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1. Introduction

The solution to integrable, nonlinear differential equations can typically be written as
Riemann—Hilbert (RH) problems. Examples include the Painlevé -V transcendents [8],
the Korteweg-de Vries (KdV) equation and the nonlinear Schrédinger (NLS) equation [1].
The importance of RH problems lies in the fact that they are often solvable asymptotically,
which allows one to determine the asymptotics of solutions to the corresponding differential
equation. This is accomplished using nonlinear steepest descent [5], a modification of a tool
which is very familiar in asymptotic analysis: the method of steepest descent. In short, they
can be viewed roughly as generalizations of integral representations.

RH problems also play an increasingly crucial role in the theory of orthogonal polynomials
and random matrix theory [4]. Just as in the theory of integrable systems, they are useful in
the determination of asymptotics of orthogonal polynomials. But the behaviour of orthogonal
polynomials is in turn directly related to the asymptotics of eigenvalues of large random
matrices. This has led to new results of universality: random matrices with vastly differing
behaviour have eigenvalue distributions which are the same as the dimension of the matrix
becomes large.

The reduction of a problem (such as a differential equation) to an integral representation
is traditionally viewed as “solving” the problem, precisely because asymptotics are then
readily available. But there is another important reason why integral representations are
considered solutions: they can be used for numerics as well, through quadrature. The goal
of this paper is to show that RH problems can also be used for numerics. Thus, reduction of
a problem to a RH problem can be viewed, in a concrete sense, as a solution to the problem.

Though much research exists on numerical solution of the nonlinear RH problems used in
conformal mapping [19, 18, 20, 11]; the same is not true for the matrix-valued RH problems
that are prevalent in modern applied analysis. The first use of matrix-valued RH problems as
a numerical tool appears to be the thesis of Dienstfrey [6], which developed an approach for
the computation of the RH problem connected with the sine kernel Fredholm determinant, of
importance in random matrix theory. However, in this approach, an exponential amount of
work at junction points of the domain was needed to achieve convergence, due to blow-up of
the approximate solution at these points. This phenomenon was avoided in the development
of an approach for the RH problem related to the homogeneous Painlevé II equation [14],
by taking the behaviour at the junction point into account.

We will generalize the latter approach in the construction of a framework applicable to
a broad class of RH problems. Moreover, it could potentially provide the foundation of a
toolbox for computing Painlevé transcendents reliably. Just as RH problems are the nonlin-
ear analogue of integral representations, Painlevé transcendents can be viewed as nonlinear
special functions.
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Figure 1: The jump curves for the first five Painlevé transcendents.

2. Overview of the approach

A RH problem is a boundary value problem of finding an analytic function which satisfies
a given jump condition along a curve on which analyticity is lost. More precisely:

Problem 2.1 [10] Given an oriented curve I' C C and a jump matrix G : I' — C**2, find a

function ¢ : C\I' — C?*2 which is analytic everywhere except on I' such that

P (2) = & (2)G(2) forz €T and
d(00) =1,

where ®T denotes the limit of ® as z approaches I' from the left, and ®~ denotes the limit
of ® as z approaches I' from the right and ®(00) = lim,| o, P(2).

The jump curves I' for the first five Painlevé transcendents are depicted in Figure 1, cf.
[8]. Note that each jump curve consists of a union of pieces conformally mappable to the
unit interval: intervals, rays and arcs.

Consider the Cauchy transform (which is related to the Hilbert transform and Stieltjes

Crf(z) = 1/F IO 4.

271 t—z

transform)

Normally, I" is implied by f, so we suppress the dependence and use simply C. This operator
maps a Holder-continuous function f defined on I' to a function which is analytic everywhere
in the complex plane except on I', and which vanishes at co. Thus, as in [6,14], we write
® = CU + I, and Problem 2.1 becomes

CtU—-(CU)G=G~-1 onT, (2.1)

where C* denotes the left /right limits of the Cauchy transform. Now the operator LU =

CTU + (CU)G is a linear map from the class of Holder-continuous functions on I to itself.
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We can use this linear operator in the construction of a collocation method. Suppose
we have a sequence of points = (z1,...,z N)T on [' and we wish to represent the solution

by its values at these points U = (Uy,..., UN)T (U; are either matrices or row vectors,
but we treat them as elements in an abstract field, though what follows could be rewritten
in terms of block matrices). Now if we have a scalar basis (represented as a row-vector)
U(z) = (¥1(2),...,¥n(2)) and a transform matrix F from values at @ to the coefficients of
W, then, at least conceptually, we can write the collocation system as

CTW(x) — rdiag (G)C¥(z)| FU = diag (G) - I, (2.2)
where G = G(x) = (G(z1),...,G(zy))' and rdiag corresponds to matrix multiplication on
the right:

G Ay A1Gy
rdiag | S :
Gy ) \Anx ANGyN
To be precise,
C=Yr(z1) -+ CEn(a1)
CEV(x) = : :
CEr(zn) -+ CHyn(an)

Note that the rows of U are typically row-vectors or matrices while C*W () is a matrix whose
entries are scalars. We treat these multiplications in the natural way: if a;; are scalars and

b; are row vectors or matrices, then

ailr -+ Qin b1 a11by + -+ + ainby,

(07°% R ¢ 777} b, ap1br + -+ ann by

Once we have computed the values U by solving (2.2), we obtain an approximation to ®:
O(z2) = d(2) =1+ CU(2)U.

The key piece in our framework is a method to compute the Cauchy transforms C*U (),
where & and ¥ are chosen appropriately. In [15] it was noted that the Cauchy transform
can be computed numerically for I' = I = [—1, 1] uniformly throughout the complex plane,
as well as the limits as z approaches I', using the fast discrete cosine transform (DCT) and
the Chebyshev basis. But this approach can be utilized for any curve conformally mappable
to the unit interval. Furthermore,

Cr,ur, = Cr, +Cr,,

Thus we can also efficiently compute the Cauchy transform over any I" whose individual
pieces are conformally mappable to the unit interval, such as all the curves in Figure 1. This
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motivates the choice of  and ¥ as mapped Chebyshev points and polynomials, as discussed
in Section 3.

In Section 4 we write down in closed form an expression for the Cauchy transform of
Chebyshev polynomials, which allows the computation of the matrix C¥W(x). There is a
critical snag: the points @ contain junction points of the domain where the Cauchy transform
can blow up, except under conditions on U. Fortunately, we can resolve this issue in a manner
that guarantees boundedness of C*W(x)U. It also means that the expression (2.2) is not
the actual system we solve, but rather

[C+ — rdiag (G)C*} U =diag(G)—-1 (2.3)

for (scalar) matrices C* constructed in Section 5.

Indeed, the presence of the junction points in « is crucial: it allows us to impose the
conditions on U so that our approximation does not blow up. This — along with the use of
exact formulae for the Cauchy transform in place of quadrature — is the reason our approach
avoids the difficulties seen in [6], where, by trying to avoid the junction point, exponential
clustering near junction points was needed to simulate boundedness of the approximation.

In Section 6 we describe properties of the approximate system. The surprising fact is
that (2.3) is sufficient to ensure boundedness of the solution, under a weak condition on the
behaviour of the jump matrix G at the junction points. In the rare case where this weak
condition fails, (2.3) is automatically not of full rank, and we extend the linear system to
enforce boundedness of the approximate solution.

In Section 7 we provide numerical experiments which demonstrate the effectiveness of
the approach. We compute solutions to the Painlevé III and Painlevé IV ODEs, as the
jump curves of the associated RH problems are sufficiently complicated — see Figure 1 —
to demonstrate the flexibility of the new framework.

A MATHEMATICA implementation of the framework described in this paper is available
online [13].

3. Representation of jump matrices

On the unit interval, we represent functions by their values at Chebyshev points of the
second kind,

wllln COST (—1 + j)

x%” cos T (1'— ﬁ)
1

As touched on before, by choosing points which include the endpoints, we have the ability
to enforce that our approximation to ® is bounded.
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The natural basis is now Chebshev polynomials of the first kind:

Ol(2) = (Ty(2), ..., Tuoi(2)).

The DCT, under appropriate scalings, is an n x n matrix F"* = F such that

Uo
: =FU
Un—l
are the (row vector/matrix valued) Chebyshev coefficients of the polynomial which takes the
values U at x:
n—1
pl <:13H> FU =Y 0Ty <CIZH) ~U.
k=0

In other words, F~! = ¥l (:c]l> (though both F and its inverse can be applied in O(nlogn)

time). The choice of Chebyshev polynomials is motivated by the fast transform and the
explicit formulee for their Cauchy transform described in the next section.

Now consider I" which can be conformally mapped to the unit interval, and let M : T' — 1
denote such a map. Example conformal maps are:

Interval (a, b) M[a,b](z) = %
Stetched half line Mg ei0 ey, 1,(2) = %
Reverse stretched half line M0 a),1(2) = —Mg 000 1,(2)
1. 1. 1.
‘ o (e?lal+e§192)(971(01+02)r—z+a)
ArC Ma+rel[91792] (Z) - (e%iel_6%192)(e%i(91+92)r_z_a)
Stretched interval Mg p).0.(2) = Mg o)1 (M[Bi)o)’l (M[a,b}(2>)) :

Remark:  In the examples below, we let the parameter L = 1 in the stretched half line and
will not use the stretched interval. However, in applying this approach to the RH problems
from nonlinear steepest descent, this parameter is crucial to representing functions of the

form e9(%) as w becomes large.

If T is bounded, (such as an interval or arc) then we can represent functions using the
mapped Chebyshev basis

W(2) = (M (2) = (T} (2), ... T (2)) = (To(M(2)),...., T2 (M(2))),
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and the points & = M1 (mﬂ> The transform from samples at 2! is simply F! = F again:

WU = vlz)Fu =U.

However, when I' is unbounded (hence M (o0) is in I, and for the conformal maps we
consider always either —1 or +1) and f decays at infinity, we will need expansion in a basis
which captures this fact; otherwise, the Cauchy transform of the basis is not well-defined.
This is straightforward:

=" AT(M kaTk — > AT (M (since f(co) = 0)
=> T [Tk(M(Z)) T (M kaTk

In other words, this alternative choice of basis does not change the expansion coefficients.
Thus we define the (in this case n + 1 column) basis as

() = WM () — WM (00) = (T (2). ... T (2).

Since we assume the function decays at infinity, we need only the finite points: if M(c0) =
—1, then

]
of =y et = vt (el ).

where we use the notation i : j to denote the ith through jth row. The (n+ 1) X n transform

operator F! is F with its first column removed, or equivalently
Trr _ rntl _ 0
F U= len+1,2:n+1U - ”F( U)?

where i : j, k : [ denotes the ith through jth row and kth through (th column. If M (c0) = +1
then

? n

xl = M~ 1(3:]1IZ+1) M_1<(x]11’n+1,... Hn+1>T>

and
T n+1 o U
FU = ]:lnHan—]-"(O).

What about functions which do not decay at infinity? For example, the original jump
curve G must approach the identity. Fortunately, we never need to compute the Cauchy
transform of any curve which does not decay, nor its coefficients in a mapped Chebyshev
basis; its values at the collocation points are sufficient.

The jump curve I resulting from a RH problem is often a union of curves conformally
mappable to the unit interval: for conformal maps Mr,,..., Mp,, we have

F:F1U-~-UFg:Mfll(H)U---UMF_;(]I)-

6



We can thus divide our solution vector as

UF1 :BFl
U = : at the points © = :
Ur, xl
We take the lengths of these vectors to be nr,,...,nr,, so that np, +---+np, = N, though
in what follows the length is usually left implicit. We only permit the constituent curves of
I" to overlap at their vertices; and these vertices are repeated in the vector x. For brevity of
notation, we will sometimes use the index as a sub/superscript, so that:

MZ' = Mpi, UZ‘ = Uri, T = zcri and n; =nr,.

We remark that in the typical RH problems from analysis, the jump curves G are piece-
wise analytic, hence we will assume below that G is analytic along each I';. This condition
can be relaxed significantly — indeed, for our computation of Cauchy transforms, uniform
convergence of the Chebyshev polynomial is sufficient for bounded curves, along with weak
conditions on asymptotic behaviour at infinity for unbounded curves, cf. [15] — however, in
the examples considered, this condition is satisfied. Thus below we use sufficiently smooth to
mean analytic along I';, with a full asymptotic series (often all zero) at oo if I'; is unbounded.

Note that the columns of W' are all sufficiently smooth.

4. Cauchy transforms over intervals, rays and arcs

Because we represent each of the constituent domains of I' by a conformal map to the
unit interval, the initial goal is to compute the Cauchy transform for a function defined on
the unit interval.

The Cauchy transform and Cauchy matrices over the unit interval
The Jacouwski map
1 1
T(z) == —
() 2 (Z * z)

maps the unit circle to the unit interval, with the interior and exterior of the circle both
conformally mapped to the complex plane off the unit circle. We will need the following four
inverses:

Map to the interior T z) =2 — Vo — 11+,
Map to the exterior T-Yz) =2+ Vo —1y1+az,
Map to the lower half circle Tfl(x) =z —iy1—ay1+zx,
Map to the upper half circle TT_l(a:) =x+iV1I—avl+zx

We know the exact formula for the Cauchy transform of the Chebyshev basis:
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Theorem 4.1 Define

9 |55 5251
vo(z) = = arctanh z, pi(z) = ; 1
2
ok B p_p_1(z) fork <0
Ur(z) = 2 {WZ) im {uk(l/zg for k >0
1+2|—k/2]+k 1, 1 ) 2
-y 2 1(§+Lk/2J ’ 2‘—1> for k<0

ir | Z°(arctanh z — arctanh 27 1)
k—1-2((k+1)/2]

1,1 . 22
T 2l )/2)) 2F1<§+L(k+1)/2] ; ,2'_2—1> for k >0,

where 9 F is the hypergeometric function [12]. Then

CTi(r) = 5 [u(T5 () + v 4T ()]
CTe(w) ~ = 5 (=1)* ogl—z — 1) —log2] + (=1 [m1(=1) + (1),

CTp(x) ~ L [log(x — 1) —log 2] + L

c—1 20T i

[e—1(1) + px(1)],

and, for x €1,

CHTy(a) = — 5 [vn(Ty (@) + vi(T] (@)

2 . g Te2jni(®) {1 k—2j+1=0
_—ETk(x)arctanhTi (:13)—1—; Zl 5 1 {2 othorwise
CTh(x) = — = [ (T Tt
k(@) = =5 [Ty (@) + oi( T ()
2 LR A
_ 2 . 1 k=2j+1(7) f1 k—2j+1=0
= ——Ti(@)arctanh T} (2) + ; S {2 ko2 1=0
Proof-

This theorem is a simplification of Theorem 6 from [15], which gave an expression for
¥y in terms of the Lerch transcendent function [12], found by summing the series definition
of 1. Here we use an equivalent formulation in terms of hypergeometric functions (since

Mathematica can compute them more accurately). We also simplify the expression for CT}.

Define

2 1
tp(z) = —arctanh —,
i z



- ~ 2 (2 for k
d(a) = [ole) - = { gt kSOl

From [15] we have

CTy(z) = — (T (@) + Or(T2 () + k(T2 (@) + k(T2 ()]

However, T~!(z) = , therefore ¢ (T=1(z)) = 1o(T-'(2)). Furthermore, for k > 0

1
T; ()

and

It follows that
br(T=H (@) + o—p (T (@) = (T (2)) + (T ().

The asymptotic behaviour at the endpoints was shown in [15]. The expression for
C*T), follows from the expression for CT}, the definition of p, and the fact that, for z € I,
limey0+ T4 (2 + i€) = le(x) and lime_,o4 T4 (2 — i€) = T{l(:c).

Q.E.D.

The Cauchy transform over curves other than the unit interval

On curves I' other than the unit interval, we use the conformal map M = Mrp. The
following theorem is trivially proved by considering the RH formulation of the Cauchy trans-
form (CTf —C~f = f and Cf(o0) = 0), cf. for example [15].

Theorem 4.2 Let M : I' — 1 be a conformal map, and let g(x) = f(M(z)). If f is
sufficiently smooth and either I' is bounded or f(cco) = 0, then

Crf(z) = Crg(M(2)) — Crg(M(c0)).
In the case that I' is bounded, we immediately obtain
CT} (2) = CT),(M(2)) — CT),(M(c0)). (4.1)
When I is unbounded we obtain (where M (o0) = +1)
CTy () = C [T}, — Ti(£1)] (M(2)) = C [T}, — Tp(£1)] (£1)
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k (£1)F
= CTp(M(z)) — (£1)"CTo(M(2)) — - [ (1) + p—1 (£1)] . (4.2)

Singularity data and the behaviour at endpoints

When we stitch the curve I' back together, we need to accurately know the behaviour of
the Cauchy transform at the endpoints, where it typically blows up. We represent this using
left and right singularity data

SlESRreC®x{zeC:|z|=1}.
We will use L/R in conjunction with £, in which case L is identified with — and R is identified
with +. If 21, = M~1(£1) is the left /right endpoint of I and {a,r, s} = SYWRf then the
Cauchy transform of f behaves like
Cf(z) ~a+rlogs(z — 2,/R) as Z = Z1,/R-

From Theorem 4.1, we immediately see that

log2 (=1)k
kg+( )

_1\k
2 . [g—1(=1) + px(=1)], —(2373 ’_1} ’

Sty = {a%,r};, —1} = {(—1)

log 2 1 1
SR = dalt 1l = = —up_q1(1 D], —,1%.
k {a’kurk7 } 217‘(‘ +17T [/’Lk 1( )+:ul€( )]7217_‘_7

For general I, we again use the conformal map. If ' is bounded, then, since M(z) ~
—1+ M'(21,)(z — 2%), we have

CTE (2) = CTy(M(2)) — CTy(M(s))
~ af — CTp(M(00)) + rft log [~ M (21) (2 — 21)]
= a% — CT(M(0)) + r,I; log ‘M’(ZL)‘ + TI,; log [—eiargM’(zL)(z — zL)} )

With a similar expression for the behaviour at 2%, we find that

SHRTT — {ag/ R CTR(M(00)) + 1™ log | M (z1 )|, ™, €' ang’<ZL/R>} L (43)

If I is unbounded with M (o0) = 1, then, as z — 2,
CT} (2) = C[T} — 1)(M(2)) — C[T; — 1](1)
~af = af — = 1)+ g1 (0)] + 7k og [~ M (a1) = — 21)
= af —al — & [ael1) + e (1] + rf log [0 (z1)|
+rrlog [—eiargM/(ZL)(z - zL)} :
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Therefore

1
SUTE = {ak = aly = — [y (1) + 1 (1)) + rk log |1 (21)

i

L iarg M'(z
oy, —el e (L)}

and we leave the right singularity data (which corresponds to the behaviour at infinity)
undefined. Likewise, if M (co0) = —1 then

_\k
$°af = {af = % = L o)+ (1) oo )

R _iarg M'(z
IR gl <R>}

and the left singularity data is undefined.
/R s always —e 1%,

where 0 = —arg FM'(z, /r) is the angle at which I' leaves z1,)g. Moreover, since r]I;/ B =

We will use later that ri/ Ris independent of the curve I', and SI,;

(i;)kﬂ _ j:TkQ(.il)
17T 17T
m = np + 1 otherwise)

we have (here m is the number of rows of FY: m = np if T is bounded,

»'m—1

T +
<r§/R, - rL/R> F'Ur = el pUr, (4.4)

i.e., +(2im)~! times the value at the corresponding endpoint. We use the notation e, = e;
to denote the basis vector of length nr corresponding to 21, and egr = e, to denote the
basis vector corresponding to zg.

For z = 2z, r +pel?. p>0and a,r, s = SYRf. we have, for z — ZL/R»

Cf(z) ~ a+rlogspe? = a+ irarg se? + rlog Ip| .

We define the finite part along angle 6 as this expression with the logarithmic term thrown

out:

FPIQJ/Rf =a+irarg sel?.

As 6 approaches arg s, we have both a left and right limit. Thus we further define

FPLf=aFrir and FPRf=a+rin

5. Constructing the Cauchy matrices

We have established our representation of U as U, a vector of its values at the collocation
points x. To construct the collocation system, we have to evaluate the Cauchy transform of

U again at the points 2. Thus we need to construct a matrix C* that we write as

CE[y,Iy] -+ O[Ty U;
CU = z z 5
C[Ty,T1] -+ CE[[y, Ty Uy
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Matrix

Definition Used

For all I':
[T
For I' =I:
CTLY
C[L Q] with Q disconnected from I
CIL, 2] with © connected to I

For I bounded with M (o0) = oo:
CT[I, T
CITI', Q] with €2 disconnected from I'
C[I', Q] with £ connected to I'

For I' bounded with M (00) # oo:
I, I
CIT, Q] with € disconnected from I'
C[T, Q] with © connected to T

For I' unbounded:

CH[,T) — 1

Definition 5.1
Definition 5.3
Definition 5.5

Definition 5.6
Definition 5.7
Definition 5.8

Definition 5.9
Definition 5.10
Definition 5.11

CTI, T Definition 5.12
CII', Q] with € disconnected from I' Definition 5.13
C[I', Q] with € connected to I' Definition 5.14

Table 1: Definitions for the Cauchy matrices.

Since CT — C~ = I, we require that C* — C~ = I, or in particular we define C~[[';, T;] as
CT[[y,T;] — I. In other words, we only need to construct C.

We will sometimes simply refer to C*[I';, I';], which is C*[I';, T'j] when i = j and C[T';, T';]
otherwise. The goal of this section is to compute each CT [T, I'j]: an nr; X np, matrix which
maps from values U; at the points &’ to something related to the Cauchy transform at the
points /.

In the remainder of this section, we speak in terms of general domains I" and 2. We will

assume attached to each domain is a vector of points &' and x®, with lengths nr and ng.
Because these lengths are not necessarily the same, the matrix C[I', Q] is rectangular and
of dimensions ng x nr. Note that we combine these rectangular matrices to construct the

square matrix C'T.

We have several different situations to consider. See Table 1 for a guide for which
definition is used to construct C* [T, Q).
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Cauchy matrices for the unit interval

Our first concern is to construct C*[I, 1], essentially the process of computing the limit
of the Cauchy transform of a function defined on I back on to itself. Recall from Theorem 4.1
that

L(k+1)/2]
2 B 1 Thoir1 () o1
+ =—— 1 = T2 I\ J 1 k—=2j+1=0
CTTk(z) = mTk(x)arctanh Ty @)+ it 4 27 -1 {2 otherwise '

The easiest term corresponds to the bounded term, which is a polynomial. For n = ny odd,

we can write it in terms of the following n x n almost Toeplitz matrix:

1 1 1
0L 0 U e 0 s U
L0 5 0 3 0 =
1 o
1 1 :
s |2 Lo 05 o
p 1 0 3 0
1 0 1
10
1
0

The version for n odd is the Toeplitz matrix with its first row and column removed:

01 0 5 0 3 0 i

1 1 ;0 £

1 1

pP— 2 L0 35 0 3
1 0 3 0

2 1 o0 1

10

1

0

Now for the unbounded term, we note that we can simply evaluate the closed form

I I I

expression for the Cauchy transform at o with its endpoints removed: &* = x3., ;. All

that remains is the value at the endpoints. We use the finite part of the singularity data for
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this. From the definition of singularity data and (4.4), we find that
FPY Ul (o) F = (FPY Ty, ... FPYTY)F = (o —ofin,.. ok | — vk jin)F

= —[log 2 + in] (7‘(1)4, . ,r£,1>]:
1

+E<MO<_1)’ —po(—1) = pa(=1), .o, (=)™ (pp—a(—1) + un—1(—1)))f
~1]log2 im| ¢+ 1 ¢
—mlz +5 eL+EeLP‘FU
Likewise,
Ry, 1] log2 ir] + 1 +
FPLW (2)F = - [_ 5 + o | R + EERP}—U‘
We thus obtain
Definition 5.1
X 1052 + %r 1
CHILI = — —2diag (arctanh T_l(zEI[)) +—FlpF.
T { i
__log2 4 i
2 2

Remark:  If instead of constructing a matrix, we were concerned with evaluating the limit of
the Cauchy transform from the left or right (which together give the finite Hilbert transform),
an important observation that was missed in [15] is that P is a Toeplitz matrix plus a

vector that only depends on the first row. In other words, we can evaluate the finite Hilbert

I

transform of a function defined at the n Chebyshev points & at the same points in O(n logn)

time.

We now consider the Cauchy matrix C[I,I'], for I' not connected to I. If n = ny is

the degree of the Chebyshev interpolation, we require 91, (T (2)), ..., U1 (5 (21)).
Since computing hypergeometric functions is slow, we want to avoid their computation as
much as possible. Fortunately from the first definition of ¥, we have a simple recurrence
relationship:
Ui(2) = 2¢p-1(2) — { wr for odd k-
0 otherwise

For k > 0, we can first compute ¢(z) via the arctanh function, and can in turn compute
1(2),¥2(2), . ... For k <0, we cannot start with the arctanh function and use the recurrence
relationship in reverse: each term is subtracting out the Taylor series of the arctanh function,
hence round-off error occurs. Instead, we compute 11—, (z) using the hypergeometric function
representation, followed by the recurrence relationship again in the forward direction. This
leads to the following algorithm:
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Algorithm 5.2 Recurrence relationship

Given z € C"™ and n, compute the m x n matrix W2 as follows:

"pl—n = wl—n(z)>
2
¢k:z¢k1—{iwk foroddk: for k=2-mn,...,—1,
0 otherwise
Yo = Yo(2),
2
qpk:ngkl_{m forodd kg0 p—1, . n—1,
0 otherwise

v = —;(2’%,1#1 + 1, P1in + Y1),

We can now successfully construct the necessary matrix:
Definition 5.3 If T is not connected to I, then, for z = T} (2") and n = ny, define

C[LT] = W3 F.

Now suppose the curve I' is connected to the unit interval at one of its endpoints, for
example the left endpoint of I is either £1: Mp(+1) = —1. We can determine W7, but now

-
with all points in &' not connected to I: TJ:l(wg:nF) = T;1<(xg, o xh ) ) Then we

s Ty
take the finite part of the remaining term, using the fact that the angle that I' leaves +1 is
—arg My (£1). To compute this, we will need the values

po(£1), % [ (1) + po(£1)] -, (£)" [ (££1) + po(£1)].
These are evaluated by simply summing the series term by term:
Algorithm 5.4 Taylor series
Given n, compute ;u,%/ R (again, relating L with —1 and R with +1) as follows:
po =0,

(1" f
g = pp_1 +3 7~ foroddk  for k=1,...,n—1
0 otherwise

1 B
/R = E(“O’ o + ], - (E)" 2 + 1))

15



Definition 5.5 If Mp(+1) = —1, then, for § = —arg M{(+1), z = T;1<mg:nr), n = ng

and

=l 2 2

n—1
pl/R = (rg;/R,... rL/R) = (il L:l,) ),

define

C[LT] = < ™ 4 [i arg(:l:eie) ~og 2] FL/R ) -

If Mp(+1) =1, then, for § = —arg (—M[(£1)), z = T;l(:c{:nr_:l) and n = nf, define

w:
ClLT = <[J,%/R + [i arg(ieia) — log 2} rL/R>]:'

The construction in the case both endpoints are connected to I is also clear, though omitted.

Curves I' whose conformal map leaves oo at co

We now consider the matrices C T[T, Q] such that M (co) = oo. This naturally precludes
the case where I' is unbounded. From Theorem 4.2, we know that the Cauchy matrix is
essentially unchanged, except for alterations of the singularity data. Thus we obtain the
following constructions:

Definition 5.6 If Mp(co) = oo, then, for 21, = My '(—1) and zg = My (+1), define
L les | Mp(21)]
CTI0,T] = CT[ILT) + —
2im ,
log [ Mp(2r)]
Definition 5.7 If Mp(co) = 0o and I' and 2 are disconnected, then define
CII, Q] = C[I, Mr ()],

where Mp(€2) is the domain resulting from conformally mapping Q using Mr.

Definition 5.8 Suppose Mp(co) = oo, and let 21, = Mp'(—1) and 2y = Mp'(+1). If
21, = Mg '(—1), then define

OIr, 0] = CfI, Mp(@)] — 2B MEGL (1 ) ,

21w
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where the last matrix is the ng X np matrix with a one in the (1, 1) entry and zeros elsewhere

(similar notation is used below). If 2, = M ' (+1), then define

21w

O[T, Q] = C[L M(Q)] — log | Mp(z1)| ( ) .
1

If 2g = Mg '(—1), then define

21w

ClI, Q] :(/“[I[,MF(Q)]%—%HZR)| ( 1) :

If 2g = Mg ' (41), then define

21w

C[r, Q] :C’[]I,MF(Q)]%—%HZR)| ( 1) :

Bounded curves

In this section, we assume that Mr(co) # oo, but where I" is bounded. From (4.1), we
know we must subtract out the behaviour of the Cauchy transform of where oo is mapped
to under Mr, and alter the finite part at the endpoints.

Definition 5.9 For z = T/ (Mr (o)) and n = nr, define

CT[I', '] = {Definition 5.6} — 1,y diag (¥2)F,

where 1y, is the k£ x [ matrix of all ones, and in this case W7 is a simply a row vector.

Definition 5.10 If I' and Q are disconnected, then, for z = T;l(Mp(oo)) and n = nr,
define
CII', Q] = C[I, Mp(Q)] — 1, xndiag (¥7)F.

Definition 5.11 If T and Q are connected,then, for z = T (Mp(co)) and n = nr, define

CII', Q] = {Definition 5.8} — 1,,xndiag (¥;)F.

Unbounded curves

We now consider the case where I' is unbounded. In this case M (oo) is £1, hence
Algorithm 5.2 cannot be used, since the arctanh function blows up. But we know the basis
vanishes at oo, thus we simply take the finite part.

17



Definition 5.12 If Mp(oo) = —1, then, for zgr = lel(+1), n=nr and m = ny =n + 1,
define

21w

log | M
CTI0,T) = CHL Woim 2:m — Lpxmdiag (uk) FL + M ( ) ‘
1
If Mr(c0) = +1, then, for 2, = My (=1), n = nr and m = ny = n + 1, define

/ 1
C+[F7 F] = C+[H7H]1:n71:n — 1,xmdiag (I-l/}jl)fr — w ( ) .

21w

Definition 5.13 Suppose I' and (2 are disconnected and let n = np and m = ny =n + 1.
If Mr(oo) = —1, then define

C[F, Q] = C[H, MF(Q)]l:nQ,Z:m - ]-TLQdeiag (l’l’%r)fr

If Mp(o0) = +1, then define

C[F, Q] = C[]L MF<Q)]1:nQ,1:n - ]-nQ deiag (Mi)}_r

Definition 5.14 Suppose I' and €2 are disconnected and let n = np and m = nyp =n + 1.
If Mp(oc0) = —1, then define

C[T', Q] = {Definition 5.8}, 9., — Lngxmdiag (py,) F' -
If Mr(c0) = +1, then define

C[I', ] = {Definition 5.8}, 1., — Ingxmdiag (p) '

6. Properties of the approximate solution

We have described how we construct the matrices C*, thus we have everything necessary
to construct the collocation system (2.3). Assuming it is nonsingular — which is satisfied,
at least, for G sufficiently close to the identity matrix — we can solve this system to ob-
tain U using a dense linear algebra package (in our case, we use MATHEMATICA’s built-in
LinearSolve, which is based on LAPACK). We thus obtain

l
D(z) =T+ CP(2)FU =1+ Y COVk(2) FrUy,
k=1
and each of these Cauchy transforms is computable, as described in Section 4.
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We must justify why ® can be considered an approximation to ®. One posible issue is

that @ is, as far as we know, unbounded. Another issue is that the values we assign for C* at
the junction points of I' are, a priori, unrelated to the value of the Cauchy transform of our
basis, which blows up. The key to justifying the approximation is the following condition,
which, when satisfied, will resolve both issues:

Definition 6.1 Given ¢ € C, let {Qq,...,Qp} be the subset of {I'1,..., "y} whose elements
contain £ as an endpoint. Define p; = Mg, (§) = =1, which determines if it is the left or

right endpoint, and U; = e;i Uq,, which is the value of the computed jump curve at £ (using

the convention that e_; = ey,,). The zero sum condition at £ is satisfied if

L
> piU; =0.
=1
The zero sum condition is satisfied if the zero sum condition at every endpoint of I'y,... I’

is satisfied.

Lemma 6.2 Suppose that the zero sum condition is satisfied. Then ®(z) = I + CU(z)FU
is bounded and

z—al f(%lrmz on Fll + Ci\I]<Z>]:U

CTU = : ,
lim [+ CHU(2)FU

z—a! for z on I,

i.e. applying CT is equivalent to computing the limit of the Cauchy transform of our ap-
proximation at the points @.

Proof:

The only possible blow-up of the Cauchy transform is at an endpoint ¢ of the curves
which make up I'. We will use the notation of Definition 6.1, and let §; = — arg [—png’li (5)}
be the angle at which €2; leaves £&. We have

l
D(2) =1 +CU(2)FU =1+ Y CU*(2) F U
k=1

As z approaches &, we note that the Cauchy transform of any curve not connected to £ must
be bounded at £, hence

L
2%®(§+6)—D+1%;C\IJ (& +e)FUq,.
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Now each of these blows up at &, however, we know precisely the singularity data. Thus,

for constants D), depending only, possibly, on arge, we have
9 Q 0 . T 0
CUH(E +€)F " Uq; ~ D 4+ log (pieil ie) (Tlo’z, - ,7“%(22-1> FilUgq,

= D@ 4 [log €] + iarg( i€ ’e)} pili (due to (4.4))

27

= DB +logle |p7’ d

arg e
Thus we have

~ lo
O(E+e)~ D) + gl'szU D).

27 i

which proves that it is bounded at &.

The value we assigned to the Cauchy matrices C*[I';, T ;] at points which are not junction
points was, by definition, the Cauchy transform. The value we chose at each endpoint was
chosen to be the limit of the Cauchy transform, ignoring the unbounded term which grew
like log|z|. We have shown that each of these unbounded terms is cancelled, therefore, the
second part of the lemma follows.

Q.E.D.

What is clear from this lemma is that it is important that the zero sum condition is sat-
isfied in order for our approximation to ® to be analytic, hence a reasonable approximation
to the actual . Now we have not (as of yet) imposed the zero sum condition; however, the
following condition on the jump curve G (hence completely independent of the discretiza-
tion), which should almost always be satisfies, will automatically imply that the zero sum
condition is satisfied:

Definition 6.3 Let {1,...,Qr} denote the subset of {I'1,..., Ty} whose elements contain
¢ as an endpoint, 6; the angle at which €2 leaves &, p; = +1 if £ is the left endpoint and
—1 if ¢ is the right endpoint of €2; and let G; be the limit of G(z) as z approaches ¢ along
;. We assume that {Qq,...,Qp} is sorted so that 6; is strictly increasing. The nonsingular
Junction condition at £ is satisfied if

L
(QL — (91)[ -+ Z (Qk—l — Qk)Gik .. G%L
k=2
is nonsingular. The nonsingular junction condition is satisfied if the nonsingular junction

condition at every endpoint of 'y, ..., 'y is satisfied.
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Theorem 6.4 Suppose that the RH problem is well-posed, the collocation system has a
solution and the nonsingular junction condition is satisfied. Then the computed vector U
satisfies the zero sum condition and Lemma 6.2 applies.

Proof:

This theorem is a generalization of Theorem 4.2 from [14]. We reuse the notation of
Lemma 6.2. For simplicity in notation, we assume every curve §21,...,87 has £ as a left
endpoint; the generalization for other cases is straightforward.

Note that (since 6; < §; for i < j) the finite part of each Ug, along € is

9]'—(91'—71' ifi<yj

L . (0 —0; .
FPej/ UQi:ai—'—lTiarg(_e(e] 91)):%—'—1”{9]'—91'—1—# ifi>j >

where a; and r; are some constants. We thus define

I 0 —0+m 0 —0p 1+m7 0 — 0+
0y —01 — 7 Fr Oy — O3+ Oy — O + 7
@:t — . ° c. . .
0,1 —01—m . 0,1 —0,_o—m Fr O 1—0p+m
QL—91—7T (9L—92—7T (9L—(9L_1—7T F
Let U; = eE Ug, denote the value of Ug, at {, and we note that r; = —2%?1 Therefore, if we

can show that
S = Z T
i=1
is zero, the zero sum condition at ¢ follows.
Let 0; denote the index of the collocation point in & corresponding to & along €);. For

the vector r = (rq,...,r L)T, We can write the L computed values corresponding to the limit
of the Cauchy transform along each €2; as

of I e, D
E=| : |=|:|+]| : |CU=|: |+65
@% I eIL D

The constant D consists of contributions which are independent of the angle at which ¢ is

approached: the contributions of U from curves not in {Qy,...,€Qz}, as well as the constants
a;. Since

el-TG)Jr = el-TH@* +6;1 — 0;, (here we identify L + 1 with 1)
we have

OF =® 4 + (0ir1 — 0;)S
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Furthermore, the collocation system implies that
+ o —

Thus we get:

o =0,G =0 G+ S[(0p-1—0L)GL] (6.1)
=&, G 1GL+ S[(0p-1—01)GL]
=0 G 1GL+S[(0p—2—01-1)GrL1GL + (0p—1 — 01)GY]

L
= (I)Z_Gl -G +SZ(01'—1 — Qz)GlGL
=2

The well-posedness of the RH problem requires that:
Gy---Gp=1.

Hence we obtain

L
0=5 (‘gL - 01)]+ Z(Qi—l — QZ)GZ - Gr
1=2

By assumption the term in brackets is nonsingular, which implies that S = 0 and the zero
sum condition at £ follows. Applying this to each endpoint £ proves the theorem.

Q.E.D.

This theorem could potentially have consequences for the analytical solution: what it
states is that, generically, we need not impose that the solution to the RH problem is bounded
at the junction points, since it follows from the nonsingular junction condition.

The nonsingular junction condition is independent of the well-posedness of the RH prob-
lem, so if we are unfortunate we can find ourselves in a situation where it is not satisfied.
Indeed, in [14], Stokes’ multipliers to the Painlevé II transcendent were chosen particularly

so that this condition was not satisfied. What was noted in this case was that the collocation
system itself became singular: it had multiple solutions. Therefore, the zero sum condition

could be appended to the linear system, to enforce that the solution chosen satisfied the zero
sum condition. The following corollary states that this phenomena is true in general:

Corollary 6.5 Suppose the nonsingular junction condition is not satisfied at a junction
&. Using the notation of the previous theorem, consider the collocation system with the
condition

of =9;Gp
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replaced with
L
> pnilUi=0.
i=1

If the resulting system is nonsingular, then <I>JLr = &7 G, is still satisfied. Since the computed
solution U satisfies the zero sum condition, Lemma 6.2 applies.

Proof :

Consider (6.1). We cannot begin with ®F; we do not know a priori that ®f = ®;GJ.
However, the remaining equalities still hold, and we have

L
(I)ZGL = Cbz + S Z(Qk_l - Hk)Gk -G = CDE,
k=1
since S = —2%1 > U; =0.
Q.E.D.

7. Examples

We apply this numerical approach to two examples, taken directly from [8], though we
make the construction of the RH problems explicit. We have also fixed several typos from
[8]. In a way this helps to demonstrate another important aspect of having a numerical

approach: it helps confirm (and in this case, correct) analytic formulee.

Painlevé 111
Our first example is the Painlevé III RH problem, for solving the Painlevé III differential
equation:

4
2 3
@_E @ —*7“—*(@0% +1—@oo>—l-4u——.

dzu_ 1 <du>2 1du 4
U

Related to wu is the variable y, which satisfies

dy_On
dx x u

What follows is the construction of a RH problem @7 (xz;2) = &~ (x; 2)G(z; 2) so that y (and

thence u) is determined from ®. We restrict our attention to the case where x is positive

and real for simplicity: the curve I' of the RH problem depends on the phase of z.
(0) (0) (o0)

Rather than specifying initial conditions, we specify Stokes” multipliers s, sy, sy

and Séoo), which satisfy the equation

2cos O + sgo)séo)e_i”% = 2cos O + sgoo)sgoo)eiWGOO.
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(In [8], two conflicting versions of this equation are stated. The equation presented here is
indeed the correct one.) This equation ensures that the RH problem that is constructed is

well-posed.

Often in physical applications it is the Stokes’ multipliers which are known. What follows
can be considered as a numerical map from Stokes’ multipliers to initial conditions. Moreover,
this map could potentially be inverted to map initial conditions to Stokes’ multipliers. Since
the Stokes’ multipliers determine the asymptotic behaviour of the solution u, this could be
used to connect asymptotic behaviour to initial conditions.

In this example, we choose (arbitrarily)

Op = 3.43, O =1.123

(0)

5, =1, sgo) =2, (00) 3,

sp ) =
2
sgoo) = (—1)'877§<(—1)'57 + cos.1237 — sin .O77r>

= —0.5477638340114221... — 0.4795328603546345.. 1.

To construct the jump curves, we need a matrix E that satisfies

1+ sgoo)sgoo) sgoo) RECH

&)
(0) () (0) i
[ 1+4+sy’s 5 imO9
:El( b 1)(6 M%>E
S5 1

Thus E can be viewed as a generalized eigenvector matrix. One choice (found symbolically)
is

jo (0.966469141021... + 1.068382000028...1  0.778294876111... — 0.163709626483...1)
- 1 1 '

We will also need to use a power function with a nonstandard branch cut. We define the
power function with branch cut along angle ¢ as

Zy,t _ (ei(—ﬂ—t)z>y e—i(—ﬂ—t)y'

We can now construct the RH problem. The left graph of Figure 2 depicts the jump

curve I', along which we define the jump curves G; ;: for the function 0(z;z) = %(z — %)
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Painlevé II1 G

0,3 G Painlevé IV

—bim /4

Figure 2: The jump curves for the Painlevé 11T (with junction points at 0, e —im/dim/4,

e517r/4

, €
and 00) and Painlevé IV (with junction points at —1, —i, 1, i and co) RH problems.

we have

0.,60/2 5 000 /250
o—0,—60/2 —O00/2,0 |

—Ooo (0) 20,0
( N )7 G4,0:<[1) _Slﬁ ZO)a
( »00/2,—7/2 _Sgo)eezeo/z,wp) P (zem/zw/zee Sgoo)zeoo/z,ﬂ/zee> |

e—0,=60/2,—7/2 5= 000/2,—7/2,0

ol ,— oo /2 . »—60/2,0,i7O9—0
E- . .
00,000 /2 _Sg))z—eo/z,oe—meo—a 500/2,0,0-i700 |
o0 ,—600/2 Sgoo)eezf@mm P 5—60/2—0
00,000 /2 200/200 |
1 1
Gao = _850)87202760,0 1 and  Goo1 = _8500)6—292600,—7#2 1]

Along each curve, we need to decide at how many points to sample. We choose this
adaptively: we take sufficiently many points so that the omitted terms of the Chebyshev
expansion are each less than a given tolerance.

We can now apply our numerical approach to determine an approximation ®. However,
we are really interested in the solution u to the Painlevé IIT ODE. We have the following
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definition:
y(x) = —ix lim 2Py (x; z) = —ix lim 2 [CU(x; 2)]q

where 12 denotes the (1,2) entry of the matrix. (In [8], this was mistakenly given as a
definition for u(x).) But the limit of the Cauchy transform is simply an integral of the

function:
1 z 1

Moreover, we can evaluate this integral by transforming to the unit interval

1 Ui(Miil(p»
/FU(t)dt:zi:/FiU,-(t)dt:Zi:/l/(Mi_l(p))dp.

Each of these integrals can be evaluated with Clenshaw—-Curtis quadrature [3]. This quadra-
ture routine computes an integral over I in O(nlogn) time using the value of the integrand

at the nodes 1. Tn our case, the values are simply U;, with a zero appended in the case that

-1
I'; is unbounded, multiplied entrywise by M’ (M[l (wﬂ)) . We define this approximation
as Op,U;. We thus obtain the approximation

/FU(t) dt ~ QU => op,U;,

and hence
x
r)~ —QU.
yla) = 5-Q
Now to find u, we will use the definition
u=—>-.
Yz — Oy
However, to obtain u, we need to compute y, at z. Fortunately, derivatives commute with

the limit, hence
Yz (z) = —1 lim 2®19(z; 2) — iz Jim. 2Py 19(x; 2).

We already have computed ®12, but we now also need the derivative of ® with respect to x.
This is straightforward by simply differentiating the RH problem:

dF P, G=d"G, and P (00)=0.

Replacing &, by CU,, we see that this equation is of exactly the same form as (2.1), with
only a different right hand side. Therefore, having constructed U, we can determine a vector
U, by reusing the matrix of (2.3) (hence all the computed Cauchy matrices) to solve

I
[CT — rdiag (G)C™| U, = rdiag (Gu(x)) || 1 | +CU|.
I
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Figure 3: The real (solid line) and imaginary (dotted line) parts of a solution to Painlevé III on
the left, with its relative error in residual on the right.

Thus we obtain
N 27 [QU|
O QU + (1 — 0w) [QUT,

In Figure 3, we plot the computed solution, and demonstrate that it does satisfy the
Painlevé III ODE by finding the error in residual, computed by evaluating the approximation
at 85 mapped Chebyshev points between 3 and 5. In this case seven digits of accuracy are

about how many can be expected: the last Chebyshev coefficient is on the order of 10719
and two derivatives should multiply the error by about 852 ~ 10%.

Perhaps a more useful calculation would be the Sine-Gordon reduction to Painlevé III.
This has a significantly simpler RH formulation, consisting of four rays emanating from the
origin. We instead chose the more general Painlevé III RH problem, to demonstrate the
flexibility of the framework.

Painlevé IV

We now consider the Painlevé IV RH problem, for computing the solutions to the
Painlevé IV ODE:

v 1 (du)\® 3 4 ) ) 86?2
d:2<d> Fgut et (24200 40 )u - =

where O, and © are constants. Solutions are specified by the four Stokes’” multipliers
s1, 82, S3 and sy, satisfying the relationship

(14 s953)e2™O% 4 [s154 + (1 + s354)(1 + s152)] e 2™O% = 205270,
Again, we choose these constants arbitrarily:

© =343, O, =1123

1
51 , 52 , 53 3’
54 = —2.1687404438883131... — 1.4647891159376507.. 1.
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Figure 4: On the left, a plot of the absolute value of a solution to Painlevé IV in the complex
plane. On the right, the relative error of the approximation for z = 0 (solid), 1 (dashed), 2 (dotted)
and 3 (dash and dotted).

We also need a matrix E, but in this case it is simply an eigenvector matrix (where we
happen to know the eigenvalues)

1 1 s 1 1 s 2imOc0 _ —2im©
<51 1>< 12><33 1>( 14> (e e2i7r900>:E l(e e2i7r@>E-

The right graph of Figure 2 depicts the jump curve I'; along which we define the jump curves

G, for §(x;2) = % + 2

G 1= (6928’0 > E (1 + SQSg)ZeOO’Oe_e 822_6007069
o e?7700 (51 4 83 4 515253)29°0e™0 (1 4 5159)270=0e0 )
0.,—0Oco -0 —0
G_i1=(¢~ E—l z e
l’l e_ozeoo 2666 )
0.0 Ovo —0
G' = (e z ) E ( z (S >
i1 6_02_6 Slz@we_e Z_@weg R
Gi_1 = (1 + 8182)e92—®oo,0 —32602’_90070 E_l <Z—®,Oe—0 >
i,— —816_926%0 e 0,00 50,060 |
1 1 —g,e20,—20c,0
G100 = (336_2022900’0 1> ) Goo,—i = ( 4 : ’
_ 1 (1 —s9e20,20
Gloo = <31e_2922@°° 1) and Guoj = ( | '

Again, we have everything in place for our numerical approach, choosing the number of
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collocation points on each curve adaptively. The relation between ® and w is

- ‘ ‘ B . (I)x,12(x; Z)
u() = =20 = Jig Oclog o) = 20— g ey
Thus we define
[QU. 5

u(zr) ~ —2x — m

In the left graph of Figure 4, we plot the absolute value of a solution to Painlevé IV
in the complex plane. Note the presence of poles. This is one aspect where our method
outperforms a standard ODE solver; integrating past poles is not an issue, since z is merely

a parameter. At the pole, the RH problem does not have a solution. This manifests itself in
our numerical approach by a badly condition collocation system.

In the right graph of Figure 4, we compare the convergence of the approximation as
N (the total number of collocation points) increases, where the distribution of number of
points on each curve is chosen adaptively. We compare these approximations with the
approximation found with a much larger value of N. Spectral convergence and stability of
the method is clear, as is the slower convergence rate as x becomes large.

8. Conclusions and future work

We have constructed a framework for computing RH problems, and demonstrated its
effectiveness by applying it to the computation of Painlevé transcendents. The world of RH
problems is large, and this opens up a new numerical technique applicable to fields from
integrable systems to orthogonal polynomials and random matrix theory. It is our belief
that many problems exist in these fields which, while at first seemingly intractable from a
numerical perspective, can now be efficiently and reliably computed.

We have provided an implementation of this framework in MATHEMATICA in RHPackage
[13], including the implementation of the two examples from this paper. The only piece that
cannot be translated to an alternate programming language in a straightforward manner is
the computation of hypergeometric functions used as the seed to Algorithm 5.2, as built-in
routines for hypergeometric functions in, say, MATLAB are not reliable [16]. However, there
are many methods for computing hypergeometric functions [12], and it is possible that one
of these is accurate and reliable in the regime we are interested in.

What makes RH problems so powerful in an analytic context is nonlinear steepest de-
scent; the problem can be deformed so that oscillations (as seen in our two examples) become
exponential decay. While our numerical approach breaks down in the two examples as = be-
comes large, using the deformed contour will allow high accuracy in the asymptotic regime.
However, the resulting paths of steepest descent are not trivially deformable to the unit
interval, hence the framework constructed cannot be directly applied. However, errors in the
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path of steepest descent do not result in errors in the approximation, and thus the path can
be replaced by a piecewise affine interpolant.

An example application of this is the Hastings—McLeod solution [9] to Painlevé 11, which
has applications in random matrix theory via the Tracy-Widom distribution [17]. Pertur-
bations of the initial conditions result in either high oscillations or poles, neither of which is
present in the true solution. In [14], we demonstrated that it can be computed near the ori-
gin using the current framework; or, alternatively (and more efficiently), using the Fredholm
determinant representation [2]. Both approaches break down as x becomes large; however,
using the deformed contour will result in a reliable numerical method for all x. This will be
the topic of a future paper.

This framework has been based on the Chebyshev basis. Another possible basis are
the Legendre polynomials, whose Cauchy transforms decay to high asymptotic order due to
orthogonality:

1 1 Py(x) 1 /1 Py (x)z" dxzo(z_kq)

P _
CPy(2) / dz e

S oriJaaax—z 0 2mizk

This could lead to sparser matrices, and, potentially, a faster solution of the collocation
system. Moreover, an explicit formula is known:

okF1(E1)2 <k+1,k+1_ 2 )

P — -
Chi(z) omi(2k + DIz — DFT2I 2642 11—z

7]

However, we have used the Chebyshev basis in this paper due to the availability of a fast
and accurate transform between a set of nodes which include the endpoints and the series’
coefficients.

One last issue that must be resolved is a proof of convergence. Assuming the RH problem
has a solution, it is our feeling that convergence of the numerical approximation should follow,

since CTU — [C‘U } GG is a bounded linear operator from the space of Holder-continuous

functions U defined on I' which satisfy (the infinite dimensional version of) the zero sum
condition to the space of Holder-continuous functions U defined on I'. Indeed, all numerical
experiments have shown clear and stable convergence, depending only on the condition
number of the collocation system. However, since the domain space and range space of this
operator differ, the standard convergence proofs for collocation methods do not apply.

Acknowledgments:  1thank Alex Barnett, discussions with whom lead me to Algorithm 5.2,
Andrew Dienstfrey, who pointed me to his thesis, and Andre Weideman, who recommended
replacing Lerch transcendents with hypergeometric functions.
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