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Abstract

We extend the ideas of Barbour’s paper from 1990 and adapt Stein’s method for dis-
tributional approximation to infinite-dimensional distributions. Hence, we obtain theoretical
results bounding the rate of functional convergence of certain classes of stochastic processes to
diffusions. Those are applied to examples coming from queuing theory, random-graph theory,
statistics and combinatorics.

We firstly look at the motivation for this thesis and an overview of Stein’s method. Then
we present our original work, contained in four articles. The first one is a collaboration with
Andrew Duncan and Sebastian Vollmer, published in the Electronic Communications in Prob-
ability and the other ones, for which I am the sole author, are currently under consideration
for publication. The first paper corrects a mistake in Barbour’s seminal work from 1990.

The second paper considers the approximation of a time-changed Poisson process by a
time-changed Brownian motion for time changes independent of the processes they are applied
to. As an application, we study the M/M/1 queue and a time-changed Brownian Motion and
bound a distance between the two.

The third paper studies the asymptotic behaviour of scaled sums of random vectors hav-
ing different dependence structures. As an application, a bound on the distance between
scaled non-degenerate U-statistics and Brownian Motion is proved. Moreover, we prove a
quantitative functional limit theorem for exceedances in the m-scans process.

In the fourth paper, we adapt the exchangeable-pair approach to Stein’s method to ap-
proximations by infinite-dimensional laws. It is used to provide the rate of convergence in a
functional combinatorial central limit theorem, extending the result of Barbour and Janson
from 2009. We further apply this approach to study the asymptotics of edge and two-star
counts in a certain graph-valued process.

The final part of the thesis presents the conclusions and suggestions for future work.
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Part I: Opening remarks



1 Introduction

In this thesis, we will study the problem of obtaining functional approximations, together with
bounds on the corresponding rates of convergence, using Stein’s method. We will consider
the framework of [Bar90] and study distances between distributions of random objects X and
Y taking values in the Skorokhod space D([0,1],R%). Specifically, we will provide bounds
on quantities of the form |[Eg(X) — Eg(Y)| for test functions g : D([0,1],R?) — R which
are twice Fréchet differentiable and whose second Fréchet derivative is Lipschitz. Depending
on the particular example looked at, we will occasionally consider classes of test functions
restricted to those elements whose first and second Fréchet derivatives are bounded. In most
cases, nevertheless, the test functions we use will form convergence-determining classes, in
the sense that weak-convergence results will follow from our bounds as corollaries. The aim
of my DPhil has been to prove general results which would be applicable to a wide range of

examples, coming, for instance, from queuing theory or the theory of random graphs.

1.1 Motivation

My current and planned future research does not only fill a theoretical gap in the literature but
has also direct relevance to applications. Researchers studying real-life discrete phenomena
often choose to model them with scaling limits of discrete processes rather than those processes
themselves. This approach allows them to look at the phenomena of interest ”from a distance”
so that the models they use become more robust to changes in the local details and easier to
study using stochastic analysis. For instance, researchers in population genetics often choose
to model the behaviour of a large finite population with the Wright-Fisher diffusion rather
than Markov chains, such as the Moran model or the discrete Wright-Fisher model. Hence,
they implicitly assume the population size to be infinite. Similarly, premium-claim money
flows in risk science are often modelled by Bessel processes rather than Bessel-like random
walks converging to them.

Nevertheless, due to the lack of theoretical results measuring the quality of those approx-

imations, it is often impossible to determine how accurate the conclusions driven from the



analysis of the limiting diffusions are and how well they describe the real-world phenomena
of interest. My research using Stein’s method, alongside the work of [CD13], opens the door
for developing bounds on the rate of convergence in those approximations, hence increasing
their applicability. This door is also opened by some of Decreusefond’s more recent work,
for instance [BDM18]. While [CD13, BDM18] and some other papers of Decreusefond and
coauthors concentrate on approximations on a carefully chosen Hilbert space, my results are

derived for functionals acting on the much richer Skorohod space of cadlag paths.

1.2 Contents of the thesis

Attached are four articles: [KDV17], a collaboration with Andrew Duncan and Sebastian
Vollmer, and [Kas17a, Kas17b, Kas18], for which I am the sole author. The first one of those
is published in the FElectronic Communications in Probability, while the latter three are under
consideration for publication. Here is a brief description of those papers.

[KDV17] corrects a mistake in [Bar90] and therefore makes it possible to extend the results
of [Bar90], which is achieved in the other papers constituting this thesis. In [Bar90] Barbour
creates a framework for Stein’s method to be used for infinite-dimensional distributions and
provides a bound on the rate of convergence in Donsker’s functional central limit theorem.
He also studies scaled sums of locally dependent one-dimensional random variables and their
distance from Brownian Motion. Paper [Kas17a] considers the problem of providing an explicit
bound on the quality of the approximation of a compensated Poisson process by a Wiener
process and, via time changes, extends it to diffusion approximations of a certain class of
continuous-time Markov chains. This result is applied to an example coming from queuing
theory. Paper [Kas18] provides a framework for obtaining functional approximations of sums
of random variables valued in R¢ with different local dependence structures and applies it
to examples related to U-statistics and random graphs. Finally, [Kas17b] builds on [Kas1§]
by applying the so-called ”exchangeable-pair approach” in the functional setting to globally
weakly dependent structures.

This thesis is structured as follows. Section 2 of this document provides an introduction



to Stein’s method including its version catering for approximations by infinite-dimensional
distributions. Section 3 outlines the research I completed during my DPhil, which this thesis
is based on. It is followed by the four papers constituting the main part of the thesis. The last
part of this document contains a discussion of the results, conclusions, as well as suggestions

for future work and plans.

2 Stein’s method for distributional approximation

2.1 Overview of Stein’s method

In his seminal paper [Ste72], Charles Stein introduced a method for proving normal approxi-
mations and obtained an explicit bound on the rate of convergence to the standard normal dis-
tribution. Suppose that the aim is to approximate the expectation Eh(W), for some random
variable W, by the expectation Eh(Z) for Z standard normal. Stein observed that a random
variable Z has standard normal law if and only if EZ f(Z) = Ef’(Z) for all smooth functions
f. Therefore, if, for a random variable W with mean 0 and variance 1, Ef'(W) — EW f(W)
is close to zero for a large class of functions f, then the law of W should be approximately
Gaussian. He then proposed that, instead of evaluating |ER(W) —Eh(Z)| directly for a given

function A, one can first find an f = f;, solving the following Stein equation:
f'(w) —wf(w) = h(w) —Eh(Z)

and then find a bound on [Ef'(W) — EW f(W)|. This approach often turns out to be much
easier than a direct evaluation of |Eh(W) — Eh(Z)|, due to some bounds on the solutions fj,,
which can be derived in terms of the derivatives of A. In many situations it also turns out to be
more powerful than estimating the speed of weak convergence using Lévy’s criterion related to
convergence of characteristic functions. Indeed, characteristic functions are extremely useful
in the asymptotic study of sums of independent random variables yet fail to adapt well in the

presence of dependence. Numerous examples showing how well Stein’s method handles local



(and in some cases also global) dependence of random variables whose sums are of interest,
are presented, for instance, in [BC05], as well as in my work [Kas18], [Kas17b].

Since the seminal work of Stein was published, his method has been significantly developed
and extended to approximations by distributions other than normal. The paper [Che75] on
the Poisson approximation gave rise to the well-know Chen-Stein method. Generalising the
approach used for the normal distribution, the aim of Stein’s method is to find a bound of the
quantity |E,, h—E,h|, where 41 is the target (known) distribution, v, is the approximating law
and h is chosen from a suitable class of real-valued test functions H. For instance, considering
measures on the real line and taking H = {]I(,oo,a] :a € R} would let us obtain the supremum
distance between the cumulative distribution functions corresponding to the two laws p and
Vp, known as the Kolmogorov-Smirnov distance. In general, proving the existence of bounds
converging to 0 could serve as a proof of weak convergence as long as the class of functions

‘H is a convergence determining class, i.e.
(Vh eH E, b2 E“h) — o, %,

where —s denotes weak convergence. The idea of Stein’s method is to find an operator (called

Stein operator) A acting on a class of real-valued functions such that
(Vf € Domain(A) E,Af =0) <= v=np,

where g is our target distribution. In the next step, for a given function h € H, a solution

f = fu to the following Stein equation
Af =h—-E,h

is sought and its properties studied. Finally, using various mathematical tools (among which
the most popular are Taylor expansions in the continuous case, Malliavin calculus and coupling

methods), a bound is to be found for the quantity |E,, .Af,|. This approach often turns out



to be much easier than trying to find a bound on |E, h — E,h| directly, in particular in the
presence of dependence.

To find a suitable Stein operator, Barbour [Bar88] and Gé&tze [G6t91] developed the so-
called generator approach, which made it possible to adapt the method to many other prob-
ability laws. They noticed that the generator of a Markov Process with a stationary law pu
may be used as a Stein operator for approximation by u. An example is the generator of the
Ornstein-Uhlenbeck diffusion which may be used as the Stein operator for normal approxima-
tion. Stein’s method for distributions including gamma (e.g. [Luk94]) and general univariate
and some multivariate distributions has also been developed (see [LRS17], [MRS18]). Further-
more, a powerful connection has been found between Stein’s method and Malliavin calculus
which has led to many new results concerning primarily normal approximations (see [NP12]).

Furthemore, the exchangeable-pair approach of [Ste86] proves to be particularly useful in
presence of local or weak global dependence. This method was used to derive bounds on the
distance between a univariate random variable W and a standard normal random variable
Z via constructing a random variable W’ such that (W, W’) is an exchangeable pair and the

linear regression condition

E[W - W|W] =AW

is satisfied for some A > 0. In [RR97], an additional error term R is allowed to occur so that

the condition now takes the form

E[W' — W|W] =AW + R

and the following bound is derived

1
V/ VarE[(W — W)2|W] + O E|W’ — W3 + 79\/VarR.

sgp |IP’[W <z]-P[Z < x]’ < NG

> o

This method has been extended to non-normal univariate laws, for instance in [CDMO05],

[R6107], and to multivariate laws, in [CMO08], [RR09], [Mec09], [RR10]. In a piece of work



constituting part of this thesis, [Kas17b], the method is extended to multivariate functional
approximations.

An accessible account of the method can be found in the surveys [LRS17] and [Rosl1]
as well as the books [BHJ92] and [CGS11], which treat the cases of Poisson and normal
approximation, respectively, in detail. A database of information and publications connected

to Stein’s method is in [Swal6].

2.2 Stein’s method for infinite-dimensional distributions

Approximations by infinite-dimensional laws have not been covered in Stein’s method liter-
ature very widely, with the notable exceptions of [Bar90], [BJ09] and recently [CD13] and
[BDM18]. They are nevertheless an interesting topic as there are a large class of functional-
limit results available in the literature and used in applications but without explicit bounds
on the quality of the approximation.

An example of such a class of results is the theory of Stroock and Varadhan [SV79]. As
presented in [Dur96], the theory describes the scaling-limit behaviour of a sequence of Markov
chains Y indexed by a parameter h > 0, taking values in a set £, C R? and satisfying certain
assumptions. Specifically, for the transition kernel II;, of Y" and the corresponding scaled
transition kernel

1
Ko, dy) = 10, dy),

the following quantities are defined for 1 <1i,5 < d

i@ = [ ) K d),
)= [ Kt ),
Alz) = Ky (z, B(z,€)°) .

The coefficients a;; and b; are assumed to be continuous functions on R?.  Further, it is

assumed that the martingale problem M (a,b) below is well-posed, that is there exists a



unique (up to distribution) process (X;,0 <t < 1), such that Xy, = = almost surely, and
M, =X —/ bi(Xs)ds and MM —/ a; ;(Xs)ds
0 0

are local martingales. Stroock and Varadhan proved that, if, additionally, foreach 1 < 1,7 < d

and for every R > 0,¢€ > 0,

] h — .. —
fmg sup () ai(z)| =0,
lim sup |b(z) — bl(ac)’ =0,
h*}O‘xlgR

lim sup A(z) =0
h—0 lz|<R

and X! =Y/, fort e [0,1] then (X}, t € [0,1]) converges weakly to (X;,t € [0,1]) in the
t t

[t/h]
Skorokhod topology, where X; solves the martingale problem M (a,b). Similar results hold
for continuous-time Markov chains. There is no universal method of providing the rate of
convergence in those results.

A special case of the results of Stroock and Varadhan is the well-known Donsker’s theorem
stating that a properly rescaled random walk converges in law to a Wiener process. In order to
obtain a quantitative version of Donsker’s theorem, in [Bar90], Barbour constructs a Markov

Process

W(t,u) =) Xp(u)Si(t); 0<t<1,u>0,

k>0
where { X} }r>o0 is a collection of independent, identically distributed Ornstein-Uhlenbeck pro-
cesses on [0,00), with equilibrium distribution N'(0, 1), and S, are the Schauder functions.
Those are defined by
Sot) = £: Si(t) = /t Hy(w)du, k> 1,
0

where, for 2" < k < 2n*1

Hp(u) =2"2{1[27"k -1 <u < 27™(k+1/2)—1] = 1[27"(k+1/2) -1 < u < 27"(k+1)—1]}.



In [Bar90], Barbour then notes that the stationary distribution for the process (W(, u))u>0

is the Wiener measure and constructs the infinitesimal generator A of this process, given by:

Af(w) = =D f(w)w] + Y D*f(w)[S”)]. (1)

k>0

The domain of the generator is taken to be the set of twice differentiable functions ¢ :

D([0,1],R) — R, such that:

_ lg(w)] | Dg(w)|| | D%g(w)]|
lgllar == sup N u 1 w2 sup T ol
wen(o,®) L+ w2 wepqour T+ [wld  wepqonr) 1+ [[wleo

D? h) — D?

| D?g(w Jth‘)’ g(w)|| <o, ©)

+ sup
w,heD(]0,1],R)

where D¥g denotes the k-th Frechet derivative of g, and || D*g| = SUD|jp=1 |Dkg[h, h,--- ,h]’.
Using the general theory of Markov Processes and their stationary laws, the author concludes
that, for any f in the domain of A and B denoting the Wiener process on the time interval
[0,1],

EAf(B) =

Therefore, A is a Stein operator for approximation by the distribution of a Wiener process
indexed by time in [0, 1].

Barbour then solves the corresponding Stein equation and uses Taylor expansions together
with smoothness properties of the solution to obtain bounds on the distance between a scaled
random walk

[nt]
Y(t)=n"""> "Xt €[0,1] (3)

i=1

and a Wiener process (B(t),0 < t < 1), where (X;)?_, are real random variables with mean
zero, unit variance and finite third absolute moment. Specifically, it is proved that for a
constant C'

[Eg(Y) = Eg(B)| < Cllglan™*(E[X1* + \/logn)

for every function ¢ : D([0,1],R) — R satisfying condition (2). The result is obtained in two



steps, the first one bounding the distance between Y and a scaled Gaussian random walk and
the second one concerning the distance between the Gaussian random walk and Brownian

~1/2,/logn comes from the Brownian modulus of continuity

Motion. The term of order n
invoked in the second step. It may be avoided if one compares the continuous approximands,
obtained by linearly interpolating between the points (j/n,Y (j/ n))?:(w to Brownian Motion.
This kind of two-step approximation will be a repeating theme in the proofs of the results
included in this thesis. [Bar90] also presents a number of applications including adding short-
range dependence between the summands in the scaled sum (3) and considering dissociated
random summands.

Reference [BJ09] establishes a functional version of the Hoeffding combinatorial central
limit theorem. It considers a sequence of real matrices a™ := (aé") (1,7),1 <i,j <n),n>1

satisfying the property » ", a(i,j) = 0 for all 4, and a random permutation 7 of the set
{1,2,--- ,n}. The process

Y(t) = % Z ali, 7(i))

is then studied, where s(a) is an appropriate scaling factor, making Var[Y(1)] = 1. Bar-
bour and Janson first use Stein’s method to establish a bound on a convergence-determining
distance (i.e. one which metrizes weak convergence) of Y from the pre-limiting Gaussian

process

where the Z;’s are centred Gaussian with the same covariance structure as the Tla)a(i, 7(1))’s.
They then establish convergence of the pre-limiting process Z, to a continuous Gaussian

process Z, given by

Z(t) = 0;1/ a(v, w)K (dv, dw).
[0,6]x[0,1]

In the expression above, K is the Kiefer process K = W (v, w) — vW (1, w) for W denoting a
two-dimensional Brownian sheet, « is the Ly-limit of functions o, (v, w) := a™([nv], [nw])

/2
and o, := ||a|, = ( fo fo (e(u ) dudv) . Barbour and Janson thus prove convergence of

10



Y,, to the continuous Gaussian process Z. They then establish a bound on a non-convergence-
determining distance of the pre-limiting process from the continuous Gaussian process.

The last two papers [CD13] and [BDM18], in this brief survey, focus on Brownian approx-
imations in subspaces of the Skorokhod space, called the Besov-Liouville spaces, equipped
with the L? topology. We will not present the definition of the spaces due to its lengthiness
and technicality but we note that a full exposition can be found in [SKM93].

In particular, in [CD13], Coutin and Decreusefond use Malliavin calculus to develop an ab-
stract version of Stein’s method for Hilbert valued random variables and provide quantitative
results related to Poisson approximations of Brownian Motion, Donsker’s theorem and the
linear interpolation of Brownian Motion. An example of the result they prove is a bound on
the rate of convergence of a scaled sum of Rademacher random variables, with discontinuities
removed via linear interpolations, to Brownian Motion. The rate depends on the parameters

1/2

of the Besov-Liouville space considered but may be made of order n="/“ on a carefully chosen

space.

3 Summary of completed research

3.1 A note on A. Barbour’s paper on Stein’s method for diffusion

approximations

In [Bar90], Barbour uses the generator approach to Stein’s method in order to obtain a
bound on the distance between a scaled random walk and Brownian Motion. Having found
an operator A, in (1), acting on a class of real-valued functions taking arguments in the

Skorokhod space, such that:

E,Af =0 Vf € Domain(A) <= pis the Wiener measure,

11



Barbour considers the following Stein equation:

Af:g—]Eg(B), (4>

where B is a Brownian Motion. Since A is interpreted as the generator of a Markov process
whose stationary law is the one of B, the semigroup (7}):>¢ of this process is found and using
[EK86, Proposition 1.5, page 9], for a fixed g a solution to (4) is represented in the following
way:

f=dlg) = — /0 " LLgdu. (5)

However, [EK86, Proposition 1.5, page 9] requires strong continuity of the semigroup (73);>o,
which, as noted by Andrew Duncan and Sebastian Vollmer, does not hold in the setup con-
sidered in this case. Having spoken to Sebastian Vollmer and having heard about his idea
for a counterexample showing the violation of strong continuity, I made the counterexample
rigorous and followed the proof of [EK86, Proposition 1.5, page 9] in order to show that (5)
nevertheless solves (4) for a certain class of functions g and that the main assertions of [Bar90|

still hold. The results have been published in [KDV17].

3.2 Diffusion approximations via Stein’s method and time changes

Reference [Kasl7a] is the first step towards finding a method of estimating the rate of con-
vergence in the limit theorems comprising the Stroock-Varadhan theory of diffusion approxi-
mation [SV79).

In [Kasl7a] I obtained bounds on the distance between a sum of compensated Poisson
processes, with time changes independent of those processes applied to them, and a time-
changed Brownian Motion. As described in [EK86, Section 4, Chapter 6], continuous-time
Markov chains whose jump sizes belong to a countable set may be represented as sums of
time-changed Poisson processes, each of which takes account of the jumps in a given direction.

Specifically, I have proved the following:

Theorem 3.1. Let X1, Xo, ... be i.i.d. with mean 0, variance 1 and finite third moment and

12



s:[0,1] = [0,00) be a strictly increasing, continuous function with s(0) = 0. Define:

[ns(t)]

_nil/Q Z Xza ]

and let (Z(t),t € [0,1]) = (B(s(t)),t € [0,1]), where B is a standard Brownian Motion.
Suppose that ||g||ar < 0o, as given by (2). Then

30 + 54 - 5'/35(1) o1/

1Eg(Ys) — Eg(2)| <llgllnm Toa 0 log(2s(1)n)
+llgllars(1) (1 + (;) @5(1)3/2) E| X, [/
2160

"‘HQHMW n~*?(log(2s(1)n))*>.

I have also shown the following result:

Theorem 3.2. Suppose that P is a Poisson process with rate 1 and S™ : [0,1] — [0, c0)
is a sequence of increasing deterministic continuous functions, such that S™(0) = 0. Let
S :10,1] — [0,00) be also increasing and continuous. Let Z(t) = B(S(t)),t € [0, 1] where B

1s a standard Brownian Motion and

P (nS(") (t)) — nS™ (1)
NG ,

Y, (t) = te[0,1].

Then, for all g with ||g||a < oo, as given by (2):

[Bo(¥2) ~ Eg(2)] < ol (wﬁgﬁé<0\mS—SWW+2%Qw s

30 + 54 - 5/35(1)
log(25(1

3 3\/5 B log(1 + 2e~1) + 2logn
1+ (= Z8M(1)32 ) SM(1)(142e71) +1
i ( * (2) 7TS (1) ) ST +2e7) +1+ log log(n + 2)

1/3
9,/S™M (1) 1/2 16701 + 128(log n)?
2V (4 3,50 1) 4
e S (1 s e S e

13



33402 + 256(log n)?
(loglog(n + 3))3

s | 2160

o825 (1)) 48+

+n

Using these results, I found a bound on the distance between a rescaled M/M/1 queue
and a time-changed Brownian Motion. Here is the setup, which is based on [Rob03]. For two
independent rate 1 Poisson processes Py and P_; the M/M/1 queue with jump rates A and

1t is the solution to the following equation:

t
L(t) = L(0) + P — | LouiempooyPos(ids) )
0
Let (2,)n>1 and = be such that %= 2% & € Ry. Consider the renormalised proces

L.(t) = , telo,1], (7)

where (L(t),t € [0,1]) solves (6) with initial condition x,. The first part of [Rob03, Propo-
sition 5.16] states that L, of (7) converges with respect to uniform topology to the func-
tion ¢ — L(t) := ([L’—I— ()\—u)t)+. The second part of the Proposition states that, if

n—oo

Vn(% — ) —— 0 then the process
Y1) = v (L)) ~Tn) . telo1

converges in distribution to (B (A +p)t),telo, 1]), where B is a standard Brownian Mo-
tion. I proved a theorem which provides a bound on the rate of this convergence with respect
to a convergence-determining class of tests functions. It is worth noting that a similar bound
is obtained in [BDM18] yet with respect to a restricted class of test functions which does not

metrize weak convergence in the Skorokhod topology.
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3.3 Functional approximations of multivariate sums

The paper [Kasl8] extends the results of [Bar90| to approximations of multi-dimensional
scaled sums of (possibly) dependent random variables by Gaussian processes. Specifically,

[Kas18] considers processes of the form:

where \; < n for all j, the X,’s are locally dependent (there exists a set A; C {1,---,n}
such that X; are independent of {X; : j € Af}), and the functions J; ; are independent of the
Z;. The paper provides a bound on the distance of Y, from Z = X'/2, where B is a standard
p-dimensional Brownian Motion and ¥ is a positive-definite covariance matrix. In this paper

the results hold for functions g such that ||g||,1 < oo, where

gw
lgllars = sup I sup [[Dg(w)] + sup [[Dg(w)]
T Tl
D2 h — D2
+ o | Fw ) — D2 >||<OO
w,heDP ”h“

This class of funtions is smaller than the previously considered class of functions g satisfying
llgllar < 00, as in (2).

The paper proves that for any g with ||g||ar < co we have

Eg(Yy Z)| < Zew

where
2
1 n p
elzng o) ikl Laan@) | D Xl Tl T ()
=1 ko, m=1 Jeh
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1/2

2
> Xl Tl L0, (5) :
JEA
1 n V4 p
e=3)>> ) F X (1l X5 150 Ty 00 ()L (5)
i=1 jeA; kl=1 m=1
o7 1/2
> KXol Jrmall L (r) :
T‘EA]'PIAZQ
P

1 — - ;
€3 = g Z Z E [’Xi,ka,l” 1[1)\1@] (1)1[19\110)
=1 k,l=1

=1 jeA; k,l=

2

p
Il 15 | D | D0 Xl | T (7) ;

m=1 \recA;UA;

__Zi Yk Pt
N i=1 k=1 )"f)‘l it

p
€5 = EZ > D EXX]
i=1 jeA;\{i} k,l=1
1/2 1/2

6v/5 Z” log (2\:)
€6 v2log?2 — Ai — ’

e — ZZ \/TIE ik = Lozl

k=1 =1

If the summands are independent, i.e. A; = {i} for all i, then €5 and €5 disappear from the

bound and €; and €3 become simpler. The new bound takes the following form

Bg(Yn) — Eg(Z)] < llgllar (e1+ s+ es + €5+ 7).

16



where:

1/2
1 - - A 2
e =D B | D (XuXuXiml Tl il 1 il L ot et 6) ;
i=1 k,I,m=1
1 p  min(Ag,A;) P )
=3 Z Z E “Xi,kXial‘] E (il 1732l Z (Xim | Jom | L1001 (9)) ;
Ri=1 =1 —"
K~~~ | S
== — — EX; . Xl ;
D) ;;1 NowN (X Xi]
1/2 1/2

33 Vi) l
€7 = “E || ik — Ljisa
k=1 i=1 Ak '

Terms €y, €9, €3 correspond to a Berry-Esseen-type bound involving third moments of the
summands, and also account for local dependence between the summands. Terms €4 and
€5 involve a variance estimation with the latter corresponding to the off-diagonal terms of
the covariance matrix of the summands, accounting for the dependence. Term €5 comes
from estimates on the moments of the Brownian modulus of continuity and accounts for the
transition from the Skorokhod space to the Wiener space of continuous functions. Term ey
describes the randomness of the functions J;; and their distance from indicators 1z, 1.
This result is used to find the rate of convergence of scaled bivariate non-degenerate U-
statistics to Brownian Motion. It is also applied in order to prove a quantitative functional
limit result for exceedances in an m-scans process. Specifically, I consider an extension of the

one-dimensional [CGS11, Example 9.2, p. 254] to the multidimensional and functional setting.

For j =1,2,---,IletV; = (Vj@, e ,VM) be i.i.d. random vectors in RP. Furthermore, for
Ek=1---,pandi =1,---,n, Ilet R = l”igl Vit be an m-scans process. I take
a=(ay,---,a,) € RP and suppose that n > m.

17



Fork=1,--- ,p,Ilet m;y =P(Ryx <ax)andfori=1,--- ,nand k=1,--- ,p,

n

1
Xip = - Z LRn-1)1je < ag] | — 7.

j=1
Moreover, I use the following notation X; = (X;1,---,X;,) for i =1,--- ,n. I consider

|nt]
Yn(t) - Z (Xi,h e JXi,p) te [07 1]

i=1
and let ¥ € RP*P be given by
—1

Yy = Vra(0) + (V11e(d) + Yry(d)) -

1

3

.
Il

Finally, I bound the distance between Y, and Z = £'/2B, where B is a standard p-dimensional

Brownian Motion.

3.4 Functional approximations via exchangeable pairs

The project [Kas17b] extends the multivariate exchangeable-pair approach to Stein’s method
of [RR09] to the functional setting. Specifically, [Kas17b] proves an abstract approximation
theorem. It considers an exchangeable pair of stochastic processes (Y,,,Y,!), taking values in

the Skorokhod space D([0, 1], RP), and satisfying the following linear regression condition

Df(Y,)[Y,] = 2E™Df(Y,) [(Ya — Yi)As] + Ry, (8)

where EY"[-] := E [|Y,,], for all f with ||f||;s < oo, as defined in (2), some A, € RP*? and
some random variable Ry = Rf(Y,,). It states that the distance between Y,, and a scaled sum
of Gaussian random vectors D,, can be bounded by a quantity depending on the distance

between Y,, and Y, and the covariance structure of Y,, — Y, and D,:

|Eg(Y,) — Eg(D,)| < Ri + Ry + Rs,

18



for any g € M as defined in (2), where f is the g-solution of the corresponding Stein equation

and

R - Wmnm —Y)AIY. - Y2,

Ry = ‘]EDQ FO%) [(Ya = YA, Y, — Y/ — ED2f(Y,) [Dy, D, |

Rs = |ERy|.

The role of A, in condition (8) is equivalent to that played by A~! in [RR09] for A defined by
(1.7) therein. Indeed, [RR09] considers an exchangeable pair (W, W’) of centred R%valued

random vectors satisfying condition
EY(W' —W)=-AW +R (9)

for an invertible matrix A and some R = R(W) and derives a bound on the distance of W
from a Gaussian vector. Condition (8) is, however, more appropriate in the functional setting
than a straightforward adaptation of the condition (9) of [RR09]. This is due to the fact
that for general processes Y,, the properties of the Frechet derivative do not allow us to treat
evaluating the derivative in the direction of Y,, — Y as matrix multiplication and multiplying

both sides of the hypothetical condition
_Df(Yn)[AYn] = EYan(Yn)[Yn - Yri]

by A~! does not recover an expression for —Df(Y,,)[Yy,], as desired in the Stein operator (1)
or similar Stein operators.

The abstract approximation theorem of [Kasl17b] is then applied to prove a functional
combinatorial central limit theorem. It considers a scaled sum of elements X ~(; of an array
X ={X;; 4,7 =1,---,n} of independent random variables, where 7 is a random permu-
tation on {1,--- ,n}. It states that, under certain assumptions, this scaled sum converges

to a continuous Gaussian process with a known covariance structure. Furthermore, it pro-
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vides a bound on its distance from a certain pre-limiting Gaussian-mixture process. This
is an improvement of similar results of [BJ09] which concern deterministic arrays X. In a
further application, [Kas17b] provides an explicit bound on the rate of convergence to a two-
dimensional Gaussian process of the joint distribution of rescaled edge and two-star counts in
a Bernoulli-graph-valued process. The bound is of order %, similar to the bound Barbour
[Bar90] obtained for the Brownian approximation of a random walk. In our case, however, the

class of test functions is restricted to those real-valued functions g acting on the Skorokhod

space, which satisfy

lg(w)] [Dg(w) |1 D2g(w)]| |D?f(w + h) — D*f(w)]
sup ————% + sup ——— + sup ———— + sup < 00,
wepr L+ [[w][® * wepr 1+ |lw|l  wepr 1+ [Jw]] w,h€DP il
where || - || = || - ||oo- This class of test functions determines convergence in distribution, as

shown in [BJ09, Proposition 3.1]. As in the majority of results presented in this thesis, the
bounds in those two applications are achieved in a two-step process: through a pre-limiting
approximation by a piecewise constant Gaussian process and an approximation of that one

by a continuous Gaussian process.
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In [2] foundations for diffusion approximation via Stein’s method are laid. This paper
has been cited more than 130 times and is a cornerstone in the area of Stein’s method
(see, for example, its use in [1] or [7]). A semigroup argument is used in [2] to solve
a Stein equation for Gaussian diffusion approximation. We prove that, contrary to
the claim in [2], the semigroup considered therein is not strongly continuous on the
Banach space of continuous, real-valued functions on D[0, 1] growing slower than
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1 Introduction

In [2] a claim is made that the semigroup defined by (2.4) thereof is strongly con-
tinuous on space L defined on page 299 thereof. We prove that this is not the case.
Nevertheless, we show that the only assertion of the paper following from the aforemen-
tioned assumption of strong continuity, namely the claim that (2.20) solves the Stein
equation (2.1), remains true. This may be proved by adapting the proof of [5, Proposition
9, p. 9] and noting that in the case of interest in [2], the point-wise continuity of the
semigroup is sufficient. It then follows that all the other results of [2] hold true.

In Section 2 we recall the relevant definitions and notation from [2]. In Section 3
we give a counterexample to the strong continuity of the semigroup. In Section 4 we
provide a proof of the fact that the function (2.20) of [2] does actually solve the Stein
equation. We do this by following the steps of the proof of [5, Proposition 9, p. 9] and
proving each of the assertions therein for the semigroup of interest by hand.

2 Definitions and notation

By D = DJ0, 1] we will mean the Skorohod space of all the cadlag functions
w : [0,1] — R. In the sequel | - || will always denote the supremum norm. By D* f we
mean the k-th Fréchet derivative of f and the k-linear norm B is defined to be ||B| =

*University of Oxford, United Kingdom. E-mail: kasprzak@stats.ox.ac.uk
TUniversity of Sussex, United Kingdom. E-mail: andrew.duncan@sussex.ac.uk
*University of Warwick, United Kingdom. E-mail: svollmer@turing.ac.uk
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

Sup . (nj=1y | B[, ..., h]|. We will also often write D?f(w)[h(?)] instead of D?f(w)[h, h].
Let:

L= {f D — R : f is continuous and sup Lw)! < OO}
weD 1+ [Jw]]

and for any f € L let ||f|| :SupweDllf(iw)l

+wl®*
We define:
F(w) sl , 107wl 1D f(w + ) — D2f(w)]
= su + su + su + su
Illar = S0 T+ 5 T oz TS T e TS, n

for any f € L for which the expressions exist and
M = {f € L: f is twice Fréchet differentiable and || f||»s < oo} .

The Stein operator for approximation by Z, the Brownian Motion on [0, 1], is defined,
as in (2.9) and (2.11) of [2], by:

Af(w) = =D (w)lw] + ED?f(w) [2®] = —Df(w)u] + >~ D*f(w) [57],

k>0

for any f : D[0,1] — R, for which it exists. By (Sk)r>0 we denote the Schauder functions
defined, as on page 299 of [2] by:

So(t) = t; Sk(t) = /Ot Hi(u)du, k>1,

where, for 2" < k < 27+,

k kE+ 1 E+1 k+1
Hk(u):Q”ﬂ(]an <u< 2n2 ]—11[ 2n2—1<u§2_:—1]>.

We also define a semigroup acting on L:

(Tuf)(w) =E [ f (we ™ +o(u)Z)], (2.1)

where 0?(u) =1 — e~ 2%,

For any g € M with Eg(Z) = 0, the Stein equation is given by:

Af =g.

The idea of Stein’s method applied in [2] is to find a bound on EAf(X), where f is a
solution to this equation, in order bound |Eg(X) — Eg(Z)|,
X on [0,1].

3 Counterexample to strong continuity

It is well known that the Ornstein-Uhlenbeck semigroup is not strongly continuous
on the space C,(R), see [3]. More generally, given a separable Hilbert space H, in [8]
it is noted that this semigroup is also not strongly continuous on the space C} , of all
continuous functions v : H — R such that z — v(x)/(1 + |2|¥) is uniformly continuous
and sup,c g 7 J;(M)k < oo. Following these two results, in this section we shall show that
the semigroup T, defined by (2.1) is not strongly continuous on the Banach space L by
constructing an explicit counterexample.

Lemma 3.1. The semigroup T, is not strongly continuous on (L, || - ||1.).

ECP 22 (2017), paper 23. ecp.ejpecp.org
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Proof. Consider f € L defined by:
flw) = (L + [lw]®) sin ([|w]]) -
Note that:

B+ [we™ + o (u) Z||*) sin(|lwe™ + o(u) Z])) — (1 + [|w]|*) sin[|w])|

T.f — =
|Tuf = fllz sup e
= sup |ESiH(||’LU67u +o(u)Z]|) — sin(||w]|)
weD
+E [(lwe™ + o(u) Z||* — [|w]®) sin(||we™" + o(u) Z|)]

L+ [Jwlf?

> sup [Esin([lwe ™" + o(u)Z]) — sin(u])|
weD

E [([[we™ + o(u)Z|]* — |w||*) sin(we™" + o (u) Z]|)]
— sup
weD 1+ [Jwlf?

> su;l)) |sin(67“||w||) — sm(HwH)’ — su% |E sin(|lwe™ + o(u)Z]|) — sin(67“||w||)|
we we

E [(Jlwe + o) Z]® — [[w]]®) sin(|lwe™ + o(u)Z])]

— su (3.1)
web 1+ [Jwl?
Now:
E[(Jwe + o(w)Z))® — [[w]l?) sin(Jwe + o (u) Z]])]
sup
e 1+ [[w]?
< sup Elllwe™ + @2 = Jwl) (fwe™ + 0@ Z)” + jwe™ + o Z] ] + wl?)]
= 1+ [[w]?
< sup BLUwIA = ™) + 0@ Z]) (] @2e™ + e +1) + o) Z] 0] + 20 (w)|1Z])]
= e 1+ [[w]?
1 3 — —2 — 2 -2
=sup —— - {||lw||°(1 —e ™) (2e ™ + e " + 1) + ||w||*E|| Z||o(u) |26 =" + 2
sup s - )( )+ [|lw|E| Z]|o (u) | ]
Hwllo? B Z||? [2(1 - e~*) + 1] +20° (w)E||Z|*} =5 o. (3.2)

Furthermore, given ¢ > 0, consider R > 0 such that P(||Z]| > R) < e. Fix ¢ > 0,
such that for any a,b € R: |a — b| < § = |sin(a) — sin(b)| < e. Now, for any u such that
o(u)R < ¢ and for every w € D, we have:

1Z]l < R= |[we™ + o(u)Z] — e™"||wll] < o(w)]| Z]] <

and so:
!Esin(”we‘“ +o(u)Z|) — sin(e‘“”wH)’
<E |sin(|lwe™ + o(u) Z|)) — sin(e™“|Jw|)| L [|Z] < R]
+ E [sin([we™ + o(u) Z||) = sin(e™"|Jw[))| L[||Z]] > R]
<e + 2e.
Therefore:
sup |Esin(||we™ + o(u) Z]|) — sin(e™*|Jw])| =2 0, (3.3)
weD
ECP 22 (2017), paper 23. ecp.ejpecp.org
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k—o0

Finally, for any k € IN, consider wy, € D defined by wy(t) = k. Foru;, = —log (1 — 5¢) ——
0, we have:

[sin(e™"* |wl]) — sin(fJw]))| =

sin (lmr - g) - sin(kvr)‘ =1.
Therefore:

Iup)fey @ ug 2%, 0 and sup ‘sin(e‘“’waH) —sin(|lw])| > 1. (3.4)
weD

By (3.1), (3.2), (3.3), (3.4), im0 || T f — f]lz # 0 and so T3, is not strongly continuous
on (L, | -[lz)- O

4 Solution to the Stein equation

We first show that the function, which in Lemma 4.3 is shown to solve the Stein
equation, exists and belongs to the domain of A.

Lemma 4.1. For any g € M, such that E[g(Z)] =0, f = ¢(g9) = — fooc T.gdu exists and is
in the domain of A.

Proof. Note that:
lg(w) — g(2)| < Cy(1+ w|? + [|2]1*)lw — ]| (4.1)

uniformly in w, z € D0, 1]. This follows from the fact that:

l9(w) = g(@)] < llgllarllw = 2|* + |Dg(x)[w — 2] + %DQg(w)[w —z,w - x]

1
<lgllllw = 1 + | Dg(a) o — ] + 51D ()] | - o
1
<llgllarlle 2 (nw o241l - o (1 ||a:||>)

1
<llgllarlho - 2] (2||w|2 2?1t ol 4+ 2 (ol + ]+ ol + |m||2>)
<Cy(1+ Jul]? + [l2]2)w 2

uniformly in w, x because ||w|| < 1+ |w|?, [|z| < 1+ ||z||? and ||w]|||z|| < ||w]?® + ||z]*.

Now, we note that, as a consequence of (4.1), we have:

t t
1im/ |Twg(w)| du = lim/ |Eg(we™ + o(u)Z)| du
0 t—o0 Jo

t—o00

< jin | [ B latwe + o)) - o] | du+ [ Blo(o0)2) - g(2)] du
<C Jim | [ B0+ 10+ 021 + a2 2I7) e o]
0
+ BI04 0w + D217 o) - 2] di]
0

t
<Cy lim [ el + 267wl + 30% e [w][E[12]7] du
0

+/ (o(u) = DE|(1+ (o*(u) + 1)[|Z]1*)] || 2] dU}
0
<O+ [w|?), (4.2)

for some constant C. Since L is complete, this guarantees the existence of ¢(g).
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As noted in (2.23) and (2.24) of [2], dominated convergence may be used, because of
(4.2) to obtain that:

DFp(g)(w) = —/O e M D*g(we ™ + o(u)Z)du, k=1,2. (4.3)

and, as a consequence, that ¢(g) € M. This is enough to conclude that ¢(g) belongs to
the domain of A by the observation directly above the formulation of A labelled as (2.9)
in [2]. O

Remark 4.2. The argument of (2.23) and (2.24) in [2] also readily gives that for any
g€ Mandt>O0: [)T,gduc M.

We now prove that observation (2.19) of [2] is true for all g € M:
Lemma 4.3. For allt > 0 and forallg € M:

t
T.g—g=A </ Tugdu> . (4.4)
0

Proof. We will follow the steps of the proof of Proposition 1.5 on p. 9 of [5]. Observe
that for all w € DJ0, 1] and h > 0:

%[Th_j]/o Tug(w h/ Tutng(w) = Tug(w)]du
t+h
:%/t Tog(w )du—%/o Tug(w)du
1 t+h h
L[ Bl o 2lau— 5 [ Elgtwe + o)) (4.5)

Taking h — 0 on the left-hand side gives A <f0t Tug(w)du), since fot T,g(w)du belongs to
the domain of A by Lemma 4.1 and Remark 4.2. In order to analyse the right-hand side
note that:

h
= / Elg(we™ + 0(u)2)] — g(w)du

h
Mvr] [P B N
<3 B [l -1+ 7)Z] sup 1Dy (e + (1= )we™ +0(w)2) | du
<oor g [ (a ) + o@IZ1) (14 3l + SolPe + 3020)121)] o
=WE{(1 + 32 + 3121) (lll (=1 + h+ cosh(h) — sinh()
+[|Z|le " (= e — 1 + e (h + log(1 + e"K/W)))
+ 3l (ol - 121 >(6 (@ = 0 +)
3(lwl?121 - 1] (m—e e—oh(c2h — )} L= 4.6)
Similarly:
t+h
%/t E[g(we_“—i-a(u)Z)] du—E[g(we_t—i—U(t)Z)] 2200,

Therefore, as i — 0, the right-hand side of (4.5) converges to T;g — g, which finishes the
proof. O
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oo

Proposition 4.4. For any g € M, such that Eg(Z) =0, f = ¢(g9) = — fo T.gdu solves
the Stein equation:
Af =g.

Proof. We note that for any h > 0 and for any f € M:

1
h

[T sinf —Tof] =Ty [Th - ! f] :

We also note that for any w € D[0,1], g € M and some constant K; depending only on f:

T w) = fl) ~ BDf(w) [rw)Z — w(1 — )] - JED*/ (@) [{o(w)Z — w1 e} )

< K11+ |Jw])u®/?, (4.7)

as noted on page 300 of [2]. Therefore, we can apply dominated convergence to obtain:

1

)| = Jim B[P rwe 4 0(92)

d\" . Ty, —
<> Tsf(w) - }ILI{% Ts |: L A0

ds
T, — 1

flwe™ + O(S)Z):l =T Af(w).

Similarly, for s > 0, (&) T.f = T, Af because:

lim —— [Ty f — Tof] (w) — ToAf ()

N0 —h
T, — I
=l T, K hh _A) f] (w) + Jim (T~ T2) Af (w)
:’%E {(Thh_l —A) flwe™™" +a(s —h)Z)

+ }ILI{‘%E [Af(we " + o(s — h)Z) — Af(we™ + 0(s)Z)]

@),

again, by dominated convergence. It can be applied because of (4.7) and the observation
that for any z € D[0,1] and h € [0, 1]:
|Af(we_s+h +0(s —h)z) — Af(we™ +0(s)z)|
= ’—Df(weiﬁh +0(s — h)2)[we™* ™" + o(s — h)z]
+ED? f(we™**" + (s — h)Z)[2)]
—Df(we™* 4+ o(s)2)[we™* + 0(s)z] + ED? f(we™* + O’(S)Z)[Z(Q)]‘
<IFllar (1 + lwe™* + o (s — h)2||*) Jwe™ ™ +o(s — h)2|
1 llar (L + we™*" + o (s — h)z[|) B[ Z))?
1 Fllar (1 + llwe™ + o(s)zll) llwe™ + o () Z + [ fllar (1 + lwe™ + o (s)z|l) E[| Z]]*
<[ fllar (14 2/w]e™72 + 20%(s = 1)|2%) ([wlle™*! + o (s = D)]|=]))
1l 1+ [lwe™* " + o (s = 1)2])) B[ Z]*
1 Fllar (1 + llwe™ + a(s)zll) llwe™ + o (s)z]| + [|fllar (1 + we™ + o (s)2]]) E||Z||?

and so for any h € [0,1], |Af(we™**" + (s — h)Z) — Af (we™* + o(s)Z)| is bounded by a
random variable with finite expectation.
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Thus, for all w € D[0,1] and s > 0:

d
%Tsf(w) = TsAf(w)

and so, by the Fundamental Theorem of Calculus:

T f(w) — f(w) = /T T, Af(w)ds. (4.8)

0

By Remark 4.2, we can apply (4.8) to f = fot T, gdu to obtain:

T, /Ot Tug(w)du — /Ot Tug(w)du = /0 T, A </0t Tug(w)dU> ds.

Now, we take t — oo. Let Z’ be an independent copy of Z. We apply dominated

convergence, which is allowed because of (4.2) and the following bound for ¢;(w) =
t

fo T.g(w)du:

[ A (w)]

§/0 Ez e *Dg(we™ + o(u)Z)[w]| du

t
+/ Ey {EZ,
0

g/o Ez |e “Dg(we™ + o(u)Z)[w]| du

+/OOOEZ {EZ,

SHQHM/O e (1+ Ezllwe™ + o(w)Z|?) |w|du

e 2 D?g(we™ + o(u)Z) [(Z’)(Q)} ‘}du

e D?g(we™ + o (u)Z) [(Z’)(z)] ‘} du

+ ||g||M/ e 2u (1+Ez|we ™ +o(uw)Z]|) Ez || Z'||*du
0
SHQHM/ (e7" +2|w|?e™" 4+ 2Bz Z||(e" — e7*") [|w]|du
0

gl [ (€ e + (e ™) Bz 2] du
0

1 Egz||Z|

4
< (1+ 3B21Z1P ) Nallar(1 + Pl + (5 +

1 Ez||Z
3+ 2L fglas 1 + ezl 2,

where the second inequality follows again by dominated convergence applied because of
(4.2) in order to exchange integration and differentiation in a way similar to (4.3). Then,
we obtain:

o 0 s t
Tr/ Tug(w)du —/ Tug(w)du :/ T, lim A (/ Tug(w)du> ds
0 0 o t7ee 0
44 7/ Tsg(w)ds.
0

Now, by Lemma 4.1, we can divide both sides by r and take » — 0 to obtain:

A (/ Tug(w)du> = — lim ! Tsg(w)ds = — lim [1
0

r—07r 0 r—0 |7

/OT Eg(we™*® 4+ a(s)Z)ds]

which finishes the proof. O
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Note on A. Barbour’s paper on Stein’s method for diffusion approximations

Remark 4.5. In [6, Proposition 15] the authors prove that the semigroup of an R%-
valued It6 diffusion with Lipschitz drift and diffusion coefficients is strongly contin-
uous on the space L' = {z+ (1+ [|z]|?)f(z): f € Co(R?)}, equipped with the norm
I fllzr = supgega |f(z)]l2/(1 + ||z||2), where Co(R?) is the set of all continuous func-
tions vanishing at infinity and || - ||2 is the /2 norm on R¢Y. It might seem natural
to try to adapt their argument to the infinite-dimensional setting and consider the
space L = {w (1+ |w[|*)f(w): f € Co(D,R)}, equipped with the norm |[|f|.» =
sup,ep | f(w)]/(1+ |Jw||*). Since M C L” C L, the semigroup 2.1 being strongly continu-
ous on L"” would readily imply Proposition 4.4.

However, there is no easy extension of the argument used in the proof of [6, Proposi-
tion 15] to the infinite dimensional setting. The reason is that the Riesz-Markov theorem
for space L' [4, Theorem 2.4] invoked in the proof, requires a closed unit ball in the
domain of the functions in L’ to be compact. In other words, it requires the domain of
the functions in L’ to be a finite-dimensional space. Since D is infinite-dimensional, [4,
Theorem 2.4] cannot be easily adapted to our setting and so the proof of [6, Proposition
15] cannot be easily adapted either.
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Abstract: We extend the ideas of [Bar90] and use Stein’s method to obtain
a bound on the distance between a scaled time-changed random walk and
a time-changed Brownian Motion. We then apply this result to bound the
distance between a time-changed compensated scaled Poisson process and
a time-changed Brownian Motion. Finally, we study the rate of convergence
of the law of a rescaled M/M/1 queue to that of a time-changed Brownian
Motion. Our approach may be extended to a wider class of continuous time
Markov chains whose jump rates do not depend on the current state yet
only on the jump sizes.
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60J70, 60J65, 60E05, 60E15.

Keywords and phrases: Stein’s method, functional convergence, time-
changed Brownian Motion, M/M/1 queue.

1. Introduction

In the seminal paper [Bar90], Barbour observed that the celebrated Stein’s
method, first introduced in [Ste72] as a tool for proving the Central Limit The-
orem, may also be used in the setup of the Functional Central Limit Theorem.
The method provides a framework for proving distributional convergence re-
sults, together with bounds on the rate of this convergence. Before [Bar90] it
had only been applied to finite-dimensional probability distributions. Barbour,
in his work, looked at weak convergence to the Wiener measure. He considered
Donsker’s theorem which says that for a sequence of i.i.d. random variables
(X,)22, with mean zero and unit variance, the random process

Lnt]

i=1

defined for ¢ € [0,1] converges in distribution (as n — o00) to the standard
Brownian Motion with respect to the Skorokhod topology. In this paper we shall
extend Barbour’s approach to weak convergence to a time-changed Brownian

1

31


mailto:kasprzak@stats.ox.ac.uk

Mikotaj J. Kasprzak/Diffusion approzimations via Stein’s method 2

Motion of birth and death processes whose jump rates do not depend on the
current state. The particular example we consider is that of a rescaled M/M/1
queue.

1.1. Motivation

Functional limit results are central in many applied fields. Continuous processes
arising as scaling limits of discrete ones are often easier to study and more
robust to local changes than the processes they approximate. This is why they
are often chosen as models for real-life phenomena, even those which are discrete
in nature. Obtaining bounds on the rate of functional convergence is of great
importance in determining the quality of this choice. Our motivation in this
paper comes from a desire to fill in a gap in the literature but has also direct
relevance to applications.

The M/M/1 queue, which we study in this paper, is used in applied fields
whenever arrivals and departures from an operational system with one server
need to be modelled. An account of its properties and applications may be
found, for instance, in [Gaul2]. Some of the example uses of the model include
organising the staffing and work assignments in a call centre or hospital emer-
gency ward planning. Its diffusion approximation might provide some intuition
as to how the parameters of the queue impact some performance measures and
thus help in optimisation exercises.

In [BDM18], the authors derive a bound on a distance between a scaled
M/M/1 queue and a Brownian Motion. The bound is derived with respect to a
distance constructed in a very technical and functional-analysis-heavy way. The
distance and the bound are, moreover, not convergence-determining. In other
words, even though the bound in [BDM18] converges to zero as n — oo, this
does not imply weak convergence of the rescaled M/M/1 queue to the Wiener
measure. In Remark 3.9 we explain in detail the setup and results of [BDM18].

Motivated by the wide applicability of the model, our aim is to derive a bound
with respect to an easily interpretable notion of distance and, crucially, one that
is strong enough to metrize weak convergence.

1.2. Contribution of the paper

The main achievements of the paper are the following:

1. An extension of the result of [Bar90] to time-changed scaled random walks.
Specifically, we consider a sequence of i.i.d. random variables X1, Xo, - --
with mean zero and unit variance and the process:

Lns(#)]
Ya(t)=n""? Y X;, te[o1],

i=1

for some deterministic time change S. We also consider a time-changed
Brownian Motion Z = B o S, for a standard Brownian Motion B. In
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Theorem 3.1 we bound the following quantity:
Eg(Yn) — Eg(Z)]

for every bounded, twice differentiable real-valued function g on the Sko-
rokhod space, whose first two derivatives are uniformly bounded and the
second derivative is Lipschitz.

2. A quantitative version of the functional limit theorem for (time-changed)
compensated Poisson processes. We consider a sequence of deterministic
time changes (S’(”))n>1 converging to a limiting time change S. We then
look at a rate 1 Poisson process P and bound the distance between its
compensated, scaled, time-changed version:

P(nS™(t)) — nSM(t)
\/ﬁ )

and the time-changed Brownian Motion Bo.S. We do so for the same class
of test functions as in Theorem 3.1. This result is presented in Theorem
3.4.

3. A quantitative version of a functional limit theorem for the M/M/1 queue.
We denote by L(t) the length of an M/M/1 queue with arrival and depar-
ture rates nA and nu, at time ¢, and by L its fluid limait:

t €10,1],

Lit)=(z+\—pt)t.

We consider
Yo =va (M2 - x), re ol

and, in Theorem 3.7, bound its distance from a time-changed Brownian
Motion, under the assumption that the starting point of L is greater than
n(p — ). We do so for the same test functions as those considered in the
previous points. Our approach to proving this result may be extended to
a wider-class of continuous-time Markov chains whose jump rates do not
depend on the state the process is in, as described in Remark 5.1.

4. An extension of [BJ09, Propoision 3.1], which shows that the class of
functions g which are bounded, twice differentiable with their derivatives
bounded and whose second derivative is Lipschitz is rich enough to metrize
weak convergence. Hence, weak convergence results follow from the bounds
obtained in Theorems 3.1, 3.4 and 3.7. This is obtained in Propositions
2.1 and 2.2.

1.3. Stein’s method

The aim of Stein’s method is to find a bound on the quantity |E, h — E,h|,
where p is the target (known) distribution, v, is the approximating law and h
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is chosen from a suitable class of real-valued test functions . The idea is to
find an operator A acting on a class of real-valued functions such that

(Vf € Domain(A) E,Af=0) <<= v=uyu,

where p is the target distribution. In the next step, for a given function h € H,
a solution f = f; to the following Stein equation:

Af =h—TE,h

is sought and its properties studied. Finally, using various mathematical tools
(among which the most popular are Taylor’s expansions in the continuous case,
Malliavin calculus, as described in [NP12], and coupling methods), a bound is
sought for the quantity |E,, Afx|.

An accessible account of the method can be found, for example, in the surveys
[LRS17] and [Rosll] as well as the books [BHJ92] and [CGS11], which treat
the cases of Poisson and normal approximation, respectively, in detail. The
reference [Swal6] is a database of information and publications connected to
Stein’s method.

Approximations by infinite-dimensional laws have not been covered in the
Stein’s method literature very widely, with the notable exceptions of [Bar90,
BJ09, CD13] and, more recently, [Kas18, Kas17, BDM18]. In this paper, we will
focus on the ideas taken from [Bar90] and [BDM18].

1.4. Structure of the paper and notation

In Section 2 we introduce the space of test functions we will find the bounds for.
In Section 3 we present our main results. Theorem 3.1 shows how the approach
in [Bar90] can be extended to the approximation of a scaled, time-changed
random walk by a time-changed Brownian Motion. In Theorem 3.4 we apply
Theorem 3.1 to look at the distance between a time-changed Poisson Process
and a time-changed Browian Motion. Theorem 3.7 treats the M/M/1 queue.
Section 4 sets up Stein’s method for proving the results and Section 5 provides
the actual proofs.

In what follows, || - || will always denote the sup norm and D = D[0,1] =
D ([0,1],R) will be the Skorokhod space of cadlag real-valued functions on [0, 1].
By DFf we mean the k-th Fréchet derivative of f and the norm of a k-linear
form B on L is defined to be || B|| = sup . p=1y | B[R, -, B[

2. Space M?°
Let MY be the class of functionals g : D[0,1] — R such that:

lgllaro == sup |g(w)| + sup || Dg(w)|| + sup |D?g(w)]|
weD weD weD

D? h) — D2
+ sup |D?g(w + h) g(w)

|
< Q.
w,heD 1]
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This is Proposition 3.1 of [BJ09]:

Proposition 2.1. Suppose that, for each n > 1, the random element Y,, of
DI0,1] is piecewise constant with intervals of constancy of length at least r,.
Let (Zy,),~, be random elements of D[0,1] converging weakly in DI0,1], with
respect to the Skorokhod topology, to a random element Z € C ([0,1],R). If:

Eg(Yn) — Eg(Z,)| < Crullgllare (2.1)

n—oo

for each g € M° and if 7, log2(1/rn) —— 0, then Y, converges in distribution
to Z with respect to both the Skorokhod and the uniform topologies.

A similar result holds when Y, is a continuous-time Markov chain:

Proposition 2.2. Suppose that, for each n > 1, the random element Y., of
DI0,1] is a contiuous-time Markov chain with mean holding time +— — 0. Let
(Z1),>, be random elements of D[0,1] converging weakly in DI0, f] with re-
spect to the Skorokhod topology, to a random element Z € C ([0, 1] R). Suppose
further that:

Eg(Y) — Eg(Zy)] < Crallgllao (2.2)

n— oo

for each g € M° and that T, log> (An) —— 0. Then Y,, converges in distribu-
tion to Z with respect to both the Skorokhod and the uniform topologies.

We prove Proposition 2.2 in Appendix A.

3. Main results

Theorem 3.1 below is an extension of [Bar90, Theorem 1] to the case of a time-
changed scaled random walk:

Theorem 3.1. Let Xy, Xo,... be i.i.d. with mean 0, variance 1 and finite third
moment. Let S : [0,1] — [0,00) be a strictly increasing, continuous function
with S(0) = 0. Define:

LnS(t)]
Y, (t) =n"1/? Z X;, telo,1]

and let (Z(t),t € [0,1]) = (B(S(t)),t € [0,1]), where B is a standard Brownian
Motion. Suppose that g € M°, as defined in Section 2. Then.:

Eg(Y,) - Bg(Z)| < ”fﬂgf’ (\/%\/log(ZS(l)n)+S(1)IE|X1|3).

Remark 3.2 (Relevance of terms in the bound). In the proof of Theorem 3.1,
the distribution of Y., is first compared to the distribution of a piecewise constant
Gaussian process with the same covariance structure as that of Y,,. This com-

parison gives rise to the second term in the bound: ”Z‘J%O S(E| X1 |3, which is a
Berry-Esseen-type term involving the third absolute moment of the summands.
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The piecewise constant Gaussian process is then compared to the time-changed

\/logn

Brownian Motion and hence the term of order NG arises. It corresponds to
the transition from a cadlag process to a continuous one and is calculated using
the Brownian modulus of continuity.

Remark 3.3. In Theorem 3.1 we do not claim that our bounds are sharp. Our
bound in Theorem 3.1 is of the same order as the one obtained in the original
case in [Bar90]. This result can also be extended in a straightforward way to
instances in which the time change is random and independent of the step sizes
of the random walk. We can obtain this by conditioning on the time change.

Theorem 3.4 below treats a time-changed Poisson process and can also be
extended to random time changes, independent of the Poisson process of interest,
by conditioning.

Theorem 3.4. Suppose that P is a Poisson process with rate 1 and S :
[0,1] — [0,00) is a sequence of increasing continuous functions, such that
S(M(0) = 0. Let S : [0,1] — [0,00) be also increasing and continuous. Let
Z(t) = B(S(t)),t € [0,1] where B is a standard Brownian Motion and

~ P (nS™(t)) — nS™(t)

Yo (t) = NG . telo1].

Then, for all g € M° and n > 3,
[Eg(Y.) - Eg(Z)|

llg 1l azo 30 —1+2logn
< V0og(25(1 26M()+14 —— 27
ST rTog? og(25(1)n) + (1) +1+ loglog 1

+ 2[lgllaro /IS = SM|.

Remark 3.5 (Relevance of terms in the bound). In the proof of Theorem 3.4,
the distribution of Y, is first compared to the distribution of a scaled time-
changed Poisson random walk and this is where the term ”ill‘i%o . %Olgi" comes
from. The last term in the bound arises because of the transition between the pre-
limiting sequence of time changes and the limiting time change. The remaining

terms are incorporated from Theorem 3.1 applied to the Poisson random walk.

Remark 3.6. The bound in Theorem 3.4 goes to 0 as long as the time changes
S — S uniformly. By Proposition 2.2 it then follows that Y,, converges to Z
in distribution with respect to both Skorokhod and uniform topologies.

Theorem 3.7 below establishes a bound on the rate of convergence in a func-
tional limit theorem for the M/M/1 queue. In what follows we will use the setup
and notation of [Rob03, Chapter 5.7]. For two independent rate 1 Poisson pro-
cesses Py and P_1, the M/M/1 queue with jump rates A and pu is the solution
to the following equation:

L(t) = L(0) + Pr(M) = [ LinpooPosuds) (3.1)
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Let (2,)n>1 and z be such that %= N R, . Consider the renormalised

proces

L,(t) = , tejo,1], (3.2)

where (L(t),t € [0,1]) solves (3.1) with initial condition z,. The first part
of [Rob03, Proposition 5.16] states that L, of (3.2) converges with respect to
uniform topology to the function ¢ — L(t) := (x + (A — p)t)". The second part
of the Proposition states that, if /n(% — x) 27 0 then the process

Yn(t) = \/ﬁ (fn(t) - E(t)) , te [O, 1]

converges in distribution to (B ((A+ u)t),t € [0,1]), where B is a standard
Brownian Motion.
We prove the following theorem

Theorem 3.7 (M/M/1 queue). Let Py and P_; be two independent rate 1
Poisson processes. Let \,pu,x > 0 and n > 3. Suppose that x > u — A and
that (L(t),t € [0,1]) solves equation (3.1) with initial condition nx. Consider
processes given by

L,(t) , L) =@+O0-—p)t, telo,1].

Let B be a standard Brownian Motion and let Z(t) = B (A 4 u)t) fort € [0, 1].
Consider

Yn(t) = \/ﬁ (fn(t) - f(t)) , L€ [Oa 1]

Then, for any g € M° and n > 3 we have
Eg(Yn) —Eg(Z)]

gl (30 (V1082A0) + V/Iog(2pm)
~ ol Jrlog2

+ellgllaoe™,

2log2+4logn
loglog(n + 2)

+2A+p)+2+

for some constant ¢ independent of n and g.

Remark 3.8 (Relevance of terms in the bound). In the proof of Theorem 3.7,
we consider two cases. The first one is that the process L, hits O (or returns to
0 if started there) before time 1. It can be proved that, as long as © > u — A,
the probability of this happening is small. In this case, the bound takes the form
cllgllaroe™™ and hence this term appears in our general bound. In the opposite
case, the process Y, of Theorem 3.7 is a difference of two scaled compensated
Poisson processes and an application of Theorem 3.4 gives rise to the remaining
terms in the bound.

Remark 3.9. The recent paper [BDM18] also establishes a bound on the rate of
convergence of Y, of Theorem 3.7 to Z in the case of x,, = nx and x > p — A.
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However, the distance with respect to which the authors obtain their bound is
different from the distance we consider. In order to understand the definition of
the distance looked at in [BDM18] we need to introduce some notation.

First, forn € (0,1] and p > 1, we denote the corresponding fractional Sobolev
space by W, ,, which is defined as the closure of C' functions with respect to

the norm:
1
P _ p M
it = [ vopas [ [ OO g

Neat, we introduce the Besov-Liouville spaces. For f € LP([0,1],dt) (denoted
by LY for short), the left fractional integral of f is defined by:

o)) = %a) /0 ft)(@—t)*~tdt, x>0,

where o > 0 and I&_ = Id. The Besov-Liouville space Iotp is defined by 1§, (LP)
and equipped with the norm

o4 fllzs, = I1fllze-
Moreover, we call a function F: W, , — R cylindrical if it is of the form
F = f((th'17 tee 75Bhk))7

where f belongs to the Schwartz space on R, hy,--- , hy, belong to If:Q and dgh
s the Ito integral of h given by

1
oph = / h(s)dB(s).
0
Now, for such a function F', we let VF be an element ofLQ(anp,Ii"_’Q) defined
by
k
VF =Y 0;f(6phy,--- ,6hi)h;

Jj=1

and V?) be the element of LZ(VV,,J,,IFT2 @I ,), given by

k
V(Q)F _ Z a](f)f(§Bh17 . ,5Bhk)hj ® hl.
gl=1

For such an F', we also consider the following norm:

IF13 = IFI + B [IVFIZ |+ E[IVOFIZ o7 ]

where
2

1 k
IVF|2, = / S0, (0nha,- - Shi)hy(s) | ds
1,2 0 =
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and

2

1 1 k
||V(2)FH?I;,2)®2 = /0 /0 Z 3](12)f(53h17 oo, 0ghg)hj(s)hi(s) | dsdr.

7,l=1

We let Dy o be the completion of the set of cylindrical functions with respect to
the norm | - ||2,2-
Furthermore, we define the class of functions ¥n,p as the collection of 1-
Lipschitz functions F : Wy, , — R which belong to Do and satisfy
+
’<V(2)F(x) ~VOF@tg.he k) ‘ < lgllw, , Il 2 1kl 2,

for any x € Wy ,,, g € Ifo, h,k € L2,
Finally, we define the following space

Zy.p = {bounded 1-Lipschitz functions D — IR whose restriction to Wy, belongs to ¥, ,}.
The authors of [BDM18] establish a bound on the following quantity

sup [EF(Y,)—EF(Z)|. (3.3)
Fey,

The bound they obtained is of exactly the same order as our bound in Theorem
3.7 and the authors in [BDM18] do not provide any numerical values for the
constants in their bound. However, the class of functions considered in [BDM18]
does not metrize weak convergence; i.e. the bound obtained therein does not imply
weak convergence of the law of Y, to that of Z. Remark 3.11 below shows that
our bound does.

Remark 3.10. The proof of the bound on the distance between the rescaled
M/M/1 queue and the Wiener process presented in [BDM18] is based on Malli-
avin calculus on the Poisson space. This is one of the reasons why a complicated
class of test functions, described in Remark 3.9, is considered therein.

On the other hand, our proof of Theorem 3.7 uses Theorem 3.4 and an ele-
mentary Lindeberg-type trick which allows one to bound distances between sums
of stochastic processes in case we know how to bound the distance between the
corresponding summands. Indeed, the trick is used since an M/M/1 queue length
conditioned to stay away from zero may be described as a difference of two Pois-
son processes looking at the arrivals and the departures, respectively. The limit-
ing time-changed Brownian Motion may also easily be expressed as a difference
of two time-changed independent Brownian Motions.

Remark 3.11. By Proposition 2.2, Theorem 3.7 implies that Y,, converges in
distribution to Z with respect to the Skorokhod and uniform topologies. Indeed,
the mean holding time in the continuous-time Markov chain Y, is of order n=!
and our bound is of order nl/zl(l’fgﬁogn. log® n noee

may be applied in this case.

As

0, Proposition 2.2

nl/2loglogn
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4. Setting up Stein’s method

Let us first define:

[nS(1)] [nS(1)]
Ant) =" " Zilymsan(S®) =n""? > Zilis-1/m)(t),
i=1 =1
(4.1)
for Z; il N(0,1). In the proof of Theorem 3.1, we will apply Stein’s method to
find the distance between A, and Y,,.

4.1. The Stein equation

We first note that if %4,%5,... are i.i.d. Ornstein-Uhlenbeck processes with
stationary law A(0,1), then defining:

[nS(t)]
W, (t,u) = n=1/? Z U (uw), u>0,te]0,1],
i=1

we obtain that the law of A, is stationary for (W,(-,u)),~,- Denote the
generator of (W, (-,u)),~o by A,. By properties of stationary distributions,
E,A,f =0 for all f € Domain(A,,) if and only if u = L(A,,). Therefore, we
can treat

Anf =9 ]Eg(An) (42)

as our Stein equation.

In the next subsection, for any g from a suitable class of functions, we will
find an f satisfying equation (4.2). Then, in the sequel, we will find a bound on
[EA, f(Y,)|, which will readily give us a bound on |Eg(Y,) — Eg(A,)|.

The following result is immediate by [Kas18, Proposition 4.1]:

Proposition 4.1. The generator A, of the process (W, (-, u))u>0 acts on any
f € M° in the following way:

(Anf)(w) = =Df (w)[w] + ED*f(w) [AP] .

4.2. Solving the Stein equation

Proposition 4.2. Suppose that g € M° satisfies Eg(A,,) = 0. Then the equa-
tion: A, f = g is solved by:

[ = ¢n(g) = _/O Tn,ugduy (43)

where (T, f)(w) = E [f(we™™ + V1 — e 24A,,)].

40



Mikotaj J. Kasprzak/Diffusion approzimations via Stein’s method 11
Furthermore, ¢,(g) € M° and the following inequalities hold:

A) ([P (g) ()l < llgllare

B) D% (g)(w)] < 1202,

0 1D%6u(a)w+h) ~ Dolg)(w)] < L (a

Proof. The fact that ¢,,(g) of 4.3 solves the Stein equation A, f = g follows by
the argument used to prove [KDV17, Proposition 1] upon noting that we can
readily substitute A, is the place of Z therein.

Now, note that for ¢,, of 4.3 and any g € M°, we get

Pn(9) w+h) Pn(9)(w)
=_ E/ w +h)e " +1— e*zuAn> -9 (we_“ +v1- 6*2“An>} du

and so dominated convergence (which can be applied because of [KDV17, (10)])
gives:

D* ¢, (g)(w) = —IE/ ekupky we ui /T e2uA ) k=1,2.
Using (4.5), we obtain that, for any g € M° and w, h € D0, 1],
8) 1D6n@@) < [ e B[ Dg (we + VI= e, | du < gl
0

B) 0%l < [ e [0% (et + VI=e A, ) au < 1
|1D?¢n(9)(w + ) — D¢ (g)(w)]]

©) ]
<l [ e (% (w4 met 4 VI A,)
0
— D?%g (wefu +v1- 6_2“An)} du
gl

3
O

Remark 4.3. It is an easy consequence of Propositions 4.1 and 4.2 that for
ge MO°:

Ann(9)(w) = =Dn(g) (w)[w] + ED*6u(g)(w) [AP)] .
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5. Proofs of Theorems 3.1, 3.4 and 3.7
5.1. Proof of Theorem 3.1
5.1.1. Discretisation of Brownian Motion

Let A, be as in (4.1). Now, note that we can first realise a standard Brownian
Motion B and then set A, (t) =B (%) and Z = B for ¢ € [0, 1] so that:

sup |A,(t) —Z(t)] = sup |B (W@)J) - B(S(t))‘ = sup |B(t)—-B <Lnﬂ) ‘ .
t€[0,1] te[0,1] n t€[0,S(1)] n
By [FN10, Lemma 3] we get:
30 log(25(1)n)
E|A, - Z|<E sup IB(t) — B(s)|| <
t,s€[0,5(1)],|t—s|< 1 vrlog2 Vn

(5.1)
and therefore we obtain, for any g € M?, as defined in Section 2,
MVT
Eg(An) —Eg(Z)] < E sup 1Dg (1= ¢)Z + cAy) |1Z — An|
ce|0,
<llgllroEl|Z — An|

~ mlog?2 vn
5.1.2. Applying Stein’s method

Let g € M° and g,, = g — E[g(A,)]. Let fn, = ¢n(gn), as in (4.3). First, note
that:

[nS ()
ED fu(Y,)[Yo] =02 " ED £, (Y0) [ X551 (/m).0y)-
j=1

We now let Y}, =n 235, Xy dis-1(k/m) 1) = Yo — "2 X;1(g-1(j/n),1) and
observe that, by Taylor’s theorem:

[0 2EX; D f(Y0) (Vs /mo) =B {n ™25, Dfa(YD) [Lis1m

01 (X5)” DY) (Vs mne) @] |

=B [n 12X, D f0 (Y4 402X ) [Vis-1m )]
— 0 V2XGD Fo(Y4) [Lis-1(/m) 1))
=~ (X;)2D? fu(Y3) {(H[S*lu/n),l])@)m

(4.4)C) p=3/2
<

< gl o B (53)
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because, clearly, ||1js-1(;/n),1l = 1. Also, in the last inequality we have used the
fact that X is independent of Y7,. We can now sum (5.3) over j = 1,2, ..., [nS(1)]
and use the fact that X;’s are independent of Y?’s and that X;’s have mean 0
and variance 1 to obtain:

[nS(1)] —1/2
— 1 2 n
EDfo(Ya) Yol =07 Y D2£a(¥) [(Lisrymm) ]| € TS WlglaneE X[
j=1

We notice that for A,, defined in Proposition 4.1, using Remark 4.3, we obtain:

[BAwfu(Y0)| = [EDSu(Ya)[Yo] - ED*fo(Y.) [A2)]|

[nS(1)]
<DL (Y)Y 0t S BD? () [(Lsor ) )]
j=1
[nS(1)] @ ] )
+nt Z E{Dan(Yn) |:(]1[S*1(j/n),1]) } — D*fu(Y3,) [(1[5*1(3'/”)11]) }}
j=1

n—1/2
< g1
[nS()] o
—1 2 j —1/2
7t S B0 (Y0 X s ) [ (s mon) ]

j=1

— D%f,(Y?) [(Ms*(j/n)vﬂ) (2)} }

[nS(1)]

I e R DR s | DS TR

(4.4)C) p—1/2

- 6

j=1

n~1/2

-6
—1/2 1

S Wl

n-1/2
S |lgnllvoEIX1® + TS(UHQnHMoIE | X1 1510 /ny 1|

The last inequality follows by Jensen’s inequality:

3/2
E|X;| < VEX:2 =1 = (B|X1]?)*? < E|X . (5.4)
Now, note that this gives:

|]Eg(Yn) - ]Eg(An)| = |Egn(Yn)| = |]E-Anfn(Yn)|

n-1/2

<3 S| gnllaroEl X

n-1/2 s
<—5—5) (lgllare +Eg(An)) EIX:|
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<n ™25l BIX . (5:5)
Combining this with (5.2):

\Eg(Yn)*IEg(Z)ISHZU%O (\/7%\/1@(25(1)@+S(1)EX1|3> (5.6)

which proves Theorem 3.1. O

5.2. Proof of Theorem 3.4
5.2.1. Comparing Y, to a Poisson random walk

Note that (P([nS™(t)]),t € [0,1]) can be expressed in the following way:

lns™ (1))

P([nS™(1)]) - [nS™ (1)) = Z Xi,

where (X;+1)’s are i.i.d. Poisson(1). Therefore, we can express (Y, (t),t € [0, 1])
in the following way:

lns™ (1))

Yt =n"?¢ Y XiJrP(nS(”)(t)) fP(LnS(")(t) J)f(nS(”)(t)anS(")(t) J)

i=1

We also define:
[nS) (1)

Yn(t) zn_1/2 Z Xz
i=1

Note that |nS(”)(t) — [nS™ (t)]| < 1 for all t > 0. Also, observe that for all
t>0:

‘P (nS(")(t)) _p (LnS(") (t) j) \ <P (LnS(") ()] + 1) —p (LnS(") (t) J) .

By the independence of increments of a Poisson process:

E||?n -Y,| < n~1/? {1 +E {max R” , (5.7)

1<i<n

where Py, -+, P, Hd Poisson(1). Using the trick from [Dasll], we note that,
by Jensen’s inequality applied to function = — exp(z loglogn), which is convex
for n > 3,

. p. < . p.
exp (log logn - E Lréliagxn Pl]> <E {exp (log logn 121?5% Pl>}

=E Lrg%xn exp (log logn - Pi)}
< nlE [exp (log logn - ]51)}
=nexp (logn — 1)

<e 'n? (5.8)
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Now, combining (5.7) and (5.8) we obtain:

. ~1+21
E|[Y, - Y,| <n /2 [1 + “L()g”] .

5.9
loglogn (5.9)

Then, for every g € M°:

~ MVT ~ ~
[Eg(Yn) —Eg(Yn)l < E| sup [[Dg((1—c)Yn+cYn)[[[Yn— Ynlll

c€[0,1]
<Ilgllaro [IIY o = Yol
-1+ 21
<n V2|1 s (5.10)
loglogn
5.2.2. Comparing the scaled Poisson random walk to a scaled Gaussian
random walk
Let A, (t) = n~ /2 O) 7. e 0,1] for Z; 51 A7(0,1). By (5.5),
[Eg(Y,) — Eg(An)| < n~ V250 (1)]lg] o Bl X0
<n V28 (1)gllao (1 +2¢7) (5.11)
D

because X; = P(1) — 1.
5.2.8. Accounting for the difference between the time changes
Now let A, (t) = n~1/2 ng(m Zi,t €(0,1]. Then:

[ [nS)VS™ (1))

E[A, — A, =n"'2E sSup Z Z;
LFEI0i— sty as o ()] +1
I LnS@)VST (£) | = ([nSE)AST™ (£) | +1)
_ . —1/2
=n E | sup Z;
te[0,1] ; '
Doob.Jensen sup;efo,1] ([nS(R)VS™ (£) | = ([nS(#)AS™) (£) | +1)) 2
’ =2 |E 7
i=1

<2,/]15 = Sm. (5.12)
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Therefore:

~ MVT ~ ~
Eg(A,) — Eg(Aa)| = E| sup [Dg (1= )An+cAn) [[An - An|

c€[0,1]

<lglluoE [ An = A

<2y/[IS = S™l[|gllaso- (5.13)

5.2.4. Comparing the scaled Gaussian random walk to Brownian Motion

By (5.2) we get for Z=Bo S:

A lgllaro (30
Eg(A,) —Eg(Z)| < log(25(1 . 5.14
oA, - By < 02 (22 ioaastin) (5.14)
Theorem 3.4 now follows from (5.10), (5.11), (5.13), (5.14). O

5.3. Proof of Theorem 3.7

The proof is inspired by the material of [BDM18].

Let g € M? and 7 = inf{t > 0 : L, (t) = 0}. By [SW95, Theorem 11.9],
P[1 > 7] tends to zero with exponential speed under the assumption that
x> p— A and so

B [(90Y0) = 9(2) Tanmpy ]| < cllglhroe™, (5.15)

for some constant c.
On the event that {1 < 7'}, for any ¢t € [0,1] we have

Y, = Yi - Ygla
where
Py (nAt) — nAt P_i(nut) — nut
VI VIR

Let B! and B? be i.i.d standard Brownian Motions such that, if

Yi(t) = Y Ht) = t€10,1].

Z'(t) =B'(\) and Z7'(t) =B !(ut) fortel0,1]

then we have Z = Z' +Z~'. Therefore, for ¢/ (z) = g(z —Y ;1) and g~V (z) =
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g(Z' — z),

IA
&=
——
&=
N
<
|
S

=YD (2 - Y0) Ty | Y5
+[E{E[ (92" - ;) - 92 —27) Luary | 2] ||
[ [ (o (2) 0 ) 10 [ ¥7]}

+[B{E[ (¢ () = (27)) Tasr

zl} H (5.16)
It is clear that (almost surely):

l9®lare < llglare and {lgllaro < llgllaro-

Therefore, using Theorem 3.4,

0 B0 )0 ) s
<||9||MD ( 30 log2+210gn>

log(2An) +2A + 1+

— nl/2 \rlog2 loglog(n+2) )’
—1) (y-1 —1) (-1 1] 1].
B) [E{B[(s (V) - o (@) 1nzmy |2'] ]
llg|l az0 30 log2 +2logn
< log(2 2 1+ ——— . 5.17
STz \ Valoga VIOBEH F 2L T ) (547
It now follows from (5.16) and (5.17) that
B [(9(Yn) = 9(2)) Lz ]|
_ 9|l a0 30 (\/10g(2)\n) + \/log(Q;m)) o) 24 2log2 +4logn
~ nl/2 Vrlog?2 a loglog(n+2) |’
which, together with (5.15), proves the result. O

Remark 5.1. Continuous-time Markov chains whose jump rates do not depend
on the state the chain is in yet only on the size of the jump may be expressed as
sums of independent time-changed Poisson processes. Indeed, suppose that for
jump sizes i1,142, -+, jumps of those sizes occur at rates \1, Ao, - - -, Tespectively.
Then the resulting continuous-time Markov chain may be described in terms of
i.i.d rate 1 Poisson processes P1,Po, -+ in the following way:

t— Z ’LkPk()\kt)
k=1

An analysis similar to that in the proof of Theorem 3.7 may be applied in
this case and also whenever the time changes applied to the Poisson processes
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P, Py, -+ are random, yet independent of those Poisson processes. Indeed, The-
orem 3.4 together with a Lindeberg-type trick similar to (5.16) and (5.17) above
may be used to bound the distance between such a continuous-time chain and a
diffusion process.
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Appendix A: Proof of Proposition 2.2

Note that the proof of Proposition 3.1 of [BJ09] readily applies in this case up
to and excluding (3.4) and it suffices to prove that liminf, . P[Y, € B] >
P[Z € B] for all sets B of the form B = (),,., Bi, where B = {w € D :
|lw—si|| <y}, si € C([0,1],R) and ; is such that P[Z € dB;] = 0.

We will condition on the fact that the minimum holding time (interval of con-
stancy of Y,,) is of length greater that 7, = \,;3. It follows from Theorems 2.1
and 2.2 of Chapter 5 in [Dev86] that if we condition on the number of holding
times being equal to 7, their lengths are distributed uniformly over the simplex

A; = {(xl, i)t >0, Z;’:l zj < 1}. Note that the probability of the min-
imum of them being greater or equal to ,, is (1 —ir,)" if i < r,, and 0 otherwise.
This is because Vol(4;) = & and Vol ({(xl, e i) 1T > rn,zi-zl xj < 1}) =

(1—iry,)®
!

. Therefore:

P [minimal waiting time > ]
oo

Z P [minimal waiting time > r,|#waiting times = 3| P [#waiting times =

—

A

— =

sw

J o O s
(1 =i\, 3)le 2200 __ 1720 (5.18)
- (1 —1)!

.
Il
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To see this note the following:

A7) i 5/4
A) D (A=ia)e Q)™ o (Af; - A3/4> (1 - )r7/4) SN

i e Cl (e

A2 [Ai’/ﬂ L Faa/aT s 0 oy
Lo BRI P P
ern

A3/4_q
A

< 0

T
(i—1)!

n—oo
1

3

i [
B) (1 —iX;3)le ((A") : > (1= A7 [l e=An

i=1

where the convergence in B) holds since (1—/\57/4) [ Le >, (?i’fi;!I =

1 and:

=t AR

n

2 G = T T e,
i=[x/*] { —‘ { 1

n— oo
0

for instance, by Proposition A.2.3(ii) of [BHJ92]. Furthermore, note that for g/,
defined by (3.6) in [BJ09):

liminf E

n—oo

L
=1
L

=liminf E H 9in(Yn)
=1

minimal waiting time > 7, | IP [minimal waiting time > r,]
n—oo

+ liminf E

n—roo

minimal waiting time < r,, | IP [minimal waiting time < 7]

L
H 9in(Yn)
=1

[ L
=liminf E H 9, (Y,)| minimal waiting time > 7, | IP [minimal waiting time > r,]
n—o00 ’
Li=1

(5.19)

because:

n—oo

ML
0 <liminf[E H 91 (Yy)| minimal waiting time < 7, | IP [minimal waiting time < 7]
Li=1 |

<lim inf IP [minimal waiting time < 7] (518) 0.
n—oo
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Following the same steps as in [BJ09], we obtain:

liminf P [Y,, € B] > liminf P [Y,, € B and minimal waiting time > r,]
n—oo

n— oo

L

> liminf E minimal waiting time > 7, | P [minimal waiting time > r,]
n— oo
=1
(2.1),(5.19) { L L
> liminf{ E | [ g0 (Zn)| - Cma ([T 9
nree =1 =1 MO
L
> linrggf {E Hgl*,n(zn) - C/'TnPnQ(EV)Z%S}
1=1
Fa;ouIE . . L "
> ggg;fﬂgz,n(zn) >P| () (IZ - sl <w(1-0))
=1 1<I<L
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Abstract: We use Stein’s method to obtain a bound on the distance
between scaled p-dimensional random walks and a p-dimensional (corre-
lated) Brownian Motion. We consider dependence schemes including those
in which the summands in scaled sums are weakly dependent and their p
components are strongly correlated. As an example application, we prove
a functional limit theorem for exceedances in an m-scans process, together
with a bound on the rate of convergence. We also find a bound on the rate
of convergence of scaled U-statistics to Brownian Motion, representing an
example of a sum of strongly dependent terms.
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1. Introduction

In the seminal paper [Bar90], Barbour addressed the problem of providing
bounds on the rate of convergence in functional limit results (or invariance prin-
ciples as they are often called in the literature). He observed that the celebrated
Stein’s method, first introduced in [Ste72] as a tool for proving the Central Limit
Theorem, may also be used in the setup of the Functional Central Limit The-
orem. This theorem, whose early versions are attributed to Donsker [Don51],
says that for a sequence of i.i.d. real random variables (X,,)52 ; with mean zero
and unit variance, the random process

Lnt)
Y(t)=n"2> X, telo,1] (1.1)
i=1

converges in distribution to the standard Brownian Motion with respect to the
Skorokhod topology.
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Through a careful and technical adaptation of Stein’s method to the frame-
work of a Brownian-Motion approximation and a subsequent repetitive use of
Taylor’s theorem, Barbour [Bar90] proved a powerful estimate on a distance be-
tween the law of Y, in (1.1) and the Wiener measure. Specifically, he considered
test functions g acting on the Skorokhod space D([0,1],R) of cadlag real-valued
maps on [0, 1], such that g takes values in the reals, does not grow faster than a
cubic, is twice Fréchet differentiable and its second derivative is Lipschitz. De-
noting by Z the Brownian Motion on [0, 1] and adopting the notation of (1.1),
his result says that

Eg(Y,) -Eg¢(Z)|<C,———MM =

Eg(Yn) — Eg(Z)| < Cy T
where Cy is a constant, independent of n, yet depending on the (carefully de-
fined) smoothness properties of g. Among the applications and extensions con-
sidered by Barbour are an analysis of the empirical distribution function of i.i.d.
random variables and the Wald-Wolfowitz theorem often used to construct tests
in non-parametric statistics [WW40].

Our aim in this paper is to extend the results of [Bar90] to approximations

of scaled sums of univariate and multivariate random variables with different
dependence structures by univariate and multivariate Wiener processes.

E|X:|? + Viogn
n )

1.1. Motivation

Functional limit results play an important role in applied fields. Researchers
often choose to model discrete phenomena with continuous processes arising as
scaling limits of discrete ones. The reason is that those scaling limits may be
studied using stochastic analysis and are more robust to changes in local details.
Questions about the rate of convergence in functional limit results are equivalent
to ones about the error those researchers make when doing so. Obtaining bounds
on a certain distance between the scaled discrete and the limiting continuous
processes provides a way of quantifying this error.

Our motivation in this paper comes from the desire to fill in a gap in the
theory but we are also motivated by examples related to applications.

One of those, Example 3.4 of this paper, considers exceedances of the m-
scans process. For a sequence of i.i.d. random variables X1, X5,---, the one-
dimensional m-scans process is given by R; = 21:_01 Xi4+k- The number of its
exceedances of a real number a is given by

n

Y =) 1[R; > al.

i=1

As noted in [CGS11, Example 9.2], this statistic has been studied by many au-
thors, including [GNWO01] and [Nau82]. It is of high importance in many areas
of applied statistics and has been used, for instance, to evaluate the significance
of observed inhomogeneities in the distribution of markers along the length of
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long DNA sequences (see [DK92, KB92]). Y may be normalized and central-
ized and then shown to converge in distribution to the standard normal law.
Berry-Esseen bounds on the rate of this convergence have been found in [DR96,
Theorem 4.1] and [CGS11, Example 9.2]. We are interested in studying the
functional convergence of a multidimensional version of Y.

Another example concerns U-statistics and is treated in Theorem 3.9 of this
paper. U-statistics are defined to be random variables of the form:

Skthy= > h(Xip, . Xiy), n>1

1<i1<...<ix<n

for a symmetric real (or complex) function h on S¥ (where S is some measur-
able space) and a sequence of i.i.d. random variables (X;);>1 taking values in
S. Because of their appealing properties, they are central objects in the field
of Mathematical Statistics, as described in [KJ88] and many commonly used
statistics can be expressed in terms of certain U-statistics or approximated by
them. They also appear in decompositions of more general statistics into sums of
terms of a simpler form (see, e.g. [Ser80, Chapter 6] or [RV80] and [Vit84]) and
play an important role in the study of random fields (see, e.g. [Chr87, Chapter
4]). The appealing properties of non-degenerate U-statistics, i.e. those such that,
for
w(x) = Eh(.’]ﬁ, X17 s ,Xk_l),

0 < Var[w(X1)] < oo, include their asymptotic behaviour. It can be described
by a Strong Law of Large Numbers ([Hoe61]), a central limit theorem ([Hoe48])
or the functional central limit theorem (e.g. [Jan97, Chapter XI]), which will
be studied in this paper. Other interesting results include those connected to
large deviations for U-statistics (see [EL99]), Berry-Esseen-type bounds (see
[CS07]) and other bounds on the speed of convergence in the U-statistic CLT
(see [RRI7]). Degenerate U-statistics have also received much attention in the
recent years with [DP17] providing bounds on the speed of convergence in de
Jong’s theorem [dJ90] and proving its multidimensional version.

Our theoretical motivation is expressed in Proposition 3.5 of this paper. It
seems natural to ask whether techniques similar to those of [Bar90] may be used
to study a process of the form

[nt]

ten 2y CX, telo,1] (1.2)
i=1
where {X; : ¢ = 1,--- ,n} is a collection of ii.d. random vectors in R? for

p > 1 with a given covariance matrix ¥. Interesting questions arising include
those about the rate of convergence of the process in (1.2) to the correlated
p-dimensional Brownian Motion created from a standard Brownian Motion B
by premultiplying it by £1/2. In this context, the role played by ¥ in the quality
of this approximation seems worth paying attention to.
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1.2. Contribution of the paper

The main achievements of the paper are the following:

(a) A very general result providing a bound on the distance between a process

of the form
ZXlljll ZXipJ,p ) te [031]7
where:
o the collection of vectors X; = (X;1,---,X;,) for i = 1,--- ,n is

allowed to be dependent and those vectors themselves are allowed to
have non-identity covariance matrices

e the collection of (possibly random) functions
{Jix € D(0,1],R):4=1,---n,k=1,--- ,p}

is independent of the collection of vectors (X;); from the previous
point;

e the numbers \; are such that \; <n

and a correlated p-dimensional Brownian Motion. The bound is presented

in Theorem 3.1 and provides a substantial extension of the result of
[Bar90], which bounds the rate of convergence in the classical, one-dimensional
Donsker’s invariance principle.

(b) A novel functional central limit theorem invloving the number of ex-
ceedances in the multidimensional m-scans process, together with a bound
on the rate of convergence, presented in Example 3.4.

(¢) A novel bound on the rate of convergence in the functional central limit
theorem for non-degenerate, bivariate U-statistics (for a classical proof of
the theorem see, for instance, [Hal79]), which is presented in Theorem 3.9.

(d) A technical result, presented in Proposition 2.3, showing that our bounds’
converging to zero implies weak convergence of the underlying processes
with respect to the Skorokhod and uniform topologies. This result is a
direct extension of [BJ09, Proposition 3.1] to the multidimensional setting.

We provide explicit values for all the constants appearing in our bounds. To our
best knowledge, none of the authors who have considered functional approxi-
mations with Stein’s method so far has done so. We do it as we hope that this
will make our results more powerful when used in applications.

The technique which is central in obtaining all the bounds is Stein’s method.

1.3. Stein’s method for distributional approximation

In [Ste72] it is observed that a random variable Z has standard normal law if
and only if EZf(Z) = Ef'(Z) for all smooth functions f. Therefore, if, for a

55



Mikolaj J. Kasprzak/Multivariate Brownian approzimations via Stein’s method 5

random variable W with mean 0 and variance 1, Ef/ (W) —EW f(W) is close to
zero for a large class of functions f, then the law of W should be approximately
Gaussian. This leads to a method of bounding the speed of convergence to the
normal distribution. Instead of evaluating |EA(W) —Eh(Z)| directly for a given
function A, one can first find an f = f; solving the following Stein equation:

f'(w) = wf(w) = h(w) - EA(Z)

and then find a bound on |Ef/(W) — EW f(W)|. This approach, called Stein’s
method, often turns out to be surprisingly easy and has also proved to be useful
for approximations by distributions other than normal.

The aim of the generalised version of Stein’s method is to find a bound of
the quantity |E,, h — IE,h|, where p is the target (known) distribution, v, is
the approximating law and h is chosen from a suitable class of real-valued test
functions H. The procedure can be described in terms of three steps. First, an
operator A acting on a class of real-valued functions is sought, such that

(Vf € Domain(A) E,Af=0) <<= v=u,

where g is our target distribution. Then, for a given function h € H, the Stein
equation

Af =h—-E,h
is solved. Finally, using properties of the solution and various mathematical tools
(among which the most popular are Taylor’s expansions in the continuous case,
Malliavin calculus, as described in [NP12], and coupling methods), an explicit
bound is sought for the quantity |E, Afp|.

An accessible account of the method can be found, for example, in the surveys
[LRS17] and [Ros11] as well as the books [BHJ92] and [CGS11], which treat the
cases of Poisson and normal approximation, respectively, in detail. [Swal6] is a
database of information and publications connected to Stein’s method.

Approximations by laws of diffusion processes have not been covered in the
Stein’s method literature very widely, with the notable exceptions of [Bar90,
BJ09, Shill, CD13] and recently [BDM18, Kasl7a, Kas17b]. Our aim in this
paper is to develop it in a direction not previously explored by other authors
while completely natural given the direction in which the finite-dimensional
Stein’s method literature has evolved.

1.4. Structure of the paper

In Section 2 we define the spaces of test functions we will be working with
and the corresponding norms which will appear in the bounds. We also present
Proposition 2.3 giving circumstances under which the bounds obtained later in
the paper converging to zero imply weak convergence of the considered prob-
ability distributions. Section 3 gives statements of the main results of the pa-
per, mentioned above. Section 4 contains all the proofs preceded by finding the
Stein equation for approximation by the law of interest, solving it and exam-
ining properties of the solutions. In the appendix we present the proof of the
aforementioned Proposition 2.3.
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2. Notation and spaces M, M*', M? and M°

The following notation is used throughout the paper. For a function w defined
on the interval [0, 1] and taking values in a Euclidean space, we define

lwl = sup |w(®)],
tef0,1]

where | - | denotes the Euclidean norm. We also let D? = D(]0, 1], RP) be the
Skorokhod space of all cadlag functions on [0, 1] taking values in IRP. In the
sequel, for i+ = 1,---,p, e; will denote the i¢th unit vector of the canonical
basis of RP and the ith component of z € R? will be represented by z(9, i.e.
r = (x(l)’... ,x(p)).

Let p € N. Let us define:

£l = sup £

wepr 14 [lw][*’

and let L be the Banach space of continuous functions f : D? — R such that
Ifll < oo. Following [Bar90], we now let M C L consist of the twice Fréchet
differentiable functions f, such that:

ID? f(w + h) = D*f(w)|| < kyl|R], (2.1)

for some constant ky, uniformly in w, h € DP. By D* f we mean the k-th Fréchet
derivative of f and the norm of k-linear form B on L is defined to be

1Bl = sup |B[h,...,h]|.
{h:l|nll=1}

Note the following lemma, which can be proved in an analogous way to that

used to show (2.6) and (2.7) of [Bar90]. We omit the proof here.
Lemma 2.1. For every f € M, let:

|f(w)] [Df(w)] |1 D*f(w)]]
fllar := sup ———= + sup ———— + sup —————
Il o= o olP 528, T w2 ¥ 2B, "1 [l

2 _ N2
Vo D20 = D)
w,heDP Hh”

Then, for all f € M, we have ||f|lam < oo.

For future reference, we let M' C M be the class of functionals g € M such
that:

|g(w)] 2
gllarr := sup + sup ||Dg(w)|| + sup ||D*g(w
loll = sup T+ sup [ Dg(w)]+ sup | Do)
D? h) — D?
4 s 1D = D2ty )
w,he D 17|
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and M? C M be the class of functionals g € M such that:

lg(w)] IPg()l} [[1D2g(w)ll
llgllazz := sup ———— 4+ sup su
weDP 1"‘ ||’lUH3 weDP 1+ H’LU” wer 1+ H’LU”
D? h) —
+ oy 1Dt - D 0
w,he D 172

We also let M° be the class of functionals g € M such that:
lgllaro := sup |g(w)| + sup [Dg(w)||+ sup ||[D*g(w)]|
weDP weDp weDP

D? h) — D?
+ s D00+ b) — D)
w,heDP ||h||

We note that M° ¢ M! c M? C M. We shall refer to those different classes of
functions in the results presented in the remainder of this paper. In each case
we aim to obtain our bounds for the largest possible class, yet it is not always
possible to do so for class M or even M?2. Hence, the introduction of the above
presented restrictions of M is necessary for a recovery of the full strength of our
results.

The next proposition is a p-dimensional version of [BJ09, Proposition 3.1] and
shows conditions, under which convergence of the sequence of expectations of a
functional g under the approximating measures to the expectation of g under
the target measure for all g € M? implies weak convergence of the measures of
interest. The proposition will be later used to conclude weak convergence from
bounds derived in the theorems of the next section. Its proof can be found in
the appendix.

Definition 2.2. Y € D ([0,1],R?) is piecewise constant if [0,1] can be divided
into intervals of constancy [ak,agt+1) such that the Euclidean norm of (Y (t1) —
Y (t2)) is equal to 0 for all t1,ts € [ag, ar41)-

Proposition 2.3. Suppose that, for each n > 1, the random element Y, of
DP is piecewise constant and let r, > 0 be such that the intervals of constancy
are of length at least r,,. Let (Z,),~, be random elements of DP converging
weakly in DP, with respect to the Skorokhod topology, to a random element Z €
C ([0,1],RP) C DP. If there exists T, such that 7, log*(1/rp) —5 0 and

[Eg(Yn) = Eg(Zn)| < Crallgllar (2.4)

for each g € M° then Y,, = Z (converges weakly) in DP, in both the uniform
and the Skorokhod topology.

Remark 2.4. The formulation of Proposition 2.3 is almost identical to that
of [BJ0Y, Proposition 3.1] with the only difference being that Y,, and Z,, are
allowed to be p-dimensional for p > 1. For completeness, the appendix contains
a more detailed proof than the one presented in [BJ0Y], which may be used by
the reader to derive extensions or other versions of the result.
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3. Main results

Theorem 3.1 below treats the case in which the summands in the scaled sum
are locally dependent and their components are (strongly) dependent. The error
bound in the approximation by a correlated Brownian Motion is obtained for
functions in M* of (2.2).

Theorem 3.1 (Dependent components and locally dependent summands). Let
n and p be non-negative integers. Consider an array of mean-zero random vari-
ables

{X;j:i=1,..,n,5=1,...p},
with a positive definite covariance matrixz. Let
(a) A\j <, for j=1,---p, be deterministic positive integers;
(b) A; C {1,2,...,n}, fori=1,---n be a set such that X; = (X;1,---, Xip)
is independent of {X; : j € AS};
(c) Jixr € D([0,1],R) fori=1,---n and k =1,--- ,p, be (possibly random)
functions, independent of the X; . ’s.

Assume that:

(1)

K= sup E[[[Ji|llJjll] <oo (3.1)
3,J€{1,- ,n},
kle{l,-,p}
@)
sup E [”Jil,kl H ||Ji2>k2 ” HJiszs ”] < 00.

i1,i2,i3€{1,- ,n
k1,k2,kze{l,--,p}

)\1 >‘P
Yo (t) = (Y Xindin(t),--, > Xiplip(t) |, tel0,1].
=1 =1

Furthermore, for a standard p-dimensional Brownian Motion B and a positive
definite covariance matriz ¥ € RP¥P, let Z = $Y/2B. Then, for any g € M*, as

defined by (2.2):
7

Eg(Yn) —Eg(Z)] < llglan Y _ e,
i=1

where:
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2
1 — Ld
a=c> B[ D K Il P () | D2 XiallJiall L ()
=1 k,l,m=1 jEA;
o7\ 1/2
S Xl il La, () ;
JEA
1 — P
a=3> > D Eq D (X 1 X5 1520 Lt v () g1 00 ()
i=1jeA; k,l=1 m=1
97 1/2
Y Xemll el () ;
reA;NAY
1 & P
63:52 D S EXe X0l Ty ag ()L ()
i=1j€eA; kl=1
2
p
Il 170 ST S Xl e 12 ()
m=1 TEAiUAj
: =5ii TEL BIX X
4 2 - )‘k)\l ikl

K n p
€5 = ?Z Z Z IE[X5,6 X5

p
EZ'L
e = ZZ U E i = Lo

Remark 3.2 (Relevance of terms in the bound).

(a) Terms e€1,¢€2,€3 correspond to a Berry-Esseen-type bound involving third
moments of the summands, and also account for local dependence between
the summands;

(b) Terms €4 and €5 involve a variance estimation with the latter correspond-
ing to the off-diagonal terms of the covariance matriz of the summands,
accounting for the dependence;
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(c) Term eg comes from estimates on the moments of the Brownian modulus
of continuity and accounts for the transition from the Skorokhod space to
the Wiener space of continuous functions

(d) Term e7 describes the randomness of the functions J; . n, and their distance
Jrom indicators 1y, 1]-

Remark 3.3 (Independent summands). If the summands are independent in
Theorem 3.1, i.e. A; = {i} for all i, then e and €5 disappear from the bound
and €1 and €3 become simpler. The new bound takes the following form

Eg(Yn) —Eg(Z)| < |lgllan (€1 4 €3+ €4 + €6 + €7),

where:
1/2
1 o & 2
a=c ZIE Z (Xi e X g Xim | o I 1T T m | L s n g A v (7))
i=1 m=1
1 P min(/\k,)\l) P 5
=3 Z Z E[| Xk Xi | E | [[Jixll 1, Z (XimllJim|1L1,x,,) (4))
ki=1  i=1 m=1
5 9) o) =T VIS
P _ ox]
4 9 2 \/m i,k

» 12 o, 1/2
log (2)\;)
—_— i ;

P Ak
ZZ \/7 E || i = Lii/ae]| -

A bound for functions in the larger class M (see Section 2), in the case of
independent summands, is obtained in Proposition 3.5.

Example 3.4 (Exceedances of the m-scans process). Consider an extension of
the one-dimensional [CGS11, Example 9.2, p. 254] to the multidimensional and

functional setting. For j = 1,2,---, let V; = (Vj1,---,Vj,) be iid random
vectors in RP. Fork=1,--- ,pandi=1,---,n letRZk—Zl 0 Vitik be an
m-scans process. Let a = (a1, -+ ,a,) € RP and suppose that n > m.
Fork =1,---,p, let mpy = P(R1x < ax) and fori = 1,---,n and k =
1,---,p, let
1 n
Xig = - ; Ry (i—1)+jk < ax] | — Tk

Extending [DRI6, (4.1)], we have that, for k,i=1,--- p,

E[X; 1 Xi] = (wm +Z(1—) mmwk,z(d))), (3.2)
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for ¥y (d) =P [Ray1x < ak, Ry < ap] — .

Let X; = (X310, -+, Xip) fori =1,---,n. Note that A; = {i — 1,4,1 + 1}
satisfies the requirement that j ¢ A, = X;, X; are independent and for all
k7l € {17 7p};

E [XixXi+1,] Z dippe,i( (3.3)
d=1

Consider
[nt]

You(t) = (Xig,--+, Xip) te[01].

i=1
Let X3 € RP*P be given by

m—1
Skt = Yka(0) + Y (Wur(d) + ¢ra(d)). (3.4)
d=1

We will bound the distance between Y,, and Z = £Y/2B, where B is a standard
p-dimensional Brownian Motion. Using the notation of Theorem 3.1, note that
forallk € {1,--- ,p}, \p =n, foralli € {1,--- ,n}, Jiy = 1};/p1) and

(1) By Cauchy-Schwarz and Jensen inequalities and (3.2),

P

1/2
€1 S%% > <¢kk +22 (1—) (Vi (d )))

k,l,r=1

<¢lz +22 (1_) (Vr(d )))1/2
1/2
(wm +2Z (1—> (% (d ))) ;

(2) By Cauchy-Schwarz and Jensen inequalities and (3.2),

, 1/2
€2§?mil/2 Z (dJkk +22 (1) (Vrx(d )))

k,l,r=1
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(8) By Cauchy-Schwarz and Jensen inequalities and (3.2),

. 1/2
eséﬁ > <¢kk +QZ (1—> (ki (d )))

k,l,r=1

s

(wm +2Z(1—> (Vrr(d )))1/2 ;

(4) Since K =1 and by (3.2) and (3.4),

Z (Y1k(d) + Pra(d))];

(6) By (3.4),

_ 1/2
6/Bp!/? ,/1og 2n) [ - _
0= 2log2 /n Z Yrn(0) +2 ; Yr.n(d) ’

(7) Since for all k € {1,--- ,p} and i € {1,--- ,n}, Jix = Lji/n1),

€7 = 0.
By Theorem 3.1, for any g € M, as defined in (2.2),

7

Eg(Y,) - Eg(Z)] < llgllarn D _ e,

=1

which gives the desired bound. The bound clearly approaches zero as n — o0,
which, by Proposition 2.3, implies that Y,, converges in distribution to Z with
respect to the uniform topology.

The next result treats the case of independent p-dimensional terms with
dependent components, whose scaled sum can be compared with a correlated
p-dimensional Brownian Motion:
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Proposition 3.5 (Dependent components). Suppose that Xi,...,X,, where
X; = (XZ-(U, e ,Xi(p)> fori=1,---n, are i.i.d. random vectors in RP. Sup-

pose that each has a positive definite symmetric covariance matriz > € RP*P
and mean zero. Let:

[nt]
—n’l/QZX“ € [0,1]

and for B, a standard p-dimensional Brownian Motion, let Z = X'/?B. Then,
for any g € M :

Eg(Y,) — Eg(Z)]

1/2
6\/5
< —1/28 Jlog2n | —— Yii
<llgllarn 0B | s ;:1 , + —

54 - 51/3p1/2 p
v2log?2 Z 1=

1/2
1/22 )X(m‘+22|zkl< IE‘X ‘)

k,l=1

_ 2160
n 1(10g2n)3/2p1/2 Trllog 272 Z|Ew|3/2}

Remark 3.6. If the components are uncorrelated and scaled in Proposition 3.5,
i.e. X = Ipxp, then the bound simplifies in the following way:

Eg(Yn) — Eg(Z)|

65 1/2 5451/3 3/2
<|lgllarn~2/? {\/logzn[ Ve R P

v2log2 vmlog?2

n 1 1/2 zp: E ’X(m)‘B +op3/2 ) 4 —1(1 9 )3/2 3/2 2160

= n~ " (log2n —_—— .
Remark 3.7. For fized p, by Proposition 2.3, Theorem 3.5 implies that'Y,, = Z
in the uniform topology as the bound is of order “jfﬁgn in n. The bound also

converges to 0 asn — oo as long asp = o0 (nl/S).

Remark 3.8 (Relevance of terms in the bound). The first term appearing in the
bound in Proposition 3.5 is an analogue of term e of Theorem 3.1. Similarly,
the third and fourth term correspond to €1 and €3, respectively. The second and
the last term are additional terms appearing due to the fact that M is larger
than M*' of (2.2). Since the summands have the limiting covariance structure a
priori, no term corresponds to €4 and since the X;’s are multiplied by indicators
Lii/n,1) in the sum Y, = n*I/QXi]l[i/n’l], no term corresponds to €7 either. Due
to independence between the summands, also no term corresponds to ex and €5
(c.f. Remark 5.8).

64



Mikolaj J. Kasprzak/Multivariate Brownian approzimations via Stein’s method 14

The next two result will be proved using ideas similar to those used to prove
Theorem 3.1. It treats non-degenerate U-statistics. Those, as observed for in-
stance in [Hal79, Corollary 1], after proper rescaling, represent a process created
out of globally dependent summands and converge to standard Brownian Mo-
tion in distribution under certain conditions. We find a bound the rate of this
convergence.

We note that in general U-statistics are defined to be random variables of

the form:
Skthy= Y h(Xi, . Xi), n>1

1<ir <...<ip<n

for a symmetric real (or complex) function h on S¥ (where S is some measurable
space) and a sequence of i.i.d. random variables (X;);>1 taking values in S. Here,
for simplicity, we only consider functions h on S2, yet our analysis can be readily
extended to any k > 2. Also, we only consider non-degenerate U-statistics, i.e.
those with 0 < 02 = Var(w(X1)) < oo, where w(z) = E[h(X1,)]. The reason
is that in the case of degenerate ones (i.e. those satisfying Var(w(X;)) = 0)
the limit in the invariance principle is non-Gaussian (see [Hal79, Corollary 1]),
which is beyond the scope of this paper.

Theorem 3.9 (Non-degenerate bivariate U-statistics). Let X, Xo, ... be i.i.d.
random variables taking values in some measurable space S and let h : S? — R
be a symmetric function such that E[h(X1, X2)] = 0, E [h?(X1,X2)] = 0} <
00. Also, suppose that, for the function w(x) = E[h(X1,z)], we have that: 0 <
02 = Var(w(X1)) < oo and E|lw(X1)[]? < co. Let:

n—3/2
Yo(t) = — > WX, Xi,), te01]

1<iy <ip<|nt]

and let Z be a standard Brownian Motion. Then, for any g € M?, as defined by

2 2 1/2
IEg(Y,) — Bg(Z)| <||gllar2n="/? [(141 +1678 412 (‘7; - 2) > Vog3n
g ag.

w w

+43 +

Elw(X1)? 4+ 202 E|w(X,)|
603, '

Elw(X1)[*+203 Blw(X1)]

Remark 3.10 (Relevance of terms in the bound). The term 63

appearing in the bound comes from the comparison of the process given by

. n—3/2
Yn(t) = Z (w(X'Ll) + w(XZ2)) , e [Oa 1]

owt | _. &
1<i1 <ia< | nt|

and a piecewise constant Gaussian process. It involves a Berry-FEsseen-type third
absolute moment component. The remaining terms come from the comparison of
Y, and Y, and from the comparison of the piecewise constant Gaussian process
and Brownian Motion for which the Brownian modulus of continuity is used.
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Remark 3.11. By Proposition 2.3, Theorem 3.9 implies that Y,, = Z in the
uniform (and Skorokhod) topology.

Remark 3.12. The bounds in Theorems 3.1, 3.9 and Proposition 3.5 are not
optimised for constants as they are often estimated in a crude manner in the
proofs presented in the section below. The constants are, however, expressed
explicitly, which is often not the case in related pieces of literature.

4. Proofs

The main tool used in the proofs of Theorems 3.1, 3.9 and Proposition 3.5 is
Stein’s method. It can be used in a surprisingly easy way to find a distance of
the processes of interest from certain scaled sums of Gaussian random variables,
which approximate the limiting continuous Gaussian process.

First, we set up Stein’s method for distributions of certain DP-valued ran-
dom objects expressed as scaled sums of Gaussian random variables. Using a
collection of Ornstein-Uhlenbeck processes with a Gaussian stationary law, we
will construct a process whose stationary law is that of our target distribution.
Then, we will find the infinitesimal generator A of that process and deduce that
Ag = g — E,g can be used as our Stein equation, where y is the target law.
This follows from the fact that IE,.Ag = 0 for all g in the domain of A. We will
then solve the Stein equation for all g € M, using the analysis of [KDV17], and
use some appealing properties of the Ornstein-Uhlenbeck semigroup to prove
bounds on the derivatives of the solution.

4.1. Setting up Stein’s method

Let n,p € N, and let Z-,k’s be centred Gaussian random variables for i =
1,---,n,k=1,--- p. Suppose that
a) the covariance matrix of (21,17 o Zpy Zans Doy Dty Zn’p)
is given by %, € R")x(p),
b) Jix € D([0,1],R), for ¢ = 1,--- ,n, k = 1,---,p, are some functions
independent of the Z; j’s.

Let
Ap
ZZZ lle Z ) te [071]7 (41)

Now let {(%; (u),u > 0) : ¢ = 1,..,n,j = 1,..p} be an array of ii.d.
Ornstein-Uhlenbeck processes with stationary law N(0, 1), independent of the
collection {J; , :i=1,--- ,n,k=1,--- ,p}. Consider:

U(w) = (2)" (211 (w), -, 21 p(w), Zoa(u), -, Zap(u), - Lo (w),- - Zop(w)T
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for w > 0 and write %; ;(u) = (%N(u)) . Consider a process:
p(i—1)+j
/\1 >‘P
Z%,I(U)Ji,l(t)f" ,Z%,p(u)Jim(t) s te [O, 1], u > 0.
i=1 i=1

The stationary law of the process (W, (-, 1)), is exactly the law of D,,. We
claim that: a

Proposition 4.1. The infinitesimal generator of the process (W, (-, u)), o acts
on any f € M in the following way: -

Anf(w) = =D (w)[w] + ED*f(w) D]

Remark 4.2. The generator in Proposition 4.1 can also be written in the fol-
lowing way:

p Ak A
Anf(U)) = _Df Z Z Z (z 1)+k,p(j—1)+1 EDQf(U)) [ek‘]i,k,el‘]j1l] .

Let us prove a lemma that will be used in the proof of Proposition 4.1.

Lemma 4.3. We have, for u > 0,v > 0:

Wyt 0) = e "W () Z 0 (0)Dn()
for a?(v) =1 —e"2v.
Proof. We can construct i.i.d. standard Brownian Motions %, ; such that ( (u),u >0) =

( B, i(e2M),u> 0). Then, writing W,, = (WS), e ,W%p)) and D,, (DS), e ,Dgf)>
we obtain for all k =1,--- ,p:

W(k)(au =+ U) - eivw'SLk)('zu)

= 3 (U (w4 v) — e U 1 (u)] Jii(-)

i;l ~ ~
= 2 {(%(u - U))p(i—1)+k —eY (%(u))p(i_mlj Jir()

nop A , y
) ; ; ; <2711/ )p(ifl)Jrk,p(jfl)H [Z5au+v) = e Zja(w)] Jin ()

nop A

e j=1 ; i=1 (21/2) pli—1)+k,p(j—1)+1 [%j’l (62(u+v)) ~ P (e%)] Jin()
=o(v)D{P (),
as B, (62(“+”)) — Bj1 (e*") ~ N (0, e2(utv) _ e). 0
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Proof of Proposition 4.1. Note that the semigroup of (Wy(-,u)),~., acting on
L is defined by: B

(Touf) (W) =B [f (Wa(,w) Wa(,0) = w] = E [f(we™ + o(u)Dn(")]
(4.2)
where the last equality follows from Lemma 4.3. By (4.2) and Lemma 2.1 we
have that, for every f € M:

(T )w) — () ~ EDF(w)io(0)D, — w(1 - )
5D ) [{oD, = (1 - )]

<[l Bl (u)Dy — w(l —e™)|?
<KL (14 Jwl®)u?/?

for a constant K7 depending only on f, where the last inequality follows from
the fact that for v > 0, ¢%(u) < 3u®/2 and (1 — e %)% < u?/2. So:

|(Tuf = £)(w) + uDf (w)u] — wED?f(w)[ DY)
<|(Touf)(w) = f(w) — EDf(w)[o(u)Dyn — w(l —e™)]

- §ED2f(w)[{U(U)Dn — w(1— ™)} + |o(wEDf(w)[D, ]|

+ ‘ u—1+e “)Df(w ’ + ‘ <22(u) - U) ED?f(w)[D{?)]

| = D )

<3u™2 (Ka(1+ |w][*) + Ka(L + [l [w] + Kol + [wl])E[D, |
+Ko(1+ ol + (1 + || E[D.ll) + lo (@EDf (w)[D,]
<Ks(1+ ]y, (4.3)

[+ |o(u)(1 = e ™ )ED?f(w)[Dy,, w]|

for some constants Ky and K3 depending only on f. The last inequality follows
from the fact that:

A

EDf(w)D,] = 33" (s0) " EDf(w) [Jise E[Zi] = 0.

i=1 k=1

Therefore, by (4.3), we obtain that:

A f(w) = tim Do D =T ()] 1 BD? () [DP)].

u\0 u
as required. O

Now we prove the following:
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Proposition 4.4. For any g € M such that Eg(D,,) = 0, the Stein equation
A, fr = g is solved by:

fo = bulg) = — / T, wgd, (4.4)

where (Thof)(w) = E[f(we™™ + o(u)D,(+)]. Furthermore:

2 4
A) 106u(a) )] < lgllar (14 3 l? + EIDLI?)

1 E|D,,
B) D%6u(9)(w)] < llgllas (2+|@;II+ IL ||>’

D26, (g)(w + h) — Dy, (9)(w)
il

oy 1Pt h) — Do+ )]
wheps 3]

)

(4.5)

for any constant function ¢ : DP — R and for all w,h € DP.

Remark 4.5. It is worth noting that obtaining a small bound for E||D,| or
E|D,||? is not easy, unless D,, is a martingale and Doob’s L? inequality can

be used and E||D,,||2 < ED,,(1)] = E\/>*_, DY (1). This is, for instance, the

case, if Z- = (ZM, S ,Z-,p> ’s are independent and J; 1 n’s are independent.

Proof. The first part of the proposition follows by the argument used to prove
[KDV17, Proposition 1] upon noting that we can readily substitute D,, in the
place of Z therein due to E|D,||* being finite. This lets us conclude that the
Stein equation A, f,, = g is indeed solved by:

0
Now, note that for ¢,, defined in (4.4) we get:

bn(g)(w + h) — dn(g)(w)

42) ]E/OOo 9 ((w+h)e™ +o(u)Dy) — g (we™ + o(u)D,)] du

and so dominated convergence (which can be applied because of [KDV17, (10)])
gives:

D¢, (g9)(w) = —E /000 e M DFg(we ™ + o(u)Dy)du, k=1,2. (4.6)
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Now, using (4.6) observe that:
A)  [[Don(g)(w)]|

§/ e "E||Dg(we™ + o(u)Dy,)||du
0 o
<lgllar [ (7 + 2ule " + 2BID, [P - &) du
0

2 4
<lolas (1+ 31l + FEIDAIE )
B) [ID%u(g)(w)]

g/oo e_QUIEHDZg “+o(u Hdu
0

o
<lglls [0+ Bl + oD, )

l[wll | E[Da||
< —h=ni
lothe (5 + Y51+ =220,
Q) [1D?¢n (9)(w + h) — D2pn(g)(w)]|
2]
<||n|| ! IE/ e 2 D%g((w + h)e " 4 o(u)D,,) — e 2“D?g(we
0
2 2
< sup ”D g(w+h D H/ —2u e “du
w,h€D? 2]
_ o ID2g+ o+ h) - DA(g + ) (w)|
= sup )
w,heDP 3||hH

uniformly in g € M, for any constant ¢, which proves (4.5).

4.2. An auxiliary result

Y+ o(u)D,)du

We now move to proving the main results of the paper. We start with an auxil-
iary lemma in which we use Stein’s method combined with Taylor expansions to
bound the distance between Y,,, as defined in Theorem 3.1 and D,,, as defined
n (4.1). This result is of independent interest and will be used in all the proofs

in this Section.

Lemma 4.6. Consider the setup of Theorem 3.1. Let Dy, be defined as in (4.1)

for the covariance matriz X, equal to the covariance matriz of

(X1, Xip, -, Xna,--+, Xnp). Let g € M, as defined in Section 2. Then:

Eg(Yn) — Eg(Dy)|

n p
g .
S S 1P ®) | 3 Xaal il ()
=1

k,l,m=1 JEA;
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9 1/2
> Xl imll o, ()
JEA;
lgllar < - - : :
D > D B D Xk ikl X 150 Lo ()1 (5)
i=1j€EA; k=1 m=1

51 1/2

) Z XrmllTrm | L1000 (7)
TEAJ'QA;T’

|gllas - - . .
+TZ Z E [ X% X501 L1 a0 (D) L1 a1 (5)

P

[kl 5l Z Z X | Jrm 12111, (1)

m=1 \recA;UA;

The proof of Lemma 4.6 is based on manipulating the Stein operator, given
in Proposition 4.4, using Taylor’s theorem.

Proof of Lemma 4.6. Let g, = g—Eg(D,,) and f,, = ¢ (gn), as defined in (4.4).
From Proposition 4.1 we know that:

Eg(Y,) — Eg(Dy)| = |E [Dfn(Yn) Yo - Dan(Yn) [DmDnH ’ .

Let

Y= (XpaLpag(6) s XepLinn (k) Jp)
ke/A;

and

Y = Z (Xa g (k) Jens -, Xeplioa, (k) Jkp) -
keASNAS

Hence, Y7, is independent of X for all j and Y is independent of X; and X
for all 7, j. Therefore

EDf,(Y}) [(XinLpag ()i, Xiplpoa, (i) Jip)] = 0.

For {e; : k=1, -+ ,p} denoting the elements of the canonical basis of R? and
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forie {1,---,n},

ED fr(Yn) [(XinLpag (@) Jin, - Xiplua, () Jip)]

p
E > Z Xl (0) (XjaLpoag (1) D fa(Y5) lew ik, €]

JEA; k=1
=|EDfn(Yn) [(Xialpag () Jin, -, Xiplpoa, () Jip) ]
—EDf(Y5) [(XiaLpag (@) i, - X p ) (D) i) ]

- IEszn(Y;) (X1 1]]-[1 )\1]( )Jl 1, ;Xi,p]]-[l,kp](i)Ji,p) )

> (XjaLpag( i Xl () Jp)

JjEA;
(4. 5)0)
||g||M H( 1]1[1 )\1 JZ 1, aXi,p]l[l,)\p](i)Ji)p)H
2
> (Xl (D Xl () i)
JjEA;
2
llgllar - 2 2 . .
<EOEL X | K 1aklP g @) | D2 Xl il T an ()
k,l,m=1 JjEA;
97\ 1/2
> Xl jm L r,0 () . (4.7)
JEA;

Furthermore, for all 4,5 € {1,--- ,n},

IE [ Xk L1100 (D) X010 () D? fu (Y25 lerdig, e0;.]]
~E [XinLpog ()X Lpa () D fa(Y57) [ex ik, e0d;4]] |

(45)C) || g| ar %
< 5B dlx

ikl X 115, 1))
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97 1/2

Z Xr,mHJr,m,nH]l[l,/\m](T) (4-8)

TGA]‘QAE

and

1B [ Xk D10, () X500 11,0) () D fu (Y5 ) lerdig, €0 d54]]
—E [X; £ X54] Lag (D) Lo (E [D? fo(Ya) [exdin, ;]|

(4.5)C)
< ME[‘XMX]'JH1[1,Ak](i)1[1,,\11(j)

2
P
E Wkl 1750 S S Kol Taan )| [ @9)
m=1 \reA;UA;
Summing 4.7 over ¢ = 1,--- ,n and 4.8 and 4.9 over ¢ = 1,--- ,n, j € A; and
k,l=1,--- p will give us a bound on |EA,g(Y,)|, as defined in Proposition
4.1, i.e. a bound on |Eg(Y,) — Eg(D,)]|. O

4.3. Proof of Theorem 3.1

In the proof of Theorem 3.1 below, we will use the auxiliary processes A, and
A, defined for ¢ € [0, 1] by

A1
1
An(t) = Now ZZi,lJi,l(t)a s ZZ pJip(t) | (4.10)
i=1

An(t) = \/fZZ 1]1[1//\1, ZZ ,p]l[z/)\p,l] ) (411)

p i=1
where (Z;1, -+ ,Z;ip)’s, for i =1,---  n, are i.i.d. Gaussian vectors with mean
zero and covariance X, independent of the J;;’s and X;;’s for ¢ = 1,--- ,n,

k=1,---,p

In Step 1 the distance between D,,, as defined by (4.1), and A,, is bounded
using bounds on the distance between two multivariate Gaussian distributions
([RR09, Proposition 2.8]). Step 2 makes a straightforward use of the Mean
Value Theorem to bound the distance between A, and A,,. In Step 3 we
couple A,, and Z in order to obtain a bound on [E||A,, — Z|| and then apply the
Mean Value Theorem again to bound |Eg(A.,,) — Eg(Z)| for all g € M. Those
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three steps combined with Lemma 4.6 yield the assertion. In short:

Eg(Yn) — Eg(Z)] < [Eg(Y,) — Eg(Dy)|+ |[Eg(Dy) — Eg(A,)|
Lemma 4.6 Step 1

+ [Bg(A,) - Eg(Z) .

+ |Eg(A,) —Eg(Ay)

Step 2 Step 3

Proof of theorem 3.1.
Step 1. Let A =)_7_, A\ and consider function f : R*» — DP[0,1] given by:

)\1 )‘P
f (@10, @1, T, T, p) = E Ti1diim, s E ZipJipn
i—1 i=1

This function is twice Fréchet differentiable with:

A) Df@)[(hia, - hags e chap, o oy p)]

)\1 >‘P

= Zhi,lji,17"' ,Zhi,p‘]im
i=1 =1
B) D*f()[hV, ] =0

for all z,h = (hi,1, hag 1, hip, o, by p), KD, R € R™P. We notice
that for the canonical basis vectors e;, e; € R"™ we have:

|D?(g 0 f)(@)lei,e5]| = | D?g(f(2))[Df (2)[ei], D (2)[ej]]] < K sup [1D?g(w)]|

for all z € R™ and K given in (3.1). Therefore, we can apply [RR09, Proposition
2.8] to the function g o f and, recalling the definitions of D,, of (4.1) and A,, of
(4.10), obtain

|E9(An) - Eg(Dn)‘

P ARAN

K Y
<lglhae Do D0 1 Y. IBXaX,ll+ | == —B[Xix X ||

2 ki=1 i=1 |jem\{i} =
(4.12)

giving €4 + €5.
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Step 2. Also, note that, for A,, of (4.10) and A,, of (4.11),

Eg(An) - Eg(An)

g”g”Ml]E”‘An - An”

p
<llglwEQ sup 4|
te[0,1] \ x5

Ak
1
Non Z Zik (Jik(t) = Lpija, 1 (1))
i=1

p
<llgllar ZZ \ﬁE|Zz B || ik — Lji/ae 1|

k=1 1i=1

p /
_HQHMIZZ “EHJzk Lii/ag 1]

k=11i=1

|, (4.13)

giving €.
Step 3. We now realise a p-dimensional Brownian Motion B and let Z =
»1/2B. We also let

AD () =29 (1/7)), forte[l/x;, (1 +1)/);)

for every j = 1,--- ,p, which agrees in distribution with our original definition
(4.11) of A, = (AE, ), .- A(p)) Now, note that, using Jensen’s inequality , we
have:

E|A, - Z| <

IN

9

— i=1
where Apax () denotes the largest eigenvalue of ¥ and the last inequality follows

by [FN10, Lemma 3]. Therefore:

where the third inequality follows because H21/2H2 =/ Amax () < O7F Em)l/Q

~ MVT ~
[Eg(An) —Eg(Z)] < sup [|Dg(w)[|E[Z — A
weDP
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6v/5 Zlog (2\) (ZE )”2

< -
<ol s

i=1
(4.14)
giving €g.
Now, Lemma 4.6 (which gives €; + €2 + €3), combined with (4.12), (4.13),
(4.14), yields the assertion. O

4.4. Proof of Proposition 3.5

The proof of Proposition 3.5 below is similar to that of Lemma 4.6 and Step 3
of the proof of Theorem 3.1. Due to the independence of summands, the bound
between Y,, and the pre-limiting Gaussian process has a simpler form than the
one appearing in Theorem 3.1. We now work with all g € M, contrary to what
is done in the proof of Theorem 3.1. Hence, we need to bound both the first and
second moment of the supremum distance between the pre-limiting process and
the correlated Brownian Motion. This is necessary for the Mean Value Theorem
to be applied in the final step.

Proof of Proposition 3.5. Let D,, be as in (4.1) with 3, such that the vectors
~ n
(ZZ-) are independent and foralli = 1,--- ;nand j =1,--- ,p, J; j = L{j/n 1)
i=1
Let g € M, gn = g — E[g(Dy)], fn = én(gn), as in (4.4).

Note that for Y =Y, — ﬁXj]l[j/an Y/ is independent of X; and
nVPEDS, (YY) [X1 /na] Z Sk BD? £ (Y7) [erLij/m, e1Li/m,]
k=1

= |n"Y2ED f,(Y,) [X;1/ma] — 0 Y2ED f(Y2) [X;1(/n1]
—n'ED? o (Y}) (X1 /m1) X5 1 /m)] |

_asllg
<n 3/2WEHXJ'1U/%1]H3

< ((X§1)>2+"'+ (qum)?)iﬁ/z]

P
Spl/zn—z/z ||96|3|M Z E ‘X](_m)

m=1

—p3/2 ||9(|))|MIE

’ (4.15)
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where the first inequality follows by (4.5)C). Also, by (4.5)C):

n1 Z Sk ED? £ (Y)) [exyjma)s €21 /m.]
k=1

p
—n~! Z SiiED? £(Yy) [erlyj i €l /)
k=1

1/2
P P 2
§nf3/2@ Z |2, <Z ]E’X;m)‘ ) . (4.16)

k=1 m=1

Let us now realise a p-dimensional Brownian Motion B and let Z = X'/2B.
Let us also define ©~1/2D,,(j/n) = B(j/n) for every j = 1,...,n, which agrees
in distribution with our original definition of D,,. Now, note that, by [FN10,
Lemma 3] and Doob’s L? inequality:

615 » 1/2
< n~1/2\/log 2n <Z|Z”|> ;
v2log?2 P

p 2
A) E|Z-D.| <,|> E|z® - D
=1

P
B) E|Z-D,|* <p"?} E||z® -DY|?

=1

<p1/2 1080 n—3/2<10g2n)3/22p:|Eii|3/2.
= Vm(log2)3/? —

p 2/3 gpl/3 p 2/3
0) <E||Z||3>2/3s<p1/22Ez<”||3> §2771/3<2|2i,i|3/2> .
i=1 i=1
Therefore:

[Eg(Dn) — Eg(Z)]

MVT ~
< E| sup [|Dg(Z+ c¢(Dy — Z))[|Z - Dn|
c€[0,1]
<llgll»E Sl[lp](1+||Z+0( z)| )||Z_Dn||‘|
celo,1

<llgllar {IEHZ — D, +2E|Z — D, ||* + 2(E|Z|]*)**(E|D, — Z||3)1/3}
1/2
6v/5 P 54 .5/3pt/2 &2
< -1/2 log 2 _ 211 2113/2
<llgllar § n~/"/log2n TTog3 ;I Jil + —— ;I |

Vmlog?2

- 2160 /2
+n 3/2(10g2n)3/2p1/2 rlog 272 Z\ZH / } (4.17)
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We now sum (4.15) and (4.16) and sum them over j, which, combined with
(4.17) yields the result. O

4.5. Proof of Theorem 3.9

In Step 1 of the proof of Theorem 3.9 below, we consider a scaled sum of
i.i.d random variables w(X;) and apply Lemma 4.6 together with an argument
similar to Step 2 and Step 3 of the proof of Theorem 3.1 in order to bound
the distance between this scaled sum and Z. In Step 2 we bound the distance
between this scaled sum and our original process Y,, by bounding the second
moment of the supremum distance between them and then using the Mean Value
Theorem.

Proof of Theorem 3.9. Let g € M?2.
Step 1. As in the proof of the invariance principle for U-statistics of [Hal79],

we start by considering the behaviour of the following process (Y,,(¢),¢ > 0):

N n73/2 n
() = S (X)) 0(Xe) = S w(X)in(t),

Ot Ny “
YT 1<is<ia< | nt) Vo i=1

where J; ,(t) = LU= en® Recall that w(z) = Eh(X1,z). Let A, (t) =

nt
n23"  Zidin(t) and A, (t) = n~1/? leztlJ Z;, where Z; "< N(0, 1).
Note that Lemma 4.6 readily yields that:

HgHJVI —1/2 (]E| (X1)\3+2030E|W(X1)|>’ (418)

Bg(¥,) ~Bg(An)| < 15"

as || Jin] <1forall i,n €N and w(X;)'s for i =1,--- ,n are independent.
We see that, by Doob’s L? inequality, we have for every m:

2
Zil| <4m =4 1.
> x

Therefore, using [Faz14, Theorem1] for inequality (), we obtain:

max
1<i<m

l

- -1
A) E|A, —A,|? <n'E max 7 — 1 >z
i=1
l
7
<n 12E | max 221:71
1<i<n| [+1
() "1
—1
<32n 272
i=1
1672 1
< n

~ ~ A
B) E|A, — A,l| <\/E|A, —A,|2 < —=n" V2 4.19
) E| | <\ E I <A (4.19)
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Doob’s L? inequality readily gives us:

- -1
E|lA,|?=E <1max M=,

It follows that:
|]Eg(An) - ]Eg(An)‘

<E

Sl[lp] ||Dg((1 - C)An + CAn)H”An - An||‘|
c€l0,1

<llgllarE

sup (1+[|A, + c(An — Ap)|)[|A, — Anll
c€[0,1]

<Ilgllare (EnAn A+ EJAn - AP + /EIALJ2/EA, - An||2)

12r 167> _
<l (52 4+ 51, (421

where the first inequality follows from the Mean Value Theorem and the last
one follows from (4.19) and (4.20). Also, by [FN10, Lemma 3] and Doob’s L?
inequality:

30
A) E|A, —Z|| < ———n"2/log 2
) E| | < mn og 2n

B) E|A,-Z|*< n~1log2n

log 2
C) E|z|* <4
and therefore:
Eg(A,) — Eg(Z)]
<lgllars (ENAL ~ 2] + E| A, — 2] + \/EIIZIIQ\/IEHAn )

<|lgllpr2n~/2 K 50 12V5 ) Vlog nt s 1/21og2n] . (4.22)

\/ﬂlog2 V2log?2

Step 2. We now wish to find a bound on |Eg(Y,) — Eg(Y,)|. Note that:

n—3/2
Y,-Y,= Z (h(XZNX ) (Xll) - w(X72)) .

Ot
WY 1<ii<ia< | nt]
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Let ¢? = Eh?(Xy, Xo). First, note that, if up = £(X1) (i.e. u is the law of X),
E [(h(Xu Xa) —w(X1) — w(X2)) (M(X1, X3) — w(X1) — w(X3))]
h(X1, Xo)h(X1, X3)] — 2 [A(X1, Xo)w(X1)] + Ew?(X;)

/// x,y)h(z, 2)p(dx) p(dy)p(dz)
—2//h(a?7y)/h(x,z)u(dZ)u(dx)u(dy)
+ [ [ wlamntay) [ b 2uidz)utdn) ~o.

where the first equality follows by the fact that w(X3) is independent of h(X7, X3),
w(X1) and w(X3), w(X3) is independent of h(X7, X3), w(X1) and w(X3), and
Ew(X2) = Ew(X3) = 0. Therefore:

E [ Z <h<XZ17X ) (Xil) - w(Xlz))]

1<iy <ig<m

- (m>1|3 [h(X1, X2) — w(X1) — w(X2)]”

2
(3 [or+ 2024 [ [ [ nieutamtaninta)]
(M)t am

Now, > 21 ci, cigem (M(Xiy, Xiy) — w(Xy,) — w(X;,)) is a martingale with respect
to the filtration o(X1, ..., X,,). Indeed:

E Z (h(Xu?XZz) _w(Xi1) _w(XZQ)) X1, Xm
1<iy <izg<m+1
= Z (h(Xll’X ) (Xil) - w(Xzz))
+E Z (h(Xi, Xms1) — w(X;) — w(Xerl))’ X1, "'7Xm‘|
i=1

= Y (X, Xi) - (Xn)*w(Xza))+Z(E[h(Xi,Xm+1)le*W(Xz'))

1<iy <ia<m
= > (WX, Xi,) —w(Xi,) = w(X5,)).
1<iy<ia<m

Hence, Doob’s inequalities give us, for every m, such that 1 <m < n:
2

(4.23)
E < 4<Tg> (02 —202).

1235; Z (h(X“,X ) (le) 7w(Xl2))

1<iy <ip<l
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Then, by [Fazl4, Theorem 1], applied with 8; = a; = ¢ and r = 2, and using
the fact that (%) = Y_I", (i — 1), we obtain:

~ n _
E[Y, = Y,|* =—5E | sup |t~ Yo (X X)) —w(Xy,) — w(Xi,))

t€[0,1] 1<y <ia < |nt)
- 2
—1
=~ Bl 2 (0 X)) —w(X)
St1<ies
<16 0—’3—2 iln—l <16 ai_2 n~'log 3n (4.24)
- o2 — 1 - o2 ' '
Also, by Doob’s L? inequality:
[t 2
. t] — 1 = w(X; 1—1 X
IE]||Yn||2 =n"3E | sup ] Z w(Xi) =n"'E| sup |— Z w(Xi)
t€[0,1] t = ow 1<i<n| U = o

Therefore:

Eg(Y.) — Eg(Yn)|

<E | sup [IDg (1= e)¥n+cYa) IIYn - Yn||]
c€[0,1]
<llgllrr=IE 81[113](1 1Y+ (Y = An))IIY 0 — Ynlll
cel0,1

<lgllare (Em X 4 EIY - Yol B2 EY. Ynn?)

2 1/2 2

<llgllar2 (12 (‘Tg - 2) n=1/2/log 3n + 16 (03 - 2) n~l log3n> . (4.26)
Ju) O—U)

where the first inequality follows from the Mean Value Theorem and the last

one follows by (4.24) and (4.25).

We combine (4.18), (4.21), (4.22) and (4.26) to obtain the assertion. O

Remark 4.7. While, in the proof of Theorem 3.9 above, it is possible to obtain
a bound on |]Eg(?n) — Eg(Z)| for any g € M, using methods analogous to
those which let us prove Theorem 3.1, the situation becomes more complicated
when it comes to approzimating the remainder. This is because using Doob’s L3
inequality and [Faz14, Corollary 1] for B||Y,, — Y, ||® gives a bound which does
not converge to 0 with n. Therefore, in (4.26) we cannot go beyond the second
moment of ||Y,, — Yn” Hence, for our technique of proof, it is necessary that
we assume g € M?, as defined by (2.3).
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Remark 4.8. The stronger assumption of g € M in Theorem 3.9 would sim-
plify its proof. Namely, using the notation of the proof of Theorem 3.9, we could

treat Yy, as a scaled sum of i.i.d. mean zero, variance 1 random variables

w(Xq)

Using (4.19) and applying Theorem 3.1 gives:

‘]Eg(?

and (4.26) could be substituted with:

1/2
~ o 4+/log 3n
[Bo(Y2) ~ Eo(¥o)| < Il BIYa — Yol "< gl (2 —2)  2L0ES,
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Appendix. Proof of Proposition 2.3

As in the proof of [BJ09, Proposition 3.1], we note that, by Skorokhod’s rep-
resentation theorem, Z, and Z can be defined on the same probability space
in such a way that ||Z, — Z| == 0 a.s. (as Z is continuous). The fact that
C([0,1],RP) equipped with norm | - || is separable, by the Stone-Weierstrass
theorem, lets us use the argument of the proof of the Skorokhod representa-
tion theorem presented in [Bil99, Chapter 5] and conclude that it is enough
to show that P[Y,, € B] — P[Z € B] for all sets B = (),<,«, Bi, where
By = {w € D" : |lw— s < v}, ss € C([0,1],RP) and ~; is such that
P[Z € 0B;] = 0. Let us fix such a set B.

Let ¢ : R* — [0,1] be a non-increasing, three times continuously differen-
tiable function satisfying, ¢(z) = 1 for z < 0 and ¢(x) = 0 for z > 1 and fix
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some 0 < €,1, < 1,p, > 4. Define g;,, : D? — R by:

— V14 €

H\/(E“ﬂ)2 F P ((w— s)@)?
¢

In

Pn

Gin(w) =

1/pn
where [|wl|p, = (fol \w(t)|p“dt) for any w € DP. We have the following

result:

Lemma 4.9. For any finite L:

L
Hgl,n
=1

< Cp2n,>. (4.27)

MO
for a constant C independent of p, and Nn (which might depend on € or v;’s).

Proof. First, ¢, ¢', ¢", ¢"" are all everywhere continuous and constant outside of
the compact interval [0, 1] and therefore bounded. Therefore also W

must be uniformly bounded.
Furthermore, let

H\/(€’W)2 + 320 ((w = s)®)°
w) =

TIn

I t (4.28)

and denote by |- | the Euclidean norm, and by (-) the Euclidean inner product.

Step 1: Bounding the first derivative of f of (4.28)
We have that

1/pn—1

Dt = ([ (en? + - sy 2at)

. % 0 ((em)® + w — sz\g(t))pn/%l -2 ((w — 1)(t), h(t)) dt.
(4.29)

Applying Hélder’s inequality with coefficients pnp_"2 7 and & and Cauchy-Schwarz
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inequality, we obtain that, for any k = 1,2, 3,

/0 () + Jw = st (D)™™ ((w = s)(8), ha(B)) -+ ((w = s0)(8), P (1)) dt'
< ([ @+ w-spo) )
1 2k/pn
. (/ lw — si|P/2(t) |y [P/ CR)(2) - |hk|p”/(2’“)(t)dt>
0

1 /2 1-2k/pn 1 k/pn k
s( | (@ o sip)” dt) ( / |w—szpn<t>dt) Tl
0 0 i=1

1-2k/pn

(4.30)
Applying (4.30) for k = 1, together with (4.29), we get
1 1/pn
1 lw — s;|P(¢)dt hllso
DI <+ (o Il < Lle
T \ [y ((em1)? + |w — s[2(t))Pn/2dt "
and so 1
sup [[Df(w)| < —. (4.31)
weDP Tin
Step 2: Bounding the second derivative of f of (4.28)
Note that
D?f(w)[h1,he] = A+ B (4.32)
for
1 ' 2 2 pn/2-1
A = ((em)” +|w = s (1)) ((w = s1)(t), ha(t)) dt
n LJo
1 _ n 1 i 1/pn_2
. p {/ ((e'yl)z + |w— sl|2(t))p /2 dt}
DPn 0
p ! /2—1
: 7” ((ev)® + [w — s ()77 -2 ((w — s1)(t), ha (t)) dt
0
]' — Pn 2 ! 2 2 pn/2_1
= 11 ; ((em)? + lw = s1[*(1)) “((w = s1)(t), hy (1)) dt
nooi=1
1 9 l/pn_2
. [/ ((6’}/1)2 + |w— SZ\Q(t))p"/ dt}
0
1 1 ) 1/pn—1
B = [/ ((em)? + |w — sl|2(t))p"/ dt}
n LJo
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: [ / Pr =2 ()2 + o — si2(0)" 7 2 (w — s1) (1), ha (1)) {(w — s1)(8), hat)) dt

2

! /2-1

+/ ((em)* + |w — sl|2(t))p" (h1(t), ha(t)) dt} . (4.33)
0
Notice that, by (4.30) with k =1,
1/pn
U w — s [P () dt ’

P — 1 fo |w 51 (t)

4] < ( ) 1Pallp, [h2llp, - (4.34)

I (fol((e’}’l)2 +|w - Sz|2(lt))p”/2dlt)3

Furthermore, by Holder’s inequality with coefficients pp = and & and by the
Cauchy-Schwarz inequality,

1 ((ev0)? + [w — si2(®)7""* 71 (ha(8), ha(1)) dt
| |
1 1-2/pn 1
< (/0 ((6’71)2 + |w— sﬂ(t))”"“) / (/O (h1(t), hz(t)}““)

2/pn

1 /2 1_2/1771
Pn
< ( [ e 1w =) ) sl Izl (4.35)
By (4.30) and (4.35),
1 2 1/1771
Do — 2 (Jy 1w = sl (£t
Bl <P 1 o I T T
o\ (o e + o = 2082t

—1/pn

2 ([ @+ o spe)a) )

mn

h’2||pn' (436)

Pn

By (4.32), (4.34) and (4.36),
|D? f (w)[ha, hal|

2
% — 3 (U w = sule= (0t

T\ () + o sP)eer2dt)

1/pn

1 1 » /2 _1/pn
+ . (/0 ((6%)2 + |w — Sz|2(t)) n dt> P lp,, 12l pn

1 (/01 ((6’71)2 + |w — 3l|2(t))pn/2 dt) —1/pn

T
(Ji = sl (t)de)

(fol((6w)2 + |w — Sz|2(t))1’"/2dt)2

1/pn

(2pn - 3)

+ 1| ||

hQHpn

Pn

87



Mikotaj J. Kasprzak/Multivariate Brownian approzimations via Stein’s method 37

2pn -9 1 ) ) pn /2 —1/pn
S22 (@ o= sPO) ) Il
2p, — 2
< 171 [loo 722l oo
N (€M)
and so
sup (1D f(w)] < 2221 (437)
weDP = ulem)
Step 3: Bounding the third derivative of f of (4.28)
Finally,
D3 f(w)[hy, ha,hs] = C + D, (4.38)
where C' comes from differentiating A of (4.33) and is given by
C=FE+F
for
_ 1—pn ! 2 2 Pn/2-1
E= > ((en)* +w — si*(t)) ((w = s1)(t), hi(t)) di
e <izjca LU0

B e = PO (= 50,150 2 (= (0. )

+ () +w = sl 0)™ 7 (hy(2), ho0)]
1 1/pn—2
. {/ ((571)2 +|w— sl|2(t))p"/2 dt} }
0

3 1
=P = 2p0) {H [ o= POy (- 8”‘”’““”“]}

Prin i=1

1/pn—3

: [ / ((? + o - i) dt} (4.39)

and D comes from differentiating B of (4.33) and is given by

D=G+H
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for

1
G :1 —Pn [/ ((e'yl)z + |w— sl|2(t))p"/2 dt

Mn 0

:| 1/pn_2

1
'A(@m”ﬂwa%MMMAwaaW%m@»ﬁ
~M}m—m«mf+m—amm“”me—amxmmww—awxmth
e = PO o) hafe) |

0

Pn — 9 1 /2 1/pn_1
== [/ ((e*yl)2 + |w— sl|2(t))p” dt]
0

U

1<i,j,k<3
4,7,k distinct

1
: {/0 {(pn = 2) ((en)? + o = si2®)"77 3T ((w = s)(8) hal®)) (s (1), hk(t)>] dt

:u

+@M—4yé V&w)+¢w—s| NPT ((w = si)( t»]ﬁ}.
l:l

(4.40)

So
D3 f(w)[h1,ho,h3]) = E+F+G+ H (4.41)

for E, F,G, H defined by (4.39) and (4.40). By (4.30) and (4.35),

|15‘522(pn/—-1)Hh1Hanh2Hanthpn
T

( (Pn — (fol |w — s|Pm (t)dt) 3/ ) (fol lw — 1| (t)dt) 1/pn )

o/pn 3/p
(Jo ey +w=siP@)2at) " (fy (en)? + fw = si2(0))" % at)

3/1771
— Pn
<o = DG = Dl il Wil (10 = st 0)
< 5/pn
P (Jo (Cen)? + w = saf2())/? it
) <0 = Dl Wil sl

Mn
(Pn = 2) ( [y [0 —si[P(t)dt Jo lw = si|P(t)dt
1 3/pn . 1 1/pn /
( Pn

5/pn 3
Jo ((em) +Iw—sll2(t))””/2dt) (fo (ev) +|w—sl|2(t))p”/2dt)

|H\ S( n )||h1||pn||h2HPn||h3||Pn
T]n
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3/pn 1/pn

(o —4) (Jfy lw = sil? (t)dt

(Jy ()2 + fw = si2(2)™* d

6 ( S w = sy (t)dt)

() Cenp? + o — s> )
(4.42)

5/pn 3/pn

where the inequality for |H| uses the following bound obtained by applying
Holder’s inequality with coefficients pf = and Z* and Cauchy-Schwarz inequal-
ity

1
/0 () + Jw —siP®)™*72 30 ((w— s0)(0), ha(t)) (hy(2), () | dt
1<i,j,k<3
1,7,k distinct

< > (/01((ew>2+|w—sl|2<t>)p"/2 )1 " (/ o — su[P/4(t) th [Pe/4(t) dt)

1<i,j,k<3
1,7,k distinct

4/pn

1/pn 3

1 1— 4/[)71
71/2
< ¥ < | (@ +1w—sPw)” ) ( / |w—sl|pn<>dt) T il

1<ijh<3 MO =1
1,7,k distinct

By (4.41) and (4.42),

|D? f(w)[ha, ha, )|
2 1 3/pn

622 (o w = sl @) ™ Il [l s,

- 5/pn
M (fo ((e30)? + lw = su2(0))/* dt

1 1/pn
Lo (o fw = sifPn@ydt) ™ Il 2y, NAsllp,

3/pn
o (Jo () + o = si2(0))"/* dt
15p2 || h h !
<22l Wl Pl ([ (e 4 - P 0) 2 )
n 0

[l lloo 12 loo 13 o

h3 —2/pn

Pn Pn

15p2
~(em)?n

and so

15p2
= 4.43
(evi)*nn ( )

ID? f(w)] <

Step 4: Combining the bounds
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The result now follows by combining (4.31), (4.37) and (4.43). Indeed, note
that, by the chain rule,

D3gl,n(w)[h1a ha, hB}
5 3
=" (f(w) - ””) JI2sw)n

Nn
2
+ ¢ <f<w> - ”f}*) - N DPf(w)[ha, hy)Df (w) Ry
n 1<4,5,k<3
1,7,kdistinct
+ (f(w) - 7””62) D3 f(w)[h1, ho, h].

By (4.31), (4.37) and (4.43) and the fact that ¢, ¢, ¢""’ are all bounded, we get
that, for all w € DP,
||D3.gl,n(w)|| < C3p31777:37

for some constant C3. Similar bounds may be obtained for the first and second
derivative of g; :

IDgin(w)|| < Ciny by (1D gin(w)]| < Copnny b

for constants C, Cs. Since ¢ is also bounded, the product rule yields the desired
bound. O

Now, we prove the following result:

Lemma 4.10. For the set B fized at the beggining of this Appendiz,
limsupP[Y, € B|<P[Z € B] and liminfn — coP[Y, € B] > P[Z € B].

n—oo
Proof.

Step 1: Proving the first inequality
Note that

p N 2
Yo € B = [Ya —sill <o = sup S ((Vu) =) < 2
tel0,1] 55

— sup [Z ((Yna)—Sz<t>><”)2+<em2] <R+

tefo,1] |, 5

p

= [\ @2+ 3 (Yo = s)@)|| < uvV1T+eE = ga(Ya) = 1.

i=1
Pn

Therefore, for all [,

Liy,eB) < gin(Yn). (4.44)
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Also, note that, by Minkowski’s inequality and the triangle inequality for the
Euclidean norm:

p P
N2 N2
)2+ ((Z—s)®) <N\ @)2 4D (Zn = s)D)7|| +11Zn — 2.
i=1 . i=1 .
Therefore, if ||Z — s;|| > v then as p, D720 o
o 2
hnrglogf (em1)? + z_: ((Zn st )
=t Dn
u 2
>limi 2 — 5)@) — _
>imint{ | e + Y (@00 112, -2
=t Pn
u 2
= st] (em)? + Z (Z(t) — s1(1) D) > 3 (1 + )2
telo,1 i=1

n— oo

This, means that, if p, ——— oo, ||Z—s;|| > v; and 0, 272 0 then 9in(Zy) =0
for sufficiently large n, i.e.

Gin(Zn) < 1jjz—s||<v], as long as p, 27 50,y —=2% 0 and n is large.
(4.45)
By those properties, taking p, — oo and 7, — 0 such that 7,,n;3p? — 0, we
obtain:

(4.44)
limsupP[Y, € B] < limsupE

n—oo n—oo

H gl,n(Yn)]

=1

L
H gl,n(zn)
=1

L
(4.45)
1imsupHgl,n(Zn)] < P[Z e B].

L

Hgl,n

=1

+Crp,

n—oo

(2.4)
< limsup| [E

o

Fatou,(4.27)
<R

Step 2: Proving the second inequality
We define:

|iew =t oy
=¢

— N/ E+ (1= 0)2(6 A ) /Pe 4,

Pn
U

9in(w)
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for 6 > 0 fixed and 6 > 0 such that:
T
nEN: Yo — sl == leb{t: [Yo(t) = su(t) = u(1—0)} > (57 2),

where leb denotes the Lebesgue measure. Such a § exists for the following reason.
The collection (s;,1 <1 < L) is uniformly equicontinuous and Y,, are constant
on intervals of length at least 7,,. The § > 0 we choose is such that:

9
t—to] <6 = |si(t1) — si(t2)| < %

If |, — sil| > v then |Y,(to) — si(to)] > v (1 — §) for some to. Then, there
exists an interval Iy with ?o being one of its endpoints and of length % A4,
such that Y, is constant on Iy and |s;(t) — s;(to)| < % for all t € Iy. Then, for
t € Iy we obtain:

1Yo (t) = si(t)] = [Yalto) = si(to)|l = [Ynlto) = Ynu(t)] = [s:(2) = si(to)]

0 Ll
> —_ = _——_— = — .
> (1 2) m- (1 —0)

It follows that:

U . n\ 1/Pn
1Yy —sill > = H ST((Ya = s > m(1-6) (5 A r—) =

i=1 2
Pn
L N2 r.\ 1/pn
H W2+ 3 (Vo= s)O)| - 2 a/@+T=0P (60 5) " = gin(¥o) =0
i=1 o
Therefore, for all I:
Iy, en] > 97 (Yn). (4.46)

Also, again, it can be shown that for any finite L and v := mini<;<z, v

L
*
Hgl,n
=1

< Cp%(ey) 2, % for some constant C' independent of p,,, €,v and 7,,.

MO
(4.47)

Now suppose 1, — 0, p, — oo and ra/P" = 1. Also suppose that ||Z — s <
(1 — ) so that there exists > 0 such that a.s. ||Z,, — s;]] < (1 —6) — « for

n large enough. Then, for large n:

02+ 3 (Za = )D)| < VP2 + 120 —siP S yy/+ (1 —0—ay )2

=1

Pn

" 1/1771
<mve:+(1—0)2 (5/\ %) — N
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1/pn mn—co n—»o00

because (5/\ %”) —— land n, —— 0. So if ,, — 0, p, — oo and
T}/p” — 1 then:

1Z - 51| <m(1—-0) = gl*,n(zn) =1

for n large enough, i.e.:
Ljz—sij<vi(1-0)] < Gin(Zn)- (4.48)

Let 1, — 0 and p, — oo be such that ri/P" 5 1 and Tap2n, 3 — 0. This is

possible by the assumption that 7, log?(1/r,) — 0. Indeed, having ra/Pr 1,

all we require is that log (7‘,1/ P ") n? — 0 slower than 7, log®(1/7,,) — 0, because

then:

_ T (log(rs, 2 7 (log(1/ry, 2
rp?n=? = (log(rn) _ (log(1/rs))

—0
1 2 3 1/pa\\2, 5
For instance, if r, — 0 and 7,, — 0, we require p, and 7, to be such that
3 3
In 5 o0 and p? — oo faster than (logr,)? but slower than 2=

Tn Tn '

Then:

(4.46)
liminf P[Y, € B] > liminfE

n—oo n—oo

L
H gl*,n(Yn)]

=1

L
H gl*,n(zn)‘| —Cm,
=1

L
lim iangl*,n(Zn)]

(2.4)
> liminf{ E

n—00

L
*
Hgl,n
=1

"

Fatou,(4.47)
SR

n— 00
=1

(4.48)
> P | () UZ-sl <nu@-0)
1<I<L

Since the choice of § € (0, 1) was arbitrary, we conclude that:

liminf, . P[Y, € B] > P(Z € B). O
Lemma 4.10 now implies that, for any set B described at the beginning of this

Appendix, P[Y,, € B] === P[Z € B], which finishes the proof of Proposition

2.3.
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1. Introduction

In [Ste72] Stein observed that a random variable Z has standard normal law if
and only if

EZf(Z) = EBf(2) (11)
for all smooth functions f. Therefore, if, for a random variable W with mean 0
and variance 1,

Ef (W) — EW f(W)] (1.2)
is close to zero for a large class of functions f, then the law of W should be
approximately Gaussian. In [Ste86], Stein combined this observation with his
exchangeable-pair approach. Therein, for a centred and scaled random variable
W, its copy W' is constructed in such a way that (W, W’) forms an exchangeable
pair and the linear regression condition:

E[W — W[W] = —AW (1.3)

is satisfied for some A > 0. This, in many cases, simplifies the process of obtain-
ing bounds on the distance of W from the normal distribution.

1
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This approach was extended in [RR97] to examples in which an approximate
linear regression condition holds:

E[W —W|W]=-AW +R

for some remainder R. A multivariate version of the method was first de-
scribed in [CMO8] and then in [RR09]. In [RR09], for an exchangeable pair
of d-dimensional vectors (W, W') the following condition is used:

E[W' — W|W]=—-AW + R

for some invertible matrix A and a remainder term R. The approach of [RR09]
was further reinterpreted and combined with the approach of [CMO08] in [Mec09].

On the other hand, in the seminal paper [Bar90], Barbour addressed the prob-
lem of providing bounds on the rate of convergence in functional limit results
(or invariance principles as they are often called in the literature). He observed
that Stein’s logic of [Ste72] may also be used in the setup of the Functional
Central Limit Theorem. He found a condition, similar to (1.1), characterising
the distribution of a standard real Wiener process. Combined with Taylor’s the-
orem, it allowed Barbour to obtain a bound on the rate of convergence in the
celebrated Donsker’s invariance principle.

This paper is the first attempt to combine the method of exchangeable pairs
with functional approximations. We do so in the context of multivariate pro-
cesses and provide a novel approach to bounding their distances from Gaussian
processes. Our approach is influenced by the setup of [RR09] and [Bar90].

1.1. Motivation

We are motivated by a number of (finite-dimensional) examples studied in
Stein’s method literature using exchangeable pairs, which could be extended
to the functional setting. Functional limit results play an important role in
applied fields. Researchers often choose to model discrete phenomena with con-
tinuous processes arising as scaling limits of discrete ones. The reason is that
those scaling limits may be studied using stochastic analysis and are more ro-
bust to changes in local details. Questions about the rate of convergence in
functional limit results are equivalent to ones about the error those researchers
make. Obtaining bounds on a certain distance between the scaled discrete and
the limiting continuous processes provides a way of quantifying this error.

We consider two main examples. The first one is a combinatorial functional
central limit theorem. The second one considers a two-dimensional process repre-
senting edge and two-star counts in a graph-valued process created by unveiling
subsequent vertices of a Bernoulli random graph as time progresses.

The former is a functional version of the result proved qualitatively in [HC78]
and quantitatively in [CF15] and an extension of the main result of [BJ09]. Tt
considers an array {X;; :4,j =1,---,n} of ii.d. random variables, which are

96



Mikotaj J. Kasprzak/Functional Stein’s method with exchangeable pairs 3

then used to create a stochastic process:

1 Lt
b — > Xingi)s (1.4)
=1

where s, is the variance of Z?:l Xir(iy and 7 is a uniform random permutation
on {1,---,n}. The motivation for studying this and similar topics comes from
permutation tests in non-parametric statistics. Similar setups, yet with a deter-
ministic array of numbers, and in a finite-dimensional context, have also been
considered by other authors (see [WW44] for one of the first works on this topic
and [Bol84], [Gol05], [NR12] for quantitative results).

The second example, which considers Bernoulli random graphs, goes back
to [JN91]. It was first studied using exchangeable pairs in a finite-dimensional
context in [RR10], where a random vector whose components represent statistics
corresponding to the number of edges, two-stars and triangles is studied. The
authors bound its distance from a normal distribution. We consider a functional
analogue of this result, concentrating, for simplicity, only on the number of
edges and two-stars. Our approach can, however, be also easily extended to
encompass the number of triangles. All of those statistics are often of interest
in applications, for example, when approximating the clustering coefficient of a
network or in conditional uniform graph tests.

1.2. Contribution of the paper

The main achievements of the paper are the following:

(a) An abstract approximation theorem (Theorem 4.1), providing a bound
on the distance between a stochastic process Y, valued in IRP for some
positive integer p and a Gaussian mixture process. The theorem assumes
that the process Y, satisfies the linear regression condition

for all functions f in a certain class of test functions, some matrix A,
and some random variable Ry = R¢(Y,). As noted in Remark 4.5, this
condition is an analogue of the condition considered in [RR09]. Theorem
4.1 is used in the derivation of the remaining results of this paper.

(b) A novel functional combinatorial central limit theorem. In Theorem 5.1,
we establish a bound on the distance between process (1.4) and a Gaus-
sian mixture, piecewise constant process. Furthermore, a qualitative re-
sult showing convergence of process (1.4) to a continuous Gaussian lim-
iting process is provided in Theorem 5.5. Thus, we extend [BJ09], where
similar results were proved under the assumption that all the X ;’s for
1,7 =1,--+ ,n are deterministic. Our bound is also an extension of [CF15],
where a bound on the rate of weak convergence of the law of i Y X in(i)
to the standard normal distribution is obtained.
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(¢) A novel functional limit theorem for statistics corresponding to edge and
two-star counts in a Bernoulli random graph, together with a bound on
the rate of convergence. We consider a Bernoulli random graph G(n,p)
on n vertices with edge probabilities p. Letting I; ;, for ¢,j =1,--- ,n be
the indicator that edge (i,7) is present in the graph, we study a scaled
statistic representing the number of edges:

Lnt]
nt| —2

1,j=1

and another one, representing the number of two-stars (i.e. subgraphs
which are trees with one internal node and 2 leaves):

1
1<i,5,k<[nt]
1,7,k distinct

Theorem 6.2 provides a bound on the distance between the law of the
process

l— (Tn(t) - IETn(t),Vn(t) - Evn(t)) ) te [Oa 1] (15)

and the law of a piecewise constant Gaussian process. Theorem 6.4 bounds
a distance between the law of (1.5) and the distribution of a two-dimensional
continuous Gaussian process.

1.3. Stein’s method of exchangeable pairs

The idea behind the exchangeable-pair approach of [Ste86] was the following. In
order to obtain a bound on a distance between the distribution of a centred and
scaled random variable W and the standard normal law, one can bound (1.2)
for functions f coming from a suitable class. Supposing that we can construct
a W' such that (W, W’) is an exchangeable pair and (1.3) is satisfied, we can
write

0=B[(f(I7) + F(W) (W ~ )]
=E[(f(W) ~ fOW)(W ~ W")] + 2B [ (W E[W — /|
=E[(F(W") ~ F(W)(W ~ ")) + 2XE[W (W)
It follows that
BIW F(W)] = 55 BI(FW) — (W)W — ).
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Therefore, using Taylor’s theorem,

B[ (W)] *E[Wf( )]l

~ L0V + B - S0V - W)

< B 0) - geEr e - w?| + Il=mw - wp
<7 el | | g ov = w2 | = 1]+ L=y
Wl =y + g —wp

which provides the desired bound.

Before the publication of [CMO08, RR09, Mec09] the method was restricted
to one-dimensional approximations. It was, however, also used in the context
of non-normal approximations (e.g [CDMO05, CFR11, R6107]). More recently
several authors have extended and applied the method. Débler extended it to
Beta distribution in [Déb15] and Chen and Fang used it for the combinatorial
CLT [CF15].

1.4. Stein’s method in its generality

The aim of the general version of Stein’s method is to find a bound of the
quantity |E,, h — E,h|, where p is the target (known) distribution, v, is the
approximating law and h is chosen from a suitable class of real-valued test
functions H. The procedure can be described in terms of three steps. First, an
operator A acting on a class of real-valued functions is sought, such that

(Vf € Domain(A) E,Af=0) <= v=uyu,

where p is our target distribution. Then, for a given function h € H, the follow-
ing Stein equation:
Af =h—-E,h

is solved. Finally, using properties of the solution and various mathematical tools
(among which the most popular are Taylor’s expansions in the continuous case,
Malliavin calculus, as described in [NP12], and coupling methods), a bound is
sought for the quantity |, Afy|.

Approximations by laws of stochastic processes have not been covered in the
Stein’s method literature very widely, with the notable exceptions of [Bar90,
BJ09, CD13] and recently [Kas17a, Kas17b, BDM18]. [Kas17a, BDM18] estab-
lish a method for bounding the speed of weak convergence of continuous-time
Markov chains satisfying certain assumptions to diffusion processes. [Kas17b], on
the other hand, treats multi-dimensional processes represented by scaled sums
of random variables with different dependence structures using Stein’s method
and establishes bounds on their distances from continuous Gaussian processes.
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1.5. Structure of the paper

The paper is organised as follows. In Section 2 we introduce the spaces of test
functions which will be used in the main results, and quote results showing
that, under certain assumptions, they determine convergence in distribution
under the uniform topology. In Section 3 we set up the Stein equation for ap-
proximation by a pre-limiting process and provide properties of the solutions.
In Section 4 we provide an exchangeable-pair condition and prove an abstract
exchangeable-pair-type approximation theorem. Section 5 is devoted to the func-
tional combinatorial central limit theorem example and Section 6 discusses the
graph-valued process example.

2. Spaces M, M*', M?, M°

The following notation, similar to the one of [Kasl7b], is used throughout the
paper. For a function w defined on the interval [0,1] and taking values in a
Euclidean space, we define
[wl] = sup |w(t)],
t€[0,1]
where | - | denotes the Euclidean norm. We also let DP = D(]0, 1], R?) be the
Skorokhod space of all cadlag functions on [0, 1] taking values in RP. In the
sequel, for i+ = 1,---,p, e; will denote the i¢th unit vector of the canonical
basis of RP and the ith component of 2 € R? will be represented by z(9, i.e.
z=(zM,-- 2P We will often write E"[-] instead of E[-|W].
Let p € N. Let us define:
|f (w)]
flle = sup ,
Wl = 588, Tl
and let L be the Banach space of continuous functions f : D? — R such that
Ifll < oo. Following [Bar90], we now let M C L consist of the twice Fréchet
differentiable functions f, such that:

1D f(w + h) = D*f(w)|| < kyl|R]], (2.1)

for some constant kz, uniformly in w, h € DP. By D* f we mean the k-th Fréchet
derivative of f and the norm of a k-linear form B on L is defined to be || B| =
SUP{p.nf=1} | Blh, -, h]|. Note the following lemma, which can be proved in an
analogous way to that used to show (2.6) and (2.7) of [Bar90]. We omit the
proof here.

Lemma 2.1. For every f € M, let:

|f (w)] [Df(w)]l D2 f (w)]]
[f1lar := sup + sup + sup
wepr L+ |[wl> * wepr 1+ [w]® ~ wepr 1+ [|w]]

D? — D?
4 s 1D R = D2 pw)]
L [

100



Mikotaj J. Kasprzak/Functional Stein’s method with exchangeable pairs 7

Then, for all f € M, we have || f||a < 0.

For future reference, we let M C M be the class of functionals g € M such
that:

lg(w)]

lgllar := sup ——=——=+ sup [[Dg(w)| + sup ||D*g(w)]
wepr 1+ ||w]| weDP weDP
D2 h) — D?
o WD R D@ )
w,heDP [|A]]

and M? C M be the class of functionals g € M such that:

l9(w)| | Dg(w)] 1D%g(w)]
(= sup ——— + S + s
lollare := sup 3 lP T S50, T ol T oo, T Jull
D2 h) — D?
¢ osp IDF@AN D@ (2.3)
S B

We also let MY be the class of functionals g € M such that:
gllare := sup |g(w)| + sup ||Dg(w)||+ sup [|D*g(w)]
weDP weDP wEDP

D2 _ D2
o D@ R D@
w,heD 2]

We note that M° ¢ M' ¢ M? C M. The next proposition is a p-dimensional
version of [BJ09, Proposition 3.1] and shows conditions, under which conver-
gence of the sequence of expectations of a functional g under the approximating
measures to the expectation of g under the target measure for all g € M? im-
plies weak convergence of the measures of interest. Its proof can be found in the
appendix of [Kas17b].

Definition 2.2. Y € D ([0,1],RP) is piecewise constant if [0,1] can be divided
into intervals of constancy [ak, ax+1) such that the Euclidean norm of (Y (t1) —
Y (t2)) is equal to O for all t1,ts € [ak, axt1)-

Proposition 2.3. Suppose that, for each n > 1, the random element Y, of
DP s piecewise constant with intervals of constancy of length at least r,. Let
(Z,),,>, be random elements of DP converging weakly in DP, with respect to the
Skorokhod topology, to a random element Z € C ([0,1], RP). If:

Eg(Yn) — Eg(Zn)| < CTullgllare (2.4)

n—0o0

for each g € M° and if T, 1og*(1/rn) =20, then Y, = Z (converges weakly)
in DP, in both the uniform and the Skorokhod topology.

3. Setting up Stein’s method for the pre-limiting approximation

The steps of the construction presented in this section will be similar to those
used to set up Stein’s method in [Bar90] and [Kas17b]. After defining the process
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D,, whose distribution will be the target measure in Stein’s method, we will
construct a process (W, (-,u) : u > 0) for which the target measure is stationary.
We will then calculate its infinitesimal generator A, and take it as our Stein
operator. Next, we solve the Stein equation A, f = ¢ using the analysis of
[KDV17] and prove some properties of the solution f,, = ¢,,(g), with the most
important one being that its second Fréchet derivative is Lipschitz.

3.1. Target measure

Let

»obm T,y im Py im T, im

D)= > (20w 20 P ®), e o],
i1,y im =1

(3.1)
where Zz(lk) ;, 'sfor k=1,--- pare centred Gaussian and:

sl

A) the covariance matrix ¥,, € R""?)*("P) of the vector Z is positive defi-

nite, where Z € R(™"P) is formed out of the Zz(lk) 4,, s in such a way that

they appear in the lexicographic order with Zl(lk) appearing before

Zj('f:t.l,)jm’s for any k= 17 D — 1 and ilv"' 7imvj1a"' 7jm = 17 y 15
B) Jz'(ﬁ)~~~,im € D([Oa 1]7R)a for i, 0 5 lm € {1, an}7 k € {17 ap}a are

independent of the Zz(lk) ;, ’s. A typical example would be J(k)

i i1y sim
1 (k)

for some measurable set Ail i
s

AR
115 stm

Remark 3.1. It is worth noting that processes D, taking the form (3.1) often

approzimate interesting continuous Gaussian processes very well. An example
(k)

is a Gaussian scaled random walk, i.e. Dy, of (3.1), where all the Zil,»-- i, ’s are
standard normal and independent, m = 1 and Ji(k) = Ljijny forallk =1,---|p
andi=1,--- ,n. It approximates Brownian Motion. By Proposition 2.3, under

several assumptions, proving by Stein’s method that a piece-wise constant pro-
cess Y, is close enough to process Dy, proves Y, ’s convergence in law to the
continuous process that D, approximates.

Now let {(%Sk)lm (w),u>0):41, -+ ,ipm=1,....,n,k =1,...,p} be an array
of i.i.d. Ornstein-Uhlenbeck processes with stationary law A(0, 1), independent
of the Ji(lk’) ;, ’s. Consider U(u) = (En)l/2 Z (u), where 2 (u) € R™"P is

s

formed out of the %ik) i, (u)’s in such a way that they appear in the same
order as the Zl(lk) ;'S appear in Z. Write %Ek) c(u) = (@Z(u))

. e im I(kyiv, yim)
using the bijection I : {(k, i1, -+ ,im) 91, ,im = 1,--- ,n,k=1,--- ,p} =

{1,---,pn™}, given by:

I(kyig, - i) = (k=)™ 4+ (i1 — Dn™ 4o 4 (g — D+ iy (3.2)
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Consider a process:
Wn(tv u) = (Wng)(tv u)7 co 3W'£Lp) (ta u)) , te [Oa 1]7 u >0,

where, for all k =1,--- ,p:

n

wHta) = Y 2™ (wJIP (1), te0,1],u>0.

i1,
11, im =1

It is easy to see that the stationary law of the process (W (-,u)),~, is exactly
the law of D,,. -

3.2. Stein equation

By [Kasl7b, Propositions 4.1 and 4.4], the following result is immediate:

Proposition 3.2. The infinitesimal generator of the process (W, (-, u)), o acts
on any f € M in the following way: -

Auf(w) = = Df (w)[w] + ED*f(w) D]

Moreover, for any g € M such that Eg(D,,) = 0, the Stein equation A f, = ¢
s solved by:

fn = ¢n(9) /0 ugdu (3.3)
where (T, f)(w) = E [ f(we™ + 1 — e~ 24Dy, (-)| Furthermore, for g € M:

2 4
A) 106u(a) )] < lglar (14 3 l? + EIDLI?)

B) [[D?¢n(g)(w)|| < llgllar (1 el EnDnn) ,

2 3 3
o WPentite +0)- Dt o)
< sup |1D?(g + ¢)(w + h) — D?(g + ¢)(w)|| 7
w,heD» 3[R

for any constant function ¢ : DP — R and for all w,h € DP. Moreover, for all
g € M1, as defined in (2.2),

A) [[Dén(g) (W)l < llgllar,
1
B) [|[D*pn(g)(w)]| < 2 lgllar
and for all g € M?, as defined in (2.3),

[1D¢n(g) ()]l < llglarz-
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4. An abstract approximation theorem

We now present a theorem which provides an expression for a bound on the
distance between some process Y,, and D,,, defined by (3.1), provided that we
can find some Y/, such that (Y,,Y]) is an exchangeable pair satisfying an
appropriate condition. Our condition (4.1) is similar to that of [RR09, (1.7)], as
we explain in Remark 4.5.

Theorem 4.1. Assume that (Y,,Y)) is an exchangeable pair of D ([0,1],IRP)-
valued random vectors such that:

Df(Yn)[Ys] = 2EY"Df(Yn) (Yo — Y7)Au] + Ry, (4.1)

where EY"[-] := E[-|Y,], for all f € M, some A,, € RP*P and some random
variable Ry = Ry(Y,,). Let Dy, be defined by (5.1). Then, for any g € M:

Eg(Y,) —Eg(Dn)| <e1+ext+es
where [ = ¢n(g), as defined by (3.3), and

lgllas
a = = EBI(Ya = Y) M1V 0 = Y31,

€2 = |ED2f(Yn) [(Yn - Y;L)AnaYn - Y;z] - Esz(Yn) [Dna Dn” ’
€3 = |ERf|

Remark 4.2 (Relevance of terms in the bound). Term €; measures how close
Y, and Y] are and how small (in a certain sense) A,, is. Term ez corresponds
to the comparison of the covariance structure of Y, —Y! and D,,. Estimating
this term usually requires some effort yet is possible in several applications (see
Theorem 5.1 and 6.2 below). Term €3 measures the error in the exchangeable-
pair linear regression condition (4.1).

Remark 4.3. Condition (4.1) is always satisfied, for example with A, =0 and
Ry = Df(Y,)[Y,] for all f € M. However, for the bound in Theorem 4.1 to be
small, we require the expectation of Ry to be small in absolute value.

Remark 4.4. The term
|ED2f(Yn) [(Yn - Y%)AnaYn - Y;L] - IEsz(Yn) [Dnv Dn”

in the bound obtained in Theorem 4.1 is an analogue of the second condition
in [Mec09, Theorem 3]. Therein, a bound on approzimation by N'(0,X) of a d-
dimensional vector X is obtained by constructing an exchangeable pair (X, X")
satisfying:

EX[X' - X]=AX+E and EX[(X - X)(X' - X)T|=2AX + F’

for some invertible matriz A and some remainder terms E and E’. In the same
spirit, Theorem 4.1 could be rewritten to assume (4.1) and:

EY"D2f(Y,) (Y, — Y )A,, Y, =Y. = D*f(Y,) [D,,D,] + R}.
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The bound would then take the form:
glim
Eg(¥.) ~ Bg(D,)| < B, ¥])A Y0~ Y, + [ERy |+ [BR))

Remark 4.5. The role of A, in condition (4.1) is equivalent to that played by
A=Y in [RR0O9] for A defined by (1.7) therein. As also observed in [RR09], the
condition involving a matriz A is a generalisation of the condition of [CMU0S,
Theorem 1], where a scalar is used instead. It should be noted that condition (4.1)
is more appropriate in the functional setting than a straightforward adaptation
of the condition of [RR09]. This is due to the fact that for general processes Y,
the properties of the Fréchet derivative do not allow us to treat evaluating the
derivative in the direction of Y, — Y as matriz multiplication and multiplying
both sides of the hypothetical condition:

—Df(Yn)[AY,] = EX*Df(Y,)[Y, — Y]
by A~1 does not give:
_Df(Yn)[Yn] = EY”Df(Yn)[A_l(Yn - Y;?,)]

Proof of Theorem 4.1. Our aim is to bound |Eg(Y, ) — Eg(D,,)| by bounding
|EA, f(Y,)|, where f is the solution to the Stein equation:

for A,, defined in Proposition 3.2. Note that, by exchangeability of (Y,,Y?’)
and (4.1):

(Y3) = Df(Y) (Yo = Y)A] + 2E{EY"Df(Y,) [(Yn = Y,) A0}
(Y73) = Df(Yn)) (Yo = Y7)Au] + EDf(Y0)[Yn] — ERy

EDf(Y)[Yal = E(Df(Y,) = DF(YL)) (Yo — Y,)A,] + ERy.

Therefore:

IEA,f(Y,)]
:|]EDf(Yn)[ ] _IED2f(Yn)[Dn7Dn”
=|E(Df(Yn) — DF(YL)) [(Yn —Y,)Au] —ED?*f(Y,) Dy, D,] + ERy|
<|E(Df(Yn) = DY) [(Yn —Y,)Ay] = ED*£(Y,) (Y — Y,)An, Y, — Y1 ]|

+ [ED?f(Y,) [(Yn — Y,)An, Y, = Y] = ED?*£(Y,,) Dy, Dy]| + [ERy|
oty )ALV YL+ BRy

+|[ED*f(Y,) [(Yn — YA Y, — Y, — ED?f(Y,) [D,, D],

where the last inequality follows by Taylor’s theorem and Proposition 3.2. [
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5. A functional Combinatorial Central Limit Theorem

In this section we consider a functional version of the result proved in [HC78].
Our object of interest is a stochastic process represented by a scaled sum of in-
dependent random variables chosen from an n x n array. Only one random vari-
able is picked from each row and for row ¢, the corresponding random variable is
picked from column 7 (), where 7 is a random permutation on [n] = {1,--- ,n}.
Theorem 5.1 established a bound on the distance between this process and a
pre-limiting process and Theorem 5.5 shows convergence of this process, under
certain assumptions, to a continuous Gaussian process.

Our analysis in this section is similar to that of [BJ09], where the summands
in the scaled sums are chosen from a deterministic array. The authors therein
also establish bounds on the approximation by a pre-limit Gaussian process and
show convergence to a continuous Gaussian process. Furthermore, they establish
a bound on the distance from the continuous Gaussian process for a restricted
class of test functions. For random arrays the situation is more involved.

Our setup is analogous to the one considered in [CF15], where a bound on the
speed of convergence in the one-dimensional combinatorial central limit theorem
is obtained using Stein’s method of exchangeable pairs.

5.1. Introduction

Let X = {X;; : i,j € [n]} be an n x n array of independent IR-valued random
variables, where n > 2, EX;; = ¢;;, VarX,; = o}, > 0 and E[X, ;> < oo.
Suppose that ¢;. = c¢.; = 0 where ¢;. = Y. | %4 = EX;r), ¢.j = > iy =L, Let

Jj=1 n i=1"n
7 be a uniform random permutation of [n], independent of X and for

n

1 I
Si = E Z 0'1'21- + m Z C?j. (51)

2,j=1 1,j=1

let
1 [nt-]

Y, () = . Z Xin(i) = si ZXiﬂ'(i)]l[i/n,l] (t), telo,1].
" oi=1 "i=1

We note that s2 = Var [Z?:l Xm(i)] by the first part of [CF15, Theorem 1.1].

The process Y, is similar to the process Y considered in [BJ09] and defined by

(1.4) therein with the most important difference being that we allow the X ;’s

to be random, whereas the authors in [BJ09] assumed them to be deterministic.

Bounds on the distance between one-dimensional distributions of Y,, and a

normal distribution have been obtained via Stein’s method in [CF15, Theorem
1.1].
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5.2. Exchangeable pair setup

Select uniformly at random two different indices I, J € [n] and let:

) 1 1 1 1
Y, = Yn—;sz(I)ﬂ[z/n,u—;X.m(.z)]1[,1/n,1]+;X17r(.1)1[1/n,1]+;XJ7r(1)ﬂ[J/n,1]-
Note that (Y,,Y?) is an exchangeable pair and that for all f € M:

EY" {Df(Y,)[Y, - Y]}

1
*EY" {Df(Yn) (X1x Y1 /m1) + Xgr) Lgma) — Xt L /ma] — Xoen Lm] }

S Z EY" {Df(Yn) [Xin(i) Lisma) + Xjin() Lj/mo)

TL

1,5=1
~Xin() Lim) — X; <‘>]1[j/n ul}
2
= Df(Ya)[Yn] = ——— Z EY"Df(Yn) [Xin () Liin] -
1 n(n 1 5o
Therefore:
2 1 «
Y (DF(Y)[Ya — YiJ} = 2o DF(Y) Yo - 37 B (X, L
=1
(5.2)
So condition (4.1) is satisfied with
n—1 1 < v
An=—r— and Ry=_—— > DY) [EY [Xin () Lii/m] -
=1

5.3. Pre-limiting process

Now let Z; = = S X;;( — iy ﬂ),for X/ = {X/ i i,j € [n]}
being an independent copy of of X and Z;;’s 1.1.d. standard normal, independent
of all the X;;’s and X|}’s. Then, let

L L]
=Y Z, telo]. (5.3)
i=1

Sn,

We will compare the distribution of Y, with the distribution of D,. D,, is
a conceptually easy process with the same covariance structure as Y,,. It is
constructed in a way similar to the process in [BJ09, (3.13)]. Note that Z; has
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mean O for all 7 and

2
R 1 n 1 n
2 2
EZ; :mZE (X2 E || Zu— EZZJ-Z
=1 Jj=1
T > E[XuXuE Z——liz- Z; —liz-
n—1 il ik il P jl ik n 4 jk
1<l#k<n j=1 j=1
- 2 1
= E[X2(1-=4=
n—1 ; X ( n + n)
1 n
= B
n =1
1 = 2 = 2
=53 <2(n -1)) EX;+ QZIEX“)
=1 =1
1 5 -
- X ® [(Xik — Xa) } +2 Y EXgEXy+2) EX2
1<k#I<n 1<k#I<n r=1
1 5 "
—s| X E [(Xik ~ X)) } +23 02 (5.4)
1<k#I<n r=1

as ¢;. = 0, and, for i # j,

1
n—1

> B(XuyX;)E
k=1

EZ;Z; =

<Zik - %Z Zrk) (Zjl - %Z Zrl)
r=1 r=1

1 n
= 1) 2R

1 " n
-y (200 B B~ 20 - ) S BXAER
n=(n — P
1
=2 =T 2 Y EXgEX; -2 Y EXgEX
1<k#l<n 1<k#£1<n
1
=5 9/ 3\ E(Xik —Xil)(X' - X; ) (5.5)
2n2(n — 1) 15;91 J J

5.4. Pre-limiting approximation

We have the following theorem, comparing the distribution of Y,, and D,,:
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Theorem 5.1. ForY,, defined in Subsection 5.1, D,, defined in Subsection 5.3
and any g € M*, as defined in (2.2),

[Eg(Yn) — Eg(Dn)|

lgllar 3 2 2
<— E SE| Xk |” 4+ bIE| Xk |E| X |7 + TE| X1 |“E|X;
“n3(n—1)s3 rei e | Xik| | Xt | [ X | Xik|“E| ]l|

+ 5]E|Xik|21E|Xjk| + 16E|Xik|E|Xil‘E‘le| + 2E|Xiu‘E‘Xik|E|Xil|
+ 4E| X0 |E| X4 | E| X k| + 6E| X ui | E| Xk | E| X ji| + 2E| X we | E| Xk | E| Xk

1 n
+— (B[ Xik| + 2B X 1| + 2B Xuk| + 2E[ Xui]) > (BIXir + [eircir|) }
r=1

2|\ gl ar +4H9HM1 Z 2

+ 2
N 3ns? J

4,j=1

Remark 5.2 (Relevance of terms in the bound). The first long sum in the
bound corresponds to €1 and (to a large extent) e of Theorem 4.1. It represents
the usual Berry-FEsseen third moment estimate arising as a result of applying
Taylor’s theorem. Term 2”%’1 also comes from the estimation of e5. The last

term corresponds to €3.

Remark 5.3. Assuming that s, = O(y/n), we obtain that the bound in Theorem
5.1 is of order ﬁ

Remark 5.4. If we assume that B|X;|> < B3 for all i,k = 1,--- ,n then the
bound simplifies in the following way

Eg(Yn) — Eg(Dy)]

58035n2 88, " - 2 LS e
_||g||M1 (n — 1)5% n(n — 1)5% ijgzl |C'LTCJT‘ + \/ﬁ + 37’},8% ijZZI Uz,]

We will use Theorem 4.1 to prove Theorem 5.1. In the proof, in Step 1, we
justify why Theorem 4.1 may indeed be used in this case. In other words, we
check that D,, of (5.3) satisfies the conditions D,, of Theorem (4.1) is supposed
to satisfy and that the exchangeable-pair condition for Y, holds. In Step 2 we
bound terms €; and €3 coming from Theorem 4.1. This is relatively straightfor-
ward due to the Y,, and Y/, of Subsection 5.2 being constructed in such a way
that they are close to each other and R; of the same subsection being small.
Then, in Step 3, we treat the remaining term using a strategy analogous to
that of the proof of [BJ09, Theorem 2.1]. The strategy is based on Taylor’s
expansions and considering copies of Y,, which are independent of some of the
summands in Y,,. Finally, we combine the estimates obtained in the previous
steps to obtain the assertion.

Proof of theorem 5.1. We adopt the notation of Subsections 5.1, 5.2 and 5.3.
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Furthermore, we fix a function g € M!, as defined in (2.2) and let f = ¢,(9g), a
solution to the Stein equation for D,,, as defined in (3.3).
Step 1. We note that D,, can be expressed in the following way:

"

- 1 ¢ Xl
D, = “Z:1 Zy — - ;Z]’l Jig, where Ji(t) = ﬁl[i/n,l] (t),

which, together with (5.2), lets us apply Theorem 4.1.
Step 2. For the first term in Theorem 4.1, for any g € M*:

lgllar (n = Dllgllar
&1 = LB (Yo — YA Y0 = Y2 < B IR Y, - 2

We note that:

8
E|Y, - Y, |° < = (EIXr20|* + ElXjr ) P + Bl X1z > + ElX 2 p)?)
8
= =D > (Bl X i) + BlXjn) P + ElXin)[* + Bl Xjm)[*)
" oitj

16 3 3
= oD 2= Bl + ElXir) )
n it

n

32 5
= n283 E|XZ]| .
ng,5=1

Hence,

4 PR
er < Hglla 3 EXP (5.6)

Furthermore, by Proposition 3.2:

n

ij=1 ij=1

1 & Ly
&5 = |-= > EDS(Ya) [Xim(y) Vissn] | = ‘nsn 2 BDI(Y2) [XijLijna]

1 n
By XL

<llgllar
nsn hay
i,j=1
2
2||gllar -
< EIS X,
- ons, Z I
2,7=1
2|lglla | <
< 2.
<= s A 2 %
7,7=1
2 gllm
<o, (57)
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where we have used Doob’s L? inequality in the second inequality and (5.1) in
the last one.
Step 3. Now define a new permutation 7;;,; coupled with 7 such that:

L) = Lixln(6) = k,7n(j) = 1),

where L(-) denotes the law. As noted in [CF15], we can construct it in the
following way. For 7;; denoting the transposition of i, j:

m, ifl =n(y),k=mn(i)
T Tr=1(k),i> if { :71-(])7]6#7‘-(2)
T4 =
B LT S if 1 # (), k = (i)
7T'T7r*1(l),i'7-ﬂ'*1(k),j'Tijv lflyéﬂ'(j),k#ﬂ'(l)
We also let

1 n
Yoijkt = — Z Xirmi a0 Ljir fn1)-

=1
Then L(Y ijw) = L(Y,|7(t) = k,m(j) = 1) (recalling that L£(-) denotes the
law). Also, for each choice of i # j, k # [ let Xk = {X;,Jﬁl il € [n]} be
the same as X := {Xj;;4,j € [n]} except that { X, Xy, Xk, Xji} has been

replaced by an independent copy {X/,, X/, Xj’.k,, X;l}. Then let

- 1 & .
Kl _ ijkl
Y)" = . Z Xz"]w(i')]l[i’/n,l]
=1

and note that Y#*' is independent of {Xik, X, Xji, X;i} and LYFRY =
L(Y,) (where £ denotes the law).
Now, by Lemma 7.1, proved in the appendix, for €5 of Theorem 4.1,
€2 = |1ED2f(Yn) (Y, — Y;)Aann - Y;] - ]ED2f(Yn)[Dnan]|
<A+ B (5.8)

where

(Xik — Xi)? 72

1
A=, 2

24 2n n—1
1<4,5,k,0l<n
itk
(D f(Ynie) = D*F (YI*)) [Lpijny L jny) }
1 X — Xa)(Xji— Xj0) 5 5
S
n(n = Dsi | izn "
77, k#l
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(D f (Y nijrt) — D2 f (Y7) [Lpijmays L] } :

(5.9)

(Xir — Xa)*> 22

D*f(YM) [l[i/nﬁl]]l[i/n,u]}

B:% > ]E{

n(n —1) 2n n—1
" 1<i,5,k,1<n
1#7,k#l
1 Y
+n(n71)32 Z E{[ 2n ~ZiZj
n1<i gk, I<n
i#j,k#l

D (") [Limaps Ljmoni) }

Recalling that Y#%* is independent of { Xk, X, Xjk, X;i} and L(YJk) =
L(Y,),

Xi — Xa)2 22
L) E{D*f (Yn) [Li/n1)Lii/n] }

2n n—1

B:%ZE

n(n —1)s3 1<i,j,k,1<n
i kAL
1 (Xik *Xil)(XJl Xjk) > 5
* n(n —1)s2 Z E { 2n ZiZ;
n1<’L,j kJl<n
1#7,k#l
E {D2f(Yn) [Lfi/n,11> Lj/mon] }
||9HM1
< En-DE 2 St

” 1<i#j<nr=1
(5.10)

lgllar <~ o
T 22 Z T
nog=1
where the inequality follows by (5.4), (5.5) and Proposition 3.2. Furthermore,
by Lemma 7.2, proved in the appendix,

g 1 q
<3”% > E|X|? + 5E| X1 |E| Xi | 4+ TE[ X *E| X ;|
n(n_l)n1<1jklu<n
+ 5]E|Xlk| IE| kl + 16E|sz|lE|le‘E‘ l‘ + 2E|XW‘E‘X“€IE|X”|
+ 4E|XW‘E‘X”|E|XJ;€| + 6E|Xuk|E|Xik|E‘le‘ + 2E|Xuk|E|sz|E|Xjk|
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1 n
= (2 | Xig| + 2 | X;] + 2E| Xug| + 2| Xa]) > (BIX* + [eircjr|) } .
r=1
(5.11)

We now use (5.6),(5.7),(5.8),(5.10),(5.11) to obtain the assertion. O

5.5. Convergence to a continuous Gaussian process

Theorem 5.5. Let X and Y, be as defined in Subsection 5.1 and suppose that
for all u,t € [0,1]:

[nt] [nu] n
n_ 1 Z Z ZEX’L’CXJIC < ij > EO‘O—) J(U t) (5]_2)

i=1 j=1 k=1
and
1 [nt] [nu] n
=20 > BXaX; =5 0 (u,t) (5.13)
noi=1 j=1 I=1

pointwise for some functions 0,0 : [0,1]> — R.. Suppose furthermore that:

sup —— ZZ Var [X. (5.14)

n2s
ne€N T On 9T i

and:
[nt]

52 nl— 1) > <Z XuZzl) = elt) (5.15)

=1

pointwise for some function c: [0,1] = Ry and:

1
lim ———FE | sup |X/Zail| =0. 5.16
i — [p : z@ (5.16)

Then (Y, (t),t € [0,1]) converges weakly in the uniform topology to a continuous

Gaussian process (Z(t),t € [0,1]) with the covariance function o.

Remark 5.6. Assumption (5.13) could also say that

|nt] [nu| n

3 BN,

=1 j=1 I=1

simply converges pointwise rather than giving the limit o name. However, we
will use 0 in the proof so it is convenient to use it in the formulation of the
Theorem as well.
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Remark 5.7. Assumption (5.15) is necessary for the limiting process in Theo-
rem 5.5 to be continuous. It essentially corresponds to the the assumption that
the quadratic variation of the following process

[nt] n
1
DM (t) = W2

converges to the function ¢ pointwise in probability, which then implies the weak
convergence of the process DSP to a continuous process. While it is relatively
easy to show that Dg) =D, — D£}) converges to a continuous limit, we had to

explicitly add this assumption to ensure that D,, does as well.

The proof of Theorem 5.5 will be similar to the proof of [BJ09, Theorem 3.3].
The pre-limiting approximand D,,, defined in Subsection 5.3, will be expressed
as a sum of two parts. In Steps 1 and 2 we prove that each of those parts is
C-tight (i.e. they are tight and for each of them any convergent subsequence
converges to a process with continuous sample paths). In Step 3 we show that
the assumptions of Theorem 5.5 trivially imply the convergence of the covari-
ance function of D,,, which together with C-tightness implies the convergence
of D,, to a continuous process. Theorem 6.2 will then be combined with Propo-
sition 2.3 to show convergence of Y, to the same limiting process. Finally, the
combinatorial central limit theorem for random arrays, proved in [HC78] and
analysed in [CF15], will imply that Z is Gaussian.

Proof of Theorem 5.5. We will use the notation of Subsections 5.1 and 5.3.
Step 1. Note that D,, = Dg) + Dg), where:

|nt] n [nt] n
1 1 _
DVt =——=N "> X/iZy, DPt)=—1++—=Y > X}Z
n ( ) s, /7n 1 Pl il %l n ( ) s, /771 1 e W4l

for Zl = %Z?:l Zjl.
Now, note that, by (5.15):

<D§}>>t P

pointwise, where (-) denotes quadratic variation. Therefore, by [EK86, Chap-
ter 7, Theorem 1.4] and using (5.16), we obtain that DSP converges weakly
in the Skorokhod topology on DI[0,1] to a continuous Gaussian process with
independent increments.

We now note that the Skorokhod space equipped with the metric (topologi-
cally equivalent to the Skorokhod metric) with respect to which it is complete
is also universally measurable by the discussion at the beginning of [Dud02,
Chapter 11.5]. Since it is also separable and Dsll) = Z;, for some continuous
process Z1, in the Skorokhod topology, [Dud02, Theorem 11.5.3] implies that

(DW),51 is C-tight.
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Step 2. Also, note that for u >t s.t. [nu| > [nt| + 1,

2
n |nu|
1
E ‘ ) @) R .
[Dn (u) — D Xll,z,le[n] n(n—l)s%z | > X
I=1 \i=|nt|+1
n [nu]
|nu| — |nt]
<= X2
“n(n-—1)s2 Z
=1 i=|nt]+1
and
E “Dg)( —-DP (¢ ‘ ‘ i€ n ]] =0, foru>tst. [nu]=|nt].

Since (D( )\le,z,l € [n}) is Gaussian for u, such that [nu| > |nt] + 1,
4
E D) (u) - DR (1)

:31E{<IE “Dﬁ?(u)—D(? ‘X”,z,l € [n]DQ}

B (LnuJ [nt] 2

n—ls

> > X

) I=14i=|nt]+1

S Y Ex; +ZZ( - (EX2)%)

I=1i=|nt|+1 I=14i=|nt|+1

ey

for some constant C, by (5.14). Now, note that:

n—l

[nt] [nu] n

COV Dg)( ) D(2) = IEle gl "H—OO> 0(2) (t’u)a
( 32

noi=1 j=1 I=1

by (5.13). Consider a mean zero Gaussian process Zo with covariance function
EZ5(t)Zo(u) = 0@ (¢,u). The finite dimensional distributions of D converge
to those of Zs. We can now construct Dg) and Zs on the same probability

space and use Skorokhod’s representation theorem, Fatou’s lemma and (7.4) to
conclude that:

n— oo

E (|Z2(u) - Zo()]*) < lim B (\Dﬁ? (u) ~ DY (t)]“) < C(u— 1)
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By [Bil68, Theorem 12.4], we can assume that Z, € C|0,1]. Now, note that for
0<t<v<u<l:

2 2
E D) - D ()| [D2(v) - D ()|

4
g\/lE‘DSE)(v)—D(?) ‘]E‘DZ) D@(U)‘

@9 (lnv] — [nt])(lnu] — [nv])
=0 (n—1)2

<C(u—t)%

for some constant C. Therefore, by [Bil68, Theorem 15.6], DY = Z, in the
Skorokhod and uniform topologies and so, by [Dud02, Theorem 11.5.3], D(z)
C-tight.

Step 3. Since both Dg) and Dg) are C-tight, so is their difference D,,. Now:

[nt] [nu] n

Cov(Dy,(t), Dy (u)) = n—l SN B{XuXi (Zi — Zi) (2 — Z1) }

’Ll]lkll

[nt] [nu] n

T T 2 2o 2 B AKXk (Zi = Z) (Zy — 2h)}

1131k1

) DD D) B IS ( )TH—OO>U(u,t),

21]1k1

by (5.12) and we obtain that D,, converges to a random element Z € C[0, 1] with
covariance function o in distribution with respect to the uniform and Skorokhod
topologies.

Proposition 2.3 and Theorem 5.1 therefore imply that (Y, (¢),¢ € [0, 1]) con-
verges weakly to (Z(t),t € [0,1]) in the uniform topology. Using, for example,
[CF15, Theorem 1.1], we conclude that Z is a Gaussian process. O

6. Edge and two-star counts in Bernoulli random graphs

In this section we consider a two-dimensional process whose first coordinate
is a properly rescaled number of edges and the second one is a rescaled num-
ber of two-stars (i.e. subgraphs which are trees with one internal node and 2
leaves) in a Bernoulli random graph with a fixed edge probability and |nt] edges
for ¢ € [0,1]. A similar setup has been considered in [RR10], where the authors
established a bound on the distance between a three-dimensional vector consist-
ing of a rescaled number of edges, a rescaled number of two-stars and a rescaled
number of triangles in a G(n, p) graph and a three-dimensional Gaussian vector.
We first compare our process to a two-dimensional Gaussian pre-limiting Gaus-
sian processes with paths in D([0, 1]) and bound the distance between the two
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in Theorem 6.2. Then, in Theorem 6.4, we bound the distance of our process
from a continuous two-dimensional Gaussian process.

It is worth noting that the analysis of this section could easily be extended
to one of a three-dimensional process whose coordinates represent the number
of edges, the number of triangles and the number of two-stars in a G(|nt],p)
graph. The only reason we do not do it here is that it would require some more
involved algebraic computations and would make this section rather lengthy.

6.1. Introduction

Let us consider a Bernoulli random graph G(n,p) on n vertices with edge prob-
abilities p.

Let I; ; = I;; be the Bernoulli(p)-indicator that edge (4, 7) is present in this
graph. These indicators, for (i,j) € {1,--- ,n}? are independent. We will look
at a process representing at each t € [0, 1] the re-scaled total number of edges in
the graph formed out of the given Bernoulli random graph by considering only
its first |nt] vertices and the edges between them:

[nt]
[nt] — 2 |nt] — 2
Tot)=-%5— D> lij=—5— D I

ij=1 1<i<j<|nt)

and at a process representing a re-scaled statistic related to the number of two-
stars in the same graph:

1
Valt) =55 > Lyl = 2 Yo ULk + Ll +Lixlig) .
1<4,5,k<|nt] 1<i<j<k<|nt]
1,7,k distinct

Let Y, (t) = (Tn(t) — ET,(t), Va(t) — EV,(¢)) for t € [0, 1].
Remark 6.1. Note that, for allt € [0, 1], ET,(t) = % (Lgﬂ)p and EV,,(t) =

%(L?J)pQ. Furthermore, note that, by an argument similar to that of [RR10,

Section 5], the covariance matric of (Ty(t) — ET,(t), Vi (t) — EV,(t)) is given

by
nt| — 2)(lnt]
P bl W) nf)( : )p(l—p)( le 42;3 >

Hence, the scaling ensures that the covariances are of the same order in n.
6.2. FExchangeable pair setup

We now construct an exchangeable pair, as in [RR10], by picking (1, J) according
toP[I=i,J=jl= A< for 1<i<j<n.IfI=4J=j wereplace I, ; = I,

(3)
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by an independent copy I ; = I’ ; and put:
nt| —2
T, (t) = Tn(t) - % (Zr.0 =17 1) Ligjnajn/ma (t)
/ 1 A
V.. (t) =V, (t) — n2 Z (1,0 = 17.7) sk + Irk) Lz jnoajnia/moagnge/noa) ()
kik#AI,J

We also let Y, (t) = (T,,(t) — ET,(t), V.,(t) — EV,,(t)) and note that, for Y,, =
(Yn(t),t €[0,1]) and Y, = (Y, (¢),t € [0,1]), (Y, Y],) forms an exchangeable
pair. Let e; = (1,0), ez = (0,1). We note that, for any m = 1,2 and for any
f € M, as defined in Section 2,

EY" {Df(Yn)[(T}, = Tn) em]}

n| —2
:]EYn{Df(Yn)[L TJLQ (I},J—II,J)n[,/nylm/m]em”

(n— 1
z<]
1
= Df(Y)[Tnem] + Z Df(Y = 2)Ljs /1) /1) €m]
(2) i<j
1

= T)Df(Yn)[(Tn() —ET,()) em].

(5

Also:

]EY"Df(Yn)[(Vn —V5)em]

ZEY > DFYn) [(Lg = 17) Tk + Li)

1<] k:k#i,j
: ]l[i/n,l]ﬁ[j/n,l]ﬂ[k/n,l}em]‘I =i, J=j}
2
)Df(Yn)[Vnem]

_@
Z > EY"DF(Yn) [(Lk + Lik) Lii/m 110 /m 1100k /n,1]€m]
z<7k:k:7$1,]

2
= Df(Y0)[Vien] — 2pn Z EY"Df(Yn) [IMIL[i/”al]ﬁ[j/nvl]ﬁ[k/nal]em]
( ) n (2) 1<i,5,k<n
1,7,k distinct

— s Y EYDAY) (L — )L /main/main/nem)
n ( ) 1<i,5,k<n
1,7,k distinct
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=(Z)Df<Yn)[<vn ~EV.()) en]
2p 1 -

- @Df(Yn) m (Tn - IETn()) Em ( l[k/n,l] — 2>‘|

2) Df(Yn)[(Vn - Evn()) em] - (%%Df(Yn) [(Tn - ETn('))em] .

N6

Therefore, for any m =1, 2:

(T~ ET,) ] = VRV (ppy,) (T, - T))enl)
n) [(Vn —EVy,) en]

A) Df(Y
B) Df(Y
:”(”T_”EW {Df(Y0) (Vi = V3)em] +pDf(Y,) (T — ET,) ]}
= Ve (D () (20T~ ) + Vi~ Vi) el

and so:

An:"("gl)<g 211’). (6.1)

Therefore, condition (4.1) is satisfied with A,, of (6.1) and Ry = 0.

where:

6.3. A pre-limiting process

Let D,, = (Dg), D(z)) where D(2) Dg’l) —|—D£12’2)7 be defined in the following
way:

[nt]

DO(t) = (Int] -2) > 2, te0,1]
t,j=1
[nt]
DY) = (Int] —2) Y z3Y, te0,1)
7,7=1

[nt]
2,2
D)= > 22D, telo]
ij,k=1
where Zi(,li) = 0 for all ¢, Zi(,li’Q) =0 for all ¢ and ZZ(QJ? =0ifi=jori==kof
j = k. Furthermore, assume that the collection {Zl(lj) 24,7 € [n],i # j}U{ZZ-(,lj’m :

i,j € [n],i # j}U{Zz(ii i,7,k € [n],i # j # k # i} is jointly centred Gaussian
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with the following covariance structure:

Eﬂnay:{“iﬁ,i—kd—hi#j
ij

0, otherwise,

2 —_ . . . .
Bz 72D _ PR =k=1i#
i Tkl 0, otherwise,

2 _ - . - . .
EZ02 70 ﬁ%%ﬂylzhjzmﬂ#J#k#l
gk otherwise,

EZ0% 700 _ { S, i=lj=mit Akt
i,J,

=}

, otherwise,

A, i=rj=sk=tidj Akt
(2:2) 5(2,2) _ 1 p) . ) . S, .
B2 55 Zrisi = L i=rg=skAtiA Ak AL A A A

otherwise,

L = =
IEZi(zl (21) w5y =k j=lLi#]
& 0, otherwise.

It will become clear in Remark 6.3 why we have chosen this covariance structure.

6.4. Distance from the pre-limiting process

We first give a theorem providing a bound on the distance between Y,, and the
pre-limiting piecewise constant Gaussian process.

Theorem 6.2. Let Y, be defined as in Section 6.1 and D,, be defined as in
Section 6.3. Then, for any g € M?, as defined by (2.3),

Eg(Y,) — Eg(Dy)| < 12[|g|lpen"

In Step 1 of the proof, which is based on Theorem 4.1, we estimate term e;
thereof. It involves bounding || A, ||2 of (6.1) and the third moment of | Y,,— Y7/ ||
for Y/, constructed in Section 6.2. In Step 2 we treat eo, which requires involved
calculations, based on Stein’s method, which are, to a large extent, postponed
to the appendix. Term e3 is equal to zero as Ry of Section 6.2 is equal to zero.

Proof of Theorem 6.2. We adopt the notation of sections 6.1, 6.2, 6.3. We will
apply Theorem 4.1.
Step 1. First note that, for €; in Theorem 4.1,

(Y = Y7 )An] < [[An]l2[Yn = Y0,[,

where | - | denotes the Euclidean norm in R? and || - || is the induced operator
2-norm. Furthermore, for || - || denoting the Frobenius norm (which, for © €
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R <2 s defined by [|0]]p = /S0, 02, 104,

—1 3n(n—1
Al < Ialle = "D o < ML,
Therefore:
E[[(Y, = Y ) A5 = Y7 |2
-1
< Dy, v
51 3/2
3n(n—1) (n —2)2 2 1
T (I10—1I7,4)" + -y > g =1T1p) Lk + k)
kik£I,J
3/2
_3n(n—1) | (n—2)° L Q- 2))?
- 8 n4 n4
5
<2 6.2
< (6.2)

where the third inequality follows because |I1,; — 17 ;| <1 and [Ljx + I x| <2
for all k. Therefore,
5/l s>
< .
‘= 6n
Step 2. For €5 in Theorem 4.1, we wish to bound:
[ED?f(Yo) [(Yn = Y3,) A, Yo = Y] = ED*f(Y,,) [Dyy, Dy |
-1
=M B D2 (Y, (2T~ T}), 20T~ ) + (Vi = V2) (T T, Vi = V)

—ED2f(Yn) [DmDnH

<81+ 82+ S3+ 84+ S5 + Se + S7, (6.3)

where:

51 = "D mD2 (v, (T, ~ T)(2,0), (T~ T,)(1,0)] - BD*A(Y,) [(DP,0), (DLD,0) | \

2 = [ B D (Y, (T, — T)(0.20). (T, - T)(1.0)] - 2E0%1(¥,) [(0.D§) . (D{2.0) |
0= | S ED V) (T, - T 2.0, (V- Vi) 0.0] - JED(Y,) [(DID,0) . (0.D¢)]
51 = "R D2 (7, (T, — T,)(0,20), (Vo V2)(0.1)] - 2BD?7(Y,) [ (0,D$0) , (0.062) |
85 = [ DB D2 (¥, [V, — VI)(0.1), (T, ~ T4)(1,0)] - SED?f(v,) (0.0, (D, 0)] \
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5o.= ™ VB2 (v, (Vi ~ Vi)(0.1), (Vi V)0, 1)] - BD/(¥,) [(0,D22) , (0.D
Sy = ‘IED2f(Yn) [(o,Dﬁf»l)) , (o,Dﬁ%U)} ‘ . (6.4)

The following bounds are obtained in Lemma 7.3, in the appendix:

g < Vollalae g Blalhe g VITlglae g VITlglare
12n 12n 6n 6
5y < VIBlsloe o VBlalae o Nl (65

- 12n 7 6n ’ n
Note that, by (6.3) and (6.5),

[ED?*f(Y,) [(Yn — Y, )AW, Y, = Y, ] —ED?f(Y,) [D,,D,]|
n(n—1)

= 7ED2f(Yn) [(Tn - T’/ﬂ)(27 219) + (Vn - V:z)(07 1)7 (Tn - T'/n)(li 0) + (Vn - V’;L)(07

8
<11)lgllar2n". (6.6)

Using Theorem 4.1 together with (6.6) and (6.2) gives the desired result. O

Remark 6.3. The reasons for the covariance structure of D,, taking the partic-
ular form described in Section 6.3 become clear when we look at (6.4) and (6.5).
The processes we compare are two-dimensional. The Dg)—part of the pre-limiting
process Dy, corresponds to the contribution of T, — T, to the first coordinate
in processes (Y, — Y, )A, and Y,, — Y], Similarly, DY corresponds to the
contribution of T,, — T} to the second coordinate and D%Z’Q)
contribution of V,, — V! to the second coordinate.

The covariances are chosen so that at any time points s,t € [0, 1],
Cov(Dy (), Dy (1)) is close to Cov((Yrn — Y, )An(s), (Yn —Y))(t)).
the bounds in (6.5) small. Specifically, the only contribution to

corresponds to the

This makes

Cov(Dy(s), Dn(t)) = Cov((Yn — Y3, )An(s), (Yn = Y;)(2)

for s, t € [0,1] comes from the covariance ongl) and this is achieved by choosing
specific values for Cov (D@@),Dﬁ?(t)) and Cov (DS)(S),DS)(U) for s, t €
[0,1].

The covariance structure of D%l) is chosen so that

v, [(0067). (006)]

is small and this choice is made in an arbitrary way.

6.5. Distance from the continuous process

We now establish a bound on the speed of convergence of Y,, to a continuous
Gaussian process whose covariance is the limit of the covariance of D,,. We do

122

(2,2)

1]

)]



Mikotaj J. Kasprzak/Functional Stein’s method with exchangeable pairs 29

this by bounding the distance between D,, and the continuous process via the
Brownian modulus of continuity and using Theorem 6.2.

Theorem 6.4. Let Y, be defined as in Subsection 6.1 and let Z = (Z(V), Z(?)
be defined by:

200(1) = VEL BB, (12) 1 2D B, 1),
D

v/ 2+8p? V
2p(1— 2p2+/2p(1— ’
21 = V2D g, (1) 4 20D, 42

where By, By are independent standard Brownian Motions. Then, for any g €
M?2:
IEg(Y,) — Eg(Z)| < ||g]lar (913n71/2\/10gn + 112n*1/2) .

Remark 6.5. Theorem 6.4, together with Proposition 2.3, implies that Y, con-
verges to Z in distribution with respect to the Skorokhod and uniform topologies.

In Step 1 of the proof of Theorem 6.4, we provide a coupling between D,, and
i.i.d standard Brownian Motions. Using those Brownian Motions, we construct
a process Z,, having the same distribution as D,,. In Step 2 we couple Z,, and Z
and bound the first two moments of the supremum distance between them, using
the Brownian modulus of continuity. In Step 3 we use those bounds together
with the Mean Value Theorem to obtain Theorem 6.4.

Proof of Theorem 6.4.
Step 1. Let B1, By, B3, B4, Bs be i.i.d. standard Brownian Motions and let

7, — (ZSS), z,?)) be defined by:

1 (Int] = 2)v/p(1 - p)

A) 2 (0) = B (el (o) — 1)
(Int] —2)py/2p(1 — p)
n2y/1 + 4p>
) 220 = EIL g, (o) - 1)
L (nt] = 2)2p*2p(1 — p)

n?/1+4p?

+

By ([nt]([nt] —1));

B, ([nt]([nt] — 1))

%33 (|nt](|nt) = 1)) + p(\;i;f)le (lnt]?(Lnt] — 1))
N WBE@.

Now, note that (DS),D,?)) D (ZS),Z%Q)). To see this, observe that for all
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u,t €0,1],

A) EDSM@DSMM::umJ—zxva—2Mn@AuHﬂ“@AUH—1ﬁK%%@

=EZ" (1)Z} (w);
B) ED®(1)D(u) = EZP ()Z (u);

C) ED (D (1) = (Lnt] — 2)(lnu) - 2) n(t Aw)) ([t )] — )22

=EZ) (1)Z; (u), (6.7)

where B) is proved in Lemma 7.4, in the appendix.

Step 2. We let Z and Z,, be coupled in such a way that Z is constructed
as in Theorem 6.4, using the same Brownian Motions B1, Bs, as the ones used
in the construction of Z,. In Lemma 7.5, proved in the appendix, we derive
bounds for moments of the supremum distance between Z and Z,,:

12 51y/logn
nt/2 + N

121 743logn
Bz, - z)f < o 4 T8,

E|Z, - Z|| <

E|Z|? < 5. (6.8)
Step 3. We note that ||Dg(w)|| < |lg|lar= (1 + ||w||) and therefore, by (6.8):

MVT
[Eg(Z) — Eg(D,)| < E

sup || Dg(Z + c(Z, — 7)) |Z — ZnII]
c€[0,1]

<llgllrr=IE

sup A+ Z+c(Zn - 2)|) 1Z - an
0,1

ce
<9l [I1Z = Zull + |ZI1Z = Zul| + 1 = o]

<lgllarz [EIZ = Zoll + VEIZIPE[Z = Za]P + E|IZ - Z, ]
<Ilgl as (901n—1/2 + 1120712 /log n) ,

which, together with Theorem 6.2 gives the desired result. O

Remark 6.6. The representation of Z in terms of two independent Brownian
Motions comes from a careful analysis of the limiting covariance of D,,. Indeed,
(6.7) provides an explicit derivation of the covariance, which converges to the
covariance of Z.
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7. Appendix - technical details of the proofs of Theorems 5.1, 6.2
and 6.4
7.1. Technical details of the proof of Theorem 5.1

Lemma 7.1. In the setup of Theorem 6.2 and for eo defined by Theorem 4.1,

€2 =|ED*f(Yn) [(Yn — Y,)An, Y, = Y, ] — ED?f(Y,,)[D,,D,]|
<A+ B,
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for

1

A= n(n —1)s2 Z E{

"1<i,j,k,l<n
i#g,k#l

(X — Xu)®> 77

2n n—1

- (D*f(Yiji) — D f (Yijkl)) (/111 /m1] }

2n
M 1<id,,k,0<n
i#j,k#l

(D2 f(Ynin0) = D*F (Y7 (L jmags i /mon] } 7

i

(Xix — Xu)? 72
2

1
b=l 2

D2f (Y,7M) [lli/n,uﬂwn,u]}

z. A n n—1
1<i,j,k,1<n
17,k
1 (Xir — Xat) (K = Xjr) 5
Jrn(n—l)s2 Z E{[ 2n 2
" 1<i,j,k,l1<n
i, k#l

D> (Y*) [Lgi/ma)s 1] } :

Proof. Note that

€2 =|ED*f(Y,) [(Yn — Y,)An, Y, = Y] — ED*f(Y,,)[D,,D,]|

n—1

ED*f(Y,)[Yn - Y., Y, — Y, —ED?f(Y,)[Dn,D,] (7.1)

and

n —

I 1]ED2f(Yn)[Yn -Y.. Y, - Y, -ED?f(Y,)[D,,D,]

1 n
=55 D BAXin() = Xix()*D*F(Yn) [Lii/n 11 Lpi/mn] }
ng5=1
1 n
t+ 5z 2 BA{(Xin) = Xin () (Xjr(s) = X)) D*F(Yn) [Tps /.11, Lpi/m] }
nogi—1
—ED?f(Y,)[D,, D,
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1 . )
=z 2. EAXi —Xa)? D*F(Y0) [L/maLgsna] | 7(0) = k. 7(5) = 1}
n ( )Sn 1<i,5,k,l<n
i#7,k#l

1 (X — Xa) (X1 — Xjik)
* n(n —1)s2 Z E { [ 2n
Sn 1<4,5,k,0l<n
i#j,k#l

- D*F(Y0) [Lps/m11s Lij/mon)

(i) = ko) =t}

1
- 87 Z ZJED? £ (Y)[Lii/m,11 L mn)]
n ;ﬁ

n—1)s2 Z E[ZIIED* f(Yu)[Lii/nap, Liifna)
<i#j<
1
22 (n —1)s2 Z {(Xik = Xa)* D f (Y k) [Lgifnty Lpi/mn)] }
1<d,5,k,l<n
1#J,k#l
1

(Xix — Xa) (X1 — Xji)
MTTEnp S ]E{ o D Wniien) [Ny Ly ]

n
" 1<ijk,l<n
i,k

1
7W Z ]E[ ]]ED f( nlgkl)[]]-[l/n 1} ]]'[_]/n 1]}

" 1<i,5,k,1<n
i, kAL
1 N
Tl =122 > E[ZED?f(Yaijr) Liijn)s Liijn,1)- (7.2)
" 1<4,5,k,0<n
i kA

Now, the lemma follows by taking the absolute value in (7.2) and combining it
with (7.1). O

Lemma 7.2. For A of (5.9),

A g% > {IE)Xik|3 + 5E| Xk |E| Xa|* + TE| Xk |*E| X
" 1<i,g,k,lLu<ln

+ 51E|X,;k|21E|Xjk| + 16E| X |E| Xy |E| X ;| + 2E| X, | E| X% | E| X
+ 4E|XW‘E‘X11|IE|XJ;C| + 6E|Xuk|E|Xik|E‘le‘ + 21E|Xuk|lE|sz|E|X]k|

1 n
+ (2E | Xik| + 2 | X | 4 2E| Xy | + 2| X ) - Z (E|X:|* + Circjr|)} :
r=1

Proof. Let us adopt the notation of the proof of Theorem 5.1. Define index
sets T = {i,j, 7 (k),7 ')} and J = {k,l,7(i),7(j)}. Then, letting S =
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i Zz‘/ez Xirn(iryLjir yn,1), We can write:
1 ijkl 1 ijki

Yoijet =S+ — > Ximpu)Lpma, Y =8+ . > Xy L -
ez "ireT

Since S depends only on the components of X outside the square Z x J and
{m(i): i € I}, S is independent of:

igkl
{Xih Xjk:a Xika lea Z Xi’ﬂ',ijkl(i’)a Z Xi/jﬂ-(i/)} )

i'€L /€L

given 71 (), (1), 7(7), ().
Note that, by Proposition 3.2,

o= X.)2 72
A< gl ar2 Z ]E{HYn,ijkl _YTiljle (‘(Xz Xil) o EZ;

n(n —1)s2 2n n—1

" 1<i,5,k,01<n
i#j, k#l

x| [ x

+‘(Xi —ngilXj — Xjk) _E(Z:2))

lgllan .
Sm Z Z E ‘Xi/,ﬂw‘kz(i’) - Xi’Tr(i’)
" 1<i gk, I<ni'€T

i#j,k#l
(X — X)2  EZ2

HQHMI ijkl
< Ngllarr E (‘X _ xRl
“n(n—1)s 2 ki

2n n—1

—~E(Z:Z;)

. (Xix — Xa)(Xji — Xjx)
2n

= Jm(d 7= 1(k),k
™ 1<i g,k l<n

i, kAL

ijkl (Xip — Xu)?  EZ? (Xix — X)) (X1 — Xjk) .
+ ‘Xj’l B Xﬂ]’l(l)vl‘) <’ 2n o —11 + 2n ’ = —E(Z:2))

‘ ikl
+ 21 X5l + 1 X55G)

llgllar ijkl ijkl
Somn—Tr > B{ (21l + x5, X ]
1< g,k I<n

i kAl

N 2
+ ‘X:rjlcll(l),l‘> <|Xik|2 Xl 2 X X + 2 ‘Zi + [ XieXji| + | Xie X

XX+ 1 Xa Xl + 20— 1) [B(Zi25) )}

[gllars 2 > 2
S22 (n—1)s3 Y B (Xl + 1) | 1l + 1 Xal +2|XikXil|+ﬁZE|Xir‘2
N 1<k I<n o

i#5,k#l

r=1

2 n
+ [ Xie Xj1| + | Xan Xje| + [ Xa X 0| + [ Xa Xjn] + - Z circjr|> }
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1
b S (Bl + B+ Bl +E|Xu,l|)1E{ Xt X
n 1<i,5,k, L, usn

i#£], k;él

1 — 1 —
+2 | X Xa| + - ZE|XM2 + [ X Xi| + | X Xje| + [ Xa X | + | XaXe| + -~ Z |Circjr|}

r=1 r=1
gl ar: 3 2 2
<7 g E|X; 5E| X1 | E|X; TE| X1 “IE|X;
n3(n —1)s3 nl<z]klu<n | Xi|” + | Xk |E| Xl + | Xik|“E ]l|

+ 5]E|Xlk| IE| jkl + 161E|Xik|lE|Xil‘E‘le‘ + 2E|XW‘E‘X“€IE|X”|
+ 4E|XW‘E‘XH|E|XJ]€| + 6E|Xuk|E|Xik|E‘le‘ + 2E|Xuk|1E|sz|E|Xjk|

1 n
+E (2E ‘sz‘ + 2[E |Xj,l| + 2E|Xuk| + 2E|Xul‘) . Z (E‘XWP + Circer} .

r=1

which finishes the proof.

7.2. Technical details of the proof of Theorem 6.2

Lemma 7.3. For S;,;i=1,---,7 of (6.4), we have the following estimates:

g, < Volgle o Volglae o VITlglhz o VITBlglue
12n 12n 6n 6n
g, < VABlalare o VOL2glaz o lgllarz

Proof. For Sy, for fixed i,j € {1,--- ,n}, let Y% be equal to Y,, except for the
fact that I;; is replaced by an independent copy, i.e. for all ¢ € [0,1] let:

ii [nt] —2
T3 (8) = Tu(t) = =—5— (Tiy = 1) Li/mainti/m1 (1)

VI (t) =V, (t) - 3 Z (Iij — Ii;) (g + Lik) Lijm, 1t /n, 10k, ()
kik#i,j
and let Y¥ (t) = (T¥(t) — ET,(t), Vi (t) — EV,(t)).
By noting that the mean zero Zi(l) and Z](I) are independent for i # j, we
obtain:

" =D B D2 () (T — T)(2,0), (T, — T))(1,0)]

1)
ZZz(k (1 O) li/n,1]N[k/n,1]5

ZZz [n-] =2)(1,0)1 [z‘/n,l]m[j/nyl]]
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1
=i Z E{(L;; — 2pl;; +p)

1<i#j<n
D?f(Yy) [(In] = 2) L /majp/na) (1,0), (Ine] = 2) L jm i /no1 (1, 0)] }
-3 {m (@)’
. EDQf(Yn) [(I_n J - 2)(1 0)]1[1/n 1]N[j/n,1]» (I_TL J - 2)(13 O)l[z/n,l]ﬂ[g/n,l]} } ‘

2 E { (41714(12'4 ~ 2l +p) - B (Z(lﬂ)>2>

1<i£j<n

-D?F(Y5) [(Ine] = 2)(1,0) L /m, 1m0 /m1)s (Lne] = 2)(1,0) L /m 1 /mu1) ) } ’

1
Y OE {4n4(li,j —2pl; j +p)

1<i£j<n

H(D?F(Y,) = D*F(Y3)) (L] = 2)(L,0)Lii s, g /mgs (L] = 2)(1,0)Lpsm, 11 /1)) } ’

Nlgllar > E[(Li; - 2pLi;+p) | Y. = Y|, (7.3)
1<i#j<n

where (7.3) follows from Proposition 3.2. Now,

2
y 1
Y, Y| < —ay| (] =22y — 1) + ( >y — Ik +Iz‘k))

k:k#i,j

and so, by (7.3),

gl
S < Tont Z E{ [L;; —2pl; j + pl

1<i#j<n

(n - 2>2(Iij - Ii(j)Q + Z |IZJ jk? + Izk)
k#i,j

gl ar2 2
U S B Ly — 200+ 8l (g — 1)+ (T — I+ )

1<i#j<n
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_VBllgllar

4
- 12n (7-4)

where the last inequality holds because |I;; — 2pli; +p| <1, |l;; — I;| <1 and
Lix+ L <2forall ke {l,--- ,n}
Similarly, for Ss:

nin—1
5 =" =V (D2 f(¥,) (T~ T,)(0,20), (T~ ) (1,0)])
—2 ) ED*f( Z Z(2 Y(n) = 2) 1 /majnpe/mag (05 1),
Jk=1
> 28 (0 = 2L yei/m (1 0)]
=1
p
= m Z ]E{(Ii’j — 2]9[1'7]' +p)
1<i#j<n
D2 F(Y ) (] = 2)Lpign a0, 1), ([0e] = 2)Ljijn a1, 0)] }
(1) ,(21)
_ {E (Zm. Ay )
1<i#j<n
ED*f(Ya) [([ne] = 2)(0, D) ism iy /mags (0] = 2)(1,0)Lpi/m,1jng/m)] }
_ VBlglr
- 12n
\/5||9||M2
<L .
- 12n (7 5)

For S3, let Y#* equal to Y,, except that I;j, Ijx, I, are replaced by I”, Ijk, I,
i.e. for all t € [0,1] let

2

i nt| —
Tﬁ@=nmwij%—uh—%ﬂwmmew

L)1 mainte/na) () + Tik — 1) L it/ (£)]
VIO =Vat) = — > [T = L) Uit + Ta) Yigmayt/magoiy/na ()
L,k
+ (Lik — L) (s + Int) Ljgoyn, 1l /moainy/no) (8)

+ (Lik — Ijy,) (Lt + Lit) Lipn, 1)k /na1ini/m,) (8)]
1
— —5 [(Tij Lk = I3 153) + (Lij L — T000) + (Lik Lk — T L5)] Liijmajns /maajngema) (2)-

(7.6)

+( Lk —
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Let Y&*(t) = (T4*(t) — ET,(t), Vidk(t) — EV,(t)) for all ¢ € [0, 1]. Note that

n(n—1
50 =MD D2 v, ) (T, — T0)(2.0). (V.. ~ V3)(0.1)
4 (1
_§ED2 Z Z ) (ln-] = 2)(1,0) L3/, 1)05 /m 10 Z Z(,]z (0, D)1 /m1)n0 /ma] 0 /o]
i,j=1 i,5,k=1
1
e Y EA{(ly - L)+ In)
1<i,j,k<n
4,7,k distinct
-D?f(Y) [([7] = 2) s /n, 1300 /m1 (1 0), Lpijm, 11 /motintie/ma1 (0, 1]
4 1 2,2
5 X B{ZR AP0 [0 2ot (050 mapi e 001}
1<i,j,k<n
4,7,k distinct
1
= E: E{<M#Uﬁ2Mﬁ+pXQk+Im) EZmZ%?>
1<i,j,k<n
1,7,k distinct
D2 f(Yn) [([7] = 2)Li/m 1100 /n,11 (1, 0), L jn 1 fma 1k /m,1) (0, 1)] }
1
= > E { (4714(11‘;‘ = 2pli; + p)(Ljk + Im))
1<i,5,k<n
1,7,k distinct
(D2 f(Yn) = D2F(YM) [(In] = 2) gm0, (1 0), Li maing minie/n11 (0, 1)] }
gl ar2 ijk
<o 2. By =2l +p) (L + L) [ Yo = Y7 (7.7)

1<i,j,k<n
1,5,k distinct
Now, by (7.6), we note that:

ij 1
Y — Y37 <3 {(n = 2)%(|1s; = Ii;| + s — Tyl + [T — Iy ))?

+ Z (11 — Ii;1 (I + L) + e — Ll (Lju + Ira)
L5,k
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Lk — Tl (L + L) + Lk — Ly | (L + I))

51 1/2
[ L — I Ll + i L — T35 1| + i Ly — 13051 }

S%\/Q(n —2)2 4 (8(n — 3) + 3)2

V7302 — 372n + 477

9

where the second inequality follows from the fact that for all a,b,c € {1,--- ,n},
[Lap — I(/1b| <1, (Iab + Ipe) < 2 and |IabIbc — bIbc| < 1. Also, (I ik +Izk) <2
and I;; — 2pl;; + p < 1. Therefore, by (7.7):

lgllmn(n —1)(n — 2)v/73n2 — 372n + 477

S3 <

6n®
V1
SM- (7.8)
6n
Similarly,
1 1
g < VIBlglur _ VTTlglre 79
6n 6n
and, for Ss:
1in(n-1 4
S5 =5 | B0, (0, = T (2.0, (Vi = Vi) (0,1)] - DY) [(D,0) (0.0
V178]lg a2
<—. 1
- 12n (7.10)

Now, for Sg, let Y¥*! be equal to Y,, except that Lij, Ligy Iigy Iin, Ly, I are

replaced with independent copies I}, Iy, Ijy, Iy, Iy, I}, i.e. for all £ € [0,1] let

T () =T, (1) - 2

5 [y = L) Vi gm ity /m ) () + Tk = L) Lgigm g /m,1) (£)

I
+ (L = L) fnyn/n) ) + Lk = L) L nnge/m,1 (t)

+(Lit = L) o) () + T = 1) Lk 1jnp/ma (1)

. 1
ViR () =V, (t) — = Z [(Ii; — I{j) (Lim + Lim) 1 ma)n/m,1)npm/n,1 ()

’/l2
m:m#i,j,k,l

ik — )(Izm"_-[km) ]]-[1/n 1]N[k/n,1]N[m/n, 1]( )
) (Ilm + Ilm) ]]-[z/n 1]N[l/n,1]N[m/n, 1]( )

+ (I,

+ (La

+ (Lik = Iig) Tjm + Tem) Lm0k /n,1)00m /0,11 (2)
+ (I ) jm + Dim) 1 n )00/, 1)00m /m,1) ()
+(

Iy — I”) (Tkm + Lim) Ligejn 1101 /n 1000 n,1) (£)]

5 (L Lk — I 1) + (Lig Lk — 15 10) + (T ik — 15 10%) | L jno1jn g /na 1) /m,) ()

134



Mikotaj J. Kasprzak/Functional Stein’s method with exchangeable pairs 41

1
— — (i L — T 15)) + (LI — I 05) + (Tay — 1515 L maing /moaini/m. ()
1
3 (Lir It — IipIyy) + (LigLis — I Iip) + (Tndy — L3 d3)] L agne/mo )0/, (2)
1
— 5 [y = T 30) + (L = T Tia) + (T L = T ) | gm0 /1) (6)

(7.11)

and for all ¢ € [0,1] let Y (t) = (T¥*(t) — ET,, Vi#*(t) — EV,(t)) . Note
that:

Se S Z Z Z E {(Li; — Ii;)* (L + L) (L + )
1<z;éj<n k#i,5 17,5
-D?f(Y) [Li/naingi/mante/n.11(05 1)y Lisn ajngi/n. im0, D]
—ED’f(Ya) | D Z53 Lismaint it/ Z D i1 /111 (05 1)
i,j,k=1 ij k=1
1 / 2.2) ,(2.2)
S Z Z Z E{(W Iv]) (I]k+llk)(ljl+lzl) Zl]k Z”l

1<ij<n k#i,j 1#1,)

D?f(Y0) (Lm0 /m 00 /n1 (05 1)y L 1jai /mongt/n,1 (05 1)] } ‘

> > Z — I (L + L) (L + L)

1<i#j<n k#i,j l;éz,]

(D?f(Yn) = D2F(YEIR) [ mgeg mngs/ma) (0 1), L m gnp i/ (0, 1)] ‘

gllmz2 -
SHQJLLQ{& Z E{(Lij — 2pLij + p)(Ljx + Liw) Ljt + L) [ Yr — YT}
1<i,5,k,1<n

,7,k,l distinct

(7.12)
Now, by (7.11), note that:
”Yn - ngl H

1 2
Sﬁ (n—2)° (|Z:; — L+ i — Ll 4 [Ty — L]+ [ L — Lyl + [ L — Ly 4 [T — I0)

+ Z HIij - Igj‘ Lim + IjM) + | Lir — Iz/k| (Lim + Lem) + L — Iz{l| (Lim + Lim)
m:m#i,j,k,l

+ | Lk = Lg| Lim + Tem) + | Lt = Iy | (Lim + Tim) + i = 1] (Tem =+ Zim)]
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+ i Lk — I | + | Lig L — T L | + | pe — 1355 4 g Iy — 105

A gLy — 0| 4 [T — 15D | + LD — Ly Iy | + | L L — T 0|

9y 1/2
+ ity — Ly Il +| L — LDyl + [Ty — Ty Lol + T e — Ty 0|
\/36 (n—2)2 4 (12(n — 4) + 12)*
n2
V/180n2 — 1008n + 1440
— — )
Therefore, by (7.12):
lgllare - 4V/180n — 1008 + 1440 _ V612]jg] ur (713

24n2? 6n

Furthermore, for S7, note that:

= |30 B (229) D% A [0 (1] = 2 Loty ) - (O (1] = 2 Loy )]

ij=1

sl _—
n

The result now follows by (7.4), (7.5), (7.8), (7.9), (7.10), (7.13), (7.14). O

7.3. Technical details of the proof of Theorem 6./

Lemma 7.4. Using the notation of Step 1 of the proof of Theorem 6.4, for all
u,t € [0,1],
ED (D (u) = EZP (1) 2 (u).

Proof. Note that

ED{ ()D? (u)

n

—ED(V (D" (w) + EDZV (D) (u) + EDE ()Y (u) + EDE? (D) (u)

—(Int] - 2)(|nul —2) Z E [(Zi(f’l))z]

1<, < [n(tAu)]

+(nt]-2) > S EzZZVZEY

1<i,5< [n(tAu) | 1<k< [nu]
i#] ki kA

+ ([nu] —2) Z Z ]EZ(21 1(2]?

1<i,j< [n(tAu) ) 1<k<[nt]
i ki kA
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2
oy w28
1<i,j,k<[n(uAt)]

1,7,k distinct

(2,2) (2,2)
+ > EZ50 2%
1<4,5<[n(unt)]
1<k<|nu],1<I< | nt)
,7,k,l distinct
(Int] = 2)(lnu] = 2)[n(t Au)|([n(t Au)| —1)

nd

+(Lnt] = 2) (L) = 2) (e A (e A )] — D)
+ (e A (In(e A )] = 1)((n(e A ) — 2P

p*(1—p)
TL4

+ [t AW ([t Aw)] = D([n(unt)] =2)([n(u V)] - 3)

~(Lnt] ~ () ~ 2)nfe Aw) ([t )] ~ )LD
+ [n(tAw)]([ntAu)] —1)
. ((LntJ —2(nu) =2) | [n(tAw)p*(1—p)* 2971~ p))

n® 2n4 n4

=EZ? (1)Z}7 (u),

n

which finishes the proof. O
Lemma 7.5. Using the notation of Step 2 of the proof of Theorem 6.4,

12 51y/logn
nz T T,

121 743 1
E|Z, - Z|* < — + —28%
n n

E|Z, -Z| <

E|Z|? < 5.

Proof. Note the following
1. By Doob’s L? inequality,

0 s [ (LLL=0) QJE N
o =] o (L0 | <o o (5 <2
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2. By Doob’s L? inequality,

E | sup |B1(t2)|1 <2 and Int] =2 —t‘ < 3 for all t € [0,1]
teo,1] n n
(7.16)
3. Using [FN10, Lemma 3] and the fact that
[nt)(Int] = 1) _ po| | (0t = [nt])(nt + WJ)‘Jr 1.3
we obtain
E | sup |B; (WM) —Bl(t2)] < 30—v310g(%")' (7.17)
t€[0,1] n? ~ nl/2\/rlog(2)
Now, can bound E ||Z,, — Z|| in the following way:
E|Z, - Z|
p(1—p) [nt] —2 [nt]([nt] —1)\ _ 2
= \/WE tefo,1]| m B ( n? ) B ]
o [l =2 (] DY
Y AT E i B, < — > tBa(t%) ]
V2P —p)p | oo |t =2 [nt]([nt] = 1) _ >
- V1 +4p? " LZ[OI,)H n b ( n? > Bt )]
2p*\/2p(1 — p) [nt] =25 (Int](Int] = 1) _ 2
VT Liﬁf’u e () - mae ]
1 nt| —2 nt|(|nt] —1
ot i Jn BS(L J(anJ ))H
p(1 —p) [nt]?(Int] — 1) 2p*(1 —p)
+ ﬂn1/2E t:}g)l] B4( n3 )‘ + 2 E[Bs5(1)]
(7-15) (1 4 4p + 4p®)/p(1 — p) [nt] -2 [nt)([nt] —1)\ 5
= /2 + 8p? . tiﬁfn w D ( n? > 1) 1
2 V2p(1-p) L2 (1 —p)
nl/2 nl/2 J/n2
(1+4p +4p*)y/p(1 - p) o | (=2 2
= V2 + 8p? <E te[oI,)l] ( n t) Bt )1
[nt](lnt] — 1) 2+V2p(1—-p)  2vpP*(1-p)
+IE tg%l?ll B; ( 2 ) — Bl(t2) ]) + 172 + Jn?
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(T16)(7.17) (1 + 4p + 4p*)\/p(1 —p) [ 6 N 30v/3Togn N 2 +2p(1 —p) N 2/p3(1 —p)
- \/2 4 8p? n o nl/2,/mlog(2) nl/2 Vn?
< L 51+/logn
= /n

Similarly, using Doob’s L? inequality and [FN10, Lemma 3],

IEHZn_Z||2
2
S217(1—192)]E LntJ—QB (LntJ(Ln;fJ—l)) B, (1)
2+38p t€[0,1] n
2p%(1—p) [ meJ —24 ( ) 2 |]
+2——FE | su _+Bo(t
1+ 4p? _te[op1] 2(t) ]
20%(1—p) [ meJ —24 ( > 2 |]
+O—— 5 | su — By (t
1+4p2 _tG[Opl] 1( ) ]
8p°(L—p) | LntJ ~25 ( ) 7]
+5———F =5 | sup — Byt
T+4p® 7 icpo) 2(t7) |
LR lnt] -2, (L J(meJ ))
n te[0,1] n
201 _ )2 2 _1 2 9 3 1
R A P ) [ [ETTR
2n t€[0,1] n n
_ 2 4 _ 2
PU=p)( 4 7 +40pT) ) L] =2 (L t](|nt] )) BL(e)
1+4p? te[0,1] n n?2
20 10p%(1—p)?  2p3(1 —
420 10070 —p)® | 2p%( : p)
n n n
_ 2 4 _ 2
L+4p te[0,1] n
2 2 2 3
— 2 1 1- 2p°(1 —
tel0,1] n n n

1+ 4p?
121 743logn
< + — .

n2 nlog 2

n n

Furthermore, by Doob’s L? inequality,

2
E|Z|? <E | sup (p(l _p)tBl(tz) L ov2d =) _p)th(tQ))

te0,1] \ /2 + 8p? 1+ 4p?
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LB | sup (p 2p(1—p)tBl(t2)+2p2\/2p(1—p)t32(t2)>
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This finishes the proof. O
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1 Summary

Motivated by the work of Barbour [Bar90], I have approached several problems within the
area of Stein’s method for infinite-dimensional distributions. In [KDV17], we have corrected a
mistake in the construction of a solution to the Stein equation of [Bar90] and confirmed that
all the major results of the paper hold true. In [Kasl7a] I have concentrated on bounding
distances between time-changed Poisson processes and time-changed Wiener process and used
the obtained results to present a strategy for bounding the rate of convergence of a certain class
of continuous-time Markov chains to diffusions. I have also applied my findings to analyse the
asymptotic behaviour of a sequence of rescaled M/M/1 queues. In [Kasl8], I have analysed
the asymptotics of scaled sums of random vectors under different dependence schemes and
provided bounds on their distance from continuous Gaussian processes. The applicability of
the bounds obtained in [Kas18] has been presented in concrete examples: a functional central
limit theorem for non-degenerate U-statistics and an analysis of the m-scans process. [Kas17b]
extends the well-studied exchangeable pair approach to Stein’s method to approximations by
laws of stochastic processes. Alongside an abstract approximation theorem, it shows its
applicability in the proof of a functional combinatorial central limit theorem, strengthening
the results of [BJ09], and in the study of edge and two-star counts in a Bernoulli-graph-valued

process.

2 Conclusions and discussion

My extension of the results of [Bar90], alongside [CD13, BDM18] and some other papers
coauthored by Laurent Decreusefond, make progress at filling in a serious gap in the litera-
ture. The error made by practitioners who choose to model real-life discrete phenomena with
scaling limits of discrete processes rather than those processes themselves should be quantifi-
able for the obtained results to be more meaningful. The celebrated strong approximation
result [KMT75, KMT76] by Komlés, Major and Tusnady applies only to a limited number of

examples which are related to the uniform empirical process. Stein’s method may, however,

142



potentially be applied to a much wider class of results due to the fact that it works under
very general conditions.

The setup I have considered is the same as that of [Bar90]. I looked at the processes
of interest as random elements of the Skorokhod space D[0,1] of cadlag paths and mea-
sured distances between them with respect to test functions acting on this space. Because
of its richness, results involving D[0, 1] should be of interest to a wide range of practition-
ers. Considering a restricted Hilbert space, for instance the Besov-Liouville space studied by
Decreusefond and coauthors, opens the door for applying Malliavin Calculus and allows one
to obtain strong results with very tight bounds. The extent to which such results may be
used for real-world applications and be fully understood by applied researchers remains open,
though. My intuition is that a real breakthrough will come once a large space with an easy
to understand structure is found that could accommodate the Malliavin-Stein approach and
allow its use in the functional approximation context.

It is worth noting that my approximations by continuous processes were normally obtained
in two steps. The first one involved approximations by a pre-limiting piecewise-constant
Gaussian process, which was then compared to the continuous process of interest in the second
step. This intuitively does not look like an optimal approach and tools for obtaining a one-step
comparison with the continuous process via Stein’s method could possibly improve the order
of the bounds. The Stein operator for Brownian Motion constructed by Barbour in [Bar90]
involves an infinite sum which makes its analysis with the machinery usually used in Stein’s
method difficult. T welcome the attempts made by several researchers to construct a new Stein
operator for Brownian Motion involving Malliavin-calculus-type objects and believe that, if
the point of the previous paragraph can be addressed, those could be a source of powerful

results.

3 Suggestions for future work

The results of this thesis could be extended and applied in a number of different areas. Some

of those are described below.
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3.1 Stein’s method for the Stroock-Varadhan theory

As mentioned Section 2.2 of Part I of this thesis, the Stroock-Varadhan theory [SV79] pro-
vides a class of results about weak convergence of laws of rescaled Markov chains to diffusion
processes. It would be interesting to extend the results of [Kasl7a], constituting part of this
thesis, to cater for a more substantial part of the theory. In particular, applying the decom-
position of a continuous-time Markov chain into a sum of time-changed Poisson processes in
order to then compare those Poisson processes to time-changed Wiener processes looks like a
good approach to follow as long as some technical issues can be overcome.

At the moment, the framework of [Kasl7a] is sufficient to treat examples of continuous-
time Markov chains which can be decomposed as a sum of Poisson processes time-changed by
some (random) time functions independent of those Poisson processes. Providing a framework
in which one could prove similar results while adding a complicated dependence structure
between the time changes and the processes they are applied to could open the door for a

number of very powerful results.

3.2 Degenerate U-statistics and quantitative functional de Jong

theorem

The de Jong theorem [dJ90] describes the asymptotic behaviour of degenerate U-statistics. In
order to understand the statement, let us set a probability space (X, F,P) and for an integer
n > 1, suppose that X, -, X, are independent random variables on this space taking values
in measurable spaces (Ey, &), -+, (En, &,). We now follow [DP17] and recall the definitions
and the formulation of de Jong’s CLT from therein. Let f : (H?ZlEj, Qs 5j> — (R, B(R))

be measurable and suppose that

Y = f(Xy,--+,X,) € L*(P) (i.e. has a finite fourth moment)
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is centred with unit variance. Let us write

Y= W (10)
JC[n]
where, for each J, W is F; := 0(Xj, j € J)-measurable and E[W;|Fx| = 0 whenever J ¢ K.
Representation (10) is called the Hoeffding decomposition. It exists and is almost surely unique
as long as Y has a finite first moment.

If for some 1 < d < n, Y’s Hoeffding decomposition takes the form

Y=Y w,

JeDy

where Dy = {J € [n] : |J| = d}, then we call Y a degenerate U-statistic of order d. Otherwise,
we call it a non-degenerate U-statistic.

The celebrated CLT by de Jong states the following. Let d > 1, {n,, : m > 1} be
a sequence of integers diverging to infinity and {W,,}5°_, be a sequence of unit-variance
degenerate U-statistics of order d, such that each W,,, is a function of the vector of independent

variables (Xfm), - ,ng)). Suppose that EW?2 "= 3 and p? — 0, where

p2 = max Var(Wk).
1<i<n
KeDy

iEK:

Then the law of W,,, converges weakly to the standard Gaussian law.

This result is very similar in spirit to a class of results which were proved later and are now
known as the fourth moment theorems. The most famous ones, provided in [NP05, PT05],
state that a sequence of normalised random variables belonging to a fixed Wiener chaos of
a Gaussian field converges to the standard Gaussian law in distribution if and only if the
sequence of fourth moments of those variables converges to 3, the standard Gaussian fourth
moment.

In [DP17], Débler and Peccati use Stein’s method to establish a bound on the rate of

convergence in de Jong’s theorem and prove its multidimensional version together with the
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corresponding bounds. In [DP18] they also use contraction operators to prove limit theorems
for degenerate and non-degenerate symmetric U-statistics.

In a piece of work in progress, together with Christian Dobler and Giovanni Peccati, we
use Stein’s method to establish a functional version of de Jong’s theorem, in one and multiple
dimensions, together with bounds on the rate of convergence. It may be seen as an extension
of [Kas18, Theorem 3.3| to the degenerate U-statistic setup. Our techniques are, however,
more in the spirit of [Kas17b] as we use the exchangeable-pair approach to Stein’s method
in the context of functional approximations. Some applications we have been thinking about
are connected to testing for qualitative features of functions in non-parametric statistics as

outlined in the recent work [CK18].

3.3 Quantitative Breuer-Major theorem

In a recent piece of work [NN18|, Nourdin and Nualart prove a functional version of the
celebrated Breuer-Major theorem [BM83]. We will follow the setup and notation of [NN18§].
The theorem considers a sequence of Gaussian random variables {X,, } ez with mean 0 and
covariance function E[ X, X,,] = p(|n—m/|) with p(0) = 1. The classical Breuer-Major theorem

states the following. Suppose that

D lp(k)| < oo,

kEZ

and ¢ € L*(R,~) (ie. ¢ real-valued, such that [¢?dy < o0) is of Hermite rank d > 1 for

v =MN(0,1). This means that ¢ assumes the following expansion

p(z) = Z cqHy(z), ca#0,

q=d
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where H,(x) is the ¢-th Hermite polynomial with leading coefficient 1. Then the finite-

dimensional distributions of the process

&

|nt]—1

Yn(t):% > elx), tel]

n
=1

converge to those of oW as n — oo, where W = {Wt}te[oﬂ is a standard Brownian Motion

and

o? = f’: q!cg Z p(k)4.
q=d

kEZ
Nourdin and Nualart use Malliavin calculus to establish tightness for the process Y,, and so
prove the convergence of the entire process in D[0, 1] with respect to the Skorokhod topology.
It would be interesting to work on bounds on the rate of this convergence. Those were
established in [NPP11] for the classical (finite-dimensional) Breuer-Major theorem using the
Malliavin-Stein approach of [NP12]. Combining and extending the ideas of [NN18, NPP11]
should be an interesting project to look at. I expect the tools used in the project to be
very similar to those of [Kasl8| as the functional Breuer-Major theorem is a result about a

Brownian approximation of a scaled sum of dependent terms.

3.4 Applications to computational statistics and machine learning

Stein’s method has recently been used for Monte Carlo diagnostics. Specifically, [GM15]
and [GM17] introduce the concept of Stein discrepancy between a Monte Carlo sample and
its target distribution and provide methods of bounding it. Furthermore, [CSG16, LLJ16]
provide new statistical goodness-of-fit tests constructed using Stein’s method, which perform
very well when used to evaluate the quality of Monte Carlo samples. In a new piece of work
[HM18], Huggins and Mackey introduce random-feature Stein discrepancies. All these meth-
ods, however, apply only to finite-dimensional target laws. It would be interesting to deter-
mine whether they can be extended to gauge the quality of samples from infinite-dimensional
laws, for instance those considered in the celebrated technique of Gaussian Process Regression

(see e.g. [RWO05]).
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The first step towards finding the Stein discrepancy introduced in [GM15], for a target
measure 4, is constructing the Stein operator A for this measure. Indeed, the discrepancy is

then defined by:

S(q, A,G) = sup Zq ()|

fegzl

where ¢ is the weight function in the Monte Carlo estimators for expectations under pu,
{z1,-+ ,x,} are the sample points and G is the domain of A. Bounding the discrepancy
for diffusion target laws in order to measure the sample quality would require techniques sim-
ilar to those used in the project on the Stroock-Varadhan theory. As a next step, it would be
interesting to adapt the results of [CSG16, LLJ16] and use the Stein discrepancies to construct
statistics with tractable asymptotics, which will be used in goodness-of-fit tests.

Indeed, techniques for Monte Carlo simulation of diffusions have been significantly devel-
oped (see, for instance, [HSV09]). Those would provide a class of examples for the potential
results to be applied to. It would be particularly interesting to see if Stein’s method could im-
prove the existing results on finite-data mean and variance guarantees in Bayesian procedures
(for instance Gaussian Process Regression), as introduced in my recent work with Jonathan
Huggins, Trevor Campbell and Tamara Broderick [HCKB18, HKCB18|]. Using Bayesian meth-
ods in practice often requires approximations to the posterior distribution due to a high cost
associated with sampling from it. The two papers concentrate on quantifying the quality of
such approximations through a newly introduced general version of the distance metric called
the (p,v)-Fisher norm. For two distributions 7 and 7 on a Hilbert space (H, || - ||x), some
measure ¥ on R and a reference measure A, such that both n and 7 are absolutely continuous

with respect to A\, we define the distance in the following way

dn|[? 1/p
pu7777 {/HDIOg Dloga Hdlj} ,

where D is the Frechet derivative. [HCKB18, HKCB18] show that bounds on the (p, v)-Fisher

norms imply Wasserstein bounds and that (p,v)-Fisher norms are very appealing from the

computational point of view. [HCKB18] uses the theory infinite-dimensional SDEs to prove
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theoretical guarantees on the distances derived from Fisher-like norms between the exact and
certain approximate posteriors arising in Gaussian Process Regression. While challenging
technically, it might be interesting to use Stein’s method for the same problem to see whether
it could provide tighter bounds.

Since applied machine learning researchers are interested in Gaussian Processes belonging
to Reproducing Kernel Hilbert Spaces, there is scope for the Malliavin Calculus tools of
[NP12] to be applied to this kind of settings and used to obtain the bounds. A project of this
kind would also be an interesting extension of the results of [Kas17a] to a setup in which the

distributions of two non-piecewise-constant processes are compared using Stein’s method.
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