Chapter 3 :- Continuous Predicates as a Topology

It is possible to define a topology on the space of proc-
esses P (or one of the product spaces PA) in which the
closed sets are identified with the continuous predicates.
This can be done for each of the types of continuity we

have met so far. In any particular case we will have:

3.3 xe (the class of closed sets)

. & R(A) = "A€ X" is a continuous predicate.

That these are the closed sets of a well-defined topology
follows because (a) both "true" and "false" are always
continuous and so both @ and the whole of P (or PA) are
closed and (b) the class of continuous predicates is closed
under arbitrary conjunctions and finite disjunctions (and

so the closed sets are closed under arbitrary intersections
and finite unions). (These results for general restriction
operators follow in much the same ways as 2.18(xii) &(xiii)
and 2.46 (viii) &(ix).)

From here on we will consider only topologies of P (which
correspond with predicates of a single variable). This is
simply for the sake of clarity, and it is possible to extend
many of the results obtained to the general space pA,

We will first examine the topology arising from a metric
défined relative to an arbitrary normal class of restriction
operators. We will then show that this is the same topology
which arises from definition 3.1 (for the same class of
operators) . Later we will see the implications of these
results for the special cases of weak continuity (2.12)
and strong continuity (2.44).

Suppose that ffnl n€5N3 is a normal class of restriction

operators (2.49). Define a metric on P as follows:
3.2 d(a,An) =0
A #B 3> d(a,B) = % 7 Where n ds minimal w:r.t:

Aln # Bl'n .
(That such an n exists when A # B is easily shown from 2.49 .)

This is a well-defined metric, for (i) clearly d(aA,B) = d(B,Aa)
for 411 A and B, (ii) 4a(a,B)y>0 and d4{(a,B) = 0 3 A=B,



(iii) for all A,B&C if Afn # CIn then clearly either Afn # Bfn
or Bln # CIn so that d4(A,C) < max(d(A,B) ,d(B,C)).

This strong type of metric (with "max" instead of the usual
triangle inequality d(A,C) <d(A,B) + d(B,C) ) has several
interesting properties. Recall the following definitions

(which are wvalid in an arbitrary metric space (P,d) ).

3.3(i) An open ball is a set of the form {B| &(a,B) < a}
(denoted by B;) for any a>0 and A€ P.

(ii) An open set is any union of open balls.

(iii) A closed set is any set whose complement is open.

(iv) (P,d) is said to have dimension zero if for every

AE€EP and § >0 there is some set B which contains A,
is both open and closed (clopen) and has the prop-
erty that CeB = d(A,C)<é .

3.4 Theorem
Suppose that (P,d) is a metric space which satisfies the
condition d4(a,C) < max(d,(A,B),d(B,C)) for all A,B,C€P.
Then each of the following holds of (P,d).

(i) If B, and Bg
either they are disjoint or B

are two open balls such that a <c, then

a c

AC_Bc.

(ii) fUC! C is a finite set of open balls] is a basis for

the metric topology which is closed under finite intersection.
(iii) The open balls are closed sets.

(iv) (P,d) has dimension zero.

proof
A a c a c
(i) Suppose BAﬂ BC # @, then IDe BAD BC.

We then have that d(A,D)< a and d4(C,D) <c, so d(A,C) < max(a,c).
Hence A €B. |
Now suppose that DEEB;, then d4(C,D) < max(d(C,a) ,d(A,D))

< max(c,a) = c.

Thus D€ B(C:, and so ng Bg as desired.

(ii) This is trivially a basis (as the set of open balls is
one). It is closed under finite intersections since by (i)

the intersection of two open balls is either an open ball
or ¢ (which is the union of the empty set of balls).

(iii) Part (i) shows that all the distinct a-balls (for any
fixed a)1are disjoint. This together with the fact that



CEBS gives us that for any A€ P we have B@ny = @, where U

A
is the open set cUg‘Ba° Clearly also BzuU = P, so we have
U = B? and so BY is the complement of an open set as desired.

A A
(iv) By part (iii) it is sufficient to take a sufficiently
small open ball about a point A€ P, since these are now known

to be clopen.

Recall the definition of a Cauchy sequence over a metric
space: .

3.5 If (P,d) is a metric space and (Aii i €EN) is a sequence
of points in P then (Ai] i €N) is said to be a Cauchy sequ-
ence if Y é&>0. dneN.VYr,s>n. d(Ar,AS) <4

Note that under the conditions of 3.4 a sequence is a Cauchy
sequence if it satisfies the weaker condition
Vé>0. dn. Vr>n. d(a_,A )<s.

A metric space is said to be complete if each Cauchy sequ-
ence converges to some limit, that is
3a.VYs>0. In. Vr>n.a(a,a)<s.

3.6 Theorem
The metric space defined relative to any normal class of

restriction operators is complete.

proof
Suppose that (Ail i € N) is a Cauchy sequence relative to

such a class-of operators. Define functions r,n,j from
¥* to N as follows:
r(w) = minimal r s.t. YB. weB & we Bl'r
(such an r exists by 2.49)
n(w) = maxfr(v) | v<w}
minimal j s.t. i>3j 3 a(a;,A,) < ﬁ)

(such a j exists by definition of Cauchy seq.)

I

J (w)

Now define A =<wl|w€A . Claim that A is the limit

of the Cauchy sequence.

A is an element of P for certainly <% € Aj «>) and also
v<weA%VEAj(w) (as Aj(w)EP)
> VEAj (w)rr(v) 4
> v EAj (v)l“r (v) (as d(Aj Euh ,Aj (w)) < s
> Aj(v)T T(v) = Ay (w)rrw) )
> VEA,

j(v)



Suppose that ¢A;| i€ N> did not converge to the given A.
Then there is some §>0 s.t. VYm. In.n>m & a(a_,a) >é i
By the definition of the metric, since <Ai> is a Cauchy
sequence, for each n€N there is some m s.t. k>m = Ak‘fn = Amrn.
Thus there are some n&m s.t. k>m 2> Amfn = Akfn # Aln (choose

n>§ and m as in the last sentence relative to it).

There would thus either be some weXfl* which was an element
of Aln - A,f'n for every k>m or some we I* which was an

element of Akf‘n - APn for every k>m.

Suppose first that the first of these two possibilities 5
could arise. Since In is a continuous function by assump-
tion we have Aln = U$BIn| BcA & B is finite3}. Hence -:

there is some finite BCA such that we Bfn.

Suppose that B =Ev1,...,vs§; let r = maxfm,j(v)' VEEBS.

Since each vie A, we have viEAr (as r?j(vi) )5
Hence B (_:_Ar, which implies that WEArfn, which contradicts
the fact that r>m. Thus the first possibility cannot

arise.

The second possibility can similarly be excluded by rev-
continuity of Tn and the fact that afn = N§{B'n| BDA & B ecf}

where an ecf (effectively cofinite) element of P is one which
can be written in the form §fv|73uec.v>ul for some finite
subset C of I*.

This completes our proof that (Ail i € N) does in fact conv-

erge to A as desired.

A metric space is said to be compact if every infinite sequ-
ence contains a convergent subsequence.

3.7 Theorem
The metric space defined relative to a normal class of
restriction operators is compact if and only if there are

only finitely many possible values for Bfn for every ne€N.

proof
Suppose that there were infinitely many possible values

for some n. Then we could pick an infinite sequence (Ail i EN)
such that i # j & Airn # Ajrn . It is easy to see that

this sequence can contain no convergent subsequence as any
such subsequence would be a Cauchy sequence in which no two
points were within ;l; of one another.



Suppose then that-there are only finitely many values poss-
ible for each restriction operator and that <Ai| i EN) is

an infinite sequence of processes.

Claim that it is possible to find integers n, 3 {1 ;3 € N)

r

satisfying the following conditions:
(i) Ny, 5< My, 541
(ii) An'ri =A_li
ij 1,0

(iii) yj.Vi.ﬂk.k >3 &ny,y 5 =0y g |

We will construct these by recursion on i.

Set D g ™ i = these satisfy (ii) as o is a one-valued
function (2.49)

Suppose that we have constructed the ni,j' By assumption
there are only finitely many values taken by the An“fi+l.
Therefore there is at least one value (B say) which occlirs
infinitely often.

Let ni+l,j = jth ni,k Sa.t. AnLIl+l = B.

It is easily seen that these n,

141,75 satisfy all that is E

required of them.

Note that this proof requires the use of the Axiom of Choice i
in the choosing of value B. !

Having constructed the n, j setmy =ny .. These satisfy i
m,<mg ., (by (i) & (iii) above) and i,j=>k > AmJ‘k = Am;k i
(by (ii)). l
Thus i,j >k > d(Am_,Am_)<:% so that the <Am,[iEEN) are a |

1 J P
Cauchy subsequence of (Ail i€ N). By 3.6 this subsequence
has a limit and so (Ail i EN) has a’ convergent subsequence 5

as desired.

Note that this result gives us that (P,d) can only be
compact when L is countable, for every element of P can

in some sense be identified with the sequence of its rest-
rictions (Atn) and the cardinal of these sequences is at
most ¢ (continuum) if each [n has a finite range. (This
also follows more conventionally from the fact that every
compact metric space is separable.)

The following result shows that all restriction operators
giving rise to compact metric spaces give rise to the

same topology.




3.8 Theorem

Over any space of.processes all normal classes of restr-
iction operators inducing compact metric spaces induce
the same topology. In the case where X is countable the
restriction operators inducing strong continuity induce
a compact metric space (and hence the only possible such

topology) .

proof
We know that there can be no such metric when 2 is un-

countablé (by the remarks above) so it is sufficient to
consider only the case of countable 2. That the class
of operators described in 2.54 give rise to a compact
metric space is an immediate consequence of 3.7, since
plainly there is only a finite number of possible values
which can be taken by each one.

Suppose that§/n| neN} and {I"n| ne N} are two classes of
restriction operators giving rise to compact metric spaces,
and that their associated metrics are d and e respectively.
To show that the topologies are the same it is sufficient,
by symmetry, to show that every d-closed set is also
e-closed. We will use the fact that a set is closed in

a metric space if and only if it contains all its accum-
ulation points (i.e. the points which are the limits of

convergent sequences contained entirely within the set).

Suppose that X is a d-closed set. To show that it is
e-closed we must show that every e-convergent sequence
has its limit in X. Suppose that <Ai[ ieN) is an
e-convergent sequence with limit A. By compactness of
the metric space (P,d) there is a d-convergent subsequ-
ence, -  say (A{I i€ N), with a limit A', say. Being a
subsequence of <AifiEEN> this must be e-convergent with
limit A&A. It is sufficient to show that A = A', for A'
is in X since it is the limit of a d-convergent sequence
in X. Suppose weZ*; since both classes of operators

are normal there exist integers r & s s.t. for all Ce P
WEC & welClr and weC & wecCl's. Let m = max(r,s);
it is easily shown that weEC & weClClm & wecCl'm.

By construction there exists some ne N s.t. d(Aﬁ,A')<-%
and e(Aﬁ,A)<W%; This tells us that Aﬁfm = A''m and
Atl'm = Al'm.



We thus have wWeA' & welA'lm
' & weA'lm
n
]
WEAn
weA'lMm
n
weAl'm

wE€A

T 3T

Since this holds for all w we thus must have A = A' as
desired.

Observe that the above proof shows that each d-closed set
is e-closed simply by assuming that (P,d) is compact.
This shows directly that the topology induced by a compact
metric space of the type we are studying is weaker than
that induced by any other (i.e. has less closed sets).

We will shortly see that this is very much the same result
as 2.50.

The opposite role to the compact topology is played in a
much less interesting way by the classical discrete topology
in which all subsets are open and closed. An example of

a normal class of operators giving rise to this topology
is the following.
Al*o
AT*n

abort  (A€P)
A (n > 0)

Note that the metric which this class induces is the

usual discrete metric.

We are now in a position to establish the fundamental
connection between the metric spaces described above and
the corresponding topologies of continuous predicates
which were described in 3.1. We show that the metric
topology and the continuous predicate topology are the
same. By doing this we are able to use results obtained
about the topological properties of spaces of processes
to classify the continuous predicates. We are also
enabled to prove certain results on the satisfiability
of predicates, a topic which is often in practical sit-
uations one of the most difficult to deal with.



3.9 Theorem

Suppose that §n | nesN} is a normal class of restriction
operators. Let d be the metric defined on P relative to
this class (3.2). Then a predicate R is continuous relative
to this class if and only if {B| R(Bﬁ is a closed set in
the metric space (P,d). In other words the topology induced

by the metric 4 is the same as that introduced in 3.1.

proof-
We use the result that a set is closed if and only if it

contains all its accumulation points (i.e. points which
are the limits of convergent sequences contained wholly
within the set).

Suppose first that R is a continuous predicate and that

(Ail i EN) is a convergent sequence contained in the set

¢8| R(B)} (with limit A, say). Then for each ne€N there
must be some i s.t. d(A,Ai)< % . 80 that AMn = Airn and R(Ai).
R(A) then follows by definition of continuity (2.13).

Thus §B | R(Bf} contains all its accumulation points, and

so is a closed set.

Secondly suppose that §B | R(B)} is a closed set and that
a€P is such that Vn.3B .(Aln = B 'n) & R(B) -

These Bn clearly form a Cauchy sequence converging to A
(as m<n > BnTm = Alm). Hence R(A) holds as §B | R(B)} is
closed and so contains its accumulation points.

Thus R is continucus by 2.13.

We can thus now start to apply results of topology to our
predicates. The first two results we obtain concern the
satisfiability of predicates.

3.10 Theorem
1f (an n €N) is a sequence of continuous predicates (rel-
ative to some normal class of operators) such that Rh+l > Rn
and if (An[n££N> is a sequence of processes such that
A ,{n=AaTn and R (A) holds for each n, then there is
some A€EP s.t.

(1) Aln =2aln for all m

(ii) Rn(A) holds for each n.



proof
Denote by {R® the subset EU{BaI aecilecpl of ;ﬁ

Note that a=b = ]Ré i& ; for if EE}RP then
E=UtBl acE} .

(The containment of the L.H.S. within the R.H.S. is obvious,

the reverse one following from 3.4(i).]

To show that ﬂﬁ is closed under firite intersections and
unions it will thus be sufficient to show that each i& is.
(This is because in any finite intersection of elements of
§3 there will be some minimal "a".)
The union case is easy: clearly UEle A&ECELJU§B:| A €D3
= yB [ac(cup)}

In the intersection case we have

UBS | acc3nUfB,| a€D3 = U@BnB | AcC & Ce D}
which is an expression of the correct form since each of

the B;fNB is either empty or B (B 3.4 {1)].

iﬁ certainly now contains the basis of 3.4 (ii) for it
contains each ball B; individually and is closed under
finite unions. Each element of ﬂg is open by construction
(union of open sets). These two facts together tell us
that a& is a basis. Each element is closed since it is
the complement of the union of those balls os the same
radius which are disjoint from it (an open set). Thus

every element is clopen.

If the space is compact then there are only finitely many
balls of any given radius (as in 3.7) and so each element
of ;B is a finite union, and so is contained in the orig-
inal basis. Hence in this case the two bases are the

same.

If the space is not compact then by 3.7 there is some n
- such that n takes infinitely many values. Without loss
of generality we can assume that n is minimal with respect
to this propefty. There can only be finitely many values
taken by all m such that m<n, in particular n-1 (n>0

Qe of P with
distinct images under n. Since there are only finitely

as o is one-valued). Pick elements Al, A

many values of [n-1 we can pick an infinite number of the

Ais which take the same value under [n-1 (Ai, é,... say) .



Let C = EAii'i‘ENj; by construction U{B;] AeCl {= X)) ig an
element of ﬂﬁ. We need to show that X cannot be expressed

as a finite union of balls. Suppose that X = B,uB,U..UB

where each Bi is a ball. The radius of each oflthezBi mustk
be s;%, since (i) all the Ai (and hence every point of X)
takes the same value under [n-1 (ii) thus the "centre" of
such a ball would also have to take this wvalue and so (iii)
each Aéi+l is also in the ball (which contradicts the fact
that Aleix). However this implies that each Aéi is cont-
ained in a different Bj’ since it is easily seen that no
ball of radius=£% can contain two points whose distance is
% (in a metric satisfying the conditions of 3.4). This
clearly makes impossible our supposition that there are

only a finite number of balls in the union.

The next result completely classifies the space of clopen

sets in the compact case, showing that in this case the

clopen sets correspond exactly to 18 (and hence to the ‘
original basis). :

3.13 Theorem

In cases where (P,d) is compact a subset X of P is clopen :
if and enly if it i8 in ﬂﬁ(and so can be expressed as a

finite union of balls).

proof

Suppose that (P,d) is compact and that X is a clopen set.
Since X is an open set it can be expressed as a countable
union of balls (countable since when (P,d) is compact
there are only countably many balls). We can assume that
this expression is infinite, for otherwise the result is
immediate. Since there are only a finite number of balls
of any given radius we can assume that the balls are
expressed in order of descending radius: 31'32"" .

If X were expressible as a finite union of balls then so
would be X (this being because then X = UEB; | A€ X3, where
a is any number smaller then the smallest radius occurring
amongst the expression for X, but this union is only finite
because for any a there are only finitely many a-balls).

Since X is open it can also be expressed as a countable

infinite union of balls of descending radius: Bi,Bé,... P



We can assume that all of the balls Bi and Bi are disjoint.
Let Zi = (ByV BiUBZU UBiUBi) . By construction Zi_is
open and so Zi is closed. Also Ei is non-empty (Bi+lg Zi)
and Zi+lg Zi for every i. The Zi are thus a non-empty
descending sequence of closed sets in a compact metric
space. Hence there is some point in their intersection,

A*, say. This however contradicts the fact that igozi =P
(= XuUX), so we must conclude that this case, where X is
not expressible as a finite union of balls, cannot arise.

This completes the proof of our result.

3.14 Corollary
When > is countable a predicate R and its negation R are

both strongly continuous if and only if R can be expressed
finitely in terms of propositions of the form "weA" (we 3*),
"—1 " and llvll 3

proof
That each predicate R expressed in these terms has both

R and 1R strongly continuous is easily proved by induction,
because each of the sets fA | wezA} is clopen (we 3*) and

the space of clopen sets is closed under complementation
and finite unions.

That every R with both R and 7R strongly continuous can
be written in this form follows because the set §A | R(Aﬁ
is clopen, and so can be written as a finite union of
balls in the metric space induced by the restriction oper-
ators given in 2.54. (Every ball can be written finitely
in terms of "1" and "A" and "weA", which is translatahle

into the desired form.)

Note that it is a corollary to 3.8 that all normal classes
of restriction operators which give compact metric spaces
have the same class of continuous predicates, and so the
above theorem is equally valid for each of them.

It is possible to give a general classification of all
clopen sets and hence of all "doubly continuous" predicates
for general classes of restriction operators. Before we

do this we need a normal form result for closed and for
open sets.




3.15 Lemma

If d is the metric defined relative to some normal class
of restriction operators then a set X is open in (P.d) -if
and only if it can be written in the form lU C , where

c e]& (as defined in the proof of 3. 12), cy j =0 if
i#j and for any a:?l & A€ P we have B2 ¢1“nC1' This exp-
ression for X in terms of the Ci is unique for each open

set X.

Under the same conditions a set X is closed in (P,d) if

and only if it can be written in the form ﬂ , where
n a
CE]R and for all a>— & AEP we have BAnX—Q

+
> Cnr1X = @. This expression is unique for each closed
set X.

This result is a fairly easy consequence of 3.12.

It follows that the following four conditions are equiv-
alent for any set X.

(a) X is clopen.

(b) X

(c) X and X can be written in the first (open) form above.
X

(d)

can be written in each of the forms given above.

and X can be written in the second form above.

In particular a set X is clopen if and only if there are
some C, and C; such that X = iﬁlci and X = iélci' both
sequences satisfying the conditions of the second half of
3.15. Consider the sets Di - Ciﬁ Ci. By construction
theseware closed sets satisfying the conditions Dn+f;Dn

and iglni = @. This can arise in two essentially diff-
erent ways: either Di = @ for some iE€N or not. In the
firsE case we have that Cj " for all i<j (since ng C; &
C;UC,= P) which tells us that X = C;. Thus xef. It is
also true that if szig then Di = @ for some i (any i s.t.
%c:a, where a is such that X = UEBKI AEEC}). Thus the

first case arises exactly when X lies in the class of clopen
sets which we have already identified, namely'ﬂg. The
other case (which cannot arise when the metric space is

compact) is harder to describe exactly.

The following result gives an exact but not very elegant
list of all the clopen sets (including the first case).
For an example of what one of the second case sets looks
like see 3.17.




This characterisation of clopen sets is unfortunately
rather too abstract to yield a very useful tool in ident-
ifying the "doubly continuous" predicates in a given
system. It should be said though that apart from the
"finite" ones which are easily identified (i.e. ones
which correspond to some element of ag) these predicates
are rarely of much practical use. The following is an
‘example of a doubly continuous predicate which is not
finite (in the sense defined above), in the system defined
by weak .continuity (2.6 et seq.) with alphabet containing
N, the natural numbers. The derivation of the correspon-

ding set from 3.16 requires one application of rule (ii).

3.17 Example
let An (for n€N) be the process n + (n 9 ..(n 2 skip))..)

(n "n"s). . Then the predicate R(A) dn.A=A is doubly

continuous but not finite with respect to weak continuity.

‘The basic principle at work here is that one can tell in
a finite time (after one step) exactly how long one has

to wait to know whether or not the predicate holds. It

is generally true that all doubly continuous predicates
result from the compounding of this principle.

Note that neither the above R nor its negation R is
strongly continuous. This is because we can find conv-
ergent sequences of processes satisfying the predicate
(<gn|nezN> as a sequence has limit abort) and not satis-
fying it ( (AOD.An+l|n€EN> which has limit A ) whose
limits act oppositely. However this does not extend to

a general principle, for if we were to substitute abort
into the definition of A in place of skip the resulting
R would still be doubly weakly continuous but now R would
be strongly continuous (though of course not -R).

There are several results about continuous predicates
which follow from the zero-dimensionality of our metric
spaces.

3.18 Theorem (Sharpened normality property)

If R and S are two inconsistent predicates, continuous

relative to some normal class of restriction operators,
then there is a doubly continuous predicate T such that
R=>Tand S = 17T,




3.16 Theorem

In the metric spaée (P,d) defined relative to some normal
class of restriction operators the space Zglof clopen sets
satisfies the following:

(1) Becih .

(ii) If for any n€ N we have a fa.milyﬁof clopen sets
satisfying X,Yeja + X#Y, AR€EX & BEY 3 An#Bl'n then

uf 3

ib is the smallest collection of sets satisfying the above.

proof .
We will first show that iB satisfies condition (ii) above

(we already know that it satisfies condition (i)). Let_ﬁ%
be a family of clopen sets satisfying the hypotheses in
condition (ii) above for some neN, and let X = Uja 5

That X is open follows from the fact that it is a union
of open sets. X is closed since the tail of any converg-
ent sequence contained in X must be contained in one of
the elements of ia , and so its limit is contained in
that element. ‘

Secondly we will show that every clopen set can be derived
from (i) & (ii) above. Define Q@ ‘“to be the family of
clopen sets which can be so derived, and suppose that X

is clopen. Observe first that for any n and any such X
at least one element of §XN§¢A | Atn = B'n3|/Be€ P} is clopen
and not in @é. (Every element of this set is clopen by
construction, and if each were in Q% then so would be X

as 1t isthe union of a family of elements of G satisfying

{(ii) For n.) Set Xo = X, and for any n choose Xn+l to
be one of the anXEAl Aln:#= BImfiwhich is of the offending
form. Each of the Xi is nonempty (since ¢€EQQ) SO we

can pick a sequence (AiliEEN> S.Tt. AiE Xi. By construction
this sequence is Cauchy, and hence convergent to some A*e P.
Certainly A* € X, since each AiE X and X is closed, but also
for each n we must have X # §A'|A'fn = Anrn3 (for this set

is in (). We can therefore pick a second sequence (Aﬁ[ne&N)
such that Aﬁrn = Anrn and such that Aﬁfixn. This means

that (AﬁInEEN> also converges to A*, and also that Aﬁeii

{it is easy to see that X = XNfA'| A'ln = Ahfﬁn. Hence A* € X,
as X is closed, which is a contradiction. We may thus
conclude that our assumption that such an X exists is false.



proof
It is sufficient (by the correspondence theorem 3.9) to

show that in the corresponding metric space every two
disjoint closed sets can be separated by a clopen set.
We will show that this is true in any metric space which
satisfies the conditions of 3.4.

Suppose that (P,d) is such a space, and that X and Y are

a pair of disjoint closed subsets of P. It is clear that
given any point of X there is some n€ N such that the
(clopen)'ball of radius 2 " about it is disjoint from Y,
for otherwise we could find a convergent sequence of points

in Y converging to a point in X.

-h

For each A€ X define B(A) to be the Bﬁ of least n such that
it is disjoint from Y. It is not hard to see that by 6.4(i)
B(A) NB(A') # g = B(A) = B(A') for all A,A'e X (if they
are not disjoint then one is contained in the other, but if
either had strictly smaller radius than the other it would
not have maximal possible radius with respect to being

disjoint from Y).

Now define Z = AEXB(A). Claim that Z is clopen (it is
trivially disjoint from Y and contains the whole of X as

AeB(A) for all ReX).

Z is open by construction, since it is the union of a set
of open balls.

If Z were not closed then there would be a sequence of

points Al,Az,... which converged to a point A*¥ not in Z.

There are essentially two cases to consider: either infinitely
many of the A, lie in one of the B(A) or not (in which case
there must be an infinite collection of the balls B(A) (A€ X)
containing them).

In the first case it is easy to see that (if A€ X is such
that infinitely many Ai are in B(A)) there is an infinite
subsequence which lies in B(A), which tells us that A*e B(2a)

as B(A) is closed by 6.4(iii). Thus this case cannot arise.

In the second case either arbitrarily small balls appear
amongst the B(Ai), where Aie X is such that Aie B(Ai), or
not. If this is not the case and b is the smallest radius
occurring among the B(Ai) then it is clear that the entire
sequence Al'A2"' is contained in the clopen (by 3.12)




subset gl Bi_ of Z. But this would imply that A*€ Z, so this
possibility cannot arise. If arbitrarily small balls do
appear among the B(Ai) then without loss of generality we

can assume that the radii of the B(Ai) are strictly decreasing.
(This is because some infinite subsequence of the Ai must

then have this property.) For all n we then have that
d(An,Aﬁ)s;Z-n. This is easily seen to imply that <A£Ii€ NY
converges to A*. This however is impossible since then,
because X is closed we must have A*€ X ¢ Z.

It is interesting to see how the topological notions of
convergence and continuous functions relate to the ideas
we met in the previous two chapters. It is in fact easy
to see that a sequence of processes converges in the
sense of 2.42 if and only if it converges relative to the
corresponding metric (both ideas are equivalent to there
being for every we X* a point in the sequence after which

w is either always present or always absent).

It is possible for a function to be continuous in the
topological sense (i.e. inverse images of open sets being
open) without being continuous in the lattice sense, as

a function can be topologically continuous without being
monotonic. We can for example divide P into two clopen
sets, pick any two points we wish in P and have the func-
tion  which maps one set to one point and the other to
the other topologically continuous. There are though

some weaker comparisons possible.

3.19 Theorem

Suppose that (P,d) is a metric space induced bya class of
restriction operators giving a compact space. Then a
function f:P » P which is doubly continuous in the lattice
sense is topologically continuous. Furthermore every
function which is topologically continuous and monotone
is also (lattice) doubly continuous.

proof
The first part of this follows from the facts that a func-

tion is continuous in (P,d) if and only if it preserves
the limits of convergent sequences, that the two types of
convergence are the same (see above), and that a doubly
continuous function preserves the limits of convergent
sequences (2.48).



The second part follows since as (P,d) is compact I must

be countable. This means that for any A€ P we can find
sequences {Ai!iG:N) and (Ai\iEEN) which consist respect-

ively of increasing finite processes and decreasing ecf
processes, each of which converges to A. By topological
convergence we get that each of <f(Ai)ii€EN> and (f(Ai)lieaN)
is convergent with limit f£(A). This combined with mono-
tonicity easily yields the desired result that

f(a) = USE(B) | BCA & B is finite3 = N{E(B) | BDA & B is ecf}.

Note that 2.46(vii) extends the first part of this result
to the case of strong continuity over uncountable alpha-
bets, since it tells us that the inverse image of a closed
set under a doubly continuous function is closed (in the
topology defined as in 3.1 by reference to strong contin-
uity) .

The above result can be regarded as an explanation of the
connection which we observed between strong continuity of

predicates and doubly continuous functions.

Other classes of restriction operators relate less well

to lattice continuity. For example in the case of weak
continuity (with its usual metric) there are lattice
continuous functions which are not topologically continuous,
and monotonic topologically continuous functions which

are not lattice continuous.

3.20 Examples
(i) The function f:P -» P defined by f(A) = abort if A° is

finite, f(A) = skip if A® is infinite, is both monotone
and topologically continuous but is not lattice continuous

whenever X is infinite.

(ii) Suppose that NCI and that b€X. The function f:P > P
n “b's

defined f(a) = §3km | <(bb..byeA} is lattice doubly cont-

inuous but not topologically continuous.

The second example works because it maps the convergent

4 ks
sequence (Bil i€ N) (where Bi= 0,7 ,{bb>,...,<{bb..b?)
to the non-convergent sequence {§<n>| n{m3ufcl|meND.

It is however possible to recast the usual €-é metric
space continuity criterion in a more familiar form:
VBEP.3g:N » N s.t. YA.(Alg(n)=Blg(n)) = £(A) n=£(B) ' n .




The above formula, which holds for a function f if and

only if f is continuous in the topological sense, is

rather like 2.18(x) (though slightly stronger). That

this should be so is of course quite natural, since 2.18(x)
plays the same role for weak continuity as 2.46(vii)

does for strong continuity.

The next question to ask is how constructive functions
behave in our metric spaces. It will be seen immediately
that a constructive function has the effect of reducing

the distance between two points, and that a non-destructive
function is one which guarantees not to reduce the distance
between two points. One gets a slightly preferable picture
at this point by altering the metric slightly: let 4' be
the metric defined by setting d4'(A,A) = O and 4'(A,B) =

Nl

n F

where n is minimal with respect to Afn # Bfn (if A # B).

This alteration does not affect our earlier work except in

minor computational details, all results still stand in

the metric space (P,d'). The advantage gained is that

a constructive map now becomes a contraction mapping:

for all A,B€P, if f is constructive then d'(£(a),£f(B))<%d'(A,B).
It is possible to derive all our basic results about existence

of fixed points and recursion induction from this fact alone.
This topic and the wider uses of contraction mappings

deserve more attention, but we will leave it here.

Following Scott ( ) it is possible to define a topology Q;
whose continuous functions correspond exactly to the

lattice continuous functions.

3.21 Theorem

Let QI be the topology generated by the subbasis

&= §5A|A2>B3|BEP & B finite3 . Then a function
f:P » P is continuous in this topology if and only if it

is continuous in the usual lattice sense.

The proof of this result is omitted, being very similar
to the usual proof over P(N). This topology is very much
weaker than any of the ones associated with restriction
operators. It is T0 (i.e. given any pair of distinct
points there is an open set containing one and not the

other) but not Tl‘




Before we summarise the implications of this chapter we
will see one more result: an alternative characterization

of the topology induced by our compact metric space.

3.22 Theorem

If A,BeP define the interval [A,Bl to be the set {C | Ac c ¢B}.
The set,ﬂ of intervals is closed under intersection. Let

Eibe the weakest topology on P in which all intervals are
closed. (] is the same as the topology induced by strong
continuity when I is countable (and hence is also the same

as the metric topology induced by the operators described

in 2.54).

proof
The setaﬂ? of closed sets in the topology is the following:

(i) JcW*

(ii) aﬂc is closed under taking finite unions.

(iii)aﬂc is closed under taking arbitrary intersections.
(iv) UI€ is the smallest set satisfying (i)-(iii).

That these are the closed sets of some topology is not
hard to prove, and having done this the resulting topology
must by construction be the weakest one in which all inter-
vals are closed.

Let @zbe the set of closed sets of the topology induced
by strong continuity (3.1). To prove our result it is

sufficient to show that mc=@. That GCQQ[ follows

inductivelvy from the fact that the predicate induced by
each interval is strongly continuous (2.46(1,ii,viii))

and the fact that QE is closed under finite unions and

arbitrary intersections.

To prove thatQigaHC it is sufficient to prove that each

element of the known basis for ( is inﬂﬂ? (as the
complement of each basis element is also in , SO we
are showing that each is also open in aa). Since there

are only finitely many balls of a given radius and aﬂc is
closed under finite intersections it is sufficient to show
that all balls Bi are in ﬂﬂc. It is easily seen that for
every ball there is an expression which has the form

Zoﬂzl
({wo,wl,...j the enumeration of X* in 2.54) and n is

%«(a (radius:of:the ball). It

5 Nz ., where zZ; is either §fA | wiE.A3 or {A| wie‘A}

minimal with respect to




is sufficient therefore to show that each possible Zi is

an interval. To do this we simply observe that

(Al weAl = [fv ] v<wi,runl (run is maximal in P)
(A | wehny = [abort,{v ] wdvil (if w#o)
= [run,abortl (if w=).

This completes the proof of 3.22.

This result is pleasing, since it shows that the topology
induced by all compact metrics and strong continuity is
quite a natural one. It can be used to prove results

of closed sets (and hence of strongly continuous predi-
cates) inductively. If a property holds of all the basic
intervals (ILabort,Al, [A,runl) and is preserved by finite
union and arbitrary intersection then it holds of all
closed sets in QE. In the language of predicates this
translates to the following inductive principle: if a
property holds of each predicate of the form R(A) = ADB
or R(A) = ACB (B€P) and is preserved by finite disjun-
ctions and arbitrary conjunctions then it holds of all
strongly continuous predicates. (Both of these principles
hold only when I is countable.) One application of this
is an alternative proof of 2.46(vii), which becomes an
immediate consequence of 2.46(v,vi,viii,ix). Several of
our other results have alternative proofs using the same
principle. If desired this principle can be strengthened:
it is in fact only necessary to show that a property holds
of all of the basic predicates above with B finite and ecf
in the respective cases. This is because every other of
the basic predicates can be expréssed as a conjunction of
ones of this form.

To conclude this chapter we will take stock of our results,
paying particular attention to how they affect our under-
standing of the two main classes of continuous predicates

we met in chapter 2.

We have seen that given any normal class of restriction

operators on P we can define a corresponding metric space
in a natural way, and that the closed sets of this metric
space correspond in a natural way to the predicates which
are continuous relative to the class of restriétion oper-

ators. This corresponds to .the fact that (as we already



knew) continuous predicates are closed under finite dis-
junctions and arbitrary conjunctions. We found that our
metric spaces were of a very discrete kind, and were comp-
lete. Completeness was used to prove a satisfiability
result. We found that the metric space was compact only
when the predicates continuous with respect to a class of
restriction operators were exactly the strongly continuous
ones, and y was countable. We re-established the fact that a
strongly continuous predicate is continuous with respect
to all other normal operator classes, and also discovered
that strong continuity is in several ways better behaved
than other sorts (e.g. 3.1}, 3.13, 3.14, 3.19 & 3.21).

In investigating how continuous functions in the metric
space behave we discovered another way of treating const-

ructive functions.

Below is a summary of the results affecting our knowledge

of weakly and strongly continucus predicates.

a) Weakly continuous

(i) 3.10 (which is obvious in this case anyway)

(ii) 3.15 (which can be adapted to give a normal form for
weakly continuous predicates)

(iii) 3.16 (which classifies the predicates which are
"doubly continuous")

(iv) 3.18 (the application of which is helped by our

classification of doubly continuous predicates)

b) Strongly continuous

Each of the above also holds in this case, except that

3.14 plays the role of 3.15. 1In addition we have:

(i) % o 6
(ii) The explanation of the connection with doubly
continuous functions.

(iii) The inductive principles which come from 3.22.

It is possible to prove most of the above without consid-
eration of topology or metric spaces, and indeed it is
possible to do much of the topology (e.g. 3.13 & 3.22)
without using metric considerations. The use of metric
spaces does however often seem to be the most convenient

and elegant way to deal with continuous predicates.




Appendix: A summary of some later results.

The results we have so far met in this chapter do not tell
us a great deal about the case of strong continuity when Z
is uncountable. Most of the following results are extens-
ions of existing results to this case (or demonstrations
that existing results do not then apply) . The first
theorem is however an additional classification of strong
continuity over countable alphabets. -

3.23 Theorem

The topology induced by strong continuity is homeomorphic
to the usual metric topology of the Cantor set if and only
if I is countably infinite.

This follows quite easily from theorem 30.3 of Willard( ),
since if Z is infinite every point is the limit of a sequ-
ence of pointsdistinct from itself, whereas if Z is finite

the process abort is not.

3.24 Theorem _
The topology induced by strong continuity is, when X is

uncountable, neither first countable, metrizable nor compact.

That it is not first countable follows from the fact that
there exists an uncountable set §¢, <ax3lae=3 of nearly

disjoint processes. If the topology were first countable
there would exist a sequence of closed sets C. such that
abort ¢C;, C; €C 17
containing abort there exists some j s.t. Xq;Cj. One can

and whenever X is a closed set not

then show that one of the C. must contain infinitely many
of the one point closed sets {ff¢>,<a3}}| acS} as subsets; but
this implies that this Cj contains a convergent sequence

of points converging to abort, contradicting the fact that
abort ¢ Cj .

That it is not metrizable (and hence not the topology ind-

uced by any normal class of restriction operators) follows

from the fact that every metric space is first countable.

The fact that it is not compact follows from the fact that
we can find (under the continuum hypothesis) an infinite
set of points with no limit point. This is because under
the continuum hypothesis it is clearly sufficient to show

that this can be done for any particular alphabet of




cardinal 2™. Now let Z = {f [ f:N » N}, and define
By =fo,¢f>|Tk. £(2k)=i} . If the set (A ) ie N} were to
contain a limit point it is easy to show that there would
have to exist some 1l-1 function f such that the sequence

(Af(i)lie Ny was convergent; but for any such sequence it
is easy to see that B €limsupA. ., but<f>¢1imianf(

i) "

The next few results show that by generalizing the idea

of convérgent sequences we can find a new class of predicates,
the extra continuous ones, which (i) is contained in the

class of strongly continuous predicates, coinciding with it
when Z is countable; (ii) gives rise to a more pleasant top-

ology; and (iii) generalizes theorem 2.53.

L.et us extend the notion of sequence to include functions

from arbitrary non-empty directed sets to P. We will call

such a sequence a generalized sequence and a sequence from

non-empty directed set D to P a D-sequence. If f is a D-
sequence and D* is a subset of D with the property that
‘for each d€ D there exists some d*e D* s.t. d*2 d we will

say that fID* is a subsequence of f (it is easy to see that

each such D* must be directed). If £ is a D-sequence
i j =N (U imi = |
define limsup(f) = fl (Y, £(e)) ana liminf(f) = Y (N ().

Say that f converges to A (or £ = A) if limsup(f) = A =

liminfE (£} . Say that a predicate R is extra-continuous

if it satisfies the condition that whenever f is a conv-
ergent generalized sequence of points satisfying it then
lim(f) satisfies R also. The following is a compilation

of some easy results about generalized sequences.

3.24 Theorem

(1) For each generalized sequence f we have liminf(f) <
limsup(f).

(ii) All finite generalized sequences converge,

(iii) If f* is a subsequence of f then
liminf(f) € liminf(£f*) € limsup(f*) € limsup(f).

(iv) There is a topology, QE ;, in which a set X is closed
if and only if there is some extra-continuous pred-
icate R such that X = §A | R(A) .

The following are four important results which have fairly

complicated proofs using the axiom of choice.



3.25 Theorem .
The topology has A A<B3},{A| A2Bi{| BE Pf as a sub-

basis for its closed sets. Thus the class of extra cont-
inuous predicates is contained in the class of strongly
continuous ones. This containment is strict if and only

if 2. is uncountable.

(An example of a strongly continuous but not extra continuous
predicate: R(A) ='A is countable.)

3.26 Theorem

The topology QE is compact (i.e. if _’jf is a family of closed
sets such that each finite subset of _‘]I’ has non-empty inter-
section then ﬂ_‘ﬁ is non-empty) .

3.27 Theorem

The topology QZ is zero-dimensional (i.e. if X is any
closed set and A ¢ X then there exists a clopen set Z with
the property A€ Z and XNZ = @).

3.28 Theorem

a) The clopen sets of QE are precisely those which can

be constructed from sets of the form {A |we A3 and {A |w¢ A}
by finite intersections and unions.

b) The predicates R such that both R and R are extra
continuous are precisely those which can be defined using
the constructs "we A" (wez*), "A" and "1".

Note that 3.28 extends 3.13 and 3.14 to general alphabets.

The following result is a justification of the use of these
extra continuous predicates, since it extends theorem 2.53
to the case of uncountable alphabets, and hence provides

an alternative set of conditions justifying the use of

2.1 in an inductive proof. Note that the statement of

3.29 is a translation of the statement of 2.53 into topol-
ogical terms (as well as being a generalization to arbit-
rary alphabets).

3.29 Theorem

Suppose that X is a non-empty closed set of QE and that
f:P » P is a monotonic function with a unique fixed point;
then if f(X) € X we must have fix(f) € X.




proof
The proof is not difficult once we have 3.25 and 3.26.

Define £%(1) and £%(T) for arbitrary ordinals a in the
same way as we did in 2.53. By 3.25 each of the sets

Ca = tA | £¥ (L) cac fa(T)3 is closed. Easy consequences of
our definition are that pea 3 C,2 C, and that C;= QACﬁ
if A is a limit ordinal. Claim that each of the cgosed

sets XN C, is non-empty. Proof is by transfinite induction.
When a=o we have COF)X = X, which is non-empty by assumption.

If XN C, is non-empty, then it contains some element A, say.
Then £(A)€ X, since £(X) € X, and £(£%(L)) ¢ £(a) € £(£%(T))
since f is monotonic and £%(1) c Ac £%(T). Thus f(A)E€ XNC,,

so XN G, is non-empty.

If A is a limit ordinal and each XNC, @A) is non-empty
then (X NCJaeAy is a chain of non-empty closed sets. By
compactness this chain has a non-empty intersection. But
{ggxr\ca) = XFQQFQ = XNC , so XNC, is non-empty as claimed.

This completes our inductive proof, so we can deduce that
XNC, is non-empty for all ordinals a.

Since f has a unique fixed point there must exist some
ordinal ¢ such that £5(1) = £5(T) = fix(f). This tells
us that fix(f) e X, as claimed (Cg = Ffix(H)] ).

It is usual, in spaces defined by convergent sequences, to !
define compactness by the property that all sequences have

convergent subsequences. This result does not translate i !
verbatim to the space € (consider the sequence Ry which l
we defined in 3.24) but there is a corresponding lemma '
(which can be used to give an alternative proof of 3.29 |

very much like the proof of 2.53).

2.30 Lemma

If £ is any generalized sequence of points in P then there
is a point A which is in cl(f), the smallest closed set
containing all the points of f, and such that liminf(f) &€ A
and A ¢ limsup(f).

Since singleton sets are closed in QE and any ordinary
convergent sequence is also a convergent generalized sequ-
ence the proof (in 3.24) that the topology is not first
countable is still valid.for ¢ when3S is uncountable.



Chapter 4 :— A Model for Non-deterministic Processes

We can model the ﬁehaviour of non-deterministic machines by
observing not only the traces which it is possible for them
to execute, but also the sets of symbols which it is possible
for them to reject at each stage. The model we use therefore
is a subset of'q)( Z*.Xg)(Z)ng,the relations between traces
and subsets of X (interpreted as refusal sets). As a rela-
tion it is possible to regard any process as a function from
traces to sets of refusal sets, the image (as a function) of
any trace being the set of its (relational) images. It is
necessary to impose certain conditions to ensure that a process
is realistic. Formally a non-deterministic machine N is a
relation which satisfies the following conditions:
4.1 a) The domain of N (dom(N) = §wl| 3AX. (w,X)éENIS) is non-
empty and prefix closed. :
b) XeN(w) & YCX S YeN(w)
(where N(w) is the set of images of w under N)
c) XeN(w) & YN (N after w)°=2 3 XuUYeN(w)
d) If DCN(w) is a directed set then UDEN(w).

N after w = %(V,X)‘ (wv,X) €N}
N = facz \(a.}edom(N)g
A set of sets is said to be directed if X,YeD 3 dzeD, Z2XUY.

The justifications of these conditions are as follows:

a) If a process has executed any trace it must previously
have executed every prefix. It must be possible for a pro-
cess to do at least nothing (<>),

b) If a process can refuse every element of a set of symbols
then it can refuse every element of a subset.

c) If a process can refuse a set X and it is impossible for
it to accept any element of Y then it must be able to refuse
the whole of XuUY.

d) If a process can refuse all approximations to a given set

then it can refuse the set itself.

Condition d) is almost always (except in the case of an unc-

ountably infinite alphabet) equivalent to the ascending chain

condition:

4.2 d)" If X,CXS ... SXC..s is an ascending chain in N(w)
then _ljlxie N(w)

which is easier to Jjustify intuitively, but breaks down in



the uncountable X case.

It is possible to consider different versions of these cond-
itions. We could for example re-phrase the definition in
terms of acceptance sets (complements of refusal sets). The
resulting model is then clearly isomorphic in a simple way to

the original.

More fundamentally we could insist that refusal sets be finite,
This involves dropping condition (@) and altering (c) slightly.
It is fairly easy to show that the two models are isomorphic
(by closing up under condition,@)) and that all our defin-
itions of operators are isomorphic except in one case, which

we will meet shortly.

I have included infinite refusal sets in this treatment for
several reasons, Firstly if we allow infinite alphabets it
seems reasonable that we should be able to test a process by
offering it an infinite choice (for example the ability to
output any integer). This type of behaviour seems to be
modelled more naturally by the inclusion of infinite refusal
sets. BSecondly they give a more natural model to some recent
proof rules of C.A.R.Hoare. Thirdly they pose the soundness
problem (where the two models may not be isomorphic) explicitly
rather than implicitly. This soundness problem (which we will
meet in 4.]0 et seq) also places a bound on the validity of
the above-mentioned proof-rules.

The definitions of the operators are summarized in an appendix
to this chapter. The definitions used are motivated in Hoare,
Brookes & Roscoe ( ), which also contains much basic material

on the model which omitted here.

4+3 Theorem

a) The space M of non-deterministic machines can be parti-
ally ordered by reverse inclusion ACB if ADB. This
order can be interpreted AEB if B is more deterministic
than A. Under this order M is a complete partial order in
which the maximal elements are the deterministic machines
and the minimai element, CHAOS (= z*'x43(z) ) represents the

process which is absolutely unpredictable.



b) NeM 3> (,0)EN
c) A process is deterministic if
wedom(N) > N(w) = §X | Xn (N after ) - @'g

d) The non-deterministic or operator is modelled by union.

A1l the operators defined in the paper with the exceptions of
hiding and @ (intersection) are easy to prove well-defined
(map machines to machines) and continuous (preserve directed

limits)e

The rest of this chapter will consist of an examination of
the problems introduced by these operators. The following
chapters will show ways of proving correctness properties of
individual processes, by adapting and extending the ideas of
chapter 2. |

Recall the definition of the hiding operator:
4.4 N/x = §(ul(z-2X), Y)| (w,YUX)€ENS$ _
§(wy,X) | {w" € dom(¥) | Wi (£ = X) = w3 is infinite]

We cannot hope that this definition will give rise to a cont-

inuous operator for infinite X because of the following :

4.5 Example
Let = Nufa} ( a¢N )

A = stop or (?m: ({x | xm3) > a > stop )

and that LJAn = siop .

n=i

i : c
Then it is easy to verify thai\Vn.An_hAn+l

But then (An)/N = CHAOS for each n (infinitely many derivations
=
of ¢>) and (L|A )/N = stop .

Thus Q(AB/N) $ (\;\An)/u

(stog is the process E(<>, X)\ X@ZZ‘B which corresponds to
abort in this model.)

If we were to alter the second clause of the hiding definition
to reguire arbitrarily long derivations of w, which might seem
more natural for infinite X, it would still not make this
example continuouse. Also it is necessary in this case to make
a slight amendment to the operator to make it well-defined
with respect to 4.1 (d).



By placing stronger conditions upon the types of process

we allow, it is possible to make certain types of infinite
hiding continuous. The basic ideas are to divide the zlpha-
bet into finitely many portions, and to insist that if an
infinite part of one of the portions is available then the
whole of it must be. The analysis of this topic is long
and complicated, and the results technical. I therefore
omit this topic for lack of space, and return to the simpler

analysis of finite hiding.

4.6 Theorem

If the set X of hidden symbols is finite, then the hiding
operator N/X is well-defined and continuous.

proof

Say that a trace w is a derivation (with respect to X) of v
if wi(z=-X)=v.

We will prove first that N/X is well-defined.

Throughout this proof A will denote the first (normal) clause
of the definition 4.4 of N/X and B will denote the second
(infinite chatter) clause.

a) That the domain of N/X is non—-empty follows as either (3
has infinitely many derivations, in which case (<>, J)€ B,
or it has a maximal one, 53y w. As W is maximal we must
have (N after w)°r1x =g , which implies (w,X)€ N (by clause
(c) of N) and thus (w,XUZ)EN 3 (¢> , )€ N/X.

To prove that the domain of N/X is prefix—closed we use a
similar argument. Suppose that v<w€£dom(N/X). Then either
some prefix of v has an infinite number of derivations (in
which case (v, D) €B) or v has at least one derivation (for
then either w has a derivation, or the minimal prefix of w
with infinitely many derivations is greater than v). If v

has a derivation the argument is the same as for < above.

b) Suppose (w,Y)eN/X and Y'€ Y
If (w,2)€B the result is elementary,
(w,Y)€A & Fv, vf(Z— X) =w & (v,XUY)eN
> v[(Z= X)=w & (v,XUY')EN
> (w,Y')€A

L}

c) Suppose (w,Y)EN/X and Z N (N after w)°= @
If (w,P)€B then (N after w)°=% , so the result is trivial.



We may thus.suppose that (w, ) ¢B
Hence there is some v edom(N) such that
vi(f=X) =w & (v,YUX)EN
Now (N after v)°n (Z - X)E (N/X after w)°
Thus (X - X)NZn (N after v)° = @
> (vy,Yuxu((z-x)ngz)) = (v,YUXUZ)EN
> (w,YUZ)EN/X as desired.

d) In this section we use the fact that (as will be proved in 4—-14)
in these circumstances (given that we have already proved (b))
directed set closure is equivalent to closure under the limits

of arbitrery (possibly longer than w) chains.

Suppose therefore that C is & chain contained within (N/X)w).
Again if (w, @) € B the result is trivial, so we may suppose
not, so (w,Y,)e A for each Y €¢C (assume the chain is indexed
by a<{ (some initial ordinal) and that a<pg 3 Y, < b Y

Now as (w, @) A-B there must be finitely many ¥ € dom(N) which
are derivations of W-(V, jeeeyVyy 58Y)e

For each a<{ there must be one of the v; s.t. (v;,¥, U X)EN,

We can therefore partition { into k sets Z,,...,Z, ~with the
property that a€Z; $ (v;,Y,UX)EN. It is easy to show that
there must be at least one =; with the property a<{ s ez a<p,

If we now let Y} = Yﬁ y Where g 1is minimal in ":'i WeTets f20a
then we have that C' = {Y'uU X| a<{) is a chain contained in
N(v,)e Therefore UC' = (UC)UX€EN(v,), so UC e(N/X)(w)

as desired.

To show that N/X is a continuous operator it is necessary to
show that if D is a directed set of machines then (|UD)/X =l §{N/X| Nep}.
It is easy to show that N/X is a monotonic operator, so we
have: NeD > NeE D
5 (v/x)= (UD)/X
>y f(/x)Ivend = (UD)/x
It therefore only remains to show the reverse inclusion.
Because of the reverse nature of the order used, this means
showing (w,Y) € U{N/x |NeDY 5 (w,7) € (UD)/X.



There are two cases to consider:

a) VYNeD. (w,@)€B,, where B, is the second clause in
the definition of N/X.

b) IANeD. (w,2)€¢B,

In the first case it is clearly sufficient to prove that some
prefix of w has infinitely many derivations, for then (w,X)€B

for all XC ¥ (where B is the second clause in the definition

of (LD)/X)e There is some prefix v of w which is minimal

with respect to there being an infinite derivation set for it

in each N€D.

There is therefore some NVE'D s.t. no proper*prefix of v

has an infinite derivation set in Nv' Let D = ENEDl NENV% .

It is easy to show that Up® =UD and hence that q_jn*)/x = (Ip)/X.
It is therefore sufficient to show that some prefix of w

*
(namely v) has an infinite derivation in LD .

As N':_'JNV > NENV there must be finitely many derivations

*
of every proper prefix of v for every N€D .

Claim that the number of k—minimal derivations of v is finite
for each NED* and keN(natural numbers), where a k-minimal
derivation of v is one which has precisely k proper prefixes
which are derivations of v.
(Thus if X = {a} we have -
(aaby , (@» , (b> are all o-minimal derivations of (¥,
(aba , (b2 ,<@aabay are all l-minimal,
(abaa), das are 2-minimal, etc. )

Firstly the number of o-minimal derivations is finite. This

is certainly true if v =< , for then the only one is <. If

v = v¥%> the number must be finite since each o-minimal s must
have the form s% for some s' which is a derivation of v'.

But v' is known only to have finitely many derivations in N Nv'

which gives us the desired result.

If we suppose the number of k-minimal derivations is finite,
then since each k+l-minimal derivation has the form s<bj
where s is k-minimal and b€X (and X is finite) the number

of k+l-minimal derivations must also be finite.

Hence by induction the number of k-minimal derivations is
finite for each k. Also, since v has infinitely many deri-
vations each of which is k=minimal for some k, there must

be k-minimal derivations present for each k in every N € D%,



Claim that there is a k-minimal derivation of v present in
L]D* for each ke .Suppose not (for some k) and that s;...s,
are the k-minimal derlvatlons present in N e If (for any i)
(s y D) EN' for each N'eD 1ihen we would have (s " @)EU;D "
contradlc'tlng our assumption. Thus, for each i, there must be
some N, € D" s.'i. &si,ﬁ )E*Ni' But then (as D is directed)
there is some NED sete N2 Ni for each i. Therefore

Vl.s &dom(N ) o but as also dom(N )i= dom(N ) there can be no
k-—-m1n1mal derivations of v in N « This contradicts the remark
on the previous page. Thus the claim that there is some

*
k-minimal derivation of v inlJD is proven.

But now since every n-minimal derivation of v is clearly
distinct from every m-minimal one (if ngm) there must be an

¥
infinity of derivations of v in UD y which was what we wanted

to prove.
This completes the proof of case (a).

Case (b) is rather easier.

If 3N D. (w, )¢ B, set D = fulnan “5 g 'then s Bntore D
is 1‘tself d:l.rected and LID =D . Since NEB > NS Nw we

must have NeD > (w,2)¢B,.

Thus the number of derivations of w in each NED* is finite, and
clearly the derivations in each NED* are included in those in
N (as NQNW).

We must have (w,Y) €A, for each gen .

For each NED* there is thus a non-empty set S,of the traces
in dom(N) s.t. sES, & sf(Z = X) = w and (s, YUX)EN,

By construction each of these S is finite and included in SN
Claim that 3s €Sy, (s,XUY)E d_]D j

If not then for each s €5 we can find a NED* Sete sﬁESN‘.

But then as D is directed we can find some N 3 N for every s.
But then we would have S, ﬂSH¢ =g , which con‘trad:l.cts the
structure of the S . ThusESE%U (s,XUY) E(LID ) as claimed.

But this is the desired result, since then (w,Y)e GJD J/X.



By similar methods one can prove (for finite X & Y)
4.7 (W/X)/Y = N/(XVY) .

The following commutativity law is an immediate corollary

to 447 o
4.8 (N/X)/¥ = (N/1)/X

There will be further analysis of the hiding operator in
chapters 5 & 6, where we will examine the pipe operator "3 "
and the Master/Slave operator (All a::B) in some depth (both

of which use hiding in their definitions).

We now turn our attention to the intersection operator "Q®".
This operator is used critically in the definition of the

parallel combinator (AXHYB). Recall its definitions:
4.9 A®B = $(w,XuY)| (w,X)€A & (w,Y)EB}

The interpretation of this is that A®B will only execute
traces possible for both A & B and at any stage it can refuse

any set which A and B can co—operate in refusing.

It is this last feature (the refusal sets) which cause us
the problems. It is easy to show that the domain of A®B is
non-empty and prefix closed, that AQ B(w) satisfies left-
closure (4.1 (b)) and condition 4.1(c). It seems, however,

to be far from easy to prove anything about 4.1(d).

The root of this difficulty lies in the fact that if

fxuy | XEK._L & Y€ Kz—i is a directed set there is no reason

why K1 or K2 should be directed, so it is difficult to prove

the existence of elements on the two sides which combine to

give the limit of the directed set. The problem can be stated
thus: '

4,10 TIf F1 and F2 are two families of subsets of I which satisfy:
a) left—closure X€F & YCX 3 YEF

b) directed closure DCF directed » UDEF

does the family {XUTY | XEF]_/\YEF2% satisfy these conditions?

The conditions (a) &(b) here are the same as 4.1 (b) &(d) resp-

ectivelye.

This problem does not exist for finite alphabets, for then

every directed set contains its limit, so we need to examine



only the various possible cardinalities of infinite alphabetse.

We will adopt thé following approach in analysing the problem.
Firstly we will see thattheanswer to 4.10 is affirmative if I is
countable, which means that in this case @ is both well-defined
and continuous. Secondly we will see an example to show that
if we substitute the countable chain condition 4.2 for directed
closure the answer to 4.10 (for uncountable alphabets) is
negative. Finally we will see how to prove the well-definedness

of ® for arbitrary alphabets and that it is a non-trivial set-—

theoretic tool.

4,11 Theorem

If £ is countably infinite then the answer to 4.10 is yes.

proof

This result can be proved using directed sets explicitly,

using a version of Konig's lemma independent of the Axiom of

Choice. We here however prove a version involving chains,

since this ties in better with what is to follow.

4.11.1 lemma

If Y is countable then we can substitute the chain condition
<X \1EN> a sequence in F s.te X, C X, =~ 2 U‘X EF

for directed closure in 4.10 and the effect of the new pair

of conditions is equivalent to that of the old pair.

proof
That the above condition is weaker than directed closure is

obvious since every ascending chain is:a directed set.

It is therefore sufficient to show that if D is a directed
set in a family F which is left-closed and ascending chain

closed then UDEF.

Suppose X is any finite subset of UD. Then it is easy to
ghow by technigues akin to some used in the proof of 4.6 that
there is some YED s.t. X< Y. Thus X €F (by left-closure),

so every finite subset of UD is in F.

As ¥ is countable we can enumerate the elements

of UD as gal,az,...,ai,...g (if UD is finite then UDEF
by the above, so the result is trivial).

But then if X, = Ea 3<~13 we have that {X '}15 an ascending
sequence in F (flnlte subsets of UD) and so !JX = LD € P.

i=1



It is thus sufficient to prove that if Fy and F, are two

left-closed and ascending chain closed families then so is
{XUY | X€F, & YEN Y . |

Suppose that these conditions hold of F, and F, and that
X UYy, XUy, ween, XU Yoy Lo '

is an ascending chain with limit Z, say and where Xie Fl' Yie:F

2-
If 2 is finite then the sequence XiL!Yi is ultimately
constant (and equal to Z). In that case the desired result,

namely the existence of some XEFl and YEF, g.t. XUY = %,

2
1's: trinsE al. We may therefore assume that Z is infinite

and is enumerated as {a;, ..., ay, .

Claim that for each j€N we can find an infinite sequence
of natural numbers <nu|iEEN> with the following properties:
a)] d<it > n-’i < nj,i'

b) <nhy)-is a subsequence of (nﬁz .

| '3

c) If Aj = 'i'akl k(j% then Vi.Aann__ = Ajﬂ :

; ” W i1
V.A;,NY =ANY¥ and Wi.A;Cc X UYX i

4 8y By J7 Vg By

(Note that this is very similar to the construction used

in the proof of 2.52.)

We can find such a sequence for j=1 since Al = @ so we can
put n; = i

Suppose that we have constructed such a sequence for j.

By construction (since n;, > n;; ) the sequence (Xn}JY_I i€ Ny
is ascending with limit Z. Thus a, € U vy ) ¥ so' there
is some k such that i>k = aj € (aniumfn_li)t‘ *

It is easy to see that either there is an infinite subset
of {i| i>k} such that A€ X NY . for each i, or there
is an infinite subset such that aje X, - Y for each i or
there is an infinite subset such thaﬂ“ajG‘Q ¢_ XnjL for

- Ny,p,4 to be the ith nsrs such
that s lies in the first of these infinite sets to exist

each 1i. We now define

(that is, if ajE xn;wynh set exists, choose it, etc.).

: In 3¢ . .
It is now easy to show that the new sequence n satisfies

341 ,4
all that is required of it.

Now choose m, = ng By conditions @) &(b) above we have

i3
that mi< mi for each i.

+1



Now let W = X rﬁA and V = me1Ai - The following
1
must hold of these W an V -

a) WiE Fl & Vie F2 (by left-closure)
b) WiL)Vi = Ai
c) Wig;Wi+l & Vig'vi+l (as every n1+l'j is a ni,j)

But since Fl and F2 are ascending chain closed they must

contain UW and UV respectively, ‘and

i=1 i=1

(E’J‘wi) U (,-g.vi) = g(wiu v,) = =Ua. =2 .

i=1 l
Hence Z lies in EX vy | XEFl & YEFZ‘g as desired.

4.12 Theorem

The ascending chain condition 4.2 is insufficient to
make @ well defined if X is uncountable.

proof

First observe that for an uncountable alphabet 4.2 is a
strictly weaker condition than directed closure.

An éxample to show this is the countable subsets of the
real numbers. This family is closed under 4.2 (and is
left closed) but is not directed closed since the family

itself is directed but does not contain its union.

Our aim will be to show there exists an uncountable

alphabet which is somehow isomorphic to the set of

proofs of membership of families which are left closed

and satisfy 4.2.

4.13.1 TE X, ) is any sequence of sets define
liminf(X;) = U n(X ))

=1 i=)

(Note the similarity between thig and 2.42.)

Claim that if (Xf' is any sequence of sets in a chain-
closed family (for the rest of this section we will use
the term chain closed to mean left closed and satisfyin94.2}

then liminf(x.} is also contained in the family.

Let Y, = ﬁ(x).

Clearly each Y -1s contained in the family (F say) by
left closure (1t is greater than Xi).

Also the Yi are an increasing sequence (being intersec-
tions of decreasing sets).

There fore liminf(xi)== GYi € F as desired.



4.12.2 lemma
If G is any family of sets which is closed under the
taking of liminfs thenthe family §{x|3veG.Y 22X} is
chain closed.
proof
Let F = {X|3Y €G.Y D X3.
That F is left closed is trivial since X€F = Y€ G.XCY
so Xfc X S>¥'cCcyY. Thus X'c F ac desired.
Suppose that (XB’ is any ascending chain contained
in F. Then for each Xiwe,can choose a YiE G such
that Xig;Yi. But then

j>1 3 X; SXE Yy

.an) = liminf(Yj) € G

Hence OXiEF as desired.

i=1
This result (in a way which will become clear shortly)
helps us to bound the number of elements we must include
in any chain closed family, given that we wish it to
contain an arbitrary collection of sets.

4.12.3 Define a finite path w-branching tree thTN as follows:

a) t is a directed tree with a single base node.

b) Every non-leaf node of t is unlabelled and has
edges labelled 1,2,3,... leading out of it to
subtrees tirtyseee.s €Ty which are all distinct.

c) Every leaf node of t is labelled by some n € N.

d) t contains no infinite path.

4.12.4 lemma

a) The relation tl< t2 if tl is a strict subtreé*of
t2 is a partial oxder en T,..

b) It is a well-founded partial order, and thus every
subset of Ty contains its minimal elements and induction
and recursion are both possible.

proof

a) If t;<t, and t,<t3 then trivially t;<t, . If
t12>t23>t32>... >ti?>... were an infinite descending

(* - all descendants of some non-base node of t2)



chain in TN then tl

(through the successive base nodes of the ti) contra-

would contain an infinite path

dicting its membership of Ty- Hence there are no such

chains in Ty SO in particular for no element of T, can

we have t> t for this would give rise to the desceﬂding
chain L2LE 2L 2 suies & This completes the proof that
Ty is partially ordered By < . '

b) Suppose S is any non-empty subset of Ty which does
not contain any elements which are minimal with respect
to it. Then for every element t of S there is some s €S
such that s<t. It is then easy to show (given AC) that
there is an infinite descending chain (starting from any
element) contradicting the above.

Hence every subset S of TN contains some element t such

that t€Ss = T(s<t).

It is then easy to prove the inductive principle:
(Yt eTy. (Vs <t.R(s)) 2 R(t)) 7 (Vt €T .R(t))
for any property R.

Also it is easy to show that if H is any function

H: § (k.9 1 te Ty & g:fs|s<td > A} - A (for any set Aa)
then there is a unique total function f£:Ty » A which
satisfies f£(t) = H(t,ffs| s<td) for all b e,

Define t €Ty to be a singleton if it has only a single
node (we will denote t by {(n) , where the single (leaf)
node is labelled "n").

We will sometimes denote infinite elements of TN by the
elements of TN at the ends of their lowest level edges,
thus (tiIiGiN> is the tree with t;, at the end of edge i
leading out of the base node.

Define functions f£:TxTy 2 P(N) and g : Ty XTy > P(N) as

N
follows:
If t & s are both singletons then f(s,t) = g(s,t) = d@.
If t is a singleton < and s is infinite then f£(t,s) = {n}
and g(t,s) = fm| m labels some leaf of s and n # m} .
If s is a singleton <(n) and t is infinite then g(t,s) =$n%

and f(t,s) = {m| m labels some leaf of t and n # m3 .



If both t & s are infinite then each contains a finite
or countable number of non-leaf nodes with infinitely
many leaves attached. (This is easy to prove using

the induction principle outlined on the last page.)

Suppose that these nodes of t are nl'né""'nk""

and that these nodes of s are ml,mz,...,mk,...

and that the leaf nodes of n; form the sequence<hi 5§(j>0)
r

and that the leaf nodes of m, form the sequence(mi'j) .
Define HO = L0 =@ , and define two cyclical functions:
Let p(r) = r (mod n) if there is a finite number n of nys
= r - (the greatest triangular number <r)
if there are infinitely many njs
Let g(r) = r (mod m) if there are m mss
= r - (the greatest triangular number <r)
if there are infinitely many mjs
Now let 1 = least element of %nwddljest - (H _,vL__;)
and h, = least element of §mw”[ j EN3 - (Hr_lkJLr_lufl£§)

and B, = Hr_luzh} R Lr_fJ{lé .(ry 1 in each case).

This is a well-defined recursion since each H_ and Lr is
finite, and the sets Eni j[jszg and fmi jljézN? are

r r
infinite for every i in the correct ranges as all the

leaves on the n; and m, are by assumption different.

Note that since by construction all the 1; are distinct
from all 1. (i # j) and from all h. the two sets

j
f1,1 ieN3 and fh; | 1€N} are disjoint.

Now set f(t,s)

§1ji jeN?

and g(t,s) fhjl jeny .

This completes the definition of f & g.

Note that in the last case, since the functions p & g
each take every node index as their value infinitely
many times, there are infinitely many ni,j in Elt,g5) for

each i and infinitely many m, j in g(t,s) for each i.
r

By construction also f(t,s)Nng(t,s) =@ for all t,SEETN.



f(t,s) ] n¢f(t,s)

f(t,s)| neg(t,s)}

For each n we have X;LJY; = TN><TN, since (t,s)E'TNVQTN
implies f(t,s) N g(t,s) = @ so either n € f(t,s) or n€g(t,s).

Il

Now define X;.
Y*
n

Il

Il

Now define X

Y
n

Thus'X VY = TNvLTNLJfO,l,2,...,n3 and so the X UY

X* v fo,1,...,n}
v*u fo,1,...,n3

Il

form an ascending chain with limit TNXTN UN (=X, say).

Define functions h,k:TN +ﬁ)(z) by recursion.
hi<my) = ¥ k(ah) = X
h((tilieN)) liminf (h(t;))
k(e | i€ N?) = liminf(k(t;))

By 4.12.4 this recursion is well-defined.

Consider now the families Fl and F2 defined:
C
F, = §x1 JeeT XS k()3
£x| JteT . XSh(t)}

F
These families are both chain closed by a similar argument

2

to 4.12.2 (a little care is required to show that we can
get away with our demand that all the first level subtrees
of any tree are distinct).

Claim that the limit (X ) of the above ascending chain

cannot be expressed as XUY, where X€F. and YEF,.

1 2
It is clearly sufficient to show that X cannot be exp-

ressed as k(t)u h(s) for any (t,s)eETN><TN.

If t & s are both singletons, labelled n & m respectively
then max(n,m)+l1€ k(t)u h(s).

Otherwise claim that (t,s) € k(t) Uh(s).
We will show here that (t,s) € k(t), the proof that
(t,s) ¢ h(s) being practically identical.

If t is a singleton labelled n then n€ f(t,s), and thus
(t,s)iixg " Hence (t,s) ¢ Xn = k({ny), as required.

If t is infinite and s is a singleton <n) then work by
induction on the structure of t.
Claim that every infinite t'< t satisfies (t,s) ¢ k(t').



Assume that all infinite t;in <ti| i€eNy<t satisfy this.
Either <t | i € N) has infinitely many of the t; infinite
or it does not.
In the first case, by induction, there are infinitely
many i such that (t,s) ¢k(ti) . | But then. (t;8) Qliminf(k(ti)) 5
Thus (t,s) ¢ k(<t, | i € N)) as desired.
In the second case there must be infinitely many leaf
nodes amongst the ti, only one of which (at moest) can
be labelled n. For each <m) s.t. m # n we have

mef(t,s) (as m(# n) labels a leaf node of t)

> (t,s) ¢k(<m)) .
Thus again (t,s) eék(ti) for infinitely many i, so that
(t,s) & liminf(k(t;)) = k(‘(til i EN)) as required.

Finally we have the case that both t and s are infinite.
Again we prove by induction on the infinite t'< t that
(Eam) e k(r").

Assume that all infinite t, in (til iE€EN) <t satisfy this.
If there are infinitely many infinite ti then (t,s) ¢ k(<(t£k)
by the same argument as above. If there are not then
infinitely many of the ti must be leaf nodes. Thus in

the definition of f(t,s) and g(t,s) the base node of

<ti| i € N) must be one of the n, . Hence infinitely

many of the labels of the ti are included in f(t,s). Thus,
as above, there are infinitely many t, s.t. (t,s) € k(ti)
and so (t,s) ¢ liminf(k(ti)) = k((til i€ N)) as required.
This completes the induction, and so the property holds

ok t dtself.

This completes the proof that if t & s are not both single-
tons then (t,s)€ his)u k(t).

Hence in any case (s,t) e TNXTN = k(t)u h(s) # £, which

is known to be the limit of an ascending chain in
fxuy|xeF, & YeF,} , and so this family is not

chain closed.

To complete the proof of 4.12 all we now have to do
is set N, = T XEF]} U kX aey, Xg}:g
N, = §(<»,X) | X€F,3 v faX)| aexr, xcx ]
and observe that both Nl and N2 satisfy 4.1 @)-lc) and 4.2
but 1\11®N2 does not.



It is possible to extend the notion of ascending chain
(and so also the ascending chain condition 4.2) to include

chains indexed by larger ordinals than the usual w.

If 5 is any ordinal define a np-chain to be a function
6:n » P(E) which satisfies fex 2 6({) € 6(n) .
We will often use the notation <cjlpern> for the 7n-chain

with p-component Cp »

Clearly the only n-chains to be of interest from the point
of view of taking unions are those indexed by limit ordinals

(as other ones contain their unions as last members).

We can now extend 4.2 either to insist that a family be
closed under the unions of arbitrary length chains or under

the unions of all chains of length smaller than some A.

The following is a technical result in classifying these
conditions.

4.13 Lemma

Suppose that ¥ is an infinite alphabet with cardinal IAl ,
where A is an initial ordinal. Then if C = {c/lkeny is

any chain over this X there is some subchain D = <deeﬁ>df

C such that 1¢2 is a regular initial ordinal and UC = UD.
The proof is not difficult but is omitted.

It is fairly easy to see how the methods of 4.12 could be
extended to show that no ascending chain condition which
expressed a bound on the length of chain could work for
general alphabets (in the sense of making the definition
of Q valid). 4.13 also shows that (using AC) for any
fixed alphabet there is maximum length of chain which need
be considered.

The next result shows that the arbitrary ascending chain

condition is in fact equivalent to directed set closure.

4.14 Lemma

Suppose that 2 is an alphabet of cardinality lAl, where

A is an infinite initial ordinal. Suppose further that

F is a family of subsets of 2 which is left-closed. Then
the following two conditions are equivalent.

(i) F is directed closed.

(ii) F is closed under the limits of n-chains for every

regular initial ordinal n <€A.



proof

That (i) = (ii) is obvious since every n-chain is a dir-
ected set in its own right. In proving the converse note
that by 4.13 the second condition is equivalent to closure
under the unions of arbitrary length chains.

Suppose then that (ii) holds of F and that DcF is a dir-
ected set. Claim that for each D'c D (D' not necessarily

directed) we have UD'e€ F.

Prove this by transfinite induction on |D'| (actually T.I.
on the initial ordinal equinumerous with D', so we are
using AC here).

If D' is finite then there must be some element of D which
contains D' since D is directed. Thus UD'€ F by left-
closure.

Suppose then that D' is infinite and that the result holds
of all sets with smaller ‘cardinality. Enumerate D' by its
initial ordinal (so that D' = {X/|«e63). For each a€#6 set
D) = {Xlk€al . By construction each D; has strictly smaller
cardinal than D' and so UD} € F by assumption.

The UD! are an ascending 6-chain (as the D, are an ascen-

ding sequence of sets) so by 4.13 {kg Upl) =Un‘erF.

Hence by induction UD'e€ F for every D'c D, and in partic-
ular UDe€F as desired, completing the proof of 4.14.

e

The methods used in proving can be extended to show, using
the above, that 4.10 holds for certain uncountable alpha-
bets. These methods become quite involved, and seem to
break down at the cardinal h%)(which may or may not be less
than the cardinal of the real numbers, dependant on the
continuum hypothesis).

In order to complete the proof of the truth of 4.10 for
general alphabets we appeal to the compactness theorem of
propositional calculus. We will in fact see that not only
is this implied by propositional compactness but that also
compactness is directly provable from 4.10 without recourse
to any other powerful set-theoretic tools such as Zorn's

lemma (the normal result used to prove compactness).



4.15 Theorem

The truth of 4.10 is both implied by and implies the
compactness theorem for propositional calculi with arb-
itrarily large collections of propositional variables.

proof

Recall the compactness theorem:

If L is a propositional language which consists of the
finite formulae formed from a set of propositional variables
and the standard connectives then any subset of L which
finitely consistent is consistent. A set Kc L is consistent
if there is some truth assignment which satisfies every
element of K and is finitely consistent if each finite K'c K

is consistent.

We show first that the truth of 4.10 is implied by the
above. Suppose that 3 is any alphabet and that Fy and F,
are two families of subsets of ¥ which satisfy the cond-
itions of 4.10. Let L be the language which contains dis-
tinct propositional variables p, and gy for each a€Z and

the finite combinations of these by "4","v"&"A".

Suppose that D is a directed subset of §XUY| XE€F, & Y €F23 :
Define sets of formulae Kl' 5 & K3 as follows:
K, = tpPyVv g, laetD} i
K, = {1(pa A BgA--- ARy) | o, ﬁ:---,rﬁ £ 7.3
Ky = f"](qﬂ,/\c_qrB eoo Adp) | ‘{a, ﬁ,...,q} GEF }
Claim that K = KlL!K2LJK3 is finitely consistent.
Suppose that K'€ K is finite. Then K'Nn Kl is finite and
so is U =% a |p,vVga,€K'}. For each a€e U there is some

Xe€e D such thata€ X and so, as D is directed, there is some
X€eD such that U€X. This X can be written YU Z for some

YeSFl and Z efé (by assumption). Define a truth assignment
s as follows: s (pa) = true if a€ey
s(pa) = false otherwise
s (gq) = true if a€Z
s(ga) = false otherwise .
By construction s(¢) = true for each ¢€K'Nn K-
If 9eK, then ¢ can be written 1££kpd) for some finite Wé¢F,.
Certainly W¢'Y (as YEEFl) so that W-Y # d@. Hence s(¢) = true.
Similarly ¢e€ K3 = s(¢) = true.
Thus s(¢) = true for each ¢6K'f1K1 or K'FIK2 or K'F\K3

and so the whole of K' is satisfied by s.



This completes the proof that K is finitely consistent.

By the assumption of the compactness theorem, therefore,
there is some truth assignment s* which simultaneously
satisfies the whole of K. Define Y = $acUD| s*(p,)3 and
Z==§anD‘ls*(qa)3.
Clearly UD = YUZ as a€UD 3 s*(p, VQg,) = true
= 8% (pg) = true v s*(qq) = true
> ae¥ V a€Z
Also Ye F., as the set EY'[ Y'ce Y e X' finite}is directed

1
with limit Y and is contained in Fl as
(Y'c€Y)& Y' finite = s*(¢) = true, where ¢= /A\p,
= s*(¢) = false, where ¢= 1(J}p“)
= ¢eEK2
2 Y'e Fy

Similarly Z€F which completes the proof of our result.

2
Secondly we show that the truth of 4.10 can be used to
prove the compactness theorem. Suppose that L is a prop-
ositional language of finite formulae with variables V.
Suppose further that K€ L is finitely consistent. Define
two families Fl and F2 as follows:

Fy ¢X¢tL | XUK is finitely consistent]3

¥, fXcL | X is finitely frustratable]
where Xc L is finitely frustratable (f.f.) if for every

Il

finite X'c X there is a truth assignment which maps each
¢e X' to false.

Each of these families satisfies the conditions of 4.10:
left-closure is trivial and directed set closure follows
from the fact that every finite subset of the union of a

directed set is contained in some element of the set.

Claim that the whole of L can be expressed as YUZ for
some Y€?Fl and ZGEFZ. By the assumption of the truth of
4.10 it will be sufficient to show that each finite subset
of L can be so expressed (as these finite sets are a dir-

ected set with union L).

Claim that each finite subset of L. is a subset of some set of

the form YUZ, such that YEF,, Z€F, and zZciolhveys.



Proof is by induction on the size of the subset.
The result is trivial for the empty set @.
Suppose that it holds of all smaller sets than X = X*yfe3

{ W& X¥%). By assumption there are Y*¢ F, and Z*€ F

which satisfy our requirements for X*. ; 3
Either KU Y*ufy] is finitely consistent or K uY*uf¢} is.
This is because if not there would be finite subsets U & V
of KUY* such that UUf¢3 and Vufi¢i are both inconsistent.
But then it is easy to see that UuV would be an incons+-
istent finite subset of KU Y*, something which by assump-

tion does not exist.

In the first case'let.Y = Y*uf¢3 and z2 = Z*, in the second
case let Y = Y*yf3 and 2z = Z*uf¢3 . It is easy to see
that in either case Y and Z satisfy all that is required

of them for X.

Hence the result holds for all finite Xc L. Thus as

stated there must be some YEIFl and ZeEFZ such that YV Z = L.

For each ¢€ L either ¢eY or1¢e¥Y, This is because the set
§0 193 is not f.f. and so is not contained in Z.

Hence in particular this is true of the atomic propos-
itional variables. Define a truth assignment s* by

s*(q) = true if g €Y and s*(q) = false if 4q € Y (there

can be no ambiguity as {g,wg3 is not consistent).

Claim that every statement in K is satisfied by s*. This
is true as for each ¢eK the set §¢, 8q | g occurs in ¢3 is

consistent, where g = q if g€ Y, 8g = =g otherwise.

Thus K is consistent as desired, completing the proof of
4.15.

This result means that our result is equivalent to several
other results such as the so-called "ultrafilter lemma"

(which can itself be easily proved from the truth of 4.10).

The consistency of this model under the ® operator (and
hence under the ( XI‘Y ) operator) has the implication
that the parallel operator does not introduce any new non-

determinism into a system in the following sense:

4.316 Corollagz
I1f (P il Q) -5, R, where R Z , then there exist P* & Q*

such that p -5, P* and Q -5 Q* and zN (XUY) = (XNP°)U (¥N°).
(g e, 5% 5,



The continuity of ® follows immediately from its well-

definedness in the following manner.

4.17 Theorem

The & operator is continuous.

proof

The continuity of ® in both arguments follows from its
continuity in its two arguments seperately, and that in
one argument follows from that in the other by commutat-
ivity. It will thus suffice to show that if D is a

directed set of processes then for each N M we have

(UD)®N = LI(Q®N).
6eD

That (UD)® N ng_eléqgm) follows easily from monotonicity,

so it is sufficient to show that (s,X)€ [](Q®N) >

(s,X) € (LUD)®N. -

Suppose that (s,X)€ U(QQN) By left-closure

(s,X*)€e L_[(Q@N) for each finite X*C X. For each Q€D
therefore there is a non-empty set 06(Q) = fYE Q(s) IHZ E N (s8).
ZUY = X*3, Of necessity 6(Q) is finite as it is a subset

of the finite set P(X*), and we also have Q'aQ > e(Q')c o(Q).
As a downwards-directed set of finite non-empty sets the

©(Q) have a non-empty intersection.

There is therefore some Y€ nQ(S) such that 3Z€ N(s).YUZ = X*.
But ﬂQ(s) = (LID) (8) , which tells us that X*& (LID)@N(s).

Since (LID)® N(s) contains each finite subset of X, and as
(LID)®N 1 a well-defined process by 4.15 we have the
desired result that X€ (L /D)® N(s).



Appendix to Chapter 4 :- Definitions of Operators

Suppose that A, B, A (xeT) are all elements of M, the space

of non-deterministic processes, an*, X, Y22, and T ig &

set of unnamed elements of X .

(1)
(id)
(iid)
(iv)
(v)
(vi)
(vii)
(viii)

(ix)

(x)

(x1)

(xii)

(xiii)

fow,X) | weE* & X2}
f(o,X) | xeZ3

CHAOS

Il

abort
skip = f(enX),(¢/5,0) | Xe5 & YCET
a= A= {(X)] a¢xjuf(<ayw,X) | (w,X)€ A}
x:T » A = f{(o,X) ]| XnT = gIvt(<xow,X) | (w,X)€ A, & x€T}
a.x:T » A ={(<X) | Xna.T = g}uf(<a.x>w,X) | xeT & (w,X) A}
a.T = f(a.w,Xva.¥)| (w,¥Y)€ A & Xna.5 = g}
Aor B =AUB
AllB = §{(,xnY) | (¢,X)€ A & (<»,Y) € B3

v Ew,X)| wAO & ((w,X) €AV (w,X)€B))3

A;B = f(w,X)we(Z)* & (w,xuf}) €A}’
1J§(wv,x)|w€(2')* & w<hHedom(n) & (v,X)E€E B}

A/X = §(w/X,Y) | (w,XuY)€ A3
Uf(wv,Y) | YsE &fscdom(A)] s/X = w} is infinite3

(AXHYB) = £,(2) ® fY(B)® RUNy
c®D = §(w,2uv)| (w,2)eC & (w,V)€ D3;
£,(C) = f(w, VI (wlz,v)ec & vez23

and RUN, = f(w,V) | wez* & vnz = @3

, where

b o B 7 HETT rkiis a partition of some non-empty indexing
set A, and if Al""Ak are functions Ai:MA><ri + M

then the recursively defined process

By, where (€5, + B¢ A,

1 § i

§6r2=> B§<=A2

§€rk=> Bg& A
M e A A A

has the wvalue %ggG (CHAOS )h , where G:M"'=» M 'is the

function defined G(g% = Ai(g,§) (i chosen so that ger&).



Chapter 5 :- Recursion Induction and Buffers

In this chapter we will see how many of the ideas intro-
duced in chapter 2 extend naturally to the non-determin-
istic model M. We will then make a fairly extensive
analysis of one particular predicate, namely "is a buffer",

and its relationship with the pipe operator "3 ".

The first requirement for this extension is a class of
restriction operators §{In| neN3}. It would be possible
to make AMn deterministically "die" after n steps (as
was done in 2.6). It is however more in the spirit of
our partial order on M to have Aln dissolve into CHAOS
after n steps. With this behaviour Aln will in some
sense be the minimal process which models A up to stage
n whereas in the definition suggested first Aln would
be one of many maximal such processes. We will thus

normally interpret fn as it is defined below.

5.1 Aln

Below is a summary of a few simple results about these

operators.

5.2 Lemma

a) Afo = CHAOS for all AeM.
b) (Afn)tm = AT min(m,n)

c) AEn C ATn+ltEA

a) le(Afn) =2

e) Vw,x).In.Va. (w,X)e A & (w,X)ealn

We extend the definition of n to vectors of processes in
A

M  as follows:

5.3 (éfn)l= (Ay)M n

The definitions of constructive and non-destructive

functions and of continuous predicates are exactly the

same as before.

5.4 a) A function F:M'+ M is said to be constructive
if it satisfies Vn.VAa €M, F(a) n+l = F(aln)Mn+l

b) A function F:Mk* MP is said to be non-destructive
N
if it satisfies VYn.VA€M. F(a)'n = F(aln)n .

5.5 A predicate on MA is said to be continuous if it
satisfies VaeM. (¥n.JB.R(B) & (aln = BMn)) 3 r(a)

fw,X) | (w,X) en & |w|<n}U{(wv,x)|wedom(A) & lwl = n}



5.6 Lemma (analogue of 2.11)

a) If F:M > M" and G:M 3 M are non-destructive then so

is GoOF.

b) If a function is constructive then it is non-destructive.
c) If one of F:M3 M and G:M » M is constructive and

the other is non-destructive then GoF is constructive.

d), 1f F:M + M is constructive then it has a unique fixpoint.

proof
The proof is identical to that of 2.11 since it only depends

on the properties of I'n; namely 2.8 (= 5.2), which hold
in both models. The analysis required to show that an
arbitrary monotonic function has a fixed point is more
complicated on the complete partial order M” than on

S
the complete lattice P .

5.7 Theorem
If F:M » M° is a constructive function and if R is a
continuous satisfiable predicate then the translation of

rule 2.1 into the non-deterministic model is wvalid.

(i.e (VB. R(B) ® R(F(B))) > R(fix(F)) )

Again the procf of this is identical to that of 2.14.

It is possible to develop in this model a similar
calculus to that used in the deterministic model for
proving functions constructive and predicates cont-
inuous and satisfiable.
5.8 Theorem
The following predicates are all continuous:
R(Z) = (1) M= B
(ii) 2y= A,
(iii) A& B
(iv) A= B
(v) B33 B¢
(vi) Aj# B if there is an upper bound on flwi[(w,;ﬂ)eB}
(vii) A, is deadlock-free (in this model this is
equivalent to we(Z-§{)* 35 T¢Ar(w) )
(viii) (w,X)€EA; = p(w,X) if p is any predicate
on I* xQ(X)



(ix) wedom(A) = p_ ((Ay after ) 1% p, are
predicates on $(x)
(x) wE€E dom(a,) %»pw(Al(w)) if p, are predicates
on P(P(x))
(xi) R;(F(B)) if dg:N 9 N s.t.
VB.¥Yn.F(B)In = F(Bfg(n))'n

r ) r
(F:MA% M monotonic and R, a predicate on M )

1 | phs
(xii) F(&)EE B for any continuous F:Mﬁé M
(xiii) QRP(g) for any setr

(xiv) R, (R) VR, (B)

where B is any constant process R R, and Ry are all

: e
continuous and A€A .
The proofs of these results are similar to the proofs
of 2.18, for example:
If n = |wl+l then clearly Aln = Bln
implies (w,X) € B)- Bg so *KBAE B{).

5.9 Theorem
. ¥
a) Each of the combinators "a = A",ll,u v 3 & O;"a.hA”

defines a non-destructive function of its variable(s).

b) If a function F:Mr'xM*-b MJL is constructive (non-dest-
ructive) in its first variable*then G:ﬁﬂa Mh defined

G(a) = fix(AB.F(A,B)) is constructive (non-destructive).

c) Suppose that the function F:MAé MA is such that each
component of F(A) is a syntactic expression involving
only process variables, expressions independent of all
process variables, the combinators a » B, a?x:T = B(X),
?x:T » B(x), B;C, BIC, a.B and (Bl ,C), and iterated
recursions which bind all instances of process wvariables
which are not Aﬁs. Then provided that every free rec-
ursive call of an A, is guarded directly or indirectly
the function F is constructive.

proof

These are all similar to the correponding results in
the deterministic model (namely 2.15, 2.36 & 2.37), the
only difference being in the analysis of the individual
combinators. The only one to present a slight diff-

iculty is ";" because of the way it "hides" the "J/".

(% and v‘Lo'Vr:lﬂ—S{'I‘uEfa“’L w s sewnd Uariajca[@_)



Recall the definition of sequential composition:

2B = §$(w,X) | whA=w & (w,X §3) € A3
{(wv,}{){ w/§f§= w & wesedom(A) & (v,X) € Bg

We would like to show that (Afn;B'n)fn = (A;B)/n.

It is clearly sufficient to show that
a) (atn;BMn) 0 §w,X)| Iwi<n3 = a;Bn §(w,X) | wi¢n}
b) dom(ATn;BFn)ﬁfw | fwl= n'i = dom(A;B) N %w | 1wl= n?

In each case the containment of the R.H.S. within the

L.H.S. follows from monotonicity.

(w,X) € (Afn;Bn) N §(w,X) [IwW< n3
> either (w,X) € f{w,X) | w/i3=w & (w,X ¥9) €atn}
> (w,X) € E(w,x) | w/Aii=w & (w,X §3) €A3 as wi< n
> (w,X) € A;B
or (w,X)

(uv,X) for some u,v s.t. u/j= u
w/ye dompfn) & (v,X) € BIn

now |vl[<Kn so (v,X)€B

and |u¢/bl¢n so u&>€ dom(A)

thus (uv,X) €eA;B .

we dom(Aln;BMn) N fw vl =n";
2> either w € {we dom(Afln) | w//l= wg
 w € {wedom(a) | wA/{= w} as |wl=n
or w € {uv\ uw/{/i= u & udry€dom(Arn) & ve dom (B)3
now either juw¢n & |vli¢n, in which case
uv € dom(A;B) as required,
or |lubl= n+l and v =0 in which case w = u

and wE(first clause of A;B}.

The proofs of the non-destructive nature of the other

operators require similar tedious analysis.

Other parts of the deterministic theory to be wvalid in
this model are the extensions for partial predicates and
constructiveness relative to partial orders (and also the
simple 2.21). In each case it will be seen that the
proofs depend only on properties shared by the two models
and the classes of functions and operators defined on
them. These results are not stated as formal theorems
in this model but will be used wherever necessary. It is

noteworthy that all the examples of program-proving in



chapter 2 are e@ually valid over the non-deterministic
model M. With the exception of the buffers example,
where the predicate needs translation to make sense in M,
all the proofs can equally well be read as proofs in the
non-deterministic model. This is because the various
combinators have much the same properties (commutativity,
distributivity, etc.) in both models (with a few excep-
tions which are not used in any of these proofs).

The analysis needed to justify the constructiveness of
the master/slave operator in 2.39 over M will be found

in the next chapter.

The only part of the theory in chapter 2 which does not
seem to transfer effectively to M is the work on unique
fixed points and strongly continuous predicates. The
main reason for this is that M has no "top" element. It -
is still possiblé to define a strongly continuous pred-
icate and show that such predicates are continuous w.r.t.

every normal restriction operator class. This is useful,

since it saves work when we wish to use different operators.

5.10 Define a sequence of processes to be convergent

if it satisfies limsup(Ai) = 1iminf(Ai) where these
operators act setwise on M , and if -this limit is in M.
liminf(a,) = U(ﬂ_A.), limsup(a.) = N(UA;)
1 j=1i=j 1 1 i=1 iz 1
(Observe that in general liminf(Ai) and limsup(Ai)

are not necessarily elements of M.)

Define a predicate on M to be strongly continuous if it

satisfies "(Ail i EN) convergent with limit A and Vi.R(Ai)
implies R(A)".
5.11 Define a class §{n| ne N} of restriction operators
on M to be normal if they satisfy:

a) Va. VB. Ato = Blo

b) Ya. Vn.Ym. (Afn)Im = Almin (m,n)

c) Vw,x).3n.Va. (w,X) €A & wealn
(This is just a translation of 2.49. Observe that we have
already shown that the canonical class of restriction

operators is normal (5.2).)




5.12 Theorem

If a predicate R is strongly continuous thenit is cont-
inuous with respect to every normal class of restriction -
operators.

The proof of this is the same as that of 2.50.

5.13 Theorem

The following predicates are all strongly continuous.

R(a) = (i) A =B
(ii) A2 B
(iii) A= B

(iv) (w,X) €A > p(w,X) where p is any predicate
on *xP(z)
(v) “A is free of deadlock”
(vi) F(A)E B if F is continuous
(vii) {}R},(A)
(viii) Ry (A) VR, (A)
where B is any constant process and Rl, R2 and RF are

all strongly continuous.

Note that freedom from deadlock is strongly continuous

in this model, whereas it is not in the deterministic
model. The reason for this is thal absenceof deadlock is
represented in M by “s¢a(w) for any we dom(A) s.t. w has
not already terminated successfully. Thus, for any such
w, if none of a sequence (AiIiEN>deadlocks after w then
Vi.(w, X)¢n;. Therefore (w,2) ¢ limsup(a;) so 1lim(a,)
cannot deadlock after w either.

One consequence of this is that the function F(A) = a.A
cannot be constructive relative to any normal class of
restriction operators (see 2.41). (a.A can be made const-
ructive in P, by defining Aln = A Nz*, where x contains

all those elements of ¥ with less than n "components".)

Henceforth "IM'n" will always be the canonical operator

(5.1, 5.3) unless specifically stated otherwise.



We will now prove the two extensions (stated in 2.33 and
2.34 for P) whose proofs were delayed until this chapter.

5.14 Theorem
If A e P(M) define AMn = {Bfn| Beal.
Define a function F: P(M™) 2 O M) to be constructive if
it satisfies VA.Vn. F(A) n+l = F(aln)Mn+1 .
Suppose the predicate R on M" is satisfiable and cont-
inuous, then we have
(VA'. (VB. (BeA' ¥ R(B)))) ¥ (VB.(BeF(A') 3 R(B)))) & (ACF(A))
implies (YB.BEZA % R(B)) .

proof

If A is empty then the result is trivial, so we may assume
that it is not. Clearly for all non-empty sets A' we
have A'To = {CHAOSAE so in particular Aofo = Alo, where
AO is the set of processes which satisfy R (non-empty by
satisfiability).

Suppose that (VB.B€ A $ R(B)) does not hold. Then there
must be some né€ N which is maximal with respect to

E}An.Anrn = Aln & (VB.BEA 3 R(B)) (by continuity of R).

Then F(A)In+l = F(Aln)'n+l = F(An[‘n)l‘ n+l = F(A ) n+l

by constructiveness of F.

Let C = F(An). By our assumptions we must have

(VB.BE€C % R(B)).

Also ACF(A), so Aln+tl ¢ F(A)Fn+l = Ccln+l.

Thus ¥B€ A. 3B/ € C.Bfn+l = B!Mn+l.

Let A .= {gé\ BeA3d . By definition A_,.Mn+l = aln+1
and (YB.BEA_ , ;> R(B)) since A ;,C C. This contradicts
our choice of n, so (VB.B€A 3 R(B)) does hold as claimed.

5.15 Theorem
Suppose that Rl"""Rn are predicates which are all
continuous and satisfiable (but possibly not simult-
aneously satisfiable). Suppose further that F:M » M
is a function which, for each ie€ {l,2,...n3 can be
written in the form F;oD, for some F: (M*)"» M'which is
constructive and where D(A) = (A,A,...,3) for éEEMA.
Then if for each i we can prove for all &r"’ane M
Rl(él) & cove & Rn(an) = Ri(FE(al,...,an))

we can infer Vi.Ri(fix(F)) 1



proof

This is just an application of 5.7. Define G: (M )™ (MH"
= * *

by G(&y,..-2)) (Fl(gl,...,%),...,Fn(gx__%,...,an)) ‘

Define the compound predicate R* on (M) by

R*(Ays++-B ) = R (B)) & Ry(B,)&...& R (A)) .

G is constructive since each of the Fg is.

R* is continuous since each of the R* is.

R* is satisfiable, by (ai"°"5;) where éi satisfies Ri'

ae (M) > (R*(A) > R*(G(a)) by the assumptions in the
statement of the theorem.
We can therefore infer R* (fix(G)) by 5.7.

Claim that Fix(B) = {£fix(F) fIx(P) ;... : Tix(P)) (= C, say).

I

G has a unique fixed point by 5.6 (d), but G(C)
since F¥(C) = F¥(D(fix(F)) = F(fix(F)) = fix(F).

Thus ¢ = fix(G) as claimed, and so we can infer R*(C),

C

-

which is the result we desired.

As was said in chapter 2 this result will allow us to
prove several results of fix(F) by mutual induction,
even though we may not know them to be consfistent. The
proof used must only assume one of the said properties
of each recursive call in the proof of each hypothesis.
It is however permissible to assume different properties
of different calls of the same process, and to assume
different properties of the same call provided that

these assumptions are in the proofs of different hypotheses.

An example of the use of this rule will be found in 6. ,

and an example of rule 5.14 in 5.27.

We will now turn our attention to the detailed examination
of a specific predicate, namely "is a buffer". This, in
addition to being a useful exercise in demonstrating

the use of our techniques, is also a useful predicate to
have kn@wkdge of. This is because we wish to prove
either this property or a very similar one of such proc-

esses as operating systems, communication channels, etc.

By the predicate Buff = "is a buffer" we would like not
only to be able to prove partial correctness, but also

total correctness as was done in 2.20.



We therefore take as our definition of a buffer the
following reworking of the predicate used in 2.20.
5.16 Buff(B) =
(i) we€dom(B) >we(?2TU!lT)* & ins(w) = outs(w)
& (ii) (we dom(B) & ins(w)=outs(w)) D B(w) = §X | X n2T = ¢}
& (iii) (we€dom(B) & ins(w)>outs(w)) = 'T ¢ B(w)

The motivation for these conditions (i) ,(ii) & (iii) is
the same as that in 2.20.

In almost exactly the same fashion as 2.20 we could prove
that the above three conditions are simultaneously satis-
fied by the canonical one-place buffer B & ?x:T » (!x = B).
That Buff is continuous follows immediately from 5.8. It
is in fact strongly continuous, since (ii) and (iii) above
are easily rewritten in the form 5.13 (iv).

As we will see shortly, the theory of buffers links closely
with the theory of the pipe operator "% ". This can be
modelled more reasonably in this model since the non-det=-
erminism of the hiding can now be expressed. Its formal

definition is as follows:

5.17 (a%»B) = (strip! (A) strip?(B)) /T

ruzrlTotT
where stripa(a) = {(stripa(w),stripa(X - T)uvyY) |
(W,X) EA & Yca.Tl.

The definition of strip on strings is the same as in
chapter 2 and that on sets the natural extension of that

on X

Because of the hiding used in its definition, we will
assume that the set T of basic values for communication
is finite whenever "% " is used. It is also necessary
to assume that ?T = §{?.x) xeT} and !T ={!.x | x €T} are

both disjoint from T.

This definition is in some sense only reasonable if the
processes A and B only communicate in the alphabet !T U?2T,
for otherwise the "strip" operator identifies ewents

which should not be identified. We will therefore ensure
that all processes which we expect to to act sensibly when
combined by "3 " satisfy this.



We will now spend a little time developing a calculus

for "y " before we start to apply it to buffers.

5.18 Lemma
"»" is a well-defined continuous operator in MXM 3+ M
providing that T is finite. Furthermore we have the
following criterion for membership of (A> B):
(w,W) € (A» B) if and only if
either there is some w'<w such that
ft | (tM(Tu?T)e strip!(dom(A))) & (tF(!Tu?T) = w) &
(tF(TU!T) € strip?(dom(B)))3 is infinite
or there are some (u,U)€ A and (v,V)€ B such that
(WN(ITU2T)) VU T = gtrip!l(U - T) usgtrip?(V - T) and
tl (Tu?T) = strip!(u) & t[(TV!T) = strip?(v) &
tl(?TUIT) = w .

(In this last case say that ((u,U),(v,V)) is a derivation
for (w,W) in (AY»B) or that ((u,U),(v,V)) & (w,W) in (A» B).)

proof

The first part of this follows from the same result
of the various operators from which "» " is defined.
These results are already known except for the "strip"
operator, which is easy to verify.

The second part comes. straight from the definition of
the operator, using the following result on the parallel
operator.
(w,W) € (A, !lyB) & 3(u,U) € A.F(V,V)EB s.t.
wih(XUY) =w & wiX=u & wlY =vg
WNn(xuY) =(Unx)ulvny)

If the either clause in the above definition is satisfied
by some (w,W) € (AY?B) then we say that (AY»B) contains
infinite internal chatter.

5.19 Theorem
If dom(A or B or C) € (:Tu?T)* and both (A% B) and
(B»C) are free of infinite internal chatter then the
associative law holds, viz

((a%>B)»™C) = (A» (B>C(C))



proof
We use the follbwing lemma, which will be proved in an

appendix to this chapter (5.35).

If A is free of infinite X-chatter and XNZ = ¢ then
(A/XYHZB) = (AXUYHZB)/X .

"5 " works by identifying the outputs of its first
variable with the inputs of its second and hiding the
resulting internal communication. It is possible to
change the method of identification without changing

the result. Instead of transforming the joint commun-
ications to T we can transform them to a.T for "a" any
suitable label. Define a replacement operator repab (for
replacing label "a" by label "b") as follows for any a,b
such that a#b and a.TNMb.T=9.

For c€X repab(c) = b.x if c=a.x for any x€T
= C otherwise
For wes* and XeP (1) repab (w) and repab (X) are the

natural elementwise extensions of the above.

For AEM repab (&) =
f(repab(w) ,repab(X - b.T) U Y) | (w,X)€E A & Ygai?

With this definition it is quite easy to show that
provided "a" is chosen so that a.T is disjoint from
both ?T and T and A,B satisfy dom(A or B) C (T u?T)*

then (A% B) = (rep'a(a) rep?a(B))/a.T -

a.Tu?THa.TuET
Thus under the conditions of the theorem, if "a" and "b"

are chosen so that T, ?T, a.T and b.T are all disjoint
(if they do not exist then enlarge X ) then ((A%wB)?” C) =
freplb((rep!a(A)XHYrep?a(B))/a.T)ZHWrep?b(C))/b.T

where X = 2Tva.T,; ¥ = !Tua.T, Z = 2Tub.T; W = !Tub.T
((rep!a(A)Xuvrep!b(rep?a(B)))/a.TZHWrep?b(C))/b.T

where V = a.Tub.T (by various properties of "rep")
((rep!a(A)Xuvreplb(rep(?a(B))) Il,,rep?b(C)) /(a.Tub.T)

Zva.T'"'W
(by 4.7 and the lemma at the head of the page)

A symmetric expression can be derived for (A » (BW» C))

using "a" again for the first channel and "b" for the
second. These two are then equal by the associative

law of || and the commutativity of rep'b and rep?a .



The next result gives us a useful technique for proving
that processes of the form (A» B) are free of infinite
chatter (a desirable result in its own right as well asin

its use in proving associativity).

5.20 Theorem
Each of the two predicates:

P,(a) = "dw<w<w,<.... € dom(R) s.t. Vi, 2T = wl 2T
(A cannot output for ever without inputting)

P,(a) = 1Tw<w<w<.... € dom(A) s.t. Vi .wif v = w7
(A cannot input for ever without outputting)
satisfies (i€{1,23)  (for dom(A or B) C (2T U 'T)* )

Pi(A) & Pi(B) > (Pi(A5>B) & (A% B) is free of infinite

internal chatter) .

proof

We will prove the result for i=1, the proof for i=2 being
very similar.

Suppose That Pl holds of both A & B. We will prove first
that (A B) is free of infinite chatter.

If not there is some minimal w€ dom(AY B) such that
$t [ (M (Tu?T) € strip!(dom(a))) & (th('TuT) € strip? (dom(B)))
& (tl(iTuT) = W)} is infinite.

It is easy to show (for the same reasons as 4.6) that the
number of minimal elements of this set is finite. Konig's
lemma then gives us that it contains an infinite ascending
chain t,<t,<t,<.... (because T is finite).

There must therefore be an infinite sequence (uil i€ Ny

in dom(2) such that strip!(ui) = tiF(T 2T) .

Since dom(A) C (!Tu?T)* the uy must be an ascending sequence
and uiF?T = (strip!(ui))F?T = tiY?T = wl ?T. Hence the

u, contradict Pl(A). (A B) is thus free of infinite

i
internal chatter as claimed.

In proving that P, holds of (A B) we may thus assume that
all elements of it arise from the "or" clause in 5.18.

Suppose that w,<w,<w,<.... is an infinite sequence in
dom (A% B) with wir?T constant.



For each w, there must be some(uijj) € A and{vi,Vﬂ € B
such that ((ui J9) . (Vi V) & (wi,Q) in (A» B).

These must satisfy the relations:
u,fer = wif?T = wl 2T (all the same)

strip!(uiF!T)

Il

strip? (Vir ?T) (= Sy say)
v,liT = wif T >v, [!T (all different) .

It is easy to see from this that either there are infinitely
many s, or there is some i such that £5 ‘Si = sjgis infinite.
The first case contradicts Pl(A) for then the tree of

uc dom(a) s.t. ul?2T = u/l 2T is infinite.

Claim this would contradict Pl(A) for any u'e?T* (corresp-
onding to u,l ?T in the above). If{ul= 0 then u' =¢ so

the tree has one minimal element, and is finite branching

as T is finite, and so has an infinite path which contra-
dicts P; (n) .

Assume true of all shorter u". If the tree has infinitely

many minimal elements for u' (=u'@ , say) then each of
these is of the form ulax Thus the tree for u" is infin-
ite, contradicting Pl(AJ by induction. If the tree has

finitely many minimal elements then by the same argument

as above it contains an infinite path which contradicts
Pl(A). This completes the induction, and so in particular
the infinitude of fu€ dom(a) | ul?T = u,l 2T} contradicts
Pl(A) as claimed.

The same argument shows that the second case above cont-
radicts P, (B), for then Jv € dom(B).filvl2T = vl 273 is
infinite.

Hence there can be no such sequence w,<w,<w;<....
Pl(A$7B) holds as claimed.

, IS0

Note that under the conditions of the theorem we in
addition have dom(A»B) C (!T U?T)*, this result being a

consequence of the lack of infinite chatter and 5.18.

The two predicates P1 and P2 are both discontinuous,

since at no finite time can their negations be decided.
There are however a large class of continuous and strongly
continuous predicates which imply one orocther of them.

For example Buff P, {by line (i) of 5.16).



5.21 Corollary .

If for i€ 1,23} each of Ays Ayy oees A satisfies P, then

k

we may bracket A,% AZ? cee PR however we please and
get the same answer. Furthermore the result is free of

infinite internal chatter and satisfies Pi.

The proof of this is an easy induction on k using 5.19
and 5.20.

Note that if A & B both satisfy Pi then most of the
normal combinators applied to A (& B) produce a process
which satisfies P, for example “a » A' (ac (?TU'T) ),
“?>x:T » A, 'ADB. We will therefore be quite informal in
the use of 5.20 & 5.21 in proofs, not always justifying
their application to a particular set of processes if
they are known to be justified for similar ones. For
example if A,B,C are buffers then

((A¥> (b = B))»C) = (A% ((b—= B)» C)) .
(Phe inclusion of such details would clutter up the proofs,
so they are omitted on the basis that we could insert them

if challenged.)

The following lemma (which will be used freely and inform-
ally in proofs) allows us to do basic "handle turning" in

proofs involving "> ".

5.22 Lemma
a) ((‘y » &) (?x:T » B(x)))= (A»B(y)) (yeT)
b) ((2x:T » A(x))» B) = ?2x:T » (A(x)» B) if B®c 2T
c) (A» (y » B)) = 'y » (a»B) if 2°¢c!T & yeT
d) ((?x:T » A(x))» ('y » B)) = 2x:T &> (A(x)» ('y = B))
Oy » ((?2x%:T > A(x))>» B)

e) ((?x:T = A(X))®»C» (ly » B)) =

(?2x:T > (A(X)N» CH»(y » B)))[ (ly » ((?x:T > A(x))» C»B))

provided that the associative law holds (Y€ T)
f) (A or B Cor D) = (A»C) or (A» D) or (B»C) or (B»D)
g) If A% c°c?T and B°UD°C !T then let

B = (strip!(B)TU?THTU:Tstrip?(C)).

If X¢E(«) then ((AUB)Y (CUD)) E (BWC).
(A lower bound can be obtained from (f) by monotonicity.)

provided that the domains of all processes CH{PTUIT) .




The proofs of 5.22 are all tedious manipulations using
5.18 and the definitions of the various operators.

We are now in a position to apply our knowledgeto the

study of the relationship between pipes and buffers.

5.23 Theorem
If any two of A,B & (AY B) are buffers then so is the
third (for any 2;BE€M s.t. dom(A or B) C (2T UiT)* ).

- proof
Observe that in each case there can be no infinite chatter

in (AY B), either because buffers satisfy P, or because

no process which contains infinite chatter can be a buffer.

Thus in each case we can restrict attention to the "or"
case of 5.18.

We will examine only the A & B buffers imply (A% B) is
a buffer' case in detail here. The proofs of the other

two cases are similar in spirit and equally tedious.

Suppose Buff(A) & Buff(B).
To prove Buff(AY» B) we will prove the three conditions
5.16 (1) ,(411i) & (iii) in tum.

(i) Suppose we dom(A%”B). we (!TU?T)* follows by the
absence of infinite chatter.
There must be some w,U)e A &(v,V) € B such that
((u,0) , (v, V)) & (w,®) in (AW B)
But then ins(w) = ins(u) by definition of ins
> outs(u) as A is a buffer
> ins(v) as ins(v) = outs(u)
>outs(v) as B is a buffer

>outs (w) as outs(v) = outs(w)

(For proving this condition in the other two cases we
use the fact that all strings of the process in question
must also be strings of (A>>B) as the one which is known
to be a buffer must have all strings in {@x'x>|x € T3}*

in its domain.)

(ii) Suppose we€ dom(A» B) and that ins(w) = outs(w).
Since (A» B) satisfies condition (i) we must have
(a» B) after w)og 2T .




Hence X N?2T @ =2 X (A»B) (w) by 4.1 (¢} )

so {X | X n2T = gA<(a» B) (W) . (*)

Suppose then that X€ (A» B) (w). By 5.18 there exist
(u,U) € A, (v,V)e B such that ins(w) = ins(u) > outs(u)
= ins (v) =>outs(v) = outs(w) (using Buff(A) & Buff(B))
and X n(?T u'T) = Nn2T)u(Vv Nn!T),

But then ins(u) = outs(u) (since ins(w) = outs(w))

SO XN?T = UN?T =@ (by line (ii) of Buff(a)).

Thus (A B) (w) € {X| X n?T = g3  which together with (*)
above proves line (ii).

(iii) Suppose we dom(A>»B) and ins(w) > outs(w) .

We require to show that T € (A» B) (w).

Suppose to the contrary that (w,!T) € (A» B).

Then there are some (u,U)€ A and (v,V)€ B such that
ins(w) = ins(u) > outs(u) = ins(v) > outs(v) = outs(w)
and 'TUT = [(TU?T)N (strip' (U - TV ((TulT) n (strip? (V - T)).
Either ins(v) > outs(v), in which case V NI!T # !T by
line (iii) of Buff(B), contradicting above relation.
Or ins(v) = outs(v), in which case ins(u) >outs(u).
Then VN2T = @, go strip?2(V — ) nT = @.

Algn U0 & 12, 80 stripi{l - B)OT # §.

But then we have T =(TN strip! (U - T) U (TN strip? (V - T))

by the above, giving a contradiction.

Hence !T ¢ (A»B) (w) as required, completing the proof
that (A B) is a buffer.

One corollary to this is that if B" = BYB®»B» ...»B (n"B"s)
where B is the canonical one place buffer of 5.16 then

B" is a buffer.

The following two results on nested buffers can be proved

in much the same way as 5.24.

5.24 Theorem

a) If A B» C and B are both buffers then so is A»C.
b) If A»>C and B are buffers and A satisfies the "single
inevitable output" condition SIO(A) (see over) or C sat-
isfies Yw.Vx. (w@xedom(C) 2 (Vy.w<?y)€ dom(C))) , then
A>» B»” C is a buffer.



SIO(A) = VYw.Vx. (wetxyedom(a) =
(Vv €dom(A) .v>w > (outs(v) (=>outs(w)<{x)))

This condition is interpreted as "if at any stage it is
possible for A to output x, then the next output of A

must be x".

The need for one of these additional conditions to hold
in case (b) is created by the possibility of C (in (AYC))
being able to selectively input from A. When this sel-
ective input is necessary for the correct behaviour of
(A» C) the insertion of B introduces the possibility of
deadlock.
e.g. Let A<« 2x:T 3(('a 2 !'x > a)0 (!b » stop))

Bé& I¥:7T 9 1258

C& ?a 2 (?x:T # !x 3 Q)

(for a,b two distinct elements of T)

Then (A C) and B are buffers but A B’ C is not

as B, unlike C, cannot prevent A deadlocking.

5.25 Example
For each n>1 define a canonical n-place buffer B?} by

A
mutual recursion on M, where A= f{we T*||wi<n3.

n n
Bﬁ(: Xt = BQQ

n : n . n ; _
Bw<- & (?x:T > %wi*ty)) a (iy = Bw) if wi<n-l, y€ T
n [ n 3 -
chy‘:& (ly > Bw) if |wl=n-1, YET

Claim that Bﬂ = B? (as previously defined).

For x €T define Bx = !x » B (for B the one place buffer).
Observe that (B,» B) = (!x 2 B)W?x:T » (1x » B))
= (B» BX) (by 5:.22 (i) ).

Define processes CI‘:r for each n =1 andlwl<n as follows.

n 1 _ +1 _ n
C?, 2% I C<a>_ B, » C3<a>_ (Cw» Ba)

Thus Cﬁ is a string of one-place buffers, with the last
ones containing the elements of w, for example

3 3
— D = » v, -
g b> B» Ba> B and C Ba B, ¥ Bc

b abcy
: B _ uh
Claim that Vw.¥n. Cw =

claim that Bg =g"

b
(this clearly implies the above

). We will prove this by induction on



the definitions of the Bﬁ.

; - n :
= € =
For each n the predicate Rn(g) Vw A, -B, Cy is
clearly continuous and satisfiable. Also the recursion
defining the B: is clearly constructive. It thus
A
suffices to show that VI{G M ".Rn(gf) > Rn(Fn(l_E}’)) , where Fn
is the function associated with the Bg recursion.
o / ¥, . . 1
If n=1 then Rl(1§) =4 Fl (g)ﬂ— ?x:T > C<x>
= ?x:T =~ Bx by definition of C]};
= B by definition of B
R
= C<,
/
Fl(§)<x>: e B B o
= ix » B
=B = Cl
X x>

If n>2 then R (B) 2 F_(B) = ?2x:T » C
n - n =% xy |
= ?x:T » (B > B )
= ?2x:T > (B» gn~1,
(by repeated use of (B» Bx) = (Bx77 B) )
= (2x:7 > B)» (8"1) (by 5.22)
= swp"l = "

<»
: ’ - . : n
if Wl<n-1 then F (B) . =(?x:T > G o N D (ty » )
— . n-z 1 n-
= (?2x:T = (Bx‘>7CW‘;7BY))[](.y > (B>C_57B))
(by repeated use of (B‘>>BX) = (Bx77 B) )

= ((?x:T » B))» Co % (ly » B))
(by 5.22 (e) )
= B»C. > B

cn

wiy»

b 4

iflw)= n-1 then F_(B)_ (ty & C)

e
= fy b (Cﬁ-%‘) B)

(by repeated use of (Bwa) = (BXW B) )
n-1__
= (€, »ly » B)) (it is easily shown

by induction that WEm = (CI\?)O c 7Y

wly?



The case n=2 is -almost identical with the n >2 case, the
only difference being in the middle case, where Cg_zis
not now defined. There is of course no need for it to
be present in this case (n=2) and we use 5.22 (d) instead
of (e).

This completes the proof that Bg = Cﬁ for all n & w.
We have the following immediate corollaries to this result.

5.25.1 B, is a buffer for each n >1.

n-+m

e (by repeated application of

- n m
(Bx)) B) = (B» Bx) to Cw>> Cv )

n m _
5:25.2 Bw$>Bv = B

We will henceforth identify the symbols Bﬂ and B" as we

are justified in doing by the preceding example.

Observe that in the above example we proved that the
"large" process Bﬂ is a buffer by breaking it down into
a lot of small parallel components. We will see this

idea employed often from now on.

The next two results, the second of which is a type of
inductive generalisation of the first, are both very
useful in dealing with practical examples of proofs of
correctness of buffers.

5.26 Theorem

Suppose that (for any set §S) we are given two sets of
processes {ASI se S} and iCSI s € S} such that for all s
AS))CS is a buffer. Then for any function g:T = S

- ] il X : ’
the process ?2x:T = (Ag(x) {ix = Cg(x))? is a buffer

(Note also that the above process is equal to

((?2%X:T = !x = Ag(x))» (?%X:T » 'x = Cg(x))) .)

We will find that this result is a corollary to the

proof of the next result.



5.27 Theorem

Suppose that for any set S we are given two sets of
processes {A_| s€ s3 and (¢l me s} and a function
g:SXT =» S such that for all s€ S

(AS» BS) = ?x:T =+ (A Y (ix » C ))) .

g8, %) g(s,x

Then for all s €S A577Cs is a buffer.

proof
(This is an application of 5.14.)
Define F:P(M) » P(M) as follows:
Ae F(E) &
(i) A% = 2T and A(>) = §X| XN?T = @3
& (1) YteT. EiBteE s.t. 2w € dom(B) & WE(?T)* % w€ dom(B,)
& A(Cw)S X | 't ¢ X3
tdwisPveE dom(A) & we (?T)* > s=t &
& A(?Hwdisdv) & Bt(wv)

5.27.1 lemma

F is constructive in the sense of 5.14.

5.27.2 lemma

(VBE A.Buff(B)) 3 (YBEF () .Buff(B))
5.27.3 lemma

For any g:SXT 2 8 and s€ S

(2%:T 9 (Ag (g, (1X 2 C )EF(fagmcy| ses3)

g(s,X)”

The proofs of these lemmas are just tedious analysis of

cases and are omitted.

Lemma 3 above gives us that under the hypotheses of the
C
theorem §a_M»cC_| s¢€ sjcF(fnwc | sesi).

Now since Buff is continuous and satisfiable S.14 gives
us the desired result that s€ S %»Buff(AS§>CS).

Observe that lemmas 2 & 3 above combine to prove 5.26.

The above result admits much "degeneralisation" by

simplifying the form of g. For example by setting

S to be a one element set we get for any A,BE€ M:
A»B = ?2x:T 9 (A ('x 2 B)) = Buff(A»B) .



5.28 Example
Define A € ?x:T = 'x =+ !x 9 A
C& 2x:T 2 x> 2x>C

Il

Now A C (s + e lx9 2Y% (PyxT > > 2y 2Q
= ?2x:T 2 (('x = !'x 2 2)» (2y:T > ly » 2y > QC))
= ‘T A (X S+ (lx 2% 3°C)) (%)

= ?2x:T 2 'x » (('x - 2A)» (?x » Q))

= ?x:T 9 'x > (&AM Q)

(by many applications of 5.22)

It is thus an easy induction to show that A» C = B, the

one place buffer.

For x €T define By = !x » A and CX = ?X » C.
Thus A C = 2x:T » (Axw'lx > CX) (by (*) above)
— = P 1
and for each y€T Ay»'gy AWC o o i (Ag».x o Cx).

Thus if we put S = Tuta} for any a ¢ T and set AL =A& c,=¢
the fASI s €S} and iCS| s € Si satisfy the conditions of
5.2?(putting g(s,x) = x for all s€ Q.

This serves as an alternative proof that B = A% C is a
buffer (though it is of course circular as we assumed
that Buff was satisfiable, and the most basic instance

of Buff we have seen was B, all others having been proved
from it). It also shows that B, as well as all the other
B", can be expressed in the form A» C for some A,CEM.
5.29 Example (C.A.R.H./A.W.R.)

This example models a simple method for overcoming a
"gremlin" on a transmission line which occasionally

randomizes information.
Define error generating processes Ei as follows (iéi0,1,2,33).
EO & ?2x:T ;yg(ly > E3), Ei+f$ ?x:T 3 !'x > Ei
The Ei randomize every fourth bit, i determining the
phasing. To counteract a line behaving like Ei we send
every message in triplicate, and take a majority vote at
the receiving end.
X & 2%:T » I > I1x D x2 X
Y& ?2x:T 3> ( (?2x 2(?y:T > Y))
O (ry:T-§x3=» ((2x » 'x > Y)[J(2y » 'y » ¥))))



To show that this device is correct we would like to show
that each x$>Ei» Y is a buffer, s? that these processes
both transmit information reliably and are free of dead-
lock (observe that Y can deadlock if it gets no clear

majority in any group of three symbols).

Putting S = {0,1,2,33%, A, = X%E; and C; = Y, by 5.27 it
will clearly be sufficient to show that i€ S implies
e 5 1
(x>>Ei)>>Y = ?xX:T = ((X)?Eiel)‘;?(.x » Y));

where & represents addition modulo 4.

We can show each of these by repeated application of 5.22.
e.g. Xi’Edﬂ’Y (each process satisfies P, so associative
law is justified)
= Px: : i & Ix » ?X: :
x:T » (('x » 'x x x)>>(_xr_[-->(y\€/Ty.¢EB))§>y)

= ?R:T ».{{ix > Ix ™ X)7?(;g;!y > E3)§>Y)
= ?x:T > (y\E/T{(!x > Ix = X)>7E3‘>?Yy)) (where Yy = Y after ?y)

= ?x:T = (((!x =+ X)» (‘x » E2)>>Yx))9£(y¥x(lx > XWix > E27>Yy)))

1
oY)
»

:é

¥

((‘x = X)wE2>>(?y:T > Ix > Y))

or (Y ((ix > N)»E»((2y > ty > Vx> tx » V))))

= 2x:T > ((XME; M (!x » ¥)) or (y\;{x(xw (1x > E )5 (¥%%))))
= 2x:T + ((XPE,? (!x » ¥)) or (;.;{X(X>>El'>>(!x > ¥)))
= ?x:T » (XWE; M (!x ¥ ¥)) as desired

( *** represents the same term as at that place in the

previous line.)

The other cases are easjier than this one.

Many other examples in this vein are possible, for example
we might design processes to insert parity checks in
streams, and others to check them and remove them. We
would then wish to show that when we combine these proc-

esses the result is a buffer.



We now turn our attention to recursive definitions which
involve "3 ". Since its definition involves hiding, this
operator is not in general non-destructive. The next

result identifies two cases where it is.

5.30 Theorem

a) If we dom(C) = lins(w) {louts(w) then (AW C) is a non-
destructive function of A (if dom(C) C (2T U'!T)*.

b) If we dom(C) % lins(w) > |outs(w) then (C» A) is a non-
destructive function of A (if dom(C) C (2T U !T)*.

proof
We will give a proof of (a), result (b) following by

symmetry. Suppose that we€ dom(C) = ins (w)|{|outs (w)| .

This condition clearly implies P2 (of 5.20). For arb-
itrary A we must have (A% C) free of infinite internal
chatter, for the proof of this part of 5.20 only depends
on P2 of the second variagble (just as the proof that if
A & C satisfy P
on Pl(A)).

1 then A C is chatter-free depends only

Hence for all A the entirety of A» C comes from the "or"
clause of 5.18.

Suppose A€ M. We wish to show that (A C)'n = (ATn¥» CO)n.
We have (A O nZ (ATnYC)'n = (A»C)Fn S (AIn» C)'n by
monotonicity. It is thus sufficient to show that if |[w|<n
and (w,X) € (Aln¥» C) then (w,X) € (A¥C) and that if|w] =n
and we& dom(AfndC) then we€ dom(AX C).

In the first case there must be some (u,U) € Aln and
(v,V)E€ C such that ((u,U),(v,V)) & (w,X) in (Afn>B).

But then In>Iwl = Jins (w)| +]outs(w)| = |ins (u)| +|outs (v)|
> lins (u)] + |ins(v)| = |lins(u)] +|outs (u)| = |ul

Hence (u,U)€ A so ((u,U0),(v,V)) & (w,X) in (A»C).
The second case follows by a very similar argument.

This completes the proof of 5.30.

5.31 Example
Consider the process defined C & ?2x:T » (C» (ix =» B)).

By the above this recursion is constructive. It is
easy to show that C is a buffer by induction. We know

that Buff is satisfiable and continuous, sO suppose



that Buff(D) holds. Then DB is a buffer by 5.24 as
both B and D are. Therefore ?2x:T = (D» (!x » B)) is

a buffer.

Thus Buff(D) 3 Buff(F(D)), where F is the function of

the C-recursion. Thus Buff(C) holds as claimed.

Now C» B = (2x:T & (C»('x » B))»B

— 2x:T 3 ((CY('x » B))»B) as B°Co2T

= ?2x:T » (CY ((!x » B)» B)) (buffers are associative)
= ?2x:T » (C»” (BY (!x = B))) (as in 5.25)

= ?2x:T > ((CYB)» ('x > B))

Hence C?” B is a fixed point of the recursive equation of C,
but this equation has a unique fixed point, namely C, so
C=C»B.

Also CWC = (?2x:T = (C» ('x 2 B))>»C
= ?2x:T & ((C» (!x » B))» C) as c2< 2T
= ?x:T = (C» (('x > B)Y (2y:T > (C» (!y » B))))
= 2x:T (C?BH»C? ('x > B))
= ?2x:T » ((C»C)» (!x » B)) by the above.

4

4

Thus by the same argument as abowve C» C = C.

Define processes C (weT*) as follows:

= Cw<y>:(cw>> (y » B))

It is easy to show (by (C»B)= C, (BX» B)=(B» B,) and defin-
ition of C & B) that

C, = ?x:T = Cx

Cw<y>= (2%:T 3 gx>w<y>) D (ly = Cw)

It is then an easy induction to show that C = B®, where F’

is the canonical infinite buffer B,, where

& ?x:
B: .xT-)BZQ

. o ' i
Bwéy‘)(: (?2x:T » %x)'wqrgn (ly = Bw) .

Note that as corollaries to the above proof that B” is a

buffer, we have the following identities:
E»e® =8, EE»B: =8, B»E=F, E»B.=B__ .
A v wVv w v \AYS



The only obvious omissions from this list are

n ] n o
B 3»B = B° and Bw‘>7Bv = B‘;v

These two results are both easily proved from B»E = E,

which is easily proved by defining B; = B5>B; (for w € T*)
and showing that these B; satisfy the recursive equations
of the B;, so the two systems are the same as these

equations are certainly constructive.

In cases where a recursion does not satisfy the conditions
of 5.30 the analysis is a little harder. One trick is

to show that any fixed point of an equation must be det-
erministic, for then the equation has a unique fixed

point as otherwise it could not have a minimal one.

We can then prove predicates which are equalities by the
satisfaction of equations with unique fixed points (as

was done in 5.31) but we cannot directly prove predicates
like Buff.

5.32 Example
Define a process C* & ?x:T 3 (C*»(!x » C¥)).
This recursion is not constructive in our usual sense so

it has to be treated with some care.

Suppose that D is any fixed point of this equation. It
is quite easy to show, using induction onlwland 5.18,
that all elements of dom(D) satisfy hns(wﬂ)[outs(wﬂ and
that D is free of infinite chatter. Assuming this result
we are justified in using the assocative law on D and its
derivatives. Claim that for each n>0 we have

P (m Terms)
D" = ?2x:T » (D°® 15 (1x > D)) (where D™ = D» D> ... D)

This is true for n=1 as D is a fixed point of the C* equation.

Assume true for n.
then D®'1 = (2x:T » (D> ('x » D))» D"
= ?x:T » (D»('x » D)» DY) as (DH)%c 27

= ?2x:T » (DW('x » D) (2y:T » (D°™ % ('y » D)))
= 2520 5 (DHDPHD P sy (1 = DY)

2n+1 i ;
= ?x:T » (D ¥ (3¢ = D)) as desired

]

Hence it is true for all n by induction.



we also have ('x > D)»” D ('x > D)» (?x:T » (D»'x > D))

DD ('x - D)

Using these two results and 5.22 we have that each process
of the form D" or Dni>(lx * D)% ...7('z 2 D) can either
be written in the form ?x:T > A(x), where each A(x) is of
the same form, or in the form (?x:T » A(x))0(!y - A') where
A(x) and A' all have the same form.

Thus define (for E€P M) F(B) =
fex:T > A(x), (2x:T » A(x))0(ly » 2")| y€T, A(X)EE, A'€ EJ

This function is easily seen to be constructive in the
sense of 5.14. It also preserves the (satisfiable and

continuous) predicate "is deterministic".

Setting E = §D, D®(!x D) ... (!z » D)| ne€N, x,...,z€T}
the above shows that ECF(E). Thus by rule 5.14 we are
entitled to deduce that each element of E (and in part-

icular D) is deterministic.

As T is finite hiding is continuous and thus so is H, the

function of the C*-recursion. '

Thus fix(H) (which we now know to be its unique fixpoint)
(-]

; | n

is equal to nEJ(H (CHAOS) )

Claim that VYm.Yn.H" (CHRAOS) € c*™. Prove this by induction
on n. It is certainly true for n=0, as CHAOS is the min-
imal element of M.

Suppose true for n.

Then C*'= 2x:T » ((C*)2m~15>(1x = C*)) (as on the last page)
2 ?2x:T > (H™(CHAOS) >> ('x » H®(CHA0S))) by induction
2 5”1 (cHAOS) by definition of H

Hence by induction the result holds for all n & m.
But then for each m we have (C*)mg &;ﬁ(Hn(CHAOS}) = C¥
and we know that C* is maximal in M as it is deterministic,

which gives us the relation (C*)m = C* for all m.

One consequence of this is that C* is a buffer, for
we then have C*%C* = 2x:T =» (C*>(ix = C*)) and

(C* 5 C*)HOY = 7T & ((CroC*) ®(ix = C*)), which
respectively imply C*3>» C* and (C*3»; C*)77C* are buffers
by 2.27. Thus C* is a buffer by 5.23.



If we now define processes C& (wE T) corresponding to the

Cw of 5.31 we can show that C* = B® in very much the same
way. Let C), = C* and Cw<y>: Cw§7('y =+ {IR] Then as
ChHuOF = % and [Tz & CH20x = CEHCYRH(lx »CY) =

C*» (!'x & C*) we can easily show that the C% satisfy the
recursive equations of B, that is

¢! = ?x:T > C'

<>

CG(y): R ;>w<y)[]( o = C ) ‘

and so the two systems must be equal, as in the last
example. Hence everything thatis true of B® is also true
(o5 il GLW

All the buffers we have happened to meet so far have been
deterministic (even the "gremlins" example 5.29, where the
explicit non-determinism of the definition disappears from
the point of view of the external environment). This is
certainly not true in general, however. In fact it 1is
easy to show from the definition of Buff (5.16) that if

B, and B, are buffers then so is B, or B2A(and there are
certainly more than one buffer). Indeed this result extends
to infinite disjunctions and so, for example, the process
;g&(Bn) is a buffer. (It is a process because T is finite.)
It is easy to show that "» " is a distributive operator in
the limited sense that if ( \/(A )> B) is free of infinite
chatter then it is equal to the process \/(A $>B) (This
comes from the nature of the "or" clause of 5.18.) There

is of course a corresponding result for the second variable.

Let B* = gg&(Bn). Clearly B*» (!x » B) is free of infinite
chatter as B* is a buffer, so we are entitled to use the
above law in this case.

Hence ?x:T 2 (B*» (!x »+ B)) = (2x:T 5 (B™» ('x » B)))

W,
= \Z/ (2x:T B(I;:-l) (by 5.25)
{7 n+1

This proves that B*C F(B*), where F is the recursive equa-
tion of C (= B”). It is easy then to show that F must
have some fixed point above B*. EPus by the unique fixed
point property of F we have B2 ni&(Bn) (the canonical
infinite buffer is stronger than the disjunction of all

the finite ones).



Postscript: the expressive power of "»"

To round of our study of buffers and their relationship
with the pipe operator we ask the question "are all buffers
expressible as A C for some A,CeM ?2". All the buffers

we have met so far with the exception of B* have either
been directly expressed in this form or later shown to be
so expressible. In fact B* can be expressed in this form
by a combination of 5.28 and thi distributivity principle
of the last page (B* =((A or (.Y, (B"»Aa)))»C), where & & C
are as in 2.28).

In fact there are (unfortunately?) certain pathological

buffers which cannot be so expressed.

5.33 Example
et A€ 7T 9 (ix = B
D?y:T > (PZAT o (Ix & v =2 2z 5 B)
Oix > 'y > B) )

l;AzeMt
The fact that A is a buffer can be proved easily from the

fact that B is a buffer.

Then A is a buffer not expressible as Aiﬁ?Az for A

The main reason for A not being expressible as (A15>AQ) is
that when it contains two items it will deterministically
accept another, but on outputting its first symbol it
immediately loses the ability to output. The point is
that if A = Aiﬁ?Az then it must be Al doing the inputting
and A, doing the outputting. The only way that A

2 i
lose the ability to input is by a signal passing between

can

Al and A2 after Aé has output. This however leaves the
possibility that Al might accept an input before this

signal has been executed but after A,'s output.

2
A formal proof that A is not so expressible will follow

easily from the next result.

5.34 Theorem
If A is a buffer expressible as Aii?Az then A satisfies
wdla€dom(n) > §2x| wla?x>¢dom(a)] € A(w)

(A can refuse before it outputs "a" the whole of what it

must refuse after outputting "a".)

proof
Suppose that w<d{la)é¢dom(A) and that A is so expressible.




A = (Al7>A2) must be free of infinite internal chatter
as it is a buffer. Thus only the "or" clause of 5.18
applies. Hence (w,) must have some derivation
((u,0),(v,V)) in (A; D A,).

Let X = g?x| W(!a?x>édom(A)3 .
Suppose ?x €X and u(?x)édom(Al).

Now v<la}edom(A2) or else ((u,U),(ﬁ,VUila})) would be

a derivation in (A;%>R,) of (w, §!a%), which would cont-
radict the fact that A is a buffer (lines (i) & (iii) of
5.16) .

Thus t<!a?x>€dom(strip!(Al)TlJ?T”TulT
t corresponds with u & v in the sense of 5.18.
Hence (t<taz?l (2TulT) = w la?x)€ dom(Al\,?? A2) , which
contradicts the fact that u(?x?&dom(Al).

strip?(Az)) where

Hence XI'}(A3 after u)o =@, so ((u,UuX),(v,V)) is a
derivation for (w,X) in (AlEPAz), which gives us the
desjired result.

The author conjectures that the condition on the last
page is also sufficient to ensure expressiblity of
buffers, but at the time of writing has not had time to

prove or disprove this.

This concludes our detailed study of buffers. Note
that in the next chapter there is a different method
given of defining B (in terms of the master/slave)

operator.



Appendix: Proof of the li.ma needed in 5.19

5.35 Lemma
If A is free of infinite X-chatter and XNnZ = ¢ then
(A/XYHZBJ = (AXUYHZB)/X-

proof

Use the notation t * w to mean (for X,YCY and s,t,we $¥*)

sylly
that wlX = s, wlY = t and w € (XUY) *.
It is easy to check that (for any A,B,X,Y)
(W,W)fE(AX”YB) & d(s,8)enr, (£,F)eB s.t. SX“Yt 5w
& WN(XUY) C (XNS)u(¥NnT) . (*)

It is also easy to verify that XnZ = ¢ implies
SXuYnzt + w2 (S/X)YHZt 2 (w/X)

We will show first that under the stated conditions

(a/X,l,B) ¢ (AquIIZB)/X .

Suppose (w,W)ez(A/XYHZB), then by (*) above, and since A
is free of infinite X-chatter, there exist s,t,S,T. such
that (s,SuX) €A, (t,T) €B, (s/x)Yith > w

& WN(YuZ) C (SNY)u(TnZ) . (*%)

It is easy to see that since XNnZ = ¢ and (s/X)YHZt > W
there exists some w* such that SXUYHZt - w* and w*/X = w.
(For example such a w*¥ is obtained by placing each maximal
substring of X-symbols occurring in s in w at the leftmost
place at which the number of Y-X symbols is the same as at
the place the substring occurs in s. If X ={x}, Y ={y3
and z ={z}, s =&Xyxxyy?, t ={(zzz> and w ={yzyzyz> then in
this case w* would be (Xyxxzyzyz) .)

Now we have (s,SuX) €S, (t,T) € B and (WuX)n(XuYuz) c
((SuX) N(Yux))u(TnZ). (The set relation is obtained by
taking the union of each side of (**) with X.)

Hence (w*,WuX)EE(AxUYHZB)- (By (*))

This implies (w*/X,W) € (AXUYHZB)/X by definition of "/X".

Since w = w*/X this just says (w,W)fE(AquHZB)/X, which

is what we wanted to prove.

This completes the proof that (A/XYHZB)QQ(AXUYHZB)/X.



To prove that (§XUYHZB)/X Q(A/XYHZB) the first step is to
show that (AXUYHZB) is free of infinite X-chatter because
A is. If this were not so there would be an infinite
seqguence wo<:wl<:...<:wi< ... of elements of dom(AxUYHZB)
such that wifx = wOFX for all i. But then wiTXuYszdomA
for all i, and (wiPXUY)/X (wi/X)tXuY

(w_/X) [ xuy

{wOrXUY)/X

Also it is easily seen that wi+lerYﬁ>wiFXuY, since the

Il

difference between Wy and Wi, occurs in X and is so pre-

served by restriction to XUY.

This contradicts the fact that A is free of infinite
X-chatter, so we can conclude that (AquHZB) is indeed
free of infinite X-chatter.

Now suppose that (w,W) € (AXUYHZB)/X. By the above there

is some w* such that w*/X = w and (w*,WuX)ez(AquHZB).

Thus there are some (s,S)€ A and (t,T)€ B such that

SXUY”Zt 4 w*¥ and (WuUX) N(XuUYUZ) € ((XuY)NS)u(ZnT) .

Since XNZ = @ we see that XCS (i.e. SuUX = S) and also

WN(YuZ) ¢ (¥YnS)u(znT) . (+)
Now sy . ll,t = w* & XNz = ¢
= S/XY“Zt =+ (w*/X) (by our earlier remark) (++)

Putting these facts together we obtain
(s/X,8)€ A/X (as SUX = 5)
(t,T)EB
2 (w*/X,W) € (A/X,IB)  (by (+) & (++))

This tells us (W,W)fz(A/XYHZB), which completes the
proof that (AXUY“ZB)/X E(A/XY“ZB)-

This completes the proof of lemma 5.35.

We will see that this lemma is important in several proofs
of the well-definedness of parallel/hiding combinators.
The reasons why it does not hold in general (i.e. without
the assumption of freedom from infinite chatter) will be
discussed in chapter 8.



	2

