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Abstract

Designing high-intensity accelerators has traditionally relied on using computer simula-

tions to study the beam dynamics. As intense beams are comprised of large numbers of

particles, all interacting via Coulomb forces, such simulations require significant com-

putational power in order to numerically predict these interactions. The Intense Beams

Experiment (IBEX) is a linear Paul trap that can replicate the transverse beam dynam-

ics in accelerators by trapping low-energy ions using RF electric fields that emulate the

magnetic focusing elements of particle accelerators. IBEX’s flexibility allows different

lattice designs and beam intensities to be tested with ease, which means that it can be

used to test novel lattice configurations for high-intensity accelerators. Examples of such

lattices arise from the theory of Nonlinear Integrable Optics, and, as discussed in this

thesis, the related theory of Quasi-Integrable Optics (QIO). These theories suggest tech-

niques for introducing nonlinear elements such as octupoles into an accelerator lattice,

while keeping the system integrable and hence maintaining stable particle motion.

In this work, an upgrade to the original IBEX trap was designed, manufactured, and

commissioned with the aim of experimentally testing the principles of QIO. Simulations

were used to test the ability of a quasi-integrable lattice to damp a space-charge-driven

coherent resonance without exciting the 4th order incoherent resonance in the vicinity.

This lattice was then compared to a lattice which broke the integrability conditions,

which was shown to excite the 4th order resonance. Using the newly-commissioned

IBEX-2 trap, we were then able to test the quasi-integrable lattice experimentally and

verify the results from simulations. This thesis demonstrates the first ions successfully

trapped in a quasi-integrable lattice in a Paul trap, and discusses the benefits of in-

troducing octupole elements according to the method prescribed by the theory of QIO.

The experimental results presented here show the potential value of QIO to research on

high-intensity beams in accelerators.
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5.1 Poincaré map in normalised coordinates, plotted for 1000 turns through
a T-insert lattice and drift region with fraction tune Q = 0.246. The oc-
tupole element in the drift region is varied over the 6 plots. (a) Drift region
only, no octupole. (b) Single thin-lens octupole at center of drift. (c) QI
octupole scaling, 1/β3(s), approximated with 20 thin-lens octupoles. (d)
Octupole strength scaling with 1/β2(s). (e) Constant octupole strength
scaling. (f) Octupole strength scaling with β3(s). Dashed box in (b)
marks the scale of the other plots. . . . . . . . . . . . . . . . . . . . . . 116
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Chapter 1

High-intensity hadron accelerators

In this chapter I explore the motivations for constructing high-intensity particle acceler-

ators and discuss some of the problems that arise when designing and operating them.

I then address several potential solutions to these problems, including possible routes

to increasing beam intensity in the future, which is required for a range of applications.

Specifically, I introduce Nonlinear Integrable Optics as one possible solution to damping

resonances in accelerators, which will be the main focus of this thesis.

1.1 Introduction to high-intensity hadron accelera-

tors

Recent developments in accelerator technology and the wide range of potential appli-

cations of this technology have created the need to further investigate the dynamics

of high-intensity particle beams. An intense beam is achieved when a large number of

particles are successfully confined within a small area. A high-intensity accelerator is a

machine that can accelerate, focus and steer these intense beams to a desired target or

collision point. The intensity of an accelerator is measured by its beam current, defined

as the rate of flow of charged particles past a given plane. This is distinct from beam

power, which is defined as the average beam current multiplied by the beam energy (in

eV). Once the high intensity beams are confined within a small area, the charge density

increases and the repulsive force between charged particles becomes non-negligible com-

pared with the external confinement force. This creates a defocusing term which can
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lead to resonant behaviour and beam loss.

The Large Hadron Collider (LHC), located at CERN, is well-known as the highest

energy hadron accelerator in the world. It currently collides particle bunches together

with a center of mass energy of 13.6 TeV. It is scheduled to have a long shut down (LS3)

to boost the performance of the machine in 2026 [1, 2]. A main focus of this upgrade is

to increase the luminosity. The luminosity is a parameter of a collider proportional to

the number of collisions that occur in a given amount of time. The more collisions that

occur in a certain time frame, the more data is collected by the experiment, which makes

it more likely to observe rare processes. This upgrade will see the number of particles

per bunch increase from 1.15 × 1011 to 2.2 × 1011, increasing the current to 1.09A [3].

This requires a detailed understanding of the machine optics and beam instabilities to

ensure successful operation.

Not only do intense beams offer the possibility of probing fundamental physics, they

are also used across multiple industries for purposes as diverse as bio-science [4,5], nuclear

energy [6], and even research on ancient artifacts [7]. The advancements of high-intensity

accelerators such as ISIS [8], J-PARC [9] and SNS [10] have allowed for rich scientific

programs since their development. The ISIS synchrotron at the Rutherford Appleton

Laboratory, UK has a proton beam current of 225µA and beam energy of 800MeV.

Neutrons are created by bombarding a tungsten target with these protons. This causes

the ejection of neutrons from excited nuclei, a process called spallation. The neutrons

are slowed (moderated) to speeds useful for research and are then directed to a variety

of different experiments [11]. One use of these neutron beams is for neutron diffraction,

an imaging technique that can determine the atomic structure of molecules or materials.

This can be used in a variety of different fields from developing drug-delivery systems

in medicine to creating more efficient solar cells [12,13]. A unique property of neutrons

is that they have a neutral charge as well as carrying a spin. This allows us to use

neutrons to probe the microscopic magnetic structure of materials which is not possible

using x-ray diffraction.
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In addition to scientific research, the development of high-intensity accelerators will

also benefit Accelerator-Driven Systems (ADS) [14]. One use of an ADS is to use spal-

lation neutrons created by a proton beam to transmute long-lived radioisotopes (mostly

actinides) in spent nuclear fuel into shorter-lived fission products. This would reduce

the radiotoxicity of high-level nuclear waste and facilitate the storage and disposal of

the waste from nuclear reactors. There is also interest in using ADS to run sub-critical

reactors fuelled by thorium, referred to as an Accelerator-Driven Sub-critical Reactor

(ADSR) [15]. An ADSR can be ‘turned off’ by stopping the incident proton beam,

and thus eliminating the neutron flux needed to sustain nuclear fission. This removes

the need to lower control rods into the reactor in order to absorb neutrons and stop

the fission reaction which is considered to be a safer alternative to conventional nuclear

reactors.

In order to design and build accelerators that push the intensity frontier and enable

both innovative high-energy physics research and a wide range of industrial applications,

it is necessary to have a good understanding of the particle dynamics of these beams.

Understanding the mechanisms behind particle losses at high intensities allows us to

work on solutions to overcome these losses and build more practical and efficient high-

intensity machines.

1.2 Limitations when designing high-intensity accel-

erators

The most common accelerator for high-energy hadron beams (> 500 MeV) is the syn-

chrotoron. Current synchrotrons utilize a system of alternating focusing and defocusing

quadrupole magnets to confine a beam of charged particles. Dipole magnets are used to

bend the beam of charged particles around a circular machine. Dipole and quadrupole

magnets are referred to as ‘linear’ due to their magnetic field strength varying linearly

across the transverse axis of the magnet. The use of linear magnets leads to a Hamil-

tonian of the system that can be made time-independent and separated to obtain two
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invariants (the horizontal and vertical Hamiltonian). In general, an integrable system

means that there are N invariants of motion for the N -degrees of freedom in the system.

Therefore, a linear lattice (the arrangement of magnets in an accelerator) is said to be

integrable in 2D.

In accelerators, imperfections in the magnetic fields and magnet alignment introduce

small errors into the focusing system that make these accelerators vulnerable to the

excitation of resonances. In circular storage rings, these resonances appear naturally

due to the periodic interaction of particles with the focusing elements, which produce

perturbations from the design orbit. Particles can be driven into resonant oscillations

by small perturbations that can lead to beam instabilities and particle loss. The loss of

particles from a beam can damage the components of the accelerator and can activate

parts of the machine to levels which make them inaccessible for maintenance by human

operators. Typically, unplanned beam loss should be kept below an average of 1Wm−1

for > 1 MeV machines, which is becoming increasingly problematic as beams become

more intense [16]. As an example, for an accelerator with a circumference of 100m, the

average beam loss would need to be kept below 100W. For a 1MW machine, this would

require limiting beam loss to below 0.01%. Therefore, in the case of high-intensity

beams, where space-charge effects are present, it is especially important to avoid the

excitation of resonances.

1.2.1 Resonances

As a particle travels along a circular path in an accelerator, referred to as the design or-

bit, it makes oscillations around this orbit. These oscillations are referred to as ‘betatron

oscillations’. The number of betatron oscillations per revolution around a circular accel-

erator is defined as the ‘tune’. The non-integer part of the tune is called the ‘fractional

tune’. A particle beam will often make many revolutions1 around a circular accelerator

and therefore resonant behaviour becomes important. A resonance is the amplification

1In the LHC particles make 11,245 revolutions per second and are often circulated for hours at a
time.
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of oscillations in a system when the driving frequency matches an integer multiple of the

natural frequency. The natural frequency of a particle in an accelerator is its betatron

frequency. As there are oscillations in both the horizontal and vertical planes, when we

introduce linear coupling resonances (driven by skew quadrupole components) the full

resonant condition becomes

kQx + lQy = n, (1.1)

where k, l and n are integers. The harmonic of the resonance is given by n and the order

of the resonance is given by k+ l = m. Qx and Qy are the horizontal and vertical tunes

respectively. If this resonance condition is met, particle oscillations will be driven to

larger amplitudes until they hit the physical aperture of the machine’s beam pipe. In

reality, the resonance condition in Eq. 1.1 does not have to be exact as most resonances

will have a finite width, referred to as the stopband.

Therefore, in order to avoid resonances around the ring, integer fractions of the tune

are avoided (i.e. Q = 1, 1/2, 1/3, 1/4 etc.). This is because the particle will return to

the same place in the accelerator after an integer number of turns, making it susceptible

to a kick from imperfections in the machine, driving a resonance. To ensure that these

resonances are avoided, the tune spread (the extent to which the particle tunes are

distributed around the nominal tune) must be kept sufficiently low.

Figure 1.1 shows an illustration of a tune diagram for an accelerator. The grey lines

show resonances up to 4th order and the black circle indicates the nominal fractional

tune in this example. It has been chosen to avoid the resonance lines and to have a low

tune spread. The blue diamond shows an example of a space-charge tune spread (see

Section 1.2.2).

From Fig. 1.1, it is clear that minimising the tune spread is one approach to avoid

resonant behaviour and particle loss. In order to achieve low tune spreads, higher-order

magnets such as sextupoles can be introduced into the lattice to correct for the spread

in particle momenta, known as the chromaticity [17]. When this correction is applied,

the lattice is no longer linear and the particle tune becomes dependent on the particle’s
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Figure 1.1: Tune diagram showing resonances up to 4th order. Normal resonances are
shown with solid lines and dashed lines represent skew resonances. A black circle marks
the particle tune without space charge. A blue diamond shows the tune spread of a
particle beam with space charge (tune footprint).

deviation from the design momentum. The lattice will no longer be integrable and hence

the Hamiltonian of the system is not conserved, meaning that the sextupole magnets

also drive their own set of resonances in the system. This limits the available phase

space in which the particle motion is stable. The largest trajectory in phase space where

the particle motion is stable is known as the dynamic aperture. While the introduction

of sextupoles is effective for lower-intensity beams, it poses a challenge to the design

of accelerators for beams of higher intensities. This is due to the Coulomb interaction

between charged particles (space-charge forces) which create a tune spread that cannot

be avoided. The blue diamond in Fig. 1.1 (often referred to as a ‘neck-tie’ or ‘tune

footprint’) gives an example of what the tune spread from space charge looks like in

theory. The space-charge tune spread can be seen to move some particles in the beam

onto resonances.
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1.2.2 Space charge

There are two competing space-charge forces in a particle beam. The first is the electro-

static Coulomb repulsion of the charged particles. The second force comes from the fact

that the charged particles, travelling with some velocity v, act like current carrying wires

which attract each other. Assuming a uniform beam with a cylindrical cross-section and

a charge density ρ, the transverse electromagnetic forces acting on a test particle in polar

coordinates (r, ϕ) are given by [18]

E⃗r =
ρ

2ϵ0
r⃗ and B⃗ϕ =

ρv

2ϵ0c2
r⃗, (1.2)

where ϵ0 is the electric constant and c is the speed of light. Using the Lorentz force, the

total force on the test particle with charge q is

F⃗ = q(E⃗ + v⃗ × B⃗) =
qρ

2ϵ0

(
1− v2

c2

)
r⃗ =

qρr⃗

2ϵ0γ2
, (1.3)

where γ = 1√
1−β2

is the relativistic factor and β = v/c. From Eq. 1.3 we can see that

as the speed of the particle approaches the speed of light, v → c, the space-charge force

vanishes. Therefore, space-charge forces are a more significant problem at lower energies

in the acceleration cycle. The total force is repulsive and hence introduces a defocusing

force to the accelerator lattice.

1.2.2.1 Incoherent and Coherent resonances

When space charge is non negligible, the accelerator elements can not only excite single-

particle resonances in the beam, but can also excite collective effects, driving the beam

core to oscillate at larger amplitudes. A distinction should be made between incoherent

motion — the oscillations of a single particle in a distribution, and coherent motion —

the oscillations of the distribution as a whole. Therefore, single-particle resonances are

referred to as incoherent and collective resonances are referred to as coherent.

The 2D incoherent resonant condition was introduced in Eq. 1.1. In one dimension

this simply becomes

Q0 = n/m, (1.4)
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where Q0 represents the bare tune of the particle, excluding any space-charge tune shift

and n and m represent the harmonic and order of the resonance respectively. Space-

charge forces will modify where these resonances occur. Including the tune shift due to

incoherent space-charge forces, ∆Q, known as the incoherent space-charge tune shift,

Eq. 1.1 becomes.

Q0 +∆Q = n/m, (1.5)

In order to arrive at an equation to describe the coherent resonance, the beam enve-

lope equations must be solved along the beams trajectory s, (introduced more formally

in Chapter 2). For a quadrupole (m = 2) coherent oscillation and horizontal and vertical

RMS beam size σx and σy, the envelope equations are,

d2σx

ds2
+Kx(s)σx −

ϵ2x
σ3
x

− Ksc

2(σx + σy)
= 0, (1.6)

d2σy

ds2
+Ky(s)σy −

ϵ2y
σ3
y

− Ksc

2(σx + σy)
= 0, (1.7)

where ϵx and ϵy are the transverse emittances and K(s) is the quadrupole focusing

strength. The emittance describes the area the beam occupies in position and momentum

phase space (see Section 2.1.5). The space-charge defocusing strength Ksc is given by

Ksc =
Nq2

2πϵ0mγ3v2
, (1.8)

where N is the number of particles per unit length (beam line density), q the particle

charge, m the particle rest mass, γ is the relativistic Lorentz factor, and v is the longi-

tudinal beam velocity. Applying the smooth approximation2, and solving the envelope

equations, the 2nd order coherent resonance condition is found to be

Q0 + C2∆Qrms = n/m, (1.9)

where ∆Qrms is the RMS incoherent tune shift of the beam. When the horizontal and

vertical tunes are equal, there are two possible modes of oscillation of the beam core.

2The smooth approximation averages out the time-dependent focusing of the quadrupoles into a
constant restoring force. This assumes a constant, average beta function which can be found by ⟨β⟩ =
L/ϕ, where ϕ is the phase advance over a length L of periodic beamline.
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The symmetric, “breathing” mode has a value of C2 = 1/2 and the anti-symmetric

mode has a value of C2 = 3/4 [19]. Anti-symmetric modes are more commonly excited

by quadrupoles and so we will consider only anti-symmetric modes in this thesis.

The condition can be generalised to higher order eigenmodes, m, by solving the

linearised Vlasov-Poisson equation [20] where we arrive at

Q0 + Cm∆Qrms = n/m. (1.10)

For the case of 2D round beams with equal transverse tunes, the theoretical Cm

factors up to 4th order are summarised in Table 1.1. The eigenmode solutions from the

Vlasov-Poisson equation are the coherent oscillations of the beam profile and are shown

in Fig. 1.2. The Cm factor lies between 0 ≤ Cm < 1 and is independent of the driving

term of the resonance.

Figure 1.2: Transverse beam cross sections, in real space, of even and odd coherent
modes up to 4th order [21].

1.2.3 Space-charge mitigation with octupoles

1.2.3.1 Decoherence

Instead of creating particle beams with a small tune spread to avoid resonances in a

machine, another technique is to intentionally create a large tune spread which can
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Table 1.1: Analytically calculated Cm values for the symmetric and anti-symmetric
modes for a 2D round beam [22]

Order of coherent resonance (m) 1 2 3 4

Symmetric Cm 0 1
2

3
4

13
16

Anti-symmetric Cm 0 3
4

11
12

31
32

damp instabilities through decoherence [23]. Figure 1.3 plots five sine waves, analogous

to five particle betatron tunes with a spread in frequencies. The sum of these amplitudes

represents the centroid of the particle beam and is plotted in black. If the coherent mode

frequency of the centroid matches a resonant frequency then the coherent motion will

excite particles to larger particle amplitudes, leading to particle loss. In Fig. 1.3 the

centroid is seen to be damped by the spread in betatron frequencies (tune spread) and

therefore coherent instabilities can be suppressed. The strength of decoherence only

depends on the lattice parameters and not on the beam distribution.

Figure 1.3: Illustration of decoherence where five sine waves have a small spread in
frequencies. The sum of the amplitudes (normalised) is plotted in black.
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1.2.3.2 Landau damping

Landau damping is defined as the damping of a collective mode of oscillations in a

collision-less plasma. The collective or coherent oscillations are damped by the beam

energy being transferred from the coherent oscillations to the incoherent (single particle)

motion and thus the coherent instability never fully forms. Landau damping is a difficult

concept to understand intuitively, and it often gets mistaken for decoherence [24]. As

described in [25], there are three conditions to be satisfied for Landau damping to occur.

First, the beam must have an incoherent frequency (tune) spread. The second condition

is that the coherent mode and the tune spread must have spectral overlap. The final

condition is that the coherent mode ωc must lie on the downwards slope of the betatron

frequency distribution function (see Fig. 1.4). Unlike decoherence, Landau damping is,

however, dependent on the betatron frequency distribution as it requires a larger density

of particles in the center of the distribution.

In the schematic Fig. 1.4, particles with a betatron frequency lower than the coherent

frequency (vx < ωc) will gain in amplitude to match the coherent frequency [20]. The

particles with a frequency higher than the coherent frequency (vx > ωc) will do the

reverse, losing energy to match the coherent mode. If there is a larger population of par-

ticles with a frequency less than the coherent mode, as in Fig. 1.4, energy is transferred

from the coherent oscillation of the beam core to the incoherent oscillation of individual

particles. The result of this is that the coherent oscillation is damped.

1.2.3.3 Octupole tune spread

Octupoles are often added to lattices to create an amplitude-dependent tune shift which

can damp coherent beam instabilities through decoherence and Landau damping [26–28].

A derivation of the amplitude-dependent tune spread can be found in Section 2.2.2. As

the amplitude-dependent tune shift increases with amplitude, and there is often not a

large density of particles in the tails of the distribution (high-amplitude particles), large

octupole strengths are often required to create the desired tune spread. As was the
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Figure 1.4: Schematic of a betatron frequency distribution of a particle beam with tune
spread. The red region highlights particles that will gain energy to match the coherent
frequency, ωc and the blue region highlights the particles that will lose energy. Figure
recreated from [20].

case for sextupoles, nonlinear magnets lead to a non-integrable lattice which results in

a reduction in the dynamic aperture as the nonlinear elements will drive their own set

of resonances. To address this problem, it is desirable to introduce nonlinear magnets

into the system that are effective for creating beams with a large tune spread but which

do not further excite resonances. These lattices would conserve the Hamiltonian of the

system and are referred to as nonlinear integrable lattices. These lattices are the main

object of study for Nonlinear Integrable Optics (NIO) and will be the main focus of this

thesis. NIO is outlined briefly below but is described in more detail in Chapter 3.

1.3 Proposed solutions for realising high-intensity

accelerators

The theory of Nonlinear Integrable Optics (NIO) seeks to circulate particles around an

accelerator with nonlinear elements, without exciting resonances associated with those

nonlinear elements. Thus the benefits of the nonlinear element are obtained whilst still

maintaining a large dynamic aperture. In a nonlinear integrable lattice, as described

by the theory of NIO [29], the trajectory of the particle beam would both occupy large

12



stable regions in phase space and maintain a large tune spread. This would open up the

possibility of accelerating beams with larger tune spreads, allowing for the suppression

of instabilities, and thus of achieving higher-intensity beams.

Figure 1.5: Schematic of T-insert and drift region for a nonlinear insert.

The theory of NIO was laid out in 2010 by Danilov and Nagaitsev [29] in which

they proposed an integrable, nonlinear lattice consisting of a linear ‘T-insert’ made from

focusing and defocusing quadrupoles and a drift region for a nonlinear magnet insert. A

schematic of a T-insert and drift region is shown in Fig. 1.5. The T-insert lattice requires

an nπ (where n is an integer) phase advance3 to provide quasi-periodic motion through

the drift region. Quasi-periodic motion ensures that any given particle will return to the

same position in phase space (or 180° out of phase in the case that n is odd) each time

it passes through the T-insert lattice. This essentially makes the T-insert ‘invisible’ to

a single particle. More formally, the T-insert is defined as having the transfer matrix

of a thin axially symmetric lens (see Fig. 1.5). The T-insert must also provide equal

beta functions in the drift region for the nonlinear insert (βx = βy). The nonlinear

magnet potential must then scale with the beta function in the drift region in order to

keep the Hamiltonian time independent and hence integrable. Since the Hamiltonian is

designed to be time independent, then, according to KAM theory [30], the system will

3The phase advance is equal to 2π× tune (see Section 2.1.4).

13



always be close to an integrable solution, even when small perturbations such as magnet

misalignment and space charge are included.

NIO offers a compelling opportunity to effectively achieve higher-intensity beams,

but the construction and operation of test accelerators to study this approach is a costly

and energy-intensive process. Furthermore, once they are built, test accelerators do

not generally allow the flexibility to adjust lattice structures and beam intensities to

explore large parameter spaces. While simulations can be a productive substitute in

some situations, in the case of higher-intensity beams they become computationally

expensive when reproducing the space-charge forces that are present in these beams

over long timescales. This makes relying solely on simulations impractical for the study

of NIO and higher-intensity beam dynamics.

1.3.1 Using a Paul trap to study accelerator physics

The difficulties in carrying out beam loss studies in accelerators and the computationally

exhaustive simulations required to compute space-charge effects over long timescales has

led to the development of Paul traps for research in accelerator physics. Most notably,

Paul trap experiments have been developed at Hiroshima University [31, 32], Princeton

University [33], and, most recently, the Rutherford Appleton Laboratories (RAL), in

collaboration with the University of Oxford [34]. These traps are used to study the

dynamics necessary to understand how to realise future high-intensity accelerators. One

of those potential future methods is NIO which is planned to be tested with the Intense

Beams Experiment (IBEX).

The IBEX experiment at RAL is a table-top sized linear Paul trap that can repli-

cate the transverse motion of particles in an alternating-gradient accelerator without

dispersion or chromaticity. This trap can be used to effectively study the dynamics of

high-intensity beams because the transverse Hamiltonians of ions in a Paul trap and of

particles in an accelerator are equivalent (Section 2.2). IBEX is not only a less expensive

alternative to building an accelerator to study beam dynamics, but it is also relatively
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safe and simple to operate. IBEX confines ions at low energy (< 1 eV) so there is no

risk of the equipment being damaged or activated by particle loss. Different lattices can

be tested in IBEX by adjusting the amplitude and frequency of the voltage waveforms

applied to the electrodes. The intensity can be adjusted by increasing the ionisation

time or gas pressure and hence number of ions stored in the trap. This makes it a very

attractive tool for testing various new types of lattices for high-intensity beams.

This thesis presents the design and commissioning of an upgrade to IBEX to allow

for higher-order multipoles to be created in order to test NIO experimentally. To enable

the exploration of non-linear accelerator lattices, the upgrade will allow for the creation

of the octupole fields and the linear T-insert lattice that are needed for the study of NIO.

However, it should be noted that the fully integrable nonlinear lattice requires a complex

elliptical potential in the non-linear drift region. This lattice is being tested at the

Integrable Optics Test Accelerator (IOTA) at Fermilab in Chicago [35]. This elliptical

potential is challenging to create experimentally (both in Paul traps and accelerators),

so IBEX will first be used to test a quasi-integrable case which only requires a linear

lattice and a scaling octupole potential. This thesis will discuss the use of the IBEX Paul

trap to test quasi-integrable optics with the ultimate aim of expanding these studies to

the exploration of high-intensity accelerator physics.

1.4 Thesis outline

The structure of this thesis is as follows. Chapter 2 introduces Paul traps as tools for

accelerator physics, and the experimental setup of the IBEX Paul trap is outlined. A

section is also dedicated to informing the reader of previous accelerator physics studies

that have been performed with Paul traps in the past. Chapter 3 describes the theory of

Nonlinear Integrable Optics and the design of the T-insert lattice to be tested in IBEX.

Chapter 4 details the design of the nonlinear upgrade to the IBEX experiment and

describes the operation of the new trap. It includes the design of the amplifiers needed
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to generate the high voltages applied to the trap electrodes. It also outlines the com-

missioning of the high-voltage amplifiers along with the rest of the trap and detectors.

In Chapter 5, an investigation into testing Quasi-Integrable Optics (QIO) in a Paul

trap is carried out through simulation. Chapter 6 presents the first results of an experi-

mental investigation of QIO in a Paul trap. These results show the first demonstration of

a Quasi-Integrable lattice storing ions in a Paul trap. Conclusions and ideas for further

exploration are given in Chapter 7.
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Chapter 2

Beam dynamics, Linear Paul trap
dynamics, and IBEX

Wolfgang Paul was awarded the Nobel Prize in Physics in 1989 for “the development

of the ion trap technique.” In his Nobel lecture he emphasised the similarity between

electromagnetic particle traps and the focusing devices used in nuclear and particle

physics to confine particles [36]. Paul discussed techniques for trapping particles using

both time-varying and static electric fields, as well as using the combination of magnetic

and electric fields. This thesis will concentrate on the ion trap which uses electric

fields only, and was later given the name ‘Paul trap’. In this chapter I will derive the

Hamiltonian of an accelerator and introduce the relevant beam dynamics that will be

used throughout this thesis. Detailed derivations of the concepts in this chapter can be

found in [37, 38]. I will then compare the transverse Hamiltonian of an accelerator to

the Hamiltonian of a Paul trap to show their equivalence. Previous work using Paul

traps to study accelerator physics is discussed and I also provide an outline of the IBEX

Paul trap experiment. A detailed overview of the IBEX experiment and commissioning

is given in [39].
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2.1 Transverse beam dynamics

2.1.1 Hamiltonian of a particle in an accelerator

An accelerator is designed to give energy to particles by passing the particles through

RF cavities with high electric fields. In the case of circular accelerators, particles can

make multiple passes through these RF cavities to gain energy. Dipole magnets are used

to steer particles around the machine, allowing multiple passes through RF cavities

in circular rings. Quadrupole magnets provide transverse focusing forces, confining

particles along their orbit. Thus, the charged particles in an accelerator are controlled

by electromagnetic forces described by the Lorentz force

dp⃗

dt
= F⃗ = q(E⃗ + v⃗ × B⃗), (2.1)

where p⃗ = γmv⃗ is the relativistic momentum (γ = 1/
√
1− v2/c2) of the particle with

mass m. F⃗ is the force experienced by a particle with charge q, travelling through an

electric field E⃗ and magnetic field B⃗ with velocity v⃗. The electric and magnetic fields

can be written in terms of the vector potential A⃗ and the scalar potential Φ as,

E⃗ = −∇Φ− ∂A⃗

∂t
and B⃗ = ∇× A⃗. (2.2)

Using the vector and scalar potentials, the Lagrangian of the system can be described

by,

L = −mc2
√

1− v2/c2 − qΦ + qv⃗ · A⃗. (2.3)

Using the canonical momentum, P⃗ = ∂L
∂v⃗

= p⃗ + eA⃗, and Lagrangian of the system, we

can express the Hamiltonian, H = P⃗ · v⃗−L, of a charged particle in an electromagnetic

field as,

H = qΦ +

√
c2(P⃗ − qA⃗)2 +m2c4, (2.4)

where the Hamiltonian, H is also equivalent to the sum of the kinetic and potential en-

ergy. In Cartesian coordinates, the equations of motion for the particle in the transverse

plane can then be found using Hamilton’s equations given by

dx

dt
=

∂H

∂Px

,
dPx

dt
= −∂H

∂x
,

dy

dt
=

∂H

∂Py

,
dPy

dt
= −∂H

∂y
. (2.5)
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The equations of motion in the z−direction are omitted as this is the direction in which

the acceleration of the particle is applied. In this work we assume non-accelerating

beams and are thus only concerned with the motion in the transverse plane. Before

applying Hamilton’s equations to Eq. 2.4, it is useful to first transform from Cartesian

coordinates to a coordinate system more natural to that of a particle in an accelerator.

2.1.2 Frenet-Serret coordinates

It is often convenient to describe the particle motion with a co-moving coordinate system

that follows the ideal orbit of a particle in a circular accelerator. The ideal orbit traced

out by a particle in a circular accelerator is referred to as the reference orbit. A particle

is usually confined to within small deviations from this reference orbit.

The Frenet-Serret coordinate system is shown in Fig. 2.1. In this coordinate system

(x̂, ŷ, ŝ), s is the path length measured along the reference orbit, r⃗0(s), from an arbitrary

initial point. The unit vector ŝ is tangent to the reference orbit at any given point and

is referred to as the longitudinal direction. The transverse coordinates are described by,

x̂ which is perpendicular to the tangent vector ŝ and lies on the tangential plane, and

ŷ, which is perpendicular to both ŝ and x̂. The unit vectors are defined as

x̂(s) = −ρ(s)
dŝ(s)

ds
, ŷ(s) = x̂(s)× ŝ(s), ŝ(s) =

dr⃗0(s)

ds
, (2.6)

where ρ(s) is the radius of curvature of the reference orbit. The particle position is then

given by r⃗(s) = r⃗0(s) + xx̂(s) + yŷ(s).

In the Frenet-Serret coordinate system, the Hamiltonian can be found through a

canonical transformation, changing the independent variable from time, t to position,

s [37]. The new momenta (px, py) are defined in Frenet-Serret coordinates as px = P⃗ · x̂

and py = P⃗ · ŷ, where P⃗ is the canonical momentum in Cartesian coordinates. Expanded

to second-order in the momenta, px and py, for an orbit with a radius of curvature ρ,

the Hamiltonian in Eq. 2.4 becomes

H ≈ −p(1 +
x

ρ
) +

(1 + x/ρ)

2p
[(px − qAx)

2 + (py − qAy)
2]− qAs, (2.7)
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Figure 2.1: The Frenet-Serret coordinate system.

where p is the total momentum, p =
√

E2

c2
−m2c2. The kinetic energy of a particle

in general is given by E = H − qΦ. We have assumed no accelerating field, and no

space charge, therefore the electrical potential in the above Hamiltonian has been set to

zero, Φ = 0. In the case of an accelerator with only transverse focusing and defocusing

magnets (Ax = Ay = 0), the Hamiltonian can be written as

H ≈ −p(1 +
x

ρ
) +

(1 + x/ρ)

2p
(p2x + p2y)− qAs. (2.8)

For accelerators with a large circumference we can use the straight-line approximation,

ρ = ∞ 1. Applying this approximation and using the following substitution,

p̃x =
px
p
, p̃y =

py
p
, H̃ =

H

p
, (2.9)

the scaled Hamiltonian can be written as

H̃ =
1

2
(p̃2x + p̃2y)−

q

p
As. (2.10)

2.1.3 Multipole-field expansion

In Eq. 2.10, we derived a Hamiltonian in terms of the scaled particle momentum and

the magnetic-field component, As. Before we use this Hamiltonian to solve Hamilton’s

1When it comes to dealing with the dynamics of a Paul trap, the assumption of ρ = ∞ holds true
as the trapping potential acts like a straight line of quadrupoles.

20



equations, we will first describe the magnetic-field component in terms of the magnetic

elements of an accelerator. There are two orientations for accelerator magnets in a

beam line, namely ‘normal’ and ‘skew’. An example of both a normal quadrupole and a

skew quadrupole configuration is shown in Fig. 2.2, where the skew quadrupole has been

rotated (or rolled) by 45◦ around the magnet’s geometrical central axis when compared to

the normal quadrupole. In general, the skew magnet is obtained by rotating the normal

magnet by 180◦/2n where n is the order of the magnet. The multipole expansion of the

vector potential, A⃗, for a magnet with 2n poles can be expressed in Cartesian coordinates

as [18]

A⃗ =
∑
n

Anfn(x, y) where, fn = (x+ iy)n, (2.11)

and An are the multipole coefficients. Using the assumption of long magnets where

we can ignore the end fields and assuming that the vector potential is parallel to the

magnets geometrical central axis (paraxial approximation) then A⃗ = (0, 0, As). The

real terms of Eq. 2.11 give the normal magnetic components and the imaginary terms

represent the skew components. Equation 2.11 is expanded out for normal and skew

magnets in Table 2.1. From this table we can see that normal dipoles and quadrupoles

keep the transverse motion (x, y) decoupled, however, skew quadrupoles, and higher

order magnets will couple the transverse motion (i.e. they contain xy terms). In this

thesis we will be concerned with only normal magnets as synchrotrons are almost always

constructed using normal dipoles and quadrupoles. However, it should be noted that

rotational (roll) misalignment of magnets in accelerators will introduce skew components.

In terms of the magnetic field,

By(y = 0) = −∂As

∂x
= −

∞∑
n=1

nAnx
n−1

= −
∞∑
n=1

xn−1

(n− 1)!

(
dn−1By

dxn−1

)
x=0;y=0

.

(2.12)

Equating Eq. 2.11 and Eq. 2.12 we get the magnetic multipole coefficients,

An =
1

n!

(
dn−1By

dxn−1

)
x=0;y=0

. (2.13)
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Figure 2.2: Example of the magnetic poles orientation for a Normal quadrupole (Left)
and Skew quadrupole (Right).

Table 2.1: Cartesian expansion of the magnetic vector potential, fn for elements up to
4th order [18].

Multipole n Normal fn Skew fn

Dipole 1 x y

Quadrupole 2 x2 − y2 2xy

Sextupole 3 x3 − 3xy2 3x2y − y3

Octupole 4 x4 − 6x2y2 + y4 4x3y − 4xy3

2.1.4 Hills equation

The Hamiltonian for a straight lattice (ρ = ∞), without acceleration and space-charge

forces, was obtained in Eq. 2.10. The magnetic multipoles can now be substituted into

this Hamiltonian and Hamilton’s equations can be solved to give us the equations of

motion for a particle. Starting from a lattice with only normal quadrupoles (n = 2), the

vector potential can be expressed using Eq. 2.13 as

A⃗ =

 0

0
1
2

(
∂By

∂x

)
0
(x2 − y2)

 , (2.14)

where the assumption that the quadrupole field is in ideal alignment with the reference

orbit is used and hence Ax = Ay = 0. The subscript 0 has been used to denote the

values of x = y = 0, at which the derivative is evaluated. The Hamiltonian for a particle
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moving through a single quadrupole is then given by

H̃ =
1

2

(
p̃2x + p̃2y

)
− 1

2

q

p

(
∂By

∂x

)
0

(
x2 − y2

)
=

1

2

(
p̃2x + p̃2y

)
+

K

2

(
x2 − y2

)
,

(2.15)

where K = − q
p

(
∂By

∂x

)
0
is the strength of the quadrupole. In a synchrotron, particles are

confined using alternating-gradient focusing which requires a sequence of quadrupoles

with alternating polarity. A quadrupole magnet can only focus in one transverse plane,

while defocusing in the other plane. The Hamiltonian for an accelerator lattice consisting

of an array of quadrupoles is thus described by

H̃ =
1

2

(
p̃2x + p̃2y

)
+

K(s)

2

(
x2 − y2

)
, (2.16)

where the K(s) is now dependent on the positions, s of quadrupoles around the ring.

For particles with no momentum spread (∆p/p0 = 0), Hill’s equations [40] are found to

be
x′′ +Kx(s)x = 0

y′′ +Ky(s)y = 0.
(2.17)

The prime notation (x′′) denotes the 2nd derivative with respect to s, and Kx(s) and

Ky(s) represent the focusing strength in the horizontal and vertical directions respec-

tively. The simplest arrangement of quadrupoles is referred to as a FODO lattice. In a

FODO, the ‘F’ denotes a focusing quadrupole, the ‘O’ a drift and the ‘D’ a defocusing

quadrupole. In this case, Ky(s) = −Kx(s).

Imposing periodicity on the focusing over a period of length L, K(s + L) = K(s),

the solution to Hill’s equations take the form of harmonic oscillations,

x =
√

2βx(s)Jx cos (ϕx(s)− ϕ0)

y =
√

2βy(s)Jy cos (ϕy(s)− ϕ0).
(2.18)

These oscillations around the reference orbit are referred to as betatron oscillations where

β(s) is the beta function defining the envelope of the oscillations and ϕ(s) is the phase

advance. The beta function and phase advance are both dependent on the accelerator
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lattice and can be related by the following equation,

ϕ(s) =

∫
ds

β(s)
. (2.19)

This relation is obtained by substituting the solutions in Eq. 2.18 back into Hill’s equa-

tions. The action, J , and initial phase, ϕ0, are determined from the initial conditions of

the particle. Transforming from phase space coordinates (z, pz), to action-angle coordi-

nates (Jz, ϕz) can be achieved with the generating function

F1(x, ϕz) = − z2

2βz

(
tanϕz −

β′
z

2

)
, (2.20)

where β′
z = dβz/ds and z ∈ x, y. The action, Jz is a measure of the single-particle am-

plitude (related to the single-particle emittance in Section 2.1.5) and the phase advance,

ϕz describes the angle rotated about the origin in phase space.

The tune of the accelerator is defined as the number of betatron oscillations per

revolution around a circular accelerator and can be written in terms of the phase advance

as Q = 1
2π
ϕ. Figure 2.3 shows a schematic of the particle motion in one plane, through

a series of focusing and defocusing quadrupoles. The beam envelope is marked with

the black dashed line and the coloured lines represent the motion of single particles, i.e.

betatron motion. Particles that pass straight through the center of a quadrupole have

their trajectory unchanged.

Figure 2.3: Schematic of betatron motion in one plane, through a lattice. The grey
‘lenses’ represent focusing and defocusing quadrupoles and the black dashed line de-
scribes the beam envelope. The solid coloured lines show the single-particle motion of 7
different particles through the lattice.
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2.1.5 Courant-Snyder representation

The Courant-Snyder invariant of a single particle can be described by the following

equation [41]

βzz
′2 + 2αzzz

′ + γ2
zz

2 = ϵz, (2.21)

for z ∈ x, y, and where α, β, and γ are referred to as the Twiss parameters and are

defined in terms of the beta function, β, as follows:

αz(s) = −1

2
β′
z(s), γz(s) =

1 + αz(s)
2

βz(s)
. (2.22)

Again, the prime notation denotes the derivative with respect to s. Equation 2.21 and

the Twiss parameters in Eq. 2.22 are used to match a beam’s orientation in phase space

to the accelerator lattice. The Courant-Snyder invariant, ϵ, is also known as the single-

particle emittance and is related to the action from before by ϵz = 2Jz. Figure 2.4 shows

a phase space ellipse traced out by a particle with an enclosing area of πϵ. Liouville’s

theorem states that under conservative forces the area of this phase space ellipse, and

hence the particle emittance, is conserved.

Figure 2.4: Phase space ellipse showing the relation of x and x′ to the Twiss parameters.

For particle beams it is often more useful to use a statistical measure of the emittance.

There are various definitions of the statistical emittance which describe different fractions
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of the beam contained within the phase space ellipse. The main definition that will be

used in this thesis is the RMS emittance, as this is the most useful definition for Gaussian

beams, which are assumed throughout this work. The RMS emittance is defined as

ϵrms =
√

⟨z2⟩⟨z′2⟩ − ⟨z2z′2⟩

⟨z2⟩ = βϵz, ⟨z′2⟩ = γϵz, ⟨z2z′2⟩ = −αϵz,
(2.23)

for z ∈ x, y. The RMS beam size can thus be defined as σ(s)rms =
√

ϵrmsβ(s).

2.1.6 Transfer matrices

The solution to Hill’s equations can also be written in matrix form where the matrices

represent the transformation of the particle’s phase space variables from one point in

the ring, s1 to another point s2,(
z(s2)

z′(s2)

)
= M12

(
z(s1)

z′(s1)

)
(2.24)

where the general 2× 2 linear transfer matrix, M12 is given by

M12 =

 √
β2

β1
(cosϕz − α1 sinϕz)

√
β2β1 sinϕz

(α1−α2) cosϕx−(α2α1+1) sinϕz√
β2β1

√
β1

β2
(cosϕz + α2 sinϕz)

 . (2.25)

The matrix M12 describes a rotation in phase space by an angle ϕz, which is the phase

advance between the two points in the lattice. The parameters α1,2 and β1,2 denote the

Twiss parameters at points 1 and 2 in the lattice, where the z notation has been dropped

for clarity. Considering a periodic system, the transfer matrix between two points in a

lattice where β1 = β2 = β and α1 = α2 = α, simplifies to

M =

(
cosϕz + α sinϕz β sinϕz

−γ sinϕz cosϕz − α sinϕz

)
. (2.26)

As accelerators often consist of periodic cells, the simplified matrix form in Eq. 2.26 is

useful for particle tracking code. Transfer matrices can be found for individual elements

in an accelerator lattice and the total transfer matrix of these elements can be found by

multiplying these matrices together. A drift region in a lattice is defined as the space
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between magnets where no external forces act upon the beam. The transfer matrix for

a drift with length l is found to be

Mdrift =

(
1 l

0 1

)
. (2.27)

The transfer matrices for focusing (K > 0) and defocusing (K < 0) quadrupoles are

presented below,

MF =

(
cos
√

|K|l 1√
|K|

sin
√

|K|l

−
√
|K| sin

√
|K|l cos

√
|K|l

)

MD =

(
cosh

√
|K|l 1√

|K|
sinh

√
|K|l√

|K| sinh
√
|K|l cosh

√
|K|l

)
.

(2.28)

In the case of thin quadrupoles, the small angle approximation can be applied to the

matrices in Eq. 2.28 to give a thin lens approximation which, for a focusing quadrupole,

becomes

MF =

(
1 0

−Kl 1

)
, (2.29)

where Kl = 1/f , gives the focal length of the quadrupole, f .

2.2 Analogy between accelerators and Paul traps

2.2.1 Transverse dynamics in a Paul trap

Earnshaw’s theorem states that a collection of charged particles cannot be confined in

all three spatial directions using a static configuration of electric fields [42]. However, a

quadrupole ion trap can confine charged particles in a pseudo-potential2 using a combi-

nation of DC (time-independent) and RF (time-dependent) electric fields. The trapping

electric potential has the general form in 3D,

ΦTrap (x, y, z; t) =U
1

2

(
ax2 + by2 + cz2

)
+ V cos (ωrft)

1

2

(
λx2 + σy2 + γz2

) (2.30)

2A pseudo-potential is an average confining force created by time-varying electric fields.
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where U and V are the voltage amplitudes for the DC and radio-frequency (RF) po-

tentials respectively. The x and y coordinates define the transverse plane and the z

coordinate defines the longitudinal direction. A schematic of a quadrupole ion trap is

shown in Fig. 2.5. The RF frequency is given by ωrf and a, b, c, λ, σ and γ are geometrical

factors. In order for Eq. 2.30 to be a realisable potential, it must satisfy the Laplace

equation, ∇2ΦTrap = 0. This leads to the following conditions for the geometrical factors

a+ b+ c = 0,

λ+ σ + γ = 0.
(2.31)

One choice for the geometrical factors is a = b = c = 0 and λ + σ = −γ. From the

potential in Eq. 2.30 we can see that the first term would be zero and the potential would

require trapping using entirely RF voltages [43].

A second solution is −(a + b) = c > 0 and λ = −σ, where γ = 0. This requires

RF confinement in the x-y plane, and a static potential well in the z direction which

confines ions longitudinally. This trapping technique is referred to as a linear Paul trap

and is the trapping configuration which is used in this work.

Figure 2.5: Schematic diagram of a Linear Paul trap. (Left) DC voltages create a po-
tential well to longitudinally confine ions. (Right) RF voltages create a pseudo-potential
to confine ions transversely.

Ignoring the longitudinal direction, z, for a linear Paul trap consisting of four elec-

trodes (see Fig. 2.5), with an electrode inscribed radius of r0, the transverse potential
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becomes

ΦTrap (x, y; t) =
V0 cos (ωrft)

r20

(
x2 − y2

)
. (2.32)

This pseudo-potential used for transverse confinement of ions in a Paul trap is analogous

to the alternating-gradient focusing of quadrupoles, as derived in Eq. 2.16, used to confine

particles in an accelerator. In the next section we will see the equivalence between the

Hamiltonian of a particle in an accelerator and that of a particle in a Paul trap.

2.2.1.1 Hamiltonian of a Paul trap

The Hamiltonian of a charged particle in an electromagnetic field was derived in Eq. 2.4.

For a non-relativistic particle in the presence of electromagnetic fields, this can be sim-

plified to

H = qΦ +
(P⃗ − qA⃗)2

2m
. (2.33)

As the Paul trap uses only electric fields, the magnetic vector potential can be set to

zero (A⃗ = 0). Substituting in the transverse electric field potential in Eq. 2.32, the

Hamiltonian for a particle of charge q and mass m in a Paul trap can be expressed as

HPaul =
(p2x + p2y)

2m
+ qVQ(t)

(x2 − y2)

r20
+ qϕsc, (2.34)

where VQ(t) is the time-varying amplitude of the quadrupole potential and ϕsc is the

potential due to space-charge forces created by other particles.

Applying the following transformations,

HPaul

mc2
→ ĤPaul,

px
mc

→ p̂x,
py
mc

→ p̂y, (2.35)

where the Hamiltonian and canonical momenta are made dimensionless, and also chang-

ing the independent variable from time t, to length τ = ct, the Hamiltonian becomes

ĤPaul =
(p̂2x + p̂2y)

2
+

1

2
Kp(τ)

(
x2 − y2

)
+

q

mc2
ϕsc. (2.36)

The quadrupole focusing strength is defined as

Kp(τ) =
2qVQ(τ)

mc2r20
, (2.37)
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which can be equated to the quadrupole focusing strength of an accelerator in the fol-

lowing way

K =
q

p

(
∂By

∂x

)
0

=
2qVQ(τ)

mc2r20
. (2.38)

A Paul trap can thus act as an analog simulation of the transverse focusing in particle

accelerators. The quadrupole strength can be calculated using Eq. 2.38 and the voltage

waveform applied to the trap electrodes defines the structure of the accelerator lattice.

The coordinate transformation from time t to a distance τ = ct is analogous to a

change in reference frame to that of the particle bunch. Throughout this thesis the

velocity of this bunch is assumed to be the speed of light, c. Due to this transformation,

traditional accelerator software such as MAD-X [44] can be used to design lattices to

confine particles in Paul traps.

2.2.2 Amplitude-dependent tune shift in a Paul trap

As octupoles are an important part of this work, in this section we will derive the

amplitude-dependent tune shift caused by an octupole potential. The Hamiltonian of a

single particle in a Paul trap can be extended to include an octupole potential,

ĤPaul =
1

2
(p̂2x + p̂2y) +

1

2
K2(τ)

(
x2 − y2

)
+

1

4
K4(τ)

(
x4 − 6x2y2 + y4

)
, (2.39)

where we are neglecting space-charge forces for the time being and have defined the

quadrupole focusing strength as K2(τ) and the octupole strength as K4(τ). Although

this derivation is using the Hamiltonian of a particle in a Paul trap, it also holds true

for an accelerator where K2(s) and K4(s) would be used as the s−dependent focusing

terms of the quadrupole and octupole magnets respectively.

Canonical perturbation theory can be used to study the effects of introducing the

nonlinear octupole potential [38], where we treat the Hamiltonian as Ĥ0 + Ĥp where Ĥp

is a perturbation to the linear Hamiltonian. The part of the Hamiltonian which arises

from the introduction of the octupole field is the following

Ĥ4 =
K4(τ)

4

(
x4 − 6x2y2 + y4

)
, (2.40)
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which we will treat as a perturbation to the linear Hamiltonian. Following the derivation

of the amplitude-dependent tune shift in the presence of an octupolar field in [45], the

tune shift can be obtained by averaging the perturbation Hamiltonian over all phase

space variables and computing the integrals,

∆Qx,y =
1

2π

∮
∂

∂Jx,y

〈
Ĥp

〉
dτ, (2.41)

where Jx,y is the particle’s horizontal and vertical action. Substituting action-angle

coordinates, x(τ) =
√
2Jxβx(τ) cosϕx and y(τ) =

√
2Jyβy(τ) cosϕy into Eq. 2.40 we can

describe the perturbation Hamiltonian in terms of action as,

Ĥ4 =
K4(τ)

4

(
4J2

xβ
2
x(τ) cos

4 ϕx − 24JxJyβx(τ)βy(τ) cos
2 ϕx cos

2 ϕy + 4J2
yβ

2
y(τ) cos

4 ϕy

)
.

(2.42)

Averaging Eq. 2.42 over all phase space variables and using ⟨cos2 ϕ⟩ =
∫ 2π

0
cos2 ϕ dϕ =

1/2 and ⟨cos4 ϕ⟩ =
∫ 2π

0
cos4 ϕ dϕ = 3/8 we obtain,

⟨Ĥ4⟩ =
K4(τ)

4

(
3

2
J2
xβ

2
x(τ)− 6JxJyβx(τ)βy(τ) +

3

2
J2
yβ

2
y(τ)

)
. (2.43)

Taking the partial derivative of Eq. 2.43 with respect to Jx,

∂

∂Jx

〈
Ĥ4

〉
=

K4(τ)

4
(3Jxβ

2
x(τ)− 6Jyβx(τ)βy(τ)), (2.44)

and substituting Eq. 2.44 into Eq. 2.41, the horizontal tune shift is found to be

∆Qx =
3

8π

∮
K4(τ)(β

2
x(τ)Jx − 2βx(τ)βy(τ)Jy)dτ. (2.45)

Assuming the beta function and octupole strength are constant over the time for which

the octupole potential is applied3, the tune shift can be simplified to

∆Qx =
3k4
8π

(β2
xJx − 2βxβyJy), (2.46)

∆Qy =
3k4
8π

(β2
yJy − 2βyβxJx), (2.47)

3Note that this is not the case for a long octupole insert in QIO as both the beta function and
octupole strength vary.
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where k4 is the integrated octupole strength. From Eq. 2.46 and Eq. 2.47 it is clear

that the tune shift is proportional to the action, J of the particle and hence there is

an amplitude-dependent tune shift in the presence of an octupole field. As there are a

range of particle amplitudes in any realistic particle distribution, the introduction of an

octupole field will therefore introduce a tune spread equal to ∆Qmax, where ∆Qmax is

the tune shift achieved by the particle with the largest amplitude.

2.3 Paul traps for accelerator physics: previous work

A Paul trap can replicate the transverse confinement of ions in particle accelerators using

electric fields, resulting in low energy (< 1eV) confined ions. This means that, unlike

in high-energy accelerators, losing particles in a Paul trap will not damage or activate

components. Also, due to the low energy of the ions, from Eq. 1.3, space-charge forces

will be much larger than for accelerators with high-velocity particles. This makes a Paul

trap a useful tool for beam loss and resonance studies, particularly for high space charge

beams. In addition, Paul traps have the potential to study space-charge mitigation

techniques such as nonlinear integrable optics.

Changing the intensity of beams in accelerators and varying the lattice design are of-

ten difficult. However, in a Paul trap, different accelerator lattices can be tested, without

modifications of the hardware, by simply varying the amplitude and time structure of

the applied electrode voltage VQ(τ). Space-charge effects can also be studied by varying

the number of ions stored in the trap. The number of ions stored can be varied from

∼ 103 – 107, replicating space-charge tune depressions of Q/Q0 = 1 → 0.85.

Simulation tools are a vital part of the design process for accelerators but replicating

the beam dynamics of intense beams with high space charge is computationally intensive

and cannot fully replace experimental verification. Thus, Paul traps offer a way to

simulate the transverse dynamics in accelerators in a fraction of the time compared to

computer modelling and without the granularity of time steps, macro-particles or grid

sizes. For example, a FODO lattice can be created with a 1MHz RF sine wave in a
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Paul trap, meaning it can simulate 1,000,000 FODO cells in ∼ 1 s. Depending on the

simulation code, number of particles tracked, and inclusion of space-charge forces, this

could take anywhere between a few seconds to multiple days for a computer simulation.

Paul traps also offer more flexibility with respect to lattice design and intensity and

can be built and operated for significantly less cost than accelerators. For example, the

Integrable Optics Test Accelerator (IOTA) at Fermilab is a compact ring and has an

estimated project cost of $20M [46]. In comparison, the original IBEX Paul trap cost

around £100 k to build.

As with all models, Paul traps have their limitations when replicating the particle

dynamics in accelerators. Due to the Paul trap using electric fields instead of magnetic

fields to confine particles, the focusing is independent of momentum. Therefore, the

trap cannot be used to simulate momentum-dependent effects such as dispersion and

chromaticity. However, this can also be seen as a benefit as it can simplify experimental

beam-dynamics studies and isolate the transverse effects. The benefits of using Paul

traps to study accelerator physics have led to a number of traps being built for this

purpose which are discussed in more detail below.

2.3.1 The Paul Trap Simulator Experiment (PTSX)

The Paul Trap Simulator Experiment (PTSX) [47–49] was constructed at the Princeton

plasma physics laboratory in 2001, with the goal of studying beam mismatch, envelope

instabilities, mechanisms for emittance growth and the production of halo particles [47].

A 2m long trap was created with four cylinder-segment electrodes at an inscribed radius

of 0.1m. This required a peak applied voltage of V0 = 235V at an RF frequency of

ωrf = 75 kHz in order to trap Cs+ ions [48].

PTSX has been used to study random noise-induced beam degradation in high-

intensity accelerators caused by machine imperfections in the quadrupole focusing system

[50]. In this article, the small errors in quadrupole focusing were emulated by adding

small random noise on the voltage waveform applied to the electrodes. These studies are
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useful because they help us understand the effects of current fluctuations in quadrupole

magnets. It was found that the transverse emittance increased almost linearly with

the duration of the noise and produced a non-thermal tail of trapped ions. This work

was also extended to study halo-particle production and adiabatic transverse bunch

compression [51].

PTSX has also successfully excited dipole and quadrupole collective modes using

perturbations applied to electrodes to study the effect of magnet errors on collective

processes in intense beams [52]. In 2013, Chung also proposed that PTSX could be used

to experimentally study continuously rotating quadrupole focusing channels [53].

2.3.2 Simulator for Particle Orbit Dynamics (S-POD)

Okamoto of Hiroshima University and Tanaka of Kyoto University proposed in 1999

to use either an RF quadrupole trap or solenoidal magnetic confinement trap to study

halo formation in charged-particle beams [31]. A design for an RF quadrupole trap was

explored in further detail in 2002 [32] before settling upon a much smaller trap design

compared to PTSX [54]. A smaller trap requires lower voltages and higher frequency

RF in order to trap particles of the same charge-to-mass ratio. As there is a limit

to the length of time that ions can survive in a Paul trap, higher frequencies can be

advantageous as they can replicate longer accelerator lattices in a given amount of time

[55]. However, the benefit of larger traps is that they are able to confine more ions,

leading to the need for less sensitive detectors.

The linear Paul trap that was eventually built at Hiroshima University, the Simulator

for Particle Orbit Dynamics (S-POD), consists of four cylindrical rod electrodes with

radius ρ0 = 5.75mm and an inscribed radius r0 = 5mm. These dimensions were chosen

to minimise unwanted nonlinearities in the quadrupole field [32] and required voltages

of < 150V applied at RF frequencies of ωrf ∼ 1MHz. The length of the central rod

electrodes was 50mm.
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S-POD was initially designed to store Ca+ ions as they can be laser cooled using semi-

conductor lasers in the visible spectrum [54]. Cooling the ions allows for the possibility of

larger space-charge forces by decreasing the emittance. In 2010, Ca+ ions were trapped

in S-POD and laser cooled to temperatures close to absolute zero (∼ 0.54mK) to create

a Coulomb crystal [56]. The Coulomb crystal was imaged using the fluorescence of the

ions. The Hiroshima group later optimised their setup to trap larger densities of Ca+

ions for ultrahigh-density beam dynamics experiments [57].

Due to 40Ca+ and 40Ar+ ions having the same mass-to-charge ratio (mCa/mAr =

40.078/39.948), S-POD can also trap argon ions without changing the trapping setup.

S-POD has been used to study the effects of quadrupole focusing field fluctuations on the

stability of intense hadron beams [58] as well as to study resonance crossings in the Fixed-

Field Accelerator (FFA), EMMA [59,60]. This work formed a collaboration between the

Hiroshima group and the Intense Beams group at the Rutherford Appleton Laboratories.

Lucy Martin, a PhD student from the Intense beams group, visited Hiroshima University

to study coherent and incoherent resonances with S-POD [61]. Her work scanned over

lattice tunes between 0.1 - 0.4, at eight different intensities. The resonances were studied

at various space-charge tune shifts and the Cm coherent factors (see Section 1.2.2.1) were

measured and found to differ from theoretical values.

Four S-POD traps have now been constructed by the Hiroshima group. The most

recent trap (S-POD IV) is a compact ion trap that is designed to study the space-charge

effects in drift-tube linear accelerators [62]. This trap has the same electrode dimensions

and inscribed radius as previous S-POD traps, however the central rod electrode length

is just 8.9mm. This allows for short bunches where the synchrotron tune (the number of

oscillations particles make in the longitudinal direction) is comparable to the betatron

tune to be studied. Most recently S-POD IV was used to study various betatron and

synchro-betatron resonance stop bands in high-intensity short hadron bunches [63].
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2.3.3 The Intense Beams Experiment (IBEX)

The Intense Beams Experiment (IBEX) was designed and assembled at RAL in 2016 [64],

with the first ions trapped in 2017 [34]. A similar design to the S-POD trap was chosen

with the main difference being the central trapping rods in IBEX were chosen to be

50% longer. This came with the advantage of being able to store more ions in the trap,

requiring less sensitive detectors. Although a longer trap design comes at the cost of

replicating smaller space-charge tune shifts for a given number of stored particles.

The IBEX trap was commissioned by PhD student Lucy Martin and was used to

study the 1/4 integer resonance at both equal and unequal transverse tunes [39]. A

future goal of IBEX was an upgrade to study Quasi-Integrable Optics (QIO) [65]. Ions

were successfully trapped in a linear T-insert lattice in 2019 and it was shown that a QI

lattice could be created with realistic trap voltages [39].

During my PhD I have taken on the task of upgrading the IBEX trap to allow for

the creation of octupole fields to test QIO [66, 67]. The design and commissioning of

the new IBEX trap is detailed in Chapter 4. I will first give an overview of the original

IBEX trap in Section 2.4.

2.4 Original IBEX experimental setup

The original IBEX Paul trap (IBEX-1) consisted of four stainless steel cylindrical rods

which had a time-varying electric potential V (τ) applied to them to create transverse

confinement of ions. The peak-to-peak voltage applied to the rods was on the order of

60 − 180V to store 40Ar+. The trap also had four smaller cylinders on either side of

the central rods, which are referred to as the end caps, which were used to confine ions

longitudinally.

Figure 2.6 shows a schematic of the linear IBEX Paul trap. The trap electrodes had

a radius of ρ0 = 5.75mm and an inscribed radius r0 = 5mm, the same as the S-POD

trap [32]. The trap electrodes were machined to within a tolerance of 10µm and aligned

within tolerances of 50µm [39]. Opposite electrodes had the same polarity, whereas
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adjacent electrodes had opposite polarities. A DC voltage bias of 25V was applied to

the end cap electrodes to provide longitudinal confinement of ions. The central rods also

had a DC bias of around 10V to aid the extraction of ions. Ions were stored in the trap

for the desired amount of time, at which point one of the end cap voltages was dropped

to 0V and the ions were extracted onto either a Faraday cup or Micro-Channel Plate

(MCP) detector. Figure 2.7 shows a CAD model of the linear IBEX trap with labelled

components and Fig. 2.8 shows the assembled trap.

Figure 2.6: Schematic of the original IBEX Paul trap. Red outlined electrodes have a
voltage of +V at t = 0, whereas blue outlined electrodes have a voltage of −V at t = 0.

Ionisation: The IBEX trap is situated in a custom-built, multi-port, vacuum vessel

under ultra-high vacuum on the order of 1×10−10mbar. To achieve this level of vacuum

an Edwards nXDS10i scroll pump and an Oerlikon Leybold Turbovac 450iX turbopump

are used. While the trap is pumping down, to achieve ultra-high vacuum, the vessel is

baked out at ∼ 130◦C for 2-3 days to outgas components. It is important to reach an

ultra-high vacuum to avoid the trapped ions colliding with residual gasses within the

vacuum vessel.

Argon gas is introduced into the vessel using a VAT Series 59 variable leak valve to

pressures within the range of 4.0×10−9mbar to 3.0×10−7mbar. This range in argon gas

pressure corresponds to an ion mean-free-path between ∼ 20 km and 250m. Before the

argon gas is leaked into the vessel, the gas line is purged using a second Edwards nXDS10i
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Figure 2.7: CAD model of the original linear IBEX trap.

scroll pump to ensure a high purity of argon gas. An electron gun is used to singly ionise

the argon gas while the RF voltage is applied to the electrodes, trapping 40Ar+. Note

that a small fraction will be doubly ionised but due to their larger charge-to-mass ratio,

they will not be confined in the trap. The electron gun can produce a 400 eV electron

beam with currents between 10 µA and 100 µA depending on the applied filament current

and grid voltages. Typically the electron-gun filament current is ∼ 14mA and produces

an electron beam with an expected beam diameter between 3mm and 5mm depending

again on grid voltages. The electron gun beam energy and filament current were kept

constant throughout this work, although in the future they could be exploited to help

vary the number of ions created in the trap.

Trapping: The voltage waveform applied to the electrodes was supplied using a

four-channel WW1074 Tabor Electronics Arbitrary Waveform Generator (AWG) which

outputs up to ±5V. Waveforms were supplied to the AWG from Python-generated .csv

files and loaded using a LabView control system. The output voltage from the AWG was
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then amplified ×50 using high-voltage (HV) high-slew-rate amplifiers. On the inside of

the vessel, voltages were carried to the electrodes using kapton-coated, ultra-high vacuum

wire. For one set of end caps, two Falco Systems WMA-300 amplifiers were used, where

the other end caps had a fixed DC voltage applied using a low-voltage power-supply. The

voltage applied to the central rods was amplified using two custom-built HV amplifiers

which used a PA98 APEX operational amplifier [39, 68]. Voltages were monitored after

amplification using 10:1 passive Teledyne LeCroy scope probes connected to a Teledyne

LeCroy HDO4024A oscilloscope.

Figure 2.8: (Left) Original IBEX assembly. (Right) Wire mesh electrode.

Detection: To detect ions, the DC voltage on one set of end caps was dropped to

0V and ions were detected destructively on one of two detectors. The positive DC of

10V, applied to the central rods, aids extraction onto the detector. This acceleration

voltage was kept constant throughout this thesis. A grounded, fine-wire mesh electrode

was located between the end caps and MCP detector for electrostatic shielding as well

as for focusing ions onto the detector. The mesh electrode, pictured in Fig. 2.8, shielded

the electrodes from the large bias voltages applied to the MCP. The fine mesh was woven

from 0.0254 mm tungsten wire and had open-area ratio of 0.8. From this ratio of open

area to wire mesh, it is therefore estimated that around 80% of ions released from the

trap made it to the detector.
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An additional copper Faraday-cup plate sat under the central electrodes, below the

electron gun. This Faraday-cup plate allowed for measurements of the electron-gun

current for diagnostic purposes.

The Faraday-cup detector was essentially a copper plate, which neutralised incident

ions that collided with it, gaining a small net charge as a result. The current resulting

from this charge was then amplified by a transimpedance amplifier through a resistance

of 2.80× 106 Ω and the detector was sensitive to roughly >1× 106 ions.

The second detector was a Micro-Channel Plate (MCP) detector (see Fig. 2.9). This

was made of multiple micrometer-thick glass capillaries (channels) that were tilted off

axis, embedded into a plate made from Inconel (a nickel-chromium-based alloy). When

an incident ion collided with the channel wall, it created a cascade of electrons which

were accelerated down the channel with a voltage, V = UOUT −UIN. This amplified the

signal of ions, depending on the voltage bias across the plate. IBEX had a two-stage

Hamamatsu P43 phosphor MCP [69] with a GLASSMAN high-voltage supply connected

to one plate and a Trek model 677B high-voltage supply connected to the other plate.

These two power supplies were used to create the potential difference across the MCP.

A phosphor screen sat behind the MCP and could be used to convert the output signal

of the MCP into a visible image. A CCD camera was aligned with the phosphor screen,

outside the vacuum vessel, behind a glass port. This camera could be used to image the

ion distribution from capturing the light from the fluorescing phosphor screen.

The phosphor screen could also be used in a similar manner to a Faraday-cup plate

where the amplified electron signal could be read out and converted to an ion number

through calibration with the Faraday cup. This was achievable due to an aluminium film

or an indium-tin oxide (ITO) transparent conductive film layer applied to the phosphor

screen [69]. The signal from the phosphor screen was further amplified with a gain of

5.74× 106 [39].

Timings and control: IBEX was controlled using a LabView controls system cre-

ated by Peter Griffin-Hicks [70]. A National Instruments BNC-2121 timings card was
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Figure 2.9: Schematic of Micro-Channel Plate (MCP) detector.

used to create the TTL signals used to switch the electron gun on and off, changing the

applied waveform to the trap electrodes and switch on the HV supply to the MCP before

ion extraction. The timings for a typical experiment are shown in Fig. 2.10. The MCP

could not be turned on continuously as the power supplies were connected through the

capacitance of the MCP. If both power supplies were on continuously for long periods of

time, the wrong voltage bias could be applied across the MCP [39]. The MCP HV had

to be turned on 50ms before the extraction to allow for the voltage to stabilise.

Figure 2.10: Timings chart of a typical IBEX experiment in the original trap. Recreated
from [39].

2.5 Chapter summary

In this chapter the Hamiltonian of a particle in an accelerator was derived and Hamilton’s

equations were solved to give the equations of motion. The relevant transverse beam
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dynamics theory and concepts which are used throughout the rest of this thesis were

also laid out. The transverse Hamiltonian of a particle in an accelerator and particle in

a Paul trap were shown to be equivalent and the relation between quadrupole strength

and voltage was derived. Due to the equivalence of Hamiltonians, Paul traps can be

used to model the transverse dynamics in alternating-gradient accelerators.

Other Paul traps such as PTSX and S-POD, also designed to study accelerator

physics, were briefly discussed before giving an overview of the original IBEX experi-

mental setup of IBEX-1. IBEX allows for rapid and automated experiments to be run

which can model space-charge-dominated beams in a fraction of the time it would take

computer simulations.

In the next chapter the theory of nonlinear integrable optics is presented along with

the lattice design work to test this concept experimentally in IBEX. The desire to up-

grade the IBEX linear Paul trap to a multipole trap, in order to test integrable optics, has

been an over-arching goal of the Intense Beams group at RAL since its inception [64,71].
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Chapter 3

Nonlinear Integrable Optics

Accelerators are designed with the underpinning assumption of a linear lattice. A linear

lattice consists of elements such as dipoles (order n = 1) and quadrupoles (order n = 2)

which have a transverse force proportional to the particle displacement, x and y. In

general, the transverse force of the magnet is proportional to x(n−1) and so for higher

order magnets (n > 2), the transverse force is not linear over the particle displacement.

Assuming perfect magnet alignment and no field errors, the Hamiltonian of a single

particle through a linear lattice can be separated into two invariants of motion (the

horizontal and vertical Hamiltonian). As stated by the Liouville-Arnold theorem, if a

system has as many invariants of motion as degrees of freedom, it is integrable [72].

Therefore, a linear lattice is integrable in 2D, meaning particles exhibit uncoupled, non-

chaotic motion and have an infinite dynamic aperture. In reality, the elements of a linear

lattice will not be aligned perfectly and the individual magnets will also have some field

errors and nonlinearities. As more particles are introduced into the system, space-charge

forces also introduce nonlinearities. These nonlinearities can drive resonances in realistic

linear lattices, which leads to unstable motion and emittance growth.

Nonlinear elements such as sextupoles and octupoles can be added to lattices to

try and correct for these nonlinearities. A quadrupole magnet’s focusing strength is

dependent on the particle momentum. Therefore, a particle beam with a momentum

deviation (∆p/p0) will lead to particles with a higher momentum (p > p0) having a

longer focal length, analogous to chromatic aberrations in optical lenses. This effect is
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referred to as chromaticity in accelerators and can be corrected using sextupoles which

have a transverse force proportional to x2. This nonlinear dependence of the focusing

strength on the particle amplitude results in a focusing compensation for off-momentum

particles, thus correcting their betatron frequencies.

Octupoles have a transverse force proportional to x3 which creates an amplitude-

dependent tune shift (see Section 2.2.2). Octupole magnets are also included in high-

intensity machines to damp collective instabilities such as coherent resonances through

Landau damping [26–28]. However, nonlinear elements can also drive resonances and

lead to a reduction in dynamic aperture. In these cases, nonlinear magnet strengths are

often kept to a minimum in an attempt to stay close to an integrable, linear system [73].

The theory however, does not dictate that only linear lattices can be integrable.

The desire to keep accelerator lattices close to linear historically comes from a place

of simplicity and familiarity [73]. Thus, the idea of Nonlinear Integrable Optics (NIO)

aims to find a way of incorporating nonlinear elements into a lattice, whilst maintaining

integrability. Therefore, a nonlinear integrable lattice would have the benefits of the

nonlinear element (i.e. chromaticity correction or Landau damping), without driving the

resonances associated with that element and thus maintaining a large dynamic aperture.

In this chapter I outline the theory of NIO laid out by Danilov and Nagaitsev in

2010 [29]. I then detail the design work of the T-insert lattice and octupole insert

strength to allow for the investigation of Quasi-Integrable optics in the IBEX Paul trap.

I also give an overview of work being done in the field of NIO to contextualise my own

work on this subject.

3.1 Theory of Nonlinear Integrable Optics

3.1.1 Hamiltonian of a linear lattice

For a system of N degrees of freedom, N invariants of motion are required for the system

to be integrable. In terms of accelerators, an integrable system means that particles

exhibit bounded, non-chaotic motion. For an ideal accelerator lattice built from linear
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components such as dipoles and quadrupoles, this is indeed the case. The Hamiltonian

for a single particle through a lattice with equal focusing quadrupoles in the transverse

planes is given by

H =
1

2

(
p2x + p2y

)
+

1

2

(
Kx(s)x

2 +Ky(s)y
2
)
, (3.1)

where Kx(s) and Ky(s) are the focusing strengths of the quadrupoles and it is assumed

that Kx(s) = −Ky(s). Introducing the following normalised phase-space coordinate

transformation as in [29],

xN =
x√
βx(s)

, pxN
= px

√
βx(s)−

β′
x(s)x

2
√
βx(s)

, (3.2)

yN =
y√
βy(s)

, pyN = py

√
βy(s)−

β′
y(s)y

2
√

βy(s)
, (3.3)

these can be substituted into Eq. 3.1 to give a Hamiltonian in normalised coordinates,

HN =
1

2

(
p2xN

+ p2yN
)
+

1

2

(
x2
N + y2N

)
, (3.4)

where we have the following equation for β,

(
√
β)′′ +K(s)

√
β =

1√
β3

, (3.5)

where the prime denotes the derivative with respect to s.

The Hamiltonian in Eq. 3.4, expressed in normalised coordinates, is now s-independent

and hence it is an invariant quantity of the system. As we can transform from time, t

to the displacement around the ring, s via s = ct, ‘s-independent’ is often referred to as

‘time-independent’ in the literature and these terms will be used interchangeably in this

thesis. We now have a conserved, uncoupled Hamiltonian for both transverse planes,

HxN
= 1

2

(
p2xN

+ x2
N

)
and HyN = 1

2

(
p2yN + y2N

)
. This means two invariants of motion

for the 2D system, and thus this system is described as integrable. Therefore, a single

particle in an accelerator built with ideal quadrupoles will exhibit bounded, non-chaotic

motion.
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3.1.2 Hamiltonian of a nonlinear lattice

Starting with the linear Hamiltonian in Eq. 3.1 and adding an arbitrary non-linear, time-

dependent potential V (x, y, s), we arrive at a general Hamiltonian of a nonlinear lattice,

H =
1

2

(
p2x + p2y

)
+

1

2

(
Kx(s)x

2 +Ky(s)y
2
)
+ V (x, y, s). (3.6)

In general, the Hamiltonian in Eq. 3.6 is time-dependent for conventional, nonlin-

ear elements. The Hamiltonian is thus not an invariant and the system is said to be

non-integrable. This means the nonlinear element can drive resonances, leading to a

reduced dynamic aperture. However, with the correct nonlinear potential scaling and

careful placement of the nonlinear element, the Hamiltonian in Eq. 3.6 can be made

time-independent and hence integrable.

Following the derivation of the time-dependent nonlinear Hamiltonian in [29, 73], a

number of assumptions have been made about the linear optics in to which the nonlinear

element is introduced. The linear optics is described in more detail in Section 3.1.3 but

for now the assumptions made about the optics are stated explicitly below:

• The optics is symmetric, i.e. βx = βy and Kx = Ky,

• The particle has no momentum deviation (∆p/p0 = 0),

• There is no dispersion, η = 0, and zero chromaticity, ξ = 0,

• The particle orbit is straight, 1/ρ = 0.

Applying the coordinate substitutions in Eq. 3.2 and 3.3 to Eq. 3.6 and introducing

the new ‘time’ which is now the phase advance (where ϕ =
∫
1/β(s)ds), we obtain the

new Hamiltonian in normalised coordinates,

HN =
p2xN + p2yN

2
+

x2
N + y2N
2

+ β(ϕ)V
(
xN

√
β(ϕ), yN

√
β(ϕ), s(ϕ)

)
, (3.7)

where βx = βy = β. If the potential, V , can be created in such a way that it cancels

out the beta dependence β(ϕ), then U(xN , yN) = β(ϕ)V
(
xN

√
β(ϕ), yN

√
β(ϕ), s(ϕ)

)
is
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time-independent and the Hamiltonian in Eq. 3.7 also becomes time-independent. This

means that the system has at least one invariant of motion, the Hamiltonian itself, which

can be expressed in the more compact form,

HN =
p2xN + p2yN

2
+

x2
N + y2N
2

+ U(xN , yN). (3.8)

The challenge is to find a time-dependent potential U(xN , yN) which also satisfies Laplace’s

equation and can be realised in an accelerator beam line. Two solutions, proposed by

Danilov and Nagaitsev, are the Quasi-Integrable solution with just one invariant of mo-

tion and the fully integrable solution with two invariants. These solutions are discussed

below.

3.1.2.1 Quasi-Integrable solution

One such time-independent potential is that of an octupole occupying the entire drift

region, L (see Fig. 1.5), with a strength that is inversely proportional to β3,

V (x, y, s) =
k

β3(s)

(
x4

4
+

y4

4
− 3x2y2

2

)
. (3.9)

Here, k is an arbitrary constant, determining the relative strength of the octupole.

Applying the coordinate transformation in Eq. 3.2 and 3.3, and using U(xN , yN) =

β(ϕ)V
(
xN

√
β, yN

√
β, s
)
, the octupole potential in normalised coordinates becomes

U(xN , yN) = k

(
x4
N

4
+

y4N
4

− 3x2
Ny

2
N

2

)
, (3.10)

which is time-independent. This leads to the nonlinear, time-independent Hamiltonian,

HN =
p2xN + p2yN

2
+

x2
N + y2N
2

+ k

(
x4
N

4
+

y4N
4

− 3x2
Ny

2
N

2

)
. (3.11)

The Hamiltonian is thus an invariant of the system. However, due to the coupled motion

introduced by the octupole potential, the Hamiltonian can no longer be separated into

two invariants of motion, as in the linear case. This results in just one invariant, in a

system with two degrees of freedom, and so the system is referred to as Quasi-Integrable

(QI). Although not fully integrable, nonlinear potentials that conserve the Hamiltonian
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have stable motion around the closed orbit and have well-defined boundaries in phase-

space [29]. Also, when perturbations from field errors and space charge are reintroduced,

the system will still stay close to an integrable system [30]. The QI solution is also

referred to as the Hénon-Heiles octupole as it is similar to the Hénon-Heiles map, first

applied to planetary motion [74]. In the literature it is also known as ‘single-invariant

optics’, however it will be referred to as Quasi-Integrable optics throughout this thesis.

The region of stable motion for the quasi-integrable octupole potential is limited by

the four hyperbolic fixed points at (xN , yN) = (±
√

1
2k
,±
√

1
2k
), where k is the octupole

strength [75]. A Hamiltonian contour map in Fig. 3.1(Left) shows these fixed points for

an octupole strength parameter of k = 1/2.

Octupole magnets can be used to create an amplitude-dependent tune spread. This

spread in the betatron frequencies leads to decoherence which can damp coherent insta-

bilities through Landau damping, suppressing resonant losses and halo formation [75,76].

Thus, implementing a scaling octupole prescribed by NIO would allow for large tune

spreads to be created in the beam, without the excitation of octupole (4th order) reso-

nances.

It is important to note that this octupole potential is not the only time-independent

potential that will lead to an invariant Hamiltonian. In fact, for an element of order

n (i.e. n = 3 for sextupole, n = 4 for octupole etc.), the required scaling condition is

β−n
2
−1 [73]. However, in this thesis we will only be concerned with the octupole potential

as using octupoles is an important strategy for the suppression of coherent resonances

in intense beams.

It is also important to draw attention to the fact that the octupole strength will need

to continually vary as 1/β3(s) across the drift region. In accelerators, this would have to

be approximated with multiple, independently powered octupole magnets that have their

strength scaled according to 1/β3(s). In the Integrable Optics Test Accelerator (IOTA),

where this octupole channel was studied, a series of 18 equally spaced octupoles (17 in

Run 2) were chosen to approximate the scaling octupole potential [77]. In the IBEX Paul
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trap, a continuously scaling octupole potential can be created with a voltage waveform

applied to the electrodes and therefore no approximation of the field is needed. This is

an advantage of testing QIO in IBEX.

Figure 3.1: Hamiltonian contour lines. (Left) Quasi-Integrable octupole potential,

k = 1/2. Hyperbolic fixed points are located at (xN , yN) = (±
√

1
2k
,±
√

1
2k
). (Right)

DN fully integrable elliptical potential, t = 1/2.

3.1.2.2 Danilov-Nagaitsev fully integrable solution

In this work, we only consider Quasi-Integrable lattices with an octupole potential.

However, for completeness it should be noted that Danilov and Nagaitsev have found

a subset of nonlinear potentials which are separable in elliptical, polar and parabolic

coordinates [29]. This leads to another invariant of motion, quadratic in momenta, in

addition to the Hamiltonian of the system. This results in two invariants of motion, and

hence leads to a fully integrable solution in the transverse plane. A detailed derivation

of the fully integrable solution is given in [29]. I will provide a brief overview of it below.

The authors started by searching for a second invariant of the form

I = Ap2x +Bpxpy + Cp2y +D = (ay2 + c2)p2x − (2axy)pxpy + ax2p2y +D, (3.12)

where the N denoting normalised coordinates has been omitted for clarity. Setting

the constants, a = 1 and c ̸= 0, the well-studied Bertrand-Darboux partial differential
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equation for an integral potential [78,79] is obtained,

xy (Uxx − Uyy) +
(
y2 − x2 + c2

)
Uxy + 3yUx − 3xUy = 0, (3.13)

where the subscripts denote the partial derivatives of the potential, U with the respective

coordinate. This partial differential equation has the general solution

U(x, y) =
f(ξ) + g(η)

ξ2 − η2
, (3.14)

for arbitrary functions, f and g and where,

ξ =

√
(x+ c)2 + y2 +

√
(x− c)2 + y2

2c
η =

√
(x+ c)2 + y2 −

√
(x− c)2 + y2

2c
. (3.15)

Solving Eq. 3.13 in elliptical coordinates, while continuing to satisfy the Laplace equation

(∇2U = 0), the following solution is obtained [29],

f2(ξ) = ξ
√

ξ2 − 1(d+ t cosh(ξ))

g2(η) = η
√
1− η2(b+ t cos(η)),

(3.16)

where b, c, d and t are arbitrary constants. This leads to a time-independent Hamiltonian

described by

HN =
1

2

(
p2x + p2y + x2 + y2

)
+

f2(ξ) + g2(η)

ξ2 − η2
, (3.17)

and second invariant of the form

I = (xpy − ypx)
2 + c2p2x + 2c2

f2(ξ)η
2 + g2(η)ξ

2

ξ2 − η2
. (3.18)

An alternative representation for the nonlinear potential was obtained in 2019 using the

complex plane (z = x + iy) [80]. This representation is beneficial in particle tracking

codes as it avoids numerical errors caused by small denominators that appear when

evaluating derivatives of the potential near the mid-plane. This approach gives the

potential in the form of

U = tRe

(
z√

1− z2
arcsin(z)

)
, (3.19)

where t is a constant determining the strength of the nonlinear potential. This fully

integrable solution has the benefit of an infinite dynamic aperture in theory, as it is
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not limited by any fixed points as was the case for the QI lattice. The potential does

have two singularities at x = ±c , but if the physical aperture of the beam pipe is

placed at this point, then the beam dynamics is only limited by the beam pipe and not

by the dynamic aperture. The Hamiltonian for the fully integrable Danilov-Nagaitsev

(DN) potential is shown in Fig. 3.1(Right), using the parameterisation in Eq. 3.19 and a

strength of t = 1/2. The singularities are located at x = ±1.

3.1.3 T-insert lattice

Now that the time-independent nonlinear potential for a QI octupole and a fully inte-

grable elliptical potential have both been derived, we will now turn our attention to the

linear optics in which these nonlinear potentials will be introduced.

In Section 3.1.2, it was assumed that the optics was symmetric and that βx = βy.

Axially symmetric focusing could be provided by solenoid fields, however they have a

focal length proportional to p2 and so are impractical for higher energy machines. As

quadrupole magnets affect the beta functions asymmetrically, the only other linear optics

that could create equal beta functions is a drift region. However, an accelerator cannot

be constructed out of only drift regions as there would be no radial confinement and the

beam size would continue to grow until all the particles were lost.

Therefore, consider a lattice consisting of two parts, (1) a drift region of length L,

where the beta functions are equal (βx = βy), followed by (2) a linear optics insert which

provides confinement of the particle beam, while also bringing the Twiss parameters

back to the same point as before the drift region but with the sign of α reversed (see

Fig. 1.5). This optical insert would need the transfer matrix of a thin axially symmetric

lens or ‘T-insert’,

MT =


1 0 0 0

−K 1 0 0

0 0 1 0

0 0 −K 1

 (3.20)

where K = 1/f is the integrated focusing strength over the T-insert. Such an optics

insert can be created with thick focusing and defocusing quadrupole magnets with the
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following conditions:

1. An nπ (where n is an integer) phase advance is needed over the T-insert section.

2. The Twiss parameters must have the same magnitude at the start and end of the

T-insert section (with the sign of α reversed).

The first condition of an nπ phase advance ensures periodic motion through the drift

region as particles return to the same point in phase space after passing through the

T-insert. This essentially makes the T-insert transparent to a single particle. Note that

an nπ phase advance is a sufficient condition (as opposed to 2nπ) for nonlinear potentials

with even powers of xN and yN . This is the case for the octupole potential in Eq. 3.9,

which we are concerned with in this work.

The second condition ensures equal beta functions in the drift region of length L

which can be described by the following formula,

β(s) =
L− sK(L− s)√
1−

(
1− LK

2

)2 , (3.21)

where K is the integrated focusing strength of the T-insert as before and s is the position

along the drift.

3.2 Designing a Quasi-Integrable lattice for IBEX

3.2.1 One-cell T-insert

A number of T-insert lattices for IBEX were designed by a previous PhD student, Lucy

Martin [39]. This was a difficult procedure as the lattice was not only constrained to

meeting the requirements of NIO theory, but also by the IBEX electronics and trap size.

Table 3.1 lists the experimental and theory-imposed constraints.

The first two constraints in Table 3.1 arise from the theory of NIO and have been

discussed already. The voltage amplifiers which amplify the trapping waveform applied

to the electrodes in the IBEX Paul trap also pose additional constraints on the T-insert
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lattice design. The voltage amplifiers limit the maximum voltage amplitude that can

be used to create a T-insert to ∼ ±150 V. Additionally, the slew rate of the amplifiers

(1000V/µs) limits the shortest pulse width of the waveform, depending on the voltage

pulse height. The trap size and, more specifically, the inscribed radius of the rods limits

the maximum beta function that the lattice can have. Large beta functions will lead to

the loss of particles due to scraping on the rods. The original trap sizes were assumed for

the T-insert design. Choosing a maximum RMS beam radius of rb = 2mm would avoid

scraping on the rods at a radius r0 = 5mm and would lie within the good field region of

IBEX [39]. Using σrms =
√
ϵβ, and assuming an emittance of ϵ = 2.16× 10−9mrad [39],

a maximum beta function is obtained for the lattice of βmax = 1850m.

Furthermore, the phase advance over the drift region is a constraint on the usefulness

of the nonlinear insert. In theory, the phase advance should be maximised in order to

maximise the length of the drift region and hence increase the length of the region over

which the octupole is applied. This will maximise the tune spread created in the particle

beam for a given octupole strength and hence increase the effectiveness of decoherence.

In practice, increasing the phase advance in the drift creates a large variation in β(s)

(due to Eq. 3.21), requiring a larger change in octupole strength as KOct ∼ 1/β3(s). The

increase in phase advance over the drift region also tends to increase the beta functions

in the rest of the lattice, leading to the risk of scraping on the trap electrodes. A phase

advance of 0.3 × 2π was chosen by IOTA which ensures a large tune spread when the

octupole is introduced into the drift region, while still being able to implement a scaling

octupole potential which is acceptable within field tolerances [73]. Therefore, when

designing the T-insert for IBEX, a phase advance of 0.3×2π was also set to be the goal.

The lattice which was found to be the most successful at trapping ions in IBEX is

referred to as L3 in [39]. This lattice was modified slightly by myself, in order to further

minimise the difference between the phase advances in x and y (0.02% improvement in

the phase advances meeting the NIO conditions). Figure 3.2 plots the beta functions of

this modified T-insert design and the lattice parameters are summarised in Table. 3.2.
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Table 3.1: Constraints on the T-insert lattice from theory and experimental set up.
Constraint Source

ϕx = ϕy = nπ NIO theory

βx = βy NIO theory

Limit on voltage amplitude (±150 V) IBEX electronics

Limit on pulse width (> 50 ns) IBEX electronics

βmax < 1850 m IBEX trap inscribed radius

Maximise phase advance over drift Maximise tune spread

Figure 3.2: Beta functions of the T-insert lattice designed for the IBEX trap in MAD-X.
The blue-shaded region is the drift region for the nonlinear insert.

The lattice consists of five quadrupoles arranged in a symmetric lattice, mirrored around

the central quadrupole. The quadrupole strengths calculated from MAD-X are converted

to voltages using Eq. 2.37 and the required, ideal voltage waveform is plotted in Fig. 3.3.

It should be noted that it was difficult to achieve a phase advance over the drift

region close to 0.3× 2π without raising the beta function within the T-insert, increasing

the risk of scraping on the trap electrodes. Therefore a phase advance of 0.136× 2π was
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Table 3.2: Design parameters of the one-cell T-insert lattice.
Lattice parameter Value

Horizontal phase advance over T-insert (2π) 0.5000

Vertical phase advance over T-insert (2π) 0.5001

Horizontal phase advance over drift (2π) 0.1358

Vertical phase advance over drift (2π) 0.1358

Equivalent lattice length (m) 889.12

Maximum βx (m) 1141.45

Maximum βy (m) 1419.18

Minimum βx in drift (m) 190.50

Minimum βy in drift (m) 190.50

settled upon.

Figure 3.3: Voltage waveform applied to one pair of rod electrodes in IBEX to create the
one-cell T-insert. The inverse of this waveform is applied to the other pair of electrodes.

In order to test the predictions of QI optics, a resonance needs to be excited in

the lattice so that the ability of an octupole to damp this resonance can be measured.

Furthermore, the lattice should also be tested near a 4th order resonance (as these are

most often driven by octupoles) to determine if the quasi-integrability of the lattice

has eliminated the ability for the QI octupole to drive these resonances. This one-

cell lattice has a tune, Qx, Qy = 0.636 which is not close to any structural 4th order
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resonance. However, in IBEX, it is possible to excite resonances using perturbations

applied to the electrodes which have a frequency equal to an integer multiple of the

betatron frequency. Therefore, an octupole perturbation can be applied to the plate

electrodes, with a frequency of four times the betatron tune in order to simulate a 4th

order resonance. This one-cell lattice is used to test QI optics in the presence of an

octupole perturbation in simulation work presented in Section 5.3. This technique is

unique to Paul traps as the focusing is dependent on time, in contrast to an accelerator

lattice in which the focusing is dependent on the spacial positioning of the magnets.

The technique of testing QIO in IBEX, using an octupole perturbation to replicate

the 4th order resonance, is itself a simulation of a resonance. Therefore, a more con-

vincing experiment would be to test QIO at a 4th order resonance defined by the lattice

structure, instead of introduced as a perturbation in time. It is for this reason, along

with the extension of testing QIO with space charge, that a two-cell lattice was designed

with a tune close to a 4th order resonance (Q = 1/4).

3.2.2 Two-cell T-insert

A main goal of NIO is to suppress space-charge-driven coherent resonances. One way

to test the ability of a QI lattice to suppress such resonances is to start with a lattice

that has a fractional tune close to a resonance condition. For instance, consider a linear

lattice with a fractional tune Q = 0.25 + δν, where δν is positive, so that the lattice

tune is above the 1/4 integer resonance. When space charge is included, the lattice tune

will be brought closer to the 1/4 integer resonance by the space-charge tune shift ∆Qsc

(which is always negative as the space-charge force is defocusing, see Section 1.2.2). In a

linear lattice, this space-charge tune shift could drive a coherent resonance in the beam.

The goal of the QI lattice would thus be to use an octupole to suppress this coherent

resonance (through Landau damping), without the octupoles driving the incoherent

resonance. Therefore, I designed a T-insert with a fractional tune slightly above 0.25.

To achieve a fractional tune of ∼ 0.25 in a one-cell T-insert lattice, either the beta
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function in the drift has to be reduced (as ϕ(s) =
∫

ds
β(s)

), or the drift region needs to

be made longer. Both of these methods tend to increase the beta function within the

T-insert, risking scraping on the electrodes of the trap.

Figure 3.4: Beta functions of the two-cell T-insert lattice designed to test QIO with space
charge in the IBEX trap. The blue-shaded region is the drift region for the nonlinear
insert.

Instead, I decided to create a T-insert made from two cells, each cell with similar

properties to the one-cell T-insert lattice, as this has already been used to trap ions in

IBEX [39]. The two-cell T-insert was designed using the matching module in MAD-X

and constraining the beta functions within the drift regions to be equal and the phase

advance over each T-insert cell to be 0.5 × 2π. The length of the drift region in cell 2

was increased by a factor of 1.08 for two reasons. First, to increase the total fractional

tune of the lattice beyond 0.25, and second to ensure that the T-insert was created

from two non-identical cells. It is important for the two cells to be non-identical when

particles make multiple passes through the lattice so that it acts as a super-cell (a larger
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cell structure made of other cells) with fractional tune Qsuper-cell and not Qsuper-cell/2.

For example, if cells 1 and 2 were the same, a lattice made of 1000 ‘super-cells’ with

Q = 0.25 would be identical to that of a lattice made of 2000 cells of cell 1 with a tune

of Q = 0.125. This technicality is important when it comes to driving resonances in

lattices as the cell structures have different resonant-driving terms.

Table 3.3: Design parameters of the two-cell T-insert lattice.
Lattice parameter Cell 1 Cell 2

Horizontal phase advance over T-insert (2π) 0.5111 0.4999

Vertical phase advance over T-insert (2π) 0.5118 0.5003

Horizontal phase advance over drift (2π) 0.1271 0.1496

Vertical phase advance over drift (2π) 0.1270 0.1499

Cell length (m) 889.12 902.98

Maximum βx (m) 1290.59 1290.59

Maximum βy (m) 1398.48 1398.48

Minimum βx in drift (m) 205.29 184.16

Minimum βy in drift (m) 205.50 183.75

Figure 3.5: Voltage waveform applied to one pair of rod electrodes in IBEX to create the
two-cell T-insert. The inverse of this waveform is applied to the other pair of electrodes.

The beta functions of the two-cell T-insert lattice are plotted in Fig. 3.4 and the

lattice parameters are summarised in Table 3.3. The total horizontal and vertical tunes
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of the super-cell are Qx = 1.276 and Qy = 1.277. The two-cell T-insert lattice consists

of 10 quadrupoles and has mirror symmetry around the central drift region. The voltage

waveform for the two-cell T-insert lattice is plotted in Fig. 3.5. This lattice is used in

simulation to test QIO in the presence of space charge in Section 5.5.

3.2.3 Relating the octupole field in an accelerator and IBEX

Following on from Section 2.2, where the quadrupole focusing in a Paul trap was shown

to be equivalent to the strong focusing in accelerators, we will now extend this com-

parison to octupole fields. The Hamiltonian of a particle in an accelerator consisting of

quadrupole and octupole magnets is given by,

HAcc =
p2x + p2y

2
+

1

2
k2
(
x2 − y2

)
+

1

24
k4
(
x4 − 6x2y2 + y4

)
, (3.22)

where

km =
1

Bρ

∂m−1B

∂xm−1
, (3.23)

with ρ being the radius of curvature of the particle in the magnetic field B. Adding an

octupole term to the Hamiltonian in a Paul trap gives the following equation,

HPaul =
p2x + p2y
2m

+
qVQ(t)

r20

(
x2 − y2

)
+

qVO(t)

r40

(
x4 − 6x2y2 + y4

)
. (3.24)

Using the same transformation as in Section 2.2 (H/mc2 → Ĥ, p/mc → p̂) and trans-

forming the independent variable t to τ = ct, we obtain

ĤPaul =
p̂2x + p̂2y

2
+

qVQ(τ)

r20mc2
(
x2 − y2

)
+

qVO(τ)

r40mc2
(
x4 − 6x2y2 + y4

)
. (3.25)

Equating the coefficients in Eq. 3.22 and Eq. 3.25 we get,

k2 =
2qVQ(τ)

mc2r20
and k4 =

24qVO(τ)

mc2r40
. (3.26)

Equation 3.26 now relates the strength of the quadrupole magnet, k2 and strength of

the octupole magnet, k4 to the voltages, VQ and VO in a Paul trap. In order to get an

estimate of the octupole voltage required in IBEX, we need to evaluate k4.
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First, we expand the fully integrable elliptical potential so that it can be shown that

the QI octupole solution is simply a truncation of this expansion. The fully integrable

elliptical potential expressed in normalised coordinates can be written as

U (xN , yN) = t · Re[(xN + iyN)
2 +

2

3c2I
(xN + iyN)

4 +
8

15c4I
(xN + iyN)

6

+
16

35c6I
(xN + iyN)

8 + . . .],
(3.27)

where t is a strength parameter that will be varied from 0−0.9 in the IOTA experiment

and the scaling parameter c2I = 0.01 cm for IOTA [73]. Approximating this potential to

the lowest-order term that creates a nonlinear tune spread, we arrive at the QI octupole

solution,

U ≈ 2t

3c2I

(
x4
N − 6x2

Ny
2
N + y4N

)
=

1

β(s)3
2t

3c2I

(
x4 − 6x2y2 + y4

)
, (3.28)

where the right-hand-side of Eq. 3.28 has been converted back from normalised coordi-

nates to Frenet-Serret coordinates. Equating the octupole coefficient in Eq. 3.22 with

the coefficient in the LHS of Eq. 3.28, the octupole strength can thus be expressed as,

k4 =
16t

c2I

1

β(s)3
. (3.29)

If we equate this to the octupole voltage in a Paul trap in Eq. 3.26 we obtain,

VO(τ) =
2

3

mc2r40
q

t

c2Iβ
3(τ)

. (3.30)

As stated above, IOTA choose a scaling parameter of c2I = 0.01 cm, which corresponds

to the singularities of the fully integrable elliptical potential at x = ±cI . IOTA chose

to make their beam pipe extremely thin and almost touch the elliptical magnet poles

in order to preserve as much of the physical aperture as possible [73]. To estimate a

sensible value of this parameter in IBEX, a value of cI = r0/
√
βdrift was chosen [39] where

r0 = 5 mm is the inscribed radius of the trap and βdrift is the value of the beta function

at the center of the drift region. This value of cI gives an analogous physical aperture

in IBEX, defined by the position of the electrodes. Thus, using Eq. 3.30 with t = 1

and βdrift = 190.5 m, an octupole voltage of VO = 17.09 V is obtained. This octupole
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voltage assumes a trap configuration of 8 equally sized electrodes, equally spaced around

a radius r0. This electrode configuration however, is not practical in IBEX due to the

way atoms are ionised in the trap. Therefore, the octupole voltage will be much larger

in practice and will be scaled according to the trap geometry used in IBEX, described

in Chapter 4.

3.3 Previous work on Nonlinear Integrable Optics

3.3.1 IOTA

The Integrable Optics Test Accelerator (IOTA) is a compact storage ring with a circum-

ference of 40m, located at Fermilab, US [35]. The construction of IOTA was motivated

by the needs of future high-intensity accelerators and aims to test novel methods for max-

imizing beam intensity in hadron machines. The key research areas are (1) mitigating

beam loss caused by coherent beam instabilities and (2) improving beam quality through

the mitigation of space charge and beam cooling [81]. IOTA has chosen three main

technologies in the pursuit of improving high-intensity machines which are Nonlinear-

Integrable Optics (NIO) [82], Electron Lenses [83] and Optical Stochastic Cooling [84].

IOTA was first designed to operate with 150MeV electrons with the goal of eventually

switching to 2.5MeV protons. The proton injector is currently being installed at the

IOTA ring, with the first proton beam expected in 2023 [85]. IOTA circulated it’s first

electron beam in August 2018; the results discussed in this section all use an electron

beam.

The IOTA ring consists of 8 main dipoles, 39 quadrupole magnets and a system of

dipole and skew-quadrupole corrector magnets [35]. The small size of the ring gives rise

to a large natural chromaticity which can be corrected with a series of 10 sextupoles.

NIO has been found to break down in the presence of dispersion and chromaticity due to

their modification of the invariants of motion [86]. However, with zero dispersion, it was

found that integrability could be maintained if the horizontal and vertical chromaticities

are equal [86]. Therefore, two regions were created in the lattice for nonlinear insertions
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where dispersion has been made zero and the chromaticities made equal. The two

regions in the ring allow for testing both Quasi-Integrable and Nonlinear Integrable

optics. In one of these regions, 17 independently powered magnets approximate the

scaling octupole potential for QI studies and in the other region, 18 independently

powered magnets approximate the fully integrable DN nonlinear element needed to test

fully integrable optics. In order to test NIO, IOTA aimed to achieve beta-functions with

better than 1% precision and better that 0.001 precision in phase advance [87]. This

requires magnet alignment tolerances of 50 µm and unwanted nonlinearities in the field

of less than 1%. Octupole strength fluctuations below 10% do not have a significant

impact on the dynamics [77].

IOTA has collected data from three experimental runs, Run 1 in 2019, Run 2 in

2019/2020 and Run 3 which started in October 2020. During Run 2 it managed to

circulate a single electron in the storage ring, whilst performing experimental 6D tracking

of the particle’s position [88]. This achievement advances experimental understanding

of single-particle-dynamics as well as acting as a useful tool for machine commissioning

and the verification of ring parameters.

In Run 2, testing the QI octupole showed that the amplitude-dependent tune shift of

the octupole was in agreement with simulations, however the resulting dynamic aperture

was smaller than expected. At the dynamic-aperture limit, a tune shift of 0.04 was

measured [81], whereas simulation results seemed to suggest a maximum tune shift of

0.08 could be achieved [89]. The limiting factor in the dynamic aperture was expected to

be from the strong sextupole corrections used, needed to compensate for the sextupole

magnets not yet installed in the lattice. Installation of the complete set of 12 sextupole

magnets in the IOTA lattice is expected to resolve this limitation [90].

The ability of Landau damping to suppress transverse instabilities was also studied

using the QI lattice. IOTA reversed their damping feedback system to produce positive

feedback, simulating an instability in the ring. The QI octupole strength was then

increased and the anti-damping gain was measured as a function of octupole current.
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These results showed that there was a two-fold increase in the instability threshold when

comparing the maximum octupole strength to the case where octupoles were off [81].

In experimental testing of the DN system, it was found that the beam could cross

the integer resonance while the nonlinear element had a strength parameter of t = 0.5.

The beam could even be left circulating on the integer resonance for 110 s [81]. Previous

simulation results also suggested that when crossing the integer resonance, at nonlinear

strengths of t ≥ 0.5, the beam splits into two ‘beamlets’ in the vertical plane [91]. This

prediction was also confirmed experimentally in Run 2 [90].

Recent work by Baturin used a method for distributing the discrete nonlinear ele-

ments in the drift region of a T-insert by equal phase advance instead of equally dis-

tributed in space [92]. This allows for a better approximation of the nonlinear insert

scaling to be achieved with fewer discrete magnets. This can also be extended to imple-

ment a distributed octupole lattice where single octupoles are placed at points within a

FODO lattice where βx ≈ βy in order to approximate a QI lattice to within a certain

degree of accuracy determined by the symplectic integration scheme. This method could

allow for QI lattices to be implemented more easily in accelerators as they would not

require the T-insert lattice and scaling nonlinear elements.

3.3.2 UMER

The University of Maryland Electron Ring (UMER) is a low-energy (10 keV) electron

ring, designed to study beam dynamics at high space charge. When operating at a beam

current of 100mA, UMER can reach a space-charge tune depression of Q/Q0 = 0.14,

placing it in the extremely space-charge dominated regime [93], where Q0 is the bare

tune. This is a much larger space-charge tune depression than is achievable in IBEX.

When trapping around 1 × 107 particles, a tune depression of Q/Q0 = 0.85 has been

measured [39]. In 2007, UMER circulated what was at that time a beam with the highest

space-charge tune shift ever stored in a ring, with an integer space-charge tune shift [94].

The ring is very compact with a circumference of 11.52m. As the ring stores low-energy
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electrons it is able to utilise printed circuit board (PCB) quadrupoles [95] due to the

small focusing force required to confine the beam.

A proof-of-concept octupole lattice was designed for the UMER electron ring in

2018 and extensive simulation work was undertaken to set tolerances on the lattice and

octupole insert [96]. Design studies were carried out for both a distributive octupole

lattice, where octupole magnets are distributed around the ring, and a single-channel

octupole insert. Although the distributive octupole lattice was simpler to implement

in the UMER ring, it only satisfied the quasi-integrable condition approximately. A

single-channel octupole insert was also designed using 7 overlapping PCB octupoles to

approximate the 1/β3(s) strength scaling.

An experiment was proposed in 2019 to test the predictions of NIO at low-current

with a low space-charge tune shift of ∼ 0.005. Particle-in-cell1 simulations showed that

a maximum octupole tune spread of ∆Q = 0.11 (∆Qrms = 0.015) could be achieved for

octupole strengths of 50T/m3 [97].

Since then, new accelerator lattice designs have been made in order to test QIO

in UMER while remaining close to UMER’s typical operating parameters [98]. An

optimization routine was developed to tune the lattice parameters within UMER until

the integrability requirements were met. Tune measurements were carried out with

the nonlinear octupole-channel insert and measurements of amplitude-dependent tune

shifts were also attempted. However, experimental results from testing QIO were not as

conclusive as the predictions from simulation. It was concluded that UMER could not

meet the strict tolerance requirements needed to obtain accurate amplitude-dependent

tune measurements and further work is needed for QIO to be tested experimentally [98].

3.4 Advantages of testing NIO with IBEX

So far, there have been mixed results when testing NIO. Simulations have shown promis-

ing results, however in practice experimental results have occasionally differed from

1Particle-in-cell (PIC) refers to the method used to solve Maxwell’s equations on a grid. The particle
positions are updated using the Lorentz equation of motion.
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simulation and the benefits of implementing NIO have not been as clear in experi-

ments [81, 98]. The advantage of testing NIO with IBEX is that a Paul trap offers an

intermediate step between simulation work and implementing integrable lattices in ac-

celerators. Although IBEX is a simplified model of an accelerator, only reproducing the

transverse dynamics in a dispersion- and chromaticity-free environment, it can still help

to test NIO experimentally.

IBEX’s simplicity when compared to accelerators offers some benefits when testing

NIO. As integrability can be broken by chromaticity and dispersion [86], the absence of

momentum-dependent focusing in IBEX means that these effects will not interfere with

experimental measurements. It also means that the lattice design is not constrained

to reducing dispersion to zero and making equal chromaticities in the nonlinear insert

region.

The ability to apply continuously varying voltage pulses to electrodes in IBEX also

means that the octupole channel will not need to be approximated with discrete oc-

tupoles as in IOTA and UMER [77, 97]. IBEX’s flexibility when it comes to creating

different types of lattices means that various implementations of NIO can be tested

without needing to rearrange accelerator elements or purchase new equipment. When

it comes to testing NIO with space charge, the IBEX trap can create space-charge tune

depressions of up to Q/Q0 = 0.85. Although this tune depression is much lower than

what is achievable in UMER (Q/Q0 = 0.14), it is currently a much higher space charge

regime than is achievable in the IOTA ring.

The IBEX trap comes with some disadvantages also, such as being sensitive to im-

perfections in the voltage waveform and being unable to measure beam position during

the storage of ions. However, the ease with which the intensity can be changed in IBEX,

along with the fact that the beam dynamics is isolated to only the transverse plane,

means that IBEX has the potential to offer the first demonstration of QIO with space

charge.
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3.5 Chapter summary

In this chapter, the theory of NIO was laid out and the quasi-integrable and fully in-

tegrable nonlinear potentials were introduced. It was shown that the QI solution led

to a time-independent Hamiltonian and thus one invariant of motion was achieved in a

system with two degrees of freedom. The fully integrable elliptical potential added an

additional invariant of motion, quadratic in momentum, which is being tested by the

IOTA facility.

The constraints of the T-insert lattice which is needed to house the nonlinear poten-

tial were laid out in this chapter. The design of a one-cell and two-cell T-insert lattice

to test QIO in the IBEX Paul trap were also presented. An introduction to the work

being carried out elsewhere on the topic of NIO was given to contextualize the impact

the IBEX Paul trap could have in this field. The absence of chromaticity and dispersion

in IBEX, along with the ease of changing lattice design and intensity could allow for a

step towards experimentally testing QIO with space charge.

In order to test QIO in IBEX, the original experimental set up laid out in Chapter 2

requires an upgrade to allow for the creation of octupole fields. In the next chapter,

the design work behind the upgrade to the IBEX Paul trap is presented along with the

commissioning of the new trap, IBEX-2.
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Chapter 4

Design and commissioning of the
nonlinear upgrade to IBEX

In this chapter I present the design work that went into the new nonlinear trap, IBEX-2.

I discuss the design and manufacture of the electrodes for the IBEX-2 trap, as well as

the installation and alignment tolerances. I also present the design and testing of the

new HV amplifiers to drive the multipole electrodes to the desired voltages in order

to provide sufficiently large octupole fields for testing Quasi-Integrable Optics (QIO). I

then provide details of the commissioning of the new IBEX-2 trap. This process involved

calibrating the MCP detector and optimising the transfer of ions from one section of the

trap to the other.

4.1 Specifications for the nonlinear upgrade

In order to test QIO in IBEX, an upgrade to the trap was needed to allow for the cre-

ation of octupole fields in addition to the quadrupole trapping potential. This required

inserting four additional electrodes in between the existing four central rods. However,

due to the original trap configuration, simply adding four electrodes in between the

central rods of the existing trap would be problematic as the gaps between electrodes

are needed to allow for the electron gun to ionise the argon gas in the trap1. For this

1Mounting the electron gun on one of the end caps in order to introduce electrons longitudinally
was considered. However, this would mean replacing the Faraday cup with an electron gun, and careful
consideration would have to be put into the mounting of the gun so that electrons would not hit the
MCP detector.
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reason, a two-segment trap was designed. This would allow for ionisation in the linear

section of the trap before ions were transferred to the nonlinear region or ‘experimental

region’ of the trap. The experimental region would then allow for the creation of lattices

with quadrupole and octupole elements. A schematic of the proposed two-section trap

is shown in Fig. 4.1.

The addition of electrodes into the trap, even if grounded, will in general affect the

field distribution within the trap. Therefore, careful consideration was needed to opti-

mise the shape and placement of these electrodes to minimise unwanted non-linearities

in the transverse field of the trap. The schematic shown in Fig. 4.1 is based on a similar

trap design from the University of Hiroshima [99]. Before settling upon this trap design,

a design study of the shape, size, and inscribed radius of the inserted electrodes was

performed.

Figure 4.1: Schematic of the IBEX trap nonlinear upgrade. Opposing RF voltages are
applied to the red and blue outlined rods for transverse confinement of ions. A DC
voltage is applied to the end caps and gate electrodes to provide longitudinal trapping.
In IBEX r0 = 5mm and ρ0 = 5.75mm. Four additional rectangular plates between
the rods are present in the nonlinear trap to enable the creation of octupole fields with
R0 = 8.5mm, w = 1mm and h = 6mm.

4.2 Minimising higher-order multipoles

4.2.1 Multipole field decomposition

In order to observe the effect of introducing additional electrodes on the field quality, a

multipole decomposition of the transverse field can be performed. This uses a Fourier

transform to decompose the field within the trap into its multipole components.
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The RF wavelength applied to the electrodes at operational frequencies of around

1 MHz is much larger than the size of the Paul trap, therefore the static-field approxi-

mation can be adopted to analyse the transverse multipole field of a specific electrode

configuration. The scalar electric potential, Φ, of the trapping field can be expressed in

polar coordinates (r, θ) as a sum of multipoles

Φ(r, θ) =
∞∑
n=1

cn(
r

r0
)n cos (nθ), (4.1)

where r0 is the inscribed radius of the electrodes and cn are the multipole coefficients

with order n. The multipole coefficients cn are calculated by evaluating Φ along the

circumference of a circle within the trap aperture and taking the Fast Fourier Transform

(FFT) of the sampled potential. The cn components are then extracted from the peaks

in the FFT spectrum. A finite element method was used in Mathematica to solve the

Laplace equation in 2D, using the perimeters of the trap electrodes as Dirichlet boundary

conditions. The value of Φ was evaluated at 1000 equally spaced points along a circle

with an inscribed radius of r0 = 3mm. This radius was chosen as it encompasses the

transverse good-field region within the IBEX trap. The 2D multipole decomposition in

this section was also performed in Mathematica, where the code has been adapted from

a model of the linear IBEX trap written by D. Kelliher [55].

The quadrupolar focusing potential corresponds to the c2 coefficient, which will be the

dominant term in the multipole expansion of the quadrupole field. An ideal quadrupole

field, i.e. a field with only a c2 component, can only be created with perfect hyperbolic

electrodes. Hyperbolic electrodes come with the disadvantage of narrowing (or even

eliminating) the region in which electrons can pass through the electrodes to ionise the

argon in the trapping region. This can be seen in Fig. 4.2, where the hyperbolic electrodes

asymptotically approach one another. From this reduction in space, using hyperbolic

electrodes would also make it difficult to place the multipole electrodes within the trap.

It is also an engineering challenge to manufacture precise hyperbolic electrodes to within

machining tolerances of <25 µm. For these reasons, circular rod electrodes are used in
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Figure 4.2: Circular rod electrodes used in IBEX (solid) compared to an ideal hyperbolic
geometry truncated at ±15mm (dashed).

IBEX, which approximate a hyperbola at the points closest to the center of the trap

(see Fig. 4.2). However, circular rods introduce nonlinearities into the quadrupole field,

away from the trap center. Using circular rods, with ideal alignment, only every fourth

harmonic will be excited. Therefore, the next two terms in the decomposition after c2

will be c6 (12-pole) and c10 (20-pole). An example of this multipole decomposition in

IBEX is shown in Fig. 4.3(Right).

To ensure that the desired multipole terms are enhanced while unwanted nonlineari-

ties are minimised, the electrode dimensions, locations and voltages were systematically

optimised to produce the most ideal operation.

4.2.2 Design of the IBEX-2 trap electrodes

The work in this section (4.2.2), designing electrodes for a multipole trap, has previously

been carried out by the group in Hiroshima for the creation of their own nonlinear

trap [99]. Their results have been replicated in this section using our own Mathematica
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model of a transverse cross-section of the electrodes.

4.2.2.1 Quadrupole electrodes

Figure 4.3: (Left) Scan of the ratio of electrode radius to inscribed radius, ρ0/r0, to
minimise the c6 multipole component. (Right) Multipole decomposition of the optimum
circular electrode configuration, ρ0/r0 = 1.15. Decomposition was performed in both
Mathematica (red, ×) and VSim (black, +).

As was seen in Section 3.1.3, designing a T-insert in the original IBEX trap was

difficult as the conditions of integrability need to be met, while the maximum beta

functions are constrained by the trap size and the focusing strength is limited by the

slew rate and maximum output voltages of the amplifiers. Creating a larger trap for

IBEX-2 (with a larger inscribed electrode radius r0) was considered which would have

increased the maximum beta function the trap could contain before scraping on the

rods. However, a larger inscribed trap radius requires larger voltages for a given trapping

frequency [55]. The voltage requirement can be reduced by operating at lower frequency.

Although, operating at lower RF frequencies comes at the expense of simulating the

motion through fewer accelerator cells or turns for a given ion storage lifetime in the

trap. As well as ion losses associated with storing for larger numbers of cells, the ion

lifetime in the trap will also diminish as a function of time due to factors such as collisions

with residual gas.

For these reasons, and for ease of reusing as much existing hardware as possible from

the original IBEX trap, the decision was made to keep the quadrupole electrode dimen-
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sions of IBEX-2 the same as the original IBEX trap. Therefore, when the multipole

trap was designed, the quadrupole rod dimensions of radius ρ0 = 5.75mm and inscribed

radius r0 = 5.0mm were assumed, as this ratio (ρ0/r0 = 1.15) has already been shown to

minimise unwanted nonlinearities in the quadrupole field [55]. For completeness, a scan

of the ratio ρ0/r0 was performed in Mathematica and the results shown in Fig. 4.3(Left).

Using the electrode dimensions of ρ0 = 5.75mm and r0 = 5.0mm, a multipole decom-

position spectrum for a quadrupole field is plotted up to c11 in Fig. 4.3(Right). This was

performed both using Mathematica where the electrodes are mathematically defined as

ideal circles, and VSim, where the electrode geometries were imported as tessellated

cylinders. The tessellation of the electrode geometry in VSim is seen to increase nonlin-

earities in the trap, above that seen in Mathematica.

4.2.2.2 Design of the multipole electrodes

The simplest way to independently excite the desired multipole terms in the nonlinear

trap, while maintaining a good quadrupole trapping region, is to place four additional

electrodes in between the existing rods as shown in Fig. 4.4. It is important that by

adding these additional electrodes that the unwanted multipole components are not

enhanced in the quadrupole field. Fortunately, by careful design of the multipole elec-

trodes, the nonlinearities in the quadrupole field can be reduced and the addition of the

electrodes can even improve the field quality compared to the existing linear trap.

The voltage configuration, capable of exciting the quadrupole mode in the experi-

mental region, is shown in Fig. 4.5 (Left). The four (smaller) multipole rods are grounded

while a voltage of ±VQ is applied to the quadrupole rod electrodes. Varying the radius

of the multipole rods ρ1, while positioned at a fixed radius R0 = 8.5mm, the ratio of

multipoles c6/c2 is plotted in Fig. 4.5 (Right). The nonlinear c6 component can be min-

imised with multipole rods designed so that ρ1/R0 ≈ 0.06. The resulting value of the

c6 component is a reduction by a factor of 102 when compared to perfect alignment of

the linear trap (ionisation region in Fig. 4.1). In order to minimise the c6 component
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Figure 4.4: Cross sectional view of two nonlinear Paul trap designs. (Left) Nonlinear
trap with multipole rods of radius ρ1. (Right) Nonlinear trap with multipole plates of
width w and height h. The inscribed radius of the multipole electrodes is given by R0.

in the trap, with an inscribed radius of R0 = 8.5mm, the corresponding rod radius is

ρ1 = 0.51mm. Despite the reduction in nonlinearities, such a thin rod is difficult to

align and is susceptible to bending. If such a configuration were used in reality, it is

likely that the benefits would be outweighed by the introduction of additional, bending-

induced nonlinearities [99].

Figure 4.5: Nonlinear trap operating in quadrupole mode. (Left) Cross section of trap
with the four multipole rods grounded and a voltage of ±VQ applied to the quadrupole
rod electrodes. (Right) Multipole rod radius ρ1 is varied, and the dependence on the
ratio c6/c2 is plotted.

Due to alignment constraints, a more practical design for the multipole electrodes is

instead a flat plate, shown in Fig. 4.4b. Adopting the same voltage configuration as in
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Figure 4.6: Minimising the c6 component in a quadrupole field created in the presence
of the plate electrodes. (Left) The ratio c6/c2 is plotted against the varying inscribed
radius of the plates R0 at w = 1mm. (Right) The ratio c6/c2 is plotted against the
width of the plates w at R0 = 8.5mm.

Fig. 4.5, this time using thin metallic plates of height h = 6mm, the c6 component in

the quadrupole field is minimised in Fig. 4.6. In Fig. 4.6 (Left), the inscribed radius of

the plates, R0 is varied, keeping the height and width of the plate fixed at h = 6mm

and w = 1mm respectively. The simulations show that the optimum inscribed radius

of the plates is R0 ≈ 8.5mm, in order to minimise the presence of the c6 component in

the quadrupole field.

In Fig. 4.6 (Right), a fixed inscribed radius of the plate electrodes of R0 = 8.5mm

and height h = 6mm is chosen, while the width of the plate is varied from 0.2 – 1.4mm.

At a plate width of 1mm the c6 component is minimised to a value ∼ 1 × 10−6. The

height of the plates was also varied, which resulted in very little change in the multipole

components. A height of h = 6mm was chosen for ease of manufacturing and alignment

of the plate electrodes. These results show that the rectangular multipole plates can

reduce the c6 component by the same factor as the multipole rods, and thus a good

quality quadrupole field can be maintained in the trap. A plate with a width of 1mm

and height of 6mm is also more easily aligned in the trap when compared to the rods,

leading to a reduction in unwanted nonlinearities.
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4.2.2.3 Octupole operation

An octupole field can be realised in the trap when adopting the voltage configuration

shown in Fig. 4.7 (Left). In this configuration, all four quadrupole rod electrodes are

grounded2, while a voltage of VO is applied to the four plate electrodes. Due to the

symmetry of the trap, when exciting the octupole mode (c4), additional components cn,

where n is a multiple of 4, will also be excited. The c8 component is of greatest concern

as it is the lowest order unwanted nonlinearity. The voltage dependence on the octupole

(n = 4) and 16-pole (n = 8) multipole components are plotted in Fig. 4.7 (Right). The

multipole components can be seen to have a linear dependence on the applied voltage,

with the octupole component found to be c4 ≈ 0.034 c̃2 at a voltage of VO = VQ. Here, c̃2

is defined as the quadrupole component measured when the nonlinear trap is operating

in quadrupole mode with voltage VQ.

Figure 4.7: Nonlinear trap operating in octupole mode. (Left) Cross section of trap
with the four quadrupole rods grounded and a voltage of VO applied to the multipole
plates. (Right) The ratio cn/c̃2 is plotted for the octupole (n = 4) and 16-pole (n = 8)
components as the voltage VO is varied. The multipole components are normalised by
c̃2 which is the quadrupole component measured when the nonlinear trap is operating
in quadrupole mode with voltage VQ.

These results agree well with the investigation carried out at Hiroshima University

for the nonlinear upgrade to the S-POD trap [99] where the following, more general,

2Note that the quadrupole rods do not need to be grounded and can have a DC potential or a
quadrupole potential applied. The resulting potential will be a superposition of the two fields.
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relationship was found to minimise c6: for a plate width of w and inscribed radius of

R0, in the presence of the quadrupole electrodes at an inscribed radius of r0,

R0

r0
= 1.948 + 0.153 log(

w

r0
). (4.2)

The octupole strength can be increased by bringing the plates closer to the center of the

trap and hence reducing R0. However, the width of the plates, w, must also be reduced

in order to continue minimising the c6 component when operating in the quadrupole

mode.

4.2.2.4 Effect of electrode misalignments

The Paul trap can never be perfectly aligned in practice, therefore it is essential to study

the effects that these misalignments have on the multipole components. To investigate

the effects of misalignments, all electrodes were simultaneously shifted from their ideal

position by a Gaussian distributed error and the field decomposition was compared

to the ideal case (no error). Table 4.1 summarises the multipole-component strengths

for the linear trap and nonlinear trap with plate electrodes (R0 = 8.5mm), operating

in quadrupole mode and octupole mode. Results were averaged over 20 Mathematica

simulations with randomly generated misalignments. Two different sizes of root-mean-

square (RMS) alignment errors of 50µm and 100µm are applied to the electrodes. These

alignment errors were chosen to simulate the worst-case scenario for misalignment of the

new trap. The previous trap saw some misalignments in the horizontal positioning

of certain electrodes of up to 168 µm, however most alignment tolerances were within

25 µm [39,64].

All multipole components are excited once alignment errors are introduced, however

they remain below 1 % of the dominant component of the field, with the exception of

the dipole (c1) component. The dipole component is not a concern in a Paul trap, as

it only shifts the center of the ion distribution and will not cause any nonlinearities.

Fukushima and Okamoto calculated that the dipole component caused by the largest

simulated misalignments will only displace the center of the ion distribution by less than
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Table 4.1: Multipole components dependence on misalignments in the trap electrodes.
The multipole components (as a percentage) for alignment errors of 50 µm and 100µm
are compared to the ideal alignment case (no error) for the linear trap, the nonlinear
trap operating in quadrupole mode and the nonlinear trap operating in octupole mode.

c1/c̃2 c2/c̃2 c3/c̃2 c4/c̃2 c5/c̃2 c6/c̃2 c7/c̃2 c8/c̃2

Quadrupole

mode
No error 0 100 0 0 0 0.03 0 0

(Linear trap) 50 µm 1.41 100.31 0.35 0.04 0.07 0.05 0.01 0.02

100µm 2.81 99.19 0.69 0.05 0.13 0.05 0.02 0.03

Quadrupole

mode
No error 0 100 0 0 0 0 0 0

(Nonlinear trap) 50 µm 1.44 99.70 0.37 0.03 0.06 0.04 0.02 0.02

100µm 2.73 99.68 0.72 0.07 0.12 0.08 0.02 0.02

Octupole

mode
No error 0 0 0 3.17 0 0 0 0.66

(Nonlinear trap) 50 µm 0.20 0.09 0.07 3.15 0.08 0.04 0.02 0.66

100µm 0.26 0.17 0.10 3.18 0.11 0.07 0.04 0.65

0.1mm [99]. When compared to the 5mm beam aperture, this amount of displacement

should not cause any beam loss as the transverse beam size in IBEX is typically around

1mm in radius. When comparing the quadrupole-field decomposition in the linear trap

and quadrupole trap, it is clear that the addition of the multipole electrodes will not

negatively affect the quadrupole field, within the simulated alignment errors of the trap.

These results agree well with those of the Hiroshima University group although it should

be noted that, in their field analysis, the multipole decomposition was taken about the

electrical center of the trap (hence c1 = 0) whereas in this work, the decomposition was

taken about the mechanical center (hence c1 ̸= 0).

4.2.3 Octupole strength

Revisiting Eq. 3.30, the octupole voltage for an ideal octupole ion trap, VO can now

be converted into the voltage that needs to be applied to the plates in the IBEX trap
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design, Vplates,

Vplates = gVO(τ) =
2

3

mc2r40
q

gt

c2Iβ
3(τ)

, (4.3)

where g = c̃2/c4 is a geometrical factor accounting for the size and configuration of

the electrodes. For an ideal octupole potential with 8 identical electrodes with equal in-

scribed radius, g = 1. However, with the chosen configuration of smaller plate electrodes,

at a larger inscribed radius when compared to the rod electrodes, the geometrical factor

g > 1, requiring a larger voltage applied to the plates to achieve the same VO. From the

results in Fig. 4.7, g = c̃2/c4 = 1/0.034 for plates of w = 1mm and inscribed radius of

R0 = 8.5mm. Calculating the necessary plate voltage with a strength parameter t = 1

and βdrift = 190.5 m, we get Vplates = VO/0.034 = 502.65 V.

Figure 4.8: Multipole decomposition for the transverse quadrupole field in IBEX nor-
malised to c2. The decomposition was performed with no plate electrodes and w = 1mm
plate electrodes inserted at an inscribed radius of 8.5mm and 7.4mm.

As the trap was being designed in parallel with the high-voltage amplifiers that would

drive the electrodes, it was not guaranteed that the amplifiers would reach the design

voltage of∼ 500V in order to create the desired octupole field strength. Therefore, it was

decided that some flexibility would be built into the trap design in order to reach higher

octupole strengths if needed. For this reason, two sets of plates were manufactured so
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that they could be installed at two different inscribed radii, 8.5mm and 7.4mm. The

set of plate electrodes with an inscribed radius of 7.4mm (with g = 1/0.085) would

give the option of providing a larger octupole field for a given voltage applied to the

electrodes. For the same octupole strength as before, plates at this inscribed radius

would only need an applied voltage of Vplates = VO/0.085 = 201.06 V. As the minimum

width of the plates was set to 1mm due to manufacturing and alignment constraints, the

7.4mm inscribed radius would have the drawback of increasing the c6 component in the

field. Figure. 4.8 shows the multipole decomposition performed for a quadrupole field in

the multipole trap with no plate electrodes (four rod electrodes only), and 1mm plate

electrodes inserted at a radius of 8.5mm and 7.4mm. This multipole decomposition

was performed using a 2D model of IBEX that I created in VSim. An inscribed radius

of R0 = 8.5mm can be seen to reduce the c6 component below that of the linear trap

(four rod electrodes only). Due to the plate width not being decreased as the inscribed

radius, R0, is reduced according to Eq. 4.2, an inscribed radius of 7.4mm can be seen

to increase the c6 component, above that of the linear trap configuration. Despite this

increased c6 component, the ability to reach higher octupole strengths in the future may

be useful.

4.3 Engineering of the nonlinear trap

The new nonlinear section of the IBEX trap could have been manufactured and inte-

grated with the existing linear section of IBEX. However, it was decided that a full

redesign of the trap would be best in order to improve upon previous manufacturing

tolerances and alignments. The trap configuration in Fig. 4.1 was decided upon with the

final parameters summarised in Table 4.2.

These specifications were given to the ISIS design division and the engineering de-

sign was carried out by Ross Turnley in collaboration with Galen Aymar (Accelerator

Design Group) and Dave Wilsher (Dimensional Metrology and Additive Manufacturing

Facility). The Intense Beams group and I worked closely with the engineers throughout
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the design process to ensure that it would meet our requirements and to help build

flexibility into the trap design.

The goal was to design and manufacture the multipole trap to within mechanical and

alignment tolerances of 10 µm. This is a significant improvement over the original IBEX

trap design which had the majority of components to within 25µm tolerances [39]. The

CAD design of the new trap, created by Ross Turnley, is shown in Fig. 4.9.

Table 4.2: Parameters for the design of the multipole trap.
Parameter Symbol Value (mm)

Rod inscribed radius r0 5

Rod electrode radius ρ0 5.75

Plate inscribed radius R0 8.5, 7.4

Plate width w 1

Plate height h 6

The previous IBEX trap design had a separate ceramic body to hold each set of

electrodes (i.e. end caps and central rods) as seen in Fig. 2.7. This made alignment

from one set of electrodes to the next very difficult. The center bodies in the previous

IBEX design were also square and the electrodes were pulled into the ceramic body to

have two points of contact in order to align the electrode. It is difficult to reach <10 µm

tolerances with this alignment technique as it is a manufacturing challenge to make two

90◦ flat surfaces of ceramic for the electrode to be pulled up against.

A centerpiece of the new design was the ceramic center body (labeled in Fig. 4.9 and

photographed in Fig. 4.10). This center body was designed to align and position the

gate electrodes and both sets of central electrodes. This ensures much better alignment

between the ionisation region and the experimental region of the trap, and also improves

the alignment between the central electrodes and end-cap electrodes. Figure 4.10 shows a

photograph of this ceramic center body housing the central rod electrodes and new plate

electrodes designed by the engineers. The center bodies were precision engineered out

of Alumina, using jig grinding to get within 1µm tolerance in orientation and form and

within 5µm tolerance in positioning of the holes to house the electrodes. The electrodes
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Figure 4.9: Engineer’s CAD design of the new multipole IBEX trap.

were then pulled against the curved surface of the center body as the point of contact.

This was a tried and tested technique of MTD Precision Engineering who make custom

precision ceramic components for mass spectrometers [100]. The ceramic chosen for the

new trap was Alumina as it is much less brittle than Macor which was previously used

for IBEX-1.

Figure 4.10: Photograph of assembled rods and plate electrodes in the new multipole
trap. A cross hair is added to show alignment of the plate electrodes.
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The plate electrodes were precision engineered using Electrical-Discharge Manufac-

turing (EDM) and were designed with a semi-circular top to aid manufacture and align-

ment (see Figure 4.10). Performing a multipole decomposition of the quadrupole field in

a 2D VSim model of IBEX shows that the Engineer’s plate design does not increase any

nonlinearities when compared to the simple plate design, as shown in Fig. 4.11. Two sets

of plates were manufactured, one with an inscribed radius of R0 = 8.5mm and another

with R0 = 7.4mm to allow for the possibility of increased octupole strengths.

Figure 4.11: Multipole decomposition for the transverse quadrupole field in IBEX nor-
malised to c2. The decomposition was performed with no plate electrodes, the original
w = 1mm plate electrodes inserted at an inscribed radius of 8.5mm and the engineer’s
plate electrodes design with a semi-circle top (see Figure 4.10).

After the new trap was manufactured, the machining tolerances for each compo-

nent were measured by Dave Wilsher using a Coordinate Measuring Machine (CMM).

The trap was then assembled and further CMM measurements were taken to confirm

alignment tolerances. Nearly all components achieved a machining tolerance within

10 µm with the exception of the plate electrodes form3 (or ‘straightness’) falling within

3Form tolerance is a geometric tolerance that constrains how straight a component must be made.
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Figure 4.12: Photograph of the assembled multipole trap, IBEX-2 with a 15mm ruler
for scale.

a tolerance of <18 µm for the R0 = 8.5mm plates and a tolerance of <27 µm for the

R0 = 7.4mm plates. Despite this, all transverse alignment tolerances of the electrodes

were met (<10 µm) with the exception of the horizontal distance between the plate elec-

trode 1 and rod electrode 1 (<12 µm). Overall the tolerances achieved for IBEX-2 were

a significant improvement over the original IBEX trap. The mechanical and alignment

tolerances in IBEX are summarised in AppendixA.

The new trap was then installed into the IBEX vacuum vessel and the electrodes

and detectors were wired up to the respective flange ports. The trap was then baked

out at 130◦C to outgass while the vacuum vessel was pumped down to a pressure of

∼5× 10−10mbar.
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4.4 Design and commissioning of the high-voltage

amplifiers

In addition to the precise manufacture and alignment of the trap electrodes, in order to

trap ions and accurately test accelerator lattices, a precise, high-slew-rate amplifier is

needed to drive the electrode voltages. Three additional amplifiers were required to drive

the two pairs of central rods in the experimental region (ER) and the plate electrodes.

The requirements for the octupole pulse applied to the plate electrodes is a 578 ns width

pulse with a peak voltage of 500V from the T-insert design in Section. 3.2. This requires

a slew rate of greater than 1700V/µs.

The previous, custom-built high-voltage (HV) amplifiers were designed and built

for IBEX by Adam Baird from the Oxford Physics Central Electronics Group. These

amplifiers used an APEX PA98 operational amplifier [68] with a peak-to-peak voltage

of 450V (± 225V) and a typical slew rate of 1000V/µs. This operational amplifier

(op amp) would not meet the requirements for the octupole pulse and therefore the

improved implementation of the APEX PA98, the APEX PA194, was chosen instead

[101]. This new operational amplifier has a peak-to-peak voltage operation of 900V (±

450V) and slew rates of up to 2100V/µs (1700V/µs typically), with very low noise.

Four PA194’s (one for testing and three for the new amplifiers) were purchased from

APEX technology and the amplifiers were again designed and manufactured by Adam

Baird. My contribution involved performing the initial circuit simulations with LTspice

in order to find suitable values for the circuit components and to test the PA194’s slew

rate and bandwidth. I was also involved in the testing stages of the circuit, along with

Adam Baird, throughout the design process.

4.4.1 Design of the HV amplifier circuit

Figure 4.13 presents a schematic of the PA194 circuit which I simulated in the electronic

circuit simulator software LTspice [102]. Values given in Fig. 4.13 are set to the optimum

values found through simulation in this section. The rod electrodes were measured to
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have a capacitance of 50 pF and hence each pair has a capacitance of 100 pF. As each

pair of rod electrodes is driven by a single amplifier, a 100 pF capacitance is added to

the circuit as a load with a 1 kΩ resistor. The HV power supplies are labelled ‘PS+’ and

‘PS-’, with voltages given in volts, and are shown off to the side in Fig. 4.13 for clarity.

Due to the voltage bias across the PA194 being limited to 900V, the largest symmetrical

voltage bias for the power supplies is +450V/−450V. To get the required 500V plate

voltage, an asymmetrical bias, for example +550V/−350V, is needed. It should be

noted that although this asymmetrical voltage bias can achieve higher positive voltages

(up to 860V with +860V/−40V), this cannot be applied in the negative direction as

the negative power supply terminal is limited to −450V and each pin needs a supply of

at least 40V [101].

A SPICE (Simulator Program with Integrated Circuit Emphasis) model of the PA194

op amp was downloaded from the APEX website [101]. The input signal (Vin) to the

amplifier originates from a power supply which simulates the output voltage from the

Arbitrary Waveform Generator (AWG). This input signal is connected to the negative

terminal of the op amp labelled “-IN”, resulting in the amplifier operating as an inverting

op amp. This means that the input signal is inverted as well as amplified and the gain

of the circuit is defined by

A = −RF

Rin

=
Vout

Vin

, (4.4)

where Rin is the resistance on the input, RF is the resistance of the feedback resistor,

and Vin and Vout are the input and output voltage signals respectively. In electronics,

the gain of an amplifier is often measured on a logarithmic scale and given in dB using

the following relation,

AdB = 20 log10

(
Vout

Vin

)
. (4.5)

85



Figure 4.13: LTspice circuit diagram for the APEX PA194 operational amplifier. Re-
sistors are labelled ‘R’ and given in units of Ohms, capacitors are labelled ‘C’ and
capacitance is given in Farads, and diodes are given the symbol ‘D’. Components are set
to the optimal values as found in this section.

4.4.1.1 Reducing ringing

The amplifier for the plate electrodes needed to have a gain of at least 100 (40 dB) so

that it could convert a 5V pulse from the AWG (max. output voltage is ± 5V) into a

500V output pulse to create the desired octupole field strength. To achieve this gain,

simulations were initially run with an input resistance of Rin = 500Ω and a feedback

resistor of RF = 50 kΩ to give a gain of 100. Initial simulations also did not include a

feedback capacitor CF. This resulted in high-frequency ringing of the signal as seen in

Fig 4.14(Bottom) in magenta for the octupole waveform and again in Fig 4.15(Top) in

magenta for the T-insert waveform. The addition of a feedback capacitor can reduce

the amplification of high-frequency noise and therefore reduce ringing in the amplified

waveform. This is an in-loop compensation technique, meaning that it is applied within

the amplification loop and is referred to as Miller compensation [103].

In Fig. 4.14(Top) a 2.25V QI octupole pulse was amplified with a gain of 100 by an

ideal op amp with infinite slew rate (green) and the PA194 with varying levels of feedback
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Figure 4.14: Amplified QI octupole waveform simulated in LTspice. (Top) A 2.25V
octupole pulse is amplified 100 times by an op amp with infinite slew rate (green) and
compared to the PA194 op amp with a feedback capacitance of 0 - 0.64 pF. (Bottom) A
5V octupole pulse is amplified 100 times by an op amp with infinite slew rate (green) and
compared to the PA194 op amp with RF = 50 kΩ, CF = 0.32 pF (blue), RF = 100 kΩ,
CF = 0pF (cyan), RF = 50 kΩ, CF = 0pF (magenta), and RF = 100 kΩ, CF = 0.32 pF
(red).
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capacitance CF = 0.0 − 0.64 pF. When the feedback capacitor is set to CF = 0.0 pF,

(cyan) the amplified octupole pulse is seen to overshoot the desired peak voltage of 225V

in Fig 4.14(Top) and a large amount of ringing is seen after the octupole pulse. Increasing

the capacitance of the feedback capacitor leads to the damping of high frequency ringing

in the octupole pulse. However, adding too much capacitance can over-damp the ringing

as seen with a capacitance of CF = 0.48 pF (magenta) and CF = 0.64 pF (grey). A

capacitance of CF = 0.32 pF can be seen to damp the ringing without over-damping

and without compromising significantly on slew rate (see Section 4.4.1.2 for slew-rate

measurements).

Figure 4.14(Bottom) plots a 5.0V QI octupole pulse, again amplified by an ideal

amplifier with a gain of 100 (green). The power-supply bias was changed from ±450V

to +550V/−350V in order to reach an output pulse of 500V. The circuit was simulated

with the PA194 op amp having an Rin = 500Ω and a feedback resistor of RF = 50 kΩ;

with CF = 0pF (magenta) and with CF = 0.32 pF (blue). Fig. 4.14(Bottom) also shows

the circuit simulated with Rin = 1kΩ and RF = 100 kΩ; with CF = 0pF (cyan) and with

CF = 0.32 pF (red). With no feedback capacitance (CF = 0pF), high-frequency ringing

can again be seen after the pulse for the overlapping cyan and magenta voltage signals.

Therefore, whether the gain is achieved by A = 50 kΩ/500Ω or A = 100 kΩ/1 kΩ, the

ringing is dominated by high frequencies. When the feedback resistor of CF = 0.32 pF

is added in parallel with the feedback resistor (as shown in Fig. 4.13), the ringing is

damped. However, we can see that the circuit with Rin = 1kΩ and RF = 100 kΩ (red)

reduces ringing more than the circuit with Rin = 500Ω and RF = 50 kΩ.

The same effect is seen in Fig. 4.15(Top) for the T-insert waveform, where the con-

figuration of Rin = 1kΩ and RF = 100 kΩ with CF = 0.32 pF (red) reduces ringing and

overshoot of the signal when compared to the circuit with Rin = 500Ω and a RF = 50 kΩ

with CF = 0.32 pF (blue) and compared to having no feedback capacitor (magenta).

Finally, the PA194 with the circuit configuration in Fig. 4.13 is compared to the

LTspice model of the PA98 op amp in Fig. 4.15(Bottom) for an amplified T-insert wave-
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Figure 4.15: Amplified one-cell T-insert waveform simulated in LTspice. (Top) T-insert
waveform amplified 100 times by an op amp with infinite slew rate (green) and compared
to the PA194 op amp with RF = 50 kΩ, CF = 0.32 pF (blue), RF = 100 kΩ, CF = 0pF
(cyan), RF = 50 kΩ, CF = 0pF (magenta), and RF = 100 kΩ, CF = 0.32 pF (red).
(Bottom) T-insert waveform amplified by an op amp with infinite slew rate (green),
PA98 op amp RF = 50 kΩ (blue) and PA194 op amp RF = 100 kΩ, CF = 0.32 pF.
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form. The input waveform into the PA98 op amp was twice as large as the input into the

PA194, as the gain of the PA98 amplifiers designed by Adam Baird was only 50. The

LTspice simulations show a greater slew rate for the waveform amplified by the PA194

op amp, achieving a better approximation of the square wave T-insert waveform. In the

following section we will quantify and compare the simulated bandwidth and slew rates

of the PA98 and PA194.

4.4.1.2 Simulating bandwidth and slew rate of PA98 and PA194

The gain of the PA98 and PA194 op amps was simulated across a frequency range of

100Hz to 10MHz to compare the bandwidth of the amplifiers. The bandwidth is taken

to be the frequency at which the gain has fallen by 3dB compared to its mean value at

low frequencies. The results are shown in Fig. 4.16. The PA98 op amp was designed

to have a gain of 50 (33.98 dB) and can be seen to achieve this gain for frequencies of

100Hz to around 1MHz where the gain starts to drop off. At a frequency of 3MHz, the

PA98 only has a gain of 63% of its design value. In comparison, Fig. 4.16 shows that

the frequency drop off of the PA194 op amp occurs later.

We can see that for the PA194 op amp with no feedback capacitor (CF = 0pF),

the gain increases at frequencies higher than 1MHz to a maximum of 199 (46 dB) at a

frequency of 3.6MHz. Adding a feedback capacitor of CF = 0.32 pF to the circuit, we can

see that the bandwidth of the amplifier is effectively reduced from approximately 6MHz

to 5MHz, but with the advantage of damping ringing in the circuit. At a frequency of

3MHz, the PA194 op amp with CF = 0.32 pF still has a gain of 88 (38.9 dB) which is

88% of the design value.

The phase between the input waveform and the output waveform of the amplifier is

also plotted in Fig. 4.16. As the simulated circuits are inverting op amps, the output

signal is 180◦ out of phase with the input at 0Hz. The phase difference starts to lag

around 10 kHz and by 300 kHz the amplified signal from the PA194 has a 170◦ phase

offset with the input signal. The phase delay between the input and output signal
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becomes a problem when driving voltages in the electrodes of a Paul trap if different

amplifiers are used with different phase delays. At a frequency of 1MHz, the phase delay

between the PA98 op amp and PA194 op amp is 6.5◦, which can be accounted for with

an initial phase offset of the input waveform. However, when driving a waveform with

multiple frequency components, this cannot be easily corrected, as the phase delays are

frequency dependent. This problem is minimised by ensuring that the same amplifiers

are always used on adjacent pairs of rods in the trap.

Figure 4.16: Simulated bandwidth and phase of the PA194, CF = 0.32 pF (red), PA194,
CF = 0.0 pF (cyan) and PA98 (blue) op amp. Gain is plotted in dB (bold) and phase
between the input and output signal is shown in degrees (dashed).

The rising and falling slew rates for the PA98 and PA194 op amps were also simulated

in LTspice. In this chapter, I define the rising slew rate as

Slew rate =
∆V10% - 90%

t
, (4.6)

where ∆V10% - 90% is the voltage increase from 10% of the voltage pulse amplitude to 90%

and t is the rise time taken. The PA194 op amp slew rate was measured at three different

power-supply biases, +225 V/-225 V, +450 V/-450 V and +550 V/-350 V. The input
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pulse was set to be a square wave with amplitudes of 2V, 4.5V and 5V respectively for

the three power-supply configurations for the PA194 with a gain of 100. The PA194 op

amp was also tested with and without a feedback capacitor of CF = 0.32 pF. The PA98

was only tested with a 4V input pulse (as it has a gain of 50), with a power-supply bias

of +225 V/-225 V as it can only operate with a maximum of 450V across the terminals.

The slew rates measured in LTspice are summarised in Table 4.3. At a power-supply

bias of +225 V/-225 V, the PA194 op amp can be seen to have around a 30% larger slew

rate than the PA98, even when the feedback capacitor is included. With this power-

supply configuration, the difference in rising and falling slew rate for the PA194 without

the feedback capacitor is seen to be around 8.9%. This difference is reduced to only

1.2% for the PA194 with CF = 0.32 pF. The slew rate improvement of the PA194 over

the PA98 increases by around 60% for power-supply biases of +450 V/-450 V and +550

V/-350 V. Operating at an asymmetrical power-supply bias of +550 V/-350 V does not

seem to significantly affect the difference in rising and falling slew rates. The slew rates

simulated with LTspice for the PA194 appear slightly lower than the typical values of

slew rate quoted in the manual of up to 1700V/µs. It is suspected that the slew rate

for the LTspice model of the PA194 is set to a conservative value. Experimental results

testing the performance of the amplifier circuit are presented in the next section.

Table 4.3: Simulated rising (+) and falling (−) slew rates for the PA98 and PA194 om
amps. The PA194 is tested with and without a feedback capacitor, CF and is tested at
three different power-supply biases (+PS/-PS).

Op Amp Slew rate (V/ µs)
+225 V/-225 V +450 V/-450 V +550 V/-350 V

PA98 +1027, -1027 - -

PA194 (CF = 0.0 pF) +1322, -1440 +1620, -1627 +1651, -1662

PA194 (CF = 0.32 pF) +1293, -1309 +1591, -1594 +1642, -1646

4.4.2 Testing and commissioning of HV amplifiers

Figure 4.17 compares the simulated LTspice waveform amplified by the PA194 op amp,

to the measured amplified signal from a PA194 test circuit. The LTspice circuit was the
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same as that presented in Fig. 4.13 but with CF = 0pF; the experimental circuit was

set up to be the same as the simulated circuit. The power-supply bias was set to +450

V/-450 V in both cases. Due to the omission of the feedback capacitor, a large amount

of ringing is seen on both the simulated and the experimental amplified signals. The

LTspice model predicts the ringing in the circuit well as can be seen from the fairly good

agreement of simulated and experimental data in Fig. 4.17.

Experimental data for the final PA194 circuit design is presented in Fig. 4.18 for the

T-insert waveform and is compared to the current amplifiers using the PA98 op amp. For

this test, the power-supply bias was set to +225 V/-225 V for both the PA98 and PA194

amplifiers. It is clear from Fig. 4.18 that the inclusion of a feedback capacitor (as well

as other circuit compensation techniques that are beyond the scope of this thesis) have

significantly reduced the ringing in the circuit when compared to Fig. 4.17. However,

inspecting Fig. 4.18(Bottom), it is clear that there is still more overshoot and undershoot

of the waveform in comparison to the amplified waveform from the PA98 amplifiers.

In Fig. 4.19, a QI octupole input pulse is compared to the amplified signal from

the PA194 amplifier for a power-supply bias of +450 V/-450 V. The amplified signal

has been overlaid over the input signal for comparison and hence is not indicative of

the phase delay between the signals. Figure. 4.19 shows a good approximation of the

octupole pulse.

The slew rates for the PA98 and PA194 amplifiers were also measured using a 1MHz

square-wave pulse with a duty factor of 30% (i.e. the pulse is on for 0.3 µs and off for

0.7 µs). The slew rate is again defined by Eq. 4.6, where the voltage increase is measured

between 10% and 90% of the maximum pulse voltage. The slew rate of the PA98

amplifier was tested at a power-supply bias of +225 V/-225 V and was found to have

a rising slew rate of +1006V/µs and a falling slew rate of +1005V/µs. These values

agree within 2% of the simulated values presented in Table 4.3. The PA194 amplifier was

tested at a power-supply bias of +450 V/-450 V and was found to have a rising slew rate

of +1659V/µs and -1643V/µs. These slew rates are an improvement of around 4% over
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Figure 4.17: (Top) Simulated amplified signal of a T-insert waveform through an ideal
amplifier (blue) and the PA194 op amp with CF = 0.0 pF (brown). (Bottom) Measured
input waveform from an AWG (blue) and measured amplified signal through an APEX
PA194 op amp test circuit with CF = 0.0 pF (orange).

94



Figure 4.18: Experimental data of T-insert waveform. Input waveform for the PA194
amplifier is plotted in blue, dashed (input voltage to PA98 is twice as large due to its
gain of 50 instead of 100). Amplified signal from the PA98 circuit is plotted in green
and the amplified signal from the final PA194 design is plotted in orange. (Top) One
and a half T-insert cells. (Bottom) Zoomed-in plot from the central square-wave pulse.
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Figure 4.19: Octupole input waveform into the PA194 (black, dashed). Amplified oc-
tupole pulse from the final PA194 design (green). Waveforms have been overlaid onto
one another.

the values predicted from simulation when the feedback capacitor was included. They

agree to within 4% with simulation values of the slew rate when no feedback capacitor

was included in the circuit.
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4.5 Commissioning the nonlinear trap: IBEX-2

A schematic of the normal trapping set up for IBEX-2 is shown in Fig. 4.20(Top). Ar-

gon gas is introduced into the vacuum vessel and an electron gun, positioned over the

ionisation region (IR), ionises the argon, while RF voltages are applied to the electrodes

in the IR, trapping the singly charged ions. A DC voltage of 25V is applied to the

Faraday Cup (FC) end caps and to the gate electrodes, shown in Fig. 4.20 for longitu-

dinal confinement. Note that the detectors are not shown in the schematic but the FC

detector would be located on the left-hand side, whereas the MCP detector would be on

the right. After ionisation, the gate electrode DC voltage is dropped to the same DC

voltage as the electrodes in the Experimental Region (ER). Due to a DC offset between

the IR and ER, δVDC , ions which were previously trapped in the IR will now be able

to pass into the ER. After a certain time, determined experimentally in Section 4.5.4,

the gate DC voltage is increased back to 25V and the ions are stored in the ER for

the desired experiment time. After the desired time has elapsed, the DC voltage on the

MCP end caps is dropped to 0V to accelerate the ions onto the MCP detector where

they are measured destructively. The voltage waveforms were created in a Python script

and sent to the Arbitrary Waveform Generators (AWGs) via a LabView program.

The new IBEX-2 trap was installed in the vacuum vessel in June 2022. At this point

in time, the amplifier design was still ongoing and so there were not enough amplifiers

to power each pair of electrodes separately. In order to start the commissioning of the

trap without the new amplifiers, a different trapping mode, more closely resembling the

previous trap, was initially implemented. This trapping mode is referred to as ‘Long

trapping mode’ and is shown in a schematic in Fig. 4.20(Bottom). As shown in the

schematic, the same DC bias is applied to the gate, IR and ER electrodes, allowing ions

to be trapped and stored across the entire length of the trap4. For this experimental

setup, each pair of electrodes (outlined in blue and red in Fig. 4.20) for the gate, IR

4Note that this trapping mode is not useful for applying octupole voltages to the plates as the ions
will only experience these fields half of the time as they bounce back and forth between the IR and ER.
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Figure 4.20: Longitudinal confinement in IBEX-2. (Top) Normal trapping mode where
a DC voltage on the gate electrodes is dropped and raised to allow ions to be stored
in the experimental region (ER) only. δVDC is the DC bias between the ER and IR.
(Bottom) Long trapping mode where the DC voltages applied in the ionisation region,
experimental region and gate electrodes are all the same. In this configuration, ions are
stored throughout the trap.

and ER were shorted together, external to the vacuum chamber. One Falco WMA-300

amplifier was used for each pair of opposing electrodes, meaning that only two amplifiers

were needed to drive all six pairs of the gate, IR and ER electrodes. Another two WMA-

300 amplifiers were used, one for each pair of electrodes on the MCP end caps, as these

required a DC voltage of 25V. This DC voltage needed to be dropped at a specific

time to allow ions to be detected in the MCP, and therefore required a different input

waveform to that applied to the central rods. A DC power supply was used to apply

a constant DC voltage of 25V to the FC end caps, as these voltages are not changed

throughout the experiment and do not require an RF waveform to be applied. The setup

on the MCP end caps and FC end caps can be switched in order to detect ions on the

FC instead of the MCP detector.

Long trapping mode was used to calibrate the newMCP detector against the Faraday-
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cup detector. Normal trapping mode was used to optimise the transfer of ions from the

IR to the ER. Unless otherwise stated, normal trapping mode will be assumed through-

out the rest of the experimental work with IBEX-2.

4.5.1 MCP signal

As described in Section 2.4, the MCP detector amplifies an incident ion signal onto the

input plate with an electron cascade in the micrometer-diameter channels. Note that

the MCP was only used in ‘ion counting mode’ and not ‘imaging mode’ throughout this

thesis. The number of electrons that reach the phosphor screen is determined by the

number of ions incident onto the detector, as well as the gain of the MCP. An example of

a signal from the MCP detector measuring ions trapped in IBEX-2 is shown in Fig. 4.21.

When the DC voltage on the MCP end caps is dropped from 25V to 0V, ions are

accelerated towards the MCP detector. However, the drop in DC voltage also induces

a voltage in the MCP detector, shown in black in Fig. 4.21. This induced voltage must

be subtracted from the raw signal (green) to get the signal in blue. The ion number can

be calculated from the integrated signal, Isignal using the equation,

NIons =
Isignal

eA(Gain)MCP

, (4.7)

where e is the charge of the electron, A =5.74×106Ω is the gain of the phosphor screen

amplifier and (Gain)MCP is the gain of the MCP, defined in the next section in Eq. 4.8.

4.5.2 Calibrating the MCP detector

A new two-stage Hamamatsu P43 phosphor MCP [69] was fitted when the IBEX-2 trap

was installed. The new MCP was very similar to the previous MCP, except that the

bias angle on the micro-channels is now 12◦, compared to the previous MCP which had

a bias angle of 8◦5. The previous MCP detector was calibrated by Lucy Martin [39].

Although both MCP detectors should have the same gain, because it was a new piece of

5Note that the bias angle does not affect the gain of an MCP but it will affect the detector efficiency
[69].
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Figure 4.21: (Top) Oscilloscope trace of the signal detected on MCP when the electron
gun is on is plotted in green. The background signal (from the MCP end-cap DC being
dropped) when the electron gun is off is plotted in black. (Bottom) The signal plotted
in blue is the subtraction of the background signal from the raw signal in the above plot.

equipment I performed a calibration to the FC detector to check if it differed from the

previous calibration.

A simple model for the gain of a two-stage MCP detector is defined as [39],

(Gain)MCP =

(
UMCP

V0αb

)α
2

, (4.8)

where UMCP = UOUT − UIN is the potential difference between the input and output

plates of the MCP (see Fig. 2.9). The parameter α = L/d is the ratio of channel length

(L) to the diameter of the channel (d) and for a standard MCP is often between 40 –

60 [69]. The parameter b is a property of the MCPmaterial called the ‘inherent secondary

emission factor’ which determines how many secondary electrons are emitted from the

walls of the channels and V0 is the initial energy of the emitted secondary electron
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(∼ 1 eV [104]). The model of the MCP gain in Eq. 4.8 assumes that the detector acts as

a series of dynodes (electron multipliers) [104,105].

Therefore, for a given bias between the two plates in the MCP, UMCP, each incident

ion will correspond to multiple electrons. In order to convert between an electron number

and an ion number, the MCP signal should be calibrated against the Faraday cup (FC)

detector.

A FODO lattice with a cell tune of Qx = Qy = 0.15 was created in IBEX to store

ions for 50,000 cell periods before the end-cap voltage was dropped and the ions were

directed onto either the MCP or FC detector. This tune has previously been found to

be optimum for storing ions during ionisation and hence remaining at this tune for the

duration of the experiment does not require ramping to different electrode voltages [39].

The electron gun was turned on for 300ms in each experiment, and the pressure of argon

leaking into the vacuum vessel was varied from 1.2× 10−7 – 1.6× 10−6mbar in order to

vary the number of ions stored in the trap.

The number of ions measured on the FC and number of electrons measured on the

MCP detector are plotted in Fig. 4.22. Each data point is the mean number of ions

or electrons measured on the detector from 10 experiments. The standard deviation in

number of particles detected is much larger for the FC detector when compared to the

MCP detector. This is expected to be the case from the statistical error (proportional

to 1/
√
N , where N is the number of particles detected), as two orders of magnitude

more particles are measured with the MCP, compared to the FC. However, the standard

deviation in particles measured with the FC was further increased by a large amount of

noise on the detector. This noise was found to be induced from a wire carrying a voltage

to an end-cap electrode which passes over the wire carrying the FC signal, within the

vacuum vessel. This wiring will be corrected the next time the vacuum vessel is brought

back up to atmospheric pressure.

From calculating the gradient of a linear fit to the data in Fig. 4.22, the MCP gain,

(Gain)MCP, for the given MCP bias, UMCP can be obtained. The gains were found to
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Figure 4.22: The number of electrons measured by the MCP detector, plotted against the
number of ions measured with the FC detector for gas pressures between 1.2×10−7mbar
– 1.6× 10−6mbar. Each data point is averaged over 10 experiments for both the MCP
and FC and the standard deviation in measured particles is indicated by the error bar.
(Left) MCP bias set to UMCP = 900V. (Right) MCP bias set to UMCP = 950V.

be 108(4) for UMCP = 900V and 363(9) for UMCP = 950V. Now the MCP bias can

be varied for a constant ion number in the trap, in order to measure the MCP gain

over a range of UMCP. The MCP gain was measured in relation to the two known gains

calculated from Fig. 4.22.

From the curve fit, the parameters α = 38.4(8) and b = 9.13(2) were found from

Eq. 4.8. The value of α = 38.4(8) is close to the value of 40 stated in the MCP data

sheet. It also agrees, within the uncertainty, with the value of α = 37.74 measured for

the previous MCP [39]. The secondary electron emission factor can vary depending on

material and the energy of the primary electron [106]. For most metals, the secondary-

emission factor is between 1–2, however metal alloys can have an emission factor of

between 6 to 20 [107]. It was difficult to find published values of the secondary electron

emission factor for Inconel, however in [39] it is stated that the secondary emission factor

of Inconel should be between 9.5 and 10. The calculated value of b = 9.13(2) was found

to be 8% lower than the value obtained for the previous MCP of b = 9.97 [39].
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Figure 4.23: MCP gain for a given potential bias UMCP . The gain was measured for two
different ion numbers using an argon pressure of 3.6 × 10−8mbar and 1.6 × 10−7mbar.
It was also measured using both the calibration point at UMCP = 900V and UMCP =
950V. A curve with an equation of y = cxa was fitted to all data to calculate values for
α and b from Eq. 4.8.

4.5.3 Synchronising multiple Arbitrary Waveform Generators

In order to successfully achieve ‘Normal trapping mode’ (Fig. 4.20(Top)), multiple Arbi-

trary Waveform Generators (AWGs) are required to supply the HV amplifiers with the

desired trapping waveforms. The previous trap, IBEX-1, only needed a single, 4-channel

AWG to supply all the trap electrodes. Therefore, the 4 channels were synchronised in-

ternally to the AWG. The allocation of AWG channels and amplifiers for IBEX-1 are

summarised in Table 4.4. However, the new trap, IBEX-2, has twice the number of in-

dependently powered rod electrodes, plus the plate electrodes. This requires the use of

three separate Tabor AWGs (two WW2074 and one WW1074) to allow for individual

waveforms to be sent to each pair of electrodes. The allocation of AWG channels and

amplifiers for IBEX-2 is summarised in Table 4.5. At this point it should be noted that

the custom amplifiers with the PA98 op amp were chosen to drive the central rods in
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the experimental region instead of using the new amplifiers with the PA194 op amp.

This is due to the PA98 amplifiers having less ringing on the T-insert waveform when

compared to the PA194 amplifiers, as was shown in Section 4.4.2, Fig. 4.18. The custom

amplifiers with the PA194 op amp were instead used for the gate electrodes.

Table 4.4: AWG and amplifier setup for IBEX-1.
Electrode Waveform source Amplifier

Central rod: 1&3 AWG1: Ch1 Custom (PA98)

Central rod: 2&4 AWG1: Ch2 Custom (PA98)

MCP EC: 1&3 AWG1: Ch3 WMA-300

MCP EC: 2&4 AWG1: Ch4 WMA-300

FC EC: 1&3 DC power supply -

FC EC: 2&4 DC power supply -

Table 4.5: AWG and amplifier setup for IBEX-2.
Electrode Waveform source Amplifier

IR: 1&3 AWG2: Ch1 WMA-300

IR: 2&4 AWG2: Ch2 WMA-300

ER: 1&3 AWG1: Ch1 Custom (PA98)

ER: 2&4 AWG1: Ch2 Custom (PA98)

Gate: 1&3 AWG1: Ch3 Custom (PA194)

Gate: 2&4 AWG1: Ch4 Custom (PA194)

MCP EC: 1&3 AWG2: Ch3 WMA-300

MCP EC: 2&4 AWG2: Ch4 WMA-300

Plates AWG3: Ch1 Custom (PA194)

FC EC: 1&3 DC power supply -

FC EC: 2&4 DC power supply -

The use of multiple AWGs requires coupling of the instruments so that all the chan-

nels output synchronised waveforms. For the Tabor instruments, this first requires con-

necting ‘SCLK-OUT’ and ‘COUPLE-OUT’ on the primary instrument to ‘SCLK-IN’ and

‘COUPLE-IN’ on the subordinate instrument with SMB connectors [108]. If three AWGs

are to be synchronised, the connections can be daisy chained. There is then a software

requirement in order to initiate the synchronisation procedure. The AWGs need to be

connected to the same network via LAN and the primary instrument should be given the
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IP address of the subordinate instrument. The coupling command must then be commu-

nicated to the instruments in order to complete the synchronisation. These instructions

are communicated to the instruments via SCPI commands6. This is a straightforward

process when using the Tabor user interface ‘ArbConnection’ [109]. However, this syn-

chronisation procedure proved difficult to implement with the Tabor-provided LabView

subVI (virtual instrument). After trying for several months to integrate this synchro-

nisation procedure into the existing LabView control program for IBEX, I discovered

that the Tabor-provided LabView subVI, ‘wx218x Configure Output Enabled.vi’ [110]

was faulty. This was confirmed to be the case after communication with Tabor and

a potential fix was created by the company. However, I did not have time to test and

implement this potential fix into the IBEX LabView program and I instead synchronised

the instruments manually by first wiring the AWGs together as described above. Then

the desired waveforms were loaded to the two AWGs via the IBEX LabView program.

Then the desired instrument was set to be a subordinate instrument manually on the

AWG. This bypasses the need to send SCPI commands to the instrument to instruct

them to couple. The disadvantage of this solution is that this requires a manual step in

the setup of an IBEX experiment, in an otherwise automated process. This significantly

increases the time needed to perform experiments where the voltage waveform is varied

from experiment to experiment (i.e. tune scans). Therefore, a more efficient solution to

synchronise the AWGs should be implemented in the future. However, with the AWGs

synchronised, the IBEX-2 trap could now be successfully operated in ‘Normal trapping

mode’.

4.5.4 Optimising ion transfer between IR and ER

Previously in IBEX-1, a DC voltage of 25V was applied to the end caps for longitudinal

confinement, and a DC voltage of 10V was applied to the central rods. The DC voltage

on the central rods aids extraction onto the detector when the end-cap DC voltage is

6Standard Commands for Programmable Instruments.
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dropped to 0V. These values were kept the same for the experimental region (ER) in

IBEX-2. In order to maximise the number of ions transferred from the ionisation region

(IR) to the experimental region in IBEX-2, two parameters need to be optimised. The

first is the DC bias between the IR and the ER, δVDC , which aids the transfer of ions

from one section to the other. The second parameter is the time that the DC voltage

on the gate electrode is dropped to allow ions to pass into the ER. This parameter will

be referred to as the ‘transfer time’. A typical timings chart for IBEX-2 operating in

‘Normal trapping mode’ is shown in Fig. 4.24.

Figure 4.24: Timings chart of an IBEX-2 experiment, operating in ‘Normal trapping
mode’. A transfer section has been added compared to the previous timings chart.

Again, a FODO lattice with cell tunes of Qx = Qy = 0.15 was created to store ions

for 50,000 cell periods before the end-cap voltage was dropped and the ions were detected

on the MCP detector. The electron gun was on for 300ms and the argon pressure was

1.6×10−7mbar. An initial DC bias between the IR and ER of δVDC =1V was chosen as

a starting point and the time the gate voltage was dropped (transfer time) was varied.

The number of ions detected, averaged over 10 experiments, is plotted in Fig. 4.25(Left)

for a transfer time of 0ms to 2ms. A peak ion number of ∼ 2 × 106 can be seen in

Fig. 4.25(Left) at around 0.06ms. This is followed by a minima in ion number with a

transfer time of around 0.12ms, twice the optimum transfer time.

The form of Fig. 4.25(Left) is suspected to be caused by the majority of the ion

distribution taking approximately 0.06ms to drift from the IR to the ER. However, in

twice that time, the distribution can travel back into the IR, creating a minima in the
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number of ions detected. As the transfer time is increased past 0.25ms, the number

of ions detected on the MCP seems to approach about half the peak number of ions,

i.e. ∼ 1 × 106. The reason for this is believed to be due to the ion distribution having

time to spread out and fill both the IR and ER and so only around 50% of ions get

trapped in the ER when the gate voltage is returned to 25V. These hypotheses need

to be confirmed in the future by studying the transfer of ions from the IR to ER in a

longitudinal simulation of IBEX.

Figure 4.25: Ion number measured on the MCP as a function of time the gate voltage
is dropped (transfer time).

In Fig. 4.25(Right), a finer resolution scan of the ion number as a function of transfer

time was performed. Again, the optimum transfer time is seen to be 0.060(5)ms. This

transfer time was adopted for the rest of the experimental work in this thesis.

As the DC bias of δVDC =1V was chosen arbitrarily, the transfer time should now be

fixed while the δVDC is varied. The DC voltage on the ER central rods was fixed at 10V

and the DC of the IR central rods was varied from 9.5V–13V. The results presented in

Fig. 4.26 show that a DC bias of δVDC =1V is still consistent with being the optimal

value, for a transfer time of 0.06ms, within the granularity of the scan. A finer scan in

the future could improve on this transfer efficiency.
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Figure 4.26: Ion number measured on the MCP as a function of the DC bias between
the IR and ER, δVDC .

4.6 Chapter summary

In this chapter the design for the upgraded IBEX-2 trap was presented. A design for the

multipole trap was decided upon which was similar to the S-POD trap at Hiroshima [99].

The addition of the multipole plate electrodes was seen to reduce the c6 component of

the quadrupole field by a factor of 100 when compared to the linear trap. The design

of IBEX-2 was brought to fruition by the ISIS design division, who manufactured and

aligned the trap to tolerances within 10 µm. The design and testing of the HV ampli-

fiers needed to supply the voltages to the additional rod and plate electrodes was also

presented in this chapter. The work behind the commissioning of the new trap was

discussed. This involved the calibration of the MCP detector along with the synchro-

nisation of AWGs and optimisation of ion transport between the two trapping regions.

Further optimisation of the trap parameters can be performed in the future to ensure

that the transfer efficiency between the IR and ER is maximised.
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Chapter 5

Simulation of Quasi-Integrable
Optics in a Paul trap

A quasi-integrable lattice has a time-independent Hamiltonian and hence one invariant

of motion for a two-dimensional system. The benefit of a quasi-integrable lattice is

that it is robust to small perturbations while maintaining a large dynamic aperture. A

quasi-integrable lattice has been studied at IOTA [81, 89], but quasi-integrable optics

(QIO) has yet to be tested with space charge. In this chapter I explain how I tested

the benefits of QIO through simulation, first with a perturbation in a one-cell T-insert

lattice and then with space charge in a two-cell T-insert. These simulations are designed

to be experimentally verifiable with the IBEX-2 trap.

In order to test QIO, a 2D model of the IBEX trap was created in the simulation

software VSim 11 [111]. The T-insert waveform was applied as a voltage to the trap

electrodes and the distribution of particles was simulated with particle-in-cell tracking.

Perturbations which excite the 2nd order and 4th order resonances were applied to the

T-insert to induce particle loss. The octupoles were then turned on in the drift region

to damp these instabilities and show the reduction of particle loss due to the creation

of tune spread in the beam. The particle loss from the quasi-integrable lattice, where

the octupole strength scales as 1/β3, was then compared to two octupole scalings that

were perturbed from the integrability condition. The first is a normal constant-strength

octupole (square-wave pulse). The second is an octupole which scales with β3. A scaling

of β3 was chosen to exaggerate the wrong scaling of the octupole strength. This work has

109



previously been published in the International Particle Accelerator Conference (IPAC)

2021 proceedings [112] and the 61st ICFA ABDW on High-Intensity and High-Brightness

Hadron Beams 2021 (HB 2021) [66].

Finally, the theory of QIO is extended to include space charge and a T-insert lattice is

tested with different intensities and hence varying amounts of space-charge tune spread.

This work has been published though IPAC 22’s light peer review process [67] and

presented at the 5th ICFA Mini-Workshop on Space Charge 2022 [113].

I start this chapter by deriving a formula with the aim of quantifying how closely

the conditions of integrability are met in an arbitrary T-insert lattice design. I then test

the predictions of this new formula with simulation results.

5.1 Measure of integrability

In the literature, if an accelerator lattice meets the conditions of (quasi-)integrability

it is said to be a Quasi-Integrable lattice, otherwise it is non-integrable. However, in

reality a Quasi-Integrable lattice can never be implemented perfectly as it will always

have some error in the phase advance over the T-insert, the equality of the beta functions

in the drift region, and the octupole scaling with 1/β3(s). Therefore, it is important to

be able to quantify how closely a lattice meets the conditions of integrability, as this will

determine how stable and bounded the particle motion will be in practice.

There are methods to study the beam dynamics of lattices that deviate from the

integrability conditions, which often involve measuring the relative standard deviation

of an invariant of the system [114]. This has been done previously with quasi-integrable

lattices with sextupole and octupole inserts, by measuring the fluctuation in Hamiltonian

[92]. When the invariant is an emittance, the standard deviation in this quantity is often

referred to as the ‘smear’ or ‘jitter’ [73,114]. However, measuring the fluctuation in these

invariants often involves performing simulations. As far as I am aware, at the time of

writing, there is not an analytical measure of how closely a T-insert lattice meets the

integrability conditions, given errors in the lattice design parameters.
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Therefore, in this section I propose a way to quantify analytically how “integrable”

a quasi-integrable lattice is, assuming small perturbations away from the ideal lattice.

In other words, given a T-insert lattice with arbitrary errors in the phase advance, beta

functions in the drift region, and octupole scaling, I want to assign a numerical value

that describes how close to integrable that lattice will be, without the need for extensive

simulation testing of that lattice. I start by deriving a formula used to quantify the

“measure of integrability”, before testing the theory’s predictions against simulation

results where the fluctuation in the Hamiltonian is measured.

5.1.1 Deriving a measure of integrability

The Hamiltonian for a single particle in a T-insert lattice, with a quasi-integrable (QI)

octupole applied in the drift region is given by

H =
p2x + p2y

2
+K(s)

(
x2 + y2

)
+ V (x, y, s), (5.1)

where the QI octupole potential can be written as

V (x, y, s) =
k

β
3/2
x (s)β

3/2
y (s)

(
x4

4
− 3

2
x2y2 +

y4

4

)
, (5.2)

where k is a constant defining the strength of the octupole and where we have not

assumed that βx = βy in the drift region. The QI octupole scaling of 1/β3(s) is expressed

explicitly in terms of the horizontal and vertical beta functions (βx, βy).

Substituting the normalised coordinate transformation, xN = x√
βx(s)

and yN =

y√
βy(s)

into Eq. 5.2 we get,

V (xN , yN , s) =
k

β
3/2
x (s)β

3/2
y (s)

(
x4
Nβ

2
x(s)

4
+

y4Nβ
2
y(s)

4
− 3

2
x2
Ny

2
Nβx(s)βy(s)

)
= k

(
x4
N

4

√
βx(s)

β
3/2
y (s)

+
y4N
4

√
βy(s)

β
3/2
x (s)

− 3

2
x2
Ny

2
N

1√
βx(s)

√
βy(s)

)
,

(5.3)

and using the relation below from Section 3.1.2,

U(xN , yN) =
√

βx(ϕ)
√
βy(ϕ)V (xN

√
βx(ϕ), yN

√
βy(ϕ)), (5.4)
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we obtain a normalised potential which is still dependent on s if βx ̸= βy,

U(xN , yN , s) = k

(
x4
N

4

βx(s)

βy(s)
+

y4N
4

βy(s)

βx(s)
− 3

2
x2
Ny

2
N

)
. (5.5)

When βx(s) = βy(s) this equation becomes independent of s as previously seen in

Section. 3.1.2,

U(xN , yN) = k

(
x4
N

4
+

y4N
4

− 3

2
x2
Ny

2
N

)
, (5.6)

and therefore the Hamiltonian, expressed in normalised coordinates (Eq. 3.11) is also

s-independent and thus integrable.

If we assume the octupole scaling with beta function is imperfect and deviates from

the ideal scaling as a function of g(s), then we can modify Eq. 5.5 to become,

U(xN , yN , s) =
gx(s) + gy(s)

2
k

(
x4
N

4

βx(s)

βy(s)
+

y4N
4

βy(s)

βx(s)
− 3

2
x2
Ny

2
N

)
, (5.7)

where the functions gx(s) and gy(s) denote an arbitrary deviation from the ideal oc-

tupole scaling in relation to βx(s) and βy(s), respectively. If the beta functions in the

drift region are equal so that βx(s) = βy(s) = β(s) and the octupole strength scal-

ing is exactly 1/β3(s), then gx(s) = gy(s) = 1 and Eq. 5.7 becomes time-independent.

Substituting action-angle coordinates (see Section 2.1.4), x(s) =
√

2Jxβx(s) cosϕx and

y(s) =
√
2Jyβy(s) cosϕy, into the normalised coordinates transformations we get

xN =
√

2Jx cosϕx, yN =
√
2Jy cosϕy. (5.8)

Substituting these normalised coordinates, now expressed in terms of action-angle vari-

ables (J, ϕ) into Eq. 5.7, the following potential can be obtained,

U(Jx, Jy, ϕx, ϕy, s) =
gx(s) + gy(s)

2
k(J2

x

βx(s)

βy(s)
cos4 ϕx + J2

y

βy(s)

βx(s)
cos4 ϕy

− 6JxJy cos
2 ϕx cos

2 ϕy),

(5.9)

where Jx and Jy are the horizontal and vertical actions and ϕx and ϕy are the horizontal

and vertical phase advances over the T-insert. To simplify this equation, we can use the

substitution, β̂(s) = βx(s)
βy(s)

,

U(Jx, Jy, ϕx, ϕy, s) =
gx(s) + gy(s)

2
k(J2

x β̂(s) cos
4 ϕx + J2

y

1

β̂(s)
cos4 ϕy

− 6JxJy cos
2 ϕx cos

2 ϕy).

(5.10)
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Taking the partial derivative of Eq. 5.10 with respect to the function that describes the

deviation from the ideal octupole scaling, g(s) and the phase advance ϕ, the following

equations are obtained,

∂U

∂gx(s)
=

k

2
(J2

x β̂(s) cos
4 ϕx + J2

y

1

β̂(s)
cos4 ϕy

− 6JxJy cos
2 ϕx cos

2 ϕy),

(5.11)

∂U

∂gy(s)
=

k

2
(J2

x β̂(s) cos
4 ϕx + J2

y

1

β̂(s)
cos4 ϕy

− 6JxJy cos
2 ϕx cos

2 ϕy),

(5.12)

∂U

∂ϕx

=
gx(s) + gy(s)

2
k(−4J2

x β̂(s) sinϕx cos
3 ϕx

+ 12JxJy sinϕx cosϕx cos
2 ϕy),

(5.13)

∂U

∂ϕy

=
gx(s) + gy(s)

2
k(−4J2

y β̂(s) sinϕy cos
3 ϕy

+ 12JxJy sinϕy cosϕy cos
2 ϕx).

(5.14)

Then to calculate the deviation in the potential from the ideal QI lattice, the parameter

errors are added in quadrature,

δU =

√(
∂U

∂gx(s)

)2

δg2x +

(
∂U

∂gy(s)

)2

δg2y +

(
∂U

∂ϕx

)2

δϕ2
x +

(
∂U

∂ϕy

)2

δϕ2
y (5.15)

where the deviations in each of the parameters have been defined to be the following,

δgx(s) =

∫ √
< (1/β3

x(s))
2 > − < g2x(s) >ds, (5.16)

δgy(s) =

∫ √
< (1/β3

y(s))
2 > − < g2y(s) >ds, (5.17)

δϕx = nπ − ϕx, (5.18)

δϕy = nπ − ϕy. (5.19)

In Eq. 5.16 and 5.17, the RMS difference is taken between the ideal octupole scaling in

the drift region (1/β3(s)), and the octupole scaling, g(s) achieved in practice. The RMS
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difference, δg(s) is integrated over the entire drift region of length L that the octupole

is applied over.

Equations 5.18 and 5.19 define the error in the phase advance over the T-insert section

of the lattice. As was shown in Section 3.1.3, the phase advance over the T-insert should

be nπ where n is an integer. If, for example, ϕx = ϕy = π then Eq. 5.18 and 5.19

equal zero, and the two terms which depend on the error in ϕ in Eq. 5.15 also go to

zero. Equation 5.15 still holds if the phase advance over the T-insert is nπ and n > 1 as

each term in Eq. 5.13 and 5.14 depends on a sinϕ term which equals zero if ϕ = ±nπ.

However, if the phase advance over the T-insert was to be a multiple of mπ/2 where

m is an odd integer, Eq. 5.13 and 5.14 would again go to zero due to each term also

depending on a cosϕ term. This is, of course, not a property of NIO theory but is

instead a limitation of Eq. 5.15 to quantify the measure of integrability for large errors

in the phase advance. This is not surprising as Eq. 5.15 assumes small perturbations

away from the ideal QI lattice, therefore it should be noted that this equation will

assume δϕ = nπ − ϕ << π/2.

Equation 5.15, which in the rest of this thesis is referred to as the “measure of in-

tegrability,” therefore gives an estimate of how much the potential U deviates from its

ideal integrable form, given a set of lattice errors in the octupole scaling, δg(s) and

the phase advance over the T-insert, δϕ. As the Hamiltonian of the system is given by

HN = 1
2
(p2xN

+ p2yN ) +
1
2
(x2

N + y2N) + U , an error in the potential, δU will correspond to

the equivalent error in the Hamiltonian δH = δU .

5.1.2 Testing the measure of integrability formula with simu-
lation

In order to test the usefulness of the measure of integrability formula derived in Eq. 5.15,

its predictions must first be compared to simulation results. Future work should also

benchmark the predictions of this formula against experimental measurements. The

ability to apply the octupole field as a continuously varying voltage makes the new
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IBEX-2 trap the perfect tool to carry out these experimental results. However, in this

work we will only benchmark with simulations.

A 1D particle-tracking code written in Mathematica by Stas Baturin [92] was used as

the simulation comparison. This code tracks single particles through a T-insert lattice

with a scaling octupole potential in the drift region. The T-insert lattice is assumed ideal

and is applied as a transfer matrix, given in Eq. 3.20. The nonlinear region in the drift

is implemented as a “drift-kick”, where the scaling octupole potential is approximated

as a series of discrete thin-lens octupole “kicks” spaced by short drift sections. The

octupole kick updates the particle coordinates (xN , pNx) by an amount determined by

the derivative of the octupole potential (Eq. 3.10) with respect to xN , taken at the

position of the thin lens. I adapted this code to compute the Hamiltonian of each

particle and calculate the deviation of the Hamiltonian, δH = (Hmax − Hmin)/2 over a

given number of turns through the lattice. The aim of using this tracking code was to

calculate the deviation in the Hamiltonian over a number of turns through the lattice,

for a given perturbed octupole strength scaling, i.e. deviations away from the 1/β3(s)

scaling.

Figure 5.1 plots the phase space trajectories of particles in a Poincaré map1 through

a T-insert lattice and L = 1m drift region with a fractional tune of Q = 0.246, close

to the 4th order resonance. Thirty particles with incrementally increasing amplitude

were tracked over 1000 turns through the lattice. In Fig. 5.1a, no octupole element

was applied in the drift region and hence the lattice is completely linear. The particles

exhibit regular, bounded motion and the lattice has an infinite dynamic aperture. In

Fig. 5.1b, a single thin-lens octupole is placed at the center of the drift region. As the

tune is close to the 1/4 integer resonance, this octupole drives the 4th order resonance

and islands of instability can be seen in the phase space plot. The axes in Fig. 5.1b have

been scaled up to show the resonant islands, therefore a dashed grey box indicates the

scale of the other five plots in Figure 5.1.

1A Poincaré map or first recurrence map shows a cross section in phase space of a periodic particle
orbit.
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Figure 5.1: Poincaré map in normalised coordinates, plotted for 1000 turns through a
T-insert lattice and drift region with fraction tune Q = 0.246. The octupole element in
the drift region is varied over the 6 plots. (a) Drift region only, no octupole. (b) Single
thin-lens octupole at center of drift. (c) QI octupole scaling, 1/β3(s), approximated
with 20 thin-lens octupoles. (d) Octupole strength scaling with 1/β2(s). (e) Constant
octupole strength scaling. (f) Octupole strength scaling with β3(s). Dashed box in (b)
marks the scale of the other plots.
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Figure 5.1c displays the phase space trajectories of the lattice with a QI octupole

scaling (1/β3(s)) in the drift region. The octupole scaling was approximated in the

Mathematica simulation with 20 equally spaced, thin-lens octupoles and the strength

was normalised over plots (b)-(f). The phase space in Figure 5.1c has been almost

entirely returned to regular bounded motion, similar to what was seen in Fig. 5.1a for

the linear lattice. This is a helpful visualisation of how the QI octupole scaling shrinks

the effective width of the 4th order resonance to almost zero. This demonstrates how

the quasi-integrable lattice can essentially eliminate the 4th order resonance. This is

due to the octupole scaling with beta function cancelling out the s−dependence in

the Hamiltonian. Therefore the Hamiltonian is time-independent and so the octupole

potential does not drive the 4th order resonance.

In Fig. 5.1d, e and f, the octupole scaling was perturbed from the 1/β3(s) scaling.

Figure. 5.1d shows the phase space from an octupole scaling of 1/β2(s), Fig. 5.1e has a

constant octupole scaling across the drift region, and the octupole in Fig. 5.1f scales as

β3(s). These octupole scalings with the beta function are plotted along the length of

the drift region in Fig. 5.3. From Fig. 5.1d-f, it is clear that deviating away from the

ideal octupole scaling prescribed by NIO, distorts the phase space trajectories. The

trajectories are however still bounded which is not necessarily the case at larger particle

amplitudes.

Figure 5.2 plots the phase space trajectories over a larger range of particle amplitudes.

The 30 particle initial positions have been increased by a factor of ∼ 10 compared to

Fig. 5.1, whereas the octupole strength has been scaled down by a factor of 10. Fig-

ure 5.2a shows regular bounded motion for all particles when the QI octupole scaling is

implemented, with the exception of two thin islands shown in red. The fact that islands

appear in the phase space of the QI octupole in 1D is due to the approximations made

in the simulation, namely the approximation of the octupole scaling as 20 discrete thin-

lens octupoles. In Fig. 5.2b some particles begin to exhibit chaotic, unbounded motion

with an octupole scaling of 1/β2(s). As the octupole scaling is further perturbed away
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Figure 5.2: Poincaré map in normalised coordinates, plotted for 1000 turns through a
T-insert lattice and drift region with fraction tune Q = 0.246. The octupole scaling
in the drift region was varied: (a) QI octupole scaling, 1/β3(s). (b) Octupole strength
scaling with 1/β2(s). (c) Constant octupole strength scaling. (d) Octupole strength
scaling with β3(s). The grey dashed boxes in (b)-(d) indicate the scale used in plot (a).

from 1/β3(s) in Fig. 5.2c and d (constant octupole and β3(s) scaling respectively), more

chaotic motion and resonant islands can be seen in the phase space plots.

As the measure of integrability formula (Eq. 5.15) was derived assuming small per-

turbations from the QI lattice, it is not capable of predicting or describing the resonant

island dynamics seen in Fig. 5.1 and Fig. 5.2. For this reason, in order to make a fair

comparison between the theory and simulation, 30 particles were simulated, all with

initial particle amplitudes of xN < 0.4. This avoids any unbounded or significantly dis-

torted phase space trajectories. These particles were then tracked through 5000 turns of

the lattice. Various different octupole scalings were implemented in the drift region and
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are plotted in Fig. 5.3. All octupole scalings were approximated as 20 thin-lens octupoles

in the Mathematica simulation.

Figure 5.3: Beta function and the normalised octupole strength scalings within the drift
region.

Table 5.1: RMS deviation from ideal octupole scaling, δgx(s) used for the theoretical
measure of integrability calculation.

Octupole scaling δgx(s)

1/β3(s) 0.0

1/β4(s) 0.03609

1/β2(s) 0.04296

1/β(s) 0.18081

1 0.41746

β(s) 0.74358

β2(s) 1.14044

β3(s) 1.58628

The Hamiltonian was calculated once per turn for each particle, over 5000 turns

through the lattice. An example of the Hamiltonian of a single particle tracked through

the QI octupole lattice is shown in Fig. 5.4. The deviation of the Hamiltonian for this

particle amplitude was then calculated using (Hmax−Hmin)/2. This deviation in Hamil-

tonian was then compared to the predicted deviation in Eq. 5.15. This calculation was

repeated for multiple particle amplitudes (or actions) and for the 8 different octupole
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scalings shown in Fig. 5.3. The normalised particle amplitude is related to the action in

Eq. 5.8.

Figure 5.4: Hamiltonian of a single particle plotted at each turn through a QI lattice. Red
line shows the average Hamiltonian over 5000 turns and the amplitude of the fluctuation
of this Hamiltonian is estimated by (Hmax − Hmin)/2.

Figure 5.5: (Left) Theoretical deviation in octupole potential or “Measure of Integrabil-
ity” calculated with Eq. 5.5 for various octupole scalings at a range of actions. (Right)
Deviation in Hamiltonian calculated from Mathematica simulations, as a function of
action Jx for various octupole scalings.

In Figure 5.5, the deviation in Hamiltonian δH = (Hmax − Hmin)/2, calculated from

Mathematica simulations is compared to the measure of integrability δU , calculated from

Eq. 5.15. The simulation was performed in 1D with no phase advance error and hence

the only non-zero term of Eq. 5.15 is the one dependent on gx(s). The value of δgx(s)
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was found by calculating the RMS difference between the 1/β3(s) octupole scaling and

the given octupole scaling in Fig. 5.3. These values are summarised in Table 5.1. These

values neglect the error introduced by the discrete thin-lens octupoles used in simulation.

The theoretical predictions in Fig. 5.5 (Left) are shown to be in reasonable agreement

with the simulation results on the right of Fig. 5.5. A notable discrepancy is the Jx

dependence in the QI (1/β3(s)) simulation results compared to the δU = 0, predicted

by theory. This discrepancy can be seen more clearly in Fig. 5.6 where only the ideal

QI, 1/β4(s) and 1/β2(s) octupole scalings are plotted. This discrepancy is expected

as the measure of integrability, δU = 0 is set by definition as ideally matching the

conditions of quasi-integrability. However, the Mathematica simulation approximated

the octupole potential as a series of 20 “drift-kick” elements which introduces error into

the simulation, giving rise to the discrepancy.

Figure 5.6: Fluctuation in Hamiltonian δH plotted for theory and simulation. Ideal QI
octupole scaling, 1/β3(s) (blue). 1/β4(s) octupole scaling (yellow). 1/β2(s) octupole
scaling (green).

Despite the magnitudes of the fluctuation in Hamiltonian for theory and simulation

not agreeing completely, the relative magnitudes between the fluctuation in Hamiltonians

predict correctly which scalings are worse than others. In Fig. 5.6, the formula in Eq. 5.15

predicts that a 1/β2(s) octupole scaling (green) will deviate further from an integrable
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lattice than a 1/β4(s) scaling (yellow) which is indeed what is seen in simulation. This

is an example of when the trade-off between a scaling of 1/β2(s) and 1/β4(s) may not

be intuitive when designing a QI lattice and so the designer would ordinarily need to

perform simulations to test which is better. However, an analytical formula such as

the one in Eq. 5.15 could allow for faster determination of how close the lattice is to

integrable.

The error in the Mathematica simulation can be modeled as a perturbation added

to the variation in the Hamiltonian, so that δH = δU + aJ2
x where a is some fitting

parameter that depends on the error in the simulation. If this error is taken into account

when calculating the measure of integrability, then theory and simulation results agree

remarkably well across three order of magnitude of particle action, as seen in Fig. 5.7.

In Fig. 5.7 a fitting parameter of a = 0.07 was used to give δH = δU + 0.07J2
x .

Figure 5.7: Fluctuation in Hamiltonian δH plotted against action, Jx, for theory and
simulation with logarithmic axes. Theoretical values were calculated using δH = δU +
aJ2

x , where a was fit to simulation data and found to be a = 0.07.

The measure of integrability formula derived in Eq. 5.15 needs further benchmarking

against simulation results which include error in the phase advance over the T-insert

and extend the simulation to 2D. In addition, as mentioned above, the newly upgraded

IBEX-2 could potentially be used to test predictions from the measure of integrability

formula. The ease at which different lattices parameters can be scanned over in IBEX
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makes it ideal for such experiments. In the meantime, from the results presented in this

section, Eq. 5.15 can be used as a convenient estimate as to how close to integrable a

T-insert lattice design will be, given errors in the octupole scaling.

5.2 PIC code VSim

The rest of the simulation work in this chapter used the simulation software VSim. The

aim of these simulations was to create a model of the IBEX trap to simulate a T-insert

lattice, with an octupole field applied in the drift region, created using voltages that

could be achieved practically in the laboratory. The goal was then to test predictions

from quasi-integrable optics with these simulations before testing experimentally with

the IBEX-2 trap. The electromagnetic code VSimEM [111] was used to simulate a 2D

cross-section of a 3D model of the Experimental Region (ER) in IBEX-2. As IBEX is

essentially a 2D analog simulation of the alternating focusing in an accelerator, a 2D

VSim model is sufficient to study the transverse beam dynamics we are interested in for

testing quasi-integrable optics.

VSim is a commercial software made by Tech-X Corporation (Boulder, Colorado,

USA) and the underling code is called VORPAL [115]. It uses a combination of Finite-

Difference Time-Domain (FDTD) to solve Maxwell’s equations and Particle-In-Cell

(PIC) for particle tracking and space-charge effects. VSim is commonly used for plasma

simulations such as RF antennas, plasma surface reactions [116] and plasma accelera-

tion [117] but has also previously been used to study space-charge compensation in RF

multipole traps [118].

The licence for VSim was provided by RAL, STFC and simulations were run in

parallel on the SCARF high-performance computing cluster. The majority of simulations

were run on one node with 16 cores for between an hour and multiple days, depending

on the number of particles in the simulation and for how many lattice periods they were

tracked.
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A 3D model of the IBEX trap was created in AutoCAD and was imported into

VSim as an ‘.stl’ file2. The electrode material was set to a Perfect Electrical Conductor

(PEC) and the rest of the space in the simulation was assumed to be a perfect vacuum.

No residual gas was added to the simulation in order to reduce computational time

so no residual-gas collisions with neutral argon atoms were taken into account in the

simulations. A 2D, transverse slice of the electrodes was taken in VSim and a particle

distribution with matched Twiss parameters to the simulated lattice was generated with

Python code, before being loaded into the VSim simulation. The time-varying voltage

waveforms were defined in Python and then applied as a potential to the trap electrodes.

No longitudinal effects were studied in these simulations. This greatly reduces compu-

tational time, however, it means that processes such as the transfer of ions from the

ionisation region to the experimental region were not simulated.

The grid size of the 2D simulations was set to 1000 × 1000 grid cells for an 18

mm × 18 mm boundary, encompassing a transverse cross-section of the electrodes and

trapping region in IBEX. The number of grid cells was increased until there was negligible

difference in the quadrupole-field multipole decomposition shown in Fig. 4.8. For correct

tracking, a given particle in the simulation should not travel more than one grid cell per

time step [119]. This sets a maximum speed for the particles, vmax in the simulation to

be

vmax =
Lcell

tstep
, (5.20)

where tstep is the time step of the simulation and Lcell is the length of a grid cell. The

time-step of the simulation was set to 1/1000th of a cell period, i.e. a step size of

2.9 ns for a 2.9 µs cell period (where the cell period is treated as one turn through our

accelerator). This put a reasonable maximum transverse speed on the particles of vmax =

6081m/s. Average transverse velocities in trap are below v = 3000m/s.

2An STL (stereolithography) is a file type commonly used in computer-aided design (CAD) software.
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5.2.1 Matched distribution benchmark

The initial particle distribution was defined using the beta function of the lattice, given

by MAD-X, and an assumed RMS emittance of 2.16 × 10−9mrad [39]. In order to

check the matching of the distribution in the VSim simulation, the RMS beam size was

calculated at 50 points over the the one-cell and two-cell T-insert lattice. The RMS

emittance, ϵrms of the distribution was also calculated at each point, using a Python

script. The beta function can then be calculated at each point using β = σ2
rms/ϵrms to

see whether the distribution is correctly matched to the lattice.

The reconstructed beta functions for both the one-cell and two-cell T-insert lattice

are plotted in Fig. 5.8 (Top) and are seen to agree well with the MAD-X beta func-

tions plotted in Fig. 3.2 and Fig. 3.4 in Section 3.2. The percentage difference between

the beta functions measured in VSim and the MAD-X beta functions are plotted in

Fig. 5.8 (Bottom) and are seen to agree to within 2 – 3%.

Figure 5.8: Reconstructed beta functions for the one-cell T-insert (Left) and two-cell T-
insert (Right) calculated from VSim. Percentage difference between the beta functions
measured in VSim and the MAD-X beta functions are plotted in the insert below.
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5.2.2 KV distribution space-charge benchmark

In a KV (Kapchinskij-Vladimirskij) distribution [120], particles are randomly distributed

on a 4D hyper-ellipsoid in phase space, defined by the beam size and emittance. This

means that any 2D projection of this hyper-ellipsoid onto any pair of coordinates (x, x′, y, y′)

will result in a uniform distribution where the space-charge force within this distribu-

tion is linear. This results in all particles oscillating with exactly the same betatron

frequency (tune) which means that when space-charge forces are increased, this shifts

all the particle tunes down evenly, which in theory does not cause any tune spread. A

KV distribution was used to benchmark the space-charge tune shift in VSim against the

analytical formula.

Assuming a cylinder with length L with a uniform distribution of N particles with

charge e, then the maximum space-charge tune shift in a Paul trap [39] with an applied

RF voltage with wavelength, λRF is

∆Qmax =
λRF

2π

e2

4πε0mc2
N

Lϵ100
, (5.21)

where ϵ100 is the 100% emittance (i.e. it encompasses 100% of the particle distribution).

A matched KV distribution of 25,000 macro particles was loaded into VSim with an

emittance of ϵ100 = 2.16 × 10−9mrad. The ratio between macro and physical particles

was initially set to 1:1.

The distribution was tracked through the two-cell T-insert for 100 turns and the par-

ticle tunes were measured by taking the Fourier transform of the particle positions using

the NAFF algorithm [121], implemented with pyNAFF [122]. This was repeated for in-

creasing numbers of physical particles and the maximum space-charge tune shift, ∆Qmax

from the nominal tune was measured. These values were compared to the theoretical

maximum tune shift values, calculated from Eq. 5.21 and are plotted in Fig. 5.9. Fig-

ure 5.9 shows good agreement between the theoretical and simulation results for space-

charge tune shift in a KV beam in VSim. The error bars in simulation indicate the tune

spread in the distribution that was observed to increase at higher space charge.
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Figure 5.9: Theoretical maximum tune shift calculated from Eq. 5.21 plotted against the
number of particles. This is compared to the calculated maximum tune shift from a KV
distribution in VSim for various numbers of particles. Error bars indicate the RMS tune
spread observed in simulation.

5.3 Testing Quasi-Integrable Optics with a 4th order

perturbation

In an accelerator, perturbations are determined by the spatial positioning of magnets in

the lattice. The perturbation’s frequency is governed by the lattice periodicity. When

the betatron oscillation frequency or its harmonics become close to the frequency of the

lattice periodicity, a resonance occurs between the lattice and the beam, which leads

to unstable motion of the beam. In IBEX, on the other hand, perturbations can be

introduced independently from the lattice structure. A resonance can be introduced

as a sinusoidal perturbation superimposed over the voltage waveform defining the lat-

tice structure in IBEX. When the frequency of the perturbation becomes close to the

betatron frequency (tune) or its harmonics, a resonance occurs. Using this technique,

a perturbation with quadrupole-like potential can drive a 2nd order resonance and a

perturbation with an octupole-like potential can drive a 4th order resonance, without

the need for the lattice tune to be close to the 1/2 or 1/4 integer.
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These perturbations have been shown to excite resonances in Paul traps in previ-

ous experiments [61]. In previous simulation work, I have also shown that 2nd order

resonances driven by a small perturbation are damped in a T-insert lattice with a QI

octupole insert [112]. In this section, I will concentrate on the results from damping

a 4th order resonance in the T-insert lattice as this more clearly shows the benefits of

quasi-integrable optics, i.e. the ability for a quasi-integrable lattice to eliminate the

4th order (octupole) resonance. For the rest of this work, ‘perturbation’ will refer to a

sinusoidal perturbation created with an octupole potential and frequency close to four

times the lattice tune.

5.3.1 4th order perturbation

Figure 5.10: Two periods of the voltage waveform, applied to the rods in IBEX (red
and blue) to create the T-insert lattice. A 5.88 V perturbation is applied to the plates
to excite the 4th order resonance (black, dashed). Top Left: No octupoles applied
in drift region. Top Right: Constant square-wave octupole pulse applied in drift
region (green). Bottom Left: Octupole pulse with 1/β3 strength scaling (black, solid).
Bottom Right: Octupole pulse with β3 strength scaling (black, solid).
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VSim 11.0 [111] was used to simulate a perturbation with an octupole-like potential

applied to the T-insert lattice in order to excite the 4th order resonance. Figure 5.10

plots the voltage waveform applied to the rod electrodes in IBEX to create the one-cell

T-insert lattice designed and presented in Section 3.2. The perturbation is plotted as

the black dashed line and corresponds to a sinusoidal voltage of V= A sin(4 · 2πQ/T )

applied to the plate electrodes where A = 5.88V is the amplitude of the perturbation,

Q = 0.6356 is the horizontal and vertical tune of the lattice and T = 2.966 µs is the

lattice time period. In the top-left plot of Fig. 5.10, no octupole is applied in the drift

region, only the perturbation is present (black dashed). In the top-right plot of Fig. 5.10,

a constant octupole field is applied in the drift region (green) in the presence of the

perturbation. The plate voltage required to create this octupole strength is around

419V. As the octupole strength does not vary with the beta function, this lattice is no

longer time-independent and is non-integrable. The bottom right plot of Fig. 5.10 shows

an alternative non-integrable lattice, where an octupole scaling as β3(s) is applied in

the nonlinear region of the perturbed T-insert lattice (black, solid). The bottom left

plot of Fig. 5.10 shows the quasi-integrable lattice, where an octupole scaling as 1/β3(s)

is applied in the nonlinear region of the perturbed T-insert lattice (black, solid). This

octupole pulse requires a peak plate voltage of 502V. All three octupole pulses had their

integrated octupole strength adjusted so that they each created the same tune spread

of ∆Q = 0.015.

A 2D, non-truncated, Gaussian distribution of 25,865 Ar+ particles was tracked in a

VSim 11 model of IBEX for 200 T-insert lattice periods. The ratio of macro particles to

real particles was 1:1. As VSim solves the Laplace equation at each time step to calculate

the electrostatic field in the simulation, space-charge effects between the charged particles

cannot be turned off. Therefore, a low number of particles was chosen to avoid space-

charge effects in these simulations. Figure 5.11 shows the initial phase space (x, x′) of

the particle distribution as well as the phase space after 50, 100 and 200 turns for the

T-insert lattice with perturbation but without octupole (Fig. 5.10, top left). The four
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Figure 5.11: Phase space evolution when a 4th order perturbation is applied to the T-
insert lattice, at a frequency proportional to 4Q, with the octupole potential switched
off.

tails forming in the phase space distribution show that the 4th order resonance is being

excited by the perturbation. Over the 200 lattice periods, 25.6(3)% of particles were

lost in the simulation.

Figure 5.12 shows the evolution of the phase space distribution for the perturbed,

quasi-integrable lattice. An octupole with a strength that scales with 1/β3(s) is applied

in the drift region (Fig. 5.10, bottom left). The phase space distribution has been restored

to one that resembles the initial distribution. A similar result is seen in the (y, y′) phase

space which has been omitted from this thesis to avoid repeating plots. The particle loss

over the 200 lattice periods has been reduced from 25.6(3)% to 5.1(1)%. These results

show that the T-insert lattice, with the correctly scaled octupole insert, can successfully

damp the instability excited by the perturbation with voltages that can be realistically

achieved in the nonlinear IBEX trap.
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Figure 5.12: Phase space evolution when a 4th order perturbation is applied to the T-
insert lattice, at a frequency proportional to 4Q, with the QI octupole potential switched
on.

Figure 5.13: Number of particles plotted against the perturbation tune corresponding
to the perturbation frequency.
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5.3.1.1 Perturbation tune scan

Simulation results were also taken at a number of perturbation frequencies, analogous to

scanning the tune in an accelerator lattice. The results from the perturbation tune scan

are presented in Figure 5.13. The number of particles remaining after the 200 lattice

periods is plotted against the corresponding tune of the applied perturbation. The

T-insert lattice without octupoles, with the 4th order perturbation applied, is plotted

in red, whereas the octupole perturbation plus the QI octupole turned on in the drift

region is plotted in blue. The plate voltage applied to create the octupole again had

a peak voltage of 503V and was estimated to generate a tune spread of ∆Q = 0.015.

Turning on the QI octupole shows that the peak in particle loss is shifted over to the

right. The peak amount of particle loss is reduced from 26 % when octupoles are off

to 13 % when octupoles are on. The resonance width in the case when the octupoles

were turned on is broadened due to the tune spread created by the octupole. Taking the

standard deviation of the Gaussian curve fitted to the data, we get a value of σ = 0.001

for octupoles off and σ = 0.002 for octupoles on. The peak in particle loss occurred at

a tune of 0.635 for octupoles off, whereas the peak loss has shifted to a value of 0.641

when the octupoles are turned on.

5.3.1.2 Comparison with a non-integrable lattice

In order to demonstrate the true benefits of quasi-integrable optics (not just the benefits

of including an octupole), we must compare the quasi-integrable lattice to a lattice that

creates an equal tune spread but is non-integrable. The simplest way to do this is with

a lattice where a constant octupole is applied in the drift region, with an integrated

octupole strength equal to the quasi-integrable lattice (Fig. 5.10, top right).

An octupole with a scaling of β3 (Fig. 5.10 bottom right) was also designed to exag-

gerate the effect that the octupole pulse has on the integrability of the lattice. This time

a 2D Gaussian distribution of 51,730 Ar+ particles was tracked in the quasi-integrable

lattice (Fig. 5.10 bottom left), constant octupole lattice (Fig. 5.10 top right) and β3(s)
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octupole scaling lattice (Fig. 5.10 bottom right) for 2000 T-insert lattice periods with the

perturbation applied. The number of particles surviving over the 2000 lattice periods is

plotted in Fig. 5.14 and is also compared to a T-insert lattice with the octupoles turned

off in the drift, with and without a 4th order perturbation applied.

Figure 5.14: VSim simulations of the number of particles surviving after 2000 T-insert
lattice periods. (Left) Three different octupole scalings (with 4th order perturbation
applied) are compared to octupoles off with no perturbation (black) and octupoles on
with 4th order perturbation (red). Dashed box indicates the scale of the figure on the
right. (Right) The T-insert lattice with the quasi-integrable (1/β3 strength scaling)
octupole pulse is compared to the T-insert lattice with a constant square-wave octupole
and β3 octupole scaling.

When the perturbation is applied to the T-insert lattice with the octupoles turned off

in the drift region, a particle loss of 93.0(2)% over 2000 lattice periods is seen (Fig. 5.14

(red)). This is compared to only 2.4(1)% particle loss for the linear lattice, with no

perturbation applied. A small amount of loss is still seen in the linear lattice with no

perturbation applied because the Gaussian distribution is not truncated. These particles

are scrapped on the rod electrodes within the first 30 cell periods of the simulation.

When the quasi-integrable octupole pulse is turned on, with the 4th order perturba-

tion present, the particle loss is reduced from 93.0(2)% to only 7.4(1)%. In comparison,

the particle loss for the lattice with the constant, square-wave octupole pulse was found

to be 7.6(1)% and for the lattice whose octupole strength scales as β3, a particle loss of

8.3(1)% was observed. The reason behind the similar particle loss for all three octupole

lattices is thought to be because of the comparatively flat nature of the beta function
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in the drift region (see Fig. 3.2 in Section 3.2). If the beta function in the drift region

is flat, then the lattice is less sensitive to the 1/β3 strength scaling condition of QIO.

However, Fig. 5.14 (Right) also shows that the difference between the particle loss seen

in the three different octupole scalings is diverging. This means that for a synchrotron

which could circulate particles for hundreds of thousands of turns, the octupole scaling

will become increasingly important.

Another contributing factor to why little difference was seen in particle loss between

the QI lattice and two lattices that broke the 1/β3 octupole scaling is due to the per-

turbation itself affecting the applied octupole field in the lattice. As the perturbation

applied to the plate electrodes is superimposed onto the octupole field applied in the

drift region, the perturbation will therefore reintroduce a small time dependence back

into the Hamiltonian, moving the system away from integrability. Deviations in the

octupole field strength are studied further in Section 5.4. In order to avoid breaking the

conditions of integrability with the perturbation, a T-insert lattice is later studied in the

absence of a perturbation, with the resonance driven by the interaction of space charge

and the lattice in Section 5.5.

The results presented in this section suggest that the quasi-integrable octupole scaling

of 1/β3 is indeed the ideal case, as theory suggests, and perturbations away from this

scaling will lead to larger particle loss. The difference in particle loss is still relatively

small over the time scale studied. These results suggest that for relatively flat beta

functions in the drift region, or for short storage times, a good approximation of QIO

could be achieved with constant strength octupoles. This would greatly simplify the

lattice for use in accelerators as multiple, independently powered octupoles would no

longer be needed to create the 1/β3 scaling.

5.3.2 Dynamic aperture

The theory of QIO states that instabilities can be damped with an octupole tune spread,

while maintaining a large dynamic aperture (DA). The results presented so far in this
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chapter have shown that a quasi-integrable (QI) lattice can indeed damp instabilities

and reduce the particle loss associated with these resonances. However, we now turn to

investigating the DA of the QI lattice, and comparing it to the linear case, with and

without perturbation, and the β3 octupole scaling, with perturbation. In this section

the DA is defined as the largest initial particle amplitude which survives the simulation.

Figure 5.15: Dynamic aperture plot of T-insert simulated for 200 lattice periods in the
VSim IBEX model. Inner black circle is the measured DA whilst the outer grey circle
is the largest stable orbit observed. Top Left: No octupoles applied in drift region
and no perturbation applied. Top Right: No octupoles applied in drift region but a
perturbation is applied to lattice. Bottom Left: T-insert with perturbation, octupole
pulse with 1/β3 strength scaling (quasi-integrable). Bottom Right: T-insert with
perturbation, octupole pulse with β3 strength scaling (non-integrable).

Figure 5.15 displays the region of initial (x, y) coordinates in configuration space

where a particle survives 200 T-insert lattice periods. Note that just the positive quad-
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rant of the (x, y) space is plotted as it is symmetrical in the x and y planes. The points

are coloured based on the log of the change in particle tune (dQ), calculated by compar-

ing the tune in the first 100 lattice periods to the tune in the last 100 periods. Particles

with a large, negative log(dQ) have very little change in tune. Particles with a log(dQ)

of close to 0 have a large change in tune and are considered less stable. The VSim simu-

lation started with a uniform particle distribution with a size of 5mm × 5mm which fills

around 31.8% of the physical aperture of the trap, defined by the trap electrodes. Only

particles that survived the full 200 turns are plotted in Fig. 5.15. The DA, defined as

the largest radius in (x, y) in which all particles have survived the simulation, is plotted

as the inner black quadrant of a circle. The radius of the largest stable orbit is plotted

by the outer grey circle.

The top-left plot of Fig. 5.15 shows the DA of the T-insert with octupoles off and no

perturbation applied to the lattice. The DA was calculated to be 1.76× 10−3m and had

a largest stable particle orbit of 2.89 × 10−3m. The average log(dQ) was calculated to

be -10.47, suggesting stable particle orbits, as expected from a linear lattice free from

perturbations.

Table 5.2: Table summarising the DA, largest stable orbit and average log(dQ) for the
four different lattices shown in Fig. 5.15.

Lattice DA (mm)
Largest stable

orbit (mm)
log(dQ)

No Octupole, no perturbation 1.76 2.89 -10.47

No Octupole + perturbation 1.12 2.55 -9.30

QI Octupole + perturbation 1.70 2.96 -9.44

β3 Octupole + perturbation 1.68 2.86 -9.28

A perturbation was applied to the lattice, while the octupole in the nonlinear region

remained off (Fig. 5.10, top left); the resulting DA is plotted in the top-right plot of

Fig. 5.15. The DA was reduced to 1.12 × 10−3m and the largest stable orbit recorded

was 2.55× 10−3m. This shows the reduction in DA caused by the excitation of the 4th

order resonance. The average log(dQ) was reduced to -9.30, which shows that there are
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also less stable particles still present in the distribution.

The QI octupole pulse which scales as 1/β3 (Fig. 5.10, bottom left) created the

DA plot in the bottom left of Fig. 5.15. The DA was calculated to be 1.70 × 10−3m,

comparable to the DA on the linear lattice without the perturbation applied. The largest

stable orbit was found to be 2.96×10−3m which is slightly larger than that of the lattice

with octupoles off and no perturbation. The average log(dQ) was -9.44, an increase in

stability over the lattice with the perturbation applied but octupoles turned off.

As a comparison to the QI octupole, the DA for the non-integrable octupole with β3

scaling (Fig. 5.10, bottom right) is plotted in the bottom right of Fig. 5.15. The DA was

measured to be 1.68 × 10−3m, slightly smaller than the DA of the QI lattice but still

an improvement over the lattice with the perturbation applied but octupoles off in the

nonlinear region. The largest stable orbit was found to be 2.86×10−3m and the average

log(dQ) was found to be -9.28, suggesting the particles that do remain are on average

less stable than in the other three lattices. These values are summarised in Table 5.2.

It should be noted that the asymmetry in the DA plotted in Fig. 5.10 is a result of

the different maximum beta functions in the horizontal and vertical axes. This in turn

leads to asymmetrical scraping on the rods.

These results confirm that not only does the presence of an octupole in the drift

region damp the 4th order resonance created by the perturbation, but the QIO lattice

also restores the DA to within 3.4% of the linear lattice with no perturbation applied.

5.4 Octupole field quality

In order to test these simulation results in the nonlinear IBEX trap we must first test the

sensitivity of QIO to fluctuations in the octupole strength. Figure 5.16 plots six lattice

periods of the T-insert with the QI octupole pulse applied in the nonlinear region.

For this simulation, the octupole strength was randomly fluctuated by a value from a

Gaussian distribution with standard deviation σ.
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Figure 5.16: Six cells of the T-insert lattice waveform are shown with the quasi-integrable
octupole turned on. The T-insert lattice waveform applied to the rods is plotted in red
and blue. The peak strength of the octupole is given a random error from a Gaussian
distribution with standard deviation σ. Black dashed line indicates the nominal octupole
strength.

Table 5.3: Particle loss after 200 T-insert lattice periods for a given Gaussian random
error deviation, σ in octupole strength.

Standard deviation of error (σrms) Particle loss (%)

0.0 3.8(1)

0.05 4.3(1)

0.1 5.1(1)

0.2 8.0(1)

0.5 20.3(2)

Figure 5.17 plots the number of particles surviving after passing 200 cells of the T-

insert with octupoles on in the drift region. The octupole strengths have been randomly

varied by RMS standard deviations of 0.0, 0.05, 0.1, 0.2 and 0.5 of the nominal oc-

tupole strength. The particle loss at the end of the 200 lattice periods is summarized in

Table 5.3. As expected, the particle loss increases as the average error in the octupole

strength is increased. Increasing the error to a standard deviation of 0.1 only increases

the particle loss by 1.3(1)%. This agrees with results from IOTA which found that

octupole-field errors on the order of 10% can be tolerated and should not alter the dy-
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Figure 5.17: Number of particles surviving 200 T-insert lattice periods with octupole
random error deviation ranging from 0.0 to 0.5.

namics of the system [77]. This is a generous tolerance and experimentally we expect to

have an octupole strength error of less than 1% in IBEX.

5.5 Quasi-Integrable Optics with space charge

The previous results showed that a QI lattice could damp a perturbation analogous

to magnet misalignment or field errors which would excite the 4th order incoherent

resonance. However, the most important goal of QIO is to damp coherent resonances,

driven by space charge, while also not exciting any octupole resonances. Therefore,

the next step is to test a QI lattice in the presence of space charge. In this section,

the resonances will be driven by the lattice structure itself (or the interaction between

the lattice and beam core), not by an external perturbation. This is a more realistic

comparison to resonances in accelerators.

The idea is to create a lattice close to the 1/4 integer resonance as this resonance is

driven predominately by octupoles. An intensity will be chosen to create a space-charge

tune shift which will overlap with the stopband of the 2nd order coherent resonance. In
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a linear lattice (i.e. no octupoles) this should excite a 2nd order coherent resonance.

A QI lattice will be tested to see if it is capable of damping the 2nd order coherent

resonance, without also exciting the 4th order incoherent resonance. A non-QI lattice,

where the applied octupole breaks the conditions of integrability, will also be compared

to test whether this lattice excites the 4th order incoherent resonance.

5.5.1 T-insert lattice design

Figure 5.18: Voltage waveform applied to the rods in IBEX (black) to create the two-cell
T-insert super-period. Coloured waveforms indicate the voltage applied to the plates.
Blue: No octupoles applied in the drift region. Green: Octupole pulse with 1/β3

strength scaling applied in the drift region to create Quasi-Integrable lattice. Red
(dashed): Octupole pulse with 1/β3 strength scaling with twice the strength but applied
only once per super-period, hence non-integrable.

VSim 11.0 was used to create the T-insert lattice in a 2D simulation of the IBEX

trap. Figure 3.4 shows the beta functions of the non-identical, two-cell lattice. The

octupole is positioned in the shaded blue region where the beta functions are equal. The

lattice was designed to have a π phase advance through the T-insert region and equal

140



horizontal and vertical beta functions within the drift region. Two distinct cells with

mirror symmetry were designed to create a super-period with tunes of Qx = 1.276 and

Qy = 1.277, close to the 1/4 integer resonance. The decision to create a two-cell lattice

with the first cell being distinct from the second was to ensure the resonant driving term

of the octupole would be the same if the octupole was applied once per drift region or

every other drift region.

Figure 5.18 plots the voltage waveform applied to the rod electrodes in IBEX to create

the two-cell T-insert lattice. The black waveform is the quadrupole focusing applied to

the rod electrodes. The coloured waveforms indicate what is being applied to the plate

electrodes to create the octupole field in the lattice. In blue is the T-insert lattice with no

octupole applied in the drift region. In green is the Quasi-Integrable (QI) lattice where

the octupole is turned on in the drift region and varies as 1/β3(s). In red (dashed), a

comparison lattice is used where the octupole is turned off every other cell (while the

strength still varies as 1/β3(s)). The octupole strength is twice as large in this lattice to

make the integrated octupole strength the same as the QI lattice, however this lattice is

non-integrable.

The way in which the non-QI lattice breaks integrability can be thought of in two

ways. If we first consider the Hamiltonian, it is conserved over the first cell, but then

as the octupole is turned off in the drift of the second cell, the Hamiltonian will have a

different value and therefore is not conserved over the two-cell structure. The second way

to view the non-QI lattice is that the two-cell lattice creates a larger one-cell T-insert

where the phase advance over the linear region is now 2π+ϕdrift. As ϕdrift = 0.13× 2π,

the nπ condition is broken over the linear region of the T-insert and thus the lattice

is no longer integrable. A lattice was chosen that broke the integrability condition by

a larger amount then simply changing the octupole scaling. This is due to simulation

results presented in Section 5.3.1.2 which showed that changing the octupole scaling in

the designed lattice did not have a significant effect on particle loss over the length of

simulation studied. As previously mentioned, this is most likely due to the relatively

141



flat beta function in the drift region.

5.5.2 Gaussian particle distribution

5.5.2.1 Coherent resonance condition

A 2D non-truncated Gaussian distribution, with a beam size of σrms = 0.66mm and

RMS emittance of 2.16×10−9mrad, was matched to the Twiss parameters at the center

of the drift region in the two-cell T-insert lattice. The particle distribution contained

25,000 Ar+ macro particles and was tracked in a VSim 11 model of IBEX for 1000 T-

insert lattice super-periods (2000 cell periods). The ratio of macro particles to physical

particles was 1:1000. The distribution of 2.5×107 physical particles created a theoretical

incoherent space-charge tune shift of ∆Qrms = −0.034 (tune depression of η = 0.97).

This tune shift was chosen to excite coherent oscillations which satisfied the following

resonant condition [123]:

Q0 + C2∆Qrms =
1

2
(
5

2
) (5.22)

where Q0 is the nominal tune and the coherent mode factor is C2 = 3/4 [19] (see

Section 1.2.2.1).

For the Gaussian distribution, the incoherent space-charge tune shift was calculated

from simulation data. In Fig. 5.19 a tune space diagram is plotted for the 2D, Gaussian

particle distribution of 2.5 × 107 particles. Using the relation between the RMS tune

shift and the maximum tune shift [124]

∆Qrms =
1

2
∆Qmax, (5.23)

with ∆Qxmax = −0.06275 and ∆Qymax = −0.07146 obtained from Fig. 5.19 (∆Qmax =

Qmax − Q0), the horizontal and vertical RMS tune shifts are found to be ∆Qxrms =

−0.0314 and ∆Qyrms = −0.0357 respectively.

The RMS incoherent tune shift for a Gaussian distribution can also be calculated

theoretically using the following formula
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∆Qrms = −1

2

λRF

2π

e2

8πε0mc2
N

Lϵrms

(5.24)

where λRF = 1792 m is the length of the two-cell lattice, e is the charge of an electron,

ε0 is the vacuum permittivity, m = 39.948×1.660 539×10−27 kg is the mass of an argon

ion, c is the speed of light in a vacuum, ϵrms = 2.16 × 10−9 mrad is the initial RMS

emittance and N/L is the longitudinal particle line density. Note that as the VSim

simulations are 2D, the number of particles is already a transverse cross-section and so

can be thought of as ‘number of particles per unit of longitudinal length’. Using this

equation, we get a value of ∆Qrms = −0.03193 which agrees well with the values from

simulation.

Figure 5.19: Tune shift diagram for a 2D Gaussian distribution of 2.5 × 107 physical
particles (blue). Nominal tune is indicated with a black cross. The black horizontal
and vertical lines show the 2nd order coherent resonance (overlapping with the 1/4
incoherent resonance). Black dashed lines indicate how close the distribution is to the
coherent resonance condition from Eq. 5.22.
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5.5.2.2 Particle loss

Figure 5.20: Rate of particle loss over 1000 super-periods of the T-insert lattice. (Blue,
dotted) No octupoles applied in the drift region. (Green, solid) Octupoles turned on in
the drift region which meet the quasi-integrability condition. (Red, dashed) Octupoles
turned on with twice the strength but applied only once per super-period, hence non-QI.

The number of particles surviving over 1000 T-insert super-periods is plotted against

time in Fig. 5.20. The linear T-insert lattice with no octupoles applied is plotted in blue

(dotted) and can be seen to lose 36.9(3)% of the initial distribution of particles. When

the octupoles are turned on and they meet the quasi-integrability condition (green), the

particle loss is reduced to 5.0(1)%. If we compare the QI lattice to the non-QI lattice,

we get 70.4(3)% particle loss, which is plotted in red (dashed) in Fig. 5.20.

The mechanisms behind the particle loss can be observed from the phase space plot-

ted in Fig. 5.21. Figure 5.21a is the (x, x′) phase space of a matched Gaussian distribution

of 25,000 macro particles with no space charge (ratio of macro particles to physical par-

ticles was 1:1, where space charge is negligible). The phase space is plotted after 500

super-periods of the linear lattice and resembles the initial Gaussian distribution.

In Fig. 5.21b the phase space is plotted after 500 super-periods through the linear
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Figure 5.21: (x, x′) phase space plotted after 500 super-periods of the T-insert lattice.
(a) Octupoles off in the drift region (negligible space charge). A space-charge tune shift
of ∆Qrms = −0.032 is present in simulations (b)-(d). (b) Octupoles off in the drift
region. (c) Octupoles on and QI conditions met. (d) Octupoles on but QI conditions
broken.

lattice, now with space charge. Due to the resonant condition in Eq. 5.22 being met, the

2nd order coherent resonance is excited. This can be seen from the two arms forming in

the phase space of Fig. 5.21b.

Figure 5.21c shows the phase space of the lattice when the octupoles are turned on

and the quasi-integrability condition is met. The coherent resonance caused by the space-

charge tune shift has been damped by the octupole field and the particle distribution is

returned to what resembles a Gaussian distribution. It is comparable to the phase space

in Fig. 5.21a when negligible space charge was present.

In order to show the benefits of Quasi-Integrable Optics (QIO) over the use of ordi-

nary octupoles to damp this coherent resonance, I also compared a lattice which broke

the integrability condition (Fig. 5.18, red dashed). Figure 5.21d shows the phase space

when just one octupole of twice the strength is turned on per two-cell super-period. The

four arms that appear in the phase space show that the 4th order incoherent resonance

is being excited and is responsible for the significant particle loss seen in Fig. 5.20. The
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4th order incoherent resonance is being excited by the octupole as it is no longer meeting

the conditions of integrability. This is in comparison to the QI lattice, which did not

excite the 4th order incoherent resonance, due to the lattice being quasi-integrable.

5.5.2.3 Coherent spectrum

To calculate the single-particle tune, the Fourier transform of the particle’s position,

sampled over N turns, is taken to give the frequency at which the particle oscillates.

The 2nd order coherent tune can be calculated by performing a Fourier transform on the

RMS beam size, to see the frequency at which the beam oscillates collectively. Note that

in the beam halo model, the beam core oscillates at twice the frequency of the single

particle [20]. Figure 5.22 plots this coherent spectrum, in order to see how prominent

the 2nd order coherent amplitude is in the particle distribution. The coherent spectrum

was calculated using NAFF [121] with the RMS beam size calculated from VSim, once

per cell for 400 cell periods (200 super-periods). This was calculated for a particle

distribution with three different amounts of particles to simulate three different space-

charge tune shifts. These were with Np = 2.5 × 104, ∆Qrms = 3.19 × 10−5 below the

coherent resonance, Np = 2.5×107, ∆Qrms = 0.0319 at the coherent resonance and with

Np = 5× 107, ∆Qrms = 0.0639 above the coherent resonance.

In Fig. 5.22 (Top), the coherent spectrum is plotted for a particle distribution with

negligible space-charge tune shift (∆Qrms = 3.19×10−5). Both the horizontal (Fig. 5.22 (Top,

left)) and vertical (Fig. 5.22 (Top, right)) spectra show little response around the coher-

ent resonance at Qcoh. = 5/2. This is expected as there is not enough space-charge tune

shift to bring the beam close to the resonance condition to excite a coherent resonance.

When the number of particles is increased to Np = 2.5 × 107, the resulting space-

charge tune shift of ∆Qrms = 0.0319 brings the particle distribution onto resonance

and a large peak in the spectrum is seen in Fig. 5.22 (Middle) at Qcoh. = 5/2 when no

octupoles are applied. This peak in the coherent frequency spectrum is significantly

reduced when both the QI octupole (green) and non-QI octupole (red) are turned on.
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Figure 5.22: Horizontal (Left) and vertical (Right) coherent spectra computed for no
octupoles (blue), non-QI octupole turned on (red) and the QI octupoles turned on
(green). (Top) Below resonance, Np = 2.5×104. (Middle) At resonance, Np = 2.5×107.
(Bottom) Above resonance, Np = 5× 107. Grey dashed line marks the Qcoh. = 5/2, 2nd
order coherent resonance.
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The coherent amplitude is seen to be reduced by almost an order of magnitude in the

horizontal spectrum and by around 2/3rds in the vertical spectrum. As these results

were taken over 200 super-periods of the lattice, the coherent amplitude for the lattice

with octupoles off is expected to increase further, as particle loss was only seen to plateau

in Fig. 5.20 after around 650 lattice periods. Nevertheless, the results in Fig. 5.22 clearly

show the coherent amplitude suppressed when the octupoles are tuned on, showing the

benefits of introducing decoherence. The fact that the non-QI octupole was also seen

to damp the coherent amplitude by the same amount as the QI octupole shows that

the particle loss seen for the non-QI lattice in Section 5.5.2.2 was not caused by the 2nd

order coherent resonance. This gives further evidence that the non-QI octupole is indeed

exciting the 4th order incoherent resonance and that that is the mechanism behind the

particle loss seen in this lattice.

Figure 5.22 (Bottom) shows that as the particle number and space-charge tune shift

are increased further, the coherent amplitude decreases and is shifted past the Qcoh. =

5/2 2nd order coherent resonance. Turning on the octupoles in the lattice is still seen

to damp this coherent amplitude in both the horizontal and vertical spectrum.

5.5.3 Gaussian distribution: intensity scan

In order to get a complete picture of the particle loss caused by the coherent resonance

and the ability of the QI octupole to both damp the coherent resonance and avoid excit-

ing the 4th order incoherent resonance, we should scan over the entire resonance. This

can be done by fixing the intensity and varying the tune of the lattice, or alternatively

by fixing the lattice tune and scanning over a range of intensities. The latter was chosen

in this work due to the difficulties in re-tuning the T-insert lattice to meet both the

integrability conditions and the constraints of the IBEX trap. This also more accurately

simulates what would happen in an intense hadron machine, as the lattice tune will be

held constant, and the intensity of the machine increased.
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Figure 5.23: Percentage of particles surviving 650 T-insert super-periods plotted against
RMS space-charge tune shift, ∆Qrms for an initial Gaussian distribution. Quasi-
Integrable lattice (blue), linear T-insert with octupoles turned off (grey) and non-Quasi-
Integrable lattice (red).

Figure 5.23 shows the number of particles surviving 650 super-periods of the simula-

tion at varying space-charge tune shifts (intensities) for the Quasi-Integrable (QI) and

non-Quasi-Integrable (non-QI) lattice, as well as the linear lattice where octupoles are

turned off. The RMS tune shift, ∆Qrms, is calculated using Eq. 5.24, using the initial

emittance of 2.16 × 10−9 mrad. In reality, this emittance will grow throughout the

simulation when the distribution is close to resonance and therefore ∆Qrms should be

considered an initial value only.

In Fig. 5.23, a maximum dip in particle loss of 39.8(3)% is seen to occur in the linear

lattice (octupoles turned off) around ∆Qrms = 0.036. The space-charge tune spread of

∆Qrms = 0.036 is as predicted from Eq. 5.22 and is consistent with exciting the 2nd

order coherent resonance. The QI lattice can be seen to damp the coherent resonance

caused by space charge and the particle loss remains below 10% throughout the scan.

In comparison, the non-QI lattice excites the 4th order incoherent resonance and results

in up to 67.8(3)% particle loss. The QI lattice does not excite the 4th order incoherent
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resonance as the Hamiltonian is time-independent. The stopband width of the resonance

has been reduced to essentially zero within the resolution of this data. This is a huge

benefit for machine operation as this QI lattice could damp coherent resonances without

the risk of driving 4th order incoherent resonances.

It can be seen in Fig. 5.23 that, as the space-charge tune shift increases past the

resonance, the particle loss observed in the QI lattice continues to increase. This is

believed to arise from the space-charge tune shift starting to break the integrability of

the QI lattice. One condition for the integrability of the lattice is that there should be

an nπ phase advance over the linear section of the lattice. With high space-charge tune

shifts, this condition is deviated from significantly in these simulations and the particle

loss starts to approach that of the non-QI lattice. To avoid this, and to keep a QI lattice

at high space-charge tune shifts, the lattice would have to be re-tuned to account for

space charge.

5.5.4 KV distribution: intensity scan

Gaussian distributions have a nonlinear charge-density distribution and hence the space-

charge tune shift that a given particle experiences can vary over the distribution. This

leads to a space-charge tune spread (seen in Fig. 5.19) as well as a space-charge tune

shift. Therefore, because Gaussian distributions with space charge already have a tune

spread, this decoherence introduced into the distribution can act as a natural damping

mechanism.

In order to isolate the benefits of damping the coherent resonance from the tune

spread created from octupoles, and from any tune spread effects in the distribution

itself, the results can be repeated for a KV distribution. A KV distribution is uniform

and so has a linear space-charge force across the whole distribution. This leads to every

particle in the distribution getting the same tune shift and hence there should be no

tune spread in the spectrum. Therefore in this section, the intensity scan across the 1/4

integer resonance was repeated, using a KV distribution.
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A matched KV distribution with a 100% emittance of ϵ100 = 2.16× 10−9 mrad was

created in VSim. The number of particles surviving after 1000 super-periods is plotted

against the initial maximum space-charge tune shift (see Eq. 5.21) in Fig. 5.24.

Over the 1000 super-periods, a maximum particle loss of 1.79(8)% was observed

when the octupoles were turned off. This was reduced to a maximum of 0.36(4)% when

the QI octupoles were turned on. In comparison, a maximum of 17.5(3)% of particles

were lost for the non-QI lattice. It should be noted that the dip in particle loss for the

QI and non-QI lattice occurs in the same place as they have the same tune and octupole

tune spread. However, the QI lattice has a time-independent Hamiltonian and so the

resonance stopband width is reduced to almost zero. The two dips in the QI particle loss

plot are expected to be from exciting the horizontal and vertical resonances as the tunes

are not exactly identical (Qx = 1.276, Qy = 1.277). The three dips that are seen when

the octupoles are turned off in Fig. 5.24 are suspected to be from a combination of the

4th order incoherent resonance and 2nd order coherent resonance being excited in the

linear lattice. The 4th order resonance can be driven by small octupole nonlinearities

in the quadrupole field. However, further simulation work is needed to confirm the

mechanism behind the three dips.

Note that the particle loss observed was significantly smaller for the KV distribution

than the Gaussian distribution as the emittance of the initial distribution was smaller.

The KV and Gaussian distributions in these two simulations are not equivalent beams3.

These simulation results confirm that a coherent resonance can be damped in a KV

distribution as well as Gaussian distributions with octupoles, when arranged in a lattice

prescribed by QIO. The results also show that deviating from the conditions of quasi-

integrability can result in the octupole driving its own set of 4th order resonances. The

IBEX Paul trap has undergone an upgrade to allow for the creation of octupole fields

within the trap with the aim to confirm these simulations with detailed experiments.

3To create equivalent beams for a given number of particles, the emittance of the KV distribution
needs to be scaled to give the same tune shift as the Gaussian distribution.
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Figure 5.24: Percentage of particles surviving the simulation plotted against max tune
shift, ∆Qmax for an initial KV distribution. The percentage of particles surviving the
Quasi-Integrable lattice (blue) and octupoles turned off (grey) should be read from the
axis on the left. Particle survival for the non-QI lattice (red) can be read from the axis
on the right.

5.6 Chapter summary

In this chapter, I first derived an equation to measure the integrability of a lattice design

given errors in the octupole scaling, beta functions in the drift region and phase advance

over the T-insert. The predictions from the equation were tested using a lattice simulated

in Mathematica where the octupole scalings were varied. Simulation and theory agree

well for small actions and small deviations away from the ideal QI lattice.

I also presented simulation results using a 2D model of the IBEX trap created in

the particle-in-cell software VSim. These results have shown that a quasi-integrable

lattice can successfully damp a 4th order perturbation, designed to excite the 4th order

resonance. The tune spread of the octupole is able to damp the resonance through

decoherence of the particle betatron tunes, increasing the fraction of surviving particles

and maintaining a large DA.

The QI lattice was also compared to lattices with two other pulses that deviated
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away from the integrable 1/β3 octupole scaling, namely the constant strength octupole

pulse and β3 scaling pulse. It was shown that the QI lattice had the lowest amount of

particle loss (7.4(1)%) over 2000 lattice periods with the 4th order perturbation applied.

This is compared to the constant octupole with 7.6(1)% loss and β3 octupole scaling

with 8.3(1)%. The QI lattice was also shown to restore the DA to within 3.4% of the

unperturbed linear lattice.

I also show that the T-insert can be created with realistic voltages for IBEX and

that fluctuations in the octupole strength on the order of 10% can be tolerated without

leading to significant particle loss.

I then tested a QI lattice with space charge and scanned across the 2nd order coherent

resonance for both a Gaussian and KV distribution. With the octupoles turned off, the

2nd order resonance was clearly excited and 36.9(3)% of particles were lost over 1000

super-periods for the Gaussian distribution. This particle loss was reduced to 5.0(1)%

when the QI octupoles were turned on. This is a significant improvement and shows

how a QIO lattice can be used to damp a coherent instability without exciting the 4th

order incoherent resonance. To further show the benefits of using a QI lattice, a non-

QI lattice was also compared at this resonance and lost 70.4(3)% of particles over the

same tracking time. This shows that when the QI condition is broken, the 4th order

incoherent resonance can be excited by the octupoles.

Coherent spectrum analysis was used to confirm that the coherent resonance was

being damped by both the QI octupole and the non-QI octupole. This further indicated

that the particle loss in the case of the non-QI octupole was indeed due to the 4th

order incoherent resonance. An intensity scan over the resonance was performed for

both a Gaussian and for a KV distribution, showing the benefits of the QI octupole

in damping the coherent resonance, without exciting a 4th order incoherent resonance,

over the entire tune scan studied. However, as the space-charge tune shift is increased,

the phase advance over the T-insert lattice will be altered so that it will deviate from

the conditions of integrability. Therefore for large space-charge tune shifts, the linear
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T-insert lattice will have to be appropriately tuned.
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Chapter 6

Experimental investigation into
Quasi-Integrable Optics in a Paul
trap

In this chapter I present the first experimental results from the newly commissioned

IBEX-2 multipole trap. The IBEX-2 trap was installed in the vacuum vessel in June

2022 and the full commissioning was completed in March 2023. The experimental results

discussed in this chapter were taken from April 2023 to July 2023. Unless otherwise

stated, all experimental work was carried out by myself. The aim of this experimental run

with IBEX-2 was to test the simulation results that were presented in Chapter 5. First,

the one-cell T-insert was perturbed with a 4th order perturbation to excite particle loss.

The QI octupole pulse which scales as 1/β3(s) was then turned on to create decoherence

with the goal of damping the 4th order resonance created by the applied perturbation.

Second, the two-cell T-insert lattice was created and the ion density in the trap was

increased in order to excite the space-charge-induced 2nd order coherent resonance in

the linear lattice. The QI octupole was turned on to test whether the decoherence

created in the distribution could damp the coherent resonance without exciting the 4th

order resonance. The particle survival for the QI lattice was then compared to two

lattices that break the conditions of integrability to see if these would excite the 4th

order resonance.
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6.1 Experimental setup

Normal trapping mode (see Fig. 4.20(Top)) was used for the data collected in this chap-

ter. A typical timings flow chart of an experiment, where ions are stored in a T-insert

lattice, is shown in Fig. 6.1. During the ionisation stage, a FODO lattice with a tune of

Qx, Qy = 0.15 was applied to the rod electrodes in the ionisation region (IR) of the trap.

This was achieved with a 1MHz square-wave waveform with an amplitude of 42V. The

resulting time period for one FODO cell was therefore 1µs.

Control over the initial number of ions created in the trap was accomplished through

a combination of adjusting the gas pressure and varying the length of time that the

electron gun was on. The electron gun was turned on for a duration between 100 –

500ms (100,000 – 500,000 FODO cell periods). Argon gas was continually leaked into

the vacuum vessel to maintain a pressure of between 1.5× 10−8 – 6.8× 10−7mbar. The

ions were left in the IR for a further 50ms, whilst the electron gun was turned off, to

allow the ion distribution to stabilise [39]. The DC voltage on the gate electrodes was

then dropped from 25V to 10V for 0.06ms to allow ions to pass into the experimental

region (ER). The same FODO RF waveform was applied to the gate electrodes and ER

electrodes as the ions were transferred. The gate DC voltage was returned to 25V and

a matching section was applied to the ER rod electrodes to match the Twiss parameters

from the FODO lattice to the T-insert lattice [39].

The T-insert lattice waveform was then applied to the ER electrodes for the desired

storage time. In Fig. 6.1, a one-cell T-insert lattice with a cell period of 2.96 µs was

assumed, and a storage time of 5000 cells was chosen. It is during this storage time

that the experimental stage is reached, where perturbations or octupole voltages can

be applied to the plate electrodes. After the desired storage time, the DC voltage on

the MCP end-caps was dropped from 25V to 0V and ions were extracted onto the

MCP detector, while the T-insert waveform was continually applied to the MCP end-

cap electrodes. For the results presented in this chapter, the procedure detailed above
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was repeated 10 times. Each data point was averaged over these 10 experiments and the

error bars indicate the standard deviation in ion number across those 10 experiments.

Figure 6.1: Timings flow chart of a typical experiment in IBEX-2. Ions are stored for
5000 cells of the T-insert lattice.

6.2 Testing Quasi-Integrable Optics with a 4th order

perturbation

6.2.1 Creation of the One-cell T-insert in IBEX

Figure 6.2: Oscilloscope trace of the one-cell T-insert waveform created by the PA98
amplifiers (solid). The ideal waveform is shown as a dashed line.

In this section, the one-cell T-insert waveform, created by amplifying a square-wave

input waveform, is analysed to estimate the lattice tune and beta functions. Figure. 6.2
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compares the amplified T-insert waveform applied to both pairs of electrodes in the ER

of the trap to the ideal square-wave T-insert waveform. Note that the 10V DC voltage

applied to the central rod electrodes in the ER has been removed in the Python code for

the analysis detailed below. The input T-insert waveform was created with 296 points

and loaded to an AWG with a sample rate set to 99.805MS/s to give the correct lattice

period of 2.9658µs. Ideally, more points would have been used, however the sample rate

was limited to the slowest AWG which was 100MS/s. Because the three AWGs used in

this experiment required synchronisation, all three AWGs were therefore limited to this

sample rate1.

A Python script was used to split the waveform in Fig. 6.2 into 1000 time steps

of dt ≈ 2.96 ns, corresponding to a lattice segment length of l ≈ 0.888m. For each

section of the waveform the electrode voltage was converted to a quadrupole focusing

strength, K using Eq. 2.37. A transfer matrix (see Section 2.1.6) for each segment of the

lattice was then created and multiplied together to give a transfer matrix corresponding

to the one-cell T-insert applied to the trap electrodes. The tune, Q of the transfer

matrix, M can then be calculated using Tr(M) = 2 cos (2πQ), where Tr(M) is the trace

of the matrix, M . For the waveform in Fig. 6.2, the horizontal and vertical tunes of

Qx = 0.634 and Qx = 0.633 were calculated which agree with the designed tunes from

MAD-X (Qx, Qy = 0.636) to within 0.5%.

The transfer matrix of each segment of the one-cell T-insert can also be expressed

in terms of the Twiss parameters, and the beta function at each point in the waveform

can be calculated. This calculation uses the assumption that the T-insert waveform is

periodic. The reconstructed beta function from the waveform plotted in Fig. 6.2 is shown

in Fig. 6.3(Top). The difference in beta functions between the T-insert lattice applied to

the trap electrodes and the lattice designed in MAD-X is plotted in Fig. 6.3(Bottom).

The percentage error in the beta functions for the one-cell T-insert created in IBEX was

found to be up to 18% in βx and 13% in βy. This was reduced down from discrepancies

1Replacing the Tabor WW1074 AWG with another Tabor WW2074 would therefore increase the
maximum sample rate to 200MS/s and thus 592 points could be used to define the T-insert waveform.
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of up to 300% in the beta functions by correcting the T-insert input voltage by a factor

of f = 1/1.01. This voltage correction factor ensured that the experimentally measured

tune (calculated in the next section) agreed with the designed tune.

Figure 6.3: (Top) Recreated beta functions from the voltage waveform applied to the
electrodes to create the one-cell T-insert lattice. Dashed lines show the MAD-X beta
functions. (Bottom) Percentage difference in beta functions between the lattice created
in IBEX and MAD-X.

Reconstructing the beta functions using the method described above will only give

an estimate of the actual beta functions of the ion distribution stored in the trap. This

is due to errors in the oscilloscope probes and the oscilloscope trace voltage reading.

In the future, an experimental measurement of the beta functions within the T-insert

should be taken using the method proposed in [125]. In this paper, the beta function was
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measured in a Paul trap by applying a dipole kick to the trapped ions in order to scrape

ions on the electrodes at various points in the lattice. This allowed for an experimental

reconstruction of the beta function within the trap. In order to achieve this in IBEX-2,

one pair of the ER electrodes would need to be independently powered in order to apply

a dipole kick. This would require an additional HV amplifier and was thus not possible

at the time of writing.

Currently, the beta functions of the T-insert lattice cannot be directly measured

experimentally, however we are able to experimentally verify the tune of the lattice.

This was achieved by applying an octupole perturbation (or 4th order perturbation) to

the plate electrodes2. Ions will be lost if the applied perturbation frequency is twice or

four times the lattice tune (see AppendixB). These results are discussed in more detail

in the next section as well as the effect of turning on the QI octupole in order to damp

the applied 4th order perturbation.

6.2.2 Trapping Argon

The 4th order perturbation experiment, applied to the one-cell T-insert lattice, was first

carried out with argon as the trapped ion species, as this has been the default experimen-

tal setup. The next section repeats this experiment with nitrogen ions (N+
2 ), a lighter

species which requires only 70% of the quadrupole and octupole focusing strengths

compared to those required for argon. More details explaining the switch are described

later.

Argon ions were stored in the one cell T-insert for 5000 cell periods, after an electron-

gun ionisation time of 0.3 s. The timing structure of this experiment was identical to that

in Fig. 6.1. A low gas pressure of 1.5×10−8mbar was used to store a small number of ions

in the trap (<1×105) in order to minimise space-charge effects. The T-insert lattice was

tested with and without the QI octupole applied, in the case of a 4th order perturbation

with an amplitude of 5.88V applied to the plates (Pert.ON) and with the perturbation

2Note that a 2nd order perturbation can be excited by applying a quadrupole perturbation to the
rod electrodes. This has previously been done in [39] to measure the tune experimentally.
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turned off (Pert.OFF). The octupole strength used in this experiment was t = −0.8,

corresponding to a plate voltage of −402V. This should create a theoretical octupole

tune spread of 0.012. The frequency of the perturbation was varied from 390 – 455 kHz,

corresponding to exciting twice the betatron frequency in the one-cell T-insert. When

dividing the perturbation frequency by two, this corresponds to a cell tune of between

0.58 and 0.67. In simulations, the 4th order perturbation was applied at four times the

T-insert cell tune. Experimentally, it was chosen to apply the perturbation frequency

at twice the T-insert cell tune, which is shown to be equivalent in AppendixB. From

the simulation results presented in Section 5.3, we expect that turning on the octupoles

will create an amplitude-dependent tune spread, introducing decoherence in the particle

tunes. This decoherence is expected to damp the applied 4th order perturbation, and

reduce the maximum ion loss at the resonance.

The results from scanning over the 4th order perturbation frequency are presented in

Fig. 6.4. When the perturbation was not applied, the ion number remains fairly constant

at around 70.000, fluctuating by less than ±4% over the duration of the experiment.

When the 4th order perturbation was applied to the plates, a dip in the measured ion

number can be seen at a tune of Q = 0.636, in good agreement with the predicted values

of the tune from MAD-X (dashed lines in Fig. 6.4). The maximum loss observed when

the octupoles were off and the perturbation was on was found to be 54(2)%. When

the octupoles were turned on, in the presence of the 4th order perturbation, a dip in

ion number was observed that was shifted to the right of the octupoles-off dip. The

maximum particle loss observed for the octupoles-on case was 50(3)%, within the error

of the percentage loss when no octupoles were applied. The broadening of the dip for

the case of octupoles-on suggests that the octupoles were creating some tune spread

within the ion bunch; however, this may not be enough to damp the applied 4th order

perturbation through decoherence.

Larger negative octupole strengths were not possible with the current amplifiers as

the negative power supply was limited to −450V and could practically only reach about
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Figure 6.4: Tune scan of the 4th order perturbation applied over 5000 cells of the one-cell
T-insert lattice. Number of ions surviving is plotted for QI octupoles turned on in the
drift region with and without the perturbation applied, and octupoles turned off, with
and without the perturbation applied. Dashed lines represent the nominal zero-current
horizontal and vertical tunes of the T-insert lattice, predicted with MAD-X.

90% of this maximum value. In addition, due to the limited slew rate of the current

amplifier, larger octupole voltages increase the overlap of the octupole pulse with the

T-insert waveform. This means that the octupole was no longer just applied in the drift

region, but was also on while the T-insert waveform was being applied and hence when

βx ̸= βy. This breaks the integrability conditions and is another possible explanation as

to why turning on the octupoles was not seen to create a significant reduction in particle

loss in Fig. 6.4.

In order to test this T-insert lattice with a lower octupole voltage for a given octupole

strength, two options were considered. The first option was switching to the second set

of plate electrodes, with an inscribed radius of R0 = 7.4mm (see Section 4.2.3), which

would have allowed for the same tune spread to be created using only 40% of the

voltage compared to using the current R0 = 8.5mm plates. However, this would have

involved lifting the lid of the vacuum vessel, disassembling the IBEX-2 trap to replace the

electrodes and realigning the trap. In addition, as mentioned in Section 4.2.3, the plate
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electrodes with R0 = 7.4mm increase the unwanted c6 component in the quadrupole

field decomposition. The second option to achieve a larger tune spread in the trap for a

given octupole voltage was to trap a lighter ion species. As shown in Section 3.2.3, the

octupole strength, k4 is equal to,

k4 =
24qVO(τ)

mc2r40
, (6.1)

where q is the charge of the ion, VO(τ) is the time-dependent octupole voltage, and m

is the mass of the ion species. Hence, for a singly charged ion with a smaller mass,

m, a larger octupole strength can be achieved for a given voltage VO. The IBEX trap

has previously trapped nitrogen (N+
2 ions) and already has the gas bottle and gas line

set up in the laboratory. The mass ratio between a nitrogen molecule and an atom of

argon is mN2/mAr = 0.701. This means that for a given octupole focusing strength,

nitrogen would only require 70% of the octupole voltage required for argon. Similarly,

the quadrupole potential is also proportional to the inverse of the trapped ion mass, and

therefore the quadrupole trapping potential would also be 70% of that of the potential

needed to trap argon. Due to the relative ease with which the ion species could be

changed over from argon to nitrogen, it was decided to switch to trapping nitrogen

(N+
2 ), and repeat this 4th order perturbation scan.

6.2.3 Trapping Nitrogen

The 4th order perturbation experiment was repeated with nitrogen as the trapped ion

species. All RF electrode voltages were scaled down by a factor of 0.701, while the DC

voltages were kept the same as before. The perturbation was again applied for 5000

T-insert cells for both a focusing and defocusing octupole, i.e. a positive and negative

plate voltage. The octupole strength parameter for this experiment was t = ±0.6,

corresponding to a plate voltage of Vplates = ±300V. This octupole strength should

create a theoretical tune spread of 0.013 with nitrogen as the trapped ion species. Both

a focusing and defocusing octupole can be made QI with a 1/β3(s) strength scaling,

however they will have tune shifts with amplitude of opposite sign. Figure 6.5 illustrates
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the tune spread created in a one-cell T-insert lattice in simulation with a negative plate

voltage (Left) and a positive plate voltage (Right).

Figure 6.5: Tune diagram created from a VSim simulation of a one-cell T-insert lattice.
The black cross indicates the nominal tune. The trapped ion species in this simulation
was argon. (Left) Octupole tune spread from a negative plate voltage of −500V. (Right)
Octupole tune spread from a positive plate voltage of 500V.

The results of the perturbation scan are shown in Fig. 6.6, where the negative oc-

tupole voltage was applied in the top figure and a positive octupole voltage was applied

in the bottom figure. The percentage of ions surviving was calculated from the difference

in the number of ions measured with the perturbation turned on and off and octupoles

turned on and off. A fit was applied to the data assuming the dip in particles surviving

approximates a Gaussian distribution, with a standard deviation that is proportional to

the tune spread in the ion distribution. The tune spread cannot be described solely by

the standard deviation of the fit as the width of the resonance excited by the perturbation

will also affect the width of dip.

In Fig. 6.6(Top), when the perturbation was applied and octupoles were off, a max-

imum loss of 78(2)% occurred at a perturbation frequency corresponding to a tune of

Q = 0.636. When the QI octupoles were turned on, this loss was reduced to 60(3)% and

the peak loss has shifted to a tune of Q = 0.641. When no octupoles were applied the
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Figure 6.6: Tune scan of the 4th order perturbation applied over 5000 cells of the one-cell
T-insert lattice. Percentage of ions surviving is plotted for QI octupoles turned on (blue)
and off (red) in the drift region. (Top) Negative octupole, t = −0.6, VPlates = −302V.
(Bottom) Positive octupole, t = +0.6, VPlates = +302V.

standard deviation of the Gaussian curve fit was found to be 0.006(1). The curve fit for

when the negative octupoles were turned on was found to have a standard deviation of
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0.010(1), showing evidence of a tune spread being created. It is the tune spread created

by the octupole that is expected to damp the 4th order resonance, as seen in the simu-

lation results presented in Section 5.3. This experimental perturbation scan agrees well

with the perturbation scan simulated in VSim shown in Fig. 5.13. In these simulation

results, the negative octupole was also seen to shift the octupole dip to a tune of 0.641,

while the standard deviation was seen to be twice as large for octupoles on compared to

when octupoles were turned off.

The experiment was repeated, this time testing a positive octupole voltage applied to

the plate electrodes. The results for the positive octupole are shown in Fig. 6.6(Bottom).

In this experiment, a maximum particle loss of 82(2)% was seen at a tune of 0.636 when

the octupoles were turned off. Turning on the positive octupole reduced this particle

loss to 66(4)% (calculated from the minimum of the fit) and occurred at a tune of

0.629. The standard deviation was seen to be larger when compared to turning on the

negative octupole. With a standard deviation of 0.013, this tune spread agrees with the

theoretical tune spread of 0.013. The positive octupole is seen to create a negative shift

in tune, whereas the negative octupole was seen to create a positive shift in tune. The

results are summarised in Table. 6.1.

Table 6.1: Table summarising the results from the 4th order perturbation scan in Fig. 6.6.
Negative Oct. Positive Oct.

Oct. ON Oct. OFF Oct. ON Oct. OFF

Maximum ion loss (%) 60(3) 78(2) 66(4) 82(2)

Tune 0.641 0.636 0.629 0.636

Standard deviation 0.010(1) 0.006(1) 0.013(1) 0.006(1)

These experimental results show the first demonstration of ions stored in a QI T-

insert lattice in a Paul trap. Turning on the QI octupole was seen to create a tune spread

within the ion distribution which helped damp the applied 4th order perturbation. A

reduction in the maximum ion loss of up to 30(7)% was seen when the QI octupole was

turned on. These benefits of the QI T-insert lattice were seen despite the estimated

errors in beta function within the lattice, which indicates the robustness of this lattice.
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In the future, it is expected that, by improving the accuracy of the T-insert lattice

created within IBEX, the benefits of QIO could be further demonstrated.

6.3 Testing Quasi-Integrable Optics in the presence

of space charge

In this section, the two-cell T-insert lattice, with a designed tune close 1.25, is tested in

the presence of space charge.

6.3.1 Creation of the Two-cell lattice in IBEX

Figure 6.7: Oscilloscope trace of the two-cell T-insert waveform created by the PA98
amplifiers (solid). The ideal waveform is shown as a dashed line.

In this section, the two-cell T-insert waveform created by amplifying the square-wave

input waveform is analysed, as was done in Section 6.2.1 for the one-cell lattice. The

two-cell T-insert lattice waveform applied to the ER electrodes is compared to the ideal

square-wave waveform in Fig. 6.7. The horizontal and vertical tunes calculated from this

waveform were found to be Qx = 1.277 and Qy = 1.278, which agree within 0.1% of the

MAD-X design values (Qx = 1.276 and Qy = 1.277).
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Figure 6.8: (Top) Recreated beta functions for the two-cell T-insert lattice. Dashed
lines show the MAD-X beta functions. (Bottom) Percentage difference in beta functions
between the lattice created in IBEX compared to the MAD-X beta functions.

The reconstructed beta functions from the two-cell T-insert waveform in Fig. 6.7 are

plotted in Fig. 6.8. These beta functions show a discrepancy of up to 12% in βx and

19% in βy. A 4th order perturbation was applied to the plate electrodes to experi-

mentally confirm the lattice tune in the next section. A voltage correction factor of

f = 1/1.022 was used to adjust the input voltages so that the experimentally measured

tune (calculated in the next section) agreed with the designed tune.
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6.3.2 Space-charge tune shift

In this section, an investigation is carried out to measure the space-charge tune shift in

the trap for a given ion number. The goal was to see if a sufficient space-charge tune

shift could be achieved in the two-cell T-insert lattice in order to reach the 2nd order

coherent and 4th order incoherent resonances. The results presented in this section were

collected before the gas line was switched over to nitrogen and hence the trapping species

in this section was argon. Ions were stored for 2000 two-cell T-insert super-periods while

a 4th order, sinusoidal perturbation with an amplitude of 5.88V was applied to the plate

electrodes. The frequency of this perturbation was scanned from 415 – 436 kHz in 1 kHz

steps. This corresponds to scanning the tune of the perturbation from 1.24 – 1.30.

This perturbation scan was repeated at several different intensities, created by adjusting

the argon gas pressure in the vessel and the length of time for which the electron gun

was turned on. Figure 6.9 presents the results from the perturbation scan at different

intensities, where the same data is plotted in the top and bottom plots using both a

linear and logarithmic scale.

Operating at an argon pressure of P =1.5×10−8mbar, with the electron gun turned

on for 0.2 s (Fig. 6.9, dark blue), around 70,000 particles remained after 2000 T-insert

super-periods. The theoretical space-charge tune shift at this ion number is ∼ 0.001.

Operating at this low-space-charge regime, the dip in the ion number was seen to occur

at a tune of Q = 1.276, which agrees well with the MAD-X values of the lattice tune,

plotted as dashed lines in Fig. 6.9.

In order to test the QI two-cell T-insert with space charge, a large enough space-

charge tune spread must be created (∆Qrms ≈ 0.036) in order to excite the 2nd order

coherent resonance. The intensity of the ion distribution was increased up to an argon

gas pressure of P =6.8× 10−7mbar and the electron gun was turned on for up to 0.5 s.

Practically, these are the upper limits of pressure and time the electron gun can be on

for because the ion number saturates if either of these parameters is further increased.

At the highest intensity, the maximum ion loss was observed at a perturbation tune of
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Figure 6.9: Tune scan of the 4th order perturbation applied over 2000 super-periods
of the two-cell T-insert lattice. The argon pressure was varied between 1.5 × 10−8 –
6.8 × 10−7mbar and the length of time the electron gun was on was varied between
0.2 – 0.5 s to increase the intensity, and therefore space-charge tune shift, of the ion
distribution. Dashed lines represent the nominal, zero current horizontal and vertical
tunes of the T-insert lattice, predicted with MAD-X. The solid line indicates the location
of the 4th order incoherent resonance. (Top) Linear y-axis. (Bottom) Logarithmic y-
axis.

1.265 as seen in Fig. 6.9. The maximum space-charge tune shift measured was 0.011,

only around 31% of the desired space-charge tune shift. At first sight, from these results

it seems as though not enough ions can be stored in the trap to create the desired space-
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charge tune shift. A potential reason behind this is that the ion loss was dominated by

residual-gas collisions. As argon gas was leaked continuously throughout the experiment

to maintain the desired gas pressure, at the higher gas pressure required for creating more

ions, the stored ions were more likely to collide with the background argon gas. These

residual-gas collisions could limit how many ions can be stored in this T-insert and for

how long.

An additional loss mechanism is the 1/4 integer resonance at 1.25. As the ion number

was increased to be closer to the 4th order incoherent resonance at Q = 1.25, ions would

be lost as the 4th order incoherent resonance would be driven by nonlinearities in the

quadrupole field. In simulation, the ion loss in the linear T-insert was not dominated

by this 4th order incoherent resonance as the electrodes were perfectly aligned and

hence nonlinearities were small. This 4th order incoherent resonance was studied in the

previous IBEX trap, where ion loss was observed at cell tunes of 0.25 [39].

Another scenario is that as the intensity in the trap was increased, space-charge tune

shifts of up to ∆Qrms ≈ 0.036 were achieved and the 2nd order coherent resonance was

excited. This ion loss would reduce the intensity and hence the space-charge tune shift,

resulting in an apparent reduction. In reality, all of the loss mechanisms discussed above

could be contributing at the same time.

In order to see whether enough ions could be stored in the trap initially to create a

large-enough space-charge tune shift, the perturbation scan was repeated for a shorter

storage time. This would reduce ion loss from any of the mechanisms described above and

would be able to capture an earlier measurement of the space-charge-shifted tune. The

results from storing for 200 two-cell T-insert super-periods while a 4th order perturbation

with an amplitude of 10.0V was applied to the plate electrodes are shown in Fig. 6.10.

The perturbation amplitude was increased from 5.88V to 10.0V to increase the ion loss

as the perturbation was being applied over a shorter storage time. When storing for this

shorter time of 200 super-periods, tune shifts of up to ∆Qrms = 0.025 were seen when

operating at a gas pressure of P =2.3× 10−7mbar and electron-gun active time of 0.3 s.
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This put the tune of the ion distributions on the 4th order incoherent resonance.

Figure 6.10: Tune scan of the 4th order perturbation applied over 200 super-periods
of the two-cell T-insert lattice. The argon pressure was varied between 1.9 × 10−8 –
2.3 × 10−7mbar and the time the electron gun was on was varied between 0.15 – 0.3 s
to increase the intensity, and therefore space-charge tune shift, of the ion distribution.
Dashed lines represent the nominal zero-current horizontal and vertical tunes of the T-
insert lattice, predicted with MAD-X. The solid line indicates the location of the 4th
order incoherent resonance. (Top) Linear y-axis. (Bottom) Logarithmic y-axis.

Note that the 2nd order coherent resonance condition is given by Q0 + C2∆Qrms =

1
2
(5
2
), whereQ0 is the nominal tune and C2 is the coherent mode factor (see Section 1.2.2.1

and Section 5.5.2.1). If C2 were to equal 1, then the 2nd order coherent and 4th order
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coherent resonances would entirely overlap and a space-charge tune shift of ∆Qrms ≈

0.025 would be sufficient to reach both resonances. However, as C2 = 3/4, a theoretical

space-charge tune shift of ∆Qrms ≈ 0.036 is needed to reach the 2nd order coherent

resonance. In practice, these resonances have finite stopband widths and so they can

overlap.

The experimental space-charge tune shifts are plotted against ion number in Fig. 6.11.

In this figure, the ion number plotted on the x−axis is an average ion number of the first

five data points, at each given pressure and electron-gun time, shown in Fig. 6.10. This

gave an estimate of the number of ions surviving 200 super-periods away from resonance.

Using Eq. 5.24, a theoretical space-charge tune shift was calculated using the same ion

number.

The RMS emittance was assumed to be 2.16 × 10−9mrad, as was found in [39].

In the setup in [39], a low number of ions was stored in a FODO lattice with a tune

of 0.1. The assumption of an emittance of 2.16 × 10−9mrad only holds for low ion

numbers, as the emittance of the distribution is expected to grow for larger space-charge

forces. The theoretical and experimental space-charge tune shifts in Fig. 6.11 both show

a good linear relationship between ion number and space-charge tune shift. However, a

discrepancy of up to 30% is seen in the gradients of these two linear fits. This could easily

be attributed to an experimental emittance which is 30% larger than the emittance of

2.16×10−9mrad that was initially assumed. Therefore, it is likely that the emittance in

the trap is closer to 2.8×10−9mrad. This means that experimentally, around 30% more

particles would need to be stored in the trap than was previously calculated in order to

reach a desired space-charge tune shift. Future work could estimate the emittance in the

T-insert at larger ion numbers by looking at the Full-Width-Half-Maximum (FWHM)

of the ion distribution, imaged on the phosphor screen with the CCD camera. This was

done for the previous trap in [39].

An important note when comparing the ion number in experiment to the number

of particles in simulation should be stated here. As the VSim simulations presented in
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Figure 6.11: Space-charge tune shift plotted against the initial ion number. Theoretical
values are calculated using Eq. 5.24 assuming an emittance of 2.16× 10−9mrad. Exper-
imental values were calculated after 200 super-periods from Fig. 6.10.

Section 5.5.3 were 2D simulations, the ‘number of particles’ is technically a longitudi-

nal line density, i.e. ‘number of particles per meter’. In IBEX, there is a 3D charge

distribution, with a longitudinal bunch length of 65.5mm [39]. Therefore, assuming a

uniform longitudinal bunch distribution in the trap, 2.5 × 107 particles per meter in

VSim (needed to reach the 2nd order coherent resonance) would correspond to around

1.64× 106 ions stored in IBEX.

In this section it was shown that space-charge tune shifts of up to Qrms = 0.025

have been observed experimentally when trapping ions for 200 super-periods of the two-

cell T-insert. Tune shifts of this magnitude will put the particle distribution on the

4th order incoherent resonance at 1.25, and close to the 2nd order coherent resonance.

Extrapolating the experimental data in Fig. 6.11, approximately 2.3× 106 particles are

needed to shift the tune onto the 2nd order coherent resonance. This number of particles

is shown to be stored in IBEX (at least initially) in Section 6.3.3. In the next section,

the intensity was scanned, without applying any perturbation to excite ion loss. The

goal of this intensity scan was to excite the 2nd order coherent resonance and observe
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whether turning on a QI octupole would damp this resonance, without exciting the 4th

order incoherent resonance.

6.3.3 Intensity scan

The experimental results collected in this section aimed to test the simulation results

presented in Section 5.5.3. The goal of these experiments was to increase the ion density

within the trap in order to increase the space-charge tune shift, which would then cause

the ion distribution to reach the 4th order incoherent resonance and the 2nd order

coherent resonance. In simulation, turning on a QI octupole was seen to be able to damp

the 2nd order resonance, without exciting the 4th order resonance, whereas breaking the

conditions of integrability was seen to excite the 4th order incoherent resonance. Two

different loss mechanisms were seen in the experimental results presented in this section,

namely resonant losses and residual-gas collision losses. Residual-gas losses reduce the

ion survival at high gas pressures. Resonant losses are observed from comparing the

differences in the total number of particles surviving the storage time.

In these experimental results, the ionisation time was kept constant while the argon

gas pressure was varied. In order to get an estimate of the initial number of ions in

the trap for a given argon gas pressure, the number of ions was measured on the MCP

after storing for ten two-cell T-insert super-periods (see Fig. 6.13(Top)). Ten super-

periods were chosen as this was long enough that any loss due to scraping on the rods

would have occurred but short enough that any resonances would not have had time to

cause significant ion loss. Four different lattices were tested, namely ‘Oct OFF’ where no

octupole element was applied, ‘Oct ON QI’ where the QI octupole is turned on in the drift

regions, and two lattices with octupole elements that break the integrability conditions.

The two-cell T-insert lattice waveform along with the octupole voltages applied to the

plates can be found in Fig. 5.18. An additional lattice to what was initially presented

in Section 5.5.3 was also tested, where the octupole was simply turned off every other

lattice period and the integrated octupole strength was not corrected. This lattice is
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labeled as ‘Oct ON nonQI half’ as it has half the octupole strength and hence half the

octupole tune spread of either the ‘Oct ON QI’ and ‘Oct ON nonQI’ lattice.

In the simulation results presented in Section 5.5.3, a positive QI octupole voltage

was applied to the plates. However, it was found experimentally that a negative QI oc-

tupole voltage had a larger ion survival than with a positive octupole voltage and thus

a negative octupole strength was used throughout the rest of these experimental results

(see Appendix. C for results from an octupole strength scan). Interestingly, simulation

results show the opposite, with a positive plate voltage leading to a larger ion survival

as shown in Fig. 6.12. Table 6.2 summarises the simulated percentage particle loss in

Fig. 6.12. Note that residual-gas collisions were not included in these simulations. How-

ever, the total particle loss is not as important as the relative losses between lattices,

which stays the same for both a positive and negative octupole.

Figure 6.12: VSim simulation of rate of particle loss over 920 super-periods of the two-
cell T-insert lattice at the 2nd order coherent resonance. (Blue) No octupoles applied in
the drift region. (Green) Octupoles turned on in the drift region which meet the quasi-
integrability condition. (Orange) Octupoles turned on but applied only once per super-
period, hence non-QI. (Red) Octupoles turned on with twice the strength but applied
only once per super-period, hence non-QI. Dashed lines indicate positive octupole plate
voltage (presented in Section 5.5.3), solid lines indicate negative plate voltage.

In Fig. 6.13(Top) the ion number after storing for ten two-cell T-insert super-periods
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Figure 6.13: Ion number plotted against argon gas pressure at an electron-gun time
of 0.3 s. (Top) Ion number after 10 two-cell T-insert lattice super-periods. Linear fit
to the data is plotted as a dashed line. (Bottom) Ion number after 2000 two-cell T-
insert lattice super-periods. Dashed black line indicates predicted location of 4th order
incoherent resonance. Solid black line indicates predicted location of 2nd order coherent
resonance.
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Table 6.2: VSim simulated particle loss over 920 super-periods of the two-cell T-insert
lattice at the 2nd order coherent resonance.

Octupole element Percentage particle loss (%)

Oct. OFF 36.5(3)

QI Oct. (POS) 5.0(1)

QI Oct. (NEG) 11.0(2)

non-QI Oct. half (POS) 51.6(3)

non-QI Oct. half (NEG) 59.2(3)

non-QI Oct. (POS) 70.4(3)

non-QI Oct. (NEG) 76.2(3)

for varying argon gas pressures is plotted for the linear T-insert lattice (Oct OFF),

QI octupoles turned on (Oct ON QI), and two lattices that break the integrability

conditions. From Fig. 6.13(Top) the ion number measured after 10 T-insert super-periods

is seen to increase linearly with the argon gas pressure introduced into the vessel for all

four lattices, as expected. The results were then repeated, storing the ions for 2000

T-insert super-periods, shown in Fig. 6.13(Bottom). For an argon gas pressure of P =

0.82×10−7mbar, corresponding to an initial ion number of around 1.4×106, the number

of ions surviving 2000 T-insert super-periods can be seen to plateau in both of the non-

QI lattices. This suggests that the octupoles in these lattices, which do not meet the

conditions of QIO, are exciting the 4th order incoherent resonance. Interpolating from

the line of best fit to experimental data in Fig. 6.11, this number of particles should create

a space-charge tune shift of around Qrms = 0.020, shifting the ion distribution close to

the 1/4 integer resonance at 1.25. Therefore, the results shown in Fig. 6.13(Bottom) are

consistent with the non-QI octupoles exciting the 4th order incoherent resonance. The

number of particles surviving the ‘Oct ON nonQI’ lattice is approximately half of that

of the ‘Oct ON nonQI half’ lattice. This is because the strength of the octupole for ‘Oct

ON nonQI’ lattice is twice that of ‘Oct ON nonQI half’ and hence the driving term for

the resonance is twice as large. The fact that all four curves in Fig. 6.13(Bottom) see

the ion number not just plateau, but also start to decrease, suggests that at larger gas

pressures, residual-gas collisions are contributing to the ion loss over these time scales
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(2000 lattice super-periods).

In the absence of octupoles (Oct OFF), the ion number is seen to plateau at a gas

pressure of P =1.2×10−7mbar, corresponding to an initial ion number of 1.9×106. The

fact that this plateau in ion number occurs slightly after the plateau seen for the non-

QI lattices suggests that this ion loss could be due to the coherent resonance condition

being reached. It was predicted earlier that around 2.3 × 106 ions would be needed in

order to create an experimental space-charge tune shift large enough to reach the 2nd

order coherent resonance, therefore it is plausible that at ion numbers of 1.9 × 106 the

edge of the 2nd order coherent resonance stopband has been reached. Similarly, when

the QI octupoles are turned on (Oct ON QI), the ion number is seen to plateau at the

same place. At this point it should be noted that introducing the QI octupole to the

lattice does not excite the 4th order incoherent resonance to anywhere near the same

extent as the non-QI lattices. A maximum of 0.596(3) × 106 ions were seen to survive

2000 two-cell T-insert super-periods with the QI octupole switched on, compared to a

maximum of 0.402(6)× 106 in the ‘Oct ON nonQI half’ lattice and 0.238(3)× 106 in the

‘Oct ON nonQI’. Therefore, these results show that by introducing the octupole using

the method prescribed by QIO, up to 60% more particles were stored when compared to

a non-QI lattice with the same octupole strength, and 33% more particles were stored

when compared to a non-QI lattice with the half the octupole strength.

When comparing the results of the T-insert lattice with octupoles off and QI oc-

tupoles on in Fig. 6.13(Bottom), a marginal improvement of up to 6(4)% is seen when

turning the QI octupole on. The fact that the number of ions surviving both lattices

are so close shows the promising result that introducing the QI octupole has not fur-

ther excited the 4th order resonance and has not made the lattice worse than the linear

lattice alone. However, the results do not show the same improvement in reducing ion

loss from damping the coherent resonance, as was seen in simulation (Section 5.5.3).

Using the difference between the number of particles surviving 2000 super-periods and

10 super-periods, a percentage of ions surviving is calculated as a function of the initial
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number of particles stored in the trap and plotted in Fig. 6.14.

Figure 6.14: Percentage of ions surviving 2000 two-cell T-insert super-periods as a func-
tion of initial number of ions stored in the trap (after 10 super-periods). The dashed
black line indicates the predicted location of the 4th order incoherent resonance. The
solid black line indicates the predicted location of the 2nd order coherent resonance.

One possible explanation for the similar ion loss seen for QI octupoles on and off is

that the ion loss is dominated by residual-gas collisions at the larger gas pressures needed

to create larger initial numbers of ions within the trap. If residual-gas collisions were

the dominant source of ion loss, this could mask the benefits of the QI octupole, when

compared to having octupoles off, in the presence of the 2nd order coherent resonance.

It is also possible that the ion loss created from the residual-gas collisions is preventing a

high-enough intensity of ions being trapped, which is needed for the coherent resonance

to form. In this case, turning the QI octupoles on would not help as there would be

no coherent resonance to damp. To quantify the extent to which the residual gas is

affecting the ion loss in the trap, the mean free path of argon ions was calculated for

typical gas pressures in IBEX. The mean free path, ℓ, can be calculated for a pressure,

P , using the following formula:
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ℓ =
kBT√
2πd2P

, (6.2)

where kB is the Boltzmann constant, T is the temperature of the gas and d is the

kinetic diameter of the particle. Taking the gas within the vessel to be at the room

temperature of the lab, T = 291.15K and assuming a kinetic diameter of 340 pm [126,

127], the mean free paths of an argon ion are calculated for typical gas pressures in IBEX

in Table 6.3.

Table 6.3: Mean free path calculated for typical argon pressures in IBEX. A vacuum
pressure of 5.0× 10−10mbar is typical when no argon is being leaked into the vessel.

Pressure (mbar) Mean Free Path (m)

5.0× 10−10 157× 103

1.5× 10−8 5.22× 103

2.3× 10−7 340

4.5× 10−7 174

6.8× 10−7 115

In order to calculate how far a typical argon ion would travel in the trap during

a total storage time3 of 68ms, the average velocity of the ion needs to be estimated.

Assuming the trapped ions have a thermal energy of 0.3 eV (measured in [39]), then the

average velocity of a particle in the trap is found to be around v = 1360ms−1. This

gives an average distance an ion has travelled during a storage time of one experiment

as 92.5m. This distance travelled in the trap is comparable to the mean free path of

ions at the larger gas pressures used. Assuming that an ion is expelled from the trap if it

collides with a residual gas molecule, then there is expected to be significant ion loss at

these higher gas pressures. In order to confirm these calculations, further experiments

should be carried out in IBEX which measure the percentage of particles surviving as

a function of the time stored in the trap for various gas pressures. This would help

conclude the impact of residual-gas collisions on these experimental results.

3The total storage time was calculated from the point the electron gun was switched off to the end
of extraction.
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Nevertheless, despite the ion loss being dominated by residual-gas collisions, these

results still indicate that when the octupole is introduced into the lattice, following

the conditions of QIO, the dominant source of loss in the lattice is no longer from the

octupole exciting the 4th order resonance.

In order to reduce the effect of residual-gas collisions in the trap, two steps were

taken. First, the time the electron gun was turned on for was increased from 0.3 s to

0.4 s. This should allow more ions to be created for a lower argon pressure. This is

seen to be the case when comparing the ion number stored after ten two-cell T-insert

lattice super-periods, plotted against argon gas pressure, for the two ionisation times in

Fig. 6.13(Top) and in Fig. 6.15(Top). Using an ionisation time of 0.4 s, ion numbers of

up to 5.8×106 could be reached at a pressure of P = 3.6×10−7mbar, whereas the same

ion number could only be reached with a gas pressure of over P = 4.0 × 10−7mbar for

an ionisation time of 0.3 s (Fig. 6.13(Top)). In Fig. 6.15(Top), the ion number is seen to

saturate above P = 3.6 × 10−7mbar and hence pressures of between P = 9.9 × 10−9 –

3.6× 10−7mbar were used in the linear fit.

Figure 6.15(Bottom) plots the number of ions surviving after 1000 two-cell T-insert

lattice super-periods. Again, the ion numbers for the non-QI lattice start to plateau

as the initial ion number reaches around 1.5 × 106. This corresponds to a tune shift of

around 0.02 which is consistent with exciting the 4th order incoherent resonance. This

time, the QI octupole is seen to be able to store up to 10(2)% more particles when

compared to when the octupoles are off, over the 1000 T-insert super-periods studied.

These results suggest that storing ions for fewer T-insert lattice periods, and avoiding

the highest argon gas pressures, can reduce the residual-gas collisions sufficiently in order

to start to see the benefits of the QI octupole.

For completeness, the percentage of particles surviving 1000 two-cell T-insert super-

periods is plotted against initial ion number in Fig. 6.16. The percentage of ions surviving

the lattice when the QI octupoles are turned on is up to 2.1(7)% more than when the

octupoles are turned off. As the percentage of the initial number of ions surviving is
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Figure 6.15: Ion number plotted against argon gas pressure at an electron-gun time
of 0.4 s. (Top) Ion number after 10 two-cell T-insert lattice super-periods. Linear fit
to the data is plotted as a dashed line, where the data point at P = 4.5 × 10−7mbar
has been excluded from the fit as the ion number has saturated. (Bottom) Ion number
after 1000 two-cell T-insert lattice super-periods. The dashed black line indicates the
predicted location of the 4th order incoherent resonance. The solid black line indicates
the predicted location of the 2nd order coherent resonance.
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Figure 6.16: Percentage of ions surviving 1000 two-cell T-insert super-periods as a func-
tion of initial number of ions stored in the trap. The initial number of ions was assumed
to be the number of ions detected after storing for 10 two-cell T-insert super-periods
(Fig. 6.15(Top)).

around 20%, this corresponds to 11.0(4)% more particles stored in the lattice where

QI octupoles are turned on, when accounting for the initial number of ions in the trap.

The percentage of particles surviving plotted in Fig. 6.16 is not seen to increase as the

particle number is increased beyond the 4th order incoherent and 2nd order coherent

resonances, as was seen in simulation (Section 5.5.3). The reason for this is suspected

to be due to losses in the trap, with residual-gas collisions likely to still be dominating.

Hence, even if enough particles are initially created in the trap in order to create a

space-charge tune shift taking it beyond the resonances, due to ion losses over the 1000

super-periods, the ion distribution will be brought back onto the 2nd order coherent

resonance. In comparison to simulation results, the particle loss after crossing the 2nd

order resonance was around 2% for octupoles off and between 5-10% for octupoles on.

This particle loss is much less than what is seen in experiment (up to 83% for octupoles

off after 1000 super-periods) and therefore a large enough space-charge tune shift cannot
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be created in the trap to reach beyond the 2nd order resonance. This is thought to be

a limitation from residual-gas collisions.

The results in this section have illustrated the benefits of introducing octupoles de-

scribed by the theory of QIO, in the presence of space charge. The results show promising

potential benefits to using QI octupoles in a lattice in order to damp 2nd order coher-

ent resonances. An absolute number of 10(2)% more particles survived 1000 two-cell

T-insert super-periods when compared to when octupoles were off. When comparing

the QI lattice to two non-QI lattices the results show that the QI lattice does not excite

the 4th order resonance. The 4th order resonance was confirmed to be present from the

particle loss seen in both the non-QI lattices.

6.4 Chapter summary

In summary, these experimental results have shown the first demonstration of ions

trapped in a QI T-insert lattice both in a low-space-charge regime (∆Qrms ∼ 0.001)

and with space charge (∆Qrms ∼ 0.025 and above). In the low-space-charge regime,

the QI octupole was shown to create tune spreads of up to 0.013 and was able to damp

an externally applied 4th order perturbation. Turning on the QI octupole was seen to

reduce the maximum ion loss by up to 30(7)%. These results agreed well with what was

seen in simulation.

The two-cell T-insert lattice, with tunes of Qx = 1.276, Qy = 1.277 was tested with

space charge with the aim to create space-charge tune shifts to bring the ion distribution

close to the 4th order incoherent resonance and 2nd order coherent resonance. The QI

octupole generated improved ion survival at higher intensities compared to when the

octupoles were turned off. It was suspected that the benefits of the QI octupole were

limited due to residual-gas collisions dominating ion loss. This additional loss mechanism

would continuously reduce the space-charge tune shift, moving the tune distribution

across the resonance and not giving time for the 2nd order coherent resonance to fully

form. Despite this, the QI octupole was shown to no longer be the dominant source of
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ion loss in the vicinity of the 4th order incoherent resonance. This was confirmed by

testing two non-QI lattices, which were shown to excite the 4th order resonance.

In the future, the T-insert lattice created in IBEX could be improved to meet the

conditions of integrability more closely. This could be done by creating higher slew-

rate amplifiers, optimising the input waveform to more closely create the desired output

waveform, or by redesigning the T-insert lattice in an attempt to reduce the slew-rate

requirements. Experimental verification of the beta functions within the trap should

also be carried out to better quantify how well the conditions of integrability are met

within the trap.

Automating these experiments would also allow for higher-resolution scans to be car-

ried out, and would increase the efficiency of data collection. In order to fully automate

experiments on IBEX-2, the synchronisation of the AWGs should be integrated into the

existing LabView program. This was not possible with the current LabView subVIs

provided by Tabor, as described in Section 4.5.3. Automating the synchronisation pro-

cedure would also reduce errors in phase offsets, caused by synchronising the octupole

waveform manually on the AWG.

In order to overcome challenges with residual-gas collisions, future experiments could

look at ‘topping up’ the charge distribution within the trap by turning on the electron

gun again before dropping the gate DC voltage briefly to allow more ions into the ER.

This process would first need to be studied and understood in simulation. An alternative

solution could look at injecting a ‘bubble’ of gas into the vacuum vessel. This would

introduce gas into the vessel while the electron gun was on and then stop the flow of

gas during the rest of the storage time. This would minimise the amount of residual

gas within the trap during the experiment. However, this would require a leak valve

that could be opened and closed on a time scale of less than 0.1 s. The current VAT

leak valve operates on the time scale of seconds. In addition to the solutions mentioned

above, reducing the effective length of the trap could also be studied as a potential

method of increasing the space charge within the trap at a fixed ion number and hence
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gas pressure. This could be achieved by increasing the DC voltages applied to the end

caps in order to reduce the effective longitudinal length of the experimental trapping

region. According to Eq. 5.24, a shorter longitudinal effective length within the trap

would increase the space-charge tune shift for a given number of particles.

Despite the challenges of testing QIO in the newly commissioned IBEX-2 trap, the

experimental results presented in this chapter show promising benefits of using QIO

lattices in future experiments. We hope that future experimental runs of IBEX can

further build on these results.
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Chapter 7

Conclusions and Future work

Paul traps are a useful tool for research in accelerator physics due to the equivalence

between the transverse Hamiltonian of ions in a trap and the transverse Hamiltonian

of particles in an accelerator. Due to this equivalence, the Intense Beams Experiment

(IBEX) can be used as an analogue simulation of the transverse beam dynamics in

an alternating-gradient accelerator. There are several benefits to using IBEX for this

purpose. IBEX stores low-energy ions so that space-charge-dominated beams can be

studied in a fraction of the time that it would take to run a computer simulation to

recreate the intricate Coulomb forces between particles. Furthermore, when compared

to using accelerators to study intense beams, the flexibility of IBEX allows for a large

parameter space to be covered, without the risk of damaging or activating components

if ions are lost. For example, it is quick and simple to change the number of ions stored

in the trap and hence to change the space-charge tune shift. In addition, the type

of accelerator lattice being studied can be altered simply by changing the amplitude

and time structure of voltage waveform applied to the electrodes. For the research

described in this thesis, these advantages of IBEX were used to test experimentally the

theory of Nonlinear Integrable Optics (NIO), which proposes a method of constructing

an accelerator lattice using nonlinear elements which avoids exciting the resonances

associated with these elements.

One of the obstacles to achieving higher-intensity beams is that space-charge forces

can excite coherent resonances and thus lead to beam loss in accelerators. Along with re-
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ducing the efficiency of the accelerator, these losses can be damaging and costly. While

octupoles can be used to damp coherent resonances through Landau damping, they

can also pose an additional problem as they lead to non-integrable lattices where the

Hamiltonian is not conserved. This can lead to the octupole elements driving 4th order

resonances. Nonlinear Integrable Optics offers a potential solution to this issue as it

introduces a way to create decoherence in a beam while maintaining integrability. Ful-

filling the conditions of NIO requires a complicated elliptical potential in order to create

the two invariants of motion, which is necessary to produce fully integrable motion in

the transverse plane. This thesis focused on Quasi Integrable Optics (QIO), which is

a method of using carefully placed, strength-scaling octupoles in a T-insert lattice in

order to conserve the Hamiltonian while still introducing decoherence. Because a QIO

lattice has a time-independent Hamiltonian, the octupoles should not excite 4th order

resonances.

In order to test Quasi Integrable Optics, an upgrade to the IBEX trap was required

which added four additional multipole electrodes, capable of creating the octupole fields

needed for studying QIO. Prior to attaining experimental results, simulations were car-

ried out that, as described in Chapter 5, showed the ability of the QIO lattice to damp

a 2nd order coherent resonance without exciting the 4th order resonance. By contrast,

breaking the conditions of integrability while maintaining the same octupole tune spread

showed that the 4th order resonance was excited. Simulations were also used to bench-

mark a proposed method of quantifying how close a lattice will be to integrable, given

errors in the octupole scaling, beta functions, and phase advance. Further work is needed

to test the measure of integrability formula against errors in the phase advance, and in

the future IBEX could be used to test this formula experimentally.

Following the promising simulation results, the IBEX Paul trap was redesigned to

allow for octupole fields to be created in the trap. This full redesign of the trap enabled

us to reach alignment tolerances of <10 µm for nearly all components. This thesis has

described in detail the design work and commissioning of the new trap, as well as the
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new high-voltage, high-slew-rate amplifiers that were required to supply the voltages

to the additional electrodes. With the completion of the upgrade, I was then able

to experimentally test QIO on the newly commissioned IBEX-2 multipole trap. The

experiments discussed in this thesis demonstrated the first successful trapping of ions in

a T-insert lattice with a quasi-integrable scaling octupole, within a Paul trap.

Particle loss was excited in a one-cell T-insert lattice with a 4th order perturbation

applied to the plate electrodes. Turning on an octupole with a strength that scales with

1/β3 was shown to create a tune spread in the beam, reducing the peak particle loss by

up to 30(7)% when compared to leaving the octupoles off. I was also able to test QIO

with space charge in a two-cell T-insert lattice by increasing the intensity of the stored

ions in order to excite the 2nd order coherent resonance. Due to ion loss being dominated

by residual-gas collisions at large gas pressures, the benefits of damping the 2nd order

coherent resonance could not be measured in their entirety. However, improvements

in ion survival of up to 10(2)% were seen over 1000 T-insert super periods for when

the QI octupole was turned on, compared to when it was off. Despite being limited by

residual-gas collisions, the Quasi Integrable scaling octupole was shown to avoid further

exciting the 4th order incoherent resonance, and was therefore not the dominant source

of ion loss. In contrast, breaking the integrability conditions was shown to lead to more

ion loss caused by exciting the 4th order resonance.

7.1 Future work

The results described in this thesis lay the foundation for multiple trajectories of future

work with IBEX to further investigate QIO and NIO. Next steps should include optimis-

ing the input T-insert waveform to ensure that the waveform applied to the electrodes in

the trap more closely meets the conditions of integrability. Experimental verification of

the beta functions within the trap is also an important next step to further quantify how

close to integrable the T-insert lattice can be made in IBEX. It would also be beneficial
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to improve the slew rate of the amplifiers, as doing so would help achieve better agree-

ment of the T-insert waveform and octupole pulse. Another approach to allow IBEX to

explore QIO further would involve seeking to reduce the residual-gas collisions that hin-

der the formation of the 2nd order coherent resonance. This might be possible through

the introduction of a ‘bubble’ of argon or nitrogen gas using a triggered, high-speed leak

valve. This would aim to minimise ion collisions with the neutral gas. We could also gain

a more thorough understanding of the practical applications of QIO by implementing a

distributed octupole scheme as described in [92], in IBEX. The space-charge tune shift

within the trap can also be increased for a given number of ions by trapping ions with

smaller mass-to-charge ratios or by decreasing the effective longitudinal length of the

trap. These methods would allow for higher space-charge tune shifts to be studied in

the trap without increasing losses due to residual-gas collisions.

IBEX-2 also has the potential to further explore effects such as Landau damping.

A recent paper describes a method for measuring the strength of Landau damping at

the LHC [128]. A similar experiment could be performed with IBEX using a dipole

perturbation to create coherent oscillations of the ion distribution. Octupoles could be

turned on and the damping of the oscillations measured.

In addition to IBEX, and the other operational Paul traps for studying accelerator

physics discussed in this thesis, a new trap has been proposed at Brookhaven National

Laboratory (BNL) [129]. The goal of this experiment is to laser cool the trapped ions

in order to study ultra-low emittance bunches. This has application in high luminosity

collider experiments, as well as potential quantum-computing applications [130].

Finally, it is worth noting that IBEX-2 has potential for studying subjects beyond

NIO and QIO. For example, the additional multipoles could be used to create skew

quadrupole terms and higher-order terms to allow for experiments to study the dynamics

of FFAs (Fixed-Field alternating gradient Accelerators). The IBEX trap could also be

adapted for explorations of other space-charge mitigation techniques such as electron

lenses. For example, research into trapping quasi-neutral plasma in RF multipole traps
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has previously been studied [118], however this has yet to be applied to Paul traps

studying accelerator physics. Along with the research described in this thesis, these are

just a few possible areas of research that demonstrate the exciting potential of both the

theory of Nonlinear Integrable Optics and the IBEX Paul Trap for pushing the frontiers

of high-intensity accelerator physics.
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Appendix A

IBEX-2 trap alignment

In this appendix the CMM dimensional metrology report for the machining tolerances

and alignment tolerances of the recently assembled IBEX-2 trap is presented. TableA.1

summarises the machining and alignment tolerances of the electrodes, measured at the

Faraday cup end caps. TableA.2 summarises the machining and alignment tolerances

of the rod and plate electrodes in the experimental region of the trap.

Table A.1: Electrode and alignment tolerances measured at the Faraday cup end caps.
Parameter Actual (mm) Nominal (mm) Deviation (mm)

Diameter of end cap 1 11.4980 11.4965 0.0015

Diameter of end cap 2 11.5004 11.4965 0.0039

Diameter of end cap 3 11.5005 11.4965 0.0040

Diameter of end cap 4 11.5040 11.4965 0.0075

Roundness of end cap 1 0.0023 0.0000 0.0023

Roundness of end cap 2 0.0017 0.0000 0.0017

Roundness of end cap 3 0.0025 0.0000 0.0025

Roundness of end cap 4 0.0025 0.0000 0.0025

Inner diameter 9.9933 9.9925 0.0008

Roundness of inner diameter 0.0039 0.0000 0.0039

Horizontal coaxiality of IR to ER -0.0039 0.0000 -0.0039

Vertical coaxiality of IR to ER -0.0492 0.0000 -0.0492
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Table A.2: Electrode and alignment tolerances measured at the end of the experimental
region.

Parameter Actual (mm) Nominal (mm) Deviation (mm)

Diameter of rod 1 11.4923 11.4965 -0.0042

Diameter of rod 2 11.4985 11.4965 0.0020

Diameter of rod 3 11.4949 11.4965 -0.0016

Diameter of rod 4 11.4962 11.4965 -0.0003

Roundness of rod 1 0.0024 0.0000 0.0024

Roundness of rod 2 0.0019 0.0000 0.0019

Roundness of rod 3 0.0019 0.0000 0.0019

Roundness of rod 4 0.0025 0.0000 0.0025

Inner diameter 9.9947 9.9950 -0.0003

Roundness of inner diameter 0.0012 0.0000 0.0012

Plate 1 blade thickness 1.0018 1.0000 0.0018

Plate 2 blade thickness 1.0022 1.0000 0.0022

Plate 3 blade thickness 1.0000 1.0000 0.0000

Plate 4 blade thickness 1.0005 1.0000 0.0005

Plate 1 radius from center 8.4932 8.5000 -0.0068

Plate 2 radius from center 8.5014 8.5000 0.0014

Plate 3 radius from center 8.5025 8.5000 0.0025

Plate 4 radius from center 8.5006 8.5000 0.0006
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Appendix B

4th order perturbation: Interaction
between the rod and plate
electrodes

In this appendix the 4th order perturbation applied to the plate electrodes experimen-

tally in Section 6.2 is explained in more detail. Problems with an induced voltage in the

plate electrodes from the rod electrodes are also discussed.

The horizontal amplitude of a particle is defined by x =
√
2Jxβx cosϕx. As the

octupole potential is proportional to x4 (see Eq. 2.39), the particle amplitude becomes

dependent on cos4 ϕx. This can be expanded as,

cos4 ϕx =
1

2
cos 2ϕx +

1

8
cos 4ϕx +

3

8
. (B.1)

Hence, from the expansion above we can see that an octupole (or 4th order) perturbation

can drive particles to larger amplitudes if the frequency of the perturbation is either four

times the phase advance over the cell or twice the phase advance over the cell. In other

words, a resonance will be excited if the 4th order perturbation frequency matches twice

or four times the betatron frequency.

This can clearly be seen from Fig. B.1, where a FODO lattice with tunes Qx, Qy =

0.15 stored ions for 50,000 cell periods in IBEX while a 4th order perturbation was

applied to the plate electrodes. The frequency of the sinusoidal perturbation was varied

from 220 kHz – 740 kHz and two distinct dips in ion number can be seen when the

perturbation frequency is twice and four times the betatron frequency. The other smaller
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dips in ion number seen in Fig. B.1 are suspected to be caused by other frequency

components in the perturbation voltage, caused by the induced voltage in the plate

electrodes from the rod electrodes.

Figure B.1: Experimental 4th order perturbation frequency scan for a FODO lattice
with cell tunes Qx, Qy = 0.15. (Blue) Perturbation with an amplitude of 10V applied.
(Orange) No perturbation applied

In simulation, a perturbation frequency of four times the betatron frequency was

chosen. However, when collecting experimental perturbation data it was chosen to excite

the 4th order perturbation at twice the betatron frequency for the reasons described

below.

FigureB.2 shows the oscilloscope trace of a 420 kHz sine wave with an amplitude

of 5V, being applied experimentally to the plate electrodes, while the rod electrodes

are grounded. A perturbation frequency of 420 kHz corresponds to a frequency which is

twice the betatron frequency of the two-cell T-insert lattice.

If a voltage waveform is applied to the rod electrodes at the same time as the 420 kHz

perturbation is applied to the plates, the induced voltage from the rod electrodes to

the plates is seen to affect the applied perturbation. This is shown in Fig. B.3. The
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Figure B.2: Oscilloscope trace of 4th order perturbation applied at 420 kHz to the plate
electrodes while the rod electrodes in the experimental region are grounded at 0V.

induced voltage seen in the plates occurs due to the close proximity of the rod and plate

electrodes, as well as the relatively large voltage applied to the rod electrodes (∼ ±80V),

when compared to the perturbation voltage applied to the plates (∼ ±5V). It was

thus decided to perform the 4th order perturbation scans at lower frequencies to avoid

this high-frequency induced noise. Therefore, frequencies around twice the betatron

frequency were used in experiment instead of four times the betatron frequency.
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Figure B.3: Oscilloscope trace of 4th order perturbation applied at 420 kHz to the plate
electrodes while a T-insert lattice is applied to the rod electrodes in the experimental
region
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Appendix C

Octupole Strength Scan

Throughout this thesis the octupole strength has mainly been kept constant. However,

the strength of the applied octupole field is important for fine tuning the amplitude-

dependent tune shift required to damp resonant behaviour. An experimental scan of

the octupole strength was carried out for the two-cell T-insert lattice with a fixed ion

number. The ionisation time was set to 0.4 s and the argon gas pressure was fixed at

2.3 × 10−7mbar. This gave an initial number of particles (measured after 10 two-cell

periods) of around 4 × 106, creating an initial theoretical space-charge tune shift of

around 0.08. The number of particles surviving 2000 two-cell T-insert lattice periods

was measured on the MCP for varying octupole strengths of the QI lattice and two

non-QI lattices. The results are presented in FigC.1.

The QI octupole can be seen to increase ion survival over the linear lattice (Oct OFF)

for negative octupole strengths below t = −0.5. A maximum increase of 6(1)% of ions

remaining was observed at an octupole strength parameter of t = −0.2. Increasing the

QI octupole strength to larger negative values past t = −0.5 is seen to start decreasing

the ion survival, below that of the linear lattice. This is suspected to be caused by a

combination of two effects. First, the degradation of the 1/β3(s) octupole scaling as

the octupole strength is increased. This is due to the limited slew rate of the amplifiers

not being able to recreate the 1/β3(s) scaling and thus perturbing the lattice away from

being integrable. Second, the dynamic aperture is expected to be reduced due to the

fixed points being proportional to t−0.5, i.e. (xN , yN) = (±
√

1
2t
,±
√

1
2t
), as was presented

199



Figure C.1: Number of ions after storing for 2000 two-cell T-insert lattice periods was
measured for QI octupoles on (Green, cross), octupoles off (Blue, circle), non-QI oc-
tupoles on with half strength (Orange, square) and non-QI octupoles on (Red, triangle).
The dimensionless octupole strength parameter t was varied from −0.8 to +1.

in Section 3.1.2.1.

From the octupole strength scan in FigC.1, the negative QI octupole is seen to

obtain higher ion survival than both of the non-QI lattices, as was seen throughout

Section 6.3.3. However, this was not found to be the case experimentally for all positive

octupole strengths. The positive QI octupole was seen to reduce ion survival for positive

octupole strengths less than t = 0.5 when compared to the non-QI half strength lattice

(orange) and for positive octupole strengths of less than t = 0.25 when compared to

the non-QI lattice (red). At positive octupole strengths of t > 0.5, the number of ions

surviving the QI lattice seems to plateau, whereas the ion loss for the non-QI lattices

continues to decrease with octupole strength. These results could suggest that the

positive octupole is causing a positive amplitude-dependent tune shift, causing the ion

distribution to coincide with a resonance. However, this surprising result does not agree

with simulation and is yet to be understood. Further simulation and experimental work

is needed to understand this behaviour.
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