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1 Introduction

The problem of finding a consistent theory of quantum gravity has long been a central
challenge in theoretical physics. In this paper, we focus on two-dimensional quantum gravity,
which can be understood as a theory of random surfaces. An effective way to tackle random
surfaces is to discretize them, typically by triangulating—i.e. requiring that all faces of the
embedded graph be triangular. The functional integral over the metrics then becomes a
sum over random surfaces

/Dg—>
M

and the Einstein-Hilbert action is also discretized. This was first done by Regge [1] for

triangulations of M

numerical General Relativity. This discretization introduces a regulator in the form of the
triangle edge lengths, making computations more tractable, after which one can take a
continuum limit to recover the original continuous geometry.

An ingenious approach to generate all possible triangulations of a surface was first
proposed by 't Hooft in [2] wherein he introduced the concept of matrix models. He showed
that one can use these simple matrix integrals to generate all possible triangulations by
essentially generating “fat" Feynman diagrams, where the “fatness" of the graphs creates
internal loops that can be thought of as faces. Thus, whereas Gaussian integrals of vector or
scalar quantities enumerate objects with vertices and edges (graphs), Gaussian integrals of
matrices enumerate objects with vertices, edges and faces (maps/embedded graphs). They
have since been used extensively to study many aspects of two-dimensional quantum gravity
with some notable recent examples [3-5]. See [6] for an older review and [7] for a more

recent one.



When summing over a random discrete surface, there is some freedom in deciding which
ensemble of graphs to include in the sum. One choice is the ensemble of planar graphs, often
called the Euclidean ensemble. While this leads to many interesting results consistent with
the continuum perspective of Liouville quantum gravity, it also encounters serious issues. One
prominent example is the unexpected value of the Hausdorff dimension, dg = 4, which seems
to contradict the naive expectation of dy = 2. These difficulties motivated the development
of the Causal Dynamical Triangulations (CDT) program, which imposes a causal structure
on the graph ensemble by demanding a global time foliation [8].

In CDT, edges are split into two types—time-like and space-like—ensuring a clear causal
structure. This distinction allows for well-defined Wick rotations so that one can work in
Euclidean signature while still preserving essential Lorentzian features such as causality. CDT
has been remarkably successful in the non-perturbative study of two-dimensional quantum
gravity, with many analytic and numerical results [9-18]. Moreover, considerable progress
has been made in four-dimensional CDT using numerical methods [19-21].

A description of quantum gravity would not be complete without understanding the
interplay between matter and geometry. To that end, we study two-dimensional CDT
coupled to a simple matter model: the Ising model. Specifically, we adopt a matrix model
representation of this coupled Ising—CDT system, as introduced in [22], and investigate its
fixed-point structure using Functional Renormalization Group (FRG) methods. Fixed points
of the FRG represent potential double scaling limits of the matrix model, where N — oo
and couplings scale towards a critical value, the scaling being characterized by a critical
exponent. Following the approach of [23], where FRG techniques were applied to tensor
models, we extend the results of Castro and Koslowski [24], who first applied FRG methods
to the pure CDT matrix model by Benedetti and Henson [25]. In particular, we demonstrate
the existence of fixed points of RG flow in the Ising-CDT matrix model with precisely the
right number of relevant directions to describe a continuum Ising CFT. More specifically, we
show that the number of relevant directions matches the three primary fields of the Ising
CFT [26]. Moreover, we find other types of fixed points with different numbers of relevant
directions. These could, in principle, represent different continuum limits of the discrete
theory. One of our main findings is that the parameter space has a rich structure, including
segments such that all points on the segment are fixed points of the RG flow.

The paper is organized as follows. In section 2, we review the main features of the pure
CDT and Ising—CDT matrix models. In section 3, we set up the Functional Renormalization
Group Equation (FRGE) for the Ising—-CDT matrix model. Section 4 presents the derivation
of the general form of the beta-function equations. Finally, we analyze the fixed-point
structure in section 5.

2 A matrix model for Ising CDT

The matrix model for pure CDT was introduced by Benedetti and Henson (BH) [25] and
is defined by the following partition function

Z = /DADBe—NTr[%A2+%<C”B>2—9AQB] ,



Figure 1. An example of a CDT strip and the dual ribbon graph. The red lines are the propagators
for the A matrix and the gray dashed lines are the B propagators.

with Hermitian matrices A and B, along with the constant matrix C' that satisfies the condition
Tr[C™] = Nop2 - (2.1)
The propagators are given by

(AijAr) = %51‘15% (BijBri) = %Cilcjka (AijBp) = 0.

The two matrices A and B are necessary to capture the two different types of edges in a dual
CDT graph: space-like edges represented by the matrix A and time-like edges represented by
the matrix B. Note that time-like edges in the dual graph correspond to space-like edges in
the triangulation and vice-versa. The structure of the Feynman graphs generated by this
model consists of AAB vertices and faces with two time-like edges, with the exception of the
initial and final slices of the graph where the faces have 0 time-like edges (see figure 1). Each
face with m internal B lines contributes a factor of Tr[C™], hence the condition (2.1) ensures
that each face has either two or zero B-lines (time-like edges). These local requirements are
sufficient to generate valid CDT graphs with a global foliation [25].

The B field can be integrated out to obtain a simpler expression only in terms of the
A matrix:

_ 1A2_ﬁ A20)2
Z:/DA@ w{jar-guror] (2.2)

The matrix model (2.2) was considered in [24] from the point of view of the Functional
Renormalization Group Equation (FRGE). In particular, it was shown that the theory admits
different possible continuum limits, represented by the UV fixed points of the Renormalization
Group flow obtained by varying the matrix size N.

This work extends the analysis to CDT coupled to the Ising model. In order to do so, we
need a matrix model which describes the coupling of the Ising model to CDT. In particular,
the theory must account for the spin degree of freedom at each vertex of the dual fat graph,
which takes values in {—1,+1}. Moreover, the edges connecting vertices with the same or



different spins must be distinguished. The matrix model that accounts for these requirements
is the four-matrix model given by [22], which generalises the model by BH:

Z = / DA,DA_DB.DB_e N9,
where the action S is

1
+ -(C7'B_)?

_ [l e
S—Tr[2A++ 2

1 -1 2 1 2
S(CT1B)" + A2
— AL A —y(CT'B)(C7'BL) — gAZ By — gAB_

The matrix C satisfies the property (2.1) and the propagators are given by

1 1
(AyijAym) = (A_ijA_ ) = NI 5zl5jk;
1 1
(By,ijByw) = (B_ijB_ ) = NIo Cle]k,
I v
(AvigA-p) = 577 5116jk7
1 v
(ByijB_ ) = NIo Cle]k7 (ArijBg) =0,

where I,J = +,— in the last equation. Once again, the matrices By and B_ can be
integrated out to obtain a simplified expression

2 2
—NTr[%Af_+%A2 AL A= (A2 0)2 -1 (42 0)2 —31755 (a3 +42)0) }

7 = / DA, DA_e

(2.3)

It is convenient to define U = (AL +A_)/v2and V = (A4 — A_)/+/2 in order to diagonalize
the kinetic part of the action.

fNTr{ (1—y) U2+ (1+'y)V27i%((U2+V2)C)27iT((UVJrVU)C)}

7 = / DUDV e (2.4)

This transformation takes the Ising model with spins defined on the vertices of the ribbon
graph to one where the spins live on the faces. Since the triangulation is the dual of the
ribbon graph, the Ising spins now live on the vertices of the CDT. The matrices now have the
interpretation that U defines an edge in the ribbon graph that separates faces of equal parity
(i.e. both spin up or both spin down) and V separates faces of opposite parity. The action
in (2.4) is symmetric under U — —U and V' — —V and hence has a Zy X Zy symmetry. This
symmetry implements the logical consistency condition that the four spins that live on the
faces around the 4-valent vertices cannot exist in any configuration where only one edge has
opposite parity and the other three are all the same. The same is true if three of the edges
have opposite parity; then this implies the fourth edge must have opposite parity. Hence, Us
and Vs can only come in pairs. Furthermore, we follow [24] and write the action as

1 1
§=NTr|5(1- NUUT + S+ Vvt

1 g T a2 1 g T T\ 2
T WUTvYTIOP - L (VT VOO ()



Symbol Meaning
a,b,c,d Matrix indices in {1,...,N}
I,J,K € {1,2} | “Parity” indices: Uy € {Uy,Us} where Uy :=U, Uy :=V

1,7, k,l,h,m Labels for couplings gff), géh) of distinct operators Of), Oéh)

Table 1. Index and symbol conventions used in sections 3 and 4.

This creates a symmetry in the index structure of the action, which is convenient in our
calculations. It does not change any of the above discussion and, from now on, we will
deal exclusively with this action.

Analyzing this matrix model from a Functional Renormalization Group perspective will
be the goal of the rest of the paper. In particular, we will show that it admits a continuum
limit at fixed points of the FRGE flow.

3 Functional renormalization group equation

In this section, we discuss the Functional Renormalization Group Equation (FRGE) for
the Ising-CDT matrix model given in (2.5), which will allow us to derive the S-function
equations in the following section.

The following sections involve heavy use of index notation. To help with readability,
we summarise our conventions in the following table.

The FRGE is a differential equation for a momentum-dependent effective average action
T'k[¢]. See [27] for a general treatment and [23] for an application to matrix models. We
provide a brief introduction as it applies to (2.3) here.

The idea is to construct an effective action where momentum modes above the scale
k have been integrated out while maintaining those modes below k. The trick introduced
in [27] is to give a momentum-dependent mass to modes below the scale k, which suppresses
them in the functional integral and allows only the higher modes to be integrated. This is
achieved by adding a term ASy = %¢Rk¢ to the action. We can then define the effective
generating functional Wy[J] as

e Wil] / Depe—SIOI+To-AS:
and the effective action as a modified Legendre transform
uld] = sup{ [ "I (@)o(a) + WilJ}} - ASL. (3.1)

Therefore, I'x[¢] interpolates between the quantum 1PI effective action and the bare action:
limj_,o 'y =TI and limy_,5 I'y, = S. The IR-suppression term Ry, gives modes with p? < k2
an effective mass of order k (heuristically, Ry (p) ~ k% 0(k® — p?)), which suppresses their
fluctuations in the path integral. In the matrix-model realization used here, the role of k
is played by the matrix size N and Ry acts as a mass term of order N for index modes
with (a + b)/2 < N [cf. eq. (3.11)].



The form of Ri(p) in momentum space can be anything that satisfies the following
conditions. It must give a mass to modes p? < k? and smoothly decrease to zero for
k? < p? < A?, where A is a UV cutoff. It must also satisfy,

lim Ry.(p) =

which ensures that

Jim T [6)] = g,

the full effective action for the 1PI correlation functions. Finally, Ry(p) must satisfy

lim Ry(p) = oo,

k—A—o00

which ensures the saddle-point evaluation of the functional integral so that

lim  Tkl¢] = S[4].

k—A—o00

In the case of tensor (and matrix) models, @q, ... q,, is @ rank-m tensor and the scale k is given

;am

by the tensor (matrix) size N. The suppression term essentially gives a mass to the matrix
entries a,b =1,..., N. For the model in (2.3), we define the effective generating functional as

€_WN[J] — 1/ 'DUDVQ_S[U7V]+Jc[LJbUab+J;/l;Vab_ASN[U7V]’

where N is an N-dependent normalization factor, A is a UV cutoff and ASy[U, V] is the
IR suppression given by

ASN[U, V] = Z U;leNabchcd,
I,J= 1

where we define Uy := U,Us := V for notational convenience. Then by analogy to (3.1),
the effective action is given by

Cn[U, V] = sup{JGUY + JL VP + Wy[J]} — ASN[U, V]. (3.2)
J

In [27], Wetterich derived the following equation for I'y under a change of the IR scale N

1 R
oy = =Tr (%) , (3.3)

where ¢t = log N and FE\Q,) is the second derivative with respect to the matrix components

)

@ U,V
N abcd[ ] 5U}lb (5U§d

N[O, V].
Equation (3.3) is the Functional Renormalization Group Equation (FRGE).

The usual procedure to derive the effective action consists of writing down the most
generic action compatible with symmetries. Then a suitable truncation is chosen to make



explicit computations possible. Equation (3.3) translates into a beta-function equations for
the coupling constants of operators in the effective action. As we explained in the previous
section, we consider all operators with an even number of Us and V's. Furthermore, we have
an O(N) symmetry acting on the right of the matrix fields

U—-U0O, V—=VO. (3.4)

Therefore, we only consider the combinations UUT, UVT, VUT and VVT in the effec-
tive action.

Following [24], we choose a truncation of the effective action that only includes operators
with two C' matrices. We also restrict to the set of single trace operators, as this was shown
to be a good approximation for matrix models [23, 24].

With this in mind, we can write the effective action as

Zy T Zy T — géj) (9)
_Zu zv I2n
Iy =5 T [UUT] + . [V ]+n§::2 ZJ: S (3.5)
where Zy; and Zy are wavefunction renormalization factors. The operators Oéjn) are defined as
Oflj) =Tr [Uh UgCUISUZC}

n—2 terms

and I € {1,2},Vk, Uy = U,Uy =V as before and j labels the set of configurations permitted
by the symmetries of the action discussed above. The ones that we will consider explicitly
are Oflj ) and

oY) =T [Uh ULCULUL,CULUS, .

Following [24], we truncate the expansion in (3.5) at n = 3, to account for the terms which
contribute to the beta function of the bare action at one loop. There are 5 distinct Oy
operators allowed by the symmetries so j = 1,...,5. The symmetry allows any operator that

has an even number of Us and V's so we count them by simply summing the even binomial

coefficients "7_, (24k) = 8. However, this over-counts because

TuvTevvic) =Te[vvicuuT
due to the cyclic property of the trace. The same is true for
TuvievuTe) =TvuTcuvicl.

Moreover

vvtcuvtc = (vutcvuto)T,
implying that their trace yields the same operator, namely

TuvTicuvTc) =TvuTcevulc].



Hence, we are left with 5 distinct operators at fourth-order. For Og operators, the over-
counting is not due to the cyclicity of the trace because, in our basis, the two C matrices sit at
fixed positions. Cyclic permutations of the index pattern generally move the C' insertions and
therefore produce distinct basis elements within our truncation. After modding out only by
reversal (transpose) symmetry, the 2° = 32 naive patterns reduce to 20 distinct Og operators.

We introduce the dimensionless couplings géjn) for n = 2,3 after re-scaling the kinetic
term to its canonical coefficient, defined by

G = gV N2 s ) o) N2 N e ) (37)

where N((Jj ) and N‘(/j ) are the numbers of U and V matrices respectively in the operator. For
the O4 operators, N[(Jj) + N‘(/j) = 4 and N[(Jj) + N‘(/j) = 6 for Og operators. The canonical
scaling dimensions a4 and «ag are not determined by dimensional analysis because the RG
flow scale is the dimensionless matrix size N. However, they can be fixed by requiring that
the beta functions have no explicit dependence on N (they are “autonomous”) in the large
N limit. This sets an upper bound on the canonical scaling of the couplings [28]. Choosing
the canonical dimensions below this bound only removes interactions from the beta functions,
so the “most interacting" theory is one where the bound is saturated.

Having specified a consistent truncation of the effective action (3.5), we can now proceed
to analyse the FRGE (3.3) in more detail. First, we define GS\?) as the term in F%) which
does not depend on any U,V field. Given equation (3.5), this is given by

Zy O
Gt = (20 ) goestd, 3.8
G v (39
With this split, we can consider the expansion of the right-hand side of the FRGE (3.3)
1 atRN . 1 . 1 . 1 .
STr <R+F(2)> = 5Tr(RP) - 5Tr(RPFP) + 5Tr(RPFPFP) +. (3.9

where R indicates the derivative of R with respect to t = log N,
Py = (Rn + GE\%))_I

(2)

is a field-independent term and F' is the field-dependent term in I'y’. Explicitly, for the

truncation of (3.5) to n = 3,

(=]

(4) (6)
Z FN (j Z FN ,(4") (310)
F ](\;1 )(j) and F ](\? )(j) are the terms obtained by taking the second derivative with respect to the

matrix elements of operators containing four and six fields respectively, namely

p@abed PNT))
NGIPQ U U

p®abed _ 0 0 @)
N,(),PQ 5U}%b5Uéd 6



Given the structure of the expansion (3.9) and the definition of the propagator P, we generalize
the definition given in [24] of the IR-suppression term Ry to

N a+b Zy 0
abed .__ . . ac sbd
R, = <a+b 1)9 [1 ] <0 ZV>U5 gt | (3.11)

)

so that the sign indices factorize in Gy = Ry + F ](\,2 and we can invert it separately. It

follows that

abed __ pabed sign
PNTy = PN @ Ppj

—1
Psign — ZU 0
1J 0 Z‘;l .

is obtained by inverting the sign matrix in (3.8) and (3.11). Note that the propagators and

where

the IR cutoff term in (3.9) are proportional to the identity in matrix space. Therefore, they
will just contribute an overall N dependent factor, which we will keep track of in the final
result. For the sake of notation, we will only keep track of the PS8 part of the propagator
and suppress the dependence on R and Py in the intermediate steps of the computation.

4 Beta function equations

Here we derive the beta functions within our single-trace, two-C' truncation. We first extract
the tensor structures that can appear on the right-hand side of the FRGE, then project them

onto the operator basis Og) and Oéj ), making the N-scaling explicit.

4.1 General form of the beta function equations

To find the structure of the beta functions, it is sufficient to only consider the terms F and
Psigt in (3.9) — this is what we will do in this section. In the next subsection, we will be
more careful in order to deduce the N dependence of the beta function equations. Let us
first consider the left-hand side of the FRGE (3.3). The derivative acts on the couplings
in (3.5), resulting in

) 307)
Z Z .
oy = G UUT + Z V) + 3 3 of)

n=2 j
Z Z
= e [UUT] + Yy Te[VVT]
2 () 2(') *.1)
0o N7 /2 NG /2 3o i j j ]
ki P2yV PNen (B5) + NG 24y N 12+ asgh)
=5 2n 2

where 1y = 8¢ log Zyy v is the anomalous dimension of the operators Tr[UU”| and Tr[V V7]
and

B —ag). A ol



are the beta functions for g4 and gg respectively. In the last line, we used the definitions
of the dimensionless couplings in (3.7).

The next step is to compare this with the various terms on the right-hand side of the
FRGE, namely the expansion (3.9), looking for operators which match those in our chosen
truncation (4.1). This defines the projection rule onto a smaller set of operators, and by
comparing the pre-factors, we can read off the beta functions.

Projection rule. Let Fy[U, V] be the right-hand side of the FRGE expanded to the order
of fields relevant for a given beta function. We project onto a basis operator Oé{f by:

(a) discarding multi-trace terms (our truncation is single-trace);

(b) discarding monomials with C-power # 2 inside a single trace;

(J) (

(c) matching the sequence of U,V and transposes to the canonical pattern of O3’ (up to

overall cyclic rotation and reversal, cf. the discussion above).
The coefficient left in front of Ogl) after these steps defines the projected contribution to ﬁéﬁ?
Let us consider the F' J(\;l ) contribution from (3.10) to first order in (3.9) given by:

294]) Z( {I}Tr C)Tx| UllcUlz} (di{l} + Nf{l})Tl"[CUllUIQCD Tr[Fy, FW Psie] | (4.2)
J {1}
Uy 3

where we sum over all matrices and indices thereof in the trace. The constants Gy 4 and

f(%} come from the combinatorics of the action of the derivatives and the label {I} = {I1, I>}.
Within the single-trace, two-C' truncation, the FRGE never generates Tr[U;U7] structures:
all projected contributions carry two C insertions. Consequently, there is no running of Zg;
or Zy at this order, and the flow is entirely driven by the interaction couplings.

We now proceed to the computation of the beta functions ﬁij ) and Béj ), starting with
the latter. In order to obtain contributions to ﬂéj ), we need to look for operators in the
expansion of the right-hand side of the FRGE (3.9) which contain six U/V matrices. At the
order of truncation we are considering for the effective action (equation (3.5) with n = 3),
contributions can only arise from terms in the form of F](\;L ) F](\?‘ ' J(\;l Jor F J(\;l )F](VG ), However,
the first combination, once traced with respect to the matrix and sign indices, gives single
trace terms with the following structure

S g gl <Z et TC (U CULUT,CULUT CUL)

7.kl {I}
+ 3 di) T[] T [CUL, U, CCU L, UT, COU LU, C])
{J}
— TT[F](\;l) PsignF](\;l)PsignF](\;l) Psign] , (43)

{1}

where the constants Clih) and dé ]]; ) are combinatorial factors. In particular, we note that

there are no terms proportional to the operator O(] )i n (4.1) — the first term vanishes due
to Tr(C?3) = 0 and the second term has too many Cs and is therefore projected out.

,10,



The second possible contributing term to 5éj ) comes from Tr[F](\;l )PSig“FJ(VG )PSign] and
takes the following form

S gl (Z B,y TCYOF + 3 i) o) h([CU,, UF, CU i, US, CU U C]
k.l {7}

+ Y di I mCeIm(UE, CUk, UE, CUK, UK5C’UK6])

(K}
= Ty[F}) psien p(©) psian), (4.4)

where (7) labels the U, V' configuration of the operator associated with each coupling constant
géj ), Only the first term matches the structure of the operator Oé] ) in (4.1) and therefore,
contributes to B(]) The factor E:g() k
operator O(j ) in the expansion. From this expression and (4.1), we can read off the form

of the beta function equations for g(J );

. . k
5 = —aagl) + 1) S B ol al) ()
k,l

) is the combinatorial factor involved in making the

where we have set the anomalous dimensions to zero as discussed above. For the time being, we
put all N-dependence in the factor C1(/N) — we will elaborate on this in the next subsection.

U We need terms from the right-hand side of

Let us now compute the beta function for g,
the FRGE that could generate the operators OA(1 ) in equation (4.1). These operators require
four U or V components, and they can originate from either F J(\;l a ](\;l Jor F ](\? ). Consider the

former, which is a second-order contribution.

294 94 (Z E { (k1) Tr[C Oz(lj)

+ 3 Fih TR0 Te[CUL, UL CCULUY, C])

{1}
= Tr[F\}) psizn p 1) pien). (4.6)

The first term reproduces the operator OZ(Ij ) in (4.1), whereas the second term contains too
many Cs and is projected out. The final contribution comes from the first-order term in

the expansion and is given by
k j 1 6) psign
Z g (Z DY), Te[s]0 +Zr§k)}ﬂ[0]ﬂ[U};oU12UgUl4]) =T[FO P (47)
{1}

thus contributing to the beta function equations for g(j ) Any other terms that match the
structure of the operators will be subleading in N and are omitted. In all, the general
form of ﬂ

5&” = —aug{) + Ca(N ZE{ g’ + D(N) S DY) ai™ (4.8)

m

where we have absorbed the N-dependence into Co(N) and D(N).

— 11 —



4.2 N-dependence of the beta functions

In determining the general form of the beta function equations, we could ignore the factors
from R and P in (3.9) but when it comes to doing calculations, we must treat this more
carefully. Let us consider the term in (4.6) that we determined contributes to f4. If we
include all terms, this expression is given by

ZN /Z /N24ZE2(H ()gf;)
X Z R(a,b)P(a,b)*P(c,d)CacCea(UJ CUL)pa(UL,CUy)ab (4.9)
a,b,c,d=1

where we have made use of (3.7). The terms R(a,b) and P(a,b) are given by

. N a+b
fry 1—
R(a,?) a+be[ N ]’

b b
P(a,b) = (“; —1)9[1—“; ]+1,

Note that the factors of Zy and Zy always match up with the appropriate scaling of the

(4.10)

operator after using (3.7) and including the 1/Zy terms in P¥&". Comparing (4.9) to
(4.1) we have

N . .
(U3,CU 1, )a(U5,CU)ap (ﬂy) +augy)
b,d=1
j k) (1 ol .
— N Y B 0 el ST R(a,b)P(a,b)*P(c, d)CaCCw) = 0. (4.11)
k,l a,c=1

Since this is true for all U and V, then

V) + g — Nos ST ED) gl ol Z R(a,b)P(a,b)2P(c,d)CacCug =0 (4.12)
k,l

ac—

for all b,d. Reinstating the sum over b,d we get

V+augd - N2 ST EY), o Z R(a,b)P(a,0)?P(c,d)CocCoa=0  (4.13)
k,l a,b,c,d=1

Finally, using the fact that the matrix C' can be chosen to be diagonal in order to satisfy
the constraint (2.1) in the large N limit [22], we can write the last term as

i R(a,b)P(a,b)*P(c,d)C(a)C(d)decbea = ivj R(a,b)P(a,b)*P(a,d)C(a)?, — (4.14)
a,b,c,d=1 a,b,d=1

where C'(a) are the diagonal terms of C. Since the diagonal terms in the large N limit are
all bounded from above [22], (4.14) scales like N3. Hence, we can write the beta function
equation for f; D) g

/Bz(lj — _a4g( 7) + Na4+10 ZEéj(kl (k) () Naa a4+1DZD§J()m (m)7 (4‘15)
k,l
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Coupling Operator

&Y | TruuTcuuTo

¢ | TruuTevvrc)

¢ | mruvTeuvTao

oY | rruvTevuTol

¢ | mrvvTovvTa

Table 2. The fourth order operators and their associated couplings.

where Cy depends on the exact calculation of (4.14) and D is found by an analogous calculation
coming from the linear term in (3.9). Carrying out the same calculations for ﬁé] ) we get

59 = g + Ny S B, g (.16
k.l

It is now clear that the upper bounds on the canonical scaling of the couplings are
ag = —1 and ag = —2. We could now choose to saturate these bounds in order to make
the beta functions autonomous, but we allow for the freedom to choose values below these
bounds. This freedom will be useful when analysing the fixed points in the next section. Note
that the constant Cy in (4.15) and (4.16) is the same. This will be crucial in the next section
when we investigate the fixed points in the regime where gg = 0. The flow depends on three

sets of numbers: Eé ()k ) from FOPF®, EY ()k ) from FOPF®) and Déj()m) from F©) P,

5 Fixed points analysis

Having obtained the beta function equations for the couplings (4.5) and (4.8), we now
analyze the fixed point structure, corresponding to a continuum, large IV limit of the matrix
model (2.3). In particular, we focus on fixed points of the form (gz(i), 0), namely g(J ) =
This is a necessary simplification in order to get analytic control of the equations that follow.
Before proceeding, it is useful to set up a convention for the fourth-order operators. This
will be useful in the following discussion, where we will refer to couplings and their associated
operators interchangeably. The operators corresponding to each gii) coupling are listed in
table 2. If we restrict ourselves to fixed pomts in the form ( Z(i), 0), ﬁﬁk = 0 is automatically

satisfied. The fixed point condition on B4 implies

ﬁij) =0= —04494 —I— 02 ZEU k) *(l) =0.

To be completely explicit, we list the non-zero contributions to the beta function equation
for 4(1] ) relevant to the g; = 0 case in table 3.1 Hence the beta function equations reduce to

'Details of the calculations leading to the results in table 3 can be found in the accompanying Mathematica
notebook. The notebook also computes the coefficients F2 and D2, which are not used in this paper but are
included for completeness and to facilitate future work.
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: . @)
i | (kD : By
1](1,1): 16; (4,4): 4
21(2,2):8 (3,3):8
31(2,3): 16
41 (1,4): 16; (4,5): 16
5| (4,4): 4; (5,5): 16
Table 3. Non-zero combinatorial factors Eéj()k ) entering 34 via FWPF® at g5 =0.
Label gZ@) gz(?’)
1 0 0
2 16(?4 160
2(N) 16C2(N)
3 1666')(4 i
»(N)  16C2(N)
| sam 0

(2 (3)

Table 4. Solutions to the beta-function equation in the (g;”,g,”’) subspace.

B = —au gt + Co() (16 (9f")? + 4.(5")?),
57 = —aug? + Co(N) (8 (g)? (3>)2),

B = —ag g + Co(N (169(2) P ),

B = —augl! + (V) (1608 6 +16 67 o),
B = —asgi” + Ca(N) (4 (45" + 16 (97)?).

It is worth noting that the solutions to the above beta-function equations, which we will list
momentarily, can be divided into two classes of fixed points, according to their behaviour
under the exchange U < V:

) *(5)

o Fixed points which are symmetric under U «» V. This condition implies g, = g; ’;

e Fixed points which come in pairs, and are mapped into each other under U < V.

Note that this is analogous to what happens in the ABAB matrix model, as pointed out
in [29]. It is also worth noting that, due to the specific form of the coefficients Eéj()k > the

equations for gil),gz(fl),gf) completely factorize from those for 94(12),94(13)
()

which live in the five-dimensional parameter space of g, ",

. Hence, fixed points
can be factorized into the Cartesian
product of solutions living in a two and a three-dimensional subspace respectively. There

ggx)agfl)

the corresponding operators are symmetric under U <> V', hence the symmetry is preserved

are four solutions in the ( ) subspace, and we summarize them in table 4. Note that

at every point in this subspace.

— 14 —



Label | g;" g/ g@
A 0 0 0
B 0 0 6w
C | iy O 0
D o) 0 T60h (W)

Table 5. Solutions to the beta-function equation in the (gé(ll)7 g£4), gf)) subspace.

By studying the solutions to the beta-function equation in the (gz(ll), 91(14)394(15)) subspace,

we realise that there are two types of solutions. The first type consists of isolated fixed
points and will be the object of the next subsection 5.1. The second type is represented
by continuous line segments, where every point on the segment is a fixed point of the beta
function equations. We will analyse these in subsection 5.2.

5.1 Isolated fixed points

The isolated fixed points solutions in the (gfll), 9514),94(15)) subspace are presented in table 5.

Here, solutions A and D are symmetric under U <+ V', whereas solutions B and C are mapped
one into the other by the same transformation. Note that we have chosen a labelling that
allows us to refer to the solution in the full space by combining solutions in the two subspaces.
For example, solution 2B corresponds to

*(1)

(94 @

g*(5))2B _ (0 _ 0
174 "16Cy(N)’ 16C%(N)’ " 16Cy(N

*(2 *(3 * (0%} (071 (7]
>94()794()794 )> .

Therefore, there are 16 solutions in total, corresponding to all pairings across the two tables.

(4)

Note that in all solutions, g;' = 0. This is analogous to what happens in the ABAB matrix

model [29], where the coupling associated with the operator Tr[ABBA| always vanishes
at the fixed point.

Among these fixed points, there are some which lend themselves to a straightforward
interpretation:

o Gaussian fixed point (solution 1A)
gi") = (0,0,0,0,0). (5.1)
On this fixed point, we have a free field theory;

o Pure CDT fixed points (solutions 1B and 1C)

0] _ Q4 9
94 (1602(]\[)70707070) (5 )
*(1) Qg
94 - (07()’0’05 1602(N)) . (53)
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On these fixed points, there is only one independent, non-vanishing coupling, represent-
ing the cosmological constant, which couples to the area operator. A fixed point of this
kind also occurs in the analysis of the RG flow for the matrix model of pure CDT [24].
Therefore, we interpret this as a continuum limit in which the Ising model is switched
off, and we are left with a theory of pure gravity.

Other solutions to the fixed-point equations represent non-trivial fixed points, which are
specific to the matrix model we are considering.

The next step, in order to characterize these fixed points, is to compute the critical
9B;
9g;
how couplings grow as we flow away from the critical point. In particular, a positive critical

exponents, defined as the eigenvalues of the Hessian matrix H;; = —%5*. They determine
exponent corresponds to a relevant direction, a negative critical exponent characterizes an
irrelevant direction and a critical exponent of 0 is called marginal. Taking derivatives of (4.5)
and (4.8), the Hessian matrix takes the block form

 [eust — C(N)ES), 4 91" D(N)DJ),,
BN g agh - o) ED,  gi®
with¢,7 =1,..,5and h,l = 1,...,20. On the fixed points we are considering, this simplifies to
_ [0a8) — Ca(N) By i D(N)Dy
- 0 agd] — Co(N)ES 1 g3 ®

so that the overall eigenvalues are given by the eigenvalues of the two blocks on the diagonal
separately. Firstly, let us consider the critical exponents corresponding to the pure CDT
solutions:

o Gaussian fixed point (solution 1A). The critical exponents corresponding to the upper-
left block of the Hessian are

A =y, Vi=1,....5,
and the eigenvalues of the bottom-right block are given by
AP =g, Vh=1,...,20.

All directions of the RG flow from the Gaussian fixed point are irrelevant, and the
theory is free, given ay,ag < 0. The conditions on a4 and «g are satisfied when the
bounds are saturated. This continuum limit corresponds to topological gravity.

o Pure CDT fixed points. For both solutions 1B (5.2) and 1C (5.3), the critical exponents
in the gff) subspace are
AEP = (ay, 4,0, —ay, ay) ,
therefore there are three irrelevant, one marginal and one relevant direction. On the
bottom-right block, critical exponents associated with this solution are

)\éh):a67 for h=1,...,12
AW = oy + g, for h=13,...,18
)\éh) = —2a4 +ag, for h=19,20.
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It follows that, for g—i > 2, all those directions are irrelevant. In particular, for the
canonical values of ay and ag, 18 directions are irrelevant and two are marginal. Hence,
within this region of parameter space, there is only one relevant direction. This is
consistent with the result of [24], for the continuum limit of the matrix model describing
pure CDT, with the same value of the critical exponent for the relevant direction. Hence,
this fixed point corresponds to gravity with a cosmological constant term and no matter.
It was shown in [24] that, for the model of pure CDT, there is another fixed point
which corresponds to the continuum limit of 2D gravity with a cosmological constant
for complementary values of ay and ag. We believe that such a fixed pomt should also
be present in the Ising—CDT model. However, it will only exist in the g6 7& 0 regime,
where a full analytic or numerical study would be required to prove its existence.

Critical exponents corresponding to all solutions of the fixed-point equations are presented
in appendix A. One of the main features of solutions characterizing non-trivial fixed points
is that critical exponents in the bottom-right block only take three values, with different
degeneracies depending on the solution. Those values are ag, ag — aq and ag — 2a4. This
implies that those directions are all irrelevant or marginal for the canonical values of a4, ag,
and they are all irrelevant in the region g—i > 2. This means that, as far as this region
is concerned, there are no relevant directions coming from order six operators. Indeed, in
different regions of parameter space, some of those directions will become relevant.

Let us now focus on the upper-left block. Different solutions are characterized by a
different number of relevant, irrelevant and marginal directions. Note that critical exponents
take three values ay, 0 and —ay, corresponding to irrelevant, marginal and relevant directions

respectively. In particular:

e Solution 1D has 2 irrelevant and 3 relevant directions;

e Solutions 2A and 3A have 4 irrelevant and 1 relevant directions;

e Solutions 2B, 3B, 2C and 3C have 2 irrelevant, 1 marginal and 2 relevant directions;

e Solutions 2D and 3D have 1 irrelevant and 4 relevant directions;

e Solution 4A has 3 irrelevant and 2 relevant directions;

e Solutions 4B and 4C have 1 irrelevant, 1 marginal and 3 relevant directions;

e Solution 4D has 5 relevant directions.
To summarize, besides recovering the fixed points corresponding to topological gravity and
pure gravity with a cosmological constant, which can be obtained as the continuum limit of
the pure CDT and no matter matrix model [24], we found new, non-trivial fixed points. In
particular, within the region of the a4, ag parameter space specified above, three of those
fixed points, namely 1D, 4B and 4C, have three relevant directions. It follows that the
corresponding CFT has the correct number of operators to represent the Ising CFT coupled
to two-dimensional gravity. The operators in the Ising CFT are, namely, the cosmological
constant term (identity), the energy operator ¢, and the duality operator o.

5.2 Segments of fixed points

Alongside isolated fixed point solutions, beta-function equations in the (gz(l ), 94(;4)7 951 )) subspace

admit lines of solutions such that each point on the line is a fixed point. We present them
in table 6. The solutions in the extended parameter space are obtained by crossing entries
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Label g, g, 9"

|oval |oal

#(4), #(4),
R 3201(]\/) (as —s(gy '504)) € (_1602(N)’ 1602(N)) SZCl(N) (o4 + (g5 s )

|ova |ova ]

#(4), #(4),
S 3202(1\/) (aa+s(gy saq)) € <_1602(N)’ 1602(N)) 3201(1\/) (04— s(g5 5 04))

Table 6. Lines of solutions to the beta-function equation in the (gil), g£4), gf)) subspace. Here

s(9; s ) = yJa2 — 2560502 Cy(V)2.

94*
C A
®
R
945 S
® N
D
B
g4*

Figure 2. Projection of the phase space of the theory to the (gil),gi4)7g§5)) subspace. This is

composed by solutions A, B, C, D (blue), and critical segments R (red) and S (green).

of table 6 with the ones in table 4. It is worth noting that fixed points of type B and C
from table 5 can be obtained as particular points of the segments R and S respectively,
with 92(4) = 0. It follows that solutions of type B and C sit on the segments. These
include the pure CDT solutions 1B (5.2) and 1C (5.3), which sit on segments 1R and 1S
respectively. We show, in figure 2, the projection of the phase space (restricted to the (gz(i), 0)
condition) to the (gfl ), gi ),gfl )) subspace, which includes critical points from table 5 and
critical segments from table 6.

Along each segment one finds gil) + gf) = ay4/(16 C) while gffl) varies within the interval
in table 6; we verified that (i) the spectrum of critical exponents and (ii) the autonomous
beta polynomials are independent of gfl ) along the segment. This indicates that the segment
direction is generated by a redundant (reparameterization) vecto)r ﬁe(lg in (theory space: within

,Oy

the single-trace, two-C' basis, a linear redefinition among {O } leaves projected
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flows and spectra invariant, so points on the same segment are physically equivalent at the
level of this truncation. A decisive test would require either (a) adding interactions outside
this basis (e.g. multi-trace or three-C' operators), or (b) computing an observable sensitive to
gz(;l) (for instance a suitable four-point function from I'y) and checking its constancy along
the segment. We leave this for future work. Consistent with this picture, appendix A, table 8,
shows that every point on a given segment has identical critical exponents equal to those
of the corresponding B or C fixed point with exactly one marginal direction in the quartic
sector, interpreted as the RG flow along the segment. In particular, solutions 4R and 4S
display three relevant directions and are therefore suitable to represent the Ising CFT.

6 Conclusion

In this work, we investigated the Ising model coupled to Causal Dynamical Triangulations
(CDT) through the lens of the Functional Renormalization Group Equation (FRGE). Using
a matrix model representation, we analyzed the fixed-point structure of the theory and
demonstrated the existence of continuum limits. Our results confirm that the model not
only reproduces known fixed points, such as those corresponding to topological gravity and
pure CDT with a cosmological constant but also uncovers a new fixed point featuring three
relevant directions, aligning with the number of primary operators of the Ising CF'T.

The addition of Ising spin degrees of freedom significantly increased the complexity of
the truncation, making the fixed-point analysis more challenging. However, by leveraging
symmetry and simplifying assumptions, we successfully identified physically relevant fixed
points, providing further evidence that the Ising CF'T can emerge in this setting.

Future research could focus on extending this analysis to complementary regions of the
parameter space (i.e. gg # 0) and exploring fixed points beyond the analytic reach of the
current truncation. Numerical methods, in particular, could shed light on the existence of
additional fixed points and their critical properties, providing a more comprehensive picture
of the Ising-CDT model. The analysis could be further improved by adding higher order
terms in the effective action, and by extending the truncation to also include multi-trace
operators or operators with more than two C matrices. This would provide more quantitative
results for the critical exponents.
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A Ciritical exponents for the RG fixed points

In this section, we present the values of the critical exponents, obtained by diagonalizing the

Hessian matrix H;; = — ggﬁj . As explained in the main text, eigenvalues in the upper-left block

take three different values, corresponding to irrelevant, marginal and relevant directions. We
specify the degeneracy of these eigenvalues for each solution of the beta-function equations in
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Solution | ¢y 0 -ay4 | ag ag —ag g — 204
1A 5 0 0 |20 0 0
1B 3 1 1 |12 6 2
1C 3 1 1 |12 6 2
1D 2 0 3 6 8 6
2A 4 0 1 |12 6 2
2B 2 1 2 6 8 6
2C 2 1 2 6 8 6
2D 1 0 4 2 6 12
3A 4 0 1 |12 6 2
3B 2 1 2 6 8 6
3C 2 1 2 6 8 6
3D 1 0 4 2 6 12
4A 3 0 2 6 8 6
4B 1 1 3 2 6 12
4C 1 1 3 2 6 12
4D 0 0 5 0 0 20

Table 7. Degeneracy of the eigenvalues in both the upper-left and the bottom-right blocks of the
Hessian for each fixed point.

Solution
1R
1S
2R
2S
3R
3S
4R
45

g — 0y Qg — 200

12 6

Q
N
o
W
Q
(=)

e e L =)

NN NN W W

W W N NN DN = =
S O 00 o O O O

Table 8. Degeneracy of the eigenvalues in both the upper-left and the bottom-right blocks of the
Hessian for fixed line segments.

the left half of table 7. We have also seen that in the bottom-right block of the Hessian, the

eigenvalues take three possible values. We specify the degeneracies of these eigenvalues for each

solution on the right half of the same table. Note that the order six operators are all irrelevant
Q

for a—j > 2 and all irrelevant or marginal for the canonical values ay = —1 and ag = —2.

We list the degeneracies of the critical exponents on the fixed line segments (section 5.2)
in table 8. Segments of fixed points have the same critical exponents as the corresponding B
and C type solutions. They feature exactly one marginal direction in the order four parameter
space, corresponding to the direction along the segment.

— 20 —



Data Availability Statement. This article has no associated data or the data will not

be deposited.

Code Availability Statement. This article has code included as electronic supplementary

material.

Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any

medium, provided the original author(s) and source are credited.

References

[1]
2]

[3]

[12]

[13]

[14]

[15]

[16]

T. Regge, General Relativity Without Coordinates, Nuovo Cim. 19 (1961) 558 [INSPIRE].

G. ’t Hooft, A Planar Diagram Theory for Strong Interactions, Nucl. Phys. B 72 (1974) 461
[INSPIRE].

P. Saad, S.H. Shenker and D. Stanford, JT gravity as a matriz integral, arXiv:1903.11115
[INSPIRE].

S. Collier, L. Eberhardt, B. Mithlmann and V.A. Rodriguez, The Virasoro minimal string,
SciPost Phys. 16 (2024) 057 [arXiv:2309.10846] [INSPIRE].

S. Collier, L. Eberhardt, B. Mithlmann and V.A. Rodriguez, The complex Liouville string: The
matriz integral, SciPost Phys. 18 (2025) 154 [arXiv:2410.07345] [INSPIRE].

P. Di Francesco, P.H. Ginsparg and J. Zinn-Justin, 2-D Gravity and random matrices, Phys.
Rept. 254 (1995) 1 [hep-th/9306153] [INSPIRE].

D. Anninos and B. Miihlmann, Notes on matriz models (matriz musings), J. Stat. Mech. 2008
(2020) 083109 [arXiv:2004.01171] InSPIRE].

J. Ambjgrn and R. Loll, Nonperturbative Lorentzian quantum gravity, causality and topology
change, Nucl. Phys. B 536 (1998) 407 [hep-th/9805108] [INSPIRE].

B. Durhuus, T. Jonsson and J.F. Wheater, On the spectral dimension of causal triangulations, J.
Statist. Phys. 139 (2010) 859 [arXiv:0908.3643| [INSPIRE].

J. Ambjgrn, J. Jurkiewicz and R. Loll, The Universe from scratch, Contemp. Phys. 47 (2006)
103 [hep-th/0509010] [NSPIRE].

J. Ambjgrn, K.N. Anagnostopoulos and R. Loll, A new perspective on matter coupling in 2-D
quantum gravity, Phys. Rev. D 60 (1999) 104035 [hep-th/9904012] [INSPIRE].

J. Ambjgrn, K.N. Anagnostopoulos and R. Loll, Crossing the ¢ =1 barrier in 2-D Lorentzian
quantum gravity, Phys. Rev. D 61 (2000) 044010 [hep-1at/9909129] [INSPIRE].

J. Ambjgrn, K.N. Anagnostopoulos, R. Loll and I. Pushkina, Shaken, but not stirred: Potts
model coupled to quantum gravity, Nucl. Phys. B 807 (2009) 251 [arXiv:0806.3506] [INSPIRE].

J. Ambjgrn, A. Gorlich, J. Jurkiewicz and H. Zhang, A ¢ = 1 phase transition in two-dimensional
CDT/Hotava-Lifshitz gravity?, Phys. Lett. B 743 (2015) 435 [arXiv:1412.3873] [INSPIRE].

J. Ambjgrn, L. Glaser, Y. Sato and Y. Watabiki, 2d CDT is 2d Horava—Lifshitz quantum gravity,
Phys. Lett. B 722 (2013) 172 [arXiv:1302.6359] [INSPIRE].

J.F. Wheater and P.D. Xavier, The cylinder amplitude in the hard dimer model on 2D causal
dynamical triangulations, Class. Quant. Grav. 39 (2022) 075004 [arXiv:2109.04414] [INSPIRE].

— 21 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF02733251
https://inspirehep.net/literature/3183
https://doi.org/10.1016/0550-3213(74)90154-0
https://inspirehep.net/literature/80491
https://doi.org/10.48550/arXiv.1903.11115
https://inspirehep.net/literature/1726905
https://doi.org/10.21468/SciPostPhys.16.2.057
https://doi.org/10.48550/arXiv.2309.10846
https://inspirehep.net/literature/2700403
https://doi.org/10.21468/SciPostPhys.18.5.154
https://doi.org/10.48550/arXiv.2410.07345
https://inspirehep.net/literature/2838957
https://doi.org/10.1016/0370-1573(94)00084-G
https://doi.org/10.1016/0370-1573(94)00084-G
https://doi.org/10.48550/arXiv.hep-th/9306153
https://inspirehep.net/literature/355968
https://doi.org/10.1088/1742-5468/aba499
https://doi.org/10.1088/1742-5468/aba499
https://doi.org/10.48550/arXiv.2004.01171
https://inspirehep.net/literature/1789454
https://doi.org/10.1016/S0550-3213(98)00692-0
https://doi.org/10.48550/arXiv.hep-th/9805108
https://inspirehep.net/literature/470590
https://doi.org/10.1007/s10955-010-9968-x
https://doi.org/10.1007/s10955-010-9968-x
https://doi.org/10.48550/arXiv.0908.3643
https://inspirehep.net/literature/852496
https://doi.org/10.1080/00107510600603344
https://doi.org/10.1080/00107510600603344
https://doi.org/10.48550/arXiv.hep-th/0509010
https://inspirehep.net/literature/691231
https://doi.org/10.1103/PhysRevD.60.104035
https://doi.org/10.48550/arXiv.hep-th/9904012
https://inspirehep.net/literature/497759
https://doi.org/10.1103/PhysRevD.61.044010
https://doi.org/10.48550/arXiv.hep-lat/9909129
https://inspirehep.net/literature/507367
https://doi.org/10.1016/j.nuclphysb.2008.08.030
https://doi.org/10.48550/arXiv.0806.3506
https://inspirehep.net/literature/788863
https://doi.org/10.1016/j.physletb.2015.03.008
https://doi.org/10.48550/arXiv.1412.3873
https://inspirehep.net/literature/1334124
https://doi.org/10.1016/j.physletb.2013.04.006
https://doi.org/10.48550/arXiv.1302.6359
https://inspirehep.net/literature/1221229
https://doi.org/10.1088/1361-6382/ac50ec
https://doi.org/10.48550/arXiv.2109.04414
https://inspirehep.net/literature/1919094

[17]

[18]

[19]

[20]

[23]

[24]

B. Durhuus, T. Jonsson and J. Wheater, From Trees to Gravity, in Handbook of Quantum
Gravity, C. Bambi, L. Modesto and I. Shapiro eds., Springer, Singapore (2023)
[DDI:10.1007/978-981-19-3079-9_86-1] [arXiv:2211.15247] [INSPIRE].

R. Barouki, H. Stubbs and J. Wheater, Conformal dimensions on causal random geometry,
JHEP 07 (2025) 173 [arXiv:2501.17930] [INSPIRE].

J. Ambjgrn, J. Jurkiewicz and R. Loll, Reconstructing the universe, Phys. Rev. D 72 (2005)
064014 [hep-th/0505154] [INSPIRE].

J. Ambjgrn, J. Jurkiewicz and R. Loll, Spectral dimension of the universe, Phys. Rev. Lett. 95
(2005) 171301 [hep-th/0505113] [INSPIRE].

J. Ambjgrn, A. Gorlich, J. Jurkiewicz and R. Loll, Planckian Birth of the Quantum de Sitter
Universe, Phys. Rev. Lett. 100 (2008) 091304 [arXiv:0712.2485] [InSPIRE].

J.L.A. Abranches, A.D. Pereira and R. Toriumi, Dually Weighted Multi-matriz Models as a Path
to Causal Gravity-Matter Systems, Annales Henri Poincare 26 (2025) 947 [arXiv:2310.13503]
[INSPIRE].

A. Eichhorn and T. Koslowski, Continuum limit in matriz models for quantum gravity from the
Functional Renormalization Group, Phys. Rev. D 88 (2013) 084016 [arXiv:1309.1690]
[INSPIRE].

A. Castro and T. Koslowski, Renormalization Group Approach to the Continuum Limit of
Matriz Models of Quantum Gravity with Preferred Foliation, Front. in Phys. 9 (2021) 114
[arXiv:2008.10090] [INSPIRE].

D. Benedetti and J. Henson, Imposing causality on a matriz model, Phys. Lett. B 678 (2009) 222
[arXiv:0812.4261] [INSPIRE].

D.V. Boulatov and V.A. Kazakov, The Ising Model on Random Planar Lattice: The Structure of
Phase Transition and the Ezact Critical Exponents, Phys. Lett. B 186 (1987) 379 [INSPIRE].

C. Wetterich, Ezact evolution equation for the effective potential, Phys. Lett. B 301 (1993) 90
[arXiv:1710.05815] [INSPIRE].

A. Eichhorn, T. Koslowski and A.D. Pereira, Status of background-independent coarse-graining in
tensor models for quantum gravity, Universe 5 (2019) 53 [arXiv:1811.12909] [INSPIRE].

A. Eichhorn, A.D. Pereira and A.G.A. Pithis, The phase diagram of the multi-matriz model with
ABAB-interaction from functional renormalization, JHEP 12 (2020) 131 [arXiv:2009.05111]
[[INSPIRE].

— 922 —


https://doi.org/10.1007/978-981-19-3079-9_86-1
https://doi.org/10.48550/arXiv.2211.15247
https://inspirehep.net/literature/2601252
https://doi.org/10.1007/JHEP07(2025)173
https://doi.org/10.48550/arXiv.2501.17930
https://inspirehep.net/literature/2874184
https://doi.org/10.1103/PhysRevD.72.064014
https://doi.org/10.1103/PhysRevD.72.064014
https://doi.org/10.48550/arXiv.hep-th/0505154
https://inspirehep.net/literature/682795
https://doi.org/10.1103/PhysRevLett.95.171301
https://doi.org/10.1103/PhysRevLett.95.171301
https://doi.org/10.48550/arXiv.hep-th/0505113
https://inspirehep.net/literature/682518
https://doi.org/10.1103/PhysRevLett.100.091304
https://doi.org/10.48550/arXiv.0712.2485
https://inspirehep.net/literature/770584
https://doi.org/10.1007/s00023-024-01442-1
https://doi.org/10.48550/arXiv.2310.13503
https://inspirehep.net/literature/2713091
https://doi.org/10.1103/PhysRevD.88.084016
https://doi.org/10.48550/arXiv.1309.1690
https://inspirehep.net/literature/1253104
https://doi.org/10.3389/fphy.2021.531766
https://doi.org/10.48550/arXiv.2008.10090
https://inspirehep.net/literature/1813018
https://doi.org/10.1016/j.physletb.2009.06.027
https://doi.org/10.48550/arXiv.0812.4261
https://inspirehep.net/literature/805987
https://doi.org/10.1016/0370-2693(87)90312-1
https://inspirehep.net/literature/234900
https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.48550/arXiv.1710.05815
https://inspirehep.net/literature/33814
https://doi.org/10.3390/universe5020053
https://doi.org/10.48550/arXiv.1811.12909
https://inspirehep.net/literature/1705977
https://doi.org/10.1007/JHEP12(2020)131
https://doi.org/10.48550/arXiv.2009.05111
https://inspirehep.net/literature/1816691

	Introduction
	A matrix model for Ising CDT
	Functional renormalization group equation
	Beta function equations
	General form of the beta function equations
	N-dependence of the beta functions

	Fixed points analysis
	Isolated fixed points
	Segments of fixed points

	Conclusion
	Critical exponents for the RG fixed points

