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Chapter B :- Assigning Meanings to Models

So far in this thesis we have studied in some depth the
mathematical structure of two models for computation.

We have derived many interesting results which are in
many cases correctness results for the model processes
which exist within our two models. It is natural to ask
how these models relate to any more "real" space of proc-
esses and how our correctness proofs translate into theo-

rems of the more concrete processes.

Before examining our particular models it is interesting
to develop as general a calculus as possible for this type
of relative study. This should give us a better general
understanding of the problem of modelling processes, and
suggest alternative models with chosen properties. Let us
therefore suppose that C is some space of concrete proc-
esses and that M is intended to be a mathematical model
for C. We will for the moment make no assumptions about
the natures of C and M. Since M is a model for C we may
suppose that there is some function @®:C » M such that for

any ce€C @(c) is the representation in M of c.

Our particular interest is in the translation of proofs

in M to results in C (i.e deducing results about real
processes from the model). It is therefore very important
to us to know how predicates translate. Suppose that V¥ is
some predicate we want to prove of an element of C (¥ is
thus a one-place relation on C). It is clearly important
that we should know just how much we need to prove of o(c)

(ceC) in order to know for certain that W¥(c) holds.

Define the predicate ¥' on M by ¥'(aA) = Vc.(®(c) = A) > w(c).

By construction ¥' is the weakest predicate on M which
ensures this (i.e.y¥'(®(c)) 2 ¥(c) ). Correspondingly if
Il is a predicate on M we can define the predicate II* on C
by nm*(c) = n(e(c)). mn* is the strongest predicate on C
which is proved by H(®(c)). These two constructs relate
in the following way.

8.1 Theorem

If #:C » M, W¥is a predicate of C, IIis a predicate of M
and the constructs "'" and "*" are as described above then

we have the following.



a) ma) = (1r*) ' (n) (& if @ is onto) for each Ae M

b) Pic) & (¥ la) (& if @ is one-one) for each ¢ C
c) = (i)"Y

a) oo (el

proof

The following lemma is useful in proving the above (amongst
other things).

8.1.1 lemma

a) If Hand @ are two predicates over M such that H is
weaker than © (i.e. ©(RA) = H(A) for all A€ M) then H* is
weaker than @* (i.e. ©c) 2 H*c) for all ceC).

b) If X and Q are two predicates over C such that Q is
weaker than X then Q' is weaker than X'.

proof
Both these results follow immediately from the definitions
of ' and n*.

We can now prove a) - d) above.
a) na) = n*(c) for each c s.t. &(c) = A (by defn of n1*)
2 (I1*) ' (R) (by defn of y')

If ® is onto then A = ®(c) for some ceC, so
(rr*) * (n) = (I1*) ' (®(c))
2 [1* (d) for each d s.t. @(4d)

®(c) (by defn of wy')

> [1* () (as @(c) = @(c))
b) (¢")*(c) = ¥' (o(c)) (by defn of 11*)
> y(d) for each d s.t. @®(d) = @®(c) (defn of ¥')

2 ¥(c) (as @(c) =ad(c))

If ® is one-one then

y(c) = w(d) for each d s.t. @o(c) = o(d) (as there is only
one such d (i.e. c) )
5 ¥ (®(c)) (by defn of y')
> (¥')*(c) (by defn of [1*)

c) (1*)' is weaker than IT by (a) above. Thus ((I1*)')* is
weaker than n* by 8.1.1(a). IT* is weaker than ((I1*) ')*
by (b) above. These two clauses together give us the
desired result.

d) ¥is weaker than (y')* by (b) above. This tells us
that ¥' is weaker than [((¥')*)' by 8.1.1(b). Also ((y')*)"

is weaker than ¥' by (a) above. Again these two clauses



combine to give the desired result.

Note that 8.1 (a) and (b) tell us (as we might have expected)
that if ¢ is a bijection then also the predicate spaces

wenwo _ man=l as a bijection between them. We will how-

have
ever find that it is unusual for ® to be either one-one or

ONnto.

From the nature of the mapping ¥ < ¥' we see that the more
discriminating the map @ the more likely we are to get a
reasonable translation into M of a predicate ¥. This is
because there are less additional d € C which need to sat-
isfy ¥ in order to make ¥' (®(c)) true for any c. It is
clearly more important that a useful predicate should tran-
slate well than one which we are unlikely to want to prove
of a process. We would like (for as many and as useful ¥

as possible) that there should be predicates I of M s.t.

{d1) n= vy
(1.3) IT is reasonable to prove (is continuous, perhaps)
(iii) I is not ridiculously strong, so that generally

M(@®(c)) does in fact hold of a process c s.t. ¥(c).

Note that everything we have said so far is equally true
of product spaces and their predicates because of the
extremely general nature of the spaces we have considered.
Though we treat only single predicates in the following,
for simplicity, almost the whole of the rest of what foll-
ows can be translated to accommodate predicates of several

(or many) variables.

We must now be more specific about the nature of the obj-
ects we are studying. Let us suppose that elements of C

have things called behaviours, which we will think of as

representing possible sequences of actions carried out by
processes (relative to any control exerted by outside
agents). We will suppose that the behaviours of a process
are a powerful language for specifying correctness; we
will restrict ourselves to the study of predicates of the
form X(c) &Y¥b. b is a behaviour of c = X(b) (X any
predicate of behaviours). For ceC we will suppoée that
B(c) is the set of possible behaviours of c. Note that

the type of predicate specified above corresponds quite



closely to normal ideas of what a correctness predicate .
of a process should be: a process is "correct" if and only

if it must inevitably behave correctly.

We will further suppose that the map ©:C @2 M is closely
based on the possible behaviours of a process. This ass-
umption is prompted by the nature of the models we already
possess, which are both intended to reflect some aspect
of a process' behaviour. Specifically we will suppose
that o(c) = §6(b) | beB(c)} for some function 6. (For
example in the "traces" model P of chapters 1-3 we would
expect that 6(b) = the sequence of external communic-
ations occurring in b.) This assumption clearly carries
with it the requirement that M should be (at least up to
isomorphism) a subset of some powerset (a requirement

which is met by both our existing models).

Clearly the more discriminating the function 6, the more

expressive becomes the model.

For the predicate X and function ¢ described above we have

X'(A) = ¥c.(a(c) = A= X(c) :
= Veuf 9(b) | beB(c)}= A)> (YbeB(c). X(b))
e Ybed (). Xb)
= Yaen. (ybed tid). x(b))
= X7, say.

gl is the predicate (of M) saying that all behaviours
which might occur in a process mapping to A are correct,
the phrase "might occur" being interpreted as element-
wise possibility. (We are thus considering the behaviours
which appear to be possibilities, even though it might be
that we could eliminate them by consideration of the gross
structure of A. For an example of the influence this has

see the later examination of the traces model.)

Since X* 2 X' we have X+(®(c}) =2 X(c) for any ce€C.

' We will also reserve the right to make 6 a relation, in
which case o(c) = U§6(b) | beB(c)}. Behaviours then have
any number of representatives in the image. To simplify
matters, from here on we will always assume that 6 is a

function unless we clearly state the contrary. Except where



we indicate otherwise all results stated or proved for "o"s
defined using functions are also true for those defined
using relations. We will have to wait until the last two
sections of this chapter for examples of the use of relations

in defining maps to models.

The question of the expressiveness of "0"s defined using
relations is less clear-cut than with functions, though:'it

is still usually true that a "6" which ‘makes more distinctions
will give rise to a more expressive model. It is now poss-
ible, however, for a behaviour which has a large image under
"§" to obscure much detail in the image (it is precisely for

this reason that we will later use relations in some cases).

It is possible to define the ntu operator on predicates of
behaviour in much the same way as before. Suppose that "o"
is a modelling function defined using a relation "6". Then
we have

X'(a) = Ve.(0(c) = A) & X(c)
Ye.(Ufo(b) | beB(c)} =2) = (VbeB(c). X(b))
&€ V¥b. 6(b)c A > Xx(b)

- X+, say.

n

Once again x* is the predicate of M saying that all beha?-
iours which might occur in a process mapping to A are corr-
ect. This time we do not consider A element by element,
since the result of doing thiS;bHeA.Vb.KB&J:ﬂ vdebd(b)) = X(b)),
is in practice tco strong to be of any use (or at least this
so in the two examples of relations which we meet later).
The penalty we pay for this is that the preaicate X+ defined
relative to a relation may not have such a workable form.

It is, for example, easy to see that any K$ defined relative
to a function must be strongly continuous when the map @ is
to either of our existing models, but that this need not
always be so for relations. Also the results 8.2 and 8.3
proved below only hold in general when 6 is a function.

The most important single result about the predicates x+,

namely 8.4 does hold in general, however.
8.2 Theorem (holds only when 6 is a function)

If X is any predicate of behaviour then there is another one ¢,

such that (X)* =¢ ana x* = oF,



proof
By our earlier definitions
(X" *(c) & X (o))
& Vdealc).(Ybe 8 1(d). X(b))
& Vb eB(c).Wb'€6 T(6(b)) . X(b'))
& 9(c) where ¢(b) & V¥b'ed T(6(b)). X(b")

For th:_'.s same ¢ we have
st (2) o vaea.wbe 6 T(@). ¢(b))
e Vaea.(vb € 6 1(d).Wbed L(am)). X(b")))
& Vaen.(Ybe o (@) .(Yb'edt@. xb")))
& Vaea. (Ybe 6 1(a). x(b"))
& X" (a)

If more restrictive conditions are placed upon the nature
of the space of behaviours and upon M we can prove stronger
results than the above.

8.3 Theorem

Suppose that for every behaviour b and A€M we have

(b)) € A > dceC.beE B(c) & ®(c) Cc A. Then for all predicates
X & ¢ of behaviours we have (X = 9¢) =2 {X'= ¢"). Further-
more if X = (6*)* then X7 ot

n

proof
Suppose X and ¢ are such that X = ¢ . By symmetry, to
prove X' = 9% it is enough to show (X7) (a) = (") (n) for
all A€ M. Suppose (X7)(A) holds and that dea & be 6 1(d).
(x") (&) 3 Vdea.(¥be 6 1(a@. x(b)) (*)
By assumption there exists some ce€C such that be B(c)
and ®(c)c A. If b'e B(c) then by construction #(b') e A,
so that b'e 6 1(d) for some deA. Thus x(b') holds by (*).
Hence Yb'e B(c) .x(b') (& X(c)) holds.
Since by assumption X = ¢ we have J(c).

Therefore ¢(b) holds by definition of ¢ since be B(c).

Thus on the assumptions ()\’+) (A), d€i and be 9—1(d) we have
proved ¢(b). Hence

(X") (2) > Vaea.(Ybe 9_l(d) . e (& (¢ (@),
which was what we wanted to prove.

This result shows that (under the stated conditions) the
operator nFn can be regarded as an operator on predicates
of C (rather than on predicates of behaviour) without
ambiguity (as long as the predicate has the form X for

some X).



To prove the second half of 8.3 we need merely observe
that if X = (¢+)*then by 8.2 there is some 1 such that
= (¢H* and = ¢*. But then X=1, 80 Xt a by the
first part of 8.3. Hence xt = 4" as desirea.

This shows that when the conditions of 8.3 hold so that
wtu is a well-defined operator on predicates on C we have

((Y+)*)+E vyt for a1l predicates Y of the form X.

The condition stated in 8.3 is one which will tend to be
met in all examples. It simply states that if a behaviour
appears to be possible for processes mapping to A€M by
elementwise consideration of A then there is some ceC
which has this behaviour and whose behaviour does not
exceed the bounds defined by A. See below for further
clarification of the use of "subset" rather than "equality"

in the condition.

Define a monotonic predicate on M to be one which satisfies
the condition ACB & I(B) = TII(A). The following result

is obvious (from the definition of ¢+).

8.4 Lemnma

For any predicate ¢ of behaviours the predicate o is
monotonic, and furthermore if N€M and VA€ N. ¢%(a) and
BEM is such that BCUN then also ¢%(B).

Note that the simple structure of the predicate ¢+
(¢+(A) = Vde€A. {(d)) ensures that it will be pleasant
in otherways. It will for example be strongly continuous
in both our existing models (see 2.44, 5.10).

Suppose we were to restrict ourselves to the use of
monotonic predicates in directly proving things about
elements of C (from their values in M). This would

have several advantages and several disadvantages. The
advantages we will meet shortly. The chief disadvantage of
this approach isthat we lose a certain amount of express-
ive power by our abandonment of a large class of possible
predicates to prove of @(c), in particular the predicates
of the form X' (not in general monotonic). The natural
predicate to prove of ®(c) in order to prove X(c) is then
X", which may well not be true of ®(c) when X'is. 1In
some cases X is very much stronger than X', and can even

be "false" when X' is quite reasonable. The question of



whether a particular triple (C,M,®) is suitable for use
with monotonic predicates will vary both with the struc-
ture of the triple and with the things we wish to prove.
As we will see there are some cases where monotonic pre-
dicates are usually adequate and others where they are
often not. We will also see that there are considerable
advantages in the monotonic case in the modelling and
implementation of operators, inasmuch as there is a large
class of implementations which can be considered correct
relative to the proving of monotonic predicates but not
of general predicates. Say we are treating (M,®) as a
class 1 model for C if we only seek to prove monotonic
predicates and as a class 2 model if we seek to be able

to prove general predicates.

Class 1 Models

We are likely to want to model in M the operators we wish
to use on the space C. The purpose of this will be to
prove things about the result of applying the operator in
C from the value(s) in M of its operand(s). Modelling of
operators is a two-way process: an operator in M can model
in C or an operator in C can implement an operator in M.
We must seek workable definitions of these terms. Define

an operator "op" over M to be reasonable if it is both

monotonic (in the sense op(A,*) c op(B,*) if ACB) and
there is a possible correct implementation of it over C
(in the sense to follow). The reason that a "reasonable"
operator should be implementable is obvious. The reason
that it should be monotonic is that the more possible
behaviours of its operands, the more behaviours might be
expected possible of the result of applying it.

Say that op*:Cn 2 C is an operator implementing op:Mn + M

(or alternatively op models op*) if for all Cyre+r1C € C

o(op' (Cyreearcy)) CoOP(D(c)) 4unn (e ))

This means that the result of applying op* has behaviours
contained within the bounds predicted by applying op to
the images in M of its operands.

This implies that if I is any (monotonic) predicate and
op correctly models op* then

Mlop( @®(cy),...,0(c))) = m* (op* (cq,. cerc))



so that for any predicate X of behaviour
+ ' e & "
X (op(@(cy),..,@(c))) = (X )*(op (cyrevvc))) = X(op (cyre-c)))

8.5 Lemma

If each of a set of "basic" operators over M is correctly
implemented then any composition of them is correctly
implemented by the operator over C which results by comp-
osing the implementations of the basic operators in the

natural way.

The proof of this result is an easy induction using the

monotonicity of the basic operators over M.

For example, if f and g are two and one place operators
on M respectively, and they are correctly implemented by
f* and g* respectively, then the compound operator
h(a,B) = £(£(A,B) ,9(B)) is correctly implemented by
h*(c,d) = £%(f*(c,d) ,g%(d)) .

As we have previously discovered, the simple notion of
operators over M alone is unlikely to be sufficient to
give a semantics to a language. We need to be able to
cope with variables for such things as recursion and input
to/assignment to variables. The obvious way to do this

is to bring some kind of "state" into our calculations.
Let us assume that there is some set © of formal parameters
taking "process" values and a set Z of parameters taking
values of other sorts. For the sake of simplicity we will
assume in what follows that the sets of parameters and the
values taken by elements of = are the same in the two
models. One could doubtless extend what follows to the
case where there are "real" and "model" values taken by
non process parameters and "real" parameters become loc-
ations. We will suppose that the constructs of our lang-
uage are given values in the set M' of monotonic functions
in M%xs - M, where S is the set containing all possible
values of that component of the state which maps elements
of © to their possible values in T, a set of "tokens".
Constructs in the space C will have the form CS = C i=C').
We will shortly see examples of what these constructs
might look like when we examine the semantics of our usual

language over various models.

We will assume that the semantics of our language are




built up from a set B of basic monotonic operators on M'.
Say that A€ M", the set of expressible elements of M', if
and only if A is the finite composition of a number of
elements of B (there will always be several elements of B
which are constants (no arguments), so this definition

is not wvacuous). Assume also that there is a set B* of
basic operators over C', from which all constructible
elements of C' are composed. We do not assume that there
is any sense in which elements of B* attempt to implement
elements of B.

If eeM' and e*ec C' say that e* is a correct implementation
of e if for all gE‘C@ and s€ S we have e(®(¢) ,s)= o(e*(¢,s)),
where ® is extended in the natural (componentwise) way to

c®. This definition clearly has a similar effect to the
earlier one (op* implementing op) but is different in that
here the objects we are discussing are effectively at a

lower level: we still need to study the implementations

of operators over M'. Suppose that f:M'k* M' is mono-
tonic and f*:C'k4 C'. Say that f*imp f if for all

' * % ' * 4
el,..,eke M' & el,..,ekE’C such that ei implements ei

correctly f*(ei,..,ei) is a correct implementation of
f(el,..,ek). It is quite easy to check that this defin-
ition corresponds exactly to the old definition of corr-
ectness of operators in the degenerate cases covered by
that definition.

Say that an element g of B is reasonable if there is some

finite composition f; of elements of B* which satisfies
f;img g. The justification for this definition is that g
is only a reasonable operator if it is possible to implem-
ent it; if we construct elements of M' using non-reasonable
operators we can have no guarantee that we will be able to
construct real processes to implement them. The following
result is obvious, but is nevertheless important.

8.6 Theorem

If for each g&€ B there corresponds an f; with the above
properties then every expressible element of M' is corr-
ectly implemented by a constructible element of C', the
construct which results from composing the f;s in the
natural way modelling the composition of the expressible

element.



For example, if f (O-place), g (l-place) and k (2-place)
are all elements of B implemented by f*, g* and k* resp-
ectively then k* (g* (f*) ,f*) is a correct implementation
of k(g(£f),f).

From the above work we see that if I is any monotonic

predicate of M we get, for any e*e C' correctly implem-

enting e€ M', that if A€ M@, GE c® and s€ S are such that

®(c)< A then I(e(A,s)) % n*(e*(g,s)). It is worth noting

the common special case in which e is independent of A, s

or both, in that then I1*(e*(g,s)) is true independently

of one or both components of the state. 1In the case of

our usual language we would expect an expression with no .
free variables of any sort to give rise to an "e" indep- |
endent of both A and s.

The technicalities of the above and lack of examples
obscure the advantages gained from the assumption that
our model is class 1. The fundamental advantage is the
possibility of using "¢" in our definitions of correct
implementation, where otherwise we would have had to use
"=", This informally means that an implementor merely

has to restrict the behaviours of his resultant processes
to be within the bounds specified by an operator over M,

and need not make sure that in every case of applying

his implementation of the operator there is a possible
behaviour mapping under ¢ to every element of the pred-
icted element of M. This corresponds to allowing the imp-
lementor to resolve non-determinism inherent in an operator.
It also helps in that the map ® may well identify large
classes of structurally different elements of C. When
defining an operator op it may be necessary to allow for
this by including in op(aA) (A€ M, for simplicity) values
which arise from applying a natural implementation of op

to some c mapping to A but not to others. We will see

examples of both these points later.

The most important feature of the above work is that it
provides an exact calculus by which we can prove results
about the value in C of a process by consideration only
of the language used to define the process.

As indicated above, in a class 2 model, where monotonic

predicates are not considered sufficiently expressive, one



can derive a very similar calculus for proving predicates
true of implemenﬁed processes. It is necessary to demand
that all implementations are exact: e*e C' will correctly
implement e€ M' only if for each ce€ C and s€ S we have
®(e*(c,s)) = e(o(g),s).

Compositions of Mappings

Suppose that M is a class 1 model for a space C and that C
is in turn a model for some space D. It is convenient to
think of D as a space of processes and C as a space of
"idealized" processes. We will suppose that we have the
usual map ®:C » M and in addition a map Y:D » C. Suppose
that the set of behaviours of elements of C and D are
denoted by B(c) and B'(d) respectively, which are subsets
of U and V respectively (types of "behaviour"). It is,
as we will later find, useful to know to what extent and
under what conditions the composite map T= ®eY is useful
in modelling D by M. Let us assume that there is some
translation function 7n:V + U (the identity if U = V) such
that B(Y(d))2 §n(b')| b'e B'(d)} for each d€ D. This
condition effectively says that the wvalue Y(d) assigned
to each d€ D (as its idealization) must not ignore poss-
ible behaviours of d.

It is clear from the above definitions that for all d€D
we have T(d)2fé(n(b'))| b'e B'(d)? . This allows us to
place a bound on the behaviour of elements of D from a
knowledge of T(d). In the case where U = V and n is the
identity this bound is the same one as we had before.

In this U = V case the predicates of C which have the form
X (for a predicate X of U) clearly extend in a natural
way to the space D, with the result that X+(T(d)) 2 X(4).

In cases where the function 7 is many-one there is the

possibility that a predicate of V might not translate
reasonably to a predicate of U, but we always have that
for any predicate X of V (X")+(T(d)) = X(d), where
X"(b) ©VYb'.(n(b')=b) 3 X(b'). Note that the predicate
X" of ‘U is to X just what y' is to ¥ for a predicateV¥
of C, with the same result that the more discriminating
the function n the more likely X" is to be reasonable.

Note that because of the decisions made above the space

M is not a model for D in the sense introduced earlier




since we do not in general have that T(d) ={¢*(b')[b'E B'(dﬁ
for any 6*. It is clear that as long as we restrict our-
selves to monotonic predicates this is of little consequ-

ence, if we are reasonably careful.

It is desirable to find a criterion by which to judge the
implementations over D of operators over C which is "trans-
itive" in the sense that a correct implementation op**
(over D) of op* (over C) which in turn is a correct imp-
lementation of op (over M) is a correct implementation

of ops

Define D' = D% s to be the space of constructs over D
(analogous to M' and C'). Say that e**eD' implements
e*€ C' correctly if for all (d,s)€ xS we have
B(v(e**(d,s))) c B(e*(Y(d),s)) (Y extended in the natural
way to the product space). This definition (similar in
form to our earlier ones) is justified by the following

result.

8.7 Lemma

If e**eD', e*e C' and e€ M' are such that e** correctly

implements e* and e* correctly implements e then for all
(d,s) € 0P s we have T(e**(d,s)) € e(T1(d) ,s), (whereTis

extended in the natural way to D ).

proof
T(e** (d4,s))

I

O(Y(e** ((;_-15) ))
§6(b) | be B(v(e**(d,s)))3

Il

€ $0(b) | b€B(e*(v(d),s))]} (+)
< o(e*(Y(d) ,s))
S e(@(v(d)),s) = e(T(d),s) (++)

(+) follows by definition of e** correctly implementing
e*, and (++) follows by definition of e* correctly implem-

enting e.

Suppose op** is a k-place operator over D' and op* is a
k-place operator over C'. Say that op**imp'op* if when-
ever ei*,..,ei*e D' and ei,..,ei are such that each eg*
correctly implements e; then op**(ei*,..,ei*) correctly
*)

k

The corresponding result to 8.6 clearly holds for a set

implements op*(ei,..,e

of basic operators B** over D' which can be combined to

implement each basic operator (in B*) over C'.



This result, together with 8.6, 8.7 and the fact that for
any de D we have T(d)c§6(n(b')) | b'€ B'(d)} allows us to
form a linked system of implementations with respect to
which it is possible to prove predicates of the form X (X
a predicate of V) by consideration of the value taken by

a program in M.

There is of course no reason why we must restrict ourselves
to three levels of abstraction (D,C,M). We can introduce
as many extra levels between D and C as we like, so long as
the relationship between consecutive spaces has the same
form as that between the old D and C. We would then have
the following:

p=c_ $c ... .%c In (C_= C)
n "_p n-1 rh»" 'l% o o

for spaces of processes Ci with associated spaces of beh-
aviours Ui' We would demand that they satisfy (for all 1<i¢ n)
Bi__l( yi(di))gfqi(b)l b€ Bi(di)} for each d4,€ C; (where
Bi(di) represents the set of behaviours associated with di).
Having done this we could prove very much the same sort of

result about this system and its implementations as before.

The work of this section allows us to break down our analysis
of the relationships between systems into easier steps. We
can construct one or more idealized versions of a system of
"real" processes for use as stepping-stone(s) between our
model M and the real world. We are allowed to break up the
problems of proving correctness of implementations into two
or more distinct parts. This work also has the advantage
that once we have established the relationship between M and
C we can use our knowledge of this for many different "D"s
(and vice-versa).

The application of our theory

The rest of this chapter is devoted to analyzing our existing
models and seeing how they might be improved. The first
thing we must do is to establish the space C of "real" proc-
esses by which we are to judge them. We will first form an
informal picture of what we expect a process to look like.

We will then formalize these ideas into postulates on the

behaviour of processes, and as a result produce a fairly




abstract system C which is in a sense a unique model for
them.

It should of course be noted that the following is only
one possible system by which to judge our models. It does
however have the advantages of its very general nature
and the fact that it corresponds closely to our intuitive

idea of what a process should look 1like.

Let us therefore suppose the following of the processes
which we seek to model:

(i) That at all times a process has an internal state, and
that this state and the process' environment are the only
factors influencing its behaviour. The state can change

only through discrete actions (or transitions). An action

is instantaneous, and can either be internal or external.

Internal actions are uncontrollable by the environment and
indistinguishable to it (if it can observe them at all).

External actions, or communications, can take place only

with the co-operation of the environment. Only finitely

many actions can occur in any given finite interwval.

(ii) External actions are named by elements of some alphabet %
X; this name is the only feature of an external action

visible to the environment. The only device by which the
environment can influence the behaviour of a process is the

subset of ¥ in which it is willing to co-operate. This

influence is restricted to what communications actually

take place, not any other feature of the set.

(iii) There is some finite uniform time for which it is
not possible for an action to be possible for a process
without some (possibly different) action occurring. Apart
from this the behaviour of a process is independent of the
length of time it has been in a state, subject to the
condition that only finitely many actions can occur in a

finite time.

Our next step will be to reinforce the above postulates with
some more formal ones. To do this we will need a notation i
for describing behaviour. Denote by (p,X) = v the fact that |
a process in state p, while the environment offers set X,

might perform some internal action which results in it coming



into state 7. Similarly denote by (p,X)'g v the fact that
under the same conditions a process in state p might per-
form some external action named "a" and come into state T.
Postulates (i), (ii) and (iii) essentially imply that once
we know both the initial state of a process and the possible
transitions in the above form of all states, we know exactly
which sequences of actions are possible for the process
(relative to its environment). This will be made more pre-
cise below. The following three postulates formalize and

extend another set of ideas introduced in (i), (ii) and (iii).
(P1) (0,X) 3p = a€eXx

(P2) (c0,X) >»p & (0,8) 5p

(P3) (o,Xuta}) 3p & (0,8a}) 3 p

The first of these simply says that a process can only
carry out an external action with the co-operation of the
environment. The second formalizes the notion that the
environment cannot influence the possibility of an internal
action occurring. The third formalizes the notion that

the only influence which the environment has is through

what actually occurs, not what might have occurred.

Our next step will be to bring in a set of postulates which
specify how a process will behave in any environment, this
behavicur being a function of the possible state transitions.
To this end we will introduce the "behaviours" which we will
use to describe individual execution sequences of a procesé.
We must be careful in our choice of which type of "behaviour"
to use since the sets of behaviours of processes play a
central role in the first sections of this chapter. One

type of "behaviour" which one might suggest is the observed
response of the process to some type of experiment carried
out by the environment: this would correspond well to our
intuition about the meanings of our existing models, and
such behaviours would lend themselves easily to the const-
ruction of correctness predicates. It is however rather
early to have to decide either the nature of the experiments
to be carried out by the environment or exactly what is obs-
ervable by the environment (e.g. whether or not internmal

actions are discernable in any way by the environment).




To avoid having to make these decisions, and so as to make
our space better able to model less abstract ones, we will
choose a type of behaviour which attempts to record as much
relevant detail as possible about an execution sequence
without attempting to extract the "observable" aspects.

The extraction of "observable" aspects of a behaviour is a
task better left to the function "6" which maps behaviours
to their representatives in the image' in the model of a
process. It is necessary however to decide a few general
points about our environments. Let us therefore decide

that an environment has the ability to apply only a finite
number of sets to a process in a finite time, but that there
is no necessity for these sets to be themselves finite.

Both of these decisions are consistent with the thought that
the environment might itself be a process; this idea would

not be so easy to entertain if the sets were always finite.

The obvious choice of what a behaviour is (bearing the

above in mind) is a finite or infinite sequence of pairs
(state and environment) linked by any state transitions
which occur between them. In a more general space of
processes it might be desirable to include a third component
representing the time for which the state/environment pair
persists, but because of the idealized nature of our space
and the independence of our models from time there seems
little need to include this extra component here. It is
important however to be able to distinguish finite from inf-
inite behaviours: there is no problem in the case of infinite
sequences, since by our assumptions about the nature of pro-
cesses and environments these can only represent infinite
behaviours. (i.e. behaviours which occupy an infinite amount
of time). There is however the possibility that a finite
sequence might represent an infinite experiment, for a stub-
born environment might encounter a state which was unwilling
either to accept any of the environment's symbols or to per-
form any internal action. For obvious reasons this can only

occur at the end of a behaviour.

The most convenient form of the behaviours described above
is finite or infinite sequences of triples of the form
(0,X,6), for o a state, X a set offered by the environment

and 6§ either an element of Z (representing a communication),



"." (representing an internal action), "*" (representing a
finite or infinite fruitless wait which is longer than the
bound on the inactivity of a state which can do something),

n_mn

or (representing a finite fruitless wait which is shorter
than this bound). The only possible "é"s for the final triple

of a finite sequence are "*" and "-".

In the following we will typically use a, b,... to denote
sequences of triples. IE ¢ 13 a procéss we assume that it

is endowed with a set B(c) of behaviours, the set of behav-
iours which can actually occur for c. Thus when we define

a system of processes it is necessary to define the possible
transitions of the processes' states and the sets of behav-
iours of the processes. It is natural to expect transitions
and behaviours to be closely related; the following postulates

describe this relation, and also complete the formalization

of the "informal" postulates (i), (ii) and (iii).
(Q1) <« €B(c) - ?
(02) {o,X,-)€ B(c) iff ¢ is ‘the dnitial state of c. |
(@3) al(o,X,-DEB(c) & (0,X) %p& al(o,X,8) (p,Y,-NEB(C)
(Q4) a {o,X,-)(p,¥,8)>beB(c) & o=p & a<(o,¥Y,8)>b €B(C)

(Q5) a{(o,X,~)y)b€B(c) & (dp,8.5€XuUi} & (0,X) B p)
& ad(o,X,*) b eB(c)

(Q6) a{o¢,X,-)ybeB(c) =% adlo,X,-);€B(c)

(Q7)* If a = ((ao,xd,ao)...(oi,xi,ai) ...» is an infinite beh-
aviour sequence such that infinitely many of the Si are
elements of Zul} and such that {((05,X5,8g5) «..(04,Xi,=)
is an element of B(c) for all i, then ae€eB(C).

(Q7) If a = <ﬂaO,XD,60)...(Gi,Xi,éi)...> is an infinite beh-
aviour sequence such that By = W for all i3k and
such that <(o_,X s8.)...(0,,X;,,~>€B(c) for all i, then
a € B(A) i£f <(UO,XO,60)...(ak,z,*»EB{C), where

(*) On certain occasions it will be necessary to replace Q7

with a less severe postulate. _ i

The first two of these are easy to interpret. Q3 says that

a transition can occur in behaviours exactly when it is



implied possible by the transition relations. Q4 says both
that a finite apﬁlication of a set without response by the

environment cannot influence the behaviour of a process and
(together with Q2 and Q3) that it is galways possible that
the state may fail to respond to any set only applied for

a short time. (This can be regarded as a convenient fict-
ion which makes the structure of behaviours more tractable,
and therefore makes these postulates - simpler. For more

about this assumption see later.) Q5 says that a fruitless

wait which is longer than our bound on the bound on inactivity

is possible when, and only when, there is no internal or

external transition possible for the state in the environment

which is offered. Q6 says that any initial part of a poss-
ible behaviour is possible. Q7 essentially postulates the
absence of fairness, saying that an infinite sequence of
transitions is possible if each of its finite approximations
is possible. If we are able to assume this it removes much
complexity from our arguments; we will find however that it
is sometimes impossible to define reasonable operators with-
out an element of fairness. Q8 reflects the fact that the
environment can only apply a finite number of sets in a
finite time: thus no transition can be possible during
the whole of a final portion of an infinite sequence of
fruitless waits, as this would contradict our assumption
that no transition can be possible infinitely without some-
thing occurring.

It is possible to simplify the form of some of the Q-post-
ulates if we assume the P-postulates. It is however desir-
able to keep them separate so that we can change the form
of the P-postulates without having to alter all the Q-post-
ulates as well.

One useful feature of the system of postulates set out
above (Ql1 - Q08) is that whether or not the system satis-
fies P1 - P3 the behaviour set B(c) of a process is always
exactly determined by its initial state and the transitions
{o:X) =p and (o0,X) g;’ which are possible for its states.
Thus we can exactly specify the nature of a system of proc-
esses by defining which transitions are possible for its
states and saying that it satisfies Q1 - Q8. This is a
freedom which we will often make use of later in our abst-

ract discussion of spaces of processes. If one were to

ot VP



decide to alter one of Q1 - Q8 (for example Q7) it would
be useful if this "exact determination of behaviour" could

in some sense be preserved.

An immediate consequence of the postulates Pl - P3 is that
we can simplify the structure of our transition relations.
If we write o %p for (o,8) >p and ¢3p for (0,5 Sp
then it is easy to see that the possible old-style trans-
itions are exactly determined by a kﬁowledge of which new-
style ones are possible. Thus for all stateso &p , envir-
onments X and a€X we have:

(0,X) Bp & o5p

(c,X) 3p & 03p 5 aex.

Before we continue with our study of the systems which sat-
isfy these postulates it is perhaps desirable to consider
briefly just how wvalid and useful the postulates are. The
first thing which we should remark on is the fact that our

postulates do indeed seem to paint a very idealized picture

of what a process is likely to be. It is certainly tempting,
and also justifiable, to relax some of them somewhat. It is

important to note however that exception of our assumption
of the existence of a uniform bound on the "idle time" of |
a state (a postulate which is by no means critical), each
of the postulates which might be regarded as controversial
has the effect of assuming maximal unpredictability on the
part of our processes. This is because of our emphasis on
possible, rather than certain, behaviours, which means that
the absence of a behaviour is never checkable by any exper-
imenter. The following paragraphs are brief analyses of
some of the points at which this is true. E

a) One might regard our postulate that actions occur inst-
antaneously as suspect, and also perhaps our assumption

that the behaviour of a state is independent of time. One
might prefer to regard actions as events which take a non-
zero time to complete, and to believe that as a state deve-
lops it can acquire more possible actions (reductions can

be modelled by internal actions). In many ways the best

way of dealing with the first of these points is to identify
the start of each action with the action itself, so that
"actions" are again thought of as instantaneous. It dig dnt=
eresting that this identification is also inconsistent with




the postulate that a state's possible transitions remain
constant throughout its life. We are forced to the conc-
lusion that the possible transitions of a state may incr-
ease gradually during the first part of its life (on the
completion of the various actions which may be in progress
by the possibly distributed state).

To take account of this type of time dependance we would
have to modify our transition relatioﬁs to include a time
component, so that for example (¢,X,t) - p would mean that
after spending time t in state ¢ a process might, in env-
ironment X, perform some internal action which transforms it
into state p. We would have to modify some of our postulates.
Firstly we would assume that the bound on "idle time" was
increased to take account of the possible "warming up" time
of states. Most of the necessary modifications to the P and
Q postulates are fairly obvious. The only major changes
would be in the form of Q5 and the addition of a P4.

(P4)  (o,X,t) Hp & t<t' = (6,X,t') bp

(Q5') a ((o,X,~))beB(c) & ‘1(at,6,p.éeXUE-§ g (6,%X:8) —s»f:}
& ad{lo,X,*))b€EB(c)

It should not be too hard to prove that if we took a process
whose states satisfied the modified postulates, and mapped
it to another with the same transitions but independent of
time, then the two would have identical sets of behaviours.
While P4 would probably not be necessary for such a proof,
its assumption is cructral in making Q5' reasonable.

b) The "«" halves of P2 and P3 might be regarded as being
slightly suspect. This is because we might like to believe
that a process might prefer one (external) action to another
(internal or external). If this were possible then it might
occur that some transition (p,X) =7 or (p,X) 31 be poss-—
ible only when some symbol b is not an element of the set

X. It would be reasonable to expect that in this case there
is some state v such that (p,Xuib}) Q»r for all X such that
the original transition (p,X) &1 or (p,X) = 1 is possible.
We would need a single extra postulate to replace the "&"
halves of P2 and P3, for example P4' below.



(P4') There is some partial order "»" on the set
Yta,7) | (ps5a}) S+3uf(-,7)| (p,@¥) 5713 with the following
properties:

a) The partial order has no infinite ascending chains
(so that all its non-empty subsets have maximal

elements) .

b) Every pair of the form (-,7) is minimal; there can
be no a,r&v such that (a,r) > (a,v).

c) For each set X we have (p,X) 4 : if and only if (&,7)
is maximal in f(a,v)la€X & (p,fa}) 830§ (-, v)| (p,@) =1}
(with respect to the partial order).

Note that (c) above actually implies (b), and also the "3"
clauses of P2 and P3. The P4' which results from the vacuous
partial order is equivalent to P2 and P3. The necessity

for condition (a) above arises from the ridiculous situations
which would arise if it did not hold: the state having a
sequence of possible actions each of which is made impossible

by the presence of another, so that in fact no action actually

takes place.

One should be able to prove that if we took a system whose E
states satisfied the above postulate and Pl and Ql1-Qf and i
mapped it to another which satisfied our original postulates, ;
each state being mapped to one with exactly the same trans-

itions of the form (p,@) — 1 and (p, fa3l) EiT, then the set

of behaviours of ¢éach process is contained in the set of
behaviours of its image. The critical feature of a proof

of this will be (for Q5) the fact that for each state p (with

image p') and set X we have +7371,8.(p,X) % 1 & Vo, 800" 0 $ 1.

c) When it is assumed the absence of fairness (Q7) might

be regarded a being a little restrictive. It is easy to

see however that the set of behaviours of a process in a
space not satisfying Q7 is contained in that of the process'
image under the obvious map to the corresponding space which
does satisfy it. If we were to drop the "convenient fiction"
of the "&" half of Q4 and bring in weaker postulates the

same would be true.

Each of the sections (a), (b) & (c) demonstrates that we



should be able to produce maps from "weaker" spaces to our
idealized spaces which increase the sets of behaviours.
There is a strong sense in which a process with more beh-
aviours than another can be regarded as being more non-det-
erministic than it, so that by idealizing a process we are
in fact assuming it to be worse than it really is. It is
important to note that this work shows that spaces which
satisfy our postulates are good candidates for being the
space "C" in the section on "compositions of mappings",
since the correctness condition for the function Y:D » C

was that it increased the sets of behaviours of processes.

There is clearly much scope for further work on the above
topic. Firstly there is a need for formal proofs of the
various results which were derived informally above. Sec-
ondly it would be interesting to know how many of the post-
ulates we could weaken simultaneously (e.g. can we weaken

P2 and P3 as well as removing independence of states from
time?) . There should be no great difficulty in solving
these problems. The formal analysis of behaviour sets which

is necessary will be made easier by the following result.

8.8 Theorem

In a system satisfying Q1 - Q8 (whether or not it satisfies
P1l, P2 and P3) the behaviour set B(c) of a process is uniquely
determined by a knowledge of its initial state and a know-
ledge of which transitions (p,X) %1 and (p,X) ® 1 are poss-
ible for all its states.

The proof of this is an easy induction on the length of
finite elements of B(c). The infinite elements fall into

place using Q6, Q7 and Q8.

In systems which satisfy P1l, P2 and P3 in addition to Q1-Q8
we can deduce that the behaviour sets of processes are uni-
quely determined by a knowledge of the possible transitions
p=7 and pB 7. We can use this fact not only to help to
jJustify the use of such spaces to model weaker ones, but also
to prove the existence of canonical spaces satisfying our
postulates which can be held to model many others. It is
convenient at this stage to identify processes with their

initial states, thereby embedding spaces of processes into




their underlying spaces of states. Without any significant
loss of generality we can clearly identify the spaces of

processes and states.

Suppose that C and C' are two spaces of processes (states)
satisfying our postulates, and that F:C » C' is a function
from one to the other. Define F to be a morphism if it
satisfies the conditions:

(i) Yo.¥p.VseTuid. aSp 3 F(o) §)F(p)
(ii) Yo.Yp.VseSuf-3 . F(o) é),(:' :?QTEF-]'(,O) : or—ar T 2

Condition (i) essentially says that all transitions possible
for an element of C must also be possible for its image, and
that this is also true of the process after all transitions.
Condition (ii) says that all transitions possible for the

image of a process are also possible for the process itself.

8.9 Lemma
If C, C' and C" are three spaces of processes with morphisms
F:C 2 C' and G:C' » C", then GoF is a morphism from C to C".

proof
(i) If o,p C' and Sc LY} are such that (Iép) then

F(o) S F(p) (as F is a morphism)
> G(F(o)) % G(F(p)) (as G is a morphism.

(ii) If oeC, peC" and 8€rVt3 are such that G(F(0)) ér,o
then there is some TE€C' s.t. F(o) L and G(1) = p.
This in turn implies that there is some veC s.t.

- and F(v) =71 . We thus have % v and m—:((?n::F)_:L

(p) .

From here on let us use the term P,Q-space for a space of
processes (states) which satisfies Pl1-3 and Q1-8. If C and

C' are two P,Q-spaces and F:C = C' is any function we can
extend F to the spaces of triples used in forming behaviours
(and hence to the spaces of behaviours themselves) by

¥(o,X,8) = (F(o),X,8). The following is a result which can be
proved by induction which shows that when F is a morphism

the spaces of behaviours of a process and its image under

F correspond in a useful way.

8.10 Lemma
If C and C' are two P,Q-spaces and F:C - C'icamorphism, then
for all pe C we have B(F(p)) = F(B(p)).

The proof of this result is omitted, being a fairly lengthy



argument by cases. The author's proof of the case of infinite

sequences uses the axiom of choice.

The chief significance of this result is that it tells us

that so far as the environment is concerned (assuming that

it cannot "see" the actual internal state of a process) there

is nothing to distinguish a process from its image under a

morphism.

8.11 Example
The following diagram illustrates the concept of morphisms

between spaces of processes. C, C' and C" are three P,Q-
spaces, their possible actions indicated by unbroken lines.
The two maps F and G (indicated by broken lines) are morph-

isms.

The following results will help us in our search for spaces
which are canonical in the sense of having unique morphisms

to them from large classes of P,Q-spaces.

8.12 Lemma
Suppose that C, C' and C" are three P,Q-spaces with morphisms
F:C 2 C' and G:C » C". We can define an equivalence relation
on C by ovp & Hk,rl,rl,...,vk.a=11 & p= vy & Vi.F(ri) = F(vi)
& Vl.G(ui) = G(Ti+1?'

The quotient space C/A~ can be made into a P,Q-space by
defining the transitions by ¢ &7 & 3tco, vep. 1%
and the behaviours by Ql1-8. This is a well-defined P,Q-

space, and the map H(p) = P is a morphism.

The proof of this result is technical and is omitted.




The chief purpose of 8.12 is to show that if F and G are
two morphisms of a P,Q-space C then there is a third which
identifies all pairs of processes identified by either F

or G. An immediate corollary to 8.12 is thus the fact that
the relation on C defined by o « p & Isome morphism F which
identifies o &fﬁis an equivalence relation. This equival-

ence relation is used to prove 8.14 below.

If C is any P,Q-space let us define é non-empty subset D

of C to be a subspace of C if it is closed under "-" in the
sense JoeD, 36 . UA;?# PED. (An element of D has the same
transitions and behaviours which it has as an element of C.)
It is clear that with the spaces of transitions and behav-

iours described D is a P,Q-space.

8.13 Lemma
a) If C" is a subspace of C' and C' is a subspace of C then
C" is a subspace of C.

b) If F:C = C' is a morphism and D is a subspace of C then

F(D) is a subspace of C'. (Corollary: Im(F) is a subspace
of C*,]}

c) If F:C » C' is a morphism and D is a subspace of C' then
Fnl(D) is a subspace of C.

d) If D is a subspace of C and F:D » D' is a morphism such

that F(o) = F(p) (p,o €D), then there is a space C' and a
morphism F':C # C' such that F'(c) = F'(p).
proof

(a) is obvious; (b) follows from clause (ii) of our defin-
ition of morphisms; (c) follows from clause (i) of our def-
inition of morphisms; (d) follows by consideration of the
equivalence relation "' defined v't if and only if either
v=1 and v¢D or T,v€D and F(¢) = F(r). We can make C/-"
into a P,Q-space by endowing it with the transitions v % 7
s.t.3vev, TeT, v47 ., It is not hard to show that the map

F'(v) = v is the morphism we require.

Having established the technical results 8.11 and 8.12 we

are in a position to prove the following important result.

8.14 Theorem

If C is any P,Q-space and ~' is the equivalence relation

defined on it as above then the quotient space C/-', when



made into a P,Q-space with transitions o & 7 & 3rev, vep. 19y
has the property that the map F*:C - C/+' defined by ﬁ%a)

i«
g

I

is a morphism. Call C/~' by the name C*. F* is the only
morphism from C to C*, and if G is any morphism from C to a
P,Q-space D then there is a unique morphism from Im(G) to

C*, and this morphism G* satisfies G*oG = F*.

proof

We will first show that F* is a morphism. Trivially

obp 3 F*(oc) & F*(p) for all o0,peC (since o€ and pep).

We must therefore show that ¢ & p = 37r€p. 0 &1 . Suppose
o)

then that ¢ % F; this means that there exist some o' €0

and p' €p s.t. #% . By definition of our equivalence
relation there exist morphisms F and G of C such that

F(o) = F(o') and G(p) = G(p'). By 8.12 this implies the
existence of some morphism H:C » C' (for some C') such that
H(p) = H(p') and H(g) = H(o¢'). Since H is a morphism we
must have that H(s) % H(p), which in turn implies that there
exists some p" s.t. H(p) = H(p") and ¢ % p" . We have thus
shown the existence of some H and p" s.t. H(p) = H(p") (so
that p = p") and 0% p". This completes the proof that F*

is a morphism.

If C' is any other P,Q-space with a morphism G:C - C' then
Im(G) is a subspace of C' by 8.13. We can define a map
G*:Im(G) -» C* by G*(G(p)) = F*(p). This map is well-defined

since whenever G(v) = G(v) we have 7+'v, which implies that
F*(71) = F*(v). G* is a morphism since G(71) 4 G(v) =?30%G"1(r1.
r % s we then have F*(r) & F*(v'), which implies

G* (G(71)) 3 G*(G(v)) as required (as G(v') = G(v)). Secondly

if G*(G(p)) %1 then rer* "L (q). pS 1’ (as F* is a morphism) ;
since G is a morphism we then get G(p) 5 G(7'), which is what
we require since G(7)E€ G*_l(r) by construction. Thus G* is

indeed a morphism as claimed, and it is obvious from its
definition that G*eG = F*.

It remains to examine the gquestion of uniqueness. If F'

were a second morphism F':C =+ C* then by the above there
exists a morphism F":Im(F') = C* such that F*= F"oF'. We
must show that F" is the identity morphism. Claim first

that F" is one-one. If it were not then we could (by 8.13(d))
find a space C" and a morphism F':C*» C" which was not one-

one. However F+oF* is a morphism of C, so by the above




+
there exists a morphism F**:C" = C* such that F**oF o F*

+ -
This feans that F** = (P) ", econtradicting the fact that

Toas

+ o B g s halle ot : :
F is not injective. Hence F" is injective as claimed.

Since F" is injective and surjective we can define an equi-
valence relation “* on C* by vw*1 #fﬁk.F"k(r) =v or F"k(u) =r‘.
If we (as usual) consider C*/«* as a P,Q-space with trans-
itions © & T & Jvev, reT, vh1' the map G:C*» C*/~* defined

G(o) = 0 can be shown to be a morphiém. Now GeF* is a

morphism from C to C*/~*, so by our earlier work there

exists a morphism G*:C*/v* = C* such that G*ecGeF* = F*,

Hence G is injective, so all the equivalence classes of

«* have only one element. This is easily seen to imply

that F" is the identity map from C* to C*.

We have thus shown that F* = IoeF' (I the identity map on
C*), which implies that F* is indeed the only morphism
from C to C*. The uniqueness of the maps G*:Im(G) - C*

follows immediately from the uniqueness of F*.

This result has a neat statement in category theory: C* is

a terminal object in the category of onto morphic images

of C (with morphisms as arrows).

The next result, which has the same type of proof, is an

extension to the above.

8.15 Theorem

Suppose that C and D are P,Q-spaces and that F:C =+ D is a
morphism, then if D* is the abstraction of D produced by

8.14 and F*:D = D* is the (unique) morphism between them,
we have that there is a unique morphism from D to C*, and
ils image is isomorphic to C* (the abstraction of C prod~
uced by 8.14). Thus the compound map F*oF is independent
of our choice of F.

Our next step will be to attempt to build up a "universal"
P,Q-space into which all others can be mapped by a unique
morphism. One can attempt to do this in two essentially
different ways. The most obvious approach is to try to
construct such a space from scratch. This would have the
advantage that we would know exactly how it was constructed,
making it easier to calculate with.



The other approach is non-constructive. Suppose we are
given a set S of P,Q-spaces (for example a representative
of each of the isomorphism classes of P,Q-spaces with

less than or equal to any given cardinality), then let
us form a "separated union" S of these spaces by attaching
to each of its elements the name of the set from which it
originally came. (S = o 0) | CES & dEC}) If the space
is given the transitions inherited from the elements of S

( (¢,C) & (p,D) iff C =D &’o’%p in C), then S can be thought
of as a P,Q-space containing a copy of each element of S as
a subspace. The space S* can be regarded as a canonical
space for S, since each C€ S trivially has a morphism into
S, and so by 8.15 there is a unique morphism from each ele-
ment of S to S*.

If as suggested we take S to be a set of representatives
of isomorphism classes of spaces with less than a given

cardinality, then it is clear that there is a unique morphism |

from every P,Q-space with less than this cardinality to S*.

If it were possible to find a bound on the cardinalities

of the spaces S* (though we will shortly be able to deduce
that it is not possible) then it would be easy to extend

the above work to a production of a completely universal
space. The above gives a sufficient taste of the type of
methods which might be adopted to produce universal spaces
in non-constructive ways. With a little more sophistication
in category theory one might extend it further, but without
further ado we will switch over to the more constructive

approach.

Our idea of what a morphism is is of a map which preserves

the exact shape of the possible behaviours of a process.

Instead of analysing spaces directly through their morphisms

as we have done hitherto it does not seem unreasonable to

try to analyse them directly through their shapes of trans-

ition spaces. We can define a space (for any alphabet })

which attempts to record all the possible shapes of trans-

itions up to depth n (for any né€ N). i

. $23 (there is only one possible shape of depth 0) i

Lot

qul)%QXTn) (a possible shape of depth n+l can .
be regarded as a relation between the poss- F
ible transitions and the shapes of depth n).



It is easy to see that for all n Tngﬂf Because of this

: n+l”
we can regard Tnasa,P,Q—space in the obvious way, with the
transitions o-ifr & (éif)eo'. It is possible to show that
every morphism of T is injective, which tells us that L

is isomorphic as a P,Q-space to T;.

8.16 Lemma

Every morphism of 4 is injective.

proof
We prove this by induction on n; the result is trivially

true when n=0, since TO has only one element.

Suppose true for Tn, and that F:T -+ C is a morphism for

n+1l

some space C. Tn is a subspace of T 41+ SO by induction

+1
F is injective on this subspace.

Suppose that o and p are two distinct elements of Tn+l'
There must be some §€Zuf} and TE€T  such that (§,7) is
contained in o-p (without loss of generality). We must
show that F(c) # F(p). Since F is a morphism we have

F (o) 3 F(T); if F(0) = F(p) then there would be some\mETn
s.t.pé»v and F(v) = F(T). Howeverp5—w~ ;‘*veTn, and F is
injective on Tn' which implies that y=7 , contradicting
the fact that (é,T)¢‘p. Thus F is injective, completing
our inductive proof.

£

The next step is to define functions which, given a process,
produce the representation of its depth n behaviour.
Given a P,Q-space we can expect to find a function Hﬁ:C - Tn
for each n€N.

c

H =

(o) =9

s: _ c R
Ho 1(0) = §&,H - (p))| o5p ]

8.17 Lemma
a) If D is a subspace of C and o €D, then the values Hg(a)

produced relative to D are the same as those Hg(g)Prcduced
relative to C.

b) If F:C » D is a morphism then Hg(d) = HE(F(U)) for all
ageC.

c) If F:C - D is a morphism and Hg(c) # Hg(p) then we can
be certain that F(o) # F{p).

The proofs of (a) and(b) are straightforward deductions from

our definitions. Part (c) is a corollary to part(b).




One of the effects of 8.17 is that it allows us to ignore
the superscript "C" in the notation Hg(d) without being
likely to introduce errors. Henceforth we will omit it on

the understanding that it could be inserted if desired.

8.18 Lemma

If we regard the spaces Tn as P,Q-spaces in the manner
described earlier then the following are true:

a) Ifg€ T and m > n then Hm(O') =0.

b) For any space C and o€ C we have Hn(Hm(U)) = Hk(d) for

all n,m,k s.t. k=min(n,m).

The proofs of these results are just easy inductions.

One might hope that since we have established (8.17(c)) that
two processes mapped to different elements of any Tn must

be kept separate by any morphism, there might be some reverse
implication: if two processes are mapped to the same element
of Tn for each n then they can be identified by some morphism.
With this hope in mind we can define a space of behaviour
spaces T, which is the set of sequences of elements from

the Ti which match up under the functions Hi'

T,= E(sb,cq,...,di,...)l Vl'UiETi & Hi+l(6i+l) = Uig
(T, is just the inverse limit of the spaces Ti with projec-

tion functions Hi.)

We can easily define a function H,:C - T, for any P,Q-space

C by H,(o) = (Ho(d),Hl(d),..,Hi(G),..). The space T, is

naturally made into a P,Q-space by the transitions ¢ = p e
. $ .

Vl.C§+14'FE (where o, represents the ith component of the

sequence J).

8.19 Lemma

If we regard T, as a P,Q-space as above, then:

a) Hn(g) = Uh; Holo) = g for allge®..

b) Every morphism of T, is injective.

The proof of (a) is an induction on n; part (b) follows by

part (a) and 8.17(c).

Note that (a) implies that for any space C and o € C we have
Hn(Hw(U)) = Hn(d) for all n, and H (o) = H_(H_ (0)).



One might hope that the map H, is a morphism; unfortunately
however this is not so. This is because even though two
processes have the same shapes of behaviour for all finite
depths it does not mean that they are sufficiently similar
to be identified by a morphism. As an example consider

the two processes represented by the following diagram:

"o" has the potential to perform an infinite sequence of
internal actions whereas "p" does not. There can be no

morphism F which identifies o and p, for otherwise there
would be some "y" such thatp=v and F(v) = F(7y). It is

easy to prove inductively that this cannot be so. It is
also not hard to verify that Hn(d) — Hn(p) for all n€EN,
which implies that H(c) = H,(p).

It is an easy consequence of our results that the higher
the index of the function H,, the more distinctions it makes.
It is not unnatural to define such functions for higher
ordinals than w, therefore. For countable ordinals this
can be done in a very similar way to the above. We define
spaces T, and projection functions H, by mutual recursion.

T, = 193

H (o) =@

@ has no transitions;

T .= PUZU $IxTL)

x+1 5 53
H () = HsHE)) o Sp :
: L has transitions 0'4'Hﬂ+l(p) if (b,p)ec

Ty = 80 ] o is a A-sequence of elements of UT, s.t.
B<X (05 € Ty & (¥<B) > Hy (05) = )3
Hy (0) = o, where p, = H,(0) for «<).

g has transition g §>£ = (6-,)05)60\; for all ¥<X\.

+1



For countable X it is possible to prove several results
about Tx and Hy which are extensions of our earlier ones.
Note that (b) below is necessary for the well-definedness
of H, (X limit ordinal) in that H, (¢) is only an element
of Ty if Hg(H (o)) = Hgle) for all e,

8.20 Theorem
If we regard each of the spaces T, as.a P,Q-space with the

transitions described above then each of the following holds,

a) IfceT, then H, (o) =o0.

b) If C is a P,Q-space and c€C then B %—Hﬁ(H«(a)) = Hﬁ(g).
c) If X is a limit ordinal and ge€ Ty then o<\ H_(0) =0g.

d) Every morphism of T is injective.

e) If o€C and F:C » D is a morphism, then Hx(cj = HX(F(J)).

These results can all be proved by technical manipulations,
some of which (in the author's proof) depend on the fact
that every countable limit ordinal X has an w-sequence of
ordinals (oci[ i€ N) such that Vi.e«;<\ and igoxf =X\,

Note that we need only look to the function Hw to separate

the two processes described earlier (which wer;lidentified

by H, but not by any morphism). We can however deduce from
8.20(d) and the fact that none of the T, has a largest card-
inality (among the T,), that none of the functions H_ can be

a morphism on every P,Q-space C (it is not one on T«+l)'

Note also that even for the countable ordinals which we
have used so far, the spaces T, get very large indeed by
normal standards.

The author's proof of 8.20(c) (which is wvital to his proof

of (a), (b) and (d)) breaks down at limit ordinals with
cofinality greater than w. At the time of writing he does
not know whether it holds or not. Because of this it is

not possible even to define the pairs (T, ,H,) for any ordinal
greater than or equal to w+w(w the first uncountable ordinal)
using our existing definition. It is however possible to
adjust our definition (in such a way that if 8.20 does in
fact hold for spaces defined in the old way for arbitrary «
the two correspond) and obtain workable spaces for all ord-

inals:.




We adopt the same definition as before except that when N

is a limit ordinal with cofinality greater than @ we take:

T} = to| g is a A\-sequence of elements of Jr;)xrl:’“ such that
<<X\ > (o,eT, & ((pex) > H!G(O'w) - %))3
Hy (o) = o, where p, = Hx[o') for «<x.
In Ty o has transitions g LN p if (8,px) €0y 4q for all KN,

Now let T, = {Hy (o) |o € T{3}, and redefine the transitions
to be those of T, with both states in the restricted space T,.
(i.e.g—‘gv)g in 1. i o ,peT and gi?/ﬁ in T!:)

8.21 Theorem

With the definition given above each of the clauses of 8.20
holds for spaces T, and functions H_, defined for arbitrary
ordinals «. In addition H_, is a well-defined function from
every P,Q-space to T, for every o« (this is not quite obvious

in the case of non-w-cofinal limit ordinals),

This result has a long and technical proof which is just

an expansion of the one for 8.20.

Because clause (d) of 8.20 carries over to the general case

we must give up all hope of finding a completely universal
P,Q-space, as we can now find spaces with arbitrarily large
cardinality whose only morphisms are injective. One can
however prove that given any P,Q-space C then for sufficiently
large ordinals « the maps H_ :C » T, are morphisms. Given

a P,Q-space C we can define a cardinal I(C) which is the

index of non-determinism of C by

I(C) = smallest infinite regular cardinal strictly greater
¢
than that of {peCl o <p3 for every ¢eC and ez ut"y .

Thus I(C) =N, if and only if there is no oc¢ C and 56‘20{.} sot.
§peClo 4p3 is infinite.
8.22 Theorem
If C is a P,Q-space and « 1is an ordinal such that|«|) I(C)
then H_ :C » T4 is a morphism.

The proof of this result is not very difficult.

Corollaries to 8.22 are the facts that if C is finilte—branching
in the sense I(C) =N, then the map H,:C =+ T, is a morphism,
and if I(C) =N1 then le:C > Tw‘ is a morphism (w, the smallest
uncountable ordinal).



8.22 tells us that for every alphabet 3 and cardinal N we
can construct a space U into which there is a morphism
from every space with this alphabet whose index of non-det-

erminism does not exceed M. The fact that these morphisms

-into U are unique is implied by the fact that all morphisms

of U are injective, which means that U is isomorphic to U¥*,
so we can apply 8.15. Thus U can be regarded as a universal
space (in the sense described earlier) for a restricted class

of spaces.

In most cases this universal space is much bigger than is
necessary. As an example of this consider the result of
constructing the universal space for finite branching
processes over a countably infinite alphabet 3. The succ-
essive approximations T, to this space Eave cardinal Ji’
where J = 1; 3= 2% andn>1sJ =2"". The cardinal
of the space T, is at least as large as the least upper
bound of these cardinals. It is possible to cut this down
very considerably by considering only those elements of Tn
which can be the image under Hn of a finitely branching
process. Let us define subspaces T; and T¥ of Tn and T,

respectively by the following:

% = {93
T, 1= (X € (ZofixTX)| V. Eo| (§,0)€ X3 is finite3

TH = foeT|¥n, o _€TE] .

It is clear that T* is indeed a subspace of T,, and that

the image under H,, of any C such that I(C) =N, is contained
in T*. We can therefore regard T¥ as a universal space

for finitely bran&dng processes. The cardinals of the spaces

: Mo N, AN :
T; are successively 1,2 ,2°,2 ,... , and the cardinal of T*

5 -] 2“2

In fact T%*, though it has minimal possible cardinal with
respect to being a universal space for finitely branching
processes, still contains elements which cannot be the
image under H,, of any element of a finite branching space.
This can be seen by consideration of the processes quoted
earlier as examples of processes identified by H., but not
by any morphism. It is easy to see that their joint image
under H,, is an element of TX, but that this element of TX*

is one which cannot be the image of an element of a finite



branching space (there are infinitely many elements of TL
to which it can be transformed by a single internal action).
If we let U be the union of all the images in T* of finite
branching spaces it is not hard to see that U is a (proper)
subspace of TX. Furthermore U is itself a finite branching
space, and so has a unique morphism into T*¥ (which must be
the identity morphism). Thus U is a universal space for
all finite branching spaces, and there can be no smaller

one. It is possible to construct U explicitly as follows:

Let U_ = T}
Uy = toeThl(¥.3ne N-V?-lgol (6,p) € 3l< n)3
n‘ngTﬁ[Vé.V}Q. TS > e EUn3
R nQaU"

There is no reason why "T," should not be used in place of
"T*" in either of the above constructions of U, since we
would have got the same answer. The only advantage gained
from using T* is that it gives us a much better bound on
the cardinal of the space U. It is also possible to use
either of the above tricks to obtain a universal space U
for P,Q-spaces with any bound on their index of non-deter-
minism, and any size of alphabet X, such that U falls into
the class of spaces which it models.

So far we have only proved the non-existence of completely
universal spaces as a corollary to the-difficult construction
we devized for partially universal spaces. It does in fact

have quite an easy proof by contradiction.

8.23 Theorem
For no alphabet Z can there be a P,Q-space U to which there

is a morphism from every P,Q-space with this alphabet.

proof
Suppose to the contrary that such a U does exist for some

alphabet 2. As we have seen U* would have a unique morphism
to it from every P,Q-space with the given alphabet, and also
every morphism of U* is injective. Consider the P,Q-space
vV = @ayxu*u)ﬁbix?(u*n (a#b) , which has transitions

(a,0) % (a,p) iff ohp in U*;

(b.X) % (a,0v) ifft 6E X;

and no others.




Since V is a P,Q-space with alphabet 2> there must be some
(unigue) morphism F:V =+ U*, The cardinal of P(U*) is
strictly greater than that of U*, so there must be two
distinct subsets X and Y of U* such that F(b,X) = F(b,Y).
We may without loss of generality assume that there is

some c€X - Y. It is easy to prove from the definition of
morphisms that there must be some p € Y such that F(a,p) =
F(a,o). Thus F is not injective on the subspace f{a3xU*

of V. However this contradicts the fact that this subspace

is isomorphic to U*, since all morphisms of U* are injective.

We may thus conclude that, as claimed, no such U can exist.

We have already demonstrated that we can, amongst all the
P,Q-spaces with any given bound on their index of non-det-
erminism, find one which is universal. Sometimes we will
wish to make additional assumptions about the type of P,Q-
space we are using, and when we do this it will be useful
to be able to construct a universal space for spaces with
this property (where possible). The following result
shows one way in which this can be done.

8.24 Theorem
Suppose that "X" is a property of P,Q-spaces which satis-
fies the following laws:
(i) If C is a space with property X and F:C -» D is a
morphism, then Im(F) has property X.

(ii) If C is a space with subspaces f{C,la€A} such that
g = &Lpaand each C,has property X, then C also has
property X.

then we may conclude that for each cardinal N there exists
a P,Q-space Ux such that UX has property X, I(Ux)gil, and
such that whenever C is a space with property X such that
I(C)¢N there exists a unique morphism F:C = UX.

proof

Let U be a universal space fior spaces such that I(C)¢N (for
example T, , where x is the initial ordinal with cardinal N7).
Define UX to be the union of all the images in U of spaces

C s.t. I(C){ N and C has property X. It is easily seen that

UX, when so defined, satisfies all that is required of it.



In the last few pages we have developed a calculus which
allows us to relate P,Q-spaces by means of maps called
"morphisms", which are in some sense behaviour preserving
maps between them. We have succeeded in producing universal
spaces which can be held to model large classes of spaces

in unique ways. The spaces we have been studying are in

essence simple relational structures, which in various guises

are used throughout mathematics. There is therefore much
similarity between the above work and that of other authors
which the author is aware of, and probably more with other
work with which he is not familiar. For example the concept
of "operational equivalence", as introduced in Hennessy and
Milner ( ) and other works, is extremely similar to the
equivalence induced by the operator H,, The chief differ-
ence is in the treatment of internal actions. Different
types of "morphisms", similarly defined, can be used to
analyze other, rather more complicated, types of process-
spaces. For example this can be done (with almost exactly
the same effect) for spaces where the relations represent
finite sequences of visible actions, when given a suitable

axiomatization.

Having built up enough machinery for our own purpose we

are in a position to return to the main theme of this chap-
ter, and to find out how the spaces we have constructed
relate to the models we used in earlier chapters. We are

essentially seeking functions "6" such that, given processes

n n

c" in a P,Q-space "C", the "c"s are mapped in a useful and
realistic way to one of our models by the map @(c) =
t6(a) | ae Blc) 1. Our intuition about the models is that
they represent some aspect of the observable behaviour of
processes. Given a behaviour, which is an abstraction of
one possible sequence of interactions between process and
state, we must ask just which parts of it are observable
by an experimenter who manipulates the environment. The
two things which are certain to be observable are the env-
ironment component "X" of the triples making up behaviours,
and any external actions which occur. We can also assume
that the experimenter is aware of the postulates (general
properties of processes) which processes satisfy, so that

for example if he can be sure that no action has occurred




for sufficiently long (while one set, X, was offered) he can
deduce that no action will ever occur (if he persists in
offering X). We will assume that the internal state "o"

of a process is invisible to the experimenter. The only
question to be decided is whether or not the experimenter
can observe the presence or absence of internal actions.

One might imagine that there is a light on the side of a
machine which lights up when there is internal activity.

We cannot expect the experimenter to be able to discern
anything more about internal activity than its presence,

in the loosest sense (if he can detect it at all): for exam-
ple it does not seem reasonable to expect him to be able to
count the number of internal actions which occur. We will
find that there are two distinct maps from P,Q-spaces to

the non-deterministic model, the choice between them being
largely dependent on whether or not we believe internal
activity to be observable.

The principle that the internal state of a process is inv-
isible is important in justifying the use of morphisms and
universal spaces. This is because of 8.10 which tells us
that apart from the state components of behaviour, the beh-
aviours of a process and its image under a morphism are
identical. By this principle it seems reasonable to expect
that the function "6" which maps behaviours to their repr-
esentations will be independent of the "state" components of
behaviours. We will therefore expect it to be induced in
the natural way by some function of (?(Z)X(Ztﬁ-,—,*gna(z H,

say). In future when "6" is a function of H we will regard

"g" as being its natural extension to behaviours. This

is formed by defining a projection function h to be the
natural extension to sequences of the function h(o,X,$)

= (X,8). "8" then becomes 6och. If C and D are two P,Q-
spaces then whenever F is a morphism from C to D and 6 is

a function of H we have fo(a) | geB(e)} = fs(_a_g)] a€B(F(c) )3
for all ceC.

An extension of this principle is to decree that not only
will our modelling functions be independent of states, but
also the correctness conditions "Xx" of behaviours which we

wish to prove will be independent of states. This can be




interpreted as saying that we shall judge our processes
only by what they do (or fail to do) either internally or
externally, and not by how they are actually constructed.
We will thus generally expect our predicates of behaviour
to be induced in the natural way by predicates of H. 1If
"X" is a predicate of H we will write "X" for the predi-
cate which it induces on whatever space of behaviours we
are currently using, ( j%g) = X(h(gnh). It is easy to see
that if C and D are P,Q-spaces and X is a predicate of H
then X(c) « X(F(c)) for all c€C, whenever F:C » D is a
morphism.

We may thus conclude that, so long as our functions and
predicates are "forgetful" of internal states, both a pro-
cess' image in a model and the truth of predicates about

them are invariant through morphisms. Thus in these circum-
stances, to prove a predicate of a process "c" from any space
C it is sufficient to prove the corresponding predicate of

the process' image in any suitable universal space.

When we are using functions and predicates of this "forget-
ful" type, the set of the proejections into H of the behav-
iours of a process is very important. If we define B* (c),
the "reduced behaviour set", of c€C to be fh(a) | ngB(cﬁ,
it is easy to see that for any function 6 of H we have

$¢9(a) | a€B(c)] = fo(@ | a€B*(c)}. sSimilarly when X is a
predicate of H we get X(c) ¢ Va €B*(c).X(a). Note that
B*(c)c B*(d) & ﬁid) #‘f(c). Both the image of a process

in a model and the truth of predicates "X" about it are det-

ermined completely by its reduced behaviour set.

Before we get involved in maps to the non-deterministic
model it is perhaps wise to see how we might use the machi-
nery we have set up to construct and analyse maps from
P,Q-spaces to the deterministic model P. There is really
only one map worth considering, namely that induced by the

following function "6" of H:

6(<2) = <; if a is finite then
8({(X,8)> al= 6(a) if §€t-, -, *3 and =(»6(a) if el ;
6(a) =0 if a is infinite.



It is easy to show from our postulates that the "o" induced
by 0 satisfies the following, when regarded as a function
from a P,Q-space C to P(Z*).

(i) ®(c) 1is non-empty for all c€C

(ii) o(c) is prefix closed for all ceC.

To establish the finality of "/" we would have to make

‘some additional postulate of our spaces such as
(D1)  (o,X) hp 3 (p,V) BT

It is easy to see that D1, when regarded as a property of
P,Q-spaces, satisfies the hypothesis of 8.24. There is
thus no difficulty in constructing universal spaces for
P,Q-spaces which additionally satisfy Dl. Let us call a
P,Q-space which satisfies D1 a Dl-space. It is easy to

show that when C is a Dl-space we have

(iid) w¢/>VvE ofc) > v= for all ce€C.

Thus ® is a well-defined map ffom every Dl-space to the
deterministic model P.

P can itself be. regarded as a Dl-space. Transitions are
defined: A 3 B iff B = A after(a> ; no internal transitions.
It is a simple matter to prove ®(A) = A for all AEP. One
easy consequence of this fact is that @ is a surjective
function from the universal finite branching Dl-space to P.
For the time being let us adopt this universal space as the
"C" which we are trying to model by P.

The first thing which we must investigate, when studying the

relationship between a "real" system and a model, is the way

in which predicates which we wish to prove of the real system

transfer to the model. Intuitively one might suspect that

the map ® is adequate for expressing many partial correctness

conditions (those which demand that anything which a process

actually does is correct), but is poor when it comes to total
correctness conditions (which demand that a process must act-

ually be willing to do things).

Because of the universal nature of the space C it is not
hard to show that given any c€ C there exists some (unique)
element d of C whose only transitions are 4 = c and 4 = e,
where e is a process with no transitions. It is easy to

see that @(c) = @(d) (because they have the same possible



sequences of external actions). However it is also easy

to see that B*(d) 2 B*(f), where f is the element of C with
a unique transition f = e. Suppose now that X is any pred-
icate of H such that (X)' (the weakest predicate I1of P st,
VcE(LHﬁMcH%ika) is satisfiable. Suppose A is chosen so
that (x)'(A) holds, and that c€C is such that @®(c) = A
(such a "c" exists since ® is surjective). Now construct
"d" as above. Since o(c) = ®(d8) holds we have (X)'(®(d));
this implies f{d),‘which in turn implies E(f) (because

B* (8) 2 B* (%))

We are thus forced to conclude that whenever "X" is a pred-
icate of C sufficiently weak to allow it to be deduced of
any process from the process' image in P, it must itself be
satisfied by the process "f" which can only perform one
(internal) action before deadlocking. This confirms the
suspicion which we developed in chapter one, that the model
P is not adequate for telling us anything reliable about
potentially non-deterministic processes. Some indications
were given in chapter one about the type of process which
we felt was adequately described by P. Without going into
any more detail on the modelling of the above system C let
us now try to restrict our object space to processes which

we can model accurately over P.

We wish to axiomatize "deterministic" behaviour. We might
expect the chief sources of non-determinism to be firstly
internal actions (which can "resolve" non-determinism) and
secondly cases where one state has more than one external
action with a particular name. The postulate which expre-
sses the proscription of these types of behaviour is the
following:

(D2)  ((e,X) = p) & (((a,X) 2 p) & ((0,X) 3 1) > p=1)
This is another property which satisfies the hypotheses of
8.24; thus so is the joint condition D1 & D2. We may thus
deduce the existence of a universal D-space, where a D-space
is defined to be a P,Q-space which satisfies D1 and D2.
(The existence of a completely universal space follows from
the fact that any space which satisfies D2 is automatically

finite-branching). It is possible to weaken condition D2



slightly to allow a little internal behaviour. We can reas-
onably allow a deterministic process to have internal actions
if they are all single (for each ¢ there is at most one p
such that o= p) and inevitable (if o = p is possible then

o3 1 is not). A modified D2 which expresses this is

(D2')  (((o,X) %p) & ((0,X) B 1) = p=1)
& 1(((0,X) 5 p) & ((0,X) 3 1)).

D2' is also a condition which satisfies the hypotheses of
8.24, so in a similar manner to the above we may deduce the
existence of a universal D'-space (a P,Q-space which satis-

fies D1 and D2'). Note that every D-space is a D'-space.

Clearly P, when made into a Dl-space as before, is a D-space.
We can deduce from this that ¢ is a surjective function to
to P from each of the universal D-space and the universal

D'-space.

It is left as an exercise for the interested reader to ver-
ifv that in either of the above types of space the set of
predicates we can reasonably expect to prove by reference
to the model is much larger and more useful than in the
earlier case. It is worthwhile to make two remarks however.
Firstly it is not hard to show that the universal D-space
is isomorphic to P (when P is regarded as a D-space in the
usual way), and that ®is a morphism from any D-space to P.
Thus (recalling 8.1) it is not surprizing that predicates
should transfer well between the two systems. Secondly,

in the D'-space case, it is interesting to note that the
function ® identifies the processes "e", which has no act-
ions, and "d", which has a single action 4 = 4. (@ also
identifies any pair of processes whose structure is the
same except for the substitution of "e" for "4d" at some
points, or vice-versa.) It thus identifies "divergence"

or "infinite internal chatter™ with "computed termination”.
Thus the absence of divergence is not expressible as a pred-
icate of P which does not also imply freedom from deadlock.
This issue (the difference between divergence and computed
deadlock) will be more important later, when we come to

consider the non-deterministic model.

Another interesting point which arises from the study of

the relationship between these "real" systems and the model



P, is that P is very much a class 2 model for these systems.
The most obvious way of seeing this is to note that if P
were thought of as a class 1 model, this would mean that

we only allowed ourselves monotonic predicates. We would
then find ourselves in very much the same boat which we
were in with the Dl-space, for every satisfiable predicate
which we allowed ourselves would be satisfied by abort.

The processes "e" and "d" (as defined in the last paragraph)
would (as constant functions) be correct implementations of

every operator.

The basic reasons for this arise from the structure of the
function "@®" in the following way. The function "o" is
based on a function "8" of behaviours which is essentially
one-sided in that it only reflects one of the two aspects

of behaviour which are essential to most total correctness
predicates. It is based purely on the "positive" aspects

of behaviour (triples of the form (¢,X,a) for aeZ), and

not the equally important "negative" aspects (triples of

the form (0,X,*) and infinite sequences of internal actions).
The restrictive conditions which we have placed on D- and
D'-spaces enable us to discover enough about the negative
aspects of behaviour which are possible by studying the pos-
itive aspects. To do this we have to exploit the relation-
ship which states that (in D- and D'-spaces) the more posi-
tive behaviours there are possible, ‘the more "negative" beh-
aviours can be deduced impossible. Thus, if we wish to

check that an undesirable "negative behaviour" is impossible
in a process by studying its image in P, it will often be
necessary to check that some "positive" behaviour is possible.
For example to ensure that a process ¢ cannot deadlock on .its
first step it is necessary to check that m(c)o# @g. It is
because of this "upside-down exclusion" of negative behav-
iours that we cannot expect monotonic predicates to be suff-
iciently expressive, since by removing elements from an
element of P we are adding possibly incorrect negative beh-

aviours to its pre-image.

Having decided that our model is to be regarded as class 2
it is necessary that our implementations of the various

operators and constructs of our language be exact. So far



we have been too involved with the construction and interp-
retation of our "real" systems to consider the problem of
how we might seek to implement our language in them. What
we would like is an operational semantics for our language.
We have not got space here to go into this subject in very
much detail; we will therefore quickly survey the various
options open to us, draw a few general conclusions, and
pass on to the study of the non-deterministic model.

There are several ways in which one might seek to give an
operational semantics to our language; some of these are
more abstract than others. One approach would be to define
exactly what was meant by the "state" of a process: how it
stores and recalls the values of its wvarious variables, and
how it decides which actions to take (with what influence on
itself). If one did this it would be necessary to check _
that the space of states which resulted satisfied whatever
postulates were required of them. Without going into tech-
nical detail it is only possible to make a few general rem-

arks about this approach.

(i) We cannot expect an operator to be able to see any more
about its operands than an environment could. It is not
reasonable to expect an operator to be able to predict what
its operands will do after actions which have not yet been
completed (nor to anticipate divergence). One useful way

to think of an operator is as a "black box" which is placed
around its operands and which has certain powers over them,
for example:

(a) An operator can "switch on" or "switch off" its operands.
On switching an operand on for the first time the operator
must initialize all its variables. Only "on" operands may
perform any action. The act of switching will itself be an

internal action of the total state.

(b) Any internal action performed by an operand is an inter-
nal action of the total state, and uncontrollable by the

operand.

(c) The operator can act as environment to its operands and
communicate with them without telling its own environment.
Any such communications are internal actions of the total

state.



(d) An operator can communicate with its environment with-

out reference to its operands.

(e) An operator can regulate communication between the
environment and its operand(s). For example it might trans-
form the alphabet in some way, synchronize several of its

operands, or become completely transparent.

(If we tried to implement our existing operators as "black
boxes", we might expect the above features to appear in the
following in important ways:

(a) [, a—>, x:T =+, recursion

ey 7%,

(d) a=—-, xX:T =

(e) a.,ll “J

The above approach, while it might be considered to leave
something to be desired, is a valuable aid to the intuition
when considering the "reasonableness" of operators defined
over universal spaces in abstract ways.

(ii) We would expect the values stored in process variables
to be processes "switched off" (unevaluated code?) with the
property that, when activated, they ignore any values ass-
igned to their variables (except recursion parameters "A")
and adopt values stored with them in some way. There should
be no problem in showing recursion to be well-defined, for
all operators are in some sense "non-destructive" of actions
because of principle (b) above, etc., and the act of making

a recursive call is constructive because it involves "switch-

ing-on", which is an internal action.

In general each of the principles seems largely consistent

with the idea that an operator (k-place) is a function from
k
CI

this chapter.

to C' (where C'= C@XS + C), as in the first part of

Alternatively we might choose to define a semantics in a
more abstract way. This could be done by direct reference
to the structure of universal spaces (8.16 - 8.24). This
should be done bearing the above principles carefully in
mind with a view to later implementation by the more prac-

tical methods above. This is the most obvious approach to



adopt when we are using P,Q-spaces as idealized models of
other spaces. Because of the nature of universal spaces it
is possible to define elements uniquely by their transitions.
Examples of the ways one might wish to do this are the state
"a 20", which is defined to have a single transition, namely

"a" after which it becomes o, and "

o;p" which has its trans-

itions recursively defined b1 o3 p) Q(r”n (8 # /)
cbhvH(oip) > p .

The first type of operator is easy to define: if (as is com-

mon) the universal space in use is the subspace U of some T,

(A a limit ordinal) defined through 8.24 by some property X,

as follows. We take it to be the

element p of T) such that p,= f(a,0))] for allpea (the other

then we can define "a =2 ¢

components can be deduced from these). If U is a proper
subspace of T, then we are obliged to show that the p so
defined is an element of U. This can be done in this case
by checking that the space U', which is U with an extra ele-
ment "g" adjoined with the single transition;facr, has the
defining property X. If this is the case then there is a

morphism from U' to U, and the image of p'is p .

The second type of operator requires a little more work.
To define "o;p" explicitly we have to appeal to transfinite
recursion. Let us once again suppose that U is a subspace
of T,. We define (ojp)_ = ¢

(03p), 1= s (xip) ) obr 8 5# /3

VE(-,pp) oS 03

((aip)y)y= (aip)y (ye ) .
Once again to show that ";" is a well-defined operator on
U (if it is) wé take a space U' which includes a copy of
U and a disjoint copy of UXU. The transitions of the ele-
ments of the copy of U are those inherited from U. A pair
(o,p) has transitions (o,p) s, (tr,p) if 6# / and 087 in U

(og,p) > p if 0%v in U.

One must show that U' has the defining properties of U, so
that there is a morphism from U' to U. If this is so the
pair (p,7) can be shown to map under this morphism to p;7,
the element of T, defined above.

Note that provided that the space U is closed under each of

the above operators it is easy to prove the relations

a= (pit) = (a=>p;t) and ((o;p);7) = (0;(p;i7)).



Other operators can be defined in very much the same way.
This should always be done in a way which does not violate
the principles derived from our "black box" discussion.

The first of these is thatatevery stage the transitions of
the result of applying an operator should depend only on
the available transitions of the operands (in the states in
which they currently find themselves)., and past history;

if a transition is executed which depends on the existence
of some transition in one of the operands then the operand
must execute that transition. The second principle is that
every transition executed by an operand must be represented
by a corresponding transition in the "finished product”.

- These principles are guaranteed by stipulating that every
operator must have some defining equation of the form below.

A zero—-place operator is a constant.

A one-place operator "op" must have exactly the transitions

op(e) & opqy () (8,a) € D
op(e) & opl(p) co%p & (8,8,a)e D

(The first line corresponds to the operator carrying out
some action without reference to its operand, the second
line corresponds to the operator transforming some action
of its operand. In each case the operator may transform
itself (non-deterministically) into another, dependent on
the action which occurs.) One might wish to strengthen
the above to ensure that internal actions of operands can
neither become external actions of the finished product
nor influence the composition of the operator. This can

easily be done by editing the second line above.

A two-place operator "op" must have exactly the transitions

op(o,p) & opal(o,p) (5,2) €D

op(o,p) 4, op, (1.p) Ué:r & (8,8,2) e D
0p(cr,p)§vop3(c,r) pé;? & (8,8,a) € D"

oplo,p) & opt(r,v) %t & p&v & (5,8,850) € D,

(The four lines here correspond to the operator carrying
out some action without reference to its operands, trans-
forming some action of its first operand, transforming some
action of its second operand, and transforming and co-ord-

inating a pair of actions respectively.) Once again one



might choose to tighten up on the last three lines to ensure

that internal actions of operands cannot have undue influence.

Three and higher place operators can be constructed by

combining two-place operators.

(Note of clarification: in the above definitions it is the
relations D, D' etc. which define the operators, together
with the operators op,, etc. which are assumed to be defined

in the same way. "opp" can vary with a, which is assumed

to range over some indexing set.)

As an example a hiding operator might be defined by the

scheme
{a/X) = (p/X) 3f o’io)o or O’%o for some a € X;
(c/X) % (p/X) if c2p and af X.

This and both our earlier schemes can easily translate to
the form described formally above.

Note that we cannot expect the above hiding operator to be
well-defined on any universal space U which does not reliably
model all branching smaller than the smallest infinite card-

inal greater than [XI| .

The theory of operators defined in this way is quite inter-
esting, but we do not have space to go into it in any depth.
We merely guote the next result, which helps to formally
justify our assertion that "properly defined" operators

are in some sense non-destructive.

8.25 Lemma

Suppose that op is a k-place operator on a space U which

is a subspace of some T, , and that op-and all the other
operators on which it depends in its definition are defined
by the methods set out above, then if g; & 0, are two sets
of elements of U such that Vi€%l,..,k}.(gi)P= (gi% (yea)

we ‘have op(gi,...,gk)y = op(gi,...,gk)y.

We need to be able to extend operators defined, as above,

on a space U, to the space U'= U@xs - U. This can be done

in very much the same way as before. Suppose that elements
of U' are denoted e*, f*,.. and that elements of UQXS (states)
are denoted n,0 ,... . If we have a k-place operator op over



U then op can be re-defined as an operator op over U' by

op(e*,...,ef) (m) = op(ef(m),...,ef(7)).

We also need operators defined over U' which are not simply
extensions of operators over U. There are basically two
categories of these: recursions and "others". Non-recursive
operators should be defined by transition schemes similar
to those used above. These should observe the general prin-
ciple that nothing is observable of the contents of the U®
component of a "state" n without switching on any processes
we wish to observe and treating them as "normal" operands.
For most practical purposes one can get away with using zero
and one-place operators of this type. We will therefore

stipulate that any non-recursion operator not of the above
form must be of one of the two forms set out below.

We will write an element n of U9xS as (nl,ﬂz): ny being the

U@—component and > being the S-component.

A zero-place operator e* (constant element of U') must be
defined:

g*(nl,nz) = p, where p has exactly the transitions

pi s (Bongrngie) £ D

1’ ﬁé)
L= nl(ﬁ) (6,7,) € D

(£f*, is assumed to be another zero-place operator, similarly

defined.)

A one-place operator op must be defined:

gg(e*)(nl,nz) = p, where p has exactly the transitions

p2 opale*) (ny,n5) (8,1, n5,@) € D

(op, is assumed to be another one-place operator defined

in the same way or as an extension of a U-operator.)

As examples of these we can define the one-place operator
"x:T » " and the zero-place operator "B" (call of the proc-
ess variable B).

(x:T » e*) (n) =p, where p has exactly the transitions

p 3 e*(nla/x]) a€T(n,).

(We assume that the set T may be a function of one or more

n

non-process variables. The "op," used is the extension to

U' of the identity function on U.)



B(n) = p, where p has the single transition

p = n(B).

Existence proofs for all operators defined by any of our
"transition scheme" methods can be carried out by extending
the methods used for ";" and "a + " earlier. This will
involve the setting up of a P,Q-space of syntactic/state
objects, possibly including a copy of the space U as a sub-
space, then showing that the space one has set up satisfies
enough for there to exist a (unique) morphism into U. If

a definition of such an operator is required in the form
given for "a =" and ";" (exact definition of the components '
of the result of an operator regarded as an element of TX)

this can be done recursively.

If UCTy then there is an obvious way in which one can

define the projection nyof a "state" 7 into the space (T?)xs.
The pay-off of all our careful definitions above is that,

so long as e* is an element of U' defined only by operators

of the types we allow, it can be proved that whenever n and

n' are two "states" such that 7= n; we have e* (n) = e*(n')P+

Y+l
for all per. This is easily shown to imply that each recur-

1

sive fixed-point equation has at most one solution. The
existence of solutions to these equations can be proved
without too much difficulty so long as the space U we are
using satisfies some simple and natural closure conditions.
As an example of a recursion one might use, to define
"recB.e*" (e* defined using only permitted operators) we
would say (recB.e*) (n) =p s.t. p = eﬂﬁgp/BD. The wvalue
of recB.e* (n) is defined as follows. We define a function f ;
from A+1 to U as follows:

f(o) is chosen from U at random

f(y+1) = e* (=[f(y)/B])

f(X) is chosen (by closure conditions) to be such that

£(A)), = £(p), for all pex.

The value of recB.e*(n) is f(A).

Other, more complex, recursive operators can be defined

similarly.

The use of nested recursions (i.e. recursions within rec-

ursions) can also be justified without too much difficulty.



Conclusions for the deterministic model

We do not have space here to launch into any attempts to
formally implement our operators over P (nor will we when
we later examine the non-deterministic model). What we can
do is to get a good impression of what is, and what it not,

possible.

It is clear that unless we relax substantially our conditions
upon operators there is little prospect of our being able

to implement all our operators over D-spaces (where internal
actions are banned). Operators which appear to be impossible
because of their dependence on internal actions are “;", "/X",
calls of recursive variables and meaningful recursion. Diff-
iculty arises in a less expected way with the operator "0O",
when applied to processes whose initials are not disjoint.

The obvious implementation scheme

ollp -3 4 if o271 (& ﬂEV.PérV)

olp &1 if p 37T (sl 0By)

olp &1ly if 03T & p3v
suffers from the drawback that the bracketed terms ars not
pérmissible within the rules which we set out earlier (ess-
entially they would require the environment to be able to
detect more about its operands than we have thought correct
hitherto). If these offending terms were withdrawn then

the operator would not preserve the postulate D2, for it

would introduce'multiple branching.

One might hope that D'-spaces, with their weaker postulates,
might give us an easier ride. This is in some senses true,
since it is now possible to correctly implement each of ";",
ﬁ/X", process variables and recursion so long as syntactic
rules similar to those set out in chapter one are okbserved.
Problems still arise with the "O" operator, however, and of
a more serious nature than before. This results from the
fact that the map "0" identifies deadlock with divergence.
Ccnsider for a moment the situation which will arise when
we try to compose a simply diverging process with a process
which can perform some action, "a" say. Since the operator
is unable to detect that its operand is diverginc (it cannot
know that it will not decide to perform some visible action

or halt at some future point) it must allow it to perform



its successive internal actions. These will be reflected
in internal actions of the resultant process, so it must
itself be able to diverge. It is easily seen that this is
impossible in any element of a D'-space which can execute
the transition "a". We must conclude that some strong syn-
tactic condition is required to ensure that "[" is implem-
entable. Such a condition is the requirement that "[fi" only
be used in the context "(a = *) [0 (b » *)" where a # b. The
(very cdesirable) use of more general guards on the two sides
x" (alphabet variable) or "x:T" (input)

of T, such 35

would create problems because of the requirement that guards
should be distinct.

It is possible to invent a third type of "deterministic"
P,Q—space where many problems disappear. Unfortunately it
is not quite so natural as the other two. One postulates
that branching is finite, that divergence is absent, and :
that while multiple branching and internal actions may occur

they may not influence the external actions.

(D2") Yo.¥$.¥X. tpl (0,%) %o} is finite
eVo.¥o VX WT. (0,%) bp & (0.x) 4T 3 o(p) = o(1)
& Vo Yo .¥X. (0,X) =p 3 o(0) = o(p)

- " = - - .. - o-
&’130‘0.'0-1: ax Vl (inx) = i

D2" is a postulate which satisfies the conditions of 8.24,

il

so as before we can deduce the existence of a universal

D"-space (P,Q-space which satisfies D1 and D2"). Over this

space U it is possible to implement each cf cur operators

correctly with the limitations described below:

(i) Non-constructive recursions are simply not defined when
they give rise to divergence. This is the main weakness
of this type of space.

(ii) Hiding is not defined where it would give rise to non-
determinism.

(iii) The operators ";" and "[", while they can be fully
defined, are very inefficient unless the rules set
out in chapter one are followed, because backtracking

is required if this is not éone.

All one does when one tries to implement the deterministic
model is to confirm the prejudices we developed in chapter

one. It is now time to examine the non-deterministic model.



The non-deterministic model: first attempt

Recall that we interpret the wvalue N(c¢) in the non-determ-
inistic model M of a process "c" as being the set of sequ-
ences of external actions possible'for "c" paired with the

"c" can refuse after accepting them.

sets of symbols which
What is basically at issue here is the notion of "refusal";
this is closely linked with the observability of internal

actions.

Let us first examine the implications of an assumption that
an experimenter cannot observe what is going on inside any
process. What must his criterion for deducing refusal be?
Such an experimenter cannot tell the difference between a
process which is deadlocked and one which is engaged in
internal communication (whether or not this internal activity
will eventually cease). There is no period after which he
can deduce that any non-empty set he is offering is refused
(i.e. no element of it has been or will be accepted). This
is because there may, at any finite time, still be activity
going on internally which will later result in acceptance,
If we lat <, be a process which can (and must) perform n
internal actions before becoming able to perform the exter-
nal action "a", then any finite deduction of refusal by our
experimenter would be incorrect (if he were offering the
set §{a} to one of the processes cn} for sufficiently large
n. Thus an experimenter can only deduce refusal when it

is too late: when a set has been offered for an infinite

time without response.

Bearing in mind that we wish to construct a map to the non-
deterministic model based on the observed behaviour of
processes, our next step must be to see how we can extract
the observable parts of behaviour from the "full" behaviours
of a process. From the point of view of an experimenter
who cannot observe any internal behaviour any experiment
will consist of finite applications of sets, either with or
without observable response from the process, and possibly

a (final) infinite application of a set without visible res-
ponse. A very plausible procedure for the translation of

our existing behaviours to "observations" is the following:



(i) Delete all the state components of the triples (i.e.
projeckt into B} .

{11} Replace all "+-"g and ner~final "*"s by "-",

(iii) Replace any final infinite sequence of the form

. « % = dlen
{Xy,=) (X,,=) .. by (Z,*), where 2 igl(j=ixj).
(iv) Delete any term of the form (X,-) which is followed

by one of the form (X,-) or {(Z;a] {(zame X].

To illustrate this procedure let us apply it to the behaviour
. * . =

«C‘OIXO' )(Ulrxor }(Ulrxlra) (GZ'XZ' )(O-3IX3! )--->

where all subsequent terms (infinitely many of them) have

one of the forms (os,xi,—) and (Gé'xi’")’

The first and second steps translate this to
«XO,-){XO,—)(Xl,a)(xz,—)(x3,—)...), all subsequent terms
having the form {Xi,-). These steps relect the facts that
the experimenter cannot see the structure of the state, and
that he cannot detect internal actions or long intervals

without them.

The third step translates this to ((XO,—)(XO,-){Xl,a)(z,*))
where Z is the liminf of all the Xis occurring in the final
sequence. This step says that if the experimenter applies
an infinite sequence of sets without response he can infer
the refusal of all symbols applied continvnously for an inf-

inite period.

The fourth and final step reduces this to ((XO,—)(Xl,a)(Z,*D.
This step has the effect of enllapsing contiguous applications

of the same set into one application.

One point in the above procedure which seems a little sus-
pect is the retention of final "*"s, since we interpret

these (usually) as being infinite or sufficiently long finite
waits without response. We cannot be sure that "*" repres-
ents an infinite wait (though we can be sure that it does

not if it is not final). This complaint is rather academic
however, since postulate Q8 ensures that final sets of "obs-
ervations"” of processes are the same whether or not we trans-

late such "*"s a3z "=".

Let us define (for an element c of P,Q-space C) the set Obs (c)

which results from the translation of each of the elements of



B(c). There are several results which ene can prove of Obs(c)
from our postulates. In the following we denote the sequences

of pairs which constitute observations by Bk ins s

8.26 Lemma
If C is a P,Q-space and c € C then we have:
a) <(EO0Obs(c)
b) s.t  s'@,*)€0Obs(c) & s"(X,-)E Obs(c)
where s' is s stripped of any final "(Y,*)" or "(Y,-)"s |
and s" is s stripped of any final (X,-)
c) s{X,a))t€elbs(c) & aceX & s<(fa},a)>te0Obs(c) |
provided s has neither of the forms s™{({a},-) and gﬁﬂxf—p
d) sUX,8)t€0bs(c) & XY a(rdr. 58 = rl¥,~H)a d# *
& s {Y¥,-)(X,8)>t€O0bs(c)
e) sdX.~)(E.SPDEstbs(c);: SR~ (X, *Deobsig
£) sUX,*)D>tE0bs(c) 3t =
g) sX,*DEO0Obs(c) & YEX > sY,*)EO0bs(c)
h) s {(X,*)» Obs(c) & (Va€Y. s<{(fa%,a) (@,*Dé Obs(c))
2 s {(XUY,*)E Obs (c)

The above tells us that we can effectively deduce nothing
from the components of observations which have the form (X,-),
so we might as well ignore them. In fact it tells us that
the set of finite observations (i.e. observations with only
finitely many components) can be deduced from a knowledge

of which observations of the form <{({a},a)...({d},d) (X,*)

are in the set Obs(c) (i.e. finite sequences of single sym- .
bols offered and accepted, followed by a set infinitely

refused). This clearly is closely related to the non-deter-
ministic model. Define a map "g“‘ from observations to

*xHPC)) by Us) = (¢,@) if s does not have the above
"cahonical" form; s) = (Ka...d»,%) if s =M {af ,a)..({43,4) (X, *)}
Iet us call the function from H to observations represented

by steps (ii) - (iv) of the earlier translat':ion procedure by

the name "p". Define 6= (epn . Define a map "¥" from C (a
P,Q-space) to P(E*xP)) by %ic) ={f(a)|a€B(c)}. From

the above discussion we can deduce several things about

‘this Ffunction.

Firstly Ww(c) is almost an element of the non-deterministic

model M. ¥(c) is non-empty, has a prefix-closed domain, and [



satisfies the two conditions (s,X)e ¥(c) & YeX = (s,Y) € ¥(c)
and (s,X) € ¥(c) & (VaeY.(s¢a> , @) € ¥(c)) =2 (s,XuyY) € ¥(c).

Secondly we can deduce. from W(c) exactly what the finite
elements of Obs(c) are. Furthermore, if ¢ and d are two
processes such that ¥(c) € ¥(d) , then every finite element
of Obs(c) is also an element of Obs(d). This means that
every predicate of C which depends only on the observed
respénse of a process to finite sequences of sets can be
exactly determined from the process' image under ¥. Any
predicate of the form "each finite observation is correct"
can be translated to a predicate "x" of H for which 3?94d)¢?
iﬁﬂ_ 1f we restrict ourselves to predicates of this form
(of which more later) we can regard the image of ¥ as a

class 1 model for €.

There is no rnecessity that ¥(c) should satisfy the directed
closure condition which we imposed on the non-deterministic

model. To see this we simply have to consider the following

-éase, where it is assumed that NE X (natural numbers).

Define a P,Q-space C to contain the elements o (which has
no transitions},lfh (for each n € N) which has exactly the
transitions‘phglc' (m>»n), and finally T which has exactly
the transitions T é)pn (nEN). A little thought rewveals
that (<,X)€ ¥(T) for each finite XCN, but that (<,N) ¢ ¥(T).

There are essentially two ways of putting this right: either
one closes up under the rule (i.e. modifying e tonction W
to include all pairs (s,X) implied by directed closure) or
one restricts consideration to spaces C which satisfy it
naturally. The simpler of these two options is the second,
and it is this one which we shall follow here. There are
two alternative conditions we can adopt to ensure directed
closure: either I must be finite or the P,Q-space we study
must be finite branching. In the first case directed
closure is trivial; in the second case it follows from

Konig's lemma.

Let us consider now the expressive power cof the type of pre-
dicates described above. A predicate of the form "every
finite observation is correct" is clearly the same as one
which says that "every incorrect finite observation is imp-

ossible". Thus any predicate of behaviour with the property



that all infringements of it are both observable and detect-
able after finitely many external actions, is of the correct
form for reliable and monotonic determination from ¥(c).

As an example consider the implications of the predicate
Buff (first introduced in chapter five) when true of ¥w(c).

(Note that Buff is a monotonic predicate.)

Buff(y(c)) implies several facts about Obs(c), which can
informally be written as follows.
{4} "c" is a partially correct buffer, in that its output

is at all times a prefix of its input.

(ii) When "c"s output is the same as its input (is "empty")
it will not infinitely resist communicating with any
experimenter who persists in offering it some set of

input symbols.

(iii)When "c" has output less than it has input it will
not infinitely resist communicating with an experimenter
who persists in offering it (at least) the symbol which
it next ought to output.

Note one fact which is illustrated by this example, namely
that our insistence that certain infinite (in time) observ-
ations be absent implies the presence of certain finite (in
time) observations (with certainty, rather than possibility,
of occurrence). It is because of this influence on the

set of observations which we -can reliably expect to occur

in finite time that we need to consider the possible infinite
refusals. The other type of infinite observation, namely
cases where infinite sequences of external actions occur,

has no such influence.

We have established that the non-deterministic model M is
reasonably thought of as a class 1 model for U, the univer-
sal finite branching P,Q-space (relative to the function ¥
and whichever alphabet we care to use). The first differ-
ence which one notes between this case and our study of the
deterministic model is the fact that M, when regarded as a

P,Q-space in the natural way, is not finite branching and

so is not naturally "modelled by itself". We would expect
to think of M as a P,Q-space by the law Nl 8 N2 it
N, cN,after¢a>. Even if = is finite this gives rise to

infinite branching. IfZ2 is infinite the situation is



irredeemable since there are elements of M which cannot be

the image under ¥ of any element of U. An example of such

a process is given by §(¢,X) | Vi.§2i,2i+130X # @uf(@,X) /1 €N}
(once again we assume Nc¢3 ). If X is finite it is possible

to make M into a finite branching P,Q-space on which the map

Y is the identity. 'éne way of doing this is with the transitions

aeN > N3 (N after &)
(o,X)EN & (5 - X);NO > N = (§(o,Y) | Yexivlicars,y) e N la¢x§),

We can thus conclude that the map ¥:U + M is onto if and

only if 2 is finite.

It is now time to consider the question of implementation.
We have a class 1 model so our requirements are not on the
face of it so stringent as in the case of the deterministic,
class 2, model. We know from long experience that each of
our operators over the model M is monotonic, which is all
that is required of them for the class 1 model theory to
work. Recall our definitions: e*€|U' is a correct implem-
entation of e M' if for ail "states“7nEU@XS we have (adop-
ting the same notation as in our study of the deterministic
model) e(¥(n)),m)2 Wle*(n). 1f op:M'® 5 M' is a k-place
operator over M then op*:U'" » U' is said to implement op
(op*imp op) if for all el,...,ekezM' and ei,..,eﬁe U' such
that e; implements e, correctly for all i, we have that
QE*(ei,...,ei) is a correct implementation of gg(el,...,ek).
In the case of operators op and op* which are just the
natural extensions to M' and U' of operators over M and U
(op and op*, say) it is easy to see that it is enough to
prove that op(qwcl),...,w(ck))g W(op*(cl,...,ck)) for all

o /C, €U. (This remains true in a simple way even when

PR
Qé* is the composition .of more than one "extended" operators,
since the extension of a composition is the same as the
composition of extensions.) Thus in attempting to implem-
ent the majority of our operators over M' which are exten-
sions of operators over M it is sufficient to consider the

implementation of the M-operators by U-operators.

Notice the fact that infinite hiding is impossible to define
properly over the model M, and also impossible to implement
properly over U in any obvious way| (because of the creation

of infinite branching). This emphasizes the link between
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these two systems, and goes at least part of the way towards
explaining the difficulties which arise with infinite hiding

over the non-deterministic model.

Some of the operators, notably a =, ;, /X (finite X) are
easy to define correctly. Indeed it is not too hard to
show that the versions of these three operators introduced
earlier (in the section on operators over universal spaces)
are all well-defined over U and correct implementations of
the co;responding operators over M. Also the operators over
U' we defined to represent "x:T 2" and recursion are not
hard to justify. An interesting example is the case of
recursion. Firstly the existence of fixed points of "const-
ructive" functions of U is easy to prove because of the
comparatively simple structure of the space U. Suppose

that e* is an element of U' defined using operators of the
types described earlier which correctly implements some
element e of M'. If B is any process variable (element of
©) then for each "state" 7 the equation o = e*(x[7/B]) has a
unique solution which we will call ¢. To show that the
recursion operator over U' correctly implements that over
Mo G sufficient to show that q«g)nggan(CHAOS), where
F:M - M is defined F(A) = e(r'[A/B]) (n' = ¥(n)). To do this
it is sufficient to show that w(og) C Fn(CHAOS} for.-each n;

we will do this by induction.
y(o) < FO(CHAOS) = CHAOS trivially.

Suppose ¥(o) € F'' (CHAOS) ,
then el'[¥(o) /Bl)c e(~{F" (CHAOS) /Bl) = Fn+l(CHAOS)
as e is monotonic; also »'[¥(o)/Bl= ¥(nlo/B) so
e('[w(S) /Bllow(e¥rfo/Bl)) as e* correctly implements e.
Putting these facts together we get Fn+l(CHAOS)2 y(e¥[o/Bl)) ,

which is what we wanted to show since o = e¥lc/Bl).

The analysis of mutual recursions is no more difficult.

Problems arise however when one tries to implement the two
important operators "[I" and "l|". 1In each case the problem
occurs because of the necessity of being able to cope with
one diverging and one non-diverging operand. It is not
hard to see from the non-destructive nature of our operators
and the finite-branching nature of U, that each of these

operators, when faced with an initially diverging operand,
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must itself have the possibility of diverging before perf-
orming any external actions. This is because they must be
able to cope with processes which execute n internal actions
before doing any external action for each n€ N, and so can
perform arbitrarily long initial  seguences of internal act-
ions; we can then deduce the existence of an infinite sequ-

ence by Konig's lemma.

With "{" this problem is avoided if we restrict the use of
"[" to the case where each side is guarded in some way

(whether or not the guards are disjoint).

However with "|I" the problems are more serious. There seems

n ”l'[

to be no way of implementing correctly without appealing
to some kind of "fairness". One would require that neither
operand could perform infinitely many actions while there
was some action continuously possible for the other. While
this certainly does not seem an unreasonable assumption it
is not possible to make such a stipulation in systems satis-
fying the postulate Q7. An example of the problem we face

is given below.

Let ¢ be the element of U with the single transition o =0
and let p be the element of U with the single transition

p 8 1+, where t has no transitions (a€Z). The values ass-
igned by ¥ to ¢ and p are.respectively abort and a -~ abort.
Thus (q(ahﬂ&gﬂp)) = a » abort. Thus whenever op* is a
correct. implementation of 'yl the process op* (0,p) cannot
initially diverge (as Y¥(v) contains (¢,2) whenever v can

initially diverge).

The introduction of féirness would require the.alteration

of Q7. This would rather complicate matters. Firstly

our work concerning morphisms and universal spaces would

no longer be valid because 8.10 would no longer hold.
Secondly allowing fairness would mean that the image Y¥(9)

of a finite-branching process was not necessarily directed-
closed (because Konig's lemma would no longer be- applicable).
While it is likely that these problems could be overcome

to some extent and some sort of consistent theory produced
we have not got space here to investigate this topic further.
In any case it is perhaps better not to assume faifness

unless we have to, and we will see shortly that we can do
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without it. It might also be remembered that the map ¥
identifies divergence with deadlock, something which does
not seem consistent with the philosophy expressed in the
introductory booklet (). This fact is brought out further
by the observation that, with respect to the map ¥, the hid-
ing operator " /X" which we earlier defined over U is a corr-
ect implementation of the (non-continuous) alternative hiding
Operatér "\X" defined over M by i
X = Ws/%,¥) | (5,%u¥) € 3}
ultasx, 2y 186" | 8' /% = g/xt is infinite § .

All this seems to imply that the map "¥" is not guite the one
we want. We will thus give up this attempt and try again.

The non-deterministic model: second attempt

In the last section we made the assumption that our modelling
function was based on the observations of an experimenter
who cannot detect anything about what goes on inside proc-
esses. We have previously mooted the possibility that an
experimenter might be able to detect the presence of inter-
nal activity by means of a light on the side of the machine
or suchlike. The chief consequence of assuming this would
be the finite detectability of deadlock by the experimenter.
If a set of symbols is offered to a process while it is in-
active (the light is out) for a sufficiently long time the
experimenter may (correctly) deduce that no further action
(internal or external) can occur while he persists in offer-

ing the same set (or a subset of it).

There is thus often no need to wait infinitely to detect
refusal of a set. Indeed the need to wait infinitely would
be rather unfortunate, implying both an infinite consumption
of energy by the process and infinite patience on the part

of the experimenter. It is important to discriminate bet-
ween the notions of finite refusal (brought about.by the
process coming into some "stable" state) and infinite refusal
(brought about by divergence, an infinite sequence of inter-
nal actions). Because our experimenter now has the ability
to detect refusal finitely, and because divergence is inher-

ently undesirable, we must expect that he will desire that



all refusals will be finite (i.e. that processes are free

from divergence) .

Let us assume that our experimenter is chiefly interested
in the behaviour of processes over finite intervals. We
will thus examine the behaviours which can result from the
application of a finite sequence of sets to a process.
There are several things which the experimenter might see

when he applies a set:

finite inconclusive wait (denoted by - )
finitely observed refusal (%)
communication of some ac€Z i & )

2 )

divergence (infinite wait without response) (

We will assume that the experimenter is not confident enough.
to record any other details about internal activity than

that which is implied in the above.

We will assume that he bases all correctness conditions upon
a process' observed reactions to such experiments. Note
that any observation of this type which does not include
divergence is completed in a finite time, and that diverg-
ence can only occur at the end of an observation. This is
of course a very good reason for defining divergent observ-

ations to be incorrect.

The following is a translation procedure designed to extract
from the behaviour set of a process those behaviours which
can result from the application of a finite sequence of sets,
and then extract the observable features of these (from the

point of view of the experimenter described above).

(i) Delete the state components of a behaviour (i.e. project

into H) .

(ii) If the resulting sequence has one of the following
"inadmissible" types replace it by ¢7.
a) Sequence with infinitely many external actions,
l'_'ls and "*"S.
b) Any sequence with an infinite tail of (X,°*)s in which

the "X"s are not eventually constant.
(iii) Replace all "."s by "-".

(iv) Replace any infinite tail of "(X,-)"s (with constant X)
by (X,2).



(v) Delete all "(X,~)"s which are followed by some (X,§)
(same X).

The explanation of these steps is as follows:

(i) The internal state is not observable.

(ii) These types of sequences cannot result from behaviours
which occur when the experimenter applies a finite sequence
of sets. Sequences of type (a) are impossible because the
end of each pair of any of the forms (X,-), (X,a) or (X,*)
represents the end of an application of a set. This is

not so for pairs of the form (X,°) because individual int-
ernal actions are lot observable. The orily infinite sequ-
ences which are left after (a) are those with an infinite
tail of the form ([Xl,-) (X57+) ...y ; clause (b) eliminates
all of these which cannot occur when a finite sequence of
sets is applied. '

(iii) Individual internal actions are not observable.

(iv) Any infinite tail of the form <(X,-) (X,-)...> must

have resulted froman infinite sequence of internal actionms.

(v) Any (X,-) whichis followed by another application of
the same set can be ignored. '

Define ¢ to be the function of behaviours implied by steps
(ii) - (v) of the @ove procedure; define Obs' (c) to be
{f(g) | EEB(Cﬁ for any process c. Obs'(c) is the set of
observations which our experimenter can make of c. The

following are all essy consequences of our postulates.

8.27 Lemma
If C is a P,Q-spaccand c € C then
a) &HE Cbs'(c)

b) s.tEchs’(c) 9(s"(P.*)€0ba'(c)vy 8'(P,?) € Obs' (c))
¢ s"(X,-)€ Obs'(c)
where s' & s" resilt from stripping s of any final (¢g,-) and
(X,-) respectively after removing any final (Y,?)
c) sd(X,a))teobs'c) & a€X & s{fa},a)t€Obs'(c)
if s has neither of the forms s'X,-» and s'{(f{al ,-»

d) g((X;é))EE Obs'lc) & XAY & 1]£_ g = E((Y!_)>
& s{(Y,)(Xx,6))t€0bs"’ (c)

e) s{X,?)t€0bs'c) 3t = (£) sdX,*) (Y,20€0bs’(c)
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g) s{X,*)(Y,a)>t €0bs'(c) 3 a¢X

h) sd{X,*))teObs'(c) & YEX & s'((Y,*)>t€0bs' (c)

where s'= s unless s = s™(Y,~)) in which case g'= g"

i) s{(X,*)> t€obs'(c) & (Ya€Y.s {(X,*) ({a},a) (#,-)»&Obs' (c))
> s¥(XVY,*))t € 0bs'(¢)

where s'= s unless s = s"{XuY,-)) in which case s = s"

j) sdX,*) tedbs'(c) & s't€0bs’ (c)
where s'= s unless there are some s", t', Y and 8 such that

s = s"(Y,-) and t =4(¥,8))t' in which case s'= s

k] sUX,?2h€0bs'(c) #8'(¥.?) € 0bs' (¢)

where s'= s unless s = s"(Y,-)) in which case s'= s

1) s¢x,<)r Obs'(c) 2 gdX.*PE€Obs"(c)y 8 UX,?)€E Obs' (c)
Ja€ X. s{(X,a) (d,-)»€EObs" (c) :

m s{(X,*)(¥,*))tecbs'(c) & 8 {XVE,*)) L€ 0bs" ()
provided s has neither of the forms s'(X,-) or s'(XvY,-)

Once again, by d, we can deduce nothing from the components

of observations with the form (X,-) so we might as well

ignore them (from the above the only purpose they seem to

serve is to complicate matters). Once again it is.possible

to deduce the éxact form of Obs'(c) from a knowledge of

which of a class of "canonical" elements it contains. These

are the ones which are of the form {(fa3,a),(X,*),(&,?)! aes XcZ}*
with (@,?) only occuring at the end of sequences and compon-

-
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ents of the form (X,*) being separated by at least one of

the form (fa3},a).

Thus every predidate of proeesses of the form "each obser-

vation of behaviour is correct" can be re-written in the

L -

form "each canonical observation is correct".

Because of the various rules of 8.27, notably (b), (£f), (g9),
(j), (k) and (m) a very expressive subset of the canonical 4

observations are those of the two forms

{(fal,a)...(d},d) (X,*) (+)
{(ta3,a)...(%d3},d) (&,2D Lo
From a knowledge of which observations of these two types g

are present in Obs' (c) one cannot deduce the whole shape of

Obs' (c) (see below) but one can answer such questions as




"Can c¢ perform the string <(a...d) and then finitely refuse
the set X?"

"Can c¢ perform the string <{(a..d) and then diverge when
offered X2"

accurately. (For example, if {((f{a3,a)....(fd},d) (X,*»€0bs' (c)
then there is no element of Obs'(c) in which the symbols a..d
are accepted from any sets followed by the finite refusal of
X, whether or not there are any "(¥,-)"s and/or " (Y¥,*)"s

between these events.)

There do exist processes with identical sets of observations
of the forms (+) and (++4) but different sets Obs'. As an
example of this consider the two processes illustrated below.

C C

(X = fa,bi)

The processes ¢ and c¢' have the same observatiousof the
forms (+) and (++), but <(fa3,*) ({b} ,b) (#,*)» is.an element
of Obs'(c') without being one of Obs'(c).

The minor differences between processes with identical sets
of (+) and (++) observations are usually unimportant from a
correctness point of view, however. The use of observations
of this simplified form has the advantages of simplicity and
the production of a natural map into the non-deterministic

model M.

Iet us suppose that our experimenter, aware of the expressive
power of observations of types (+) and (++), contents himself
with checking to see which if them are possible. It is suff-
icient for him to check those of type (+), since any possible
observation of type (++) will become apparent as he does this.
To check the observation {(fa},a)...(§d?1,4)(X,*)» (which we
abbreviate as (<a..d>,X) he will apply the sets fal,.., &d3,
X and ¢ in turn, with each set except the last waiting until
he gets some definite response. There are essentially three
possible outcomes to such an experiment.

(i) It may succeed: i.e. the process may accept a,..,d

in turn and then refuse X finitely.
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{11} ¥t may fail Tinditely: 1.e. it may finitely refuse
one of the sets fa3,.., {d or it may accept some

element of X.

(iii) It may diverge: i.e. the process may not give any

definite response at some stage where one is required.

S and Eg to be the sets of possible

passes, failures and divergences amongst the experiments he

Define the three sets Ef E

might carry out on the process c. (We will assume that the
elements of these sets are written in the abbreviated form,

so that ES, E; and Eg are all subsets of I*xP().) We can

deduce Ei, Eg and Eg from Obs'(c) as follows:

E =§(ca..a>,X) 4§} ,a) ...(£a3,d) (X,*NEObs' (c)3

Eg = f(<a..a>,X) | {(fa3 ,*N€EObs' (c) V ...V {a},a)..(§d},*)€E Obs' (c)
v 3b. {(fal,a)...(£a3},d) (X,b) (@,-))€E Obs' (c)3

E; = {(<a..d>,%) [{(fa} ,20€0bs' (c) V ... V{{al,a) ..(£d3,2)€O0bs" (c)

v{(§a3 ,a)...(£43,d) (X,?D€ Obs’' ()3
(We might note at this point that the three sets each depend

monotonically on the set Obs'(c).)

These sets satisfy some simple laws, which are easily provable

from 8.27 and their definitions.

8.28 Lemma
(1) (S,X-lEEg > (st,Y) € Eg
(ii) (s,X)EEi &8 YEX = (s,Y)EEf
(iii) (s,X) €E] & (Ya€Y.(s¢a>,9)¢ Eiug‘;) B (s,XUY)EEi
y C G = e
(iv) (st,X)EZEluE3 > (s,Q)E:ElUE3
(v) EEUESUEg = s*xP(D)
z c (&
(vi] (@€ E VE
The set E%JE? represents the set of experiments which need

not necessarily fail finitely, and as such is very important.
If we desire that every observation of type (+) which occurs
is correct in some sense then this can be checked by trying
out all incorrect ones and expecting them to fail finitely.
By the above this must occur if each element of E?UE? is
correct. Because of (i) above there is also a simple way

to exclude undesirable divergence (observations of type (++))



from consideration of the set E§UE§. In particular the
set Obs'(c) is completely free from divergence if E§JE§
satisfies the condition

{5 & {
Vs.VX. (s,X) EE,VES S Jt,vY. (st,Y) & EJUE

since this implies that Eg = ¢. When Eg is empty every
finite experiment (whether or not of the form used to det-
ermine E, Eg and Eg) must terminate finitely. When Eg is
empty it is not hard to see that Eg depends monotonically
on ES (i.e. the more experiments there are which can pass,

1
the more there are which can fail).

Thus EELJEE is a very useful set. It also satisfies all

the laws of the non-deterministic model except directed
closure. When the P,Q-space in question is finite-branching
we once again have directed closure. We will therefore once
again assume that the space we are seeking to model is U,

the universal finite branching P,Q-space.

We are, in E?UEg, provided with a natural and expressive map
from U to the non-deterministic model M. We have not how-
ever defined it in the usual fashion (a function 6 of beh-
aviours). It can in fact be written in a correct form, but
we need to invoke our right to use a relation rather than a
function. We already have the function E for producing
Obs'(c) from B(c). Define a relation u on the sequences
making up Obs'(c) as follows.

u(s) = @ if s has neither of the forms (+) and (++)
§ica. 80,20 1E e = {{fal,a)..(1d3,4) (X, *D
f{za..8v, %) | ter* & XeEAif

s = {fa},a)..(E43,4) (4.2

If we now let P=P°? it is clear that ESUES = Ute(a) | §€B{c)3 .

R
& :
Let us define X(c) = EEUEB. Because of the expressive power
of the set ESUES it is fair to regard M as a class 1 model

-3
for U relative to the map X..
This map seems far more satisfactory than ¥ from an aesthetic
point of view: the discrimination between divergence and
deadlock appears to correspond far better to our earlier
expectations. Despite this the problems of implementing

our standard operators are worse rather than better.
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¥, "mye A, Tatt L THow: . "a. X +" and Yor" present no
difficulty, and neither do hiding and recursion. (Note

that hiding and recursion are the two operators most closely
associated with divergence.) All the other operators seem
to give rise to unsurmountable problems. This is because

of the ways in which they deal with the representations of
diverging processes. The value given by X to any process
which can diverge without communicating externally is CHAOS.
If any-of the operators "a.", "O" and "NI" is presented with
such a process in any argument or if ";" is presented with
one in its first argument then, by the same arguments which
we used in the last section for "lI", the result must also

be able to diverge without communicating externally (and

so have value CHAOS assigned to it by X). This is incons-
istent with the following observations:

a.CHAOS # CHAOS

CHAOS; abort # CHAOS

CHAOS [] (a » skip) # CHAOS

(CHAOSXHY§Q9£E) # CHAOS unless X =27, and ¥ = ¢.

(This time there is no hope of mending "lI" by an assumption

of fairness.)

The basic problem here is that, though in the initial cons-
truction of our model we were careful to identify the "bad"
processes we created with CHAOS (witness the correctness of
hiding and recursion), we did not follow through our argu-
ments to see how these "bad" processes would behave when
operated upon. In short it seems to be the operators which
we defined over M which are at fault here rather than the
modelling function: they do not appear to be reasonable (in
the sense defined earlier). All these failings can be rem-
edied by adjusting the definitions of the operators: making
them "strict" in some sense. The following are definitions
of more acesptable operaters "0°" ., """, "A."" and "'V,
AlI'B AODB if A # CHAOS and B # CHAOS
= CHAOS otherwise

A;'B = A;Buf(s,X)| A after s = CHAOS}
a.'B = a.Buf((a.s)t,X)| B after s = CHAOS}

(AXI\Q.B) = (AXuYBJU{(st,X)I SE(XUY)* & sIX € dom(n) &
sIY € dom(B) & CHAOSESA after slX, B after slY33




Each of these operators seems to be implementable with res-
pect to X. There is however a price to pay. Some of the
theory which we developed for the old operators no longer
holds. A notable example of this is that the operator I

is not associative: suppose X,Y is a non-trivial partition
of L (L.e. X # P &Y %9,

Let A = §(s,S) | s €X*}

B = {(s,S) | s€Y*}
Observe that ((AxuéBEJ%'abort) = CHAOS
(AX II;:(BY Ilgabort)} = abort

It is ironic that lemma 5.35 now holds in general (i.e. we
no longer need to assume the absence of infinite internal
chatter). These two lemmas (5.35 and associativity of |l)
were both critical in proving the associativity of "p", the
non-universality of which was one of the more paradoxical
properties of our old operators. 5.35 holds in our new sys-
tem generally because the parallel operator is no longer

allowed to "hide" divergence from the environment.

Most of the troubles with the new operators seem to arise
from the special way in which CHAOS is treated, the ident-
ification of a diverging process with one which can do any-
thing but always terminates finitely. 1In the next section
we will see how this problem can be removed through an adj-

ustment to the model.

The main part of our earlier theory which is hit by the new
operators is recursion through the parallel operator. For

a discussion of how this is affected see the next section.

An improved model

This section is an extension of the last, so we will use

the same notation.

The obvious way round the problems which arise from the
confusion over CHAOS is to separate the notions of diver-
ging and -passing experiments more. One way of doing this
would be to adopt the pair (EE,E?) as our representation

of a process. This would have the advantage of being much
more expressive; it has the disadvantage that the underlying
model is not nearly so elegant or mathematically versatile
as the old model M.



We can arrive at a satisfactory compromise in the following
manner. Firstly we re-state our view that diwvergence of

an experiment is worse than anything else. This time we
will therefore keep a separate record of all experiments
which may diverge. However we note again that when an exp-
eriment diverges there is no way in which an experimenter
can finitely detect that it will not pass. We therefore
adopt as our new representation of a process

S ol e
Q(c) o EluE3Uf(s,?) | (s, 8)€ E33.

We take as our new model the subset Q of P(&* x(P(5) vtz23)),
defined to be those elements N which satisfy the following
conditions. (We use the same notation as before, except

that @« will now conventionally represent an element of

fz)uial.)
(i) dom(N) is non-empty and prefix closed
(13} (2,7)EN 2 (s, X)) EN &8 (8,7 EN for all t,X

(iii) (e, X) €N 8 YEX =& (s,Y}EN
(iv) (s,X) €N & (VaeY.(s<ay,@) ¢ N) 2 (s,XUY) € N
(v) {X | (s,X) €N} is directed closed

Q is easily seen to be a well-defined map from U to Q, and
can easily be shown to be generated by a relation on beh-

aviours in a very similar way to X.

The new model Q seems to possess all of the useful properties
of M and a few moré besides. There is a natural order on Q
in exactly the same way as on M (AcB if BSA) and Q is a
complete semilattice with respect to - Q has minimum
element s*X (P(Z)Uf?}) which we will call CHAOS to distin-
guish it from CHAOS (= £*x§()) which is not minimal in Q,
though it is the minimal element free from divergence. ¢
has the same maximum elements as M. We should note that

if ¢ is an element of U free from divergence then Q(c) =
X(c) = ¥Y(c). The map Q2 makes more distinctions than either
of the others, guaranteeing that if c is a process free

from divergence and c' is one which can diverge then Q(c)

# alect) .

The operators we define over this model should correspond
to our eriginal operators over M for processes free from

divergence and take heed of our observations in the last




section when their arguments can diverge. The following
is a list of the operators we adopt over Q, together with

a few remarks on how one might expect them to be implemented.
a=2a= §«X)] a¢x3vf(cars,a) | (s,a)€ A}
(We use the same scheme a5 before, switching "A" on after "a".)

A;B = f(s8,X) | s€(Z )* & J£X & (s,X) € A}
uf(st,a)| se(@)* & (s</*,#) €A & (t,2)EB]
bite.o) Fis.72)€ &3

(We use the scheme defined in the section on operators. A is E
switched on initially, and when A communicates a hidden a7 y

it is switched off and B is switched on.)

A0B = §(,XnY) | (=,X) €A & (<,Y) € B3 .
Uf(s,a) | (s,@) € AUB & s#<"3
vi(s,a) | «7,?)€ AUBY

(Initially both are switched on and are allowed to perform

any action. As soon as one performs an internal action the i

other is switched off.)

Aor'B=~2apB

(This is trivial to implement.)

(A N B) = $(s, (XNV)U (YAW)UT) | s€ (XuY)* & (sTX,V)€E A &

(sTY,W) € B & Tn(XVY) = @3

U f(st,a)| s€ (XvY)* & (sIX,P)en & (slY,d)€éB &
(s1X,2)€ 2 V (sPY,2)ER) ¥

(Both processes are always switched on and their external

communications co-ordinated in the obvious way.)

a.h = fa.s,a.X0%) | (58, X)L &4 YA T= 0 §
u$f((a.s)t,a) | (s,?) €En}

f(s/X,¥) | (s,XuY)€ A3V ((s/X)t,a) | (s,?) €A}
vi((s/X)t,a) |fs'edom(a) | s'/X = s/X3 is infinite$

A/X

(These operators are implemented by operating on the

external communications of "A" in the obvious ways.)

The various operators over Q' which we need (x:T =, recursion

etc.) are defined in the obvious ways. Each of the above

is a monotonic and continuous function of its operands.



In the above we thus seem to have definitions of our oper-
ators over Q which are implementable and which do not suffer
from the artificial strictness we needed with X. Because:
we do not need this strictness we recover all the pleasant
properties of old operators with the addition of the univer-
sal truth of (h) below (Lemma 5.35).

8.29 Theorem
The operators we have defined over Q satisfy the following.

a) AQA =A

b) AQO0B =B0A

c) (A0B)JC=A0(B0OC)
g}  (Ba:Blz2C = Ay (BsC)

e) (a = A);B =a - (A;B)

£) (A0B):C = (M:O) 0BG if /¢ 30B"

gl ((ANE) .0 = Gl (B 0))

h) (a/x,i.0) = (AXUYUZC)/X if XNZ = @

1) wsch oF "& ~", T MY, MY e el VA" édistributes
over “or"

eto.; eta,

Because we have both (g) and (h) we now have that "$" (if
defined in the obvious way with a suitably defined "strip"
operator) is in general associative on processes whose

domains are contained in (2Tu!lT)*.

Most of the theory of chapter five appears to go through
practically unaltered. Operators remain non-destructive
(in the obviously defined sense) in the same circumstances
as before, and "a »", "x:7T »" atc. are constructive. The
parallel operator is never constructive over Q except in
trivial circumstances; we do not use any constructive prop-
erties of "W" in chapter 5 and its non-destructiveness =

remains over Q in the circumstances of 5.30.

Circumstances are different in chapter six, however. Here
we extensively use constructiveness properties of (alla::B),
an operator which is defined using "lI". If this operator
were -defined in the same way over Q then it could never be
constructive in its second argument when A was not CHAOS.
This would be a very serious problem. It can be avoided

by defining the operator seperately (i.e. without using



the parallel operator we defined over Q). To do this we
must look at what this operator represents. It is funda-
mentally different from the ordinary parallel cperator in
that it that it implies the dominance of one operaﬁd over
the other. Let us imagine that the dominant operand is
in effect the "black box" of our earlier discussion with
the power to switch the other one on or off. The "master"
might only switch on the "slave" when it had any need of it
(i.e. when it had the ability to communicate with it).
There is thus reason to believe that the operator
(Al}a::B) = {(s/a.r X)|3Y,2.(s,¥)€ 2 & (Yva.(swap?!(2)) = Xva.l
& (swap?!(stripa(sla.l)),2) € B3
uf((s/a.T)t,a) | (s,?) €A & (swap?! (stripa(sta.r)) ,@)EB3 |
U§((s/a.lnt,a)|(s,P) €A & (swap?!(stripa(sla.r)) ,@)EB ’
& Js'§$s,3b€a.l,s{by€ dom(A)}3
vi((s/a.T)t,a) |§s'€Edom(a) | s/a.r = s/a.r
& swap?!(stripa(srand Edom(B)}is infinite3

is implementable (it seems likely that an implementation
might resolve some of the non-determinism inherent in the
above) . This operator can be shown to satisfy the rela-
tion a7 = ((Alla::B)Il b::C) = ((Allb::C) || a::B) (the
failure of this over M was a consequence of the untruth of

5.35 when infinite internal chatter was present).

One pleasing aspect of the above definition is that it
resolves the problems we had in chapter six with "network
chatter" because the function F(B) = (All a::B) is no longer
necessarily constructive if A satisfies the condition Cg
(though it is with Ci). To see this consider the first
example we quoted there, namely the process defined

AE (Xhhazn)

X &€ ?x » alx » abort

The progress of the two sequences of approximations (over

M and Q) is as follows.

over M over Q
F° (1) CHAOS CHAOS
FL (L) ?x - abort ?x -+ CHAOS
F2 (1) ?x - abort ?x > CHAOS

The value assigned to this process in Q is far more satis-

factory.




The buffer and stack examples of chapter six should go
through virtually unaltered (because their recursions are
both Ci). The sort examples will need more care. We will
need to apply the analysis previously used ta prove them
free of network chatter to prove them well-defined and
correct (there seems little doubt that this could be done

with a little care).

It is to be expected that all of the theory of chapter seven
will apply equally to the new model, with the rider that we
should no longer have to make assumptions on freedom from
infinite internal chatter for "e" to be associative, etc.
The various conditions we develop here and in earlier chap-
ters for the avoidance of infinite chatter are of course
still of considerable use, as they will now imply freedom

from divergence (when divergence-free processes are combined).

Thus the revised model Q seems to have considerable advant-
ages over the old one, as it appears to remove several of
the less satisfactory features of that model. There is of
course much further work to be done in formally transferring
the results of M to Q, and a final verdict must await that
together with more rigorous analysis of implementation. All
we can say at this point is that thereis considerable circum-

stan ial evidence pointing towards Q on both counts.

Conclusion

This has been a very long chapter, and yet it has left a
lot of loose ends to be tidied up. There is more work to
be done at several points. We have however developed at
least the skeleton of a theory for comparing "real" systems
with abstract systems and operational semantics with abst-

ract semantics.



Conclusion

It is now time to look back over the work in this thesis, in
order both to identify the points where further work is des-
irable and to make a few comparisons with similar work else-
where. We will first go through the topics covered roughly
in the order in which they have been presented, and later

make a few general remarks.

Chapter one was of an introductory nature. The language it
introduces is of a rather abstract type, though as stated
there is no reason why more conventional languages should

not be given semantics in the model introduced (or in the
other models used later). It is possible to define congruent
semantics for the same language over different domains.
Indeed the present author has done this in two ways over
Scott domains, both without continuations (presented in (7))
and with continuations. The first of these two was implem-
ented by S.D. Brookes using Mosses' S.I.S. system, confirming
amongst other things the awfulness of the "palindromes"
example (1.19(iii)). The formal semantic techniques used

in this chapter are useful but by no means essential for

the abstract language used in this thesis, but are almost
indispensable when dealing with more conventional languages
with more advanced use of variables and perhaps jumps. We
will return to the subject of such languages shortly.

The proof rules introduced in chapter two, amplified in
chapters three and five , and used throughout this thesis

seem to have certain advantages over the more common, and

very similar type which requires us to prove a (possibly vac-
uous) predicate RO of fix(F) and the relation “Ri(A) #'Ri+l(F(A))“
to be able to deduce Vi.Ri(fix(F)). In the cases of our
simpler rules, when used with respect to restriction operators,
most of the advantages are aesthetic: proofs tend to be more
elegant and there is no need to break up a predicate R into
infinitely many Ri' The more advanced forms, for example

those described in 2.21, 2.29, 2.33 and 2,34, seenm to arige
more naturally from the type of rule adopted here. The more
abstract cases (where strong and extra continuity are used)

do not appear to translate at all into the other type.
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A further advantage of this type of rule is the form of the
conditions required of predicates for them to be amenable to
proof. The considerable sharpening of our insight gained in
chapter three is a direct consequence of this. As in the case
of chapter two this chapter and its appendix seem to be a
fairly comprehensive treatment of its subﬁect. The questions
raised at the end of the appendix, while interesting from a
mathematical point of view, can have little bearing on any
practical work. The topology generated by extra-continuity
(which coincides with strong continuity over countable alpha-
bets) is of a type which has found several other uses in
computer science; it is for example practically the same as
the "Cantor topology" of Plotkin (1i).

Chapter four is a summary of some of the author's contributions
to the foundations of the non-deterministic model. Because
this was a joint project much material desirable for a proper
understanding of this model is missing. The set-theoretic
principle proposed in 4.10 and proved in 4.15 is clearly the
main result of this chapter. In addition to the proof of
propositional compactness which forms part of 4.15 there are
several other cases where 4.10 can be substituted for (the
strictly stronger) Zorn's lemma in proofs of standard results
in a natural way. Examples of this are the ultrafilter lemma
and the classic paradoxical dissection of the unit sphere.
(Of course the fact that we have the double implication in
4.15 places it exactly in the known hierarchy, but it is
nevertheless pleasing that our result proves other results

in natural ways.) The results of this chapter will apply
equally to the revised model suggested at the end of chapter
eight.

The proof rules introduced in chapter five are of course

the same as those of chapter two, so the same comments apply.
The main thing which is missing is a topological study of
the non-deterministic model in the spirit of chapter three.
If this were done it seems likely that the results obtained
would be very similar to those of chapter three, with the
exception that in a domain without a "top" it is impossible
to obtain any of the proof rules derived from strong and '
extra continuity. It is clear from chapter eight that mono-

tonic predicates play a special (though by no means exclusive)



role over both the model of chapter four and the similar
model of the last section of chapter eight. The study of
these will certainly generate further (weaker) topologies

over our spaces and may well allow us to develop further

proof rules. (The topology of continuous monotonic predicates
will be very similar to that of B3.21.)

The discussion of buffers in chapter five is more or less
self contained. The techniques developed for the study of
buffers are likely to have much wider applications, however.
It should not require more than a few adjustments to transfer
most of the work of chapter five to the revised model Q Sugg-
ested in chapter eight. As suggested earlier the transfer of
the work in chapter six will require a little more care bec-
ause of the reduced constructiveness of (Alla::B) in its
second argument. It would be interesting to compare the

work done in chapter six on the elimination of network chatter
over M with conditions required to prove the absence of div-
ergence over Q. Hopefully it can be proved that the two are
more or less equivalent: the implication of absence of diver-
gence by the absence of network chatter would be a justific-
ation of our definition of network chatter. There is also
the point that if divergence is excluded by conditions such
as Ei then any fixpoint is greater than (divergence-free)
CHAOS; the coincidence of the two systems of operators over
the region fA | A3 CHAOS3 could then be used to justify the
old analysis of such processes as Quicksort (6.9) over the
new model.

The work in the first half of chapter seven requires few
comments. Translation to the revised model should bring a
few improvements. Since the "matrix" operator is not obv-
iously suited to recursive use it is likely that its theory
and the proof techniques for processes defined using it will
be more akin to those used with ")»" than those of "(All a::B)".
The advantage of our non-deterministic models M and Q when
deadlock is studied is the extremely simple way in which it
manifests itself (i.e. Z€ A(s)). There is clearly room for
much work in extending the results and techniques developed
in this section. It is also possible to study other, similar
predicates such as "liveness", the predicate demanding that



it is always possible for a process to return to its initial
state. (The author has developed several methods for proving

this predicate, which is rather less easy to prove than the
absence of deadlock.)

Chapter eight is a summary of some of the author's most recent
work, linked by the common theme of the study of the relation-
ships between "real" systems and their modéls. T di5 OfF @

less complete nature than the other chapters, several of its
sections requiring further work. Despite this the author

feels the conclusions reached are too important to leave out.
Further formal analysis is required especially in the sections
on the connection between weak-postulate spaces and P,Q-spaces,
operators over universal spaces and the analysis of particular
models. It is of course still necessary to formally analyze
the revised model Q in the contexts of the earlier chapters.

It would also be interesting to compare our relational "uni-
versal spaces" with other objects such as powerdomains (Plotkin
(i), Smyth (1)) used to model non-determinism. Several compar-
ative studies might be possible, such as an examination of the
operational semantics of Cousot (b}, and with CCS. It will be
especially interesting to compare the treatments of diverging
‘processes. (The author believes that Brookes (a) will contain
some analysis of the connections between the model M and CCS.)
There must also be comparisons between our study of processe$
through the tests they pass (Ei, Eg and Eg) and the work of

Kennaway (3}.

In addition to the specific points mentioned in the above
paragraphs where further work is required, there are several
wider fields where further work is desirable. The first of
these is the application of our various methods to more "real-
istic" versions of C.S.P., with assignment to variables, "if.."
statements, less rich recursion (and perhaps jumps?). These
could probably be tackled best by a denotational semantics

over the model Q in the style of chapter ome.

Secondly it might be desirable to attempt to formalize some
of the rather ad hoc proof techniques into more systematic
methods. A good example of such methods is the technique
developed in 6.16 - 6.18 fqr proving Ei and C?. sqme inter-
esting formal rules-over_the-deterministic-modela have been

producéd by Zhoua (A) . .



Thirdly it would be interesting and probably instructive
to attempt to apply our methods to some larger examples
than those which we have used as illustrative examples.
These might include the specification and justification
of communications protocols, and the proof of correctness

of a model operating system.
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