Chapter 6 : The Master/Slave Operator

This operator, which was introduced in chapter 2, can be
modelled in a similar (though preferable) manner over M.
Because of the use made of hiding in its definition it
will be necessary to restrict its definition to cases

where the set T of communicated values is finite.
6.1 (Alla::B) = (Asua I_!a.(s*z«rapl?(B))/(a.l_')

where " = TU?2TU !T and swap is defined
swapab (A) = {(swapab (w) ,swapab (X)) | (w,X)€ &%
(swapab(X) for X¢Z is defined to be the natural exten-

sion of the definition for 2 given in chapter 2).

6.2 Examples
a) If & = Alﬂ AZH ....llAk and some of the A, might

have to execute a critical section which needs to be
executed in parallel with no other critical section
then if we guard each c.s. with a request to a suitable

(joint) slave this condition can be ensured.

e.g. A; = B,j(ali » skip);Cs,;(a?i » skiEJ:Ci
(where A, = B.;CS.;C.)
i Hehaeg s
mrfl,2,...k% # in 4 D
c@ainasl ... Al a::p) |
(B g = med 5 a-f*d\-”f[-"")

D
A%
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b) Five dining philosophers:
e e s e :
1f PHILi & a.sit.i 1_p1ckupi 1.plckupiHil > i.eat 2
i.putdownimla i.putdowni* a.getup.i » PI—IILj

FORKi — i.p:ickup:.L > i.putdowni + FORK
DiEl.pickupi > iBl.putdowni + FORK

B =B, where B & sit.j:10,..4% » B,
ie$l,2,3}3 B & sit.j:50,..43 » By,
0 getup.j:§0,..4%s B

2§
=1.

B & getup.j:§0,..43> B,

4 4
i Il :
Then (ngHILi)” a..B)" (i=OF0RKi) is free of deadlock.

This last example is reasonably easy to prove using
the techniques that were developed in chapter 5 and those
which we will develop in this chapter and the next.



If T is finite then (Al a::B) is a well-defined continuous
function of its parameters. Furthermore we have the

following criterion for membership of (A|| a::B):

(w,X) € (All a::B) if and only if
either there is some w'{ w such that
f{tedom(a)| (tha.l"€ a.swap'?(dom(B))) & (t/a.l" = w')}3
is infinite
or there is some (u,U)€ A and (v,V)€ B such that
Xxva.'=uUuU (a.swap!2(vnl))

The proof of this is very similar to that of 5.18, the

corresponding result on the (A» B) operator.

If the first case holds of any (w,X) then we say that

(All a::B) contains infinite internal chatter.

In the or clause we say that ((u,U0),(v,V)) is a deriv-
ation for (w,X) in (All a::B) or equivalently that
((u,0),(v,V)) & (w,X) in (All a::B).

6.4 Theorem
Suppose that each of (Alla::B) and (All b::C) is free of
infinite internal chatter and that a.['n b.[" = ¢@.

Then ((A\la::B)” b::C) = (Allb::0)ll a::B).

The proof of this is an immediate corollary to lemma 5.35,

the same result used in proving 5.19.

Theorem 2.38 also carries straight over to this model:

6.5 Theorem
Define C2 (for a€Z and j€ Z) as follows:
C?(A) 2 Ywe dom(a) . Wi} - lwla )2 min(3, |wh(Mva.lM)l) .

a) C?(A) is a (strongly) continuous predicate.

b) C?(A) 2 (Al] a::B) is free of infinite internal chatter.
c) ci‘(A) >Vn.VB. (Al a: :B)l n+k+1 = (all a::Bl n) n+k+1 .

a) ci@a) »ci@llb::B) .

The proof of (a) is the same as 2.38(a).

The proof of (b) is similar to (though easier than) that

of 5.20.
The proofs of (c) and (d) are similar to 2.38(b) &(c).



We will shortly see that the master/slave operator is a

very useful tool in defining processes by recursion. As

in chapter 2 the above results help us to identify the

cases where it is a constructive or non-destructive func-

tion of its second (slave) argument. The following is

a list of technical lemmas of a computational nature which

will subsequently be used freely and informally in proofs.

6.6 Lemma Rules for (A]| a::B)

(1)

(i1)

(141)

(iv)

(v)

(vi)

(vii)

1f 2°1 a.f = @ then (Alla::B) () = AW), (aAlla::B)%= a°
and (A]| a::B)afterx = (Aafterxl| a::B)

(A or Blla::C) = (All a::C) or (Bl a::C)
(Alla::(B ox C)) = (Alla::B) or (all a::C)
(a'x 2 Al az: (2x:T = Bx)) = {ail a::Bx)

= ((alx = Aa) [J (a?x:T =+ c,) I} az: (?2x:T =+ B.))
(a'x + alla::((?2x:T » B,) O (ty » 0))

Il

(a?x:T = Axlla::(lx + B)) = (Axlia::B)
= ((a?x:T » A ) Oy » )l az:('x » B))
= (a?x:T » Axlla::((!x » B)[] (?2y:T > Cy)))

Define a function f:3$ % as follows:

f(y) = alx if y = ?2x for any x
= 29x 1t ¥y = ix for any %
=y otherwise.
1f B°C a.5 and B°n£(c®) = @ then (AQBIla::c) = (alla::0)

1f A°na.2 = @ & B°C a.T 213X eB(0), YeC() .XUE(Y) = a.z
then (A0 Blla::Cc) = ((Alla::¢c) D(Blla::Cc)) or (Bl a::0).
(The condition here ensures that B and C cannot dead-
lock, thus ensuring that some hidden transition will
eventually take place if nothing else is offered.)
e.g. (?2x:T =» Ax{]a?x:T ~ Bx“ at:{ly = Q)) =

((2xz® » (A U asc(ly » C)))[](By” a::C)) 95_(BYH a::C)

I1f 2°na.f = @ and B°Ca.Z and B°n£(c®) # ¢

and IXER{Y), YECWH) s.t. X VE) = a.xX
then (A0B!la::C) = (Alla::C) or (B*]| a::C¥%)
where D*(w) = §X| xnD° = g} if w =0

= D(w) otherwise.

(If B & C deadlock on the first step then A must be
allowed to take precedence.)



Rules (i) - (vii) deal essentially with the first step

behaviour of (All a::B). It is possible however to derive
a few more general ones. ((viii) is just a restatement
of 6.4.)

(viii) If a#b and each of (A||a::B) and (All b::C) is free
of infinite internal chatter then
((All az:B)H b::C) = ((All b::C) || a::B).

(ix) If (Alla::B) is free of infinite internal chatter
and a.ZNY = @ then ((AXmUYB)H a::C) = ((Al} a::C)XHYB) A

Each of (i) - (vii) is quite easy to prove directly from
the definitions of the operators involved. (ix) , like

(viii) is a consequence of 5.35.

We will concentrate in the next few pages on seeing how
(A}l a::B) can be used as a recursive tool, and on how
processes defined recursively with this operator can be

proved correct by our methods.

In the following examples the recursive scheme used is

R & (XIla::R) (or some slight variant), where X is a known
process. This says that R is the process which X is when
it calls R as its slave. One can think of R as a process
which is allowed to call itself as a subroutine running in
parallel. 1In 6.7 and 6.8 exactly this scheme is used,
modelling a stack and a buffer respectively; in 6.9 we
allow the process to call two independent versions of it-
self and model C.A.R. Hoare's Quicksort.

6.7 Example: Stack

Define the process R recursively by
R&E (Xl az:R)

where X €& ?x:T = YX

Dyy e L]

YX¢ 2y:T 9 Ak » YY
O!x » 2
3 -

o P¥x:T Yx

- -

D = L Yx

R is intended to model an empty stack. Intuitively we
can interpret its actions as follows (bearing in mind that
it has as a slave a copy of itself labelled "a"):



Initially it is empty and so cannot output. It can how-
ever input any element of T and store it (without refer-
ence to its slave).

If subsequently it is storing an element of T it can
output it to its environment. It can also input any
element of T from its environment; if it does this it
outputs the old element it was storing to its slave and
stores the new one itself (the new one becoming the new
top of the stack).

If (at a time other than the start)lthe control process
finds itself not storing any element of T it does not
know whether or not its slave is empty. It is therefore
prepared either to input the new top of the stack from

its slave or from its environment.

We can define a more obviously correct stack as follows

by infinite mutual recursion over T*:

S & ?%:T = § (1if w =)

w (X5

Sw & ?x:T ~ §x>w (if w =<y>v, YET & ve T%)
Uly a2

Here Sw represents the stack with contents w; the top of
the stack being the leftmost component of w. An empty
stack can only input; a stack with top element y can either
output y (and lose y from the top of the stack) or input
some element which it adds to the stack at the top.

We have not formally defined any correctness criterion

for stacks. If this were done it is likely that §,, would
be much easier to prove correct than R. Indeed one very
plausible correcness condition for infinite stacks is con-
gruence with S,,, a process which it is very easy to prove
(for example) free of deadlock. We will therefore content
ourselves with a proof of the congruence R = S.,, leaving
out any further work that needs to be done proving S, to
be correct.

Define R,, = R and Bose ™ (YyEla::Rw).
Claim that (i) Vw. (2| paal ) = R,
and (i1) R,= 7=iT # B and Vy,w.3y>w= ?X:T = Bxy>w
A Y & P\q

We will prove these two results not by recursion induction



but by ordinary mutual induction on the length of w.

a) w =0
i) Rw = (X} az:R)
= ?x:T = (Yx” a::R) (by rule (i))
= ?xX:T = Eé)o (by defn. of %o)
ii) (zWa::R)) = ((?x:T = Y 0 azx:T » Y )\ a::R)
= (?x:T » Y _[l a::R) . (by rule (v) as £(R®) = a'T)
= {(XH az::R)

= Ry
b) w ={y>v (assuming the results to hold of all shorter w')
(1i) R = (Yy[la::Rv)
= o = izH a::Rv)

Oox:T » (aly 2 Yx” a::Rv) (by rule (i))
= ly = Rv (inductive hypothesis (i))

07?x:T » (aly ~» Yxﬂ a:: (?y:T » lipv(ﬂ 'z > Ru))}

(by inductive hypothesis (ii) where if

v=¢> the bracket is not present otherwise

v =d{z>u, say)

G B Y
O2x:7 » (Yxll a::l}y} v) (by rule (ii) in either case)
- 1
ol At
_ﬂ THER - I}xy*»v as desired.
(i) (Z”a::Rw) = ((?x:T » Y_Q a?Px:T » YX]H as::(ly » RvU?x:T > BXY)\)

(by (ii) above)

= ((?x:T =+ (Yxlla::liy}v)ﬂ P) or P)
where P = (Yylla: :Rv) (by rules (vi), (i) & (iv
now P = R
\NZAY

= ly = Rvﬂ?x:T - gxyw (by (ii) above)
((2x:T = 3xy>v>n (Cy = R)O?x:T » I}xwv))
or ((ty » R)I?x:T 3 3xy>v)

(?x:T = ngyﬂ)[l[ly > R,) (by laws of [ and or)

Il

By v (by (ii) above)

Rw as desired.

This completes the proof of our two inductive hypotheses,

so the two results are proved for all w.



It is now a simple (recursion) induction on the definition

of S to show that Yw. s, = R, (the predicate R(X) :'VW'sz R,
is trivially continuous and satisfiable and the S-recursion
is clearly constructive).
R(X) 9 ?x:T » X = 2x:P * B, =R,

Xz T 2 }ixpw i P 2 Iﬁxpw i

Oty » X, 81y 4 R, YW % R(F(X))

This completes the proof that R = S,, since by definition
R = R,.

The above illustrates one possible scheme of proof which
is possible for processes defined in the way we are
studying. We never needed the fact that the R-recursion
is constructive, though this fact is quite easy to prove.
To do this one shows that X, Yx and 7Z respectively satisfy
the conditions C3, Cg and Cfl by mutual (recursion) ind-
uction. A tabular method for doing this is decribed in

6+« -

Intuitively the master/slave operator is well adapted

to the definition of stacks, just as "»" is well adapted
to modelling buffers. It is easy to imagine how a proc-
ess defined recursively by R & (X||a::R) might act as a
stack but harder to imagine how one might act as a buffer.
This is because there must then be some leap-frogging of
information. In the case of a stack information input from
the environment is put first on the queue for re-output;
this naturally ties in with the fact that the output of

an "R &€ (X!l a::R)" process is in the same place as its
input. This is not the case with a buffer, where an elem-
ent input from the environment must be put last on the
queue for output. The next example shows how this might

be done. In 6.8 the method adopted is to throw any input
down to the bottom of the recursion, so that except when
some input is being processed the process settles down to be
like a queue of information waiting to get out: the further
from the output/input port the longer its wait.

This method requires a slightly less constructive recursion:

we can no longer induct on the amount contained in the buffer.



6.8 Buffer ;
This example is modelled closely on the previous one.
The proof is rather more involved because of the rather

less constructive recursion.

We use the same scheme of recursion:
R& (Xl a::R)

where X & 2x:T » ¥
2v: ! ‘
YX & 2T 9 aly ~ Yx
Qix » 2
Z & ?2x:T » alx » 2

D az¥:T » Yx

It is easily shown by induction on their joint definition
that X satisfies Ci, each Yx satisfies Cg and that Z sat-
isfies C?l. Thus the R-recursion above is constructive
by 6..5(¢) .

Theorem R = B”
Recall that B = B, , where B.& ?x:T = B:'x7

o o TP i '
Bw(ff (2x:T > %wi(y)[l(‘y b Bw) .

The proof of this result depends on two inductions, one

on the definition of B and one on the definition of R.

Firstly claim that (i) VYw. (Zf{a::E;) = B:
(11) B, = (xll a::E)

Ly

Vw.Vy. BW{Y?: (Yyll a::Bw) .

*
To prove these results define Ce€ MT  as follows:
C.= (X|laz:B3) or (zll a::B,,)

5 (Yyl.l a::Bw) or (2l a:: w£y>) "

w<y:
We then have (using many applications of rules 6.6)
Co= 2X:T (YXH a::B.) or 2x:T 3> (a!x » zlla::(?2x:T > B;))
= ?x:T = ((Yx'.l a::Ei) or (zl| a::B;('))
= ?x:
2x:T > Cx

Cw<y9= (‘y > (2]l a: :B”J}ﬂ(?x:'l‘ > (a'x > Yyl] a::(?x:T -~ g;w(ﬂ'*)))}
or ((?2x:T » {{alx » )| az: (?x:T » %;W<yQ!y - B:))UP) or P)

where * (present if w #¢>) has the form (!z > Ez) and
P = (Yyil a::B,) = ?x:T + (a'x =~ Yy” as: (?x:T = B:;\)w( *))
Oty > (zl]a: :B7)
= [?x:T > (YyH a::B7 ) (ty > (z 1] a::B3))



Hence
Cacys 1¥ 2 (2ll as:B [ 2xeT > (vl &gl ) ox (2l sl o))

w<y$
2(ly » Cw]ﬁ(?x:T > )

T weys
Thus C=2F(C), where F is the function of the girecursion.
This implies that F has some fixed point below C in the
complete partial order MT*.

But fix(F) is maximal in MT*, since F is a constructive
function with a unigue fixed point which is a vector of
deterministic processes (the fact that this is so is easily
proved by induction on the definition of ﬁ). ‘s

Hence C = g', and this is easily seen to imply (i) & (ii),
again because all the B; are maximal in M.

We thus have that (XWl a::B”) = F, and since the R-recursion
is already known to be constructive it is an easy induction

o

to show that R = B'.

Notice that we have also shown that B; = (Zi‘a::Bw), which
shows that the recursion Q & (lea::Q) cannot possibly be
constructive, for we could then prove that Q = Bw for each

w€ T*, This shows that 6.5(c) is as strong as possible,
- a
for Z satisfies C_

1°
6.9 Quicksort (After C.A.R.H.)

Suppose that T'is given some total order {, and T = T'ufe,f},
It is possible to model a version of the "quicksort"
algorithm using the same scheme of recursion used in

the last two examples, except that here the process will
call two independent versions of itself as slaves.

Q€& ((XHHu::Q) 1\ a::Q)
where X & (?x:T'>» YX)D (e » 'f = X)
& (Py:ifyly>x3> uly = YX)U (2ysfyl y¢x3» dly = L 0
O(?e » ute > dle » z,)
Z & (u?y:T' > ly » ZX)U (UTE & ix » Z¥)
2% & (d?y:T' » !y » z*) [ (a?f » 'f > X)

The intention is that Q should receive a stream of input
symbols terminated by the symbol "e" which is not in T'
and then output them in descending order, ending the output

stream by "f", another special symbol. Q goes about this



by using the first symbol in T' that it receives (assuming
that the input stream is not empty) as a pivot. All the
symbols subsequently are either sent to an "up" copy of

Q if they are greater than the first, and to a"down"copy
if not. These two copies of Q then sort the symbols by
recursion. When the input stream of Q terminates, Q tells
its slaves and they output their contents, sorted, to Q
which relays this information to the environment. When
the "up" slave (which is activated first) has finished

its outputting, Q interrupts the two slaves by inserting
the pivotal first element.

The way we will prove this implementation correct is to
prove it congruent to a process which is defined in a
simple way (like the S 6 of 6.7) which it is easy to prove
things about.

Define processes Aw' Bw (we K) as below, where K is the

set of linearly ordered strings of T' (in descending order).

A = (?e » Bw)[](?x:T' > A
By = 1f » A,

Ply‘}w ik S Bw

where u:KxT' » K is defined

u(w,x))

u(er,y) =<y
u(wx,y)

wilxyvif x2 vy

Il

u(w,y) <x>otherwise

(That u is a well-defined function in KxT' & K is easily

proved by induction.)

The main result of this section will be to prove the

theorem Q = A,.

It is an easy induction on the definitions of X,Yx,zx,z*
to show that they satisfy (in that order)
U a U on dld d d

(Co,qd,C{,Ci) and also (Cl'co'co'qd)'
We thus know (by 6.5(b) and 6.4) that for all processes R&S
((x* Il uz:R)Il @::8) = ((X*|| uz:8)Il u::R) and that they are
free of internal chatter, where X* is any one of the four
terms above.
It is also easily shown by 6.5(c) and (d) that the Q-rec-

ursion is coanstructive:



((X|| uz:Rr) |l d::R)I'n+l = ((X||u::R) || d::(RTn))l n+l
(by C?(Xllu::R) which comes by 6.5(d))
= ((X!ld::(Rfn)) Il u::R)In+1l (by 6.4)
= (X1l @::(RMn)) || uz: (RIn))f n+l
(by cg(xll d::(Rfn)) which comes by 6.5(d))
= ((XI] uz:(Rtn))ll d@::(RIn))f n+1

as required

Claim that A, = ((Xllu::a )l d::3))

and wOOYVER B A . =i (X I u: :A ) Il d::A )
and wOOVER S B .. = ((Z, H u::B_ )Il d::B_)
and VER $B_ = ((z*W| u: A))“ d::B )

This can be proved by several methods, including 5.15, but
we will content ourselves by using the same device as that
used in the last example:
let Co = ((XNuz:a )\l d::a,)
& wéK#Cw ((Y “u::A)H d::A)

(& wERKSD
w
D(.‘)

S\J ((z Il u: B)”d :By) ot ((z*1l u::n,)l| a: 8.
((z*nu )|( d::B )

Now C, = ?2x:T > ((Yx“ us sh,) f| d::4))
Oz2e » '£ » ((XIll uz:n,) d::A)
= 2xsT ¥ €
[l?e = ((Z*” u: :A )H d: :B,,)
=(?x:T + ¢ ) (ze + D)

and C =°yT-r(\/((uy-5Y | uz:a )l @a::a,), or
w s(nu S =
“}/ﬁ‘g(dy*Y [l u: A)H d::At) )
O2e » (\/((ue-}de-sz I ..A)H d::At))

py=t o { M f0r Hus A(Sy))”d :A.) or

‘>'x.

VoS luz:a)) Il a::a )

S(-ptﬁ u(t Y))
[(2e =» (\/((z I| u: B)Il d::B,) )

‘.(1-

Now s (x>t € K and y>x implies u(sd(x>t,y) = ul(s,y)dx>t

and also y<x implies u(s<x>t,y) = s<&xju(t,y), these facts
being easy to show by definition of u.

Thus C,_ 32y:T » (u\/((Y | wz:a )l a::a))

Oze » (\/uz | w::B ) Il @::B,))

S(.-.\ Bl

= (?Y=T ? Cu(w,y)) O (e » el



Similarly (and more easily) it can be shown that

=
gy»w = Dw

and D, = f »C, .

The manipulations on the last page can be justified

by repeated use of 6.4 and 6.6.

We thus have that F(C,D)= (C,D), where F is the function
of the combined A,B-recursion. Hence, since it is an easy
induction to show that all the Aw and Bw are deterministic,
we must have that A = C and B = D (by the same argument as
in the last example).

This gives us that A,,= ((X||u::2,)|l a::4,,), and since
we have already seen that the Q-recursion is constructive

this implies that A.,y= Q, by induction.

By this result it 1§ easy to prove that Q sorts its input
correctly and is free of deadlock, amongst other things.

It is also possible, using exactly the same recursive
scheme, to model the dual algorithm of guicksort, namely
"shell sorting”. Instead of pivoting on one of the
elements of the input stream and recursively sorting the
elements above and below the pivot, this works by splitting
the input stream into two halves, sorting them and merging
the two output streams. The process S below has this
behaviour. It can be proved correct in very much the

same way as Q (in fact Q =S = A)).

S &€ ((Xlla::8) Il b::8)
where X & (?2x:7T'» (7e » ix = 1f = X) [] (?y:2'» alx = bly = Xl))
0(?e = 'f = X)

Xiﬁ (?x:T'+> a'x ~» XZ)U (?e - ale - ble - Y)

X2¢ {#xsT " bix » Xl) 0 (?e » ale = ble = Y)

¥ ¢ altx:'» Yx

Y& (b?y:{yly3x}= 'y = Yx)[](b?y:{y[y<x3* 'x - Y&)
[J(b?2f =+ !x = 32)

L S (a?y:fylyzx3~ ly = Y%)U (a?y: fyly<x}= 'x » Yy)
0(a?f » 'x - Zl) :

Z,¢ (b2F = 1f » X) Bi(b?x:T'~ ix > Z,)

Zzé (B2E = Yf » X) H(a2%:P'> 'x = Zz)



Note that this process still makes a special case of the
first symbol itlinputs, even though it does not require it
as a pivot. It is this special treatment of the first
symbol, not sending it to a slave until a second symbol

is input, which makes the recursion constructive. Intuit-
ively this behaviour corresponds to not bothering to sort
a list of one symbol, since any list of one symbol is
already sorted. It is quite easy to show that X satis-

fies the conditions Cg and Cg.

Both these recursive algorithms require 0O(n) time and O(n)
processors to sort a list of n symbols. It is obviously
possible to refine the definitions of the processes to

make them slightly more efficient, and if this were done
the following observations would probably remain true.

The Q algorithm has the advantage of requiring rather less
processors and being more economical on data transmission
(both because of the retention of the pivot). The S alg-
orithm has the advantages that both the recursive structure
generated in any run and the work 1load of any given pro-
cessor are much more predictable (both these being because
of the certain division of the input stream into two nearly
equal halves, which does not always occur in Q because of

the random nature of the pivot).

There is of course no reason why more complicated recursive
structures should not be invoked when defining processes
with the (Al a::B) operator. For a simple example of a
mutual recursion let X be as it was in defining Q above
and let Y be the "X" used in defining S above. Then each
of the processes T & U defined below is equal to S,.

T & {XlasT)ll dizpg)

U& ((YNla::T)!l b::0)

(This follows quite easily from what we already know,
namely that the pair (S.,S,) is indeed a fixed point of
the recursive function and that this function is const-

ructive and so has a unique fixed point.)

There is a clear sense in which each of the recursions
we have seen so far in this chapter using (Al a::B) can

be thought of as defining a network of intercommunicating



processes. This network has the form of a directed tree
in which the basenode communicates with the environment
and with its successors (slaves), and all other nodes
communicate with their unique predecessors (masters) and
their successors (slaves). This tree will normally be
infinite and the real world is finite, so it would be unf-
ortunate if in carrying out some finite computation an
infinite portion of the tree were used. Consider the fol-

lowing example.

Let X = 2x » alx - abort (x any element of T)
Trivially X satisfies Ci, and so the recursion

A & (XWla::A) is constructive (with value ?x - abort).
However in the network which one expects to correspond with
A (an infinite linear tree of "X"s) the simple act of comm-
unicating "?x" generates an infinite sequence of communications

like an infinite row of toppling dominoes.

It is worrying that the condition Cg which is satisfied by
the "X" above is exactly the same one which we used to
prove some of our example processes correct. (We will in
fact find that Cg is the only constructive C? which allows
this pathological behaviour.) All of our examples do in
fact avoid this sort of behaviour, but there is no way of
telling this from the final values of the processes. For
example, consider the X of example 6.7; let X*= ?on = alon = X
and X'= ?x:T = alon = Yx (where "on" is for the purposes of
this example some symbol not in T but in the alphabet of the
(AN a::B) operator). Now let R* & (X*|| a::R*) and

R' € (X'|l a:;R*) be defined by recursion. Then each of

X' and X* satisfies Cg (because X satisfies Ci) and R = R'
but the definition of R' gives rise to very much the same

sort of pathological behaviour as the earlier example.

This sort of pathological behaviour clearly has a lot in
common with "infinite internal chatter": both are caused
by an infinite number of internal actions occurring in

a process after it has only communicated finitely with its
environment. The difference is that in the case we are
now studying, let us call it network chatter, these actions
are spread between an infinite number of distinct hiding

operations and it is possible that no individual hiding

operation (i.e. link between two processes) gives trouble.



Since we cannot detect the presence or otherwise of net-
work chatter in a complete network of processes from its
final value in our model we must try to find some criterion
for deciding whether or not it is present from the values
of the components of a network. For simplicity, and since
it corresponds best with our experience, we will restrict
our selves to the consideration of networks defined by

recursions of the following type:

Bl & ((...((All]al::Bl)llaZ::

swwdH an::B
132<=((...((A2Hal::13)ila- B

2)
2) e taiH a ::

B & ((...((Anllal::Bz)” aZ::BZ)"')“ an::Bn)

where each of the Ai contains no recursive calls of any of
the Bj in its own,definition and all of the names a; are
distinct. We will make two further simplifying assumptions,
namely that it is impossible for any of the Ai to engage in
infinite internal chatter with any slaves named Aqrecera
presented to it in any order, and that the above recursion
has a unique fixed point. The justifications for these

two assumptions are that firstly it is not worth considering
the possibility of network chatter in a network if there

is a possibility of the (worse?) condition infinite chatter
between two components, and secondly that we need both of
them to be able unambiguously to regard such a recursive
definition as a network.

The following are a few remarks of a more general nature

on the above recursive scheme. Fistly note that this scheme
does not prevent one process calling two independent versions
of itself or another process (as was done in the two sorting
examples) since this can be achieved by inserting two ident-
ical Ais. Secondly note that the convention introduced above
that the same slave is always addressed by the same name
throughout the recursion is of little significance, since the
names by which a process addresses its slaves in no way
affects the final value of the combination (so long as a

few simple rules are observed). Finally note that the fact
that we might not want some of the Bi to call all of the
other Bj as slaves does not matter either since (Al a::C) = A

if dom(A) contains no string with any symbols named by "a".



Remember that the n-tuple B is defined to be ‘—IFi(CHAOSn),
where F(Q), = ((...(A;11 a,::C )...)H a ::C) for ceM'. Use
the notation Bij for the jth approx1matlon (FJ(CHAOS ))

Bi' Because of our assumptions about freedom from 1nf1n1te
internal chatter we can unambiguously regard each BLJ as

a finite tree of processes. This tree has a special form,

which we must specify and annotate before we can continue.

Define (for A and X non-empty sets) an A-tree of depth n
over X as follows. If n=o then it is a tree consisting
solely of a base node, which is labelled by some element
of X. If n=k+l1 then it is a tree with base node labelled
by some element of X, and from which there is a collection
of edges, one labelled with each element of A, each edge
leading to the base node of an A-tree of depth k over X.
For example, the following is a fa,b}-tree of depth 2 over

$C.BY.
base node

C
3/// \\\E level 1 edges
c D

level 1 nodes

E/N:; a/\) level 2 edges
D B g D

leaf nodes

In an A-tree of depth n one can specify a node by its co-
ordinates, which are a string of elements of A with length
n or less: if<cl..c£ is such a string then it specifies
the node which is reached from the base by the path which
consists of edges labelled cl,..,ck'(in that order). If T
is suchatree and a such a string use the notation T(a) for
the node with co-ordinates a in T. If n >1 and a €A denote
by TfLal the tree of depth n-1 which is at the end of the
level 1 edge labelled a.

With this notation we can think of Bij as a gal,..,an}—tree
of depth j over M. Define Tij’ the tree corresponding to Bi"
as follows: if j=o then Tij(O) = CHAOS, otherwise Tij(n) = A,..
If a has length j then Tij(g) = CHAOS,; if a has non-zero

length-(j with last component a then Tij(g) = Ak.

Because of the lack of infinite internal chatter it is easy
to compound 6.2 to obtain the following result.

6.10 Lemma
For each lslén and we r* we have we dom(B. j) if and only

if there exists a ial,..,a } ~tree of depth j over r* with



the following properties:

(i) For each co-ordinate a we have t(a)e€ dom(Tij(g))
(ii) t)N(E - (a;.lv...va ) =w
(iii) If a and b are two co-ordinates such that a = p(ag
then t(a)l (3 - (al.rb...tJan.P)) =
swap?t{strip(ak)(t(g)rak.F))
(iv)] If a is a co-ordinate of length j then either j=0
or t(a)e*

(In the above [ = Tu?T U'T, as before.)

Say that such a tree is a tree for w in Bij‘ Intuitively
the tree t represents one possible way in which the proc-
esses which make up Bij can co—-operate to execute trace w.
Say that t is a perfect tree if all its terminal nodes are
labelled "¢©", and imperfect otherwise. A perfect t corr-
esponds to all of the work being done by the "proper",
fully defined components of the network; an imperfect t
corresponds to the situation where some of the work is
left to the improper "CHAOS" components of the tree.

Suppose t is a Sal,..,an3-tree of depth r over * and s<r.
Define tls to be the tree of depth s such that:

(i) 1if a has length <s then tfs(a) = t(a), and

(ii) if a has length s then tfs(a) = t(a)l (£ - (al.rb...LJan.fﬁ).

The following result is a simple consequence of 6.10.

6.11 Lemma

a) If k<j and t is a tree for w in By then tlk is a tree
for w in Bik’

b) If k>3j and t is a perfect tree for w in Bij then tTk is
a tree for w in Bik' where tfk(a)= t(a) if jal<3i, tTk(a)=0
otherwise.

¢) If >0 and t is a tree for w in Bij then t[ak] is a
tree for some w' in Bkj—l' If t is perfect then so is tla

and at least one of the t[ak] is imperfect if t is.

k]

Since dom(B,) = jﬁodom(Bij) we clearly have by (b) above
that the existence of a perfect tree for w at any level
ensures that wGEdom(Bi). If w has only imperfect trees
in Bij we cannot tell whether w dom(Bi); but if we dom(Bi)
we can interpret the existence of imperfect trees for w

in Bij as signifying that Bi’ while executing the string w,



might make use of its j+lst level. We can use this inform-
ation to give a‘precise definition of network chatter in
the B, s. Say that B, admits network chatter on w if for
each mé¢ N there exists r»m and tree t such that t is an
imperfect tree for w in Bir' Say that Bi contains net-
work chatter if it admits it for any string w. There are
several points worth noting about these definitions:

a) They apply only to the case of a' recursion of the stated

type with a unique fixed point and infinite chatter free
components.

b) Because of the finite branching nature of the network
of processes which makes up each B, and the fact that T
(the set of communicated symbols) is finite one can apply
Konig's lemma to obtain the result that if B, admits net-
l;tzf-n- Of
trees with the properties that firstly each tj is a tree
for w in B.. and &t_..
1] 1]+
many of the tj are imperfect. There is a clear sense

work chatter on w there exists a sequence t

lrj - tij and secondly that infinitely

in which one can think of such a nested sequence of trees
as representing a single behaviour of B,. 1In this sense

a sequence in which infinitely many components are imper-
fect can be seen to represent a behaviour which includes

network chatter (since it involves the use of infinitely

many components of the network).

c) There is the possibility that there might exist an imp-
erfect tree for some string w in Bij+l when none exists

in Bij' This seems a little paradoxical as it implies

that it is possible for Bi to call its j+2th level of rec-
ursively defined processes without seeming to call its

j+1th level (the level which calls the j+2th level). The
situation this represents is the spontaneous occurrence of
communication between the j+1lth and j+2th levels of processes
without prompting by lower levels. This can certainly occur
in the type of network we are considering, and while this
type of behaviour cannot influence the external behaviour

of the system it seems correct to include it in our consid-
eration of network chatter.



The next stage of our work will be to seek sets of condit-
ions which, if satisfied by the processes A., ensure that
the Bi are free of network chatter. Our first aim will be
to ensure that (under certain conditions) the "spontaneous
communication" described above cannot occur. This will
mean that all activity in the network is the result of
chains of command originating at the base node. This will
mean that we can to a large extent restrict ourselves to
the study of these chains of command. By far the most
convenient and practical condition which ensures our first

end is the following EF (environment first):
EF(A) & YaeZ .<acdom(A) > ael”

6.12 Lemma

If each of the Ai in our usual recursion satisfies the
condition EF, then whenever t is an imperfect tree for
some string w in Bij+l tTj is an imperfect tree for w in
Bij' This means that "spontaneous communication" in the
sense described above, is impossible.

The proof of this is an easy application of 6.11(a).

Intuitively the condition EF demands that the first comm-
unication of a process is with its master/environment and
not with any of its slaves.

Note that if A is a process such that dom(Ak;(rﬁfal.ru...LJan.Fﬁ
and Cg(A) holds for each j then EF(A) holds also.

Lemma 6.12 formalizes the idea that in studying any condition
which is stronger than EF we need only worry about the act-
ivity which is in some sense the direct or indirect result
of some communication with the environment. What we would
like to find is some condition which ensures that all chains
of command through‘the network are finite. The obvious
interpretation of the word "command" here is the strings

of symbols which pass between masters and their slaves.

The obvious method for ensuring that all chains of command
are finite is to verify that at all times and for each
process in the network the commands given out to a process'
slaves are strict reductions in some well-founded partial
order of the command received from its own master. This

idea is formalized in the next result.



6.13 Theorem

Suppose that <' is some well-founded partial order on X*
with unique minimal element ¢>. Suppose that the Ai in our
usual recursive definition of the Bj all satisfy the foll-

owing condition:

C) If we dom(A) and w#< then, for all 1£j<n
wlrm > swap?l(strip(aj)(wfajfﬁ)

then none of the Bj contain network'chatter.

proof

Suppose for contradiction that the conditions of the theorem
hold but that network chatter does exist in some of the Bi'
We may suppose without loss of generality that w is minimal
in the p.o. ' with respect to giving rise to network chatter
in any of the Bi and that Br is one of the Bi which admits
network chatter on w.

Observe first that condition C above implies EF since if
<ayedom(R) we must have ael[', for otherwise (as <' has
unique minimal element ¢>) the inequality in C would not be

satisfied for any j if this were not so.

By assumption there exists some imperfect tree t for w in

Brj for some j2> 1. Applying 6.12 j-1 times we see that

there must be an imperfect tree t' for w in Brl' This
t' consists of a base node (labelled ve dom(Ar), say) and

n leaf nodes (labelled WyresoVoie say) . Since t' is imperfect
there is some j s.t. vj¢<>. This is easily seen to imply

that v#0, so we can deduce that w (=vIT)#¢6 (by EF(ArH.

By definition of network chatter in Br there must exist
some infinite sequence of trees tl'tz"' with the properties
that each ti is an imperfect tree for w in some Brj(i)'
and that the resulting sequence j(i) is strictly increasing.
By 6.12 and the fact that EF(Aj) holds for each j we can

assume that each ti is an imperfect tree for w in B

By 6.11(c) there must be, for each i, some j such tﬁgt
ti[ajl is imperfect. One j at least must be repeated inf-
initely; we can therefore assume (applying 6.12 once again)
that there is some j such that all the ti have ti[aj] imp-
erfect. Each one of these is a tree for some Wy in Bji—l'
If there were infinitely many possible values Wy then



infinite internal chatter would be possible in the process
((..((Arlial::C)..aj_l::C)1|aj+l::C)..an::C)I|aj::C) at
the highest level, where C is an abbreviation for CHAOS.
This would contradict our assumptions on the nature of
the A . We may therefore conclude that there is some w*
with the property that infinitely many of the ti[aj] are
imperfect trees for w* in Bji—l‘ T@is tells us that Bj

admits network chatter on w*.

However by construction there exists some vE’dom(Ar)

(for example any of the base nodes of the ti such that
tijfasl is a tree for w*) such that w = vI(Z -(a;.lv.. a .M)
w*= swap?l(strip(aj)(vfaj.F)). Since condition C holds of
Ar we can infer that w* <' w, but this contradicts our ass-
umption that w is minimal with respect to giving rise to

network chatter in any of the Ais.

We may therefore conclude that network chatter is impossible

in the processes Bj as claimed.

The above result can be strengthened slightly: in place of

a partial order on =* one can instead use a partial order

on z*x{al,..,aé with joint minimal elements (<hall,..,(<han)
and require that if process Ai sends.command w' to its
aj-slave when it has itself received command w then we must
have w=¢> or (w,ai)jf(w',aj). The proof of this strengthened
result is a simple adaptation of the above.

Having established a set of conditions which ensure freedom
from network chatter we should check to see that each of

the examples seen earlier (6.7, 6.8, 6.9) is free from it.
The one obvious difficulty here is that all our definitions
and results apply only to the standard form of recursion
which was set out earlier, and that the two sorting processes
do not conform to that pattern since they make multiple calls
of identical slaves. As was stated earlier it is possible

to recast such recursions into our canonical form by defining
two processes by mutual recursion with identical "master"
processes. It is easy to see that the various approximating
trees (Tij) would be identical in the two versions of such

a process. It is of course possible to extend all our defin-
itions and proofs to the case of "multiple calls" with the

penalty of requiring more complex notation. When one does



this is the natural way it is not hard to show that net-
work chatter exists in a process with "multiple calls" if
and only if it exists in the version of the process recast

in our canonical form in the natural way.

As suggested earlier our task is simplest in the cases of
6.7 and 6.8 because the "X"s used satisfy C?. That this
implies the freedom from network chatter of the stack R

and buffer R is a consequence of the following result,
itself a corollary to 6.13.

6.14 Theorem

If L is some set of labels and Il some subset of I define
the condition Dﬁ as follows:

VYa €L.VYw € dom(2) . w#o 2|wlnl D)swap?! (stripa(wla.l) yrl
Suppose that in our usual recursion each of the processes
Ay,..,A satisfies DB, where L =Ea1,..,an3, then each of
the processes Bj defined by the usual recursive scheme is
free of network chatter.

The partial order used in applying 6.13 to prove this is
the one defined w> v if either lwii> (vl or w#< & v=< (or
both) .

It it easy to see that if a process satisfies each of C?,
with "a" ranging over a set of labels L, and if further

the process satisfies dom{f) c (Ufr, a.r]aeL3)" then it satisfies

DL. It is this fact which tells us that the definitions

of the stack and buffer are free of network chatter.

It remains to show that the two sorting examples are free
from network chatter. One way in which one might seek to show
a recursion to be "well-defined" is to check that no pro-
cess outputs as much to its slaves as it has input from its
environment. Indeed a close examination of each of the "X"s
used in 6.9 will reveal that at no time have they performed
as many "a!x"s (outputs to slaves) as they have performed
"?x"s (inputs from environment). This suggests that 2T

might be a good "p" to use in applying 6.14. This is in

fact so; if we introduce the condition EL as below it is

easy to show that EL= D%T and that a suitable EL is sat-
isfied by each of the “i“ processes of 6.9.

EL(A) & Va €L.Vw € dom(B) . wFo SlwizT|wtalT] (e YaeL.E®(n), say)



It is easy to see that all conditions of the form Dﬁ are
strongly continuous. However unlike the C? they do not

in themselves imply freedom from infinite internal chatter
with arbitrary progesses (or even other Dﬁ-processes) as
slaves. If this can be done by some other means there is
though a class of restriction operators closely related to
Dﬁ which has an interesting and useful theory in relation
to master/slave recursion via Dﬁ-processes. This class

of operators is the one where Aln behaves like A until it
has communicated n elementsof 1 and then dissolves into
CHAOS. We will not follow up this subject here however.

Let us sum up this section. Having identified a certain
unfortunate type of possible behaviour in recursively def-
ined networks we discovered that its presence did not appear
to influence the external behaviour of a network. We estab-
lished a plausible formal definition of network chatter over
the class of recursive definitions which we could most easily
regard as networks, and in that case derived laws which could
be shown to imply that it was absent (in the formally defined
sense). One might choose to regard the insensitiveness of
our model to this condition as a weakness in the model;

this and other related problems will be discussed in chapter
eight. The crucial fact about the type of recursive tree
discussed in the latter part of this chapter was that it
could be thought of as the limit of a sequence of finite
networks. It should be reasonably easy to extend the ideas
used to other infinite networks with this property, provided
that one could prove that the notions of network chatter
introduced were well-defined in that they were independent

of the convergent sequence of networks used. (This is quite
easy to do for the networks we have already met.) It is

not quite so clear what one should do in cases (common in
chapter five) where recursive calls of processes are made

not only through parallel operators- but also guarded (5.31
for example). Intuitively these recursions define networks
which are of a less clear-cut type, but which somehow appear
to be less prone to this type of behaviour. Again one could
possibly define corresponding trees of processes (of a less
simple nature) relative to which one could define and avoid

infinite chains of recursive calls.



Postscript: Proving C? and E- of simple processes.

The conditions C? and EL admit a fairly simple and mechan-
ical method of proof which can be applied to processes def-
ined by tail recursion. Say that a process is defined by
tail recursion if it is written in the form:

B, , where en 2 Béé Al

ggrs > B{,<= AS
and each of the Ai is formed from the syntax consisting of
"skip", "abort", "a +", "x:U »", "a.x:U 2" and "(1" together
with recursive calls of the By, each of which has the property
that it can be syntactically deduced exactly which of the Pi
it must inevitably fall in. Note that each of the "X"s used
in examples 6.7 - 6.9 is of this form.

If "a" is a label define the condition E? as follows:
Ei(A) & Yw e dom(a) . lwl?T| Ymin (|wha!T|+i, lwH(2Tva'T))

This condition is plainly both stronglv continuous and of
a very similar form to Ci. It is easy to see that EL(A)‘@
(Va e L.Ei(A)) & A°c?T. This means that any method we dev-

elop to prove the E? can be used to prove the EL.

In order to develop our method we will need a list of
technical lemmas, which we will later combine to produce

inductive proofs.

6.15 Lemma
a) Suppose that A & B are processes satisfying C? and C?
respectively, then

(i) Ck(c - A) holds, where k

1+l 1f el

min(-1,i-1) if ce a.l’

. ] otherwise;
(ii) Ck(AilB) holds, where k = min(i,Jj) .

b) Suppose that A & B are processes satisfying E? and E?
respectively, then
(i) Ck(c - A) holds, where k

i+l 1f ce?T

= ‘minf{=1,i=-1) 4f cealT

i otherwise;
(11) Ck(A[]B) holds, where k = min(i,j).

c) C? and E? always hold of skip and abort (because " /" can
never be in T).



6.16 Lemma ;
a) Suppose that U< T and that for each xg U we have Ci(Ax),
then
3 a = a R a o .
(i) Ci+l(x.U = Ax), Ci+l(.x.U - Ax)' Ci+l(?x.U = Ax) :
(1) CJ(b.x:U = A ) if b¢fa,a?,al,?,!} ;

. - 3 a - a ' - a ? =
(iidi) Cj(a.x.U - Ax)' Cj(a.x.U - Ax), Cj(a.x.U > Ax),
where j = min(-1,i-1).

b) Suppose that Uc T and that for each x€ U we have Eia(Ax) .
then

. a o z
(i) Ei+l(?x.U - Ax) 3
(ii) E?(a!x:U - A ), where j = min(-1,i-1) ;

(1ii) EJ(b.x:U » A ), EJ(x:U + A ) if b¢f,al}

Now suppose that we have a process which is defined by

tail recursion, and that it is written

B , where (€@ 3 B;& 2y

. - . - - -

geré = Bét As .
One will often be able to find upper bounds for the strengths
of conditions satisfied by some of the above clauses from
their lowest recursive level (by application of the "min"
clauses). For example, recalling the definition of Yx in
the buffer example Y & (?y:T » alx = Yx)[](!x + 2), it
is clear that Yx cannot satisfy either of C? or E?. Using
knowledw of this type and one or two iterations of the
recursion one can extend these bounds throughout the recur-
sion. Thus in the buffer example we cannot expect "X" to
satisfy CS because it is defined X €& ?x:T = YX and YX never

satisfied c?.

Suppose now that one has developed a hypothesis of the form
either ({er; = Cy(B;) ) or (ferl, 3 E;(B;) ). A test of
such a hypothesis will be the action of assuming that it

is true of the vector B and seeing if it remains true of
F(B) , where F is the function associated with the B-recur-
sion. Such a test can be carried out very easily because
of our assumption that each recursive call must fall within
exactly one of the Fi, and by Lemmas 6.15 and 6.16.



It is also extremely easy to check that recursions of our
given form are constructive (for example such recursions are
constructive if all recursive calls are guarded). Since

all predicates of the form C? and E? are trivially satisf-
iable the following is a trivial application of our inductive
principle.

6.17 Theorem

If in a constructive tail recursion‘of the form given above
we have a hypothesis either of the form (geri = Ci@A;) )
or (geri > EﬁJAg) ) which is testable then we can infer
that it holds of the vector B.

6.18 Example

To prove E? and E? of the "X" used in 6.9 (Quicksort).

step 1
Recall our recursive definition:

X & (?2%X:T'"~> Yx)D (Ze: = Lf = X)

Y & (2y:fylyyxi= uly » ¥ ) [ (?y:fyly<x3» dly » Y )

(e » ule - dle » zx)

2.& (u?y:T'> ly » Z_) 0 (u?f » 'x =+ z*)

Z2*& (d?y:T'-» 'y » 2Z*) 00 (d?f » 'f - X)
It is clear that we cannot expect Yx to satisfy any stronger
EY condition than Eg or any stronger Ed condition than Ed.
By substituting this into X we see that EE and Eg are the
maximum conditions satisfied by X, and also by Z* and Zx'

Let us therefore take as our hypothesis that X satisfies

EE and Ei, each YX satisfies Eg and Eg, each Zx satisfies
E? and El' and that Z* satisfies E‘i and E? We will just

check the Eu—hypothesis since the other is very similar.

step 2
Assume that the wvector (x',g},g',z*') satisfies our EV

hypothesis. Then we get

E“(Y;() (xe T') EE(X')
= E?(?X:T'é Y;) %*El(lf - LA
=,"}Elg(?e > 'f > xX")
:;E‘l’((?x:rr'-» ¥ 00w« i » ') as required.
ui.......l...u.:.. |
E,(Yx) E (YX) (XeT")

8

= E_l(u!y - Y;) = Eo(d!y > Y;) {x,y&T")



> Eg(?y:fﬂy}x}-r uly » ¥ =,>Ell’(?y=§y!y<x?-v dly 2 Y})
> EE((?Y:EY[YZK auly + Y;)H (?y:fy|y<x3> aly » Y!))

u L
and E%(zx)
2> E.(dle = z;{)
> E_(ule » dle + 7))
» El(?e > ule » dle ~» z;)

[N(?e » ule » dle » z.))
z as required.

u 1 u L] "
E%(Zx) E%(Z* ) (e T")
i’E&(ly > Z;) = El(lx o FE1)

> Ej(u?y:T's ly » 2}) | = E;‘(u?f > 'x > Z*')

= E‘llc(u?y:'r'«» ty » 2}) O (u?f » !x > 2*')) as required

EE(Z*') EE(X')
SEY(ly » 2*') » BE(LE 5 KY)
4 4

= El(d?y:T'* ly = 2*')| > El(d?f + 1€ + %)
- EE((d?y=T'* 'y » 2*)[) (d?f » 'f > X')) as required

The above, together with the fact that the recursion is
constructive, tells that E?(X) holds as desired.

These proofs can be recast in a tabular form, assigning a
number to each point in the syntax of a process. For example
the second clause of the above proof could be re-written

(((Py:tyly>xi= uly » ¥)) 0 (?y:fyly<x3= daly » ¥}))

o -1 o © i o o
[0 (?e » ule » dle = Z;))
o i | o £ iE

(The underlined "o" represents the highest syntactic level.)



Chapter 7 :- Alternative Parallel Combinators

In the first half of this chapter we will briefly study the
theories of a few more parallel/hiding combinators. In the
second half we will examine the important problem of how

one can prove networks of processes free from deadlock.

The following is a list of a few possible parallel/hiding
combinators which we might wish to use.

a) A bidirectional "pipe" operator "¥X" in which processes
are connected very much in the same way as in the old pipe
"W". A process will now though be expected to be able to
input and/or output down two named channels "1" and "r";
the "left" process will have its right hand ("r") outputs
and inputs connected to the left hand ("1") inputs and

outputs of the other "right" process.

(AX B) = (swap?!(stripr(a) )X!letripl(B) Y) A2 YD)
where X = 1ITUl?Tu?TulT
Y = r!Tur?Tu?Tu!T
b) (AfaYB) = (AXHYB)/(XOY), the operator in which two
processes running ordinarily in parallel have all their

intercommunication hidden.

c) IA , in which an mxn matrix of processes operate

ijlm,n
in parallel, each communicating with its four immediate

neighbours.
All = Al2 — e o Aln
! | f
AZl = A22 e o R A2n
l l ‘
A R T
Aml = Am2 el e . Amn

For a precise definition of this operator see later.

d)‘iA{}.m i in which an mxn matrix of processes is arranged

in a hexagonally connected array instead of the square above.

All*A _'A e e e s

2 13 1n
NNy 1 T 7 N
Azl — A22 e e e e e e A2n
\/\Ilt.'.-(.\.
s W L ~
Aml - Am2 o A o= Amn



To some extent the operator "&" defined in (b) above is
the most basic operator of its type, all the others being
derived from it and alphabet transformers. Observe how
both of our old operators may be defined:

AMB = (strip!A; .. 1 Strip?B)

(Al a::B) = (Arﬁhpdswap!?(B)) :

The conditional associativity of "»" and the conditional
commutativity of (Alla::B) can both be deduced from the
above definitions and the following lemma, which is as one

might expect a consequence of 5.35.

7.1 Lemma
If (AXHYB) and (BYHEC) are both free of infinite internal
chatter (in the obvious sense) and XNnYnNnZ = @ then
((Ay=yB) xoy©gC) = (Byoyyy (By=,C)) .
proof
Suppose that the hypotheses of the lemma hold, then
((AB) o 5 C) ((B NgB) /(XNY) o, ll,C) / ((XuY)N2Z)
= ((AXHYB)XUYHZB)/((XnY)u(XnZ)U(YﬂZ)) (5.35)
= (Aylly 5 (ByI,C)) / ((XNY)U (XNZ) U (¥NZ))

= (AXHYUZ(BYHZC)/(YnZ))/(XN(YUZ)) (5.35)
- (Aﬁ”YUZ(Bfﬂzc)) as desired.

The "meaning" of this lemma is that in a network so long as
there can be no confusion about the destination of any mess-
age (XNYnzZ = @) and there is no infinite chatter, it does

not matter how the network was constructed.

Let us study the structure of the combinator [Ai intro-

i
duced in (c) above. It is fundamentally differeitmﬁrom
our other ones in that the structures it creates are not
normally trees, and thereforeitis 1likely to introduce loops.
So far we have not specified the exact nature of the oper-

ator; we will expect it to achieve the following:

a) Each Aij will have four channels u,d,l,r. The "u" channel
of Ai+ 4 will be connected to the "d" channel of Aij’ and
the "r" channel of Aij will be connected to the "1" channel

of A;j+1 (all internal communication being hidden).

b) The row of n accessible "

u" channels will be addressed
by the names u.i (i€{l,..,n3%), the m accessible "1" channels

by the names 1.i (i€§l,..,m3), etc.



c) The communications down each channel will be in T, the
usual finite set of unnamed symbols. (If desired the oper-
ators we define can easily be adapted to assuming communic-
ation in ?TU!T with inputs being connected to outputs and

vice-versa.)

From our experience with other operators it appears that
there is some ambiguity left in this definition, this res-
ulting from the many possible orders of putting such a net-
work together and hiding the internal communication. We
might also expect this ambiguity to disappear when the net-
work is free of infinite internal chatter, as we should then

be in a position to apply 7.1.

It is clear that it is possible to construct arbitrarily

large matrices with the following combinators.

7.2 Definitions iy
(i) Define X(a,b;c;d,r,8,t;1) = igga.i.Tub.i.T)lJiQép.i.TUd.i.T)
for labels a,b,c,d and integers r,s,t,u.

(ii) I[A) = swapu(u.l) (swapd(d.l) (swapl(l.1) (swapr(r.1)(a))))
This is the combinator which produces a 1xl matrix from
a single process with u,d,l,r channels.

(iii) n[A$B]s - (swaprb(A)YHstaplb(inciu,dkr,n)(B))) where

4

X{1, b, 0,8, 8,3,8) , 2 = XD, E.0,8,1,00,8%) 60+E) ;
"b" is a label distinct from u,d,l1 and r, and incfe,f}(t,s) (a)
= swap(e.1) (e.s+1) (swap(f.1) (f.s+1) (..swap(f.t) (f.t+s) (C))..).
: m
(iv) [%] B

S 1
Y = X(l:;rsu;admedn) ; 2 = X(1l,r,a,d,n+1,m+s,1,n),
and "a" is a label distinct from b,u,d,l and r.

(swapda(A)YHstapua(incil,rKs,m)(B)))_, where

These combinators join blocks together, joining mxn and mxs
blocks to make a mx(n+s) matrix, and mxn and sxn blocks to

make a (m+s)xn matrix respectively.

In future we will habitually suppress the dimension para-
meters (n,m,s above) when they are obvious from their context.
One might think that it is possible to drop the "central"
parameter (m in (iii) and n in (iv)), but if we were to do
this it would be necessary to hide an infinite alphabet (there
being no bound on the possible integer part of the labels of

communications) .

There are clearly many ways in which one could produce a



definition of [Aij]nm from these three combinators. For
example, the number of different ways of producing a 1lxn
or a nxl matrix is %(2E:i), and the first few terms in the
table of the number of ways of producing a nxm matrix are

shown below.

] 1 2 3 4 5 6
1 |1 1 2 5 14 42
2 11 2 8 45 318 2644
3 12 8 64 770 13008 290544
4 | s 45 770 19450 729148 41031312
5 |14 318 13008 729148 57378464 7222570064
6 |42 2644 290544 41031312 7222570064  **x*

where **** = 1816170558336

The generating relations of this table are
Bid™ 25

i#l or j#l1 = tij= k=ltik'tij—k

M

E
< L

In proving the (conditional) independence of the final
value from the method of construction the following three

lemmas are vital.

7.3 Lemma
If A,B,C represent mxn, rxn and sxn matrices respectively
(i.e. if their alphabets are consistent with this) and each

of [A and [%l is free of infinite internal chatter then

H- .

7.4 Lemma

If A, B, C represent nxm,nxr and nxs matrices respectively
and each of IA|B] and IB|Cl is free of infinite internal
chatter then I[IA{B1ICI = I[AIIB{CI].

7.5 Lemma

1f A,B,C,D represent nxm, nxs, txm and txs matrices resp-
I (Al r

ectively and each of [A|BI, [CIDI, Fﬂ §], A Bﬂ sad [AH[BH

D [CI Dl iC '
is free of infinite internal chatter, then

e - (G-



proof 5
The proofs of 7.3 and 7.4 are very similar to the proof

of 5.19 (the associativity of "}»") for obvious reasons,
We will therefore content ourselves with a sketch proof

of 7.5 (a result which is another elaborate corollary to
lemma 7.1).

[A!B]i _ .

LC!DJ = (swapdaIAIBJYF%swapua(1ncEl,fﬂt,n)[CIDJ))

where Y = X(1,r,u,a,1,n,1,m+s), Z = X(1,r,a,d,n+1l,n+t,1,m+s)
= * * * *
= ((A%5eB*) g (CFy D)) (*)

where A* = swapda(swaprb(a))
B* = swapda(swaplb (incfu,d(s,m) (B)))
C* = swapua(inc{l,b}(t,n) (swaprb(C)))
D* = swapua(incéb,3(t,n) (swapbl(incfu,di(s,m) (D))))

U X(1,b,u,a,i,n,i,m), v = X(b,xr,u,a,l,n,m+i, n+s)
W = X(1,b,a,d,n+1,n+t,i,m), R = X(b,r,a,d,n+1,n+t,m+1,m+s) .

Now UUV2Y and WUR27Z, and so it is easy to see that
(UwV) and (WUR) can be substituted for Y and Z in (*) above
without changing the wvalue.

Also (UW)NWnNR = @, and since infinite internal chatter is
absent by assumption we get that (*) is equal to

CC@* 5B gy ) yuyow RP™) B 4

CCA*E%C) yuB™) yuwowRP™) -

CA*FC) yuntpur (CFyRP*)) B

This is readily shown to be equal tca[EﬂlH%ﬂ, as desired.

(The various manipulations required to fill out this outline

proof are easy but tedious.)

Having established these results we can now prove that
under certain conditions we can disregard the order of

construction of matrices.

7.6 Lemma

Suppose that {Aij|1<i$n, 1¢j<¢m3} is a set of processes such
that every construction of a (not necessarily proper) sub-
matrix of Aij using the constructs of 7.2 is free of infinite

internal chatter. Then all possible constructions of the

matrix EAijjnm give rise to the same value.



This result is not difficult to prove by induction on the
dimensions of the matrix. One proves that all possible
ways of constructing the matrix are eguivalent to some
canonical construction, for example

n |

14
2 1|l 2 A 2 3
3] F’Bﬂ Pafl: - P

T a3

L |-

(This is the construction where the columns are put together
first, associating to the top; then the complete columns are
put together, associating from the left.)

Let us conventionally adopt the definition that [Aij]nm is
the above form (in every case, whether or not it is free of
infinite internal chatter). The force of lemma 7.6 is that
the particular canonical form chosen is irrelevant in all

cases where infinite internal chatter is impossible.

The table which we saw earlier is a demonstration of the

fact that we cannot expect to prove that the conditions of

7.6 are satisfied by examination of cases. We therefore

need to find some general method for proving the absence

of infinite internal chatter from networks. An example of
such a method is provided by the next result, which is similar

in statement, effect and proof to 5.20.

7.7 Lemma
If "a" is any label define the predicate P% on M as follows:

P?(a) = 13wb<wl<...«wi<..EEdom(A). Vi.(wira.Z) = (wdfa.Z) "

(i) If A and B are two processes satisfying p2 (a€fu,d;1,r2)

then so do [Al, [A|B]l and [%‘] .

(ii) If each of A and B satisfies P% (a€fu,d,1,r3) then

[A|Bl1 and [%] are both free of infinite internal chatter.

The above result tells us that if each Aij of some matrix
satisfies the same P? (a€fu,d,1,ry) then the conditions of
7.6 are satisfied. The critical feature about any predi-

cate with this property is that it satisfies (i) above, as



well as implying freedom from infinite internal chatter,
for then it implies that all the partial constructions of
[Aij]nm also satisfy it. The four conditions Pu, Pd, Pl
and PY correspond intuitively to ensuring that there is
always some flow of information towards one of the four
faces of a matrix. This motivates the following four cond-
itions, which correspond to the corners of the matrix in

much the same way as the e correspond to the faces.

7.8 Lemma

If a and b are two distinct labels define the predicate Qg
as follows:

QE(A) = 13 W _<w < ...<wi ..€ dom(a) .Yi. wir ga.EUb.‘Z)= WOT(aEUbE) 4

(i) If ac§u,d}and befl,riand A,B are two processes satisfying

QE then I[AJ], IA|B] and [%l all satisfy QE.

(ii) If aefu,d}, befl,r} and each of A and B satisfies Qs

then IAIBl1 and [%l are both free of infinite internal chatter.

Note that P2 > Qﬁ and PP

icates is more general than the first.

= Qg, so this second set of pred-

Note also that the conditions Qg and Qi satisfy neither (i)
nor (ii) above. For an example of this consider the two
processes A & d.a » A and B & y.a » B, which both satisfy Qg
trivially but for which &%%%does nothing but infinite int-
ernal chatter.

In common with the conditions used in a similar way in 5.20
the predicates P? and Qg are.unfortunately not continuous,
but again there are large classes of continuous predicates
which imply them. (For example any predicate which expresses
a bound on the number of "wrong" symbols which can appear

before every "correct" one.)

It is clear that the "hexagonally connected array" can be
defined in a very similar manner to the rectangular matrix
of the above discussion. There are several excellent alg-
orithms making use of arrays of these forms for such
things as matrix multiplication and inversion as well as
the more obvious uses such as the numerical solution of

partial differential equations. For a description of a

number of these see Mead and Conway ( ).



There are clearly many other possible configurations for
parallel processes which we have not defined or studied

so far. These include three (and higher) dimensional arrays;
arrays with more complex interconnection; arrays in which
all processes can be individually addressed by the environ-
ment; rings and even spheres of processes. It is not hard
to adapt the techniques we have used so far to produce a
reasonable definition for any of these. It is clear from
the work we have done to date that we can expect each to
have its own characteristic set of theorems, but that many
of these theorems will follow set patterns.

Deadlock in networks

Deadlock is an important subject in the study of networks
of parallel processes. So far when we have studied partic-
ular processes which have been defined as networks (in
chapters 5 and 6) the desirable feature "freedom from dead-
lock" has almost always been proved as a corollary to a
more powerful result. We have either proved that our net-
works were equivalent to other processes which were known to
be free of deadlock (as in 6.8 and 6.9) or proved that the
value of a network satisfied some predicate which implied
freedom from deadlock (as in many of the buffer examples

of chapter 5). These two techniques both have a worthwile
place in our repertoire, but there are certainly going to
be times when neither is applicable. Since freedom from
deadlock is of such fundamental importance it is worthwile
to try to find other methods for establishing it. The
following is not an extensive treatment of such methods,
merely a summary of a few ways in which the techniques we
have developed might be applied to the problem.

The author believes that theorem 5.14 could be applied in
many cases, in much the same way as it was applied in the
proof of 5.27 (the "fundamental buffer theorem"). If one
could identify a finite or infinite set of "states" of a
network, and could prove some simple constructive relation
between these states (very much as in 5.27) it would be
possible to deduce freedom from deadlock (so long as the

constructive relation preserves it).

So long as we can use 7.1 (and other similar results) to



bring all the hiding of a definition to the outside (so
that it has the form A/X, where/élz and the definition

of A is free from hiding), and if we can show that the def-
inition is free from infinite chatter, then we restrict
ourselves to proving freedom from deadlock in the process
before any hiding is carried out ("A" above). This is bec-
ause, in the absence of infinite internal chatter, the only
way deadlock (the refusal of "X" after some string) can
occur in A/X is when A itself can refuse "=" after some

possibly different string.

For example, in the process A = ((BXHYC)/ZXUYHUUV(DUHVE)/W)/S,
where Zn(UnV) = WN(XNY) = @, if each of the hiding operators
individually is free of infinite chatter, then to prove A

free from deadlock it is sufficient to prove it in

((BXHYC)XUY”UUV(DU”VE))'

This fact has several uses, not the least of which is the
fact that by effectively eliminating hiding from our cons-
ideration we can generally expect it to be much easier to
find the constructive relations between states required
for the previous method suggested. It can also be used
to reduce some apparently complex problems to forms to

which the next class of methods is applicable.

It is well known that networks which have the form of trees
are generally easier to prove free from deadlock than those
which possess loops. This fact is brought out by the next

few results.

7.9 Theorem

Suppose that Al""An is a finite collection of processes(ﬂbZ)

with associated alphabets Xl"”xn' and that A* is the res-
ining them in

ult (("((A’n“XEZ)YN 3)Yf...)¥£x?n) of combi g

parallel (where Yi = lU...UXi). Suppose further that the

A. and X. satisfy the following conditions:
¢ 1

(i) each pair (Aixyxaj) (i#j) is free of deadlock;
s —_ -
(ii) 4if i,j,k are all different then Xinﬁjnxk = @;
(iii) for each i and string w (Aiafter w)  has non-empty

intersection with at most one of the Xi .1 8%

then A* can deadlock on string w only if there is a sequence

ny,..,n, of distinct elements of §1,.,n} with the properties

set out below.




(i1 k (the length of the sequence) is at least three.

i i = wl = = A_, € .
(ii) Letting Wy W Xn’ Zl Xniand E?.:L Ani we have Wy dom(Bl)
for each i€f{l1,..,k3.

(iii) There is a sequence W,,...,W, of subsets of 2. such
that (for each i) Wi is a maximal element of B.(wi)
and Z- Wi is a non-empty subset of Zi1 (or Z4 when

i=k).

proof
If A* can deadlock after w then 2. € A*(w) (by definition of

deadlock). It is an easy consequence of the definition of
the parallel combinator that for any string v and set V we
have (v,V)e A* if and only if v'E(XlU...an)* and there
exist sets vl""’vn such that

a) Vie Ai(vrxi) for each i, and
b) Vn(xlu...uxn) = (Vlnxl)U...u(Vﬂwxn) =

In the case when V =2 we may clearly assume that each of
the sets Vi is maximal in Ai(vrxi). Thus if A* can deadlock
after string w we can deduce that there exist sets Vl,..,vn
such that

a) Vi is a maximal element of A(wrxi) for each i, and
b) (xlu...uxn) = (Vlnxl)U...u(vnnxn).

Let us suppose that the conditions of the theorem hold,

that A* can deddlock after w, and that vl""’vn are as
above. At most one of the Vfﬁxi can equal Xi, for otherwise
there would be some i#j such that the pair (ijﬁxﬁj) would
be able to deadlock after WT(XfJXj). From relation (b)

above it can be seen that for each i (Xi_jgixj)g Vi: hence
X.— v.c.U . X. for each i. Since by assumption each V., is
i iT #1773 a

maximal in Ai(wTXi) we can infer that Xi— ViEE(Aiafter(waf)q

Putting these facts together, and using the fact that
(Aiafter v)o has non-empty intersection with at most one

Xj s.t. i#j for all v, we see that for all i, with possibly
one exception, there is some j(i)#i such that Xi— Vi is

a non-empty subset of xj(i)'

Any k such that j(k) is not defined must have ngv .
Suppose there were some i with j(i) = k where X, €V, ; then
it is easy to see that (VinXi)U{anVk) = (Xiuxk). This

tells us that it is possible that (AiX"XAk) deadlock after



string wf(xiuxk); which contradicts our assumptions. We
can thus deduce that any k such that j(k) is not defined
is not the image under j of any i. "j" is thus a function
from I into I, where I is the finite set of indices on
which it is defined. It is easy to see that, for any
element r of I, in the sequence r,j(r), j2(r), j3(r),...
there must be seme repetition. 1In other words there is
some finite sequence Nyree Ny of distinct elements of I
such that j(ni) =Ny
for all i we can deduce that k#l1. Suppose that k=2, then

(i<k) and j(nk) =n,. Since j(i)#i

there are some i,j such that i#j, (Xi— Vi)E,Xj and (Xj— Vj)E
By relation (b) in the construction of the V., and since
XiﬂXank
relation xir1xj= (VfJVj)ﬂ(XiﬂXj), which in turn implies
- . . - X & . AN
that (xi vi)g vJ and (xJ vi)_vi Hence (xinvl)u(xjnv])
Xiuxj, contradicting the fact that (a4 HxAj) cannot deadlock
after wT(Xiqu). We can thus infer that k'}3, and it is

= ¢ for all k distinct from i and j, we get the

easy to see that by construction the sequence nl,..,nk sat-

isfies all that is required of it.

The above theorem, interpreted informally, means that in

a network of processes satisfying conditions (ii) and (iii)
(which we will interpret shortly), if all pairs of processes
are free of deadlock then whenever deadlock occurs it must
contain a ring of at least three distinct processes each
demanding to communicate with one of its neighbours and
refusing to communicate with its other neighbour (which
wants to communicate with it). Condition (ii) of the
theorem says that every communication is participated in

by at most two processes. Condition (iii) says that each
process can never be willing to communicate with two of its
neighbours (i.e. it can never have the option to communicate
with either one neighbour or the other).

7.10 Corollary

In any network which both satisfies the conditions of 7.9
and for which the graph formed with nodes Ai and edges bet-
ween Ai & Aj when Xinxj# @ is a tree, there can be no dead-
lock.



proof

5 3 Nysee Ny is the sequence which is produced by 7.9 when

there is any deadlock then An,...,An is a circuit in the
| K

graph.

Since any tree of processes automatically satisfies cond-
tion (ii) of 7.9 this result tells us that in any tree
whose elements satisfy condition (iii) it is possible to
eliminate global deadlock by showing that it is impossible

between any pair of its components.

In any graph with only a few circuits (or a lot of circuits
of only a few types) it is often possible to reduce the
proof of freedom from deadlock to the checking of a few
cases. (If there are n circuits in a graph there are 2n
possible sequences Nyyee sy arising from 7.9). Thus in a

ring of processes there are only two possible circuits.

The following example (after E.W. Dijkstra) represents a
ring of processes, any of which might be requested to
obtain some "token" (which is passed round the ring) so
that it can carry out some action, and then release the
token for use by other processes. Suppose n 2 3, we can
define processes Xi,Yi for i€t{o0,1,..,n-13 thus

Xi € i.get & 14l Eind«= d.pri = d.eri » i.rel = Yi

0 i.find » i+l.find - i.pri - i-l.pri - Xy

Yi & i.get » i.cri + i.rel - Yi
[ i.find - i-l.pri - Xy

(all arithmetic is modulo n)

(Xi represents a process without the token "pri", which before
it allows the environment to perform its critical action "cri"
must put in a request to its neighbour to find it and pass it
back. Yi represents a process with the token, which will
allow the environment to perform "cri" or will pass it to

its neighbour if requested.)

If we set up a ring with one token, which initially is in

the O-process (each process being given as its alphabet the
set of symbols which it can potentially use), then it would
be useful to be able to prove it free of deadlock. It is easy
to see that if R is the process which results from combining

Yo rXireee, X, 1n parallel, the graph produced in the manner of



7.10 is a ring, there being edges between the i-process

and i+l-process for each i (addition modulo n).

It is not hard to prove that the processes and alphabets
which make up the networks satisfy conditions (ii) and (iii)
of 7.9, Also the proof that they satisfy condition (i)

can be reduced to a fairly easy analysis of cases, proving

by mutual induction that (Xﬁizﬂzfi){ (Yyizﬂzyi) and (Yﬁizﬂzzi)
are free of deadlock, all other cases (non-adjacent processes)

being trivial. (Zi is used to denote the alphabet of the
i-process.)

We can thus infer that the network R can only deadlock if
each process is waiting for its i+l neighbour or if each
process is waiting for its i-1 neighbour. It is quite easy
to prove that at each point in the ring's history there is
exactly one process with the token, in the sense that either
it has never left YO and no other process has been passed it
(communicated i.pri) or there is exactly one process i which
has not passed the token on (communicated i-l.pri) since it
last received it (communicated i.pri). However a process
can only be waiting for its i+l neighbour if it does not
have the token, and can only be waiting for its i-1 neighbour
if it does have the token. We can thus infer that the net-
work is free of deadlock.

The above argument, while it is not an absolutely rigorous
proof, can easily be extended to one.

It is not hard to extend the above to the cases when any
non-zero number of tokens are initially in the network.
If all the processes are without tokens initially (i.e. are

all equal to Xi) then deadlock occurs.

In the above example, and others where it is applicable,

7.9 seems to formalize the intuitive reasons why one expects
a network to be free of deadlock. This makes it a useful
tool in eliminating deadlock. Condition (iii) of 7.9 is
fairly restricive in its nature (it means that the result

is not applicable to networks such as the "five dining
philosophers" of 6.2). It is possible if we drop condition
(iii) to prove a weaker version of 7.9, which is stated

below and has a similar proof.



7.11 Theorem

Suppose that Al,..,An is a finite collection of processes
(n> 2) with associated alphabets Xl""xn' and that A* is
the result ((..(Aiﬂﬂx?Q}Y;.)gy ?n) of combining them in
parallel (Yr= XlU..LJXr). Suppose also that whenever i,j,k
are distinct XianﬂXk= @. Define a ternary relation on
f1,..,n3 as follows:

R(i,j,k) & i#j & 7k & k#i &
Iw. (((A;after w)onxj) # @) & (((a;after w)"hxk) £ @)

If i and j are distinct elements of {1,..,n} define clique(i,j)
to be the smallest subset of {l1,..,n} which both contains i

and j and is closed under R in the sense s,teX & R(s,t,u) > ueX.
(cligque(i,j) places an upper bound on the sets of processes

which might interfere directly with any communication between
Ai and Aj.)

If X is any non-empty subset of {1,..,n} define A, to be

the result of combining in parallel all the processes indexed
by elements of X:

By By it x = §13

A, = ((“(Aix]—"xf‘j)xf'x;')xju..ux:‘)(f‘k) if X = §1;3:..+8:5 has
at least two elements.

If the network A* is free from local deadlock in the sense
that all subsets of cliques are deadlock-free, then deadlock
can only occur in the complete network A* on string w when
there exist Zl,..,zngi which satisfy the following:

(1) Zi is maximal in Ai(wtxi);

(ii) Xlu..UXn= (ZlﬂXl)U..U(ZnﬂXn);

(iii) for each pair i#j there is some element k of clique(i,j)
with the property that (Xy-2Z,)c UEXrI r ¢ clique (i, j)3;

(iv) there exists a sequence nl""nk’ not contained within

any one clique, such that (an z)NX # @ for each i
1

N4,y
(where k+1 is interpreted as 1).

* * * * * * * * * *

The power of this result depends critically on the structure
of the space of cliques in a given network. 1In general one
can easily show that clique(i,j) = clique(j,i) for each pair
(i,3), and that k € clique(i,j) # (clique(i,k) ¢ clique(i,]j)).
When all processes in a network are different (as will usually

be the case in a network without hiding) one can unambiguously



think of cliques as being sets of processes and being

defined by pairs of processes.

1F Xinxj= @ we must have clique(i,j) ={i,j}, and it is easy
to see that so long as there is at least one pair r&s such
that XrnXS# @ we can disregard all such cliques. Bearing
this in mind the only cliques we need consider in the "five
813 (which
is both cllque(PHIL ,FORK ) and cllque(FORK ,PHIL l)) and
{PHILl,...,PHILS,B3 (Whlch is clique (B, PHILi) for each i).

dining philosophers" example are {PHIL FORK +PHIL,

Note that under the assumptions of 7.9 we have clique(i,3)
=$i,3} for all i and j, so that the conclusions of 7.11
more or less imply those of 7.9, We can prove an analogous
result to 7.10, though the proof is harder:

7.12 Theorem

Suppose that A* is the network described in 7.11, and that
in addition to satisfying the hypotheses of 7.11 it is a
tree in the sense of 7.10; then it is free of deadlock.

proof
If there were deadlock possible in A* on string w then there

would exist sets zl,...,zn and a sedguence nl,...,nk sat-
isfying the conditions of 7.11(i-iv).

Claim that every sequence m,..,m_ of elements ofﬁl,..,ﬁ}

with the properties that (i) (X = ngn x # @ (1<Cr) &

(X -2 )n X o 3, (11) 32 and (111) m, # miLg (
r 'I'

mr# my has the property that {m ,..,mlj,Ccllque(m1

1<r) &

We will prove this by induction on r. The result is triv-
ially true when r=2, so let us suppose that it holds for
all such sequences with length less than r and that Mmy,..,m
is such a sequence. There are two cases to consider:

either m, is repeated later in the sequence or it is not.

In either case it is easy to see that the processes indexed
by the m, form a connected subtree of the network, and that
Am_ls joined to Am by an edge, as is Am to Am. In the

1#
seéond (or) case we can thus deduce that my= m_, which

means that by our inductive hypothesis {mz..mr_ﬁg.clique(mz,m3)
(we must have r> 3 for otherwise m2—m2+l) However by
construction (((A after wiX ) nx ) # @) & (({A after wlX ) Nhx )

my
# @) (since m,=m_ and (X - Z )C (A after wI‘X ) ThHis e



tells us that m3E clique(ml,mz), which as we observed
earlier implies that clique(mz,m3)g clique(ml,mz). This

completes the proof in this case.

In the "either" case we must have m, = mg for some s#r, s#l.

Clearly each of m Mg _q and Mg - M is a sequence which

satisfies the hypitheses of this result, so we can deduce
that{ml,..,HE_JSEClique(ml,mz) and thatims..mgszclique(ml,ms+l)
from our inductive hypothesis. However by construction

(((n after wiX ) nx ) # 9) & (((A after wiX )Chx ) # @)

(as before), Wthh 1%p11es that m 1ecllque(ml,m )Tl Thus
cllque(ml,mslg cllque(ml,mz), which completes the proof of

the "either"™ case.

We may therefore conclude that this holds of all such sequ-
ences. This contradicts our assumption of deadlock, for
the seqguence NyreeerDy satisfies the hypotheses but not
the conclusion of the above result (by 7.11(iv) it is not

contained in any cligue).

The cliques of a tree have a very regular form, as shown

by the next result (the proof of which is similar to parts
of the above).

7.13 Lemma

If the network A* of 7.11 has the form of a tree, then if
A, and Aj are not adjacent we have clique(i,j) =§i,3j% If

Ai and Aj are adjacent then the nodes indexed by clique(i,]j)
form a connected subtree with the property that whenever

Ar and AS are two other adjacent nodes either clique(i,3)

= clique(r,s) or clique(i,j)N clique(r,s) has at most one
element.

7.12 provides us with a very general technique for proving
freedom from deadlock in finite trees. As an example of
this consider the system formed by combining n philosophers

and n+l1 forks in a line:
FORK Il PHIL ! FORK. It PHIL W ...l PFORK I PHIL || FORK
e} o 1: 1 n-1 n-1 n

(processes defined as in 6.2 but with ordinary rather than

mod 5 arithmetic).

The cliques of this system are just[FORK PHIL 3 fFORK ,PHILn_ﬁ
andfFORKi,PHILi,PHIL 3 (1<¢i€ n-1) whose subsets are easy



to prove free from deadlock. Having done this we can infer
that the whole system is deadlock-free.

Many of the arguments and results in this section have been
(implicitly or explicitly) graph-theoretic. The basic type
of graph we have been interestedinisthat of "requests" on
deadlock (the directed graph which results from drawing in
an edge leading from each element of a deadlocked system to
the elements of the system from which it would accept comm-
unication) . Theorems 7.9 and 7.11 tell us things about
the gross structure of these graphs (essentially that they
contain loops of certain types). It is often possible to
limit the possibilities for these graphs if we have some
local knowledge of structure. One might for example be
able to show that if in such a deadlock graph some comp-
onent of the network has an edge leading to it from one of
its neighbours then the edges leading from it have some
particular structure. In particular one might be able
either to completely eliminate the possibility of the loops
implied by 7.9 or 7.11 or cut down the number of possible
loops to manag le proportions.

It is not very hard to apply this type of technique to
prove freedom from deadlock in the "five dining philosophers"
example of6.2. The outline of such a proof is set out
below.
(i) Show that in any deadlock graph an edge from PHILi
to FORKi implies that FORKi has a unique edge leadind
out of it which leads to PHILiel’ and that when PHILiEl
has an edge leading to FORKi there is a unique edge
leading from FORKi (which leads to PHILi).

(ii) Show by consideration of PHILiliFORKi that whenever
FORKi has a unique edge from it leading to PHILi then
PHILi has a unique edge leading from it, to FORKiEl‘

Correspondingly whenever FORK has a unique edge

iEl
from it, leading to PHIL, ., then PHILi has a unique

edge from it, to FORKi.

(iii) By 7.11 there must be some edge leading out of the
clique EB,PHILl,PHILz,..,PHILSE, which means by (i)
and (ii) that there is a ring of edges leading round
the "outside" of the graph, and that these are the



only edges leading out of the FORKis and PHILis.

(iv) Show that this is impossible by the structure of B

(by counting "getup”"s and "sitdown"s).

It ought to be possible to develop a better notation for
this type of argument, and to develop a simple theory to
make its application easier.

This concludes our brief discussion of deadlock. We have
seen that it is often possible to reduce the problem of
proving freedom from deadlock in a general network to the
corresponding problem in a network free from hiding. We
conjectured that it might be reasonably easy to attack some
such networks by means of constructive relations between
states, and developed various graph-theoretic methods for
application to such networks. There are other, similar,
predicates which one might wish to prove in lieu of simple
freedom from deadlock. These might include proving that
every component of a network remains alive (in some sense),
or proving that a process is "live" in the sense that at
all times there is some way of getting it back to its ini-
tial state. It should be possible to adapt several of our
methods to such problems (of the two examples quoted here
the first is likely to be easier than the second).

footnote

Note that the identification of deadlock with the appearance
of "s" in the image of strings is critical in this section.
This would not have been the case if we had chosen the finite
refusal sets model in chapter 4 instead of the directed-
closed model. If we had done this it would have been nec-
essary to prove a result equivalent to the difficult cons-
istency theorem 4.15 in order to prove 4.9, 4.11 and their

corollaries.
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