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Abstract

Bayesian optimisation requires fitting a
Gaussian process model, which in turn re-
quires specifying prior on the unknown black-
box function—most of the theoretical litera-
ture assumes this prior is known. However,
it is common to have more than one possi-
ble prior for a given black-box function, for
example suggested by domain experts with
differing opinions. In some cases, the type-
IT maximum likelihood estimator for select-
ing prior enjoys the consistency guarantee,
but it does not universally apply to all types
of priors. If the problem is stationary, one
could rely on the Regret Balancing scheme
to conduct the optimisation, but in the case
of time-varying problems, such a scheme can-
not be used. To address this gap in existing
research, we propose a novel algorithm, PE-
GP-UCB, which is capable of solving time-
varying Bayesian optimisation problems even
without the exact knowledge of the function’s
prior. The algorithm relies on the fact that
either the observed function values are con-
sistent with some of the priors, in which case
it is easy to reject the wrong priors, or the
observations are consistent with all candidate
priors, in which case it does not matter which
prior our model relies on. We provide a regret
bound on the proposed algorithm. Finally,
we empirically evaluate our algorithm on toy
and real-world time-varying problems and
show that it outperforms the maximum like-
lihood estimator, fully Bayesian treatment of
unknown prior and Regret Balancing.
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1 INTRODUCTION

Bayesian Optimisation (BO; Garnett (2023)) based
on a Gaussian Process (GP) emerged as a successful
paradigm for solving black-box optimisation problems
in a sample-efficient manner. In many practical ap-
plication, such as controller design (Brunzema et al.,
2022), environment monitoring (Gao & Bai, 2022) or
tuning hyperparameters of Reinforcement Learning al-
gorithms (Parker-Holder et al., 2020), the underlying
black-box function will be changing over time. For
such cases, a family of time-varying BO methods (Bo-
gunovic et al., 2016; Nyikosa et al., 2018) have been de-
veloped. To conduct optimisation, BO algorithms first
construct a surrogate model of the unknown black-box
function based on the observed values for the points
queried so far. GP is typically used as the model, due
to its data efficiency, coming from assuming a prior on
the unknown black-box function.

This prior, however, needs to be specified by the user
and its correct choice is paramount to the accurate
predictions of the model. Such prior might be given to
us by a domain expert, but as different experts might
disagree, we might end up with a number of candi-
date priors. The seminal GP-UCB algorithm is proven
(Srinivas et al., 2010) to enjoy a regret guarantee, but
only if the function was sampled from a prior that we
know. Using a different prior will produce a wrong
posterior, which might cause the algorithm to select
suboptimal points, resulting in high regret.

Selecting prior by the maximising type-II likelihood
(Good, 1983; Berger, 1985) can be a valid strategy
in certain scenarios and statistical literature provides
some asymptotic guarantees (Kaufman & Shaby, 2013;
Li, 2022) as the number of observations increases,
but they do not apply to all priors, particularly non-
stationary ones. To universally guarantee that type-II
MLE will recover the true prior (the prior black-box
function was sampled from), one needs to cover the
function domain with a dense, uniform grid (Bachoc,



2013). However, this defeats the purpose of sample
efficient optimisation, where instead of querying the
function everywhere, we wish to use our limited query
budget in the region close to the optimal solution. We
would thus want to have an algorithm, which conducts
optimisation while simultaneously trying out different
priors and selecting the most promising one.

If the black-box function and search space do not
change over time, one may employ the Regret Balanc-
ing (Pacchiano et al., 2020; Ziomek et al., 2024) tech-
nique as a solution. Such a technique tries out multiple
priors, analyses the function values obtained while us-
ing each of them and eliminates the underperforming
ones. The regret of such a procedure is guaranteed to
be ‘close’ to the regret of an algorithm using the best
prior among the candidates. However, if the problem
exhibits any form of time-varying behaviour, the dif-
ference in function values observed while using differ-
ent priors does not necessarily be due to the choice of
prior, but rather to changes in the underlying problem.

In this work, we propose the first GP-based BO al-
gorithm which admits a provable regret bound under
time-varying settings with an unknown prior. Our
algorithm effectively eliminates the priors that are
highly implausible given the data observed so far and
when selecting the next point to query, remains opti-
mistic with respect to the priors that have not yet been
eliminated. Our proof technique is novel and relies on
the idea that if all priors produce posteriors explaining
the observations well enough then it does not matter
which is used. On the other hand, if this is not the case
then we can easily eliminate wrong models. We also
conduct experiments and show PE-GP-UCB outper-
forms MLE, Fully Bayesian treatment of the unknown
prior as well as the Regret balancing scheme.

Related Work on time-varying GP bandits The
early work on GP bandits (Osborne et al., 2009;
Srinivas et al., 2010) considered stationary functions
with search spaces constant throughout the optimi-
sation process. The later work of Bogunovic et al.
(2016) considered a setting where the function is evolv-
ing through time according to a probabilistic model.
For this setting, they first derived posterior equa-
tions that work with time-varying data and then pro-
posed a Time-Varying GP-UCB (TV-GP-UCB) algo-
rithm, utilising those equations to conduct optimi-
sation. However, their work assumes that the prior
function and the probabilistic model of its evolution
through time are known. Within this work, we lift this
assumption and consider the case, where we have ac-
cess to multiple candidate models, without the knowl-
edge of which one is correct.

An orthogonal stream of research did not make any

probabilistic assumptions on the black-box function
and its evolution and instead assumed the function is
a member of some Reproducing Kernel Hilbert Space
(Williams & Rasmussen, 2006). The evolution of the
black-box function was then constrained by a budget,
which was assumed to be known. Zhou & Shroff (2021)
proposed Resetting GP-UCB and Sliding Window GP-
UCB algorithms, which respectively periodically reset
the model or only use some number of most recent ob-
servations. Deng et al. (2022) considered approaching
this problem via a weighted GP model, where more
weight is put on more recent observations.

Related Work on BO with Misspecification The
work of Bogunovic & Krause (2021) studied BO un-
der model misspecification from the frequentist per-
spective, however, provided no method for finding the
well-specified model. Hvarfner et al. (2023) proposed
an algorithm that combines BO with active learn-
ing so that prior hyperparameters can be learnt si-
multanously while conducting optimisation. However,
their method lacks theoretical guarantees and intro-
duces substantial computational overhead. Rodemann
& Augustin (2024) proposed an algorithm to conduct
BO when instead of one prior mean function, we are
provided a set of possible mean functions, however,
provided no regret guarantees for this algorithm. Xu
et al. (2024) proposed an algorithm for conducting BO
with preferential feedback, where the black-box func-
tion value itself cannot be directly evaluated. In a
way, one can think about this problem settings as a
misspecification of the observed function value. To
address this authors propose to use likelihood based
confidence sets and remain optimistic with respect to
the best feasible function in the confidence set. How-
ever, this work assumes frequentist setting and that
kernel hyperparameters are known.

Related Work on Master Algorithms Regret Bal-
ancing scheme (Abbasi-Yadkori et al., 2020; Pacchiano
et al., 2020) provides a way to create a master algo-
rithm to coordinate a number of base algorithms for
solving multi-armed bandit-style problems. Simiarly
as done by Ziomek et al. (2024), one could technically
introduce one GP-UCB algorithm for each prior as the
set of base learners and then use Regret Balancing to
aggregate them into one master algorithm, but as we
explained before, its theoretical guarantees on opti-
mality do not hold when the function or search space
is time-varying. Hoffman et al. (2011) proposed an al-
gorithm GP-Hedge which uses an adversarial bandit
(Lattimore & Szepesvari, 2020) strategy for selecting
one of many acquisition functions. However, the re-
gret bound they derived is incomplete, as they were
not able to bound the sum of predictive variances at
the points queried by the algorithm.



2 PROBLEM STATEMENT

We consider a problem setting where we wish to
maximise an unknown, black-box and spatio-temporal
function f : X x [T] — R over some compact set
X C R% We assume we are allowed to query a single
point x; at each timestep ¢ € [T] and obtain its cor-
rupted function value y; = f(x¢,t) 4+ ¢ by some i.i.d.
Gaussian noise ¢; ~ N (0, R?) for all t € [T]. The func-
tion is allowed to change with time step ¢, hence the ex-
plicit dependence on t in its signature. We also assume
the available domain at each time step X; C X can
change in an arbitrary manner, possibly chosen by an
adversary. As such, formally, at each time step, the op-
timal point we can select is x; = argmaxxeyx, f(X,1).
As we want to maximise the function, the instanta-
neous regret is defined as ry = f(x},t) — f(x¢,t). Sim-
ilarly, we define cumulative regret as Rp = >, 7.
We assume that the black-box function and its evo-
lution through time are governed by some prior, i.e.,
f ~ p*(f) and we refer to p*(-) as the true prior. We
also assume we are given access to a set of priors U
provided to us (e.g. by domain experts) that contains
the true prior p*(f). However, we also assume that we
do not know, which prior in U is the true one.

Each GP prior p(f) is uniquely defined by its spatio-
temporal mean function p?(-) : X X [T] — R and kernel
function kP (-, -) : (X x[T])x (X x[T]) — R. We require
Vie[r) SUPxex |17 (X, )| < oo for each p € U. Without
the loss of generality, we also assume that kP(-,-) <1
for each p € U. An example of such spatio-temporal
kernel could be the time-varying RBF kernel:

K 0 () = exp (g llx = ) (1= 2172

where [ and ¢ are hyperparameters. Note that one
could think about spatio-temporal kernels as standard
stationary kernels with the input space extended to in-
clude one additional variable ¢ (Van Vaerenbergh et al.,
2012a,b). The only difference is that when conducting
optimisation, we have no control over the choice of the
t variable, as opposed to the x variable.

As the difficulty of the problem depends heavily on the
kernel kP (-, ) of the prior p*(-) the function was sam-
pled from, typically in preceding literature, the regret
bound is expressed in terms of maximum information
gain (MIG, Srinivas et al. (2010)) of kernel kP, de-
fined as 74 = maxy, . ., %log|[ + R7?K?%|, where
K% € RT*T with entries (K%):; = kP((x4,1), (xj,7))-
Srinivas et al. (2010) derived bounds on MIG for stan-
dard kernels and then Bogunovic et al. (2016) extended

these bounds to spatio-temporal kernels.

Gaussian Process Model In GP-based BO, at each
timestep ¢, we contruct a surrogate model of the black-

box function, based on the queries so far. Let D;_ =
{(xi, i) Y:Z1 be the collection of all queried points and
their corresponding noisy values up to timestep ¢ — 1.
If we use a GP model with a prior p(-) then given the
data so far D;_1, the model returns us the following
mean pf_(x) and variance (of_;)?(x) functions:

py o (x, ) =(k}_ (x, )T (K}, + R°T) !
(Vi1 — pP(x, 1)) + 1P (x, 1)

(Uf—1>2(x’ t/) :kp((xa t/)7 (X7 t/))_
ki, (x, ) (K7, + R*T)~'ky_ (x, 1)

where y; 1 € R!™! with elements (y;_1); = i,
kP [(x,t') € R'"! with elements kI ,(x,t); =
kP((x,t'), (x4,7)). Note the distinction between ¢ and
t'. The former refers to the time step in optimisation,
whereas the latter to the point in time for which we
wish to make a prediction. While in the algorithm we
will always use t = ¢/, as we wish to make a prediction
about current timestep, this distinction will be useful
for proving one of suplementary Lemmas. While using
mean and variance functions provided by the GP, we
get the guarantee on predictive performance, as stated
in the next Section.

3 PRELIMINARIES

We now recall well-known results from the literature.
Those results would be later needed to prove the regret
bound of our proposed algorithm. This results come
from the work of Bogunovic et al. (2016), which extend
the stationary setting result from Srinivas et al. (2010).

Theorem 3.1 (Appendix Cl1 of Bogunovic et al.

(2016)). Let f ~ p(f), and set Bf = \/W-

Then, with probability at least 1 — 64, for all x € X
and all t € [T):

|f(X,t) - N:tnfl(xvt” S 550’5,1(X,t).

Note that the confidence parameter 57 in Theorem
3.1, depends on |X| in the Bayesian setting and only
makes sense if |X| < oco. If this is not the case, we
need to adopt a standard assumption (Srinivas et al.,
2010; Bogunovic et al., 2016).

Assumption 3.2. Let X C [0,7]? be a compact and
convex set, where r > 0. For each prior p € U, assume
that the kernel kP satisfies the following condition on
the derivatives of a sample path f ~ p(f). There exist
constants a?, bP > 0, such that:

0 L?
/ > L) < aPexp <_bl’> ,

8(Ej

P (sup
reX

for each j € [d].



‘\ if ¥ is observed:
E | GP1 remains
» GP2 is eliminated
D i *
~~~~~~~~~~~ \ if % is observed:
GP1 remains
GP2 remains

observed

+
query point

Figure 1: Intuition behind the prior elimination. Solid
lines represent the mean functions of two models -
GP1 and GP2, produced by fitting the observed points
while assuming different prior, and shaded regions are
confidence intervals. The point marked by the star lies
in the confidence intervals of both models, whereas the
point marked by the diamond lies in the one of GP1.

Under that assumption, we can derive high-probability
confidence intervals even if |X| = co. Following (Srini-
vas et al., 2010; Bogunovic et al., 2016), purely for the
sake of analysis, let us define a discretization D, of size
(14)¢ so that for all z € Dy, ||z — [z]s]1 < 7= Where
[x]¢ denotes the closest point in Dy to . We now get
the following Theorem.

Theorem 3.3 (Appendix Cl1 of Bogunovic et al.
(2016)). Let Assumption 3.2 hold, set B¢ =

\/2 log (’;Z’f) + 2dlog (dt2rbp log (ggz)) and set

the size of discretisation to 7, = dt?rbP, [log (2(?2;9)‘

Then with probability at least 1 — 64 we have Vx € X
and ¥t € [T):

1

) = iy (e )] < By oty (e ) + 55

And for any x; deterministic conditioned on Dy_1 :

|f(xt7t) - M?f]_(xht” S ﬁfo—ffl(xtut)'

4 GP-UCB WITH PRIOR
ELIMINATION

We now state our proposed algorithm in Algorithm 1.
When selecting the next point to query (line 7), our
algorithm is doubly optimistic, with respect to both
the function value and the model. In other words, for
each point, we use the largest possible upper confi-
dence bound among the ones suggested by models de-
fined by possible priors in U;_1. We denote the selected
point by x; and the prior under which it achieved the
highest UCB value is denoted by pi(-). The set S¥
stores all iterations ¢ up to the current one ¢, during

which p;(-) = p(-), for each p € U (line 8). After
observing the function value, we calculate the error
1; between the observed value and the mean at point
x¢, according to the model defined by p;(-) (line 11).
Then, each model for which the sum of errors is too
big is removed from the set of candidates (lines 12-
14) and we continue with the loop. As we will show
later, the true prior p* will never be rejected with high
probability. As such, if all priors have been rejected,
this likely indicates that none of the supplied priors
was the true prior. In such case, the algorithm could
terminate and flag this issue to the user.

The intuition behind the rejection mechanism is de-
picted in Figure 1. Let us assume we have two models
GP1 and GP2, represented by red and blue solid lines,
together with their corresponding confidence intervals
in dashed lines. After we query a new point, it can ei-
ther lie within the confidence intervals of both models
(like the star) or only one model (like the diamond). If
we were to obtain a point like the diamond, we clearly
see that the red model’s prediction was very inaccu-
rate and we lean towards rejecting the prior that pro-
duced it. On the other hand, if we observe a point
like the star when querying the function then it does
not matter, which model is the "true" one, as such an
observation is probable under both models and the er-
rors for either of the models would be small. Thanks
to this mechanism, we can conduct BO, whilst simul-
taneously eliminating the (most-likely) wrong priors.
For such a strategy, we can derive a regret bound, as
stated by the following Theorem.

Algorithm 1 Prior Elimination GP-UCB
(PE-GP-UCB)
Require: a set of possible priors U; confidence pa-
rameters {ft}tT=1 and {{ﬂf}thl}peu
1: Set Do =0, Uy =U, SP = ) for each p € U
2: fort=1,...,T do
3: forpel,_ do

4: Fit a GP (u}_,(x,t),00_1(x,t)) to Di_1

5 Set UCBL, (%) = uby () + BTy (x,1)
6: end for

7:  Find x;,ps = argmax UCB!_,(x)

X,pEX XUt _1
8 SP' =8P U{t}and S? = SP | forp € U;p # p;
9:  Query the black-box y; = f(x)
10:  Set Dy = D1 U (x4, yt)
11: Set ny =y — Uft—l(xt)

12: if ’Ziesft | > \/§t|Sft| + Ziestpt ﬁftaft(xi)

then
13: Uy = U1 \ {pt}
14: end if
15: end for

Theorem 4.1. Let f ~ p*(f), e ~ N (0, R?) for each



t and p* € U and denote yp = maxpey V.
2R?log W and :

(B) if |X| = oo, let Assumption 3.2 hold and set

3m2t? 3daP
2
210g( 25 >+2dlog (dt rbpP log( 25 ))

Then, Algorithm 1 with probability at least 1 — §
achieves the cumulative regret of at most:

Set 'ft =

ot =

Rp <O (|Z/I|Bt* +VUErT + 6T\/IUIT7T)

where B = maxy,ecy B, yr = max,ey vy and t* is the
last iteration where any prior was rejected and By =

pY + MaXy c[¢+] SUPye x |,up* (x,t")| + 1.

5 PROOF OF THE REGRET
BOUND

We now provide proof of the regret bound. We focus
on the case of |X| < oo and then comment on differ-
ences when |X| = co. We first introduce the following
Lemma for the concentration of noise, proved in Sup-
plementary Material Section A.

Lemma 5.1. For each p € U and t € [T] we have:

. D _
P tzlY..,Tpgu Ze" < gt‘St| >1—-0p,

ieSy

where & = 2R?log %.

We also introduce the following result, which allows us
to bound the maximum absolute value of the function
that could be sampled from the prior.

Lemma 5.2. For f ~ p(f) with some mean and ker-
nel functions pP(-) and kP(-,-) with properties |uP(-)| <
oo and kP(-,-) < 1, for any t < T with probability at
least 1 — 6 we have:

max sup [f(x,#)] < By,
tEt] xex

=B +maxpefy sWyex |1 (%, 1) +1 and
BY is to be set as in Theorem 3.1 for discrete case and

as in Theorem 3.3 for continuous case with 6 o replaced
with 6c.

where By

Observe that by union bound Theorem 3.1 and Lemma

5.1 and Lemma 5.2) hold together with probability at

least 1 — 64 — 0B — dc. We choose d4 = 0 = 0¢ = g.

We prove the regret bound, assuming the probabilistic
statements in Theorem 3.1 and Lemma 5.1 hold, and
as such the resulting bound holds with probability at
least 1 — 4.

Preservation of p*(-) We first show that if the state-
ments from Theorem 3.1 and Lemma 5.1 hold, then
the true prior p*(-) is never rejected. Indeed, when
line 12 is executed at iteration t:

Zﬂi

ies?”

= 0 (v = SO )+ S i) = 1 (xi01))

ieSP”

< €|+ Z ‘f X, 1 /-% 1(X1a2)’
zes{’ ies?”
<VElSE |+ > B ol (xi.4),

ZGSf
where the last inequality is due to Theorem 3.1 and
Lemma 5.1. As such, the condition of the if statement
always evaluates to false and p* € U; for any t >
0. Next, we show how this fact allows us to bound
instantaneous regret.

Bound on simple regret If p* € U;_; we trivially
have:

FOEs8) < pia (e85 8) + 57 o1 (%7, 1) (1)
< P P t 2
< max max 4 (%, ) + o7 (0, ), (2)

where first inequality is due to Theorem 3.1. For sim-
plicity we will write pf , = pb*,, o, = o, and
B = pP*. Having established an upper bound on
f(x},t), it remains to find a lower bound on f(x,t).

We have also that:

fxet) =y —e=pl  (xe, t)+m —e. (3)

The observation above is a key component of our proof,
as it relates the function value to the prediction error
of n; of the model defined by prior p;. Combining (2)-
(3) yields the following bound on instantaneous regret:

re = f(xit) — f(xe,t) < B oy (xe,t) —me + e (4)

Bound on cumulative regret With our bound on
instantaneous regret, we now proceed to bound the
cumulative regret. Let us define C to be the set of
‘critical’ iterations as below:

C= {te T Z ni| > \/&|SPt| + Z Bfiaf‘(xi,i)}

i€ SPt i€SPi




Notice that for each t € C, we discard one possible
prior and as such |C| < [U]. On those iterations, we
may suffer an arbitrarily high regret. Due to Lemma
5.2 we have r; < 2B; for all t € C. At each timestep,
we can reject a prior and expand C or not reject any
of the priors and then C does not grow. As there is
finite number of priors we must have that |C| < || and
there must be some final iteration ¢* after which C was
never expanded anymore. As B; can only grow with
t, we have that Vice By < By« and thus Vicery < 2Bg«.
Using Equation 4, we thus see that the cumulative
regret is bounded as:

Ry SZW—FZH

tec tgc
<2|U|Bp + Zﬂfattl(xt,t) + Z Z (er — M) -
tgc PEU tESE\C

When it comes to the terms 7, observe that if ¢t ¢ C
the if statement in line 12 evaluates to false. Thus:

DD <Y VearlSp+Y ] D Brot i (xit).

peU teS'q",\C peU peU tES’I‘,\C

We combine this fact together with Lemma 5.1 to
arrive at the following:

Ry <2U[Bp +2> \/&r|Sh|+2> Blof  (xi,t)

peU tgC
<2AU[Be + 2v/ErUT + 2 Bfot  (xi,1),
tec
where the last inequality is due to Cauchy-Schwarz.
Expressing bound in terms of MIG The final step
of the proof is to express the third term of the cumu-
lative regret bound in terms of maximum information

gain. We do this in the following Lemma, proved in
the Supplementary Material.

Lemma 5.3. There exists a constant C' > 0, such

that:
> Brol (xit) < Br/CTU T,

tec

where fp = maxpecy Sy and yp = maxpey V-

Applying Lemma 5.3 to previously developed cumula-
tive regret bound, we get:

Rr < 2|U|Bt* + 24/ §T|U|T + 2ﬂT\/ CT|U|’)/T,
which finishes the finite X’ case bound.

Differences in Continous Case If |X| = oo, then
instead of Theorem 3.1, we rely on Theorem 3.3 and
the rest of the proof works in the same way, except for
the fact that the instantaneous regret has an additional
t% term. However, as Zthl t% < %, it just adds a
constant that does not affect the scaling of the bound.

6 DISCUSSION

The first term in our bound || By« depends on By =
Br + maxy ) SUPyex WP (X, )] + 1. Note that as
there is a finite number of priors, we cannot reject
priors infinitely, as stated by next Lemma.

Lemma 6.1. We have that P(limp_, % —0)=1
and P(limy_o 585 — 0) = 1.

As such for sufficiently large T, t* will not depend on
T and as such B+ will also not depend on T' and the
first term will get dominated by the remaining terms.
As for most commonly used kernels, the MIG ~p is at
least logarithmic in 7' (Srinivas et al., 2010), the third
term dominates the second term. In case where prior is
known, GP-UCB (and its time-varying variant) admits

a regret bound of Ry < O(Bry/ T4 ) (Srinivas et al.,

2010; Bogunovic et al., 2016). As such, our bound is
V|U| factor away and scales with v = maxpey vy

instead of 751*. This is an artifact of the fact that
PE-GP-UCB is doubly-optimistic and if one prior pro-
duces upper confidence bound that is always the high-
est among other priors, it will always be selected as
p¢. As such, PE-GP-UCB cannot be used when pri-
ors differ only with respect to outputscale. However,
in many applications, 4. will be the same for all pri-
ors p € U, for example, in the case where priors differ
with respect to mean only, and then v = 'yg. Even
if this is not the case, suffering regret scaling with
is still much better than the arbitrarily high regret we
may suffer if we rely on the wrong prior, which might
happen if the prior is chosen by an alternative method
without a correctness guarantee.

The scaling with the square root of the number of
possible priors \/\U7| can be problematic when |U| is
large, but this rate is actually better than for Re-
gret Balancing (Pacchiano et al., 2020; Abbasi-Yadkori
et al., 2020), where the time-dependent part of bound
grows linearly with number of possible models. In
general, linear dependence on the number of base al-
gorithms is common among Master Algorithms liter-
ature, where, for example, the celebrated CORRAL
algorithm (Agarwal et al., 2017) also achieves at least
linear scaling. As such, we believe the square root scal-
ing /|U| is relatively favourable, when compared to
algorithms solving similar problems.

Our bound can be applied to different types of kernels,
given that their MIG is known. For concreteness, we
now plug the expression from (Bogunovic et al., 2016)
for MIG of two commonly used time-varying kernels.

Corollary 6.2. Under the same conditions as Theo-
rem 4.1, the following statements hold:

e Let all candidate priors utilise the squared expo-



nential kernel, we then have that regret of PE-GP-
UCB: Ry = O([U|By + /U] max{Te'/®, V/T})

e Let all candidate priors utilise the v-Matern ker-
nel, we then have that regret of PE-GP-UCB:

Rr = O(JU|By+ + \/WHRLX{TE%%, VT1+e})

Compared to Regret Balancing, which looks at the
function values obtained with different priors, our al-
gorithm looks only at the prediction errors of models
obtained with different priors. As the model based
on the true prior comes with predicitve performance
guarantees, the sum of predicitive errors is bounded
with high probability, regardless of whether the func-
tion or the search space is changing between timesteps.
This makes our method applicable to nonstationary
settings, where Regret Balancing cannot be used.

On high level the prior rejection mechanism might re-
semble the soft revision mechanism (Cattaneo, 2014;
Augustin & Schollmeyer, 2021). However, there is
a number of important differences. Soft-revision op-
erates on the likelihood, whereas we operate on the
predictive error of the models. While linking the
likelihood-based approach to guarantees on cumulative
regret bounds may not be straightforward, in our proof
we are able to express the regret directly in terms of
the predictive error, on which our algorithm operates,
allowing us to link these two notions. Soft revisions
also rely on finding the prior producing the biggest
marginal to decide which priors to reject, whereas in
our approach the rejection is done regardless of how
well other priors perform.

As explained in the introduction, type II MLE is not
always guaranteed to recover the true prior. However,
it is a popular practical strategy of and as such it is
interesting to compare it with the theoretically sound
strategy of PE-GP-UCB. The main difference is that
in PE-GP-UCB, we look at the predictive error of the
model, as opposed to its likelihood, and when measur-
ing the error for the ¢-th datapoint, we only condition
the GP on D;_1, that is all observations until ¢. In this
sense, PE-GP-UCB asks retrospectively how good the
models produced by a prior at each timestep t are.
We now empirically compare the practical strategy of
MLE with the theoretically sound strategy of PE-GP-
UCB and show the latter can outperform the former.

7 EXPERIMENTS

We now empirically evaluate our proposed algorithm.
We conduct the evaluation on both toy and real-world
problems. The first baseline we compare against is the
MLE, which simply selects the prior that produces a
model with the highest marginal likelihood, i.e. p, =

arg max,ey P(D|p) and then optimises the UCB func-
tion UCBY*(x,t) produced by that model. Another
baseline is Fully Bayesian treatment of the prior, which
maximises the weighted average of UCB functions ob-
tained under different priors with the weights being
the marginal likelihood of the model with given prior,
Le. > cu UCB?(x,t)P(p|Di—1), where P(p|Di—1)
P(Di—1|p)P(p) and P(p) is the hyperprior (that is
prior over priors). In our experiments we simply take
P(p) = ﬁ The final baseline we compare against
is Regret Balancing, which uses the observed function
values in selecting the priors the use at future itera-
tions. For completeness, we provide a pseudo-code in
Supplementary Material Section D of the exact version
of Regret Balancing that we used. Such an algorithm
admits a regret bound, but only in the case, where the
problem is stationary. As such, comparing the perfor-
mance of Regret Balancing to PE-GP-UCB will help
gauge the improvement coming from not relying on the
stationarity of the objective. We detail each experi-
ment below. Our code is available on github!. To run
all experiments we use one machine with AMD Ryzen
7 5800X 8-Core processor, no GPU was required.

Toy Problem As the first problem, we consider a toy
setup, where the ground truth function f is a sam-
ple from a GP. The function f is itself stationary,
ie. Yipemnf(t) = f(-,t'), but the space of avail-
able points to query changes between iterations, mak-
ing the problem non-stationary. The true GP employs
an RBF kernel with a specially designed mean func-
tion that features ten distinct ‘hills’—regions where
the mean function is higher. We use prior 2 from Fig-
ure 3 as the true mean function, which has one promi-
nent hill around 0.1 and nine smaller hills. For the
estimation setup, we prepare eleven GP prior candi-
dates, each using the same RBF kernel but with differ-
ent mean functions, as shown in Figure 3. Each prior
features a tall hill at varying locations, along with nine
smaller hills. Prior 0, however, only has ten short hills.
An algorithm that can correctly identify prior 2 should
achieve faster regret convergence. Furthermore, we in-
troduce a time-varying search space X;, which alter-
nates between the entire domain X and a restricted
search space that excludes the true tall hill, creating
an additional challenge for estimation. As such, the
optimal region is excluded from the available query
points at every even iteration.

We plot the cumulative regret of each algorithm in
Figure 2. We can see that MLE, Fully Bayesian ap-
proach, and Regret Balancing all perform similarly and
outperform Random Search, however, still underper-
form compared to our algorithm PE-GP-UCB. The
histogram in Figure 2 sheds some light as to why this

"https://github.com/JuliuszZiomek/PE-GP-UCB
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Figure 2: Results on the toy problem. We ran 30 seeds and in subfigure a) we show the mean values in solid
lines and standard errors as shaded regions. In subfigure b) we show the proportion of times that the methods
chose each prior accross all timesteps and all seeds. The nth prior has the nth hill tallest and the prior number

0 has all hills of equal height.
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Figure 3: Plot of mean functions of different priors
used for the toy problem. All priors used the same
RBF kernel. The true prior mean (the second one) is
shown with a solid, black line, whereas all other prior
means are shown in dashed lines.

is happening. MLE keeps selecting the same (wrong
prior) and gets stuck at suboptimal values. Regret
Balancing is trying out all of the priors in a roughly
uniform manner, however, since the true prior is se-
lected only a fraction of the time and half of the time
the optimal region is excluded from the search space,
it is likely that the algorithm will not observe better
function values while using the true prior. As a re-
sult, the Regret Balancing scheme will not commit to
the true prior and keep exploring indefinitely. On the

other hand, our algorithm PE-GP-UCB, explores all
the priors and swiftly rejects incorrect ones, commit-
ting to the true prior, resulting in the lowest regret.

Intel Temperature Dataset As the second exper-
iment, we consider a real-world dynamic optimisa-
tion on the famous Intel Research Dataset?. The
dataset contains temperature measurements gathered
from over 50 sensors located in the Intel Research of-
fice in Berkeley. The goal is to select the sensor with
the highest temperature at each timestep and the re-
gret is the difference between the highest and selected
temperature. For the sake of optimisation, we use
the data coming from 14th March 2004 and we de-
fine each timestep to be a ten-minute interval. To
obtain the prior of the function, we use the previous
days in March, obtaining a total of thirteen priors
(one from each day). Following previous work Bo-
gunovic et al. (2016), for each prior we use a zero
mean function and a kernel of form k((i,t), (¢',t')) =
Cov(i, ') (1—e)lt=¥'1/2 where Cov(i, ') is the empirical
covariance between sensors ¢ and i’ (as estimated on
a given day) and e is selected to produce the best fit
on that day. Since we do not know which day would
be most similar to the 14th of March, we do not know
which prior we should rely on. We run our method
and the baseline and show the plot of average regret
against time step in Figure 4.

We can see that due to the dynamic nature of this
problem, Regret Balancing scheme severely underper-
forms and for most iterations does not perform bet-

’https://db.csail.mit.edu/labdata/labdata.html
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Figure 4: Results on the Intel temperature data. We ran 30 seeds and in subfigure a) we show the mean values
in solid lines and standard errors as shaded regions. In subfigure b) we show the proportion of times that the
methods chose each prior accross all timesteps and all seeds.

ter than random search. MLE performs slightly bet-
ter, but is still not significantly better than random
search in the first half of the experiment. The Fully
Bayesian approach has the advantage of not commit-
ting to any particular prior, making it more robust and
outperforming MLE. However, even this strong base-
line is outperformed by our algorithm PE-GP-UCB,
with the difference especially visible in the beginning.
Inspecting the priors selected by each method, we see
that MLE commits to the prior coming from the 7th of
March. At first glance, this seems sensible, as both 7th
and 14th were Sundays, and we might expect that on
a similar day of the week, the temperature patterns
will be similar. It turns out, however, that an opti-
miser utilising this prior underperforms compared to
PE-GP-UCB, which mostly relies on priors obtained
from the 4th and 12th of March.

8 Conclusions

Within this work, we proposed the first algorithm with
provable regret bound, capable of solving time-varying
GP bandits problem under unknown prior. One limi-
tation of our work is that the time-dependent part of
the regret bound scales with /|U] that is the square
root of number of candidate priors. This might make
the method perform poorly if the number of candidate
priors is extreme. Another limitation is the aforemen-
tioned over-optimisim, which prevents the application
of the proposed algorithms in certain settings. Find-
ing a way to address those limitations consistutes an
interesting direction for future work.

Acknowledgements

We thank anonymous reviewers who gave useful com-
ments. Juliusz Ziomek was supported by the Oxford
Ashton-Memorial Scholarship and EPSRC DTP grant
EP/W524311/1. Masaki Adachi was supported by the
Clarendon Fund, the Oxford Kobe Scholarship, the
Watanabe Foundation, and Toyota Motor Corpora-
tion.

References

Yasin Abbasi-Yadkori, Aldo Pacchiano, and My Phan.
Regret balancing for bandit and RL model selection.
arXiv preprint arXiv:2006.05491, 2020.

Alekh Agarwal, Haipeng Luo, Behnam Neyshabur,
and Robert E Schapire. Corralling a band of bandit
algorithms. In Conference on Learning Theory, pp.
12-38. PMLR, 2017.

Thomas Augustin and Georg Schollmeyer. Comment:
on focusing, soft and strong revision of choquet ca-
pacities and their role in statistics. 2021.

Francois Bachoc. Cross validation and maximum like-
lihood estimations of hyper-parameters of Gaussian
processes with model misspecification. Computa-
tional Statistics & Data Analysis, 66:55-69, 2013.

J.O. Berger. Statistical Decision Theory and Bayesian
Analysis.  Springer Series in Statistics. Springer,
1985. ISBN 9783540960980. URL https://books.
google.co.uk/books?id=Z_1QAAAAMAAJ.

Misspecified
Advances

Ilija. Bogunovic and Andreas Krause.
gaussian process bandit optimization.



in neural information processing systems, 34:3004—
3015, 2021.

llija Bogunovic, Jonathan Scarlett, and Volkan
Cevher. Time-varying gaussian process bandit op-
timization. In Artificial Intelligence and Statistics,
pp. 314-323. PMLR, 2016.

Paul Brunzema, Alexander Von Rohr, and Sebastian
Trimpe. On controller tuning with time-varying
bayesian optimization. In 2022 IEEE 61st Con-
ference on Decision and Control (CDC), pp. 4046
4052. IEEE, 2022.

Marco EGV Cattaneo. A continuous updating rule
for imprecise probabilities. In Information Process-
ing and Management of Uncertainty in Knowledge-
Based Systems: 15th International Conference,
IPMU 2014, Montpellier, France, July 15-19, 2014,
Proceedings, Part III 15, pp. 426-435. Springer,
2014.

Yuntian Deng, Xingyu Zhou, Baekjin Kim, Ambuj
Tewari, Abhishek Gupta, and Ness Shroff. Weighted
gaussian process bandits for non-stationary environ-
ments. In International Conference on Artificial
Intelligence and Statistics, pp. 6909-6932. PMLR,
2022.

Tianyu Gao and Xiaoli Bai. Bayesian optimization-
based three-dimensional, time-varying environment
monitoring using an uav. Journal of Intelligent &
Robotic Systems, 105(4):91, 2022.

Roman Garnett. Bayesian optimization. Cambridge
University Press, 2023.

I.J. Good. Good Thinking: The Foundations of Proba-
bility and Its Applications. University of Minnesota
Press, 1983. ISBN 9780816611423. URL https:
//books.google.co.uk/books?id=pGxovQEACAAJ.

Matthew Hoffman, Eric Brochu, and Nando de Fre-
itas. Portfolio allocation for Bayesian optimization.
In Proceedings of the Twenty-Seventh Conference on
Uncertainty in Artificial Intelligence, pp. 327-336,
2011.

Carl Hvarfner, Erik Orm Hellsten, Frank Hutter, and
Luigi Nardi. Self-correcting Bayesian optimization
through Bayesian active learning. In Thirty-seventh

Conference on Neural Information Processing Sys-
tems, 2023.

CG Kaufman and Benjamin Adam Shaby. The role of
the range parameter for estimation and prediction
in geostatistics. Biometrika, 100(2):473-484, 2013.

Tor Lattimore and Csaba Szepesvari. Bandit algo-
rithms. Cambridge University Press, 2020.

Cheng Li. Bayesian fixed-domain asymptotics for co-
variance parameters in a gaussian process model.

The Annals of Statistics, 50(6):3334-3363, 2022.

Favour M Nyikosa, Michael A Osborne, and Stephen J
Roberts. Bayesian optimization for dynamic prob-
lems. arXiv preprint arXiv:1803.08432, 2018.

Michael A Osborne, Roman Garnett, and Stephen J
Roberts. Gaussian processes for global optimization.
2009.

Aldo Pacchiano, Christoph Dann, Claudio Gentile,
and Peter Bartlett. Regret bound balancing and
elimination for model selection in bandits and RL.
arXiv preprint arXiv:2012.13045, 2020.

Jack Parker-Holder, Vu Nguyen, and Stephen J
Roberts. Provably efficient online hyperparameter
optimization with population-based bandits. Ad-
vances in neural information processing systems, 33:

17200-17211, 2020.

Julian Rodemann and Thomas Augustin. Imprecise
bayesian optimization. Knowledge-Based Systems,
300:112186, 2024.

Niranjan Srinivas, Andreas Krause, Sham M Kakade,
and Matthias Seeger. Gaussian process optimiza-
tion in the bandit setting: No regret and experimen-
tal design. In International Conference on Interna-
tional Conference on Machine Learning, pp. 1015—
1022, 2010.

Steven Van Vaerenbergh, Miguel Lazaro-Gredilla, and
Ignacio Santamaria. Kernel recursive least-squares
tracker for time-varying regression. IFEFE transac-
tions on neural networks and learning systems, 23
(8):1313-1326, 2012a.

Steven Van Vaerenbergh, Ignacio Santamaria, and
Miguel Lazaro-Gredilla. Estimation of the forget-
ting factor in kernel recursive least squares. In 2012
IEEFE International Workshop on Machine Learning
for Signal Processing, pp. 1-6. IEEE, 2012b.

Christopher KI Williams and Carl Edward Rasmussen.
Gaussian processes for machine learning, volume 2.
MIT press Cambridge, MA, 2006.

Wenjie Xu, Wenbin Wang, Yuning Jiang, Bratislav
Svetozarevic, and Colin N Jones. Principled pref-

erential bayesian optimization. arXiv preprint
arXiv:2402.05367, 2024.

Xingyu Zhou and Ness Shroff. No-regret algorithms
for time-varying bayesian optimization. In 2021
55th Annual Conference on Information Sciences
and Systems (CISS), pp. 1-6. IEEE, 2021.

Juliusz Ziomek, Masaki Adachi, and Michael A Os-
borne. Bayesian optimisation with unknown hyper-
parameters: Regret bounds logarithmically closer to
optimal. 2024.



Nonstationary (Gaussian Process Bandits with Unknown Prior:
Supplementary Materials

A  Proof of Lemma 5.1

Proof. We note that in the sum ), ¢» €, the set S%. can depend on the noise values. However, note that the
T

decision of which prior to choose at a given iteration ¢ (and thus whether or not t € S%.) is made before observing
the function value at that step and thus while {¢;}7=] can affect whether or not e, is included in SZ, they
cannot affect its value. As such, bounding such a sum is equivalent to bounding a sum of i.i.d. variable with a
history-dependent stopping rule that tells us when to stop putting more variables into the sum. We will do this
by showing the inequality holds with high probability for any possible stopping time simultanously, so we can
be sure that no matter what stopping time is chosen, the inequality will hold with high probability. Let {v;}32,
be a sequence of i.i.d. random variables, each being R-subgaussian. We then have that:

t
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In the penultimate transition above we used the fact that since v; is R-subgaussian, for any n > 0 we have:

( >M><Zexp(2RI42 ):2exp<2_]§>,

which is a well-known result in the literature (e.g. see Corollary 5.5 in Lattimore & Szepesvéri (2020)). Taking
union bound over priors proves the statement:

2

Note that the statement is proven for any prior p € Y and any ¢ € Sh. As such, the statement of the Lemma is
a finite sample, high-probability bound and not an asymptotic statement. O

< gt><zu|
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B Proof of Lemma 5.3

Proof. Firstly, observe that due to Cauchy-Schwarz we have:

D Brot(x) < BT\/(T —1eDD (o )2(x) < Br [T D (07 1)%(x0), (5)
téC tec peu 1éC

where Sr = maxpey S We will need to introduce some new notation. For some set of inputs A C X, let us
define:

(04)*(x) = k(x,x)" = k4 (x)" (K4 + 0"Z) " k4 (%),

where K% = [k* (x,%')]xxrca and k% = [k*" (x,%x’)]xca Notice that under such notation o* | = 0%, ,, where
Xi1 = {x;}IZ]. Let us define and AY | = {((x;,4),y;) : 1 <4 <t —1,p; = p} to be the set of points queried
when p; = p. For any two sets S, S’ such that S’ C S we have 0%, (x) < o%(x) for all x € X. As A7 | C Dy_4,
we have:

(0 1)*(xe) = (05, )% (xe) < (0% )*(x4) < Clog(L+R™*(o%)y (x))%),

t—1 t—1

for some C' (depending on R), where the last inequality is true due to the same reasoning as in the proof of
Lemma 5.4 in Srinivas et al. (2010). Applying this fact to Inequality 5 gives:

Br [T > (67 1)2(x) < Br |CTY Y log(l + R0l (x))?)

peUl t¢C peEU tgC
ut=p ut=p
=Br [CT Y Afw | < Brv/CTUyr
peU
where the penultimate equality follows from Lemma 5.3 from Srinivas et al. (2010). O

C Proof of Lemma 5.2

Proof. We will consider two cases, depending on cardinality of |X].
If |[X| <

Using the same proof idea as Lemma 5.1. of Srinivas et al. (2010), where we simply replace the posterior mean
pt—1 and variance o7_; with the prior mean u and variance o we get that with probability at least 1 — ., for all
x € X and all ¢’ € [T]:

[f(x,t") — " (x,8)| < B0 ol (x,t) < AP K ((x, 1), (x, 1)) < B,

where 5] = {/2log (%) As such:

aX axX ’ X, 1 </} —|— I X aXx I X, 1 <Bt'
/ [] X| ( ’ )|— t ,/a[] Xllu’ ( ) )|—

Using the same proof idea as Appendix C.1. of Bogunovic et al. (2016), where we simply replace the posterior
mean p;—1 and variance o7_; with the prior mean p and variance o we get that with probability at least 1 — 4,
for all x € X and all ¢’ € [T7:

[Fox, ) — " ([, ) < BY o (X, t) + 1 < B0 kP ([x], [x), ) + 1< B0 + 1,



where P = \/ 21log (3;;;2) + 2dlog <dt2rbp log (%”fs“cp)). As such:

max sup |f(x,t")| < ﬁf,* + max max |pP (x,t')] +1 < Bf,* + max sup |p? (x,t')] +1 < B,.
t'e[t] xex t’'e[t] x€Dy t'Elt] xex

D Regret Balancing for Unknown Prior

For completeness, below we provide a version for Regret Balancing for the case of unknown prior, adapted from
Ziomek et al. (2024), who derived regret bound for these kinds of algorithms in BO, but only if the underlying
function is not changing with time. In our experiments, we set {¢;}7_; and {B¢}]_, in the same way as for PE-
GP-UCB. We also set the suspected regret bounds to simply RP(t) =t for all p € U, as in the first experiment
(toy problem) the priors differ only with respected to mean (and thus the well-specified regret bound is the same
under all priors) and in the case second experiment (Intel data), we do not know the exact regret bound scaling
due to the shape of used kernel.

Algorithm 2 Regret Balancing for Unknown Prior

Require: suspected regret bounds RP(-); confidence parameters {&;}Z_; and {8},
1: Set Dy = 0, Uy = Uy ,Sg = () for all p € U,
2: fort=1,...,7T do
3t Select prior u; = argminyey, RP(]S7_;] + 1)

4:  Select point to query x; = argmax UCB}' | (x)
xeX

5:  Query the black-box y; = f(xy,t)

6:  Update data buffer Dy = Dy U ((x¢, 1), ye)

7.  Foreachp €Uy, set ST ={r=1,...,t:p. =p}

8:  Initialise prior set for new iteration U1 := Uy

9: if V,e,|SY| # 0 then

10: Define Lt(p) = (|Silf| ZTEStp Yr — \gﬁ)

11: U1 = {p € Uy : Li(u) + @ > resy BRoT 1 (xr) = maxy ey, Lt(p')}
12:  end if

13: end for

E Proof of Proposition 6.2

Using the same reasoning as in Appendix E of Bogunovic et al. (2016) we have that in squared exponential case

vr = O(max{Te"/3,1}) and in v-Matern case 77 = O(max{Te5+, T¢}) with ¢ = #&21).

F Proof of Lemma 6.1

To prove the first statement we need to show that with probability 1, we have VE>OEIT/(6)>OVT>T/(€)Tf—EE) < e
Note that since confidence parameters & and 5; do not require the knowledge of T' beforehand, we can always
just decide to continue run the algorithm for more iterations after exceeding some inital iteration number. Let
7; be the iteration, where we reject the i¢th prior if we run the algorithm for at least 7; iterations. Note that
(T1,..., ) are random variables that depend on the randomness in sampling black-box f from the prior
(and its random evolution through time), and on the randomness in noise {€;}$2;, but do not depend on any
randomness in the algorithm. Thus conditioning on noise variables and black-box function and its evolution, we
have that (71,..., 7)) are determinstic variables. Let us denote 7; = oo if less than i priors were rejected. Thus
t* <max,;—y, . jy{7i|Ti # oo} and conditioned on the aforementioned randomness t* also becomes deterministic.



t* max;—y, {7l # oo}

P (vroro s < <tz el ) = 1

T

and as this construction can be done for any € > 0, we have:
t*
P (Veso¥rmio g < (flen )iz (ki) =1
Thus by law of total probability P(A) = [ P(A|B = b)p(b)db, we get that:
t*
P (VE>OVT>T’(E)T < 6) =1.

This finishes the proof for the first statement. To prove the second statement, we can use the same reasoning as

2B . . L .
above and set T"(e) = =2, as since t* is deterministic, so is By

Checklist

1. For all models and algorithms presented, check if you include:

(a) A clear description of the mathematical setting, assumptions, algorithm, and/or model. [Yes]

(b) An analysis of the properties and complexity (time, space, sample size) of any algorithm. [Yes (regret
analysis)]

(c) (Optional) Anonymized source code, with specification of all dependencies, including external libraries.
[Yes]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all theoretical results. [Yes]
(b) Complete proofs of all theoretical results. [Yes]
(¢) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical results, check if you include:

(a) The code, data, and instructions needed to reproduce the main experimental results (either in the
supplemental material or as a URL). [Yes]

(b) All the training details (e.g., data splits, hyperparameters, how they were chosen). [Yes]

(c) A clear definition of the specific measure or statistics and error bars (e.g., with respect to the random
seed after running experiments multiple times). [Yes]

(d) A description of the computing infrastructure used. (e.g., type of GPUs, internal cluster, or cloud
provider). [Yes]

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets, check if you
include:

(a) Citations of the creator If your work uses existing assets. [Not Applicable]

(b) The license information of the assets, if applicable. [Not Applicable]

(¢) New assets either in the supplemental material or as a URL, if applicable. [Not Applicable]

(d) Information about consent from data providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable, e.g., personally identifiable information or offensive content.
[Not Applicable]

5. If you used crowdsourcing or conducted research with human subjects, check if you include:

(a) The full text of instructions given to participants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks, with links to Institutional Review Board (IRB) approvals if
applicable. [Not Applicable]

(¢) The estimated hourly wage paid to participants and the total amount spent on participant compensa-
tion. [Not Applicable]



