
Chapter 3 :- Continuous Predicates as a Topology

It is possible to define a topology on the space of proc-

esses P (or one of the product spaces pA) in which the

closed sets are identified with the continuous predicates..

This can be done for each of the types of continuity we

have met so far. In any particular case we will have:

3.1 XE Q[ (theclassof closedsets)
~ R(A) =="AE X" is "a continuous predicate.

That these are the closed sets of a well-defined topology

follows because (a) both "true" and "false" are always

continuous and so both ~ and the whole of P (or pA) are

closed and (b) the class of continuous predicates is closed

under arbitrary conjunctions and finite disjunctions (and

so the closed sets are closed under arbitrary intersections

and finite"_unions). (These results for general restriction

operators follow in much the same ways as 2.l8(xii)&(xiii)

and 2.46 (viii) &(ix) .)

From here on we will consider only topologies of P (which

correspond with predicates of a single variable). This is

simply for the sake of clarity, and it is possible to extend

many of the results obtained to the general space pA.

We will first examine the topology arising from a metric

defined relative to an arbitrary normal class of restriction

operators. We will then show that this is the same topology

which arises from definition 3.1 (for the same class of

operators). Later we will see the implicationsof these

results for the special cases of weak continuity (2.12)

and strong continuity (2.44).

Suppose that frnl nEN1 is a normal class of restriction

operators (2.49). Define a metric on P as follows:

A'IB9

d(A,A) = 0
1

d(A,B) =-n where n is minimal w.r.t.

3.2

Atn :f: Brn .

(That such an n exists when A f B is easily shown from 2.49 .)

This is a well-defined metric, for (i) clearly d(A,B) = d(B,A)

for all A and B, (ii) d(A,B)~O and d(A,B) = 0 ~A=B,
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(iii) for all A,B&C if Atn * C~n then clearly either Aln F Bin

or Btn * Ctn so that d(A,C)<max(d(A,B) ,d(B,C».

This strong type of metric (with "max" instead of the usual

triangle inequality d(A,C) <d(A,B) + d(B,C) ) has several

interesting properties. Recall the following definitions

(which are valid in an arbitrary metric space (P,d) ).

3.3(i),'An open ball is a set of the 'form fBI d(A,B)<a)
a

(denoted by BA) for any a > 0 and A E P.

(ii) An open set is any union of open balls.

(iii) A closed set is any set whose complement is open.

(iv) (P,d) is said to have dimension zero if for every

A E P and ~ > 0 there is some set B which contains A,

is both open and closed (clopen) and has the prop-

erty that CEB ~ d(A,C)<~

3.4 Theorem

Suppose that (P,d) is a metric space which satisfies the

condition d(A,C) < max(d, (A,B) ,d(B,C» for all A,B,C E P.

Then each of the following holds of (P,d).

(i) If B~ and B~ are two open balls such that a < c, then

ei ther they are disjoint or B: <;B~.
(ii) rUe IC is a finite set of open ballsj is a basis for

the metric topology which is closed under finite intersection.

(iii) The open balls are closed sets.

(iv) (P,d) has dimension zero.

proof
. a c a c

(1) Suppose BAn BC :t=f2J,then 3D E BA n BC.

We then have that d(A,D) < a and d(C,D) < c, so d(A,C) < max(a,c) .

c
Hence A E BC.

Now suppose that DE B:, then d(C,D) < max(d(C,A) ,d(A,D»
< max(c,a) = c.

Thus D E B~, and so B: <;B~ as desired.

(ii) This is trivially a basis (as the set of open balls is

one). It is closed under finite intersections since by (i)

the intersection of two open balls is either an open ball

or ~ (which is the union of the empty set of balls) .

(iii) Part (i) shows that all the distinct a-balls (for any
1

fixed a) are disjoint. This together with the fact that
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C EBa
C

is the

"if = BaA

gives us that for

open set U...l.B~.
a ql)/\

and so BA is the

a
any AE P we have BA () U = 0, where Ua

Clearly also BA U U = P, so we have
complement of an open set as desired.

(iv) By part (iii) it

small open ball about

to be clopen.

is sufficient to take a sufficiently

a point A E P, since these are now known

Recall :the definition of a Cauchy sequence over a metric

space: .

3.5 If (P,d) is a metric space

of points in P then <A. liE N)J.

en ce if V15> o. :3 n EN. Vr , s ~ n .

and (A. , i E N) is a sequenceJ.

is said to be a Cauchy sequ-
d (A , A ) < c5 .r s

Note that under the conditions of 3.4 a sequence is a Cauchy

sequence if it satisfies the weaker condition

V 15 > O. :) n. V r ~ n. d (A ,A )< 15 .r n

A metric space is said to be complete if each Cauchy sequ-

ence converges to some limit, that is

3A. \/15>0. 3n. Vr~n.d(A,A )<15.r

3.6 Theorem

The metric space defined relative to any normal class of

restriction operators is complete.

proof

Suppose that <A. liE N) isJ.
such a class-of operators.

I* to N as follows:

r(w) = minimal r s.t. VB. wEB ~ w E B~r

(such an r exists by 2.49)

new) = max~r(v) I v,",w3

j (w) = minimal j s.t. i ~ j ~ c!i (A. ,A.) < ~
( )J. J nw

(such a j exists by definition of Cauchy seq.)

a Cauchy sequence relative to

Define functions r,n,j from

Now define A = (w I WE Aj (w?' Claim that A is the limit
of the Cauchy sequence.

A is an element of P for certainly <) E Aj «» and also

v < w EA =9 v E Aj (w) (as Aj (w) E P)

:, V E Aj (w>' r (v)

9 v EAj (v/r (v)
1

(as d(Aj (v) ,Aj (w» < rev)

~Aj(vlr(v) = Aj(w/r(v) )

"
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Suppose that <Ai' i E NI did not converge to the given A.

Then there is some {,> 0 s. t. Vm. 3 n. n ~ m & d (A ,A) > (,n

By the definition of the metric, since <A.) is a Cauchy1

sequence,for each nE N there is some m s.t. k ~ m * Ak'n = Amr n.

Thus there are some n&m s. t. k ~ m ~ Am' n = Akt n ~ Atn (choose

n> ~ and m as in the last sentence relative to it) .

There would thus either be some wE1:* which was an element

of Atn ,- ~~n for every k ~ m or some'w E 1:*which was an

element, of A/ n - Atn for every k ~ m.

Suppose first that the first of these two possibilities

could arise.' -Since.tn is a continuous function by assump-

tion we have Afn = U~Bln I B £A & B is finite1. Hence ~'j

there is some finite B <;;;A such that WE Bin.

Suppose that B =~V1,...,Vs~i let r = maxfm,j(v) I VEBJ.

Since each v. E A, we have v. E A (as r ~ j (v.) ).1 1 r 1
Hence B CA, which implies that WE A f n, which contradi cts

- r r
the fact that r ~m. Thus the first possibility cannot

arise.

The second possibility can similarly be excluded by rev-

continuityof tn and the fact that Aln = niBfn I B;> A & B ecf1

where an ecf (effectively cofinite) element of P is one which

can be wri tten in the form ~ v 113 u E c. V ~ u 1 for some fini te

subset C of 1:*.

This completes our proof that <A. liE N) does in fact conv-1
erge to A as desired.

A metric space is said to be compact if every infinite sequ-

ence contains a convergent subsequence.

3. 7 Theorem

The metric space defined relative to a normal class of

restriction operators is compact if and only if there are'

only' finitely many possible values for Bt"n for eve.ry nE N.

proof

Suppose that there were infinitely many possible values

for some n. Then we could pick an infinite sequence <A.Ii EN)1
such that i f j ~ A.tn 1 A.rn. It is easy to see that1 J
this sequence can contain no convergent subsequence as any.

such subsequence would be a Cauchy sequence in which no two

points were within 1 of one another.n

- - --



Suppose then that.there are only finitely many values poss-

ible for each restriction operator and that <A. liE N> is1.
an infinite sequence of processes.

Claim that it is possible to find integers n. . (i,j EN)1.,J
satisfying the following conditions:

(i)

(ii)

n. .< n.
J.+11.,J 1.,

A'l'i=A ti
, n.. 1\0

l,j .

'Vj.V'i.Jk.k ~j & n~+l,j = ni,k(iii)

We will construct these by recursion on i.

Set n . = i
0,1.

these satisfy (ii) as to is a one-valued

function (2.49)

Suppose that we have constructed

there are only finitely IDan y
Therefore there is at least one

the n. .. By assumption
1.,J

values taken by the ~. r i+l.
value (B say) which occtirs

infinitely often.

Let n'+l . = jth n. k s.t. A ri+l = B.1. , J 1., ni.k.

It is easily seen that these n' +l . satisfy all that is
1. , J

required of them.

Note that this proof requires the use of the Axiom of Choice

in the choosing of value B.

Having constructed the n. . set m. = n. .. These satisfy
1.,J 1. 1.,1.

m. < m'+l (by (i)&(iii) above) and i,j ~k 9 Ark = A fk
1. 1. m . In..:

(by (ii». 1 J

Thus i,j;>k 9 d(A .,A )< kl so that the (A .liE N) are a~ ~ m1
Cauchy subsequence of ~A. liE N). By 3.6 this subsequence1. .

has a limit and so <A. liE N) has a'convergent subsequence1.
as desired.

Note that this result gives us that (P,d) can only be

compact when L is countable,for every element of P can

in some sense be identified with the sequence of its rest-

rictions (Atn) and the cardinal of these sequences is at

most c (continuum) if each rn has a finite range. (This

also follows more conventionally from the fact that every

compact metric space is separable.)

The following result shows that -all restriction operators

giving rise to compact metric spaces give rise to the

same topology.

- - - -- - ,.-



3.8 Theorem

Over any space of processes all normal classes of restr-

iction operators inducing compact metric spaces induce

the same topology. In the case where L is countable the

restriction operators inducing strong continuity induce

a compact metric space (and hence the only possible such

topology) .

proof
We know that there can be no such metric when L; is un-

countable (by the remarks above) so it is sufficient to

consider only the case of countable L. That the class

of operators described in 2.54 give rise to a compact

metric space is an immediate consequence of 3.7, since

plainly there is only a finite number of possible values

which can be taken by each one.

Suppose that Un I nE N3 and H' n I nE N) are two classes of

restriction operators giving rise to compact metric spaces,

and that their associated metrics are d and e respectively.

To show that the topologies are the same it is sufficient,

by symmetry, to show that every d-closed set is also

e-closed. We will use the fact that a set is closed in

a metric space if and only if it contains all its accum-

ulation points (i.e. the points which are the limits of

convergent sequences contained entirely within the set) .

Suppose that X is a d-closed set. To show that it is

e-closed we must show that every e-convergent sequence

has its limit in X. Suppose that <A. I iEN) is anJ.
e-convergent sequence with limit A. By compactness of

the metric space (P,d) there is a d-convergent subsequ-

ence,' say <A! liE N> , with a limit A', say. Being aJ.
subsequence of <A.I iE N> this must be e-convergent withJ.
limit A. It is sufficient to show that A = A', for A'

is in X since it is the limit of a d-convergent sequence

in X. Suppose w E:E*; since both classes of operators

are normal there exist integers r & s s.t. for all c~ P

wEe # WEe rrand wEe ~ wEe f ' s. Let m =max(r,s);

it is easily shown that wEe ~ wE cfm 1#:1 WEe time

By construction there exists some nE N s.t. dCA' ,A')<!
'I n m

and e (A~ ,A) < m; .This tells us that A~t m = A ,t m and
A't'rn= Ar'm.n

--



Since this holds for all w we thus must have A = AI as

desired.

Observe' that the above proof shows that each d-closed set

is e-closed simply by assuming that (P,d) is compact.

This shows directly that the topology induced by a compact

metric space of the type we are studying is weaker than

that induced by any other (i.e. has less closed sets) .

We will shortly see that this is very much the same result

as 2.50.

The opposite role to the compact topology is played in a

much less interesting way by the' classical discrete topology

in which all subsets axe open and closed. An example of

a normal class of operators giving rise to this topology

is the following.

A f*o = abort

Ar*n = A

(AE P)

(n> 0)

Note that the metric which this class induces is the

usual discrete metric.

We are now in a position to establish the fundamental

connection between the metric spaces described above and

the corresponding topologies of continuous predicates

which were described in 3.1. We show that the metric

topology and the continuous predicate topology are the

same. By doing this we are able to use results obtained

about the topological properties of spaces of,processes

to classify the continuous predicates. We are also

enabled to prove certain results on the satisfiability

of predicates, a topic which is often in practical sit-
uations one of the most difficult to deal with.

We thus have wEAl W E A Ir-m

# WE A Irron
# WEAl

n
# wEAl ("Iron

wE At lro

# wEA



3. 9 Theorem

Suppose that Rn I n E NJ is a normal class of restriction

operators. Let d be the metric defined on P relative to

this class (3.2). Then a predicate R is continuous relative

to this class if and only if fB 'R(B)3 is a closed set in

the metric space (P,d). In other words the topology induced

by the metric d is the same as that introduced in 3.1.

proof-

We use the result that a set is closed if and only if it

contains all its accumulation points (i.e. points which

are the limits of convergent sequences contained wholly

within the set).

Suppose first that R is a continuous predicate and that

<A. liE N) is a convergent sequence contained in the s"et1.

lBI R(B)l (with limit A, say). Then for each nEN there

must be some i s.t. d(A,A.)< _nI, so that Atn = A.~n and R(A.).
1. 1. 1.

R(A) then follows by definition of continuity (2.13).

Thus fB I R(B)1 contains all its accumulation points, and

so is a closed set.

Secondly suppose that lB I R(B)3 is a closed set and that

a E P is such that \/n.:fB . (Arn = B ,.. n) & R(B ).n n n
These B clearly form a Cauchy sequence converging to An

(as m""n ~ Bntm = Arm). Hence R(A) holds as ~B I R(B») is
closed and so contains its accumulation points.

Thus R is continuous by 2.13.

We can thus now start to apply results of topology to our

predicates. The first two results we obtain concern the

satisfiability of predicates.

3.10 Theorem

If (R I n EN) is a sequence of continuous predicates (rel-.n

ative to some normal class of operators) such that Rn+l 9 Rn
and if (,AIn E N) is a sequence of processes such thatn
A

+.rt n = A t n and R (A ) holds for each n, then there isn n -n n
some A E Ps. t.

(i)

(ii)

Atn = A t n for all nn
R (A) holds for each n.n

-- --- -- - --



proof

Denote by l\a the subset ~ufB~ I A E C} le c;p3 of JS .

Note that a ~b ~ l\a 5;i\b, for if EEl\b then

E = U ~B: I A E E3

(The containment of the L.H.S.within the R.H.S. is obvious,

the reverse one following from 3.4(i).~

To show that ~ is closed under fihite intersections and
. J1)a

unions it will thus be sufficient to show that each ~ is.

(This is because in any finite intersection of elements of

~ there will be some minimal "a".)

~e union case is easy: clearly UtB: I AE c3 u UfB: I A E D3

= UtB: I A E (Cu D)1 .

In the intersection case we have

U[B: I A E C1 n UfB: I A E DJ = U~B:n B: I A E C & C E D3
which is an expression of the correct form since each of

the B: n B: is either empty or B: (by 3.4 (i».

JS certainly now contains the basis of 3.4 (ii) for it

contains each ball B: individually and is closed under

finite unions. Each element of ~ is open by construction
(union of open sets). These two facts together tell us

that ~ is a basis. Each element is closed since it is

the complement of the union of those balls os the same

radius which are disjoint from it (an open set). Thus

every element is clopen.

If.the space is compact then there are only finitely many

balls of any given radius (as in 3.7) and so each element

of ~ is a finite union, and so is contained in the orig-

inal basis. Hence in this case the two bases are the

same.

If the space is not compact then by 3.7 there is some n

such that fn takes infinitely many values. Without loss

of generality we can assume that n is minima~ with respect

to this property. There can only be finitely many values

taken by all fm such that m < n, in particular n-l (n> 0

as ~o is one-valued). Pick elements AI' A2,... of P with
distinct images under tn. Since there are only finitely

many values of rn-l we can pick an infinite number of the

Ais which take the same value under tn-l (Ai, A2,... say).

-- - ---



Let C = t A2i liE NJ; by constructionufai I A e: C 3 (= X) is an

element of~. We need to show that X cannot be expressed

as a finite union of balls. Suppose that X = Bl U B2 U .. U Bk
where each B. is a ball. The radius of each of the B. must

1 1

be < 1, since (i) all the A! (and hence everypointof X)n 1
takes the same value under fn-l (ii) thus the "centre" of

such a ball would also have to take this value and so (iii)

each A2i+l is also in the ball (which contradicts the fact

thatAl EtX). Howeverthis impliesthateachA2i is cont-
ained in a different B., since it is easily seen that no

ball of radius < 1 can ~ontain two points whose distance isn
1 (in a metric satisfying the conditions of 3.4). Thisn
clearly makes impossible our supposition that there are

only a finite number of balls in the union.

The next result completely classifies the

sets in the compact case, showing that in

clopen sets correspond exactly to ~ (and

original basis).

space of clopen

this case the

hence to the

3.13 Theorem

In cases where (P,d) is compact a subset X of P is clopen

if and only if it is in ~(and so can be expressed as a
finite union of balls).

proof

Suppose that (P,d) is compact and that X is a clopen set.

Since X is an open set it can be expressed as a countable

union of balls (countable since when (P,d) is compact

there are only countablymany balls). We can assume that

this expression is infinite, for otherwise the result is

immediate. Since there are only a finite number of balls

of any given radius we can assume that the balls are

expressed in order of descending radius: Bl,B2,... .
If X were expressible as a finite union of balls then so

would be X (this being because then X = UtB: \ AEX1, where
a is any number smaller then the smallest zadius occurring

amongst the expression for X, but this union is only finite

because for any a there are only finitely many a-balls).

Since X is open it can also be expressed as a countable

infinite union of balls of descending radius: Bi,Bi,... .

---- --- -- - --



We can assume that all of the balls B. and B! are disjoint.J. J.

Let Zi = (Bl U Bi U B2 u ... U "BiUBi). By construction Zi is

open and so Z. is closed. Also Z. is non-empty (B.+I CZ.)J. J. J.-J.
and Z.

+1 <;Z. for every i. The Z. are thus a non-emptyJ. J. J.

descending sequence of closed sets in a compact metric

space. Hence there is some point in their intersection,

A* , say . This however contradicts the fact that .0 Z. = P
J.=o J.

(= X U X), so we must conclude that t~is case, where X is

not expressible as a finite union of balls, cannot arise.

This completes the proof of our result.

3.14 Corollary

When!: is countable a predicate R and its negation ,R are

both strongly continuous if and only if R can be expressed

fini tely in terms of propositions of the form "we: A" (w E 2*) ,

"I" and "v".

proof

That each predicat e R expressed in these terms has both

R and ,R strongly continuous is easily proved by induction,

because each of the sets £ A \ WE Aj is clopen (wE 2:*) and

the space of ciopen sets is closed under complementation
and finite unions.

That every R with both R and 'R strongly continuous can

be written in this form follows because the set ~A I R (A»)

is clopen, and so can be written as a finite union of

balls in the metric space induced by the restriction oper-

ators given in 2.54. (Every ball can be written finitely

in terms of "," and "1\"and "w EA", which is translatable

into the desired form.)

Note that it is a corollary to 3.8 that all normal classes

of restriction operators which give compact metric spaces

have the same class of continuous predicates, and so the

above theorem is equally valid for each of them.

It is possible to give a general classification of all

clopen sets and hence of all "doubly continuous" predicates

for general classes of restriction operators. Before we

do this we need a normal form result for closed and for

open sets.

--



3.15 Lemma

If d is the metric defined relative to some normal class

of restriction operators then a set X is open in (P,d) if
...

and only if it can be written in the form ,UlC" where
J.. 1= 1

C E 1\" I (as de fined in the proof of 3 .12) , C. ne. = ~ if
n 1 1 J
i~j and for any a >- & AE P we have BAa i . U C.. This exp-n 1=n 1
ression for X in terms of the C. is unique for each open1
set X.

Under the same conditions a set X is closed in (P,d) if

and only if it can be written in the form .filC" where
~ 1 1= 1

~n . a
C. E.1t\ , C +IC C and for all a ~ - & A E.P we have BA n X = ~n n - n n
~ C n X = ~. This expression is unique for each closedn
set X.

This result is a fairly easy consequence of 3.12.

It follows that the following four conditions are equiv-

alent for any set X.

In particular a set X is

some C. and C! such that1 1
sequences satisfying the

3.15. Consider the sets

clopen if and only if there are
- ....

X = .nlc. and X = .n lC!, both1= 1 1= 1
conditions of the second half of

D. = C. n C!. By construction111
these are closed sets satisfying the conditions D +~D~ n ~ n

and iQlDi =~. This can arise in two essentially diff-
erent ways: either D. = ~ for some i E N or not. In the1
first case we have that C. = C. for all i < J

.

( since C. C C. &
_ - J 1 J- 1

C. U C.= P) which tells us that X = C.. Thus xe7Q. It is
J J 1 ~

also true that if xe ji then D. = ~ for some i (any i s .t.
~ 1 a
i < a, where a is such that X = U~BA I A e CJ). Thus the
first case arises exactly when X lies in the class of clopen

setswhichwe have alreadyidentified,namelyrs . The
other case (which cannot arise when the metric space is

compact) is harder to describe exactly.

The following result gives an exact but not very elegant

list of all the clppen sets (including the first case).

For an example of what one of the second case sets looks

like see 3.17.

(il) X is clopen.

(b) X can be written in each of the forms given above.

(c) X and X can be written in the first (open) form above.

(d) X and X can be written in the second form above.



This characterisation of clopen sets is unfortunately

rather too abstract to yield a very useful tool in ident-

ifying the "doubly continuous" predicates in a given

system. It should be said though that apart from the

"finite" ones which are easily identified (i.e. ones

which correspond to some element of ~) these predicates

are rarely of much practical use. The following is an

example of a doubly continuous predic?te which is not

finite (in the sense defined above), in the system defined

by weak .continuity (2.6 et seq.) with alphabet containing

N, the natural numbers. The derivation of the correspon-

ding set from 3.16 requires one application of rule (ii).

3.17 Example

Let A (for nE N) ben
(n "n"s)., Then the

con tin uous

the process n -+ (n 7 .. (n 7' skip}). . )

predicate R(A) ==:In.A=A is doublyn
but not finitewith respect to weak continuity.

'The basic principle at work here is that one can tell in

a finite time (after one step) exactly how long one has

to wait to know whether or not the predicate holds. It

is generally true that all doubly continuous predicates

result from the c~mpounding of this principle.

Note that neither the above R nor its negation IR is

strongly continuous. This is because we can find conv-

ergent sequences of processes satisfying the predicate

«A InE N) as a sequence has limit abort) and not satis-:-.n
fying it ( <A 0'A +11 nE N) which has limit A ) whoseono
limits act oppositely. However this does not extend to

a general principle, for if we were to substitute abort

into the definition of An in place of skip the resulting
R would still be doubly we'aklycontinuous but now R would

be strongly continuous (though of course not iR) .

There are several results about continuous predicates

which follow from the zero-dimensionality of our metric

spaces.

3.18 Theorem (Sharpened normality property)

If Rand S are two inconsistent predicates, continuous

relative to some normal class of restriction operators,

then there is a doubly continuous predicate T such that

R '* T and S ::} IT.

-- - - -



3.16 'I'heorem

In the metric space (P,d) defined relative to some normal

class of restriction operators the space j!} of clopen sets

satisfies the following:

(i) 1Jj <;~
(ii) If for any nE N

satisfying X,YEj} ,

Uj} E J!)

J!) is the smallest collection of sets satisfying the above.

we have a family.J}of clopen sets

X~Y, AE X & BEY * Aln~Br-n then

proof

We will first show that J!) satisfies condition (ii) above

(we already know that it satisfies condition (i». Let j}

be a family of clopen sets satisfying the hypotheses in

condition (ii) above for some nE-N. and let X = Uj} .

That Xis open follows from the fact that it is a union

of 9pen sets. X is closed since the tail of any converg-

ent sequence contained in X must be contained in one of

the elements of ~ , and so its limit is contained in

that element.

Secondly we will show that every clopen set can be derived

from (i) & (ii) above. Define ~ 'to be the family of

clopen sets which can be so derived,and suppose that X

is clopen. Observe first that for any n and any such X

at least one element of f X n ~ A I Ar-n = Br-n3!BE pJ is clopen

and not in ~. (Every element of this set is clopen by-

construction, and if each were in c!9 then so would be X

as it is the union of a family of elements of ~ satisfying

(ii) for n.) Set Xo = X, and for any n choose Xn+l to
be one of the X n [A I Arn...1= Brn+l1 which is of the offendingn
form. Each of the X. is nonempty (since ~ E~) so we~
can pick a sequence <A./ iE N) s.t. A. EX.. By construction~ ~ ~
this sequence is Cauchy, and hence convergent to some A* E P.

Certainly A* E X, since each A. E X and X is closed, but also~

for each n we must have X ~ f A'I A'r.n = A r nJ (for this setn n
is in ~). We can thereforepick a second sequence (A" n EN)n
such that A~in = ~r n and such that ArtftXn' This means

that < A~I nE N) also converges to A*, and also that ArtE X

i"(itis easy to see that X = xnfA" A't n = A t n). Hence A* E X,n n
as X is closed, which is a contradiction. We may thus

conclude that our assumptionthat such an X exists is false.

- - - ---



proof

It is sufficient (by the correspondence theorem 3.9) to

show that in the corresponding metric space every two

disjoint closed sets can be separated by a clopen set.

We will show that this is true in any metric space which

satisfies the conditions of 3.4.

Suppose that (P,d) is such a space, and that X and Y are

a pair ~f disjoint closed subsets of P. It is clear that

given any point of X there is some nE N such that the

(clopen)' ball of radius 2-n about it is disjoint from Y,

for otherwise we could find a convergent sequence of points

in Y converging to a point in X.

2-"
For each AE X define B(A) to be the BA of least n such that

it is disjoint from Y. It is not hard to see that by 6.4(i)

B (A) ()B (A I) :f ~ ~ B (A) = B (A') for all A,A' E X (if they

are not disjoint then one is contained in the other, but if

either had strictly smaller radius than the other it would

not have maximal possible radius with respect to being

disjoint from Y) .

Now define Z = A~XB (A) .

trivially disjoint from

A e:B (A) for all A e:X) .

Claim that Z is clopen (it is

Y and contains the whole of X as

Z is open by construction, since it is the union of a set

of open balls.

If Z were not closed then there would be a sequence of

points AI,A2,... which converged to a point A* not in Z.
There are essentially two cases to consider: either infinitely

many of the A. lie in one of the B(A) or not (in which case1. -
there must be an infinite collection of .t1heballs B (A) CAE X)

containing them).

In the first case it is easy to see that (if AE X is such

that infinitely many A. are in B(A» there is an infinite1.
subsequence which lies in B(A) , which tells us that A*e B(A)

as B(A) is closed by 6.4(iii). Thus this case cannot arise.

In the second case either arbitrarily small balls appear

amongst the B(A!), where A!E X is such that A.E B(A!), or
1. 1. 1. 1.

not. If this is not the case and b is the smallest radius

occurrina among the B(A!) then it is clear that the entire
J 1.

sequence AI,A2,.. is contained in the clopen (by 3.12)



subset 0 BAa of Z. But this would imply that A*e Z, so this
la1 i

possibility cannot arise. If arbitrarily small balls do

appear among the B(A~) then without loss of generality wel.

can assume that the radii of the B(A~) are strictly decreasing.l.
(This is because some infinite subsequence of the A. mustl.
then have this property.) For all n we then have that

d(A ,A') <;;2-n. This is easily seen to imply that <A! I i € N)n n l.
converges to A*. This however is impossible since then,

because ,X is closed we must have A* E X ~ Z.

It is interesting to see how the topological notions of

convergence and continuous functions relate to the ideas

we met in the previous two chapters. It is in fact easy

to see that a sequence of processes converges in the

sense of 2.42 if and only if it converges relative to the

corresponding metric (both ideas are equivalent to there

being for everyWE r* a pointin the sequenceafterwhich
w is either always present or always absent).

It is possible for a function to be continuous in the

topological sense (i.e. inverse images of open sets being

open) without being continuous in the lattice sense, as

a function can be topologically continuous without being

monotonic. We can for example divide P into two clopen

sets, pick any two points we wish in P and have the func-

tion , which maps one set to one point and the other to

the other topologically continuous. There are though

some weaker comparisons possible.

3.19 Theorem

Suppose that (P,d) is a metric space induced byaclass of

restriction operators giving a compact space. Then a

function f:P ~ P which is doubly continuous in the lattice

sense is topologically continuous. Furthermore every

function which is topologically continuous and monotone

is also (lattice) doubly continuous.

proof

The first part of this follows from the facts that a func-

tion is continuous in (P,d) if and only if it preserves

the limits of convergent sequences, that the two types of

convergence are the same (see above), and that a doubly

continuous function preserves the limits of convergent

sequences (2.48).

- - -- - ------.-.--



The second part follows since as (P,d) is compact L must

be countable. This means that for any A€ P we can find

sequences <A. I i E: N) and <A~ liE N) which consist respect~1. 1.

ively of increasing finite processes and decreasing ecf

processes, each of which converges to A. By topological

convergence we get that each of <f (A.) liE N> and <f (A!) liE N)1. 1.

is convergent with limit f(A). This combined with mono-

tonici~y easily yields ~he desired result that

f(A) = Utf(B)' B~A & B is finite] = nff(B) I B;?A & B is ecd.

Note that 2.46(vii) extends the first part of this result

to the case of strong continuity over uncountable alpha-

bets, since it tells us that the inverse image of a closed

set under a doubly continuous function is closed (in the

topology defined as in 3.1 by reference to strong contin-

uity) .

The above result can be regarded as an explanation of the

connection which we observed between strong continuity of

predicates and doubly continuous functions.

Other classes of restriction operators relate less well

to lattice continuity. For example in the case of weak

continuity (with its usual metric) there are lattice

continuous functions which are not topologically continuous,

and monotonic topologically continuous functions which

are not lattice continuous.

3.20 Examples

(i) The function f:P ~ P defined by f(A) = abort if AO is

finite, f(A) = skip if AO is infinit~ is both monotone

and topologically continuous but is not lattice continuous

wQ.enever :ris infinite.

(ii) Suppose that N~L and that bEL. The function f:P'" P
" 'b"s

defined f (A) = f(")}uf~m I (bb..b)~A1 is lattice doubly cont-

inuous but not topologically continuous.

The second example works because it maps the convergent
i -b"s

sequence <B.liE N> (where B.=i l> ,<b) ,(bb> , . . . , (bb. .b)j)
1. 1.

to the non-convergent sequence <~(n)1 n~rn1uf{)31m EN).

It is however possible to recast the usual £-8 metric

space continuity criter~on in a more familiar form:

VB EP. "3g:N ~ N s.t. \lA.(Atg(n)=Bfg(n» ~ f(A)ln=f(B)1 n

--



The above fODmula, which holds for a function f if and

only if f is continuous in the topological sense, is

rather like 2.18(x) (though slightly stronger). That

this should be so is of course quite natural, since 2.18 (x)-

plays the same role for weak continuity as 2.46(vii)

does for strong continuity.

The next question to ask is how constructive functions

behave in our metric spaces. It will be seen immediately

that a constructive function has the effect of reducing

the distance between two points, and that a non-destructive

function is one which guarantees not to reduce the distance

between two points. One gets a slightly preferable picture

at this point by altering the metric slightly: let d' be

the metric defined by setting d'(A,A) = 0 and d' (A,B) = ~n

where n is minimal with respect to Atn # Btn (if A ~ B).

This alteration does not affect our earlier work except in

minor computational details, all results still stand in

the metric space (P,d'). The advantage gained is that

a constructive map now becomes a contraction mapping:

for all A,B€P, if f is constructive then d'(f(A) ,f(B»~fd' (A,B).

It is possible to derive all our basic results about existence

of fixed points and recursion induction from this fact alone.

This topic and the wider uses of contraction mappings

deserve more attention, but we will leave it here.

Following Scott ( ) it is possible to

whose continuous functions correspond

lattice continuous functions.

define a topology ~
exactly to the

3.21 Theorem

Let ~ be the topology generatedby the subbasis

~ = flA I Ad B 11 B € P & B finite 1 . Then a function

f:P ~ P is continuous in this topology if and only if it
is continuous in the usual lattice sense.

The proof of this result is omitted, being very similar

to the usual proof over P (N). This topology is very much

weaker than any of the ones associated with restriction

operators. It is To (i.e. given any pair of distinct
points there is an open set containing one and not the

other) but not Tl.



- - -- - - - - - . . - -. - . .

Before we summarise the implications of this chapter we

will see one more result: an alternative characterization

of the topology induced by our compact metric space.

3.22 Theorem

If A,B E P define the interval [A,BJ to be the set £c I A<; C ~ Bl.

The set] of intervals is closed under intersection. Let

~be the weakest topology on P in which all intervals are

closed. W is the same as the topology' induced by strong

continuity when r is countable (and hence is also the same

as the metric topology induced by the operators described

in 2. 5 4) .

proo£

The set~ of closed sets in the topology is the following:

(i) 11 <; 'if

(ii) ~c is closedunder
{iii)~c is closed under

(iv)'Wc is the smallest

taking finite unions.

taking arbitrary intersections.

set satisfying (i)-(iii).

That these are the closed sets of some topology is not

hard to prove, and having done this the resulting topology

must by construction be the weakest one in which all inter-

vals are closed.

Let ({ be the set of closed sets of the topology induced

by strong continuity (3.1). To prove our result it is

sufficientto show that ijJc=({. That mc<; <!I: foJ.lows

inductively from the fact that the predicate induced by

each interval is strongly continuous (2.46{i,ii,viii»

and the fact that <!C is closed under finite unions and

arbitrary intersections.

To prove thatC!I:<;1fit is sufficient to prove that each

element of the known basis for qcis in~ (as the

complementof each basis element is also in ,so we

are showingthateach is alsoopen in ~) . Since there

are only finitely many balls of a given radius and ~c is
closed under finite intersections it is sufficient to show

that all balls B~ are in ~c. It is easily seen that for
every ball there is an expression which has the form

Z nzln... nz , where Z. is either {A I w. E A] or fA I w. f/.A)o n 1 1 -- 1

([Wo,wI' . ..3 the e.numerationof r* in 2.54) and n is
minimal with respect to ~ < a (radius of the ball). Itn

-- - - -



This completes the proof of 3.22.

This result is pleasing, since it s~ows that the topology

induced by all compact metrics and strong continuity is

quite a natural one. It can be used to prove results

of closed sets (and hence of strongly continuous predi-

cates) inductively. If a property holds of all the basic

intervals (Iabort,AJ, IA,runJ) and is preserved by finite

union and arbitrary intersection then it holds of all

closed sets ~n Qt. In the language of predicates this

translates to the following inductive principle: if a

property holds of each predicate of the form R (A) = A? B
or R(A) = A<; B (BE P) and is preserved by finite disjun-

ctions and arbitrary conjunctions then it holds of all

strongly continuous predicates. (Both of these principl~s

hold only when L is countable.) One application of this

is an alternative proof of2.46(vii), which becomes an

immediate consequence of 2.46(v,vi,viii,ix). Several of

our other results have alternative proofs using the same

principle. If desired this principle can be strengthened:

it is in fact only necessary to show that a property holds

of all of the basic predicates above with B finite and ecf

in the respective cases. This is because every other of

the basic predicates can be expressed as a conjunction of

ones of this form.

To conclude this chapter we will take stock of our results,

paying particular attention to ~ow they affect our under-

standing of the two main classes of continuous predicates

we.met in chapter 2~

We have seen that given any normal class of restriction

operators on P we can define a corresponding metric space

in a natural way, and that the closed sets of this metric

space correspond in a natural way to the predicates which

are continuous relative to the class of restriction oper-

ators. This corresponds t~ .the fact that (as we already

....--- --

is sufficient therefore to show that each possible Z. is1
an interval. To' do this we simply observe that

iA I w EA1 = rfv I v,w},runJ (run is maximal in P)

£A I w <tA [abort, Cv ) w 4 v3] (if w6)

= [run,abortl (if w=<"» .



knew) continuous predicates are closed under finite dis-

junctions and arbitrary conjunctions. We found that our

metric spaces were of a very discrete kind, and were comp-

lete. Completeness was used to prove a satisfiability

result. We found that the metric space was compact only

when the predicates continuous with respect to a class of

restriction operators were exactly the strongly continuous

ones, and r was countable. We re-established the fact that a

strongly continuous predicate is continuous with respect

to all other normal operator classes, and also discovered

that strong continuity is in several ways better behaved

than other sorts (e.g. 3.11, 3.13, 3.14, 3.19 & 3.21).

In investigating how continuous functions in the metric

space behave we discovered another way of treating const-

ructive functions.

Below is a summary of the results affecting our knowledge

of weakly and strongly continuous predicates.

a) Weakly continuous

(i) 3.10 (which is obvious in this case anyway)

(ii) 3.15 (which can be adapted to give a normal form for

weakly continuous predicates)

(iii) 3.16 (which classif~es the predicates which are

"doubly continuous")

(iv) 3.18 (the application of which is helped by our

classification of doubly continuous predicates)

b) Strongly continuous

Each of the above also holds in this case, except that

3.14 plays the role of 3.15. In addition we have:

(i)

(ii)

3.11

The explanation of the connection with doubly

continuous functions.

(iii) The inductive principles which come from 3.22.

It is possible to prove most of the above without consid-

eration of topology or metric spaces, and indeed it is

possible to do much of the topology (e.g. 3.13 & 3.22)

without using metric considerations. The use of metric

spaces does however often seem to be the most convenient

and elegant way to deal with continuous predicates.

- -- . -



Appendix: A summary of some later results.

The results we have so far met in this chapter do not tell

us a great deal about the case of strong continuity when Z
is uncountable. Most of the following results are extens-

ions of existing results to this case (or demonstrations

that existing results do not then apply). The first

theorem is however an additional classification of strong

continuityover countablealphabets..

3.23 Theorem

The topology induced by strong continuity is homeomorphic

to the usual metric topology of the Cantor set if and only

if E is countably infinite.

This follows quite easily from theorem 30.3 of Willard( ),

since if ~ is infinite every point is the limit of a sequ-

ence of poinbdistinct from itself, whereas if Z is finite

the process abort is not.

3.24 Theorem

The topology induced by strong continuity is, when ~ is

uncountable, neither first countable, metrizable nor compact.

That it is not first countable follows from the fact that

there exists an uncountable set ~~('),<a)1'a€~J of nearly
disjoint processes. If the topology were first countable

there would exist a sequence of closed sets C. such thatJ

abort'" Ci, Ci ~ Ci+l, and whenever X is a closed set not
containing abort there exists some j s.t. X <;C. . One canJ
then show that one of the C. must contain infinitely manyJ
of the one pointclosedsets~ft(),(a>JJIaE~1 as subsets; but

this implies that this C. contains a convergent sequenceJ
of points converging to abort, contradicting the fact that

abort f C . .J

That it is not metrizable (and hence not the topology ind-

uced by any normal class of restriction operators) follows

from the fact that every metric space is first countable.

The fact that it is not compact follows from the fact that

we can find (under the continuum hypothesis) an infinite

set of points with no limit point. This is because under

the continuum hypothesis it is clearly sufficient to show

that this can be done for any particular alphabet of

- -



cardinal 2No. Now. let ~ = ff I f:N ... N1, and define

A. = fo/<f>/3k. f(2k)=i1. If the set tA. I iE NJ were to~ ~
contain a limit point it is easy to show that there would

have to exist some 1-1 function f such that the sequence

<Af(i)1 iE N> was convergent; but for any such sequence it

is easy to see that <f>E limsupAf (i) but <f>f: liminfAf (i) .

The next few results show that by generalizing the idea

of convergent sequences we can find a new class of predicates,

the extra continuous ones, which (i) is contained in the

class of strongly continuous predicates, coinciding with it

when ~ is countable; (ii) gives rise to a more pleasant top-

ology; and (iii) generalizes theorem 2.53.

Let us extend the notion of sequence to include functions

from arbitrary non-empty directed sets to P. We will call

such a sequence a generalizedsequence and a sequence from

non-empty directed set D to P a D-sequence. If f is a D-

sequence and D* is a subset of D with the property that

-for each dE D there exists some d* E D* s.t. d*? d we will

say that f~D* is a subsequence of f (it is easy to see that

each such D* must be directed). If f is aD-sequence

define limsup(f) = dQD(e~df(e» and liminf(f) = d~D(eqdf(e».
Say that f converges to A (or f ~ A) if Iimsup(f) = A =
liminf(f). Say that a predicate R is extra-continuous

if it satisfies the condition that whenever f is a conv-

ergent generalized sequence of points satisfying it then

lim(f~ satisfies R also. The following is a compIlation

of some easy results about generalized sequences.

3.24 Theorem

(i) For each generalized sequence f we ~ave liminf(f) ~
limsup(f).

(ii) All finite generalized sequences converge,

(iii) If f* is a subsequence of f then

liminf(f) ~ liminf-(f*) £ limsup(f*) S limsup(f).

(iv) There is a topology, Qf , in which a set X is closed

if and only if there is some extra-continuous pred-

icate R such that X = ~A I R(A)j .

The following are£our important results which have fairly

complicated proofs using the axiom of choice.

--- -



3.25 Theorem
The topology (!t. has [(A I A C;B1 , ~A I A'2 B ~ I BE pj as a sub-

basis for 1ts closed sets. Thus the class of extra cont-

inuous predicates is contained in the class of strongly

continuous ones. This containment is strict if and only

if Z is uncountable.

(An example of a strongly continuous but not extra continuous

predicate: R(A) =rA is countab1e~)

3.26 Theorem

The topology Qf is compact (i.e. if ~ is a

sets such that each finite subset of ~ has

section then n~ is non-empty) .

family of closed

non-empty inter-

3.27 Theorem

The topology Qf is zero-dimensional (i.e. if X

closed set and A 1. X then there exists a c10pen

the property A E Z and X (\Z = ~) .

is any
set Z with

3.28 Theorem

a) The c10pen sets of Qf are precisely those which can
be constructed from sets of the form fA I wE A J and fA I w if: A1

by finite intersections and unions.

b) The predicates R such that both R and ,R are extra

continuous are precisely those which can be defined using

the constructs "W E A" (w E ~*), n1\" and "1".

Note that 3.28 extends 3.13 and 3.14 to general alphabets.

The following result is a justification of the use of these

extra continuous predicates, since it extends theorem 2.53

to the case of uncountable alphabets, and hence provides

an alternative set of conditions justifying the use of

2.1 in an inductive proof. Note that the statement of

3.29 is a translation of the statement of 2.53 into topol-

ogical terms (as well as being a generalization to arbit-

rary alphabets).

3.29 Theorem

Suppose that X is a non-empty closed set of Qf and that
f:P ~ P is a monotonic £unction with a unique fixed point;

then if f(X)SX we must have fix (f) EX.



proof

The proof is not difficult once we have 3.25 and 3.26.

Define fa(~) and fa(T) for arbitrary ordinals a in the

same way as we did in 2.53. By 3.25 each of the sets

Ca = fAI fa (~) <; A S fa(T)3is closed. Easy consequences of

our definition are that {3Ea:9 C{32 Ca and that CA= QAC{3
if A is a limit ordinal. Claim that each of the cfosed

sets X (\~a is non-empty. Proof is by 'trans fini te induction.

When a=o.we have C n X = X, which is non-empty by assumption.o

If X ()Ca is non-empty, then it contains some element A, say.

Then f(A) E X, since f(X) S;X, and f(fa(J..» S;f(A) £ f(fa(T»

since f is monotonic and fa (~) ~ A S fa (T). Thus f (A) E X (\C ,
a+1

so X n Cfi+1 is non -empty.

If A is a limit ordinal and each X ()Ca G:;t€A)is non-empty

then < X ()CdaeA) is a chain of non-empty closed sets. By

compactness this chain has a non-empty intersection. But

n(XI1 Ca) = xn nea = xn CA' so xn CA is non-empty as claimed.au. aEA

This completes our

X n Ca is non-empty

inductive, proof, so we can deduce that

for all ordinals a .

Since f has a unique fixed point there must exist some

ordinal ~ such that f~(~) = f~(T) = fix(f). This tells

us that fix (f) E X, as claimed (C~ = ffix(f}J).

It is usual, in spaces defined by convergent sequences, to

define compactness by the property that all sequences have
convergent subsequences. This result does not translate

verbatim to the space Qf (considerthe sequence A. which1
we defined in 3.24) but there is a corresponding lemma

(which can be used to give an alternative proof of 3.29

very much like the proof of 2.53).

3.30 Lemma

If f is any generalized sequence of

is a point A which is in cl (f), the

containing all the points of f, and

and A ~ limsup (f) .

Since singleton sets are closed in Qf and any ordinary

convergent sequence is also a convergent generalized sequ-

ence the proof (in 3.24) that the topology is not first

countable is still valid .for Qf when2; is uncountable.

points in P then there

smallest closed set

such that liminf (f) ~ A



Chapter 4 :- A Model for Non-deterministic Processes

We can model the behaviour of non-deterministic machines by

observing not only the traces which it is possible for them

to execute, but also the sets of symbols which it is possible

for them to reject at each stage. The model we use therefore

is a subset of <p ( 1:* X<P (1:»))ie.the relations between traces

and subsets of 1: (interpreted as refusal sets). As a rela-

tion it is possible to regard any process as a function from

traces to sets of refusal sets, the image (as a function) of

any trace being the set of its (relational) images. It is

necessary to impose certain conditions to ensure that a process

is realistic. Formally a non-deterministic machine N is a

relation which satisfies the following conditions:

The domain ot N (dom(N) = tw I :IX. (w,X) EN 3) is non-

empty and prefix closed.

XEN(w) & Y<;X 9.YEN(W)

(where N(w) is the set of images of w under N)

X E N (w) & Y n (N aft er w) 0= 0 :} X u YEN ( w )

If D5;N(w) is a directed set then UDEN(w).

Ifafter W = ~(v,X) \ (wv,X) EN 1

NO = ~aEl: \<a1Edom(N)~

A set of sets is said to be directed if X,Y E D ~ 3z E D. Z 2 X u Y.

4.1 a)

b)

c)

d)

The justifications of these conditions are as follows:

a) If a process has executed any trace it must previously

have executed every prefix. It must be possible for a pro-

cess to do at least nothing «».

b) If a process can refuse every element of a set of symbols

then it can refuse every element of a subset.

c) If a process can refuse a set X and it is impossible for

it to accept any element of Y then it must be able to refuse

the whole of X uY.

d) If a process can refuse all approximations to a given set

then it can refuse the set itself.

Condition d) is almost alw~s (except in the case of an unc-

ountably infinite alphabet) equivalent to the ascending chain

condition:
*

4.2 d) If Xlc; Xt.<; ... c;,X..f ... is an ascending chain in N( w)

then OX. E N(w) ,
i=I 1.

which is easier to justify intuitively, but breaks down in



the uncountable I case.

It is possible to consider different versions of these cond-

itions. We could for example re-phrase the definition in

terms of acceptance sets (complements of refusal sets). The

resulting model is then clearly isomorphic in a simple way to

the original.

More fundamentally we could insist that,refusal sets be finite.

This involves dropping condition~) and altering~) slightly.

It is fairly easy to show that the two models are isomorphic

(by closing up under condition~») and that all our defin-

itions of operators are isomorphic except in one case, which

we will meet shortly.

I have included infinite refusal sets in this treatment for

several reasons. Firstly if we allow infinite alphabets it

seems reasonable that we should be able to test a process by

offering it an infinite choice (for example the ability to

output any integer). This type of behaviour seems to be

modelled more naturally by the inclusion of infinite refusal

sets. Secondly they give a more natural model to some recent

proof rules of C.A.R.Hoare. Thirdly they pose the soundness

problem(where the two models may not be isomorphic) explicitly

rather than implicitly. This soundness problem (which we will

meet in 4.10 et seq) also places a bound on the validity of

the above-mentioned proof-rules.

The definitions of the operators are summarized in an appendix

to this chapter. The definitions used are motivated in Hoare,

Brookes & Roscoe ( ), which also contains much basic material

on the model which omitted here.

4.3 Theorem

a) The space M of non-deterministic machines can be parti-

ally ordered by reverse inclusion A ~ B if A;}B. This

order can be interpreted A c;:B if B is more deterministic

than A. Under this order M is a complete partial order in

which the maximal elements are the deterministic machines

and the minimal element, CHAOS (= I* X~(I) ) represents the

process which is absolutely unpredictable.

- --- ---



b) NE M ~ «) ,.0) E N

c) A process is deterministic if

wE dom(N) ~ N(w) = fX\ X() (N after w)o= 0 ~

d) The non-deterministic ~ operator is modelled by union.

All the operators defined in the paper with the exceptionsof

hiding and ~(intersection) are easy to prove well-defined

(map machines to machines) and continuous (preserve directed

limits),.

The rest of this chapter will consist of an examination of

the problems introduced by these operators. The following

chapters will show w~s of proving correctness properties of

individual processes, by adapting and extending the ideas of

chapter 2.
Recall the definition of the hiding operator:

4.4 N/X = 1(wI( 1:- X), Y) I (w,Y u X) E N ~

f(wy,x)/fw' Edom(N) I w'r(! - x) = w~ is infinite)

We cannot hope that this definition will give rise to a cont-

inuous operator for infinite X because of the following:

4.5 Example

Let 1:= NUt a1 (a EtN )

An =. stop.2!: (?m:(fk \ k)n5) -) a ~ stoP )

But then

of (') )

(A )/N =n co

and (UA )/N = stop .."~In
C>"> 00

Thus U(An/N) :f (\JAn)/N
"'~I "'=1

~(<'>, X)\ X<;l:")

00

verify thatVn.A ~A +1 and that UA
n n (\=1 n

CHAOS for each n (infinitely many derivations

= stop .Then it is easy to

(stop is the process

abort in this model.)

which corresponds to

If we were to alter the second clause of the hiding definition

to require arbitrarily long derivations of w, which might seem

more natural for infinite X, it would still not make this

example continuous. Also it is necessary in this case to make

a slight amendment to the operator to make it well-defined

with respectto 4.1 (d).

--



By placing stronger conditions upon the types of process

we allow, it is possible to make certain types of infinite

hiding continuous. The basic ideas are to divide the alpha-

bet into finitely many portions, and to insist that if an

infinite part of one of the portions is available then the

whole of it must be. The analysis of this topic is long

and complicated, and the results technical. I therefore

omit this topic for lack of space, and Teturn to the simpler

analysis of finite hiding.

4.6 Theorem

If the set X of hidden symbols is finite, then the hiding

operator Nix is well-defined and continuous.

proof

Say that a trace w is a derivation (with respect to X) of v

if wt(L - X) = v .

We will prove first that Nix is well-defined.

Throughout this proof A will denote the first (normal) clause

of the definition 4.4 of Nix and B will denote the second

(infinite chatter) clause.

a) That the domain of Nix is non-empty follows as either <>

has infinitely many deri vat ions, in which case « > , 0) E B,

or it has a maximal one, S3.'iw. As w is maximal we must

have (N after w)o n X = ° ,which implies (w,X) E N (by clause

(c) of N) and thus (w,XU0)EN ~ (0 ,0)EN/x.

To prove that the domain of Nix is prefix-closed we use a

similar argument. Suppose that v<w Edom(N/X). Then either

some prefix of v has an infinite number of derivations (in

which case (v, 0) E B) or v has at least one derivation (for

then either w has a derivation, or the minimal prefix of w

with infinitely many derivations is greater than v). If v

has a derivationthe argumentis the same as for<>above.

b) Suppose (w,Y) E Nix and Y'£ Y

If (w,0)EB the result is elementary

(w,Y)EA -=> 3v. Vf(L - X) = w & (v,XuY)EN

vI( L - X) = w & (v,XUY')EN

(w,Y')EA

c) Suppose (w,y) E Nix and Z n (N afterw)o=°
If (w,0)EB then (N after w)o= L , so the result is trivial.



He may thus. suppose that (w, 0) 4: B

Hence there is some v E dom(N) such that

vf ( 1: - X) = w & (v, Y u X) E N

Now (N after v)o n (r - X) £. (Nix after w)o

Thus (r- x)nzn(N afterv)o=0

~ (v,yuxu«r- x)nz» = (v,YUXUZ)EN

9 (w,Y U z) E Nix as desired.

d) In'this section we use the fact that (as will be proved in 4.1~)

in these circumstances (given that we have already proved (b»

directed set closure is equivalent to closure under the limits

of arbitrary (possibly longer than w) chains.

Suppose therefore that C is a chain contained within\N/XXw).

Again if (w, 0) £B the result is trivial, so we may suppose

not, so (w,Ya)£ A for each YQE C (assume the chain is indexed

by Q<~ (some initial'ordinal) and that a<{3 ~ YQ ~ Y{3 ).

Now as (w, 0)e A -8 there must be finitely many Vi £ dom(N) which

are derivations of w-(v1 ,...,vk' s~).

For each a<~ there must be one of the v, s.t. (Vi 'Ya l:JX) EN.

We can therefore partition ~ into k sets =l'''.'=k with the

property that a E=j 9 (vi' YQ U X) EN. It is easy to show that

there must be at least one =. with the property a<~ ~ 3{3E=-s.a~{3.1

If we now let Y~ = Y{3 , where {3 is minimal in =i w.r.t. {3?a

then we have that C' = (ye:U xl a<~> is a chain contained in

N(v.). Therefore UC' = (UC)UXEN(V.) , so UCE(N/x)(w)1 1
as desired.

To show that Nix is a continuous operator it is necessary to

show that if D is a directed set of machines then (UD)/x =U[Nix t NE D1.

It is easy to show that Nix is a monotonic operator, so we

have: N E D ~ N s; UD

9 (N/x)s (U D)/x

~ u ~ (N/x)1N ED] £;(UD)/x

It therefore only remains to show the reverse inclusion.

Because of the reverse nature of the order used, this means

showing (w,Y) E U~N/x \ N ED1 ~ (w,Y) E (UD)/x.

----



There are two cases to consider:

a) 'ifNED. (w, '0) EB..., where BII is the second clause in

the definition- of Nix.

b) 3N E D. ( w, 0 ) f/. B~

In the first case it is clearly sufficient to prove that some

prefix of w has infinitely many derivations, for then (w,X)EB

for all x~r (where B is the second clause in the definition

of (LJD)/x). There is some prefix v of w which is minimal

with respect to there being an infinite derivation set for it

in each N E D.

There is therefore some N E D s.t. no proper prefix of v
v *

has an infinite derivation set in N. Let D = ~NEDI N~N3.
* v * v

It is easy to: show that UD = UD and hence that (\jD ) Ix = UD) Ix.

It is therefore sufficient to show that some prefix of w
*

(namely v) has an infinite derivation in UD .

As N:JN ~ NCN there must be finitely many derivations- v - v *
of every proper prefix of v for every NE D .

Claim that the number of k-minimal derivations of v is finite
*

for each NE D and kE N (natural numbers), where a k-minimal

derivation of v is one which has precisely k proper prefixes

which are derivations of v.

(Thus if X = ~a) we have

<aab), (aiV,(b) are all o-minimal derivat ions of (b>,

(aba ,(b~ ,<.aaba> are all l-minimal,

<abaa;>,43aa) are 2-minimal, etc. )

Firstly the number of o-minimal derivations is finite. This

is certainly true if v =<> , for then the only one is <). If

v = v~~ the number must be finite since each o-minimal s must

have the form s~~ for some s' which is a derivation of v'.

But v' is known only to have finitely many derivations in N~Nv'

which gives us the desired result.

If we suppose the number of k-minimal derivations is finite,

then since each k+l-minimal derivation has the form s(b>,

where s is k-minimal and bEX (and X is finite) the number

of k+l-minimal derivations must also be finite.

Hence by induction the number of k-minimal derivations is

finite for each k. Also, since v has infinitely many deri-

vations each of which is k-minimal for some k, there must

be k-minimal deri vat ions present for each k in every N E If.

---



Claim that there is a k-minimal derivation of v present in
*

LJD for each k. Suppose not (for some k) and that sl...s~

are the k-minimal derivations present in N. If (for any i)
* v *

(s., 0) E W for each Nt E D then we would have (s., 0)E UD ,1 1

contradicting our assumption. Thus, for each i, there must be
* *

some N. E D s.t. (s.,0 )EN.. But then (as D is directed)
1 * *1 *].

there is some N ED s.t. N 2 N. for each i. Therefore
* 1 *

\fies. ftdom(N ) , but as also dom(N )S dom(N ) there can be no
1 * v

k-minimal derivations of v in N. This contradicts the remark

on the previous page. Thus the claim that there is some
*

k-minimal derivation of v in lJD is proven.

But now since every n-minimal derivation of v is clearly

distinct from every m-minimal one (if n~m) there must be an

infinity of derivations of v in UD*, which was what we wanted

to prove.

This complates the proof of case (a).

Case (b) is rather easier.

If 3N D. (w, 0)ftBw set D* = ~N IN~N 1
w '" * w

is itself directed and UD = UD. Since
*

must have N E D ~ ( w, 0 ) ft BN.

*
then as before D
*

N E D ~ NS N wew

*
Thus the number of derivations of w in each NED is finite, and

*
clearly the derivations in each NE D are included in those in

N (as N C;N ).w w
'*

We must have (w,Y) EA~ for each NE D .* .

For each NE D there is thus a non-empty set S'"of the traces

in dom(N) s.t. sE S,..~ sl(l: - X) - w and (s,Y U X) E N.

By construction each of these SN is finite and included in ~ .* w

Claim that 3sE~. (s,XUY)E UD )."'

If not then for each s E SN we can find* vi
But then as D is directed we can find

*
aNED s.t.sft~.

s * f.
some N ~ N for eve~ s.- s 60J

But then we would have S...n S...,.= 0 , which contradicts the
w *

structure of the S",. Thus 3 sE S<, (s,X U Y) E (UD ) as claimed.
*

But this is the desired result, since then (w,Y) E 3.1D )/X.

----



By similar methods one can prove (for finite X & Y)
- .

4.7 (N/X)/Y 0::N/(X U Y) .

The following commutativity law is an immediate corollary

to 4.7 .

4.8 (N/X)/Y 0::(N/Y)/X

There will be further analysis of the hiding operator in

chapters 5 & 6, where we will examine the pipe operator "»"

and the Master/Slave operator (All a::B) in some depth (both

of which use hiding in their definitions).

We now turn our attention to the intersection operator "~".

This operator is used critically in the definition of the

parallel combinator (AxUya). Recall its definition:

4.9 A~B 0::}(w,X U Y) I (w,X)EA & (w,Y)E B~

The interpretation of this is that A~B will only execute

traces possible for both A & B and at any stage it can refuse

any set which A and B can co-operate in refusing.

It is this last feature (the refusal sets) which cause us

the problems. It is easy to show that the domain of A~B is

non-empty and prefix closed, that A~B(w) satisfies left-

closure (4.1 (b» and condition 4.l(c). It seems, however,

to be far from easy to prove anYthing about 4.l(d).

The root of this difficulty lies in the fact that if

f X U Y I X EIS. & YE K21 is a directed set there is no reason

why IS.or K2 should be directed, so it is difficult to prove
the existence of elements on the two sides which combine to

give the limit of the directed set. The problem can be stated

thus:

4.10 If Fl and F2 are two families of subsets of L which satisfy:
a) left-closure XEF & ycX .. YEF

b) directed closure D£F directed ~ UDEF

does the family tXUY IXEF1A YEF21 satisfy these conditions?

The conditions (a) & (b) here are the same as 4.1 (b) & (d) resp-

ectively.

This problem does not exist for finite alphabets, for then

every directed set contains its limit, so we need to examine



only the various possible cardinalities of infinite alphabets.

We will adopt the following approach in analysing the problem.

Firstly we will see t~~answer to 4.10 is affirmative if I is

countable, which means that in this case~ is both well-defined

and continuous. Secondly we will see an example to show that

if we substitute the countable chain condition 4.2 for directed

closure the answer to 4.10 (for uncountable alphabets) is

negative. Finally we will see how to prove the well-definedness

of~ for arbitrary alphabets and that it is a non-trivial set-

theoretic tool.

4.11 Theorem

If ! is countably infinite then the answer to 4.10 is yes.

proof

This result can be proved using directed sets explicitly,

using a version of Konig's lemma independent of the Axiom of

Choice. We here however prove a version involving chains,

since this ties in better with what is to follow.

4.11.1 lemma

If' L is countable

<x. liEN)J.

for directed

then we can substitute the chain condition
....

a sequence in F s.t. X. <;X. ~ UX. E F
J. J.+1 i=I J.

closure in 4.10 and the effect of the new pair

of conditions is equivalent to that of the old pair.

proof

That the above condition is weaker than directed closure is

obvious since every ascending chain is'~ directed set.

It is therefore sufficient to show that if D is a directed

set in a family F which is left-closed and ascending chain

closed then UD E F.

Suppose X is any finite subset of UD. Then it is easy to

show by techniques akin to some used in the proof of 4.6 that

there is some Y E D s.t. X <;;; Y. Thus X E F (by left-closure),

so every finite subset of UD is in F.

AI3 I is countable we can enumerate the elements

of UD as tal,a2,...,ai,...~ (if UD is finite then UDEF

by the above, SO the result is trivial).

But then if X. = fa. \j <. i3 we have that <..X.> is an ascending
. J. J J. ~

sequencein F (finitesubsetsof UD) and so UX. = UD E F.i=I J.



It is thus sufficient to prove that if

left-closed and ascending chain closed

tXUY\XEFl & YEF2~ .

Suppose that these conditions hold of Fl and F2 and tha~

XlUYl, X2UY2, , Xiu Yi'

is an ascending chain with limit Z, say and where XiEFI, YiEF2.

FI and F2 are two
families then so is

If Z is finite then the sequence X, U y, is ultimatelyJ. J.

constant (and eq~al to Z). In that case the desired result,

namely the existence of some X E FI and YE F2 s.t. X U Y = Z,
is trivial. We may thereforeassume that Z is infinite

and is enumerated as ~al'. .., ai' 1 .

a)

b)

c)

Claim that for each j E N we can find an infinite sequence

of natural numbers <nJ..1 i E N) with the following properties:,(
i < iI ~ n.. < n..,

J,t J.l

<nj.ti.),is a subsequence

I f A; = fak \ k < j1 then
Vi.A. n Y = A. n Y

J n.. J 1)1
J,l .

(Note that this is very similar

in the proof of 2.52.)

of <n~i1i.
\li.A.nX = A.nX ,J n.. J n.

\.1' j,( J.1
and vJ..A.c X U Y .

J- n.. n..
J} 1.l

to the construction used

We can find such a sequence for j=l since Al = ~ so we can
put n.. = i.

J,l

Suppose that we have constructed such a sequence for.j.

By construction (since nJ' ;.1
> nJ'i.) the sequence (X u Y .liE N)

- . ~. ~
is ascending with limit Z. Thus a. E U (X U Y ) ; so'there

J tal n~L njj

is some k such that i;>k =9 aj E (XnY Y ..)~
J,l n1~

It is easy to see that either there is an infinite subset

of fi! i >k3 such that a, EX n Y for each i, or there. J n.. n..-"},~ J,L
is an infinite subset such that a

J
. E X - Y for each i

,
or

n.~. --
there is an infinite subset such thatJ.La.EY- X for

J n. n-'
-"1,( J,t

n
J'+1 J.

' to be the ith n, such
, J,s

that s lies in the first of these infinite sets to exist

each i. We now define

(that is, if a.EX ny set exists, choose it, etc.).
J nj,l ni.i

It is now easy to show that the new sequence n'+l ' satisfies
J ,J.

all that is required of it.

Now choose m, = n, .. By conditions Cp) & (b) above we have
J. J.,J.

that mi< mi+l for each i.



Now let W. = x n A. and
1. m; 1.

must hold of these W. an1.

a) W i EFl & Vi E F2
b) W. U V. = A.

1. 1. 1.

c) W. c W.+1 & V. c; V. +1 (as every n. +1 . is an. .)
1.- 1. 1. 1. 1.,J 1.,J

But since Fl and F2 are ascending chain closed they must

Y n A.
mj 1.

The followingV. =
1.

V..
1.

(by left-closure)

aO ..

contain UW. and UV. respectively,and
i=1 1. i=1 1.

( 0W.) u ( Qv.) = O(W. u V. )

i=1 1. i=1 1. i=1 1. 1.

Hence Z lies in fx u Y I X EFl &

CC>

= UA.
i=1 1.

Y E F2~

= Z

as desired.

4.12 Theorem

The ascending chain condition 4.2 is insufficient to

make ~ well defined if 1: is uncountable.

proof

First observe that for an uncountable alphabet 4.2 is a

strictly weaker condition than directed closure.

An example to show this is the countable subsets of the

real numbers. This family is closed under 4.2 (and is

left closed) but is not directed closed since the family

itself is directed but does not contain its union.

Our aim will be to show there exists an uncountable

alphabet which is somehow isomorphic to the set of

proofs of membership of families which are left closed

and satisfy 4.2.

4.12.1 If (X.) is any sequence of sets define1. .. _
liminf (Xi) = .U ( .n (Xi) )

J= 1 ,=J

(Note the similarity between this and 2.42.)

Claim that if (X) is any sequence of sets in a chain-1:

closed family (for the rest of this section we will use

the term chain closed to mean left closed and satisfying 4.2)
then liminf(X.) is also contained in the family.1.

...

Let Y. = n (X.) .
1. j=i. J

Clearly each Y. is contained in the family (F say) by1.

left closure (it is greater than X.).1.
Also the Y. are an increasing sequence (being intersec-1.
tions of decreasing sets) .

..

Therefore liminf(X.) = uY. e F as desired.
1. i=1 1.



4 .12 .2 lenuna

If G is any family of sets which is closedunderthe

taking of liminfs thenthe family }X I "3YE G. Y "2 xl is

chain closed.

proof

Let F = fxI3YEG.Y2X~.
That F is left closed is trivial since X E F =1 3Y E G.X <;Y

so X'c x ~ x' c Y. Thus Xl E F as desired.

Suppose that <X:> is any ascending chain contained].

in F. Then for each xiwe.>can choose a Yi E G such
that X. c Y.. But then

].- ].
)'>i ~ X.CX.cY.

7' ].- 1- J
=> X. ~ n y.

]. j=, )..

~ g,xi S g,( £'.Yj) = liminf(Yj) E G

Hence 0X. E F as desired.
i=' ].

This result (in a way which will become clear shortly)

helps us to bound the number of elements we must include

in any chainclosedf.amily, given that.wewish it to

contain an arbitrary collection of sets.

4.12.3 Define a finite path w-branching tree tETN as follows:
a) t is .a directed tree with a single base node.

b) Every non-leaf node of t is unlabelled and has

edges labelled 1,2,3,... leading out of it to

sUbtrees tl't2' E TN which are all distinct.

c) Every leaf node of t is labelled by some nE N.

d) t contains no infinite path.

4.12.4 lemma
*

a) The relation tl< t2 if tl is a strict sUbtree of

t2 is a partial order on TN.
b) It is a well-founded partial order, and thus every

subset of TN contains its minimal elements and induction
and recursion are both possible.

proof

a) If tl < t2 and t2 < t3 then trivially tl < t2. If

tl > t2 > t3 > ... >ti>... were an infinite descending

(* - all descendants of some non-base node of t2)



chain in TN then tl would contain an infinite path
(through the successive base nodes of the t.) contra-l.

dieting its membership of TN' Hence there are no such

chains in TN, so in particular for no ~lement of TN can
we have t> t for this would give rise to the descending

chain t >t > t > . . . . . . This completes the proof that

TN is ~artially ordered by < .

b) Suppose S is any non-empty subset of TN which does

not contain any elements which are minimal with respect

to it. Then for every element t .of S there is some s E S

such that s < t. It is then easy to show (given AC) that

there is an infinite descending chain (starting from any

element) contradicting the above.

Hence every subset S of TN contains some element t such
that t E S ~ -, (s < t) .

It is then easy to prove the inductive principle:

(VtE TN' ('Vs< t.R(s» 9 R(t» 9 ("ItETN.R(t»
for any property R.

Also it is easy to show that if H is any function

H: f (t;g), I tE TN & g:~s Is < tl ~ A1 ~ A (for any set A)

then there is a unique total function f:TN ~ A which

satisfies f(t) = H(t,f,fsl s<t~) for all tETN.

Define t E TN to be a singleton if it has only a single

node (we will denote t by (n) , where the single (leaf)

node is labelled "n").

We will sometimes denote infinite elements of TN by the

elements of TN at the ends of their lowest level edges,

thus (t. liE N> is the tree with t. at the end of edge i
l. l.

leading out of the base node.

Define functions f:TrrTN ~ <PeN) and g :TNXTN ~ <P(N) as
follows:

If t & s are both singletons then f(s,t) = g(s,t) =~.
If t is a singleton <ro and s is infinite then f(t,s) = fn1

and get,s) = fm I m labels some leaf of s and n =t= m} .

If s is a singleton <n) and t is infinite then get,s) =~n,

and f(t,s) = lm I m labels some leaf of t and n F mJ .



If both t & s are infinite then each contains a finite

or countable number of non-leaf nodes with infinitely

many leaves attached. (This is easy to prove using

the induction principle outlined on the last page.)

Suppose that these nodes of tare nl ,n2 ' . . . ,nk, . . .
and that these nodes of s are ml,m2,...,~,...

sequence (n. )(j ~o)1.,)
sequence (m. .)1.,)

and that the leaf nodes of n.1.
and that the leaf nodes of m.1.

form the

form the

Define H = L = ~ , and define two cyclical functions:o 0

Let p(r) = r (mod n) if there is a finite number n of njs
= r - (the greatest triangular number ~r)

if there are infinitely many n.s)

Let q(r) = r (mod m) if there are m mjs
= r - (the greatest triangular number ~r)

if there are infinitely many mjs

This is a well-defined recursion since each H and L isr r
finite, and the sets [n. .1 j EN~ and fm. .1 j EN1 are

1.,) 1.,)

infinite for every i in the correct ranges as all the

leaves on the n. and m. are by assumption different.1. 1.

Note that since by construction all the li are distinct

from all lj (i * j) and from all hj the two sets
'1. liE NJ and }h. liE N3 are disjoint.
c 1. 1.

Now set f(t,s)

and g(t,s)

= ~l. I j E N1J
= £h. \ j EN}J

This completes the definition of f & g.

Note that in the last case, since the functions p & q

each take every node index as their value infinitely

many times, there are infinitelymany n. . in f(t,s) for1.,J
each i and infinitely many m. . in g(t,s) for each i.1.,J

By construction also f(t,s) ()g(t,s) = ~ for all t,s E TN.

Now let lr = least element of npl,,),jI j E N3 - (Hr-l U Lr-l)

and h = least element of lrJ.jl j ENl - (Hr-l v Lr_IUflr3)

and Hr = Hr_Iufh &
L = L IU fl . (r 1- I in each case).r r- :r:



Now define X~. = f(t,s) I n Etf(t,s)1

y~ = f(t,s) I n Etg(t,sn

For each n we have X~ u y~ = TNx TN,
implies f(t,s) n get,s) = ~ so either

since (t ,s) E TN X TN
n Etf (t, s) or n Etg (t, s) .

Th us X u Yn n

X = X* u fo, 1, . . . ,n1n n
y = y* u '0 11, . . . ,nJn n ~

= TN X TN u fo, 1,2, . . . ,n:l and so the X u Yn n

Now define

form an ascending chain with limit TN X TN U N (=! I say).

Define functions h,k:TN ~ Pc!) by recursion.
h «11» = Y k «n) = Xn n
h ( (t. liE N» = liminf (h (t. ) )1 1

k ( (t. I i ~ N» = liminf (k (t. ) )1 1

By 4.12.4 this recursion is well-defined.

Consider now the families Fl and F2 defined:

Fl = ~xl 3tETN.X~k(t)1
F2 = fXI 3t E TN .X ~ h ( t >1

These families are both chain closed by a similar argument

to 4.12.2 (a little care is required to show that we can

get away with our demand that all the first level subtrees

of any tree are distinct).

Claim that the limit (1:) of the above ascending chain

cannot be expressed as X U Y, where X EFl and Y E F 2.
It is clearly sufficient to show that ! cannot be exp-

ressed as k(t) u h(s) for any (t,s) E TNXTN.

If t & s are both singletons, labelled n & m respectively

then max(n,m)+lEt k(t) u h(s).

Otherwise claim that (t, s) Etk (t) u h (s) .
We will show here that (t,s) Et k(t), the proof that

(t,s) Et h(s) being practically identical.

If t is a singleton labelled n then n E f (t, s), and thus

(t,s) EtX*. Hence (t,s) Et X = k«n», as required.n n

If t is infinite and s is a singleton <n) then work by
induction on the structure of t.

Claim that every infinite t'< t satisfies (t,s) Et k(t').



Assume that all infini te ti in <ti liE N) <;;t satis£y this.

Ei ther <.t.liE N) has infinitely many of the t. infini te1 1
or it does not.

In the first case, by induction, there are infinitely

many i such that (t,s) f/.k(t.). But then (t,s) f/.liminf(k(t.» .1 1

Thus (t,s) f/.k«t. liE N» as desired.1

In the second case there must be infinitely many leaf

nodes amongst the t., onl y one of which (at most) can1 .

be labelled n. For each <m) s.t. m f n we have

m Ef(t,s) (as m{f:n)labels a leaf node of t)

=9 ( t , s) f/.k ( <.m) ) .

Thus again (t,s) f/.k (t.) for infinitely many i, so that1
(t,s) f/.liminf(k(t.» = k«t.1 iEN» as required.1 1

Finally we have the case that both t and s are infinite.

Again we prove by induction on the infinite t'~ t that

(t,s) f/.k(t').

Assume that all in£ini te t. in <t. liE N) ~ t satisfy this.1 1
If there are infinitely many infinite t. then (t,s)f/.k«t.).)1 1L
by the same argument as above. If there are not then

infinitely many of the t. must be leaf nodes. Thus in1
the definition of f(t,s) and g(t,s) the base node of

(t.1 iEN) must be one of the n.. Hence infinitely1 1
many of the labels of the t. are included in f(t,s). Thus,1
as above, there are infinitely many t. s.t. (t,s) f/.k(t.)1 1
and so (t,s) f/.liminf(k(t.» = k«t. I iE Nl) as required.1 1
This completes the induction, and so the property holds

of t itself.

This completes the proof that if t & s are not both single-

tons then (t,s) f/.h (s) u k (t) .

Hence in any case (s ,t) E TN X.TN:9 k (t) u h (s) "::f1:, which
is known to be the limit of an ascending chain in

f XuY I XEFl & y'EF21 , and so this family is not
chain closed.

To complete the proof of 4.12 all we now have to do

is set NI = ~(o,X) I XEFll u t«a),X)I aE1:, x<;;r1

N 2 = ~ ( < ) , X) I X E F 2 1 u f «~, X) I a E 1:, X <;; 1: J

and observe that both NI and N2 satisfy 4.1 (a)-(c) and 4.2

but NI@N2 does not.



It is possible to extend the notion of ascending chain

(and so also the ascending chain condition 4.2) to include

chains indexed by larger ordinals than the usual w.

If 'Iis any ordinal define a '7-chain to be a function

0: 'I~ P<L) which satisfies ~€7r9 0(0 S; O(71)

We will often use the notation <Cp~pETJ>for the 'I-chain

with p-component cp.

Clearly the only 'I-chains to be of interest from the point

of view of taking uniqns are those indexed by limit ordinals

(as other ones contain their unions as last members) .

We can now extend 4.2 either to insist that a family be

closed under the unions of arbitrary length chains or under

the unions of all chains of length smaller than some A.

The following is a technical result in classifying these

conditions.

4.13 Lemma

Suppose that L is an infinite alphabet with cardinal \A\ ,

where A is an initial ordinal. Then if C = (cKIKE1i> is

any chain over this L there is some subchain D = <dJ KE T> of

C such that T~A is a regular initial ordinal and Uc = VD.

The proof is not difficult but is omitted.

It is fairly easy to see how the methods of 4.12 could be

extended to show that no ascending chain condition which

expressed a bound on the length of chain could work for

general alphabets (in the sense of making the definition

of ~ valid). 4.13 also shows that (using AC) for any

fixed alphabet there is maximum length of chain which need

be considered.

The next result shows that the arbitrary ascending chain

condition is in fact equivalent to directed set closure.

4.14 Lemma

Suppose that 1: is an alphabet of cardinali ty lA" where

A is an infinite initi al ordinal. Suppose further that

F is a family of subsets ofL which is left-closed. Then

the following two conditions are equivalent.

(i) F is directed closed.

(ii) F is closed under the limits of 'I-chains for every

regular initial ordinal TJ~ A.



proof

That (i) ~ (ii) is obvious since every q-chain is a dir-

ected set in its own right. In proving the converse note

that by 4.13 the second condition is equivalent to closure

under the unions of arbitrary length chains.

Suppose then that

ected set. Claim

directed) we have

(ii) holds of F and that D ~ F is a dir-

that for each D'~ ~ (D' not necessarily

UD' E: F.

Prove this by transfinite induction on ID'I (actually T.I.

on the initial ordinal equinumerous with D', so we are

using AC here) .

If D' is finite then there must be some element of D which

contains UD' since D is directed.

closure.

Suppose then that D' is infinite and that the result holds

of all sets with smaller'cardinality. Enumerate D' by its

initial ordinal (so that D' = ~XJK€8~). For each a E 8 set

D~ = fxKIKE:O'J. By construction each D~ has strictly smaller

cardinal than D' and so U D~ E F by assumption.

Thus UD'E F by left-

The UD~ are an ascending 8-chain

ding sequence of sets) so by 4.13

(as the D~ are an ascen-

U< UD') = UD'E F.
ae8 a

Hence by induction UD"€ F for every D'~ D, and in partic-

ular UD € F as desired, completing the proof of 4.14.

The methods used in proving can be extended to show, using

the above, that 4.10 holds for certain uncountable alpha-

bets. These methods become quite involved, and seem to

break down at the cardinal Nw (which mayor may not be less

than the cardinal of the real numbers, dependant on the

continuum hypothesis) .

In order to complete the proof of the truth of 4.10 for

general alphabets we appeal to the compactness theorem of

propositional calculus. We will in fact see that not only

is this implied by propositional compactness but that also

compactness is directly provable from 4.10 without recourse

to any other powerful set-theoretic tools such as Zorn's

lemma (the normal result used to prove compactness) .

~



4.15 Theorem

The truth of 4.10 is both implied by and implies the

compactness theorem for propositional calculi with arb-

itrarily large collections of propositional variables.

proof

Recall the compactness theorem:

If L is a propositional language which consists of the

finite formulae formed from a set of'propositional variables

and the standard connectives then any subset of L which

finitely consistent is consistent. A set K ~ L is consistent

if there is some truth assignment which satisfies every

element of K and is finitely consistent if each finite KI~ K

is consistent.

We show first that the truth of 4.10 is implied by the

above. Suppose that 2: is any alphabet and that Fl and F2
are two families of subsets of E which satisfy the cond-

itions of 4.10. Let L be the language which contains dis-

tinct propositional variables Pet'and Ch for each et'ELand

the finite combinations of these by "," ,11v" &"/\".

Suppose that D is a directed subset of f X U Y I X EFl & Y E F21 .

Define sets of formulae ,Kl,K2 & K3 as follows:

K1 = ~ Pet' V qa I et' EUD 3 -
!l..J..1 l.

K 2 = (1 (Pa/\ ~ /\ . .. /\ PT}) I fa, f3,..., 1]) (/. F 1 J
(f.;.til

K3 = f l(qa/\ q~/\... l',q'7) I ~a, ~,...,rJ} ft I'21

Claim that K = Kl V K2 U K3 is finitely consistent.

Suppose that KI~ K is finite. Then KIn Kl is finite and
so is U =i a I Pa V qa e:K 11 . For each aE U there is some

X € D such that aE X and so, as D is directed, there is some

X € D such that U ~ X. This X can be written YU Z for some

Y EFl and Z € F2 (by assumption). Define a truth assignment
s as follows: s (Pa) = true if aE'Y

S(pa) = false otherwise

s (qa) = true if aE Z

s(qa) = false otherwise

By construction s (rp) = true for each rp€K' n Kl.
If rp€K2 then rpcan be written ,(Ap...) for some finite WftF l.

",tOW

Certainly W1- Y (as Y € Fl) so that W-Y ~~. Hence s (rp) = true.

Similarly t/JEK3 ~s(t/J) = true.

Thus s (t/J) = true for each I/J E K' n Kl or KIn K2 or K' n K3

and so the whole of K' is satisfied by s.



This completes the proof that K is finitely consistent.

By the assumption of the compactness theorem, therefore,

there is some truth assignment s* which simultaneously

satisfies the whole of K. Define Y = ~O'EUDI s* (Pa)J and

Z = ~O'fUD " s* (qO')3 .

Clearly UD = Y V Z as O'€UD ~ s* (Pa V qO') = true

~ s* (Pa) = true V s* (qa) = true

~ aE Y V aE Z

YE F1 as the set ~ Y I I Y 1£ Y & Y I finite] is directed

limit Y and is contained in Fl as

(yl~ Y) & yl finite =9s* (tp)= true, where

~ s*(~) = false, where

=* ~ ftK2

~ yl E Fl

Also

with

Similarly Z E F2 which completes the proof of our result.

Secondly we show that the truth of 4.10 can be used to

prove the compactness theorem. Suppose that L is a prop-

ositional language of finite formulae with variables V.

Suppose further that K~ L is finitely consistent. Define

two families Fl and F2 as follows:

Fl = lX~L I XUK is finitely consistent]

F2 = fx ~ L I X is finitely frustratable]
where X~L is finitely frustratable (f.f.) if for every

finite Xl S;X there is a truth assignment which maps each

~E Xl to false.

Each of these families satisfies the conditions of 4.10:

left-closure is trivial and directed set closure follows

from the fact that every finite subset of the union of a

directed set is contained in some element of the set.

Claim that the whole of L can be expressed as Y U Z for

some YE: Fl and Z E F2. By the assumption of the truth of
4.10 it will be sufficient to show that each finite subset

of L can be so expressed (as these finite sets are a dir-

ected set with union L).

Claim that each finite subset of L is a subset of some set of

the form Y U Z, such that YE Fl' Z E F2 and Z t;;~~h~E yj .



Proof is by induction on the size of the subset.

The result is trivial for the empty set ~.

Suppose that it holds of all smaller sets than X = x*u~~~

( t/Jf/: X*). By assumptionthere are y*EFl and Z*E F2
which satisfy our requirements for X*.

Ei ther K U Y* u[t/J] is finitely consistent or K u Y*uf t/Jjis.

This is because if not there would be finite subsets U & V

of K U y* such" that uvft/JJand V u~,t/Jjare both inconsistent.

But then it is easy to see that U VV would be an incons-r

istent finite subset of K U Y*, something which by assump-

tion does not exist.

In the first case,let.Y = Y*uft/JJ and Z = Z*, in the second

case let Y = Y*U~,t/Jj and Z = z*u~CPJ . It is easy to see

that in either case Y and Z satisfy all that is required

of them for X.

Hence the result holds for all fini te X S L. Thus as

stated there must be some YE F 1 and Z E F2 such that Y U Z = L.

For each t/J € L either t/JEY or,t/JE Y. This is because the set

ft/J ,'~ is not f.f. and so is not contained in Z.

Hence in particular this is true of the atomic propos-

itional variables. Define a truth assignment s* by

s* (q) = true if q EY and s* (q) = false if ,q E Y (there

can be no ambiguity as (q ,.,q~ is not consistent).

Claim that every statement in K is satisfied by s*. This

is true as for each t/JEKthe set ft/J, 8q Iq occurs in~ is
consistent, where 8q = q if q€ Y, 8q = ,q otherwise.

Thus K is consistent as desired, completing the proof of

4.15.

This result means that our result is equivalent to several

other results such as the so-called "ultrafilter lemma"

(which can itself be easily proved from the truth of 4.10).

The consistency of this model under the ~ operator (and

hence under the ( xl\Y ) operator) has the implication
that the parallel operator does not introduce any new non-

determinism into a system in the following sense:

4. 16 Coro llary

If (PXlIyQ) ~
Si

such that P ~

l s' ~ stx) 5'/= sti}

R, where RO= Z , then there exist P* & Q*"
P* and Q ~ Q* and Zn (XUY) = (xn po)U (y(IQO).



The continuity of ~ follows immediately from its well-

definedness in the following manner.

4. 17 Theorem

The fS operator is continuous.

proof

The continuity of ~ in both arguments follows from its

continuity in its two arguments seperately, and that in

one argument follows from that in the other by commutat-

ivity. It will thus suffice to show that if D is a

directed set of processes then for each N M we have

(UD)@N = U(Q~N).
QED

That (U D)~ N ;;rU(Q~N) follows easily from monotonici ty,Q~'D
so it is sufficient to show that (s ,X) € U (Q@N) "7-

o~'D

(s,X) E (UD)@N.
Suppose that (s,X)EU(Q@N). By left-closure

~€D -

(s,X*)E U(Q~N) for each finite X*~X. For each QED
QtD

therefore there is a non-empty set 8(Q) = fY E Q (s) /3Z € N (s) .

Z U Y = x*J. Of necessity 8(Q) is finite as it is a subset

of the finite set.p (X*), and we also have Q'~ Q ~ G(Q')c 8(Q).

As a downwards-directed set of finite non-empty sets the

8(Q) have a non-empty intersection.

There is therefore some YE: nQ(s) such that 3ZE N(s) .YUZ = X*.
Q~t>

But nQ(s) = (UD)(S), which tells us that X*E (UD)@N(s).
01:'1)

Since (UD)~N(s) contains each finite subset of X, and as

(UD)0N is a well-defined process by 4.15 we have the

desired result that XE (U D)@ N (s) .

--- - - -



Appendix to C~~er 4 :- Defi~1tions of Operators

Suppose that A, B, A (x~T) are all elements of M,x
of non-determinis ti c processes, a E L:.-, X, y ~ L, and

set of unnamed elements of L:.-

the space

T is a

(i) CHAOS = f (w,X) I wE L* & X ~ L J
(ii) abort = f(o,x) I Xc;L]

(iii) skip = [«,>,X),«/>, Y) I X ~ ~- &' y <;;;~1

(vi)

a A = f(o,x) 1 a ($.xjuf«a)w,x)J (w,X)E A]

x:T'"A = f(o,X)I XnT= 9I1uf«x/w,X) I (w,X)E A & x€Tlx x

a.x:T .., Ax = f«>,x) I XC\a.T = 911uf«a.x)w,x) I XET & (w,X) AJ

a.T = f(~.w,xua.Y) I (w,Y)e A & Xna.~- = 9IJ

(iv)

(v)

(vi i )

(viii) A or B = AUB

(ix) AD B = [(o,xny) , (<>,X) E A & «>,Y)€ Bj

U f (w ,X) I W=J<>& «w ,X)€ A V (w,X) f B) )]

(x) AiB = f(w,X)/W(Z-)* & (w,Xvf/])€Aj

u f(WV,X)/wE(Z-)* & w<..hEdom(A) & (v,X)E B3

(xi) A/X = f (w/X, Y) I (w ,XUY) E A 1

u f(wv,y) / Y~~ &fsfdom(A)1 siX = w1 is infinite3

(xii) (AX"yB) = fx (A)fl)fy (B)@ RUNXUY , where
C@D = ~(w,ZU.V) I (w,Z) E C & (w,V) E D~i

f Z (C) = f (w , V) I (w t Z , V) E C & V £ 2 J

and RUNz = f(w,V) I wE Z* & vnz = 9IJ

(xiii) If fr1,.., rk\ is a partition of some non-empty indexing

set A, and if AI'.. ,Ak are functions Ai :MA X ri -t M

then the recursively defined process

BA' where ~ E rl ~ B~{::AI'

~ E r2 ~ B~4= A2
. . . .

~ E rk =} B~{:: Ak
C>O

has the value ~oGn(CHAOSA)~ ' where G:MA~ MAis the
function defined G(C)J = A. (C,~} (i chosen so that JEr.)....~ 1 ~ 1.

---



Chapter 5 :- Recursion Induction and Buffers

In this chapter we will see how many of the ideas intro-

duced in chapter 2 extend naturally to the non-determin-

istic model M. We will then make a fairly extensive

analysis of one particular predicate, namely "is a buffer",

and'its relationship with the pipe operator "» ".

The first requirement for this extension is a class of

restriction operators ~tnI nE N3. "It would be possible

to make Al'ndeterministically "die" after n steps (as

was done in 2.6). It is however more in the spirit of

our partial order on M to have A~n dissolve into CHAOS

after n steps. With this behaviour Aln will in some

sense be the minimal process which models A up to stage

n whereas in the definition suggested first Arn would

be one of many maximal such processes. We will thus

normally interpret tn as it is defined below.

5.1 Afn = f(w,X) I (w,X)EA & Iwl<n1u[(wv,x)lwEdom(A) &Iw/= n3

Below is a summary of a few simple results about these

operators.

5.2

a)

b)

c)

d)

e)

Lemma

Alo = CHAOS for all A EM.

(Ar n)\-m := A r min (m,n)

A fn C Ain+l!;:; A
0-

Q (A~n) = A
\j(w,X).3n.VA. (w,X) E A # (w,X) EArn

We extend the definition of rn to vectors of processes in
A
M as follows:

5.3 (br n)>.. = (A).)rn

The definitions of constructive and non-destructive

functions and of continuous predicates are exactly the

same as before.

5.4 a) A function F:Mt~ Mr is said to be constructive

if it satisfies Vn.Vb E M~ F (~)rn+l = F (tln) r n+l .

A. r>

b) A function F:M ~ M is said to be non-destructive

if it satisfies \;fn.'VAEM: F(A)I n = F(Afn)fn .~ ..-

5.5 A predicate on MA is said to be continuous if it

satisfies \fA E M':"(\In .3B.R (B) & (AI n = Bin» ~ R (A)
"""'"' ,.. ""'" - ......

-_.&.- - -"------



5.6 Lemma (an~logue of 2.11)
.,,1\- r 1"'..10 .

a} If F:M ~ M and G:M 4 M are non-destructlve then so

is GoF.

b} If a function is constructive ~en it is non-destructive.

c} If one of F:r-r~ Mr and G:M ~ r.tis constructive and

the other is non-destructive then GoF is constructive.

d} If F:MA~ M~is constructive then it has a unique fixpoint.

proof

The proof is identical to that of 2.11 since it only depends

on the properties of tn, namely 2.8 (= 5.2),which hold

in both models. The analysis required to show that an

arbitrary monotonic function has a fixed point is more
A

complicated on the completepartial order M than on
. .J\.

the complete lattice P .

5.7 Theorem

If F:Mt~ MA is a constructive function and if R is a

continuous satisfiable predicate then the translation of

rule 2.1 into the non-deterministic model is valid.

(i.e (VB. R(B) 9R(F(B)}} 9 R(fix(F}} }- - ~

Again the proof of this is identical to that of 2.14.

It is possible to develop in this model a similar

calculus to that used in the deterministic model for

proving functions constructive and predicates cont-

inuous and satisfiable.

5.8 Theorem

The following

R(b} = (i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

predicates are all continuous:

AA= B

AA= AK

AAC B

AA::J B

AA;;! A~

AA¥: B if there is an upper bound on flwll(w,~}EBJ
..

"AA is deadlock-free (in this model this is

equi valent to w E ( L - flJ) * ~ L ftAA (w) }

(w,X}EAA9 p(w,X) if p is any predicate

on 1:* X.<y(L}



(ix)

(x)

(xi)

(xi i )

(xiii)

(xi v)

w'Edom(At) ~ p «AA after w)o) if pareA w w
predicates on ~(1:)

WE dom (At) :9 p (A 1 (w» if pare predi catesA w ,,\ w
on <1)(~O~»

RI (F(a» if 3g:N ~ N s.t.
VB.Vn .F (B)I n = F (Br g (n) ) I n

(F:;(..~ M m~notonic ~d RI a predicate on
. A ~

F (A) S B for any continuous F:M 4 MV" .....

<> Ry(~) for any set r

RI (~) v R2 (~)

1"
M )

where B is any constant process RI' R2 and Ry are all
con tinuous and A E J\

The proofs of these results are similar to the proofs

of 2.18, for example:

(v) ,(AA~ A~) 9 3(w,X) E AA- A~
If n = Iwl+l then clearly

implies (w,X) E BA- B5, so

Arn = Brn'-" .,.

,(BA ~ B5) .

5 . 9 Theorem
a) Each of the combinators 11 a -+ A", 11 , U

. ...

i , or,la.A"

defines a non-destructive function of its variable(s) .
f' J.. .A

b) If a function F:M xM -+ M is constructive (non-dest-

ructi ve) in its first variable~ then G :1!{ -4 MA defined

G(A) = fix(AB.F(A,B» is constructive (non-destructive).
~ ~ ~ ~

A .A

c) Suppose that the function F:M -+ M is such that each

component of F(b) is a syntactic expression involving

only process variables, expressions independent of all

process variables, the combinators a 4 B, a?x:T -+ B\X),

?x:T -+ B(x), BiC, BDc, a.B and (BXllyC), and iterated
recursions which bind all instances of process variables

which are not AAs . Then provided that every free rec-

ursive call of an AA is guarded directly or indirectly

the function F is constructive.

proof

These are all similar. to the correponding results in

the deterministic model (namely 2.15, 2.36 & 2.37), the

only difference being in the analysis of the individual

combinators. The only one to present a slight diff-

iculty is 11i" because of the way it "hides11 the 11J" .
(~ (JAJ "o"\-JJLSt~VL .~ ;ts Se.w"J va..ria..bl~)

--- - -



Recall the definition of sequential composition:

Ai B = ~ (w ,X) I w/[/3 = w & (w, X [/1) E A 1

f(wv,X) I w/tl3= w & W(/)Edom(A) & (v,X) E BJ

We would like to show that (ArniBtn)ln = (AiB)fn.

It is clearly sufficient to show that

a) (AtniBln) n t(w,X) Ilwl<n3 ~ AiB n [(w,X) llwl(n~

b) dom(ArniBrn)nfw Ilwl=n1 = dom(AiB) n ~wllwt:::;n1

In each case the containment of the R.H.S. within the

L.H.S. follows from monotonicity.

(w,X) E (A\niBln) n f(w,X) IlwI(n~

~ either (w,X) E f(w,X) I w/fl1 = w

9 (w,X) E f(w,X) I W/flJ = w
=7 (w,X) E AiB

or (w,X) = (uv,X) for some u,v s.t.

U(J>Edo~tn)& (v,X) E Brn
now lvl<n so (v,X) E B

and Iu<./)I~n so uti> E dom (A)

thus (uv,X) EAiB

& (w,X fIJ) E Aln ~

& (w,X {/J) E A3 as \wl< n

uifl1 = u

wE dom(ArniBln) n fw I\wt ::n5

=iteither w E tw E dom(A~n) I w/tl1= w~

9 w E ~w E dom(A) I w/r./l= wJ as Iw\= n
or w E £uv \ u/[~= u & ud)Edom(Aln)" & vE dom(B)1

now either ~(~~n &lvl~n, in which case

uvE dom (AiB) as required,

or \u{hl = n+l and v =<> in which case w = u

and wE (first clause of AiF¥.

The proofs of the non-destructive nature of the other

operators require similar tedious analysis.

Other parts of the deterministic theory to be valid in

this model are the extensions for partial predicates and

constructiveness relative to partial orders (and also the

simple 2.21). In each case it will be seen that the

proofs depend only on properties shared by the two models

and the classes of functions and operators defined on

them. These results are not stated as formal theorems

in this model but will be used wherevecnecessary. It is

noteworthy that all the examples of program-proving in



chapter 2 are equally valid over the non-deterministic

model M. With the exception of the buffers example,

where the predicate needs translation to make sense in M,'

all the proofs can equally well be read as proofs in the

non-deterministic model. This is because the various

combinators have much the same properties (commutativity,

distributivity, etc.) in both models (with a few excep-

tions which are not used in any of these proofs).

The analysis needed to justify the constructiveness of

the master/slave operator in 2.39 over M will be found

in the next chapter.

The only part of the theory in chapter 2 which does not

seem to transfer effectively to M is the work on unique

fixed points and strongly continuous predicates. The

main reason for this is that' M has nb "top" element. It

is still possible to define a strongly continuous pred-

icate and show that such predicates are continuous w.r.t~

every normal restriction operator class. This is useful,

since it saves work when we wish to use different operators.

5.10 Define a sequence of processes to

if it satisfies limsup(A.) = liminf(A.)1. 1.

operators act setwise on M, and if.this l~mi~ is in M.
.. .. . -"....

liminf(A.)= U(nA.), limsup(A.)= n( UA.)
1. j=I i=j 1. 1. J= I i=j 1.

(Observe that in general liminf(A.) and limsup (A )1. i
are not necessarily elements of M.)

be con ve rgen t

where these

Define a predicate on

satisfies" (A. liE N)1.

implies R (A) " .

5.11 Define a class fin I nE N1 of restriction operators

M to be strongly continuous if it

convergent with limit A and Vi.R(A.)1.

on M

a)

b)

c)

{This

to be normal if they satisfy:

VA. ~B. A~o = B~o

'VA. Vn.Vm. (Al'n)lm = Almin(m,n)

V(w,x).3n.YA. (w,X)EA 49 wEArn

is just a translation of 2.49. Observe that we have

already shown that the canonical class of restriction

operators is normal (5.2).)

- ----



5.12 Theorem

If a predicate R is strongly continuous thenit is cont-

inuous with respect to every normal class of restriction

operators.

The proof of this is the same as that of 2.50.

5.13 Theorem

The following predicates are all strongly continuous.

any predicate

where B is any constant process and RI' R2 and Ry are

all strongly continuous.

Note that freedom from deadlock is strongly continuous

in this model, whereas it is not in the deterministic

model. The reason for this is that absenceofdeadlock is
. I(

represented ln M by L f$.A(w) for any WE dom (A) s. t. w has

not already terminated succ~ssfully~ Thus, for any such

w, if none of a sequence (A./ iEN) deadlocks after w then1
Therefore (w, L ) f$.limsup(A.) so lim(A.)1 1

ei ther.

Vi. (w, L ) f$.A..1
cannot deadlock after w

One consequence of this is that the function F(A) = a.A

cannot be constructive relative to any normal class of

re~riction operators (see 2.41). (a.A can be made const-

ructi ve in P, by defining Aln = A n L*' where L containsn n
all those elements of L with less than n "components".)

Henceforth "tn" will always be the canonical operator

(5.1, 5.3) unless specifically stated otherwise.

--- ---

R(A) - (i) A = B

(ii) A 2 B

(iii) A E B

(iv) (w,X) E A p(w,X) where p is

on L- x.P(L)

(v) "A is free of deadlock"

(vi) F (A) !: B if F is continuous

(vii) Ry(A)r'

(vi i i)
RI (A) V R2 (A)



We will now prove the two extensions (stated in 2.33 and

2.34 for P) whose proofs were delayed until this chapter.

5.14 Theorem

If A E 9(r-f'") define Atn = \!?rn \ ~ E A1.

Define a function F: ~(MJ\.) ~ <p(M"-) to be constructive if

it satisfies \fA.Vn;. F (A)In+l = F (A~n)tn+l .

Suppose the predicate R on ~ is satisfiable and cont-

inuous, then we have

(VA.'.(VB. (BEA' *'R(B»» ~ (VB. (BEF(A') 9 R(B»» & (A£ F(A»-" - ""'"- -

implies (V~.~ E A ~ R(~» .

proof

If A is empty then the result is trivial, so we may assume

that it is not. Clearly for all non-empty sets A' we

have A'to = ~cHAosAl so in particular AorO = AIo, where

Ao is the set of processeswhich satisfy R (non-emptyby
satisfiability) .

Suppose that (YJ}.~EA :9R(~» does not hold. Then there

must be some nE N which is maximal with respect to

3A.A ~n = Afn & ('v'B.BEA 9R(B» (by continuit y of R).n n - - --n ....

Then F(A)~n+1 = F(Aln)fn+l= F(An~n)ln+1= F(~)~n+l
by constructiveness of F.

Let C = F(A). By our assumptions we must haven
('VIa.~ E C 9 R (~» .

Also A <;F (A), so Atn+l <; F (A)! n+l = Crn+l.

Thus \I~ E A. 3~; E C.~ln+l = ~6'ln+l.

Let An+l = £~~ \ -IJ. E A ~. By ~definition An+l n+l = Aln+l

and (V~.:§E ~+l =?R(:§» since ~+l <;C. This contradicts
our choice of n, so (\iB.BEA 9 R(B» does hold as claimed.- -

5.15 Theorem

Suppose that RI, ,Rn are predicates which are all
continuous and satisfiable (but possibly not simult-

aneously satisfiable). Suppose further that F:MA ~ MA

is a function which, for each iE ~1,2,...n~ can be

written in the form F~oD, for ~ome F:(M~)n~ MAwhich is1

cons tructi ve and where D (~) = (~,~,... ,~) for ~ E z..t- .

Then if for each i we can prove for all ~r.. '~n E ~
RI(AI) & & R (A ) ~ R. (F~(AI'. . .,A »

~ n ~ 1 1 ~ -n

we can infer Vi.R. (fix(F»1



proof

This is just an application of 5.7. Define G:(~)n~ (MA)n

by G(Al,...A) =(F*l(Al,...,A ),...,F n*(A"...,A»-n n -n -n
Define the compoundpredicateR* on (M) by

R*(Al,...A) == RI (AI) & R2 (A2)&...& 'R (A )
~ -n - ~ n ~n

G is constructive since each of the F~ is.1
R* is continuous since each of the R* is.

R* is satisfiable, by (A*l,...,A*) where A~ satisfies R..- -n -1 1
An

~ E (M ) '* (R* (~) ~ R* (G(~)) by the assumptions in the

statement of the theorem.

We can therefore infer R*(fix(G» by 5.7.

Claim that fix (G) = (fix (F) ,fi.x(F) ,... ,fi.x(F» (= S, say).

G has a unique fixed point by 5.6 (d), but G(g) = g

since F! (g) = F! (D(fix(F)}) = F(fix(F» = fix(F).
Thus C = fix(G) as claimed, and so we can infer R*(C),- -
which is the result we desired.

As was said in chapter 2 this result will allow us to

prove several results of fix(F) by mutual induction,

even though we may not know them to be consistent. The

proof used must only assume one of the said properties

of each recursive call in the proof of each hypothesis.

It is however permissible to assume different properties

of different calls of the same process, and to assume

different properties of the same call provided that

these assumptions are in the proofs of different hypotheses.

An example of the use of this rule will be found in 6.

and an example of rule 5.14 in 5.27.

We will now turn our attention to the detailed examination

of a specific predicate, namely "is a buffer". This, in

addition to being a useful exercise in demonstrating

the use of our techniques, is also a useful predicate to

have know ledge of. This is because we wish to prove

either this property or a very similar one of such proc-

esses as operating systems, communication channels, etc.

By the predicate Buff = "is a buffer" we would like not

only to be able to prove partial correctness, but also

total correctness as was done in 2.20.



We therefore take as our definition of a buffer the

following reworking of the predicate

5.16 Buff(B) ==

(i) wEdom(B) 9WE(?Tu!T)* &

& (ii) (w E dom(B) & ins (w)=outs (w))

& (iii) (wEdom(B) & ins(w»outs(w»

used in 2.20.

ins (w) ~ outs (w)

~ B (w) = fx I X n ?T' = ~1

=9 !T f=. B(w)

The motivation for these conditions (i),(ii) & (iii) is

the same as that in 2.20.

In almost exactly the same fashion as 2.20 we could prove

that the above three conditions are simultaneously s~tis-

fied by the canonical one-place buffer B ~ ?x:T ~ (!x ~ B) .

That Buff is continuous follows immediately from 5.8. It

is in fact strongly continuous, since (ii) and (iii) above

are easily rewritten in the form 5.13 (iv).

As we will see shortly, the theory of buffers links closely

with the theory of the pipe operator ",»". This can be

modelled more reasonably in this model since the non-det-

erminism of the hiding can now be expressed. Its formal

definition is as follows:

5.17 (A~'l B) = (strip! (A)Tu?TIITu!Tstrip? (B» IT

stripa(A) = f(stripa(w) ,stripa(X

(w ,X) E A &

T) u Y)

Y t; a.'T1.

where

The definition of strip on strings is the same as in

chapter 2 and that on sets the natural extension of that

on L.

Because of the hiding used in its definition, we will

assume that the set T of basic values for communication

is finite whenever "..,...," is used. It is also necessary

to assume that ?T = f?x I x E T1 and !T =£!.x , x E T~ are

both disjoint from T.

This definition is in some sense only reasonable if the

processes A and B only communicate in the alphabet !T U ?T ,

for otherwise the "strip" operator identifies events

which should not be identified. We will therefore ensure

that all processes which we expect to to act sensibly when

combined by "»)" satisfy this.



We will now spend a little time developing a calculus

for "~)" before we start to apply it to buffers.

5.18 Lemma

11'7)" is a well-defined continuous operator in M x M -+M

providing that T is finite. Furthermore we have the

following criterion for membership of (A~B):

(w,W) E (A» B) if and only if

either there is some wl~ w such that

ftl (ti(Tu?T)Estrip!(dom(A») & (tr(!Tv?T)=w~ &

(tr(TU!T) E strip? (dom(B») J is infinite

or there are some (u,U)E A and (v,V)E B such that

(W n (!TU?T» U T = strip! (U - T) U strip? (V - T) and

t~(TU?T) = strip!(u) & tf(Tu!T) = strip? (v) &

t r (?TU! T) = w

(In this last case say that «u,U) ,(v,V» is a derivation

£or (w,W) in (A'»B) or that «u,U),(v,V» # (w,W) in (A»)B).')

proof

The first part of this follows from the same result

of the various operators from which ")'1" is defined.

These results are already known except £or the "strip"

operator, which is easy to verify.

The second part comes straight from the definition o£

the operator, using the following result on the parallel

operator.

(w,W)E (AxllyB)# 3(u,U) E A. 3(v,V) E B s.t.
w:t'(Xuy) = w & wix = u & w~y = v &

W n (XUy) = (U n X) U (V n y)

I£ the either clause in the above definition is satis£ied

by some (w,W) E (A»)B) then we say that (A»)B) contains

in£inite internal chatter.

5.19 Theorem

If dom(A or B or C) £ (!TU ?T)* and both (A» B) and

(B» C) are free of infinite internal chatter then the

associative law holds, viz

«Air B)"»C) = (A):;> (B>'7C)



proof

We use the following lemma, which will be proved in an

appendix to this chapter (5.35).

If A is free of infinite X-chatter and X n Z = ~ then

(A/XyllzB) = (~uyIlZB)/X

"'))11works by identifying the outputs of its first

variable with the inputs of its second and hiding the

resulting internal communication. It is possible to

change the method of identification without changing

the result. Instead of transforming the joint commun-

ications to T we can transform .them to a.T for "a" any

suitable label~ Define a replacement operator repab (for

replacing label 11a" by label lib")as follows for any a,b

such that a;f:band a.Tnb.T:::0 .

For cEl: repab(c)= b.x if c=a.x for any xE T
= c otherwise

For WEl:* and XEG)(l:) repab(w) and repab(X) are the

natural elementwise extensions of the above.

For A E M repab (A) =

f(repab (w) , repab (X b.T) U Y) I (w,X) E A & y S; a. l: 1

With this definition it is quite easy to show that

provided "a" is chosen so that a.T is disjoint from

both ?T and ~T and A,B satisfy dom(A or B) <;(~T U ?T)*

then (A'» B) = (rep~a(A) T ?TII T ' Trep?a(B» la.T .a. u. a. u.

Thus under the conditions of the theorem, if 11a" and "b"

are chosen so that ~T, ?T, a.T and b.T are all disjoint

(if they do not exist then enlarge 1: ) then «A')) BP) C) =

(rep ~b ( (rep ~ a (A) xllyrep?a (B) ) la. T) zllwrep?b (C) ) /b. T

where X = ?Tua.T, Y = ~Tua.T, Z = ?Tub.T, W = ~Tub.T

=

«rep~a(A)x1Ivrep~b(rep?a(B» )la.Tzllwrep?b (C) )/b.T

where V = a.Tub. T (by various properties of 11rep")

( (rep! a (A) xlIvrep ~b (rep (?a (B) ) ) Zua .Tllwrep?b (C) )I (a. Tub. T)

(by 4.7 and the lemma at the head of the page)

=

A symmetric expression can be derived for (A)/ (B»)C) )

using "a" again for the first channel and "b" for the

second. These two are then equal by the associative

law of 1\ and the commutativity of rep~b and rep?a .

- -



The next result'gives us a useful technique for proving

that processes of the form (A»B) are free of infinite

chatter (a desirable result in its own right as well as in

its use in proving associativity) .

5.20 Theorem

Each of the two predicates:

PI (A) == ,3wt<w7,<w"3< E dom(A). s.t. Vi.wif?T = W1'?T
(A cannot output for ever without inputting)

P2(A) == "3w1<w'1.<w~< E dom(A) s.t. Vi.Wil~'!'= w1r~T
(A cannot input for ever without outputting)

satisfies (iE[1,2) (for dom(A or B) ~(?TU~T)* )

P. (A) & p, (B) 9 (P.(A"»B) & (A~)B) is free of infinite111
internal chatter)

proof

We will prove the result for i=l, the proof for i=2 being

very similar.

Suppose That PI holds of both A & B. We will prove first
that (A~B) is free of infinite chatter.

If not there is some minimal wE dom(A'»B) such that

tt I (tf"(Tu?T)E strip~(dom(A») & (tt(~TUT) E strip?(dom(B»)

& (tr(~TVT) = w») is infinite.

It is easy to show (for the same reasons as 4.6) that the

number of minimal elements of this set is finite. Konig's

lemma then gives us that it contains an infinite ascending

chain t1<t~<t3< (because T is finite).

There must therefore be an infinite sequence (u.\ i E N>1
in dom(A) such that strip~(u.) = t.I(T ?T).1 1

Since dom(A) ~ (~Tu?T) * the u. must be an ascending sequence1
and u,\?T = (strip~ (u1.»f?T = t.t?T = wr?T. Hence the1 1

ui contradict PI (A) . (A» B) is thus free of infinite
internal chatter as claimed.

In proving that PI holds of (A'»B) we may thus assume that
all elements of it arise from the "or" clause in 5.18.

Suppose that w1<~< w3< .... is an infinite sequence in
dom(A"»B) with W.I?T constant.1



For each wi there must be some (ui,U) E A and (vi'V) E B
such that «u.,V),(v.,V))~ (w.,~) in (A'l>B).1. 1. 1.

These must satisfy the relations:

u.~?T = W.I?T = ~f?T (all the same)1. 1.

strip! (u.~ !T) = strip?(v,f ?T) (= s. , say)1. 1. 1.
v. f ! T = w. f ! T > v. If! T (all di f fe ren t)
1. 1. 1.-

It is easy to see from this that eyther there

many s. or there is some i such that fj Is. =
1. 1.

The first case contradicts PI (A) for then the

u€ dom(A) s.t. uf?T = ul?T is infinite.

Claim this would contradict PI (A) for any U'E?T* (corresp-

onding to U1~?T in the above). Iflu~= 0 then u' =() so

the tree has one minimal element, and is finite branching

as T is finite, and so has an infinite path which contra-

are infinitely

s .~ is infinite.J
tree of

dicts PI (A).

Assume true of all shorter Ull. If the tree has infinitely

many minimal elements for u' (=u'~a), say) then each of

these is of the form u(a>. Thus the tree for u" is infin-

ite, contradicting PI (A) by induction. If the tree has
finitely many minimal elements then by the same argument

as above it contains an infinite path which contradicts

PI (A). This completes the induction, and so in particular

the infinitude of fUE dom(A) I u~?T = uJf ?T1 contradicts

PI (A) as claimed.

The same argument shows that the second case above cont-

radicts PI (B) , for then 3vEdom(B).fjlvt?T = vif?T1 is
infini te .

Hence there can be no such sequence wj< Wz.< w3< .. .. , so

PI (A") B) holds as claimed.

Note that under the conditions of the theorem we in

addition have dom (A» B) ~ (!TU ?T)*, this result being a

consequence of the lack of infinite chatter and 5.18.

The two predicates PI and P2 are both discontinuous,
since at no finite time can their negations be decided.

There are however a large class of continuous and strongly

continuous predicates which imply one orocher of them.

For example Buff ~ PI (by line (i) of 5.16).



5.21 Corollary

If for iEfl,21 each of AI' A2, ..., Ak satisfies Pi then

we may bracket AI» A2~ ... »Ak however we please and
get the same answer. Furthermore the result is free of

infinite internal chatter and satisfies P..1

The proof of this is an easy induction on k using 5.19

and 5.20.

Note that if A & B both satisfy P. then most of the1
normal combinators applied to A (& B) produce a process

fI

which satisfies P., for example Ua .. A (a E (?TU~ T) ),1
~ 11 I' n

?x:T ~ A, AGB. We will thereforebe quite informal in

the use of 5.20 & 5.21 in proofs, not always justifying

their application to a particular set of processes if

they are known to be justified for similar ones. For

example if A,B,C are buffers then

( (A») (b ~ B»)) C) = (A">"7( (b ~ B») C»)

(The inclusion of such details would clutter up the proofs,

so they are omitted on the basis that we could insert them

if challenged.)

The following lemma (which will be used freely and inform-

ally in proofs) allows us to do basic "handle turning" in

proofs invol ving "~/".

5.22 Lemma

a) «~Y'" A») (?x:T .. B(x») = (A»B(y) (YET)

b) «?x:T'" A(x»'» B) = ?x:T .. (A(x»)'> B) if BO ~ ?T

c) (A '>'>(~y ~ B») = !y ~ (A..,) B) if AO ~!T & yE T

d) «?x:T ~ A(x»») (!y + B» = ?x:T ~ (A(x») (!y .. B»

O!y ~ «?x:T ~ A(x»» B)

e) «? x: T ~ A (x) ) ~) C'» (= y ~ B» =
(?x:T" (A(X»)C)')(=y ~ B))O (=Y" «?x:T~ A(x»}) C»B»

provided that the associative law holds (y E T)

f) (A or B» C ~ D) = (A» C) or (A» D) or (B» C) or (B» D)

g) If A°UCo<;?T ana BOUDO <;: T then let

E = (strip: (B) TU?TIITU:Tstrip? (C» .

If 1:~E (0) then «A 0 B)'i> (CO D» 5 (B») C).

. (A lower' bound can be obtained from (f) by monotonicity.)

provided that the domains of all processes S (?Tv!T) *.



The proofs of 5'.22 are all tedious manipulations using

5.18 and the definitions of the various operators.

We are now in a position to apply our knowledge to the

study of the relationship between pipes and buffers.

5.23 Theorem

If any two of A,B & (A» B) are buffers then so is the

third (for any A,BE M s.t. dom(A or ~) <;(?T U ~T)* ).

proof

Observe that in each case there can be no infinite chatter

in (A» B), either becaLtsebuffers satisfy PI or because
no process which contains infinite chatter can be a buffer.

Thus in each case we can restrict attention to the "or"

case of 5.18.

We will examine only theqA & B buffers imply (A~B) is

a buffer~case in detail here. The proofs of the other

two cases are similar in spirit and equally tedious.

Suppose Buff(A) &' Buff(B).

To prove Buff (A'>'>B) we will prove the three conditions

5.16 (i),(ii) & (iii) in turn.

(i) Suppose wE dom(A'» B) .

absence of infinite chatter.

There must be some (u IV) E A

( U IU) I (v I V)) ~ (w d25) in

But then ins(w) = ins(u)

;;;;.outs (u)

w E (!T U ?T) * follows by the

& (v,V) EB

(A» B)

such that

;;;;.ins (v)

~ outs (v)

;;;;.outs (w)

by definition of ins

as A is a buffer

as ins (v) = outs(u)

as B is a buffer

as outs(v) = outs(w)

(For proving this condition in the other two cases we

use the fact that all strings of the process in question

must also be strings of (A»B) as the one which is known

to be a buffer must have all strings in [<?x!x) \ x E T}*
in its domain.)

(ii) Suppose

Since (A'» B)

(A '»B) after

wE dom (A» B) and that ins (w) = outs (w) .

satisfies condition (i) we must have
o

w) ~?T.



Hence X n?T =.~ 9 X E (A» B) (w)

so £X I x n?T = ~3 <; (A» B) (w) .
Suppose then that X E (A» B) (w). By 5.18 there exist

(u,U)EA, (v,V)E B such that ins(w)

= ins (v) > outs (v) = outs (w) (using

and X n (?T U ~T) ={U n ?T) U(V n ~T).

But then ins(u) = outs(u) (since ins(w) = outs(w»

so X n?T = Un?T = ~ (by line (ii) of Buff(A».

(by 4. 1 (c) )

(* )

= ins (u) ~ outs (u)

Buff(A) & Buff(B»

Thus {A» B) (w) <; fx t X n?T = ~5
above proves line (ii).

which together with (*)

(iii) Suppose wEdom(A~?B) and ins(w) >outs(w).

We require to show that ~T ft (A» B) (w) .
Suppose to the contrary that (w, ~T) E (A}) B) .
Then there are some (u,U)E A and (v,V)E B such that

ins (w) = ins (u) ~ outs (u) = ins (v) ~ outs (v) = outs (w)

and ~T u T = «T U?T) n (strip~ (U - T»))" U (T LJ ~T) n (strip? (V - T»).
Either ins(v)> outs(v), in which case V n ~T :J=~T by

line (iii) of Buff(B), contradicting above relation.

Or ins (v) = outs(v) , in which case ins(u) > outs(u) .
Then vn?T =~, so strip? (V - T) nT =~.
Also U n ~T =1= !T, so strip! (U - T) n T 1= ~.
But then we have T = (T 1\ strip! (U - T») U (T n strip? (V - T»

by the above, giving a contradiction.

Hence ! T ft (A» B) (w) as required, completing the proof

that (A 7'7B) is a buffer.

One corollary to this is that if Bn = B >'>B» B» ...» B (n "B" s)

where B is the canonical one place buffer of 5.16 then

Bn is a buffer.

The foll'owingtwo resultSon nested buffers can be proved

in much the same way as 5.24.

5.24 Theorem

a) If A» B» C and B are both buffers then so is A» C.

b) If A>')C and B are buffers and A satisfies the "single

inevi table output" condition SIO (A) (see over) Q.! C, sat-

isfies Vw.Vx.(W<?X>Edom(C) ~ Cvy.W(?y>Edom(C»), then
A» B» C is a buffer.

- -- -



SIO(A) = \JW.VX. (w(~X)Edom(A) ~

Nv € dom(A) .v~ w =9 (outs (v) <x>~outs (w) <~»

This condition is interpreted as "if at any stage it is

possible for A to output x, then the next output of A
must be x" .
The need for one of these

in case (b) is created by

being able to selectively

ective input is necessary

(A» C) the insertion of B

additional conditions to hold

the possibility of C (in (A» C) )

input from A. When this sel-

for the correct behaviour of

introduces the possibility of

Then (A» C) and B are buffers but A») B) C is not

as B, unlike C, cannot prevent A deadlocking.

5.25 Example

For each n ~l define a canonical n-place buffer B~ by

mutual recursion on M.i\..~where An= fwE T* (lwI< n3 .

Claim that B~ = Bn (as previously defined).

For x E. T define B =x
Observe that (B )'> B)x

~x -+ B (for B the one place buffer) .
= (!x -+ B)>>(?x:T -+ (~x -+ B»)

= (B>'>B) (by 5.22 (i) ).x

Define processes enw

en = Bn ,
(~

for each n ~ 1 and Iwl..;;n as follows.

1 ...n+l...n
C = B , C < '- = ( C ») B )<a> a w a, w a

Thus Cn is a stringw
ones containing the
3

<;ab'> = B >'> Ba » Bb and

Claim that 'fw. "In. Cnw

claim that B~ = Bn ).

of one-place buffers, with the last

elements of w, for example

C':1- = B '>'>Bb
'» B

<a.JJc> a c

= Bn (this clearly implies the abovew
We will prove this by induction on

deadlock.

e.g. Let A*' ?x:T 4 «a x.., A) 0 (b -+ stop»

B ?x:T 4 !x B

C * ?a (?x:T x -+ C)

(for a,b two distinct elements of T)

B') *' ?x:T B

Bn
(?x:T ., Bn <1) 0 (y 4 Bn)

if Iwl< n -1, yETw<y> (x'>w w

Bn * ( y Bn) if Iwl =n -1, yETw£y> w



the definitions of the Bn.w

For each n the predicate R (B) =='r/wEA .B = Cn isn - n w w
clearly continuous and satisfiable. Also the recursion

defining the Bn is clearly constructive. It thus
w ,A.' ,

suffi ces to show that VB EM". R (B) '*R (F (B», where F~ n- n n- n
is the function associatedwith the Bn recursion.w

n= ?x:T ..., C
(Xfi-l

= ?x :T ..., (B )7 B )x
n-l= ?x:T .., (B » B )x

(by repeated use of (B.,,,B ) = (B ~., B) )x x

- (?x:T ~ B »> (Bn-l) (by 5.22)x

if \wl<n-l then F (I{) ',1">= (?x:T ~,.,n ( ) 0 (!y -+ Cn)n .,. w :L' ~X)W YT w
J}-Z n-Z

= ( ?x :T ..., (B ">">C )~B » 0 ( !y ~ (B7" C ")., B) )x w y w
(by repeated use of (B"»B ) = (B~) B) )x x

n-2.= «?x:T"" B») C. »(!y ~ B»x w
(by 5.22 (e) )

n-t= B ")., C ")") B
IV Y

I

iflw\= n-l then F (B) (
~

n w y>

(by repeated use o£ (B")"?B ) = (B ")"") B) ).x x
n-1

= (CW ))"{~y -+ B» (it is easily shown

by induction that M=m ~ (Cm) 0 ~ ~T)
= cf1 v

w<y)

, , . 1
If n=l then Rl() 9 F 1 (t

= ?x:T C
<X)

= ?x:T B by definition of Clx x

= B by definition of B
1

= C<)

,
, Cl

F 1 ()O{> = .x (.)

= !x ..., B

= B = Cl
X <X>



The case n=2 is .almost identical with the

only difference being in the middle case,

not now defined. There is o£ course no

n > 2 case, the

cIl
-~

where w is
need for it to

be present in this case (n=2) and we use 5.22 (d) instead

of (e).

This completes the proof that Bn = en for all n & w.w w

We have the following immediate corollaries to this result.

5.25.2

B~ is a buf£er

Bn»Bm = Bn+mw v wv

£or each n ~ 1.5.25.1

(by repeated application of

(B )}B) = (B»B ) to Cn»Cm )x x w v

We will henceforth identify the symbols B~ and Bn as we

are justified in doing by the preceding example.

Observe that in the above example we proved that the

"large" process B~ is a buffer by breaking it down into

a lot of small parallel components. We will see this

idea employed often from now on.

The next two results, the second of which is a type of

inductive generalisation of the first, are both very

useful in dealing with practical examples of proofs of

correctness of buffers.

5.26 Theorem

Suppose that (for any set 5) we are given two sets of

processes fA I s € S3 and ~C I sE 51 such that for all sss)
A ) C is a buffer. Then for any function g:T ~ 5s s
the process ?x:T ~ (A.

( »
> (~x ~ C ( »

) is a buffer.g x g x .

(Note also that the above process is equal to

«?x:T ~ !x ~ Ag(x»» (?x:T ~ ~x ~ Cg(x») .)

We will find that this result is a corollary to the

proof of the next result.



5.27 Theorem

8uppose that for any

processes fA \ sE" 81s
g:8 x T -+ 8 such that

set 8 we are given two sets of

and fc I s E 83 and a functions
for all sE 8

(AS~)BS) = ?x:T ~ (Ag(s,x)~) (~x ~ cg(s,x»)

Then £or all s E 8 As'i7Cs is a buf.fer.

proof

(This is an application of 5.14.)

Define F :}>(M)~ <j)(M) as follows:

AE F(E) #

(i) AO =?T and

& (ii) VtET.3BtEE

A (0) = ~ X I X n?T = ~}

s.t. <?t)w Edom(A) & wE(?T)* 9 wEdom(Bt)

& A «? t> w) ~ [X I ~t f/.X J

at'>w <~s>vE dom(A) & wE (?T)* 9 s=t &

& A(<::?t)w <~s)v) S Bt (wv)

5 . 2 7 . 1 lemma

F is constructive in the sense of 5.14.

5.27.2 lemma

(\1'B E A.Buff (B» :9 (VB f F (A) .Buff (B) )

5.27.3 lemma

For any g:8XT -78 and sE 8

(?x:T ~ (Ag(s,x»>I(~x ~ Cg(s,x»»EF([As/)Csl sE'S1)

The proofs of these lemmas are just tedious analysis of

cases and are omitted.

Lemma 3 above gives us that under the hypotheses of the

theorem £A » C I s~ 81 <;; F ( f A 'J/C I sE 81) .s s s s

Now since Buff is continuous and satisfiable 5.14 gives

us the desired result that sE 8 9 Buff (A ') C ) .s s

Observe that lemmas 2 & 3 'above combine to prove 5.26.

The above result admits much "degeneralisation" by

simplifying the form of g. For example by setting

S to be a one element set we get for any A,BE M:

A'})B = ?x:T ~ (A))(~x ~ B» 9 Buff (A)') B)



5.28 Example

Define A ~ ?x:T 4 ~x ~ ~x ~ A

C ~ ?x:T -7 ~x + ?x ~ C

(by many applications of 5.22)

It is thus an easy induction to show that A»C = B, the

one place buffer.

For x ET define ~ = ~x ~ A and Cx = ?x ~ C.
Thus A» C = ?x:T .., (A » ~x .., C) (by (*) above)x x
and for each yET A )C y

= A»C = ?x:T~ (~»~x 7 C).
Y x x

Thus if we put 8 = Tufa'3 for any a EtT and set A = A & C = Ca a

the f A I s ~ 83 and lC I sE 83 satisfy the conditions ofs s
5.27 {put ting g (s, x) = x for all s E 8).

This serves as an alternative proof that B = A')"/Cis a

buffer (though it is of course circular as we assumed

that Buff was satisfiable, and the most basic instance

of Buff we have seen was B, all others having been proved

£rom it). It also shows that B, as well as all the other

Bn, can be expressed in the form A») C for some A, C E M.

5.29 Example (C.A.R.H./A.W.R.)

This example models a simple method for overcoming a

"gremlin" on a transmission line which occasionally

randomizes information.

Define error generating processes E. as follows (iEto,1,2,3j).1

Eo ~ ?x:T ~ Y\!T(~y~ E3) , Ei+l~ ?x:T ~ !x ~ Ei

The E. randomize every fourth bit, i determining the1
phasing. To counteract a line behaving like E. we send1

every message in triplicate, and take a majority vote at

the receiving end.

X ~ ?x:T ~ !x ~ ~x ~ !x -? X

Y * ?x:T ~ ( (?x ~ (?y:T ~ Y»)

o (?y:T-fx~-+ (?x. ~x ~ Y) 0 (?y ~ ~y ~ Y»»

Now A» C = (?x:T x x A)>> (?y:T y .:0,?y -? C)

= ?x:T 4 (x x A)>>(?y:T y T ?y C»

= ?x:T ((x A») (!x ?x C» (* )

= ?x:T x -+ «x "".A»))(?x C»
= ?x:T x (A'» C)



To show that this device is correct we would like to show

that each X» E .» Y is a buffer, so that these processes1 .

both transmit information reliably and are free of dead-

lock (observe that Y can deadlock if it gets no clear

majority in any group of three symbols).

Putting S = £0,1,2,31, A. = X»E. and C. = Y, by 5.27 it) 1 1 1
will clearly be sufficient to show that iE S implies

(X»)Ei»)Y = ?x:T -t «X»)Ei$I»f(~x ~ Y»,
where $ represents addition modulo 4.

e.g. X >"'7E )7 Yo

of these by repeated application of 5.22.

(each process satisfies PI so associative
law is justified)

+ ~x -t~x -tX») (?x:T -+ (V ~y -+ E3»J> Y)
yeT

We can show each

= ?x:T -+ «!x

= ?x:T "t «!x -+ !x ~ X») (XT~y + E3)"» Y)

~ x ... X) » E 3)-'Yy)) (where

., E
2») Y » or ( V (! xx - YrX

= ?x:T ... (t( ~x ~ X)i~E2» (?y:T ~ ~x ~ Y»

or (y'ix«~x 4 X»)E2>?«?y ~ ~y ~ y)O(?X '" ~X "t Y»»)

= ?x:T+ «X»)El»(~X ~ Y» or (y¥x(X'>?'(!x ~ El»>(***»»

= ?x:T ~ «X»)EI»(!X'" Y» or (.xx(X»EI»(!X "tY»)

- ?x:T ~ (X»El »(!x .,Y» as desired

*** represents the sa.me term as at that place in the

previous line.)

= ?x:T

... ( V ~( ! x ...

yET

... ((( ~ x ~ X») (!x

Y = Y after ?y)y

+ X» ~x ., E2»Yy)))

= ?x:T

The other cases are easier than this one.

Many other examples in this

we might design processes to

streams, and others to check

would then wish to show that

vein are possible, for example

insert parity checks in

them and remove them. We

when we combine these proc-

esses the result is a buffer.



We now turn our attention to recursive definitions which

involve ",»". Since its definition involves hiding, this

operator is not in general non-destructive. The next

result identifies two cases where it is.

5.30 Theorem

a) If wE dom(C) ~ Iins(wX ~ louts (w)1 then (Al) C) is a non-

destructive function of A (if dom(C) ~ (?TU ~T)*).

b) If w ~ dom(C) ~ Iins(wX ~ louts (w)! then (Cll A) is a non-

destructive function of A (if dom(C) C (?T U ~T)*).

proof

We will give a proof of

symmetry. Suppose that

(a), result (b) following by

wE dom (C) = lins (w)l~ louts (w)l

This condition clearly implies P2 (of 5.20). For arb-

itrary A we must have (A»C) free of infinite internal

chatter, for the proof of this part of 5.20 only depends

on P2 of the second varl~le (just as the proof that if

A & C satisfy PI then A'» C is chatter-free depends only

on PI (A) ) .

Hence for all A the entirety of A'» C comes from the "or"

clause of 5.18.

Suppose AE M. We wish to show that (Allc)fn = (Aln'» C)t n.

We have (A» C) t n:! (AI n») C) I n == (A'»C)In C (AI nll C) \' n by

monotonicity. It is thus sufficient to show that if Iwt<n

and (w,X) E (Atn'»C) then (w,X) E (A'»C) and that iflwl =n

and wE dom(Atn)C) then wE dom(A»)C).

In the first case there must be some (u,U) E Aln and

(v,V)E C such that «u,U), (v,V» # (w,X) in (Atn"»B).

But then 1n\'>lwt= lins (w)1 + louts (w)\ = lins (u)\ + louts (v)1

~ lins (u)! + lins (v)\ = lins (u)/ + louts (u)1 = lul.

Hence (u,U)EAso «u,U),(v,V»# (w,X) in (A»C).

The second case follows by a very similar argument.

This completes the proof of 5.30.

5.31 Example

Consider the process defined C ~ ?x:T ~ (C'» (~x ~ B» .

By the above this recursion is constructive. It is

easy to show that C is a buffer by induction. We know

that Buff is satisfiable and continuous, so suppose

----



that Buff{D) holds.

both Band Dare.

a buffer.

Then D») B is a buffer by 5.24 as

Therefore ?x:T ~ {D» (!x ..., B» is

Thus Buff (D) '9

the C-recursion.

Buff(F{D», where F is

Thus Buff{C) holds as

the function of

claimed.

Hence C»B is a fixed point of the recursive equation of C,

but this equation has a unique fixed point, namely C, so

C = C» B.

Thus by the same argument as above C» C = C.

Define processesC (w E T*) as follows:w

Co = C Cw<.y)= (cw) (!y ..., B»)

It is easy to show (by CC») B) = C, (B.x» B)= (B» B) and defin-
ition of C & B) that

C,'> = ? x: T 4 CX

C (. ,= {?x:T ~ C -. J J 0 (!y ~ C )
w y, (X,w"--y1 W

It is then an easy induction to show that C = Jj, where If"

is the canonical infinite buffer B~, where

Boo ~ ?x:T -+ Boo
(.. <X>

Boo ~ ,,~ (? x: T .. Reo ~) 0 (! y -+ Boo)
W<-Yr <X> w <.y> W

Note that as corollaries to the above proof that B- is a

buffer, we have the following identities:
oD noon 00 00 00 00 0&' 00 00

B '» B = If", B » B = B , B '» B = B , B »B = Bw v wv w v wv

Now C» B = {?x:T (C'» (!x .. B)})'> B

= ?x:T ({C» (!x ..., B) »'>B)
0

as B ?T

= ?x:T -+ (C)) ({!x B»'> B» (buffers are associative)

= ?x:T -+ (Cl) (B)'> (!x B») ( as in 5. 2 5 )

= ?x:T ""> ({C»B») (!x B»

Also C)">C = {?x:T {C» (!x B) P>C

= ?x:T ({C» (!x .. B»>'> C)
0

as C £;?T

= ?x:T .. (C» {{!x BP'> {?y:T {C» (!y B»»

= ? x: T ( C>'>B» C I'> (! x B»

= ?x:T .. ( (C» C») (! x B» by the above.



The only obvious omissions from this list are
n ... rf'O n 00 rf"OB >')B = ~ andB"» B = ~w v wv

These two results are both easily proved from B>~IS= Boo,

which is easily proved by defining B* = B"»Boo (for wE T*)w w
and showing that these B* satisfy the recursive equationsw
of the a-, so the two systems are the same as thesew
equations are certainly constructive.

In cases where a recursion does not satisfy the conditions

of 5.30 the analysis is a little harder. One trick is

to show that any fixed point of an equation must be det-

erministic, for then the equation has a unique fixed

point as otherwise it could not have a minimal one.

We can then prove predicates which are equalities by the

satisfaction of equations with unique fixed points (as

was done in 5.31) but we cannot directly prove predicates

like Buff.

5.32 Example

Define a process C* ~ ?x:T ~ (C*»(:x ~ C*».

This recursion is not constructive in our usual sense so

it has to be treated with some care.

Suppose that D is any fixed point of this equation. It

is quite easy to show, using induction on!wland 5.18,

that all elements of dom(D) satisfy lins (w)!~louts (w)! and

that D is free of infinite chatter. Assuming this result

we are justified in using the assocative law on D and its

derivati ves. Claim that for each n» 0 we have
n 2n-l m (n!-t"t...s)
D = ?x:T ~ (D » (:x 4 D» (where D = D'» D'>' .. . "ii'D)

This is true for n=l as D is a fixed point of the C* equation.

Hence it is true for all n by induction.

Assume true for n.

Then Dn+l = (?x:T (D» (:x ...,D»"» Dn

= ?x:T (D ">/( : x D) '7'7Dn) as (Dn) 0 ?T

= ?x:T -+ (D')")(:x D)">">(?y:T (D2n- (:y D»)

= ?x:T ... (D'>/D")/D2n-l,> (:x D»

= ?x:T (D2n+l"» (:x D» as desired



we also have (~x ~ D)) D = (~x ~ D) » (?x:T ~ (D'>>(~x ~ D)J)

= D» D '>') ( ! x - D)

Using these two results and 5.22 we have that each process

of the form Dn or Dn» (!x -'I' D)» ...» (! z "" D) can either

be written in the form ?x:T ~ A(x) , where each A(x) is of

the same for~, or in the form(?x:T ~ A(x))D(~y - AI) where

A(x) and A~ all have the same form..

Thus define (for E E'P(M) ) F (E.) =

[?x:T ~ A(x), (?x:T ~ A(X))O(~y ~ AI)/ yET, A(x)E E, AlE Ej

This function is easily seen to be constructive in the

sense of 5.14. It also preserves the (satisfiable and

continuous) predicate "is deterministic".

Setting E = ~Dn, Dn(!X ~ D) ... (!z ~ D) I nE NT, x,...,z ET3

the above shows that E ~ F (E). Thus by rule 5.14 we are

entitled to deduce that each element of E (and in part-

icular D) is deterministic.

As T is finite hiding is continuous and thus so is H, the

function of the C*-recursion.

Thus fix(H) (which we now know to be its unique fixpoint)
':J n

is equal to n~(H (CHAOS))

Claim that Vm.Vn.Hn(CHAOS') £C*In. Prove this by induction

on n. It is certainly true for n=O, as CHAOS is the min-

imal element of M.

Suppose true for n.
m 2m-lThen C* = ?x:T T ((C*) » (!x ~, C*)) (as on

;! ?x:T ~ (Hn (CHAOS) '») (!x ~ Hn (CHAOS)))

~ Hn+l(CHAOS) by definitionof H

the last page)

by induction

Hence by induction the result holds for all n & m.~

But then for each m we have (C*)m~ ~l(Hn(CHAOS)) = C*
and we know that C* is maximal in M as it is deterministic,

which gives us the relation (C*)m = C* for all m.

One consequence of this is that C* is a buffer, for

we then have C*')")C* = ?x:T ~ (C*')")(~x ~ C*)) and

(C*>,)C*) ).)C* = ?x:T ~ ((C*,;7C*) >'? (~x .., C*)) , which

respectively imply C*>/C* and (C*.,'?C*)/'/C* are buffers

by 2.27. Thus C* is a buffer by 5.23.



If we now define processes Cl (w ET) corresponding to thew
C of 5.31 we can show that C* = B~ in very much the samew
way Let Cl = C* and Cl = Cl » (!y -+ C*) . Then as

. () wzy> w
C* >'>C* = C* and (~x ~ C*)>)>C* = C* >~C* >'>(~ x .,., C*) =

C*» (~x ~ C*) we can easily show that the Cl satisfy thew
recursiveequationsof B:, that is

Cl = ?x'T ...,Cl
(> .. x .

Ct = (?x:T ...,Cl -> 0(~y~ Cl)
w<y} ?x>w <YJ w

and so the two systems must be equal, as in the last

example. Hence everything that is true of Boo is also true

of C*.

All the buffers we have happened to meet so far have been

deterministic (even the "gremlins" example 5 .29, where the

explicit non-determinism of the defini~ion disappears from

the point of view of the external environment). This is

certainly not true in general, however. In fact it is

easy to show from the definition of Buff (5.16) that if

Bl and B2 are buffers then so is Bl or B2, (and there are
certainly more than one buffer). Indeed this result extends

to infinite disjunctions and so, for example, the process00

n~l(Bn) is a buffer. (It is a process because T is finite.)
It is easy to show that "»" is a distributive operator in

""

the limited sense that if (. '\1.1(A.»> B) is free of infinite
1.= 1. DO

:natter then it is equal to the process i~l(Ai»B). (This
comes from _the .nature of th~ "or" clause of 5.18.) There

is of course a corresponding result for the second variable.
~

Let B* = n~l(Bn). Clearly B*» (~x ~ B) is free of infinite
chatter as B* is a buffer, so we are entitled to use the

above law in this case.

Hence ?x:T -+ (B*) (~x -+ B»

OQ

= £(?X:T 4
00

= VI(?x:T ~n=

= V (Bn+l)n=l

(Bn» (~x 7 B»)

Bn+l) (by 5.25)('X)

This proves that B* ~ F (B*) , where F is the recursive equa-

tion of C (= B-). It is easy then to show that F must

have some fixed point above B*. Thus by the unique fixed
co

point property of F we have B-~ n~l(Bn) (the canonical
infinite buffer is stronger than the disjunction of all

the finite ones).



PostscriE!:: the express!y~ power of "» "

To round of our study of buffers and their relationship

with the pipe operator we ask the question "are all buffers

expressible as A» C for some A,C EM?" . All the buffers

we have met so far with the exception of B* have either

been directly expressed in this form or later shown to be

so expressible. In fact B* can be .expressed in this form

by a combination of 5.28 and the distributivity principle
00

of the last page (B* =«A or (n;{l (Bn» A) ) )"'))C), where A & C

are as in 2. 2 8) .

In fact there are (unfortunately?) certain pathological

buffers which cannot be so expressed.

5.33 Example

Le t A ~ ?x:T ~ (~x ~ B

D?y:T "'+ (?z:T ~ (:x ~ ~y ~ ~z ~ B)

O~x ~ ~y ~ B)

Then A is a buffer not expressible as Ai)~ A2 for Al ,A2EM.
The fact that A is a buffer can be proved easily from the

fact that B is a buffer.

The main reason for A not being expressible as (AI»A2) is
that when it contains two items it will deterministically

accept another, but on outputting its first symbol it

immediately loses the ability to output. The point is

tha t if A = A 1>'>A2 then it mus t be Al doing the inputting

and A2 doing the outputting. The only way that Al can
lose the ability to input is by a signal passing between

Al and A2 after A2 has output. This however leaves the

possibility that Al might accept an input before this

signal has been executed but after A2'S output.
A formal proof that A is not so expressible will follow

easily from the next result.

5 .34 Theorem

If A is a buffer expressible as AI"''''A2 then A satisfies

w(~alEdom(A) 9 f?X \ w<~a?~€tdom(A)1 E A(w)

(A can refuse before it outputs "a" the whole of what it

must refuse after outputting "a".)

proof

Suppose that w(~a>€tdom(A)and that A is so expressible.



A = (Al)A2) must be free of infinite internal chatter
as it is a buffer. Thus only the "or" clause of 5.18

applies. Hence (w,~) must have some derivation

«u,U) ,(v,V» in (AI» A2).

Let X = ~?xl w(~a?x>~dom(A)3

Suppose ?x E X and u <?x>E dom (AI) .

Now v<~a>E.dom(A2) or else «u,U), (v,VUf~a3» would be

a derivation in (Ai>")A2) of (w, [~a1), which would cont-
radict the fact that A is a buffer (lines (i) & (iii) of

5. 16) .

Thus t <~ a?x)Edom (strip ~ (AI) T U ?T"TU~ Tstrip? (A2» where

t corresponds with u & v in the sense of 5.18.

Hence (t<~a?~1 (?TU!T) = w (~a?x')Edom(Ai~/A2), which

contradicts the fact that u<?x)E dom(Al) .

Hence Xn(A1 after u)o =~, so «u,UuX) ,(v,V» is a

derivation for (w,X) in (Al»A2), which gives us the
desired result.

The author conjectures that the condition on the last

page is also sufficient to ensure expressiblity of

buffers,- but at the time of writing has not had time to

prove or disprove this.

This concludes our detailed study

that in the next chapter there is

given of defining B~ (in terms of

operator.

of buffers. Note

a different method

the master/slave)

---



Appendix: Proof of the I.,iUnaneeded in 5.19

5.35 Lemma

If A is free of infinite X-chatter and X n Z = ~ then

(A/XyllzB') = (AXUyllzB)/X.

proof

Use the notation

that w~X = s, wty
sXl/yt -+ w to mean (for X,y~L and s,t,wE r*)

= t and w E (Xuy) * ~

It is easy to check

(w,W) E (AX"yB) <9

that (for any A,B,X,Y)

::I (s ,S) EA, (t ,'1')E B s. t. sxl/ y t

& wn(xuy) £ (xns) u (ynT)

-?w

(*)

It is also easy to verify that X n Z = ~ implies

SXUY IIzt -+ w ~ (s/X) yllz t -t (wIX)

We will show first that under the stated conditions

(A/Xy IIZB) S (AXUyll zB) /X .

Suppose (w,W) E (A/xyllzB), then by (*) above, and since A
is free of infinite X-chatter, there exist s,t,S,T, such

that (s,SUX)EA, (t,T)E B, (s/X)yllzt~ w
& wn(yuz) S (snY)U(TnZ) . (**)

It is easy to see that since X n Z = ~ and (s/X)yllzt -;. w

there exists some w* such that sXUyllzt -+w* and w*/X = w.
(For example such a w* is ob~ained by placing each maximal

substring of X-symbols occurring in s in w at the leftmost

place at which the number. of y-X symbols is the same as at

the place the substring occurs in s. If X =[x~, Y =[yJ

and Z =tz}, s =(xyxxyy), t =(ZZZ) and w =~yzyzyz>then in

this case w* would be I..xyxxzyzyz> .)

Now we have (s ,SuX) E S, (t ,T) E B and (WuX) n (XuYUZ) £

«sux)n(YUx»u(Tn~). (The set relation is obtained by

taking the union of each side of (**) with X.)

Hence (w* ,WUX) E (AXUyHzB). (By (*»

This implies (w*/X,W) E (AxuyllZB)/X by definition of ../X" .

Since w = w*/X this just says (w,W) E (AXUyllzB)/X, which
is what we wanted to prove.

This completes the proof that (A/XyllzB) S (AXUyll ZB) /X.



To prove that (~XUyIIZB) /X <; (A/Xyll ZB) the first step is to

show that (~UyIlZB) is free of infinite X-chatter because
A js. If this were not so there would be an infinite

elements of dom(AXUyllzB}
But then w. t XuY E domA

1.

sequence w < WI < ... < w. <
o 1.

such that w.tx = w tx for all i.
1. 0

for all i, and (w.t XUy)/ X =
1.

of

(w. /X}t XuY1.

= (w /X) I XuYo
= (w txuY}/Xo

Also it is easily seen that wi+ltXUY>wlXUY, since the

difference between wi and wi+l occurs in X and is so pre-
served by restriction to XUY.

This contradicts the fact that A is free of infinite

X-chatter, so we can conclude that (~UY\\ZB) is indeed
free of infinite X-chatter.

Now suppose that (w,W) E (AXUY\\ZB}/X. By the above there

is some w* such that w*/X = w and (w*,WuX) E (AXUyll ZB) .

Thus there are some (s,S) E A and (t,T) E B such that

SXUyrlzt ~ w* and (WuX) n(xuyuz} \;; «xuy}ns}u(znT).

Since xnz = ~ we see that X <;S (i.e. S u X = S) and also

wn(yuZ} <; (YnS) u (ZnT) . (+)

Now sXUyllzt -+ w* & xnz = ~
~ s/Xyllzt -+ (w*/X) (by our earlier remark) (++)

Putting these facts together we obtain

( s /X ,S) E A/X (as S ux = S)

(t,T) E B

~ (w*/X,W) E (A/XY\\-ZB) (by (+) & (++))

This tells us (w,W) E (A/XyllzB), which completes the

proof that (~UyI\ZB) /X <; (A/XY\\ZB) .

This completes the proof of lemma 5.35.

We will see that this lemma is important in several proofs

of the well-definedness of parallel/hiding combinators.

The reasons why it does not hold in general (i.e. without

the assumption of freedom from infinite chatter) will be

discussedin chapter 8.
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