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ABSTRACT

The traditional Gouy-Chapman-Stern theory has been effective in explaining the behavior of dilute electrolytes in the electrical double
layer but falls short when it comes to describing how ions behave at the metal/electrolyte interface. This is because it overlooks key factors
such as the molecular structure of water at the interface and the effects of electron screening in the metal. To address these gaps, we revisit
ion adsorption at the metal/electrolyte interface. The approach combines the method of images with a field-theoretic framework for dilute
electrolytes and metals described by the Thomas—Fermi model. Nonlocal polarization correlations in water are described by a first-order
gradient expansion in the Landau free energy functional. Unlike earlier approaches that relied on the “specular reflection approximation,”
our method provides a less constrained way to handle the complex electrostatic boundary conditions at the interface. Analyzing the behavior
of a test charge near the interface, an electrostatic energy minimum is found. This minimum depends on the metal’s screening properties and
the overall potential drop across the double layer. In addition, the alignment of water dipoles at the interface creates an asymmetry in the
energy experienced by positively and negatively charged ions. Finally, we derived an expression for the electrosorption isotherm by describing
both the distribution of the electrostatic potential and the lateral interactions between charges along the interface. Our findings highlight
how the structure of interfacial water can drive processes such as underpotential deposition by creating favorable electrostatic conditions for
ion adsorption.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0254033
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I. INTRODUCTION

A question that arises frequently in the fields of soft mat-
ter and electrochemistry is the following: “What do ions actually
feel at a charged interface?” Such an apparently simple question
is fundamental to a multitude of applications. In biology, spon-
taneously charged low dielectric/aqueous electrolyte interfaces fre-
quently appear, for example, in proteins, lipid bilayers, and chromo-
somes. Understanding what ions may experience at those interfaces

can lead to a more detailed picture of the double layer and, conse-
quently, how the forces and interactions of these biological interfaces
are determined. In electrochemistry, one of the most frequent inter-
faces encountered is the polarizable metal electrode-aqueous elec-
trolyte interface. With the coupled screening effects of both metal
electrons and electrolyte ions, and also the polar solvent, playing
prominent roles in determining the electric field near the interface,
clearly, one cannot overstate the complexity of what initially appears
to be a simple and straightforward question.
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Of course, this is not a recent question, having been ini-
tially tackled through the guise of the “electrical double layer” by
Helmholtz in 1853, followed by Gouy, Chapman, and Stern in the
20th century.j ° However, since those seminal works, simulation®
and theoretical (for reviews, see, e.g., Refs. 12 and 13) studies have
shown the picture of the double layer and the distribution of ions
from a charged interface to be much different, with water struc-
ture playing a markedly important role close to the interface. This
water structure has been shown to lead to oscillatory “overscreening”
patterns in the electrostatic potential distribution, which has been
theorized to lead to the layered packing of ions with alternat-
ing sign normal to the interface,'* a dramatically different picture
from that of Gouy-Chapman-Stern theory. The notion that ions
feel and arrange themselves according to this oscillating electric
field due to water structure sounds almost incredible and is being
debated within the scientific community,'” although many exper-
imental measurements using atomic force microscopy appear to
support this picture.'””” However, obviously, correlations in the
ion subsystem would overwhelm their distribution above some crit-
ical concentrations of electrolyte so that they may form their own
structures, affected but not fully dominated by the solvent molec-
ular correlations. This feature was well studied in theories based
on the primitive, structureless model of the solvent (its description
solely by a macroscopic dielectric constant), known as the Kirk-
wood transition. How a similar effect could take place accounting
for the molecular structure of water is yet not known. It has not been
theoretically described so far, neither in the bulk nor in the electrical
double layer.

When considering what a single ion feels, a slightly different
approach is required than those above.”' >’ Here, we revisit the clas-
sical problem of image charges. Well studied in most undergraduate
electrostatics courses, the method of images is used to calculate the
electrostatics of charges at interfaces. Whether the interface con-
sists of two dielectrics or a dielectric and a conductor, such an
approach can predict if an ion is either attracted to or repelled from
the interface in question, based purely on the macroscopic dielec-
tric constants of the contacting media.”* Of course, this classical
macroscopic picture fails to account for any molecular structure in
the contacting media. A natural approach to introduce this struc-
ture is through nonlocal electrostatics, by means of generalizing the
dielectric constant to the nonlocal dielectric function, &(r,r"), or
more usually its wavenumber-dependent Fourier transform, e(k).”
Local, macroscopic theory formulations for the method of images
obviously then break down for contacting nonlocal media. This,
however, has not stopped attempts to understand how nonlocality
may affect charges at interfaces. A first attempt by Inkson showed
for the first time how attractive and repulsive branches of the self-
energy of a point charge at a semiconductor junction could lead
to significant variations from the classical laws.”® The problem was
later investigated again by Kornyshev et al. in the context of elec-
trochemical interfaces for the interface between a Thomas—Fermi
(TF) metal and a dielectric, representing water.”! Soon after, this
was generalized for the interface between two nonlocal media™”"*’
using the specular reflection approximation (SRA),”® which was
utilized in many follow-up works, particularly by Gabovich
et al.”’ ' However, this SRA appears to fail when the overscreen-
ing dielectric response of the dielectric medium is accounted for
(see Sec. 11 B 2 below).

ARTICLE pubs.aip.org/aipl/jcp

Of course, one may ask whether simulations have been able
to validate these theoretical models proposed above. Indeed, the
classical molecular dynamics method does not generally allow the
inclusion of these “quantum” effects at metallic interfaces, although
strategies to capture the screening effects in metals have more
recently been developed.” " Also recently developed is the surface
response function approach.” *> This elegant theoretical method
provides a formal expression for the dielectric response of nonlo-
cal interfacial systems, including complex media such as water or
graphene. While no a priori assumptions are required in the formu-
lation, in practice the surface response function is evaluated using
approximations such as the SRA or by using inputs from molecular
dynamics simulations.

In this paper, this rich history is built upon, revisiting again
the problem of the Thomas-Fermi metal-nonlocal water interface.
While the topic of oscillations in water will not be developed in
this theory here, the method presented lays the groundwork for the
inclusion of such a complicated effect, which currently no theory to
our knowledge is able to fully account for. Thus, the results here are
obtained purely in the context of the so-called Lorentzian dielectric
function,’® almost as a proof of concept. Furthermore, only the phys-
ical phenomenon of ion adsorption is considered here, and so here
the interest will be on how, from purely electrostatic considerations,
an ion may approach the interface.

To begin, a brief introduction to the classical theory is provided
in Sec. I A, not only to give context to the method of images but also
as a reference to which the developed theory can be compared. Next,
in Sec. II B, preliminary results are obtained for the Thomas-Fermi
metal-Lorentzian water interface, using a general formulation of this
problem based on the SRA,*” detailing its limitations. Then, the new
approach, based on a field theoretical (FT) free energy functional, is
detailed in Sec. I1I. Defining the bulk free energy functional on both
sides of the interface, constitutive equations can be obtained without
specifying any explicit form of the dielectric function or introducing
any approximations for the dielectric function at the interface. These
approaches, however, all assume that the only contribution to the
electric field arises from the test ion itself; this is clearly not the case
in reality, where the double layer generated by an external electrode
potential, or by chemisorbed water at the interface, can influence the
test charge. These effects are accounted for in Sec. I'V. With all this
taken into account, the full electrostatic potential distribution is cal-
culated in Sec. V, showing the penetration of the ion field into the
metal, providing further context to the results described earlier in
this paper. The lateral interaction of charges in the plane of the sur-
face is also studied, an important contribution to the final section
of the paper, Sec. VI, where an adsorption isotherm model (utiliz-
ing the cut-out disk approximation’”) is developed, showing how the
model parameters and physical effects can manifest in these exper-
imentally measurable profiles. Note that Gaussian units are used
throughout this paper.

Il. THE METHOD OF IMAGES: A BRIEF OVERVIEW
A. Classical electrostatic approach

Let us consider a point charge, in a dielectric (I) at z = a above
an uncharged semi-infinite metal plate (II) at z = 0 [see Fig. 1(a)].
If the metal is a perfect conductor, that is, its dielectric constant
enr = oo, then the electric field inside the metal is zero. To ensure that
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FIG. 1. Self-energy of a point charge at the metal-water interface within the SRA. Panel (a) shows a physical representation of the system at hand, and panel (b) plots
the self-energy profile as calculated from Eq. (14), showing an adsorption minimum close to the interface. Here, the parameters for the Thomas-Fermi metal are ey = 2 and
x1r = 2 A" and the parameters for the Lorentzian water are € = 80, e =5, and A = 3 A. The inset shows the long-range behavior, with a small repulsive barrier. The

classical self-energy law, Eq. (7), is plotted for reference in orange.

this is still the case when the point charge approaches the metal plate,
a surface charge density that exactly opposes the point charge is
induced such that the field produced by the point charge is perfectly
screened at the interface.

This, however, does not tell us how to calculate the electrostatic
potential in all space. Conveniently, a nifty trick is employed here; if
the plate is uncharged, the electric field is zero at the interface, and
the field then becomes equivalent to that of a dipole, which can be
simulated by placing an image of the charge with equal and opposite
magnitude at z = —a. With this, the total field at the interface can be
computed with relative ease.

Of course, just the metal-dielectric interface was considered
above, but the method of images can be adopted for any inter-
face between two contacting media. For a point charge above a
dielectric-dielectric interface, the “image” charge will be of a differ-
ent magnitude, potentially even of the same sign as the test charge, if
&1 > &. 18

Therefore, while later in this paper the theory will generally
be applied in the context of the metal-water interface, the classical
approach to a charge at an interface presented here will be general-
ized for the dielectric-dielectric interface, from which the limiting
case of a metal-water interface can be investigated.

1. Electrostatic potential and local boundary
conditions

To understand how the method of images works here,
let us begin by revisiting the classical picture of an interface
of two dielectrics, each characterized by macroscopic dielectric
constants.”*** The system will be setup as such: consider two half-
spaces, medium I (z > 0) with dielectric constant &; and medium II
(z < 0) with dielectric constant i A point charge, with charge g, is
placed at z = a. Its images, ¢’ and q”, are placed in medium I atz = a
and in medium II at z = —q, respectively. The electrostatic potential
in all space can then be written as*’

1 !
i(a, d)
&1 R_ R+

o(r) = (1)

1 q//
a(%)

z>0,

z<0,

where Ry = \/R> + (z + a)?, thus defining a cylindrical coordinate

system, which is convenient for the problem. However, in writing
this, it is not clear what the magnitudes of ¢’ and "’ are in terms of
g. To find these, the boundary conditions must be defined.

The Maxwell boundary conditions for electric fields can be
derived from Faraday’s and Gauss’s laws of electromagnetism,
stating that, at z = 0,

1. The tangential component of the electric field across the inter-
face is continuous, fi x (E; — Eyr) = 0, where #i is the normal
vector from medium II to I.

2. The normal component of the displacement field across the
interface equals the surface charge density, i-(Dj— D)
= 476. Here, however, ¢ = 0, and the displacement field is,
therefore, continuous over the interface.

Within the limit of local electrostatics, these boundary condi-
tions can be related reasonably easily to Eq. (1). The electrostatic
potential is related to the electric field by E = -V, so the tangen-
tial component is simply given by E| = ~Or¢(2,R). In addition,
the displacement field in a medium i is given by D; = ¢E;, and so
by the same relationship of electrostatic potential to the electric
field, the normal component of the displacement field is given by
D, ;= -£0.9;(R,z). Thus, these boundary conditions yield the
following solutions for q" and g

A Sk

= ()
& + &
2
.\ 4 3)
1 + &1

which can be inserted into Eq. (1) to give the solution for the
potential in all space,
1 ea-en )

q(1
; R7+R7 €1 + €11 z>0,
1\ R- +
(r) = 4)

(1)
€1 + €11 R_ ’ )

Examining this result, an interesting conclusion can be made;
depending on the dielectric constants of the two contacting media,
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the electrostatic potential can either be enhanced or reduced in
medium I. In the case of a metal, e = oo and the solution for z > 0
clearly becomes that of a dipole centered around z = 0.

However, calculating the electrostatic potential does not yet
provide any information on what the point charge may feel as it
approaches the interface. To do this, the self-energy of the charge
should be calculated.

2. Self-energy of a point charge

The self-energy, W, of a point charge at the interface, also
known as the “image potential,” is defined as the energy of bring-
ing a charge from a homogeneous medium to the interface. This
self-energy can then be calculated by making use of the Giintelberg
charging equation,

W(a) = tim [ dalp(=R) -9 (= R)] )
R—0

where ¢ is the potential created by the point charge in the bulk of
the medium it is placed in. In the limit of local electrostatics, this is
simply given by the Coulomb potential, 9 (r) = q/err, where r = |r|.
Thus, plugging Eq. (4) into (5), a rather simple law for the self-energy
is obtained,

W(a) = q—z(ﬂ) ©)

dera \ €1 + €

Such a simple expression yields great consequences; as done before
for the potential, consider how changing the values of & and er
may influence the self-energy. If &1 — er > 0, then the self-energy is
positive, and the charge is repelled from the interface. Conversely,
if &1 — e < 0, then the self-energy is negative, and the charge is
attracted to the interface. This intuitively makes sense; the point
charge wants to be in a medium where its field is screened more
strongly and so will want to reside wherever the dielectric constant
is higher.

Considering this expression specifically for the metal-water
interface, taking the limit as e;f - oo and &1 — ¢,

2
q
W(a)=-,—, )
stating that the charge will always be attracted to the interface by a
simple inverse-distance law.

The analysis drawn above is all known from textbooks, "
but we have reproduced it for comparison with the results that the
nonlocal electrostatic and field theories would deliver, as presented
below.

B. An initial nonlocal electrostatic approach

It is possible to generalize this classical theory to two contacting
nonlocal media in the context of the factor in Eq. (6). One can write
a crude interpolation formula, reproducing the classical result in the
case of “large” a and the short-range behavior in the limit of “small”
a.*° This reads

W(a) ~

7 (sI(k—a_l)—eu(k—u_l)) ®)
gagi(k=aH\e(k=a ) +en(k=a") )
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where k = [k|. While such an expression is in no way rigorously
justified, it at least gives an insight into what one may expect at
a nonlocal-nonlocal interface. Depending on the interplay of the
dielectric functions of the two contacting media, &(k) and en(k),
one may expect to see regions of both attraction and repulsion
from the interface, potentially resulting in some kind of physical
electrostatic minimum close to the interface. To rigorously exam-
ine such a behavior, let us instead attempt to approximate the
nonlocal-nonlocal interface and derive the self-energy within that
approximation.

1. Self-energy within the specular reflection
approximation

While the method of images within a classical picture of elec-
trostatics is relatively straightforward, the same cannot be said
when generalizing for a nonlocal case. The reason for this lies in
the boundary conditions; when the translational symmetry of the
system in the z-axis is broken at the interface, it is no longer pos-
sible to describe the medium by some homogeneous and isotropic
e(|r — r'|). Instead, one must write &(z,z’; R) to account for this, the
form of which is not particularly clear. In addition, it is no longer
possible to write the local formulation of the second Maxwell bound-
ary condition on the displacement field, D, as in Sec. II A. Instead,
the displacement field at the interface in medium I becomes

J¢

Di(z=0)-h= —f dz'e1.(z = 0,2;R) =75,
0 0z

&)

. P . . 22,46,49 .
with a similar expression for medium IL">*** thus defining a set

of highly nontrivial integro-differential equations to solve for the
system, made even more complicated by the unclear form of the
dielectric function.

To make any progress with such an expression, some approx-
imations must be made. The most popular of these was the Spec-
ular Reflection Approximation (SRA),”® which approximates the
dielectric function at the interface as

£2(2,25R) = sg)(z -Z5R) - sg) (z+7;R), (10)
aa(2,25R) = e (z-2;R) + e (z+7;R),

where a = x,y, j=1for z,z/ >0, and j=1I for 2,z <0, and in all
remaining cases, i.e., z > 0, 2’ < 0, and vice versa, £,4(2,z'; R) = 0.
Such an approximation comes from the field of plasma physics and
states that the polarization waves induced by the charge are perfectly
reflected by the interface. By expressing the dielectric function at the
interface as a combination of the dielectric functions in the bulk, it is
possible to take the Fourier transforms of these expressions, which,
when combined with the constitutive equation of nonlocal electro-
statics,* yields, for a point charge placed at z = a above an interface
of two nonlocal media described by bulk dielectric functions &1 (k)
and e (k), the electrostatic potential given by”?

o(zR;a) = /OOOKdKIO(KR)(])(z,K;a), (11)
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where K is the radial wavevector, J,(x) is the zeroth order Bessel
function of the first kind,

2L(a K)Li(2. K
L(z-aK) + Lz +ak) - 2A@OLEY 250,

Li(0,K) + Ly (0,K)’
2LI((1, K)LH(Z, K)

Li(0,K) + Ly (0,K)’

#(zK;a) =
z<0,

(12)
is the Fourier—Bessel transform of the electrostatic potential, and

2 [ cos (kzz

Z(kﬁ +K2)£(j)(\/k§ +K2),

where j = I,II. For now, let us only consider the self-energy of the
point charge within this formalism. Inserting Eqs. (11)-(13) into
Eq. (5) yields

(13)

2 e 2
W(a) = q—f KdK{LI(Za,K) - M} (14)
2 Jo LI(O,K)+LH(0,K)
and so the problem is conveniently reduced to defining the dielectric
functions of the two contacting media and calculating the integrals
in Egs. (13) and (14). While the exact derivation of this expression
is not presented here, it can be found in Ref. 22, where it was first

derived in 1980.

2. Approximating the Thomas-Fermi metal-nonlocal
water interface

Now that a general expression for the self-energy of a point
charge has been obtained, all that is left to do is to specify the dielec-
tric functions of the two contacting media. This, however, is not
always an easy task, but to see what may come out of it, let us
consider some approximations. Considering medium I, the nonlo-
cal dielectric response of water will be modeled by the Lorentzian
dielectric function,

E— Ex

K=ets + ———,
a(k) = ex 1+)/A2k2

(15)

where y = ¢/¢x . Such a model interpolates between a bulk dielectric
constant, ¢, at long distances (k — 0) and a short-range (high-
frequency) dielectric constant, €« , at short distances (k — o0), over
some characteristic range, A. For water, the value of € is estimated
to be in the range of ~3-5."° Note that the local limit of such a
dielectric function is obtained for ¢ x — ¢, and thusy - 1,or A - 0
A. Tt is important here to warn straightaway that such an approx-
imation does not do well in the domain of higher k-values, as it
does not take into account the effect of overscreening in water.””’
For situations when such an approximation can still be applicable,
see Ref. 14.

Moving to medium II, the simplest form the dielectric function
can take is that of the Thomas—Fermi (TF) screening model. Such a
model states that the dielectric function is given by

2
£1](k) :EM(1+%), (16)

where 7t is the TF length, which is similar to the Debye length
in that it describes the characteristic screening of a charge by the

ARTICLE pubs.aip.org/aipl/jcp

mobile electron cloud in the metal, and ey is the background per-
mittivity of the metal atom skeleton. Examining the limiting behav-
ior, the model also interpolates between the short-range behavior,
e(k — 00) —> em, and the long range behavior, en(k — 0) — oo,
which means that at long distances, the charge is perfectly screened
within the metal. Such a model is also useful for investigating lim-
iting cases; (i) for »xrr — 0, medium II acts as a dielectric with
dielectric constant & = ey, and (ii) for »tg — oo and ey — oo,
medium II behaves as a classical metal. Note that the expression
in Eq. (16) is again a linear approximation to the response in the
metal and is thus applicable for weak electrode polarization. The
TF screening model is, in fact, a simplification of the more general
Lindhard model of screening; they coincide in the small-k limit.”” As
such, the TF model cannot describe Friedel oscillations, the effect of
which can, however, be neglected as long as the test charge does not
sit too close to the interface.””

Plugging Eqs. (15) and (16) into Eq. (13) yields the following
solutions to the integrals, which can easily be obtained by contour
integration:

1 e—Kz

efzx/KZJrl/A2
L(zK)=~| —+(y-1)—————|,
el K VK2 +1/A?

;e‘z\/ Kz*'”-zrp, (18)
EMV K2 + }{”ZFF

both of which can be plugged directly into Eq. (14) to yield
solutions for the self-energy. Importantly, it can be seen that
taking the limiting cases described above for the dielectric func-
tions, the classical laws for the self-energy in Egs. (6) and (7) are
obtained. Otherwise, the integral over K in Eq. (14) must be taken
numerically.

Doing so, and plotting against the classical result in Fig. 1(b), a
number of interesting features arise in the self-energy, most of which
can be understood by considering the interplay of the dielectric
functions of the contacting media;

(17)

LH(Z, K) =

(i) Atvery close distances to the metal, in contrast to the classical
result, the charge may be repelled from the interface. The rea-
soning behind this is clear; as k — oo, as long as £+ > &y, the
charge prefers to reside in the water.

(ii) At intermediate distances, two minima are present, one
deeper and closer to the interface and the other much further
away. Such a behavior arises from the dielectric function of
the metal being much larger than that of water in the inter-
mediate k range, and thus the charge feels an attraction to
the interface. In combination with the effect of the repul-
sive branch described in (i), this results in a minimum in the
energy. Such a minimum close to the interface is an inter-
esting finding, as it indicates there may be some universal,
purely electrostatic mechanism by which ions can adsorb at a
metal electrode.

(iii) At very long distances, the self-energy converges to the clas-
sical law, as the dielectric functions tend to their macroscopic
values at k — 0.

What is not clear from this analysis is the presence of the
small repulsive “bump” further away from the surface. Given that
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the model involves just two characteristic lengths, an additional
maximum in the profile is unexpected. This has, in the past, been
attributed to the presence of an additional repulsive “bound sur-
face charge” contribution to the self-energy, associated with the
orientation of dipoles at the interface’” (in particular, setting the
polarization density at the interface, Py=0 uC cmfz). Thus, this
maximum would physically represent a desolvation-like effect of the
interface. However, such an interpretation and physical origin are
not clear from the SRA at the interface.

The qualitative presence of an electrostatic minimum close to
the interface is interesting and can have some profound conse-
quences within electrochemistry. Quantitatively, however, it does
seem rather shallow. The exact depth of the minimum depends
strongly on the model parameters, but for it to have any appreciable
physical effect, which may correspond to physisorption, the mini-
mum must be on the order of a few kzT, which it is close to reaching
here.

A particular complication, however, is present; examining
the form of Eq. (14), a clear problem arises when more compli-
cated pictures of the dielectric response of water are considered.
In the denominator of the second term in Eq. (14), once & (k)
is permitted to be negative,:[m as is the case when overscreen-
ing is considered, the denominator at certain values of K tends
to zero, and hence the self-energy diverges. Of course, such a
result is unphysical, indicating some fundamental problem behind
the SRA. Altogether, this provides the motivation for the work
in this paper; by developing a field theoretical model for the
two contacting media and then solving the resulting constitutive
equations alongside appropriate boundary conditions, a result will
be obtained without the shortcomings mentioned above, free of
approximations on expressing the dielectric function at the interface,
e(z,7's R).

Ill. FIELD THEORETICAL APPROACH
TO THE METAL-SOLUTION INTERFACE

Now armed with the intuition of what to expect at the
metal-solution interface within the SRA, while also being aware
of some of its short-comings, a novel method is now presented
below to tackle this problem. By defining two bulk free energy func-
tionals that simulate the dielectric response behavior of the two
contacting media, constitutive equations can be derived, which can
then be solved with appropriate boundary conditions to uncover
the electrostatics of the system at hand. In particular, the “novel”
description here is in the spirit of a “novel formulation of nonlo-
cal electrostatics,”* which bypasses the need to solve the compli-
cated integro-differential equations as required within the classical
formulation.

The first problem at hand is whether similar results to Sec. I1 B 2
above can be reproduced by this method, solving the image
charge problem for a point charge within this field’s theoretical
model. Then, to add a touch of realism to the problem, both
an external voltage (the electrostatic potential drop between the
electrode and the bulk of electrolyte solution), ¢, and a dipole
layer representing chemisorbed water, with polarization density,
Py, are introduced to better represent the electrochemical interface
in Sec. I'V.
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A. Free energy functionals in the aqueous solution
and the metal

1. Basic equations in an aqueous solution

Let us begin by treating medium I in our problem, the aqueous
solution, by constructing a free energy functional inspired by several
recent works.'*”" " In the grand canonical ensemble, the Landau
free energy functional, or grand potential, ®g, is defined as

q)(; = Z/{ - TS— Z (AiNi, (19)

where U is the internal energy, T is the temperature, S is the
entropy, and y; and N; are the chemical potentials and number of
the system components, i.

Within the mean-field approximation, the internal energy of
the system can be written as a functional of the electrostatic poten-
tial, ¢, the free charge density, ¢, and the polarization density field
of water, P. To account for polarization fluctuation correlations, U/
can be decomposed into “electrostatic” and “correlation” terms such
that

u[q): P, of] =Uq [(P, P, Qf] + Ucorr [P] (20)

The electrostatic term is constructed by enforcing the mod-
ified Poisson equation from the electrostatic energy density,
ue = £ (V)? /87 (see Refs. 14 and 55), leading to

Ualp:P,os] = fvdr{—%(V¢)2+P-V¢+of¢}» 21

where it is assumed that the system is immersed in some background
permittivity of ex, thereby introducing the short-range dielectric
response as discussed above in the introduction into the system.
For an aqueous electrolyte, the free charge density can be written
as a first approximation as @(r) = @y, 1 + € X;zini(r), where e is
the elementary charge, and z; and #; are the valence and ion den-
sity of component i. Here, 0., 1 is an external charge density sitting
in medium I.

Polarization correlations of the solvent water can be conve-
niently described by some kernel, Kus(r,1").” *' Most importantly,
this kernel can be built to mimic the nonlocal dielectric response
function of bulk water. In doing so, this method conveniently
avoids any assumptions (e.g., the dielectric approximation”*®” or the
SRA**") on the dielectric function at the interface while solving the
problem directly. This correlation term reads

Ul P = 25 [dr [’ Puo) K IBo(6). 22)

Here, a Landau-Ginzburg gradient expansion in the polarization
density is used to further specify Eq. (22). Using a functional of
this kind has a long history in describing confined media.”" " For
simplicity here, we take the following quadratic form:

Ucorr[P] = 82—: /dr{Klp2 + K (V- P)Z}’ (23)

where K; and K are the phenomenological coefficients. This first
order gradient expansion has been used in the past to mimic the
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“Lorentzian” dielectric response®” and has been sometimes termed
the “Marcelja-Radi¢” functional. Note that it is well known that such
a first-gradient expansion is insufficient in reproducing the simu-
lated dielectric response of bulk water;”"*” to do this would require
higher order gradient terms in the expansion.' %%

Entropic contributions to the system can be introduced via a
lattice gas approach, which takes the standard form,

~TS[ni] =ksTY . fdr ni{ln(n,-f\?) - 1}, (24)

where A; is the thermal de Broglie wavelength of species i. Finally,
writing the last term in Eq. (19) as a function of ion densities such
that

(Z MiNi) = Z fdl' Uin; (25)

completes the construction of the functional. Variational mini-
mization of this functional with respect to the ion density n;
yields

ziep + kgT In (n,A?) —ui=0. (26)

Writing in the bulk that y; = kgT In (n;,,,-[\f ), where ny,; is the bulk
ion density, yields the Boltzmann distribution for the ions,

ziep
n; = ny; exp| — . 27
= mexp( 17 @7)
Assuming a monovalent 1:1 electrolyte, variational minimization of
the functional with respect to the electrostatic potential, ¢, and the
polarization density, P, yields the coupled Euler-Lagrange equations
for the electrolyte,
e

Exx .
EA(P =V P+ Qg1 —2em smh(kB—T) =0, (28)

ex Vo +4n(KiP-KV(V-P)) =0. (29)

To further simplify these, for small electrostatic potentials,
ep/kgT <« 1, and Eq. (28) can be linearized in ¢, giving the new set
of equations,

2

1 1 oextI Ko
—Ap- —V-P=- T 30
47 ¢ S*v Ex +47T£*(p ( )
4n
V¢+S—(K1P—K2V(V~P))=O, (31)
*

where «; " is the vacuum Debye length.

To understand the coupled solvent/electrolyte screening behav-
ior described by such a set of equations, it is appropriate to derive
the bulk dielectric function of the system described by such a free
energy functional, thus enabling the definition of the set of phe-
nomenological coefficients, {K;}, that characterize the dielectric
response of water. Indeed, this coupled screening behavior is a
tricky problem that is receiving a lot of attention as of late.”’ "’
The difficulty in modeling such an interplay arises from competing
solvent-solvent and ion-ion correlation effects; at low (millimolar)
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ion concentrations, solvent correlations will dominate, whereas, in
highly concentrated solutions (e.g., solvent-in-salt systems), ion-ion
correlations, beyond the Debye mean-field approximation, will take
control. Microscopic models of the nonlocal dielectric response
of ionic systems have been proposed, leading to a concentra-
tion dependent solvent response, as well as the introduction of a
wavenumber-dependent inverse Debye length xo(k).”" " Such a
procedure, however, is not straightforward and does not result in
any simple closed-form expression.

Taking the full Fourier transforms of Eqs. (30) and (31), the
dielectric function can be derived as

(k) = ( PRI ) + % (32)
¢ =\ K1 + K2k2 k2 ’

which, for K; = 1/(y - 1) and K, = yA*/(y - 1), leads to the term
in the brackets resembling Eq. (15). Such a simple expression cou-
pling the nonlocal solvent response to the electrolyte ion correlations
arises from the mean-field approximation used in this work and has
previously been proposed as an interpolation formula decades ago.”
Note that at small k, when e(k) — ¢, the second term in Eq. (32)
diverges as ~ k™%, thus altogether yielding the classical Debye screen-
ing behavior. On the contrary, at large k, the second term vanishes,
and the dielectric response is determined by the solvent. This for-
mula becomes exact in the limit of small k and small electrolyte
concentrations, where ;' is much smaller than any character-
istic solvent correlation length. Thus, this constructed functional
should perform reasonably well for diluted electrolyte solutions,
given the assumptions of both linear dielectric response and the
Debye-Hiickel approximation used here.

Constitutive equations: Returning to Egs. (30) and (31), it is
clear that the right-hand side of Eq. (30) is associated with only the
free charge of the system, ¢ I Thus, it can be written as V - D, where
D is the displacement field. Using this and integrating Eq. (30) once
yields the constitutive relationship of electrostatics,

D = -4 Vo + 4nP. (33)

As with the electric field, a new potential, ¥, can be introduced,
defined to be associated purely with the displacement field. Given
that in the static limit, the transverse components of the fields are
zero, this potential can be defined simply as

D=-Vy. (34)
Plugging this into Eq. (33) yields
47P = V(ex @ — ). (35)

Thus, the set of Euler-Lagrange equations defined in Eqgs. (30) and
(31) can be reformulated in terms of the two potentials ¢ and v,

Al// + 4ﬂpexl,l - SKZ(P =0, (36)

v=e{(Lepen)o-n(Fonurag) @)

where k = ko/\/% is the inverse Debye length in water. These equa-
tions then define the new constitutive relations for the electrolyte
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solution. Note that solving for both ¢ and y will yield the three fields,
D, E, and P, thus allowing the exact determination of boundary
conditions when an interface is considered.

2. Basic equations in a Thomas-Fermi metal

In a similar way to the electrolyte, the electrostatic energy in the
metal can be written as

Ualg, Qf] = /dr{_%(v(/’)z + (05 + oext,ll)(p}’ (38)

where @pp is the induced charge density of electrons to an
external charge distribution, 0., ;;. Variational minimization with
respect to the electrostatic potential yields the Poisson equation in
the metal,

eMAQ + 470y + 470y = 0. (39)

The linear approximation for TF screening theory yields for the
induced charge distribution,

4mop = —SMXng(p. (40)

Similarly associating the displacement field D, and hence its poten-
tial, y, with the free external and the induced charge densities yields
the constitutive equations in the metal,

Ay = —47Q 1 + sM}{%Fq), (41)

eMAq’ = 747Toext, ot eM}{'sz(P’ (42)

revealing a surprisingly simple relationship between y and ¢ in the
metal. Note that these expressions reproduce the screening behavior
described by Eq. (16).

B. Introducing a point charge: Solving the image
charge problem

Having derived the constitutive equations in both media, let us
now try to solve them for the case of a charge at an interface. To
begin, we will approach the problem with a simplistic model of the
system, neglecting any effects of external potential or adsorbed water
at the interface. While this may remove a sense of realism from the
model, such a model will provide some preliminary results to com-
pare to previous works before the introduction of these complicating
factors, which will be considered in Sec. V.

Regardless of the model, the constitutive equations must first
be setup to account for the geometry of the problem, and the charge
distributions, 0., and 0.y, must be defined according to the
method of images. These unknown charge distributions can then
be solved by imposing the Maxwell boundary conditions at the
interface. As will be shown, introducing this new potential, y, asso-
ciated with the displacement field D, will dramatically simplify the
problem.

Consider the setup of the system in Fig. 1(a); an ion is placed
at a distance of z = g away from the interface at z = 0. The sys-
tem is translationally invariant in the xy-plane; thus, a cylindri-
cal coordinate system can be used here, with the z-axis normal
to the plane of the interface. It is then convenient to consider
the Fourier-Bessel transform of the potentials, ¥ = y(z,K) and
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¢ = p(z,K), where K is the radial wavevector, related to the real
space potentials by

0(zR) = ﬁ fo ” KdK Jo(KR)#(2,K), (43)

¥(z.R) = i fo ~ KdK Jo(KR) (. K). (44)

Writing the Laplacian operator as its Fourier-Bessel analog,
A =92 - K?, the constitutive equations in the solution are then
given by

(07 - K9 = ~4nfexes + e’ 7", (45)

s 4 | -
70 = {(1+ylc AP Az(—sﬂoext,l+ [aﬁ—Kz]q;f‘))}, (46)
*

and in the metal by
z<0 ~ 2 ~2z<0
[8 -K ]V’ = —A7Qext,1 + EMXTFPI > (47)
SM[a -K ](PKO = _47'[@5;?11 + SMX%F(P?O, (48)

where @exti = Qext,i(z, K). Let us consider these external charge dis-
tributions more carefully. As in the method of images, if a charge
is introduced at an interface, to correctly solve for the electrostatic
potential, two additional fictitious charges must be placed such that
Ouxes = 00 + 0’ and 0, y; = 0", where 0 is the contribution from
the real point charge, and 0',0" are the images. However, as both of
the media are now nonlocal, it is not necessarily correct to consider
them as point charges. Rather, they will have some distribution in
space. Hence, assuming that this distribution sits only in the lateral
plane, the Fourier-Bessel transforms of the external charge densities
in both media can be written as

Oext,1(2,K) = g8(z - a) + qU(K)d(z + a), (49)

@ext,ll(z: K) = qV(K)a(z - a)’ (50)

where U/ and V are the “unknown” charge distributions that must
be solved for. To find these, following the method of images, the
potentials ¢ and ¥ must first be found by solving the constitutive
equations. Inserting the external charge distributions as defined in
Eqgs. (49) and (50) into Egs. (45)-(48), the electrostatic potentials can
then be written in the aqueous solution as

..z>0( K) _ m( —Ql\z—a| + g~72e—Qz\Z—a|)
o Q

2y (L0 £ ) g
B o)) Q

7% (2,K) = 27111(2 Qe o e_Q”H")

Qz
+2nqu(K)( 1 *Ql(lﬂl) 222 e*Qz(l+“)), (52)

and in the metal as
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\/K 4 (z—a)

_2<0 Zﬂq
¢ (=K) = V(K)i, (53)
\/ K + }{'2“:
<0 \/K +;{”(z a)
¥ (2.K) = 21 V(K) & e (54)
K+ XTE
where the coefficients in @; are given by
A*Q -1
g = YA .6
\/(1 - 2KA + yKZAZ)(l +2KA + yK2A2)
1 - vA20?
&= A Q% . (56)
\/(1 —2kA + yKZAZ)(l +2KA + yszz)
leading to the definitions of the coefficients in 1,
h=gA’Q,  h=gnAQL (57)

Here, the characteristic parameters of the solutions, Q, , (which have
dimensionality of inverse length), are defined as

1 1
Qi = %\/yxz + P(l + \/(1 —2KA+)/K2A2)(1 +2KA + yKZAZ)),

(58)

1 1
Q= %\/y;f + ﬁ(l - \/(1 —2KkA + yKZAZ)(I + 2kA + yK2A2)),
(59)
and the radial wavevector, K, couples with Q;, as

Ql,z = \/K2+Qi2. Note that in the classical limit, ie, y—1
and A — oo, these definitions reduce to Q; — x and Q, — 0.
Following the method of images, the Maxwell boundary conditions
can be applied here to solve for U/(K) and V(K). First, let us
consider the displacement field; before, within the nonlocal electro-
statics formulation, such a condition on D resulted in non-trivial
integro-differential equations to solve. Here, however, the bound-
ary condition can be written explicitly through the potential v,
thus giving

(DI —DH) ‘A= —821/71(2 = O,K) + 621/711(2 = O,K) =0. (60)

Note that here there is no external charge localized on the interface,
and so the displacement field is continuous. The second boundary
condition is on the electrostatic potential; in the absence of dipoles
at the interface, the potential is also continuous,

¢1(z = 0,K) — gu(z = 0,K) = 0. (61)

Together, these boundary conditions yield the following solutions
for Y and V:

E(hle_Q‘”+h2e_~2) VK +)(T1:(
E(me @ + e @) + VK + (e

Q1a+ gz —Qza)

U(K) - -Qia T £ —Qza
Qz

(62)
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2K + (e @+ e @) (& e_Q“” + gz e )

g(hleféla_'_hzeféza) + a, gz Qza)
y ea\/Kerx%F) (63)

where & = ¢/em. Acknowledging that the first term in Eq. (51) is the

potential created by the point charge, ¢ (*), the self-energy is then
given by plugging Eq. (51) into Eq. (5), yleldmg

V(K) =

2
K+;{ & ,7Q
TF\ G,

i 81 20w & 20
w -3 [ kaku(x (fe* g 8 ) (64)
(@) =5, BN\ &°
Given the complexity of i, the integral over K can only be taken
numerically. Regardless, this expression is a first attempt at answer-
ing the question underpinning this paper, tackling the image charge
problem for a charge at the metal-solution interface.

1. Pure water limit

To begin, let us first consider the pure water limit, with-
out complicating the problem with ionic screening. In this case,
Eq. (64) simplifies significantly. As k >0 A™' in the pure water

limit, Q1 — /K> + 1/A2, Q, - K, g —~y-1¢4 —1,h —0,and
hy — 1. Thus, the expression for the self-energy in the pure water
limit reduces to

2 o B : :
W(a) = g— f K Upare(K)| e ¢ K@= a/ficryn
&Jo

K+ 1/A% ’

(65)
where
EKE = R )
upure(K) _ VK2 +1/A2

EKe X 4 \/K2+7x2TF(e’K“ + 7’((3‘1/)1\2 eV KZ“/AZ)
v/ K +1
(66)

With these expressions, it is useful to first consider the limiting cases
to ensure that the model is working as expected.

Classical self-energy law: As a first check, let us reproduce the
limiting law for the classical dielectric/dielectric interface. From
Egs. (65) and (66), this limit is obtained by setting y — 1 in medium
I and »7r — 0 in medium II, thus representing an interface between
dielectrics with dielectric constants of € and ey. In this case,

W(a) = g (§-1 (67)
(@) = 4ea ( E+1 )
and the classical limiting law as in Eq. (6) is obtained. If medium II
is a conductor, £ — 0, and this law simplifies to Eq. (7).
Conductor/nonlocal dielectric interface: Before considering the
full complexity of TF screening in the metal, let us again treat it as
a conductor to see how nonlocality in the water may affect the law
of self-energy. Taking the limit of £ — 0, Egs. (65) and (66) yield for
the self-energy,

2

W(a) = - {1+ (y- 1)/}, (68)
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Close to the interface, in the limit where 24 <A and
W(a) ~ —¢°[4ex a. This behavior is expected; in the short range,
the dielectric response of the Lorentzian dielectric function becomes
that of the short-range dielectric constant, € « . Far from the interface,
2a > A, this law tends to be the classical one. Thus, this law
describes a smooth interpolation between the classical self-energy
laws with macroscopic and short-range dielectric constants.

TF metal/dielectric interface: Another limiting case that can be
analyzed from this expression is the interface between the TF metal

a 3
—— Thomas-Fermi / Lorentzian
—— Thomas-Fermi / Dielectric
2 —— Conductor / Lorentzian
--—- Conductor / Dielectric (Classical)
~ 1
m
=~
=
=
b
3
~>”<\ -5
=
-10
2 £x 4 6
-15
0 2 4 6 8 10
a[A]
Cc
2
S0
=~
=
S
~
= -2
-4 0 1 2 3
xrr [A71]
0 2 4 6 8 10

a [A]

FIG. 2. Self-energy profiles of a point charge at a metal-water interface.
(a) Self-energy for a charge at different interfaces plotted from Eq. (5.77).
For the TF metal, the parameters used are ey = 2 and xqr = 2 A-", and for
the nonlocal Lorentzian model, the parameters used are ¢ = 80, ex =5, and
A =3 A For a conductor, ey — oo, and for the dielectric, y = e/ex — 1. (b)
Dependence of the self-energy on the short-range dielectric constant for the TF
metal-Lorentzian water interface. Values of ¢ « range from 1 to 6, indicated by the
color bar. (c) Dependence of the self-energy on the TF screening length for the TF
metal/Lorentzian water interface. The results are displayed for the values of ¢
from 0 to 3 A=, indicated by the color bar.
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and classical macroscopic water. This has been §tq<_iied many times
in the past," " as well as in more recent works,”®’” and so it will be
a gratifying validation of the model here if the result is reproduced.

Taking the limity — 1,

_ qj *° aka[ K = VK + xig
W(a) = dKe , (69)
2¢e Jo EK + /K2 + 5

which is equivalent to the expression derived explicitly in Ref. 21.

TF metal/Lorentzian water interface: Now, with a better under-
standing of the expression and its limiting behavior, the self-energy
profile of an jon at the TF metal-Lorentzian water interface is plotted
in Fig. 2, alongside all the limiting cases considered above.

Qualitatively, the profile calculated here is similar to that cal-
culated in Sec. II B 2 within the SRA. Close to the interface, there
is a minimum in the self-energy, resulting from the repulsive con-
tribution becoming significant as the field of the charge penetrates
the metal. This again indicates a purely electrostatic mechanism by
which ions adsorb at the electrochemical interface, although here the
result is obtained via a more rigorous consideration of the boundary
conditions.

This minimum is, however, very sensitive to the model para-
meters. For ¢4 =5, the minimum is only ~1 kgT deep; while not
seemingly significant, it is enough to induce an absorption effect.
However, reducing ¢ to 3, the minimum deepens significantly to
~14 kgT. This effect makes intuitive sense; consider the arguments
laid out above for the classical case. At the interface, the dielec-
tric constant is close to ex. If €x /em < 1, the charge will always be
attracted to the interface as shown in Fig. 2. Conversely, as this ratio
becomes increasingly larger than 1, the repulsive contribution to the
self-energy strengthens closer to the interface, and so the minimum
becomes shallower.

The TF screening length has a similar qualitative effect, which
can be seen in Fig. 2(c). For large screening lengths (small »rr),
the metal is seen by our test charge as a dielectric with dielec-
tric constant ey at short distances from the interface, and thus the
charge is repelled, as €x > éem. As the screening length decreases
(»1E increases), the metal becomes a better conductor, and so the
minimum will deepen and be drawn closer to the interface as the
field produced by the charge gets very quickly screened within the
metal.

2. Effect of aqueous electrolyte

Having established that this adsorption minimum arises purely
as an effect of the coupling between the nonlocal effects of the
Lorentzian water and the TF metal, the effect of background elec-
trolyte screening can now be investigated via Eqs. (62) and (64).
As above, it is informative to investigate the limiting laws of the
self-energy. In the local, classical limit, y — 1, £ - 0, and Eq. (64)
becomes

2

W(a) = 4 (70)

4ea

This simple equation describes a consistently attractive image con-
tribution to the self-energy, which becomes weaker with higher
background electrolyte concentration due to the additional expo-
nential screening factor. Of course, within this linear Debye-Hiickel
approximation, strictly only small concentrations up to ~100 mM
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FIG. 3. Dependence of the adsorption minimum on the background elec-
trolyte concentration at the pzc. Self-energy profiles plotted from Eq. (64) for
the indicated concentrations, at the pzc, ¢, = 0 mV. The TF parameters here are
ew = 2and xqr = 2 A", and the Lorentzian parameters are ¢ = 80, ex = 5, and
A=3A

can be considered.”” However, how will such a behavior affect the
adsorption minimum that arises when nonlocality of the water is
considered?

For small concentrations on the order of ~1 mM, the self-
energy profile, plotted in Fig. 3, is largely unaffected. However,
in increasing the electrolyte concentration, the attractive branch is
screened more strongly, and the minimum diminishes, disappearing
altogether at ~75 mM. Above these concentrations, the point charge
is completely repelled from the interface, thereby revealing a nega-
tive adsorption effect (i.e., ions extruding into the bulk), providing a
mechanism by which this phenomenon may occur.

Reproducing the primary qualitative results above of the SRA
in Ref. 22 for the TF metal/Lorentzian water interface serves as a
reasonable validation of this approach. Moreover, the presented for-
malism acts as a starting point, upon which further complexity can
be added to the model. For example, one qualitative feature not
reproduced here is the repulsive barrier present within the SRA.
This prompts the following question: What does this approxima-
tion implicitly introduce that is not considered above, and are they
physical?

Of course, what we have considered thus far in the field theory
is a very crude representation of the electrochemical interface. There
will be additional electrostatic effects stemming from chemisorbed
water at the interface, which generates surface polarization, Py (see
Refs. 14 and 54). Similarly, the electrochemical interface can be influ-
enced by an external voltage, ¢,, which was not considered above
or in the literature. Such effects can be introduced in a reasonably
straightforward way through this theoretical framework, as will be
shown below.

IV. SURFACE EFFECTS: ELECTRODE POTENTIAL
AND CHEMISORBED WATER

In all results presented above, it was assumed that only the point
charge sitting at z = a contributes to the electrostatic potential dis-
tribution. Of course, such an assumption massively simplifies the
system; for example, an external voltage applied to the electrode,
or even the presence of water chemisorbed to the metal surface,
will also contribute to the potential distribution, thereby influencing
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what the ion in question may feel. In this section, we introduce these
effects to investigate the interface within this model, thus accounting
for these effects, yielding a more complete and realistic answer to the
question underlying this paper.

A. Electrostatic potential distribution
at the electrochemical interface

In the absence of the point charge, the external charge dis-
tributions in both media can be neglected, i.e., ¢.,; = 0. Thus, the
geometry of the system simply becomes planar, and the operators in
the constitutive equations can be simplified to 1D. This then allows
the constitutive equations to be written as

Ay —aleP’ =0, (71)
v = s{(l + yK2A2)<pf20 - N3P } (72)

Inserting Eq. (72) into(71) yields a fourth order differential equation
to solve for ¢,

N0 — (1+ P AP D2 + 12970 = 0, (73)

Defining the electrostatic potential here in the bulk of the electrolyte
solution to be zero, i.e., (pl(z — 00) = 0, as well as the electric field,
E; = -0.¢,(z — o) = 0, leads to the following general solution of
Eq. (73):

0%(2) = c1e” ¥ + e, (74)

where ¢, are unknown coefficients and the characteristic lengths
Q, , are defined as in Egs. (58) and (59). Plugging Eq. (74) into (72)

yields the expression for yf 20

>0 2 €1 —Qiz €2 —Qyz
Vi (2) = ex (—e + e ) (75)
Qt Q

In the metal, again the geometry of the system allows us to sim-
plify the operators to 1D, and in the absence of the external charges,
Oc1 = 0. However, here the effect of a constant external potential,
@, relative to the bulk of the solution phase, must be accounted for.
This can quite easily be done by writing ¢ as ¢;; — ¢, in Eq. (40),
giving

i’ — esxrr (@i — 9o) =0, (76)
Ao — xre (i — o) = 0. (77)

The general solution that satisfies these equations is

i (2) = go — (po — s)e* ™™, (78)

i (2) = em[go - (9o — 9s)e™], (79)

where again an unknown constant, ¢, representing the electrostatic
potential on the metal side of the interface, i.e., at z = -0, has been
introduced.
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1. Maxwell boundary conditions and solutions

The general solutions laid out in Egs. (74), (75), and (78)
involve three unknown constants; these must be solved for by apply-
ing three boundary conditions at the interface. The first of these
boundary conditions, as above in Sec. I1I B, is on the displacement
field. By explicitly introducing an external potential, ¢, the charge
on the electrode is delocalized throughout the metal and is, there-
fore, not localized at the interface. Thus, the boundary condition for
the continuity of the displacement field holds as

fi- (D1 —-Dn) = -9:y1(z=0) + . yu(z=0) = 0. (80)

We now, however, wish to also consider the effect of water
chemisorbed at the interface. By treating the water as a dipole sheet
of thickness d, it is clear that the electrostatic potential will no
longer be continuous. Instead, there will be a “dipole drop” over the
interface, written as

47T
(pI(Z = 0) — (pH(Z = 0) = slpod, (81)
%k

where P is the polarization density normal to the interface, which
represents the orientation of the water dipoles. A natural question
that arises here is the appropriate value to assign to d. The maxi-
mum thickness of the dipole layer here is the diameter of a water
molecule (dmax ~ 2.5 A), when all of the water dipoles point in the
direction of the normal vector to the interface, corresponding to a
maximum polarization density of Po.max ~ 20 — 30 uC cm™2, corre-
sponding to a surface density of ~10-15 molecules per nm®. Then,
we can simply approximate the thickness of the dipole layer to be
d ~ (Po/Po,max ) dmax. Prescribing a given polarization density normal
to the interface leads to the third boundary condition; using Eq. (35),
the normal component of the polarization density can be defined to
be equal to Py at the interface,

f-P(z=0) = ﬁ[s* Dopi(z=0) - Dyr(z=0)] = P (82)
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These three boundary conditions yield the following solutions:

22 Po(Quere (1 + Qud) + 6 (§ = xaeyd) ) + (Q) = yx*) xrego

By = -
alpo o) =-Q (Ql—Qz)(KTFQ1Q2+K2(f(Q1+Q2)+)’KTF))

>

(83)

. 2Po(Quere (1+ Qud) + &7 (8 = ereyd)) + (Q) = y* ) xrego
(9o, Py) = Qa >
(Qi - Qz)(KTFQle +x(E(Q1+ Q) + }'XTF))

(84)
—fT:PO'S"Z(l +(Qi+Q)d) + (QiQ + y&) xrgo
xrrQ1Qa + &7 (§(Q1 + Q2) + yxrr) ’

¢s(¢o, Po) =

(85)
Then, with these definitions, plotting Egs. (74) and (78) in Fig. 4
shows how the electrostatic potential is distributed across the inter-
face. First, let us consider the case when all the dipoles are pointing
parallel to the interface such that Py=0 uC cm2andd =0 A. In this
case, in Fig. 4(b), the external voltage drives an electrostatic poten-
tial distribution across the interface, which is screened more quickly
the higher the electrolyte concentration. Note that a “double layer”
is formed in both the electrolyte (due to ions) and the metal (due to
electrons).

In Fig. 4(c), the external voltage is set to zero, and only the effect
of chemisorbed water is considered. In the absence of electrolyte
in the pure water limit, k — 0, the dipoles create a potential dis-
tribution, which decays with characteristic length A. Note that this
field does not decay to zero—in the absence of electrolyte screening,
Eq. (74) reveals that the potential instead tends to a non-zero value,
given by

9reo(z — 00) = j—”PO(A +d), (86)
*

a direct result of introducing unscreened “bound charge” in medium
I. Upon introducing the electrolyte, it is clear that the presence of
this bound charge at the interface is sufficient to drive the forma-
tion of a double layer in the solution, as indicated first by Belaya and
Levadny.”*””

o

z

Thomas-Fermi metal Aqueous Electrolyte

s 1

AT Y Y X Y N

FIG. 4. Electrostatic potential distri-
bution for two media in contact. (a)
Sketch of the system, showing the inter-
face at z=0, and a dipole layer due
to chemisorbed water of thickness, d,
leading to a polarization density of Py.
Panels (b)-(d) show the potential dis-

-5 0 5

tribution across the interface, as calcu-
lated by Egs. (74) and (78). In all plots,
unless otherwise stated, e = 80, ex =5,

3 r
—— Pure d —— Py=0pCcm=2
1mM

— 10 mM 2

— 100 mM
P 0
9o =0,P %0

[y
(=)
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0(z—») @
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and ey =2 such that y=280/5=16
and & = 80/2 = 40, and the characteris-
ticlengths are A = 3 Aand sqp = 2A".
In panel (b), Py = 0 uCcm=2; in panel
(€), ¢y =0V, Py =2 uCem=?; and in
panel (d), ¢, = 10 mM. Note that in (c),
the profiles are scaled to the potential in
pure water (x = 0 A=) at long distances,
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In Fig. 4(d), both effects of the external electrode potential
and the chemisorbed water drive double layer formation, leading
to an amplified electrostatic potential distribution in the solution.
The inversion in the sign of the electrostatic potential at the inter-
face seems counterintuitive at first; it appears to imply that co-ions
will prefer to adsorb to a charged interface over counter-ions. Of
course, as an ion approaches the interface, the surface polarization
density will itself be influenced by the presence of the ion, lead-
ing to a distribution in Py in the plane of the interface, altering
these potential profiles. Such an effect will be accounted for later
in Sec. IV B.

2. Capacitance in the sharp interface model

The classical Gouy-Chapman-Stern model states the following
expression for the double layer capacitance:

1 1 1
— =+, (87)
C Csc Cu

which arises from the separation of the electrolyte into two dis-
tinct regions, thus acting as two capacitors in series.” The first,
concentration dependent, contribution to this capacitance, Cgc,
comes from the diffuse double layer, which in the primitive
model of the solvent is well described by Gouy-Chapman the-
ory. The other contribution, the Helmholtz capacitance, Cu, is
concentration independent, which could be interpreted as aris-
ing from the adsorbed Stern layer of ions. This expression can
easily be validated by plotting the total inverse capacitance, 1/C,
against the inverse Gouy-Chapman capacitance, 1/Cgc, in a
Parsons-Zobel plot.”’ For systems with no specific ion adsorption,
this Parsons-Zobel plot adheres well to Gouy-Chapman-Stern the-
ory, yielding the predicted linear relationship, with a concentration
independent contribution to the capacitance, Cx. If this contri-
bution is indeed related to Cy, then this plot serves as an ample
validation of this picture of the double layer and the metal-solution
interface.

However, despite their seemingly good agreement with
Gouy-Chapman-Stern theory, these experimental results can be
treated with an alternative interpretation.®’ As Fig. 4 shows, there is
a potential distribution within the metal resulting from the screening
behavior of the metal electrons, and so there must be a capacitance
associated with it. Let us then investigate what this model predicts
for the capacitance.

The differential capacitance can be calculated easily as
C = dd/dgo, where & is the overall charge induced in the metal by
@, By considering that the surface charge density must arise from
an accumulation of charge over the entire metal phase, the following
relationship must be true:

0
f orpddz = 6. (88)

Utilizing Eq. (40) and plugging in the solution for ¢, the surface
charge density is obtained as a function of the external voltage and
surface polarization density,

1 -
0= EsMKTF((PO — ¢s(90, Po)). (89)
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Plotting 6 as a function of ¢, for different Py in Fig. 5, it can clearly
be seen that the potential of zero charge (pzc) shifts in the pres-
ence of chemisorbed water (as every electrochemist knows®), thus
explaining how both effects can drive the formation of a double
layer. Of course, within the linear model presented here, the dif-
ferential capacitance does not depend on 1 and so any features,
such as the Gouy-Chapman minimum or shoulders/double minima
due to water structure,’**’ will not be reproduced here. Regard-
less, the capacitance can be found in Eq. (89) and has two main
contributions,

1 _ 47TATF 4 47T/leff,sol

- , (90)
C &M 3
N—— —
1/Cyu 1/Cil

analogous to the Gouy-Chapman-Stern model. The first term is
concentration independent, much like the Helmholtz capacitance,
and the second term is the nonlocal double layer capacitance, where
a new, effective characteristic length in the solution is given by

QQ + i’

e 91
(Qi + Q)« oD

Aeff,sol =

In the classical local electrostatic limit, i.e., ¥ = 1, Aefrsol = AD>
and the classical Debye capacitance is obtained. Therefore,
within this picture, the concentration independent capacitance
as measured experimentally, Cx, is related to the capacitance of
the metal.**

However, Eq. (90) has been shown in the past to completely
overestimate the concentration independent inverse capacitance.
Calculations using C3' = Cy', based on the TF length of differ-
ent metals, predict much larger values than experimental mea-
surements.®! This then presents a paradoxical problem; while it
seems more physically correct to then consider a third contri-
bution to the capacitance due to an adsorbed Stern layer of
ions, where C3' = C;II + CIQII, such additions would worsen this
overestimation.

4
2
—
)
£ %
© 0
@)
=
=
e} -2 —— Py=0puCcm=2
—— Py=1puCcm=2
—— Py=2 puCcm=2
—— Py=3 uCcm=2

—-500 =250 O 250 500
@o [mV]

FIG. 5. Surface charge density as a function of the external electrode
potential and the surface polarization density. Here, Eq. (89) is plotted with
=80, ex =5, ey =2, ¢, = 10 mM, and s = 2 A~". Increasing the surface
polarization density leads to a shift in the potential of zero charge.
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One route taken to get around this paradox is to merely ignore
this metal contribution to the capacitance. However, this is a rather
displeasing solution, as it is not clear why screening in the metal
should not contribute to the capacitance. Of course, the expression
here was derived under the assumption that the boundary between
the metal and the solution is sharp. It has instead been proposed that
the interface is, in fact, diffuse, and there is interpenetration of the
electrons and the solvent molecules at the interface.®” ®” Then, the
electronic tails of the metal penetrate into the solvent over a dis-
tance of 1-3 A, an effect that has been shown to bring the value
of the concentration-independent contribution to the capacitance
more in line with experimental results.”"*” While such a model is
strictly more accurate, in practice the sharp boundary model works
reasonably well, provided the position of the boundary is shifted to
account for these electron tails.”® Thus, we will proceed in this paper
with the sharp boundary model, keeping the above in mind.

B. Self-energy of a point charge at the interface

While the self-energy of a point charge was thoroughly studied
above in Sec. II1 A, the results presented there were considered in the
absence of external potential distributions imposed by the surface.
To consider these effects discussed above in Sec. IV A, they must be
introduced when constructing the electrostatic potential when set-
ting up the method of images. Considering again this point-like test
charge, 0(0), sitting in the electrolyte solution at z = +a, we, as above,
introduce the two new unknown charge distributions ¢{ and V to
represent the “image” charges in g, ; and g, ;;- However, as the two
media are now nonlocal, these charges will contribute to the polar-
ization density at the interface. Thus, if we simply linearly sum the
solutions of Secs. 111 A and IV A and solve for I/ and Vin the same
way, then the boundary condition imposing that P,(z = +0) = Py
will be violated. Instead, to get around this and to solve the problem
self-consistently, a new distribution, P, can be introduced, repre-
senting the distribution of polarization density at the interface. This
P can then be solved for and will respond to the presence of the
point charge to ensure that P;(z = +0) = Py is maintained. Thus, the
potentials can be written in the solution as

. 27Tq(g1 —-Q,|z-a] » *Qz|27a\)
z,K)=— %e + S—e
P1(2K) e \Q Q
2nqu(K)(g1 ~Qu(z+a) | gz —Qz(z+a))
2

+ 47‘[[(51((/)0 8(K ) , 75(K))e_Q‘Z

+ cz((po 6(15) R ”p(K))e_QzZ], (92)

(§(Qud-1)e @+ & (Qud-1)e @) + ( (L
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hl —Q |z— u\ hZ -Q |z—a|)
z,K) =27 ' e
V/I( ) q(Q QZ
hy
+ 2mall(K ( Ql(z+a) Qz(ﬁa))
qU(K) o

2 L é\(I<) > -Qiz
+47T£K|:Q%C1((po K ,P(K))e

+QL§C2(¢06( ) P(K)) sz], (93)

and in the metal as

\/K +xTF(z a) S(K)

+ }{TF K

—¢s(<p 8K) P(K))) ”] (94)

7K e + 4nsM[(p0 S(K)
VI e K
—(<po@ —<Ps(<P 8K) P(K))) ] (95)

K
Note that here the planar geometry of the external potential con-
tributions in each expression is maintained in the Fourier-Bessel
transform by means of the factor 476(K)/K. The corresponding
Maxwell boundary conditions at the interface as laid out above in
the Fourier-Bessel transform are written as follows:

(k) = 1 0(K)

+ 471[(;)0

: (%@

(2, K) = 2nq V(K)

(i) continuity of displacement field,

- azli/I(Z = O,K) + 811/711(2 = O,K) =0, (96)

(if) discontinuity of potential,

1672 Pod 8(K)

, 97
o K 97)

¢1(z=0,K) - gu(2=0,K) =

(iii) normal component of polarization density at the interface,

-P(z=0) = i(e*azq)l(z: 0,K) - 0,91z = 0,K))

= 47P, 8(K) (98)
K

T~hen, following the method of images, the distributions U, V, and
‘P can be solved for, giving

- yd)(hnféla + hzeféz”‘)

2
K+

UK) =

(&(Qud+1)e @+ £(Qud+ 1)) +

, (99)

yd) (hlefé‘“ + hzeféza)

—_
A
+ e
Y
|
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V(K) = - - - —, (100)
(%(Q}d+ e @ 4 %(de+ l)e"Qz”’) + ( Ti}é - yd)(hle_Ql“ + hze‘Qz”’)
- . (K -
P(K) =po%+ 4%7’* (K), (101)
where
) 2=y 2 Q0 (yh —gl)e_o‘“ + (yha —gz)e_QZ“

Note here that for d = 0 A, Z/(K) and V(K) reduce to the solu-
tions in Egs. (62) and (63), but the contribution from P does not
disappear for d = 0 A. Another important result to note is that if
the charge is infinitely far away from the interface, i.e., a = oo, then
P+ (K) — 0, and the electrostatic potential obtained resembles that
in Sec. IV A, showing how P(K) represents the dipole layer at the
interface responding to the presence of the point charge.

Interestingly, the dependence of the distributions /(K ), V(K),
and P(K) on the electrode potential and polarization density dis-
appears in their calculation. This does not, however, exclude their
effect from the self-energy within the image charge problem. Con-
sider now the self-energy of the point charge in this system, as given
by Eq. (5). Plugging Eq. (92) into Eq. (5) yields

W(a) = q[cl((po,Po)e_Q‘a + Cz((po,po)e_Qza]
2 [e o] ~ ~
+ if KdK Z;{(K)(‘g—le_le“ + <g—ze_mz”)
2¢e Jo Q Q

2

+ 4q—ﬂy[(:1(0, e 2+ (0, 1)37Q2a]_/0°° KdK P (K),

(103)

where it is clear that the first term relates to the potential distri-
bution induced by the surface, the second term is the contribution
due to the images, and the third relates to the oriented dipolar layer
(originating from the adsorbed water) at the interface. Note that
there is a clear difference in the expression derived in Eq. (103)
compared to Eq. (64), in that there now exists a linear term in
the charge of the ion, g, leading to charge-inversion asymmetry in
the results. Therefore, in Secs. [V B 1 and IV B 2, results for both
monovalent cations (g = +e) and anions (q = —e) are presented to
highlight this.

1. Pure water limit: Effect of surface polarization

Again, it is convenient to first start with the case of pure water
and not to complicate the system yet with ionic screening and the
effect of an external voltage. Note that in this case, when x = 0 A7,
there will be a non-zero constant contribution to the self-energy at

(8(Qud+ 1)@+ £ (Qd+1)e @) + ( £

yd) (hle_Q‘“ + hze_QZ“) .

[o2. 2
K +xp

(

long distances due to the presence of the dipole layer. Thus, the self-
energy must be shifted by this constant, which takes a similar form
to Eq. (86) above,

W(a— o0) = %PO(A +d). (104)

In Fig. 6(a), it can be seen straight away that the repulsive bump
shown in Fig. 1 within the SRA is qualitatively reproduced here.
However, this method does not quantitatively reproduce the results
of the SRA for Py =0 uCcm™. In allowing the surface polar-
ization to respond to the presence of the charge, the resulting
potential distribution leads to an additional repulsive contribu-
tion, shifting the adsorption minimum to positive values for Py =
0 4Ccm™2, leading to a metastable adsorbed state. There is, how-
ever, an appreciable barrier to this adsorption; if the ion can find
its way to sit in this well, it would require significant energy to
escape, greater than ~1 kgT. Such a barrier can be thought of as
a result of “interfacial de-solvation,” where the presence of the
ion replaces the chemisorbed water. For positively charged ions,
a greater surface polarization density, and hence a stronger orien-
tational ordering of the dipole layer, leads to a deepening of the
minimum toward stable negative values, as well as the diminish-
ing of the barrier to this adsorption. Such a result here indicates
that chemisorbed water can drive the adsorption of cations at the
electrochemical interface. The opposite effect is seen for anions,
whereby the ordering of the interfacial dipole layer diminishes
the image effects, resulting in the disappearance of the adsorption
minimum.

The value taken for the short-range dielectric constant, €, also
has a strong effect on the self-energy profiles, plotted in Fig. 6(b).
As the dielectric discontinuity gets smaller, ie., as ex — &y, the
minimum deepens significantly for both anions and cations, which
can be explained in the context of the classical theory (see above).
However, the barrier to this adsorption also strengthens, as the
repulsive contribution due to the polarization density is greater as
the “background permittivity” decreases.

As was made clear from the analysis in Sec. III, the prop-
erties of the metal can influence the self-energy profile. We plot
results in varying the TF screening length in the metal in Fig. 6(c).
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For xrr — 0 A7, i.e, the metal side representing a dielectric, the
ion is repelled from the interface, again because ex > em. How-
ever, just like above, as xrr increases and the screening length
decreases, the metal becomes a better conductor, and so the mini-
mum deepens as the field generated by the charge gets more quickly
screened within the metal. However, a new effect emerges here
(formally, because this is not something that we can easily vary
in the metal); the barrier to adsorption gets larger with decreas-
ing screening length. The origin of such an effect can be attributed
to the degree to which the dipole layer responds to the presence
of the ion.

2. Effect of applied voltage

For a positively charged ion, applying a negative external elec-
trode potential introduces a longer-ranged attractive tail to the
self-energy. The range of this tail depends on the electrolyte con-
centration, which can be clearly seen between Figs. 7(a) and 7(b), as
the electrolyte ions screen the charge of the electrode. In all cases, a
strong minimum due to the image contribution to the self-energy
appears in the vicinity of the interface. However, if too close to
the interface, the effect of the field of the point charge penetrating

into the metal will always yield a strong repulsive force, provided
€% [em > 1. This explains why, even at strongly positive (repulsive)
surface potentials, the self-energy still exhibits a metastable min-
imum, which could explain the phenomenon of underpotential
deposition (UPD) (see Sec. VI below).

The more interesting case is when voltages opposite to the
charge of the ion are applied. Of course, further away from the
interface, a positively charged ion is repelled by a positively charged
electrode. However, for small to intermediate applied voltages, there
is an energy barrier leading to an adsorption minimum close to the
interface, arising from the interplay between the electrode poten-
tial, the nonlocal dielectric response of the solvent, and the ability
for the field to penetrate the metal. This barrier is reasonable for
lower background electrolyte concentrations, showing the possibil-
ity of ions becoming trapped close to the electrode. Of course, as the
applied voltage is driven to greater values, or for higher concentra-
tions, this effect diminishes, and the point charge is then repelled
from the interface.

Note that these effects discussed above depend strongly on €.
In all plots, ex is taken to be 5. However, it is currently unknown
what value this parameter should take. For example, if this short-
range dielectric constant encapsulates the electronic polarizability
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of water, then e« = 1.98. Otherwise, if it describes vibrational and
infrared polarization modes, then it can range between 3 and 5.
However, one could also argue that e should just be 1, the vac-
uum limit. Thus, what is presented here is the weakest effect possible
within this framework, as when e decreases, the adsorption mini-
mum strengthens. Thus, it can be used as a tunable parameter in
comparisons against experimental results.

Similar results have been calculated in the past in Ref. 23 for the
self-energy of an ion at the TF metal/nonlocal electrolyte interface
within the SRA, showing this non-monotonic behavior. However,
while the origin of this behavior was attributed to bound surface
charge, this was cumbersome to derive, and the formulation did not
allow for understanding how interfacial water structure may con-
tribute to driving the adsorption of ions. Through the field-theoretic
approach used throughout the paper, the origins of these effects
are clearer and do not rely on any approximation of the dielectric
function at the interface.

V. ELECTROSTATIC POTENTIAL CREATED
BY AN ION AT THE INTERFACE

A. Field penetration in the metal

The concept of the electric field of the point charge penetrat-
ing into the metal has been mentioned several times throughout
this paper so far; let us now clarify what is meant by this. Con-
sider the classical model for a perfect conductor; with a dielectric
constant tending to infinite values, the electric field, and hence the
charge density within the metal, is zero. Thus, due to the continuity
of potential, the field at the interface is also zero, as the electrons in
the metal are able to perfectly screen the field created by the point
charge, leading to the attractive classical self-energy law derived
above. Thus, there is no penetration of the field into the ideal metal
conductor.

a [A]

30 40

This is, of course, not the case for the TF metal. Electrons screen
the field over the TF length; thus, if the point charge is too close
to the interface such that the electrons are not able to sufficiently
screen the field it creates, it feels a repulsive force, as the point charge
begins to see the positively charged background skeleton of the
metal. This effect can be seen explicitly by calculating the potential
in all space.

The electrostatic potential in real space can be written by insert-
ing Egs. (92) and (94) into Eq. (5.43), yielding in the electrolyte
solution,

-4
/R + (z-a)?
» (gle—Qn/Rz+(z—a)2 +gze—Q2\/Rz+(z—a)2)

+ 4 [cl (0,1)e™2% + (0, l)e_sz]
2my

977 (2. R) = [ (9o, Po)e™ % + cal(go, Po)e™ ] +

X waKJO(KR)ﬁ*(K)dK+ng°°KdK Jo(KR)U(K)

x (g.—le_é‘(””) + ‘g—ze_QZ(““)), (105)
Q Q

and in the metal,

z<0

91 (z:R) = [90 = (90 — ¢s(g0, Py) )]
+ i(ps(o,l)e”ﬂ/ KJo(KR) P+« (K)dK
2my 0
e\/Kz-H{%F
VK + ;{%F ,
where in Eq. (105), the second term represents the potential cre-

ated by the point charge in the bulk of the aqueous solution. For
simplicity, let us first consider the interface in the absence of an

q oo ~
+ 2 /0 KdK Jo(KR) V(K) (106)
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FIG. 8. Electrostatic potential distribution at the metal/solution interface. Contour maps of the potential distribution as plotted from Egs. (105) and (106), for ¢, = 0
mV (left) and ¢, = 100 mV (right). In all plots, the interface at z = 0 is depicted by a dashed black line. The black circle indicates the position of the point charge, and its

distance from the interface, a, is indicated in each plot. Parameters for the metal were ey = 2 and »7¢ = 2 A=": and in the solution, ¢, = 10mM, e = 80, ex = 5,and A = 3

A;and Py = 2 uCom=2.

applied voltage, i.e., ¢, =0 mV. The electrostatic potential distri-
bution as the point charge approaches the interface is plotted in
Fig. 8 (left). There are a few key observations to note here. When
the charge is further away from the electrode, the planar wave
of potential generated by the chemisorbed dipoles at the inter-
face distorts the field created by the point charge, resulting in the
repulsive barrier in the self-energy. However, when the charge is
moved closer to the interface, this planar wave distorts, leaving
a “cavity” in which the charge can begin to “feel” the metal. It
is at this point where the field created by the charge begins to
penetrate the metal, where it is rapidly screened by the metal elec-
trons, leading to the adsorption minimum in the self-energy. This
results in a “pancake”-like, thin layer of electrons close to the inter-
face. As the charge approaches even closer, this “pancake” becomes
more bell-shaped, and the electronic density becomes insufficient
to screen the charge at the interface. Here, the charge is then able
to feel the positively charged skeleton of the metal ion cores and is
strongly repelled.

Looking in the lateral (R-) direction to the charge, parallel
to the interface, the field contracts, being screened more strongly
with the characteristic lengths depending on the properties of both
the contacting media. This kind of effect is known,”"” and it
can have important consequences on the adsorption of ions at
the electrochemical interface’”** and will be examined in detail in
Subsection V B.

Then, applying a repulsive voltage across the system, the field
of the ion is distorted more strongly at a longer range, directly

relating to its stronger repulsion from the interface. As the charge
approaches the interface, the planar wave of potential arising from
the surface polarization deforms again, and the field of the ion pen-
etrates the metal. The origin of the adsorption minimum, even at
repulsive applied voltages, is thus made clear.

Of course, here the sharp interface approximation was used,
constraining the electrons to sit only at z < 0. If a diffuse interface
were modeled here instead, as the charge approaches the interface,
the “pancake” of electrons would be expected to extrude out from
the metal skeleton into the solution bulk, as they are pulled toward
the charge source. A similar effect would be expected under the
influence of an applied voltage.*”

B. Lateral interaction of charges at the interface

So far in this paper, it has been established how a single point
charge may behave at the interface between a TF metal and a non-
local aqueous solution. In reality, there will be many more than just
single charges at the interface, and so their interaction in the plane of
adsorbed ions, i.e., at z = a, must be considered. For point charges,
in the linear response approximation considered so far across the
paper, this will simply be proportional to the electrostatic poten-
tial, as previously calculated, and so, the lateral potential profile
will be of interest here. Although having previously been exten-
sively studied within a local picture of water,””*"*” such a problem
is gathering renewed interest, with more recent theoretical”® and
computational’” advances supporting these classical results, but in
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TABLE |I. Limiting laws for the electrostatic potential. Approximate limiting laws
for the lateral electrostatic potential at the TF-dielectric interface (middle) and at
the conductor—dielectric interface (right) for the indicated parameter regimes, as
presented in Ref. 89.

Parameter regime Limiting laws Classical (xrp - 00)

(1)  aw~R< Exgp

al1, (&1 a1 ___1
RSNV avr) S S R v

-1 2 1 24

(2) a<R< &g %{ETEI}ﬁ %{%
— —132 5
(3) a<bai <R q{%} )

these works the medium in contact with the TF metal was still con-
sidered to be local. Thus, there is a strong impetus to see how the
nonlocal theory developed here compares with those established
results.

Before proceeding to the fully nonlocal formulation, let us first
consider how just a TF metal can distort the field created by an ion,
looking back to the work in the 1980s.”””"*"* In Table I, limiting
laws of the lateral potential are presented in the middle column for
a local water-TF interface, describing how the charges may inter-
act in the plane of such an interface,”” approximated at different
ranges of separation, R. For comparison, the classical laws for an
ideal metal are also shown in the right-hand column. It can be
seen from these limiting laws that, when penetration of the ion field
into the metal is permitted, there arises a rather dramatic enhance-
ment of the field in comparison to the classical model. Such an
effect occurs as a direct consequence of this “pancake” of charge
induced in the metal, as shown above in Sec. V A. However, this
demonstrates that the repulsive lateral interaction between charges
of the same sign is stronger than the classical model predicts at
the metal-water interface, thereby discouraging ions from packing
closely at the surface.

Intuitively, such a result does not bode well for a nonlocal elec-
trostatic model. If the dielectric constant is dramatically reduced in
the vicinity of the point charge, the lateral field would be enhanced
greatly, further discouraging the adsorption of ions at the interface.
For a more direct comparison with Table 5.1, let us first consider
now a similar case in the field theoretical approach, using the result
from Sec. I1I B neglecting surface polarization and applied voltage
effects. In the absence of background electrolyte (k = 0), the lat-
eral interaction potential in the plane of the point charge (z = a)
reads as

uj(a,R) = ¢i1(z=a,Rx=0) —pu(z=a,R— o056 =0)

_ %(1+(y—1)6_R/A)+%/0 dK Jo(KR) Upuze(K)

e—Zu\/Kz+1/A2 , (107)

2K K(y-1)
\/K*+1/A

where Upure(K) is given in Eq. (66). This potential is plotted as a
function of R in Fig. 9 and compared against the laws in Table I. In
all cases, there is a clear enhancement of the field when considering
the TF model of the metal in comparison to the classical, ideal con-
ductor model. As mentioned above, this is a direct consequence of
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the penetration of the field into the metal and is an expected result
here.””””*”* The local limit of the theory (red curve in Fig. 9), where
y = 1, adheres well to the limiting laws (1) and (3), representing the
behavior close to and far away from the charge along the interface.
Limiting law (2), however, seems to dramatically overestimate the
field at intermediate ranges. One can note that (1) reduces to (2) in
the case when a — 0 A, indicating that (2) is only valid when the
charge is directly at the interface. This may mean much more favor-
able results for ion adsorption, as the repulsion between charges
at the interface is dramatically reduced at intermediate separations
compared to those previous estimates.

Now considering the nonlocal theory of the water [blue curve
in Fig. 9(a)], at close distances to the point charge, the field is very
strongly enhanced, a consequence of the reduced effective dielectric
constant in this regime. However, at intermediate and larger sepa-
rations, there is a crossover between the nonlocal and local limits,
where the nonlocal theory reveals a much more diminished repul-
sion than expected, likely a result of the enhanced, coupled electron
and dipole screening effects from the TF and Lorentzian models
used. Although not shown here, plotting similar curves for the full
model accounting for the background electrolyte concentration only
slightly increases this screening effect, diminishing the repulsive
lateral interaction further. Such a finding is, in fact, more benefi-
cial for the picture of adsorption, as a reduced repulsion between
charges can lead to denser lattices of ions at the interface; this will be
explored in Sec. VL.

In the Appendix, we compared the SRA-based old results of
Ref. 22 for the electrostatic potential created by the charge with
our field-theoretical approach. The results are qualitatively similar,
but in the absence of surface polarization, they become identi-
cal when the charge sits right at the boundary between the metal
and electrolyte. The Appendix also contains numerical testing of
all the asymptotic laws coming from the formulas obtained in
Ref. 22, which surprisingly has not been done in the past. The
tests approve all laws listed above in Table I, but they indicate
that the asymptotic law for the short distances from the charge,
when it is near the interface, is reproduced only at very short
distances.

To go further, let us now consider the more complete the-
ory presented in Sec. I'V. Accounting for surface effects, the lateral
interaction potential is given by

(. R) = F (e g @)+ 4 [T ax o (kR)U(K)
x (ile‘z‘i’l“ " %ie‘z‘i’”)
1 Q:
+ Ziﬂy[cl(o, De 9%+ (0,1)e %]

x fo ~ KdK Jo(KR) P (K). (108)

Note that the explicit effect of the applied voltage and surface
polarization density disappears from this expression, as it simply
behaves as a constant value in the interaction. However, not all
effects are removed; the response of the interfacial dipole layer
through P+ (K) to the point charge remains in the third term in
Eq. (108).
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Plotting Eq. (108) against the limiting laws in Fig. 9(b) shows a model.”>”* This model, however, is at least a first step to under-

similar behavior for the nonlocal theory in the absence of surface
effects and electrolyte screening. At short distances, the interac-
tion potential is enhanced due to nonlocal Lorentzian correlations
in the water. However, this also leads to enhanced screening, thus
resulting in a crossover between the nonlocal and local laws, with
the longer-range behavior showing a dramatically reduced repul-
sive interaction. Of course, as the bulk electrolyte concentration
increases, the screening of the potential is also enhanced, leading to
an overall reduced repulsive lateral interaction.

The effect of field penetration into the metal is made clearer
when comparing the lateral interaction potential distribution cre-
ated by the ion located at different distances from the surface; in
Fig. 9, curves are plotted for both @ = 1 A and a = 2 A. Simply bring-
ing the point charge closer to the interface spreads the radius of the
“pancake” of charge formed in the metal, which screens the lateral
potential distribution, thereby reducing the repulsion in the lateral
plane.

In both Figs. 9(a) and 9(b), at long distances, past the range of
polarization fluctuation and electron correlation effects, all the pro-
files converge. Of course, within such a simple Lorentzian model,
no complicated effects of overscreening can occur. Those effects,
however, would have resulted in a series of deep, attractive min-
ima between the charges at close separations. Similarly, this TF
model neglects more complicated oscillatory behavior in the metal,
which could be introduced through the more general Lindhard

standing more deeply the role water may play at the electrochemical
interface.

VI. ADSORPTION AT THE ELECTROCHEMICAL
INTERFACE

Now with a fuller picture of the electrostatics at play within
this model, it seems natural to explore their physical consequences,
and in particular, their effect on ion adsorption. As shown above in
Sec. IV, applying a negative electrode potential will naturally draw
charges toward the interface. However, only the case of one charge
was considered there. Consider a 2D grid in the plane of the inter-
face; if each site within the grid were to be occupied by a charge,
then charges in neighboring sites would interact repulsively in the
plane of the interface, with the lateral potential studied in Sec. V B
describing these forces. There are then two competing contributions
at play when considering multiple charges” the self-energy and the
pair interaction.

Then, let us now attempt to build a model of ion adsorption at
the electrochemical interface, accounting for ion-image and ion-ion
interactions. To begin with, let us consider the entropic contribution
to the chemical potential, 4, within a lattice gas approximation.
To do this, we must separate the system into two sub-systems, the
“adsorbed” lattice sites of the metal (N;) and the non-adsorbed
“solution” sites (N0 ). Then, we consider N ions distributed across
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all these sites, with a certain portion, N,qs, adsorbed to the metal,
such that N — N,4s ions remain in the solution. Considering all this,
the total number of combinations can be written as

(Ns + Ngop)!

= . 109
Na!(Ns = NJ)U(N = Na)!(Ngot = N + Np)! (109)

Then, considering the entropy of mixing is given by S=kplnQ,
and using Stirling’s approximation (In x! ~ xIn x — x for x > 1), the
entropic contribution to the chemical potential of adsorbed ions is
given by

(110)

Uent _ a(_TS) 1 Nads(Nsol -N+ Nads)
= ~ In .
kBT aNvads (N_Nads)(Ns _Nads)

If we assume that the number of ions adsorbing to the surface is
much smaller than the total number of ions (i.e., Nygs < N), and
also that the number of unadsorbed ions is much smaller than the
number of available sites in the solution (i.e., N — N,4s << Ngo1), then
the following approximation can be made:

Nads(Nsol - (N - Nads))] ~ ln[

In
(N - Nads)(Ns - Nads)

NadsNsol ]
N(Ns - Nads)

:1n[&]—1n[ N ] (111)
N5 — Nygs Niol

Defining the surface coverage, 6 = N,4s/Ns, and the bulk concentra-
tion of the specifically adsorbing ions as ¢ = N/NaV, where Ny is
Avogadro’s constant and V is the volume of the solution, this can be
written as

lf:; :ln[%e] ~In [eNa Vaas), (112)
where V4 is the volume of a site in the solution, which we can
approximate to be that of a hydrated ion. The first term in Eq. (111)
represents the entropic contribution of the chemical potential in the
adsorbed state, Pentads’ and the second term is the bulk chemical
potential, u, . With the entropic contribution defined, we now con-
sider the “external” chemical potential of the adsorbed state, which
contains all electrostatic terms above,

Hoads - W W7 el o (113)

keT  kgT ksT kgT

where W = W(a; o, Py) is the self-energy of the adsorbing point
charge, as given by Eq. (103), and —-W™ ~ 4-5kgT defines an addi-
tional attraction energy, which is assigned to a possible chemical
bonding of the ion to the interface, not considered above. Given
the slowness of the decay of the potential in the lateral plane of
the interface, it is not possible to limit the in-plane interactions
to nearest-neighbors. Instead, we define the mean lateral interac-
tion potential, iz, as an average potential created by all other ions
adsorbed on the surface. For our purposes, we utilize the “cut-out
disk” approximation.*” Here, the given particle is assumed to sitin a
circle of radius 7., with no other particles inside, but with a uniform
constant surface density of ions, c;, sitting outside this circle. Thus,
this mean interaction potential is defined as

i1y (a,0) = 27155(9)[; RdR u(aR), (114)

ARTICLE pubs.aip.org/aipl/jcp

where we can write ¢; = 0/ (7r2,), and 7,4, ~ 3-5 A is the hydrated
radius of the adsorbing ion. Note that here, the radius r. is also a
function of the surface coverage and can be defined as
_ 1 _ Tads
re(0) = — = == (115)

RO

Plugging Eq. (108) into Eq. (114) and using the Bessel function
identity,

(KR = 2 TK R(KR)),

R OK
we obtain
- 26 —17“\/@ —2Vas\/§
it)(a,0) = j%(%e Q(ru/ )+é—2e @ (ra/ ))
ads 1 2
- V8 g[cl(O, e 2+ ¢,(0, l)e_QZ“]
Tttads Y

X/Odeh(K\;“gs)ﬁ*(K)
_M)Qfo“’th(K’adS)a(K)

Tads € \/é
« (&e‘z‘i"“ + g.—ze‘zéz“). (116)
Q Q2

Under equilibrium conditions, we can equate the total chemical
potential, Poxtads T Hentads® with the bulk chemical potential, Houlic
yielding a general adsorption isotherm,

W(a; (po,po) W7>+ eﬁ”(a, 6)
kgT ksT ksT

0
1-6

9+ln[ ]—ln [Z‘NAVadS] =0.

(117)
From this, we can calculate the dependence of the surface cov-
erage with two main parameters of interest: (i) the external elec-
trode potential, @05 and (ii) the bulk concentration of adsorbing
ions, ¢.

To find the coverage as a function of the external potential,
let us first extract the term responsible for the ¢ -dependence in
the general isotherm. Taking the first term of Eq. (117) and using
Eq. (103), the image contribution to the isotherm can be broken
down as

W(a;(PO)PO) _ Wl(a;(,oo) + Wz(a;Po)) (118)
ksT ksT ksT
where the two terms can be written as
Wi(a90) _ epo[ (1) ~Qua . (1) ~Qua
T = kB—T[cl e +c e ], (119)

and

Wa(asPo)  4mylePor 2) —0ua = (2) —~Qua
P [C1 e M roe ]

+€B[c§2)e_Q‘“ +c§2)e_Q2“]/0°oK75* (K)dK
+ E—BfooKdK Z;I(K)(‘g—le_ml“ + ‘g—ze_zoza),
2 Jo Q Q
(120)
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where the coefficients are defined in terms of Egs. (83) and (84),
€
cfl) =¢1(1,0), sz) = ﬁcl(o,l),

cgl) =6(1,0), ng) = Z—;cz(o, 1).

This enables a straightforward way to explicitly obtain the elec-
trosorption isotherm,

epo(0) 1 i [1 —6]
- In[ENA V4] +In| ——
ks T Cgl)teu+C§1)eQza{ n [N Vags] +In 5
Wa(asP))  W*  eiy(a,6)
T kT kT keT [ 121
ksT ksT kgT 0 ( )

The adsorption isotherm we came to contains W* as one of the main
driving forces for the possibility of underpotential deposition (UPD)
of ions (see Refs. 90 and 91). W* describes specific interactions
between the ions under study and the metal surfaces. It is different
for different metal-ion combinations, such as copper, silver, lead,
and mercury ions on gold; copper and silver ions on platinum; and
lead and thallium on silver, etc.”” Below we explore other factors
affecting the adsorption, such as electrostatic interactions between
the ion and electrode and between the adsorbed ions, both affected
by water structure and electric field penetration into the metal. Thus,
as a disclaimer, when trying to demonstrate how the change of those
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factors in a series of metals will affect UPD, we cannot describe the
whole UPD phenomenon unless we simultaneously vary W* for
every metal-ion combination.

Electrosorption isotherms: The isotherms described by Eq. (121)
are plotted in Fig. 10 for positively charged ions, i.e., g = +e. It is
clear, looking at all of the curves, that the isotherms are sensitive
to the balance between the attractive self-energy and the repulsive
lateral interaction energy contributions. Note that the isotherms
have been plotted within the electrochemical window; outside of this
range, reductive and oxidative electron transfer processes may occur,
which are not accounted for in this model. To explore different
effects on electrosorption isotherms, we have varied the following
parameters.

In Fig. 10(a), the hydrated radius of the adsorbing ions, r,4s,
is varied, which is directly related to the density of the adsorbing
layer, where smaller 7,45 indicates a denser lattice. As the charges
are packed more densely on the electrode, and thus also with an
increase in the coverage, 6, the repulsive lateral interaction contri-
bution becomes stronger, resulting in the isotherm flattening out.
Thus, much greater negative voltages are required to achieve the
same coverage.

The importance of the entropic contribution to the electrosorp-
tion isotherm is shown in Fig. 10(b). Increasing the bulk concen-
tration of the adsorbing ions, ¢, provides an entropic drive for the
ions to adsorb to the interface from the bulk, leading to a shift in the
isotherm to more positive potentials. This can be seen more clearly
in Fig. 11 and is discussed below.

— ¢=100 mM

¢=50 mM
— ¢=10mM
— ¢=1mM
¢=0.1 mM

200 0 —-200 —-400 200 0 —-200 —-400
@o [mV] @o [mV]
c 1.0 d1.0
— xp=0.754"1 —— Hg electrode
xp=14"1 —— Au/Ag electrode
08)_ xp=154"1 0.81| — Ptelgctrode
— agp=24"1 —— Graphite electrode
%06 — xp=3A""
S
0.4
0.2
0.0
200 0 —200  —400 200 0 200 —400
@o [mV] @0 [mV]

FIG. 10. Electrosorption isotherms at the TF metal-nonlocal aqueous solution interface. Isotherms are plotted from Eq. (121). In all plots, unless otherwise stated,
£=80,ex =5eu=2xr=2A"a=1A c, =10mM, & = 10 mM, W* = —4kgT, ross = 4 A, and V,qs = 472, /3. Note that the Debye length, =" in all calculations

ads

here, accounts for both the bulk electrolyte and the adsorbing ion species concentrations. Panel (a) shows the effect of the adsorption radius, rags, effectively defining the
density of the adsorption layer. Panel (b) shows the effect of varying the bulk concentration of specifically adsorbing ions, ¢. Panel (c) shows the shift of the isotherm with
the TF screening length. Finally, panel (d) shows the isotherms plotted for different electrode materials, with parameters estimated as (i) Hg, s ~ 2 A~", ey ~ 1.8, with
Py = 0 uCem™2; (i) Au or Ag, serr ~ 2 A=, ey w~ 3; (iif) P, sere ~ 1.8 A", ey ~ 4; and (iv) graphite, s ~ 0.28 A~", ey ~ 12.5, with Py = 0 uCcm 2,
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FIG. 11. Adsorption isotherms at the TF/nonlocal aqueous solution interface. Points for the adsorption isotherms were found by taking slices at a given electrode
potential, ¢, from calculations using Eq. (121) of the electrosorption isotherm 6(¢q; ¢) for different concentrations of adsorbing ions, ¢. Panel (a) shows how the adsorption
isotherm varies with applied voltage ¢, (—100 to +100 mV), short-range dielectric constant, e« (= 3,5), and the specific interaction energy, W* (= 0, —4kgT). The inset

for e+ = 5, W* = OkgT (upper right) is the isotherms on an expanded y—axis. Other model parameters are taken to be & = 80, ey = 2, srr = 2 A=, Py = 2 uCom=2,

a=1A c, = 10mM, rags = 4 A, and Vg = drr® /3. Panel (b) shows adsorption isotherms for different electrode materials at two values of the specific interaction energy,

ads

W* = OkgT (top) and W* = —4kgT (bottom), with the corresponding TF parameters listed in Fig. 10. The Debye length, =" in all calculations here, accounts for both the

bulk electrolyte and the adsorbing ion species concentrations.

In Fig. 10(c), the TF length of the metal is varied. As the
screening length gets larger (3crr decreases), the field of the charge
is able to penetrate deeper into the metal, and so the repulsive
branch of the self-energy is enhanced [see Fig. 8(b)], again leading
to the requirement of higher negative voltages for adsorption. Of
course, for different metals, it is not enough to merely adjust xt;
the parameters em, Py, and W* will also vary accordingly.

Regardless, it is interesting to see how different electrode mate-
rials may affect the isotherms within such a model. Here, we treat
Hg, Au, Ag, Pt, and graphite electrodes. Of course, W™ will depend
on these materials and also the nature of the ions, which are far
from just being point charges. However, to explore the effect of
other factors, we take W™ as constant across different materials but
vary the parameters ey and xrr, estimated from the electron densi-
ties and optical data on the plasmon frequency of the metals.”” For
Hg and graphite electrodes, it is also assumed that water dipoles lie
parallel to the interface, i.e., Py=0 uC cm 2, whereas for Au, Ag,
and Pt, we take Py =2 uC cm™2. Given the similar electron densi-
ties in Au and Ag, their parameters are taken to be the same for
this study. Strictly, it is not possible to describe Pt and graphite
well within the TF model, but we include results for the TF para-
meters that best represent these materials. For all materials, cation
adsorption is, obviously, driven by more negative applied voltages.

However, this adsorption is shown to be relatively easy for “good”
metals, i.e., Pt, Au, and Ag, with these all showing non-zero cov-
erages at positive applied voltages, reflecting the phenomenon of
UPD. Despite the relatively large screening length in graphite, with
*rt ~ 3.6 A,”7 its high background permittivity pushes it to be com-
parable to these “good” metals. Hg, on the other hand, requires
much more strongly negative applied voltages to reach similar
coverages.

Adsorption isotherms: To explore this UPD phenomenon
within the model further, it is instructive for us to obtain the concen-
tration dependent adsorption isotherm, i.e., ¢(6). This is, however,
not as trivial to obtain as ¢ (6) in Eq. (121). Given the inverse
Debye length, x, which will depend on both the concentration of the
background electrolyte, c;, and the concentration of the specifically
adsorbing ions, , a transcendental equation is obtained, coupling
¢ and 0. However, it is still possible to use Eq. (121) to find ¢(0);
by plotting the electrosorption isotherm for different values of ¢, as
in Fig. 10(b), and taking slices along a constant ¢, leading to the
concentration dependent adsorption isotherm.

To determine if W* or the self-energy profiles are responsi-
ble for UPD, we vary both W* and &+ within the model and plot
the corresponding isotherms, 6(¢) in Fig. 11(a) for different sur-
face potentials, ¢,. In all cases, increasing the bulk concentration of
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adsorbing ions creates an entropic drive for ions to adsorb at the
electrode. For positively charged adsorbing ions, a negative applied
voltage strengthens this drive for adsorption, shifting the isotherm
to greater coverages. This effect is sensitive to W x . Naturally, by
introducing some specific adsorption energy, there is a stronger
drive for ions to adsorb at the interface; thus, the isotherms push
to higher coverages, and the effect of UPD is more pronounced
for ¢, >0 mV. However, this effect is also very sensitive to .
As shown in Fig. 6(b), reducing e« to be more comparable with
em deepens the self-energy minimum. For e« = 3, the self-energy
provides enough drive on its own to induce UPD, whereas for
&% =5, this effect is less pronounced. Of course, the exact value
of ex is unknown, but it is supposedly somewhere between 3 and
5, leading the picture to be likely in between the two extremes
shown here.

To explore this further, we plot the isotherms for different elec-
trode materials held at ) = 0 mV in Fig. 11(b), for W™ = 0kgT (top)
and W* = —4kgT (bottom). Even for W* = 0kgT and e« =5, the
model predicts non-zero coverage across the concentration range for
the “good” metals (Au, Ag, and Pt) and graphite. This result indi-
cates that this self-energy minimum can indeed be an electrostatic
impetus for UPD. For Hg, however, unless there is some favorable
specific interaction energy, the isotherms predict that there will be
no UPD.

It must be acknowledged that the developed theory does rest
upon the mean field approximation, both in coupling the back-
ground electrolyte to the solvent structure and in these adsorption
isotherms. Therefore, its validity rests upon comparison against

. 94-96
experimental results.

VII. CONCLUDING REMARKS

This paper revisited the classical electrostatic problem of a
charge at the interface between two media, with a specific focus on
the metal-solution electrochemical interface. We began by revisiting
earlier approaches, such as the Specular Reflection Approximation
(SRA), analyzing its results to understand the interplay between the
dielectric properties of the two contacting media. While this method
provided some useful insights, it had notable limitations, such as
the inability to account for the overscreening dielectric response in
the solution, leaving key physical phenomena unexplained. These
challenges inspired the development of the current work: a more
robust field-theoretical framework designed to model the interface
between two nonlocal screening media, such as metals and aqueous
electrolytes, free from oversimplified assumptions.

By constructing a free-energy functional and simplifying the
system to include a Lorentzian solvent coupled with a Debye-Hiickel
medium, we derived the governing equations for both the metal and
the solution. Using a Fourier-Bessel approach to solve for the elec-
trostatic potential distribution and the self-energy of a point charge,
we obtained significant insights into the behavior of charges at a
sharp metal-solution boundary.

Our results aligned qualitatively with the SRA in predicting an
adsorption minimum in the self-energy, hinting at a purely electro-
static mechanism that facilitates ion physisorption at the interface.
This phenomenon is directly linked to the penetration of the electric
field into the electrode. Moreover, incorporating the effects of inter-
facial water dipoles revealed asymmetries in the self-energy profiles
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for positive and negative ions. When water molecules orient their
negative ends toward the electrode, a repulsive adsorption barrier
can arise for positive ions, with its height strongly influenced by the
system’s parameters.

Our study also explored how an externally applied voltage
affects the system, producing diverse adsorption behaviors that
reflect the complex interplay of forces at the interface. While direct
comparisons to experimental or simulation data remain limited
at this stage, our approach offers qualitative predictions that are
consistent with simulation studies of ion adsorption in aqueous elec-
trolytes. Indeed, this model is still in its early stages of development
and is based on a sharp interface approximation. As such, it lacks
the level of detail necessary to directly connect experimental capac-
itance measurements with ion adsorption behaviors. Unlike some
earlier models, which relied on fitting multiple unknown parameters
to experimental data, this framework prioritizes theoretical clarity
and flexibility for future improvements.

This paper, however, sets a baseline upon which we can extend
and refine the model. For instance, the impact of ion size can
be incorporated using approximations such as the Born sphere
model, rather than the simple point charge approximation used
here. The most promising direction, however, involves introducing
the overscreening dielectric response of the solvent. By adopting a
higher-order Landau-Ginzburg expansion, the model would pre-
dict oscillatory self-energy profiles for ions, uncovering finer details
about the role of water structure in electrosorption. Of particular
interest will be how the oscillatory potential distributions induced
by both the surface and the ion will interfere with each other and
how this will manifest in the overall structure of the electrical double
layer.

The issue of accounting for overscreening in electrostatics
at the metal/electrolyte interface does, however, remain a persis-
tent challenge. When applying the SRA equations from Ref. 22 in
conjunction with the approximation of water’s nonlocal dielectric
constant &(k), which includes divergence points associated with
overscreening, the key integrals in these equations become diver-
gent. This limitation motivated the development of this alternative
field-theoretical approach, with the expectation that extending the
free energy functional to higher-order gradients might resolve the
issue. However, this approach has not yet yielded a solution, and the
present analysis is restricted to first-order gradient terms. Neverthe-
less, the proposed framework in this paper (i) provides a foundation
for future extensions that may address overscreening and (ii) enables
the incorporation of specific surface effects through the introduction
of surface polarization.

The overscreening effect is suppressed by nonlinear effects (see
Ref. 97); however, in calculations of electrostatic potentials gener-
ated by charges in the bulk, it does not result in any divergence
of the electric field.”® This is because the diverging e(k) appears
in the denominators, and in a pure solvent without an added elec-
trolyte, those denominators do not cross zero (in the presence of
electrolytes—Debye screening, additional techniques are required
to address this issue”). However, divergences do arise in expres-
sions describing the electric field of ions near the interface when
e(k) becomes negative. However, from a physical perspective, no
fundamental justification exists for expecting divergences due to
the structure of water. Such divergences typically indicate a reso-
nance phenomenon, but it is unclear what specific resonance would
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arise from the interplay between the nonlocal dielectric response
of water and the metal. While incorporating nonlinear effects may
yield a more realistic description of the system, it does not inherently
resolve the “divergence-problem.”

While these advancements will inevitably add complexity, they
hold the potential to unlock deeper insights into the mechanisms at
play in electrochemical interfaces. By building on this foundation,
we aim to bridge our theoretical predictions with both the results of
experiments and simulations, with the goal of a more comprehensive
understanding of these systems.
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APPENDIX: COMPARATIVE ANALYSIS BETWEEN
SPECULAR REFLECTION APPROXIMATION
AND FIELD-THEORETICAL APPROACHES

Throughout this paper, we have presented a detailed analysis
of the developed field-theoretical (FT) approach. However, for some
brevity in the main text, these results were not directly compared
against the results of the specular reflection approximation. Notably,
the general expression for the electrostatic potential distribution at
the interface derived in Ref. 22 and presented in Eqs. (11)-(13),
while having been used extensively in the literature over the past
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45 years, has never, to our knowledge, been numerically validated
against the asymptotic laws presented in Table I. Thus, we provide in
this appendix an additional detailed analysis of this method to add
to the pedagogical nature of this paper, while also further showing
how our FT method fits into the picture.

1. Thomas-Fermi metal/local water

Let us begin with the case of an interface between a
Thomas-Fermi metal, with a dielectric function described by
Eq. (16), and a local dielectric description of water, with a dielectric
constant ¢ = 80. Using Eqgs. (11)-(13) and the local approximation
for the dielectric function of water, i.e., &1(k) = ¢, the lateral electro-
static potential distribution (see Sec. V B) created by a point charge
placed at a distance a from the interface can be derived within the
SRA as

£ 1 1 °°
£ sua(z = aR; :1:7—7+2f dK Jo(KR
q HSRA( y ) R \/m 0 ( )

K )e‘ZK“. (A1)

o S
(EK+\/K2 +}{~2f1:

Expressing Eq. (Al) in this form allows easy interpretation; the
first term clearly relates to the Coulomb potential created by the
ion in the bulk, the second term relates to the potential gener-
ated by the image of the charge, and the third is a correction
term accounting for the imperfect screening of the metal. Note
that in the case of a perfect metal, i.e., £ - 0, the correction
term disappears, and Eq. (A1) becomes the classical expression
for the electrostatic potential distribution at a conductor/dielectric
interface.

For the same system, Eq. (107), i.e., the FT approach, reduces
to be exactly equivalent to Eq. (A1). While showing that the FT
and SRA formulations are equivalent in the case of local water is
perhaps beneficial in validating our present approach, it is not a
surprising result. In the local approximation, it is expected that the
SRA should reproduce the exact result for this system. Therefore, it
should coincide with the FT result.

We can perform some straightforward analyses of this result.
Plotting Eq. (A1) in Fig. 12(a) against the limiting laws presented in
Table I, we very readily see that this expression simply interpolates
between the short (1) and long (3) distance laws. However, we see
that these laws only apply in very extreme cases, i.e., very close to
(R < 1A) or very far (R > 100 A) from the charge.

2. Thomas-Fermi metal/nonlocal water

Perhaps the more interesting case to examine here is how
the two approaches differ when a nonlocal medium is considered.
Again, we consider here the simple case where surface polarization
from chemisorbed water and applied voltages are neglected to allow
a direct comparison between the SRA and FT approaches.

The result for the FT approach is already presented in
Eq. (107) of the main text. Within the SRA, Eqs. (11)-(13) yield
the lateral interaction potential for the TF metal/Lorentzian water
interface as
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As above, we can make some direct analytical comparisons between
the two approaches. Considering first the charge directly at the
interface, i.e., at a = 0 A, we can write for Upure,

EK - /K2 +x%F(1 + L‘l/)[\)
VK +1

X

(A2)

Upure(K;a=0) = . (A3)
K+ VK 1+ Ko
K+ +}{%F( N K +1/A%
Inserting this into Eq. (107), we obtain
£ 1 _ o0
auH,FT(R;a =0) = E[l H(y-1)e ]+ fo dK Jo(KR)
K(y-1) 2
X ( 1+ -
2 2 1 K(y-1) EK
VK +1/A * NSNS * N
2
ol1s K&=D ) (A4)
K+ 1/A

100 10'  10%  10°
RIA]
Using that
o K(y-1) 1 ~R/A
f dK o(KR)| 1+ ) |2 Ly (po1)e ™A,
0 K+ 1/A2 R[ )

(A5)
we find that upr(R; a=0) = u)spa (R @ =0). This is also veri-
fied through exact numerical calculations, plotted in Fig. 12(b) (left).
This equivalence can be attributed to the SRA not coming into effect
if the charge is sitting directly at the interface. Moving the charge just
slightly away from the interface exemplifies this; consider now the
charge sitting slightly away at a = 2 A [Fig. 12(b) (right)]. Close to
the charge (R < 1 A), the potential is dominated by the Coulomb 1/R
term, and so both approaches coincide. However, it can generally be
seen that the lateral potential is overestimated at all distances within
the SRA compared to the FT approach. This finding is beneficial for
our picture of ion adsorption, as it indicates that charges experience
a stronger reduction in the repulsive electrostatic potential than in
the SRA model.
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