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Abstract—An efficient optimization method is proposed for
linear-quadratic optimal control problems with state and control
constraints. We describe an active set solver that uses Riccati re-
cursions to solve a sequence of equality-constrained subproblems.
The main contribution is a homotopy method based on relaxing
inequality constraints. This overcomes known shortcomings of
Riccati active set solvers relating to their initialisation and their
application to problems with time-varying model data. It can be
used exclusively or in combination with established Riccati active
set solvers. The efficiency is demonstrated in numerical examples
against state-of-the-art quadratic programming solvers.

Index Terms—quadratic programming, linear-quadratic opti-
mal control, active set solver, parametric programming

I. INTRODUCTION

Driven by the great practical significance of linear-quadratic
(LQ) optimal control problems, a range of efficient optimiza-
tion methods have been proposed for LQ problems with in-
equality constraints on system states and control inputs. These
solvers have made it possible to adopt constrained LQ optimal
control and model predictive control (MPC) strategies in time-
critical and safety-critical applications [1]. Generally, each
optimization method has distinct, example-specific advantages.

Offline solution methods, such as explicit MPC [2], are
attractive for small problems and horizon lengths. In this
approach the feedback solution is stored as a piecewise affine
function of the model state, which is treated as a parameter.
However, whereas MPC solves an optimization problem for a
given model state at each time-step, explicit MPC determines
the solution for all states, resulting in high storage require-
ments, and moreover it relies on efficiently identifying online
which affine feedback law applies to the current state.

For the majority of applications, online optimization meth-
ods are preferred to offline methods due to their lower storage
and computational requirements. A common approach is to
condense the problem formulation using the system model
and employ a dense quadratic programming (QP) solver. In
the context of MPC, a dual-feasible active set approach [3],
[4] has proved popular and successful, however this does not
exploit the LQ optimal control structure nor the parametric
structure of the optimization, and its computation scales as
the cube of the MPC horizon length due to the required initial
matrix factorization. The primal-feasible active-set approach
of [5] uses parametric properties (via homotopy) and can be
warm-started. However it inherits the disadvantages of dense
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QP formulations in this context since it does not exploit the
structure of the LQ optimal control problem.

As an alternative to dense formulations, QP solvers that ex-
plicitly exploit the optimal control structure have demonstrated
significant computational benefits. Structured QP solvers typ-
ically use Riccati recursions [6], [7] to speed up the matrix
factorizations at each iteration of an interior point or active set
method. Generally, interior point methods can be made very
efficient [7], [8], however, they are difficult to warm-start and
can be numerically less reliable than active set methods. Active
set methods, on the other hand, have proved successful due to
their efficiency and numerical reliability [4], which are crucial
properties in time-critical and safety-critical applications. Ad-
ditionally, active set solvers are straightforward to warm-start,
enabling further efficiency improvements in practice.

This note considers active set solvers that exploit both the
parametric dependence and the LQ optimal control structure
in the problem formulation. The main idea of exploiting para-
metric dependence (based on homotopy) was introduced in the
context of nominal and robust MPC in [5], [9]-[11]. Starting
from a given solution and its associated active set for a given
model state, these methods trace active set changes during a
line search from the given state towards the actual model state.
The primal and dual solution trajectories are parameterized in
terms of a homotopy parameter and thus the optimal solution
at the current plant state is recovered. In [9]-[11] the equality
constrained subproblems at each iteration are computed using
Riccati recursions resulting in high computational efficiency.
However, apart from special cases, it remains an open problem
how to efficiently determine the initial solution for a given
plant state. As a result, a computationally expensive Phase I
procedure is generally required for initialization.

The proposed approach uses an initialization strategy similar
to the dense QP solver [3], which relaxes constraints until
the unconstrained solution is feasible. We use a homotopy
parameter to scale inequality constraints, tracing the optimal
solution of a relaxed problem towards that of the actual
problem by performing active set updates to maintain dual
feasibility. Each subproblem is solved using Riccati recursions,
allowing efficient implementation with computation per itera-
tion that depends linearly on the MPC horizon length. We use
benchmark examples to illustrate computational performance.

II. PROBLEM STATEMENT

Consider the finite horizon LQ optimal control Problem 1:
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S.t. 41 = Apx + Brug + dy
Grup + Frz <1

xo = xP.

}forkzo,...7N—1

Here N is the horizon length, QQy, Ry are symmetric positive
definite matrices (denoted QQ;, = 0, R > 0), F}, and G, define
the inequality constraints, |[v]|% =v"Svand 1 =[1---1]T.
Additionally, xP represents the current system state, xj, € R"
and ug € R™ are the k steps ahead predicted state and control
input, and dj, € R™* is assumed known (e.g. a disturbance or
a term resulting from a sequential QP formulation in the Non-
linear MPC context). Predicted control and state trajectories
are denoted u = {ug,...,un—1}, x = {x0,..., TN}

Remark 1. Terminal state constraints are not explicitly in-
cluded in Problem 1. However, constraints such as Fiyxy < 1
can be enforced as equivalent constraints at stage N — 1
as Gy_1un—1 + Fy_1xny—1 < 1, for appropriate matrices
GnN_1, Fy_1. Note also that the parameters Qy, Ry, Ak, Bk,
di, Gy, Fy, for k =0,...,N —1 and Qv are assumed to be
known but may vary between instants at which Problem 1 is
solved. Problem 1 may be extended (with minor modifications
to the development in Section III) to include general quadratic
cost terms in [z} wu, ] (leading to (uy,xy)-cross terms in the
cost) and reference-tracking formulations based on the error
terms x, — z} and wy — uy, where xj, and uj are the state
and control input of a given reference trajectory.

Problem 1 can be solved using an active set method based on
homotopy with x( as a parameter, e.g. [9], [11]. The approach
requires knowledge of the optimal active set for a particular
x¢ for initialisation. However, determining this can be a non-
trivial task, and, except for special cases (such as problem
formulations in which the optimal active set is empty when
zo = 0), a costly Phase 1 procedure is needed. Therefore, it
remains an open question how to design a general homotopy-
based active set method employing Riccati recursions that
overcomes this limitation and enables efficient application in
the broad context of linear-quadratic optimal control. The
target application areas include linear-quadratic MPC [1], [2],
[8] and QP-based path planning [12], amongst many others.

This note performs a homotopy of the optimal solution of
a related problem with an additional scalar parameter c.. The
corresponding problem formulation (generalizing Problem 1)
is given (for some « > 1) by Problem 2:
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S.t. Tpy1 = Az + Brug + di
Grug + Frrp < al

T = zP.
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Clearly, for o = 1 this problem is identical to Problem 1. We
exploit Problem 2 by continuously tracing the optimal solution
for decreasing values of « until o = 1, starting with o > 1
such that no constraint is active. The approach is analogous
to the classical dual-feasible method of Goldfarb-Idnani [3].

Remark 2. For general constraints Grxy + Fxr < by, where
by is any vector, we can express the scaled constraints as

Grrp+ Frrp—bi+1 < al. The theory of Section III extends
to this case with minor modifications.

III. OPTIMALITY CONDITIONS AND RICCATI RECURSION

Problem 2 can be solved using an equivalent stagewise
problem formulation in which xy, o are parameters:

L . 1 2 2
LiGowa) = min 3(luely, + fol,) + L (o,
s.t. Agxy + Brug + di, = Ty 3)

Grup + Frrp < al
for kK = 0,...,N — 1, with initial condition xy = P and
terminal cost Ly (z,a) = %HmH%N Given the scaling of

constraints by «, the linear-quadratic structure of Problem 3
implies that the optimal value L} (z, ) has the form

Li(zx, o) = & aallp, + af o + 7, (4a)
g =4q; +qr (4b)
for k =0,..., N —1, for some parameters Py, 1y, gj,, qi; that

depend on the active constraints at stage k.

Lemma 1. L} (x, o) is continuous, strictly convex, and piece-
wise quadratic in x € Fy, and Py, > 0 for all k.

Proof. This can be shown by induction for k =N —1,...,0
by a straightforward extension of [2] (Theorem 4 and Corol-
lary 1) to Problem 3. In particular, if Lj ,(7x11, ) is con-
tinuous, convex, and piecewise quadratic in x4, then since
Qr > 0, Ry > 0, the arguments of [2] imply that L} (xy, c)
is continuous, strictly convex, and piecewise quadratic in xg,
and hence Pj > 0. Finally we note that Py = Qn > 0. O

The optimality conditions for Problem 2 can be derived
by defining a stagewise Lagrangian function associated with
Problem 3 for k=0,...,N — 1 as

L (s Mgy s Ty wx, @) = 3 [lugl[z, + 5 26,
+ AL (Agzy + Brug + dy, — Tpy1)
+ up (Grug, + Fray — 1a) + Ly (Tr41)
where )y is the costate variable and py the constraint multi-
plier at the kth stage (e.g. [11], Section 4).
The Karush—-Kuhn-Tucker (KKT) necessary conditions for
optimality (e.g. [13]) are given by, for k =0,...,N — 1,
VoL = Ryu + Bl A + G, = 0
V)\kLk = Tk+1 — Akxk - Bkuk — dk =0
Ve bk = =M +Va o Leya

= A+ Qur1Th1+ AL Aot 1+ F i1 = 0
(5¢)

(5a)
(5b)

i >0, /L;(Gkuk + Fpxp —al) =0,
Grup + Fraxp —al <0 (5d)
where 0 = [0 --- 0] .

Let Aj denote the active set at stage k, consisting of the
indices of all active constraints at stage k of Problem 2:

A = {i: Grug + Fi iz = o,



where Gy, ;, F},; are the ith rows of Gy, Fj. Then
Gratr + Frar, = ol (6)

where Gy, o, F,, are the matrices formed by stacking rows
G i» Fiin i € Ag. Also define py, o as the vector of elements
of uy, corresponding to active constraints and note that all other
elements of i, are necessarily equal to zero due to (5d).

We consider separately the following two cases

case (a): rank([Gro Fka)) = Na.

case (b): rank(Gy o) = ng;
where n, is the number of rows in G}, Lemma 2 in
Section V shows that case (a) always holds for the proposed
active set algorithm, and hence case (b) holds if F, = 0 or

(trivially) if G}, has linearly independent rows.
From (5¢) and (4) we have

A = Vo Liyr = Pep1Zr1 + Ghgg + @ (7)

Therefore conditions (5a), (5b), (5¢) with k replaced by k—1,
and (6) reduce to the linear system

(2 0 By a By
Ky | ar | = |-t = [Alapyy | o= | AL | (@i +Prr1di)
Hk,a 0 -1 0
®)
where Kj, denotes the KKT matrix at stage & defined by
Ry, + BkTPk_;,_lBk B];rPk_HAk G];r_a
Ky = Al Pyy1By, Qr + Al Py Ay F;Ia
Gk,a Fk:,a 0

Theorem 1. The optimal primal and dual variables of Prob-
lem 3 for a given active set Ay, are given by (7) and

up = Hy'wy, + hy + mjo (9a)
Ph,a = Hizp + hi + mi (9b)

and the optimal costate variable at stage k — 1 is given by
Ai—1 = Prxy + qf + qif o, where H}, H{CL hi, hi, my, mg
and Py, q, qi are uniquely determined by the solution of (8).

Proof. The KKT matrix in (8) has the 2 x 2-block structure

IS A
oG ] : (10)

T
F frng P = a .
g {o Qk]+|:A;— e qr| 0 Y TR
Here I', > 0 since Qi > 0, Ry > 0 and Px41 > 0 (by
Lemma 1), and Vj has full (row) rank in either case (a) or case

(b). Therefore K}, is non-singular (see e.g. [13], Thm 16.2).
It follows that the solution of (8) can be expressed

|

ug = SpAp—1+ s +tha (11a)
Tr = SEAk—1 + 5% + tia (11b)
Lo = SiAe—1 + s + tha (11¢)

for a unique set of matrices Sy, S¢, S} and vectors s}, s7, s},
e,y t. But P, > 0 (Lemma 1) implies S{ > 0, and hence

Pe=(SO)7" ai=—(SO) 7" sk, ap =—(SH 7't (12)

in (4). The proof is completed by using A\y_1 = Py + qf +
gy o to write uy and py  in (11a,c) in the form of (9a,b). [

Remark 3. For case (b), the solution of Problem 3 at stage
k can be obtained by solving a smaller KKT system. In
particular, from (7), (5a), (5b), (6) we obtain the linear system

[Rk+B,;rPk+1Bk G,Za} {uk} _

Gr,a 0 | [Hk,a
BTPk Ak BTqO‘ BT
—[ g F,: o — | F T e = |7y | (@t Praad),

and the assumptions that Ry, > 0 and rank(Gy, o) = n, ensure
that the reduced KKT matrix on the LHS of this equation is
non-singular (e.g. [13], Thm 16.2). By solving this reduced
KKT system we obtain the unique solutions for wuy, pg,q in
the form (9). Hence (5¢) with k replaced by k — 1 implies

Meo1 = [Qr + A Po(Ay + BRHY) + F  HY |y
+ AL [Pe(Bihy + di) + FY bl + g
+ A [PeBemj + Fy  miy + ey,

which defines Py, g;, g; satisfying A\,_1 = Pray + g5 + g o
uniquely for the given active set Aj.

Remark 4. For any given active set Ay, the quadratic term in
the optimal cost (4) is independent of « (due to the definition
of Problem 2 with constraint scaling). This implies that only
the offset terms in the state feedback law (9) depend on «.

Theorem 1 provides the solution of Problem 2 for a given
sequence of active sets { Ay, ..., Ay_1} through a backwards
recursion requiring the solution of the KKT system (8) at each
stage. The optimal primal and dual variables uy,, pi are affine
functions of x; and «. These relationships allow wuy, 1 to be
expressed in terms of the initial state o and « using a forward
simulation of the state trajectory, as discussed in Section IV.

IV. FORWARD SIMULATION AND GEOMETRIC
INTERPRETATION

If the optimal control law uj, = Hj'x)+hj+mjia is known,
then the system dynamics 41 = Agxy + Brug + di allow
xy, to be determined as a function of xg and « in the form

x = Prxo + @) + S, (13)

where ®;, ¢f, ¢ are defined by the recursive relationships

Priq1 = (Ak + BkH;:)(bk (14a)
¢%1 = (Ax + BrH}) 5, + Bihit + dy, (14b)
b1 = (Ar + BLHY )¢y + Bemy, (14c)

with initial conditions ®g = I, ¢f = 0, ¢§ = 0. Using
these expressions we can express the inactive primal inequality
constraints, namely Gy, ;uy + Fy ;x5 < al for ¢ ¢ Ay, as

Gk,iuk + Py, = Gk)i[H]g.’L’k + hz‘ + m}ia] + Fyix
= (GriHy + Fri)(Prao + ¢f + ¢7a)

+ Gri(hy + mpa) < o, (15)



for all ¢ ¢ Ay, and the dual constraints, namely the non-
negativity constraints on the multipliers yi, , of active inequal-
ity constraints, as

Pa = Hixp + hj, +mi o

= H}' (Dpxo + ¢f + ¢fa) + hi +mbia>0.  (16)

Let Q(A, o) denote the set of initial conditions xq satisfying
the collection of primal constraints (15) and dual constraints
(16) for k =0,..., N —1, for a given sequence of active sets

.A = {.Ao, NN 7~AN—1}~

Clearly Q(A, «) is a convex polyhedral subset of the space of
x( corresponding to a critical region [2] of Problem 2, when
this is interpreted as a multiparametric programming problem
with parameter xy. Therefore the approach of this note can
be interpreted as a generalization of known multiparametric
QP approaches in the sense that o defines a homotopy of the
original state space partition relative to the fixed (o« = 1) multi-
parametric programming regions corresponding to Problem 1.

V. ACTIVE SET SOLVER

We propose to solve Problem 1 by solving Problem 2 for
a sequence of constraint scalings, {ao, al,.. .}, as described
in Algorithm 1. Initially o is determined so that the uncon-
strained solution is feasible for the current system state (i.e.
2P € Q(0,a)) by using the unconstrained Riccati recursion
to compute the solution parameters in (9), (13). At the ith
iteration the algorithm determines a new active set A'*! by
considering the smallest « such that 27 € Q(A% «). The
procedure returns the solution to Problem 1 after a finite
number of active set changes.

Algorithm 1: Riccati active set solver

Input : System state xP, and parameters () and
Qr, R, Ak, B, dy, G, Fi, k=0,...,N—1.
Output: Optimal active set A* and control input u*.
1 Set 29 < 2P, i < 0, A* «+ 0.
2 while i = 0 or o' > 1 do
3|for k= N-1,...,0 compute
Hj b, my, Hy by, mb: in (9),
4 |for k=0,...,N—1 compute @y, ¢}, ¢ in (13) and
the constraints in (15)-(16) defining (A%, o) > o,
5 | set @ < ming>1{a: zg € QA% a)l,
AL« lactive set for a = o'}, i <+ i+ 1.
6 Compute HY, hy, mg in (9).
7 return A* < A’ and u* <+ H{aP? + h + my.

Remark 5. An efficient procedure for performing the line
search ! = ming>1{a : 7o € QA" )} in line 5 of
Algorithm 1 is to find the values of « such that each individual
inequality in (15), (16) holds with equality, and then set o
equal to the largest of these values that is no less than 1.
The required computation is proportional to the total number
of constraints (e.g. ngN if G has ng rows for all k). The
active set is updated in line 5 by either adding or removing
the constraint index corresponding to the smallest admissible
value of «, depending on whether the constraint defining the
critical value o' belongs to (15) or (16), respectively.

Assumption 1. Only a single constraint can become active
or inactive at each iteration of Algorithm 1.

Lemma 2. At each iteration of Algorithm I the active set A’
satisfies rank([Gr.q Fia]) = ng for k=0,...,N — 1.

Proof. This follows from the observation that the jth con-
straint in the inequality Gpug+ Fxr < a1 cannot become ac-
tive if [Gy, ; Fl ;] is linearly dependent on [G,q Fi, o] since (6)
necessarily holds. Hence the possibility of linear dependence
in the active constraints is excluded by Assumption 1. O

Theorem 2. Algorithm I converges to the optimal solution of
Problem 1 in a finite number of iterations.

Proof. With A° = (), xP necessarily belongs to (A", a?)
for a sufficiently large but finite value of . At each iteration
i > 0, the line search over « in line 5 determines «* and A1
such that 27 € Q(A%, o' )NQ(A!, o), and the convex linear-
quadratic structure of Problem 2 implies that A'T! # AJ for
all 5 < 4. The primal and dual variables in (9) are unique
for each active set A’ (by Theorem 1), and their continuous
dependence on « implies that i.e. a’t! < of for all i due to
Assumption 1. Therefore the algorithm must converge within a
finite number of iterations since the number of possible active
sets and corresponding polyhedral regions is finite. O

Remark 6. The Riccati active set solver contains (for o = 1)
the Riccati Recursion employed in [9]-[11] as a special case.
This fact can be exploited in a combined homotopy approach,
where first a homotopy of constraint scalings (o) is used to
obtain a solution for the current state x¥ based on the approach
of this note and then a homotopy of initial states (in the space
of z() is performed whenever the model state is updated (to
xi’ ), as outlined in [9]-[11]. This approach considers fixed crit-
ical regions (A, 1) and performs a homotopy from a model
state «P (with a known active set .A%) towards the updated
model state zf (with updated active set AP). This is done by
performing a line search in zo-space via g = 2+ (2} —a?)p3,
B € (0,1]). There is no direct link between « and S, since
the homotopy parameters operate on separate quantities, but
the intuition is as follows: 3 defines iterates of xy towards the
current plant state and therefore defines a linear path through
fixed critical regions and defines active set changes when x
intersects the boundary of each region, and « operates on
the critical regions (by scaling them). Therefore the critical
regions move through a fixed initial plant state ¢y = z”. Thus
active set changes occur whenever the initial plant state meets
a boundary of the scaled critical region.

The approach of Remark 6 is favourable for time-invariant
problem data as it uses the constraint scaling approach only
in the initialization phase. For dynamic, time-varying problem
structures (e.g. in sequential QP or QP-based path planning) it
seems favourable to consider exclusively the approach of this
note and hence avoid costly Phase I procedures.

Remark 7. A warm start strategy for Algorithm 1 may be
implemented as follows. We replace line 1 by using the active
set for the most recently computed solution as the initial guess
of AY at the current time. Then we check if & > 1 exists such
that the solution corresponding to this A° is primal and dual



feasible for the current system state zP. If this is satisfied
we proceed with the iteration in lines 2-7 of Algorithm 1. If
no « exists such that the solution is primal and dual feasible,
then active constraints have to be removed from A° to recover
primal and dual feasibility for some a > 1, e.g. by removing
the constraint corresponding to the most negative multiplier.
In the worst case this may result in returning to unconstrained
solution before making progress towards the actual solution.

VI. NUMERICAL PROPERTIES

This section considers the computational effort required
for each iteration of the proposed Riccati active set solver
(Algorithm 1, lines 1-7). We assume that the linear subsys-
tem (8) is solved using a LU decomposition method (see
e.g. [13]) requiring O(%(nu + ng + ng)?) floating point
operations for case (a), or O(%(nu +ng)?) in case (b) (where
ng is the number of rows of (). The other significant
contributions to computation in line 3 are the inversion of
S¢ by Cholesky factorization O(%ni) (case (a) only), and
the matrix multiplications needed to compute the parameters
in (9a,b), which require O(2n3 + n2ng + n2n,) operations.
Combining these estimates for N stages gives an O(N)
dependence of computational complexity.

The computation required for the forward simulation in line
4 is O(n2N) from (14a-c), and the computation of the line
search and active set update (line 5) are comparatively in-
significant. Overall therefore, the computation per iteration of
Algorithm 1 grows as O(N). This is in contrast to approaches
such as [3], [5], [14] where the dense problem formulation has
O(N?) complexity (as a result of the initial KKT factorizations
in these algorithms). However, these algorithms often perform
well for problems with short prediction horizons, since they
efficiently update the initial KKT factorization using rank-
one modifications after active set updates. We note that the
matrices H}', hit, m}, H!!, hi,m} in (9) defining the solution
presented in Section III only has to be updated for stages
preceeding the specific stage k at which active set changes
(and the solution for k& > k can be re-used). This offers
significant computational savings per iteration in practice (as
demonstrated in Section VII) since an entire factorization
update is very rarely required. Therefore it is an interesting
future research direction to integrate the idea of low-rank
modifications of Riccati factorizations into the proposed active
set algorithm to obtain further computational improvements as
proposed in [15] for input-constrained systems.

VII. SIMULATION EXAMPLES
A. Example 1

We consider a linear time-varying (LTV) optimal control
problem which results from a lateral trajectory planning for-
mulation where the corresponding input is the rate of change
of the desired curvature relative to a given reference path (for
details see e.g. [12]). The system has one real input u; and
three slack variable inputs ey, o, €y 3, €4 per stage (i.e. they
do not affect the system dynamics). The approach of [12] first
computes a longitudinal trajectory resulting in longitudinal
velocities vy, (k =0,..., N — 1). In a second step the lateral

Solver Riccati HPIPM Goldfarb- | Quadprog
AS Idnani IP(dense)
AS
CPU Time (ms) 1.3/2.7 1.7/2.9 6.8/8.7 41.1/49.0
Iterations 9.1/17 7.2/10 8.4/15 6.5/9

TABLE I: Example 1 mean/max solution time (row 1) and mean/max
number of iterations (row 2)

trajectory planning problem is formulated based on the values
of vy (as time-varying system parameters) and the system
description is given by:

1 0.2v 0.021;,% 0.00131)2 0.00071,12c 000
A= |0 1 02v, 0.02vF B, = | 0.0013v;, 000
0 0 1 0.2 0.02 000
0 O 0 1 0.2 000

The cost is defined by @ = diag{0.1,0.1,0.1,0.1}, R =
diag{100, 1, 1,1} (where R contains additonal weights for the
slack variable inputs). The constraints are given by:
—0.1 S Uk S 0.1
€k,i = 0
—02—ep; <1, <02+ ep,

for 1 =2,3,4
for i =2,3,4

and the horizon length is set to N = 30. Algorithm 1 was
implemented in Matlab [16], with computationally intensive
parts implemented via C-mex functions. In this case the Riccati
solver is benchmarked for initial conditions zo = [r 0 0 0] "
with randomly selected r € [0, 10] (over 1000 trials). Table I
shows the computational performance of Matlab’s (dense)
interior point (IP) solver [16], the Goldfarb-Idnani active set
(AS) method [3], the HPIPM solver [7] and the Riccati AS
algorithm of this note (using an AMD Ryzen 7 PRO 4750U,
1.7 GHz processor) for cold starts. We note that the Riccati AS
and HPIPM solver show similar computational performance
for cold starting on Example 1. We further consider warm
starting of the Riccati AS solver by simulating a closed
loop system over 15 time steps with an initial plant state
given by zo = [10 0 0 0]". The Riccati AS solver then
requires on average 0.5ms (3 iterations) whereas HPIPM
requires 2.2ms (7.5 iterations), demonstrating the significant
computational gains of warm starting in combination with the
proposed method. We remark that in Section VII we have
chosen comparisons with established QP solvers (such as
the optimal control structure-exploiting interior point solver
HPIPM and the Goldfarb-Idnani active set method, which is
widely regarded as efficient for condensed MPC formulations).
However, we do not consider active set solvers requiring
specialized phase I procedures for obtaining an initial solution
(such as the Riccati active set method [9]-[11]).

B. Example 2

We consider the effect of varying the horizon N of an MPC
strategy with time-invariant model parameters
0.94 0.13 0 0 0.05100
A— |-054 04 00 B—| 04 010
= | 0.12 0007102 > = 1-002000| -
1.17 0.09 0 1 —0.1800 1

and with cost weights @ = diag{0.5,1,1.5,2} and R =
diag{0.25,0.25,0.25,0.25}. The constraints are given by

—25 <y, <25 fori=1,2,34.



Solver Time (ms) and N =20 N =30 N =40 N =50

Iterations

Riccati AS 1.0/1.7 1.4/2.4 1.8/3.3 2.0/3.7
8.1/17 9.9/18 9.2/19 8.9/17

HPIPM 1.5/2.3 2.1/3.1 2.8/4.1 3.4/5.1
8.2/12 7.7/11 7.9/11 7.5/11

Goldfarb-Idnani AS 8.2/10.1 13.3/6.9 24.1/28.7 | 27.8/38.3
9.1/15 8.3/17 8.1/18 9.2/19

Quadprog IP (dense) 6.9/7.1 8.3/8.5 9.3/10.0 11.4/12.7
7.1/8 6.3/7 6.6/7 6.3/7

TABLE 1I:

mean/max number of iterations (row 2)

Example 2 mean/max solution time (row 1) and

In summary, each of these numerical examples demonstrates
the significant potential of the proposed algorithm over generic
state-of-the-art QP solvers. The improved scaling of compu-
tation time with problem size, in particular horizon length NV,
illustrate its effectiveness for trajectory planning and receding
horizon control applications.

VIII. CONCLUSION

This note addresses the issue of how to efficiently initialize
a Riccati active set solver. Finite-time convergence to the
solution is established and per-iteration computation bounds
are derived. Computational efficiency is demonstrated using
numerical examples. The proposed framework has potential
future extensions in the context of QP-based path-planning
applications [12], nonlinear MPC using successive linearisa-
tion [17], and sequential QP strategies for nonlinear MPC [18].

Solver Time (ms) and N=20 | N=30 | N=40 | N =50

Iterations

Riccati AS 0.3/0.6 0.4/0.5 0.5/0.6 0.6/0.8
3.9/9 3.7/7 4.2/9 3.8/8

HPIPM 2.1/3.9 2.4/3.7 2.6/4.3 3.2/5.7
13.2/20 10.9/18 9.8/16 9.6/17

Goldfarb-Idnani AS 2.6/3.7 2.9/3.8 3.3/4.2 3.6/4.5
3.2/7 4.3/8 5.1/10 4.2/6

Quadprog IP (dense) 5.3/6.3 5.5/5.8 5.5/6.1 5.8/6.4
10.2/12 9.5/11 9.1/12 8.1/11

TABLE III: Example 3 mean/max solution time (row 1) and
mean/max number of iterations (row 2)

Benchmark tests were performed for initial conditions zg =
[0070]" with 7 € [0,150] selected randomly (1000 trials).
The results for varying horizon length N are given in Table II.

C. Example 3

We consider an MPC problem with varying N, with time-
invariant model parameters
a- [T 5] 38
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The cost weights are given by @ = diag{0.5,1,1.5,2}, R
0.25, and the constraints are

—25 < uy, < 25.

Benchmark tests were performed for initial conditions zg =
[0070]" with 7 € [0,150] selected randomly (1000 trials).
The results for varying horizon length N are given in Table III.

D. Example 4

We consider a time-invariant MPC problem with N = 30,
ng = 12, n, = 4 defined by A = diag{A43,0.545,0.25A45},
B = [By,0.5B, ,0.25B, | ", where Ay and Bs correspond
to the system in Example 2, ) = 0.5/, R = 0.25] and con-
straints —25 < uy; <25 for i =1,2,3,4. Initial conditions
are 2o =[007r000000000]" with r € [0,350] selected
randomly (1000 trials). The results are given in Table I'V.

Solver Riccati HPIPM Goldfarb- | Quadprog
AS Idnani IP(dense)
AS
CPU Time (ms) 5.2/9.2 6.8/9.0 12.5/16.4 | 8.7/10.6
Iterations 9.6/25 9.4/14 9.2/23 8.7/14

TABLE IV: Example 4 mean/max solution time (row 1) and
mean/max number of iterations (row 2)
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