APPENDIX TO

SENSITIVITY ANALYSIS OF WASSERSTEIN DISTRIBUTIONALLY
ROBUST OPTIMIZATION PROBLEMS

DANIEL BARTL, SAMUEL DRAPEAU, JAN OBLOJ AND JOHANNES WIESEL

1. PRELIMINARIES
Please note that this is a supplementary file which should be read in conjunction with the main manuscript [1].

We recall and further explain the setting from the main body of the paper [I]. Take d, k € N, endow R¢ with the
Euclidean norm | - |. Throughout the paper we take the convention that topological properties, such as continuity
or closure, are understood w.r.t. | - |. We let ', I, O, I denote respectively the interior, the closure, the boundary
and the complement of a set I' C R?. We denote the set of all probability measures on I' by P(T'). For a variable
v € I', we will denote the optimizer by v* and the set of optimizers by I'*.

Fix a seminorm || - || on R? and denote by || - ||« its (extended) dual norm, i.e. ||y« := sup{(z,y) : ||| < 1}. Let
us define the equivalence relation = ~ y if and only if ||z — y|| = 0. Furthermore let us set U := {z € R? : ||z|| = 0}
and write [z] = z + U. With this notation, the quotient space R?/U = {[z] : = € R9} is a normed space for
| - |I. Furthermore, by the triangle inequality for || - || and equivalence of norms on R%, there exists ¢ > 0 such that
|lz|| < c|z| and |x| < ¢|z||+ for all z € RY. As |- | is Hausdorff, this immediately implies that || - || is Hausdorff as
well. Furthermore we conclude, that || - || is continuous and || - || is lower semicontinuous w.r.t. |-| (as the supremum
over continuous functions (x,-)). Lastly we make the convention that Bs(x) denotes the ball of radius ¢ around z in
| -|. As our setup is slightly non-standard, we state the following lemmas for completeness:

Lemma 5. For every x € R? we have that ||z|| = sup{(z,y) : [ly[. < 1}.

Proof. As {x € S : ||z| <1} is convex and closed, this follows directly from the bipolar theorem. O

Lemma 6. Assume that || - ||« is strictly convex. Then the following hold:

(i) For all v € R? there exists h(z) € R? such that |h(z)||« = 1 and ||z|| = (z, h(z)). If v # 0, then h(x) is unique.
(ii) The map h : R4\ {0} — RY is continuous.

Proof. Fix x € R¥\{0}. The existence of h(z) € R?in (i) follows from Lemma Assume towards a contradiction that
there exists another h(z) € R? with ||2(x)||. = 1, (z, h(x)) = ||| and h(x) # h(z). Defining h(z) = (h(z) + h(z))/2
we have (z,h(x)) = ((z,h(z)) + (z,h(z)))/2 = |z|. On the other hand, by the Hausdorff property of || - |, we
have ||h(z) — h(z)||« # 0 and thus, by strict convexity of || - ||, [|2(z)||» < 1. Using again Lemma we conclude
llz|| > (z, h(z)/||h(2)|+) > ||z||, a contradiction.

For (i) we assume towards a contradiction that for some sequence (z,,)nen in R? we have lim,, oo 7, = 2 € R%\ {0},
but lim,, o h(z,) # h(z). As remarked above, we have {|| - ||« < 1} C B.(0), in particular lim,, ., h(z,) =y € R?
after taking a subsequence. Recalling that h(z) # y and || - ||« is lower semicontinuous, we conclude that ||y|. <1
and in particular ||z| > (z,y) by Lemma[f|and (i). Finally

el = lim_ ol = lim (o, hwa)) = (2.3),
which leads to a contradiction. O
Lemma 7. If || - || is strictly convex, then || - ||« is strictly convezr as well.
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Proof. Fix y € R?\ {0}. We first note that
k(y) :=={z € R : |zl =1, |yl = (z,9)}/U

is uniquely defined. Indeed, this follows from applying the exact same arguments as in the proof of Lemma [f]
adjusting for U. Take now y,y’ € R such that [|y|. = ||¢/[|« = 1 and |ly — ¢/[|« # 0. Set § = (y + v')/2 and note
that (1§ — yll., |7 — o/[l» # 0. Then gl = ([6(B)], ) + (k@) 4'))/2 < 1. This shows the claim. O

Let S denote the state space which is a closed convex subset of R?. Fix p > 1 and take ¢ = p/(p — 1) so that
1/p+1/q = 1. For probability measures u and v on S, we define their p-Wasserstein distance as

1/p
W (g, v) := inf {/ |z — y||? w(dz, dy): = € Cpl(k, V)} ,
SXS

where Cpl(u, v) is the set of all probability measures 7 € P(S x §) with first marginal 71 := (- x §) = p and second
marginal mo := 7(S X -) = v. In the proofs we sometimes also use the p-Wasserstein distance with respect to the
Euclidean norm | - | given by

1/p
W) =int{ [ o=y atanay)in e Colgu |

Recall that |- | < ¢|| - ||« for some constant ¢ > 0, which in turn implies that W,l," (+,) < cWp(-,-). A Wasserstein ball
of size § > 0 around p is denoted

Bs(p) :={ve P(RY) : Wy (u,v) < ).
From now on, we fix 4 € P(S) such that 4(8S) = 0 and [ |2[P u(dz) < co. Let A denote the action (decision) space
which is a convex and closed subset of R*. We consider robust stochastic optimization problem |1.2]:

V(§) := inf V(6,a) := inf sup /f z,a) v(dr).
)= VG0 = jnt, swp [ (@) vl

In accordance with our conventions, we write a* for an optimizer: V() = V(6,a*) and AL A for the set of such
optimizers. We also let B}(u,a) denote the set of measures v* such that V(d,a) = [ f(x,a) v*(dz) and sometimes
write Bj(u) for B} (u,a*) if a* € Aj is fixed.

2. DISCUSSION, EXTENSIONS AND PROOFS RELATED TO THEOREM [2]

We complement now the discussion of Theorem [2] We start with some remarks, extensions and further examples
before proceeding with the proofs, including a complete proof of Theorem [2| for general seminorms || - ||.

2.1. Discussion and extensions of Theorem [2.

Remark 8. Theorem [2] may fail for p = 1. Indeed take d = 1, || - || = | - | and f(z) = 22, S = [~1,1], p the point
mass in zero, u = dp. Then V, f(z) = 2z and the u(dx)-essential supremum of |V, f(x)| is equal to 0. However
vy = A0 + (1 = N)dp € By(u) for all A € [0,1] and it is easy to see V() = ¢ and thus V’(0) = 1. The point where
the proof of Theorem [2| breaks down is that the map ¢ to the vs—essential supremum of |V, f(x)| is not continuous
at 6 =0.

Remark 9. Let p > 2. In addition to Assumption [I} suppose that f is twice continuously differentiable and that for
ever 7 > 0 there is ¢ > 0 such that |V2 f(z,a)| < ¢(1 + |z[P72) for all z € S and all a € A with |a|] < r. Then, the
same arguments as in the proof of Theorem [2| but with a second order Taylor expansion yield

v <vo+s( [ sz(a*w)llqu(dx))l/q

+ 42 (/S Amax (%Vif(a*, x))r u(dw)> " +0(6%),

for small 6 > 0, where Apax denotes the largest eigenvalue of the Hessian taken w.r.t. the norm |||« and r = p/(p—2)
is such that 2/p+ 1/r = 1.
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In particular, this means that if the term in front of §2 is the same order of magnitude as the term in front of §,
then the first order approximation is quite accurate for small §. Note that larger p implies smaller r and therefore a
smaller term in front of the 6% term.

Remark 10. We believe that Assumption [1|lists natural sufficient conditions for differentiability of V(§) in zero. In
particular all these conditions are used in the proof of Theorem [2| Relaxing Assumption [I| seems to require a careful
analysis of the interplay between (the space explored by balls around) p and the functions f, V., f. We state here a
straightforward extension to the case where f is only weakly differentiable and leave more fundamental extensions
(e.g., to manifolds) for future research.

Specifically, in case that the baseline distribution y is absolutely continuous w.r.t. the Lebesgue measure and ||-|| = ||,
Theorem [2| remains true if we merely assume that f(-,a) has a weak derivative (in the Sobolev sense) on S for all
a € A and replace V. f(-,a) by the weak derivative of f(-,a) in Assumption [I} More concretely the first point of
Assumption [I] should read:

e The weak derivative (z,a) — g(z,a) of f(-,a) is continuous at every point (z,a) € N x A*(0), where N is
a Lebesgue-null set, and for every r > 0 there is ¢ > 0 such that |g(z,a)| < ¢(1 + |z|P™!) for all z € S and
la| <.

Proof of Remark[10 For notational simplicity we only consider the case & = R%. Note that by, e.g., [2][Theorem
8.2] we can assume that f(-,a) is continuous and satisfies

1
f(50) = f(w.0) = [ {gta + tly — 2),a).y ~ o) de
0
for all z,y € R? and all a € A. Furthermore
(10) sup / fz,a)v(dz) = sup / £, a) v(dz),
vEBs(n) JS v€Bs(p), v<Lleb JS

where v < Leb means that v is absolutely continuous w.r.t. the Lebesgue measure. Indeed, let us take v € Bs(u) and
set o = D(t,e) = (1 —1t)(v*N(0,€)) + tu, where N(0,e) denotes the multivariate normal distribution with covariance
el, € > 0 and * denotes the convolution operator. For every 0 < ¢ < 1, by convexity of W} (+,-) and the triangle
inequality for W),, we have

Wy, v) < (L=t)Wp (v * N(0,€), p) + W5 (1, 1)
=1 =t)Wl(v* N(0,¢), u)
< (1=1) (Wp(v N (0,e),v) + Wy(v, )" -

By assumption W,(v, 1) < ¢ and one can check that W, (v * N(0,¢),v) — 0 as ¢ — 0. Hence, for every ¢ < 1 there
exists small & = £(t) > 0 such that W (p,») < 0. As further limy_,; [g f(2,a) o(dz) = [§ f(x,a) v(dz), this shows
(10). The proof of the remark now follows by the exact same arguments as in the proof of Theorem O

A natural example, which highlights the importance of Remark [I0]is the following:

Ezample 11. We let i be a model for a vector of returns X € S = R? and assume that u is absolutely continuous

with respect to Lebesgue measure. Let further || - || = |- | and let 2 € B C R? denote a portfolio. We then consider
the average value at risk at level a € (0, 1) of the portfolio wealth (z, X'), which can be written as
1
AV@R,, ({z, X)) = S VAR, ((z, X))du,
-«

where V@R, ((z, X)) is the value at risk at level u € (0,1) defined as
V@R, ((z, X)) = inf{z € R? : u((z,z)) > u}.

We note that the average value at risk is an example for an optimized certainty equivalent (OCE), when choosing
l(z,a) =a+ 1(z—a)" in [I p. 3]. We can thus rewrite the optimization problem

V(0) = znel]f3 AV@R,, ({z, X))
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as

V(0) = inf <m+1[S(<z,m>—m)+u(dx)>.

ze€B,meR «

Set A = B x R and assume that there exists a unique minimiser (z*,m*) € A} of V(0). Then m* is given by
V@R((z*, X)). The robust version of V(0) reads

1
V(8) = inf su m—i——/ Z,x —m+udac>.
(5) (m)eAVEBEM( 2 ) = m)* viaa)

Note that the function x — z* is weakly differentiable with weak derivative 1;,>¢y. In conclusion f(z,(z,m)) =
m+1((z,2) - m)* has weak derivative
1
g(x, (Za m)) = El{<z,x)fm20}v

which is continuous at (z, (h*, m*)) except on the lower-dimensional set {x € § : (z*,z) — m* = 0}, which is in
particular a Lebesgue null set. Remark [I0] thus yields

Q=

* 1 |Z*‘
V'(0) = [2¥ (aq /s1{(z*m)>V@Ra((z*,X))}M(dl‘)) =7
and thus
V(6) = AV@R, ((z*, X)) + 'Zl/‘ 5+ 0(6).
ot/P

Comparing with [3] Table 1], we see that this approximation is actually exact for p = 1,2.
We now mention two extensions of Theorem [2| The first one concerns the derivative of V(9) for 6 > 0.

Corollary 12. Fiz r > 0 and in addition to the assumptions of Theorem[d assume that
o Ax s # 0 for § >0 small enough and for every sequence (0n)nen such that lim, o 0, = 0 and (a},)nen such
that ay, € A, s there is a subsequence which converges to some a* € Aj.
e there exists € > 0 such that for all v > 0 and every a € A with |a| <~ one has |V f(x,a)] < (1 + |z[P7179)
for all x € S and some constant ¢ > 0.
Then 1/
5 — q
V/(r+) = lim M — inf  sup (/ Vo f (z,a*)]¢ V(dx)) ,
S

6—0 a*€Ax veBz (p,a*)
where we recall that By (u, a*) is the set of all v € B,.(u) for which [¢ f(x,a*)v(dz) =V (r).

Remark 13. Recall the notation V' (§,a) in (1.2). Inspecting the proof of the above Corollary, it is clear the main
difficulty is in showing that

RAGRILL) B L) - (/8 ||vwf<m,a>||w<dx>)1/q.

0—0 0 vEB}(u,a)

In this way, the final statement of Corollary [I2] or indeed of Theorem [2] can be interpreted as an instance of the
envelope theorem.

The second extension of Theorem [2] offers a more specific sensitivity result by including additional constraints on
the ball Bs(u) of measures considered. Let m € N and let ® = (®4,...,®,,): S — R™ be a family of m functions
and assume that p is calibrated to ® in the sense that [¢ ®(z) pu(dx) = 0. Consider the set

BE () = {y € Bs(u) : /SCI)(x) v(dr) = 0}

and the corresponding optimization problem

@ = in su z,a) v(dx).
Vo) = ot sw [ f(@.0) vido

acA VEB?(M)

We have the following result.
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Theorem 14 (Sensitivity of V(§) under linear constraints). In addition to the assumptions of Theorem@ assume
that there is some small € > 0 such that for every a € A one has |f(z,a)| < c¢(1 + |z|P~¢) for all z € R? and
some constant ¢ > 0. Further assume that ®;, i < m, are continuously differentiable with |®;(z)| < (1 + |zP~¢),
|V ®;(7)] < e(1+ |z|P~1) and that the non-degeneracy condition

(11) inf {/S

holds. Then

m q
D OAVe®i(x)|| pldr) i A eR?, A = 1} >0
=1

m 1/q
BV : * . , !
(V*)'(0) = inf  inf ( | [varan+ ;wz@(z)\i u(dw)> .
Remark 15. Note that if || - || is a norm and g has full support, the above non-degeneracy condition can be made
without loss of generality. Indeed, as the unit circle is compact and the function A — [ >0 AV, ®4(2)||? p(dx)
is continuous, the infimum in is attained. In particular, if

f{ /

then Z?il AV ®; = 0 p-a.s. for some A in the unit circle. As p has full support this implies that Z?il NV, ®;, =0
on S. Thus V,®4q,...,V;®P,, are linearly dependent functions on S. Deleting all linearly dependent coordinates and
calling the resulting vector ®, we have V*(§) = V¥(§) for every 6 > 0. Moreover, the non-degeneracy condition
holds for ®.

n(da) : [ = 1} 0,

i=1

Remark 16. We can relax the conditions of Theorem [14]in the spirit of Remark more specifically, assume that
the baseline distribution p is absolutely continuous w.r.t. the Lebesgue measure and || - | = | - |. Then Theorem
remains true if we merely assume that f(-,a) and ®; have a weak derivative (in the Sobolev sense) on §° for all
a € A and replace V, f(-,a) and V®; by the weak derivative of f(-,a) and of ®; respectively. More concretely the
assumption should read:

e The weak derivatives (z,a) — g(z,a) of f(-,a) and = — g;(z) of ®; are continuous at every point (z,a) €

N xA*(0), where N is a Lebesgue-null set, and for every r > 0 there is ¢ > 0 such that |g;(z, a)| < ¢(1+]z[P~1)
and |g;(2)| < c(1+ |z|P~Y) forallz € S,i=1,...,m and |a|] < r.
Ezample 17 (Martingale constraints). Let d =1, S=R, |- || = |- |, p = 2, and let ®1(z) := z — 2o and ¢ := {D;},
i.e., BE(u) corresponds to the measures v € Bs(u) satisfying the martingale (barycentre preservation) constraint

Jgzv(dz) = x0. Clearly the assumptions on ® of Theorem [14] are satisfied. It remains to solve the optimization
problem over A € R and plug in the optimizer. We then obtain

(V®)'(0) Z(L}gf% (/R (me(aw*)—/}RVggf(y,a*)u(dy)>2 u(dx)> 1/2,

i.e., (V®)(0) is the standard deviation of V,f(-,a*) under u. In line with the previous remark, this results extend
to the case of the call option pricing discussed in the main body of the paper.

Ezample 18 (Covariance constraints). Let d =2, S =R2, || - || = |- |, p = 2. Further let ®;(z1,73) := z129 — b for
some b € R and @ := {®,}, i.e., we want to optimize over measures v € Bs(u) satisfying the covariance constraint
Jge x122v(dx) = b. Assume that there exists no A € R\ {0} such that p-a.s. 21 = Azy. Clearly the assumptions on
® of Theorem [[4] are satisfied. Note that

|19 @0) + 21V ) ()

= [ (T @0) + M)+ (Vo o) + ) )
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so in particular the optimal A in the definition of (V®)’(0) is given by

= Jge Vo, fx, )22 + Vo, f (2, 0) 21 p(d)
B Jew @3+ a3 () |

A1
Plugging this in gives

/ Vo f (2.0) + M Vs (2) p(da) = / (Var (2, 0))? + (Vo f (2, ) ()
R2 R2
R2 R2

(Jus (Var £ (2, 0)2 + Vo, (3, 0)21) plda))
Jo (@F + 23) p(dz) '

= (o @20+ (Vo f o) ) ~

It follows that

)(0) = in x,a*)? p(dx
(VoY(0) = f(/RQIme(, )2 )

a*€ A}

(e Vi Fl.a)zs 4 Vi, fla,a)a p(d))” )
Jeo Ja? (i) |

Ezample 19 (Calibration). Consider the function f((T, K),a) = (Ep,[(S7— K)*]—C((T, K))?, the discrete measure
w formalises grid points for which option data C(T, K) is available, S C Ry x Ry is the set of maturities and strikes
of interest and {P,, a € A}, for a given compact set A, is a class of parametric models (e.g., Heston). A Wasserstein
ball around p can then be seen as a plausible formalisation of market data uncertainty. Derivatives in T and K
correspond to classical pricing sensitivities, which are readily available for most common parametric models. These
have to be only evaluated for one model P,«. Changing the class of parametric models {P,,a € A} and computing
the sensitivity in Theorem [2|could then yield insights into when a calibration procedure can be considered reasonably
robust.

2.2. Proofs and auxiliary results related to Theorem

Proof of Theorem[4 We present now a complete proof of Theorem [2] for general state space S and semi-norm || - |
All the essential ideas have already been outlined in [I] but for the convenience of the reader we repeat all of the
steps as opposed to only detailing where the general case differs from the one treated in [I].

Step 1: Let us first assume that S = R?. For every § > 0 let Cs(u) denote those 7 € P(S x S) which satisfy

1/p
m = u and (/ ||(E — y||{k’7r(d:v,dy)> <.
SxS

Note that the dual norm || - ||, is lower semicontinuous, which implies that the infimum in the definition of W, (p, v)
is attained (see [4] Theorem 4.1, p.43]) one has Bs(u) = {m2 : m € Cs(u)}.

We start by showing the “<” inequality in the statement. For any a* € Af one has V'(0) < sup,¢ g, () [s f(y, a*) v(dy)
with equality for 6 = 0. Therefore, differentiating f(-,a*) and using Fubini’s theorem, we obtain that

V(0) =V(0) < sup fly,a”) = f(z,a”) w(dz, dy)
Te€Cs(p) JSXS

1
~ s / /S (Vo f @+ t(y — 2),0%), (y — ) 7(dz, dy)dt.

weCs (1)
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Now recall that (x,y) < ||z||||y||« for every z,y € R?, whence for any 7 € Cs(u) and t € [0, 1], we have that
(9t @ty = 2).0). (=) el )
< [ 195G 4ty = 2).a") = . w(do. )
< ([ 19asta s tty = ona itz an) ([l ol ataoan)

where we used Holder’s inequality to obtain the last inequality. By definition of Cs(u) the last integral is smaller
than ¢ and we end up with

V() —V(0)<d sup / / IVaf(z +ty — ), a )||q7r(d:z:,dy))1/th,

TeCs(p

It remains to show that the last term converges to the integral under px. To that end, note that any choice 70 €
Cs(u) converges in I/V,‘,'| on P(S x §) to the pushforward measure of p under the mapping x — (z,z), which we
denote [z + (z,2)].p. This can be seen by, e.g., considering the coupling [(z,y) — (z,y,z, x)].7® between 7 and
[ — (x,2)]«p. Now note that, together with growth restriction on V, f of Assumption |l ¢ = p/(p — 1) implies

(12) IVaf(z+t(y —x),a”)[|* < e(1+ |2[° + [y[”)

for some ¢ > 0 and all z,y € R ¢ € [0,1]. Recall that there furthermore exists ¢ > 0 such that ||z| < ¢z, in
particular [¢ ||V, f(z+t(y—2),a*)||? 7 (dz,dy) < C for all t € [0,1] and small § > 0, for another constant C' > 0. As
Assumption [I| further yields continuity of (z,y) — ||V, f(z+t(y—x),a*)||? for every t, the p-Wasserstein convergence
of 70 to [ + (x,z)],u implies that

/ IVaf (e + tly — z), a*) | 7(dz, dy) — / V0 s (2, a*) | ude)
S S

for every ¢ € [0, 1], see Lemma Dominated convergence (in ¢) then yields “<” in the statement of the theorem.

We turn now to the opposite “>” inequality. As V(§) > V(0) for every 6 > 0 there is no loss in generality
in assuming that the right hand side is not equal to zero. Now take any, for notational simplicity not relabelled,
subsequence of (8)5>o which attains the liminfin (V' (§)—V'(0))/é and pick aj € Aj. By the second part of Assumption
l for a (again not relabelled) subsequence, one has a5 — a* € Aj. Further note that V()< [of s f(w,a3) p(dx) which
implies

V() —V(0) = sup f(y,a3) — f(x,af) m(dz, dy).
Te€Cs(p) JSXS

By Lemma@ there exists a function h: R? — {z € R?: ||z||. = 1} such that ||z|| = (z, h(z)) for every x € R%. Now
define

=[xz~ (x,2+ 6T (x))]«p, where

 h(Vef(x,a%)) (2 0" Zl/q—l
7(a) = e ([ 9l )

for x € R? with the convention h(-)/0 = 0. Note that the integral is well defined since, as before in , one has
(IVif(z,a®)||? < C(1+ |z[P) for some C > 0 and the latter is integrable under p. Using that pg — p = ¢ it further
follows that

/ o — g2 70 (de, dy) = 67 / 1T (@) ude)
SxS8S S
[s IV f o )P plde)

— 4P D
(JsIVaf(z,a%)| u(dz))p( /4)
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In particular 7° € Cjs(u) and we can use it to estimate from below the supremum over Cs(u) giving

V(o)

LSS /Sfu + 6T (2),af) — f(x,a}) uldn)

= /O /S<vxf(l‘ + t(ST(x),ag)’T(x» ,U(dx) dt.

For any ¢ € [0, 1], with 6 — 0, the inner integral converges to

¥t 7@ utde) = ([ 19wt i)
The last equality follows from the definition of T" and a simple calculation. To justify the convergence, first note that
(Vo f(x+10T (), a5), T(x)) = (Vo f(x,a”), T(x))
for all z € R? by continuity of (a,z) — V, f(z,a) and since a — a*. Moreover, as before in (I2), one has
(Ve f (2 + 0T (), a”), T(x))|| < C(1 + [x]”)

for some C' > 0 and all ¢ € [0,1]. The latter is integrable under p, hence convergence of the integrals follows from
the dominated convergence theorem.

Step 2: We now extend the proof to the case, where S C R? is closed convex and its boundary has zero measure
under .
Note that the proof of the “<”-inequality remains unchanged. We modify the proof of the “>"-inequality as follows:
let us first define
S :={reS : |z—z|>cforall z € 8§}

for all € > 0, so that in particular | J__,S° = §°. We now redefine

e>0
7= [a: — (a:,x + 5T(x)1{x€5\/§}1{|T(z)\§1/\/8})]* L.
Then 7° € P(S x S) and in particular 7° € Cs(u) as in Step 1. Noting that
lim T(2)1 e 5y Lprayi<iyvay = T(@)1zese)
the remaining steps of the proof follow as in Step 1. This concludes the proof. |

Lemma 20. Let p € [1,00), let ag € A and assume that [ is continuous and, for some constant ¢ > 0, satisfies
|f(z,a)| < c(1+]zP) for allz € S and all a in a neighborhood of ag. Let (tun)nen be a sequence of probability measures

which converges to some i w.r.t. W,I," and (an)nen be a sequence which converges to ag. Then [ f(x,an) pn(dx) —
Js f(z,a0) p(dz) as n — oc.

Proof. Let K be a small neighborhood of ag such that |f(x,a)| < ¢(1+ |z|P) for all z € S and a € K. The measures

Hn ® g, converge in Wzl,'l to the measure p ® da,. As [ f(2,an) pn(dz) = [s, 5 f(2,0) (tn @ 4, )(d(z,a)) and
similarly for g ® &4, the claim follows from [4, Lemma 4.3, p.43]. |

The following lemma relates to the financial economics applications described in [I]. We focus on a sufficient
condition for the second part of Assumption [I} For this, we assume that p does not contain any redundant assets,
ie. p({x € R?: (a,x — x¢) > 0}) > 0 for every a # 0. If u satisfies this condition, we call it non-degenerate. Note
that this condition is slightly stronger than no-arbitrage. However, if u satisfies no arbitrage, then one can always
delete the redundant dimensions in y similarly to the remark after Theorem [14] so that the modified measure satisfies
p({z € R%: (a,x — 0) > 0}) > 0 for every a # 0.

Lemma 21. Assume thatl: R — R is convez, increasing, bounded from below and f(x,a) := l(g(x) + {(a, z)) satisfies
the first part of Assumption[1. Furthermore assume that p is non-degenerate in the above sense. Then for every
§ > 0 there exists an optimizer a¥ € R for V(6), i.e.,

V(§) = es;uz )/Rd 1(g(z) + (a3, z — z0)) v(dz) < oc0.
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Furthermore, if | is strictly convex, the optimizer a* of V(0) is unique and af — a* as § — 0. In particular,
Assumption [1] is satisfied.

Proof. The first statement is trivially true if [ is constant, so assume otherwise in the following. Moreover, note by
the first part of Assumption [Ij we have V(§) < oo for all § > 0. Now fix § > 0, and let (a,)nen be a minimizing
sequence, i.e.

V(§) = lim sup l(g(x) + {(an,x — x0)) v(dx).

n—%0 e By (1) JRA

If (an)nen is bounded, then after passing to a subsequence there is a limit, and Fatou’s lemma shows that this limit
is a minimizer. It remains to argue why (a,)nen is bounded. Heading for a contradiction, assume that |a,| — oo
as n — 0o. After passing to a (not relabeled) subsequence, there is @ € RY with |a| = 1 such that a,/|a,| — @ as
n — oo. By our assumption we have u({x € R%: (@, — 2¢) > 0}) > 0. As [ is bounded below this shows that

sup (g(x) + (an,z — zo)) v(dz) > (g(x) + {an,z — xo)) p(dx) — oo,
vEBs(pn) JRE Rd

as n — 00, a contradiction.

To prove the second claim note that strict convexity of ! readily implies that V' (0) admits a unique minimizer a*.
Now, heading for a contraction, assume that there exists a subsequence (0, )nen converging to zero, such that as,
does not converge to a*. The exact same reasoning as above shows that (agn)neN is bounded, hence (possibly after
passing to a not relabeled subsequence) there is a limit @ # o*. Using Fatou’s lemma once more implies

V) < [ ilala) + (= a0)) ()

< liminf/ l(g(x) + (a},,x — x0)) p(dx) < liminf V(5,).
]Rd

n—oo n—oo

On the other hand, plugging a* into V'(§) implies

limsup V(6,,) < limsup sup /Rd l(g(x) + (a*,z — xg)) v(dx) = V(0),

n—00 n—r00 VGBSH(H)

which follows from as I(g(x)+ (a*, x —x0)) < ¢(1+|z|P) and that any v,, € Bs_ (1) converges in W,l," to p by definition.
This gives the desired contraction. O

In analogy to the above result, the following summarizes simple sufficient conditions for the second part of
Assumption [I]

Lemma 22. Assume that either A is compact or that a — V(0,a) is coercive, in the sense that V(0,a,) — oo if
|an| — co. Moreover, assume that f is continuous, such that f(x,a) < c¢(1+ |z[?) for some ¢ > 0. Then the second
part of Assumption[l] is satisfied.

Proof. Let us first note that for fixed § > 0 the function a — V(d,a) is lower semiconinuous as a supremum of
continuous functions a — [ f(z,a)v(dz) for v € Bs(u). Next we note that A*(§) # 0. Indeed, if A is compact, this
directly follows from lower semicontinuity of @ — V' (4, a). Otherwise, the fact that V(d,a) > V(0,a) for all a € A and
coercivity imply that any minimising sequence (a,)nen is bounded. Lastly, we show that any accumulation point of
such a sequence is an element of .4*(0). By the above we can assume (by taking a subsequence without relabelling
if necessary) that lim, . a, = a € A. If a ¢ A*, then

liminf V(6,,a,) > lim V(0,a,) =V (0,a) > V(0,a*) = lim V(d,,a”)

n—roo n—roo n—roo

for any a* € A*(0). This contradicts a,, € A*(d,,) for all n € N and concludes the proof. O
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Proof of Corollary[1Z. We start with the “<”-inequality. First, note that for any § > 0, a” € A}, and aniNe
B}, s(p,a"), we have

Vir+0) < Vir+6.07) = [ o)),

V(r) > sup / flz,a") v(dx).

vEB,(p)NBs(v™t9) J S
This implies that

V(r+6)-V(r)<  sup f(z,a”) = f(y,a") w(dx, dy)
T€Cs(vT+9) JSXS

/ (Ve (y + Hz — ), a"), (z — y)) 7(da, dy) dt
TFECJ(VT""S) SxS

1/q

(13) <5 s [ ([ Wttty
reCs(wrtd)Jo \Jsxs

Note that the assumption |V, f(z,a)| < ¢(1 + |z[P717¢) implies |V, f(z,a) =y )) ( for some new

constant ¢). To simplify notation let us thus define £ = (p — 1 —¢)/(p — 1) < 1 and recall that B,,1(u) is

compact w.r.t. W))EJ by Lemma hence there is 7" € B,.(u1) such that (after passing to a subsequence) v"+0 — o7

w.r.t. V[/Il,é| as 0 — 0. The same arguments as in the proof of Theorem [2| show that (divided by §) converges

to ([ ||me($7ar)\|qDT(dx))l/q when & — 0. So, to conclude the “<”-part, all that is left to do is show that
" € B} (p,a"), which follows as

V()<hmV1“+5 <hm/f:ca W (dx) = /fma dx) < V(r).

We now turn to the proof of the “>”-inequality. To that end, let (ar+5)5>0 be a sequence of optimizers, i.e.
atd e Al s for all § > 0. Then by assumption there exists a” € Aj such that (after passing to a subsequence)
lims_,0a™*® = a”. Let v" € Bf(u1,a") be arbitrary. As Bs(v") C B1s5(1) (by the triangle inequality) we have

V(r+9) sup / f(z,a" ) v(dx).

VGB(S (vm)
As further (trivially) V(r) < [ f(z,a" ") v"(dz) we conclude
V(6+T) — V(’I“) > sup 5 / f r+<5 dl‘ / f r+6 dl‘)

o VEBJ(M)

> ([19as@ane T(dm)) |

as 0 — 0, where the the last equality follows from the exact same arguments as presented int he proof of Theorem
As v" € B (p,a") was arbitrary, the claim follows. O

Proof of Theorem[I]} We start by showing the easier estimate
Ve(8) —Ve(0)

lim sup
6—0 0
(14) m 1/q
< inf inf / |92 ) + S AVedia)| i) )
— a*EAB AERTV] s xr ) — (2 x 3
To that end, let a* € A§ and A € R™ by arbitrary. Then V®(0) = [ f(z,a*) + Y1 A\i®;(x) pu(dx). Moreover,
as By (1) C Bs(u), it further follows that V®(8) < sup,cp; fs a*) + Zz:l Xi®;(y) v(dy). Therefore is a

consequence of Theorem (applied to the function f(z,a) := f(x, a*) + 37 NP ().
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To show the other direction, i.e. that
D5y _ P
liming 0 = V7(0)
6—0 1)

m 1/q
q
> infinf ( [ [Feran+ > Ao u(da?)> .

pick a (not relabeled) subsequence of ()5~ which converges to the liminf. For a} € Aj, there is another (again not
relabeled) subsequence which converges to some a* € Aj. From now on stick to this subsequence. In a first step,
notice that

(15)

Vo) = s int [ e+ 3o A®()
i=1

veBs(u) NER™
(16) = inf sup /f(y,a*)+ Ai®i(y) v(dy)
AER™ LeBs(n) Js 0 ;

Indeed, this follows from a minimax theorem (see [, Cor. 2, p. 411]) and appropriate compactness of Bs(1) as stated
in Lemma For notational simplicity let A5 be an optimizer for . Then

V®(d) - V*(0)

)
(a7 1
— sup f(y,a} (z,a3)+ Y A5, ) m(dz, dy),
5ﬂ€CJ)SXs( 5) 5) Z @;(2)) m(
where we used that V*(0) < [ f(z,a}) + Y101 A} ®i(2) p(dz). Now, in case that A} is uniformly bounded for all

small § > 0, after passing to a subsequence, it converges to some A\*. Then it follows from the exact same arguments
as used in the proof of Theorem [2| that

m

1
liminf = sup fly,a3) — f(x,a}) + Z A5 D, (x)) w(dz, dy)
=0 0 recs(p) JSxs

> ([ [|vattay+ S Ve )
i=1

which shows . It remains to argue why A5 is bounded for small § > 0. By and the estimate “sup(A + B) >
sup A + inf B” we have

VEE) —VP(O)

- o | 30 X3(®0) — i) e )

TeCs(p xS i=1

1
g inf f(yvafg) - f(l’,ag) 7T(d$7dy)
m€Cs(1) JSxS

oﬂ»—*

The second term converges to —( [ ||V f(z, a*)||? p(dx))'/9 (see the proof of Theorem, in particular it is bounded
for all § > 0 small. On the other hand by and continuity as well as growth of z — V,®;(z), the first term is
larger than ¢|A;| for some ¢ > 0. By this implies that (A})s>o must be bounded for small § > 0. 0

We have used the following lemma:

Lemma 23. Let p,q € [1,00) such that ¢ < p and let u be a probability measure on S. Then p-Wasserstein ball
Bs(p) is compact w.r.t. Wg'l.

Proof. We recall that || - ||, is lower semicontinuous and there exists ¢ > 0 such that |z| < c||z||, for all z € R%. As
Js |z|P p(dz) < oo by assumption, an application of Prokhorov’s theorem shows that Bj(u) is weakly precompact
(recall the convention that we continuity is defined for (R%,]|-|)). Hence, for every sequence of measures (vy,)nen
in Bs(u) there exists a subsequence, which we also call (v, )nen and a measure v such that v, converges weakly to
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v. As W, is weakly lower semicontinuous (see [4, Lemma 4.3, p.43]), this implies v € Bs(p). Applying the same
argument to the tight sequence (7, )nen defined via

% = 7|x|q vp(dz
Palde) = Js [y v (dy) n{de)

we conclude that there exists another subsequence of (v,)nen which also converges in WJ'I. This concludes the
proof. O

3. DISCUSSION, PROOFS AND AUXILIARY RESULTS RELATED TO THEOREM [4]

3.1. Further discussion of Theorem |4, We note that a natural way to compute the sensitivity of a} would be by
combining Theorem [2| with chain rule and differentiation of the function V'(a,d). This cannot however be rigorously
justified as the following remark demonstrates.

Remark 24. Let us point out that it is not true that a — V' (a, d) is differentiable for § > 0 under the sole assumption
that (z,a) — f(z,a) is sufficiently smooth and V2 f # 0.

To give an example, let S=R, || - || = ||, A = R and take f(x,a) := ax + a? and p = §p. A quick computation
shows V (4, a) = dla| + a? (independently of p). In particular V(§) = 0 and a} = a* =0 for all § > 0 and a — V (4, a)
is clearly not differentiable in a = 0.

Instead, we use a more involved argument, combining differentiability of a — V' (0, a) with a Lagrangian approach.
This however requires slightly stricter growth assumptions than the ones imposed in Assumption [T} which are specified
in Assumption [3]

Ezample 25. We provide detailed computations behind the square-root LASSO/Ridge regression example discussed
in [1]. We consider A = R¥, & = R, We fix norms |[(z,y)| = |2[s, [(z,y)]+ = |2|r1{y=0} + 001fyz0}, for some
s>1,1/s+1/r =1and (x,y) € R¥ x R. We recall than then holds and we can apply our methodology for
f(z,y),a) :== (y — (z,a))?. In general we have

Viaw f((x,y),0") = (=2(y = (2,a%))a”", 2(y = (z,a")))

V2V (0,a*) = 2D and

([ 1Pt ofae ) =det ([ - eapunay)
= 2[a’[sVV(0).

Recalling the convention that V(, V. f € RF*(d+1) i given by

VerVarf oo Va,Varf VyVaf
VerVasf o Va,Varf VyVaof
VerVaif - Va,Varf VyVa.f

we conclude
Vg Vaf(z,y),0%) = 2 (—yI + z(a*)" + (1a*)(Iz), —z)

where I is the k x k identity matrix. Recall furthermore that [...,(y — (a*,z))x;p(dz,dy) = 0 for all 1 < < k and
in particular V/(0) = [ori: (y* — (a*, z)y)pu(dz, dy). Set now

h((x,y)) = (sign(@1) |a1 [, ... sign(ae) [ox[*7,0) - |2] 7
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Then ((z,y), h((x,y))) = |z|s and |h(x,y)|, =1 for (z,y) € S\ U. As h does not depend on the last coordinate, we
also write simply h(z) for h((z,y)). As ¢ = 2 we have in particular

* h(v(x,y)f((xv y)7 a*))
s Lo Vel (@), 0 G

=4 /Rk+1 [—yI+a(a")" + (Ia*)(I2)] h(—(y — (z,a*))a*) [a*[sly — (z,a")| u(dz, dy)

p(dz, dy)

= —4la”[s /Rk+1 [—yI+a(a")" + (Ia*)(I2)] (y — (z,a"))h(a") p(dz, dy)
= 4]a*|sV(0) h(a*).

In conclusion

-1/2
sima = ([ Ve (@)a) atde.dn) " (2v 0.0
Rk+1

. / v(z,y)vaf((xvy)’a*> h(v(x,y)f((xvy)’a*»
Rk+1 ||V(x,y)f((x,y),a*)\|*1

e — D4 V() h(a*) -

4la*|s1/V(0)
=a* — /V(0) D! h(a*

Let us now specialise to the typical statistical context and let p = puxn equal to the empirical measure of N data

pu(dz, dy) - &

samples, i.e., uy = ZZ 1 0(z, yl) for some points z1,...,zxy € R? and y1,...,yy € R. Let us write z; =
(i1, Tiq) and X = (x;, J)Z 11 . Then in particular
T L or
D= zx® pn(dz,dy) = =X X
RE+1 N
and we recover the notation common in statistics. In particular, a* = (X7X)"'X7Ty. If we now assume that

XTX =1 (and hence D! = NT), then we can easily compute

L1
V(0) = (v = Xa")"(y — Xa*) = (y = XX ") " (y - XXTy)
1 1
= NyT(I—XXT)T(I— XXT)y = NyT(I—XXT ~XXT 4+ XXTxXx )y

1 T T
= —T(I-XX
Ny( )y

Note that, under the assumption that Eil y; = 0, R? is defined as

2o YA=XXTy Ty -y A -XXT)y y"XXTy

yTy yTy yTy

Thus in the case s = 1 we have
~a* —/V(0)D 'sign(a*) -0 = a* — VN /yTy — yT X XTysign(a*
yT X XT
=a* —VN/yT 711/ sign(a*) - 6

y'y

=a* — VN |y| V1 — R%sign(a*) - 0
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Furthermore, in the case s = 2 we have
V(0 TI-XXT
af~a*— D! ()a*(s:a* (1—]\7 v )y5>

VN|a*|

la*]2

We also have

lal = V/(a*,a*) = VyT X XTy,

CVNYTA-XXT)y N YTy
(1 ViTXXTy 5) (1 ‘VN (75 1))

<5 ¥ (5-1)).

Remark 26. While | - |; is not strictly convex, the above example can still be adapted to cover this case under the
additional assumption, that a* has no entries which are equal to zero. Indeed, we note that x — h(z,y) is continuous
(even constant) at every point x except if a component of x is equal to zero. Thus the proof of Lemma [29|still applies
if we assume that g has p-a.s. no components which are equal to zero instead of merely assuming that g # 0 p-a.s..

SO simplifies to

Ezample 27. We provide further details and discussion to complement the out-of-sample error example in [I]. First,
we recall the remainder term obtained therein:

A= ([ 19t Mg ) (/v uN<dx>)_1

/= vafi?ﬁaf&f(f P ) — (VAV(0.07) 16, where

o ftn) [ ST 1

Recall that uy — p in W), holds a.s. We suppose that Assumptions [1| and [3| hold, and that for any r > 0, there
exists ¢ > 0 such that the following hold uniformly for all |a| < r:

k
> |VaVa b0 <1+ [op),
(19) =
Vzvaf($; a*) h(vxf($7 a*))
Vo f (@, a*)[t 1

<e(l+ [27).

Recall from (3.7) that we already know that a*" — a* a.s. Under the above integrability assumption, Lemma
gives

‘/ Vaivajf(z,a*’N) un(dz) — /Vaivajf(x, a*) p(dx)| — 0,

with analogous convergence for the other two terms in Ay. We conclude that Ay — 0 a.s. and that (3.10) and

(3-11) hold.

We now show how the arguments above can be adapted to extend and complement [6, Prop. 17]. Therein, the
authors study VRS(§) which is the expectation over realisations of uy of

/f(a;7 p(dx) /f T, a5 dz).
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If VRS(4) > 0 then, on average, the robust problem offers an improved performance, i.e., finds a better approximation
to the true optimizer a* than the classical non-robust problem. If we work with the difference above, then we look
at first order Taylor expansion and obtain

V(0,a™) = V(0,a"N) = Vv (0,a" ™) (0™ — a*N) + o(jaiN — ")),

which holds under the first condition in . This can be compared with [6] Lemma 1] which was derived under
a Lipschitz continuity assumption on a — f(z,a). For the quadratic case of [0, Prop. 17] we have f(z,a) =
1/2a? — g(x)a, where we took d = 1 for notational simplicity. We then have V, f(za) = —¢'(z)a, V2 f(x,a) = 1 and
VaVaf(x,a)V,f(x,a) = (¢'(z))?a. Specialising to this setting, with s = 2, gives

LN - o Vit 1V, Vaf (2,0%) Vaf (2,0
iV —aN & (V2V(0,0%) (/mf(x,a ) M(d@) . |éz(jf(‘;’l*)|f(f D) ) (d)
1/q—1
e ([l @itan) T [

— —sign(a) ([ I/ @ v dx)) "

While our results work for p > 1, see Remark [8) we can formally let ¢ 1 co. The last term then converges to
—sign(a*)||¢'|| o= (4) which recovers [6, Prop. 17], taking into account that sign(a*) = sign ([ g(=) u(dz)) .

3.2. Proofs and auxiliary results related to Theorem

Lemma 28. Let f: S x A — R be differentiable such that (z,a) — V. f(z,a) is continuous, fix a € A°, and assume
that for some ¢ > 0 we have that |V, f(x,a)| < c(1+ |2[P717°) and |Vof(z,a)| < c(1 + |2|P~°) for some ¢ > 0, all
x €S and all a € A close to a. Further fix 6 > 0 and recall that B} (p,a) is the set of mazimizing measures given
the strategy a. Then the (one-sided) directional derivative of V(3,-) at a in the in direction b € R¥ is given by
V(6 hb) — V(6
lim (9, + hb) (%,a) = sup /(Vaf(x,a),b> v(dz).

h—0 h vEB} (m,a) JS

Proof. Fix b € R*. We start by showing that

(20) lim inf Vidat M;L) —V(%,a) > sup /(Vaf(%a), by v(dz).

h=0 veB}(ua) Js

To that end, let v € Bj(u,a) and h > 0 be arbitrary. By definition of Bj (i, a) one has V(6,a) = [ f( v(dz).
Moreover Bj(p,a) C Bs(p) implies that V' (6, a+hb) > [ f(x,a+hb) v(dz). Note that the assumption |V f(x a)| <
c(1 4+ |z[P~17¢) implies

|f(z,a) = f(0,a)] =

/01<fo(15$,&),$)¢#’

1
< / o1+ [tz P=1=%)|aldt < o(1 + |27~ V |z]).
0

Therefore, by dominated convergence, one has

.. V(d,a+ hb) —V(4,a) Lo f(z,a+ hb) — f(z,a)
hin_:gf . > hhm_i(r)lf / A v(dx)
) hb) — )
- /s%iir%) Heet h) HED v

- / (Vaf (2, a),b) v(dz)
S

and as v € Bf(u, a) was arbitrary, this shows (20).
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We proceed to show that

(21) lim sup V(athb) = V(o a) < sup /(Vaf(a:,a), b) v(dx).
h—0 h vEB} (1,a) JS

For every sufficiently small h > 0 let v™ € B} (, a+ hb) such that V (6, a+hb) = [ f(x,a+hb) v"(dx). The existence
of such v" is guaranteed by Lemma which also guarantees that (poss1bly after passing to a subsequence) there is
7 € Bs(p) such that vh — ¥ in W]Lia. We claim that 7 € Bf(u,a). By Lemmaone has

lim V(5,0 + hb) = / P, a) i(dz) < V(3. a).

On the other hand, for any choice 7 € B}(p, a) one has

11mV(6a+hb >}111r%/fxa+hb (dz) /fxa =V (d,a).
—
This implies V(6,a) = [¢ f S v(dx) and in particular 7 € Bj(u, a). At this point expand

1
f(xz,a+ hdb) = f(z,a) + / (Vaf(x,a+thb), hb) dt
0
so that
V(d,a+hb) —V(d,a)

:/S(f(x,a)+/01<Vaf(x,a+thb),hb>dt) yh(dﬂc)—/sf(x,a)ﬁ(dx)
S/S/1<Vaf(x,a+thb),hb)dtuh(da:)
0

where we used 7 € B}(u,a) for the last inequality. Recall that v" converges to 7 in W‘ |E and by assumption
|Vof(z,a)| <c(l+ |z|P~¢) for all @ € A close to a. In particular

1
E(Vaf(aj, a + thbd), hb) < |V, f(x,a+ thd)||b] < c(1 + |z|P~F)
for h sufficiently small. As furthermore (z,a) = V,f(z,a) is continuous, we conclude by Lemma [20| that
h—0

Jim + <Vaf(x,a+thb),hb> dt v (dx) :/<Vaf(x,a),b>ﬁ(dx).

Lastly, by by Fubini’s theorem and dominated convergence (in t)

// Vof(x,a+ thb), hb) dt v" d:c—)/Vf:ca o(dx)

as h — 0, which ultimately shows (21). O

Lemma 29. Let g € (1,00) and let f,g: S — R? be measurable such that [¢||f(x)]|? + ||g||9 p(dz) < oo and such
that g # 0 p-a.s.. Then we have that

ot (( [+ Ag(x)”qu(dx))”q (f ||9(x)||qu(dx)>1/q>

_ [ U@, e
- >uglq 0)- ([ o) )

where h: R?\ {0} — R? was defined in Lemma @

(22)

Proof. First recall that h is continuous and satisfies ||z| = (x, h(z)) for every x # 0. Now define

1/q—1
G(z) = ||g |1q /||g M p( dz forz € S.
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Similarly, define G* by replacing g in the definition of G by g* := f + Ag. As in the proof of Theorem [2| we compute

[ic@izun =1 ma ([ ||g<x>||w<dx>)1/q= [ o). G i)

This remains true when g and G are replaced by g* and G*, respectively. Moreover, Holder’s inequality implies that

(/ ||gA(x)||qu(dx)>1/q > [ o) Gl

([ 1simnan) ™" = [ o6e). 0% pia

The first of these two inequalities immediately implies that the left hand side in is larger than the right hand
side.

To show the other inequality, note that h is continuous and satisfies h(Az) = h(x) for A > 0, hence h(g(z)) =
limy o0 h(g* (7)) for all z € S such that g(z) # 0. Consequently one quickly computes G(x) = limy_, o, G*(z) for all
x € § such that g(x) # 0. By dominated convergence we conclude that

inf ((/5 1 (@) + Ag(z)]|¢ u(dm)>l/q - (/S ||g(x)||qu(da:)>l/q>

< tim ([ 4560 + 2900, 6X@) utde) 2 [ ta(a), G () )

T A= s
- [@). G i)
and the claim follows. ]
Let us lastly give the proof of Theorem [4] for general seminorms.

Proof of Theorem[J} Recall the convention that V,V,f(z,a) € R**¢ and V. f(x,a) € R, V,f(z,a) € R**! as
well as h(-)/0 = 0. Further recall that a* € A*(0) and a} € A*(5) converge to a* as 6 — 0. In order to show

ay —a* -1

= [Ivasann) T v o)

yRA AT A RS
T Vamanli

I
51—13% 1)

p(dz),

we first show that for every i € {1,...,k}

-V V(

R [ V.9 g )

NA[ORDIE
(192 ptw ey )

where we recall that V,,V (0, aj) is the i-th coordinate of the vector V,V (0, af). We start with the “<”-inequality
in . For any a € A°, the fundamental theorem of calculus implies that

(23) lim

6—0 1) 'u(dx)

1
Val(y.a) — Vaf(z,a) = / Vo Vaf (@ + ty — ), a)(y — z) d.

Moreover, by Lemma [28| the function a — V'(4,a) is (one-sided) directionally differentiable at aj for all § > 0 small
and thus for all i € {1,...,k}

(24) sup /Svaif(m,ag) v(dz) >0,

veBj (1,a3)
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where we recall Bj(u, aj) is the set of all v € Bs(u) for which [ f(x,a}) v(dz) = V(d,a}) = V(6). We now encode
the optimality of v in B} (p, a}) via a Lagrange multiplier to obtain

sup /v fla,a?) v(dz)

vEB} (p,a})

~ s i /S [V, £y, 05) + MF (v a%) — V(6))]v(dy).

veBs(u) MR

(25)

In a similar manner, we trivially have
(26) /SVaif(m,aE) p(dr) = /S [Vai f(x,a3) + A(f(z,a5) = V(0,a5))] u(dz)
for any A € R, as [ f(x,a}) p(dx) = V(0,a}). Applying and then (25 we thus conclude for i € {1,...,k}

— V. V(0,a5) < sup / Vo F(y,a%) v(dy) — V., V(0, a)

vEB} (1

sup in ( [ [¥auf0n3) 4 A 0. 03) ~ V9] vl
S

vEB; (1) AER

_ /s [Vaif(:r,ag) + A(f(z,a3) — V(O7a§))]u(dx)>
= sup inf </$ {Vaif(y,ag)—i-)\f(y,ag)} v(dy)

Ve Ba (1) AER
(27) €Bs(1)

~ [ [Tout ) + Afw,a)] tde) = AV ) - V0.05)) ).

As in the proof of Lemmawe note that Bs(p) is compact in I/VH and both terms inside the v(dy) grow at most
as ¢(1 + |y|P~¢) by Assumption (3 l Thus using [5, Cor. 2, p. 411] we can interchange the infimum and supremum in
the last line above. Recall that

= sup / fy, a5) v(dy),

vEBs (1)

whence (27) is equal to
o (s [ [Tuuf003) = V(o) + A 01 65) ~ flo.63)] )
X

AER \ reCs(p)

X s [ ) - floap) nldods) ).
Te€Cs(p) JSEXS

For every fixed A € R we can follow the arguments in the proof of Theorem [2] to see that, when divided by ¢, the

term inside the infimum converges to

(28) ([ 192900t 0) 4 AT ) T ([ 192021 nta)) v

as 0 — 0. Note that following these arguments requires the following properties, which are a direct consequence of
Assumptions [T] and Assumption [3}

(z,a) — f(z,a) is differentiable on §° x A?,

x +— Vg, f(z,a) is differentiable on S° for every a € A,

(z,a) — Vzf(x,a) is continuous,

(z,a) — V4V, f(z,a) is continuous,

for every r > 0 there is ¢ > 0 such that AV, f(z,a)| < ¢(1+ |z[P71) for all z € S and a € A with |a| < 7.
for every r > 0 there is ¢ > 0 such that |V, Vg, f(z,a)| < c(1+ |z[P~!) for all z € S and a € A with |a|] < 7.
For all § > 0 sufficiently small we have A% # () and for every sequence (4, )nen such that lim,,_,. §,, = 0 and
(ay,)nen such that ay, € A5 for all n € N there is a subsequence which converges to some a* € Ag.
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Suppose first that V,V,, f(z,a*) = 0 p-a.s.. Then the right hand side of is equal to zero. Moreover, taking
A=0in , we also have that V,,V(0,a}) < 0, which proves that indeed the left hand side in is smaller than
the right hand side.

Now suppose that V. f(x,a*) # 0 p-a.s.. Then, using the inequality “limsupginfy < infylimsups” and Lemma
to compute the last term (noting that V, f(x,a*) # 0 by assumption), we conclude that indeed the

lim sup M < /vavm f(l‘v a*) ”é(:f?i];(zii]?)q /L(dl‘)

6—0 o
il 1/q—1
([ I9as )
s
To obtain the reverse “>"-inequality in follows by the very same arguments. Indeed, Lemma 28] implies that

inf / Vi, f(z,a3)v(dz) <0
s

veEB} (1,a3)

for all i € {1,...,k} and we can write

V. V(0,5 > inf /5 Voo f (4, %) v(dy) — /S Vo £ (4, a3) pu(de)

vEB} (1)

veBs(p) AeR

= inf sup / Vo, fy.03) + A(F (s al) — V(6))] v(dy) - / Voo /(2 a3) (i)
S S

From here on we argue as in the “<”-inequality to conclude that holds.

By assumption the matrix V2V (0,a*) is invertible. Therefore, in a small neighborhood of a*, the mapping
V.V (0,-) is invertible. In particular

ay = (VaV(0,) " (VoV(0,a})) and a* = (V,V(0,:)"(0),
where the second equality holds by the first order condition for optimality of a*. Applying the chain rule and using
[©3) gives

lim = (V2V(0,a*))"" - lim

6—0 ) 6—0
@00 ([ 19 u)

VaVaf(z,a*)h(Va f(z,a*))
: TN w(dz).
5T V@i )
This completes the proof. O

al —a* V.V (0,a})
0
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