Focusing and sorting of ellipsoidal magnetic particles in microchannels
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We present a simple method to control the position of ellipsoidal magnetic particles in microchan-
nel Poiseuille flow at low Reynolds number using a static uniform magnetic field. The magnetic
field is utilized to pin the particle orientation, and the hydrodynamic interactions between ellipsoids
and channel walls allow control of the transverse position of the particles. We employ a far-field
hydrodynamic theory and simulations using the boundary element method and Brownian dynam-
ics to show how magnetic particles can be focussed and segregated by size and shape. This is of
importance for particle manipulation in lab-on-a-chip devices.

Nowadays microscopic lab-on-a-chip devices have be-
come powerful tools to analyse, manipulate and control
droplets [1-5], biological particles [6-8] and active col-
loids [9-11]. Different particle types can be separated in
microfluidic channels where a steady Poiseuille flow is im-
posed [12, 13]. In particular, positional control along the
transverse direction of the channel is desirable in order
to transport particles to outlets at different target posi-
tions. Under high Reynolds number flow, inertial forces
lead to a migration of particles towards stable positions
[14, 15] which can be manipulated by feedback-control
[16]. In contrast, at low Reynolds number, which is the
usual regime at the micron scale, spherical and elongated
particles cannot achieve net transverse motion in the ab-
sence of external forces [17-20]. In this work, we focus
on this low Reynolds number regime.

In lab-on-a-chip devices, magnetic forces are commonly
used to manipulate the position of microscopic particles
[21-23] or artificial microswimmers [24, 25]. For example,
the segregation of different particle types can be realized
by applying an external magnetic field gradient, which es-
sentially acts as a body force [22]. Although this method
can be used to segregate different types of particles, it
can not be used to focus particles to a specific transverse
target position. When a uniform magnetic field is applied
instead of a gradient field, the particle will only experi-
ence a torque but no force, i.e. a uniform field is useful to
change the orientation of the particle [26], but it is not an
intuitive way to achieve translation. Interestingly, Zhou
et al. [27] recently showed that paramagnetic ellipsoidal
particles can be focussed to the channel center by apply-
ing a static uniform magnetic field perpendicular to the
flow. They managed to achieve net motion away from the
wall by breaking the symmetry of cyclic up-down motion
[19] of the ellipsoid.

Here we show that the particle position can be con-
trolled not only to the channel center, but to arbitrary
target channel positions by using a static uniform mag-
netic field to pin the orientation of the magnetic parti-
cles. Firstly, we show that the particle will continuously
move either towards or away from the wall, purely by
hydrodynamic particle-wall interactions. Secondly, we

demonstrate that the ellipsoidal particle can be focused
to arbitrary transverse target positions just by a simple
manipulation of the magnetic field.

We consider a permanent magnetic particle with pro-
late shape of volume 47a®/3, suspended in a Newtonian
fluid of viscosity 1 and density p. The particle has mag-
netization M, and it is assumed to be neutrally buoyant

for simplicity. It has one semi-axis of length by = aa?/3
and two of length by = aa~'/3, where « is the par-
ticle’s aspect ratio & = by/ba > 1. The particle has
a magnetic moment m = (mcos ¢,, msin¢,,0) where

m = 4ma®M/3 is the magnetic moment parallel to the
particle’s major axis and ¢, is the particle orientation
angle [Fig. 1(a)-(b)]. The particle is initially placed a
distance yo away from a infinite plane wall located at
y = 0, and it experiences a magnetic torque T,,, = m x B
due to a uniform external field B applied to the whole
domain. We assume that B is oriented in (z,y)-plane,
B = (Bcos¢p,Bsin¢p,0), where B is the strength and
¢p the orientation of the field which are both kept con-
stant [Fig. 1(a)]. Note that we only consider in-plane
motion of the particle in this paper, because a strong
magnetic field will orient the major axis of the particle
in-plane [28]. We introduce a non-dimensional parame-
ter B that describes the strength of the magnetic torque
compared to the hydrodynamic torque as

 mB _ 47MB
na3y(y)  3ny(y)

Bly) (1)
where 4(y) is the local shear rate of the flow around the
particle. For example, when we assume that the particle
magnetization oM = 1073 T where py = 47 x 1077
N/A? is the permeability of free space, particle size a =
10~° m, water viscosity n = 1073 Pa s, water density
p = 103 kg/m3, shear rate 4 = 10? s~! and magnetic
field B = 1.07%* — 10~2 T, the particle Reynolds number
is Re ~ 102 and 8 ~ 10° — 102.

We use the boundary element method [29-31] to solve
for particle trajectory. When inertial effects are negli-
gible, the flow field v of a given point & under Stokes
flow can be described using a boundary integral formula-

tion [20]: v (x) = v*(x) — (1/8mn) [, Gij(x,¥)g; (y)dA
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FIG. 1. (a)-(b) 2D schematic showing the problem geometry
where m = (mcos ¢p, msin ¢p,0) is the magnetic moment
of the ellipsoidal magnet and B = (Bcos¢p, Bsin¢g,0) is
the applied uniform magnetic field. Circles on the particle
show the direction of the magnetic moment. (c¢) Schematic of
particle movement with different pinned orientations ¢;. (d)
Stresslet Sy as a function of pinned orientation ¢,. The inset
shows the magnitude of the coefficients of Eq. (4), and particle
schematics show the direction of the transverse movement. (e)
Comparison of far-field theory Eq. (3) and boundary element
simulations for the lift velocity U, of an ellipsoidal particle
with a = 3 and 8 = 100.

where G is the Green’s function, v*° is the background
flow, and q is the viscous traction acting at a point y
on the particle surface. The Blake tensor [32] is used
for the Green’s function G;; to account for the walls.
Integrating the traction force q on the surface of el-
lipsoid A gives the hydrodynamic force F; and torque
T} acting on the particle. As the system is force- and
torque-free, these satisfy Fj, = [, qdA =0, T, + T, =
Jafa x (x —x¢)}dA + m x B = 0, where x is the hy-
drodynamic centre of the particle [33]. A given surface
material point x5 on the ellipsoid moves with a velocity
v(xs) = U+ Q x (x5 — Xg), where U, © are the transla-
tional and rotational velocity of the particle, respectively.
The surface of the ellipsoid is divided into Ng = 512 tri-
angular elements and Ny = 258 nodes. The velocities
are obtained by solving the dense matrix Ax = b with a
known vector b = (v*°,Fj, T}) and an unknown vector
x = (q,U,Q), and A is a matrix with size (3Ny + 6)
based on equations above [30]. The particle position is
updated using the first-order Euler method with a time
step YAt = 0.01. The software is written in CUDA and
all processes are parallelized [34].

First, we show that transverse motion can be manip-
ulated by pinning the rotational motion of the particle
in shear flow, v3° = 4y (¥(y) = const). The rotational
motion of an ellipsoidal particle subjected to shear and a
magnetic field was discussed in Ref. [28], in the absence
of a wall. The authors showed that the particle moves in

the shear plane for sufficiently large 8 and reaches a sta-
ble angle ¢ where it is pinned by the magnetic field. The
general expression for the in-plane rotational velocity is

L by = P 0 sin(o — ) — (1~ () cos26,),

| (2)
and ¢ is obtained by solving ¢, = 0. Note that the first
term of Eq. (2) is due to the magnetic torque aligning
the particle towards the field orientation ¢p, and the
second term is simply Jeffrey’s rotation of an ellipsoid
in flow [35] with J(a) = (a® —1)/(a® + 1) and F(a) =
sy {2952 In(a+ Va2 — 1) — 1} [36].

Figure 1(c) is a schematic of the motion of an ellip-
soid in shear flow at different 3, now in the presence of
a surface. In the absence of a magnetic field (8 = 0) the
particle rotates and oscillates along the y-direction, but
has no net displacement along y [19]. However, when
the magnetic field is strong enough to pin the orienta-
tion, the ellipsoid either continuously travels upwards or
downwards. The transverse motion can be explained by
hydrodynamic interactions between the pinned ellipsoid
and the wall. The wall can be considered to act as an im-
age stresslet [37-39], and the leading order contribution
to the lift velocity U, arises from the stresslet component
Syy [32] evaluated for the stable angle ¢:

9

Uy(y, ¢p,) = e

P(y)Syy(4p) 3)
where P(y) = 1/y%, and to leading order it is sufficient
to approximate Sy, (¢5) by Spo(¢y) , which is its value in
free space y — oo [33], given by

Syy(95)
na*y

where A(a) = ma?(5XM — 52M 4+ 12YH) /6, B(a) =
—5ra?(3XM —4yM 4-127M)/12 and XM Y M ZzM yH
are shape functions [33, 40] that are only a function of
the eccentricity e = v/1 —a~2. Since |A(a)| > |B(a)]
[see inset of Fig. 1(d)], the stresslet changes its sign only
for sin2¢; = 0 as shown in Fig. 1(d). Therefore, the
particle moves away from the wall U, > 0 for sin 2¢;, > 0,
while it moves towards the wall U, < 0 for sin2¢; < 0.
Figure 1(e) shows simulation and theoretical results for
the lift velocity under strong orientational pinning 8 =
100 for different distances of the particle from the surface.
Very good agreement is obtained for y/a 2 4. Deviations
occur close to the wall where higher order terms in Eq.
(3) play a role. We also ignored the fact that the stresslet
Syy itself is modified due to the presence of the wall.
Next we show that the magnetic particle can be fo-
cused to an arbitrary transverse position under Poiseuille
flow between two walls. This geometry is an approxi-
mation for high aspect ratio rectangular channels away
from side walls. The background velocity profile is

= A(a)sin2¢;, + B(a)sin4¢,, (4)
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FIG. 2. Focusing under Poiseuille flow: (a)-(c) Stable angle ¢y, and transverse velocity U, as a function of the particle (a = 3)
position y for a magnetic field 8., = 60 and ¢ = (a) 7/2, (b) 0 and (c) —0.47 and channel width H/a = 20. Lines: prediction
from far-field theory; dots in (c): results from boundary element simulations. (d) Time history of particle position y(¢) from
boundary element simulations under the conditions of (c). The gray dotted curves show trajectories in a rectangular channel
of aspect ratio H./H, = 4 for different initial conditions zo = {0.5H,0.8H.}. The inset shows stable fixed point y*/H for
ellipsoids (o = 3) as a function of the magnetic field 3, and ¢p obtained by far-field theory. White lines are isolines for every
0.1. (e) Distribution of focussed particles under Poiseuille flow with 4, = 100 s™' and channel width H/a = 20 after 10s, from
Brownian dynamics simulations with particle size a = 10 pym. Inset: theoretical predictions (lines) and Brownian dynamics
simulation (dots) for the standard deviation of the distribution o/a. Dotted horizontal line indicates separations a 2 2 pm.

v (y) = Ywy(H — y)/H, with 4,, the shear rate at the
wall and H the distance between the two walls [Fig. 1(b)].
B [Eq. (1)] can be locally defined as S(y) = B /(1—2y/H)
with B, = mB/(na¥,) describing the value at the wall.
Since the rotational motion is much faster than the trans-
lational motion, the particle angle ¢, can be assumed to
be quasi-static for a given position y. Hence the far-
field approximation of the position-dependent stable an-
gle ¢7(y) follows by simply solving (;.Sp =0 [Eq. (2)]
at each y. As shown in Fig. 2(a)-(c), the angle ¢ in-
creases with y because the local vorticity of the Poiseuille
flow w, = 4, (2y/H — 1) monotonically increases with y
while the magnetic contribution is constant throughout
the space. Note that at the channel center ¢ (H/2) = ¢
since the local shear rate is zero, and hence the angle
is only determined by the magnetic torque. Again, the
far-field approximation to the transverse velocity U, is
obtained by stresslet images (3), but with revised posi-
tion factor P(y) = (1 — 2y/H)(1/y?> — 1/(H — y)?) to
take into account the effect of two walls. The velocity

U, is shown in Fig. 2(a)-(c). Since P(y) is always pos-
itive, the sign of the stresslet S, alone determines the
y-directional movement of the particle: equivalently, the
stable angle ¢, determines the direction [see Fig. 1(d)].

A stable fixed point y*, which is determined by
Uy(y*) = 0and 0U, /0y|y=y- < 0, is required to focus the
particle to a specific position. When the magnetic field is
applied perpendicular to the flow direction (¢pp = 7/2)
as shown in Fig. 2(a), the particles are focused to the
channel center because the change in sign of sin2¢; > 0
(y < H/2) to sin2¢; <0 (y > H/2) gives the conditions
for a stable fixed point at y = H/2 [inset of Fig. 2(a)].
This relation is reversed when the magnetic field points
in the flow direction (¢ = 0) [Fig. 2(b)], and all particles
move towards the walls. In general, a particle position y*
satisfying ¢5(y*) = £m/2 is a stable fixed point, while a
position with ¢y (y*) =0 or 7 is an unstable fixed point.

Hence by changing the direction of the magnetic field

¢p, it is possible to focus particles to arbitrary target
positions. The stable fixed point y* can be predicted



solving ¢, = 0 [Eq. (2)] for ¢y = +m/2 as

Buwl' ()
7 o5 (5)

* 1
(o, Bw,9B) = 5 £ 871+ J())

v

H 2
where J(a) and F(«) are defined after Eq.(2). For exam-
ple, when a field is applied in direction ¢ = —0.47 with
Bw = 60 [Fig. 2(c)], the stable fixed point of an ellipsoid
(o = 3) is y*/H =~ 0.32 and the particles are focused
to this position. This we also confirm by performing
boundary element simulations with different initial po-
sitions, shown in Fig. 2(d), and we observe that Uy(y)
and qb;;(y) obtained from simulations qualitatively agree
with the far-field results. Note that the hydrodynamic
contributions from the two walls are calculated consider-
ing the images of both walls [32] in the simulation, which
is enough for relatively large channels H/a = 20, while
higher order reflections are required for a much narrower
channel [40, 41]. Inset of Fig. 2(d) describes the stable
fixed point y*/H [Eq. (5)] for ellipsoids (o = 3) with
—m/2 < ¢p < 0. The figure shows y* shifts toward the
bottom wall with increasing 3, or ¢, and the particles
can be focused to arbitrary positions in the lower half of
the channel (y/H < 0.5). By symmetry, the particles
would be focused to the upper half of the channel for
0 < ¢p < w/2. Although the far-field theory predicts
that the particles cannot cross the center line because
Uy(H/2) = 0, in reality they can do so because of their
finite size, as confirmed by boundary element simulations
[Fig. 2(d)].

To see the effect of side walls, at z =0 and z = H,, on
the motion of the particles, we extended our simulation
scheme to a rectangular channel geometry by using a
triangular mesh both for the particles and the walls [40,
42-44]. When the particles are not too close to the walls
we observe very similar trajectories, focusing points y*
and focusing times as without side walls [40] [Fig. 2(d)].
Moreover migration in z direction is negligible.

Finally we show how a static magnetic field can be
used to separate particles of different aspect ratio a even
in the presence of thermal fluctuations. The particles
are initially uniformly distributed in the lower half of the
channel [13], and we consider the same magnetic field and
channel height as discussed above (3,, = 60, ¢ = —0.47,
H/a = 20), wall-shear rate 4, = 100 s™1, and viscosity
of water (n = 1073 Pa-s). We use Brownian Dynamics
simulations at room temperature, solving the equations

r=U,+#H ¢, (6)
0= (2, +/2D,£) xn (7)

for different particle size a and aspect ratio . Here

U, = x4+ Uy, and 2, = Qu¢p + Qb is
the full 3D particle reorientation rate for the par-
ticle orientation n = (sin ), cos ¢p,sin b, sin ¢,,cos b))

with Qy = A, {8(y)F(a)sin(¢p — ¢p)/(87sinb,) —
(1 — Jcos2,)/2}, Qo = Yu{By)F(c)cosb,cos(¢p —

¢p)/(8m) + Jsin20,sin2¢,/4} [28]. H is calculated
from the translational diffusion tensor D(¢,,0,) =
D1 + 1ADM(¢,,0,) = 1H - HT where M(¢,,0,) is
a symmetric 3x3 matrix [40] and D = (D; + D3)/2,
AD = Dy — Dy where D1 = kgTa 'n~'K;(a) and
Dy = kBTa_ln_lKg(a) are the respective longitu-
dinal and transverse diffusion coefficients of an ellip-
soid of aspect ratio « with shape functions K;(a) >
Ky(a) [33, 40, 45-47]. The rotational diffusion constant
D, = kgTa=?n 'K, (a) with the shape function K, ()
[33, 36, 40]. The random numbers &; and & model Gaus-
sian white noise with zero mean and (£;€;) = (§/¢}) = di;
(i=uz,y,2).

Distributions for 1000 particles of size a = 10 pym for
a = {2,3,4} after t = 10s are shown in Fig. 2(e). Our
results clearly show that particles of different shape can
be separated to different target positions yZ‘a), given by
Eq. (5), by applying a static magnetic field. 50% of
the particles reach the target region yz*a) =+ a in exper-
imentally feasible times [7s (¢ = 4) to 20s (@ = 2)]
and traveling distances (< 30 mm). Note, the focus-
ing times are even smaller for higher confinement [40].
Efficient separation is only possible for particles of size
a 2, 2 pm, where the width of the steady state distri-
bution o [48] is smaller than the distance between two
peaks [see inset of Fig. 2(e)]. We find an approximate
analytic expression for ¢ by linearizing the drift veloc-
ity around the fixed point y*, U, = —k(y — y*) where k
only depends on the system parameters [40]. We solve
for the steady state distribution p(y) ~ exp[—V/kpT]
where we introduced a potential V = vyk(y — y*)?/2
with ;3 = kT /D7 which keeps the particle near its tar-
get position y*. Since k ~ s~! and y; ~ na we obtain
U/a ~ a—3/2n—1/2(k,BT)1/2_

We have shown that the transverse position of mag-
netic ellipsoidal particles in microchannel Poiseuille flow
can be controlled by a static magnetic field. This is due
to the hydrodynamic interactions of the ellipsoids with
the channel walls. Our method can be used to focus and
segregate magnetic particles which is of importance for
particle manipulation in lab-on-a-chip devices.

This project has received funding from the Euro-
pean Union’s Horizon 2020 research and innovation pro-
gramme under grant agreement No. 665440 and under
the Marie Sklodowska-Curie grant agreement No 653284.

* julia.yeomans@physics.ox.ac.uk

[1] R. Dreyfus, P. Tabeling, and H. Willaime, Phys. Rev.
Lett. 90, 144505 (2003).

[2] H. A. Stone, A. D. Stroock, and A. Ajdari, Annu. Rev.
Fluid Mech. 36, 381 (2004).

[3] D. R. Link, S. L. Anna, D. A. Weitz, and H. A. Stone,
Phys. Rev. Lett. 92, 054503 (2004).

[4] T. Beatus, T. Tlusty, and R. Bar-Ziv, Nat. Phys. 2, 743



(2006).

[5] T. Beatus, R. H. Bar-Ziv,
516, 103 (2012).

[6] N. Pamme, Lab Chip 7, 1644 (2007).

[7] A. A. S. Bhagat, H. Bow, H. W. Hou, S. J. Tan, J. Han,
and C. T. Lim, Med. Biol. Eng. Comput. 48, 999 (2010).

[8] P. Sajeesh and A. K. Sen, Microfluid. Nanofluid. 17, 1
(2014).

[9] A. Lindner, Phys. Fluids 26, 101307 (2014).

[10] S. Das, A. Garg, A. I. Campbell, J. Howse, A. Sen,
D. Velegol, R. Golestanian, and S. J. Ebbens, Nat. Com-
mun. 6, 8999 EP (2015).

[11] C. Bechinger, R. Di Leonardo, H. Léwen, C. Reichhardst,
G. Volpe, and G. Volpe, Rev. Mod. Phys. 88, 045006
(2016).

[12] P. R. Nott and J. F. Brady, J. Fluid Mech. 275, 157
(1994).

[13] T. M. Squires and S. R. Quake, Rev. Mod. Phys. 77, 977

(2005).

G. Segre and A. Silberberg, Nature 189, 209 (1961).

D. Di Carlo, Lab Chip 9, 3038 (2009).

C.

F.

and T. Tlusty, Phys. Rep.

Prohm and H. Stark, Lab Chip 14, 2115 (2014).
P. Bretherton, J. Fluid Mech. 14, 284 (1962).

A. Goldman, R. Cox, and H. Brenner, Chem. Eng. Sci.

22, 653 (1967).

[19] C. Pozrikidis, J. Fluid Mech. 541, 105 (2005).

[20] E. Guazzelli and J. F. Morris, A Physical Introduction
to Suspension Dynamics (Cambridge University Press,
2012).

[21] J. Yan, M. Bloom, S. C. Bae, E. Luijten, and S. Granick,
Nature 491, 578 (2012).

[22] M. Hejazian, W. Li, and N.-T. Nguyen, Lab Chip 15,
959 (2015).

[23] W. Huang, F. Yang, L. Zhu, R. Qiao, and Y. Zhao, Soft
Matter , (2017).

[24] K. E. Peyer, L. Zhang, and B. J. Nelson, Nanoscale 5,
1259 (2013).

[25] J. K. Hamilton, P. G. Petrov, C. P. Winlove, A. D.
Gilbert, M. T. Bryan, and F. Y. Ogrin, Sci. Rep-UK
7, 44142 EP (2017).

[26] R. M. Erb, J. J. Martin, R. Soheilian, C. Pan, and J. R.

Barber, Adv. Funct. Mater. 26, 3859 (2016).

[27] R. Zhou, F. Bai, and C. Wang, Lab Chip 17, 401 (2017).

[28] Y. Almog and I. Frankel, J. Fluid Mech. 289, 243 (1995).

[29] C. Pozrikidis, Boundary integral and singularity methods
for linearized viscous flow (Cambridge University Press,
1992).

[30] T. Ishikawa, M. P. Simmonds, and T. J. Pedley, J. Fluid
Mech. 568, 119 (2006).

[31] W. H. Mitchell and S. E. Spagnolie, J. Fluid Mech. 772,
600 (2015).

[32] J. R. Blake, Math. Proc. Cambridge 70, 303 (1971).

[33] S. Kim and J. S. Karrila, Microhydrodynamics - Princi-
ples and Selected Applications (Dover Publications, Inc.,
1991).

[34] D. Matsunaga, Y. Imai, T. Omori, T. Ishikawa, and
T. Yamaguchi, J. Biomech. Sci. Eng. 14 (2014).

[35] G. B. Jeffery, P. Roy. Soc. A-Math Phy. 102, 161 (1922).

[36] S. H. Koenig, Biopolymers 14, 2421 (1975).

[37] J. R. Smart and J. D. T. Leighton, Phys. Fluids 3, 21
(1991).

[38] H. Zhao, A. P. Spann, and E. S. G. Shagfeh, Phys. Fluids
23, 121901 (2011).

[39] S. Nix, Y. Imai, D. Matsunaga, T. Yamaguchi, and
T. Ishikawa, Phys. Rev. E 90, 043009 (2014).

[40] See Supplemental Material.

[41] A.J.T. M. Mathijssen, A. Doostmohammadi, J. M. Yeo-
mans, and T. N. Shendruk, J. Fluid Mech. 806, 35
(2016).

[42] C. Pozrikidis, J. Eng. Math. 53, 1 (2005).

[43] X.-Q. Hu, A.-V. Salsac, and D. Barthes-Biesel, J. Fluid
Mech. 705, 176 (2012).

[44] N. A. Mortensen, F. Okkels, and H. Bruus, Phys. Rev.
E 71, 057301 (2005).

[45] Y. Han, A. M. Alsayed, M. Nobili, J. Zhang, T. C. Luben-
sky, and A. G. Yodh, Science 314, 626 (2006).

[46] P. D. Cobb and J. E. Butler, J. Chem. Phys. 123, 054908
(2005).

[47] M. D. Corato, F. Greco, G. D’Avino, and P. L. Maffet-
tone, J. Chem. Phys. 142, 194901 (2015).

[48] J. Honerkamp, Stochastic Dynamical System (VCH, New
York, 1994).



