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Abstract

We extend the ideas of Barbour’s paper from 1990 and adapt Stein’s method for dis-

tributional approximation to infinite-dimensional distributions. Hence, we obtain theoretical

results bounding the rate of functional convergence of certain classes of stochastic processes to

diffusions. Those are applied to examples coming from queuing theory, random-graph theory,

statistics and combinatorics.

We firstly look at the motivation for this thesis and an overview of Stein’s method. Then

we present our original work, contained in four articles. The first one is a collaboration with

Andrew Duncan and Sebastian Vollmer, published in the Electronic Communications in Prob-

ability and the other ones, for which I am the sole author, are currently under consideration

for publication. The first paper corrects a mistake in Barbour’s seminal work from 1990.

The second paper considers the approximation of a time-changed Poisson process by a

time-changed Brownian motion for time changes independent of the processes they are applied

to. As an application, we study the M/M/1 queue and a time-changed Brownian Motion and

bound a distance between the two.

The third paper studies the asymptotic behaviour of scaled sums of random vectors hav-

ing different dependence structures. As an application, a bound on the distance between

scaled non-degenerate U-statistics and Brownian Motion is proved. Moreover, we prove a

quantitative functional limit theorem for exceedances in the m-scans process.

In the fourth paper, we adapt the exchangeable-pair approach to Stein’s method to ap-

proximations by infinite-dimensional laws. It is used to provide the rate of convergence in a

functional combinatorial central limit theorem, extending the result of Barbour and Janson

from 2009. We further apply this approach to study the asymptotics of edge and two-star

counts in a certain graph-valued process.

The final part of the thesis presents the conclusions and suggestions for future work.
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Part I: Opening remarks
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1 Introduction

In this thesis, we will study the problem of obtaining functional approximations, together with

bounds on the corresponding rates of convergence, using Stein’s method. We will consider

the framework of [Bar90] and study distances between distributions of random objects X and

Y taking values in the Skorokhod space D([0, 1],Rd). Specifically, we will provide bounds

on quantities of the form |Eg(X) − Eg(Y )| for test functions g : D([0, 1],Rd) → R which

are twice Fréchet differentiable and whose second Fréchet derivative is Lipschitz. Depending

on the particular example looked at, we will occasionally consider classes of test functions

restricted to those elements whose first and second Fréchet derivatives are bounded. In most

cases, nevertheless, the test functions we use will form convergence-determining classes, in

the sense that weak-convergence results will follow from our bounds as corollaries. The aim

of my DPhil has been to prove general results which would be applicable to a wide range of

examples, coming, for instance, from queuing theory or the theory of random graphs.

1.1 Motivation

My current and planned future research does not only fill a theoretical gap in the literature but

has also direct relevance to applications. Researchers studying real-life discrete phenomena

often choose to model them with scaling limits of discrete processes rather than those processes

themselves. This approach allows them to look at the phenomena of interest ”from a distance”

so that the models they use become more robust to changes in the local details and easier to

study using stochastic analysis. For instance, researchers in population genetics often choose

to model the behaviour of a large finite population with the Wright-Fisher diffusion rather

than Markov chains, such as the Moran model or the discrete Wright-Fisher model. Hence,

they implicitly assume the population size to be infinite. Similarly, premium-claim money

flows in risk science are often modelled by Bessel processes rather than Bessel-like random

walks converging to them.

Nevertheless, due to the lack of theoretical results measuring the quality of those approx-

imations, it is often impossible to determine how accurate the conclusions driven from the
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analysis of the limiting diffusions are and how well they describe the real-world phenomena

of interest. My research using Stein’s method, alongside the work of [CD13], opens the door

for developing bounds on the rate of convergence in those approximations, hence increasing

their applicability. This door is also opened by some of Decreusefond’s more recent work,

for instance [BDM18]. While [CD13, BDM18] and some other papers of Decreusefond and

coauthors concentrate on approximations on a carefully chosen Hilbert space, my results are

derived for functionals acting on the much richer Skorohod space of càdlàg paths.

1.2 Contents of the thesis

Attached are four articles: [KDV17], a collaboration with Andrew Duncan and Sebastian

Vollmer, and [Kas17a, Kas17b, Kas18], for which I am the sole author. The first one of those

is published in the Electronic Communications in Probability, while the latter three are under

consideration for publication. Here is a brief description of those papers.

[KDV17] corrects a mistake in [Bar90] and therefore makes it possible to extend the results

of [Bar90], which is achieved in the other papers constituting this thesis. In [Bar90] Barbour

creates a framework for Stein’s method to be used for infinite-dimensional distributions and

provides a bound on the rate of convergence in Donsker’s functional central limit theorem.

He also studies scaled sums of locally dependent one-dimensional random variables and their

distance from Brownian Motion. Paper [Kas17a] considers the problem of providing an explicit

bound on the quality of the approximation of a compensated Poisson process by a Wiener

process and, via time changes, extends it to diffusion approximations of a certain class of

continuous-time Markov chains. This result is applied to an example coming from queuing

theory. Paper [Kas18] provides a framework for obtaining functional approximations of sums

of random variables valued in Rd with different local dependence structures and applies it

to examples related to U-statistics and random graphs. Finally, [Kas17b] builds on [Kas18]

by applying the so-called ”exchangeable-pair approach” in the functional setting to globally

weakly dependent structures.

This thesis is structured as follows. Section 2 of this document provides an introduction
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to Stein’s method including its version catering for approximations by infinite-dimensional

distributions. Section 3 outlines the research I completed during my DPhil, which this thesis

is based on. It is followed by the four papers constituting the main part of the thesis. The last

part of this document contains a discussion of the results, conclusions, as well as suggestions

for future work and plans.

2 Stein’s method for distributional approximation

2.1 Overview of Stein’s method

In his seminal paper [Ste72], Charles Stein introduced a method for proving normal approxi-

mations and obtained an explicit bound on the rate of convergence to the standard normal dis-

tribution. Suppose that the aim is to approximate the expectation Eh(W ), for some random

variable W , by the expectation Eh(Z) for Z standard normal. Stein observed that a random

variable Z has standard normal law if and only if EZf(Z) = Ef ′(Z) for all smooth functions

f . Therefore, if, for a random variable W with mean 0 and variance 1, Ef ′(W ) − EWf(W )

is close to zero for a large class of functions f , then the law of W should be approximately

Gaussian. He then proposed that, instead of evaluating |Eh(W )−Eh(Z)| directly for a given

function h, one can first find an f = fh solving the following Stein equation:

f ′(w)− wf(w) = h(w)− Eh(Z)

and then find a bound on |Ef ′(W ) − EWf(W )|. This approach often turns out to be much

easier than a direct evaluation of |Eh(W )−Eh(Z)|, due to some bounds on the solutions fh,

which can be derived in terms of the derivatives of h. In many situations it also turns out to be

more powerful than estimating the speed of weak convergence using Lévy’s criterion related to

convergence of characteristic functions. Indeed, characteristic functions are extremely useful

in the asymptotic study of sums of independent random variables yet fail to adapt well in the

presence of dependence. Numerous examples showing how well Stein’s method handles local
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(and in some cases also global) dependence of random variables whose sums are of interest,

are presented, for instance, in [BC05], as well as in my work [Kas18], [Kas17b].

Since the seminal work of Stein was published, his method has been significantly developed

and extended to approximations by distributions other than normal. The paper [Che75] on

the Poisson approximation gave rise to the well-know Chen-Stein method. Generalising the

approach used for the normal distribution, the aim of Stein’s method is to find a bound of the

quantity |Eνnh−Eµh|, where µ is the target (known) distribution, νn is the approximating law

and h is chosen from a suitable class of real-valued test functions H. For instance, considering

measures on the real line and taking H = {I(−∞,a] : a ∈ R} would let us obtain the supremum

distance between the cumulative distribution functions corresponding to the two laws µ and

νn, known as the Kolmogorov-Smirnov distance. In general, proving the existence of bounds

converging to 0 could serve as a proof of weak convergence as long as the class of functions

H is a convergence determining class, i.e.

(
∀h ∈ H Eνnh

n→∞−−−→ Eµh
)

=⇒ νn
W−→ µ,

where
W−→ denotes weak convergence. The idea of Stein’s method is to find an operator (called

Stein operator) A acting on a class of real-valued functions such that

(
∀f ∈ Domain(A) EνAf = 0

)
⇐⇒ ν = µ,

where µ is our target distribution. In the next step, for a given function h ∈ H, a solution

f = fh to the following Stein equation

Af = h− Eµh

is sought and its properties studied. Finally, using various mathematical tools (among which

the most popular are Taylor expansions in the continuous case, Malliavin calculus and coupling

methods), a bound is to be found for the quantity |EνnAfh|. This approach often turns out
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to be much easier than trying to find a bound on |Eνnh − Eµh| directly, in particular in the

presence of dependence.

To find a suitable Stein operator, Barbour [Bar88] and Götze [Göt91] developed the so-

called generator approach, which made it possible to adapt the method to many other prob-

ability laws. They noticed that the generator of a Markov Process with a stationary law µ

may be used as a Stein operator for approximation by µ. An example is the generator of the

Ornstein-Uhlenbeck diffusion which may be used as the Stein operator for normal approxima-

tion. Stein’s method for distributions including gamma (e.g. [Luk94]) and general univariate

and some multivariate distributions has also been developed (see [LRS17], [MRS18]). Further-

more, a powerful connection has been found between Stein’s method and Malliavin calculus

which has led to many new results concerning primarily normal approximations (see [NP12]).

Furthemore, the exchangeable-pair approach of [Ste86] proves to be particularly useful in

presence of local or weak global dependence. This method was used to derive bounds on the

distance between a univariate random variable W and a standard normal random variable

Z via constructing a random variable W ′ such that (W,W ′) is an exchangeable pair and the

linear regression condition

E
[
W ′ −W |W

]
= −λW

is satisfied for some λ > 0. In [RR97], an additional error term R is allowed to occur so that

the condition now takes the form

E[W ′ −W |W ] = −λW +R

and the following bound is derived

sup
x

∣∣P[W ≤ x]− P[Z ≤ x]
∣∣ ≤ 6

λ

√
VarE[(W ′ −W )2|W ] +

6

λ1/2

√
E|W ′ −W |3 +

19

λ

√
VarR.

This method has been extended to non-normal univariate laws, for instance in [CDM05],

[Röl07], and to multivariate laws, in [CM08], [RR09], [Mec09], [RR10]. In a piece of work

6



constituting part of this thesis, [Kas17b], the method is extended to multivariate functional

approximations.

An accessible account of the method can be found in the surveys [LRS17] and [Ros11]

as well as the books [BHJ92] and [CGS11], which treat the cases of Poisson and normal

approximation, respectively, in detail. A database of information and publications connected

to Stein’s method is in [Swa16].

2.2 Stein’s method for infinite-dimensional distributions

Approximations by infinite-dimensional laws have not been covered in Stein’s method liter-

ature very widely, with the notable exceptions of [Bar90], [BJ09] and recently [CD13] and

[BDM18]. They are nevertheless an interesting topic as there are a large class of functional-

limit results available in the literature and used in applications but without explicit bounds

on the quality of the approximation.

An example of such a class of results is the theory of Stroock and Varadhan [SV79]. As

presented in [Dur96], the theory describes the scaling-limit behaviour of a sequence of Markov

chains Y h indexed by a parameter h > 0, taking values in a set Eh ⊂ Rd and satisfying certain

assumptions. Specifically, for the transition kernel Πh of Y h and the corresponding scaled

transition kernel

Kh(x, dy) =
1

h
Πh(x, dy),

the following quantities are defined for 1 ≤ i, j ≤ d

ahi,j(x) =

∫
|y−x|≤1

(yi − xi)(yj − xj)Kh(x, dy),

bhi (x) =

∫
|y−x|≤1

(yi − xi)Kh(x, dy),

∆h
ε (x) = Kh

(
x,B(x, ε)c

)
.

The coefficients ai,j and bi are assumed to be continuous functions on Rd. Further, it is

assumed that the martingale problem M(a, b) below is well-posed, that is there exists a
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unique (up to distribution) process (Xt, 0 ≤ t ≤ 1), such that X0 = x almost surely, and

M i
t = X i

t −
∫ t

0

bi(Xs)ds and M i
tM

j
t −

∫ t

0

ai,j(Xs)ds

are local martingales. Stroock and Varadhan proved that, if, additionally, for each 1 ≤ i, j ≤ d

and for every R > 0, ε > 0,

lim
h→0

sup
|x|≤R

∣∣∣ahij(x)− aij(x)
∣∣∣ = 0,

lim
h→0

sup
|x|≤R

∣∣∣bhi (x)− bi(x)
∣∣∣ = 0,

lim
h→0

sup
|x|≤R

∆h
ε (x) = 0

and Xh
t = Y h

bt/hc for t ∈ [0, 1] then (Xh
t , t ∈ [0, 1]) converges weakly to (Xt, t ∈ [0, 1]) in the

Skorokhod topology, where Xt solves the martingale problem M(a, b). Similar results hold

for continuous-time Markov chains. There is no universal method of providing the rate of

convergence in those results.

A special case of the results of Stroock and Varadhan is the well-known Donsker’s theorem

stating that a properly rescaled random walk converges in law to a Wiener process. In order to

obtain a quantitative version of Donsker’s theorem, in [Bar90], Barbour constructs a Markov

Process

W (t, u) =
∑
k≥0

Xk(u)Sk(t); 0 ≤ t ≤ 1, u ≥ 0,

where {Xk}k≥0 is a collection of independent, identically distributed Ornstein-Uhlenbeck pro-

cesses on [0,∞), with equilibrium distribution N (0, 1), and Sk are the Schauder functions.

Those are defined by

S0(t) = t;Sk(t) =

∫ t

0

Hk(u)du, k ≥ 1,

where, for 2n ≤ k < 2n+1,

Hk(u) = 2n/2{1[2−nk−1 ≤ u ≤ 2−n(k+1/2)−1]−1[2−n(k+1/2)−1 ≤ u ≤ 2−n(k+1)−1]}.
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In [Bar90], Barbour then notes that the stationary distribution for the process
(
W (·, u)

)
u≥0

is the Wiener measure and constructs the infinitesimal generator A of this process, given by:

Af(w) = −Df(w)[w] +
∑
k≥0

D2f(w)[S
(2)
k ]. (1)

The domain of the generator is taken to be the set of twice differentiable functions g :

D([0, 1],R)→ R, such that:

‖g‖M := sup
w∈D([0,1],R)

|g(w)|
1 + ‖w‖3∞

+ sup
w∈D([0,1],R)

‖Dg(w)‖
1 + ‖w‖2∞

+ sup
w∈D([0,1],R)

‖D2g(w)‖
1 + ‖w‖∞

+ sup
w,h∈D([0,1],R)

‖D2g(w + h)−D2g(w)‖
‖h‖∞

<∞, (2)

where Dkg denotes the k-th Frechet derivative of g, and ‖Dkg‖ = sup‖h‖=1

∣∣Dkg[h, h, · · · , h]
∣∣.

Using the general theory of Markov Processes and their stationary laws, the author concludes

that, for any f in the domain of A and B denoting the Wiener process on the time interval

[0, 1],

EAf(B) = 0.

Therefore, A is a Stein operator for approximation by the distribution of a Wiener process

indexed by time in [0, 1].

Barbour then solves the corresponding Stein equation and uses Taylor expansions together

with smoothness properties of the solution to obtain bounds on the distance between a scaled

random walk

Y (t) = n−1/2
bntc∑
i=1

X̃i, t ∈ [0, 1] (3)

and a Wiener process (B(t), 0 ≤ t ≤ 1), where (X̃i)
n
i=1 are real random variables with mean

zero, unit variance and finite third absolute moment. Specifically, it is proved that for a

constant C

|Eg(Y )− Eg(B)| ≤ C‖g‖Mn−1/2(E|X̃1|3 +
√

log n)

for every function g : D([0, 1],R)→ R satisfying condition (2). The result is obtained in two
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steps, the first one bounding the distance between Y and a scaled Gaussian random walk and

the second one concerning the distance between the Gaussian random walk and Brownian

Motion. The term of order n−1/2
√

log n comes from the Brownian modulus of continuity

invoked in the second step. It may be avoided if one compares the continuous approximands,

obtained by linearly interpolating between the points
(
j/n, Y (j/n)

)n
j=0

, to Brownian Motion.

This kind of two-step approximation will be a repeating theme in the proofs of the results

included in this thesis. [Bar90] also presents a number of applications including adding short-

range dependence between the summands in the scaled sum (3) and considering dissociated

random summands.

Reference [BJ09] establishes a functional version of the Hoeffding combinatorial central

limit theorem. It considers a sequence of real matrices a(n) := (a
(n)
0 (i, j), 1 ≤ i, j ≤ n), n ≥ 1

satisfying the property
∑n

j=1 a(i, j) = 0 for all i, and a random permutation π of the set

{1, 2, · · · , n}. The process

Y (t) =
1

s(a)

bntc∑
i=1

a(i, π(i))

is then studied, where s(a) is an appropriate scaling factor, making Var[Y (1)] = 1. Bar-

bour and Janson first use Stein’s method to establish a bound on a convergence-determining

distance (i.e. one which metrizes weak convergence) of Y from the pre-limiting Gaussian

process

Zn =

bntc∑
i=1

Z̃i,

where the Z̃i’s are centred Gaussian with the same covariance structure as the 1
s(a)

a(i, π(i))’s.

They then establish convergence of the pre-limiting process Zn to a continuous Gaussian

process Z, given by

Z(t) = σ−1a

∫
[0,t]×[0,1]

α(v, w)K(dv, dw).

In the expression above, K is the Kiefer process K = W (v, w)− vW (1, w) for W denoting a

two-dimensional Brownian sheet, α is the L2-limit of functions αn(v, w) := a(n)(dnve, dnwe)

and σa := ‖α‖L2 =
(∫ 1

0

∫ 1

0

(
α(u, v)

)2
dudv

)1/2
. Barbour and Janson thus prove convergence of
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Yn to the continuous Gaussian process Z. They then establish a bound on a non-convergence-

determining distance of the pre-limiting process from the continuous Gaussian process.

The last two papers [CD13] and [BDM18], in this brief survey, focus on Brownian approx-

imations in subspaces of the Skorokhod space, called the Besov-Liouville spaces, equipped

with the L2 topology. We will not present the definition of the spaces due to its lengthiness

and technicality but we note that a full exposition can be found in [SKM93].

In particular, in [CD13], Coutin and Decreusefond use Malliavin calculus to develop an ab-

stract version of Stein’s method for Hilbert valued random variables and provide quantitative

results related to Poisson approximations of Brownian Motion, Donsker’s theorem and the

linear interpolation of Brownian Motion. An example of the result they prove is a bound on

the rate of convergence of a scaled sum of Rademacher random variables, with discontinuities

removed via linear interpolations, to Brownian Motion. The rate depends on the parameters

of the Besov-Liouville space considered but may be made of order n−1/2 on a carefully chosen

space.

3 Summary of completed research

3.1 A note on A. Barbour’s paper on Stein’s method for diffusion

approximations

In [Bar90], Barbour uses the generator approach to Stein’s method in order to obtain a

bound on the distance between a scaled random walk and Brownian Motion. Having found

an operator A, in (1), acting on a class of real-valued functions taking arguments in the

Skorokhod space, such that:

EµAf = 0 ∀f ∈ Domain(A) ⇐⇒ µ is the Wiener measure,
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Barbour considers the following Stein equation:

Af = g − Eg(B), (4)

where B is a Brownian Motion. Since A is interpreted as the generator of a Markov process

whose stationary law is the one of B, the semigroup (Tt)t≥0 of this process is found and using

[EK86, Proposition 1.5, page 9], for a fixed g a solution to (4) is represented in the following

way:

f = φ(g) = −
∫ ∞
0

Tugdu. (5)

However, [EK86, Proposition 1.5, page 9] requires strong continuity of the semigroup (Tt)t≥0,

which, as noted by Andrew Duncan and Sebastian Vollmer, does not hold in the setup con-

sidered in this case. Having spoken to Sebastian Vollmer and having heard about his idea

for a counterexample showing the violation of strong continuity, I made the counterexample

rigorous and followed the proof of [EK86, Proposition 1.5, page 9] in order to show that (5)

nevertheless solves (4) for a certain class of functions g and that the main assertions of [Bar90]

still hold. The results have been published in [KDV17].

3.2 Diffusion approximations via Stein’s method and time changes

Reference [Kas17a] is the first step towards finding a method of estimating the rate of con-

vergence in the limit theorems comprising the Stroock-Varadhan theory of diffusion approxi-

mation [SV79].

In [Kas17a] I obtained bounds on the distance between a sum of compensated Poisson

processes, with time changes independent of those processes applied to them, and a time-

changed Brownian Motion. As described in [EK86, Section 4, Chapter 6], continuous-time

Markov chains whose jump sizes belong to a countable set may be represented as sums of

time-changed Poisson processes, each of which takes account of the jumps in a given direction.

Specifically, I have proved the following:

Theorem 3.1. Let X1, X2, ... be i.i.d. with mean 0, variance 1 and finite third moment and
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s : [0, 1]→ [0,∞) be a strictly increasing, continuous function with s(0) = 0. Define:

Yn(t) = n−1/2
bns(t)c∑
i=1

Xi, t ∈ [0, 1]

and let (Z(t), t ∈ [0, 1]) =
(
B(s(t)), t ∈ [0, 1]

)
, where B is a standard Brownian Motion.

Suppose that ‖g‖M <∞, as given by (2). Then

|Eg(Yn)−Eg(Z)| ≤‖g‖M
30 + 54 · 51/3s(1)√

π log 2
n−1/2

√
log(2s(1)n)

+ ‖g‖Ms(1)

(
1 +

(
3

2

)3
√

2

π
s(1)3/2

)
E|X1|3n−1/2

+ ‖g‖M
2160√

π(log 2)3/2
n−3/2(log(2s(1)n))3/2.

I have also shown the following result:

Theorem 3.2. Suppose that P is a Poisson process with rate 1 and S(n) : [0, 1] → [0,∞)

is a sequence of increasing deterministic continuous functions, such that S(n)(0) = 0. Let

S : [0, 1] → [0,∞) be also increasing and continuous. Let Z(t) = B(S(t)), t ∈ [0, 1] where B

is a standard Brownian Motion and

Ỹn(t) =
P
(
nS(n)(t)

)
− nS(n)(t)

√
n

, t ∈ [0, 1].

Then, for all g with ‖g‖M <∞, as given by (2):

|Eg(Ỹn)−Eg(Z)| ≤ ‖g‖M


(

2 +
27
√

2

2
√
π
S(1)

)√
‖S − S(n)‖+

27
√

2

2
√
π
‖S − S(n)‖3/2

+ n−1/2

[
30 + 54 · 51/3S(1)√

π log 2

√
log(2S(1)n)

+

(
1 +

(
3

2

)3
√

2

π
S(n)(1)3/2

)
S(n)(1)(1 + 2e−1) +1 +

log(1 + 2e−1) + 2 log n

log log(n+ 2)

]

+ n−1
9
√
S(n)(1)

2

(
1 + 3nS(n)(1)

)1/2 [
4 +

16701 + 128(log n)3

(log log(n+ 3))3

]1/3

13



+ n−3/2

[
2160√

π(log 2)3/2
(log(2S(1)n))3/2 + 8 +

33402 + 256(log n)3

(log log(n+ 3))3

] .

Using these results, I found a bound on the distance between a rescaled M/M/1 queue

and a time-changed Brownian Motion. Here is the setup, which is based on [Rob03]. For two

independent rate 1 Poisson processes P1 and P−1 the M/M/1 queue with jump rates λ and

µ is the solution to the following equation:

L(t) = L(0) + P1(λt)−
∫ t

0

1{L(s−)>0}P−1(µds). (6)

Let (xn)n≥1 and x be such that xn
n

n→∞−−−→ x ∈ R+. Consider the renormalised proces

Ln(t) =
L(nt)

n
, t ∈ [0, 1], (7)

where (L(t), t ∈ [0, 1]) solves (6) with initial condition xn. The first part of [Rob03, Propo-

sition 5.16] states that Ln of (7) converges with respect to uniform topology to the func-

tion t 7→ L(t) :=
(
x+ (λ− µ)t

)+
. The second part of the Proposition states that, if

√
n(xn

n
− x)

n→∞−−−→ 0 then the process

Yn(t) =
√
n
(
Ln(t)− L(t)

)
, t ∈ [0, 1]

converges in distribution to
(
B
(
(λ+ µ)t

)
, t ∈ [0, 1]

)
, where B is a standard Brownian Mo-

tion. I proved a theorem which provides a bound on the rate of this convergence with respect

to a convergence-determining class of tests functions. It is worth noting that a similar bound

is obtained in [BDM18] yet with respect to a restricted class of test functions which does not

metrize weak convergence in the Skorokhod topology.

14



3.3 Functional approximations of multivariate sums

The paper [Kas18] extends the results of [Bar90] to approximations of multi-dimensional

scaled sums of (possibly) dependent random variables by Gaussian processes. Specifically,

[Kas18] considers processes of the form:

Yn(t) =

 λ1∑
i=1

Xi,1Ji,1(t), · · · ,
λp∑
i=1

Xi,pJi,p(t)

 , t ∈ [0, 1],

where λj ≤ n for all j, the Xi’s are locally dependent (there exists a set Ai ⊂ {1, · · · , n}

such that Xi are independent of {Xj : j ∈ Ac
i}), and the functions Ji,k are independent of the

Zi. The paper provides a bound on the distance of Yn from Z = Σ1/2, where B is a standard

p-dimensional Brownian Motion and Σ is a positive-definite covariance matrix. In this paper

the results hold for functions g such that ‖g‖M1 <∞, where

‖g‖M1 := sup
w∈Dp

|g(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Dg(w)‖+ sup
w∈Dp

‖D2g(w)‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

<∞.

This class of funtions is smaller than the previously considered class of functions g satisfying

‖g‖M <∞, as in (2).

The paper proves that for any g with ‖g‖M1 <∞ we have

|Eg(Yn)−Eg(Z)| ≤
7∑
i=1

εi,

where

ε1 =
1

6

n∑
i=1

E


 p∑
k,l,m=1

(Xi,k

)2 ‖Ji,k‖21[1,λk](i)
∑
j∈Ai

Xj,l‖Jj,l‖1[1,λl](j)

2

15



·

∑
j∈Ai

Xj,m‖Jj,m‖1[1,λm](j)

2



1/2
 ;

ε2 =
1

3

n∑
i=1

∑
j∈Ai

p∑
k,l=1

E


 p∑
m=1

(
Xi,k ‖Ji,k‖Xj,l ‖Jj,l‖1[1,λk](i)1[1,λl](j)

·
∑

r∈Aj∩Ac
i

Xr,m‖Jr,m,n‖1[1,λm](r)

2


1/2
 ;

ε3 =
1

3

n∑
i=1

∑
j∈Ai

p∑
k,l=1

E
[∣∣Xi,kXj,l

∣∣]1[1,λk](i)1[1,λl](j)

· E

‖Ji,k‖ ‖Jj,l‖
√√√√√ p∑

m=1

 ∑
r∈Ai∪Aj

Xr,m‖Jr,m‖1[1,λm](r)

2

 ;

ε4 =
K

2

n∑
i=1

p∑
k,l=1

∣∣∣∣ Σk,l√
λkλl

−E[Xi,kXi,l]

∣∣∣∣ ;
ε5 =

K

2

n∑
i=1

∑
j∈Ai\{i}

p∑
k,l=1

∣∣E[Xi,kXj,l]
∣∣ ;

ε6 =
6
√

5√
2 log 2

 p∑
i=1

log (2λi)

λi

1/2 p∑
i=1

Σi,i

1/2

;

ε7 =

p∑
k=1

λk∑
i=1

√
Σii√
λk
E
∥∥Ji,k − 1[i/λk,1]∥∥ .

If the summands are independent, i.e. Ai = {i} for all i, then ε2 and ε5 disappear from the

bound and ε1 and ε3 become simpler. The new bound takes the following form

∣∣Eg(Yn)−Eg(Z)
∣∣ ≤ ‖g‖M1 (ε1 + ε3 + ε4 + ε6 + ε7) ,
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where:

ε1 =
1

6

n∑
i=1

E


 p∑
k,l,m=1

(
Xi,kXi,lXi,m‖Ji,k‖ ‖Ji,l‖ ‖Ji,m‖1[1,λk]∩[1,λl]∩[1,λm](i)

)21/2
 ;

ε3 =
1

3

p∑
k,l=1

min(λk,λl)∑
i=1

E
[∣∣Xi,kXi,l

∣∣]E
‖Ji,k‖ ‖Ji,l‖

√√√√ p∑
m=1

(
Xi,m‖Ji,m‖1[1,λm](i)

)2
 ;

ε4 =
K

2

n∑
i=1

p∑
k,l=1

∣∣∣∣ Σk,l√
λkλl

−E[Xi,kXi,l]

∣∣∣∣ ;
ε6 =

6
√

5√
2 log 2

 p∑
i=1

log (2λi)

λi

1/2 p∑
i=1

Σi,i

1/2

;

ε7 =

p∑
k=1

λk∑
i=1

√
Σii√
λk
E
∥∥Ji,k,n − 1[i/λk,1]∥∥ .

Terms ε1, ε2, ε3 correspond to a Berry-Esseen-type bound involving third moments of the

summands, and also account for local dependence between the summands. Terms ε4 and

ε5 involve a variance estimation with the latter corresponding to the off-diagonal terms of

the covariance matrix of the summands, accounting for the dependence. Term ε6 comes

from estimates on the moments of the Brownian modulus of continuity and accounts for the

transition from the Skorokhod space to the Wiener space of continuous functions. Term ε7

describes the randomness of the functions Ji,k and their distance from indicators 1[i/λk,1].

This result is used to find the rate of convergence of scaled bivariate non-degenerate U-

statistics to Brownian Motion. It is also applied in order to prove a quantitative functional

limit result for exceedances in an m-scans process. Specifically, I consider an extension of the

one-dimensional [CGS11, Example 9.2, p. 254] to the multidimensional and functional setting.

For j = 1, 2, · · · , I let Vj =
(
Vj,1, · · · , Vj,p

)
be i.i.d. random vectors in Rp. Furthermore, for

k = 1, · · · , p and i = 1, · · · , n, I let Ri,k =
∑m−1

l=0 Vi+l,k be an m-scans process. I take

a = (a1, · · · , ap) ∈ Rp and suppose that n > m.

17



For k = 1, · · · , p, I let πk = P(R1,k ≤ ak) and for i = 1, · · · , n and k = 1, · · · , p,

Xi,k =
1

n

 n∑
j=1

1[Rn(i−1)+j,k ≤ ak]

− πk.
Moreover, I use the following notation Xi = (Xi,1, · · · , Xi,p) for i = 1, · · · , n. I consider

Yn(t) =

bntc∑
i=1

(
Xi,1, · · · , Xi,p

)
t ∈ [0, 1]

and let Σ ∈ Rp×p be given by

Σk,l = ψk,l(0) +
m−1∑
d=1

(
ψl,k(d) + ψk,l(d)

)
.

Finally, I bound the distance between Yn and Z = Σ1/2B, where B is a standard p-dimensional

Brownian Motion.

3.4 Functional approximations via exchangeable pairs

The project [Kas17b] extends the multivariate exchangeable-pair approach to Stein’s method

of [RR09] to the functional setting. Specifically, [Kas17b] proves an abstract approximation

theorem. It considers an exchangeable pair of stochastic processes (Yn, Y
′
n), taking values in

the Skorokhod space D([0, 1],Rp), and satisfying the following linear regression condition

Df(Yn)[Yn] = 2EYnDf(Yn)
[
(Yn − Y ′n)Λn

]
+Rf , (8)

where EYn [·] := E
[
·|Yn

]
, for all f with ‖f‖M < ∞, as defined in (2), some Λn ∈ Rp×p and

some random variable Rf = Rf (Yn). It states that the distance between Yn and a scaled sum

of Gaussian random vectors Dn can be bounded by a quantity depending on the distance

between Yn and Y ′n and the covariance structure of Yn − Y ′n and Dn:

∣∣Eg(Yn)−Eg(Dn)
∣∣ ≤ R1 +R2 +R3,

18



for any g ∈M as defined in (2), where f is the g-solution of the corresponding Stein equation

and

R1 =
‖g‖M

6
E‖(Yn − Y ′n)Λn‖‖Yn − Y ′n‖2,

R2 =
∣∣∣ED2f(Yn)

[
(Yn − Y ′n)Λn, Yn − Y ′n

]
−ED2f(Yn) [Dn, Dn]

∣∣∣ ,
R3 = |ERf |.

The role of Λn in condition (8) is equivalent to that played by Λ−1 in [RR09] for Λ defined by

(1.7) therein. Indeed, [RR09] considers an exchangeable pair (W,W ′) of centred Rd-valued

random vectors satisfying condition

EW (W ′ −W ) = −ΛW +R (9)

for an invertible matrix Λ and some R = R(W ) and derives a bound on the distance of W

from a Gaussian vector. Condition (8) is, however, more appropriate in the functional setting

than a straightforward adaptation of the condition (9) of [RR09]. This is due to the fact

that for general processes Yn the properties of the Frechet derivative do not allow us to treat

evaluating the derivative in the direction of Yn− Y ′n as matrix multiplication and multiplying

both sides of the hypothetical condition

−Df(Yn)[ΛYn] = EYnDf(Yn)[Yn − Y ′n]

by Λ−1 does not recover an expression for −Df(Yn)[Yn], as desired in the Stein operator (1)

or similar Stein operators.

The abstract approximation theorem of [Kas17b] is then applied to prove a functional

combinatorial central limit theorem. It considers a scaled sum of elements Xi,π(i) of an array

X = {Xi,j : i, j = 1, · · · , n} of independent random variables, where π is a random permu-

tation on {1, · · · , n}. It states that, under certain assumptions, this scaled sum converges

to a continuous Gaussian process with a known covariance structure. Furthermore, it pro-
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vides a bound on its distance from a certain pre-limiting Gaussian-mixture process. This

is an improvement of similar results of [BJ09] which concern deterministic arrays X. In a

further application, [Kas17b] provides an explicit bound on the rate of convergence to a two-

dimensional Gaussian process of the joint distribution of rescaled edge and two-star counts in

a Bernoulli-graph-valued process. The bound is of order
√
logn√
n

, similar to the bound Barbour

[Bar90] obtained for the Brownian approximation of a random walk. In our case, however, the

class of test functions is restricted to those real-valued functions g acting on the Skorokhod

space, which satisfy

sup
w∈Dp

|g(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Dg(w)‖
1 + ‖w‖

+ sup
w∈Dp

‖D2g(w)‖
1 + ‖w‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

<∞,

where ‖ · ‖ = ‖ · ‖∞. This class of test functions determines convergence in distribution, as

shown in [BJ09, Proposition 3.1]. As in the majority of results presented in this thesis, the

bounds in those two applications are achieved in a two-step process: through a pre-limiting

approximation by a piecewise constant Gaussian process and an approximation of that one

by a continuous Gaussian process.
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Abstract

In [2] foundations for diffusion approximation via Stein’s method are laid. This paper
has been cited more than 130 times and is a cornerstone in the area of Stein’s method
(see, for example, its use in [1] or [7]). A semigroup argument is used in [2] to solve
a Stein equation for Gaussian diffusion approximation. We prove that, contrary to
the claim in [2], the semigroup considered therein is not strongly continuous on the
Banach space of continuous, real-valued functions on D[0, 1] growing slower than
a cubic, equipped with an appropriate norm. We also provide a proof of the exact
formulation of the solution to the Stein equation of interest, which does not require
the aforementioned strong continuity. This shows that the main results of [2] hold
true.
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1 Introduction

In [2] a claim is made that the semigroup defined by (2.4) thereof is strongly con-
tinuous on space L defined on page 299 thereof. We prove that this is not the case.
Nevertheless, we show that the only assertion of the paper following from the aforemen-
tioned assumption of strong continuity, namely the claim that (2.20) solves the Stein
equation (2.1), remains true. This may be proved by adapting the proof of [5, Proposition
9, p. 9] and noting that in the case of interest in [2], the point-wise continuity of the
semigroup is sufficient. It then follows that all the other results of [2] hold true.

In Section 2 we recall the relevant definitions and notation from [2]. In Section 3
we give a counterexample to the strong continuity of the semigroup. In Section 4 we
provide a proof of the fact that the function (2.20) of [2] does actually solve the Stein
equation. We do this by following the steps of the proof of [5, Proposition 9, p. 9] and
proving each of the assertions therein for the semigroup of interest by hand.

2 Definitions and notation

By D = D[0, 1] we will mean the Skorohod space of all the càdlàg functions
w : [0, 1] → R. In the sequel ‖ · ‖ will always denote the supremum norm. By Dkf we
mean the k-th Fréchet derivative of f and the k-linear norm B is defined to be ‖B‖ =
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

sup{h:‖h‖=1} |B[h, ..., h]|. We will also often write D2f(w)[h(2)] instead of D2f(w)[h, h].
Let:

L =

{
f : D → R : f is continuous and sup

w∈D

|f(w)|
1 + ‖w‖3

<∞
}

and for any f ∈ L let ‖f‖L = supw∈D
|f(w)|
1+‖w‖3 .

We define:

‖f‖M = sup
w∈D

|f(w)|
1 + ‖w‖3

+ sup
w∈D

‖Df(w)‖
1 + ‖w‖2

+ sup
w∈D

‖D2f(w)‖
1 + ‖w‖

+ sup
w,h∈D

‖D2f(w + h)−D2f(w)‖
h

for any f ∈ L for which the expressions exist and

M = {f ∈ L : f is twice Fréchet differentiable and ‖f‖M <∞} .

The Stein operator for approximation by Z, the Brownian Motion on [0, 1], is defined,
as in (2.9) and (2.11) of [2], by:

Af(w) = −Df(w)[w] + ED2f(w)
[
Z(2)

]
= −Df(w)[w] +

∑
k≥0

D2f(w)
[
S
(2)
k

]
,

for any f : D[0, 1]→ R, for which it exists. By (Sk)k≥0 we denote the Schauder functions
defined, as on page 299 of [2] by:

S0(t) = t; Sk(t) =

∫ t

0

Hk(u)du, k ≥ 1,

where, for 2n ≤ k < 2n+1:

Hk(u) = 2n/2
(
1

[
k

2n
− 1 ≤ u ≤

k + 1
2

2n
− 1

]
− 1

[
k + 1

2

2n
− 1 < u ≤ k + 1

2n
− 1

])
.

We also define a semigroup acting on L:

(Tuf)(w) = E
[
f
(
we−u + σ(u)Z

)]
, (2.1)

where σ2(u) = 1− e−2u.
For any g ∈M with Eg(Z) = 0, the Stein equation is given by:

Af = g.

The idea of Stein’s method applied in [2] is to find a bound on EAf(X), where f is a
solution to this equation, in order bound |Eg(X)− Eg(Z)|, for some stochastic process
X on [0, 1].

3 Counterexample to strong continuity

It is well known that the Ornstein-Uhlenbeck semigroup is not strongly continuous
on the space Cb(R), see [3]. More generally, given a separable Hilbert space H, in [8]
it is noted that this semigroup is also not strongly continuous on the space Cb,k of all
continuous functions ψ : H → R such that x→ ψ(x)/(1 + |x|k) is uniformly continuous
and supx∈H

ψ(x)
1+|x|k <∞. Following these two results, in this section we shall show that

the semigroup Tu defined by (2.1) is not strongly continuous on the Banach space L by
constructing an explicit counterexample.

Lemma 3.1. The semigroup Tu is not strongly continuous on (L, ‖ · ‖L).
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

Proof. Consider f ∈ L defined by:

f(w) = (1 + ‖w‖3) sin (‖w‖) .

Note that:

‖Tuf − f‖L = sup
w∈D

∣∣E(1 + ‖we−u + σ(u)Z‖3) sin(‖we−u + σ(u)Z‖)− (1 + ‖w‖3) sin(‖w‖)
∣∣

1 + ‖w‖3

= sup
w∈D

∣∣E sin(‖we−u + σ(u)Z‖)− sin(‖w‖)

+
E
[(
‖we−u + σ(u)Z‖3 − ‖w‖3

)
sin(‖we−u + σ(u)Z‖)

]
1 + ‖w‖3

∣∣∣∣∣
≥ sup
w∈D

∣∣E sin(‖we−u + σ(u)Z‖)− sin(‖w‖)
∣∣

− sup
w∈D

∣∣∣∣∣E
[(
‖we−u + σ(u)Z‖3 − ‖w‖3

)
sin(‖we−u + σ(u)Z‖)

]
1 + ‖w‖3

∣∣∣∣∣
≥ sup
w∈D

∣∣sin(e−u‖w‖)− sin(‖w‖)
∣∣− sup

w∈D

∣∣E sin(‖we−u + σ(u)Z‖)− sin(e−u‖w‖)
∣∣

− sup
w∈D

∣∣∣∣∣E
[(
‖we−u + σ(u)Z‖3 − ‖w‖3

)
sin(‖we−u + σ(u)Z‖)

]
1 + ‖w‖3

∣∣∣∣∣ . (3.1)

Now:

sup
w∈D

∣∣∣∣∣E
[(
‖we−u + σ(u)Z‖3 − ‖w‖3

)
sin(‖we−u + σ(u)Z‖)

]
1 + ‖w‖3

∣∣∣∣∣
≤ sup
w∈D

E
∣∣(‖we−u + σ(u)Z‖ − ‖w‖)

(
‖we−u + σ(u)Z‖2 + ‖we−u + σ(u)Z‖‖w‖+ ‖w‖2

)∣∣
1 + ‖w‖3

≤ sup
w∈D

E
[
(‖w‖(1− e−u) + σ(u)‖Z‖)

(
‖w‖2(2e−2u + e−u + 1) + σ(u)‖Z‖‖w‖+ 2σ2(u)‖Z‖2

)]
1 + ‖w‖3

= sup
w∈D

1

1 + ‖w‖3
·
{
‖w‖3(1− e−u)(2e−2u + e−u + 1) + ‖w‖2E‖Z‖σ(u)

[
2e−2u + 2

]
+‖w‖σ2(u)E‖Z‖2

[
2(1− e−u) + 1

]
+ 2σ3(u)E‖Z‖3

} u↘0−−−→ 0. (3.2)

Furthermore, given ε > 0, consider R > 0 such that P(‖Z‖ > R) < ε. Fix δ > 0,
such that for any a, b ∈ R: |a − b| < δ ⇒ | sin(a) − sin(b)| < ε. Now, for any u such that
σ(u)R < δ and for every w ∈ D, we have:

‖Z‖ ≤ R =⇒
∣∣‖we−u + σ(u)Z‖ − e−u‖w‖

∣∣ ≤ σ(u)‖Z‖ < δ

and so: ∣∣E sin(‖we−u + σ(u)Z‖)− sin(e−u‖w‖)
∣∣

≤E
∣∣sin(‖we−u + σ(u)Z‖)− sin(e−u‖w‖)

∣∣1 [‖Z‖ ≤ R]
+ E

∣∣sin(‖we−u + σ(u)Z‖)− sin(e−u‖w‖)
∣∣1 [‖Z‖ > R]

≤ε+ 2ε.

Therefore:

sup
w∈D

∣∣E sin(‖we−u + σ(u)Z‖)− sin(e−u‖w‖)
∣∣ u↘0−−−→ 0. (3.3)
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

Finally, for any k ∈ N, consider wk ∈ D defined by wk(t) = kπ. For uk = − log
(
1− 1

2k

) k→∞−−−−→
0, we have: ∣∣sin(e−uk‖w‖)− sin(‖w‖)

∣∣ = ∣∣∣sin(kπ − π

2

)
− sin(kπ)

∣∣∣ = 1.

Therefore:

∃(uk)∞k=1 : uk
k→∞−−−−→ 0 and sup

w∈D

∣∣sin(e−uk‖w‖)− sin(‖w‖)
∣∣ ≥ 1. (3.4)

By (3.1), (3.2), (3.3), (3.4), limu→0 ‖Tuf −f‖L 6= 0 and so Tu is not strongly continuous
on (L, ‖ · ‖L).

4 Solution to the Stein equation

We first show that the function, which in Lemma 4.3 is shown to solve the Stein
equation, exists and belongs to the domain of A.

Lemma 4.1. For any g ∈M , such that E[g(Z)] = 0, f = φ(g) = −
∫∞
0
Tugdu exists and is

in the domain of A.

Proof. Note that:
|g(w)− g(x)| ≤ Cg(1 + ‖w‖2 + ‖x‖2)‖w − x‖ (4.1)

uniformly in w, x ∈ D[0, 1]. This follows from the fact that:

|g(w)− g(x)| ≤ ‖g‖M‖w − x‖3 +
∣∣∣∣Dg(x)[w − x] + 1

2
D2g(x)[w − x,w − x]

∣∣∣∣
≤‖g‖M‖w − x‖3 + ‖Dg(x)‖‖w − x‖+

1

2
‖D2g(x)‖‖w − x‖2

≤‖g‖M‖w − x‖
(
‖w − x‖2 + 1 + ‖x‖2 + 1

2
‖w − x‖(1 + ‖x‖)

)
≤‖g‖M‖w − x‖

(
2‖w‖2 + 2‖x‖2 + 1 + ‖x‖2 + 1

2
(‖w‖+ ‖x‖+ ‖w‖‖x‖+ ‖x‖2)

)
≤Cg(1 + ‖w‖2 + ‖x‖2)‖w − x‖

uniformly in w, x because ‖w‖ ≤ 1 + ‖w‖2, ‖x‖ ≤ 1 + ‖x‖2 and ‖w‖‖x‖ ≤ ‖w‖2 + ‖x‖2.
Now, we note that, as a consequence of (4.1), we have:

lim
t→∞

∫ t

0

|Tug(w)| du = lim
t→∞

∫ t

0

∣∣Eg(we−u + σ(u)Z)
∣∣ du

≤ lim
t→∞

[∫ t

0

∣∣E [g(we−u + σ(u)Z)− g(σ(u)Z)
]∣∣ du+

∫ t

0

|E[g(σ(u)Z)− g(Z)]| du
]

≤Cg lim
t→∞

[∫ t

0

E
[(
1 + ‖e−uw + σ(u)Z‖2 + σ2(u)‖Z‖2

)
e−u‖w‖

]
du

+

∫ t

0

E
∣∣(1 + (σ2(u) + 1)‖Z‖2)

∣∣ ‖(σ(u)− 1)Z‖ du
]

≤Cg lim
t→∞

[∫ t

0

[
e−u‖w‖+ 2e−3u‖w‖3 + 3σ2(u)e−u‖w‖E‖Z‖2

]
du

+

∫ t

0

(σ(u)− 1)E
∣∣(1 + (σ2(u) + 1)‖Z‖2)

∣∣ ‖Z‖ du]
≤C(1 + ‖w‖3), (4.2)

for some constant C. Since L is complete, this guarantees the existence of φ(g).
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

As noted in (2.23) and (2.24) of [2], dominated convergence may be used, because of
(4.2) to obtain that:

Dkφ(g)(w) = −
∫ ∞
0

e−kuDkg(we−u + σ(u)Z)du, k = 1, 2. (4.3)

and, as a consequence, that φ(g) ∈M . This is enough to conclude that φ(g) belongs to
the domain of A by the observation directly above the formulation of A labelled as (2.9)
in [2].

Remark 4.2. The argument of (2.23) and (2.24) in [2] also readily gives that for any
g ∈M and t > 0:

∫ t
0
Tugdu ∈M .

We now prove that observation (2.19) of [2] is true for all g ∈M :

Lemma 4.3. For all t > 0 and for all g ∈M :

Ttg − g = A
(∫ t

0

Tugdu

)
. (4.4)

Proof. We will follow the steps of the proof of Proposition 1.5 on p. 9 of [5]. Observe
that for all w ∈ D[0, 1] and h > 0:

1

h
[Th − I]

∫ t

0

Tug(w)du =
1

h

∫ t

0

[Tu+hg(w)− Tug(w)]du

=
1

h

∫ t+h

t

Tug(w)du−
1

h

∫ h

0

Tug(w)du

(2.1)
=

1

h

∫ t+h

t

E[g(we−u + σ(u)Z)]du− 1

h

∫ h

0

E[g(we−u + σ(u)Z)]du. (4.5)

Taking h→ 0 on the left-hand side gives A
(∫ t

0
Tug(w)du

)
, since

∫ t
0
Tug(w)du belongs to

the domain of A by Lemma 4.1 and Remark 4.2. In order to analyse the right-hand side
note that:∣∣∣∣∣ 1h

∫ h

0

E[g(we−u + σ(u)Z)]− g(w)du

∣∣∣∣∣
MVT
≤ 1

h

∫ h

0

E

[
‖w(e−u − 1) + σ(u)Z‖ sup

c∈[0,1]
‖Dg

(
cw + (1− c)(we−u + σ(u)Z)

)
‖

]
du

≤‖g‖M
h

∫ h

0

E
[(
‖w‖(1− e−u) + σ(u)‖Z‖

) (
1 + 3‖w‖2 + 3‖w‖2e−2u + 3σ2(u)‖Z‖2

)]
du

=
‖g‖M
h

E
{(

1 + 3‖w‖2 + 3‖Z‖2
)
(‖w‖(−1 + h+ cosh(h)− sinh(h))

+‖Z‖e−h(−
√
e2h − 1 + eh(h+ log(1 + e−h

√
−1 + e2h))

)
+ 3‖w‖(‖w‖2 − ‖Z‖2)

(
e−3h

6
(eh − 1)2(eh + 2)

)
+ 3(‖w‖2‖Z‖ − ‖Z‖3)1

3

(√
1− e−2h −

√
e−6h(e2h − 1)

)}
h→0−−−→ 0. (4.6)

Similarly:∣∣∣∣∣ 1h
∫ t+h

t

E
[
g(we−u + σ(u)Z)

]
du− E

[
g(we−t + σ(t)Z)

]∣∣∣∣∣ h→0−−−→ 0.

Therefore, as h→ 0, the right-hand side of (4.5) converges to Ttg − g, which finishes the
proof.
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

Proposition 4.4. For any g ∈ M , such that Eg(Z) = 0, f = φ(g) = −
∫∞
0
Tugdu solves

the Stein equation:
Af = g.

Proof. We note that for any h > 0 and for any f ∈M :

1

h
[Tn,s+hf − Tsf ] = Ts

[
Th − I
h

f

]
.

We also note that for any w ∈ D[0, 1], g ∈M and some constant K1 depending only on f :∣∣∣∣Tuf(w)− f(w)− EDf(w) [σ(u)Z − w(1− e−u)]− 1

2
ED2f(w)

[{
σ(u)Z − w(1− e−u)

}(2)]∣∣∣∣
≤ K1(1 + ‖w‖3)u3/2, (4.7)

as noted on page 300 of [2]. Therefore, we can apply dominated convergence to obtain:(
d

ds

)+

Tsf(w) = lim
h↘0

Ts

[
Th − I
h

f(w)

]
= lim
h↘0

E

[
Th − I
h

f(we−s + σ(s)Z)

]
= E

[
lim
h↘0

Th − I
h

f(we−s + σ(s)Z)

]
= TsAf(w).

Similarly, for s > 0,
(
d
ds

)−
Tsf = TsAf because:

lim
h↘0

1

−h
[Ts−hf − Tsf ] (w)− TsAf(w)

= lim
h↘0

Ts−h

[(
Th − I
h

−A
)
f

]
(w) + lim

h↘0
(Ts−h − Ts)Af(w)

= lim
h↘0

E

[(
Th − I
h

−A
)
f(we−s+h + σ(s− h)Z)

]
+ lim
h↘0

E
[
Af(we−s+h + σ(s− h)Z)−Af(we−s + σ(s)Z)

]
(4.7)
= 0

again, by dominated convergence. It can be applied because of (4.7) and the observation
that for any z ∈ D[0, 1] and h ∈ [0, 1]:∣∣Af(we−s+h + σ(s− h)z)−Af(we−s + σ(s)z)

∣∣
=
∣∣−Df(we−s+h + σ(s− h)z)[we−s+h + σ(s− h)z]

+ ED2f(we−s+h + σ(s− h)Z)[Z(2)]

−Df(we−s + σ(s)z)[we−s + σ(s)z] + ED2f(we−s + σ(s)z)[Z(2)]
∣∣∣

≤‖f‖M
(
1 + ‖we−s+h + σ(s− h)z‖2

)
‖we−s+h + σ(s− h)z‖

+ ‖f‖M
(
1 + ‖we−s+h + σ(s− h)z‖

)
E‖Z‖2

+ ‖f‖M
(
1 + ‖we−s + σ(s)z‖

)
‖we−s + σ(s)Z‖+ ‖f‖M

(
1 + ‖we−s + σ(s)z‖

)
E‖Z‖2

≤‖f‖M
(
1 + 2‖w‖2e−2s+2 + 2σ2(s− 1)‖z‖2

) (
‖w‖e−s+1 + σ(s− 1)‖z‖

)
+ ‖f‖M

(
1 + ‖we−s+1 + σ(s− 1)z‖

)
E‖Z‖2

+ ‖f‖M
(
1 + ‖we−s + σ(s)z‖

)
‖we−s + σ(s)z‖+ ‖f‖M

(
1 + ‖we−s + σ(s)z‖

)
E‖Z‖2

and so for any h ∈ [0, 1],
∣∣Af(we−s+h + σ(s− h)Z)−Af(we−s + σ(s)Z)

∣∣ is bounded by a
random variable with finite expectation.
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

Thus, for all w ∈ D[0, 1] and s > 0:

d

ds
Tsf(w) = TsAf(w)

and so, by the Fundamental Theorem of Calculus:

Trf(w)− f(w) =
∫ r

0

TsAf(w)ds. (4.8)

By Remark 4.2, we can apply (4.8) to f =
∫ t
0
Tugdu to obtain:

Tr

∫ t

0

Tug(w)du−
∫ t

0

Tug(w)du =

∫ r

0

TsA
(∫ t

0

Tug(w)du

)
ds.

Now, we take t → ∞. Let Z ′ be an independent copy of Z. We apply dominated
convergence, which is allowed because of (4.2) and the following bound for ϕt(w) =∫ t
0
Tug(w)du:

|Aϕt(w)|

≤
∫ t

0

EZ
∣∣e−uDg(we−u + σ(u)Z)[w]

∣∣ du
+

∫ t

0

EZ

{
EZ′

∣∣∣e−2uD2g(we−u + σ(u)Z)
[
(Z ′)(2)

]∣∣∣} du
≤
∫ ∞
0

EZ
∣∣e−uDg(we−u + σ(u)Z)[w]

∣∣ du
+

∫ ∞
0

EZ

{
EZ′

∣∣∣e−2uD2g(we−u + σ(u)Z)
[
(Z ′)(2)

]∣∣∣} du
≤‖g‖M

∫ ∞
0

e−u
(
1 + EZ‖we−u + σ(u)Z‖2

)
‖w‖du

+ ‖g‖M
∫ ∞
0

e−2u
(
1 + EZ‖we−u + σ(u)Z‖

)
EZ′‖Z ′‖2du

≤‖g‖M
∫ ∞
0

(
e−u + 2‖w‖2e−3u + 2EZ‖Z‖(e−u − e−3u

)
‖w‖du

+ ‖g‖M
∫ ∞
0

(
e−2u + ‖w‖e−3u + σ(u)e−2u

)
EZ‖Z‖2du

≤
(
1 +

4

3
EZ‖Z‖2

)
‖g‖M (1 + ‖w‖2)‖w‖+

(
1

2
+
EZ‖Z‖

3

)
‖g‖M (1 + ‖w‖)EZ‖Z‖,

where the second inequality follows again by dominated convergence applied because of
(4.2) in order to exchange integration and differentiation in a way similar to (4.3). Then,
we obtain:

Tr

∫ ∞
0

Tug(w)du−
∫ ∞
0

Tug(w)du =

∫ r

0

Ts lim
t→∞

A
(∫ t

0

Tug(w)du

)
ds

(4.4)
= −

∫ r

0

Tsg(w)ds.

Now, by Lemma 4.1, we can divide both sides by r and take r → 0 to obtain:

A
(∫ ∞

0

Tug(w)du

)
= − lim

r→0

1

r

∫ r

0

Tsg(w)ds = − lim
r→0

[
1

r

∫ r

0

Eg(we−s + σ(s)Z)ds

]
(4.6)
= −g(w),

which finishes the proof.
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Remark 4.5. In [6, Proposition 15] the authors prove that the semigroup of an Rd-
valued Itô diffusion with Lipschitz drift and diffusion coefficients is strongly contin-
uous on the space L′ =

{
x 7→ (1 + ‖x‖2)f(x) : f ∈ C0(R

d)
}
, equipped with the norm

‖f‖L′ = supx∈Rd ‖f(x)‖2/(1 + ‖x‖2), where C0(R
d) is the set of all continuous func-

tions vanishing at infinity and ‖ · ‖2 is the l2 norm on Rd. It might seem natural
to try to adapt their argument to the infinite-dimensional setting and consider the
space L′′ =

{
w 7→ (1 + ‖w‖4)f(w) : f ∈ C0(D,R)

}
, equipped with the norm ‖f‖L′′ =

supw∈D |f(w)|/(1 + ‖w‖4). Since M ⊂ L′′ ⊂ L, the semigroup 2.1 being strongly continu-
ous on L′′ would readily imply Proposition 4.4.

However, there is no easy extension of the argument used in the proof of [6, Proposi-
tion 15] to the infinite dimensional setting. The reason is that the Riesz-Markov theorem
for space L′ [4, Theorem 2.4] invoked in the proof, requires a closed unit ball in the
domain of the functions in L′ to be compact. In other words, it requires the domain of
the functions in L′ to be a finite-dimensional space. Since D is infinite-dimensional, [4,
Theorem 2.4] cannot be easily adapted to our setting and so the proof of [6, Proposition
15] cannot be easily adapted either.
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1. Introduction

In the seminal paper [Bar90], Barbour observed that the celebrated Stein’s
method, first introduced in [Ste72] as a tool for proving the Central Limit The-
orem, may also be used in the setup of the Functional Central Limit Theorem.
The method provides a framework for proving distributional convergence re-
sults, together with bounds on the rate of this convergence. Before [Bar90] it
had only been applied to finite-dimensional probability distributions. Barbour,
in his work, looked at weak convergence to the Wiener measure. He considered
Donsker’s theorem which says that for a sequence of i.i.d. random variables
(Xn)∞n=1 with mean zero and unit variance, the random process

t 7→
bntc∑
i=1

Xi

defined for t ∈ [0, 1] converges in distribution (as n → ∞) to the standard
Brownian Motion with respect to the Skorokhod topology. In this paper we shall
extend Barbour’s approach to weak convergence to a time-changed Brownian

1
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Motion of birth and death processes whose jump rates do not depend on the
current state. The particular example we consider is that of a rescaled M/M/1
queue.

1.1. Motivation

Functional limit results are central in many applied fields. Continuous processes
arising as scaling limits of discrete ones are often easier to study and more
robust to local changes than the processes they approximate. This is why they
are often chosen as models for real-life phenomena, even those which are discrete
in nature. Obtaining bounds on the rate of functional convergence is of great
importance in determining the quality of this choice. Our motivation in this
paper comes from a desire to fill in a gap in the literature but has also direct
relevance to applications.

The M/M/1 queue, which we study in this paper, is used in applied fields
whenever arrivals and departures from an operational system with one server
need to be modelled. An account of its properties and applications may be
found, for instance, in [Gau12]. Some of the example uses of the model include
organising the staffing and work assignments in a call centre or hospital emer-
gency ward planning. Its diffusion approximation might provide some intuition
as to how the parameters of the queue impact some performance measures and
thus help in optimisation exercises.

In [BDM18], the authors derive a bound on a distance between a scaled
M/M/1 queue and a Brownian Motion. The bound is derived with respect to a
distance constructed in a very technical and functional-analysis-heavy way. The
distance and the bound are, moreover, not convergence-determining. In other
words, even though the bound in [BDM18] converges to zero as n → ∞, this
does not imply weak convergence of the rescaled M/M/1 queue to the Wiener
measure. In Remark 3.9 we explain in detail the setup and results of [BDM18].

Motivated by the wide applicability of the model, our aim is to derive a bound
with respect to an easily interpretable notion of distance and, crucially, one that
is strong enough to metrize weak convergence.

1.2. Contribution of the paper

The main achievements of the paper are the following:

1. An extension of the result of [Bar90] to time-changed scaled random walks.
Specifically, we consider a sequence of i.i.d. random variables X1, X2, · · ·
with mean zero and unit variance and the process:

Yn(t) = n−1/2
bnS(t)c∑
i=1

Xi, t ∈ [0, 1],

for some deterministic time change S. We also consider a time-changed
Brownian Motion Z = B ◦ S, for a standard Brownian Motion B. In
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Theorem 3.1 we bound the following quantity:

|Eg(Yn)−Eg(Z)|

for every bounded, twice differentiable real-valued function g on the Sko-
rokhod space, whose first two derivatives are uniformly bounded and the
second derivative is Lipschitz.

2. A quantitative version of the functional limit theorem for (time-changed)
compensated Poisson processes. We consider a sequence of deterministic
time changes

(
S(n)

)
n≥1 converging to a limiting time change S. We then

look at a rate 1 Poisson process P and bound the distance between its
compensated, scaled, time-changed version:

P(nS(n)(t))− nS(n)(t)√
n

, t ∈ [0, 1],

and the time-changed Brownian Motion B◦S. We do so for the same class
of test functions as in Theorem 3.1. This result is presented in Theorem
3.4.

3. A quantitative version of a functional limit theorem for the M/M/1 queue.
We denote by L(t) the length of an M/M/1 queue with arrival and depar-
ture rates nλ and nµ, at time t, and by L its fluid limit :

L(t) = (x+ (λ− µ)t)+.

We consider

Yn(t) =
√
n

(
L(nt)

n
− L(t)

)
, t ∈ [0, 1].

and, in Theorem 3.7, bound its distance from a time-changed Brownian
Motion, under the assumption that the starting point of L is greater than
n(µ− λ). We do so for the same test functions as those considered in the
previous points. Our approach to proving this result may be extended to
a wider-class of continuous-time Markov chains whose jump rates do not
depend on the state the process is in, as described in Remark 5.1.

4. An extension of [BJ09, Propoision 3.1], which shows that the class of
functions g which are bounded, twice differentiable with their derivatives
bounded and whose second derivative is Lipschitz is rich enough to metrize
weak convergence. Hence, weak convergence results follow from the bounds
obtained in Theorems 3.1, 3.4 and 3.7. This is obtained in Propositions
2.1 and 2.2.

1.3. Stein’s method

The aim of Stein’s method is to find a bound on the quantity |Eνnh − Eµh|,
where µ is the target (known) distribution, νn is the approximating law and h
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is chosen from a suitable class of real-valued test functions H. The idea is to
find an operator A acting on a class of real-valued functions such that

(∀f ∈ Domain(A) EνAf = 0) ⇐⇒ ν = µ,

where µ is the target distribution. In the next step, for a given function h ∈ H,
a solution f = fh to the following Stein equation:

Af = h−Eµh

is sought and its properties studied. Finally, using various mathematical tools
(among which the most popular are Taylor’s expansions in the continuous case,
Malliavin calculus, as described in [NP12], and coupling methods), a bound is
sought for the quantity |EνnAfh|.

An accessible account of the method can be found, for example, in the surveys
[LRS17] and [Ros11] as well as the books [BHJ92] and [CGS11], which treat
the cases of Poisson and normal approximation, respectively, in detail. The
reference [Swa16] is a database of information and publications connected to
Stein’s method.

Approximations by infinite-dimensional laws have not been covered in the
Stein’s method literature very widely, with the notable exceptions of [Bar90,
BJ09, CD13] and, more recently, [Kas18, Kas17, BDM18]. In this paper, we will
focus on the ideas taken from [Bar90] and [BDM18].

1.4. Structure of the paper and notation

In Section 2 we introduce the space of test functions we will find the bounds for.
In Section 3 we present our main results. Theorem 3.1 shows how the approach
in [Bar90] can be extended to the approximation of a scaled, time-changed
random walk by a time-changed Brownian Motion. In Theorem 3.4 we apply
Theorem 3.1 to look at the distance between a time-changed Poisson Process
and a time-changed Browian Motion. Theorem 3.7 treats the M/M/1 queue.
Section 4 sets up Stein’s method for proving the results and Section 5 provides
the actual proofs.

In what follows, ‖ · ‖ will always denote the sup norm and D = D[0, 1] =
D ([0, 1],R) will be the Skorokhod space of càdlàg real-valued functions on [0, 1].
By Dkf we mean the k-th Fréchet derivative of f and the norm of a k-linear
form B on L is defined to be ‖B‖ = sup{h:‖h‖=1} |B[h, ..., h]|.

2. Space M0

Let M0 be the class of functionals g : D[0, 1]→ R such that:

‖g‖M0 := sup
w∈D
|g(w)|+ sup

w∈D
‖Dg(w)‖+ sup

w∈D
‖D2g(w)‖

+ sup
w,h∈D

‖D2g(w + h)−D2g(w)‖
‖h‖

<∞.
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This is Proposition 3.1 of [BJ09]:

Proposition 2.1. Suppose that, for each n ≥ 1, the random element Yn of
D[0, 1] is piecewise constant with intervals of constancy of length at least rn.
Let (Zn)n≥1 be random elements of D[0, 1] converging weakly in D[0, 1], with
respect to the Skorokhod topology, to a random element Z ∈ C ([0, 1],R). If:

|Eg(Yn)−Eg(Zn)| ≤ Cτn‖g‖M0 (2.1)

for each g ∈M0 and if τn log2(1/rn)
n→∞−−−−→ 0, then Yn converges in distribution

to Z with respect to both the Skorokhod and the uniform topologies.

A similar result holds when Yn is a continuous-time Markov chain:

Proposition 2.2. Suppose that, for each n ≥ 1, the random element Yn of
D[0, 1] is a contiuous-time Markov chain with mean holding time 1

λn
→ 0. Let

(Zn)n≥1 be random elements of D[0, 1] converging weakly in D[0, 1], with re-
spect to the Skorokhod topology, to a random element Z ∈ C ([0, 1],R). Suppose
further that:

|Eg(Yn)−Eg(Zn)| ≤ Cτn‖g‖M0 (2.2)

for each g ∈M0 and that τn log2 (λn)
n→∞−−−−→ 0. Then Yn converges in distribu-

tion to Z with respect to both the Skorokhod and the uniform topologies.

We prove Proposition 2.2 in Appendix A.

3. Main results

Theorem 3.1 below is an extension of [Bar90, Theorem 1] to the case of a time-
changed scaled random walk:

Theorem 3.1. Let X1, X2, ... be i.i.d. with mean 0, variance 1 and finite third
moment. Let S : [0, 1] → [0,∞) be a strictly increasing, continuous function
with S(0) = 0. Define:

Yn(t) = n−1/2
bnS(t)c∑
i=1

Xi, t ∈ [0, 1]

and let (Z(t), t ∈ [0, 1]) = (B(S(t)), t ∈ [0, 1]), where B is a standard Brownian
Motion. Suppose that g ∈M0, as defined in Section 2. Then:

|Eg(Yn)−Eg(Z)| ≤ ‖g‖M
0

n1/2

(
30√
π log 2

√
log(2S(1)n) + S(1)E|X1|3

)
.

Remark 3.2 (Relevance of terms in the bound). In the proof of Theorem 3.1,
the distribution of Yn is first compared to the distribution of a piecewise constant
Gaussian process with the same covariance structure as that of Yn. This com-

parison gives rise to the second term in the bound:
‖g‖M0

n1/2 S(1)E|X1|3, which is a
Berry-Esseen-type term involving the third absolute moment of the summands.

35



Miko laj J. Kasprzak/Diffusion approximations via Stein’s method 6

The piecewise constant Gaussian process is then compared to the time-changed

Brownian Motion and hence the term of order

√
logn√
n

arises. It corresponds to

the transition from a càdlàg process to a continuous one and is calculated using
the Brownian modulus of continuity.

Remark 3.3. In Theorem 3.1 we do not claim that our bounds are sharp. Our
bound in Theorem 3.1 is of the same order as the one obtained in the original
case in [Bar90]. This result can also be extended in a straightforward way to
instances in which the time change is random and independent of the step sizes
of the random walk. We can obtain this by conditioning on the time change.

Theorem 3.4 below treats a time-changed Poisson process and can also be
extended to random time changes, independent of the Poisson process of interest,
by conditioning.

Theorem 3.4. Suppose that P is a Poisson process with rate 1 and S(n) :
[0, 1] → [0,∞) is a sequence of increasing continuous functions, such that
S(n)(0) = 0. Let S : [0, 1] → [0,∞) be also increasing and continuous. Let
Z(t) = B(S(t)), t ∈ [0, 1] where B is a standard Brownian Motion and

Ỹn(t) =
P
(
nS(n)(t)

)
− nS(n)(t)

√
n

, t ∈ [0, 1].

Then, for all g ∈M0 and n ≥ 3,

|Eg(Ỹn)−Eg(Z)|

≤‖g‖M
0

n1/2

(
30√
π log 2

√
log(2S(1)n) + 2S(n)(1) + 1 +

−1 + 2 log n

log logn

)
+ 2‖g‖M0

√
‖S − S(n)‖.

Remark 3.5 (Relevance of terms in the bound). In the proof of Theorem 3.4,
the distribution of Ỹn is first compared to the distribution of a scaled time-

changed Poisson random walk and this is where the term
‖g‖M0

n1/2 ·−1+2 logn
log logn comes

from. The last term in the bound arises because of the transition between the pre-
limiting sequence of time changes and the limiting time change. The remaining
terms are incorporated from Theorem 3.1 applied to the Poisson random walk.

Remark 3.6. The bound in Theorem 3.4 goes to 0 as long as the time changes
S(n) → S uniformly. By Proposition 2.2 it then follows that Yn converges to Z
in distribution with respect to both Skorokhod and uniform topologies.

Theorem 3.7 below establishes a bound on the rate of convergence in a func-
tional limit theorem for the M/M/1 queue. In what follows we will use the setup
and notation of [Rob03, Chapter 5.7]. For two independent rate 1 Poisson pro-
cesses P1 and P−1, the M/M/1 queue with jump rates λ and µ is the solution
to the following equation:

L(t) = L(0) + P1(λt)−
∫ t

0

1{L(s−)>0}P−1(µds). (3.1)
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Let (xn)n≥1 and x be such that xn
n

n→∞−−−−→ x ∈ R+. Consider the renormalised
proces

Ln(t) =
L(nt)

n
, t ∈ [0, 1], (3.2)

where (L(t), t ∈ [0, 1]) solves (3.1) with initial condition xn. The first part
of [Rob03, Proposition 5.16] states that Ln of (3.2) converges with respect to
uniform topology to the function t 7→ L(t) := (x+ (λ− µ)t)

+
. The second part

of the Proposition states that, if
√
n(xnn − x)

n→∞−−−−→ 0 then the process

Yn(t) =
√
n
(
Ln(t)− L(t)

)
, t ∈ [0, 1]

converges in distribution to (B ((λ+ µ)t) , t ∈ [0, 1]), where B is a standard
Brownian Motion.

We prove the following theorem

Theorem 3.7 (M/M/1 queue). Let P1 and P−1 be two independent rate 1
Poisson processes. Let λ, µ, x ≥ 0 and n ≥ 3. Suppose that x ≥ µ − λ and
that (L(t), t ∈ [0, 1]) solves equation (3.1) with initial condition nx. Consider
processes given by

Ln(t) =
L(nt)

n
, L(t) = (x+ (λ− µ)t)

+
, t ∈ [0, 1].

Let B be a standard Brownian Motion and let Z(t) = B ((λ+ µ)t) for t ∈ [0, 1].
Consider

Yn(t) =
√
n
(
Ln(t)− L(t)

)
, t ∈ [0, 1].

Then, for any g ∈M0 and n ≥ 3 we have

|Eg(Yn)−Eg(Z)|

≤‖g‖M
0

n1/2

30
(√

log(2λn) +
√

log(2µn)
)

√
π log 2

+ 2(λ+ µ) + 2 +
2 log 2 + 4 log n

log log(n+ 2)


+ c‖g‖M0e−n,

for some constant c independent of n and g.

Remark 3.8 (Relevance of terms in the bound). In the proof of Theorem 3.7,
we consider two cases. The first one is that the process Ln hits 0 (or returns to
0 if started there) before time 1. It can be proved that, as long as x ≥ µ − λ,
the probability of this happening is small. In this case, the bound takes the form
c‖g‖M0e−n and hence this term appears in our general bound. In the opposite
case, the process Yn of Theorem 3.7 is a difference of two scaled compensated
Poisson processes and an application of Theorem 3.4 gives rise to the remaining
terms in the bound.

Remark 3.9. The recent paper [BDM18] also establishes a bound on the rate of
convergence of Yn of Theorem 3.7 to Z in the case of xn = nx and x ≥ µ− λ.
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However, the distance with respect to which the authors obtain their bound is
different from the distance we consider. In order to understand the definition of
the distance looked at in [BDM18] we need to introduce some notation.

First, for η ∈ (0, 1] and p ≥ 1, we denote the corresponding fractional Sobolev
space by Wη,p, which is defined as the closure of C1 functions with respect to
the norm:

‖f‖pη,p =

∫ 1

0

|f(t)|pdt+

∫ ∫
[0,1]2

|f(t)− f(s)|p

|t− s|1+pη
dt ds.

Next, we introduce the Besov-Liouville spaces. For f ∈ Lp([0, 1], dt) (denoted
by L1 for short), the left fractional integral of f is defined by:

(Iα0+)(x) =
1

Γ(α)

∫ x

0

f(t)(x− t)α−1dt, x ≥ 0,

where α > 0 and I00+ = Id. The Besov-Liouville space I+α,p is defined by Iα0+(Lp)
and equipped with the norm

‖Iα0+f‖I+α,p = ‖f‖Lp .

Moreover, we call a function F : Wη,p → R cylindrical if it is of the form

F = f(δBh1, · · · , δBhk),

where f belongs to the Schwartz space on Rk, h1, · · · , hk belong to I+1,2 and δBh
is the Ito integral of h given by

δBh =

∫ 1

0

ḣ(s)dB(s).

Now, for such a function F , we let ∇F be an element of L2(Wη,p, I+1,2) defined
by

∇F =

k∑
j=1

∂jf(δBh1, · · · , δBhk)hj

and ∇(2) be the element of L2(Wη,p, I+1,2 ⊗ I
+
1,2), given by

∇(2)F =

k∑
j,l=1

∂
(2)
jl f(δBh1, · · · , δBhk)hj ⊗ hl.

For such an F , we also consider the following norm:

‖F‖22,2 = ‖F‖2L2 +E
[
‖∇F‖2I+1,2

]
+E

[
‖∇(2)F‖2I+1,2⊗I+1,2

]
,

where

‖∇F‖2I+1,2 =

∫ 1

0

 k∑
j=1

∂jf(δBh1, · · · , δBhk)ḣj(s)

2

ds
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and

‖∇(2)F‖2
(I+1,2)⊗2 =

∫ 1

0

∫ 1

0

 k∑
j,l=1

∂
(2)
jl f(δBh1, · · · , δBhk)ḣj(s)ḣk(s)

2

ds dr.

We let D2,2 be the completion of the set of cylindrical functions with respect to
the norm ‖ · ‖2,2.

Furthermore, we define the class of functions Ση, p as the collection of 1-
Lipschitz functions F : Wη,p → R which belong to D2,2 and satisfy∣∣∣∣〈∇(2)F (x)−∇(2)F (x+ g), h⊗ k

〉+
I1,2

∣∣∣∣ ≤ ‖g‖Wη,p
‖h‖L2‖k‖L2 ,

for any x ∈Wη,p, g ∈ I+1,2, h, k ∈ L2.
Finally, we define the following space

Lη,p = {bounded 1-Lipschitz functions D → R whose restriction to Wηp belongs to Ση,p}.

The authors of [BDM18] establish a bound on the following quantity

sup
F∈Lη,p

|EF (Yn)−EF (Z)| . (3.3)

The bound they obtained is of exactly the same order as our bound in Theorem
3.7 and the authors in [BDM18] do not provide any numerical values for the
constants in their bound. However, the class of functions considered in [BDM18]
does not metrize weak convergence; i.e. the bound obtained therein does not imply
weak convergence of the law of Yn to that of Z. Remark 3.11 below shows that
our bound does.

Remark 3.10. The proof of the bound on the distance between the rescaled
M/M/1 queue and the Wiener process presented in [BDM18] is based on Malli-
avin calculus on the Poisson space. This is one of the reasons why a complicated
class of test functions, described in Remark 3.9, is considered therein.

On the other hand, our proof of Theorem 3.7 uses Theorem 3.4 and an ele-
mentary Lindeberg-type trick which allows one to bound distances between sums
of stochastic processes in case we know how to bound the distance between the
corresponding summands. Indeed, the trick is used since an M/M/1 queue length
conditioned to stay away from zero may be described as a difference of two Pois-
son processes looking at the arrivals and the departures, respectively. The limit-
ing time-changed Brownian Motion may also easily be expressed as a difference
of two time-changed independent Brownian Motions.

Remark 3.11. By Proposition 2.2, Theorem 3.7 implies that Yn converges in
distribution to Z with respect to the Skorokhod and uniform topologies. Indeed,
the mean holding time in the continuous-time Markov chain Yn is of order n−1

and our bound is of order logn
n1/2 log logn

. As log3 n
n1/2 log logn

n→∞−−−−→ 0, Proposition 2.2

may be applied in this case.
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4. Setting up Stein’s method

Let us first define:

An(t) = n−1/2
bnS(1)c∑
i=1

Zi1[i/n,S(1)](S(t)) = n−1/2
bnS(1)c∑
i=1

Zi1[S−1(i/n),1](t),

(4.1)

for Zi
i.i.d∼ N (0, 1). In the proof of Theorem 3.1, we will apply Stein’s method to

find the distance between An and Yn.

4.1. The Stein equation

We first note that if U1,U2, ... are i.i.d. Ornstein-Uhlenbeck processes with
stationary law N (0, 1), then defining:

Wn(t, u) = n−1/2
bnS(t)c∑
i=1

Ui(u), u ≥ 0, t ∈ [0, 1],

we obtain that the law of An is stationary for (Wn(·, u))u≥0. Denote the
generator of (Wn(·, u))u≥0 by An. By properties of stationary distributions,
EµAnf = 0 for all f ∈ Domain(An) if and only if µ = L(An). Therefore, we
can treat

Anf = g −Eg(An) (4.2)

as our Stein equation.
In the next subsection, for any g from a suitable class of functions, we will

find an f satisfying equation (4.2). Then, in the sequel, we will find a bound on
|EAnf(Yn)|, which will readily give us a bound on |Eg(Yn)−Eg(An)|.

The following result is immediate by [Kas18, Proposition 4.1]:

Proposition 4.1. The generator An of the process (Wn(·, u))u≥0 acts on any
f ∈M0 in the following way:

(Anf)(w) := −Df(w)[w] +ED2f(w)
[
A(2)
n

]
.

4.2. Solving the Stein equation

Proposition 4.2. Suppose that g ∈ M0 satisfies Eg(An) = 0. Then the equa-
tion: Anf = g is solved by:

f = φn(g) = −
∫ ∞
0

Tn,ugdu, (4.3)

where (Tn,uf)(w) = E
[
f(we−u +

√
1− e−2uAn)

]
.
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Furthermore, φn(g) ∈M0 and the following inequalities hold:

A) ‖Dφn(g)(w)‖ ≤ ‖g‖M0 ,

B) ‖D2φn(g)(w)‖ ≤ ‖g‖M
0

2
,

C) ‖D2φn(g)(w + h)−D2φ(g)(w)‖ ≤ ‖g‖M
0

3
‖h‖. (4.4)

Proof. The fact that φn(g) of 4.3 solves the Stein equation Anf = g follows by
the argument used to prove [KDV17, Proposition 1] upon noting that we can
readily substitute An is the place of Z therein.

Now, note that for φn of 4.3 and any g ∈M0, we get

φn(g)(w + h)− φn(g)(w)

=−E
∫ ∞
0

[
g
(

(w + h)e−u +
√

1− e−2uAn

)
− g

(
we−u +

√
1− e−2uAn

)]
du

and so dominated convergence (which can be applied because of [KDV17, (10)])
gives:

Dkφn(g)(w) = −E
∫ ∞
0

e−kuDkg
(
we−u +

√
1− e−2uAn

)
du, k = 1, 2.

(4.5)
Using (4.5), we obtain that, for any g ∈M0 and w, h ∈ D[0, 1],

A) ‖Dφn(g)(w)‖ ≤
∫ ∞
0

e−uE
∥∥∥Dg (we−u +

√
1− e−2uAn

)∥∥∥ du ≤ ‖g‖M0

B) ‖D2φn(g)(w)‖ ≤
∫ ∞
0

e−2uE
∥∥∥D2g

(
we−u +

√
1− e−2uAn

)∥∥∥ du ≤ ‖g‖M0

2

C)
‖D2φn(g)(w + h)−D2φn(g)(w)‖

‖h‖

≤‖h‖−1
∥∥∥∥E ∫ ∞

0

e−2u
[
D2g

(
(w + h)e−u +

√
1− e−2uAn

)
−D2g

(
we−u +

√
1− e−2uAn

)]
du

∥∥∥∥
≤‖g‖M

0

3
.

Remark 4.3. It is an easy consequence of Propositions 4.1 and 4.2 that for
g ∈M0:

Anφn(g)(w) = −Dφn(g)(w)[w] +ED2φn(g)(w)
[
A(2)
n

]
.
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5. Proofs of Theorems 3.1, 3.4 and 3.7

5.1. Proof of Theorem 3.1

5.1.1. Discretisation of Brownian Motion

Let An be as in (4.1). Now, note that we can first realise a standard Brownian

Motion B and then set An(t) = B
(
bnS(t)c

n

)
and Z = B for t ∈ [0, 1] so that:

sup
t∈[0,1]

|An(t)− Z(t)| = sup
t∈[0,1]

∣∣∣∣B(bnS(t)c
n

)
−B(S(t))

∣∣∣∣ = sup
t∈[0,S(1)]

∣∣∣∣B(t)−B

(
bntc
n

)∣∣∣∣ .
By [FN10, Lemma 3] we get:

E‖An − Z‖ ≤ E

[
sup

t,s∈[0,S(1)],|t−s|≤ 1
n

|B(t)−B(s)|

]
≤ 30√

π log 2

√
log(2S(1)n)√

n

(5.1)

and therefore we obtain, for any g ∈M0, as defined in Section 2,

|Eg(An)−Eg(Z)|
MVT
≤ E

[
sup
c∈[0,1]

‖Dg ((1− c)Z + cAn) ‖‖Z−An‖

]
≤‖g‖M0E‖Z−An‖

≤30‖g‖M0√
π log 2

√
log(2S(1)n)√

n
. (5.2)

5.1.2. Applying Stein’s method

Let g ∈ M0 and gn = g − E[g(An)]. Let fn = φn(gn), as in (4.3). First, note
that:

EDfn(Yn)[Yn] = n−1/2
bnS(1)c∑
j=1

EDfn(Yn)[Xj1[S−1(j/n),1]].

We now let Yj
n = n−1/2

∑
k 6=j Xk1[S−1(k/n),1] = Yn − n−1/2Xj1[S−1(j/n),1] and

observe that, by Taylor’s theorem:∣∣∣n−1/2EXjDfn(Yn)
[
1[S−1(j/n),1]

]
−E

{
n−1/2XjDfn(Yj

n)
[
1[S−1(j/n),1]

]
+n−1 (Xj)

2
D2fn(Yj

n)
[(
1[S−1(j/n),1]ei

)(2)]}∣∣∣
=
∣∣∣E [n−1/2XjDfn

(
Yj
n + n−1/2Xj1[j/n,1]

) [
1[S−1(j/n),1]

]
− n−1/2XjDfn(Yj

n)
[
1[S−1(j/n),1]

]
−n−1(Xj)

2D2fn(Yj
n)
[(
1[S−1(j/n),1]

)(2)]]∣∣∣
(4.4)C)

≤ n−3/2

6
‖gn‖M0E|Xj |3 (5.3)
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because, clearly, ‖1[S−1(j/n),1]‖ = 1. Also, in the last inequality we have used the
fact thatXj is independent of Yj

n. We can now sum (5.3) over j = 1, 2, ..., bnS(1)c
and use the fact that Xj ’s are independent of Yj

n’s and that Xj ’s have mean 0
and variance 1 to obtain:∣∣∣∣∣∣EDfn(Yn)[Yn]− n−1

bnS(1)c∑
j=1

D2fn(Yj
n)
[(
1[S−1(j/n),1]

)(2)]∣∣∣∣∣∣ ≤ n−1/2

6
S(1)‖g‖M0E |X1|3 .

We notice that for An defined in Proposition 4.1, using Remark 4.3, we obtain:

|EAnfn(Yn)| =
∣∣∣EDfn(Yn)[Yn]−ED2fn(Yn)

[
A(2)
n

]∣∣∣
≤

∣∣∣∣∣∣EDfn(Yn)[Yn]− n−1
bnS(1)c∑
j=1

ED2fn(Y jn )
[(
1[S−1(j/n),1]

)(2)]∣∣∣∣∣∣
+ n−1

∣∣∣∣∣∣
bnS(1)c∑
j=1

E

{
D2fn(Yn)

[(
1[S−1(j/n),1]

)(2)]−D2fn(Yj
n)
[(
1[S−1(j/n),1]

)(2)]}∣∣∣∣∣∣
≤n
−1/2

6
‖gn‖M0E|X1|3

+ n−1

∣∣∣∣∣∣
bnS(1)c∑
j=1

E

{
D2fn

(
Yj
n + n−1/2Xj1[S−1(j/n),1]

) [(
1[S−1(j/n),1]

)(2)]

− D2fn(Yj
n)
[(
1[S−1(j/n),1]

)(2)]} ∣∣∣∣∣∣
(4.4)C)

≤ n−1/2

6
‖gn‖M0E|X1|3 + n−1

‖gn‖M0

3

bnS(1)c∑
j=1

n−1/2E
∥∥Xj1[S−1(j/n),1]

∥∥
≤n
−1/2

6
S(1)‖gn‖M0E|X1|3 +

n−1/2

3
S(1)‖gn‖M0E

∥∥X11[S−1(j/n),1]

∥∥
≤n
−1/2S(1)‖gn‖M0

2
E|X1|3.

The last inequality follows by Jensen’s inequality:

E|X1| ≤
√
E|X1|2 = 1 =

(
E|X1|2

)3/2 ≤ E|X1|3. (5.4)

Now, note that this gives:

|Eg(Yn)−Eg(An)| = |Egn(Yn)| = |EAnfn(Yn)|

≤n
−1/2

2
S(1)‖gn‖M0E|X1|3

≤n
−1/2

2
S(1) (‖g‖M0 +Eg(An))E|X1|3
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≤n−1/2S(1)‖g‖M0E|X1|3. (5.5)

Combining this with (5.2):

|Eg(Yn)−Eg(Z)| ≤‖g‖M
0

n1/2

(
30√
π log 2

√
log(2S(1)n) + S(1)E|X1|3

)
(5.6)

which proves Theorem 3.1.

5.2. Proof of Theorem 3.4

5.2.1. Comparing Ỹn to a Poisson random walk

Note that
(
P(bnS(n)(t)c), t ∈ [0, 1]

)
can be expressed in the following way:

P(bnS(n)(t)c)− bnS(n)(t)c =

bnS(n)(t)c∑
i=1

Xi,

where (Xi+1)’s are i.i.d. Poisson(1). Therefore, we can express (Ỹn(t), t ∈ [0, 1])
in the following way:

Ỹn(t) =n−1/2


bnS(n)(t)c∑

i=1

Xi + P
(
nS(n)(t)

)
−P

(
bnS(n)(t)c

)
−
(
nS(n)(t)− bnS(n)(t)c

) .

We also define:

Yn(t) = n−1/2
bnS(n)(t)c∑

i=1

Xi.

Note that
∣∣nS(n)(t)− bnS(n)(t)c

∣∣ ≤ 1 for all t ≥ 0. Also, observe that for all
t ≥ 0:∣∣∣P(nS(n)(t)

)
−P

(
bnS(n)(t)c

)∣∣∣ ≤ P
(
bnS(n)(t)c+ 1

)
−P

(
bnS(n)(t)c

)
.

By the independence of increments of a Poisson process:

E‖Ỹn −Yn‖ ≤ n−1/2
[
1 +E

[
max
1≤i≤n

P̄i

]]
, (5.7)

where P̄1, · · · , P̄n
i.i.d∼ Poisson(1). Using the trick from [Das11], we note that,

by Jensen’s inequality applied to function x 7→ exp(x log log n), which is convex
for n ≥ 3,

exp

(
log log n ·E

[
max
1≤i≤n

P̄i

])
≤ E

[
exp

(
log log n · max

1≤i≤n
P̄i

)]
= E

[
max
1≤i≤n

exp
(
log log n · P̄i

)]
≤ nE

[
exp

(
log log n · P̄1

)]
= n exp (log n− 1)

≤ e−1n2. (5.8)
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Now, combining (5.7) and (5.8) we obtain:

E‖Ỹn −Yn‖ ≤ n−1/2
[
1 +
−1 + 2 log n

log log n

]
. (5.9)

Then, for every g ∈M0:

|Eg(Yn)−Eg(Ỹn)|
MVT
≤ E

[
sup
c∈[0,1]

‖Dg((1− c)Ỹn + cYn)‖‖Yn − Ỹn‖

]
≤‖g‖M0E

[
‖Yn − Ỹn‖

]
≤n−1/2

[
1 +
−1 + 2 log n

log log n

]
. (5.10)

5.2.2. Comparing the scaled Poisson random walk to a scaled Gaussian
random walk

Let An(t) = n−1/2
∑bnS(n)(t)c
i=1 Zi, t ∈ [0, 1] for Zi

i.i.d∼ N (0, 1). By (5.5),

|Eg(Yn)−Eg(An)| ≤ n−1/2S(n)(1)‖g‖M0E|X1|3

≤ n−1/2S(n)(1)‖g‖M0(1 + 2e−1) (5.11)

because X1
D
= P(1)− 1.

5.2.3. Accounting for the difference between the time changes

Now let Ãn(t) = n−1/2
∑bnS(t)c
i=1 Zi, t ∈ [0, 1]. Then:

E‖An − Ãn‖ =n−1/2E

 sup
t∈[0,1]

∣∣∣∣∣∣
bnS(t)∨S(n)(t)c∑

i=bnS(t)∧S(n)(t)c+1

Zi

∣∣∣∣∣∣


=n−1/2E

 sup
t∈[0,1]

∣∣∣∣∣∣
bnS(t)∨S(n)(t)c−(bnS(t)∧S(n)(t)c+1)∑

i=1

Zi

∣∣∣∣∣∣


Doob,Jensen

≤ 2n−1/2

√√√√√E
∣∣∣∣∣∣
supt∈[0,1](bnS(t)∨S(n)(t)c−(bnS(t)∧S(n)(t)c+1))∑

i=1

Zi

∣∣∣∣∣∣
2

≤2
√
‖S − S(n)‖. (5.12)
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Therefore:

|Eg(An)−Eg(Ãn)|
MVT
≤ E

[
sup
c∈[0,1]

‖Dg
(

(1− c)Ãn + cAn

)
‖‖An − Ãn‖

]
≤‖g‖M0E

[
‖An − Ãn‖

]
≤2
√
‖S − S(n)‖‖g‖M0 . (5.13)

5.2.4. Comparing the scaled Gaussian random walk to Brownian Motion

By (5.2) we get for Z = B ◦ S:

|Eg(Ãn)−Eg(Z)| ≤ ‖g‖M
0

n1/2

(
30√
π log 2

√
log(2S(1)n)

)
. (5.14)

Theorem 3.4 now follows from (5.10), (5.11), (5.13), (5.14).

5.3. Proof of Theorem 3.7

The proof is inspired by the material of [BDM18].
Let g ∈ M0 and τn0 = inf{t > 0 : Ln(t) = 0}. By [SW95, Theorem 11.9],

P[1 > τn0 ] tends to zero with exponential speed under the assumption that
x ≥ µ− λ and so ∣∣∣E [(g(Yn)− g(Z))1{1>τn0 }

]∣∣∣ ≤ c‖g‖M0e−n, (5.15)

for some constant c.
On the event that {1 ≤ τn0 }, for any t ∈ [0, 1] we have

Yn = Y1
n −Y−1n ,

where

Y1
n(t) =

P1(nλt)− nλt√
n

, Y−1n (t) =
P−1(nµt)− nµt√

n
, t ∈ [0, 1].

Let B1 and B2 be i.i.d standard Brownian Motions such that, if

Z1(t) = B1(λt) and Z−1(t) = B−1(µt) for t ∈ [0, 1]

then we have Z = Z1 +Z−1. Therefore, for g(1)(x) = g(x−Y−1n ) and g(−1)(x) =
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g(Z1 − x),∣∣∣E [(g(Yn)− g(Z))1{1≤τn0 }

]∣∣∣
≤
∣∣∣E{E [(g(Y1

n −Y−1n )− g(Z1 −Y−1n )
)
1{1≤τn0 }

∣∣∣Y−1n ]}∣∣∣
+
∣∣∣E{E [(g(Z1 −Y−1n )− g(Z1 − Z−1)

)
1{1≤τn0 }

∣∣∣Z1
]}∣∣∣

=
∣∣∣E{E [(g(1) (Y1

n

)
− g(1)

(
Z1
))
1{1≤τn0 }

∣∣∣Y−1n ]}∣∣∣
+
∣∣∣E{E [(g(−1) (Y−1n )− g(−1) (Z−1))1{1≤τn0 } ∣∣∣Z1

]}∣∣∣ (5.16)

It is clear that (almost surely):

‖g(1)‖M0 ≤ ‖g‖M0 and ‖g(−1)‖M0 ≤ ‖g‖M0 .

Therefore, using Theorem 3.4,

A)
∣∣∣E{E [(g(1) (Y1

n

)
− g(1)

(
Z1
))
1{1≤τn0 }

∣∣∣Y−1n ]}∣∣∣
≤‖g‖M

0

n1/2

(
30√
π log 2

√
log(2λn) + 2λ+ 1 +

log 2 + 2 log n

log log(n+ 2)

)
;

B)
∣∣∣E{E [(g(−1) (Y−1n )− g(−1) (Z−1))1{1≤τn0 } ∣∣∣Z1

]}∣∣∣ ;
≤‖g‖M

0

n1/2

(
30√
π log 2

√
log(2µn) + 2µ+ 1 +

log 2 + 2 log n

log log(n+ 2)

)
. (5.17)

It now follows from (5.16) and (5.17) that∣∣∣E [(g(Yn)− g(Z))1{1≤τn0 }

]∣∣∣
≤‖g‖M

0

n1/2

30
(√

log(2λn) +
√

log(2µn)
)

√
π log 2

+ 2(λ+ µ) + 2 +
2 log 2 + 4 log n

log log(n+ 2)

 ,

which, together with (5.15), proves the result.

Remark 5.1. Continuous-time Markov chains whose jump rates do not depend
on the state the chain is in yet only on the size of the jump may be expressed as
sums of independent time-changed Poisson processes. Indeed, suppose that for
jump sizes i1, i2, · · · , jumps of those sizes occur at rates λ1, λ2, · · · , respectively.
Then the resulting continuous-time Markov chain may be described in terms of
i.i.d rate 1 Poisson processes P1,P2, · · · in the following way:

t 7→
∞∑
k=1

ikPk(λkt).

An analysis similar to that in the proof of Theorem 3.7 may be applied in
this case and also whenever the time changes applied to the Poisson processes
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P1,P2, · · · are random, yet independent of those Poisson processes. Indeed, The-
orem 3.4 together with a Lindeberg-type trick similar to (5.16) and (5.17) above
may be used to bound the distance between such a continuous-time chain and a
diffusion process.
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Appendix A: Proof of Proposition 2.2

Note that the proof of Proposition 3.1 of [BJ09] readily applies in this case up
to and excluding (3.4) and it suffices to prove that lim infn→∞P[Yn ∈ B] ≥
P[Z ∈ B] for all sets B of the form B =

⋂
1≤l≤LBl, where Bl = {w ∈ D :

‖w − sl‖ < γl}, sl ∈ C ([0, 1],R) and γl is such that P[Z ∈ ∂Bl] = 0.
We will condition on the fact that the minimum holding time (interval of con-

stancy of Yn) is of length greater that rn = λ−3n . It follows from Theorems 2.1
and 2.2 of Chapter 5 in [Dev86] that if we condition on the number of holding
times being equal to i, their lengths are distributed uniformly over the simplex

Ai =
{

(x1, ..., xi) : xj ≥ 0,
∑i
j=1 xj ≤ 1

}
. Note that the probability of the min-

imum of them being greater or equal to rn is (1− irn)i if i ≤ rn and 0 otherwise.

This is because Vol(Ai) = 1
i! and Vol

({
(x1, ..., xi) : xj ≥ rn,

∑i
j=1 xj ≤ 1

})
=

(1−irn)i
i! . Therefore:

P [minimal waiting time ≥ rn]

=

∞∑
i=1

P [minimal waiting time ≥ rn|#waiting times = i]P [#waiting times = i]

=

bλ3
nc∑

i=1

(1− iλ−3n )ie−λn
(λn)i−1

(i− 1)!

n→∞−−−−→ 1. (5.18)
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To see this note the following:

A)

bλ3
nc∑

i=
⌈
λ
5/4
n

⌉(1− iλ−3n )ie−λn
(λn)i−1

(i− 1)!
≤ e−λn

(
λ3n − λ5/4n

)(
1− λ−7/4n

)λ5/4
n λ

λ5/4
n −1
n(⌈

λ
5/4
n

⌉
− 1
)

!

≤
λ2n

⌈
λ
5/4
n

⌉
eλn

· λ−
1
8dλ5/4

n e+ 9
8dλ9/8

n e
n

n→∞−−−−→ 0

B)

dλ5/4
n e−1∑
i=1

(1− iλ−3n )ie−λn
(λn)i−1

(i− 1)!
≥ (1− λ−7/4n )dλ

5/4
n ee−λn

dλ5/4
n e−1∑
i=1

(λn)i−1

(i− 1)!

n→∞−−−−→ 1,

where the convergence in B) holds since (1−λ−7/4n )dλ
5/4
n e → 1, e−λn

∑∞
i=1

(λn)
i−1

(i−1)! =

1 and:

e−λn
∞∑

i=
⌈
λ
5/4
n

⌉ (λn)i−1

(i− 1)!
≤ e−λn λ

dλ5/4
n e

n⌈
λ
5/4
n

⌉
!
·

⌈
λ
5/4
n

⌉
+ 1⌈

λ
5/4
n

⌉
+ 1− λn

n→∞−−−−→ 0

for instance, by Proposition A.2.3(ii) of [BHJ92]. Furthermore, note that for g∗l,n
defined by (3.6) in [BJ09]:

lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

]

= lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

∣∣∣∣∣minimal waiting time ≥ rn

]
P [minimal waiting time ≥ rn]

+ lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

∣∣∣∣∣minimal waiting time < rn

]
P [minimal waiting time < rn]

= lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

∣∣∣∣∣minimal waiting time ≥ rn

]
P [minimal waiting time ≥ rn]

(5.19)

because:

0 ≤ lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

∣∣∣∣∣minimal waiting time < rn

]
P [minimal waiting time < rn]

≤ lim inf
n→∞

P [minimal waiting time < rn]
(5.18)

= 0.
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Following the same steps as in [BJ09], we obtain:

lim inf
n→∞

P [Yn ∈ B] ≥ lim inf
n→∞

P [Yn ∈ B and minimal waiting time ≥ rn]

≥ lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

∣∣∣∣∣minimal waiting time ≥ rn

]
P [minimal waiting time ≥ rn]

(2.1),(5.19)

≥ lim inf
n→∞

{
E

[
L∏
l=1

g∗l,n(Zn)

]
− Cτn

∥∥∥∥∥
L∏
l=1

g∗l,n

∥∥∥∥∥
M0

}

≥ lim inf
n→∞

{
E

[
L∏
l=1

g∗l,n(Zn)

]
− C ′′τnpn2(εγ)−2η−3n

}
Fatou
≥ E

[
lim inf
n→∞

L∏
l=1

g∗l,n(Zn)

]
≥ P

 ⋂
1≤l≤L

(‖Z− sl‖ < γl(1− θ))

 .
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Abstract: We use Stein’s method to obtain a bound on the distance
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components are strongly correlated. As an example application, we prove
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with a bound on the rate of convergence. We also find a bound on the rate
of convergence of scaled U-statistics to Brownian Motion, representing an
example of a sum of strongly dependent terms.

MSC 2010 subject classifications: Primary 60B10, 60F17; secondary
60B12, 60J65, 60E05, 60E15.
Keywords and phrases: Stein’s method, functional convergence, Brow-
nian Motion, scaled random walk, u-statistics.

1. Introduction

In the seminal paper [Bar90], Barbour addressed the problem of providing
bounds on the rate of convergence in functional limit results (or invariance prin-
ciples as they are often called in the literature). He observed that the celebrated
Stein’s method, first introduced in [Ste72] as a tool for proving the Central Limit
Theorem, may also be used in the setup of the Functional Central Limit The-
orem. This theorem, whose early versions are attributed to Donsker [Don51],
says that for a sequence of i.i.d. real random variables (Xn)∞n=1 with mean zero
and unit variance, the random process

Yn(t) = n−1/2
bntc∑
i=1

Xi, t ∈ [0, 1] (1.1)

converges in distribution to the standard Brownian Motion with respect to the
Skorokhod topology.
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Through a careful and technical adaptation of Stein’s method to the frame-
work of a Brownian-Motion approximation and a subsequent repetitive use of
Taylor’s theorem, Barbour [Bar90] proved a powerful estimate on a distance be-
tween the law of Yn in (1.1) and the Wiener measure. Specifically, he considered
test functions g acting on the Skorokhod space D([0, 1],R) of càdlàg real-valued
maps on [0, 1], such that g takes values in the reals, does not grow faster than a
cubic, is twice Fréchet differentiable and its second derivative is Lipschitz. De-
noting by Z the Brownian Motion on [0, 1] and adopting the notation of (1.1),
his result says that

|Eg(Yn)−Eg(Z)| ≤ Cg
E|X1|3 +

√
log n√

n
,

where Cg is a constant, independent of n, yet depending on the (carefully de-
fined) smoothness properties of g. Among the applications and extensions con-
sidered by Barbour are an analysis of the empirical distribution function of i.i.d.
random variables and the Wald-Wolfowitz theorem often used to construct tests
in non-parametric statistics [WW40].

Our aim in this paper is to extend the results of [Bar90] to approximations
of scaled sums of univariate and multivariate random variables with different
dependence structures by univariate and multivariate Wiener processes.

1.1. Motivation

Functional limit results play an important role in applied fields. Researchers
often choose to model discrete phenomena with continuous processes arising as
scaling limits of discrete ones. The reason is that those scaling limits may be
studied using stochastic analysis and are more robust to changes in local details.
Questions about the rate of convergence in functional limit results are equivalent
to ones about the error those researchers make when doing so. Obtaining bounds
on a certain distance between the scaled discrete and the limiting continuous
processes provides a way of quantifying this error.

Our motivation in this paper comes from the desire to fill in a gap in the
theory but we are also motivated by examples related to applications.

One of those, Example 3.4 of this paper, considers exceedances of the m-
scans process. For a sequence of i.i.d. random variables X1, X2, · · · , the one-
dimensional m-scans process is given by Ri =

∑m−1
k=0 Xi+k. The number of its

exceedances of a real number a is given by

Y =

n∑
i=1

1[Ri > a].

As noted in [CGS11, Example 9.2], this statistic has been studied by many au-
thors, including [GNW01] and [Nau82]. It is of high importance in many areas
of applied statistics and has been used, for instance, to evaluate the significance
of observed inhomogeneities in the distribution of markers along the length of
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long DNA sequences (see [DK92, KB92]). Y may be normalized and central-
ized and then shown to converge in distribution to the standard normal law.
Berry-Esseen bounds on the rate of this convergence have been found in [DR96,
Theorem 4.1] and [CGS11, Example 9.2]. We are interested in studying the
functional convergence of a multidimensional version of Y .

Another example concerns U-statistics and is treated in Theorem 3.9 of this
paper. U-statistics are defined to be random variables of the form:

Skn(h) =
∑

1≤i1<...<ik≤n

h(Xi1 , ..., Xik), n ≥ 1

for a symmetric real (or complex) function h on Sk (where S is some measur-
able space) and a sequence of i.i.d. random variables (Xi)i≥1 taking values in
S. Because of their appealing properties, they are central objects in the field
of Mathematical Statistics, as described in [KJ88] and many commonly used
statistics can be expressed in terms of certain U-statistics or approximated by
them. They also appear in decompositions of more general statistics into sums of
terms of a simpler form (see, e.g. [Ser80, Chapter 6] or [RV80] and [Vit84]) and
play an important role in the study of random fields (see, e.g. [Chr87, Chapter
4]). The appealing properties of non-degenerate U-statistics, i.e. those such that,
for

w(x) = Eh(x,X1, · · · , Xk−1),

0 < Var[w(X1)] < ∞, include their asymptotic behaviour. It can be described
by a Strong Law of Large Numbers ([Hoe61]), a central limit theorem ([Hoe48])
or the functional central limit theorem (e.g. [Jan97, Chapter XI]), which will
be studied in this paper. Other interesting results include those connected to
large deviations for U-statistics (see [EL99]), Berry-Esseen-type bounds (see
[CS07]) and other bounds on the speed of convergence in the U-statistic CLT
(see [RR97]). Degenerate U-statistics have also received much attention in the
recent years with [DP17] providing bounds on the speed of convergence in de
Jong’s theorem [dJ90] and proving its multidimensional version.

Our theoretical motivation is expressed in Proposition 3.5 of this paper. It
seems natural to ask whether techniques similar to those of [Bar90] may be used
to study a process of the form

t 7→ n−1/2
bntc∑
i=1

Xi, t ∈ [0, 1] (1.2)

where {Xi : i = 1, · · · , n} is a collection of i.i.d. random vectors in Rp for
p > 1 with a given covariance matrix Σ. Interesting questions arising include
those about the rate of convergence of the process in (1.2) to the correlated
p-dimensional Brownian Motion created from a standard Brownian Motion B
by premultiplying it by Σ1/2. In this context, the role played by Σ in the quality
of this approximation seems worth paying attention to.
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1.2. Contribution of the paper

The main achievements of the paper are the following:

(a) A very general result providing a bound on the distance between a process
of the form

Yn(t) =

 λ1∑
i=1

Xi,1Ji,1(t), · · · ,
λp∑
i=1

Xi,pJi,p(t)

 , t ∈ [0, 1],

where:

• the collection of vectors Xi = (Xi,1, · · · , Xi,p) for i = 1, · · · , n is
allowed to be dependent and those vectors themselves are allowed to
have non-identity covariance matrices

• the collection of (possibly random) functions

{Ji,k ∈ D([0, 1],R) : i = 1, · · ·n, k = 1, · · · , p}

is independent of the collection of vectors (Xi)
n
i=1 from the previous

point;

• the numbers λj are such that λj ≤ n
and a correlated p-dimensional Brownian Motion. The bound is presented
in Theorem 3.1 and provides a substantial extension of the result of
[Bar90], which bounds the rate of convergence in the classical, one-dimensional
Donsker’s invariance principle.

(b) A novel functional central limit theorem invloving the number of ex-
ceedances in the multidimensional m-scans process, together with a bound
on the rate of convergence, presented in Example 3.4.

(c) A novel bound on the rate of convergence in the functional central limit
theorem for non-degenerate, bivariate U-statistics (for a classical proof of
the theorem see, for instance, [Hal79]), which is presented in Theorem 3.9.

(d) A technical result, presented in Proposition 2.3, showing that our bounds’
converging to zero implies weak convergence of the underlying processes
with respect to the Skorokhod and uniform topologies. This result is a
direct extension of [BJ09, Proposition 3.1] to the multidimensional setting.

We provide explicit values for all the constants appearing in our bounds. To our
best knowledge, none of the authors who have considered functional approxi-
mations with Stein’s method so far has done so. We do it as we hope that this
will make our results more powerful when used in applications.

The technique which is central in obtaining all the bounds is Stein’s method.

1.3. Stein’s method for distributional approximation

In [Ste72] it is observed that a random variable Z has standard normal law if
and only if EZf(Z) = Ef ′(Z) for all smooth functions f . Therefore, if, for a
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random variable W with mean 0 and variance 1, Ef ′(W )−EWf(W ) is close to
zero for a large class of functions f , then the law of W should be approximately
Gaussian. This leads to a method of bounding the speed of convergence to the
normal distribution. Instead of evaluating |Eh(W )−Eh(Z)| directly for a given
function h, one can first find an f = fh solving the following Stein equation:

f ′(w)− wf(w) = h(w)−Eh(Z)

and then find a bound on |Ef ′(W ) −EWf(W )|. This approach, called Stein’s
method, often turns out to be surprisingly easy and has also proved to be useful
for approximations by distributions other than normal.

The aim of the generalised version of Stein’s method is to find a bound of
the quantity |Eνnh − Eµh|, where µ is the target (known) distribution, νn is
the approximating law and h is chosen from a suitable class of real-valued test
functions H. The procedure can be described in terms of three steps. First, an
operator A acting on a class of real-valued functions is sought, such that

(∀f ∈ Domain(A) EνAf = 0) ⇐⇒ ν = µ,

where µ is our target distribution. Then, for a given function h ∈ H, the Stein
equation

Af = h−Eµh
is solved. Finally, using properties of the solution and various mathematical tools
(among which the most popular are Taylor’s expansions in the continuous case,
Malliavin calculus, as described in [NP12], and coupling methods), an explicit
bound is sought for the quantity |EνnAfh|.

An accessible account of the method can be found, for example, in the surveys
[LRS17] and [Ros11] as well as the books [BHJ92] and [CGS11], which treat the
cases of Poisson and normal approximation, respectively, in detail. [Swa16] is a
database of information and publications connected to Stein’s method.

Approximations by laws of diffusion processes have not been covered in the
Stein’s method literature very widely, with the notable exceptions of [Bar90,
BJ09, Shi11, CD13] and recently [BDM18, Kas17a, Kas17b]. Our aim in this
paper is to develop it in a direction not previously explored by other authors
while completely natural given the direction in which the finite-dimensional
Stein’s method literature has evolved.

1.4. Structure of the paper

In Section 2 we define the spaces of test functions we will be working with
and the corresponding norms which will appear in the bounds. We also present
Proposition 2.3 giving circumstances under which the bounds obtained later in
the paper converging to zero imply weak convergence of the considered prob-
ability distributions. Section 3 gives statements of the main results of the pa-
per, mentioned above. Section 4 contains all the proofs preceded by finding the
Stein equation for approximation by the law of interest, solving it and exam-
ining properties of the solutions. In the appendix we present the proof of the
aforementioned Proposition 2.3.
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2. Notation and spaces M , M1, M2 and M0

The following notation is used throughout the paper. For a function w defined
on the interval [0, 1] and taking values in a Euclidean space, we define

‖w‖ = sup
t∈[0,1]

|w(t)|,

where | · | denotes the Euclidean norm. We also let Dp = D([0, 1],Rp) be the
Skorokhod space of all càdlàg functions on [0, 1] taking values in Rp. In the
sequel, for i = 1, · · · , p, ei will denote the ith unit vector of the canonical
basis of Rp and the ith component of x ∈ Rp will be represented by x(i), i.e.
x =

(
x(1), · · · , x(p)

)
.

Let p ∈ N. Let us define:

‖f‖L := sup
w∈Dp

|f(w)|
1 + ‖w‖3

,

and let L be the Banach space of continuous functions f : Dp → R such that
‖f‖L < ∞. Following [Bar90], we now let M ⊂ L consist of the twice Fréchet
differentiable functions f , such that:

‖D2f(w + h)−D2f(w)‖ ≤ kf‖h‖, (2.1)

for some constant kf , uniformly in w, h ∈ Dp. By Dkf we mean the k-th Fréchet
derivative of f and the norm of k-linear form B on L is defined to be

‖B‖ = sup
{h:‖h‖=1}

|B[h, ..., h]|.

Note the following lemma, which can be proved in an analogous way to that
used to show (2.6) and (2.7) of [Bar90]. We omit the proof here.

Lemma 2.1. For every f ∈M , let:

‖f‖M := sup
w∈Dp

|f(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Df(w)‖
1 + ‖w‖2

+ sup
w∈Dp

‖D2f(w)‖
1 + ‖w‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

.

Then, for all f ∈M , we have ‖f‖M <∞.

For future reference, we let M1 ⊂M be the class of functionals g ∈M such
that:

‖g‖M1 := sup
w∈Dp

|g(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Dg(w)‖+ sup
w∈Dp

‖D2g(w)‖

+ sup
w,h∈Dp

‖D2g(w + h)−D2g(w)‖
‖h‖

<∞. (2.2)
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and M2 ⊂M be the class of functionals g ∈M such that:

‖g‖M2 := sup
w∈Dp

|g(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Dg(w)‖
1 + ‖w‖

+ sup
w∈Dp

‖D2g(w)‖
1 + ‖w‖

+ sup
w,h∈Dp

‖D2g(w + h)−D2g(w)‖
‖h‖

<∞. (2.3)

We also let M0 be the class of functionals g ∈M such that:

‖g‖M0 := sup
w∈Dp

|g(w)|+ sup
w∈Dp

‖Dg(w)‖+ sup
w∈Dp

‖D2g(w)‖

+ sup
w,h∈Dp

‖D2g(w + h)−D2g(w)‖
‖h‖

<∞.

We note that M0 ⊂M1 ⊂M2 ⊂M . We shall refer to those different classes of
functions in the results presented in the remainder of this paper. In each case
we aim to obtain our bounds for the largest possible class, yet it is not always
possible to do so for class M or even M2. Hence, the introduction of the above
presented restrictions of M is necessary for a recovery of the full strength of our
results.

The next proposition is a p-dimensional version of [BJ09, Proposition 3.1] and
shows conditions, under which convergence of the sequence of expectations of a
functional g under the approximating measures to the expectation of g under
the target measure for all g ∈M0 implies weak convergence of the measures of
interest. The proposition will be later used to conclude weak convergence from
bounds derived in the theorems of the next section. Its proof can be found in
the appendix.

Definition 2.2. Y ∈ D ([0, 1],Rp) is piecewise constant if [0, 1] can be divided
into intervals of constancy [ak, ak+1) such that the Euclidean norm of (Y (t1)−
Y (t2)) is equal to 0 for all t1, t2 ∈ [ak, ak+1).

Proposition 2.3. Suppose that, for each n ≥ 1, the random element Yn of
Dp is piecewise constant and let rn > 0 be such that the intervals of constancy
are of length at least rn. Let (Zn)n≥1 be random elements of Dp converging
weakly in Dp, with respect to the Skorokhod topology, to a random element Z ∈
C ([0, 1],Rp) ⊂ Dp. If there exists τn such that τn log2(1/rn)

n→∞−−−−→ 0 and

|Eg(Yn)−Eg(Zn)| ≤ Cτn‖g‖M0 (2.4)

for each g ∈ M0 then Yn ⇒ Z (converges weakly) in Dp, in both the uniform
and the Skorokhod topology.

Remark 2.4. The formulation of Proposition 2.3 is almost identical to that
of [BJ09, Proposition 3.1] with the only difference being that Yn and Zn are
allowed to be p-dimensional for p > 1. For completeness, the appendix contains
a more detailed proof than the one presented in [BJ09], which may be used by
the reader to derive extensions or other versions of the result.
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3. Main results

Theorem 3.1 below treats the case in which the summands in the scaled sum
are locally dependent and their components are (strongly) dependent. The error
bound in the approximation by a correlated Brownian Motion is obtained for
functions in M1 of (2.2).

Theorem 3.1 (Dependent components and locally dependent summands). Let
n and p be non-negative integers. Consider an array of mean-zero random vari-
ables

{Xi,j : i = 1, ..., n, j = 1, ..., p},

with a positive definite covariance matrix. Let

(a) λj ≤ n, for j = 1, · · · p, be deterministic positive integers;
(b) Ai ⊂ {1, 2, ..., n}, for i = 1, · · ·n be a set such that Xi = (Xi,1, · · · , Xi,p)

is independent of {Xj : j ∈ Aci};
(c) Ji,k ∈ D ([0, 1],R) for i = 1, · · ·n and k = 1, · · · , p, be (possibly random)

functions, independent of the Xi,k’s.

Assume that:

(1)
K := sup

i,j∈{1,··· ,n},
k,l∈{1,··· ,p}

E [‖Ji,k‖‖Jj,l‖] <∞ (3.1)

(2)
sup

i1,i2,i3∈{1,··· ,n}
k1,k2,k3∈{1,··· ,p}

E [‖Ji1,k1‖‖Ji2,k2‖‖Ji3,k3‖] <∞.

Let

Yn(t) =

 λ1∑
i=1

Xi,1Ji,1(t), · · · ,
λp∑
i=1

Xi,pJi,p(t)

 , t ∈ [0, 1].

Furthermore, for a standard p-dimensional Brownian Motion B and a positive
definite covariance matrix Σ ∈ Rp×p, let Z = Σ1/2B. Then, for any g ∈M1, as
defined by (2.2):

|Eg(Yn)−Eg(Z)| ≤ ‖g‖M1

7∑
i=1

εi,

where:
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ε1 =
1

6

n∑
i=1

E


 p∑
k,l,m=1

(Xi,k)
2 ‖Ji,k‖21[1,λk](i)

∑
j∈Ai

Xj,l‖Jj,l‖1[1,λl](j)

2

·

∑
j∈Ai

Xj,m‖Jj,m‖1[1,λm](j)

2



1/2
 ;

ε2 =
1

3

n∑
i=1

∑
j∈Ai

p∑
k,l=1

E


 p∑
m=1

(
Xi,k ‖Ji,k‖Xj,l ‖Jj,l‖1[1,λk](i)1[1,λl](j)

·
∑

r∈Aj∩Ac
i

Xr,m‖Jr,m,n‖1[1,λm](r)

2

1/2
 ;

ε3 =
1

3

n∑
i=1

∑
j∈Ai

p∑
k,l=1

E [|Xi,kXj,l|]1[1,λk](i)1[1,λl](j)

· E

‖Ji,k‖ ‖Jj,l‖
√√√√√ p∑
m=1

 ∑
r∈Ai∪Aj

Xr,m‖Jr,m‖1[1,λm](r)

2

 ;

ε4 =
K

2

n∑
i=1

p∑
k,l=1

∣∣∣∣ Σk,l√
λkλl

−E[Xi,kXi,l]

∣∣∣∣ ;
ε5 =

K

2

n∑
i=1

∑
j∈Ai\{i}

p∑
k,l=1

|E[Xi,kXj,l]| ;

ε6 =
6
√

5√
2 log 2

(
p∑
i=1

log (2λi)

λi

)1/2( p∑
i=1

Σi,i

)1/2

;

ε7 =

p∑
k=1

λk∑
i=1

√
Σii√
λk
E
∥∥Ji,k − 1[i/λk,1]

∥∥ .
Remark 3.2 (Relevance of terms in the bound).

(a) Terms ε1, ε2, ε3 correspond to a Berry-Esseen-type bound involving third
moments of the summands, and also account for local dependence between
the summands;

(b) Terms ε4 and ε5 involve a variance estimation with the latter correspond-
ing to the off-diagonal terms of the covariance matrix of the summands,
accounting for the dependence;
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(c) Term ε6 comes from estimates on the moments of the Brownian modulus
of continuity and accounts for the transition from the Skorokhod space to
the Wiener space of continuous functions

(d) Term ε7 describes the randomness of the functions Ji,k,n and their distance
from indicators 1[i/λk,1].

Remark 3.3 (Independent summands). If the summands are independent in
Theorem 3.1, i.e. Ai = {i} for all i, then ε2 and ε5 disappear from the bound
and ε1 and ε3 become simpler. The new bound takes the following form

|Eg(Yn)−Eg(Z)| ≤ ‖g‖M1 (ε1 + ε3 + ε4 + ε6 + ε7) ,

where:

ε1 =
1

6

n∑
i=1

E


 p∑
k,l,m=1

(
Xi,kXi,lXi,m‖Ji,k‖ ‖Ji,l‖ ‖Ji,m‖1[1,λk]∩[1,λl]∩[1,λm](i)

)21/2
 ;

ε3 =
1

3

p∑
k,l=1

min(λk,λl)∑
i=1

E [|Xi,kXi,l|]E

‖Ji,k‖ ‖Ji,l‖
√√√√ p∑
m=1

(
Xi,m‖Ji,m‖1[1,λm](i)

)2
 ;

ε4 =
K

2

n∑
i=1

p∑
k,l=1

∣∣∣∣ Σk,l√
λkλl

−E[Xi,kXi,l]

∣∣∣∣ ;
ε6 =

6
√

5√
2 log 2

(
p∑
i=1

log (2λi)

λi

)1/2( p∑
i=1

Σi,i

)1/2

;

ε7 =

p∑
k=1

λk∑
i=1

√
Σii√
λk
E
∥∥Ji,k − 1[i/λk,1]

∥∥ .
A bound for functions in the larger class M (see Section 2), in the case of
independent summands, is obtained in Proposition 3.5.

Example 3.4 (Exceedances of the m-scans process). Consider an extension of
the one-dimensional [CGS11, Example 9.2, p. 254] to the multidimensional and
functional setting. For j = 1, 2, · · · , let Vj = (Vj,1, · · · , Vj,p) be i.i.d. random

vectors in Rp. For k = 1, · · · , p and i = 1, · · · , n let Ri,k =
∑m−1
l=0 Vi+l,k be an

m-scans process. Let a = (a1, · · · , ap) ∈ Rp and suppose that n > m.
For k = 1, · · · , p, let πk = P(R1,k ≤ ak) and for i = 1, · · · , n and k =

1, · · · , p, let

Xi,k =
1

n

 n∑
j=1

1[Rn(i−1)+j,k ≤ ak]

− πk.
Extending [DR96, (4.1)], we have that, for k, l = 1, · · · , p,

E [Xi,kXi,l] =
1

n

(
ψk,l(0) +

m−1∑
d=1

(
1− d

n

)
(ψl,k(d) + ψk,l(d))

)
, (3.2)

61



Miko laj J. Kasprzak/Multivariate Brownian approximations via Stein’s method 11

for ψk,l(d) = P [Rd+1,k ≤ ak, R1,l ≤ al]− πkπl.
Let Xi = (Xi,1, · · · , Xi,p) for i = 1, · · · , n. Note that Ai = {i − 1, i, i + 1}

satisfies the requirement that j 6∈ Ai ⇒ Xi, Xj are independent and for all
k, l ∈ {1, · · · , p},

E [Xi,kXi+1,l] =
1

n2

m−1∑
d=1

dψk,l(d). (3.3)

Consider

Yn(t) =

bntc∑
i=1

(Xi,1, · · · , Xi,p) t ∈ [0, 1].

Let Σ ∈ Rp×p be given by

Σk,l = ψk,l(0) +

m−1∑
d=1

(ψl,k(d) + ψk,l(d)) . (3.4)

We will bound the distance between Yn and Z = Σ1/2B, where B is a standard
p-dimensional Brownian Motion. Using the notation of Theorem 3.1, note that
for all k ∈ {1, · · · , p}, λk = n, for all i ∈ {1, · · · , n}, Ji,k = 1[i/n,1] and

(1) By Cauchy-Schwarz and Jensen inequalities and (3.2),

ε1 ≤
3

2n1/2

p∑
k,l,r=1


(
ψk,k(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψk,k(d))

)1/2

·

(
ψl,l(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψl,l(d))

)1/2

·

(
ψr,r(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψr,r(d))

)1/2
 ;

(2) By Cauchy-Schwarz and Jensen inequalities and (3.2),

ε2 ≤
2

3n1/2

p∑
k,l,r=1


(
ψk,k(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψk,k(d))

)1/2

·

(
ψl,l(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψl,l(d))

)1/2

·

(
ψr,r(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψr,r(d))

)1/2
 ;
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(3) By Cauchy-Schwarz and Jensen inequalities and (3.2),

ε3 ≤
2

n1/2

p∑
k,l,r=1


(
ψk,k(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψk,k(d))

)1/2

·

(
ψl,l(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψl,l(d))

)1/2

·

(
ψr,r(0) + 2

m−1∑
d=1

(
1− d

n

)
(ψr,r(d))

)1/2
 ;

(4) Since K = 1 and by (3.2) and (3.4),

ε4 =
1

2n

p∑
k,l=1

∣∣∣∣∣
m−1∑
d=1

d(ψl,k(d) + ψk,l(d))

∣∣∣∣∣ ;
(5) Since K = 1 and by (3.3),

ε5 ≤
1

n

p∑
l,k=1

m−1∑
d=1

dψk,l(d);

(6) By (3.4),

ε6 =
6
√

5p1/2√
2 log 2

√
log(2n)√
n

[
p∑
k=1

(
ψk,k(0) + 2

m−1∑
d=1

ψk,k(d)

)]1/2
;

(7) Since for all k ∈ {1, · · · , p} and i ∈ {1, · · · , n}, Ji,k = 1[i/n,1],

ε7 = 0.

By Theorem 3.1, for any g ∈M1, as defined in (2.2),

|Eg(Yn)−Eg(Z)| ≤ ‖g‖M1

7∑
i=1

εi,

which gives the desired bound. The bound clearly approaches zero as n → ∞,
which, by Proposition 2.3, implies that Yn converges in distribution to Z with
respect to the uniform topology.

The next result treats the case of independent p-dimensional terms with
dependent components, whose scaled sum can be compared with a correlated
p-dimensional Brownian Motion:
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Proposition 3.5 (Dependent components). Suppose that X1, ..., Xn, where

Xi =
(
X

(1)
i , · · · , X(p)

i

)
for i = 1, · · · , n, are i.i.d. random vectors in Rp. Sup-

pose that each has a positive definite symmetric covariance matrix Σ ∈ Rp×p
and mean zero. Let:

Yn(t) = n−1/2
bntc∑
i=1

Xi, t ∈ [0, 1]

and for B, a standard p-dimensional Brownian Motion, let Z = Σ1/2B. Then,
for any g ∈M :

|Eg(Yn)−Eg(Z)|

≤‖g‖Mn−1/2
√log 2n

 6
√

5√
π log 2

(
p∑
i=1

Σi,i

)1/2

+
54 · 51/3p1/2√

2 log 2

p∑
i=1

|Σi,i|3/2


+
1

6

p1/2 p∑
m=1

E

∣∣∣X(m)
1

∣∣∣3 + 2

p∑
k,l=1

|Σk,l|

(
p∑

m=1

E

∣∣∣X(m)
1

∣∣∣2)1/2


+ n−1(log 2n)3/2p1/2
2160√

π(log 2)3/2

p∑
i=1

|Σi,i|3/2
}
.

Remark 3.6. If the components are uncorrelated and scaled in Proposition 3.5,
i.e. Σ = Ip×p, then the bound simplifies in the following way:

|Eg(Yn)−Eg(Z)|

≤‖g‖Mn−1/2
{√

log 2n

[
6
√

5p1/2√
2 log 2

+
54 · 51/3p3/2√

π log 2

]

+
1

6

(
p1/2

p∑
m=1

E

∣∣∣X(m)
1

∣∣∣3 + 2p3/2

)
+ n−1(log 2n)3/2p3/2

2160√
π(log 2)3/2

}
.

Remark 3.7. For fixed p, by Proposition 2.3, Theorem 3.5 implies that Yn ⇒ Z

in the uniform topology as the bound is of order

√
logn√
n

in n. The bound also

converges to 0 as n→∞ as long as p = o
(
n1/5

)
.

Remark 3.8 (Relevance of terms in the bound). The first term appearing in the
bound in Proposition 3.5 is an analogue of term ε6 of Theorem 3.1. Similarly,
the third and fourth term correspond to ε1 and ε3, respectively. The second and
the last term are additional terms appearing due to the fact that M is larger
than M1 of (2.2). Since the summands have the limiting covariance structure a
priori, no term corresponds to ε4 and since the Xi’s are multiplied by indicators
1[i/n,1] in the sum Yn = n−1/2Xi1[i/n,1], no term corresponds to ε7 either. Due
to independence between the summands, also no term corresponds to ε2 and ε5
(c.f. Remark 3.3).
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The next two result will be proved using ideas similar to those used to prove
Theorem 3.1. It treats non-degenerate U-statistics. Those, as observed for in-
stance in [Hal79, Corollary 1], after proper rescaling, represent a process created
out of globally dependent summands and converge to standard Brownian Mo-
tion in distribution under certain conditions. We find a bound the rate of this
convergence.

We note that in general U-statistics are defined to be random variables of
the form:

Skn(h) =
∑

1≤i1<...<ik≤n

h(Xi1 , ..., Xik), n ≥ 1

for a symmetric real (or complex) function h on Sk (where S is some measurable
space) and a sequence of i.i.d. random variables (Xi)i≥1 taking values in S. Here,
for simplicity, we only consider functions h on S2, yet our analysis can be readily
extended to any k ≥ 2. Also, we only consider non-degenerate U-statistics, i.e.
those with 0 < σ2

w = Var(w(X1)) < ∞, where w(x) = E[h(X1, x)]. The reason
is that in the case of degenerate ones (i.e. those satisfying Var(w(X1)) = 0)
the limit in the invariance principle is non-Gaussian (see [Hal79, Corollary 1]),
which is beyond the scope of this paper.

Theorem 3.9 (Non-degenerate bivariate U-statistics). Let X1, X2, ... be i.i.d.
random variables taking values in some measurable space S and let h : S2 → R

be a symmetric function such that E [h(X1, X2)] = 0, E
[
h2(X1, X2)

]
= σ2

h <
∞. Also, suppose that, for the function w(x) = E[h(X1, x)], we have that: 0 <
σ2
w = Var(w(X1)) <∞ and E|w(X1)|3 <∞. Let:

Yn(t) =
n−3/2

σwt

∑
1≤i1<i2≤bntc

h(Xi1 , Xi2), t ∈ [0, 1]

and let Z be a standard Brownian Motion. Then, for any g ∈M2, as defined by
(2.3):

|Eg(Yn)−Eg(Z)| ≤‖g‖M2n−1/2

[(
141 + 16

σ2
h

σ2
w

+ 12

(
σ2
h

σ2
w

− 2

)1/2
)√

log 3n

+43 +
E|w(X1)|3 + 2σ2

wE|w(X1)|
6σ3

w

]
.

Remark 3.10 (Relevance of terms in the bound). The term
E|w(X1)|3+2σ2

wE|w(X1)|
6σ3

w

appearing in the bound comes from the comparison of the process given by

Ỹn(t) =
n−3/2

σwt

∑
1≤i1<i2≤bntc

(w(Xi1) + w(Xi2)) , t ∈ [0, 1]

and a piecewise constant Gaussian process. It involves a Berry-Esseen-type third
absolute moment component. The remaining terms come from the comparison of
Yn and Ỹn and from the comparison of the piecewise constant Gaussian process
and Brownian Motion for which the Brownian modulus of continuity is used.
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Remark 3.11. By Proposition 2.3, Theorem 3.9 implies that Yn ⇒ Z in the
uniform (and Skorokhod) topology.

Remark 3.12. The bounds in Theorems 3.1, 3.9 and Proposition 3.5 are not
optimised for constants as they are often estimated in a crude manner in the
proofs presented in the section below. The constants are, however, expressed
explicitly, which is often not the case in related pieces of literature.

4. Proofs

The main tool used in the proofs of Theorems 3.1, 3.9 and Proposition 3.5 is
Stein’s method. It can be used in a surprisingly easy way to find a distance of
the processes of interest from certain scaled sums of Gaussian random variables,
which approximate the limiting continuous Gaussian process.

First, we set up Stein’s method for distributions of certain Dp-valued ran-
dom objects expressed as scaled sums of Gaussian random variables. Using a
collection of Ornstein-Uhlenbeck processes with a Gaussian stationary law, we
will construct a process whose stationary law is that of our target distribution.
Then, we will find the infinitesimal generator A of that process and deduce that
Ag = g − Eµg can be used as our Stein equation, where µ is the target law.
This follows from the fact that EµAg = 0 for all g in the domain of A. We will
then solve the Stein equation for all g ∈M , using the analysis of [KDV17], and
use some appealing properties of the Ornstein-Uhlenbeck semigroup to prove
bounds on the derivatives of the solution.

4.1. Setting up Stein’s method

Let n, p ∈ N+ and let Z̃i,k’s be centred Gaussian random variables for i =
1, · · · , n, k = 1, · · · , p. Suppose that

a) the covariance matrix of
(
Z̃1,1, · · · , Z̃1,p, Z̃2,1, · · · , Z̃2,p, · · · , Z̃n,1, · · · , Z̃n,p

)
is given by Σn ∈ R(np)×(np);

b) Ji,k ∈ D ([0, 1],R), for i = 1, · · · , n, k = 1, · · · , p, are some functions

independent of the Z̃i,k’s.

Let

Dn(t) =

 λ1∑
i=1

Z̃i,1Ji,1(t), · · · ,
λp∑
i=1

Z̃i,pJi,p(t)

 , t ∈ [0, 1], (4.1)

Now let {(Xi,j(u), u ≥ 0) : i = 1, ..., n, j = 1, ...p} be an array of i.i.d.
Ornstein-Uhlenbeck processes with stationary law N (0, 1), independent of the
collection {Ji,k : i = 1, · · · , n, k = 1, · · · , p}. Consider:

Ũ (u) = (Σn)
1/2

(X1,1(u), · · · ,X1,p(u),X2,1(u), · · · ,X2,p(u), · · · ,Xn,1(u), · · ·Xn,p(u))
T
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for u ≥ 0 and write Ui,j(u) =
(
Ũ (u)

)
p(i−1)+j

. Consider a process:

Wn(t, u) =

 λ1∑
i=1

Ui,1(u)Ji,1(t), · · · ,
λp∑
i=1

Ui,p(u)Ji,p(t)

 , t ∈ [0, 1], u ≥ 0.

The stationary law of the process (Wn(·, u))u≥0 is exactly the law of Dn. We
claim that:

Proposition 4.1. The infinitesimal generator of the process (Wn(·, u))u≥0 acts
on any f ∈M in the following way:

Anf(w) = −Df(w)[w] +ED2f(w)
[
D(2)
n

]
.

Remark 4.2. The generator in Proposition 4.1 can also be written in the fol-
lowing way:

Anf(w) = −Df(w)[w] +

p∑
k,l=1

λk∑
i=1

λl∑
j=1

(Σn)p(i−1)+k,p(j−1)+lED
2f(w) [ekJi,k, elJj,l] .

Let us prove a lemma that will be used in the proof of Proposition 4.1.

Lemma 4.3. We have, for u ≥ 0, v ≥ 0:

Wn(·, u+ v)− e−vWn(·, u)
D
= σ(v)Dn(·)

for σ2(v) = 1− e−2v.

Proof. We can construct i.i.d. standard Brownian Motions Bi,j such that (Xi,j(u), u ≥ 0) =(
e−uBi,j(e

2u), u ≥ 0
)
. Then, writing Wn =

(
W

(1)
n , · · · ,W(p)

n

)
and Dn =

(
D

(1)
n , · · · ,D(k)

n

)
we obtain for all k = 1, · · · , p:

W(k)
n (·, u+ v)− e−vW(k)

n (·, u)

=

λk∑
i=1

[
Ui,k(u+ v)− e−vUi,k(u)

]
Ji,k(·)

=

λk∑
i=1

[(
Ũ (u+ v)

)
p(i−1)+k

− e−v
(
Ũ (u)

)
p(i−1)+k

]
Ji,k(·)

=

n∑
j=1

p∑
l=1

λk∑
i=1

(
Σ1/2
n

)
p(i−1)+k,p(j−1)+l

[
Xj,l(u+ v)− e−vXj,l(u)

]
Ji,k(·)

D
=e−(u+v)

n∑
j=1

p∑
l=1

λk∑
i=1

(
Σ1/2
n

)
p(i−1)+k,p(j−1)+l

[
Bj,l

(
e2(u+v)

)
−Bj,l

(
e2u
)]
Ji,k(·)

D
=σ(v)D(k)

n (·),

as Bj,l

(
e2(u+v)

)
−Bj,l

(
e2u
)
∼ N

(
0, e2(u+v) − e2u

)
.

67



Miko laj J. Kasprzak/Multivariate Brownian approximations via Stein’s method 17

Proof of Proposition 4.1. Note that the semigroup of (Wn(·, u))u≥0, acting on
L is defined by:

(Tn,uf)(w) := E [f (Wn(·, u))|Wn(·, 0) = w] = E
[
f(we−u + σ(u)Dn(·)

]
,

(4.2)
where the last equality follows from Lemma 4.3. By (4.2) and Lemma 2.1 we
have that, for every f ∈M :∣∣(Tn,uf)(w)− f(w)−EDf(w)[σ(u)Dn − w(1− e−u)]

−1

2
ED2f(w)

[
{σ(u)Dn − w(1− e−u)}(2)

]∣∣∣∣
≤‖f‖ME‖σ(u)Dn − w(1− e−u)‖3

≤K1(1 + ‖w‖3)u3/2

for a constant K1 depending only on f , where the last inequality follows from
the fact that for u ≥ 0, σ3(u) ≤ 3u3/2 and (1− e−u)3 ≤ u3/2. So:∣∣∣(Tn,uf − f)(w) + uDf(w)[w]− uED2f(w)[D(2)

n ]
∣∣∣

≤
∣∣(Tn,uf)(w)− f(w)−EDf(w)[σ(u)Dn − w(1− e−u)]

− 1

2
ED2f(w)[{σ(u)Dn − w(1− e−u)}(2)]

∣∣∣∣+ |σ(u)EDf(w)[Dn]|

+
∣∣(u− 1 + e−u)Df(w)[w]

∣∣+

∣∣∣∣(σ2(u)

2
− u
)
ED2f(w)[D(2)

n ]

∣∣∣∣
+

∣∣∣∣ (1− e−u)2

2
D2f(w)[w(2)]

∣∣∣∣+
∣∣σ(u)(1− e−u)ED2f(w)[Dn, w]

∣∣
≤3u3/2

(
K2(1 + ‖w‖3) +K2(1 + ‖w‖2)‖w‖+K2(1 + ‖w‖)E‖Dn‖2

+K2(1 + ‖w‖)‖w‖2 + (1 + ‖w‖)‖w‖E‖Dn‖
)

+ |σ(u)EDf(w)[Dn]|
≤K3(1 + ‖w‖3)u3/2, (4.3)

for some constants K2 and K3 depending only on f . The last inequality follows
from the fact that:

EDf(w)[Dn] =

p∑
i=1

λi∑
k=1

(
s(i)n

)−1
EDf(w) [Jk,iei]E[Z̃k,i] = 0.

Therefore, by (4.3), we obtain that:

Anf(w) = lim
u↘0

Tn,uf(w)− f(w)

u
= −Df(w)[w] +ED2f(w)

[
D(2)
n

]
,

as required.

Now we prove the following:

68



Miko laj J. Kasprzak/Multivariate Brownian approximations via Stein’s method 18

Proposition 4.4. For any g ∈ M such that Eg(Dn) = 0, the Stein equation
Anfn = g is solved by:

fn = φn(g) = −
∫ ∞
0

Tn,ugdu, (4.4)

where (Tn,uf)(w) = E [f(we−u + σ(u)Dn(·)]. Furthermore:

A) ‖Dφn(g)(w)‖ ≤ ‖g‖M
(

1 +
2

3
‖w‖2 +

4

3
E‖Dn‖2

)
,

B) ‖D2φn(g)(w)‖ ≤ ‖g‖M
(

1

2
+
‖w‖

3
+
E‖Dn‖

3

)
,

C)

∥∥D2φn(g)(w + h)−D2φn(g)(w)
∥∥

‖h‖

≤ sup
w,h∈Dp

‖D2(g + c)(w + h)−D2(g + c)(w)‖
3‖h‖

. (4.5)

for any constant function c : Dp → R and for all w, h ∈ Dp.

Remark 4.5. It is worth noting that obtaining a small bound for E‖Dn‖ or
E‖Dn‖2 is not easy, unless Dn is a martingale and Doob’s L2 inequality can

be used and E‖Dn‖2 ≤ E|Dn(1)| = E

√∑p
i=1 D

(i)
n (1). This is, for instance, the

case, if Z̃i =
(
Z̃i,1, · · · , Z̃i,p

)
’s are independent and Ji,k,n’s are independent.

Proof. The first part of the proposition follows by the argument used to prove
[KDV17, Proposition 1] upon noting that we can readily substitute Dn in the
place of Z therein due to E‖Dn‖3 being finite. This lets us conclude that the
Stein equation Anfn = g is indeed solved by:

fn = φn(g) = −
∫ ∞
0

Tn,ugdu.

Now, note that for φn defined in (4.4) we get:

φn(g)(w + h)− φn(g)(w)

(4.2)
= −E

∫ ∞
0

[
g
(
(w + h)e−u + σ(u)Dn

)
− g

(
we−u + σ(u)Dn

)]
du

and so dominated convergence (which can be applied because of [KDV17, (10)])
gives:

Dkφn(g)(w) = −E
∫ ∞
0

e−kuDkg(we−u + σ(u)Dn)du, k = 1, 2. (4.6)
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Now, using (4.6) observe that:

A) ‖Dφn(g)(w)‖

≤
∫ ∞
0

e−uE‖Dg(we−u + σ(u)Dn)‖du

≤‖g‖M
∫ ∞
0

(
e−u + 2‖w‖2e−3u + 2E‖Dn‖2(e−u − e−3u)

)
du

≤‖g‖M
(

1 +
2

3
‖w‖2 +

4

3
E‖Dn‖2

)
,

B) ‖D2φn(g)(w)‖

≤
∫ ∞
0

e−2uE
∥∥D2g(we−u + σ(u)Dn)

∥∥ du
≤‖g‖M

∫ ∞
0

e−2u(1 +E‖we−u + σ(u)Dn‖)du

≤‖g‖M
(

1

2
+
‖w‖

3
+
E‖Dn‖

3

)
,

C)
‖D2φn(g)(w + h)−D2φn(g)(w)‖

‖h‖

≤‖h‖−1
∥∥∥∥E ∫ ∞

0

e−2uD2g((w + h)e−u + σ(u)Dn)− e−2uD2g(we−u + σ(u)Dn)du

∥∥∥∥
≤ sup
w,h∈Dp

‖D2g(w + h)−D2g(w)‖
‖h‖

∫ ∞
0

e−2ue−udu

= sup
w,h∈Dp

‖D2(g + c)(w + h)−D2(g + c)(w)‖
3‖h‖

,

uniformly in g ∈M , for any constant c, which proves (4.5).

4.2. An auxiliary result

We now move to proving the main results of the paper. We start with an auxil-
iary lemma in which we use Stein’s method combined with Taylor expansions to
bound the distance between Yn, as defined in Theorem 3.1 and Dn, as defined
in (4.1). This result is of independent interest and will be used in all the proofs
in this Section.

Lemma 4.6. Consider the setup of Theorem 3.1. Let Dn be defined as in (4.1)
for the covariance matrix Σn equal to the covariance matrix of
(X1,1, · · · , X1,p, · · · , Xn,1, · · · , Xn,p). Let g ∈M , as defined in Section 2. Then:

|Eg(Yn)−Eg(Dn)|

≤‖g‖M
6

n∑
i=1

E


 p∑
k,l,m=1

(Xi,k)
2 ‖Ji,k‖21[1,λk](i)

∑
j∈Ai

Xj,l‖Jj,l‖1[1,λl](j)

2
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·

∑
j∈Ai

Xj,m‖Jj,m‖1[1,λm](j)

2



1/2


+
‖g‖M

3

n∑
i=1

∑
j∈Ai

p∑
k,l=1

E


 p∑
m=1

(
Xi,k ‖Ji,k‖Xj,l ‖Jj,l‖1[1,λk](i)1[1,λl](j)

·
∑

r∈Aj∩Ac
i

Xr,m‖Jr,m,n‖1[1,λm](r)

2

1/2


+
‖g‖M

3

n∑
i=1

∑
j∈Ai

p∑
k,l=1

E [|Xi,kXj,l|]1[1,λk](i)1[1,λl](j)

· E

‖Ji,k‖ ‖Jj,l‖
√√√√√ p∑
m=1

 ∑
r∈Ai∪Aj

Xr,m‖Jr,m‖1[1,λm](r)

2

 .

The proof of Lemma 4.6 is based on manipulating the Stein operator, given
in Proposition 4.4, using Taylor’s theorem.

Proof of Lemma 4.6. Let gn = g−Eg(Dn) and fn = φn(gn), as defined in (4.4).
From Proposition 4.1 we know that:

|Eg(Yn)−Eg(Dn)| =
∣∣E [Dfn(Yn) [Yn]−D2fn(Yn) [Dn,Dn]

]∣∣ .
Let

Yj
n =

∑
k∈Ac

j

(
Xk,11[1,λ1](k)Jk,1, · · · , Xk,p1[1,λp](k)Jk,p

)
and

Yij
n =

∑
k∈Ac

j
∩Ac

i

(
Xk,11[1,λ1](k)Jk,1, · · · , Xk,p1[1,λp](k)Jk,p

)
.

Hence, Yj
n is independent of Xj for all j and Yij

n is independent of Xi and Xj

for all i, j. Therefore

EDfn(Yi
n)
[(
Xi,11[1,λ1](i)Ji,1,, · · · , Xi,p1[1,λp](i)Ji,p

)]
= 0.

For {ek : k = 1, · · · , p} denoting the elements of the canonical basis of Rp and
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for i ∈ {1, · · · , n},∣∣∣∣∣∣EDfn(Yn)
[(
Xi,11[1,λ1](i)Ji,1, · · · , Xi,p1[1,λp](i)Ji,p

)]

−E

∑
j∈Ai

p∑
k,l=1

(
Xi,k1[1,λk](i)

) (
Xj,l1[1,λl](j)

)
D2fn(Yi

n) [ekJi,k, elJj,l]

∣∣∣∣∣∣
=

∣∣∣∣∣∣EDfn(Yn)
[(
Xi,11[1,λ1](i)Ji,1, · · · , Xi,p1[1,λp](i)Ji,p

)]
−EDfn(Yi

n)
[(
Xi,11[1,λ1](i)Ji,1, · · · , Xi,p1[1,λp](i)Ji,p

)]
−ED2fn(Yi

n)

(Xi,11[1,λ1](i)Ji,1, · · · , Xi,p1[1,λp](i)Ji,p
)
,

∑
j∈Ai

(
Xj,11[1,λ1](j)Jj,1, · · ·Xj,p1[1,λp](j)Jj,p

)∣∣∣∣∣∣
(4.5)C)

≤ ‖g‖M
6
E

∥∥(Xi,11[1,λ1](i)Ji,1, · · · , Xi,p1[1,λp](i)Ji,p
)∥∥

·

∥∥∥∥∥∥
∑
j∈Ai

(
Xj,11[1,λ1](j)Jj,1, · · · , Xj,p1[1,λp](j)Jj,p

)∥∥∥∥∥∥
2


≤‖g‖M
6
E


 p∑
k,l,m=1

(Xi,k)
2 ‖Ji,k‖21[1,λk](i)

∑
j∈Ai

Xj,l‖Jj,l‖1[1,λl](j)

2

·

∑
j∈Ai

Xj,m‖Jj,m‖1[1,λm](j)

2



1/2
 . (4.7)

Furthermore, for all i, j ∈ {1, · · · , n},∣∣E [Xi,k1[1,λk](i)Xj,l1[1,λl](j)D
2fn(Yi

n) [ekJi,k, elJj,l]
]

−E
[
Xi,k1[1,λk](i)Xj,l1[1,λl](j)D

2fn(Yi,j
n ) [ekJi,k, elJj,l]

]∣∣
(4.5)C)

≤ ‖g‖M
3
E


 p∑
m=1

(
Xi,k ‖Ji,k‖Xj,l ‖Jj,l‖1[1,λk](i)1[1,λl](j)
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·
∑

r∈Aj∩Ac
i

Xr,m‖Jr,m,n‖1[1,λm](r)

2

1/2
 (4.8)

and ∣∣E [Xi,k1[1,λk](i)Xj,l1[1,λl](j)D
2fn(Yi,j

n ) [ekJi,k, elJj,l]
]

−E [Xi,kXj,l]1[1,λk](i)1[1,λl](j)E
[
D2fn(Yn) [ekJi,k, elJj,l]

]∣∣
(4.5)C)

≤ ‖g‖M
3
E [|Xi,kXj,l|]1[1,λk](i)1[1,λl](j)

·E

‖Ji,k‖ ‖Jj,l‖
√√√√√ p∑
m=1

 ∑
r∈Ai∪Aj

Xr,m‖Jr,m‖1[1,λm](r)

2
 . (4.9)

Summing 4.7 over i = 1, · · · , n and 4.8 and 4.9 over i = 1, · · · , n, j ∈ Ai and
k, l = 1, · · · , p will give us a bound on |EAng(Yn)|, as defined in Proposition
4.1, i.e. a bound on |Eg(Yn)−Eg(Dn)|.

4.3. Proof of Theorem 3.1

In the proof of Theorem 3.1 below, we will use the auxiliary processes An and
Ãn, defined for t ∈ [0, 1] by

An(t) =

 1√
λ1

λ1∑
i=1

Zi,1Ji,1(t), · · · , 1√
λp

λp∑
i=1

Zi,pJi,p(t)

 ; (4.10)

Ãn(t) =

 1√
λ1

λ1∑
i=1

Zi,11[i/λ1,1](t), · · · ,
1√
λp

λp∑
i=1

Zi,p1[i/λp,1](t)

 , (4.11)

where (Zi,1, · · · , Zi,p)’s, for i = 1, · · · , n, are i.i.d. Gaussian vectors with mean
zero and covariance Σ, independent of the Ji,k’s and Xi,k’s for i = 1, · · · , n,
k = 1, · · · , p.

In Step 1 the distance between Dn, as defined by (4.1), and An is bounded
using bounds on the distance between two multivariate Gaussian distributions
([RR09, Proposition 2.8]). Step 2 makes a straightforward use of the Mean
Value Theorem to bound the distance between An and Ãn. In Step 3 we
couple Ãn and Z in order to obtain a bound on E‖Ãn−Z‖ and then apply the
Mean Value Theorem again to bound |Eg(Ãn)−Eg(Z)| for all g ∈M1. Those
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three steps combined with Lemma 4.6 yield the assertion. In short:

|Eg(Yn)−Eg(Z)| ≤ |Eg(Yn)−Eg(Dn)|︸ ︷︷ ︸
Lemma 4.6

+ |Eg(Dn)−Eg(An)|︸ ︷︷ ︸
Step 1

+
∣∣∣Eg(An)−Eg(Ãn)

∣∣∣︸ ︷︷ ︸
Step 2

+
∣∣∣Eg(Ãn)−Eg(Z)

∣∣∣︸ ︷︷ ︸
Step 3

.

Proof of theorem 3.1.
Step 1. Let λ =

∑p
k=1 λk and consider function f : Rλn → Dp[0, 1] given by:

f
(
x1,1, · · · , xλ1,1, · · · , x1,p, · · · , xλp,p

)
=

 λ1∑
i=1

xi,1Ji,1,n, · · · ,
λp∑
i=1

xi,pJi,p,n

 .

This function is twice Fréchet differentiable with:

A) Df(x)[(h1,1, · · · , hλ1,1, · · · , h1,p, · · · , hλp,p)]

=

 λ1∑
i=1

hi,1Ji,1, · · · ,
λp∑
i=1

hi,pJi,p


B) D2f(x)[h(1), h(2)] = 0

for all x, h = (h1,1, · · · , hλ1,1, · · · , h1,p, · · · , hλp,p), h
(1), h(2) ∈ Rnp. We notice

that for the canonical basis vectors ei, ej ∈ Rnp we have:∣∣D2(g ◦ f)(x)[ei, ej ]
∣∣ =

∣∣D2g(f(x))[Df(x)[ei], Df(x)[ej ]]
∣∣ ≤ K sup

w∈D
‖D2g(w)‖

for all x ∈ Rnp and K given in (3.1). Therefore, we can apply [RR09, Proposition
2.8] to the function g ◦ f and, recalling the definitions of Dn of (4.1) and An of
(4.10), obtain

|Eg(An)−Eg(Dn)|

≤K
2
‖g‖M1

p∑
k,l=1

λk∧λl∑
i=1

 ∑
j∈Ai\{i}

|E [Xi,kXj,l]|+
∣∣∣∣ Σk,l√
λkλl

−E[Xi,kXi,l]

∣∣∣∣
 ,
(4.12)

giving ε4 + ε5.
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Step 2. Also, note that, for An of (4.10) and Ãn of (4.11),∣∣∣Eg(An)−Eg(Ãn)
∣∣∣

≤‖g‖M1E‖An − Ãn‖

≤‖g‖M1E

 sup
t∈[0,1]

√√√√ p∑
k=1

[
1√
λk

λk∑
i=1

Zi,k
(
Ji,k(t)− 1[i/λk,1](t)

)]2
≤‖g‖M1

p∑
k=1

λk∑
i=1

1√
λk
E|Zi,k|E

∥∥Ji,k − 1[i/λk,1]

∥∥
=‖g‖M1

p∑
k=1

λk∑
i=1

√
Σi,i√
λk
E
∥∥Ji,k − 1[i/λk,1]

∥∥ , (4.13)

giving ε7.
Step 3. We now realise a p-dimensional Brownian Motion B and let Z =

Σ1/2B. We also let

Ã(j)
n (t) = Z(j) (l/λj) , for t ∈ [l/λj , (l + 1)/λj)

for every j = 1, · · · , p, which agrees in distribution with our original definition

(4.11) of Ãn =
(
Ã

(1)
n , · · · , Ã(p)

n

)
. Now, note that, using Jensen’s inequality , we

have:

E‖Ãn − Z‖ ≤

(
p∑
i=1

E

∥∥∥Ã(i)
n − Z(i)

∥∥∥2)1/2

=

√√√√ p∑
i=1

E sup
t∈[0,1]

∣∣∣∣Z(i)(t)− Z(i)

(
bλitc
λi

)∣∣∣∣2

≤

(
p∑
i=1

Σi,i

)1/2
√√√√ p∑

i=1

E sup
t∈[0,1]

∣∣∣∣B(i)(t)−B(i)

(
bλitc
λi

)∣∣∣∣2

≤ 6
√

5√
2 log 2

√√√√ p∑
i=1

log (2λi)

λi

( p∑
i=1

Σi,i

)1/2

,

where the third inequality follows because
∥∥Σ1/2

∥∥
2

=
√
λmax (Σ) ≤ (

∑p
i=1 Σi,i)

1/2
,

where λmax (Σ) denotes the largest eigenvalue of Σ and the last inequality follows
by [FN10, Lemma 3]. Therefore:

|Eg(Ãn)−Eg(Z)|
MVT
≤ sup

w∈Dp

‖Dg(w)‖E‖Z− Ãn‖
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≤‖g‖M1

6
√

5√
2 log 2

√√√√ p∑
i=1

log (2λi)

λi

( p∑
i=1

Σi,i

)1/2

,

(4.14)

giving ε6.
Now, Lemma 4.6 (which gives ε1 + ε2 + ε3), combined with (4.12), (4.13),

(4.14), yields the assertion.

4.4. Proof of Proposition 3.5

The proof of Proposition 3.5 below is similar to that of Lemma 4.6 and Step 3
of the proof of Theorem 3.1. Due to the independence of summands, the bound
between Yn and the pre-limiting Gaussian process has a simpler form than the
one appearing in Theorem 3.1. We now work with all g ∈M , contrary to what
is done in the proof of Theorem 3.1. Hence, we need to bound both the first and
second moment of the supremum distance between the pre-limiting process and
the correlated Brownian Motion. This is necessary for the Mean Value Theorem
to be applied in the final step.

Proof of Proposition 3.5. Let Dn be as in (4.1) with Σn such that the vectors(
Z̃i

)n
i=1

are independent and for all i = 1, · · · , n and j = 1, · · · , p, Ji,j = 1[i/n,1].

Let g ∈M , gn = g −E[g(Dn)], fn = φn(gn), as in (4.4).
Note that for Yj

n = Yn − 1√
n
Xj1[j/n,1], Yj

n is independent of Xj and∣∣∣∣∣∣n−1/2EDfn(Yn)
[
Xj1[j/n,1]

]
− n−1

p∑
k,l=1

Σk,lED
2fn(Yj

n)
[
ek1[j/n,1], el1[j/n,1]

]∣∣∣∣∣∣
=
∣∣∣n−1/2EDfn(Yn)

[
Xj1[j/n,1]

]
− n−1/2EDfn(Yj

n)
[
Xj1[j/n,1]

]
−n−1ED2fn(Yj

n)
[
Xj1[j/n,1], Xj1[j/n,1]

]∣∣
≤n−3/2 ‖g‖M

6
E
∥∥Xj1[j/n,1]

∥∥3
=n−3/2

‖g‖M
6
E

[((
X

(1)
j

)2
+ · · ·+

(
X

(p)
j

)2)3/2
]

≤p1/2n−3/2 ‖g‖M
6

p∑
m=1

E

∣∣∣X(m)
j

∣∣∣3 , (4.15)
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where the first inequality follows by (4.5)C). Also, by (4.5)C):∣∣∣∣∣∣n−1
p∑

k,l=1

Σk,lED
2fn(Yj

n)
[
ek1[j/n,1], el1[j/n,1]

]

−n−1
p∑

k,l=1

Σk,lED
2fn(Yn)

[
ek1[j/n,1], el1[j/n,1]

]∣∣∣∣∣∣
≤n−3/2 ‖g‖M

3

p∑
k,l=1

|Σk,l|

(
p∑

m=1

E

∣∣∣X(m)
j

∣∣∣2)1/2

. (4.16)

Let us now realise a p-dimensional Brownian Motion B and let Z = Σ1/2B.
Let us also define Σ−1/2Dn(j/n) = B(j/n) for every j = 1, ..., n, which agrees
in distribution with our original definition of Dn. Now, note that, by [FN10,
Lemma 3] and Doob’s L3 inequality:

A) E‖Z−Dn‖ ≤

√√√√ p∑
i=1

E

∥∥∥Z(i) −D
(i)
n

∥∥∥2 ≤ 6
√

5√
2 log 2

n−1/2
√

log 2n

(
p∑
i=1

|Σi,i|

)1/2

;

B) E‖Z−Dn‖3 ≤p1/2
p∑
i=1

E‖Z(i) −D(i)
n ‖3

≤p1/2 1080√
π(log 2)3/2

n−3/2(log 2n)3/2
p∑
i=1

|Σi,i|3/2 ;

C) (E‖Z‖3)2/3 ≤

(
p1/2

p∑
i=1

E‖Z(i)‖3
)2/3

≤ 9p1/3

2π1/3

(
p∑
i=1

|Σi,i|3/2
)2/3

.

Therefore:

|Eg(Dn)−Eg(Z)|
MVT
≤ E

[
sup
c∈[0,1]

‖Dg(Z̃ + c(Dn − Z))‖‖Z−Dn‖

]

≤‖g‖ME

[
sup
c∈[0,1]

(1 + ‖Z + c(Dn − Z)‖2)‖Z−Dn‖

]
≤‖g‖M

{
E‖Z−Dn‖+ 2E‖Z−Dn‖3 + 2(E‖Z‖3)2/3(E‖Dn − Z‖3)1/3

}
≤‖g‖M

n−1/2√log 2n

 6
√

5√
2 log 2

(
p∑
i=1

|Σi,i|

)1/2

+
54 · 51/3p1/2√

π log 2

p∑
i=1

|Σi,i|3/2


+n−3/2(log 2n)3/2p1/2
2160√

π(log 2)3/2

p∑
i=1

|Σi,i|3/2
}
. (4.17)
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We now sum (4.15) and (4.16) and sum them over j, which, combined with
(4.17) yields the result.

4.5. Proof of Theorem 3.9

In Step 1 of the proof of Theorem 3.9 below, we consider a scaled sum of
i.i.d random variables w(Xi) and apply Lemma 4.6 together with an argument
similar to Step 2 and Step 3 of the proof of Theorem 3.1 in order to bound
the distance between this scaled sum and Z. In Step 2 we bound the distance
between this scaled sum and our original process Yn by bounding the second
moment of the supremum distance between them and then using the Mean Value
Theorem.

Proof of Theorem 3.9. Let g ∈M2.
Step 1. As in the proof of the invariance principle for U-statistics of [Hal79],

we start by considering the behaviour of the following process (Ỹn(t), t ≥ 0):

Ỹn(t) =
n−3/2

σwt

∑
1≤i1<i2≤bntc

(w(Xi1) + w(Xi2)) =
1√
nσw

n∑
i=1

w(Xi)Ji,n(t),

where Ji,n(t) =
(bntc−1)1[i/n,1](t)

nt . Recall that w(x) = Eh(X1, x). Let An(t) =

n−1/2
∑n
i=1 ZiJi,n(t) and Ãn(t) = n−1/2

∑bntc
i=1 Zi, where Zi

i.i.d.∼ N (0, 1).
Note that Lemma 4.6 readily yields that:∣∣∣Eg(Ŷn)−Eg(An)

∣∣∣ ≤ ‖g‖M
6σ3

w

n−1/2
(
E |w(X1)|3 + 2σ2

wE|w(X1)|
)
, (4.18)

as ‖Ji,n‖ ≤ 1 for all i, n ∈ N and w(Xi)’s for i = 1, · · · , n are independent.
We see that, by Doob’s L2 inequality, we have for every m:

E

[
max

1≤l≤m

∣∣∣∣∣
l∑
i=1

Zi

∣∣∣∣∣
]2
≤ 4m = 4

m∑
i=1

1.

Therefore, using [Faz14, Theorem1] for inequality (∗), we obtain:

A) E‖An − Ãn‖2 ≤n−1E

[
max
1≤l≤n

∣∣∣∣ l − 1

l + 1
− 1

∣∣∣∣
∣∣∣∣∣
l∑
i=1

Zi

∣∣∣∣∣
]2

≤n−12E

[
max
1≤l≤n

∣∣∣∣∣
∑l
i=1 Zi
l + 1

∣∣∣∣∣
]2

(∗)
≤32n−1

n∑
i=1

1

i2

≤16π2

3
n−1

B) E‖An − Ãn‖ ≤
√
E‖An − Ãn‖2 ≤

4π√
3
n−1/2. (4.19)
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Doob’s L2 inequality readily gives us:

E‖Ãn‖2 = E

( max
1≤m≤n

m− 1

m
n−1

∣∣∣∣∣
m∑
i=1

Zi

∣∣∣∣∣
)2
 ≤ 4. (4.20)

It follows that:

|Eg(An)−Eg(Ãn)|

≤E

[
sup
c∈[0,1]

‖Dg((1− c)Ãn + cAn)‖‖An − Ãn‖

]

≤‖g‖M2E

[
sup
c∈[0,1]

(1 + ‖Ãn + c(An − Ãn)‖)‖An − Ãn‖

]

≤‖g‖M2

(
E‖An − Ãn‖+E‖An − Ãn‖2 +

√
E‖Ãn‖2

√
E‖An − Ãn‖2

)
≤‖g‖M2

(
12π√

3
n−1/2 +

16π2

3
n−1

)
, (4.21)

where the first inequality follows from the Mean Value Theorem and the last
one follows from (4.19) and (4.20). Also, by [FN10, Lemma 3] and Doob’s L2

inequality:

A) E‖An − Z‖ ≤ 30√
π log 2

n−1/2
√

log 2n

B) E‖An − Z‖2 ≤ 90

log 2
n−1 log 2n

C) E‖Z‖2 ≤ 4

and therefore:

|Eg(An)−Eg(Z)|

≤‖g‖M2

(
E‖An − Z‖+E‖An − Z‖2 +

√
E‖Z‖2

√
E‖An − Z‖2

)
≤‖g‖M2n−1/2

[(
30√
π log 2

+
12
√

5√
2 log 2

)√
log 2n+

90

log 2
n−1/2 log 2n

]
. (4.22)

Step 2. We now wish to find a bound on |Eg(Ỹn)−Eg(Yn)|. Note that:

Yn − Ỹn =
n−3/2

σwt

∑
1≤i1<i2≤bntc

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2)) .
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Let φ2h = Eh2(X1, X2). First, note that, if µ = L(X1) (i.e. µ is the law of X1),

E [(h(X1, X2)− w(X1)− w(X2)) (h(X1, X3)− w(X1)− w(X3))]

=E [h(X1, X2)h(X1, X3)]− 2E [h(X1, X2)w(X1)] +Ew2(X1)

=

∫ ∫ ∫
h(x, y)h(x, z)µ(dx)µ(dy)µ(dz)

− 2

∫ ∫
h(x, y)

∫
h(x, z)µ(dz)µ(dx)µ(dy)

+

∫ ∫
h(x, y)µ(dy)

∫
h(x, z)µ(dz)µ(dx) = 0,

where the first equality follows by the fact that w(X2) is independent of h(X1, X3),
w(X1) and w(X3), w(X3) is independent of h(X1, X2), w(X1) and w(X2), and
Ew(X2) = Ew(X3) = 0. Therefore:

E

 ∑
1≤i1<i2≤m

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2))

2

=

(
m

2

)
E [h(X1, X2)− w(X1)− w(X2)]

2

=

(
m

2

)[
σ2
h + 2σ2

w − 4

∫ ∫
h(x, y)

∫
h(x, z)µ(dz)µ(dx)µ(dy)

]
=

(
m

2

)
(σ2
h − 2σ2

w). (4.23)

Now,
∑

1≤i1<i2≤m (h(Xi1 , Xi2)− w(Xi1)− w(Xi2)) is a martingale with respect
to the filtration σ(X1, ..., Xm). Indeed:

E

 ∑
1≤i1<i2≤m+1

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2))

∣∣∣∣∣∣X1, ..., Xm


=

∑
1≤i1<i2≤m

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2))

+E

[
m∑
i=1

(h(Xi, Xm+1)− w(Xi)− w(Xm+1))

∣∣∣∣∣X1, ..., Xm

]

=
∑

1≤i1<i2≤m

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2)) +

m∑
i=1

(E [h(Xi, Xm+1)|Xi]− w(Xi))

=
∑

1≤i1<i2≤m

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2)) .

Hence, Doob’s inequalities give us, for every m, such that 1 ≤ m ≤ n:

E

 max
1≤l≤m

∣∣∣∣∣∣
∑

1≤i1<i2≤l

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2))

∣∣∣∣∣∣
2

(4.23)

≤ 4

(
m

2

)
(σ2
h − 2σ2

w).
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Then, by [Faz14, Theorem 1], applied with βi = αi = i and r = 2, and using
the fact that

(
m
2

)
=
∑m
i=1(i− 1), we obtain:

E‖Yn − Ỹn‖2 =
n−3

σ2
w

E

 sup
t∈[0,1]

∣∣∣∣∣∣t−1
∑

1≤i1<i2≤bntc

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2))

∣∣∣∣∣∣
2


=
n−1

σ2
w

E

 max
1≤l≤n

l−1

∣∣∣∣∣∣
∑

1≤i1<i2≤l

(h(Xi1 , Xi2)− w(Xi1)− w(Xi2))

∣∣∣∣∣∣
2

≤16

(
σ2
h

σ2
w

− 2

) n∑
i=1

1

i
n−1 ≤ 16

(
σ2
h

σ2
w

− 2

)
n−1 log 3n. (4.24)

Also, by Doob’s L2 inequality:

E‖Ỹn‖2 =n−3E

 sup
t∈[0,1]

∣∣∣∣∣∣bntc − 1

t

bntc∑
i=1

w(Xi)

σw

∣∣∣∣∣∣
2

= n−1E

[
sup

1≤l≤n

∣∣∣∣∣ l − 1

l

l∑
i=1

w(Xi)

σw

∣∣∣∣∣
]2
≤ 4.

(4.25)

Therefore:

|Eg(Yn)−Eg(Ỹn)|

≤E

[
sup
c∈[0,1]

‖Dg
(

(1− c)Ỹn + cYn

)
‖‖Yn − Ỹn‖

]

≤‖g‖M2E

[
sup
c∈[0,1]

(1 + ‖Ỹn + c(Yn − Ãn)‖)‖Yn − Ỹn‖

]

≤‖g‖M2

(
E‖Yn − Ỹn‖+E‖Yn − Ỹn‖2 +

√
E‖Ỹn‖2

√
E‖Yn − Ỹn‖2

)
≤‖g‖M2

(
12

(
σ2
h

σ2
w

− 2

)1/2

n−1/2
√

log 3n+ 16

(
σ2
h

σ2
w

− 2

)
n−1 log 3n

)
, (4.26)

where the first inequality follows from the Mean Value Theorem and the last
one follows by (4.24) and (4.25).

We combine (4.18), (4.21), (4.22) and (4.26) to obtain the assertion.

Remark 4.7. While, in the proof of Theorem 3.9 above, it is possible to obtain
a bound on |Eg(Ỹn) − Eg(Z)| for any g ∈ M , using methods analogous to
those which let us prove Theorem 3.1, the situation becomes more complicated
when it comes to approximating the remainder. This is because using Doob’s L3

inequality and [Faz14, Corollary 1] for E‖Yn − Ỹn‖3 gives a bound which does
not converge to 0 with n. Therefore, in (4.26) we cannot go beyond the second
moment of ‖Yn − Ỹn‖. Hence, for our technique of proof, it is necessary that
we assume g ∈M2, as defined by (2.3).
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Remark 4.8. The stronger assumption of g ∈M1 in Theorem 3.9 would sim-
plify its proof. Namely, using the notation of the proof of Theorem 3.9, we could

treat Ŷn as a scaled sum of i.i.d. mean zero, variance 1 random variables w(Xi)
σw

.
Using (4.19) and applying Theorem 3.1 gives:∣∣∣Eg(Ỹn)−Eg(Z)

∣∣∣ ≤ ‖g‖M1

2
n−1/2

(
E|w(X1)|3

σ3
w

+ 8 + 10
√

log 2n

)
and (4.26) could be substituted with:∣∣∣Eg(Yn)−Eg(Ỹn)

∣∣∣ ≤ ‖g‖M1E‖Yn − Ỹn‖
(4.24)

≤ ‖g‖M
(
σ2
h

σ2
w

− 2

)1/2
4
√

log 3n

n1/2
.
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Appendix. Proof of Proposition 2.3

As in the proof of [BJ09, Proposition 3.1], we note that, by Skorokhod’s rep-
resentation theorem, Zn and Z can be defined on the same probability space
in such a way that ‖Zn − Z‖ n→∞−−−−→ 0 a.s. (as Z is continuous). The fact that
C([0, 1],Rp) equipped with norm ‖ · ‖ is separable, by the Stone-Weierstrass
theorem, lets us use the argument of the proof of the Skorokhod representa-
tion theorem presented in [Bil99, Chapter 5] and conclude that it is enough
to show that P[Yn ∈ B] → P[Z ∈ B] for all sets B =

⋂
1≤l≤LBl, where

Bl = {w ∈ Dp : ‖w − sl‖ < γl}, sl ∈ C([0, 1],Rp) and γl is such that
P[Z ∈ ∂Bl] = 0. Let us fix such a set B.

Let φ : R+ → [0, 1] be a non-increasing, three times continuously differen-
tiable function satisfying, φ(x) = 1 for x ≤ 0 and φ(x) = 0 for x ≥ 1 and fix
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some 0 < ε, ηn ≤ 1, pn ≥ 4. Define gl,n : Dp → R by:

gl,n(w) = φ


∥∥∥∥√(εγl)2 +

∑p
i=1

(
(w − sl)(i)

)2∥∥∥∥
pn

− γl
√

1 + ε2

ηn

 ,

where ‖w‖pn :=
(∫ 1

0
|w(t)|pndt

)1/pn
for any w ∈ Dp. We have the following

result:

Lemma 4.9. For any finite L:∥∥∥∥∥
L∏
l=1

gl,n

∥∥∥∥∥
M0

≤ C̃p2nη−3n . (4.27)

for a constant C̃ independent of pn and ηn (which might depend on ε or γl’s).

Proof. First, φ, φ′, φ′′, φ′′′ are all everywhere continuous and constant outside of

the compact interval [0, 1] and therefore bounded. Therefore also |φ
′′(x+h)−φ′′(x)|

|h|
must be uniformly bounded.

Furthermore, let

f(w) =

∥∥∥∥√(εγl)2 +
∑p
i=1

(
(w − sl)(i)

)2∥∥∥∥
pn

ηn
, (4.28)

and denote by | · | the Euclidean norm, and by 〈·〉 the Euclidean inner product.

Step 1: Bounding the first derivative of f of (4.28)

We have that

Df(w)[h] =
1

pnηn

(∫ 1

0

((εγl)
2 + |w − sl|2(t))pn/2dt

)1/pn−1

· pn
2

∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 · 2 〈(w − sl)(t), h(t)〉 dt.

(4.29)

Applying Hölder’s inequality with coefficients pn
pn−2k and pn

2 and Cauchy-Schwarz
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inequality, we obtain that, for any k = 1, 2, 3,∣∣∣∣∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−k 〈(w − sl)(t), h1(t)〉 · · · 〈(w − sl)(t), hk(t)〉 dt

∣∣∣∣
≤
(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)1−2k/pn

·
(∫ 1

0

|w − sl|pn/2(t)|h1|pn/(2k)(t) · · · |hk|pn/(2k)(t)dt
)2k/pn

≤
(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)1−2k/pn

·
(∫ 1

0

|w − sl|pn(t)dt

)k/pn k∏
i=1

‖hi‖pn .

(4.30)

Applying (4.30) for k = 1, together with (4.29), we get

|Df(w)[h]| ≤ 1

ηn

( ∫ 1

0
|w − sl|pn(t)dt∫ 1

0
((εγl)2 + |w − s|2(t))pn/2dt

)1/pn

‖h‖pn ≤
‖h‖∞
ηn

and so

sup
w∈Dp

‖Df(w)‖ ≤ 1

ηn
. (4.31)

Step 2: Bounding the second derivative of f of (4.28)

Note that
D2f(w)[h1, h2] = A+B (4.32)

for

A =
1

ηn

[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 · 〈(w − sl)(t), h2(t)〉 dt

]
· 1− pn

pn

[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−2
· pn

2

∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 · 2 〈(w − sl)(t), h1(t)〉 dt

=
1− pn
ηn

2∏
i=1

{[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 · 〈(w − sl)(t), hi(t)〉 dt]}

·
[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−2
B =

1

ηn

[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−1
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·
[∫ 1

0

pn − 2

2

(
(εγl)

2 + |w − sl|2(t)
)pn/2−2 · 2 〈(w − sl)(t), h1(t)〉 〈(w − sl)(t), h2(t)〉 dt

+

∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 〈h1(t), h2(t)〉 dt

]
. (4.33)

Notice that, by (4.30) with k = 1,

|A| ≤pn − 1

ηn


(∫ 1

0
|w − sl|pn(t)dt

)2
(∫ 1

0
((εγl)2 + |w − sl|2(t))pn/2dt

)3


1/pn

‖h1‖pn‖h2‖pn . (4.34)

Furthermore, by Hölder’s inequality with coefficients pn
pn−2 and pn

2 and by the
Cauchy-Schwarz inequality,∣∣∣∣∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 〈h1(t), h2(t)〉 dt

∣∣∣∣
≤
(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2)1−2/pn (∫ 1

0

〈h1(t), h2(t)〉pn/2
)2/pn

≤
(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2)1−2/pn

‖h1‖pn‖h2‖pn . (4.35)

By (4.30) and (4.35),

|B| ≤pn − 2

ηn


(∫ 1

0
|w − sl|pn(t)dt

)2
(∫ 1

0
((εγl)2 + |w − sl|2(t))pn/2dt

)3


1/pn

‖h1‖pn‖h2‖pn

+
1

ηn

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)−1/pn
‖h1‖pn‖h2‖pn . (4.36)

By (4.32), (4.34) and (4.36),

|D2f(w)[h1, h2]|

≤

2pn − 3

ηn


(∫ 1

0
|w − sl|pn(t)dt

)2
(∫ 1

0
((εγl)2 + |w − sl|2(t))pn/2dt

)3


1/pn

+
1

ηn

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)−1/pn]
‖h1‖pn‖h2‖pn

=
1

ηn

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)−1/pn

·

(2pn − 3)


(∫ 1

0
|w − sl|pn(t)dt

)2
(∫ 1

0
((εγl)2 + |w − sl|2(t))pn/2dt

)2


1/pn

+ 1

 ‖h1‖pn‖h2‖pn
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≤2pn − 2

ηn

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)−1/pn
‖h1‖pn‖h2‖pn

≤2pn − 2

ηn(εγl)
‖h1‖∞‖h2‖∞

and so

sup
w∈Dp

‖D2f(w)‖ ≤ 2
pn − 1

ηn(εγl)
. (4.37)

Step 3: Bounding the third derivative of f of (4.28)

Finally,
D3f(w)[h1, h2, h3] = C +D, (4.38)

where C comes from differentiating A of (4.33) and is given by

C = E + F

for

E =
1− pn
ηn

∑
1≤i6=j≤2

{∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 〈(w − sl)(t), hi(t)〉 dt

·
∫ 1

0

[
pn − 2

2

(
(εγl)

2 + |w − sl|2(t)
)pn/2−2 〈(w − sl)(t), hj(t)〉 · 2 〈(w − sl)(t), h3(t)〉

+
(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 〈hj(t), h3(t)〉

]
dt

·
[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−2}

F =
(1− pn)(1− 2pn)

pnηn

{
3∏
i=1

[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 · 〈(w − sl)(t), hi(t)〉 dt]}

·
[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−3
(4.39)

and D comes from differentiating B of (4.33) and is given by

D = G+H
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for

G =
1− pn
ηn

[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−2
·
∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 〈(w − sl)(t), h3(t)〉 dt

·
[∫ 1

0

(pn − 2)
(
(εγl)

2 + |w − sl|2(t)
)pn/2−2 · 〈(w − sl)(t), h1(t)〉 〈(w − sl)(t), h2(t)〉 dt

+

∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2−1 〈h1(t), h2(t)〉 dt

]
H =

pn − 2

ηn

[∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

]1/pn−1

·


∫ 1

0

(pn − 2)
(
(εγl)

2 + |w − sl|2(t)
)pn/2−2 ∑

1≤i,j,k≤3
i,j,k distinct

〈(w − sl)(t), hi(t)〉 〈hj(t), hk(t)〉

 dt

+ (pn − 4)

∫ 1

0

[(
(εγl)

2 + |w − sl|2(t)
)pn/2−3 3∏

i=1

〈(w − sl)(t), hi(t)〉

]
dt

 .

(4.40)

So
D3f(w)[h1, h2, h3] = E + F +G+H (4.41)

for E,F,G,H defined by (4.39) and (4.40). By (4.30) and (4.35),

|E| ≤2(pn − 1)‖h1‖pn‖h2‖pn‖h3‖pn
ηn

·

 (pn − 2)
(∫ 1

0
|w − sl|pn(t)dt

)3/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)5/pn +

(∫ 1

0
|w − sl|pn(t)dt

)1/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)3/pn



|F | ≤ (pn − 1)(2pn − 1)‖h1‖pn‖h2‖pn‖h3‖pn
pnηn

·

(∫ 1

0
|w − sl|pn(t)dt

)3/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)5/pn

|G| ≤ (pn − 1)‖h1‖pn‖h2‖pn‖h3‖pn
ηn

·

 (pn − 2)
(∫ 1

0
|w − sl|pn(t)dt

)3/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)5/pn +

(∫ 1

0
|w − sl|pn(t)dt

)1/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)3/pn


|H| ≤ (pn − 2)‖h1‖pn‖h2‖pn‖h3‖pn

ηn
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·

 (pn − 4)
(∫ 1

0
|w − sl|pn(t)dt

)3/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)5/pn +

6
(∫ 1

0
|w − sl|pn(t)dt

)1/pn
(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)3/pn

 ,

(4.42)

where the inequality for |H| uses the following bound obtained by applying
Hölder’s inequality with coefficients pn

pn−4 and pn
4 and Cauchy-Schwarz inequal-

ity∣∣∣∣∣∣∣∣
∫ 1

0

((εγl)2 + |w − sl|2(t)
)pn/2−2 ∑

1≤i,j,k≤3
i,j,k distinct

〈(w − sl)(t), hi(t)〉 〈hj(t), hk(t)〉

 dt
∣∣∣∣∣∣∣∣

≤
∑

1≤i,j,k≤3
i,j,k distinct

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)1−4/pn
(∫ 1

0

|w − sl|pn/4(t)

3∏
i=1

|hi|pn/4(t)dt

)4/pn

≤
∑

1≤i,j,k≤3
i,j,k distinct

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)1−4/pn (∫ 1

0

|w − sl|pn(t)dt

)1/pn 3∏
i=1

‖hi‖pn .

By (4.41) and (4.42),

|D3f(w)[h1, h2, h3]|

≤
6p2n

(∫ 1

0
|w − sl|pn(t)dt

)3/pn
‖h1‖pn‖h2‖pn‖h3‖pn

ηn

(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)5/pn

+
9pn

(∫ 1

0
|w − sl|pn(t)dt

)1/pn
‖h1‖pn‖h2‖pn‖h3‖pn

ηn

(∫ 1

0
((εγl)2 + |w − sl|2(t))

pn/2 dt
)3/pn

≤15p2n‖h1‖pn‖h2‖pn‖h3‖pn
ηn

(∫ 1

0

(
(εγl)

2 + |w − sl|2(t)
)pn/2

dt

)−2/pn
≤ 15p2n

(εγl)2ηn
‖h1‖∞‖h2‖∞‖h3‖∞

and so

‖D3f(w)‖ ≤ 15p2n
(εγl)2ηn

. (4.43)

Step 4: Combining the bounds
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The result now follows by combining (4.31), (4.37) and (4.43). Indeed, note
that, by the chain rule,

D3gl,n(w)[h1, h2, h3]

=φ′′′

(
f(w)− γl

√
1 + ε2

ηn

)
·

3∏
i=1

Df(w)[hi]

+ φ′′

(
f(w)− γl

√
1 + ε2

ηn

)
·

∑
1≤i,j,k≤3
i,j,kdistinct

D2f(w)[hi, hj ]Df(w)[hk]

+ φ′

(
f(w)− γl

√
1 + ε2

ηn

)
D3f(w)[h1, h2, h3].

By (4.31), (4.37) and (4.43) and the fact that φ′, φ′′, φ′′′ are all bounded, we get
that, for all w ∈ Dp,

‖D3gl,n(w)‖ ≤ C3p
2
nη
−3
n ,

for some constant C3. Similar bounds may be obtained for the first and second
derivative of gl,n:

‖Dgl,n(w)‖ ≤ C1η
−1
n , ‖D2gl,n(w)‖ ≤ C2pnη

−1
n ,

for constants C1, C2. Since φ is also bounded, the product rule yields the desired
bound.

Now, we prove the following result:

Lemma 4.10. For the set B fixed at the beggining of this Appendix,

lim sup
n→∞

P[Yn ∈ B] ≤ P[Z ∈ B] and lim inf n→∞P[Yn ∈ B] ≥ P[Z ∈ B].

Proof.

Step 1: Proving the first inequality

Note that

Yn ∈ Bl =⇒ ‖Yn − sl‖ < γl =⇒ sup
t∈[0,1]

p∑
i=1

(
(Yn(t)− sl(t))(i)

)2
< γ2l

=⇒ sup
t∈[0,1]

[
p∑
i=1

(
(Yn(t)− sl(t))(i)

)2
+ (εγl)

2

]
< γ2l (1 + ε2)

=⇒

∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Yn − sl)(i)

)2∥∥∥∥∥∥
pn

≤ γl
√

1 + ε2 =⇒ gl,n(Yn) = 1.

Therefore, for all l,

1[Yn∈Bl] ≤ gl,n(Yn). (4.44)
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Also, note that, by Minkowski’s inequality and the triangle inequality for the
Euclidean norm:∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Z− sl)(i)

)2∥∥∥∥∥∥
pn

≤

∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Zn − sl)(i)

)2∥∥∥∥∥∥
pn

+ ‖Zn − Z‖.

Therefore, if ‖Z− sl‖ > γl then as pn
n→∞−−−−→∞:

lim inf
n→∞

∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Zn − sl)(i)

)2∥∥∥∥∥∥
pn

≥ lim inf
n→∞


∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Z− sl)(i)

)2∥∥∥∥∥∥
pn

− ‖Zn − Z‖


= sup
t∈[0,1]

√√√√(εγl)2 +

p∑
i=1

(
(Z(t)− sl(t))(i)

)2
> γl(1 + ε2)1/2.

This, means that, if pn
n→∞−−−−→∞, ‖Z−sl‖ > γl and ηn

n→∞−−−−→ 0 then gl,n(Zn) = 0
for sufficiently large n, i.e.

gl,n(Zn) ≤ 1[‖Z−sl‖≤γl], as long as pn
n→∞−−−−→∞, ηn

n→∞−−−−→ 0 and n is large.
(4.45)

By those properties, taking pn → ∞ and ηn → 0 such that τnη
−3
n p2n → 0, we

obtain:

lim sup
n→∞

P[Yn ∈ B]
(4.44)

≤ lim sup
n→∞

E

[
L∏
l=1

gl,n(Yn)

]
(2.4)

≤ lim sup
n→∞

{
E

[
L∏
l=1

gl,n(Zn)

]
+ Cτn

∥∥∥∥∥
L∏
l=1

gl,n

∥∥∥∥∥
M0

}
Fatou,(4.27)

≤ E

[
lim sup
n→∞

L∏
l=1

gl,n(Zn)

]
(4.45)

≤ P[Z ∈ B].

Step 2: Proving the second inequality

We define:

g∗l,n(w) = φ


∥∥∥∥√(εγl)2 +

∑p
i=1

(
(w − sl)(i)

)2∥∥∥∥
pn

− γl
√
ε2 + (1− θ)2(δ ∧ rn

2 )1/pn + ηn

ηn


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for θ > 0 fixed and δ > 0 such that:

∀n ∈ N : ‖Yn − sl‖ ≥ γl =⇒ leb{t : |Yn(t)− sl(t)| ≥ γl(1− θ)} ≥
(
δ ∧ rn

2

)
,

where leb denotes the Lebesgue measure. Such a δ exists for the following reason.
The collection (sl, 1 ≤ l ≤ L) is uniformly equicontinuous and Yn are constant
on intervals of length at least rn. The δ > 0 we choose is such that:

|t1 − t2| ≤ δ =⇒ |sl(t1)− sl(t2)| ≤ θγl
2

.

If ‖Yn − sl‖ ≥ γl then |Yn(t0) − sl(t0)| > γl
(
1− θ

2

)
for some t0. Then, there

exists an interval I0 with t0 being one of its endpoints and of length rn
2 ∧ δ,

such that Yn is constant on I0 and |sl(t)− sl(t0)| ≤ θγl
2 for all t ∈ I0. Then, for

t ∈ I0 we obtain:

|Yn(t)− sl(t)| ≥ |Yn(t0)− sl(t0)| − |Yn(t0)−Yn(t)| − |sl(t)− sl(t0)|

≥
(

1− θ

2

)
γl −

θγl
2

= γl(1− θ).

It follows that:

‖Yn − sl‖ ≥ γl=⇒

∥∥∥∥∥∥
√√√√ p∑

i=1

(
(Yn − sl)(i)

)2∥∥∥∥∥∥
pn

≥ γl(1− θ)
(
δ ∧ rn

2

)1/pn
=⇒

∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Yn − sl)(i)

)2∥∥∥∥∥∥
pn

≥ γl
√
ε2 + (1− θ)2

(
δ ∧ rn

2

)1/pn
=⇒ g∗l,n(Yn) = 0.

Therefore, for all l:

1[Yn∈Bl] ≥ g
∗
l (Yn). (4.46)

Also, again, it can be shown that for any finite L and γ := min1≤l≤L γl:∥∥∥∥∥
L∏
l=1

g∗l,n

∥∥∥∥∥
M0

≤ Cp2n(εγ)−2η−3n for some constant C independent of pn, ε, γ and ηn.

(4.47)

Now suppose ηn → 0, pn → ∞ and r
1/pn
n → 1. Also suppose that ‖Z − sl‖ <

γl(1− θ) so that there exists α > 0 such that a.s. ‖Zn − sl‖ < γl(1− θ)− α for
n large enough. Then, for large n:∥∥∥∥∥∥
√√√√(εγl)2 +

p∑
i=1

(
(Zn − sl)(i)

)2∥∥∥∥∥∥
pn

≤
√

(εγl)2 + ‖Zn − sl‖2 ≤ γl
√
ε2 + (1− θ − αγ−1l )2

< γl
√
ε2 + (1− θ)2

(
δ ∧ rn

2

)1/pn
− ηn
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because
(
δ ∧ rn

2

)1/pn n→∞−−−−→ 1 and ηn
n→∞−−−−→ 0. So if ηn → 0, pn → ∞ and

r
1/pn
n → 1 then:

‖Z− sl‖ ≤ γl(1− θ) =⇒ g∗l,n(Zn) = 1

for n large enough, i.e.:

1[‖Z−sl‖<γl(1−θ)] ≤ g
∗
l,n(Zn). (4.48)

Let ηn → 0 and pn → ∞ be such that r
1/pn
n → 1 and τnp

2
nη
−3
n → 0. This is

possible by the assumption that τn log2(1/rn) → 0. Indeed, having r
1/pn
n → 1,

all we require is that log
(
r
1/pn
n

)
η3n → 0 slower than τn log2(1/rn)→ 0, because

then:

τnp
2
nη
−3
n =

τn (log(rn))
2(

1
pn

log (rn)
)2
η3n

=
τn (log(1/rn))

2(
log
(
r
1/pn
n

))2
η3n

→ 0

For instance, if rn → 0 and τn → 0, we require pn and ηn to be such that
η3n
τn
→∞ and p2n →∞ faster than (log rn)2 but slower than

η3n
τn

.
Then:

lim inf
n→∞

P [Yn ∈ B]
(4.46)

≥ lim inf
n→∞

E

[
L∏
l=1

g∗l,n(Yn)

]
(2.4)

≥ lim inf
n→∞

{
E

[
L∏
l=1

g∗l,n(Zn)

]
− Cτn

∥∥∥∥∥
L∏
l=1

g∗l,n

∥∥∥∥∥
M0

}
Fatou,(4.47)

≥ E

[
lim inf
n→∞

L∏
l=1

g∗l,n(Zn)

]
(4.48)

≥ P

 ⋂
1≤l≤L

(‖Z− sl‖ < γl(1− θ))

 .

Since the choice of θ ∈ (0, 1) was arbitrary, we conclude that:
lim infn→∞P [Yn ∈ B] ≥ P(Z ∈ B).

Lemma 4.10 now implies that, for any set B described at the beginning of this
Appendix, P[Yn ∈ B]

n→∞−−−−→ P[Z ∈ B], which finishes the proof of Proposition
2.3.
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with Stein’s method for functional approximation and give a general linear-
ity condition under which an abstract Gaussian approximation theorem for
stochastic processes holds. We apply this approach to estimate the distance
from a pre-limiting mixture process of a sum of random variables chosen
from an array according to a random permutation and prove a functional
combinatorial central limit theorem. We also consider a graph-valued pro-
cess and bound the speed of convergence of the joint distribution of its
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1. Introduction

In [Ste72] Stein observed that a random variable Z has standard normal law if
and only if

EZf(Z) = Ef ′(Z) (1.1)

for all smooth functions f . Therefore, if, for a random variable W with mean 0
and variance 1,

|Ef ′(W )−EWf(W )| (1.2)

is close to zero for a large class of functions f , then the law of W should be
approximately Gaussian. In [Ste86], Stein combined this observation with his
exchangeable-pair approach. Therein, for a centred and scaled random variable
W , its copy W ′ is constructed in such a way that (W,W ′) forms an exchangeable
pair and the linear regression condition:

E [W ′ −W |W ] = −λW (1.3)

is satisfied for some λ > 0. This, in many cases, simplifies the process of obtain-
ing bounds on the distance of W from the normal distribution.

1
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This approach was extended in [RR97] to examples in which an approximate
linear regression condition holds:

E [W ′ −W |W ] = −λW +R

for some remainder R. A multivariate version of the method was first de-
scribed in [CM08] and then in [RR09]. In [RR09], for an exchangeable pair
of d-dimensional vectors (W,W ′) the following condition is used:

E[W ′ −W |W ] = −ΛW +R

for some invertible matrix Λ and a remainder term R. The approach of [RR09]
was further reinterpreted and combined with the approach of [CM08] in [Mec09].

On the other hand, in the seminal paper [Bar90], Barbour addressed the prob-
lem of providing bounds on the rate of convergence in functional limit results
(or invariance principles as they are often called in the literature). He observed
that Stein’s logic of [Ste72] may also be used in the setup of the Functional
Central Limit Theorem. He found a condition, similar to (1.1), characterising
the distribution of a standard real Wiener process. Combined with Taylor’s the-
orem, it allowed Barbour to obtain a bound on the rate of convergence in the
celebrated Donsker’s invariance principle.

This paper is the first attempt to combine the method of exchangeable pairs
with functional approximations. We do so in the context of multivariate pro-
cesses and provide a novel approach to bounding their distances from Gaussian
processes. Our approach is influenced by the setup of [RR09] and [Bar90].

1.1. Motivation

We are motivated by a number of (finite-dimensional) examples studied in
Stein’s method literature using exchangeable pairs, which could be extended
to the functional setting. Functional limit results play an important role in
applied fields. Researchers often choose to model discrete phenomena with con-
tinuous processes arising as scaling limits of discrete ones. The reason is that
those scaling limits may be studied using stochastic analysis and are more ro-
bust to changes in local details. Questions about the rate of convergence in
functional limit results are equivalent to ones about the error those researchers
make. Obtaining bounds on a certain distance between the scaled discrete and
the limiting continuous processes provides a way of quantifying this error.

We consider two main examples. The first one is a combinatorial functional
central limit theorem. The second one considers a two-dimensional process repre-
senting edge and two-star counts in a graph-valued process created by unveiling
subsequent vertices of a Bernoulli random graph as time progresses.

The former is a functional version of the result proved qualitatively in [HC78]
and quantitatively in [CF15] and an extension of the main result of [BJ09]. It
considers an array {Xi,j : i, j = 1, · · · , n} of i.i.d. random variables, which are
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then used to create a stochastic process:

t 7→ 1

sn

bntc∑
i=1

Xiπ(i), (1.4)

where sn is the variance of
∑n
i=1Xiπ(i) and π is a uniform random permutation

on {1, · · · , n}. The motivation for studying this and similar topics comes from
permutation tests in non-parametric statistics. Similar setups, yet with a deter-
ministic array of numbers, and in a finite-dimensional context, have also been
considered by other authors (see [WW44] for one of the first works on this topic
and [Bol84], [Gol05], [NR12] for quantitative results).

The second example, which considers Bernoulli random graphs, goes back
to [JN91]. It was first studied using exchangeable pairs in a finite-dimensional
context in [RR10], where a random vector whose components represent statistics
corresponding to the number of edges, two-stars and triangles is studied. The
authors bound its distance from a normal distribution. We consider a functional
analogue of this result, concentrating, for simplicity, only on the number of
edges and two-stars. Our approach can, however, be also easily extended to
encompass the number of triangles. All of those statistics are often of interest
in applications, for example, when approximating the clustering coefficient of a
network or in conditional uniform graph tests.

1.2. Contribution of the paper

The main achievements of the paper are the following:

(a) An abstract approximation theorem (Theorem 4.1), providing a bound
on the distance between a stochastic process Yn valued in Rp for some
positive integer p and a Gaussian mixture process. The theorem assumes
that the process Yn satisfies the linear regression condition

Df(Yn)[Yn] = 2E {Df(Yn) [(Yn −Y′n)Λn] |Yn}+Rf ,

for all functions f in a certain class of test functions, some matrix Λn
and some random variable Rf = Rf (Yn). As noted in Remark 4.5, this
condition is an analogue of the condition considered in [RR09]. Theorem
4.1 is used in the derivation of the remaining results of this paper.

(b) A novel functional combinatorial central limit theorem. In Theorem 5.1,
we establish a bound on the distance between process (1.4) and a Gaus-
sian mixture, piecewise constant process. Furthermore, a qualitative re-
sult showing convergence of process (1.4) to a continuous Gaussian lim-
iting process is provided in Theorem 5.5. Thus, we extend [BJ09], where
similar results were proved under the assumption that all the Xi,j ’s for
i, j = 1, · · · , n are deterministic. Our bound is also an extension of [CF15],
where a bound on the rate of weak convergence of the law of 1

sn

∑n
i=1Xiπ(i)

to the standard normal distribution is obtained.

97



Miko laj J. Kasprzak/Functional Stein’s method with exchangeable pairs 4

(c) A novel functional limit theorem for statistics corresponding to edge and
two-star counts in a Bernoulli random graph, together with a bound on
the rate of convergence. We consider a Bernoulli random graph G(n, p)
on n vertices with edge probabilities p. Letting Ii,j , for i, j = 1, · · · , n be
the indicator that edge (i, j) is present in the graph, we study a scaled
statistic representing the number of edges:

Tn(t) =
bntc − 2

2n2

bntc∑
i,j=1

Ii,j , t ∈ [0, 1]

and another one, representing the number of two-stars (i.e. subgraphs
which are trees with one internal node and 2 leaves):

Vn(t) =
1

2n2

∑
1≤i,j,k≤bntc
i,j,k distinct

Ii,jIj,k, t ∈ [0, 1].

Theorem 6.2 provides a bound on the distance between the law of the
process

t 7→ (Tn(t)−ETn(t),Vn(t)−EVn(t)) , t ∈ [0, 1] (1.5)

and the law of a piecewise constant Gaussian process. Theorem 6.4 bounds
a distance between the law of (1.5) and the distribution of a two-dimensional
continuous Gaussian process.

1.3. Stein’s method of exchangeable pairs

The idea behind the exchangeable-pair approach of [Ste86] was the following. In
order to obtain a bound on a distance between the distribution of a centred and
scaled random variable W and the standard normal law, one can bound (1.2)
for functions f coming from a suitable class. Supposing that we can construct
a W ′ such that (W,W ′) is an exchangeable pair and (1.3) is satisfied, we can
write

0 =E [(f(W ) + f(W ′))(W −W ′)]
=E [(f(W ′)− f(W ))(W −W ′)] + 2E [f(W )E[W −W ′|W ]]

=E [(f(W ′)− f(W ))(W −W ′)] + 2λE[Wf(W )].

It follows that

E[Wf(W )] =
1

2λ
E [(f(W )− f(W ′))(W −W ′)] .
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Therefore, using Taylor’s theorem,

|E[f ′(W )]−E[Wf(W )]|

=

∣∣∣∣E[f ′(W )] +
1

2λ
E [(f(W ′)− f(W ))(W −W ′)]

∣∣∣∣
≤
∣∣∣∣Ef ′(W )− 1

2λ
Ef ′(W )(W −W ′)2

∣∣∣∣+
‖f ′′‖∞

2λ
E|W −W ′|3

≤‖f ′‖∞E
∣∣∣∣E [ 1

2λ
(W −W ′)2|W

]
− 1

∣∣∣∣+
‖f ′′‖∞

2λ
E|W −W ′|3

≤‖f
′‖∞
2λ

√
Var [E [(W −W ′)2|W ]] +

‖f ′′‖∞
2λ

E|W −W ′|3,

which provides the desired bound.
Before the publication of [CM08, RR09, Mec09] the method was restricted

to one-dimensional approximations. It was, however, also used in the context
of non-normal approximations (e.g [CDM05, CFR11, Röl07]). More recently
several authors have extended and applied the method. Döbler extended it to
Beta distribution in [Döb15] and Chen and Fang used it for the combinatorial
CLT [CF15].

1.4. Stein’s method in its generality

The aim of the general version of Stein’s method is to find a bound of the
quantity |Eνnh − Eµh|, where µ is the target (known) distribution, νn is the
approximating law and h is chosen from a suitable class of real-valued test
functions H. The procedure can be described in terms of three steps. First, an
operator A acting on a class of real-valued functions is sought, such that

(∀f ∈ Domain(A) EνAf = 0) ⇐⇒ ν = µ,

where µ is our target distribution. Then, for a given function h ∈ H, the follow-
ing Stein equation:

Af = h−Eµh

is solved. Finally, using properties of the solution and various mathematical tools
(among which the most popular are Taylor’s expansions in the continuous case,
Malliavin calculus, as described in [NP12], and coupling methods), a bound is
sought for the quantity |EνnAfh|.

Approximations by laws of stochastic processes have not been covered in the
Stein’s method literature very widely, with the notable exceptions of [Bar90,
BJ09, CD13] and recently [Kas17a, Kas17b, BDM18]. [Kas17a, BDM18] estab-
lish a method for bounding the speed of weak convergence of continuous-time
Markov chains satisfying certain assumptions to diffusion processes. [Kas17b], on
the other hand, treats multi-dimensional processes represented by scaled sums
of random variables with different dependence structures using Stein’s method
and establishes bounds on their distances from continuous Gaussian processes.
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1.5. Structure of the paper

The paper is organised as follows. In Section 2 we introduce the spaces of test
functions which will be used in the main results, and quote results showing
that, under certain assumptions, they determine convergence in distribution
under the uniform topology. In Section 3 we set up the Stein equation for ap-
proximation by a pre-limiting process and provide properties of the solutions.
In Section 4 we provide an exchangeable-pair condition and prove an abstract
exchangeable-pair-type approximation theorem. Section 5 is devoted to the func-
tional combinatorial central limit theorem example and Section 6 discusses the
graph-valued process example.

2. Spaces M , M1, M2, M0

The following notation, similar to the one of [Kas17b], is used throughout the
paper. For a function w defined on the interval [0, 1] and taking values in a
Euclidean space, we define

‖w‖ = sup
t∈[0,1]

|w(t)|,

where | · | denotes the Euclidean norm. We also let Dp = D([0, 1],Rp) be the
Skorokhod space of all càdlàg functions on [0, 1] taking values in Rp. In the
sequel, for i = 1, · · · , p, ei will denote the ith unit vector of the canonical
basis of Rp and the ith component of x ∈ Rp will be represented by x(i), i.e.
x =

(
x(1), · · · , x(p)

)
. We will often write EW [ · ] instead of E[ · |W ].

Let p ∈ N. Let us define:

‖f‖L := sup
w∈Dp

|f(w)|
1 + ‖w‖3

,

and let L be the Banach space of continuous functions f : Dp → R such that
‖f‖L < ∞. Following [Bar90], we now let M ⊂ L consist of the twice Fréchet
differentiable functions f , such that:

‖D2f(w + h)−D2f(w)‖ ≤ kf‖h‖, (2.1)

for some constant kf , uniformly in w, h ∈ Dp. By Dkf we mean the k-th Fréchet
derivative of f and the norm of a k-linear form B on L is defined to be ‖B‖ =
sup{h:‖h‖=1} |B[h, ..., h]|. Note the following lemma, which can be proved in an
analogous way to that used to show (2.6) and (2.7) of [Bar90]. We omit the
proof here.

Lemma 2.1. For every f ∈M , let:

‖f‖M := sup
w∈Dp

|f(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Df(w)‖
1 + ‖w‖2

+ sup
w∈Dp

‖D2f(w)‖
1 + ‖w‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

.
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Then, for all f ∈M , we have ‖f‖M <∞.

For future reference, we let M1 ⊂M be the class of functionals g ∈M such
that:

‖g‖M1 := sup
w∈Dp

|g(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Dg(w)‖+ sup
w∈Dp

‖D2g(w)‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

<∞ (2.2)

and M2 ⊂M be the class of functionals g ∈M such that:

‖g‖M2 := sup
w∈Dp

|g(w)|
1 + ‖w‖3

+ sup
w∈Dp

‖Dg(w)‖
1 + ‖w‖

+ sup
w∈Dp

‖D2g(w)‖
1 + ‖w‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

<∞. (2.3)

We also let M0 be the class of functionals g ∈M such that:

‖g‖M0 := sup
w∈Dp

|g(w)|+ sup
w∈Dp

‖Dg(w)‖+ sup
w∈Dp

‖D2g(w)‖

+ sup
w,h∈Dp

‖D2f(w + h)−D2f(w)‖
‖h‖

<∞.

We note that M0 ⊂ M1 ⊂ M2 ⊂ M . The next proposition is a p-dimensional
version of [BJ09, Proposition 3.1] and shows conditions, under which conver-
gence of the sequence of expectations of a functional g under the approximating
measures to the expectation of g under the target measure for all g ∈ M0 im-
plies weak convergence of the measures of interest. Its proof can be found in the
appendix of [Kas17b].

Definition 2.2. Y ∈ D ([0, 1],Rp) is piecewise constant if [0, 1] can be divided
into intervals of constancy [ak, ak+1) such that the Euclidean norm of (Y(t1)−
Y(t2)) is equal to 0 for all t1, t2 ∈ [ak, ak+1).

Proposition 2.3. Suppose that, for each n ≥ 1, the random element Yn of
Dp is piecewise constant with intervals of constancy of length at least rn. Let
(Zn)n≥1 be random elements of Dp converging weakly in Dp, with respect to the
Skorokhod topology, to a random element Z ∈ C ([0, 1],Rp). If:

|Eg(Yn)−Eg(Zn)| ≤ CTn‖g‖M0 (2.4)

for each g ∈M0 and if Tn log2(1/rn)
n→∞−−−−→ 0, then Yn ⇒ Z (converges weakly)

in Dp, in both the uniform and the Skorokhod topology.

3. Setting up Stein’s method for the pre-limiting approximation

The steps of the construction presented in this section will be similar to those
used to set up Stein’s method in [Bar90] and [Kas17b]. After defining the process
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Dn whose distribution will be the target measure in Stein’s method, we will
construct a process (Wn(·, u) : u ≥ 0) for which the target measure is stationary.
We will then calculate its infinitesimal generator An and take it as our Stein
operator. Next, we solve the Stein equation Anf = g using the analysis of
[KDV17] and prove some properties of the solution fn = φn(g), with the most
important one being that its second Fréchet derivative is Lipschitz.

3.1. Target measure

Let

Dn(t) =

n∑
i1,··· ,im=1

(
Z̃

(1)
i1,··· ,imJ

(1)
i1,··· ,im(t), · · · , Z̃(p)

i1,··· ,imJ
(p)
i1,··· ,im(t)

)
, t ∈ [0, 1],

(3.1)

where Z̃
(k)
i1,··· ,im ’s for k = 1, · · · , p are centred Gaussian and:

A) the covariance matrix Σn ∈ R(nmp)×(nmp) of the vector Z̃ is positive defi-

nite, where Z̃ ∈ R(nmp) is formed out of the Z̃
(k)
i1,··· ,im ’s in such a way that

they appear in the lexicographic order with Z̃
(k)
i1,··· ,im appearing before

Z̃
(k+1)
j1,··· ,jm ’s for any k = 1, · · · , p− 1 and i1, · · · , im, j1, · · · , jm = 1, · · · , n;

B) J
(k)
i1,··· ,im ∈ D ([0, 1],R), for i1, · · · , im ∈ {1, · · · , n}, k ∈ {1, · · · , p}, are

independent of the Z̃
(k)
i1,··· ,im ’s. A typical example would be J

(k)
i1,··· ,im =

1
A

(k)
i1,··· ,im

for some measurable set A
(k)
i1,··· ,im .

Remark 3.1. It is worth noting that processes Dn taking the form (3.1) often
approximate interesting continuous Gaussian processes very well. An example

is a Gaussian scaled random walk, i.e. Dn of (3.1), where all the Z̃
(k)
i1,··· ,im ’s are

standard normal and independent, m = 1 and J
(k)
i = 1[i/n,1] for all k = 1, · · · , p

and i = 1, · · · , n. It approximates Brownian Motion. By Proposition 2.3, under
several assumptions, proving by Stein’s method that a piece-wise constant pro-
cess Yn is close enough to process Dn proves Yn’s convergence in law to the
continuous process that Dn approximates.

Now let {(X (k)
i1,··· ,im(u), u ≥ 0) : i1, · · · , im = 1, ..., n, k = 1, ..., p} be an array

of i.i.d. Ornstein-Uhlenbeck processes with stationary law N (0, 1), independent

of the J
(k)
i1,··· ,im ’s. Consider Ũ (u) = (Σn)

1/2 X (u), where X (u) ∈ Rnmp is

formed out of the X
(k)
i1,··· ,im(u)’s in such a way that they appear in the same

order as the Z̃
(k)
i1,··· ,im ’s appear in Z̃. Write U

(k)
i1,··· ,im(u) =

(
Ũ (u)

)
I(k,i1,··· ,im)

using the bijection I : {(k, i1, · · · , im) : i1, · · · , im = 1, · · · , n, k = 1, · · · , p} →
{1, · · · , pnm}, given by:

I(k, i1, · · · , im) = (k − 1)nm + (i1 − 1)nm−1 + · · ·+ (im−1 − 1)n+ im. (3.2)

102



Miko laj J. Kasprzak/Functional Stein’s method with exchangeable pairs 9

Consider a process:

Wn(t, u) =
(
W(1)

n (t, u), · · · ,W(p)
n (t, u)

)
, t ∈ [0, 1], u ≥ 0,

where, for all k = 1, · · · , p:

W(k)
n (t, u) =

n∑
i1,··· ,im=1

U
(k)
i1,··· ,im(u)J

(k)
i1,··· ,im(t), t ∈ [0, 1], u ≥ 0.

It is easy to see that the stationary law of the process (Wn(·, u))u≥0 is exactly
the law of Dn.

3.2. Stein equation

By [Kas17b, Propositions 4.1 and 4.4], the following result is immediate:

Proposition 3.2. The infinitesimal generator of the process (Wn(·, u))u≥0 acts
on any f ∈M in the following way:

Anf(w) = −Df(w)[w] +ED2f(w)
[
D(2)
n

]
.

Moreover, for any g ∈ M such that Eg(Dn) = 0, the Stein equation Anfn = g
is solved by:

fn = φn(g) = −
∫ ∞
0

Tn,ugdu, (3.3)

where (Tn,uf)(w) = E
[
f(we−u +

√
1− e−2uDn(·)

]
Furthermore, for g ∈M :

A) ‖Dφn(g)(w)‖ ≤ ‖g‖M
(

1 +
2

3
‖w‖2 +

4

3
E‖Dn‖2

)
,

B) ‖D2φn(g)(w)‖ ≤ ‖g‖M
(

1

2
+
‖w‖

3
+
E‖Dn‖

3

)
,

C)

∥∥D2φn(g)(w + h)−D2φn(g)(w)
∥∥

‖h‖

≤ sup
w,h∈Dp

‖D2(g + c)(w + h)−D2(g + c)(w)‖
3‖h‖

,

for any constant function c : Dp → R and for all w, h ∈ Dp. Moreover, for all
g ∈M1, as defined in (2.2),

A) ‖Dφn(g)(w)‖ ≤ ‖g‖M1 ,

B) ‖D2φn(g)(w)‖ ≤ 1

2
‖g‖M1

and for all g ∈M2, as defined in (2.3),

‖Dφn(g)(w)‖ ≤ ‖g‖M2 .
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4. An abstract approximation theorem

We now present a theorem which provides an expression for a bound on the
distance between some process Yn and Dn, defined by (3.1), provided that we
can find some Y′n such that (Yn,Y

′
n) is an exchangeable pair satisfying an

appropriate condition. Our condition (4.1) is similar to that of [RR09, (1.7)], as
we explain in Remark 4.5.

Theorem 4.1. Assume that (Yn,Y
′
n) is an exchangeable pair of D ([0, 1],Rp)-

valued random vectors such that:

Df(Yn)[Yn] = 2EYnDf(Yn) [(Yn −Y′n)Λn] +Rf , (4.1)

where EYn [·] := E [·|Yn], for all f ∈ M , some Λn ∈ Rp×p and some random
variable Rf = Rf (Yn). Let Dn be defined by (3.1). Then, for any g ∈M :

|Eg(Yn)−Eg(Dn)| ≤ ε1 + ε2 + ε3

where f = φn(g), as defined by (3.3), and

ε1 =
‖g‖M

6
E‖(Yn −Y′n)Λn‖‖Yn −Y′n‖2,

ε2 =
∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn) [Dn,Dn]

∣∣ ,
ε3 = |ERf |.

Remark 4.2 (Relevance of terms in the bound). Term ε1 measures how close
Yn and Y′n are and how small (in a certain sense) Λn is. Term ε2 corresponds
to the comparison of the covariance structure of Yn −Y′n and Dn. Estimating
this term usually requires some effort yet is possible in several applications (see
Theorem 5.1 and 6.2 below). Term ε3 measures the error in the exchangeable-
pair linear regression condition (4.1).

Remark 4.3. Condition (4.1) is always satisfied, for example with Λn = 0 and
Rf = Df(Yn)[Yn] for all f ∈M . However, for the bound in Theorem 4.1 to be
small, we require the expectation of Rf to be small in absolute value.

Remark 4.4. The term∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn) [Dn,Dn]
∣∣

in the bound obtained in Theorem 4.1 is an analogue of the second condition
in [Mec09, Theorem 3]. Therein, a bound on approximation by N (0,Σ) of a d-
dimensional vector X is obtained by constructing an exchangeable pair (X,X ′)
satisfying:

E
X [X ′ −X] = ΛX + E and E

X [(X ′ −X)(X ′ −X)T ] = 2ΛΣ + E′

for some invertible matrix Λ and some remainder terms E and E′. In the same
spirit, Theorem 4.1 could be rewritten to assume (4.1) and:

E
YnD2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n] = D2f(Yn) [Dn,Dn] +R1

f .
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The bound would then take the form:

|Eg(Yn)−Eg(Dn)| ≤‖g‖M
6
E‖(Yn −Y′n)Λn‖‖Yn −Y′n‖2 + |ERf |+ |ER1

f |.

Remark 4.5. The role of Λn in condition (4.1) is equivalent to that played by
Λ−1 in [RR09] for Λ defined by (1.7) therein. As also observed in [RR09], the
condition involving a matrix Λ is a generalisation of the condition of [CM08,
Theorem 1], where a scalar is used instead. It should be noted that condition (4.1)
is more appropriate in the functional setting than a straightforward adaptation
of the condition of [RR09]. This is due to the fact that for general processes Yn

the properties of the Fréchet derivative do not allow us to treat evaluating the
derivative in the direction of Yn−Y′n as matrix multiplication and multiplying
both sides of the hypothetical condition:

−Df(Yn)[ΛYn] = E
YnDf(Yn)[Yn −Y′n]

by Λ−1 does not give:

−Df(Yn)[Yn] = E
YnDf(Yn)[Λ−1(Yn −Y′n)].

Proof of Theorem 4.1. Our aim is to bound |Eg(Yn)−Eg(Dn)| by bounding
|EAnf(Yn)|, where f is the solution to the Stein equation:

Anf = g −Eg(Dn),

for An defined in Proposition 3.2. Note that, by exchangeability of (Yn,Y
′
n)

and (4.1):

0 =E (Df(Y′n) +Df(Yn)) [(Yn −Y′n)Λn]

=E (Df(Y′n)−Df(Yn)) [(Yn −Y′n)Λn] + 2E
{
E

YnDf(Yn) [(Yn −Y′n)Λn]
}

=E (Df(Y′n)−Df(Yn)) [(Yn −Y′n)Λn] +EDf(Yn)[Yn]−ERf

and so:

EDf(Yn)[Yn] = E (Df(Yn)−Df(Y′n)) [(Yn −Y′n)Λn] +ERf .

Therefore:

|EAnf(Yn)|
=
∣∣EDf(Yn)[Yn]−ED2f(Yn) [Dn,Dn]

∣∣
=
∣∣E (Df(Yn)−Df(Y′n)) [(Yn −Y′n)Λn]−ED2f(Yn) [Dn,Dn] +ERf

∣∣
≤
∣∣E (Df(Yn)−Df(Y′n)) [(Yn −Y′n)Λn]−ED2f(Y′n) [(Yn −Y′n)Λn,Yn −Y′n]

∣∣
+
∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn) [Dn,Dn]

∣∣+ |ERf |

≤‖g‖M
6
E‖(Yn −Y′n)Λn‖‖Yn −Y′n‖2 + |ERf |

+
∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn) [Dn,Dn]

∣∣ ,
where the last inequality follows by Taylor’s theorem and Proposition 3.2.
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5. A functional Combinatorial Central Limit Theorem

In this section we consider a functional version of the result proved in [HC78].
Our object of interest is a stochastic process represented by a scaled sum of in-
dependent random variables chosen from an n×n array. Only one random vari-
able is picked from each row and for row i, the corresponding random variable is
picked from column π(i), where π is a random permutation on [n] = {1, · · · , n}.
Theorem 5.1 established a bound on the distance between this process and a
pre-limiting process and Theorem 5.5 shows convergence of this process, under
certain assumptions, to a continuous Gaussian process.

Our analysis in this section is similar to that of [BJ09], where the summands
in the scaled sums are chosen from a deterministic array. The authors therein
also establish bounds on the approximation by a pre-limit Gaussian process and
show convergence to a continuous Gaussian process. Furthermore, they establish
a bound on the distance from the continuous Gaussian process for a restricted
class of test functions. For random arrays the situation is more involved.

Our setup is analogous to the one considered in [CF15], where a bound on the
speed of convergence in the one-dimensional combinatorial central limit theorem
is obtained using Stein’s method of exchangeable pairs.

5.1. Introduction

Let X = {Xi,j : i, j ∈ [n]} be an n × n array of independent R-valued random
variables, where n ≥ 2, EXi,j = cij , VarXi,j = σ2

ij ≥ 0 and E|Xi,j |3 < ∞.

Suppose that ci· = c·j = 0 where ci· =
∑n
j=1

cij
n = EXiπ(i), c·j =

∑n
i=1

cij
n . Let

π be a uniform random permutation of [n], independent of X and for

s2n =
1

n

n∑
i,j=1

σ2
ij +

1

n− 1

n∑
i,j=1

c2ij . (5.1)

let

Yn(t) =
1

sn

bnt·c∑
i=1

Xiπ(i) =
1

sn

n∑
i=1

Xiπ(i)1[i/n,1](t), t ∈ [0, 1].

We note that s2n = Var
[∑n

i=1Xiπ(i)

]
by the first part of [CF15, Theorem 1.1].

The process Yn is similar to the process Y considered in [BJ09] and defined by
(1.4) therein with the most important difference being that we allow the Xi,j ’s
to be random, whereas the authors in [BJ09] assumed them to be deterministic.
Bounds on the distance between one-dimensional distributions of Yn and a
normal distribution have been obtained via Stein’s method in [CF15, Theorem
1.1].

106



Miko laj J. Kasprzak/Functional Stein’s method with exchangeable pairs 13

5.2. Exchangeable pair setup

Select uniformly at random two different indices I, J ∈ [n] and let:

Y′n = Yn−
1

sn
XIπ(I)1[I/n,1]−

1

sn
XJπ(J)1[J/n,1]+

1

sn
XIπ(J)1[I/n,1]+

1

sn
XJπ(I)1[J/n,1].

Note that (Yn,Y
′
n) is an exchangeable pair and that for all f ∈M :

E
Yn {Df(Yn) [Yn −Y′n]}

=
1

sn
E

Yn
{
Df(Yn)

[
XIπ(I)1[I/n,1] +XJπ(J)1[J/n,1] −XIπ(J)1[I/n,1] −XJπ(I)1[J/n,1]

]}
=

1

n(n− 1)sn

n∑
i,j=1

E
Yn
{
Df(Yn)

[
Xiπ(i)1[i/n,1] +Xjπ(j)1[j/n,1]

−Xiπ(j)1[i/n,1] −Xjπ(i)1[j/n,1]

]}
=

2

n− 1
Df(Yn)[Yn]− 2

n(n− 1)sn

n∑
i,j=1

E
YnDf(Yn)

[
Xi,π(j)1[i/n,1]

]
.

Therefore:

E
Yn {Df(Yn)[Yn −Y′n]} =

2

n− 1
Df(Yn)

Yn −
1

nsn

n∑
i,j=1

E
Yn [Xi,π(j)]1[i/n]

 .
(5.2)

So condition (4.1) is satisfied with

Λn =
n− 1

4
and Rf =

1

nsn

n∑
i,j=1

Df(Yn)
[
E

Yn [Xi,π(j)]1[i/n]
]
.

5.3. Pre-limiting process

Now let Ẑi = 1√
n−1

∑n
l=1X

′′
il

(
Zil − 1

n

∑n
j=1 Zjl

)
, for X′′ = {X ′′ij : i, j ∈ [n]}

being an independent copy of of X and Zil’s i.i.d. standard normal, independent
of all the Xil’s and X ′′il’s. Then, let

Dn(t) =
1

sn

bntc∑
i=1

Ẑi, t ∈ [0, 1]. (5.3)

We will compare the distribution of Yn with the distribution of Dn. Dn is
a conceptually easy process with the same covariance structure as Yn. It is
constructed in a way similar to the process in [BJ09, (3.13)]. Note that Ẑi has
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mean 0 for all i and

EẐ2
i =

1

n− 1

n∑
l=1

E
[
X2
il

]
E


Zil − 1

n

n∑
j=1

Zjl

2


+
1

n− 1

∑
1≤l 6=k≤n

E [XilXik]E

Zil − 1

n

n∑
j=1

Zjl

Zik − 1

n

n∑
j=1

Zjk


=

1

n− 1

n∑
l=1

E
[
X2
il

](
1− 2

n
+

1

n

)

=
1

n

n∑
l=1

EX2
il

=
1

2n2

(
2(n− 1)

n∑
l=1

EX2
il + 2

n∑
i=1

EX2
ir

)

=
1

2n2

 ∑
1≤k 6=l≤n

E

[
(Xik −Xil)

2
]

+ 2
∑

1≤k 6=l≤n

EXikEXil + 2

n∑
r=1

EX2
ir


=

1

2n2

 ∑
1≤k 6=l≤n

E

[
(Xik −Xil)

2
]

+ 2

n∑
r=1

σ2
ir

 (5.4)

as ci· = 0, and, for i 6= j,

EẐiẐj =
1

n− 1

n∑
k,l=1

E(XikXjl)E

[(
Zik −

1

n

n∑
r=1

Zrk

)(
Zjl −

1

n

n∑
r=1

Zrl

)]

=− 1

n(n− 1)

n∑
k=1

cikcjk

=
1

2n2(n− 1)

(
2

n∑
k=1

(−EXik)EXjk − 2(n− 1)
n∑
k=1

EXikEXjk

)

=
1

2n2(n− 1)

2
∑

1≤k 6=l≤n

EXilEXjk − 2
∑

1≤k 6=l≤n

EXikEXjk


=

1

2n2(n− 1)

∑
1≤k 6=l≤n

E(Xik −Xil)(Xjl −Xjk). (5.5)

5.4. Pre-limiting approximation

We have the following theorem, comparing the distribution of Yn and Dn:
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Theorem 5.1. For Yn defined in Subsection 5.1, Dn defined in Subsection 5.3
and any g ∈M1, as defined in (2.2),

|Eg(Yn)−Eg(Dn)|

≤ ‖g‖M1

n3(n− 1)s3n

∑
1≤i,j,k,l,u≤n

{
3E|Xik|3 + 5E|Xik|E|Xil|2 + 7E|Xik|2E|Xjl|

+ 5E|Xik|2E|Xjk|+ 16E|Xik|E|Xil|E|Xjl|+ 2E|Xiu|E|Xik|E|Xil|
+ 4E|Xiu|E|Xil|E|Xjk|+ 6E|Xuk|E|Xik|E|Xjl|+ 2E|Xuk|E|Xik|E|Xjk|

+
1

n
(2E |Xik|+ 2E |Xj,l|+ 2E|Xuk|+ 2E|Xul|)

n∑
r=1

(
E|Xir|2 + |circjr|

)}

+
2‖g‖M1√

n
+

4‖g‖M1

3ns2n

n∑
i,j=1

σ2
i,j .

Remark 5.2 (Relevance of terms in the bound). The first long sum in the
bound corresponds to ε1 and (to a large extent) ε2 of Theorem 4.1. It represents
the usual Berry-Esseen third moment estimate arising as a result of applying

Taylor’s theorem. Term
2‖g‖M1√

n
also comes from the estimation of ε2. The last

term corresponds to ε3.

Remark 5.3. Assuming that sn = O(
√
n), we obtain that the bound in Theorem

5.1 is of order 1√
n

.

Remark 5.4. If we assume that E|Xik|3 ≤ β3 for all i, k = 1, · · · , n then the
bound simplifies in the following way

|Eg(Yn)−Eg(Dn)|

≤‖g‖M1

 58β3n
2

(n− 1)s3n
+

8β
1/3
3

n(n− 1)s3n

n∑
i,j,r=1

|circjr|+
2√
n

+
4

3ns2n

n∑
i,j=1

σ2
i,j

 .

We will use Theorem 4.1 to prove Theorem 5.1. In the proof, in Step 1, we
justify why Theorem 4.1 may indeed be used in this case. In other words, we
check that Dn of (5.3) satisfies the conditions Dn of Theorem (4.1) is supposed
to satisfy and that the exchangeable-pair condition for Yn holds. In Step 2 we
bound terms ε1 and ε3 coming from Theorem 4.1. This is relatively straightfor-
ward due to the Yn and Y′n of Subsection 5.2 being constructed in such a way
that they are close to each other and Rf of the same subsection being small.
Then, in Step 3, we treat the remaining term using a strategy analogous to
that of the proof of [BJ09, Theorem 2.1]. The strategy is based on Taylor’s
expansions and considering copies of Yn which are independent of some of the
summands in Yn. Finally, we combine the estimates obtained in the previous
steps to obtain the assertion.

Proof of theorem 5.1. We adopt the notation of Subsections 5.1, 5.2 and 5.3.
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Furthermore, we fix a function g ∈M1, as defined in (2.2) and let f = φn(g), a
solution to the Stein equation for Dn, as defined in (3.3).

Step 1. We note that Dn can be expressed in the following way:

Dn =

n∑
i,l=1

Zil − 1

n

n∑
j=1

Zjl

 Ji,l, where Ji,l(t) =
X ′′il

sn
√
n− 1

1[i/n,1](t),

which, together with (5.2), lets us apply Theorem 4.1.
Step 2. For the first term in Theorem 4.1, for any g ∈M1:

ε1 =
‖g‖M1

6
E‖(Yn −Y′n)Λn‖‖Yn −Y′n‖2 ≤

(n− 1)‖g‖M1

24
E‖Yn −Y′n‖3.

We note that:

E‖Yn −Y′n‖3 ≤
8

s3n

(
E|XIπ(I)|3 +E|XJπ(J)|3 +E|XIπ(J)|3 +E|XJπ(I)|3

)
=

8

n(n− 1)s3n

∑
i 6=j

(
E|Xiπ(i)|3 +E|Xjπ(j)|3 +E|Xiπ(j)|3 +E|Xjπ(i)|3

)
=

16

n(n− 1)s3n

∑
i 6=j

(
E|Xiπ(i)|3 +E|Xiπ(j)|3

)
=

32

n2s3n

n∑
i,j=1

E|Xij |3.

Hence,

ε1 ≤
4‖g‖M1

3ns3n

n∑
i,j=1

E|Xij |3. (5.6)

Furthermore, by Proposition 3.2:

ε3 =

∣∣∣∣∣∣ 1

nsn

n∑
i,j=1

EDf(Yn)
[
Xi,π(j)1[i/n,1]

]∣∣∣∣∣∣ =

∣∣∣∣∣∣ 1

nsn

n∑
i,j=1

EDf(Yn)
[
Xi,j1[i/n,1]

]∣∣∣∣∣∣
≤‖g‖M1

1

nsn
E

∥∥∥∥∥∥
n∑

i,j=1

Xi,j1[i/n,1]

∥∥∥∥∥∥
≤2‖g‖M1

nsn

√√√√√E
∣∣∣∣∣∣
n∑

i,j=1

Xi,j

∣∣∣∣∣∣
2

≤2‖g‖M1

nsn

√√√√ n∑
i,j=1

σ2
i,j

≤2‖g‖M1√
n

, (5.7)
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where we have used Doob’s L2 inequality in the second inequality and (5.1) in
the last one.

Step 3. Now define a new permutation πijkl coupled with π such that:

L(πijkl) = L(π|π(i) = k, π(j) = l),

where L(·) denotes the law. As noted in [CF15], we can construct it in the
following way. For τij denoting the transposition of i, j:

πijkl =


π, if l = π(j), k = π(i)

π · τπ−1(k),i, if l = π(j), k 6= π(i)

π · τπ−1(l),j , if l 6= π(j), k = π(i)

π · τπ−1(l),i · τπ−1(k),j · τij , if l 6= π(j), k 6= π(i).

We also let

Yn,ijkl =
1

sn

n∑
i′=1

Xi′πijkl(i′)1[i′/n,1].

Then L(Yn,ijkl) = L(Yn|π(i) = k, π(j) = l) (recalling that L(·) denotes the

law). Also, for each choice of i 6= j, k 6= l let Xijkl :=
{
Xijkl
i′j′ : i′, j′ ∈ [n]

}
be

the same as X := {Xij ; i, j ∈ [n]} except that {Xik, Xil, Xjk, Xjl} has been
replaced by an independent copy {X ′ik, X ′il, X ′jk, X ′jl}. Then let

Yijkl
n =

1

sn

n∑
i′=1

Xijkl
i′π(i′)1[i

′/n,1]

and note that Yijkl
n is independent of {Xik, Xil, Xjk, Xjl} and L(Yijkl

n ) =
L(Yn) (where L denotes the law).

Now, by Lemma 7.1, proved in the appendix, for ε2 of Theorem 4.1,

ε2 =
∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn)[Dn,Dn]

∣∣
≤A+B (5.8)

where

A =

∣∣∣∣∣∣∣∣
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{[
(Xik −Xil)

2

2n
− Ẑ2

i

n− 1

]

·
(
D2f(Yn,ijkl)−D2f

(
Yijkl
n

)) [
1[i/n,1]1[i/n,1]

]}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{[
(Xik −Xil)(Xjl −Xjk)

2n
− ẐiẐj

]
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·
(
D2f(Yn,ijkl)−D2f

(
Yijkl
n

)) [
1[i/n,1],1[j/n,1]

]} ∣∣∣∣∣∣∣ ,
(5.9)

B =

∣∣∣∣∣∣∣∣
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{[
(Xik −Xil)

2

2n
− Ẑ2

i

n− 1

]
D2f

(
Yijkl
n

) [
1[i/n,1]1[i/n,1]

]}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E

{[
(Xik −Xil)(Xjl −Xjk)

2n
− ẐiẐj

]

·D2f
(
Yijkl
n

) [
1[i/n,1],1[j/n,1]

]} ∣∣∣∣∣∣∣ .
Recalling that Yijkl

n is independent of {Xik, Xil, Xjk, Xjl} and L(Yijkl
n ) =

L(Yn),

B =

∣∣∣∣∣∣∣∣
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

[
(Xik −Xil)

2

2n
− Ẑ2

i

n− 1

]
E
{
D2f (Yn)

[
1[i/n,1]1[i/n,1]

]}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

[
(Xik −Xil)(Xjl −Xjk)

2n
− ẐiẐj

]

·E
{
D2f (Yn)

[
1[i/n,1],1[j/n,1]

]} ∣∣∣∣∣∣∣
≤ ‖g‖M1

n2(n− 1)s2n

∑
1≤i 6=j≤n

n∑
r=1

σ2
ir

=
‖g‖M1

n2s2n

n∑
i,j=1

σ2
i,j , (5.10)

where the inequality follows by (5.4), (5.5) and Proposition 3.2. Furthermore,
by Lemma 7.2, proved in the appendix,

A ≤ ‖g‖M1

n3(n− 1)s3n

∑
1≤i,j,k,l,u≤n

{
E|Xik|3 + 5E|Xik|E|Xil|2 + 7E|Xik|2E|Xjl|

+ 5E|Xik|2E|Xjk|+ 16E|Xik|E|Xil|E|Xjl|+ 2E|Xiu|E|Xik|E|Xil|
+ 4E|Xiu|E|Xil|E|Xjk|+ 6E|Xuk|E|Xik|E|Xjl|+ 2E|Xuk|E|Xik|E|Xjk|
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+
1

n
(2E |Xik|+ 2E |Xj,l|+ 2E|Xuk|+ 2E|Xul|) ·

n∑
r=1

(
E|Xir|2 + |circjr|

)}
.

(5.11)

We now use (5.6),(5.7),(5.8),(5.10),(5.11) to obtain the assertion.

5.5. Convergence to a continuous Gaussian process

Theorem 5.5. Let X and Yn be as defined in Subsection 5.1 and suppose that
for all u, t ∈ [0, 1]:

1

s2n(n− 1)

bntc∑
i=1

bnuc∑
j=1

n∑
k=1

EXikXjk

(
δi,j −

1

n

)
n→∞−−−−→ σ(u, t) (5.12)

and

1

s2n

bntc∑
i=1

bnuc∑
j=1

n∑
l=1

EXilXjl
n→∞−−−−→ σ(2)(u, t) (5.13)

pointwise for some functions σ, σ(2) : [0, 1]2 → R+. Suppose furthermore that:

sup
n∈N

1

n2s4n

n∑
l=1

n∑
i=1

Var
[
X2
il

]
<∞. (5.14)

and:

1

s2n(n− 1)

bntc∑
i=1

(
n∑
l=1

X ′′ilZil

)2

P−→ c(t) (5.15)

pointwise for some function c : [0, 1]→ R+ and:

lim
n→∞

1

sn
√
n− 1

E

[
sup

i=1,··· ,n
|X ′′ilZil|

]
= 0. (5.16)

Then (Yn(t), t ∈ [0, 1]) converges weakly in the uniform topology to a continuous
Gaussian process (Z(t), t ∈ [0, 1]) with the covariance function σ.

Remark 5.6. Assumption (5.13) could also say that

1

s2n

bntc∑
i=1

bnuc∑
j=1

n∑
l=1

EXilXjl

simply converges pointwise rather than giving the limit a name. However, we
will use σ(2) in the proof so it is convenient to use it in the formulation of the
Theorem as well.
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Remark 5.7. Assumption (5.15) is necessary for the limiting process in Theo-
rem 5.5 to be continuous. It essentially corresponds to the the assumption that
the quadratic variation of the following process

D(1)
n (t) =

1

sn
√
n− 1

bntc∑
i=1

n∑
l=1

X ′′ilZil

converges to the function c pointwise in probability, which then implies the weak

convergence of the process D
(1)
n to a continuous process. While it is relatively

easy to show that D
(2)
n = Dn −D

(1)
n converges to a continuous limit, we had to

explicitly add this assumption to ensure that Dn does as well.

The proof of Theorem 5.5 will be similar to the proof of [BJ09, Theorem 3.3].
The pre-limiting approximand Dn, defined in Subsection 5.3, will be expressed
as a sum of two parts. In Steps 1 and 2 we prove that each of those parts is
C-tight (i.e. they are tight and for each of them any convergent subsequence
converges to a process with continuous sample paths). In Step 3 we show that
the assumptions of Theorem 5.5 trivially imply the convergence of the covari-
ance function of Dn, which together with C-tightness implies the convergence
of Dn to a continuous process. Theorem 6.2 will then be combined with Propo-
sition 2.3 to show convergence of Yn to the same limiting process. Finally, the
combinatorial central limit theorem for random arrays, proved in [HC78] and
analysed in [CF15], will imply that Z is Gaussian.

Proof of Theorem 5.5. We will use the notation of Subsections 5.1 and 5.3.

Step 1. Note that Dn = D
(1)
n + D

(2)
n , where:

D(1)
n (t) =

1

sn
√
n− 1

bntc∑
i=1

n∑
l=1

X ′′ilZil, D(2)
n (t) =

1

sn
√
n− 1

bntc∑
i=1

n∑
l=1

X ′′ilZ̄l

for Z̄l = 1
n

∑n
j=1 Zjl.

Now, note that, by (5.15): 〈
D(1)
n

〉
t

P−→ c(t)

pointwise, where 〈·〉 denotes quadratic variation. Therefore, by [EK86, Chap-

ter 7, Theorem 1.4] and using (5.16), we obtain that D
(1)
n converges weakly

in the Skorokhod topology on D[0, 1] to a continuous Gaussian process with
independent increments.

We now note that the Skorokhod space equipped with the metric (topologi-
cally equivalent to the Skorokhod metric) with respect to which it is complete
is also universally measurable by the discussion at the beginning of [Dud02,

Chapter 11.5]. Since it is also separable and D
(1)
n ⇒ Z1, for some continuous

process Z1, in the Skorokhod topology, [Dud02, Theorem 11.5.3] implies that

(D
(1)
n )n≥1 is C-tight.
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Step 2. Also, note that for u > t s.t. bnuc ≥ bntc+ 1,

E

[∣∣∣D(2)
n (u)−D(2)

n (t)
∣∣∣2∣∣∣∣X ′′il, i, l ∈ [n]

]
=

1

n(n− 1)s2n

n∑
l=1

 bnuc∑
i=bntc+1

Xil

2

≤bnuc − bntc
n(n− 1)s2n

n∑
l=1

bnuc∑
i=bntc+1

X2
il

and

E

[∣∣∣D(2)
n (u)−D(2)

n (t)
∣∣∣2∣∣∣∣X ′′il, i, l ∈ [n]

]
= 0, for u > t s.t. bnuc = bntc.

Since
(
D

(2)
n |X ′′il, i, l ∈ [n]

)
is Gaussian for u, such that bnuc ≥ bntc+ 1,

E

∣∣∣D(2)
n (u)−D(2)

n (t)
∣∣∣4

=3E

{(
E

[∣∣∣D(2)
n (u)−D(2)

n (t)
∣∣∣2∣∣∣∣X ′′il, i, l ∈ [n]

])2
}

≤3

(
bnuc − bntc
n(n− 1)s2n

)2

E

 n∑
l=1

bnuc∑
i=bntc+1

X2
il

2

=3

(
bnuc − bntc
n(n− 1)s2n

)2


 n∑
l=1

bnuc∑
i=bntc+1

EX2
il

2

+

n∑
l=1

bnuc∑
i=bntc+1

(
EX4

il −
(
EX2

il

)2)
≤C

(
bnuc − bntc

(n− 1)

)2

(5.17)

for some constant C, by (5.14). Now, note that:

Cov
(
D(2)
n (t),D(2)

n (u)
)

=
1

s2n

bntc∑
i=1

bnuc∑
j=1

n∑
l=1

EXilXjl
n→∞−−−−→ σ(2)(t, u),

by (5.13). Consider a mean zero Gaussian process Z2 with covariance function

EZ2(t)Z2(u) = σ(2)(t, u). The finite dimensional distributions of D
(2)
n converge

to those of Z2. We can now construct D
(2)
n and Z2 on the same probability

space and use Skorokhod’s representation theorem, Fatou’s lemma and (7.4) to
conclude that:

E

(
|Z2(u)− Z2(t)|4

)
≤ lim
n→∞

E

(∣∣∣D(2)
n (u)−D(2)

n (t)
∣∣∣4) ≤ C(u− t)2.
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By [Bil68, Theorem 12.4], we can assume that Z2 ∈ C[0, 1]. Now, note that for
0 ≤ t ≤ v ≤ u ≤ 1:

E

∣∣∣D(2)
n (v)−D(2)

n (t)
∣∣∣2 ∣∣∣D(2)

n (v)−D(2)
n (u)

∣∣∣2
≤
√
E

∣∣∣D(2)
n (v)−D

(2)
n (t)

∣∣∣4E ∣∣∣D(2)
n (v)−D

(2)
n (u)

∣∣∣4
(7.4)

≤ C
(bnvc − bntc)(bnuc − bnvc)

(n− 1)2

≤C̄(u− t)2;

for some constant C̄. Therefore, by [Bil68, Theorem 15.6], D
(2)
n ⇒ Z2 in the

Skorokhod and uniform topologies and so, by [Dud02, Theorem 11.5.3], D
(2)
n is

C-tight.

Step 3. Since both D
(1)
n and D

(2)
n are C-tight, so is their difference Dn. Now:

Cov(Dn(t),Dn(u)) =
1

s2n(n− 1)

bntc∑
i=1

bnuc∑
j=1

n∑
k,l=1

E
{
XikXjl

(
Zik − Z̄k

) (
Zjl − Z̄l

)}
=

1

s2n(n− 1)

bntc∑
i=1

bnuc∑
j=1

n∑
k=1

E
{
XikXjk

(
Zik − Z̄k

) (
Zjk − Z̄k

)}
=

1

s2n(n− 1)

bntc∑
i=1

bnuc∑
j=1

n∑
k=1

EXikXjk

(
δi,j −

1

n

)
n→∞−−−−→ σ(u, t),

by (5.12) and we obtain that Dn converges to a random element Z ∈ C[0, 1] with
covariance function σ in distribution with respect to the uniform and Skorokhod
topologies.

Proposition 2.3 and Theorem 5.1 therefore imply that (Yn(t), t ∈ [0, 1]) con-
verges weakly to (Z(t), t ∈ [0, 1]) in the uniform topology. Using, for example,
[CF15, Theorem 1.1], we conclude that Z is a Gaussian process.

6. Edge and two-star counts in Bernoulli random graphs

In this section we consider a two-dimensional process whose first coordinate
is a properly rescaled number of edges and the second one is a rescaled num-
ber of two-stars (i.e. subgraphs which are trees with one internal node and 2
leaves) in a Bernoulli random graph with a fixed edge probability and bntc edges
for t ∈ [0, 1]. A similar setup has been considered in [RR10], where the authors
established a bound on the distance between a three-dimensional vector consist-
ing of a rescaled number of edges, a rescaled number of two-stars and a rescaled
number of triangles in a G(n, p) graph and a three-dimensional Gaussian vector.
We first compare our process to a two-dimensional Gaussian pre-limiting Gaus-
sian processes with paths in D([0, 1]) and bound the distance between the two
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in Theorem 6.2. Then, in Theorem 6.4, we bound the distance of our process
from a continuous two-dimensional Gaussian process.

It is worth noting that the analysis of this section could easily be extended
to one of a three-dimensional process whose coordinates represent the number
of edges, the number of triangles and the number of two-stars in a G(bntc, p)
graph. The only reason we do not do it here is that it would require some more
involved algebraic computations and would make this section rather lengthy.

6.1. Introduction

Let us consider a Bernoulli random graph G(n, p) on n vertices with edge prob-
abilities p.

Let Ii,j = Ij,i be the Bernoulli(p)-indicator that edge (i, j) is present in this
graph. These indicators, for (i, j) ∈ {1, · · · , n}2 are independent. We will look
at a process representing at each t ∈ [0, 1] the re-scaled total number of edges in
the graph formed out of the given Bernoulli random graph by considering only
its first bntc vertices and the edges between them:

Tn(t) =
bntc − 2

2n2

bntc∑
i,j=1

Ii,j =
bntc − 2

n2

∑
1≤i<j≤bntc

Ii,j ,

and at a process representing a re-scaled statistic related to the number of two-
stars in the same graph:

Vn(t) =
1

2n2

∑
1≤i,j,k≤bntc
i,j,k distinct

IijIjk =
1

n2

∑
1≤i<j<k≤bntc

(Ii,jIj,k + Ii,jIi,k + Ij,kIi,k) .

Let Yn(t) = (Tn(t)−ETn(t),Vn(t)−EVn(t)) for t ∈ [0, 1].

Remark 6.1. Note that, for all t ∈ [0, 1], ETn(t) = bntc−2
n2

(bntc
2

)
p and EVn(t) =

3
n2

(bntc
3

)
p2. Furthermore, note that, by an argument similar to that of [RR10,

Section 5], the covariance matrix of (Tn(t)−ETn(t),Vn(t)−EVn(t)) is given
by

3
(bntc − 2)

(bntc
3

)
n4

p(1− p)
(

1 2p
2p 4p2

)
.

Hence, the scaling ensures that the covariances are of the same order in n.

6.2. Exchangeable pair setup

We now construct an exchangeable pair, as in [RR10], by picking (I, J) according
to P[I = i, J = j] = 1

(n
2)

for 1 ≤ i < j ≤ n. If I = i, J = j, we replace Ii,j = Ij,i
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by an independent copy I ′i,j = I ′j,i and put:

T′n(t) = Tn(t)− bntc − 2

n2
(
II,J − I ′I,J

)
1[I/n,1]∩[J/n,1](t)

V′n(t) = Vn(t)− 1

n2

∑
k:k 6=I,J

(
II,J − I ′I,J

)
(IJ,k + II,k)1[I/n,1]∩[J/n,1]∩[k/n,1](t).

We also let Y′n(t) = (T′n(t)−ETn(t),V′n(t)−EVn(t)) and note that, for Yn =
(Yn(t), t ∈ [0, 1]) and Y′n = (Y′n(t), t ∈ [0, 1]), (Yn,Y

′
n) forms an exchangeable

pair. Let e1 = (1, 0), e2 = (0, 1). We note that, for any m = 1, 2 and for any
f ∈M , as defined in Section 2,

E
Yn {Df(Yn) [(T′n −Tn) em]}

=EYn

{
Df(Yn)

[
bn·c − 2

n2
(
I ′I,J − II,J

)
1[I/n,1]∩[J/n,1]em

]}
=

2

n3(n− 1)

∑
i<j

E
Yn
{
Df(Yn)

[
(bn·c − 2)

(
I ′i,j − Ii,j

)
1[i/n,1]∩[j/n,1]em

]
|I = i, J = j

}
=− 1(

n
2

)Df(Yn)[Tnem] +
2

n3(n− 1)
p
∑
i<j

Df(Yn)
[
(bn·c − 2)1[i/n,1]∩[j/n,1]em

]
=− 1(

n
2

)Df(Yn)[(Tn(·)−ETn(·)) em].

Also:

E
YnDf(Yn)[(Vn −V′n)em]

=
1

n2
(
n
2

) ∑
i<j

E
Yn

 ∑
k:k 6=i,j

Df(Yn)
[(
Ii,j − I ′i,j

)
(Ij,k + Ii,k)

· 1[i/n,1]∩[j/n,1]∩[k/n,1]em
]∣∣ I = i, J = j

}
=

2(
n
2

)Df(Yn)[Vnem]

− p

n2
(
n
2

) ∑
i<j

∑
k:k 6=i,j

E
YnDf(Yn)

[
(Ij,k + Ii,k)1[i/n,1]∩[j/n,1]∩[k/n,1]em

]
=

2(
n
2

)Df(Yn)[Vnem]− p

n2
(
n
2

) ∑
1≤i,j,k≤n
i,j,k distinct

E
YnDf(Yn)

[
Ii,j1[i/n,1]∩[j/n,1]∩[k/n,1]em

]

=
2(
n
2

)Df(Yn)[(Vn −EVn(·)) em]

− p

n2
(
n
2

) ∑
1≤i,j,k≤n
i,j,k distinct

E
YnDf(Yn)

[
(Ii,j − p)1[i/n,1]∩[j/n,1]∩[k/n,1]em

]
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=
2(
n
2

)Df(Yn)[(Vn −EVn(·)) em]

− 2p(
n
2

)Df(Yn)

[
1

bn·c − 2
(Tn −ETn(·)) em

(
n∑
k=1

1[k/n,1] − 2

)]

=
2(
n
2

)Df(Yn)[(Vn −EVn(·)) em]− 2p(
n
2

)Df(Yn) [(Tn −ETn(·))em] .

Therefore, for any m = 1, 2:

A) Df(Yn) [(Tn −ETn) em] =
n(n− 1)

2
E

Yn {Df(Yn) [(Tn −T′n)em]}

B) Df(Yn) [(Vn −EVn) em]

=
n(n− 1)

4
E

Yn {Df(Yn) [(Vn −V′n)em] + pDf(Yn) [(Tn −ETn) em]}

=
n(n− 1)

4
E

Yn {Df(Yn) [(2p(Tn −T′n) + Vn −V′n) em]}

and so:
Df(Yn)[Yn] = 2EYnDf(Yn) [(Yn −Y′n)Λn] ,

where:

Λn =
n(n− 1)

8

(
2 2p
0 1

)
. (6.1)

Therefore, condition (4.1) is satisfied with Λn of (6.1) and Rf = 0.

6.3. A pre-limiting process

Let Dn = (D
(1)
n ,D

(2)
n ), where D

(2)
n = D

(2,1)
n +D

(2,2)
n , be defined in the following

way:

D(1)
n (t) = (bntc − 2)

bntc∑
i,j=1

Z
(1)
i,j , t ∈ [0, 1]

D(2,1)
n (t) = (bntc − 2)

bntc∑
i,j=1

Z
(2,1)
i,j , t ∈ [0, 1]

D(2,2)
n (t) =

bntc∑
i,j,k=1

Z
(2,2)
i,j,k , t ∈ [0, 1]

where Z
(1)
i,i = 0 for all i, Z

(1,2)
i,i = 0 for all i and Z

(2,2)
i,j,k = 0 if i = j or i = k of

j = k. Furthermore, assume that the collection {Z(1)
i,j : i, j ∈ [n], i 6= j}∪{Z(1,2)

i,j :

i, j ∈ [n], i 6= j}∪{Z(2,2)
i,j,k : i, j, k ∈ [n], i 6= j 6= k 6= i} is jointly centred Gaussian
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with the following covariance structure:

EZ
(1)
ij Z

(1)
kl =

{
p(1−p)
2n4 , i = k, j = l, i 6= j

0, otherwise,

EZ
(1)
i,j Z

(2,1)
k,l =

{
p2(1−p)

4n4 , i = k, j = l, i 6= j

0, otherwise,

EZ
(2,2)
i,j,k Z

(1)
l,m =

{
3p2(1−p)

4n4 , i = l, j = m, i 6= j 6= k 6= i

0, otherwise,

EZ
(2,2)
i,j,k Z

(2,1)
l,m =

{
p3(1−p)

2n4 , i = l, j = m, i 6= j 6= k 6= i

0, otherwise,

EZ
(2,2)
i,j,k Z

(2,2)
r,s,t =


p2(1−p2)

2n4 , i = r, j = s, k = t, i 6= j 6= k 6= i
p3(1−p)
n4 , i = r, j = s, k 6= t, i 6= j 6= k 6= i, i 6= j 6= t 6= i

0, otherwise,

EZ
(2,1)
i,j Z

(2,1)
k,l =

{
1
n5 , i = k, j = l, i 6= j

0, otherwise.

It will become clear in Remark 6.3 why we have chosen this covariance structure.

6.4. Distance from the pre-limiting process

We first give a theorem providing a bound on the distance between Yn and the
pre-limiting piecewise constant Gaussian process.

Theorem 6.2. Let Yn be defined as in Section 6.1 and Dn be defined as in
Section 6.3. Then, for any g ∈M2, as defined by (2.3),

|Eg(Yn)−Eg(Dn)| ≤ 12‖g‖M2n−1.

In Step 1 of the proof, which is based on Theorem 4.1, we estimate term ε1
thereof. It involves bounding ‖Λn‖2 of (6.1) and the third moment of ‖Yn−Y′n‖
for Y′n constructed in Section 6.2. In Step 2 we treat ε2, which requires involved
calculations, based on Stein’s method, which are, to a large extent, postponed
to the appendix. Term ε3 is equal to zero as Rf of Section 6.2 is equal to zero.

Proof of Theorem 6.2. We adopt the notation of sections 6.1, 6.2, 6.3. We will
apply Theorem 4.1.

Step 1. First note that, for ε1 in Theorem 4.1,

|(Yn −Y′n)Λn| ≤ ‖Λn‖2|Yn −Y′n|,

where | · | denotes the Euclidean norm in R2 and ‖ · ‖2 is the induced operator
2-norm. Furthermore, for ‖ · ‖F denoting the Frobenius norm (which, for Θ ∈
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R
d1×d2 is defined by ‖Θ‖F =

√∑d1
i=1

∑d2
j=1 |Θi,j |),

‖Λn‖2 ≤ ‖Λn‖F =
n(n− 1)

8

√
22 + (2p)2 + 02 + 12 ≤ 3n(n− 1)

8
.

Therefore:

E‖(Yn −Y′n)Λn‖‖Yn −Y′n‖2

≤3n(n− 1)

8
E‖Yn −Y′n‖3

≤3n(n− 1)

8
E

 (n− 2)2

n4
(
II,J − I ′I,J

)2
+

1

n4

 ∑
k:k 6=I,J

(II,J − I ′I,J) (IJ,k + II,k)

2

3/2

≤3n(n− 1)

8

[
(n− 2)2

n4
+

(2(n− 2))
2

n4

]3/2
≤ 5

n
, (6.2)

where the third inequality follows because |II,J − I ′I,J | ≤ 1 and |IJ,k + II,k| ≤ 2
for all k. Therefore,

ε1 ≤
5‖g‖M2

6n
.

Step 2. For ε2 in Theorem 4.1, we wish to bound:∣∣ED2f(Yn) [(Yn −Y′n) Λn,Yn −Y′n]−ED2f(Yn) [Dn,Dn]
∣∣

=

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(2(Tn −T′n), 2p(Tn −T′n) + (Vn −V′n)) , (Tn −T′n,Vn −V′n)]

−ED2f(Yn) [Dn,Dn]
∣∣

≤S1 + S2 + S3 + S4 + S5 + S6 + S7, (6.3)

where:

S1 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(2, 0), (Tn −T′n)(1, 0)]−ED2f(Yn)

[(
D(1)
n , 0

)
,
(
D(1)
n , 0

)]∣∣∣∣
S2 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(0, 2p), (Tn −T′n)(1, 0)]− 2ED2f(Yn)

[(
0,D(2,1)

n

)
,
(
D(1)
n , 0

)]∣∣∣∣
S3 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(2, 0), (Vn −V′n)(0, 1)]− 4

3
ED2f(Yn)

[(
D(1)
n , 0

)
,
(

0,D(2,2)
n

)]∣∣∣∣
S4 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(0, 2p), (Vn −V′n)(0, 1)]− 2ED2f(Yn)

[(
0,D(2,1)

n

)
,
(

0,D(2,2)
n

)]∣∣∣∣
S5 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Vn −V′n)(0, 1), (Tn −T′n)(1, 0)]− 2

3
ED2f(Yn)

[(
0,D(2,2)

n

)
,
(
D(1)
n , 0

)]∣∣∣∣
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S6 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Vn −V′n)(0, 1), (Vn −V′n)(0, 1)]−ED2f(Yn)

[(
0,D(2,2)

n

)
,
(

0,D(2,2)
n

)]∣∣∣∣
S7 =

∣∣∣ED2f(Yn)
[(

0,D(2,1)
n

)
,
(

0,D(2,1)
n

)]∣∣∣ . (6.4)

The following bounds are obtained in Lemma 7.3, in the appendix:

S1 ≤
√

5‖g‖M2

12n
, S2 ≤

√
5‖g‖M2

12n
, S3 ≤

√
178‖g‖M2

6n
, S4 ≤

√
178‖g‖M2

6n

S5 ≤
√

178‖g‖M2

12n
, S6 ≤

√
612‖g‖M2

6n
, S7 ≤

‖g‖M2

n
. (6.5)

Note that, by (6.3) and (6.5),∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn) [Dn,Dn]
∣∣

=

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(2, 2p) + (Vn −V′n)(0, 1), (Tn −T′n)(1, 0) + (Vn −V′n)(0, 1)]

≤11‖g‖M2n−1. (6.6)

Using Theorem 4.1 together with (6.6) and (6.2) gives the desired result.

Remark 6.3. The reasons for the covariance structure of Dn taking the partic-
ular form described in Section 6.3 become clear when we look at (6.4) and (6.5).

The processes we compare are two-dimensional. The D
(1)
n -part of the pre-limiting

process Dn corresponds to the contribution of Tn − T′n to the first coordinate

in processes (Yn −Y′n)Λn and Yn −Y′n. Similarly, D
(2,1)
n corresponds to the

contribution of Tn −T′n to the second coordinate and D
(2,2)
n corresponds to the

contribution of Vn −V′n to the second coordinate.
The covariances are chosen so that at any time points s, t ∈ [0, 1],

Cov (Dn(s),Dn(t)) is close to Cov ((Yn −Y′n)Λn(s), (Yn −Y′n)(t)). This makes
the bounds in (6.5) small. Specifically, the only contribution to

Cov(Dn(s),Dn(t))− Cov ((Yn −Y′n)Λn(s), (Yn −Y′n)(t))

for s, t ∈ [0, 1] comes from the covariance of D
(1)
n and this is achieved by choosing

specific values for Cov
(
D

(2)
n (s),D

(2)
n (t)

)
and Cov

(
D

(1)
n (s),D

(2)
n (t)

)
for s, t ∈

[0, 1].

The covariance structure of D
(1)
n is chosen so that∣∣∣ED2f(Yn)
[(

0,D(2,1)
n

)
,
(

0,D(2,1)
n

)]∣∣∣
is small and this choice is made in an arbitrary way.

6.5. Distance from the continuous process

We now establish a bound on the speed of convergence of Yn to a continuous
Gaussian process whose covariance is the limit of the covariance of Dn. We do
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this by bounding the distance between Dn and the continuous process via the
Brownian modulus of continuity and using Theorem 6.2.

Theorem 6.4. Let Yn be defined as in Subsection 6.1 and let Z = (Z(1),Z(2))
be defined by:

Z(1)(t) =

√
p(1−p)√
2+8p2

tB1(t2) +
p
√

2p(1−p)√
1+4p2

tB2(t2),

Z(2)(t) =
p
√

2p(1−p)√
1+4p2

tB1(t2) +
2p2
√

2p(1−p)√
1+4p2

tB2(t2)
,

where B1,B2 are independent standard Brownian Motions. Then, for any g ∈
M2:

|Eg(Yn)−Eg(Z)| ≤ ‖g‖M2

(
913n−1/2

√
log n+ 112n−1/2

)
.

Remark 6.5. Theorem 6.4, together with Proposition 2.3, implies that Yn con-
verges to Z in distribution with respect to the Skorokhod and uniform topologies.

In Step 1 of the proof of Theorem 6.4, we provide a coupling between Dn and
i.i.d standard Brownian Motions. Using those Brownian Motions, we construct
a process Zn having the same distribution as Dn. In Step 2 we couple Zn and Z
and bound the first two moments of the supremum distance between them, using
the Brownian modulus of continuity. In Step 3 we use those bounds together
with the Mean Value Theorem to obtain Theorem 6.4.

Proof of Theorem 6.4.
Step 1. Let B1, B2, B3, B4, B5 be i.i.d. standard Brownian Motions and let

Zn =
(
Z

(1)
n ,Z

(2)
n

)
be defined by:

A) Z(1)
n (t) =

(bntc − 2)
√
p(1− p)

n2
√

2 + 8p2
B1 (bntc(bntc − 1))

+
(bntc − 2)p

√
2p(1− p)

n2
√

1 + 4p2
B2 (bntc(bntc − 1)) ;

B) Z(2)
n (t) =

(bntc − 2)p
√

2p(1− p)
n2
√

1 + 4p2
B1 (bntc(bntc − 1))

+
(bntc − 2)2p2

√
2p(1− p)

n2
√

1 + 4p2
B2 (bntc(bntc − 1))

+
bntc − 2

n5/2
B3 (bntc(bntc − 1)) +

p(1− p)√
2n2

B4

(
bntc2(bntc − 1)

)
+

√
2p3(1− p)
n2

B5(1).

Now, note that
(
D

(1)
n ,D

(2)
n

)
D
=
(
Z

(1)
n ,Z

(2)
n

)
. To see this, observe that for all
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u, t ∈ [0, 1],

A) ED(1)
n (t)D(1)

n (u) = (bntc − 2)(bnuc − 2)bn(t ∧ u)c(bn(t ∧ u)c − 1)
p(1− p)

2n4

=EZ(1)
n (t)Z(1)

n (u);

B) ED(2)
n (t)D(2)

n (u) = EZ(2)
n (t)Z(2)

n (u);

C) ED(1)
n (t)D(2)

n (u) = (bntc − 2)(bnuc − 2)bn(t ∧ u)c(bn(t ∧ u)c − 1)
p2(1− p)

n4

=EZ(1)
n (t)Z(2)

n (u), (6.7)

where B) is proved in Lemma 7.4, in the appendix.
Step 2. We let Z and Zn be coupled in such a way that Z is constructed

as in Theorem 6.4, using the same Brownian Motions B1,B2, as the ones used
in the construction of Zn. In Lemma 7.5, proved in the appendix, we derive
bounds for moments of the supremum distance between Z and Zn:

E ‖Zn − Z‖ ≤ 12

n1/2
+

51
√

log n√
n

;

E ‖Zn − Z‖2 ≤ 121

n
+

743 log n

n
;

E‖Z‖2 ≤ 5. (6.8)

Step 3. We note that ‖Dg(w)‖ ≤ ‖g‖M2(1 + ‖w‖) and therefore, by (6.8):

|Eg(Z)−Eg(Dn)|
MVT
≤ E

[
sup
c∈[0,1]

‖Dg(Z + c(Zn − Z))‖ ‖Z− Zn‖

]

≤‖g‖M2E

[
sup
c∈[0,1]

(1 + ‖Z + c(Zn − Z)‖) ‖Z− Zn‖

]
≤‖g‖M2E

[
‖Z− Zn‖+ ‖Z‖‖Z− Zn‖+ ‖Z− Zn‖2

]
≤‖g‖M2

[
E‖Z− Zn‖+

√
E‖Z‖2E‖Z− Zn‖2 +E‖Z− Zn‖2

]
≤‖g‖M2

(
901n−1/2 + 112n−1/2

√
log n

)
,

which, together with Theorem 6.2 gives the desired result.

Remark 6.6. The representation of Z in terms of two independent Brownian
Motions comes from a careful analysis of the limiting covariance of Dn. Indeed,
(6.7) provides an explicit derivation of the covariance, which converges to the
covariance of Z.
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7. Appendix - technical details of the proofs of Theorems 5.1, 6.2
and 6.4

7.1. Technical details of the proof of Theorem 5.1

Lemma 7.1. In the setup of Theorem 6.2 and for ε2 defined by Theorem 4.1,

ε2 =
∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn)[Dn,Dn]

∣∣
≤A+B,
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for

A =

∣∣∣∣∣∣∣∣
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{[
(Xik −Xil)

2

2n
− Ẑ2

i

n− 1

]

·
(
D2f(Yn,ijkl)−D2f

(
Y ijkln

)) [
1[i/n,1]1[i/n,1]

]}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{[
(Xik −Xil)(Xjl −Xjk)

2n
− ẐiẐj

]

·
(
D2f(Yn,ijkl)−D2f

(
Y ijkln

)) [
1[i/n,1],1[j/n,1]

]} ∣∣∣∣∣∣∣ ,

B =

∣∣∣∣∣∣∣∣
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{[
(Xik −Xil)

2

2n
− Ẑ2

i

n− 1

]
D2f

(
Y ijkln

) [
1[i/n,1]1[i/n,1]

]}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E

{[
(Xik −Xil)(Xjl −Xjk)

2n
− ẐiẐj

]

·D2f
(
Y ijkln

) [
1[i/n,1],1[j/n,1]

]} ∣∣∣∣∣∣∣ .
Proof. Note that

ε2 =
∣∣ED2f(Yn) [(Yn −Y′n)Λn,Yn −Y′n]−ED2f(Yn)[Dn,Dn]

∣∣
=

∣∣∣∣n− 1

4
ED2f(Yn)[Yn −Y′n,Yn −Y′n]−ED2f(Yn)[Dn,Dn]

∣∣∣∣ (7.1)

and

n− 1

4
ED2f(Yn)[Yn −Y′n,Yn −Y′n]−ED2f(Yn)[Dn,Dn]

=
1

2ns2n

n∑
i,j=1

E
{

(Xiπ(i) −Xiπ(j))
2D2f(Yn)

[
1[i/n,1]1[i/n,1]

]}
+

1

2ns2n

n∑
i,j=1

E
{

(Xiπ(i) −Xiπ(j))(Xjπ(j) −Xjπ(i))D
2f(Yn)

[
1[i/n,1],1[j/n,1]

]}
−ED2f(Yn)[Dn,Dn]
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=
1

2n2(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E
{

(Xik −Xil)
2 ·D2f(Yn)

[
1[i/n,1]1[i/n,1]

]∣∣π(i) = k, π(j) = l
}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E

{[
(Xik −Xil)(Xjl −Xjk)

2n

]

· D2f(Yn)
[
1[i/n,1],1[j/n,1]

] ∣∣∣∣π(i) = k, π(j) = l

}

− 1

s2n

∑
1≤i 6=j≤n

E[ẐiẐj ]ED
2f(Yn)[1[i/n,1],1[j/n,1]]

− 1

(n− 1)s2n

∑
1≤i 6=j≤n

E[Ẑ2
i ]ED2f(Yn)[1[i/n,1],1[i/n,1]]

=
1

2n2(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E
{

(Xik −Xil)
2D2f(Yn,ijkl)

[
1[i/n,1]1[i/n,1]

]}

+
1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E

{
(Xik −Xil)(Xjl −Xjk)

2n
D2f(Yn,ijkl)

[
1[i/n,1],1[j/n,1]

]}

− 1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E[ẐiẐj ]ED
2f(Yn,ijkl)[1[i/n,1],1[j/n,1]]

− 1

n(n− 1)2s2n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E[Ẑ2
i ]ED2f(Yn,ijkl)[1[i/n,1],1[i/n,1]]. (7.2)

Now, the lemma follows by taking the absolute value in (7.2) and combining it
with (7.1).

Lemma 7.2. For A of (5.9),

A ≤ ‖g‖M1

n3(n− 1)s3n

∑
1≤i,j,k,l,u≤n

{
E|Xik|3 + 5E|Xik|E|Xil|2 + 7E|Xik|2E|Xjl|

+ 5E|Xik|2E|Xjk|+ 16E|Xik|E|Xil|E|Xjl|+ 2E|Xiu|E|Xik|E|Xil|
+ 4E|Xiu|E|Xil|E|Xjk|+ 6E|Xuk|E|Xik|E|Xjl|+ 2E|Xuk|E|Xik|E|Xjk|

+
1

n
(2E |Xik|+ 2E |Xj,l|+ 2E|Xuk|+ 2E|Xul|) ·

n∑
r=1

(
E|Xir|2 + |circjr|

)}
.

Proof. Let us adopt the notation of the proof of Theorem 5.1. Define index
sets I = {i, j, π−1(k), π−1(l)} and J = {k, l, π(i), π(j)}. Then, letting S =
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1
sn

∑
i′ 6∈I Xi′π(i′)1[i′/n,1], we can write:

Yn,ijkl = S +
1

sn

∑
i′∈I

Xi′πijkl(i′)1[i′/n,1], Yijkl
n = S +

1

sn

∑
i′∈I

Xijkl
i′π(i′)1[i

′/n,1].

Since S depends only on the components of X outside the square I × J and
{π(i) : i 6∈ I}, S is independent of:{

Xil, Xjk, Xik, Xjl,
∑
i′∈I

Xi′πijkl(i′),
∑
i′∈I

Xijkl
i′π(i′)

}
,

given π−1(k), π−1(l), π(i), π(j).
Note that, by Proposition 3.2,

A ≤ ‖g‖M1

n(n− 1)s2n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{∥∥Yn,ijkl −Yijkl
n

∥∥(∣∣∣∣∣ (Xik −Xil)
2

2n
− EẐ2

i

n− 1

∣∣∣∣∣
+

∣∣∣∣ (Xik −Xil)(Xjl −Xjk)

2n
−E(ẐiẐj)

∣∣∣∣)}
≤ ‖g‖M1

n(n− 1)s3n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

∑
i′∈I

E

{ ∣∣∣Xi′,πijkl(i′) −X
ijkl
i′π(i′)

∣∣∣
·

(∣∣∣∣∣ (Xik −Xil)
2

2n
− EẐ2

i

n− 1

∣∣∣∣∣+

∣∣∣∣ (Xik −Xil)(Xjl −Xjk)

2n
−E(ẐiẐj)

∣∣∣∣
)}

≤ ‖g‖M1

n(n− 1)s3n

∑
1≤i,j,k,l≤n
i6=j,k 6=l

E

{(∣∣∣Xik −Xijkl
i,π(i)

∣∣∣+
∣∣∣Xj,l −Xijkl

j,π(j)

∣∣∣+
∣∣∣Xi,k −Xijkl

π−1(k),k

∣∣∣
+
∣∣∣Xj,l −Xijkl

π−1(l),l

∣∣∣)(∣∣∣∣∣ (Xik −Xil)
2

2n
− EẐ2

i

n− 1

∣∣∣∣∣+

∣∣∣∣ (Xik −Xil)(Xjl −Xjk)

2n
−E(ẐiẐj)

∣∣∣∣
)}

≤ ‖g‖M1

2n(n− 1)2s3n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E

{(
2 |Xik|+

∣∣∣Xijkl
i,π(i)

∣∣∣+ 2 |Xj,l|+
∣∣∣Xijkl

j,π(j)

∣∣∣+
∣∣∣Xijkl

π−1(k),k

∣∣∣
+
∣∣∣Xijkl

π−1(l),l

∣∣∣)(|Xik|2 + |Xil|2 + 2 |XikXil|+ 2
∣∣∣Ẑi∣∣∣2 + |XikXjl|+ |XikXjk|

+ |XilXjl|+ |XilXjk|+ 2(n− 1)
∣∣∣E(ẐiẐj)

∣∣∣)}
≤ ‖g‖M1

2n2(n− 1)s3n

∑
1≤i,j,k,l≤n
i 6=j,k 6=l

E

{
(|Xik|+ |Xj,l|)

(
|Xik|2 + |Xil|2 + 2 |XikXil|+

2

n

n∑
r=1

E|Xir|2

+ |XikXjl|+ |XikXjk|+ |XilXjl|+ |XilXjk|+
2

n

n∑
r=1

|circjr|

)}
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+
‖g‖M1

n3(n− 1)s3n

∑
1≤i,j,k,l,u≤n
i 6=j,k 6=l

(E|Xi,u|+E|Xj,u|+E|Xuk|+E|Xu,l|)E

{
|Xik|2 + |Xil|2

+2 |XikXil|+
1

n

n∑
r=1

E|Xir|2 + |XikXjl|+ |XikXjk|+ |XilXjl|+ |XilXjk|+
1

n

n∑
r=1

|circjr|

}

≤ ‖g‖M1

n3(n− 1)s3n

∑
1≤i,j,k,l,u≤n

{
E|Xik|3 + 5E|Xik|E|Xil|2 + 7E|Xik|2E|Xjl|

+ 5E|Xik|2E|Xjk|+ 16E|Xik|E|Xil|E|Xjl|+ 2E|Xiu|E|Xik|E|Xil|
+ 4E|Xiu|E|Xil|E|Xjk|+ 6E|Xuk|E|Xik|E|Xjl|+ 2E|Xuk|E|Xik|E|Xjk|

+
1

n
(2E |Xik|+ 2E |Xj,l|+ 2E|Xuk|+ 2E|Xul|) ·

n∑
r=1

(
E|Xir|2 + |circjr|

)}
.

which finishes the proof.

7.2. Technical details of the proof of Theorem 6.2

Lemma 7.3. For Si, i = 1, · · · , 7 of (6.4), we have the following estimates:

S1 ≤
√

5‖g‖M2

12n
, S2 ≤

√
5‖g‖M2

12n
, S3 ≤

√
178‖g‖M2

6n
, S4 ≤

√
178‖g‖M2

6n

S5 ≤
√

178‖g‖M2

12n
, S6 ≤

√
612‖g‖M2

6n
, S7 ≤

‖g‖M2

n
.

Proof. For S1, for fixed i, j ∈ {1, · · · , n}, let Yij
n be equal to Yn except for the

fact that Iij is replaced by an independent copy, i.e. for all t ∈ [0, 1] let:

Tij
n (t) = Tn(t)− bntc − 2

n2
(
Iij − I ′ij

)
1[i/n,1]∩[j/n,1](t)

Vij
n (t) = Vn(t)− 1

n2

∑
k:k 6=i,j

(
Iij − I ′ij

)
(Ijk + Iik)1[i/n,1]∩[j/n,1]∩[k/n,1](t)

and let Yij
n (t) =

(
Tij
n (t)−ETn(t),Vij

n (t)−EVn(t)
)
.

By noting that the mean zero Z
(1)
i and Z

(1)
j are independent for i 6= j, we

obtain:

S1 =

∣∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(2, 0), (Tn −T′n)(1, 0)]

−
n∑

j,k=1

ED2f(Yn)

[
n∑
i=1

Z
(1)
i,k (bn·c − 2)(1, 0)1[i/n,1]∩[k/n,1],

n∑
i=1

Z
(1)
i,j (bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1]

]∣∣∣∣∣
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=

∣∣∣∣∣∣ 1

4n4

∑
1≤i 6=j≤n

E {(Ii,j − 2pIi,j + p)

·D2f(Yn)
[
(bn·c − 2)1[i/n,1]∩[j/n,1](1, 0), (bn·c − 2)1[i/n,1]∩[j/n,1](1, 0)

]}
−

n∑
i,j=1

{
E

(
Z

(1)
i,j

)2
·ED2f(Yn)

[
(bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1], (bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1]

] } ∣∣∣∣∣
=

∣∣∣∣∣∣
∑

1≤i 6=j≤n

E

{(
1

4n4
(Ii,j − 2pIi,j + p)−E

(
Z

(1)
i,j

)2)

·D2f(Yn)
[
(bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1], (bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1]

]} ∣∣∣∣∣
=

∣∣∣∣∣∣
∑

1≤i 6=j≤n

E

{
1

4n4
(Ii,j − 2pIi,j + p)

·
(
D2f(Yn)−D2f(Yij

n )
) [

(bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1], (bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1]
]} ∣∣∣∣∣

≤‖g‖M
2

12n2

∑
1≤i6=j≤n

E |(Ii,j − 2pIi,j + p)|
∥∥Yn −Yij

n

∥∥ , (7.3)

where (7.3) follows from Proposition 3.2. Now,

∥∥Yn −Yij
n

∥∥ ≤ 1

n2

√√√√√(bn·c − 2)2(Iij − I ′ij)2 +

 ∑
k:k 6=i,j

|Iij − I ′ij |(Ijk + Iik)

2

and so, by (7.3),

S1 ≤
‖g‖M2

12n4

∑
1≤i6=j≤n

E

 |Ii,j − 2pIi,j + p|

·

√√√√√(n− 2)2(Iij − I ′ij)2 +

∑
k 6=i,j

|Iij − I ′ij |(Ijk + Iik)

2


≤‖g‖M
2

12n3

∑
1≤i6=j≤n

E

{
|Ii,j − 2pIi,j + p| ·

√
(Iij − I ′ij)2 +

(
|Iij − I ′ij |(Ijk + Iik)

)2}
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≤
√

5‖g‖M2

12n
, (7.4)

where the last inequality holds because |Iij − 2pIij + p| ≤ 1, |Iij − I ′ij | ≤ 1 and
Ijk + Iik ≤ 2 for all k ∈ {1, · · · , n}.

Similarly, for S2:

S2 =

∣∣∣∣∣n(n− 1)

8
E
{
D2f(Yn) [(Tn −T′n)(0, 2p), (Tn −T′n)(1, 0)]

}
− 2

n∑
j,k=1

ED2f(Yn)

[
n∑
i=1

Z
(2,1)
i,k (bn·c − 2)1[i/n,1]∩[k/n,1](0, 1),

n∑
i=1

Z
(1)
i,j (bn·c − 2)1[i/n,1]∩[j/n,1](1, 0)

]∣∣∣∣∣
=

∣∣∣∣∣∣ p4n4

∑
1≤i 6=j≤n

E {(Ii,j − 2pIi,j + p)

· D2f(Yn)
[
(bn·c − 2)1[i/n,1]∩[j/n,1](0, 1), (bn·c − 2)1[i/n,1]∩[j/n,1](1, 0)

]}
−

∑
1≤i 6=j≤n

{
E

(
Z

(1)
i,j Z

(2,1)
i,j

)

·ED2f(Yn)
[
(bn·c − 2)(0, 1)1[i/n,1]∩[j/n,1], (bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1]

] } ∣∣∣∣∣∣
≤
√

5p‖g‖M2

12n

≤
√

5‖g‖M2

12n
. (7.5)

For S3, let Yijk
n equal to Yn except that Iij , Ijk, Iik are replaced by I ′ij , I

′
jk, I ′ik,

i.e. for all t ∈ [0, 1] let

Tijk
n (t) =Tn(t)− bntc − 2

n2
[
(Iij − I ′ij)1[i/n,1]∩[j/n,1](t)

+(Ijk − I ′jk)1[j/n,1]∩[k/n,1](t) + (Iik − I ′ik)1[i/n,1]∩[k/n,1](t)
]

Vijk
n (t) =Vn(t)− 1

n2

∑
l:l 6=i,j,k

[(
Iij − I ′ij

)
(Ijl + Iil)1[i/n,1]∩[j/n,1]∩[l/n,1](t)

+
(
Ijk − I ′jk

)
(Ijl + Ikl)1[k/n,1]∩[j/n,1]∩[l/n,1](t)

+ (Iik − I ′ik) (Ijl + Iil)1[i/n,1]∩[k/n,1]∩[l/n,1](t)
]

− 1

n2
[
(IijIjk − I ′ijI ′jk) + (IijIik − I ′ijI ′ik) + (IikIjk − I ′ikI ′jk)

]
1[i/n,1]∩[j/n,1]∩[k/n,1](t).

(7.6)

132



Miko laj J. Kasprzak/Functional Stein’s method with exchangeable pairs 39

Let Yijk
n (t) =

(
Tijk
n (t)−ETn(t),Vijk

n (t)−EVn(t)
)

for all t ∈ [0, 1]. Note that

S3 =

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(2, 0), (Vn −V′n)(0, 1)]

−4

3
ED2f(Yn)

 n∑
i,j=1

Z
(1)
i,j (bn·c − 2)(1, 0)1[i/n,1]∩[j/n,1],

n∑
i,j,k=1

Z
(2,2)
i,j,l (0, 1)1[i/n,1]∩[j/n,1]∩[l/n,1]

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
1

4n4

∑
1≤i,j,k≤n
i,j,k distinct

E {(Iij − I ′ij)2(Ijk + Iik)

·D2f(Yn)
[
(bn·c − 2)1[i/n,1]∩[j/n,1](1, 0),1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1)

]}
−4

3

∑
1≤i,j,k≤n
i,j,k distinct

E

{
Z

(1)
i,j Z

(2,2)
i,j,k D

2f(Yn)
[
(bn·c − 2)1[i/n,1]∩[j/n,1](1, 0),1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1)

]}∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∑

1≤i,j,k≤n
i,j,k distinct

E

{(
1

4n4
(Iij − 2pIij + p)(Ijk + Iik)− 4

3
EZ

(1)
i,j Z

(2,2)
i,j,k

)

·D2f(Yn)
[
(bn·c − 2)1[i/n,1]∩[j/n,1](1, 0),1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1)

]} ∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∑

1≤i,j,k≤n
i,j,k distinct

E

{(
1

4n4
(Iij − 2pIij + p)(Ijk + Iik)

)

·
(
D2f(Yn)−D2f(Yijk

n )
) [

(bn·c − 2)1[i/n,1]∩[j/n,1](1, 0),1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1)
]} ∣∣∣∣∣∣∣∣

≤‖g‖M
2

12n3

∑
1≤i,j,k≤n
i,j,k distinct

E (Iij − 2pIij + p) (Ijk + Iik)
∥∥Yn −Yijk

n

∥∥ . (7.7)

Now, by (7.6), we note that:

‖Yn −Yijk
n ‖ ≤

1

n2
{

(n− 2)2(|Iij − I ′ij |+ |Ijk − I ′jk|+ |Iik − I ′ik|)2

+

 ∑
l:l 6=i,j,k

(
|Iij − I ′ij |(Ijl + Iil) + |Ijk − I ′jk|(Ijl + Ikl)
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+|Iik − I ′ik|(Ijl + Iil) + |Iik − I ′ik|(Ijl + Iil))

+|IijIjk − I ′ijI ′jk|+ |IijIik − I ′ijI ′ik|+ |IijIjk − I ′ijI ′jk|
]2}1/2

≤ 1

n2

√
9(n− 2)2 + (8(n− 3) + 3)2

=

√
73n2 − 372n+ 477

n2
,

where the second inequality follows from the fact that for all a, b, c ∈ {1, · · · , n},
|Iab − I ′ab| ≤ 1, (Iab + Ibc) ≤ 2 and |IabIbc − I ′abI ′bc| ≤ 1. Also, (Ijk + Iik) ≤ 2
and Iij − 2pIij + p ≤ 1. Therefore, by (7.7):

S3 ≤
‖g‖Mn(n− 1)(n− 2)

√
73n2 − 372n+ 477

6n5

≤
√

178‖g‖M2

6n
. (7.8)

Similarly,

S4 ≤
√

178‖g‖Mp
6n

≤
√

178‖g‖M2

6n
. (7.9)

and, for S5:

S5 =
1

2

∣∣∣∣n(n− 1)

8
ED2f(Yn) [(Tn −T′n)(2, 0), (Vn −V′n)(0, 1)]− 4

3
ED2f(Yn)

[(
D(1)
n , 0

)
,
(

0,D(2,2)
n

)]∣∣∣∣
≤
√

178‖g‖M2

12n
. (7.10)

Now, for S6, let Yijkl
n be equal to Yn except that Iij , Iik, Iil, Ijk, Ijl, Ikl are

replaced with independent copies I ′ij , I
′
ik, I

′
il, I
′
jk, I

′
jl, I

′
kl, i.e. for all t ∈ [0, 1] let

Tijkl
n (t) =Tn(t)− bntc − 2

n2
[
(Iij − I ′ij)1[i/n,1]∩[j/n,1](t) + (Iik − I ′ik)1[i/n,1]∩[k/n,1](t)

+ (Iil − I ′il)1[i/n,1]∩[l/n,1](t) + (Ijk − I ′jk)1[j/n,1]∩[k/n,1](t)

+(Ijl − I ′jl)1[j/n,1]∩[l/n,1](t) + (Ikl − I ′kl)1[k/n,1]∩[l/n,1](t)
]

Vijkl
n (t) =Vn(t)− 1

n2

∑
m:m 6=i,j,k,l

[(
Iij − I ′ij

)
(Iim + Ijm)1[i/n,1]∩[j/n,1]∩[m/n,1](t)

+ (Iik − I ′ik) (Iim + Ikm)1[i/n,1]∩[k/n,1]∩[m/n,1](t)

+ (Iil − I ′il) (Iim + Ilm)1[i/n,1]∩[l/n,1]∩[m/n,1](t)

+
(
Ijk − I ′jk

)
(Ijm + Ikm)1[j/n,1]∩[k/n,1]∩[m/n,1](t)

+
(
Ijl − I ′jl

)
(Ijm + Ilm)1[j/n,1]∩[l/n,1]∩[m/n,1](t)

+ (Ikl − I ′ll) (Ikm + Ilm)1[k/n,1]∩[l/n,1]∩[m/n,1](t)
]

− 1

n2
[
(IijIjk − I ′ijI ′jk) + (IijIik − I ′ijI ′ik) + (IikIjk − I ′ijI ′jk)

]
1[i/n,1]∩[j/n,1]∩[k/n,1](t)
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− 1

n2
[
(IijIjl − I ′ijI ′jl) + (IijIil − I ′ijI ′il) + (IilIjl − I ′ijI ′jl)

]
1[i/n,1]∩[j/n,1]∩[l/n,1](t)

− 1

n2
[(IikIkl − I ′ikI ′kl) + (IikIil − I ′ikI ′il) + (IilIkl − I ′ikI ′kl)]1[i/n,1]∩[k/n,1]∩[l/n,1](t)

− 1

n2
[
(IjkIjl − I ′jkI ′jl) + (IjlIkl − I ′jlI ′kl) + (IklIjk − I ′klI ′jk)

]
1[j/n,1]∩[k/n,1]∩[l/n,1](t)

(7.11)

and for all t ∈ [0, 1] let Yijkl
n (t) =

(
Tijkl
n (t)−ETn,V

ijkl
n (t)−EVn(t)

)
. Note

that:

S6 ≤

∣∣∣∣∣∣ 1

8n4

∑
1≤i 6=j≤n

∑
k 6=i,j

∑
l 6=i,j

E
{

(Iij − I ′ij)2(Ijk + Iik)(Ijl + Iil)

·D2f(Yn)
[
1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1),1[i/n,1]∩[j/n,1]∩[l/n,1](0, 1)

]}
− ED2f(Yn)

 n∑
i,j,k=1

Z
(2,2)
i,j,k 1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1),

n∑
i,j,k=1

Z
(2,2)
i,j,k 1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑

1≤i 6=j≤n

∑
k 6=i,j

∑
l 6=i,j

E

{(
1

8n4
(Iij − I ′ij)2(Ijk + Iik)(Ijl + Iil)− Z(2,2)

ijk Z
(2,2)
ijl

)

·D2f(Yn)
[
1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1),1[i/n,1]∩[j/n,1]∩[l/n,1](0, 1)

]} ∣∣∣∣∣
=

∣∣∣∣∣∣
∑

1≤i 6=j≤n

∑
k 6=i,j

∑
l 6=i,j

1

8n4
E
{

(Iij − I ′ij)2(Ijk + Iik)(Ijl + Iil)

·
(
D2f(Yn)−D2f(Yijkl

n )
) [
1[i/n,1]∩[j/n,1]∩[k/n,1](0, 1),1[i/n,1]∩[j/n,1]∩[l/n,1](0, 1)

]} ∣∣∣∣∣
≤‖g‖M

2

24n4

∑
1≤i,j,k,l≤n
i,j,k,l distinct

E
{

(Iij − 2pIij + p)(Ijk + Iik)(Ijl + Iil)‖Yn −Yijkl
n ‖

}
.

(7.12)

Now, by (7.11), note that:

‖Yn −Yijkl
n ‖

≤ 1

n2

(n− 2)2
(
|Iij − I ′ij |+ |Iik − I ′ik|+ |Iil − I ′i|+ |Ijk − I ′jk|+ |Ijl − I ′jl|+ |Ikl − I ′kl|

)2
+

 ∑
m:m6=i,j,k,l

[∣∣Iij − I ′ij∣∣ (Iim + Ijm) + |Iik − I ′ik| (Iim + Ikm) + |Iil − I ′il| (Iim + Ilm)

+
∣∣Ijk − I ′jk∣∣ (Ijm + Ikm) +

∣∣Ijl − I ′jl∣∣ (Ijm + Ilm) + |Ikl − I ′ll| (Ikm + Ilm)
]
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+ |IijIjk − I ′ijI ′jk|+ |IijIik − I ′ijI ′ik|+ |IikIjk − I ′ijI ′jk|+ |IijIjl − I ′ijI ′jl|
+ |IijIil − I ′ijI ′il|+ |IilIjl − I ′ijI ′jl|+ |IikIkl − I ′ikI ′kl|+ |IikIil − I ′ikI ′il|

+ |IilIkl − I ′ikI ′kl| +|IjkIjl − I ′jkI ′jl|+ |IjlIkl − I ′jlI ′kl|+ |IklIjk − I ′klI ′jk|

2


1/2

≤

√
36(n− 2)2 + (12(n− 4) + 12)

2

n2

=

√
180n2 − 1008n+ 1440

n2
.

Therefore, by (7.12):

S7 ≤
‖g‖M2 · 4

√
180n2 − 1008n+ 1440

24n2
≤
√

612‖g‖M2

6n
. (7.13)

Furthermore, for S7, note that:

S7 =

∣∣∣∣∣∣
n∑

i,j=1

E

(
Z

(2,1)
i,j

)2
D2f(Yn)

[(
0, (bn·c − 2)1[i/n,1]∩[j/n,1]

)
,
(
0, (bn·c − 2)1[i/n,1]∩[j/n,1]

)]∣∣∣∣∣∣
≤‖g‖M

2

n
. (7.14)

The result now follows by (7.4), (7.5), (7.8), (7.9), (7.10), (7.13), (7.14).

7.3. Technical details of the proof of Theorem 6.4

Lemma 7.4. Using the notation of Step 1 of the proof of Theorem 6.4, for all
u, t ∈ [0, 1],

ED(2)
n (t)D(2)

n (u) = EZ(2)
n (t)Z(2)

n (u).

Proof. Note that

ED(2)
n (t)D(2)

n (u)

=ED(2,1)
n (t)D(2,1)

n (u) +ED(2,1)
n (t)D(2,2)

n (u) +ED(2,2)
n (t)D(2,1)

n (u) +ED(2,2)
n (t)D(2,2)

n (u)

=(bntc − 2)(bnuc − 2)
∑

1≤i,j≤bn(t∧u)c

E

[(
Z

(2,1)
ij

)2]
+ (bntc − 2)

∑
1≤i,j≤bn(t∧u)c

i 6=j

∑
1≤k≤bnuc
k 6=i,k 6=j

EZ
(2,1)
i,j Z

(2,2)
i,j,k

+ (bnuc − 2)
∑

1≤i,j≤bn(t∧u)c
i 6=j

∑
1≤k≤bntc
k 6=i,k 6=j

EZ
(2,1)
i,j Z

(2,2)
i,j,k
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+
∑

1≤i,j,k≤bn(u∧t)c
i,j,k distinct

E

[(
Z

(2,2)
i,j,k

)2]

+
∑

1≤i,j≤bn(u∧t)c
1≤k≤bnuc,1≤l≤bntc

i,j,k,l distinct

EZ
(2,2)
i,j,k Z

(2,2)
i,j,l

=
(bntc − 2)(bnuc − 2)bn(t ∧ u)c(bn(t ∧ u)c − 1)

n5

+ (bntc − 2)(bnuc − 2)bn(t ∧ u)c(bn(t ∧ u)c − 1)
p3(1− p)

n4

+ bn(t ∧ u)c(bn(t ∧ u)c − 1)(bn(t ∧ u)c − 2)
p2(1− p2)

2n4

+ bn(t ∧ u)c(bn(t ∧ u)c − 1)(bn(u ∧ t)c − 2)(bn(u ∨ t)c − 3)
p3(1− p)

n4

=(bntc − 2)(bnuc − 2)bn(t ∧ u)c(bn(t ∧ u)c − 1)
2p3(1− p)

n4

+ bn(t ∧ u)c(bn(t ∧ u)c − 1)

·
(

(bntc − 2)(bnuc − 2)

n5
+
bn(t ∧ u)cp2(1− p)2

2n4
+

2p3(1− p)
n4

)
=EZ(2)

n (t)Z(2)
n (u),

which finishes the proof.

Lemma 7.5. Using the notation of Step 2 of the proof of Theorem 6.4,

E ‖Zn − Z‖ ≤ 12

n1/2
+

51
√

log n√
n

E ‖Zn − Z‖2 ≤ 121

n
+

743 log n

n

E‖Z‖2 ≤ 5.

Proof. Note the following

1. By Doob’s L2 inequality,

A) E

[
sup
t∈[0,1]

∣∣∣∣B3

(
bntc(bntc − 1)

n2

)∣∣∣∣
]
≤ 2

√√√√E[∣∣∣∣B3

(
n(n− 1)

n2

)∣∣∣∣2
]
≤ 2

B) E

[
sup
t∈[0,1]

∣∣∣∣B4

(
bntc2(bntc − 1)

n3

)∣∣∣∣
]
≤ 2

√
E

[∣∣∣∣B4

(
n2(n− 1)

n3

)∣∣∣∣] ≤ 2.

(7.15)
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2. By Doob’s L2 inequality,

E

[
sup
t∈[0,1]

|B1(t2)|

]
≤ 2 and

∣∣∣∣bntc − 2

n
− t
∣∣∣∣ ≤ 3

n
for all t ∈ [0, 1]

(7.16)
3. Using [FN10, Lemma 3] and the fact that∣∣∣∣bntc(bntc − 1)

n2
− t2

∣∣∣∣ ≤ ∣∣∣∣ (nt− bntc)(nt+ bntc)
n2

∣∣∣∣+
1

n2
≤ 3

n
,

we obtain

E

[
sup
t∈[0,1]

∣∣∣∣B1

(
bntc(bntc − 1)

n2

)
−B1(t2)

∣∣∣∣
]
≤

30
√

3 log
(
2n
3

)
n1/2

√
π log(2)

. (7.17)

Now, can bound E ‖Zn − Z‖ in the following way:

E ‖Zn − Z‖

≤
√
p(1− p)√
2 + 8p2

E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B1

(
bntc(bntc − 1)

n2

)
− tB1(t2)

∣∣∣∣
]

+
p
√

2p(1− p)√
1 + 4p2

E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B2

(
bntc(bntc − 1)

n2

)
− tB2(t2)

∣∣∣∣
]

+
p
√

2p(1− p)√
1 + 4p2

E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B1

(
bntc(bntc − 1)

n2

)
− tB1(t2)

∣∣∣∣
]

+
2p2
√

2p(1− p)√
1 + 4p2

E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B2

(
bntc(bntc − 1)

n2

)
− tB2(t2)

∣∣∣∣
]

+
1

n1/2
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B3

(
bntc(bntc − 1)

n2

)∣∣∣∣
]

+
p(1− p)√

2n1/2
E

[
sup
t∈[0,1]

∣∣∣∣B4

(
bntc2(bntc − 1)

n3

)∣∣∣∣
]

+

√
2p3(1− p)
n2

E|B5(1)|

(7.15)

≤
(1 + 4p+ 4p2)

√
p(1− p)√

2 + 8p2
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B1

(
bntc(bntc − 1)

n2

)
− tB1(t2)

∣∣∣∣
]

+
2

n1/2
+

√
2p(1− p)
n1/2

+
2
√
p3(1− p)√
πn2

≤
(1 + 4p+ 4p2)

√
p(1− p)√

2 + 8p2

(
E

[
sup
t∈[0,1]

∣∣∣∣(bntc − 2

n
− t
)

B1(t2)

∣∣∣∣
]

+E

[
sup
t∈[0,1]

∣∣∣∣B1

(
bntc(bntc − 1)

n2

)
−B1(t2)

∣∣∣∣
])

+
2 +
√

2p(1− p)
n1/2

+
2
√
p3(1− p)√
πn2
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(7.16),(7.17)

≤
(1 + 4p+ 4p2)

√
p(1− p)√

2 + 8p2

(
6

n
+

30
√

3 log n

n1/2
√
π log(2)

)
+

2 +
√

2p(1− p)
n1/2

+
2
√
p3(1− p)√
πn2

≤ 12

n1/2
+

51
√

log n√
n

.

Similarly, using Doob’s L2 inequality and [FN10, Lemma 3],

E‖Zn − Z‖2

≤2
p(1− p)
2 + 8p2

E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B1

(
bntc(bntc − 1)

n2

)
− tB1(t2)

∣∣∣∣2
]

+ 2
2p3(1− p)

1 + 4p2
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B2

(
bntc(bntc − 1)

n2

)
− tB2(t2)

∣∣∣∣2
]

+ 5
2p3(1− p)

1 + 4p2
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B1

(
bntc(bntc − 1)

n2

)
− tB1(t2)

∣∣∣∣2
]

+ 5
8p5(1− p)

1 + 4p2
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B2

(
bntc(bntc − 1)

n2

)
− tB2(t2)

∣∣∣∣2
]

+
5

n
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B3

(
bntc(bntc − 1)

n2

)∣∣∣∣2
]

+
5p2(1− p)2

2n
E

[
sup
t∈[0,1]

∣∣∣∣B4

(
bntc2(bntc − 1)

n3

)∣∣∣∣2
]

+
2p3(1− p)

n4
E|B5(1)|2

≤p(1− p)(1 + 14p2 + 40p4)

1 + 4p2
E

[
sup
t∈[0,1]

∣∣∣∣bntc − 2

n
B1

(
bntc(bntc − 1)

n2

)
− tB1(t2)

∣∣∣∣2
]

+
20

n
+

10p2(1− p)2

n
+

2p3(1− p)
n4

≤p(1− p)(1 + 14p2 + 40p4)

1 + 4p2

(
E
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t∈[0,1]

∣∣∣∣(bntc − 2

n
− t
)

B1(t2)

∣∣∣∣2
]

+E

[
sup
t∈[0,1]

∣∣∣∣B1

(
bntc(bntc − 1)

n2

)
−B1(t2)
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])

+
20 + 10p2(1− p)2

n
+

2p3(1− p)
n4

≤p(1− p)(1 + 14p2 + 40p4)

1 + 4p2

(
36

n2
+

270 log n

n log 2

)
+

20 + 10p2(1− p)2

n
+

2p3(1− p)
n4

≤121

n
+

743 log n

n
.

Furthermore, by Doob’s L2 inequality,

E‖Z‖2 ≤E

 sup
t∈[0,1]

(√
p(1− p)√
2 + 8p2

tB1(t2) +
p
√

2p(1− p)√
1 + 4p2

tB2(t2)

)2

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+E

 sup
t∈[0,1]

(
p
√

2p(1− p)√
1 + 4p2

tB1(t2) +
2p2
√

2p(1− p)√
1 + 4p2

tB2(t2)

)2


≤p(1− p)(1 + 8p2 + 16p4)

1 + 4p2
E

[
sup
t∈[0,1]

|B1(t2)|2
]

≤4p(1− p)(1 + 8p2 + 16p4)

1 + 4p2
≤ 5.

This finishes the proof.
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1 Summary

Motivated by the work of Barbour [Bar90], I have approached several problems within the

area of Stein’s method for infinite-dimensional distributions. In [KDV17], we have corrected a

mistake in the construction of a solution to the Stein equation of [Bar90] and confirmed that

all the major results of the paper hold true. In [Kas17a] I have concentrated on bounding

distances between time-changed Poisson processes and time-changed Wiener process and used

the obtained results to present a strategy for bounding the rate of convergence of a certain class

of continuous-time Markov chains to diffusions. I have also applied my findings to analyse the

asymptotic behaviour of a sequence of rescaled M/M/1 queues. In [Kas18], I have analysed

the asymptotics of scaled sums of random vectors under different dependence schemes and

provided bounds on their distance from continuous Gaussian processes. The applicability of

the bounds obtained in [Kas18] has been presented in concrete examples: a functional central

limit theorem for non-degenerate U-statistics and an analysis of the m-scans process. [Kas17b]

extends the well-studied exchangeable pair approach to Stein’s method to approximations by

laws of stochastic processes. Alongside an abstract approximation theorem, it shows its

applicability in the proof of a functional combinatorial central limit theorem, strengthening

the results of [BJ09], and in the study of edge and two-star counts in a Bernoulli-graph-valued

process.

2 Conclusions and discussion

My extension of the results of [Bar90], alongside [CD13, BDM18] and some other papers

coauthored by Laurent Decreusefond, make progress at filling in a serious gap in the litera-

ture. The error made by practitioners who choose to model real-life discrete phenomena with

scaling limits of discrete processes rather than those processes themselves should be quantifi-

able for the obtained results to be more meaningful. The celebrated strong approximation

result [KMT75, KMT76] by Komlós, Major and Tusnády applies only to a limited number of

examples which are related to the uniform empirical process. Stein’s method may, however,
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potentially be applied to a much wider class of results due to the fact that it works under

very general conditions.

The setup I have considered is the same as that of [Bar90]. I looked at the processes

of interest as random elements of the Skorokhod space D[0, 1] of càdlàg paths and mea-

sured distances between them with respect to test functions acting on this space. Because

of its richness, results involving D[0, 1] should be of interest to a wide range of practition-

ers. Considering a restricted Hilbert space, for instance the Besov-Liouville space studied by

Decreusefond and coauthors, opens the door for applying Malliavin Calculus and allows one

to obtain strong results with very tight bounds. The extent to which such results may be

used for real-world applications and be fully understood by applied researchers remains open,

though. My intuition is that a real breakthrough will come once a large space with an easy

to understand structure is found that could accommodate the Malliavin-Stein approach and

allow its use in the functional approximation context.

It is worth noting that my approximations by continuous processes were normally obtained

in two steps. The first one involved approximations by a pre-limiting piecewise-constant

Gaussian process, which was then compared to the continuous process of interest in the second

step. This intuitively does not look like an optimal approach and tools for obtaining a one-step

comparison with the continuous process via Stein’s method could possibly improve the order

of the bounds. The Stein operator for Brownian Motion constructed by Barbour in [Bar90]

involves an infinite sum which makes its analysis with the machinery usually used in Stein’s

method difficult. I welcome the attempts made by several researchers to construct a new Stein

operator for Brownian Motion involving Malliavin-calculus-type objects and believe that, if

the point of the previous paragraph can be addressed, those could be a source of powerful

results.

3 Suggestions for future work

The results of this thesis could be extended and applied in a number of different areas. Some

of those are described below.
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3.1 Stein’s method for the Stroock-Varadhan theory

As mentioned Section 2.2 of Part I of this thesis, the Stroock-Varadhan theory [SV79] pro-

vides a class of results about weak convergence of laws of rescaled Markov chains to diffusion

processes. It would be interesting to extend the results of [Kas17a], constituting part of this

thesis, to cater for a more substantial part of the theory. In particular, applying the decom-

position of a continuous-time Markov chain into a sum of time-changed Poisson processes in

order to then compare those Poisson processes to time-changed Wiener processes looks like a

good approach to follow as long as some technical issues can be overcome.

At the moment, the framework of [Kas17a] is sufficient to treat examples of continuous-

time Markov chains which can be decomposed as a sum of Poisson processes time-changed by

some (random) time functions independent of those Poisson processes. Providing a framework

in which one could prove similar results while adding a complicated dependence structure

between the time changes and the processes they are applied to could open the door for a

number of very powerful results.

3.2 Degenerate U-statistics and quantitative functional de Jong

theorem

The de Jong theorem [dJ90] describes the asymptotic behaviour of degenerate U-statistics. In

order to understand the statement, let us set a probability space (Σ,F ,P) and for an integer

n ≥ 1, suppose that X1, · · · , Xn are independent random variables on this space taking values

in measurable spaces (E1, E1), · · · , (En, En). We now follow [DP17] and recall the definitions

and the formulation of de Jong’s CLT from therein. Let f :
(

Πn
j=1Ej,

⊗n
j=1 Ej

)
→
(
R,B(R)

)
be measurable and suppose that

Y = f(X1, · · · , Xn) ∈ L4(P) (i.e. has a finite fourth moment)
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is centred with unit variance. Let us write

Y =
∑
J⊂[n]

WJ , (10)

where, for each J , WJ is FJ := σ(Xj, j ∈ J)-measurable and E[WJ |FK ] = 0 whenever J * K.

Representation (10) is called the Hoeffding decomposition. It exists and is almost surely unique

as long as Y has a finite first moment.

If for some 1 ≤ d ≤ n, Y ’s Hoeffding decomposition takes the form

Y =
∑
J∈Dd

WJ ,

where Dd = {J ∈ [n] : |J | = d}, then we call Y a degenerate U-statistic of order d. Otherwise,

we call it a non-degenerate U-statistic.

The celebrated CLT by de Jong states the following. Let d ≥ 1, {nm : m ≥ 1} be

a sequence of integers diverging to infinity and {Wm}∞m=1 be a sequence of unit-variance

degenerate U-statistics of order d, such that each Wm is a function of the vector of independent

variables
(
X

(m)
1 , · · · , X(m)

nm

)
. Suppose that EW 4

m
m→∞−−−→ 3 and ρ2nm

→ 0, where

ρ2n = max
1≤i≤n

∑
K∈Dd

i∈K:

Var(WK).

Then the law of Wm converges weakly to the standard Gaussian law.

This result is very similar in spirit to a class of results which were proved later and are now

known as the fourth moment theorems. The most famous ones, provided in [NP05, PT05],

state that a sequence of normalised random variables belonging to a fixed Wiener chaos of

a Gaussian field converges to the standard Gaussian law in distribution if and only if the

sequence of fourth moments of those variables converges to 3, the standard Gaussian fourth

moment.

In [DP17], Döbler and Peccati use Stein’s method to establish a bound on the rate of

convergence in de Jong’s theorem and prove its multidimensional version together with the
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corresponding bounds. In [DP18] they also use contraction operators to prove limit theorems

for degenerate and non-degenerate symmetric U-statistics.

In a piece of work in progress, together with Christian Döbler and Giovanni Peccati, we

use Stein’s method to establish a functional version of de Jong’s theorem, in one and multiple

dimensions, together with bounds on the rate of convergence. It may be seen as an extension

of [Kas18, Theorem 3.3] to the degenerate U-statistic setup. Our techniques are, however,

more in the spirit of [Kas17b] as we use the exchangeable-pair approach to Stein’s method

in the context of functional approximations. Some applications we have been thinking about

are connected to testing for qualitative features of functions in non-parametric statistics as

outlined in the recent work [CK18].

3.3 Quantitative Breuer-Major theorem

In a recent piece of work [NN18], Nourdin and Nualart prove a functional version of the

celebrated Breuer-Major theorem [BM83]. We will follow the setup and notation of [NN18].

The theorem considers a sequence of Gaussian random variables {Xn}n∈Z with mean 0 and

covariance function E[XnXm] = ρ(|n−m|) with ρ(0) = 1. The classical Breuer-Major theorem

states the following. Suppose that

∑
k∈Z

|ρ(k)|d <∞,

and ϕ ∈ L2(R, γ) (i.e. ϕ real-valued, such that
∫
ϕ2dγ < ∞) is of Hermite rank d ≥ 1 for

γ = N (0, 1). This means that ϕ assumes the following expansion

ϕ(x) =
∞∑
q=d

cqHq(x), cd 6= 0,
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where Hq(x) is the q-th Hermite polynomial with leading coefficient 1. Then the finite-

dimensional distributions of the process

Yn(t) =
1√
n

bntc−1∑
i=1

ϕ(Xi), t ∈ [0, 1]

converge to those of σW as n → ∞, where W = {Wt}t∈[0,1] is a standard Brownian Motion

and

σ2 =
∞∑
q=d

q!c2q
∑
k∈Z

ρ(k)q.

Nourdin and Nualart use Malliavin calculus to establish tightness for the process Yn and so

prove the convergence of the entire process in D[0, 1] with respect to the Skorokhod topology.

It would be interesting to work on bounds on the rate of this convergence. Those were

established in [NPP11] for the classical (finite-dimensional) Breuer-Major theorem using the

Malliavin-Stein approach of [NP12]. Combining and extending the ideas of [NN18, NPP11]

should be an interesting project to look at. I expect the tools used in the project to be

very similar to those of [Kas18] as the functional Breuer-Major theorem is a result about a

Brownian approximation of a scaled sum of dependent terms.

3.4 Applications to computational statistics and machine learning

Stein’s method has recently been used for Monte Carlo diagnostics. Specifically, [GM15]

and [GM17] introduce the concept of Stein discrepancy between a Monte Carlo sample and

its target distribution and provide methods of bounding it. Furthermore, [CSG16, LLJ16]

provide new statistical goodness-of-fit tests constructed using Stein’s method, which perform

very well when used to evaluate the quality of Monte Carlo samples. In a new piece of work

[HM18], Huggins and Mackey introduce random-feature Stein discrepancies. All these meth-

ods, however, apply only to finite-dimensional target laws. It would be interesting to deter-

mine whether they can be extended to gauge the quality of samples from infinite-dimensional

laws, for instance those considered in the celebrated technique of Gaussian Process Regression

(see e.g. [RW05]).
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The first step towards finding the Stein discrepancy introduced in [GM15], for a target

measure µ, is constructing the Stein operator A for this measure. Indeed, the discrepancy is

then defined by:

S(q,A,G) := sup
f∈G

∣∣∣∣∣∣
n∑
i=1

q(xi)Af(xi)

∣∣∣∣∣∣ ,
where q is the weight function in the Monte Carlo estimators for expectations under µ,

{x1, · · · , xn} are the sample points and G is the domain of A. Bounding the discrepancy

for diffusion target laws in order to measure the sample quality would require techniques sim-

ilar to those used in the project on the Stroock-Varadhan theory. As a next step, it would be

interesting to adapt the results of [CSG16, LLJ16] and use the Stein discrepancies to construct

statistics with tractable asymptotics, which will be used in goodness-of-fit tests.

Indeed, techniques for Monte Carlo simulation of diffusions have been significantly devel-

oped (see, for instance, [HSV09]). Those would provide a class of examples for the potential

results to be applied to. It would be particularly interesting to see if Stein’s method could im-

prove the existing results on finite-data mean and variance guarantees in Bayesian procedures

(for instance Gaussian Process Regression), as introduced in my recent work with Jonathan

Huggins, Trevor Campbell and Tamara Broderick [HCKB18, HKCB18]. Using Bayesian meth-

ods in practice often requires approximations to the posterior distribution due to a high cost

associated with sampling from it. The two papers concentrate on quantifying the quality of

such approximations through a newly introduced general version of the distance metric called

the (p, ν)-Fisher norm. For two distributions η and η̃ on a Hilbert space (H, ‖ · ‖H), some

measure ν on R and a reference measure λ, such that both η and η̃ are absolutely continuous

with respect to λ, we define the distance in the following way

dp,ν(η, η̃) =

{∫ ∥∥∥∥D log
dη̃

dλ
−D log

dη

dλ

∥∥∥∥p
H
dν

}1/p

,

where D is the Frechet derivative. [HCKB18, HKCB18] show that bounds on the (p, ν)-Fisher

norms imply Wasserstein bounds and that (p, ν)-Fisher norms are very appealing from the

computational point of view. [HCKB18] uses the theory infinite-dimensional SDEs to prove
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theoretical guarantees on the distances derived from Fisher-like norms between the exact and

certain approximate posteriors arising in Gaussian Process Regression. While challenging

technically, it might be interesting to use Stein’s method for the same problem to see whether

it could provide tighter bounds.

Since applied machine learning researchers are interested in Gaussian Processes belonging

to Reproducing Kernel Hilbert Spaces, there is scope for the Malliavin Calculus tools of

[NP12] to be applied to this kind of settings and used to obtain the bounds. A project of this

kind would also be an interesting extension of the results of [Kas17a] to a setup in which the

distributions of two non-piecewise-constant processes are compared using Stein’s method.
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[DP18] C. Döbler and G. Peccati. Limit theorems for symmetric U-statistics using con-

tractions. arXiv:1802.00394, 2018.

[Dur96] R. Durrett. Stochastic Calculus: A Practical Introduction. CRC Press, Boca

Raton, 1996.

[EK86] S.N. Ethier and T.G. Kurtz. Markov processes: characterization and convergence.

Wiley, New York, 1986.

[GM15] J. Gorham and L. Mackey. Measuring sample quality with Stein’s method. Ad-

vances in Neural Information Processing Systems (NIPS), Dec 2015.

[GM17] J. Gorham and L. Mackey. Measuring sample quality with kernels. International

Conference on Machine Learning (ICML), Aug 2017.

[Göt91] F. Götze. On the rate of convergence in the multivariate CLT. Ann. Probab.,

19(2):724–739, 1991.

151



[HCKB18] J.H. Huggins, T. Campbell, M.J. Kasprzak, and T. Broderick. Scalable

Gaussian Process Inference with Finite-data Mean and Variance Guarantees.

arXiv:1806.10234, 2018.

[HKCB18] J.H. Huggins, M.J. Kasprzak, T. Campbell, and T. Broderick. Practical bounds

on the error of Bayesian posterior approximations: A nonasymptotic approach.

arXiv:1809.09505, 2018.

[HM18] J.H. Huggins and L. Mackey. Random Feature Stein Discrepancies.

arXiv:1806.07788, 2018.

[HSV09] M. Hairer, A. Stewart, and J. Voss. Sampling conditioned diffusions. In LMS

Lecture Note Series, volume 353, pages 159–186. 2009.

[Kas17a] M.J. Kasprzak. Diffusion approximations via Stein’s method and time changes.

arXiv:1701.07633, 2017.

[Kas17b] M.J. Kasprzak. Multivariate functional approximations with Stein’s method of

exchangeable pairs. arXiv:1710.09263, 2017.

[Kas18] M.J. Kasprzak. Stein’s method for multivariate Brownian approximations of sums

under dependence. arXiv:1708.02521, 2018.

[KDV17] M.J. Kasprzak, A. B. Duncan, and S.J. Vollmer. Note on A. Barbour’s paper

on Stein’s method for diffusion approximations. Electron. Commun. Probab.,

22(23):1–8, 2017.
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