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Abstract

This thesis presents inelastic neutron scattering (INS) studies of spin dynamics
in two di�erent Ising-like quantum magnetic materials as a function of applied
magnetic field.

The first material explored is the ferromagnetic Ising chain CoNb2O6. The
excitations in an Ising chain are independent domain wall quasiparticles, however,
additional interactions beyond pure one-dimensional Ising exchange can lead to
the formation of a variety of bound states in di�erent regimes of applied magnetic
field. The excitations in CoNb2O6 are first studied as a function of applied near-
longitudinal field. This causes domain walls to become confined into bound states,
with the confinement potential tuned by the applied field, from the limit of weak
field where there is a Zeeman ladder of bound states to strong field where only
two remain. Next, a quantum spin Hamiltonian is refined based on a global fit to
the spectrum observed in zero field and in high field applied along two orthogonal
directions. A novel method is developed using a combination of linear spinwave
theory and exact diagonalization on finite chains to capture the observed bound
states as well as the weak interactions between the di�erent chains. Calculations
using the refined Hamiltonian quantitatively reproduce not only the spectra to
which the data were fit, but also the rich behaviour observed in low transverse field.
An intuitive physical picture and fully analytically solved model is proposed for this
behaviour based on novel bound states stabilized by the competition between an
o�-diagonal exchange and transverse field. Finally, the magnetization of CoNb2O6

is measured as a function of field up to 16 T, observing evidence for the proximity
to the expected transverse-field induced quantum critical point.

The other material studied in this thesis is the frustrated triangular lattice
quantum Ising-like antiferromagnet Na2BaCo(PO4)2, whose spectrum is measured
using INS as a function of transverse field. In high field, sharp magnons are observed
and a spin Hamiltonian is refined based on the observed magnon dispersions. At
fields below the transition to the field polarized phase, strong continuum scattering
is observed, which dominates at low fields where no magnons are observed. The
observed spectrum cannot be explained even qualitatively at low field using a linear
spinwave approach including one and two magnon excitations.
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1
Introduction

This thesis presents studies of spin dynamics in two di�erent Ising-like quantum

magnetic materials as a function of applied magnetic field. The materials both

have low dimensional magnetic interactions, with CoNb2O6 being a ferromagnetic

spin chain material, while Na2BaCo(PO4)2 is a triangular lattice antiferromagnet.

The main technique used to study these materials is single crystal inelastic neutron

scattering, which is used to reveal information about their magnetic excitations.

The next chapter — Chapter 2 — introduces the ideas in quantum magnetism

that will be of relevance to this thesis. First, single-ion physics is discussed, followed

by an overview of some key ideas that will be discussed in this thesis: quantum

phase transitions, frustration and fractionalization. Next the physics of Ising-like

chains and of triangular lattice antiferromagnets is discussed in more detail, and

finally the key analytical techniques which will be used — linear spinwave theory and

exact diagonalization — are discussed. Chapter 3 then introduces the experimental

techniques of neutron scattering as well as vibrating sample magnetometry.

Chapters 4 to 7 report experimental and theoretical results on the ferromagnetic

Ising chain material CoNb2O6. The Ising chain realizes the fundamental paradigm of

spin fractionalization, where locally flipping a spin creates two independent domain

wall quasiparticles that can separate apart at no energy cost. However, additional

1



1. Introduction 2

interactions beyond pure one-dimensional Ising exchange can lead to the formation

of a variety of bound states in di�erent regimes of applied magnetic field.

In Chapter 4, the regime of CoNb2O6 in near-longitudinal (along Ising axis)

magnetic field is explored. In this regime, the applied field acts as an e�ective linear

potential in the separation between domain walls, confining them together into a

series of bound states, and tuning the applied field tunes this e�ective potential.

Using high-resolution single crystal inelastic neutron scattering, the evolution of

the spectrum is directly observed. In the regime of very weak confinement at low

field, a Zeeman ladder of many closely spaced bound states with energies scaling as

the field strength to the power 2/3 is observed, while in the regime of very strong

confinement at high field, the spectrum consists of a magnon and a dispersive

two-magnon bound state, with a linear field dependence. At intermediate fields,

the crossover between these two regimes and the disappearance of the higher-order

bound states from the spectrum is explored.

Next, in Chapter 5, a quantum spin Hamiltonian for CoNb2O6 is refined based

on a global fit to the spectrum observed in zero field and in high field applied along

two orthogonal directions. A novel method is developed using a combination of

linear spinwave theory (LSWT) and exact diagonalization (ED) on finite chains to

capture the observed bound states as well as the weak interactions between the

di�erent chains. The interchain couplings are first quantitatively parameterized

using LSWT in the regime of high applied field, where LSWT is expected to capture

the interchain dispersions well. A global fit is then performed to the observed

spectrum in zero field and high field applied along two orthogonal directions

corrected for interchain dispersion, using exact diagonalization methods for a 1D

chain. A refined single-chain and interchain Hamiltonian is thus proposed that

quantitatively reproduces not only the spectra to which the data were fit, but

also spectra observed at intermediate fields.

In particular, it is found that the Hamiltonian refined in Chapter 5 quantitatively

reproduces the spectrum observed for CoNb2O6 in low transverse field, and this

regime is explored in Chapter 6. In this regime, high-resolution single crystal
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inelastic neutron scattering measurements observe that small transverse fields

lead to a breakup of the spectrum into three parts, each evolving very di�erently

upon increasing field. An intuitive physical picture and fully analytically solved

model is proposed for this behaviour based on novel bound states of domain wall

quasiparticles. In this regime, both the applied transverse field and an o�-diagonal

exchange term allow domain walls to hop, but these hopping e�ects have opposite

signs. The novel bound states arise near the special field where the sizes of the

hopping e�ects match so that domain walls become localized. The theoretical model

qualitatively captures a variety of nontrivial features in the observed spectrum,

providing insight into the underlying physics of these bound states.

In Chapter 7, the magnetization of CoNb2O6 is measured as a function of field

up to 16 T along three orthogonal crystallographic directions. For field along b,

where a quantum critical point is present at Bc = 5.5 T, the key features of the field

and temperature dependence of the magnetization M , its derivatives, and of the

magnetic entropy S at temperatures above 2 K and fields near Bc are well captured

by calculations for a minimal model of an exactly solvable Ising chain in transverse

field at finite temperature. The temperature and field dependent magnetization

curves are quantitatively compared to calculations using exact diagonalization of the

quantum spin chain Hamiltonian refined in Chapter 5 and good agreement is found.

The other material studied in this thesis is the frustrated triangular lattice

quantum Ising-like antiferromagnet Na2BaCo(PO4)2, which is discussed in Chapter

8. Inelastic neutron scattering experiments observe the spectrum as a function

of transverse (in-plane) field. In high field, sharp, resolution-limited magnons are

observed, which are well described by a minimal nearest-neighbour XXZ quantum

spin Hamiltonian. The parameters of this spin Hamiltonian are refined based on

a global fit to the observed magnon dispersions at several fields reported here,

as well as to data reported in the literature for field applied along the easy-axis

direction. In transverse fields below the transition to the field polarized phase,

there are two intermediate field phases and strong continuum scattering is observed

in both. While the spectrum in the higher field phase can be understood based
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on a picture of magnon broadening due to decay into the continuum, at the

lowest fields, no magnons are observed at all and instead continuum scattering

dominates. The data are compared to the results of calculations in linear spinwave

theory including both one- and two-magnon contributions and it is found that

this semi-classical calculation cannot account for the strong continuum scattering

observed experimentally, suggesting much stronger quantum fluctuations than can

be captured by a spinwave approximation.



2
Quantum magnetism

This chapter introduces the theoretical background relevant to the work reported in

this thesis. First, the physics of localized magnetic moments in insulators is discussed.

An overview is then given of some important concepts in quantum magnetism

which are of relevance to this thesis: quantum phase transitions, frustration and

fractionalization. Next, the physics of the low dimensional spin systems relevant

to this thesis — Ising-like chains and triangular antiferromagnets — is discussed

in more detail. Finally, linear spinwave theory and exact diagonalization, which

are the analytical techniques used throughout this thesis, are introduced.

2.1 Introduction

The existence of magnetic materials of any sort, i.e., materials whose equilibrium

properties are a�ected by the presence of a magnetic field, intrinsically requires

the existence of quantum physics, as proved by the Bohr-van Leeuwen theorem

[1]. Many materials, however, can be very well described using semi-classical

approximations. The field of quantum magnetism encompasses those materials

that cannot adequately be described semi-classically, and these display a wide

variety of emergent phenomena [2].

5



2. Quantum magnetism 6

The purpose of this chapter is to introduce briefly the various topics within

quantum magnetism which will be of particular relevance in this thesis. First, in

Sec. 2.2, a brief description is given of the origins of localized magnetic moments in

insulators and how they interact. This section focusses on the single-ion physics of

Co2+, as this is the magnetic ion in both the materials studied in this thesis. Next, in

Sec. 2.3, a brief overview is given of some phenomena which are realised in a broad

range of systems within quantum magnetism: quantum phase transitions, frustration

and fractionalization. In Sec. 2.4, the physics relevant to the low dimensional

systems described in this thesis will be described in more detail. Ising-like chains, of

relevance for describing CoNb2O6, are discussed with several models, each of which

are relevant for describing this material in di�erent regimes. Triangular lattice

antiferromagnets, which are relevant for an understanding of Na2BaCo(PO4)2, are

also discussed. Finally, Sec. 2.5 introduces the two main analysis techniques which

will be used throughout this thesis for comparing experimental results to theoretical

predictions, namely linear spin wave theory (LSWT) and exact diagonalization (ED).

2.2 Local moments and their interactions

The materials discussed in this thesis are both insulators, so the magnetism is

caused by electrons which are localized within the electronic shell of certain ions

rather than itinerant throughout the crystal.

2.2.1 The origin of local moments

Localized magnetic moments can be found when ions have a net total electronic

spin S or orbital angular momentum L. For an ion in free space, the ground state

S and L, as well as their sum J , can be predicted using Hund’s rules. When

the ion is embedded in a crystal lattice, the e�ects of the crystal field (i.e., the

electrostatic fields from neighbouring ions) need to be considered. For f-block

elements (rare earths), Hund’s rules continue to work well because the f-electrons

are closer to the nucleus than the outer filled s- and p-electron shells, which screen

the Coulomb interaction between f-electrons and ligands. However, for d-block ions
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such as Co2+, while the total spin and orbital angular momentum are in general

determined by Hund’s rules, the crystal field strength is in general much larger

than the spin-orbit coupling, and so Hund’s third rule, which determines the total

angular momentum, is not obeyed [1, 3].

Once crystal field and spin-orbit coupling have been included, the lowest ground

state multiplet can in general be described as an e�ective spin Se� where the

degeneracy of the multiplet is 2(Se� + 1). This allows the low energy excitations

to be described in terms of a ‘spin Hamiltonian’ in the e�ective spins, which can

apply to both the interactions between spins and the local anisotropy expressed as

a single-ion Hamiltonian [3]. The magnetic moment µ is related to the e�ective

spin Se� by µ = ≠µB g̃S where g̃ is the g-tensor which is in general anisotropic.

As both materials studied in this thesis, CoNb2O6 and Na2BaCo(PO4)2, contain

Co2+ ions in distorted octahedral environments, this case will be considered in

more detail as an example.

2.2.1.1 The Co2+ ion in a distorted octahedral environment

For ions in a distorted octahedral environment, it is usually possible to treat the

dominant crystal field as exactly cubic and then treat distortions as perturbations.

While this does not give quantitatively correct results when the distortion is fairly

large, it will be a useful approach to gain a qualitative understanding of the

single-ion spectrum.

A cubic octahedral environment splits the 5-fold degenerate d-orbitals of the

free ion into a lower energy triplet and higher energy doublet, as shown in Fig. 2.1A,

labelled as t2g and eg respectively, according to the representation of the cubic

point group under which they transform. The orbitals are then filled according

to their energy, with the competition between the crystal field strength and the

on-site repulsion determining whether higher energy orbitals are singly occupied

before lower energy orbitals are doubly occupied. The Co2+ ion has a 3d7 electron

configuration and both materials studied here correspond to the intermediate field

strength regime, in which the higher energy orbitals are first singly occupied, as
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t2g

eg

Free ion

Cubic 
octahedral 
crystal field

Spin-orbit 
coupling

Distorted 
octahedra

L = 3

Jeff = 1/2
Jeff = 3/2

Jeff = 5/2

~40 meV

~400 meV

30 meV

A B

Figure 2.1: A) The splitting of the single electron d-orbital levels induced by the
cubic octahedral crystal field environment and their occupation in the ‘high spin’ d7

configuration. The circles represent electrons while the lines represent the orbitals. The
eg orbitals are higher energy than the t2g orbitals and in cubic octahedral symmetry,
the orbitals would be degenerate within these multiplets and are only shown separated
for clarity. B) The splitting of the multi-electron Hund’s rules L = 3, S = 3/2 ground
state manifold at di�erent levels of perturbation theory. The cubic octahedral crystal
field splits the orbital septet such that the lowest energy manifold is an orbital triplet
with e�ective orbital angular momentum L̃ = 1. The spin-orbit coupling then splits the
3 ◊ 4 = 12-fold degenerate spin-orbit manifold according to Je� = L̃ + S [3, 4]. Finally
the distortion (monoclinic for CoNb2O6, trigonal for Na2BaCo(PO4)2) lifts the remaining
degeneracy as far as is allowed by Kramers theorem, that is, all levels in the final column
are Kramers doublets. The energy splittings indicated in the second and third column
have been estimated by combining the parameters given in Ref. [5] for CoNb2O6 with
formulae from Ref. [3]. Similar splittings are appropriate for Na2BaCo(PO4)2 [6]. In both
panels, energy is shown as increasing up the page.

shown in Fig. 2.1A. This leads to a total spin of S = 3/2 with configuration t5
2ge2

g, as

predicted by Hund’s rules, known as the high-spin state [7]. In very strong crystal

fields, the alternative S = 1/2 state with configuration t6
2ge1

g is possible.

In order to understand the e�ect of the crystal field on the total orbital angular

momentum L = 3 states predicted by Hund’s rules, it is useful to express the crystal

field potential in terms of operator equivalents, built out of powers of the total

orbital angular momentum operator L. The allowed terms are highly constrained

by the point group symmetry at the ion site [3]. Both the cubic octahedral terms
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and any distortions can be expressed in this formalism. The e�ect of the cubic

terms is to split the L = 3 manifold into two triplets and a singlet, with one the

triplets being lowest in energy [3], as shown in Fig. 2.1B. Since this manifold is a

triplet, its wavefunctions can be described by an e�ective orbital angular momentum

L̃ = 1, with eigenvalues such that the matrix elements of L are equivalent to those

of ≠3
2L̃ over the restricted Hilbert space of L̃ = 1 states [3].

The spin-orbit coupling can then be considered, written as ⁄L̃ · S with ⁄ > 0.

This splits the combination of the L̃ = 1 and S = 3/2 into multiplets with

Je� = L̃+S = 1/2, 3/2, 5/2, i.e., a doublet, a quartet and a sextet, with the doublet

being the lowest energy [3], as shown in Fig. 2.1B. This is a Kramers doublet,

arising because of the odd number of electrons in Co2+, meaning that it is protected

by time-reversal symmetry. It therefore cannot be further split by distortions of

the octahedra. In cubic point group symmetry, the g-tensor for the Co2+ ions

would be isotropic (spherical) with value g = 41
3 in all directions [3]. Distorting the

octahedra admixes in the higher Je� levels into the lowest doublet, which can lead

to a highly anisotropic g-tensor [3]. In the rest of this thesis, the symbol S will,

unless otherwise specified, represent the e�ective spin determined by the degeneracy

of the lowest spin-orbit multiplet, which in the case of Co2+ is a Kramers doublet

in both cubic and non-cubic local crystal field environments.

2.2.2 Interactions of local moments

The interactions between local moments are often far stronger than can be explained

by dipolar interactions between magnetic moments. These interactions are instead

due to a combination of electrostatic interactions and energy gain from delocalization:

electrons can gain energy if they can virtually hop to neighbouring sites, and whether

this process is allowed or not depends on the relative orientation of the spins of the

electrons on these neighbouring sites [1]. In practice, there is often little overlap

between the orbitals of magnetic ions and the hopping happens via anion ligands,

often O2– ions, in a process called superexchange. The sign of the superexchange
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interaction depends on the angle made by the magnetic ions and the anion, since

this a�ects which orbitals are involved [8, 9].

If exchange interactions only involved pure spin states, they would be Heisenberg,

i.e., isotropic in spin-space. However, in the presence of spin-orbit couplings, the

e�ective spin Hamiltonian can become anisotropic in spin-space, as the electron

wavefunctions have mixed spin-orbital character and exchange through some orbitals

can be energetically more favourable than exchange between other orbitals. This

e�ectively leads to couplings between some spin components being more favourable

than couplings between other spin components, and thus anisotropic exchange,

which can in principle be bond-dependent [10].

2.3 Quantum e�ects in magnetism

This section will contain a brief survey of some of the main theoretical ideas of

broad applicability in this thesis. These concepts are not all limited to quantum

magnetic systems, but play an important role in them.

2.3.1 Quantum phase transitions

Quantum phase transitions are phase transitions that happen at zero temperature

as some tuning parameter is varied [11]. In the cases of relevance to this thesis,

this tuning parameter is an applied magnetic field, but in other systems the tuning

parameter could be pressure, or chemical doping, among others. Of particular

interest are second order (continuous) quantum phase transitions. This means

that the order parameter goes continuously to zero as the quantum critical point

is approached from the phase with spontaneous symmetry breaking. Quantum

phase transitions are not restricted to magnetic systems and examples of interest

to the condensed matter community at large are found in a wide variety of

electronic systems [12].

In some ways, quantum phase transitions are very similar to classical finite-

temperature phase transitions. At second order phase transitions of both types,

thermodynamic quantities (as well as correlation lengths) scale as the critical point
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Ordered Quantum

paramagnet

Quantum
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Figure 2.2: A sketch of a phase diagram for a model with a quantum critical point
and no finite temperature phase transition, such as the transverse field Ising chain (see
Sec. 2.4.1.1). The cross labels the quantum critical point while the thick grey line indicates
the ordered region, which exists only at zero temperature. The dashed lines indicate
crossovers between di�erent regimes. The crossovers between the quantum critical regime
and the low temperature regimes are determined by the size of the gap. The crossover
into the regime labelled ‘High temperature’ occurs when su�ciently energetic states
are populated that the e�ects of the lattice cannot be neglected. The behaviour in the
quantum critical regime is dictated by the quantum critical point. Figure adapted from
Ref. [11].

is approached as power laws with so-called ‘critical exponents’ which are universal,

that is they do not depend on the microscopic details of the system [11, 13]. In fact,

quantum phase transitions occurring in systems with d dimensions can be exactly

mapped to classical phase transitions in d + 1 dimensions [11, 14], and quantum

phase transitions often occur as the end point of a line of classical phase transitions.

However, quantum phase transitions also di�er from classical phase transitions in

important respects, for instance, quantum phase transitions are driven by quantum

fluctuations rather than thermal fluctuations. In addition, the presence of a quantum

critical point can influence the behaviour of the system even at relatively high

temperatures [11]; the region of the phase diagram whose behaviour is governed

by the quantum critical point is known as a ‘quantum critical fan’. A schematic

of a phase diagram which includes a quantum critical point is shown in Fig. 2.2,
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on which the quantum critical fan is shown. This region roughly corresponds to

the region in which the temperature is larger than some characteristic energy scale

such as the gap to excitations � (although the temperature cannot be so large

as to overcome the correlations altogether).

The fact that quantities scale with critical exponents in the vicinity of quantum

critical points is an example of a broader phenomenon of universality, whereby

the behaviour of the system on su�ciently large length scales depends only on

the dimensionalities of the system and the order parameter (and on whether the

interactions are long ranged) [11]. Universality can also constrain, for example, the

long wavelength excitations of the system near the quantum critical point.

A paradigmatic example of quantum phase transitions, and the one that will

be of most relevance in this thesis, is the Ising chain in transverse field (TFIC).

This will be discussed in more detail in Sec. 2.4.1.1.

It is important to note that according to the Mermin-Wagner theorem, continuous

symmetries cannot be broken at finite temperature in d Æ 2, or at any temperature

(even zero) in d = 1 [14, 15]. However, a phase transition in systems with d = 2 at

finite temperature (equivalently d = 1 at zero temperature) is possible for systems

which have an O(2) symmetry. These phase transitions, named for Berenzinskii,

Kosterlitz and Thouless, do not break symmetry, so do not fit into the Landau

paradigm, and occur due to the formation of vortices [14]. Note also that in d = 1,

it is possible to break even discrete Ising symmetry only at T = 0 [11].

2.3.2 Frustration

Frustration occurs when it is not possible fully to satisfy all interactions simulta-

neously. In the context of magnetism, this means that some pairs of spins are not

in a configuration relative to each other that minimizes their interaction energy.

The prototypical example used to illustrate this concept is a triangle with Ising

spins (i.e., spins constrained to only be either up or down) located at its vertices

with an antiferromagnetic interaction between them, as shown in Fig. 2.3. The

energy for any given pair of spins is minimized if they are anti-parallel, but once
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?
Figure 2.3: Frustration of antiferromagnetic Ising spins on a triangular lattice. Once
the first two spins have been placed pointing in opposite directions to each other, the
possibilities for the third spin both leave a bond unsatisfied.

two spins have been placed on the vertices pointing opposite to each other, the

third spin can only be anti-parallel to one of them, such that whether the third spin

is up or down, both configurations are equally poor at satisfying the interactions.

Taking into account the ways the spins could be permuted, there are thus six

configurations which minimize the energy [16]. One could imagine creating a whole

lattice of triangles, either sharing edges (this is what is usually referred to as a

triangular lattice) or sharing corners (the kagomé lattice), and a similar argument

would apply on a macroscopic scale.

These arguments imply that when frustrated spins are classical, frustration

leads to highly degenerate ground states. Indeed, it has been known for many

years that the ground state of the Ising triangular lattice antiferromagnet is a

classical spin liquid, i.e., a superposition of all the possible states which minimize

the energy [17]. When the spins are quantum however, quantum fluctuations lift

the degeneracy of this ground state manifold and are expected to select a unique

ground state (or at least, a sub-extensive number of ground states if symmetry

breaking occurs) [16]. It has been suggested that in some cases, the ground state

of such systems could be a quantum spin liquid, in which the system is in a

complex entangled state consisting of a superposition of many of the low energy

configurations with well defined phases between them. In this case, the system would

not magnetically order all the way down to absolute zero. While the first systems
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Figure 2.4: Interactions in the Kitaev model [21]. On each bond, the interaction is
Ising, but the Ising axis depends on the bond as shown, with the red (horizontal), green
(pointing up and right), and blue (pointing up and left) bonds being z, y and x bonds
respectively, where x, y, z are Cartesian axes.

that were proposed to be quantum spin liquids — triangular lattice antiferromagnets

— have since been shown to have ordered ground states [18–20], this ordering tends

to occur at temperatures significantly below what would be expected based on their

interaction strength and using a mean field model [16]. The frustration parameter

f = ◊CW/TC , where ◊CW is the Curie-Weiss temperature extracted from fits to

the high temperature susceptibility and TC is the ordering temperature, is thus

a useful measure of frustration [16].

The triangular lattice antiferromagnet, mentioned above, will be discussed in

more detail in Sec. 2.4.2. It is an example of ‘geometric frustration’, as the

frustration occurs due to the arrangement of the antiferromagnetic bonds. It is

also possible for frustration to occur instead due to the form of the interactions

themselves. An example of this is the Kitaev model [21], consisting of spins on

a honeycomb lattice which interact via Ising interactions, but with the Ising axis

depending on the bond, see Fig. 2.4. This model has been the subject of significant

attention, due in part to the fact that it is exactly solvable with a quantum spin

liquid ground state, but no experimental realisations have yet been found of systems

where terms in the Hamiltonian beyond the pure Kitaev form were su�ciently
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small to avoid inducing long range order at low temperatures. Similar interactions

have also been studied in other geometries [22, 23].

The high classical degeneracy of the ground states of frustrated systems has

important consequences. Firstly, it leads to multiple competing ground states,

implying that the ground state is sensitive to perturbations and often leading to rich

phase diagrams. Secondly, there are many low lying excitations, and thirdly, the form

of the excitations is often exotic. In particular, the excitations in spin liquids (both

classical and quantum) often display fractionalization, which will be discussed next.

This is because the ground states of frustrated systems often have local constraints

(e.g., minimizing the sum of the magnetization on a given triangle), and a local

perturbation, such as flipping a spin, violates this constraint in two places [16, 21, 24].

2.3.3 Fractionalization

Usually in condensed matter systems, excitations are either electron-like, carrying

spin S = 1/2 and charge ±1 in units of the electron charge (holes are here being

counted as electron-like), or magnon-like, carrying no charge and spin S = ±1. In

systems where fractionalization occurs, this is not the case, as quasiparticles ‘break

up’ into smaller parts, which carry fractional spin and/or charge.

Perhaps the simplest example of fractionalization can be found in the ordered

phase of the Ising chain. This is illustrated in Fig. 2.5A and will be discussed

more quantitatively in Sec. 2.4.1.1. While the Ising chain only has two (symmetry

breaking) ground states, the excitation spectrum is highly degenerate. This is

because the energy of the Ising chain depends only on the number of domain

walls between regions of up spins and down spins and not the distance between

them, since a domain wall in a one-dimensional system breaks exactly one bond.

Flipping a single spin creates two domain walls, and rather than this spin flip

propagating coherently as a magnon, the two domain walls can separate apart

independently from each other. In the presence of a transverse field, the domain

walls can hop and they become the true quasiparticles of the system. This behaviour
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Figure 2.5: A) In a ferromagnetic Ising chain, domain walls (solid lines) can separate
apart at no energy cost. B) In a finite longitudinal field hz, there is an energy cost linear
in the separation, as if the two domain walls interacted via a string tension ⁄ (curly line
between solid dots), which stabilizes confinement bound states.

applies to Ising chains whether they are ferromagnetic or antiferromagnetic and

has been observed experimentally [25].

A key feature of fractionalized excitations is that it is not possible to create

them individually. This means that the spectrum observed, for instance, in inelastic

neutron scattering, does not contain sharp dispersions but a continuum of excitations,

corresponding to di�erent ways that the energies and momenta of the individual

fractionalized quasiparticles can combine. The presence of continua of excitations

in scattering spectra is therefore a key signature of fractionalization, although these

continua can also be due to other e�ects such as disorder.

A variety of other systems are also predicted to display fractionalization, and it

has been observed experimentally in some of them. A few examples will now be

briefly mentioned. The fractional quantum Hall e�ect is an example of charged

quasiparticles fractionalizing [26]. The antiferromagnetic Heisenberg chain has

been both predicted and observed to have fractionalized spinon excitations [27–29],

while magnetic monopoles are expected to exist in (classical) spin ice systems [30–

32]. Fractionalized quasiparticles have also been observed in distorted triangular

antiferromagnets [33].

Quantum spin liquids are expected in general to have fractionalized excitations

[16]. While the ground state of the pure nearest-neighbour Heisenberg triangular

lattice antiferromagnet is an ordered state, a quantum spin liquid ground state is

predicted in the presence of next-nearest-neighbour interactions [34]. This might
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have spinon type excitations. The exactly solvable Kitaev model, which is also

predicted to have a quantum spin liquid ground state, also has fractionalized

excitations, which in this case are propagating Majorana fermions and static

fluxes [21, 35].

2.4 Low dimensional magnetism

While both materials studied in this thesis have a fully three dimensional crystal

structure, the arrangement of the magnetic ions within them means that the

interactions are much weaker along one or two of the directions than in the others,

such that the dimensionality of the magnetic system is e�ectively reduced. This

means that a useful understanding of the behaviour of these materials can be gained

by considering models of independent chains or layers which are e�ectively one-

or two-dimensional, respectively. The e�ects of the weak interchain or interlayer

interactions can then be considered as perturbations [36].

2.4.1 Ising-like chains

The spin chain material CoNb2O6, which will be the focus of Chapters 4 to 7, is a

good example of an Ising-like chain. However, additional interactions beyond the

pure Ising exchange mean that di�erent approximations are most useful in di�erent

regimes of applied field. These will be discussed in some detail below.

2.4.1.1 The transverse field Ising chain

The transverse field Ising chain (TFIC), with Hamiltonian

H =
ÿ

j

Ë
≠JSz

j Sz
j+1 ≠ hSx

j

È
, (2.1)

where J > 0 is a ferromagnetic Ising exchange and h is an externally applied

transverse field, is an important model in condensed matter physics because it

displays the key paradigms of both a continuous quantum phase transition from an

ordered phase to a quantum paramagnetic phase as a function of field, as well as, in
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Figure 2.6: Excitations of the transverse field Ising chain. A) In the ordered phase, the
excitations are domain walls that can hop due to the transverse field. B) In the quantum
paramagnetic phase, excitations are spin flips against the applied field, which can hop
due to the Ising exchange.

the ordered phase, of fractionalization of local spin flips into pairs of domain wall

quasiparticles (also known as spinons or solitons) [11], as discussed in Sec. 2.3.3.

It is helpful first to gain a qualitative understanding of this model. The behaviour

in the ordered phase can be understood by starting from zero field, where, as

discussed in Sec. 2.3.3, the excitations are pairs of domain walls between regions of

up spins and down spins, see Fig. 2.5A. The transverse field term in (2.1)

ÿ

j

≠hSx
j =

ÿ

j

≠h
S+

j + S≠
j

2 (2.2)

flips single spins. If the spin flip occurs in the middle of a domain, this introduces

an extra two domain walls, costing Ising energy J , and so the e�ect of mixing

with states with higher numbers of domain walls can be neglected. If the spin that

is flipped is at the end of a domain, however, this process can happen without

changing the number of domain walls and the e�ect is instead to cause the domain

wall to hop by one site, as illustrated in Fig. 2.6A. The transverse field thus gives

domain walls kinetic energy. When this kinetic energy matches the potential energy

cost to create domain walls in the first place, the gap closes and the transition

occurs. The behaviour in the quantum paramagnetic phase meanwhile can be

understood starting from the limit of very high field, where the spins are all aligned

along the field direction, see Fig. 2.6B, and it is therefore useful to rotate to a
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new basis, SzÕ
j = Sx

j , SxÕ
j = ≠Sz

j , such that Sz
j = ≠(S+Õ + S≠Õ)/2. In this frame,

the nearest-neighbour Ising interaction term in 2.1 becomes

ÿ

j

≠JSz
j Sz

j+1 = ≠J

4
ÿ

j

1
S+Õ

j S+Õ

j+1 + S≠Õ

j S≠Õ

j+1 + S+Õ

j S≠Õ

j+1 + S≠Õ

j S+Õ

j+1
2

. (2.3)

The first two terms on the right create or destroy pairs of spin flips, thus changing

the energy by h, which is assumed large and so the e�ect of these terms can be

neglected in a first approximation. The last two terms, however, allow spin flips

to hop by one site, such that in this phase, the Ising interaction term gives the

quasiparticles kinetic energy. The quantum phase transition can thus equivalently be

seen as occurring when the kinetic energy of these spin-flip quasiparticles matches

the potential energy cost to create them.

The transverse field Ising chain can be quantitatively discussed via a mapping

to spinless fermion variables [37, 38], which in the ordered phase represent these

solitons, while in the quantum paramagnetic phase, they represent spin flips against

the direction of the field. The derivation will be presented here because these steps

will be used in Chapter 7 and will follow the discussion of Ref. [11]. The mapping

proceeds via the non-local Jordan-Wigner transformation from spin operators

to fermion operators [11]

SzÕ

j =1
2 ≠ c†

jcj (2.4)

S+Õ

j =
Ÿ

jÕ<j

(1 ≠ 2c†
jÕcjÕ)cj (2.5)

S≠Õ

i =
Ÿ

jÕ<j

(1 ≠ 2c†
jÕcjÕ)c†

j, (2.6)

with the primed axes related to the unprimed axes via a 90¶ rotation about the

y-axis, as above, and where the c† and c are fermion creation and annihilation

operators, respectively. The products in (2.5), (2.6) are known as Jordan-Wigner

strings and are required to preserve the correct commutation relations for the

spin operators,
Ë
SzÕ

j , S±Õ

jÕ

È
= ±S±Õ

j ”jjÕ ,
Ë
S+Õ

j , S≠Õ

jÕ

È
= 2SzÕ

j ”jjÕ and all commutators of

spins on di�erent sites vanishing. The fermion operators thus create spins which
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are flipped against the field direction. The Jordan-Wigner transformation in the

original unprimed frame then becomes [11]

Sx
j =1

2 ≠ c†
jcj (2.7)

Sz
j = ≠ 1

2
Ÿ

jÕ<j

(1 ≠ 2c†
jÕcjÕ)(cj + c†

j), (2.8)

and after substitution of these expressions into (2.1), the Hamiltonian becomes

H = ≠
ÿ

j

C
J

4
1
c†

jcj+1 + c†
j+1cj + c†

jc
†
j+1 + cj+1cj

2
≠ hc†

jcj + h

2

D

. (2.9)

This Hamiltonian is quadratic in the fermion operators and can be solved exactly

as follows. First the fermion operators are Fourier transformed, using

cj = 1Ô
N

ÿ

k

ckeikj, (2.10)

where N is the number of sites in the chain and it has been assumed that the

spacing between consecutive sites is 1, yielding

H =1
4

ÿ

k

Ë
(4h ≠ 2J cos k)c†

kck + iJ sin k(c†
≠kc†

k + c≠kck) ≠ 2h
È

(2.11)

=E0 + 1
4

ÿ

k

1
c†

k c≠k

2 A
(2h ≠ J cos k) ≠iJ sin k

iJ sin k ≠(2h ≠ J cos k)

B A
ck

c†
≠k

B

(2.12)

where E0 is a constant (which depends on h).

The quadratic part of the Hamiltonian can then be diagonalized via a canonical

transformation of the fermion operators to new operators “, known as a Bogoliubov

transformation, A
“k

“†
≠k

B

=
A

uk ≠ivk

ivk uk

B A
ck

c†
≠k

B

(2.13)

where the uk and vk are real, and can be parameterized as cos (◊k/2) and sin (◊k/2).

The requirement that the Hamiltonian be diagonal in the “k operators becomes

tan ◊k = J sin k

2h ≠ J cos k
(2.14)

and the Hamiltonian thus becomes

H = EGS +
ÿ

k

‘k“†
k“k, (2.15)
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where EGS is the ground state energy and where the quasiparticle excitation energy is

‘k = 1
2

Ô
J2 + 4h2 ≠ 4hJ cos k. (2.16)

These expressions will be used in Chapter 7.

Note that the energy of a quasiparticle with zero momentum according to (2.16) is

‘0 = 1
2 |J ≠ 2h|, (2.17)

such that the gap closes (i.e. the quantum phase transition occurs) at the critical

field hc = J/2, with the gap depending linearly on |h ≠ hc| on both sides of

the transition. On the low field side of the transition, there is a spontaneous

magnetization ÈSz
j Í ”= 0, and the c†

k represent (dressed) domain wall creation

operators. Since domain walls are created in pairs by local perturbations, the gap

in the ordered phase is � = 2‘0 = 2(h ≠ hc). In the high field phase, there is no

spontaneous magnetization. The character of the state is however quite di�erent

to a thermal paramagnet, due to the quantum correlations, so the term quantum

paramagnet is used [11]. The excitations in this phase have the character of spin

flips against the field direction (magnons) and the gap is � = ‘0 = h ≠ hc.

Many results are known about the properties of the transverse field Ising chain,

especially near the quantum critical point, where continuum limits can be taken,

for instance, many of the critical exponents can be calculated exactly [11]. A major

di�erence, however, between the TFIC and a real material such as CoNb2O6 is

that while the Ising chain only has long range order at zero temperature, weak

interactions between chains, always present in a real material, lead to a finite

temperature three-dimensional ordered phase.

2.4.1.2 The Ising chain in tilted field

It is insightful to discuss also the case of the Ising chain in a tilted field with both a

transverse as well as a longitudinal (along the Ising axis) component. This will be

relevant for understanding in a first approximation the e�ects of the weak interchain
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couplings, as in the ordered phase they e�ectively create a longitudinal mean field

[39]. The relevant single-chain Hamiltonian in this case is

H =
ÿ

j

Ë
≠JSz

j Sz
j+1 ≠ hxSx

j ≠ hzSz
j

È
. (2.18)

This can no longer be solved exactly using the methods of Sec. 2.4.1.1, because the

Jordan-Wigner strings no longer cancel, leading to highly non-local interactions.

The behaviour in certain regimes can nonetheless be well understood.

First consider the case where hz π hx π J , which will be considered further

in Chapter 4, and which was explored in Refs. [40, 41]. In this case, it is a good

approximation to start from a picture of delocalized domain wall quasi-particles.

The constraint hx π J means that the low energy excited states will contain exactly

two of these domain walls, which can hop due to the transverse field term hx. The

longitudinal field can be considered to create an attractive interaction between

the domain walls, which is linear in the separation between them, since flipping

each additional spin between them costs the same amount of energy, as illustrated

in Fig. 2.5B. This emergent linear potential is reminiscent of the linear potential

between quarks in mesons [41] and confines the domain walls into bound states. If

the condition hz π hx is satisfied, then the kinetic term hx is much greater than

the confining potential term hz, and a continuum approximation can be taken.

This results in a Schrödinger equation for the separation between the domain walls,

which can be rearranged to have the form of the mathematically well-known Airy

equation, as will be discussed further in Chapter 4.

The other regime of significant interest is that where hx = hc. This point

is exactly solvable in the long wavelength limit, resulting in a spectrum of eight

quasiparticles whose energies are determined by the properties of the E8 Lie algebra

[42], and which have been observed in CoNb2O6 [25, 43].

2.4.1.3 XXZ chain

Another model which will be useful for understanding the behaviour of CoNb2O6 is

the XXZ chain. In this material, in the regime of large (near) longitudinal field (hz >
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J), the perturbation to the pure Ising limit which most strongly a�ects the physics

seems to be an XY exchange interaction. The relevant minimal Hamiltonian is

HXXZ = ≠J
ÿ

j

Ë
Sz

j Sz
j+1 + ⁄S(Sx

j Sx
j+1 + Sy

j Sy
j+1)

È
≠

ÿ

j

hzSz
j . (2.19)

The spectrum of this Hamiltonian can be solved exactly by making the ansatz

that spin flips relative to a fully polarized state (Î z) travel as plane waves even

when more than one spin-flip is present in the system, with interactions only

serving to change the allowed momenta [36, 44]. In the case of ferromagnetic

J , the ground state is the fully polarized state and the excitations have small

numbers of spins flipped against the field.

The excitations with a single spin flipped are conventional magnon excitations

with wavevector dependent energies [44]

m1(l) = hz + J(1 ≠ ⁄S cos fil), (2.20)

where the wavevector has been expressed in reciprocal lattice units corresponding to

two sites per unit cell along the chain, for relevance to Chapter 4.4. The excitations

with two spin flips come in two types. The first is a conventional continuum of

two independently propagating single spin flips. The second is a bound state

of two spin flips (i.e. two adjacent spin flips hopping as a pair, a two-magnon

bound state), with dispersion relation [44]

m2(l) = 2hz + J

C

1 ≠ ⁄2
S

2 (cos fil + 1)
D

. (2.21)

The corresponding (un-normalized) wavefunctions are

|m1Í =
ÿ

j

eifilj| . . . øøø¿jøøø . . . Í (2.22)

and

|m2Í =
ÿ

j

eifilj
3

| . . . øø¿j¿øøø . . . Í

+ ⁄Seifil/2 cos fil

2 | . . . øø¿jø¿øø . . . Í + O(⁄2
S)

4
. (2.23)
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The full un-normalized wavefunction up to all orders in ⁄S for the m2 mode

is given in Ref. [44].

Note that the m1 and the m2 modes are both dispersive, but the m1 mode will

in general have a significantly larger bandwidth than the m2 mode. This is because,

for the m1 mode, the dispersion comes at first order in the XY exchange J⁄S, while

for the m2 mode, the hopping process occurs in two stages via an intermediate

state in which the spin flips are separated by one site [second term in (2.23)],

therefore the hopping process is second order in the XY exchange, which leads

to the dispersive term proportional to J⁄2
S in (2.21).

The spectrum of the XXZ Hamiltonian (2.21) in fact contains bound states of

arbitrarily many spin flips, all of whose dispersions can be obtained analytically [45].

However, these will in general overlap with states in the multiparticle continuum

and are therefore susceptible to decay in the presence of additional terms beyond

the pure XXZ Hamiltonian. On the other hand, the m2 bound state is stabilized

against decay by being below the threshold for creation of two independent m1

particles by approximately the Ising energy J . This can be understood because two

independent spin flips have 4 domain walls, whereas a bound state of two adjacent

spin flips only has 2 domain walls. Therefore, the two-magnon m2 bound state is

robust against perturbations away from the pure XXZ limit, and indeed is observed

in CoNb2O6 for high (near)-longitudinal fields, as reported in Chapter 4.

2.4.2 Triangular lattice antiferromagnets

The material Na2BaCo(PO4)2, which will be the focus of Chapter 8, is an example

of a triangular Ising-like XXZ antiferromagnet. To understand its behaviour as

a function of temperature and applied transverse field, it is instructive first to

consider the Ising and Heisenberg limits.

2.4.2.1 The triangular Ising antiferromagnet

The Ising antiferromagnet on a triangular lattice has already been briefly discussed

in Sec. 2.3.3 as a paradigmatic example of frustration. The ground state in zero
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Figure 2.7: A) The phase diagram of the triangular Ising antiferromagnet in transverse
field. BKT phase stands for Berezinskii-Kosterlitz-Thouless, while the arrangement in the
ordered phase is shown in B. Figure adapted from Ref. [49]. B) Arrangement of spins in
the ordered phase. The Ising axis is vertical. The 0 state can be understood as pointing
along the field direction, meaning that its expectation value along the Ising axis is 0.

field is a classical spin liquid [17]. This means that there is a local constraint, that

on any given triangle there should be two spins pointing in one direction and one

spin pointing in the opposite direction (in the Ising limit, spins can only point up

or down). There are many ways in which this constraint can be satisfied, and so

the ground state on average only has power law correlations [46], so the dynamics

is very di�erent from conventionally ordered magnets and the excitations consist

of defect triangles in which all spins are aligned [47, 48].

When an infinitesimal transverse field is applied, the system acquires quantum

dynamics as up and down spins can now be mixed, and the system orders into

a three sublattice structure with magnetizations +1, -1 and 0 along the Ising

direction on the di�erent sublattices [49, 50], see Fig. 2.7. At su�ciently high

field, the system becomes polarized along the field direction. At intermediate

fields, the system enters the ordered phase via two Kosterlitz-Thouless transitions

as the temperature is decreased [50]. The excitations in the low temperature

intermediate field phase are still the subject of much theoretical research and also

appear to be unconventional [24].
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Figure 2.8: A) Triangular lattice with the ABC sublattices for magnetic phases with
a

Ô
3 ◊

Ô
3 unit cell shown. B) Zero temperature phase diagram of the Heisenberg

antiferromagnet in applied field pointing up, as indicated by the dark blue arrow. Field
is shown increasing left to right. In zero field, the coplanar 120¶ order can have the A
sublattice pointing in any direction, and the B and C spins pointing in a plane containing
the A spin, at a relative angle in that plane of ±120¶. An infinitesimal applied field causes
the A spin to align against the field, forming a Y shaped phase. As the field is increased,
the B and C spins rotate towards the field until the up-up-down (UUD) phase is reached.
At fields higher than this, the B and C spins remain parallel, and rotate together first
away from the field then back towards the field again, whilst the A spin is rotated all the
way from opposite to the field to along the field; this is the V phase. Finally, the field
polarized phase (P) is reached, with all spins aligned along the field. Dashed vertical lines
indicate phase transitions. Panel B is adapted from Ref. [19] and is not drawn to scale.

2.4.2.2 The triangular Heisenberg antiferromagnet

The pure two dimensional triangular Heisenberg antiferromagnet cannot order at

finite temperature by the Mermin-Wagner theorem [15]. It was proposed that the

system might not order even down to zero temperature, as the ground state was

proposed to be a quantum spin liquid composed of resonating valence bonds [18, 51].

However, it is now robustly theoretically established that the ground state is in

fact ordered with a 120¶ phase [20, 52, 53]. The low energy excitations would

therefore be expected to be sharp spinwaves, which are gapless at the K point of

the hexagonal Brillouin zone due to the continuous symmetry breaking. Indeed,

both numerical simulations and experiment observe sharp magnons throughout the

Brillouin zone [54, 55]. This even extends into the region where decay of magnons

into the two-magnon continuum would be expected, but which does not occur and

is attributed to strong interactions between the continuum states and the magnons,
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which cause level repulsion and push the magnons to lower energies, where they no

longer overlap with the continuum, and so are stable against decay [54].

Several phases are observed when a magnetic field is applied to a triangular

Heisenberg antiferromagnet. Note that the behaviour does not depend on the

direction of the applied field as the interactions are isotropic in spin space. Even

in applied field, the classical Heisenberg antiferromagnet retains a large degree of

degeneracy, and the ground state is chosen by zero-point quantum fluctuations

[19]. As the field is increased from 0, the system initially remains in the 120¶

ordered phase but with one spin pointing exactly against the field, forming a Y

phase, see Fig. 2.8B. As the field is increased, the B and C spins (see Fig. 2.8A)

gradually rotate towards the field until an up-up-down phase is reached. Semi-

classically, this up-up-down phase would only exist at a single point in the phase

diagram, but quantum fluctuations favouring collinear ordering stabilize this phase

over a finite extent in field. As the field is increased still further, the A spin

starts to rotate towards the field with the B and C spins also rotating, initially

in the opposite direction, in order to cancel the transverse polarization induced

by the A spins, creating the V phase [19], as illustrated in Fig. 2.8B. Finally,

the system enters a field polarized phase.

2.4.2.3 The triangular XXZ antiferromagnet

The triangular Ising-like XXZ antiferromagnet,

H =
ÿ

ÈijÍ
Jxy

1
Sx

i Sx
j + Sy

i Sy
j

2
+ JzSz

i Sz
j , (2.24)

where Jz > Jxy > 0, has properties between those of the Ising and Heisenberg

case. While a quantum spin-liquid ground state was originally proposed in zero

field [56], the ground state has since been shown to be ordered in a coplanar Y

phase, in which one spin (labelled as A) points along the Ising direction, and the

other two make angles ±◊ with the Ising axis in the opposite sense, see Fig. 2.9

[57]. The angle ◊ ranges from 60¶ in the Heisenberg limit to 0¶ in the Ising limit
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Figure 2.9: The Y phase ground state of the XXZ triangular antiferromagnet in zero
field. The A, B and C sublattices are indicated along with the definition of the angle ◊.
Figure adapted from Ref. [57].

and is given at the mean field level by [57]

cos ◊ = 1
Jxy

Jz
+ 1

. (2.25)

The degeneracy of this ground state is U(1) ◊ Z3 ◊ Z2. This corresponds to the

choice of the direction in the xy plane in which spins B and C are pointing, the

possible permutations of the 3 sublattices between them and whether the unique

spin points along +z or ≠z.

It is important to note that the degeneracy of the classical mean field ground

state is much greater, being U(1) ◊U(1) ◊Z3. The second U(1) is an artefact of the

mean field approximation, as the angle of the A spin relative to the Ising axis in the

ordering plane can be continuously varied while remaining within the ground state

manifold, provided that the directions of the B and C spins are adjusted accordingly,

leading to an additional U(1) classical degeneracy in addition to the rotational U(1)

symmetry of the Hamiltonian (2.24) about the z direction. Quantum fluctuations

select the Y phase out of this classically degenerate manifold.

At the linear spinwave level, one expects three spinwave branches in the Y phase,

due to the three site unit cell, with one of these gapless at the K point due to breaking

of the U(1) rotational symmetry about the z-direction, i.e. a Goldstone mode. In

addition, at the linear spinwave level, there is another gapless magnon mode due to

the additional classical mean-field U(1) degeneracy, however, this mode is expected
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to acquire a small gap due to quantum fluctuations that select the Y phase. As

will be discussed in Chapter 8, this is not however what is observed experimentally.

Numerical methods seem to reproduce this experimentally observed behaviour

[58–60], while an explanation has been suggested in terms of a proximate quantum

spin liquid [61], implying that quantum fluctuations in the Ising-like XXZ model are

much stronger than can be captured semi-classically by the spinwave approximation.

The ordering described above in zero field is expected to occur as temperature

is decreased from the high temperature paramagnetic phase, and to proceed via

two transitions in which first the z component, then the xy components order [62].

The zero temperature phase diagram as a function of transverse field is a subject

of active study [63, 64], with the phases that are observed depending on the ratio

Jxy/Jz [63], and will be discussed in detail in Chapter 8.

2.5 Analysis techniques

The two main techniques used in this thesis for detailed comparison between

theoretical predictions of given Hamiltonians and experimental data are linear

spinwave theory (LSWT) and exact diagonalization (ED). These will each be

discussed in turn.

2.5.1 Linear spinwave theory

Linear spinwave theory can be used to calculate dispersions of magnon modes, as

well as the correlation functions which are needed to calculate intensities in inelastic

neutron scattering, when the ground state of the system can be approximated by

a classical mean-field ground state. This requires the spin reduction compared

to a classical ground state to be small. Linear spinwave theory is thus generally

accurate when a su�ciently large magnetic field is applied that the system is well

into the field polarized phase, where quantum fluctuations are entirely absent if

the Hamiltonian has rotational symmetry about the applied field direction, or

asymptotically suppressed when this is not the case. It can also work within
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ordered phases, but corrections to the linear approximation are more likely to be

applicable, especially if the spin is small.

A general spin Hamiltonian for spins with quantum number S will be written

in terms of the components of the spin Sx
j , Sy

j , Sz
j on each site j. The first step

in the linear spinwave calculation is to rotate the spin axes on each sublattice

such that the ground state magnetization lies along the local z direction [65]. The

spin components can then be written in terms of boson creation and annihilation

operators a†
j and aj according to the Holstein-Primako� transformation [66, 67]

S+
j =Sx

j + iSy
j =

Ô
2S

ı̂ıÙ1 ≠
a†

jaj

2S
aj (2.26)

S≠
j =Sx

j ≠ iSy
j =

Ô
2Sa†

j

ı̂ıÙ1 ≠
a†

jaj

2S
(2.27)

Sz
j =S ≠ a†

jaj. (2.28)

It can be seen from these relations that the Holstein-Primako� bosons create

deviations of the spin from its maximal value and it can be verified that these

expressions satisfy the usual spin commutation relations. The factor
Ò

1 ≠ a†
jaj/(2S)

enforces that no more than 2S bosons can be present on a given site, as required for

this mapping to be valid. In linear spinwave theory however, this factor is set equal

to 1, which is permissible if the average number of bosons per site is much less than

2S. Note that a di�erent species of boson is required for each magnetic sublattice.

These expressions can then be substituted into the original spin Hamiltonian.

This will in general result in a constant term of order S2, terms quadratic in the

boson operators of order S and terms higher order in both 1/S and the boson

operators. In linear spinwave theory, only the terms up to quadratic order in

the boson operators are kept. This is often justified by treating 1/S as a small

parameter, which would imply that LSWT cannot be used when S = 1/2. While

it is true that the spectrum with S = 1/2 is often somewhat renormalized from

the linear spinwave prediction, LSWT nonetheless often produces much better

results than would be expected based on an expansion which treats 1/S as a small

parameter even when S = 1/2. This can be understood by realising that this
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expansion also treats a†
jaj as a small parameter, and can therefore be of use even

if 1/S is not small as long as the spin deviation is small.

Due to the lattice translational invariance (a periodic crystal structure is

assumed), the magnetic excitations will have well defined momentum and the

next step is therefore to Fourier transform the boson operators. This can be done

by substituting in the expression

aj = 1Ô
N

ÿ

k

ake≠ik·Rj , (2.29)

where k is the wavevector, Rj is the position of the jth site, and N is the number

of unit cells. Again, a species of Fourier transformed boson is needed for each

sublattice in the magnetic unit cell.

After making these substitutions, the Hamiltonian can be written as [68]

H = EGS + 1
2

ÿ

k

X
†
kHkXk. (2.30)

Here,

Xk =
A

ak

a†
≠k

B

, (2.31)

where ak is an n-element column vector of boson annihilation operators correspond-

ing to the n magnetic sublattices in the magnetic unit cell.

Similarly to the way in which the TFIC Hamiltonian was solved in Sec. 2.4.1.1,

this Hamiltonian can be diagonalized by a Bogoliubov transformation, i.e., the

column vector of operators Xk is written as

Xk = SkX
Õ
k, (2.32)

where the transformation matrix Sk does not have to be unitary. This time,

it is boson commutation relations that must be conserved rather than fermion

commutation relations. This can be done by using the procedure of Ref. [68],

which is as follows. The matrix g is defined to be the matrix of commutators

of the boson operators, i.e.,

g = XX
† ≠ X

†
X =

A
1 0
0 ≠1

B

, (2.33)
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where 1 is the n ◊ n identity matrix. The matrix Sk is then chosen to be the

one that diagonalizes the product gHk, i.e.,

S
≠1
k gHkSk = �k, (2.34)

where �k is diagonal. It is found that �k = g�k, where �k is diagonal and its

entries are the n energies of the spinwave modes, followed by the same values again.

By diagonalizing Hk at each wavevector of interest, it is possible to calculate the

dispersion relation for each of the n magnon modes. It is also possible to use more

computationally e�cient methods to compute S and � which take advantage of

the fact that H is Hermitian and positive definite [69].

The elements of the transformation matrix Sk can be used in order to calculate

the predicted inelastic neutron scattering intensities. As will be discussed in Chapter

3.1.1.3, inelastic neutron scattering intensities are determined by the components

of the dynamical structure factor,

S–—(Q, Ê) =
ÿ

⁄

ÈGS|S–(≠Q)|⁄ÍÈ⁄|S—(Q)|GSÍ”(E⁄ ≠ ~Ê), (2.35)

where the g-factors and Bohr magneton have been omitted for simplicity, |GSÍ is

the ground state, ⁄ labels excited states, with E⁄ being the energy above the ground

state, and it has been assumed that the calculation is being done at zero temperature.

Now, it is useful to note that due to the form of the column vector Xk, the

matrix Sk must be such that the transformation (2.32) can be written as

ak,j =
ÿ

m

uú
jm(≠k)bk,m + vjm(k)b†

≠k,m (2.36)

a†
≠k,j =

ÿ

m

vú
jm(≠k)bk,m + ujm(k)b†

≠k,m, (2.37)

where j labels the sublattices and b†
k,m are the normal mode (magnon) creation oper-

ators. The normal mode annihilation operators have the property that bk,m|GSÍ = 0

for any k, m, which can be understood as there being no magnons present in

the ground state. Using these relations, together with the definitions (2.35) and
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(2.26)-(2.28), it can be readily seen that

Sxx(Q, Ê) =
ÿ

m

------

ÿ

j

ujm(Q) + vjm(Q)

------

2

”(~Êm(Q) ≠ ~Ê), (2.38)

Syy(Q, Ê) =
ÿ

m

------

ÿ

j

vjm(Q) ≠ ujm(Q)

------

2

”(~Êm(Q) ≠ ~Ê), (2.39)

Sxy(Q, Ê) =Syx(Q, Ê)ú = ≠Syx(Q, Ê)

=i
ÿ

m

Q

a
ÿ

jÕ
vjm(Q) ≠ ujm(Q)

R

b
ú Q

a
ÿ

j

vjm(Q) + ujm(Q)
R

b ”(~Êm(Q) ≠ ~Ê).

(2.40)

It can be seen that Sxy = ≠Syx and these components will therefore cancel each

other in an unpolarized neutron experiment (see Chapter 3.1.1.3) [70] but can be

measured separately using polarization analyis.

The contributions to Szz come in two types. This can be seen by substituting

(2.28) into (2.35), and examining the action of Sz on the ground state |GSÍ. The

action of S (here a pure number) on the ground state is simply to multiply it by

a constant, so S|GSÍ has no overlap with excited states, and this term therefore

contributes to Bragg scattering, as will be discussed in Chapter 3.1.1.3. The

action of the a†a term can be seen by expanding it in terms of normal mode

operators. The only term in the expansion that does not kill the ground state (and

therefore contributes to Szz at zero temperature) is the term with two magnon

creation operators. The corresponding two magnon annihilation operators are

required in the other factor in order to return to the ground state. The inelastic

contribution to Szz is therefore given by

Szz(Q, Ê) =
ÿ

k,kÕ
” (Q ≠ k ≠ kÕ)

ÿ

m,mÕ
”

1
~Ê ≠ Em

k ≠ EmÕ

kÕ

2
fm,mÕ(k, kÕ), (2.41)

fm,mÕ(k, kÕ) =
ÿ

j,jÕ
uú

jm(k)vú
jmÕ(kÕ)ujÕm(k)vjÕ,mÕ(kÕ). (2.42)

The components Sxz, Syz, Szx, Szy are 0 because if the excited state |⁄Í is

reached by adding two magnons to the ground state, it is not possible to get back

to the ground state by removing only one magnon. Note that the expressions

given here for S–— are in the local frame. The physically relevant components
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of S–— must be computed in the global frame, and general expressions for these

will be given in Chapter 8.5.2.

While linear spinwave theory is not accurate when there are strong quantum

fluctuations, it is nonetheless useful for gaining an understanding of the spectrum,

especially well into the field polarized phase when quantum fluctuations are

suppressed. For one or two sublattice systems, linear spinwave calculations can be

done fully analytically. When the magnetic unit cell contains multiple sublattices,

the one-magnon dispersions and scattering intensities can be calculated numerically

using software such as SpinW [65].

2.5.2 Exact diagonalization

The other technique used extensively in this thesis is exact diagonalization, i.e.,

numerically diagonalizing the Hamiltonian on small system sizes. This technique is

very computationally intensive since the number of basis states scales as (2S + 1)N ,

for spin S and number of sites N . Nonetheless, it can be very powerful as it is

exact, and is particularly useful when the system can be treated as one-dimensional,

since the number of basis states then scales as (2S + 1)L, where L is the linear

dimension of the system, rather than (2S + 1)L2 or (2S + 1)L3 for two or three

dimensional systems, which is even more prohibitive [36]. This is important because

finite size e�ects and wavevector resolution both depend on L.

The code used for the exact diagonalization calculations in Chapters 4 to 7 was

custom written, starting from the code used in Ref. [71], and a brief description

of the way it works will now follow.

The Hamiltonian for a given number of sites can be constructed as a matrix, and

the natural basis in which to do this is the tensor product of the individual site Sz

bases. Concretely, taking the example of S = 1/2, which is both the simplest case

and the one of relevance here, this is the basis | ¿¿ . . . ¿¿Í, | ¿¿ . . . ¿øÍ, | ¿¿ . . . ø¿Í

and so on; in the case S = 1/2, these states can be represented by numbers written

in binary. The Hamiltonian can be constructed using sums and products of spin
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operators. The single site spin operators S– can be constructed explicitly. The –

component of the spin operator on site j, S–
j can then be constructed as

S–
j = 1 ¢ 1 ¢ . . .¸ ˚˙ ˝

j≠1

¢S– ¢ 1 ¢ . . .¸ ˚˙ ˝
N≠j

(2.43)

where 1 is the (2S + 1) ◊ (2S + 1) identity operator and ¢ is the Kronecker product

operation (which is built-in in languages such as Matlab [72] in which this code was

written). The computation requires significantly less memory if the Hamiltonian is

constructed using sparse matrices, as, assuming that interactions are short-ranged,

most elements of the Hamiltonian matrix will be zero [36]. In all of the calculations

in this thesis, the Hamiltonian was constructed to have periodic boundary conditions

in order both to avoid edge e�ects and to be invariant under lattice translations

so that the excitations have well defined momentum.

The Hamiltonian can then be numerically diagonalized. For the calculations

reported in this thesis, only the low energy subspace was required, and the speed

and memory usage of the calculation can therefore be significantly improved by

using Lanczos algorithms to retain only the eigenvectors corresponding to the lowest

eigenvalues. The relevant algorithms are also implemented as built-in functions

in Matlab [72]. Letting the number of eigenvectors kept in the calculation be n,

the result of the diagonalization is thus a diagonal n ◊ n matrix of eigenvalues

� and a (2S + 1)N ◊ n matrix of eigenvectors V .

Many quantities can be extracted using the eigenvalues � and eigenvectors V of

the Hamiltonian. First, the (2S + 1)N ◊ (2S + 1)N matrices S–
j are transformed

to the energy eigenstate basis resulting in n ◊ n matrices S̃–
j as

S̃–
j = V †S–

j V. (2.44)

In order to extract the dynamical structure factor in Chapters 4 to 6, Fourier

transformed spin operators were constructed as

S̃–(Q) = 1
N

ÿ

j

eiQ·Rj S̃–
j (2.45)
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where Rj is the position of site j. The dynamical structure factor was then calculated

using the expression (2.35), using the elements of the relevant Fourier transformed

matrices and the corresponding energy eigenvalues. The results of these calculations

were multiplied by the relevant g-factors as necessary (see Chapter 3.1.1.3) in order

to calculate the predicted inelastic neutron scattering intensity, as displayed in

Chapters 4 to 6. These calculations have finite wavevector resolution since the

only physically meaningful momenta are those with the momentum along the chain

satisfying Q = 2fim/(Ncella) where m is an integer, Ncell is the number of unit cells

used in the calculation (in general di�erent from the number of sites) and a is the

length of the unit cell. The energies of particular modes as a function of wavevector,

required for the fits performed in Chapter 5, were calculated based on which

eigenstates had non-negligible values of Sxx at which wavevectors, following the

method used in Ref. [71]. This method would not have worked if the states of interest

had no overlap with states accessible from the ground state by flipping a single spin,

but such states would also not have been observable in inelastic neutron scattering.

In order to extract the magnetization, as used in Chapter 7, the spin operators

S̃–
j on each site were averaged to give S̃– = 1

N

q
j S̃–

j . The expectation value of the

spin along the – direction per site at a temperature T was then calculated as

ÈS̃–Í = 1
Z

ÿ

⁄

e
≠ �⁄

kBT S̃–
⁄⁄ (2.46)

where ⁄ labels eigenstates, �⁄ is the energy of state ⁄, the S̃–
⁄⁄ are the diagonal ele-

ments of the matrix S̃–, and Z is the partition function Z = q
⁄ exp{[≠�⁄/(kBT )]}.

The results were then multiplied by the relevant g-factors, as detailed in Appendix B.

The advantages of exact diagonalization are that no approximations have to be

made, such that the technique is unbiased [36], and that there is no restriction on

the character of the states that can be accessed in this way1 or on the complexity

of the Hamiltonian. The disadvantages are that, as previously mentioned, the
1While the algorithm used in this thesis can only identify the wavevector dependence of modes

with a finite overlap with a single spin-flip mode, it is also possible to avoid this issue by using
a basis of momentum eigenstates from the start, as implemented in QuSpin [73], which was not
used in this thesis in order to integrate more easily with existing code and allow more flexibility
in the quantities that were being calculated.
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calculation is very computationally costly, so only small numbers of sites can be

used. This leads to finite size e�ects:

• Only finite wavevector resolution is available, as discussed above.

• Only a finite number of states can be accessed which means that the energy

spacing of states is always discrete. This makes it di�cult to identify continua

unambiguously.

• Long wavelength behaviour is not well captured. This becomes important

near quantum critical points and means that the gap closing behaviour is not

well reproduced.

• There is no spontaneous symmetry breaking, as this only happens in the

thermodynamic limit. Therefore, in order to obtain numerically a single

magnetic domain in ordered phases (rather than a superposition of the

symmetry breaking states), it is necessary to add to the Hamiltonian an

additional (small) biasing field, which can be implemented as a self-consistent

mean field.

For these reasons, while exact diagonalization is used extensively in this thesis,

other techniques are sometimes used instead or in addition.



3
Experimental techniques

This chapter describes the experimental techniques that are used in this thesis.

The main technique used is neutron scattering and this is therefore described

in some depth. First, the cross-section for neutron scattering will be discussed,

both for nuclear scattering and for magnetic scattering, as the latter especially is

important for interpreting the results of this thesis. Most of the neutron scattering

experiments reported in this thesis were time-of-flight inelastic neutron scattering

(neutron spectroscopy, INS), and the experimental considerations relevant to this

technique are discussed next. Time-of-flight neutron di�raction results are reported

in Chapter 8, and relevant considerations are also discussed. Chapter 7 uses vibrating

sample magnetometry (VSM), which is also described, as well as the tools that were

developed for checking the alignment of samples once attached to the VSM holder.

3.1 Neutron scattering

Neutrons are a very valuable tool for investigating condensed matter systems. Their

mass of mn = 1.675 ◊ 10≠27 kg means that their dispersion relation is very well

suited to probing condensed matter systems: neutrons which are thermalized at

room temperature (i.e. with an energy of 25.3 meV) have a wavelength of 1.798 Å

[74], which means that their energy is comparable to the energies of lattice vibrations

38
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and their wavelength is comparable to the lattice parameters of condensed matter

systems. The other important property of neutrons for the systems investigated in

this thesis is that they have a magnetic moment, meaning that they can interact

with magnetic field gradients and thus measure magnetic structures and magnetic

excitations, as will be discussed more in the following subsection. In addition,

while neutrons do have a magnetic moment, they do not have an electric charge.

This means that they do not interact strongly with matter, making them highly

penetrating. While this means that large samples are needed, it also means that

measurements are not sensitive to surface e�ects and that neutrons can penetrate

many sample environments. For all of these reasons, neutron scattering is the main

technique which has been used in this thesis. It will only be possible to give a

relatively brief discussion of the technique here; for more details see, e.g. [70, 74–76].

3.1.1 The neutron scattering cross-section

The following discussion will largely follow the discussions in Refs. [70] and [74].

3.1.1.1 Definitions

The total scattering cross-section is defined by the relation [70, 77]

‡ = nscattered
� , (3.1)

where nscattered is the total number of neutrons scattered in all directions per unit

time and � is the incident flux of neutrons, defined as the number of incident

neutrons per unit time per unit area. As expected, ‡ has units of area.

Since in real instruments, there are only ever detectors in certain directions, it

will also be useful to consider the di�erential cross-section

d‡

d� = dnscattered(2◊, „)
�d� , (3.2)

where dnscattered(2◊, „) is the number of neutrons scattered per second into a solid

angle d� in the direction (2◊, „), see Fig. 3.1. This is the quantity measured by

instruments which do not have energy analysis [70].
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kf
ki

dΩ

2θ
φ

Sample

Figure 3.1: Definitions of ki, kf , 2◊, „ and d�. (2◊, „) are spherical angles of kf in a
coordinate system with z Î ki. Figure adapted from Ref. [74].

The quantity measured by instruments which do have energy analysis is the

partial di�erential cross section. This is given by

d2‡

d�dEf
= d2nscattered(2◊, „, Ef )

�d�dEf
, (3.3)

where d2nscattered(2◊, „, Ef) is the number of neutrons scattered per second into

a solid angle d� in the direction 2◊, „, with final energy between Ef and Ef +dEf [70,

74].

More specifically, the quantity
A

d2‡

d�dEf

B

(ki,si,⁄i)æ(kf ,sf ,⁄f )
(3.4)

will be considered, where k is the wavevector of the neutron, s is the spin of the

neutron and ⁄ labels the state of the sample, and where the i and f subscripts

stand for ‘initial’ and ‘final’. Now, the states ⁄i,f cannot be known, and in this

thesis, polarization analysis of the neutrons will not be considered. Therefore, the

possible initial states must be averaged over and the possible final states summed
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over [74], such that the measured quantity is
A

d2‡

d�dEf

B

kiækf

=
ÿ

sisf

Psi

ÿ

⁄i⁄f

P⁄i

A
d2‡

d�dEf

B

(ki,si,⁄i)æ(kf ,sf ,⁄f )
, (3.5)

where Psi and P⁄i are the respective probabilities for the neutron to start in the spin

state si and for the sample to start in state ⁄i. This expression can be written as
A

d2‡

d�dEf

B

kiækf

=
ÿ

sisf ⁄i⁄f

PsiP⁄i

W(ki,si,⁄i)æ(kf ,sf ,⁄f )d�dEf

�d�dEf
, (3.6)

where W(ki,si,⁄i)æ(kf ,sf ,⁄f ) is the rate of transition from the state (ki, si, ⁄i) to

the state (kf , sf , ⁄f).

Some approximations can now be made to evaluate this expression. Firstly, the

incident neutrons are assumed to be plane waves, such that their flux is the product

of their velocity and their density. The neutrons used in scattering experiments

from condensed matter are non-relativistic so their speed is ~ki/mn where ki=|ki|,

and assuming a single incident neutron in a box of volume V, the flux becomes

� = ~ki

Vmn
. (3.7)

Next, the transition rates W(ki,si,⁄i)æ(kf ,sf ,⁄f ) can be evaluated using Fermi’s golden

rule (see most books on quantum mechanics, e.g. Ref. [78]). This states that

W(ki,si,⁄i)æ(kf ,sf ,⁄f ) = 2fi

~ g(kf )|Èkfsf⁄f |V |kisi⁄iÍ|2”(Ei + E⁄i ≠ Ef ≠ E⁄f
). (3.8)

Here, V is the interaction potential, Ei,f are the initial and final neutron energies,

Ei,f = ~2k2
i,f/(2mn), and g(kf )dEfd� is the number of neutron momentum states

with energy between Ef and Ef + dEf in the direction of d�. Assuming again

that the neutron is in a box of volume V, and that the outgoing neutron is also

a plane wave, the density of states is [74]

g(kf )dEfd� = kf
Vmn

(2fi)3~2 dEfd�. (3.9)

Now, it can be assumed that the state |ks⁄Í can be written as a tensor product

of the states for the neutron position, the neutron spin and the sample state, i.e.
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ki kf
-kfQ

Figure 3.2: The scattering triangle, showing the definitions of Q, ki and kf .

|ks⁄Í = |kÍ|sÍ|⁄Í. The wavefunction for the state |kÍ is1

Âk(r) = 1Ô
V

eik·r. (3.10)

The matrix element in (3.8) can now be partly evaluated by performing the integral

over the spatial coordinates of the neutron. This gives

Èkfsf⁄f |V |kisi⁄iÍ =Èsf⁄f |Èkf |V |kiÍ|si⁄iÍ

= 1
V Èsf⁄f |

⁄
dr3e≠ikf ·rV (r)eiki·r|si⁄iÍ

=Èsf⁄f |V (Q)|si⁄iÍ, (3.11)

where Q = ki ≠ kf is the wavevector transfer (see Fig. 3.2) and V (Q) is the Fourier

transform of V (r) with respect to Q, into which the factor of 1/V has been absorbed.

Combining together (3.6) to (3.9) and (3.11), the final expression for the partial

di�erential cross-section is [70]
A

d2‡

d�dEf

B

kiækf

= kf

ki

3
mn

2fi~2

42 ÿ

sisf ⁄i⁄f

PsiP⁄i|Èsf⁄f |V (Q)|si⁄iÍ|2”(E⁄f
+ Ef ≠ E⁄i ≠ Ei). (3.12)

This equation will be the basis for the remainder of the discussion in this subsection.

If unpolarized neutrons are used, then Psi = 1/2 for every si, and assuming that

the sample is thermalized at a temperature T , P⁄i = exp [≠E⁄i/(kBT )]. It will be
1The assumption that wavefunctions of the incoming and outgoing neutrons are both plane

waves applies in the Born approximation, which is valid when scattering is weak, as is always the
case when scattering neutrons.
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useful in the following to introduce the notation ~Ê = Ei ≠ Ef . It will also be useful

to introduce the scattering function, S(Q, Ê) defined such that
A

d2‡

d�dEf

B

kiækf

= kf

ki
S(Q, Ê). (3.13)

3.1.1.2 Nuclear scattering

Neutrons interact both with nuclei, via the strong nuclear force, and with magnetic

moments, via the electromagnetic interaction. While the main focus of this thesis

will be on magnetic scattering, nuclear scattering is also present in all materials.

Nuclear scattering can be treated somewhat more simply than magnetic scattering,

so several ideas that will also be important for magnetic scattering will first be

introduced in this context.

Nuclear scattering length The nucleus (and the range of the strong nuclear

force) is very small (¥ 10≠15 m) compared to the size of the atom and to the

wavelengths of the neutrons (¥ 10≠10 m) used in scattering experiments from

condensed matter, so it can be considered as a point particle. As such, the wave

scattered from a single (fixed) nucleus will be spherical and can be written as [70, 74]

Âscattered = ≠ b

r
eikf r, (3.14)

where r is the distance from the nucleus and the quantity b is known as the

‘scattering length’, which parameterizes the strength of the scattering. The total

cross-section for scattering from such a nucleus can be readily seen, using the

definition (3.1) above, to be

‡ = 4fib2. (3.15)

The scattering length depends on the nuclide (di�erent isotopes of the same

element can have di�erent scattering lengths) and varies across the periodic table

in a way with no obvious pattern. The scattering length also depends on the

relative spin orientation of the neutron and the nucleus and it can be positive or

negative [70]. The former fact means that elastic neutron scattering (di�raction) can
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distinguish between neighbouring elements more readily than x-ray di�raction and

is equally sensitive to light elements as heavy elements. The fact that the scattering

length also depends on both the isotope and the total spin of the nucleus-neutron

system means that there will nearly always be random variation in the scattering

length, even in a perfectly chemically ordered sample.

Because the nuclear interaction is so short ranged, the corresponding interaction

potential can be assumed to be a delta function (this is the ‘Fermi pseudo-potential’).

Inserting a delta function into (3.12) and integrating, and comparing the result to

(3.15) to find the pre-factors, the result is found to be [74]

V (r) = 2fi~2

mn
b”(r). (3.16)

Coherent and incoherent scattering Consider now the scattering from an

array of nuclei labelled j, with scattering lengths bj at positions Rj. Combining

equations (3.12) and (3.16) gives [74]

A
d2‡

d�dEf

B

kiækf

= kf

ki

ÿ

sisf ⁄i⁄f

PsiP⁄i|
ÿ

j

bjÈsf⁄f |eiQ·Rj |si⁄iÍ|2”(E⁄f
+ Ef ≠ E⁄i ≠ Ei). (3.17)

Now,

|
ÿ

j

bjÈsf⁄f |eiQ·Rj |si⁄iÍ|2 =
ÿ

j,jÕ
bjbjÕÈsi⁄i|e≠iQ·Rj |sf⁄fÍÈsf⁄f |eiQ·RjÕ |si⁄iÍ. (3.18)

If a su�ciently large system is studied (as will always be the case in practice), the

scattering lengths can be replaced with average values. In particular, assuming

no correlations between di�erent sites, such that [74]

bjbjÕ =
1
b
22

, j ”= jÕ

bjbjÕ = b2, j = jÕ, (3.19)
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then,

ÿ

j,jÕ
bjbjÕÈsi⁄i|e≠iQ·Rj |sf⁄fÍÈsf⁄f |eiQ·RjÕ |si⁄iÍ =

ÿ

j,jÕ

1
b
22

Èsi⁄i|e≠iQ·Rj |sf⁄fÍÈsf⁄f |eiQ·RjÕ |si⁄iÍ

+
ÿ

j

5
b2 ≠

1
b
226

Èsi⁄i|e≠iQ·Rj |sf⁄fÍÈsf⁄f |eiQ·Rj |si⁄iÍ. (3.20)

Here, the first term on the right corresponds to coherent scattering. This depends on

correlations between di�erent nuclei, therefore resulting in interference e�ects [74],

and is responsible for, e.g., Bragg peaks (see next paragraph) and scattering from

phonons [79]. The second term on the right corresponds to incoherent scattering.

This only depends on correlations of a single nucleus with itself in time. To see

this, it is helpful to rewrite (3.17) as
A

d2‡

d�dEf

B

kiækf

= kf

ki

ÿ

sisf ⁄i⁄f

PsiP⁄i

ÿ

jjÕ
bjbjÕ

⁄
dt e≠iÊtÈsi⁄i|e≠iQ·RjÕ (0)eiQ·Rj(t)|⁄isiÍ. (3.21)

Here, the notation ~Ê = Ei ≠ Ef has been used, and Rj(t) is the time evolved

operator in the Heisenberg picture. A derivation of this result can be found in

many sources [70, 74–76], and proceeds by re-writing the delta function in (3.17)

as a Fourier transform, using the fact that the E⁄ are eigenstates of the scattering

system’s Hamiltonian, and then introducing Heisenberg operators. As in (3.20), it is

then possible to take averages and split the expression into one part which depends

on correlations between di�erent sites and the other which depends only on single

sites, that is, the incoherent part. The incoherent scattering therefore does not

result in interference e�ects, and thus has only very weak wavevector dependence.

In inelastic neutron scattering, the incoherent scattering contributes a strong peak

in energy (though less strong than the Bragg peaks) centred on the elastic line at

all wavevectors. The rest of this discussion will focus on coherent scattering, as the

e�ects of incoherent scattering will be considered to be background for the purposes

of this thesis. The above discussion assumes only one element (or no chemical order
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if multiple elements are present) but the ideas can be readily extended for cases

with di�erent elements at di�erent sites in the unit cell.

Elastic and inelastic scattering Elastic coherent scattering is also known as

di�raction and obeys Bragg’s law. To see this, consider again (3.17), and keep

only the coherent part, which is equivalent to replacing bi with bm, where it is

now assumed that there could be distinct sites labelled m and the average is

only over the nuclei that can occupy that site. Elastic scattering is scattering

where the state of the system does not change, i.e., ⁄f = ⁄i, so Ef = Ei which

implies kf = ki. In addition, it is not possible for the spin of the neutron to

change during elastic nuclear scattering. Assuming now a crystalline material with

unit cells labelled by j at positions Rj and sites labelled m within the unit cell

corresponding to atoms at Rj + rm, the coherent elastic nuclear partial di�erential

cross-section is therefore given by
A

d2‡

d�dEf

B

coh, el
=

ÿ

sisf ⁄i⁄f

PsiP⁄i|
ÿ

unit cells,
j

ÿ

unit cell
sites,m

bmeiQ·Rj eiQ·rm|2”(Ef ≠ Ei), (3.22)

where the subscript ki æ kf has been dropped for brevity. If the Rj form a perfect

static lattice, it can be seen that this expression will cancel out for all Q except

where Q is a reciprocal lattice vector, defined as eiQ·Rj = 1 for all Rj, i.e.
A

d2‡

d�dEf

B

coh, el
= N

ÿ

sisf ⁄i⁄f

PsiP⁄i

ÿ

l

”(Q ≠ Gl)|Fnuclear(Q)|2”(Ef ≠ Ei), (3.23)

where Gl are the reciprocal lattice vectors, N is the number of sites and

Fnuclear(Q) =
ÿ

unit cell
sites,m

bmeiQ·rm (3.24)

is the nuclear structure factor.

All scattering which is not elastic is inelastic and in this case ⁄f ”= ⁄i. Inelastic

nuclear scattering is due to the creation or absorption by the neutron of one or

more phonons. Inelastic (coherent) magnetic scattering is due to the creation

(or absorption) of magnons, or more exotic excitations, such as were discussed in

Chapter 2 and which will be discussed in much more detail in Chapters 4 and 6.
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The Debye-Waller factor In reality, crystalline lattices are never perfectly

static, due to thermal vibrations and zero-point quantum motion even at the

lowest temperatures. It can be shown that in this case (see, e.g. Refs. [70] or

[74]), the structure factor becomes

Fnuclear(Q) =
ÿ

unit cell
sites,m

bmeiQ·rme≠Wm(Q). (3.25)

In this expression, e≠Wm(Q) is known as the ‘Debye-Waller factor’ and quantifies the

displacement of atom m from its ideal position. In the general case it is given by [80]

e≠Wm(Q) = exp
A

≠2fi2
3ÿ

l

3ÿ

lÕ
QlÈ�xl�xlÕÍQlÕ

B

, (3.26)

where �xl is the displacement along the lth crystallographic direction in units of the

lattice parameters and ÈÍ denotes a general statistical average. The tensor quantities

—llÕ = 2fi2È�xl�xlÕÍ are known as the anisotropic displacement parameters.

3.1.1.3 Magnetic scattering

The magnetic interaction While nuclear scattering is due to the interaction of

neutrons with atomic nuclei via the strong nuclear force, magnetic scattering is due

to the interaction of neutrons with the magnetic field generated by the electrons.

This discussion will again largely follow Refs. [70] and [74].

The energy of the neutron magnetic moment in a magnetic field Be� due to

the electrons is given by [70, 76]

H = ≠µn · Be�, (3.27)

where µn is the magnetic moment of the neutron and is given by [70]

µn = ≠2“µNsn. (3.28)

Here, µN is the nuclear magneton, µN = e~/(2mp) where e is the electron charge

and mp is the mass of a proton [74], “ = 1.913 is a constant, and sn is the neutron

spin, which has eigenvalues s = ±1/2. Equation (3.27) can be taken to define

the magnetic interaction potential.
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The e�ective magnetic field Be� due to the jth electron has contributions from

both the electron spin and the electron orbital motion. The contribution at the

origin from the spin of the electron (taken to be at Rj) is [70, 74]

Bs,j = ≠ µ0
4fi

Ò ◊
A

µe,j ◊ R̂j

R2
j

B

, (3.29)

where Rj = |Rj|, R̂j = Rj/Rj and

µe,j = ≠geµBse,j (3.30)

is the electron’s magnetic moment. Here, µB = e~/(2me) = 1/17.276 meV/T

is the Bohr magneton, where me is the electron mass, ge is the electron spin g-

factor and will be taken to be 2 and se,j is the spin of the jth electron. The

orbital current contribution to the magnetic field can be calculated using the

Biot-Savart law [74] and is given by

BL,j = µ0µB

2fi~
pe,j ◊ R̂j

R2
j

, (3.31)

where pe,j is the momentum of the jth electron. The interaction potential for

interaction between the neutron and the jth electron is then [74, 75]

Vm,j = “µNµB
µ0
fi

sn ·
C

Ò ◊
A

se,j ◊ R̂j

R2
j

B

+ 1
~

pe,j ◊ R̂j

R2
j

D

. (3.32)

The total interaction potential is the sum of these contributions from all of the

electrons in the system.

To proceed, it is then necessary to find the matrix elements of this interaction

potential with the states |ks⁄Í. As with the nuclear contribution, it is possible

to carry out the integration over the spatial coordinates of the neutron first, i.e.,

calculate the matrix element Èkf |Vm,j|kiÍ, which is equivalent to taking the Fourier

transform of the interaction potential. By making use of some vector calculus

identities, it can be shown that [70, 74, 75]

Èkf |Vm,j|kiÍ = ≠4“µNµBµ0sn ·
C

Q̂ ◊ (se,j ◊ Q̂) + i

~Q
(pe,j ◊ Q̂)

D

eiQ·Rj . (3.33)
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Substituting this expression into (3.12), and summing over all the electrons in the

system, the expression for the partial di�erential cross-section becomes [70, 74, 79]
A

d2‡

d�dEf

B

kiækf

= kf

ki
(2“r0)2 ÿ

sisf ⁄i⁄f

PsiP⁄i|Èsf⁄f |sn · D‹(Q)|si⁄iÍ|2”(E⁄f
+ Ef ≠ E⁄i ≠ Ei).

(3.34)

where r0 = µ0e2/(4fime) is the classical radius of the electron and

D‹(Q) =
ÿ

j

C

Q̂ ◊ (se,j ◊ Q̂) + i

~Q
(pe,j ◊ Q̂)

D

eiQ·Rj (3.35)

is the magnetic interaction operator. It can be shown that [81]

D‹(Q) = ≠ 1
2µB

Q̂ ◊
Ë
(MS(Q) + ML(Q)) ◊ Q̂

È
, (3.36)

where MS,L(Q) are the Fourier transforms of the magnetization due to the spin

and orbital moments respectively. The total (Fourier transformed) magnetization

is M = MS + ML.

Partial response functions Now, sn acts only on the neutron spin part of the

wavefunction |sÍ, whereas D‹ acts only on the electron part of the wavefunction

|⁄Í. Noting also the identity

D†
‹(Q) · D‹(Q) = 1

(2µB)2
ÿ

–—

1
”–— ≠ Q̂–Q̂—

2
M–M—, (3.37)

where † indicates a Hermitian conjugate, it can then be shown that, if unpolarized

neutrons are used, the partial di�erential cross-section can be written as [70, 75]
A

d2‡

d�dEf

B

kiækf

= kf

ki

A
“r0
2µB

B2 ÿ

–—

1
”–— ≠ Q̂–Q̂—

2
S̃–—(Q, Ê), (3.38)

where the partial magnetic response functions are [70]

S̃–—(Q, Ê) =
ÿ

⁄i⁄f

P⁄iÈ⁄i|M †
–(Q)|⁄fÍÈ⁄f |M—(Q)|⁄iÍ”(E⁄f

≠ E⁄i ≠ ~Ê). (3.39)

Using a similar procedure to that used to derive (3.21), it can be shown that the

expressions for S̃–— can be factorized into a part depending on the atomic positions
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and a part depending on the electron spin state, each of which is a sum of a static

part and a dynamic part [70, 74]. For the purposes of this thesis, when discussing

magnetic scattering, a completely static lattice will be assumed.

The dipole approximation It now remains to find a useful expression for

M(Q). For a Bravais lattice, with the magnetization localized to delta function

orbitals in direct space, M(Q) would be a lattice of delta function orbitals in

reciprocal space, all with the same intensity. In reality, the magnetization is due to

electron clouds which have finite extent, i.e., in direct space the magnetization is a

convolution between a lattice of delta functions and the magnetization density of

the electron cloud of a single magnetic ion. In reciprocal space, as can be seen from

the convolution theorem, M(Q) is therefore a product between a lattice of delta

functions and the Fourier transform of the magnetization density of a single ion,

M1(Q). Multi-sublattice systems can be considered in a similar way, introducing

a structure factor as was done in the case of nuclear scattering.

It is therefore necessary to find an expression for the Fourier transform of the

magnetization density of a single ion, and to do this, the ‘dipole approximation’ is

used. This approximation holds when the neutron wavelength is much larger than

the atomic size, a situation which holds for all the data presented in this thesis.

When the orbital angular momentum is unquenched, the dipole approximation states

that the Fourier transform of the magnetization due to a single site can be written as

M1(Q) = ≠µBf(Q)(L + 2S), (3.40)

where L and S are the total orbital and spin angular momenta for that single site and

f(Q) is the dipole magnetic form factor. It is possible to expand f(Q) as a sum of

exponentials; values of the coe�cients relevant for di�erent ions have been tabulated

[82]. Both materials discussed in this thesis contain Co2+ ions in distorted octahedral

environments, for which the orbital angular momentum is partially quenched [6, 7].

In this regime, the dipole approximation states that for a single ion [70],

M1(Q) = ≠gµBf(Q)S̃, (3.41)
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where g is the empirically observed g-factor (assumed for the moment to be isotropic)

and S̃ is the e�ective spin of that single ion.

When the dipole approximation holds, it is possible to write the partial dif-

ferential cross-section for unpolarized neutrons as [70]
A

d2‡

d�dEf

B

kiækf

= kf

ki

A
“r0
2µB

B2

f 2(Q)e≠2W
ÿ

–—

1
”–— ≠ Q̂–Q̂—

2
S–—(Q, Ê), (3.42)

where e≠W is the Debye-Waller factor defined above and S–— are the ‘reduced

partial response functions’. These will also be referred to as the components of

the ‘dynamical structure factor’ and are given by [70]

S–—(Q, Ê) = g2µ2
B

ÿ

⁄i⁄f

P⁄iÈ⁄i|S–(≠Q)|⁄fÍÈ⁄f |S—(Q)|⁄iÍ”(E⁄f
≠ E⁄i ≠ ~Ê), (3.43)

where

S(Q) =
ÿ

j

eiQ·Rj Sj (3.44)

is the Fourier transformed (e�ective) spin.2

In the materials discussed in this thesis, the g-factor is not isotropic, and

must be replaced by a g-tensor. If the g-tensor is diagonal in the –— coordinates

used, (3.43) can be used with g2 æ g––g——. In a general coordinate system,

(3.43) must be generalized to

S–—(Q, Ê) = µ2
B

ÿ

⁄i⁄f “”

P⁄iÈ⁄i|g–“S“(≠Q)|⁄fÍÈ⁄f |g—”S”(Q)|⁄iÍ”(E⁄f
≠ E⁄i ≠ ~Ê).

(3.45)

These last two forms are used throughout this thesis.

Elastic and inelastic magnetic scattering Now consider a ground state which

is aligned along a local z-axis. The Sz operator can be written as Sz = S ≠ ”S

where ”S is the spin reduction operator due to quantum fluctuations. There are

thus two contributions to Szz: Bragg peaks on the elastic line, and fluctuations in

the size of the ordered moment, which cause inelastic scattering.
2The tilde denoting e�ective spins will from now on be dropped for simplicity.
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The Sx operator can be written as Sx = (S+ + S≠)/2, and similarly the Sy

operator can be written as Sy = (S+ ≠ S≠)/(2i). If the ground state |GSÍ is

fully aligned along z (i.e. there is no spin reduction) then S+|GSÍ = 0 and also

there is no inelastic contribution to Szz. Therefore, the inelastic scattering due

to a state |ÂÍ is related to its overlap |ÈÂ|1s.f.Í|2 with a state |1s.f.Í related to

the ground state |GSÍ by flipping a single spin.

3.1.2 Neutron spectroscopy

This subsection will give a brief overview of the techniques involved in measuring

inelastic neutron scattering (INS). A much more detailed account of neutron

instrumentation is available in Ref. [83].

3.1.2.1 Types of neutron source

A variety of techniques are used to measure neutron scattering, depending on both

the type of source and on the aim of the experiment. The data discussed in this

thesis were all collected at the ISIS Neutron and Muon source in Oxfordshire, shown

in Fig. 3.3. This is a spallation source, meaning that neutrons are produced by

accelerating protons using a synchrotron, cyclotron or linear accelerator, and then

colliding them with a heavy metal target. Spallation sources typically produce

neutrons in pulses, each time a bunch of protons collides with the target [83]. The

fact that neutrons are produced in pulses means that their speed and thus their

energy can be calculated based on how long it takes them to reach a point some

distance away from the target. Instruments at pulsed sources therefore often use

‘time-of-flight’ methods in order to exploit this fact. Time-of-flight instruments

will be discussed in more detail below.

The other major type of neutron source is a reactor source. These operate by

nuclear fission of uranium in a chain reaction, and thus produce a continuous flux

of neutrons. The most common type of spectrometer used at reactor sources is the

triple axis spectrometer. These use Bragg reflection from a crystal monochromator in

order to select both the incident energy Ei and the outgoing energy Ef . By varying
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Figure 3.3: The layout of the ISIS Neutron and Muon source. Image credit: STFC.

the scattering angle from these crystals, it is possible to change the wavelength

of scattered neutrons and thus select a fixed energy. The third axis of rotation

is the scattering angle at the sample. By varying all three of these angles, it is

possible to measure the scattering at a range of points in the (Q, Ê) space in the

horizontal scattering plane [83]. The disadvantage of this method over time-of-flight

methods is that the scattering must typically be measured point by point. In

addition, the monochromating and analysing crystals can sometimes introduce
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Figure 3.4: A) Schematic of the layout of LET. Neutrons are first slowed using a liquid
hydrogen moderator. The overall e�ect of choppers 1 to 4 is to prevent frame overlap and
shape the pulse. Chopper 5 is a double counter-rotating disk chopper which selects the
incident energy. The detector bank is made up of 4 m long position sensitive detectors.
The distance from the moderator to the sample is 25 m. Figure adapted from Ref. [84].
B) Schematic of the layout of WISH. The neutrons are slowed using a solid methane
moderator. In this case, the purpose of the choppers is to prevent frame overlap and
select the wavelength range. The grey dashed vertical lines indicate monitors; the counts
recorded in the right-most monitor are used to normalize the wavelength-dependent flux.
The detector bank is made up of 1 m long position sensitive detectors and the distance
from the moderator to the sample is 40 m. Figure adapted from Ref. [85]. Neither panel
is drawn to scale.

spurious features into the data [70], such as ⁄/m scattering where ⁄ is the neutron

wavelength and m is a small integer.

3.1.2.2 Direct geometry time-of-flight spectrometers

The INS data presented in Chapters 4, 5 and 8 were all taken on LET [84] at ISIS,

which is an example of a direct geometry time-of-flight spectrometer. Figure 3.4A

shows a schematic of LET, which stands for Low Energy Transfer as this instrument

is optimized for use with small incident energy Ei.

Choppers Direct geometry instruments use choppers to select a fixed incident

energy. These work by only allowing neutrons to get through which reach the chopper

at a particular time after the neutrons were created, and are therefore travelling
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6.92 meV 2.67 meV 1.41 meV 0.86 meV 0.58 meV

fast slow

Figure 3.5: Distance-time diagram for LET showing the e�ect of each chopper. Blue
lines show the trajectory of elastically scattered neutrons with each available incident
energy, while red lines show the range of trajectories of neutrons of each incident energy
that scatter inelastically. When red lines of adjacent monochromatic pulses overlap then
frame overlap occurs and data is unusable in that region. Figure made using PyChop [88]
with the configuration used for the measurements in Chapter 8.

at a particular speed. Many direct geometry instruments (e.g. MERLIN [86]) use

Fermi choppers, which are spinning cylinders with curved slits [83]. Instruments

which are optimized for low Ei however, such as LET, instead use a system of

counter-rotating disks [70]. Many instruments also have various other choppers,

such as a t0 chopper, which closes at the time the proton pulse strikes the target in

order to avoid background from gamma rays or high energy neutrons, and choppers

to shape the beam and to prevent frame overlap [70]. On some instruments, such

as LET, it is possible to operate in repetition rate multiplication mode [87], where

multiple incident energies can be measured at the same time. This is shown on

a distance-time diagram in Fig. 3.5.

Detectors After the neutrons pass the resolution chopper (i.e., the chopper used

for energy selection) they then travel towards the sample, where they scatter, as

described in Sec. 3.1.1. Many modern direct geometry instruments have large banks
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of detectors in order to be able to detect scattering over a wide range of solid angle.

On LET, these detector banks are made up of 4 m long tubes filled with 3He which

detect neutrons based on the cascade of charged particles released when a 3He

nucleus reacts with a neutron to form a 3H nucleus and a proton. By measuring the

relative size of the charge released at both ends of the tube, it is possible to infer

how far along the detector the neutron was detected [76, 83]. Using these techniques,

direct geometry instruments are able to split each detector tube into many much

smaller detectors, so the whole detector area is e�ectively split into over 90,000

independent detectors (pixels) of area ¥ 1 inch2. A large range of reciprocal space

is thus measured simultaneously. The final neutron energy (and hence the energy

transfer) is measured by timing how long it takes the neutron to reach the detector,

and the final neutron wavevector (and hence the wavevector transfer) is measured

based on the direction of the detector pixel relative to the sample and also the timing.

Single crystal spectroscopy experiments As there are only three degrees of

freedom in a single crystal time-of-flight INS measurement (polar and azimuthal

angle of the detector relative to the sample, and time for the neutron to travel), it

is not possible to independently measure all four components of Q ≠ Ê space at

once. Instead, a three-dimensional manifold is measured, with a non-trivial relation

between the components. In order to measure the full four-dimensional Q ≠ Ê

space, a fourth degree of freedom must be introduced, and this is the rotation angle

of the sample. Raw runs recording neutron counts as a function of time can be

converted to counts as a function of energy transfer using software such as mantid

[88]. Individual runs at a fixed angle can be analysed as a function of Q and Ê

using mslice [89] or combined together to cover the full 4 dimensional Q ≠ Ê space

using horace [90]. Slices and cuts along desired directions can then be extracted.

While triple-axis spectrometers have historically been preferred to time-of-flight

instruments for their ability to measure specific paths in Q ≠ Ê space, the very

wide detector coverage of modern time-of-flight instruments makes up for this by

allowing a large portion of reciprocal space to be measured simultaneously, which is
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very useful when it is not known where in reciprocal space the interesting features

will be. The technique is also particularly useful for measuring materials in which

the magnetic interactions are primarily one- or two-dimensional (i.e., the dispersion

of the excitations is flat along at least one direction), as the data can be integrated

along that direction to increase the counting statistics. Both materials studied in this

thesis belong to this category. Direct geometry instruments also have the advantage

of having very low background compared to other instruments. This is because the

high energy neutrons which are not of interest will arrive at the beginning of the pulse

and do not overlap with the main signal [70]. While direct geometry spectrometers

do not su�er from the same spurious features that a�ect triple axis and indirect

geometry spectrometers due to the analyser crystals, spurions (spurious features

which look like they could be real signal) can still be present, due to scattering from

the sample environment. However, these can be easily identified and characterized.

Direct geometry spectrometers can also be used as di�ractometers by removing

the resolution chopper, i.e., working in white beam mode [76]. The operation

of time-of-flight di�ractometers will be discussed in more detail in Sec. 3.1.3.2.

Spectrometers are used in this ‘white beam’ mode at the beginning of experiments

in order to align the sample.

3.1.2.3 Indirect geometry spectrometers

The data presented in Chapter 6 were taken on the indirect time-of-flight spec-

trometer OSIRIS [91], also at ISIS. I was not involved in carrying out those

measurements, so this discussion will be briefer than the discussion above and

is included for completeness.

Indirect geometry time-of-flight spectrometers operate at a fixed final energy

Ef . This is selected by means of analyser crystals (often pyrolitic graphite), while

the incident energy is determined by measuring the time-of-flight. As with direct

geometry instruments, the wave-vector transfer is a function of both the time-

of-flight and the scattering angle. Compared to direct geometry instruments,

the range of Q ≠ Ê space that is kinematically accessible is di�erent: in direct
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geometry instruments, the energy transfer cannot be greater than the incident

energy, whereas indirect geometry instruments do not have this restriction. In

addition, indirect geometry spectrometers which are set up to be used in a ‘back-

scattering’ geometry can have very high energy resolution. Back-scattering means

that the total scattering angle 2◊ at the analyser crystal is close to 180¶, and this

configuration exploits the wavelength spread as given by Bragg’s law to achieve

an energy resolution which is dominated by the analyser crystal perfection rather

than by the spread in angle of the beam [70].

The disadvantages of indirect geometry in comparison to direct geometry are

that the detector area is in general smaller as analyser crystals are needed for

each detector. No position sensitivity is available and integration of the data

along the detector tube is therefore inevitable. In addition, scattering at the

analyser crystals can introduce spurious background features into the data due

to a white beam being incident on the sample. These spurions need to be well

characterized and subtracted o�.

3.1.3 Neutron di�raction

Elastic neutron scattering is generally known as neutron di�raction and can be

used to investigate the crystal and/or magnetic structure of materials. A brief

overview of the techniques and experimental considerations relevant to di�raction

will be given in this section.

3.1.3.1 General considerations

Most neutron di�ractometers do not have energy analysis, and so measure

d‡

d� =
⁄

dEf
d2‡

d�dEf
, (3.46)

which is proportional to

S(Q) =
⁄

dÊ S(Q, Ê). (3.47)

It is in general assumed that this quantity will be dominated by elastic scattering,

such that it can be assumed that ki = kf .
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It is sometimes the case that measurements seek only to identify the location of

Bragg peaks in reciprocal space; if there are Bragg peaks in locations other than

where those of the structural unit cell are expected, this can identify the presence

of supercells, which are often present if there is magnetic order.

In addition, the relation (3.23) can be used to relate the intensity of Bragg

peaks to the position of atoms within the unit cell, and similar relations hold for

magnetic di�raction. In particular (3.23) states that the measured intensity I(Q)

is proportional to |F (Q)|2, where F can be the nuclear structure factor as defined

in (3.24) or the generalization to magnetic scattering. Now, if the quantities F (Q)

were known, it would be possible to invert (3.24) to obtain the density of scattering

length as a function of position in the unit cell. However, it is experimentally only

possible to extract the modulus of F , meaning that it is not possible to perform this

inverse Fourier transform. This ‘phase problem’ means that it is instead necessary

to refine the parameters of a model in an iterative process. Various di�erent software

tools are available to do this, such as fullprof [92] and jana [93].

In order to refine a structure, it is thus important to understand exactly how

the measured neutron counts relate to the di�erential cross-section d‡
d� . Scale

factors which a�ect all the peaks uniformly can be refined (since the scattering

lengths of di�erent elements are known), however, if e�ects a�ect di�erent peaks

di�erently, they need to be treated with care. There are various e�ects that

need to be taken into account.

• Neutron flux: As per the definition (3.2), in order to relate the di�erential

cross-section to the number of neutrons scattered in a particular direction, it is

important to know the flux of incoming neutrons. In particular, if intensities

taken across multiple counting times are combined, it is important for the

neutron counts to be normalized by the time-integrated flux of incoming

neutrons. In addition, if a broad range of neutron wavelengths are used as

in time-of-flight instruments (see Sec. 3.1.3.2), it is important to know the

flux distribution as a function of wavelength, so that the intensities of peaks

corresponding to di�erent neutron wavelengths can be compared. Incoming
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neutron flux can be measured using a monitor, which is a low e�ciency

neutron detector [70, 83].

• Detector e�ciency: While some experimental set-ups have only a single

detector, many set-ups have multiple detectors in order to be able to probe

reciprocal space more e�ciently by measuring the scattering across a wider

range of solid angle. Subtle di�erences between detectors, e.g. di�erences in

gas pressure inside gas tube based detectors, can a�ect their e�ciency. In

addition, detector e�ciency will in general depend on wavelength. The relative

e�ciencies of detectors and their wavelength dependence can be calibrated

by using a standard which scatters isotropically. A good standard for this

purpose is elemental vanadium, because it has a large incoherent cross-section

and a very small coherent cross-section [70, 83].

• Absorption and extinction: Absorption of neutrons by nuclei decreases the

number that can be scattered, while extinction a�ects strong Bragg reflections

and is due to a decrease in the flux of incident neutrons as a function of distance

into the sample because of some of them having already been scattered [70].

Both of these e�ects depend on both the sample geometry and neutron

wavelength.

• The Lorentz factor : The Bragg peaks in a real experiment are not ”-functions

but have a finite spread due to a combination of instrumental resolution and

sample imperfections. This means that the intensities measured in a real

experiment are integrated intensities across the width of the peak. While

the required quantities are integrals in Q-space, the experiment measures

quantities as a function of some combination of sample orientation, angle

to the detector and neutron wavelength. The conversion between these

integrals therefore requires the Jacobian of the transformation between these

coordinates, which is known as the ‘Lorentz factor’.
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As with spectrometers, di�erent types of neutron source tend to employ di�erent

types of di�ractometer. Reactor sources use constant wavelength di�ractometers

which use an analyser crystal to select a fixed incident wavelength and move the

sample and detector to perform scans through Q-space. Di�erent geometries are

available depending on constraints such as the sample environment [70, 83]. Pulsed

sources on the other hand, use time-of-flight methods, which will be discussed

next. Di�raction measurements at both types of source can be carried out on

either single crystals or on powders.

3.1.3.2 Time-of-flight single crystal neutron di�raction

The data reported in Chapter 8.3 were taken on the time-of-flight neutron di�rac-

tomer WISH at the ISIS facility [85]. A schematic of WISH (Wide angle In a

Single Histogram) is shown in Fig. 3.4B.

Time-of-flight di�ractometers work similarly to spectrometers, in that the time

that it takes the neutron to travel is used to calculate its energy. In this case,

neutrons of all energies (with a profile corresponding to the temperature of the

moderator used to slow down the neutrons) will be incident on the sample. As

elastic scattering dominates over inelastic, it is assumed that Ei = Ef and the

time-of-flight is used to measure k = ki = kf . The use of time-of-flight means that

many wavelengths can be measured simultaneously, while the use of large banks

of position sensitive detectors (WISH has particularly wide angle coverage with

banks from 10¶ to 170¶ on both sides) means that a large solid angle is measured.

This makes the technique e�cient for measuring large regions of reciprocal space,

which is particularly useful when it is not known in advance at which wavevectors

di�raction peaks will be observed. The disadvantage is that refinement of structures

is more complicated. This is because all the correction factors described above

are wavelength dependent and strongly varying — the Lorentz factor for time-of-

flight measurements is ⁄4/ sin2 ◊ where ⁄ is the neutron wavelength [70, 83] — and

measuring many wavelengths simultaneously therefore requires this wavelength

dependence to be well characterized.
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3.2 Vibrating sample magnetometry

Vibrating sample magnetometry (VSM) was used for the magnetization measure-

ments presented in Chapter 7. In this technique, a sample is oscillated rapidly up

and down, passing in and out of a set of pick-up coils, and the voltage induced in

the coils is measured [1]. More specifically, the voltage V induced in a set of coils is

related to the rate of change of magnetic flux � through the coils by Faraday’s law,

V = ≠d�
dt

= ≠d�
dz

dz

dt
, (3.48)

where z is the vertical position of the sample [94]. Assuming that the sample

oscillates sinusoidally, and such that its position is given by z = A sin Êt, the

voltage measured in the coil is

V = ÊCmA cos Êt (3.49)

where m is the magnetization of the sample and C is a constant of proportionality,

known as the sensitivity function [95] that relates m to d�/dz [94]. It is possible

to calculate C under the assumption that the sample is a point-like dipole but in

general, magnetometers are also calibrated using a standard sample. Eq. (3.49)

shows that the measured voltage depends on not only the sample magnetic moment

but also on the oscillation frequency and oscillation amplitude. In practice, Ê is in

general fixed for a given set-up, and is chosen to maximize the signal while keeping

the forces on the sample holder to within limits that it can withstand, as these

forces scale as Ê2 [96]. The oscillation amplitude is limited by the design of the

pick-up coil and the requirement for linear approximations to hold. A sample with

a large magnetic moment was used for the measurements reported in this thesis,

so achieving su�cient sensitivity was not a problem.

The measurements presented in this thesis used the vibrating sample magnetome-

ter option of a Quantum Design Physical Property Measurement System (PPMS).

In this set-up, a pick-up coil is placed at the bottom of the sample chamber, and the

sample is attached to the end of a sample rod. An external magnetic field up to 16 T

can be applied, and the axis of the pick up coil, the motion of the sample rod and the
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Figure 3.6: The mount used for measuring the alignment of the sample when mounted
in the VSM. The pieces are (a) the x-ray di�ractometer holder. This can be used in
either the Supernova di�ractometer or the Laue di�ractometer. b) A brass half tube,
designed to replicate the end of the half tube VSM mount. This is for holding the quartz
piece so that the quartz piece does not get scratched by the grub screw. c) The quartz
cylinder. The photo was taken using a brass replica of the quartz cylinder. The sample
(dark cuboid) is glued to the top with GE varnish. This photo is for illustration purposes
of the principle of the method, and the sample shown is not the actual sample that was
used in the experiment.

applied magnetic field are all parallel and vertical [94]. This ‘axial’ arrangement is

the most common [95], but di�erent arrangements of the coils relative to the motion

of the rod can be used to measure di�erent components of the magnetization [97].

While various di�erent sample mounts can be used with the PPMS VSM, the

one that was used in this thesis consists of a brass half tube, in which a sample can

be braced into position with two quartz cylinders. For the measurements presented

here, it was important to know the orientation of the sample relative to the axis of

the applied field and pick-up coils as precisely as possible. Therefore, an adapter

was designed such that the sample could be glued to the end of one of the quartz
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cylinders, and the quartz cylinder could then be inserted into the holder for an

x-ray di�ractometer so that the orientation of the sample as it would be during

the experiment could be determined to a high degree of precision. This adapter

is shown in Fig. 3.6. This measurement assumed that the quartz cylinder would

be perfectly vertical in both the x-ray di�ractometer and in the VSM. Therefore a

very snug fit was required for the adapter components in the x-ray di�ractometer.

The fit of the quartz cylinder into the brass half-tube VSM holder is very snug

by design, and it has been assumed that deflections of the sample rod are small.

However, the sample holder experiences large forces due to the oscillations and

large torques when the magnetic field is applied along the hard axis of a highly

anisotropic sample, such as was done in Chapter 7. Therefore, some small deflection

or flapping of the sample rod could possibly have occurred.

It is also important to bear in mind when mounting samples that sample geometry

can play an important role. If samples are long and thin, then corrections of up to

30% must sometimes be made compared to calibration based on the approximation

of a point dipole sample. If the centre of the sample does not lie on the centre-line

of the coil, corrections can also be necessary [94]. In addition, sample geometry

a�ects demagnetization e�ects, which determine the size of the field experienced

within the sample. These will be discussed further in Chapter 7.



4
Tuning of spinon confinement in the Ising

chain material CoNb2O6

The Ising chain realizes the fundamental paradigm of spin fractionalization, where

locally flipping a spin creates two domain walls (spinons) that can separate apart

at no energy cost. In a quasi-one-dimensional system, the mean-field e�ects of

the weak three-dimensional couplings confine the spinons into a Zeeman ladder

of two-spinon bound states. In this chapter, the confinement potential between

spinons is experimentally tuned in the quasi-one-dimensional Ising ferromagnet

CoNb2O6 by means of an applied magnetic field with a large component along the

Ising direction. Using high-resolution single crystal inelastic neutron scattering,

the evolution of the spectrum from the limit of very weak confinement at low field

(with many closely spaced bound states with energies scaling as the field strength

to the power 2/3) to very strong confinement at high field (where it consists of a

magnon and a dispersive two-magnon bound state, with a linear field dependence)

is directly observed. At intermediate fields, the disappearance of the higher order

bound states from the spectrum as they move to higher energies and overlap with

the two-particle continuum is explored. The results of this chapter and the following

chapter have been published in Ref. [98].

65
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4.1 Introduction

The material CoNb2O6 has been of interest for some time, as it is considered to be an

excellent experimental realization of a ferromagnetic Ising chain [25, 43, 99–104], the

arrangement of the magnetic Co2+ ions leading to highly one-dimensional magnetic

interactions. While the magnetic properties of CoNb2O6 were first investigated

over 50 years ago [105–108], it gained significant interest in the 1990s when it was

discovered to have a very rich phase diagram in low field applied in the ac-plane

[109–117]. This rich phase diagram arises due to the interplay between strong

ferromagnetic Ising-like interactions along the chains and weak antiferromagnetic

interactions between the chains which are partially frustrated [118]. Around this

time, the possibility of spin-cluster excitations arising from the quasi-one-dimensional

nature also began to be investigated [103, 119]. In addition, other material properties

of CoNb2O6 have also been of interest [120–122].

More recently, it was realised that CoNb2O6 has a low enough exchange energy

scale that the full phase diagram in transverse magnetic field is experimentally

accessible [25, 123]. This has resulted in CoNb2O6 being seen as one of the

best experimental realizations of transverse field Ising chain (TFIC) physics in

a condensed matter system for over a decade [25, 43, 99, 100, 102, 124]. Among

the key experimental observations indicative of the quantum phase transition is

the qualitative change in the nature of quasiparticles from domain walls in the

ordered phase to coherently propagating spin flips in the high-field paramagnetic

phase. Moreover, a fine structure of bound states has been observed just below

the critical transverse field, consistent with predictions for a universal E8 spectrum

expected in the presence of a perturbing longitudinal field, which in this case arises

from mean-field e�ects of the three-dimensional magnetic order [25, 43]. The rich

physics arising from the quasi-one-dimensional nature of CoNb2O6 is why it is the

focus of much of this thesis. In the last few years, there has also been renewed

interest in CoNb2O6 due to departures of the Hamiltonian from the pure Ising

limit [71, 125–127]. While in this chapter, CoNb2O6 will mostly be discussed as
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c
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Figure 4.1: A zigzag magnetic chain in CoNb2O6, showing Co2+ ions (blue) inside
edge-sharing octahedra (blue shading) of O2– ions (red). Figure made using vesta [129].

an example of an Ising chain or pure XXZ chain, the full Hamiltonian will be

discussed in much more detail in the following chapters.

The magnetic ions in CoNb2O6 are Co2+, arranged into zigzag chains running

along the crystallographic c-direction, with the zigzag in the b-direction, as shown

in Fig. 4.1. The crystal structure of CoNb2O6 corresponds to the columbite family

[105, 106, 128], with the orthorhombic space group Pbcn, and with the chains

forming a distorted triangular lattice in the ab-plane (Fig. 4.2A). The lattice

parameters at 2.5 K are a = 14.1337 Å, b = 5.7019 Å and c = 5.0382 Å[114]. The

combination of crystal field e�ects and spin-orbit coupling in CoNb2O6 leads to an

e�ective S = 1/2 Kramers doublet ground state with strong Ising-like character,

which is separated from the next lowest Kramers doublet by 30 meV [5]. Weak

interactions between chains stabilize magnetic order at low temperatures, and

below 1.97 K, the spins are ferromagnetically aligned along each zigzag chain

due to a dominant nearest-neighbour Ising exchange, with an antiferromagnetic

pattern between chains [110, 114] (Fig. 4.2B and C). The magnetic moments lie

in the ac-plane [107, 108], at an angle “ = 30¶ to the c-axis [114], which will be

taken here to be the local Ising z-axis; a field applied along the b-axis is then

transverse to the Ising axes of all spins.

In addition to the rich physics observed in transverse field, whose relevance to

CoNb2O6 will be discussed further in the following chapters, the ordered phase of

the Ising chain also displays the key paradigm of fractionalization, as discussed

in Chapter 2.3.3. It is possible to model this rich behaviour with the deceptively
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Figure 4.2: A) The crystal structure of CoNb2O6 projected onto the ab plane. Layers of
CoO6 octahedra (blue) in the bc plane are separated by two layers of NbO6 octahedra
(green). Within the layers, both the CoO6 and NbO6 form zigzag chains along c. B)
The magnetic structure of CoNb2O6 in zero field [108, 114]. The filled and open circles
represent chains with the easy axis at ±30¶ to the c-axis respectively, while the ± signs
represent the projection of the moments (arrows in C) onto the c-direction. C) Projection
of the zero-field magnetic structure onto the ac plane. D) The magnetic structure when
fields above 0.14 T are applied along the a-axis [116], using the same convention as in B.
The directions of the moments are shown in E. Panel A was made using vesta [129].

simple Hamiltonian for the Ising chain in a tilted field, introduced in Chapter 2.4.1.2

H =
ÿ

j

≠JSz
j Sz

j+1 ≠ hxSx
j ≠ hzSz

j , (4.1)

with J > 0 the Ising exchange, and hx and hz applied transverse and longitudinal

fields, respectively. As discussed in Chapter 2, a local spin flip, created for example in

a neutron scattering process, fractionalizes into a pair of domain wall quasiparticles

(spinons, also referred to in Chapter 6 as solitons). When hz = 0, domain walls

can separate apart at no energy cost, as illustrated in Fig. 2.5A, and these become

the true quasi-particles of the system [37, 38]. However, in the presence of a finite

longitudinal field hz > 0, domain walls are no longer free but have an attractive

interaction, because there is an energy cost proportional to hz that increases linearly
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with their separation. The longitudinal field acts as an e�ective string tension

between the domain walls, not allowing them to separate but confining them into

bound states, realizing a one-dimensional analogue of the confinement of quarks into

mesons [41]. By tuning the strength of the longitudinal field hz, one could explore

the crossover from the regime of weak confinement (with hz a small perturbation on

the scale of J) where many closely-spaced bound states are expected, with energy

separation predicted to scale as a power-law h2/3
z , to the regime of strong confinement

(hz comparable to J), where, depending on the relative sizes of J , hz and hx and

on what other subleading exchange terms may be present in the spin Hamiltonian

beyond the minimal model in (4.1), only one, or at most two, bound states are

expected, with their energies scaling linearly with hz. The motivation behind the

present studies was to explore the manifestation of this physics experimentally,

using an external magnetic field to tune the longitudinal field hz to cover the full

range from weak to strong confinement. The ferromagnetic nature of the dominant

interactions in CoNb2O6, along with their su�ciently small energy scale, makes

this material an ideal candidate for this exploration.

In this chapter, high-resolution single crystal inelastic neutron scattering (INS)

measurements, that probe the full wavevector-dependence of the spectrum as a

function of magnetic field applied along the crystallographic a-axis, with a large

longitudinal (along Ising axis) component, are reported. These results complement

earlier terahertz (THz) spectroscopy measurements for the same applied field

direction, which probed the spectrum at the zone centre (wavevector transfer

Q = 0) [102, 103], as well as THz spectroscopy and INS measurements previously

taken on the Ising material CoCl2 ·2 H2O where the interchain couplings are more

significant [130, 131]. In particular, the evolution of the bound state spectrum with

field is parameterized and good agreement is found with scaling laws expected in

the regimes of weak and strong confinement, corresponding to low and high applied

fields, respectively. In low field, many bound states are observed, as expected

for a model of a hierarchy of confinement bound states. In high field, only two

bound states remain. The character of the bound states in both these regimes is
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discussed in detail. In addition, the way that the higher bound states progressively

disappear from the spectrum is analysed.

The rest of this chapter is organized as follows. Section 4.2 outlines the inelastic

neutron scattering experiments. Experimental results for the spectrum in field

applied along a across a wide range of field strengths are then presented in the

following sections, from weak confinement (Sec. 4.3) to strong confinement (Sec. 4.4),

with the evolution of the high-order bound states presented in Sec. 4.5. Section 4.6

contains the conclusions for this chapter.

4.2 Experimental details

Attribution note: The measurements described here were performed before the start

of my thesis by an experimental team consisting of David Macdougal and Radu Coldea

(University of Oxford) and Robert Bewley (ISIS facility) using a single crystal grown

by D. Prabhakaran (University of Oxford). The experimental details are reported

here for completeness. The initial processing of the raw time of flight data to convert

it into intensity in units of S(Q, Ê) using Mantid was also done before I started. I

have done all the subsequent analysis presented in this chapter and the next.

Inelastic neutron scattering measurements of the magnetic excitation spectrum

were performed using the direct geometry time-of-flight spectrometer LET at the

ISIS facility [84]. The sample was a large single crystal (4.59 g) of CoNb2O6 grown

using the floating-zone technique, as described in Ref. [132], and mounted in the (0kl)

horizontal scattering plane, where the wavevector transfer Q is labelled as (hkl) in

reciprocal lattice units of the structural orthorhombic unit cell, so Q = 2fi
1

h
a , k

b , l
c

2
.

The sample was mechanically fixed in place using copper brackets so that it would

not move or rotate due to the torques from the applied field. The sample was

cooled using a dilution refrigerator insert and all data were collected below 0.14 K.

A magnetic field up to 9 T was applied vertically, along the crystallographic a-

axis, which has a longitudinal field component hz = gzµBB sin “, where B is the

externally applied field magnitude.
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LET was operated to measure simultaneously the inelastic scattering of incident

neutrons with energies of Ei = 2.46, 4.30 and 9.33 meV; the measured energy

resolutions (full width half maximum, FWHM) on the elastic line were 0.038(1),

0.085(1), and 0.274(2) meV, respectively. To obtain the overview of the field

dependence of the spectrum, the scattering was measured at each field for one

fixed sample orientation chosen such that data projected along the chain direction

covered a large part of the along-chain Brillouin zone. For these measurements,

the sample was aligned with the (010) axis at an angle of 8¶ to the incident beam

direction, and scattering was measured for a typical counting time of 3 hours per

field at an average beam current of 40 µA of protons on target. In addition to

the single orientation measurements, multi-angle (Horace) scans were performed to

obtain a full four-dimensional data set of scattering intensity as a function of three

momentum directions and energy at two representative fields, 1.5 and 8 T. For

these, the sample was rotated about the vertical a axis in steps of 2¶ over an angular

range of 88 and 108¶, with 11 and 17 minutes counting per step, respectively.

The raw time-of-flight neutron data were converted to scattering intensities

S(Q, Ê) using mantid [88], and the resulting data were then analysed using the

horace [90] and mslice [89] packages.

4.3 Weak confinement regime

In the limit of small longitudinal field hz π J , the confinement of domain walls

into bound states can be captured via a Schrödinger equation for the domain wall

separation distance x in the continuum limit [40, 41, 133]

≠~2

µ

d2Ân(x)
dx2 + ⁄|x|Ân(x) = (mn ≠ 2m0)Ân(x), (4.2)

where µ is the reduced mass for the domain wall pair, ⁄ = 2hz/c is an e�ective

string tension between the domain walls, c/2 is the spacing of sites along the chain,

and m0 is the energy cost to create a single domain wall. For the Hamiltonian

(4.1), m0 = J/2 ≠ hx [11]. Eq. (4.2) can be recast as the Airy equation, and
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Figure 4.3: INS spectrum as a function of field from 0 to 2 T Î a, in the weak
to intermediate confinement regimes, with field increasing from left to right and top
to bottom. Colour is the raw neutron scattering intensity (i.e., no background has
been subtracted) on an arbitrary scale, collected using a high-resolution configuration
(Ei = 4.30 meV) for a fixed sample orientation, with wavevectors projected along the
chain direction.
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Figure 4.4: In the weak confinement regime (hz π J), many bound states exist, which
are coherent superpositions of states with the two domain walls separated by many sites.
Solid lines are the Airy wavefunctions for the first three bound states as per (4.4) for
parameters ⁄µ/~2 = 0.072, relevant for the longitudinal mean field due to interchain
interactions in CoNb2O6 [25]. The domain wall separation, x, is in units of the spacing
along the chain c/2.



4. Tuning of spinon confinement in the Ising chain material CoNb2O6 73

enforcing the boundary condition Ân(0) = 0, arising because domain walls cannot

overlap, results in energy eigenvalues

mn = 2m0 +
A
~2

µ

B1/3

⁄2/3zn, (4.3)

where ≠zn are the zeros of the Airy Ai function; the corresponding eigenstates are

Ân(x) = Ai
A3

µ

~2 ⁄
41/3 3

x ≠ mn ≠ 2m0
⁄

4B

. (4.4)

The wavefunctions for the lowest three bound states are sketched in Fig. 4.4. This

shows that the bound states in the weak confinement regime are expected to be

superpositions of many states, with finite amplitude even for states with large

separations between domain walls.

Eq. (4.2) is applicable for CoNb2O6 even in the absence of an externally applied

field. This is because i) there is a finite longitudinal (internal) mean field due

to the weak interchain interactions hz = 2J⁄MFÈSzÍ, with J and ⁄MF defined in

Chapter 5.4.1 and ÈSzÍ the expectation value of the spin component along the

Ising axis; and ii) there are terms in the spin exchange Hamiltonian beyond the

dominant Ising exchange (as will be shown in Chapter 5) that lead to domain

wall propagation, so a finite µ. The bound state spectra observed in previous

zero-field INS [25] and THz spectroscopy experiments [43, 102] have shown good

agreement with the predictions of (4.2) with hz interpreted as the interchain

longitudinal mean field, which has the same magnitude for all sites in the zero-field

antiferromagnetic phase. Zero-field data collected in the current experimental

setting are shown in Fig. 4.3A, where the three lowest bound states are clearly

visible at the lowest energies. Also notable is the sharp mode at the top of the

spectrum with a dispersion curving the opposite way to the lower modes. This

mode, which is stabilized by a di�erent mechanism from the low-energy confinement

bound states, is a single-spin-flip bound state stabilized by a subleading term in the

spin Hamiltonian of the form ≠J⁄S
q

j

1
S+

j S≠
j+1 + S≠

j S+
j+1

2
/2. This XY exchange

term allows a single-spin-flip state (i.e., two domain walls on adjacent sites) to
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hop between nearest-neighbour sites along the chain as a single entity and this

state was therefore dubbed a kinetic bound state [25].

The zigzag nature of the magnetic chains illustrated in Fig. 4.1 leads to a doubling

of the unit cell along the chain direction compared to straight chains, therefore a

doubling of the number of magnetic modes, so each ‘primary’ mode with dispersion

Ê(h, k, l) has a ‘shadow’ version with dispersion Ê(h, k, l + 1) obtained from the

‘primary’ version by Brillouin zone folding. In zero field, in the approximation of

decoupled chains, the intensities of these modes are proportional to cos2(2fik’) and

sin2(2fik’) respectively, where the magnetic ions alternate in position along the b

direction as ±’b between consecutive sites along the zigzag chain (’ = 0.165) [134].

In Fig. 4.3A, the top mode (the kinetic bound state) is a shadow mode with finite

intensity only because of finite k, whereas all low-energy confinement modes are

primary. Throughout this chapter and the following one, the nth lowest energy

(primary) mode at l = 0 is referred to as mn, in both the weak confinement and

strong confinement regimes. Modes with the same label in these two regimes have

very di�erent character, but there is a smooth crossover between the two regimes.

The remaining panels in Fig. 4.3 show the evolution of the spectrum upon

increasing field. It is known that low fields applied along a induce a series of

spin-flip transitions such that above a threshold field of 0.14 T, all spin components

along a are parallel to the applied field [115, 116, 135], see Fig. 4.2D. All finite

field INS data were therefore collected at fields at and above this threshold field

to ensure all spin sites experience the same magnitude longitudinal and transverse

fields. Upon increasing the applied field, all bound states move up in energy, with

the higher order ones moving at a faster rate. This is because the higher order

bound states contain in their superposition more weight for states with domain walls

further apart [see Fig. 2.5C], so with more spins flipped opposite to the applied field

direction, and therefore higher Zeeman energy or higher e�ective g-factor. Since the

higher modes increase in energy more quickly, the relative energy separation between

adjacent modes increases and modes become better resolved, such that whilst at

0.14 T (panel B) only m1 to m3 are resolved, at 0.5 T (panel D), m1 to m7 can be
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m1
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m4

Figure 4.5: INS spectrum as a function of field from 2 to 9 T Î a, covering the
intermediate to strong confinement regimes, with field increasing from left to right and
top to bottom. Colour is the raw neutron scattering intensity on an arbitrary scale
(di�erent from Fig. 4.3), collected using a high-coverage coarser-resolution configuration
(Ei = 9.33 meV) for the same fixed sample orientation as in Fig. 4.3, with wavevectors
projected along the chain direction. Panel A is at the same field as the higher-resolution
data in Fig. 4.3H.

resolved. The kinetic bound state, however, increases in energy relatively slowly

since it is a single-spin-flip state, such that the confinement bound states move past

it as field is increased. Upon increasing field, the extent of the spectrum covers a

progressively wider energy range and so, to probe the full spectrum above 2 T, a

higher incident energy, coarser-resolution configuration is used, with data plotted

in Fig. 4.5. Data at 2 T are shown in both configurations, [compare Fig. 4.3H and

Fig. 4.5A]. At 2 T (panel A), modes m1 to m4 (faint horizontal line near 3.7 meV)

are clearly resolved, but, upon further increasing field, modes m3 and m4 become

progressively fainter and above 6 T, in the strong confinement regime, only m1 and

m2 remain (panels F to H). In the following, first the strong confinement regime

is discussed, then the intermediate field regime is discussed in detail.

4.4 Strong confinement regime

The INS spectrum at 8 T, representative of the strong confinement regime, is shown

in Fig. 4.6A. Two dispersive modes, lower energy m1 and higher energy m2, are

seen, each with both a (stronger intensity) primary and a (weaker intensity) shadow



4. Tuning of spinon confinement in the Ising chain material CoNb2O6 76

B

x2

x40

m1

m2 8T//a

Primary

Shadow
x2

A

Figure 4.6: A) INS spectrum at 8 T, deep in the strong confinement regime, obtained by
averaging a multi-angle scan over the transverse wavevector range |h| Æ 1.5 and |k| Æ 1.5.
Intensities above the dotted line have been scaled up by a factor of 2 to make them more
clearly visible. The incident energy used is the same as in Fig. 4.5. B) Calculated intensity
S(Q, Ê) as defined in (5.26) for the single-chain Hamiltonian in (5.21), where interchain
interactions are included in a mean-field approximation as per (5.28), calculated using
exact diagonalization (ED) on a chain of n = 16 sites (n/2 zigzag unit cells) with periodic
boundary conditions. ED gives the spectrum for a discrete set of wavevectors spaced
by �l = 2/n; for visualization purposes, the spectrum is plotted as constant over the
interval �l around each discrete wavevector. The ED results have been convolved with a
Gaussian in energy of FWHM 0.16 meV, representative of the experimental resolution in
this energy range and obtained by a fit to the observed peak lineshapes. The white curves
are the best fit single-chain dispersion relations with solid and dashed curves showing
primary and shadow modes (obtained via l æ l + 1 translation) respectively. The hatched
region represents the 2m1 continuum obtained by assuming that quasiparticles do not
interact. Note that m2 is below the 2m1 continuum at all wavevectors. The m2 and 2m1
intensities have been multiplied by factors of 2 and 40, respectively.

version (obtained from the primary via an l æ l + 1 translation). In this regime,

m1 is a magnon mode, a coherently propagating single spin flip, as expected for the

lowest energy excitation in a field-polarized paramagnet. Meanwhile, the m2 mode

can be understood as a dispersive two-spin-flip state, i.e. a bound state of two

m1 magnons. To understand why a two-magnon state can still exist in this limit

of high fields, and why it is dispersive, albeit with a much suppressed bandwidth

compared to m1, it is insightful to consider a minimal Ising-like XXZ model in

longitudinal field as discussed in Chapter 2. It is proposed in this work that the
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m2 state seen experimentally has the same qualitative content as the two-spin-flip

bound state for the minimal model in (2.19), but with modifications appropriate

for the relevant Hamiltonian, such that the m2 dispersion relation depends on all

⁄’s in (5.21), to be discussed in the following chapter. The dynamical correlations

calculated for this model are shown in Fig. 4.6B and capture all key features of

the dispersions and intensities of both the m1 and m2 modes.

Note that a two-spin-flip state cannot usually be seen in inelastic neutron

scattering [it would not be observable for the Hamiltonian in (2.19)], since the

scattering intensity of a given state is determined by its overlap with a single spin

flip created in a neutron scattering process. However, in the present case, the

external field is applied along the crystallographic a-axis, which makes a finite angle

90¶ ≠ “ with the Ising direction, and so the field is not perfectly longitudinal but

also has a finite transverse component. In addition, as is discussed in the following

chapter, there are also sub-leading exchange terms in the spin Hamiltonian that

break spin conservation. Both the finite (large) transverse field and the (relatively

much smaller) exchange terms in the Hamiltonian that break spin conservation lead

to some mixing between states with di�erent numbers of spin flips, allowing the

predominantly two-spin-flip m2 state to have a finite admixture of a single-spin-flip

state and therefore to be visible in the present INS experiments.

It is notable that the m2 mode is expected to survive up to indefinitely large field

(although the intensity would become progressively weaker as the mixing with the

single-spin-flip state would progressively decrease upon increasing Zeeman energy).

This is because the binding energy of m2 relative to the 2m1 continuum for the

minimal model in (2.19, 2.20, 2.21) is m2 ≠ 2m1 = ≠J in the limit ⁄S æ 0, i.e. the

two magnons gain Ising energy if they are next to one another. The fact that the m2

mode is lower in energy than the 2m1 continuum means that it is not energetically

possible for it to decay, hence it survives as a sharp mode.

It is also important to note that at these high fields the m1 state has non-

negligible dispersion bandwidth perpendicular to the chain direction because of the

finite interchain couplings; this is again discussed further in the following chapter.
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This has the consequence that the lineshape of the m1 mode in Fig. 4.6A appears

artificially broadened because the data are integrated over a large range in the

wavevector direction transverse to the chains. The interchain dispersion at high

field is non-negligible because the hopping strength between chains for a single spin

flip is first order in the interchain exchange. In contrast, at lower fields, even the

lowest energy mode (m1) has multiple spin flips, as illustrated in Fig. 4.4 for Â1, so

the interchain dispersion is higher order in the interchain exchange strength and is

thus much suppressed, such that it is essentially undetectable at low field.

Note also that the bottom of the m1 dispersion is visibly flattened compared

to a perfect sinusoid [see Fig. 4.6A], indicating a double Fourier component along

l, suggesting hopping to next-nearest-neighbour sites along the chain, which will

be further discussed in the following chapter.

4.5 Fate of higher order bound states

4.5.1 Disappearance of the higher bound states

The evolution of the INS spectrum upon increasing field from 2 to 9 T is shown in

Fig. 4.5. A notable feature is that, upon increasing field, the higher order bound

states progressively become less dispersive and rapidly lose spectral weight, with

the highest ones doing so at the fastest rate. In detail, at 2 T (panel A), m1 and

m2 have similar intensities and bandwidths, m3 is fairly flat and m4 is very flat and

fairly weak. Upon increasing field, m4 moves up in energy and becomes weaker

until it disappears between 4 and 4.5 T. At those fields, m3 is completely flat and

weaker in intensity, then becomes undetectable above 6.5 T.

The field dependence of the m3 mode is summarized in Fig. 4.7A. The intensity

(red triangles and right vertical axis) drops o� very rapidly upon increasing field,

decreasing by more than an order of magnitude between 1 and 4 T. In this field

range, the m3 energy (blue round symbols, left axis) is below the estimated 2m1

continuum lower boundary (dashed line), so the m3 mode should be stable, with no

mechanism for decay; nevertheless, its intensity drops o� very fast upon increasing

field. A qualitatively similar behaviour is observed for the m4 mode (panel B):
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Figure 4.7: A,B) Energies (blue symbols, left axes) and integrated intensities (red
symbols, right axes) deduced from multi-Gaussian fits of the m3 (A) and m4 (B) mode
at l = 0.5, extracted from cuts from data in the same configuration as in Fig. 4.5. Solid
lines are guides to the eye and the dashed lines show the estimated 2m1 continuum lower
boundary at the same l-value. C-F) Energy scans showing the field dependence of the
various modes (integrated over 0.4 < l < 0.6), solid lines are fits to multi-Gaussian peaks.
Intensities are raw neutron scattering intensities on an arbitrary scale (the same for all
panels). Note that a clear signal at the expected m3,4,5 energy is present even after
crossing the 2m1 continuum lower boundary (dashed vertical line in panels C-F), which
has been calculated using fitted dispersion relations for the m1 mode and assuming that
m1 particles do not interact with each other.

the intensity drop-o� is an even steeper function of increasing field and again the

intensity decreases very quickly even before 2 T, above which m4 enters the 2m1

continuum. Within the sensitivity of the experiments, no systematic intensity

change occurs for either of the m3,4 modes as they enter the continuum and their

signal could be followed even up to significantly higher fields, when the modes

should be deep into the continuum energy range [see Fig. 4.7C-F]. This might

suggest that the matrix elements for the decay processes m3,4 æ m1 + m1 are

relatively weak, and that the dominant e�ect leading to the fast intensity drop-o�
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A B

Figure 4.8: A) Band averages fit (solid lines) to a form En = ngµBB + E0n where
n labels modes, g = 4.20(2) is an e�ective g-factor (for fields along a) and E0n is an
e�ective zero-field energy. The fit only includes data for B Ø 3.5 T. B) One-dimensional
band minima, corrected for the e�ects of interchain hopping, as a function of field in the
low field regime. The band minima have been simultaneously fit (solid lines) to a form
En = –zn|B ≠ B0|2/3 + E0 as per (4.2), where ≠zn are the zeroes of the Airy Ai function,
B0 = ≠0.24(2) T is a field o�set due to the mean field e�ects of the antiferromagnetic
interchain interactions, – = 0.221(2) meV T≠2/3 is a constant of proportionality related to
(~2/µ)1/3, and E0 = 0.92(2) meV is the energy required to create a pair of domain walls.
The fit only includes data in the field polarized paramagnetic regime for 0.14 Æ B Æ 1.5 T;
the zero field data were omitted from the fit as the magnetic structure is di�erent from
that above 0.14 T such that a di�erent value of B0 would be needed. In both panels, the
dashed line shows the energy of the lower boundary of the 2m1 continuum at l = 0.5
under the assumption that the quasiparticles do not interact.

with increasing field is the progressively reduced mixing of the single-spin-flip state

into the wavefunction of the m3,4 modes, as upon increasing field the number of spin

flips becomes a progressively better approximation for a good quantum number.

This picture is consistent with the results of exact diagonalization (ED) calculations,

which indicate that while there is some decay of the bound states when they overlap

with the continuum, the predicted broadening is of order 0.01 meV, which is not

resolvable within the experimental results presented here.

4.5.2 Crossover from weak to strong confinement

As well as studying the disappearance of the higher bound states, the crossover

between the weak and the strong confinement regimes was quantitatively tested by

doing fits to the expected field dependence of the mode energies. In the high field
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regime, a linear dependence of mode energy on field is expected. This is because, in

this regime, the number of spin flips in the mode is approximately a good quantum

number, with the mn mode containing states with n spins flipped compared to the

field-polarized state. Thus, the Zeeman energy is expected to scale linearly with

both mode number and field. Indeed, the band averages are well fit by a linear

dependence of energy on field and mode number, i.e., a fit where the gradients of

the m2, m3 and m4 lines are constrained to be 2, 3 and 4 times, respectively, the

gradient of the m1 line, as illustrated in Fig. 4.8A. A cuto� field of 3.5 T, assumed

to be close enough to the high field limit, was used, and only data at fields above

this were included in the fit, which was performed simultaneously to the four lowest

energy modes. The quality of this fit, especially for the m1 and m2 modes, also

adds evidence that these are single-spin-flip and two-spin-flip modes respectively,

i.e., derived from modes with wavefunctions given in (2.22) and (2.23). The fit in

this regime used the band averages, as the band minima in this regime were found

to be a�ected by the tilting of the local magnetization towards the field, which

leads to a field-dependent bandwidth. This e�ect is quantitatively understood and

is discussed in more detail in the following chapter.

Fig. 4.8A also illustrates that the linear fit breaks down at low fields. This is

expected, since at low field the number of spin flips ceases to be even approximately

a good quantum number, and instead the weak confinement physics described in

Sec. 4.3 holds. In this low field regime, a fit was performed simultaneously to the

band minima of all the modes, as shown in Fig. 4.8B, with the field dependence

having a 2/3 power law form, as per (4.3), and the spacing between the energy

levels being constrained by the zeros of the Airy function. The band minima

were corrected for the e�ects of interchain dispersion by fitting the experimentally-

extracted dispersion points to a parameterized three-dimensional (3D) dispersion

relation of the form given in Chapter 5.3.2.1, then setting the interchain hopping

terms in those parameterizations to zero to correct for the small energy shifts due to

interchain dispersion. The good agreement obtained between the field dependence

of the bound state energies and the di�erent expected power-law behaviours in
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A B C

Figure 4.9: Field dependence of ⁄c̃ (A), m0 (B), and ~2/(2µc̃) (C), extracted from fits
to the |l| < 0.3 dispersion of the modes in the low field regime. In A, the black line
is a straight line fit; the slope is given by ge�µB, from which ge� = 2.95. This is to be
compared with gz sin “ = 3.45. The non-zero value of the x-intercept (-0.12 T) is due
to the e�ect of interchain interactions. In B and C, the dashed lines are guides to the
eye indicating the zero field value. While the assumption that ⁄ has a linear dependence
on field holds well, the assumptions that m0 and µ are constant hold less well, which
is attributed to the fact that the transverse component of field increases alongside the
longitudinal component, as discussed in the text.

the two field limits in Fig. 4.8 (solid lines) lends support to the proposal that, in

CoNb2O6, the interchain couplings are su�ciently small relative to the dominant

in-chain exchange, and the Ising character su�ciently strong, that both the weak

and the strong spinon confinement regimes are realized experimentally via tuning

of the applied field. The crossover region is approximately between 1.5 and 3.5 T.

Note that, according to the Hamiltonian and parameters refined in the following

chapter, this crossover region is where the kinetic term for domain walls and the

Zeeman term are comparable, such that the continuum approximation used in (4.2)

for the weak confinement regime is no longer applicable.

The fits in Fig. 4.8B were done using the form (4.2), and assuming that ⁄

was linearly related to the applied field while m0 and µ remained constant. It is

possible to verify this assumption by doing fits to a finite l-region around the band

minima, rather than just the band minima, independently at each field. Fits were

therefore done to the data with |l| < 0.3 with the form [25]

~Ên(l) = 2m0 + 2
A

~2

2µc̃2

B A
fil

2

B2

+ zn (⁄c̃)
2
3

A
~2

µc̃2

B1/3

, (4.5)
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where c̃ = c/2 is the spacing of sites along the chain, and Ên(l) is the energy of the

nth mode at wavevector l. In this equation, m0 determines the gap to the first mode,

µ determines the curvature of the bands and ⁄ determines the spacing between the

modes. Equation (4.5) implies that the curvature of all the bands is the same, and

this is only true up to about 1.5 T, which was also the upper limit for the weak

confinement regime found through fits to the band minima. The results of these

fits, shown in Fig. 4.9, are therefore only shown up to 1.5 T. It can be seen (panel

A) that the assumption that ⁄ depends linearly on field is a good one. Figure 4.9B

and C shows that the assumptions that m0 and µ remain constant with increasing

field do not hold however. The fact that m0 decreases with increasing field can be

understood to be due to the cost of creating domain walls decreasing as the moments

tilt towards the field. The fact that ~2/(2µc̃) increases with field is likely due to

the interplay between the transverse component of the applied field and additional

terms in the Hamiltonian which will be discussed in the following chapters, as both

the transverse field and these additional terms allow domain walls to hop. If it were

possible to apply the field perfectly parallel to the local easy axes, the agreement

between the data and the fits shown in Fig. 4.8B might perhaps be even stronger.

4.6 Conclusions

In summary, the confinement potential between spinons in the ferromagnetic Ising

chain material CoNb2O6 was tuned by applying an external magnetic field along the

crystallographic a-direction, such that there was a large longitudinal (along Ising

axis) field component. In the low field, weak confinement regime, a hierarchy of

bound states was found, with their energy varying as field to the 2/3 power and the

spacing between modes determined by the zeros of the Airy function, as expected

in a picture of domain walls in a linear confining potential proportional to the

strength of the longitudinal field. Upon increasing field, higher order bound states

increase more quickly in energy and progressively disappear from the spectrum

such that in the limit of high field, in the strong confinement regime, only two

bound states were found, whose energies depend linearly on field. The higher
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energy of these two bound states is a dispersive two-spin-flip bound state which

is stabilized by the proximity to the Ising limit.



5
Refinement of the quantum spin

Hamiltonian of CoNb2O6

Near the quantum critical point, CoNb2O6 exhibits the universal properties of the

transverse field Ising chain. Away from criticality, however, rich non-universal

physics is observed due to additional terms in the Hamiltonian beyond the pure

Ising limit. A quantitative understanding of this physics requires a parameterization

of these non-Ising terms. In this chapter, a method is proposed to refine both the in-

chain and inter-chain interactions using a two step method. The interchain couplings

are first quantitatively parameterized using linear spinwave theory (LSWT) in the

regime of high applied field, where LSWT is expected to capture the interchain

dispersions well. A global fit is then performed to the observed spectrum in zero field

and high field applied along two orthogonal directions corrected for the interchain

dispersions, using exact diagonalization methods for a 1D chain. A refined single-

chain and interchain Hamiltonian is thus proposed that quantitatively reproduces

the dispersions of all observed modes and their field dependence. The results of

this chapter have been published in Ref. [98], Sec. IV.

85
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5.1 Introduction

The material CoNb2O6 constitutes one of the best condensed matter realizations

of the transverse field Ising chain. A detailed understanding of the ways in which

this material both exhibits and deviates from the expected universal behaviour is

therefore very important; this requires an understanding of the additional terms in

the spin Hamiltonian for CoNb2O6, beyond the pure Ising limit. It has been known

for some time that additional terms are needed to explain the spectrum observed

in zero field; for instance, the kinetic bound state observed at the Brillouin zone

boundary requires the presence in the Hamiltonian of an XY exchange term of

magnitude ¥ 20% of the dominant Ising exchange [25]. In addition, the fact that

domain walls are dispersive even in zero field, as mentioned in Chapter 4, requires an

explanation. While this was initially modelled with a phenomenological transverse

field term [25, 136, 137], the domain wall motion has recently been explained as

being due to an o�-diagonal staggered exchange term, which is allowed by the

glide symmetry of the crystal [71]. This term also accounts for the quasiparticle

breakdown observed in high transverse field [71, 138]. In addition, the weak

interchain interactions are crucial for both the confinement physics observed in

zero field and the E8 physics observed near the quantum critical point [25, 43]. A

detailed characterization of these interchain interactions is thus important for

understanding this physics.

In this chapter, the high field inelastic neutron scattering (INS) data discussed

in Chapter 4 enable a further refinement of the microscopic model for CoNb2O6

beyond the minimal in-chain Hamiltonian proposed in Ref. [71], which was refined

based only on the spectrum observed in zero field. The e�ects of the interchain

couplings on the high-field dispersive modes are first parameterized for fields along

both a and b to extract pure one-dimensional (1D) dispersion relations. In the

course of this, a minimal model of the interchain interactions previously proposed

to explain the dispersions in large transverse field [134] is revised and extended,

such that the high field dispersions for field along both a and b directions can be

consistently reproduced. These parametrized high field dispersions, along with the
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spectrum observed in zero field, are then compared with exact diagonalization (ED)

calculations to arrive at a refined spin Hamiltonian that quantitatively reproduces

all the features seen in the full wavevector dependence of the inelastic neutron

scattering data, across a wide range of applied fields.

The rest of this chapter is organized as follows. In Sec. 5.2, experimental

details for additional measurements beyond those described in Chapter 4 are

briefly discussed. The quantitative parameterization of the interchain dispersions

obtained in Sec. 5.3 makes it possible to obtain e�ective 1D dispersion relations to

which a single-chain Hamiltonian can be fit, which is done in Sec. 5.4: Sec. 5.4.1

introduces the proposed single-chain Hamiltonian and Sec. 5.4.2 describes the fitting

method. In Sec. 5.5, it is shown that other models which have been proposed

are not able to quantitatively describe the full set of data presented here. In

Sec. 5.6, it is demonstrated that this proposed Hamiltonian also quantitatively

captures the behaviour of the magnetic excitations in CoNb2O6 away from the

fields at which the fit was performed and that the proposed Hamiltonian can

account for the spectrum observed in THz spectroscopy in Ref. [125]. Finally,

Sec. 5.7 contains the conclusions.

5.2 Experimental details

The analysis presented in this chapter is based on data in field applied in two

orthogonal directions, which were collected in two di�erent experiments. The data

in field applied along the crystallographic a-direction were already presented in

Chapter 4, along with the details of that experiment. The other data was a Horace

scan collected in high field along b, and details of the experiment in which this

data set was collected are presented below.

Attribution note: The experiment described in this section was carried out

before the start of my thesis by an experimental team consisting of Ivelisse Cabrera,

Jordan Thompson and Radu Coldea (University of Oxford) and Robert Bewley (ISIS

facility), using a single crystal grown by D. Prabhakaran (University of Oxford).
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Experimental details are included for completeness. I performed the processing of

the raw time-of-flight data and all of the subsequent analysis.

Inelastic neutron scattering measurements were performed on LET at the ISIS

facility. The measurements were carried out at 0.14 K in a field of 9 T Î b on the

same crystal as in Ref. [134], which was mounted in the (h0l) horizontal scattering

plane. For these measurements, the incident energies used were Ei = 2.14, 4.02 and

10.17 meV, and the angular range was 145¶ covered in steps of 1¶ with 6 minutes

counting per step. The Horace scans in field along both a and b were used to

quantitatively parameterize the interchain dispersions, as detailed in Sec. 5.3.

As in Chapter 4, raw time-of-flight neutron data were converted to scattering

intensities S(Q, Ê) using mantid [88], and the resulting data were then analysed

using the horace [90] and mslice [89] packages.

5.3 Interchain dispersions

5.3.1 Characterization of the interchain dispersions in high
field

INS data probing the dispersions in the interchain directions in high field are

plotted in Fig. 5.1. Panel A shows that in large field along a, no systematic

dispersion bandwidth is detected along h within the experimental resolution used.

Therefore, all data taken with field along a presented in the rest of this chapter

and the previous one were integrated across the entire range of h in the data,

that is, over ≠1.5 < h < 1.5. Along k, however, there is visible dispersion and

further, the bandwidth and even sign of the dispersion depends on the mode

energy, i.e., on l. This is illustrated in Fig. 5.1B, where the lower energy and

higher energy modes have k dispersions that are of opposite signs (white solid lines

are fits as described in Sec. 5.3.2.1). Note that the bottom mode is the shadow

version of the primary m1 mode wavevector-translated from l = 0 whereas the top

mode is the primary m1 mode at l = 1. This coupled kl dispersion is accounted

for by the exchange pathways shown schematically in Fig. 5.1I and is discussed

mathematically in the following subsection.
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Figure 5.1: Interchain dispersions at 8 T Î a (A, B) and 9 T Î b (D, E, G, H).
White curves represent best fit dispersion relations. Colour is the raw neutron scattering
intensity on an arbitrary scale. The incident energies Ei used were 9.33 meV (A, B),
2.14 meV (D, E) and 10.17 meV (G, H), and the overall intensity scale is di�erent for each
experimental configuration. C, F) Comparison of observed and calculated energies with
best fit parameters for the 8 T Î a hopping dispersion (5.2) and 9 T Î b linear spin wave
theory dispersion respectively, with Ê1,2(Q) = Ê±(Q) and Ê3(Q) = Ê≠(Q + aú), with
Ê± as per (5.8). I, J) Exchange interaction paths in the bc and ab planes, respectively.
Labels t1,3,4 and tÕ

1 are hopping parameters for the dispersion model in (5.2), while J1
and J2 refer to the Hamiltonian (5.4). Dark/light colored lines indicate in-chain/inter-
chain bonds, respectively. The grey shaded area indicates the structural unit cell shifted
from the conventional Pbcn unit cell such that the origin is at one Co2+ site. The site
labels – and — are used in the hopping calculations for the Hamiltonian in (5.1) and
in the linear spin wave theory calculations for the full interchain Hamiltonian in (5.4).
Filled/open circles represent spins with the local Ising axis at an angle ±“ to the c direction
respectively. The experimental data were averaged in the transverse wavevector directions
as follows: ≠1.05 Æ k Æ ≠0.95, ≠0.05 Æ l Æ 0.05 (A); ≠1.5 Æ h Æ 1.5, 0.95 Æ l Æ 1.05
(B); ≠0.1 Æ k Æ 0.1, ≠0.05 Æ l Æ 0.05 (D); 0.8 Æ h Æ 1.2, ≠0.05 Æ l Æ 0.05 (E);
≠0.1 Æ k Æ 0.1, ≠1.05 Æ l Æ ≠0.95 (G); 0.8 Æ h Æ 1.2, ≠1.05 Æ l Æ ≠0.95 (H).
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Panels D, E, G and H of Fig. 5.1, meanwhile, show the dispersions in the

directions perpendicular to the chains in a transverse field, 9 T Î b. It can be seen

that in this regime, there is interchain dispersion along both h and k, of similar

magnitude to that seen along k for B Î a. However, while the dispersion along k

remains of similar magnitude but switches sign when moving from l = 0 (Fig. 5.1E)

to l = ≠1 (Fig. 5.1H), i.e. from the bottom to the top of the dispersion, similarly

to what is seen for B Î a, the dispersion along h is strongly suppressed at l = ≠1

(Fig. 5.1G) compared to at l = 0 (Fig. 5.1D). The model proposed in Ref. [134]

captures some, but not all, of these interchain dispersion e�ects. In particular, it

predicts that the interchain bandwidth is suppressed at higher energy (i.e. l = ≠1

compared to l = 0). This is indeed seen along h, but not along k. The same model

also predicts that there will be very little interchain dispersion for near-longitudinal

field, which is again seen along h but not along k; in fact, the dispersion bandwidth

along k at l = 1 in near longitudinal field is approximately the same as in transverse

field (the l = 0 transverse field k dispersion bandwidth is enhanced by the bonds in

the ab-plane). In this work, the interchain interaction model in Ref. [134] is therefore

expanded and revised with the proposal that the bonds with a component along the

a-direction (the dash-dot light blue J2 paths in Fig. 5.1J) are approximately Ising,

whereas those in the bc plane [the solid and dashed light blue paths in Fig. 5.1I,

i.e., J1 (t1) and J Õ
1 (tÕ

1)] are approximately Heisenberg.

5.3.2 Parameterization of the dispersion relations in high
field

Parameterization of the interchain dispersion relations was done by assuming

that the dispersion of single spin flips in directions perpendicular to the chains

could be quantitatively captured using a linear spinwave formalism, but with in-

chain parameters which may be renormalized compared to those deduced from

the exchange Hamiltonian. The linear spinwave formalism is expected to be

asymptotically exact in the limit of high field (when the gap is much larger than

the bandwidth). In this limit, the linear spinwave dispersion relation can be
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perturbatively expanded to become equivalent to a spin-flip quasiparticle hopping (or

tight-binding) formalism. As the hopping formalism depends only on the exchange

pathways, this same formalism can also be applied to quasiparticles composed of

multiple spin-flips. In the case of field along the a-direction, a parameterization of

the dispersion of bound states of various di�erent numbers of spin flips within a

single formalism is sought, and a hopping formalism is therefore used. For high

transverse field, a parameterization of only a single magnon mode is sought, but

in a case where the gap is fairly small compared to the bandwidth such that a

perturbative expansion in terms of a hopping formalism does not hold; a linear

spinwave theory formalism is therefore used.

5.3.2.1 Hopping model parameterization of the 3D dispersions in high
near-longitudinal field (Î a)

In order to account for the coupled kl dispersion observed in high field Î a (see

Fig. 5.1B), a hopping model was proposed, shown schematically in Fig. 5.1I, where

solid and dashed bonds indicate paths across which excitations could hop. This

approach was used in order to be able to describe both the m1 and the m2 modes

using the same formalism. The e�ects of the Ising parts of the interchain coupling

are taken into account at a mean-field level (see Sec. 5.6) which a�ects both

the m1 and m2 states. This more phenomenological formalism is also able to

capture the full 3D dispersions of higher bound states in lower fields. In Fig. 5.1I,

the dark blue lines represent in-chain bonds (parameterized by t3 and t4), whose

Hamiltonian is described in detail in (5.21), while the light blue lines represent

interchain bonds (parameterized by t1 and tÕ
1). The next-nearest-neighbour in-

chain hopping (t4) accounts for the flattening of the bottom of the dispersion [see

Fig. 4.6A] while the diagonal interchain bonds (tÕ
1) explain why the dispersion

bandwidth along k depends on l.

This hopping model for the paths illustrated in Fig. 5.1I can be written as a

two sublattice model (a single zigzag chain with two sites per e�ective unit cell)

with sublattices labelled – and —. The di�erent Ising directions on the two chains

in the structural unit cell can be neglected as interactions along the a direction
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are not included in the hopping model, since no dispersion along h is detected

within the resolution of the experiment. This is consistent with the picture of the

interchain couplings presented in the following subsection where the only coupling

with a component along a, J2, is Ising-like. This means that the hopping induced

by J2 is suppressed by a factor of sin2 ◊ where ◊ is the angle between the local Ising

axis and the local magnetization direction, and is small even for large fields along

a. Therefore, in high field along a, the Hamiltonian can be approximated as being

decoupled into bc planes with hopping interactions within planes and it is written as

Hhopping =
ÿ

R

Ê0
1
c†

R,–cR,– + c†
R,—cR,—

2

+
C

t3
1
c†

R,–cR,— + c†
R,—cR+c,–

2
+ t4

1
c†

R,–cR+c,– + c†
R,—cR+c,—

2

+t1
1
c†

R,–cR+b,– + c†
R,—cR+b,—

2
+ tÕ

1
1
c†

R,—cR+b,– + c†
R,—cR+b+c,–

2

+Hermitian conjugate
D

. (5.1)

where c†
R,– (cR,–) creates (annihilates) a quasiparticle on the – sublattice in the

unit cell with origin at R. The sum runs over all single-zigzag-chain unit cells,

with primitive lattice vectors (a ≠ b)/2, b and c (the projection of the primitive

unit cell in the ab plane is shown by the shaded area in Fig. 5.2B). The dispersion

relations in this two sublattice model are then obtained as

E± = A ± |B| ,

A = Ê0 + 2t4 cos 2fil + 2t1 cos 2fik,

B = 2 cos fil
1
t3e

4fiik’ + tÕ
1e

≠2fii(1≠2’)k
2

. (5.2)

Here, ti are parameters of the model that ultimately originate from spin exchange

interactions between sites connected by the bonds indicated in Fig. 5.1I and ’ is

the fractional distance in the b-direction of the Co2+ ions from the centre of the

zigzag. The ± signs are to be chosen for the primary/shadow modes respectively

for |l| < 0.5 and vice-versa for 0.5 < l < 1.5. If the hopping quasiparticle is a spin
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Parameter Value (meV)
2t1 -0.0147(4)
2tÕ

1 0.0477(6)

J1 -0.008(2)
J Õ

1 0.040(2)
J2 0.023(1)

J⁄MF 0.0391(7)

Table 5.1: Interchain parameter values. 2t1, 2tÕ
1 are hopping parameters from the 8 T Î a

fit to the m1 dispersion. These should be compared to the values of J1 and J Õ
1 respectively.

The fact that the respective values are comparable is evidence that these bonds are
approximately Heisenberg. J1, J Õ

1 and J2 are from the fit to 9 T Î b data. J⁄MF is the
value of the zero-field interchain mean field derived from the fit to zero field data. It is
expected that J⁄MF = J1 + J Õ

1 = 0.032(1) meV, under the assumption that J1 and J Õ
1 are

Heisenberg. This number is comparable to the fitted value.

flip, the dynamical structure factor in inelastic neutron scattering is expected

to be proportional to

I± = 1 ± cos (arg B) . (5.3)

The very good agreement between the observed and calculated m1 dispersions

using the best fit parameter values is shown in Fig. 5.1C and corresponding values for

the interchain hopping parameters are listed in Table 5.1. Similarly good agreement

is found for the m2 mode; in this case the interchain parameters t1 and tÕ
1 were

set to zero because the m2 state is a two-spin-flip state, and so any interchain

dispersion would be second order in the interchain interaction strength, and thus

expected to be too small to resolve experimentally.

The hopping model dispersion relation in (5.2) was used to parameterize each

mode at each field in the B Î a data. One-dimensional band characteristics were

obtained by setting t1 and tÕ
1 to zero and calculating the relevant characteristic

based on the fitted values of the other parameters, that is Ê0 (the energy o�set due

to Ising and Zeeman terms), t3 and t4. For the fits in Chapter 4.5, these were the

band average, Eaverage = Ê0 and the band minimum, Emin = Ê0 + 2t3 + 2t4 (note

that t3 is negative for all bands as the dominant nearest-neighbour interaction is
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ferromagnetic). It was found that, as the field decreases, the interchain dispersion

decreases, which is consistent with the picture that upon lowering field, quasiparticles

acquire a more pronounced multi-spin-flip character and the hopping of multi-spin-

flip excitations is suppressed as it is of higher order in the interchain couplings. The

kinetic bound state remains dispersive down to 0.14 T, consistent with this being a

single-spin-flip mode, but has unresolvable dispersion in zero field, consistent with

the zero field magnetic structure, in which the interchain hopping of the single spin

flip is suppressed, as shown in Sec. 5.3.3. These trends were extracted from fits to

the single orientation data, where the wavevector components k and l are coupled,

and were confirmed by investigation of the Horace scan data set at 1.5 T.

Note also that the generic intensity from (5.3) captures the general intensity

dependence along the interchain directions as observed, e.g., in Fig. 5.1B. Together

with the good agreement with the dispersions, this justifies a posteriori the use

of a hopping model to parameterize the excitations in this regime.

5.3.2.2 Linear spinwave theory parameterization of the 3D dispersions
at high transverse field (Î b)

The linear spinwave theory formalism used to describe the interchain dispersion

in high transverse field (Î b) is now discussed.

In the actual crystal structure of CoNb2O6, there are two zigzag chains per

structural unit cell, shown in Fig. 5.2A (grey shading), one at the corner of the

ab cell (filled circle) with Ising axis tilted at an angle +“ away from c towards a,

and one chain in the center (open circle) with Ising axis tilted at an angle ≠“. In

order to make progress analytically, a reference frame is used where the Ising axes

of the central chains are rotated to match those of the chains in the corners, such

that the unit cell halves (as shown in Fig. 5.2B), reducing the problem from a four

sublattice to a two sublattice problem. This is possible because of a combination of

factors which mean that the symmetry of the Hamiltonian is higher than is required

by the crystal structure: first the fact that the magnetic field is applied along a

high symmetry direction, and secondly the fact that the interchain interactions are
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Figure 5.2: A) ab plane of the crystal structure where filled/open circles represent Co2+

ions with the local Ising axis at an angle ±“ away from c towards a. This alternation
of the local Ising axis leads to two zigzag chains per orthorhombic unit cell (rectangular
shaded area). These two chains are symmetry-related by both a b glide (mirror in the 1

4 ỹz̃
plane followed by translation by b/2) and an n-glide (mirror in the x̃ỹ 1

4 plane followed
by translation by (a + b)/2) of the Pbcn space group of the crystal structure. Here x̃ỹz̃
define the fixed spin axes frame parallel to the orthorhombic abc crystal axes. Lower
diagrams show the definition of a mathematically convenient spin axes frame xyz that
rotates between the two chains such that z is always along the local Ising axis. B) In
this rotating spin axes frame the two chains become equivalent and the unit cell halves
(shaded parallelogram).

assumed to have a simple form, such that they are all either Heisenberg or Ising

in the rotating frame. In this frame, the Hamiltonian is

Htotal =
ÿ

chains
H1 + H2

+
ÿ

R

J1 (SR,– · SR+b,– + SR,— · SR+b,—) + J Õ
1 (SR,– · SR+b,— + SR,— · SR≠b+c,–)

+J2
Ë
Sz

R,–

1
Sz

R+(a+b)/2,– + Sz
R+(a≠b)/2,–

2
+ Sz

R,—

1
Sz

R+(a+b)/2,— + Sz
R+(a≠b)/2,—

2È
.

(5.4)

where H1,2 contain in-chain interactions defined in (5.22, 5.23). Here, R runs over

all single zigzag chain unit cells, as in (5.1).

This Hamiltonian is now solved in linear spinwave theory, as described in
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Chapter 2.5.1. Assuming spins polarized along the b-axis, after a Holstein-Primako�

transformation and a Fourier transform, the Hamiltonian in (5.4) takes the form

(up to quadratic order in magnon operators and omitting the constant term)

H = 1
2

ÿ

Q

X
†
QH(Q)XQ, (5.5)

where X
†
Q = (a†

Q, b†
Q, a≠Q, b≠Q) and a†

Q and b†
Q are the magnon creation operators

for the two single-chain sublattices. The matrix H(Q) has the form

H(Q) =

Q

ccca

A B C Dú

Bú A D C
Cú Dú A B
D Cú Bú A

R

dddb , (5.6)

where A, B, C and D are functions of Q and are given by

A =J (⁄S ≠ ⁄A ≠ ⁄xy
AF) ≠ J1 ≠ J Õ

1 + gyµBB

+J
⁄AF + ⁄xy

AF
2 cos 2fil + J1 cos 2fik + J2 cos fih cos fik,

B =
C

≠J
(⁄S + ⁄A + 1)

2 + J Õ
1e

2fiik

D

e≠4fii’k cos fik,

C =J
⁄AF ≠ ⁄xy

AF
2 e≠2fiil + J2e

≠fiih cos fik,

D =J
⁄S + ⁄A ≠ 1

2 e4fii’k cos fil. (5.7)

Note that the o�-diagonal staggered exchange, ⁄yz, does not appear in these

expressions, since this term vanishes in the linear spinwave theory approximation

when the ground state is fully aligned along the y direction. However, this term leads

to higher order interactions which cause quasiparticle breakdown in the region where

this is kinematically allowed [71, 138, 139]. This e�ect is not captured in the linear

spinwave treatment but can be described at higher order in spinwave theory [139].

The spinwave Hamiltonian in (5.5, 5.6) has the same functional form as another

two sublattice system discussed in detail in Ref. [4], so the derivation of the

dispersion relations and dynamical correlation functions is identical and only key

steps are reproduced here.
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The dispersion relations are obtained by diagonalizing the matrix gH(Q) where

g = diag(1, 1, ≠1, ≠1) and are given by

Ê2
± =A2 + |B|2 ≠ |C|2 ≠ |D|2

±
Ò

(2AB ≠ CDú ≠ DúCú)(2ABú ≠ CD ≠ CúD) + (BD ≠ BúDú)2. (5.8)

To calculate the neutron scattering intensities, the right eigenvectors of gH

are needed. The components of these are

W (Ê) = ≠ (A + Ê)(A2 + |B|2 ≠ |C|2 ≠ |D|2 ≠ Ê2) + 2A|B|2 ≠ BDCú ≠ BúDúC,

X(Ê) =(A2Cú + |B|2Cú ≠ |C|2Cú + |D|2C ≠ CúÊ2) ≠ A(BD ≠ BúDú) + Ê(BD ≠ BúDú),

Y (Ê) =Bú
Ë
(A + Ê)2 ≠ |B|2 + |C|2

È
≠ (ACD + ADCú + CDÊ + CúDÊ) + BD2,

Z(Ê) =D(A2 + Cú2 ≠ |D|2 ≠ Ê2) + Bú2Dú ≠ 2ABúCú, (5.9)

up to a normalization

N (Ê) =
Ò

| ≠ |W |2 + |X|2 ≠ |Y |2 + |Z|2|. (5.10)

From this the following expressions are obtained in the rotating frame,

Sxx(Q, Ê) =|W ≠ X + Y ≠ Z|2 [”+(Q) + ”≠(Q)]
4N

Szz(Q, Ê) =|W + X + Y + Z|2 [”+(Q) + ”≠(Q)]
4N

Syy(Q, Ê) =0. (5.11)

where ”±(Q) = ”(Ê ≠ Ê±(Q)).

A transformation is now carried out to global coordinates x̃ỹz̃, defined to be

parallel to the abc crystallographic axes respectively, with the two local z axes

defined as ẑ± = z̃ cos “ ± x̃ sin “ with the sign alternating between the layers along

the a-direction as shown in Fig. 5.2A.

Thus the Fourier transformed spins are

Sx(Q) =
ÿ

r

(Sx̃ cos “ ≠ e2fiirx̃/aS z̃ sin “)eiQ·r,

Sz(Q) =
ÿ

r

(S z̃ cos “ + e2fiirx̃/aSx̃ sin “)eiQ·r,

Sy(Q) =
ÿ

r

S ỹeiQ·r, (5.12)
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where r runs over all magnetic sites and where rx̃ is the component of r along

x̃. Transforming the other way,

Sx̃(Q) =
ÿ

r

(Sx cos “ + e2fiirx̃/aSz sin “)eiQ·r,

S z̃(Q) =
ÿ

r

(Sz cos “ ≠ e2fiirx̃/aSx sin “)eiQ·r,

S ỹ(Q) =
ÿ

r

SyeiQ·r, (5.13)

such that

Sx̃(Q) =Sx(Q) cos “ + Sz(Q + aú) sin “,

S z̃(Q) =Sz(Q) cos “ ≠ Sx(Q + aú) sin “. (5.14)

Thus the Fourier transformed magnetization components are (in units of µB)

M x̃(Q) =gxSx(Q) cos “ + gzSz(Q + aú) sin “,

M z̃(Q) =gzSz(Q) cos “ ≠ gxSx(Q + aú) sin “. (5.15)

From this, the dynamical structure factor including the neutron polarization factors

is obtained as

S(Q, Ê) =
A

1 ≠ Q2
x̃

Q2

B 1
g2

xSxx(Q, Ê) cos2 “ + g2
zSzz(Q + aú, Ê) sin2 “

2

+
A

1 ≠ Q2
z̃

Q2

B 1
g2

zSzz(Q, Ê) cos2 “ + g2
xSxx(Q + aú, Ê) sin2 “

2
, (5.16)

where Qx̃,z̃ are the components of Q projected along x̃ and z̃ respectively. In this

expression, there are no mixed polarization terms as Sxz = ≠Szx, and there are

no cross-terms involving Fourier transformed spins at di�erent wavevectors since

these are zero by conservation of momentum.

To obtain intensities to compare with experiment, the delta functions in (5.11) are

replaced by Gaussians in energy to reflect the finite instrumental energy resolution

and the intensity is multiplied by the squared spherical magnetic form factor for

Co2+. The two-sublattice analytic calculations presented here of both the dispersions
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and the intensities were cross-checked against numerical calculations performed

using SpinW [65] with the full four-sublattice model.

The fact that the intensity contains terms with shifted wavevector Q + aú is

a mathematical expression of the real space unit cell doubling (due to alternation

of Ising axes) leading to Brillouin zone folding and a consequent shadow mode.

This shadow mode is responsible for the additional weak scattering intensity at

slightly higher energy than the main mode in Figs. 5.1D and E. It can be seen

from (5.16) that the intensity of the shadow mode relative to the primary mode is

proportional to tan2 “. Note that this shadow mode is distinct from the shadow

mode due to the zigzag of the chains, such that the full model in the fixed frame

has a total of four dispersion relations, Ê±(Q) and Ê±(Q + aú).

In order to extract a parameterization of the 3D dispersion in high transverse

field, fits were done to the linear spinwave dispersion relations (5.8). The fitted

values for the interchain parameters are shown in Table 5.1. Note that these

parameters yield minima in the magnon dispersion relations at (1, ±q, 0) with

q ≥ 0.39 which is compatible with the minima observed at 7 T Î b in Fig. 5 of Ref.

[134], and can thus be related to the propagation vector q = 0.37 of the spontaneous

incommensurate spin density wave order that sets in at the magnetic ordering

temperature 2.95 K in zero field [114]. To draw a direct comparison with interchain

exchange parameters proposed in Ref. [134], the relevant value to compare to J1

in Ref. [134] is J1 + J Õ
1 in the present work.

5.3.3 Suppression of the interchain hopping of the kinetic
bound state in zero field

A surprising result found experimentally is that the kinetic bound state, the sharp

mode near l = ≠1 at the top of the spectrum in zero field (Fig. 5.4A), has no

measurable dispersion in either interchain direction, even though it is a single-spin-

flip state, and generically one expects interchain dispersion at first order in the

interchain couplings. This result is briefly discussed in this subsection, where it is

explained that this is due to the combination of the particular antiferromagnetic
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order pattern between chains and the form of the interchain couplings. This is

done by introducing a simplified toy model.

As the interchain J2 bonds in Fig. 5.1J are Ising-like, and in zero field the

spins are aligned along the Ising axis, the J2 terms create no hopping along h.

The J2 bonds also do not contribute to a mean field, as the triangular lattice

and the antiferromagnetic pattern mean that the e�ects of the two bonds cancel

out. Therefore only the interchain bonds in the bc plane need to be considered.

In the simplest approximation, straight (’ = 0) ferromagnetic Ising chains along

the c-direction are considered, with an antiferromagnetic Heisenberg interaction

between chains in the b direction, i.e.,

Hsimple =
ÿ

r

≠JSz
rSz

r+c/2 + J1Sr · Sr+b (5.17)

where the sum is over all magnetic sites. In the absence of any applied field, the

chains order in an antiferromagnetic pattern along the b-direction (both in this

simplified model and in the real material). Therefore, to calculate the linear spinwave

spectrum, the quantization axis must be rotated by 180¶ about the y-direction on

alternating chains along the b-direction such that the ordered spin is along the +z

direction on all chains. In this rotating frame, the quadratic spinwave Hamiltonian is

1
2

ÿ

Q

X
†
QH(Q)XQ (5.18)

where X
†
Q = (a†

Q, a≠Q) and

H(Q) =
A

J + J1 J1 cos 2fik
J1 cos 2fik J + J1

B

. (5.19)

This gives a dispersion relation

Ê(Q) =
Ò

(J + J1)2 ≠ J2
1 cos2 2fik. (5.20)

Now, J1 π J (experimentally, J1/J . 2%), so this can be Taylor expanded,

such that the bandwidth along k is proportional to J2
1 /J , i.e., appears at second

order in J1. This is not experimentally resolvable, which explains why no interchain

dispersion is observed for the kinetic bound state in zero field. In contrast, in field Î a
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Figure 5.3: Interchain dispersion at 1.5 TÎ a. The kinetic bound state, which is
the highest energy mode and has the most intensity, is significantly dispersive, with a
bandwidth of 0.114(2) meV (white curve). The other, lower energy, modes are much
weaker in intensity and much flatter.

above 0.14 T, the spin components along a are all parallel, with the consequence that

the interchain dispersion along k appears at first order in J1. This is experimentally

resolvable, and indeed is clearly detected experimentally, with the kinetic bound

state at 1.5 T having a bandwidth along k of 0.114(2) meV, as shown in Fig. 5.3.

5.4 Quantitative determination of the single-chain
Hamiltonian

5.4.1 Proposed single-chain Hamiltonian

The proposed single-chain Hamiltonian is an extension of one recently proposed

on symmetry grounds [71], and it is convenient to write it as

Hsingle chain = H1 + H2 + HMF, (5.21)

where

H1 = J
ÿ

j

Ë
≠Sz

j Sz
j+1 ≠ ⁄S

1
Sx

j Sx
j+1 + Sy

j Sy
j+1

2
+ (≠1)j⁄yz

1
Sy

j Sz
j+1 + Sz

j Sy
j+1

2È

≠µB

ÿ

j

Ë
gxBxSx

j + gyBySy
j + gzBzSz

j

È
, (5.22)

H2 = J
ÿ

j

Ë
⁄AFSz

j Sz
j+2 + ⁄xy

AF
1
Sx

j Sx
j+2 + Sy

j Sy
j+2

2
≠ ⁄A

1
Sx

j Sx
j+1 ≠ Sy

j Sy
j+1

2È
,

(5.23)
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and where j runs over all sites on a single chain. Here, xyz form an orthogonal

right-handed coordinate system with y along the crystallographic b-axis and z

defined to be the equilibrium spin direction in zero applied field, which for the

Hamiltonian (5.21) coincides with the direction along which the spin components

have the largest exchange, i.e., the Ising axis.

It will be shown here that H1 is the minimal Hamiltonian required to qualitatively

reproduce all key features of the the INS spectra seen in zero field, high field

along a, and high purely-transverse field, while H2 is needed to quantitatively

capture all details of the spectra.

The first term in H1 is the dominant Ising exchange. The second (⁄S) is a

symmetric XY exchange term, which allows single spin flips to hop, and the third

term (⁄yz) is an o�-diagonal staggered exchange term which allows domain walls

to hop. These three terms (together with HMF, defined below, for zero field and

transverse fields below the critical point) can qualitatively account for all of the

features seen in the INS spectrum, not only in field parallel to the a-axis presented

here, across the full range of field values considered, but also in purely transverse

field (Î b) below (see following chapter) and above the critical field [71]. In particular,

the XY exchange is needed to account for the kinetic bound state seen in zero

field (near l = ≠1 in Fig. 5.4A) [25], and for the large m1 bandwidth seen in

field parallel to the a-direction (Fig. 5.4E), as this term allows single spin flips

to hop. The staggered o�-diagonal exchange term ⁄yz is needed to account for

the fact that domain walls can hop in zero applied field (seen in the fact that the

bands around l = 0 in Fig. 5.4A are dispersive) [71], as will be discussed further

in the following chapter. The key features of the nearest-neighbour exchange are

graphically illustrated in Fig. 5.5: the major axis of the ellipsoids at the middle of

each bond corresponds to the Ising exchange, the diameter in the perpendicular

plane to the Ising direction illustrates the XY exchange ⁄S, and the staggered

orientation of the ellipsoids is due to the staggered exchange ⁄yz. Finally, the last

term in (5.22) is the Zeeman interaction with an applied magnetic field, where the

assumption has been made that the g-tensor is diagonal in the xyz axes.
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Figure 5.4: INS data in (A) zero field, (E) 8 T Î a and (I) 9 T Î b compared to
dynamical correlations computed via ED for di�erent models for a chain of 16 sites.
Panel A is adapted from Ref. [25]. White dots in B-D show experimentally-extracted
dispersion points from the data in A; solid white lines in F-H and J-L show the analytic
parameterization of the experimental dispersion relations with interchain terms set to 0.
The models used were: the model 1D Hamiltonian in (5.21) with parameters in Table 5.2
(B, F, J); the model refined in Ref. [71] with gx and gz taken from Table 5.2 (C, G, K);
the model used in Ref. [125] with gx and gz taken from Table 5.2 (D, H, L). In E-H,
data below 5 meV (dashed line) are averaged over |h| < 1.5 and ≠1.1 < k < ≠0.9. Note
that the shadow mode is the more intense mode here, as the transverse averaging range
has been chosen in order to show the whole dispersion along l while minimizing artificial
broadening due to interchain dispersion. Data above 5 meV are averaged over |h| < 1.5
and |k| < 1.5 and intensities in this region have been multiplied by 2 to make the m2
mode more clearly visible. In I-L, data below 4.1 meV (dashed line) are averaged over
0.8 < h < 1.2 and ≠0.1 < k < 0.1. Data above the dashed line have been averaged over
≠1 < h < 4 and |k| < 1 and intensities in this region have been multiplied by 4 to make
the faint di�use feature around l = ≠1 at about 5 meV more clearly visible. The ED
calculations have been convolved with Gaussians of FWHM 0.066 meV, 0.16 meV and
0.3 meV in B-D, F-H and J-L respectively. In B-D, the intensity shown is Sxx(l, Ê), as the
data in A have been corrected for the single ion magnetic form factor and the polarization
factor under the assumption that Sxx = Syy and Szz = 0 for inelastic scattering. In F-H
and J-L, all components of the dynamical structure factor are included and the averaging
range, polarization factor and magnetic form factor have all been accounted for in the
calculation.
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Figure 5.5: Graphical representation of the nearest neighbour part of the exchange
Hamiltonian (5.21) projected onto the bc (A) and ac (B) planes for a single chain. The
blue spheres represent cobalt atoms while the red ellipsoids at the mid-point of each
nearest-neighbour bond represent the exchange matrix on that bond. The principal axes
of the ellipsoids correspond to the principal axes of the exchange matrix, with the lengths
of the principal axes proportional to the absolute values of the relevant eigenvalues of
the exchange matrix. A) Consecutive bonds along the chain are symmetry-related by the
c-glide of the crystal structure (mirror in the ac plane passing through the middle of each
zigzag bond followed by translation by c/2), which leads to the staggered orientations of
the ellipsoids between consecutive bonds along the chain; this corresponds to the staggered
exchange term ⁄yz in (6.4). B) The Ising z-axis is at an angle “ to the c-axis in the ac
plane. The absolute signs of ⁄yz and angle “ cannot be determined from neutron scattering
measurements, only their magnitude, so only one of the four possible orientations of the
exchange ellipsoids compatible with the experiments is shown. The other three options
are obtained by mirroring the exchange ellipsoid for a reference bond in a plane passing
through its centre, parallel to the ab, bc, or ac crystallographic planes. The resulting
orientation is then propagated via crystal symmetry operations onto all the other bonds,
i.e. via the c-glide to obtain the other bonds on the same chain and via the b (or n glide)
to relate bonds on the chain passing through the origin to bonds on the chain passing
through the body-centre of the orthorhombic structural cell, as described in Fig. 5.2. The
choice shown is compatible with the theoretical ab initio results of Refs. [126, 127], which
appeared after the present results were published. Figure made using vesta [129].
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In order to quantitatively account for the full wavevector dependence of the

data, however, other, subleading terms are needed, included under H2: the first

term, ⁄AF, is a next-nearest-neighbour antiferromagnetic Ising term [25, 71] needed

to account for the energy of the kinetic bound state. The second term, ⁄xy
AF, is

an XY part to the next-nearest-neighbour term which accounts for the flattening

of the bottom of the m1 dispersion in high field along a [Fig. 5.4E]. The third

term (⁄A) is an asymmetry between the XX and YY exchanges, which is needed to

account for the position and bandwidth of the m2 dispersion in large field along

a; without this term, the m2 mode is too low in energy. These last two terms are

only of order 2-3% of the Ising term and the necessity for their inclusion in the

parameterization can be seen by comparing Fig. 5.4E with G. The discrepancies

illustrated in the latter between the empirical and calculated dispersions motivates

the further refinement presented here of the Hamiltonian with the inclusion of the

⁄A and ⁄xy
AF terms which were fixed to zero in Ref. [71].

For completeness, it is noted that, as mentioned in Ref. [71], two other nearest-

neighbour exchange terms are symmetry allowed, ⁄xzJ
q

j

1
Sx

j Sz
j+1 + Sz

j Sx
j+1

2
and

⁄xyJ
q

j(≠1)j
1
Sx

j Sy
j+1 + Sy

j Sx
j+1

2
. However, the definition of the axes used so far —

that z is the direction of the equilibrium spin in zero field — places a constraint

between these two terms, i.e., only one can vary independently. This is because

each of these two terms on their own when added to (5.21) leads to a rotation of

the zero-field equilibrium spin direction away from the z-axis, but for a given ⁄xz

one can choose a corresponding ⁄xy of appropriate magnitude and sign such that,

when both terms are present, the zero-field equilibrium spin direction is still along

z. However, it is found that allowing finite ⁄xz and ⁄xy with the above constraint

does not measurably improve the agreement with the present experimental data,

so in the following ⁄xz = ⁄xy = 0 is assumed.

Finally, HMF captures the e�ects of interchain couplings in a mean-field ap-

proximation, where in zero and low transverse field

HMF = ≠J
ÿ

j

2⁄MFÈSÍ · Sj. (5.24)
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J 2.48(2) meV
⁄S 0.251(6)
⁄A -0.021(1)
⁄yz 0.226(3)
⁄AF 0.077(3)
⁄xy

AF 0.031(1)
gx 3.29(6)
gy 3.32(2)
gz 6.90(5)

⁄MF 0.0158(2)

Table 5.2: Single-chain Hamiltonian parameters used in this work as defined in (5.22)-
(5.24).

In fields above 0.14 T applied along the a-direction, the relevant form is instead

given in Sec. 5.6, and, at high field, this simplified form is no longer su�cient as

excitations acquire a finite interchain dispersion at first order in the interchain

couplings. Therefore, in this high field regime, the full explicit form for the relevant

interchain exchanges proposed in (5.4) is used.

The refined parameter values are shown in Table 5.2. The Hamiltonian shown

above quantitatively reproduces the spectrum seen in zero field, high field Î a

and high field Î b. Furthermore, it also reproduces data at low fields along b,

as shown in the following chapter, and at intermediate fields along a, and also

accounts for previously published THz spectroscopy data in low transverse field,

as is discussed later in Sec. 5.6.

5.4.2 Fitting procedure

The fitting procedure used a global simultaneous fit to the dispersion relations

corresponding to data taken in zero field, 8 T Î a and 9 T Î b, with the aim

of arriving at a consistent description of all these di�erent regimes within the

same Hamiltonian.

First, cuts were taken through the data as a function of energy transfer at

constant wavevector transfer. Dispersion points were obtained by fitting Gaussian

peak shapes to these cuts. Many dispersion points were extracted from each data set

(over 500 for the 8 T Î a data). Empirical dispersion relations were then fitted to
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Figure 5.6: Energies of dispersion points as calculated from ED on 16 sites compared
to their values as calculated from the empirical dispersion relations. The one-to-one
agreement obtained is excellent.

these dispersion points. For the high field data, these were 3D dispersion relations,

as per (5.2) and (5.8) for field along a and b respectively. In zero field, the interchain

hopping e�ects are negligible, due to the multi-spin nature of the bound states

as well as the antiferromagnetic order pattern between chains, which suppresses

interchain hoppings for the kinetic bound state (see Sec. 5.3.3) so a 1D form was

used. The single-chain Hamiltonian was then fitted to these empirical dispersion

relations with the interchain parameters set to zero. It was not possible to use the

parameters derived from linear spinwave theory fits directly, since the predominantly

1D nature of the magnetic interactions together with the small e�ective spin S = 1/2

leads to strong quantum fluctuations that renormalize the dispersions even at the

high magnetic fields investigated. In addition, the method used needed to capture

the various bound states, i.e. the zero field confinement bound states, as well as the

high field Î a m2 bound state; this is not possible in linear spin wave theory. Instead,
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exact diagonalization (ED) calculations on finite chains were used, with periodic

boundary conditions at the ends of the chains. The fits used calculations on 12 sites

as the best compromise between minimal finite size e�ects and the computation

being quick enough to be carried out many times for fitting (for fitting to the kinetic

bound state, 10 sites were used as this required more eigenstates to be found and

is not strongly a�ected by finite size e�ects). Lanczos algorithms were used to

diagonalize only the low energy subspace and speed up the calculation. There were

10 parameters in the fit but 13 pieces of information across these di�erent data sets,

so the fit was not underconstrained. In particular, the pieces of data used for the

fit were the dispersions of the first two confinement bound states and the kinetic

bound state from the zero field data [25], the m1 and m2 dispersions from the 8 T

Î a data, and the magnon dispersion from the 9 T Î b data. For each of these data

sets, the squared di�erence ‰2 between the ED energy EED
j at each momentum

point and the empirical fitted dispersion relation Efitted
j was calculated as

‰2 =
ÿ

j

1
EED

j ≠ Efitted
j

22

1
�fitted

j

22 , (5.25)

where j runs over each mode used in the fit at each wavevector accessible by ED at

each field included in the fit, and where each term is normalized by the uncertainty

on the fitted dispersion relation �fitted
j as calculated from the covariance matrix of

the fitted dispersion parameters; the fit minimized this total ‰2. When calculating

‰2 for the high transverse field data, only the portion of the dispersion for l Æ 0.5 was

used, as at higher values of l, quasiparticle breakdown occurs [71, 138, 139], meaning

that the dispersion relation ceases to be well defined. The optimization used a quasi-

Newton algorithm and the initial parameters were varied in order to make sure that

a global minimum was found. The very good one-to-one agreement obtained in the

simultaneous fits of the ED to the empirical dispersion relations is shown in Fig. 5.6.

Uncertainties on the fitted parameters were estimated by varying the parameters

of the empirical dispersion relations according to their covariance matrices. There

are significant correlations between some of the parameters, especially between

J and ⁄S and between ⁄S and gx, and the full correlation matrix is given in
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Appendix A. However, while a number of slightly di�erent parameter sets give

similar agreement with the features to which the single-chain Hamiltonian was fit,

the final parameter set presented in Table 5.2 gives the best agreement not only

with the features to which the Hamiltonian was fit, but also to other features in

the spectra. These include the relative intensities of di�erent features, the full

bandwidth of the magnon in the high transverse field data, the energy and intensity

of the faint di�use feature around l = ≠1 at about 5 meV in the high transverse

field data, the field dependence of the bandwidths of the m1 and m2 modes in field

along a, and the spectra in low transverse field (see the following chapter).

A comparison between the data to which the Hamiltonian was fit and the

spectrum calculated by exact diagonalization using this refined Hamiltonian is

shown in the first two columns of Fig. 5.4. In these plots, the colour indicates

the measured/calculated scattering intensity, while the overlaid white dots/curves

show the data points/dispersion relations that were being fit to. It can be seen

that very good quantitative agreement is achieved. In these calculations, the

plotted intensities are

S(Q, Ê) = |f(Q)|2
ÿ

–,—

1
”–,— ≠ Q̂–Q̂—

2
S–— (5.26)

where –, — both run over x, y, z, f(Q) is the magnetic form factor, and Q̂– is the

component along direction – of the unit vector parallel to the wavevector transfer

Q. The partial dynamical structure factors S–— are

S–— = g–g—

ÿ

⁄f

ÈGS|S–(≠Q)|⁄fÍÈ⁄f |S—(Q)|GSÍ”(E⁄f
≠ ~Ê) (5.27)

where the sum is over all excited states |⁄fÍ with energy E⁄f
relative to the

ground state |GSÍ and where the Fourier transformed spin is S–(Q) = q
r S–

r eiQ·r,

summing over all sites r.
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Parameters fixed ‰2

None 2008.17
⁄A = 0 2718.21
⁄xy

AF = 0 5910.82
⁄A = ⁄xy

AF = 0 7009.55

Table 5.3: Values of ‰2 corresponding to fixing some of the Hamiltonian (5.21) parameters
to zero

5.5 Comparison to other Hamiltonian parameter
sets

The values of ‰2, as calculated from (5.25), corresponding to fits in which some of

the parameters in H2 are fixed to zero are shown in Table 5.3. A value of zero is only

considered for those parameters which were not included in the parameterization of

Ref. [71], as the parameters fitted in that work were all shown to be necessary to

parameterize just the zero field data. It is seen that it is not possible to fit all features

in the data well without using all parameters. These values have not been divided

by the number of data points because the fits were not done directly to the data but

instead to the empirical 1D dispersion relations corrected for interchain dispersion

e�ects. However, the fit was indirectly performed to many hundreds of data points.

The right hand columns of Fig. 5.4 contain comparisons to previous models that

cannot quantitatively or qualitatively account for key features in the experimental

data. This comparison provides additional evidence that all of the parameters

are indeed needed in order to capture quantitatively all features in the data,

as will now be discussed.

The third column of Fig. 5.4 (panels C, G, K) presents calculations using the

Hamiltonian model proposed in Ref. [71], with gx and gz taken from Table 5.2. The

calculation for the 8 T Î a data (panel G) does not fully capture the flattening of the

bottom of the m1 dispersion and the calculated m2 dispersion is shifted downwards

from where it is found empirically. It is found that in order to capture the former

e�ect, it is necessary to include either ⁄xy
AF or ⁄A in the fits, and that in order to

capture the position and shape of the m2 dispersion, both of these must be non-zero.



5. Refinement of the quantum spin Hamiltonian of CoNb2O6 111

The right-most column of Fig. 5.4 presents calculations using the Hamiltonian

model used in Ref. [125], which contains a subset of the nearest-neighbour exchange

terms in (5.22) and (5.23) with certain constraints between the parameter values.

While that model can capture the energy levels at the zone center (l = 0) in zero

and transverse field, i.e., the regime probed in Ref. [125], significant qualitative and

quantitative discrepancies are found here between calculations using that model

and the full spectrum observed via INS. The model does not capture the wavevector

dependence of the spectrum either in zero field, where the kinetic bound state near

l = ≠1 is not captured at all [compare Fig. 5.4D (calculation) with A (data)], or in

field applied along either a or b, where the predicted magnon bandwidths are much

smaller than observed experimentally (compare H and L with E and I, respectively).

Moreover, in high field along a (panel H), the model does not capture the spectrum

even at l = 0, as the small magnon bandwidth, which is underestimated by almost a

factor of 2, leads to too large a predicted magnon gap. These di�erences are ascribed

here primarily to the fact that, in the model used in Ref. [125], there is no Sx
j Sx

j+1

exchange term and only a very small Sy
j Sy

j+1 term. In contrast, in the present work,

it is found that the Sx
j Sx

j+1 and Sy
j Sy

j+1 exchange terms are of very similar size,

and of magnitude comparable to that of the staggered o�-diagonal exchange, those

being the main subleading terms after the dominant Ising exchange, as already

noted in Ref. [71]. The fully refined Hamiltonian model proposed in (5.21) accounts

quantitatively not only for the full energy and wavevector dependence of the INS

spectrum at all probed fields aligned along two orthogonal directions, but also

for the THz spectroscopy data in Ref. [125] without adjusting any parameters,

as will be discussed in Sec. 5.6. It is therefore proposed here to be an accurate

model of the actual spin Hamiltonian in CoNb2O6.

5.6 Comparison of the Hamiltonian to experiment
at other fields

The refined Hamiltonian can also be compared to the results of INS data taken at

fields other than those to which the fit was performed. The data agree significantly
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Figure 5.7: Band minima (A) and maxima (B) showing experimentally extracted points
(symbols) corrected for interchain dispersion. The results of ED calculations on 16 sites
(solid lines) are overlaid in the corresponding color, with e�ects of interchain couplings
included as a mean-field correction. There is good agreement over the whole field range
probed. The dependence of the band maxima on field was found to discriminate more
strongly between di�erent models than the field dependence of the band minima. Note
that the higher bound states cease to be well defined in ED once they overlap with the
continuum; for this reason solid lines stop when they intersect the dashed line indicating
the lower boundary of the 2m1 continuum in A. In B, the discrepancy between ED and
experiment where the m1 and m2 ED curves touch is due to the fact that experimental
values were extracted by fitting to the hopping form (5.2) and points were not extracted in
regions where di�erent modes overlapped, as they do in Fig. 4.5C and D. The interchange
in the gradient of the maxima of m1 and m2 modes with respect to field where they
intersect is due to the exchange in character of the top of the mode: between approximately
2 T and 4 T, it is the top of the m2 mode that has single-spin-flip character around l = 1.

better with the calculation when using the fit with all terms included than when

omitting any of the terms in H2.

Fig. 5.7 shows comparisons between ED calculations and the data at fields away

from those used for the fits. Excellent quantitative agreement is found. In the

calculations shown here, the component of interchain interactions parallel to the

magnetization direction was taken into account in a mean field picture. For the

field-polarized phase in field above 0.14 T along the a-direction, the form of the

interchain mean field in (5.24) does not hold because the ordering pattern of the

chains changes, and instead the relevant form of the mean field term is

HMF =
ÿ

j

2 (J1 + J Õ
1) ÈSÍ · Sj ≠ 4J2ÈSzÍSz

j , (5.28)
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Figure 5.8: Dynamical structure factor at zero momentum transfer as a function of
transverse field. Colour indicates Sxx(0, Ê) as per (5.27), calculated using ED for a chain
of 16 sites for the Hamiltonian in (5.21) and convolved with a Gaussian of FWHM 0.067
meV. White dots are data points extracted from the estimated local intensity maxima in
the energy-dependent THz spectroscopy data presented in Ref. [125] at 1.5 K (Fig. 2c of
that work).

where the interchain exchanges are defined in Sec. 5.3.2.2. This was the form

used in Fig. 5.7.

In addition, in Fig. 5.8, recently reported THz spectroscopy data (white dots) [125]

are compared with predictions based on the Hamiltonian proposed here. The

comparison is shown for fields up to 3.5 T, which is in the region where ED is

su�ciently reliable, as the gap is still large (i.e., finite size e�ects are small), and

interchain e�ects are also small. All the trends in the THz spectroscopy data

are reproduced. The good agreement in the intensities can be seen visually by

comparing Fig. 5.8 to Fig. 2c of Ref. [125] (not shown).

5.7 Conclusions

The Hamiltonian for CoNb2O6 was revisited in order to be able to account for data

observed in high field parallel to the a-axis. In order to capture the interchain

dispersion as well as bound states and renormalization e�ects, a two step fitting
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method was developed: first the full three dimensional dispersion in the regime

of high applied field was parameterized, from which e�ective one-dimensional

dispersions were extracted, i.e., the dispersions that would be observed in the

absence of interchain hopping. Then, exact diagonalization methods were used

to compare the predictions of a single-chain Hamiltonian to these empirical one-

dimensional dispersion relations. By performing a global fit to the full wavevector

dependent spectrum observed in various fields, a microscopic Hamiltonian was

proposed, including both in-chain and interchain interactions, down to 2% of the

dominant Ising exchange. This Hamiltonian quantitatively reproduces the INS

data obtained across a wide range of field conditions including zero field, high

near-longitudinal field and high transverse field, as well as intermediate fields to

which the Hamiltonian was not fit, leading to a fully consistent description of the

spin dynamics using a single set of exchange parameters.



6
Excitations in the low transverse field

phase of CoNb2O6

Experimental and theoretical evidence is presented in this chapter of novel bound

state formation in the low transverse field ordered phase of the quasi-one-dimensional

Ising-like material CoNb2O6. High-resolution single crystal inelastic neutron scat-

tering measurements observe that small transverse fields lead to a breakup of the

spectrum into three parts, each evolving very di�erently upon increasing field. This

can be naturally understood starting from the excitations of the ordered phase of

the transverse field Ising model, domain wall quasiparticles (solitons). Here, the

transverse field and a staggered o�-diagonal exchange create one-soliton hopping

terms with opposite signs. It is shown that this leads to a rich spectrum and

a special field, when the strengths of the o�-diagonal exchange and transverse

field match, at which solitons become localized; the highest field investigated in

this chapter is very close to this special regime. This case is solved analytically

and three two-soliton continua are found, along with three novel bound states.

Perturbing away from this novel localized limit, very good qualitative agreement

is found with the experimental data. Calculations are also presented using exact

diagonalization of a recently refined Hamiltonian model for CoNb2O6 and using

diagonalization of the two-soliton subspace, both of which provide a quantitative

115
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agreement with the observed spectrum. The theoretical models qualitatively and

quantitatively capture a variety of nontrivial features in the observed spectrum,

providing insight into the underlying physics of bound state formation. The results

of this chapter have been published in Ref. [140].

Attribution note: The experimental inelastic neutron scattering data in this

chapter were collected before I started my thesis, as part of earlier experiments

on OSIRIS at ISIS that focussed primarily on the spin dynamics near the critical

field, reported in Ref. [25]. The data analysed here were collected as part of the

same experiments at low field and not reported previously. Therefore, experimental

details are included for completeness as part of this chapter. The raw time-of-

flight data were converted to intensities in units of S(Q, Ê) and an estimate of

the non-magnetic background was subtracted o� before I joined this project. The

theoretical work in this chapter was a collaboration with theorists Izabella Lovas and

Leon Balents (University of California, Santa Barbara), who developed the models

described in Sec. 6.4 and 6.5 and wrote the first drafts of Sec. 6.4.1, 6.4.2, 6.5.1

and 6.5.2; these sections are included here for completeness. The details of the

analytical calculations in Sec. 6.4.2 were worked out collaboratively, as I derived

them independently and wrote code to solve them numerically and produce the figures.

I performed all the calculations required for comparison of the theoretical models

to the experimental INS data. I also extended the model presented in Sec. 6.5.1

and 6.5.2 in order to take account of additional e�ects that were important for

comparison with the data, as presented in Sec. 6.5.3.

6.1 Introduction

The transverse field Ising chain (TFIC) is an important model in condensed

matter physics because, as discussed in Chapter 2, it displays the key paradigms

of both a continuous quantum phase transition from an ordered phase to a

quantum paramagnetic phase as a function of field, as well as, in the ordered

phase, of fractionalization of local spin flips into pairs of domain wall quasiparticles

(solitons, also referred to as spinons in Chapter 4) [11]. The pure TFIC model
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can be mapped to non-interacting fermions [37, 38], which in the ordered phase

represent these solitons. However, a variety of di�erent additional subleading

terms in the spin Hamiltonian, such as a longitudinal field [41], a next-nearest-

neighbour antiferromagnetic exchange [141], or an XY exchange [25] can stabilize

two-soliton bound states.

In this chapter, a regime is explored where novel bound states can be stabilized by

the interplay of applied transverse field and o�-diagonal exchange. High resolution

single crystal inelastic neutron scattering (INS) data is presented as a function of

low to intermediate transverse field in the ordered phase. This regime has also

been explored by THz spectroscopy [125], which probes the zone-centre (Q = 0)

excitations. The INS data reveal a rich evolution of the magnetic spectrum with

increasing field: the spectrum splits into three parts with each part behaving very

di�erently. The top two parts are sharp modes, with the top mode becoming

progressively flatter and the middle one progressively more dispersive in field, while

the lowest energy part is a continuum where the intensity moves from bottom

to top upon increasing field.

An explanation for this rich behaviour is sought in terms of the Hamiltonian

model for CoNb2O6 refined in the previous chapter, which proposed all relevant

additional exchange terms down to 2% of the Ising exchange. The experimental

data are found to agree very well with the results obtained using numerical exact

diagonalization (ED) calculations for this full Hamiltonian, where interchain coupling

e�ects are treated in a mean field approximation. To obtain a physical understanding

of the spectrum, a picture of soliton quasiparticles, which hop due to both the

applied transverse field and the o�-diagonal exchange, is taken as a starting point.

The competition between these hopping e�ects leads to soliton hopping terms

that alternate along the two legs of the zigzag chain, resulting in two bands with

dispersions that are tuned by the applied field. The relevance of a model with

alternating hopping of solitons for explaining features in THz spectroscopy data

obtained on CoNb2O6 was already mentioned in Ref. [125], where solitons were

treated as non-interacting. Here, the interactions between solitons are fully taken
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into account as it is found that this is crucial for a full understanding of the observed

spectrum. A spin-flip neutron scattering process creates two-soliton excitations

(Fig. 2.5A), which interact via hard-core repulsion and various nearest-neighbour

interaction terms. A minimal model is solved in the two-soliton subspace and

three continua and up to three bound states are found depending on the values of

the Hamiltonian parameters. To understand the character of these bound states,

it is found to be helpful to focus first on the limit where solitons are localized

due to the hopping term on alternate bonds being zero, a theoretical situation not

previously explored. In this limit, novel bound states arise due to hard-core repulsion.

Perturbations away from this limit are then considered in first order perturbation

theory, such that analytic expressions are obtained for the dispersions and intensities

in INS, which give strong qualitative agreement with the data. The results indicate

that this regime is indeed realized in CoNb2O6 at intermediate transverse field.

The rest of this chapter is organized as follows: Sec. 6.2 provides details of

the inelastic neutron scattering experiments while Sec. 6.3 introduces the model

Hamiltonian and provides a qualitative overview of the experimental results. In

Sec. 6.4, the model Hamiltonian is solved in first order perturbation theory in the

two-soliton subspace. In Sec. 6.5, a physical picture of the spectrum is provided

by starting from the limit where individual solitons are localized and perturbing

around this limit. Sec. 6.6 contains the conclusions for this chapter.

6.2 Experimental details

Inelastic neutron scattering measurements of the magnetic excitations were per-

formed on a large single crystal (6.76 g) of CoNb2O6 grown using a floating-zone

technique [132] and already used in previous INS experiments [25]. The magnetic

field was applied along the crystallographic b-direction, which is transverse to the

local Ising axis of all the spins. The measurements were performed using the

indirect geometry time-of-flight spectrometer OSIRIS at the ISIS facility. OSIRIS

was operated with PG(002) analyzers to measure the inelastic scattering of neutrons

with a fixed final energy of Ef = 1.82 meV as a function of energy transfer and
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wavevector transfer in the horizontal (h0l) scattering plane. Throughout this

chapter, the wavevector transfer in the inelastic neutron scattering experiments is

expressed as Q = (2fih/a, 0, 2fil/c) where (h, 0, l) are expressed in reciprocal lattice

units of the orthorhombic structural unit cell, with lattice parameters a = 14.1337 Å,

b = 5.7019 Å and c = 5.0382 Å at 2.5 K [114]. The sample was attached to

the cold finger of a dilution refrigerator inside a vertical 7.5 T cryomagnet and

measurements were taken at a temperature of 0.1 K. The average counting time

at each field was around 7 hours.

For each field, two sample orientations were measured (c-axis oriented in the

scattering plane at 25¶ and 60¶ with respect to the incident beam direction).

Throughout this chapter, the data panels presented are a combination of data from

these two orientations, with the wavevector projected along the chain direction l

as the physics considered is one-dimensional. The two orientations were chosen

such that the projected l values covered a large part of the Brillouin zone along the

chain direction. The INS data at one of the measured fields (2.5 T, in Fig. 6.1Q)

was briefly reported in Ref. [71].

The data shown have had an estimate of the non-magnetic background subtracted

o�, and have then been divided by the squared isotropic Co2+ magnetic form factor

f 2(Q) and by the neutron polarization factor. The latter was calculated under

the assumption that all inelastic scattering is in the polarizations perpendicular to

the Ising (z) axes and that the dynamical structure factor satisfies Sxx(Q, Ê) =

Syy(Q, Ê), an approximation which is found to be valid to a large extent for the

model Hamiltonian (6.3) in the low transverse field regime. Here,1

Sxx(Q, Ê) =
ÿ

⁄f

|È⁄f |Sx(Q)|GSÍ|2”(E⁄f
≠ ~Ê), (6.1)

where the sum extends over all excited states |⁄fÍ of energy E⁄f
relative to the

ground state |GSÍ and where Sx(Q) = q
j exp(iQ · rj)Sx

j , with j running over all

1This definition di�ers from the one used in other chapters by a factor g2
xµ2

B. As gx ¥ gy

and as Szz(Q, Ê ”= 0) ¥ 0 in this regime, the lack of scaling by the g-factor and Bohr magneton
only a�ects absolute intensities, not relative intensities. As the intensities in the data were not
measured on an absolute scale, this therefore does not a�ect the conclusions.
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sites. Under the above assumption, the wavevector dependence of the neutron

polarization factor is

P(Q) = 1 +

1
2fih

a

22
sin2 “ +

1
2fil
c

22
cos2 “

Q2 . (6.2)

Dividing the raw inelastic neutron scattering intensities by P(Q)f 2(Q) then

gives Sxx(Q, Ê) up to an overall scale factor. Eq. (6.2) is appropriate for the

experimentally observed zero-field magnetic structure of CoNb2O6 and takes into

account the two di�erent chains per crystallographic unit cell with Ising directions

at an angle of ±“ to the c-direction in the ac-plane. The angle “ has been

taken to be 30¶[114].

6.3 Evolution of the magnetic excitations with
applied field

In this section, first the model Hamiltonian is introduced and related to the zero field

spectrum, discussed in terms of two-soliton states. In applied field, the spectrum

splits into three components with di�erent evolution in field. It is shown in the

following sections that this rich behaviour can be naturally understood in a picture

of solitons with dispersions tuned by the transverse field.

6.3.1 Model Hamiltonian

The single-chain Hamiltonian model for CoNb2O6 refined in the previous chapter is

used2. It is convenient to write this Hamiltonian in three parts and for convenience

it is reproduced here:

H = H1 + H2 + HMF (6.3)

2Note that there is a change in the definition of the sign of the Zeeman term compared to
the expression in Chapter 5. This is equivalent to rotating 180¶ about the x-axis followed by
interchanging the definition of odd and even sites.
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Figure 6.1: Evolution of the INS spectrum and calculated spectrum for the full
Hamiltonian in (6.3), as a function of applied magnetic field, increasing from top to
bottom. Columns left to right: Inelastic neutron scattering data (A adapted from [25]);
Sxx as calculated by ED on 16 sites (8 unit cells) with periodic boundary conditions;
Sxx as calculated by diagonalization of the two-soliton subspace (see Sec. 6.4.2) on 100
sites (50 unit cells) with periodic boundary conditions; Sxx as calculated analytically
by perturbing about the localized limit for ⁄MF=0 (see Sec. 6.5). In the right-most
column, the hatched patches represent the two-soliton continua; in this approximation,
the continua have no scattering intensity except where the bound states overlap them and
create a resonance. In each panel, colour indicates Sxx, as defined in (6.1) and further
normalized by the total number of sites, on a linear scale indicated by the colourbar. The
calculations have been convolved with a Gaussian of FWHM 0.067 meV to mimic the
estimated experimental resolution e�ects and calculated intensities are shown in absolute
units of meV≠1. The intensities for the data in panels E, I, M, Q, have been multiplied
by a common scale factor to bring them visually into agreement with the corresponding
calculations in column 2. The data in A come from a di�erent experiment so a separate
scale factor was used for those intensities to bring them into agreement with those in
panel B.
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where

H1 = J
ÿ

j

Ë
≠Sz

j Sz
j+1 ≠ ⁄S

1
Sx

j Sx
j+1 + Sy

j Sy
j+1

2

+ (≠1)j⁄yz

1
Sy

j Sz
j+1 + Sz

j Sy
j+1

2È
+

ÿ

j

hySy
j , (6.4)

H2 = J
ÿ

j

Ë
≠⁄A

1
Sx

j Sx
j+1 ≠ Sy

j Sy
j+1

2

+ ⁄AFSz
j Sz

j+2 + ⁄xy
AF

1
Sx

j Sx
j+2 + Sy

j Sy
j+2

2È
, (6.5)

and

HMF = J
ÿ

j

2⁄MF
1
ÈSyÍSy

j ≠ ÈSzÍSz
j

2
, (6.6)

and where z is the Ising direction (in the crystallographic ac plane, defined as the

direction of the moments in zero applied field), y is parallel to the crystallographic

b-direction and x completes a right-handed coordinate system.

This Hamiltonian, with parameter values in Table 5.2, is a refinement of the

minimal model proposed in Ref. [71] and was deduced using a simultaneous fit

to the spectrum in zero field, large transverse field, and large near-longitudinal

field, as discussed in the previous chapter. One can regard H1 as the minimal

Hamiltonian needed to qualitatively reproduce all key features of the excitation

spectrum, while the terms in H2 are sub-leading and are added in order to achieve

quantitative agreement. This applies to both the data in Chapters 4 and 5 as well

as data in low transverse field presented in this chapter. Finally, HMF captures the

e�ects of the weak interchain interactions at a mean-field level. The given form

with a constant ⁄MF > 0 applies throughout the field range explored here (0 to

2.5 T Î b) as the magnetic order pattern between chains does not change in this

field range [123] and as, for this magnetic structure, all the interchain interactions

that have a net contribution to the mean field are Heisenberg-like (see previous

chapter). The relation between ⁄MF and the interchain exchanges is given in the

caption to Table 5.1. The di�erent signs in front of the Sy
j and Sz

j terms reflect the

fact that the Sy-components of spins on neighbouring chains are parallel (polarized

by the applied field hy), whereas the Sz components are (spontaneously) aligned

antiparallel by the antiferromagnetic interchain interactions.



6. Excitations in the low transverse field phase of CoNb2O6 123

As discussed in the previous chapter, the spectrum in zero field (Fig. 6.1A

data, 6.1B calculation) can be qualitatively understood in terms of the minimal

Hamiltonian H1 + HMF. A spin-flip neutron scattering event creates a pair of

solitons (domain walls) and for the pure Ising chain, the energy is independent

of the separation between these solitons [see Fig. 2.5A]. In the presence of the

staggered o�-diagonal exchange (⁄yz), the solitons become dispersive [71], resulting

in a continuum of scattering in energy-momentum space, covering a large energy

extent near l = 0 [25]. In zero field, the interchain mean field HMF is purely

longitudinal and acts as an e�ective linear potential confining the solitons into a

series of bound states, as seen in Fig. 6.1A near l = 0. The sharp mode in the

data near l = 1 is a two-soliton kinetic bound state stabilized by the XY (⁄S)

exchange [25]. Fig. 6.1B demonstrates that very good quantitative agreement has

been achieved between the experimental zero-field data and exact diagonalization

calculations using the full Hamiltonian (6.3), as noted in the previous chapter.

6.3.2 Spectrum in small to intermediate transverse field

The key feature of the evolution of the spectrum as a function of field, shown in the

first column of Fig. 6.1, is the break-up of the observable spectrum into three parts,

each evolving very di�erently upon increasing field. The top part, which evolves

out of the zero-field high-energy kinetic bound state, is a sharp mode that becomes

progressively flatter upon increasing field and spreads out over the whole Brillouin

zone. In contrast, the middle part is dominated by a sharp mode that becomes

progressively more dispersive upon increasing field and appears to trade intensity

with the top mode. The lowest energy part is dominated by a continuum spread,

with intensity moving from bottom to top upon increasing field. All features and

trends in the INS data are quantitatively captured by exact diagonalization (ED)

calculations using the full Hamiltonian in (6.3) with the expectation values ÈSyÍ

and ÈSzÍ in the mean-field term HMF calculated self-consistently; these calculations

are shown in the second column of Fig. 6.1.
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The breakup of the spectrum in field is clearly illustrated in Fig. 6.1I at 1 T.

The lowest energy part of the spectrum centred around 1.4 meV shows a set of

excitations extending over a broad energy range with clear sharp modes visible both

at the bottom and the top of this range. Those excitations are clearly separated

from another set of states centred around 2.25 meV with a clear sharp mode near

2.5 meV. At higher energies still, there is the vestige of the zero-field kinetic bound

state near l = 1, now clearly separated from the rest of the spectrum. All the

observed features, both dispersions and wavevector-dependence of intensities, are

well captured by the ED calculations in Fig. 6.1J.

The 2.5 T data (Fig. 6.1Q) shows even more contrasting behaviour between

the di�erent parts of the spectrum. The sharp mode at the top of the low energy

continuum now extends all the way from the Brillouin zone center to l ¥ 0.6

and has gained in intensity compared to the continuum below it. In the middle

energy region the sharp mode has become strongly dispersive, with the middle

continuum losing nearly all its scattering intensity, and the top sharp mode has

become almost entirely flat and spread out over almost all of the Brillouin zone.

Again, all these features are well reproduced in Fig. 6.1R. The spectra at 0.5 T

(Figs. 6.1E and F) and 1.5 T (Figs. 6.1M and N) interpolate between 0, 1 and

2.5 T and show the gradual evolution of the spectrum.

The ED calculations quantitatively capture every feature and trend described

above. It is important to note that the parameters used in this calculation were

not fitted to the finite transverse field data presented here, but are fixed to the

values proposed in the previous chapter. This excellent agreement between data

and calculation gives further support to the Hamiltonian proposed in Chapter 5

and motivates the search for a physical picture of the excitations. In the following

sections, a picture of solitons on the zigzag chains will be introduced and it will

be shown that the breaking up of the spectrum and very di�erent evolution

of the di�erent parts in field can be captured quantitatively and understood

phenomenologically in terms of solitons hopping and forming bound states.
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6.4 Two-soliton model

In (6.4) to (6.6), all ⁄ terms are π 1 such that the dominant term is the ferromagnetic

Ising term. This means that it is su�cient for the present purposes to consider

two-soliton excitations, and neglect mixing with four-or-more-soliton excitations,

since those occur at much higher energy.

The e�ect of the e�ective Hamiltonian which acts within subspaces of fixed soliton

number is now considered: first its action on a single soliton, and then within the

two-soliton sector. This e�ective Hamiltonian is related to the full Hamiltonian as

HÕ ¥
ÿ

iØ0
PiHPi, (6.7)

where Pi is the projector to the subspace with i solitons, and i = 1, 2. The main

focus of the discussion will be the minimal Hamiltonian H1 + HMF, as this yields a

good qualitative understanding of the spectrum. As will be discussed further in

Sec. 6.4.4, the assumption is also made that the spin vector expectation value in

the ground state is ÈSÍ = (0, 0, 1/2). As such, the mean field interchain coupling

becomes an e�ective magnetic field along the z-direction,

HMF = ≠hz

ÿ

j

Sz
j , with hz = 2J⁄MFÈSzÍ = J⁄MF. (6.8)

It will be convenient in the following to use the unconventional raising and

lowering operators,

S±
j = Sy

j û iSx
j , (6.9)

which obey the usual commutation relations. Note that this is equivalent to

performing the calculations in a spin basis rotated by 90¶ around the z-axis,

obtained via the canonical transformation Sx
j æ ≠Sy

j and Sy
j æ Sx

j in H.

6.4.1 Action of the Hamiltonian on a single soliton

In this section the spectrum of deconfined solitons under the Hamiltonian H1

projected to the single soliton sector is considered. The confining mean field HMF will

be introduced in Sec. 6.4.2, where the spectrum in the two-soliton sector is discussed.
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Let |jÍL denote a ‘left’ soliton state, defined as a single domain wall between

sites j ≠ 1 and j, separating up spins on the left from down spins on the right, i.e.,

|jÍL = |· · · øøøj≠1¿j¿¿ · · · Í . (6.10)

Here, the arrows indicate the eigenstates of Sz
j with eigenvalues ±1/2. Now consider

the action of the Hamiltonian H1 on this state, term by term.

• Ising exchange: The single-soliton state |jÍL is an eigenstate of the Ising

interaction, with excitation energy ‘0 = J/2 above the ground state.

• XY exchange ⁄S: This term flips two adjacent spins in opposite directions.

Acting on |jÍL, it creates two additional domain walls by flipping the spins at

sites j ≠ 1 and j, and can therefore be dropped as this term causes the state

to leave the single soliton subspace.

• Transverse field hy: This term flips a single spin,

Vy = hy

2
ÿ

j

1
S+

j + S≠
j

2
, (6.11)

where the unconventional raising and lowering operators (6.9) have been used.

To conserve the number of solitons when acting on |jÍL, the flipped spin must

be either at j or j ≠ 1,

P1Vy|jÍL = hy

2 (|j + 1ÍL + |j ≠ 1ÍL) . (6.12)

Therefore, the transverse field gives rise to a nearest-neighbour hopping term

for the domain wall.

• Staggered o�-diagonal exchange ⁄yz: Similarly to the transverse field hy, this

term results in a single spin flip,

Vyz = J⁄yz

2
ÿ

j

(≠1)j
1
S+

j + S≠
j

2 1
Sz

j+1 ≠ Sz
j≠1

2
. (6.13)
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Here, the operator S+
j + S≠

j can flip the spin at site j if and only if the spins

on sites j + 1 and j ≠ 1 are opposite, due to the factor Sz
j+1 ≠ Sz

j≠1. Therefore,

Vyz leads to spin flip processes confined to domain walls, i.e.,

P1Vyz|jÍL = J⁄yz

2 (≠1)j+1 (|j + 1ÍL ≠ |j ≠ 1ÍL) . (6.14)

This is also a hopping term for the domain walls, similarly to the e�ect of the

transverse field hy, but with a di�erent sign structure.

The spectrum of this hopping Hamiltonian is obtained by writing a Schrödinger

equation for the soliton. First, define the state

|ÂLÍ =
ÿ

jÕ
ÂL(jÕ)|jÕÍL, (6.15)

where ÂL(j) = LÈj|ÂÍ is the wavefunction of the soliton. Using the expressions

derived for P1H1|jÍL above, the Schrödinger equation,

LÈj|H1|ÂLÍ = Ê ÂL(j), (6.16)

can be rewritten as

1
2

ÿ

�=±1

1
hy + (≠1)jJ⁄yz�

2
ÂL(j ≠ �) =

3
Ê ≠ J

2

4
ÂL(j). (6.17)

This equation describes a staggered hopping of solitons, with hopping amplitudes

h± = 1
2 (hy ± J⁄yz) (6.18)

alternating on even/odd bonds.

Since H is invariant under translations by two lattice sites, the Bloch ansatz,

ÂL(2p + ‡) = ÂL‡eikpc, with ‡ = 0, 1, (6.19)

can be used, where k = 2fil/c is the soliton momentum. In the following, the symbols

k and l will be used interchangeably when referring to momentum along the chain

direction, with the only di�erence that k is in absolute units whereas l is in reciprocal

lattice units. In the above equation, the coe�cients ÂL‡ di�erentiate between the

even and odd sublattices, reflecting the two-site unit cell of the Hamiltonian. From
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now on, the index p will be reserved for labelling the unit cells, whereas j will be

used as a label of lattice sites. The Schrödinger equation then becomes

A
0 h+e≠ikc + h≠

h+eikc + h≠ 0

B A
ÂL0
ÂL1

B

=
3

Ê ≠ J

2

4 A
ÂL0
ÂL1

B

. (6.20)

The solution to this Schrödinger equation is a pair of bands, Ê±, defined as

3
J

2 ≠ Ê±

42
=

1
h+e≠ikc + h≠

2 1
h+eikc + h≠

2

= h2
+ + h2

≠ + 2h+h≠ cos kc, (6.21)

which can be thought of as bonding / anti-bonding orbitals. Importantly, the

dispersion of both bands vanishes if h+ = 0 or h≠ = 0. In these limits, the hopping

amplitude vanishes either on odd or on even bonds, and the domain wall can only

hop backwards and forwards between two sites, resulting in flat localized bands, as

previously noted in Ref. [125]. This localized limit will serve as a convenient starting

point for perturbative considerations in Sec. 6.5, and will allow a simple qualitative

picture to be obtained for the evolution of the INS spectrum with magnetic field hy.

Note that, in the above, a single ‘left’ soliton was considered, which describes a

domain wall with up spins on the left and down spins on the right. As well as these

left solitons, it is also necessary to consider the other type of domain wall, i.e. ‘right’

solitons, which separate a domain of down spins on the left from up spins on the right,

|jÍR = |· · · ¿¿¿j≠1øjøø · · · Í . (6.22)

The arguments described above can be repeated for right solitons, with the only

di�erence being that the hopping induced by ⁄yz is of opposite sign relative to the

case when left solitons are considered. This sign change interchanges the hopping

amplitudes h+ and h≠ in the Schrödinger equations, but leaves the dispersion

(6.21) unaltered. Therefore, both types of soliton become localized at the same

special magnetic field hy.



6. Excitations in the low transverse field phase of CoNb2O6 129

6.4.2 Solution of the Hamiltonian in the two-soliton sub-
space

The spectrum of the e�ective Hamiltonian within the two-soliton subspace is

now considered. In Sec. 6.4.1, two distinct soliton dispersions were obtained,

Ê±, corresponding to bonding/anti-bonding orbitals. Therefore, three continua

are expected in the two-soliton subspace, arising from the combinations (Ê+, Ê+),

(Ê+, Ê≠) and (Ê≠, Ê≠). However, the solitons interact: this is due both to hard-

core repulsion — if there are two domain walls in the same place, there is in fact

only a single domain and the state is the fully aligned ground state — and to

nearest-neighbour soliton-soliton interactions arising from terms in H1. Moreover,

the full Hamiltonian also includes an e�ective confining magnetic field in the z-

direction, HMF, which leads to an attractive interaction between the two solitons in

a pair. Below, all of these e�ects are taken into account; H1 + HMF is projected

to the relevant subspace with P2 and it is shown that a full understanding of the

spectrum cannot neglect these interactions.

Assuming hz > 0, the relevant low energy excitations correspond to a single

domain of down spins inserted into a background of up spins. Therefore, it is

convenient to use the following basis, with a ‘left’ soliton on the left and a ‘right’

soliton on the right,

|jL, jRÍ = |· · · øøjL≠1¿jL · · · ¿jR≠1øjRø · · · Í , (6.23)

with jL < jR. Similarly to the procedure followed in Sec. 6.4.1, a Schrödinger

equation can be derived within the two-soliton subspace by consideration of the

e�ect of P2H1 and HMF on the basis states, as follows.

The transverse field hy and staggered o�-diagonal exchange ⁄yz again give rise

to hopping terms for the left and right solitons, with a correction term arising for

nearest neighbour solitons jR = jL + 1 due to hard core repulsion, such that

P2Vy|jL, jRÍ = hy

2
ÿÕ

�=±1
(|jL + �, jRÍ + |jL, jR + �Í) , (6.24)
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and

P2Vyz|jL, jRÍ = J⁄yz

2
ÿÕ

�=±1
�

1
(≠1)jL |jL ≠ �, jRÍ ≠ (≠1)jR |jL, jR ≠ �Í

2
. (6.25)

Here and throughout this subsection,
ÿÕ denotes a summation restricted to valid

basis states, by dropping the unphysical terms |jL + 1, jRÍ and |jL, jR ≠ 1Í when

solitons are on neighbouring sites, i.e., jR = jL + 1, since this would lead to

overlapping solitons.

Besides these terms, two new types of contribution arise compared to the single

soliton case. The XY exchange term,

VS = ≠J⁄S

2
ÿ

j

1
S+

j S≠
j+1 + S≠

j S+
j+1

2
, (6.26)

gives rise to a nearest neighbour interaction term between solitons,

P2VS|jL, jRÍ = ≠J⁄S

2 ”jR≠jL,1
ÿ

�=±1
|jL ≠ �, jR ≠ �Í. (6.27)

This term shifts the centre-of-mass coordinate of the soliton pair by one lattice site,

without changing the relative coordinate jR ≠ jL, i.e., it allows nearest neighbour

solitons to hop together as a pair. In addition, the magnetic field hz leads to an

attractive potential between the left and right soliton,

HMF|jL, jRÍ = hz(jR ≠ jL)|jL, jRÍ. (6.28)

This is the same confinement e�ect as discussed in Chapter 4.

The two-soliton wavefunction �(jL, jR) is defined through

|�Í =
ÿ

jL<jR

�(jL, jR)|jL, jRÍ. (6.29)

The two-soliton Schrödinger equation,

ÈjL, jR|H1P2 + HMF|�Í = Ê�(jL, jR), (6.30)

thus becomes

1
2

ÿÕ

�=±1

Ë1
hy + �(≠1)jLJ⁄yz

2
�(jL ≠ �, jR) +

1
hy ≠ �(≠1)jRJ⁄yz

2
�(jL, jR ≠ �)

È

≠ J⁄S

2 ”jR≠jL,1
ÿ

�=±1
�(jL ≠ �, jR ≠ �) + hz(jR ≠ jL)�(jL, jR) = (Ê ≠ 2‘0)�(jL, jR),

(6.31)
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where ‘0 = J/2 is the energy cost of a single domain wall. Making use of lattice

translational invariance for the centre of mass coordinate, it is convenient to

write the wavefunction as

�(2pL + ‡L, 2pR + ‡R) = eikc(pL+pR)/2�(k)
‡L‡R

(pR ≠ pL), (6.32)

with pL/R labelling the two site unit cells, ‡L/R = 0, 1 distinguishing the even and

odd sublattices and c(pL + pR)/2 being the position of the centre of mass of the

soliton pair. For a fixed centre of mass momentum k, the Schrödinger equation

(6.31) can be re-written in terms of �(k)
‡L‡R

(n), with n labelling the distance between

two-site unit cells. The Schrödinger equation thus becomes

h+e≠ikc/2�(k)
10 (n + 1) + h≠�(k)

10 (n) + h≠e≠ikc/2�(k)
01 (n ≠ 1) + h+�(k)

01 (n)

+ 2nhz�(k)
0,0(n) = (Ê ≠ 2‘0)�(k)

00 (n), n Ø 1,

h≠�(k)
00 (n) + h+eikc/2�(k)

00 (n ≠ 1) + h≠e≠ikc/2�(k)
11 (n ≠ 1) + h+�(k)

11 (n)

+ hz(2n ≠ 1)�(k)
10 (n) ≠ J⁄S ”n,1 cos

A
kc

2

B

�(k)
01 (n ≠ 1) = (Ê ≠ 2‘0)�(k)

10 (n), n Ø 1,

h+e≠ikc/2�(k)
11 (n + 1) + h≠�(k)

11 (n) + h+�(k)
00 (n) + h≠eikc/2�(k)

00 (n + 1)

+ hz(2n + 1)�(k)
01 (n) ≠ J⁄S ”n,0 cos

A
kc

2

B

�(k)
10 (n + 1) = (Ê ≠ 2‘0)�(k)

01 (n), n Ø 0,

h≠�(k)
01 (n) + h+eikc/2�(k)

01 (n ≠ 1) + h+�(k)
10 (n) + h≠eikc/2�(k)

10 (n + 1)

+ 2nhz�(k)
11 (n) = (Ê ≠ 2‘0)�(k)

11 (n), n Ø 1,
(6.33)

with boundary conditions �(k)
00 (0) = �(k)

11 (0) = �(k)
10 (0) = 0. This set of equations

can be solved numerically using periodic boundary conditions on a finite ring.
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To do this, the vector

�(k) =

Q

cccccccccccccccccccccca

�(k)
01 (0)

�(k)
00 (1)

�(k)
11 (1)

�(k)
10 (1)

�(k)
01 (1)

�(k)
00 (2)

�(k)
11 (2)

...

R

ddddddddddddddddddddddb

, (6.34)

is introduced. This then yields a matrix equation, from which the low energy

spectrum can be determined.

The correction terms arising from the subleading couplings in H2 to the two-

soliton Schrödinger equation derived above can also be calculated by examining

the action of H2 term by term. Note that following the convention defined above,

H2 is rewritten in a rotated basis, Sx
j æ ≠Sy

j and Sy
j æ Sx

j .

First, consider the anti-symmetric nearest-neighbour coupling,

VA = J⁄A

2
ÿ

sites,j

1
S+

j S+
j+1 + S≠

j S≠
j+1

2
, (6.35)

raising or lowering two neighbouring spins. The e�ect of this term in the single

soliton subspace is to move the soliton by two sites, i.e.,

P1VA|jÍL = J⁄A

2 (|j ≠ 2ÍL + |j + 2ÍL) . (6.36)

In the two-soliton subspace, this becomes a next-to-nearest neighbour hopping

term for the left and right solitons, with the constraint jR > jL arising from the

hard-core repulsion. Thus, the contribution of VA to the left hand side of the

Schrödinger equation for (Ê ≠ 2‘0)�(k)
‡L‡R

(n) is

J⁄A cos
A

kc

2

B Ë
�(k)

‡L‡R
(n + 1) + (1 ≠ ”n,0 ≠ ”n,1(1 ≠ ”‡L,0”‡R,1)) �(k)

‡L‡R
(n ≠ 1)

È
.

(6.37)
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Next, the perturbation

V xy
AF = J⁄xy

AF
2

ÿ

sites,j

1
S+

j S≠
j+2 + S≠

j S+
j+2

2
(6.38)

flips a pair of next-nearest-neighbour spins in opposite directions. Acting on a

single soliton, V xy
AF|jÍL always leaves the single soliton subspace. In the presence

of two solitons, |jL, jRÍ, however, a non-vanishing short range contribution is

found for jR Æ jL + 2,

P2V
xy

AF|jL, jRÍ = J⁄xy
AF

2
ÿ

�=±1
(”jR,jL+1 |jL + 2�, jR + 2�Í + ”jR,jL+2 |jL + �, jR + �Í) .

(6.39)

This term therefore shifts the centre-of-mass coordinate by ±2 or ±1 sites for a

spin down domain of length jR ≠ jL = 1 and jR ≠ jL = 2, respectively. It leads

to the following four extra contributions on the left hand side the Schrödinger

equation (6.33)

· · · + J⁄xy
AF cos(kc)�(k)

01 (0) = (Ê ≠ 2‘0)�(k)
01 (0),

· · · + J⁄xy
AF cos(kc)�(k)

10 (1) = (Ê ≠ 2‘0)�(k)
10 (1),

· · · + J⁄xy
AF

1 + e≠ikc

2 �(k)
11 (1) = (Ê ≠ 2‘0)�(k)

00 (1),

· · · + J⁄xy
AF

1 + eikc

2 �(k)
00 (1) = (Ê ≠ 2‘0)�(k)

11 (1). (6.40)

Finally, the e�ect of the perturbation

VAF = J⁄AF
ÿ

sites,j
Sz

j Sz
j+2 (6.41)

is to lower the energy of all states relative to the fully aligned (ground) state. This

term is diagonal in the two-soliton basis |jL, jRÍ, yielding an energy shift depending

on the size of the spin down domain. If there is only a single spin flip, jR ≠ jL = 1,

only two antiferromagnetic bonds are satisfied, whereas if there are two or more

spin flips, jR ≠ jL Ø 2, four antiferromagnetic bonds are satisfied, i.e.,

VAF|j, j + 1Í = ≠J⁄AF|j, j + 1Í

VAF|j, j + 2Í = ≠2J⁄AF|j, j + 2Í, (6.42)
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where only the energy di�erence between the excited state and the ground state

has been kept. These considerations lead to the energy shifts

Ê ≠ 2‘0 ≠æ Ê ≠ 2‘0 + J⁄AF, if 2n + ‡R ≠ ‡L = 1, (6.43)

Ê ≠ 2‘0 ≠æ Ê ≠ 2‘0 + 2J⁄AF, if 2n + ‡R ≠ ‡L > 1, (6.44)

on the right hand side of the Schrödinger equation for �(k)
‡L‡R

(n).

6.4.3 Bound states in the two-soliton spectrum

The two-soliton Schrödinger equation derived above yields a spectrum consisting of

three continua and three bound states across a wide range of parameters, as shown

in Fig. 6.2. The left column of Fig. 6.2 shows the two-soliton spectrum as a function

of field for the minimal Hamiltonian H1. In this case, the spectrum consists of

three continua and three bound states at every non-zero field. As mentioned above,

the origin of the three continua can be understood as due to the three di�erent

ways of combining the two bands of solitons into two-soliton continua. The origin

of the bound states, which are here termed Á bound states for the avoidance of

confusion, will be explored in the following section, Sec. 6.5.

The right hand column of Fig. 6.2 shows the same calculation for the full

Hamiltonian H1 + H2 + HMF, where HMF is the confining mean field. In this case,

the mean field splits the continua into a series of confinement bound states, but

the Á bound states are left mostly intact, because they are tightly bound.

6.4.4 Inelastic neutron scattering intensity in the two-soliton
model

To conclude this section, a formula for the INS spectrum within the two-soliton

model is derived, which shows that the dominant contribution stems from the

three bound states.

As mentioned above, the assumption is made that the ground state |GSÍ

appearing in the dynamical structure factor Sxx, Eq. (6.1), can be approximated as

the ground state of the Ising Hamiltonian, |GSÍ ¥ |... øøø ...Í. Acting on this state
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ε1ε2

ε–

Figure 6.2: Eigenstates of the two-soliton Hamiltonian as a function of wavevector and
energy at di�erent fields, increasing from top to bottom. In each panel, states with the
character of the Á bound states have been highlighted in black. These states have been
identified by being well separated from other states in energy, or, where they overlap with
other states, by having high INS intensity and discarding regions with strong hybridization.
Left column: Solution of H1. Three continua and three bound states can be seen at
every non-zero field. Á1, Á2 and Á≠ are defined in Sec. 6.5.3. Right column: solution of
H = H1 + H2 + HMF. This comparison illustrates the key e�ect of HMF, i.e., the presence
of a longitudinal mean field: all continua are split into confinement bound states, but the
Á bound states are left essentially intact. This column is to be compared with the third
column of Fig. 6.1, which shows the intensities under the same conditions.
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with the spin operator Sx(k) creates a pair of solitons. Using the unconventional

raising and lowering operators S±
j = Sy

j û iSx
j , the resulting state can be written as

Sx(k)|GSÍ ¥ ≠ i

2
ÿ

j

eikjc/2|j, j + 1Í,

where k = 2fil/c is the soliton pair centre-of-mass momentum. By substituting

the eigenstates |⁄fÍ with the solutions of the two-soliton Schrödinger equation

constructed above, the squared matrix element appearing in (6.1) is found to be

|È⁄f |Sx(k)|GSÍ|2 =

---�(k)
01 (0) + �(k)

10 (1)
---
2

4 . (6.45)

Therefore, the Á bound states, which will be shown to have a large weight on the

configurations with nearest-neighbour domain walls, give the dominant contribution

to the dynamical spin structure factor (6.1).

The INS intensity as calculated above is shown in the third column of Fig. 6.1.

The calculation uses the full Hamiltonian with the same parameters as in the ED

calculations, except that the spin vector expectation value ÈSÍ = (0, 0, 1/2) is

assumed fixed, rather than using a self-consistent value, which is a consequence

of assuming that the ground state is the ground state of the Ising Hamiltonian.

This is a good approximation since even at 2.5 T, the self-consistent value as

calculated by ED is ÈSÍ = (0, ≠0.150, 0.473). The agreement between the observed

spectrum and the model is still quantitative — all features and trends are captured

— but not quite as strong as for the exact diagonalization calculation. For instance,

there is a small overall energy shift, most visible by comparing Figs. 6.1R and S;

in the latter, energies are shifted to lower values. However all key features are

well reproduced at all measured fields.

To gain more insight into the structure and magnetic field dependence of this INS

signal, the Á bound states are examined in the next section, using a perturbative

expansion around the localized limit h≠ = 0.
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6.5 The localized limit

As derived in Sec. 6.4.1, the staggered o�-diagonal exchange ⁄yz and the transverse

field hy in the leading order Hamiltonian H1 lead to hopping terms of opposite sign

for the solitons. A particularly interesting situation arises when these terms are

matched, such that h≠ = 0, resulting in localized single solitons. This localized

limit serves as a convenient starting point for perturbative considerations, shedding

light on the structure and magnetic field dependence of the Á bound states, as

well as the three two-soliton continua. First, in Sec. 6.5.1, the case h≠ = 0 is

considered, and the two-soliton spectrum is studied, in particular, the nature of

the two-soliton bound states. The e�ect of a small non-zero delocalizing term h≠

is then examined in Sec. 6.5.2 while the e�ect of subleading terms is discussed

in Sec. 6.5.3. Predictions for the evolution of the INS spectra with decreasing

transverse field hy, and comparisons of these to the experimental data, are discussed

in Sec. 6.5.4. For most of this section, the focus is on the leading order Hamiltonian

H1, with brief comments on the subleading Hamiltonian H2 in Sec. 6.5.3, and

on the mean field HMF at the end of the section.

6.5.1 Localized limit h≠ = 0

For simplicity, the XY exchange ⁄S is initially set to 0, and only the staggered o�-

diagonal exchange ⁄yz and the transverse field hy are kept. The e�ect of the nearest

neighbour XY exchange ⁄S will be discussed later. Under these simplifications,

a left soliton can hop between the two sites of a unit cell p, 2p ¡ 2p + 1, with

amplitude h≠, whereas it hops between neighbouring unit cells p ≠ 1 and p, i.e.,

sites 2p ≠ 1 ¡ 2p, with amplitude h+, see Fig. 6.3A. For h≠ = 0, the following

eigenstates are thus obtained for the left soliton with energies Ê±,

|pÍ±
L © 1Ô

2
(|2p ≠ 1ÍL ± |2pÍL) , Ê± = J

2 ± h+. (6.46)

These eigenstates are respectively symmetric and antisymmetric under the inversion

exchanging the even and odd sublattices. For a right soliton, the role of h≠ and
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A

B

Figure 6.3: Soliton hopping in the localized limit. A) In the case of well separated
solitons, they can hop independently, with each soliton hopping between two sites with
matrix element h+. B) When solitons are in adjacent unit cells, hopping is constrained
by hard-core repulsion between solitons.

h+ is interchanged, leading to symmetric / antisymmetric eigenstates localized

within a single unit cell p,

|pÍ±
R © 1Ô

2
(|2pÍR ± |2p + 1ÍR) , with Ê± = J

2 ± h+. (6.47)

Making use of these observations, the localized two-soliton eigenstates can then

be constructed by considering a left soliton confined to hop between sites 2p ≠ 1

and 2p, and a right soliton confined to hop between sites 2pÕ and 2pÕ + 1. For pÕ > p,

the solitons do not interact, and the eigenstates are

|pÍ≠
L ¢ |pÕÍ≠

R, with energy Ê≠≠ = J ≠ 2h+, (6.48)
1Ô
2

Ë
|pÍ+

L ¢ |pÕÍ≠
R ± |pÍ≠

L ¢ |pÕÍ+
R

È
, with Ê+≠ = J, (6.49)

|pÍ+
L ¢ |pÕÍ+

R, with Ê++ = J + 2h+. (6.50)
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The eigenvalue Ê+≠ = J is doubly degenerate, and the eigenstates have been chosen

to be symmetric / antisymmetric under inversion. The delocalized eigenstates with

well-defined centre-of-mass momentum k are then

|n, kÍ± = 1Ô
N

ÿ

cells,p
eikc(2p+n)/2|pÍ±

L ¢ |p + nÍ±
R,

|n, kÍ0
± = 1Ô

2N

ÿ

cells,p
eikc(2p+n)/2

1
|pÍ+

L ¢ |p + nÍ≠
R ± |pÍ≠

L ¢ |p + nÍ+
R

2
, (6.51)

where N is the number of unit cells, and n Ø 1. These eigenstates correspond

to the three two-soliton continua arising from the di�erent pairing of bonding /

anti-bonding orbitals. Note that in the localized limit considered here, the bands at

energies J ± 2h+ and J are highly degenerate and flat; this is a reflection of the free

index n which represents the relative coordinate between the left and right solitons.

If instead the left soliton is placed on sites 2p ≠ 1 and 2p, and the right soliton

on 2pÕ and 2pÕ + 1 with p = pÕ, the hopping of the solitons is now constrained by

the hard-core repulsion, see Fig. 6.3B. In this case, the eigenstates can be obtained

by diagonalizing a 3 ◊ 3 matrix acting on the three allowed configurations, yielding

|Á±, pÍ = 1
2

1
|2p ≠ 1, 2pÍ + |2p, 2p + 1Í ±

Ô
2|2p ≠ 1, 2p + 1Í

2
, (6.52)

|Á0, pÍ = 1Ô
2

(|2p ≠ 1, 2pÍ ≠ |2p, 2p + 1Í) , (6.53)

with energies Á± = J ±
Ô

2h+ and Á0 = J . The corresponding momentum eigenstates

form non-degenerate flat bands (Fig. 6.4A) given by

|Á–, kÍ = 1Ô
N

ÿ

cells,p
eikpc|Á–, pÍ, for – = ±, 0. (6.54)

These states are the origin of the Á bound states found through the numerical

solution of the two-soliton Schrödinger equation in Sec. 6.4.3.

The e�ect of a weak symmetric exchange ⁄S is now considered, while h≠ = 0

remains fixed. As discussed in Sec. 6.4.2, this term only a�ects pairs of solitons

when they are on nearest-neighbour sites, in which case it acts by shifting their

centre-of-mass coordinate. Therefore, the three continua (6.51) are not a�ected,

as these have solitons residing in di�erent unit cells. In contrast, the symmetric
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exchange acts non-trivially on the bound states (6.54), inducing an energy shift

calculated perturbatively as

Á– ≠æ Á–(k) ¥ Á– + ÈÁ–, k| VS |Á–, kÍ, (6.55)

yielding dispersive bands

Á±(k) = J ±
Ô

2h+ ≠ J⁄S

4 (1 + cos kc) ,

Á0(k) = J + J⁄S

2 (1 + cos kc) . (6.56)

The full spectrum in the localized limit h≠ = 0, with weak symmetric exchange

⁄S is illustrated in Fig. 6.4B, showing the three highly degenerate flat continua,

and the three dispersive Á bound states, which become delocalized by ⁄S. Note that

in CoNb2O6, ⁄S is large enough that the dispersion causes the Á0 and Á+ bands to

cross, leading to band inversion. This e�ect is discussed quantitatively in Sec. 6.5.3

and illustrated in Fig. 6.4C. The band inversion further suppresses the dispersion

of the top mode, as well as mixing the character of the top two bands.

6.5.2 E�ects of weak delocalizing hopping h≠

As shown above, the localized limit h≠ = 0 provides remarkable insight into the

structure of the two-soliton spectrum obtained near to this limit. A more detailed

understanding of the evolution of the spectrum with decreasing transverse field can

be gained by perturbatively considering the e�ect of a weak delocalizing hopping

term h≠. The first important e�ect of h≠ ”= 0 is to lift the high degeneracy of

the three continua and broaden these bands. Secondly, a finite h≠ can mix the Á

bound states constructed in the previous section with the continua in k regions

where they overlap in energy.

The former e�ect is explored first, by focusing on the continua, and applying

degenerate perturbation theory within each band separately. Note that for weak

h≠ and ⁄S, the bottom and top bands remain well separated from the Á bound

states. Assuming also ⁄S ∫ h≠, the middle continuum overlaps with the middle

bound state only in the vicinity of k = fi/c, see Fig. 6.4D. Therefore, the present
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h– = 0, λS  = 0 h– = 0, λS  = 0.1 h– = 0, λS  = 0.3 h– = 0.03J, λS  = 0.3 h– = 0.03J, λS  = 0.3

Figure 6.4: Dispersions and intensities as a function of wavevector and energy at di�erent
stages of perturbation away from the purely localized limit. The x-axis is momentum in
reciprocal lattice units, l = kc/(2fi), vertical axis is energy relative to J . In each panel,
colour indicates Sxx, as defined in (6.1) and further normalized by the total number of
sites, on a linear scale indicated by the colourbar; black lines represent Á bound states
while grey hatched patches represent continua. The calculated intensities have been
convolved with a Gaussian of FWHM 0.033J and are shown in absolute units of 1/J . In
all panels, h+ = 0.2J . In A-D) the calculation uses the perturbative regime of Sec. 6.5. A)
Bound states and continua are both dispersionless for h≠ = 0 and ⁄S = 0. B) For finite
⁄S , bound states become dispersive but continua remain flat and highly degenerate. C)
Band inversion occurs between the top two bound states Á+ and Á0 for J⁄S > 2

Ô
2h+/3

(see Sec. 6.5.3), resulting in modes labelled Á1,2, such that Á1 inherits the structure of the
state Á0 close to l = 0 and l = 1 while retaining the character of Á+ elsewhere, with Á2
showing the opposite behavior. This is reflected by the change in intensity distribution
from B to C near l = 0, 1. D) Continua become dispersive for finite h≠. E) Same as D,
but calculated using the full two-soliton model in Sec. 6.4, which predicts hybridization
between the lowest two bound states, Á2 and Á≠, and the continua they overlap.

treatment of neglecting the hybridization between the continua and the Á bound

states is justified in the limit of weak couplings h+ ∫ ⁄S ∫ h≠, apart from the case

of the middle band in the vicinity of k = fi/c. While the experimental parameters

lie outside of this well controlled region, it will be demonstrated below that a first

order perturbative expansion nonetheless grants valuable insight into the evolution

of the INS spectra for the whole range of applied transverse fields.

Denoting the hopping term by Vh≠ , the matrix elements between the single-

soliton eigenstates of the localized limit are found to be

±
– ÈpÕ|Vh≠|pÍ±

– = ±h≠

2 (”pÕ,p+1 + ”pÕ,p≠1) , – = L, R. (6.57)

The energy shifts of the three continua can be evaluated up to first order in

perturbation theory by considering the matrix elements of Vh≠ between the two-

soliton eigenstates of the localized limit (6.51) within each band separately. Using the
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relations (6.57), the following expressions are obtained for the top and bottom bands:

±ÈnÕ, kÕ|Vh≠|n, kÍ± = ±”k,kÕ h≠ cos
A

kc

2

B

(”n,nÕ+1 + ”n,nÕ≠1) . (6.58)

For a fixed centre-of-mass momentum k, this equation corresponds to an e�ective

nearest-neighbour hopping Hamiltonian for the relative coordinate n, with hopping

amplitude ±h≠ cos(kc/2), subject to the hard-core constraint n > 0. Therefore,

for the bottom and top bands, the spectrum

Ê‡‡ = J + 2‡

A

h+ + h≠ cos
A

kc

2

B

cos
3

qc

2

4B

, ‡ = ±1, (6.59)

is found, with unnormalized eigenstates

|q, kÍ± ≥
ÿ

cell separation,
n>0

sin
3

qnc

2

4
|n, kÍ±. (6.60)

Here, k is the total momentum of the soliton pair and q is the relative momentum

of the two solitons, and the factor sin(qnc/2) reflects hard-core repulsion which

enforces n > 0. Thus, the weak hopping h≠ broadens the bands, most strongly

around k = 0, but the high degeneracy still persists at k = fi/c, see Fig. 6.4D.

Turning now to the middle continuum, four types of matrix elements between

the two-soliton states |n, kÍ0
± must be calculated. The expressions

0
≠ÈnÕ, kÕ|Vh≠|n, kÍ0

+ = 0
+ÈnÕ, kÕ|Vh≠|n, kÍ0

≠ = ”k,kÕ i h≠ sin
A

kc

2

B

(”nÕ,n+1 ≠ ”nÕ,n≠1) ,

0
≠ÈnÕ, kÕ|Vh≠|n, kÍ0

≠ = 0
+ÈnÕ, kÕ|Vh≠|n, kÍ0

+ = 0 (6.61)

are obtained. The broadening of this band can now be calculated by diagonal-

izing this matrix within a given total momentum sector k. The eigenstates in

the middle band are found to remain at least twofold degenerate everywhere,

yielding the spectrum

Ê+≠ = J ≠ 2h≠ sin
A

kc

2

B

sin
3

qc

2

4
, (6.62)

with unnormalized eigenstates

|q, kÍ0
1 ≥

ÿ

cell separation,
n>0

1
eiqcn/2 ≠ e≠i(qc/2+fi)n

2
|n, kÍ0

›(n),

|q, kÍ0
2 ≥

ÿ

cell separation,
n>0

1
eiqcn/2 ≠ e≠i(qc/2+fi)n

2
|n, kÍ0

›(n+1), (6.63)
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with ›(n) = ± for n even/odd, and q again standing for the relative momentum.

Thus, the middle band remains highly degenerate around k = 0, but it is broadened

away from this point, most strongly around k = fi/c.

Note that these dispersions of the continua can be understood based on the

single-soliton spectrum as given in (6.21). In the limit of small h≠, (6.21) becomes

Ê± = J

2 ± (h+ + h≠ cos kc). (6.64)

The three continua constructed above correspond to the three di�erent types of

soliton pairs. Denoting the individual solitons’ momenta by k1 and k2, the energies

Ê++ =J + 2h+ + h≠(cos k1c + cos k2c) = J + 2h+ + 2h≠ cos
A

kc

2

B

cos
3

qc

2

4
,

Ê≠≠ =J ≠ 2h+ ≠ h≠(cos k1c + cos k2c) = J ≠ 2h+ ≠ 2h≠ cos
A

kc

2

B

cos
3

qc

2

4
,

Ê+≠ =J + h≠(cos k1c ≠ cos k2c) = J ≠ 2h≠ sin
A

kc

2

B

sin
3

qc

2

4
, (6.65)

are obtained with total wavevector k = k1 + k2, and relative momentum q = k1 ≠ k2,

in accordance with the expressions derived above.

The second important e�ect of the hopping h≠ is to mix the Á bound states

with the continua where they overlap in energy. In these regions, the originally

bound soliton pair can become delocalized, broadening out the INS signal, as

shown in Fig. 6.4E.

6.5.3 Bound state inversion and matrix elements of H2 in
the localized limit

The unperturbed bound states and their energies were given in (6.54). In the

following, the e�ects of various other terms in the Hamiltonian in (6.4) to (6.6) are

considered, starting with the second term in H1. Consider the matrix elements

between the two highest energy modes (|Á+, kÍ and |Á0, kÍ) for the perturbation

VS = ≠J⁄S

2
ÿ

sites,j
S+

j S≠
j+1 + S≠

j S+
j+1. (6.66)
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As discussed above, this perturbation allows single spin flips to hop by one site.

The diagonal matrix elements are

ÈÁ+, k|VS|Á+, kÕÍ =≠J⁄S

4 (1 + cos kc) ”k,kÕ

ÈÁ0, k|VS|Á0, kÕÍ =+J⁄S

2 (1 + cos kc) ”k,kÕ , (6.67)

as given in Sec. 6.5.1. Within the degenerate subspace, the o�-diagonal ma-

trix elements are

ÈÁ0, k|VS|Á+, kÕÍ = iJ⁄S

2
Ô

2
sin(kc) ”k,kÕ (6.68)

and Hermitian conjugate. Eigenvalues and eigenvectors are then obtained by direct

diagonalization (i.e., by diagonalizing this 2◊2 matrix using the standard quadratic

formula), with the dynamical correlations Sxx obtained from the eigenvectors as

will be described in Sec. 6.5.4. The resulting modes are termed Á1 and Á2.

The matrix elements of the next-nearest-neighbour terms in H2 are also derived.

Consistent with the considerations above, only diagonal matrix elements between

bound states of the same type are kept, as well as the o�-diagonal matrix elements

between the middle and top modes Á0 and Á+, which show a strong mixing at the

experimental parameters. The e�ect of the perturbation VAF, (6.41), is to lower

the energy of all states relative to the fully aligned (ground) state. However, as

discussed in Sec. 6.4.2, this energy shift is di�erent for states with a single spin

flip compared to states with at least two spin flips, corresponding to two and four

satisfied antiferromagnetic bonds, respectively. This leads to matrix elements

ÈÁ+, k|VAF|Á+, kÕÍ = ÈÁ≠, k|VAF|Á≠, kÕÍ = ≠ 3
2J⁄AF”k,kÕ

ÈÁ0, k|VAF|Á0, kÕÍ = ≠ J⁄AF”k,kÕ

ÈÁ0, k|VAF|Á+, kÕÍ = 0. (6.69)

This perturbation also shifts the energies of all the continua by ≠2J⁄AF.
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The e�ect of the perturbation V xy
AF, (6.38), is to hop single spin flips by two

sites. This leads to matrix elements

ÈÁ+, k|V xy
AF|Á+, kÕÍ = ÈÁ≠, k|V xy

AF|Á≠, kÕÍ =J⁄xy
AF

2 cos(kc)”k,kÕ

ÈÁ0, k|V xy
AF|Á0, kÕÍ =J⁄xy

AF cos(kc)”k,kÕ

ÈÁ0, k|V xy
AF|Á+, kÕÍ = 0. (6.70)

To first order, this perturbation vanishes when acting on the continua. However,

it mixes the continua with the bound states.

The interchain mean field term, HMF, is

Vz = ≠hz

ÿ

sites,j
Sz

j (6.71)

under the approximation that ÈSÍ = (0, 0, 1/2). The e�ect of this term on the

bound states is determined by the matrix elements

ÈÁ+, k|Vz|Á+, kÕÍ = ÈÁ≠, k|Vz|Á≠, kÕÍ =3
2hz”k,kÕ

ÈÁ0, k|Vz|Á0, kÕÍ =hz”k,kÕ

ÈÁ0, k|Vz|Á+, kÕÍ = 0. (6.72)

The e�ect of this term on the continua is to confine the soliton pairs into a series of

bound states; this e�ect cannot be captured within the current picture.

Finally note that the first term in H2, VA, (6.35), vanishes when projected to

the subspace of bound states, since this term causes solitons to hop by two sites at a

time. To understand the e�ect of this term on the continua, note that VA, a hopping

term to a neighbouring unit cell, shifts the single soliton dispersion relations as

Ê± ≠æ Ê± + J⁄A cos(kc). (6.73)

In contrast to the e�ect of the hopping h≠, VA induces the same shift in the energies

of both bonding and antibonding orbitals. As a result, this perturbation leads

to the same energy change for the three continua,

Ê‡,‡Õ ≠æ Ê‡,‡Õ + J⁄A [cos(k1c) + cos(k2c)] = Ê‡,‡Õ + J⁄A cos
A

kc

2

B

cos
3

qc

2

4
,

(6.74)
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for ‡, ‡Õ = ±, with total and relative momenta given by k = k1 + k2 and

q = k1 ≠ k2, respectively.

Alternatively, these spectra can be obtained by applying first order perturbation

theory around the localized limit, similarly to the analysis of the hopping h≠

presented in Sec. 6.5.2. To this end, the e�ect of VA on the states |n, kÍ constructed

in Sec. 6.5.2 is evaluated. The expressions

±ÈnÕ, kÕ|VA|n, kÍ± =0
± ÈnÕ, kÕ|VA|n, kÍ0

± = J⁄A cos
A

kc

2

B

(”nÕ,n+1 + ”nÕ,n≠1) ”k,kÕ ,

(6.75)

are found, corresponding to an e�ective nearest-neighbour hopping Hamiltonian

for the relative coordinate n, with hopping amplitude J⁄A cos(kc/2), subject to

the hard-core constraint n > 0. For the top and bottom continua, the hopping

amplitude due to Vh≠ is also real, so the |q, kÍ± states constructed in Sec. 6.5.2

are also eigenstates of VA and the change in the energies is
±Èq, k|VA|q, kÍ±

±Èq, k|q, kÍ± = 2J⁄A cos
A

kc

2

B

cos
3

qc

2

4
.

For the middle continuum, consider the e�ect of Vh≠ + VA on the plane wave

ÿ

n

eiqcn/2(|n, kÍ0
+ + |n, kÍ0

≠).

It is found that the perturbation corresponds to an e�ective nearest-neighbour

hopping Hamiltonian for the relative coordinate n, with complex hopping amplitude

t = J⁄A cos(kc/2) + ih≠ sin(kc/2) = tÕ + itÕÕ = |t|eiÏ. This yields the dispersion

ÊA
+≠ =J + 2|t| cos

3
qc

2 + Ï
4

= J + 2tÕ cos
3

qc

2

4
≠ 2tÕÕ sin

3
qc

2

4

=J ≠ 2h≠ sin
A

kc

2

B

sin
3

qc

2

4
+ 2J⁄A cos

A
kc

2

B

cos
3

qc

2

4
. (6.76)

The eigenstates satisfying the hard-core repulsion boundary condition at n = 0 can

be obtained by noting that the plane wave with relative momentum q is degenerate

with the plane wave with relative momentum ≠q ≠ 4Ï/c. Mixing these plane waves

leads to the unnormalized eigenstates satisfying the hard-core constraint,

ÿ

cell separation,
n>0

1
eiqcn/2 ≠ e≠i(qc/2+2Ï)n

2 1
|n, kÍ0

+ + |n, kÍ0
≠

2
. (6.77)
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For the plane wave

ÿ

n

eiqcn/2(|n, kÍ0
+ ≠ |n, kÍ0

≠), (6.78)

the e�ect of Vh≠ + VA corresponds to an e�ective nearest-neighbour hopping

Hamiltonian for the relative coordinate n, with complex hopping amplitude tú,

such that the argument above applies with Ï æ ≠Ï. Thus, the e�ect of the

perturbation VA is to add 2J⁄A cos(kc/2) cos(qc/2) to the energies of all continua,

as anticipated based on the single soliton dispersion relation. Also note that the

argument above yields the following two degenerate eigenstates in the presence

of Vh≠ but without VA, i.e. for Ï = fi/2,

ÿ

n>0

1
eicq±n/2 ≠ e≠i(cq±/2+fi)n

2 1
|n, kÍ0

+ ± |n, kÍ0
≠

2
, (6.79)

with q+ ≠ q≠ = fi. The eigenstates constructed in Sec. 6.5.2 are the symmetric

/ antisymmetric combinations of these eigenstates.

For ⁄A < 0 and h≠ > 0 such as is found experimentally, the perturbation VA

leads the top continuum to narrow and the bottom continuum to broaden, and the

middle continuum to broaden around what would otherwise be the nodes. The

plots in the right-most column of Fig. 6.1 include the e�ects of all terms in H1

and H2, but not HMF since it is not possible to include the e�ects of this last

term on the continua in this framework.

6.5.4 Comparison with INS data

This section concludes with a description of the INS intensity predicted by these

perturbative arguments. In the localized limit h≠ = 0, the continua (6.51) have

no overlap with nearest-neighbour soliton pairs |j, j + 1Í so do not contribute to

the overlap (6.45) and to the resulting INS spectrum. The Á bound states (6.54),

on the other hand, have the property that

ÈÁ±, k|Sx(k)|GSÍ = ≠i
Ô

N
eikc/2 + 1

4 , (6.80)

ÈÁ0, k|Sx(k)|GSÍ = ≠i
Ô

N
eikc/2 ≠ 1

2
Ô

2
, (6.81)
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where N is the number of unit cells, which follows from comparing (6.54) to

(6.32). Therefore, the di�erent bound states contribute di�erently to the INS

spectrum Sxx(Q, Ê). This structure is inherited by the bound states away from

the limit h≠ = 0.

In the absence of band inversion (J⁄S < 2
Ô

2h+/3), the three bound states can

be labelled by Á±,0, such that the bottom and top modes Á± yield strong signals

in the vicinity of l = 0 and are suppressed near l = 1 [note that l = kc/(2fi)],

whereas the middle band Á0 behaves in the opposite way, see Fig. 6.4B. If ⁄S is

large enough for band inversion to occur, the top and middle bands acquire new

labels Á1,2, with Á1 retaining the structure of Á+ around l = 0.5 but inheriting

the character of Á0 around l = 0 and l = 1, and the reverse holding for Á2. This

results in a transfer of intensity between the top two bound states in the vicinity

of l = 0 and l = 1. That is, the top mode is strong at l = 1 and weak at l = 0,

and this is opposite to the middle band (Fig. 6.4C).

For small but finite h≠, the lowest Á bound state mode Á≠, which is strong

around l = 0 in the limit h≠ = 0, is pushed into the bottom continuum due to

the strong broadening of the continuum with h≠. The mixing between these states

leads to a signal smeared out across a larger range of energies. Similarly, the middle

bound state mode mixes with the middle continuum around l = 0.5, smearing and

eventually almost completely washing out the signal, see Fig. 6.4E. However, for ⁄S

large enough to lead to band inversion, the top mode does not hybridize with the

continuum around l = 1, even for large h≠. This is because the upper continuum

consists of states that are even under exchange of the even and odd sublattices,

whereas the bound state Á0 is odd, shedding light on the remarkably sharp INS

spectrum of the top state around l = 1, even far from the localized limit h≠ = 0.

That is, the top mode Á1 is sharp at all fields in Fig. 6.1 in the data (first column) and

in the calculation (third column), even though there are regions where it overlaps

with states originating from the top continuum, as illustrated in Fig. 6.1, last column.

This right-most column of Fig. 6.1 shows the INS intensity as calculated in

this section, using the same parameters as for the middle two columns but with
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no longitudinal mean field (HMF = 0). Comparing Fig. 6.1T and P with Q and

M respectively, it is seen that the above description is in remarkable qualitative

agreement with the experimental results in large fields 2.5 T and 1.5 T. The

agreement is especially good at 2.5 T (compare Figs. 6.1S and T), which is close to

the localized limit. This agreement is strongly supportive of the model presented

in this section, especially given that the model is relatively simple and completely

analytically tractable. At lower fields, the agreement is expected to be less good

as the solitons are now more delocalized and so a perturbative treatment around

the localized limit is expected to be less quantitatively accurate. Nevertheless,

several key trends are still reproduced: in particular, the top mode Á1 is captured

at all fields, the middle mode Á2 is captured down to 1 T, and the lowest mode

Á≠ is captured down to 1.5 T.

The calculations in the right-most column of Fig. 6.1 include the e�ect of band

inversion on the top two bound states, as well as the terms in H2, as explained in

Sec. 6.5.3. Note that the full Hamiltonian also contains a z magnetic field, HMF,

changing the nature of the continua. This term introduces a linear confinement,

splitting the continua into confinement bound states, which cannot be captured in

this calculation. Despite these important e�ects, the tightly bound Á bound states

remain relatively una�ected by the confinement, and the qualitative predictions for

the INS spectra presented in this section still hold, see Sec. 6.4.3. Note that, at

first order, a finite longitudinal mean field (HMF) would be expected to increase

the energies of all the Á-bound states, which would bring the calculated dispersions

in the right-most column of Fig. 6.1 into closer agreement with the experimental

data (left-most column).

6.6 Conclusions

The spectrum of the Ising chain material CoNb2O6 was investigated as a function

of low to intermediate transverse field in the ordered phase using inelastic neutron

scattering experiments. The measured spectrum was compared to predictions based

on a recently refined Hamiltonian containing all relevant sub-leading terms beyond
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the dominant Ising exchange and strong quantitative agreement was found. A

physical picture of the excitations was then sought. It was found that by restricting

the Hilbert space to the two-soliton subspace at first order in perturbation theory,

very good agreement between the calculation and experiment was still achieved.

The resulting spectrum in general has three continua and three bound states, of

which only the bound states contribute significant weight to the inelastic neutron

scattering intensity. In order to understand the character of the bound states,

the localized limit was considered, in which the soliton hopping term on alternate

bonds is zero. This occurs when the applied field matches the strength of the

o�-diagonal exchange. It was found that the bound states in this limit are of two

solitons in adjacent unit cells, stabilized by hard-core repulsion leading to a change

in delocalization energy. The bound states survive well away from the localized

limit, suggesting that this picture has a broader domain of validity than might

initially be expected. Using this physical picture, it has been possible to gain

both a qualitative and a quantitative understanding of the low energy spectrum

of CoNb2O6 in the low transverse field ordered phase.



7
Single crystal magnetization measurements

of CoNb2O6

The chapter originally presented here cannot currently be made freely available via
ORA.
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8
Excitation spectrum of the triangular
lattice quantum XXZ antiferromagnet

Na2BaCo(PO4)2 in transverse field

In this chapter, the results of neutron scattering measurements on the triangular

lattice Ising-like XXZ antiferromagnet material Na2BaCo(PO4)2 are reported. The

main focus of this chapter is inelastic neutron scattering measurements in transverse

field. These observe that in high field, the excitations are sharp, resolution limited

magnons which are well described by a minimal nearest-neighbour XXZ quantum

spin Hamiltonian. A global fit is performed to data at several fields reported here,

as well as to data previously reported in the literature for field applied along the

easy-axis direction, in order to refine all the parameters in this minimal Hamiltonian

independently and place upper bounds on any terms not included in this minimal

model. In transverse fields below the transition to the paramagnetic phase there are

two intermediate field phases, and significant continuum scattering is observed in

both. The higher field phase evolves smoothly from the paramagnetic phase, with

the magnons gradually broadening due to decay into the continuum as the field is

decreased. At the lowest fields, no magnon-like features are observed at all and the

spectrum is dominated by strong continuum scattering. The data are compared to

the results of two-magnon scattering calculations in linear spinwave theory and it is
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found that this semi-classical calculation cannot account for the strong continuum

scattering observed experimentally, suggesting much stronger quantum fluctuations

than can be captured by a spinwave approximation. In addition, neutron di�raction

measurements in zero field are reported, which indicate that, as has previously been

observed in the literature, this material orders magnetically at low temperatures

with a propagation vector of (1/3, 1/3, 0.18), and refinement of the crystal structure

using single crystal neutron di�raction at base temperature (0.036 K) supports

a P 3̄ space group for this material.

Attribution note: All the experiments described in this chapter were performed

using single crystals grown by Ryutaro Okuma at the University of Oxford. The

di�raction experiment was performed by an experimental team consisting of me,

Daniel Antoniou and Radu Coldea (University of Oxford) and Pascal Manuel,

Dmitry Khalyavin and Fabio Orlandi (ISIS Facility). For this experiment, I selected

and prepared the sample, and was involved in the mounting and alignment. The data

were converted from raw time-of-flight data to neutron scattering intensity in units

of S(Q) and the peaks were integrated by Radu Coldea using Mantid and custom-

written code in Matlab. I performed the refinement, discussed in Sec. 8.3, with help

from Pascal Manuel. This refinement started from a P 3̄ structure which had been

refined by Ryutaro Okuma based on single crystal x-ray di�raction data before I

became involved with the project. For the inelastic neutron scattering experiments,

the crystals for the sample were co-aligned and mounted by Ryutaro Okuma. The

experiments were performed by an experimental team consisting of me, Ryutaro

Okuma and Radu Coldea (University of Oxford) and Ross Stewart and Christian Balz

(ISIS Facility). I optimized the experimental configuration beforehand, processed the

time-of-flight data into neutron scattering intensity in units of S(Q, Ê) and have

performed all the subsequent analysis. The analytical dispersion relations (8.14) and

(8.17) were derived by Radu Coldea and Fig. 8.7B was made by Ryutaro Okuma.
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a

b

c

Figure 8.1: The crystal structure of Na2BaCo(PO4)2, as refined in Sec. 8.3. Co2+ ions
(blue) form a perfect triangular lattice, and are surrounded by oxygen octahedra (red).
The layers of Co2+ alternate with layers of Ba2+ (green), and gaps within the layers are
filled by Na+ (gold) and P5+ (pink). Figure made using vesta [129].

8.1 Introduction

The triangular lattice antiferromagnet (TLAF) is the paradigmatic example of

geometrical frustration, as discussed in Chapter 2. In the case of Heisenberg or

XY-like (easy plane) spins, the true ground state in zero field is the semi-classical

120¶ ordered phase [20, 152, 153]. In the limit of pure Ising spins, however, a

classical spin liquid is predicted [17]. For the intermediate Ising-like XXZ case, the

ground state even in zero field has proved controversial [56, 57], and work is still

ongoing to understand the spectrum and phase diagram [63, 154, 155], due in part

to a lack of suitable experimental realizations until very recently.

The material Na2BaCo(PO4)2 has recently been proposed to be well described

by a nearest-neighbour XXZ Hamiltonian

H =
ÿ

ÈijÍ
Jxy

1
Sx

i Sx
j + Sy

i Sy
j

2
+ JzSz

i Sz
j (8.1)

with Jz > 0, Jz/Jxy > 1 and ÈijÍ denoting a sum over nearest-neighbour bonds on

the triangular lattice [64, 156, 157]. This material has a perfect triangular lattice,

as shown in Fig. 8.1, with no chemical disorder [158]. Further, the energy scale of

the interactions is small enough that the full phase diagram can be readily reached
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within experimentally accessible magnetic fields [156]. In addition, the Co2+ ions are

well described as e�ective spin-1/2 [6]. All these features make this material an ideal

candidate for experimental investigation of the whole phase diagram of the quantum

Ising-like triangular XXZ antiferromagnet. In comparison to another recently

proposed easy-axis triangular lattice antiferromagnet, K2Co(SeO3)2 [159, 160], the

current material has a smaller value of Jz/Jxy, and the transitions to the field

polarized phases happen at much more experimentally accessible fields, meaning

that the Hamiltonian can be directly characterized [161].

While previous works on Na2BaCo(PO4)2 have focussed on thermodynamic

measurements across the phase diagram [156, 158, 162, 163] or on the spectrum in

field along the out-of-plane (easy axis) direction [58, 157], this chapter focusses on

the spectrum in field applied along an in-plane direction. It is found that above

a critical field of about 1.6 T [157, 164], sharp magnons are observed, which are

well described by an XXZ Hamiltonian as in (8.1). Through simultaneous fits

to data observed at multiple fields along this direction, as well as to previously

reported data for field along c [157], all the parameters of the XXZ Hamiltonian are

independently refined, and an upper bound is placed on additional couplings beyond

the minimal XXZ model. This thorough characterization of the Hamiltonian is

crucial for comparisons of the lower field physics to theoretical models. As the field

is decreased below the transition to the field polarized phase, a gradual increase

is observed in the intensity of continuum scattering. Two distinct intermediate

field magnetic phases are experimentally observed at the lowest temperature in this

regime [64], see Fig. 8.2A. In the higher field phase, the spectrum is observed to

evolve smoothly from the high field spectrum, with Brillouin zone folding occurring,

and with the magnons becoming increasingly broadened as the field is decreased,

but with the lowest energy magnons remaining sharp, as expected in a scenario

of magnon decay [165]. These observations are in stark contrast to the sharp

magnons observed throughout the Brillouin-zone in the easy-plane case [55], where

magnons are thought to be prevented from decay by strong interactions with the

continuum [54]. In the lowest field phase, no sharp modes are observed at all and
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Figure 8.2: A) Phase diagram for Na2BaCo(PO4)2 in an in-plane field. Heat capacity
(green squares) and magnetization (blue open circles) data for the phase boundaries are
taken from Ref. [157]. That data was taken with B Î aú, which is symmetry equivalent
to B Î bú. Red triangles show the estimated magnon gap G, expected to close at the
critical transition field BC , just below 1.7 T, which was estimated from the observed
minimum gap to excitations in the single orientation data. Dashed lines are guides to
the eye. Grey stars indicate points at which the INS data in Fig. 8.10 were collected. B)
The theoretically expected quantum phase diagram for field applied in the plane [63, 64],
for the nearest-neighbour XXZ model (8.4). Black arrows show the three sublattice spin
orientations in each phase. In zero field, the magnetic structure is a Y phase, with one
spin pointing along the Ising axis and the other two have components along the Ising axis
in the opposite direction to it. A small applied in-plane field induces an ‘inverted Y’ (iY)
phase, in which one spin points along the field direction and the other two spins have one
component opposite to the field direction, and the other component up the Ising axis for
one spin and down for the other. This phase is not the same as the Y phase predicted in
Heisenberg triangular antiferromagnets in small applied fields as in that case the unique
spin points opposite to the field [19], and is instead related to the up-down-zero phase
predicted in Ising triangular antiferromagnets [49]. Increasing field further leads to a V
phase (V), in which two of the spins point parallel to each other, with the component of
the spin along the Ising direction forming an up-up-down structure, with the up spins
forming a honeycomb with a down spin in the centre of each hexagon. The highest field
phase is the field polarized (paramagnetic, P) phase. C) The classical (mean-field) phase
diagram for field applied in the plane. In zero field, the classical magnetic structure is
highly degenerate (indicated by the • symbol) [57] but an infinitesimal field stabilises the
iY phase. As the field is increased, the spins pointing away from the field gradually rotate
to form a � shaped structure with no phase transition up until the transition to the field
polarized phase. Panels B and C are not drawn to scale.



8. Excitation spectrum of the triangular lattice quantum XXZ antiferromagnet
Na2BaCo(PO4)2 in transverse field 188

only a broad continuum is seen, consistent with zero-field measurements reported

in Refs. [58, 59]. The observed spectra are compared to the predictions of two-

magnon calculations in linear spinwave theory and it is found that at all fields

below the transition to the field polarized phase, the continuum spectral weight

is too large to be explained semi-classically.

The rest of this chapter is organized as follows. Section 8.2 outlines the neutron

scattering experiments, while Sec. 8.3 presents the results of neutron di�raction

measurements in zero field and the refinement of the crystal structure. In Sec. 8.4,

the results of inelastic neutron scattering (INS) measurements in the field polarized

phase are reported, and a model Hamiltonian is refined based on these data. In

Sec. 8.5, data taken in transverse field below the transition to the field polarized

phase are reported, along with the results of linear spinwave theory calculations for

this regime, and Sec. 8.6 contains the conclusions for this chapter.

8.2 Experimental details

Neutron di�raction measurements of the structural and magnetic Bragg peaks in

zero field were made using the time-of-flight di�ractometer WISH [85] at the ISIS

facility. The sample was a 34.6 mg single crystal which had been filed down from a

slightly larger crystal, see Fig. 8.3A, so that it would be a better approximation to

a sphere for the purposes of absorption and extinction corrections. The sample was

aligned with the bú axis vertical such that the horizontal scattering plane was the

(2h, ≠h, l) plane of the trigonal unit cell and was cooled using a dilution refrigerator

insert. The scattering was measured in three sample orientations rotated around

the vertical axis, with the crystallographic cú-direction at angles of 148¶, 179¶ and

-157¶ to the incident beam direction ki. In each orientation, the scattering was

measured at both the base temperature of the dilution refrigerator (about 36 mK)

and at 500 mK, well above the zero-field ordering temperature estimated around

148 mK [156] and the di�raction signal at this temperature was therefore used as a

measurement of the non-magnetic background. The raw time-of-flight neutron data

were converted to scattering intensities S(Q) using mantid [88]. The di�raction
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Figure 8.3: Samples of Na2BaCo(PO4)2 used in the neutron scattering experiments.
A) The sample used in the neutron di�raction experiment. The sample is shown on
the mount used for preliminary x-ray di�raction screening, not the mount used for the
neutron di�raction experiment. B) The sample used in the INS experiments. The sample
consists of co-aligned crystals glued to three layers of copper sheets, of which only the
front-most is visible. In both samples, the cú axis is orthogonal to the large face of the
crystals, i.e. orthogonal to the page.

intensities were normalized by the wavelength-dependent flux detected in a monitor,

and then also normalized by a vanadium standard to account for detector e�ciency,

and corrected for the Lorentz factor to produce a three-dimensional data array of

intensity as a function of (Qx, Qy, Qz) which was used to extract the integrated

intensities of the di�raction Bragg peaks.

Inelastic neutron scattering (INS) measurements of the magnetic excitation

spectrum were performed on a sample of 19 co-aligned single crystals totalling 6.41 g,

which were glued to oxygen-free copper sheets (see Fig. 8.3B). All crystals were

mounted with the bú axis vertically up and cú normal to the vertical copper plates

and the measured overall mosaicity was 3¶ (full width half maximum, FWHM). The
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measurements were performed using the direct geometry time-of-flight spectrometer

LET [84], also at the ISIS facility. A magnetic field up to 7 T was applied vertically

along the crystallographic bú direction, i.e., within the plane perpendicular to

the easy axis of the spins, and such that the horizontal scattering plane was the

crystallographic ac plane [reciprocal (2h, ≠h, l) plane] of the trigonal unit cell. The

incident beam came through the tunnel in the magnet wedges with the available

range of scattering angles in the horizontal plane being 55¶ < 2◊ < 135¶; this

made it possible to probe relatively high wavevector transfers with a high energy

resolution given the low incident energies used. The sample was cooled using a

dilution refrigerator insert and all data were collected below 80 mK, well below the

zero-field ordering temperature of 148 mK [156], except for some data at 3.5 T in

the high-field polarized phase (where the gap G ¥ 0.46 meV ¥ 5.3 K), which were

collected at temperatures < 165 mK, still cold enough to be in the low-temperature

limit at this field. LET was operated to measure simultaneously the inelastic

scattering of incident neutrons with energies of Ei = 0.87, 1.41 and 2.67 meV; the

measured energy resolutions (FWHM) on the elastic line were 0.031(2), 0.057(3)

and 0.142(3) meV, respectively. Multi-angle (Horace) scans were measured across

two experiments, in order to obtain full four-dimensional data sets of the scattering

intensity as a function of energy and momentum transfers. In the first experiment,

measurements were taken at 0, 1.7, 3.5 and 7 T, while in the second, measurements

were taken at 0.25, 0.7, 1, 1.4 and 3.5 T, with the repeated 3.5 T measurement

used for comparison between the data sets and for background subtraction. For

all fields, the sample was rotated about the vertical bú axis through an angular

range of 180¶ in steps of 2¶. Each orientation was counted for 7 µAh of protons

on target (at an average proton current of 40 µA) for the scans at 3.5, 1.7, 1.4, 1,

0.7 and 0.25 T, 10 µAh for the 0 T scan, 3 µAh for the 7 T scan, and 3.5 µAh for

the second 3.5 T scan. Additional measurements to investigate the field evolution

of the scattering near the point where the magnon gap is expected to close were

collected between 3.5 and 1.55 T with a fixed sample orientation, with an angle of

3¶ between the incident beam direction and the crystallographic a-axis. For these,



8. Excitation spectrum of the triangular lattice quantum XXZ antiferromagnet
Na2BaCo(PO4)2 in transverse field 191

BA

Figure 8.4: A) Di�raction data collected at the base temperature of 0.036 K in the first
of the 3 crystal orientations probed. The higher temperature data has been subtracted
o� as background. The data have been corrected and normalized as described in Sec. 8.2
and averaged across a range ≠0.15 < k < 0.15 along the (0 k 0) direction. Magnetic Bragg
peaks are highlighted by circles. B) A cut through the data in (A) showing the sharp
Bragg peaks along (2/3, -1/3, l). The data have been averaged across 1.31 < h < 1.36 in
the (h, ≠0.5h, 0) direction and ≠0.04 < k < 0.04 in the (0 k 0) direction. The observed
sharp peaks correspond to magnetic Bragg peaks associated with two propagation vectors,
q1 = (1/3, 1/3, +qz) and q2 = (1/3, 1/3, ≠qz) with qz = 0.18.

an average counting time of 18 µAh was used. The raw time-of-flight neutron data

were converted to scattering intensities S(Q, Ê) using mantid [88]. It was found

for the second experiment that in order for the energy of the incoherent elastic peak

to remain centred at 0 to within better than 3, 5, and 5 µeV for Ei =0.87, 1.41

and 2.67 meV, respectively, as the sample was rotated, it was necessary to allow

for an o�set of 3 mm between the centre of the sample and the axis of rotation,

which may be due to a small tilt in the sample rod. Taking into account this

o�set, the centre of the elastic line instead remained centred to within better than

0.5 µeV for all incident energies measured. The data were then analysed using

the horace [90] and mslice [89] packages.

8.3 Di�raction

Di�raction data taken in zero field are shown in Fig. 8.4. The data shown are

the di�erence between data taken at 36 mK and 500 mK, well below and above

the ordering transition at 148 mK respectively [156]. Sharp peaks can be seen,
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This work (P 3̄) This work (P 3̄m) Ref. [166] (P 3̄)
T (K) 0.036 0.036 300
a (Å) 5.3 5.3 5.316830(5)
c (Å) 7.0 7.0 7.012398(16)

Na 2d (1/3 2/3 z) z 0.8167(17) 0.8213 (17) 0.8203(3)
Biso (Å2) 0 0 0.422(13)

Ba 1b (0 0 1/2) Biso (Å2) 0 0 0.15(2)
Co 1a (0 0 0) Biso (Å2) 0 18.8 0.182(13)

P 2d (1/3 2/3 z) z 0.2607(11) 0.2712(12) 0.2583(2)
Biso (Å2) 0 0 0.140(13)

O1 6g (x y z) x 0.2406(18) 0.1765(18) 0.23137(16)
y 0.8848(19) 0.8235(18) 0.87365(18)
z 0.1833(7) 0.1850(16) 0.18036(13)

Biso (Å2) 0 4.0(3) 0.364(13)
O2 2d (1/3 2/3 z) z 0.4756(9) 0.4790(8) 0.47403(19)

Biso (Å2) 0 0 0.28(2)

Table 8.1: Structural parameters refined in this work based on low temperature single
crystal neutron di�raction compared to parameters from Ref. [166] based on room
temperature powder neutron di�raction. The parameters in the first column, corresponding
to a P 3̄ structure were used in Fig. 8.5A, while the parameters in the second column,
corresponding to a P 3̄m structure, were used in Fig. 8.5B.

A B

P 3̄ P 3̄m

Figure 8.5: Comparisons between the observed intensities of Bragg peaks for
Na2BaCo(PO4)2 and calculated intensities using A) the parameters in the first column of
Table 8.1, corresponding to a P 3̄ structure, B) the parameters in the second column of
Na2BaCo(PO4)2, corresponding to a P 3̄m structure. In A, the calculation assumes two
twins, whose volume fractions were also refined. The grey line in both panels is a guide to
the eye indicating one-to-one agreement. The agreement in A is much better than in B.
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corresponding to magnetic Bragg peaks with propagation vectors (1/3, 1/3, ±qz),

with qz ¥ 0.18, consistent with the data reported in Ref. [157].

In order to understand the magnetic structure, it is important first to refine the

crystal structure. It was found that the agreement obtained between the observed

and calculated intensities was poor if the refinement was done within the previously

proposed P 3̄m structure [158], see Fig. 8.5B. Much better agreement was found if it

was assumed that the sample was instead composed of two twins of a P 3̄ structure.

This structure di�ers from the P 3̄m structure only by a rotation of the oxygen

octahedra, which breaks the mirror planes orthogonal to the hexagonal a and b axes,

with the two twins corresponding to opposite senses of rotation. As oxygen is a light

element, this di�erence only produces subtle di�erences in x-ray di�raction data

(although a di�erence can be seen in the refined anisotropic displacement parameters

for the oxygens), but is much easier to detect in neutron di�raction data, which

is much more sensitive to the oxygen positions. The parameters obtained from

the structural refinement are shown in Table 8.1 and the quality of the agreement

obtained using these parameters is shown in Fig. 8.5A. This refinement was carried

out using jana [93], and the isotropic displacement parameters Biso were set to zero

as they otherwise refined to unphysical negative values. The parameters obtained

agree well with the P 3̄ structural parameters recently reported in Ref. [166], which

are also listed for comparison in Table 8.1.

Note that as well as the P 3̄ structure accounting much better for the intensities

of the structural peaks than the P 3̄m structure, it is also not possible to account for

the observed incommensurate magnetic propagation vector within a P 3̄m crystal

structure [167]. This will be discussed in more detail in Sec. 8.4.1. It is assumed

that the peaks corresponding to propagation vector (1/3, 1/3, qz) are due to one

of the structural twins, while the propagation vector (1/3, 1/3, ≠qz) is due to

the other structural twin.

The presence of structural twins, each of which is likely to contain several

magnetic domains corresponding to the incommensurate propagation vector, makes

the process of refining the magnetic structure di�cult. The (1/3,1/3) in-plane
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propagation vector is consistent with the theoretically expected Y phase, but it

is as yet unclear what the nature of the interlayer modulation is. Further work

is needed to complete the analysis of this data.

8.4 Excitations in high transverse field

In the limit of high field along any direction, the excitations are expected to be

sharp magnons. These are indeed observed at all fields above the transition field

of about 1.6 T, as shown in Fig. 8.6.

8.4.1 Interlayer interactions

In order to verify the two-dimensional nature of the magnetic interactions, the

dispersion of magnons in the direction perpendicular to the plane of the layers

was measured; results are shown in Fig. 8.7.

Some assumptions can be made about the couplings between the layers based

on the magnetic propagation vector observed in zero field as described in Sec.

8.3, (1/3, 1/3, qz) with |qz| = 0.18. For a model in which the interactions are

approximately Heisenberg, and assuming that the structure within each layer is a

120¶ structure, the classical mean field energy is, following Ref. [167],

E

S2 = ≠3
2J1 +

5
J2 ≠ 3

2 (Ja + Jb)
6

cos 2fiqz + 3
Ô

3
2 (Ja ≠ Jb) sin 2fiqz, (8.2)

where J1 is the nearest-neighbour in-plane exchange and J2,a,b are defined in

Fig. 8.7A.1 Di�erentiating with respect to qz to find the minimum in energy implies

that the magnetic propagation vector must satisfy [167]

tan(2fiqz) = 3
Ô

3(Ja ≠ Jb)
2J2 ≠ 3Ja ≠ 3Jb

. (8.3)

Note that in the limit |Ja| ∫ |J2,b|, the solution is qz = ≠1/6, which is close to what

is seen experimentally. This limit will be assumed for simplicity, as there is not

enough data to distinguish between the di�erent possibilities, but note that there is
1Ja,b has been defined with a factor of 3 di�erence to Ref. [167], such that Ja,b refer to the

energy per bond.
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1.7T Ei =2.67 meV

Ei =1.41 meV

Figure 8.6: A-D) Constant energy slices through the Horace scan at 1.7 T. Slices
correspond to energy transfers of 0.05, 0.15, 0.25 and 0.40 meV respectively, increasing
from top to bottom. The two-dimensional nature of the dispersion can be clearly seen, as
well as the 3-fold symmetry around the K points. Dashed white lines indicate boundaries
of the two-dimensional Brillouin zones, while black contours are contours of the dispersion
(8.6) using the parameters in Table 8.2. In A, high symmetry points of the two-dimensional
Brillouin zone are indicated, showing the path used for the scans in E, F and in Figs. 8.10,
8.13 and 8.14. The data were averaged across a range ±0.025 meV relative to the nominal
energy transfer and the whole range of the data in the (001) direction. The incident
energy used was Ei = 2.67 meV. Colour indicates the neutron scattering intensity on an
arbitrary scale. E, F) The spectrum seen along the (1,-0.5,0) direction [path indicated in
A] in the quantum paramagnetic phase above the transition field Bc, at 1.7 T (E) and at
3.5 T (F), extracted from Horace scans with an incident energy Ei = 1.41 meV. In both
cases, intensities were averaged in the range ≠0.025 < k < 0.025 in the (010) direction
and across the full range of data in the (001) direction. Sharp, resolution limited magnons
are seen in both cases. The white curves are linear spinwave theory fits as described in
Sec. 8.4.2 using the parameters in Table 8.2. Colour indicates the neutron scattering
intensity on an arbitrary scale [di�erent to panels A-D]. In all panels, an estimate of the
non-magnetic background has been subtracted o�.
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a whole family of other possible solutions. All of these, however, require Ja ”= Jb to

achieve an incommensurate propagation vector, which is only symmetry allowed in

the P 3̄ structure refined in Sec. 8.3 and not in the previously assumed P 3̄m structure

[158], where the Ja and Jb exchange paths are symmetry equivalent via the mirror m.

In the present macroscopic size sample, both twins of the P 3̄ structure are

present, related by swapping Ja and Jb. This means that for any dispersion present

along the l direction, there will be two modes, one with minimum at qz ¥ 1/6 and

the other at qz ¥ ≠1/6. The spectrum along the (≠2/3, 1/3, l) direction at 3.5 T

is shown in Fig. 8.7A. It is not possible to resolve any clear modulation in the

energy, either in the intensity map [Fig. 8.7A] or after extracting peak positions

through taking cuts and doing fits to Gaussians (not shown). There is, however,

some modulation in the linewidths beyond the experimental error bars, as shown

in Fig. 8.7D. This is expected if there are two unresolvable modes, since they will

cross at l = 0, ±0.5, as illustrated in Fig. 8.7C. Based on the variation in linewidth,

and making the assumption that this is due to two modes dispersing due to only Ja,

the value Ja ¥ 0.003 meV is estimated, i.e. about 2.5% of the value of the nearest-

neighbour Ising component Jz refined in Sec. 8.4.2. The linewidth calculated based

on these assumptions, by fitting a single Gaussian peak to a sum of two Gaussians

with energies corresponding to the dispersions in each twin, as given in Appendix C,

is shown by the solid line in Fig. 8.7D. Calculations of the expected inelastic neutron

scattering spectrum based on this model are shown in Fig. 8.7C. There is clear

modulation in energy in the calculation which is not present in the data, suggesting

that a more complex model perhaps involving non-zero values for J2 and Jb might

be needed. There is not, however, su�cient data to refine such a model, so this is

considered beyond the scope of this work. This estimated value of Ja is therefore

considered to be an upper bound on the size of the interlayer interactions.

Both because there is no visible modulation in the magnon energies due to

interlayer couplings (neither at 3.5 T, nor at the other fields investigated in Horace

scans), and because the estimated interlayer couplings are so much smaller than

the nearest-neighbour couplings, their e�ect is neglected in the rest of this chapter.
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Jb

A B

C D

Figure 8.7: Interlayer dispersion e�ects. A) INS data taken at 3.5 T with Ei = 0.87 meV,
showing the spectrum along the (≠2/3, 1/3, l) direction. The data have been averaged over
a width of ±0.025 r.l.u. along both the (1, ≠1/2, 0) and (010) directions. B) Schematic
diagram of the di�erent interlayer exchange paths. The Ja (red) and Jb (light blue)
paths are inequivalent in the P 3̄ structure refined in Sec. 8.3. C) Calculation in linear
spinwave theory of the expected inelastic neutron scattering intensity, for the range of
data shown in A, taking into account the two di�erent structural P 3̄ twins, related by
the m mirror, as well as the Co2+ magnetic form factor. The calculation takes Ja = 0.003
meV and Jb = J2 = 0 and the linewidth for isolated magnons is set to 0.027 meV. The
dispersions for the two twins are overplotted in white and black respectively. In A and
C, colour indicates INS intensity on an arbitrary scale. D) Experimental and calculated
line widths along this same direction. The experimental data points are extracted from
fitting Gaussians to constant wavevector scans through the data in A. The calculation
uses the same parameters as in C. The expressions for the dispersions and intensities in
linear spinwave theory used in C and D are given in Appendix C.

The inelastic neutron scattering data are therefore averaged across the entire range

in the (00l) direction to improve counting statistics, and the dynamics are treated

as fully two dimensional in all calculations.
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8.4.2 Linear spinwave theory fits

In order to refine the parameters of the proposed XXZ Hamiltonian, fits were done

to the magnon dispersion observed in the high-field polarized phase, simultaneously

to the data reported here, for several in-plane fields, and to the data taken in field

along c (reported in Ref. [157]). First, cuts were done through the data, to which

Gaussian peak shapes were then fit, in order to extract several hundred dispersion

points. Fits were then done in linear spinwave theory to the Hamiltonian

H =
ÿ

ÈijÍ
Jxy

1
Sx

i Sx
j + Sy

i Sy
j

2
+ JzSz

i Sz
j ≠ µB

ÿ

i

(gcBzSz
i + gabBySy

i ) (8.4)

where ÈijÍ denotes nearest-neighbour bonds in the plane and x, y, z are along the

(1,-0.5,0), (010) and (001) directions respectively. The magnon dispersions for this

Hamiltonian in the field-polarized phase in linear spinwave theory are given by

~Ê(Q) = gcµBBz ≠ 3Jz + Jxy“(Q) (8.5)

for field applied along the c direction and

~Ê(Q) =
Ô

A2 ≠ B2 (8.6)

A =gabµBBy ≠ 3Jxy + Jz + Jxy

2 “(Q) (8.7)

B =Jz ≠ Jxy

2 “(Q) (8.8)

for field applied in the plane, where

“(Q) = cos 2fih + cos 2fik + cos 2fi(h + k), (8.9)

and where S = 1/2 has been taken. Note that the dispersion (8.5) has the same func-

tional form as for a pure Heisenberg model with J = Jxy, g = (gcµBBz ≠ 3Jz + 3Jxy) / (gµBBz),

so INS measurements at a single field along c cannot distinguish between the pure

Heisenberg and the XXZ scenarios.

The fits were done simultaneously to the data taken at 3.5 and 7 T Î bú and

3.5 T Î c, the latter extracted from Ref. [157]. The data for 1.7 T Î bú were not

included in these fits because 1.7 T is below the classical transition field of 1.72 T
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A B

Figure 8.8: Observed energy vs calculated energy using di�erent Hamiltonian models.
A) The XXZ model (8.4) to (8.9) with the parameters of Table 8.2. B) The Heisenberg-
Kitaev model (8.10) to (8.17) with best fit parameters in Table 8.3, using the same fitting
procedure as for the XXZ model, as outlined in Sec. 8.4.2. The dispersion data points for
3.5 T Î c were extracted by digitizing Fig. 4B in Ref. [157] using Ref. [168].

Jz 0.1225(10) meV
Jxy 0.0779(7) meV
gc 4.716(7)
gab 4.200(7)
”B 0.041(4) T at B = 1.7 T Î bú

Table 8.2: Hamiltonian parameters refined in Sec. 8.4.2, as defined in (8.4).

and so dispersion renormalization e�ects are expected to be important [139]. It was

empirically found that the dispersion seen at 1.7 T could be approximately captured

by fixing the Hamiltonian parameters to those obtained from the fits to high field

data, and adding a variable e�ective field o�set ”B, i.e. the fitted Zeeman term in

(8.4) was ≠µB
q

i gab(By +”B)Sy
i . The fitted parameters are shown in Table 8.2 and

the obtained one-to-one agreement is shown in Fig. 8.8A. This good agreement is also

illustrated by the agreement between the inelastic neutron scattering data and the

overlaid white curves indicating the linear spinwave theory dispersions in Fig. 8.6.

It is also possible to use these data to test alternative parameterizations of

the Hamiltonian. It has been proposed that rather than an XXZ Hamiltonian,
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z̃

x̃ ỹ

[1̄1̄2]K

[1̄10]K[111]K
a

b b�

c

Figure 8.9: A) Nearest-neighbour bonds colour coded by the corresponding Kitaev
exchange axis. B) Projection of cubic Kitaev axes x̃ỹz̃ onto the crystallographic ab plane
(D) to illustrate the relation to hexagonal axes. C) The orthogonal crystallographic
directions a, bú and c expressed in terms of the Kitaev x̃, ỹ, z̃ axes.

Na2BaCo(PO4)2 could instead be described by a Heisenberg-Kitaev Hamiltonian

[169]. This is defined as

H =
ÿ

ÈijÍ

1
JSi · Sj + KS“

i S“
j

2
, (8.10)

where the second term contains the Kitaev couplings, where the bond-dependent

Ising axis for each of the 6 nearest neighbour bonds is indicated by the bond colour

in Fig. 8.9A. The Ising axes “ are a set of cubic axes x̃ỹz̃ defined such that

a Î[1̄10]K , (8.11)

bú Î[1̄1̄2]K , (8.12)

c Î[111]K , (8.13)

where []K refers to the cubic Kitaev axes. The projection of the Kitaev axes onto the

ab plane is illustrated in Fig. 8.9B. For each bond, the Kitaev axis is perpendicular

to the bond direction. The magnon dispersion relation for high field Î c or in

plane can be obtained analytically, as discussed below, and these expressions were

checked against SpinW [65] calculations. The dispersion in the model (8.10) in

field applied in the out-of-plane direction is (taking S=1/2)

~Ê(Q) =
Ò

A2 ≠ |B|2 (8.14)

A =gcµBBz ≠ 3
3

J + K

3

4
+

3
J + K

3

4
“ (Q) (8.15)

B =K

2

CA
1Ô
3

≠ i

3

B

cos 2fih + 2i

3 cos 2fik +
A

≠ 1Ô
3

≠ i

3

B

cos 2fi(h + k)
D

,

(8.16)
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J 0.0900 meV
K 0.0063 meV
gc 4.230
gab 4.340
�B 0.142 T at B = 1.7 TÎ bú

Table 8.3: Best fit Hamiltonian parameters using the alternative Heisenberg-Kitaev
model, as defined in (8.10) and used in Fig. 8.8B.

where “(Q) is defined in (8.9). When |A| ∫ |B|, which is equivalent to being

significantly above the transition to the field polarized phase, (8.14) can be Taylor

expanded, such that ~Ê(Q) ¥ A. This is of the same form as (8.5) with gcµBBz ≠

3Jz æ gcµBBz ≠ 3 (J + K/3) and Jxy æ (J + K/3). In the limit of high field

(i.e., significantly above the critical field), this dispersion is therefore equivalent

to that of a Heisenberg model with renormalized J . However, if field is applied

instead in the plane, the dispersions are more distinct. In particular, when the

field is applied along bú, the dispersions become

~Ê(Q) =
Ò

A2 ≠ |B|2 (8.17)

A = gabµBBy ≠ 3
3

J + K

3

4
+

3
J + K

6

4
cos 2fih

+
3

J + 5K

12

4
[cos 2fi(h + k) + cos 2fik] (8.18)

B = K

2

S

U i

3 cos 2fih +
Q

a
Û

2
3 + i

6

R

b cos 2fik +
Q

a
Û

2
3 + i

6

R

b cos 2fi(h + k)
T

V .

(8.19)

This has a di�erent functional form to the XXZ dispersion (8.6). Therefore, if data

taken in high in-plane field are also taken into account, these two scenarios can

be readily distinguished, as illustrated by the poor agreement between calculated

and observed energies shown in Fig. 8.8B. The parameters used in that calculation

are shown in Table 8.3.

The presence of Kitaev terms (K) or next-nearest-neighbour in-plane exchanges

(J3) as small perturbations to the XXZ Hamiltonian was also investigated. Allowing

either of these terms did not significantly improve the fits, and gave values of K

and J3 at most of order 5% of Jz, i.e. the same order of magnitude as the neglected
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interlayer couplings. Therefore, in the following, the XXZ Hamiltonian parameters in

Table 8.2 will be used, as these already provide a very good quantitative description

of the high field dispersions in field along two orthogonal directions, see Fig. 8.8A.

Note that the magnon linewidth at high fields is found to be resolution-limited,

with no evidence for any intrinsic width. In particular, the observed linewidth can be

accounted for by the time-of-flight energy resolution as predicted by PyChop [88] and

accounting for the finite sample extent and crystal mosaic. It is therefore possible

to rule out for the present sample the existence of exchange disorder as proposed in

Ref. [170], i.e. a variation in Jz of 0.025 meV, which would result in a 0.075 meV

variation in the � point energy, as this would have e�ects on the linewidth readily

measurable within the current experimental set-up and which are not observed.

8.5 Excitations in low transverse field

8.5.1 Results

In stark contrast to the sharp magnons in the field polarized phase, the spectrum

at lower fields has significant continuum scattering and broadened excitations, as

illustrated in Fig. 8.10. While at 1.7 T, just above the transition field, sharp

magnons are observed [Fig. 8.10F shows the same information as Fig. 8.6A but in

a higher resolution configuration], substantial continuum scattering is seen at 1.4 T

[Fig. 8.10E] and at all lower fields. For some qualitative insight into the evolution of

the spectrum in the ordered phase immediately below Bc, consider the fact that the

ordered magnetic structure for a pure 2D model is illustrated in Fig. 8.2B (V phase),

and is expected to have a 3 site unit cell, with ordering wavevector at the K point.

Thus, the change in the one-magnon spectrum from 1.7 T to 1.4 T can be seen as due

to Brillouin zone folding, with shadow copies of the main mode appearing shifted by

(2/3, ≠1/3) and (≠2/3, 1/3) in the (h, k) plane, along with some additional splitting

of the mode at the K point. In addition, these magnons then become broadened

through interactions with the continuum, whereas the very lowest energy modes

near K and K’ appear to remain sharp with a quadratic dispersion around the K

point. As the applied field is further decreased to 1 T [Fig. 8.10D] and 0.7 T [Fig.
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A B C

D E F

0 T 0.25 T 0.7 T

1.0 T 1.4 T 1.7 T

Figure 8.10: Inelastic neutron scattering data showing the evolution of the spectrum
as a function of in-plane field, increasing from left to right and top to bottom. Colour
is the measured intensity with an estimate of the non-magnetic background subtracted
o�, including the incoherent scattering on the elastic line. In each panel, the data are
shown for wavevector along the (1, ≠0.5, 0) direction, and are averaged over the range
≠0.025 < k < 0.025 in the (010) direction, and over the full range of the data in the (001)
direction. The data were taken with Ei = 0.87 meV. Labels on the top x-axis indicate
positions equivalent to high symmetry points in the two-dimensional hexagonal Brillouin
zone.

8.10C], the energy of what remains of the magnon at the � point decreases, due

to the decrease in Zeeman energy, while the splitting at the K points increases

and the continuum increases in intensity. The broadening of the linewidth as field

is decreased is studied more systematically in Fig. 8.11A. This shows that the

linewidth at low field is far greater than the experimentally expected linewidth.

Between 0.7 T and 0.25 T [Fig. 8.10B], there is believed to be a first order

phase transition between a V phase and an iY phase [64], thus the spectrum is

not expected to evolve continuously. Indeed, the spectrum at 0.25 T no longer

has any magnon-like features, such as are seen down to 0.7 T near the K points.

Instead, the spectrum closely resembles the very strong continuum scattering seen

in zero field [Fig. 8.10A], which has also been reported previously [58, 59]. The
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1.4 T

1.0 T (x2)

0.7 T (x2)

0 T

0.25 T

A B
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Figure 8.11: A) Energy scans at constant wavevector extracted from the data in Fig. 8.10
near h = 0, k = 0 showing the increasing magnon linewidth with decreasing field. Data
points are neutron scattering intensities in arbitrary units with an estimate of the non-
magnetic background subtracted o�. Data were averaged across ≠0.025 < h < 0.025 in the
(h, ≠0.5h, 0) direction, ≠0.025 < k < 0.025 in the (0, k, 0) direction and ≠1.2 < l < 0.3 in
the (0, 0, l) direction. Solid lines are Gaussian fits to the peak shape; horizontal double
headed arrows indicate the corresponding FWHM. For clarity, curves have been o�set
vertically (by 0.3) as a function of increasing field, and the intensities at 0.7 T and
1.0 T have been multiplied by a factor of 2. Inset: Linewidths (FWHM) extracted from
Gaussian peak shapes in A, as a function of peak energy. The symbols used are the same
as in A. An estimate of the experimental resolution (solid line) is shown for reference.
This was obtained by assuming that the di�erence between the output of PyChop and the
experimentally observed value at 1.7 T is due to finite sample size and mosaicity and that
these result in a constant linewidth contribution which adds to the theoretical resolution
in quadrature. B) Cuts through data at 0 T (black circles), 0.25 T (red squares) and
3.5 T (blue diamonds), with an estimate of the non-magnetic background subtracted
o� in each case. There is strong continuum scattering across a significant energy range
at 0 T and 0.25 T, but the data at 0.25 T are seen to have additional structure with
a second broad hump around 0.1 meV. The data at 3.5 T are shown to illustrate the
quality of the background subtraction. The data at 0 T and 3.5 T have been o�set
by 1 unit for clarity. Solid lines are guides to the eye. The data were averaged across
≠0.05 < h + 2/3 < +0.05 in the (h, ≠0.5h, 0) direction, ≠0.05 < k < 0.05 in the (0, k, 0)
direction and ≠0.75 < l < ≠0.25 in the (0, 0, l) direction. In both panels, the data were
taken with Ei = 0.87 meV.
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Figure 8.12: The evolution of the elastic line as a function of increasing magnetic field
from left to right. The sharp spots are Bragg peaks associated with the magnetic order.
In each panel, the horizontal direction shows the distance along (h, ≠0.5h, 0); all peaks
shown are at h = ≠4/3, indicating 3-sublattice in-plane magnetic ordering. In panels C
and D weak peaks are also observed at the second harmonic ±2qz positions in addition to
the primary peaks at ±qz. The vertical axis is the (0, 0, l) direction. In all panels, colour
shows the raw neutron scattering intensity on an arbitrary scale. The data have been
averaged across ≠0.1 < k < 0.1 in the (0, k, 0) direction and ≠0.1 < E < 0.1 where E is
the energy transfer in meV. The incident energy used was Ei = 2.67 meV.

one qualitative di�erence observed between the spectrum at 0 T and 0.25 T is that

while at 0 T the intensity at the K point seems to smoothly decrease with energy,

at 0.25 T, there appears to be more structure in the form of a second broad hump

at the intermediate energy of 0.1 meV, as illustrated in Fig. 8.11B.

Finally, the evolution of the magnetic Bragg peaks in this regime, shown in Fig.

8.12, is briefly discussed. It can be seen that at all fields, the magnetic ordering

vector is of the form (1/3, 1/3, qz), but with a field-dependent qz. As discussed

in Sec. 8.3, in zero field, qz = 0.18 ¥ 1/6. When the field is increased to 0.25 T,

qz increases slightly. After the transition to what is believed to be the V phase

[64], the structure changes somewhat. Here, qz is seen to increase further to nearly

1/4, and a second set of weaker di�raction peaks appear at positions ±2qz [see Fig.

8.12C]. These are suppressed faster than the main peaks (at ±qz) upon increasing

field [see Fig. 8.12C-E]. The second harmonic component indicates that a single

Fourier component cannot fully capture the magnetic structure in this intermediate
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Figure 8.13: Calculations of the one-magnon contribution to the spectrum as a function
of in-plane field. Colour shows predicted neutron scattering intensity on an arbitrary
scale, chosen such that the intensity at the � point in the 1.7 T calculation matches the
data. White lines show the corresponding magnon dispersions. The calculation uses the
classical ground state at all fields (see Fig. 8.2C); for field Ø 0.7 T, this is not the same as
the quantum prediction for the ground state (see Fig. 8.2B). In particular, 1.7 T is below
the classical transition field to the field polarized phase so there are still three modes in
this calculation at 1.7 T. The calculation was averaged over a range ≠0.025 < k < 0.025
in the (0, k, 0) direction and over the full range of data in the (0, 0, l) direction, as in
Fig. 8.10. The calculation was performed using SpinW [65] and has been broadened by
convolution with a Gaussian of 0.04 meV FWHM to simulate the estimated experimental
energy resolution.

field regime. As the field increases above 0.7 T, qz decreases again towards 1/6

and at 1.7 T all magnetic peaks have disappeared, confirming the transition to the

high-field polarized phase. The fact that qz evolves with field is intriguing, but an

understanding of this is beyond the scope of the current work.

8.5.2 Linear spinwave theory calculations

In order to understand the evolution of the spectrum in low field, it is instructive

first to consider the predictions of linear spinwave theory, as shown in Fig. 8.13.

These calculations show the one-magnon contribution to the spectrum and were
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performed using SpinW [65]. From 0.7 T upwards, the shape of the top two modes

is qualitatively captured, but the gap to the lowest mode is predicted to be higher

than is seen experimentally and its shape is not well captured. At 0 T and 0.25 T

by contrast, the calculation does not even qualitatively capture the data. As

these calculations are one-magnon calculations, they cannot include any continuum

scattering, and so cannot capture the strong continua seen in the data.

The next step was therefore to clarify the nature of the continuum excitations,

in particular whether they can be understood semi-classically. The two-magnon

contribution to the linear spinwave theory prediction for the scattering intensity

was therefore calculated. For this, it is convenient to introduce a local reference

frame xÕyÕzÕ, with zÕ along the local ordered spin. The transverse directions xÕ, yÕ

are defined according to the convention used by the SpinW package [65]: defining

x̂Õ, ŷÕ, ẑÕ, â, b̂ to be unit vectors along the local xÕ, yÕ, zÕ and the crystallographic a, b

directions respectively, this convention is that ŷÕ is along ẑÕ ◊ â (unless ẑÕ Î â, in

which case ŷÕ is along â ◊ b̂), and x̂Õ = ŷÕ ◊ ẑÕ. In this local frame, the ground

state is ferromagnetically polarized along zÕ and the two-magnon scattering occurs

entirely in the longitudinal (zÕzÕ) polarization, and is given by2

SzÕzÕ(Q, Ê) =
ÿ

⁄f

|È⁄f |SzÕ(Q)|GSÍ|2”
1
E⁄f

≠ ~Ê
2

, (8.20)

where the sum extends over all excited states |⁄fÍ of energy E⁄f
relative to the

ground state |GSÍ and where SzÕ(Q) = q
j exp(iQ · rj)SzÕ

j , with j running over

all magnetic sites. One-magnon scattering occurs in the transverse correlations

SxÕxÕ, SyÕyÕ and SxÕyÕ, SyÕxÕ .

In linear spinwave theory, at zero temperature, SzÕzÕ comes from terms with

two magnon creation operators. Working now in the original global frame, the

two-magnon contribution to the –— component of the dynamical structure fac-

2The g-factor (and Bohr magneton) has been omitted for the purposes of working in this local
frame but will be reintroduced when working in the global frame.
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tor is given by

S–—
2M(Q, Ê) =Z2Mµ2

Bg–g—
ÿ

k,kÕ,·

” (Q ≠ k ≠ kÕ ≠ · )
ÿ

j,jÕ
”

1
~Ê ≠ Ej

k ≠ EjÕ

kÕ

2
fj,jÕ(k, kÕ),

(8.21)
fj,jÕ(k, kÕ) =

ÿ

m,mÕ
em

zÕ–emÕ

zÕ—uú
mj(k)vú

mjÕ(kÕ)umÕj(k)vmÕjÕ(kÕ), (8.22)

where –, — = x, y and z. Here, k, kÕ run over the first structural Brillouin zone, j, jÕ

label the di�erent magnon modes, m, mÕ label the sites in the magnetic unit cell,

Ej
k is the energy of the jth magnon mode with wavevector k, em

zÕ– is the component

of ẑÕ on the mth sublattice along the global – direction and k + kÕ = Q ≠ · is

the total wavevector reduced to the first Brillouin zone (· are reciprocal lattice

vectors). The overall pre-factor Z2M is introduced here to allow for an overall

renormalization of the intensity due to quantum fluctuations beyond LSWT, for

which Z2M = 1. The quantities umj(k), vmj(k) transform between the boson

operators ak,m for the N di�erent magnetic sublattices, m = 1 to N , and the

normal mode boson operators bk,j as

ak,m =
ÿ

j

uú
mj(≠k)bk,j + vmj(k)b†

≠k,j (8.23)

a†
≠k,m =

ÿ

j

vú
mj(≠k)bk,j + umj(k)b†

≠k,j, (8.24)

where j = 1 to N , the number of magnetic sublattices. Here, N=3 for B < B3

and N = 1 for B Ø B3, for B3 the transition field to the field polarized phase (see

Fig. 8.2). The corresponding 1-magnon expression is

S–—
1M(Q, Ê) = Z1Mµ2

Bg–g—
ÿ

k,·

” (Q ≠ k ≠ · )
ÿ

j

”
1
~Ê ≠ Ej

k

2
f̃j(k), (8.25)

f̃j(k) =
ÿ

m,mÕ

Ë
em

xÕ– (umj + vmj) + em
yÕ–i (vmj ≠ umj)

Èú Ë
emÕ

xÕ— (umÕj + vmÕj) + emÕ

yÕ—i (vmÕj ≠ umÕj)
È

.

(8.26)

In this expression, the uij, vij are all implicitly evaluated at k, Z1M is an overall

intensity renormalization factor due to quantum fluctuations beyond LSWT and

em
{xÕ,yÕ}– is the component of x̂Õ, ŷÕ on the mth sublattice along the global – direction

The integral equations for the dynamical correlations S–—(Q, Ê) in (8.21) were

calculated numerically using a Monte-Carlo method as in Ref. [171]. The SpinW
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package [65], was used to determine the classical magnetic ground state at a given

field and calculate the local spin projection components em
zÕ– and the functions

umj(k), vmj(k), Ej
k. The intensity prefactors Z1M and Z2M were determined such

that the dynamical correlations satisfied the sum rules in the local frame. These

rules state that for a spin-half system in the case of an isotropic g-tensor [172],

M–— = 1
N

ÿ

Q

⁄
d(~Ê)S–— (Q, Ê) = 1

4(gµB)2”–—, (8.27)

where the sum is over all Q in the first Brillouin zone and N is the total number

of magnetic sites. The contributions to MxÕxÕ and MyÕyÕ come from single-magnon

excitations, and a common overall scale factor Z1M has been assumed for all

1-magnon contributions, such that MxÕxÕ + MyÕyÕ = 1
2(gµB)2. There are two

contributions to M zÕzÕ: the magnetic Bragg peaks on the elastic line, and the

inelastic part due to two-magnon scattering, as described above. The magnetic

Bragg peaks have total intensity per magnetic site

M zÕzÕ

BP =
1
S2 ≠ 2S�S + (�S)2

2
(gµB)2, (8.28)

where

(�S)m = 1
N

ÿ

k

ÿ

j

|vmj|2 (8.29)

is the spin reduction on sublattice m and overlines denote averages across the

di�erent magnetic sublattices. Setting S = 1/2, the two magnon contribution

to the scattering is therefore required to sum to �S ≠ (�S)2. It was found that

without normalization, the intensities were o� by about 30% (but correct to within

an order of magnitude), as shown in Table 8.4.

The results of these calculations are shown in Fig. 8.14E-H, where the intensities

are shown on a log scale in order for the calculated continuum intensities to be

visible. Just above the transition field [Figs. 8.14D data, H calculation] the spectrum

is well captured by the one-magnon calculation; the two-magnon contribution may

be present but if so, it is below the noise level of the experiment. When calculating

the spectrum for the V phase, there is the additional di�culty that the classical

ground state is an inverted-Y type phase (also called a � phase) all the way to the
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0 T 0.25 T 1.4 T 1.7 T 3.5 T Sum rules
MxÕxÕ 0.3293 0.3045 0.2435 0.2253 0.2482 0.25
MyÕyÕ 0.3475 0.2650 0.2723 0.2968 0.2522 0.25
M zÕzÕ

total 0.3218 0.2624 0.2524 0.2558 0.2499 0.25
M zÕzÕ

2M 0.2135 0.0769 0.0179 0.0275 0.0003
M zÕzÕ

BP 0.1083 0.1855 0.2345 0.2283 0.2496

Table 8.4: The sum total of the intensity contribution in each channel in the local
xÕyÕzÕ frame before normalization in units of (gµB)2 assuming an isotropic g-tensor, as
calculated in LSWT before normalization. The first and second rows correspond to the
two di�erent polarizations of single magnon scattering. Each of these should sum to
1/4 according to the sum rule (8.27). In the fixed frame, it is not possible to normalize
these polarizations separately so a common overall scale factor has been assumed for
all one-magnon contributions such that MxÕxÕ + MyÕyÕ = 1/2. The third row shows the
longitudinal polarization M zÕzÕ , which has contributions from Bragg peaks and from
two-magnon excitations, and which should also sum to 1/4 as per (8.27). The last two
rows show the two contributions separately, with the fourth row showing the two-magnon
contribution, calculated using (8.21), while the fifth row shows the Bragg peak contribution
to SzÕzÕ as per (8.28). It is assumed that the calculation of the Bragg peak intensity is
accurate, so the two-magnon intensity is normalized such that the sum is 1/4. At low
field, the sum rules are only very approximately satisfied, but the relative intensities of
the single-magnon and two-magnon scattering are nevertheless close to what is expected
from the sum rules. The 3.5 T column shows that well into the paramagnetic phase, linear
spinwave theory is an asymptotically good approximation as the sum rules are very close
to being exactly satisfied.

field polarized phase, as per Fig. 8.2C. In order to stabilize the V phase at 1.4 T,

which is believed to be the correct quantum ground state for the XXZ model with

the experimentally relevant parameters [64], a small nearest-neighbour biquadratic

exchange ≠Jbq
q

ÈijÍ (Si · Sj)2 (Jbq=0.008 meV) was added to the Hamiltonian in

order to approximate the e�ects of quantum fluctuations [173]. This value was

chosen as being slightly above the minimal value needed to stabilize the V phase;

note that analytic expressions for Jbq for the case of pure Heisenberg exchange were

given in Ref. [173], but they are not applicable here because of the strong XXZ

anisotropy, so the value used was instead chosen empirically. Within the V phase,

calculations were only done at 1.4 T, as at 0.7 T and 1 T, the required size of the

biquadratic exchange is of similar size to the bilinear exchange interactions, which

would therefore significantly a�ect the physics. At 1.4 T, the gross features of the

spectrum can be understood starting from the linear spinwave theory calculation,
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A B C D

E F G H

0 T 0.25 T 1.4 T 1.7 T

LSWT PViYY

Figure 8.14: A-D) Evolution of the spectrum as a function of field. The averaging
range in these panels is di�erent to that used in Fig 8.10, and in particular, the l
range was chosen so as not to include magnetic Bragg peaks. E-H) Calculations of the
inelastic neutron scattering intensity in linear spinwave theory, as described in Sec. 8.5.2,
including both the 1-magnon and 2-magnon contributions, normalized to satisfy the sum
rules as described in the text. The calculations have been convolved with a Gaussian
in energy of 0.04 meV FWHM, corresponding to the estimated experimental energy
resolution. The data have been averaged across the range ≠0.05 < k < 0.05 in the (0, k, 0)
direction and ≠0.75 < l < ≠0.25 in the (0, 0, l) direction, and have had an estimate of
the non-magnetic background subtracted o�. The calculations take into account the
averaging range, polarization factor and Co2+ magnetic form factor. In all panels, colour
represents scattering intensity on an arbitrary scale. A common overall intensity scale in
the calculations was chosen such as to get a good match with the 1-magnon intensity in
the 1.7 T data. A log scale has been used in order for the continuum scattering to be
visible in the calculation panels.

although the shape of the bands around the K points is not very well captured and

there is significantly more continuum scattering seen in the experiment than in the

calculations. Strong magnon decays into magnon pairs are expected at all in-plane

fields below the transition to the field polarized phase due to the non-collinear order

[174], and the spectrum observed at 1.4 T looks like it could plausibly be described

in terms of magnons which are both broadened and somewhat renormalized in their

dispersion due to interactions with the two-magnon continuum. In the Y phase

[Figs. 8.14A, B data, E, F calculation], however, the linear spinwave spectrum

looks very di�erent from the experimental data; the data have no detectable sharp

modes, contrary to what is predicted, and the continuum in the calculations is
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both far weaker than what is seen experimentally and a very di�erent shape. This

indicates that the semi-classical model does not work in this regime and that the

spectrum is fundamentally much more quantum in nature. Numerical calculations

in zero field based on tensor network states suggest that the continuum observed is

an intrinsic feature of the Ising-like XXZ TLAF model and not due to additional

in-plane exchange terms in the Hamiltonian or to e�ects of interlayer interactions

[58, 59], although there is currently disagreement as to whether there could be some

low energy sharp modes which current experiments have been unable to resolve

[60]. Similar physics could be expected to be at play also at 0.25 T.

8.6 Conclusions

In summary, neutron scattering measurements have been performed on the Ising-like

TLAF material Na2BaCo(PO4)2. Di�raction measurements in zero field indicate an

incommensurate (1/3,1/3,0.18) magnetic propagation vector as previously reported.

Both this incommensurate propagation vector and a refinement of the structural

peaks support the crystallographic space group being P 3̄ rather than P 3̄m. High

resolution inelastic neutron scattering measurements were performed as a function of

in-plane field. In the limit of high field, sharp magnons are observed which are well

described by linear spinwave theory. The data in this regime were used to confirm

that this material is well described by a nearest-neighbour XXZ model. Below

the critical field however, strong continuum scattering is seen, much stronger than

what is expected semi-classically in linear spinwave theory. While, the spectrum

down to 0.7 T can be approximately described by magnons strongly broadened

by interaction with the continuum, the spectrum at 0.25 T and 0 T has no sharp

features at all. This suggests that there is novel intrinsically quantum physics

describing the spectrum in this regime. Further experimental work to understand

the field-dependence of the ground state and further theoretical work to understand

the spectrum are needed to fully understand this physics.



9
Conclusions

This thesis presented neutron scattering and magnetization results as a function of

applied field on two low-dimensional Ising-like quantum magnetic materials.

The first of these materials was the ferromagnetic Ising chain material CoNb2O6.

First the excitations of this material were studied using inelastic neutron scattering

with a magnetic field applied along the crystallographic a-direction, such that

there was a large longitudinal (along Ising axis) field component, which tuned the

confinement potential between domain walls. In the low field, weak confinement

regime, a Zeeman ladder of bound states was found, with their energy varying as

field to the 2/3 power. Upon increasing field, higher-order bound states increased

more quickly in energy and progressively disappeared from the spectrum such that

in the limit of high field, in the strong confinement regime, only two bound states

were found, whose energies depend linearly on field.

The Hamiltonian for CoNb2O6 was then revisited in order to be able to account

for the data observed in high field applied along this direction. In order to capture

the interchain dispersion as well as bound states and renormalization e�ects, a

two step fitting method was developed using a combination of linear spinwave

theory and exact diagonalization of the Hamiltonian on finite chains in order to

capture both the interchain couplings as well as the variety of di�erent bound

states. By performing a global fit to the full wavevector dependent spectrum

213
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observed in various fields, a microscopic Hamiltonian was proposed, including

both in-chain and inter-chain interactions, down to 2% of the dominant Ising

exchange. This Hamiltonian quantitatively reproduces the INS data obtained across

a wide range of field conditions including zero field, high near-longitudinal field

and high transverse field, as well as intermediate fields to which the Hamiltonian

was not fit, leading to a fully consistent description of the spin dynamics using

a single set of exchange parameters.

In particular, exact diagonalization calculations using this refined Hamiltonian

quantitatively reproduced the rich evolution of the spectrum observed as a function

of low to intermediate transverse field in the ordered phase of CoNb2O6. A physical

picture of the excitations was then sought by restricting the Hilbert space to the

two-domain wall subspace, resulting in a spectrum that in general has three continua

and three bound states, of which only the bound states contribute significant weight

to the inelastic neutron scattering intensity. It was found that these bound states

of domain walls can be understood in the localized limit when the hopping on

alternate bonds is zero, as being stabilized by hardcore repulsion leading to a change

in the delocalization energy. Using this physical picture, it was possible to gain

both a qualitative and a quantitative understanding of the low energy spectrum

of CoNb2O6 in the low transverse field ordered phase.

Finally, the magnetization of CoNb2O6 was measured for field applied along

each of the a, b, c crystallographic axes in fields up to 16 T. Using these data, it was

possible to observe signatures of the presence of the transverse field induced quantum

critical point. The magnetization curves were compared to predictions based on the

Hamiltonian refined in Chapter 5, achieving good agreement. Further work would be

useful to fully understand the behaviour of the magnetization. In particular, further

work is needed in order to understand the source of the small discrepancies observed

between the predictions of the refined Hamiltonian and the measured magnetization.

An understanding of these discrepancies may allow for a further refinement of the

g-tensor. In addition, lower temperature magnetization measurements, which would
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be possible with a SQUID magnetometer equipped with a helium-3 option, could

be instructive to reveal more quantitative universal behaviour.

As one of the best experimental realizations of an Ising chain, a paradigmatic

model in quantum magnetism, CoNb2O6 is still being actively studied, both

experimentally and theoretically. Recent studies have focussed both on the universal

aspects of the transverse field Ising chain behaviour exhibited in CoNb2O6 [124, 175]

but also on understanding the e�ect of terms in the Hamiltonian beyond the pure

Ising limit [139, 176–179] and how they arise microscopically [126, 127]. The work

presented in this thesis makes a valuable contribution to this field of study. The

various bound states discussed in this thesis arise due to e�ects beyond the pure

one-dimensional Ising limit and understanding them is therefore an important step

to understanding the e�ects of these perturbations. In particular, the Hamiltonian

refined here could be useful for understanding future experimental results, comparing

to microscopic calculations (as was indeed done in Refs. [126, 127]) and as a starting

point for further theoretical explorations.

Neutron scattering measurements were also performed on the Ising-like triangular

lattice antiferromagnet material Na2BaCo(PO4)2. Di�raction measurements in zero

field support the crystallographic space group being P 3̄ rather than P 3̄m. High

resolution inelastic neutron scattering measurements were performed as a function

of in-plane magnetic field. In the limit of high field, sharp magnons were observed

which could be well described by linear spinwave theory. A global fit was performed

to data in this regime as well as previously published data to refine a minimal

XXZ Hamiltonian and rule out unambiguously other exchange models proposed

previously. In fields below the transition to the field polarized phase however, much

stronger continuum scattering is seen than what is expected semi-classically in linear

spinwave theory. While the spectrum at and above 0.7 T can be approximately

described by magnons strongly broadened by interaction with the continuum, the

spectrum at 0.25 T and 0 T has no sharp features at all, suggesting that there is novel

intrinsically quantum physics describing the spectrum in this regime, which has not

been previously explored experimentally or theoretically. Further work to study the
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field dependence of the ground state magnetic structure via neutron di�raction would

be instructive to gain further understanding of the physics both of this material

and in general of the spin-1/2 Ising-like triangular lattice antiferromagnet, which is

a canonical model system for two-dimensional frustrated quantum magnetism.

9.1 Contributions

In this thesis I have made the following contributions to the field of low dimensional

quantum magnetism.

• I performed detailed analysis of inelastic neutron scattering data from the

quasi-one-dimensional Ising-like magnet CoNb2O6 as a function of field applied

along the a-axis. I parameterized the dispersions of all modes at every field

in the data set in order to understand the behaviour in both the high and

low field regimes. I performed quantitative fits to the behaviours expected in

both regimes, observing a crossover during which the number of modes visible

in the spectrum gradually decreases and found that modes do not decay as

soon as they overlap with the continuum. This crossover between the regimes

of weak and strong confinement of domain walls had not been previously

observed experimentally in Ising chain systems.

• I used a combination of data taken in high field along two orthogonal

directions as well in zero field to refine a quantum spin Hamiltonian for

CoNb2O6. This required the development of a novel two-step technique. I

first used analytic linear spinwave theory expressions to parameterize the

three-dimensional dispersion, and then set the interchain coupling terms in

those parameterizations to zero in order to obtain e�ective one-dimensional

dispersions. I then used custom-written exact diagonalization code to fit a

single-chain Hamiltonian to these e�ective one-dimensional dispersions so that

the various bound states in the spectrum could be captured. This algorithm

allowed the refinement of both the interchain and the in-chain parameters

down to less than 2% of the dominant Ising exchange, and resulted in a
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quantitative description of not only the data to which the Hamiltonian was

fit, but also the spectra at intermediate fields, within a single Hamiltonian.

• I used this refined Hamiltonian to gain a numerical understanding of the

rich behaviour of the spectrum observed in CoNb2O6 in low to intermediate

transverse field. I performed analytic calculations and numerical computations

of the spectrum within a two-domain-wall model, and extended an analytic

model of bound states in the localized limit to account for additional terms in

the refined Hamiltonian for comparison with experiment. This model provides

a very good qualitative understanding of the spectrum and thus provides

evidence for novel bound states being present in CoNb2O6 in this regime.

• I performed magnetization measurements of CoNb2O6 up to 16 T and down

to 2K with field applied along each of the abc crystallographic axes, including

aligning the sample and designing an adaptor to verify the alignment. I found

that signatures of the proximate transverse field quantum critical point could

be observed and that the measured magnetization curves agree well with the

refined Hamiltonian, providing a further test of this model.

• I performed detailed analysis of inelastic neutron scattering data on the

triangular Ising-like quantum antiferromagnet Na2BaCo(PO4)2 as a function

of externally applied transverse field, as well as taking an active role in

planning and performing the experiments. Using the data in high field, I

performed fits in linear spinwave theory to refine a minimal nearest-neighbour

XXZ triangular lattice antiferromagnet model, and place bounds on couplings

beyond this minimal model, including on the interlayer couplings. In low field,

strong continuum scattering is observed, and I performed linear spinwave

theory calculations including both one- and two-magnon contributions, using

custom written code, in order to test whether this continuum scattering

can be understood semi-classically. I found that the continuum scattering

observed experimentally is far stronger than what could be explained by this

semi-classical model.
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A
Parameter correlations in the single-chain

Hamiltonian for CoNb2O6

The correlations between the parameters fitted for the single chain Hamiltonian

for CoNb2O6 in Chapter 5.4 are given in this appendix.

The correlation matrix between parameters is

Q

cccccccccccccca

J ⁄S ⁄AF ⁄yz hz gx gz gy ⁄xy
AF ⁄A

J 1 ≠0.998 0.982 ≠0.909 ≠0.034 0.988 ≠0.949 0.945 ≠0.986 0.738
⁄S ≠0.998 1 ≠0.975 0.902 0.053 ≠0.993 0.958 ≠0.949 0.979 ≠0.743
⁄AF 0.982 ≠0.975 1 ≠0.948 0.073 0.976 ≠0.880 0.928 ≠0.979 0.739
⁄yz ≠0.909 0.902 ≠0.948 1 0.082 ≠0.931 0.819 ≠0.902 0.893 ≠0.844
hz ≠0.034 0.053 0.073 0.082 1 ≠0.077 0.273 ≠0.082 ≠0.034 ≠0.216
gx 0.988 ≠0.993 0.976 ≠0.931 ≠0.077 1 ≠0.948 0.955 ≠0.968 0.781
gz ≠0.949 0.958 ≠0.880 0.819 0.273 ≠0.948 1 ≠0.925 0.909 ≠0.760
gy 0.945 ≠0.949 0.928 ≠0.902 ≠0.082 0.955 ≠0.925 1 ≠0.908 0.853
⁄xy

AF ≠0.986 0.979 ≠0.979 0.893 ≠0.034 ≠0.968 0.909 ≠0.908 1 ≠0.683
⁄A 0.738 ≠0.743 0.739 ≠0.844 ≠0.216 0.781 ≠0.760 0.853 ≠0.683 1

R

ddddddddddddddb

.

(A.1)

There are strong correlations between many of the parameters. This is probably

in part because J was used as an overall scale factor. It is therefore important to use

the full covariance matrix when further propagating uncertainties. It is nonetheless

possible to be reasonably confident in the refined parameters. This is because i)

the uncertainties even along the largest eigenvector of the covariance matrix are

not that large, ii) multiple methods of doing the fits gave very similar answers and
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iii) the parameter set reported in this work gave better agreement to features of the

data that were not included in the fit than other parameter sets that were tested.

In particular, it is possible to be confident that ⁄xy
AF and ⁄A are definitely non-zero.



B
Formulae used in exact diagonalization

calculations of the magnetization of
CoNb2O6

This appendix provides extra details about how the exact diagonalization predictions

of the magnetization were calculated in Chapter ??.

As discussed in Chapter 2, the expectation value of the spin component S–

per site at a temperature T can be calculated as

ÈS̃–Í = 1
Z

ÿ

⁄

e
≠ �⁄

kBT È⁄|S̃–|⁄Í, (B.1)

where ⁄ labels eigenstates, Z is the partition function Z = q
⁄ exp{[≠�⁄/(kBT )]},

�⁄ is the energy of state ⁄, and S̃– is the – component of the spin operator in the

energy eigenstate basis averaged over all the sites in the chain.

The crystallographic b direction coincides with the y direction for the spins,

so the calculated magnetization is simply

M b = gyµBÈS̃yÍ. (B.2)

For fields along a and c, the magnetization has more complex expressions as

these crystallographic directions do not coincide with principal axes of the g-tensor.

As discussed in Chapter ??, the inelastic neutron scattering measurements with

221



B. Formulae used in exact diagonalization calculations of the magnetization of
CoNb2O6 222

field applied along a were only sensitive to the component of the magnetic moment

projected along the a direction. For field along a, this is also what the magnetization

measurements were sensitive to, so the g-factors could be parameterized according

to (??) and (??). The Zeeman term in the Hamiltonian then becomes

ÿ

j

µB

1
gx cos 30¶Sx

j + gz sin 30¶Sz
j

2
Ha. (B.3)

The magnetization along the a direction was then calculated as

Ma = µB

1
gx cos 30¶ÈS̃xÍ + gz sin 30¶ÈS̃zÍ

2
. (B.4)

For field along c, the full form of the magnetic moment according to (??) was

used. Therefore, the Zeeman term in the Hamiltonian was expressed as

ÿ

j

µB

Ë
(≠gxx sin “ + gxz cos “) Sx

j + (≠gxz sin “ + gzz cos “) Sz
j

È
Hc, (B.5)

and the magnetization along c was calculated as

M c = µB

Ë
(≠gxx sin “ + gxz cos “) ÈS̃xÍ + (≠gxz sin “ + gzz cos “) ÈS̃zÍ

È
. (B.6)



C
Linear spinwave theory in the field

polarized phase for Na2BaCo(PO4)2
including interlayer coupling e�ects

This appendix provides expressions for the dispersions and dynamical structure

factor components in the field-polarized phase for the minimal exchange model for

Na2BaCo(PO4)2 including a minimal parameterization of the interlayer coupling ef-

fects.

As discussed in Chapter 8.4.1, the minimal Hamiltonian for Na2BaCo(PO4)2

including interlayer couplings is

H =1
2

ÿ

R

S

U
ÿ

”1

1
Jxy

1
Sx

RSx
R+”1 + Sy

RSy
R+”1

2
+ JzSz

RSz
R+”1

2
+

ÿ

”2

JaSR · SR+”2

T

V

≠ µB

ÿ

R

(gcBzSz
R + gabBySy

R) , (C.1)

where R runs over the positions of magnetic sites, located at the vertices of a stacked

triangular lattice and ”1 runs over the vectors connecting sites to their nearest

neighbours, that is, ”1 = a, b, a + b, ≠a, ≠b, ≠a ≠ b. The vector ”2 connects

sites to neighbours in adjacent layers, as indicated in Fig. 8.7B and runs over

a + c, b + c, ≠a ≠ b + c, ≠a ≠ c, ≠b ≠ c, a + b ≠ c in one of the twins of the P 3̄

crystal structure. Note that a macroscopic crystal sample is expected to contain

almost equal amounts of two P 3̄ twins related by a mirror in the búcú plane, or

223
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equivalently a 2-fold rotation around the a-axis, and the e�ects of this twinning

are included in the comparison with the data in Fig. 8.7.

In the field-polarized phase in high magnetic field applied in the plane (along

the y direction), the magnon dispersion in linear spinwave theory is obtained as

~Ê(Q) =
Ô

A2 ≠ B2, (C.2)

A =gabµBBy ≠ 3Jxy + Jz + Jxy

2 “(Q) + Ja(≠3 + “a(Q)), (C.3)

B =Jz ≠ Jxy

2 “(Q), (C.4)

where

“a(Q) = cos 2fi(h + l) + cos 2fi(k + l) + cos 2fi(≠h ≠ k + l) (C.5)

for an untwinned single crystal with the P 3̄ structure, and where “(Q) is given in

(8.9). The non-zero components of the dynamical structure factor are then given by

Sxx(Q, Ê) =A(Q) + B(Q)
~Ê(Q) ”(~Ê ≠ ~Ê(Q)), (C.6)

Szz(Q, Ê) =A(Q) ≠ B(Q)
~Ê(Q) ”(~Ê ≠ ~Ê(Q)). (C.7)

The above expressions also apply for the mirrored P 3̄ twin by replacing l æ ≠l

in the expression for “a. These formulae are used in the calculations shown in

Fig. 8.7C and D.
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