous time random walk in a set of n random walks,

see page 145.
Bt One-dimensional Brownian motion.
d Dimension.
Dn
t Non-collision event until time t for n instantaneous continuous time random

walks, see page 145.
Ent Non-collision event until time t for n delayed continuous time random walks,

see page 145.
Ft Non-collision event until time t for two delayed continuous time random walks,

see page 145.
H Lifetime of a particle in a TBBM, see page 173.
h Lifetime of a vine, see page 172.
H Lifetime of a branching vine, see page 177.
m In Chapter 4, the transition kernel for a BARW. In Chapters 2 and 3, m0.
Ni(t) The number of particles at site i ∈ Zdim of a BARW, see page 20.
Nt The total number of particles in a BARW, see page 20.
O () If f(n) = O (g(n)), then |f | is bounded above by g, up to constant factor,

asymptotically, i.e., lim sup
n→∞

|f(n)|
g(n) <∞. See also the entry for ∼.

o () If f(n) = o (g(n)), then f dominates g asymptotically, i.e., lim
n→∞

f(n)
g(n) = 0.

U The set of labels in Ulam-Harris notation, i.e., {∅} ∪
⋃∞
k=1{1, 2, 3}k.

Wt A multidimensional historical branching Brownian motion, see Section 2.2.
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Chapter 1

Introduction

The biological process of evolution is an often misunderstood phenomenon. The result of the

process is easily grasped: that living things, from animals, to plants to bacteria, change slowly

over time. However, the causes of these changes can be quite subtle. Although it may seem

as though evolution acts toward a certain ‘destination’, as illustrated by the popular image,

‘The Road to Homo Sapiens’, modern theories of evolution do not support this idea. Rather,

evolution occurs in a more stochastic fashion; mutations occur essentially at random, most of

which are neutral or even detrimental to the survival of the organism experiencing that muta-

tion. Determining the process by which some of these mutations become widespread through a

population, resulting in an evolutionary step in the species, is thus as much a statistical question

as a biological one. Hence, it behoves us to model evolution from a mathematical perspective.

In order for evolution to occur, there must be some mechanism for the traits of an individual

to be inherited by its offspring. In most living organisms, this heritable material comes in the

form of genes. Physically, genes manifest as particular regions of an extremely long molecule

called DNA, copies of which are in each cell of an organism. Variations in the chemical compo-

sition of the DNA result in variations of a trait in a population. Each possible copy of a gene is

called an allele.

Most sexually reproducing life forms have at least two copies of their DNA in each cell,

one inherited from each parent. We call organisms with exactly two copies diploid. If both

copies of an allele are the same, we call that organism a homozygote, and if they are different, a

heterozygote. We say different organisms that have the same copies of a particular allele are the
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same genotype, and the corresponding trait expressed in the individual, controlled by that gene,

is the corresponding phenotype. In this thesis, we study models for diploid populations which

focus on a single gene.

Some of these phenotypes may be advantageous to the organism exhibiting them, such as

immunity from a disease or the ability to digest a common food source. We say these advantaged

organisms are fitter than their rivals. If these advantages are large enough, they could cause

these organisms to be more successful at reproduction than those without these phenotypes.

Hence, we would expect these phenotypes to become more prevalent in the population, over

many generations. Eventually, they could replace all other phenotypes corresponding to that

gene, resulting in a perceptible step in the evolution of a population. This is the process of

natural selection, one of the key forces of evolution. Although there are many factors which

determine the fitness of an individual, to model the strength of this selection, we can consider

the relative fitness of each genotype, interpreted as the relative proportion of the offspring of an

individual of that genotype that survive to their own reproductive stage.

Even if a particular allele confers an advantage, it is possible that it could be eliminated from

the population, due to the randomness inherent in reproduction. This is not very likely for a

common allele giving a strong advantage in a large population, but is an important consideration

for a newly mutated allele, or an allele with a very low or non-existent advantage. We say that

changes in the genetic composition of a population resulting from random chance are due to the

evolutionary force of genetic drift. Because of this, even when there is no selection acting on a

particular allele at all, we still require a statistical model to investigate the spread of that allele

through a population.

Both of these genetic forces, selection and genetic drift, are further complicated by the

presence of space. Typically, the individuals in a population do not travel the entire length of

their environment within a reproductive cycle. The offspring of an individual with a selective

advantage tend to live near their parent, and thus are more likely to be competing with each

other rather than an arbitrary member of the population. Furthermore, if reproductive events

are spatially correlated, the effects of genetic drift will be exaggerated, as many individuals of

one genotype could be wiped out in a single event.

This thesis investigates two mathematical models for describing how a population evolves
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over time and space, one with asymmetric homozygotic selection, and one with heterozygotic

selection. We perform a sensitive analysis of how changes in the strength of this selection affects

the long term behaviour of the population.

1.1 Population Models

There are many models which attempt to describe the evolution of a population over time.

Perhaps the most well-known is the Lotka-Volterra model. This model uses a pair of coupled

ODEs to describe two interacting populations. These equations attempt to capture several

important features that govern the growth of a population. Firstly, in the absence of any

outside factors, the growth of the population should simply be proportional to the number of

individuals in that population. Second, in any environment, there is usually a finite amount

of the resources required by the populations to survive. We call this theoretical limit on the

number of individuals which the environment can support the carrying capacity. Finally, each

population interacts with the other, either directly, say, through predation, or indirectly, by

competing for the same resources. Either way, we can model this intraspecies competition by

decreasing the growth rate of each population in proportion to the other population. A simple

example of the resulting ODEs is

dN1

dt
=r1N1

(
1− N1

K1
− α12

N2
K1

)
dN2

dt
=r2N2

(
1− N2

K2
− α21

N1
K2

)
,

(1.1)

where, for i ∈ {1, 2}, Ni is the population of species i, which has intrinsic growth rate ri and

carrying capacity Ki, and α12 and α21 are the rates of intraspecies competition. There is no

explicit parameter for selection in this model. However, as we shall see later, one can derive an

implicit measure of selection, which depends on each of the parameters in the model.

The Lotka-Volterra model is very tractable - indeed, analytical solutions can be found quite

easily for certain choices of these parameters - but it fails to shed light on two important questions

in population modelling. Using ODEs cannot tell us how the spatial distribution of a population

affects its dynamics, and as a deterministic model, it can only give us the ‘average’ trajectory of

the population, rather than a distribution of possible outcomes. There are many models which
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extend simple dimensionless deterministic population models like (1.1) into models which can

account for one of these shortcomings, but accounting for both is harder.

An obvious way to adapt the Lokta-Voltera model to include a spatial dimension is to replace

the ODEs with PDEs. This is a well studied model, see, for example, Section 3 of [34]. To

capture the random element of the evolution of a population, the ODEs could be replaced with

stochastic differential equations (SDEs). Again, this is also well studied, see, for example [11].

However, when we try to capture both elements at once this way, and study population dynamics

through stochastic partial differential equations (SPDEs), we encounter the problem that the

corresponding nonlinear SPDEs are only well defined in one spatial dimension, a number of

dimensions which is not the most useful for population modelling. This is because, in order to

make sense of the coefficent of the stochastic term in higher dimensions, the solution to a linear

higher-dimensional SPDE only has enough regularity to be interpreted as a distribution, rather

than a function. Hence, there is no clear meaning for the nonlinear term. For more on the

technical construction of solutions to SPDEs, see [42].

Fortunately, many other models have been proposed for studying populations evolving

stochastically over time and space. Before discussing these more exotic models, let us discuss

one-dimensional SPDEs. While they cannot easily be extended into higher dimensions, some

populations can be modelled sufficiently well with a single spatial dimension, such as populations

living along the bank of a river, or other boundaries between two geographical regions.

If u : R → [0, 1] represents the proportion of a population of a particular type at each

point in space, then a term proportional to
√
u(1− u)Ẇ , where Ẇ is a two parameter white

noise, is often used as the noise term in the SPDE. This can be understood heuristically; if

individuals within location x ∈ R mate randomly, then only the matings between two different

types will change the proportion at that location, which happens with probability 2u(1 − u).

Each reproductive event could cause the proportion u of individuals to increase or decrease, so

rather than count the total number of matings, we change the proportion of the population of

that type by the standard deviation of each reproductive event, i.e.
√
u(1− u), and let the

‘direction’ of that change be chosen randomly, hence the white noise. Of course, this argument

can be made more rigorous, see for example Section 2.1 of [16].

This type of white noise term is called a Fisher-Wright noise, and it is the noise term used
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in the SPDEs studied in, for example, [32, 40]. These papers, among others, investigate the

properties of the interface between two populations starting from a Heaviside initial condition,

where the population is completely one type on the left half line, and entirely the other type

on the right. Although the population models we study in this thesis are not defined in terms

of SPDEs, each are closely related to stochastic, partial and ordinary DEs, so these DEs arise

often. In particular, these SDEs and SPDEs will have Fisher-Wright noises.

Another population model closely related to SPDEs is a class of stochastic processes called

superprocesses. These are finite Rd-measure valued processes which can be thought of as a

scaling limit of a Galton-Watson process, where each individual is born at the location of their

parent, and performs an independent Lévy process in space during its lifetime. The equation

which drives the evolution of the process is then a martingale equation, rather than an SPDE,

which avoids the technical problem preventing the rigorous definition of solutions to higher-

dimensional SPDEs. The textbook [16] gives a thorough introduction to superprocesses for

those who wish for a more comprehensive discussion.

Superprocesses allow us to go a bit further in population modelling, but they have their

own shortcomings. In particular, the superprocess described above does not account for any

interaction between individuals, within the species or externally. This causes undesirable long

term behaviour. For example, in one or two spatial dimensions, a particular superprocess, the

Dawson-Watanabe superprocess, at large times, either goes extinct, or forms arbitrarily dense

“clumps” of population [19]. It is possible to add inter- or intrapopulation interaction to the

model, see for example Chapter 7 of [16] and the references therein, but this causes it to lose a

significant part of this model’s tractability.

Rather than use a measure to describe the absolute population size over space, one can

assume a uniform population size over space, and use a measure to describe the proportion a

particular subpopulation makes of the total population. This is the idea behind a process known

as the Spatial Λ-Fleming-Viot process. This process has the advantages of the superprocess

models described above, but intra-population interactions are much more simple to incorporate,

as subpopulations are an explicit part of the model. This is one of the two population models

we consider in this thesis. The second model is a stepping stone model, which overcomes the

issues facing higher-dimensional SPDE’s by coupling together a system of SDEs. We introduce
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these models in more detail in the next two subsections.

1.1.1 Spatial Λ-Fleming-Viot process

The spatial Λ-Fleming-Viot process (SΛFV) was introduced in [12, 4]. Unlike some of the models

discussed in the previous subsection, rather than keep track of the locations of individuals in

the population, the SΛFV keeps track of the events affecting the genealogies of each individual.

We assume a population has two alleles, a and A, and hence individuals in our diploid pop-

ulation can have three possible genotypes: the homozygotes, aa and AA, and the heterozygotes

aA. In our model, we allow for each of these genotypes to have a different fitness; in particular,

the heterozygotes have a lower fitness than the homozygotes, and we (arbitrarily) choose aa to

be fitter than AA.

This model could be modified slightly to account for different genotypic fitness hierarchies,

but we expect this generalisation to merely extend to cases which have already been studied. For

example, we could try to include the case where one homozygote is fitter than the heterozygote,

which is in turn fitter than the other homozygote. However, in this case, selection and genetic

drift would work in tandem to remove the less favoured allele from the population. We would

expect this to result in behaviour similar to genic selection in a haploid population, which has

been studied for the SΛFV in [15]. Furthermore, the model we introduce in the next subsection

can be used to model heterozygotic selection.

On the other hand, homozygotic selection is quite interesting, as if we start with two geo-

graphically distinct populations of each homozygote, the force of selection acts in the opposite

direction to the natural diffusion of alleles through the population. Symmetric selection against

heterozygosity, in that both homozygotes are equally fit, was studied in [13]. They were able de-

scribe what happens when these two evolutionary forces act in opposite directions, and were able

to describe how the boundary between two populations evolves under this model. We extend

this work to the case described above, where the fitness of the two homozygotes are unequal.

Let us be a bit more mathematically precise, in order to introduce the model. We define a

measure for each time, Mt, on Rd × {A, a}, where the marginal measure over Rd is Lebesgue.

We denote the space of such measures by Mλ. For any Lebesgue measurable subset E, and

α ∈ {A, a}, we interpret Mt(E,α)/Vol(E) to be the proportion of allele α in region E.
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It is more convenient to extend this definition to a function, wt, describing the probability of

sampling a type A allele from the population at each location and time. Fortunately, [41] show

that the measure Mt has a density wt(x) : Rd → [0, 1], which arises in the natural way,

Mt(dx, dα) = (wt(x)δA(dα) + (1− wt(x)δa(dα))dx. (1.2)

This defines wt up to a Lebesgue null set of Rd (as two densities, wt and w̃t will be equivalent

under this definition if Vol({x ∈ Rd : wt(x) 6= w̃t(x)}) = 0). Hence, to complete the definition,

we arbitrarily take wt(x) to be zero in such Lebesgue null sets.

We slightly abuse notation, and also useMλ to denote the state space of the process (wt)t∈R.

We can now introduce the process.

Definition 1.1 (Spatial Λ-Fleming-Viot with asymmetric selection against heterozygosity). Fix

u, s ∈ (0, 1], γ ∈ (0, 1) and R ∈ (0,∞). Let µ be a finite measure on (0,R]. Further, let Π be a

Poisson point process on R+ × Rd × (0,R] with intensity measure dt ⊗ dx ⊗ µ(dr). The spatial

Λ-Fleming-Viot process with asymmetric homozygotic selection (SΛFVA) driven by Π is the

Mλ-valued process (wt)t≥0 with dynamics given as follows.

If (t, x, r) ∈ Π, a reproduction event occurs at time t within the closed ball Br(x) of radius r

centred on x. With probability 1− s the event is neutral, in which case:

1. Choose a parental location z uniformly at random within Br(x), and a parental type, α0,

according to wt−(z), that is α0 = A with probability wt−(z) and α0 = a with probability

1− wt−(z).

2. For every y ∈ Br(x), set wt(y) = (1− u)wt−(y) + u1{α0=A}.

With the complementary probability s the event is selective, in which case:

1. Choose three ‘potential’ parental locations z1, z2, z3 independently and uniformly at random

within Br(x), and at each of these sites ‘potential’ parental types α1, α2, α3 according

to wt−(z1), wt−(z2), wt−(z3) respectively. Let α̂ denote the most common allelic type in

α1, α2, α3. However, if precisely one of the parents has the fitter allele, with probability

2γ
3+3γ , replace α̂ with the fitter allele.

2. For every y ∈ Br(x) set wt(y) = (1− u)wt−(y) + u1{α̂=A}.
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Taking γ = 0 in this definition gives the model studied in [13]. As the process is only a slight

modification of the ones in [13] and [15], we appeal to these papers for a proof of the existence

and uniqueness of this process.

The parameters s and γ represent the strength of selection against the heterozygote, and

the less fit homozygote, respectively. The selection mechanism against the less fit homozygote

should be fairly obvious from the description of the model; when we have a selective event

(against the homozygote), we choose the offspring allele in a way consistently biased towards

one of the homozygotes. However, the selective mechanism against heterozygotes is perhaps not

as obvious. It may also seem a bit strange that the mechanism involves three potential parents,

as that is not usually the number of parents involved in a reproductive event. This mechanism

is not trying to replicate the reproductive process mechanically, but rather merely trying to

replicate the effect on the population of alleles.

To see this, recall that the proportion of type A alleles at the site of a reproductive event

occurring at time t and location x is wt(x). In this and the following paragraph, we will only

consider one time and location, so we shall simply refer to this proportion as w. Furthermore,

to clarify the explanation, we temporarily set γ = 0. Allowing this proportion to be modelled

by continuous variable, we have implicitly assumed the population size at any point in space is

large. We also may assume our selection parameter is small (indeed, after rescaling, the selection

strength goes to 0). Hence, we may assume the population in Hardy-Weinberg equilibrium, i.e.,

the proportion of individuals of genotype AA to be w2, type aa to be (1− w)2 and type aA to

be 2w(1− w).

We model the reproductive event by selecting an allele at random from the population, but

to model the fitness of each genotype, we penalise the less fit genotype by giving selecting it

with a reduced probability, reduced according to the strength of selection s. The probability

that we sample an allele of type A is then

w2 + w(1− w)(1− s)

1− 2sw(1− w)
=(1− s)w + s(3w2 − 2w3) +O

(
s2
)

=(1− s)w + s(w3 + 3w2(1− w)) +O
(
s2
)
. (1.3)

The first term in (1.3) corresponds to the neutral events described in the Definition 1.1, as these
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events occur with probability 1− s, and we choose allele A simply with probability given by the

proportion of allele A at that site, which is w. Conversely, the second term in (1.3) corresponds

to the selective events in the definition, as they occur with probability s, and w3 + 3w2(1− w)

is the probability of choosing at least two AA alleles out of an independent sample of size three.

We can analyse (1.3) further. If we subtract off the initial proportion of allele A, we get the

local change in w per reproductive event. If reproductive events happen at a constant rate, and

we allow for neighbouring alleles to migrate diffusively, then we might expect, in the long term,

w to evolve according to the PDE

∂w

∂t
= ∆w + sw(1− w)(2w − 1), (1.4)

modulo multiplicative constants for each term. This argument is quite informal, but in fact,

when γ = 0, [13] show that, when suitably rescaled, in at least two dimensions, the evolution of

the SΛFV process with symmetric selection is indeed related to this equation. In Chapter 2, we

generalise this result to the case with asymmetric selection.

The scaling used in the result of [13] speeds up time, compresses space, and correspondingly

scales the selection parameter and u, the impact parameter. In particular, fix % ∈ (0, 1
4), and a

sequence εn > 0. For each n ∈ N, let

un =
u

n1−2%
, and sn =

1

ε2n

1

n2%
.

Furthermore, we define the finite measure µn on (0,Rn], where Rn = n−ρR, by µn(A) = µ(nρA)

for all Borel subsets A of (0,∞). Our rescaled SΛFVA will be driven by the Poisson point process

Πn on R+ × Rd × (0,∞] with intensity measure

ndt⊗ nρdx⊗ µn(dr). (1.5)

Specifically, nρdx scales each linear dimension by nρ, so that upon integration, the volume of

a region is scaled by ndρ. We use this scaling for our results also, however, we will need to

introduce the appropriate scaling the asymmetric heterozygotic selection parameter, γ. We

delay introducing the scaling of γ until Chapter 2.
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We also comment on the perhaps unexpected choice to define the parameter γ, rather than

parametrising the asymmetry by the quantity 2γ
3+3γ which appears in Definition 1.1. This is

because when we do the same calculation going from (1.3) to (1.4) for nonzero γ, recalling that

w is the proportion of the less fit allele, we find

(1− s)w + s(w3 + 3+γ
1+γw

2(1− w))− w = s
1+γw(1− w)(2w − (1 + γ)). (1.6)

Equation (1.4) is a special case of the Allen-Cahn equation, and it is central to the results in

Chapter 2. Hence it makes our calculations much nicer if we define the asymmetry parameter

γ in terms of the parameter we find in the PDE, rather than the form found in the definition

of the SΛFVA. We elaborate further on this equation in the beginning of Chapter 2. First, we

introduce the other major population model investigated in this thesis.

1.1.2 Simple stepping stone model

As for the SΛFVA, this new model considers a pair of interacting populations. This stepping

stone model was studied in Blath, Etheridge, and Meredith [6], itself a simplification of one

studied by Bolker and Pacala [7] and Murrell and Law [33]. Because of this, we shall refer to the

model as the simple stepping stone model. Before introducing it, we explain how it is related to

the classical Lotka-Volterra model in (1.1).

First, rather than keep track of the absolute population sizes, we can keep track of the

total population, N(t) := X1(t) + X2(t), and the proportion of one of the populations, p(t) =

X1(t)
X1(t)+X2(t) . The chain rule allows us to write the first equation of (1.1) as,

dp = σp(t)(1− p(t))(1− µp(t))dt,

where

σ = r1 − r2 + N(t)
K2

(r2 − α12r1) and µ =
r1K2 + r2K1 − α12r1K2 − α21r2K1

K1K2(r1 − r2) +K1N(t)(r2 − α12r1)
.

As discussed in the beginning of this section, to model the stochastic element, we can add a

Fisher-Wright noise. Furthermore, if we assume a constant population size, N , the parameters
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σ and µ become constants, and we can describe both populations completely with a single SDE,

namely,

dp = σp(t)(1− p(t))(1− µp(t))dt+
√
p(t)(1− p(t))dW (t), (1.7)

We have seen that it is possible to model a population through SDEs, but we cannot add

space to such a model by replacing the SDEs with SPDEs, if we want to model populations

in two or more dimensions. However, we can couple multiple SDEs together, one for each of

a countable number of locations in space. We can consider the SDE (1.7) as describing what

happens on a single ‘island’ of population, an island in which each individual of each population

competes equally with each other. However, we can allow individuals to migrate from island to

island at a certain rate, and these migrations are what couple the system of SDEs together in

space. A coupling of a system of dimensionless models through a spatial lattice is known as a

stepping stone model.

We take a lattice in Zd, and let mij : Zd × Zd → [0,∞) be a non-negative function of |i− j|

alone, with finite range, i.e., there exists an R such that mij = 0 for |i− j| > R.

Definition 1.2 (Simple Stepping stone model). Let {p(t)}t≥0 = {pi(t), i ∈ Zd}t≥0 satisfy

dpi(t) =
∑
j∈Zd

mij(pj(t)−pi(t))dt+σpi(t)(1−pi(t))(1−µpi(t))dt+
√
pi(t)(1− pi(t))dWi(t), (1.8)

for constants σ, µ ∈ R and where {Wi(t), i ∈ Zd}t≥0 is a family of independent Brownian motions.

Then we say p(t) evolves according to the simple stepping stone model.

This model is a special case of one studied by Shiga and Shimizu [39]. They were able to

prove that if p(0) ∈ [0, 1]Z
d
, then the simple stepping stone model has a continuous, pathwise

unique strong solution in [0, 1]Z
d

for all t ≥ 0.

The authors of [6] studied this model because they were interested in developing population

models where populations interact, but where one population is not guaranteed to eventually

go extinct, a property that many simpler models do not enjoy. Indeed, they were able to prove

that, under certain parameters, with positive probability, both populations in this model will

coexist for all time (Theorem 1.4 of [6]).

We will focus on the symmetric case, where r1 = r2, α12 = α21 and K1 = K2. In particular,

this reduces s to r1N(1−α12) and µ = 2. We make this assumption because it allows us to exploit
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a duality of this process which only occurs in this symmetric case. We will elaborate on duality

and this dual process in the next section, but before that, we mention another consequence of

this assumption.

In this symmetric case, the non-linear term in (1.8) is the same as that of (1.4), but with

a sign change. Repeating the heuristic calculation in (1.3) reveals that this non-linearity is a

first order approximation of sampling our types as if they were alleles from a diploid population

with selection of strength σ in favour of the heterozygosity. Hence, although we constructed this

model for two interacting populations, with no assumptions on their genetic make up, this model

can also be used to describe the evolution of a population experiencing heterozygous selection.

1.2 Duality for Stochastic Processes

Often, when studying a mathematical problem, insight can be found by studying a sightly

different problem related to the original problem. In this thesis, we will make repeated use

of the mathematical concept of duality, which links different Markov processes together, and

allows us to make conclusions about the one Markov process by studying the other. We make

this concept formal with a definition, from [24].

Definition 1.3. Let X and Y be Markov processes on polish state spaces E and F , respectively,

and let H : E × F → R be bounded and measurable. Then X and Y are dual with respect to H

if and only if for all x ∈ E, y ∈ F and t ≥ 0,

ExH(Xt, y) = EyH(x, Yt),

where the expectation on the left is with respect to the process X, with initial value X0 = x,

and the similarly, the expectation on the right is with respect to the process Y , with initial value

Y0 = y. We say the process Y is dual to the process X (and vice versa), and call H the duality

relation.

In this section, we introduce the processes which are dual to the process introduced in the

last section, the SΛFVA and the simple stepping stone model.
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1.2.1 A branching and coalescing dual for the spatial Λ-Fleming-Viot process

Forward in time, the SΛFVA records the reproductive events occurring to lineages in the popu-

lation. In the dual process, we essentially try to construct the lineages backwards in time. This

is relatively straightforward for non-selective events, but selective events give three options for

the possible ancestor, so in order to determine the genotype of the lineage, we need to follow

each possible parent back in time to the initial time 0. At this time, we can determine the types

of the ancestors by sampling according to the initial distribution of types, w0, and we can use

this information to resolve the types of the ancestors’ descendants.

The selective events cause branches in the graph of potential ancestors for a given individual,

but, as reproductive events can result in multiple offspring, the lineages of these potential parents

can merge. Hence, this backwards in time lineage reconstruction results in a branching and

coalescing process.

We are about to make this dual process more precise by stating the definition. Before doing

so, we point out that we will state the definition in the natural direction of time for the dual

process, which is opposite to the original process. Hence, the individuals who are potential

parents in the original process will be referred to an ‘offspring’ in the dual process, as they will

be the ‘younger’ particles when time is reversed. Although this naming convention may cause

some confusion when linking the dual process back to the SΛFVA, we will mostly work with the

dual process, so using the language natural for this reversed direction of time will be ultimately

more straightforward.

We define the dual to the scaled version of the SΛFVA. The dual is driven by the same (but

time reversed) scaled Poisson point process of ‘events’ that drives the SΛFVA, which we denoted

Πn in (1.5).

Definition 1.4 (SΛFVA dual). For n ∈ N, the process (Pnt )t≥0 is the
⋃
l≥1(Rd)l-valued Markov

process with dynamics defined as follows.

The process starts with a single individual, Pn0 = x, and for any time t ≥ 0, Pnt =

(ξn1 (t), . . . , ξnN(t)(t)) for some N(t) ∈ N. At each event (t, x, r) ∈ Πn, independently of all else,

the event is said to be neutral with probability 1− sn. In this case:

1. For each ξni (t−) ∈ Br(x), independently mark the corresponding individual with probability

un;
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2. if at least one individual is marked, all marked individuals coalesce into a single offspring

individual, whose location is drawn uniformly at random from within Br(x).

With the complementary probability sn, the event is said to be selective, in which case:

1. For each ξni (t−) ∈ Br(x), independently mark the corresponding individual with probability

un;

2. if at least one individual is marked, all of the marked individuals are replaced by three

offspring individuals, whose locations are drawn independently and uniformly from within

Br(x).

In both cases, if no individual is marked, then nothing happens.

The duality is between the SΛFVA and the whole historical process of branching and coa-

lescing lineages, which we define as

Ξn(t) := (Pns )0≤s≤t.

For i ∈ {1, 2, 3}N we let (ξni (·))0≤s≤t ⊆ Ξ(t) denote the Rd-valued jump process corresponding

to the locations where reproductive events affect an individual in Pns . We refer to (ξni (·))0≤s≤t

as an ancestral lineage.

The lack of a parameter corresponding to γ in this definition may alarm some readers. How-

ever, this is because this parameter is accounted for by the duality relation, from Definition 1.3.

We explicitly give this duality relation now. We refer to this relation as a voting procedure, and

it is easiest to define algorithmically, tracing backward through time.

Let p : Rd → [0, 1] be a fixed function, describing the proportion of the less fit individual at

time 0. Initially (i.e., at time t), for each j ≤ N(t), the individual ξnj (t) votes 1 with probability

p(ξnj (t)) and votes 0 otherwise. Each vote is independent. Tracing backward through time,

1. at each neutral event, all individuals that are marked in the event adopt the vote of the

offspring individual of the event;

2. at each selective event in Πn, all individuals that are marked in the event adopt the

majority vote of the votes of the three offspring individuals of the event, unless precisely

one vote is 0, in which case it votes 1 with probability 3+γ
3+3γ .
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We define the duality relation via this iterative procedure, running from the ‘leaves’ of Ξn at

time t to the ancestral individual ∅ at time 0.

Definition 1.5 (Vγp). With the voting procedure described above, we define Vγp(Ξn(t)) to be the

vote associated to the root ∅.

Recall that, by its definition via (1.2), the SΛFVA is a density, and hence can only be

defined pointwise Lebesgue a.e., so we cannot necessarily define wnt (x) for any fixed point x ∈

Rd. Hence, in the duality relation, we treat the SΛFVA as a density, and integrate it against

ψ ∈ C(Rd) ∩ L1(Rd).

Theorem 1.6. The spatial Λ-Fleming-Viot process with asymmetric selection driven by Πn,

(wnt (x), x ∈ Rd)t≥0, is dual to the historical process (Ξn(t))t≥0 in the sense that for every ψ ∈

C(Rd) ∩ L1(Rd), we have

Ep

[ ∫
Rd
ψ(x)wnt (x) dx

]
=

∫
Rd
ψ(x)Ex

[
Vγp
(
Ξn(t)

)]
dx =

∫
Rd
ψ(x)Px

[
Vγp
(
Ξn(t)

)
= 1

]
dx,

where Px is the law of Ξn when Pn0 is the single point x and Ex is the corresponding expectation.

Similarly, Ep is the expectation for the law of the SΛFVA with initial distribution satisfying

∫
Rd
ψ(x)wn0 (x)dx =

∫
Rd
ψ(x)p(x)dx,

for all ψ ∈ C(Rd) ∩ L1(Rd).

Again, we appeal to [15] for a formal proof of this theorem. They do not prove this relation

exactly, but the proof of Theorem 1.6 is a simple extension of their proof, so we do not include

it here. Furthermore, we illustrate the proof of a further extension of this result in Chapter 3,

so another reason to omit this proof is to avoid repetition of that proof.

The advantage of working with this dual process, rather than the original SΛFVA process,

is precisely because the duality relation separates the evolution of the process from the effect

of the asymmetry. This means we can work with the relatively symmetric and well-behaved Ξn

to determine the locations of the ancestors, and we can exploit properties of the independent

voting procedure to determine the genotypes of those ancestors. Hopefully this becomes clear

as we illustrate the proof in Chapter 2.
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1.2.2 The branching annihilating random walk

When µ = 2, the simple stepping stone model also has a dual process, which we shall call the

branching annihilating random walk.

Definition 1.7. The Markov process (Ni(t), i ∈ Zd)t≥0 with values Ni(t) ∈ N0 and dynamics

described by

Ni → Ni − 1

Nj → Nj + 1

 at rate Nimij

Ni → Ni + 2 at rate σNi

Ni → Ni − 2 at rate
1

2
Ni(Ni − 1)

and an initial configuration (Ni(0))i∈Z such that Nt =
∑

i∈ZNi(0) < ∞ is a delayed, double-

branching annihilating random walk with branching rate σ. As we don’t consider instantaneous

branching, nor single-branching annihilating walks, we will refer to this version simply as a

branching annihilating random walk (BARW).

At first, it may seem a bit unusual that when the particles in the BARW branch, two new

particles are created, rather than just one. However, this behaviour results in the pleasing

property of parity preservation; particles are created and removed in pairs, so if the initial

number of particles is even (or odd), it will remain even (or odd) throughout the duration of

the model. Hence, extinction can only occur if the initial number of particles is even.

Before we state the duality relation, we linearly change the variable in (1.8) from pi(t) to

xi(t) = 1− 2pi(t), so that the solution remains between −1 and 1, rather than 0 and 1. Under

this transformation, (1.8) becomes

dxi(t) =
∑
j∈Zd

mij(xj(t)− xi(t))dt+
σ

2
(x3
i (t)− xi(t))dt+

√
1− x2

i (t)dWi(t), ∀i ∈ Zd. (1.9)

We can now state the duality relation.

Lemma 1.8. The solution to the system of equations in (1.9) is dual to the branching annihi-
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lating random walk with branching rate σ
2 , {Ni(t), i ∈ Zd}t≥0 through the duality relation

E
[
x(t)N(0)

]
= E
[
x(0)N(t)

]
(1.10)

where

xN :=
∏
i∈Zd

xNii .

The proof of this duality relation is well know; it is a special case of the results of [36].

However, as it is not too involved, we briefly repeat the proof here.

Proof. The key to many duality proofs relating two stochastic processes is to show that the

generators of the process and its dual, when applied to different arguments of a duality relation,

are equal. In this case, the duality relation is D(N, x) := xN . As a generator is essentially the

derivative of the expectation of a stochastic process, (1.10) follows from the equivalence of the

generators. For more of the technical details about this proof in particular, we appeal to classic

texts, such as Corollary 4.4.13 of [17], and for more details about the existence and construction

of dual process in general, we appeal to [24]. Here, we merely aim to show the equivalence of

the generators.

We can represent the BARW as a measure-valued process, setting N :=
∑

i∈Zd Ni(t)δi.

Hence, we can write the generator of the BARW as

Gf(N) =
∑
i∈Zd

Ni(t)
∑
j∈Zd

mijf(N − δj + δi)− f(N) +
∑
i∈Zd

σ
2Ni(f(N + 2δi)− f(N)

+
∑
i∈Zd

Ni(t)(Ni(t)− 1)

2
(f(N − 2δi)− f(N)).

Similarly, setting x := {xi(t) : i ∈ Zd}t≥0 as the solution to the system of differential equations

in (1.9), we can calculate the generator of this process as

Hf(x) =
∑
i∈Zd

∑
j∈Zd

mij(xj(t)− xi(t)) + σ
2 (x3

i (t)− xi(t))

 ∂f

∂xi
− 1

2

∑
i∈Zd

(1− x2
i (t))

∂2f

∂x2
i

for a twice differentiable function f . Applying the generators G and H to the first and second

21



arguments of the function D(N, x) reveals that

GD(·, x)(N) = HD(N, ·)(x),

and hence the result follows.

This duality was used in [6] to extend their results about coexistence in the simple stepping

stone model to a result about the BARW. A positive probability of coexistence for all time,

starting from a configuration where each site has at least a proportion of each type uniformly

bounded away from 0 means that x(t) never fixes to completely 1 or −1. Hence, the left side

of (1.10) must be strictly less than one, starting from any non-empty configuration of N(0). If

the BARW were to almost surely go extinct, then the right side of (1.10) would be equal to one,

and by Lemma 1.8, this cannot happen. This gives the following corollary from their work.

Corollary 1.9 (Corollary 1.6 from [6]). There exists s0 > 0 such that if σ > σ0 the BARW,

started from an even number of particles, has a positive probability of surviving for all time.

Blath, Etheridge and Meredith prove their result by comparing their model to oriented per-

colation. Percolation is a good technique for proving the existence of critical model parameters

like this, but is unfortunately notorious for excessively poor bounds on those values. This means

if we were to attempt to calculate an explicit value for σ0 using the methods in [6], it is likely

that the value we would produce would be orders of magnitude larger than the infimum of values

for σ0 which would also satisfy Corollary 1.9. The explicit minimum value of σ0 is of interest

because of a conjecture made in [6].

Conjecture 1.10 (Conjecture 2.2 of [6]). For the one-dimensional simple stepping stone model,

there is a critical value σ0 > 0 such that the populations described by system (1.9) will both persist

for all time with positive probability if and only if σ > σ0. In two dimensions, the same result

holds, but the critical value is σ0 = 0. In three or more dimensions, this probability is positive if

and only if σ ≥ 0.

Again, through the duality, we can reformulate these conjectures to be statements about the

branching rate σ required to ensure the persistence or extinction of the BARW.
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In this thesis, we make a significant step towards verifying the second part of this conjecture.

In particular, we find a coupling between the BARW and a branching Brownian motion, up to

a finite, but arbitrary, time. This proof is the focus of Chapter 4. In that chapter, to aid

the clarity of the poof, we specialise to the case where m is the symmetric nearest-neighbour

transition kernel. However, the same arguments should work for any symmetric finite range

transition kernel.

1.3 Outline of results

As briefly mentioned earlier, Etheridge, Freeman and Penington studied a version of (1.4), the

Allen-Cahn equation, using probabilistic methods, in [13]. They give a probabilistic proof of

a result first observed by Allen and Cahn [1], and later made rigorous analytically by various

authors (e.g. [8, 18]). The result is that, after suitable scaling, the solution to the Allen-Cahn

equation converges to the indicator function of a set whose boundary evolves according to mean

curvature flow. In Chapter 2, we investigate result further, and identify three possible regimes,

with the results of [13] represented in only one of these regimes.

We perturb the Allen-Cahn equation studied in [13], by adding an asymmetry. Using sim-

ilar probabilistic methods, we show that the solution to this asymmetric Allen-Cahn equation

evolves according to a different boundary flow, which we call constant normal flow. Again, the

analytical result is known by analysts, (for example, see [9]), but by giving a probabilistic proof

of the result, we create a framework that will allow us to add noise, and ultimately allow us to

study a stochastic version of the asymmetric Allen-Cahn equation, which we do in Chapter 3.

Furthermore, we find that on the boundary of these two regimes, we find an additional bound-

ary flow behaviour, which has aspects of both regimes. These results are stated precisely in

Theorem 2.4.

At the end of Chapter 2, we connect this analytical result back to the SΛFVA using the

duality outlined in Theorem 1.6. This allows us to describe how the interface between homo-

geneous populations of each homozygote in the SΛFVA evolves. We can consider this interface

to be a hybrid zone of the population, as this will be the only place we find both homozygotes.

Adapting Theorem 2.4 to this context, we see that if the asymmetry in the selection of the ho-

mozygotes is small, then the population evolves according to mean curvature flow. Similarly, if
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the asymmetry is large enough (but not necessarily that large), we show that the mean curvature

flow is overwhelmed by a constant curvature flow in a direction toward the less fit homozygote.

Furthermore, there is a strength of asymmetry which results in a constant curvature flow on the

same scale as the mean curvature flow, resulting in a curvature flow with aspects of both flows.

This result is summed up in Theorem 2.21, and suggests the limiting behaviour of described

in [13] is perhaps not as robust as first though.

In Chapter 3, we investigate the fluctuations in the one-dimensional interface studied in

Chapter 2. This was not studied in [13], so we study both the symmetric and asymmetric cases.

The scaling used in this chapter does not match precisely to the scaling used in Chapter 2.

However, it can be thought of as spanning the weaker asymmetry and intermediate regimes,

but with a milder spatial scaling. This milder spatial rescaling means that, rather than the

deterministic limits we saw in the last chapter, we see some fluctuations in the limit under this

new rescaling.

We prove that the hybrid zone evolves according to a Brownian motion, with drift propor-

tional to the asymmetry between the heterozygotes in the intermediate regime. This result is

Theorem 3.2, and its proof builds on ideas from [20], which proves a similar result for a different

stochastic version of the Allen-Cahn equation. This chapter is joint work with Raphaël Forien

and Sarah Penington.

In Chapter 4, we turn our attention to the BARW. As mentioned in the previous section,

we prove Theorem 4.1, which strongly supports Conjecture 1.10 in this chapter. Briefly, this

result says we can fix a large time T (or equivalently, a large number of particles N), and we

can find branching rate σ so that we can couple a BARW with this branching rate to a ternary

branching Brownian motion (TBBM) until time T (or until the branching Brownian motion has

N particles) with arbitrarily high probability.

This coupling clearly supports the conjecture, as the number of particles in a branching

Brownian motion does not decrease, let alone go extinct. However, the coupling actually gets

better, in that it will last longer or generate more particles, the smaller the branching rate is.

The idea behind the proof is that many of the annihilations in a BARW occur between sibling

particles (i.e., the immediate offspring of a branching particle). We couple the BARW to the

BBM by ignoring these counteracting branching and annihilation events. In the rare times that
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branching particles ‘escape’ their siblings, the lower the branching rate, the more time those

particles have to continue separating, so that when they do branch again, their offspring have

enough space to resolve their own branching events.

In order to prove this result, we need to adapt some arguments from [10] concerning the

asymptotics of non-collision probabilities of random walks, in particular, Theorem 4.2. This is

the aim of the first section of this chapter.

Both of these results demonstrate the complexity of models for population genetics. Per-

turbations of specific parameters, the strength of asymmetric selection between heterozygotes,

γ, in the SΛFVA, and the branching rate, σ, in the simple stepping stone model, both lead to

qualitative, not just quantitative, differences in the long term behaviour of the populations in

each model.
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Chapter 2

Curvature flow and the Spatial

Λ-Fleming-Viot Process with

asymmetric selection

In this chapter we use duality to prove Theorem 2.21, which describes the long term behaviour

of the scaled interface between regions of each homozygote in a population.

Rather than work with the SΛFVA dual directly, we first prove a version of our main result

for a simpler process known as historical ternary branching Brownian motion. Indeed, ignoring

the possibility of coalescences, the SΛFVA dual is a ternary branching process, and it should not

be surprising that the mostly independent events driving the trajectory of the ancestral locations

can be approximated by Brownian motions. In Section 2.6 we make the coupling between these

processes precise.

2.1 Asymmetric Allen-Cahn equation and constant normal flow

Before introducing the perturbation we will study in this chapter, we briefly introduce the mean

curvature flow from [13].

Definition 2.1 (Mean curvature flow). Let d ≥ 2 and let Sd−1 denote the unit d− 1 sphere in

Rd. Let Γ = (Γt(·))t be a family of smooth embeddings, indexed by t ∈ [0,T ), where for each t,

Γt : Sd−1 → Rd.
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For any t, take an orthonormal basis of the tangent space of the hypersurface Γt and form

the matrix whose (i, j)th entry is the dot product of the unit normal to the hypersurface with the

derivative of the ith vector in the basis in the direction of the jth (this matrix is know as the

second fundamental form). The trace of this matrix is known as the (scalar) mean curvature of

this hypersurface.

Let n = nt(φ) denote the unit (inward) normal vector to Γt(φ) at φ and let κt(φ) denote the

mean curvature of Γt at φ. We say that Γ is a mean curvature flow if, for all t, φ,

∂Γt(φ)

∂t
= κt(φ)nt(φ).

Mean curvature flow is well understood, particularly in two dimensions, where mean curva-

ture is simply curvature. In two dimensions, [21] shows that any smooth convex closed curve

has a finite lifetime, T ≥ 0, and shrinks to a point at this time, when evolving according to cur-

vature flow. Furthermore, [22] extended this to nonconvex curves, and showed that any smooth

closed curve eventually becomes convex under curvature flow, at which point the results of [21]

apply.

Mean curvature flow is more complicated in higher dimensions. In this case, mean curvature

flow still has a finite lifetime, and [23] showed that starting from a compact convex set, the

flow is defined up until surface shrinks to a single point, and in particular, T > 0. However,

these results do not extend to nonconvex surfaces, as singularities can form before the enclosed

volume disappears.

Our interest is not in studying mean curvature flow itself, so like [9] and [13] before us, we

will assume initial conditions sufficient to ensure that the solution exists for a positive time and

stopping before we encounter any singularities. In particular, our surfaces will be sufficiently

smooth to allow us to represent the mean curvature of the surface by the second derivative of

the surface at that point.

We now introduce the perturbed version of the symmetric Allen-Cahn equation we will be

studying in this chapter and its scaling. Following (1.6), we introduce the asymmetry through

the non-linear term, yielding

∂v

∂t
= ∆v +

s

1 + γ
v(1− v)(2v − (1 + γ)).
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Each of the terms of the left hand side will be scaled, as well as the asymmetry, and the coefficient

of the polynomial term, s
1+γ is absorbed into this rescaling. Let ε > 0. We will denote the scaled

asymmetry by γε, and we shall assume that we have γε = ν̃εα̃, where α̃ ≥ 0 and ν̃ ≥ 0. It is

necessary to also include the condition that ν̃ < 1 if α̃ = 0.

The scaling we will use depends on how large the asymmetry is; we can break up our scaling

into three different regimes. If α̃ > 2, then the asymmetry decays away quickly, and we see

mean curvature flow in this case. When α̃ < 1, then the asymmetry is quite large, and it is in

this case we see constant normal flow. The intermediate case, α̃ ∈ (1, 2], is more sensitive. We

essentially show that there is a constant normal component to the flow in this case, however,

this component decays with ε, and hence we only see mean curvature flow in the limit. The

boundary case, when α̃ = 1 is the case where the constant normal component does not decay,

but does not overwhelm the mean curvature flow, which results in the mixed curvature flow.

Rather than treat these cases separately, we define notation which allows us to deal with all

the cases simultaneously. We define α = min(α̃, 1), i.e., α is 1 except in the case corresponding

to the constant normal flow, in which case it is α̃. We also define

νε =


ν̃ if α̃ ≤ 1

γεε
−1 if α̃ ∈ (1, 2]

0 if α̃ > 2,

which can be thought of as a kind of pre-limiting normal flow speed, as it equals or tends to 0 in

the cases which result in mean curvature flow, and gives the coefficient of the constant normal

flow in the remaining cases.

Let vεγ : R × Rd → [0, 1]. The particular scaled version of the Allen-Cahn equation that we

will be studying is

∂vεγ
∂t

= ε1−α∆vεγ + ε−1−αvεγ(1− vεγ)(2vεγ − (1 + γε)), vεγ(0, x) = p(x), (2.1)

for some initial condition, p, which is assumed to take values in [0, 1]. Note that the case γε ≡ 0,

α = 1 gives the case studied in [13]. We require that the initial condition p satisfies the following
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assumptions. Set

Γ =

{
x ∈ Rd : p(x) =

1 + γε
2

}
.

We assume

(C 0) Γ is the boundary of a bounded open set which is topologically equivalent to the sphere.

(C 1) Γ is Ca for some a > 3.

(C 2) For x on one side of Γ (either inside or outside), p(x) < 1+γε
2 . For x on the other side of

Γ, p(x) > 1+γε
2 .

(C 3) There exist r, λ > 0 such that, for all x ∈ Rd, |p(x)− 1+γε
2 | ≥ λ

(
dist(x,Γ) ∧ r

)
.

The choice to define the boundary as the Γ = 1+γε
2 level set, rather than, say, the Γ = 1

2 level

set may seem arbitrary, but it is chosen because 1+γε
2 , along with 0 and 1, are the only three

constant solutions to (2.1). The solutions at 0 and 1 are stable, whereas vεγ(x) = 1+γε
2 is unstable,

so this level set is a sensible choice for the boundary between regions corresponding to the two

other constant solutions. Condition (C 3) gives the existence of a minimum slope of Γ near the

interface.

The conditions we have imposed ensure that the constant normal flow, which we are about

to define formally, starting from Γ, exists, at least up until some time T > 0, as shown in, for

example, [9]. Denote the flow by (Γt(·)) and let d(x, t) be the signed distance from x to Γt,

chosen to be negative on the side of Γt which is greater than 1+γε
2 and positive on the other side.

Note that, as sets,

Γt = {x ∈ Rd : d(x, t) = 0}.

Definition 2.2 (Constant normal flow). Let d ≥ 2 and let Sd−1 denote the unit d− 1 sphere in

Rd. Let Γ = (Γt(·))t be a family of smooth embeddings, indexed by t ∈ [0,T ), where for each

t, Γt : Sd−1 → Rd. Let n = nt(φ) denote the unit normal vector to Γt(φ), oriented towards

the region with negative signed distance from Γt. We say that Γ is a constant normal flow with

speed c ≥ 0 if, for all t, φ,

∂Γt(φ)

∂t
= cnt(φ).

Unlike mean curvature flow, which in two dimensions exists until the curve shrinks to a single
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point [21], constant normal flow may cease to exist before reaching a single point. In particular,

if the region of negative signed distance from the interface is compact, constant normal flow

cannot exist beyond time ck, where k is the maximum curvature of any point on the curve.

However, if the region of negative signed distance is not compact, the flow may exist for all

time; an outcome which is also not possible for mean curvature flow. This behaviour is trivially

demonstrated by considering a circle with constant normal flow in the external direction.

We wish to include the possibility of a surface evolving according to a linear combination of

mean curvature flow and constant normal flow. we call this flow mixed curvature flow.

Definition 2.3 (Mixed curvature flow). Let Γ be as defined in Definition 2.1, and c ∈ R. We

say that Γ is a mixed curvature flow if, for all t, φ,

∂Γt(φ)

∂t
= (c+ κt(φ))nt(φ). (2.2)

As c can be 0, mean curvature flow is a specific kind of mixed curvature flow, but the same

is not true for constant curvature flow. However, we shall abuse terminology slightly and used

mixed curvature flow to refer to mean curvature, constant normal and mixed curvature flow, as

defined above.

Suppose that d ≥ 2. The result we wish to show is that, as ε→ 0, the solution of (2.1) with

an initial condition satisfying the assumptions (C 0)-(C 3) converges to the indicator function of

a set whose boundary evolves according to mixed curvature flow.

Theorem 2.4. Let vεγ solve (2.1) with initial condition p satisfying the conditions (C 0)-(C 3),

and let Γ = (Γt(·))t be a mixed curvature flow existing until time T , with signed distance

function d, starting from the set {x ∈ Rd : p(x) = 1+γε
2 } and satisfying

∂Γt(φ)

∂t
= νεnt(φ) +


0 if α̃ ∈ [0, 1)

κt(φ)nt(φ) if α̃ ≥ 1

(2.3)

for all t, φ. Let k ∈ N. There exists a T ∗ ∈ (0,T ), an εd(k) > 0, and ad(k), cd(k) ∈ (0,∞) such

that for all ε ∈ (0, εd) and t satisfying adε
1+α| log ε| ≤ t ≤ T ∗,

1. for x such that d(x, t) ≥ cdε| log ε|, we have vεγ(t, x) ≥ 1− εk;
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2. for x such that d(x, t) ≤ −cdε| log ε|, we have vεγ(t, x) ≤ εk.

We prove this theorem using a similar method to that used in [13]. As constant normal flow

happens on a faster time scale than the mean curvature flow observed in [13], one of the major

tasks is adapting the proofs in [13] to a more general time scale. The other major difference

is that Etheridge, Freeman and Penington probabilistically prove a one-dimensional version of

Theorem 2.4. We avoid this by exploiting an explicit one-dimensional solution of (2.1).

2.2 A probabilistic dual to the asymmetric Allen-Cahn equation

In this section we illustrate the probabilistic dual, and how it helps prove Theorem 2.4. First, we

note that, in order to maintain compatibility with the PDE literature, the authors of [13] adopt

the convention that Brownian motions run at rate 2, as opposed to the probabilistic convention.

However, our dual will run ε1−α times slower than the dual in their paper, so we will adopt the

convention that

all Brownian motions run at rate 2ε1−α.

Otherwise, we adopt the same notation as used in [13], which we introduce now. We shall

denote the set of Ulam-Harris labels by U = {∅} ∪
⋃∞
k=1{1, 2, 3}k. This set can be used to label

the vertices of the infinite ternary tree, which is the graphical tree (connected graph with no

cycles) which consists of a single vertex of degree 1, which we call the root, and every other

vertex in the tree having degree 4. As the graph is a tree, there is a unique path from every

vertex to the root, and this path can be used to distinguish exactly one of the four neighbours

of any given vertex, v. This distinguished vertex can be considered the ‘parent’ of vertex v, and

the remaining three vertices can be considered the ‘offspring’. This number of offspring is the

reason for the name. The root is given label ∅, and if vertex v is given label (i1, . . . , in) ∈ U , its

offspring are given labels (i1, . . . , in, 1), (i1, . . . , in, 2) and (i1, . . . , in, 3).

Definition 2.5. We say that T is a time-labelled ternary tree if T is a finite subtree of the

infinite ternary tree, U , and each internal vertex v of the tree is labelled with a time tv > 0,

where tv is strictly greater than the label of the parent vertex of v.

The death times of the particles in a ternary branching Brownian motion form a time-labelled

ternary tree. Informally, a ternary branching Brownian motion is a set of particles performing
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independent Brownian motions, each for independent exponentially distributed lifetimes, and

when one particle terminates, it is replaced by three new particles behaving in the same way.

Making this definition more formal requires us to be more careful and explicit with our labels,

which hopefully doesn’t obscure this idea too much.

Definition 2.6 (Ternary branching Brownian motion). For each u ∈ U , let hu be an exponen-

tially distributed random variable with parameter σ > 0, and inductively define t∅ = h∅ and

tu = tv + hu if u = (v, i), for some v ∈ U and i ∈ {1, 2, 3}.

We define a d-dimensional ternary branching Brownian motion with branching rate σ starting

at x ∈ Rd to be a process W (t) = (Wu(t), tu − hu ≤ t < tu)u∈U which we define inductively.

First, (W∅(t))
t∅
t=0 is a Brownian motion, running at rate 2ε1−α, starting at x. Now, assuming

we have defined tv and (Wv(t))
tv
t=tv−hv for some v ∈ U , we let u = (v, i) for some i ∈ {1, 2, 3}

and define (Wu(t))tut=tv to be a Brownian motion, running at rate 2ε1−α, starting at Wv(tv−).

Furthermore, let U(t) = {u ∈ U : tu − hu ≤ t < tu} be the set of particles alive at time t.

A historical ternary branching Brownian motion is the whole ternary branching Brownian

motion process, as a collection of paths, up until a given time. In the previous definition, we

only needed to introduce a new piece of Brownian motion between a parent particle and its

offspring, however we consider historical branching Brownian motion to be a collection of U(t)

paths, and for each particle alive at time t, we concatenate their path to the path traced out by

all their ancestors.

Definition 2.7 (Historical ternary branching Brownian motion). A d-dimensional historical

ternary branching Brownian motion with branching rate σ starting at x ∈ Rd is a ternary

branching Brownian motion with all the genealogical information from the branching structure

included. Formally, it is a collection of paths W(t) = (Wu(s), 0 ≤ s < t)u∈U(t) for some

branching Brownian motion W (t). The path Wu(s), for any u ∈ U(t), is defined for any time

s < tu − hu, (i.e., before the particle was born), as the path Wv(s), for the unique ancestor of u

alive at time s, or more formally, the unique v ∈ U such that u = (v, w) for some w ∈ U and

tv − hv ≤ s < tv .

We shall abuse notation slightly and write (Wi(s))0≤s≤t for the unique path that connects leaf

i to the root. We use T (W(t)) to denote the time-labelled ternary tree defined by the branching

structure of W(t).
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We make particular note here that the branching Brownian motions we will be using differ

from those used in [13] in two ways. First, as mentioned above, our Brownian motion is running

ε1−α times slower. Second, our branching Brownian motion branches at a rate similarly scaled

by ε1−α relative to the rate considered in [13]. However, we additionally increase the branching

rate, to account for the new ‘type’ of event, which occurs as a consequence of the introduced

asymmetry. We shall discuss this more below. As the branching rate of the branching Brownian

motions in [13] is ε−2, our branching rate will be (1 + γε)ε
−1−α.

We return to outlining notation. For x ∈ Rd, we write Pεx for the probability measure under

which (W(t), t ≥ 0) has the law of the historical process of ternary branching Brownian motion

in Rd with Brownian motions running at rate 2ε1−α, branching rate (1 + γε)ε
−1−α and started

from a single particle at location x at time 0. We write Eεx for the corresponding expectation.

When we need to take expectations of a single Brownian motion, for clarity, we shall denote

this expectation by E. It is similarly convenient to have a prominent distinction between one-

dimensional and multidimensional Brownian motion in our notation. We therefore adopt the

same convention as in [13], that B will denote one-dimensional Brownian motion and B will

represent the corresponding historical branching Brownian motion whereas W and W will be

used for Brownian motions and historical branching Brownian motions in dimensions d ≥ 2.

We now have the notation we need in order to set up our dual process. For a fixed function

p : Rd → [0, 1], we define a voting procedure on T (W(t)) as follows.

1. Each leaf i of T (W(t)), independently, votes 1 with probability p(Wi(t)) and otherwise

votes 0.

2. At each branch point in T (W(t)), the vote of the parent particle j is the majority vote

of the votes of its three children (j, 1), (j, 2) and (j, 3), unless precisely one vote is 0, in

which case it votes 1 with probability 3+γε
3+3γε

.

This defines an iterative voting procedure, which runs inwards from the leaves of T (W(t)) to

the root ∅.

Definition 2.8 (Vγp). With the voting procedure described above, we define Vγp(W(t)) to be the

vote associated to the root ∅. Note that we have dropped the subscript of γε in this notation, to

make it easier to read.
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In the symmetric case, the voting procedure described in [13] was purely majority voting.

We can think of our voting system as a combination of two voting strategies. As in [13],

‘symmetric’ events still arrive at rate ε−1−α. Under these events, at a single branching event,

the root takes the value of the majority of the leaves. The asymmetry introduces a new kind

of biased branching event, occurring at rate γεε
−1−α = νεmax(−1,α−2). Under these events, with

probability 2
3 , a non-unanimous majority of votes of value 1 is overruled in favour of a vote of 0.

The following theorem gives the duality between the solution to our version of the Allen-Cahn

equation (2.1) and the voting model we have just described.

Theorem 2.9. Let p : Rd → [0, 1]. Then

vεγ(t, x) = Pεx
[
Vγp(W(t)) = 1

]
is a solution to equation (2.1) with initial condition vεγ(0, x) = p(x).

Proof. (Sketch) Throughout this proof we shall neglect the superscripts ε and γ and the subscript

p in Pεx, Eεx, vεγ and Vγp . This proof is only slightly different from the equivalent proof, of

Theorem 2.2, in [13], itself only a sketch of the adaptation of the representation of solutions of

the Fisher-KPP equation in terms of binary branching Brownian motion. Hence, we also only

sketch it here.

As usual, the idea is to investigate what happens to vεγ(t, x) during a small time interval

by conditioning on what happens to the branching Brownian motion during that time. Using

the same notation as [13], we write S for the time of the first branching event in the branching

Brownian motion and WS for the position of the ancestor at that time. Let V1, V2, V3 denote

the votes of the three offspring created at time S. These Vi are conditionally independent given

(S,WS), by the strong Markov property of the branching Brownian motion. Also by the Markov

property, conditional on S ≤ δt, the chance of another branching event in the time interval δt

is O(δt), so for s ≤ δt,

Ex[V1|(S,WS) = (s, y)] = Ey[v(t,Wδt−s)] +O(δt).
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The heat semigroup has enough regularity to allow us to write

Ex[V1|S ≤ δt] = v(t, x) +O(δt). (2.4)

If the vote at the root is one, either all V1, V2, V3 are one, or precisely two were 1 and their

majority was successfully passed on, which occurs with probability 3+γε
3+3γε

. Thus, using (2.4) and

conditional independence of the Vi given (S,WS),

Px [V(W(t+ δt)) = 1|S ≤ δt] = v(t, x)3 + 3 · 3 + γε
3 + 3γε

v(t, x)2(1− v(t, x)) +O(δt).

If S > δt, the ancestor of the branching Brownian motion is just a Brownian motion during the

interval [0, δt]. Conditioning on whether our ancestor particle branches during the initial δt of

time gives

v(t+ δt, x) =Px [V(W(t+ δt)) = 1|S ≤ δt] P [S ≤ δt]

+ Px [V(W(t+ δt)) = 1 |S > δt] (1− P [S ≤ δt])

=Px [V(W(t+ δt)) = 1 |S ≤ δt] P [S ≤ δt]

+ Ex [PWδt
[V(W(t)) = 1]] (1− P [S ≤ δt]).

Now P[S ≤ δt] = (1 + γε)ε
−1−αδt+O(δt2) and so substituting and rearranging (and once again

assuming enough regularity of v(t, x) given by the heat semigroup) we obtain

lim
δt→0

v(t+ δt, x)− v(t, x)

δt
=(1 + γε)ε

−1−α
(
v(t, x)3 +

3 + γε
1 + γε

v(t, x)2(1− v(t, x))− v(t, x)

)
+ lim
δt→0

Ex [PWδt
[V(W(t)) = 1]]− v(t, x)

δt

=ε−1−α (−2v(t, x)3 + (3 + γε)v(t, x)2 − (1 + γε)v(t, x)
)

+ lim
δt→0

Ex [v(t,Wδt)]− v(t, x)

δt

=ε1−α∆v(t, x) + ε−1−αv(t, x)(1− v(t, x))(2v(t, x)− (1 + γε)),

where the ε1−α coefficient, rather than the usual coefficient of 1
2 for the Laplacian occurs as the

Brownian motion is running at rate 2ε1−α.
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This duality reduces the the proof of Theorem 2.4 to the following theorem about the voting

system.

Theorem 2.10. Let γε be defined as above. Suppose p : Rd → [0, 1] is such that (C 0)-(C 3) hold.

Define T , d(x, t) as for Theorem 2.4; fix T ∗ ∈ (0,T ) and let k ∈ N. There exist εd(k) > 0, and

ad(k), cd(k) ∈ (0,∞) such that for all ε ∈ (0, εd) and t satisfying adε
1+α| log ε| ≤ t ≤ T ∗,

1. for x such that d(x, t) ≥ cdε| log ε|, we have Pεx
[
Vγp(W(t)) = 1

]
≥ 1− εk;

2. for x such that d(x, t) ≤ −cdε| log ε|, we have Pεx
[
Vγp(W(t)) = 1

]
≤ εk.

We prove Theorem 2.10 by comparing the multidimensional case to a particular explicit

solution to (2.1) in one dimension. We outline this solution and some of its particular properties

that we need in Section 2.3. Although it follows along the same lines as [13], this subsection is

the most significantly different from [13].

In Section 2.4, we use regularity properties that follow from the conditions (C 0)-(C 3) to

couple the distance between the (backwards in time) constant normal flow (Γt−s)s∈[0,t] and a

(forwards in time) d-dimensional Brownian motion W with a (forwards in time) one-dimensional

Brownian motion B in such a way that d(Ws, t−s) is well approximated by Bs when Ws is close

to Γt−s. The differences between this section and [13] are quite subtle, but significant.

Section 2.5 contains the proof of Theorem 2.10. After setting up the previous two sections,

this proof proceeds in a similar way to [13]. However, it is in this section we see how the changes

we have made in Sections 2.10 and 2.4 were what we required, in order to adapt the equivalent

proof in [13].

Finally, in Section 2.6, we return to the SΛFVA, and outline how Theorem 2.10 can be

extended to the SΛFVA dual process.

2.3 An explicit solution to the one-dimensional Asymmetric

Allen Cahn Equation

Although we wish to show that solutions to the asymmetric Allen-Cahn equation evolve accord-

ing to a different kind of geometric flow than solutions to the symmetric version, we may still

use a similar strategy of proof to show this result. This is because the proof for the symmetric
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Allen-Cahn equation involves coupling the evolution of the solution in higher dimensions to a

particular one-dimensional solution. Thus, most of the work in adapting this proof is done by

showing the one-dimensional solution to the asymmetric Allen-Cahn equation has the necessary

properties, and adapting the coupling between higher and lower-dimensional solutions. In this

section we do the former, and in the following section we do the latter.

The properties we need our one-dimensional solution to have are that it needs to form an

interface sufficiently quickly, and that interface needs to propagate at a constant speed (for a

given ε). However, this speed can be 0. It is not too hard to check by direct calculation that

ũε(t, x) =
(
1 + exp(−ε−1x+ γεε

−1−αt)
)−1

(2.5)

is the unique solution to (2.1) with initial condition

p̃(x) =
(
1 + exp(−ε−1x)

)−1
. (2.6)

This solution is a travelling wave, which moves with speed γεε
−α. Furthermore, the wave sepa-

rates a region to the left of the real line, where the solution is near 0, from the right, where the

solution is near 1. This interface is sufficient for our purposes, with the advantage that it es-

sentially forms instantaneously. This makes (2.5) an obvious candidate for the one-dimensional

solution we require.

We now note more rigorously a number of properties of this solution. First, it is symmetric

about x = γεε
−αt, in that ũε(t, x) = 1 − ũε(t, 2γεε−αt − x). Through direct calculation, a one-

dimensional version of Theorem 2.10 with our particular initial condition can be shown. Recall

from the paragraph before Definition 2.8, that we denote the one dimensional version of the

historical ternary branching Brownian motion by (B(t), t ≥ 0), and we reserve the notation

(W (t), t ≥ 0) for the higher dimensional version.

Theorem 2.11. Let T ∗ ∈ (0,∞). For all k ∈ N, for all t ∈ [0, T ∗] and sufficiently small ε > 0,

1. for z ≥ kε| log ε|+ νεt, we have Pεz
[
Vγp̃(B(t)) = 1

]
≥ 1− εk

2. for z ≤ −kε| log ε|+ νεt, we have Pεz
[
Vγp̃(B(t)) = 1

]
≤ εk.

This theorem is the equivalent of Theorem 2.5 in [13]. The proof of this theorem in [13]
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is probabilistic, but relies heavily on the symmetry about the origin of the one-dimensional

solution to the symmetric Allen-Cahn equation. We do not have such symmetry, so we exploit

the explicitness of (2.5).

Proof. By Theorem 2.9, Pεz
[
Vγp̃(B(t)) = 1

]
= ũε(t, x). For z ≥ kε| log ε|+ νεt,

ũε(t, z) ≥
(
1 + exp(−k| log ε| − ε−1νεt+ γεε

−1−αt)
)−1

=
(

1 + εkeε
−1t(γεε−α−νε)

)−1
.

=1− εk eε
−1t(γεε−α−νε)

1 + εkeε−1t(γεε−α−νε)

By our assumptions on the asymptotics of γε and the definition of νε, the expression γεε
−α − νε

goes to 0 faster than ε. Hence, the exponent of e approaches 0, and so for sufficiently small

ε, the coefficient of εk is less than 1, and the conclusion follows. The second inequality follows

similarly.

It would be more satisfying if, as in [13], we could prove this theorem probabilistically, rather

than by exploiting the explicit solution. This should be possible, but would take more work.

By exploiting our explicit solution, we can also prove the following proposition, the equivalent

of Corollary 2.12 in [13], which gives us a bound on the slope of the interface.

Proposition 2.12. If α̃ = 0, let ε < exp
(

−9
(11+ν̃)(1−ν̃)

)
, otherwise, let

ε < min

(
inf{ε : γε = 1/2}, exp

(
−9

(11 + 1/2)(1− 1/2)

))
.

Suppose that for some t ∈ [0, T ∗] and z ∈ R,

∣∣∣Pεz [Vγp̃(B(t)) = 1
]
− 1

2

∣∣∣ ≤ 5+γε
12 , (2.7)

and let w ∈ R with |z − w| ≤ ε. Then

∣∣∣Pεz [Vγp̃(B(t)) = 1
]
− Pεw

[
Vγp̃(B(t)) = 1

]∣∣∣ ≥ |z − w|
48ε| log ε|

.

Proof. As we have an explicit form for the probability in (2.7), we may rewrite the equation to
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become, ∣∣z − γεε−αt∣∣ ≤ ε log

(
11 + γε
1− γε

)
.

Fix such a z and let w ∈ R satisfy |z − w| ≤ ε.

Notice that ũε(t, x) = p̃(x− γεε−αt). It is easy to calculate p̃′(x) = ε−1 exp(−ε−1x)
(1+exp(−ε−1x))2

and thus

for |x| ≤ Aε, |p̃′(x)| ≥ ε−1 exp(A)
(1+exp(A))2

. Let A = 1 + log
(

11+γε
1−γε

)
. Then, for |x− γεε−αt| ≤ Aε,

∣∣∣∣dũ(t, x)

dx

∣∣∣∣ ≥ e
(

11+γε
1−γε

)
ε
(

1 + e
(

11+γε
1−γε

))2

≥ 1

48ε

(11 + γε)(1− γε)
9

≥ 1

48ε| log ε|
, (2.8)

where the second line simply uses the fact that e < 3, and the final line follows by our bound on

ε. Taking x = z in (2.8), and noticing that any point c between z and w satisfies |c− γt| ≤ Aε,

we may apply the mean value theorem to (2.8) to give

|ũ(t, z)− ũ(t, w)| ≥ |z − w|
∣∣∣∣dũ(t, c)

dx

∣∣∣∣ ≥ |z − w|
48ε| log ε|

.

2.4 A coupling argument

Next, we show how to couple d(Ws, t− s) (the signed distance from a d-dimensional Brownian

motion Ws to Γt−s) and a one-dimensional Brownian motion, when Ws is near the interface Γt−s.

To do this, we need some regularity properties which are a consequence of the assumptions (C 0)-

(C 3).

We write ḋ for the time derivative of d. We may choose a T ∗ ∈ (0,T ) such that the following

properties hold.

1. There exists c0 > 0 such that for all t ∈ [0, T ∗] and x ∈ {y : |d(y, t)| ≤ c0}, we have

|∇d(x, t)| = 1. (2.9)

Moreover, d is a Ca,
a
2 function in {(x, t) : |d(x, t)| ≤ c0, t ≤ T ∗}.
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2. Viewing n = ∇d as the positive normal direction, for x ∈ Γt, the normal velocity of Γt at

x is −ḋ(x, t). Thus, (2.3) becomes

−ḋ(x, t) = νε +


0 if α̃ ∈ [0, 1)

∆d(x, t) if α̃ ≥ 1

(2.10)

for all x, t such that d(x, t) = 0. We have replaced the arbitrary constant c in Definition 2.3

with νε, as this is the specific speed of the constant normal flow we wish to find.

3. There exists C0 > 0 such that for all t ∈ [0, T ∗] and x such that |d(x, t)| ≤ c0,

∣∣∣∇(ḋ(x, t)
)∣∣∣ ≤ C0 and |∆d(x, t)| ≤ C0. (2.11)

4. There exist v0, V0 > 0 such that for all t ∈ [0, T ∗ − v0] and all s ∈ [t, t+ v0],

|d(x, t)− d(x, s)| ≤ V0(s− t). (2.12)

Properties 1 and 2 above come from [9], Theorem 2. Property 1 may seem particularly strong,

but has quite an intuitive interpretation. Because our boundary is sufficiently smooth, if a point

x is within c0 of a section of the boundary, that section of boundary will be the closest part of

boundary to point x. As the shortest distance between two points is the straight line between

them, we could parametrise space with this line as one of our co-ordinates, and then it is clear

that ∇d(x, t) is just 1 in this direction, and 0 in the other co-ordinates. Alternative co-ordinate

systems would not change the magnitude of this derivative.

Properties 3 and 4 follow easily from the fact that supu∈S1,t≤T ∗ |Γt(u)| <∞ and the regularity

of d provided by Property 1.

We can now state the necessary coupling argument.

Proposition 2.13. Let (Ws)s≥0 denote a d-dimensional Brownian motion running at rate 2ε1−α

started at x ∈ Rd. Suppose that ε < 1, t ≤ T ∗ and define a new parameter β such that

ε1+α ≤ β ≤ c0. Let

Tβ = inf ({s ∈ [0, t) : |d(Ws, t− s)| ≥ β} ∪ {t}) .

Then we can couple (Ws)s≥0 with a one-dimensional Brownian motion (Bs)s≥0, also running at
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rate 2ε1−α, started from z = d(x, t) in such a way that for s ≤ Tβ,

Bs + νεs− C1βs ≤ d (Ws, t− s) ≤ Bs + νεs+ C1βs,

where C1 = 2C0, i.e., twice the constant C0 from (2.11).

Proof. By Itô’s formula, we have that for s ≤ t

d (Ws, t− s) =

∫ s

0
Au du+Bs,

where

Au = −ḋ (Wu, t− u) + ε1−α∆d (Wu, t− u)

and

Bs =
d∑
i=1

∫ s

0

∂

∂xi
d(Wu, t− u)dW (i)

u .

We will handle Au and Bs in turn. For each u ∈ [0, Tν ] there exists some xu ∈ Rd such that

|xu −Wu| ≤ ν, and d(xu, t− u) = 0. By (2.10) we have

−ḋ(xu, t− u) = νε + 1{α̃≥1}∆d(x, t).

Since β ≤ c0, by (2.11) we have that, for x on the line segment connecting xu to Wu, the gradient

of ḋ(x, t− u) is bounded by C0. Also by (2.11), we can bound the Laplacian term, so we obtain

|Au − νε| ≤ C0(β + ε1−α) ≤ C1β

for ε < 1. Since β ≤ c0, it follows by (2.9) and Lévy’s characterisation (recall that our Brownian

motions run at rate 2ε1−α) that (Bs)0≤s≤Tβ is a (stopped) Brownian Motion. This completes

the proof.

The difference between this coupling, and the coupling used in [13] is subtle, but significant.

In our coupling, the quadratic variation term is scaled by ε1−α. If α < 1, this term makes an

insignificant impact on our coupling as we take ε to 0. However, the curvature of the interface

Γt at x is ∆d (x, t− u), so it is this term that gives the coupling in [13] its dependence on
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the curvature of the interface. Conversely, our coupling has an additional term, νεu. This

constant drift allows this coupling to keep up with the moving reference frame of our particular

solution (2.5), which gives us the constant normal component of the curvature flow.

Now that we have our one-dimensional solution and a coupling for this solution to higher-

dimensional solutions, the rest of the proof follows the same lines as the proof in [13].

2.5 Biased majority voting for branching Brownian motion

As in [13], we split the proof of Theorem 2.10 into two parts. In Subsection 2.5.1 we show that

the interface is generated in a time δd ∼ ε1+α| log ε|. In Subsection 2.5.2, we show that the

interface propagates according to mixed curvature flow. It is in this second subsection that we

use the coupling we constructed in Proposition 2.13, coupling the multidimensional BBM to the

explicit one-dimensional solution. The propagation of the interface in higher dimensions is then

just a consequence of Theorem 2.11. The proof of a lemma crucial to the proof of Theorem 2.10

is delayed to the last subsection, Subsection 2.5.3.

As we will be comparing the one-dimensional process to the multidimensional one, we will

use the convention that in one dimension we always take Vγ = Vγp̃ with p̃(x) defined in (2.6). We

reserve the subscript p for the multidimensional Vγp(W(t)), where we assume that p satisfies (C 0)-

(C 3).

2.5.1 Generation of the interface

In this section we prove that in dimension d ≥ 2 an interface of width O (ε| log ε|) is generated

in time O
(
ε1+α| log ε|

)
. This proof involves finding a sufficiently large tree in the branching

process, whose particles have not travelled too far from the interface, and iterating the voting

procedure enough times so that small biases in the initial condition are magnified as the voting

procedure progresses up to the root. This strategy is essentially unchanged from the proof of

Theorem 2.5 of [13]. However, some of the details need significant modification, as [13] benefits

heavily from the symmetry of the voting system.

Fortunately, as the asymmetry only appears in the voting system, rather than the dual

process itself, the most significant modifications are restricted to the lemmas regarding the voting

procedure. We deal with these lemmas first, Lemmas 2.14 and 2.15, deferring the Lemmas 2.16
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and 2.17, which deal with the branching process, for later.

We introduce notation for the majority voting procedure. Let g : [0, 1]3 → [0, 1] be given by

g(p1, p2, p3) = p1p2p3 + 3+γε
3+3γε

(p1p2(1− p3) + p2p3(1− p1) + p3p1(1− p2)) .

This is the probability the root of a single ternary branch votes 1, in the special case where the

three voters are independent and have probabilities p1, p2 and p3, respectively, of voting 1. With

a slight abuse of notation, we let

g(p) = g(p, p, p) = p3 + 3+γε
1+γε

p2(1− p)

for p ∈ [0, 1], and define g(n)(p), inductively, by

g(1)(p) = g(p), g(n+1)(p) = g(n)(g(p)).

Thus, g(n)(p) describes the probability of voting 1 at the root of an n-level regular ternary tree

if the votes of the leaves are i.i.d. Bernoulli(p). Note also that

g(p)− p = 1
1+γε

p(1− p)(2p− (1 + γε))

has three roots, 0, 1 and 1+γε
2 , so the same three values are fixed points of g. As g(p) − p is

positive between the latter two roots, recursive applications of g to a p starting in this interval

produce an increasing sequence. The next lemma gives some control over how quickly this

sequence grows.

Lemma 2.14. For all k ∈ N there exists A(k) <∞ such that the following holds:

1. for all ε ∈ (0, 1−γε
2 ] and n ≥ A(k)| log ε| we have

g(n)(1+γε
2 + ε) ≥ 1− εk.

2. for all ε ∈ (0, 1+γε
2 ] and n ≥ A(k)| log ε| we have

g(n)(1+γε
2 − ε) ≤ εk.
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Proof. We begin with the first statement. We shall carry out two phases of iteration of g. First,

we will show that it takes O (| log ε|) iterations to obtain

g(n)(1+γε
2 + ε) ≥ 1

2 +

√
1+γ2ε

8 . (2.13)

Note that 1+γ
2 < 1

2 +
√

1+γ2
8 < 1 for γ ∈ (0, 1). After establishing this, we see that O (k| log ε|)

iterations are required to obtain

g(n)

(
1
2 +

√
1+γ2ε

8

)
≥ 1− εk. (2.14)

Since g is monotone, combining the two phases completes the proof of the first statement.

For the first phase, if δ ∈ (0,
√

(1 + γ2
ε )/8− γε/2) then a simple calculation shows that

g(1+γε
2 + δ) =1+γε

2 + δ
2(1+γε)

(3 + 2γε − (γε + 2δ)2)

≥1+γε
2 + 5−γε

4 δ.

Thus if g(n)(1+γε
2 + ε)− 1

2 <

√
1+γ2ε

8 , we have

g(n+1)(1+γε
2 + ε)− 1+γε

2 ≥ 5−γε
4

(
g(n)(1+γε

2 + ε)− 1+γε
2

)
≥ (5−γε

4 )nε.

It follows immediately that O (| log ε|) iterations are required to achieve (2.13).

For the second phase, as g is monotone increasing on [0, 1], it is easy to see that

1− g(1− δ) = δ
1+γε

(
(3− γε)δ + 2γε − 2δ2

)
≤ δ

1+γε

(
(3− γε)

(
1
2 −

√
1+γ2ε

8

)
+ 2γε

)
:=aγε+δ,

where the inequality holds for 0 ≤ δ ≤ 1
2 −

√
1+γ2ε

8 . Another simple calculation shows that

0 < aγε+ < 1, which means that the sequence created by iterating 1 − g(1 − δ) starting with
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0 ≤ δ ≤ 1
2 −

√
1+γ2ε

8 remains in the interval

[
0, 1

2 −
√

1+γ2ε
8

]
. Thus,

1− g(n+1)

(
1
2 +

√
1+γ2ε

8

)
≤ aγε+

(
1− g(n)

(
1
2 +

√
1+γ2ε

8

))
≤ an+1

γε+

(
1
2 −

√
1+γ2ε

8

)
.

Noting again that 0 < 1
2 −

√
1+γ2ε

8 < 1
2 , it follows easily that the number of iterations required

to obtain (2.14) is O (k| log ε|).

We now turn to the second statement. The proof of this statement is very similar to the

first phase, but it does not simply follow by symmetry, so we include it here. Again, we split

the proof into two phases. For the first phase, if δ ∈ (0,
√

(1 + γ2
ε )/8 + γε/2) then almost the

same calculation as above shows that

g(1+γε
2 − δ) =1+γε

2 − δ
2(1+γε)

(3 + 2γε − (γε − 2δ)2)

≤1+γε
2 − 5−γε

4 δ.

Thus if 1
2 − g

(n)(1+γε
2 − ε) <

√
1+γ2ε

8 , we have

1+γε
2 − g(n+1)(1+γε

2 − ε) ≥ 5−γε
4

(
1+γε

2 − g(n)(1+γε
2 − ε)

)
≥ (5−γε

4 )nε.

It follows immediately that O (| log ε|) iterations are required to achieve

g(n)(1+γε
2 − ε) ≤ 1

2 −
√

1+γ2ε
8 . (2.15)

To show the second phase for the second statement, observe that for 0 ≤ δ ≤ 1
2 −

√
1+γ2ε

8 ,

we have

g(δ) ≤ 3 + γε
1 + γε

δ2 ≤ 3 + γε
1 + γε

(
1
2 −

√
1+γ2ε

8

)
δ := aγε−δ.

Another simple calculation shows that 0 < aγ− < 1, which means that g(n)(δ) ∈ [0, 1
2 −

√
1+γ2ε

8 ]

if 0 ≤ δ ≤ 1
2 −

√
1+γ2ε

8 . Thus,

g(n+1)

(
1
2 −

√
1+γ2ε

8

)
≤ aγε−g(n)

(
1
2 −

√
1+γ2ε

8

)
≤ an+1

γε−

(
1
2 −

√
1+γ2ε

8

)
.
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Noting again that 0 < 1
2 −

√
1+γ2ε

8 < 1
2 , it follows easily that it takes O (k| log ε|) iterations to

achieve

g(n)

(
1
2 −

√
1+γ2ε

8

)
≤ εk. (2.16)

Combining (2.15) and (2.16) gives the second statement, which concludes the proof.

We include here a simple lemma about g.

Lemma 2.15. For 1+γε
2 ≤ p1, p2, p3 ≤ 1,

g(p1, p2, p3) ≥ min(p1, p2, p3).

Similarly, for 0 ≤ p1, p2, p3 ≤ 1+γε
2 ,

g(p1, p2, p3) ≤ max(p1, p2, p3).

Proof. We define h : [0, 1]3 → R by

h(p1, p2, p3) = g(p1, p2, p3)− 1

3
(p1 + p2 + p3).

We can write h in the form

h(p1, p2, p3) =
1

3(1 + γε)

∑
pi1((1− pi2)(pi3 −

1+γε
2 ) + (1− pi3)(pi2 −

1+γε
2 ))

where the sum is over (i1, i2, i3) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}. Hence, if 1+γε
2 ≤ p1, p2, p3 ≤ 1,

then h(p1, p2, p3) ≥ 0, which means

g(p1, p2, p3) ≥ 1

3
(p1 + p2 + p3) ≥ min(p1, p2, p3).

Similarly, if 0 ≤ p1, p2, p3 ≤ 1+γε
2 , then h(p1, p2, p3) ≤ 0, which means

g(p1, p2, p3) ≤ 1

3
(p1 + p2 + p3) ≤ max(p1, p2, p3).

We now want to find a large regular ternary tree inside T (W(t)), the ternary tree induced
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by the historical branching Brownian motion W up until time t. Let T regn = ∪k≤n{1, 2, 3}k ⊂ U

denote the n-level regular ternary tree and, for l ∈ R, let T regl = T regdle . For T a time-labelled

ternary tree, we use the relation T ⊇ T regl to mean that as subtrees of U , T regl is contained

inside T (ignoring its time labels).

Lemma 2.16. Let k ∈ N and let A = A(k) be as in Lemma 2.14. Then there exist ad = ad(k)

and εd = εd(k) such that, for all ε ∈ (0, εd) and t ≥ adε
1+α| log ε|,

Pε
[
T (W(t)) ⊇ T regA(k)| log ε|

]
≥ 1− εk.

Proof. First we establish control over the tail distribution of the sum of n independent exponen-

tially distributed (branching) times. Suppose (Xj)j≥1 are i.i.d. Exp(1) random variables and let

Sn =
∑n

j=1Xj . Then

MX(λ) := E
[
eλX

]
=


1

1−λ if λ < 1

∞ if λ ≥ 1

and for a ≥ 1,

Ψ∗(a) := sup
λ≥0

(λa− logMX(λ)) = sup
0≤λ<1

(λa+ log(1− λ)) = a− 1− log a.

By Cramér’s theorem, for a ≥ 1,

lim
n→∞

(
− 1

n
log P[Sn ≥ na]

)
= Ψ∗(a) = a− 1− log a. (2.17)

For each leaf of T regl we use (2.17) to estimate the probability that it is not in T (W(t)) and

combine with a union bound (summing over leaves). For t ≥ aε1+α

1+γε
dA| log ε|e we have

Pε
[
T (W(t)) + T regA| log ε|

]
≤ 3dA| log ε|eP

[
ε1+α

1+γε
SdA| log ε|e ≥ aε1+α

1+γε
dA| log ε|e

]
= exp

(
dA| log ε|e

(
log 3 +

1

dA| log ε|e
log P

[
SdA| log ε|e ≥ adA| log ε|e

]))
. (2.18)
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By (2.17) (with n = dA| log ε|e), we can choose εd(k) < e−1 such that, for all ε ∈ (0, εd),

1

dA| log ε|e
log P

[
SdA| log ε|e ≥ adA| log ε|e

]
≤ −a+ 3/2 + log a.

Choose a ≥ 1 sufficiently large that −a + 3/2 + log a ≤ − log 3 − k/A. Putting this into (2.18)

we obtain

Pε
[
T (B(t)) + T regA| log ε|

]
≤ exp (−| log ε|k)

for t ≥ aε1+α

1+γε
dA| log ε|e. Letting ad = a(A+ 1) ≥ a(A+1)

1+γε
completes the proof.

We now need to control the maximal displacement of individuals in the ternary branching

Brownian motion at small times. Let N(t) denote the set of individuals alive in W(t).

Lemma 2.17. Let k ∈ N, and let ad(k) be as in Lemma 2.16. Then there exist dd(k), εd(k)

such that, for all ε ∈ (0, εd(k)) and all s ≤ (ad(k) + k + 1)ε1+α| log ε|,

Pεx [∃i ∈ N(s) : |Wi(s)− x| ≥ dd(k)ε| log ε|] ≤ εk.

Proof. Write δd = (ad(k) + k + 1)ε1+α| log ε| and let Z = (Z1, . . . , Zd) be a N(0, Id) distributed

d-dimensional normal random variable. By Markov’s inequality, for s ≤ δd we have

Pεx [∃i ∈ N(s) : |Wi(s)− x| ≥ ddε| log ε|]

≤ Eε [|N(s)|] P
[√

2ε1−αs|Z| ≥ ddε| log ε|
]

≤ Eε [|N(δd)|] P
[√

2ε1−αδd|Z| ≥ ddε| log ε|
]

= e2δd
1+γε

ε1+α P
[√

2(ad(k) + k + 1)|Z| ≥ dd| log ε|1/2
]

≤ 2de2(ad+k+1)| log ε|(1+γε)P
[√

2(ad(k) + k + 1)|Z1| ≥ dd| log ε|1/2
]

≤ 2dε
1
4

d2d
ad(k)+k+1

−2(ad(k)+k+1)(1+γε)

where we bound |Z| by the sum of the moduli of d scalar normal random variables in the fourth

line, and in the last line, we use a tail bound for a standard normal variable, P[Z1 ≥ x] ≤ e−x2/2.

The proof is completed by choosing dd = dd(k) sufficiently large.

We now put these elements together.
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Proposition 2.18. Let k ∈ N. Then there exist εd(k), ad(k), bd(k) > 0 such that for all ε ∈

(0, εd), if we set

δd(k, ε) := ad(k)ε1+α| log ε| and δ′d(k, ε) := (ad(k) + k + 1)ε1+α| log ε|, (2.19)

then for t ∈ [δd, δ
′
d],

1. for x such that d(x, t) ≥ bdε| log ε|, we have Pεx
[
Vγp(W(t)) = 1

]
≥ 1− εk;

2. for x such that d(x, t) ≤ −bdε| log ε|, we have Pεx
[
Vγp(W(t)) = 1

]
≤ εk.

Proof. By Lemma 2.16, given k ∈ N, there exist ad(k) and εd(k) > 0 such that, for all ε ∈ (0, εd)

and t ≥ adε
1+α| log ε|,

Pε
[
T (W(t)) ⊇ T regA(k)| log ε|

]
≥ 1− εk. (2.20)

Similarly, by Lemma 2.17, given k ∈ N, there exist dd(k), εd(k) such that for all ε ∈ (0, εd), for

t ∈ [δd, δ
′
d],

Pεx [∃i ∈ N(t) : |Wi(t)− x| ≥ ddε| log ε|] ≤ εk. (2.21)

Set bd(k) = 2dd(k) + V0(ad + k + 1). By (2.12) there exist v0, V0 > 0 such that for t ≤ v0,

and any x ∈ Rd, we have |d(x, 0)−d(x, t)| ≤ V0t. Reducing εd if necessary, for ε ∈ (0, εd) we have

δ′d ≤ v0.

Thus, in the first case of the theorem, for ε ∈ (0, εd), t ∈ [δd, δ
′
d], x is such that d(x, t) ≥

bdε| log ε|, and |Wi(t)− x| ≤ ddε| log ε|, combining with the triangle inequality and (2.12) gives,

d (Wi(t), 0) ≥ d (x, t)− |d (x, t)− d (Wi(t), t) | − |d (Wi(t), t)− d (Wi(t), 0) |

≥ bdε| log ε| − ddε| log ε| − V0δ
′
d

= ddε| log ε|

by our choice of bd. Applying (C 2) and (C 3),

p(Wi(t)) ≥ 1+γε
2 + λ (ddε| log ε| ∧ r)

≥ 1+γε
2 + ε, (2.22)
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where we reduce εd > 0 (if necessary), to ensure that ε < λr, ε < λddε| log ε| for ε ∈ (0, εd).

If pi ≥ 1+γε
2 for i = 1, 2, 3 then the first case of Lemma 2.15 says that g(p1, p2, p3) ≥

min(p1, p2, p3). Hence, if each leaf of T (W(t)) votes 1 independently with probability at least

1+γε
2 + ε and T (W(t)) ⊇ T regA| log ε|, then each of the leaves of T regA| log ε| votes 1 independently with

probability at least 1+γε
2 + ε. Therefore,

Pεz [Vγ(W(t)) = 1] ≥ g(dA| log ε|e)(1+γε
2 + ε)− 2εk ≥ 1− 3εk

by combining (2.20), (2.21) and (2.22) and by Lemma 2.14.

The second case of the theorem is similar. In this case, for ε ∈ (0, εd), t ∈ [δd, δ
′
d], x is

such that d(x, t) ≥ bdε| log ε| and |Wi(t)−x| ≤ ddε| log ε|, combining with the triangle inequality

and (2.12), we get

d (Wi(t), 0) ≥ d (x, t) + |d (x, t)− d (Wi(t), t) |+ |d (Wi(t), t)− d (Wi(t), 0) |

≥ −bdε| log ε|+ ddε| log ε|+ V0δ
′
d

= −ddε| log ε|

again, by our choice of bd. Applying (C 2) and (C 3),

p(Wi(t)) ≤ 1+γε
2 − λ (ddε| log ε| ∧ r)

≤ 1+γε
2 − ε, (2.23)

noting that we have already reduced εd > 0 (if necessary), to ensure that ε < λr, ε < λddε| log ε|

for ε ∈ (0, εd).

If pi ≤ 1+γε
2 for i = 1, 2, 3 then the other case of Lemma 2.15 says that g(p1, p2, p3) ≤

max(p1, p2, p3). Hence, if each leaf of T (W(t)) votes 1 independently with probability no more

than 1+γε
2 − ε and T (W(t)) ⊇ T regA| log ε|, then each of the leaves of T regA| log ε| votes 1 independently

with probability no more than 1+γε
2 − ε. Therefore,

Pεz [Vγ(W(t)) = 1] ≤ g(dA| log ε|e)(1+γε
2 − ε) + 2εk ≤ 3εk
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by combining (2.20), (2.21) and (2.23) and by Lemma 2.14.

2.5.2 Propagation of the interface and proof of Theorem 2.10

Now that we have shown that the interface forms quickly enough, all that remains is to show that

the interface region propagates as it should under mixed curvature flow. As in [13], we do this

by coupling the motion of any point in the interface in the direction normal to the interface to

the motion of the ‘interface’ of the one-dimensional solution (2.5) with the initial condition (2.6)

that we studied in Subsection 2.3. More precisely, we aim to show that

Pεx
[
Vγp(W(t)) = 1

]
≈ Pεd(x,t)+νεt+O(ε| log ε|) [Vγ(B(t)) = 1] .

The key difference between this and what is shown in [13] is the additional νεt term in the

subscript of the right-hand side. This term allows the coupling to keep up with the constant speed

of the one-dimensional solution, giving the resulting interface required for a mixed curvature flow.

The following proposition establishes a precise version of this approximation.

Proposition 2.19. Let l ∈ N with l ≥ 4. Define ad(l) and δd(l, ε) as in Proposition 2.18. There

exist K1(l),K2(l) > 0 and εd(l,K1,K2) > 0 such that for all ε ∈ (0, εd) and t ∈ [δd(l, ε), T ∗] we

have

sup
x∈Rd

(
Pεx
[
Vγp(W(t)) = 1

]
− Pεd(x,t)+νεt+K1eK2tε| log ε| [V

γ(B(t)) = 1]
)
≤ εl (2.24)

and

sup
x∈Rd

(
Pεx
[
Vγp(W(t)) = 0

]
− Pεd(x,t)+νεt−K1eK2tε| log ε| [V

γ(B(t)) = 0]
)
≤ εl. (2.25)

We structure the proof of this proposition in the same way the equivalent proposition is

proven in [13], in that Proposition 2.19 requires a key lemma, which we state here, but delay

the proof of until the following section. Furthermore, it is this key lemma which contains most

of the interesting differences from the symmetric case, hence, the proof of Proposition 2.19 is

not that different from [13].

Recall that g : [0, 1] → [0, 1] is given by g(p) = 3+γε
1+γε

p2 − 2
1+γε

p3. It is convenient to extend
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this definition to a continuous, monotone function g : R→ [0, 1] as follows:

g(p) =


0 if p < 0

3+γε
1+γε

p2 − 2
1+γε

p3 if p ∈ [0, 1]

1 if p > 1.

(2.26)

Lemma 2.20. Let l ∈ N with l ≥ 4 and K1 > 0. There exists K2 = K2(K1, l) > 0 and

εd(l,K1,K2) > 0 such that for all ε ∈ (0, εd), x ∈ Rd, s ∈ [0, (l + 1)ε1+α| log ε|] and t ∈ [s, T ∗],

Ex

[
g
(

Pε
d(Ws,t−s)+νε(t−s)+K1eK2(t−s)ε| log ε|[V

γ(B(t− s)) = 1] + εl
)]

≤ 3+5γε
4(1+γε)

εl + Ed(x,t)

[
g
(

PεBs+νεt+K1eK2tε| log ε|[V
γ(B(t− s)) = 1]

)]
+ 1s≤ε3ε

l

(2.27)

and

Ex

[
g
(

Pε
d(Ws,t−s)+νε(t−s)−K1eK2(t−s)ε| log ε|[V

γ(B(t− s)) = 0] + εl
)]

≤ 3+5γε
4(1+γε)

εl + Ed(x,t)

[
g
(

PεBs+νεt−K1eK2tε| log ε|[V
γ(B(t− s)) = 0]

)]
+ 1s≤ε3ε

l.

(2.28)

Proof of Proposition 2.19. Take K1 = bd(l) + l with bd as defined in Proposition 2.18. Let

K2 = K2(K1, l), as defined in Lemma 2.20. Take εd > 0 sufficiently small that Theorem 2.11,

Proposition 2.18 and Lemma 2.20 apply for ε ∈ (0, εd).

Initially, we quickly show that (2.24) holds for t ∈ [δd, δ
′
d] (where δ′d is defined in (2.19)). For

such t and for any ε ∈ (0, εd) and x ∈ Rd,

Pεx
[
Vγp(W(t)) = 1

]
≤ Pεd(x,t)+νεt+K1eK2tε| log ε| [V

γ(B(t)) = 1] + εl. (2.29)

If d(x, t) ≤ −bd(l)ε| log ε|, then by Proposition 2.18, Pεx
[
Vγp(W(t)) = 1

]
≤ εl, which means (2.29)

holds. If d(x, t) ≥ −bd(l)ε| log ε|, then d(x, t) + K1e
K2tε| log ε| ≥ lε| log ε|, by our choice of K1,

and so, by Theorem 2.11, the right-hand side of (2.29) is ≥ 1, which also means (2.29) holds.

We are left with the case t ∈ [δ′d, T
∗], which shall take the remainder of the proof. We
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assume, aiming for a contradiction, that there exists t ∈ [δ′d, T
∗] such that, for some x ∈ Rd,

Pεx
[
Vγp(W(t)) = 1

]
− Pεd(x,t)+νεt+K1eK2tε| log ε| [V

γ(B(t)) = 1] > εl. (2.30)

Let T ′ be the infimum of the set of such t, and choose

T ∈ [T ′,min(T ′ + εl+3, T ∗)] (2.31)

which is also in the set of such t. Hence, we are assuming there exists some x = x(l, ε) ∈ Rd

such that

Pεx
[
Vγp(W(T )) = 1

]
− Pεd(x,T )+νεT+K1eK2T ε| log ε| [V

γ(B(T )) = 1] > εl. (2.32)

We now seek to show that

Pεx
[
Vγp(W(T )) = 1

]
≤ 7+9γε

8(1+γε)
εl + Pεd(x,T )+νεT+K1eK2T ε| log ε| [V

γ(B(T )) = 1] . (2.33)

For sufficiently small ε, γε ∈ [0, 1), so 7+9γε
8(1+γε)

εl < εl. Hence, once we obtain (2.33) we will have

a contradiction to (2.32), which completes the proof.

Denote the time of the first branching event in W(T ) by S, and denote the position of the

initial ‘ancestor’ particle at that time by WS . By the strong Markov property at time S∧(T−δd),

we may condition on which of these times occur first, yielding

Pεx
[
Vγp(W(T )) = 1

]
= Eεx

[
g
(
PεWS

[
Vγp(W(T − S)) = 1

])
1S≤T−δd

]
+ Eεx

[
PεWT−δd

[
Vγp(W(δd)) = 1

]
1S≥T−δd

]
. (2.34)

As T − δd ≥ δ′d − δd = (l + 1)ε1+α| log ε| and S ∼ Exp((1 + γε)ε
−1−α), the second term on the

right of (2.34) can be bounded:

Eεx
[
PεWT−δd

[
Vγp(W(δd)) = 1

]
1S≥T−δd

]
≤ Pε

[
S ≥ (l + 1)ε1+α| log ε|

]
≤ εl+1. (2.35)

To bound the first term on the right of (2.34), we partition further on the event {S ≤ εl+3}
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(which has probability ≤ (1 + γε)ε
l+2):

Eεx
[
g
(
PεWS

[
Vγp(W(T − S)) = 1

])
1S≤T−δd

]
≤Eεx

[
g
(
PεWS

[
Vγp(W(T − S)) = 1

])
1S≤T−δd1S≥εl+3

]
+ Pε

[
S ≤ εl+3

]
≤Eεx

[
g
(

Pε
d(WS ,T−S)+νε(T−S)+K1eK2(T−S)ε| log ε| [V

γ(B(T − S)) = 1] + εl
)
1S≤T−δd

]
+ (1 + γ)εl+2. (2.36)

The last line follows from the minimality of T ′ (note that if εl+3 ≤ S ≤ T−δd, then T−S ∈ [δd, T
′)

by (2.31)), which is a consequence of our assumption (2.30), and from the monotonicity of g.

As the path of the ancestor particle (W·) is independent of the time it branched, S, we may

condition on this time, giving

Eεx
[
g
(

Pε
d(WS ,T−S)+νε(T−S)+K1eK2(T−S)ε| log ε| [V

γ(B(T − S)) = 1] + εl
)
1S≤T−δd

]
≤
∫ (l+1)ε1+α| log ε|

0
(1 + γε)ε

−1−αe−(1+γε)ε−1s

Ex

[
g
(

Pε
d(Ws,T−s)+νε(T−s)+K1eK2(T−s)ε| log ε| [V

γ(B(T − s)) = 1] + εl
)]
ds

+ Pε
[
S ≥ (l + 1)ε1+α| log ε|

]
≤
∫ (l+1)ε1+α| log ε|

0
(1 + γε)ε

−1−αe−(1+γε)ε−1s

Ed(x,T )

[
g
(

PεBs+νεT+K1eK2T ε| log ε|[V
γ(B(T − s)) = 1]

)]
ds

+ 3+5γε
4(1+γε)

εl + Pε
[
S ≤ ε3

]
εl + εl+1

≤Eεd(x,T )

[
g
(

PεBS′+νεT+K1eK2T ε| log ε|
[
Vγ(B(T − S′)) = 1

])
1S′≤T−δd

]
+ 3+5γε

4(1+γε)
εl + εl+1 + (1 + γε)ε

l+2. (2.37)

Here, the second inequality follows by Lemma 2.20. For the final inequality, we write S′ for the

time of the first branching event in (B(s))s≥0 and BS′ for the position of the ancestor at that

time, and note that S′ has the same distribution as S. The inequality follows since T ≥ δ′d and

so T − δd ≥ (l + 1)ε1+α| log ε|.
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Putting (2.36), (2.37) and (2.35) into (2.34) we obtain

Pεx
[
Vγp(W(T )) = 1

]
≤Eεd(x,T )

[
g
(

PεBS′+νεT+K1eK2T ε| log ε|[V
γ(B(T − S′)) = 1]

)
1S′≤T−δd

]
+ 2εl+1 + 2(1 + γε)ε

l+2 + 3+5γε
4(1+γε)

εl

≤Pεd(x,T )+νεT+K1eK2T ε| log ε| [V
γ(B(T )) = 1] + 2εl+1(1 + ε+ γεε) + 3+5γε

4(1+γε)
εl,

where the second line follows by the strong Markov Property for (B(·)) at time S′ ∧ (T − δd), in

similar style to (2.34). Reducing εd, if necessary, to ensure that 3+5γε
4(1+γε)

εl + 2εl+1(1 + ε+ γεε) ≤
7+9γε

8(1+γε)
εl for all ε ∈ (0, εd), we obtain (2.33), which completes the proof of (2.24).

By a similar argument, using (2.28) in place of (2.27), we can also deduce (2.25).

With this proposition, the proof of Theorem 2.10 follows easily.

Proof of Theorem 2.10. It suffices to prove the result for sufficiently large k ∈ N, and in partic-

ular we will show it for k ≥ 4.

We choose cd(k) = k + K1e
K2T ∗ . Thus, for any t ∈ [δd, T

∗] and x ∈ Rd such that d(x, t) ≤

−cd(k)ε| log ε| we have

d(x, t) +K1e
K2tε| log ε| ≤ −kε| log ε|.

It follows from Theorem 2.11 (reducing εd if necessary so that ε < 1) and (2.24) that, for

such x and t, Pεx
[
Vγp(W(t)) = 1

]
≤ 2εk. Similarly, for x such that d(x, t) ≥ cd(k)ε| log ε|, by

Theorem 2.11 and (2.25) we have Pεx
[
Vγp(W(t)) = 0

]
≤ 2εk.

2.5.3 Proof of Lemma 2.20

All that remains to complete the proof of Theorem 2.10, is to prove Lemma 2.20. Again, the

proof of this lemma will follow the proof of Lemma 2.17 in [13], but there are some key differences.

The proof in [13] essentially considers three cases based on the distance a point x is from the

interface. In the first two cases, when x is significantly far in front of or behind the interface,

we appeal to Theorem 2.11. These cases hold similarly to [13], except we have adjusted some

constants due to the different scaling. These are Cases (i) and (ii) in the proof.

55



Case (iii) in the proof is where the modifications to our coupling become necessary. Proposi-

tion 2.13 introduces the constant drift term which allows the multidimensional interface to keep

up with the single-dimensional case. This case is split into two events, based on the gradient of

g evaluated at, roughly, ũε(t, x) at points x near the interface. Proposition 2.12 is used when

the gradient is greater than 1. As γε affects the gradient of g, both these cases need careful

modification. We also note that it is in this case that we require the assumption that νε < 1 if

α = 0.

We go into more detail in the proof, which we give now.

Proof of Lemma 2.20. We begin by proving (2.27). To simplify our expressions slightly, for the

duration of this proof, for u ≥ 0 and z ∈ R we write

Qε,uz = Pεz [Vγ(B(u)) = 1] .

Recall C1 from Proposition 2.13 and V0 from (2.12). Let

R = l + 2(l + 1)(2d + V0). (2.38)

Fix K2 such that

K1(K2 − C1)− C1R = 1. (2.39)

Initially, let εd = 1, but we shall reduce this throughout the proof, where necessary.

First we need an estimate for the probability that a d-dimensional Brownian motion running

at rate 2ε1−α moves further than ∼ ε| log ε| in time s (recall that s ≤ (l + 1)ε1+α| log ε|). Let

Ax =

{
sup
u∈[0,s]

|Wu − x| ≤ 2(l + 1)dε| log ε|

}
.

Let Z ∼ N(0, 1). Bounding |Wu| by the sum of the moduli of d one-dimensional Brownian

motions gives,

Px

[
A{
x

]
≤ 2dP0

[
sup
u∈[0,s]

Bu > 2(l + 1)ε| log ε|

]

≤ 4dP0

[
Z > (2(l + 1)| log ε|)1/2

]

56



≤ 4dεl+1. (2.40)

Here, since s ≤ (l+1)ε1+α| log ε|, the second line follows by the reflection principle, remembering

that the Brownian motion is running at speed 2ε1−α. The last line follows by the tail bound

P[Z ≥ x] ≤ e−x2/2.

We consider three cases, according to how close to the interface the point x is at time t:

(i) d(x, t) ≤ −
(
l + (l + 1)(2d + V0) +K1e

K2(t−s)) ε| log ε|,

(ii) d(x, t) ≥
(
l + (l + 1)(2d + V0) +K1e

K2(t−s)) ε| log ε|,

(iii) |d(x, t)| ≤
(
l + (l + 1)(2d + V0) +K1e

K2(t−s)) ε| log ε|.

Case (i): Recall that by (2.12) there exist v0 > 0, and we have chosen V0, such that if s ≤ v0

and x ∈ Rd then

|d(x, t)− d(x, t− s)| ≤ V0s. (2.41)

We reduce εd, if necessary, to ensure that for ε ∈ (0, εd) we have (l+ 1)ε| log ε| ≤ v0. Then if the

event Ax occurs,

d(Ws, t− s) +K1e
K2(t−s)ε| log ε|

≤ − (l + (l + 1)(2d + V0))ε| log ε|+ |d(Ws, t− s)− d(x, t)|

≤ − (l + (l + 1)(2d + V0))ε| log ε|+ |d(x, t)− d(x, t− s)|+ |Ws − x|

≤ − lε| log ε| − V0(l + 1)|ε log ε|(1− εα)

≤− lε| log ε|.

Here, the second line follows from being in Case (i) and the third follows from the triangle

inequality. The fourth line then follows from (2.41) and that s ≤ (l+ 1)ε1+α| log ε|, and because

we have assumed Ax occurs. The final line follows as α ≥ 0 and ε < 1, so the final term in the

line above is non-positive. Therefore,

Ex

[
g
(

Qε,t−s
d(Ws,t−s)+νε(t−s)+K1eK2(t−s)ε| log ε| + εl

)]
≤Ex

[
g(εl + εl)1Ax

]
+ Px

[
A{
x

]
≤12+4γε

1+γε
ε2l + 4dεl+1.
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Here the first inequality follows by Theorem 2.11 and the second inequality by the definition of

g in (2.26), the fact that γε ∈ (0, 1) (for sufficiently large ε) and by (2.40). Again, reducing εd if

necessary, for ε ∈ (0, εd) we have

Ex[g(Qε,t−s
d(Ws,t−s)+νε(t−s)+K1eK2(t−s)ε| log ε| + εl)] ≤ 3+5γε

4(1+γε)
εl,

and so (2.27) holds in this case.

Case (ii): In this case, we have that d(x, t) ≥ (l+ 2(l+ 1))ε| log ε|, as K1 and V0 are positive,

and d ≥ 2. A similar argument to that used for (2.40) gives us that

Pd(x,t) [Bs ≤ lε| log ε|] ≤ εl+1. (2.42)

It follows that in this case

Ed(x,t)

[
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε|

)]
≥ Ed(x,t)

[
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε|

)
1{Bs ≥ lε| log ε|}

]
≥ g(1− εl)− εl+1

≥ 1− 2γε
1+γε

εl − 3−γε
1+γε

ε2l − εl+1,

where the second line follows by Theorem 2.11 and (2.42) and the last line by the definition of

g in (2.26). Noting that 2γε
1+γε

< 3+5γε
4+4γε

for all γε ∈ (0, 1), we may again reduce εd if necessary, so

that for ε ∈ (0, εd) we have

Ed(x,t)

[
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε|

)]
≥ 1− 3

4ε
l ≥ 1− 3+5γε

4(1+γε)
εl

and so (2.27) holds in this case.

Case (iii): We now turn to the case in which x is close to the interface. If the event Ax

occurs, for u ∈ [0, s] we have

|d(Wu, t− u)| ≤|Wu − x|+ |d(x, t)|+ |d(x, t)− d(x, t− u)|

≤(l + 2(l + 1)(2d + V0) +K1e
K2(t−s))ε| log ε|

=(R+K1e
K2(t−s))ε| log ε|, (2.43)
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where the second line follows by (2.41), and the third by recalling how we defined R in (2.38).

We now apply Proposition 2.13 with

β = (R+K1e
K2(t−s))ε| log ε|. (2.44)

By reducing εd if necessary, we have for ε ∈ (0, εd) that β ≤ c0. As in Proposition 2.13, we set

Tβ = inf({u ∈ [0, t) : |d(Wu, t− u)| ≥ β} ∪ {t}).

Then by Proposition 2.13, we can couple (Wu)u≥0 with (Bu)u≥0, a one-dimensional Brownian

motion started from d(x, t), in such a way that for u ≤ Tβ,

d(Wu, t− u) ≤ Bu + νεu+ C1βu. (2.45)

As mentioned before the proof, the introduction of the νεu term in this coupling is the key

difference between this proof and the proof of mean curvature flow in [13]. Hence, we can replace

our distance from the interface for the multidimensional problem with what is essentially the

distance to the interface in the single-dimensional problem, as follows:

Ex

[
g(Qε,t−s

d(Ws,t−s)+νε(t−s)+K1eK2(t−s)ε| log ε| + εl)
]

≤Ed(x,t)

[
g(Qε,t−s

Bs+νεt+C1βs+K1eK2(t−s)ε| log ε| + εl)
]

+ Px [Tβ ≤ s]

≤Ed(x,t)

[
g(Qε,t−s

Bs+νεt+C1βs+K1eK2(t−s)ε| log ε| + εl)
]

+ 4dεl+1. (2.46)

Here, the first inequality follows by (2.45), the monotonicity of g and the monotonicity of the

stationary solution, (2.5). The second inequality then follows by (2.40) (note that by (2.43), if

Ax occurs then Tβ ≥ s).

Now let

E =

{∣∣∣∣Qε,t−sBs+νεt+C1βs+K1eK2(t−s)ε| log ε| −
1

2

∣∣∣∣ ≤ 5 + γε
12

}
.

We shall consider the events E and E{ separately to bound the right hand side of (2.46). This

is the other key difference in this proof; in contrast with [13], this event, E, depends on γε. In

the symmetric case, the value of Γt chosen to define the interface, and the peak derivative of g
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are both 1
2 . This is no longer true in the asymmetric case, where these values are 1

2 + γε
2 and

1
2 + γε

6 , respectively.

The argument used in [13] when the event E{ occurs requires the gradient of g to be less

than 1 at those points where E{ occurs. Thus, we have widened our event E so that it contains

all the points were the gradient of g is greater than 1. In particular, we have extended it in a

way that leaves it centred around 1
2 , rather than 1+γε

2 , which means the event E is no longer

symmetric about the interface. This lack of symmetry about the interface is not important.

The important thing is that E definitely still spans the interface, i.e., the interval defined in E

contains 1+γε
2 .

Consider first when the event E occurs. Note that by the definition of β in (2.44),

K1e
K2tε| log ε| −

(
C1βs+K1e

K2(t−s)ε| log ε|
)

=
(
K1e

K2(t−s)(eK2s − 1− C1s)− C1Rs
)
ε| log ε|

≥ (K1(K2 − C1)− C0R) sε| log ε|

=sε| log ε|, (2.47)

where the second line follows since K2 > 0, and the last line follows by our choice of K2

in (2.39). Reducing εd further, if necessary, so that εd < exp
(

−9
(1−γε)(1+γε)

)
, for ε ∈ (0, εd) we

can apply Corollary 2.12 with z = Bs + γεt+C1βs+K1e
K2(t−s)ε| log ε| and w = z + sε| log ε| ≤

Bs + γεt+K1e
K2tε| log ε|. Note that |z −w| = sε| log ε| ≤ (l+ 1)ε2+α| log ε|2, so we reduce εd, if

necessary, to ensure that |w − z| < ε, so that we may apply Corollary 2.12. This gives

Qε,t−s
Bs+νεt+C1βs+K1eK2(t−s)ε| log ε|1E ≤ (Qε,t−s

Bs+νεt+K1eK2tε| log ε| −
1
48s)1E . (2.48)

Finally, we consider the case when the event E{ occurs. Note that for p ∈ (0, 1), g′(p) =

6p
1+γε

(
1 + γε

3 − p
)
. Hence, it is not too hard to see that if p, δ ≥ 0 with either p + δ ≤ 1−γε

9 or

p ≥ 8+γε
9 then

g(p+ δ) ≤ g(p) + 2(1+2γε)
3(1+γε)

δ. (2.49)
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Let Cγ = 2(1+2γε)
3(1+γε)

. Reducing εd if necessary so that 1−γε
12 + εl < 1−γε

9 for ε ∈ (0, εd), we have

g
(

Qε,t−s
Bs+νεt+C1βs+K1eK2(t−s)ε| log ε| + εl

)
1Ec ≤

(
g
(

Qε,t−s
Bs+νεt+C1βs+K1eK2(t−s)ε| log ε|

)
+ Cγε

l
)
1Ec

≤
(
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε|

)
+ Cγε

l
)
1Ec , (2.50)

where the first line follows by (2.49) and the last line by (2.47) and monotonicity of g.

Putting (2.48) and (2.50) into (2.46),

Ex

[
g(Qε,t−s

d(Ws,t−s)+νε(t−s)+K1eK2(t−s)ε| log ε| + εl)
]

≤Ed(x,t)

[
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε| −

1
48s+ εl

)
1E

]
+ Ed(x,t)

[(
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε|

)
+ Cγε

l
)
1Ec

]
+ 4dεl+1

≤ Ed(x,t)

[
g
(

Qε,t−s
Bs+νεt+K1eK2tε| log ε|

)]
+ Cγε

l + εl1s≤48εl + 4dεl+1,

where the last inequality follows in the case s ≤ 48εl since |g′(p)| ≤ 3
2 ≤ Cγ + 1 for all p ∈ [0, 1].

Notice that Cγ + 1−γε
12(1+γε)

= 3+5γε
4(1+γε)

. Reducing εd, if necessary, so that 4dεl+1 ≤ 1−γε
12(1+γε)

εl and

48εl ≤ ε3 for ε ∈ (0, εd) completes the proof of (2.27) (also noting that here is where we require

l > 3).

The second statement of the lemma, equation (2.28), is proved by the same argument,

considering {Vγ(B(u)) = 0} instead of {Vγ(B(u)) = 1} and using d(Wu, t−u) ≥ Bu+νεu−C1βu

for u ≤ Tβ in place of (2.45).

2.6 Application to the spatial Λ-Fleming-Viot process with a-

symmetric selection

In this section we prove an analogue of Theorem 2.4 but for a scaled version of the Spatial

Λ-Fleming-Viot process. Before stating the result, we will restate the scaling we will use.

Let % ∈
(
0, 1

4

)
. For each n ∈ N, we define the finite measure µn on (0,Rn], whereRn = n−%R,

by µn(A) = µ(n%A) for all Borel subsets A of (0,∞). Furthermore, define εn as a sequence such

that εn → 0 and (log n)1/2εn → ∞. We use this sequence of εn to describe the asymptotic

behaviour of the perturbation, γε. We will continue to denote the perturbation this way, even
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though this parameter should now be considered a function of n.

Our rescaled SΛFVA will be driven by the Poisson point process Πn on R+ × Rd × (0,∞)

with intensity measure ndt⊗ n%dx⊗ µn(dr). Here n%dx denotes the scaling in which the linear

dimension of the infinitesimal region dx is scaled by n% (so that when we integrate, the volume

of a region is scaled by nd%). Let

un =
u

n1−2%
, and sn =

1 + γε

ε1+α
n

1

n2%
. (2.51)

Under this scaling, we can determine the rate an ancestral lineage in Ξn branches. This will

just be the rate that selective events hit the lineage, which will just be sn times the rate that

any event hits the lineage. Each event causes the the lineage to change location, so first, let us

consider the rate that at which the lineage jumps from y to y+z, which we shall denote mn(dz).

By spatial homogeneity, we may assume the lineage is at the origin before the jump. In order

for the lineage to jump to z, it must be affected by an event that covers both 0 and z. If the

event has radius r, then centre of the event, x, must have occurred somewhere in Br(0)∩Br(z),

which we shall denote Vr(0, z). Such a centre is selected with intensity nnd%Vr(0, z)µ
n(dr). The

parental location is chosen uniformly from the ball Br(x), the volume of which we shall denote

Vr, so the probability that z is chosen as the parental location is dz/Vr. Finally, the lineage is

only affected by this event if the individual is chosen, which occurs with probability un. Putting

all this together gives

mn(dz) = nunn
d%
∫ Rn

0

Vr(0, z)

Vr
µn(dr) dz. (2.52)

The total rate of jumps is then simply

∫
Rd
mn(dz) =

∫ Rn
0

nun n
d% 1

Vr

∫
Rd

∫
Rd
1|x|<r1|x−z|<rdx dz µ

n(dr)

=

∫ Rn
0

nun n
d%Vrµ

n(dr)

=n2%uV1

∫ R
0

rdµ(dr)

=:n2%η, (2.53)

The size of each jump is ∼ n−%, so under the diffusive rescaling we have chosen, in the limit,
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this lineage evolves according to a time-changed Brownian motion. We can calculate this time

change, denoting it ς,

ς =
1

2d

∫
Rd
|z|2mn(dz)

=
1

2d

∫
Rd
|z|2nun

∫ Rn
0

nd%Vr(0, z)

Vr
µn(dr)dz

=
u

2d

∫ R
0

∫
Rd
|z|2Vr(0, z)

Vr
dzµ(dr), (2.54)

We can now state the main theorem of this section.

Theorem 2.21. Suppose that % ∈ (0, 1/4) and let εn be a sequence such that εn → 0 and

(log n)1/2εn → ∞ as n → ∞. Let (wnt )t≥0 be the SΛFVA driven by Πn and with un, sn given

by (2.51), and initial condition wn0 (x) = p(x). Assume that p satisfies (C 0)-(C 3), and define T ,

d(x, t) as for Theorem 2.4; take T ∗ < T . For k ∈ N there exist n∗(k) <∞, and a∗(k), d∗(k) ∈

(0,∞) such that for all n ≥ n∗ and all t satisfying a∗ε
1+α
n | log εn| ≤ t ≤ T ∗,

1. for almost every x such that d(x, ς2t) ≥ d∗εn| log εn|, we have E [wnt (x)] ≥ 1− εkn;

2. for almost every x such that d(x, ς2t) ≤ −d∗εn| log εn|, we have E [wnt (x)] ≤ εkn.

As discussed in Subsection 1.2.1, the duality between the SΛFVA process and its dual allows

us to prove Theorem 2.21 by proving the following equivalent theorem about the dual process

Ξn(t).

Theorem 2.22. Suppose that % ∈ (0, 1/4) and let εn be a sequence such that εn → 0 and

(log n)1/2εn → ∞ as n → ∞. Assume p satisfies (C 0)-(C 3) and define T , d(x, t) as for

Theorem 2.4; take T ∗ < T . Let k ∈ N. There exist n∗(k) ∈ N, and a∗(k), d∗(k) ∈ (0,∞) such

that for all n ≥ n∗ and all t satisfying a∗ε
1+α
n | log εn| ≤ t ≤ T ∗,

1. for x such that d(x, ς2t) ≥ d∗εn| log εn|, we have Px
[
Vγεp (Ξn(t)) = 1

]
≥ 1− εkn;

2. for x such that d(x, ς2t) ≤ −d∗εn| log εn|, we have Px
[
Vγεp (Ξn(t)) = 1

]
≤ εkn.

To prove this theorem, we couple the SΛFVA dual to a process very similar to the historical

branching Brownian motion from Section 2.2. Through this coupling, the proof of Theorem 2.22

follows in essentially the exact same way as the proof of Theorem 2.4.
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2.6.1 Coupling to the spatial Λ-Fleming-Viot process dual

In this subsection we outline the coupling between the SΛFVA dual and a process very similar to

historical branching Brownian motion. As this coupling is almost identical to that used in [13]

- the only modification is to the branching rate - we only state the results we need, and point

to [13] for the proofs. Furthermore, in Chapter 4 we need a similar coupling between a Brownian

motion and a jump process. This coupling is in Lemma 4.31 so the details for a similar proof

can be found within this thesis also.

Let us define the process which we wish to couple the SΛFVA dual to, which we shall denote

by Ψn(t). This process is driven by the same Poisson process as Ξn(t), however, lineages evolve

independently after branching (and hence cannot coalesce).

Definition 2.23 (Branching jump process). For given n ∈ N and starting point x ∈ Rd,

(Ψn(t), t ≥ 0) is the historical process of the branching random walk which is described as follows.

1. Each individual has an independent lifetime, exponentially distributed with parameter η(1+

γε)ε
−(1+α)
n .

2. During its lifetime, each individual, independently, evolves according to a pure jump process

with jump intensity (1− sn)mn(dz).

3. At the end of its lifetime an individual branches into three offspring.

4. The locations of the offspring are determined as follows. For each branching event, inde-

pendently, pick r ∈ (0,Rn] according to rdµn(dr)/
∫Rn

0 rdµn(dr). If the parent is at the

point z ∈ Rd, then each of the three offspring, independently, samples its location uniformly

from Br(z).

As the branching events we have suppressed in defining Ψn(t) are rare, we can couple Ξn(t)

and Ψn(t) with high probability.

Lemma 2.24 (Lemma 3.12 of [13]). Let T ∗ ∈ (0,∞), k ∈ N and z ∈ Rd. There exists n∗ ∈ N

such that for all n ≥ n∗, there is a coupling of Ξn started from z and Ψn started from z such

that with probability at least 1− εkn we have

Ξn(T ∗) = Ψn(T ∗).
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As we have suppressed coalescence events, the genealogical structure of Ψn(t) is a ternary

branching tree. Hence, we can define Vp(Ψn(t)) as in Definition 2.8. Specifically, leaves vote

independently, voting 1 with probability p(Ψi(t)) when at location Ψi(t) and zero otherwise, and

working towards the root, an internal vertex votes with the majority of its offspring, unless pre-

cisely one offspring votes 0, in which case the vertex votes against the majority with probability

2γε
3+3γε

. The vote of the root is denoted Vp(Ψn(t)).

The final ingredient required in our coupling is to show that between branching events, the

jump process performed by ancestors in the SΛFVA dual can be coupled to a Brownian motion.

Lemma 2.25 (Corollary 3.9 of [13]). Let τ be the first branch time of Ξn, and let (W (t))t≥0 be

a Brownian motion in Rd started at ξni (0). There is a coupling of Ξn and W under which τ and

W are independent, τ ∼ Exp
(
η(1 + γε)ε

−(1+α)
n

)
, where η = uV1

∫R
0 rdµ(dr), and for i = 1, 2, 3,

P
[
|ξni (τ)−W (ς2τ)| ≥ 3n−%/6

]
= O

(
n−%

)
.

With these couplings, the proof of Theorem 2.22 follows essentially the same way as it did

for Theorem 2.9. For the rest of this section, we highlight a few points in the argument that

require slight modification.

2.6.2 Generation of the interface

In this subsection we show that, as in Proposition 2.18, the interface is generated in time of

order ε1+α
n | log εn|.

Proposition 2.26. Let k ∈ N. Then there exist n∗(k), a∗(k), d∗(k) > 0 such that, for all n ≥ n∗,

if we set

δ∗(k, n) := a∗(k)ε1+α
n | log εn| and δ′∗(k, n) := (a∗(k) + η−1(k + 1))ε1+α

n | log εn|, (2.55)

then for t ∈ [δ∗, δ
′
∗],

1. for x such that d(x, ς2t) ≥ d∗ε| log ε|, we have Px [Vp(Ξn(t)) = 1] ≥ 1− εkn;

2. for x such that d(x, ς2t) ≤ −d∗ε| log ε|, we have Px [Vp(Ξn(t)) = 1] ≤ εkn.

Moreover, both these statements hold with Ψn(t) in place of Ξn(t).
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To prove this, we need the following lemma.

Lemma 2.27. Let k ∈ N and let A(k) be chosen as in Lemma 2.14. There exist a∗(k) and

B∗(k) ∈ (0,∞), and n∗(k) <∞ such that for all n ≥ n∗ and δ∗, δ
′
∗ as defined in (2.55),

P
[
T (Ψn(δ∗)) ⊇ T reg

A(k)| log εn|

]
≥ 1− εkn, (2.56)

and P
[
T (Ψn(δ′∗)) ⊆ T

reg
B∗(k)| log εn|

]
≥ 1− εkn. (2.57)

Proof. By (2.53), a given ancestral lineage in Ψn branches into three after an exponential time

with rate n2%snη = η(1 + γε)ε
−(1+α)
n . Furthermore, (2.56) follows immediately for a∗ sufficiently

large by the same proof as Lemma 2.16.

We now turn to the proof of (2.57). Let Ln be a Poisson distributed random variable with

mean δ′∗η(1 + γε)ε
−(1+α)
n = (a∗ + η−1(k + 1))(1 + γε)η| log εn|. Recall that if Z ′ is Poisson with

parameter χ, then a Chernoff bound allows us to write, for k > χ,

P[Z ′ > k] ≤ e−χ(eχ)k

kk
. (2.58)

Take B∗ = B∗(k) sufficiently large that B∗ ≥ (a∗ + η−1(k + 1))(1 + γε)η and

e(a∗ + η−1(k + 1))(1 + γε)ηB
−1
∗ <

1

3
e−k/B∗ .

Then applying (2.58) gives

P [Ln > B∗| log εn|] ≤
(
e(a∗ + η−1(k + 1))(1 + γε)ηB

−1
∗
)B∗| log εn|

≤ εk3−B∗| log εn|,

and, taking a union bound over each root to leaf path of T reg
B∗| log εn|,

P
[
T (Ψn(δ′∗)) * T

reg
B∗(k)| log εn|

]
≤ 3B∗| log εn|P [Ln > B∗| log εn|] ≤ εkn,

which completes the proof.

Proof of Proposition 2.26. We prove this result for Ψn rather than Ξn. The result for Ξn follows
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immediately using the coupling from Lemma 2.24. This proof follows along the same lines as

the proof of Proposition 2.18.

Take a∗ from Lemma 2.27, and t ∈ [δ∗, δ
′
∗]. Let (ξn(t))t≥0 be a pure jump process with rate

of jumps from y to y+ z given by the intensity measure mn(dz). By Lemma 2.25, we can couple

(ξn(t))t≥0 with a d-dimensional Brownian motion (W (t))t≥0 such that ξn(0) = W (0) and

P
[
|ξn(t)−W (ς2t)| ≥ n−%/6

]
= O

(
n−%

)
.

As ε
−(1+α)
n = o (log n), for large enough n and constant d∗(k), we have 1

2d∗εn| log εn| ≥ 2n−%/6.

Hence, for such n,

P
[
|ξn(t)− ξn(0)| ≥ 1

2d∗εn| log εn|
]
≤ P

[
|ξn(t)−W (ς2t)| ≥ n−%/6

]
+ P

[
|W (ς2δ′∗(k, n)))−W (0)| ≥ 1

4d∗εn| log εn|
]

≤ O
(
n−%

)
+ 2d exp

(
− 1

64

d2
∗

ς2(a∗ + η−1(k + 1))
| log εn|

)
≤ 3−B∗| log εn|εkn,

where the second inequality follows by bounding the modulus of a d-dimensional Brownian

motion by the sum of the moduli of d one-dimensional Brownian motions, and the last inequality

follows for d∗ sufficiently large. By applying (2.57), and taking a union bound over all paths

from the root to each leaf TB∗| log εn|, for t ∈ [δ∗, δ
′
∗],

Px
[
∃ξni ⊆ Ψn(δ′∗) s.t. |ξni (t)− x| ≥ 1

2d∗εn| log εn|
]
≤ εkn + 3B∗| log εn|3−B∗| log εn|εkn

≤ 2εkn. (2.59)

Combining (2.59) with Lemma 2.27, we obtain that, with probability ≥ 1− 3εkn,

1. Vp(Ψn(t)) is given by independent votes at each of the leaves of T (Ψn(t)).

2. T (Ψn(t)) ⊇ T reg
A| log εn| and the positions of the individuals corresponding to the leaves of

T (Ψn(t)) are all within 1
2d∗εn| log εn| of their starting position.

The remainder of the proof now follows exactly the proof of Proposition 2.18.
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2.6.3 Propagation of the interface

We finish this section off by again noting the slight modifications we need to the key lemmas

needed to prove Theorem 2.9, Lemma 2.20 and Proposition 2.19.

Lemma 2.28. Let l ∈ N with l ≥ 4 and K1 > 0. There exists K2 = K2(K1, l) > 0 and

n∗(l,K1,K2) > 0 such that for all n ≥ n∗, x ∈ Rd, s ∈ [ς2εl+3
n , ς2(l + 1)η−1ε1+α

n | log εn|] and

t ∈ [s, ς2T ∗],

Ex

[
g
(

Pεn
d(Ws,t−s)+νε(t−s)+K1eK2(t−s)εn| log εn|+3n−%/6

[Vγ(B(t− s)) = 1] + εln

)]
≤ 3+5γε

4(1+γε)
εln + Ed(x,t)

[
g
(

Pεn
Bs+νεt+K1eK2tεn| log εn|

[Vγ(B(t− s)) = 1]
)]

+ 1s≤ε3nε
l
n,

and

Ex

[
g
(

Pεn
d(Ws,t−s)+νε(t−s)−K1eK2(t−s)εn| log εn|−3n−%/6

[Vγ(B(t− s)) = 0] + εln

)]
≤ 3+5γε

4(1+γε)
εln + Ed(x,t)

[
g
(

Pεn
Bs+νεt−K1eK2tεn| log εn|

[Vγ(B(t− s)) = 0]
)]

+ 1s≤ε3nε
l
n.

Proof. The proof is essentially the same as that of Lemma 2.20. Let R = l+2ς2η−1(l+1)(2d+V0)

and fix K2 such that K1(K2 − C1)− C1R = 1; let

Ax =

{
sup
u∈[0,s]

|Wu − x| ≤ 2ς2η−1(l + 1) dε| log ε|

}
.

The proof for the cases |d(x, t)| ≥ (l+2(l+1)(2d+V0)+K1e
K2(t−s))εn| log εn| are then the same

as in the proof of Lemma 2.20, as the additional term corresponding to the error introduced by

comparing the SΛFVA dual to a branching Brownian motion, 3n−%/6, is order o (εn| log εn|)).

Again, n−%/6 = o (sεn| log εn|), so we have for β = (R + K1e
K2(t−s))ε| log ε| as in (2.44), for

n sufficiently large

K1e
K2tεn| log εn| − (C1βs+K1e

K2(t−s)εn| log εn|+ 3n−%/6) ≥ sεn| log εn|. (2.60)

Using (2.60) in place of (2.47), the proof for for the case when

|d(x, t)| ≤ (2c1(l) + 2ς2η−1(l + 1)d +K1e
K2(t−s))εn| log εn|
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is the same as for the corresponding case in the proof of Lemma 2.20.

Proposition 2.29. Let l ∈ N with l ≥ 4. Define a∗(l) and δ∗(l, n) as in Proposition 2.26. There

exist K1(l),K2(l) > 0 and n∗(l,K1,K2) > 0 such that for all n ≥ n∗ and t ∈ [δ∗(l, n), T ∗] we

have

sup
x∈Rd

(
Px
[
Vγp(Ψn(t)) = 1

]
− Pεn

d(x,ς2t)+ς2νεt+K1eK2ς
2tεn| log εn|

[
Vγ(B(ς2t)) = 1

] )
≤ εln

and

sup
x∈Rd

(
Px
[
Vγp(Ψn(t)) = 0

]
− Pεn

d(x,ς2t)+ς2νε−K1eK2ς
2tεn| log εn|

[
Vγ(B(ς2t)) = 0

] )
≤ εln.

Proof. The proof exactly follows that of Proposition 2.19, with Corollary 2.25 and Lemma 2.28

in place of Lemma 2.20, and Proposition 2.26 in place of Proposition 2.18.

Now have all we need in order to prove the main theorem of this section, Theorem 2.22.

Proof of Theorem 2.22. It suffices to prove the result for sufficiently large k ∈ N, and in partic-

ular we will show it for k ≥ 5. By Lemma 2.24, for n sufficiently large and t ∈ [0, T ∗],

|Px [Vp(Ψ
n(t)) = 1]− Px [Vp(Ξ

n(t)) = 1] | ≤ εk+1
n .

The result now follows from Proposition 2.29 with l = k+ 1, in the same way as in the proof of

Theorem 2.10.
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Chapter 3

Fluctuations in the position of the

hybrid zone

In the last chapter, we considered the behaviour of the scaling limit of the hybrid zone between

two populations evolving according to the SΛFVA. In this chapter, we wish to consider the

fluctuations in this limit. To do so, we simplify to the one-dimensional case, which allows us to

use a stochastic version of the Allen-Cahn equation to describe our model.

This work builds upon a paper by Funaki [20]. This paper derives a scaling limit for SPDEs

of the form

∂u

∂t
= ∆u+ f(u) + aẆ ,

where Ẇ is a two parameter white noise, a is only a function of space and has compact support,

and f is a generalisation of f0 from the last chapter, in that it has three zeros with gradients

of alternating signs, and the area under each interval between these zeros is equal. The results

are proven by considering the manifold of solutions to this equation without noise, and showing

that if we start with solutions to the stochastic equation that are close enough to this manifold,

the solutions stay close to the manifold. Informally, the main result from [20] is that the

interface between regions where the solution is near 0 and where the solution is near 1, when

rescaled, evolve according to Brownian motion. We prove a similar result, but and we replace the

compactly supported noise term with the classic Fisher-Wright noise, and we add an asymmetry

in the non-linear term, resulting in a drift in the Brownian motion.
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To adapt this work to our setting, we have two major tasks. The first is to extend these

results to our explicit but non-compact noise. To do this, we exploit results proven by Mueller

and Sowers in [32]. This is done in Sections 3.2 and 3.3. The second is to add an asymmetry to

the non-linearity f . This requires quite a careful bound on the Fréchet derivative of the position

of the limiting point on the manifold of solutions, which heavily exploits the particular form

of the asymmetry we will use. We should note, however, that this form of the asymmetry is

the natural choice for population modelling, as it is again of the form derived in (1.6). The

adaptations required for the addition of the asymmetry are dealt with in Sections 3.4 and 3.5.

We state our results explicitly in the next section.

3.1 The stochastic Allen-Cahn equation

Explicitly, the stochastic version of the Allen-Cahn equation, and the scaling we will be using

in this chapter is

∂u

∂t
=∆u+ ε−1fλ(u) + εγ

√
u(1− u)Ẇ , t > 0, x ∈ R,

u(0, x) =u0(x), x ∈ R, (3.1)

where Ẇ = Ẇ (t, x) is a white noise, γ is some constant greater than 13/8 and u0 is continuous

and bounded between 0 and 1. Furthermore, f is similar to the last chapter, however, we scale

the asymmetry differently, in that fλ(u) = u(1 − u)(2u − (1 + λ)) for some λ = νε% such that

ν ∈ R, % ≥ 1 + 2γ. We postpone the proof of the existence and uniqueness of this SPDE to

Subsection 3.1.2.

This scaling does not match exactly the scaling used in Chapter 2, as in that chapter we

chose the scaling for the whole equation based on the asymmetry, where as in this chapter we

fix the scaling of the equation, and then vary the strength of the asymmetry. However, ignoring

the asymmetry, the scaling of the equation we use in this chapter corresponds to the weak

asymmetry regime from Chapter 2, but with a milder spatial scaling. Hence, from what we have

learned from Chapter 2, we would expect the scaling in (3.1) to result in an interface moving

according to mean curvature flow. However, in one dimension, as mean curvature flow in one

dimension is no flow at all, and we see no net motion in the interface. Fortunately, the milder
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spatial rescaling results in more interesting behaviour in this case, and we find the interface

moves according to a Brownian motion.

We can extend this result to the intermediate regime from the last chapter, which, in that

chapter, experiences mean curvature flow and a constant normal drift. In one dimension, this

corresponds to an interface which performs a Brownian motion with a drift, proportional to the

strength of the asymmetry.

We have not extended these results to the higher regime, where only constant normal flow

is present in the limit. Under this scaling, if we try to apply a stronger asymmetry than this,

the drift blows up. Extending our results to this regime could be possible, but would require

generalising the scaling we use in this chapter, and would be unlikely to result in interesting

behaviour, as we would expect the motion of the interface to consist only of the constant drift.

Our results are made precise in Theorem 3.2, the proof of which is the goal of this chapter.

Briefly, it says that solutions of (3.1) with initial condition u0(x) equal to 0 for sufficiently small

x, and 1 for sufficiently large x, among other conditions, when rescaled, converge to χξt(x),

where χy(x) = 1x≥y for y ∈ R is the indicator function, and ξt is a Brownian motion with drift

proportional to ν. We prove this by identifying a manifold of solutions to the deterministic

version of this equation, and showing that if the stochastic equation starts close enough to this

manifold, it will stay close.

Before we can state our result precisely, we need to define some notation. Let m : R → R

denote the standing wave solution of the PDE

∂v

∂t
= ∆v + f0(v), (3.2)

i.e. m solves

∆m(y) + f0(m(y)) = 0 ∀y ∈ R and m(∞) = 1, m(−∞) = 0. (3.3)

This function m is the standing wave solution, but the travelling wave solution has the same

shape, translated in time. Thus, we can define a manifold of solutions to (3.2). For η ∈ R, we

set mη(x) = m(x − η) and M = {mη : η ∈ R}. Then M is a manifold of fixed points for the

equation ∂v
∂t = ∆v + f0(v). This is the manifold to which our solutions will stay near.
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For n ∈ {0, 1, 2, . . .}, we write Hn = Hn(R) for the Sobolev space equipped with the norm

‖v‖2Hn =
n∑
k=0

‖∇kv‖2L2 .

We also write Hn + m := {v : R → R : v −m ∈ Hn} and similarly Ln + m := {v : R → R :

v −m ∈ Ln}.

We now define Fermi coordinates which parametrise a neighbourhood of M . For v ∈ L2 +m,

let

dist(v,M) := min
η∈R
‖v −mη‖L2 .

Then there exists β0 > 0 such that for v ∈ L2 + m with dist(v,M) ≤ β0, there exists a

unique η = η(v) such that ‖v −mη(v)‖ = minη′∈R ‖v −mη(v)‖L2 . Let S(v) = v −mη(v). Then

(η(v), S(v)) ∈ R×L2 are the Fermi coordinates of v. The following result from [20] makes precise

the idea that solutions to the deterministic Allen-Cahn equation that start close to the manifold

M stay close to the manifold.

Theorem 3.1 (Theorem 7.1 of [20]). There exists β2 > 0 such that the following holds. Suppose

v0 ∈ L2 + m with dist(v0,M) ≤ β2. Let v denote the solution of (3.2) with initial condition

v(0, x) = v0(x) for all x ∈ R. Then v(t, ·) converges in H1 as t → ∞ and limt→∞ v(t, ·) ∈ M .

We define ζ(v0) such that limt→∞ v(t, ·) = mζ(v0).

Next, we define some stopping times. These stopping times correspond to ways in which we

can lose control of our solution to (3.1), and a key part of the proof of 3.2 is to show that these

stopping times are arbitrarily large in the limit. It is easier to define these stopping times in

terms of a differently scaled version of our solution, rather than in terms of our solution directly,

so we give this rescaling now.

Let vε,λ(t, x) = u(ε−1/2−2γt, ε1/2x). Then vε,λ satisfies

∂vε,λ

∂t
= ε−3/2−2γ

(
∆vε,λ + fλ(vε,λ)

)
+ ε−1/2

√
vε,λ(1− vε,λ)Ẇ ,

where Ẇ is a white noise. We will also consider a smooth approximation of vε,λ as follows.

Let ρ ∈ C∞0 (R) be a non-negative and symmetric mollifier, i.e., ρ(y) = 0 for all |y| ≥ 1 and
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∫∞
−∞ ρ(y)dy = 1. Then define ρr(·) = 1

rρ( ·r ) for any r > 0 and let

vδ,λ(t, z) := (vε,λ ∗ ρδ)(z),

for δ = ε1/10+2γ/5. This choice of δ is not obvious, but it is sufficient for our needs. We may

abbreviate these new scalings of our solution to vδ,λt = vδ,λ(t, ·) and vε,λt = vε,λ(t, ·).

We now define the stopping times. Take κ > 0. We shall treat κ as very small, in particular,

κ < 1/5. As vε,λ is bounded between 0 and 1, and should be close to 0 on one half of the real

line, and close to 1 on the other, the following stopping time can be thought of as the first time

the interface in our rescaled solution becomes too wide. We define

σ1 = inf

{
t ≥ 0 :

∫ ∞
−∞

vε,λt (x)(1− vε,λt (x))dx ≥ ε−1/2−2κ

}
. (3.4)

Recall that S(v) is the component of v perpendicular to the manifold. The second stopping

time gives the first time our rescaled solution gets too far away from the manifold. A priori, it

is not clear how far is too far, but β = ε1/20+γ/5−κ is sufficient for our needs. Hence, let

σ2 = inf
{
t ≥ 0 : ‖S(vδ,λt )‖H1 ≥ β

}
. (3.5)

The next stopping time indicates if the interface of the rescaled solution, appropriately

mollified, has become too rough, in the sense of having many regions that are very steep. Again,

the threshold for measuring this, in this case β′ = ε4γ/5−3/10−5κ is not so clear, but nonetheless

what we need. Define

σ3 = inf

{
t ≥ 0 :

∥∥∥∥∫ ∞
−∞

ρδ(y)(vε,λt (·)− vε,λt (· − y))2dy

∥∥∥∥
L1

≥ β′
}
. (3.6)

Finally, we want our rescaled solution to stick to the manifold, but we can’t let it travel exces-

sively far along the manifold either. Hence, we define

σ4 = inf
{
t ≥ 0 : |η(vδ,λt )| ≥ ε−1/2−κ

}
.

Naturally, we mostly care about the first time one of these situations where we lose control of
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our solution occurs, so define σ = min(σ1, σ2, σ3, σ4).

The last thing we need to do before we state our theorem, is state our assumptions on the

initial condition of (3.1). We take a constant C <∞ and assume that vε,λ0 (·) := u0(ε1/2·) satisfies

0 ≤ vε,λ0 ≤ 1 and also satisfies

max

(
‖∆vε,λ0 ‖L1 , ‖∇vε,λ0 ‖L1 , ‖∇vε,λ0 ‖L∞ ,

∫ 0

−∞
vε,λ0 (y)dy,

∫ ∞
0

(1− vε,λ0 (y))dy

)
≤ C. (3.7)

We make an assumption about how close we start to the manifold,

‖vε,λ0 −m‖
2
H1 ≤ δ. (3.8)

Also we assume that initially, the interface is bounded, i.e., there exists R < ∞ (which may

depend on ε) such that

vε,λ0 (x) = 0 ∀x ≤ −R and vε,λ0 (x) = 1 ∀x ≥ R. (3.9)

Finally, we may assume η(vε,λ0 ) = 0, as if not, we simply translate space so that this is true. We

are now ready to state our main theorem. Recall that for y ∈ R, χy(x) = 1x≥y for all x ∈ R.

Theorem 3.2. Let a = 1
‖∇m‖4

L2
〈|∇m|2,m(1−m)〉 = 6/5, let ūε(t, x) = uε(ε−1/2−2γt, x) and let

ξεt = ε1/2ζ(vεt∧σ). Take T <∞. There exists a constant C <∞ such that as ε→ 0

P

(
sup

0≤t≤T
‖ūε(t, ·)− χξεt‖L2 > Cε1/4

)
→ 0.

Moreover, as ε→ 0, ξε converges in distribution on C[0, T ] to ξ where ξt = ξ0+Bat+νt1{%=1+2γ}.

The strategy for the proof of Theorem 3.2 is as follows. As mentioned before, our strategy is

similar to that used in [20]. As this paper assumes a compactly supported noise term, we first

prove Lemma 3.3, which is our main tool in adapting the proof in [20] to our non-compactly

supported noise.

Lemma 3.3. [from Lemma 2.7 in [32], adapted] For T < ∞ fixed, there exist a constant

K and a random variable X0 such that for any t ≤ T , u(t, x) ≤ e−Kx
2

for x ≤ −X0 and

1− u(t, x) ≤ e−Kx
2

for x ≥ X0. Also there exists a constant c such that P (X0 ≥ x) ≤ c−1e−cx
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for all x > 0.

We prove this in the next subsection. Next, we must ensure we maintain control over our

solution. This step is most similar to [20], but also the most technical. However, the broad

strategy is rather intuitive. We fix a time t, and for each of the problematic stopping times,

we show that, as ε goes to 0, either t or one of the other stopping times occurs before it. This

culminates in the following proposition:

Proposition 3.4. For t <∞,

lim
ε↓0

P (σ ≤ t) = 0.

This is not quite enough though. We further need that the solution has some minimum

regularity throughout this time. We measure this regularity using Sobolev spaces in the following

proposition.

Proposition 3.5. There exists α > 0 such that for T <∞,

P
(
vε,λt ∈ Hα +m, ∀ 0 ≤ t ≤ σ ∧ T

)
= 1.

In Section 3.2, we prove the three intermediate results regarding the first three stopping

times. However, the corresponding result for σ4, which is all that remains to show, and hence

equivalent to the proof of, Proposition 3.4, is the penultimate proof of this chapter. We prove

Proposition 3.5 in Section 3.3.

The final step in this proof is to incorporate the asymmetry. The asymmetry does not alter

the proof of Theorem 3.2 greatly, but we need an additional estimate on the L1 norm of Fréchet

derivative of ζ(v), which is not used in [20]. We prove this estimate in Section 3.4.

With these steps completed, we are able to prove Theorem 3.2, which is done in Sec-

tion 3.5. We end this subsection with another definition and theorem from [20]. Let Fλ(u) :=

−
∫ u

0 fλ(u′)du′ and define an energy functional H on Dom(H) := H1 +m by

H(v) =

∫ ∞
−∞

(
1
2 |∇v|

2(y) + F0(v(y))
)
dy − C∗ (3.10)

for v ∈ H1 +m; the constant C∗ > 0 is chosen so that minv∈Dom(H)H(v) = 0. The minimum of

H is attained on M since every critical point of H satisfies ∆m+ f0(m) = 0. For v ∈ H2 +m,
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we denote the functional derivative of H by

DH(y, v) = −∆v(y)− f(v(y)).

Theorem 3.6 (Theorem 3.1 in [20]). There exist c1, c2 > 0 and 0 < β1 ≤ β0 such that

c1‖S(v)‖2H1 ≤ H(v) ≤ c2‖S(v)‖2H1 (3.11)

for all v ∈ H1 +m with ‖S(v)‖H1 ≤ β1 and

c1‖S(v)‖2H2 ≤ ‖DH(·, v)‖2L2 ≤ c2‖S(v)‖2H2

for all v ∈ H2 +m with ‖S(v)‖H1 ≤ β1.

3.1.1 Proof of Lemma 3.3

In this subsection, we prove Lemma 3.3, which is an adaptation of a result in [32]. Initially,

define ū, satisfying

∂ū

∂t
=∆ū+ ū+

√
(ū ∧ 1)(1− (ū ∧ 1)Ẇ , t > 0, x ∈ R

ū(0, x) =u0(x) x ∈ R. (3.12)

To prove an analogue of Lemma 3.3 for the SPDE they study, Mueller and Sowers simply prove

this result for ū, and show that ū bounds their SPDE. Consequently, to prove this result for u,

we merely need to show the same bound holds for u, i.e., with probability 1, u(t, x) ≤ ū(t, x) for

all t ≥ 0 and x ∈ R. Hence, the proof of this lemma will follow the proof of Lemma 2.4 of [32],

which itself follows from Theorem 2.5 of [27] and Theorem 2.3 of [38].

Proof. Let f
(n)
λ (u) and a(n)(u) be a sequence of Lipschitz functions converging uniformly on

compact sets to fλ(u) and εγ
√

(u ∧ 1)(1− (u ∧ 1)), respectively, with the additional properties

that f
(n)
λ (0) = f

(n)
λ (1) = 0 and a(n)(0) = a(n)(1) = 0. Then, we can define u(n) and ū(n) as
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solutions to, respectively,

∂u(n)

∂t
=∆u(n) + ε−1f

(n)
λ (u(n)) + a(n)(u(n))Ẇ , t > 0, x ∈ R

u(n)(0, x) =u0(x) x ∈ R.

and

∂ū(n)

∂t
=∆ū(n) + ū(n) + a(n)(ū(n))Ẇ , t > 0, x ∈ R

ū(n)(0, x) =u0(x) x ∈ R.

As ε−1f
(n)
λ (x) ≤ x for all x ∈ R and both functions are 0 when x = 0, we may apply Theorem 2.5

of [27], which implies that for each n ≥ 1, there exists a pair of solutions (u(n), ū(n)), such that,

with probability 1, 0 ≤ u(n) ≤ ū(n).

If we define û(n)(t, x) := 1−u(n)(t,−x), a simple calculation shows that û(n) satisfies a similar

SPDE,

∂û(n)

∂t
=∆û(n) − ε−1f

(n)
−λ (û(n)) + a(n)(û(n))Ẇ , t > 0, x ∈ R

û(n)(0, x) =1− u0(−x) x ∈ R.

In particular, this SPDE has the same properties as those of (3.14) which we used to show

u(n) is non-negative. Hence, the same argument shows that û(n) is non-negative, which implies

u(n) ≤ 1.

Then by Corollary 2.4 of [38], we may take a subsequence of u(n), ū(n) which converges weakly

to a pair of solutions (u, ū) to (3.12) and a version of (3.1) with the coefficient of the white noise

replaced by
√

(u ∧ 1)(1− (u ∧ 1), which inherit the property that with probability 1, 0 ≤ u ≤ ū

and 0 ≤ u ≤ 1 for all t ≥ 0 and x ∈ R.

Since 0 ≤ u ≤ 1 for all t ≥ 0, then
√

(ū ∧ 1)(1− (ū ∧ 1) =
√
ū(1− ū) for all t ≥ 0, so u

actually satisfies (3.1). Thus, the solution to (3.12) also bounds the solution to (3.1).

We are essentially done, as we can appeal to Lemma 2.7 in [32] for the remainder of this

proof. The last bound in this lemma is not explicit in the statement of Lemma 2.7 in [32],

however it is a direct consequence of their proof. We will very briefly sketch their proof in order
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to show this.

Firstly, Mueller and Sowers split the integral expression for ū into a deterministic part,∫∞
−∞ e

tG(t, x− y)u0(y)dy, and a stochastic part,

N ε(t, x) = ε

∫ t

0

∫ ∞
−∞

et−sG(t− s, x− y)
√

(ū(s, y) ∧ 1)(1− ū(s, y) ∧ 1)W (dy, ds).

The deterministic part is bounded straightforwardly with deterministic estimates and the as-

sumptions on the initial condition, contained in our (3.9). To show that N ε(t, x) decays expo-

nentially in x, Mueller and Sowers note that N ε(0, x) ≡ 0 trivially decays exponentially in x, and

find a bound on the Hölder continuity of N ε in both time and spatial dimensions strong enough

to extend this trivial decay to non-zero times. Explicitly, they show for any fixed 0 ≤ β < 1/4,

some positive constant C and a sufficiently large n,

E sup
x,x′∈[n,n+1]
t,t′∈[0,T ]

(t,x) 6=(t′,x′)

|N ε(t, x)−N ε(t′, x′)|
(|t− t′|+ |x− x′|)β

≤ Cε2 exp(−Cx2)

Using this Hölder continuity, they can write,

P

(
sup

0≤t≤T,n≤x≤n+1
N ε(t, x) ≥ e−Cn2/2

)
≤ ε2(T + 1)−βe−Cn

2/2. (3.13)

By Borel-Cantelli, almost surely there exists a random integer n(ω) such that N ε(t, x) ≤

e−Cn
2/2 ≤ e−C(x−1)2/2, for all n > n(ω) and x ≤ n + 1. Taking X0 as this n(ω) gives that

ū has the required exponential decay.

We now go a slight step further than the proof in Mueller and Sowers to get our additional

claim that P (X0 ≥ x) ≤ c−1e−cx for all x > 0. From (3.13), we can bound the probability

P (n(ω) ≥ x) ≤
∞∑

n=bxc

ε2(T + 1)−βe−Cn
2/2

=ε2(T + 1)−βe−Cbxc/2
∞∑

n=bxc

e−C(n2−bxc)/2

≤ε2(T + 1)−βe−Cbxc/2
∞∑
n=0

e−Cn
2/2
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≤ε2(T + 1)−βe−Cbxc/2
(

1 +

∫ ∞
0

e−Cz
2/2dz

)
=ε2(T + 1)−βe−Cbxc/2

(
1 +

√
π√

2C

)

which gives the required bound for the appropriate choice of C.

3.1.2 Existence and uniqueness

In this subsection, we make a small digression from the proof of Theorem 3.2 in order to outline

the proof of the existence and uniqueness of solutions to (3.1).

Lemma 3.7. The SPDE (3.1),

1. has a solution satisfying 0 ≤ u(t, x) ≤ 1, for all t ≥ 0, x ∈ R, almost surely, and

2. this solution is unique in law.

Proof. As indicated by the enumeration in the lemma, we prove this result in two parts.

Proof of 1. This proof is adapted from Lemmas 2.3 and 2.4 of [32], and is similar to the

beginning of the proof of Lemma 3.3. The first of these lemmas relies on Theorem 5.1, part (i),

of [37], which shows that an SPDE of the same form as (3.1), but with Lipschitz non-linearity

and coefficient of white noise, has a solution which is almost surely unique in law.

Let f
(n)
λ (u) and a(n)(u) be a sequence of Lipschitz functions converging uniformly on com-

pact sets to fλ(u) and εγ
√
u(1− u), respectively, with the additional properties that f

(n)
λ (0) =

f
(n)
λ (1) = 0 and a(n)(0) = a(n)(1) = 0. Then, we can define

∂u(n)

∂t
=∆u(n) + ε−1f

(n)
λ (u(n)) + a(n)(u(n))Ẇ , t > 0, x ∈ R,

u(n)(0, x) =u0(x), x ∈ R. (3.14)

As u0 is continuous and bounded between 0 and 1, by Theorem 5.1, part (i), of [37], there is a

unique pathwise solution to (3.14) for each n. Furthermore, Theorem 2.3 of [38] gives that each

of these solutions is non-negative almost surely. Repeating the argument from Lemma 3.3, we

can also bound u(n) above by 1. We may now take a subsequence of the solutions u(n), which

converges weakly to a solution u to (3.1), which is bounded almost surely between 0 and 1.
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Proof of 2. All that remains is to show uniqueness of the solution in law. To do this, we

will show that the solution to (3.1) is dual to a system of branching and coalescing random

walks. The duality establishes the equivalence of the finite-dimensional distributions of any two

solutions to (3.1), which in turn proves the uniqueness of solutions to (3.1) when interpreted as

a martingale problem.

The duality we are about to show is based on similar dualities shown in Chapter 6 of [30] and

Chapter 2 of [16]. Chapter 2 of [16] establishes a duality between a PDE and super Brownian

motion, and [30] does so for coalescing Brownian motions. As the duality we wish to establish

is not particularly new, and we will not be using it outside this lemma, what we demonstrate

here will be more of a sketch than a rigorous proof; we refer to these two original sources, in

particular [30], for those who want to see more detail.

We now introduce the dual process. The dual process will be very similar to the voting dual

we used in Chapter 2, for the deterministic Allen-Cahn equation. However, we need to introduce

coalescence to our branching Brownian motion to account for the stochastic term in (3.1). A

further difference from the deterministic dual is that the dual we describe here will only work

in one-dimension. This is all we need for this problem, as it is only in one dimension that (3.1)

can be defined.

Our probability space will consist of countably many independent Brownian motions, all of

which will be running at rate 2, and two sets of countably many independent exponential random

variables, with parameters (1 + λ)ε−1 and α. We will construct the process progressively, so we

shall assume the random variables within these two countable sets have an order, but we will

make no attempt to explicitly keep track of the index of of the random variable we use in any

particular event. We shall call the dual process, ξt = (ξit, t ≥ 0)Nti=1, and initially, let ξ0 = (ξ0
0)

consist of a single point x ∈ R. We also start the first of the exponential clocks with parameter

(1 + λ)ε−1.

The particle ξ0 performs a Brownian motion until this clock rings, at which point we replace

ξ0 with three particles, each of which performs an independent Brownian motion started at the

point at which ξ0 terminated. We shall call these offspring particles ξ1, ξ2 and ξ3. We also

initiate three more exponential clocks with parameter (1 + λ)ε−1, calling them E1, E2 and E3,

and three exponential clocks with parameter α, calling them E12, E13 and E23. Finally, we set
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T ij = inf{t ≥ 0 : L0
t (ξ

i − ξj) > Eij} for 1 ≤ i < j ≤ 3, where

Lat (Bt) := lim
ε→0

1

ε

∫ t

0
1{a− ε < Bs < a+ ε}ds

is the local time up to time t of the Brownian motion B (also running at rate 2) at a ∈ R.

The particles ξ1, ξ2 and ξ3 are Brownian motions until time min(E1, E2, E3, T 12, T 13, T 23)

has elapsed. If Ei is smallest, we replace ξi with three new particles as we did for ξ0, initiate

the corresponding new exponential clocks; one with parameter (1 + λ)ε−1 for each new particle,

and one with parameter α for each new pair of particles in ξ (and the corresponding T ij); and

discard any of the existing variables that were associated to ξi, i.e., the two T ij and the two Eij .

If T ij is smallest, where i < j, then we remove particle ξj from ξ, and remove any variable

associated with ξj , i.e., Ej , both T kj and both Ekj , where k ∈ [3] \ {j}.

Once all the required variables have been removed and/or replaced, the remaining particles

perform Brownian motion until the next exponential clock rings, at which point the process

of replacing and removing particles repeats. We shall denote the number of particles in ξt at

time t by Nt. Finally, we comment that we can start the process from finitely many particles,

each starting at a possibly distinct point in R, proceeding the same way as the above process

immediately after the first time it reaches that number of particles. We shall abuse the notation

from Chapter 2 and denote the graph structure of ξ at time t by T (ξt), which is not a ternary

tree (nor even a graphical tree at all), due to the coalescence events. However, all the branching

events are still ternary, and we can still designate the vertices which exist at the earliest time

as roots (there may be more than one if we have started with more than one particle), and the

remaining vertices of degree 1, which all should exist at the latest time, as the leaves.

Although the underlying process has changed, the voting procedure at the branch points

remains the same. However, we need to specify what happens at the new coalescence points we

have introduced. To be explicit, we define a voting procedure on T (ξt) as follows.

1. Each leaf of T (ξt), independently, votes 1 with probability u0(Wi(t)) and otherwise votes

0.

2. At each branch point in T (ξt), the vote of the parent particle is the majority vote of the

votes of its three children, unless precisely one vote is 0, in which case it votes 1 with
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probability 3+λ
3+3λ .

3. At a coalescence point in T (ξt), the two ‘parents’ each deterministically receive the vote

of their common ‘child’.

This defines an iterative voting procedure, which runs inwards from the leaves of T (W (t) to the

roots. Denote the vote at the root starting at point x ∈ R by Vx(ξt).

Before introducing the duality relation, we will first describe the martingale problem which

the SPDE (3.1) satisfies. Writing it in its integral form, after multiplying by a continuous,

bounded, nonnegative test function φ : R→ R in the domain of the Laplacian, gives the equation

〈ut, φ〉 = 〈u0, φ〉+

∫ t

0
〈us,∆φ〉ds+ ε−1

∫ t

0
〈fλ(us), φ〉ds+ εγMt(φ), (3.15)

where Mt(φ) is a martingale with quadratic variation

[M(φ)]t =

∫ t

0
〈us(1− us), φ2〉ds.

The duality we expect between solutions to (3.1) and ξt is expressed as

Eu0

[
n∏
i=1

〈ut, φi〉

]
=

∫
Rn
Ex1,...,xn

[
n∏
i=1

Vxi(ξt)

]
n∏
i=1

φi(xi)dx1...dxn, (3.16)

where the expectation on the RHS is taken with respect to the dual process ξ starting from n

particles at locations x1 to xn.

As 〈ut, φ〉 is a semimartingale, its law is determined by its drift and quadratic variation.

Thus, we really only need to establish (3.16) for n = 1 and n = 2, with φ1 = φ2 and x1 = x2.

Furthermore, to make the calculations simpler, we will show this for an infinitesimally small

time interval δt. The same arguments will work for longer time intervals, but care needs to

be taken in order to properly bound the errors introduced. Again, we appeal to [30] for those

interested in a more careful approach.

First, we note that

d

dt
Eu0 [〈ut, φ〉]

∣∣∣∣
t=0

= 〈u0,∆φ〉+ ε−1〈fλ(u0), φ〉, (3.17)
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which should be clear from the semimartingale decomposition in (3.15). Next, we use Itô’s

formula to write

d〈ut, φ〉2 =2〈ut, φ〉d〈ut, φ〉+ d[M(φ)]t

=〈ut, φ〉(2〈ut,∆φ〉+ 2ε−1〈fλ(ut), φ〉)dt+ 〈us(1− us), φ2〉dt+ 〈ut, φ〉dMt(φ),

and we can calculate

d

dt
Eu0

[
〈ut, φ〉2

]∣∣∣∣
t=0

= 〈u0, φ〉(2〈u0,∆φ〉+ 2ε−1〈fλ(u0), φ〉) + 〈u0(1− u0), φ2〉. (3.18)

We now consider the expectation in the RHS of (3.16) for n = 1. When we start with a

single particle, there is nothing for this particle to coalesce with, so the first event that can

occur is a branching event. After this branching event, a coalescing event may occur, or perhaps

another branching event. However, as these additional coalescing or branching events occur

after exponentially distributed times, the probability of more than one occurring in the interval

δt is o (δt). So we may write

Ex [Vx(ξδt)] =(1− (1 + λ)ε−1δt)Ex [u0(ξ0)] + o (δt)

+ (1 + λ)ε−1δtEx

u0(ξ1
δt)u0(ξ2

δt)u0(ξ3
δt) +

3 + λ

3 + 3λ

∑
(i,j,k)∈

{(1,2,3),(2,3,1),(3,1,2)}

(u0(ξiδt)u0(ξjδt)(1− u0(ξkδt)))

 .

As δt is small, the heat semigroup is regular enough to write

Ex
[
u0(ξ1

δt)u0(ξ2
δt)u0(ξ3

δt)
]

= u0(x)3 +O (δt),

and as the ξ1
t , ξ2

t and ξ3
t are independent once they have branched, we may similarly write

Ex

 ∑
(i,j,k)∈

{(1,2,3),(2,3,1),(3,1,2)}

(u0(ξiδt)u0(ξjδt)(1− u0(ξkδt)))

 = 3u0(x)2(1− u0(x)) +O (δt).
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Taking the derivative of RHS of (3.16) and evaluating it at t = 0 then gives

lim
δt→0

1

δt

(∫
R
Ex
[
u0(ξ0

δt)
]
φ(x)dx−

∫
R
Ex
[
u0(ξ0

0)
]
φ(x)dx

)
=(1 + λ)ε−1

∫
R

(
u0(x)3 +

3 + λ

1 + λ
u0(x)2(1− u0(x))− u0(x)

)
φ(x)dx

+ lim
δt→0

1

δt

∫
R
(Ex [φ(ξδt)]− φ(x))u0(x)dx

=ε−1〈fλ(u0(·)), φ〉+ 〈∆φ, u0〉

where the coefficient of 1
2 from the generator of the Laplacian cancels with the factor of two from

the increased diffusivity of the Brownian motions we are using, and we exchanged the order of

the integral and expectation in the second line. This is the same expression as was calculated

in (3.17), so all that remains is to check the second moment.

Consider now the expectation in the RHS of (3.16) for n = 2. This time, we have three

possible outcomes which we expect to occur with probability greater than o (δt): a coalescence

occurs, one of the two particles branches, or no coalescence nor branching occurs. However, as

coalescence occurs after an exponentially distributed local time, we take slightly more care with

this variable.

First, let us condition on whether coalescence occurs in the interval δt. Denote the expo-

nential random variable associated with the coalescence time between these two particles by E.

Then we have

Ex,y
[
Vx(ξ1

δt) Vy(ξ
2
δt)
]

=Ex,y

[
u0(ξ1

δt)u0(ξ2
δt)1{L0

δt(ξ
1,ξ2)<E}

]
+ Ex,y

[
u0(ξ1

δt)1{L0
δt(ξ

1,ξ2)≥E}

]
=Ex,y

[
u0(ξ1

δt)u0(ξ2
t )e−L

0
δt(ξ

1,ξ2)
]

+ Ex,y

[
u0(ξ1

δt)
(

1− e−L0
δt(ξ

1,ξ2)
)]

=Ex,y
[
u0(ξ1

δt)u0(ξ2
δt)
]

+ Ex,y

[
u0(ξ1

δt)(1− u0(ξ2
δt))

(
1− e−L0

δt(ξ
1,ξ2)

)]

We shall return this expectation to its integral in order to define,

∫
R2

Ex,y
[
Vx(ξ1

δt) Vy(ξ
2
δt)
]
φ(x)φ(y)dxdy

=

∫
R2

Ex,y
[
u0(ξ1

δt)u0(ξ2
δt)
]
φ(x)φ(y)dxdy

+

∫
R2

Ex,y

[
u0(ξ1

δt)(1− u0(ξ2
δt))

(
1− e{L0

δt(ξ
1,ξ2)≥E}

)]
φ(x)φ(y)dxdy
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=:I1 + I2.

Next, we consider branching. The second integral, I2, is O
(
L0
δt(ξ

1, ξ2)
)
, and L0

δt(ξ
1, ξ2) < δt,

so conditioning this term on whether branching occurs will only introduce terms of order o (δt).

Furthermore, we notice that in I1, the motions of the two initial particles, and their possible

descendants, are independent of each other, so we can take the product of their expectations.

Applying calculations performed above in the first moment case, we see that

I1 =

∫
R2

(
(1− 2(1 + λ)ε−1dt)Ex

[
u0(ξ1

δt)
]
Ey
[
u0(ξ2

δt)
]

+ o (δt),

+ (1 + λ)ε−1δtu0(x)

(
u0(y)3 +

3 + λ

1 + λ
u0(y)2(1− u0(y))

)
+(1 + λ)ε−1δtu0(y)

(
u0(x)3 +

3 + λ

1 + λ
u0(x)2(1− u0(x))

))
φ(x)φ(y)dxdy

=
〈
E·
[
φ(ξ1

δt)
]
, u0

〉2
+ 2ε−1δt〈fλ(u0), φ〉〈u0, φ〉+ o (δt),

where again, in the first term of the last line we switched the order of the expectation and

integration, as well as the labels of the integrating variables. Next, consider I2. We begin by

translating the variables of integration, exchanging the order of the integral and expectation,

and finally changing the variable from (x, y) to (x, y − x),

I2 =E0,0

[∫
R2

u0(ξ1
δt + x)(1− u0(ξ2

δt + y))
(

1− e−L
y−x
δt (ξ1,ξ2)

)
φ(x)φ(y)dxdy

]
=E0,0

[∫
R2

u0(u)(1− u0(u+ v))
(

1− e−Lvδt(ξ1,ξ2)
)
φ(u− ξ1

δt)φ(u+ v − ξ2
δt)dudv

]
.

=:

∫
R2

u0(u)(1− u0(u+ v))E0,0 [Yδt] dudv.

Applying Itô’s formula to Yt gives,

dYt =e−L
v
t (ξ1,ξ2)φ(u− ξ1

t )φ(v + u− ξ2
t )dLvt (ξ

1, ξ2)

−
(

1− e−Lvt (ξ1,ξ2)
)
φ′(u− ξ1

t )φ(u+ v − ξ2
t )dξ1

t

−
(

1− e−Lvt (ξ1,ξ2)
)
φ(u− ξ1

t )φ′(u+ v − ξ2
t )dξ2

t

+ 1
2

(
1− e−Lvt (ξ1,ξ2)

)
φ′′(u− ξ1

t )φ(u+ v − ξ1
t )dt
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+ 1
2

(
1− e−Lvt (ξ1,ξ2)

)
φ(u− ξ1

t )φ′′(u+ v − ξ2
t )dt.

The second and third terms in this expression are martingales, so they vanish when we take the

expectation. Hence,

E0,0 [Yδt] =E0,0

[∫ δt

0
e−L

v
t (ξ1,ξ2)φ(u− ξ1

t )φ(u+ v − ξ2
t )dLyt (ξ

1, ξ2)

]
+ 1

2E0,0

[∫ δt

0

(
1− e−Lvs(ξ1,ξ2)

)
φ′′(u− ξ1

s )φ(u+ v − ξ1
s )ds

]
+ 1

2E0,0

[∫ δt

0

(
1− e−Lvs(ξ1,ξ2)

)
φ(u− ξ1

s )φ′′(u+ v − ξ2
s )ds

]
=δtφ(u)φ(u+ v) + o (δt),

where the last line follows because Ly0(ξ1, ξ2) = 0, so the integrand and duration of the interval

in the final two terms in this expression are both O (δt), and hence are combined of order o (δt).

We similarly take a first order approximation to the first integral. Hence

I2 =δt

∫
R2

u0(u)(1− u0(u+ v))φ(u)φ(u+ v)dudv + o (δt)

=δt

∫
R2

u0(x)(1− u0(y))φ(x)φ(y)dxdy + o (δt)

Putting I1 and I2 together gives,

lim
δt→0

1

δt

(∫
R2

Ex,y
[
Vx(ξ1

δt) Vy(ξ
2
δt)
]
φ(x)φ(y)dxdy −

∫
R2

Ex,y
[
Vx(ξ1

0) Vx(ξ2
0)
]
φ(x)φ(y)dxdy

)
= lim
δt→0

1

δt

(
I1 + I2 − 〈u0, φ〉2

)
= lim
δt→0

1

δt

(〈
E·
[
φ(ξ1

δt)
]
, u0

〉2 − 〈u0, φ〉2
)

+ 2ε−1〈fλ(u0(·)), φ〉〈u0, φ〉+ 〈u0(1− u0), φ2〉

=
d

dt

〈
E·
[
φ(ξ1

t )
]
, u0

〉2
∣∣∣∣
t=0

+ 2ε−1〈fλ(u0(·)), φ〉〈u0, φ〉+ 〈u0(1− u0), φ2〉

=2〈φ, u0〉〈∆φ, u0〉+ 2ε−1〈fλ(u0(·)), φ〉〈u0, φ〉+ 〈u0(1− u0), φ2〉.

This agrees with (3.18), so we are finished.
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3.2 Control of stopping times

In this section, we provide necessary bounds on the stopping times σ1, σ2 and σ3 of (3.4), (3.5)

and (3.6). The strategy is essentially the same as in [20], however, we exploit Lemma 3.3 several

times, in place of assuming the noise has compact support.

3.2.1 Control of σ1

In this subsection we shall prove the following result.

Proposition 3.8. For t <∞,

lim
ε↓0

P (σ1 ≤ min(σ2, σ3, σ4, t)) = 0.

Before proving Proposition 3.8, we need to prove the following lemma.

Lemma 3.9. For t <∞,

P

(
σ1 ≤ t,

∫ ∞
−∞

vε,λσ1 (x)(1− vε,λσ1 (x))dx < ε−1/2−2κ

)
= 0.

Proof. By Lemma 3.3, there exist K <∞ and a random variable X0 such that for all s ≤ t+ 1

we have vε,λs (x) ≤ e−Kx
2
, for all x ≤ −X0, and 1 − vε,λs (x) ≤ e−Kx

2
for all x ≥ X0. By the

definition of σ1, on {σ1 ≤ t}, there exist times t1, t2, . . . such that tn ≤ t + 1 for all n, tn → σ1

as n→∞ and ∫ ∞
−∞

vε,λtn (x)(1− vε,λtn (x))dx ≥ ε−1/2−2κ.

On {X0 < ∞} ∩ {σ1 ≤ t}, since vε,λtn (x)(1 − vε,λtn (x)) ≤ 1x∈[−X0,X0] + e−Kx
2
, by dominated

convergence, ∫ ∞
−∞

vε,λtn (x)(1− vε,λtn (x))dx→
∫ ∞
−∞

vε,λσ1 (x)(1− vε,λσ1 (x))dx

as n→∞. Hence on {X0 <∞} ∩ {σ1 ≤ t},

∫ ∞
−∞

vε,λσ1 (x)(1− vε,λσ1 (x))dx ≥ ε−1/2−2κ.

The result follows since X0 <∞ almost surely.
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Proof of Proposition 3.8. For t ≥ 0, x ∈ R, let v1(t, x) = vε,λ(ε3/2+2γt, x) and let v0(x) =

u0(ε1/2x). Then v1 solves the SPDE

∂v1

∂t
= ∆v1 + fλ(v1) + ε1/4+γ

√
v1(1− v1)Ẇ , v1(0, ·) = v0(·), (3.19)

where Ẇ = Ẇ (t, x) is white noise. Writing (3.19) in integral form, we have

v1(t, x) =

∫ ∞
−∞

e−t/4Gt(x− y)v0(y)dy

+

∫ t

0

∫ ∞
−∞

e−(t−s)/4Gt−s(x− y)
(

1
4v1(s, y) + fλ(v1(s, y))

)
dyds+ ε1/4+γMt(x), (3.20)

where

Mt(x) =

∫ t

0

∫ ∞
−∞

e−(t−s)/4Gt−s(x− y)
√
v1(s, y)(1− v1(s, y))W (ds dy). (3.21)

Let σ̃ = ε−3/2−2γσ. Now

∫ t

0

∫ ∞
−∞

e−(t−s)/2Gt−s(x− y)2v1(s, y)(1− v1(s, y))dyds

≤
∫ t

0

∫ ∞
−∞

e−(t−s)/2Gt−s(x− y)2dyds

≤
∫ t

0
e−(t−s)/2 1√

2π(t− s)

∫ ∞
−∞

Gt−s(x− y)dyds

<

∫ ∞
0

e−r/2
1√
2πr

ds

<∞,

where the second line holds a.s. by Lemma 3.7. It follows that (Mt(x))t is a martingale and

therefore EMt∧σ̃(x) = 0. Hence

Ev1(t ∧ σ̃, x) =E
∫ ∞
−∞

e−(t∧σ̃)/4Gt∧σ̃(x− y)v0(y)dy

+ E
∫ t∧σ̃

0

∫ ∞
−∞

e−((t∧σ̃)−s)/4G(t∧σ̃)−s(x− y)
(

1
4v1(s, y) + fλ(v1(s, y))

)
dyds.

Note that fλ(u) ≤ − (3−λ)(1+λ)
8 u if 0 ≤ u ≤ 1+λ

4 and f(u) ≤ 1 for 0 ≤ u ≤ 1. Therefore by
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Lemma 3.7, a.s. for all s ≥ 0, y ∈ R,

1
4v1(s, y) + f(v1(s, y)) ≤ 5

41v1(s,y)≥1+λ
4
.

It follows that

Ev1(t ∧ σ̃, x) ≤E
∫ ∞
−∞

e−(t∧σ̃)/4Gt∧σ̃(x− y)v0(y)dy

+ E
∫ t∧σ̃

0

∫ ∞
−∞

e−((t∧σ̃)−s)/4G(t∧σ̃)−s(x− y)5
41v1(s,y)≥1+λ

4
dyds.

By Fubini’s theorem and Lemma 3.7,

E
∫ 0

−∞
v1(t ∧ σ̃, x)dx =

∫ 0

−∞
Ev1(t ∧ σ̃, x)dx.

Therefore,

E
∫ 0

−∞
v1(t ∧ σ̃, x)dx ≤

∫ 0

−∞
E
∫ ∞
−∞

e−(t∧σ̃)/4Gt∧σ̃(x− y)v0(y)dydx

+

∫ 0

−∞
E
∫ t∧σ̃

0

∫ ∞
−∞

e−((t∧σ̃)−s)/4G(t∧σ̃)−s(x− y)5
41v1(s,y)≥1+λ

4
dydsdx

=Ee−(t∧σ̃)/4

∫ ∞
−∞

(∫ 0

−∞
Gt∧σ̃(x− y)dx

)
v0(y)dy

+ 5
4E
∫ t∧σ̃

0
e−1/4((t∧σ̃)−s)

∫ ∞
−∞

(∫ 0

−∞
G(t∧σ̃)−s(x− y)dx

)
1
v1(s,y)≥1+λ

4
dyds

(3.22)

by Fubini’s theorem. Now since 0 ≤ v0 ≤ 1,

e−(t∧σ̃)/4

∫ ∞
−∞

(∫ 0

−∞
Gt∧σ̃(x− y)dx

)
v0(y)dy =e−(t∧σ̃)/4

∫ ∞
−∞

Py (Bt∧σ̃ ≤ 0) v0(y)dy

≤
∫ 0

−∞
v0(y)dy + e−(t∧σ̃)/4

∫ ∞
0

Py (Bt∧σ̃ ≤ 0) dy

≤
∫ 0

−∞
v0(y)dy + e−(t∧σ̃)/4

∫ ∞
0

e−y
2/(2(t∧σ̃))dy

=ε−1/2

∫ 0

−∞
u0(y)dy + e−(t∧σ̃)/4 1

2

√
2π(t ∧ σ̃)

≤C +
√
πe−1/2
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by (3.7). Similarly,

∫ ∞
−∞

(∫ 0

−∞
G(t∧σ̃)−s(x− y)dx

)
1
v1(s,y)≥1+λ

4
dy =

∫ ∞
−∞

Py
(
B(t∧σ̃)−s ≤ 0

)
1
v1(s,y)≥1+λ

4
dy

≤
∫ 0

−∞
1
v1(s,y)≥1+λ

4
dy +

∫ ∞
0

e−y
2/(2((t∧σ̃)−s))dy

≤
∫ 0

−∞

16
(1+λ)2

v1(s, y)2dy + 1
2

√
2π((t ∧ σ̃)− s),

since 1
v1(s,y)≥1+λ

4
≤ 16

(1+λ)2
v1(s, y)2. Substituting into (3.22), it follows that

E
∫ 0

−∞
v1(t ∧ σ̃, x)dx

≤C +
√
πe−1/2 + 5

4E
∫ t∧σ̃

0
e−((t∧σ̃)−s)/4

(∫ 0

−∞

16
(1+λ)2

v1(s, y)2dy + 1
2

√
2π((t ∧ σ̃)− s)

)
ds.

(3.23)

Since a2 ≤ 2(a− b)2 + 2b2 for a, b ∈ R, we have

∫ 0

−∞
v(s, y)2dy ≤2

∫ ∞
−∞

(v(s, y)− vδ,λ(s, y))2dy + 2

∫ 0

−∞
vδ,λ(s, y)2dy. (3.24)

We now bound each term on the right hand side of (3.24). For the first term, by the definition

of vδ,λ,

∫ ∞
−∞

(v(s, y)− vδ,λ(s, y))2dy =

∫ ∞
−∞

(∫ ∞
−∞

ρδ(z)(v(s, y)− v(s, y − z))dz
)2

dy

≤
∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(v(s, y)− v(s, y − z))2dzdy

≤β′ (3.25)

for s < σ, where the second inequality follows by Jensen’s inequality and the last inequality

follows from the definition of σ3. Then for the second term on the right hand side of (3.24),

∫ 0

−∞
vδ,λ(s, y)2dy ≤2

∫ ∞
−∞

(vδ,λ(s, y)−mη(vδs)(y))2dy + 2

∫ 0

−∞
mη(vδs)(y)2dy

≤2‖S(vδs)‖2H1 + 2

(∫ 0

−∞
m(y)2dy + |η(vδs)|

)
≤2β2 + 3ε−1/2−κ
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for s < σ, for ε sufficiently small, by the definition of σ2 and σ4. Therefore, substituting

into (3.24), for s < σ, for ε sufficiently small,

∫ 0

−∞
v(s, y)2dy ≤2β′ + 2(2β2 + 3ε−1/2−κ) ≤ 8ε−1/2−κ. (3.26)

By substituting into (3.23), it follows that

E
∫ 0

−∞
v1(t ∧ σ̃, x)dx ≤5

4E
∫ t∧σ̃

0
e−((t∧σ̃)−s)/4

(
128

(1+λ)2
ε−1/2−κ + 1

2

√
2π((t ∧ σ̃)− s)

)
ds

+ C +
√
πe−1/2

≤5
4E
∫ ∞

0
e−r/4

(
128

(1+λ)2
ε−1/2−κ + 1

2

√
2πr

)
ds+ C +

√
πe−1/2

≤ 650
(1+λ)2

ε−1/2−κ

for ε sufficiently small. Therefore for t > 0, and for ε sufficiently small,

E
∫ 0

−∞
vε(t ∧ σ, x)dx ≤ 650

(1+λ)2
ε−1/2−κ.

Since fλ(1 − u) = −f−λ(u) for 0 ≤ u ≤ 1, v2(t, x) = 1 − v(ε3/2+2γt, x) solves the SPDE (3.19)

with initial condition v2(0, ·) = 1− v0(·). Therefore, by the same argument,

E
∫ ∞

0
(1− vε(t ∧ σ, x))dx ≤ 650

(1+λ)2
ε−1/2−κ.

It follows that for t > 0, and for ε sufficiently small,

E
∫ ∞
−∞

vε(t ∧ σ, x)(1− vε(t ∧ σ, x))dx ≤ 1300
(1+λ)2

ε−1/2−κ.

We can now use Lemma 3.9 to complete the proof. We have

E
∫ ∞
−∞

vε(t ∧ σ, x)(1− vε(t ∧ σ, x))dx

≥ E1σ1≤min(σ2,σ3,σ4,t)ε
−1/2−2κ

1∫∞
−∞ vε(t∧σ,x)(1−vε(t∧σ,x))dx≥ε−1/2−2κ

≥ ε−1/2−2κP (σ1 ≤ min(σ2, σ3, σ4, t))
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by Lemma 3.9. Therefore

P (σ1 ≤ min(σ2, σ3, σ4, t)) ≤ 1300
(1+λ)2

εκ

and the result follows, as λ ∈ (−1, 1).

3.2.2 Control of σ2

We shall use the following lemma from [20].

Lemma 3.10. [Lemma 5.5 in [20]] There exists a constant C <∞ such that if dist(vi,M) ≤ β1

for vi ∈ L2 +m and for i = 1, 2 then |η(v1)− η(v2)| ≤ C‖v1 − v2‖L2.

We can now prove the following lemma.

Lemma 3.11.

P
(
σ2 ≤ t, σ2 ≤ min(σ1, σ3, σ4), ‖S(vδ,λσ2 )‖H1 6= β

)
= 0

Proof. By Lemma 3.3, for t <∞ fixed, there exist a constant K and a random variable X0 such

that X0 <∞ a.s. and for any s ≤ t+ 1, vε,λs (x) ≤ e−Kx
2

for x ≤ −X0 and 1− vε,λs (x) ≤ e−Kx
2

for x ≥ X0. Now suppose tn ≤ t+ 1 for all n and tn → t0 as n→∞. For x ≤ −X0 − δ,

|vδ,λtn (x)− vδ,λt0 (x)| ≤ e−K(x+δ)2

and for x ≥ X0 + δ, |vδ,λtn (x)− vδ,λt0 (x)| ≤ e−K(x−δ)2 . Also, ∇vδ,λs = ∇ρδ ∗ vε,λs and ‖∇ρδ‖∞ <∞

since ρ is smooth and compactly supported. Hence for x ≤ −X0 − δ,

|∇vδ,λtn (x)−∇vδ,λt0 (x)| ≤ 4δ‖∇ρδ‖∞e−K(x+δ)2

and for x ≥ X0 + δ,

|∇vδ,λtn (x)−∇vδ,λt0 (x)| ≤ 4δ‖∇ρδ‖∞e−K(x−δ)2 .

Therefore by dominated convergence, on {X0 <∞}, ‖vδ,λtn − v
δ,λ
t0
‖H1 → 0 as n→∞.

On {X0 < ∞} ∩ {σ2 ≤ min(t, σ4)}, we have that dist(vδ,λs ,M) ≤ β and |η(vδ,λs )| ≤ ε−1/2−κ

for all s < σ2. It follows that there exists a sequence (tn) such that tn → σ2 as n→∞, tn ≤ t+1
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for all n, ‖vδ,λtn −mη(vδ,λtn )
‖L2 ≤ β and η(vδ,λtn )→ η as n→∞ for some η ∈ R. Hence

‖vδ,λσ2 −mη‖L2 ≤‖vδ,λtn − v
δ,λ
σ2 ‖L2 + ‖mη −mη(vδ,λtn )

‖L2 + β

≤‖vδ,λtn − v
δ,λ
σ2 ‖L2 + ‖∇m‖L2 |η − η(vδ,λtn )|+ β.

Letting n→∞, it follows that ‖vδ,λσ2 −mη‖L2 ≤ β and hence dist(vδ,λσ2 ,M) ≤ β.

On {X0 <∞}∩{σ2 ≤ min(t, σ4)}, by the definition of σ2, ‖vδ,λσ2−1/n−mη(vδ,λ
σ2−1/n

)
‖H1 < β for

all n. By Lemma 3.10, since, for ε sufficiently small, dist(vδ,λs ,M) ≤ β1 for all s ≤ σ2, we have

‖m
η(vδ,λ

σ2−1/n
)
−m

η(vδ,λσ2 )
‖L2 ≤ C‖∇m‖L2‖vδ,λσ2−1/n − v

δ,λ
σ2 ‖L2

and similarly

‖∇m
η(vδ,λ

σ2−1/n
)
−∇m

η(vδ,λσ2 )
‖L2 ≤ C‖∆m‖L2‖vδ,λσ2−1/n − v

δ,λ
σ2 ‖L2 .

Hence writing

‖vδ,λσ2 −mη(vδ,λσ2 )
‖H1 ≤ ‖vδ,λσ2−1/n − v

δ,λ
σ2 ‖H1 + ‖m

η(vδ,λ
σ2−1/n

)
−m

η(vδ,λσ2 )
‖H1 + β

and letting n→∞, since ‖vδ,λσ2−1/n − v
δ,λ
σ2 ‖H1 → 0 as n→∞, we have ‖S(vδσ2)‖H1 ≤ β.

We now define two events. Let

A1 = {∃(tn)n s.t. tn → σ2 as n→∞,

tn ≤ t+ 1 ∀n,

‖S(vδtn)‖H1 ≥ β ∀n and

dist(vδ,λtn ,M) ≤ β1 ∀n}.

Also let

A2 = {∃(tn)n s.t. tn → σ2 as n→∞,

tn ≤ t+ 1 ∀n, and
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dist(vδ,λtn ,M) ≥ β1 ∀n}.

Then by the definition of σ2, {σ2 ≤ t} ⊂ A1 ∪A2. On {σ2 ≤ t} ∩A1 ∩ {X0 <∞},

‖S(vδσ2)‖H1 ≥‖S(vδ,λtn )‖H1 − ‖S(vδ,λσ2 )− S(vδ,λtn )‖H1

≥β − ‖vδ,λσ2 − v
δ,λ
tn ‖H1 − ‖m

η(vδ,λσ2 )
−m

η(vδ,λtn )
‖H1

≥β − ‖vδ,λσ2 − v
δ,λ
tn ‖H1 − C‖∇m‖H1‖vδ,λσ2 − v

δ,λ
tn ‖H1

by Lemma 3.10. Letting n→∞, it follows that ‖S(vδ,λσ2 )‖H1 ≥ β.

On {σ2 ≤ t} ∩ A2 ∩ {X0 < ∞}, we have that for all η ∈ R, n ∈ N, ‖vδtn − mη‖L2 ≥ β1.

Therefore

‖vδ,λ
σ2 −mη‖L2 ≥ ‖vδ,λtn −mη‖L2 − ‖vδ,λ

σ2 − vδ,λtn ‖L2 ≥ β1 − ‖vδ,λσ2 − vδ,λtn ‖L2 .

Letting n→∞, it follows that dist(vδ,λ
σ2 ,M) ≥ β1.

We have that

dvδ,λt (z) = ε−3/2−2γbδt (z)dt+ dµδt (z),

where

bδt (z) = ∆vδ,λt (z) + 〈fλ(vε,λt (·)), ρδ(z − ·)〉

and

µδt (z) = ε−1/2

∫ t

0

∫ ∞
−∞

ρδ(z − y)

√
vε,λt (y)(1− vε,λt (y))W (dy, ds).

The following lemma is the same as Lemma 5.1 in [20]. Recall the definition of H from (3.10).

Lemma 3.12. For t < σ,

dHp(vδt ) = pHp−1(vδ,λt )〈dvδ,λt , DH(·, vδ,λt )〉+ 1
2ε
−1

∫ ∞
−∞

V p,δ(y, vδ,λt )vε,λt (y)(1− vε,λt (y))dydt,

where

V p,δ(y, v) = p(p− 1)Hp−2(v)(V δ
1 (y, v))2 + pHp−1(v)V δ

2 (y, v)
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and

V δ
1 (y, v) = (DH(·, v) ∗ ρδ)(y) and V δ

2 (y, v) = 〈(−∆− f ′(v(·)))ρδ(· − y), ρδ(· − y)〉.

Proof. The proof is essentially the same as the proof of Lemma 5.1 in [20]. First, by the

integration by parts formula, for t < σ,

d〈∆vδ,λt , vδ,λt 〉 =2〈∆vδ,λt , dvδ,λt 〉+

∫ ∞
−∞

dzd[∆µδ(z), µδ(z)]t

=2〈∆vδ,λt , dvδ,λt 〉+ ε−1

∫ ∞
−∞
〈∆ρδ(· − y), ρδ(· − y)〉vε,λt (y)(1− vε,λt (y))dydt.

Also, for t < σ, by Itô’s formula,

dF0(vδt (z)) =F ′0(vδt (z))dv
δ
t (z) + 1

2F
′′
0 (vδt (z))d[µδ(z), µδ(z)]t

=F ′0(vδt (z))dv
δ
t (z) + 1

2ε
−1F ′′0 (vδt (z))

∫ ∞
−∞

(ρδ(z − y))2vt(y)(1− vt(y))dy · dt.

Therefore, for t < σ,

dH(vδt ) =d

(
−1

2〈∆v
δ
t , v

δ
t 〉+

∫ ∞
−∞

F0(vδt (z))dz

)
=〈dvδt , DH(·, vδt )〉+ 1

2ε
−1

∫ ∞
−∞

V δ
2 (y, vδt )vt(y)(1− vt(y))dy · dt.

By Itô’s formula again,

dHp(vδ,λt ) = pHp−1(vδ,λt )dH(vδ,λt ) + 1
2p(p− 1)Hp−2(vδ,λt )d[H(vδ,λ),H(vδ,λ)]t.

The martingale part of dH(vδ,λt ) is given by

〈dµδt , DH(·, vδ,λt )〉 = ε−1/2

∫ ∞
−∞

V δ
1 (y, vδ,λt )

√
vt(y)(1− vt(y))W (dydt)

for t < σ. Therefore, for t < σ,

d[H(vδ,λ),H(vδ,λ)]t = ε−1

∫ ∞
−∞

(V δ
1 (y, vδ,λt ))2vt(y)(1− vt(y))dy · dt.
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The result follows.

Lemma 3.13. There exists a constant C <∞ such that a.s., for t < σ,

∫ ∞
−∞

V p,δ(y, vδ,λt )vε,λt (y)(1− vε,λt (y))dy ≤p(p− 1)Hp−2(vδ,λt )‖DH(·, vδ,λt )‖2L2

+ CpHp−1(vδ,λt )δ−3ε−1/2−2κ.

Proof. By Lemma 3.7, almost surely

∫ ∞
−∞

(V δ
1 (y, vδ,λt ))2vε,λt (y)(1− vε,λt (y))dy ≤

∫ ∞
−∞

((DH(·, vδ,λt ) ∗ ρδ)(y))2dy

≤
∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(DH(y − z, vδ,λt ))2dzdy

=‖DH(·, vδ,λt )‖2L2 , (3.27)

where the second inequality follows by Jensen’s inequality. Also, by Lemma 3.7, almost surely,

V δ
2 (y, vδ,λt ) ≤ 〈−∆ρδ, ρδ〉+ ‖f ′‖[0,1]‖ρδ‖2L2 ≤ Cδ−3,

where C is a constant. The result follows by the definition of σ1.

Note that bδt (z) = −DH(z, vδ,λt ) + Rδt (z) + Qδt (z), where Rδt (z) = 〈f0(vε,λt (·)), ρδ(z − ·)〉 −

f0(vδ,λt (z)) and Qδt (z) = 〈(fλ − f0)(vε,λt (·)), ρδ(z − ·)〉.

Lemma 3.14. For t < σ,

‖Rδt‖2L2 ≤ 4‖f ′0‖2[0,1]β
′

Proof. Since
∫∞
−∞ ρ

δ(z)dz = 1, we can write this as

Rδt (z) =

∫ ∞
−∞

ρδ(y)(f0(vε,λt (z− y))− f0(vε,λt (z)))dy+ f0(vε,λt (z))− f0

(∫ ∞
−∞

ρδ(y)vε,λt (z − y)dy

)
.

Using the fact that (a + b)2 ≤ 2(a2 + b2), and then applying Jensen’s inequality and the mean

value theorem together with Lemma 3.7, it follows that

(Rδt (z))
2 ≤2

(∫ ∞
−∞

ρδ(y)(f0(vε,λt (z − y))− f0(vε,λt (z)))dy

)2
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+ 2

(
f0(vε,λt (z))− f0

(∫ ∞
−∞

ρδ(y)vε,λt (z − y)dy

))2

≤2

∫ ∞
−∞

ρδ(y)(f0(vε,λt (z − y))− f0(vε,λt (z)))2dy

+ 2‖f ′0‖2[0,1]

(
vε,λt (z)−

∫ ∞
−∞

ρδ(y)vε,λt (z − y)dy

)2

≤2

∫ ∞
−∞

ρδ(y)‖f ′0‖2[0,1](v
ε,λ
t (z − y)− vε,λt (z))2dy

+ 2‖f ′0‖2[0,1]

∫ ∞
−∞

ρδ(y)(vε,λt (z − y)− vε,λt (z))2dy

=4‖f ′0‖2[0,1]

∫ ∞
−∞

ρδ(y)(vε,λt (z − y)− vε,λt (z))2dy,

where the third inequality also uses the mean value theorem, Lemma 3.7 and Jensen’s inequality.

Therefore, for t < σ, we have

‖Rδt‖2L2 ≤ 4‖f ′0‖2[0,1]

∫ ∞
−∞

∫ ∞
−∞

ρδ(y)(vε,λt (z − y)− vε,λt (z))2dydz ≤ 4‖f ′‖2[0,1]β
′

by the definition of σ3.

Lemma 3.15. For t < σ,

‖Qδt‖2L2 ≤ λ2ε−1/2−2κ

Proof. Using Jensen’s inequality, and the fact that the integrand is bounded by 1, we can write

(Qδt (z))
2 =

(∫ ∞
−∞

ρδ(y − z)(fλ(vε,λt (y))− f0(vε,λt (y)))dy

)2

=λ2

(∫ ∞
−∞

ρδ(y − z)(1− vε,λt (y))vε,λt (y)dy

)2

≤λ2

∫ ∞
−∞

(ρδ(y − z)(1− vε,λt (y))vε,λt (y))2dy

≤λ2

∫ ∞
−∞

ρδ(y − z)(1− vε,λt (y))vε,λt (y))dy.

Therefore, for t < σ, we have

‖Qδt‖2L2 ≤ λ2

∫ ∞
−∞

∫ ∞
−∞

ρδ(y − z)(1− vε,λt (y))vε,λt (y))dydz ≤ λ2ε−1/2−2κ

by the definition of σ1.
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We can now prove the main result of this subsection.

Proposition 3.16.

lim
ε↓0

P (σ2 ≤ t, σ2 ≤ min(σ1, σ3, σ4)) = 0.

Proof. Recall that bδt (z) = −DH(z, vδ,λt ) +Rδt (z) +Qδt (z). Hence for t < σ,

pHp−1(vδ,λt )〈dvδ,λt , DH(·, vδ,λt )〉

=pHp−1(vδ,λt )ε−3/2−2γ
〈
DH(·, vδ,λt ),−DH(·, vδ,λt ) +Rδt (·) +Qδ(·)

〉
dt+ dµδt ,

where

µδt = p

∫ t

0
Hp−1(vδ,λs )〈DH(·, vδ,λs ), dµδs(·)〉.

Therefore, by Lemmas 3.12 and 3.13, and since |〈DH(·, vδ,λs ), Rδs(·)〉| ≤ 1
2(‖DH(·, vδ,λs )‖2L2 +

‖Rδs‖2L2), and the same bound for |〈DH(·, vδ,λs ), Qδs(·)〉|, we have that, for t ≤ σ,

Hp(vδ,λt ) + pε−3/2−2γ

∫ t

0
Hp−1(vδ,λs )‖DH(·, vδ,λs )‖2L2ds

≤Hp(vδ,λ0 ) + p
2ε
−3/2−2γ

∫ t

0
Hp−1(vδ,λs )(2‖DH(·, vδ,λs )‖2L2 + ‖Rδs‖2L2 + ‖Qδs‖2L2)ds+ µδt

+ 1
2ε
−1

(
p(p− 1)

∫ t

0
Hp−2(vδ,λs )‖DH(·, vδ,λs )‖2L2ds+ Cpδ−3ε−1/2−2κ

∫ t

0
Hp−1(vδ,λs )ds

)
.

Hence, rearranging and using Lemmas 3.14 and 3.15, for t ≤ σ,

Hp(vδ,λt ) + pε−3/2−2γ

∫ t

0
Hp−1(vδ,λs )‖DH(·, vδ,λs )‖2L2ds

≤Hp(vδ,λ0 ) + p
2ε
−3/2−2γ

∫ t

0
Hp−1(vδ,λs )

(
4‖f ′‖2[0,1]β

′ + λ2ε−1/2−κ
)
ds+ µδt

+ 1
2ε
−1p(p− 1)

∫ t

0
Hp−2(vδ,λs )‖DH(·, vδ,λs )‖2L2ds+ Cpδ−3ε−3/2−2κ

∫ t

0
Hp−1(vδ,λs )ds.

We now need to show that (µδt∧σ)t is a martingale. As in the proof of Lemma 3.12, we can

calculate

[µδt∧σ]t =ε−1p2

∫ t∧σ

0

∫ ∞
−∞
H2(p−1)(vδ,λs )V δ

1 (y, vδ,λs )2vt(y)(1− vt(y))dyds

≤ε−1p2

∫ t∧σ

0
Hp−1(vδ,λs )2‖D(·, vδ,λs )‖2L2ds
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≤ε−1p2

∫ t∧σ

0
(c2β

2)p−1 · c2(β + ‖∆S(vδ,λs )‖L2)ds,

where the second line follows by (3.27) and the third line follows for ε sufficiently small by the

definition of σ2 and Theorem 3.6. Now

∆S(vδ,λs ) = ∆ρδ ∗ vs −∆m
η(vδ,λs )

.

We have that ‖∆m
η(vδ,λs )

‖L2 = ‖∆m‖L2 <∞. Also, since ρ is smooth and compactly supported,

‖∆ρδ‖∞ <∞. By Lemma 3.3, there exist a constant K and a random variable X0 with EX0 <∞

such that for any s ≤ t,

vs(x) ≤ e−Kx2 for x ≤ −X0

and

1− vs(x) ≤ e−Kx2 for x ≥ X0.

Therefore for x ≤ −X0 − δ,

|∆ρδ ∗ vs(x)| ≤ δ‖∆ρδ‖∞e−K(x+δ)2 .

Also since ∆ρδ ∗ vs(x) = −∆ρδ ∗ (1− vs)(x), we have that for x ≥ X0 + δ,

|∆ρδ ∗ vs(x)| ≤ δ‖∆ρδ‖∞e−K(x−δ)2 .

Therefore since EX0 < ∞, we have sups≤t E‖∆S(vδ,λs )‖L2 < ∞. Hence (µδt∧σ)t is a martingale

and in particular Eµδt∧σ = 0.

Therefore taking expectations,

EHp(vδt∧σ) + p
2ε
−3/2−2γE

∫ t∧σ

0
Hp−1(vδ,λs )‖DH(·, vδ,λs )‖2L2ds

≤Hp(vδ,λ0 ) + p
2

(
4‖f ′‖2[0,1]β

′ + λ2ε−1/2−2κ
)
ε−3/2−2γE

∫ t∧σ

0
Hp−1(vδ,λs )ds

+ 1
2ε
−1p(p− 1)E

∫ t∧σ

0
Hp−2(vδ,λs )‖DH(·, vδ,λs )‖2L2ds+ Cpδ−3ε−3/2−2κE

∫ t∧σ

0
Hp−1(vδ,λs )ds.

(3.28)
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Lemma 3.17. There exists a constant C2 <∞ such that H(vδ,λ0 ) ≤ C2δ.

Proof. By Theorem 3.6 and (3.8), for ε sufficiently small, H(v0) ≤ c2δ. Hence

H(vδ,λ0 ) ≤1
2

∣∣∣∣∫ ∞
−∞

(
|∇vδ,λ0 |

2(x)− |∇v0|2(x)
)
dx

∣∣∣∣+

∣∣∣∣∫ ∞
−∞

(
F0(vδ,λ0 (x))− F0(v0(x))

)
dx

∣∣∣∣+ c2δ

≤C
∫ ∞
−∞

∣∣∣∇vδ,λ0 (x)−∇v0(x)
∣∣∣ dx+ ‖F ′0‖[0,1]

∫ ∞
−∞

∣∣∣vδ,λ0 (x)− v0(x)
∣∣∣ dx+ c2δ

≤C
∫ ∞
−∞

∫ ∞
−∞

ρδ(z)

∫ x−z

x
|∆v0(y)|dydzdx

+ ‖F ′0‖[0,1]

∫ ∞
−∞

∫ ∞
−∞

ρδ(z)

∫ x−z

x
|∇v0(y)|dydzdx+ c2δ

≤Cδ‖∆v0‖L1 + ‖F ′0‖[0,1]δ‖∇v0‖L1 + c2δ,

where the second line follows by (3.7), as does the result from the last line.

Since H(v) ≥ 0, taking p = 1 in (3.28) gives

E
∫ t∧σ

0
‖DH(·, vδ,λs )‖2L2ds ≤2C2ε

3/2+2γδ + 4‖f ′‖2[0,1]β
′t+ λ2ε−1/2−2κt+ 2Cpδ−3ε2γ−2κt.

Recall that β′ = ε−3/10+4γ/5−5κ, δ = ε1/10+2γ/5 and λ ≤ ε1+2γ ; hence ε2γδ−3 = ε−3/10+4γ/5. It

follows that

E
∫ t∧σ

0
‖DH(·, vδ,λs )‖2L2ds ≤C3(ε−3/10+4γ/5−5κ + ε2l). (3.29)

Now set

Ap := E
∫ t∧σ

0
Hp−1(vδ,λs )‖DH(·, vδ,λs )‖2L2ds.

Then by (3.28),

Ap ≤2
pC

p
2ε

3/2+2γ+p(1/10+2γ/5) +
(

4‖f ′‖2[0,1]β
′ + λ2ε−1/2−2κ

)
E
∫ t∧σ

0
Hp−1(vδ,λs )ds

+ (p− 1)ε1/2+2γAp−1 + 2Cδ−3ε2γ−2κE
∫ t∧σ

0
Hp−1(vδ,λs )ds. (3.30)

By Hölder’s inequality and then (3.29),

Ap−1 ≤(Ap)
(p−2)/(p−1)E

[∫ t∧σ

0
‖DH(·, vδ,λs )‖2L2ds

]1/(p−1)

≤C4(ε(−3/10+4γ/5−5κ)/(p−1) + ε2l/(p−1)))(Ap)
(p−2)/(p−1).
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Since β → 0 as ε→ 0, for ε sufficiently small, by Theorem 3.6, for all t < σ,

H(vδ,λt ) ≤ C5‖DH(·, vδ,λt )‖2L2 .

Therefore

E
∫ t∧σ

0
Hp−1(vδ,λs )ds ≤ C5E

∫ t∧σ

0
Hp−2(vδ,λs )‖DH(·, vδ,λs )‖2L2ds = C5Ap−1.

Substituting into (3.30),

Ap ≤2
pC

p
2ε

3/2+2γ+p(1/10+2γ/5) + C6(εp(−3/10+4γ/5)/(p−1) + ε2l/(p−1))(Ap)
(p−2)/(p−1).

Initially, assume −3/10 + 4γ/5 ≤ 2l and let Ãp = ε−p(−3/10+4γ/5)Ap. Then

Ãp ≤ 2
pC

p
2ε

3/2+2γ+2p(1−γ)/5 + C7(Ãp)
(p−2)/(p−1).

It follows that either Ãp ≤ 4
pC

p
2ε

3/2+2γ+2p(1−γ)/5, or Ãp ≤ 2C7(Ãp)
(p−2)/(p−1). The second

possibility implies that Ãp ≤ (2C)p−1. Therefore

Ap ≤ C max(εp(−3/10+4γ/5), ε3/2+2γ+p(1/10+2γ/5)).

Similarly, if −3/10 + 4γ/5 > 2l, using the same reasoning we find that

Ap ≤ C max(ε2lp, ε3/2+2γ+p(1/10+2γ/5)).

which allows us to conclude that

Ap ≤ C max(ε2lp, εp(−3/10+4γ/5), ε3/2+2γ+p(1/10+2γ/5)).

Now by (3.28) again,

ε3/2+2γEHp(vδt∧σ) ≤2
pC

p
2ε

3/2+2γ+p(1/10+2γ/5) +
(

4‖f ′‖2[0,1]β
′ + λ2ε−1/2−2κ

)
E
∫ t∧σ

0
Hp−1(vδ,λs )ds

+ (p− 1)ε1/2+2γAp−1 + 2Cδ−3ε2γ−κE
∫ t∧σ

0
Hp−1(vδ,λs )ds
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≤2
pC

p
2ε

3/2+2γ+p(1/10+2γ/5) + C6(εp(−3/10+4γ/5)/(p−1) + ε2lp/(p−1))(Ap)
(p−2)/(p−1)

≤C max(ε2lp, εp(−3/10+4γ/5), ε3/2+2γ+p(1/10+2γ/5)).

Now by Theorem 3.6 and Lemma 3.11,

EHp(vδt∧σ) ≥ (c1β
2)pP (σ2 ≤ t, σ2 ≤ min(σ1, σ3, σ4)) .

Therefore, taking

β2 =


ε2l−κ if 2l < 1

10 + 2γ
5

ε1/10+2γ/5−κ if 2l ≥ 1
10 + 2γ

5

we have β → 0 as ε→ 0 and

P (σ2 ≤ t, σ2 ≤ min(σ1, σ3, σ4)) ≤ Cεpκ−3/2−2γ .

Take p = (3/2 + 2γ)/κ+ 1. Then P (σ2 ≤ t, σ2 ≤ min(σ1, σ3, σ4))→ 0 as ε→ 0.

3.2.3 Control of σ3

The main result of this subsection is the following.

Proposition 3.18.

lim
ε↓0

P (σ3 ≤ min(σ1, σ2, σ4, t)) = 0.

Before we begin the proof, we need some estimates on the fundamental solution to the

Laplace’s equation. We shall denote this by Gt(x) in this section, but we note that it is the

same function as pt(x), the standard Gaussian distribution function. Suppose y1, y2 ∈ R with

|y1 − y2| ≤ δ and t > 0. Then

∫ ∞
−∞

(Gt(x− y1)−Gt(x− y2))2dx

=

∫ ∞
−∞

1
2πt

(
e−(x−y1)2/t − 2e−((x−y1)2+(x−y2)2)/(2t) + e−(x−y2)2/t

)
dx

= 1
2πt

(
2
√
πt− 2

∫ ∞
−∞

e−((x− 1
2

(y1+y2))2+ 1
4

(y1−y2)2)/tdx

)
= 1√

πt
(1− e−

1
4t

(y1−y2)2))
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≤ 1√
πt

(1− e−δ2/(4t)), (3.31)

since |y1 − y2| ≤ δ. Suppose z ≥ 0, y ∈ R and t > 0. If y − 1
2z ≥ 0 then

∫ 0

−∞
|Gt(x− y)−Gt(x+ z − y)|dx =

∫ 0

−∞
(Gt(x+ z − y)−Gt(x− y))dx

=Py−z (Bt ≤ 0)− Py (Bt ≤ 0)

=Py (Bt ∈ [0, z]) . (3.32)

If y − 1
2z < 0 then

∫ 0

−∞
|Gt(x− y)−Gt(x+ z − y)|dx

=

∫ y− 1
2
z

−∞
(Gt(x+ z − y)−Gt(x− y))dx+

∫ 0

y− 1
2
z
(Gt(x− y)−Gt(x+ z − y))dx

=2Py
(
Bt ≤ y + 1

2z
)
− 2Py

(
Bt ≤ y − 1

2z
)

+ Py (Bt ≤ 0)− Py (Bt ≤ z)

≤2P0

(
|Bt| ≤ 1

2z
)

(3.33)

since z ≥ 0 and so Py (Bt ≤ 0) ≤ Py (Bt ≤ z). We also need the following estimate. For x ∈ R,

z ≥ 0 and t > 0,

∫ ∞
−∞
|Gt(x− y)−Gt(x+ z − y)|dy

=

∫ ∞
x+ 1

2
z
(Gt(x+ z − y)−Gt(x− y))dy +

∫ x+ 1
2
z

−∞
(Gt(x− y)−Gt(x+ z − y))dy

=Px+z

(
Bt ≥ x+ 1

2z
)
− Px

(
Bt ≥ x+ 1

2z
)

+ Px
(
Bt ≤ x+ 1

2z
)
− Px+z

(
Bt ≤ x+ 1

2z
)

=2P0

(
|Bt| ≤ 1

2z
)
. (3.34)

We also need the following lemma.

Lemma 3.19. For t <∞,

P

(
σ3 ≤ t,

∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(vε,λσ3 (y)− vε,λσ3 (y + z))2dydz < β′
)

= 0.

Proof. The proof is similar to the proof of Lemma 3.9. By Lemma 3.3, there exist K <∞ and
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a random variable X0 such that for all s ≤ t + 1 we have vs(x) ≤ e−Kx
2

for all x ≤ −X0 and

1−vs(x) ≤ e−Kx2 for all x ≥ X0. By the definition of σ3, on {σ3 ≤ t}, there exist times t1, t2, . . .

such that tn ≤ t+ 1 for all n, tn → σ3 as n→∞ and

∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(vε,λtn (y)− vε,λtn (y + z))2dydz ≥ β′.

On {X0 <∞}∩{σ3 ≤ t}, since for |z| ≤ δ, (vε,λtn (y)−vε,λtn (y+z))2 ≤ 1y∈[−X0−δ,X0+δ]+e
−2K(|y|−δ)2 ,

by dominated convergence,

∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(vε,λtn (y)− vε,λtn (y + z))2dydz →
∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(vε,λσ3 (y)− vε,λσ3 (y + z))2dydz

as n→∞. Hence on {X0 <∞} ∩ {σ3 ≤ t},

∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(vε,λσ3 (y)− vε,λσ3 (y + z))2dydz ≥ β′.

The result follows since X0 <∞ almost surely.

Proof of Proposition 3.18. As in the proof of Proposition 3.8, let v1(t, x) = vε,λ(ε3/2+2γt, x).

Take z ∈ [0, δ]. Then using the integral form in (3.20) and since (a+ b+ c)2 ≤ 3(a2 + b2 + c2),

(v1(t, x)− v1(t, x+ z))2

≤ 3

(∫ ∞
−∞

e−t/4Gt(x− y)(v0(y)− v0(y + z))dy

)2

+ 3

(∫ t

0

∫ ∞
−∞

e−(t−s)/4(Gt−s(x− y)−Gt−s(x+ z − y))
(

1
4v1(s, y) + fλ(v1(s, y)

)
dyds

)2

+ 3ε1/2+2γ(Mt(x)−Mt(x+ z))2,

where Mt(y) is defined in (3.21). As in the proof of Proposition 3.8, let σ̃ = ε−3/2−2γσ. Then,

since |f(v1(s, y))| ≤ max(1, 1 + λ)v1(s, y) for all s ≥ 0, y ∈ R a.s.,

E(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2

≤ 3E

(∫ ∞
−∞

e−(t∧σ̃)/4Gt∧σ̃(x− y)(v0(y)− v0(y + z))dy

)2
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+ 3
(

5
4 + |λ|

)2
E

(∫ t∧σ̃

0

∫ ∞
−∞

e−(t∧σ̃−s)/4 |Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y)| v1(s, y)dyds

)2

+ 3ε1/2+2γE
∫ t∧σ̃

0

∫ ∞
−∞
e−(t∧σ̃−s)/2(Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y))2v1(s, y)(1− v1(s, y))dyds.

By Jensen’s inequality (and bounding |λ| by 1), it follows that

E(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2

≤3E
∫ ∞
−∞

Gt∧σ̃(x− y)(v0(y)− v0(y + z))2dy

+ 64E

[ ∫ t∧σ̃

0
e−(t∧σ̃−s)/4

(∫ ∞
−∞
|Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y)|dy

)
(∫ ∞
−∞
|Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y)|v1(s, y)2dy

)
ds

]
+ 3ε1/2+2γE

∫ t∧σ̃

0

∫ ∞
−∞

e−(t∧σ̃−s)/2(Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y))2

v1(s, y)(1− v1(s, y))dyds.

Integrating over x and applying Fubini’s theorem and (3.34),

∫ 0

−∞
E(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2dx

≤3E
∫ 0

−∞

∫ ∞
−∞

Gt∧σ̃(x− y)(v0(y)− v0(y + z))2dydx

+ 64E

[ ∫ t∧σ̃

0
e−(t∧σ̃−s)/42P0

(
|Bt∧σ̃−s| ≤ 1

2z
)

(∫ ∞
−∞

(∫ 0

−∞
|Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y)|dx

)
v1(s, y)2dy

)
ds

]
+ 3ε1/2+2γE

[ ∫ t∧σ̃

0

∫ ∞
−∞

e−(t∧σ̃−s)/2
(∫ 0

−∞
(Gt∧σ̃−s(x− y)−Gt∧σ̃−s(x+ z − y))2dx

)
v1(s, y)(1− v1(s, y))dyds

]
≤3E

∫ 0

−∞

∫ ∞
−∞

Gt∧σ̃(x− y)(v0(y)− v0(y + z))2dydx

+ 128E

[ ∫ t∧σ̃

0
e−(t∧σ̃−s)/4P0

(
|Bt∧σ̃−s| ≤ 1

2z
)

(∫ ∞
−∞

(
1y≥z/2Py (Bt∧σ̃−s ∈ [0, z]) + 1y<z/22P0

(
|Bt∧σ̃−s| ≤ 1

2z
))
v1(s, y)2dy

)
ds

]

+ 3ε1/2+2γE
∫ t∧σ̃

0

∫ ∞
−∞

e−(t∧σ̃−s)/2

(
1− e−δ2/(4(t∧σ̃−s))

)
√
π(t ∧ σ̃ − s)

v1(s, y)(1− v1(s, y))dyds, (3.35)
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where the second inequality follows by (3.32), (3.33) and (3.31), since |z| ≤ δ. We now bound

each term on the right hand side of (3.35). For the first term, since
∫∞
−∞Gt∧σ̃(x− y)dx = 1,

E
∫ 0

−∞

∫ ∞
−∞

Gt∧σ̃(x− y)(v0(y)− v0(y + z))2dydx <

∫ ∞
−∞

(∫ y+z

y
∇v0(z′)dz′

)2

dy

≤
∫ ∞
−∞

z

∫ y+z

y
∇v0(z′)2dz′dy

=z2

∫ ∞
−∞
∇v0(y)2dy

≤δ2‖∇v0‖2L2 , (3.36)

where the second inequality follows by Jensen’s inequality. For the second term on the right

hand side of (3.35), note first that for s < σ̃,

∫ z/2

−∞
v1(s, y)2dy ≤ 1

2δ +

∫ 0

−∞
v1(s, y)2dy ≤ 10ε−1/2−2κ

for ε sufficiently small, by the same argument as for (3.26). Hence for s < σ̃,

∫ z/2

−∞
2P0

(
|Bt∧σ̃−s| ≤ 1

2z
)
v1(s, y)2dy ≤20ε−1/2−2κP0

(
|Bt∧σ̃−s| ≤ 1

2z
)

≤20ε−1/2−2κ min

(
z√

2π(t ∧ σ̃ − s)
, 1

)
.

Also since 0 ≤ v1(s, y) ≤ 1 for all s ≥ 0, y ∈ R a.s.,

∫ ∞
z/2

Py (Bt∧σ̃−s ∈ [0, z]) v1(s, y)2dy ≤ z√
2π(t ∧ σ̃ − s)

∫ ∞
z

e−(y−z)2/(2(t∧σ̃−s))dy + 1
2z

=z.

Therefore

E

[ ∫ t∧σ̃

0
e−(t∧σ̃−s)/4P0

(
|Bt∧σ̃−s| ≤ 1

2z
)

(∫ ∞
−∞

(
1y≥z/2Py (Bt∧σ̃−s ∈ [0, z]) + 1y<z/22P0

(
|Bt∧σ̃−s| ≤ 1

2z
))
v1(s, y)2dy

)
ds

]
≤E

[∫ t∧σ̃

0
e−(t∧σ̃−s)/4 min

(
z√

2π(t ∧ σ̃ − s)
, 1

)(
z + 20ε−1/2−2κ min

(
z√

2π(t ∧ σ̃ − s)
, 1

))
ds

]
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<

∫ ∞
0

e−s/4 min

(
z√
2πs

, 1

)(
z + 20ε−1/2−2κ min

(
z√
2πs

, 1

))
ds

≤

(
δ2

∫ ∞
0

e−s/4
1√
2πs

ds+ 20ε−1/2−2κ

∫ ∞
0

e−s/4 min

(
δ√
2πs

, 1

)2

ds

)

≤

(
δ2

∫ ∞
0

e−s/4
1√
2πs

ds+ 20ε−1/2−2κ

(
δ2 + δ2

∫ ∞
δ2

e−s/4
1

2πs1− 1
2
κ(δ2)

1
2
κ
ds

))

≤Cε−1/2−2κδ2−κ (3.37)

for ε sufficiently small, for some constant C, since
∫∞

0 e−s/4s−ads <∞ if a < 1. Finally, for the

third term on the right hand side of (3.35), by the definition of σ1 and then since 1 − e−a ≤ a

for a ≥ 0,

ε1/2+2γE
∫ t∧σ̃

0

∫ ∞
−∞

e−(t∧σ̃−s)/2 1√
π(t ∧ σ̃ − s)

(
1− e−δ2/(4(t∧σ̃−s))

)
v1(s, y)(1− v1(s, y))dyds

≤ε1/2+2γE
∫ t∧σ̃

0
e−(t∧σ̃−s)/2 1√

π(t ∧ σ̃ − s)
(1− e−δ2/(4(t∧σ̃−s)))ε−1/2−2κds

≤ε2γ−2κ

∫ ∞
0

e−s/2
1√
πs

min(1, δ2/(4s))ds

≤ε2γ−2κ

(∫ δ2

0

1√
πs
ds+ 1

4δ
2

∫ ∞
δ2

e−s/2
1

√
πs1−κ(δ2)κ+ 1

2

ds

)

≤Cε2γ−2κδ1−2κ (3.38)

for some constant C, since
∫∞

0 e−s/2s−ads < ∞ if a < 1. Substituting the bounds in (3.36),

(3.37) and (3.38) into (3.35),

∫ 0

−∞
E(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2dx ≤3δ2‖∇v0‖2L2 + C(ε−1/2−2κδ2−κ + ε2γ−2κδ1−2κ).

By the same argument applied to v2(t, x) = 1− v(ε3/2+2γt, x),

∫ ∞
0

E(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2dx ≤3δ2‖∇v0‖2L2 + C(ε−1/2−2κδ2−κ + ε2γ−2κδ1−2κ).

Therefore for z ∈ [0, δ], for ε sufficiently small, by (3.7),

∫ ∞
−∞

E(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2dx ≤3C(ε−1/2−2κδ2−κ + ε2γ−2κδ1−2κ),
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and hence by symmetry the same result holds for z ∈ [−δ, 0]. Therefore, by Fubini’s theorem,

E
∫ ∞
−∞

ρδ(z)

∫ ∞
−∞

(v1(t ∧ σ̃, x)− v1(t ∧ σ̃, x+ z))2dxdz ≤3C(ε−1/2−2κδ2−κ + ε2γ−2κδ1−2κ)

≤6Cε4γ/5−3/10−4κ,

since δ = ε1/10+2γ/5. We can now use Lemma 3.19 to complete the proof. We have

E
∫ ∞
−∞

ρδ(z)

∫ ∞
−∞

(vε,λ(t ∧ σ, x)− vε,λ(t ∧ σ, x+ z))2dxdz

≥ E1σ3≤min(σ1,σ2,σ4,t)β
′
1∫∞
−∞ ρδ(z)

∫∞
−∞(vε,λ(t∧σ,x)−vε,λ(t∧σ,x+z))2dxdz≥β′

≥ β′ P (σ3 ≤ min(σ1, σ2, σ4, t)) ,

by Lemma 3.19. Therefore since β′ = ε4γ/5−3/10−5κ,

P (σ3 ≤ min(σ1, σ2, σ4, t)) ≤ 6Cεκ,

and the result follows.

3.3 Proof of Proposition 3.5

As in the proof of Proposition 3.8, let v1(t, x) = vε,λ(ε3/2+2γt, x) and let v0(x) = u0(ε1/2x). Then

v1 solves the SPDE (3.19), which we can write in integral form as

v1(t, x) =

∫ ∞
−∞

Gt(x− y)v0(y)dy +

∫ t

0

∫ ∞
−∞

Gt−s(x− y)fλ(v1(s, y))dyds

+ ε1/4+γ

∫ t

0

∫ ∞
−∞

Gt−s(x− y)
√
v1(s, y)(1− v1(s, y)W (dyds). (3.39)

The proof of Proposition 3.5 will rely on the following lemma. We abuse notation slightly and

treat time as if it were a spatial dimension, which means we have expressions like |(t1, x1) −

(t2, x2)|, meaning
√

(t1 − t2)2 − (x1 − x2)2.

Lemma 3.20. Take T > 0. There exist constants A and k > 1 such that for M ∈ R, for
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x1, x2 ∈ [M,M + 1] and t1, t2 ∈ [0, T ],

E(v1(t1, x1)− v1(t2, x2))2k ≤ Ae−M/A|(t1, x1)− (t2, x2)|3.

The proof of Lemma 3.20 uses the following result. For t < 0, we let Gt ≡ 0.

Lemma 3.21 ((2.6) in [32]). For T < ∞, κ ∈ (0, 1/4), there exists a constant c such that for

all s, t ∈ [0, T ],

∫ ∞
0

∫ ∞
−∞
|Gt−r(x− z)−Gs−r(y − z)|2drdz ≤ c|(t, x)− (s, y)|2κ.

Proof of Lemma 3.20. By Lemma 3.3, there exist a constant K and a random variable X0 such

that for all t ≤ T we have v1(t, x) ≤ e−Kx2 for x ≤ −X0 and 1− v1(t, x) ≤ e−Kx2 for x ≥ X0.

We assume that M > 0 (the proof for M < 0 is the same). Take t1 ≤ t2 ∈ [0, T ] and

x1, x2 ∈ [M,M + 1]. Then by (3.39),

v1(t1, x1)− v1(t2, x2)

=

∫ ∞
−∞

(Gt1(x1 − y)−Gt2(x2 − y))v0(y)dy

+

∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))fλ(v1(s, y))dyds

+ ε1/4+γ

∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))
√
v1(s, y)(1− v1(s, y)W (dyds).

Therefore for k ∈ N, since (a1 + a2 + a3)2k ≤ 32k−1(a2k
1 + a2k

2 + a2k
3 ),

(v1(t1, x1)− v1(t2, x2))2k

=32k−1

(∫ ∞
−∞

(Gt1(x1 − y)−Gt2(x2 − y))v0(y)dy

)2k

+ 32k−1

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))fλ(v1(s, y))dyds

)2k

+ 32k−1ε1/4+γ

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))
√
v1(s, y)(1− v1(s, y)W (dyds)

)2k

.

(3.40)

We shall bound the expectation of each term on the right hand side of (3.40). For the first term
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on the right hand side of (3.40), we write

(∫ ∞
−∞

(Gt1(x1 − y)−Gt2(x2 − y))v0(y)dy

)2k

≤22k−1

(∫ ∞
−∞

(Gt1(x1 − y)−Gt1(x2 − y))v0(y)dy

)2k

+ 22k−1

(∫ ∞
−∞

(Gt1(x2 − y)−Gt2(x2 − y))v0(y)dy

)2k

.

(3.41)

We can bound the first term on the right hand side of (3.41) by writing

∣∣∣∣∫ ∞
−∞

(Gt1(x1 − y)−Gt1(x2 − y))v0(y)dy

∣∣∣∣
≤
∫ ∞
−∞

Gt1(x1 − y)|v0(y)− v0(y + x2 − x1)|dy

≤‖∇v0‖∞|x2 − x1|
∫ R+1

−∞
Gt1(x1 − y)dy

≤‖∇v0‖∞|x2 − x1|
(
e−(M−R−1)2/(2t1)

1M≥R−1 + 1M<R−1

)
≤‖∇v0‖∞|x2 − x1|

(
e−(M−R−1)2/(2T )

1M≥R−1 + 1M<R−1

)
,

where the second line follows by the mean value theorem and since v0(z1) = v0(z2) if z1, z2 ≥ R

by (3.9), the third line follows since x1 ≥M and the last line since t1 ≤ T . For the second term

on the right hand side of (3.41), by the semigroup property of G,

∣∣∣∣∫ ∞
−∞

(Gt1(x2 − y)−Gt2(x2 − y))v0(y)dy

∣∣∣∣
=

∣∣∣∣∫ ∞
−∞

Gt1(x2 − y)

∫ ∞
−∞

Gt2−t1(y − z)(v0(y)− v0(z))dzdy

∣∣∣∣
≤‖∇v0‖∞

∫ ∞
−∞

Gt1(x2 − y)Ey [|Bt2−t1 − y|] dy

=‖∇v0‖∞
√
t2 − t1

√
2

π
,

where the first inequality follows by the mean value theorem and the last line follows by Brownian

scaling and since E|B1| =
√

2
π . We can also bound the first term on the right hand side of (3.41)
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by writing

∣∣∣∣∫ ∞
−∞

Gt1(x2 − y)

∫ ∞
−∞

Gt2−t1(y − z)(v0(y)− v0(z))dzdy

∣∣∣∣
≤
∫ ∞
−∞

Gt1(x2 − y)Py (min(y,Bt2−t1) ≤ R) dy

≤
∫ R

−∞
Gt1(x2 − y)dy +

∫ ∞
−∞

Gt1(x2 − y)Py (Bt2−t1 ≤ R) dy

≤e−(M−R)2/(2t1)
1M≥R + 1M<R + Px2 (Bt2 ≤ R)

≤2
(
e−(M−R)2/(2T )

1M≥R + 1M<R

)
,

where the first inequality follows since |v0(y) − v0(z)| ≤ 1min(y,z)≤R by (3.9) and the third

inequality follows since x2 ≥ M and by the semigroup property of G, and the last inequality

holds since t1, t2 ≤ T . Substituting into (3.41), we have that

(∫ ∞
−∞

(Gt1(x1 − y)−Gt2(x2 − y))v0(y)dy

)2k

≤22k−1‖∇v0‖2k∞|x2 − x1|2k
(
e−(M−R−1)2/(2T )

1M≥R−1 + 1M<R−1

)2k

+ 22k
(
e−(M−R)2/(2T )

1M≥R + 1M<R

)
‖∇v0‖2k−1

∞ |t2 − t1|(2k−1)/2

(
2

π

)(2k−1)/2

≤Ae−M/A|(t1, x1)− (t2, x2)|3 (3.42)

for some constant A = A(k) <∞, if k ≥ 4.

We now bound the expectation of the second term on the right hand side of (3.40). Since

(a1 + a2 + a3)2k ≤ 32k−1(a2k
1 + a2k

2 + a2k
3 ) and

|f(λv1(s, y))| ≤ min(1, (1 + |λ|)v1(s, y), (1 + |λ|)(1− v1(s, y))) ≤ 2 min(1, v1(s, y), 1− v1(s, y)),

then, almost surely, for all s ≥ 0 and y ∈ R,

E

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))fλ(v1(s, y))dyds

)2k

≤62k−1E

(∫ ∞
0

∫ ∞
X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds
)2k

+ 62k−1E

(∫ ∞
0

∫ X0

−X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|dyds
)2k
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+ 62k−1E

(∫ ∞
0

∫ −X0

−∞
|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds

)2k

. (3.43)

We begin by bounding the second term on the right hand side. By Jensen’s inequality,

(∫ ∞
0

∫ X0

−X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|dyds
)2

≤2TX0

∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2dyds

≤2TX0 c|(t1, x1)− (t2, x2)|1/4,

for some constant c <∞, by Lemma 3.21. We also have that

∫ ∞
0

∫ X0

−X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|dyds

≤
∫ ∞

0

∫ X0

−∞
(Gt1−s(x1 − y) +Gt2−s(x2 − y))dyds

≤
∫ ∞

0

(
e−(M−X0)2/(2(t1−s))1s<t1 + e−(M−X0)2/(2(t2−s))1s<t2

)
1M≥X0

+ 1M<X0(1s<t1 + 1s<t2)ds

≤2T
(
e−(M−X0)2/(2T )

1M≥X0 + 1M<X0

)
,

where the second inequality holds since x1, x2 ≥M and the last inequality holds since t1, t2 ≤ T .

Hence

E

(∫ ∞
0

∫ X0

−X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|dyds
)2k

≤E
[
2T
(
e−(M−X0)/(2T )

1M≥X0+1 + 1M<X0+1

)
(2T )(2k−1)/2

X
(2k−1)/2
0 c(2k−1)/2|(t1, x1)− (t2, x2)|(2k−1)/8

]
≤Ae−M/A|(t1, x1)− (t2, x2)|3 (3.44)

for some constant A = A(k) <∞, if k ≥ 13, by Lemma 3.3. For the first term on the right hand

side of (3.43), by Jensen’s inequality,

(∫ ∞
0

∫ ∞
X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds
)2
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≤T
∫ ∞

0

(∫ ∞
X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dy
)2

ds

≤T
(∫ ∞
−∞

e−2Ky2dy

)∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2dyds

≤T
√

2π
4K c|(t1, x1)− (t2, x2)|1/4,

where the second inequality follows by Cauchy-Schwarz and the last inequality follows by

Lemma 3.21. We also have that

∫ ∞
0

∫ ∞
X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds

≤
∫ ∞

0

∫ ∞
X0

(Gt1−s(x1 − y) +Gt2−s(x2 − y))e−Ky
2
dyds

≤2T.

If M ≥ 2X0 then

∫ ∞
X0

Gt1−s(x1 − y)e−Ky
2
dy ≤e−KM2/4

∫ ∞
M/2

Gt1−s(x1 − y)dy +

∫ M/2

X0

Gt1−s(x1 − y)dy

≤e−KM2/4 + Px1 (Bt1−s ≤M/2)

≤e−KM2/4 + e−M
2/(8T ), (3.45)

where the last inequality holds since x1 ≥M and t1 ≤ T . Therefore

∫ ∞
0

∫ ∞
X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds

≤2T (e−KM
2/4 + e−M

2/(8T ))1M≥2X0 + 2T1M<2X0 .

It follows that

E

(∫ ∞
0

∫ ∞
X0

|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds
)2k

≤E
[(

2T (e−KM
2/4 + e−M

2/(8T )) + 2T1M<2X0

)
T (2k−1)/2

(
2π
4K

)(2k−1)/4
c(2k−1)/2|(t1, x1)− (t2, x2)|(2k−1)/8

]
≤Ae−M/A|(t1, x1)− (t2, x2)|3 (3.46)
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for some constant A = A(k) < ∞, if k ≥ 13, by Lemma 3.3. By the same argument (slightly

simplified), we have that

E

(∫ ∞
0

∫ −X0

−∞
|Gt1−s(x1 − y)−Gt2−s(x2 − y)|e−Ky2dyds

)2k

≤Ae−M/A|(t1, x1)− (t2, x2)|3.

(3.47)

By substituting (3.44), (3.46) and (3.47) into (3.43), we have that for k ≥ 13, there exists a

constant A(k) such that

E

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))fλ(v1(s, y))dyds

)2k

≤62kAe−M/A|(t1, x1)− (t2, x2)|3. (3.48)

Finally, we bound the expectation of the last term on the right hand side of (3.40). By the

Burkholder-Davis-Gundy inequality,

E

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))
√
v1(s, y)(1− v1(s, y))W (dyds)

)2k

≤E

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2v1(s, y)(1− v1(s, y))dyds

)k
≤ck−1|(t1, x1)− (t2, x2)|(k−1)/4E

∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2

v1(s, y)(1− v1(s, y))dyds

≤ck−1|(t1, x1)− (t2, x2)|(k−1)/4

(
E
∫ ∞

0

∫ ∞
X0

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2e−Ky
2
dyds

+ E
∫ ∞

0

∫ X0

−X0

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2dyds

+ E
∫ ∞

0

∫ −X0

−∞
(Gt1−s(x1 − y)−Gt2−s(x2 − y))2e−Ky

2
dyds

)
,

(3.49)

where the second inequality holds by Lemma 3.21 and the last inequality follows by the definition

of X0. Since ‖Gt‖∞ = (2πt)−1/2,

∫ ∞
0

∫ X0

−X0

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2dyds
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≤2

∫ ∞
0

∫ X0

−X0

(
1√

2π(t1 − s)
Gt1−s(x1 − y) +

1√
2π(t2 − s)

Gt2−s(x2 − y)

)
dyds

≤2

∫ t1

0

1√
2π(t1 − s)

(
e−(M−X0)2/(2T ) + 1≤X0

)
ds

+ 2

∫ t2

0

1√
2π(t2 − s)

(
e−(M−X0)2/(2T ) + 1M≤X0

)
ds

≤
√

2T

π

(
e−(M−X0)/(2T ) + 1M≤X0+1

)
,

where the second inequality follows since x1, x2 ≥M and t1, t2 ≤ T . Similarly,

∫ ∞
0

∫ ∞
X0

(Gt1−s(x1 − y)−Gt2−s(x2 − y))2e−Ky
2
dyds

≤2

∫ ∞
0

∫ ∞
X0

(
1√

2π(t1 − s)
Gt1−s(x1 − y) +

1√
2π(t2 − s)

Gt2−s(x2 − y)

)
e−Ky

2
dyds

≤2

(∫ t1

0

1√
2π(t1 − s)

(e−KM
2/4 + e−M

2/(8T ) + 1M<2X0)ds

+

∫ t2

0

1√
2π(t2 − s)

(e−KM
2/4 + e−M

2/(8T ) + 1M<2X0)ds

)
≤
√

2T

π
(e−KM

2/4 + e−M
2/(8T ) + 1M<2X0),

where the second inequality follows by (3.45). By the same argument,

∫ ∞
0

∫ −X0

−∞
(Gt1−s(x1 − y)−Gt2−s(x2 − y))2e−Ky

2
dyds

≤
√

2T

π
(e−KM

2/4 + e−M
2/(8T ) + 1M<2X0).

Therefore substituting into (3.49) and by Lemma 3.3, for k ≥ 13, there exists a constant A(k)

such that

E

(∫ ∞
0

∫ ∞
−∞

(Gt1−s(x1 − y)−Gt2−s(x2 − y))
√
v1(s, y)(1− v1(s, y))W (dyds)

)2k

≤Ae−M/A|(t1, x1)− (t2, x2)|3. (3.50)

Combining the bounds in (3.42), (3.48) and (3.50) with (3.40), the result follows.

Corollary 3.22. Take T <∞. There exist constants C <∞ and a > 0 such that the following
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holds. For M ∈ R, for x1, x2 ∈ [M,M + 1] and t1, t2 ∈ [0, T ],

|v1(t1, x1)− v1(t2, x2)| ≤ YM |(t1, x1)− (t2, x2)|a,

where YM is a random variable with EY 2k
M ≤ CAe−M/A.

Proof. By the form of Kolmogorov’s continuity criterion given in Corollary 1.2 in [42], this is a

direct consequence of Lemma 3.20.

We can now prove Proposition 3.5.

Proof of Proposition 3.5. For α ∈ (0, 1), ‖ · ‖Hα is equivalent to | · |Hα given by

|g|2Hα = ‖g‖2L2 +

∫ ∞
−∞

∫ ∞
−∞

|g(y)− g(z)|2

|y − z|2α
dydz.

(see (9.97) in [20]). It follows from Corollary 3.22 and the definition of vδ,λ that for α ∈ (0, 1)

sufficiently small, Esupt≤T |v
ε,λ
t − v

δ,λ
t |2Hα <∞.

Now note that

vt = (vε,λt − v
δ,λ
t ) + S(vδ,λt ) +m

η(vδ,λt )
.

For t ≤ σ, S(vδ,λt ) ∈ H1 ⊂ Hα. For any η ∈ R, m−mη ∈ H1 ⊂ Hα. The result follows.

3.4 Analysis of ζ(v)

In this section we summarise some deterministic results about the map ζ from [20] which we will

need in the next section. We also prove an additional result about ζ, Proposition 3.24, which is

not needed in [20].

The main results we need in the next section are summarised in the following theorem.

Theorem 3.23 (Theorems 7.2 and 7.3 and Lemma 9.5 in [20]). There exists β2 > 0 such that

the map ζ(v) is twice Fréchet differentiable on {v : dist(v,M) ≤ β2}. There exists a constant

C <∞ such that for v ∈ L2 +m with dist(v,M) ≤ β2 and ζ(v) = 0,

‖Dζ(v)−Dζ(m)‖L2 ≤ C
√

dist(v,M). (3.51)
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Moreover,

Dη(y, v) = −
∇mη(v)(y)

〈v,∆mη(v)〉
, (3.52)

and hence, for η ∈ R,

Dζ(y,mη) = −∇mη(y)

‖∇m‖2
L2

. (3.53)

For v ∈ L2 +m with dist(v,M) ≤ β2 and ζ(v) = 0,

∫ ∞
−∞
|D2ζ(y, y, v)−D2ζ(y, y,m)|dy ≤ C

√
dist(v,M). (3.54)

Finally, ∫ ∞
−∞
|D2ζ(y, y,m)|2dy <∞. (3.55)

Proof. The statements (3.51) and (3.53) are in Theorem 7.2 in [20]. The statement (3.52) is in

Lemma 9.5 in [20]. The next statement, (3.54), follows by (9.47,i) in the proof of Theorem 7.3

in [20]. The last statement, (3.55), follows by (7.9) in Theorem 7.3 in [20].

The result we wish to prove is very similar to these results.

Proposition 3.24. There exists a constant C <∞ and a β2 > 0 such that for v ∈ L2 +m with

dist(v,M) ≤ β2 and ζ(v) = 0,

‖Dζ(v)−Dζ(m)‖L1 ≤ C
√

dist(v,M). (3.56)

In order to prove this result, we build on several results proven in [20]. First we have an

explicit expression for the Fréchet derivative of ζ(v).

Proposition 3.25 (Proposition 9.2 in [20]). The Frećhet derivative of ζ(v) for {v ∈ L2 + m :

dist(v,M) ≤ β2} and y ∈ R is given by

Dζ(y, v) = e
∫∞
0 Λ(s,v)dsDη(y, v) +

∫ ∞
0

Ξ(s, y, v)e
∫∞
s Λ(r,v)drds, (3.57)

where

Λ(t, v) :=
ϕ1(t, v)ϕ̃2(t, v)− ϕ̃1(t, v)ϕ2(t, v)

(ϕ̃1(t, v))2
(3.58)
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Ξ(t, y, v) :=
ψ(t, y, v)ϕ̃1(t, v)− ψ̃(t, y, v)ϕ1(t, v)

(ϕ̃1(t, v))2
, (3.59)

and where, for k = 1, 2

ϕk(t, v) :=〈∆vt + f0(vt),∇kmηt〉 (3.60)

ϕ̃k(t, v) :=〈vt,∇k+1mηt〉

ψ(t, y, v) :=〈qt(y, ·, v), {∆ + f ′0(vt)}∇mηt〉 (3.61)

ψ̃(t, y, v) :=〈qt(y, ·, v),∇2mηt〉. (3.62)

In these expressions, ηt = η(vt), qt(x, y, v) is the fundamental solution of d
dt −∆ − f ′0(vt(z, v))

and finally, vt(x) = vt(x, v) is the solution to ∂u
∂t = ∆u+ f0(u) with initial condition v, as in the

definition of ζ in Theorem 3.6.

Second, we collect a series of bounds proven in [20].

Proposition 3.26. There exists β2 > 0 such that the following estimates hold for all {v :

dist(v,M) ≤ β2} with constants C, c, c̄ <∞:

‖S(vt)‖L2 ≤C
√

dist(v,M) exp(−c̄t), (3.63)

|ϕk(t, v)| ≤C
√

dist(v,M) exp(−c̄t) (3.64)

|ϕ̃k(t, v)| ≤C (3.65)

|ϕ̃1(t, v)| ≥c (3.66)

|Λ(t, v)| ≤C
√

dist(v,M) exp(−ct) (3.67)∣∣∣∣dηtdt
∣∣∣∣ ≤C√dist(v,M) exp(−ct) (3.68)

recalling that S(v) := v−mη(v) is one of the Fermi coordinates of v. Furthermore, we may take

c̄ = 1/6.

Proof. Most of these bounds are exactly given in Funaki, but c̄ is not explicit, so we shall

prove this here. Before that, we summarise where the other inequalities come from. The

first equation, (3.63), is item (iii) in Corollary 9.1 of [20]. The next three bounds are from

Proposition 9.1 in [20]. This proposition has an additional assumption on v, and additional
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results, however, the additional assumption is only necessary for proving these additional results,

as testified by Remark 9.2 of [20]. The fifth result is a corollary of the previous three and (3.58).

The final bound is Equation 9.15 in [20].

Using the definition of ϕ in (3.60), and recalling that ∆m+ f0(m) = 0 it is not too hard to

see that

|ϕk(t)| =
∣∣∣〈∆vt −∆mηt ,∇kmηt〉+ 〈f0(vt) + ∆mηt ,∇kmηt〉

∣∣∣
≤
∣∣∣〈vt −mηt ,∇k+2mηt〉

∣∣∣+
∣∣∣〈f0(vt)− f0(mηt),∇kmηt〉

∣∣∣
≤‖S(vt)‖L2‖∇k+2mηt‖L2 + ‖S(vt)‖L2‖f0‖L∞‖∇kmηt‖L2 ,

≤C‖S(vt)‖L2 ,

and so we just need to show the explicit bound for (3.63). We shall do this by following this

constant back through the lemmas and corollaries of [20] until we can calculate this value. We

will break this into several parts.

Part 1, Corollary 9.1

First, let us state Corollary 9.1 of [20].

Corollary 3.27 (Corollary 9.1 of [20]). There exist C, c̄cor9.1, c̄ and β2 > 0 such that for all

{v : dist(v,M) ≤ β2},

(i) ‖S(vt)‖L2 ≤ C dist(v,M)et, for t ≥ 0,

(ii) ‖S(vt)‖H1 ≤ C
√

dist(v,M)e−c̄cor9.1t, for t ≥ 1,

(iii) ‖S(vt)‖L2 ≤ C
√

dist(v,M)e−c̄t, for t ≥ 0.

It is clear from its definition, that ‖v‖H1 ≥ ‖v‖L2 . Hence, we may take c̄ = c̄cor9.1.

Now we seek an explicit expression for c̄cor9.1. Corollary 9.1 (ii) relies upon Corollary 9.1 (i),

Lemma 9.1 (ii) and Lemma 9.1 (iii).

Part 2, Lemma 9.1

Again, let us state the relevent parts of Lemma 9.1 of [20].
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Lemma 3.28 (Lemma 9.1 of [20]). There exist C, c̄lem9.1 > 0 and β > 0 such that

(ii) H(vt) ≤ C
t dist(v,M) for all t ∈ [0, 1] if dist(v,M) ≤ 1,

(iii) H(vt) ≤ e−c̄lem9.1(t−s)H(vs) for t ≥ s ≥ 0 if H(vs) ≤ β.

By Lemma 9.1 (ii), H(v1) can be made sufficiently small by taking dist(v,M) sufficiently

small. Applying this to Lemma 9.1 (iii),

c1‖S(vt)‖2H2 ≤ H(vt) ≤ e−c̄lem9.1(t−1)H(v1) dist(v,M),

where we have added the lower bound from (3.11). This gives Corollary 9.1 (ii), with c̄cor9.1 =

1
2 c̄lem9.1

To prove Lemma 9.1 (iii), we note that by Theorem 3.6,

d

dt
H(vt) = −‖DH(·, v)‖2L2 ≤ −

c1

c2
H(vt), (3.69)

if ‖S(vt)‖H1 ≤ β1, and therefore, by Lemma 9.1 (ii), if H(vs) ≤ β for some β. We will calculate

these constants slightly more directly, c1 in particular, than by appealing to Theorem 3.6, but

the idea is the same.

Part 3, Theorem 3.1, upper bound

It is a simple rearrangement of the definition of H(v) to see that

H(v) ≤
∫

R

1

2
|∇v(y)|2 + F0(v(y))dy

=

∫
R
−1

2
mη(y)∆mη(y) +

1

2
|∇S(y)|2 − S(y)∆mη(y) + F0(v(y))dy

=
1

2
‖∇s‖2L2 +

∫
R
F0(S(y) +mη(y))− F0(mη(y))− F ′0(mη(y))S(y)dy

=
1

2
‖∇s‖2L2 +

∫
R

1

2
F ′′0 (ξ)S(y)2dy

for some ξ between mη(y) and v(y), where we have used Taylor’s theorem. Both these terms are

bounded by 0 and 1, so ξ ∈ [0, 1]. We can calculate explicitly F ′′0 (x) = −f ′0(x) = 6x2 − 6x + 1,
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so maxx∈[0,1] |F ′′0 (x)| = 1. Hence,

H(v) ≤1

2
‖∇s‖2L2 +

1

2
‖s‖2L2

=
1

2
‖s‖2H1 , (3.70)

and hence, c2 = 1
2 .

Part 3, Theorem 3.1, lower bound.

The bound in Theorem 3.6 is for ‖DH(·, v)‖2L2 in terms of ‖s‖2H2 , however, we only need a bound

in terms of ‖s‖2H1 in order to satisfy the inequality in (3.69). We do this in two steps.

Let A = −∆−f ′0(m(y)), and note that 0 is an eigenvalue of this operator. Denote the second

eigenvalue by µ. Hence,

‖As‖2L2 ≥ µ2‖s‖2L2 . (3.71)

Let 0 < a ≤ 1
2 . Recalling that ‖s‖2H1 = ‖s‖2L2 + ‖∇s‖2L2 and integrating the final term by

parts, we can also directly calculate,

‖As‖2L2 =‖∆s‖2L2 + ‖f ′0(m)s‖2L2 + 2〈f ′0(m)s,∆s〉+ a‖s‖2H1 − a‖s‖2L2 + a〈s,∆s〉

≥a‖s‖2H1 + ‖∆s‖2L2 − 〈|2f ′0(m) + a|, |s∆s|〉 − a‖s‖2L2

≥a‖s‖2H1 + ‖∆s‖2L2 − (2− a)‖s‖L2‖∆s‖L2 − a‖s‖2L2

≥a‖s‖2H1 + ‖∆s‖2L2 − (2−a)2

4 ‖s‖2L2 − ‖∆s‖2L2 − a‖s‖2L2

=a‖s‖2H1 − ((1− a/2)2 + a)‖s‖2L2 ,

where the third line holds by the upper bound on a and recalling that f ′0(x) ∈ [−1, 1/2] if

x ∈ [0, 1]. Bounding a proportion α ∈ [0, 1] of ‖As‖2L2 with this bound, and the rest with the

eigenvalue bound (3.71) gives,

‖As‖2L2 ≥ αa‖s‖2H1 − α(1 + a2/4)‖s‖2L2 + (1− α)µ2‖s‖2L2 .

Choosing α such that the ‖s‖2L2 terms cancel means choosing α = µ2

1+a2/4+µ2
, and hence,

‖As‖2L2 ≥
aµ2

1 + a2/4 + µ2
‖s‖2H1 . (3.72)
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We also need an upper bound on this term. Similarly to before, we find that

‖As‖2L2 ≤‖∆s‖2L2 + ‖(2f ′0(m))s∆s‖L2 + ‖f ′0(m))s‖2L2

≤‖∆s‖2L2 + ‖s‖2L2 + ‖∆s‖2L2 + ‖s‖2L2

=2‖s‖2H2 . (3.73)

Now we consider ‖DH(·, v)‖2L2 = ‖A+ V ‖2L2 , where

V = F ′0(v)− F ′(mη(y))− F ′′0 (mη(y))S(y).

Note that, by applying Taylor’s theorem again, for some ξ ∈ [0, 1],

‖V ‖L2 ≤
1

2
‖F ′′′0 (ξ)s2‖L2 ≤ 3‖s‖L2 , (3.74)

as F ′′′0 (x) = −f ′′0 (x) = 12x − 6, so maxx∈[0,1] ‖F ′′′0 (x)| = 6, and noting also that S(y) ∈ [0, 1],

and hence |S(y)|4 ≤ |S(y)|2. Hence,

∣∣‖DH(·, v)‖2L2 − ‖As‖2L2

∣∣ ≤2‖As‖2L2‖V ‖L2 + ‖V ‖2L2

≤3‖s‖L2(4‖s‖2H2 + 3‖s‖L2), (3.75)

where we have used the bounds (3.74) and (3.73). Theorem 3.6 says that this should hold for all

v ∈ H1 +m : ‖s‖H1 ≤ β1. For such v, we must also have that ‖s‖L2 ≤ β1, so we choose β1 small

enough so that the bound in (3.75) is less than, say ‖s‖2H1/200. Combining this with (3.72)

allows us to conclude that

‖DH(·, v)‖2L2 ≥
aµ2

1 + a2/4 + µ2
‖s‖2H1 − ‖s‖2H1/200, (3.76)

and hence, all that remains is to calculate this bound explicitly.

To do so, we calculate the eigenvalues of A. The eigenvalues k will solve the ODE Au = ku.

As we have an explicit expression for f ′0(m(y)), we can solve this ODE explicitly:

u(x) =C1e
−x
√

1+k 3 + 2(1 + ex)2k − 3
√

1 + k + 3e2x(1 +
√

1 + k))

(1 + ex)2
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+ C2e
x
√

1+k 3 + 2(1 + ex)2k + 3
√

1 + k − 3e2x(−1 +
√

1 + k))

(1 + ex)2
,

and hence, we find three eigenvalues: 0, with eigenfunction ex

(1+ex)2
; 3/4, with eigenfunction

−3ex/2(ex−1)
(1+ex)2

; and 1, with eigenfunction 1− 6ex

(1+ex)2
. Substituting µ = 3/4 into (3.72), then opti-

mising for a ∈ (0, 1/2] gives that the bound is optimised at a = 1
2 , at a value of 9/52=0.17307...

Applying this to (3.76), we may safely say that ‖DH(·, v)‖2L2 >
1
6‖s‖

2
H1 . Hence, as in (3.69),

d

dt
H(vt) = −‖DH(·, v)‖2L2 ≤ −

1

6
‖s‖2H1 ≤ −

1

3
H(vt),

by (3.70) in the last inequality. Hence, c̄lem9.1 = 1/3, giving c̄cor9.1 = 1/6 = c̄.

The final ingredient is a bound on qt(x, y, v), which is the fundamental solution to the

linerised version of (3.2), which we introduced in Proposition 3.25. To be more precise, we use

the characterisation of this term from [20].

Lemma 3.29 (Lemma 9.3 of [20]). Recall that vt(x, v) = vt(x) is the solution to (3.2) with

initial condition v. For 0 < t,

qt(x, y, v) = Et,x,y

[
exp

(∫ t

0
f ′0 (vr (Br, v)) dr

)]
pt(x, y), (3.77)

where the expectation is taken with respect to the Brownian motion, Bt, starting at x√
2

and

pinned to y√
2

at time t, and where pt(x, y) is the heat kernel.

Proof. This is just an application of the Feynman-Kac formula.

Now we can find the required bound on qt(x, y, v). Roughly, we have an explicit expression

for f0, and a simple calculation shows that the integrand in (3.77) is positive only when the

pinned Brownian motion is near the origin. Hence, to bound qt(x, y, t), we just need to bound

the amount of time the pinned Brownian motion spends in this region where the integral is

positive.

Lemma 3.30. There exists β2 > 0 small enough such that if dist(v,M) ≤ β2, then, for t > 0,

there exists constants C > 0 and c < 1/6, which do not depend on t, such that

qt(x, y, v) < Cectpt(x, y).
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Proof. Initially, consider the set Xr
a := {x ∈ R : f ′0(vr(x)) ≥ a} for some a ∈ [−1, 1/2]. Recalling

that f ′0(u) = −6u2 + 6u−1, a simple calculation and the trivial bounds 0 ≤ v,m ≤ 1 also allows

us to write,

f ′0(vr) ≤ f ′0(mη(vr)) + 30|vr −mη(vr)| = f ′0(mη(vr)) + 30|S(vr)|.

Let Y r
ε := {x ∈ R : |S(vr)(x)| > ε}. By Chebyshev’s inequality, Leb(Y r

ε ) ≤
‖S(vr)‖2

L2

ε2
≤ ε−2β2

2 .

Hence,

Xr
a ⊂Y r

ε ∪ {x ∈ R : f ′0(mη(vr)) ≥ a− 30ε}

=Y r
ε ∪

[
η(vr)± log

(
2 + 30ε− a+

√
3(1− 2a+ 60ε)

1 + a− 30ε

)]
,

where we abuse interval notation slightly, and we have calculated the second line using the

explicit formula for m. By Theorem 3.6, and the assumption dist(v,M) ≤ β2, η(vr) converges

as r →∞, there exists some finite η̄ = η̄(v) such that η̄ ≥ |η(vr)| for all r. If necessary, we can

take β2 small enough so that η̄ < ε. Hence, if we define

Iaε =

[
0±

(
ε+ log

(
2 + 30ε− a+

√
3(1− 2a+ 60ε)

1 + a− 30ε

))]
,

we still have that Xr
a ⊂ Iaε ∪ Y r

ε , and thus in order to bound the amount of time the pinned

Brownian motion spends in the sets Xr
a , we can consider the amount of time it spends in the

sets Iaε ∪ Y r
ε . As we can choose β2 to be arbitrarily small, the vast majority of this time will be

spent in the interval Iaε , rather than Y r
ε . The pinned Brownian motion which spends the most

time in Iaε is the one that begins and terminates in the center of this interval, so we may assume

our Brownian motion begins and terminates at 0, in order to find an upper bound.

In this case, the worst place for Y r
ε to be would be, firstly, in the complement of Iaε , as

otherwise it does not increase the union of Y r
ε and Iaε , and secondly, as close to the interval as

possible, as the closer a set is to the terminal points of the Brownian motion, the more likely the

Brownian motion is to be there. Hence, if ΓA(t, x, y) is the amount of time a Brownian motion

from x pinned to y at time t spends in the set A, and we define

Zaε :=

[
0±

(
ε+ β2

2ε
−2 + log

(
2 + 30ε− a+

√
3(1− 2a+ 60ε)

1 + a− 30ε

))]
,
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we have that ΓXr
a

(
t, x√

2
, y√

2

)
≤ ΓZaε (t, 0, 0).

Unfortunately, approximating f ′0(vr(x)) with a single set is not quite enough for this method

to prove the bound we are looking for (see Appendix A, in particular, Figure A.1, for an

illustration of the single set approximation, and why this approximation is insufficient). We

can improve this approximation by adding more sets. If {ai}n+1
i=0 is a finite strictly decreasing

sequence in [−1, 1/2] such that a0 = 1
2 and an+1 = −1, by the same reasoning as above,

n∑
i=0

aiΓXr
ai
\Xr

ai+1

(
t,
x√
2
,
y√
2

)
≤

n∑
i=0

aiΓZaiε \Z
ai+1
ε

(t, 0, 0).

We also define {Ri}n+1
i=0 by Zaiε = [−Ri, Ri]. We will choose these ai explicitly later. The

important thing to observe at this point is that we may write

qt(x, y, v) =Et,x,y

[
exp

(∫ t

0
f ′0 (vr (Br, v)) dr

)]
pt(x, y)

≤Et,x,y

[
exp

(∫ t

0

n∑
i=0

ai1{Br∈Xr
ai
\Xr

ai+1

}dr
)]

pt(x, y)

≤Et,0,0

[
exp

(∫ t

0

n∑
i=0

ai1{Br∈Zaiε \Zai+1
ε

}dr
)]

pt(x, y)

=Et,0,0

[
et/2 exp

(
−
∫ t

0

n∑
i=1

(1
2 − ai)1{Br∈Zaiε \Zai+1

ε

}dr
)]

pt(x, y).

Next, we wish to remove the condition that the Brownian motion is pinned at time t. We

can do this relatively easily by differentiating the joint cumulative distribution function of our

expression and the final location of an unpinned Brownian motion, Wt:

qt(x, y, v) ≤Et,0,0

[
et/2 exp

(
−
∫ t

0

n∑
i=1

(1
2 − ai)1{Br∈Zaiε \Zai+1

ε

}dr
)]

pt(x, y)

=
d

dz
E

[
1Wt≥ze

t/2 exp

(
−
∫ t

0

n∑
i=1

(1
2 − ai)1{Wr∈Z

ai
ε \Z

ai+1
ε

}dr
)]∣∣∣∣∣

z=0

pt(x, y)

= : g(t)et/2pt(x, y), (3.78)

where the expectation is now being taken with respect to Wt, and we have defined a new function

g. We are done if we can prove that g(t) ≤ Cec̃t for some c̃ < 1/6 − 1/2. We can do this by

applying again a version of the Feynman-Kac formula.
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If we take the the Laplace transform of g(t), we may exchange the expectation and limit, as

the integrand is positive:

Lt [g(t);λ] =

∫ ∞
0

e−λt
d

dz
E

[
1Wt≥z exp

(
−
∫ t

0

n∑
i=1

(1
2 − ai)1{Wr∈Z

ai
ε \Z

ai+1
ε

}dr
)]∣∣∣∣∣

z=0

dt

=
d

dz
E

[
1Wt≥z

∫ ∞
0

e−λt exp

(
−
∫ t

0

n∑
i=1

(1
2 − ai)1{Wr∈Z

ai
ε \Z

ai+1
ε

}dr
)
dt

]∣∣∣∣∣
z=0.

(3.79)

We now apply Kac’s formula, a one-dimensional version of the Feynman-Kac formula (see [25],

Theorem 4.9, p271) to (3.79). In slightly less generality than presented in [25], Kac’s formula

says that if k : R → [0,∞) is piecewise continuous, and f : R → R, then an expression of the

form

u(x) := Ex

[
f(Wt)

∫ ∞
0

e−λte−
∫ t
0 k(Wr)drdt

]
,

where the expectation is taken with respect to a Brownian motion started at x, satisfies the

differential equation

λu+ k(x)u =
1

2
u′′ + f(x). (3.80)

Recalling that we have denoted the radii of the sets Z
ai+1
ε by Ri, the unique bounded solution

of (3.80) with k =
∑n

i=1(1
2 − ai)1{x∈Zaiε \Zai+1

ε

} and f = 1x>z with −R1 < z < R1 is

u(x) =



Ane
−x

√
2(λ+

1
2−an) x ≥ Rn

...
...

A2 cosh
(
x
√

2(λ+ 1
2 − a1)

)
+B2 sinh

(
x
√

2(λ+ 1
2 − a1)

)
R1 ≤ x < R2

A1 cosh
(
x
√

2λ
)

+B1 sinh
(
x
√

2λ
)

z ≤ x < R1

C1 cosh
(
x
√

2λ
)

+D1 sinh
(
x
√

2λ
)

+ 1
λ −R1 ≤ x < z

C2 cosh
(
x
√

2λ+ 1
2 − a1

)
+D2 sinh

(
x
√

2λ+ 1
2 − a1

)
+ 1

λ+
1
2−a1

−R2 ≤ x < −R1

...
...

Cne
x
√

2(λ+ 1
2
−an)

+ 1

λ+
1
2−an

x < −Rn,

where {Ai}ni=1, {Ci}ni=1, {Bi}n−1
i=1 and {Di}n−1

i=1 are constants chosen so that u(x) and u′(x) are
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continuous. This expression is obviously quite complicated, but we only want an expression for

d
dzu(0)

∣∣
z=0

, so we don’t need to completely solve for u. In fact, assuming z ≤ 0, u(0) is simply

A1. We still don’t need a fully explicit expression for A1, but we need to know how it depends

on z, in order to differentiate it.

To do this, we notice that it is not too difficult to write An−1 and Bn−1 in terms of An by

considering u(rn) and u′(rn) and exploiting the Pythagorean hyperbolic identity. For example,

if we define φ(x, y, z) = x cosh(z) + y sinh(z), we find

An−1 =Ane
−Rn

√
2(λ+

1
2−an)φ

(
1,

√
λ+ 1

2 − an
λ+ 1

2 − an−1
, Rn

√
2(λ+ 1

2 − an−1)

)
,

Bn−1 =−Bne−Rn
√

2(λ+
1
2−an)φ

(√
λ+ 1

2 − an
λ+ 1

2 − an−1
, 1, Rn

√
2(λ+ 1

2 − an−1)

)
. (3.81)

The coefficient of An in this expression is just a function of λ and constants, in particular, not

a function of z. Using the same ideas, we can find and expression for Ai−1 and Bi−1 in terms of

Ai and Bi, and hence An, until we can express A1 and B1 in terms of An. We won’t write all

these expressions here, but we do take note of a number of their important properties.

1. We know that the expressions will be of the form A1 = aAn and B1 = bAn, where a and

b are functions of λ and the constants {R1}ni=1 and {a1}ni=1, but not z.

2. We can do the same iteration for the Ci and Di constants, however, there will be an

additional additive constant term in their expression, resulting in expressions C1 = cCn+ c̄

and D1 = dCn+ d̄, again, where c, c̄, d and d̄ are functions of λ and the constants {R1}ni=1

and {a1}ni=1, and not z.

3. In fact, the differences between the positive and negative halves of u only affect the addi-

tional constant terms, and we find that a = c and b = −d, where the negative is because

sinh changes sign with a negative argument.

We now consider the continuity conditions of u and u′ at z. Using the Pythagorean hyperbolic

identity again, we find that

A1 = C1 +
1

λ
cosh

(
z
√

2λ
)

and B1 = D1 −
1

λ
sinh

(
z
√

2λ
)
.
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Hence, we find

A1 =

ac
λ sinh

(
z
√

2λ
)
− acd̄+ adc̄+ ad

λ cosh
(
z
√

2λ
)

ad− bc
.

We can differentiate this expression with respect to z, and then set z to 0, yielding

d

dz
A1

∣∣∣∣
z−0

=

√
2

λ

ac

ad− bc
= − 1√

2λ

a

b
= Lt [g(t);λ] , (3.82)

where we have used observation 3 in the second equality.

This expression is still quite a complicated function of λ (recalling observation 1), so we have

no hope of inverting our Laplace transform explicitly. Fortunately, we don’t need an explicit

formula for g(t); we are only interested in its asymptotics. In particular, the final value theorem

for Laplace transforms says that

lim
t→∞

f(t) = lim
λ→0

λLt [f(t);λ]

if all the poles of λLt [f(t);λ] are in the left half-plane. If this limit were finite, this would show

that f(t) was bounded asymptotically, which is not quite strong enough. We want to show that

that there is some c̃ < 1/6 − 1/2 such that g(t)e−c̃t is asymptotically bounded. So we can use

the ‘frequency shifting’ property of Laplace transforms, to write

lim
t→∞

g(t)e−c̃t = lim
λ→0

λG(λ+ c̃),

if all the poles of λG(λ + c̃) are in the left hand plane. In other words, we are done if there

exists a c̃ < 1/6− 1/2 such that all the poles of G(λ) have real part less than c̃.

We now numerically solve this system of equations to investigate G(λ). Figure 3.1 shows a

plot of G(λ) when ε = 10−4, β = 10−6 and ai = 1/2 − 0.03i for i = 1 to 49; see Appendix A

for the R code which plots this graph. The rightmost pole is clearly identified, and the data

giving this plot indicates that the pole is no greater than -0.359. This is certainly less than

1/6− 1/2 = −1/3, so we may conclude that

lim
t→∞

e−0.359tg(t) = lim
λ→0

λG (λ− 0.359) = 0.
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Figure 3.1: Left : Comparison of the approximation k (in blue) to f ′(m) (in black) when ε = 10−4,
β = 10−6 and aj = 1/2− 0.03j for j = 1 to 49. Right : A plot of G(λ), for the same parameters.
The real part is in blue, and the imaginary part is in red (i.e., it is a purely real function).

Thus, there exists a sufficiently large constant C such that Ce0.359t ≥ g(t). Recalling the

definition of g(t), and substituting this into (3.78) give us that

qt(x, y, v) ≤et/2g(t)pt(x, y)

≤Ce0.141tpt(x, y)

<Cet/6pt(x, y).

We now have all we need to prove the main result of this section.

Proof of Proposition 3.24. In the notation of Proposition 3.24, as mη satisfies the PDE (3.2),

by (3.60), for all t ≥ 0, η ∈ R and k = 1 or 2, ϕk(t,mη) = 0. Thus, by (3.58), Λ(t,mη) = 0.

Similarly, as {∆ + f ′0(mη)}∇mη = ∇(∆(mη) + f0(mη)), by (3.61), for all t ≥ 0 and η, y ∈ R,

ψ(t, y,mη) = 0. Thus, by (3.59), Ξ(t, y,mη) = 0. Applying (3.57), we see that

‖Dζ(v)−Dζ(m)‖L1 ≤
∥∥∥e∫∞0 Λ(s,v)dsDη(v)− e

∫∞
0 Λ(s,m)dsDη(m)

∥∥∥
L1

+

∥∥∥∥∫ ∞
0

Ξ(s, v)e
∫∞
s Λ(r,v)drds−

∫ ∞
0

Ξ(s,m)e
∫∞
s Λ(r,m)drds

∥∥∥∥
L1
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≤
∣∣∣e∫∞0 Λ(s,v)ds − 1

∣∣∣ ‖Dη(v)‖L1 + ‖Dη(v)−Dη(m)‖L1

+

∥∥∥∥∫ ∞
0

Ξ(s, v)e
∫∞
s Λ(r,v)drds

∥∥∥∥
L1

(3.83)

We note that ‖Dη(v)‖L1 is bounded, by applying (3.52) and noting that the denominator

is strictly positive, as v ≥ 0 and ∆mη(v) > 0, and the numerator is
∫∞
−∞

∣∣∇mη(v)(x)
∣∣ dx =

m(∞)−m(−∞) = 1 by (3.3). We can verify that the integrand is nonnegative using the explicit

formula for m.

Next, we note that |1− ex| ≤ |x|e|x|, so applying (3.67) gives,

∣∣∣e∫∞0 Λ(s,v)ds − 1
∣∣∣ ≤ C√dist(v,M)eC

√
dist(v,M) ≤ C1

√
dist(v,M), (3.84)

taking β2 ≥ dist(v,M) smaller than 1, if necessary, for the second inequality. We now turn to

the second term in (3.83). First note that, by (3.52),

Dη(v)−Dη(m) = C2〈m,∆m〉∇mη(v)(y)− C2〈v,∆mη(v)〉∇m(y)

where C2 = (〈v,∆mη(v)〉〈m,∆m〉)−1. Again, the denominator of C2 is strictly positive, as v ≥ 0

and ∆mη(v) > 0. Thus, we may write

‖Dη(v)−Dη(m)‖L1 ≤C2〈m,∆m〉
∥∥∇mη(v) −∇m

∥∥
L1

+ C2 ‖∇m(y)‖L1

∣∣〈m,∆m〉 − 〈v,∆mη(v)〉
∣∣

≤C2〈m,∆m〉∣∣∣∣∣
∫ η(v)/2

−∞
∇mη(v)(x)−∇m(x)dx+

∫ ∞
η(v)/2

∇m(x)−∇mη(v)(x)dx

∣∣∣∣∣
+ C2‖∇m(y)‖L1

(
|〈∆m,m−mη(v)〉|+ |〈m−mη(v),∆mη(v)〉|

+|〈mη(v) − v,∆mη(v)〉|
)

≤2C2〈m,∆m〉 |m(−η(v)/2)−m(η(v)/2)|

+ C2‖∇m(y)‖L1

(
|η(v)| ‖∇m‖L∞

(
‖∆m‖L1 +

∥∥∆mη(v)

∥∥
L1

)
+
∥∥mη(v) − v

∥∥
L2

∥∥∆mη(v)

∥∥
L2

)
≤C3|η(v)|+ C3 ‖S(v)‖L2 , (3.85)
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where we have exploited the symmetry of ∇m and the fact that ∇m has a single maximum

at 0 for the first term of the second inequality, and integration by parts has been used in the

second term of the same inequality to shift the Laplacian from one factor in the first integrand

to the other. The mean value theorem and the Cauchy-Schwarz inequality has been used in the

third inequality. We can use the explicit expression for m to verify that ‖∇m(y)‖L1 , ‖∇m‖L∞ ,

‖∆m‖L2 and 〈m,∆m〉 are all finite, as well as applying the mean value theorem again to the first

term of the third inequality, which gives the final inequality, as well as recalling the definition

of S(v).

Note that by the assumption ζ(v) = 0,

|η(v)| = |η(v)− ζ(v)| =
∣∣∣∣∫ ∞

0

dηt
dt
dt

∣∣∣∣ ≤ C√dist(v,M) (3.86)

by (3.68). Substituting this back into (3.85) and applying (3.63) gives

‖Dη(v)−Dη(m)‖L1 ≤ C4

√
dist(v,M). (3.87)

We consider the final term in (3.83).

∥∥∥∥∫ ∞
0

Ξ(s, y, v)e
∫∞
s Λ(r,v)drds

∥∥∥∥
L1

≤
∫ ∞
−∞

∫ ∞
0
|Ξ(s, y, v)|

(∣∣∣e∫∞s Λ(r,v)dr − 1
∣∣∣+ 1

)
dsdy

≤
(
C1

√
dist(v,M) + 1

)∫ ∞
−∞

∫ ∞
0
|Ξ(s, y, v)| dsdy (3.88)

by similar reasoning which gave (3.84). Using the definition of Ξ(s, y, v) in (3.59), and by (3.64),

(3.65) and (3.66), we see that

|Ξ(s, y, v)| ≤|ψ(t, y, v)ϕ̃1(t, v)|+ |ψ̃(t, y, v)ϕ1(t, v)|
(ϕ̃1(t, v))2

≤C
c2

(
|ψ(t, y, v)|+

√
dist(v,M)e−c̄t|ψ̃(t, y, v)|

)

Substituting this back into (3.88), and again assuming β2 < 1, gives

∥∥∥∥∫ ∞
0

Ξ(s, y, v)e
∫∞
s Λ(r,v)drds

∥∥∥∥
L1

≤C5

∫ ∞
−∞

∫ ∞
0
|ψ(s, y, v)| dsdy

+ C5

√
dist(v,M)

∫ ∞
−∞

∫ ∞
0
|e−c̄tψ̃(s, y, v)|dsdy. (3.89)

132



We shall consider these integrals separately. By definition of ψ(s, y, v) in (3.61) and Lemma 3.30,

∫ ∞
−∞

∫ ∞
0
|ψ(s, y, v)| dsdy =

∫ ∞
−∞

∫ ∞
0

∫ ∞
−∞

qt(y − x)
∣∣∇3mηt(x) + f ′0(vt(x))∇mηt(x)

∣∣ dxdsdy
≤C

∫ ∞
−∞

∫ ∞
0

∫ ∞
−∞

ectpt(y − x)
∣∣∇3mηt(x) + f ′0(vt(x))∇mηt(x)

∣∣ dxdsdy
for some c < 1/6. As the integrand is positive, we may switch the order of integration. Inte-

grating with respect to y first allows us to integrate out the heat kernel. Recall also, that by

definition of m, ∇3mηt = −∇(f0(mηt)) = −f ′0(mηt)∇mηt . Thus, we have

∫ ∞
−∞

∫ ∞
0
|ψ(s, y, v)| dsdy ≤

∫ ∞
0

∫ ∞
−∞

ect
∣∣f ′0(mηt(x))− f ′0(vt(x))

∣∣ |∇mηt(x)|dxds

≤
∫ ∞

0

∫ ∞
−∞

ect‖f ′′0 ‖[0,1] |S(vt(x))| |∇mηt(x)|dxds

≤‖f ′′0 ‖[0,1]

∫ ∞
0

ect‖S(vt)‖L2‖∇mηt‖L2ds

≤‖f ′′0 ‖[0,1]

∫ ∞
0

C
√

dist(v,M)e(c−c̄)t‖∇m‖L2ds

=C6

√
dist(v,M), (3.90)

where the mean value theorem gives the first inequality, Cauchy-Schwarz gives the second in-

equality, the fact that the L2 norm is not affected by translations and (3.63) gives the third

inequality, and the final line performs the simple integral, recalling that c− c̄ < 0, and collects

the constants into one.

We now consider the second term in (3.89). By the definition of ψ̃(s, y, v) in (3.62) and

Lemma 3.30,

∫ ∞
−∞

∫ ∞
0

e−c̄t
∣∣∣ψ̃(s, y, v)

∣∣∣ dsdy =

∫ ∞
−∞

∫ ∞
0

∫ ∞
−∞

e(c−c̄)tqt(y − x) |∆mηt(x)| dxdsdy

≤C
∫ ∞
−∞

∫ ∞
0

∫ ∞
−∞

e(c−c̄)tpt(y − x) |∆mηt(x)| dxdsdy.

Again, as the integrand is positive, we may switch the order of integration, and integrating with

respect to y first allows us to integrate out the heat kernel. Again, the L1 norm is not affected

by translations, so we find

∫ ∞
−∞

∫ ∞
0

e−c̄t
∣∣∣ψ̃(s, y, v)

∣∣∣ dsdy ≤∫ ∞
0

∫ ∞
−∞

e(c−c̄)t |∆mηt(x)| dxds
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=

∫ ∞
0

e(c−c̄)t ‖∆mηt(x)‖L1 ds

=(c̄− c)−1 ‖∆mηt(x)‖L1 , (3.91)

which is a constant, again, recalling that c − c̄ < 0. Substituting (3.90) and (3.91) into (3.89)

gives

∥∥∥∥∫ ∞
0

Ξ(s, y, v)e
∫∞
s Λ(r,v)drds

∥∥∥∥
L1

≤ C7

√
dist(v,M),

and substituting this, (3.87) and (3.84) into (3.83) gives the desired result.

3.5 Proofs of Proposition 3.4 and Theorem 3.2

We note two more results from [20]. The first allows us to translate the Fréchet derivative of ζ

in the natural way. The second result, however, is central to this section.

Lemma 3.31 (Lemma 7.1 in [20]). For v ∈ L2 +m with dist(v,M) ≤ β2 and any y1, y2 ∈ R,

Dζ(y1,mη(v)) = Dζ(y1 − η(v),m), (3.92)

D2ζ(y1, y2,mη(v)) = D2ζ(y1 − η(v), y2 − η(v),m) (3.93)

and

D2ζ(y1, y2, v(·)) = −D2ζ(−y1,−y2,−v(−·)). (3.94)

Theorem 3.32 (Theorem 7.4 in [20]). There exists β2 > 0 such that for v ∈ L2 + m with

dist(v,M) ≤ β2, Dζ(·, v) ∈ ∩δ>0H
2−δ. If in addition ‖v‖∞ ≤ 1 and v ∈ Hδ +m for some δ > 0

then

〈Dζ(·, v),∆v + f0(v)〉 = 0.

Let us now demonstrate the significance of this theorem. Let τ = σ ∧ inf{t ≥ 0 : vε,λt 6∈

Hα +m}. Let ξεt = ε1/2ζ(vε,λt∧τ ). Then by Itô’s formula,

ξεt =ξε0 + ε−1−2γ

∫ t∧τ

0
〈Dζ(vε,λs ),∆vεs + fλ(vε,λs )〉ds
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+

∫ t∧τ

0

∫ ∞
−∞

Dζ(y, vε,λs ),

√
vε,λs (y)(1− vε,λs (y))W (dyds)

+ 1
2ε
−1/2

∫ t∧τ

0

∫ ∞
−∞

D2ζ(y, y, vε,λs )vε,λt (y)(1− vε,λt (y))dyds. (3.95)

We shall consider each term in (3.95) separately. First we note that for t < τ , by the definition

of σ2,

dist(vε,λt ,M) ≤ β + ‖vε,λt − v
δ,λ
t ‖L2 .

By the definition of vδ,λ and then by Jensen’s inequality, for t < τ ,

‖vε,λt − v
δ,λ
t ‖22 =

∫ ∞
−∞

(∫ ∞
−∞

ρδ(z)(vε,λt (y)− vε,λt (y − z))dz
)2

dy

≤
∫ ∞
−∞

∫ ∞
−∞

ρδ(z)(vε,λt (y)− vε,λt (y − z))2dzdy

≤β′

by the definition of σ3. Therefore, for t < τ ,

dist(vε,λt ,M) ≤ β + (β′)1/2 ≤ 2ε2γ/5−3/20−3κ. (3.96)

For the first integral on the right hand side of (3.95), note that for ε sufficiently small, for all

t < τ , dist(vε,λt ,M) ≤ β2 and vε,λt ∈ Hα +m. Hence by Theorem 3.32,

∫ t∧τ

0
〈Dζ(vε,λs ),∆vε,λs + f0(vε,λs )〉ds = 0. (3.97)

This crucial observation was made by Katzenberger in a similar situation in [26]. As fλ(v) =

f0(v) + λv(1− v), first integral on the right hand side of (3.95) becomes,

∫ t∧τ

0
〈Dζ(vε,λs ),∆vε,λs + fλ(vε,λs )〉ds = λ

∫ t∧τ

0
〈Dζ(vε,λs ), vε,λs (1− vε,λs )〉ds

The next three lemmas investigate each of the three integrals on the right hand side of (3.95).

Lemma 3.33. For ε sufficiently small, for all t < τ ,

1

2
ε−1/2

∣∣∣∣∫ ∞
−∞

D2ζ(y, y, vε,λt )vε,λt (y)(1− vε,λt (y))dy

∣∣∣∣ ≤εγ/5−13/40−2κ.
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Proof. For t < τ ,

∣∣∣∣∫ ∞
−∞

D2ζ(y, y, vε,λt )vε,λt (y)(1− vε,λt (y))dy

−
∫ ∞
−∞

D2ζ
(
y, y,m

η(vε,λt )

)
m
η(vε,λt )

(y)(1−m
η(vε,λt )

(y))dy

∣∣∣∣
≤
∫ ∞
−∞
|D2ζ(y, y, vε,λt )−D2ζ(y, y,m

η(vε,λt )
)|dy

+

∫ ∞
−∞
|D2ζ(y, y,m

η(vε,λt )
)||vε,λt (y)(1− vε,λt (y))−m

η(vε,λt )
(y)(1−m

η(vε,λt )
(y))|dy

≤
∫ ∞
−∞
|D2ζ(y, y, vεt)−D2ζ(y, y,mη(vεt )

)|dy +

∫ ∞
−∞
|D2ζ(y, y,m

η(vε,λt )
)||vεt(y)−m

η(vε,λt )
(y)|dy

since | ddx(x(1− x))| ≤ 1 for x ∈ [0, 1]. By (3.93) and (3.55)

(∫ ∞
−∞
|D2ζ(y, y,m

η(vε,λt )
)|2dy

)1/2

=

(∫ ∞
−∞
|D2ζ(y, y,m)|2dy

)1/2

:= C ′ <∞.

Therefore for t < τ , by Cauchy’s inequality and (3.54),

∣∣∣∣∫ ∞
−∞

D2ζ(y, y, vε,λt )vε,λt (y)(1− vε,λt (y))dy

−
∫ ∞
−∞

D2ζ
(
y, y,m

η(vε,λt )

)
m
η(vε,λt )

(y)(1−m
η(vε,λt )

(y))dy

∣∣∣∣
≤C
√

dist(vε,λt ,M) +

(∫ ∞
−∞
|D2ζ(y, y,m

η(vε,λt )
)|2dy

)1/2(∫ ∞
−∞
|vε,λt (y)−m

η(vε,λt )
(y)|2dy

)1/2

≤(C + C ′)

√
dist(vε,λt ,M)

≤2(C + C ′)εγ/5−3/40−3κ/2,

where the last line follows by (3.96).

As m(y)(1−m(y)) = m(−y)(1−m(−y)) for all y ∈ R, by (3.94)

∫ ∞
−∞

D2ζ(y, y,m)m(y)(1−m(y))dy = 0.

Then by (3.93)

∫ ∞
−∞

D2ζ(y, y,m
η(vε,λt )

)m
η(vε,λt )

(y)(1−m
η(vε,λt )

(y))dy =

∫ ∞
−∞

D2ζ(y, y,m)m(y)(1−m(y))dy

=0.
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The result follows.

Let Mt =
∫ t∧τ

0

∫∞
−∞Dζ(y, vε,λs ),

√
vε,λs (y)(1− vε,λs (y))W (dyds). Then M is a martingale with

quadratic variation given by

[M ]t =

∫ t∧τ

0
〈Dζ(vε,λs )2, vε,λs (1− vε,λs )〉ds.

Lemma 3.34. For ε sufficiently small, for t < τ ,

∣∣∣∣〈Dζ(vε,λt )2, vε,λt (1− vε,λt )〉 − 1

‖∇m‖4
L2

〈|∇m|2,m(1−m)〉
∣∣∣∣ ≤ εγ/5−3/40−3κ/2.

Proof. For t < τ ,

∣∣∣〈Dζ(vε,λt )2, vε,λt (1− vε,λt )〉 − 〈Dζ(m
η(vε,λt )

)2,m
η(vε,λt )

(1−m
η(vε,λt )

)〉
∣∣∣

≤
∣∣∣〈Dζ(vε,λt )2 −Dζ(m

η(vε,λt )
)2, vε,λt (1− vε,λt )〉

∣∣∣
+
∣∣∣〈Dζ(m

η(vε,λt )
)2, vε,λt (1− vε,λt )−m

η(vε,λt )
(1−m

η(vε,λt )
)〉
∣∣∣

≤
∣∣∣〈Dζ(vε,λt )−Dζ(m

η(vε,λt )
), (Dζ(vε,λt ) +Dζ(m

η(vε,λt )
))vε,λt (1− vε,λt )〉

∣∣∣
+ 〈Dζ(m

η(vε,λt )
)2, |vε,λt −mη(vε,λt )

|〉

≤‖Dζ(vε,λt )−Dζ(m
η(vε,λt )

)‖L2‖(Dζ(vε,λt ) +Dζ(m
η(vε,λt )

))‖L2

+ ‖Dζ(m
η(vε,λt )

)2‖L2‖vε,λt −mη(vε,λt )
‖L2 ,

where the second inequality holds since | ddx(x(1− x))| ≤ 1 for x ∈ [0, 1] and the third inequality

follows by Cauchy’s inequality. By (3.51) and (3.96), for ε sufficiently small,

‖Dζ(vε,λt )−Dζ(m
η(vε,λt )

)‖L2 ≤ C
√

dist(vε,λt ,M) ≤ 2Cεγ/5−3/40−3κ/2.

Also, by (3.53), ‖Dζ(m
η(vε,λt )

)‖L2 = ‖Dζ(m)‖L2 < ∞ and ‖Dζ(m
η(vε,λt )

)2‖L2 = ‖Dζ(m)2‖L2 <

∞. Hence

∣∣∣〈Dζ(vε,λt )2, vε,λt (1− vε,λt )〉 − 〈Dζ(m
η(vε,λt )

)2,m
η(vε,λt )

(1−m
η(vε,λt )

)〉
∣∣∣

≤2Cεγ/5−3/40−3κ/2(2Cεγ/5−3/40−3κ/2 + ‖Dζ(m)‖L2) + ‖Dζ(m)2‖L22ε2γ/5−3/20−3κ
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by (3.96). By (3.53),

〈Dζ(m
η(vε,λt )

)2,m
η(vε,λt )

(1−m
η(vε,λt )

)〉 =
1

‖∇m‖4
L2

〈|∇m|2,m(1−m)〉.

The result follows since γ > 3/8.

Lemma 3.35. For ε sufficiently small, for t < τ ,

∣∣∣〈Dζ(vε,λt ), vε,λt (1− vε,λt )〉 − 1
∣∣∣ ≤ εγ/5−3/40−3κ/2.

Proof. For t < τ ,

∣∣∣〈Dζ(vε,λt ), vε,λt (1− vε,λt )〉 − 〈Dζ(m
η(vε,λt )

),m
η(vε,λt )

(1−m
η(vε,λt )

)〉
∣∣∣

≤
∣∣∣〈Dζ(vε,λt )−Dζ(m

η(vε,λt )
), vε,λt (1− vε,λt )〉

∣∣∣
+
∣∣∣〈Dζ(m

η(vε,λt )
), vε,λt (1− vε,λt )−m

η(vε,λt )
(1−m

η(vε,λt )
)〉
∣∣∣

≤
〈∣∣∣Dζ(vε,λt )−Dζ(m

η(vε,λt )
)
∣∣∣ , 1〉+ 〈Dζ(m

η(vε,λt )
), |vε,λt −mη(vε,λt )

|〉

≤‖Dζ(vε,λt )−Dζ(m
η(vε,λt )

)‖L1 + ‖Dζ(m
η(vε,λt )

)‖L2‖vε,λt −mη(vε,λt )
‖L2 ,

where the second inequality holds since | ddx(x(1− x))| ≤ 1 for x ∈ [0, 1] and the third inequality

follows by Cauchy’s inequality. By (3.56) and (3.92),

‖Dζ(vε,λt )−Dζ(m
η(vε,λt )

)‖L1 ≤ C
√

dist(vε,λt ,M) ≤ 2Cεγ/5−3/40−3κ/2.

Also, by (3.53), ‖Dζ(m
η(vε,λt )

)‖L2 = ‖Dζ(m)‖L2 <∞. Hence

∣∣∣〈Dζ(vε,λt ), vε,λt (1− vε,λt )〉 − 〈Dζ(m
η(vε,λt )

),m
η(vε,λt )

(1−m
η(vε,λt )

)〉
∣∣∣

≤2Cεγ/5−3/40−3κ/2(1 + ‖Dζ(m)‖L2)

by (3.96). By (3.53),

〈Dζ(m
η(vε,λt )

),m
η(vε,λt )

(1−m
η(vε,λt )

)〉 =
1

‖∇m‖2
L2

〈∇m,m(1−m)〉. (3.98)
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Let g(x) = x(1− x), and note that by (3.3) and the chain rule,

∆m = −f0(m) = m(1−m)(1− 2m) = g(m)g′(m) = ∇g(m).

Integrating gives ∇m = m(1−m), and substituting this into (3.98) allows us to calculate

〈Dζ(m
η(vε,λt )

),m
η(vε,λt )

(1−m
η(vε,λt )

)〉 =
〈∇m,∇m〉
‖∇m‖2

L2

= 1.

The result follows since γ > 3/8.

Proof of Proposition 3.4. Note that ξε0 = ε1/2ζ(v0). By (9.46) in [20], there exists a constant C

such that if dist(v,M) ≤ β1 then

|η(v)− ζ(v)| ≤ C
√

dist(v,M). (3.99)

By (3.8), for ε sufficiently small we have that ‖v0 −m‖L2 ≤ β1. Hence by Lemma 3.10,

|ζ(v0)| ≤ |ζ(v0)− η(v0)|+ |η(v0)| ≤ 2Cβ
1/2
1

Let a = 1
‖∇m‖4

L2
〈|∇m|2,m(1−m)〉. By (3.95),

E(ξεt )
2 ≤4(ξε0)2 + 4EM2

t + 4E

(
ε−1−2γλ

∫ t∧τ

0
〈Dζ(vε,λs ), vε,λs (1− vε,λs )〉ds

)2

+ 4E

(
1
2ε
−1/2

∫ t∧τ

0

∫ ∞
−∞

D2ζ(y, y, vεs)vt(y)(1− vt(y))dyds

)2

≤8C2β1ε+ 4E[M ]t + 4λ2t2ε−2−4γ
(

1 + εγ/5−3/40−3κ/2
)2

+ 4t2ε2γ/5−13/20−4κ

≤8C2β1ε+ 4t
(
εγ/5−3/40−3κ/2 + a

)
+ 4ν2t2ε2%−2−4γ

(
1 + εγ/5−3/40−3κ/2

)2

+ 4t2ε2γ/5−13/20−4κ

≤5tA (3.100)

for

A =


a if % > 1 + 2γ

a+ ν if % = 1 + 2γ,
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where the second inequality follows by Lemma 3.33 and Lemma 3.35 and the third inequality

by Lemma 3.34 and our assumption on λ, and the last line holds for ε sufficiently small, since

γ > 13/8.

By Lemma 3.3, for t < ∞ fixed, there exist a constant K and a random variable X0 such

that X0 <∞ a.s. and for any s ≤ t+ 1, vs(x) ≤ e−Kx2 for x ≤ −X0 and 1− vs(x) ≤ e−Kx2 for

x ≥ X0. As at the start of the proof of Lemma 3.11, on {X0 < ∞}, if tn ≤ t + 1 for all n and

tn → t0 as n→∞ then ‖vδtn − v
δ
t0‖L2 → 0 and ‖vtn − vt0‖L2 → 0 as n→∞.

On {X0 < ∞} ∩ {τ = σ4 ≤ t} ∩ {σ4 < σ2}, there exists (tn)n such that tn < min(t + 1, σ2)

for all n, tn → σ4 as n → ∞ and |η(vδtn)| ≥ ε−1/2−κ for all n. Then dist(vδtn ,M) ≤ β for all n

and dist(vδσ4 ,M) ≤ β by the definition of σ2. Hence for ε sufficiently small, by Lemma 3.10,

|η(vδtn)− η(vδσ4)| ≤ C‖vδtn − v
δ
σ4‖L2 → 0

as n → ∞. Therefore |η(vδσ4)| ≥ ε−1/2−κ. By (3.25), ‖vs − vδs‖2L2 ≤ β′ for s < σ3 and therefore

‖vσ4 − vδσ4‖
2
L2 ≤ β′. For ε sufficiently small, it follows by Lemma 3.10 that |η(vσ4)| ≥ 1

2ε
−1/2−κ.

Then by (3.99), for ε sufficiently small, it follows that |ζ(vσ4)| ≥ 1
4ε
−1/2−κ. Therefore, since

X0 <∞ a.s.,

P
(
τ = σ4 ≤ t, σ4 < σ2, |ξεσ4 | <

1
4ε
−κ) = 0.

We now have

E(ξεt )
2 ≥E(ξεt )

2
1τ=σ4≤t,σ4<σ2,|ξεσ4 |≥

1
4
ε−κ

≥ 1
16ε
−2κP (τ = σ4 ≤ t, σ4 < σ2) .

Therefore by (3.100), P (τ = σ4 ≤ t, σ4 < σ2)→ 0 as ε→ 0. Now

P (σ4 ≤ min(σ1, σ2, σ3, t), σ4 < σ2) ≤ P (τ = σ4 ≤ t, σ4 < σ2) + P (∃s ≤ t ∧ σ : vεs 6∈ Hα +m)

which goes to 0 as ε→ 0 by Proposition 3.5.

We can now complete the proof. We have

P (σ ≤ t) ≤P (σ1 ≤ min(σ2, σ3, σ4, t)) + P (σ2 ≤ min(σ1, σ3, σ4, t))
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+ P (σ3 ≤ min(σ1, σ2, σ4, t)) + P (σ4 ≤ min(σ1, σ2, σ3, t), σ4 < σ2) .

The result then follows by Propositions 3.8, 3.16 and 3.18.

Proof of Theorem 3.2. The result follows from Propositions 3.4 and 3.5, and Lemmas 3.33

and 3.34 in the same way as the proof of Theorem 8.1 in [20]. We give a brief sketch.

First, notice that

sup
v∈L2+m

dist(v,M)≤β2

∥∥v −mζ(v)

∥∥
L2 ≤ sup

v∈L2+m
dist(v,M)≤β2

‖S(v)‖L2 +
∥∥mη(v) −mζ(v)

∥∥
L2

≤ sup
v∈L2+m

dist(v,M)≤β2

β2 + |η(v)− ζ(v)| ‖∇m‖L2

≤ sup
v∈L2+m

dist(v,M)≤β2

β2 + C
√

dist(v,M) ‖∇m‖L2

<∞

applying (3.63) and using the mean value theorem in the first inequality, and applying (3.86) in

the third inequality. Hence,

∥∥ūε(t, ·)− χξεt∥∥L2 ≤
∥∥∥ūε(t, ·)−m(ε−1/2(· − ξεt ))

∥∥∥
L2

+
∥∥∥m(ε−1/2(· − ξεt ))− χξεt

∥∥∥
L2

≤ε1/4
∥∥∥vε,λ −mζ(vε,λ)

∥∥∥
L2

+ ε1/4 ‖m− χ0‖L2

≤Cε1/4,

for 0 < t < σ. Thus, by Proposition 3.4, the first claim of the theorem holds.

Recall that we set a = 1
‖∇m‖4

L2
〈|∇m|2,m(1−m)〉. Applying Proposition 3.5 to (3.95) allows

us to replace the minimum of t and τ in this expression with simply t. Then, taking ε → 0 in

and applying Lemmas 3.33, 3.34 and 3.35 yields

dξt = ν1{%=1+2γ}dt+ adWs

where ξt := limε→0 ξ
ε
t . The second claim of the theorem follows from this observation and

standard arguments.
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Chapter 4

Asymptotics of the planar branching

and annihilating random walk

In this chapter, we turn our attention to the branching annihilating random walk (BARW).

The aim of this chapter is to prove Theorem 4.1, which, informally, gives a way to construct a

ternary branching Brownian motion (TBBM) from a BARW for an arbitrarily long time, with

an arbitrarily high probability, if the branching rate of the BARW is sufficiently small. This

alone is a useful step in the proof of Conjecture 1.10, as the number of particles in a branching

Brownian motion does not decrease, let alone go extinct. However, we shall see that the coupling

actually gets better the smaller the branching rate is, which suggests further that survival should

be possible for arbitrarily small branching rates. We discuss how one might go from this result

to a proof of the second part of Conjecture 1.10 in the final chapter of this thesis, Chapter 5.

For simplicity, we shall only consider the case where the BARW starts from a single initial

particle, but these arguments can be straightforwardly extended to a BARW starting with any

finite number of particles.

Before we can state the theorem precisely, we need some notation. Let W be a TBBM

and ξ be a BARW. We shall label the particles in the TBBM and the BARW with the set of

Ulam-Harris labels, U = {∅} ∪
⋃∞
k=1{1, 2, 3}k, and we denote the set of particles existing in the

TBBM W (resp. BARW ξ) at time t by Ut(W ) (resp. Ut(ξ)). Furthermore, if l, l′ ∈ U , we shall

use the notation that l � l′ if l is an ancestor of l′, i.e., l′ = (l, l′′) for some l′′ ∈ U .

The following event will quantify how we measure the similarity between a BARW and a
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TBBM. We denote

Dεx(T, σ, κ) =

{
∃ a bijection f : UT (ξ)→ UT (W ) such that ∀l ∈ U , f(l) � l

and sup
t∈[0,T ]

|ξlt −W l
t | ≤ ε

}
, (4.1)

where ξ is a BARW with branching rate σn started from a single initial particle at x, and W is

a TBBM with branching rate κ also started from a single initial particle at x. This definition

may look a bit strange, as the BARW is being compared directly to the TBBM. However, these

events are defined in terms of the processes before we do our rescaling. Our scaling parameter

will be n, and we shall be applying a standard diffusive scaling. We do not scale the annihilation

rate, which we fix to be 1, but we do scale the branching rate; let σn = σ(logn)3

n . We will scale

the parameter ε from (4.1) in such a way that it grows with n, but slower than
√
n, so that it

becomes small after diffusive rescaling.

We can now state the theorem we wish to prove in this chapter.

Theorem 4.1. Fix T > 0 and x ∈ Z2. For n ∈ N define σn = (logn)3

n and ε = 4
√
n log logn

logn . Then

there exists a constant K and a sequence κn such that nκn → K with the following property.

There exists a sequence of couplings of BARWs, ξ(n), with branching rate σn started from

a single initial particle at x, and TBBMs, W (n), with branching rate κn also started from a

single initial particle at x, such that, as n→∞ the event Dεx (nT, σn, κn) occurs with probability

1−O
(
(log n)−1/4

)
.

This theorem says that, after scaling time by n and space by
√
n, the BARW and the TBBM

are close, up until time T (in rescaled time). As nκn → K, the branching rate of the TBBM

converges to a constant in rescaled time. The branching rate of the BARW grows like (log n)3

in rescaled time, however, these extra branches, with high probability, occur between immediate

sibling particles, so can be safely suppressed.

The expected number of particles in a TBBM with branching rate K, after time T is e2KT ,

so we can choose T to control the expected number of particles at the time the coupling breaks

down. The distribution of the number of particles in a TBBM is quite well understood, see for

example [5], so T could be chosen to give finer control over the number of particles seen at the

time the coupling breaks down.
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The proof of this theorem follows a method in [14]. In this paper, the authors couple a

binary branching Brownian motion to the branching and coalescing dual process of a spatial Λ-

Fleming-Viot process. Our work makes a number of deviations from this proof, two significant

ones being that our branching Brownian motion is ternary, rather than binary, and the BARW

involves annihilation, rather than coalescence. There are also some more subtle differences which

require more work to adapt. In particular, the BARW lives in discrete space, where as the dual

to the spatial Λ-Fleming Viot process lives in continuous space.

To prove this theorem, we introduce an object which we will call a branching vine. This

object essentially evolves in the same way as a BARW, but with some of the annihilation events

suppressed, and some branching events ignored. The events which cause the branching vine to

deviate from the BARW will be rare, so we will be able to couple these two processes with high

probability. We then couple the branching vine to a ternary branching Brownian motion.

Before we can prove Theorem 4.1, we need to adapt a result in [10] from a result about the

first collision time of particles performing random walks, to one concerning the first annihilation

time, when annihilation is not instantaneous. This will be the goal of Section 4.1. We then turn

to the proof of Theorem 4.1 in Section 4.2.

4.1 Asymptotics of first annihilation time for delayed planar

random walks

In this section, we investigate the asymptotics of ‘non-annihilation’ events of a coalescing or

annihilating random walk.

In [10], Cox, Merle and Perkins derive an asymptotic expression for the non-collision prob-

abilities of symmetric random walks. Their results easily apply to coalescing and annihilating

random walks which coalesce or annihilate immediately upon contact, at least up until the

first coalescence or annihilation event. The main goal of this section is to extend their results

to coalescing and annihilating random walks which do not immediately coalesce or annihilate

upon contact. In particular, we wish to prove Theorem 4.2, which is an extension of Proposi-

tion 1.3 of [10]. We also prove Lemma 4.16, which gives a coupling between non-annihilating

and standard random walks. We use both Theorem 4.2 and Lemma 4.16 in Section 4.2.
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We will call walks which do not coalesce or annihilate immediately delayed random walks,

and the original random walks, when necessary, will be called instantaneous.

Lemmas 4.4, 4.8, 4.9, 4.10 and 4.12 are identical to Claims 9.3, 9.5, 9.6, 9,7 and 9.9 of [10],

respectively, except that they concern delayed random walks, rather than instantaneous walks.

We use these claims from [10] in our proofs, but rather than state them again, we refer the

reader to their counterpart concerning delayed random walks.

We also mention at this stage that we will occasionally give otherwise arbitrary constants

names, such as C1.3. This helps identify where certain constants come from in our calculations,

but the precise names we give may be unexpected. This is because, if we do name our constants,

we will give them the same subscript that the corresponding constant was given in [10]. This

section should be self-contained, in that it should not be necessary to refer to [10] to understand

the proofs, but should the reader be interested in consulting this paper, this choice of labels may

help connect this work.

4.1.1 Definitions and statement of theorem

To begin, we state some definitions from Section 9 of [10]. In almost all cases, the notation we

will use is the same as that used in [10]. Let {xi}Ni=1 be the initial positions of a finite collection

of particles living in the planar lattice Z2. These particles perform independent rate 1 continuous

time simple random walks; we shall denote the probability measure describing this behaviour by

Px1...xN . Let {Bi}Ni=1 be the random walks described by these particles, and B = (B1, . . . , BN ).

Similarly, let

Y = (Y 1, . . . , Y
1
2
N(N−1)) = (B1 −B2, . . . , B1 −Bn, B2 −B3, . . . , B2 −Bn, . . . , BN−1 −BN )

be a vector containing the distance between each pair of particles, with initial positions denoted

y1, . . . , y 1
2
N(N−1)). For k ∈ [N ], we shall also use the non-collision events,

D
(k)
[t′,t] = {∀1 ≤ i < j ≤ k,∀s ∈ [t′, t], Bi

s 6= Bj
s},

and the simplifications of this notation D
(k)
t = D

(k)
[0,t], A[t′,t] = D

(2)
[t′,t] and At = D

(2)
t .

We also define
(
N
2

)
i.i.d. exp(µ) random variables, denoted e1,2, . . . , eN−1,N , where µ is the
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rate at which particles at the same location coalesce or annihilate. Define

E
(k)
[t′,t] =

{
∀1 ≤ i < j ≤ k,

∫ t′

t
1
(
Bi
s = Bj

s

)
ds < ei,j

}

and similarly, E
(k)
t = E

(k)
[0,t]. These are the analogues of D

(k)
[t′,t] and D

(k)
t for the delayed random

walks. Similarly, set F[t′,t] = E
(2)
[t′,t] and Ft = E

(2)
t , which will be the analogues of A[t′,t] and At.

We may refer to events such as E
(k)
t and Ft as delayed non-collision events.

We wish to extend to our setting Proposition 1.3 of [10], which gives the asymptotics of the

first collision time of a set of independent random walks. We use the notation f(n) ∼ g(n) if

f equals g asymptotically, i.e., lim
n→∞

f(n)
g(n) = 1. If f and g are functions of multiple variables, a

subscript may be used to indicate the variable which is being taken to infinity. Specifically, we

wish to prove the following.

Theorem 4.2. Fix N ∈ N, N ≥ 2 and let xi ∈ Z2 for i = 1, . . . , N .There exists a constant

CN (x1, . . . , xN ) > 0 depending only on x1, . . . , xN such that

P
(
E

(N)
t

) ∼
t→∞

CN (x1, . . . , xN )

(log t)
N(N−1)

2

.

Furthermore, there exists a constant C1.3 depending only on the transition kernel and N such

that

CN (x1, . . . , xN ) ≤ C1.3

(
max

1≤i<j≤N
(log |xi − xj |)N(N−1)/2 + 1

)
.

The theorem in [10] gives the asymptotics for D
N(N−1)/2
t , rather than E

N(N−1)/2
t , and conse-

quently includes the additional assumption that the initial locations of each particle are distinct,

but is otherwise the same, albeit with a different constant.

We use this theorem in Section 4.2, but specifically for N = 3. As shall become evident in

the proof, once generalised beyond N = 2, the remaining cases essentially follow in the same

way.

We break the proof of Theorem 4.2 up into three subsections. In Subsection 4.1.2, we

specialise to the case where we have only two particles, and prove asymptotic results for the

probabilities of certain delayed collision and delayed non-collision events. As a delayed collision
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necessitates a collision, many upper bounds on our delayed collision events follow precisely from

the equivalent lemma in [10] for the instantaneous walks. However, proving lower bounds needs

more work. This subsection will have the most changes from the corresponding lemmas in [10].

In Subsection 4.1.3, we return to the general n ≥ 2 case, building on the results for two

particles in order to prove Theorem 4.2. As the results for the delayed walks have the same

asymptotics as the instantaneous walks, many of these lemmas can be adapted trivially, or

almost trivially. Hence, we omit the details of some of these proofs.

Finally, we present the proofs of Theorem 4.2 and Lemma 4.16, in their own subsection,

Subsection 4.1.4.

Before finishing this subsection, we state a standard kernel estimate. A proof of (4.2) can

be found in [10], Lemma 9.2, but it is essentially a restatement of a classical result, and could

be found in many textbooks, such as [28]. We denote the two-dimensional Gaussian kernel by

p̄t(x) = 1
2πt exp(− |x|

2

2t ), and we recall from Definition 1.7 that we denote the transition kernel for

the BARW by m. Recall further from Subsection 1.2.2 that we are immediately specialising to

the case where m is the simple symmetric random walk transition kernel, i.e., mij = 1/4 if and

only if |i−j| = 1. Finally, we abuse notation slightly and use mt to denote the transition density

for the continuous time simple symmetric random walk, i.e., for t ≥ 0, x, y ∈ Z2, mt(|x− y|) is

the probability that a simple symmetric random walk starting at x is at y at time t.

Lemma 4.3 (Lemma 9.2 of [10]). There exists a constant C9.2 > 0 such that for all t > 0, and

any x ∈ Z2,

|mt(x)− p̄t(x)| ≤ C9.2

t
3
2

. (4.2)

4.1.2 Two random walks

In this subsection we focus on estimates involving only two particles, a natural first step.

The corresponding section in [10], concerning only two random walks, starts with the last-

exit from the origin formula for random walks. This formula partitions the probability space

on the last time the walk left the origin. In words, this says that at time t > 0, a random walk

starting at y either has not yet reached the origin, happens to be at the origin at that exact

time, or it reached the origin, but left at some time s < t, and then never returned before time t.
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Symbolically, for a random walk Y with transition kernel p, started at y ∈ Z, and recalling that

At is the non-collision event before time t for two random walks starting y apart, the last-exit

formula is

1 = Py (∀s ≤ t : Ys 6= 0) + pt(y) +

∫ t

0
ps(y)P0 ({∀r < t− s, Yr 6= 0})ds.

The first term on the right side of the last-exit formula is Px1,x2 (At) if x1 − x2 = y, so it is

clear that this approach is useful for bounding such non-collision events. It is not so helpful for

delayed non-collision events, as delayed random walks could meet many times before coalescing

or annihilating. Our adaptations of the lemmas proved in Section 9.2 of [10] will build on

the results for the instantaneous random walks, in combination with a ‘first return’ formula,

Lemma 4.7.

However, before getting into these details, we prove a simpler lemma. As this lemma bounds

the delayed collision probability (as opposed to the non-collision probability which we will usually

focus on) for two walks, the equivalent bound in [10] gives us the result easily. Recall that At is

the non-collision before time t event for a pair of random walks, and that Ft is the corresponding

event for delayed walks.

Lemma 4.4 (Modification of Claim 9.3 of [10]). There exists a constant C9.3 such that for any

x1, x2 ∈ Z2, for any t > 1,

Px1,x2

(
(Ft)

{
)
≤ C9.3

log t

(
1 + (log(t)− 2 log |x2 − x1|)+) .

Proof. Notice that At ⊂ Ft, as the delayed random walk cannot annihilate or coalesce until its

particles occupy the same location. Hence,

Px1,x2

(
(Ft)

{
)
≤1− Px1,x2 (At)

=Px1,x2

(
(At)

{
)

≤C9.3

log t

(
1 + (log(t)− 2 log |x2 − x1|)+)

where the last line is from Claim 9.3 of [10].

We now aim to prove Lemma 4.6, which gives an asymptotic estimate of the delayed non-
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collision probability. Our Lemma 4.6 is quite different from the corresponding lemma in [10], so

we state it explicitly here. But first, we introduce some new notation.

We may write P0,0 (Ft), as this is the the probability that two delayed random walks, both

starting at the origin, never coalesce. The corresponding expression for instantaneous random

walks, P0,0 (At), is redundant, as if the walks both start at the origin, they will coalesce imme-

diately, and this probability is always 0. To get around this, Cox, Merle and Perkins introduce

some new notation,

P̂ (At) =
∑
i∈Z2

m0iPi (At),

which is the probability that the random walks starting at the same place make a transition

immediately, and once they have separated, they don’t meet before time t.

Lemma 4.5 (Claim 9.4 of [10]). There exists a constant C9.4 such that for every t ≥ e,

∣∣∣∣P̂ (At)−
2π

log t

∣∣∣∣ =
C9.4

log3/2 t
.

Our analogue of this lemma is much weaker. However, it is strong enough, as we benefit

from Claim 9.4 of [10] itself when proving Lemma 4.8.

Lemma 4.6. As t→∞,

P0,0 (Ft) = o

(
log log t

log t

)
.

Before proving this lemma, we introduce the aforementioned claim, the ‘first-return’ formula.

Lemma 4.7 (First-return formula). Let τ(t) = t− t log−2(t). For t > ee, it holds that

P0,0 (Ft) ≤
1

1 + µ

(
P̂
(
At−log(t)

)
+ P0,0

(
Ft−τ(t)−log(t)

))
+O

(
log−2(t)

)
.

Proof. As this proof only concerns a single pair of particles starting only from the origin, we

will drop the subscript from the probability measure for this proof. Conditioning on the first

time the particles separate, again on the first time they return, and using the Markov property,

P (Ft) =P (never seperate nor annihilate) +

∫ t

0
P (separate at s, never return)ds
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+

∫ t

0

∫ t

s
P (seperate at s, return at r, continue to not annihilate)drds

=e−t(µ+1) +
1

(1 + µ)

∫ t

0
(1 + µ)e−s(1+µ)P̂ (At−s)ds

+

∫ t

0

∫ t

s
e−s(1+µ)P̂ (return for the first time at r − s)P (Ft−r)drds, (4.3)

where we can obviously cancel the constant coefficients in the second term in the second equation

(and have done so for the third term), but we have left them there to make it clear that one factor

is from the density function for the exponential variable describing the time of the first event,

annihilation or migration, and one factor is the probability that that first event is migration.

Now consider only the last integral, which we shall split into three parts,

I1 + I2 + I3 =

∫ τ(t)

0

∫ τ(t)+s

s
e−s(1+µ)P̂ (return for the first time at r − s)P (Ft−r)drds

+

∫ τ(t)

0

∫ t

τ(t)+s
e−s(1+µ)P̂ (return for the first time at r − s)P (Ft−r)drds

+

∫ t

τ(t)

∫ t

s
e−s(1+µ)P̂ (return for the first time at r − s)P (Ft−r)drds

We can split the integral here because t > ee > e. The integral I1 is the most substantial

integral, in terms of area being integrated over, and absolute magnitude, which we shall now

show. As P (Ft) decreases monotonically in t, we can see that

I1 ≤
∫ τ(t)

0
e−s(1+µ)

∫ τ(t)+s

s
P̂ (return for the first time at r − s)drP

(
Ft−τ(t)−s

)
ds

=

∫ τ(t)

0
e−s(1+µ)P̂ (return at some time in [0, τ(t)])P

(
Ft−τ(t)−s

)
ds

=

∫ τ(t)

0
e−s(1+µ)(1− P̂

(
Aτ(t)

)
)P
(
Ft−τ(t)−s

)
ds. (4.4)

In I2, we exploit the fact that the probability that the first return to the origin is at time t must

be less than the probability of being at the origin at all at time t.

I2 ≤
∫ τ(t)

0
e−s(1+µ)

∫ t

τ(t)+s
mr−s(0)drds

≤
∫ t

τ(t)
mr(0)dr
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≤
∫ t

τ(t)
p̄r(0) +

C9.2

r3/2
dr

=
log(t)− log τ(t)

2π
+O

(
1√
t

)
=− log(1− log−2(t))

2π
+O

(
1√
t

)
=O

(
log−2(t)

)
, (4.5)

where we use estimate (4.2) in the fourth line. The final term, I3, corresponds to large times,

so the exponential factor in the integrand renders this part of the integral tiny.

I3 ≤
∫ t

τ(t)
e−s(1+µ)ds = o

(
e−t(1+µ)

)
. (4.6)

Substituting (4.4), (4.5), and (4.6) into (4.3) gives,

P (Ft) ≤
∫ t

0
e−s(1+µ)P̂ (At−s)ds

+

∫ τ(t)

0
e−s(1+µ)(1− P̂

(
Aτ(t)

)
)P
(
Ft−τ(t)−s

)
ds+ o

(
log−2(t)

)
(4.7)

We conclude by splitting our integrals at time log t. Before this time, we crudely bound the

probabilities that appear in our integrals by 1, and otherwise, we again exploit the fact that

P (Ft) and P̂ (At−s) decrease monotonically in t. Hence, (4.7) becomes

P (Ft) ≤
∫ log(t)

0
e−s(1+µ)P̂ (At−s)ds+

∫ log(t)

0
e−s(1+µ)(1− P̂

(
Aτ(t)

)
)P
(
Ft−τ(t)−s

)
ds

+

∫ t

log(t)
e−s(1+µ)P̂ (At−s)ds+

∫ τ(t)

log(t)
e−s(1+µ)P

(
Ft−τ(t)−s

)
ds+O

(
log−2(t)

)
≤P̂

(
At−log(t)

) ∫ log(t)

0
e−s(1+µ)ds+ P

(
Ft−τ(t)−log(t)

) ∫ log(t)

0
e−s(1+µ)ds

+

∫ t

log(t)
e−s(1+µ)ds+

∫ τ(t)

log(t)
e−s(1+µ)ds+O

(
log−2(t)

)
=

1

1 + µ
(1− e− log(t)(1+µ))

(
P̂
(
At−log(t)

)
+ P

(
Ft−τ(t)−log(t)

))
+

1

1 + µ

(
2e− log(t)(1+µ) − e−t(1+µ) − e−τ(t)(1+µ)

)
+O

(
log−2(t)

)
≤ 1

1 + µ

(
P̂
(
At−log(t)

)
+ P

(
Ft−τ(t)−log(t)

))
+O

(
log−2(t)

)
This is our result. Note that as t > ee, t− τ(t)− log(t) > 0. This bound is not sharp, but it is
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sufficient.

Proof of Lemma 4.6. Again, we drop the subscript from the probability measure for this proof.

We apply Lemma 4.7 iteratively. In particular, we apply it N = dc log log te times, where

c = log−1(1+µ). Let g(t) = g1(t) = t−τ(t)− log(t) = t log−2 t− log t and gn(t) = (

n︷ ︸︸ ︷
g ◦ . . . ◦ g)(t).

When t is sufficiently large, g1(t) ∼ t
log2 t

, and hence gn(t) ∼ t
log2n t

. Thus, for sufficiently large

t, gn(t) < gn−1(t) < . . . < g(t) < t. Applying Lemma 4.7 N times,

P (Ft) ≤
1

1 + µ
P̂
(
At−log(t)

)
+

1

(1 + µ)2
P̂
(
Ag1(t)−log(g1(t))

)
+ . . .

+
1

(1 + µ)N
P̂
(
AgN−1(t)−log(gN−1(t))

)
+

1

(1 + µ)N
P
(
FgN (t)

)
+O

(
log log t

log2 t

)
≤NP̂

(
AgN−1(t)−log(t)

)
+

1

(1 + µ)c log log t
P
(
FgN (t)

)
+O

(
log log t

log2 t

)
≤(c log log t+ 1)P̂

(
AgN−1(t)−log(t)

)
+

1

log t
+O

(
log log t

log2 t

)
=(c log log t+ 1)

(
π

log(gN−1(t)− log(t))
+O

(
log−

3
2 (gN−1(t)− log(t))

))
+O

(
log−1 t

)
=o

(
log log t

log(t)− 2N log log t

)
+O

(
log log t

(log(t)− 2N log log t)
3
2

)
+ o

(
log−1 t

)
=o

(
log log t

log t

)

where in the second inequality we have used that At is a decreasing event in t, and gn is a

decreasing sequence, we merely bound FgN (t) by 1 in the third inequality, and we have applied

Claim 9.4 of [10] in the fourth equation. The rest of the calculation is just working out the order

of the remaining expressions.

We use the same ideas as in the first-return formula to extend the results of Claim 9.5 of [10]

to the following lemma, which gives an asymptotic expansion of the probability of non-collision

during the interval [t, 2t].

Lemma 4.8 (Modification of Claim 9.5 of [10]). Fix x1, x2 ∈ Z. It holds that,

∣∣∣∣Px1,x2 (F[t,2t]

)
− 1 +

log 2

log t

∣∣∣∣ = O
(

log−
3
2 (t)

)
.

In particular, the order of this expression does not depend on x1 or x2.
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Proof. Recall the notation y = x1 − x2, and Py (·) = Px1,x2 (·). As in the proof of Lemma 4.7,

conditioning on where the particles are at time t, and again on the first time they return after

t, and using the Markov property,

Py
(
F[t,2t]

)
=Py (at the origin at time t, but then never annihilate)

+ Py (never reach the origin in [t,2t])

+

∫ t

0
Py (reach origin for the first time after t at s, continue to not annihilate)ds.

Thus, by applying (4.2), the Markov property at time s and rearranging, we have that

∣∣Py (F[t,2t]

)
− Py

(
A[t,2t]

)∣∣ (4.8)

≤
∫ t

0
Py (reach origin for the first time after t at s)P0,0 (Ft−s)ds+ o

(
t−1
)
.

(4.9)

We split this integral into two parts as we did in the proof of Lemma 4.7.

I1 + I2 =

∫ τ(t)

0
Py (reach origin the first time after t at s)P0,0 (Ft−s)ds

+

∫ t

τ(t)
Py (reach origin for the first time after t at s)P0,0 (Ft−s)ds.

We can split the integral here because t > e. Again, the integral I1 is the most substantial

integral. As P (Ft) decreases monotonically in t, we can see that

I1 ≤
∫ τ(t)

0
Py (reach origin for the first time after t at s)dsP0,0

(
Ft−τ(t)

)
≤Py (reach origin at some time in [t, 2t])P0,0

(
Ft−τ(t)

)
=(1− Py

(
A[t,2t]

)
)P0,0

(
Ft−τ(t)

)
=O

(
log−

3
2 t
)

o

(
log log(t log−2 t)

log(t log−2 t)

)
=O

(
log−

3
2 t
)

(4.10)

by Claim 9.5 of [10] and Lemma 4.6.

In I2, we again exploit the fact that the probability that the first return to the origin is at
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time t must be less than the probability of being at the origin at all at time t, which we can

estimate with (4.2). Thus,

I2 ≤
∫ t

τ(t)
ms(y)ds

≤
∫ t

τ(t)

1

2πs
+
C9.2

s3/2
ds

=
log(t)− log τ(t)

π
+O

(
1√
t

)
=o
(
log−2(t)

)
. (4.11)

Finally, we observe that, for sufficiently large t, by Claim 9.5 of [10] we may write,

∣∣∣∣Px1,x2 (A[t,2t]

)
− 1 +

log 2

log t

∣∣∣∣ = O
(

log−
3
2 (t)

)
. (4.12)

Hence, substituting (4.10) and (4.11) into (4.8) and comparing the resulting inequality to 4.12

gives our result.

The final result of this subsection gives a bound for the increments of P0,x (Ft) in space.

Lemma 4.9 (Modification of Claim 9.6 of [10]). There is a constant C9.6 so that if x, y are

such that |x| ≥
√
t log−1(t), |x− y| ≤ 2

√
t log−2(t) and t is sufficiently large, then

|P0,x (Ft)− P0,y (Ft)| ≤
C9.6

log
3
2 (t)

.

Proof. Again, as Lemma 4.7, we condition on where the particles are at time t, and again on

the first time they return after t, and use the Markov property to show that

P0,x (Ft) =P0,x (never meet)

+

∫ t

0
P0,x (reach origin for the first time at s, continue to not annihilate)ds.

=P0,x (At) +

∫ t

0
P0,x (reach origin for the first time at s)P0,0 (Ft−s)ds.
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Thus,

|P0,x (Ft)− P0,x (At)| ≤
∫ t

0
P0,x (return for the first time at s)P0,0 (Ft−s)ds.

Splitting the integral again, as before, gives

I = I1 + I2 =

∫ τ(t)

0
P0,x (return for the first time at s)P0,0 (Ft−s)ds

+

∫ t

τ(t)
P0,x (return for the first time at s)P0,0 (Ft−s)ds.

As P (Ft) decreases monotonically in t, we can see that

I1 ≤
∫ τ(t)

0
P0,x (return for the first time at s)dsP0,0

(
Ft−τ(t)

)
=P0,x (return at some time before τ(t))P0,0

(
Ft−τ(t)

)
=P0,x

(
(Aτ(t))

{
)
P0,0

(
Ft−τ(t)

)
=O

(
log log t

log t

)
o

(
log log(t log−2 t)

log(t log−2 t)

)
=O

(
log−

3
2 (t)

)
by Claim 9.3 of [10] and Lemma 4.6, where we have used the assumption that |x| ≥

√
t log−1(t)

in the application of Claim 9.3 of [10]. Note that by the assumptions on x and y in the lemma,

|y| ≥
√
t log−1(t)(1− 2 log−1(t)), so for sufficiently large t, Claim 9.3 of [10] can also be applied

when this same calculation is repeated for P0,y (Ft).

In I2, we again exploit the fact that the probability of the first return to the origin at time t

must be less than the probability of being at the origin at all at time t, which we can estimate
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with (4.2). Thus,

I2 ≤
∫ t

τ(t)
ms(x)ds

≤
∫ t

τ(t)
p̄s(x)ds+

∫ t

τ(t)

C9.2

s
3
2

ds

≤
∫ t

τ(t)

1

2πs
ds+ C

(
τ(t)−

1
2 − t−

1
2

)
=

log t− log τ(t)

2π
+O

(
t−

1
2

)
=o
(
log−2 t

)
.

This estimate did not depend on x, so it will hold when repeated for P0,y (Ft). Thus, we have

that

|P0,x (Ft)− P0,x (At)| = O
(

log−
3
2 (t)

)
,

and the same holds for P0,y (Ft). Finally, we observe that, by Claim 9.6 of [10]

|P0,x (At)− P0,y (At)| = O
(

log−
3
2 (t)

)
,

and the result follows.

4.1.3 Greater than two random walks

In this subsection we generalise to N particles. When the context is clear, we will drop the

subscript for Px1,...,xn (), and the exponent N from the notation D
(N)
t . As we have done most

of the hard work of the adaptation in the previous section, most of the results follow from the

lemmas in the previous section in the same way as they do in [10]. As in the previous subsection,

we get our first lemma as a cheap consequence of the equivalent lemma in [10].

Lemma 4.10 (Modification of Claim 9.7 of [10]). There exists a positive constant α depending

only on N such that for any t ≥ 2, for any x1, . . . , xn ,

Px1,...,xn (Et) ≥ t−α.
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Proof. We get this lemma immediately from Claim 9.7 of [10], as in order to annihilate or

coalesce, the particles must meet. Thus,

Px1,...,xn (Et) ≥ Px1,...,xn (Dt) ≥ t−α.

We introduce notation for the running minimum of the differences between our n random

walks, Zt = infk∈{1,..., 1
2
n(n−1)} |Y k

t |. Lemma 9.8 of [10] essentially only concerns Zt, which is

a function of the underlying continuous time random walk Y , which is the same for both the

delayed and instantaneous random walks. So Lemma 9.8 of [10] needs almost no adaptation, but

we shall state it here for completeness. This lemma gives an asymptotic bound in probability

on how quickly the running minimum grows, conditional on non-collision.

Lemma 4.11. Suppose h(t) is positive and satisfies limt→∞ h(t)
3
2 log t = 0 and limt→∞ th(t)2 =

+∞. For t > 0, we define Th(t) = inf{s ≥ 0 : Zs ≥
√
th(t)}. There exists a constant

C9.8 depending only on N and h such that for any distinct starting points and any t > 0,

P
(
Th(t) > t

√
h(t)

∣∣∣At) ≤ C9.8t
−2.

Proof. The main part of the proof of this lemma in [10] proves that

P
(
Th(t) > t

√
h(t)

)
≤ t−β (4.13)

for any β > 0. This is done by breaking up the interval [0, t
√
h(t)] into on the order of h(t)

3
2

pieces, and bounding the probability that the running minimum over one interval is less than
√
th(t), given that it was in the previous interval.

We need not prove this again here, as Zt is a function of the underlying continuous time

random walk Y , which is the same for both the delayed and instantaneous random walks. To

conclude this proof, all that we must do is use Bayes’ theorem on P
(
Th(t) > t

√
h(t)|Et

)
and

apply (4.13) and Lemma 4.10.

Lemma 9.9 of [10] also needs little modification. This lemma bounds the probability that the

random walks are particularly close at time t, given non-collision. All we need to do to adapt

this proof is to condition on delayed non-collision, which essentially follows, at least in the initial
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part of the proof of Lemma 9.9 of [10], from the fact that, like Dt, Et is a decreasing event in t,

i.e., that Et ⊂ Es whenever t > s. The second part of the proof holds exactly the same for Et,

but it is slightly less straightforward to see this, so we shall include an outline of this proof.

Lemma 4.12 (Modification of Lemma 9.9 of [10]). There exists a constant C9.9 depending only

on N such that for all initial points and t > e,

P

(
Zt ≤

√
t

log t
|Et
)
≤ C9.9

(log t)2
.

Proof. Let h(t) = 1
log t . As mentioned, like the events Dt, the Et are decreasing events, so

{Et, Th(t) ≤ t(log t)−
1
2 } ⊂ {ETh(t), Th(t) ≤ t(log t)−

1
2 }, (4.14)

holds for Et as the equivalent statement held for Dt in Lemma 9.9 of [10]. Applying Lemma 4.11

to (4.14), we have that for t ≥ e,

P

(
Zt ≤

√
t

log t

∣∣∣∣Et)

≤ C9.8t
−2 +

P
(
Zt ≤

√
t

log t , Th(t) ≤ t(log t)−
1
2 , Et

)
P (Et)

≤ C9.8t
−2 +

P
(
Zt ≤

√
t

log t , Th(t) ≤ t(log t)−
1
2 , ETh(t)

)
P (Et)

= C9.8t
−2 + P

(
Zt ≤

√
t

log t
|Th(t) ≤ t(log t)−

1
2 , ETh(t)

)P (DTh(t), Th(t) ≤ t(log t)
1
2

)
P (Et)

.

(4.15)

Using the strong Markov property at time Th(t), we have

P

(
Zt ≤

√
t

log t

∣∣∣∣Th(t) ≤ t(log t)−
1
2 , ETh(t)

)
≤ sup

y1,...,y 1
2n(n−1)

∈(B(0,
√
t(log t)−1)){

s∈[t−t(log t)−
1
2 ,t]

Py1,...,y 1
2n(n−1)

(
Z ≤

√
t(log t)−1

)

≤ sup

y1∈Z,s∈[t−t(log t)−
1
2 ,t]

n(n− 1)

2
Py1

(
|Y 1
s | ≤

√
t(log t)−1

)
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≤ C(log t)−2 (4.16)

where (4.14) was used in the last line. Applying the strong Markov property at time Th(t) again

then gives

P (Et)

P
(
Et, Th(t) ≤ t

√
h(t)

) ≥P (Et|Et, Th(t) ≤ t
√
h(t)

)
≥ inf
x1,...,xn∈B(0,

√
th(t)){

Px1,...,xn (Et)

≥1− sup
x1∈B(0,

√
th(t)){

n(n− 1)

2
Px1

(
F {
t

)
,

where we have used a union bound in the last line. We may apply Lemma 4.4 here to find that

P (Et)

P
(
Et, Th(t) ≤ t

√
h(t)

) ≥1− C

log t

(
1 + log(t)− 2 log

( √
t

log t
∨ 1

))

≥1− C

log t
(1 + 2 log log t)

≥1

2
(4.17)

for sufficiently large t. Combining (4.15), (4.16) and (4.17), we get our desired result for suffi-

ciently large t, and hence for any t > e by choosing C9.9 sufficiently large.

Similarly, Lemma 9.10 of [10], which bounds the probability of collision within a certain time

interval given non-collision up to the beginning of that interval, relies upon Lemmas 9.3 and 9.9

of [10], as well as elementary probability relations, so can be proven exactly the same way for

our purposes. We will omit the proof of this lemma.

Lemma 4.13 (Modification of Lemma 9.10 of [10]). Fix δ ∈ (0, 1) and let g : (1,∞) → (0,∞)

be such that g(t)−δ → ∞ and t − g(t) → ∞ when t → ∞. There exists a constant C9.10 ≥ 0

depending on g, such that for any t with g(t) ≥ 2e and for any starting points x1, . . . , xn,

P
(
E{
t |Eg(t)

)
≤ C9.10(log t− log(g(t)) + 2 log log g(t)

log t
.

The next lemma, a modification of Claim 9.11 of [10], is quite a significant one. Like
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Lemma 4.16, one of the main lemmas of this section, this lemma gives a coupling between

non-colliding and independent random walks, and Lemma 4.16 is essentially just a refinement of

this Lemma 4.14. As such, we will include most of the detail of the proof of Lemma 4.14, despite

the fact that it is essentially unchanged from the proof of Claim 9.11 in [10]. Furthermore, as

we outline the details of the proof of Lemma 4.14, to avoid repetition, the proof of Lemma 4.16

simply focuses on how the proof of Lemma 4.14 differs from Lemma 4.16.

Lemma 4.14. For sufficiently large t, there exists a probability measure Q̃t on the set of 2n-

tuplets of walk paths such that the following holds. Let (B, B̃) be a 2n-tuplet of walks under

Q̃t, both started at x1, . . . , xn. Let Y , respectively Ỹ be the corresponding n(n − 1)/2-tuplet of

differences. Then, for sufficiently large λ ≥ 8,

1. the distribution of B under Q̃t is Px1,...,xn

(
·|Dt(log t)λ

)
, i.e., the first n co-ordinates are

walks which do not collide up to t(log t)λ,

2. the distribution of B̃ under Q̃t is Px1,...,xn (·), i.e., the last n co-ordinates are independent

walks.

3. Q̃t
(
|Yt − Ỹt|∞ > 2

√
t

(log t)2

)
≤ C9.11

(log t)2
.

Proof. Initially, make no assumptions on λ. The idea is that we will split up our time interval

into two parts, [0, τ ] and [τ, t], where τ will equal (log t)−λ, but for now consider τ unknown. We

construct our coupling of B and B̃, both started at x1, . . . , xn, so that B̃ evolves according to

Px1,...,xn, (·), and B evolves according to Px1,...,xn, (·) independently over the interval [0, τ ], and

the increments of B and B̃ coincide for the rest of the interval, for [τ, t]. So by construction,

the first two assertions of the claim hold, and we just need to show the final assertion, and we

do this by choosing the right time τ . We want τ as big as we can, but small enough so that,

while the walks are acting independently, they don’t get too far away from each other, which we

achieve by preventing them from going too far from their common initial points by time τ (as of

course the difference at time τ will be the same at time t, by the coincidence of the increments

of the walks after this time).

Again, without yet choosing λ, we may apply Lemma 4.13 with g(t) = t(log t)−λ , to obtain
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that for a constant C166 depending only on n and sufficiently large t,

P
(
E{
t |Et(log t)−λ

)
≤ C166 log log t

log t
.

Applying Markov’s inequality, and noting that the variance of the simple random walk has

variance which grows with the square root of time, allows us to see that

Py1,...,yn(n−1)/2

(
sup

j∈[n(n−1)/2]

∣∣∣Y j
t(log t)−λ

− yj
∣∣∣ > √t(log t)−λ

)

≤n(n− 1)

2
(log t)−λ/2E


(
Y 1
t(log t)−λ

− y1

)2

t(log t)−λ


≤C167(log t)−λ/2. (4.18)

We just need to prove a similar bound on the walk conditioned not to collide.

Choose β ∈ (0, 1) such that 2C9.10(1−β) ≤ 1 and applying Lemma 4.13 with g(t) = tβ gives

that for t ≥ (2e)1/β,

P
(
E{
t |Etβ

)
≤ 1

2
. (4.19)

We want to repeatedly apply of (4.19), until we have P (Et) ≥ P (E2e)
1
2l

for some l. A simple

calculations shows that we need l = b(log β)−1 log(log(1+log 2)− log t)c. Rearranging this gives,

for constant k ≥ log 2
log β ,

P (Et) ≥ C165(log t)−k. (4.20)

Constants C165 and k do not depend on t, so (4.20) holds for any t > 0. Choose λ ≥ 2k + 4.

Combining (4.20) and (4.21), and by our choice of λ, we have

Py1,...,yn(n−1)/2

(
sup

j∈[n(n−1)/2]

∣∣∣Y j
t(log t)−λ

− yj
∣∣∣ > √t(log t)−λ

∣∣∣∣∣E(log t)−λ

)
≤ C168(log t)−2. (4.21)

Finally, combining (4.18) and (4.21) gives the third assertion, and consequently, the result.

We come to the final lemma that we need. As above, the proof of this lemma is very similar
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to the proof of Lemma 9.12 of [10], and is quite long and technical, so we just sketch out the

main differences. This proof is an analogue of Lemma 4.8, but for greater than 2 particles.

Lemma 4.15. There exists a constant C9.12, depending only on n, such that for any distinct

x1 . . . xn, for any sufficiently large t ≥ maxj∈[n(n−1)/2] |yj |4,

∀i ∈
[
n(n− 1)

2

]
,

∣∣∣∣P (F (i)
2t |Et

)
− 1 +

log 2

log t

∣∣∣∣ ≤ C9.12

(log t)3/2
, (4.22)

∀(i1, i2) ∈
[
n(n− 1)

2

]2

, i1 6= i2 P

 2⋂
j=1

(
F

(ij)
2t

){
|Et

 ≤ C9.12

(log t)3/2
, (4.23)

∣∣∣∣P (E2t|Et)− 1 +
n(n− 1) log 2

2 log t

∣∣∣∣ ≤ C9.12

(log t)3/2
. (4.24)

Sketch of proof of Lemma 4.15. We need to show these three bounds. The third, (4.24), is a

simple consequence of the first two, nothing new is needed here.

We outline the adaptation of the second, (4.23), here. Follow the proof of (4.24) in [10]

up until Equation (176). Until this point, the proof only argues that w.l.o.g., we can look at

a particular pair of particles, and then apply Lemma 9.9 of [10]. We may apply our version,

Lemma 4.12, and also apply the Markov property at time t. As the proof notes, we then need

to establish Equation (176), i.e.,

sup
ξ∈{y∈(Z2)n(n−1)/2:mini∈[n(n−1)/2] |yi|≥

√
t

log t
}
Pξ

((
A

(1)
t

){
∩
(
A

(i2)
t

){)
≤ C176

(log t)3/2
.

The paper then goes on to establish this, but as we have observed, an upper bound on collision

is also an upper bound on coalescence/annihilation, so in establishing Equation (176), [10] gives

us our version for free.

All that remains is to show (4.22), which is also not too hard to adapt given the work we
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have done already. The key to showing (4.22), is to show

P
(
F

(1) {
[t,2t]

∣∣∣Eg(t))− C172

log
3
2 t
≤ P

(
F

(1) {
[t,2t]

∣∣∣Et) ≤ P (F (1) {
[t,2t]

∣∣∣Eg(t))(1− C166 log log t

log t

)−1

, (4.25)

for g(t) = t(log t)−λ. The upper bound in (4.25) can be found the same way as in [10], by an

application of Lemma 4.13. The lower bound, again, is essentially free by the same reasoning as

for (4.23), but it is slightly harder to see, so we’ll be a touch more explicit. Let

Υt = {y ∈ (Z2)n(n−1)/2 : min
i∈[n(n−1)/2]

|yi| ≥ g(t)}

By the same elementary reasoning as in [10], we have that

P
(
F

(1) {
[t,2t]

∣∣∣Et) ≥ P (F (1) {
[t,2t]

∣∣∣Eg(t))− P (F (1) {
[t,2t] ∩ E

{
[g(t),t]

∣∣∣Eg(t)).
Fix j ∈ [n(n−1)/2]. Again, following [10], we may use Lemma 4.12 at time g(t) and the Markov

property at time g(t) to show that,

P
(
F

(1) {
[t,2t] ∩ E

{
[g(t),t]

∣∣∣Eg(t)) ≤ n(n− 1)

2

(
C9.9

log2 2
+ sup
Y∈Υt

PY

(
F

(j) {
[0,t−g(t)] ∩ F

(1) {
[t−g(t),2t−g(t)]

))
.

At this point our proof diverges from the proof in [10]. In the paper, the proof goes on to show

that this bound is of low enough order to give the bound in (4.25). To justify this, it appeals

again to the last-exit formula. This doesn’t matter to us, because now that the expression is not

conditional on Eg(t), we can use our observation that in order to annihilate, the particles must

collide, and can see that

P

((
F

(1)
[t,2t]

){
∩ E{

[g(t),t]

∣∣∣∣Eg(t))
≤n(n− 1)

2

(
C9.9

log2 2
+ sup
Y∈Υt

PY

((
A

(j)
[0,t−g(t)]

){
∩
(
A

(1)
[t−g(t),2t−g(t)]

){))
.

Thus, at this point, the bound for the delayed random walk is inherited from the corresponding

bound for the instantaneous random walk.

Once (4.25) has been established, the rest of the proof of (4.22) follows by straightforward

applications of lemmas which we have shown analogues of above. This gives the lemma.
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4.1.4 Proof of Theorem 4.2

Now that we have proven the necessary lemmas, we outline the proofs of the main results of this

section, Theorem 4.2 and Lemma 4.16.

Proof of Theorem 4.2. Define f(t) = (log t)
n(n−1)

2 P (Et), and k(t) = max{i ∈ N : 2i ≤ t}. As for

Dt, Et are decreasing events, so we can see that

f(t)

f(2k(t))
=

(
log t

log 2k(t)

)n(n−1)
2

P (Et|E2k(t))

which tends to 1 as t → ∞ by (4.24). Therefore, we just need to show that the limit of the

sequence (f(2m))m∈N is positive and finite in order to show the first assertion of Theorem 4.2.

Let T be a time sufficiently large to apply Lemma 4.15, and let m0 = inf{m ∈ N : 2m ≥ T}.

In particular, T ≥ maxj∈[n(n−1)/2] |yj |4. If m,m′ ∈ N with m ≥ m0,

f(2m+m′) = f(2m)
m′−1∏
i=0

(m+ i+ 1)n(n−1)/2

(m+ i)n(n−1)/2
P (E2m+i+1 |E2m+i).

As m ≥ m0, we may apply (4.24) to the second term in the product to deduce that uniformly

in x1, . . . , xn,

f(2m+m′) = f(2m)
m′−1∏
i=0

(
1 +

n(n− 1)

2

1

(m+ i)
+O

(
(m+ i)−2

))
×
(

1− n(n− 1)

2

1

(m+ i)
+O

(
(m+ i)−3/2

))
,

where the first term in the product comes from a second order expansion of (1 +x)a in x near 0,

for x = 1
m+i and a = n(n− 1)/2. Hence, the sequence log(f(2m)) is Cauchy, and as f(2m0) > 0,

we see by applying the above with m = m0, m′ → ∞ that the limit of (f(2m)) is positive.

Moreover, f(2m0) ≤ (log T )n(n−1)/2 ≤ cn
(
maxj∈[n(n−1)/2](4 log |yj |)n(n−1)/2 + 1

)
, so the second

part of Theorem 4.2 holds.

We finish this subsection with a sketched proof of our adapted version of Claim 9.13 of [10].

Lemma 4.16. For any sufficiently large t, there exists a probability measure Q̃t on the set of

2n-tuplets of walk paths such that the following holds. Let (B, B̃) be a 2n-tuplet of walks under
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Q̃t, and both started at x1, . . . , xn. Let Y , respectively Ỹ be the corresponding n(n− 1)/2-tuplet

of differences. Then, for λ ≥ 8,

1. the distribution of B under Q̃t is Px1,...,xn, (·|Et), i.e., the first n co-ordinates are walks

which do not annihilate up to t,

2. the distribution of B̃ under Q̃t is Px1,...,xn (·), i.e., the last n co-ordinates are independent

walks,

3. Q̃t
(
|Yt − Ỹt|∞ > 2

√
t

(log t)λ/4

)
≤ C9.13 log log t

log t .

Sketch of Proof. The proof of the third assertion in this claim is essentially the same as the

proof of Lemma 4.14, so all we will do here is show how the coupling is constructed.

Fix a sufficiently large t. As before, we construct our coupling of B and B̃, both started

at x1, . . . , xn, so that B̃ evolves according to Px1,...,xn, (·) on the interval [0, t], and B evolves

according to Px1,...,xn, (·), but on the shorter interval [0, t(log t)−λ]. We now explain how to

evolve B for the rest of this interval. Define B̄ on [0, t] as

B̄s =


Bs 0 ≤ s ≤ t(log t)−λ

B̃s − B̃t(log t)−λ + B̄t(log t)−λ s > t(log t)−λ

that is, B̄ is B until time t(log t)−λ, after which it evolves according to the increments of B̃.

Furthermore, define the delayed non-collision event for B̄,

Ēt =

{
∀1 ≤ i < j ≤ N,

∫ t

0
1
(
B̄i
s = B̄j

s

)
ds < ei,j

}
.

On Ēt, set B = B̄, and otherwise continue evolving B under Px1,...,xn, (·|Et), independently of

B̃, on the interval [t(log t)−λ, t]. So by construction, the first two assertions of the claim hold.

4.2 Proof of Theorem 4.1

In this section, we prove the main theorem of this chapter, Theorem 4.1. In the following

subsection, we state some necessary estimates. In Subsection 4.2.3, we introduce the branching
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vine, and prove the necessary couplings, however, before we can do that, in Subsection 4.2.2, we

introduce a necessary component for the definition of the branching vine, which we call a vine.

4.2.1 Initial estimates

In this section, we construct some estimates for the interactions between precisely three particles,

all of which start at the origin. In the notation of the previous section, we are taking N = 3

and our probability measure is P0,0,0 (·). As this is the only probability measure we use until

the last lemma in this section, we shall drop the subscript until we reach that lemma.

Let c be a constant greater than 5. The choice of the value of this constant will become clear

as we proceed with our calculations. We define

γn = 1
(logn)c , (4.26)

and recall from the Section 4.1, that Y i
s for i = 1 to 3 are the three differences between three

simple random walks, and E3
s is the event that none of these three walks annihilate before time

s. Define

τan = inf{s > 0 : (E3
s ){ occurs}

τdiv = inf{s > 0 : |Y 1
s | ∧ |Y 2

s | ∧ |Y 3
s | ≥

√
nγn}

τ over =nγn

τ type =τan ∧ τdiv ∧ τ over.

In words, τan is the time of the first annihilation event for three simple random walks, τdiv

is the first time that the minimum distance between each pair of the random walks exceeds

√
nγn, τ over is just a fixed amount of time, and τ type is the first time that either of the previous

three events occur. If τ type = τ over, we say the particles have ‘overshot’, as they have failed to

annihilate or diverge in the given time. We prove two lemmas regarding these quantities.

First, conditional on non-annihilation up to time nγn, the probability of not diverging is low.

Lemma 4.17. It holds that

P
(
τdiv ≥ nγn

∣∣∣E3
nγn

)
= O

(
1

(log n)
1
2

)
.
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Proof. Let Ỹ1, Ỹ2 and Ỹ3 be independent random walks starting at the origin conditioned on

not annihilating. Then, using some sufficient but rather unsophisticated estimates, we have

P
(
τdiv ≥ nγn

∣∣∣E3
nγn

)
=P

(
∀s < nγn, |Ỹ 1

s | ∨ |Ỹ 2
s | ∨ |Ỹ 3

s | ≤
√
nγn

)
≤P

(
|Ỹ 1
nγn | ∨ |Ỹ

2
nγn | ∨ |Ỹ

3
nγn | ≤

√
nγn

)
≤3P

(
|Ỹ 1
nγn | ≤

√
nγn

)
. (4.27)

Next, we exploit the coupling we derived in the previous section, Lemma 4.16. For λ ≥ 8,

P
(
|Ỹ 1
nγn | ≤

√
nγn

)
≤P

(
|Y 1
nγn − Ỹnγn | >

2
√
nγn

(log(nγn))
λ
4

)

+ P

(
|Ỹ 1
nγn | ≤

√
nγn

∣∣∣ |Y 1
nγn − Ỹ

1
nγn | ≤

2
√
nγn

(log(nγn))
λ
4

)

≤C9.13 log log(nγn)

log(nγn)

+ P

(
|Y 1
nγn | ≤

√
nγn +

2
√
nγn

(log(nγn))
λ
4

∣∣∣∣∣ |Y 1
nγn − Ỹ

1
nγn | ≤

2
√
nγn

(log(nγn))
λ
4

)
.

(4.28)

We can easily remove the conditioning from this last term.

P

(
|Y 1
nγn | ≤

√
nγn +

2
√
nγn

(log(nγn))
λ
4

∣∣∣∣∣ |Y 1
nγn − Ỹ

1
nγn | ≤

2
√
nγn

(log(nγn))
λ
4

)

≤
P

(
|Y 1
nγn | ≤

√
nγn +

2
√
nγn

(log(nγn))
λ
4

)
1− P

(
|Y 1
nγn − Ỹ 1

nγn | ≥
2
√
nγn

(log(nγn))
λ
4

)
≤2P

(
|Y 1
nγn | ≤

√
nγn +

2
√
nγn

(log(nγn))
λ
4

)
(4.29)

where the last line follows by Lemma 4.16, for sufficiently large n. Applying Lemma 4.3 allows

us to estimate

P

(
|Y 1
nγn | ≤

√
nγn +

2
√
nγn

(log(nγn))
λ
4

)
= 2

∫ √nγn+
2
√
nγn

(log(nγn))
λ
4

0
mnγn(x)dx
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≤2

∫ √nγn+
2
√
nγn

(log(nγn))
λ
4

0
p̄nγn(x)dx+ 2

∫ √nγn+
2
√
nγn

(log(nγn))
λ
4

0
|p̄nγn(x)−mnγn(x)|dx

≤erf


√
nγn +

2
√
nγn

(log(nγn))
λ
4√

2nγn

+
2C9.2

(nγn)3/2

(
√
nγn +

2
√
nγn

(log(nγn))
λ
4

)

≤O
(

(log n)
−c
2
∨−λ

4

)
+O

(
n−1

)
(4.30)

as the term in the error function is of order (log n)−
c
2
∨−λ

4 , so considering the asymptotic expan-

sion of the error function at zero gives the last inequality. As c > 5 and λ > 8, combining (4.27),

(4.28), (4.29) and (4.30) gives the lemma.

We get immediate but important corollaries.

Corollary 4.18. It holds that

P
(
τ type = τ over

)
= O

(
1

(log n)
7
2

)
.

Proof. In order to overshoot, the particles must not annihilate nor diverge before time τ over.

P
(
τ type = τ over

)
= P

(
E3
nγn

)
P
(
∀s < nγn, |Y 1

s | ∨ |Y 2
s | ∨ |Y 3

s | ≤
√
nγn

∣∣E3
nγn

)
.

By Theorem 4.2, P (Enγn) ∼ 1
(logn)3

, so combined with Lemma 4.17, we have our result.

Corollary 4.19. It holds that

P
(
τ type = τdiv

)
∼ K

(log n)3
,

for some constant K.

Proof. In order to diverge, the particles must not annihilate nor overshoot. Conditional on not

annihilating, diverging is just the complement of overshooting, so we have

P
(
τ type = τdiv

)
= P

(
E3
nγn

)
P
((
∀s < nγn, |Y 1

s | ∨ |Y 2
s | ∨ |Y 3

s | ≤
√
nγn

){∣∣∣E3
nγn

)
.
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Again, by Theorem 4.2, P
(
E3
nγn

)
∼ K

(logn)3
for some constant K,and by Lemma 4.17,

P
((
∀s < nγn, |Y 1

s | ∨ |Y 2
s | ∨ |Y 3

s | ≤
√
nγn

){∣∣∣E3
nγn

)
∼ 1.

Hence the result follows.

Corollary 4.20. It holds that

1− P
(
τ type = τan

)
∼ K

(log n)3

for some constant K.

Proof. If the particles don’t overshoot, and don’t diverge, then they must annihilate. Thus, the

corollary is a simple consequence of Corollaries 4.18 and 4.19.

Remark 4.21. Recalling that we have used the notation ∼ to indicate asymptotic equality,

if κn = (log n)3P
(
τ type 6= τan

)
, we know that the limit K = limn→∞ κn exists. These κn will

ultimately become a coefficient in the branching rate of the branching Brownian motions we

wish to couple to our BARW, so knowing how they grow with n is very helpful.

The next two lemmas approximate our random walks by an appropriate Brownian motion.

We quote a standard result about coupling a Brownian motion with a simple random walk

from [29]. The result we quote below is specific to our needs; the actual result in the textbook

is more general.

Theorem 4.22 (Theorem 3.4.2 of [29]). There exist C, a > 0 and a probability space (Ω,F ,P)

on which are defined a standard two-dimensional Brownian motion W , a simple symmetric

two-dimensional continuous time random walk B such that for all n ∈ N and all 1 ≤ r ≤ T 1/4,

P

(
sup

0≤s≤T
|Ws −Bs| ≥ rT 1/4 log(T )1/2

)
≤ Ce−ar.

We also need to quantify the idea that if an annihilation event occurs between our three

particles, the non-annihilating particle is unlikely to have moved very far away from its initial

position. Recall again that E3
t is the event that three random walks do not annihilate before

time t.
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Lemma 4.23. With probability 1, two of the three particles, B1, B2 and B3, annihilate (not

necessarily before τ over though). Let i be the index of the particle which does not annihilate.

Then,

P0,0,0

(
|Bi

nγn | ≥
√
n
√
γn

∣∣∣∣ (E3
nγn){

)
= o

(
n−1

)
,

which gives an asymptotic for the probability that Bi is more than
√
n
√
γn away from its initial

position at time nγn, conditional on the other two particles annihilating each other before this

time.

Proof. By Bayes’ theorem,

P

(
|Bi

nγn | ≥
√
n
√
γn

∣∣∣∣ (E3
nγn){

)
≤
P
(
|B1

nγn | ≥
√
nγn

)
P
(
(E3

nγn){
) . (4.31)

Once we have no longer conditioned on annihilation, Bi is just a random walk, so we may

assume, without loss of generality, that i = 1. Taking r = n1/8 and T = nγn in Theorem 4.22,

we can couple the random walk to a Brownian motion (Wt)0≤t≤T such that for some C, a > 0,

P

(
sup

0≤s≤nγn
|Ws −Bs| ≥ (nγn)3/8

√
log nγn

)
≤ Ce−an1/8

.

Thus,

P

(
|B1

nγn | ≥
√
n
√
γn

)
≤P

(
|W 1

nγn | ≥
√
n
√
γn − (nγn)3/8

√
log nγn

)
+O

(
e−an

1/8
)

≤P
(
Z ≥ γ−1/4

n

)
+O

(
e−an

1/8
)

=P
(
Z ≥ (log n)c/4

)
+O

(
e−an

1/8
)

=o
(
n−1

)
as c ≥ 5, where Z is a standard normal variable. Applying this and Corollary 4.20 to (4.31)

gives the result.

We need one more lemma. Once separated, it is unlikely the particles will come back together.

Lemma 4.24. Fix K > 0. For x1, x2 ∈ Z2 such that |x1 − x2| >
√
nγn,

Px1,x2

(
(E2

nK){
)

= O
(

log log n

log n

)
.
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Proof. Note that Px1,x2

(
(E2

nK){
)
≤ Px1,x2

(
A{
nK

)
, as particles must come into contact in order

to annihilate. Let Yt be a random walk starting at x1 − x2 corresponding to the difference

between the random walks performed by the particles described in the lemma. Thus,

Px1,x2 (AnK) = P (∀s ≤ Kn, |Ys| > 0).

Again, taking r = log n and T = Kn in Theorem 4.22, we can couple this continuous time

random walk Y to a Brownian motion Wt such that

P

(
sup

0≤s≤Kn
|Ws − Ys| ≥ (Kn)1/4 log n log(Kn)1/2

)
≤ Cn−a.

Thus,

P (∀s ≤ Kn, |Ys| > 0) ≥ P
(
∀s ≤ Kn, |Ws| > (Kn)1/4 log n log(Kn)1/2

)
+O

(
Cn−a

)
.

Define the stopping times T− = inf{t > 0 : |Wt| ≤ (Kn)1/4 log n log(Kn)1/2} and T+ = inf{t >

0 : |Wt| ≥ y +
√
n log n}. Then

P
(
∀s ≤ Kn, |Ws| > (Kn)1/4 log n log(Kn)1/2

)
=P (T− > Kn)

≥P
(
{T− > T+} ∩ {T+ ≥ Kn}

)
≥1− P

(
T− < T+

)
− P

(
T+ ≤ Kn

)
≥1− log(y +

√
n log n)− log(y)

log(y +
√
n log n)− log((Kn)1/4 log n log(Kn)1/2)

− P
(

sup
t<Kn

|Wt −W0| ≥ log n

)
≥1− log(

√
n(log n)−c +

√
n log n)− log(

√
n(log n)−c)

log(
√
n(log n)−c +

√
n log n)− log((Kn)1/4 log n log(Kn)1/2)

−
√

2

πKn
e
−(n logn)2

8Kn

≥1−O
(

log log n

log n

)
−O

(
e
−(logn)2

8K

)

where the third last line uses the scale function for a two-dimensional Bessel process, and as

the scale function is monotonic in y (this is easily seen by expressing the fraction as 1- another

fraction), we can apply the bound on y = |x1 − x2| given in the statement of the lemma.
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Furthermore, the second last line bounds the modulus of two-dimensional Brownian motion by

twice the maximum of the moduli of two one-dimensional Brownian motions. Putting all this

together gives the desired result.

4.2.2 Constructing the Vines

We wish to define the process we shall call a vine that was mentioned at the beginning of

this section. While the branching vine, which we introduce next subsection, is essentially a

modification of the whole BARW, a single vine will be an approximation to the trajectory of at

most three particles. After this definition, we couple the vine to a single Brownian motion.

Definition 4.25 (Vine). Fix x ∈ Z2. We define a lifetime h > 0, and a process (vt)0≤t≤h on

(Z2)3, which we shall refer to as a vine. This process will be a deterministic function of the

BARW ξ. For each t ≥ 0, we write vt =
(
v1
t , v

2
t , v

3
t

)
. We also define k∗ ∈ N and a sequence

(τ brk )k≤k∗ of stopping times.

Set τ br0 = 0 and let ξ∅ be a particle starting at x evolving according to only the migration

events in the BARW ξ up until time n(log n)−c (that is, any branching or annihilation events

occurring before time n(log n)−c are suppressed, and we follow the trajectory of an arbitrarily

chosen one of the particles that exists at the end of this time interval). Let τ br1 be the time of

the first branching event after n(log n)−c. For t ≤ τ br1 , let v1
t = v2

t = v3
t = ξ∅t .

We shall continue our definition inductively. For k ≥ 1, suppose we have defined (τ brl )l≤k.

For t ∈ [τ brk , τ
br
k +n(log n)−c], denote the locations of the particles created at this branching event

by ξ1
t , ξ2

t , and ξ3
t . During this interval, these particles evolve according to the BARW ξ, again,

suppressing any branching events that may occur. Let vit follow the trajectory of the ξit.

Denote the differences between each pair of ξ1
t , ξ2

t and ξ3
t by Y 1

t , Y 2
t and Y 3

t . Define

τank = inf{s > τ brk : (Es)
{ occurs}

τdivk = inf{s > τ brk : |Y 1
s | ∧ |Y 2

s | ∧ |Y 3
s | ≥

√
nγn}

τ overk =τ brk + nγn

τ typek =τan ∧ τdiv ∧ τ over

If τ typek 6= τank (that is, the sibling particles overshoot or diverge before they annihilate), then
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set k∗) = k and h = τ typek∗ . Otherwise, two of the sibling particles annihilate at time τank . Only

one of ξ1, ξ2 and ξ3 exists, call that particle ξ. Let τ brk+1 be the time of the first branching event

occurring to ξ after time τ brk +n(log n)−c. For t ∈ (τank +n(log n)−c, τ brk+1], let v1
t = v2

t = v3
t = ξt.

We then continue iteratively for each k ≤ k∗.

The notation in this definition has been chosen for consistency with Definition 4.12 of [14].

Definition 4.12 defines the notion of a ‘caterpillar’, an analogue of our vines with only two

components, rather than three.

Should a branching event occur in ξ which is ignored in the vine (vt)0≤t≤h, then the trajectory

of the vine and the trajectory of the particles in the BARW could become substantially different.

This is not a problem though; rather than attempt to control how bad things can get in this

case, we will simply show these deviations are rare. We now show a pair of lemmas necessary

for coupling the vine to a Brownian motion.

Herein, we shall rescaled the BARW ξ. Specifically, the branching rate will be chosen to be

σn = (logn)3

n .

Lemma 4.26. We can couple the lifetime, h, of a vine to H, an exponentially distributed

random variable with parameter κn/n in such a way that for some δ > 0, with probability at

least 1−O
(
e−δ(logn)1/8

)
,

|h−H| ≤ 2n(log n)9/8−c.

Proof. Recall from Remark 4.21 that κn = (log n)3P
(
τ type 6= τan

)
. Thus, by the strong Markov

property, (τ typek∗ )k≥1 is an i.i.d. sequence and

k∗ ∼ Geom(κn(log n)−3).

Hence, for large enough n,

P
(
k∗ ≥ (log n)

9
8

)
= (1− κn(log n)−3)(logn)

9
8 = O

(
e−δ(logn)1/8

)
. (4.32)

Let Hk = τ brk − (τ brk−1 + nγn) ∼ Exp(σn). The random variables Hk and τ typek are independent,
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and within each sequence, the variables are identically distributed. Set

H =
k∗∑
k=1

Hk = τ brk∗ − k∗nγn = h− k∗nγn − (τ typek∗ − τ
br
k∗).

As the sum of a geometrically distributed number of exponential variables, H itself has an expo-

nential distribution, with parameter equal to the product of the two constituent distributions’

parameters, i.e., σnκn(log n)−3 = κn/n. Then, as τ typek∗ − τ
br
k∗ ≤ nγn,

P
(
|H − h| ≥ nγn(log n)

9
8 + nγn

)
= O

(
e−δ(logn)1/8

)
.

The result follows.

Like the caterpillar, the vine is unlikely to end with an overshooting event.

Lemma 4.27. It holds that

P
(
τ typek∗ = τ overk∗

)
= O

(
(log n)

−19
8

)
.

Proof. Observing that,

{τ typek∗ = τ overk∗ } ⊂ {k∗ ≥ (log n)
9
8 }

(logn)
9
8⋃

k=1

{τ typek = τ overk },

and applying Corollary 4.18 and (4.32), we can see that,

P
(
τ typek∗ = τ overk∗

)
= O

(
e−δ(logn)1/8

)
+O

(
(log n)

9
8

+−7
2

)
= O

(
(log n)

−19
8

)
.

We can now couple the vine to a Brownian motion. Recall from (4.26) that c is the constant

in the definition of γ, and that all we have assumed about it so far is that it is greater than 5.

Lemma 4.28. Let (Wt)t≥0 be a two-dimensional Brownian motion. There exists an r > 0 such

that we can couple (vt)t≤H with (Wt)t≥0, in such a way that (Wt)t≥0 is independent of h and
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k∗, and with probability at least 1−O (n−r), for t ≤ h,

|v1
t −Wt| ≤ 2

√
n(log n)

9
8
− c

4 . (4.33)

Proof. We will firstly consider a modified version of (v1
t )t≤h, which we shall call (v̂t)t≤H . This

modification is simply the concatenation of the parts of v1
t where branching events are not

suppressed, i.e., if k̂(t) = sup{k ≥ 0 : τ brk − knγn < t},

v̂t = v1
t+nγnk̂(t)

+

k̂(t)∑
k=1

(
v1
τbrk
− v1

τbrk +nγn

)

where the sum translates the start of the next section of unsuppressed walk to the end of the

last section of unsuppressed walk. This is well defined as long as k̂(t) < k∗, (otherwise v1
τbrk +nγn

is not necessarily defined) which occurs as long as t ≤ H.

By the Markov property, and the translation invariance of the process, this process has the

same dynamics as the BARW driving (v1
t )t≤h, but without the possibility of branching. As there

is only one particle on these intervals, there is also no annihilation; v̂t is just a simple symmetric

random walk up until time H. Because of this, if H ≤ n
9
8 , we may extend v̂t beyond H to n

9
8 ,

by allowing it to continue performing a simple symmetric random walk, independent of the walk

that it has already performed, and BARW ξ.

Taking r = 9
8 log n and T = n9/8 in Theorem 4.22, we can couple a Brownian motion,

(Ŵt)t≥0, starting at v1
nγn , to (v̂t)

t≤n
9
8

such that,

P

 sup

0≤s≤n
9
8

|Ŵs − v̂s| ≥ n
9
32
(

9
8 log n

) 3
2

 ≤ Cn−a,
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for some a,C > 0. Thus, conditioning on H, we can see that

P

(
sup

0≤s≤H
|Ŵs − v̂s| ≥ n

9
32
(

9
8 log n

) 3
2

)

≤P

(
sup

0≤s≤H
|Ŵs − v̂s| ≥ n

9
32
(

9
8 log n

) 3
2

∣∣∣∣∣H ≤ n 9
8

)
+ P

(
H ≥ n

9
8

)

≤P

 sup

0≤s≤n
9
8

|Ŵs − v̂s| ≥ n
9
32
(

9
8 log n

) 3
2

+ exp(κnσn
1
8 )

=o
(
n−a

)
.

After this calculation, we shall never again consider v̂t beyond H. We artificially extended v̂t to

make it clear that Ŵt is independent of H, and thus also h.

We now construct the Brownian motion described in the lemma. Let (W̃t)t≥0 be another

Brownian motion, independent of (vt)t≤H and (Ŵt)t≥0. Let k(t) = sup{k ≥ 0 : τ brk < t} and

define

Wt =


W̃t−τbr

k(t)
+k(t)nγn

+ v1
0 − v1

nγn + Ŵτbr
k(t)
−k(t)nγn

if 0 ≤ t− τ brk < nγn

Ŵt−k(t)nγn + v1
0 − v1

nγn + W̃k(t)nγn otherwise

where again, the extra constant terms are added only to ensure that each segment of Brownian

motion starts where the previous one ended.

Firstly, it is clear that (Wt)t≥0 is a Brownian motion. It is a concatenation of independent

pieces of Brownian motion, at stopping times which are independent of both Brownian motions,

as the branching times are independent of the position of the random walk. We may also observe

that (Wt)t≥0 is independent of h and k∗. It is clearly true for (W̃t)t≥0, and we took special care

to show that it is true for (Ŵt)t≥0 and h. To show the lemma, all that remains is to show the

required error bound in the coupling.

By construction, we can control the error gained between Wt and v1 on the intervals⋃k∗

k=1[τ brk−1 + nγn, τ
br
k ). We don’t do anything particularly sophisticated to control the error

on the remaining intervals, because they are such a small proportion of h. By Lemma 4.23, we

simply observe that with high probability, v1
t doesn’t travel beyond

√
n
√
γn in a time interval

of duration nγn from where it started the interval. The same is true for Wt, which can be

seen using the same techniques used in that lemma. Thus, during each interval of the form
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[τ brk , τ
br
k + nγn), with probability on the order of o

(
n−1

)
, the extra error introduced is less than

2
√
n
√
γn.

By (4.32) we are unlikely to have more than (log n)
9
8 of such intervals, so with probability

still of order o
(
n−1

)
, the total error introduced in these intervals is less than

√
n(log n)

9
8
− c

4 .

Adding our two sources of error together, and observing that h ≤ H + k∗nγn, we can conclude

that with probability 1− o
(
n−a∨−1

)
,

sup
0≤s≤h

|Ŵs − v̂s| ≤ 2
√
n(log n)

9
8
− c

4 .

Taking r = a ∧ 1 completes the lemma.

Note that as c ≥ 5, the exponent of the error in (4.33) is negative, and hence, the error goes

to 0 under a diffusive rescaling.

4.2.3 Branching Vines

We now concatenate our vines into a ternary branching object we call a branching vine.

Definition 4.29 (Branching vine). Fix x ∈ Z2. We define a lifetime H > 0, and a process

Vt = (vit, i ∈ U)0≤t≤H on (Z2)U , which we shall refer to as a branching vine.

Start a vine from x, driven by BARW ξ, denoting this vine v∅t , with lifetime h∅ and setting

t∅ = 0. We continue inductively, assuming time tj, the vine vjt and its lifetime hj have been

defined for some j ∈ U . This inductive process will define a process with the genealogical structure

of a Galton-Watson process, where each offspring has offspring 0 or 3. Call this process the

extended branching vine.

If vjt terminates in a branching event, for each i ∈ {1, 2, 3}, let v(j,i) be a vine started at the

location of (vj)i at the time vjt terminates, which is tj + hj =: t(j,i). These vines are driven by

independent copies of the BARW ξ started from time t(j,i), and have lifetimes h(j,i).

If vjt terminates in an overshoot event, the vine is not continued.

Set H to be the time of he earliest overshoot event in the extended branching vine. The

branching vine is the truncation of the extended branching vine at time H (and hence is a purely

ternary branching process).
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Again, from the definition, it is important to note that as distinct vines are driven by

independent copies of the BARW ξ, as soon as two particles from distinct vines meet at the

same site, the process driving the vine and the process driving the BARW may deviate from

one another. Again, rather than try to control the branching vine under these events, we simply

show that these events are unlikely to occur.

Lemma 4.30. Fix T > 0. For any a, r > 0,

P
(
U(nT ) * Uba log lognc

)
= o

(
(log n)−r

)
.

Proof. Fix v ∈ {1, 2, 3}ba log lognc. Then by a union bound over {1, 2, 3}ba log lognc,

P
(
∃w ∈ {1, 2, 3}ba log lognc s.t. tw ≤ nT

)
≤ 3ba log logncP (tv ≤ nT ).

Note that tv ≤
∑ba log lognc

i=1 Hi + R where the (Hi)i≥1 are i.i.d. with H1 ∼ Exp(κn/n) and R

is the total error incurred by the exponential approximation to the lifetime of the vine. By

Lemma 4.26, we know that

P
(
R ≥ 2n(a log log n)(log n)

9
8
−c
)

= O
(

(log log n)e−δ(logn)1/8
)
.

Hence (if n is sufficiently large that 2n(a log log n)(log n)9/8−c ≤ nT/2),

P (tv ≤ nT ) ≤ P (Po(κnT/2) ≥ a log log n) +O
(

log logn)e−δ(logn)1/8
)
.

By a Chernoff bound argument, if Ξ ∼ Po(χ), then for k > χ,

P (Ξ > k) ≤ e−χ(eχ)k

kk
.

Thus,

P (Po(κnT/2) ≥ a log logn) ≤ e−κnT/2(eκnT/2)a log logn

a log log na log logn
= o

(
log logn−a log logn

)
.
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We conclude that, for any r > 0,

P
(
U(nT ) * Uba log lognc

)
= o

(
(log n)−r

)
.

We can now couple the branching vine and the BARW up to a fixed time.

Lemma 4.31. Fix T > 0 and x ∈ Z2. Let ξ(n) be a BARW starting with a unique particle at

x. Then (Vt)0≤t≤nT and (ξ)0≤t≤nT , viewed as collections of paths, are equal with probability at

least 1−O
(
(log n)−1/4

)
.

Proof. Set a = (4 log 3)−1. For j ∈ U , set the number of branching events in vt−tj before hj to

be k∗(j). By a union bound over Uba log lognc and (4.32),

P
(
∃j ∈ Uba log lognc : k∗(j) ≥ (log n)9/8

)
≤ 31+a log lognO

(
e−δ(logn)1/8

)
= O

(
e−δ(logn)1/8/2

)
(4.34)

As there are 1
2(3n+1 − 1) < 3n+1 elements in Un.

Let (τ brk (j))k≥1 denote the sequence of branching times in the vine vt−tj , and similarly define

(τ typek (j))k≥1 and (τ overk (j))k≥1. Note that the BARW and the branching vine only differ as

collections of paths if either a branching event occurs during a time interval in which the vine

ignores branching, or if two different vines meet and an annihilation event occurs. More formally,

if (Vt)t≤nT and (ξt)t≤nT differ as collections of paths then one or more of the following events

occurs.

1. U(nT ) * Uba log lognc or k∗(j) ≥ (log n)9/8 for some j ∈ Uba log lognc.

2. For some j ∈ Uba log lognc and k ≤ (log n)9/8, the event G1(j, k) occurs: one of the vines

(vj)1
t−tj , (vj)2

t−tj or (vj)3
t−tj is hit by a branching event in the time interval [τ brk (j), τ brk (j)+

n(log n)−c].

3. For some j ∈ Uba log lognc, the event G2(j) occurs: τ type(j) = τ over(j), i.e., the vine (vj)t−tj

ends in an overshooting event.

4. For some w 6= v ∈ Uba log lognc, the event G3(v, w) occurs: there are i1, i2 ∈ 1, 2, 3 with

(vj)i1t−tw = (vj)i2t−tv for some t ≤ nT .
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Recall from the definition that branching events hit a single particle with rate σn = (logn)3

n .

Hence for k ∈ N and j ∈ U , P (G1(j, k)) = O
(
(log n)3−c).

By Lemma 4.27, P (G2(j, k)) = O
(
(log n)−19/8

)
.

For w 6= v ∈ U , let i = min{j ≥ 1 : wj 6= vj}. Then let

w ∧ v =


(w1, . . . , wi−1) if i ≥ 2,

∅ if i = 1.

At time hw∧v, either τ typek∗(w∧v)(w∧v) = τ overk∗(w∧v)(w∧v) or τ typek∗(w∧v)(w∧v) = τdivk∗(w∧v)(w∧v). In the

latter case, for i1 6= i2 ∈ {1, 2, 3}, |x(w∧v, i1)−x(w∧v, i2)| ≥
√
n(log n)−c. Thus, these particles

and their descendants which are ancestors of either (vj)i1t−tw or (vj)i2t−tv perform a continuous

time random walk started at time h(w ∧ v) with initial displacement at least (log n)−c. Hence

by Lemmas 4.24 and again by Lemma 4.27, P (G3(w, v)) = O
(

log logn
logn

)
.

By a union bound, and using Lemma 4.30 and 4.34, it follows that for r > 0,

P ((Vt)t≤nT 6= (ξt)t≤nT )

≤o
(
(log n)−r

)
+ 3(log n)a log 3+9/8P (G1(j, k)) + 9(log n)2a log 3P (G3(w, v))

=O
(

(log n)a log 3+ 9
8

+3−c
)

+O
(

(log log n)(log n)2a log 3−1
)

=O
(

(log n)−1/4
)
,

by our choice of a = (4 log 3)−1 and since c ≥ 5.

The last step before we can prove Theorem 4.1 is to couple a TBBM to the branching vine.

As we have already coupled the BARW with the branching vine in previous lemma, Theorem 4.1

follows immediately. As before, denote the set of particles existing in the branching vine V at

time t by Ut(V).

Lemma 4.32. Fix T > 0. There exists an n ∈ N, such that we can couple the branching vine,

V, driven by ξn and a TBBM, W , with branching rate κn
n started with a single initial particle at

x, such that, with probability 1−O
(
(log n)−1/4

)
, the events

{∀l ∈ (UnT (V), l ∈ UnT (W ) and sup
t∈[0,nT ]

|ξlt −W l
t | ≤ ε},
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and

{∀l ∈ UnT (W ), l ∈ UnT (V) and sup
t∈[0,nT ]

|ξlt −W l
t | ≤ ε}

hold with ε = 4
√
n(log log n)(log n)−1.

Proof. Set c = 17/2. We couple (Vt)0≤t≤nT to a branching Brownian motion with branching rate

κn/n. Let ((W j
t )t≥0, Hj)j∈U be an i.i.d. sequence, where (W j

t )t≥0 is a Brownian motion starting

at 0 and Hj ∼ Exp(κn/n) independent of (W j
t )t≥0. For each j ∈ U , we couple (vt−tj )t∈[tj ,hj ] to

((W j
t )t≥0, Hj) as in Lemmas 4.26 and 4.28.

For j ∈ U , let A1(j) be the event that both |(hj − tj)−Hj | ≤ 2n(log n)9/8−c/4 = 2n(log n)−1

and for i = 1, 2, 3 and t ∈ [tj , hj ],

|(vit−tj − xj)−W
j
t−tj | ≤ 2

√
n(log n)9/8−c/4 = 2

√
n(log n)−1.

By Lemmas 4.26 and 4.28, for any r > 0, for each j ∈ U , P (A1(j)) ≥ 1−O ((log n)−r). Hence,

taking a union bound over j ∈ Ublog lognc,

P
(
∩j∈Ublog logncA1(j)

)
≥ 1−O

(
(log n)log 3−r

)
.

There is a small discrepancy between the lifetime of the vine and the lifetime of the Brownian

motion segment, but we do not know if this occurs at the beginning of the lifetime of the

Brownian motion or the end. It costs us little to account for the error at both ends. So, for

j ∈ U , define the event

A2(j) =

{
sup

t∈[0,2n(logn)−1/8]

|W j
t |+ sup

t∈[Hj−2n(logn)−31/8,Hj ]

|W j
t −W

j
Hj
| ≤
√
n(log n)−1

}
.

Then by another union bound over Ublog lognc, since for a Brownian motion (Wt)t≥0 started at

0, P
(

supt∈[0,2n(logn)−31/8] |Wt| ≥ 1
2

√
n(log n)−1

)
= o ((log n)−r), we have that

P
(
∩j∈Ublog logncA2(j)

)
≥ 1−O

(
(log n)log 3−r

)
.

By Lemma 4.26, P
(
U(nT ) * Ublog lognc

)
= o ((log n)−r).

Define a branching Brownian motion starting at x by ((W j
t )t≥0, H

j)j∈U ) by letting the in-
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crements of the initial particle be given by (W ∅t )t≥0 until time H∅, when it is replaced by three

particles which have lifetimes H1, H2 and H3 and increments given by (W 1
t )t≥0, (W 2

t )t≥0 and

(W 3
t )t≥0, and so on. If U(nT ) * Ublog lognc and A1(j) ∩ A2(j) occurs for each j ∈ Ublog lognc,

each path in the branching vine stays within distance

ε = 4
√
n(log log n)(log n)−1

of some path through the TBBM and vice versa.

Setting r = log 3 + 1/4 gives us a coupling between the branching vine and branching

Brownian motion with branching rate κn/n such that with probability at least 1−O
(
(log n)−1/4

)
,

up to time nT each particle in the BARW stays within distance ε of some path through the

TBBM and vice versa. Fix n sufficiently large so that these bounds hold.

The proof of Theorem 4.1 is now just a consequence of Lemma 4.32 and Lemma 4.31.

Theorem 4.1 concerns a BARW starting with a single particle. This theorem can be relatively

straightforwardly extended to a BARW starting with an odd finite number of particles, however,

doing so formally would be rather uninsightful, and notationally tedious. We finish this chapter

with an informal description on how this could be done.

First, consider if the initial particles start further than
√
n
√
γn apart from each other. In

this case, we could follow exactly the same lines as the proof of Theorem 4.1, as Lemma 4.23

will still hold for any pair of particles, and it would be as if we had started with one particle,

and waited until we had the new initial number of particles.

If this was not the case, we could adjust the proof of Theorem 4.1 so that we replace γn with

Cγn, where C is large enough so that all particles are within C
√
n
√
γn of each other. As there

are only a finite number of particles, C is a constant, and so this modification does not change

the asymptotics of the proof.

By arguments similar to Corollary 4.18, with sufficiently high probability, if we allow the

BARW to evolve for a duration of Cnγn, these particles will either annihilate until a single

particle remains, or if multiple particles remain, they have diverged further than C
√
n
√
γn

apart. Hence, we can proceed as if we were in the previous case.
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Chapter 5

Conclusions and future research

5.1 Regarding the spatial Λ-Fleming-Viot process

We were successfully able to adapt the work of [13] to the asymmetric case in Chapter 2, which

allowed us to investigate the long term behaviour of a diploid population where one homozygote

had a selective advantage over the other, but both were selected over the heterozygote. When

the difference in selection between the homozygotes is small, as expected, the long term be-

haviour does not differ much from [13], who show that the rescaled boundary between the two

homozygotes evolves according to mean curvature flow.

However, when the difference is large enough, we see a new behaviour emerging. Rather

than evolve according to mean curvature flow, the boundary simply moves at a constant rate

toward the less fit homozygote. Furthermore, the asymmetry can be chosen so that both of these

behaviours are present in the limit. This means it is possible for a stationary (albeit unstable)

solution to occur, where the fitter homozygote is surrounded by the other homozygote. Mean

curvature flow would cause this smaller population to shrink to a point, while the selective

advantage would be trying to expand it. This model alone seems too simple to investigate

further the long term coexistence between two competing populations, but could be used as a

toy example, for other models to build on in the future.

Although it wouldn’t change our results, it would be nice to find a way to use the branching

Brownian motion dual to the asymmetric Allen-Cahn equation to directly prove Theorem 2.11,

rather than relying on the explicit solution to the Allen-Cahn equation. It would not be as
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biologically relevant, but more complicated selection mechanisms could be used, as opposed

to biased majority ternary voting. These mechanisms would correspond to versions of the

Allen-Cahn equation with more complicated non-linear terms (i.e., higher order polynomials),

so this duality could be used to investigate a more general Allen-Cahn equation. These more

general equations won’t a priori have a simple explicit solution, so a more general way to prove

Theorem 2.11 would be needed. However, the rest of the argument should lift pretty smoothly

to this more general case once this is proven.

These results on the limiting behaviour of the interacting homozygotes are interesting, but

they are deterministic limits, so investigating the fluctuations about these limits is a natural

next step in this research. We made progress on this question in Chapter 3. We restricted

ourselves to one spatial dimension, but we were able to show that the, appropriately rescaled,

hybrid zone between the two zones of differing homozygotes fluctuates like a Brownian motion,

with a drift toward the less fit homozygote, proportional to the the strength of the asymmetric

selection between the homozygotes.

One way to extend this research would be to increase the magnitude of the asymmetry we

analyse. We exploited the work done by [20], and were able to prove our result without changing

the functional (3.10) which we used to measure the distance of our solutions from the manifold

M . However, rather than compare solutions to the asymmetric stochastic Allen-Cahn equation

to the stationary solution, it should be possible to compare them directly to an appropriate

travelling wave solution.

Doing this would most likely involve repeating the calculations in [20], but for a moving

reference frame. A moving reference frame should allow us to use Katzenberger’s idea, in (3.97),

to eliminate the entire second term in (3.95), the Itô derivative of ξεt , as happens in the symmetric

case. We control this term by ensuring our asymmetry, λ, decays sufficiently quickly as to take

this whole term to zero. Without this, we could have proven our result for greater (but still

asymptotically decaying) values of asymmetry.

Extending this argument to higher dimensions is very much an area of active research.

Clearly, the stochastic Allen-Cahn equation with the type of noise we have considered cannot

be extended to more than one dimension, as it cannot be properly defined. Despite this, Barton

outlines a heuristic attempt in [3]. Fortunately, the branching and coalescing dual outlined in
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the proof to Lemma 3.7 can easily be extended to higher dimensions, so this could be used to

make the ideas in [3] more rigorous.

5.2 Regarding the branching annihilating random walk

There are also many avenues of research remaining for the BARW. Our main result for the

BARW is Theorem 4.1, which couples a two-dimensional BARW and a ternary branching Brow-

nian motion for an arbitrary amount of time. This is a promising step in proving part two

of Conjecture 1.10; that in two dimensions and starting with an even number of particles, the

BARW persists for all time with positive probability for any positive branching rate.

One obvious issue is that our results assume an odd initial number of particles, and the

conjecture assumes an even number. However, we believe that showing that the number of

particles in a BARW tends to infinity when starting from an odd number of particles, should be

equivalent to showing that a BARW starting with an even number of particles persists for all

time. We can see this through the duality.

Heuristic proof. Starting with xi(0) = 1
2 for all i ∈ Z2, if N(t) starts from an odd number of

particles and tends to infinity, for a particular branching rate, then we would expect

lim
t→∞

E
[
x(0)N(t)

]
= 0,

recalling that xN :=
∏
i∈Zd x

Ni
i . Hence, by Lemma 1.8, we would also expect

lim
t→∞

E
[
x(t)N(0)

]
= 0.

Now we define a new initial configuration, identical to N(0) but with a single additional particle,

denoted N̄(0). As xi(t) ∈ [−1, 1], for all i ∈ Z2, we must have that x(t)N̄(0) ≤ x(t)N(0), and

hence

lim
t→∞

E
[
x(t)N̄(0)

]
= 0.

Thus, applying the duality again gives us that the number of particles in the BARW started

from N̄(0), which has an even initial number of particles, tends to infinity, and hence survives

for all time. The reason this proof is heuristic is because one would need to show that the duality
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still holds in the limit as t→∞.

There are two more key lemmas that would need to be proven in order to prove this conjec-

ture in the affirmative. The first is to show that, when started from a distribution that looks like

a ternary branching Brownian motion, the BARW survives for all time. The second is a mono-

tonicity result, that if a BARW has a strictly positive probability of survival for some branching

rate, then it has a strictly positive probability of survival for any greater branching rate. It is

not clear how the results of this thesis could be used to make progress on this second point.

However, if the first additional lemma could be proven, it would be mean that the conjecture

holds for sufficiently small branching rates. Combined with the result from [6], that the BARW

survives for sufficiently large branching rates, it would be very unusual if the conjecture did not

hold for all branching rates.

To prove this former lemma, it is very tempting to use a percolation argument. First, we

evolve the BARW until the coupling with ternary branching Brownian motion breaks down. We

have a good understanding of the distribution of particles in a branching Brownian motion, and

by taking the branching rate to be ever smaller, we can choose the number of particles in our

process at this time, so we can have very good control over where these particles are.

The next step is to look at the very outermost frontier of the branching Brownian motion.

We define this frontier in such a way that the density of particles is sufficiently low, so that we

can divide this frontier in to boxes, in (roughly) an annulus around the edge of the branching

Brownian motion. We can then perform a percolation in space and time on boxes of density

sufficiently low for the coupling between the BARW and the branching Brownian motion to

hold with high probability. If the coupling holds, the BARW cannot go extinct in such box, and

hence if the system percolates, the BARW survives for all time.

We can choose the length of the space-time boxes so that each box of low density has a good

chance of ‘infecting’ enough of the empty boxes further from the frontier before the coupling

breaks down. So it seems like we have enough freedom to choose the parameters in a way that

makes this argument work. However, the one thing were not able to rigorously control was the

rate of infection of the frontier from the high density boxes. We can heuristically control it

though.
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Heuristic proof. Heuristically, infection of the frontier from these high density boxes should not

overwhelm the infection from the lower density boxes. Although there are many more particles

in the high density boxes, these particles are much more likely to annihilate with one another

than make it to the frontier. We would expect there to be some ‘equilibrium density’ for these

high density boxes, where the number of branches matches the number of annihilations. In this

region of equilibrium density, only particles near the edge would have any chance of escaping,

whereas in the region of low density, any particle can escape.

For the rate of branching events to match the rate of annihilation events in this region,

we would expect the number of particles per site, and hence the equilibrium density, to be

proportional to the branching rate (as we would expect σn ≈ n(n−1)
2 ). Hence, if the radius of

the high density region is R, the infection rate from the high density region is on the order of

σR. On the other hand, if the low density regions have density d < σ, but particles from the

whole annulus (say of radius r) of boxes at the frontier can escape from the frontier, then the

infection rate is of order drm, where m is the number of sites in the width of the annulus. If

we assume the radii of these two regions are of the same order, we should be able control the

infection from the high density region by choosing m� σ/d.

Making this argument, or any similar heuristic, rigorous has proven difficult. It would be

helpful if we could make more precise statements about this equilibrium density. A result in [2]

seemed like it could be helpful, however we could not adapt it sufficiently. It shows that the

distribution of particles in a binary branching and annihilating random walk is the same as a

Poisson thinning of a binary branching and coalescing random walk. The distribution of particles

for a coalescing and binary branching random walk is not obvious, but at least this process has

monotonicity that our BARW does not.

Further evidence in support of the heuristic is that we can observe a relatively stable equi-

librium density in simulations of a BARW. Figure 5.1 shows the number of particles over time

in a two-dimensional BARW within boxes at various locations. While the density grows rapidly

near the frontier, it stays relatively away from the frontier.

Even without this additional lemma, Theorem 4.1 by itself provides strong evidence in sup-

port of this conjecture, especially the key observation that the coupling gets better as the branch-

ing rate decreases.
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Figure 5.1: The number of particles in a simulation of a BARW within 1000 by 1000 lattice unit
boxes, centred at various locations in space. The horizontal axis is the number of events that
have occurred, rather than time. An event is any migration, branch or annihilation.

There are the two other cases in Conjecture 1.10: the single and at least three dimensional

cases. The ideas regarding the suppression of branching events may be useful when investigating

the one-dimensional case, however, as the conjecture in this case is that the BARW does go

extinct for sufficiently small branching rates, the strategy of coupling the process to a branching

Brownian motion, which never goes extinct, won’t be as helpful. This strategy could be helpful

in the higher-dimensional case, as again we are trying to prove positive probability of non-

extinction. To use this strategy in higher dimensions, though, the estimates from Section 4.1

would have to be revised. However, perhaps a better strategy for this case is to focus on the

monotonicity argument, as the transience of the a random walk in greater than three dimensions

allows us to very simply prove the conjecture in the case where the branching rate is 0.

Finally, [31] recently generalised and refined Proposition 1.3 of [10] (the analogue of Theo-

rem 4.2) to the correlation functions for an infinite system of instantaneously coalescing planar

simple random walks, started with all sites occupied. It would be interesting to see if the methods

from Section 4.1 could be used to extend this result to delayed coalescing random walks.
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Appendix A

R code from Lemma 3.30

We include the R code used to generate the images in the proof of Lemma 3.30.

1 #This code implements the algorithm described in the proof of

Lemma 3.30

2 #First , we implement a few functions.

3 #The first two are mathematical functions , one for our function

phi , and one which calculates the R_i from a_i

4 phi <-function(a,b,theta){a*cosh(theta)+b*sinh(theta)}

5 Rfunction <-function(a,eps ,beta){

6 eps+beta^2/eps^2+log ((2+30*eps -a+sqrt(3*(1-2*a+60*eps)))/(1+a-30*

eps))}

7
8 #This is the main function which implements the algorithm. It

outputs a vector of points of G for lambda in [-0.6, 0.1]

9 Glambda <-function(a,eps ,beta){

10 #a is a vector describing our set of a_i, and eps and beta are

the values for our constants epsilon and beta

11 N=length(a) #Must be greater than 1 for this function.

12 #Given our a_i, we need to calculate the radii of the

approximating Z sets

13 R=Rfunction(a,eps ,beta)

14
15 #We store lambda as a vector.

16 #To simplify expressions , we create a matrix of lambda shifted

by 1/2-a_i

17 lambda=as.complex (( -600:100)/1000)

18 n=length(Re(lambda))

19 L=lambda

20 for(i in 1:N){L=c(L,lambda +1/2-a[i])}

21 L=t(matrix(L,n,N+1))

22
23 #We also initialise matrices which will store Ai/An

24 A=matrix(rep(0,N*n),N,n)

25 B=matrix(rep(0,N*n),N,n)

26
27 #We do the first boundary case of our iteration. These equations
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correspond to equations (3.81).

28 #Note that we have absorbed the exponential factor into the

constants A_N and B_N

29 A[N,]=phi(1,sqrt(L[N+1,]/L[N,]),R[N]*sqrt(2*L[N,]))

30 B[N,]=-phi(sqrt(L[N+1,]/L[N,]) ,1,R[N]*sqrt(2*L[N,]))

31
32 #Now we perform the iteration

33 for(i in (N-1) :1){

34 #We have three expressions we calculate separately to make the

iterations easier to read

35 SqrtLl=sqrt(L[i+1,]/L[i,])

36 Rili=R[i]*sqrt(2*L[i,])

37 RiLi1=R[i]*sqrt(2*L[i+1,])

38 #We now calculate the main iterants

39 A[i,]=phi(phi(A[i+1,],B[i+1,],RiLi1),-SqrtLl*phi(B[i+1,],A[i

+1,],RiLi1),Rili)

40 B[i,]=phi(SqrtLl*phi(B[i+1,],A[i+1,],RiLi1),-phi(A[i+1,],B[i

+1,],RiLi1),Rili)

41 }

42
43 #We can now use equation (3.82) to find G(lambda), which we

output from the function.

44 -A[1,]/(sqrt(2*lambda)*B[1,])}

45
46 #We now run our function for the following input parameters

47 eps =0.0001

48 beta =0.000001

49 a=(49:1)/50*(3/2) -1

50 lambda =( -600:100)/1000

51
52 #Before plotting G, we first visualise the approximation we are

using.

53 #We plot the function we are trying to approximate

54 x=( -2000:2000)/400

55 m=1/(1+exp(-x))

56 f=-1+6*m-6*m^2

57 pdf(’SetApproximation.pdf’)

58 plot(x,f,type=’l’)

59 #Next we plot our approximation.

60 #We calculate the radii of the approximating Z sets

61 R=Rfunction(a,eps ,beta)

62 N=length(a)

63 #We construct k, the sum of indicator functions by adding one set

at a time

64 k=1/2*(x<=R[1])*(x>=-R[1])

65 for(i in 1:(N-1)){

66 k=k+a[i]*(x>R[i])*(x<=R[i+1])+a[i]*(x< -R[i])*(x>=-R[i+1])

67 }

68 k=k+a[N]*(x>R[N]) +a[N]*(x< -R[N])
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69 lines(x,k,col=’blue’)

70 title("f’(m) and its approximation by a sum of indicator functions

")

71 dev.off()

72
73 #We now plot G, on a new set of axes.

74 pdf(’LaplaceTransform.pdf’)

75 plot(lambda ,Re(Glambda(a,eps ,beta)),type=’l’,col=’blue’,ylim=c

( -100 ,100),ylab=’G’,xlab=’lambda ’)

76 title("Laplace transform of g(t)")

77 lines(lambda ,Im(Glambda(a,eps ,beta)),col=’red’,)

78 dev.off()

79
80 #Finally , to show that this algorithm has been implemented

correctly , we compare it to the output from a known case.

81 #We change the set of a_i. We would ideally like to use a single a

, but need to use two , for the function G to work.

82 #This approximation is mathematically identical to using a single

a=0.

83 a=c(0,0)

84
85 #We again visualise the approximation we are using.

86 pdf(’SingleSetApproximation.pdf’)

87 plot(x,f,type=’l’)

88 r=Rfunction(a,eps ,beta)

89 N=length(a)

90 #We construct k, the sum of indicator functions by adding one set

at a time

91 k=1/2*(x<=r[1])*(x>=-r[1])

92 for(i in 1:(N-1)){

93 k=k+a[i]*(x>r[i])*(x<=r[i+1])+a[i]*(x< -r[i])*(x>=-r[i+1])

94 }

95 k=k+a[N]*(x>r[N]) +a[N]*(x< -r[N])

96 lines(x,k,col=’blue’)

97 title("f’(m) and its approximation by a single indicator function"

)

98 dev.off()

99
100 #We now plot the simple G, on a new set of axes.

101 pdf(’SimpleLaplaceTransform.pdf’)

102 plot(lambda ,Re(Glambda(a,eps ,beta)),col=’blue’,ylim=c( -100 ,100),

ylab=’G’,xlab=’lambda ’,pch =4)

103 title("Laplace transform with simple approximation")

104 lines(lambda ,Im(Glambda(a,eps ,beta)),col=’red’,type=’p’,pch=4)

105
106 #Finally , we need to add the known formula

107 a=0

108 R=r[1]

109 lambda=as.complex(lambda)
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110 Borodin =(sqrt(1/2/lambda)*(1-exp(-sqrt(2*lambda)*R)*(sqrt (1+2*

lambda -2*a)-sqrt(2*lambda))/phi(sqrt (1+2*lambda -2*a),sqrt(2*

lambda),sqrt(2*lambda)*R)))

111 lines(lambda ,Re(Borodin),col=’black ’)

112 lines(lambda ,Im(Borodin),col=’cyan’)

113 dev.off()

As indicated in the code, we can compare the output of this program to a known formula for
the moment generating function for the occupation time of a Brownian motion pinned at the
origin in the complement of a set centred at 0. Borodin and Salminen calculate an expression
for

Ex

[
exp

(
−γ
∫ τ

0
1(Wr ∈ [r,∞))dr

)
; |Wτ | ∈ dz

]
, (A.1)

where τ is an exponential random variable with parameter λ and Wr is a Brownian motion
starting at 0, see equation 3.1.4.5 on page 336 of [35]. The expression, for z, x ≤ r is

√
λ√
2

(
e−|z−x|

√
2λ + e−|z−x|

√
2λ − 2e−r

√
2λ(
√
λ+ γ −

√
λ)√

λ sinh(r
√

2λ) +
√
λ+ γ cosh(r

√
2λ)

)
. (A.2)

Conditioning on the value of τ , (A.1) becomes

Ex

[∫ ∞
0

λe−λt exp

(
−γ
∫ t

0
1(Wr ∈ [r,∞))dr

)
; |Wτ | ∈ dz

]
=2Ex

[∫ ∞
0

λe−λt exp

(
−γ
∫ t

0
1(Wr ∈ [r,∞))dr

)
;Wτ ∈ dz

]
=2λG(λ).

Hence, after substituting in z = x = 0 into (A.2), we find that

G(λ) =
1√
2λ

(
1− e−r

√
2λ(
√
λ+ γ −

√
λ)√

λ sinh(r
√

2λ) +
√
λ+ γ cosh(r

√
2λ)

)
, (A.3)

which is the expression on line 110 of this r code, with γ = 1/2− a.
As can be seen in Figure A.1, these functions are essentially indistinguishable, which gives a

strong indication that the algorithm has been implemented correctly. Furthermore, it is obvious
that this simple approximation, with a single set, is insufficient for the needs of Lemma 3.30,
as the pole for this approximation occurs at sightly less than −0.2, when less than −1/3 is
necessary.

It was thought that this method might be able to prove that qt(x; v) was bounded by a
constant, rather than merely bounding its exponential growth. However, increasingly fine ap-
proximations don’t seem to give a lower bound to the pole much greater than -0.37. This of
course doesn’t prove that qt(x; v) cannot be bounded by a constant, but does suggest it might
not be. If the PDE corresponding to the Feynman-Kac formula applied to qt(x; v) directly could
be solved, it would be very interesting to see if that really does grow exponentially, or is bounded.
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[41] A. Véber and A. Wakolbinger, The spatial Lambda-Fleming–Viot process: An event-
based construction and a lookdown representation, in Annales de l’Institut Henri Poincaré,
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