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Abstract

Nonrigid image registration has received much attention in the medical imaging
and computer vision research communities, because it enables a wide variety
of applications. Feature tracking, segmentation, classification, temporal image
differencing, tumour growth estimation, and pharmacokinetic modeling are ex-
amples of the many tasks that are enhanced by the use of aligned imagery. Over
the years, the medical imaging and computer vision communties have developed
and refined image registration techniques in parallel, often based on similar as-

sumptions or underlying paradigms.

This thesis focuses on variational registration, which comprises a subset of non-
rigid image registration. It is divided into chapters that are based on fundamen-
tal aspects of the variational registration problem: image dissimilarity measures,
changing overlap regions, regularizers, and computational solution strategies.
Key contributions include the development of local versions of standard dissim-
ilarity measures, the handling of changing overlap regions in a manner that is
insensitive to the amount of non-interesting background information, the com-
bination of two standard taxonomies of regularizers, and the generalization of
solution techniques based on Fourier methods and the Demons algorithm for use
with many regularizers. To illustrate and validate the various contributions, two
sets of example imagery are used: 3D CT, MR, and PET images of the brain as

well as 3D CT images of lung cancer patients.
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Introduction

Successfully aligning images from a single modality or from multiple modalities enables sub-
sequent processing, analysis, and/or visualization that can aid in the screening, diagnosis,
prognosis, treatment, and monitoring of disease. In the past two decades, a vast amount
of research has been performed to develop various models and computational techniques
for image registration across a wide spectrum of applications. This thesis explores the ap-
proaches that have been developed for nonrigid registration using variational techniques.
Furthermore, it attempts to provide a unifying framework that will allow the experienced
reader to be able to determine how best to construct and solve the variational registra-
tion problem when faced with a new application. It provides contributions in four main
chapters, each based on a fundamental aspect of the registration problem: image dissimi-
larity measures, changing overlap regions, regularization techniques, and efficient numerical

solutions.
Thesis Layout

This thesis contains six chapters: a first chapter presenting an overview of the nonrigid
registration problem and the mathematical preliminaries necessary to understand the vari-
ational registration problem; four main chapters detailing image dissimilarity measures,
changing overlap regions, regularization techniques, and efficient numerical solutions; and
a final chapter describing conclusions and future work. This section provides summary

descriptions of each chapter.

Chapter 1 describes the context of variational registration within the nonrigid registra-

tion problem in medical imaging. It explores how the variational image registration



problem can be described in terms of underlying components including the dissimilar-
ity measure, overlap region, regularizer, and solution technique. Next, it provides the
mathematical preliminaries necessary to understand the remaining chapters in this
thesis. Finally, it mentions some of the limitations and challenges that the variational

approach is likely to encounter in practice.

Chapter 2 describes a wide variety of image dissimilarity measures that have been pro-
posed and used in practice. It classifies the dissimilarity measures according to the
underlying assumption about the relationship between the images being registered,
and it proposes three new dissimilarity measures for inclusion in this classification.
Next, the chapter builds on Hermosillo’s idea [50] of constructing local versions of
some specific dissimilarity measures, illustrating how to construct local versions of all
of the dissimilarity measures. Finally, this chapter presents Gateaux derivatives of all
of the dissimilarity measures (both the global and local versions), which are required

for variational registration.

Chapter 3 discusses problems that emerge over the course of registration due to the chang-
ing nature of the overlap region, or the region of intersection of valid data in both
images. One problem is that Gateaux derivatives are typically derived under the
simplifying assumption that the overlap region remains constant. To address this
problem, the chapter proposes a technique in the spirit of Chan and Vese’s active con-
tours [25], by representing the regions of interest in both images by Heaviside functions
that deform over the course of registration. A second problem is that many dissim-
ilarity measures exhibit a non-intuitive sensitivity when background (non-interesting
information) is the only content moving in and out of the changing overlap region.
This problem is addressed by using image statistics in the background regions to mod-
ify the dissimilarity measures. The proposed solutions to both problems change the
form of each dissimilarity measure, and therefore this chapter shows how the Gateaux
derivatives presented in the previous chapter must be modified for use in variational

registration.



Chapter 4 focuses on regularizers that must be added to the dissimilarity measure in order
to ensure the existence of a unique solution to the variational registration problem. It
describes two taxonomies of regularizers, the quadratic taxonomy [63] of homogeneous
regularizers (including diffusion, elastic, curvature, and fluid) that is commonly used
in medical image registration, and the Weickert taxonomy [95] of nonhomogeneous
regularizers (including isotropic, anisotropic, image-driven, and flow-driven) that is
used in optical flow. By pointing out that both taxonomies start with the diffusion
(or Horn-Schunck [51]) regularizer as their base, this chapter shows how these tax-
onomies can be combined in order to construct nonhomogeneous versions of any of
the quadratic regularizers. Gateaux derivatives of every regularizer in the proposed
combined taxonomy are presented, enabling construction of the PDE systems arising

in variational registration.

Chapter 5 illustrates strategies for solving the PDE systems arising from the Géateaux
derivatives of the dissimilarity measures and regularizers. It shows how semi-implicit
discretizations in conjunction with fixed-point or steepest descent algorithms are used
to transform any PDE system into a sequence of linear algebraic equations that can be
solved in succession. After reviewing some common iterative techniques that can be
applied for any regularizer, the chapter then focuses on two rapid strategies that can
be exploited for homogeneous regularizers; namely, Fourier methods and successive
Gaussian convolution. For both cases, prior research [29, 46, 40, 63, 87] has shown that
these strategies are useful for a few specific homogeneous regularizers. This chapter

shows how they can be extended for use with any homogeneous regularizer.

Chapter 6 summarizes the key contributions of each of the previous chapters. It also
presents some ideas for future work, including learning optimal dissimilarity mea-
sures for particular registration applications, exploring the possibility of rapid solu-
tion techniques for nonhomogeneous regularizers, and ensuring that deformation fields

computed using arbitrary regularizers are diffeomorphic.



In this thesis, two different clinical problems are used to illustrate and compare various

aspects of the registration problem. In the problem examined in Chapter 3, CT, PET,

and MR brain images from the Retrospective Image Registration Evaluation project [97]

are used to compare a number of dissimilarity measures with each other and with their

modified versions. In the problem examined in Chapter 5, serial sets of CT chest images

of patients with lung nodules are used to compare registration accuracy and speed when

various regularizers and computational algorithms are compared.

Novel Contributions

This thesis presents novel contributions in each of the four main chapters. These contribu-

tions are summarized here, according to chapter.

Chapter

Chapter

2: Dissimilarity Measures

Presents new dissimilarity measures, including squared orthogonal correlation
coefficient (SOCC), normalized cross cumulative residual entropy (NCCRE), and

cumulative residual entropy correlation coefficient (CRECC).

Generalizes Hermosillo’s technique [50] to derive local versions of all dissimilarity

measures.
Presents Gateaux derivatives for global and local versions of all dissimilarity
measures.

3: Changing Overlap

Proposes technique for incorporating varying overlap regions into dissimilarity
measures and Gateaux derivatives.

Develops approach for modifying dissimilarity measures based on image back-

ground statistics in order to avoid the overlap sensitivity problem.

Illustrates how to compute modified Gateaux derivatives for incorporation into

variational registration.



Chapter 4: Regularizers

Presents second-order elastic regularizer, extending the quadratic taxonomy [63]

of regularizers.

Generalizes Weickert taxonomy [95] of regularizers to enable weighting func-

tions/matrices to vary according to the underlying deformation.

Combines the ideas behind the quadratic and Weickert taxonomies to present
nonhomogeneous versions of the elastic, curvature, and second-order elastic reg-

ularizers.

Presents Gateaux derivatives for all regularizers in the combined taxonomy.
Chapter 5: Solving the Variational Registration Problem

e Presents a framework for approximating the variational registration problem with
any of the proposed regularizers (linear or nonlinear) as a succession of linear

systems of algebraic equations.

e Extends the idea [40] of rapidly solving the curvature registration problem with
the discrete cosine transform to solving the variational registration problem with
any homogeneous regularizer with Dirichlet, Neumann, or periodic boundary
conditions in a fixed-point or steepest descent style iteration using Fourier meth-

ods.

e Extends the idea of successive Gaussian filtering presented by Thirion [87] to

solving the variational registration problem with any homogeneous regularizer.
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Chapter 1

Preliminaries

This chapter provides the mathematical preliminaries necessary for posing and solving the
nonparametric image registration problem. It first describes how to pose the nonparametric
image registration problem as the minimization of a functional comprising a dissimilarity
measure and a regularizer. Then, it describes how to use calculus of variations to transform
the registration problem into one of solving a set of partial differential equations known as
the Euler-Lagrange equations. Next, it mentions some of the inherent limitations of varia-
tional methods for the task of image registration, and it suggests strategies for overcoming
those limitations in practice. Finally, it describes how the contributions in the remaining

chapters of this thesis address components of the variational image registration problem.
1.1 Posing the Nonparametric Image Registration Problem

Consider two images, a reference image R and a floating image F', both as functions in R™.

Define a deformation ® : R™ — R" by:
P(x) =x—u(x), (1.1)

and call u the displacement. The objective of registration is to find a displacement that
minimizes a dissimilarity measure J that measures the dissimilarity between the reference

image R and the deformed floating image F" := F(®):

min IR, FY). (1.2)

u
In order to ensure that the minimization problem is well-posed, a regularizing term R

must be added to the dissimilarity measure. The regularizer enforces smoothness in the



deformation, and in simple cases is typically chosen to be a quadratic form:

R(u) = %a(u, u), (1.3)

which is based on the symmetric positive semidefinite bilinear form a(u, w).
Combining the regularizer with the dissimilarity measure enables us to state the general

form of the registration problem:
min S$(R, F,u) := R(u) + aJ(R, F"), (1.4)

where « is a positive parameter that allows a tradeoff between the influence of the regularizer
and dissimilarity measure.

Practically speaking, analytical solutions to the minimization problem (1.4) are difficult
or impossible to identify. The only recourse is to approximate the solution on a discrete
grid. Discretization can be performed prior to the optimization step (the discretize-optimize
approach), or after the optimization step (the optimize-discretize approach). The discretize-
optimize approach yields a large-scale optimization problem that can have a huge number
of parameters, especially for 3-D volumetric registration. Therefore, we focus in this thesis
on the optimize-discretize approach; the optimize step involves identifying the necessary
conditions for a minimum (which can be done using variational methods), yielding a system
of partial differential equations, and the discretize step involves discretizing the resulting

PDE system in a manner that can be efficiently solved.
1.2 Variational Minimization

We begin with a quick review of a concept from calculus: suppose we want to minimize
a function f(x) that we assume is twice differentiable. Intuitively, it must be true that
any local minimum of f necessarily has a vanishing derivative in every direction. Now, the
derivative of f in the direction s is given by sTV £, so in order for this quantity to vanish
in every direction s, it must be true that Vf = 0. This condition, that Vf = 0, is then a
necessary condition for a minimum.

In order to solve a functional minimization problem such as (1.4), we can use a similar

type of reasoning. It must be true that any local minimum of §(u) necessarily has a



vanishing derivative in every direction. The derivative of §(u) in the direction of w is given
by the Gateaux derivative d8(u; w). As will be shown in Chapters 2, 3, and 4, the Gateaux
derivatives of any general dissimilarity measure J(R, F'") and any (first-order) regularizer

R(u) are given by:

dI(R,F%;w) = / (P(x; R, FY) ,w) dx (1.5)
Q
and
dR(u; w) = /Q (A(u) ,w) dx + /69 (Blu],w) do, (1.6)

respectively. Hence, the Gateaux derivative of §(u) is given by:
d$(u;w) = / (A(u) + aP(x; R, FY),w) dx + / (Blu],w)do. (1.7)
Q 0

Now, by the Fundamental Theorem of Calculus of Variations [43], we find that the condition
d$(u; w) = 0 implies:

Au) = —aP(x; R, F") Vx € Q, (1.8)
Blu] =0 Vx € 0N. (1.9)

This system of partial differential equations (1.8)—(1.9) is known as the Euler-Lagrange
equations, which provide the necessary conditions for a minimum of €(u). Note that for

higher order regularizers, (1.9) is replaced by multiple boundary conditions; i.e.,
Biu] =0 Vx € 01, i=1,...,n, (1.10)

where n is the order of the regularizer.

The right hand side of (1.8), which is sometimes referred to as the force vector, is
nonlinear in u. If the regularizer chosen is linear in the partial derivatives of u, then the
left hand side of (1.8) is linear, and the Euler-Lagrange equations are referred to as being
semilinear. If the regularizer chosen is nonlinear, then the left hand side of (1.8) is nonlinear,

and so the Euler-Lagrange equations are nonlinear.
1.3 Limitations of Variational Methods

The variational approach to nonparametric image registration does have some limitations

that can make practical implementation tricky or difficult. In this section we describe three



such limitations along with suggestions on how to overcome the limitations in practice.
1.3.1 Small Deformation Assumption

Identifying the Gateaux derivative of 8(u) relies on Taylor series approximations that are
valid only if the displacement field u(x) is assumed to be small. This assumption limits the
applicability of the Euler-Lagrange equations (1.8)—(1.9) to small deformations. In many
practical situations, however, large deformations are required to align images.

One strategy that can be useful in handling larger deformations is to perform registration
in a multiresolution or multilevel pyramid [59]. This involves first constructing a pyramid
of images at coarser and coarser resolutions, and then repeatedly performing registration,
starting at the coarsest resolution and moving back up to perform registration at higher
resolutions. The key insight that makes this a useful strategy is that a large deformation
on a fine grid becomes a smaller deformation on a coarser grid.

Another strategy that can be used either separately or in conjunction with multiresolu-
tion pyramids is to apply the Euler-Lagrange equations to the velocity field instead of the
displacement field. This turns registration into a flow estimation problem, and it allows
for larger deformations to be recovered because the velocity field can remain small as the

displacement field grows. This strategy is described in detail in Section 5.1.3 of this thesis.
1.3.2 Multiple Local Minima

Another limitation that arises in variational image registration is that multiple local minima
of (1.4) typically exist due to the nonconvexity of J(R, F'*). This problem is particularly
acute when the recovery of large deformations are required, because a quadratic (and hence,
convex) approximation of J(R, F'") is only valid for small deformations.

Two conceptual approaches for reducing the impact of this problem are variations on
the theme of ensuring that the initial deformation estimate is ”close enough” to the true
deformation: (i) pre-register the images according to some simpler transformation in order
to ensure that the initial deformation estimate is as close as possible to the true deformation,

and (ii) pre-process the images in a way that will tend to reduce the number of local minima
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of (1.4), so that the basin of attraction around the true deformation is as large as possible.

A rigid or affine pre-registration step is always recommended prior to variational regis-
tration. To reduce the number of local minima of (1.4), registration can be carried out in a
multiscale manner, by performing registration first on coarser scale versions of the images
and then propagating (and refining) the results to finer scales. At coarse scales, much of the
rapidly varying content in an image is attenuated, allowing registration to focus on align-
ing large coarse features. Multiscale registration can be performed either independently of
or in combination with multiresolution registration as described in [59] and the references

therein.
1.3.3 Non-Smooth Deformations

The other major limitation of variational techniques is that the inclusion of the regularizer
R(u) in (1.4) tends to bias the result of registration towards smooth deformations. In many
practical situations in medical imaging, discontinuities exist in the true deformation field.
For example, the true deformation field relating two 3-D chest CT images at different points
in the breathing cycle should be discontinuous where the diaphragm slides along the chest
wall. In another example, in the registration of pre-surgical and post-surgical images of
the same patient, a tumor or organ may be present in one image and not the other, yield-
ing a true deformation field that should have a singularity or hole depending on the order
in which images are considered. Such discontinuities are not explicitly modeled by varia-
tional techniques, although small amounts of sliding can be handled with nonhomogeneous

regularizers, as is described in Sections 4.2-4.3 of this thesis.
1.4 Summary

The focus of variational image registration is to determine the Euler-Lagrange equations
that arise for a specific choice of dissimilarity measure and regularizer, and then to discretize
and solve the Euler-Lagrange equations on a grid of image pixels/voxels. The remaining
chapters in this thesis address various components of the variational image registration

problem: Chapters 2 and 3 investigate how dissimilarity measures are constructed and how

11



they behave over the course of registration; Chapter 4 discusses how regularizers can be
constructed to exhibit various properties; and, Chapter 5 describes how to discretize and

rapidly solve the Euler-Lagrange equations.
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Chapter 2

Dissimilarity Measures

Any dissimilarity measure relies on some underlying assumption about the relationship
between the images being registered. In optical flow, the assumption is one of intensity
constancy [51]; namely, that brightness (or brightness gradient or another related feature
[95]) is preserved over time. In medical image registration, constancy assumptions are useful
when the floating and reference images are of the same patient, from the same modality, and
from similar viewpoints; however, they can be too restrictive when images from multiple
patients, multiple modalities, and/or multiple views are aligned. In order to accommodate
these situations, more flexible assumptions have been made about the relationship between
image data, including linearity in brightness [41, 56, 58], general nonlinearity in brightness
[74, 76], and commonality of information content [34, 84, 92, 93].

This chapter details the image data relationship assumptions based on constancy, linear-
ity, general nonlinearity, and commonality of information content, and shows how dissimi-
larity measures can be constructed by penalizing deviations from these assumptions. Within
this framework, some new dissimilarity measures are proposed: the squared orthogonal cor-
relation coefficient (SOCC), the normalized cross cumulative residual entropy (NCCRE),
and the cumulative residual entropy correlation coefficient (CRECC). This chapter then dis-
cusses the global versus local nature of the assumptions, describing how to extend the work
of Hermosillo [50] on local versions of squared correlation coefficient (SCC), correlation ratio
(CR), and mutual information (MI) to construct local versions of any dissimilarity measure.

Next, this chapter presents the Gateaux derivatives of the global and local versions of all
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of the dissimilarity measures, as these are required for variational image registration. In a
final note, this chapter mentions the popular ”Demons Algorithm” and how Demons force

vectors relate to the Gateaux derivatives of dissimilarity measures.
2.1 Image Data Relationship Assumptions
2.1.1 Constancy Assumptions

The simplest assumption that can be made about the relationship between a reference and

floating image is that brightness is preserved; that is:
F%(x) = R(x) Vo € (. (2.1)

This is known as the brightness constancy constraint [51], and it is applicable when images
are captured from the same sensor under the same conditions.

In many practical situations, the brightness constancy assumption is too restrictive, and
it is useful to generalize to other types of assumptions. One such assumption is that the
spatial gradient of brightness is preserved [90], yielding the brightness gradient constancy

constraint:

VF%(x) = VR(x) Vo € Q. (2.2)

Another possible assumption is that the spatial Hessian (matrix of second derivatives) of

brightness is preserved, that is:
VVIFY(x) = VVTR(x)  VreQ. (2.3)

In order to overcome the implicit orientation constancy assumption in (2.2) and (2.3),
Weickert [95] suggests assuming constancy of the magnitudes of the gradient /Hessian terms,

yielding the brightness gradient magnitude constancy constraint:
IVEY )| = [VRX)| Vo e, (2.4)
the brightness Hessian determinant constancy constraint:

VVIFY(x)| = |[VV'R(x)| VzeQ. (2.5)
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and the brightness Laplacian constancy constraint:
AFY(x) = AR(x) Vo € Q. (2.6)

The constancy constraints (2.5) and (2.6) provide alternatives for imposing constancy on
the Hessian magnitude without imposing constancy on Hessian orientation.

Finally, Droske and Rumpf [38] and Haber and Modersitzki [47] make the assumption
that the brightness morphology, as measured by the normalized brightness gradient, should
be constant across images, even when the images come from different modalities. This

so-called brightness morphology constancy constraint is given by:

VF%(x)  VR(x) .
VEGl IR S (2.7)

As opposed to the brightness gradient magnitude constancy constraint (2.4), (2.7) can be

thought of as a constancy constraint on the direction of the brightness gradient.
2.1.2 Functional /Linearity Assumptions

The constancy assumptions, although useful in many circumstances, can still be too restric-
tive for use in some practical applications. In some cases, it is more useful to assume that
there is some underlying functional relationship between the image data. In unimodal appli-
cations where serial studies of the same patient are registered, constancy assumptions may
be invalid due to the use of different imaging devices or slightly different imaging protocols;
however, there is still an underlying functional relationship between the images. In some
multimodal applications, such as magnetic resonance (MR) to ultrasound (US) registration,
constancy assumptions are clearly invalid, although in some cases [76], US values can be
somewhat reliably predicted from MR gradient magnitude values.

An underlying functional assumption between images can be expressed by the brightness

functional constraint:
3f such that F"(x) = f(R(x)) Vz € Q. (2.8)

For the remainder of this thesis, we will not only be interested in the general functional
constraint, but also in a restriction of it that we will call the brightness linearity constraint,

in which f(R) is restricted to be a linear function of R.
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In some cases, medical practitioners may want to switch the roles of the floating and
reference image for a particular registration task. In whole body MR and CT imaging, for
example, different abnormalities may be apparent in each modality. For abnormalities that
are visible only in the CT image but not the MR image, the practitioner may desire to
treat the MR image as the floating image so as not to introduce any deformation into those
abnormalities. For this same reason, the practitioner may desire to treat the CT image as
the floating image for abnormalities that are visible in the MR image but not the CT image.
Because of this, we require a version of (2.8) in which the brightness functional constraint

in expressed the converse direction; i.e.,
3f such that R(x) = f(F"(x)) Vx € Q. (2.9)

For this thesis, however, we will use the form given by (2.8). We note that any of the
subsequent dissimilarity measures that are derived under the constraint (2.8) can also be

derived under the constraint (2.9).
2.1.3 Information Content Assumptions

In many multimodal registration applications, there may not exist any functional relation-
ship between data in the floating and reference images. However, it is possible to assume a
more general image relationship by analyzing the information content in both images. The
information content assumption can be roughly stated in the following way: a combined
version of two misaligned images should be more complex than the combined version of the
same two images when they are aligned.

If each pixel of an image is considered as a realization of a continuous random variable,
one way to describe the complexity of the image is by the differential entropy of the ran-
dom variable. (We assume continuous random variables in order to simplify the gradient
computations required in variational image registration.) For a continuous random variable
A, the differential entropy H(A) is given by:

)

H(A) = - / pa(a)log pa(a) da, (2.10)

— 00
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where p4(a) is the value of the probability density function of A at a. If we define a fused
image to be some function of the values of two underlying images, then each pixel of a fused
image can be considered a function of a joint realization of two random variables. The
complexity of the fused image can therefore be described by the joint entropy of the two
underlying random variables. The differential joint entropy of continuous random variables

A and B is given by:

14,8 =~ [ [ panted) ogpas(a.t) daa, (2.11)

where p4 g(a,b) is the value of the joint probability density function of (A, B) at (a,b).
Another way in which the complexity of an image can be described is by the cumulative
residual entropy (CRE) of the underlying random variable. CRE was introduced in [71, 94]
and generalized in [37]. The general form is given by:
oo
g(A) = —/ P(A > a) log P(A > a) da. (2.12)
—o0
Rao et al. [71] argue that CRE retains many of the important properties of Shannon
entropy that differential entropy does not. The analogy of differential joint entropy is the

joint cumulative residual entropy (JCRE), given by:

e(A,B) =¢(A) + E[e(B|A)], (2.13)
where
e(B|A) = _/oo P(B>b|A)logP(B>b|A) db, (2.14)

and where E[e] denotes expected value. Note that unlike differential joint entropy, JCRE is
not symmetric; i.e., (A, B) # (B, A). A symmetrized version can easily be constructed,

however; we define the symmetric joint cumulative residual entropy (SJCRE) as:

cs(A,B) = %(6(A,B)+5(B,A))

= %(s(A) +&(B) + E[e(A|B)] +E[e(B|A)]>, (2.15)

Rather than explicitly state the information content assumption as a constraint in the

form of (2.1)-(2.8), we will consider only the qualitative definition stated at the beginning
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of this section; namely, that the combined version of two images should be simplest when
the images are in alignment. Later, in Section 2.2.4, we will show how various dissimilar-
ity measures based on (2.10)—(2.15) can be thought of as penalizing deviations from the

information content assumption.
2.2 Dissimilarity Measures as Penalties

When two aligned images are assumed to obey one of the constancy constraints, any mis-
alignment should cause a deviation from the assumed constraint. Image dissimilarity mea-
sures can be constructed by penalizing this deviation. For the constancy assumptions, this
can typically be done by defining a penalty function on the difference between the image
intensities/gradients/Hessians. For the functional assumptions, an additional step is re-
quired: assuming some functional form and applying it to one of the images. Finally, for
the information content assumptions, dissimilarity measures can be constructed by relating
the entropies of each image and the joint entropy of both images in a way that gives an

optimal value when the images are aligned.
2.2.1 Penalties on Deviation from Constancy Assumptions

We begin by defining an image of residuals r that quantifies the deviation of two images
from the assumed constancy constraint. For the brightness constancy constraint, this image
is given by:

rpo(x; R, F") = F*(x) — R(x). (2.16)

Residual images for the other constancy constraints are given in Table 2.1.

All residual images in Table 2.1 except for the brightness gradient magnitude and bright-
ness morphology are based on the difference between the left hand side and right hand side of
the corresponding constancy constraint. For the brightness gradient magnitude, the square
is used so that the residual image is differentiable when VF"(x) = 0. For the brightness

morphology constancy constraint, the vector n is given by:

n(I(x)) = { ngégn VI(x) # 0

T I =0 (2.17)
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Constancy Constraint Symbol Residual Image Value r(x)

Brightness TBC FU(x) — R(x)
Brightness Gradient rBGC VF'Y(x) — VR(x)
Brightness Hessian TBHC VVTFY(x) - VVTR(x)
Brightness Gradient Magnitude | rpemc [VE(x)|? — [|[VR(x)|]?

Brightness Hessian Determinant | rpypc | det (VVTFY(x)) — det (VVTR(x))

Brightness Laplacian TBLC AFY(x) — AR(x)

Brightness Morphology TBMC [n(F%(x)) x n(R(x))H2

Table 2.1: Residual images for constancy constraints.

where the image I can represent either the reference image R or the warped floating image
FY. In this case, the residual image rgy¢c is equivalent to the square of the sine of the
angular difference between the left and right hand sides of (2.7) when neither image gradient
is zero. In [47], the authors note that this definition of n suffers from two drawbacks: it
is not differentiable at the boundaries of constant regions and it is very sensitive to small

gradient values. They propose a regularized version based on replacing n with n.:

ne(1(x)) = ——A ) (2.15)

IVIGIPE + e

where € is a nonzero constant with small magnitude that can be tuned according to the

observed noise level.
Global image dissimilarity measures can be constructed by applying a nonnegative func-

tion ¥ to the residual image r and computing its average over the region §2:

%, (R, FY) = ‘é’ /Q U(r(x; R, F")) dx (2.19)

The ”¢” superscript indicates that (2.19) is a global dissimilarity measure. A variety of

choices can be made for ¥. Among the most common are the functions:

Up(r) =",  pelZ’, (2.20)
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which turn (2.19) into measures of the p'* power of the LP-norm of the scalar valued residual
image r. For vector and matrix valued residual images r, (2.20) can be written in terms of

the corresponding vector or matrix norm:
Uy(r) = rlly,  peZ’. (2.21)

We will consider matrix norms to be entry-wise norms as opposed to induced norms. In
Section 2.4, this will simplify the process of computing the derivatives of penalty functions
for nonrigid registration.

Some well known dissimilarity measures are based on specific choices of p and r in (2.20).
The choice ¥o(rpc) yields the well known mean of squared differences (MSD) dissimilarity

measure, stated explicitly as:

MSD(R, F") :— ylm /Q (FY(x) — R(x))? dx, (2.22)

where || is the size of the region © over which the images are defined. The MSD and its
unnormalized version (the sum of squared differences, or SSD) have been used, for instance,
in the registration of brain images [7, 48].

The choice ¥y (rpc) yields the well known mean of absolute differences (MAD) dissim-

ilarity measure:

MAD(R, F") = ]S12| /Q [FY(x) — R(x)| dx. (2.23)

The MAD and its unnormalized version (the sum of absolute differences, or SAD) have been
used in template matching [9, 23] and optic flow [69].

Other possibilities for ¥ have been used in order to combat some of the problems inherent
with LP minimization. For example, Chan et al. [24] and Brox et al. [15] suggest a modified

version of Wy:
Uy e(r) :==vVr2+e, (2.24)

which, for small € behaves like ¥y but is differentiable at the origin. This modified version

of Uy can be generalized to operate on vector or matrix r in the following way:

Uy (r) o=/ [|r]% + €2, (2.25)
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where H‘Hi“ indicates the square of the Frobenius norm.

For robustness against outliers in the residual images, M-estimators can be used to
construct dissimilarity measures. Arya et al. [5] show that the Huber M-estimator [52]
and the Tukey Bisquare M-estimator [89] exhibit good performance for registering pictorial

images with large occlusions. The Huber M-estimator is given by:

’ r| <k

W ge(r) :z{ k;(p«%—’ 5. sk (2.26)

where k is a tuning parameter that should be chosen to be 1.3450 for 95% asymptotic
efficiency on the standard normal distribution, where o is the estimated standard deviation

of the residuals. The Tukey Bisquare M-estimator is given by:

Ty o(r) == 5 (1 - [1 - (2)2}3> o Irl<e (2.27)

¢ Ir| > ¢

where ¢ is a tuning parameter that should be chosen to be 4.68510 for 95% asymptotic effi-
ciency on the standard normal distribution. Other M-estimators that have been used in reg-
istration and matching include the Geman-McClure [44] and the Lorentizian M-estimators.

The Geman-McClure M-estimator is given by:

7”2

Yeolr) = arom

(2.28)

and has been used in registration of 3D MR and ultrasound images in [76]. The Lorentizian
M-estimator is given by:

2
Uy () =log (14— ), (2.29)
) 20—2

and has been used in comparison with other M-estimators for template matching in [27].
Table 2.2 lists the penalty functions (2.20) and (2.24)-(2.29) for easy reference. Exam-
ples of these penalty functions are illustrated in Fig. 2.1. The upper left figure shows the L?
penalty, which squares errors and can therefore be problematic in the presence of outliers.
The upper right figure shows the L! penalty and its modified version that is differentiable
at zero; as can be seen, these functions still penalize outliers, but not to the same degree as
the L? penalty. The middle right, middle left, lower right, and lower left figures illustrate

the Huber, Tukey, Geman-McClure, and Lorentizian penalties, respectively. These penalty
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Name Penalty Function ¥(r) Example References
LP-norm |7 |P (7,9, 23, 48, 69]
Modified L'-norm V2 +e? [15, 24]
=, 7| < &
Huber [5]
k’(|7’“—%), |T|Zk
02 T 2 3
S(1i-p-@7) <e
Tukey [5]
C2
6 |T’ 2 &
Geman-McClure Tﬁ% [76]
Lorentizian log (1 + %) [27]

Table 2.2: Penalty functions of residuals for image registration.

functions can be compared based on their behavior towards outliers; the Huber functions
exhibit linear behavior with respect to outlier magnitude; Lorentizian functions exhibit log-
arithmic behavior, and the Tukey and Geman-McClure exhibit (nearly) constant behavior
for outliers.

One note of caution, however: behavior that is desirable in dealing with outliers might be
undesirable in dealing with lack of fit (i.e., misregistration). While the Tukey and Geman-
McClure penalties may work well for noisy images with small initial misregistrations, the
lack of fit in larger misregistrations may be penalized as nearly constant, making it more
difficult to converge to a correct registration result. There is not necessarily a ” one-size-fits-
all” answer to the question of which penalty function might be the most appropriate; for a
particular registration task, it is recommended to experiment with various penalty functions
to see which heuristically provides the best trade-off between robustness to outliers and

ability to converge from larger initial misregistrations.
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2.2.2 Penalties on Deviation from Linearity Assumptions

In order to penalize deviations from the linearity assumption, we explicitly represent the
unknown linear relationship between the images. If we define the parameter vector 8 =

(41, BQ)T, then the brightness linearity constraint can be written as:
38 such that F"(x) = f1R(x) + 2 Vx € Q. (2.30)

This suggests that one way to define residuals is by subtracting the left hand side of

(2.30) from the right hand side:
rvpr(x; R, FY, B) = Bi1R(x) + 2 — F*(x). (2.31)

The subscript V DL denotes vertical difference from linearity, indicating that the residuals
are measured in terms of vertical distances to the line represented by f (see Fig. 2.2).
Another way in which residuals can be measured is in terms of the signed orthogonal

distance to the line; i.e.,

|51 (x) + B2 — R(x)| '

N

Here, the subscript ODL denotes orthogonal difference from linearity. The relationship

ropr(x; R, F", B) = sgn (rypr(x; R, F", 3)) (2.32)

between rypr, and ropr, is shown in Fig. 2.2; the form of ropr in (2.32) can be derived
using similar triangles.

Any desired penalty function can be applied to ry pr, or ropr, to construct a dissimilarity
measure. Richard et al. [72] apply the quadratic penalty Ws to rypr to construct a
dissimilarity measure which we refer to as the mean squared vertical difference from linearity

(MSVDL):
1
MSVDL(R,F",B8) = |Q’/‘P2(TVDL(X§R7FUHB))dX
Q

_ ‘(12’ /Q (BLR(x) + Bz — F(x))? dx. (2.33)

A slightly different dissimilarity measure, which we refer to as the mean squared orthogonal

difference from linearity (MSODL), can be constructed by applying the quadratic penalty
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Fll

Figure 2.2: Relationship between rypr, and ropr.
WUy to ropr:

1
MSODL(R,F%,3) := Tl /Q Uy (ropr(x; R, F*, B)) dx

1 [ (AR + 6~ F(x)°
), A

(2.34)

Another related dissimilarity measure, the squared correlation coefficient (SCC), is often

used in registration [41, 19, 66, 35]:

SCC(R,FY) := p(R, FY)?, (2.35)
where
plh ) = \/VSI(")E]ISI\’/Z)(IQ)’ (2:36)
Var (I) = |512| /Q (I(x) — I)? dx, (2.37)
Cov (I, I) = |19| /Q (M(x) - ) (Ia(x) — B) dx, and (2.38)
[ = |sl2| /Q I(x) dx. (2.39)

Under the assumption that €2 does not change over the course of registration, minimizing a

normalized version of the MSVDL is equivalent to maximizing the SCC. Furthermore, under
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this same assumption, minimizing the MSODL is equivalent to maximizing the following
dissimilarity measure, which we call the squared orthogonal correlation coefficient (SOCC):

(Var (R) — Var (F%))? 4+ 4Cov (R, F)?

SOCCR, F7) = (Var (R) 4 Var (Fu))?

(2.40)

See Appendix A for proofs of these assertions.

The SCC and the SOCC are more compact dissimilarity measures than the MSVDL
or MSODL, because they do not explicitly depend on (3. This is advantageous because
registration can be carried out without the need to estimate the parameters of the linear
model.

Any of the other penalty functions mentioned in Section 2.2.1 can be applied to rypr,
(2.31) or ropr, (2.32) in order to construct robust dissimilarity measures for use when the
linearity assumption holds. In general, unless a corresponding robust version of the corre-
lation coefficient can be found, registration using these dissimilarity measures must either
combine estimation of the parameters of 8 with estimation of the alignment transforma-
tion u. Kim and Fessler [56] illustrate how to compute robust correlation coefficients for
certain assumed error distributions without the need to estimate the linearity parameters.
However, a more general approach can be designed for any differentiable penalty function
by partitioning the alignment and [ parameters in the minimization process.

Suppose the general registration problem can be stated for the linearity assumption as:
1
min J(R, FY; 5) := / U(r(x; R, FY, B)) dx. (2.41)
uf 12 Jo

Then, Algorithm 2.2.2 describes a general approach to solving (2.41) by partitioning the
minimization.

To illustrate how Algorithm 2.2.2 can be used in practice in nonrigid registration, we
choose a particular penalty function (¥;.) and residual (rypr), so that the registration

process can be stated as the minimization problem:

r&lﬁn 9, crypy (R, Y5 B) 1= §12| /Q \/(ﬂlR(X) + By — F“(x))2 + €2 dx. (2.42)

To perform the second step in Algorithm 2.2.2 for solving (2.42), we can determine analyt-

ically that if we fix u = a¥), the first order conditions for minimizing (2.42) with respect
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Algorithm 2.2.2: Partitioned Solution of (2.41)

1. Select an initial alignment estimate a(?). Initialize k = 0.

2. Solve the minimization problem B(k) = arg mﬁin U(R, pa® ; 5).

3. Solve the minimization problem 4+ = arg min J(R, J 2 B(k)>.
u

4. If a**tY is judged to be close enough to u¥), terminate. If not, increment k and
return to step 2.

to [ yield the solution:

. Cov (R, F“(k)>
B = (2.43)
! Var (R)
Cov (R F“(k)>
&) =a® ’
B = R (2.44)

Once B%k) and Bék) have been estimated, the next step in Algorithm 2.2.2 can be performed
by computing the corresponding force vector (described in Section 2.4) and then solving for
a#t1 using one of the techniques described in Chapter 5.

The images shown in Fig. 2.3 are axial slices from chest CT scans of the same patient
taken at different times. After normalizing the values in both images to range from zero to
one, we performed nonrigid registration by using Algorithm 2.2.2 to solve (2.42). We chose
the value of €2 to be 0.01, and we used the fluid registration approach (described later in
Section 5.1.3) to perform the third step of Algorithm 2.2.2.

Registration terminated after 133 iterations due to the maximum difference in successive
estimates of () being less than a prescribed tolerance of 0.1 pixels. The resulting aligned
prior image is shown in Fig. 2.2.2, and difference images before and after registration are
illustrated in Fig. 2.5.

As shown in Fig. 2.6, the values of 3 started with 3\” ~ 0.8444 and 3\ ~ 0.0979 and

5133) ~ 0.9639 and 35133) ~ 0.0088. Furthermore, the dissimilarity measure

ended with B
had initial value of approximately 0.15644 and decreased to a final value of approximately
0.1211. The slight and sudden decrease in values at iteration 90 corresponds to a regridding

step of the fluid registration approach.
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Figure 2.3: Example axial slices of serial 3D CT scans of the same patient.

A,
L)

Figure 2.4: Prior CT slice after registration.

(a) Differences before registration ) Differences after registration

Figure 2.5: Differences between current and prior slices, before (left) and after (right)
registration.
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Figure 2.6: Values of 31, B, and dissimilarity measure J9, . rvpr as a function of iteration
over the course of registration.

A similar type of behavior should be expected of Algorithm 2.2.2 whenever the general
dissimilarity measure is convex in 3 for a fixed displacement field. However, in situations
where convexity is lost, one must take great care in employing a partitioned algorithm. As
soon as a local minimum that is different than the global minimum is chosen for § in the
second step, this will likely cause Algorithm 2.2.2 to diverge (or to converge to the wrong

minimum).
2.2.3 Penalties on Deviation from Functional Assumptions

For functional assumptions that are more general than linearity, the functional form relating
the images is rarely known. If it is known (e.g., in [98]) and can be explicitly parameterized,
any of the penalty functions mentioned in 2.2.1-2.2.2 can be applied, and registration can
be carried out according to a partitioned algorithm like Algorithm 2.2.2.

In more common scenarios, the existence but not the form of a functional relationship
between images is known. Woods et al. [99] investigate the case of MR/PET registration,
and they implicitly assume that such a functional relationship exists. By partitioning the
MR image into a number of components according to pixel values, Woods develops a crite-
rion that maximizes the uniformity of the PET pixel values within each partition. This is
achieved by minimizing a weighted average of the standard deviation of the PET values in

each partition. The Woods criterion is given by:

0;

(F")
pi(Fv)’

W (R, FY) := % Z N; (2.45)
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where

pa(F) = = 3 FU). (2.46)
v xEQ;
o) = [ 3 (Fue? = (F)?), (247
v x€eQ;

Q={U", Q} is a partitioning of the image domain, NN; is the number of pixels in §;, and
N is the total number of pixels.

A few years after the Woods criterion was introduced, Roche et al. [74, 75] showed that
if a function f*(R) is defined as the conditional expectation E [F“|R], then f* is the best

possible fit of F" to f(R) for any function f, as measured by the 2-norm of the residuals:

rr=min { oo [ 0 (G0 - £ (RO ax). (2.48)

Using this result, Roche [75] relates (2.48) to the variance of the residuals, and then uses an
application of the total variance theorem to propose the correlation ratio as a dissimilarity

measure:
Var (E [FY|R])

CR(R ) = (P R) = = s

(2.49)

The correlation ratio is analogous to the squared correlation coefficient; both range from
zero (no functional/linear dependence) to one (total functional/linear dependence). Roche
[74] argues that the development of the correlation ratio provides theoretical justification
for the Woods criterion; furthermore, he illustrates experimentally that the correlation ratio
and the Woods criterion behave similarly in practice, with the correlation ratio exhibiting
some small practical improvements.

It is possible to apply other penalty functions when an unknown functional relationship
exists between images. However, to this author’s knowledge, the only way this has been
done is by restricting the unknown functional relationship to be part of a known class of
functions. In an application of MR /ultrasound registration, Roche et al. [76] assume the
functional relationship is a multivariate polynomial, based on the intensities and intensity
gradient magnitudes of the MR images. They pose the objective function as a Geman-

McClure penalty of the differences between the predicted polynomial value and ultrasound

30



intensity. They estimate the polynomial coefficients and optimal rigid transformation in a
partitioned approach, which can be generalized by Algorithm 2.2.3.
Suppose the general registration problem can be stated for the functional assumption
as:
win 9(R, £50) = ‘é’ /Q U(r(x; f(R:0), FY)) dx, (2.50)
where f is a function parameterized by the vector 6. Then, Algorithm 2.2.3 describes a

general approach to solving (2.50) by partitioning the minimization. As with Algorithm

2.2.2, one must be cautious if the objective function J(R, Fﬁ(k>;9> is nonconvex in 6.

Algorithm 2.2.3: Partitioned Solution of (2.50)

1. Select an initial alignment estimate 4(9). Initialize k = 0.

2. Solve the minimization problem 6(k) — arg mein .’J(R, Fﬁ(k);0>.

3. Solve the minimization problem a**Y = arg min J(R, J 2l é(k)).
u

4. If a* Y is judged to be close enough to u¥), terminate. If not, increment k and
return to step 2.

2.2.4 Penalties on Deviation from Information Content Assumptions

The simplest way to construct a dissimilarity measure that would penalize deviations from
the information content assumption is to use the joint entropy itself, given by (2.11). Joint
entropy has been investigated for multimodal image alignment, for instance in [34] and [83].

One problem with the use of joint entropy for image registration is that a reduction in
joint entropy can be effected by a reduction in marginal entropy. This could yield an ”opti-
mal” alignment having the least amount of information rather than the most corresponding
information.

Viola and Wells [92] and Collignon et al. [34] independently proposed the use of mutual
information to combat this problem. Mutual information is given by the difference between

the sum of the marginal entropies and the joint entropy:

MI(R,F") := H(R) + H(F") — H(R, F"). (2.51)
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The negative mutual information can be thought of as a penalty on deviations from the
information content assumption. Maximizing the mutual information (or minimizing the
negative mutual information) will tend to simultaneously reduce joint entropy while main-
taining marginal entropy.

Studholme et al. [84] argued that any image dissimilarity measure should be invariant to
changes in the overlap region through the course of registration. They showed that mutual
information does in fact vary with changing overlap, and they proposed the normalized

mutual information as an alternative:

H(R) + H(FY)
H(R, FY)

NMI(R,F") := (2.52)

Studholme et al. validated the invariance of NMI to changing overlap for some simple
examples; however, NMI still does not guarantee overlap invariance in every situation.
(Chapter 3 of this thesis will further explore the notion of overlap invariance and propose
overlap invariant modifications to all of the standard dissimilarity measures.)

NMI is closely related to Astola’s entropy correlation coefficient [8], which was explored
for multimodal image registration in [33, 61]. The entropy correlation coefficient is given

by:

N 25

Dissimilarity measures can also be constructed using the cumulative residual entropy in

place of the differential entropy. Rao et al. [71] use the JCRE itself as a dissimilarity mea-
sure. However, similarly to joint entropy, JCRE suffers from the problem that a reduction
in JCRE can be effected by a reduction in CRE. A solution to this problem is to use the

cross cumulative residual entropy (CCRE), which is analogous to mutual information:
CCRE(R,F") = ¢(R)+¢e(F")—c(F", R)
= &(R) — E[e(R[FY)], (2.54)
with e defined according to (2.12)—(2.14). CCRE was explored by Wang et al. [93] for

nonrigid registration; it was also investigated by [37] under the alternate name of cumulative

mutual information (CMI).
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Since JCRE is not symmetric, neither is CCRE. However, CCRE can easily be sym-

metrized; the symmetric cross cumulative residual entropy (SCCRE) is given by:

1
SCCORE(R,F") = §<CCRE(R,F“)+CCRE(F“,R))

—  &(R) +£(FY) — e5(R, FY). (2.55)

As with mutual information, CCRE and SCCRE vary with changing overlap regions. We
can attempt to remedy this problem by using the CRE to form analogous versions of NMI
and ECC. We will call these dissimilarity measures the normalized cross cumulative residual

entropy (NCCRE) and the cumulative residual entropy correlation coefficient (CRECC):

NCCRE(R, F™) e(R) +e(F™)

es(R, F1)
_ 2e(R) + 2e(FY) (256
~ e(R) +e(FY) + E[e(R|FY)] + E[e(FU|R)] :
CRECC(R,F") = \/ 9 m
_ E [e(R|FY)] + E[s(FY|R)]
a \/1 - e(R) + e(Fv) ' (2.57)

In Chapter 3 of this thesis, we will show that the NCCRE and CRECC, like the NMI
and ECC, are not overlap invariant in all cases, and we will propose overlap invariant

modifications to address this concern.

2.3 From Global to Local

All of the dissimilarity measures presented in Section 2.2 are global in nature. If each
pixel/voxel of an image is considered a realization of a random variable, then the entire
image can be considered a realization of a stochastic process. The use of global dissimilarity
measures for registration implicitly treats images as stationary stochastic processes. In most
applications, however, images are more adequately represented by non-stationary stochastic
processes. Non-stationarities can be accounted for in image registration by using local

dissimilarity measures. This idea was introduced by Hermosillo [50]; he used estimates of
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Figure 2.7: Left: color cryosection of a human head, Middle: reference image (red channel),
Right: floating image (green channel)

local joint distributions to construct local versions of the SCC, CR, and MI dissimilarity
measures.

In this section, we show how to extend Hermosillo’s idea to construct local versions
of all of the dissimilarity measures in Section 2.2. For the dissimilarity measures based
on the constancy and linearity assumptions, this can be done with local moments or with
local distributions. For the dissimilarity measures based on the functional and information
content assumptions, this is done by a direct application of Hermosillo’s estimates of local
joint distributions.

To illustrate the local dissimilarity measures on real image data, we use a color cryosec-
tion of a human head from the Visible Human Project® [11]. The cryosection contains
700 x 545 pixels, with each pixel 0.33 x 0.33 mm?. The red and green channels are extracted
and converted into single-channel intensity images, as illustrated in Fig. 2.7. These images
can be considered reference and floating images from a multimodal data set. In the next
subsections, we will use these images to show the behavior of various local dissimilarity

measures.
2.3.1 Dissimilarity Measures Based on Local Moments

Recall from (2.39) that the expected value of an image can be computed by integrating the

image over its support and normalizing by the area (for a 2-D image) or volume (for a 3-D
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image). (2.39) represents the global mean of an image. The local mean of an image at a

point X can be computed by weighting the image prior to integration; i.e.,

B, [1:%0] = J 9}:5 (; ’ioij)(’;ldx. (2.58)

Ideally, the weighting function w.(x) is a radially symmetric function parameterized by
scale factor . For this thesis, we assume w.(x) to be Gaussian:

2
wy(x) = b exp (— ||2X7||2 > , (2.59)

(2my2)N

where N is the dimension of x.
In order to use a Gaussian weighting function, (2.59) requires that v € (0, 00). However,

we can allow zero and infinite scale by defining:

Eo[I;x9] = lim E,[I;x¢] = I(xo), (2.60)
y—0F
Exll;x0] = 711_}1101011)/[1; xo] = 1. (2.61)

From (2.61), we see that the local mean with infinite scale is equivalent to the global mean.
All of the dissimilarity measures based on constancy or linearity assumptions can be
written as expected values; hence, local versions of these dissimilarity measures can be

constructed by using local means.
2.3.1.1 Constancy Assumptions

The general constancy dissimilarity measure (2.19) can be written in terms of expected
values as:

09, (R, F") = E[W(r(x; R, F"))]. (2.62)
Hence, the local dissimilarity measure 3&;} can be computed at xg by:
T4 (R, F%,x0) = B,y [W(r(x; R, F'*)) ;%0)] - (2.63)

Recall that MSD and MAD are specific versions of J?I,J,, with MSD = 7 and

Vo,rBC

MAD = fJ\gI,l,TBC. Therefore, local versions of MSD and MAD, computed at xg, are given
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MSD,(R,F%x¢) = E,|(F* - R)?;xq|, (2.64)

MAD,(R, F*xo) = B4[|F" - R|;x0]. (2.65)

Aggregate local dissimilarity measures are defined by averaging the local dissimilarity

measures over all points in the domain; i.e.,

1
Jé;:yr(R,Fu) = M/QJQ’I:YT(R,Fu;Xo)dXo, (2.66)
1
MSD,(R,F") = 9 / MSD. (R, F*;x¢) dxo, (2.67)
Q
1
MAD,(R,F*) = 9 /Q MAD, (R, F*; %) dxo. (2.68)

Note that this construction of (2.67) serves to unify Hermosillo’s idea with the combined
local-global (CLG) optic flow method of Bruhn, Weickert, and Schnérr [17]. The Lucas-
Kanade term in the CLG optic flow method is a linearized version of (2.67).

Figures 2.8-2.10 illustrate some examples of the local dissimilarity measures (2.63)—
(2.65) when applied to the reference and floating images in Fig. 2.7. Note the blurring
effect of the local dissimilarity measures as the scale is increased. As indicated by (2.61),
we would expect that as the scale parameter v approaches infinity, these images would tend
towards the constant value taken on by the corresponding global dissimilarity measure. As
~ approaches zero, the local dissimilarity measure approaches the point-based measure that
can be found by applying the penalty function directly to the residual computed at each
position.

One important observation to take away from Fig.’s 2.8-2.10 is that as v increases, the
local neighborhood increases its width independently of spatial position and image content.
If nonhomogeneous and/or anisotropic behavior is desired, local neighborhood windows
could be constructed with locally varying width and directionality; although it is not clear

that such behavior would be appropriate for the task of computing local moments.
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Figure 2.8: Examples of g5 (R, F*;x¢) (the L? norm of the brightness morphology
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residual image) for v = 1 mm (left), v = 5mm (middle), and v = 10 mm (right).
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Figure 2.9: Examples of M SD. (R, F";xg) for v = 1mm (left), v = 5mm (middle), and

v = 10mm (right).

Figure 2.10: Examples of M AD. (R, F'";xg) for v = 1mm (left), v = 5mm (middle), and
v = 10mm (right).
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2.3.1.2 Linearity Assumptions

The global MSVDL and global MSODL can be written in terms of expected values as:

MSVDL(R,F*8) = E[(BR+ s — F*)?], (2.69)
MSVDL(R, F",

MSODL(R, F"Y; 3) SV (Ré ’ﬁ). (2.70)

1+ 55

Hence, local versions of MSVDL and MSODL can be computed at xg by:

MSVDL,(R, F%; 8,x0) = E,|(B1(x0) R+ Ba(x0) — F*)?; %0, (2.71)

MSVDL P
MSODL, (R, F™; 3,x0) = SVDL,(R, 2’5”‘0). (2.72)

1+ B1(xo0)

Integrating (2.71) and (2.72) over all points in the domain yields the aggregate local dis-

similarity measures:

1
MSVDL,(R,F*,B8) = i /Q MSV DL, (R, F"; 8,%0) dxo, (2.73)

MSODL,(R,F*,B) = ‘(12' /Q MSODL. (R, F™; 8, %) dxo. (2.74)

Note that for (2.71) and (2.72), § depends on xg. Therefore, on the left hand sides of (2.73)
and (2.74), 8 can be thought of as a vector-valued image of linearity coefficients.

Figure 2.11 illustrates images of the components of 8 that minimize MSVDL for the
reference and floating images shown in Fig. 2.7 under varying scale. Two interesting
observations can be made based on these figures. First, at the finer scale (y = lmm),
there appears to be a significant amount of variation in the values of 3, especially in the
background region. This fluctuation is to be expected, since we are in effect fitting a model
to a small amount of data with a low signal-to-noise ratio. Second, at the larger scales (y =
5mm, 10mm), both 3; and 2 seem to have a more piecewise constant appearance to them
than the quantities in the previous figures, suggesting that even with larger neighborhoods,
estimates of 8 may not necessarily be insensitive to small neighborhood translations.

In order to present local versions of SCC and SOCC, we first introduce the local variance

and local covariance. Variance and covariance can be written in terms of expected values
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Figure 2.11: Examples of §(xg) for 1 (top) and P2 (bottom), with v = 1mm (left),
v = 5mm (middle), and v = 10 mm (right).

in the following way:

Var(A) = E[A%] - E[A]?, (2.75)

Cov(A,B) = E[AB]-E[A]-E[B]. (2.76)
Therefore, local variance and local covariance can be defined as:

Var, (A;%0) = E,[A%x0] — E,[4;x0]°, (2.77)

Covy (A, B;xg) = E,[AB;xq] — Ey[A;x0] - E[B;%0] . (2.78)

Since the global SCC (2.35) can be written in terms of (2.75) and (2.76), the local SCC

at xo can be written in terms of (2.77) and (2.78):

u. B Cov, (R, F“;xo)2
SCCL(R, F";xg) = Var, (s x0) Var, (F%;x0)" (2.79)

Like the local SCC, the local SOCC at x( can be written in terms of (2.77) and (2.78) in
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Figure 2.12: Examples of SCC, (R, F";xg) for v = 1mm (left), v = 5mm (middle), and
v = 10 mm (right).

the following way:

(Var,, (R, xo) — Var., (F",x0))* + 4Cov, (R, F', x0)*
(Var, (R,xo) + Var,, (F4,x))? '

SOCC,(R, F¥;x¢) = (2.80)

Integrating (2.79) and (2.80) over the entire domain yields the aggregate measures:

SCC, (R, FY) — / SCC, (R, F*, xo) dxo, (2.81)
Q

SOCC,(R,F") = / SOCC.(R, F*, xo) dxq. (2.82)
Q

Figures 2.12 and 2.13 illustrate examples of local SCC and local SOCC for different
values of 4. Similarly to what was observed in Fig. 2.11, we see that the local SCC and
local SOCC at the smallest scale appear to exhibit much more fluctuation in the background
values than do local MSD or local MAD, which could potentially lead to more difficulty in
robustly converging to a correct registration result. Furthermore, at the medium and larger
scales, local SCC and local SOCC also have a blocky appearance, suggesting a sensitivity

to small neighborhood translations.
2.3.2 Dissimilarity Measures Based on Local Distributions

Hermosillo’s method [50] for constructing local dissimilarity measures relies on the notion
that images are realizations of stochastic processes. Global dissimilarity measures implicitly
assume stationarity of the random process, whereas local dissimilarity measures allow a more

general nonstationarity assumption.
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Figure 2.13: Examples of SOCC, (R, F";x¢) for v = 1mm (left), v = 5mm (middle), and
v = 10mm (right).

The actual distribution of an image’s underlying random variable is typically unknown;
however, it can be approximated from the image data itself. For an image A, the probability

density function p4 can be defined in terms of a Parzen window w by:

1
pa(a) = @/ng(A(x) —a)dx. (2.83)

In the Parzen window method [67], w must integrate to unity; we choose w to be a Gaussian
of the form (2.59) to be consistent with [50]. The joint distribution of two images can be

similarly approximated:

1
DAL Ay (a1, a2) = @ /QU)U(A(X) —a)dx, (2.84)

where A(x) = (A1(x), A2(x))" and a = (a1, a2)".
Hermosillo [50] shows that nonstationarity can be realized by making the distribution
approximation local. The local joint distribution with scale v at xg can be approximated

by:
Jo wo(A(x) — a) wy(x — xq) dx
fQ w(x — xp) dx '

pAl A, (@1, a2;%0) = (2.85)

The marginal distribution of (2.85) then yields an estimate of the local distribution p7419
ie.,

pll(al;xo)=/ DAL A, (a1, a2;X0) das. (2.86)

—00

Since the Parzen window (2.59) is separable, an alternative local estimate of pzh could be
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computed directly without estimating the local joint distribution; i.e.:

.  Jowo(A1(x) — a) wy(x — x¢) dx
pAl( ) 0) - fQ wm/(X—Xo) dx : (287)

Local versions of dissimilarity measures based on the constancy assumptions can be
constructed from (2.87). Local versions of dissimilarity measures based on the linearity,
functional, and information content assumptions can be constructed from (2.85) and (2.87).

One final note: when dissimilarity measures are constructed from estimates of local
distributions instead of local moments, a practical problem arises: having enough samples
to adequately estimate the local distribution. If the image resolution is good enough and
the local neighborhood size is large enough, this is not a problem. For example, sampling
pixels within a radius of 3+ on the test images in Fig. 2.7 will utilize approximately 1600
samples when v = bmm. For the local neighborhoods of width v = 1mm, approximately 65
samples are drawn, and this number of samples still appears to yield local distributions that
exhibit intuitive behavior as the neighborhoods are translated. Caution should be exercised
when the desired local neighborhood width approaches the same order as the width of a

pixel, to make sure that the resulting local distribution estimates are meaningful.
2.3.2.1 Constancy Assumptions

We have already seen that one way to compute the local mean of an image I is by (2.58).
Alternatively, if the local probability distribution p;(i;xg) is available, the local mean can

be estimated by:

E,[I;x0] = /OO ip)(i;%0) di. (2.88)

—00

This suggests that (2.63)—(2.65) can be alternatively expressed as:

Tyl (R, Fxo) = /_ Dy o) (15 %0) (289)
MSD.(R, F"xo) — / i pyelisx0) i (2.90)

MAD, (R, F:xo) — / Pl (i3 %0) di, (2.91)

and these can be substituted in to (2.66)—(2.68) to form the aggregate local dissimilarity

measures.
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2.3.2.2 Linearity Assumptions

Local versions of MSVDL and MSODL, in addition to being described by (2.71) and (2.72),

can be expressed in terms of local probability distributions by:

MSVDLy(R, % f,x0) = / ipZBl(xo)R-&-BQ(xo)—F“)Q (3 %0) di, (2.92)

—00

0o
MSODLV(R’ Fu; B, XO) - / le’z/ﬂ1(x0)R+ﬁ2(xo)—F“)2
—00

(1+81(x0)?)

(i3 x0) di. (2.93)

To construct local versions of SCC and SOCC in a similar manner, estimates of the local
joint distribution of two images is required. The local covariance between two images can

be computed from the local joint distribution by:

Covy(I Tixa) = [ [ i} i gixa) didi — o[ x) - o i (2.94)

Local variance can be computed from the local distribution by:

o0

Var, (I;x9) = / ij p)(i;x0) di — B[ x0)? . (2.95)

— 00
(2.94) and (2.95) can be substituted into (2.79)—(2.82) in order to form local versions of
SCC and SOCC. Note that the local version of SCC constructed using (2.94), (2.95), (2.79)
and (2.81) is equivalent to the measure Hermosillo refers to as local cross correlation (CC)

[50].
2.3.2.3 Functional and Information Content Assumptions

Hermosillo presented local versions of CR and MI in [50]. In the notation used here, the
local CR evaluated at xg would be given by:

Var,, (E,[(FY|R) ;X0] ;X0)
u, Y Y ) )
CR,(R,F";x0) = Var, (FY; x0) ) (2.96)

where

[e.e]

BT =0ixo] = [ 5wy (Gli)ixa)dj and (2.97)
o (Gli) %) = ]m (2.98)

Figure 2.14 illustrates examples of local CR for different values of v. An important observa-

tion that can be made from this figure is that unlike the local versions of SCC and SOCC,
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Figure 2.14: Examples of CR (R, F";x¢) for v = 1mm (left), v = 5mm (middle), and
v = 10mm (right).

local CR seems to have much smoother behavior in the background region at the smaller
scale as well as smoother transitions in the medium and larger scales. This suggests that
the use of local CR may provide a more robust approach to registration than local SCC or
SOCC.

The local MI evaluated at xg would be given by:

ML,(R, F¥;xq) = / Z / Z Pl pu (i, 55 %0) 1ogp7:(’3?vio“)(;£ ;?LO)didj, (2.99)
although it could be expressed alternatively using local entropy:
M, (R, F%xo) = H,(R:x0) + Hy(Fx0) — Hy(R, F% x0) , (2.100)
where
i, (4ix0) = = [ g (aixo) logp(aix0) da @2.101)
H,(A,B;xg) = — /00 /OO P pla,b;xo)logp) pla,b;xo) dadb. (2.102)

Following (2.52) and (2.53), local versions of NMI and ECC about a point xg are given

by:
H (R Xo) + H (Fu Xo)
NMI,(R,F%xy) = —~ . 2.103
3 0) 1 (F, Foino) (2.103)
20 (R, Fv;xq)
ECC.(R,F";xq) = /2— S . 2.104
V(B Fx0) \/ L, (Rs o) + Ho (% o) (2104

44



Local versions of the CRE based dissimilarity measures can be defined in a similar

manner:
CCRE,(R,F";x9) = ¢&y(R;x0) — E,[e,((R|F");x0);X0], (2.105)
1
SCCRE,(R, F";x) = §<CCRE7(R, F™: xo) + CCREV(F“,R;XO)), (2.106)
2
NCCRE,(R, F";x) = - (2.107)
2 - CRECC,(R, F“,xq)
2SCCREL(R, FY, xg)
CRECC.(R, F"%; = R 2.108
i Xo) \/q(R; Xg) + €4 (F1;x0) ( )
where
o
ev(A;xg) = / P7(A > a;x¢) log P7(A > a;x¢) da, (2.109)
. _ _ [T (P((B>Db]A);x0)
e4((BlA);x0) = /_OO( Jog PY((B > b| A) :x0) db, (2.110)
P7(A > a;x9) = / / pZX,B(tv b; x0) dbdt, (2.111)
Jy Phpla,tixo) dt
P7((B > blA =a);x . 2.112
(B> 1A = a)ix0) e (2112

Figures 2.15-2.20 illustrate examples of local MI, NMI, ECC, SCCRE, NCCRE, and
CRECC for different values of . Like the local CR, the local versions of these similarity
measures all have much smoother behavior in the background regions than local SCC or local
SOCC. Moving from left to right in each figure shows a significant amount of smoothing,
indicating relatively smooth behavior as small perturbations are made to the locations of
neighborhoods. This would indicate that these local similarity measures would be useful in
a multiscale strategy for registration in order to improve the ability to converge from larger
initial misregistrations. It is difficult to make any observations contrasting the local MI
from local versions of NMI, SCCRE, and NCCRE. However, it can be observed that local
ECC and local CRECC contain more non-edge information than local MI, NMI, SCCRE,
and NCCRE. This is due to the square root factor in the formulation of ECC and CRECC
that causes edges to be amplified to a lesser degree than in the other information content
based dissimilarity measures.

An aggregate version of the local MI (2.99) can be formed by integrating over the entire
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Figure 2.15: Examples of M1, (R, F";xq) for v = 1mm (left), v = 5mm (middle), and

v = 10mm (right).
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Figure 2.16: Examples of NMI, (R, F";x¢) for v = 1mm (left), v = 5mm (middle), and

v = 10mm (right).
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Figure 2.17: Examples of ECC, (R, F";x¢) for v = 1mm (left), v = 5mm (middle), and
v = 10mm (right).
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Figure 2.18: Examples of SCCRE, (R, F";xg) for v = 1mm (left), v = 5mm (middle),

and v = 10mm (right).
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Figure 2.19: Examples of NCCRE, (R, F";xq) for v = 1mm (left), v = 5mm (middle),
and v = 10mm (right).
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Figure 2.20: Examples of CRECC, (R, F";xg) for v = 1mm (left), v = 5mm (middle),
and v = 10mm (right).
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image domain:

ML, (R, F*) = / ML, (R, F*, x¢) dxq. (2.113)
Q

Aggregate versions of the local NMI, ECC, CCRE, SCCRE, NCCRE, and CRECC can be

formed in a similar manner.
2.4 Gateaux Derivatives

To find the optimal deformation field relating a pair of images, it is necessary to determine
the variational (or Gateaux) derivative of the dissimilarity measure with respect to varia-
tions in the displacement field. For a general dissimilarity measure of the form J(R, F'"),

the Gateaux derivative is defined in the direction w by:

dI(R, F"; w) = lim %[J(R, F“+h‘”) —9(R, F“)] . (2.114)

h—0

From (2.114), it is possible to derive the following alternate form of the Gateaux deriva-

tive (see Appendix B for a proof):
dJ(R,F%;w) = / (P(x; R, FY) ,w(x)) dx, (2.115)
Q

where (-, -) indicates the inner product.

For local dissimilarity measures of the form:
I (R, FY) = /Q I (R, F%, %) dx, (2.116)
the Gateaux derivative can be expressed by:
A7 (R, FY w) = /Q <‘.PE"Y(X; R, FY) ,W(x)> dx, (2.117)
where P47 (x; R, F'Y) is given by:
PYY(x; R, FV) = /Q PEY(x; R, F'®, x¢) dx. (2.118)

In this section, we will present the quantities P9(x; R, F%) and P (x; R, F'%, x¢) that are
needed to define the Gateaux derivatives of the global and local versions of each dissimilarity

measure according to (2.115) and (2.117)-(2.118).
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2.4.1 Constancy Assumptions

For the general dissimilarity measure Jy ,, it can be shown that:

110

Pu (xR, FY) = ] —V(r(x; R, F%))| VF"(x) (2.119)

(see (B.3) in Appendix B for details). In general, r can be a scalar, vector, or matrix
function of R and F™. If we assume that r is sampled on a discrete grid in R?, then the

chain rule implies:

w0
xRF))aF'r”

Py, (x; R, FY) = —— Z (x; R, F%) VFY(x), (2.120)

dn

where M is the total number of grid points. Similar expressions can be derived for higher
dimensions. All of the residual images in Table 2.1 except for the one based on brightness

morphology can be written in terms of the difference of two functions; i.e.,
r(x; R, FY) = r(FY(x)) — 7(R(x)) . (2.121)

Therefore, for these cases, we can write

0 .
Py (x; R, FY) = Z drz (; R, ™)) = (F (%)) VU (), (2.122)
which reduces via the chain rule to:
Py (x; R, FY) = Z dn (x; R, F)) V#; i (F™(x)). (2.123)

For the brightness morphology constancy constraint, the residual image rg; cannot be

expressed in terms of (2.121), but rather in terms of norms and inner products:
rpa (% R, FY) = [n(FU(x))|° [[n(R(x) | - (n(F*(x)) ,n(R(x)))*, (2.124)
where n := n, is defined by (2.18). For this specific case, we can apply the chain rule to

find:

24
Q| dr

( In(R()|* n(F*(x))
— (n(F¥(x)),n(R(x))) n(R(X)))a (2.125)

P (%5 B, F) U(rpn(x; R, F)) [Vo(F"(x))]
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Constancy Constraint

P4, ,(x; R, FY)

Brightness |Q| [VF“] 2V (r(x; R, F,u))
Brightness Gradient —ﬁ [VVTF“] d%\ll(r(x; R,F,u))
Brightness Hessian - D [sz ; VVTF“} U(r(x; R, F,u))
Brightness Gradient Magnitude —ﬁ [VVTFU] [VFY] L9 (r(x; R, F,u))
Brightness Hessian Determinant —ﬁ [V|IVVTFY] di\I/(r(x; R,F,u))
Brightness Laplacian |Q| [VAF“] U(r(x; R, F,u))

B AW (s R, FY) [Va(F (x))]
Brightness Morphology (Hn H n(F%(x))

— (n(F*(x)),n(R(x))) n(R(X)))

Table 2.3: Values of TP\gI,J for specific residual images.

where
(IVFe) > + €)1
(IVF ol + )

— (VF(x)) (VIF(x))

Vn(F%(x)) = VVTFY(x) -

. (2.126)

and where I is the identity matrix.

Given (2.123) and (2.125), we can state P9 for any combination of constancy constraint
and penalty function. Table 2.3 shows PY for each type of constancy constraint. Note
that for the brightness morphology constancy constraint, we have assumed the use of the
regularized vector (2.18), so that P is differentiable when VF or VR are equal to zero. For
each P9 in Table 2.3, the derivative of ¥ with respect to r is required. Table 2.4 lists these
values for each of the penalty functions listed in Table 2.2.

Tables 2.3 and 2.4 allow us to state the Gateaux derivatives of some specific global

dissimilarity measures. For the MSD, we have:

2
Pumsp(x; R, FY) = ] (R(x) — F"(x)) VF"(x). (2.127)
For the MAD, Wy (r) is not differentiable at the origin. The modified L'-norm, which is
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Penalty Function

LP-norm (scalar r)

prP~Lsign (r)

LP-norm (vector r)

D 7'113_1 sign (rq)

D rp1 sign (1)

LP-norm (matrix r)

D rfill sign (71,1) prlf;bl sign (71,)

prhsign (rm1) prhtsign (ry.)

1
Modified L'-norm (scalar ) r(r? +e?) 2
_1
Modified L'-norm (vector/matrix r) r(Hng + 62) ’
—k, r<—k
Huber r, —k<r<k
k, r>k
2
r [1 — (%)2} , rl<e
Tukey
0, Ir| > ¢

Geman-McClure

2ro? (7“2 + 02) -2

Lorentizian

2r (r2 + 20’2) -t

Table 2.4: Derivatives of penalty functions.
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differentiable everywhere, can be applied to rpc in order to approximate the MAD when
variational methods are to be used for nonrigid registration.
Gateaux derivatives of local dissimilarity measures are simple extensions of the Gateaux

derivatives of the global dissimilarity measures. In light of (2.58) and (2.63), we can state:
T{Iﬁr(x; R, F",x0) = wy(x — Xq) [9,\/(X0)]71 CP?PJ(X; R, FY), (2.128)

where
Gy (x0) = / w~(t — xq) dt. (2.129)
Q
This result can then be substituted into (2.118) to form ’P@r(x; R, FY).

2.4.2 Linearity Assumptions

In order to compute the Gateaux derivatives of the MSVDL and MSODL dissimilarity
measures with respect to the displacement, it is helpful to think of the linearity parameters
B1 and o as fixed. (This is valid during Step 3 of Algorithm 2.2.2, for example.) For fixed
B, MSVDL and MSODL can actually be thought of as dissimilarity measures that are based
on constancy assumptions. Therefore, ‘P*}]WSV pr, and iP‘?MSO pr, can be derived in the same

manner as PY, . in the previous section. We have:
K

2

(BiR(x) + f2 — F¥(x)) VF"(x), (2.130)

BiR(x) + B2 — F'(x))
Q[ (1+67)

Using (2.128), we see that for local versions of MSVDL and MSODL,

2
Phsopr (xR, FY) = ( VEY(x). (2.131)

Py pr (xR x0) = ‘fuuw(x — x0) [S,(x0)] " (BLR(x) + B2 — F*(x)) VF"(x)

(2.132)

and

2w, (x — x0) [S(x0)] " (BiR(x) + 2 — F*(x))
Q[ (1+67)

PitsopL (% B, F¥, x0) = VFY(x). (2.133)

The SCC is equivalent to the square of Hermosillo’s CC dissimilarity measure. In [50],

Hermosillo derives the Gateaux derivatives for the global and local versions of this measure.
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However, he assumes that j%cc is computed using an estimate of the joint probability
density function. If, instead, (2.37)—(2.39) are used to compute I, then the term P%

describing the Gateaux derivative can be written as:

u 2 u u
Phoo (6 R P = = Koo (6 - T V(). (2.134)
where
Cov (R, F") _
g . u _ ) .
Lsccts BEY) = g (R) Var (Fv) (Rex) = 7)

Var (F'%)
The Gateaux derivative of SOCC can be determined in a similar manner. We have:

u 2 u u
Ploco(x: R, FY) = —@K%OCC(X; R, F")VF"(x), (2.136)

where
4Cov (R, F*) (R(x) — R)
(Var (R) 4 Var (Fu))?
2 (Var (R) — Var (F“)) (F“(x) — F')
(Var (R) + Var (Fu))?
2S50CC (R, F")

~ Var(R) + Var (F'%) (F76e) = 7). (2.137)

For local versions of SCC and SOCC, we have:

2
Polo(x; R, FY, x0) = _@xgg(,(x; R, F", x0) VF%(x), (2.138)
2
Pod oo (% R, FY x0) = —@xggw(x; R, F" x0) VF"(x), (2.139)
where
Covy (R, F";xq)
g{gﬁ . Fu — 2 ) ) - E .
sccC (X’ R7 ) XO) Varv (R; XO) Varv(F“; XO) (R(X) Y [Rv XO])
SCC,(R, F%;xq)
- FY(x) — E[F" 2.14
Var, (FY; xo) (F(x) — Ey[F"%0]) (2.140)
and

4Cov, (R, F";x0) (R(x) — E4[R; %x0])
(Var, (R; xo) + Var, (F'%;x0))?
2 (Vary(R;x0) — Vary (F%;x¢)) (F"(x) — E4[F;x0])
(Var, (R; xp) + Var, (F'4;x))?
~ 250CC(R, F";x0) (F"(x) — Ey[F"; %))
Vary (R;x¢) + Var, (F'*; xq)

:Kg%cc (X7 R7 Fu7 XO) =

. (2.141)
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T%gc(x; R, FY) and ﬂ’ggcc(x; R, F'") can then be formed by integrating (2.138) and (2.139),
respectively, according to (2.118). Note that the use of Gateaux derivatives that are con-
structed using local moments enables the use of much smaller neighborhoods than when
using local distributions. This is because much fewer samples are required to estimate a
mean or variance than to estimate an entire distribution. This provides a practical improve-

ment over Hermosillo’s formulation of local dissimilarity measures based on distributions.
2.4.3 Functional Assumptions

The Gateaux derivatives of the global and local versions of CR are derived in [50]. In the

notation of this thesis, P% (x; R, F") is given by:

2

Pl (x; R, FY) =
CR |Q|

K9, (x; R, F") VFY(x), (2.142)

where

E[FY R (x)] — E[F"] ~ CR(R,F")

g TR FY) = I 0e —E[FY). 2.14
KCR(X’ R? ) Val"(Fu) Var(Fu) ( (X) [ ]) ( 3)
For the local CR, ‘P@%(X; R, FY xq) is given by:
2
PER(e B P x0) = — 1o KGh(x; B F*x0) V() (2.144)

where

E,[(FY|R (%)) ;x0] — E,[F";x0]
Var, (F%;xq)
~ CRy(R, F";x0)
Var, (F%;xq)

K40 (x; R, F, x0)

(FU(x) — By[FYxq]).  (2.145)

ﬂ’é}%(x; R, F'Y) can then be formed by integrating (2.144) according to (2.118).
2.4.4 Information Content Assumptions

As shown in Sections 2.2.4 and 2.3.2.3, all of the dissimilarity measures based on information

content assumptions can be expressed as functions of entropy, joint entropy, CRE, and
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JCRE. The Gateaux derivatives of these quantities can be written in terms of (2.115), with:

P9 (x; FY) — \512| (M) VF(x) ., (2.146)
PY,(x; R, F*) = ‘51” (gf [zzf:((g((;()):lﬁ]{x)i%)) VFY(x), (2.147)
PI(x; FY) — ‘é' (14 log P(F" > FY(x))) VF(x), (2.148)
PI(x: R, FY) = \Slll (1+1log P(F™ > F*(x)|R = R(x))) VF*(x),  (2.149)
PI(x; FUR) = PU(x; F™) + - KI(x; Y R) VEY(x), (2.150)

9]

where

R(x) )
Xe(x; F*,R) = / 57 10g P(R > r[F™ = f)];_puy) dr

o Of
R(x) 9 "
+/OO aff[P(R<7“’F :f)]f:FU(x) dr
© 9 "
— /R(x) aif [P(R > T|F = f)]f:Fu(x) dr. (2151)

Derivations of (2.146)—(2.150) are provided in Appendix B.

The Gateaux derivatives of the dissimilarity measures based on information content
assumptions can be expressed in terms of (2.146)—(2.150). Table 2.5 presents these rela-
tionships, which can all be derived by application of the chain rule.

For local versions of the dissimilarity measures, the Gateaux derivatives are simple
extensions of the Gateaux derivatives of the global dissimilarity measures. Derivations

similar to those in Appendix B allow us to state:

P FU x0) = wy(x —x0)[Gy(x0)] " K (3 ¥ x0) VFU(x),  (2.152)
P R, x0) = wy(x —%0) [S-(x0)] " K7 (x; R, F™, x0) VF¥(x), (2.153)

PLV(x: FYx0) = wn(x —X0) [Sy(x0)] T KET (x5 Fx0) VFU(x), (2.154)
PG RFY x0) = wy(x = x0) S, (x0)] 7 KT (x; R, FY, x0) VFU(x), - (2.155)
PLY(x F¥ Roxo) = ws(x = x0) [, (x0)] 1 K2 (x; F, Ry xo) VE (x)

+PLY (x; F¥, %) (2.156)
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Disimilarity Measure Gateaux Derivative Component P9 (x; R, F'")
MI P (x; F*) — P9, (x; R, F)
NMI (H(R,F™)™" [P}, (x; F*) = NMI(R, F*) PY;(x; R, F™)]
~[r(R) + HP {§BOC(R, ) P s )
ECC
- (BCC(R.F*) [P0 ) - P i R 7]}
CCRE(R, FY) PI(x; FY) — PY(x; FY, R)
CCRE(F“,R) PI(x; FY) — PY(x; R, F'Y)
SCCRE PL(x; FY) — 2PY(x; FY, R) — 31PY(x; R, F'™)
[e(R, FY) + e(F, R)] ™" - {2 PI(x; FY)
NCCRE
— NCCRE(R, F")[P(x; R, F") + P!(x; F", R)] }
— [e(R) 4 e(F™)] ™ {;CRECC(R, FY) PY(x; FY)
CRECC — (CRECC(R,F%))~!
[P ) - $920c R ) — 1920 ) |

Table 2.5: P9 for global dissimilarity measures based on information content assumptions,
expressed as functions of P4, and P.
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where

Ko (x; P %) = LI : (2.157)

2 pY «(R(x), fix
af pR,F( () ]f:F“(x)

f’ 0)
Oy o . u _
K (x; FY xo) = 1+ log PT(F™ > FU(x);x0) , (2.159)
KEV(x; R, F¥,x0) = 1+log P'(F* > F*(x) |R = R(x) ;o). (2.160)
R(x)
KEV (x5 F*, R, %) = / ;f [log PT(R > r|F" = f§X0)}f=F“(X) dr
R(x) o , u
+/_oo oy 77 (R <™ = fi%0)] - pug A1
0
_ — [PY(R > r|F" = fiX0)] j— puiy A7, (2.161
/mx)af[ (R>7 0)]p=pue dr, (2:161)

and where G, (xq) is given by (2.129).

The Gateaux derivatives of the local dissimilarity measures based on information content
assumptions can be expressed in terms of (2.152)—(2.156). Table 2.6 presents these local
relationships, evaluated at xg. Aggregate versions of the local dissimilarity measures can
be found by integrating these terms according to (2.118). Like the relationships described

in Table 2.5, those in Table 2.6 can be derived by application of the chain rule.
2.5 A Note on the Demons Algorithm

Thirion’s Demons algorithm [87] is a popular choice for nonrigid registration because of
its linear complexity and simple implementation. It involves iteratively computing a force
vector field from the images and then using the the force vector field to locally drive the
deformation field. In the notation of this thesis, the Demons force vector field can be defined

(B(x) — FM(x)) VI (x)
IVES(x)|* + (R(x) — Fu(x))*

{J)Demons(}q R, Fu) = (2162)

Thirion motivated this force vector as a way to guarantee a smooth and stable solution
to the optical flow equation. Although no direct connection to a particular dissimilarity

measure was presented in Thirion’s original development, it is readily apparent that (2.162)
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Disimilarity Measure

Gateaux Derivative Component P (x; R, F, x¢)

MI,(R, F*; xq)

P (x; F, x0) — Py (x; R, F, xo)

NMI,(R, F*;xq)

(H’Y(R7 Fu;xo))_l [?i’{fy(x; Fu7X0) - NMI’Y(Ra Fu;XU) ?i}'y(x; Ra Fu,Xo)]

ECC,(R, F";x0)

1 () + 1, (P {4ECC (R FYsx0) 94 ()

— (ECCy(R, Fu:x0)) ! [ﬂ’i’ﬁ(x; FY xp) — Té’ﬂ(x; R, F“,Xg)]}

CCRE,(R, F¥;xo)

PET(x; F™, x0) — PEY (x; F¥, R, %)

CCRE,(F", R; %)

PET(x; F™, x0) — PE7(x; R, F'™, Xq)

SCCRE(R, F*;x)

ﬂ)ﬁ”y(x; F" xp) — %?ﬁ”(x; F" R, %) — %ﬂ’ﬁ’v(x; R, F" %)

NCCRE.(R, F;x)

e, (R, Y x0) + o (F, Ry x0)] - {2 PL (x; Y, %)

— NCCRE-(R, F%;xo) [?ﬁﬁ(x; R, FY,x0) + PY7 (x; F", R, xo)} }

CRECC,(R, F;x0)

— e (R; X0) + £4(F%:%0)] "' { LCRECC, (R, F¥; x0) P27 (x; F'%, %0
v Y 2 v

— (CRECC,(R, F*;%0)) " [?’;””(x; FY xq) — %’Pﬁ’w(x; R, F", xq) — %?f;””(x; Fv, R,Xo):| }

Table 2.6: PY7V(x; R, F", xg) for local dissimilarity measures based on information content assumptions, expressed as functions of

?i’;’(x; R, FY x() and Tﬁ"y(x; R, FY xq).




is a locally weighted version of (2.127), so it would seem that the Demons force vector field
is in some way related to the MSD dissimilarity measure.

Pennec et al. [68] illustrated this relationship by performing a Quasi-Newton minimiza-
tion on the MSD dissimilarity measure and showing that the resulting incremental update

can be expressed as:

P(x; R, F*) = r(B(x) — F7(x)) VI (x) (2.163)
o IV Fa(x)[* + (R(x) — F(x)) (AFY(x))’

where k is a constant. Pennec notes that a Levenberg-Marquardt algorithm could be used to
derive an alternative incremental update in order to avoid problems with the denominator
becoming zero in regions where the Hessian matrix of F™ is not positive definite.
Although the force vector field defined by (2.163) is not exactly the same as the Demons
force vector field (2.162), there appears to be great potential in generalizing Pennec’s version.
The strategy of performing a Quasi-Newton (or Levenberg-Marquardt) minimization could
theoretically be applied to any of the dissimilarity measures presented in this chapter,

yielding a whole family of Demons-like force vector fields for use in image registration.
2.6 Summary

This chapter focused on dissimilarity measures used in medical image registration. It showed
how many standard dissimilarity measures arise from penalizing deviations from various im-
age data relationship assumptions, including constancy, linearity, general nonlinearity, and
commonality of information content. Within this framework, the chapter proposed three
new dissimilarity measures: the squared orthogonal correlation coefficient (SOCC), the nor-
malized cross cumulative residual entropy (NCCRE), and the cumulative residual entropy
correlation coefficient (CRECC). It then built upon Hermosillo’s work [50] on defining local
versions of specific dissimilarity measures and illustrated how to construct local versions
of all dissimilarity measures. Next, the chapter illustrated how to compute the Gateaux
derivatives necessary for using these dissimilarity measures in variational image registra-
tion, and it presented the Gateaux derivatives for the global and local versions of all of the

dissimilarity measures. Finally, the chapter mentioned how the Demons algorithm can be
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thought of in terms of the Gateaux derivatives of the dissimilarity measures described in

this chapter.
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Chapter 3

Changing Overlap

All of the dissimilarity measures presented in Chapter 2 depend in some way on the region {2
describing the overlap between the floating and reference images. The Gateaux derivatives
presented in Section 2.4 all implicitly assume that €2 remains constant over the course of
registration. This assumption is valid if homogeneous Dirichlet boundary conditions are
chosen; however, it is invalid if any other type of boundary conditions are chosen, or if the
dissimilarity measure is computed over some masked portion of the overlap region (which
is often the case in practice). To handle these more general situations, we must explicitly
account for the changing overlap region in the dissimilarity measures and their Gateaux
derivatives.

Even when a changing overlap region is appropriately handled, a new problem emerges:
sensitivity of the dissimilarity measures to the movement of background content into and
out of the overlap region over the course of registration. Studholme [84] investigated this
problem in the context of registering whole head MR images with small band CT images.
He recognized that MI exhibits such an overlap sensitivity problem and showed empirically
that it could be mitigated with NMI. It turns out, however, that all of the dissimilarity
measures presented in Chapter 2, including NMI, exhibit this overlap sensitivity problem,
although the problem is less apparent in some dissimilarity measures than others.

This chapter explores the effect of changing overlap on the dissimilarity measures pre-
sented in Chapter 2. It first shows how to explicitly account for changing overlap in the

dissimilarity measures and their Gateaux derivatives. Next, it uses an academic example
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presented by Studholme [84] to illustrate the overlap sensitivity problem for many of the
dissimilarity measures. It then proposes a framework for modifying all of the dissimilarity
measures in a way that is guaranteed to be insensitive to overlap changes under certain
assumptions on background statistics. Finally, it illustrates the performance of the mod-
ified dissimilarity measures versus the standard dissimilarity measures on both rigid and

nonrigid registration tasks.
3.1 Accounting for Changing Overlap in Registration

As noted above, in many practical situations, it is desirable to consider only a portion of
the floating or reference image when aligning images. Consider, for example, the axial slices
from serial 3D chest CT scans of the same patient shown in Fig.’s 3.1(a) and 3.1(b). The
particular reconstruction algorithm used to generate these CT scans only reconstructs data
within a cylinder. In computing any image dissimilarity measure, we thus only want to use
the valid data. One way to ensure this is to construct masks that indicate valid sampling
locations (as shown in Fig. 3.1(c) and Fig. 3.1(d)) and deform the masks over the course of
registration. As the masks deform over the course of registration, their region of intersection
deforms as well. This region of intersection must then be the overlap region (2, as it is the
only region where valid data can be sampled from both images simultaneously.

In other situations, all of the data may be valid in both the reference and (original)
floating images; however, one may want to experiment with different boundary conditions
in registration. Unless homogeneous Dirichlet boundary conditions are used, the image
boundaries will move over the course of registration, causing the overlap region {2 to change
as well.

A problem now arises: in computing the Gateaux derivatives of all of the dissimilarity
measures presented in Chapter 2, the implicit assumption was made that {2 remains constant
over the course of registration. In order to perform nonrigid registration in situations
where  changes, we must revisit the dissimilarity measures and recompute their Gateaux
derivatives under the assumption that {2 depends on the displacement field u(x).

To properly account for changing overlap in nonrigid registration, we first investigate
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(b) Current

(c) Prior Mask (d) Current Mask
Figure 3.1: Example axial slices of serial 3D CT scans of the same patient and corresponding
masks indicating the positions of valid data.

the changing behavior of the region content |2|. Then, we describe the impact this has on

the Gateaux derivatives of the dissimilarity measures.
3.1.1 Gateaux Derivative of Region Content

For either the situation where masks exist indicating valid data, or the situation where
flexible boundary conditions are desired, we can describe the overlap region conceptually
by Fig. 3.2. Consider the reference image to be defined over the region Q2 C R™, and
consider the deformed floating image to be defined over the region Qpu C R™. The overlap
region € over which both images are defined is given by the intersection Qr N Qpu. (The
situation where no masks exist and homogeneous Dirichlet boundary conditions are chosen
is still covered; this case simply yields Q = Qr = Qpu.)

Now, the content C(u) := || of the overlap region is given by:

Clw = [ H(OA() - (O (x)) dx. (3.1)
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Reference Region Floating Region Overlap Region

Figure 3.2: Regions over which reference image (left) and floating image (middle) are de-
fined; overlap region € as the intersection of these regions (right).

where © 4(x) : R" — R is a function exhibiting the following properties:

O4(x) > 0, X € Qy, (3.2)
O4(x) =0, x€9I0y,

©4(x) <0,  otherwise,

and where H(O) is the Heaviside step function, defined by:

e ={ o 02 - (33

A natural choice for © is the signed Euclidean distance transform [62], which can be com-
puted in linear time.

If we approximate H in (3.1) with the regularized Heaviside function H, defined in [25]

H.(0) = % (1 + %arctan (?)) , (3.4)

we find that the Gateaux derivative dC(u;w) is given by:

by:

dC(u;w) = / (Polx B "), w(x)) dx, (3.5)
where
Po(x; R, F*) & —He(Or(x)) - H(Opu(x)) - VOpu(x), (3.6)
and where
H.(0) = — (@26+ 7 (3.7)



is a regularized version of the Dirac delta function. Note that the choice ¢ = 7! yields
H;r,l(O) = 1. A proof of (3.5) is provided in Appendix C.

To get a visual sense of the Gateaux derivative of the content of the overlap region,
we observe in Fig. 3.3 the various components that are used to form the vector field
Po(x; R, FM) for the regions shown in Fig. 3.2. Figures 3.3(a)-3.3(b) show the regions Qg
and Qpu from Fig. 3.2 as binary masks, and Fig.’s 3.3(c)-3.3(d) show the corresponding
signed Euclidean distance transforms of these regions. Figures 3.3(e) and 3.3(f) show the
regularized Heaviside function for the reference region and the derivative of the regularized
Heaviside function for the floating region, respectively, assuming that the images are 300
pixels x 400 pixels with isotropic pixel spacing of 0.1 units, and that e = 7—!. Figure 3.3(e)
shows the product of H.(©g(x)) and H.(Oru(x)), and Fig. 3.3(h) illustrates the resulting
vector field Po(x; R, F") overlayed on the mask of the floating region. As can be seen in

Fig. 3.3(h), the vector field Pc(x; R, F') has nontrivial vectors only near the edges of Qpu

that are inside )i, and these vectors point outward from pu.
3.1.2 Revisiting Gateaux Derivatives of Dissimilarity Measures

The Gateaux derivatives presented in Section 2.4 implicitly assume that €2 does not change
as a function of the displacement field u. To relax this assumption, we can reformulate the
dissimilarity measures to explicitly account for masked regions and then derive the resulting

new forms of the Gateaux derivatives.
3.1.2.1 General Constancy / MSD

In order to explicitly account for the regions Qr and Qpu over which the reference and

floating images are defined, we rewrite the general constancy dissimilarity measure (2.19)

| My (R, FY)
3?1,7T(R,F )= T, (3.8)
with
My (R, F") == /n H(Ogr(x)) -H(Opu(x)) - ¥(r(x; R, F")) dx (3.9)
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(a) Mask of Qg (b) Mask of Qpu

(c) Or(x) (d) Oru(x)

(h) Pc overlayed on mask of Qpu

Figure 3.3: Visualizing the Gateaux derivative of overlap region content.
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and C(u) defined as in (3.1). As shown in Appendix C, the Gateaux derivative of (3.8) is

given by:
gy, (R, F*; w) = /n (Pur(x; R, F™), w(x)) dx, (3.10)
where
, U (r(x; R, F* —.’JgrR,F“
Paploi B ) ~ — HA(Op(x) - H, (O (x)) - ( : ézm 5 )> VO (x)

— H(Op(x)) - H(Opu(x)) - (éqj(&u}; Fu”) VFU(x). (311)

For specific residuals and penalty functions, (3.11) can be constructed by referring to Tables

2.3 and 2.4. The MSD, for example, has Prrsp := Pw, rp given by:

{PMSD(X; R, Fu) =~

u(x) — R(x))? — u
~H(On(x)) - H(O(x) - <(F ) = Mgy M E )> VOpu(x)
H(O(0) - H(©rs () - (2L ) o (3.12)

3.1.2.2 Mutual Information

Rather than spending many pages recomputing Gateaux derivatives for all of the other
dissimilarity measures under the assumption that the overlap region changes over the course
of registration, we focus only on mutual information (MI). By illustrating how to recompute
the Gateaux derivative of MI, we provide the necessary tools for the interested reader to
recompute Gateaux derivatives for the other dissimilarity measures.

Mutual information relies on estimates of the underlying marginal and joint density
functions of the reference and floating images. If the overlap region is assumed to remain
constant over the course of registration, the Gateaux derivative of the marginal density of
the reference image is trivial, while the derivatives of the marginal density of the floating
image and the joint density of both images are given in Lemmas 3 and 4 of Appendix B. If
the overlap region is allowed to deform according to the displacement field u, however, the
Gateaux derivatives of the marginal and joint densities become more complicated.

For the marginal density of the reference image, the Gateaux derivative is no longer

trivial because of the changing region over which the reference image is sampled. It is given
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dpr(r;u,w) = /n (Ppr(x,m R, FY) ,w(x)) dx, (3.13)
where
P (X, 75 R, FY) &~ —H(Op(x)) - H. (O pu(x))- (“"(R(x) &3 - pR(T)) VOpu(x). (3.14)

For the marginal density of the floating image and the joint density of both images, we

have:

dppu(f;w (x, f; R, FY) ,w(x)) dx, (3.15)

dppr,pu( (x,7, f; R, F') ,w(x)> dx, (3.16)

pR Fu

= [ o
W=

n

where

Ty 05,5, F) % ~H(O1() - H (O ) - () Z D=0 ) 0 )

Clw)
—Hg<eR<x>>-He<eFu<x>>-(W) VFUx)  (317)

C(u

and

:PpR,F“ (X7 Ty f; R, Fu) ~

~H(Or(x) B0 () - (2= eI Z el ) g
“H.(Op(x)) - He(Opu(x)) - (“"(R(X) _T():EUJ)(F x) — f )> VEY(x). (3.18)

Proofs of (3.13)—(3.18) are omitted, as they are very similar to the proof of Proposition 10
in Appendix C.

Using derivations similar to those of Propositions 4 and 5 in Appendix B, we can state
new forms of the Gateaux derivatives of the marginal and joint entropies. These new forms

are given by:

dHg(u,w) = (Pr(x;u, R),w(x)) dx, (3.19)

dHpu(w) = (Pu(x; FY) ,w(x)) dx, (3.20)

J.
J.
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and

dHR pu(w) = /n (Pu(x; R, F"),w(x)) dx, (3.21)

where

Prrlox;u, R) ~ Hy(Op(x)) - H(Opu(x)) - (IngR(RC(’(‘l)f H(R)) Vo).  (322)
)

Prr(ox; V) = H, (O (x) - HL(Opu(x)) - (IngF“ e A ) VO (x)

Ppu(FY(x))
prua(F(x)) C(u)

+ Ho(Op(x)) - H(Opu(x)) - ( ) CVFY(x),  (3.23)

and

Pu(x; R, FY) =

H.(05(x)) - H.(Opu(x)) - <logPR,FU(R(X) ,é*;:l()x)) + H(R, FU)> VO pu(x)
af [pRF“( (x )7f)]f Fy(x)
prFe(R(x), F(x)) C(u)

HH(OR(x)) - He(Opu(x)) - ( ) CVFY(x).  (3.24)

Note the difference in the notation H (entropy) and H (Heaviside function).

The new form of the Gateaux derivative of mutual information is then given by:
dMI(R,F";w) = dHp(u,w) + dHpu(W) — dHp pu(W)
= / (Pur(x; R, FY) ,w(x)) dx, (3.25)
where

Pur(x; R, FY) ~
He(Or(x) - H(Orn(x)) R(R(x)) prs(F*(x) .
( W) ) <10g ( V. F > + MI(R,F )) VO ru(x)

C pr,Fu(R(x u(x))
H(Or(x)) - Ho(©ra()\ (Ppu (F2(0)) 37 [P (B Dl oy |
“ Clw) ><pFu<Fu<x>> P (RGP ) 0
(3.26)

3.1.2.3 Visualizing the Revised Gateaux Derivatives

To investigate the difference between the revised Gateaux derivatives presented in this

section that account for overlap and the original Gateaux derivatives presented in Chapter
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2 that do not account for overlap, we visualize the Gateaux components of the MSD and
MI dissimilarity measures for the chest CT slices shown in Fig. 3.1. Figures 3.4(a) and
3.4(b) show the prior and current slices with yellow boxes outlining the subregion over
which Pyrgp and Ppyr are shown. As illustrated by the subregion mask in Fig. 3.4(c), the
subregion is chosen to encompass regions both inside and outside the original prior mask
shown in Fig. 3.1(c).

In Fig.’s 3.4(d) and 3.4(g), the subregion from the prior slice is superimposed with
the vector fields Pyrsp and Pjsr, respectively, as computed according to the definitions
in Chapter 2. These definitions assume that all image information is valid and that the
overlap region between the images remains constant over the course of registration. Only
vectors having significant nontrivial magnitude are shown. Figures 3.4(e) and 3.4(h) show
the vector fields Pyrgp and P as computed according to the revised definitions (3.12)
and (3.26).

Differences between the revised and original versions of the Gateaux derivative of the
MSD are readily apparent. In Fig. 3.4(d), the vectors along the edge of the mask have
greater magnitude than the corresponding vectors in Fig. 3.4(e). Since the original defi-
nition assumes all data is valid, it misinterprets the mask edge as a real (physical) edge.
The difference between the original and revised vector fields for the MSD is illustrated in
Fig. 3.4(f); it is clear from this difference field that the revised definition is identical to the
original definition everywhere except at the mask edge.

For the revised and original versions of the Gateaux derivative of the MI, differences
are not visually apparent in the vector fields displayed in Fig.’s 3.4(g) and 3.4(h). Slight
differences do exist at the mask edge, however. Figure 3.4(i) shows a magnified version of
the difference field between the vector fields in Fig. 3.4(h) and 3.4(g).

When registration is carried out using the revised and original versions of the Gateaux
derivative of the MSD dissimilarity measure, differences in the final registration result are
also readily apparent. To compare the use of the revised and original Gateaux deriva-
tives, we performed fluid registration (described in Section 5.1.3) twice; first with force

vectors corresponding to the original version of the MSD Gateaux derivative, and next with
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A

(a) Prior slice with subregion (b) Current slice with subre- ) Mask of prior subregion
gion

(d) Pmsp via (2.119) (e) Pamsp via (3.11) (f) Difference (e) — (d)

(g) Parr via Table 2.5 (h) Parr via (3.26) (i) 20 x Difference (h) — (g)

Figure 3.4: CT slices from Fig. 3.1 with superimposed vector fields from the MSD and MI
dissimilarity measures, computed with and without the implicit assumption of the constancy
of 2. Only vectors with significant magnitudes are displayed.
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force vectors corresponding to the revised version. Using the revised force vectors, fluid
registration terminated after 150 iterations based on the displacement field update having
maximum magnitude below a predefined tolerance of 0.1 pixel. Using the original force
vectors, fluid registration appeared to continue indefinitely, so we manually terminated it
after 150 iterations in order to make a direct comparison.

In the top row of Fig. 3.5, we see the results of fluid registration with the original force
vectors. The top left image is of the prior slice aligned and warped into the frame of reference
of the current slice. The top middle image shows the difference between the current slice
and the warped prior slice, and the top right image shows the magnitude of the resulting
displacement field (with black/white indicating Ocm/1.5cm magnitudes, respectively). In
the bottom row, we see similar figures that are based on the results of fluid registration
with the revised force vectors.

The most important observation to take away from Fig. 3.5 is apparent from comparing
Fig.’s 3.5(c) and 3.5(f). Clearly, in Fig. 3.5(c), the regions that undergo the largest dis-
placements are those near the boundary of the mask, even though this type of displacement
does not represent physically valid behavior. In Fig. 3.5(f), when the revised Gateaux
derivatives are used, the large displacement magnitudes near the mask boundaries are no

longer seen, suggesting a more plausible deformation.

3.2 Sensitivity of Standard Dissimilarity Measures to Chang-
ing Overlap in Background Regions

Even if the Gateaux derivatives of dissimilarity measures are properly accounted for when
the overlap region is changing, another problem emerges with the dissimilarity measures
themselves. As registration progresses, image content moves into and out of the changing
overlap region. Ideally, we would like dissimilarity measures to be immune to fluctuation
if the only content moving into and out of the changing overlap region is background. But
dissimilarity measures depend both on foreground and background information, so they will
fluctuate if the amount of background information changes. We refer to this problem as the

overlap sensitivity problem.
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(a) Aligned prior (original (b) Current — aligned prior (c) Displacement Magnitude
force) (original force) (original force)

(d) Aligned prior (revised force)  (e) Current — aligned prior (re-  (f) Displacement Magnitude
vised force) (revised force)

Figure 3.5: Results of registering CT slices using original (top) and revised (bottom) ver-
sions of the Gateaux derivatives of the MSD dissimilarity measure. Left images are the
prior slices warped into the frame of reference of the current slice; Middle images are the
differences between current slice and warped prior slice; Right images are the magnitude of
the displacement field, with black/white indicating 0/1.5 cm, respectively.
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Figure 3.6: Overlap sensitivity example: reference image (left) is held in position as the
floating image (middle) is overlayed and rotated (right) about its center by an amount 6.

Studholme [84] originally noticed this problem in the context of aligning MR volumes
of the entire head with CT volumes that represented only a small portion of the head. CT
scans are frequently limited in extent to reduce radiation exposure to the patient; however,
this makes the resulting MR/CT registration problem more difficult because in addition to
the multimodal nature of the images, there are anatomical structures imaged in the MR
volume that are not covered by the extent of the CT volume. As registration progresses,
these structures may move into or out of the overlap region, obfuscating the dissimilarity
measure. Furthermore, the changing size of the overlap region itself may also obfuscate
the dissimilarity measure, independently of whether or not any ”interesting” structures are
moving in or out.

To analyze this overlap sensitivity problem, we consider the example shown in Fig. 3.6,
which is the same simplification adopted by Studholme in Fig. 6 of [84]. The reference
and floating images are images of a half disc centered on a dark background; the reference
image has unit height and infinite width, and the floating image has unit height and width
W. The floating image is rotated about its center by an amount 6. Even though it can be
argued that no ”interesting” information is moving into or out of the overlap region, this
simple example illustrates a problem with dissimilarity measures. Ideally, if W is varied
while 6 remains fixed, we would like any useful image dissimilarity measure to remain
constant. However, this will not happen because dissimilarity measures are computed from
the information contained in the overlap region, and the size of this overlap region changes

with respect to W.
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If we assign intensity values to the regions of the reference and floating images, we can
observe the overlap sensitivity of various dissimilarity measures. We assign the values of
0 and 1 to the backgrounds of the reference and floating images, respectively. To the half
discs, we assign the values of 2 and 4 for the reference and floating images, respectively.
Using these values, we can analytically compute various dissimilarity measures as functions
of W and 0. Figure 3.7 illustrates the MSD, MAD, SCC, SOCC, CR, MI, NMI, ECC,
SCCRE, NCCRE, and CRECC for the example in Fig. 3.6.

As can be seen in Fig. 3.7, if 0 is fixed, the MSD, MAD, MI, and SCCRE all vary with
W. Studholme [84] recognized this behavior in MI, and proposed NMI, which appears from
Fig. 3.7(g) to exhibit nearly constant behavior as a function of W for fixed 6. As seen in
Fig. 3.7, the SCC, SOCC, CR, ECC, NCCRE, and CRECC all appear to exhibit a similar
type of invariance to W for fixed 6.

If we look more closely at the SCC, SOCC, CR, NMI, ECC, NCCRE, CRECC, however,
we find that these dissimilarity measures exhibit a subtle overlap sensitivity. Figure 3.8
shows a slightly different view of all of the dissimilarity measures than shown in Fig. 3.7.
For fixed values of 6 (excepting 6 = 0), we see that all of the dissimilarity measures vary

with respect to W.

3.3 Image Statistics and Changing Overlap in Background
Regions

In the example shown in Fig. 3.6, it would seem appropriate that if @ is fixed, any dis-
similarity measure that is used to compare the images be invariant to the image width W.
This is because there is no image information that tells us whether one image width should
be superior to another. However, none of the standard dissimilarity measures satisfy this
notion of invariance, except for the special case when 8 = 0. This is due to the fact that as
the width of the floating image changes, the proportion of background to foreground area
varies, skewing the dissimilarity measures.

In order to modify dissimilarity measures to account for changes in overlap size, we

first consider the relationship between image statistics and changing overlap. Recalling the
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diagram in Fig. 3.2, we introduce some new notation. If we allow the displacement field
u to change as a function of time ¢, so that u := u(x,t), then we can denote the overlap
region 2 = QrNQpu as € to indicate its time dependence. Then ) is the original overlap
region between images R and F'. We define w; to be the ratio of the change in overlap size

to the original overlap size:
oy 121
€2

(3.27)

Let us further define ) := Qo N QF to be the region lost and € = QS N to be
the region gained at time ¢. Now, we make the crucial assumption that €2} and ), share
common statistics that are independent of ¢. This assumption holds, for example, when Q}

and € cover only background regions in both images. We will refer to this assumption as

the background statistics assumption.
3.3.1 Probability Distributions Over Regions

In order to describe the statistics of images over a region, we must modify our previous
notation in order to explicitly account for the region. The global and local probability
density functions (2.83) and (2.87) of an image A over region () are rewritten as p‘}(a) and
pf}\’v(a; x(), respectively. The global and local joint probability density functions of images
A and B over region 2 are rewritten as pf}’ p(a,b) and pﬁ’}; (a,b;x¢), respectively.

In some situations, such as in the example of Fig. 3.6, the underlying random variables
are actually discrete. In these situations, we will consider p®* and p®7 to refer to global and
local probability mass functions. Where possible, we will use Stieltjes integrals [55] in order
to derive equations and present results for both discrete and continuous random variables

in a common framework. This requires defining the cumulative distribution functions:

P2a) = / ) de (3.28)

P (a5%0) = /a P (z3%0) da (3.29)
b

Pipad) = [ [ ulew)deay (3.30)
b e

PX’;(a,b;xo) = / / pﬁ%(:c,y;xo)dxdy. (3.31)
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Using this notation, we can now introduce the background distributions, which are de-
scribed by their cumulative distribution functions. The global background distributions

have c.d.f.’s given by:

Pa(a) = P(a)=P¥) (3.32)
Pp(b) = Pgi(b) = P(b) (3.33)
Papla,b) = Pi(a,b) = PYya,b) (3.34)

For convenience, various global first and second order statistics will be denoted by:

fia = /O;:zzdPA(x), (3.35)
ip = /_ZydPB<y>, (3.36)
5 = /_Z(x—mfdmcc), (3.37)
of = /Z(y—ﬂB)QdPB(y), (3.38)
san = [ [ e i) ) ddePas(e) (3.39)

We will refer collectively to (3.32)—(3.39) as global background statistics. Local background
statistics can be formed in a similar manner, but with the local distributions (3.29) and
(3.31) in place of (3.28) and (3.30).

Under the background statistics assumption, we can relate distributions over €2; to those

over )y. For example, using conditioning arguments, we can establish:

Q! / QNN
Po(a) = 98] pliq) 1 K0 L] ponna (3.40)
Q20| Q20|
and X
Q LIS 192 N Q| Jouna
Pif(a) = (g P (@) + R P o) (3.41)
n €2

A small amount of algebraic manipulation, along with the substitution of (3.27) and (3.32)

into (3.40) and (3.41), yields:

P(a) = (1+ w) P (a) — wiPa(a) . (3.42)
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Using similar conditioning arguments, the following relationships can also be established:
PRo(b) = (14w Pg(b) —wiPp(b) , (3.43)
Pi%(a,b) = (1+w) Py(ab) — wiPap(ab) . (3.44)
3.3.2 From Probability Distributions to Image Statistics

Now that we know how probability distributions over changing regions are related, we can
use (3.42)-(3.44) in conjunction with (3.35)-(3.39) to compute the relationships between
various statistics computed over Qg and ;. The first order statistics (expected values) of

A and B are related by:

Eq,[A] = (14 w)Eq,[A] —wifia , (3.45)

Eq,[B] = (14 wy)Eq,[B]—wiis - (3.46)

The second order statistics are related by:

Varg,(A) = (1 + wy) Varg, (A) — wid3 — wi(1 + w)(Eg,[A] — ia)® ,  (3.47)
Varg,(B) = (14 wy) Varg,(B) —wiog —wi(l +w)(Bo,[B] — fig)> ,  (3.48)

Covay(A,B) = (1 +w)Covq,(A, B) —widanp
—wi(1+ wy)(Eq, [A] = fia) (Bo,[B] - fip) - (3.49)

Similar relationships can be derived for first and second order local statistics.

What is important to note in (3.42) — (3.49) is that the left hand side of each equation
is independent of ¢. This means that as ¢ increases and the overlap region changes, the
right hand side of each of these equations remains constant. It is this property that we will

exploit in the next section to form overlap invariant versions of the similarity measures.
3.4 Modified Dissimilarity Measures

If images A and B remain in a fixed position while the overlap region is allowed to change,
the right hand sides of (3.42) — (3.49) remain constant as ¢ increases. We can use this
knowledge to construct new image dissimilarity measures that are invariant to changes in

overlap size.
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3.4.1 Constancy Assumptions

As shown in (2.62), the general constancy dissimilarity measure (2.19) can be expressed in

terms of first order moments. Rewriting (2.62) to explicitly account for the region, we have:
92, (R, ) = Ba[W(r(x; R, F™))]. (3.50)

From (3.45), we can see that as the region changes from €y to €, the general constancy

dissimilarity measure changes according to:

T (R, FY) = Eou[U(r(x; R, F™))]
= (I +w) Eq,[¥(r(x; R, F'"))] — Wifig(rx;r, 7))

= (I+w) Jﬁfr(R, F) — wiflgir(x; r,Fm)) - (3.51)

Since the left hand side of (3.51) remains constant as a function of ¢, the right hand side
must also remain constant as a function of ¢. Therefore, we can use the right hand side of

(3.51) as a modified version of the general constancy dissimilarity measure:
M-93 (R, F") = (1 + w) 9§ (R, F") — ity R, ) - (3.52)

The ” M-" before the dissimilarity measure indicates " modified.” Note that we have dropped
the subscript ¢ in order to simplify notation. This modified general constancy dissimilarity
measure, evaluated over region (2, can be interpreted as a weighted sum of two terms: a
dissimilarity term based on the general constancy dissimilarity measure evaluated over €2,
and a correction term based on the background statistics.

Modified versions of MSD and MAD can be constructed directly from (3.52):

M-MAD(R,F") = (14w)MAD(R,F")— w/]|Fu(x),R(x)| . (3.54)
Figure 3.9 illustrates the behavior of the modified MSD and MAD on the example shown
in Fig 3.6. The reference region )y is chosen to be the overlap region corresponding to

W = 2. As opposed to the MSD and MAD behavior shown in Fig.’s 3.7-3.7, the M-MSD

and M-MAD are constant with respect to the changing overlap region.
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Figure 3.9: Values of M-MSD and M-MAD as functions of rotation angle # and image width
W for the example in Fig. 3.6.

3.4.2 Linearity Assumptions

Modified versions of SSVDL and SSODL could be constructed by considering the behavior
of the vector B of linearity parameters as the region of overlap changes. This can be done
by substituting (3.45)—(3.49) into the expressions for 1 and By in Appendix A to construct
a modified B vector. However, the resulting modified versions of SSVDL and SSODL are
extremely complicated. Therefore, we skip the formation of M-SSVDL and M-SSODL, and
jump to describing the much simpler construction of modified versions of SCC and SOCC.

M-SCC and M-SOCC can be constructed using second order statistics (3.47)-(3.49).

First, we define the modified variance according to (3.47):
MVar(A) := (1 + ) Var(A) — wii — w (1 +w)(E[4] — fia)* . (3.55)

Note that as in (3.52), we have dropped the subscript ¢ from w. We have also dropped the
subscripts from the expected values and covariance terms. This is done to simplify notation;
it should be noted that E[A] and Var(A) are to be computed over the current overlap region,

and that an original overlap region 2y must be assumed in order to compute w.
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Figure 3.10: Values of M-SCC and M-SOCC as functions of rotation angle # and image
width H for the example in Fig. 3.6.

In a manner similar to (3.55), we can define the modified covariance:
MCov(A, B) := (1 +w) Cov(A, B) —wéap —w(l+w)(E[A] — fia) (E[B] — i) . (3.56)

The modified variance and modified covariance can now be used to define modified

versions of SCC and SOCC:

MCov (R, F)?
- u = ’
M-SCC(R, ) MVar (R) MVar (F) (3:57)

M-SOCO(R. FY) (MVar (R) — MVar (F"))? —1—41\/[002\/ (R, F)? (358)
(MVar (R) + MVar (Fv))

Figure 3.10 illustrates the behavior of the modified SCC and SOCC on the half disc
example. As with the M-SSD and M-SAD, the reference region ) is chosen to be the
overlap region corresponding to § = 0. The M-SCC and M-SOCC are clearly constant with

respect to the changing overlap region.
3.4.3 Functional Assumptions

Modifying the correlation ratio for overlap invariance requires describing the behavior of

conditional random variables over changing regions. The proper way to construct the M-
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CR starts with establishing how the conditional distribution behaves over changing re-
gions. There appears to be no easy way to do this using cumulative distribution functions.
However, if we assume the underlying random variables are continuous, we can take the

derivatives of (3.43)—(3.44), yielding:
QO _ Qt ~
pa’(a) = (1+w)py(a) —wpala) , (3.59)
Pp(a,b) = (1+w)pypla.b) —wipap(ab) . (3.60)
We can now apply Bayes’ rule to (3.60) in order to establish the following relationship:
Qo Qo _ Qy o ~ ~
P2 (@) PR, (0) = (14 w) p (@) P2 oy () — wiba(@) Ppaca(®) - (361)
Substituting (3.59) into (3.61) and simplifying yields:
Pitaa(®) = au(a) P 4, (b) + (1 = (@) pjaza(b) (3.62)
where
Q| iy ()

1l p% (@) + (120 — [94]) pala)

In order to determine how the correlation ratio behaves over a changing region, we first

ai(a) (3.63)

use (3.62) to analyze the behavior of Var (E [B|A]) over a changing region. By the definition

of variance, we can state:
Varg, (Eq,[B|4]) = Eq, [EQO [BIA]Q} — Eq,[Eq, [B|A])?
— Eq, [EQO [B|A]2} — Eq,[B]? . (3.64)
From (3.46), we see that the term Eq,[B]? is given by:
Eq,[B]” = (1+w)” B, [B]” — wi (1 +w) isBo, [B] + wijih - (3.65)

By the definition of expectation, the term Eq, |:EQO [B]A]2] is given by:

[e.e]

Eo, [EQO[B|A]2} - / p2(a) Eq, [B|A = a]* da. . (3.66)

—00

As a direct consequence of (3.62), Eq,[B|A = a] is given by:
Eqy[B|A = a] = ay(a) Eq, [B|A = a] + (1 — ay(a)) fipja=a - (3.67)
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Substituting (3.67) and (3.59) into (3.66) and simplifying yields:

B [EaBIAF] = (1+w) [ au()p (@) (En,[B1A = o) - ipjaza)’ da
+2 (1 + wy) fipja=aEa,[B] — (1 + 2wy /123|A=a : (3.68)

Substituting (3.65) and (3.68) into (3.64) and making the assumption that A and B are

independent in the background region yields:

Varg, (Bo, [BIA]) = (1+w) /Oo ar(a) p (a) (B [BIA = a] — fip)? da

—00

— (1 +w)® (Bo,[B] - ii)? (3.69)

which describes the behavior of Var (E [B|A]) over a changing region.
Now, we can exploit the fact that the left hand side of (3.69) remains constant as ¢

increases to form the modified correlation ratio:

(1+w [

u _ . 2 r
M-CR(R,F%) = o (1) Pr(r) (BIF*|R = 1] — fupw)”d

MVar(Fv)
(1+w* (E[F] — fipn)”
MVar(F1) ’

(3.70)

with MVar given by (3.55). As with the other modified similarity measures, we have dropped
the subscript ¢ from w and «, and we have dropped the subscript from the expected values
and the superscript from the probability density function.

Figure 3.11 illustrates the behavior of the M-CR on the half disc example. As with
the other modified similarity measures, the reference region )¢ is chosen to be the overlap
region corresponding to 6 = 0. The M-CR is clearly constant with respect to the changing

overlap region.
3.4.4 Information Content Assumptions

To construct modified versions of the dissimilarity measures that are based on information
content assumptions, we start by defining modified versions of entropy and cumulative
residual entropy, and then use these modified versions to modify MI, NMI, ECC, CCRE,

SCCRE, NCCRE, and CRECC for overlap invariance.
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Figure 3.11: Values of M-CR as a function of rotation angle 6 and image width H for the
example in Fig. 3.6.

3.4.4.1 Modified Entropy and CRE

In modifying entropy to be overlap invariant, we must consider the discrete and continuous
cases separately, as a Stieltjes integral representation of entropy does not exist for discrete
random variables. (This is because p(z) and log p(x) have the same points of discontinuity.)

For continuous random variables A and B, the behavior of the differential entropy and
the joint differential entropy over changing regions can be found by substituting (3.59) and
(3.60) into (2.10)—(2.11):

Hoo(4) = —(+w) [ pf@)og (1 4+ 5@ - wiia(o)) do
+ oy /OO Bala)log ((1+w) p (@) — wipa(a)) da | (3.71)
Hoy(A,B) = (1+wt)/_oo /_Oo P p(a,b) log ((1+wt)pgf3(a,b)—wtﬁAB(a,b)>dbda

+w / / Ba,p(a,b)1og ((1+w) P p(a) — wibap(a)) dbda . (3.72)

We can exploit the fact that (3.71)—(3.72) remain constant in ¢ and construct the modified

differential entropy and modified joint differential entropy:

MHA) = = [ as@)ogaa(e)da (3.73)
MH(AB) — - /_ Z /_ Z aa(a,b) log g5 (a,b) dbda , (3.74)
where
24(0) = (1+w)pala) - wiala) , (3.75)
qa,B(a,b) = (1+w)panp(ab) —wpar(ab) . (3.76)
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If the random variables A and B are discrete, (3.73) and (3.74) can be replaced with

the modified Shannon entropy and modified joint Shannon entropy, given by:
MH(A) = - ZQA )logqa(a) , (3.77)
MH(A,B) = —ZZqA,B(a, b)log qa.p(a,b) . (3.78)

In order to define modified versions of cumulative residual entropy and joint cumulative
residual entropy, we examine their behavior over changing regions. For the CRE, we see

that substituting (3.42) into (2.12) yields:
£qo(A) = — (14 wy) /00 S5 (a) log Sgo(a) da + wy /OO S4(a) logSa(a) da ,  (3.79)
oo —00
where S, is the survival function, given by:
Sa(a):=1— Py(a) . (3.80)
Therefore, we define the modified cumulative residual entropy by:
MCRE(A) = — /oo Qa(a)logQa(a)da , (3.81)

where
Qala) = (14 w)Sa(a) — ng(a) ) (3.82)

Note that this definition holds independently of whether A is a discrete or continuous
random variable.

To modify the JCRE, we first concentrate on the term E[e(B|A)], which is defined by:
BEBIA) =~ [ [ pa(e) Spa(bia) g Spya(ble) dba (3.83)

where Sp|4 is the conditional survival function, given by:
Spja(bla) :==1—-Pr{B <blA=a} . (3.84)

If we integrate the conditional p.d.f.’s in (3.61) and assume that the backgrounds of A and

B are independent, we have:

1 () St (bla) = (1+wr) i (a) Spi 4 (bla) — wipa(a) Sp(b). (3.85)
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This suggests that the term pa(a) Sp4(bla) in (3.83) can be replaced with:
Qa,B(a,b) = (1+w)pala) Spalbla) —wpa(a) Sp(b). (3.86)

To determine how to modify the log Sp|4(bla) term in (3.83), we divide both sides of (3.85)

by pgo (a) and plug in (3.59) to yield:

(1 + we) P (a) Siy1 4 (bla) — wia(a) Sp(b)
(1 +we) Py (a) — wipala) '

This suggests that the term log Sp|4(bla) in (3.83) can be replaced with log (Q4,5(a,b) /

Spia(bla) = (3.87)

ga(a)), where ga(a) is given by (3.75). We can form a modified version of E[z(B|A)] by

combining these results:

ME[e(B|A)] = — /_ Z /_ o; Qa5(ab) log <QAB(“>Z’)> db da. (3.89)

qa(a
This allows us to define modified versions of the JCRE and symmetric JCRE by combining
(3.81) and (3.88):

MJCRE(A,B) = MCRE(A)+ ME[e(B|A)], (3.89)
1
MJCREg(A,B) = §(MJCRE(A,B) + MJCRE(B,A)). (3.90)
3.4.4.2 Dissimilarity Measures Based on Modified Entropy and CRE

Using the modified entropy (3.73) and modified joint entropy (3.74), we can construct
modified versions of MI, NMI, and ECC. The modified mutual information (M-MI), modified
normalized mutual information (M-NMI), and modified entropy correlation coefficient (M-

ECC) are constructed by replacing (2.10) and (2.11) with (3.73) and (3.74):

M-MI(R,F*) = MH(R)+ MH(F") - MH(R,F") (3.91)
M-NMI(R, F") MH&;{;LRA?I;(F Y (3.92)
M-ECC(R,FY) = |2— — 2MHE ) (3.93)

MH(R)+ MH(FY) ~
As can be seen in Fig. 3.12, each of these modified similarity measures is constant with
respect to changing overlap size when applied to the half disc example of Fig. 3.6 for a fixed

value of 6.
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Modified versions of CCRE, SCCRE, NCCRE, and CRECC can be constructed in a
similar manner to (3.91)-(3.93). Substituting MCRE and MJCRE for CRE and JCRE
in (2.54)—(2.57) yield the modified cross cumulative residual entropy (M-CCRE), modified
symmetric cross cumulative residual entropy (M-SCCRE), modified normalized cross cumu-

lative residual entropy (M-NCCRE), and modified cumulative residual entropy correlation

coefficient (M-CRECC), given by:

M-CCRE(R,F") := MCRE(R)+ MCRE=(F")— MJCRE(F",R) , (3.94)

M-SCCRE(R,F") := MCRE(R)+ MCREe(F") — MJCREgs(F" R) , (3.95)
MCRE(R) + MCRE(F"™)
MJCREg(R, F™) ’

_ 2MCREg(R, F")
MCRE(R) + MCRE(F") °

M-NCCRE(R,F") (3.96)

M-CRECC(R,F™) = /2

(3.97)

Figure 3.13 shows each of the symmetric modified CRE-based dissimilarity measures as
applied to the half disc example of Fig. 3.6. Note that each is constant with respect to

changing overlap size for fixed values of 6.
3.5 Rigid Registration Experiment

In order to illustrate the behavior of the modified dissimilarity measures on real-world
data, we focus on the rigid registration case, and we use images from the Retrospective
Image Registration Evaluation project!. The RIRE project database contains CT, MR,
and PET images for a variety of patients, and has a sequestered set of ground truth rigid
body transformations that were computed from fiducial markers implanted in the skull.
(The fiducial markers were removed from the images prior to retrospectively evaluating
registration algorithms.) Results of the original RIRE study are provided by West et al.[97].

In this thesis, we used the images from nine patient datasets. Each patient dataset
contains MR images from some or all of the following protocols: T1-weighted, T2-weighted,

PD-weighted, and rectified versions of the T1, T2, and PD-weighted images. Five of the

'The images and standard transformations were provided as part of the project, ”Retrospective Im-
age Registration Evaluation,” National Institutes of Health, Project Number 8R01EB002124-03, Principal
Investigator, J. Michael Fitzpatrick, Vanderbilt University, Nashville, TN.
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Figure 3.14: Axial slices of CT, MR (T1-weighted) and PET images from the patient 5
dataset.

nine datasets contain both CT and PET images in addition to the MR images. Two of
the datasets contain CT but not PET images, and the remaining two datasets contain
PET but not CT images. The CT images have resolution 0.65 x 0.65 x 4.0 mm?, the
MR images have approximate resolution 1.25 x 1.25 x 4.0 mm?, and the PET images have
resolution 2.59 x 2.59 x 8.0 mm?3. We performed registration at two isotropic resolutions:
6.0 x 6.0 x 6.0 mm?® and 3.0 x 3.0 x 3.0 mm?.

Examples of some of the RIRE images are shown in Fig.’s 3.14 and 3.15. Figure 3.14
shows axial views of the CT, MR-~T1, and PET images from patient 5. Figure 3.15 illustrates
overlayed isosurfaces of the CT (blue) and MR-T1 images from patient 4, both before (left)
and after (right) rigid registration.

All probability densities (and joint densities) were estimated via histograms (and joint
histograms) that were constructed with 32 (or 32x32) equally spaced bins. Linear (or
bilinear) interpolation was used to accumulate partial weights in neighboring bins. For the
modified dissimilarity measures, background distributions for each volume were estimated
via histograms that were constructed from the data in manually selected background regions.

To carry out the rigid registration process, we first performed a pre-alignment step
by equating the centroids of the floating and reference volumes. We parameterized rigid
transformations in terms of Euler angles and translation vectors, and we used the transla-
tion from the pre-alignment step as an initial estimate. To constrain the parameters, we
employed bounds of +7/6 radians on each Euler angle, and £1/5 of the width of the corre-

sponding reference image dimension on each translation component. (We visually verified
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(a) Before registration (b) After registration

Figure 3.15: Isosurfaces of CT (blue) and MR-T1 (red) images of patient 4, before and after
rigid registration.

for each case that after the prealignment step is performed, the true rigid transformation
parameters fall within these bounds.) For each dissimilarity measure, we carried out a
bound-constrained optimization procedure using the active set algorithm employed by the
fmincon function of MATLAB’s Optimization Toolbox. All gradient vectors and Hessian
matrices were estimated numerically via finite differences. The optimization was terminated
when the maximum change in magnitude in any parameter was less than 10~% or after 500

iterations, whichever occured first.
3.5.1 Estimating Background Statistics

Each of the modified similarity measures requires knowledge of the background statistics of
the reference and floating images. Probability distribution functions, means, and standard
deviations of the background regions were collected by manually selecting background re-
gions from each volume. The estimated background mean and standard deviation values
for patient 5 are displayed in Table 3.1.

Computing estimates of the joint p.d.f., covariance, and variance of the conditional mean
of the background regions seems problematic, as it would require registered background re-

gions for believable estimates. However, we make the assumption for CT /MR and PET/MR
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registration that the background values of the reference and floating images are indepen-
dent. This allows us to estimate the joint p.d.f. as the outer product of the background
p.d.f.’s of the reference and floating image. Furthermore, this yields trivial values for the

covariance and variance of the conditional mean of the background regions.
3.5.2 Results

The performance of dissimilarity measures on the various registration tasks is measured
via Target Registration Error (TRE). For the RIRE project [97], a number of anatomically
meaningful volumes of interest (VOI) were annotated. TRE is computed as the average Eu-
clidean distance (in mm) between VOI centroids in the reference image and their predicted
positions after registration.

Tables 3.2—3.3 report the mean, median, and standard deviation of the TRE values mea-
sured across every pair of images for every patient for each dissimilarity measure. The three
sections of columns refer to registration based on: (a) low resolution (6.0 x 6.0 x 6.0 mm?)
images with initial estimates provided by aligning image centroids; (b) high resolution
(3.0 x 3.0 x 3.0 mm?) images with initial estimates provided by aligning image centroids;
and, (c) high resolution images with initial estimates provided by the resulting transforma-
tions from (a).

When compared to the results reported in the original RIRE paper [97] for techniques

that perform registration by optimizing some dissimilarity measure, the results achieved here

’ Image i ‘ o ‘
cT -998.66 | 4.91
PET 3.95 20.11
MR T1 25.80 | 13.77
MR T1-Rectified | 22.49 | 10.31
MR T2 27.76 | 14.81
MR T2-Rectified | 23.78 | 10.92
MR PD 29.66 | 15.80
MR PD-Rectified | 25.54 | 11.74

Table 3.1: Estimated mean and standard deviation of background regions for the images
from the patient 5 dataset. Values reported for the CT volumes are in Hounsfield units;
other values are in units of PET or MR code value.
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6 x 6 x 6 mm? 3 x 3 x 3mm? Both
Resolution Resolution Resolutions
= = =
m | 2| F | m| B |F|m|B|F
AN I A
“lz(&|Sz|&15 ]34
E | 8| S E | 8| S T | 8| S
Measure = = n = = n = = n
MSD 126 | 12.0 | 6.3 || 15.1 | 14.0 | 7.0 || 26.6 | 24.9 | 17.5
MMSD 13.0 | 12.0 | 5.1 | 14.2 | 13.5 | 5.8 | 12.9 | 11.6 | 4.7
SCC 95 | 82 | 48 || 13.0 129 | 5.8 || 14.3 | 11.2 | 8.1
MSCC 11.3 |1 10.8 | 3.5 | 11.3 | 10.8 | 3.5 | 10.9 | 11.5 | 3.0
SOCC 83 | 74 | 42 || 11.3 | 11.0| 4.1 || 125|109 | 7.0
MSOCC 14.7 1 10.9 | 11.9 || 23.0 | 13.5 | 20.6 || 20.6 | 13.7 | 16.5
CR 6.6 | 6.3 | 3.1 6.1 | 5.3 | 3.2 5.8 | 5.1 | 4.0
MCR 16.3 | 16.0 | 6.8 || 15.5 | 15.1 | 6.7 | 16.9 | 16.9 | 7.0
MI 3.5 | 31| 20 20 | 1.8 | 1.0 1.8 | 1.8 | 0.8
MMI 3.1 | 28 | 1.7 20 | 1.8 | 1.0 1.9 | 1.6 | 1.0
NMI 4.7 | 3.7 | 3.0 23 | 24 | 14 23 | 21 | 1.2
MNMI 4.7 | 3.6 | 3.3 24 | 23 | 1.5 22 | 21 | 1.3
ECC 46 | 3.6 | 3.1 23 | 20 | 1.3 2.3 | 2.1 1.1
MECC 46 | 3.6 | 3.3 23 | 22 | 1.2 23 | 23 | 1.1
SCCRE 6.0 | 4.8 | 3.7 6.4 | 4.6 | 5.9 4.7 | 4.2 | 3.2
MSCCRE 43 | 34 | 3.3 26 | 25 | 14 26 | 26 | 1.3
NCCRE 46 | 3.7 | 2.8 3.2 | 3.0 | 1.7 28 | 2.7 | 1.6
MNCCRE || 4.3 | 3.5 | 2.7 29 | 2.8 | 1.6 2.7 | 25 | 1.3
CRECC 45 | 3.6 | 2.6 34 | 3.0 | 1.9 26 | 26 | 1.3
MCRECC || 4.1 | 3.3 | 2.7 3.2 | 28 | 2.0 27 | 26 | 14

Table 3.2: Statistics of TRE (in mm) for CT /MR registration, aggregated across all patients.
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6x6x6mm? || 3x3x3mm?’ Both
Resolution Resolution Resolutions

= = =

= = = = &2l —
ZIE:E|E 2| E|E

S Eel 2 E|R| 2| ER

E 1B |5 & | 3|5 & 32| <

Measure = = | = = = 3 = = n
MSD 58 | 3.71471] 53 | 3.1 | 58] 64 | 3.8 | 7.8
MMSD 101 | 73 |86 || 9.7 | 6.1 |89 116 | 7.3 | 13.1
SCC 100 | 88 | 6.2 | 82 | 46 | 78| 96 | 6.0 | 9.8
MSCC 74 170|481 56 | 3.2 |59 6.8 | 5.1 | 5.0
SOCC 78 [ 6.5|48 | 70 | 40 |76 7.4 | 4.3 | 7.2
MSOCC 58 | 42|37 56 | 3.0 |54 55 | 3.9 | 5.2
CR 109 79191 | 143 |11.2 |93 134 | 9.3 | 13.1
MCR 11.1 199 6.6 || 10.2 | 10.5 | 4.8 | 11.9 | 10.7 | 6.8
MI 5.7 | 4.7 |48 6.6 | 3.1 | 83| 45 | 3.3 | 4.9
MMI 42 13111251 33 | 28 |19 31 ] 26 | 1.9
NMI 41 1351221 32 | 28 |17 33| 29 | 18
MNMI 39 [ 3.0|241 35 | 28 |22 3.1 | 25 | 20
ECC 41 131123 31 |28 |16 3.2 | 29 | 18
MECC 41 13111231 34 |26 [20] 3.1 | 27 | 21
SCCRE 52 | 47126 | 6.3 | 43 [ 4.7 50 | 44 | 2.9
MSCCRE || 4.7 |38 25| 36 | 3.0 |23 3.6 | 3.2 | 1.9
NCCRE 44 1391261 3.6 | 3.4 |22 39 | 3.2 | 26
MNCCRE || 43 | 33|24 34 | 28 | 24| 33 | 26 | 2.0
CRECC 44 |1 38125 36 | 3.0 |25 3.8 | 3.2 | 23
MCRECC || 43 |33 26| 35 | 3.0 |24 33 | 2.8 | 2.0

Table 3.3: Statistics of TRE (in mm) for PET/MR registration, aggregated across all
patients.
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by performing registration on the high resolution images using dissimilarity measures based
on the the information content assumptions (namely, MI, NMI, ECC, SCCRE, NCCRE,
CRECC, and their modified versions) seem marginally worse. However, we note that our
median TRE values with these dissimilarity measures are in general less than voxel width.
If we further performed registration at the original image resolution, it is likely that we
would achieve results competitive with those in the original paper. As a side note, as of the
date of this thesis, the RIRE images and data as well as up-to-date results are still available
online at http://www.insight-journal.org/rire/.

For a visual interpretation of these results, we compute and plot empirical estimates
of the TRE distribution for each dissimilarity measure. Figures 3.16-3.17 illustrate these
distributions for CT /MR and PET /MR registration, respectively. To interpret these figures,
note that dissimilarity measures with better TRE performance will have TRE distributions
that rise more rapidly than those with worse TRE performance. In both the CT/MR
and PET/MR registration cases, it is clear that registration with dissimilarity measures
that are based on the information content assumptions yield more rapidly increasing TRE
distributions than registration with the other dissimilarity measures. This is to be expected,
as the information content assumption is the most readily applicable assumption for the
multimodal registration tasks in question.

It is clear from Fig. 3.16(h) that the use of MSCCRE for CT/MR provides a significant
improvement in the TRE distribution over the use of SCCRE. For MR/PET registration,
Fig.’s 3.17(e) and (h) appear to indicate a slight improvement in the use of MMI/MSCCRE
for PET/MR registration over MI/SCCRE, respectively. It is also clear that in CT/MR
registration, the use of higher resolution volumes provides a significant improvement over
registration with only low resolution volumes for all of the information content based dis-
similarity measures (except possibly SCCRE).

The benefits of the modified versions of the other information content based dissimilarity
measures are not as apparent from Fig.’s 3.16 and 3.17; however, we can establish what
differences are statistically significant via hypothesis testing. Given two sets of TRE’s, .51

and Sz, we define the null hypothesis Hy to state that the TRE’s from S7 and Ss arise from
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Figure 3.16: Empirical cumulative distribution functions of TRE (in mm) for each dis-
similarity measure (solid lines) and each modified dissimilarity measure (dashed lines) for
CT/MR registration of RIRE images. Colors indicate use of images of low resolution (red),
high resolution (green), or both resolutions (blue) for registration.
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Figure 3.17: Empirical cumulative distribution functions of TRE (in mm) for each dis-
similarity measure (solid lines) and each modified dissimilarity measure (dashed lines) for
PET /MR registration of RIRE images. Colors indicate use of images of low resolution (red),
high resolution (green), or both resolutions (blue) for registration.
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the same underlying distribution. We define the alternative hypothesis H4 to state that
the TRE’s from S; are "worse” than the TRE’s from S5, in the sense that the cumulative
distribution values are smaller everywhere. The two-sample Kolmogorov-Smirnov test can
be used to determine whether or not Hy can be rejected in favor of H4. Comparisons
of dissimilarity measures for CT/MR and PET/MR registration are illustrated in Tables

3.4-3.5.
3.6 Gateaux Derivatives of Modified Similarity Measures

In order to use modified dissimilarity measures in deformable registration, we need to deter-
mine their Gateaux derivatives. This can be done in a straightforward task by extending the
analysis of Section 3.1.2. As in Section 3.1.2, we present the resulting Gateaux derivatives
for the modified general constancy dissimilarity measure and for the M-MI. The explana-
tions herein should serve as a framework for the interested reader to compute Gateaux

derivatives for the other modified dissimilarity measures.
3.6.1 Modified General Constancy / M-MSD

The Gateaux derivative of the modified general constancy dissimilarity measure (3.52) can

be found by applying the product rule and simplifying:

dM-3y (R, Fw) = (1+w) dJy (R, Y w) + (T (R, FY) = [y, o)) doo(u, W)
(3.98)

Now, w; can be written in terms of (3.1) by w; = (C(u) — C(0)) /C(0), so it is clear that:

_dC(u;w)
dw(u, w) = o) (3.99)
Hence, (3.98) can be written as:
I¢ (R, FY) — fig(s(x-R. Fu
dM-9% (R, F™w) = (1 +w) dI% (R, F™ w) + ( vl )C( Oﬁ;q’(“ r ”) dC(u, w),

(3.100)
with df]g,’r and dC(u,w) given by (3.10) and (3.5), respectively.

From (3.100), we can immediately establish that the Gateaux derivative of the modified

100



DOHION
DOHED

%}

HIODONIN
HYODN

g O\ I

gl Ig I

HIODSIN
HIDOS

< g9 O|T I

> 1> > > >

OODHIN
OOH

g o< OO0 |9 O

giI< g\ O|\9g J

TINNIN
TINN

< < 1< << <1< KL

g\ O |\< O\ Jd|9I O

IININ
IN

> > > > > > > > > > > >

gI< g< <1< << <1< K<L

HON
R 19)

> D> > > > > > > > > > > >

< | > >0 > > > >0 >|> > > >

DOOSIN
D008

g o< > > > > > > > > >

< | > <Z<|> >|> >|> >|> >|> >|> >

OODSIN
DOS

> > <[> > > > > > > > > > > > >

> |\ d D> <> >1> >|> > > >> > > >

ASININ
dsn

> > > 0> > > > > > > > > > > > > > >

<
<

<

< g|<

< < |9 g
< > | 9gd > | >

< << <1< <

< > > >0 > g >

< << <1< <)< (<

< | < I K| <K K |Y

< [ < I < <K< <> >

< I <K KK KK K9 9| o

< I K KK LI <> >0 ©

< I K KKK <K | >» U0 g9

< K| I <G < | > >(> >|> >

< I K KK LI <> >0 0|0 Jd|<

< | K I K K| <> >0 g9 O|< J

< | I KKK <> >0 0|90 O\ < g0 O

Measure

MSD

MMSD
SCC

MSCC
SOCC

MSOCC
CR

MCR
MI

MMI
NMI

MNMI
ECC

MECC

SCCRE

MSCCRE
NCCRE

MNCCRE || < << < | <<K|< <|> > |0 @O\l @0|< |

CRECC

MCRECC || < < | < <|< <|< <|> >|@ 0|0 | < 0|0 |0

101

Table 3.4: Outcome of two-sample Kolmogorov-Smirnov test (o = 0.05) comparing pairs of dissimilarity measures for CT /MR registration
using both low and high resolution images. ’<’ / >’ indicates that the dissimilarity measure of the current row has smaller/larger errors

than the dissimilarity measure of the current column. '@’ indicates that the null hypothesis cannot be rejected.
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MSD is given by:

dM-MSD(R,F*;w) = (1 +w)dMSD(R, F";w)

MSD(E, %) = i) - poo)?
+ < (o) dC(u,w).  (3.101)

Hence, we can write:

dM-MSD(R,F%;w) —/ (Prrmsp(x; R, FY) , w(x)) dx, (3.102)

n

where

TM_MSD(X; R, Fu) = (1 + w) TMSD(R, Fu)
+ (MSD(R’ %) = Ao oo 2

o) > Po(x; R, FY),  (3.103)

with Pprsp and Pe given by (3.12) and (3.6), respectively.
3.6.2 Modified Mutual Information

Using analysis similar to that in Section 3.1.2.2, we find that the Gateaux derivatives of the

modified marginal and joint entropies are given by:

dMHp(u,w) = /n (Pyuu(x;u, R),w(x))dx, (3.104)
M Hpa (w) = / (Paas s ) w()) dx (3.105)
and
dMHp pu(w) = /n (Pyu(x; R, FY) ,w(x)) dx, (3.106)
where

Passlxiu, B) ~ O(0) " - H(On(x)) - H(Orm (x)
08 a(RG0) = [ pelr)logan(r) dr ) - V(). (3.107)
Passalxi ) ~ O(0)™" - H(On(x)) - H.(Or (x)
(togars (P26 — [ e logar (1) ) - VO (x)

pu (F¥(x))
qra(FM(x)) C(0)

+ He(Or(x)) - He(Opu(x)) - ( ) -VE%(x), (3.108)
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and

‘.PMH(X; R, Fu) =~
C(0)™" - He(Op(x)) - H, (O pu(x))
-(bqu,pu(R( ) P (x / / Br(r) P (f) log qrpo (1, f)dfdr> VO pu(x)

o7 4R, ke (R(X), )]
. u(x)) - of : J=) Y(x). .
+He(Or(x)) - He(Opu(x)) (quFu(R(X)’FU(X))C(OJ VF"(x) (3.109)

Combining these terms yields the Gateaux derivative of the modified mutual informa-

tion:

AM-MI(R, F*;w) = dMHp(u,w) + dMHpu(w) — dM Hp, pa(w)

_ / (Parann s R F®)  wix) dx (3.110)
where

fPM_M[(X; R, Fu) =~
He(Or(x)) - H(Oru(x)) r(R(x)) gre (F (%))
( 0) ><l°g<

¢ qr.pu(R(x), F*(x)) ) +Y(R, F“)> VO pu(x)

He(Or(x)) - He(Oru(x)) ((dp(F2()) o7 970 B) - ] po) |
o C(0) ><un<Fu<x>> g B Fo) )
(3.111)
and where
YR =~ [ et ogan(rdr— [ pra(s)logar ()
n /OO " () e (f) og an pu(r, ) dfdr. (3.112)

3.7 Summary

This chapter focused on the effect of changing overlap on the dissimilarity measures pre-
sented in Chapter 2. It first proposed a technique to account for changing overlap in the
dissimilarity measures and their Gateaux derivatives by using regularized Heaviside func-
tions to describe regions of valid data. It then illustrated the overlap sensitivity problem

that arises due to information moving in and out of the overlap region, and it proposed a
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framework for correcting this problem by modifying the dissimilarity measures according
to the image statistics in background regions. Finally, it presented an experiment on regis-
tering multimodal brain images in order to compare and contrast the behavior of different

dissimilarity measures and their modified versions.
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Chapter 4

Regularizers

If any of the dissimilarity measures defined in Chapters 2 and 3 are optimized with respect to
a nonparametric displacement field, there is no guarantee of a unique solution. In fact, there
may be infinitely many solutions, most of which exhibit no reasonable amount of continuity
or smoothness. In order to guarantee that the nonparametric registration problem is well-
posed and has a smooth solution, a regularization term must be added to the dissimilarity
measure.

In medical image registration, various regularizers have been proposed. Modersitzki
[63] provides a taxonomy of quadratic regularizers, referring to them as elastic, fluid, diffu-
sion, and curvature regularizers. Each of these regularizers are homogeneous and isotropic,
meaning that they ensure smoothness independently of location or direction. In the com-
puter vision community, the regularizer used by Horn & Schunck [51] (which is equivalent
to the diffusion regularizer) serves as the basis for dense optical flow estimation, and has
been generalized to the nonhomogeneous and anisotropic regularizers of the Weickert tax-
onomy [95]. Although both the quadratic and Weickert taxonomies can be thought of as
being based on generalizations of the diffusion regularizer, the taxonomies follow orthog-
onal paths. Aside from the nonhomogeneous elastic regularizer presented by Kabus [53],
there appears to have been little work done in extending the elastic, fluid, and curvature
regularizers in nonhomogeneous and/or anisotropic ways.

This chapter details the various types of regularizers in both the quadratic and Weickert

taxonomies. It extends the quadratic taxonomy by adding the second order elastic regular-
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izer in order to provide a connection with the family of second-order rotationally invariant
regularizers. It also extends the Weickert taxonomy in the manner of Kabus [53] to allow
the weighting functions in image-driven regularizers to deform according to the displace-
ment field. It then illustrates how the ideas behind the nonhomogeneous regularizers in
Weickert’s taxonomy can be applied to all of the quadratic regularizers. Finally, it presents
the Gateaux derivatives of all of the regularizers, yielding differential operators that can be
considered generalizations of the operators that have emerged out of the work of Grenander

and Miller [46] and Christensen [28] in the field of computational anatomy.
4.1 Homogeneous Regularizers

The regularizers commonly used in medical image registration are typically homgeneous
and isotropic. In this section, we describe the quadratic taxonomy of regularizers, and then
we show how the addition of what we call the second-order elastic regularizer provides a
basis for a family of regularizers.

Every regularizer in this chapter will be represented by the notation R(u) to indicate

that it is applied to the displacement field u of the deformation.
4.1.1 Quadratic Taxonomy

In [63], the diffusion, elastic, fluid, and curvature regularizers are theoretically motivated
and derived. In this subsection, we briefly present each of these regularizers and mention

their advantages.

4.1.1.1 Diffusion

The diffusion regularizer is designed to minimize components of the displacement field:

1 n
Rignion() = 5 [ | 190517 | (4.1)
j=1

It gets its name because of the diffusion equation that arises when the Gateaux derivatives
of the dissimilarity measure and regularizer are equated. One of the earliest references
where the diffusion regularizer formally appears for use in medical image registration is

[39], although Modersitzki shows in [63] that the earlier work done by Thirion [86] can be
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thought of as a form of diffusion-based registration. The diffusion regularizer is equivalent
to the much earlier regularizer proposed by Horn and Schunck [51] that is widely used in
the field of optical flow.

The advantage of the diffusion regularizer over the other homogeneous regularizers is
mainly a computational one. A fast algorithm based on Additive Operator Splitting [63] can
be used to solve the diffusion equation but cannot be used to solve the partial differential
equations arising from the other regularizers. The disadvantages of using the diffusion reg-
ularizer for registration are that it does not couple the spatial directions of the deformation
field (which would be physically appropriate), and that it is not immune to initial affine

misregistrations.
4.1.1.2 Elastic/Fluid

The elastic regularizer measures the linearized elastic potential of the displacement field:
1 " " 2 . 2
Relastic(1) = 5 52 Z(&”iuk + Opuj)” + A (divu)® | dx, (4.2)
Q j=1k=1
where p and \ are the Lamé constants which are based on properties of an elastic body.

The fluid regularizer takes the same form as the elastic regularizer, but applied to the

velocity field instead of the displacement field; i.e.,
Rﬂm’d(“) - :Relastic(v) 5 (43)
where the velocity field is related to the displacement field by:
d T
v (x,t) = 7Y (x,t) = Opu (x,t) + (Vu(x,1)) v(x,1). (4.4)

Early use of the elastic and fluid regularizers for image registration appeared in [10, 14,
30, 31, 36]. Other examples of these regularizers in the research literature can be found in
[13, 20, 35, 41, 63, 81].

The elastic and fluid regularizers have the advantage over the diffusion and curvature
regularizers (the curvature regularizer will be defined in the next section) that they ap-

propriately handle coupling of the spatial directions in the displacement field. Since the
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physical deformations of anatomical objects that are observed in medical images almost
always contain nontrivial terms based on mixed partial derivatives, this property suggests
that the elastic and fluid regularizers might allow nonparametric registration to converge
to a more physically meaningful solution. However, elastic and fluid regularizers also suffer
the disadvantage of the diffusion regularizer of not being immune to initial affine misregis-
trations.

For the remainder of this chapter, we will ignore the fluid regularizer as part of the
quadratic taxonomy. As will be described in Chapter 5, fluid regularization can be thought
of as a generalization of elastic regularization for large-deformation problems. Furthermore,
we will see that this type of generalization can be realized by any of the other regularizers

by applying them to the velocity field instead of the displacement field.
4.1.1.3 Curvature

The curvature regularizer is based on the second derivatives of the displacement field:

n
R curvature(1) = ;/Q ;(Auj)z dx. (4.5)

The curvature regularizer has been used for image registration in [40, 63]. Like the
diffusion regularizer, it has the disadvantage of ignoring any coupling of the spatial directions
of the displacement field. Its main advantage over the elastic and fluid regularizers is that
affine transformations are contained within its kernel (i.e., u = Cx+b = Au =0 =

R curvature(1) = 0). Modersitzki shows that this property makes the curvature regularizer

more immune to initial affine misregistrations than the elastic, fluid or diffusion regularizers.
4.1.2 Extending the Quadratic Taxonomy

The quadratic taxonomy includes regularizers that have advantages over the basic diffusion
regularizer: the elastic regularizer handles coupling of the spatial directions in the displace-
ment field, and the curvature regularizer is immune to initial affine misregistrations. The
question naturally arises, then: does there exist a regularizer that handles coupling and is

immune to affine misregistrations?
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Fortunately, the answer is yes: regularizers that incorporate second partial and mixed
partial derivatives can have both advantages. One such regularizer is presented by Amodei
et al. [2] in the context of vector splines, and later appears for use in image reconstruction

problems [3, 4] and B-Spline based image registration [81]:
Rmoae(w) = [ (a1 [Vlival? + ay | Vrotul?) dx, (46)
Q
where rot u refers to the rotational component of a vector field, which is defined by:

) (4.7)

— —Og, U1 + Oy u2, N =2
curlu, n=3

where n is the number of dimensions.
In order to extend the quadratic taxonomy to include a regularizer that shares these
advantages, however, we present a slightly different second-order differential quadratic form,

which we call the second-order elastic regularizer:

n
Retastic-2(1) = % /Q % > (&%jxkul+8§jxluk+8§kxluj)2 + A [[Vdivu|? | dx.  (4.8)
k=1
Even though (4.8) and (4.6) are different regularizers, they have the same Gateaux derivative
up to boundary conditions. This can be established by referring to the results of Cachier
and Ayache [18] on second-order differential quadratic forms. The reason, therefore, that
we choose (4.8) over (4.6) to extend the quadratic taxonomy is that (4.8) reveals a direct
generalization of the elastic regularizer in terms of the Lamé parameters p and .
For the remainder of this thesis, we will consider that the extended quadratic taxonomy

refers to the diffusion, elastic, curvature, and second-order elastic regularizers, whereas the

original quadratic taxonomy refers only to the diffusion, elastic, and curvature regularizers.
4.1.3 Families of Homogeneous Regularizers

The diffusion, elastic/fluid, curvature, and second-order elastic regularizers are not the only
homogeneous regularizers that can be used for nonparametric registration. However, we
can establish an interesting link between these regularizers and the space of all rotationally

invariant regularizers of second order or less. Arigovindan [3, 4] developed a family of
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regularizers given by the linear combination of four terms:

Rt vz (W) = 71R1(0) + 72 Ro(u) + y3R3(u) + 1 Ra(u), (4.9)
where
1 .2
Ri(u) = 3 (divu)” dx, (4.10)
Q
1
Ra(u) = /Hrotuﬁdx, (4.11)
2 Ja
1
Ry(u) = 2/||Vdivu|y2dx, and (4.12)
Q
1
Ry(u) = Q/HVrotu”;dx. (4.13)
Q

Note that if 73 = «9 = 0, the Arigovindan regularizer reduces to the Amodei regularizer
(4.6). As explained in [4], Ry quantifies the compression rate of the displacement field,
Ry quantifies the squared angular velocity, Rz quantifies the spatial roughness of the com-
pression rate, and R4 quantifies the variation in angular velocity. Arigovindan proved that
Roi o774 generates all possible rotationally invariant regularizers of second order or less.

By referring to the results of Cachier and Ayache [18] on first and second order differ-
ential quadratic forms, we can see that the space spanned by the Gateaux derivatives of
the diffusion, elastic, curvature, and second-order elastic regularizers is equivalent, up to
boundary conditions, of the space spanned by the Gateaux derivative of the Arigovindan
regularizer. This link to the Arigovindan regularizer family suggests that if boundary con-
ditions are ignored, the Gateaux derivative of any rotationally invariant regularizer up to
second order is in the span of the Gateaux derivatives of the regularizers of the extended

quadratic taxonomy.
4.2 Nonhomogeneous Regularizers in Optical Flow

The homogeneous regularizers of the extended quadratic taxonomy penalize displacement
field variation in a manner that is independent of location. In medical imaging, however,
there are situations where the image content dictates that different penalties should be

applied in different places. For example, bones should deform approximately rigidly, whereas
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organs or soft tissue are more flexible. This suggests that regularizers should be allowed
to adjust the amount of penalty based on the underlying anatomical structure. In other
situations, sliding may occur (between an organ and the chest wall, for example), which
suggests that regularizers should be allowed to penalize the displacement field differently in
transitional areas of the image than in homogeneous regions.

These concerns have been addressed in part in the computer vision community. In the
area of optical flow, which deals with small deformations between images, there has been a
large amount of research into nonhomogeneous regularizers that are generalizations of the
diffusion regularizer. Weickert et al. [95, 96] provide a taxonomy of these isotropic and
anisotropic regularizers. In this section, we present the nonhomogeneous regularizers of the

Weickert taxonomy.
4.2.1 Image-driven Isotropic

The simplest way to allow variable regularization is to incorporate a scalar-valued weighting
function into the diffusion regularizer. The weighting function, denoted below as [3(x),
should be strictly positive and differentiable over €. Incorporating ((x) yields the image-

driven isotropic diffusion regularizer:
1 n
.y )
Riljiton(w) = 5 [ 800 321V 1? | . (414)
j=1

Particular choices of § can be tailored to the application at hand. Alvarez [1] pro-
poses using a weighting function that is inversely proportional to the gradient magnitude
of the underlying image. Charbonnier [26] and Bruhn [16] show that a function fitting this
description is B(x) = V. <||VF(X)||2), where

U (s?) = \/%W . (4.15)

In essence, this type of image-driven regularization allows the resulting deformation to be
smooth in areas where the original floating (or reference) image is smooth and allows more
variable deformations in areas where the image gradient is large.

One questionable aspect of Rfl‘%‘ﬁmn is that §(x) does not depend on the displacement

field uw. If B(x) is based on some property of the reference image, then there is no problem.
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However, if 5(x) is based on some property of the floating image (as in the Alvarez regu-
larizer), then it should deform according to the changing displacement field. This suggests

that a more appropriate way to write the image-driven isotropic regularizer is by:
id—iso—nonlin 1 u - 2
:Rdiﬁusion (u) = 5 Qﬁ (X) Z HVUJH an (416)
j=1

where f%(x) := f(x —u(x)). The "nonlin” superscript is added to indicate that the

Gateaux derivative of this regularizer is nonlinear with respect to u.

4.2.2 Image-driven Anisotropic

Replacing the scalar-valued weighting function f(x) in the linear image-driven isotropic
regularizer with a matrix-valued weighting function B(x) yields the linear image-driven

anisotropic regularizer:
1 n
id-ani T

R = 5 [ |30 (Vu) B0 Vuy | ax (417

j=1
In general, any B(x) can be chosen whose range is the set of symmetric positive definite
matrices. The purpose of such a weighting function is to locally affect the direction of
smoothing. The amount of penalty applied in the direction of an eigenvector of B(x) is

proportional to the corresponding eigenvalue.
Nagel [64, 65] was the first in the computer vision community to suggest this type of

anisotropic regularization, which he referred to as oriented smoothness. He proposed the

following weighting matrix, which inhibits smoothing in the direction of the image gradient:
VAF(x)) (VEF(x)) " +~21
IVE)|I* + 272

B(x) = ( : (4.18)

where V+ indicates the vector normal to VF(x) with the same magnitude as VF(x), and
where v is chosen small enough so that % << maxyeq ||VF(x)|*.

Nagel’s weighting matrix can only be used for registration problems with two spatial
dimensions because V1 F is not uniquely defined for three or more dimensions. In order to

generalize Nagel’s idea of oriented smoothness to registration problems in n dimensions, we

first recognize that in two dimensions, the following statement holds true:
1L 1 T 2 T
(v F(x)) (v F(x)) = [VF)|?I - (VF(x)) (VF(x)" . (4.19)
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This allows us to rewrite (4.18) as:

(IVFG)IE +42) T (VF(0) (TF(x)"
IVFE)|" + 2y

This form of weighting matrix easily generalizes to n dimensions because VF(x) is
always uniquely defined (assuming F' is differentiable everywhere). The only adjustment to
be made for n > 2 is in the denominator, which must be rescaled to take into account the

trace of the numerator. This yields:

(IVFGOI? +92) = (VF(x)) (VF(x))"
B(x) = CB— : (4.21)
IVE&)? + 792/ (n = 1)

which is just a scaled version of the matrix presented in [49] that can be considered the
generalization of Nagel’s oriented smoothness weighting matrix to n dimensions.

As argued in Section 4.2.1, if the weighting function is based on some property of the
floating image, it should deform over the course of registration. This suggests that the

image-driven anisotropic regularizer should be written as:

id-aniso-nonlin 1 - u
Rl w) = 5 [ 32 (V) B Y | i (1.22)
j=1
where B"(x) := B(x — u(x)).

The generalized oriented smoothness weighting matrix (4.21) can still be used, although

it must be modified to vary according to the displacement field:

(IVFR) > +92) 1= (VF () (V2 (x)"
BY(x) = — . (4.23)
IVFEGIP +n92/ (n = 1)

4.2.3 Flow-driven Isotropic

One potential problem with the image-driven isotropic and anisotropic regularizers is that
there may be edges in the image data in which smoothness should be enforced (for example,
highly textured regions). A solution to this problem is to design regularizers in which
smoothness is penalized based on the locations of edges in the flow field. Schnérr and

Weickert [80, 95, 96] show that this can be done by applying a local weighting function to
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the diffusion regularizer in the following manner:

. 1 n
fd-iso o 112
R = 5 [ DIVt | ax. (4.24)

Ideally, the weighting function § should be convex in Vu. Brox et al. [15] show that a
suitable choice is ﬁ(Z?Zl ||Vuj||2) := Wy (Vu), where ¥ . is the modified L! norm (2.25).
This choice yields a regularizer that is similar in form to the total variation (TV) regularizer

[42].
4.2.4 Flow-driven Anisotropic

Weickert and Schnérr [96] show that regularizers can be designed in which penalties are not
only based on the locations of edges in the flow field, but on the directions of those edges as
well. This can be accomplished by incorporating a matrix-valued weighting function B(M)

into the diffusion regularizer:

1

R ) = 5 [ b (B(VavaT)) dx. (4.5

Note that the choice B = I reduces (4.25) to the homogeneous diffusion regularizer (4.1).
The weighting function B(M) can be defined in terms of scalar weighting functions
applied to the eigenvalues of M. If we assume M is a symmetric matrix with eigenvec-

tor/eigenvalue pairs (mj, ;1;), then we have:
n
B(M) =) B(u;) mym], (4.26)
j=1

and therefore
n

e (BOM) = 3 ). (4.27)

=1

As in the flow-driven isotropic case, a suitable choice for B(u) is Wy ().

4.3 Constructing Nonhomogeneous Regularizers for Image
Registration

Both the extended quadratic taxonomy of regularizers for image registration and the We-

ickert taxonomy of regularizers for optical flow start with the diffusion regularizer and
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generalize it in different ways. The quadratic taxonomy considers different homogeneous
extensions that allow for coupling and/or greater insensitivity to initial affine misregistra-
tions. Weickert’s taxonomy considers various nonhomogeneous extensions that allow for
varying the regularization penalty based on image or flow characteristics.

In this section, we show how some of the ideas behind both taxonomies can be combined.
We construct both image-driven and flow-driven isotropic versions of the elastic, curvature,
and second-order elastic regularizers. These generalizations build off of the work of Kabus
[53, 54], who presented an image-driven isotropic version of the elastic regularizer. We then
provide some notes on why anisotropic versions of the elastic, curvature, and second-order
elastic regularizers cannot be directly deduced from the form of the anisotropic diffusion

regularizers.
4.3.1 Image-driven Isotropic Regularizers

Image-based isotropic versions of the elastic, curvature, and second-order elastic regularizers
can be constructed by incorporating weighting functions in a manner analogous to (4.14).

For the elastic regularizer, we have:

o 1 n
witw = 5 [0S b )+ a0 (avw? | ax 429
jk=1

For the curvature regularizer, we have:
o 1 n
Rifrvaure(W) = B /Q Bx) [ Y (Auy)? | dx. (4.29)
j=1

Finally, for the second-order elastic regularizer, we have:

i L[ 8x)[ ¢ 2
R0 = 5 [ P Y (Rt 0+ )|
k=1

1
+ 2/9,82(X) |Vdivul|? dx. (4.30)

A variety of choices can be made for the weighting functions. If 31 (x) = f2(x) = B(x),
and [(x) is chosen as in (4.15), then the elastic regularizer will be modified so that the

resulting displacement field is smoother in areas where the original image is smooth.
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For the elastic and second-order elastic regularizers, the weighting functions can be
tailored to the Lamé parameters. Defining (1 (x) := p(x) and f1(x) := A(x) allows regular-
ization based on spatially varying Lamé parameters, which may be desirable if the images
have been segmented into different tissue types.

Since the floating image deforms as the displacement field changes, any weighting func-
tions based on properties of the floating image should also deform. Analogous to the non-
linear image-driven isotropic diffusion regularizer (4.16), nonlinear versions of (4.28)—(4.30)

can be defined by:

o . 1 u n '
Rickisomonlingy) = - /Q PEC) S™ (0, g+ Ousg)” + BE(x) (divw)? | dx, (431)

2 2
Jik=1
n
L I ERC] DSXE IS (4.32)
7j=1
n
L . 2
I o D SN C TR T i P
J.k,l=1
5 [ 560 Vvl ax. (4.33)
Q

Kabus [53, 54] presents a version of the nonlinear image-driven isotropic elastic regu-
larizer (4.31) in which he uses the weighting functions g}'(x) := o"(x) p*(x) and 55 (x) :=
a'(x) A"(x). The Lamé parameters p'(x) and A"(x) are considered to be spatially vary-
ing, and a"(x) is a weighting function based on a segmentation of the floating image into

foreground /background regions.
4.3.2 Flow-driven Isotropic Regularizers

In order to modify the elastic regularizer based on the flow field, we can apply local weighting
functions in the following manner:
fd-iso 1 1 . 2 . 2
Rl =5 [ |30 2 @t 0nw)” | + 5 ((divw)?) | ax. (4.34)
Jk=1

The choices 1 (52) = puVq(s) and [y (52) = AUy ((s), where ¥y (s) is the modified Lt

norm (2.24), allow for a direct generalization of the flow-driven isotropic diffusion regularizer
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presented by Brox et al. [15]. Note that if the alternative choices (; (32) = ps? and
Ba2(s?) := As? are made, (4.34) reduces to the homgeneous elastic regularizer (4.2).
For a flow-driven isotropic version of the curvature regularizer, we have:
n
R elw) = 5 [ 8 3 (8w | ax (1.35)

2 -
7j=1

with a suitable choice of local weighting function B(HAuHQ) = Uy (Au).
Finally, for a flow-driven isotropic version of the second-order elastic regularizer, we

have:

; 1 [1 - 2
d-
Rt = 5 [ 3ol 3 (Bt ) | ax
J,k, =1

+ ;/Qﬁg(HVdiquZ) dx. (4.36)
As in (4.34), suitable choices for the weighting functions are f(s?) = pW;(s) and
ﬁ2(52) = AU ((s).
4.3.3 Notes on Anisotropic Regularizers

There is a temptation to form image-driven anisotropic versions of the elastic, curvature,
and second-order elastic regularizers by premultiplying any occurrence of Vu in the homo-
geneous regularizer by the generalized oriented smoothness matrices (4.21) or (4.23). After

all, it is straightforward to express each of the homogeneous regularizers in terms of Vu:

Retastic (1) = % /Q ,u(tr (Vu, Vu>+tr<(Vu)T,Vu>> dx

+ 1/ Atr? (Vu) dx, (4.37)
2 Ja
1
:Rcurvature(u) = 5 /Q Hle VUH2 dx, (438)
1 n
:Relastic-Q(u) = 5 /Q M Ztr <8mj Vu,&,;j Vu> dx
j=1

1 n
+ 2/92u j;tr <(8iju)T,8m].Vu> dx

1
+ 5 / M| Vir (Vu)|? dx, (4.39)
Q
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where ||o|| indicates the Frobenius norm.

In fact, we initially followed this path as a possibility for constructing anisotropic gener-
alizations of elastic, curvature, and second-order elastic regularizers. However, we ultimately
discovered that this idea is misguided, and we were unable to determine any anisotropic
generalizations. The main reason for this is that the substitution B(x) Vu(x) — Vu(x)
into (4.37)—(4.39) does not actually guarantee the desired reduction in penalty when the
variations in the flow field are predominantly in the direction of the image gradient. This is
in opposition to the diffusion regularizer, in which the insertion of the oriented smoothness

matrix does guarantee the desired reduction in penalty.
4.4 Gateaux Derivatives

To construct the system of partial differential equations whose solution yields the optimal
deformation field relating a pair of images, it is necessary to determine the Gateaux deriva-
tive of the regularizer with respect to variations in the displacement field. For a general
regularizer of the form R(u), the Gateaux derivative is defined in the same manner as in
(2.114); namely:

AR(usw) = lim %[IR(u + hw) — R(u)]. (4.40)

All of the regularizers presented in this chapter have Gateaux derivative that can be
expressed in terms of a differential operator A and boundary conditions B:
dR(u;w) —/ (A(u),w) dx (4.41)
Q
with

Blu] = 0. (4.42)

The second-order regularizers (all versions of the curvature and second-order elastic regu-
larizers) have two sets of boundary conditions.

In this section, we will present the Gateaux derivatives of all of the regularizers, written
in terms of their partial differential operators and natural boundary conditions. Derivations

of some of these terms will be presented in Appendix D.
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4.4.1 Homogeneous Quadratic Regularizers

The partial differential operators and boundary conditions corresponding to the Gateaux
derivatives of the homogeneous versions of the diffusion, elastic, curvature, and second
order regularizers are given in Table 4.1. The partial differential operator and boundary
conditions for the fluid regularizer are the same as for the elastic regularizer, after replacing
the displacement field u with the velocity field v.

Derivations of these terms for the diffusion, elastic, and curvature regularizers are pro-
vided by Modersitzki [63]. For the second-order elastic regularizer, we provide a derivation

in Appendix D.

Regularizer Differential Operator A(u) | Boundary Conditions B|u]
Diffusion —Au (Vu, 1)
Elastic —pAu — (A + p)Vdivu AMdiv i + x(Vu +(Vu)®, i)
2 (Vu, 1i);
Curvature A*u
(AVu,n)

27_order Elastic pA*a+ (A + 2u)AVdivu

=
>
e
<

£
=11
+
E
>
<
£

B

Table 4.1: Gateaux derivative components for homogeneous regularizers.

Note that the partial differential operators that appear in Table 4.1 have also emerged in
a different paradigm for registration. Early work in computational anatomy by Grenander,
Miller, and Christensen [28, 46] tackled the large deformation registration problem in a
Bayesian estimation framework by inducing priors via partial differential equations. The
operators in their partial differential equations are identical to the differential operators

corresponding to the Gateaux derivatives of the diffusion, elastic, and curvature regularizers.
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4.4.2 Image-driven Isotropic Regularizers

The partial differential operators and boundary conditions corresponding to the Gateaux
derivatives of the image-driven isotropic regularizers are given in Tables 4.2 and 4.3. Table
4.2 corresponds to the linear versions of these regularizers (i.e. (4.14) and (4.28)—(4.30)),
and Table 4.3 corresponds to the nonlinear versions (i.e. (4.16) and (4.31)-(4.33)). The
boundary conditions are omitted from Table 4.3, as they are the same the boundary condi-
tions listed in Table 4.2, after the substitution of g%, B}' and 8% for 3, 81 and fa.

A derivation of these terms for the linear isotropic version of the diffusion regularizer
is provided in Appendix D. Terms corresponding to the Gateaux derivatives of the other

image-driven isotropic regularizers can be derived in a similar manner; their derivations are

not included in the Appendix due to space considerations.

Regularizer Differential Operator A(u) Boundary Conditions B|u]

Diffusion —div (B(x) Vu) (B(x) Vu, 1)

Elastic —div (ﬁl (x) (V“ + (VU)T)) Bi(x) (Vu+(Vu)', i)
=V (B2(x) divu) +f2(x) divu i

Curvature A (B (x) Au) (B(x) Vu, 1i);

(V(B(x) Au), i)

27d_order Elastic

2370 ) Oy, div (ﬁl (%) s
+ 2?21 axj div (,81 (X) 836’]’ Vu)
+Vdiv (s(x) Vdivu)

, ()T

B2(x)divun
+51(x) (Vu, n)
+261(x) (Vu) T, );
Ba2(x)(Adiv u)ni
+51(x) (AVu, i)
+26 (%) (A (V)T )

Table 4.2: Géteaux derivative components for linear image-driven isotropic regularizers.

121




Regularizer Differential Operator A(u)

Diffusion —div (8%(x) Vu) — %(z;;l ||vuj||2) V3u(x)

Elustic _div (5y(x) (vu n (VQu)T>> ~V (B3(x) div u)
(X (O i+ Day0)*) VR G) = S(divu)” VBE (x)

Curvature A (B%(x) Au) — %(z;;l (Auj)z‘) V5 (x)

S 0y, div (ﬁ;l(x) O, [vu +2 (Vu)TD
+Vdiv (5%(x) Vdiv u)
(s (B + 02+ 0, ) ) VB0
—5[Vdivul® V53 (x)

27d_order Elastic

Table 4.3: Partial derivative operators from Gateaux derivatives of nonlinear image-driven
isotropic regularizers. Boundary conditions are the same as those in Table 4.2, after sub-
stituting g%, B} and B3 for 3, B and .

4.4.3 Image-driven Anisotropic Regularizers

The image-driven anisotropic regularizer (4.17) has Gateaux derivative with partial differ-

ential operator given by:

Alfigiim() = = div (B(x) Vu) (4.43)
and boundary conditions given by:

Pidaniso ] — (B(x)Vu, ). (4.44)

diffusion

The nonlinear image-driven anisotropic regularizer (4.22) has Gateaux derivative with

partial differential operator given by:
Aliuian " () = —div (BY(x) Vu) — c[u], (4.45)

where c[u] is a nonlinear vector in u, with k'* element given by:

n

(V)T [8B“(x)] Vu,. (4.46)

cilu] = o,

1
24

Jj=1

The corresponding boundary conditions are given by:

Bid-amso-nonlin[u] _ <Bu(X)VU, ﬁ’> (447)

diffusion
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The partial derivative of B¥(x) in (4.46) is given by:
5 2 (I— B%(x)) <VF“(X) , %VF“(X)>
B"(x) = 5
IVEU(x)[|” +nv?/ (n— 1)
T
(VFu(x)) (35 VF(x)) + (52 VF(x) ) (VFU(x))"

uy,

oxy,

IVEu()* + 192/ (n - 1)

(4.48)

4.4.4 Flow-driven Isotropic Regularizers

The partial differential operators and boundary conditions corresponding to the Gateaux

derivatives of the flow-driven isotropic regularizers are given in Tables 4.4 and 4.5.
4.4.5 Flow-driven Anisotropic Regularizers

The Gateaux derivative of the flow-driven anisotropic regularizer (4.25) has partial differ-

ential operator given by:
d-iso . /
Aot (W) = = div (B (Vuvu®) Vu), (4.49)
and boundary conditions given by:
B plt] = (B (Vuvu®) Vu, ). (4.50)
4.5 Visual Comparisons

In order to understand how the various regularizers differ, it is useful to visualize their
behavior on some simple examples. As described in Chapter 5, the solution to the variational
registration problem with Dirichlet boundary conditions can be found by performing a fixed

point iteration and successively solving the PDE system:
A(u<k+1>) — _aP (x; R, F“(k)> , (4.51)

where A is the partial differential operator corresponding to the regularizer, and P is the
force vector arising from the Gateaux derivative of the dissimilarity measure.
Here, we visualize the solution of a single iteration of (4.51) for two separate examples

of P. In the first example, shown in Fig. 4.1(a), P is an impulse function in the x direction
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Regularizer Differential Operator .A(u)

Diffusion —div (5/(2;:1 HvujH?) Vu)

Elastic —div <B{<ZZ oy (D, + azkuj)2> (Vu + (vu)T)) —v (52’((div u)2) div u)
Curvature A <ﬁ/<2?:1 (Auj)2> Au)

27d_order Elastic

’ n 2
221:1 a’l?mdiv <51 (Zj,k,ll <8§j7$kul + aa%j,xzuk + aa%k,aczuj) > a96m |:vu +2 (VU)T}>

+Vdiv (ﬂé(HVdiv uHZ) Vdiv u)

Table 4.4: Partial derivative operators from Géateaux derivatives of flow-driven isotropic regularizers.




14}

Regularizer Boundary Conditions 3Bu]

Diffusion <5’(zy:1 ||vuj||2) Vu, )

Elastic 5{(2?,;@:1 (O u + 8%%.)2) (Vu +(Vu)T, &) + ﬂé((div u)2> divu) n
/ "1 (Auy ? \4 7H )

Curvature (o <Z]_1( ) ) u, 1)

(v (8 (X7 (Aw)?) Au) 5)

2"d_order Elastic

’ n 2 iR ’ . . N
51<ZMH (02, oyt + 02, oy + 02, ;) > (Vu+2(Vw)™ i) + B5( | Veiv ul*) div wi;

Bi( onien (

2 !
2 i+ 02wy + 02 uj) ) (VAu + 2A (Vu)™ i) + B2<||Vdiv uHQ) (Adivu)i

kTl

Table 4.5: Boundary conditions from Gateaux derivatives of flow-driven isotropic regularizers.
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Figure 4.1: Examples of force vector fields.

and zero in the y direction. In the second example, shown in Fig. 4.1(b), P is the force field
arising from the MSD similarity measure applied to the CT slice images in Fig. 3.1.

In Fig.’s 4.2 — 4.15, we see the magnitudes and angles of the solutions to (4.51) with
various regularizers. For every case, a has been chosen so that the maximum magnitude of
the solution is scaled to be one.

The top row of Fig. 4.2 shows the magnitudes of the solutions of (4.51) with each
homogeneous quadratic regularizer for the impulse example. It is clear that the diffusion
and elastic regularizers propagate the information from the impulse to a much lesser extent
than the curvature and second-order elastic regularizers. The middle row of Fig. 4.2
shows the solution magnitude with image-driven versions of the quadratic regularizers, and
the bottom row shows the solution magnitude with flow-driven versions of the quadratic
regularizers. For all of the image-driven and flow-driven regularizers, the function 5(x) was
chosen as in (4.15). For the elastic and second-order elastic regularizers, the choice of Lamé
parameters is p = 1, A = 0.1. It is clear from this figure that that the image-driven and
flow-driven regularizers propagate the information from the impulse to a lesser extent than
the homogeneous regularizers.

Figure 4.3 shows the angles of the solutions of (4.51) for the impulse example. Since
the impulse vector points only in the x direction, the separable nature of the diffusion
and curvature regularizers yields solutions that have trivial y components. The elastic and

second-order elastic regularizers, on the other hand, couple the z and y components, and
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therefore, yield solutions with nontrivial ¥y components.

Figures 4.4-4.13 illustrate the magnitudes and angles of the solutions of (4.51) for the
image-driven and flow-driven regularizers when various values of the parameters ¢ and A
are chosen. In Fig.’s 4.4-4.5, we only observe the solution magnitudes for the diffusion
and curvature regularizers, as the angles are all identically 0. It is clear from these figures
that the solutions found using the image-driven and flow-driven diffusion regularizers are
fairly insensitive to the parameter € used in the weighting function 3(x); whereas, when the
image-driven and flow-driven curvature regularizers are used, there is a significant narrowing
of the extent of the solution magnitude as € decreases.

Figures 4.6-4.13 show the solution magnitudes and angles for the elastic and second-
order elastic versions of the image-driven and flow-driven regularizers for a range of values
of £ and \. (Note that u was held constant at 1; it is really the ratio A\/p that matters, as
any scale factor common to both p and A can be factored out and accomodated by «). It is
clear that the behavior of the image-driven elastic regularizer seems independent of A and
u, and that the behavior of the flow-based elastic regularizer seems nearly independent of
A and varies only as € approaches 1.

Like the with the curvature regularizer, the solution achieved with the second-order
regularizer appears to vary much more with € than its first-order cousin, the elastic regu-
larizer. In Fig.’s 4.10-4.13, we can see that the solution magnitudes narrow significantly as
€ decreases, but exhibit little variability with respect to .

Figures 4.14 and 4.15 illustrate the magnitudes and angles of the solutions of (4.51)
for the CT slice example. For this example, the vector field was padded on all sides with
zeros; Dirichlet boundary conditions were imposed on the padded vector field, and the
solutions were cropped back to the original (unpadded) boundaries. As can be seen in
Fig. 4.14, the regularizers propagate information from the force vector field in different
ways. The diffusion and elastic regularizers propagate information to a lesser extent than
the curvature and second-order elastic regularizers, and the image-driven and flow-driven
regularizers propagate information to a lesser extent than the homogeneous regularizers.

Although we do not report resulting solutions for the CT slice example over a range
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of values for ¢ and A\, we would anticipate a similar type of behavior as the solutions to
the impulse example. The solutions when image-driven and flow-driven versions of the first
order regularizers (diffusion and elastic) are used should be relatively invariant to particular
values of ¢ (and A), whereas solutions when the versions of the second-order regularizers
(curvature and second-order elastic) are used should have magnitudes that narrow as e

increases and be relatively invariant to .
4.6 Summary

This chapter investigated regularizers, which are a necessary component that guarantees
a unique solution to the variational registration problem. It first presented the quadratic
taxonomy of homogeneous regularizers, and then added the second-order elastic regularizer
in order to illustrate the connection between the regularizers of the quadratic taxonomy
and the second-order families of regularizers described by Arigovindan [3] and Cachier and
Ayache [18]. Next, it presented the Weickert taxonomy [95] of nonhomogeneous isotropic
and anisotropic regularizers that have been used in optical flow, and it generalized these
regularizers where necessary to allow nonhomogeneous weighting functions to deform over
the course of registration. Then, the chapter illustrated how to combine the ideas of the
quadratic and Weickert taxonomies to construct nonhomogeneous versions for all of the
homogeneous regularizers in the quadratic taxonomy. Finally, it presented the Gateaux

derivatives of all regularizers, which are necessary for variational registration.
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Figure 4.2: Magnitudes of solution fields for impulse example with various regularizers.
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Figure 4.4: Magnitudes of solution fields for impulse example with image-driven and flow-
driven diffusion regularizers for various values of ¢.
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Figure 4.5: Magnitudes of solution fields for impulse example with image-driven and flow-
driven curvature regularizers for various values of €.
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Figure 4.8: Magnitudes of solution fields for impulse example with flow-driven elastic reg-
ularizers for various values of € and A.
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Figure 4.10: Magnitudes of solution fields for impulse example with image-driven second-
order elastic regularizers for various values of € and .
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Figure 4.12: Magnitudes of solution fields for impulse example with flow-driven second-order
elastic regularizers for various values of € and .
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Figure 4.14: Magnitudes of solution fields for CT slice example with various regularizers.

274 order
Diffusion Elastic Curvature Elastic

Image-driven Homogeneous

138
A28
EEE
L1l

Flow-driven

-T -T1/2 0 /2 1
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Chapter 5

Solving the Variational
Registration Problem

In the previous chapters of this thesis, we have presented a wide variety of dissimilarity
measures and regularizers that are useful for registration. We are now interested in methods
for finding the deformation field that minimizes a given combination of dissimilarity measure

and regularizer, as in (1.4), which we repeat here for reference:

min S8(u) :=R(u) + aI(R, F"). (5.1)

u

Using variational techniques, it can be shown that any stationary point of €(u) satisfies a
system of partial differential equations known as the Euler-Lagrange equations. In general,
for any regularizer and dissimilarity measure, it is possible to approximate the solution to
the Euler-Lagrange equations by solving a succession of linear PDE systems. One important
aspect of rapid registration algorithms, therefore, is the use of linear systems solvers that
exploit any structure in the Euler-Lagrange equations for computational efficiency.

In this chapter, we first describe the PDE systems that arise from minimizing (5.1). We
then illustrate how to construct the resulting succession of linear PDE systems, taking into
account both the linear and nonlinear regularizers presented in Chapter 4. Next, we describe
how to discretize and approximate the solution to the linear PDE systems. We first focus
on general iterative solvers that can be applied for any regularizer, and then we turn our
focus to rapid methods (such as the discrete cosine transform [63] and successive Gaussian
convolution [87]) that exploit the structure of specific regularizers. Then, we show how

Fourier methods and successive Gaussian convolution can be applied to registration with
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any of the homogeneous regularizers. Finally, we experiment with some of these techniques

on the problem of registering serial chest CT examinations of patients with lung nodules.

5.1 Successive Systems of Linear Partial Differential Equa-
tions

In Chapter 1, we showed that the Euler-Lagrange equations corresponding to (5.1) are given
by:
Au) = —aP(x; R, F) Vx € Q, (5.2)

Blul=0  VxeonN. (5.3)

In general, it is possible to devise iterative approaches for solving (5.2)—(5.3), either via
fixed point iteration or steepest descent. If the partial differential operator A is linear (if
the regularizer is homogeneous or image-driven nonhomogeneous with weighting functions
that do not depend on u), then these iterative approaches yield a succession of linear PDE
systems. If A is nonlinear (flow-driven nonhomogeneous regularizers or image-driven non-
homogeneous regularizers with weighting functions that depend on u), then the succession
of PDE systems are nonlinear; however they can be made to be linear by employing an
inner Newton-Raphson style iteration.

In this section, we illustrate how to construct the successive linear PDE systems arising
from both the fixed-point and steepest descent iterations. Along the way, we discuss why it
is sometimes necessary (e.g., when Neumann boundary conditions are chosen) to avoid the
fixed-point iteration. We then discuss how these iterative schemes can be applied to the
velocity field v instead of the displacement field u to handle large deformation problems in

a fluid-like manner.
5.1.1 Semilinear Euler-Lagrange Equations

We will assume in this section that the partial differential operator A is linear in u; this
assumption yields Euler-Lagrange equations that are semilinear. This allows us to de-
note A(u) by Au. Linear partial differential operators arise from any of the homogeneous

regularizers or from any of the nonhomogeneous image-driven regularizers with weighting
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functions that do not depend on u. The other nonhomogeneous image-driven and flow-
driven regularizers yield nonlinear partial differential operators and will be addressed in the
next subsection.

If A is linear in u, one way to approximate the solution of (5.2)—(5.3) is by fixed-point
iteration. If an initial guess u(® is chosen for the displacement, then updated iterates for

the displacement are given implicitly by the iteration:
Au+D) (x) = f(x, u (x)) , (5.4)

where f(x, u®) (x)) =—a ! ‘.P(x; R, Fu(k>), and where A is the extension of A to 9 such
that the boundary conditions are satisfied. For each k, (5.4) is a linear PDE system; hence,
the fixed point iteration can be thought of as a way to approximate the solution to the
semilinear Fuler-Lagrange equations by solving a succession of linear partial differential
equations.

If A is nonsingular, each iteration of (5.4) has a unique solution. However, A is not
necessarily guaranteed to be nonsingular. Consider, for example, the positive semidefinite
Laplacian operator A = —A with Neumann boundary conditions B[u] = (Vu(x),(x))
(which arises from the homogeneous diffusion regularizer). In this case, A has a nontrivial
null space comprised of all constant displacement fields. Therefore, if we attempt to apply
the fixed point iteration (5.4), there are either infinitely many or zero solutions, depending
on whether or not f(x, uk) (x)) is in the range of A. (Note that if Dirichlet boundary
conditions are chosen with the Laplacian operator A = —A, A is nonsingular and the fixed-
point iteration (5.4) is guaranteed to have a unique solution for each k. See [45] for a further
discussion on existence and uniqueness of solutions to the Poisson equation when Dirichlet
or Neumann boundary conditions are employed.)

In order to overcome this problem, we use the standard trick [73] of introducing an

artificial time variable ¢t and embedding (5.2) in the parabolic PDE system:
opu(x,t) + Au(x,t) = f(x,t,u(x,t)), xe, t>0, (5.5)
u(x,0) = u®,
Blu(x,t)] =0, x €09, t>0.
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This parabolic system also arises from applying the steepest descent algorithm to solve

(5.1). The stationary solution of (5.5) is given by:

u*(x) = lim u(x,t). (5.6)

t—o00

This stationary solution satisfies 9yu*(x) = 0, and, hence, is a solution to (5.2)—(5.3).

Now, in order to approximate the stationary solution of (5.5), we discretize either for-
wards or backwards in time. A forward time discretization with time step 7 yields the
explicit iteration:

u(k—i—l) (X) _ u(k:) (X)

T

= —Au® (x) + f(x, ul® (x)) : (5.7)

whereas a backwards time discretization yields the implicit iteration:

ulk+1) (x) — ulk) (X)

T

= —Au" V() + £ (x,u x)) (5:8)

The explicit iteration, although simple to implement, requires such a small time step
for stability that a huge number of iterations may be required. The implicit iteration does
not suffer from the same instability, so larger time steps can be used. If we rearrange the

terms in (5.8), we see that the implicit iteration can be written as:
[1 n TA} u D (x) = u® (x) + Tf(x, u® (x)) . (5.9)

Therefore, we see that for any of the homogeneous or linear image-driven regularizers,

a solution to the registration problem (5.1) can be approximated by the iteration:
AuF ) (x) = b(x, u® (X)) , (5.10)

with A := [I + TA} and b(x, u('“)(x)) = ul)(x)+7f (x, u®) (x)). We refer to this iteration
as the steepest descent iteration.

As with the fixed-point iteration (5.4), (5.10) is now a linear PDE system for each k;
hence, the iteration (5.10) can also be thought of as a way to approximate the solution to
the semilinear Euler-Lagrange equations by solving a succession of linear partial differen-
tial equations. The benefit of (5.10) over the fixed-point iteration (5.4) is that (5.10) is

guaranteed to have a unique solution at each iteration.
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For quick reference, we list the algorithms for solving the Euler-Lagrange equations
by fixed-point iteration and steepest descent iteration in Algorithms 1 and 2, respectively.
The termination criterion is given as a function d(u(k), u(kfl)) that measures the distance
between successive estimates of the displacement field. This function can be chosen, for

example, to be the 2-norm or co-norm of the differences.

Algorithm 1 Fixed-Point Iteration for Registration with Linear A
Set u(®) =0, k = 0; Select 7 such that 0 < 7 << 1.
repeat
Compute f*)(x) = —a~! iP(x; R, F“(k))
Solve the linear PDE system Au*+1) = £(#) for uk+1),

Increment k.
until d(u(k), u(kfl)) < T.

Algorithm 2 Steepest Descent Iteration for Registration with Linear A
Set u® = 0, k = 0; Select 7 such that 0 < 7 << 1.
repeat
Compute b (x) = u) (x) — 7o~ ! (P(x; R, F“(k>>.

Solve the linear PDE system [I + 7'./[{:| ulktl) = k) for ulk+b),

Increment k.
until d(u(k), u(kfl)) < T.

5.1.2 Nonlinear Euler-Lagrange Equations

If one of the nonlinear image-driven or flow-driven regularizers are selected, then the re-
sulting Euler-Lagrange equations (5.2) are fully nonlinear. A fixed-point iteration can be

constructed in the manner of (5.4); i.e.,
A(u<k+1>(x)) - f(x, u® (x)) . (5.11)

Unlike (5.4), (5.11) is a nonlinear PDE system for each k. In order to approximate the
solutions to these nonlinear PDE systems, we utilize an inner Newton-Raphson style itera-
tion.

(k+1)

Suppose we want to estimate u . We introduce an inner iteration given by:

uF D (x) = u®D (x) + du™) (x) (5.12)

140



and equate u**t1)(x) := u*+1.9(x) with the limiting value of u(®Y(x) as I becomes large.

Therefore, for large enough [, we can rewrite (5.11) as:
A(u(k’lﬂ)(x)) - f(x, uk0) (x)) . (5.13)
For small du®! (x), we can make the first-order Taylor series approximation:
fl(u(k’lﬂ)(x)) ~ jl(u““’”(x)) + <vuA(u(x)) |, du®d (x)> . (5.14)
Substituting (5.14) into (5.13) and simplifying yields the iteration:
<Vuf[(u(x)) [ du(k’l)(x)> - f(x, u(®0) (x)) - A(u““’”(x)) . (5.15)

This is a linear system of partial differential equations in the unknown increment du®.
If we nest this iteration inside the fixed-point iteration (5.11), we see that the solution to
the nonlinear Euler-Lagrange equations can be approximated by successively solving a set

of linear PDE systems. This nested algorithm is summarized by Algorithm 3.

Algorithm 3 Fixed-Point Iteration for Registration with Nonlinear A

Set u®9) = 0, k = 0; Select 71, ™ such that 0 < 7, << 1.
repeat

Set [ = 0.

repeat

Compute b*H (x) = —a~1 fP(X; R, F“(k’0)> - f[(u(k’l) (x)).
Solve the linear PDE system <Vujl(u) ]u:u(k,z),du(k’l)> =b*) for dulkh.

Set uklHD) = kD) 4 qukd.
Increment [.
until d(u(k’l), u(k’lfl)) < Ty.
Set u(k-l—l,O) — u(lal).
Increment k.
until d(u(k’o), u(k_lvo)) < T1.

For the semi-linear Euler-Lagrange equations, we established that the fixed-point iter-
ation can run into problems if the linear partial differential operator has a nontrivial null
space. In fact, this problem can occur with the nonlinear Euler-Lagrange equations as
well. If we consider the flow-driven isotropic diffusion regularizer with Neumann bound-

ary conditions, it is easy to see that the partial differential operator Ag;éi; o, Nas constant
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displacement fields in its kernel. For this reason, we can use the same trick as in the
previous section of introducing and artificial time variable and embedding the nonlinear

FEuler-Lagrange equations into a parabolic PDE system:

ou(x,t) + A(u(x,t)) = f(x,t,u(x,t)), xe, t>0, (5.16)
u(x,0) = u®,

Blu(x,t)] =0, x €0Q, t>0.
Introducing a backwards time discretization yields the (nonlinear) implicit iteration:
uF ) (x) + 74 (u(kﬂ)(x)) = uP(x) + rf (x, u®) (x)) . (5.17)

Solutions to the successive nonlinear PDE systems in (5.17) can be approximated by utilizing
an inner Newton-Raphson style iteration. The inner iteration can be derived in a similar

manner to (5.15), and is given by:

u=u(k.!

@) () + 7 ( VuA((30) |y du®D ) =

ut0) — kD 4 - (f(x, u0) (x)) — A(u®D (x))) . (5.18)

If we nest this iteration inside the steepest descent iteration (5.17), we see that we can now
approximate the solution to the nonlinear Euler-Lagrange equations by successively solving
a set of linear PDE systems. The use of this iteration comes with the guarantee that there
is a unique solution for each (outer) iteration. The nested steepest descent algorithm is
summarized in Algorithm 4.

The only remaining task is to determine the linear partial differential terms (i.e., the
left hand sides of (5.15)) for each of the nonlinear image-driven and flow-driven isotropic
regularizers. Due to space considerations, we simply present these terms in the following

subsections. They can all be derived using principles from multivariate calculus.
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Algorithm 4 Steepest Descent Iteration for Registration with Nonlinear A

Set u(®9 = 0, k = 0; Select 71, 7 such that 0 < 7,79 << 1.
repeat
Set [ = 0.
repeat
Compute b*4(x) = right hand side of (5.18).
Solve the linear PDE system du®!) + 7 <Vujl(u) ]u:u(k,l),du(k’l)> = bkD

for du'®!.
Set u(k,l-l—l) — u(k:,l) + du(k’l).
Increment [.
until d(u(k’l), u(k’l_l)) < Ty.
Set uF+1.0) — kD).
Increment k.
until d(u(kﬁo), u(k_l’o)) < T1.

5.1.2.1 Linear Terms for the Nonlinear Image-driven Isotropic Regularizers

For the nonlinear image-driven isotropic diffusion regularizer, the left hand side of (5.15)

reduces to the following linear partial differential expression in du®b.

<VuA(u) yu:u(k,l>,du<’“vl>> = —div (5“““” (x) Vdu““’”) (5.19)
— Vﬂuwl) (x) tr <Vu(k’l), Vdu(k’l)>

+div <<Vﬁ“(k’l) (x) ,du(k’l)> Vu““’”)

+% Zn: |vule H2 (Vo7 (%), duD)
j=1

One potential issue with using (5.19) in practice is that geometric warping has to be per-
formed inside each inner iteration to form ﬁ“(k’l) (x). To avoid this heavy computational
burden, we choose to update %(x) only in the outer iteration. In effect, this means that
for each k, we can consider 34" (x) = gut? (x) = gut® (x) for all I.

This choice of updating the weighting function only in the outer iteration simplifies the

partial differential expression (5.19) to the following:

<vuA(u) yu:u(k,l>,du<k’l>> - —div (511"“ (x) Vdu(k’l)) (5.20)

- Vﬁu(k) (x) tr <Vu(k’l), Vdu(k’l)> .
For the nonlinear image-driven isotropic versions of the elastic, curvature and second-
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order elastic regularizers, we also choose to update the weighting functions only in the outer

iteration. We present the resulting partial differential terms in Table 5.1.
5.1.2.2 Linear Terms for the Flow-driven Isotropic Regularizers

Any attempt to compute the left hand side of (5.15) for one of the flow-driven isotropic
regularizers is a prescription for a rapid descent into madness. Luckily, we can resort to a

trick introduced by Brox et al. [15] in order to approximate the partial differential operator.

fb-iso

diffusion’ In

Brox suggests introducing a lag in the evaluation of the nonlinear portion of A
essence, this allows us to approximate the left hand side of (5.15) for the flow-driven isotropic

diffusion regularizer by:
[ = 2
<vuA(u) |u:u(k,z),du(k’l)>z—div 3 ZHWWH vdu*d | (5.21)
j=1

The same trick can be used to approximate the linear partial differential terms for the
flow-driven isotropic versions of the elastic, curvature, and second-order elastic regularizers.

We present the resulting partial differential terms in Table 5.2.
5.1.3 Strategies for Large Deformations

For regularizers based on the displacement field, Modersitzki [63] notes that the Euler-
Lagrange equations (5.2)—(5.3) are only valid for small deformations. To capture larger
deformations, Modersitzki suggests generalizing the fluid registration approach to the other
regularizers. Fluid registration, as originally proposed by Christensen [31], can be achieved
by applying the elastic partial differential operator A to the velocity field of the deformation.

The velocity field v is related to the displacement field u by the material derivative:
d T
v (x,t) = pra (x,t) = Opu (x,t) + (Vu (x,t)) v(x,t). (5.22)

To generalize the fluid registration approach to other homogeneous regularizers, we
can simply applying the corresponding partial differential operator to the velocity field.
(Admittedly, this approach is ad hoc in the sense that the resulting PDE systems are not

Euler-Lagrange equations arising from the minimization of a functional of the velocity field.)
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14!

Regularizer Partial differential term <Vuﬂ(u) |u:u<k,l>,du(k’l)>

Diffusion —div (5“( '(x) vdu® l)> vAu™ (x) tr <vu(k,l)’ Vdu(k,l)>

Elastic —div < u (x) <Vdu(k’l) + (Vdu(kvl))T>) v/ ( 1 (x) div du® l)) 1 (div u®D) (dw du kD) ) v (x)
—% (Z?,m:l (amjuﬁ,’i’” + Ol )) <8x7d w0 1, dultV )) v (x)

Curvature A (5“<k)(x) Adu(k,l)) <Au(k D Adu kl)> 5u(k)( )

27d_order Elastic

T
S Oy div ( u™ (), [Vdu(’“’l) 42 (Vdu(k’l)) D + de( u® (%) Vdiv du(k’l))

<Vd1vu( )levdukl)> B“(k)( )

Table 5.1: Linear partial differential terms for nonlinear image-driven isotropic regularizers.




9¥1

Regularizer Approximation of partial differential term <VuA(u) \u:u<k,z>,du(k’l)>

Diffusion —div (5’(2?:1 "vu§k,l))‘2) vdu(k,l))

Elastic —div (ﬁ{(;gmzl (8xju$f§’“ n 8mmu§k,l))2> (v du®D (Vdu(k,l))T>> v ( 62'( (div u(k,l))2> div du(k,l))
Curvature

5 (5(27:1 (A“§k’l))2> Aduw))

2nd_order Elastic

7 2 T
2m= Oem v (ﬂ 1<Z§fr,51 (agwugw 02, 5§7~,w.ﬂ§-k’l)> ) Oz, [Vdu("”l) +2 (Vdu““”) D

+Vdiv (52'<HVdiv ukD H2> Ydiv du(k,l))

Table 5.2: Approximations to linear partial differential terms for flow-driven isotropic regularizers.




The Euler-Lagrange equations (5.2)—(5.3) written in terms of the velocity field become:
Av =—aP(x; R, F") Vx € Q, (5.23)

Blv]=0 V¥xedQ, (5.24)

and the parabolic system (5.5) becomes:

ohv(x,t) + Av(x,t) = f(x,t,u(x,t)), xe, t>0, (5.25)
u(x,0) = ul®,
v(x,0) = v(0),

Bv(x,t)] =0, x €09, t>0.

Some extra care must be taken when posing PDE systems with the nonhomogeneous
regularizers in terms of the velocity fields. For the nonlinear image-driven regularizers, the
weighting functions S"(x) must still deform according to the displacement field, not the
velocity field. Therefore, the appropriate way to express the large-deformation version of
the partial differential operator for nonlinear image-driven diffusion regularizer, for example,

is by:
id-iso-nonlin : u 1 . u
Afignemin(v) := —div (8%(x) Vv) -5 > IVol* | VB (%) (5.26)
=1

It is not meaningful, however, to define the large-deformation version simply by replacing

u with v everywhere, as in:
. . 1 (&
Alfigasion™ (V) # —div (8 (x) Vv) = 5 D oIvel? ) V8 (x). (5.27)
j=1

Likewise, for the flow-driven regularizers, the weighting terms in the partial differential
operators should still operate on u. For example, the appropriate definition of the large-
deformation version of the partial differential operator corresponding to the flow-driven

diffusion regularizer should be:

diffusion

Al (v) = =div [ B[ Y [Vuy* | Vv | | (5.28)
7j=1
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and not:
Af;fgf;m(v) £ —div [ 8’ > IvulP | Vv | (5.29)
j=1

When the partial differential operators are applied to v instead of u, the fixed point
and steepest descent iteration algorithms change slightly. First, where it is appropriate,

instances of u®, u*b or du® should be replaced with v(%) v(&D op dv(#D

, respectively.
Next, an additional step is required after v(**1) is computed to determine u**+1). This step

can be performed by Euler integration of (5.22); i.e.,
T
uF D (x) = u® (x) + 7 (I — vu® (x)) v (x) . (5.30)

Finally, a regridding step should be employed when necessary to ensure a diffeomorphic
solution. As described in [31], the deformation field should be regridded if the Jacobian
determinant |I — Vu| falls below a specified threshold anywhere in the image.

These changes are reflected in the updated algorithmic descriptions of the fixed point
and steepest descent iterations given in Algorithms 5—6. Similar changes are required to
adapt Algorithms 3—4 to the large deformation setting. Note that the comments in sections
5.1.1-5.1.2 about boundary conditions still apply here; the fixed-point iteration algorithm
is fine when Dirichlet boundary conditions are chosen, but the steepest descent iteration

algorithm should be used when Neumann boundary conditions are chosen.

Algorithm 5 Fixed-Point Iteration for Large Deformation Registration with Linear A
Set v(0 = u® =0, k = 0; Select 71, 7 such that 0 < 7,7 << 1.
repeat
Compute f¥)(x) = —a~! iP(x; R, F“(k)>.

Solve the linear PDE system Av*+1) = £k*) for yv(E+1),
Solve for u**t1) by Euler integration.
If min ‘I — Vu(k+1)| < 71, regrid.
Increment k.
until d(u(’“), u(’“_l)) < Ty.

5.2 Spatial Discretization

At the heart of Algorithms 1-6 lies the step of solving a succession of linear PDE systems.

We focus here on approximating the solutions to these PDE systems by employing a spatial
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Algorithm 6 Steepest Descent Iteration for Large Deformation Registration with Linear
A

Set V(O) — u(O) = O, k= O’ Select T1, T9 such that 0 < T, Ty << 1.
repeat
Compute b® (x) = v (x) ~ 70~ 9 (x; R, "),

Solve the linear PDE system [I + Tfl} vF+D) = p(®) for v+,

Solve for u**t1) by Euler integration.
If min [T — Vuk+D| < 7, regrid.
Increment k.

until d(u(k), u(k_l)) < 7.

discretization of the images, vector fields, and differential operators, and by solving the
resulting linear system of algebraic equations.
We assume that the images and vector fields are sampled on an n-dimensional lattice

that contains N; samples along the 4" dimension; i.e.,

u .= [um] = [(ul;k,UQ;m, . ,un;m)T] s
m=(my,...,my), m;=0,...,N;—1,

and where the images and vector fields can be defined at non-lattice points by some in-
terpolation scheme (such as nearest-neighbor or multilinear interpolation). The spacing of
lattice points can differ in each dimension; hence, we define the vector h = (hy,...,h;,) so
that h; is the lattice spacing in the 4" dimension.

To discretize the various partial differential operators in space, we use centered differ-
ences. For any interior lattice point, the first partial derivative of an image F' (or of a

component of a vector field) can be discretized according to:

0 1
[%F] N ~ o (Fmte;, — Fim—e;) ; (5.32)

where e; is the 4t column of the n x n identity matrix. For lattice points on the boundary,
the discretization must be modified to account for the chosen boundary conditions. This
discretization is referred to in [6] as long centered because the difference stencil is not

of minimal size for a first-order differential operator. The corresponding short centered
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discretization requires a dual lattice containing the midpoints of the original lattice, and is

defined by:
0 1
R AT = (5:39)
Second partial derivatives can be discretized by recursively applying (5.32) or (5.33),

yielding:

0* 1
[axzax] F] " ~ 4hz‘hj (Fm+ei+ej - Fm—‘,—ei—e]- - Fm—ei+ej + Fm—ei—e]-) (5.34)

as a long centered discretization, or

2

0? 1
[axiaxj F] ~ Tuh, (Pt zecs e, = Fnt e 3o, = Fan gt o, + Finter3e,)  (5:39)
m

as a short centered discretization. Note that when ¢ = j, (5.35) reduces to the compact

discretization:
02 1
52l = (Fmte; — 2Fm + Fm—e;) - (5.36)
T . j

Discretized versions of the gradient vector V, the divergence operator V-, and the Lapla-
cian operator A can be constructed using (5.32)—(5.36), and will be given the notation V,
V-, and A, respectively. Discretized versions of higher-order operators can be constructed
by composing the discrete gradient, divergence, and Laplacian operators.

For two examples of how these discretized operators are used to transform linear PDE
systems into linear systems of algebraic equations, we consider the linear PDE system
[I + T.A:| v+ = bk in Algorithm 6, first with the homogeneous diffusion regularizer and
then with the image-driven isotropic diffusion regularizer. For the homogeneous diffusion
regularizer A = —A with homogeneous Dirichlet boundary conditions, replacing A with A
(under the short centered discretization) and enforcing the boundary conditions yields the

linear system of algebraic equations given by:

n
1
vfﬁﬂ) -7 Z 72 (viﬁig — 2vg€1+1) + Vl(ﬁfg) = bgﬁ), m € interior,
j=1"17
vt — o, m € boundary.  (5.37)
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For the image-driven isotropic diffusion regularizer A = —div (3(x) Vu), the linear system
of algebraic equations is given by:
n
k+1 1 k+1 k+1 k+1 k+1 k
CAREEDY 2 [(meei ~ Vin )> Pratle; ~ (Vr(n = an_ei-) Bmféej] = by (5.38)
j=1""1

for m on the lattice interior, and VEﬁH) = 0 on the lattice boundary.

5.3 Iterative Solvers for Linear Systems of Algebraic Equa-
tions

Once a spatial discretization has been employed, the solutions of the linear PDE systems
in Algorithms 1-6 can now be approximated by the solutions of the corresponding linear
systems of algebraic equations. A wide variety of algorithms have been developed in the
field of numerical linear algebra for approximately solving linear systems; among them,
simple relaxation methods such as Jacobi iteration, Gauss-Seidel iteration, and successive
overrelaxation, and more complicated multigrid techniques. References describing these
techniques include [6, 70, 88].

The simple relaxation methods are easy to implement and can be applied for any choice
of regularizer presented in this thesis. However, simple relaxation methods can require many
iterations to converge. Even though the high frequency content of the error vectors can be
reduced in just a few iterations, it takes many more iterations to reduce the low frequency
content in the error vectors. Multigrid techniques solve this problem by traversing a series
of grids of varying resolutions, performing only a few iterations at each resolution. However,
implementation of multigrid algorithms can be much more difficult than simple relaxation
methods.

For some specific combinations of regularizers and boundary conditions, specialized al-
gorithms have been developed that are more efficient and/or easier to implement than the
standard iterative solvers. Christensen [28] illustrates how the eigenfunctions of the contin-
uous versions of the Laplacian and Navier-Lamé operators could be used to derive solutions
subject to bending and sliding boundary conditions; Grenander and Miller [46] and Chris-

tensen and Johnson [29] show how any homogeneous linear differential operators subject
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to periodic boundary conditions can be resolved via Fourier series solution. Modersitzki
[63] describes rapid algorithms based on additive operator splitting (AOS) and Gaussian
filtering for the homogeneous diffusion regularizer, and the discrete cosine transform (DCT)
for homogeneous diffusion and homogeneous curvature regularizers with Neumann bound-
ary conditions. Bro-Nielsen [13] describes a filtering algorithm for fluid registration that
implicitly assumes no boundary conditions (i.e., images are defined over infinite space). Ste-
fanescu et al. [82] illustrate a rapid AOS scheme for use with an image-driven anisotropic
diffusion regularizer with implicit boundary conditions.

In the remaining sections of this chapter, we illustrate how specialized algorithms using
Fourier methods and successive Gaussian convolution can be constructed for variational
registration using any of the homogeneous regularizers under Dirichlet, Neumann, and
periodic boundary conditions, as well as for nonhomogeneous versions of the curvature

regularizer.
5.4 Fourier Methods for Homogeneous Regularizers

In [46], Grenanader and Miller illustrate how the DFT can be used to rapidly solve each
iteration of registration with a homogeneous diffusion or elastic regularizer subject to peri-
odic boundary conditions. Modersitzki [63] illustrates how to use the DCT for homogeneous
diffusion-based or curvature-based registration when Neumann boundary conditions are as-
sumed. In this section, we generalize these ideas to show that Fourier-based methods can
be used to construct rapid solution algorithms for registration using any of the homoge-
neous regularizers in the extended quadratic taxonomy (diffusion, elastic, curvature and

second-order elastic) with Dirichlet, Neumann, or periodic boundary conditions.

5.4.1 Diffusion Registration
5.4.1.1 Dirichlet Boundary Conditions

Let us consider the linear PDE system in Algorithm 1, with A chosen to be the negative
Laplacian operator —A with homogeneous Dirichlet boundary conditions. As is shown

n [21], if the boundary conditions are eliminated by setting u}kﬂ) = 0 for all points on
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the lattice boundary, then the discretized version of Adiﬁuswn has a set of eigenfunctions

{@£|€ € lattice interior}, where ©F is given at each interior lattice position j by:

n

Ly gy
0 . rJr
6f = [[ sin N1 (5.39)

r=1

and the corresponding eigenvalues are given by:

n Er
CUEDZZ<2—QCOSN 7_T1> (5.40)

r=1

Hence, if we expand u*+tD and £*) in terms of these eigenfunctions; i.e.,
u Y =S"al" Vel £ =N"tMef, v e lattice, (5.41)
L l
then the system —Au*tD = £(*) can be expressed at each interior lattice point by:
S afVuPel = Eel. (5.42)
l L

From (5.42), we see that the coefficients in the expansions of u**?) and £(*) are related by:
ﬁékﬂ) = fz(k)/wgD V¢ € lattice interior. (5.43)

If an efficient way exists to compute f from f and u from u, then it is possible to solve
—AuF+D = £ rapidly in three steps: (i) compute f from f; (ii) solve for G using (5.43);
and, (iii) compute u from u. With arbitrary eigenfunctions, there is not necessarily any
rapid expansion method. However, the structure of the eigenfunctions given by (5.39) is
such that the expansions in (5.41) (as well as their inverses) are versions of the discrete
sine transform (DST), which can be computed rapidly via the fast Fourier transform (FFT)
algorithm [70].

To extend this idea to work in the context of the steepest descent approach in Al-
gorithm 2, we note that I — 7A has the same eigenfunctions as —A, namely (5.39), but
with eigenvalues given by 1 + TweD . Hence, on the lattice interior, we have the following

equivalence:

I-7Alu=f & i, =,/ (1+ wa) Ve, (5.44)
and therefore it is possible to solve this linear system using the DST.
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This approach can also be used in the large deformation setting to solve the linear
systems arising in Algorithms 5 and 6. The only difference is that the velocity field v,

instead of the displacement field u, must be expanded in terms of the eigenfunctions.
5.4.1.2 Neumann and Periodic Boundary Conditions

If the negative Laplacian operator is chosen with boundary conditions other than homo-
geneous Dirichlet, the discretized operator fldiﬁmon no longer has eigenfunctions given by
(5.39). This means that the DST cannot be exploited to rapidly solve the linear systems
—Au=f, —Av=TH, [I—TA]u:for [I—TA]V:f.

However, other specific choices of boundary conditions do yield eigenfunctions that allow
for rapid solution algorithms. If —A is chosen to have homogeneous Neumann boundary

conditions, for example, the eigenfunctions of ﬂdiﬂumn are given by:

n

bpjrm
@f = H cos N: : T (5.45)
r=1

and the corresponding eigenvalues are given by:

n gr
wé\]:wé):Z (2—2COSN ir1> (5.46)

r=1

If periodic boundary conditions are chosen with —A, the eigenfunctions of fld,ﬂusion are

given by:
¢ T 2il,.j,
0; = H exp — (5.47)

T

r=1

and the corresponding eigenvalues are given by:

- 20,
wy = Z (2 — 2cos N7r>. (5.48)

r=1

Proofs of (5.45)—(5.48) are similar to the proof of (5.39)—(5.40) in [21], and are therefore
omitted.

Expansions in terms of (5.45) and (5.47) can be computed via the discrete cosine trans-
form (DCT) and discrete Fourier transform (DFT), respectively. Like the DST, the DCT
and DFT can be computed rapidly using the FFT algorithm [70]. Therefore, the linear

systems [I — TA} u=f and [I — TA] v = f can be solved rapidly via the DCT if Neumann
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boundary conditions are chosen, or via the DFT if periodic boundary conditions are cho-
sen. (Solving the linear systems —Au = f or —Av = f can be problematic, however. For
Neumann or periodic boundary conditions, lattice points on the boundary can no longer
be eliminated, and —A has a trivial eigenvalue corresponding to the lattice point £ = 0.
This makes the linear system singular, as mentioned previously in section 5.1.1. For this

reason, the steepest descent algorithm is recommended over the fixed point iteration when

Neumann or periodic boundary conditions are chosen.)
5.4.2 Curvature Registration

Since the partial differential operator A cyrvature = A% = (—A)2 is simply the composition
of A giffusion With itself, any eigenfunction of —A is also an eigenfunction of A2, The corre-
sponding eigenvalues are simply the squares of the eigenvalues of —A. Hence, for the fixed

point iteration with the curvature regularizer, we can establish:
Alu=f o  a,=1/(w)? VL, (5.49)

where wy is defined as in (5.40), (5.46), or (5.48), depending on the chosen boundary con-

ditions. For the steepest descent iteration, we have:
M+rAu=f & G,=*f/ (1 +r (W)Z) Ve (5.50)

These results extend also to the large deformation case by replacing u with v.

Therefore, like diffusion registration, curvature registration can be performed rapidly
via DST, DCT, or DFT, depending on the selected boundary conditions. As with diffusion
registration, when Neumann or periodic boundary conditions are chosen, the steepest de-
scent algorithm is recommended in order to avoid a singular linear system due to a trivial

eigenvalue when ¢ = 0.
5.4.3 Elastic Registration

The elastic regularizer, when subject to Dirichlet or Neumann boundary conditions, no
longer has eigenfunctions of the form (5.39) or (5.45). Hence, elastic or fluid registra-

tion cannot be performed directly using the DST or DCT. However, the linear system
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A giasticu = £ can be transformed into a linear system of the form A2 = g (as long as A clastic
is nonsingular), which can be solved rapidly as described in the previous subsection on
curvature registration.

We define the linear operator £; by:
L1 =—=(A+2u) AL+ (A + p) Vdiv. (5.51)

In Appendix E, we show that £10A usc is equivalent to a scaled version of A cyrvature. This

establishes an equivalence between the linear systems:

—pAu — (A + p) Vdiva = f & (N +2u) A% = L4f. (5.52)
This equivalence, in conjunction with (5.49), allows us to state the following:

—pAu— A+ p)Vdivu=f o =g/ (w)? W, (5.53)

where
Lqf
g=—"1 5
(A =+2p)

(5.54)
and where wy is defined as in (5.40), (5.46), or (5.48), depending on the chosen boundary
conditions. Hence, when the elastic and fluid regularizers are used within a fixed point
iterative scheme for registration, the solutions to the linear PDE systems in Algorithms
1 and 5 can be found by transforming them according to (5.52), discretizing and then
employing forward and inverse versions of the DST, DCT, or DFT.

For Algorithms 2 and 6 that employ the steepest descent iteration (which are neces-
sary when A jgsiic 1 singular), a similar trick can be used to transform the linear system
[I + T.Aelastic] u = f into one that can be rapidly solved via DST, DCT, or DFT. If we apply

the linear operator:

Lo=14+7L1 (5.55)

to both sides of the equation [I + 7Ajusic] u = f, we find that the resulting linear PDE

system is given by:
I—7(A+30) A+ 720 (A +2p) A*| u = Lof. (5.56)
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A proof of (5.56) is provided in Appendix E. Now, when the linear operator on the left
hand side of (5.56) is discretized, it is a linear combination of the identity, —A, and A2,
and therefore has the same eigenfunctions as —A and A2, The eigenvalues arise from the
same linear combination of the eigenvalues of I, —A and AZ. Therefore, we can state the

equivalence:

I—7(pA+ A+ p)Vdiv)Ju=f =

iy = d S VL (5.57)
L+7(A+3p)we+ 720 (A +2p) (we)

where q = Lof, and where wy is defined as in (5.40), (5.46), or (5.48), depending on the
chosen boundary conditions. Hence, for elastic and fluid registration, the solutions to the
linear PDE systems in Algorithms 2 and 6 can be found by transforming them according

to (5.56), discretizing, and then employing forward and inverse versions of the DST, DCT,

or DFT.
5.4.4 Second-order Elastic Registration

As with elastic registration, second-order elastic registration requires transformations of the
linear PDE systems in Algorithms 1, 2, 5 and 6 in order to exploit the DST, DCT, and
DFT for rapid solutions.

We define the linear operator L3 by:
Lg=—(A+3u) AL+ (A + 2u) Vdiv. (5.58)

In Appendix E, we show that £3 0 Ajgstic-2 1S equivalent to a scaled version of (—A)?’. This

establishes an equivalence between the linear systems:

pA?u+ (A +2u) AVdivu=f & wA+3p) (A)° = Lsf, (5.59)

. )3 . . X . . .
Since (—A) has the same eigenfunctions as —A, and since the corresponding eigenvalues

are the cubes of the eigenvalues of —A, we can state the following:

pAPu+ (A +2u)AVdiva & Gy =py/ (w)® Ve, (5.60)
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where
Lsf
P=—"1v%5
(A + 3p)

(5.61)
and where wy is defined as in (5.40), (5.46), or (5.48), depending on the chosen boundary
conditions. Hence, when the second-order elastic regularizer is used within a fixed point
iterative scheme for registration, the solutions to the linear PDE systems in Algorithms
1 and 5 can be found by discretizing, transforming them according to (5.59) and then
employing forward and inverse versions of the DST, DCT, or DFT.

To transform the linear PDE system [I 4+ 7A¢jstic.2) u = f into one that can be dis-

cretized and rapidly solved via DST, DCT, or DFT, we can apply the linear operator:
Li=T—-7A0L3 (5.62)

to both sides of the equation. As shown in Appendix E, the resulting linear PDE system is
given by:

[T+7 (A +4p) A2 + 720 (A + 3p) A% u = L4f. (5.63)

Now, when the linear operator on the left hand side of (5.63) is discretized, it is a linear
combination of the identity, A2, and A*, and therefore has the same eigenfunctions as A2
and A?. The eigenvalues arise from the same linear combination of the eigenvalues of I, A2
and A*. The eigenvalues of A* are simply the squares of the eigenvalues of A2. Therefore,
we can state the equivalence:

[I—7 (pA% + (A +2p)AVdiv)|u=f &=

~

Iy

A~

YT O ) @+ PO+ 3p) (@)

Ve,
(5.64)
where r = L4f, and where wy is defined as in (5.40), (5.46), or (5.48), depending on the
chosen boundary conditions. Hence, for second-order elastic registration, the solutions to
the linear PDE systems in Algorithms 2 and 6 can be found by transforming them according

to (5.63), discretizing, and then employing forward and inverse versions of the DST, DCT,

or DFT.
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5.5 Successive Gaussian Convolution for Homogeneous Reg-
ularizers

In addition to presenting the Demon’s force vector described in Chapter 2, Thirion [87]
also provided a fast and simple to implement algorithm for registration that can be applied
with any force vector. The algorithm involves iteratively computing the force vector and
convolving it with a Gaussian kernel to form the next iterate of the displacement /velocity
field. Modersitzki [63] illustrates that the Gaussian kernel is the Green’s function for the
linear diffusion equation over infinite space; hence, he argues that Thirion’s successive Gaus-
sian convolution algorithm provides an approximate solution to the diffusion registration
problem.

A natural question therefore arises: can a similar algorithm with linear complexity and
simple implementation be designed for use with other regularizers? Vercauteren [91] hints at
this possibility by noting that the advanced vectorial filters of Cachier and Ayache [18] could
be employed for this purpose. This is true; however, the advanced vectorial filters are applied
in the Fourier domain, and therefore, when they are discretized and appropriate boundary
conditions are chosen, the resulting registration algorithm would bear more resemblance to
the Fourier approaches mentioned in Section 5.4.

It is possible, though, to devise algorithms that utilize Gaussian convolution for more
regularizers than the homogeneous diffusion regularizer. In fact, all of the homogeneous
regularizers admit such algorithms. This is done by constructing coupled systems of diffusion
equations whose stationary solution is identical to the steepest descent solution for the
homogeneous regularizer at hand.

To describe this process, we first revisit Modersitzki’s notion [63] that Thirion’s al-
gorithm is related to diffusion registration. By rigorously examining the inhomogeneous
diffusion equation, we can see how Gaussian convolution can be used to approximate the

solution to diffusion registration.

159



5.5.1 Inhomogeneous Diffusion Equation

Consider the following inhomogeneous diffusion equation:

ou(x,t) — Au(x,t) = g(x,t) (5.65)

u(x,0) = 0,
where x € R"™ and ¢ > 0. The solution to (5.65) is given by:

u(x,t) = /0 /n U(x—y,t—s)gly,t)dyds , (5.66)

where the Green’s function W(x — y, t) is given by the Gaussian kernel .‘K(x -y, \/ﬂ), where

1 —wlw
K(w,o) = ex . 5.67
o) = e () (.67
If we consider a sequence of time points ¢t; = j7, 7 =0,...,m+ 1, with 7 =t/ (m + 1),
then (5.66) can be approximated by left Riemann sums:
m

u(x, tyr1) & Z/ U(x—y,(m+1—-j)7)gly.tj)dy . (5.68)

j=0 /K"

This allows us to establish the following recursive relationship:
u(x, typt1) & fK(x, V 27') * [g(x, tm) + u(x, tm)] , (5.69)

where * denotes convolution.
5.5.2 Diffusion Registration

The first variant of Thirion’s algorithm [87] essentially poses the diffusion registration prob-
lem in terms of the inhomogeneous diffusion equation (5.65) and then follows the recursion
(5.69) until the stationary solution is found. This procedure is summarized by Algorithm 7.
Note that Thirion [87] uses the Demons force vector; however, we choose here to generalize
the algorithm for use with any dissimilarity measure. An interesting observation about
this interpretation of Thirion’s algorithm is that it provides a value for the width of the
Gaussian kernel used in step 4, basing it on the time step 7. Thirion’s original paper did

not provide such a result.
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Algorithm 7 Gaussian Convolution Algorithm for Diffusion Registration
Select time step 7; define t; = j7, 7 =0,1,....
Set u(x,ty) =0, m = 0.

repeat
u(x,tms1) < K(x,v27) * [of (x, R, F,u(x, t)) + u(x, tm) |
m < m+ 1.

until convergence.

Algorithm 8 Gaussian Convolution Algorithm for Large Deformation Diffusion Registra-
tion
Select time step 7; define ¢; = j7, 7 =0,1,....
Set v(x,t9) = u(x,tg) =0, m = 0.
repeat
V(X, tm1) < K(x,V27) * [of (x, R, F,u(x, t)) + v(x, tm) |.
WX, ts1) < (X, b)) + 7 [ — Vu(x, t,,)] V(X tg1).
m <+ m+ 1.
until convergence.

Large deformations can also be handled in the context of the Thirion’s Algorithm. If we
note that the development of (5.65)—(5.69) is valid if we replace u(x,t) with v(x,t), then
we can define a successive Gaussian convolution to operate on the velocity field, as long as
we add an Euler integration step to compute the displacement field from the velocity field
at each iteration. This procedure is summarized by Algorithm 8.

Two final notes: first, it is important to ensure that the displacement field u(x, t) remains
diffeomorphic as t increases. This can be done by employing the regridding strategy of [31].
Second, the Gaussian kernel must be discretized and truncated, and images should be

padded or mirrored to mimic an infinite domain.

5.5.3 Generalizing Successive Gaussian Convolution for Other Homoge-
neous Regularizers

The structure of the elastic, curvature, and second-order elastic operators allows the Euler-
Lagrange equations to be represented by coupled diffusion equations. For the curvature

operator, the equations are described in the following Lemma:
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Lemma 1. The stationary solution of the coupled diffusion equations:

ohw(x,t) — Aw(x,t) = Vaf(x, R, F,u(x,ty)) (5.70)
du(x,t) — Au(x,t) = Vaw(x,t) (5.71)
w(x,0) = u(x,0) = 0, (5.72)

is equivalent to the solution of the biharmonic equation A%*u(x) = af(x, R, F,u(x,t,)).

Proof. At the stationary solution of the coupled diffusion equations, d;w(x,t) = du(x,t) =
0. Therefore, we have —Aw(x,t) = Jaf(x, R, F,u(x,t,)) and —Au(x,t) = /aw(x,t).
Solving the second equation for w(x,t) and substituting into the first equation yields the

desired result. O
5.5.3.1 Curvature Registration

Using Lemma 1, we can design an algorithm to approximate the solutions of the coupled
diffusion equations by successive convolution with Gaussian kernels. With a semi-implicit
time discretization scheme, we evaluate the left hand sides of (5.70) and (5.71) at time ¢y, 41
while computing the right hand sides with values taken at time t,,. The vector fields u
and w can either be computed simultaneously or successively. We choose to compute them
successively, so u is formed using the newest possible values of w. With these conventions,
we define the Gaussian convolution algorithm for curvature registration by Algorithm 9.
A large deformation version of this algorithm can also be constructed for use with the
curvature regularizer, by operating on velocities and adding an Euler integration step, as

illustrated in Algorithm 10.

Algorithm 9 Gaussian Convolution Algorithm for Curvature Registration
Select time step 7; define ¢t; = j7, 7 =0,1,....
Set w(x,ty) = u(x,tg) =0, m = 0.
repeat
W(X, tg1) < K(x,V27) * [Va f(x, R, Fu(x, ) + w(x, t) .
u(x, tmi1) < K(x, vV27) * [Va w(x, tpg1) + u(x, tn) |
m <+ m+ 1.
until convergence.

162



Algorithm 10 Gaussian Convolution Algorithm for Large Deformation Curvature Regis-
tration
Select time step 7; define ¢; = j7, 7 =0,1,....
Set v(x,t0) = w(x,tp) = u(x,tg) =0, m = 0.
repeat
W(X, tm+1) < K(x,V27) * [a £(x, R, F,u(x, ty,)) + wW(x, tm) |.
V(X, tg1)  K(x,V27) * [Va w(x, tpg1) + V(X ) |
(X, tr1) WX, b)) + 7 [ = Vu(x, )] VX, tni1).
m < m+ 1.
until convergence.

Algorithm 11 Gaussian Convolution Algorithm for Elastic Registration

Select time step 7; define ¢; = j7, 7 =0,1,....
Set w(x,t9) = u(x,tp) =0, m =0.

repeat
h(x,ty,) <+ L:f(x, R, F u(x,tm)) /(N +2p))
W(X, tt1) < K(x,vV27) * [Va h(x, ty) + w(x, tm) ].
u(x, tm+1) < :K( X, \/7) [\/a (Xv tm+1) + u(X tm)]
m < m+ 1.

until convergence.

5.5.3.2 Elastic Registration

To construct a successive Gaussian convolution algorithm for elastic registration, we use
the same trick as in Section 5.4.3 of applying a scaled version of the linear operator £; from
(5.51) to the Navier-Lamé operator in order to establish a relationship with the biharmonic

equation; i.e.,

L.f

—pAu — (A + p)Vdiva = f — Au=—" .

(5.73)

Note that this relationship is written in terms of the differential operators, not their dis-
cretized versions, and therefore the inverse is not necessarily implied. However, we ignore
this problem and implicitly assume an equivalence. This allows us to exploit the result
of Lemma 1 to define a successive Gaussian convolution algorithm for elastic registration,
which is described in Algorithm 11. A fluid (or large deformation elastic) version of this
algorithm can be constructed by operating on velocities and adding an Euler integration

step, as illustrated in Algorithm 12.
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Algorithm 12 Gaussian Convolution Algorithm for Fluid Registration
Select time step 7; define t; = j7, 7 =0,1,....
Set v(x,t9) = w(x, tg) = u(x,tp) =0, m = 0.
repeat
h(x,ty,) < Lif(x, R, Fyu(x,ty)) /(WA +2p))
W(X, tmi1) < K(x,V27) * [V h(x, tp) + w(x, tm) ].
V(X, tg1) < K(x,V27) * [Va w(x, tmg1) + V(X b)) |-
WX, t1) — WX, b)) + 7 [ = Vu(x, )] VX, tni1).
m <+ m+ 1.
until convergence.

5.5.3.3 Second-order Elastic Registration

In order to construct a successive Gaussian convolution algorithm that uses the second-
order elastic regularizer, we can no longer rely on Lemma 1, because we cannot establish an
equivalence between the Euler-Lagrange equations for the second-order elastic regularizer
and the biharmonic equation. However, we can exploit the relationship with the triple

Laplacian equation by using the linear operator L3 from (5.58); i.e.,

pA%u+ (A +2u) AVdivu = f = (=A)u = p Lot (5.74)

(A+3p)
As in the case of elastic registration, this relationship does not necessarily hold in the
opposite direction, although we will ignore this problem for the sake of constructing a
successive Gaussian convolution algorithm.

The triple Laplacian equation can be related to a system of three partial differential

equations, as described by Lemma 2:

Lemma 2. The stationary solution of the coupled diffusion equations:

w(x,t) — Aw(x,t) = af(x,R, F,u(x,tn)) (5.75)
Oz(x,t) — Az(x,t) = Jaw(x,t) (5.76)
du(x,t) — Au(x,t) = Jaz(x,t) (5.77)
w(x,0) = w(x,0) = u(x,0) = 0, (5.78)

is equivalent to the solution of the equation (—A)* u(x) = af(x, R, F,u(x,t,,)).
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Algorithm 13 Gaussian Convolution Algorithm for Second-order Elastic Registration
Select time step 7; define t; = j7, 7 =0,1,....
Set w(x,t0) = z(x,t9) = u(x,tp) =0, m = 0.
repeat
h(x,ty,) < L3f(x, R, F,u(x,ty)) /(A + 3p))
W (X, tyyt1) ZK(X, 27’) * [ Vo h(x,ty) + w(x, tm)]
X

2(X, tyg1) — K(x,V27) * [V w(x, tmgr) + 2(X, tm) |
u(x, tyg1) ¢ K(x,V27) * [ z(x, timi1) + ulx, tm) |.
m < m + 1.

until convergence.

Algorithm 14 Gaussian Convolution Algorithm for Large Deformation Second-order Elas-
tic Registration

Select time step 7; define t; = j7, 7 =0,1,....

Set v(x,ty) = w(x, tg) = z(x,tp) = u(x,t) =0, m = 0.

repeat
h(x, tm)<—L3f(xRFux,t )/ ((A+3p))
W (X, tt1) < K(x,V27) * [ h(x, tm) + W(x, ty) |-

z(X, tmy1) < K(x, \/Z) * [Va w(x, tmg1) + 2(x, ) |-
V(X tmi1) < K(x, V27) * [V z(x, tmg1) + V(X tm) |.
(X, tg1) WX, b)) + 7 [ = Vu(x, t)] " v(X, tni1).
m < m+ 1.

until convergence.

Proof. At the stationary solution of the coupled diffusion equations, Oyw(x,t) = 0yz(x,t) =
ou(x,t) = 0. Therefore, we have —Aw(x,t) = Jaf(x,R, F,u(x,ty,)), —Az(x,t) =
Jaw(x,t), and —Au(x,t) = Jaz(x,t). Solving the third equation for z(x,t), substi-
tuting into the second equation, solving for w(x,t) and substituting into the first equation

yields the desired result. O

Hence, we can design an algorithm to perform second-order elastic registration by mod-
ifying the force vector f and then solving the diffusion equations in Lemma 2. This process
is described in Algorithm 13. A large deformation version of this algorithm can be con-
structed by operating on velocities and adding an Euler integration step, as illustrated in

Algorithm 14.
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Figure 5.1: Axial slices from 3D CT chest scans.
5.6 Registration Experiment

In this section, we perform an experiment that focuses on the practical problem of register-
ing serial chest CT studies. In this experiment, Fourier methods and successive Gaussian
convolution algorithms using all of the homogeneous regularizers are tested and compared
according to how well they predict the positions of manually identified nodules as well as

the amount of computation required.
5.6.1 Serial Chest CT Images

The data we use comprises a set of serial chest CT examinations of 18 patients with lung
nodules. Each serial examination included a prior image and a current image. Axial slices

of the one of the patient examinations are shown in Fig. 5.1.
5.6.2 Experimental Setup

For each patient, we resampled the images to approximately 3 x 3 x 3mm? isotropic reso-
lution and performed a rigid preregistration step. We then performed nonrigid registration
using the large deformation versions of the successive Gaussian convolution algorithm with

the diffusion, curvature, elastic, and second-order elastic regularizers, and with the SCC
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(squared correlation coefficient) dissimilarity measure. Values for o were chosen from the
set {0.001,0.01,0.1}. (Other values of o were tried; however, larger values tended to cause
the registration to diverge, whereas smaller values caused a very large number of iterations.)
The time step 7 was chosen to be identical to one voxel, and the Gaussian kernels were dis-
cretized and truncated to 5 x 5 x 5 voxels. Registration was performed in a multiresolution
pyramid at four resolution levels; at each level, the registration process was terminated if
there was no significant change in SCC or if a maximum number of 50 iterations have been
performed.

To establish a set of ground truth points that can be used to measure target registration
error (TRE), we manually identified the centers of lung nodules less than 6mm in diameter
that are observable in both the prior and current images of a patient. This yielded from
4-20 ground truth points for each patient. After each nonrigid registration algorithm was
performed, the manually identified locations of nodules in the prior image were mapped
through the resulting deformation field to predict their positions in the current image. The
TRE is then defined as the Euclidean distance between the predicted positions and the
manually identified positions of the nodules in the current image.

Computational requirements of each algorithm are measured in terms of effective con-
volution steps (ECS). A unit of ECS is defined as the amount of computation required
to convolve a vector field at the finest resolution level with a Gaussian kernel. Hence,
50 iterations of successive Gaussian convolution (with the diffusion regularizer) at each of
the two finest resolution levels would require 50 4 (1/8) * 50 = 56.25 ECS. Curvature and
elastic-based regularizers would require twice as many Gaussian convolution steps, yielding
112.5 ECS, and second-order elastic regularizers would require three times as many, yielding
168.75 ECS. For the Fourier-based methods, we note that in our implementation, solution
of one linear system at the finest resolution level requires approximately twice the compu-
tation as convolution with a 5 x 5 x 5 kernel; hence, we compute ECS for Fourier-based
methods by multiplying the number of iterations at each resolution level by 2 and weighting
according to the resolution level. Therefore, 50 iterations of any Fourier-based registration

algorithm at each of the two finest resolution levels would require 112.5 ECS.
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5.6.3 Results

To visualize how nonrigid registration brings images into alignment, we use the example
axial slices from Fig. 5.1. Figure 5.2 shows color-coded, fused versions of the slices, with
no registration, and then after the floating image has been warped according to various
registration algorithms.

Tables 5.3 and 5.4 list various statistics that allow a direct comparison of the speed
and accuracy of the various registration procedures. Target registration error (TRE) is
computed for each nodule as the distance between predicted location and actual location of
the nodule in the current image. Aggregate TRE (ATRE) is computed for each case as the
median TRE of all the nodules for a case; the ATRE allows a TRE-based measure that is
normalized for the different numbers of nodules in each case. Finally, effective convolution
steps (ECS) are computed for each algorithm and roughly allow algorithms to be compared
in terms of their relative efficiency.

Based on the results reported in Tables 5.3 and 5.4, we see that all of the variations of
nonrigid registration appear to predict nodule locations to within voxel accuracy. In terms of
TRE and ATRE, there does not appear to be one variation that stands out as significantly
better than the rest. However, when ECS is taken into account, we see that with one
exception, the second-order regularizers (curvature and second-order elastic) outperform
their first order counterparts (diffusion and elastic, respectively). Overall, the choice of
the curvature regularizer with a = 0.1, using either the successive Gaussian convolution
algorithm or the Fourier-based approach appears to yield the best performance in terms of
ECS.

To further investigate the amount of computational effort required by both algorithms
with various regularizers, we provide box plots to illustrate the distributions of the number
of iterations required at each level of the multilevel pyramid. Figure 5.3 shows these distri-
butions for the case of registration via successive Gaussian convolution, and Fig. 5.4 shows
the distributions for the case of registration via Fourier methods. In each of these figures,

box plots illustrate the number of iterations required for each particular regularizer at the

168



(c) No Registration (d) Diffusion Registration (Fourier)

(e) Curvature Registration (Gaussian Conv.) (f) Curvature Registration (Fourier)

Figure 5.2: Axial slices from 3D CT chest scans, colored cyan and yellow and fused.
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Registration Type | = = © | = = ©» N o [
Rigid Only 72 58 49|77 7.0 3.3 - — -
Diffusion
a = 0.001 6.8 57 50|72 6.1 387 201 28.2 523
a=0.01 6.1 47 48163 56 4.0 53.7 54.8 56.6
a=0.1 6.3 43 6964 51 42| 226 27.8 41.3
a=1.0 6.8 5.1 5767 60 4.1 8.8 144  27.0
Elastic
a = 0.001 6.9 57 50|72 59 381 155 215 36.8
a=0.01 66 54 50|68 56 4.0 101.8 107.1 113.0
a=0.1 6.4 51 49|61 49 4.0 762 87.8 90.9
a=1.0 74 58 54|70 58 4.1 | 220 263 654
Curvature
a = 0.001 6.1 4.7 49166 57 4.2 983 104.2 109.5
a=0.01 59 44 49 |6.2 52 43| 486 50.2  53.7
a=0.1 6.2 45 54163 50 4.6 198 20.0 21.8
a=1.0 71 48 73|64 4.7 4.7 | 115 135 17.6
2nd_order Elastic
a = 0.001 6.9 57 50|71 59 381 176 233 574
a=0.01 66 54 51|66 59 4.1 71.5 778 854
a=0.1 7.0 55 56|68 55 42| 36.0 42.0 48.2
a=1.0 6.9 55 5069 58 3.6/ 262 26.2 29.6

Table 5.3: Statistics of TRE across all nodules, ATRE across all cases, and ECS for rigid
registration and nonrigid registration via large deformation successive Gaussian convolution
algorithm with each homogeneous regularizer and various values of «.
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Rigid Only 72 58 49|77 70 3.3 — — —
Diffusion
a = 0.001 6.7 55 4969 59 38| 114.2 114.2 114.2
a=0.01 58 4.8 4.6 159 52 37| 114.2 114.2 114.2
a=0.1 53 4.2 41153 50 211 934 108.1 1114
a=1.0 6.6 55 4264 59 27| 248 358 751
Elastic
a = 0.001 6.8 5.7 49|71 6.0 3.7 | 114.2 114.2 114.2
a=0.01 6.5 56 45|65 59 29| 1044 110.7 113.5
a=0.1 6.6 57 46|64 59 30| 182 206 258
a=1.0 72 6.6 47|67 58 29| 11.8 15.5 17.7
Curvature
a = 0.001 6.6 53 49 |6.7 58 38| 114.2 114.2 114.2
a=0.01 57 43 47159 48 4.0 113.5 1139 114.2
a=0.1 6.1 45 59|60 58 301 408 50.3 81.9
a=1.0 72 58 45|73 69 301 198 278 56.1
20d_grder Elastic
a = 0.001 6.8 5.7 49|70 6.0 3.7 | 114.2 114.2 114.2
a=0.01 6.6 59 4.7 |6.5 57 31| 105.7 1109 1134
a=0.1 6.8 6.0 48 6.7 57 33| 21.6 273 33.1
a=1.0 76 6.6 48|68 59 281 11.5 11.5 11.5

Table 5.4: Statistics of TRE across all nodules, ATRE across all cases, and ECS for rigid
registration and nonrigid registration via large deformation Fourier solvers with each homo-
geneous regularizer, homogeneous Dirichlet boundary conditions on the displacement and
velocity fields, and various values of a.
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low resolution, mid-level resolution, and high resolution levels of a multiresolution pyramid.
For consistency, « is chosen to be 0.1, as this value seems to provide the best general TRE
values across all regularizers.

An interesting observation that can be made from Fig.’s 5.3-5.4 is that in registration via
successive Gaussian convolution, the first order regularizers (diffusion and elastic) require
many more iterations at all levels than the second order regularizers (curvature and second-
order elastic). However, when registration is performed via Fourier methods, it is the
diffusion and curvature regularizers that require more iterations at all levels than the elastic

and second-order elastic regularizers.
5.7 Summary

This chapter presented strategies for approximating the solutions to the PDE systems that
arise in variational registration. It illustrated fixed-point and steepest descent iterative ap-
proaches for transforming the semilinear or nonlinear PDE systems that arise from various
regularizers into successions of linear PDE systems. It then showed how the resulting linear
PDE systems can be discretized and solved via general iterative solvers. The chapter then
described how the structure of the linear systems arising from any of the homogeneous
regularizers can be exploited, and how Fourier methods and successive Gaussian convolu-
tion algorithms can be constructed to rapidly solve the linear systems in these situations.
Finally, the chapter illustrated the performance of the proposed algorithms on the problem

of registering serial 3D chest CT images of patients with lung nodules.
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Figure 5.3: Distributions of the number of iterations required at the low resolution, medium
resolution, and high resolution levels in multilevel registration using successive Gaussian
convolution.
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Figure 5.4: Distributions of the number of iterations required at the low resolution, medium
resolution, and high resolution levels in multilevel registration using Fourier methods.
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Chapter 6

Conclusions

This thesis has explored key components of variational image registration problem; namely,
dissimilarity measures, changing overlap regions, regularizers, and computational solution
techniques. In this chapter, we summarize the key contributions of this thesis, and then we

provide some ideas for future investigation.

6.1 Contributions of this Thesis

6.1.1 Dissimilarity Measures

In Chapter 2, we described a variety of assumptions on the relationship between images
being registered, and we classified standard dissimilarity measures according to these as-
sumptions. In the process, we introduced three new dissimilarity measures: the squared
orthogonal correlation coefficient (SOCC), normalized cross cumulative residual entropy
(NCCRE), and cumulative residual entropy correlation coefficient (CRECC). In addition,
we showed how to construct local versions of any dissimilarity measure, using local moments
or local distributions. Finally, we presented the Gateaux derivatives for the global and local

versions of all dissimilarity measures.
6.1.2 Changing Overlap

In Chapter 3, we investigated problems that emerge when considering the changing nature
of the overlap region over the course of registration. We showed how the Gateaux deriva-
tives presented in the previous chapter can be computed under the general assumption that

the overlap region varies according to the deformation field. We then showed how many
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dissimilarity measures suffer from a sensitivity to changing overlap when background con-
tent moves in and out of the overlap region. We proposed a method for modifying the
dissimilarity measures to remove this sensitivity. Finally, we showed how the modifications

affect the Gateaux derivatives presented in the previous chapter.
6.1.3 Regularizers

In Chapter 4, we described the quadratic taxonomy of homogeneous regularizers used in
medical image registration as well as the Weickert taxonomy of nonhomogeneous regularizers
used in optical flow. We extended the quadratic taxonomy to include a second-order elastic
regularizer, and then we illustrated how the two taxonomies can be combined in order
to construct nonhomogeneous versions of any of the quadratic regularizers. Finally, we

presented the Gateaux derivatives of every regularizer in the combined taxonomy.
6.1.4 Solving the Variational Registration Problem

In Chapter 5, we presented strategies for solving the PDE systems arising from the Gateaux
derivatives of the dissimilarity measures and regularizers. By employing semi-implicit dis-
cretizations in conjunction with fixed-point or steepest descent algorithms, we showed that
any PDE system can be transformed into a sequence of linear algebraic equations. We
illustrated that iterative techniques can be applied to solve the successive linear algebraic
equations for any regularizer, and then we focused on how Fourier methods and successive
Gaussian convolution can be used to rapidly solve the equations arising from any of the

homogeneous regularizers.

6.2 Future Work

The field of variational image registration is ripe with problems for future research. In this
section, we describe a few of these problems, along with some suggestions of ideas that

might be applicable in addressing these problems.
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6.2.1 Optimal Dissimilarity Measures

The dissimilarity measures presented in Chapter 2 are all described in terms of assumptions
on the underlying relationship between the images. A natural question arises: is there a
way to identify an optimal dissimilarity measure for a particular registration problem? One
way to approach an answer is to learn the joint intensity distribution from exemplar aligned
images, and then to define a dissimilarity measure based on how different an observed joint
distribution is from the learned joint distribution. Some examples of this type of approach
are found in [32, 60, 78]. Another approach involves learning an optimal dissimilarity
measure directly from exemplar aligned and misaligned image patches [57].

The difficulty with generalizing any of these approaches to variational registration lies
in the practical problem of acquiring suitable examples of aligned images with which to
train the dissimilarity measure. This may be possible by capturing images from different
modalities simultaneously, as with PET/CT or PET/MR devices. However, a dissimilarity
measure learned from PET and CT images captured by a PET/CT device may not be op-
timal if applied to arbitrary PET and CT images that are captured from separate devices
with different protocols. But, if it can be ensured that adequate aligned training images are
available, then it should be possible to generalize these approaches to variational registra-
tion by deriving and employing the force vectors corresponding to the learned dissimilarity

measure.
6.2.2 Rapid Computation of Local Dissimilarity Measures

A major difficulty with the use of local dissimilarity measures in variational image registra-
tion is that they can be prohibitively expensive to compute, especially if the local neighbor-
hoods are relatively wide. A variety of approaches [12, 77, 79, 85] have been proposed to
approximate mutual information (or other global dissimilarity measures) by subsampling
the image data. These approaches aim to come up with rapid, robust approximations to
global dissimilarity measures. Since the computation of local dissimilarity measures can
require orders of magnitude more computations than the computation of global dissimi-

larity measures, it is critical to develop rapid ways to compute or approximate the local
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dissimilarity measures and their corresponding force vectors.
6.2.3 Handling Truncated Data

The modified dissimilarity measures presented in Section 3.4 all rely on the assumption that
only background (non-interesting) content is moving in and out of the overlap region over
the course of registration. Section 3.3 describes the behavior of probability distributions
and image statistics over the changing overlap regions; this behavior is only valid when the
background statistics assumption holds. In practice, however, there are many situations
where the background statistics assumption is violated. One common example is when
images contain truncated data, for example, at the top and bottom slices of a chest CT
exam. These situations can cause undesirable behavior, generating modified probability
distributions with values outside of the range [0, 1], or modified variance values that are
negative. An open question is whether or not dissimilarity measures can be modified in a

suitable manner in situations where the background statistics assumption is violated.
6.2.4 Anisotropic Generalizations of Homogeneous Regularizers

As alluded to in Section 4.3.3, it is tempting to substitute B(x) Vu(x) — Vu(x), where
B(x) is the generalization of Nagel’s oriented smoothness matrix defined in (4.21), into
(4.37)—(4.39) in order to construct anisotropic versions of the elastic, curvature, and second-
order elastic regularizers. Even though this substitution works in generalizing the diffu-
sion regularizer to its anisotropic version, this substitution does mot enable the desired
anisotropic behavior for the elastic, curvature, and second-order elastic regularizers. It
appears that it is an open question as to whether or not it is possible to generalize the

non-diffusion regularizers to anisotropic versions.
6.2.5 Rapid Registration with Nonhomogeneous Regularizers

Certainly, registration with any of the nonhomogeneous regularizers presented in Section
4.3 can be rapidly performed using a multigrid algorithm. In fact, Bruhn et al. [16] de-
scribe how the full multigrid (FMG) and full approximation scheme (FAS) can be employed

for performing optical flow with any of the regularizers in the Weickert taxonomy. The
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FMG and FAS approaches should be able to be generalized to the other nonhomogeneous
regularizers in the same manner.

It would be of interest, however, if the structure of the nonhomogeneous regularizers
can be exploited to design rapid solution algorithms that would be much simpler to im-
plement than multigrid algorithms. We have demonstrated in [22] that this is possible at
least for the nonhomogeneous version of the curvature regularizer, by representing the so-
lution to the Euler-Lagrange equations as the stationary solution of a pair of coupled PDE
systems and employing a Demons style algorithm, as in Section 5.5. It remains an open
question as to whether or not any simple-to-implement, rapid solution algorithms exist for

nonhomogeneous elastic or nonhomogeneous second-order elastic registration.
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Appendix A

Equivalence of Dissimilarity
Measures Under the Linearity
Assumption

This appendix relates to Section 2.2.2 of Chapter 2, in which we state the equivalence of
optimizing the MSVDL and SCC dissimilarity measures, and of optimizing the MSODL
and SOCC dissimilarity measures.

Consider the MSVDL, MSODL, SCC, and SOCC dissimilarity measures, repeated here

for reference:

MSVDL(R, F*, 3) = |§12| / (BR(x) + B> — FU(x))? dx, (A1)
MSODL(R, F*,3) — ‘Q’/ (B R(x T?B;Fu(x)fdx, (A.2)
SCC(R, FY) = Va(i"(;)ffi ?}u), (A.3)
SOCC(R.F™) — (Var (R) — Var (F))? + 4Cov (R, F“)Q' (A4)

(Var (R) + Var (Fu))?
Under the assumption that 2 remains the same over the course of registration, we prove

the following propositions:

Proposition 1. Minimizing a normalized version of the MSVDL with respect to  and u

is equivalent to maximizing the SCC with respect to u.

Proposition 2. Minimizing a normalized version of the MSODL with respect to 8 and u
18 equivalent to maximizing the SOCC with respect to u, so long as the covariance between

the images is nonzero.

179



Proposition 1 is not a new result, as it describes the well-known relationship between
linear least squares data fitting and the correlation coefficient; however, we include its proof

in order to establish a framework with which to prove Proposition 2.

Proof of Proposition 1. For a particular value of u, an estimate B(u) of the linear parame-
ters relating R and F™ can be computed by solving the minimization problem:

~

B(u) = arg mﬁin MSVDL(R,F",p) . (A.5)

In order to solve (A.5), we introduce the notation My (B) := MSVDL(R, F"*,3), and we

rewrite M SV DL using (2.37)-(2.39):

My (B) = I@T( Var(R_) + R? R)ﬁ— 2,3T< COV(R7F_U) + RFu
R 1

Fll
(A.6)
The gradient of My with respect to § is given by:
P2 D uy . ppu
Ty (8) =2 [ VR R R R g ( Cov(RF*) & REY AT
R 1 F
Solving the system V My, (B) =0 for 3 yields:
5 Cov (R, F™)
= ——— A.
hr Var (R) ' (A-8)
5 _ _Cov(R,F")
= Fu_R—~ "7 A.
& Var (R) (4.9)
Since My is convex in 3, the solution to (A.5) is
5 Cov (R, F")
= — 2 7 Al
. - -Cov(R,F")
= FW—-R———~ A1l
Ha(u) i Var (R) ( )
Substituting (A.10) and (A.11) into (A.1) for B and simplifying yields:
MSVDL (R, F, [3) = Var (F%) (1 — SCC(R, FY)). (A.12)

Since () remains the same over the course of registration, M SV DL, when normal-
ized by Var (F"), is a negative linear function of SCC. Hence, minimizing the ratio
MSV DL/Var (F") with respect to 8 and u is equivalent to maximizing SCC with re-

spect to u. ]
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Proof of Proposition 2. For a particular value of u, an estimate B(u) of the linear parame-

ters relating the images can be computed by solving the minimization problem:

A

B(u) = arg rrgn MSODL(R,F", ). (A.13)

Unlike MSV DL, MSODL is not convex in 3, so we are not necessarily guaranteed that a
solution to (A.13) exists. We will proceed by investigating the existence of any stationary
points of MSODL.

Defining Mo(8) := MSODL(R, F*, 3), we find that M SODL can be rewritten as:

ﬁT<Var(R_)+R2 R)ﬁ_QﬂT<COV(R’F_u)+RFu>—|-Var(F“)+Fu2

Mo(B) S -
oV 1+ 32
(A.14)
The gradient of My with respect to 3 is given by:
VMo(8) = —— |Varv(8) — 2n0(8)( )| (A.15)
14 5% 0

Setting VMo (,3) =0 for B yields the system of equations:

V My (B) = 2Mo (B) ( o ) | (A.16)

If we substitute the second equation in (A.7) into the second equation in (A.16), we see
that setting 8o = F" — R yields My, (B) /02 = 0. Substituting f35 into the first equation

in (A.16) for By and simplifying yields the following quadratic equation in [3;:
B2Cov (R, F™) + f1(Var (R) — Var (F“)) — Cov (R, F*) = 0. (A.17)

If we assume that Cov (R, F™) # 0, then (A.17) has two distinct real roots:

. Var(F“) — Var (R) + \/ (Var (R) — Var (Fu))? 4+ 4Cov (R, F1)?

= Al
b 2Cov (R, ™) (A-18)
Second-order analysis verifies that the only one of these roots is a local minimum:
5 Var (R = Var (R) + \/(Var (R) — Var (F4))? + 4Cov (R, F)’ o)
1= ' ’

2Cov (R, F1)

The other root is a local maximum.
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Substituting 41 from (A.19) and f; for 8 in (A.14) and simplifying yields:

Mo (/@;) — €] (Var (R) + Var (F)) 1_ \/(Var (R) — Var (F))? + 4Cov (R, Fw)?
’ (Var (R) + Var (F4))? ’
(A.20)
MSODL(R,F*,B8) g
(Var (R) + Var (F'v)) Y (1 - W) : (A.21)

Since ) remains the same over the course of registration, the negative of the ratio of
MSODL to Var (R) + Var (F") is a convex function of SOCC. Hence, the proposition
holds. O
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Appendix B

Gateaux Derivatives of
Dissimilarity Measures

This appendix relates to Section 2.4 of Chapter 2, in which we present Gateaux derivatives

for the dissimilarity measures. It proves the following six propositions:

Proposition 3. If the dissimilarity measure (R, F'™) can be expressed as a functional of

the form:

I(R,F") = / M(R(x), F"(x)) dx, (B.1)
Q
then the Gateaux derivative dJ(R, F*;w) can be expressed as:
dI(R, FY;w) = / (P(x; R, FY) ,w(x)) dx. (B.2)
Q

Proposition 4. The Gateauz derivative of the entropy H(F™) with respect to w can be

written in terms of (2.114), with P%,(x; F*) approzimated by (2.146).

Proposition 5. The Gateaux derivative of the joint entropy H(R, F'™) with respect to w

can be written in terms of (2.114), with P4 (x; R, F'™) approzimated by (2.147).

Proposition 6. The Gdteaur derivative of the cumulative residual entropy e(F™) with

respect to w can be written in terms of (2.114), with PZ(x; F*) approzimated by (2.148).

Proposition 7. The Gateauz derivative of the joint cumulative residual entropy e(R, F'™)
with respect to w can be written in terms of (2.114), with PL(x; R, F™) approximated by

(2.149).
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Proposition 8. The Gateauz derivative of the joint cumulative residual entropy e(F, R)
with respect to w can be written in terms of (2.114), with PL(x; F*, R) approximated by

(2.150).

Propositions 3-5 are not new results; however, we include their proofs in order to es-

tablish a framework with which to prove Propositions 6-8.

Proof of Proposition 3. By the definition of the Gateaux derivative, we have:

dI(R, F%w) = lim — [/ M(R( ), Futhw (x dx—/.M ))dx]

h—0
= ik [ (R ) dsas
= % / / R ) P (x) ) ~%F“+ hsW (x) ds dx
= % / / M(R(x), FU% (x) ) (V0 (x), —w ) ds dx

_ // ), FP(x)) (VF*(x) , w) ds dx
_ /Q SEMR(x), F*(x)) (VE" (), w) dx
_ / (P(x; R, FY), w(x)) dx,

Q

where

P(x; R, FY) = — [(;;M(R(x) ,FU(x))| VF"(x). (B.3)

O]

In order to prove Propositions 4-8, we first introduce and prove the following lemmas:

Lemma 3. The Gateaux derivative of the probability density function ppu(f) with respect

to w is given by:
dop(fiw) =~ [ (W) = ) TP (0. wioo)) (B.4)
where w;(t) is the derivative of the Parzen window function wy(t).

Lemma 4. The Gateaux derivative of the joint probability density function pgr pu(r, f) with

respect to w is given by:

doppo(r fiw) = = [ (0RO = 1) (F0) = ) V(0 wix))dx. (B



Proof of Lemma 3. The probability density function of F™ can be written according to
(2.83) as:

1 W) )
pe(h) = /Q wo(FP(x) - f)dx. (B.6)

The Taylor series expansion of FU*"W(x) about F“(x) is given by:
FYHW(x) = F¥(x) — h (VF"(x),w(x)) + O(h?). (B.7)
Substituting (B.7) into (B.6) yields:
prosen(£) = g [ o (P00 = 1) (B3)

By another Taylor series expansion, we have:

1 u QP u
prosin (1) = g [ [0 P00 = 1) = s, (2(3) = ) (T2 wix)) + O (1)

(B.9)
or
u w - u 1 ’
Pt (f) = pru(f) _ _/ (w,(FU(x) ~ ) VFU(x) , w(x) ) dx + O(h).  (B.10)
h 9 Ja
Taking the limit of (B.10) as h — 0 yields the desired result. O

Proof of Lemma 4. The joint density function pg pu can be written in terms of (2.84) as:

1
b () = o [ (R = 1) (P60 = f)dx (B.11)
Following the proof of Lemma 3 with (B.11) in place of (B.6) yields the desired result. [J

Proof of Proposition 4. By linearity and an application of the chain rule, we find:
oo
AH(Fw) = = [ (14 logpra(f)) dpra(f5w) . (B.12)

—00

Substituting (B.4) into (B.12) and changing the order of integration yields:

dH(FY;w) = /Q (PY(x; FY) , w(x)) dx, (B.13)
where
Pk FY) = |(12| </Z wo(F™(x) = f) [1 + log pra ()] df) VE%(x). (B.14)
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Integrating by parts allows us to write (B.14) as:

P i) = o ( a0 - ) [iiﬁjﬁ%

df) VEFY(x). (B.15)

Assuming o — 0 so that w,(t) — 6(¢) allows us to apply the sifting property of the Dirac

delta function to yield:

R O £ c) A
Phis ) = o (pFu(Fu(X))> VE(x), (B.16)

which is the desired result. O

Proof of Proposition 5. By linearity and an application of the chain rule, we find:

dH(R,F";w) = —/ / (1 +logpgr pu(r, f)ldprpu(r, f;w)drdf. (B.17)
Substituting (B.5) into (B.17) and changing the order of integration yields:

dH (R, F%;w) = /Q (P (x; R, F"Y) ,w(x)) dx, (B.18)

2] (ffooo wo(R(x) —7) [ wi(F(x) — f) [1 +log prpu(r, f)] dfdr) V(). (B.19)

Assuming o — 0 so that w,(t) — d(t) allows us to apply the sifting property of the Dirac
delta function to yield:

o0 /

PL(x; R, FY) ~ — (/ wo(F*(x) — f) [1 +logpr ru(R(x) , f)] df> VF%(x). (B.20)
— o

Integrating by parts allows us to write (B.20) as:

o0 0 (R(x
Pyl R~ ( | wntrre - 5) (‘”’f prre (o)

Applying the sifting property a second time yields:

. (5} PR, (R(%) , f)] 1~ pux)

Pl )~ tor | = prm (R0, Fo ()

) VFY(x), (B.22)

which is the desired result. O
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Proof of Proposition 6. By linearity and an application of the chain rule, we find:

(Psw) = — [ [+ ogara (D] dar(fiw) . (B.23)
where
qru(f) = P(F" > f) = /Ooppu(t) dt. (B.24)
f

Taking the Gateaux derivative of (B.24), substituting in (B.4), and changing the order of

integration yields:

dnesfi0) =~ [ (( / TP - 0 ) VP w0 )k (B25)

After evaluating the inner integral, (B.25) reduces to

dapa(fiv) = —‘é’ /Q (o (FP(x) — £) V™ (x) , w(x)) dx. (B.26)

Substituting (B.26) into (B.23) and changing the order of integration yields:

ds(F“;v):/§2<T§(X;F“),W(X)>dx, (B.27)
where
(. U\ __ 1 > u u
P2x FY) = o ( [ ol = 1L+ o e (1) df) V(). (B.28)

Assuming o — 0 allows us to apply the sifting property to (B.28) to yield:

PI(x: FY) ~ 51” (1 + log gra (F*(x))) VF*(x) , (B.29)

which is the desired result. O

Proof of Proposition 7. By linearity and an application of the chain rule, we find:

de(R, F¥; w) = / " pa(r) / 1+ log gugp(f1r)] daga (i w) dfdr,  (B.30)

—00 — 00

where

u f;o pR,Fu(T, t)dt
QF“|R(f|T) = P(F > f|R = T) = pR(T)

(B.31)
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Taking the Gateaux derivative of (B.31), substituting in (B.5), and changing the order of

integration yields:
dapoinl1ri0) = = [ (ol =) ([T itFi o0 - 01t) TP w0 ) i
! (B.32)

After evaluating the inner integral, (B.32) reduces to

dggoaipflriv) = ——— / (wo(R(x) — ) w0y (F2(x) — [) VFU(x) , w(x)) dx. (B.33)

Q| pr(r) Jo

Substituting (B.33) into (B.30) and changing the order of integration yields:
de(R, F%;v) = / (Pd(x; R, F), w(x)) dx, (B.34)
Q

where

(x;R, F
% ( = 1) [ o (FU(x) = f) [1 +10g apui(fIr)] dfdr) VFU(x).
(B.35)

Assuming 0 — 0 and applying the sifting property twice to (B.35) yields:

P ) = g (14108 gl F(00) | R() VF™(0) . (B.36)

which is the desired result. O

Proof of Proposition 8. By linearity and an application of the chain rule, we find:

de(F", R;w) = de(F — 2o [ooopra(f) [1 +log qppa (r|f)] dpypa (r] f; w) drdf

— %5 [ dpra(f30) qripa (7] ) log qripa (r] f) drdf (B.37)

where

[ propu(t, f)dt

u(rlf)=PR>r|F"=f)= B.38
qripe(rlf) = P( | f) P (B.38)
Taking the Gateaux derivative of (B.38) yields:
[ dpg,pa(t, f;w)dt  qppa(r|f) dppa(f;v)
d u(r|f;v) ==L . — . B.39
i {rlf;v) pra(f) pra(f) (39
Substituting (B.39) into (B.37) and simplifying yields:
de(F*, Ryw) = de(FY;w) + [°0 [70 qripa (7] f) dppa(f;0) drdf
= [%o J2 I L+ log agypa (] f)] dpr,pu(t, £ v) dtdrdf (B.40)
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Substituting in (B.5) and (B.4), and changing the order of integration yields:

de(F“, Ry;w) = de(FY; w) + |§12‘ A (K9 (x; F*, R) VF%(x), w(x)) dx, (B.41)

where

Ki(x; F*, R) =
J2e wo(F2(x)) 220 ([1+log qryps (1 )] ([ wo(R(x) — t) dt) — qpypa(r|f)) drdf
(B.42)

Noting that [* we(R(x) —t) dt = 1,< gy if 0 — 0, we see that (B.42) simplifies to:

~ Ax)
K ", R) ~ / wl (F¥(x)) / (1= qrypa (rf) + log ara (r1 ) drdf

- [ ) /R( °°) ars (r1) drdf (B.43)

Noting that 1 — qgpu(r|f) = P(R < r[F" = f), integrating by parts, and applying the

sifting property yields the desired result. O
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Appendix C

Gateaux Derivatives Under
Changing Overlap

This appendix relates to Section 3.1 of Chapter 3, in which we present Gateaux derivatives
for the dissimilarity measures after accounting for the changing overlap region. It proves

the following two propositions (both new results):
Proposition 9. The Gateauz derivative of C(u) := || can be approximated by:

dC(w;w) ~ — / (HL(Op(X)) - 5.(Opa(x)) - VO pu(x) , w(x)) dx. (1)

Proposition 10. The Gateauz derivative of J?I,J(R, FY) := My ,(R,F")/C(u), where

My (R, FY) is given by (3.9) and C(u) is given by (3.1) can be approximated by:

(R FSw) & [ (Baso R, w0) (©2)
where
U(r(x; R, F%)) — 77 SR, P
Py r(x; R, ") = —He(OR(X)) - 0e(Opu(x)) - ( (rl gzu) vl )> - VOpu(x)

~ H(OR(x)) - He(Opu(x)) - (ﬁw(éfj Fu”) VFU(x).  (C3)

Proof of Proposition 9. The region content C(u) can be approximated by:
C(u) m/ H(ORr(x)) - H(Opu(x)) dx, (C.4)

where H, is the regularized Heaviside function (3.4). By the definition of the Gateaux

derivative, we then have:

AC(u; w) = lim % [ H(OR(0) - He(Opusom () = Hi(O(0)] dx.  (CH)
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By a Taylor series approximation, we see that:
O pusiw (%) & Opu(x) — 7 (VOpu(x) , w(x)) + O(h?) , (C.6)

and therefore:
He(O pusnw (%)) = He (Opu(x) — h (VOpu(x) , w(x)) +O(h?)). (C.7)

Another Taylor series approximation yields:

H, (O pusiw (x)) ~ Ho(Opu(x)) — h [ 5 gFu He (O pu(x))| (VO (x), w(x)) + O(h2) (C.8)
= He(Opu(x)) — hdc(Opu(x)) (VOpu(x), w(x)) + O(h?), (C.9)

where 6.(0©) is given by (3.7). Hence, (C.5) can be approximated by:

AC(w; w) ~ lim [ / HA(OR(X)) - [0(Ops (%)) (VOu(x), w(x))] dx + O(h) | . (C.10)

Taking the limit and rearranging yields the desired result. O

o . ~ . . g
Proof of Proposition 10. By the quotient rule, we see that the Gateaux derivative of Iy,

can be written in terms of the Gateaux derivatives of My , and C in the following way:

dMy (R, F'%; My (R, F%) dC(u;
d:'J.\qII’T(R7 Fu,W) — v, ( W) o v, ( ) (ll W)

C(u) C(u)2
dMy (R, F%w) -39 (R,F*)dC(u;w
C(u)
First, we approximate My , using the regularized Heaviside function; i.e.,
My (R, F") ~ / H(ORr(x)) - H(Opu(x)) - U(r(x; R, FY)) dx (C.12)

Applying the definition of the Gateaux derivative to (C.12) yields:

1
dMy (R, F";w) ~ lim —

[ Jorn H(OR(%)) - He(O pusnw (x)) - W (r(x; R, FUH™) ) dx
h—0 h

— fon Ho(OR(x) - Ho(@pu(x)) - W(r(x; R, F¥)) dx
(C.13)

Using an derivation similar to that in the proof of Proposition 3 in Appendix B, we find

that (C.13) can be expressed as:

dMy (R, F"; w) %/ (Pum(x; R, FY) ,w(x)) dx, (C.14)

n
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where

Pu(x; R FY) = —H(ORp(X)) - 0e(Opu(x)) - U(r(x; R, FY)) - VOpu(x) (C.15)
—H(ORr(x)) - H(Opu(x)) - 88F1\I/<7"(X; R,FY))| - VF%(x).

Substituting (C.1) and (C.14)—(C.15) into (C.11) and simplifying yields the desired result.

O
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Appendix D

Gateaux Derivatives of
Regularizers

This appendix relates to Section 4.4 of Chapter 4, in which we present Gateaux derivatives

of the various regularizers. It proves the following propositions:

Proposition 11. The Gateauz derivative of the homogeneous second-order elastic regular-

1zer has partial differential operator given by:

A(u) = pA*u + (A + 2u)AVdivu (D.1)

with boundary conditions:
Bilu] = Adivwi + p(Vu, &) + 2u((Va)T, &) (D.2)
Bolu] = MAdivwi + p(AVu, &) + 2(A (Vu)®, i) (D.3)

Proposition 12. The Gateauz derivative of the image-based isotropic version of the diffu-

ston reqularizer has partial differential operator given by:

A(u) = —div (8(x) Vu) (D.4)

with boundary conditions:

Blu] = (5(x) Vu, 1) (D.5)

Proof of Proposition 11. First, we expand and simplify the second-order elastic regularizer
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in the following manner:

n

1 1% 2 2 2 2
R(u) = 2/Q 3j§1<8$]xkul+8m Uk Oy, U j> + A ||Vdivu|® | dx

.y ]§1< 2 o) +2 (02, 0) (20 )>dx

/ A || Vdiv ul? dx.
2 Ja

Applying the definition of the Gateaux derivative and taking the limit yields:

= [ S (02 0yn) (22 1) + 2 (32 1y 0) (22,11 )

J,k,l=1

+ / A (Vdiv u, Vdiv w) dx.
Q

Integrating by parts yields:

n

4R (u; w) / i3 (920000 @) 1y +2 (02, 0) (Bu0n) ) dor

Jik, =1

+ / A (divw) (Vdiv u, i) do
o0

n

_ /Q M ((6§jxjxkuz)(azkwl)+2(aﬁjxﬂ,k )(&rlwk))dx

jkd=1

- / A (divw) (Adiv w) dx.
Q

Integrating a second time by parts yields:

/ Z 02, ) (O 7+ 2 (02 4, ) (00 0) 7)o
O ki=1
+ / A (Vdiv u, (divw) i) do
00

/ Z ocjx 2, U ) wyity + 2 (82 2, U ) wkﬁl)da
o0 okl=

1
- / M (Adivu) i, w) do
/ Z xjmjzkmk ) wy + 2 (agjm i TR Ty l) wk>dx
7,k 1=1

/ A (AVdiv u, w) dx.
Q
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Evaluating the summations enables us to write (D.9) as:

dR(u;w) = /89 w(Vdivu, (Vw, 1)) + 2u <Vdiv u, (Vw)" ,ﬁ>> do
+ /89 A (Vdiv u, (divw) i) do
- / 1 AV, B), w) + 2 <<A (vu)" ), w> do
o
- / A(Adivu) §, w) do
o0
+ /Qu (<A2u, w> + 2 (AVdivu, w>) dx

+ / A (AVdiv u, w) dx. (D.10)
Q
But (D.10) is simply:

AR (u; w) = /a (Veiv, By ) do /

(Ba[u],w) do + / (A(u) ,w) dx, (D.11)
[2}9]

Q

with A, B; and Bj given by (D.1)-(D.3). O

Proof of Proposition 12. Applying the definition of the Gateaux derivative to (4.14) and

taking the limit yields:

AR (u; w) = /Q B(x) (

J

. (Vu,, ij>) dx. (D.12)
-1

Integrating by parts yields:

dR(u; w) = /8 . (Z (B(x) Vuj, i) wj) do — /Q ( (div (B(x) vuj),w>) dx. (D.13)

Jj=1 J=1

Evaluating the summations allows us to write (D.13) as:

dR(u;w) = /BQ ((B(x) Vu,n) ,w)do — /Q (div (B(x) Vu) , w) dx. (D.14)

But (D.14) is simply
dR(u; w) = /89 (Blu] ,w)do + /Q (A(u),w) dx, (D.15)
with A and B given by (D.4)—(D.5). O
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Appendix E

Fourier Methods for Elastic and
Second-order Elastic Registration

This appendix relates to Section 5.4 of Chapter 5, in which we present linear operators to
transform the operators arising from the elastic and second-order elastic regularizers. It

proves the following four propositions (all new results):

Proposition 13. If £y is given by (5.51), and if Acjastic and Acurvature are defined as in

Table 4.1, then L1 o Agastic 15 a scaled version of Acurvature-

Proposition 14. If Ly is given by (5.55), and if Acpastic is defined as in Table 4.1, then

the following statement holds:
Lo 0 L+ TAciastic] = L= 7 (A +3p) A+ 720 (A + 2p) A% (E.1)

Proposition 15. If L3 is given by (5.58), and if Aciastic-2 is defined as in Table 4.1, then

L3 0 Agjastic-2 15 a scaled version of (—A)B.

Proposition 16. If L4 is given by (5.62), and if Aciastic-2 is defined as in Table 4.1, then

the following statement holds:

L4 o [I + TAelastic—Q] =I+7 ()‘ + 4:“’) AQ + 7-2lu ()‘ + 3#’) A4' (E2)
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Proof of Proposition 13.

£1 0 Aeiastic = [— (A + 20) AT+ (X + p) Vdiv] o [—pAL — (A + ) Vdiv]
= (A4 20) AZT 4+ (X + p) (X + 2p) AVdiv
— (A4 p) VdivA — (A + p)? Vdiv Vdiv
= A+ 20) A2+ [(A+p) (A +20) — (A + ) — (A+ﬂ)2] AVdiv

= (N +21) A2T 40 - AVdiv

=M ()\ + 2#) A curvature
]
Proof of Proposition 14.
Lo o [I + TAelastic] = [I + TLI] o [I + T-Aelastic]
=I+7 ([41 + Aelastic) + 7—2 (Ll © Aelastic)
=T—7(A+3u) A+ 7120 (\+2u) A?
]

Proof of Proposition 15.

L3 0 Actastics = [— (A + 3p) AL+ (A + 2) Vdiv] o [uA%T + (A + 2u) AVdiv]
= i (A4 3p) AT — (X +2u) (A + 3p) A%Vdiv
+ 1 (A + 2p) Vdiv A% + (A + 2)° Vdiv AVdiv
— O+ 30) (AT — [+ 20) (A +30) — (A +20) — (N + 2,,L)2] A2Vdiv
= (A4 3p) (AP T —0- A2Vdiv

= (A +3p) (A)°1
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Proof of Proposition 16.

Lyo [I + TAElaStiC-Q} = [I —T1Ao L3] % [I + TAelastic—Q]
=TI+ 7 (Aclastic-2 — Ao L3) — 7 (A o L3 0 Agastic-2)

=T+ 7\ +4p) A% + 720 (N + 3p) A?
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