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Abstract
In this thesis we present an analysis of the operation of a particular type of hy-
brid photovoltaic device called a solid-state dye-sensitised solar cell. A mathematical
model is used to describe the cell’s operation, from the moment the photon reaches
the surface of the device, until it is collected at the end electrodes.

The invention of the solid-state dye-sensitised solar cells is recent and is part of the
greater search for stable, low cost and efficient alternative means of energy generation.
As the physical and chemical analysis has progressed in recent years, there is a need
to establish a mathematical model to describe their behaviour. This thesis includes
such mathematical analysis, based on our current knowledge of semiconductors and
opto-electrochemical properties of solid-state material. The effect of these properties
and of the geometry of the cell are examined in detail using analytical, but also nu-
merical techniques that allow to circumvent the complexities involved.

In this thesis, we show how conducting electrons can be generated by absorbing
photons within an internal dye layer and are then transported via diffusion in the
device until they reach the electrodes connecting it to an external electric circuit.
While there are several limiting factors in the analysis, including the geometry of
the device, the mathematical model appears to agree qualitatively well with available
data on the current generation of solid-state dye-sensitised solar cells.
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1
Introduction

The realisation that fossil fuels are finite and release large amounts of CO2 into the
atmosphere, has turned attention to alternative sources of energy. Climate change
has also driven research towards sustainable energy technologies, such as solar cells,
that help limit environmental pollution and make use of a seemingly endless energy
source - in this case, the sun. One important advantage of this technology is also the
ability to provide electricity to isolated communities, increasing their quality of life.
The renewable energy consumption has increased by 14% in 2016, according to the
2017 review of the world energy by BP [1].

The self-sustainability of solar panels and other financial incentives provided by gov-
ernments have contributed to the installation of an increasing number of solar cells
by leading organisations, but also from individuals. The European Union has also set
a target for a 20% contribution towards the total energy consumption to be obtained
from renewable energy resources by 2020 [2].

Research on photovoltaics (PV) has rapidly increased in the last few decades con-
centrating mostly around developing new materials with higher efficiencies and lower
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cost of production. Understanding the complex mechanisms that generate current
within a solar cell and its optoelectrochemical properties is key to improving the
efficiency. The first attempts towards this were done in the 1950s, when the first
mathematical models were developed to describe the behaviour of solar cells.

1.1 What is a solar cell?

A solar cell is a laboratory-made device that can generate electrical current when
illuminated. There are, in fact, various types of solar cells nowadays, all of which
have the same main principle of operation: the photovoltaic effect. In this process,
the photons are absorbed by a material and excite the electors to a higher energy
state, and by breaking the energy barrier they conduct energy.

The photovoltaic effect was first demonstrated in an experiment by Alexandre-Edmond
Becquerel in 1839 [3], where current was detected when a certain configuration of ma-
terials was illuminated. The electrons absorb photons which allows them to overcome
the energy barrier that holds them bound to the lattice of materials and become free
to move within the material. The vacancy left behind in the lattice, once the electron
is excited, is conventionally referred to as a hole. Having in mind that when the
electron reaches a junction between two materials, it will tend to move to the one
with lower energy states and release its excess energy. Becquerel configured a device
by creating an interface between two materials with different energy states so that
the electron could be extracted from one material and flow in the other. Therefore,
the configuration of materials in a solar cell were shown to be important in ensuring
that the generated electrons transport within the device leading to the generation of
electrical current.

1.2 Types of solar cells

Photovoltaics are, typically, categorised in three generations. First generation solar
cells are made of two silicon-based (or equivalent) materials joined together at a single
junction. These are the conventional cells used today with a maximum conversion
efficiency of 25%. The second generation includes thin film photovoltaics, which have
a maximum efficiency of around 23% and require a lower cost for manufacture.
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The third generation comprises of all cells that exploit new technological advances.
Examples of third generation devices are solar cells with concentrator systems and
multi-junction cells that reach efficiencies higher than the theoretical limit of max-
imum efficiency as proved by Shockley and Queisser [4]. The efficiency of multi-
junction solar cells can be drastically increased to 46%. A chart of the efficiencies of
all solar cells can be seen in Figure 1.1.

We can also categorise cells based on the type of material they are made of, i.e.
inorganic or organic materials or a combination of the two. A short introduction is
presented below for each type of cells.

1.2.1 Inorganic solar cells

The first single junction silicon solar cell was patented by Russel Ohl at the Bell
Laboratories under the name “Light-sensitive electric device" [5]. Most commercial
cells are made from silicon either by growing a single crystal, which has the best
conducting properties and efficiency, or by putting together smaller silicon crystals
or using amorphous silicon. The latter is easier and cheaper to manufacture. Among
other materials used for this type of cells are germanium and gallium arsenide.

As shown in Figure 1.2, a single junction cell consists of two regions of silicon-based
materials: the n-region (negatively charged region) is a doped silicon layer, in which
impurities have been introduced, leading to the presence of an increased number of
electrons, and the p-region (positively charged region) is another doped silicon layer
with a reduced number of electrons. When these two materials are built together,
the charge carriers that have been excited by absorbing energy will diffuse towards
the region of lower concentration. Thus in a small region near the junction, called
the depletion region, electrons concentrate in the p-region and holes in the n-region.
This allows for the creation of a built-in potential difference imposing a force, which
aids in the movement of charges in the opposite direction to diffusion. During this
processes, electrons may remain free and transport to the end of the device, where
they enter the electrodes and hence the outer circuit, or they may release energy and
fill in a hole, i.e. recombine with a hole. When the device is illuminated, the excited
electrons diffuse from the n-region to the p-region, overcoming the drift forces at the
interface, thus creating electricity.
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However efficient silicon solar cells may be, there is an important drawback that
limits their use: the cost of production. The need for lower cost, has lead to the use
of materials which require less processing time and effort in manufacture.

Figure 1.2: Drawing from the original documents of Ohl [5].

1.2.2 Organic solar cells

Organic materials are used in the manufacture of solar cells due to their attractive low
cost of production. The idea to use polymers instead of silicon was first introduced
in 1990 by Burroughes et al [6]. Although cheaper, the degradation of organic mate-
rials under UV illumination is an important disadvantage. Currently, the highest lab
efficiency of such cells is around 12% (see Figure 1.1).

Purely organic solar cells are made up of two interconnected organic semiconducting
materials, each with different chemical properties. The two regions are called the
acceptor region and the donor region depending on whether electrons are ‘accepted
by’ or ‘donated from’ that region, respectively. The different chemical and optical
properties of organic materials, however, imply different generation and recombina-
tion mechanisms compared with the silicon cells.

Photons are only absorbed by the donor region creating electron-hole pairs, called
excitons. The energy required to remove an electron from an atom or molecule, re-
ferred to as the binding energy, is typically stronger in organic material [7], so free
electrons and holes are not considered to be generated instantly. In fact, the binding
energy can only be overcome at the donor/acceptor interface, where the electrochemi-
cal properties of the device will allow for the dissociation of the excitons. In particular,
the dissociation occurs when the electron moves into the acceptor region leaving the
hole in the donor region. By drift and diffusion, the charges are then transported to
the electrodes.
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1.2.3 Hybrid solar cells

A recent hybrid technology is that of dye-sensitized solar cells introduced in 1991 by
O’Regan et al [8]. The idea of this type of solar cell is innovative in the sense that the
device consists of three layers of different materials, all with different electrochemical
properties, thus demonstrating different charge generation, recombination and trans-
port mechanisms.

A schematic configuration of a dye-sensitised solar cell is shown in Figure 1.3. On top
of the bottom electrode (anode) there is a compact flat layer of metal oxide and, on
top of that, a mesoporous layer of the same material. The compact and mesoporous
metal oxide layer is known as the electron acceptor (EA) region. The surface of the
metal oxide is covered with a monolayer of dye. The remaining space is filled with
a liquid electrolyte, which we refer to as the electron donor (ED) region, and sealed
with the second electrode (cathode). The sun hits the cell from the ED side (i.e. from
the top of Figure 1.3).

Figure 1.3: Schematic representation of the general structure of a dye-sensitised solar cell.
The electron donor may be liquid (electrolyte), gel or solid (polymer).

When a photon hits the cell, the energy is absorbed by the dye which generates
excitons with a large binding energy. As an exciton reaches the dye/EA interface,
the electrochemical properties of the EA and the dye favour the dissociation of the
electrons (from the excitons) and transport them towards the anode. The positively
charged ions that remain in the dye recombine with electrons from the ED at the
dye/ED interface to regenerate the neutral molecules of the dye.

The energy band structure in materials contains a range of energy levels where no
energy states for electrons exist, referred to as the energy band gap. The available
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energy states of electrons are separated by the band gap into the valence states and
the conduction states (an electron occupies the higher energy conduction states when
it is excited). For organic materials, this band gap is large enough to prohibit the
generation and recombination in the bulk to the EA and ED regions. Thus, gener-
ation and recombination occurs in the dye layer and charge transport in the bulk of
the EA and ED regions.

Liquid dye-sensitised cells have reached efficiencies of 12% but, under high temper-
atures, the liquid electrolyte will dilate and cause leakage. Thus, to overcome this
hurdle, researchers have turned to alternative materials in order to replace the elec-
trolyte by a gel solution or even a solid-state material as suggested in Wang et al [9]
and Bach et al [10], respectively. The latter type of cells is commonly referred to as
solid state dye-sensitised solar cells (ssDSSC).

While ssDSSCs have a thin layer of dye at the donor/acceptor interface, another type
of hybrid solar cells involve a thick slab of perovskite sandwiched between the donor
and the acceptor materials. Perovskite is an organic-lead halide compound known
for its light absorbing properties. These devices were introduce in 2012 and currently
demonstrate efficiency of up to around 22% (see Figure 1.1) [11, 12, 13, 14, 15]. The
perovskite layer is responsible for the generation of free charges that flow through the
EA and ED regions and into the external circuit. This type of cells has attracted
a lot of attention because of its combination of good efficiency and low cost. The
efficiency is seen improving, as researchers understand the operating mechanisms and
are able to optimise the configuration leading to better and more sustainable per-
formance [16, 17, 18]. It has been reported that better performance is achieved by
doping the donor and acceptor regions for these types of cells [19, 20], as well as with
better coverage of the EA surface with perovskite [21].

1.3 Objectives

All solar cells operate under the principles of the photovoltaic effect. However, the
optoelectrochemical mechanisms that lead to the generation of current depend greatly
on the materials and their configuration in a solar cell.

In this thesis, we will focus on hybrid solar cells, and in particular on ssDSSCs.

7



Our aim is to construct a mathematical model that describes the operation of such
cells, from the moment photons reach the surface until the electrons generated are
collected at the ends of the device. In particular, we intend to characterise devices
via the relation between the applied voltage and the current that is extracted when
the cell is either in the dark or illuminated.

1.4 Outline of Thesis

In this thesis, we separate the analysis of the operation of the ssDSSC into two prob-
lems: (i) the generation of electrical current and (ii) the transport of current within
the ssDSSC. The thesis is then structured in two main Parts, one for each problem.

In Part I, which comprises four chapters, we examine the diode-like behaviour of the
ssDSSC in dark conditions. In Chapter 2 we lay out the background theory behind
the selection of the materials based on their electrochemical and physical properties.
We then employ the theory to derive a mathematical model for the transport of cur-
rent in Chapter 3. In the following two Chapters, 4 and 5, we apply and solve the
model for different geometries of the cell; in particular, we examine a cells made up
of a bilayer arrangement of different semiconductors in Chapter 4 and a cell with a
more complex (nanostructured) interface between the two layers in Chapter 5.

Part II is also made up of four chapters and describes the behaviour of the device
when illuminated. In Chapter 6 we discuss the opto-electrochemical theory of materi-
als that drives the absorption of photons to generate electrons. The model for current
generation is explained in Chapter 7 and is later applied and solved in the case of a
bilayer cell (Chapter 8) and in the case of a nanostructured cell (Chapter 9).

The final chapter, Chapter 10, summarises our results and lays out a field of pos-
sible further development of the research.

Note that all constants and variables used throughout the thesis are available for
reference in the List of Symbols and that the numerical schemes used in chapters 4
and 5 are presented in the Appendices at the end of the thesis.
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1.5 Statement of Originality

This is to certify that to the best of my knowledge, the content of this thesis is my own
work. This thesis has not been submitted for any degree or other purposes. I certify
that the intellectual content of this thesis is the product of my own work and that all
the assistance received in preparing this thesis and sources have been acknowledged.
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Part I

The diode
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2
Physical background

The theories of Max Planck[22], which state that photons and electrons have a wave-
particle duality behaviour and are quantised quantities, form the basis of understand-
ing the operation of a solar cell.

Measured photons’ wavelengths lie between O(1) nm and O(103) nm [23, 24] and
reach the earth’s surface with certain solar irradiance [Wm−2], i.e. power per unit
area. In Figure 2.1, we show schematically the spectral irradiance, which is the solar
irradiance per wavelength (of the photons) [Wm−2nm−1]. One may observe that a
vast amount of power can be harvested from photons in the visible light range (i.e.
for wavelengths between 400-700 nm).
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Figure 2.1: Spectral irradiance against the wavelengths of photons. [23, 24]

Similarly, electrons behave like electromagnetic waves and can be found possessing
different energies depending on their distance from the core of their atom and the
atom’s structure. They can be found lying at energy levels, Es [eV ], which are the
eigenvalues of the time-independent Schrödinger equation [25]

− ~2

2m

d2ψs

dx2
+ Vsψs = Esψs, (2.1)

where ψs is the wavefunction of the electron, ~ is Planck’s constant and m is the
particle’s mass. Vsψs and ~2

2m
d2ψs

dx2 represent the potential and kinetic energies that act
on the wave function. Es can be interpreted as the total energy of the standing state
which the electron may occupy. In general, the solution shows that the energy lev-
els for electrons are packed together in bands of allowed and forbidden energy levels
which the particle may or may not occupy, respectively. The lowest allowed energy
band is called the valence band and the next higher allowed energy band is called the
conduction band. Between these two bands is a set of energy levels in which electrons
cannot reside, i.e. the band gap, of size Eg [eV ].

A conductor has very small band gap making it easy for current to flow. In an
insulator, the band gap is significantly larger and no external energy can provide
the required energy to overcome the gap, so that any flux of electrons is essentially
prohibited. A semiconductor lies somewhere in between. When an electron absorbs
external energy, e.g. in the form of photons, it can be excited from the valence band
to the conduction band. In particular, when photons are absorbed by valence elec-
trons, the latter disassociate from the material’s lattice and are free to move around,
i.e. conduct electricity. The empty space left behind in the lattice is conventionally
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referred to as a hole.

The photovoltaic effect, mentioned in Chapter 1, occurs in semiconducting mate-
rials. We consider two materials with different energy band structures where the
lowest energy level of the conduction band, EC [eV ], and the highest energy level of
the valence band, EV [eV ], are at different levels in each material, as shown in Figure
2.2. In equilibrium, an electron occupies an energy state in the valence band. Un-
der illumination, photons are absorbed by electrons that, if they gain the necessary
energy (Eg), can jump to the conduction band, leaving a hole in the valence band.
This electron-hole pair is referred to as an exciton. This process may occur in both
the EA and ED. However, when the EA and ED are brought together, electrons will
move into the material with the lowest EC (the acceptor), in order to release energy,
and holes will move into the material with the highest EV (the donor) where they
can move freely and thus conduct electricity. For example, the favourable direction of
motion for an electron-hole pair generated in the donor material is shown in Figure
2.2. The in-depth examination of the optical properties of semiconducting materials
will be the focus of Part II.

Figure 2.2: Favourable direction of motion of electrons (black node) and holes (white node),
due to energy differences, for those generated in the donor region. The vertical axis represents
the energy [eV ].

Having introduced the main concepts of operation of solar cells, we will first con-
centrate on the behaviour of a solar cell without the effect of illumination. In this
Chapter, we give a brief overview of the theory of electrical conduction in semicon-
ducting material that sets the base for the assumptions for the mathematical model
for ssDSSCs.
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2.1 Electrochemical properties of materials

When two materials with different chemical properties are in contact, a redox reaction
may take place. This comprises two processes, namely oxidation and reduction. Ox-
idation is the process of losing an electron from a molecule or atom, whereas during
reduction an electron is gained.

In order to understand the favourable direction of motion of the electrons, we in-
troduce the notion of the electrochemical potential, ψ. This is a measure of the
amount of work required to, or produced by, changing the energy state of an ion or
electron from a neutral state to a higher or lower energy state. The electrochemical
potential is determined by the difference between chemical potential, which is the
potential energy released or absorbed by a material during a chemical reaction, and
the local electrostatic potential, φ. The electrostatic potential is the work required to
move a positive charge between two points within the electric field without causing
the particle to accelerate.

When referring to an oxidation process, the chemical potential is used interchange-
ably with the term electron affinity, which is the energy an electron releases when
we (negatively) ionise a neutral atom or molecule, i.e. the energy difference between
the zero energy state and the conduction band or the Unoccupied Molecular Orbital
(UMO) states1. An electron has the tendency to release energy and thus move to-
wards the material with the lowest UMO states.

For the reduction process we usually refer to the ionisation potential, which is the
energy required to remove an electron from a neutral atom or molecule, i.e. the en-
ergy difference between the vacuum and the valence band or the Occupied Molecular
Orbital (OMO) states. An electron will tend to move towards the largest ionisation
potential, allowing the electron to reduce to an equilibrium state by releasing the
excess energy. Schematically, the favourable direction of motion of an electron during
the oxidation and reduction processes is shown in Figure 2.3.

1A molecular orbital defines the ‘allowed’ energy states which an electron can occupy in organic
materials. Occupied molecular orbitals lie at lower energy levels (corresponding to the valence
band for organic materials), whereas the unoccupied molecular orbitals lie at higher energy levels
(corresponding to the conduction band for organic materials).
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(a)

(b)

Figure 2.3: The favourable motion of an electron between two materials A and B during
(a) oxidation, relative to their electron affinities, χn and (b) reduction, relative to their
ionisation potentials, χp. Note that the direction of motion for a hole or a cation is the
opposite of that of an electron. The vertical axis represents the energy.

An example of an electrochemical cell is one that consists of an electrode (anode) ac-
cepting electrons from an electrolyte and an electrode (cathode) donating electrons to
the electrolyte, the structure of which is shown in Figure 2.4. In this system we have
electrochemical reactions taking place; reduction occurs at the cathode/electrolyte
interface and oxidation at the electrolyte/anode interface.

Figure 2.4: An electrochemical cell consisting of an anode, an electrolyte and a cathode.
Oxidation and reduction occur at the anode-electrolyte and electrolyte-cathode interfaces,
respectively: electrons flow from the electrolyte into the anode and the cathode donates
electrons to the electrolyte. This can be connected to an external circuit and a potential
difference can be measured across the cell.
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A ssDSSC follows the same principles of operation, although in a slightly different
configuration, as shown in Figure 2.5. The ssDSSC consists of three main regions,
namely the electron acceptor (EA) region, the electron donor (ED) region and a dye
monolayer at the interface playing the role that the electrolyte played in the electro-
chemical cell. The chemical properties of the dye ensure that oxidation and reduction
now occur at the EA/dye and ED/dye interfaces, respectively. Anode and cathode
electrodes, in contact with the EA and ED ends, respectively, connect the cell to an
external circuit.

Figure 2.5: Schematic representation of the main parts composing a ssDSSC. These include
an anode, an EA layer, a dye monolayer, an ED layer and a cathode. The electrons flow in
a directions from the cathode to the donor, then the dye, acceptor and anode. A potential
difference can be measured across the cell.

Adding an external potential to the system can help control the redox reactions,
by changing the electrochemical potentials. When the applied potential is negative,
the energy of electrons increases in the EA and decreases in the ED, leading to re-
duction and oxidation at the EA/dye and dye/ED interface, opposing the favourable
motion of electrons from the ED to the EA. When the applied potential is positive,
the chemically-favourable motion of electrons in the cell is assisted.

The ssDSSC has also been called the photoelectrochemical cell, as it operates sim-
ilarly to an electrochemical cell under the necessary lighting conditions.

2.1.1 Configuration of the ssDSSC

In this section we present a more thorough explanation of the charge transport of
electrons in a solid state dye-sensitised solar cell (ssDSSC). We further give details of
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commonly used materials. A collective list of references on recent developments on
this topic can be found in Graetzel [26] and Snaith et al [27].

The ssDSSC comprises of a layered configuration of anode/electron acceptor/dye/elec-
tron donor/cathode as previously shown in Figure 1.3. Common materials used are
(in order): fluorine-doped tin oxide (FTO)/titanium dioxide (TiO2)/a Ruthenium-
based dye (e.g. Z907)/ polymer (e.g. spiro-OMeTAD)/silver (Ag). The combination
of these materials leads to efficient generation of current. In contrast to the silicon
solar cells, generation of excitons in an ssDSSC is limited to the dye layer rather than
the whole cell; hence the name of the solar cells. Photons are absorbed in the dye to
produce free charges. An in-depth analysis of the generation of free electrons due to
illumination will follow in Part II.

The making of a ssDSSC involves several steps [28], and we lay here an example
of the possible manufacturing processes. Firstly, a glass substrate is prepared onto
which the FTO anode is etched. After the deposition of the anode, a compact layer
of TiO2 is deposited by spray pyrolysis. After sintering, the mesoporous TiO2 layer is
deposited via screen printing, and then the cells are placed into the dye solution and
left overnight. The next step is to spin coat the device with a layer of spiro-OMeTAD
and, finally, the liquid cathode is deposited on top by a technique known as evapora-
tion to form a solid layer. This technique involves the deposition of a liquid solution
of the material, which is then heated leading to evaporation of the solution material
and leaving the solidified cathode in place.

As the generation of current occurs in the dye layer for these devices, we can separate
the process of current generation from the process of charge transport. The interfacial
kinetics and the charge transport mechanisms are the topics of the following sections.

2.1.2 Interfacial kinetics

In this section we describe the electrochemical reactions that occur at the interface
of the EA and the ED in the absence of dye. We note that the interfacial kinetics
between the dye and the outer regions involve the generation of free electrons and
holes at the interfaces. This topic will be visited in Part II.

In Figure 2.6, we present a schematic representation of the interfacial kinetics be-
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tween the EA and the ED in the absence of dye. The recombination of electrons from
the EA with holes in the ED is direct, i.e. electrons from the EA release the energy
and directly occupy an empty space (hole) in the ED, without occupying any inter-
mediate energy state in-between the initial and final position of the electron. The
larger the interface with direct EA and ED contact (i.e. without dye), the greater
the loss of generated current. The timescale for recombination has been reported to
be on the microsecond scale in [26], [27] and [29].

Figure 2.6: Schematic representation of the interfacial kinetics between the (energy levels
of the) EA and the ED when in contact. Note that the timescale for direct recombination
is µs = O(10−6s).

2.1.3 Charge transport

When bias is applied on the device so that electrons are transported in the bulk of
the EA and holes in the bulk of the ED towards the electrodes, we refer to the bias
as forward bias as it allows the generation of current. In this section we give a de-
scription of the processes that govern the motion of the particles and the criteria for
choosing the materials for the outer regions.

As already mentioned, the TiO2 (EA) layer typically consists of two regions. At
the electrode contact a compact TiO2 layer of thickness 100 − 200 nm is deposited
by spray pyrolysis and at its surface a 2 − 3 µm thick mesoporous TiO2 layer is
deposited, usually, by screen printing. The compact TiO2 layer needs to be made
compact and thick enough in order to avoid short-circuiting effects between the ED
and the anode. It must also be made thin enough so that any current losses are
limited. However, since the dye is responsible for the generation of charges it is im-
portant to maximise the surface of the TiO2 upon which it is deposited. For this,
a mesoporous TiO2 layer is deposited on top of the compact one. Again different
thicknesses have been examined, but that of 2 − 3 µm is believed to be the optimal
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for dye coverage and pore filling by the ED. Details on the manufacture process can
be found in Snaith et al [27], Docampo et al [28], Kavan et al [30] and Barbe et al [31].

A commonly used material for the ED is spiro-OMeTAD which is applied by spin
coating on top of the dyed TiO2 surface resulting in filling of the pores to approx-
imately 80% and creation of a further (compact) layer on top of thickness 200 nm

as measured in Snaith et al [27, 32]. Sometimes, lithium salts (Li+) are added to
the spiro-OMeTAD which may increase mobility from 10−4 cm2V −1s−1 to as high as
10−3 cm2V −1s−1. This addition of lithium is not considered to be doping as suggested
by Bach et al [10] and Snaith et al [33]. This is justified by the colour of the material
which does not change once doped (the doping of the material is reflected in the
colour absorbed by that material).

The EA, dye and the ED should provide a good band structure in order to allow
for electron transfer from the dye to the EA and of holes from the dye into the ED as
shown schematically in Figure 2.6. The electron acceptor and donor materials that
are used have large band gaps that theoretically can only allow for exciton generation
in the ultraviolet limit of the visible solar spectrum. Further, due to the manufacture
process of the EA, both the compact and the mesoporous layers have impurities that
introduce trap states in the band gap as stated in Filipic et al [34] and Hagfeldt et al
[35]. A trap state is an irregularity in the symmetry of the lattice, interpreted as an
irregularity in the energy band structure by the introduction of energies states in the
band gap that could trap an electron. These do not contribute to the recombination
mechanism, but increase conductivity when illuminated by near-UV light as the trap
states are filled.

In Figure 2.7 we show the energy bands of the TiO2 and the spiro-OMeTAD as
extracted from Hagfeldt et al [35] and Snaith et al [27]. The band gap in the TiO2

has been reported to be 3.2 eV in Tiwava et al [36], while it is even larger for the
spiro-OMeTAD as suggested in Fox [7]. An explanation of how photons are absorbed
by the dye is presented in Part II.

Once electrons and holes are dissociated in the EA and ED, they move due to diffusion
and drift, which pull the electron in opposite directions. Diffusion moves electrons
towards lower concentration which generates an internal build-in electric field at the
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interface due to the local potential differences. The relative permittivity2 of the TiO2

is 114 and of the spiro-OMeTAD is approximately 1 as estimated in Feber et al [37]
and Fox [7], respectively. The mathematical model derived in the next Chapter is
based on this principle of operation.

Free electrons are transported in the conduction band of the EA with mobility3 of
approximately 10−5 cm2V −1s−1. Holes in the ED hop from one electronic state of the
spiro-OMeTAD to the next one until reaching the cathode with mobility of the order
of 10−4 cm2V −1s−1 as extracted from Snaith et al [27].
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Figure 2.7: Charge transport of electrons in the TiO2 and of holes in the spiro-OMeTAD.
The band gaps in the TiO2 and the spiro−OMeTAD are greater than 3 eV .

In this Chapter we have presented the basic electrochemical principles that underpin
the operation of a functional ssDSSC. Both the EA and the ED have wide band
gaps so that excitons are only generated in the dye. The electrochemical potential
differences between the outer regions virtually prohibit the presence of free electrons
in the ED and of holes in the EA. Electrons and holes are transported in the bulk of
the EA and ED towards the anode or cathode, respectively. Thus the generation of
current, the transport of electrons and the transport of holes can be treated as three
spatially separated processes. In the following Chapters we develop the mathematical
model for the operation of a ssDSSC in the absence of the dye.

2Relative permittivity, εr,is the ratio of the material’s permittivity (or dielectric constant), ε to
the vacuum permittivity, ε0, i.e. εr = ε

ε0
and is dimensionless.

3Mobility is a physical quantity describing how quickly an electron can travel in an electric field
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3
The model for current transport in an

ssDSSC

The invention of the first p-n junction silicon solar cell in 1941 by Russel Ohl was
pioneering in solid state physics. Shockley1 was the first to provide an accurate math-
ematical model for the operation of the p-n junction cell [40]. Shockley assumes a
continuum for the free charge carriers, rather than discretising for each particle. This
leads to a system of partial differential equations coupled to appropriate boundary
conditions arising from the application of an external applied voltage and continuity
conditions at the internal junction. A description of the model can be found in Please
[41]. This model was the basis for all solar cell models that followed.

In this chapter, we develop a mathematical model for the operation of ssDSSCs.
Firstly, we set out the underlying assumptions for the electron and hole transport in
the EA and ED regions and the recombination of free charges at the interface. We

1In the years that followed two important patents were filed by Shockley: a “Semiconductor
amplifier" [38] and a transistor made of semiconducting material [39]. The transistor was made up
of an n-p-n junction cell which operates under similar principles.
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then examine the morphology of the device, before moving on to the derivation of the
problem in sections 3.2 and 3.3.

Our model for the EA is based on the work of Penny et al [42] for (liquid) DSSCs, in
which the interfacial kinetics and charge transport in a (liquid) DSSC are described.
This model considers a simplified geometry for the mesoporous TiO2 layer, in which
the TiO2 molecules are ‘organised’ in ‘columns’ of width of the size of the molecules
(i.e. 15−20 nm [35]), and allows for doping of the material. Transport in the TiO2 is
achieved by drift and diffusion as described by the Shockley model. No generation or
annihilation of electrons occurs in the bulk of the TiO2 and all electrons are generated
by reactions at the dye interface. The EA is considered to be doped, thus a dopant
concentration is included in the model along with the concentration of free electrons,
and no holes are assumed to exist in the EA. In our model, we assume no holes in the
EA, constant mobility both in the dark and in the light, and no dopant concentration
in the EA.

Our model for the organic ED layer is based on the work of Richardson et al [43]
for organic solar cells. The authors derive a model to describe the operation of a
bilayer solar cell consisting of two different types of wide band-gap organic semi-
conducting materials. Light exposure of the organic cell leads to the generation of
excitons in the ED which dissociate only at the interface of the two layers. The free
charges then enter the outer regions according to the electrochemical properties of
the materials, as discussed in the previous Chapter: free electrons move in the EA
and holes in the ED. The presence of holes in the EA and of electrons in the ED is
found to be insignificant, thus neglected. They argue that transport is governed by
drift and diffusion in the bulk of the two layers as described by the Shockley model.
In our model, we assume no current generation, no dopant concentration and only
the concentration of holes is considered in the ED.

We note that a similar model could also apply on perovskite solar cells [44, 45],
with the addition of the perovskite layer between the EA and ED layers.
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3.1 Morphology

The choice of morphology of the EA/ED interface plays a significant role in the current
generation. The EA/ED interface of the ssDSSC may be manufactured in any of the
following ways: (i) as a flat interface with no mesoporous EA layer in-between, as
shown in Figure 3.1(a), (ii) as a disordered interface with a mesoporous EA interface,
as shown in Figure 3.1(b) or (iii) as a highly ordered nanostructured interface with
nanostems, as shown in Figure 3.1(c). Conversion efficiencies for the type (ii) devices
reach approximately 5 − 6% [46, 10, 47, 48], while higher efficiencies of up to 10%

have been reported for type (iii) devices [49]-[50], as shown in Figure 3.1(c).

(a) (b) (c)

Figure 3.1: Schematic representations of (a) a bilayer cell, (b) a cell with a unordered
mesoporous layer and (c) a cell with an ordered array of nanostructured stems. Note:
figures are not drawn to scale.

The nanostructures are quasi-one dimensional since the ratio of their length to their
width is typically extremely large. As a result, the nanostems have a high surface
area-to-volume ratio, which makes them favourable for ssDSSC. A few examples of
nanostructured stems include: nanospheres [49], nanospheres with nanosheets on the
surface [51], nanorods [52], nanotubes [53]-[54], nanotubes with nanosheets on the sur-
face [55], nanotubes with perpendicularly arranged nanorods on their surface (pine
tree-like stems) [56] and nanowires [54, 57, 58, 50]. The width of the nanostem is
usually a few nanometers, i.e. of the size of the diameter of the particle of the EA
material (e.g. 20 nm for TiO2 [59]) and the length is of the order of micrometers.

It is still extremely difficult to create full dye coverage of the surface of this ac-
ceptor material. As a result, where there is no dye, there may still exist regions of
direct acceptor-donor contact. Such direct connection will create regions that allow
for recombination of charge carriers: electrons arriving from the acceptor region re-
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Figure 3.2: A schematic representation of the cell with the coordinate system.

combining with holes arriving from the donor region.

We assume that the dye layer is very narrow so that no charge can be built up
in it. Then the limits of the electrostatic potential, φ(x), which is defined over the
whole cell, from either side of the dye interface must be equal.

For a three-dimensional model for the current transport in x, y and z, in the directions
shown in Figure 3.2, we may describe the EA/ED interface by the curve

z = f(x, y). (3.1)

In particular, we consider two cases: (i) a bilayer cell, so that the interface is given
by z = constant, and (ii) a cell with periodically arranged nanostems, so that f(x, y)

is a periodic hat function. The two geometries are shown in Figures 3.1(a) and (c),
respectively. The periodicity in the nanostructured device allows us to model the
geometry using a few simple parameters, in particular the separation width between
stems, the width and the amplitude of the stems. We let the EA region lie in Ωa and
the ED region in Ωd. We assume that the EA layer does not allow for short-circuiting
between the ED and the anode to occur.

In Part I, we consider that cell in the dark, i.e. we do not examine the effect of
illumination, and allow for a variable dye distribution and any resulting direct bi-
molecular recombination at the dye-free regions of the interface. We define S(x) as
the area fraction of the dye-free portion of the interface in order to describe the dye
distribution. Further, we consider a uniform morphology in the y direction, so we
may solve the problem in (x, z) only.

For the bilayer cell, we assume that the deposited dye creates a film of thickness
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of approximately 1− 2 nm, which is small compared with the lengthscale of the de-
vice, thus allowing us to incorporate the dye layer in the model as a line (or point, in
the one dimensional simplification of the model). In the case of the nanostructured
cell, however, the width of the nanotubes is comparable to the size of the dye thick-
ness, making our assumption less valid. However, we still assume the dye is very thin
as this (a) simplifies the analysis considerably and (b) it is reasonable because the
current generation process is independent of the charge transport in the bulk of the
EA and ED. Further details on the nanostructured cell are given in Chapter 5.

Having set out the main assumptions for our model, we continue with the deriva-
tion of the problem. In particular, in the following section we derive the governing
equations for our mathematical model for the outer regions: EA and ED. The prob-
lem is completed by the imposition of boundary conditions, which are presented in
detail in Section 3.3.

3.2 The Bulk Regions

The EA is an inorganic semiconductor and the ED is a semiconducting polymer, both
with wide band-gaps, as shown previously in Figure 2.7. For inorganic compounds,
we define EC as the lowest conduction band energy level and ED as the highest va-
lence band energy level. For organic compounds we call these the lowest unoccupied
molecular orbital (LUMO) and the highest occupied molecular orbital (HOMO), re-
spectively, as shown in Figure 2.7.

We assume that the presence of impurities is negligible and we treat both materi-
als as pure, i.e. there are no dopants in EA and ED. Based on this assumption we
neglect any intermediate energy levels in the band gaps. Thus any generation or
recombination in the bulk of the EA and the ED should occur only directly from
the valence band or OMO to the conduction band or UMO, respectively. However,
since the energy band gaps in each of the two regions are large, we do not allow for
the generation (and hence recombination) of excitons or free charge carriers due to
illumination in the bulk of each material. We note that the addition of lithium atoms
as dopants in the ED has demonstrated increased conductivity of the device [60], but
we will not be considering this effect in this thesis.
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The first governing equation, which holds both in the EA and ED regions, arises
from the electrostatic approximation of Gauss’ equation, which reduces to the Pois-
son equation for the electrostatic potential, φ,

∇ · (εi∇φ(x)) = q (n(x)− p(x)) . (3.2)

where q is the electric charge of the election [C] and n(x) and p(x) describe the
electron and hole densities [cm−3], respectively. The electric field can be calculated
by using E(x) = −∇φ(x). We assume that each material is uniform so that we may
let the dielectric constant2, εi(x), [CV −1cm−1] be

εi(x) =

{
εn, x ∈ Ωa

εp, x ∈ Ωd,
(3.3)

where εn and εp are the dielectric constants of the EA and ED, respectively. The
acceptor and donor regions are described by the volumes Ωa and Ωd, respectively.

In order to describe the distribution of the charge carriers, we must first set out
some assumptions concerning the generation and recombination of these carriers in
the EA and ED. To do so, we define the electron affinity by

χn(x) =

{
χn−(= ECB), x ∈ Ωa

χn+(= LUMO), x ∈ Ωd

(3.4)

and the ionisation potential, as defined in Chapter 2, by

χp(x) =

{
χp−(= EV B), x ∈ Ωa

χp+(= HOMO), x ∈ Ωd;
(3.5)

both χn and χp are measured in electron volts. The jump in electron affinity and the
ionisation potential between the outer regions is large so that electrons/holes do not
gain immediately the amount of energy required to move into the ED LUMO/EA
valence band. The amount of energy needed is approximately equal to that of the
band gap size between the outer regions. As discussed earlier, holes move towards
the largest ionisation potential, i.e. towards the HOMO of the ED, which happens
when the jump in χp at the interface is sufficiently large.

2The dielectric constant is a measure of how much a material polarizes subject to its chemical
composition, thus it may take up a different value in each region of the device.
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As the jump in electron affinity and ionisation potential at the interface is large,
we assume that only electrons are present in the EA region, where we set p(x) = 0.
Similarly, in the ED region we let n(x) = 0. Thus, if we assume no dopants, the
Poisson equation becomes

∇ (εn∇φ) = qn(x), for x ∈ Ωa, (3.6)

∇ (εp∇φ) = −qp(x), for x ∈ Ωd. (3.7)

We introduce Fn and Fp to denote the current density of electrons and holes respec-
tively, and we define the total current flux, J, to be

J(x) =

{
−qFn, x ∈ Ωa

qFp, x ∈ Ωd

(3.8)

where we align the positive current density direction for J(x) in the conventional
direction from EA to ED. For our analysis, we consider that the cell operates in
steady-state, therefore the conservation of current for each species are

∇ · Fn = 0, for x ∈ Ωa, (3.9)

∇ · Fp = 0, for x ∈ Ωd, (3.10)

where we have assumed no generation or recombination of free charge carriers in the
bulk of the materials.

The motion of electrons and holes is driven by diffusion and drift. The drift de-
pends on the electrochemical properties of the materials as discussed in Chapter 2,
so we introduce the electrochemical potentials [eV ], ψn(x) and ψp(x), such that

ψn(x) = χn − qφ(x) (3.11)

ψp(x) = χp − qφ(x), (3.12)
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and assume the currents are related to the electrochemical potentials and the density
of electrons or holes by the drift-diffusion model:

Fn = −
(
µn
n(x)

q
∇ψn(x) +Dn∇n(x)

)
, (3.13)

Fp = −
(
µp
p(x)

q
∇ψp(x) +Dp∇p(x)

)
, (3.14)

where µn and µp are the mobilities [cm2V −1s−1] and Dn and Dp the diffusivities
[cm2s−1] of electrons in the EA and of holes in the ED, respectively. We assume that
µn, µp, Dn and Dp are constant in each material.

Both mobility and diffusion of charges depend on material properties, such as scat-
tering by impurities or vibrations (phonons) of the lattice, and are related by

µn,p =
q

kBT
Dn,p, (3.15)

where kB is the Boltzmann constant [eV K−1] and T the temperature [K], which we
assume to be constantt. This is known as the Einstein relation and can be derived
from satisfying the equilibrium problem, as shown in Fraser [22]. This implies that
Dn and Dp are also constant in each material.

In summary, assuming that χn is constant in the EA, the governing equations for
the EA region, x ∈ Ωa, are

∇ · (εn∇φ(x)) = qn(x), (3.16)

∇ ·
(
∇n(x)− q

kBT
n(x)∇φ(x)

)
= 0, (3.17)

where the later is the divergence of (3.13). Similarly, we assume that χp is constant
in the ED so that the governing equations for the ED region, x ∈ Ωd become

∇ · (εp∇φ(x)) = −qp(x), (3.18)

∇ ·
(
∇p(x) +

q

kBT
p(x)∇φ(x)

)
= 0, (3.19)

where again the latter is the divergence of (3.14).

The problem is completed by imposing relevant conditions at the ends of the de-
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vice and the dye interface. We derive the peripheral (boundary) conditions and the
interface conditions in the following sections.

3.3 Boundary Conditions

We assume that the anode/EA contact is at z = −H1 and the cathode/ED contact
is at z = H2 and that both are Ohmic, i.e. there is neutral charge, reflected by
∇2φ(x) = 0 (see Figure 3.3). At the electrode contacts the boundary conditions must
be consistent with the equilibrium conditions. Thus, we take F̂n · n̂ = 0 in (3.13),
with n̂ as the outward pointing normal (pointing in the direction from EA to ED),
and integrate to get

n(x) = N0 exp

(
−ψn(x)

kBT

)
, (3.20)

where N0 is the effective density [cm−3] of available (i.e. empty) energy states in the
conduction band of the EA for electrons to occupy. For zero applied voltage we let
φ(x,−H1) = 0 to get

n(x,−H1) = N0 exp

(
− χn−
kBT

)
≡ N−, say. (3.21)

We impose this condition at the boundary. Similarly, at the cathode contact, we set
Fp = 0 and integrate (3.14). If we define the work function to be the minimum energy
required to remove an electron from a solid, then we define the built-in potential, Vbi,
to be the difference between the work functions of the electrodes at the two ends of
the device and impose the condition φ = Vbi at the cathode contact (for zero applied
voltage). Thus we derive the following boundary condition for holes

p(x,H2) = P0 exp

(
χp+ − qVbi

kBT

)
≡ P+, say, (3.22)

where P0 is the effective density of available OMO in the ED that holes can occupy.
The conditions (3.21) and (3.22) must be met when we have no recombination across
the cell, thus the relation between N− and P+ must be

P+ =
N0P0

N−
exp

(
−Eg − qVbi

kBT

)
, (3.23)
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Figure 3.3: A schematic representation of the two dimensional approach of a typical cell
with an EA/ED interface at z = f(x). Note: The figure is not drawn to scale.

where Eg = (χn− − χp+) is a pseudo-band gap between the EA and ED.

However, the solar cell operates under applied bias via the external circuit. Hence,
we define a reference potential to be

φ(x,−H1) = 0, (3.24)

φ(x,H2) = V + Vbi, (3.25)

where V is the applied voltage. Without loss of generality, we will set Vbi = 0 for
the remainder of the thesis, although we note that a non-zero built-in voltage would
increase the potential barrier needed by the charges to overcome in order to generate
current and that this is typically of the order of 0.7− 0.9 V for this type of solar cells
[61].

We assume that the cell has a width of L and set the x-boundaries at x = 0 and
x = L. At these ends we assume that the device is in contact with a glass and,
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therefore, no current is transported so we set

∂φ

∂x

∣∣
(0,z)

=
∂φ

∂x

∣∣
(L,z)

= 0, (3.26)

∂n

∂x

∣∣
(0,z)

=
∂n

∂x

∣∣
(L,z)

= 0, (3.27)

∂p

∂x

∣∣
(0,z)

=
∂p

∂x

∣∣
(L,z)

= 0. (3.28)

3.4 Interface condition

Given the assumption that, as measured in the z-direction (see Figure 3.2), the dye
layer is thin compared to the height of the device, the potential (V ) and the electric
displacement (εn,p∇φ(x)) are continuous over the EA/ED interface. Thus, we impose

[φ]z=f(x) = 0,

[
εi
∂φ

∂n̂

]
z=f(x)

= 0, (3.29)

where n̂ is the outward normal to the interface.

Finally, we have the condition on the electron and hole fluxes at the Ωa/Ωd inter-
face

Fn · n̂ = −((1− S(x))G− S(x)R(x), (3.30)

Fp · n̂ = (1− S(x))G− S(x)R(x), (3.31)

where G and R(x) are the generation and recombination rates, respectively, and S(x)

describes the distribution of the dye coverage. Generation occurs only in the presence
of dye while recombination occurs in dye-free interfaces. For the remainder of Part
I, we will consider G = 0. Achieving full dye coverage of the interface is technically
challenging, therefore S < 1. However, even if S = 1, there would still be some
recombination, although neglible for the purposes of this analysis.

We restrict the range of values for the applied voltage that we use to explore the
system, to exclude extreme behaviours, such as the Zener breakdown3 in reverse bias
(the opposite of forward bias). In particular, we concentrate on the regime in which

3A Zener breakdown occurs in large reverse bias, when the electric field enables electrons to tunnel
from the valence to the conduction band allowing for current to flow in the opposite direction.
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the cell operates, i.e. the forward bias regime (0 < V ).

To derive an expression for the recombination rate, we consider the short circuit
limit of the cell in the dark, i.e. when Fn = Fp = 0, so that the electron and hole
densities on either side of the dye layer are found from (3.17), (3.19) and the boundary
conditions (3.21) and (3.22) to be

n(x) = N0 exp

(
−(χn− − qφ(x))

kBT

)
(3.32)

p(x) = P0 exp

(
χp+ − qφ(x)

kBT

)
. (3.33)

Then, at the interface between the two regions we have that

nipi = N0P0 exp

(
− Eg
kBT

)
≡ Π2

0, say, (3.34)

where ni and pi are the values of n(x, f(x)) and p(x, f(x)) at the interface, respec-
tively. When the cell is in equilibrium, i.e. unbiased and in the dark, there must
be no recombination in the cell and relation (3.34) holds. However, when voltage is
applied, or the cell is illuminated, free charge carriers are generated which will tend
to recombine (in order to restore the equilibrium). The excess generated carriers are
given by n(x)p(x)−Π2

0, thus the recombination rate is proportional to this term, and
inversely proportional to a recombination timescale, τR [s], and the cross sectional
area for electron capture by a hole in the ED, σ [cm2]. Therefore, the recombination
rate can be written as

R(x) =
n(x)p(x)− Π2

0

στRN0P0

. (3.35)

The recombination is direct (band-to-band, with no intermediate trap states) and the
recombination rate has the typical form for bimolecular recombination, i.e. when the
electron and hole that recombine do not come from the same molecule. We assume
direct recombination for simplicity, although we note that it is more likely that re-
combination follows the Shockley-Read-Hall process, as also used in Richardson et al
[43], or even a combination of both processes.
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On the top (z = H2) and bottom (z = −H1), the cell is in contact with glass,
which acts as an insulator. This does not allow for the presence of an electric field
and also no charges may transport within the insulator. On each of these boundaries,
we thus impose

n̂ · ∇φ(x) = 0 (3.36)

n̂ · ∇n(x)· = n̂ · ∇p(x) = 0 (3.37)

where n̂ is the outward pointing normal at each surface. In this case n̂ · ∇ = ± ∂
∂z
.

3.5 Summary

Having set out our assumptions, we have derived the following mathematical problems
for the electrostatic potential and the distribution of electrons and holes in the device.
In the EA we solve

∇ · (εn∇φ(x)) = qn(x), (3.38)

∇n(x)− q

kBT
n(x)∇φ(x) = −Fn

Dn

, (3.39)

and in the ED we solve

∇ · (εp∇φ(x)) = −qp(x), (3.40)

∇p(x) +
q

kBT
p(x)∇φ(x) = −Fp

Dp

. (3.41)

The boundary conditions at z = H − 1 are

φ(x,−H1) = 0, (3.42)

n(x,−H1) = N−, (3.43)

and at z = H2

φ(x,H2) = V, (3.44)

p(x,H2) = P+, (3.45)
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while we have assumed the absence of electrons n the ED regions and of holes in the
EA region.

The boundary conditions at the x-boundaries are

∂φ

∂x

∣∣
(0,z)

=
∂φ

∂x

∣∣
(L,z)

= 0, (3.46)

∂n

∂x

∣∣
(0,z)

=
∂n

∂x

∣∣
(L,z)

= 0, (3.47)

∂p

∂x

∣∣
(0,z)

=
∂p

∂x

∣∣
(L,z)

= 0. (3.48)

At the EA/ED interface, we ensure continuity by imposing

[φ]z=f(x) = 0,

[
εi
∂φ

∂n̂

]
z=f(x)

= 0, (3.49)

and set the electron flux to be proportional to the recombination rate below, by
assuming no generation of current cause by illumination:

Fn · n̂ = S(x)
n(x)p(x)− Π2

0

στRN0P0

, (3.50)

Fp · n̂ = −S(x)
n(x)p(x)− Π2

0

στRN0P0

. (3.51)

In this Chapter, we have derived our mathematical model for charge transport in the
outer regions and interface recombination of electrons and holes. In the following
Chapters we apply this model on the bilayer and the nanostructured cells. In each
case, we rescale the problem to allow for the identification of the key dimensionless
parameters.
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4
The bilayer cell

In this chapter we apply the model for the ssDSSC to a cell with a planar interface,
as illustrated in Figure 3.1(a), in the case where G = 0. As a first step, we reduce the
model given in (3.38)-(3.51), using symmetry, to a one dimensional problem in z, as-
suming uniformity in all other directions. We will rescale the model in order to allow
for easier computations and identify, in this way, the key dimensionless parameters
of the problem. We will solve for the exact solution, but also use asymptotic approx-
imations to explore certain regimes of the operation of the cell. In the final parts of
the Chapter, we will explore the two dimensional problem, by assuming various dye
distribution scenarios.

4.1 The one-dimensional approximation

For the one dimensional approximation, we fix the EA/ED interface at z = 0 and
seek to solve the model in the EA, described by the domain Ωa = {z ∈ [−H1, 0]}, and
in the ED, described by the domain Ωd = {z ∈ [0, H2]}, as shown in Figure 4.1. We
consider that the applied voltage, V , is known and seek to solve for the current fluxes,
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Fn and Fp. We assume that the physical parameters (εi, ′mui, Di) are constant in
each of the EA and ED layers.

Figure 4.1: A schematic representation of the one dimensional approach of a bilayer cell.
Note: The figure is not drawn to scale.

We also shift our reference potentials by −V
2
so that the boundary conditions for φ

read

φ|z=−H1 = −V
2

φ|z=H2 =
V

2
(4.1)

and φ|z=0 = 0.

The governing equations in the EA region are

(εnφz)z = qn, (4.2)

nz −
qn

kBT
φz = −Fn

Dn

, (4.3)

where (U)z = dU
dz

and Fn is a constant from (3.9). The governing equations in the ED
region are

(εpφz)z = −qp, (4.4)

pz +
qp

kBT
φz = −Fp

Dp

, (4.5)

where Fp is constant from (3.10).
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Table 4.1: Definition of non-dimensional variables.
Dimensional variables Normalised as Value Reference

τ τR 10−5 − 10−6 s [27]
z H1 × ẑ 1× 10−7 m [27]

(n, p) Π0 × (n̂, p̂) 1019 − 1022 cm−3 [62]
(Fn, Fp)

DnΠ0

H1
× (F̂n, F̂p) 2.58× 1016 cm−2C−1 [10]

(φ, V ) kBT
q
× (φ̂, V̂ ) 0.0259 V [43]

The relevant boundary conditions are

n(−H1) = N−, φ(−H1) = −V
2
, (4.6)

p(H2) = P+, φ(H2) =
V

2
, (4.7)

and the interface conditions, with S(z) = S, are:

Fn(0−) = SR, (4.8)

Fp(0
+) = −SR, (4.9)

with

R =
n(0−)p(0+)− Π2

0

στRN0P0

. (4.10)

At the interface we also have

φ(0) = 0 and εnφ(0−) = εpφ(0+). (4.11)

We nondimensionalise the problem using the scalings in 4.1. We choose to rescale
both outer regions by the size of the parameters in the EA region.

We rescale the system (4.2)-(4.2) for the EA problem and get F̂n = FnH1

DnΠ0
, which is the

non-dimensionalised electron current flux. By dropping the hats, the problem reads

d2φ

dz2
= Λn, (4.12)

Fn = −
(
dn

dz
− ndφ

dz

)
, (4.13)

where Λ = q2H2
1

Π0

kBTεn
, which is the square of ratio of the thickness of the EA layer
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to the Debye length. The boundary conditions reduce to

φ(−1) = −V
2
, n(−1) =

N−

Π0

≡ N̂−, (4.14)

Fn(0−) = −δSR, φ(0) = 0, (4.15)

with δ = H1

στRDnN0P0
being the recombination coefficient and R = np− 1.

Similarly, we rescale the system (4.4)-(4.5) for the ED problem and get F̂p = FpH1

Π0Dn
,

which is the non-dimensionalised hole current flux. By dropping the hats, the problem
reduces to

d2φ

dz2
= −Λ

ε̂p
p, (4.16)

Fp = −D̂p

(
dp

dz
+ p

dφ

dz

)
, (4.17)

where D̂p = Dp

Dn
and ε̂p = εp

εn
. The boundary conditions reduce to

φ(m) =
V

2
, p(m) =

P+

Π0

≡ P̂+, (4.18)

Fp(0
+) = −δSR φ(0) = 0, (4.19)

with m = H2

H1
. The final two conditions on the electric potential are reduced to their

one-dimensional equivalent:

[φ]z=0 = 0,

[
ε̂i
∂φ

∂z

]
z=0

= 0, (4.20)

where

ε̂i =

{
1 −1 ≤ z < 0

ε̂p 0 < z ≤ m.
(4.21)

All dimensionless parameters appearing in (4.12)-(4.20) along with their approximate
size, are listed in Table 4.2.

We, further, set m = 1, D̂p = ε̂p = 1 and N̂− = P̂+ = 1. Then n, p and the
electric field, E, are symmetric and φ is antisymmetric across z = 0. This allows us
to solve only for one of the two regions and then use symmetry (or antisymmetry) to
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Table 4.2: The dimensionless parameters
Dimensionless Parameter Equals Size

m H2

H1
∼ O(101)

ε̂p
εp
εn

∼ O(10−2)

D̂p
Dp

Dn
∼ O(10−1)

Λ q2H2
1

Π0

kBTεn
∼ O(1)

δ H1

στRDnN0P0
∼ O(10−4)

find the behaviour of the (corresponding) variable in the other region, i.e.

n(z) = p(−z) φ(−z) = −φ(z). (4.22)

As the applied voltage increases, a large built-up of electric field at the interface drives
the operation of the cell. This allows us to use an asymptotic approach to understand
it more in depth.

4.2 Cell with symmetric parameters

In this section we present the one dimensional solution for a cell with symmetric
properties. In particular, we solve for the electron acceptor problem; the solution
to the electron donor problem by using the (anti-) symmetry properties described in
(4.22). Analytical and numerical results are presented in the analysis that follows.

We substitute for n from (4.12) into (4.13), which gives

−ΛFn = φzzz − φzzφz (4.23)

with boundary conditions

φ = −V
2
, φzz = Λ, at z = −1 (4.24)

φ = 0, Fn = δS

(
φ2
zz

Λ2
− 1

)
at z = 0. (4.25)

The expression for the latter, was derived by substituting for n and p from (4.12) and
(4.16).
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4.2.1 Exact Solution

An exact solution can be found for the problem (4.23)-(4.25), as follows. By integrat-
ing (4.23) once, we get the Riccati equation

φzz −
φ2
z

2
= −ΛFnz + constant, (4.26)

and then use the transformation ψ = exp
(
−φ

2

)
to reduce (4.26) to the Airy equation

ψzz −
FnΛ

2
(z + C1)ψ = 0 (4.27)

where C1 is an arbitrary constant. If we let χ =
(
FnΛ

2

) 1
3 and ω =

(
FnΛ

2

) 1
3 C1, the

solution is then 1

φ = −2 log


(
e

V
4 Bi(ω)− Bi(ω − χ)

)
Ai(ω + χz)−

(
e

V
4 Ai(ω)− Ai(ω − χ)

)
Bi(ω + χz)

Ai(ω − χ) Bi(ω)− Ai(ω) Bi(ω − χ)


(4.28)

where χ and ω can be obtained by solving the transcendental equations, for a given
V :

Λ = 2χ2

Bi(ω) Ai′(ω − χ)− Ai(ω) Bi′(ω − χ) + e−
V
4

π

Bi(ω) Ai(ω − χ)− Ai(ω) Bi(ω − χ)

2

− (ω − χ)

 (4.29)

2χ3 = δSΛ

4χ4

Λ2

Ai(ω − χ) Bi′(ω)− Bi(ω − χ) Ai′(ω)− e
V
4

π

Bi(ω) Ai(ω − χ)− Ai(ω) Bi(ω − χ)

2

− ω

2

− 1

 ,
(4.30)

which are obtained by using (4.28) into the boundary relations (4.24) and (4.25).
By solving (4.29) and (4.30) we produce current density-voltage curves, as shown in
Figure 4.2. We observe that the voltage increases as the current density increases.
Of particular interest is that a smaller δ requires a larger voltage to overcome the
recombination at the interface and produce current. A small δ implies either a lower
recombination rate wither through slower recombination timescale or through a large
number of available free charge carriers for recombination. Figure 4.2 shows that

1We have made use of the identity: Ai(y) Bi′(y)−Ai′(y) Bi(y) = 1
π
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at low voltages the solar cell behaves as a diode, with an exponential relationship
between the current density and the voltage, while at larger voltages the cell behaves
as an Ohmic resistor with a linear relationship between Fn and V .
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Figure 4.2: Current density against the applied voltage as given by the exact solution for
various values of δ [Parameters: S = 0.5, Λ = 1]

In Figure 4.3 we present the exact solutions for the electrostatic potential and the
electron concentration in the EA region under increasing forward bias (V > 0). The
increasing slope of the electrostatic potential near the interface at z = 0, as δ de-
creases, as shown in Figure 4.3(a), indicates that drift, represented by (φzzφz) in
(4.23), increases through the build-up of concentration near the interface. The cor-
responding concentration of electrons is shown in Figure 4.3(b). For larger values of
applied potential, V , these behaviours are exaggerated as shown in Figures 4.3(c) for
φ and 4.3(d) for n. As V increases and δ → 0, we observe a boundary layer forming
in the distribution of φ near the interface.
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Figure 4.3: Exact solution for V=10 for (a) φ and (b) n and for V=50 for (c) φ and (d) n.
[Parameters: S = 0.5, Λ = 1]

While the problem has an exact solution for the simple case we are considering here, it
is worth exploring a solution to the more general problem which would be valid as we
consider less assumptions. In what follows we consider the formation of a boundary
layer when 0 < δ � 1, which allows us to generate asymptotic solutions for a large
range of values for the applied voltage.

4.2.2 Asymptotic Analysis

The exact solution suggests that, by increasing the applied voltage, V , a boundary
layer forms near the interface (z = 0), in the solution of the electrostatic potential.
We, therefore, identify three current/voltage regimes: (i) where drift and diffusion
counterbalance each other (’small current regime’), (ii) where drift dominates (’large
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current regime’) in the bulk of the outer regions and (iii) a transitional regime between
the two (’intermediate regime’). The exploration of these regimes using asymptotic
methods in the limit δ → 0 for the various sizes of V is now presented.

4.2.2.1 Small Current Regime

As δ → 0, given V and all other parameters and variables to be of O(1), the current
is small, i.e. Fn = O(δ), by (4.25). Under this assumption we assume the asymptotic
expansions

Fn ≈ δFn1 + ... (4.31)

φ ≈ φ0 + δφ1 + ... (4.32)

n ≈ n0 + δn1 + .... (4.33)

By putting these into (4.23)-(4.25), and balancing terms by the order of powers of δ,
we obtain

O(1) : φ0zzz − φ0zφ0zz = 0 (4.34)

O(δ) : φ1zzz − φ0zφ1zz − φ1zφ0zz = −ΛFn1 (4.35)

with

φ0(−1) = −V
2
, φ1(−1) = 0, φ0zz(−1) = Λ, φ1zz(−1) = 0 (4.36)

φ0(0) = 0, φ1(0) = 0, Fn1 = S

(
φ2

0zz(0)

Λ2
− 1

)
(4.37)

We divide (4.34) through by φ0zz (φ0zz 6= 0, as that would imply the absence of
electrons) and integrate once to get log (φzz)−φ0 = constant. We apply the boundary
conditions for φ0 in (4.36) to get

φ0zz = Λ exp

(
φ0 +

V

2

)
(4.38)

which can be used in (4.37)c to give the small current approximation for the current
density:

Fn = δS
(
eV − 1

)
. (4.39)

43



In forward bias (i.e. when Fn > 0 or equivalently V > 0) the current increases
rapidly. In reverse bias (V < 0), only a small current flows due to the electrochemical
properties of the cell (as explained in Chapter 2), which restrict the flow of current
in the opposite direction by inreasing the energy barrier at the EA/ED interface. In
particular, in reverse bias, the current generation saturates at Fn = −δS. Similarly
to a diode, the ssDSSC allows for current to pass through easily only in one direction,
while restricting it in the other.

Now, to obtain an analytic approximate solution for φ we return to the leading-order
problem and solve for φ. We integrate (4.34) once to get

φ0zz −
φ2

0z

2
= A0 (4.40)

and then use the transformation φ0 = −2 log(ψ) so that we may write (4.40) as

ψzz +
A0

2
ψ = 0. (4.41)

Depending on the sign of A0 we may write the solution in the following ways.
(i) For A0 = 0 we may write

φ0 = −2 log
((

1− e
V
4

)
z + 1

)
(4.42)

where, by applying the boundary conditions (4.36) the following relation must be
satisfied

Λ = 2
(
e−

V
4 − 1

)2

. (4.43)

(ii) For A0 < 0, we let A0 = −2ω2 and, by imposing (4.36) and (4.37), we get

φ0 = −2 log

[
sinh(ω(z + 1))− e−V

4 sinh(ωz)

sinh(ω)

]
, (4.44)

where (4.36)c requires that

Λe
V
2 (cosh(2ω)− 1) = 4ω2

(
1 + e

V
2 − 2e

V
4 cosh(ω)

)
. (4.45)
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(iii) For A0 > 0, we let A0 = 2ω2 and , by imposing (4.36) and (4.37), we get

φ0 = −2 log

[
sin(ω(z + 1))− e−V

4 sin(ωz)

sin(ω)

]
, (4.46)

where (4.36)c requires that

Λe
V
2 (1− cos(2ω)) = 4ω2

(
1 + e

V
2 − 2e

V
4 cos(ω)

)
. (4.47)

The asymptotic solution for φ0 in the small current regime can thus be expressed in the
forms of (4.42), (4.44) or (4.46), depending on the sign of A0 (or the value of V given
the conditions (4.43), (4.45) and (4.47)). In Figure 4.4 we show a comparison between
the exact solution (4.28)-(4.30) and the asymptotic in the small current regime for
forward bias. This approximation fails when V ∼ O

(
log
(

1
δ

))
, or equivalently when

Fn ∼ O(1), since (4.39) no longer balances. This suggests the subsequent regime
which we term as the intermediate current regime and analyse in the next section.
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Figure 4.4: Current density against voltage plotted using the exact solution (ES; solid line)
and the small current approximation (SCA; broken line) for the range V=
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varying values of δ. [Parameters: S = 1, Λ = 1]
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4.2.2.2 Intermediate current approximation

As we increase the applied voltage for small values of δ, a rapid change in the potential
near the dye interface is apparent as depicted in Figure 4.3, which the small current
approximation (SCA) can no longer predict. As suggested by the plots in Figure 4.3,
we assume the presence of a boundary layer in the vicinity of z = 0 (inner solution)
in the solution for φ and n, in which drift and siffusion balance, as opposed to the
bulk regions (i.e. away from z = 0) where drift dominates.

Outer Solution

As discussed earlier, the small current approximation fails when (4.39) no longer
balances, i.e. when V = O(log (δ−1)). Thus, we introduce ε−1 = log

(
1
δ

)
and the

asymptotic expansions

φ = ε−1Φ(o) = ε−1Φ
(o)
0 + Φ

(o)
1 + εΦ

(o)
2 + ... (4.48)

V = ε−1V0 + V1 + εV2 + ... (4.49)

where the superscript (o) is used to indicate the solution away from z = 0, referred
to as the outer solution. We allow Fn ∼ O(1) and seek to find the solution given V .
The problem (4.23)-(4.25) reduces to:

O
(
log2 (δ−1)

)
: Φ

(o)
0z Φ

(o)
0zz = 0 (4.50)

O
(
log (δ−1)

)
: Φ

(o)
0zzz − Φ

(o)
0z Φ

(o)
1zz − Φ

(o)
1z Φ

(o)
0zz − 0 (4.51)

O(1) : Φ
(o)
1zzz − Φ

(o)
1z Φ

(o)
1zz − Φ

(o)
0z Φ

(o)
2zz − Φ

(o)
2z Φ

(o)
0zz = −ΛFn, (4.52)

with boundary conditions for the two leading-order terms, for which we will be solving,
to be

Φ
(o)
0 (−1) = −V0

2
, Φ

(o)
1 (−1) = −V1

2
, Φ

(o)
0zz(−1) = 0, Φ

(o)
1zz(−1) = Λ. (4.53)

If we assume that Φ
(o)
0z 6= 0, we must have that Φ

(o)
0zz = 0. This implies that Φ

(o)
1zz = 0

from (4.51), which contradicts the boundary condition (4.53)d. Thus Φ
(o)
0z = 0 which,

together with (4.53)a, gives

Φ
(o)
0 = −V0

2
. (4.54)
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The O(1) problem gives the general solution for Φ
(o)
1 to be

Φ
(o)
1 = −2 log (αAi(ω + χz) + β Bi(ω + χz)) , (4.55)

where ω is an arbitrary constant and χ =
(

ΛFn

2

) 1
3 is known. The values for the un-

known parameters α and β are found by matching with the inner solution.

Inner Solution

To find the width of the boundary layer near the interface at z = 0 we use (4.25)b to
define the inner variable, which we find to be

z = δ
1
4 ζ (4.56)

and we let

Φ(i) = ε−1Φ(o), (4.57)

where the superscript (i) is used to indicate the solution near the interface at z = 0,
or, else, the inner solution. Then the leading-order inner problem for Φ(i) reads

Φ
(i)
ζζζ − Φ

(i)
ζζΦ

(i)
ζ = 0, (4.58)

which must satisfy the boundary conditions

Φ(i)(0) = 0, Φ
(i)
ζζ (0) = Λ

√
Fn
S
. (4.59)

In order for matching to be possible, we find that we must choose the following form
of the solution

Φ(i) = −2 log

(
1−

(
Λ

2

) 1
2
∣∣∣∣FnS

∣∣∣∣ 14 ζ
)
, (4.60)

which satisfies (4.58) and (4.59). We note that there are no unknown parameters in
(4.60).

Matching

We use the Van Dyke matching principle to get a composite solution that is valid
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in both the inner and outer region. Following the Van Dyke notation, we use mto to
denote the mth-order term of the outer asymptotic expansion (in the outer variable)
and qti to denote the qth-order term of the inner asymptotic expansion (in the in-
ner variable). The principle requires that the q-term inner expansion of the m-term
outer expansion matches with the m-term of the q-term inner expansion, or that
qti(mto) = mto(qti).

Outer Solution:

1ti(1to) = ε−1Φ
(o)
0 = −ε−1V0

2
(4.61)

(2to) = ε−1Φ
(o)+
0 Φ

(o)
1 = −ε−1V0

2
− 2 log (αAi(ω + χz) + β Bi(ω + χz)) (4.62)

i(2to) = −ε−1V0

2
− 2 log

(
αAi(ω + χδ

1
4 ζ) + β Bi(ω + χδ

1
4 ζ)
)

(4.63)

≈ −ε−1V0

2
− 2 log

(
αAi(ω) + β Bi(ω) + (αAi′(ω) + β Bi′(ω))χδ

1
4 ζ + ...

)
(4.64)

2ti(2to) = −ε−1V0

2
− 2 log (αAi(ω) + β Bi(ω) + (αAiz(ω) + β Biz(ω))χz + ...)

(4.65)

Inner Solution:

(1ti) = Φ(i) = −2 log

(
1−

(
Λ

2

) 1
2
(
Fn
S

) 1
4

ζ

)
, (4.66)

o(1ti) = −2 log

(
1−

(
Λ

2

) 1
2
(
Fn
S

) 1
4

δ−
1
4 z

)
(4.67)

= −2 log

(
δ−

1
4

(
δ

1
4 −

(
Λ

2

) 1
2
(
Fn
S

) 1
4

z

))
(4.68)

= −ε
−1

2
− 2 log

(
δ

1
4 −

(
Λ

2

) 1
2
(
Fn
S

) 1
4

z

)
(4.69)
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1to(1ti) = −ε
−1

2
(4.70)

2to(2ti) = −ε
−1

2
− 2 log

(
−
(

Λ

2

) 1
2
(
Fn
S

) 1
4

z

)
. (4.71)

Matching 1ti(1to) = 1to(1ti) gives

Φ
(o)
0 = −1

2
and V0 = 1. (4.72)

Matching 2ti(2to) = 2to(2ti) gives

αAi(ω) + β Bi(ω) = 0, (4.73)

(αAi′(ω) + β Bi′(ω))χ = −
(

Λ

2

) 1
2
(
Fn
S

) 1
4

. (4.74)

Using (4.73) and (4.74) we solve to find

Φ
(o)
1 = − log

(∣∣∣∣FnS
∣∣∣∣ 12 Λ

2

)
− 2 log

∣∣∣∣πχ (Ai(ω) Bi(ω + χz)− Bi(ω) Ai(ω + χz))

∣∣∣∣ , (4.75)

by using the identity: Ai(y) Bi′(y) − Ai′(y) Bi(y) = 1
π
. To find the remaining un-

knowns, i.e. ω and Fn, given V , we use the boundary conditions (4.24) and (4.25)
which give us that

−V1

2
= − log

(∣∣∣∣FnS
∣∣∣∣ 12 Λ

2

)
− 2 log

∣∣∣∣πχ (Ai(ω) Bi(ω − χ)− Bi(ω) Ai(ω − χ))

∣∣∣∣ (4.76)

Λ = −2χ2(ω − χ) + 2χ2

(
Ai(ω) Biz(ω − χ)− Bi(ω) Aiz(ω − χ)

Ai(ω) Bi(ω − χ)− Bi(ω) Ai(ω − χ)

)2

. (4.77)

The composite solution valid everywhere can be written as

φ(c) = ε−1Φ
(o)
0 + Φ

(o)
1 + Φ(i) −

{
−ε
−1

2
− 2 log

(
−
(

Λ

2

) 1
2
(
Fn
S

) 1
4

z

)}
︸ ︷︷ ︸

common part

. (4.78)

We observe that (4.76) is valid for when V1 = O(ε−1) and Fn = O(1), as anticipated.
Sample plots of the intermediate current approximation are displayed in Figure 4.5 for
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various (small) values of δ. The approximation fits well in the regime and indicating
the point of failure to be when V and Fn become order . Next we shall consider the
large current approximation.
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Figure 4.5: Current density against voltage with the exact solution (ES; solid line) and the
intermediate current approximation (ICA; broken line) for V=O

[
log
(

1
δ

)]
for varying values

of δ. [Parameters: S = 1, Λ = 1]

In our analysis of the intermediate current regime, we have observed that drift and
diffusion balance in the inner layer at a quas-equilibrium state, while all terms balance
in the outer region. Therefore, we have found two separate solutions for the region
near and the region away from the interface at z = 0 and used Van Dyke’s matching
principles to find a universal solution. The solution is valid when V = O(ε−1) and
Fn = O(1). However, when Fn increases to O (ε−1), V1 is no longer of the same order.
Thus the asymptotic approximation for V fails when2 V1 = O (log (ε−1)), which hints
at the asymptotic expansion for the large current approximation for the voltage.

2We note log
(
ε−1
)
� log

(
1
δ

)
� δ.
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4.2.2.3 Large current approximation

In the large current regime we have deduced that our parameters, V and Fn, are of
size O (ε−1). Thus we rescale Fn = ε−1F̂n in the original problem to get

φzzz − φzφzz = −ε−1ΛF̂n, (4.79)

with boundary conditions

φ(−1) = −V
2
, φzz(−1) = Λ, (4.80)

φ(0) = 0, ε−1F̂n = δS

(
φ2
zz(0)

Λ2
− 1

)
. (4.81)

As with the intermediate current regime, we assume the presence of a boundary layer
at the interface and scale φ for the three regions that are needed in this case to de-
scribe the solution: (i) the outer region, (ii) a small intermediate region and (iii) a
smaller inner region.

Inner Solution

In the inner region, near z = 0, the scaling for the spatial parameter is found by
balancing ε−1F̂n with δφ2

zz(0) in (4.81)b. Thus, we introduce the new variable

z = (δε)
1
4 ζ̄ , (4.82)

as in the intermediate current asymptotics. We define Φ(i) to be the solution in the
inner layer substitute into (4.79)-(4.81) to get

Φ
(i)

ζ̄ζ̄ζ̄
− Φ

(i)
ζ Φi

ζζ = −δ
3
4 ε−

1
4 ΛF̂n, (4.83)

and the boundary conditions

Φi(0) = 0, F̂n =
S

Λ2
Φ

(i)2

ζ̄ζ̄
(0)− δεS. (4.84)
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Similarly to the intermediate current regime’s inner solution, we find the solution to
be

Φ(i) = −2 log

1−
(

Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

ζ̄

 . (4.85)

For matching purposes it is helpful to expand (4.85) in ζ̄ = (δε)−
1
4 z:

Φ(i) = −2 log

1−
(

Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

(δε)−
1
4 z

 (4.86)

= −2 log
(

(δε)−
1
4

)
− 2 log

−(Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

z + (δε)
1
4

 (4.87)

≈ 1

2
ε−1 − 1

2
log
(
ε−1
)
− 2 log

−(Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

z

 , (4.88)

as δ → 0.

Outer Solution

We then look at the outer solution, which will lead to the consideration of an inter-
mediate layer for facilitating the matching with the inner solution (4.85). Motivated
by the order of φ at z = −1, as seen in (4.81), we assume the expansions:

φ(o) ≈ ε−1Φ
(o)
0 + log

(
ε−1
)

Φ
(o)
1 + Φ

(o)
2 + ..., (4.89)

V ≈ ε−1V0 + log
(
ε−1
)
V1 + V2 + ... (4.90)

Substituting into (4.79), we find that

ε−1Φ
(o)
0zzz + log

(
ε−1
)

Φ
(o)
1zzz + Φ

(o)
2zzz− (4.91)(

ε−1Φ
(o)
0z + log

(
ε−1
)

Φ
(o)
1z + Φ

(o)
2z

)(
ε−1Φ

(o)
0zz + log

(
ε−1
)

Φ
(o)
1zz + Φ

(o)
2zz

)
= −ε−1ΛF̂n
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with

Φ(o)(−1) = ε−1Φ
(o)
0 (−1) + log

(
ε−1
)

Φ
(o)
1 (−1) + Φ

(o)
2 (−1) (4.92)

= −ε−1V0

2
− log

(
ε−1
) V1

2
− V2

2

Φ
(o)
0zz(−1) = 0, Φ

(o)
1zz = 0, Φ

(o)
2zz = Λ (4.93)

Equating orders of δ we get the following problems for the leading-order terms of Φ(o)

to be as follows. The problem for Φ
(o)
0 reduces to

Φ
(o)
0z Φ

(o)
0zz = 0, (4.94)

with Φ
(o)
0 (−1) = −V0

2
, Φ

(o)
0zz(−1) = 0. (4.95)

The problem for Φ
(o)
1 reduces to

Φ
(o)
0z Φ

(o)
1zz + Φ

(o)
1z Φ

(o)
0zz = 0 (4.96)

Φ
(o)
1z Φ

(o)
1zz = 0, (4.97)

with Φ
(o)
1 (−1) = −V1

2
, Φ

(o)
1zz(−1) = 0. (4.98)

The problem for Φ
(o)
2 reduces to

Φ
(o)
0zzz − Φ

(o)
0z Φ

(o)
2zz − Φ

(o)
2z Φ

(o)
0zz = −Λ|F̂n| (4.99)

Φ
(o)
1zzz − Φ

(o)
1z Φ

(o)
2zz − Φ

(o)
2z Φ

(o)
1zz = 0 (4.100)

Φ
(o)
2zzz − Φ

(o)
2zzΦ

(o)
2z = 0 (4.101)

with Φ
(o)
2 (−1) = −V2

2
, Φ

(o)
2zz(−1) = Λ. (4.102)

The solution for Φ
(o)
0 is found by solving (4.94)-(4.95) to be

Φ
(o)
0 = A0(z + 1)− V0

2
, (4.103)

where A0 is an arbitrary constant. The solution for Φ
(o)
1 is found by solving (4.96)-

(4.98) to be

Φ
(o)
1 = −V1

2
+B0z, (4.104)
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for some arbitrary constant B0. Lastly, the general solution for Φ
(o)
2 is found by

solving (4.99)-(4.100) to be

Φ
(o)
2zz = −Λ|F̂n|

A0

, (4.105)

and gives that B0 = 0. The equation (4.105) must satisfy the boundary condition
(4.95) at z = −1. Thus, A0 = −|F̂n| and the solution reads

Φ
(o)
2 = Λ

(
z2 − 1

)
+ A2(z + 1)− V2

2
. (4.106)

Then the full outer solution reads

φ(o) ≈ −ε−1

(
|Fn|(z + 1)− V0

2

)
− log

(
ε−1
)(V1

2

)
+

Λ

2

(
z2 + 1

)
+ A2(z + 1)− V2

2
+ ...

(4.107)

The values for V0, V1, V2 and A2 are to be found by matching with the inner solution.

Matching inner and outer solutions

Using the Van Dyke notation for expansions of the inner and outer solutions, as
described earlier, we must balance

−1

2
= |F̂n| −

V0

2
, (4.108)

−1

2
= −V1

2
, (4.109)

− log

−(Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

z

 = A2 −
Λ

2
− V2

2
. (4.110)

We note that (4.110) can not be satisfied and thus we introduce an intermediate layer
for matching purposes.

Inner Intermediate Layer

We now consider an intermediate variable between z = O(1) and ζ̄ = (δε)−
1
4 . We
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introduce the intermediate scaling

z = ε
1
2η (4.111)

for the inner intermediate (ii) layer. To find the expansion for φ(ii) we expand the
inner solution with our new variable, i.e. letting ζ̄ = δ−

1
4 ε

1
4η

φ(i) = −2 log

(
1−

(
Λ

2

) 1
2
∣∣∣∣FnS

∣∣∣∣ 14 ζ̄
)

(4.112)

= −2 log
(
δ−

1
4 ε

1
4

)
− 2 log

(
−
(

Λ

2

) 1
2
∣∣∣∣FnS

∣∣∣∣ 14 η + δ
1
4 ε−

1
4

)
(4.113)

≈ ε−1

2
− log (ε−1)

2
− 2 log

(
−
(

Λ

2

) 1
2
∣∣∣∣FnS

∣∣∣∣ 14 η
)

+ ... (4.114)

Thus, we let the expansion for the intermediate inner solution be

φ(ii) ≈ ε−1

2
− log (ε−1)

2
+ Φ

(ii)
2 + ... (4.115)

Using the scaling (4.111) and the expansion (4.115) in (4.79), the problem for Φ
(ii)
2

then reads

Φ
(ii)
2ηηη − Φ

(ii)
2η Φ

(ii)
2ηη = 0 (4.116)

with matching conditions

φ(ii) → φ(i) as η → 0 (4.117)

φ(ii) → φ(o) as η → −∞. (4.118)

We take the general solution to be of the form3

Φ
(ii)
2 = a2 − 2 log (sinh(b2η)) , (4.120)

where the constants a2 and b2 are to be found by matching.

3If we take the general solution to be of the form

Φ
(ii)
2 = −2 log (a2 sinh(b2η + c2)) ∼ −2 log (a2c2 + a2b2η) + ... as η → 0 (4.119)

we get that c2 = 0 by matching with the inner solution.
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Matching with the inner solution

As η → 0 we can expand (4.120) as

Φ
(ii)
2 ∼ a2 − 2 log (b2η) , (4.121)

which will be used to match the intermediate inner solution with the inner solution.
This gives

a2 = 2 log (b2)− 2 log

−(Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

 (4.122)

resulting in

φ(ii) ≈ ε−1

2
+

log (ε−1)

2
+ 2 log (b2)− 2 log

−(Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

 . (4.123)

Matching with the outer solution

As η → −∞ we can expand (4.120) as

Φ
(ii)
2 ∼ −2b2η (4.124)

which will be used to match the intermediate inner solution with the outer solution,
giving

Φ
(o)
0 = ε−1

(
|F̂n|x+ |F̂n|+

V0

2

)
(4.125)

= ε−1

(
|F̂n|z +

V0

2

)
+ |F̂n|η. (4.126)

Thus b2 = − |F̂n|
2

and

φ(ii) ∼ ε−1

2
+

log (ε−1)

2
+ 2 log

(
−|F̂n|

2

)
− 2 log

−(Λ

2

) 1
2

∣∣∣∣∣ F̂nS
∣∣∣∣∣
1
4

+ ... (4.127)

Also, we extract that |F̂n| + V0
2

= −1
2
. By matching the following terms we obtain
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that V1 = −1. Then,

V ∼ ε−1V0 + log
(
ε−1
)
V1 + ... (4.128)

∼ ε−1
(

1− 2|F̂n|
)
− log

(
ε−1
)
. (4.129)

Using Fn = ε−1F̂n, we obtain the current density-voltage relation to be:

Fn ∼
V

2
− ε−1

2
− log (ε−1)

2
+ ... (4.130)

In Figure 4.6 we show the large current approximation (LCA) in comparison with the
exact solution, but also the SCA and ICA to show the various regimes of validity for
each.
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Figure 4.6: Current density against voltage with the exact solution (ES) and the approx-
imation solutions obtained via the SCA, ICA and LCA. [Parameters: δ = 10−4, S = 0.5,
Λ = 1]

In this section we have presented asymptotic solutions for the one dimensional prob-
lem for the current transport in an ssDSSC. While an exact solution was shown to
be established for a symmetric cell with certain parameters (e.g. εn,p, Dn,p) taken as
unity, the asymptotics allow us to explore the problem in more detail and ican act
as a benchmark for more complicated problems. In summary, the asymptotic anal-
ysis verifies that the behavior of the cell at lower voltage is diode-like and at higher
voltages it behaves as a resistor.

57



4.3 Non-symmetric cell

In this section we present the solution for the cell in the non-symmetric scenario. The
numerical scheme used to obtain the results is given in Appendix I.

The distribution of electrons and holes and the electrostatic potential are found by
solving the following two systems: (i) for the EA region (4.13)-(4.12) subject to the
boundary conditions (4.14), and (ii) for the ED region (4.17)-(4.16) subject to the
boundary condition (4.18). These two regions are coupled together using the interface
conditions (4.15), (4.19) and (4.20). We use our numerical scheme to investigate the
effect of several key dimensionless parameters on the behaviour of the cell.

In what follows, we vary the key parameters of the problem: the dielectric ratio,
ε̂p, and the diffusivity ratio, D̂p. We retain the assumption that m = 1. We measure
the efficiency of the cell in order to examine the performance of the cell under these
variations. We define the overall efficiency of the cell by the maximum power output,
Pmax,

Pmax = maximum(JV ), (4.131)

for J = −Fn, which is a key measure of performance for solar cells.

4.3.1 Varying ε̂p

We are interested in the effect that different dielectric ratios, ε̂p = εp
εn
, have on the

performance and the internal dynamics of the cell. The dielectric constant describes
how much the material polarizes in response to an electric field, i.e. how much the
electric field pushes/pulls on the charges in the medium. In Figure 4.7 we show the
behaviour of the electrostatic potential, φ, the electric field, E, and the free charge
carriers in each region, n and p, when the dielectric constant of the ED is much lower
than that of the EA material. In Figure 4.7, we show the results for ε̂p = 0.01 while
varying V .
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Figure 4.7: Plots with ε̂p = 0.01 for (a) the electrostatic potential, (b) the electric field
and (c) the electron (in the EA region, i.e. −1 ≤ z ≤ 0) and hole (in the ED region,
i.e. 0 ≤ z ≤ 1) densities for decreasing J from 0 to −10−3 in increments of 0.5 × 10−4.
[Parameters: δ = 10−4, D̂p = 1, S = 0.15, Λ = 1]

The result of a lower dielectric constant in the ED region is a higher electric field
near the interface in the ED region. The large change in the electric field across the
interface as shown in Figure 4.7(b) suggests the existence of a boundary layer. This,
consequently, leads to a non-zero electrostatic potential at the interface as shown in
Figure 4.7(a). Physically, this large electric field in the ED region near the interface
produces a significantly larger drift force on the holes (rather than in the bulk) re-
sulting in a higher concentration of holes at the interface.

In order to use the efficiency metric given by (4.131), we allow for a monochromatic
constant illumination by setting G = 1 and vary the dielectric ratio ε̂p = 1, 0.1 and
0.01. When ε̂p = 0.001, we get a shallower J − V curve than when ε̂p = 1, implying
a lower power output. In fact, we show this clearly by plotting the maximum power
output for a cell when varying the dielectric ratio in Figure 4.8(b). This graph sug-
gests that a higher dielectric ratio would result in a more efficient cell, because larger
potential difference is required to be applied at the electrode contacts to drive the
free charge carriers (due to the short screening of the electric field in the ED region
near the interface). However, we should note that a smaller dielectric constant for
a material would also imply a larger band gap and exciton binding energy in that
material, which is not captured by this model.
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Figure 4.8: (a) Shows the J −V curves for a cell under low monochromatic illumination for
ε̂p = 0.01, 0.1 and 1. (b) Shows the maximum power output by varying ε̂p. [Parameters:
δ = 0.01, D̂p = 1, S = 0.15, Λ = 1]

4.3.2 Varying D̂p

It is generally the case with ssDSSCs that the diffusivity of electrons in the ED
region is higher than that of holes in the EA region (recall Chapter 2). Overall, if
D̂p = Dp

Dn
> 1, we observe a larger electric field in the EA compared to the ED and φ

is no longer symmetric. In fact, the potential drop at the interface is no longer a half
of the applied voltage V as shown in Figure 4.9(b). In fact, if V1 is the value of φ at
the interface, then V − (V1 + V

2
) is the potential drop across the ED and V1 + V

2
is

the potential drop across the EA. Physically, a higher diffusivity of holes in the ED
reduces the drift in that region (as the diffusion current opposes the electric current)
resulting in a lower potential drop.

60



−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

x

φ

decreasing J

(a)

−1 0 1

x 10
−4

−2

−1

0

1

2

3

x 10
−4

x

φ

decreasing J

(b)

Figure 4.9: Plots for a cell with D̂p = 10 in the dark for (a) the electrostatic potential with
(b) a zoom in the EA/ED interface when decreasing J from 0 to −10−3 in increments of
0.5× 10−4. [Parameters: δ = 10−4, ε̂p = 1, S = 0.15, Λ = 1]

In Figure 4.10(a), we show a comparison between the J − V curves for cells under
illumination with diffusivity ratios D̂p = 0.1, 1 and 10, where the latter produces a
larger power output. Figure 4.10(b) shows the overall power output resulting from
varying the diffusivity ratio, which is greater with larger D̂p.
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Figure 4.10: (a) Shows the J − V curves for the cases D̂p = 0.1, 1, 10 for a cell in the
dark. (b) Shows the maximum power output by varying D̂p. [Parameters: δ = 0.01, ε̂p = 1,
S = 0.15, Λ = 1, G = 1]

4.3.3 Summary

In this Section, we have solved (4.13)-(4.20) for the electrostatic potential, φ, and the
distribution of electrons, n. The solution to this current transport problem in the

61



ssDSSC was done both analytically and numerically, with the results tested against
each other. Initially, we have made several assumptions on the geometry of the device
and the physical properties of the materials used, to make the solution symmetric
across the EA/ED interface. At later stages, we have examined the effect of several
key parameters, except for the effect of the distribution of the dye, S, as this is the
topic of the following section. We considered a larger dielectric and diffusivity ratio
between the ED and the EA which is shown to lead to larger current generation. In
general, we were able to show that the behaviour of an ssDSSC resembles that of a
diode, i.e. allowing current to travel in one direction only.

4.4 Dye Distribution

In this section, we examine the effect on the cell’s performance by the distribution of
dye at the interface. As discussed earlier, dye is not evenly distributed and does not
cover all of the surface of the electron acceptor. Thus, it is worth understanding how
this impacts the generation of current. In order to incorporate this into our model,
we return to the two dimensional model as presented in Chapter 3.

We consider the two dimensional problem (3.38)-(3.41) in z and x as shown in Fig-
ure 3.2 with boundary conditions (3.42)-(3.51). We define the electron acceptor re-
gion to lie in Ωa ≡ {−H1 < z < 0} ∪ {0 < x < L} and the electron donor region in
Ωd ≡ {0 < z < H2} ∪ {0 < x < L}, as shown in Figure 4.11.

Figure 4.11: A schematic representation of the domain and the interface morphology for a
bilayer cell in two dimensions.

We describe the flat interface by the curve z = 0 as earlier. In this case, however, we
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allow for variable dye distribution. In particular, we assume that the dye is deposited
as simply-connected segments and lies at the interface between Ωa and Ωd. We will
refer to these segments as ‘blobs’. We assume a periodic distribution of dye blobs so
that the dye coverage can be described by a periodic function Sd(x) along z = 0. In
order to define this formally we introduce the rectangle function4, Πα

5, as

Πα(x) =

{
1, |x| ≤ 1

2
,

0, |x| > 1
2
.

(4.132)

If we define the width of the blobs as ω and the inter-blob gap as g (see Figure 4.12),
then

Sd(x) =

L
2d∑
k=0

Πα

(
x− (ω

2
+ kd)

ω

)
, (4.133)

where d = g + w is the repeated period and L
2d

is the number of blobs, Nb, we are
allowing.

Figure 4.12: A schematic representation of the dye blobs distributed at evenly spaced seg-
ments along the interface of the electron acceptor and donor. This image is a zoomed from
Figure 4.11.

4.4.1 Nondimensionalisation

In order to understand the relative sizes of the variables of the problem (3.38)-(3.51),
it is important to scale them with the physical parameters. We scale the spatial

4Not to be confused with the notation Π0 which stands for the typical carrier concentration.
5We note that we could use a periodic step function here as well.
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variables with the two lengthscales of the device, namely H1 and L, as appropriate,
and the remaining variables with

z = H1ẑ, x = Lx̂, φ− V

2
=
kBT

q
φ̂, n = Π0n̂, p = Π0p̂, Fn =

DnΠ0

H1

F̂n.

(4.134)

We substitute the scalings (4.134) in the original problem and for simplicity of nota-
tion in the following work we drop the hat denoting dimensionless variables. Avoiding
the calculations, as they are similar to those in Section 4.1, we reduce to the nondi-
mensional problem

φzz + ε2φxx =

{
Λn, x ∈ Ωa,

− Λ
ε̂p
p, x ∈ Ωd,

(4.135)

(nφz − nz)z + ε2(nφx − nx)x = 0, x ∈ Ωa, (4.136)

(pφz + pz)z + ε2(pφx + px)x = 0, x ∈ Ωd, (4.137)

with boundary conditions

n(−1, x) = N̂−, φ(−1, x) = − V̂
2
, (4.138)

p(m,x) = P̂+, φ(m,x) =
V̂

2
, (4.139)

φx(z, 0) = nx(z, 0) = px(z, 0) = 0, (4.140)

φx(z, 1) = nx(z, 1) = px(z, 1) = 0 (4.141)

and interface conditions

[φ] = 0, (4.142)

[εiφx] = 0, (4.143)

[Fn1 ] = −[Fp1
Dp

Dn

] = −δ(1− Sd(x)) (n(0, x)p(0, x)− 1) , (4.144)
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where [..] denotes the jump across the interface from z = 0− to 0+ and

Fn1 = nφz − nz, Fp1 = −(pφz + pz), (4.145)

εi =

{
1, x ∈ Ωa

ε̂p, x ∈ Ωd

, (4.146)

Sd(x) =

Nb∑
k=0

Πα

(
x− ( ω̂

2
+ kd̂)

ω̂

)
. (4.147)

The dimensionless parameters are defined by

ω̂ =
ω

L
, d̂ =

d

L
, V̂ =

qV

kBT
(4.148)

m =
H1

H2

, N̂− =
N−

Π0

, P̂+ =
P+

Π0

, ε̂p =
εp
εn
,

ε =
H1

L
, Λ =

q2Π0H
2
1

εnkBT
=
H2

1

λ2
, δ =

H1Π0

στRDnN0P0

. (4.149)

We estimate the size of these parameters is estimated based on a typical cell with
the electron acceptor made of TiO2, the electron donor of spiro-OMeTAD and a Ru-
based dye as in Chapter 4. The spatial parameters are taken to be ω ∼ d ≈ 10−9 m,
H1 ≈ 10−6 m and L ≈ 10−2 m and the remaining parameters, which are related to
the properties of the materials used, are as defined in Table 4.1. We briefly note
that the value of Π0 may vary depending on the measuring technique, the size of the
material and the manufacture procedure as reported by Sellers et al. [62], thus the
size of the Debye length, λ, and the recombination coefficient, δ, vary accordingly.
In order to get an insight of the operations, we make certain assumptions to simplify
the problem (4.135)-(4.144), although we recognise that these may not be the most
realistic ones. For this study we take

ε ≈ 10−4, Λ ≈ 1, δ ≈ 1, ε̂p ≈ 1, (4.150)

unless otherwise stated. We consider a symmetric cell by assuming m = 1, ε̂p = 1

and Dn = Dp. This allows us to explore solutions which have the symmetry property

n(z, x) = p(−z, x) and φ(z, x) = −φ(−z, x). (4.151)

Then we need to solve only for the EA region (−1 ≤ z ≤ 0) and use this symmetry
to retrieve the solution in the ED region (0 ≤ z ≤ 1)). We also take N− = 1.
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We note that some of these conditions can be removed and the analyses can still be
undertaken at the expense of very complicated algebraic expressions and lack of simple
interpretations. Since the analysis of the effect of a small recombination coefficient
was done extensively in Chapter 4, here we will take δ = O(1) and V̂ = O(1) as given,
in order to find the current flux, Fn.

4.4.2 Methodology

A key feature of the model (4.135)-(4.144) is that it allows spatial variations in the
dye distribution which is examined in this section. To explore the complex problem
we use both analytic and numerical techniques to obtain solutions. Before proceeding,
we give an explanation of these two approaches.

4.4.2.1 Numerical method

Under the simplification of a symmetric cell, we only solve for the electron accep-
tor region. We use a finite difference scheme, with centred differences to solve the
nondimensional problem given in (4.135)-(4.147). We solve on a uniform grid in
[−1, 0] × [0, 1] with step size h so that the numerical nodes are at (zj, xk), where
zj = −1 +hj and x = hk, for j, k = 0, ..., J , as shown in Figure 4.13. We let Φ(zj, xk)

and N(zj, xk) be the numerical solutions for φ and n at each node, respectively. If
we write our variables in vector form as

Φ =



Φ0,0

Φ0,1

Φ0,2

...

Φ0,J

Φ1,0

Φ1,1

...

Φ1,J

...

ΦJ,J



and N =



N0,0

N0,1

N0,2

...

N0,J

N1,0

N1,1

...

N1,J

...

NJ,J



. (4.152)

The resulting system of simultaneous equations can be expressed by the following
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matrix systems for Φ and N

AφΦ
[q+1] = ΛN[q] + bφ, (4.153)

An(Φ[q+1],N[q])N[q+1] = bn, (4.154)

where the vectors bφ and bn impose the Dirichlet boundary conditions. The matrices
of coefficients Aφ and An describe numerically the operators acting on φ and n as
in (4.135) and (4.136), respectively. Aφ has constant entries, whereas these in An

depend on the values of Φ and N . The system is solved iteratively, with q indicating
the number of iteration, using a simple Jacobi method. We stop the iteration when
a certain tolerance is reached, in particular until the L2-norm error between the
solutions in steps q and q + 1 is smaller than a given value, tol, i.e.

‖Φ[q+1] −Φ[q]‖ < tol and ‖N[q+1] −N[q]‖ < tol. (4.155)

Figure 4.13: The uniform grid used for the numerical scheme.

In our examples, the results yield a good agreement with analytic results as will
be demonstrated later on. A more detailed description of the scheme is found in
Appendix II.
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4.4.2.2 Analytic approach

In certain parameter regimes we may use asymptotic expansions for the variables
to find an explicit solution for the leading-order terms. In order to find these we
must account for boundary (or inner) regions where the dependent variables change
abruptly, and we use the method of matched asymptotic expansions to obtain uni-
versal solutions, whenever possible.

In what follows we use both analytic and numerical tools to solve the scaled problem
(4.135)-(4.147) for a bilayer cell in two limiting cases. In the first case, we look at
the thin film approximation by taking the aspect ratio, ε, to be small, while allowing
for only one dye blob (Nb = 1) of width ω̂ = O(1) and d̂ = 1. In the second case,
we investigate the effect of a periodic distribution of a large number (Nb � 1) of dye
blobs of width ω̂ � 1 and d̂ = 2ω̂ on the interface, but with the total width of the
dye-covered surface adding up to give Nbω = O(1).

4.4.3 Thin film approximation

In this section we use numerical and asymptotic tools to study the behaviour of
the solution in the limit ε → 0. This corresponds to the device being very long
and thin. For the simplicity of the analysis we assume only one dye blob laying on
0 < x < ω̂ = O(1), as shown in Figure 4.14, so that only part of the thin film has dye
on it. The difficulty in finding a explicit solution for the full problem is caused by the
abrupt change in the behaviour of the solution near x = ω̂. This is suggested by the
jump in the boundary condition (4.144) and the dominance of the z-derivatives in
(4.135)-(4.136) when ε→ 0. We therefore split our analysis into three spatial regions:
- an outer region, ω̂−x� ε, in which we expect the variables to follow the behaviour
predicted by a one dimensional problem with Sd(x) = 0,
- an outer region, x− ω̂ � ε, in which we expect the variables to follow the behaviour
predicted by a one dimensional problem with Sd(x) = 1, and
- an inner region, |x− ω̂| = O(ε), in which we will show that no explicit solution can
be found asymptotically.
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Figure 4.14: The (scaled) domain of interest with ε � 1 and ω̂ = O(1). The grey blob
represents the dye, where Sd = 1.

Outer Solutions

Given V , the solution for the Fn in the two outer regions away from x = ω̂ will be
sought simultaneously. Thus, we seek the solutions for φ(o) and n(o) for the outer
problems in |x− ω̂| � ε, using the asymptotic expansions

φ(o)(z, x; ε) ≈ φ
(o)
0 (z, x) + ε2φ

(o)
1 (z, x) + ... and (4.156)

n(o)(z, x; ε) ≈ n
(o)
0 (z, x) + ε2n

(o)
1 (z, x) + ... . (4.157)

By substituting these into (4.135) and (4.136) we get

φ
(o)
0zz + ε2φ

(o)
1zz + ε2

(
φ

(o)
0x + ε2φ

(o)
1x

)
x

= Λ
(
n

(o)
0 + ε2n

(o)
1

)
+ ... and (4.158)[(

n
(o)
0 + ε2n

(o)
1

)(
φ

(o)
0z + ε2φ

(o)
1z

)
−
(
n

(o)
0z + ε2n

(o)
1z

)]
z

+ ε2
[(
n

(o)
0 + ε2n

(o)
1

)(
φ

(o)
0x + ε2φ

(o)
1x

)
−
(
n

(o)
0x + ε2n

(o)
1x

)]
x

+ ... = 0, (4.159)

respectively. Similarly for the boundary conditions (4.138), (4.140)-(4.141) on φ(z, x)
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and n(z, x) we get

φ
(o)
0 (−1, x) =

V̂

2
, φ

(o)
1 (−1, x) = 0, (4.160)

n
(o)
0 (−1, x) = 1, n

(o)
1 (−1, x) = 0, (4.161)

φ
(o)
0 (0, x) = 0, φ

(o)
1 (0, x) = 0, (4.162)

φ
(o)
0x (z, 0) = n

(o)
0x (z, 0) = 0, φ

(o)
1x (z, 0) = n

(o)
1x (z, 0) = 0, (4.163)

φ
(o)
0x (z, 1) = n

(o)
0x (z, 1) = 0, φ

(o)
1x (z, 1) = n

(o)
1x (z, 1) = 0. (4.164)

and

Fn1(0, x) =

{
0, 0 ≤ x < ω̂ (Sd = 1),

δ
(
n

(o)2
0 (0, x)− 1 + 2ε2n

(o)
0 (0, x)n

(o)
1 (0, x)

)
+ ..., ω̂ < x ≤ 1 (Sd = 0)

.

(4.165)

For 0 ≤ x < ω̂ we anticipate the solution to be approximated by the one-dimensional
solution with S − d = 1 and for ω̂ < x ≤ 1 to be approximated by the same with
Sd = 0.

Then the leading-order problem reads

φ
(o)
0zz = Λn

(o)
0 , (4.166)

(n
(o)
0 φ

(o)
0z − n

(o)
0z )z = 0 (4.167)

with

φ
(o)
0 (−1, x) = − V̂

2
, φ

(o)
0 (0, x) = 0, (4.168)

n
(o)
0 (−1, x) = 1, Fn1(0, x) =

{
0, x < ω̂,

δ
(
n

(o)2
0 (0, x)− 1

)
, x > ω̂

, (4.169)

φ
(o)
0x (z, 0) = n

(o)
0x (z, 0) = 0, (4.170)

φ
(o)
0x (z, 1) = n

(o)
0x (z, 1) = 0. (4.171)
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The general solution of (4.166)-(4.167) in each outer region is then found to be

φ
(o)
0 (z, x) = −2 log (αAi(χ1z + χ2) + β Bi(χ1z + χ2)) , (4.172)

n
(o)
0 (z, x) = −2χ2

1

Λ

[
χ1z + χ2 −

(
αAi′(χ1z + χ2) + β Bi′(χ1z + χ2)

αAi(χ1z + χ2) + β Bi(χ1z + χ2)

)2
]

(4.173)

with α, β, χ1 and χ2 being some arbitrary constants to be found. By imposing the
boundary conditions (4.168) and (4.169)a we find

α =
e

V
4 Bi(χ2)− Bi(χ2 − χ1)

Ai(χ2 − χ1) Bi(χ2)− Ai(χ2) Bi(χ2 − χ1)
, (4.174)

β =
e

V
4 Ai(χ2)− Ai(χ2 − χ1)

Ai(χ2 − χ1) Bi(χ2)− Ai(χ2) Bi(χ2 − χ1)
, (4.175)

Λ

2χ2
1

=

Bi(χ2) Ai′(χ2 − χ1)− Ai(χ2) Bi′(χ2 − χ1) + e−
V
4

π

Bi(χ2) Ai(χ2 − χ1)− Ai(χ2) Bi(χ2 − χ1)

2

− (χ2 − χ1), (4.176)

where χ1 and χ2 depend on the value of Fn1(0, x) in each of the outer regions as in
(4.169)b. In fact, on 0 ≤ x < ω̂, it is necessary to have

2χ3
1

Λ
= 0. (4.177)

In the other outer region, where ω̂ < x ≤ 1, the condition to be satisfied is

2χ3
1

δΛ
=

4χ4
1

Λ2

Ai(χ2 − χ1) Bi′(χ2)− Bi(χ2 − χ1) Ai′(χ2)− e
V
4

π

Bi(χ2) Ai(χ2 − χ1)− Ai(χ2) Bi(χ2 − χ1)

2

− χ2

2

− 1.

(4.178)

These are one-dimensional problems in each region, one with generation only and the
other with recombination only at the interface, respectively.

Inner Solution

It is now essential to consider how the solution varies between the two outer regions.
For the inner region where |x− ω̂| = O(ε), we first introduce the inner variable ξ by
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taking

x = ω̂ + εξ, −∞ < ξ <∞ (4.179)

and seek the inner solutions φ(i) and n(i) using the asymptotic expansions

φ(i)(z, ξ; ε) ≈ φ
(i)
0 (x, ξ) + εφ

(i)
1 + ..., (4.180)

n(i)(z, ξ; ε) ≈ n
(i)
0 (x, ξ) + εn

(i)
1 + ... . (4.181)

By substituting the scaling (4.179) and the expansions (4.180)-(4.181) into (4.135)
and (4.136), the leading-order inner problem becomes

φ
(i)
0zz + φ

(i)
0ξξ = Λn

(i)
0 , (4.182)(

n
(i)
0 φ

(i)
0z − n

(i)
0z

)
z

+
(
n

(i)
0 φ

(i)
0ξ − n

(i)
0ξ

)
ξ

= 0. (4.183)

The solution to this system of equations must satisfy the boundary conditions at
z = 0,−1, namely

φ(i)(−1, ξ) = − V̂
2
, n(i)(−1, ξ) = 1 (4.184)

φ(i)(0, ξ) = 0, Fn1(0, ξ) =

{
0, ξ < 0

δ
(
n

(i)2
0 (0, ξ)− 1

)
, 0 < ξ.

(4.185)

and the following matching conditions to the outer regions

lim
ξ→−∞

φ(i) = lim
x→ω−

φ(o), lim
ξ→∞

φ(i) = lim
x→ω+

φ(o), (4.186)

lim
ξ→−∞

n(i) = lim
x→ω−

n(o), lim
ξ→∞

n(i) = lim
x→ω+

n(o). (4.187)

We can extract useful information about the behaviour of the solution even without
solving (4.182)-(4.187) analytically.

4.4.3.1 The effective model

We have examined the distribution of the electrostatic potential, φ, and the electron
concentration, n, in the limit of ε → 0. The results have shown that the solutions
in the outer regions are essentially solutions to one-dimensional problems as given by
(4.172)-(4.178). We define φ(o)

0, x<ω̂ and n
(o)
0, x<ω̂ to be the solution to (4.172)-(4.176)
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with (4.177), and φ(o)
0, x>ω̂ and n(o)

0, x>ω̂ the solution to (4.172)-(4.176) with (4.178), and
write

φ(z, x) =

{
φ

(o)
0, x<ω̂(z), 0 ≤ x < ω̂,

φ
(o)
0, x>ω̂(z), ω̂ < x ≤ 1

, (4.188)

n(z, x) =

{
n

(o)
0, x<ω̂(z), 0 ≤ x < ω̂,

n
(o)
0, x>ω̂(z), ω̂ < x ≤ 1

, (4.189)

as ε→ 0 for x = O(1).

An important result to obtain from this analysis is obtained by integrating (4.185)
along x to get the distribution of the current density Fn1 to be approximated by an
effective solution which describes the end current density-voltage relationship

Fn eff = −δ(1− S)(n
(o)2
0,x>ω̂(0)− 1), (4.190)

where S =< Sd(x) > is the average over the interface at z = 0 and

n
(o)
0,x>ω̂ = n

(o)
0 (0, x > ω̂) (4.191)

as described by (4.173) and (4.174)-(4.176) as S = 0 for x > ω̂. This indicates that
we may approximate the current density-voltage characteristics by only knowing the
proportion of the dyed EA surface, S and finding the one-dimensional distribution
of electrons, n, as in (4.173). This approximate relation is compared with numerical
solutions in the following section.

4.4.3.2 Results and interpretation

We now present the spatial distributions of, φ and n, and the current density-voltage
characteristics by solving numerically (4.135)-(4.144) with Nb = 1, ω̂ = 0.5 d̂ = 1.

The numerically predicted distributions of φ and n are presented in Figure 4.15,
along with the corresponding contour plots on the left of each distribution plot. In
these simulations, we decrease the aspect ratio, ε, gradually, by letting it taking values
1, 0.1 and 0.001. When ε � 1 we observe a small jump in φ and a large jump in n
as we move from x = ω̂− to x = ω̂+. As the aspect ratio becomes smaller, the jumps
become more sudden and the inner region thinner, leading to a steeper transition.
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Figure 4.15: The contour and distribution plots of the numerical solutions, Φ and N , for (a)
ε = 1, (b) ε = 0.1 and (c) ε = 0.001. Note: the plots are not shown in the same orientation
as earlier Figures in this section. [Parameters: Λ = 1, δ = 1, ω̂ = 0.5, d̂ = 1, V̂ = 2,
ε̂p = N̂− = P̂+ = 1]

In Figure 4.16, we show the numerically predicted current density, Fn1, plotted
against the applied voltage, V̂ , in the range 0 < V̂ < 5 for ε = 1, 0.1 and 0.001.
On the same plot, we show the distribution of Fn eff as defined in (4.190). It is clear
that as ε→ 0, the solution to the thin film problem tends to Fn eff, making (4.190) a
good approximation to the current-density-voltage relation for a bilayer thin film cell.

In this section we have presented the two-dimensional problem that describes a thin
film bilayer device. In the limit of small aspect ratio, we have used asymptotic tech-
niques in order to find an analytic solution to the problem in the outer regions. Even
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Figure 4.16: Plots of the current density, Fn1, against the applied voltage, V , generated
numerically for ε = 1, 0.1 and 0.001 and of the effective current density Fn eff against V̂ .
[Parameters: Λ = 1, δ = 1, ω̂ = 0.5, d̂ = 1]

though no analytic solution is explicitly found in the inner region, we set up an ef-
fective model which appears to agree well with the two dimensional problem. In the
effective model, the current density is the average of the solutions to the regions away
from x = ω̂. In the following section we examine the case of a bilayer thin film with
periodically deposited dye blobs of small width at the interface.

4.4.4 Thin dye blobs approximation

In this section we investigate the behaviour of the cell when the EA surface is covered
with multiple non-connected blobs of dye such that the total area covered with dye
is comparable to the width of the device, as shown schematically in Figure 4.11. We
let the separation width in-between dye blobs, ĝ, be the same as the width of a blob,
ω̂, for simplicity. This allows us to solve the problem for only one repeated block.
Here, we investigate the effect of having repeated thin blobs with ω � 1, distributed
uniformly along the interface.
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Figure 4.17: The (rescaled) domain of the repeated block for the multiple thin blobs ap-
proximation.

We focus in one blob and the nearby gap, as we consider this the repetitive building
block. Therefore, we reduce the domain of the EA layer, Ωa, to 0 ≤ x ≤ 2ω and
−1 ≤ z ≤ 0. The problem we seek to solve is given by (4.135)-(4.137), together with
the z-boundary conditions (4.138)-(4.139) and interface conditions (4.142)-(4.144).
We replace the x-boundary conditions (4.140)-(4.141) with periodic boundary condi-
tions on φ, φx, n and nx. We scale the problem as in the previous section, except for
x which is scaled by x = ωx̃, i.e. the width of a dye blob (we retain the new notation
to avoid confusion with any previous analysis).

The aspect ratio for this problem is

εω =
ω

H1

≈ 10−3. (4.192)

We seek an approximate solution to the problem in the limit εω → 0. This corre-
sponds to a device with repeated dye blobs of small blobs compared to the thickness
of the layers. For this analysis we consider two distinguished regions in the device as
indicated in Figure 4.17:
- an outer region away from the interface, −1 ≤ z � 0, in which we expect the vari-
ables to behave according to a one-dimensional problem by taking S =< Sd(x) >6,
and
- an inner region near the interface, O(εω) = z ≤ 0, in which we expect the variables
to take account of the dye distribution.

6This can be obtained by S = 1
2

∫ 2

0
Sd(x)dx.
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After rescaling the EA layer, the domain -in which we seek a solution- reduces to
x ∈ [0, 2] and z ∈ [−1, 0], as shown in Figure 4.17. The equations become

ε2
ωφzz + φx̃x̃ = Λε2

ωn, (4.193)

ε2
ω(nφz − nz)z + (nφx̃ − nx̃)x̃ = 0. (4.194)

along with the boundary conditions

φ(z, 0) = φ(z, 2), n(z, 0) = n(z, 2), (4.195)

φx̃(z, 0) = φx̃(z, 2), nx̃(z, 0) = nx(z, 2), (4.196)

φ(−1, x̃) = − V̂
2
, n(−1, x̃) = 1, (4.197)

φ(0, x̃) = 0, n(0, x̃)φz(0, x̃)− nz(0, x̃) =


0, 0 ≤ x̃ ≤ 1

2

δ(n2(0, x̃)− 1), 1
2
< x̃ < 3

2

0, 3
2
≤ x̃ ≤ 2

,

(4.198)

where we have considered geometrical symmetry across x̃ = 1, as shown in Figure 4.17.

Our aim is to solve (4.193)-(4.198) asymptotically and numerically and compare the
results. We will consider V as given and seek the generate current, Fn.

4.4.4.1 Outer Solution

In the region away from the dye interface, we solve (4.193)-(4.194) with (4.195)-
(4.197), where z = O(1) and x̃ = O(1). We consider the following asymptotic expan-
sions in the outer region

φ(o)(z, x̃; εω) ≈ φ
(o)
0 (z, x̃) + ε2

ωφ
(o)
1 (z, x̃) + ..., (4.199)

n(o)(z, x̃; εω) ≈ n
(o)
0 (z, x̃) + ε2

ωn
(o)
1 (z, x̃) + ..., (4.200)

so that the leading order problem reads

φ
(o)
0x̃x̃ = 0, (4.201)

(n
(o)
0 φ

(o)
0x̃ − n

(o)
0x̃ )x̃ = 0. (4.202)
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By applying the periodic boundary conditions (4.195)-(4.196), we find that φ(o)
0 =

φ
(o)
0 (z) and n(o)

0 = n
(o)
0 (z). The O(ε2

ω) order problem reads

φ
(o)
0zz + φ

(o)
1x̃x̃ = Λn

(o)
0 , (4.203)

(n
(o)
0 φ

(o)
0z − n

(o)
0z )z + (n

(o)
1 φ

(o)
0x̃ + n

(o)
0 φ

(o)
1x̃ − n

(o)
1x̃ )x̃ = 0, (4.204)

which, by imposing the periodic boundary conditions 7 again, admits the following
system for the leading order terms of the asymptotic expansions

φ
(o)
0zz = Λn

(o)
0 , (4.208)

(n
(o)
0 φ

(o)
0z − n

(o)
0z )z = 0. (4.209)

The variables must satisfy the boundary conditions

φ
(o)
0 (−1) = − V̂

2
, n

(o)
0 (−1) = 1. (4.210)

This is equivalent to the previous one-dimensional problem and has, as in (4.172)-
(4.173), a general solution of the form

φ
(o)
0 (z) = −2 log (αAi(χ1 + χ2z) + β Bi(χ1 + χ2z)), (4.211)

n
(o)
0 (z) = −2χ2

2

Λ

[
χ1 + χ2z −

(
αAi′(χ1 + χ2z) + β Bi′(χ1 + χ2z)

αAi(χ1 + χ2z) + β Bi(χ1 + χ2z)

)2
]
, (4.212)

where the unknown parameters, α = α(x), β = β(x), χ1 = χ1(x) and χ2 = χ2(x), are
found by imposing the boundary conditions at z = −1, and the matching conditions

7If we impose periodicity for φ(o)1x̃ and φ(o)1 on the left hand side of (4.203) we get the result in
(4.208) as follows: ∫ 2

0

φ(o)zz dx̃+

∫ 2

0

φ1x̃x̃dx̃ = Λ

∫ 2

0

n
(o)
0 dx̃ (4.205)

2φ
(o)
0zz+

[
φ
(o)
1x̃

]2
0

= 2Λn
(o)
0 (4.206)

which, using φ(o)1x̃ = 0 at x̃ = 0, 2, gives

φ
(o)
0zz = Λn

(o)
0 . (4.207)

Similarly, imposing periodicity for n(o)1x̃ and n(o)1 in (4.204) gives (4.209).
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with the inner layer as z → 0. The boundary conditions (4.210)a and (4.210)b give

(αAi(χ1 − χ2) + β Bi(χ1 − χ2)) = e
V
4 , (4.213)

−2χ2
2

Λ

[
χ1 − χ2 −

(
αAi′(χ1 − χ2) + β Bi′(χ1 − χ2)

αAi(χ1 − χ2) + β Bi(χ1 − χ2)

)2
]

= 1. (4.214)

4.4.4.2 Inner Solution

In this region, we introduce an inner variable by scaling z with the small parameter
of the problem, εω, by introducing the inner variable, η, as

z = εωη. (4.215)

We define the solutions in the inner region as φ(i) and n(i) and the problem becomes

φ(i)
ηη + φ

(i)
x̃x̃ = Λε2

ωn
(i), (4.216)

(n(i)φ(i)
η − n(i)

η )η + (n(i)φ
(i)
x̃ − n

(i)
x̃ )x̃ = 0, (4.217)

along with the boundary conditions in z = 0:

φ(i)(0, x̃) = 0, (4.218)

n(i)(0, x̃)φ(i)
η (0, x)− n(i)

η (0, x̃) = εωFn1(x̃) =


0, 0 ≤ x ≤ 1

2

εωδ(n
(i)2(0, x̃)− 1), 1

2
< x̃ < 3

2

0 3
2
≤ x̃ ≤ 2

,

(4.219)

and the periodic boundary conditions

φ(i)(η, 0) = φ(i)(η, 2), n(i)(η, 0) = n(i)(η, 2), (4.220)

φ
(i)
x̃ (η, 0) = φ

(i)
x̃ (η, 2), n

(i)
x̃ (η, 0) = n

(i)
x̃ (η, 2). (4.221)

The solutions must also match with the outer solution, φ(o) and n(o), as η ⇒∞. We
expand our variables as

φ(i)(η, x̃; εω) ≈ φ
(i)
0 (η, x̃) + εωφ

(i)
1 (η, x̃) + ε2

ωφ
(i)
2 (η, x̃) + ..., (4.222)

n(i)(η, x̃; εω) ≈ n
(i)
0 (η, x̃) + εωn

(i)
1 (η, x̃) + ε2

ωn
(i)
2 (η, x̃) + ... (4.223)
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and substitute into (4.216)-(4.217). Then, the O(1) problem reads

φ
(i)
0ηη + φ

(i)
0x̃x̃ = 0, (4.224)

n
(i)
0ηη + n

(i)
0x̃x̃ = n

(o)
0η φ

(o)
0η + n

(o)
0x̃ φ

(o)
0x̃ , (4.225)

with the boundary conditions (4.218)-(4.221) reducing to

φ
(i)
0 (η, 0) = φ

(i)
0 (η, 2), n

(i)
0 (η, 0) = n

(i)
0 (η, 2), (4.226)

φ
(i)
0x̃(η, 0) = φ

(i)
0x̃(η, 2), n

(i)
0x̃(η, 0) = n

(i)
0x̃(η, 2), (4.227)

φ
(i)
0 (0, x̃) = 0, n

(i)
0η (0, x̃) = 0. (4.228)

along with the matching conditions that require that φ(o)
0 and n

(o)
0 are bounded as

η →∞. The solution is found to be

φ
(i)
0 = 0 and n

(i)
0 = A, (4.229)

where A is an arbitrary constant. The O(εω) problem reads

φ
(i)
1ηη + φ

(i)
1x̃x̃ = 0, (4.230)

n
(i)
1ηη + n

(i)
1x̃x̃ = 0, (4.231)

where we have used the solution for φ(o)
0 and n(o)

0 in (4.229) with (4.230) to eliminate
extra terms in (4.231). The boundary conditions are

φ
(i)
1 (η, 0) = φ

(i)
1 (η, 2), n

(i)
1 (η, 0) = n

(i)
1 (η, 2), (4.232)

φ
(i)
1x̃(η, 0) = φ

(i)
1x̃(η, 2), n

(i)
1x̃(η, 0) = n

(i)
1x̃(η, 2), (4.233)

φ
(i)
1 (0, x̃) = 0, n

(i)
0 φ

(i)
1η − n

(i)
1η (0, x̃) = Fn1(x̃). (4.234)

along with matching conditions that require that φ(o)
1 and n(o)

1 grow at most linearly
as η →∞ The solution to this problem is found to be

φ
(i)
1 = A1η (4.235)

n
(i)
1 = C1η + q0 +

∞∑
m=1

qme
mπη cos (mπ(x− 1)). (4.236)
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By imposing (4.234)b, we find

qm =

(
− 2

(mπ)2
(δ(n

(i)2
0 − 1)

)
and (4.237)

n
(i)
0 A1 − C1 =

1

2
(+δ(n

(i)2
0 (0, x̃)− 1). (4.238)

We then require the solution for next order term of φ(i), so we turn to the O(ε2
ω)

problem for φ(i)
2 , which is

φ
(i)
2ηη + φ

(i)
2x̃x̃ = Λn

(i)
0 , (4.239)

with

φ
(i)
2 (η, 0) = φ

(i)
2 (η, 2), φ

(i)
2x̃(η, 0) = φ

(i)
2x̃(η, 2), (4.240)

φ
(i)
2 (0, x̃) = 0. (4.241)

and φ(o)
2 growing at most linearly as η → 0. This gives

φ
(i)
2 = Λn

(i)
0

η2

2
+ A2η. (4.242)

We do not attempt to solve for n(i)
2 as we find it is not necessary for the matching

at this order. The remaining parameters are then found by matching with the outer
solution, as follows.

Matching

For simplicity of the notation in the following analysis, we define

f(z) = αAi(χ1 + χ2z) + β Bi(χ1 + χ2z). (4.243)

We re-write the outer solution for φ in terms of (4.243) and the inner variable, η, and
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expand for εω � 1 so that

i(1.t.o.) = φ
(o)
0 = −2 log(f(εωη)) (4.244)

= −2 log(f(0))︸ ︷︷ ︸
1.t.i.(1.t.o)

−2
f ′(0)

f(0)
ηεω

︸ ︷︷ ︸
2.t.i.(1.t.o.)

−

(
f ′′(0)

f(0)
−
(
f ′(0)

f(0)

)2
)
η2ε2

ω

︸ ︷︷ ︸
3.t.i.(1.t.o.)

+... .

(4.245)

Then the inner solution, φ(i), expanded in terms of the outer variable z and re-written
in the inner variable η, gives

φ(i) ∼ 0︸︷︷︸
1.t.o.(1.t.i.)

+A1ηεω︸ ︷︷ ︸
1.t.o.(2.t.i.)

+

(
A2η + Λn

(i)
0

η2

2

)
ε2
ω

︸ ︷︷ ︸
1.t.o.(3.t.i.)

+O(ε3
ω) (4.246)

Then, by Van Dyke’s matching principle, we have that

1.t.i.(1.t.o.) = 1.t.o.(1.t.i.) ⇒ f(0) = 1, (4.247)

2.t.i.(1.t.o.) = 1.t.o.(2.t.i.) ⇒ A1 = −2f ′(0), (4.248)

3.t.i.(1.t.o.) = 1.t.o.(3.t.i.) ⇒ A2 = 0, Λn
(i)
0 = −2

(
f ′′(0)− f ′(0)2

)
. (4.249)

For n, as before, we re-write the outer solution n(o), given by (4.212), in terms of f(z)

(as defined in (4.243)), and the inner variable, η, and expand for small εω so that

i(1.t.o.) = n
(o)
0 = − 2

Λ

(
f ′′(εωη)

f(εωη)
−
(
f ′(εωη)

f(εωη)

)2
)

(4.250)

= − 2

Λ

(
f ′′(0)

f(0)
−
(
f ′(0)

f(0)

)2
)

− 2

Λ

[
f ′′′(0)

f(0)
− f ′′(0)f ′(0)

f 2(0)
− 2

(
f ′′(0)

f(0)
−
(
f ′(0)

f(0)

)2
)]

ηεω +O(ε2
ω)

(4.251)

The inner solution, n(i), expanded in terms of the outer variable z and re-written in
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the inner variable η, gives

n(i) ∼ n
(i)
0︸︷︷︸

1.t.o.(1.t.i.)

+(q0 + C1η)εω

︸ ︷︷ ︸
1.t.o.(2.t.i.)

+O(ε2
ω) (4.252)

Then, by Van Dyke’s matching principle, we have that

1.t.i.(1.t.o.) = 1.t.o.(1.t.i.) ⇒ Λn
(i)
0 = −2

(
f ′′(0)− f ′(0)2

)
, (4.253)

2.t.i.(1.t.o.) = 1.t.o.(2.t.i.) ⇒ q0 = 0, C1 = − 2

Λ

[
f ′′(0)− f ′′(0′f (0)− 2

(
f ′′(0)− f ′(0)2

)]
,

(4.254)

using (4.247) to simplify (4.254). Thus, we may solve the eight equations (4.213),
(4.214), (4.238), (4.247)-(4.249), (4.253) and (4.254) to find the value of the eight
unknown parameters: χ1, χ2, A, C1, α, β, A1 and qm form = 1, 2, .... The composite
(leading order) solution is simply the outer solution given by φ(o) and n(o), with the
parameters satisfying the aforementioned relations. We use this result to write an
approximate expression describing the current density-voltage characteristics in the
limit εω → 0.

4.4.4.3 The effective model

Having found the approximate solutions for the leading order solution of φ and n,
we observe that the inner problem provides a new boundary condition for the outer
problem given by

φ
(o)
0 (z, x̃))|z→0 → 0 (4.255)

n
(o)
0 (z, x̃)|z→0 → n

(i)
0 . (4.256)

Then, by integrating (4.238), it follows that(
n

(o)
0

∂φ
(o)
0

∂z
− ∂n

(o)
0

∂z

)∣∣∣∣
z→0

→ 1

2

∫ 2

0

Fn1(x̃)dx̃ =< Fn1, (4.257)

where < U > is the average of U across the dye interface (z = 0). Further, by using
(4.198)b, we can introduce an effective description of the current density, Fn eff , as
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Figure 4.18: The contour and distribution plots of Φ and N - the numerical solutions for φ
and n, respectively - for (a) εω = 1, (b) εω = 0.1 and (c) εω = 0.001. [Parameters: Λ = 1,
δ = 1, V̂ = 2]

being the average of the current calculated along the dye interface, by

Fn eff =< Fn1(x̃) >= −δ(1− S)
(
n(o)2(0, x̃)− 1

)
, (4.258)

as εω → 0. We compare the prediction of this relation against numerical results in
the following section.

4.4.4.4 Results and interpretation

We present numerical simulations of the distributions of the variables, φ and n,
and also the current density-voltage characteristics using the thin dye blobs prob-
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Figure 4.19: Plots of the current density, Fn1, against the applied voltage, V̂ , generated
numerically for εω = 1, 0.1 and 0.001 and of the effective current density Fn eff against V .
[Parameters: Λ = 1, δ = 1]

lem given by (4.193)-(4.198). We compare the numerical solutions to the effective
one-dimensional results in all three cases in the limit of small aspect ratio, εω.

The computed distributions of φ and n are shown in Figure 4.18, along with the
corresponding contours. In these simulations, we decrease the aspect ratio, εω, grad-
ually, by letting it take values 1, 0.1 and 0.001. We observe that as the aspect ratio
becomes smaller, the region in which the variables are affected by the non-uniform
dye distribution becomes smaller. This allows for solutions that are quasi-uniform in
the x direction in this limit.

In Figure 4.19 we illustrate the current density, Fn1, defined in (4.144), against
the applied voltage, V̂ , as calculated numerically for εω = 1, 0.1 and 0.001. On the
same plot, we show the distribution of Fn eff as defined in (4.258). Therefore, we have
shown that for small εω, the numerical solution to the thin dye blobs problem can be
approximated by Fn eff.

Finally, the total current generated is expressed as the sum of current generated
over each building block. Therefore, for a cell with N = d

L
blobs will have a total
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current of:

Fn total =
N∑
q=1

Fn eff = −δ(1− S)
(
n(o)2(0, x̃)− 1

)
. (4.259)

In this section we have presented the two-dimensional problem that describes a bi-
layer device with a non-uniform distribution of dye blobs along the interface. We
have, however, imposed the assumption of an ordered dye distribution to simplify
the analysis. We have used asymptotic techniques to find an approximate analytic
solution of the problem as the aspect ratio gets smaller. The analysis allowed us to
find an effective one-dimensional model which agrees well with the two-dimensional
original problem. Thus, the solution can be effectively represented by the solution of
a one-dimensional problem in z with S =< Sd(x) >, i.e. the current generated along
the interface can be averaged spatially.

4.5 Data Validation

While this thesis is confined to a theoretical analysis of the operation of ssDSSCs,
a team of physicists at the Clarendon Laboratory8 working on photovoltaic technol-
ogy, have kindly provided some data for the validation of our model. While common
ssDSSCs typically include a mesoporous EA layer with a non-planar interface, the
team has provided us with data for a cell with a planar interface. A cell of this
simplified structure is not considered efficient, but it is still valuable for the context
of this thesis as it helps illustrating the ability of the models to qualitatively predict
the current-voltage relationships.

The current density-voltage measurements for the cell have been taken under stan-
dard testing conditions (AM1.5 light at 100 mW cm−2), while on top of the cell a
metal mask was placed with an opening for the active layer in order to eliminate edge
effects. In Figure 4.20 we show the experimentally obtained current-voltage curves
for this cell both in the dark and under illumination for the range of 0 to 0.4 V . The
cell is configured as FTO/TiO2/Dye N102/Spiro-OMEtAD/Silver with no additives

8We are indebted to both Dr Pablo Docampo and Dr Agnese Abrusci, former members of the
team, for providing us with the data used in this section.
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in the outer regions. The current is measured across the two ends as voltage increases
from 0V to 1V . The efficiency of the cell is experimentally calculated to be ∼ 0.002%.
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Figure 4.20: Plot of the the experimental data for the current density, J described
by (3.8), against the applied voltage, V , measured from zero (0V) to forward bias
(0.4V), for the dark and illuminated cell from data extracted from a FTO/TiO2/Dye
(Z907)/spiro−OMeTAD/Ag cell. Note: The red curve is not to be fitted, but only pre-
sented here for the interest of the reader.

The maximum power output is reached within the range of 0−0.25V , thus we choose
to test our model against the range 0−0.5V only. Following our deduction that solu-
tions converge to a one-dimensional model, we fit the one-dimensional exact solution
to the data provided to allow for faster computation. Consistent with the Chapter,
we demonstrate the fitting for a cell in the dark. To fit the model to the data, we
allow for the variability of the parameters α = δS, β = Λ and γ, such that V̂ = γṼ

and use a MatLab embedded function for least squares regression in order to fit the
model to the available data. For comparability, we have rescaled the experimental
values of the voltage by Vthermal = 0.0026V and of the current by Jd = 0.04Am−2.
As shown in Figure 4.21, the solution to our model qualitatively agrees with the ex-
perimental data. The resulting parameter values were obtained to be α = 0.1071,
β = 0.9912 and γ = 8.1689, which appear to lie close to our initial assumptions of
Λ = 1, 0 < S < 1 and δ � 1.
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Figure 4.21: Fitting the exact one dimensional solution to the experimental data for a
ssDSSC in the dark with two fitting parameters.

We note that the resistance of the contacts and the impurities of the device were not
accounted for in this data validation exercise. Given this, the exact solution described
by (4.28)-(4.30) agrees qualitatively well with the experimental data. However, the
experimental data represent an ideality factor which is larger than unity, implying
that the recombination process is not purely in the form of direct recombination
and that other forms of recombination should be taken into consideration for model
enhancement, as suggested earlier in the earlier chapters of this thesis as well.

4.6 Summary

In this Chapter we have analysed the current transport in a bilayer cell in the dark.
Starting from the simplest one-dimensional symmetric scenario and ending with the
two-dimensional case with variable dye distribution, we have demonstrated the pre-
dictive capabilities of the mathematical model by validating our results against ex-
perimental data.

Under the one-dimensional approximation, in Sections 4.1, 4.2 and 4.3, we exam-
ined the transport of carriers under varying applied bias. We have shown that, as the
voltage increases, the resulting electric field at the interface controls the transport of
current. We have identified two regimes of operation: (i) the quasi-equilibrium state,
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where drift and diffusion balance and are both significantly larger than the current
and, (ii) the drift-dominant state (which includes both the intermediate and large
current approximations). The exact solution was calculated and compared with the
asymptotic results for each regime to demonstrate validity.

In Section 4.4, we examined the effect of the dye distribution at a planar interface
using a two-dimensional approach. We have used a simplification, by allowing a uni-
form distribution of dye which proved useful in understanding the effect of the ratios
of the lengthscales of the device. In particular, we have considered the following two
cases:
(i) a bilayer device with a small length-to-width ratio, namely ε = H1

L
� 1, and

(ii) a bilayer device with a small blob thickness-to-device length ratio, namely εω =
ω
H1
� 1.

We simplified the problems by allowing the cell to be symmetric and taking the dye
distribution to have a periodic distribution in order to avoid unnecessary complex-
ity. Thus, we have only considered the half-device, and, in particular, the EA re-
gion. We have used analytic techniques to simplify the models by finding an effective
one-dimensional models that agree well with the numerically computed electrostatic
potential and the electron concentration distributions.

In particular, it is found that for case (i), the current density-voltage curve can be
approximated by an effective model given by (4.190) in the limit of ε→ 0. If we allow
for a dye blob to cover an O(1) portion of the interface, it can be shown that away
from the end of the blob, on either side, the solution can be approximated by an ap-
propriate one dimensional model with different boundary conditions at the interface:
one with dye and another without dye, as ε → 0. The current density-voltage curve
is then taken to be the average of these two solutions. Under scenario (ii), i.e. for
repeated thin dye blobs, the effect of the dye distribution is found to be significant
only in a small layer near the interface with width of the order of εω. An effective
one-dimensional model was found as εω → 0 with interface spatially averaged by
taking S =< Sd >, as given in (4.258). In comparison of the two results, it can be
observed (see Figures 4.16 and4.19) that the current generated in case (ii) is larger
suggesting that a device is more efficient when the dye blobs are periodically and
evenly distributed along a bilayer interface.

In the following Chapter we consider a nonplanar interface where the electron ac-
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ceptor penetrates the donor region in the form of thin nanostems in a highly ordered
arrangement.
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5
The nanostructured cell

In this Chapter we examine the effects of the interfacial geometry for a nanostructured
cell. In particular, we revisit the case where we have an ordered array of nanostruc-
tured stems, as shown in Figure 3.1(c). We employ both numerical and, whenever
possible, analytic techniques to solve for the distribution of the electrostatic potential,
φ, and the electron and hole densities, n and p, respectively, and generate the current
density-voltage characteristics.

5.1 Morphology

The nanostructures are quasi-one dimensional, since the ratio of their length to their
width is typically extremely large (see Figure 3.1(c)). As a result, they have a high
surface area-to-volume ratio, which makes them favourable for ssDSSC. A few exam-
ples of nanostructured stems include: nanospheres [49], nanospheres with nanosheets
on the surface [51], nanorods [52], nanotubes [53, 54], nanotubes with nanosheets on
the surface [55], nanotubes with perpendicularly arranged nanorods on their surface
(pine tree-like stems) [56] and nanowires [54, 57, 58, 50]. The width of the nanostem
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is usually a few nanometers, i.e. of the size of the diameter of the particle of the
EA material (e.g. 20 nm for TiO2 [59]) and the length is of the order of microns.
However, it is still extremely difficult to reach full dye coverage of the surface of the
acceptor material, and thus there may be regions of direct acceptor-donor contact
which allow for recombination of charge carriers: electrons arriving from the accep-
tor region recombining with holes arriving from the donor region. We assume the
device to be modelled by the two-dimensional problem (3.16)-(3.19), (3.21),(3.22),
(3.24),(3.25), (3.36) and (3.37) in z and x. We describe the interface by the curve

z = f(x). (5.1)

We consider a cell with periodically arranged nanostems (which could be nanotubes,
nanowires or nanorods), so that f(x) is a periodic step function, as shown in Figure
3.1(c). We consider the case where the width of the stem, ω, is equal to the separation
width between stems, g, which allows us to incorporate fewer parameters in designing
the interface. Therefore, we only need to consider the width and length of the stem,
ω, and the periodicity.

The complexity of this problem lies in the two-dimensional interface, when preparing
the numerical scheme, requires careful consideration on the nodes along the interface.
In this study, we solve the problem on the full domain, i.e. including both the EA
and ED regions, which makes it more challenging analytically than in Chapter 4. To
simplify the analysis we make further assumptions. The central idea behind these
simplifications is to concentrate on investigating the effect of a structured interface.

We assume that the stems are placed in parallel and follow a periodic pattern so
that the EA and ED regions each form a simply-connected region. We take the width
of the stem to be equal to the diameter of the particles of the EA material. For TiO2

this is approximately 20 nm, which allows to fit roughly 5× 105 stems in a device of
a total thickness of a few centimeters. We consider only one block of the repeated
pattern, as shown in Figure 5.1. We use the parameters a, b, c and d to describe the
interface. The mathematical model we are addressing remains unchanged, as given
in (3.38)-(3.41) with the z boundary conditions (3.42)-(3.45) and the interface con-
ditions (3.49)-(3.51). The x-boundary conditions at the x-boundaries, (3.46)-(3.48),
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Figure 5.1: A block of the repeated pattern for the structured mixed layer. We take a =
c = 1

4ω and b = d = 3
4ω , unless otherwise stated. Note: The figure is not drawn to scale

(H ∼ 1µm, ω ∼ 20nm.

are replaced by the periodic conditions

φ(z, 0) = φ(z, ω), φx(z, 0) = φx(z, ω), (5.2)

n(z, 0) = n(z, ω), nx(z, 0) = nx(z, ω), in Ωa, (5.3)

p(z, 0) = p(z, ω), px(z, 0) = px(z, ω), in Ωd, (5.4)

and the jump of the current fluxes at the interface is replaced by

[Fn · n̂] = − [Fp · n̂] = −(1− Sd(z, x))

(
np− Π2

0

στRN0P0

)
, (5.5)

where [..] denotes the jump across the interface, from the EA to the ED, and n̂ is the
outward normal to the acceptor surface1 along the EA-ED interface.

1We note that the corner points represent singularity points in our model.
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5.1.1 Nondimensionalisation

We scale all variables as in Section 4.1, except for the electrostatic potential and
the spatial variables where we use φ = kBT

q
φ̂, z = Hẑ and x = ωx̂. Here, we let

H ≈ 10−6m be the height of the cell, as shown in Figure 5.1, and ω
2
≈ 10−8m is the

width of the nanotubes. We drop the hats for ease of notation, so that the scaled
problem reads

ε2
ωφzz + φxx =

{
ε2
ωΛn, x ∈ Ωa

−ε2
ω

Λ
ε̂p
p, x ∈ Ωd

, (5.6)

ε2
ω(nφz − nz)z + (nφx − nx)x = 0, x ∈ Ωa, (5.7)

ε2
ω(pφz + pz)z + (pφx + px)x = 0, x ∈ Ωd, (5.8)

where εω = ω
H
, while ε̂p = εp

εn
, D̂p = Dp

Dn
, Λ = q2H2 Π0

kBTεn
and δ = H

στRDnN0P0
. The do-

mains Ωa and Ωd are now the scaled domains for the EA and ED regions, respectively.
The scaled boundary conditions are

φ(0, x) = 0, n(0, x) = N̂−, p(0, x) = 0, (5.9)

φ(1, x) = V̂ , n(1, x) = 0, p(1, x) = P̂+, (5.10)

φ(z, 0) = φ(z, 1), φx(z, 0) = φx(z, 1), (5.11)

n(z, 0) = n(z, 1), nx(z, 0) = nx(z, 1), (5.12)

p(z, 0) = p(z, 1), px(z, 0) = px(z, 1). (5.13)

On the interface we have the following jump conditions

[φ] = 0, (5.14)

[εi∇ωφ · n̂] = 0, (5.15)

[Fn · n̂] = −[Fp · n̂] = −δ(1− Sd(z, x))(np− 1), (5.16)

where

Fn = n∇ωφ−∇ωn, Fp = − (p∇ωφ+∇ωp) (5.17)

The scaled gradient operator is then defined as ∇ω =
(
εω

∂
∂z
, ∂
∂x

)
. The dimensionless

parameters of the problem are as given in (4.149) with sizes as given in (4.150), except
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for the aspect ratio that now is

εω =
ω

H
≈ 10−2. (5.18)

5.1.2 Simplifications

In order to understand how the device operates in the limit εω → 0, we consider a
simplified example of the problem to which an analytic solution can be found. In
particular, we impose symmetry on the cell by letting ε̂p = 1, N̂− = 1 and P̂+ = 1.
We assume that the nanostem starts well away from the anode and ends well away
from the cathode, in order to avoid short-circuiting of the system, i.e. 0 < a = O(1)

and 0 < 1 − b = O(1). We consider the case where δ is small and, in particular, we
assume δ = εωδ0 with δ0 = O(1). We also assume that V̂ = O(1).

We further assume that the width of the nanotube is equal to the total width of
the gap between nanotubes, i.e. d− c = 1

2
, and also that the thickness of the acceptor

region is equal to the width of the donor region, i.e. b− a = 1
2
.

We are only considering idealised cases of the cell with a nonplanar interface where
there is no dye coating on the interface.

5.2 Methodology

We analyse the problem in (5.6)-(5.16) using both numerical and analytic techniques
and solve the problem in the full domain, including both the EA and ED region.

5.2.1 Numerical method

We solve the problem using a uniform grid in [0, 1] × [0, 1] with step size h so that
the numerical nodes are at (zj, xk), where zj = hj and x = hk, for j, k = 0, ..., J , as
shown in Figure 5.2. We let Φj,k = Φ(zj, xk), Nj,k = N(zj, xk) and Pj,k = P (zj, xk)

be the numerical approximations for φ, n and p at each node, respectively.
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Figure 5.2: The numerical domain for one stem.

We initially used a second-order centred difference scheme as in Chapter 4, but this
failed due to the discontinuity of the dependent variables at the interface. In or-
der to overcome this obstacle, we use the method of finite volumes [63]. We note
that the finite elements numerical method could be used in this analysis, as it has
been demonstrated for the case of an organic solar cell with a sinusoidal interface [64].

By writing the variables in vector form Φ, N and P, as in Chapter 4, we may write
the problem as a system of three vector equations with nonlinear matrix coefficients,
i.e.

AφΦ
[q+1] = cφ(N[q],P[q]) + bφ, (5.19)

An(Φ[q+1],N[q],P[q])N[q+1] = bn, (5.20)

Ap(Φ
[q+1],N[q+1],P[q])P[q+1] = bp. (5.21)

Here, cφ, bφ, bn and bp are vectors with constant entries used to impose the boundary
conditions as they appear on the right hand side of the problem in (5.6)-(5.8). Aφ,
An and Ap are matrices of coefficients describing the operators acting on φ, n and
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p, respectively, as given by the left hand side of the equations in (5.6)-(5.8). An and
Ap depend on the values of Φ, N and P . The vector cφ describes the right hand
side of (5.6). This nonlinear algebraic system was solved iteratively, as suggested by
the iteration index q, using a simple Jacobi method. We stop the iteration when the
following three conditions are satisfied

‖Φ[q+1] −Φ[q]‖ < tol, ‖N[q+1] −N[q]‖ < tol, ‖P[q+1] −P[q]‖ < tol, (5.22)

for a particular value of tol. A detailed description of the scheme is given in Appendix
III.

5.2.2 Analytic approach

We consider a long and thin stem so that εω � 1 and reduce to an easier example
for which we can find an analytical solution according to the simplifications stated
earlier. We solve the problem separately in three main regions, as shown in Figure
(5.3):
I : the compact EA region, in 0 ≤ z < a, where we seek a solution for φ and n only,
II : the compact ED region, in b < z ≤ 1, where we seek a solution for φ and p only,
and
III : the mixed layer, in a ≤ z ≤ b, where we seek a solution for φ, n and p.
Having obtained general solutions for each region we join them together using conti-
nuity or jump conditions. We note that a similar analysis to this is done in Richardson
et al [64] for an organic solar cell. We use asymptotic expansions to approximate the
solution in the limit of εω → 0 and find the behaviour of the leading-order terms.
Under the simplifications stated earlier, the leading-order problem in essentially the
same as solving for a cell with no dye (Sd(z, x) = 0) and hence represents quasi-
equilibrium, where we find that Fn = Fp = 0.

We define the electrostatic potential in each regions I, II and III as φ(I), φ(II)

and φ(III), respectively. We use the same superscript notation for n and p for each
region. We assume the following asymptotic expansions for each dependent variable
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Figure 5.3: The various regions in the (dimensionless) domain.

in each of the regions I, II, and III:

φI,II,III ∼ φI,II,III0 + εωφ
I,II,III
1 +O(ε2

ω), (5.23)

nI,II,III ∼ nI,II,III0 + εωn
I,II,III
1 +O(ε2

ω), (5.24)

pI,II,III ∼ pI,II,III0 + εωp
I,II,III
1 +O(ε2

ω), (5.25)

and seek the solution for the leading order terms in each region separately. We start
with the compact regions I and II and then match at the interface with the mixed
region III.

5.2.2.1 For region II:

We first consider the ED region and, in particular, region II and seek a solution for
φ and p away from the interface z = b. We substitute (5.23)-(5.25) in the nondimen-
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sional problem (5.6)-(5.16) to obtain

ε2
ωφ

(II)
0zz +

(
φ

(II)
0xx + εωφ

(II)
1xx + ε2

ωφ
(II)
2xx

)
= −ε2

ω

Λ

ε̂p
p

(II)
0 + ... (5.26)

ε2
ω(p

(II)
0 φ0z + p

(II)
0z )z +

[(
p

(II)
0 + εωp

(II)
1 + ε2

ωp
(II)
2

)(
φ

(II)
0x + εωφ

(II)
1x + ε2

ωφ
(II)
2x

)
+(p

(II)
0x + εωp

(II)
1x + ε2

ωp
(II)
2x )

]
x

+ ... = 0. (5.27)

The corresponding boundary conditions2 are

p
(II)
0 (1, x) = P̂+, p

(II)
1,2 (1, x) = 0, (5.28)

φ
(II)
0 (1, x) = V̂ , φ

(II)
1,2 (1, x) = 0, (5.29)

φ
(II)
0,1,2(z, 0) = φ

(II)
0,1,2(z, 1), φ

(II)
0,1,2x(z, 0) = φ

(II)
0,1,2x(z, 1), (5.30)

p
(II)
0,1,2(z, 0) = p

(II)
0,1,2(z, 1), p

(II)
0,1,2x = p

(II)
0,1,2x(z, 1). (5.31)

Along the II-III interface, on c ≤ x ≤ d, we have the following conditions

φ
(I)
0 (b, x) + εωφ

(I)
1 (b, x) = φ

(II)
0 (b, x) + εωφ

(II)
1 (b, x), (5.32)

φ
(I)
0z (b, x) + εωφ

(I)
1z (b, x) = φ

(II)
0z (b, x) + εωφ

(II)
1z (b, x), (5.33)

(p0 + εωp1+) (φ0z + εωφ1z) + (p0z + εωp1z) |z=b = −εωδ0(n0p0 − 1))|z=b + ... . (5.34)

On 0 ≤ x ≤ c and d ≤ x ≤ 1, the solutions must be continuous, i.e.

φ
(II)
0 (b, x) + εωφ

(II)
1 (b, x) = φ

(III)
0 (b, x) + εωφ

(III)
1 (b, x), (5.35)

φ
(II)
0z (b, x) + εωφ

(II)
1z (b, x) = φ

(III)
0z (b, x) + εωφ

(III)
1z (b, x), (5.36)

p
(II)
0 (b, x) + εωp

(II)
1 (b, x) = p

(III)
0 (b, x) + εωp

(III)
1 (b, x). (5.37)

We then seek a solution to the leading-order problem. As in Section 4.4, φ(II)
0 =

φ
(II)
0 (z) and p

(II)
0 = p

(II)
0 (z), and we use the O(ε2

ω) problem to find the following
system of ordinary differential equations for φ(II)

0 and p(II)
0(

p
(II)
0 φ

(II)
0z + p

(II)
0z

)
z

= 0, (5.38)

Λ

ε̂p
p

(II)
0 + φ

(II)
0zz = 0. (5.39)

2We note that φII0,1,2(z, 0) = φII0,1,2(z, 1) means φII0 (z, 0) = φII0 (z, 1), φII1 (z, 0) = φII1 (z, 1) and
φII2 (z, 0) = φII2 (z, 1). The same applies to any such subscript notation.
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The variables must satisfy the boundary conditions

φ
(II)
0 (1) = V̂ , p

(II)
0 (1) = P̂+ (5.40)

and the x-boundary conditions given by (5.11)-(5.13).

By integrating (5.38) and applying the leading-order version of (5.34), we find that

p
(II)
0 φ

(II)
0z + p

(II)
0z = 0, (5.41)

which we can integrate and use (5.40) to find that

p
(II)
0 = P̂+ exp

(
V̂ − φ(II)

0

)
. (5.42)

We may then write a single equation for φ(II)
0 as follows

φ
(II)
0zz +

(
φ

(II)
0z

)2

2
= 2â0 (5.43)

where â0 is a constant. The solution can then be written, depending on the sign of
â0, in either of the following forms:

(i) if â0 > 0 : φ
(II)
0 = V̂ + 2 log

(
sinh(a0z + b0)

sinh(a0 + b0)

)
, a0 =

√
â0, (5.44)

with 2a2
0 =

ΛP̂+

ε̂p
sinh2(a0 + b0)

(ii) if â0 < 0 : φ
(II)
0 = V̂ + 2 log

(
sin(a0z + b0)

sin(a0 + b0)

)
, a0 =

√
−â0, (5.45)

with 2a2
0 =

ΛP̂+

ε̂p
sin2(a0 + b0),

(iii) if â0 = 0 : φ
(II)
0 = 2 log

(
b0(z − 1) + e

V̂
2

)
, (5.46)

with 2b2
0 =

eV̂ ΛP̂+

ε̂p
,

having imposed the boundary conditions (5.40).
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5.2.3 For region I:

Similarly to region II, it is found that the solution for region I , away from the
interface z = a, can be written in either of the two following forms, depending on the
sign of the arbitrary constant α̂0:

(i) if α̂0 < 0 : φ
(I)
0 = 2 log

(
sinh(α0z + β0)

sinh(α0)

)
, α0 =

√
−α̂0, (5.47)

with 2α2
0 = ΛN̂− sinh2(α0 + β0)

(ii) if α̂0 > 0 : φ
(I)
0 = 2 log

(
sin(α0z + β0)

sin(α0)

)
, α0 =

√
α̂0, (5.48)

with 2α2
0 = ΛN̂− sin2(α0 + β0),

(iii) if α̂0 = 0 : φ
(I)
0 = 2 log (β0(z + 1)) , (5.49)

with 2β2 = ΛN̂−.

5.2.4 For region III:

Again, we substitute the asymptotic expansions (5.23)-(5.25) in the problem (5.6)-
(5.16) for the mixed layer. As before, the leading-order problems away from the
interface give that

φ
(III)
0 = φ

(III)
0 (z, x), (5.50)

n
(III)
0 = n

(III)
0 (z, x), (5.51)

p
(III)
0 = p

(III)
0 (z, x), (5.52)

and we proceed to the O(ε2
ω) problem to find that

φ
(III)
2xx =

{
Λn

(III)
0 − φ(III)

0zz in c < x < d

− Λ
εp
p

(III)
0 − φ(III)

0zz in 0 < x < c and d < x < 1.
(5.53)
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The boundary conditions are

φ
(I)
0 (a, x) = φ

(III)
0 (a, x), φ

(I)
0z (a, x) = φ

(III)
0z (a, x), n

(I)
0 (a, x) = n

(III)
0 (a, x), (5.54)

φ
(II)
0 (b, x) = φ

(III)
0 (b, x), φ

(II)
0z (b, x) = φ

(III)
0z (b, x), p

(II)
0 (b, x) = p

(III)
0 (b, x), (5.55)

φ
(III)
0 (z, 0) = φ

(III)
0 (z, 1), n

(III)
0 (z, 0) = n

(III)
0 (z, 1), p

(III)
0 (z, 0) = p

(III)
0 (z, 1),

(5.56)

φ
(III)
0x (z, 0) = φ

(III)
0x (z, 1), n

(III)
0x (z, 0) = n

(III)
0x (z, 1), p

(III)
0x (z, 0) = p

(III)
0x (z, 1),

(5.57)[
φ

(III)
0

]
x=c,d

= 0, (5.58)[
εi∇ωφ0 · n̂

]
x=c,d

= 0. (5.59)

Further, along the interfaces

• x = c, a ≤ z ≤ b

• x = d, a ≤ z ≤ b

• z = a, 0 ≤ x ≤ c and d ≤ x ≤ 1

• z = b, c ≤ x ≤ d

the solution must satisfy[
Fn · n̂

]
= −

[
Fp · n̂

]
= −δ (1− Sd(z, x))(n(z, x)p(z, x)− 1) . (5.60)

Then, we integrate (5.53) over 0 ≤ x ≤ 1 to get∫ 1

0

(
εpφ

(III)
2x

)
x
dx = 0

⇒
∫ c

0

ε̂p

(
−Λ

ε̂p
p(III) − φ(III)

0zz

)
dx+

∫ d

c

(
Λn(III) − φ(III)

0zz

)
dx+

∫ 1

0

ε̂p

(
−Λ

ε̂p
p(III) − φ(III)

0zz

)
dx = 0.

By imposing the periodic boundary conditions (5.56)-(5.57) to get

(1 + εp)φ
(III)
0zz = Λn

(III)
0 − Λp

(III)
0 . (5.61)
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For p we have

p
(III)
0 φ

(III)
2xx + p

(III)
2xx = −

(
p

(III)
0z φ

(III)
0z + p

(III)
0 φ

(III)
0zz + p

(III)
0zz

)
(5.62)

which, similarly, gives3

(p
(III)
0 φ

(III)
0z + p

(III)
0z )z = 0. (5.65)

Then, by the interface condition [p
(III)
0 φ

(III)
0z + p

(III)
0z ]|z=b = 0 we obtain that

p
(III)
0 = P+ exp(V̂ − φ(III)

0 ), (5.66)

where we have imposed the matching condition (5.55). Similarly for n(III)
0 we obtain

that

n
(III)
0 = N− exp(φ

(III)
0 ), (5.67)

by the matching condition (5.54). Then, by substituting (5.66) and (5.67) in (5.61)
we get

φ
(III)
0zz =

Λ

(1 + ε̂p)

(
N− exp (φ

(III)
0 )− P+ exp (V̂ − φ(III)

0 )
)
. (5.68)

Although the solution to the above can be written in terms of Jacobi amplitude
functions, we will not analyse this analytically further due to its complexity. Going
forward (5.68) is computed numerically.

In what follows, we solve (5.68) numerically together with the solutions for regions I
and II by imposing the matching conditions, for the special case ε̂p = 1, at the inter-
faces z = a and z = b, namely (5.54)a,b and (5.55)a,b. Since the analysis in the mixed
layer is completed numerically we can not specify beforehand when the solution takes
the form of (i), (ii) or (iii) as defined in (5.44)-(5.46) and (5.47)-(5.49). It is worth

3We integrate (5.62) for x over [0, 1] to get∫ 1

0

(p0φ2xx + p2xx)dx =

∫ c

0

(p0φ2xx + p2xx)dx+

∫ 1

d

(p0φ2xx + p2xx)dx (5.63)

=[(p0φ2x + p2x)dx]|x=c − [(p0φ2x + p2x)dx]|x=0 + [(p0φ2x + p2x)dx]|x=1

− [(p0φ2x + p2x)dx]|x=d = 0 (5.64)

and impose the interface condition [p0φ2x + p2x]x=c,d = 0 and the periodic boundary conditions on
the x-boundaries to obtain the result.
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noting that in the special case of shrinking the mixed layer to a planar interface (i.e.
setting a = b) we can show that form (i), as defined in (5.47) and (5.44), is appropri-

ate when Λ > 8
(

exp(− V̂
4
− 1)

)2

. Form (ii), as defined in (5.48) and (5.45), is found

to be appropriate when Λ < 8
(

exp(− V̂
4
− 1)

)2

and, finally, form (iii), as defined in

(5.49) and (5.46), is more appropriate when Λ = 8
(

exp(− V̂
4
− 1)

)2

. The system of
equations is well determined, i.e has the same number of variables as equations and
the appropriate number of boundary conditions, and is solved simultaneously for all
regions in order to find values of the various arbitrary constants. In the following
discussion we present a comparison between the full numerical solutions and analytic
results with numerically computed constants.

5.2.5 Results and interpretation

In this section we compare the distribution of φ and n as well as the current density-
voltage relation, produced by the full numerical results with the analytical results in
the case when εω � 1 and δ = O(εω).

The leading-order analytic solution for φ0(z), is given by (5.47)-(??) in region I,
(5.44)-(5.46) in region II and (??). We compare this with the numerical solution
averaged over x, denoted by Φa(z), in Figure 5.4(a). In addition, we plot the error
between the two solutions, defined as

errorφ = |φ0(z)− Φa(z)|, (5.69)

which is approximately of O(εω), in Figure 5.4(b). There is excellent agreement
between the numerical and analytic solutions, thus suggesting that our approximation
is valid. We do not present current density-voltage curves in our comparison with
the analytic solution as in the leading-order approximation Fn = Fp = 0 (recall that
essentially δ = 0 in the leading-order problem).
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Figure 5.4: (a) The profile of Φa and of φ0 and (b) the errorφ averaged over x. [Parameters:
δ = 0, V̂ = 1, Λ = 1, N̂− = 1, P̂+ = 1, ε̂p = 1, Sd(z, x) = 0, a, c = 1

4 , b, d = 3
4 , ε = 0.1]

We further note that when δ = O(1), we can still obtain an analytic solution, where
the solution in the outer regions (I and II) take the form of Airy functions as in
Section 4.1, and the derivation is similar to the exact solution of the one-dimensional
problem found in Chapter 4. The algebra becomes more complicated in the mixed
layer (III), so we have chosen not to include this here. Instead, we present results
obtained numerically in what follows.

In Figure 5.5 we show the distribution profile for the dependent variables at a constant
voltage as we decrease the aspect ratio εω from 1 to 0.01. The numerical solution
verifies that the dependent variables become independent of x as εω → 0.

The current density, F , is calculated numerically using the expression in (5.16).
This is plotted against the applied voltage, V , for the aforementioned values of εω
in Figure 5.6. In Figure 5.6(a) we have let a = b, so that the interface is planar,
and in Figure 5.6(b) we let a, c = ω

4
and b, d = 3ω

4
. In both cases, it is shown

that the slope of the curve decreases as εω decreases. This agrees with the physical
expectation that, as we increase the surface area between EA and ED, we increase
the recombination, thus reducing the available charge carriers and, hence, the current.

We have, so far, considered only idealised cases of the cell with a structured non-
planar interface where there is no dye coating on the interface. In addition, we have
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Figure 5.5: The profiles of Φ, N and P for (a) εω = 1, (b) εω = 0.1 and (c) εω = 0.01.
[Parameters: δ = 0.01, V = 2, Λ = 1, N̂− = 1, P̂+ = 1, ε̂p = 1, Ĝ = 0, Sd(z, x) = 0,
a, c = 1

4 , b, d = 3
4 ]

not examined the effect of varying most of the parameters of the problem, such as the
Debye length, the ratio of ED-to-EA dielectric constants, and the recombination rate
coefficient. The effect of varying the latter has been extensively studied in Chapter
4, so we do not examine this further here to avoid repetition. In the following Sec-
tion, we use our numerical scheme to explore the effect of the Debye length and the
dielectric constant on the current density-voltage curves.
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Figure 5.6: The current density-voltage curves as simulated numerically for decreasing value
of the aspect ratio εω = 1, 0.1, 0.01 for (a) a planar interface a = b and (b) for a non-planar
interface with a, c = 0.25 and b, d = 0.75. The colouring indicates the size of the variables,
with warner (e.g. red) colours indicating the higher value of the variables. [Parameters:
δ = 10−2, Λ = 1, N̂− = 1, P̂+ = 1, ε̂p = 1, Ĝ = 0, Sd(z, x) = 0]

5.2.5.1 Effect of varying the electric field screening length

We, first, explore the influence of varying the screening length of the electric field, by
varying either the Debye length (via Λ) or the ratio of the dielectric constants (via
ε̂p). By increasing Λ, we are essentially decreasing the length over which the electric
field can push/pull on the charges. A similar effect is observed when we increase ε̂p
in the ED region. This results in a higher electric field near the interface, as shown
in Figure 5.7, so that charge carriers are concentrated near the interface. Further, we
show the current density-voltage curves in Figure 5.8. We see that, by increasing Λ

or decreasing ε̂p, we may decrease the power consumption4 and, hence, increase the
efficiency of the cell.

4Recall that the power output can be found by multiplying the current with the voltage.
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Figure 5.7: The contour and distribution plots of Φ, N and P for (a) Λ = 10 and ε̂p = 1
and (b) ε̂p = 0.1 and Λ = 1. [Parameters: εω = 0.01, δ = 0.01, V̂ = 1, N̂− = 1, P̂+ = 1,
Sd(z, x) = 0, a, c = 0.25, b, d = 0.75]

5.2.6 Summary

In this Chapter, we have examined the case where the cell has a periodic, structured,
mixed layer with long and thin nanostems of EA material penetrating the ED region.
We considered the problem in only one of the repeated blocks. The nondimensional-
isation of the two dimensional model gave rise to the ratio, εω, which was the width
of the nanostem to the length of the device and we considered the case where this
ratio was small. Having made further assumptions about the symmetry of the device,
we have been able to find a solution that has insignificant x variation (at leading
order in εω) and could be approximated analytically using asymptotic expansions.
We assumed that the recombination rate was small and the cell was in the dark. For
further analysis of this problem, we have developed a numerical scheme that solves
the problem in the one stem and the surrounding region. The complexity of the in-
terface is overcome by using the finite volume method, which allows the variables to
be discontinuous at certain points.
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Figure 5.8: The current density-voltage curves (a) for Λ = 1, 10 and ε̂p = 1, (b) for
ε̂p = 1, 0.1 and Λ = 1. [Parameters: εω = 0.01, δ = 0.01, Λ = 1, N̂− = 1, P̂+ = 1,
Sd(z, x) = 0, a, c = 0.25,b, d = 0.75]

The results of the asymptotic analysis have been shown to have good agreement
with the corresponding numerical results. Further, we have presented a discussion
on the effect of varying the Debye length and dielectric constants. The examples
have been interpreted physically in order to understand the mechanisms that are in-
volved. In varying Λ we changed the solution symmetrically in both the acceptor
and donor regions, whereas increasing ε̂p increased the hole concentration near the
interface, whilst decreases relatively that of electrons. We have shown that, when Λ

is increased or ε̂p is decreased, the recombination at the interface increases, resulting
in lower power consumption for a cell in the dark.
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Part II

The solar cell
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6
Physical background and model

In this Part of the thesis we examine the effect of illumination on the solar cell. We
derive a model that describes the absorption of photons by electrons in the device,
converting solar energy to electrical energy. We start by exploring the underlying
mechanisms, before stating the mathematical problem. We analyse the model both
in the bilayer and the nanostructured cell.

In this Chapter we present the theoretical background that is required to under-
stand the absorption of photons by the device leading on to the derivation of the
model. The drivers for absorption are the interfacial kinetics between the various
materials comprising the solar cell and their optical properties.
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6.1 Physical background

6.1.1 Interfacial Kinetics

As mentioned in earlier Chapters, electrochemical reactions drive the generation of
free charge carriers at the interface between the dye and the outer regions. These
carriers are a result of photon absorption by the dye and reactions at the dye layer.

The main function of the dye in an ssDSSC is to generate excitons and dissociate
these into free charges at the dye interface. Thus, the dye must be chosen under two
constraints: (i) its energy band structure must agree well with those of the EA and
the ED, i.e. allow for the favourable charge carrier transfer from the dye into the EA
and ED as explained in Parti I, and (ii) it must absorb as large a range of the light
spectrum as possible. Different ruthenium (Ru)-based complexes have been examined
for the role of the dye sensitiser, and a comparison between their absorbances can be
found in Sahin et al [65] and Fredin et al [66]. For example, we give the absorbance
(per wavelength) of two commonly used dye complexes, called CS9 and Z907, in Fig-
ure 6.1. Sahin et all [65] have measured that the maximum absorption for these two
dyes is achieved within photons in the visible light spectrum of 400 − 800 nm, and
that there are two peaks at approximately 370 nm and 520 nm.

solutions of 5 · 10!4 M CS9 and Z907 in DMF and aceto-
nitrile: tert-butanol (1:1) mixture for overnight. Then the
electrode was kept to dry at 70 !C for 10 min.

Platinized FTO glasses were used as counter electrode.
Platinization of counter electrodes were done by coating
the FTO glasses with 1% solution of hydrogen hexachloro-
platinate in 2-propanol and annealing at 400 !C for 30 min.
nc-DSC was formed in sandwich geometry. A thermoplas-
tic polymer, Surlyn-1702, which has 50 lm thickness was
used as spacer and sealing material. Electrolyte was filled
to the space formed between two electrodes under vacuum
using a small hole pre-drilled on counter electrode. Then
hole was closed by using surlyn and cover glass. The com-
position of electrolyte was 0.6M N-methyl-N-butyl imi-
dazolium iodide (BMII) + 0.1 M LiI + 0.05 M I2 + 0.5 M
4-tert-butyl pyridine (TBP) in acetonitrile. Active areas of
the cells were defined as 0.292 cm2.

3. Results and discussion

3.1. Spectral and electrochemical analysis

3.1.1. Absorption and emission studies
The absorption spectra of CS9 and Z907 are shown in

Fig. 2, and maximum absorption wavelengths and corre-
sponding absorption coefficients are summarized in Table
1. The absorption spectrum of the fully protonated com-
plexes were measured in DMF. The spectrum of CS9
shows two metal-to-ligand charge transfer (MLCT) bands

which are well-resolved at 518 and 366 nm [17,20], with a
molar extinction coefficient of 7 · 103 and 1.03 · 104

M!1 cm!1, respectively. The band at 295 nm is assigned
to the intra ligand p–p* transition of H2dcbpy. When com-
pared with Z907, the MLCT bands of CS9 are blue shifted
approximately 4–5 nm.

3.1.2. IR spectra
The IR spectrum of CS9 exhibits a peak at 2102 cm!1

which is characteristic for the cis-configuration of the thio-
cyanate group and is confirmed by the presence of vibra-
tional band at 760 cm!1 (Fig. 1). The spectra shows
strong band at 1716 cm!1 due to carboxylic acid groups.
The intense peak at 1234 cm!1 is assigned to the t(C–O)
stretch. The characteristic vibrational transitions of the
alkyl chains are observed at 2856, 2931 cm!1 [17,21].

3.1.3. Electrochemistry
The electrochemical studies were performed in a cell con-

taining Ag/AgCl reference electrode, glassy carbon working
electrode, Pt wire counter electrode and 0.1 M TBAPF6 in
DMF. The redox potentials were summarized in Table 1.
CS9 shows one quasi-reversible oxidation peak and two
reversible reduction peaks at +0.89, !1.48 and !1.85 V,
respectively. Several consecutive voltammograms were per-
formed and no significant change in peak currents was
observed. In addition stepwise cyclic voltammograms (not
shown here) were measured to check the redox process.
Stepwise cyclic voltammograms shows that each redox pro-
cess is separated from each other. Peak separation for oxi-
dation of CS9 is approximately 80 mV and for the first
and second reductions of CS9 this value is 60 mV and
70 mV, respectively. It shows that one electron process
occurs for both oxidation and reduction reactions. Oxida-
tion and reduction peaks are assigned to Ru(II) couple
and 4,4 0-dicarboxy-2,2 0-bipyridine and 4,4 0-bis(dihexylm-
ethyl)-2,2 0-bipyridine ligand, respectively [14,22]. Fig. 3
shows cyclic voltammograms of CS9 and Z907, five consec-
utive voltammograms of CS9 and differential of CS9 vol-
tammogram measured in DMF solutions.

The LUMO and HOMO energy levels are appropriate
for efficient electron transfer to conduction band of anatase
TiO2 and regeneration of the dye by iodide/triiodide cou-
ple. These properties give us chance to use CS9 as efficient
sensitizer in DSCs.

3.2. nc-DSC performance

The efficiency of the photoelectrochemical conversion of
absorbed photons was judged by measuring the IPCE%
values and by the use of following equation:

IPCE% ¼ ½1240 ðeV nmÞ & I ðmA=cm2Þ' & 100=½k

& P inc ðmW=cm2Þ'

where Pinc is the incident light power, which was measured
by Nova II versatile laser power energy display at the spe-
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Fig. 2. UV–Vis absorption and emission spectra of 5 · 10!5 M CS9
solution and absorption spectrum of synthesized Z907 in DMF.

Table 1
Absorption and electrochemical data of the complexes in DMF

Complex kabsmax ðnmÞ ðe=104 M!1 cm!1Þ Ered1

(V)
Ered2

(V)
Eox

(V)p ! p* dp ! p*

CS9 296 (4.17) 366 (1.03) 518 (0.70) !1.48 !1.85 0.89
Z907 297 (4.82) 371 (1.28) 522 (1.30) !1.60 !1.92 0.78

674 C. Sahin et al. / Inorganica Chimica Acta 361 (2008) 671–676

Figure 6.1: The absorption spectra of the dyes CS9 and Z907. Graph taken from Sahin et
al [65].

It is also important that the dye covers as much of the surface of the EA as possible,
in order to minimise direct recombination between electrons in the EA and holes in
the ED. In practice, the coverage depends on the fluid mechanics of the production
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process along with the chemistry of the dye adsorption; modelling these processes was
the scope of this thesis.

In Figure 6.2 we show a schematic representation of the interfacial kinetics between
the dye and the outer regions, i.e. the EA and ED regions. Excitons that are gener-
ated by photon absorption in the dye have a large binding energy (� kBT ) that does
not allow for dissociation into free charges by the photon (or phonon) energy alone.
The generation of excitons occurs on the femtosecond timescale. An exciton then
dissociates at the dye/EA interface where the electron is injected into the EA; this
occurs on a femto- to picosecond timescale, leaving a positively charged ion (cation)
in the dye. A neutral dye molecule is regenerated at the dye/ED interface where an
electron is donated from the ED to a positively charged ion and this occurs on the
pico- to nanosecond timescale. The timescales of these processes have been measured
experimentally as described in [26], [27] and [29]. These are the favourable processes
for the generation of free charges. The faster these processes occur, the larger the
output current will be.

��
�

����

�����

�����

����������	
���
��

�
�����	�����

�������	�����

������	�����

�	
����

	
���
�
��

����������	
���
�� �	

����

Figure 6.2: Schematic representation of the interfacial kinetics between the (energy levels
of the) EA and the ED in the presence of dye as discussed in [26], [27] and [29]. Note that
the timescales of each process are shown, where fs=femtoseconds (10−15 s), ps=picoseconds
(10−12 s), ns=nanoseconds (10−9 s), µs= microseconds (10−6 s), ms=milliseconds (10−3 s).
[27]

In addition to the direct recombination of free charge carriers between the outer
regions (electrons from the EA and holes from the ED), as discussed in the previous
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part of the thesis, there is another important charge-loss mechanism in this system.
This mechanism involves recombination within the dye. An exciton generated in the
dye has a lifetime expectancy of approximately a few microseconds before annihilating
(i.e. the electron and hole comprising the exciton recombine), if it doesn’t reach the
dye/EA contact. Apart from the electron and hole injection into the outer regions,
it is also important for the dye to have the appropriate optical properties that help
absorb the photons.

6.1.2 Physical properties of materials

In this section we explain how electron-hole pairs, known as excitons, are formed, and
present the theoretical background for the photon absorption by materials.

A beam of light in a homogeneous medium follows a straight line when there are
no obstacles, i.e. propagates, or is forced to change its path, i.e. scatters, when in
contact with obstacles. When a photon, the energy wave, reaches the surface of an-
other medium, part of the energy continues to propagate in the second medium with
a different speed and direction, which is known as refraction, while another part is
reflected back into the first medium. Materials may also absorb the photon according
to their optical properties. A photon that propagates in a medium is characterised
by the refractive index, which is a dimensionless parameters of the ratio of the speed
the photon reaches in the medium to the speed in vacuum.

An important concept that describes the optical response of a material is its energy
band gap. The material’s vibration, described by the concept of phonon, could pro-
vide the energy necessary for electrons to overcome the energy band gap. A phonon
is accepted as a wave packet of energy that leads to quantum mechanical oscillation
of a compact lattice. A phonon carries (thermal) energy, Eph, given by

Eph = kBT (6.1)

and is vibrating. The interaction of phonons with photons may cause scattering
of particles within a material, especially at higher temperatures. Given that kB =

8.62×10−5 eV K−1, Eph is approximately 0.025 eV at room temperature (T = 300 K).
Even though there is no strict separation line between conductors and semiconduc-
tors, it is common to consider materials as semiconductors whenever their band gap

114



exceeds the order of O(Eph). Similarly, it is difficult to distinguish between semi-
conductors and insulators, but commonly insulators have band gaps of the order
� O(Eph).

A metal can conduct electricity easily since its band gap is less than Eph, so that
energy absorption from phonons alone can cause conduction. For semiconductors,
electrons are bound from the atom at the lower energy states lying in the valence
band with (possibly) only few electrons in the low levels of the conduction band [67].
Electrons must be free in order to conduct, thus electrons must be promoted by en-
ergy absorption to the conduction band, which must be at least the size of the energy
band gap. For insulators, virtually no electrons are found in the conduction band
and a (larger) amount of energy is required to promote them from the valence to the
conduction band.

For a material with a small band gap, such as silicon, a photon may be absorbed
to excite a neutral atom and produce a free electron and a hole. Formally, en-
ergy absorption creates an electron-hole pair separated both spatially and energeti-
cally, called an exciton. For semiconductors with small band gaps (usually between
1 − 3 eV ), electron-hole pairs are bound with some binding energy EXb

. These are
called Wannier-Mott excitons and the distance between the charges is of the order
of several atoms. The typical binding energy is around 0.01 eV (< Eph) as given
in Fox [7]. Since this is less than the thermal energy, these excitons are not stable
and hence we consider them to move freely within the material. For larger band gap
materials, i.e. wide band gap semiconductors (including organic semiconductors) and
insulators1, the electron-hole pair is tightly bound typically with EXb

∼ 0.1 − 1 eV

and with distance between the electron and the hole to be of the order of an atom-
/molecule. These are known as Frenkel excitons and move by hopping from one
atom/molecule to the next one.

The energy of an exciton, EX , is given by

EX = Eg − EXb
, (6.2)

where Eg is the band gap size of the material. The tightly bound exciton requires
additional energy in order for the electron and hole to dissociate. This is usually

1Usually insulators have band gap energy larger than 4 eV as explained in Sze [67].
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provided by the electrochemical differences between the material and the adjacent
environment as explained in Chapter 2.

The energy required to excite the electron can be obtained by photon absorption.
In fact, if the energy of the photon, Eφ, is greater than EX , excitons will form. Solar
photons usually have wavelengths larger than 300 nm or, equivalently, energy up to
4 eV . It is important that the band gap of the absorbing material in the solar cell
allows for maximum absorption of the visible light spectrum (see Figure 6.3).
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Figure 6.3: Spectral irradiance.

The rate with which photons are absorbed by a material is described by the Beer-
Lambert Law, which will be discussed in the next Section. The rate of absorption is
associated with the rate of free electron generation in a ssDSSC.

6.2 The model

Here, we establish a mathematical model for the light absorption mechanism in an
ssDSSC and use this to derive the generation rate of free electrons in the cell. First,
we revisit the main physical properties of the materials involved and explain why
the model does not have symmetry features, in contrast with the model for current
transport in Chapter 4.

In Part I, we set the generation rate in the problem to zero. In Part II, we write
down a model for the electromagnetic field in an absorbing medium. The behaviour
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of solutions of this model are examined primarily numerically in order to allow for
the inclusion of the non-trivial geometry of the device.

The composition of the cell was set out in Chapter 2. However, for the analysis
of the propagation of light within any system we need to know also the optical prop-
erties of the material. In particular, the refractive index, κ, is essential in measuring
the refraction and absorption in a medium. If κ is real, the medium is not absorb-
ing, and only allows for refraction at its surfaces for any light entering. However, if
κ = κR + iκI , then any electric field, Ẽ generated in a medium by the absorption of
photons, and under no other force applied, is given by

Ẽ ∼ exp

(
−2πνκI

c
x

)
, (6.3)

where ν [s−1] is the frequency of the incident light wave and c [ms−1] is the speed of
light in vacuum, as derived in Fox [7]. The light intensity2, I Wm−2, is proportional to
the square of the electric field. The generation rate expresses the amount of photons
absorbed by the material, and is therefore measured as the negative rate of change
in light intensity in the field, a relation known as the Beer-Lambert law. For the one
dimensional case, the Beer-Lambert law is given by

G = −dI
dl
∼ − exp

(
−4πνκI

c
l

)
= − exp (−αdyel) , (6.4)

where l is the distance travelled within the material and αdye is called the absorption
coefficient [cm−1]. The generation rate, i.e. the absorption, depends on the thickness
and the absorption coefficient of a material.

TiO2 and the dye agent are light absorbing semiconducting media, whereas light
absorption in the spiro-OMeTAD is negligible. The estimated refractive index of the
electron acceptor and donor and the dye are given in Table 6.1. The refractive index
varies with the wavelength of light, thus we choose to present our analysis using only
the information obtained with a wavelength of 521 nm, as this is the peak absorbance
for the Ruthenium-based dye Z907 suggested in Wegner [68].

2Light intensity is measured in Watts per m2.
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Table 6.1: The physical constants for light of wavelength 521 nm (green light)
Material Refractive Index Extinction Coefficient Source
TiO2 2.85 0 Tang et al [69]

spiro−OMeTAD 1.75 0 Chen et al [70]
Z907 1.9 1.84× 10−2 Wegner et al [68]

We assume that the solar cell is comprised of a piecewise-homogeneous medium of
absorbing/non-absorbing materials. We derive our mathematical model based on
Maxwell’s equations in three dimensions and then we reduce to one and two dimen-
sions as necessary for our analysis. A schematic of the device we will consider is
shown in Figure 6.4.

Figure 6.4: A schematic representation of the cell in three dimensions, for an interface
described by z = f(x, y).

6.2.1 The governing equations

We consider the cell to have volume, Υ and surface area ∂Υ. The electromagnetic
field of light in the material, is described by the electric and magnetic field intensities,
E and H, respectively, through Maxwell’s equations [71] as follows:

∇×H− ∂D

∂t
= σ(x)E, (6.5)

∇× E +
∂B

∂t
= 0, (6.6)

∇ ·D =
ρ(x, t)

ε0
, (6.7)

∇ ·B = 0, (6.8)

where, σ(x) is the conductivity [AV −1] and ρ(x, t) is the volume electric charge den-
sity [Cm−3].
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The electric displacement, D [V m−1], and the magnetic induction, B [Am−1], are
related to the electric and magnetic field intensities via the constitutive relations

D = ε(x)E, and (6.9)

B = µ(x)H, (6.10)

respectively, where ε(x) is the permittivity [CV −1m−1] and µ(x) is the permeabil-
ity [V sA−1m−1]. The permittivity, permeability and conductivity are assumed to be
piecewise constant functions, i.e. constant in each material of the ssDSSC.

By assuming that the permittivity and conductivity, we take the divergence of (6.5)
and use (6.7) to write the charge conservation equation

∂ρ(x, t)

∂t
+
ρ(x, t)

εi
= 0, (6.11)

for each homogeneous layer i. This solves into

ρ(x, t) = ρ0(x) exp

(
− t
εi
t

)
, (6.12)

where ρ0(x) describes the initial volume charge distribution. We assume ρ = 0, as
there is negligible amount of charges in semiconductors [72, 73, 74, 75], and ∇·D = 0.

The system (6.5)-(6.8) may be reduced to the Helmholtz equation by undertaking
a series of manipulations. First, we take the time derivative of (6.5) and use (6.9) to
obtain

∇× ∂H

∂t
− εiµi

∂2E

∂t2
= µi

∂E

∂t
(6.13)

We then use (6.10) to substitute for H in (6.6) to convert B into E, to get

∇× (∇× E) + µi
∂E

∂t
+ µiεi

∂2E

∂t2
= 0. (6.14)
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By using the identity∇×(∇× E) = ∇ (∇ · E)−∇2E and according to our assumption
that ρ = 0, we take ∇ ·D = 0, so that we get

−∇2E + µiεi
∂2E

∂t2
= −µi

∂E

∂t
, (6.15)

for each homogeneous layer i of a piecewise homogeneous medium.

Now, for a monochromatic light with frequency ν, we assume a time-harmonic solu-
tion of the form

E(x, t) = Ê(x) exp(−iνt), (6.16)

where Ê is a time-independent coefficient. Using this ansantz leads to the Helmholtz
equation

∇2Ê + k2
i Ê = 0, (6.17)

where k2
i = ν2

c2
κ2
i = ν2µi

c2
(εi + iνσ) is the square of the wavenumber associated with

the material throughout which the light passes. This is proportional to the square of
the complex refractive index.

A similar Helmholtz equation to (6.17) holds for the magnetic vector, Ĥ. From
equation (6.6) it is implied that there the relation

Ĥ = − i

µiν
∇× Ê (6.18)

holds. We, thus, restrict to solving only for the electric field. In the following section
we present the boundary and initial conditions which complete the problem.

6.2.2 The Boundary Conditions

We complete the problem by assigning the appropriate conditions at the interfaces
and the boundaries. In this section, we start by presenting the conditions at the
interface between the materials of the device and then at the boundaries of the entire
device, which we will refer to as peripheral conditions here.
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6.2.2.1 Interface conditions

In this section, we first derive the interface conditions for the electric and magnetic
field intensities, namely E and H, which apply to the interfaces between donor/ac-
ceptor, donor/dye and acceptor/dye.

The physical parameters (permittivity and permeability) of the problem are assumed
to be constant in each material. We will briefly describe the derivation of the bound-
ary conditions and their meaning, but we refer the reader to Born and Wolf [71] for
further details.

Figure 6.5: Tangential boundary.

At the interface between two different materials, we introduce the normal to the
surface, n̂, with direction from material (1) to material (2) as shown in Figure 6.5.
We consider a small ellipse on this surface with radius r and cross-sectional area δA
and allow this to extend into a cylinder of material (1) in direction −n̂ and height δh

2

and of material (2) in direction n̂ and height δh
2
, as shown in Figure 6.5. We let this

cylinder have arbitrary volume Υ and integrate (6.7) in this space to get∫
Υ

∇ · (ε(x)E)dΥ =

∫
∂Υ

(ε(x)E) · n̂dS = 0, (6.19)

using the divergence theorem and assuming that ρ = 0 at the surface, as well. Then,
the integration in (6.19) around the surface of the cylinder gives

−ε1E1 · n̂δA+ ε2E2 · n̂δA+ 2πrδh

(
ε1E1 + ε2E2

2

)
= 0, (6.20)

where the subscript indicates the side of the surface on which we calculate. By letting
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δh→ 0, the last term vanishes, giving

[ε(x)E · n̂] = 0, (6.21)

where [.] denotes the jump across the interface. This is the tangential boundary
condition for the electric field. We can perform a similar analysis on (6.8) to find

[µ(x)H · n̂] = 0, (6.22)

which is the jump for the magnetic vector. Using (6.6), we obtain the tangential jump
of the curl of the electric field to be

[n̂ · (∇× E)] = 0. (6.23)

Next, we look at the normal boundary condition. Again, we use a transition plane,
described by an area A enclosed by the circuit with perimeter δA, as shown in Figure
6.6. We introduce the direction vector b̂ to be perpendicular to the normal n̂ and
the tangential t̂ vectors to the surface S. W

Figure 6.6: Normal boundary.

Then, by using Stokes’ theorem on (6.6) in this plane, we get∫
A

(∇× E) · b̂dS =

∮
∂A

E · dr = −1

c

∫
A

∂B

∂t
· b̂dS. (6.24)

This says that the induced electric field in a closed circuit equals the negative change
of the magnetic field in time in the volume enclosed by the closed circuit. Upon
integrating the electric field around the boundary of the area and the time derivative
of the magnetic vector throughout the area, we find

−E1 · t̂δS1 + E2 · t̂δS2 = −∂B

∂t
· b̂δSδh, (6.25)

where the terms arising from the ends parallel to n̂ cancel each other out. Using
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t̂ = b̂× n̂ as δh→ 0, we reduce (6.25) to

(E2 − E1) · t̂ = (E2 − E1) · (b̂× n̂) = 0, (6.26)

since . Using the identity A ·(B× C) = B ·(C×A), we find that across the interface

[n̂× E] = 0. (6.27)

In a similar manner, we apply Stoke’s on (6.5) and follow the same steps as above to
obtain

[n̂×H] =
4π

c
lim
δh→0

∫
A

σ(x)EdS = 0, (6.28)

which can be approximated by zero as the surface charges are assumed to be negligible.
Using (6.18), we obtain [

n̂×
(

1

µ(x)
∇× E

)]
= 0. (6.29)

The transmission conditions (6.21) and (6.23) indicate that the system (6.17) does
not decouple for the electric and magnetic field intensities. Thus we need to solve for
the coupled problem in order to find the solution for these two variables.

6.2.2.2 Peripheral conditions

In this section we determine the boundary conditions on the surface of the entire
device. We will continue with a two dimensional analysis by considering the same ge-
ometries for the cell as described in Part I, namely: (i) the bilayer cell, as schematically
presented in Figure 3.1(a), with the dye interface at z = 0, and (ii) the nanostruc-
tured cell, as shown in Figure 3.1(c), with the dye interface located at z = f(x).

The incident wave

The device is, typically, illuminated from the electron acceptor side with photons
hitting the EA with an incident angle θ1. This conventionally measures the angle
between the direction of light propagation and the normal to the surface as shown in

123



Figure 6.7. According to Snell’s law [71, 76], if θ1 is the external incident angle and
θ2 the internal incident angle after refraction at the interface of two materials, then
these are related by

<{κ1} sin (θ1) = <{κ2} sin (θ2) , (6.30)

where <{κ1} and <{κ2} are the real parts of the refractive indices for materials (1)
and (2), respectively. We restrict −π

2
< θ2 <

π
2
in order to avoid total reflection.

Thus we restrict our incident angle to

− sin−1

(
<{κ2}
<{κ1}

)
≤ θ1 ≤ sin−1

(
<{κ2}
<{κ1}

)
. (6.31)

Figure 6.7: Schematic representation of refraction between two different materials, as de-
scribed by Snell’s law.

We will assume that light propagates as a two-dimensional plane wave with direction
ŝ = (cos θ1, sin θ1)T , for some angle θ1, from air into the electron acceptor. For a
uniform, linearly polarized plane wave, i.e. with the components of the electric field
varying with the same phase and amplitude, we may assume that the incident electric
field takes the form

E = <{E0p exp {i<{κ1}ŝ · x̂− iνt}} , (6.32)
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where E0 is the wave magnitude, p̂ = (sinα, cosα) is the direction of the electric field
E (for some angle α) and κ1 is the wave vector in material (1), in this case light travels
from the air (material 1) into the electron acceptor (material 2). As the direction of
light propagation is perpendicular to the electric field, the relation between the angles
α and θ1 must satisfy

ŝ · p̂ = cosα sin θ1 + cos θ1 sinα = sin(α + θ1) = 0. (6.33)

Thus, α = π − θ1 and p = (sin θ1,− cos θ1) and the incident wave at the air/electron
acceptor interface can be written as

Eincident = <{E0p exp {iκ1 (x sin(θ1) + z cos(θ1))}} . (6.34)

In our analysis, we will consider that the light enters the device only from one surface,
by letting θ1 = 0. Then, (6.34) reduces to

Eincident = <{E0p exp {iκ1z}} , (6.35)

with p = (0,−1) at z = −H1.

The radiation condition

At the remaining outer surfaces of the device we assume that no light enters, but
only exits, as shown in Figure 6.8. At the electron donor end, we do not allow for
any light to enter, thus we use the radiation condition3 [76]

∂E

∂z
− ikEDR

E = 0, (6.36)

at z = H2, where kED is the wave number in the ED region.
3 This condition can be retrieved by using the wave properties of the electric field components

(??) and writing the solution of Helmholtz equation (6.17) for the electric field as the sum of an
ingoing and outgoing wave. For more details, the reader is directed to Sommerfeld [76].
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Figure 6.8: Schematic representation of the permissible radiation at boundaries: photons
insert the device from the electron acceptor side, while they are not allowed to exit the
device through any other surface for θ1 = 0.

Similarly, by assuming that no energy enters the device from the surfaces x = 0 and
x = L (see Figure 6.8), we impose the radiation condition

(n̂ · ∇) E− ikiE = 0, (6.37)

where n̂ is the outward pointing normal to the corresponding surface.

If we assume that the device’s structure follows a periodic pattern either as a bilayer
with multiple blobs of dye at the interface of the EA/ED or as a structured nanostem
arrangement at the interface, we may replace (6.37) with the periodic conditions

E(0, z, t) = E(ω, z, t) (6.38)
∂E

∂x
(0, z, t) =

∂E

∂x
(ω, z, t), (6.39)

on the x-boundaries, where x = 0 and x = ω define the ends of one period of the
pattern, as represented in Figure ?? in Chapter 5. This will allow us to consider only
one block of the repeated pattern.

For our analytical purposes, we need only to examine the time-independent prob-
lem of the light propagation and absorption in the device. This suffices in order to
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complete the model for a ssDSSC. The scope of the following section is defining the
generation of current in the dye.

6.2.3 Current generation

We use Maxwell’s equations to find an expression for the light intensity, i.e. the
number of photons going through a surface. We start by subtracting the dot product
of H with (6.6) from the dot product of E with (6.5) to get

E · (∇×H)−H · (∇× E) = σ(x)E · E +

(
E · ∂D

∂t
+ H · ∂B

∂t

)
(6.40)

Using a vector identity on the left hand side and multiplying through by c
4π
, we may

reduce (6.40) to the energy law of an electromagnetic field

∇ · (E×H) + σ(x)E2 +
1

2

(
ε(x)

∂E2

∂t
+ µ(x)

∂H2

∂t

)
= 0. (6.41)

Equation (6.41) represents the balance of energy in the electromagnetic wave. In
particular, the first term represents the change in power as represented by the Poynt-
ing vector (S = E×H) [Wm−2] and the second term is the Joule heat (the resistive
dissipation energy). The final two terms indicate the electric and magnetic energies,
respectively.

In what follows we seek a time-independent expression for the generation rate, which
is in fact the average of the left hand side of (6.45), i.e.

G = <
{∫

∂V

< E×H > ·n̂dA
}
. (6.42)

To facilitate the algebra that follows, we rewrite (6.53) and (6.54) into

E(x, t) = <
(
Ê(x)e−iνt

)
=

1

2

(
Ê(x)e−iνt + Ê∗(x)eiνt

)
, (6.43)

H(x, t) = <
(
Ĥ(x)e−iνt

)
=

1

2

(
Ĥ(x)e−iνt + Ĥ∗(x)eiνt

)
, (6.44)

where [.]∗ represents the complex conjugate of the relevant variable.

To find the energy in the volume of interest, say Υ, we substitute (6.43) and (6.44)
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into (6.41) and integrate over the volume Υ, to get∫
∂Υ

(Ê× Ĥ) · n̂dA = −
∫

Υ

σ(x)Ê2dΥ− 1

2

∫
Υ

(
ε(x)Ê + µ(x)Ĥ

)
dΥ (6.45)

We define the fundamental period of the electric field E as T = 2π
ν
. It is more valu-

able to estimate the value of the Poynting vector over an appreciable amount of time,
where the effect of the electromagnetic field can be observed, say T ′ � T . If we,
then, take the time average of the Poynting vector over some period 2T ′, the left
hand side of (6.45) will give the generation rate, i.e. the flux of photons through the
total surface of our domain of interest. The light intensity, which is a measure of the
power per unit volume/area, is the magnitude of the time-averaged Poynting vector,
i.e. I = | < S > | = | < E × H > |. Then, the power lost within the volume of
interest is equivalent to the amount of photons which are absorbed by the material by
turning electrons into excitons. This is the current generation rate within a material.

Then, we may evaluate the time-averaged Poynting vector as follows:

< E×H > =
1

2T ′

∫ T ′

−T ′
E×Hdt (6.46)

=
1

8T ′

∫ T ′

−T ′

(
Ê× Ĥe−2iνt + Ê∗ × Ĥ + Ê× Ĥ∗ + Ê∗ × Ĥ∗e2iνt

)
dt

(6.47)

=

(
− 1

16νT ′
[e−2iνt]T

′

T ′Ê× Ĥ + Ê∗ × Ĥ + Ê× Ĥ∗ +
1

4νT ′
[e2iνt]T

′

T ′Ê
∗ × Ĥ∗

)
(6.48)

≈ 1

4

(
Ê∗ × Ĥ + Ê× Ĥ∗

)
(6.49)

=
1

2
<
(
Ê∗ × Ĥ

)
, (6.50)

where we have used the fact that 1
4νT ′

= T
8πT ′
� 1. We apply the ansantz (6.43)-(6.44)

into (6.6) to get

Ĥ = − i

µiν
∇× Ê, (6.51)
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which we then use in (6.50) to obtain the generation rate in terms only of the electric
field:

G = G0<
{∫

∂Υ

2i

νµ

(
Ê∗ × (∇× Ê)

)
· n̂dA

}
. (6.52)

Here, G0 is the inverse of the photon energy, Ephoton. Therefore, the generation rate,
G, equals the photon flux G = S

Ephoton
which has the same units, [m−2s−1], as the

current density in Part I.

6.2.4 The time-independent model: summary

Here, we summarise the problem, comprising the governing equations and the as-
sociated interface and peripheral conditions. However, we limit our interest to the
time-independent solution, which we achieve by applying the following ansatzes

E = <
(
Ê(x) exp {−iνt}

)
(6.53)

H = <
(
Ĥ(x) exp {−iνHt}

)
, (6.54)

into the equations and boundary conditions derived earlier. By avoiding the presenta-
tion of the relevant algebra, we present the full problem below. For Ωa and Ωd being
the domain representing the electron acceptor and electron donor regions, respec-
tively, and z = f(x) the interface between the two, we may write out the following
time-independent problem:

∇2Ê + k2
i Ê = 0, (6.55)

with the accompanying interface conditions on z = f(x)[
εiÊ · n̂

]
= 0 (6.56)[

n̂× Ê
]

= 0 (6.57)[
n̂ · (∇× Ê)

]
= 0 (6.58)[

n̂×
(

1

µi
∇× Ê

)]
= 0, (6.59)
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with Ês indicating the electric field measured on the interface, while the incident wave
is represented by

Ê = <{E0p exp (κairz)} , (6.60)

at the air/compact EA interface (z = −H1), and the restriction on the outgoing wave
on the remaining three surfaces, i.e. z = H2, x = 0, and x = L, is given by

(n̂ · ∇) Ê− ikiÊ = 0. (6.61)

In the remaining of the thesis we examine the model as given by (6.55)-(6.61) in
one and two dimensional spaces. However, while this model helps understand the
distribution of light within the involved materials, it is important to establish a re-
lationship between the light absorption and the current generation in our domain of
interest. The scope of the following section is defining the generation of current in
the dye.

In the following Chapters we approximate the light absorption by the generation
rate described by

G = G0<
{∫

∂Υ

2ic

νµ

(
Ê∗ × (∇× Ê)

)
· n̂dA

}
. (6.62)

in the dye layer. The generation rate combined with the current transport model
derived in Part I, complete the model of the operation of the ssDSSC.
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7
The bilayer cell

In this Chapter, we show how the light absorption problem described in the previous
Chapter can be used to calculate the generation rate for various scenarios, including
two for the bilayer cell, as in Chapter 4. The scenarios are: (i) the thin film cell with
a blob of dye covering half of the EA/dye interface, i.e. 0 ≤ x ≤ ω (recall Section
4.4.3) and (ii) the thin blob approximation where the interface is covered periodically
with dye blobs of width ω̂ � 1 (recall Section 4.4.4). For our analysis, we also retain
all assumptions on symmetry and material properties as posed in Part I.

7.1 The thin film approximation

In this section, we study the thin film approximation both in one and two dimensions.
Our analysis involves numerical, rather than analytical, solutions, except for the
calculation of the one-dimensional exact solution.
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7.1.1 The one-dimensional approximation

For the one dimensional problem (as in Section 4.1) we consider the geometrical
simplifications as shown in Figure 7.1, whereby we divide the cell into the three
regions: (i) the electron acceptor region described by ΩEA = {−H1 ≤ z ≤ −u}, with
u � 1, (ii) the electron donor region ΩED = {ε ≤ z ≤ H2} and (iii) the dye region
−u ≤ z ≤ u. For the purposes of our analysis in Part II, we consider u � 1 to be
infinitesimally small compared to the size of the outer region, namely |H2| and |H1|.
However, we allow for some thickness in this layer, in order to evaluate the generation
rate in the dye layer.

Figure 7.1: A schematic representation of the one dimensional approach of a bilayer cell.
The dye layer length is represented by ldye = 2u� |H1|.

The time-independent model (6.53)-(6.61) then reduces to

d2Ê

dz2
+ k2(z)Ê = 0, (7.1)

with a perpendicularly incident light wave on the dye at z = −H1 described by

Ê = <
{
Ê0 exp(−iH1κair)

}
, (7.2)

and the outgoing wave condition at z = H1

dÊ

dz
− ikEDÊ = 0. (7.3)

The interface conditions at z = −u and z = u are[
εiÊ
]

= 0. (7.4)
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We rescale the problem by z = H1ẑ and Ê = Ê0
¯̂
E. We also set H1 = H2 = 1 for

symmetry and, thus, u� 1. By dropping the barss, the rescaled problem is given by

d2Ê

dz2
+ k2(z)Ê = 0, (7.5)

with

Ê(−1) = <{exp(−iκair)} , (7.6)

dÊ

dz
(1)− ikEDÊ(1) = 0 (7.7)[

εiÊ
]

= 0 at z = −u, u. (7.8)

The general form of solution to (7.5)-(7.8) is

Ê(z) = α exp(−ik(z)z) + β exp(ik(z)z). (7.9)

Upon the application of the boundary conditions (7.2) and (7.3) and by assuring
continuity at the interface of the regions, we find the solution to be:

Ê =


exp(ikEAz), −1 ≤ z < −u
εn
εdye

exp(−ikEAu) exp(ikdye(z + u)) −u ≤ z ≤ u
εdye
εp

exp(−iu(kEA − 2kdye)) exp(ikED(z − u)) u < z ≤ 1,

(7.10)

as shown in Figure 7.2. The electric field of the electromagnetic wave (i.e. light) is
oscillating along z, while the wavenumber defines the wavelength in each material.
The periodicity of the electric field is 2π

ki
in each region i.
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Figure 7.2: The plot shows the real and imaginary parts of the electric field as given in (7.10).
Parameters: the refractive indices are given in Table 7.1, εn = εdye = εp = 1, u = 0.01.

We then calculate the generation rate in the dye region, as the change in light intensity,
I, in the dye. In the one-dimensional case, we approach the problem by considering
the change in light intensity in the dye (−u ≤ z ≤ u)) and using the light intensity
as measured at the end of the dye region (z = u) as the generation rate. According
to the Beer-Lambert law, as discussed in the previous Chapter, the change in light
intensity satisfies [71]

dI

dz
= −2πc=(kdye)

ν
I, (7.11)

where λ is the wavelength of the light. The solution to (7.11) can be found by
integrating over −u ≤ z ≤ u to get

I = I0 exp (−i4π=(κdye)u

ν
), (7.12)

with I0 being the amount of initial power of photons entering the medium (at z =

−u)1. Then the generation rate is found to be the real part of light intensity at

G = G0 cos

(
4π=(κdye)u

ν

)
. (7.13)

We then use the expression obtained in (7.13) to rescale the generation rate with
G = G0Ĝ.

1In this case, I0 depends on the absorbance occurring in the EA region, where a similar expression
to (7.12) holds. However, since there is limited absorbance in the EA region, we may approximate
I0 = Iz=−1, with Iz=−1 the light intensity measured at the surface of the EA.
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As the dye layer is thin relative to the length of the cell, the generation rate in
the one dimensional approximation is a constant. The generation rate depends on
the wavelength of the incident light and the optical absorption properties of the ma-
terials in place.

We now consider the current transport problem for the constant generation rate.
Similarly to Chapter 4, we only solve for the rescaled symmetric bilayer cell problem
(as defined in section 4.2) and present the results only for the electron acceptor region.
The electrostatic potential satisfies

−ΛFn = φzzz − φzzφz, (7.14)

while we modify the boundary conditions to include the generation term

φ(−1) = −V
2
, φzz(−1) = Λ (7.15)

φ(0) = 0, Fn = δS

(
φ2
zz

Λ2
− 1

)
− (1− S)Ĝ. (7.16)

To avoid repetition and tedious algebra, we present only the final form of the solution.

The solution to the problem (7.14)-(7.16) can be found by following the same steps
as in Section 4.2.1, so that

φ = −2 log


(
e

V
4 Bi(ω)− Bi(ω − χ)

)
Ai(ω + χz)−

(
e

V
4 Ai(ω)− Ai(ω − χ)

)
Bi(ω + χz)

Ai(ω − χ) Bi(ω)− Ai(ω) Bi(ω − χ)


(7.17)

where ω and χ can be found by solving the equations

Λ = 2χ2

Bi(ω) Ai′(ω − χ)− Ai(ω) Bi′(ω − χ) + e−
V
4

π

Bi(ω) Ai(ω − χ)− Ai(ω) Bi(ω − χ)

2

− (ω − χ)

 (7.18)

2χ3

Λ
= δS

4χ4

Λ2

Ai(ω − χ) Bi′(ω)− Bi(ω − χ) Ai′(ω)− e
V
4

π

Bi(ω) Ai(ω − χ)− Ai(ω) Bi(ω − χ)

2

− ω

2

− 1

− (1− S)Ĝ

(7.19)
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with χ =
(
FnΛ

2

) 1
3 and ω =

(
FnΛ

2

) 1
3 C1 as earlier.
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Figure 7.3: Current density against the applied voltage as given by the exact solution
[Parameters: S = 0.5, Λ = 1, G = 1]

In Figure 7.3 we present current-voltage curves as obtained from the exact solution
(7.17)-(7.19). We observe that, compared with Figure 4.2, the curves are shifted
downwards due to current generation. An important measure used to describe solar
cells, is the generated power (i.e. the voltage times the current density). For a cell
under forward bias, the maximum power is obtained between the short circuit current
density and the open circuit voltage. As illumination increases (i.e. as G increases)
the output power is larger, while other factors can help increase this value, such as
the recombination coefficient, the mobility of carriers etc.

The interested reader is directed to Foster et al [77] for an analysis of the asymptotic
approximation of the full current voltage range shown in Figure 7.3. In what follows
we consider the two dimensional approximation for the thin film bilayer problem.
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7.1.2 The two-dimensional approximation

In this Section we consider the two dimensional version of the light absorption prob-
lem, which we can use as an input to the current transport problem of Chapter 4.
The simplified geometry under consideration is demonstrated in Figure 7.4, whereby
we have divided the cell into the three regions: (i) the electron acceptor region ΩEA,
(ii) the electron donor region ΩED and (iii) the dye region Ωdye. We assume that the
dye has length L

2
, so that it doesn’t extend all the way across the cell.

Figure 7.4: A schematic representation of the two dimensional geometrical consideration for
a bilayer cell. The dye is represented by the grey region, where u� 1.

Solving the two dimensional problem for the bilayer cell, or even more complicated
geometries, requires cumbersome algebraic calculations. Thus, from this point on-
wards we utilise only numerical techniques for the approximation of the solution to
the two dimensional problem for the generation rate

G = −<

{∫
Ωdye

2c

iνµ

(
Ê∗ ×

(
∇× Ê

))
· n̂dA

}
. (7.20)

This requires the numerical solution of the electric field across the domain as described
by the equation

∇2Ê + k2(x)Ê = 0, (7.21)

with the interface conditions on z = −u and z = u for 0 ≤ x ≤ L
2
and z = 0 for
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L
2
≤ x ≤ L

[ε(x)Ê · n̂] = 0 (7.22)[
n̂×

(
1

µ(x)
∇× Ê

)]
=

4iνπ

c2
σ(x)Ês, (7.23)[

n̂ ·
(
∇× Ê

)]
= 0 (7.24)[

n̂× Ê
]

= 0. (7.25)

In the z-direction we impose the initial condition on the surface where the light is
incoming (z = −H1)

Ê0 = <
{

pÊ0 exp {−ikEAH1}
}

(7.26)

with p = (0, 1)T and the Sommerfeld radiation condition on the other surfaces

∂Ê

∂z

∣∣∣∣
z=H2

− ikEDR
Ê = 0,

∂Ê

∂x

∣∣∣∣
x=0,L

− ikiÊ = 0. (7.27)

Nondimensionalisation

As earlier, for the thin film cell, H1

L
= ε � 1 and the length of the dye in the x-

direction, ω = L
2

= O(1), as shown in Figure 7.4. By applying the rescalings x = Lx̄,
ŵ = Lω, z = H1z̄ and Ê = E0Ẽ the problem, by dropping the bars and tildes, is
reduced to

ε2Êxx + Êzz + k2
ω(x)Ê = 0, (7.28)

where kω(x) = H2
1k(x). We estimate that kω ≈ 10−1−1 for the wavelength of interest,

but we note that the value of this parameter may range given the spectrum range.
We allow our numerical solution to take variable values for this parameter, but in our
presentation of sample results in section we use kω = O(1). For the purposes of our
analysis, we take the length of the dye layer to be infinitely thin, with u

H1
� H1

L
� 1

and we introduce the rescaled angle θ̂, which corresponds to tan(θ̂) = H1

L
tan(θ), i.e.

θ̂ = 0, since H1

L
→ 0. We restrict the angle of the incoming light wave at z = −1 with

0 < θ̂1 ≤ arcsin
(
κR ED

κair
arctan (ε)

)
.

It is worth mentioning here that, if the wavelength of light hitting the cell was signif-
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icantly smaller than the lengthscale of the cell, then we would be able to use simpler
mathematics to approximate the solution. In particular, light of small wavelength
could be described by linear optical rays in a larger scale homogeneous material.
This idealised model of discrete rays, however, can not be used here since the wave-
length and the scale of the problem are similar.

The interface boundary conditions are rescaled in a similar manner, so that ∇ is
replaced with ∇̄ =

(
1
L
∂
∂x
, 1
H1

∂
∂z

)
. The z-direction boundary conditions are reduced to

Ê(x,−1) = <{exp {H1 cos (arctan (εx))}} (7.29)

∂Ê(x, 1)

∂z
− iH1kEDÊ(x, 1) = 0. (7.30)

For simplicity of our calculations we let θ = 0 so that the light reaches the surface
of the cell perpendicularly. As ε → 0, we use the approximation θ̂ = 0. Finally, the
x-direction conditions reduce to

∂Ê

∂x̂

∣∣∣∣
x̂=0,1

− iLkmÊ = 0. (7.31)

The interface conditions, also reduced to[
ε(x)Ê · n̂

]
= 0 (7.32)[

n̂×
(

1

µ(x)
∇̄ × Ê

)]
=

4iνπ

c2
σ(x)Ês, (7.33)[

n̂ ·
(
∇̄ × Ê

)]
= 0 (7.34)[

n̂× Ê
]

= 0. (7.35)

The generation rate is then calculated as

Ḡ =
G

G0

= −<

{
i

∫
Ω̂dye

Ê∗ ×
(
∇̄ × Ê

)
dA

}
, (7.36)

with Ω̂dye representing the scaled dye region and G0 = cE0

νµ
.

In the next section we present the results from the numerical scheme utilised to
solve the non-dimensional problem.
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Numerical Approximation

We employ a numerical scheme to calculate the electric field by solving the Helmholtz
equation (7.7) with the relevant boundary conditions over the area of interest. The
numerical code produces the distribution of the electric field throughout the whole
cell under illumination, allowing the user to vary the parameters: κi, ki, ε, H1, H2,
L, δ, V , ε̂p, N̂− and P̂+. The electric field can then be used for the evaluation of the
generation rate, by integrating (7.36) numerically. The scheme employes the finite
volume method as previously used in Chapter 4. We do not provide any detailed
analysis of this scheme, as the steps involved in defining the scheme are the same as
those described in Appendix III.
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Figure 7.5: The piecewise uniform grid for [0, 1]× [−1, 1], for the bilayer case with a dye blob
covering the half of the EA/ED interface. The grid is colour coded to discriminate into the
three regions: (i) the electron acceptor region is shown with black nodes, (ii) the electron
donor is shown with blue nodes and (iii) the dye region is shown with magenta nodes. We
have used a piecewise uniform grid, where we have a denser grid near the ED/EA interface
as illustrated by the denser nodes.

The space between x ∈ [0, 1] and z ∈ [−1, 1], is discretised into a piecewise-uniform
grid as shown in Figure 7.5. The grid is defined by nodes at the points (xi, zj), where
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i, j = 0, ..., J . We let hxi = xi − xi−1 and hzj = zj − zj−1 define the grid step sizes
in the x and z directions, respectively. We then let Ei,k be the numerical solution for
the electric field E at the node (xi, zj). In Figure 7.5, we show a sample grid where
there is a blob of dye covering the interface only halfway. The colouring in the figure,
shows the different materials: black for electron acceptor, blue for electron donor and
red for the dye. As shown in Figure 7.5 through the higher number of nodes near the
interface, we define a finer grid near the EA/ED interface to accommodate for the
numerical solution in the dye monolayer.

The finite volume method reduces to the centred finite differences method in the
bulk regions of the electron acceptor and donor. In Figure 7.6 we show the refractive
index, κ(x), in the full domain, as this is laid out in Table 6.1. As discussed earlier,
the imaginary part of the refractive index is proportional to the absorbance of the
material, and, therefore, the imaginary parts of κEA and κED are small.

Figure 7.6: Real and imaginary parts of the refractive index for the various materials in
the domain of interest. We have taken the imaginary parts of the refractive indices for the
electron acceptor and donor to be small compared to that of the dye.

Based on the material properties of the cell, we may then solve the problem for the
electric field described by (7.7)-(7.31) to obtain the distribution shown in Figure 7.7.
In Figure 7.7(a) and (b) we show the real and imaginary parts of the x-component
of the electric field, respectively. We observe jumps at the interfaces between the dye
and the outer regions at x = 0 and −1 ≤ z < 0 and between the outer regions at
x = 0 and 0 < z ≤ 1. While the geometry of our device is chosen to be symmetrical,
the outcome is not symmetrical, owing to the refraction of light at the interfaces, as
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can be observed by the colouring on the images.

(a)

(b)

Figure 7.7: Real and imaginary parts of the electric field components (a) Ex and (b) Ez for
a thin film bilayer cell in two dimensional computed numerically [Parameters: κ as defined
in Table 6.1, ε = 0.1, Ê0 = 1]

The generation rate is then calculated numerically as described in (7.36), which we
then use as a linear approximation to the generation term in the current transport
problem. We solve the latter for the EA region only, following our assumption on
symmetry on the geometry of the device as we previously did in Part I. The relation
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between the current density and voltage for the bilayer thin film cell under illumina-
tion is shown in Figure 7.8. Comparing these results to those shown in Figure 4.16
for a cell in the dark, we observe that under illumination the Fn-V curve shift parallel
to the V axis as the generation rate increases.
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Figure 7.8: The current voltage curve for δ = 10−2 (red curve) and 10−4 (blue curve) using
the generation rate as calculated via the Helmholtz equation earlier. [Parameters: θ̂ = 0,
E0 = (1, 1)]

In the following section we present the results for an illuminated cell in the thin dye
blobs approximation, which is the final scenario we examine for bilayer cells.

7.2 Thin dye blobs approximation

In this section, we study the generation rate for the "thin dye blobs approximation"
as described in Chapter 4, where blobs are positioned in a periodical fashion, so
that the blobs’ thickness and inter-gap distance is the same. The geometry under
consideration is shown schematically in Figure 7.9, where we show the three regions
for this case, namely the electron acceptor region ΩEA, the electron donor region ΩED

and the dye region Ωdye. Assuming that each blob of dye has width of ω and an
inter-gap width of ω, we show only one block of the repeated structure of the cell.

143



Figure 7.9: A schematic representation of the two dimensional geometrical consideration for
the thin dye blob bilayer cell scenario. The dye is represented by the grey region, where
u� 1 and is symmetrical at x = ω.

The thickness of the each blob is small compared to the size of the cell so that
ω
H1

= εω � 1 and overall dye coverage of the EA/ED interface is O(1). For this
scenario, we solve only for one block of this periodic pattern. The wavelength of
maximum absorbance by the Z907 dye, is also significantly larger than the thickness
of the dye, which is only a few nanometers.

In our analysis we consider only one blob of dye, thus restricting our domain from
0 ≤ x ≤ L to 0 ≤ x ≤ 2ω and hence use the periodic conditions

Ê(0, z) = Ê(ω, z) (7.37)

∂Ê

∂x
(0, z) =

∂Ê

∂x
(ω, z), (7.38)

on the sides of our domain.

Nondimensionalisation

By applying the rescalings x = ωx̄, z = H1z̄ and Ê = E0
¯̂E the problem, by dropping

any rescaling notation for the variables, is reduced to

Êxx + ε2
ωÊzz + k̄2

ω(x)Ê = 0, (7.39)

144



where k̄ω(x) ∼ ωk(x). We estimate that k̄ω = 1− 101 for the wavelength of interest,
but, as in the previous section, we use k̄ω = O(1).

The interface boundary conditions are rescaled similarly, so that the differential op-
erator ∇ is replaced with ∇̄ =

(
1
ω
∂
∂x
, 1
H1

∂
∂z

)
. The z-direction boundary condition for

0 ≤ x ≤ 1
2
and 3

2
≤ x ≤ 2 on z = 0 is

Ê0 = <
{

pÊ {iκEAH1ẑ cos (arctan (−εωx̂))}
}
, (7.40)

with p = (0, 1)T . On z = 1 we impose the radiation condition, as earlier, namely

∂Ê

∂ẑ
− iH1kEDÊ = 0. (7.41)

For simplicity of our calculations we let Ê0 = 1 and the initial condition to be light
coming in at an angle θ = 0. The generation rate is then calculated as

Ḡ = <

{
i

∫
Ω̂dye

Ê×
(
∇̂ × Ê

)
dA

}
, (7.42)

with Ω̂dye representing the scaled dye region.

In the next section we present the results from the numerical scheme utilised to
solve the non dimensional problem.

Numerical Approximation

For the solution of the problem described by (7.39)-(??) we use the numerical tech-
nique described in Section 8.1.2, adjusting for the different lengthscales and boundary
conditions. We allow for a dye distribution as in Section 4.4.4, where

Sd(x) =


1 0 ≤ x ≤ 1

2

0 1
2
< x < 3

2

1 3
2
≤ x ≤ 2

(7.43)

The space between [0, 2]× [0, 1] is discretised into a piecewise uniform grid as shown
in Figure 7.10. The grid is denser near the ED/EA interface to facilitate a faster
convergence of the numerical method to the solution, based on the abrupt changes of
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material characteristics there. We allow the dye layer to have finite thickness much
smaller than ω.
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Figure 7.10: The piecewise uniform grid for the rescaled space [0, 2]× [−1, 1], for one block
of periodically distributed dye on the interface for a bilayer cell. The grid is colour coded
to differentiate between the three regions: (i) the electron acceptor region is shown with
black nodes, (ii) the electron donor region is shown with blue nodes and (iii) the dye region
is shown with magenta nodes. We have used a piecewise grid, where we have a denser grid
near the interfaces.

In Figure 7.11 we show the refractive index, κ(x), in the space of interest and as
defined in Table 6.1.
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Figure 7.11: Real and imaginary parts of the refractive index for the various materials in the
domain of interest. The extinction coefficient of the electron donor and acceptor are small
compared to that of the dye.

This assumption is used as an input to the Helmholtz equation for the calculation of
the electric field. The electric filed of the electromagnetic wave propagating through
the device is shown in Figure 7.12, in a breakdown of its spatial components, Êx
and Êz. In the results presented here we use εω = 0.1, showing the change of both
amplitude and periodicity of the wave in each of the electron acceptor, donor and
dye regions. The periodicity of the electric field is approximately 2π

ωki
in each region

i, away from the interface z = 0, as shown in Figure 7.12. Along the interface, we
observe an O(1) oscillation in the x direction2. The periodicity in x can be seen as
x → 0, so that all terms in (7.10) balance. The wavelength of the electric field in
the x-direction, along z = 0, depends on the size of εω. As ε→ 0, the wavelength is
smaller.

2In order to see this, we may use the method of separation of variables, i.e. by writing Em(z, x) =
Z(z)X(x), for m = 1, 2 indicating the spatial components of the electric field in z and x, to solve
(7.10). The general solution would then be

Em(z, x) =

∞∑
q=1

(
Aqe

qz +Bqe
−qz)Cq sin

√
q2 +

(
kω
εω

)2

x+Dq cos

√
q2 +

(
kω
εω

)2

x

 , (7.44)

for arbitrary constants Aq, Bq, Cq and Dq.
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(a)

(b)

Figure 7.12: Real and imaginary parts of the electric field components (a) Ex and (b) Ez for
a thin blob bilayer cell in two dimensional computed numerically. [Parameters: κ is defined
in Table ??, L = 1, ω = 1, Ê0 = 1, εω = 0.1]

The electric field is then used to calculate the generation rate in the dye region
using a point-wise approximation on equation (7.36). The numerically approximated
numerical solution, is then used as an input to the generation rate into the current-
transport model derived in Section 4.4.4 to find the qualitative behaviour of the cell
under illumination. The current density-voltage curves for a cell with thin blobs is

148



shown in Figure 7.13. Under illumination the Fn − V curve shift parallel to the V
axis as the generation rate increases, when one compares to Figure 4.19.

0 1 2 3 4 5 6
−0.5

0

0.5

1

1.5

2

2.5

V

F
n

 

 

F
n1

, ε
w
=1

F
n1

, ε
w
=0.01

Figure 7.13: The current voltage curve for εω = 0.01 (red curve) and εω = 1 (blue curve),
where εω = ω

H1
. The numerical solution for the generation rate is calculated using equation

(7.42). [Parameters: θ̂ = 0, G0 = 1, δ = 1]

7.3 Summary

In this Chapter we have shown how a light absorption model can be used to calculate
the current generation function for a bilayer cell under illumination. In particular,
we have considered the two cases:
(i) thin film approximation with ε = H1

L
� 1, and

(ii) thin dye blob approximation, with εω = ω
H1
� 1.

The mathematical problem for the generation rate was solved in both cases under
the assumption of symmetry and spatial variability of the optical properties of the
materials. In both cases, we were able to calculate the electric field across all regions,
i.e. EA, ED and dye, following an oscillatory path with periodicity depending on
the wavenumber ki. We further were able to calculate the generation rate along the
interface, z = 0, by numerically integrating the Poynting vector in the dye.

We have integrated the light absorption and the current transport models to present
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the current density-voltage curves for the cell under illumination. The curve is shown
to shift, as anticipated, to allow for the increase in generation rate.

In the following Chapter, we will apply the light absorption problem to a nonpla-
nar interfacial morphology as in Chapter 5, where we examine a specific scenario of
dye distribution.
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8
The nanostructured cell

In this Chapter, we examine the effects of the interfacial geometry for a nanostruc-
tured cell. In particular, we revisit the case of a cell with a structured interface with
nano-pillars of electron acceptor stemming into the electron donor, as shown in Figure
3.1(c). We will examine only the special scenario, where the walls of the stems are
covered with dye only. This choice is made in order to limit the geometrical com-
plexities involved in obtaining a solution. We will employ numerical techniques to
find the generation rate along the interface and then solve for the distribution of the
electrostatic potential, φ, and the electron and hole densities, n and p, respectively,
and generate the current density-voltage characteristics.

8.1 Geometrical simplification

For comparability reasons, we retain the morphology set out in Chapter 5 and repli-
cated in Figure 8.1 with the addition of the dye layers under consideration. For the
purposes of our analysis, we will consider only one nanostem, as earlier. We will let
the dye layer cover the walls of the electron acceptor stems and have a width of 2u,
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with 2u
ω
� 1. We define the domains Ωa, Ωd and Ωdye as the domains of the elec-

tron acceptor, donor and the dye, respectively (see Figure 8.1). We will define the
following interfaces:

• (∂Ωa/∂Ωd)a as the acceptor/donor interface along z = a and between 0 ≤ x ≤
c− u and d+ u ≤ x ≤ ω

• (∂Ωa/∂Ωd)b as the acceptor/donor interface along z = b and between c + u ≤
x ≤ d− u

• (∂Ωdye/∂Ωd)c as the dye/donor interface along x = c−u and between a ≤ z ≤ b

• (∂Ωa/∂Ωdye)c as the acceptor/dye interface along x = c + u and between a ≤
z ≤ b

• (∂Ωa/∂Ωdye)d as the acceptor/dye interface along x = d − u and between a ≤
z ≤ b

• (∂Ωdye/∂Ωd)d as the dye/donor interface along x = d+u and between a ≤ z ≤ b.

We take a = c = ω
4
and b = d = 3ω

4
for geometrical symmetry, unless otherwise stated.

Figure 8.1: A block of the repeated pattern for the nanostructured mixed layer with dye
covering the walls of the nano-stem, parallel to the z-axis. Note: Figure is not drawn to
scale.

152



8.1.1 Nondimensionalisation

Following the geometrical simplifications, the next step is to reduce the problem
(6.53)-(6.61) by rescaling the spatial and other variables. We use the same scaling as in
Chapter 5 and reduce to the same non-dimensional parameters, with the introduction
of û = u

ω
� 1, as we consider the dye layer to be significantly thinner than the width

of the nanostem. The problem then reduces to

Êx̂x̂ + ε2
ωÊẑẑ + k̂2

ωiÊ = 0, (8.1)

with εω = ω
H

and k̂2
ωi(x̂, ẑ) = H2k2

i for each homogeneous region i. The rescaled
domains are represented by Ωa, Ωd and Ωdye for the EA, ED and dye regions. The
interface conditions along the interfaces are reduced to

[ε(x)Ê · n̂] = 0 (8.2)[
n̂×

(
1

µ(x)
∇̂ × Ê

)]
=

4iνπ

c2
σ(x)Ês, (8.3)[

n̂ ·
(
∇̂ × Ê

)]
= 0 (8.4)[

n̂× Ê
]

= 0. (8.5)

Here, we assume a uniform incident wave incident wave at the air/EA interface1 z = 0

given by

Ê0(0, x̂) = <
{

pÊ0

}
. (8.6)

The electrical field of the electromagnetic (EM) radiation should satisfy

(n̂ · ∇̂)Ê− ik(x̂)Ê = 0 (8.7)

on the surfaces x = 0, x = 1 and z = 1.

The generation rate can then be calculated using

Ĝ = <

{
i

∫
Ω̂dye

Ê∗ ×
(
∇̂ × Ê

)}
. (8.8)

1Note that we have used a different domain for this Chapter so that 0 ≤ z ≤ 1, instead of
−1 ≤ z ≤ 1.
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In the next section we present numerical results for the problem (8.1)-(8.7).

8.1.2 Numerical approximation

Possibly the most challenging part of this chapter is determining the fitting dye cov-
erage along the interface of the dye. In order to simplify the numerical solution we
have decided to produce results only for the case where the sides of the stems are
fully covered, as shown in Figure ??.

This choice is made in order to show the variation in the generation rate from the base
of the stem to its end. We consider the interface between the stems to be dye-free to
facilitate our assumption that the dye does not cover the complete surface and also
to stress the difficulty of the dye to reach the far most inner part of the cell during
its deposition stage. Thus,

Sd(x̂) =

{
1 Ω̂dye

0 Ω̂a and Ω̂d,
(8.9)

with a defined as in Figure 5.1.

The space between x̂ ∈ [0, 1] and ẑ ∈ [0, 1] is discretised into a piecewise uniform
grid as shown in Figure 8.2. We use the same colour coding as in Chapter 8 and note
that densely packed nodes indicated a finer grid near the interfaces to facilitate the
numerical calculations near the jumps. The problem (8.1)-(8.7) is solved numerically
using the centred finite differences method.
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Figure 8.2: The piecewise uniform grid for the rescaled space [0, 1]× [0, 1], for one block of
periodically positioned nanostems and dye covering only the walls of the nanostems parallel
to the z-axis. The grid is colour coded to discriminate into the three regions: (i) the EA
region is shown in black nodes, (ii) the ED region is shown with blue nodes and (iii) the
dye region is shown with magenta nodes. We have used a piecewise uniform grid, where we
have a denser grid near the ED/EA and ED/dye/EA interfaces, as illustrated by the denser
nodes. Here, a, c = 0.25 and b, d = 0.75.

In Figure 8.3 we show the refractive index, κ(x), in the full domain, as laid out in
Table 6.1.
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Figure 8.3: Real and imaginary parts of the refractive index, κ, for the nanostructured
cell, as defined in Table 6.1. The extinction coefficient of the donor and acceptor are small
compared to that of the dye.

κ(x) is used as an input to Helmholtz equation for the calculation of the electric
field. The electric field of the EM wave is shown in terms of its spatial components
in Figure 8.4.

The electric field of EM radiation has a wave-like behaviour, as demonstrated in
Figure 8.4. Unlike in previous scenario investigated, here the asymmetry of the prob-
lem is becoming more evident due to refraction and absorption in the dyed walls of the
nanostem. The generation rate is approximated by the change in the solar irradiance
in the dye region which is distributed along the walls, as shown in Figure ??.
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(a)

(b)

Figure 8.4: Real and imaginary parts of the electric field components (a) Ex and (b) Ez for
a nanostructured cell in two dimensional computed numerically.
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Figure 8.5: The generation rate approximated numerically for a nanostructured ssDSSC.

In Figure 8.6 we show the electric potential, electron and hole distributions, while
in Figure 8.7 we present the current density-voltage curve for an illuminated cell.
These graphs were generated using the numerical scheme for current transport in a
nanostructured cell. Similarly to the previous Chapter, the cell generates current at
zero voltage when illuminated.
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Figure 8.6: The profiles of Φ, N and P for εω = 10−2. [Parameters: δ = 0.01, V = 2,Λ = 1]
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Figure 8.7: The current density-voltage curves as simulated numerically for decreasing value
of the aspect ratio εω = 1, .1, 0.01 for a nanostructured cell. [Parameters: δ = 10−2, Λ = 1]

8.2 Summary

In this Chapter we have shown how the light absorption model applies to a nanostruc-
tured cell and how the current generated is transported to the outer electrodes of the
device. The current density-voltage curves follow the theory, as at zero voltage the
solar cell appears to generate current. The electric field is found to be oscillatory in
both spatial directions, as predicted by the electromagnetic theory of light travelling
a medium. The generation rate is calculated along the walls of the stem, where the
dye lies in a very layer of very small thickness. Using the results from the current
generation problem, we used it as an input to the current transport model from Part I.

While the model here is shown to agree qualitatively to the actual problem, one
could use the exact parameters to a physical problem to extract more precise estima-
tions to the size of the current generated. One could also remove the assumption of
the wavefront of light reaching the surface of the cell perpendicularly, and examine the
effect of restrictive light reaching the stems’ walls due to shadows from neighbouring
stems. This topic would be of interest for optimisation purposes of these devices.

In Part II, we have demonstrated in full numerical extend how light is absorbed in
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each of the three scenario we have selected to examine in this thesis and how current
is then generated. The results are in accordance with other types of solar cells.
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9
Conclusions

In this thesis we have developed a model for an idealised dye-sensitised solar cell. Our
aim was to explain the main principles of operation of a solar cell and to understand
how each mechanism through a mathematical model. The main focus and novelty of
this project lies in explicitly combining the current generation in the dye layer with the
transport of current in the EA and ED layers, in the particular case of ssDSSCs. The
most important result of the thesis is the thorough description of the current density-
voltage characteristic curve, which characterises the response of the ssDSSC given an
applied voltage and illumination. The current density-voltage relation for solar cells
is useful in examining their efficiency and, therefore, optimising their performance
through better manufacturing processes and materials with favorable and enhanced
electrochemical properties.

9.1 Summary

Firstly, we described an ssDSSC consisting of an EA region and an ED region, with
light-absorbing dye partially covering the interface between the EA and the ED. The
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cell generates current through the absorption of photons by the dye molecules, gener-
ating excitons. These, later, dissociate as they reach the EA and ED interfaces, due
to the electrochemical properties of these materials. The ‘free’ electrons in the EA
region and the ‘free’ holes in the ED region are transported through a drift-diffusion
mechanism to the electrodes. We built two mathematical models to describe: (i) the
behavior of the ssDSSC in the dark, when, under the application of biasm current is
transported, and (ii) the behavior of the ssDSSC under illumination, when photons
are absorbed to generate current. The thesis was structured in two Parts to allow for
a more concise and focused analysis of each of the two models.

In our analysis we have assumed that the incident photons reach the surface of the EA
perpendicularly, in order to avoid shadowing effects and that the ssDSSC operates in
thermodynamic equilibrium and at steady-state conditions. Other assumptions made
include limitations on the voltage range examined by not considering the extreme
values, which lead to breakdowns of the diode-like current-voltage relation. The re-
moval of these assumptions is not considered to change the qualitative behaviour of
an ssDSSC.

In Part I, for the current transport problem, we have assumed that the dye layer
is significantly thinner than the thickness of the EA and ED regions, allowing us to
write down a model for current transport only in the EA and ED regions. We have
assumed that ‘free? electrons exist only in the EA and ‘free? holes in the ED, as these
enter the respective regions from the dye, which is the only region in the cell assumed
to generate excitons. We set up a model where the electric current density is driven
by drift and diffusion of the ‘free? electrons and holes. At the interface between the
EA and ED, there either exists a thin layer of dye, or there is direct contact between
the EA and ED. At the direct EA/ED contact, electrons and holes recombine, min-
imising the efficiency of the cell. We assume that the cell is covered with glass at its
outermost surfaces, thus restricting the transport of any charge carriers outside of cell.

We have shown that the solution to the charge transport problem for a cell oper-
ating in the dark, results in a diode-like behaviour of the cell, i.e. that it allows for
the transport of electrical current in one direction, but not the other. We have solved
the problem in the special case where the cell is symmetric across the interface both
geometrically and in terms of the physical properties of the EA and ED regions, in
one dimension. We first nondimensionalised in order to give rise to the key dimen-

162



sionless parameters. The small parameter of the problem, δ, is the coefficient of the
recombination term. We were able to compute an exact analytical solution to the
one dimensional model and, also, an asymptotic solution as δ would become very
small. We have shown that an ssDSSC has a diode-like relation between the current
density and the applied voltage. As δ → 0, we have shown that as the voltage is very
small, drift and diffusion counterbalance each other, allowing for the charge carri-
ers to have in a quasi-equilibrium status; while, as the applied voltage increases, drift
dominates, leading to the current density to be linearly related to the applied voltage.

In the one-dimensional case, which we visiter first, we have considered the effect
of the various parameters in the problem, such as the dielectric constant and the
diffusivity, which are both physical properties of materials, by removing the relevant
symmetry assumptions. We have shown that a lower dielectric constant in the ED
region (in comparison to the EA) results in a higher built-up of electric field near
the EA/ED interface in the ED region, and hence a larger concentration of holes.
Similarly, we have examined the effect of a higher diffusivity in the ED region (than
in the EA), which results in a larger electric field in the EA, as drift in the ED re-
gion is lower. It was verified that the behaviour of the ssDSSC can be qualitatively
predicted, through a comparison with available experimental data.

We, then, applied the current transport model to the following two-dimensional sce-
narios: (i) a thin film with a bilayer interface, with half of the interface covered with
dye, (ii) a thin film with a bilayer interface with a periodic dye distribution pattern
of small blobs, and (iii) a thin film with a periodic interface of nanostems of small
width. In these scenarios, we considered that no electron-hole recombination takes
place between the EA and ED regions is allowed through the dye. Each scenario
allowed us to test the efficiency of the model through the calculation of the current
density response in the application of bias. We nondimensionalised the models in each
case, and explored the size of the dimensionless parameters to reduce the models to a
one-dimensional version where possible, which we solved analytically under the afore-
mentioned assumptions. We used the solutions to generate current density - voltage
curves, which indicated that the cell under forward bias behaves as a diode, i.e. the
current density increases exponentially for small voltage, while increasing linearly as
voltage increases beyond the threshold value of the order of log (δ−1). Under negative
bias, current saturates at a value proportional to δ, i.e. the recombination coefficient.
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For case (i), i.e. the bilayer thin film with the dye covering the EA/ED interface
half the way through, we were able to approximate the current density (Fn) - voltage
(V ) relation by a one-dimensional effective relation. We have rescaled the thin film
problem with the lengthscales of the device, i.e. we have scaled z and x with H1 and
L, respectively. As the aspect ratio, ε = H1

L
, is small, we have shown that the current

density can be approximated by the sum of the averages in the two regions (the dye
covered, x < ω, and the dye-free region, x > ω) of the interface, i.e.

Fn ≈ Fn eff = −δ(1− S)
(
n2

0|x>ω − 1
)
, (9.1)

where S is the portion of the EA/ED interface that is covered with dye and n0 is the
leading-order approximation to the distribution of electrons .

For case (ii), i.e. the bilayer thin film with a periodic thin dye blob distribution,
we have assumed that each dye blob covers a length of ω along the EA/ED interface,
while the gap between the blobs is of the same size ω. This time, we have rescaled
x with the lengthscale of one dye blob and surrounding region, i.e. 2ω, while z was
rescaled with H1. As the aspect ratio, εω = ω

H1
, is small, we were able to approxi-

mate the two-dimensional solution, we have shown that the current density can be
approximated by the average of the current along the interface, i.e.

Fn ≈ −δ(1− S)(n2
0 − 1), (9.2)

with n0 being the leading-order solution away from the interface. The effect of the
dye distribution is found to be significant only in a small layer near the interface with
width of the order of εω.

For case (iii), we considered a thin film with a structured interface with periodi-
cally positioned nano pillars of EA material stemming into the ED. We have solved
the corresponding model both analytically and numerically. The Fn-V curve follows
the diode-like relation, similarly to the aforementioned cases. We have primarily
considered only an idealised case where physical properties of the device are of the
same size in the EA and ED region. We have, further, examined the effect of the
Debye length, i.e. the screening length of the electric field, by varying Λ (which is
proportional to the square of the Debye length), and the dielectric constants ratio,
by varying ε̂p = εp

εn
. We have shown that as Λ increases or ε̂p increases, the result

was a higher electric field near the interface, indicated by the higher concentration of
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charge carriers near the interface.

In Part II, we derived a mathematical model for light absorption for a partially ab-
sorbing device. In particular, we have considered that only the dye absorbs photons
and we have assumed a monochromatic light source. This is reflected in the use of the
refractive index, κ; if the complex part of κ is non-zero the material is absorbing. We
have taken that the generation rate, G, of excitons (we have assumed that all excitons
produce one electron which enters the EA region and one hole that enters the ED
region) in the dye relates to the change in the photon density in the dye layer. The
mathematical model consisted of Maxwell equations for an electromagnetic wave in
a semiconducting medium. At the interface between the materials, we have assumed
that in the tangential direction of the interface, the electric field, E, is continuous
and the jump in the magnetising field, H equals the surface current. In the normal
direction of the interface, we have imposed that the jump in the displacement field,
D, equals the surface charge density (which we have assumed to be zero), and that
the magnetic field, B, is continuous. We have imposed time-harmonic solutions of
the form E = Ê(x) exp (−iνt), with ν being the frequency of light. This substitu-
tion has reduced the problem to a Helmholtz equation for the electric field, with the
wavenumber satisfying k2 =

(
ν
c
κ
)2. Further, we assumed that photons reach the

device perpendicularly from the EA surface and that no photons exit the device from
any of the other surfaces. We have manipulated the equations in order to solve for
the electric field only, while noting that we can use the relation Ĥ = − i

µν
∇ × Ê to

find the magnetic field. For the purposes of this analysis, we have allowed the dye
region to have a relatively small, but noticeable, thickness, in order to allow for our
numerical calculations and solve the model in one- and two-dimensional spaces.

In the one-dimensional case, we have assumed a dye layer of thickness 2u, centred at
the interface (z = 0) and rescaled z with the lengthscale of the device H1 and the
electric field by the magnitude of the electric field of the incoming electromagnetic
wave. For this case, we computed an analytical solution valid throughout the whole
device, showing the oscillatory behaviour of the electric field, with periodicity being
inversely proportional to the wavenumber in each material (hence the refractive in-
dex). The generation rate was then calculated as the change in light intensity across
the dye, i.e. in −u ≤ z ≤ u, giving

G ∼ cos
2u

ν
=(κdye). (9.3)
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We, then, used the calculated generation rate as an input to the current transport
problem from Part I, and examined the impact on the current density-voltage curves.
It was shown that current is generated in an ssDSSC under illumination while V = 0,
as expected by all solar cells.

The mathematical model was then applied to the cases (i)-(iii) visited in Part I,
as mentioned earlier. For the bilayer thin films, i.e. cases (i) and (ii), we showed
that the generation rate can be approximated by a constant along the interface as
the respective aspect ratio becomes small. For the nanostructured cell, i.e. case (iii),
the generation rate varies primarily in the z direction only, as the aspect ratio, εω,
becomes small. For all cases, current was generated under illumination without the
application of bias and the Fn ∼ G as V = 0.

In concluding the thesis, we believe that the mathematical models derived in this
thesis are useful in predicting the behaviour of an ssDSSC and the generated current,
given the applied voltage and/or the illumination conditions.

9.2 Future Development

While this thesis is aimed at understanding the mechanisms behind the operation of
ssDSSCs, there remains room for further enhancement of the models and the cor-
responding analysis. It would be worth considering removing the steady-state and
thermodynamic equilibrium assumptions, if one is interested in studying the stability
of the cells.

We believe that greater interest on the understanding of the operation of the so-
lar cell can be found in varying the parameters already in the model relating to the
morphology and the electrochemical properties of the materials. Probably the great-
est simplifications that have been made are on the geometry of the cell and on the
molecular structure of the materials involved. We have assumed a planar or highly
structured EA/ED interface by completely removing the mesoporous EA layer or by
organising it into nanostems. Also, we have neglected any impurities of the EA and
ED materials and only modelled simple band structures similar to that of silicon,
where the energy bands are separated according to the Fermi-Dirac statistics [22]. It
is believed that additional energy states would introduce a trapping mechanism which
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could be key to describing the behaviour of the system. Depending on whether these
states assist in exciton generation in the bulk of the material or limit/enhance the
transport of free charges, there are different ways this can be described mathemati-
cally. It would also be interesting to identify any electric-field-dependent parameters
in our problem, such as the mobility of charges, and incorporate them in the model
appropriately.

In real devices, e.g. those described in [78] and [33], additives are introduced into
the ED material (as discussed in Chapter 2). In these studies, it has been suggested
that the addition of lithium salts does not dope the ED and that it increases the
overall efficiency of the device by reducing the recombination rate. It is possible to
achieve up to one order of magnitude decrease in recombination time when lithium
is increased ten times in concentration [78]. This could be introduced into the model
through a refined description of the recombination rate.

The efficiency of the cell may be limited by several mechanisms, not all of which were
taken into consideration in our modelling assumptions. Possible loss mechanisms not
considered include: photon absorption or scattering by the ED, the anti-reflective
glass coating or the cathode design, reducing current generation by the dye. Also,
photons of high energy (i.e. of low wavelengths) may be absorbed by the ED gener-
ating Frenkel excitons which could, under the appropriate conditions (good mobility
and diffusion length) generate additional free charge carriers. It might, also, be the
case that the photons are scattered by the cathode or glass coating reducing the in-
tensity of light that reaches the dye.

The assumption on photons reahing the EA surface perpendicularly is a simple way
of understanding light absorption by the cell, but it might not be realistic. We see
another potential limitation to the generation of current stemming from light hitting
the cell at an angle, especially for the case of a cell with a nanostem interface struc-
ture, which could restrict the light reaching the end of the nanostems. This could be
an optimisation problem.

This is not an exhaustive list of suggested developments of the model presented. As
technology keeps evolving, the results in this thesis could help in the understanding
of the operation of solar cells and the further enhancement of the cell’s configuration.
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Part III

Supplementary Material

168



Appendix I - for Chapter 4

In this appendix we present the numerical scheme used in Section 4.2 to solve (4.13)-
(4.12) subject to the boundary condition (4.14) and for the concentration of holes
and the electrostatic potential in the ED region, using (4.17)-(4.16) subject to the
boundary condition (4.18). These two problems are coupled together at the interface
via (4.15), (4.19) and (4.20).

The Numerical Scheme

The numerical technique used is based on the shooting method [79]. In particular,
we shoot from the EA/electrode contact and aim to satisfy the ED/electrode contact
condition on p as given in (4.18). The input parameters are the ratios of diffusion
coefficients and dielectric constants, the generation and recombination rates at the
interface and the flux. We get V as the output. The code can be summarised in the
following steps:

Step 1. We introduce the shooting parameter s such that

dφ

dz
= s, at z = −1. (I.1)

Then, given Fn, we solve1 the EA problem (4.13)-(4.12), subject to the initial condi-
tions for φ, φzz as given in (4.14).
Step 2. We use the values of n, φ and dφ

dz
at z = 0− obtained from Step 1 together

with the interfacial conditions (4.14) and (4.20) to get φ, φz and p at z = 0+ and
(4.17) to get Fp.

1We use the method of finite difference.
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Step 3. We use the values for φ, dφ
dz
, p and Fp at z = 0+ found in Step 2 to initiate

the solver for the ED problem (4.17)-(4.16).
Step 4. We get the value that was calculated for p at z = m and compare it with
P̂+. If the two agree with good accuracy then we stop. If not, we return to Step 1
with an update on the choice of s. For faster convergence we use the interval bisection
method, by denoting the values for s on each side of the sought value with sleft and
sright in each iteration. The stopping criterion is

|sleft − sright| ≤ tol, (I.2)

where we set the tolerance level to tol = 10−14.

If our aim is to obtain the distribution of φ, E, n and p for a particular value of
Fn, we stop here. If we want to compute the current density-voltage characteristic
curve we employ a bootstrap method as explained in the final step below.

Step 5. Once the optimal value for s, s0, is found for a given Fn, we use s0 as
a starting point for the next (nearest) value of Fn and go through steps 1-4 again.
We continue to obtain the corresponding range of V for the required domain of Fn.

Verification

To test the tolerance level for the bisection formula as explained in Step 4 above,
we let the initial sleft and sright in the bisection formula be (for example) -5 and 5,
respectively, and update one of the two after each iteration according to the bisection
method. When the value of |sleft − sright| falls below the tolerance level, tol, we end
the iteration. In Figure III, we show the number of steps taken to converge to a value
for s that satisfies the tolerance condition (I.2); the number of steps increase as the
tolerance level decreases. In Figure ?? we show how a lower tolerance level helps
converge to the correct solution for a given value of Fn; in particular, we show that
V converges to zero for a very low tolerance level.
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Figure I.1: (a) Shows the number of steps taken for convergence to the optimal value for
s using a bisection formula against the pre-defined tolerance level. (b) Shows the resulting
value for V obtained when J = 0 against the tolerance applied. {Parameters: δ = 10−4,
ε̂p = 1, D̂p = 1, S = 0.15, Λ = 1, m = 1, Vbi = 0, G = 0, starting values: sleft = −5,
sright = 5}
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Appendix II - for Chapter 4

The contents of this appendix are relevant to Section 4.3 and we include a detailed
description of the numerical scheme used for solving the bilayer problem.

Numerical Scheme: the thin film approximation

In this section we explain the numerical scheme used to solve the non-dimensional
problem given by (4.135)-(4.147) with a dye interface as shown in Figure II.1. The
scheme is based on a second order centred finite differences method. The dependent
variables are written in vector form and the numerical solution for φ and n, expressed
as Φ and N , is found by solving two vector systems with nonlinear matrix coefficients.
The system is solved iteratively using a simple Jacobi iteration until a certain tolerance
is reached. We allow the user to input the values of the various parameters of the
problem, namely ε, ω̂, ĝ, Nb, δ, Λ, Ĝ, ε̂p, N̂− and P̂+.
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Figure II.1: The (scaled) domain of interest with ε � 1 and ω̂ = O(1). The grey blob
represents the dye, where Sd = 1.

The Grid

The domain for the electron acceptor region is {−1 < z < 0, 0 < x < 1}. To apply the
finite difference scheme we discretise the domain into a uniform grid of J equal steps
of width h = 1

J
as shown in Figure II.2. The problem is solved on the numerical nodes

(zj, xk), where zj = −1 + hj and xk = hk for j, k = 0, 1, 2, ..., J . However, in order to
apply the boundary conditions, we introduce ‘phantom’ points lying just outside the
boundaries, which are only used in order to obtain the scheme. The variables Φ and
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N , are written in vector form as

Φ =



Φ0,0

Φ0,1

Φ0,2

...

Φ0,J

Φ1,0

Φ1,1

...

Φ1,J

...

ΦJ,J



and N =



N0,0

N0,1

N0,2

...

N0,J

N1,0

N1,1

...

N1,J

...

NJ,J



. (II.1)

Therefore, Φj,k and Nj,k are the approximation of φ and n at the point (zj, xk).

Figure II.2: The uniform grid used for the numerical scheme.
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Discretisation

The governing equations are given in (4.135)-(4.136). To discretise these, we let Φj,k

and Nj,k be the numerical solutions for φ and n at the point (zk, xk), respectively.
Then, using a second order centred differences approximation for the discretisation
of the derivatives, we obtain, for (4.135),

Φ
[q+1]
j+1,k + Φ

[q+1]
j−1,k − 2Φ

[q+1]
j,k

h2
+ ε2

(
Φ

[q+1]
j,k+1 + Φ

[q+1]
j,k−1 − 2Φ

[q+1]
j,k

h2

)
= ΛN

[q]
j,k, (II.2)

for j, k = 2, ..., J − 1. In (II.2) q(≥ 1) is an indicator of the number of iterations
operated for each term. Given an initial guess for Φ, namely Φ[0], we iterate the
scheme so that we reach a desirable level of tolerance, tol, set as

||N[q+1] −N[q]|| < tol. (II.3)

The scheme for φ is completed with imposing the boundary conditions at z = −1, 0

as

Φ1,k = − V̂
2
, (II.4)

ΦJ,k = 0 (II.5)

for k = 1, ..., J , and we use the Neumann boundary conditions at x = 0, 1 to reduce
the discretised equation (II.2) at the boundaries to

Φ
[q+1]
j+1,1 + Φ

[q+1]
j−1,1 − 2Φ

[q+1]
j,1

h2
+ ε2

(
2Φ

[q+1]
j,2 − 2Φ

[q+1]
j,1

h2

)
= ΛN

[q]
j,1, (II.6)

Φ
[q+1]
j+1,J + Φ

[q+1]
j−1,J − Φ

[q+1]
j,J

h2
+ ε2

(
2Φ

[q+1]
j,J−1 − 2Φ

[q+1]
j,J

h2

)
= ΛN

[q]
j,J (II.7)

for j = 2, ..., J .

Before discretising n, it is useful to write it as

nzφz + ε2nxφx + n (φzz + ε2φxx)︸ ︷︷ ︸
=Λn

−(nzz + ε2nxx) = 0, (II.8)
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and discretise as follows(
Φ

[q]
j+1,k − Φ

[q]
j−1,k

4h2

)(
N

[q+1]
j+1,k −N

[q+1]
j−1,k

)
−

(
N

[q+1]
j+1,k +N

[q+1]
j−1,k − 2N

[q+1]
j,k

h2

)
+ ΛN

[q]
j,kN

[q+1]
j,k

+ ε2

(
Φ

[q]
j,k+1 − Φ

[q]
j,k−1

4h2

)
(N

[q+1]
j,k+1 −N

[q+1]
j,k−1)− ε2

(
N

[q+1]
j,k+1 +N

[q+1]
j,k−1 − 2N

[q+1]
j,k

h2

)
= 0,

(II.9)

for j, k = 2, ..., J − 1. We impose the Dirichlet boundary condition at z = −1 as

N0,k = N̂− (II.10)

for k = 0, ...J , and we use the Neumann boundary conditions at x = 0, 1 to reduce
(II.9) to the following equations at the boundaries(

Φ
[q]
j+1,1 − Φ

[q]
j−1,1

4h2

)(
N

[q+1]
j+1,1 −N

[q+1]
j−1,1

)
−

(
N

[q+1]
j+1,1 +N

[q+1]
j−1,1 − 2N

[q+1]
j,1

h2

)

+ ΛN
[q]
j,1N

[q+1]
j,1 − ε2

(
2N

[q+1]
j,2 − 2N

[q+1]
j,1

h2

)
= 0, (II.11)(

Φ
[q]
j+1,1J − Φ

[q]
j−1,J

4h2

)(
N

[q+1]
j+1,J −N

[q+1]
j−1,J

)
−

(
N

[q+1]
j+1,J +N

[q+1]
j−1,J − 2N

[q+1]
j,J

h2

)

+ ΛN
[q]
j,JN

[q+1]
j,J − ε2

(
2N

[q+1]
j,J−1 − 2N

[q+1]
j,J

h2

)
= 0, (II.12)

for j = 2, ..., J − 1.

We are left with discretising

nφz − nz = Sd(x)Ĝ− δ(1− Sd(x))(n2 − 1)|z=0. (II.13)

To find the scheme on these boundary nodes, we use the governing equations for
φ and n together with the boundary condition, as explained below. We introduce
‘phantom’ nodes by extending the grid by adding the point zJ+1 = −1 + (J + 1)h.

176



Thus, (II.8) at the boundary nodes becomes(
Φ

[q]
J+1,k − Φ

[q]
J−1,k

4h2

)(
N

[q+1]
J+1,k −N

[q+1]
J−1,k

)
−

(
N

[q+1]
J+1,k +N

[q+1]
J−1,k − 2N

[q+1]
J,k

h2

)
+ ΛN

[q]
J,kN

[q+1]
J,k

+ ε2

(
Φ

[q]
J,k+1 − Φ

[q]
J,k−1

4h2

)
(N

[q+1]
J,k+1 −N

[q+1]
J,k−1)

− ε2

(
N

[q+1]
J,k+1 +N

[q+1]
J,k−1 − 2N

[q+1]
J,k

h2

)
= 0, (II.14)

for k = 1, ...J , where we need expressions for N [q+1]
J+1,k and Φ

[q]
J+1,k. We then use (II.2)

to get ΦJ+1,k as

Φ
[q]
J+1,k + Φ

[q]
J−1,k − 2Φ

[q]
J,k

h2
+ ε2

(
Φ

[q]
J,k+1 + Φ

[q]
J,k−1 − 2Φ

[q]
J,k

h2

)
= ΛN

[q]
J,k (II.15)

⇒ Φ
[q]
J+1,k = Λh2N

[q]
J,k − Φ

[q]
J−1,k, (II.16)

where we have used (II.5) in the last line. We also use (II.13) to get N [q+1]
J+1,k as(

Φ
[q]
J+1,k − ΦJ−1,k

2h

)
N

[q]
J,k −

N
[q+1]
J+1,k −N

[q]
J−1,k

2h
= SdkG− δ(1− Sdk)((N [q]

J,k)
2 − 1)

(II.17)

⇒ N
[q+1]
J+1,k = N

[q+1]
J−1,k +

(
(Λh2 − 2hδ(1− Sdk))N [q]

J,k − 2ΦJ−1,k

)
N

[q+1]
J,k + Ck, (II.18)

where we write Sdk = Sd(xk) and Ck = 2h[δ(1− Sdk) + SdkĜ] and use the expression
for Φ

[q]
J+1,k found earlier. Finally, on the interface, we impose[(

Λh2N
[q]
J,k − 2Φ

[q]
J−1,k − 4

4h2

)(
[Λh2 − 2hδ(1− Sdk)]N [q]

J,k − 2Φ
[q]
J−1,k

)
+

ΛCk
4

+ ΛN
[q]
J,k +

2

h2
(1 + ε2)

]
N

[q+1]
J,k − 2

h2
N

[q+1]
J−1,k

− ε2

h2
N

[q+1]
J,k+1 +− ε

2

h2
N

[q+1]
J,k−1 = Ck

(
Φ

[q]
J−1,k

2h
+

1

h2

)
, (II.19)

for k = 2, ..., J − 1. Then, for the corners (0,0) and (0,1) we use the Neumann
boundary condition for n. At (0,0) we get
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[(
Λh2N

[q]
J,1 − 2Φ

[q]
J−1,1 − 4

4h2

)(
[Λh2 − 2hδ(1− Sd1)]N

[q]
J,1 − 2Φ

[q]
J−1,1

)
+

ΛC1

4
+ ΛN

[q]
J,1 +

2

h2
(1 + ε2)

]
N

[q+1]
J,1 − 2

h2
N

[q+1]
J−1,1

− 2ε2

h2
N

[q+1]
J,2 = C1

(
Φ

[q]
J−1,1

2h
+

1

h2

)
. (II.20)

At (0,1) we get[(
Λh2N

[q]
J,J − 2Φ

[q]
J−1,J − 4

4h2

)(
[Λh2 − 2hδ(1− Sd(J))]N

[q]
J,J − 2Φ

[q]
J−1,J

)
+

ΛCJ
4

+ ΛN
[q]
J,J +

2

h2
(1 + ε2)

]
N

[q+1]
J,J − 2

h2
N

[q+1]
J−1,J

− 2ε2

h2
N

[q+1]
J,J−1 = CJ

(
Φ

[q]
J−1,J

2h
+

1

h2

)
. (II.21)

The matrix systems for Φ and N, then, read

AφΦ
[q+1] = ΛN[q] + bφ, (II.22)

An(Φ[q+1],N[q])N[q+1] = bn, (II.23)

where Aφ and An are the matrices of coefficients and bφ and bn are vectors, described
by the relations in (II.2)-(II.21). Aφ has constant entries, while An depends on Φ and
N . We iterate according to q based on a simple Jacobi iteration method. We stop
the iteration when

‖Φ[q+1] −Φ[q]‖ < tol and ‖N[q+1] −N[q]‖ < tol, (II.24)

for some tolerance value, tol.

Error Analysis

As there is no analytical exact solution, we use a numerical solution with a very fine
grid as a reference to analyse the numerical error and accuracy. We numerically solve
(4.135)-(4.147) with Nb = 1, ω̂ = 0.5 and ε = 1. We get Φ̄(zj, xk) and N̄(zj, xk)
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Figure II.3: Plot of the errors, (a) EΦ and EN , generated numerically for the bilayer thin
film problem. [Parameters: ε = 1, S = 0, Nb = 1, ω̂ = 0.5, δ = 1, V̂ = 1, Λ = 1 and
N̂− = 1]

on the reference grid and we use a coarser grid to find Φ(zj, xk) and N(zj, xk). We
then define the error matrices between the two solutions (evaluated on the common
points)

EΦj,k
= |Φj,k − Φ̄(zj, xk)|, ENj,k

= |Nj,k − N̄(zj, xk)|. (II.25)

In Figure II.3 we show the errors EΦ and EN , for a sample case, to be of significantly
small order.
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Appendix III - for Chapter 5

The contents of this appendix are relevant to Section 5.3 and we include a detailed de-
scription of the numerical scheme used for solving the ordered nanostructured mixed-
layer problem. The numerical code produces the distribution of φ, n and p throughout
the whole cell, allowing the user to vary the parameters: εω, δ, V , ε̂p, N̂− and P̂+.

The scheme uses the finite volume method (FVM) [63]. According to the finite volume
method, we introduce a volume element, Ṽ , (in this case a two dimensional square)
around the point of the grid we want to discretise about. If the point is given by
(zj, xk), then the corners of the square are at (zj± 1

2
, xk± 1

2
). We then integrate our

equation across this volume element, using the divergence theorem to reduce to a
surface integral over the surface of the volume, S, and discretise. In the bulk, the
scheme is identical to a finite differences scheme, but it allows for a better discretisa-
tion along the interface. We then formulate the problem as a matrix system and the
solution is obtained via iteration until reaching an acceptable tolerance level.

The Grid

The domain, [0, 1]× [0, 1], is discretised into the uniform grid shown in Figure III.1.
To apply the finite volumes scheme we discretise the domain into a piecewise uniform
grid with a total of J steps. We introduce zj = hj and xk = hk, and define the grid
by the nodes (zj, xk), where j, k = 0, ..., J . We let h = 1

J
be the grid step size. We

then let Φj,k, Nj,k and Pj,k be the numerical solutions for φ, n and p at the node
(zj, xk). We will define ja, jb, kc and kd so that (zja , xkc) = (a, c), (zja , xkd) = (a, d),
(zjb , xkc) = (b, c) and (zjb , xkd) = (b, d), respectively.
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Figure III.1: The numerical domain for one stem.

Discretisation (Bulk regions)

The finite volume method reduces to the centred finite differences method in the bulk
regions of the electron acceptor and donor. Note that N is zero in the electron donor
region and P is zero in the electron acceptor region. We present the discretisation in
each region separately, for clarity.

Electron Acceptor Region

For [{j = 1, .., ja−1}∩[{k = 1, .., J−1}] and for [{j = ja, ..., jb−1}∩{k = kc+1, ..., kd−1}]:

ε2
ωΦj−1,k + Φj+1,k − 2Φj,k + (Φj,k−1 + Φj,k+1 − 2Φj,k) = ε2

ωΛh2Nj,k, (III.1)

ε2
ω

[(
Nj+1,k −Nj−1,k

2h

)(
Φj+1,k − Φj−1,k

2h

)
−
(
Nj+1,k +Nj−1,k − 2Nj,k

h2

)]
+ ε2

ωΛN2
j,k

+

(
Nj,k+1 −Nj,k−1

2h

)(
Φj,k+1 − Φj,k−1

2h

)
−
(
Nj,k+1 +Nj,k−1 − 2Nj,k

h2

)
= 0, (III.2)

Pj,k = 0. (III.3)
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The Dirichlet boundary conditions on z = 0 are imposed for k = 0, J

Φ0,k = 0, (III.4)

N0,k = N̂−, (III.5)

P0,k = 0, (III.6)

for j = 0. The periodic boundary conditions on the x-boundaries are for Φ, for
j = 0, J , are discretised as

Φj,0 = Φj,J , (III.7)

Φj,1 = −Φj,J−1, (III.8)

and then we get, by substituting (III.7)-(III.8) into (III.1),

ε2
ω (Φj−1,J + Φj+1,J − 2Φj,J) + (Φj,J−1 + Φj,1 − 2Φj,J) = ε2

ωΛh2Nj,J . (III.9)

for j = 0, .., J − 1. Similarly, for N we impose the periodic conditions

Nj,0 = Nj,J , (III.10)

Nj,1 = −Nj,J−1, (III.11)

on j = 0, J to get

ε2
ω

[(
Nj+1,J −Nj−1,J

2h

)(
Φj+1,J − Φj−1,J

2h

)
−
(
Nj+1,J +Nj−1,J − 2Nj,J

h2

)]
+ ε2

ωΛN2
j,J +

(
Nj,1 −N1,J−1

2h

)(
Φj,1 − Φj,J−1

2h

)
−
(
Nj,1 +Nj,J−1 − 2Nj,J

h2

)
= 0,

(III.12)

for j = 0, .., J − 1.

Electron Donor Region

Similarly to the discretisation for the EA region, in [{j = ja+1, ...J − 1} ∩ {k =

1, ..., kc−1}], [{j = ja+1, ...J−1}∩{k = kd+1, ..., J−1}] and [{j = jb+1, ..., J−1}∩{k =
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kc, ..., kd}] we have discretised as

ε2
ω (Φj−1,k + Φj+1,k − 2Φj,k) + (Φj,k−1 + Φj,k+1 − 2Φj,k) = −ε2

ω

Λ

ε̂p
h2Pj,k, (III.13)

ε2
ω

[(
Pj+1,k − Pj−1,k

2h

)(
Φj+1,k − Φj−1,k

2h

)
+

(
Pj+1,k + Pj−1,k − 2Pj,k

h2

)]
− ε2

ω

Λ

εp
P 2
j,k

+

(
Pj,k+1 − Pj,k−1

2h

)(
Φj,k+1 − Φj,k−1

2h

)
+

(
Pj,k+1 + Pj,k−1 − 2Pj,k

h2

)
= 0, (III.14)

and we impose Nj,k = 0. The Dirichlet boundary conditions on z = 1 are imposed by

ΦJ,k = V̂ , (III.15)

NJ,k = 0, (III.16)

PJ,k = P̂+, (III.17)

for k = 0, ..., J . Using the periodic boundary conditions on the x-boundaries (III.7)-
(III.8) we get the discretised equation for Φ to be

ε2
ω (Φj−1,J + Φj+1,J − 2Φj,J) + (Φj,J + Φj,1 − 2Φj,J) = −ε2

ω

Λ

ε̂p
h2Pj,J , (III.18)

for j = 0, .., J − 1. Similarly, we use the discretised periodic conditions

Pj,0 = Pj,J , (III.19)

Pj,1 = −Pj,J−1, (III.20)

to obtain the discretised scheme for N to be

ε2
ω

[(
Pj+1,J − Pj−1,J

2h

)(
Φj+1,J − Φj−1,J

2h

)
+

(
Pj+1,J + Pj−1,J+1 − 2Pj,J

h2

)]
− ε2

ω

Λ

ε̂p
P 2
j,J +

(
Pj,1 − Pj,J−1

2h

)(
Φj,1 − Φj,J−1

2h

)
+

(
Pj,1 + Pj,J−1 − 2Pj,J

h2

)
= 0,

(III.21)

for j = 0, .., J − 1.

Discretisation (Interface)

We present the discretisation for each dependent variable separately along the inter-
face using the finite volume method. The dye interface is described by the points
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(zj, xk), where [{j = ja} ∩ {k = 0, ..., c}], [{j = ja, ..jb} ∩ {k = kc}], [{j = jb} ∩ {k =

kc, ..., kd}], [{j = ja, ..., jb} ∩ {k = kd}] and [{j = ja} ∩ {k = kd, ..., J}], as shown
in Figure 4.13. In what follows we present the discretised problem for each variable
separately.

For Φ

We define the controlled ‘volume’ (here area) Ῡ, being a rectangle with length h and
centred at each node; we let ∂̄Ῡ to denote the perimeter. Then, the scheme for Φ

along the interface is derived as follows:∫∫
Ῡ

∇ · (εi∇φ) dṼ =

∫∫
Ωa

ΛndΩa −
∫∫

Ωd

ΛpdΩd (III.22)

⇒
∫
∂̄Ῡ

εi∇φ · n̂dS =

∫∫
Ωa

ΛndΩa −
∫∫

Ωd

ΛpdΩd, (III.23)

with Ωa and Ωd representing the area of the controlled volume which lies in the EA
and ED region, respectively, as shown in Figure III.2. We have used the divergence
theorem to reduce to a surface integral. The numerical approximation differs on each
point along the interface, thus we break it down in vertical and horizontal interface
lines and corner points.

Consider any point along the horizontal lines of the interface, i.e. any point (zj, xk),
where [{j = ja} ∩ {k = 0, ..., kc}], [{j = ja} ∩ [{k = kd, ..., J}] and [{j = jb} ∩ {k =

kc, ..., kd}], as shown in Figure III.2.

We will show an example of how we discretise along the interface first, and then
present the remaining scheme only, as the derivation is the same to the example.
Therefore, we discretise along the interface line [{j = ja} ∩ {k = k = 0, ..., kc−a}], i.e.
the line shown in Figure 2(a). We integrate numerically the left-hand side of (III.23)
along the surface of the specified controlled area, to find that∫

∂Ῡ

εi∇φ · n̂dS = ∆z

(
Φj,k−1 − Φj,k

∆x

)
︸ ︷︷ ︸

surface (1)

+ ∆x

(
Φj−1,k − Φj,k

∆z

)
︸ ︷︷ ︸

surface 2

(III.24)

+ ∆z

(
Φj,k+1 − Φj,k

∆x

)
︸ ︷︷ ︸

surface 3

+ ∆x

(
Φj+1,k − Φj,k

∆z

)
︸ ︷︷ ︸

surface 4

, (III.25)
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(a) (b) (c)

(d) (e) (f) (g)

Figure III.2: Controlled volume elements used in the numerical scheme for generating the
discretised equations for Φ.

where the surfaces are shown in Figure 2(a). We discretise the right-hand side of
(III.23) by ∫∫

Ωa

ΛndΩa −
∫∫

Ωd

ΛpdΩd =
Λh2

2
(Nj,k − Pj,k) . (III.26)

Therefore, on ny point (zj, xk), where [{j = ja} ∩ {k = 0, ..., kc}], [{j = ja} ∩ [{k =

kd, ..., J}] and [{j = jb} ∩ {k = kc, ..., kd}], we impose

The

ε2
ω (ε̂pΦj+1,k + Φj−1,k − (1 + ε̂p)Φj,k) +

(
1 + ε̂p

2

)
(Φj,k−1 + Φj,k+1 − 2Φj,k)

= ε2
ω

Λh2

2
(Nj,k − Pj,k) . (III.27)

In the same horizontal lines of the interface, we impose the periodic boundary condi-
tions on k = 0, J , i.e.

Φj,0 = Φj,J , (III.28)
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to get

ε2
ω (ε̂pΦj+1,J + Φj−1,J − (1 + ε̂p)Φj,J) +

(
1 + ε̂p

2

)
(Φj,J−1 + Φj,1 − 2Φj,J)

= ε2
ω

Λh2

2
(Nj,J − Pj,J) . (III.29)

We then turn to the vertical line of the interface, i.e. [{j = ja+1, ..., jb−1}∩ {k = kc}],
as seen in Figure 2(b)), were we impose

ε2
ω

(
1 + ε̂p

2

)
(Φj−1,k + Φj+1,k − 2Φj,k) + (ε̂pΦj,k−1 + Φj,k+1 − (1 + ε̂p)Φj,k)

= ε2
ω

Λh2

2
(Nj,k − Pj,k) . (III.30)

Similarly, for the other vertical line of the interface, i.e. [{j = ja+1, ..., jb−1}∩{k = kd}]
(see Figure 2(c)), the scheme is

ε2
ω

(
1 + ε̂p

2

)
(Φj−1,k + Φj+1,k − 2Φj,k) + (Φj,k−1 + ε̂pΦj,k+1 − (1 + ε̂p)Φj,k)

= ε2
ω

Λh2

2
(Nj,k − Pj,k) . (III.31)

For the corner point (zja , xkc) (see Figure 2(d)), we discretise in a similar manner.
The local scheme is

ε2
ω

(
Φj−1,k +

(
1 + ε̂p

2

)
Φj+1,k −

(
3 + ε̂p

2

)
Φj,k

)
+

((
1 + ε̂p

2

)
Φj,k−1 + Φj,k+1 −

(
3 + ε̂p

2

)
Φj,k

)
= ε2

ω

Λh2

4
(3Nj,k − Pj,k) . (III.32)

For the corner point (zja , xkd), (see Figure 2(e)) the scheme is

ε2
ω

(
Φj−1,k +

(
1 + ε̂p

2

)
Φj+1,k −

(
3 + ε̂p

2

)
Φj,k

)
+

(
Φj,k−1 +

(
1 + ε̂p

2

)
Φj,k+1 −

(
3 + ε̂p

2

)
Φj,k

)
= ε2

ω

Λh2

4
(3Nj,k − Pj,k) . (III.33)

186



For the corner point (zjb , xkc) (see Figure 2(f)) the scheme is

ε2
ω

((
1 + ε̂p

2

)
Φj−1,k + ε̂pΦj+1,k −

(
1 + 3ε̂p

2

)
Φj,k

)
+

(
ε̂pΦj,k−1 +

(
1 + ε̂p

2

)
Φj,k+1 −

(
1 + 3ε̂p

2

)
Φj,k

)
= ε2

ω

Λh2

4
(Nj,k − 3Pj,k) .

(III.34)

For the corner point (zjb , xkd) (see Figure 2(g)) the scheme is:

ε2
ω

((
1 + ε̂p

2

)
Φj−1,k + ε̂pΦj+1,k −

(
1 + 3ε̂p

2

)
Φj,k

)
+

((
1 + ε̂p

2

)
Φj,k−1 + ε̂pΦj,k+1 −

(
1 + 3ε̂p

2

)
Φj,k

)
= ε2

ω

Λh2

4
(Nj,k − 3Pj,k) .

(III.35)

For N

For N on any point of the interface we use the following∫∫
Ῡ

∇ · FndῩ =

∫
∂Υ

Fn · n̂dS = 0, (III.36)

where Ῡ is the volume unit and ∂Ῡ is the surface of the volume in which we integrate.
However, N is only defined in the EA region, i.e. in only one side of the interface,
thus we must restrict the volume elements used to just the side where N is defined,
as shown in Figure III.3.

For the horizontal lines of the interface [{j = ja} ∩ {k = 1, .., kc−1}], [{j = ja} ∩ {k =

kd+1, ..., J}], and [{j = jb} ∩ {k = kc+1, ..., kd−1}] (see Figure 3(a)) the scheme is
derived as follows∫

∂Ῡ

Fn · n̂dS =

∫
1

1

εω

(
n
∂φ

∂x
− ∂n

∂x

)
dz +

∫
2

εω

(
n
∂φ

∂z
− ∂n

∂z

)
dx

+

∫
3

1

εω

(
n
∂φ

∂x
− ∂n

∂x

)
dz −

∫
4

εω

(
SĜ− δ(1− S)(np− 1)

)
dx,

(III.37)

where the notations 1, 2, 3, 4 in the integrals correspond to the surfaces of the con-
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(a) (b) (c)

(d) (e) (f) (g)

Figure III.3: Controlled volume elements used in the numerical scheme for generating the
discretised equations for N .

trolled area, as shown in Figure ??. The scheme, then, can be written as[(
Nj,k−1 +Nj,k

2

)
(Φj,k−1 − Φj,k)− (Nj,k−1 −Nj,k)

]
1

2εω

+

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
εω

+

[(
Nj,k+1 +Nj,k

2

)
(Φj,k+1 − Φj,k)− (Nj,k+1 −Nj,k)

]
1

2εω

−
[
Sj,kĜ− δ(1− Sj,k) (Nj,kPj,k − 1)

]
hεω = 0, (III.38)

where Sj,k = Sd(zj, xk) from now on. At the x-boundaries, i.e. for k = 0, J , the
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scheme is:

Nj,0 = Nj,J , (III.39)[(
Nj,J−1 +Nj,J

2

)
(Φj,J−1 − Φj,J)− (Nj,J−1 −Nj,J)

]
1

2εω

+

[(
Nj−1,J +Nj,J

2

)
(Φj−1,J − Φj,J)− (Nj−1,J −Nj,J)

]
εω

+

[(
Nj,1 +Nj,J

2

)
(Φj,1 − Φj,J)− (Nj,1 −Nj,J)

]
1

2εω

−
[
Sj,JĜ− δ(1− Sj,J) (Nj,JPj,J − 1)

]
hεω = 0. (III.40)

On the vertical line of the interface along [{j = ja+1, ..., jb−1}∩{k = kc}], the scheme
is:

− h
[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
+
εω
2

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
+

1

εω

[(
Nj,k+1 +Nj,k

2

)
(Φj,k+1 − Φj,k)− (Nj,k+1 −Nj,k)

]
+
εω
2

[(
Nj+1,k +Nj,k

2

)
(Φj+1,k − Φj,k)− (Nj+1,k −Nj,k)

]
= 0. (III.41)

On the vertical line on the interface along [{j = ja+1, ..., jb−1}∩{k = kd}], the scheme
is:

1

εω

[(
Nj,k−1 +Nj,k

2

)
(Φj,k−1 − Φj,k)− (Nj,k−1 −Nj,k)

]
+
εω
2

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
− h

[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
+
εω
2

[(
Nj+1,k +Nj,k

2

)
(Φj+1,k − Φj,k)− (Nj+1,k −Nj,k)

]
= 0. (III.42)
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Similarly, for the corner (zja , xkc) (see Figure 3(d)) the scheme is:[(
Nj,k−1 +Nj,k

2

)
(Φj,k−1 − Φj,k)− (Nj,k−1 −Nj,k)

]
1

2εω

+

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
εω

+

[(
Nj,k+1 +Nj,k

2

)
(Φj,k+1 − Φj,k)− (Nj,k+1 −Nj,k)

]
1

εω

+

[(
Nj+1,k +Nj,k

2

)
(Φj+1,k − Φj,k)− (Nj+1,k −Nj,k)

]
εω
2

−
[
Sj,kĜ− δ(1− Sj,k) (Nj,kPj,k − 1)

]
h

(
εω + 1

2

)
= 0. (III.43)

For the corner (zja , xkd) (see Figure 3(e)) the scheme is:

1

εω

[(
Nj,k−1 +Nj,k

2

)
(Φj,k−1 − Φj,k)− (Nj,k−1 −Nj,k)

]
+ εω

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
+

1

2εω

[(
Nj,k+1 +Nj,k

2

)
(Φj,k+1 − Φj,k)− (Nj,k+1 −Nj,k)

]
−
(
εω + 1

2

)
h
[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
+
εω
2

[(
Nj+1,k +Nj,k

2

)
(Φj+1,k − Φj,k)− (Nj+1,k −Nj,k)

]
= 0. (III.44)

For the corner (zjb , xkc) (see Figure 3(f)) the scheme is:

+
εω
2

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
+

1

2εω

[(
Nj,k+1 +Nj,k

2

)
(Φj,k+1 − Φj,k)− (Nj,k+1 −Nj,k)

]
−
(
εω + 1

2

)
h
[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
= 0. (III.45)
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For the corner (zjb , xkd) (see Figure 3(g)) the scheme is:

1

2εω

[(
Nj,k−1 +Nj,k

2

)
(Φj,k−1 − Φj,k)− (Nj,k−1 −Nj,k)

]
+
εω
2

[(
Nj−1,k +Nj,k

2

)
(Φj−1,k − Φj,k)− (Nj−1,k −Nj,k)

]
−
(
εω + 1

2

)
h
[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
= 0. (III.46)

For P

Similarly to the derivation of the numerical scheme for N , for P on any point of the
interface we use ∫∫

Ῡ

∇ · FpdῩ =

∫
∂Ῡ

Fp · n̂dS = 0. (III.47)

Since this variable is, again, only defined on one side of the interface, we restrict the
volume elements to the side where P is defined, as shown in Figure III.4.

(a) (b) (c)

(d) (e) (f) (g)

Figure III.4: Controlled volume elements used in the numerical scheme for generating the
discretised equations for P .
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On the horizontal lines of the interface along j = ja, and k = 0, ..., kc and k = kd, ..., J

,and j = jb and k = kc, ..., kd (see Figure 4(a)) the scheme is

1

2εω

[(
Pj,k−1 + Pj,k

2

)
(Φj,k−1 − Φj,k) + (Pj,k−1 − Pj,k)

]
+ εωh

[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
+

1

2εω

[(
Pj,k+1 + Pj,k

2

)
(Φj,k+1 − Φj,k) + (Pj,k+1 − Pj,k)

]
+ εω

[(
Pj+1,k + Pj,k

2

)
(Φj+1,k − Φj,k) + (Pj+1,k − Pj,k)

]
= 0. (III.48)

On the x-boundaries, i.e. at (zja , x0) and (zja , xJ), the periodic conditions are imposed
by

Pj,0 = Pj,J , (III.49)
ε

2

[(
Pj,J−1 + Pj,J

2

)
(Φj,J−1 − Φj,J) + (Pj,J−1 − Pj,J)

]
+
h

ε

[
Sj,JĜ− δ(1− Sj,J)(Nj,JPj,J − 1)

]
+
ε

2

[(
Pj,1 + Pj,J

2

)
(Φj,1 − Φj,J) + (Pj,1 − Pj,J)

]
+

1

ε

[(
Pj+1,J + Pj,J

2

)
(Φj+1,J − Φj,J) + (Pj+1,J − Pj,J)

]
= 0. (III.50)

On the vertical line of the interface along k = kc and j = ja + 1, ..., jb− 1, the scheme
is

1

εω

[(
Pj,k−1 + Pj,k

2

)
(Φj,k−1 − Φj,k) + (Pj,k−1 − Pj,k)

]
+
εω
2

[(
Pj−1,k + Pj,k

2

)
(Φj−1,k − Φj,k) + (Pj−1,k − Pj,k)

]
+ h

[
Sj,kĜ− δ(1− Sj,k)(Nj,kPj,k − 1)

]
+
εω
2

[(
Pj+1,k + Pj,k

2

)
(Φj+1,k − Φj,k) + (Pj+1,k − Pj,k)

]
= 0. (III.51)

On the vertical line of the interface along k = kd and j = ja + 1, ..., jb− 1, the scheme
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is

h
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]
= 0. (III.52)

For the corner point (zja , xjc) (see Figure 4(d)) the scheme is

1
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2

)
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]
= 0. (III.53)

For the corner point (zja , xkd) (see Figure 4(e)) the scheme is

(εω + 1)
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2
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]
= 0. (III.54)

For the corner point (zjb , xkc) (see Figure 4(f)) the scheme is

1

εω

[(
Pj,k−1 + Pj,k

2

)
(Φj,k−1 − Φj,k) + (Pj,k−1 − Pj,k)

]
+
εω
2

[(
Pj−1,k + Pj,k

2

)
(Φj−1,k − Φj,k) + (Pj−1,k − Pj,k)

]
+

(εω + 1)

2
h
[
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For the corner point (zjb , xkc) (see Figure 4(g)) the scheme is
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= 0. (III.56)

Error Analysis

As we have no analytical solution for reference, we calculate the solution to the
problem with a fixed set of parameters using a very fine grid. We let Φ̄j,k, N̄j,k

and P̄j,k be the numerical solutions on the finer grid and Φj, k, Nj,k and Pj,k be the
solutions at the coarser grid, and define the error matrices for each variable by

EΦj,k
= |Φ̄j,k − Φj,k|, ENj,k

= |N̄j,k −Nj,k|, EPj,k
= |P̄j,k − Pj,k|. (III.57)

We note that similar analysis can be done on either φ or p, as well, but we only
demonstrate the case of n here. The results that follow are similar in any of the cases,
expect for φ where the error is smaller everywhere. In Figure III.5, we illustrate the
errors, Eφ, En and Ep, for a uniform grid with step size h = 0.0078. We observe that
the error increases up to O(10−5) in the mixed layer.
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Figure III.5: (a) Contour plot and (b) surface plot of the error, En, generated by the
numerical scheme used for solving the bilayer thin film problem. [Parameters: εω = 1,
S = 0, δ = 1, ε̂p, V = 1, Λ = 1, N̂− = 1, P̂+ = 1]
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