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Introduction

This thesis is an examination of part of the mathematical
theory of communicating processes. These are studied through
the medium of C.A.R.Hoare's language C.S.P. (Communicating
Sequential Processes). Our main theme is the use of mathem-
atical models to produce correctness proofs for processes,
though several mathematical sidelines are also developed.

The first seven chapters are broadly concerned with the
construction and use of two mathematical models for C.S.P.,
these being the well-known "traces" model and a related
model which is capable of dealing with non-deterministic

processes in an adequate way.

In chapter one we meet the version of C.S.P. which is used
throughout the thesis. We also meet the first of the two
models; this is a model which can adequately cope only
with deterministic processes. It has the advantage however
that its simple structure allows us to develop the tech-
niques which we later apply to the more general model. We
define various operators over the model which represent
ways of constructing and combining processes. These are
used to produce a formal semantics for the language.
Various results are quoted which show how one can to a
large extent ignore the distinction between processes def-
ined by the formal semantics and objects defined purely

by operators on the model.

Chapter two is an investigation of a class of proof rules
which can be applied to the model. These are all derived
from the basic notion of "recursion induction". We find
that there several different pairs of conditions, which if
satisfied by recursive definitions and the predicates we
wish to prove of them, guarantee the wvalidity of the proof

rules we devize.

Chapter three is a digression into topology. We study the
spaces of allowable predicates generated by the previous
chapter and the topologies which these induce on the space
of processes. We are able to explain many of the results
of chapter two and to generalize several of them.

In chapter four we meet the second and more general model
for communicating processes, which is used throughout chap-

ters five, six and seven. This is able to represent non-



deterministic processes in a fairly convincing way. This
chapter is not an extensive introduction to this model,
something which can be found elsewhere ( ),( ), but is
rather an examination of two questions which arise from
the mathematical foundations of the model. The second of
these is especially interesting, since we discover that
the well-definedness of our model is a powerful set-theor-
etic tool, equivalent to the compactnéss theorem for arb-

itrary propositional languages.

In chapter five we see how the work of chapter two can be
transferred to the non-deterministic model with only a few
alterations. We see that many total correctness problems
translate naturally into the system we have developed. As
an example we take the predicate "is a buffer" and develop
a calculus for proving it true of processes. We begin our
study of operators defined by parallelism and hiding by
discovering the close connections between a "pipe" operator
and the space of buffers. Recursions via the pipe operator
are investigated and we are able to prove several of them

to be correct (buffers).

In chapter six we deal with an operator which models the
behaviour of a process operating in parallel with a second,
"slave" process, all communications between the two being
hidden. We discover by means of examples that this operator
is a very useful recursive tool for describing potentially
infinite trees of processes. We develop a calculus for
proving correct processes which are recursively defined
using 1t We discover an unfortunate possible type of
behaviour in infinite networks and discover methods by
which we can prove it absent.

Chapter seven deals with other parallel/hiding combinators
in less detail, and as an example shows how to construct a
rectangular array of processes. It also deals with the
problem of proving a network free from deadlock. We find
that hiding has little to do with deadlock, and can often

be ignored when studying it. Deadlock is analysed in

cases where it is known to be absent from all small portions
of a network. This work is shown to have special signific-

ance in cases where networks are constructed without loops,




though we are also able to develop various methods for

applying it to more general networks.

As a result of the work done in chapters 1-7 we are egquipped
with a powerful calculus for proving properties of the
values assigned to programs in our mathematical models.
What the eighth and final chapter seeks to do is to provide
a framework for the application of this calculus to the
systems which we are attempting to model. We therefore
develop a calculus for relating models to the systems which
they attempt to model. We see how predicates transfer bet-
ween systems, and how operators over a model may be held to
reliably reflect their implementations in the real world.
We construct a plausible though abstract space of "real"
processes by which to judge our models for C.S.P. We find
that there are several different ways in which we might
interpret each of these. We find that in several interp-
retations some of our definitions of operators do not app-
ear to be readily implementable. Finally we see with the
benefit of hindsight what alterations might be made to

our models and operators to make them have as many desir-
able properties as possible.

Much of the mathematics used in this thesis is rather abs-
tract, especially in chapters three and four. The author
hopes however that its use is justified by the results
achieved, and that it does not obscure too much the tech-

nigues developed for the proof of programs.
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Chapter 1 :-

An Introduction to CSP and its Deterministic Model

This chapter outlines the version of CSP which is used

in this thesis. We also meet the model for deterministic
processes upon which chapters 2 and 3 are based, and use
it to give a semantics for CSP. This chapter is to a
large extent a summary of some of the work of C.A.R.Hoare,
in whose papers (e.g. (1),(2)) the reéder can find fur-
ther explanation and motivation for CSP as well as many

simple illustrative examples.

A process is to be thought of as .an entity which commun-
icates with its environment (possibly other processes)

in some alphabet X of atomic communications or "events".
Communication can take place only with the co-operation
of all participants, and is symmetric in that there is

no "sender" and no "receiver" of an event. At each point
in the history of a process there is clearly a sequence
of elements of ¥ which is what it has communicated with

its environment; this is known as a trace of the process.

We will assume that X contains basic symbols such as "a",

or "true", or "isempty" and compound or named symbols

such as "a.true", "b.a", "?a" or "!a" (we coénventionally
drop the infix dot with the names "?" and "!" which will
usually represent input and output respectively). 1In

addition X contains a special symbol "/" which a process

communicates to indicate successful termination, and for
which a./ =/.

We denote the set of all strings of symbols by r*. The
empty string (containing no symbols) we denote by "o",

The string containing symbols a,b,...,z (in that order)

we denote by <(ab...z) and the concatenation of strings

Vv & w we denote by vw.

Usually a,b,c,... will represent elements of %; v,w,s,t,...
elements of r** and x,y,2,... variable elements' of I.
A,B,C,.. will be processes and S,T,.. subsets of X. I
will denote I-{/}. X* denotes the set of finite strings

of elements of X.




Let us suppose that A is a process. We will postulate
that at each point in A's history there is a set X of
events in which it is willing to co-operate, and will

do so (picking one at random) if the environment is also
able to execute any of the elements of X. This set will
vary with time dependent on both the visible actions of

A (namely its communications) and any internal progress
which it makes. It is clearly possible that, depending
on internal choices which are invisible to the environment,
A might behave in one of several different ways after the
same visible behaviour. Processes which behave in this
way are known as non-deterministic. We will later (in
chapter 4) meet models which are sufficiently expressive
to deal with this type of behaviour, but for the moment
we will only attempt to deal with deterministic processes.
The criterion for A to be deterministic is that there be
some function F from tr(A) (the traces of A, ¢ x*) to @%z)
such that for every se€ tr(A) the following two conditions
hold.

a) Whenever s is the trace of A then X¢ F(s).

b) Whenever s remains the trace indefinitely then for
each aeF(s) & time t there is some t'>t at which a € X.

This means that whenever se tr(A) then a sufficiently
patient experimenter will be able to achieve it, so long

as his current trace is some prefix of s.

It is possible to define a partial order on :* by v<w
if 3s. w = vs , or equivalently if v is a prefix of w.

If w # v we say v<w.

The model we choose for deterministic processes is sets
of traces (subject to the conditions below), intending to
identify a deterministic process with its set of traces.
For the moment denote by 2 the representation of A in the
model. Define BC X* to be an element of P, the space of
deterministic processes, if it satisfies the conditions:
1.1 a) B is non-empty

b) B is prefix closed (i.e. WEB & v<w = VEB )

c) wrvEB 3 v=0



Every "real" process A satisfies these conditions, since:
a) A can at least do nothing (so<>€A ).

b) If v<w and A has performed trace w there must have
been some earlier time when it had performed trace v.

c) A cannot do anything after it has terminated.

The strength of this model applied to deterministic pro-
cesses is that, given a deterministic process A such that
s € A, then the environment, by applying any set Y s.t.
Yn{a|s¢eA3# @ to A (when its trace is s), can be
sure of eventually getting some response (in Y). This
allows us to express many notions of "total correctness"
of a process solely by reference to its wvalue in the
model P. For example define deadlock as the state that

a process is in when it (a) has not terminated success-
fully and (b) will never be able to communicate with

its environment again. We can express the predicate “is
free from deadlock", meaning that deadlock can never arise
in a process, in terms of the model:

D-F(A) = (s€d =2 ((3t. s=tH Vv (Ja. siayenr))) .

From now on we will largely be studying the model P in
itself, rather than its relation to "real" processes.

Thus from now on A,B,C,... will denote elements of P.

1.2 Lemma

a) With the set inclusion order "€ " P is a complete
lattice with minimal element $’} and maximal element
w,whH|we (27)*3.

b) The finite elements of P (in the lattice-theoretic

sense) are just the processes with finitely many elements.

The proof of a) follows immediately from the fact that if
@+ XCP then UXEP and NX€P. The proof of b) follows
from the fact that if A€P and FCc A is finite (not nec-
essarily €P) then there is some finite size BeP s.t.
PcBc .

We will now start to introduce the language and its
interpretation (semantics) within P. We first meet a
few basic processes:

1.3 abort =§c3 the process which can do nothing

1.4 skip = [<>,<J%%the process which immediately term-

inates successfully.



1.5 run = §{w, w>|we (s7)*3, the process which has the
ability to do anything at all.

Note that abort corresponds to the minimal element of P,

and run to the maximal one. Recall that our interprétation
of elements of P is that the environment (external or
another process) is at each stage given a choice of what

it would like to do next. This choice, on the first step,
is between the initials of a process, those elements of
which are possible on the first step. We write this set

as a° = faezika>EA3. Note that the strength of a process,
in terms of the partial order, is measured by the amount

of choice it offers.

For any we A (A€ P) we can define the process which A

becomes immediately after it has executed the trace w.
1.6 A after w = {v| wveaj}

Note that for any process A€ P we have A after<>= A, and

run after w = run for every we (X )*.

Before giving a formal semantics for the rest of our
language, we will give an informal explanation and motiv-
ation for each of its constructs. "These constructs take
the form of operators which combine one or more processes
together to form more complex ones.

By "a » A" we will mean the process which communicates "a"
on its first step and then actslike A. This construct
will be the most basic building block of our language.
Along the same lines "x:T » A" will represent the process
which inputs some value ("b" say) from the set T of un-
named symbols, and substitutes this wvalue for the wvariable
"x" within A. "a.x:T > A" will be the same except that we
will expect its input to be named by "a"

The process "a.A" will be the same as A except that all

events are given the (possibly additional) name "a".

The process "A[l B" will give the environment the choice
of all the communications offered by A and B.

The sequential composition of A and B, in which B takes

over whenever A terminates successfully, is written A;B.

By (AXHYB) we will mean the process which consists of

A working in parallel with B. All communications of A




" will be in X, all those of B in Y and all communications
which lie in X NY must be co-operated in (executed simul-
taneously) by both A and B.

By "A/X" we will mean the process formed by hiding all
occurrences of elements of the set X from the environment,
making them into internal actions which happen without

the control of the environment.

Finally we will include recursion, for which we include
variables representing processes in our syntax, on the
understanding that all occurrences of these will be bound

by some recursion.

We will now define some of these operators formally.
1.7 a =+ A =fojufarw| weal (for ae £, A€P)
1.8 A0lB = AUB (for A,BEP)

1.9 A;B = (AN (£ )*) U fwv| woe/>€A & vV EB]

where A,Be P, X,YCZ

the restriction operator X is defined

OfX =¢> , ¢awlX =wlXx if a€¢ X
={a> (wlX) if aeX
1.11 a/x =fwl(z - x)l wea}
1.12 a.A = fa.w| weaj

where the operator "a." is defined on x* by

a.ly=4¢7, a.({c>w) = @.cr (a.w)

We will not be able to define the cperators involving
variables properly until later. The following is a list

of easily proved identities involving the above.

1.13 Theorem

a) AQO0B =BOA (0 is commutative)

(A llyB) = {wl(wh(XuY) = w)& wiXeEA & wliYe B}ﬂfw,wzwlwe(z')’g

b) aAl0(®UOc) = (adB)IC
c) (A:B):;C = A; {B;C)
d) (aQB);Cc = (a;c) 0 (B;C)

e) A;(BOC) = (A;B) ] (A;C) (; distributes to the right over [])

([J is associative)
(; is associative)
(; distributes to the left over [])

f) (a » B);C = a » (B;C)
g) (AXHYB) - (BYIIXA) (] is commutative)
h) (AX”YUZ(BY”ZC” = ((AXHYB)XUYIIZC) (|| is associative)

i) Alla = A

(0 is idempotent)

i

.’

+
|
|
i




) (A,llyA) = A° provided A C X*

k) (a » A)/X = A/X if a€X

= a2 A/X if a¢Xx
1) (/X ;B) = (AXUY”ZB)/X provided XNz = @
m) (A:B) /X = (A/X);(B/X) provided / € X

These identities will be used frequently and informally
throughout the rest of this chapter and in chapters 2 and 3.

1.14 Theorem

Each of the operators defined in 1.7 - 1.12 represents a
monotonic and continuous function of P or PX P. This
function is also reverse continuous except in the case /X
when X is infinite. (Reverse continuous means continuous

on the lattice with reverse order.)

To prove monotonicity it is sufficient to show (for each
operator f) that it is monotonic in each parameter.

To prove continuity it is sufficient to show that each
operator represents a continuous function of each of its

parameters. That is, £(UD) = U £(X) for each nonempty
XeD
directed set DCP. A function is thus reverse continuous
if it satisfies £(ND) = M £(X) for each nonempty reverse
XeD

directed set DCP.

Each of the cases of the theorem is fairly easily checked.
The failure of reverse continuity for infinite hiding is

illustrated by the following example.

1.15 Example
We will suppose a €N (the natural numbers) and that

faljuNCZx . For n€ N define the process Ah = &),(m?,éma>im;;n3.

It is easy to see that D = {Anl nEEN3 is a reverse directed

set with (1D = abort but that A /N = a » abort for each

n€N. We thus have () (A/N) = a » aboxrt # (ND)/N = abort.
A€D

The difficult properties of infinite hiding will appear

again in a much more fundamental way when we consider the

non-deterministic model in chapter 4. The advantages of

having operators which are reverse continuous will be seen

in 2.46 et seq.

The monotonicity and continuity of the operators will be

very important in defining recursion.




It is necessary here to strike a note of caution. We

have happily givén definitions in the deterministic model
P to each of the operators we have described informally.
Inspection of each of the definitions 1.7 - 1.12 will

show that these reflect to the greatest possible extent
the intentions we set out, in that the resulting sets

of traces seem to be the best possible. This still leaves
the question of whether it is reasonable to expect an imp-
lementor to produce deterministic processes as the result
of applying each of the operators to deterministic proc-
esses. There are in fact several cases where this does
not seem reasonable, in that the "natural" result of an

operator is not in general deterministic.

The first and most obvious of these cases is with the
hiding operator "/X". Consider for example the process
written "(a + b » sgkip) ] (¢ » 4 » skip)/fa,ci" (= A, say).
(The elements a,b,c,d of £ are assumed to be distinct.)

It is easy to prove the relation A = (b = skip) [ (d »+ skip).

This latter process is one which is invariably willing
(given time) to execute either "b" or "d" on its first
step, at the environment's choice. It is thus necessary
in a correct implementation of the syntax of A that we
should take account of its behaviour after both "hidden a"
and "hidden c". This varies from what one might consider
natural, namely that the process would either carry out
hidden "a" or "c¢" but not both and that the actions of the
process would then be independent of the consequences of
executing the other one. To implement the hiding operator
correctly with respect to definition 1.11 and produce a
deterministic process it would in general be necessary to
carry out an infinite amount of backtracking. The three
examples below help to illustrate other aspects of this
problem.
a) (a » b » skip)l(c » abort)/fa,c} = b > skip
b) (a » b » abort) ] (b » skip)/fa} = b » skip
) A[l( - skip)/fa} = b » skip

where A = {¢, @y, (aay, (aaay, @aaa>, ... 3

The following three features of a process A give rise to
implementation problems in A/X.



a) The choice at any stage between several elements of X.
(Illustrated in (a) above and also in the example in
the text.)

b) The choice between elements and non-elements of X at
any stage. (Illustrated in (b) above.)

c) The possibility of infinite sequences of elements of X.
(Illustrated in (c) above.)

While we are using the deterministic model we will only
use the hiding operator in writing processes where these
three conditions are avoided, so that our processes are

reasonable to implement deterministically.

Another operator which gives rise to similar problems

is the alternative composition operator "[[". This oper-
ator is intended to give the environment the choice of

the first step symbols of the two processes, the combin-
ation then acting like the chosen process. The problem
arises when the two processes have first step choices in
common. The correct operation of the definition 1.8 would
require the operation in parallel of the two processes
until any time when one of the processes cannot continue
with the executed trace. (An alternative is to back-track
when one of the processes is unable to continue.) This

is clearly inefficient, for there is the possibility of

an exponential growth in effort with the number of "[I"s
encountered. There is also the problem (which arises from
both the suggested methods of implementation) of detecting
just when a process cannot execute a symbol. This would
almost certainly be tantamount to solving the halting
problem; and in any case it is possible to find processes
which do nothing for any given finite time before finally
becoming able to communicate (e.g. a process with a very
large number of hidden symbols to execute at the start).
It would in fact probably be possible to implement "[1"
deterministically by combining the two approaches above,
running the two processes alternately and trying to make
the one (if either) which falls behind catch up. This is
unfortunately even less efficient than was expected for
the implementation above, for there is now the certainty
of exponential growth. Because of these difficulties

we must make it a rule that in writing expressions which




we expect to be implementable we should only use "[(" when
we can be certain that the initials of the two processes
which we are combining are disjoint. This can be achieved
(for example) by ensuring that the two processes have
distinct guards, so that the combination looks like

(a =+ A)J (b » B) where a # b.

The last problem of determinacy arises from sequential
composition (;). It occurs when it is possible for the
first process either to terminate successfully or to do
something else ("a", say). If the second process has
the ability to communicate "a" on its first step then we
have a problem of a very similar nature to the one which
arose with "O". To implement 1.9 correctly it would be
necessary to run both processes in parallel until it
could be detected that only the first or second process
has the ability to continue with the trace. This problem
of ambiguity gives rise to exactly the same difficulties
as arose with "[" above. The rule which avoids this
problem is to avoid creating processes which make succ-
essful termination anything other than the sole option
at any point in their history at which it is possible.

The following illustrate the possible difficulties with

the implementation of "(" and ";".

a) (a=A)[ (a » B)
Here it is necessary to determine the result of
executing both the left and right "a"s to correctly
implement this process.

b) (skip[[(a » b » skip));(a b » a » b =+ skip)
There are two ways in which this process can execute
any of the traces (a», @b’ , (@ba?, (abab>. If the
second process were prepared to carry out an infinite
sequence of "a"s and "b"s this conflict would never

be resolved.

In 1.19 we will meet a more interesting example of a
process written without regard for these rules. (For

its construction we will need recursion.)

We will find that the model introduced in chapter 4 gives
more natural semantics to each of the above operators,

avoiding the necessity of imposing strict conditions upon a



process to ensure.that implementation is possible. Indeed
we will find that the only points at which the semantics
in the two models differ fundamentally are those where the
difficulties described above occur, and also in the case
of ill-defined recursion (which we have yet to meet).

This is true in the sense that (except in these cases) if
we combine the representations in the more advanced model
of one or more deterministic processes the result will be
a deterministic process congruent to the result we would

have obtained in the deterministic model P.

We must now introduce the various operators involving the
use of variables representing processes and elements of X.
Unfortunately the informal approach we have adopted so
far, namely the introduction of our language purely as a
collection of operators on P, seems to become inadegquate
here. We will thus recast our previous definitions and
introduce the new ones within the framework of a formal

syntax and semantics for C.S.P.
We first meet the various syntactic domains we will need.

1.16 Syntactic Domains

A€ Exp (the C.S.P. expressions)
a€ezX” (alphabet)
B € PV (process variables)
B'epPV’ (process variable calls)
x € AV (alphabet variables)
T €IA (expressions for sets of unnamed symbols)
X EGA (expressions for sets of general symbols)
U € BA (basic subsets of %)
A ::= skip| abort a2+ Al x»>A]la.x > Al x:T » 2ala.x:T > 2l

AlA]l a;a I(AXNXA)I a/x| a.a [B'[

reci(Bl,...,Bk).(Al,...,Bk}I "infinite mutual recursion"

(the syntax for infinite mutual recursion will be
found later, in 1.18)

Blizs= BIBg (explanation of Bg will be found in the
definition of infinite mutual recursion)

H

>

= glia3jixz| v | rur| AT | T-T .
@

lta3lx3lul xux| xnx | x-x | a.x ...



We will assume that we are initially endowed with the sets
¥, PV, AV and BA and that they satisfy the condition that
all the objects created from the above syntax are distinct

if they have distinct parse trees.

We can only expect elements of Exp to represent elements
of P if they do not depend on the value of any variable.
(One would expect such expressions to represent functions
of such variables.) One might expect'an expression to
depend on the value of a variable only if there were some

occurrence of it within the expression which was not bound

to some construct which assigned it a value. For example
we would expect "a » x + skip" to depend on "x" but not

"X:T » x » skip". It is easy to construct formal defin-
itions of the notions of free and bound variables in an
expression. Informally an occurrence of process variable
B will be bound in A€Exp if and only if there is a syn-
tactic subcomponent of A which contains the occurrence and
has the form recj(...B...).(Al,...,Ak) or the equivalent
in infinite mutual recursion. Alphabet variables will be
bound by the constructs "x:T * A" and "a.x:T - A".

1.17 Definition
a) Alphabet variables

Suppose x € AV. It is easy to construct a formal recursive
definition of the phrase "X occurs in X" (for X € GA) meaning
that the variable "X" occurs in the syntax of "X". The same
can be done for "x occurs in T" (T € IA) and "x occurs in B'"
(B'=PV"') .

Given these definitions one can construct a formal defin-

ition of the terms free and bound variables.

is neither free nor bound in skip or abort.

occurs free (bound) in a % A if it occurs free (bound) in A.
occurs free (bound) in a.A if it occurs free (bound) in A.
occurs free in X ® A and a.x = A.

occurs free in y @ A and a.y » A (x#y) if it occurs free in
occurs bound in y » A and a.y + A if it occurs bound in A.
occurs bound in x:T » A and a.x:T = A.

occurs free in x:T + A and a.%x:T » A 1f x occurs in T.

E - A -

occurs free in y:T » A and a.y:T » A (y#x) if x occurs

free in A or if x occurs in T.




X occurs bound in y:T ® A and a.y:T 2 A (y#x) if x occurs
bound in A.

x occurs free (bound) in A[l C and A;C if it occurs free
(bound) in either A or C.

x occurs free (bound) in recj(Bl,...,Bk).(Al,...,Ak) - 5
it occurs free (bound) in any Ai.

(similar clause for infinite mutual recursion)

x occurs free in A/X if x occurs free in A or x occurs in X.

X occurs bound in A/X if it occurs bound in A.

X occurs free in (AXHYC) if x occurs free in A or C or if
* occurs in X or Y.

X occurs bound in (AXHYC) if it occurs bound in A or C.
does not occur bound in B'.

X occurs free in B' if x occurs in B'.

b) Process variables

The definition of free and bound occurrences of process
variables is very much the same as the above. %he critical
clauses are the following.

B occurs bound in recj(...B...).(Al,...,Ak)

B occurs free in recj(Bl,...,Bk).(Al,...,Ak) if it occurs
free in some of Al,...,Ak and B#B1 & www & B#Bk.

B occurs free in B.

B occurs free in Bg if B € rge(q) (see 1.18).

The clause for infinite mutual recursion will be found in 1.18.

We can now define Proc, the space of process expressions,
to be the set of those elements of Exp which contain no
free variables of either kind. We will expect to be able
to construct a semantics for Proc within P.

In order to be able to assign a value to general elements
of Exp we will need a state ¢ which will be a mapping from
variables to their values (o €S = (AV = ZX) X(PV > P) ).

Our semantic functions will be the following.

1.18 Semantic Functions

€ :Exp =S =P
A}: GA » S » P()
IA » S » P(2)
S :PV'a S P

&

The definitions of {/ and ¥ are fairly obvious and are

omitted. The definition of ESis delayed till the section
on infinite mutual recursion.




The definition of € is as follows. Where a definition
appears circular it is because we are using the versions

of our operators which were defined (over P) in 1.3 - 1.12.
a) Cioskiplo = skip

b) €rabortlo

Il

abort

c) Eta » Alo = a » ELATC

d) €Ix » Alo = ox1 > EXATo
e) €ra.x = Aloc = a. (olixW) = fﬁA]o

f) FIx:T » Aloc Ufa > EI[A]JOE/:% | aEU.l:[Tjiag U g"}

(last term required in case UILTIocis empty)

g) €fa.x:T » alo = Ut a.b » CrATob/x] [belrrnol v <

h) ¢ralcle = EuatelErcio

i) Era;Ciho = €uale;ELCIo

5)  EL(A.lC)To = {E[A]UX*“Y*gI[CZﬂU) , where X*=VIXlo & Y*=Y 1Yo

k) EIA/XIe = (EIATs)/ A IXTs)

Il

1) €ra.Alec = a. (ELALs)

m) EEB'Ie =S5IB'Io

n)  Elrecy(By, .- B).(By, ... )00 = (U A1)

n=o
k k

where H:P73+ P’ is the function defined

H(C) = (€A Tc*,..., EIA To*) (6* = sfc;/B{ ... [c, /BJ )

In the abovec[a/x] represents the state which dis identical
to 0 except that it maps x to a. ¢[C/Bl is the state ident-
ical to ¢ except for mapping B to C.

o) Suppose that A is some set of indices and that we have
an injective mapping from Ato PV, written By, (A€A).
Suppose further that (rl,...,rk) is a partition of A.
Then we allow recursive definitions of the form:

Bg, where,lerl > 3&¢ A

" s 8 8 e s s

1

A.Erk 2 B Ak
It is assumed that the constants (€ E_) used in the cons-
truction of the Ai may depend on A, and that the calls of

the By have the form Bg,for some function g’of A and any
free aiphabet variable(s).

We will assume that these functions carry with them a



syntactic check on their ranges, to enable accurate dete:
mination of which process variables are free in an expres-
sion of the form Bg. Usually the functions associated with
the above recursion will have ranges €A, though sometimes

a call may range over several nested recursions.

We will assume no definite syntax for the space of functions
"g" making calls of process variables, since it clearly is
heavily dependant on the natures of A and Z. We will how-
ever assume that there is some procedure for determining
which alphabet variables are free in any Bg, and also that
there is some procedure = for evaluating any g in any state.
Typical functions will be (i) constant functions; (ii) iden-
tity functions on A and (ifZcA) onZ; and (iii) (if A= N) "+1",
"-1" etc. An alphabet variable will occur bound in the

above recursion if it occurs bound in any of the Ai’ and free
if it either occurs free in any of the Ai or in B.. All the
elements of fBﬁgeﬁ occur bound together with any other proc-
ess variables occurring bound in any Ai. A process variable
occurs free if it is not in ﬁ%QE& and it either lies in the

range of g or occurs free in any Ai.

We can now define the function S which evaluates procedure
calls: SgBIo = ¢IBY ; 5{{13(3]10 = on(g)ol .

Finally we can define EIIBg, where.....lo
oln(g)od if rr.(g)o{:'fBgfgeA?;

Il

U (F03Y),  if m(gle =B,  ({€A)

where P is the function space A=+ P (which is a complete

lattice because P is); and H:P'+ P' is defined:
H(Qk==EEAiEa*, where fer;, o* = o[C/B] is the state ident-

ical to ¢ except for mapping Bé to Cé for each (€A, and Ai

is the expression obtained by substituting "{" for the para-

meter "A" in Ai.

Note that to be fullv ricorous we should be rather more
careful in our treatment of the parameters A used in this
type of recursion. If we had been more pedantic we could

have introduced a third class of variables representing

these parameters; these would have their free occurrences in
expressions representing elements of Z and in Bgs, and be

bound by the recursive definitions of the"schema" kind (1.18(0)).



1.19 Examples ‘
(4) An integer register

Suppose that fiszero, up, down}u set.NEZ (N = E0:0 il S
Take A (the set of indices) to be Nufu} (u¢ N). An initially
undefined register is represented by
R , where R & set.x:N » R
u u X
de (iszero = RO)U (up - Rl)
b (set.y:N-» Ry)
XxEN -§{03}=» R& (down » R __,) [0 (up = Ry )
D(set.y:N = Ry) i

(ii) A stack

Suppose that T is some set of basic symbols, that ?PTv!Te X,
and T*= A . An initially empty stack of type T is repres-
ented by

Ssr wWhere B® INT = §
(8 o
* .
we T*-{3 > Sw(: (2x:T = S(x‘»w) S e e
. =
Hily = 8.) :

(iii) Palindromes

Suppose that fa,b,/cZ, then the following process is prep-
ared to terminate successfully if and only if its current

string is a palindrome of "a"s and "b"s.

P & skip 1 (a » skip) [1 (b » skip)
D(a » P;(a » skip)) 1 (b » P;(b » skip))

Note that none of the above examples is completely strict

in its use of recursive syntax, though it is perfectly clear
in each case what the correct syntax is. From here on we
will habitually use abbreviations such as the above, on the
understanding that we could translate into "correct" syntax
if challenged.

Note how the palindromes example breaks two of the convent-
ions designed to make a process implementable in a reason-
able way. The difficulties in this case seem to have more
to do with the nature of the problem than with "bad prog-
ramming" since it is possible for some strings to be init-
ial segments of palindromes in several essentially different
ways. For example <{(ababay , in addition to being a palin-
drome itself, is an initial segment of d&bababa) , @babababa)
and all the longer ones of which {ababa is less than half.




Many more examples will appear later, especially in chapters

two, five and six.

The notation used in conjunction with the above formal sem-
antics for CSP is rather cumbersome to use in practice. 1In
future we will habitually identify the syntax of a process
with its value in our model. The following is a sequence
of easily proved results which justify this identification
(in the case of expressions with no free variables of any

type) .

1.20 Lemma |
(i) If A€ Exp, a€¥ and x is an alphabet variable which '
does not occur free in A then E£IOAloc = E'[[A]}q’(a/x] for every
state 0.

A
(ii) If A€ Exp, C€ p* and BE€PV is a vector none of whose
components occurs free in A then fiale = 'z‘;’[[AIlo'[g/_B_] for

every state o .

l.21 Corollary
If A€ Exp has no free variables then EoAlc = g[[AZI]/o for all i

states o andf? "

Tf Al and A2 are elements of Exp let us say that Al~=— A2 if

E[[Alﬁd = E[[Azillo* for all states o.
1.22 Lemma

Clauses a - i of 1.13 remain true if elements of Exp are
substituted for elements of P (etc.) and = is substituted

for = throughout. Clauses j - m remain true if the stated

conditions are true for all states (e.g. clause 1 remains
true provided YuxisNYrzic = ¢ for alle).

Additionally:

n) x + (B;C) = (x » B);C , a.x = (B;C) = (x 2 B);C

o) x:T =22 (A;C) = (x:T » B):C 1f x does not occur free in C
p) a.xiT # (AfC) = (a.x:T =~ B);Cc " o o N " "

1.23 Lemma

If Ay,A,,Ce Exp, AlE A, and Aq is a syntactic subcomponent
of C, then the result of substituting A2 for A
satisfies C'= C.

1 in C (C',say)



1.24 Lemma
N : A o
If A€Exp, 9 € S and B€PV then the function H:P - P def-

ined H(C) = €IADC/B] is monotonic and continuous.

1.25 Corollary
Each recursively defined process satisfies its defining

equation in the following senses:
a) E’[trecj (ByseessB) e (Ao By ) T0 = f:’ctAj BofC, /B8] ... [Ck/B]J
where Cr= ElIrecr(Bl, = ,Bk) = (Al, e 'Pﬁ() To .

b) In the recursion
Aerl 2 B& A

1
(Erl,...r} a partition of some

Au&% %#%{
we have E’f[Bg, where.....1¢ = ‘c‘:’m"imafg/g] if 7(q)r=B.%x€ Iy
where C,=EIB,, where.....lo and A] is the élement of Exp

indexing set A)

obtained by substituting the value "«" into the parameter "A".

1.26 Lemma
If all free occurrences of Bl""Bk have the form of simple
calls of process variables (i.e. "B" rather than "B_") and
if Aj has no bound occurrence of any variable which occurs
free in any of the Ai then
recj(Bl,..,Bk).(Al,..,Ak)
where CL = recr(Bl,..,Bk).(A

L ] ]
B [cl/Bl] N [ck/Bk'[
l""Ak) and syntactic substit-
ution for (free occurrences of) simple calls of process

variables is defined in the obvious way.

1.27 Lemma

If in the recursion of 1.25(b) we have

(i) for all states 7, n(g)GEfBPmefi3;

(ii) Ai contains no bound occurrence of any variable which
occurs free in any of Al""Ak .

(iii) *he only occurrences of Bp (MEA) in Aj are free and

of the form Bh for some h s.t. rge(h)c A ;

\
then ’Bg, where.... = A;, where AE is the expression obt-
ained by substituting'Bh, where... (usual clausesf for all

calls of process variables s.t. rge(h)s A .

The conditions on the form of recursive calls within proc-
esses could be relaxed somewhat in 1.26 and 1.27, but this
would be at the expense of simplicity and the extra cases
included would very rarely arise in practice.



From here on we will identify elements of Exp with no free
variables with their unique (by 1.21) counterparts in P.
For this type of expression we thus identify "=" (equival-
ence over Exp) with actual equality over P. We are enabled
by 1.22 - 1.27 to manipulate these expressions and their
subcomponents with a great deal of freedom. Subject to

a few conditions on the use of variables we can treat the
components of an expression very much as though they were
elements of P, and recursive definitions very much like
fixed point equations over P and its product spaces. We
can thus practically forget the formal semantic definition g
of our language when doing manipulations, confident that .
we could fully justify all of them if challenged.

There is a clear ambivalence in our attitude to constructs
in our language, which is brought about by the identification
of elements of Exp and elements of P. One the one hand we
can think of an expression as a formal piece of syntax which |

can only be given a value by reference to a semantic funct-

ion and a state. On the other hand we can think of it as
being an operator dependent on its free variables; there :
being a class of results (1.20 - 1.27) showing these two i
approaches to be congruent. Although from here on it is

the second of these two ideas which will dominate, there

are several important uses for the more formal approach.

The most obvious of these is that it enables us to define

precisely what we mean by any construct, however involved.

A second reason is that there are other, similar languages
which are almost impossible to define without "states" and
some kind of formal denotational semantics. The language
thich we have adopted is very rich in its potential for |
parallelism and recursion, but lacks such features as ass-

ignment to variables (other than by communication with

other processes) and conditional statements. The choice

of language made in this chapter largely results from the

fact that most of the work in the subsequent chapters chap- i
ters is chiefly concerned with parallelism, recursion, and
the connection between the two. The introduction of further

constructs such as those mentioned above would have tended




to intr duce extra cases into our arguments (many of which
are complex enough already). It is not difficult, either
in the deterministic model P or the nondeterministic model
we meet in chapter four, to devize semantics for languages

with more conventional constructs (e.g. assignment, "if,

then, else", less rich recursion) by simple adaptation of the

formal semantics we have met in this chapter. Having done
this one can prove congruences between the languages and

thereby apply results obtained about one to the other.

1.28 Example
In the language we use assignment to variables is often

modelled by elaborate subscripting in mutual recursion,
and conditional statements by "[J". For examples of the
former see 1.19 (i, ii); for examples of the latter see
6.9. The following example represents a process which
inputs a succession of symbols from some set T and after
each one outputs the largest one it has received so far.
(We assume that T is endowed with some total order ¢ , and
that the syntax for IA is extended to encompass the usage
below.)
A, where AE 2%:T = Ix 2 Bx
X€T ®B_& (Ry:fyly>x3» 'y = By)
0(ey:fylysxd = tx » B,)

Additional combinators

From time to time we will want to use combinators additional

to those which we have already met. These will be defined
over P on the understanding that if the syntax introduced
in 1.16 were extended to include them then the semantic
function € would be extended in the natural way: if op is
a (unary) operator over P and op is the syntactic object
intended to model it then Elop(A)lc = op(fCAls). A few
operators are introduced in this way below.

(i) If f:3 -3 UE%} is a function such that £ T (/)<{/}then
one can extend f tox* by the rule:
f(o) =o; f(w<¢ad) = £(w) if £(a) = *;
f(w¢ay) = f(w)<f(a)> otherwise .
One can now define an operator on P by
£l(a) = fwerum | £(w) € al .




For example if Xe¢Xx and fx is the function defined

f(a) = a if aeX; f(a) = * otherwise
then f;l(A) is the process which behaves like A in the set X
and is prepared to do anything outside X; one can think of
£1 () as_]'-A ignoring ( - X). Note that (A flB) =
(XUY)*ﬁfX (A)FlfY (B) .

(ii) If f is any function of the above type it can be ext-
ended to an operator over P directly:
£(n) = {f(w)] weal .

For example if "a" is any name used for elements of 2 we
can define a function strip(a) on Z as follows:
strip(a) (c) = ¢ if céa.XZ
=d if ¢ = a.d for some d€Z .
Regarded as an operator over P strip(a) is the operator

n

which removes the name "a" from any of its operand's comm-
unications which have it. This operator can be combined
with others to construct some useful combinators. For
example if T is some set of unnamed symbols and Tu?TuL!T<E
we can define a "pipe" operator "y»" which is intended to
take two processes which communicate in ?TulT, join the
inputs of one to the outputs of the other, and hide the
resulting internal communications:

AYB = (stripl(A)Tu?THTU.Tstrip?(B))/T .

This and similar operators will be studied in some detail

in the later chapters.

The two types of operators described above (f and f_l) are
known as alphabet transformers. Note that for all allowable
functions f we have f_‘l(ru.n)_ = run and f(abort) = abort.

.




. Chapter 2 :— Recursion Induction in the Deterministic Model

Recursion induction is the proof rule:
If in a recursive definition of a process we can prove some
property true of the process by assuming it true of all
recursive calls, then we can infer the property true of
the process.

In the model described in chapter 1 the above rule can be form-

alised thus:

2,1 In the (mutual) recursive definition 4 = F(4), where A
ie a vector of processes in P’ and F:P* » P, if R is a

~-predicate on P such that YB. R(B) 3 R(F(B)) then we can
infer that R(A) holds (where A = fix(F)).

In this chapter we will examine the validity of this rule, give
examples of its use and show how it can be extended in severzl i
directions. The rule as it stands is not universally valid.

Below are some counter—examples which will motivate conditions

upon F and R to ensure validity.

2.2 The rule 2.1 is completely without the base case usually
found in inductive proofs. It is therefore possible to "prove"

the predicate "false" true of any process whatsoever.
243 Of the process A & A we could prove any predicate.

2.4 Of the process A€ AlB (B some fixed process) we could

prove "A = C" for any process C=2B.

2.5 Of the process A = a 9 A we could prove the predicate

"every trace of A can be extended to include a "b" ".

In 2.2 it is clearly the predicate which is at fault. Any pred-

icate which is not equivalent to "false" is satisfiable in the

sense 3A. R(4). It is this condition that will represent the
base case of our inductions. In 2.3 it is clearly the recursion
which is at fault, and under the assumption that "=C" is a valid
predicate this must also be the case in 2.4. In 2,5 the recur-
sion is very siraighiforward and well—defined so we must assume
that the predicate (with its implicit existential quantifier) is
at fault.



There are several passible pairs of conditions on predicates and
functions which, along with satisfiability, can be shown to make
the rule 2.1 valid.

We firstly examine the most commonly useful of these. Define
the notion of restriction of a deterministic process to strings

of length n or less as follows:
2,6 AMn = iwen(lwlﬁn-i

This can be extended to vectors of processes in Pﬁ'by pointwise

restriction:
A
2.7 (&tn), = (A)Tn for A€ P
These definitions give rise to some obvious results:
2.8 Lemma
a) AeP = Ato = abort
b) AeP 3 (Atn)m = AMmin(nym)

c) (2 »A)n+l = a 5 (Atn) if a€Z, A€P
a) AePr s 4, =0((ara)) if WeA

Azg

A
Suppose F:P %—Pa, define F to be constructive if it satisfies

2.9 VneN.WaeP", F(4) ' n+l = F(ATn ) n+l

and non-destructive if it satisfies

2.10 VneN.VaeF*. F(Aln = F(&Mn)ln

Informally these definitions mezn that by looking at the result
of applying F to the n-step behaviour of A we can deduce the
n-step behaviour of F(&) in the case of a non-destructive F and
the n+l step behaviour in the case of a constructive F. From the
point of view of recursion a constructive F would seem to be a
desirable thing, since then one can always guarantee to be able
to deduce the behaviour of fix(F) up to any finite time from only

finitely many iterations.

2.11 Lemma

a) If F:F'5 P~ and G:P‘—-s-P'A are both non-destructive then so are
FoG and GoF.

b) If a function is constructive then it is non—destructive.

c) If F:ﬁhﬁ ﬁL is constructive and G:F = Fais non-destructive
then FoG and GoF are both constructive.

&=
d) If F:P 2+ P is constructive then it has a unigue fixed point.



proof

a) F(G(4))n

F(G(AXn)In  (by nondestructiveness of F)

= F(G(gl‘n)l n)rn ( " " " " " G)
= F(G(Atn))n (™ i G
b) F(A'n =(F(4)} n+l)Pn (by 2.8(b) )
=(F(§Pn)rn+1ﬁ11
= F(Atn)tn

c) F(G(4))n+l

F(G(AN n)ln+l
F(G(éfn)?n)rn+1
F(G(ATn) ) n+l

GoF is very similar to this,

d) suppose F has two distinct fixed points A & B. Then by
2.8 (a) & (a) we have Alo = Blo and In. AMn # Btn. Hence
there is some m such that &rm = Bl'm but érm+l + Bim+l.

But then Afm+l = F(A) m+l (as A = F(4) )
= F(Atm)Fm+l (as F is constructive)
= F(Btm)Mm+l (Btm = Atm)
= F(B)tm+l (as F is constructive)
= §Tm+1 contradicting assumption

Thus F must only have one fixed point (it has at least one
by Tarski).

Now suppose that R:ﬁke'itrue, false} is a predicate. Define
R to be continuous if it satisfies

2.12 VA.(qr(4) e»an.(vg.(grn = AMn) 2 7R(B)))

or eguivalently

2.13 VA.(Vn.3B.(AMn = B'n) & R(B)) 2 R(4)

(Later this will sometimes be termed weak continuity to contrast

with another notion which will be introduced at the end of this

chapter.)

Informally a predicate is continuous if, for every B such that
R(E) does not hold we can be sure of this after some finite time.
Observe that the predicate of 2.5 does not satisfy this as at

any finite time the "b"s might be "just around the corner".



2.14 Theorem
% F:Pka P* is a constructive function aznd if R is a conti-

nuous satisfiable predicate then rule 2.1 is valid.

(i.e. (VB. R(B) S R(F(B))) 3 R(fix(F)) )

proof

Since R is satisfiable there is some B such that R(]é) and (by 2.8 (a))
Bto = Alo (where A = fix(F)). Claim that for all n we have

R(Fn(g)) & (Fn(g)fn = APn). This is true when n=0 so assume

it true for n.

Then Aln+l

F(AN n+l (as F(4) = &)

F(ATn )l n+l (as F is constructive)
F(Fn(§)rn)Tn+1 (by induction)
F(Fn(g))[‘m-l (as F is constructive)
Fn+1(§)rn+1 as desired

also R(F™(B)) 3 R(F(F'(B))) completing induction

Hence the above holds for all n. Thus by 2.13 (since R is

continuous) we must have R(4), as desired.

This pair of conditions is useful since they normally hold
of well-defined recursions and predicates we wish to prove
of them and also because there are some simple rules for
checking that they hold.

2.15 Lemma
The following are all non-destructive functions of their
variables: a3 A , AIB , A;B , (AX”Y_B), ek
The following are constructive functions of A:
a A
B;A when /‘# B°
(BX{[YA) when YEX and BNY = ¢

The proofs of all these results are elementary and follow
directly from the definitions of the operators.
For example (B;Afn = fw N3 v.w=v/& weB & [wlen?
UE‘HV\ W/EB & veA & v #0 & |wvl$n3
(in line 2 the case v=¢ isincluded in line 1)
c Ew\—\a vew=v/& weBMn3u§wv | w/eBln & VGArn-g
< (Btn);(Atn) : )
3 B;Aln < ((Bfn);(Afn)fn (2 follows by monotonicity)



We can now combine this lemma with 2.11 a&c to give the

following result:

2.16 Theorem
Suppose that the function F:F» P" is such that each compo—
nent of F(é) is a syntactic expression involving only expres=

sions independent of A (such as skip and abort), “%y“s and

the combinators a -» B, a?x:T - B(x), ?x:T - B(x), B;C, Bfc,
a.B and (BxllYC). Then provided that every recursive call
of an'Ax is guarded directly (as in a *’Ak) or indirectly

(as in a > (AxpB) ) the function F is constructive.

The hiding operator A/X is not non-destructive so we must

be careful when we use it in a recursive definition. There
are important cases where the (A]l a::B) and (AY)B) operators
are constructive and non-destructive. These will be examined

later on.

2.17 Examples
The following recursions are all constructive:

a) A&(as A)0(b »skip)
b) Be&(?t » T)I(ef > F)
TE (2t >T)0(f5>F)0(t 57T)
Fe (2t >T)0(2fsF)0( £ 5F)
) Ae ((a> (a0(b 3 skip)))g )b 54
' where X = fa,b,/z 5 [b,/g

None of the following is constructive:
d) Ae (A0 a - skip)
e) Ae a,Ala s
£) A& (a > a)0(B;4)
B«(a 5 skip)[J A
We will come back to the case of iterated recursions (i.e

the body of a recursive definition including a recursion)

later.



We now turn our attention to the classification of continuous
predicates. The following is a list of the classes of pred-
icates which can easily be shown to be continuous. Some of
these classes can clearly be derived from others. In the next
chapter we will examine the continuous predicates as a top-

ology of the space P which will yield more insight on them.

2.18 Theorem

The following predicates are all (weakly) continuous:

R(A) = (i) Awn-B
(11) Ay = Ay
(iii) Ay € B
(iv) A, 2 B
v < A
(v) 454,
(vi) A # B if there is an upper bound on flw\[weB’i
(vii) A, is deadlock-free
(viii) weA, = p(w) where p is any predicate on b
(ix) welhp D pw( (8 after w)®) if p, are predicates oni3 (=)
(x) R (F(4)) if J&:N 3 N s.t. VB.Vn.F(B)'n = F(Ble(n))n
(F monotonic P Prl and Rl predicate on P’ )
(xi) F(éli— B for any continuous F:Fa pl
(xii) /\R\g(ﬂ) for any set [
w®Er =
(xiii) Rl(é)\/nz(é)
where B is any constant process and Rl' R2 & Ry are all cont-

inuous predicates.

example proofs
(i) 1f (A.# B) then either Aw. wehy & w@
orIw. wéAx & wEB
In either case if we put n = |w| then Gn = Al n > C\# B
so SGP'L 3 Cln = é?‘n 3-1(C\= B)

(vi) Observe that CeP 2 (C = B & CPMn+l = B) where n is the
upper bound upon 8;1[! thz. since either CMn # B or C
¢ontains some string of length n+l if C # B.

Thus A = B 3VC.(Cln+l = (& )'n+1) » (C = B))

(x) 1R (F(4)) #3n. Btn = F(A)'n o IR(B)

> F(B)'n = F(A)'n 3 R(F(B))
but Bfg(n) = Alg(n) =» F(B)'n =F(A)n
so Bfg(n) = APg(n) =1r(F(B))




The satisfiability of predicates is very often obvious. The
examples (i) = (viii) on the previous page fall into this
category (provided, in case (viii) that p(¢>) holds, though if
not the predicate is not satisfiable as every process contains
¢> )e Also (xiii) is satisfiable if one of its components is,
and (xii) is if each of its components is and they all refer
to different components of A. A method for geiting round

this last requirement (that all the Ry should be independent)
will be indicated later. (xi) will be satisfied by abort ~ if
it is satisfiable. The cases (ix) and (x) are more difficult
and it is necessary to examine their individual instances,
Often when it is not easy to prove a given predicate of these
forms satisfiable it is possible to break it down into two

or more sections and prove each of these to be true of fix(G)
(where G is the function of the recursion). For example to
prove F(fix(G)) = B it suffices to prove F(fix(G))2 B and
F(fix(G))< B.

It is now possible to give some provably valid applications of
rule 2.1,
2.19 Example (C.A.R. Hoare)
We attempt to model an integer counter in two ways. An integer
counter will be expected io communicate in the alphabet
fup, down, iszerod. It will always be non-negative, so when
it has value zero it will not accept a "down" instruction, and
it will only communicate "iszero" when it has value zero. The
instruction "up" will increase its value by one, the instr-
uction "down" will reduce its value by one and "iszero" will
not affect its value.
Our first attempt is by mutual recursion (with A = N)

COUNT & (iszero = COUN‘I‘O) O(up » COUNTl)

COUNT ..« (down - COUNT ) 0 (up = count

n+2)

Of these processes in isolation it is possible to prove

several properties without too much difficulty, notably that

each COUNT is deadlock-free and that w&COUNT 3 ups(w)4nddowns(w)
(where ups and downs have the obvious interpretation). This

second property is just the conjunction of independent cases

of 2.18 (viii), as the first is of cases of (vii).



For the second attempt we will first construct a process
which terminates successfully after inputting one more "down"
than "up"s.

POS ¢ (down — skip) [] (up » POS;POS)
(If POS inputs "down" on its first step it terminates, but
if it inputs an "up" it must subsequently input two more

"down"s than "up"s.)

We can now use this process to define an integer counter
with initial value zero.

ZERO & (iszero - ZERO) [l (up = POS;ZERO)

(ZERO will accept "iszero" and remain unaltered, or accept
"up" and become ZERO again after inputting one more "down"

than "up"s.)

It is an immediate consequence of 2.16 that all the recursions
defined above (COUNT, POS & ZERO) are constructive. Also if
we define CO = ZERO, = POS;ZERO then the predicate

R(A) = Vn. An

Cn+1

Cn is continuous and satisfiable (by 2.18 et seq).

L

Claim that COUNT satisfies R. To prove this it is now suff-

icient to prove R(4) = R(F(A)) where F is the function of the
COUNT recursion.

Suppose R(4)

Then F(4).,

L}

(iszero = Ao)[] (up » Al)
(iszero - ZERO) [J (up - POS;ZERO) by assumptien
ZER0O=Co Dby definition of ZERO
F(A), .= (down 5> & )0 (up >4 )

= (down = skip;Cn)[](up » POS;POS;C ) by assumption
((down = skip)[J (up » POS;POS));Cn
POS;Cn by definition of POS

L}

L}

]

n+l
This completes the proof. Thus in particular we have proved
that ZERO = COUNTO, so the two processes we have defined are

essentially equivalent.

2.20 Example: Buffers

Define a buffer to be a process which accepts input from some
set T and later outputs it in the same order. We can express
this condition formally as: B is a buffer if Be<(?Tu!T)"

and weB = ins(w)> outs(w), where ins(w) = strip?(w[?T) and



outs(w) = strip!(wl'T). This condition, being of type (viii)
only represents a form of partial correctness (it is satisfied
by abort). If we were in addition to demand that B be free
from deadlock this would eliminate abort but not other path-
ological cases like B & 7a - B which can only input "a"s

and can never output at all. One condition which seems to

be satisfactory in all respects is the following:

WEB 3 we(?TuT)* & ins(w)> outs(w) (1)
& ins(w)=outs(w) = (B after w)® = 2T (i1)

& ins(w)douts(w) » (B after w)° Nt # ¢ (iii)
The interpretation of line (ii) is that an empty buffer must
be prepared to accept any input, and line (iii) means that a
non-empty buffer must be prepared to output. The fact that

this output is correct is implied by line (i).

That the zbove predicate is satisfiable is by no means obvious.
However each of the lines individually is ( (i) & (iii) by
abort and (ii) by ?x:T = abort ) so if for any given process

B we can prove all three independently we will have estab-
lished that they are simultaneously satisfiable. The process

we choose to do this Jjob for us is the one-place buffer
Be ?x:T » (lx 5 B) .

The function associated with this recursion can be written
F(4) =folvf?olxer ofcex xyw | weal

Since each of the three predicates is continuous and satis-
fiable and this recursion is constructive, to prove them true
of B it will suffice to show VA. R(4) s R(F(2)) for each R.

Suppose (i) holds of A weF(A) @ w= ¢> (= ins(w) = outs(w) )
or w= (?x* for some xeT
(» ins(w) > outs(w) )
or w =(?x!x)v for some xeT, vcA
(3 ins(w) =<x>ins(v)
2 xsouts(v)
2 outs(w) )
Thus (i) holds of F(A).



Suppose (ii) holds of A. Then weF(A) & (ins(w)=outs(w))

3 (a) w=¢yor (b) w={2x'x>v where x¢T, veA
& ins(v)=outs(v)

(a) 5 (F(a) after w)® = 2T
(b) > (F(&) after w)° = (A after v)° = 2T
as desired

Thus (ii) holds of F(A).

Suppose (iii) holds of A. Then weF(A) & (ins(w)douts(w))
% (a) w=¢?x> for some xeT

or (b) w=<?x'x>v for some xeT, vcA
s.t. ins(v)youts(v)

(a) & 'xe(F(a) after w)°® since 2x!xyeF(A) for all xeT
(b) » (F(a) after w)°= (4 after v)°
s (F(a) after w)°AT ¢+ § as A satisfies (iii)

This completes the proof that B is a buffer. Therefore when
in future we want to use the predicate "is a buffer" (in the
definition on the previous page) we will be entitled to assume

that it is satisfiable.

Extensions of our rule

Firstly it is possible to weaken the definition of constructive

function to F non-destructive and
2,21  VYA.Vn.3m. (F"(4) 0+l = F"(4AMn)l n+l)

Under this revised condition it is possible to prove the
validity of 2.1 with exactly the same conditions upon the
predicate as before. The proof of this is very similar to
that of 2.,14. This result does not get us much further in
dealing with single recursions, but can sometimes be of use
in mutual recursions.
e.g. A& (2a+A)0(p>38)U(c » skip)

B & A;B

this is not constructive in the sense of 2.9, but

is in the sense of 2.21 with m=2 for all A,n

A more useful technique is (for mutual recursions) the concept
of constructiveness relative to a partial order on/\, the set
of indices of the recursion. Define a partial order to be
well founded if every subset of it contains some minimal

elements (or equivalently if it contains no infinite desc-

ending chains). Suppose < is a well founded partial order



A function will be: constructive relative to'g_if it is non-

destructive and at any point is constructive in all variables
except those strictly less than the point in question.

)Lr
If F:P o F" this condition can be formally expressed:

2.22 VA VoA (F(AM)In+l = (F(&" R )M n4d

* i >\
where A)‘z %an+1 if )J<

= Luln if (weN)
A function will be non-destructive relative to < if
2,23 VA Vn. V. (F(A)x)fn+l = (PN N o1
where = A/tnu if PN
= A n if ‘1(/.15)\)

Notice that to be non-destructive a function must not, in
some sense, work against the partial order by pulling inform-

ation from high points 1o low points.

2.24 Suppose.ﬁ&: fO,l}_ with partial order 041
Then the function F(AQ,A]_) = (a2 > (AOEAI) y bedj)
is constructive,
the function F(AO,AI) = ((a » Al) I]AO . Al)
is non-destructive,

but the function F(AO,Al) = (Al,AO) is neither. l

It is possible to prove a calculus of these definitions in

very much the same manner as for the old kind:

2.25 Theorem

If F,G:F§+ P& are functions and € is a well-founded partial
order on/\ then (relative to £ ) |
a) If F & G are both non-destructive then so is FoG . %
b) If F is constructive then it is non-destructive. :
¢) If F is constructive and G is non-destructive then both

FoG and GoF are constructive.

d) If F is constructive then it has a unique fixed point.

proof

F(GQ_&)LTn+12F(G(§*)Lt n+l by monotonici‘ty. _
F(G(A) )] 0+l = F(E*&rnuwhere =c(a)tn  ira(eeN)
G(Arn) 'n

c a(a Yy a>altn
< G(A

74



o]
*
I

= G(g}urml if /g\,\’
G(A lprn+1 where Ay = As[n if 1({gp)
Al n+l if ¥gp

n

*

but X¢p2%<N s0 A'S A
= e G(A*)f'n+lSG(A*)
* * b i =
Thus B < G(4 )
* r * r
so F(B ) n+t1<F(G(A ))! n+l
which completes the proof of part a)

' *
b) This follows by monotonicity since the A of 2.23 is
greater than that of 2.22.

¢) The proofs of both parts of this are almost identical to
that of part a).

d) Suppose F has two distinct fixed points A & B. As in the
proof of 2.11 there must be some n such that éfn = grn but
Aln+1 # BMn+l. Now Afn+l # Bln+l implies there must be some
Xs such that (Az) n+l # (By) n+l. Thus there is at least
one A whioh is minimal with respect to this property. For
such a X\ we must have:

(AN )l n+1 (F(&)k)fn+l (as
(F(A W) n+l  where

n

is a fixed point of F)
- Affn if 1(/@\)
(= Bﬁrn as Aln = Bl'n)

4
*
A

]

= Abn+l if p<N |
(= %PTn+1 as N is minimal)
* *
[The above remarks show that A = B , the

corresponding restriction of §.]

= (F(B" W) o1
= (F(B) ) n+1 (as F is constructive)
= (By ) n+l (as B is a fixed point of F)

which contradicts our choice of X . Thus F must only have

a single fixed point.

Note that in the case of /A finife (or any other case where the
partial order has a bound on the lengths of its ascending
chains) this condition is implied by the earlier extension,
for then by recursing a fixed number of times it is possibleto

refer only to Aln when calculating each Fm(é}ﬁin+l.



For a general well founded partial order it is necessary to

restrict the types of predicates which may be used in proofs.

2,26 Example
Let/\ = N, then the recursion

AO € a - skip

An+1 b An
is constructive relative to the standard order on N, and the
predicate R(A) =3n. A = abort 1is continuous under definition
2,12 and is clearly satisfiable. But R(4) = R(F(A)) since
A = abort 9 F(4) .= sbort and R does not hold of fix(F).

Thus rule 2.1 is not justified in this case.

2.27 Theorem

Suppose F is constructive relative to the well founded partial
order < on A and the predicate R on P" is satisfiable. Then

rule 2.1 is justified provided R has the form VK.R,(a) (e, say)
where each R¢ is continuous and is independent of all comp-
onents of A except for a finite set N[t A, and all the [ are
disjoint.

(i.ee each Ry is a predicate on finitely many components of A

and no component occurs in more than one RK')

proof (technical)
As in the proof of 2.14 set A

fix(F). Since R is satisfiable

there must be some B s.t. Blo = Alo and R(B), and since R is
continuous, if we assume 1R(A) there must be some n s.t.

3B B'n = AMn & R(¥) and VB. Bfn+l = Afn+l 9R(B) .

If MeA is non-empty, denote the set of its least elements
by}i(r). Define a map from the ordinal numbers to?)Ot) as
follows:
£(0) = ¢
Peee1) = I\~ £60))UTK)
£ (x) =Uf(f3) if £ is a limit ordinal
B

This map is clearly monotonic, and is strictly monotonic

unless/\ = f(X) for some X, But a strictly monotonic function
is one—one, so under the assumption that \/x. f () #/\‘ we have
produced a 1-1 function from On to the set ﬁ)(A). This is
impossible by Hartog's theorem (see for example Enderton pl95)
so we musi have_/\_= f(oa for some f-‘(‘t



Claim that each f(X) (¢« satisfies \(—:f(o() &/ch %/Je ().
This true if X= 0.
Assume true of « and that NEf(x+1) &/-K\
if N€ £(X) then we must have v/ € f(<) by assumption
if >\e/u(/\_ - £(X)) then p¢ £(X) would contradict the minimality
of \ in (/A - £(x))

hence in either oase/.)e flx)c f(o(+l), so the result is true of o +1.

IfX is a 1imit ordinal then if we assume the result true of all
«X the result for o follows immediately since if/(\ then
fe £(x) 33p st nE£(R) & Bl
B ME fgzs)Ef(o()

Thus by transfinite induction the result holds of all Df{:"(*.

Claim next that for eacho(s-(*'there is some B€ statisfying
Bln = Aln &Nef(x) » B n+l = Al n+l & R(B)
This is true for <=0 (put B = g*)
Suppose B satisfies the above for &, claim F(Iﬁ) satisfies it
for £+1. “
Firstly F(B)'n = F(BMn)ln = F(Afn)'n = F(&A) n = Aln
and also R(F(Q)) holds since R(B) does.

Now 2 £lx+1) 3 (F(BH ) n+l = (F(C)y N n+1

& i “
where C/, B/J‘n-i-l it <

= B r B i | ‘)\
9, B[ n if (/w: )
But B),Tn = A/,rn by assumption

and we established above that }JO\e £x+1)

implieS/_)ef(o(), 50/.10\ 3 l‘?}f'n+1 v il ST

/

o i <N
Thus C, &/F n+l if

= A/rn if "!(}u{\)\)
(F(g_h)rn+1 as F is constructive
Aln+l

Hence (F(E)‘x W n+1

Finally suppose « is a limit ordinal and that for each /305.( there
is some ﬁsatisfying the above. For each KEK we can write the

set I, as Ex‘,xz,,,,,p\ﬂxw,,,,\g where X, - X_E f(x ) and Xr”— N £(x)
As there are only finitely many "Xj"s in f(x) there must be

some /3¢ gabs fSﬁ)nI’: = f(o()ﬂr.: a Put B)\iz (BFL,Jfor j= 1 - s.
If we do this for every ke there will be no clashes in the B,\s

so derived since the |k are disjoint.




Formally define B as follows:
B, = (B‘ﬂ){\ ‘ifHK,XEG\ (/3 dependent on K)
= A\ otherwise .
Each R, holds of the B so defined since it holds of B” and is
independent of all {B,\I)\EI:}. Also Bfn = Aln since this is irue
of each B' by assumption. Finally if Zef(x) then

Jkrelk 3 B= (B"1
= Buln+l = (BF)J n+1

= Al n#l as Xefgg) and B satisfies

our hypothesis for /3
otherwise By = Ay
3 Bln+l = A,\r n+l

This completes the proof that the above B satisfies the cond-
ition for <.

Hence by transfinite induction onxXsx* there must be some B

corresponding to X's But then this B satisfies R(B) and

Bl n+l = ATn+1 (since/\ = f(x*)) which contradicts the assump-

tion that VB. Bln+l = Aln+l 3 1R(B).

This result admits rather easier proofs in less general cases,
such as predicates of the form W.Ry(4Ay) and also when each
WA has some limit (dependent on\) in N to the lengths of

chains ascending to it.

Below is a simple example involving a finite partial order.

See 2.3 for a more general example.

2.28 Example (after David Park)
Define four processes by mutual recursion:

Ae (a4 )(b->4,)

A& (a A3) Ma,

A& A Ql(b > Ay)

Ay A0,
It is easily verified that these equations define a recur-
sion which is constructive relative to the standdard order on
§0,1,2,33 . The predicate Vi.C;= B, where B is defined
Be (a »B)[J (b > B) 1is clearly satisfiable and of the

correct form, so the rule is justified in this case.




Assume R(g)
Then F(C), (asc ) 0(v-cC,)

= (a=-B)[J(b=-3B) by assumption

1

=: B by definition of B
F(¢), = (a=>cy)(c,
= (a> 3B )[B by assumption

= (a>B)J((a>B)0(b »B)) by definition of B
= (2> 3B )[]](b=~B) by properties of [

= 3 by definition of B
(case 2 is almost identical to case 1)
F(¢), = clc,
= BUOB by assumption
= B

Hence R(F(C)) holds, so we can infer V&.Ai= B.

The next extension to our rule will allow us, amongst other
things, to deal with "partial predicates" which are independent

of one or more components of the mutual recursion.

2.29 Theorem
Suppose F is a constructive function (possibly relative to
some partial order) and H is non-destructive. (F,H:F = F )
Suppose further that H(fix(F)) = fix(F), then
(i) HoF & FoH are both constructive
(ii) fix(HoF) = fix(FoH) = fix(F)
(iii) If R is continuous (or satisfies the conditions of 2.27
in the < case) and satisfiable then
(V. R(4) » R(H(F(4)))) » R(fix(F)) and
(VA. R(4) = R(F(H(4)))) > R(fix(F))

proof
(i) is just a restatement of 2.11(c) and 2.25(c)

(ii) We have H(F(fix(F))) = F(H(fix(F))) = fix(¥) by assump-
tion, so fix(F) is a fixed point of HoF and of FoH. But by
(i) and 2,11(d) or 2.25(d) these functions have unique fixed
points, so the result follows.

(iii) This follows since, by (ii), anything which is true of
fix(HoF) or fix(FoH) is also true of fix(F)



This result has the following application to the partial
predicates described on ihe last page:

2+30 Theorem

Suppose F:F' F" is a constructive function and that R, & R,
are two predicates on P" which satisfy the following conditions:
a) R, is continuous and satisfiable and is independent of
some subset [ of /.

b) R, has the form R(4&) = ((AfT) = H(A)) for some non-
destructive function H:P*s P which is constructive in its
M —component (in a sense to be made clear below).

¢c) R(fix(F)) holds.

a) VA.(Ry(8) & R (8)) > R (F(4))

Then R, (fix(F)) holds.

proof
Write every element of P" in the form (A,B), where &eﬁk& gepr.

A function will now be constructive in its M—component if it
satisfies YA.¥B.Vn.H(4,B) n+l = H(4,BMn)In+l.

For any AcFwe can now define a function G:F » P by G(B) = H(4,B).
This G, is constructive and so has a unique"}ixed point. We
ohn weike H*(g,g) = (&, fix(G,)). H is a non-destructive
function, as will be shown iﬂ-2.36 and since each G, has a
snigie £ixed goint ¥e wust bave ¥ (£ix(F)) = Tix(r) (cond-
ition (c) above implies that fix(F)[T" is a fixed point of

G. where C = £ix(FN (A=) e

ﬁ;w apply 2.29 with F as above, H = H and R = R, (if the
FoH case is used) or R = R, & R, (if the HoF case is used).
Note that H*does not alter the truth of R, since it is the

identity on all components upon which R, depends.

Informally this result allows us to make certain additional |
assumptions about recursive calls which lie outside the domain
of the predicate we are trying to prove, though we must be

able to justify these assumptions independently. |

In the exzmple we will see shortly R, will have the form
‘ﬁ€r1% A= fix(Fk (so that H is a constant function).

Other suitable "H"s for use in 2.29 are Fk, H(A) = Al B for
any Bt fix(F) and the device below for taking fixpoints one

at a time.




2:31 It F:PA-» PA is a constructive function defining & mutual
recursion and A ="vA is a partition of the indexing set
then we can write every element of P" in the form (A,B), where
g_eP"& B_EPﬂand there are some constructive G:F' =» P’ & K:F'» P
s.t. F(4,B) = (G(4,B),K(A,B)). A suitable H to use with 2.29
is H(4,B) = (4,fix(\B.K(4,B))). This could be useful if one
wanted to do induction on the variables of a recursion one at
a time. This topic of iterated fixed points willbetreated in

more detail later.

2,32 Example (illustrating 2.27 & 2.30)
*
For some TcS take A =T =—f£o3 .
We seek to model "stacks" which terminate successfully as

soon as they first become empty.

Define § & ('a 5 skip) [] (?b:T » S<ba>) acT
| ?h-
S (la»s )UChT >s ) acT, we/\

A second version of this:
{ 3 -
Qus € (‘a » skip)[] (?b:T > %a} : ac€T
Q‘H(H.é; Q’w;%
Theorem: wel\ 3> 5.~ Q,

In proving this we first show that acT & we/\3 S S

weas Swites
This is done using 2.30, the partial predicate used being
R, (4) = (Va.eT.Vwe_A-.Aw(a;-;- 5,15, (this is independent of

A _a€T). The secondary predicate we use is

@’
R,(4) = (Vael. A= S<a>) which arises from the constant
H(g){a‘? B (acT). By comstruction the S-recursion is const-

ructive, R, is satisfiable and continuous and Rz(gl) holds.
Thus it only remains to show clause (d) of 2.30.
Assume R, (4) & R, (&)
Then F(ﬁ){a}E (la = Aﬂp) O(2c:T > %c&b‘r) abel
= ('a » - ) O (%e:T » S{ca.»;sch) by assumption
=(('a » skip) [l (%c:T > %ca‘));%bb

= S(a.~§S<b> as desired (by definition of §)
= I P
P&l (P > Ay U(7eT 3 840 ) (aybeT , weA)

n

('v » Sw;'é}m)ﬂ (%c:T » %cb)w;sfa}) by assumption
((lv » sw)[] (2e:T 5 §

= §b>w; %a) es desired

cb)w) );S(a)

This establishes Ri(F(A)), so we can infer R;(S) by 2.30 .



Having established this result, we can now prove Vw.Qw= S

by induction on Q. Observe that the Q-recursion is const-
ructive relative to the partial order induced by the length

of wel . Let R be the predicate Vw.sz Sw « This is clearly
satisfiable and is allowable in terms of 2.27.

Suppose Rt&), then if F is the function of the Q-recursion

— I 3 -
P(4), = ('a 3 skip) (2p:T > %aa) ‘
= ('a 5 skip) 0(?b:T > §ba) by assumption
= Sa by definition of §
P8y Auide
= Sw;§a> by assumption
= sﬂ(g} by earlier result

r
This establishes RtF(&)), so we can infer R(Q) as desired.

The following two extensions are also valid, their proofs
are omitted in this model but are given in chapter 5 for

the non-deterministic model.

2.33 Suppose ACP(PA) define Aln = EBrn‘ BEAB

Define a function F: q)(P ) QED(PA) to be constructive if it
satisfies VA.W.F(A) n+l = F(aAln) n+1 .

Suppose the predicate R on P is satisfiable and continuous.
Then (V&.(VB.(Be&' > R(B))) > (YB.(EF(£) > R(B)))) & (ASF(4))
implies (VB.(BeA 2 R(B))).

This result is chiefly of use in proving general theorems
about processes, for example the fundamental buffer theorem

of chapter 5 (which is also true in this deterministic model).

2.34 Suppﬁse R,... R, are predicates which are individually
satisfiable and all continuous but which may not have been
shown to be simultaneously satisfiable. Suppose F: Pha

is a constructive function whlch can be written as F-oD for

i-12..n, where D: F's (F*) and F (FL) > P, D(4) = (4, A,.",A)

Then if V(Al...ﬁ. )e Ry(4y) & eeo & R (4 ) 3 Ri(F1 (£)) &euos Rn(F:(@)
(where A (.51,..., én) ) we can infer R (fix(F))&...& R (fix(7)).

Informally this rule represents

uctive hypotheses for each recursive call of a process, The
method of defining F? depends on which assumption we wish to
make of each call in inin3 RL(F[&‘)




Iterated recursions

As has been indicated earlier it is possible to use subsiduary
recursions within the body of a recursive definition.

e.g. A = (a2 9 skip)[J(b 5 rec B.(b 3 4;B) )

It is possible to analyse this type of construction in several
ways. The first of these is the well-known result below

which relates mutual recursions to iterated fixed points.

2+35 IfA:F'UA is a partition of /\- then as in 2.31 we
- A
can write elements of P and P9 P as pairs (4,B) and (G,K)

respectively. It can quite easily be shown that

£ix(@,K) = (fix(\A.G(A,fix(\B.K(4,B)))),fix(\B.K(fix(\4.G(4,B));B)))

This gives a method for converting mutuzl recursions into
iterated ones and vice-versa., Thus the example above is equal
to A, where

A% (a > skip)[J(b > B)

B&€ b > A3B

It is also possible to analyse recursions with free process
variables (such as rec B.(b 3 A;B) above), to decide if they
are constructive, non-destructive etc. The need to do this

has already arisen in 2.30 & 2.31l.

2.36 Theorem (in the same notation as 2.35)

Suppose F:(anPﬂ) = PF is continuous and . is non-destructive
in its [ component. Then the function G(B) = fix(\A.F(4,B))
is non-destructive if F is non-destructive in its A component

and constructive if F is in its A\ component.

proof -
We have the identity fix(H) = ( JH®(1) for any continuous

function H on a complete lattice of which -l is the minimal

element. %
Thus  G(B) = (_JK*(L) where K(4) = F(4,B) and ¥el's> L = abort
N e o

We prove first the non-destructive case.

It is sufficient to show for arbitrary B & n that G(B'n)n = G(B) 'n.
Claim that Vm.X"(L)'n = L"(L) ' n where L(4) = F(4,Bn)

This is true when m=0 (both sides =TE) so for induction

assume true of m.




"

Then K™1(L)n = F(x"(L),B)n

F(Km(éJTn,an)[n as F is non-destructive
F(Lngﬂ‘n,ETn)rn by assumption
F(Lmﬁé),gfn)rn as F is non-destructive

Lm+1Q£)Fn as desired

Hen;e Km(é)rn LmCL)rn for all m.

od

(J @@ ¥a
(Km(_)rn)) as |n is continuous
(L"(L)=n))
,.u,L ") Yo

G(BTn)ln

n

]

Thus ~ G(B) n

[ I

Q CnCs

(
(
(

n

The proof of the constructive case is very similar (merely

change some of the "n"s into "n+l"s).

It is now possible to strengthen 2.16 to include the possibility

of iterated recursionse.

2+.37 Theorem

Suppose that the function F:F 3 P is such that each compo-
nent of F(A) is a syntactic expression involving only expres-—
sions independent of all process variables, process variables,
the combinators a » B, a?x:T < B(x), ?x:T > B(x), B;C, BlcC,
a.B and (BXI‘YC) and iterated recursions whici.bind all
instances of process variables which are not %r. Then prov—
ided that every (free) recursive call of an %V is guarded
directly (e.g. rec B.(2 > 553 ) ) or indirectly (e.g.

a » rec B.(%;B) ) the function F is constructive.

The proof of this is a straightforward structural induction
using 2.11, 2.15, 2.36.




Operators involving hiding in their definition

The following two operators are both very useful in defining
processes by recursion:

a) The Master/Slave operator (A|la::B) (4,B€ P) is intended
to model process A working in parallel with process B and
using it as a slave. All communications with the slave will
be in some TcZ which does not include J, and may either take
the form "t" (teT), "2t" (t€T) or "!t" (t€T). The last two
of these will represent input and output respectively, The ..
inputs of the slave B will be connected to the "a'outputs of A
(all communications with the slave by A will be labelled "a")
and the outputs of B will be connected to the "a"inputs of A.
To avoid confusion we will insist that T, ?T and !T are 211
disjoint (T will be an inplicit parameter of this operator,

as it will be of the next). Finally all communications of B

must be with A and all communications with the slave are hidden.

(Al a::B) = ((AZ”a.Fa.(swap!?(B))/a.P)
where "= T U?TU!T and swap is defined (on 2, f and P):
ceZ > swapab(c) = c if cé (a.TUDb.T)
= bed if ¢ = a,d for some d€T
= a8,d 1if c = b.d for some d€T
swapab(w) (we Ef) is the natural elementwise extension
of the definition on 2.
swapab(A) (A€ P) is the natural elementwise extension
of the definition on 2 .

b) The pipe operator (A®» B) is intended to model the behaviour
of process A accepting input from the environment, processing
it in some way, passing its output to the inputs of B down a
hidden channel, and B using this input to produce outputs to
the environment, This is effected by transforming all outputs
of A (in !T) to T and all the inputs of B (in ?T) to T, thus
identifying them. All internal communication is then hidden
by hiding T. Because of this device, for the operator to be
meaningful it is important that A and B cannot themselves use
T for their communications. -

(8> B) = (strip!(A)g ppllp ipstrin?(B))/T

where sirip is defined in a similar way to swap:

ceZ » stripa(c)=cfcg¢a.?T, =d if ¢ = a.d for some dE T

etce



As was mentioned earlier the hiding operator A/X is not non-

destructive. Thus the two derived operators A» B and (Al| a::B)

are not obviously non-destructive either. This is unfortunate

since both are useful tools in defining recursive processes.
- e 2x:T » (F% (x 5 B)) (where B & ?x:T - lx 5 B )
represents an infinite capacity buffer
s & (X]| as:8) '
_where X& ?x:T > Yx
Te (1x52)0 (25T » alx T.)
Z € (a?x:T 5 Yx) 0 (2x:T > Yx)

represents an infinite stack

We deal first with the master/slave operator (All a::B).

It is only possible to treat this as a function of its second
variable, as it is certain (if B. # abort) to be "destructive"
in A. It is not too difficult to see that it is not always
constructive in B (eege A = alx » alx 3 Ixs skip ) but
sometimes is constructive (e.ge. if A never communicates with
its slave (A| a::B) = A is a constant function of B). Tt
turns out that the fundamental issue is the respective numbers
of communications A makes with its environment and its slave.
If A must at all times have made at least as many external

as internal communications then (All a::B) is non-destructive
and if A must at all times (except initially) have made more
external than internal communications then (Al a::B) is const-

ructive. Thisis formally expressed in the following result:

2.38 Theorem

For neZ (positive and negative integers) define the predicate
Cz(ﬂ) = Yw. wea 3 |wlr| -'|wTaJﬂf3.min(n,|wrr\Ja.F])
(I'e Z is assumed to be the alphabet of "atomic" communic-
ations, so that = --i@ur"uusaflaflﬁ where N is the set of
process names and Ya. [Tna. = g.)

Note that in any process which satisfies CE every trace must
contain at least n+l "r™s before the first "a.r".

a) CZ(A) is a continuous predicate

b) C;(A) 3 VYn.VB.(al| a::B) n+ket= (Al 22:3™n)l ni+kat

c) ¢ () 3 ci(all v::B)




proof

a) This follows immediately from 2.18(viii)

b) Define the notation "(u,v) & w in (All a::B)" to mean
uehd, veB, ul3 - a." = w & swap?! (v) = stripa (ula.l’)

so that we(All a::B) & Ju.dv. ((u,v) & w in (&l a::B) ).

Suppose we(All 2::B) n+k+l. If W =¢ then certainly we(All a::Bn)
so suppose w = w¥by There must be some u of minimal length

and corresponding v s.t. (u,v) @&w in (4l a::B).

By construction u has the form u'd for some u' and (by Cla:(A) )
we have ‘u‘l‘l‘"} - [u'fa.l_'l > min(k, lu'trva.Cl)
= pTE - e - |[ulall> nin(k, ju'l)
= l(z - s.l") = luTa.rl‘z; min(k+1,lul ) (add one to both sides)

so either |ul<k+l and [ul(Z - a.l")] = [ula.(Y
sulad =66 & u=w
5> (ug>) ® w in (All a::BTn) (as certainly<«><Bln)
or lu>k+l and Jul(E - 2. - |ula |3k
W] = |v]> k+1
vl gl = (k+1)
vl < (n+k+l) - (k+1) as |wi€n+k+l

Thus in either case we(All a::BIn)

Hence (Al| a::B) n+k+1 S(All a::Btn) n+k+1, the reverse inclusion

following by monotonicity.

c) Suppose we(All b::B) and Ci(A) where b # a2 (the case b = a
is trivial). Then there are some u,v s.t. (u,v) &w in (A} b::B).
But then Wl = ull™, wla,” = ulaf" and wlirva.,” = ulTuva,l”
so (W] - |wTad| = \urrl= {ul ab 3 min(k, |uroa|()
min(k, [wrﬂua.‘pl ) as desired

Methods for the determining of these conditions will be given

in chapter 6.

2.39 Examples
It is possible to model ZERO (= comrro) (of 2.19) using (All a::B).

Z & (Xllaz:2)
where X € (iszero = X)[] (up » Y)
Y& (up =» a.up » Y)
[ (down = (a.down = Y)

[l(a.iszero » X) )

R




It is an easy induction to show that X satisfies C? and Y
satisfies Cg (use of 2.1 on their joint definition). Thus
the recursion 2 & (Xl a::2) is constructive.
Claim that COUNT = (X1l az:COUNT,)

and that COUNT .= (Yll a::COUNTn) néeN

This can be proved by induction on the definition of CQOUNT.
The predicate R on PN defined

R(C) = C = (XI[ a::coUNT ) & Vh.cn+1= (xl\ a::COUNT )
is clearly satisfiable and continuous. Attempt to prove it
true of COUNT .
Assume R(G) and that F is the (constructive) function of the

COUNT recursion.

Then (X]La::COUNTO)

L}

((iszero » X)[] (up = Y) 1| a::COUN'I‘O)
iszero » (X{la::COUNTO)
Qup » (Yf!a::COUNTO)

iszero > C

[lup b G by assumption

F(C) as desired

(Yl a2 :COUNT ) = ((up > a.up » Y) ] (down > Y )H a: CDUNTO)
(where T - (a.iszero » X)[] (2.down » Y) )
= up 3 (a.up > Y|l a::COUNTO)
[down - (Y*[l a::COUN‘I‘o)
= up 3 (a.up » Y| 2a::(up > COUNTlﬂ iszero > COUNTO))
Ndown = (Y*H a::(iszero - COUNT_ [Jup = COUN‘I'l))
= up > (Y]}a::COUNTl)
Odown > (X|| a::COUNT )

= up > C,
Hdown = Cb by assumption
- F(E)i as decsired

The final proof of (Ylla::COUNTn+1) = F(g)n+2 is very similar
and is ommitted. The manipulations of the (All 2::B) operator
used above are formally justified in chapter 6. We have

thus established R(F(C)), so we can infer R(COUNT).

It is now simple to show Z = COUNTO, for if S is the predicate
" = COUNT " we have s(u) > (Xlla::0)

= (XIIa::COUNTO) = COUNT

> s(x\| a::0)

and the result follows since the Z-recursion is constructive.




The intuition behind this definition of Z is that on receiving
an "up" or a "down" other than the first up or last down

7 passes it on to its slave, which is a copy of itself, It
knows when its slave has been brought back to zero by the slave's
willingness to communicate "iszero™., One might try some
alternative definitions, such as on every "up" or "down"

other than the first sending it twice to the slave. This

igs what is intended in the example below,.

7 & (x1l a.::Z*)
* * . *
where X & (up = Y )] (iszero - X )
* *
Y& (up 5 a.up » a.up > Y )
[(down > (a.iszero > X*)
[(a.down > a.down - Y*) )

Tt is indeed possible to show (as in the previous example)
that COUNTo is a fixpoint of this recursion. One would use
the earlier proof as a model for showing (X*lla::COUNTO) = COUNT
and Vn.(Y*I[ a::COUNT ) = COUNT . . But this X' does not
satisfy Cg (nor does it satisfy CZ for any zeZ) so we are not
justified in thinking that this recursion is constructive.
This is brought out by the fact that it does have several
other fixed points:
eg 2,& (iszero 3 Z)[|(up » (down 5 2z ) [] (up » MANY) )
where MANY & (up - MANY) 0 (down - MANY)
(This Z,can be regarded as only understanding clearly

the ideas "zero" and "one" after which it gets confused.)

z,€ (iszero - z) [1(up » (down » z,) [0 (up » abort [down > abort))
which is the minimal fixed point.

The conditions for the A B operator to be non-—destructive in
either of its variables are intuitively very similar to those
for (Al| a::B), This operator will be ireated at some length
in the non-deterministic model (chapter 5) so we just state

the conditions here.




*
For weZ let ins(w) and outs(w) have the same definitions as

in 2, 20,

2¢40 Theorem

Suppose that €€ (2T u!T)¥*, then

a) If wecC -}\outs(w)]}lins(w)\ then (AC) is a non-destructive
function of A.

b) If weC = lou‘hs(w]é(ins(w)] then (CY»A) is a non-destructive

function of A.

The proof of this for the non-deterministic model will be found
in 5.30.

By this result it can be shown without too much trouble that
if C is any buffer (in either the strong or the weak sense of
2.20) then so is the process recursively defined

A& 7x:T = (E»(!x > 1))

as any buffer plainly satisfies condition (b) above, There wi

will be several worked examples similar to this in chapter 5.




Alternative conditions for the validity of 2.1

As has been indicated earlier, there are other pairs of cond-
itions on functions and predicates which guarantee validity

of 2.1 along with satisfiablity. Firstly we can vary our
interpretation of the restriction operator [n. The only

thing we assume about this operator in the proof of 2.16

is that for all A,BeP” we have Alo = Bfo. Thus if for any
class of operators Ern|n€N3 we define continuity of pred-
icates and constructiveness of functions we can prove a theorem
which corresponds to 2.16 provided that the above condition
holds. Exactly how useful this result is will clearly depend
on the resulting classes of continuous predicates and const-
ructive functions, and the difficulty of proving a given recur-

sion tec be constructive. Provided that we wish equality to

be continuous we must insist(Yn.grn = grn)g’é = B and to give
any "meaning" to constructive functions we must regquire that
{(ATn)'m = Almin(n,m). Examples of such constructions are.

given below:

We could turn the old definition upside down and make
Atn= fwea | WK n3U(f- wv | wea & lwl =n3

or restrict attention to a subset of =

Atn= $wea|(wroi< n3

or nest allowable symbols |

Aln= §wep | we F?.*3 where ¢ = §, Relli ana U["—I -z |

n

Lastly we examine a theory which is in several ways more ;
elegant than that which has gone before. In some ways it |
represents a highest common factor (or greatest lower bound)

of the theories which involve a restriction operator and its

study therefore gives us insight into these. It is rarely,

however, that we will wish to apply it directly to a problem %
since it usually turns out that the easiest method is through :
one of the less abstract theories. Therefore it is stated
here only in terms of single recursion since this makes the
notation rather easier and the proofs easier to understand.
Also (unlike the earlier conditions) it does not seem to
generalise naturally to the non-deterministic model, because

it relies critically on the existence of a top element.

We firstly observe that any reasonable (under the above cond-
itions) restriction operator will give rise to a definition

of constructiveness which implies unique fixed points (like 2.11).




In many of the proofs we have performed using 2.1 it would

have been sufficient to know that the recursive equations

involved had a unique fixed point (for example in the cases

where we showed that another process satisfied the equation,

so the two must be equal). It is possible to formulate

a condition on predicates which, along with UFP (unigue

fixed point) guarantees the validity of 2.1 . We have already

shown that a constructive function satisfies UFP, so we would

expect this condition to be at least as strong as the old one.

That the condition needs to be strictly stronger is demon-

strated by the following example

2.41 Of the recursion A.¢ a.A LaA (which has UFP aEarf)
we have (Baéabort AB?{:SLP)é(F )#abf’rf‘(\[:(g ¢S£iP)

so by applying 2.1 we could deduce A # abort

A predicate was weakly continuous if its truth of a seguence
of processes implied the truth of its 1limit (2.13). We only
looked, however, at a specific sort of convergence of processes.

It is possible to define a more general sort of convergence.
2.42 Suppose (Ai[i€N> is a sequence of processes
Define limsup(4;) = ﬂ( (A 33

and 11m1nf(A ) = JZQ(J“B(A ))

(these correspond to the usual notions in real analysis)

Say that a sequence <AT> is convergent to limit B T } BJ
iff 11msup(Ai) = llmlnf(Ai) = B (and that then lim g

Limsup(Ai) is the set of traces which are contained in infinitely
many A, and liminf(4;) is the set of traces contained in all but
finitely many ﬁi.

2.43 Lemma

a) If(A% is a sequence of processes then both 1imsup(Ai) and

1iminf(Ai) are processes.
b) limsup(hi)Eéliminf(Ai)
c) If Vi. Bf‘i = Ali then the Bi converge to A.

proof

a) follows since the space of processes is closed under both

infinite intersections and infinite unions.




b) Clearly i{j > U(Ak)':? rW.(Ak)

> Q(ﬁk) .]g (4)) = jg(koi(ﬂk))

||Dg

=J
> L=) ) y D (A_k)) as desired

c) welh & k)w > weB (by definition of Aflk)

kw
> wWe limsup(Bk)
Hence limsup(Bk)f-_: A (%)

Also we liminf(Bk) » i, wej=i(3j)

» weB, where k = max(i,|w()

> weBkrk
> we ATk
> wel

Hence A< liminf(Bk) (+)

But now (*) & (+) & (b) give the desired result.

Now define a predicate to be strongly continuous if it satisfies:

2.44 TFor every convergent sequence <Ai>3 Vi.R(Ai) = R(lim(Ai))

245 Theorem
a) If a predicate is strongly continuous then it is weakly
continuous.
b) If> is finite and a predicate is weakly continuous then
it is strongly continuous.
proof
a) Suppose R is strongly continuous and that Ai is a seguence
of processes satisfying Vi.R(Ai) and V&.(Ai)ri = Bli
Then by 2.43(c) (Ai} is a convergent sequence with limit B
so R(B) follows by the strong continuity of R.
b) Suppose R is weakly continuous and 2 is finite.
Then if <Ai) is any convergent sequence with limit B s.t.
Vi.R(Ai) we have:

weB 3 Jj. i>j 3 weAj (as w liminf(Aj) )

w¢B 3 dj. i%j 9w¢&j (as w liminf(Aj) )

Sincez is finite, for any fixed n there is only a finite
*
number of elements of = with length n or less.



For each of these "w'"s we can thus find a j, s.t.

i, > (weB & weAi)
Hence if j,= max gjwlhwling we have
idYin Airn = Bln

and in particular we thus have (Aj)Fn =Bln & R(4 )

Since we can carry out this procedure for each n these Ajs
satisfy the left hand side of 2.13, so we can deduce R(B) by

the weaik continuity of R.

2.46 Theoren

The following predicates are all sirongly continuous:

R(A) = (i) A =B

(ii) € B
(iii) A2 B
(iv) weA » p(w) where p is any predicate on E*
(v) F(A)eB if F is continuous
(vi) F(A)2B if F is rev-continuous
(vii) Rl(F(A)) if F is doubly continuous
(viii) w%.R(A) (yel™)
(ix) Rl(A)V Rz(ﬂ) >

where B is any constant process and R,y R, & Ry ® are all
strongly continuous, and a function is doubly continuous
if it is both continuous and rev-continuous.

example proofs

(1) 1If <Ai> is any convergent sequence s.t. Vi.R(Ai) then Vi.Ai= B
So certainly 1im(Ai) = B.

(v) sSuppose (Ai) is a convergent sequence s.t. Vi.R(Ai).

Set A = lim(Ai) and suppose E is any finite process ESA.

For each weE there is some Jj, s.t. i2j > weA, (as A = 1iminf(Ai))
Set j_ = max ¢ g weE3 , we then have EC .&j.

But then F(E)< F(Aj) € B and by continuity of F we have

E
F(a) = U PE) S B as desired.
gt
(vii) The proof of this will be given later.

(1x) Suppose(Ai) is any convergent sequence s.t. Vi.Rl(Ai)\/ Rz(A-)-
4
Then there is either an infinite subsequence satisfying R1 or

one satisfying R It is easy to show that if (Bi> is a subs-

2.
equence of (A;> then 1imini‘(Ai) c lim:i.n.f(Bi) Elimsup(Bi) = limsup(Ai) .

Thus when <A> is convergent so must be (Bi‘> with the same limit.




Hence we either have an infinite subsequence (with the same
limit)which satisfies R, (> Rl(lim(Ai)) by continuity of Rl)
or the same for R,. We hence have Rl(lim(ni))‘v R2(lim(ﬂi))
as desired.

2.47 Theorem

Suppose F:P 3 P is doubly continuous and has a unique .fixed
point and that R is a satisfiable and strongly continuous
pfedicate. Then rule 2.1 is valid. ‘

i.e (WA.R(2) >R(F(4)) ) > R(fix(F))

proof
Let A  be such that R(Ao) (vy satisfiability)
Then | C AOET where | = abort and T = run

Claim that for each n we have R(A ) and Fn(_L)‘EAn-(; F(T),
where A_ = Fo(4.).
n (o]

This is true for n=o0 by the above.

Suppose it true for n.

Then R(A_,,)[= R(F(An))] follows by supposition on R&F.

Also we then have F (L)< A < F(T)
» P F(A_)E goii
5 Fn+l(_L) cA

(T) by monotonicity

. o ! .
ws il (T) as desired.

Since F is doubly continuous and has a unigue fixed point

we have -

g . n

GFMW) = six(e) = [AFAM)
As monotonic sequences both F (1) and F(T) are convergent
and have limit fix(F).

We therefore have fix(F) = limsup(Fn(i)) < limsup(An)
and fix(F) = liminf(F°(T)) 2 liminf(A )
thus fix(F)¢ liminf(A ) < limsup(A )€ fix(F)

(by (*) )

50 (A£> converges to fix(F)

The result then follows by the strong continuity of R.

We now examine the way in which this theory fits in with the

others we have already seen.

2.48 Lemma

Suppose <A£? is a convergent sequence and that the function
F:P 3 P is doubly continuous. Then the sequence (F(An)> is
convergent with limit F(lim(AnD.




proof _
By monotonicity we have for any keN

izk 3 A; Q(Aj) & ﬁ(a)
s F(a)C P (a)) & F(A )2 F( ﬂ(a ))
- U(m e Qune e, ))w( N6
Thus linsup(P(4,)) = (%(F(A ))
D (¢ k{(u 1))

E;F(éZL(é;i(Aj))) by rev-continuity of F

n

= F(lim(A )) as (AP is convergent
Alse liminf(F(4,)) = U ﬂ(m )))

E?ézé(F(j=k(Aj))) by the above

=) o0
= M i nui
=, F(ézi(jzk(ﬂj))) by continuity of F

We have thus shown limsup(Ff(An))g F(lim(An))Eliminf(F(An))
so the desired result follows by 2.43(b).

One immediate corollary to this result is the delayed proof
of 2.46(vii).

2.49 Define a class of restriction operators to be normal if it
each of its members is doubly continuous and:

a) VYA.YB. ATo = Blo

b) VA.¥n. m.(A'n)m = AMmin(m,n)

¢c) Vw.dn. A. weEA & w€Aln

Note that each of the examples on page is normal.

2,50 Theorem
If a predicate is strongly continuous then it is continuous

relative to every normal class of restriction operators.

proof
Suppose [fn| neN] is such a class, A€P and(Ai> is a

sequence s.te. Vi.AJ‘i =Ali & R(Ai) for some strongly cont-
inuous predicate R. It will clearly suffice to show that <Ai\,»
is a convergent sequence with limit A, for then we have R(A)

by continuity of R.




Suppose we:limsup(A.) then by 2.49 (b)&(c) there is some
n,, s.t. VB. wEBl’m & w€B if m>n,

Now w € D(U(A)) s we U(a)

i=0" j=1i

339m> n, WEEAm

BN W(;A“Im
> wedlnm (as Amfm = Al'm)
> wWel

Hence limsup(Ai)SE A and in a similar way we can prove that

A;?limiuf(ﬂi) which gives us the desired result by 2.43(b).

This result is just a generalization of 2.45(2) (it would
be necessary to impose stricter conditions upon the clase
of restriction operators to generalise 2.45(b) ). It does
however give us a ready-made class of predicates (2.46) to
use with any normal class of restriction operators. We can
draw the following diagram of conditions for validity of 2.1
showing their relative strengths.

2451 UFP // strong continuity

7’/ Hﬁ/*ﬁ:ﬁ gﬁ\“‘ﬂa

—
constructive//weak continuity (conﬁructive/cts relative to

other normzl operators

Note that this assumes the double continuity of the function.




Postscript: Countable alphabets

It is possible to drop the condition of double continuity
in 2.47 if we restrict our attention to countably infinite
or finite alphabets. This has applications to the hiding
operator, which as we have seen is not always reverse cont-
inuous. The fundamental fact used is that in either of

*
these cases X is countable.

2,52 Theorem ; :
If ¥ is countable then every infinite seguence <Aj? of P
has a convergent subsequence <An> where i¢j = ng<n .
proof ‘

3 3
Enumera‘te z as %W‘L' wl'.....’wi'... .
Claim that for each j we can find a sequence <{a _) such

3¢

and Jj'<J. & each n; is an ny,-

that n, < n;, and n; < Bir

and Vi. Anum {wi ,o.-a,w.“_;} = Anhiniwl 'Q-Q.O'Wj_J

Suppose we have constructed such sequences for each j'<j .
If j=o we can simply set n;; = i.

If j=j'+1 then either there is an infinite subsequence of

nJ;

L

A s.t. each contains wj, or one s.t. each does not contain
W Put nj.1 equal to_the ith 0 of this subseguence.

It is easy to check that the segquence Anﬁ thus formed satisfies
the required conditions.

Thus the required seguence exisis for each j.

Now set mi = nii' We have mi«( mi+1 by construction.
We know that 1imsup(Am)Qliminf(Am) by 2.43(b) so suppose
welimsup(Am). waw, for some j, and as wjelimsup(Am) we
; 6 L] i j L] L]
must have *E et (Am) Thus there is some k>j s.t
LFLR S But by construction each A (k>j) is a A , and
k k ju’t‘.
these have constant intersection with fw, ,....,wj}; so if
Vksj.w.e s .
. Je mkw

Thus v, € kfjll (Amk)

W. e liminf (A.
* ¥ (&)

Hence 1imin.f(Am_) = limsup(Am‘) and so(Am‘)' is the required
] 1 ]

convergent subseguence,




Given this result we can now prove the stronger version of

2.47 for countable alphabets.

2.53 Theorem
If ¥ is countable and F:P -+ P is monotonic and if R is a

strongly continuous satisfiable predicate then
(vA.(R(4) 3 R(F(R)))) >R(fix(F)) (%)

if F has a unique fixed point.

proof
We can define F*(L) and F*(T) for arbitrary ordinal a as follows
FO(L) = 1 T

FU(0) = PEO) BT = FEN(T)
FH(L) =Olau_r"(i) P (T) =UDPF0(T) if p is a limit ordinal.

There must be some countable ordinal k s.te.
F'(1) = F*(T) = fix(F) |

The fact that ¥ is countable can be derived in a similar way
to 4.13.

We can now prove by transfinite induction on p$k that
Vp. 34,. R(A,) & FP(1) € a,eF"(T)

This is true for p=o since R is satisfiable.
Suppose true for p
then FP(1)caer’(T) & R(4,)

> F(FP(L))EF(AP)EF(FP(T)) & R(F(4,)) by monotonicity
and (%)

s> F(L)ca,sF(T) & R(a,,) where By, = F(4,)

as desired .
Suppose true of allp<p and that p is a limit ordinal.
Because p is countable there must be some ascending seguence

"4 ﬁi|i£1\1> of ordinals less than p s.t. UB=r .
i=1

Put Bi = Aﬁ- This is an infinite sequence which satisfies ¢
]

Vi.R(Bi) and by 2.52 has an infinite convergent subseguence

<Bn> gt Vi.ni‘;i e« We then have Vi.Fﬂ“‘(L)EBnEFﬁ""(T).

> VLA ()eB e P (1) as B,
s FPL) = limsup(F’B" (L) < 1im(Bn)£1imsup(Fﬁ" (7)) = pf (1)

R(lim(Bn)) holds by strong continuity of R, so we can put A, = lim(Bn)),
L t




Thig establishes the desired result for all p<«.

Hence in particular it holds for x, and se there is some

A sete R(A) and fix(F) = P¥(T)242F"(L) = fix(F).

Thus A = fix(F), which completes the proof that R(fix(F)) holds.

This result is not true when X is uncountable, as is demonsirated

by the following example.

If 5 is uncountable there is some (uncountable) initial ordinal

A equinumerous with it; suppose {aﬂxel}is any enumeration of X-§f/§
by A. Define F:P » P by F(A) =towcam|Voeniapehd. It is easy

to see that F is monotonic but not continuous, and that F has
unique fixed point run. Now consider the predicate R defined
R(4) = "a® is countable"; R is plainly satisfiable and it is

easy to show that R(A) 3 R(F(A)) for all A€ P. That R is strongly
continuous follows from the fact that a countable union of count-
able sets is countable, so that whenever <Ai7 is any seguence of
processes 8.1. RMQ for each i we have that (1imsup(Ai))° is count-
able also. However,R(gBE) plainly does not hold, demonstrating

that the rule is not valid in this case.

In the appendix to the next chapter we will see that if we strengthen
still further our definition of continuity of predicates 2.51 does
hold for general alphabets. In addition we will see there that

over uncountable alphabets neither strong continuity nor the even
stronger continuity can be represented as continuity relative to

any nermal class of restriction operators. OSuch a class of oper-

ators does exist for countable alphabets, though:

2.52 Theorem
If3 is countable then strong continuity is eguivalent to
continuity relative to the following normal class of restriction
operators:
AT =£wjl j<i & we A3
where gwo,wl,..;ﬁ is any fixed enumeration of =¥ with the
property that ww, % i < j (such enumerations are easy to

construct ),

proof

It is very easy to show that the above is indeed a normal class
of restriction operators. By 2.50 we know that every predicate
which is strongly continuous is continuous relative to any

normal class of restriction operators, so it will be sufficient



to show that continuity relative to the above class implies
strong continuity. To this end let us suppose that R is a
predicate continuous relative to our class of operators, and
that <Ai> is a sequence of processes which converges to A and

such that R(Aj) holds for each j€E€N,.

Since limsup(.&i) = liminf(ﬁi_i) = A it is easy to see that for
all i€ N there exists some minimal k(i) with the property that
m>k(i) > ((wie L) & (w; € A)). Define r(i) = maxfk(j)lj<i3:

for each s)r(i) we have Asri = Ali by definition of [i.

Hence for each i there exists some B s.t. Bli = Ali and R(B);

thus R(A) follows by continuity of R relative to this class.

Thus $A | R(A)} is closed under the limits of its convergent

sequences, so R is strongly continuous as claimed.
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