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Abstract

The goal of this thesis is to contribute to our understanding of generalisation and
optimisation in neural networks. We ask the following questions:

1. Why can highly expressive neural networks learn functions that generalise?

2. Optimiser hyperparameters can significantly affect generalisation. Why? How
can we derive optimisers in a principled manner to maximise performance?

In the first part, we introduce a discrete fully-connected network (DFCN) model
that offers useful insights for both questions. We prove a one-to-one correspon-
dence between DFCN architectures and Disjunctive Normal Form (DNF) boolean
expressions. This yields an interpretable complexity measure, Kpyr(f) (shortest
DNF length), which maps to the network’s minimum weight norm. We show
the prior over functions, P(f), exponentially favors functions with low Kpnpg(f).
Consequently, low-complexity functions are learnable, while high- Kp g (f) functions
are not. Finally, we show that weight decay enhances this simplicity bias, acting
as a penalty on Kpyp(f) to promote learning minimal DNF representations and
significantly improve generalisation.

In the second part, we focus on Question 1, through studying inductive biases
towards simple functions inherent at initialisation. While explicit in Bayesian
posteriors, we demonstrate our predictions empirically extend to networks trained
with standard optimisers. We analyse the prior of neural networks on Boolean data.
We find the prior, P(f) < 27*K(/) can be controllably weakened by tuning the
initial weight variance, o, to move the network from an ordered (a = 1) to a chaotic
(a < 1) regime. The latter leads to poor generalisation as the prior cannot counteract
the functional growth. Then we reveal this architectural bias follows a universal
pattern: the prior probability of a function adheres to Zipf’s Law (P(f) oc R(f)™!).
We then prove this Zipfian prior is a necessary condition for efficient learning.

Finally, in the third part, we focus on Question 2. We show that for wide
networks, stochastic optimisers approximate Bayesian inference, and explore when
this breaks down, leading to feature learning. We then introduce a framework to
quantify feature learning, analyzing how optimizers and architectures impact learned
representations. Then, we derive a new optimizer from first principles. We extend
mirror descent to incorporate neural architecture, yielding Automatic Gradient
Descent (AGD): a first-order, hyperparameter-free optimizer that trains networks at
ImageNet scale and provides a foundation for new architecture-aware algorithms.
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Introduction and Motivation

In 2012, a deep neural network (DNN) called AlexNet [13] achieved a top-5 error
rate of 15.3% on the ImageNet competition [14], a huge 10.9% point improvement
over second place — which was also held by a neural network. This date is often
considered the birth of the modern era of deep neural network-based Al. Since
then, much research has been devoted to understanding and improving DNNs.
Enormous advances in theory, hardware and software have propelled the field
towards partially or completely solving problems no other approaches came anywhere
near to, including Go [15], Starcraft 2 [16], protein structure prediction [17], and
autonomous driving [18]. In 2024, Gemini Flash 2.0 — a large language model (LLM)
— scored 89.7% on the challenging MATH benchmark [19]. Even extremely advanced
problems are in reach of the very best LLMs as of 2025 [20].

In each case, the following broad strategy was employed. First, a large dataset
was collected (e.g. proteins) or generated (e.g. through a reinforcement learning agent
playing starcraft). This dataset should be sufficiently representative of the task.
Second, a sufficiently expressive neural network was created using parameterised
linear transformations and (typically) non-parameterised non-linearities. The
number of parameters can be in the hundreds of billions. Third, the neural
network is randomly initialised and trained using a stochastic optimiser. At

each training step, a loss is computed on a minibatch, the gradient of the loss
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is calculated with respect to the parameters, and an optimiser uses this information,
plus a swath of hyperparameters, to adjust the weights. This continues until the

training loss is sufficiently small.

This process of learning the training data often also leads to excellent performance

on unseen test data. Why?

Polyfit DNN DNN (optimisation)
1.0 1.0 1.0
0.5 0.5 0.5 - [ 400
7N
e~ T \ 300 o
\"&’v~~\ \ 'S
> ~< 0 04 -
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Figure 1.1: Example: How models generalise: capacity, inductive bias, and
optimisation. (a) Polynomial regression on n = 5 datapoints with parameter counts
0] = 2,5,50: too few parameters underfit, a moderate model |#| = 5 captures the
trend, and an over-parameterised model |f| = 50 overfits (illustrating classical capacity
control). (b) A deep neural network with |f| ~ 4000 fitted to the same five points
consistently learns a smooth interpolating function across runs, yet it can realise a much
more complex function when additional “adversarial” points (red) are imposed (evidence
of good inductive bias). (c¢) Training dynamics for the DNN: curves show the function’s
evolution over epochs from random initialisation to the final fit, highlighting that the

optimiser’s trajectory selects among many near-zero-loss solutions and therefore may act
as a source of inductive bias.

There are essentially only two ways to produce good performance on unseen data.

Consider Fig. 1.1, with n = 5 datapoints and a range of models with |6| parameters.

Capacity control is the classical learning theoretical approach. Fig. 1.1(a) shows
how this works on a 1D polynomial fitter. When the number of parameters is
just right (in this case, 5), we get a good prediction’. When too few (|6] — 2)
the prediction is too simple, and when too large (50) we get overfitting — the
model is too expressive, and may pick a very complex function. The sweet spot
is when the most complex function expressible by a model with p parameters

also happens to be a good description of the data.

We train with noiseless data here; in general the optimum number of parameters will be lower
than the number of datapoints
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A good inductive bias is the alternative way to make a good learning agent.
Fig. 1.1(b) shows how a neural network with 4000 parameters fits a smooth
function on 5 datapoints on all of the 5 runs, but could fit a much more complex
function, when forced to also fit the adversarial datapoints (datapoints not
taken from the target function). The neural network must then (somewhat
tautologically) be fitting a simple function because of an inductive bias towards

simple functions (for this task).

There is one more question to ask: how do we train the system? Fig. 1.1(c) shows the
evolution of the function during the optimisation process. The role and complexity

of this process differ drastically between simple models and deep neural networks:

Optimisation for Linear Models For models like polynomial fitting, the opti-
misation task is straightforward. The Mean Squared Error loss function is
convex, which guarantees a single global minimum. This unique solution can
often be calculated analytically via a closed-form expression (e.g., the normal
equation), completely bypassing the need for iterative optimisation. When
an optimiser is used, its primary role is to find this pre-determined solution
efficiently; the choice of algorithm affects the speed of convergence, but not

the final model itself.

Optimisation for Deep Networks In sharp contrast, the loss landscape for
a deep neural network is highly non-convex, containing a vast number of
different parameter configurations that achieve minimal training loss. Here,
the optimiser’s role is elevated: it does not simply find a solution, but actively
selects one from an ocean of possibilities. The choice of algorithm (e.g.,
SGD, Adam) and its hyperparameters (learning rate, momentum) dictates
the trajectory through the parameter space. This path-finding process itself
acts as a powerful inductive bias, able to induce different degrees of feature

learning, and thus how well the solution generalises.

Thus, understanding the optimiser is not merely a question of computational

efficiency, but a fundamental part of understanding deep learning.



Background & Notation

2.1 Supervised learning

Supervised learning [21] uses labelled data to learn. Consider an input space X and
output space ). We can define a measure ¢ from which we can sample input-output
pairs (z,y) ~ ¢(X,Y). This tuple of (X,),q) defines a dataset.

For example, MNIST is the dataset 28 x 28 greyscale images that correspond
to the handwritten digits 0-9. In this case, X = R?®*? and Y = {0,...,9}.
For this dataset, ¢ exists conceptually but is intractable to specify. Taking a
sample (x,y) ~ ¢ (by say, drawing one) would return a handwritten digit and
the associated label'. Constructing a dataset like this allows for the treatment
of ambiguous datapoints and labels.

For supervised learning, we will sample a training set with m examples,

S={(r1,11),- s (T Ym) }

with each pair independently sampled from gq. We will use Sx = {z;} and Sy = {y;}

to denote the inputs and outputs respectively. Given a function f : X — ), its

IPractically, there would be a great many subtleties, over for example whether to return
ambiguous images, and whether the label space should be a probability distribution over labels or
a single label.
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projection fg onto the input data in the training dataset S is denoted

fs = [(Sx) = [f(z1), ..., flam)] € V™.

As discussed in the introduction, the first task of supervised learning is to find
a function f that accurately models S — that is, fg = Sy (with the aim that f
performs well on unseen data). When f is parameterised by 6, we will make this

explicit where appropriate, for example, f(0), f(x;0) or fs(6).

Continuous and discrete outputs We predominantly study c-way classification
problems. Neural networks express continuous functions g(x;0), where Y = R°,

which we then threshold to f(x;0) € {0,...,¢— 1}.

Note. For classification, most models output a continuous function as an intermediate
output (which we denote g), and we use f to denote the thresholded output. When

studying regression problems, the continuous output ¢ is the only output.

We measure the degree of accuracy by defining a loss on each pair, {(g(z;), y;),
where lower indicates greater accuracy. The training loss is L(gs) = (1/m) >, 1(g(x;), vi)-
When performing classification, we often define a separate loss: the train error.
The indicator function: lo_1(f(z;),v:) = 1(f(z;) # v;), such that the train error
es = Lo-1(f(Sx))-

However, even if L(gg) is very low, we have no idea whether it will also be low
on new samples. The test loss is given by L(ggr) = E;4)~el(9(x),y)], and can be
estimated with a test set E = {(z1,v1),- .-, (2,4}, randomly sampled i.i.d. from q.

Again, for classification, when Lg_1(fr) measures the error rate, the test error is eg.

Other types of learning While supervised learning relies on explicit input-
output pairs, other paradigms exist, such as Reinforcement Learning (RL), where
an agent learns to make decisions by interacting with an environment to maximise
a cumulative reward signal, without explicit input-output labels [22]. Similarly,
Unsupervised Learning aims to find patterns or structures within input data (X))

without any corresponding output labels (), often used for tasks like clustering
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or dimensionality reduction [23]. Semi-supervised learning bridges these, utilising

both labelled and unlabelled data for training [24].

2.2 Bayesian Learning Agents

Bayesian inference offers a principled framework for learning functions g (or discrete
functions f) given uncertainty. The core idea is to use probability distributions to
represent our beliefs about the possible functions that could explain the data.

We can define a prior distribution over functions, P(g), which represents
our initial beliefs about which functions are plausible before seeing any data. For
instance, a prior might favour smoother functions over erratic ones. Given a
training set S, we can then update our beliefs using Bayes’ theorem to obtain
the posterior distribution over functions:

P(S|g)P(g)

Plg] §) = =5,

where P(S' | g) is the likelihood of observing the data S given a specific function
g, and P(S) = [ P(S | g)P(g)dg is the marginal likelihood or evidence. The
integral here is a functional integral over the space of all possible functions, which
is typically intractable.

In practice, we often work with functions that are parameterised by a finite
set of parameters § € ©. This simplifies the problem immensely by moving from
an infinite-dimensional function space to a finite-dimensional parameter space.
The learning process then becomes about inferring the posterior distribution over
these parameters.

Let a function be denoted g(x;#). The key components of this parameterised

Bayesian model are:

1. The Prior, P(6): A probability distribution over the parameters 6, specified
before observing the data. It encodes our assumptions about which parameter

values are likely.
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2. The Likelihood, P(S | §): This term quantifies how well the model with
parameters ¢ explains the training data S. Assuming the data points in
S = {(z,y;)}™, are sampled independently and identically (i.i.d.), the
likelihood is the product of the probabilities of observing each output given

the corresponding input:

P(510) = Hp(yi | 24,0). (2.1)
i=1
The term P(y; | x;,0) is defined by the model’s output; for example, for

regression with Gaussian noise, it might be a Gaussian distribution centered

at g(a::6).

3. The Posterior, P(f | S): Our updated belief about the parameters after
observing the data S. It is calculated using Bayes’ theorem:

PS5 16)P(0)

P01 S)= =5

(2.2)
4. The Marginal Likelihood, P(S): This is the probability of the data
integrated over all possible parameter settings, acting as the normalisation

constant for the posterior:
P(S) = /@ P(S | 0)P(8)db. (2.3)

While often difficult to compute, the evidence is crucial for model comparison

(a technique known as Bayesian model selection).

Once the posterior P(6 | S) is obtained, it can be used to make predictions for
new inputs, averaging over all possible parameter values weighted by their posterior
probability. We give an example of a non-parametric Bayesian learning agent in

Section 2.3 and a parameterised one in Section 2.4.
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2.3 Solomonoff Induction & Kolmogorov Com-
plexity

Key intuitions: 1) The complexity of a string is the length of the shortest
program needed to compute it on a universal computing device, meaning that
a string consisting of the digits of pi is a simple string, as there is a simple
algorithm to produce it. 2) We can use this to define an “optimal” learning
agent, by picking the shortest program that produces our training data. See
Appendix A for more details.

To introduce Solomonoff induction, we shift our perspective from learning a general
mapping f : X — Y to the more fundamental problem of sequence prediction. In
this framework, we re-interpret the training data S not as a set of input-output
pairs, but as a single, finite binary string that represents an initial sequence, or
prefix. For consistency, we can consider this the output sequence Sy. The learning
task is to infer the most probable continuation of this sequence. Accordingly, a
hypothesis f is no longer a mapping, but a (potentially infinite) string that has
S as its prefix. Solomonoff induction provides a formal, universal solution to this

problem by assigning a probability to every possible string continuation.

Kolmogorov Complexity Given some prefix-free Universal Turing Machine U,

We define an enumerable semimeasure over strings f based on the probability that

U expresses f upon random sampling each bit of a program p until p runs,
P(fy= > 27k (2.4)

pU(p)=f

where |p| denotes the length of p [25]. P(f) is a semimeasure rather than a full

probability measure as some programs may never halt, and thus >, P(f) < 1.

The Kolmogorov Complexity on U of f is given by the length of the shortest

program p that runs on U and returns f

K(f) =min{|p|: U(p) = f}. (2.5)

Kolmogorov Complexities on different UTMs U and V' are separated by O(1)
constants dependent on U, V' but not f such that | Ky (f) — Ky (f)| < O(1) (because



2. Background € Notation 9

any UTM can simulate any other with a finite program). A result from Levin [26]

shows that the prior P(f) can be upper bounded with K(f)
27K < p(f) < 27KWD+om), (2.6)

where the O(1) terms can be dependent on U but not on f. The lower bound
is straightforward, as the probability of generating the shortest program that

produces f is by definition 2-5(/).

Solomonoff Induction Within the field of algorithmic information theory,
Solomonoff induction is considered the theoretically optimal method for inductive
inference, particularly for sequential prediction [27]. Solomonoff’s method performs
Bayesian inference using the algorithmic prior P(f). Given an initial data sequence
S (note S chosen for consistency with training data notation throughout this thesis),
the posterior probability of observing a subsequent sequence f is the weighted

average of all compatible hypotheses:

= S P (2.7)

where fg = Sy means “the string f is consistent with S”. This provides a formal
realisation of Occam’s Razor in the form of a Bayesian learning agent, as the
prior is dominated by the shortest program, linking it directly to Kolmogorov

complexity K (f) via P(f) oc 2750,

Generalisation The theoretical power of Solomonoff induction lies in its opti-
mality as a universal predictor. If we assume that the data is generated by some
computable probability measure, it can be formally shown that the Solomonoff
predictor minimises the expected cumulative prediction error. The total expected
error is bounded by a term proportional to the Kolmogorov complexity of the

true data-generating process [28].
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2.4 Linear Models and Kernel Methods

Consider a 1D regression dataset, with J = R. We assume the observed targets y;
are generated from an underlying function ¢g* with additive, independent Gaussian
noise: y; = g*(z;) + €j, where ¢; ~ N(0,¢?). Here, ¢ represents the standard
deviation of the irreducible noise in the data. Kernel methods are basic kinds
of supervised learning agents [29]. They are made up of 1) a fixed projection ¢
that maps data x € X to an embedding space &€ C R? and 2) a p x 1 vector of

learnable parameters, to model the continuous function

gmwziwmm (2.8)

where ¢;(x) denotes the i’th coordinate of the projection ¢(z).

Given a training set S, we can reformulate it into a matrix X;; = ¢;(z;) of
dimension m x p, consisting of all the inputs ¢(z), and a target matrix Y of
dimension m x 1, consisting of all the targets y. The linear model then attempts
to find parameters satisfying X6 = Y.

By basic linear algebra, if p < m, the problem may not have an exact solution;
if p = m, the problem is specified exactly, and if p > m, the problem is underdeter-
mined, with many possible solutions. We can find a unique solution by defining a
loss function based on the negative log-posterior, combining a data-fit term (from
the likelihood) and a regularisation penalty (from the prior). The regularisation

strength is controlled by a parameter o, and the data noise is parameterised by (:

L(Si0) = o017 + 55 D0y = 0 ay) (2:9)

J=1

The quantity A = (/o will be useful from here.

The frequentist view We can find parameters 0 that minimise the loss over S ,
0= (XTX + X)) 'XTy (2.10)

where we use the Moore-Penrose inverse when p > m and A = 0. This choice of

inverse produces the minimum norm solution for 0 (30].
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Learning with gradient descent (GD) We can find the optimal parameters,

é, using infinitesimal gradient descent (gradient flow):

do
= —nVeL(S;0),

where 7 is the learning rate, with parameters initialised at § = 0. This is a convex
optimisation problem, so the limit of the GD algorithm (gradient flow) is 6 [31].
This method will be more memory efficient than the matrix inversion. Furthermore,
studying the effects of gradient descent on linear models is an important first step

to understanding the effects of optimisers on non-linear neural networks.

The Bayesian view We can interpret this loss function as the negative log-
posterior probability of the parameters. This stems from a Gaussian likelihood
function reflecting the observation noise model (y; ~ N(g(z;),¢?)), and a zero-

mean Gaussian prior on the weights, p(6) = N (0, c?1).

1 1 &
PWIS%X@®<—&QWW>%p(—%?EX%—ﬂ-wﬁﬂV), 1)
=
prior likelihood

P(S) is defined in Eq. (2.3). This is an example of a parameterised Bayesian
learning agent. Note that the maximum a posteriori in this case is the same as

minimising the regularised loss to obtain 6 (Eq. (2.10)).

Learning with Kernel Methods The kernel function is defined as the inner
product in the feature space, k(z;, z;) = ¢(z;) ¢(z;). Using this definition, the
prediction for a new point z, in the regularised model can be expressed entirely

in terms of the kernel, without ever explicitly computing ¢:
Fa.) = k(e Sx)T (K + 1), (2.12)

where K = X X7 and k(z., Sx) is the vector of kernel evaluations between the

test point and the training data.
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We can use the so-called kernel trick to learn non-parametrically. A zero-mean
Gaussian prior on the parameters, p(f) = N(0,0%I), directly induces a zero-mean

Gaussian Process (GP) prior over the function space,

f(x) ~ GP (0,0%k(z,2")), (2.13)

T(2') is determined by the parameter covariance.

where the kernel k(z,z") = ¢(x)

Given our prior over functions g, we can minimise L(S;60) in yet another way:
conditioning the GP prior on the data (marginalising over parameters). Once
again, this is equivalent to minimising loss (Eq. (2.9)), and produces the same

posterior as Eq. (2.11)

The posterior distribution remains a GP. Its mean is given by:
fpos (T+) = ks, Sx) T (K + N1)7'Y (2.14)

This posterior mean is identical to the kernel ridge regression solution (Equa-
tion 2.12). It is also the prediction that results from using the maximum a posteriori
parameters 0 (Equation 2.10), as the MAP estimate for # is found by minimising
the same regularised loss function. The Bayesian approach, therefore, recovers
the point-estimate solution as its predictive mean, while additionally providing

the posterior variance,

Oros (1) = 07 (k(.,2.) = k2., Sx) T (K + N1)k(Sx, 7)), (2.15)

post

to quantify predictive uncertainty.

Generalisation The generalisation error of linear models follows a distinct curve
as the number of parameters p grows. Let us assume the true signal in the data
lies in rank a < m feature dimensions. When the model is under-parameterised
(p < a), it lacks the capacity to capture this signal, resulting in high error due
to high bias. As p approaches a, the model enters the classical regime, achieving
low test error by fitting the signal without overfitting noise. However, at the

interpolation threshold (p = m), the model has enough capacity to fit every data
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point perfectly, including noise, which for large datasets can cause the test error
to peak [30]. Finally, in the over-parameterised regime (p > m), optimisers like
Gradient Descent implicitly regularise the solution by prioritising directions of large
variance in the data, effectively finding a low-norm solution that fits the signal
while ignoring noise, causing the test error to descend again (a phenomenon called

double descent — see Appendix A.4.2 for details).

2.5 Neural Networks

Here, we define neural networks, loss functions, stochastic optimisers and
regularisation. See [32] for more information.

Deep Neural Networks [32] are parameterised function approximators, constructed by
composing multiple layers of affine transformations and element-wise non-linearities.
A depth L fully connected network (FCN), with parameters § = {W® pMO1L s

a function g(-;6) : R%» — Rut defined as the composition of its layers:
g(z;0) =Co (h(L) opE Vo pE ooy o h(l))(x), (2.16)

where hW(2) = WOz + b® is the I'th affine transformation, and ¥ is the I’th
non-linear activation function. ¢ is an optional non-linearity for the last layer, h(%).
When the neural network is performing classification, we also introduce f(z;6), the
class the network outputs. This is obtained by some kind of thresholding function
(for binary classification with a single output neron f(z;60) = 1[g(x;60) > 0], and
for multiclass, f(x;0) = argmax g(x;#)). By this definition, a network has a depth
equal to the number of weight matrices. The number of hidden layers is L — 1, so
a depth 2 FCN has 2 weight matrices and 1 hidden layer.

The FCN is the “basic” neural network, but many other architectures exist,
for example: convolutional Neural Networks (CNNs) [32] for image recognition, or
LSTMs [33] and Transformers [34] for language. All share the same basic premise:

parameterised linear layers with non-linearities in between.
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Activation Functions The non-linear functions ¢ are crucial for giving the
network its expressive power, allowing it to approximate non-linear functions.
They are typically applied element-wise to the output of a layer. Two common

choices include:

» Rectified Linear Unit (ReLU): The ReLU function is defined as ReLU(z) =
max(0, z). It is computationally efficient and has been shown to work very

well in practice, in part due to its ability to produce sparse activations [35].

« Hyperbolic Tangent (tanh): The tanh function squashes its input into
the range (—1,1), which can be useful for normalizing activations between

layers [32].

Normalisation Layers Normalisation layers primarily serve to stabilise and
accelerate the training process. By re-centring and re-scaling the activations of
a layer, they help keep training stable, especially at higher learning rates (see
the next paragraph on optimisation). Two prominent types are Batch Norm

[36] and Layer Norm [34].

Training with gradient-based optimisers Neural network parameters are
typically initialised with small random values, see Section 2.6 for the effect of the
initialisation scheme. The network is then trained using a variant of Stochastic
Gradient Descent (SGD). The core idea of SGD is to iteratively update the
parameters 6 to minimise a loss function L that measures the discrepancy between
the network’s predictions g(z;6) and the true target values y.

Instead of computing the true gradient over the entire training set S, which
would be computationally prohibitive for large datasets, SGD approximates this
gradient using a small, randomly sampled subset of the data called a mini-batch,
B C S. The parameters are then updated using the gradient of the loss computed
on this mini-batch:

00—V, (; )3 L(g(xi;m,y») , (2.17)

| ‘ (x:,yi)€B
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where 7 is the learning rate: a hyperparameter that controls the step size. While
n can be adapted during training, it is typically independent of the parameter
values themselves. The gradient VyL is calculated efficiently using the back-
propagation algorithm.

There are many variations on SGD. The most popular optimisers include
Adam [37], SGD with momentum (or other extras) [38] and LAMB (for large

transformers) [39].

Loss Functions The choice of loss function L depends on the nature of the task.

e Mean Squared Error (mse) For regression problems, the goal is typically

to minimise the mse between the prediction and the true value:
Linse(9(;0),y) = (9(x30) — y)*.

» Cross-Entropy (CE) For classification problems, the cross-entropy loss is
a standard choice. ¢ (the output nonlinearity) is the softmax function for
multiclass classification (vector network output) and the sigmoid function for
binary classification (scalar network output), such that the output of the neural
network is mapped to a probability distribution Multiclass Classification:
For a multiclass classification problem with C classes, where y is a one-hot

encoded true label vector (i.e., yr = 1 for the true class k& and 0 otherwise),

C
Leg(f(x),y) = — X_: yr log(g(z; 0)x).

Binary Classification: For binary classification,
Leg(f(x),y) = —[ylog(g(x)) + (1 — y) log(1 — g(z))].

Regularisation To prevent overfitting (learning false signals — i.e. noise — in the
training data that adversely impacts generalisation), regularisation techniques are

employed. A very common method is L2 regularisation, also known as weight
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decay. This technique adds a penalty term to the loss function proportional to
the squared magnitude of the network’s weights:
Liotal = (ui‘ > L(g(xi;(‘)),y@-)) AL WO,
(zi,yi)€B I=1

The hyperparameter A controls the strength of the regularisation. This penalty
discourages large weight values, promoting simpler models that are less likely
to overfit. Biases are typically excluded from this penalty. The stochasticity
introduced by using mini-batches also provides a form of implicit regularisation.

See Section 2.4 for a discussion of L2 regularisation and overfitting in linear models

(see also Appendices A and B.2).

2.6 Parameterisations

Here, we summarise the different ways of parameterising a deep neural network,
and provide a worked example on a 2-layer linear FCN to explain how the
parameterisation leads to different dynamics (based on a shorter version of
this argument in [40]). See Section 2.5 for neural networks. See [41, 40] for
more details.

The choice of parameterisation for a neural network influences the training dynamics,
especially for networks with very wide layers. We consider a fully connected network
(FCN) of depth L, input dimension d;,, and hidden width n. The weights of
each layer, W® | are parameterized as W — ¢,/ ® | where q; is a deterministic
scaling factor and the entries of W are trainable parameters, typically initialized
as i.i.d. samples from a standard normal distribution N(0,1). For simplicity,
we assume all biases are zero.

For a depth-2 FCN (equivalently, a 1-hidden-layer FCN), the output function

takes the form:
9(z;0) = a;W P (a, WW2) (2.18)

Here, W and W® are the weight matrices with entries drawn from N(0, 0?)

and N (0, 03) respectively, and 1 is a nonlinear activation function. The scaling
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factors, a; and as, depend on the chosen parameterisation scheme. The standard
parameterisation (SP), for instance, sets a; = as = 1.

Different parameterisations, such as the Neural Tangent Kernel (NTK) and
Maximum Update Parameterisation (uP), apply distinct scaling to the weights
and learning rates, leading to different behaviours as the network width n — oo.
puP was introduced by Yang et al. [42] as the update scaling designed to lead to
the greatest feature learning in all layers, and for optimiser hyperparameters to
be fixed as a function of network width.

The table below summarises the scaling factors for several common schemes.

Init. scale Param. multiplier Gradient (x7)

Input 1 1 nt
SP Inter n=1/2 1 nt
Readout n=1/2 1 n!
Input 1 1 1
NTK Inter 1 n=1/2 1
Readout 1 n=1/2 1
Input 1 1 n
wP Inter n~4/?2 1 1
Readout nt 1 nt

Table 2.1: Parameterisation scales. Init. scale denotes the standard deviation of the
weights.

2.6.1 A Worked Example: 2-Layer Linear Network

In this section, we discuss the link between parameterisation and feature-learning
in the infinite width limit. For a broader discussion on the dynamical effects that
lead to feature learning, see Nam et al. [43]. To build intuition, we analyse a

2-layer linear network with a scalar input z € R:
g(x; U, V) =aVUzx (2.19)

where U is the first-layer weight matrix of dimension (nx 1) and V' is the second-layer
weight matrix of dimension (1 x n). The scaling factor a = ayay encapsulates the

parameterisation-specific scalings (as the network is linear, they can be combined
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into an overall scale factor). We consider a single gradient update step for a data

point (z,y) using the Mean Squared Error loss, £ = %(g(x) — 1)

The gradients with respect to the weights are:

oL _
ov

(9(x) ~y)aU"s and 5 = (gfa) — y)aV"a

Dropping the common factor (g(z) — y) for clarity, the update directions are
proportional to U? for V and V7T for U. Let the learning rates for each layer be
nV) and n¥). The updated weights, V' and U’, are:

V' =V —anMuT (2.20)

U=U-aPvT (2.21)
The function after one update step becomes:

g'(x) =aV'U'z (2.22)
= a(V — anMUT U — anDV Tz

—aVUz + d? (—U(V)UTU —gOYVT 4 an(v)n(U)VU> .

Let’s now examine the magnitude of the update terms as n — oo for different

parameterisations. We initialize entries of U and V' from N(0, 1).

Standard Parameterisation (SP) In SP, the scalings are ay = 1 and ay = 1,
with learning rates n() = ) = ypn='. The initial weights are drawn from V ~
N(0,n7") and U ~ N(0,1). Consequently, the vector norms scale as ||V |5 = O(1)
and ||U||> = O(n). Since the weights are i.i.d., the magnitude of the network
output is O(1), and the norm of the intermediate activation Uz is O(n'/?). The

layers are updated as follows:

o« AU = —nWVT, Each of its components is of order O(n™') x O(n~'/?) =
O(n=3/%). As the weights in U are O(1), this update is vanishingly small,

meaning the features of the first layer are effectively frozen.
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o AV = —nMUT. Each of its components is of order O(n™") x O(1) = O(n™).
Since the weights in V have a magnitude of O(n~'/2), this update is non-trivial

and allows the final layer to train.
The output of the network in Eq. (2.22) changes with

o nVIUTU: The term UTU = ||U||3 is O(n). With n) = O(n™"), this product
is O(1).

o nOVVT: The term VVT = ||V||3 is O(1). With ) = O(n~1), this product
is O(n™1).

As n — oo, the update is dominated by the first term, —n()JUTU. This corresponds
to a change in the network’s function that is linear in the initial features U, a
characteristic of “lazy training” [44]. The network behaves like a kernel machine
with the Neural Network Gaussian Process (NNGP) kernel, where only the last

layer effectively trains.

NTK Parameterisation. In the NTK parameterisation [45], ap = n~'/2 and
ay = 1, learning rates n(") = V) = n and weights initialised as V; ~ A(0,1) and
U; ~ N(0,1). This leads to initial vector norms of |V||> = O(n) and ||U||5 = O(n).
With this setup, the function output g = Vn~/2Uz has a magnitude of O(1) at
initialization (as U and V are uncorrelated the CLT applies), while the intermediate

activation norm is ||Uz|s = O(n'/?). Let’s analyse the update to each layer.

« The update to the first layer, AU o« —nn '/?V7T, has a vector norm of
|AU |y o< O(n~Y2) ||V ]|y = O(n~Y?)O(n'/?) = O(1). The parameter vector

U moves by a finite amount during training.

« The update to the second layer, AV o —yn~2U", has a vector norm of
|AV ]2 o< O(n=Y2)||U]l2 = O(n=Y2)O(n'/?) = O(1). This layer’s parameter

vector also moves by a finite amount.
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Although the parameters undergo a non-vanishing update (i.e., they are not
“frozen”), the update norm of O(1) is small relative to the initial parameter norm
of O(n'/?). This is characteristic of the lazy regime, where parameters do not stray
far from their initialisation. Now, we analyse the update to the entire function f.

The change Af is proportional to (n*1/2)2 (—yVUTU — @Oy,

« The term from the first layer’s gradient is n~'n")UTU. With (V) = O(1)
and UTU = O(n), this term contributes O(1) to the function change.

 The term from the second layer’s gradient is n ™ 'nVVT. With ) = O(1)
and VVT = O(n), this term also contributes O(1) to the function change.

Both terms are of the same large order, meaning both layers contribute equally and
significantly to the evolution of the function. This is the hallmark of the NTK regime:
although individual parameters move only slightly relative to their initial vector
norm, their collective movement produces a well-behaved linear evolution of the

function, governed by a kernel that remains effectively constant throughout training.

p-Parameterisation (¢P) There are many equivalent ways of parameterising P
[40]. We use scalings ay = 1 and ay = 1, with weights initialized as U; ~ N(0, 1)
and V; ~ N (0,n72). This gives initial norms of |U||3 = O(n) and |[V|3 = O(n™).

)

The learning rates are scaled oppositely to the weight variance: 1'% = nn and

1

n) = pn~!. At initialisation, the network output ¢ = VUz vanishes with a

magnitude of O(n~%/2). Each layer is updated by

o AU = —nWVT has a vector norm ||AU|ls = O(n)||V |2 = O(n)O(n~1?) =
O(n'/?). This update is of the same order as the weight vector norm ||U]||y =

O(n'/?), indicating that the first layer’s features are actively learning.

o AV = —p")UT | has a vector norm [|[AV]|; = O(n~1)O(n/?) = O(n=Y?).
This is also of the same order as the layer’s weight norm ||V |y = O(n~1/2),

showing that the second layer trains non-trivially as well.

The change to the entire function is given by
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o The first term, n)UTU, is of order O(n™!) x O(n) = O(1).
e The second term, ) VV7T is of order O(n) x O(n™') = O(1).

Both terms contributing to the function’s evolution are stable and of the same order
of magnitude. This balanced scaling allows the network to learn features at all
layers by ensuring that updates are dynamically significant across the network’s
width. This contrasts sharply with the “lazy” regimes where some layers are
effectively frozen.

A key benefit of ;P is the ability to perform hyperparameter transfer. Because
the dependence on width n is explicitly captured by the parameterisation, optimal
hyperparameters found on small models, such as the base learning rate 7, were
shown empirically to remain optimal for large models, avoiding the need for

expensive tuning at scale [46].

2.6.2 The Role of Alignment in Update Scaling

While the analysis in Section 2.6.1 correctly shows that P balances the magnitude
of updates, recent work by Everett et al. [47] highlights that this derivation rests
on a crucial, implicit assumption: maximal alignment. The true effectiveness
of training depends not just on the size of a weight update, but on its geometric
alignment with other network components.

The calculations in the previous part of this section assumed we aim to balance
the norm in the change of the weights, e.g. AU should be of a particular order of n.
However, what we actually care about is the norm of the weights after updating,
U + AU. Consider the change in weights, |U + AU||*> — ||U||* = 2U - AU + || AU|>.
The dot product term scales as O(y/n) when U and AU are uncorrelated (as we
would expect at initialisation), but O(n) when they are strongly correlated (towards
the end of training). If we assume the important quantity is the change in the norm
of the weights, rather than the norm of the update itself, then this would lead to

two very different prescriptions for learning rate, as a function of alignment.
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For 1P trained with SGD, Table 1 in Everett et al. [47] states that at initialisation,
the learning rate of the hidden layers W® should be \/n larger at initialisation
than when perfect alignment has been reached.

Everett et al. [47] go on to show that standard parameterisation can outperform
1P and perform hyperparameter transfer. However, there is a significant caveat:
they redefine Standard Parameterisation to allow for per-layer learning rate scaling,

moving it out of the kernel limit.

2.7 Kernel limits

In this section, we explain how different parameterisations lead to closed-form
solutions when training networks in the infinite width limit. See Section 2.6
for a description of the parameterisations. See Section 2.4 for a summary of
kernel methods. For further reading, see [48] for the NNGP limit, [45] for
the NTK limit and [40] for a combined perspective on these limits and the
feature learning limits.

The infinite-width limit of neural networks involves taking the width of all hidden
layers (i.e. not the input and output layers) to infinity. See Yang et al. and Neal
et al. [49, 48] for the precise nature of the limit.

2.7.1 The Standard Parameterisation (NNGP limit)

The Neural Network Gaussian Process (NNGP) limit can be understood in three key
ways. It is the limiting behaviour of an infinitely wide neural network parameterised

with standard parameterisation.

The prior over parameters picture and most straightforward, is a prior over
functions. Sampling parameters 6 from an initialisation distribution with SP
scaling, P(6) = N(0,02), induces a prior distribution over functions that is

equivalent to sampling from a GP (Eq. (2.13)) with kernel

KNNGP(afa 3?/) = E9~P(9) [9(33; 9)9@’? 9)] (2-23)

Now that we have this prior, we can perform inference by marginalising over

the training data. However, as we saw in Section 2.4, this is the same as



2. Background & Notation 23

minimising a mse loss function with L2 regularisation with strength ¢? and

initialisation o2 (Eq. (2.9)).

Training the network We can train the DNN with infinitesimal GD (provided

certain conditions are met, see [50, 41]).

Frozen network Alternatively, we can decompose the neural network into the last
layer 0 and treat all hidden layers as a fixed non-linear transform ¢ [8, 51].
For an FCN, Eq. (2.16), # = W® and ¢ = ¢ o (L= o ... 0 9p(D) o o),
Training this system with continuous GD (as described in Section 2.4) arrives

at the same solution.

2.7.2 The NTK limit

The Neural Tangent Kernel (NTK) limit describes the training dynamics of an
infinitely wide neural network with NTK parameterisation. The key result is that
as n — 00, the network function’s evolution over training time ¢ is equivalent to a
linear model governed by the neural tangent kernel (NTK), which is fixed in this

limit. The function update follows the dynamics of kernel regression [45]:

dg(x; b))

S == Yy ewa)(gla'6) ~ y)

'y eS
where the NTK, O(z,2’), is defined by the inner product of the gradients with

respect to the parameters
O(x,2") = Vyg(x;6y), Vag(z'; 6y).

Lee et al. [52] prove that, in the limit of infinite width, the predictions on test
points x, are given by

() = Oz, X)O NI — 7YY (2.24)
Si(2y, 1) = K (24, 1,) + O(2,, X)OT (I — e YK (X, X)(I — e®HT07'O(X, 2,)

— (O(z., X)O7 (I — e " K(X,2.) + he.), (2.25)

where K is the NNGP kernel.
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Although the parameters of all layers undergo a non-trivial movement (as
seen in the NTK worked example), their collective effect on the function output
is surprisingly simple. The function itself evolves as if it were a simple kernel
machine, with its trajectory through function space being linear. Like the NNGP
limit, the NTK limit is also a “lazy” training regime, but it is lazy in function

space, not parameter space.

2.7.3 The feature learning limits

Unlike the NNGP and NTK limits, uP and other feature-learning limits do not
admit a closed-form kernel description, as their hidden representations evolve during
training [40]. This distinction highlights the boundary between analytically tractable
kernel regimes and the more realistic, but harder to characterise, feature-learning

behaviour of practical networks.



Part 1

A toy model of generalisation in
neural networks

This part presents a toy model of a discrete fully-connected network
(DFCN) learning Boolean functions to provide an exact, end-to-end
picture of generalisation and optimisation. The core contribution is
a proven one-to-one correspondence between the DFCN architecture
and Disjunctive Normal Form (DNF) logical expressions. This bijection
establishes an interpretable, tunable complexity measure, Kpyr(f) (the
length of the shortest DNF), which maps directly to the network’s mini-
mum weight norm. We show that randomly initialised DFCNs possess a
strong inductive bias, where the prior probability over functions, P(f),
is exponentially biased towards simple functions with low Kpyg(f).
Using a Bayesian Monte Carlo training algorithm, we demonstrate
how this prior predicts generalisation. Functions with low complexity
are learnable, while functions with high Kpnp(f) are not. Finally,
we show that weight decay sharpens this simplicity bias, acting as an
explicit penalty on Kpyp(f) that promotes learning the minimum DNF
representation — which is equivalent to having better features — and
significantly improves generalisation.

25



Neural networks learn boolean functions

with short DNFs

In this chapter, we present a toy model that illustrates many of the important
concepts related to generalisation in neural networks that we will study
throughout this thesis.

Mingard, C., Seier, L., Géring, N., Badelita, A.V., London, C. and Louis,
A., 2025. Characterising the Inductive Biases of Neural Networks on Boolean
Data. arXiv preprint arXiv:2505.24060. [9]

Most work towards understanding neural network generalisation can broadly be

organised into three categories (see Appendix B for more details).

1. Kernel-based theories usually treat a network’s training dynamics in the
infinite-width limit as linearised gradient descent, most prominently through
the Neural Tangent Kernel (NTK) [45, 53]. These analyses show that the
network first fits functions aligned with the top eigenfunctions of the kernel
[54]. However, this framework cannot capture feature learning as weights do

not evolve during training.

2. Finite-width feature-learning analyses the training dynamics but mostly in
mean-field settings or for linear neural networks for specific data distributions

[44, 55, 56].

26
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3. Mechanistic interpretability reveals meaningful structures in trained net-
works like feature detectors in vision models [57] or induction heads in language
models [58]. It identifies what representations emerge without explaining why
or how these features develop through the interplay of architecture, data, and

training dynamics.

These approaches leave us without an end-to-end, first-principles understanding of
generalisation. To bridge this gap, this chapter deliberately steps back from the
complexity of modern large-scale models. We introduce a simple toy model where the
entire process—from inductive bias to feature learning—can be tracked analytically.
Concretely, we study depth-2 discrete fully-connected networks (DFCNs) on Boolean
functions and show how they provide a complete picture of generalisation in a

tractable setting. Our contributions are

1. Interpretable complexity measure: We prove a one-to-one correspondence
between DFCNs and disjunctive normal forms (DNFs) (Proposition 3.1.1). This
allows us to translate geometric notions such as weight norm into a function-level

complexity measure Kpnp(f).

2. Analytic characterization of implicit bias: Randomly initialised DFCNs
induce a tractable prior P(f) over Boolean functions. We derive bounds on P(f)

in terms of Kpyp(f) that show strong simplicity bias in a range of function

families (Table 3.2).

3. Feature learning under a Bayesian lens: Using both Metropolis sampling
and a greedy stochastic gradient descent (SGD)-like algorithm, we demon-
strate that generalisation correlates with the function’s prior probability P(f).
Functions occupying larger volumes in parameter space (which have low DNF
complexity) have low sample complexity, while those with small prior probability

(like parity) are unlearnable — more data harms generalisation.

4. Weight decay induces stronger simplicity bias and improves feature

learning: For DFCNs, Lo-regularisation translates into a simple multiplicative
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factor e o~ r(f) in the posterior (3.8). This lets us quantify how weight decay
sharpens the native simplicity bias in P(f). This improves generalisation on
“easy” targets (small Kpyp(f)) but not on inherently complex ones (e.g. high-
order parity). We also quantify how this optimiser-induced bias can lead to

learning better features.

3.1 Preliminaries and intuition

In Section 3.1.1, we introduce Boolean functions along with two canonical represen-
tations: the string-representation and the DNF-representation. In Section 3.1.2 we
introduce a novel DFCN-representation, which provides a one-to-one correspondence

between Boolean functions and DFCNs.

string
representation DNF
DNF f=01110000 - f=(z1Ax2) V
f :(—\xl N —xg A\ 1‘3) Y e T (ﬂxl A 1‘3) \
<_‘x1 Aoz A ﬂx?’) v 0 0 00 min norm
("Il)l Az A $3) g (1) [1) i bijection representation
0 1 11 )
bijection i (1) 3 DFCN
1 1 0o Jol) :1[[W<‘Z>o(w<l>z+b“>)+b<2> > 0}
DFCN L t1jo
fo(@) =1 [WOo(W Wz +50) + 5 > 0] -
w = | + b —
= = + J'»
wo o |~ T~ bd — '
- 4+ + — 5 1-8
+ other possible W& = [+ +00] b = ——
W =g+ ++0] =1L 5 B DNFs

Figure 3.1: Representing Boolean functions Here we show the three ways of
representing f. The green panel shows the string representation and truth table. The
left red panel shows how we can extract the DNF representation from the truth table.
The right red panel shows the minimum DNF representation of f — when the complexity
Kpnrp(f) is minimised. The grey panels show how we can represent f by copying the
clauses from the red panels into a DFCN (with ‘4+’s meaning 1 and ‘-’s meaning —1).
W@ and M) are the weights and biases of the first layer. The combination of the ReLU
activation and the bias term (set with Definition 6) ensures that each neuron’s output is
only 1 when the clause is True, and 0 otherwise. W) and b act as the OR operators
(plus a global function negation ). The example in the figure uses 5 = 1. Note that to
guarantee full expressivity, W) has dimensions (2"~ x n).
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3.1.1 Boolean functions and their disjunctive normal form

Definition 1 (Boolean function f). For a fized input dimension n, a Boolean

function maps the 2" vertices of the n-dimensional hypercube to {0, 1}

£:40,1}" — {0,1}. (3.1)

There are 2" inputs x € {0,1}"™ and 2 outputs y € {0,1} and therefore 2*" possible

functions.

Definition 2 (string-representation). We define the string-representation of a
function [ as an output string of Os and 1s where the order is given by an ascending

concatenated binary representation of the inputs. See Fig. 3.1.

There is a second canonical way to represent a Boolean function: with the
disjunctive normal form O’Donnell [59]. Any Boolean function with n variables can
be described by a truth table with 2" rows (see Fig. 3.1). Each row represents a
complete assignment of the variables and therefore corresponds to a conjunction
of literals (a clause). To obtain a symbolic description from this table, retain
only the rows whose output entry is 1 and take the disjunction (logical OR)
of their corresponding clauses. The resulting formula is the function’s DNF,

defined formally below.

Definition 3 (Literal, clause, DNF). Let x € {0,1}" denote a Boolean input vector.
A literal is either a variable z; or its negation —x; for some index i € [n|. A clause
C'is a conjunction (AND) of one or more literals: C(x) = Niesvi, S C [n], v; €
{z;,—xz;}. A Boolean function f(x) can be described by a DNF with t clauses if
there exist clauses C1, ..., Cy, and a global negation 5 € {+1,—1} such that

bp(x) = B[Ci(x) V Ca(x) V -V Ci(x)].

Definition 4 (Length of a DNF). For a DNF ®; whose j-th clause contains

k; =|S;| literals, its length is the total number of literals

L(®y) = > kj. (32)

Jj=1
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When f = —1, we obtain the logical complement -DNF. With this additional
global negation, every Boolean function admits a DNF with at most 27! clauses
[1]. This representation of length L(®;) < n-2""! is obtained by enumerating all
truth-table rows whose output equals 1 (or 0 when 8 = —1, which may be required
when ¢ > 2"71): it is called the canonical expansion and, up to lexicographic
ordering of the clauses, is unique [60, 61]. See Fig. 3.1 for an example. In practice,
however, a Boolean function often admits a far shorter DNF ®¢, and finding
such a minimal representation is NP-hard [62]. Conversely, the length can be
artificially increased beyond n - 2"~! by padding the formula with tautologically
false clauses or duplicating existing ones, yielding DNFs of arbitrarily large length
that still compute f. Because raw length can therefore grow without bound, a
meaningful complexity measure should refer to the shortest realisation of L(®y)

(see Appendix D.2 for further justification).

Definition 5 (DNF complexity). We thus define the DNF complexity Kpnr(f) as

the shortest possible DNF' expressing f

Kpnr(f) = min L(®y). (3.3)

3.1.2 DFCN-DNF correspondence

A central concept of this paper is to link the first two well-known representations of
a Boolean function to one in terms of DFCNs with a fixed hidden layer width of

,2"7 ', where a,, € N. A DFCN with this structure is fully expressive [1].
Definition 6 (DFCN). A DFCN is a depth-two network
fo(x) = 1 [Wo(Whx + b)) + b > 0],

with ReLU activation o and the following weight structure:
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first-layer weights Well];; € {-1,0,1}
first-layer bias bz(»l) = 1= [I/I/ig»l) = +1]
second-layer weights W¢(2) e p-{0,1}
second-layer bias b = (1-0)/2

global negation o) e {-1,1}

Table 3.1: DFCN construction.

The central reason we construct a discrete neural network with Definition 6
is that DFCNs are in one-to-one correspondence with a suitable clause-based
DNF representation, once we quotient out the obvious redundancies (for example,
permutations of hidden units/clauses).

A subtle but important point is that this bijection is not a statement that Boolean
functions admit unique DNF representations in the usual logical sense. A given
function can generally be written by many different DNFs, for example by reordering
clauses, adding redundant clauses, or using non-minimal expansions. Rather, the
bijection is between our constrained DFCN parameterisation and a corresponding
clause-level DNF' representation modulo the obvious symmetries. In other words,
the map is one-to-one at the level of the chosen representation, not at the level

of Boolean functions themselves.

Proposition 3.1.1 (DNF-DFCN bijection). For fized n, there is a bijection
between (i) parameter vectors 0 satisfying (modulo hidden vector permutations)
the restrictions in Table 3.1 and (ii) DNF formulas over n variables (allowing for

the global 3 negation).
Proof. For the proof see Appendix C.4. O

Fig. 3.1 illustrates how the DFCN construction intuitively works. A t-clause
DNF can represent any Boolean function with ¢ (or fewer) 1s. Each clause can be
represented in a single row of the first layer of the DFCN, with the ReLU activation
and correctly set bias term returning 1 if and only if the clause is satisfied. The
second layer of 1s and Os then acts as the OR operator (with a 0 ignoring the

clause). The parameter [ is there to ensure symmetry between a function and
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its complement. As DFCNs and DNFs are in bijection, given a sufficient width,
there also exist multiple DFCNs expressing the same Boolean function f. We
define W](cl) as the set of all matrices W) that express f. We now relate the

weight norm to the DNF complexity.

Definition 7. We set the norm of the weight matrices (WM W ®) to
Wl = S, = 3 Ly 2 0] (3.4)
ij ij
16]], = HVV(DH2 + HW(Q)H2 denotes the overall norm of the DFCN.

HW(I)H2 corresponds to the number of non-zero entries in W®, which is
equivalent to the number of literals in the DNF representation, allowing us to

relate this quantity to Kpyr(f).
Proposition 3.1.2. For f represented as a DFCN fy, the complexity is given by

Kpnr(f) = min (3.5)

Proof. This directly follows from Proposition 3.1.1, see Appendix D.2 for more
details. O

The “minimum representation” DFCN (right grey panel of Fig. 3.1) has the

lowest Kpnp(f); equivalently, W(l)H2 is minimized. This construction lets us

directly link low weight norm to simple functions. Proposition 3.1.1 completes the

picture of the following equivalent ways to express any Boolean function f:

» String representation: We can represent f using a binary string of output

values, ordered by input.
« DNF representation: We can represent f using a DNF &;.

« DFCN representation: We can represent f by a DFCN of width > 271,
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3.2 Untrained neural networks

In this section, we provide empirical results indicating that individual functions with
low DNF complexity occupy a much larger fraction of parameter space than complex

functions do. This bias towards simple functions influences training (Section 3.3).

3.2.1 A DFCN induced prior over Boolean functions

Our goal is to understand which Boolean functions a randomly initialised DFCN is
most likely to compute. Because, by Proposition 3.1.1, a depth-two DFCN is fully
specified once its first-layer weight matrix W) is fixed, the most agnostic prior is to
draw each entry of W) independently and uniformly from the ternary set {—1,0, 1}.
After WU is chosen, we flip an unbiased coin for a global sign g € {—1,1}. If at
least one hidden unit in a row in WO is non-zero, we set VVZ-(2) = [, else Wi(Q) = 0.

The two bias vectors are deterministic functions of W) and 3, see Definition 6.

Definition 8 (Prior probability). Let {0} denote the finite set of weight vectors
0 produced by the sampling procedure above, its size is [{0}] = 2 - 32" For a

Boolean function f, we define

 |teefo}:fo= 1
- {6} |

i.e. the fraction of all admissible parameters that implement f.

P(f)

Because each weight setting occupies a unit cell of equal size, P(f) is proportional
to the volume of weight space assigned to f. Boolean functions f whose string
representation can be implemented by many different weight configurations naturally

claim a larger share of this volume.

3.2.2 Simplicity bias in P(f)

P(f) has emerged as a strong predictor of generalisation [2, 63]. Under a Bayesian
update with 01-likelihood on m samples, the posterior weight of any interpolat-

ing function f is exactly proportional to P(f). Moreover, the PAC-Bayesian
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bound from [64]

(3.7)

—InP(f) + ln(5/2m)>

m—1

(/) < 1 - exf

implies that larger P(f) yields tighter expected generalisation error.

Empirical studies showed that the equivalent prior of continuous FCNs is heavily
biased toward simple functions. Motivated by general arguments on overparame-
terised learners from [65], Valle-Pérez et al. [64] observed that P(f) < 27 Kuz(H)+O1),
where K1z(f) is the Lempel-Ziv complexity of the string representation of f. While
these findings suggested a fundamental connection between function probability
and complexity, they relied on a complexity metric that lacks a connection to
network architecture. In contrast, DNF complexity Kpnp(f) provides a more
interpretable measure with explicit ties to the network, as it directly counts the
minimal literals needed to express the function (see Appendix C.3 for a further
discussion on complexity metrics). This connection to the DFCN allows us to

derive analytical bounds on P(f) in the next section.

3.2.3 Understanding P(f) vs. Kpnr(f)

Fig. 3.2(a) compares the empirical prior probability P(f) obtained from 10% i.i.d.
parameter draws to the DNF complexity Kpyp(f) for n = 4 (see Appendix C.5 for
full details). Only 631 of the total 65536 functions were not found, indicating
that P(f) < 107® for these functions. Each datapoint is a function. The
minimum complexity constant function (blue) is the most frequent function, with
the random t-entropy functions (reds) occupying the upper part of the envelope,
and k-parity (greens) the lower. Fig. 3.2(b) shows the dependence of P(f) on n
for some function types. k-parity fall much faster with n than the ¢-entropy with

t = 1,2,4. Can we predict P(f) vs. Kpyr(f) at large n?

Theorem 1. We require o, > 1 to satisfy full expressivity. To leading order, for

the three function classes defined in this section, P(f) scales as:
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—@— constant —@— 2-entropy l-parity —@— 3-parity — k-parity (bound)
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Figure 3.2: Prior probability P(f) vs. DNF complexity Kpyp(f) for n = 4.
The hard cutoff at P(f) = 1078 reflects sampling constraints from 10® parameter draws.
(a) Each point represents a Boolean function, with constant functions (blue, K = 0)
dominating the parameter space. We use coloured dots to distinguish functions of
interest from general functions (grey). Low-complexity functions occupy exponentially
larger volumes, with k-parity (greens) suppressed compared to t-entropy (reds) of equal
complexity. (b) Function probability scaling with input dimension n shows k-parity
probability decreasing much faster than t-entropy, matching theoretical bounds in Table 3.2.
(c) Asymptotic bounds on P(f) for large n values. The black point is parity.

Function class Scaling Complexity log, (P)/K ratio
Constant 0<1—P(f) <2 0ul/3") O(1) ay,(4/3)"
t-entropy (t = O(n)) 9~ 0(awt(#/3)") O(nt) a,(4/3)"/n
k-parity 9-O(awk2" ™) k2k1 2k

Table 3.2: Scaling laws in P(f) as a function of complexity. We only show the leading
order terms here, valid when oy, > (3/4)".

Proof. See Appendix C.6.2 for bounds on the constant function, Appendix C.6.3
for t-entropy, Appendix C.6.4 for k-parity. O]

We study three canonical families of functions (full descriptions in Appendix C.6).

Constant functions: f outputs the same label on every input — Kpyp(f) =0

(minimum representation has W) = 0).
k-parity: Sparse parity on the first k bits — Kpyp(f) = k251,

t-entropy: Exactly ¢ ones and 2" —t zeros — Kpyr(f) < nmin(t, 2”—t).
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These classes of functions allow us to explore a broad range of complexities. We
summarise the most relevant bounds and scaling laws in Table 3.2 (for a full
discussion of bounds and assumptions, see Appendix C.6).

Valle-Pérez et al. [64] predicted that log,(P(f)) < —aK + b for some suitable
complexity measure K and constants a,b (independent of K'), and empirically
observed that for a large class of functions, the bound was very tight. Table 3.2
provides theoretical results showing that for the typical t-entropy function, this
scaling is a function not of Kpygr(f), but a,(4/3)"/n. However, for k-parity,
P(f) is suppressed by a significantly larger factor: c,,2¥~" (which is dependent on
complexity). This extra suppression predicts that P(f) will occupy a wide envelope
— with some functions of low complexity but also low probability (a concrete example

of predictions is presented in [66]). This is visualised in Fig. 3.2(c).

3.2.4 Understanding P(f) in terms of the Universal Prior

In the background (Section 2.3), we introduced the Universal Prior and Solomonoff
induction, as the “gold standard” learning agent. We discuss the connections
between P(f) and our computable complexity measures Kpyr(f) (and Kpz(f)) to
Kolmogorov complexity and Solomonoff induction in Appendix D, and in the

next part (Chapter 4).

3.3 Trained neural networks

We use n = 7. All models are trained on random subsets S C {0,1}" of size
m € {16,32,64,96}, where the rest of the set {0,1}" is used as a test set. Results
are averaged over ten independent draws. All runs use the DFCN of Definition 6

with «, = 2 to ensure overparameterisation.

3.3.1 Training algorithms

As DFCNs have a discrete weight space, they cannot be straightforwardly trained
using SGD. While SGD variants adapted to discrete weights exist [67], we instead

employ a fully Bayesian MCMC algorithm, due to its easier interpretability, and
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an oracle algorithm as described below. We also implement a steepest descent

random search algorithm. See Appendix C.7 for full details.

Metropolis—Hastings (Algorithm 2). A Metropolis-Hastings algorithm based
on the acceptance probability a = min{l, e"“‘Aﬁ(e)e_)‘A”e”%}, where A denotes the
difference between steps, L is the MSE error, k is a temperature hyperparameter

and A is the weight—decay coefficient.

Min norm oracle (Algorithm 3). This is an oracle that returns the minimal
complexity DNF compatible with the training set S obtained by exhaustive

search.

Greedy SGD-like (Algorithm 4). This performs greedy local optimisation. At
every step 6, we evaluate the loss of every possible neighbour of (WM W)
with Hamming distance one to 6;_;. We find the set of neighbours which
maximally improve the batch error (minimising the loss), picking uniformly
from the lowest-norm neighbours with probability p, otherwise picking uniformly
from the entire set with probability 1 — p. The hyperparameter p acts like a
weight decay parameter: larger p results in a larger bias towards minimum norm

functions and hence towards functions of small Kpyr(f).

3.3.2 Weight decay adds an additional bias in the posterior

For Algorithm 2 we choose x = 1000, which approximates the likelihood term
e "AL0) in the MCMC sampling as a 0l-likelihood 1[fs(S) = f*]. With the
uniform prior over 6 defined in Definition 8, the posterior over Boolean functions

f is obtained by marginalising:

Z{O:fng} 1[f5(S) = fle Iz p(g) 5 e AEDNED P (F] )
Ze 1[fe(S) = f*]e‘”'e”%P(e)  Epop s [e Mo

where Py_o(f | S) is just the posterior induced by a 01-likelihood, P(f | S)

1[fo(S) = fIP(f). We have assumed that Y gg.p,_ e M3 is dominated by the

2
which

27

PA(f]5) = , (3.8)

smallest attainable norm ||0]|3 for a given f, and that ||]|3 ~ HW(I)
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gets more accurate for larger n since the parameter space is largely dominated
by WM. As the norm is directly related to the complexity (Proposition 3.1.2),
weight decay approximately acts as a multiplicative bias e MP~r(f) that further

sharpens the simplicity bias in P(f).
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Figure 3.3: Inductive biases of trained DFCNs (n = 7) with Algorithm 2 (a)
shows how the inductive bias of DFCNs towards lower complexity functions allows them
to find such functions more easily than higher complexity functions. It also shows that
weight decay increases these biases, being able to achieve 100% test accuracy on some
functions. See Appendix C.7 for a list of the functions used. (b) and (c) show heatmaps
of W during training at different test accuracy checkpoints with a target function of
4-parity for no weight decay (A = 0) and with weight decay (A = 0.01), respectively. Both
panels show how the network learns simple representations of the target function, with
weight decay managing to learning the exact DNF representation.

The results of training DFCNs with Algorithm 2 are shown in Fig. 3.3. Fig. 3.3(a)
shows the inductive bias of the network: higher complexity functions are harder for
the network to learn due to the large bias towards low complexity functions. Hence,
at zero training error, the network only achieves good test accuracy for simple target
functions. Fig. 3.3(b) and Fig. 3.3(c) show heatmaps of W) during training at
different test accuracy checkpoints for a 4-parity target function. We see that for no
weight decay (A = 0), the network trains towards a simple representation of the target
function (resulting in a sparse W) with many zeros), but adding weight decay (A =
0.01) greatly improves the generalisation of the network by further increasing the bias
towards low complexity functions. At 100% test accuracy (Fig. 3.3(c)), we see that
the network has learned the exact minimal DNF representation —i.e. optimal features

— of the target function, with 4-parity requiring eight clauses in its minimal DNF.
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This gives an intuitive explanation for the general empirical observation that
weight-decay improves test performance and the general hypothesis that flatter

minima (higher volume or prior weight P(f)) generalise better [68, 69, 70].

3.3.3 The special case of parity (Fig. 3.4)

MCMC without weight-decay (A =0). As k> 1, the posterior is dominated
by the prior Py—g. Simple parities (k < 4) are eventually learned, while k = 6,7
never exceed chance level despite more data. Their posterior mass is simply too small
for the algorithm to find them within the allotted budget, mirroring the extreme
rarity observed in Fig. 3.2. Weight norms stay high and almost k-independent. See
Appendix C.2 for a discussion on why more data actually harms generalisation

for high-parity target functions.

MCMC with weight-decay (A > 0). Penalising the norm dramatically improves
generalisation when a low-norm representation exists. For k = 1, the network reaches
perfect accuracy after m = 64 examples, and its weight norm drops to a much
lower value than without weight-decay. These performance gains from weight-decay
persist up to k = 4, beyond that the minimum representation is so large that the

decay term can no longer offset the small prior probability (3.8).

Min norm Oracle. The oracle provides the Bayes-optimal accuracy achievable
if the learner always selects the lowest-norm DNF that interpolates S. The
accuracy gap between the weight-decay sampler and the oracle is small for £ < 4,
demonstrating that the algorithm actually discovers the minimal complexity DNF
in practice, even though it is capable of expressing much more complicated DNFs

for the given string representation.

Greedy SGD-like. We train on parity as well as the other function families
with the greedy SGD-like algorithm, see Fig. C.7 in the Appendix. The learning
curves look qualitatively similar to MCMC, showing that SGD behaves Bayesian

in our DFCN setting, as also claimed in [2].
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k-parity
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Figure 3.4: Training statistics for k-parity target functions (a), (b) and (c)
show training and test accuracies for various k-parity target functions for the MCMC
algorithm (Algorithm 2) without weight decay (A = 0), with weight decay (A = 0.01) and
an oracle algorithm (Algorithm 3), respectively. Weight decay improves test accuracy for
all k£ < 5 functions. For 7-parity (the most complex function for an n = 7 input DFCN),
the model is strongly biased against this function; the more data we give it, the worse the
test accuracy will be. (d), (e), and (f) show the weight norms for each of the training
algorithms, clearly showing that weight decay greatly lowers the norm compared to no
weight decay.

3.4 Remarks

State-of-the-art neural networks are so large and the data they ingest so hetero-
geneous that we can usually only fully understand curated sub-problems — for
instance, modular arithmetic [58]. To make causal statements about representation
learning, we need a small, exactly-solvable test-bed in which (i) the target function’s
complexity is tunable, model-independent and human-interpretable, (ii) learned
representations live in an easily interpretable space, and (iii) the inductive bias
and learned functions can be precisely understood.

Our DFCN offers precisely that — because it represents a DNF, the complexity of

the learning problem is controlled directly by the number and size of clauses of the
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target function f — the complexity Kpnr(f). Kpnr(f) is therefore simultaneously
meaningful for the data, the hypothesis class, and the parameters. Furthermore,
the one-to-one mapping between weights and logical clauses at the level of the
constrained construction lets us derive analytic expressions for the prior P(f),
turning qualitative notions of “simplicity bias” from [64] into quantitative, testable
predictions for generalisation. In this sense, the DFCN plays the same role in deep-
learning theory that the Ising model plays in statistical physics: it is the minimal,
exactly computable system that still exhibits the phenomena we care about. Sliding
along the complexity axis within a single framework demonstrates how complexity,
inductive bias, training dynamics, and generalisation interact in real time.
Specifically, we analytically demonstrated that DFCNs with uniform sampled
weights (i) induce a strong simplicity bias in the distribution over Boolean function
P(f). (ii) This bias in the prior directly determines generalisation with a Bayesian
learning algorithm, as best seen for high-parity Boolean functions, where the bias
against complex functions is so strong that it cannot overcome the prior, even with
additional data points. (iii) Weight decay amplifies this simplicity bias, learning the
minimum representation, inducing feature learning. This explains why it improves

performance on simple target functions but not on inherently complex ones.

Limitations. Our work focuses on discrete networks with Boolean inputs, which
provides analytical tractability but leaves a gap between our theory and typical
continuous deep learning applications. The sampling algorithms become computa-
tionally intractable for large n, even though this is the interesting regime concerning
the bounds in Table 3.2. Furthermore, our training algorithms do not capture all

properties of continuous optimisation with SGD or other optimisers like Adam.

Investigating the parameterisation. In the background (Section 2.6), we
showed how the choice of initial parameterisation can affect learning (with respect
to feature learning). One simple change of parameterisation would be to initialise
the last layer with all Os as opposed to a mix of Os and 1s. This would likely have

a pP-like effect, encouraging feature learning.
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Other future directions. One strength of this model is its ability to directly
study the effect of optimiser hyperparameters. Exploiting this to study other
phenomena observed in continuous neural networks, such as grokking and neural
collapse are promising new directions. The most difficult task will be to develop
suitable and interpretable optimiser measures that allow for bounds on the prior
P(f). This research direction should also better understand how different optimisers
and training schemes influence the posterior, or whether a Bayesian formulation

is even possible at all.



Part 11

Generalisation in Neural
Networks & Kernel Methods

This part presents a first-principles explanation of generalisation, stem-
ming from the inductive biases towards simple functions inherent at
initialisation. While these biases are easily integrated into the posterior
of Bayesian learning algorithms, this isn’t the case when using optimisers.
We demonstrate that our predictions empirically extend to networks
trained with standard optimisers.

In Chapter 4 we analyse the prior of continuous neural networks
on the Boolean data. We find that the prior P(f) < 27%K() can be
controllably weakened by tuning the initial weight variance, o,, to move
the network from the ordered regime (a = 1) into the chaotic regime
(where a < 1). When a < 1, the prior cannot counteract the 2X growth
in functions, and leads to poor generalisation.

Subsequently, Chapter 5 reveals a universal pattern in this archi-
tectural bias: across a wide range of models and datasets, the prior
probability of a function P(f) follows Zipf’s Law (i.e., P(f) oc R(f)™!).
We then prove that this Zipfian prior is not merely an empirical curiosity
but a necessary condition for achieving efficient learning.

43



The chaotic regime

In this chapter, we study continuous neural networks on Boolean data. We
show that the prior distribution over complexities (1) is strongly biased
towards simple functions (2) can predict generalisation, and (3) can be broken
by initialising in the chaotic regime.

Mingard C, Rees H, Valle-Pérez G, Louis AA. Deep neural networks have an
inbuilt Occam’s razor. Nature Communications. 2025 Jan 14;16(1):220 [5].

In Chapter 3, we studied a discrete neural network learning Boolean functions. We
used the discretisation to show a one-to-one correspondence between our constrained
DFCN construction and DNF representations, up to the natural equivalences
discussed there (for example, clause/hidden-unit permutations). This gave us a
natural complexity measure for the discrete NN, and allowed us to explore interesting
properties of the learning agent: for example, the types of functions that are learned
easily, why some simple functions are hard to learn, and what features are learned.
We proved some basic results concerning the relation between P(f) and Kpnp(f).

In this chapter, we continue to use the Boolean dataset to probe the prior of

DNNs.
1. What does P(f) look like in continuous DNNs?

2. How can we break the bias towards simple functions?

44



4. The chaotic regime

45

3. How strong does the simplicity bias have to be before learning is impossible?

4. Can we abstract out the functions themselves and study these systems at the

level of complexity?
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Figure 4.1: Priors over functions and LZ complexity (a) Prior P(f) over n =7
Boolean functions from N-layer tanh FCNs, sampled 10® times with Gaussian weights
ow = 1...8, compared to ReLU and Zipf’s law [64]. (b) P(f) plotted against LZ
complexity K. (c) Generalisation error vs. K for tanh networks (o, = 1,8) and an
unbiased learner, trained to zero error on m = 64 samples; error computed over |T'| = 64
(See Fig. E.8 for PAC-Bayes bounds on this data). (d—f) Scatterplots of generalisation
error vs. K for three target functions. Dashed line: target K, cross: mode. Histograms
show Psgp(K|S) and Psgp(ei|S). (g) Prior P(K) from random sampling, with 90% of
mass right of the dotted lines. Dash-dot: extrapolation. (h) P(K) is flat for o, = 1,
biased to high K for o,, = 8, explaining performance differences. (i) Generalization error
with K-learning for o, = 1,8 and unbiased learners on |S| = 100. No solutions found
with low K for o, = 8, or high K for o, = 1.
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4.1 Quantifying inductive bias with Bayesian pri-
ors

We used the prior over functions, P(f) in the previous chapter (defined in Definition 8
for discrete neural networks). Given a dataset Sx, P(f) is the probability that a
DNN fy(x) expresses f(Sx) upon random sampling of parameters over a parameter

initialisation distribution Pp,,(6):

P(f) = [1Ufo(Sx) = f1Pour(6)d0, (4.1)

where 1 is an indicator function (1 if its argument is true, and 0 otherwise),
and f = f(Sx). Explicitly, this term is 1 if the neural network fy expresses
f with parameters 6, else 0.

It was shown in [64] that, for ReLU activation functions, P(f) for the Boolean
system was insensitive to different choices of P, (¢), and that it exhibits an
exponential bias of the form P(f) < 27K (N+ towards simple functions with low
descriptional complexity K (f), which is a proxy for the true (but uncomputable)
Kolmogorov complexity. We will, as in [64], calculate K(f) using Kpz(f), a
Lempel-Ziv (LZ) based complexity measure from [65] on the string representation
(Definition 2) — the 2" long bitstring that describes the function, taken on an ordered
list of inputs. Other complexity measures give similar results [64, 71], so there is
nothing fundamental about this particular choice. To simplify notation, we will use
K1z(f) instead of K(f). The exponential drop of P(f) with K;;(f) in the map
from parameters to functions is consistent with an algorithmic information theory
(AIT) coding theorem [28] inspired simplicity bias bound [65] which works for a
much wider set of input-output maps. It was argued in [64] that if this inductive bias
in the priors matches the simplicity of structured data, then it would help explain
why DNNs generalise so well. However, the weakness of that work, and related
works arguing for such a bias towards simplicity [72, 73, 64, 74, 1, 75, 76, 77, 71, 78],
is that it is typically not possible to significantly change this inductive bias towards

simplicity, making it hard to conclusively show that it is not some other property
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of the network that instead generates the good performance. Here we exploit a
particularity of tanh activation functions that enables us to significantly vary the
inductive bias of DNNs. In particular, for a Gaussian Pp,,(#) with standard deviation
Ow, it was shown [79, 80| that, as o0, increases, there is a transition to a chaotic
regime. Moreover, it was recently demonstrated that the simplicity bias in P(f)
becomes weaker in the chaotic regime [81] (see also Appendix E.1.12). We will exploit
this behaviour to systematically vary the inductive bias over functions in the prior.

In Figs. 4.1a and 4.1b we depict prior probabilities P(f) for functions f defined
on all 128 inputs of a n = 7 Boolean system upon random sampling of parameters
of an FCN with 10 layers and hidden width 40 (which is provably fully expressive
for this system [1]), and tanh activation functions. The simplicity bias in P(f)
becomes weaker as the width o, of the Gaussian parameter prior Py, () increases.
By contrast, for ReLLU activations, the bias in P(f) barely changes with o, (See
Figure S3(a) [5]). The effect of the decrease in simplicity bias on DNN generalisation
performance is demonstrated in Fig. 4.1c for a DNN trained to zero error on a
training set S of size m = 64 using advSGD (an SGD variant taken from [64]),
and tested on the other 64 inputs z; € T. The generalisation error (the fraction
of incorrect predictions on 7T') varies as a function of the complexity of the target
function. Although all these DNNs exhibit simplicity bias, weaker forms of the
bias correspond to significantly worse generalisation on the simpler targets (see
also Supplementary Note 10 [5]). For very complex targets, both networks perform
poorly. For reference, we also show an unbiased learner, where functions f are
chosen uniformly at random with the proviso that they exactly fit the training set S.
Not surprisingly, given the 264 ~ 2 x 10 functions that can fit S, the performance
of this unbiased learner is no better than random chance.

The scatter plots of Fig. 4.1 (d)—(f) depict a more fine-grained picture of the
behaviour of the SGD-trained networks for three different target functions. For
each target, 1000 independent initialisations of the SGD optimiser, with initial
parameters sampled from the Gaussian parameter prior P, () at width o, are

used. The generalisation error and complexity of each function found when the



4. The chaotic regime 48

264 possible

DNN first reaches zero training error are plotted. Since there are
functions that give zero error on the training set S, it is not surprising that the
DNN converges to many different functions upon different random initialisations.
For the o, = 1 network (where P(f) resembles that of ReLLU networks), the most
common function is typically simpler than the target. By contrast, the less biased
network converges on functions that are typically more complex than the target.
As the target itself becomes more complex, the relative difference between the two
generalisation errors decreases, because the strong inductive bias towards simple
functions of the first network becomes less useful. No free lunch theorems for

supervised learning tell us that when averaged over all target functions, the three

learners above will perform equally badly [82, 83] (see also Appendix A.1.3).

4.1.1 Priors over complexity

To understand why relatively modest changes in the inductive bias towards simplicity
lead to such significant differences in generalisation performance, we need another
important ingredient, namely, how the number of functions varies with complexity.
Basic counting arguments imply that the number of strings of a fixed length that
have complexity K scales exponentially as 2% [28]. Therefore, the vast majority of
functions picked at random will have high complexity. This exponential growth of
the number of functions with complexity can be captured in a more coarse-grained
prior, the probability P(Kz) that the DNN expresses a function of complexity
K upon random sampling of parameters over a parameter initialisation function
Poar(0), which can also be written in terms of functions as P(K') = X ey, P(f),
the weighted sum over the set H s of all functions with complexity K (f) = K, f.
In Fig. 4.1 (g) P(KLz) is shown for uniform random sampling of functions for 10®
samples using the LZ measure, and also for the theoretical ideal compressor with
P(K) = 2Krz=(Krz)maa=1 gyer all 2128 ~ 3 x 103 functions (see also Appendix E.3.2).
In (h) we display P(Kp for functions not sampled at random, but rather from the
two networks. There is a dramatic difference between random sampling functions

(as in (g)) and between the network with o, = 1, where P(Kz) is nearly flat.
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This behaviour follows from the interesting fact that the AIT coding theorem-
like scaling [65, 64] of the prior over functions P(f) ~ 27Krz() counters the
2KLz(I) growth in the number of functions. See Appendix D for more on the
relation between P(Kpz(f)) and AIT, and relating these counting arguments
to Kpyp(f) from Chapter 3.

By contrast, even though, relative to the 38 or so orders of magnitude scale
on which P(f) varies, the more artefactual o,, = 8 system has strong simplicity
bias (we estimate that for the simplest functions, P(f) is about 10?® times higher
than the mean probability (P(f)) = 27 ~ 3 x 107%), this is not enough to
counter the 2522 growth in the number of functions with complexity. Therefore,
this DNN is exponentially more likely to throw up complex functions, an effect
that SGD is unable to overcome.

More generally, the fact that the number of complex functions grows expo-
nentially with complexity Kz lies at the heart of the classical explanation of
why an insufficiently biased agent suffers from variance: It can too easily find
many different functions that all fit the data. The marked differences in the
generalisation performance between the two networks observed in Fig. 4.1 (¢)—(f)
can therefore be traced to differences in the inductive bias of the networks, as
measured by the differences in their priors. We can formalise this using PAC-

Bayes bounds — see Fig. E.8.

4.1.2 Artificially restricting model capacity

To further illustrate the effect of inductive bias, we create a K-learner (using
LZ complexity, K;z(f)) that only allows functions with complexity < Kj; to
be learned and discards all others. As can be seen in Fig. 4.1(i), the learners
typically cannot reach zero training error on the training set if K, is less than
the target function complexity K;. For K,; > K, zero training error can be
reached, and not surprisingly, the lowest generalisation error occurs when K, = K.
As the upper limit K, is increased, all three learning agents are more likely to

make errors in predictions due to variance. The random learner has an error
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Figure 4.2: How training data affects the posteriors: (a), (b), and (c) depict the
mean likelihood ((1 — eq(KLz))™)s from Eq. (4.3), averaged over training sets, and over
the 5 lowest error functions at each K. This term depends on data and is independent of
the DNN architecture. With increasing m it peaks more sharply around the complexity
of the target. In (d)—(f) we compare the posteriors over complexity, (PsapKrz(f)|S))m,
for SGD (darker blue and red) averaged over training sets of size m, to the prediction of
(P(Krz(f)|S))m from Eq. (4.3) (lighter blue and orange), calculated by multiplying the
Bayesian likelihood curves in Figs (a)—(c) by the prior P(K1z(f)) shown in Fig. 4.1(h).
The light (Bayes) and dark (DNN) blue histograms are from the o, = 1 system, and
the orange (Bayes) and red (DNN) histograms are from the o,, = 8 system, which has
less bias towards simple functions. The Bayesian decoupling approximation (Eq. (4.3))
captures the dominant trends in the behaviour of the SGD-trained networks as a function
of data complexity and training set size. Quantitative measures of the similarity between
the posteriors can be found in Figure S22 of [5].

that grows linearly with Kj;. This behaviour can be understood with a classic
Probably Approximately Correct (PAC) bound [84] where the generalization error
(with confidence 0 < (1 —§) < 1) scales as e¢ < (In|H<k,,| — Ind)/m, where

|H<r, | K < Ky is the size of the hypothesis class of all functions with K < K;
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the bound scales linearly in K, as the error does (see Appendices A.5 and E.1.13
for further discussion including the more sophisticated PAC-Bayes bound [85, 63].).
The generalisation error for the o,, = 1 DNN does not change much with K, for
Ky > K, because the strong inductive bias towards simple solutions means access to
higher complexity solutions doesn’t significantly change what the DNN converges on.

See also Figures S6-S11 in [5] for DNNs in the ordered regime with o, < 1,
and for other optimisers, loss functions, and activation functions. These results

broadly exhibit the same behaviour we describe here.

4.2 Calculating the Bayesian posterior and like-
lihood

To better understand the generalisation behaviour observed in Fig. 4.1 we apply
Bayes’ rule, P(f|S) = P(S|f)P(f)/P(S) to calculate the Bayesian posterior P(f|S)
from the prior P(f), the likelihood P(S|f), and the marginal likelihood P(S).
Again, K = Krz(f) is used. Since we condition on zero training error, the
likelihood takes on a simple form. P(S|f) = 1ifVx; € S, f(x;) = y;, while
P(S|f) = 0 otherwise. For a fixed training set, all the variation in P(f|S) for
f e U(S9), the set of all functions compatible with S, comes from the prior P(f)
since P(S) is constant. Therefore, in this Bayesian picture, the bias in the prior
is translated over to the posterior.

The marginal likelihood also takes a relatively simple form for discrete functions,
since P(S) = X; P(S|f)P(f) = Xseu(s) P(f)- It is equivalent to the probability
that the DNN obtains zero error on the training set .S upon random sampling of
parameters, and so can be interpreted as a measure of the inductive bias towards
the data. The Marginal-likelihood PAC-Bayes bound [63] makes a direct link
P(S) < e7™¢ to the generalization error ¢ which captures the intuition that,
for a given m, a better inductive bias towards the data (larger P(S)) implies
better performance (lower eg).

One can also define the posterior probability Psgp(f]S), that a network trained

with SGD (or another optimiser) on training set S, when initialised with P,..(6),
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converges on function f. For simplicity, we take this probability at the epoch where
the system first reaches zero training error. Note that in Fig. 4.1 (d)—(f) it is this
SGD-based posterior that we plot in the histograms at the top and sides of the
plots, with functions grouped either by complexity, which we will call Psqp(K|S),
or by generalization error g, which we will call Psgp(eg|S).

DNNS are typically trained by some form of SGD, and not by randomly sampling
over parameters, which is much less efficient. However, a recent study [2] which
carefully compared the two posteriors has shown that to first order, Pg(f|S) =~
Psep(f|9), for many different data sets and DNN architectures. See Figures S14-
S15 in Mingard et al. [5] for an explicit demonstration of our n = 7 Boolean
system. This evidence suggests that Bayesian posteriors calculated by random
sampling of parameters, which are much simpler to analyse, can be used to
understand the dominant behaviour of an SGD-trained DNN| even if, for example,
hyperparameter tuning can lead to 2nd-order deviations between the two methods
(see also Appendix B.4).

To test the predictive power of our Bayesian picture, we first define the function
error €(f) as the fraction of incorrect labels f produces on the full set of inputs.

Next, we average Bayes’ rule over all training sets S of size m:

(PU1sYw = P (Gt} = PG AT (42)

where the mean likelihood (P(S|f))m = (1—¢€(f))™ is the probability of a function f

obtaining zero error on a training set of size m. In the second step, we approximate
the average of the ratio with the ratio of the averages, which should be accurate if
P(S) is highly concentrated, as is expected if the training set is not too small.
Eq. (4.2) is hard to calculate, so we coarse-grain it by grouping together
functions by their complexity:
(P(K|S))m = > (P(f19))m o< P(K){(1 = ec(K))" ), (4.3)
K(f)=K
and in the second step make a decoupling approximation where we average the

likelihood term over a small number [ of functions with complexity K with
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lowest generalization error e (K) since the smallest errors in the sum dominate
exponentially since (1 — eg) ~ e~°¢ for |eg| < 1. We then multiply by P(K),
which takes into account the value of the prior and the multiplicity of functions
at that K, and normalise Y, P(K|S) = 1. For a given target, we make the
ansatz that this decoupling approximation provides an estimate that scales as

the true (averaged) posterior.
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Figure 4.3: MNIST and CIFAR-10 data. (a) MNIST generalization error for FCNs
on a 1000 image training set versus o, for three depths. (b) CIFAR-10 generalisation
error for FCNs trained on a 5000 image training set versus o, for three depths. The
FCNs, made of multiple hidden layers of width 200, were trained with SGD with batch
size 32 and lr=1073 until 100% accuracy was first achieved on the training set. Error
bars are one standard deviation. (c¢) Complexity prior P(Kcgsr(f)), for 1000 MNIST
images for randomly initialised networks of 10 layers and o,, = 1,2. Probabilities are
estimated from a sample of 2 x 10* parameters. Figs (d), (e) and (f) are scatterplots
of generalisation error versus Kcogr(f) for 1000 networks trained to 100% accuracy on
a training set of 1000 MNIST images and tested on 1000 different images. In (d), the
training labels are uncorrupted, in (e) and (f), 25% and 50% of the training labels are
corrupted, respectively. Note the qualitative similarity to the scatter plots in Fig 1 (d)-(f).

To test our approximations, we first plot, in Fig. 4.2 (a)—(c), the likelihood term
in Eq. (4.3) for three different target functions using K = Kz (f). To obtain these
curves, we considered a large number of functions (including all functions with up

to 5 errors w.r.t. the target, with further functions sampled). For each complexity,
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we average this term over the [ = 5 functions with smallest €. Not surprisingly,
functions close to the complexity of the target have the smallest error. These
graphs help illustrate how the DNN interacts with data. As the training set size m
increases, functions that are most likely to be found upon training to zero training
error are increasingly concentrated close to the complexity of the target function.

To test the decoupling approximation from Eq. (4.3), we compare in Fig. 4.2
(d)-(f) the posterior (P(K|S))m, calculated by multiplying the Bayesian likelihood
curve from Fig. 4.2 (a)—(c) with the two Bayesian priors P(K) from Fig. 4.1 (h) and
(i), to the posteriors (Psgp (K |S))m calculated by advSGD [64] over a 1000 different
parameter initialisations and training sets. It is remarkable to see how well the
simple decoupling approximation performs across target functions and training set
sizes. See Figures S13-14 in Mingard et al. [5] for a demonstration of the robustness
of our approach, where we show that using [ = 1 or [ = 50 functions does not
change the predictions significantly. This success suggests that our simple approach
captures the essence of the interaction between the data (measured by the likelihood,
which is independent of the learning algorithm) and the DNN architecture (which
is measured by the prior and is independent of the data).

We have therefore separated out two of the three parts of the tripartite scheme,
which leaves the training algorithm. In the figures above, our Bayesian approx-
imation captures the dominant behaviour of an SGD-trained network. This
correspondence is consistent with the results and arguments of [2]. See Fig. S15 in
[5] for a similar set-up using MSE loss, where Bayesian posteriors can be exactly
calculated using Gaussian processes (GPs). The direct Bayesian GP calculation
closely matches SGD-based results for our much smaller network. Note that, in
the spirit of model calculations, as called for in [86, 87], we mainly used a much
smaller DNN. But their agreement with the GP-based posteriors, calculated for
the infinite width limit, shows that at the scale of our Bayesian approach to the
1st-order generalisation question we are addressing here, the size of the DNN is
not an important factor. The width of a DNN can, of course, be a factor for

2nd order generalisation questions.
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4.2.1 Beyond the Boolean model: MNIST & CIFAR-10

Can the principles worked out for the Boolean system be observed in larger systems
that are closer to the standard practice of DNNs? To this end, we show, in Fig. 4.3
(a) and (b), how the generalisation error for the popular image datasets MNIST
and CIFAR-10 changes as a function of the initial parameter width o, and the
number of layers NV, for a standard FCN, trained with SGD on cross-entropy loss
with tanh activation functions. Larger o, and larger N; push the system deeper
into the chaotic regime [79, 80] and result in decreasing generalisation performance,
similar to what we observe for the Boolean system for relatively simple targets.
In Fig. 4.3, we plot the prior over complexity P(K) for a complexity measure
called the critical sample ratio (CSR), Kcsr(f) [72], an estimate of the density of
decision boundaries that should be appropriate for this problem. Again, increasing
0w greatly increases the prior probability that the DNN produces more complex
functions upon random sampling of parameters. Thus, the decrease in generalisation
performance is consistent with the inductive bias of the network becoming less
simplicity biased, and therefore less well aligned with structure in the data. Indeed,

datasets such as MNIST and CIFAR-10 are thought to be relatively simple [88, 89].

These patterns are further illustrated in Fig. 4.3 (d)—(f), where we show
scatterplots of generalisation error vs. CSR complexity for three target functions
that vary in complexity (here obtained by corrupting labels). The qualitative
behaviour is similar to that observed for the Boolean system in Fig. 4.1. The more
simplicity-biased networks perform significantly better on the simpler targets, but
the difference with the less simplicity-biased network decreases for more complex
targets. While we are unable to directly calculate the likelihoods because these
systems are too big, we argue that the strong similarities to our simpler model

system suggest that the same basic principles of inductive bias are at work here.
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4.3 Remarks

In order to generalise, high-capacity models need a clear inductive bias towards
functions that perform well on the data being studied [90]. Here we show that
DNNs (and also NNGPs and DNN-inspired kernels have a very specific kind of
inbuilt Occam’s razor (see Appendix A for background on Occam’s razor(s)). This
inductive bias can be quantified by an AIT coding theorem-like scaling of the
prior as P(f) o< 275 which can counteract the 2% growth of the number of
functions with complexity. If this intrinsic inductive bias is slightly weaker, say
P(f) oc 27°K() with o < 1, then it becomes much harder to overcome the 2%
growth and the learner will likely suffer from strong variance problems. While
we were not able to significantly increase the bias towards simplicity in DNNs,
too strong a bias towards simplicity can mean bias (instead of variance) problems

because complex functions become hard to find [91, 71].

Links to Solomonoff Induction An interesting direction to explore is the more
formal arguments in AIT relating to the optimality of Solomonoff induction [28, 92,
93] (see also Appendix A.1.2). In particular, there may be fruitful links between
simplicity bias, Solomonoff induction, and compression in deep learning, as recently

discussed, for example, in the context of large language models [94, 95].

Links to kernels. Another promising direction for exploration is to connect
our high-level theory here with the more detailed calculations of generalisation in
kernels [96, 97, 98, 99, 100, 101] (see also Section 2.4 and Appendix B.2). These
works can tell us how DNN-inspired kernels need to align with data, but not so
easily why this would be so (the question of why neural networks have the inductive
biases they do is, of course, addressed for one specific example in Chapter 3). An
extra challenge is that our work here has been in the context of discrete functions
and classification, whereas the work on kernels is typically for continuous regression
scenarios. However, the classification setting allows us to study the inductive

bias of a model over the entire space of input functions and simultaneously make
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concrete generalisation bounds. We distinguished the first-order question of why
high-capacity DNNs (and related models) generalise at all from the second-order
question of how to further improve DNN performance. Firstly, the fact that DNNs
are strongly biased towards simplicity gives a basis upon which to look for further
inductive biases in other directions that may be orthogonal to simplicity. Our
results are derived in a Bayesian setting, but do not preclude the fact that SGD

optimisation itself can also introduce useful inductive biases.

Feature learning & Parameterisation In high-dimensional spaces, a Gaussian
prior’s weight is concentrated around its variance. For example, if we initialise
a network in the chaotic regime with a weight standard deviation o, = 1 and
then train it with aggressive weight decay, the optimisation process would push
the weights back toward the ordered regime. At the end of training, the weights
could have a norm closer to 1 rather than 2, which means the prior distribution
P(f) for o, = 2 would be less appropriate for the final model than one for o, = 1.
We observed this effect in Chapter 3, where applying aggressive weight decay
strengthened the bias towards [-parity functions for small [ beyond the initialisation
prior — in other words, by moving the weights a long way from initialisation, the
optimiser induced a bias not captured by P(f). In this chapter, our experiments
used fairly standard hyperparameters and standard parameterisation. The strong
agreement between our PAC-Bayes bounds and generalisation error, as well as
the predictive power of our priors over complexity for optimiser-trained neural
networks, suggests that for FCNs on Boolean data, the optimiser primarily samples
the solution space local to the initial scale. We will investigate the effects of

optimiser hyperparameters in Chapters 6 and 7.

Finally our observations on inductive bias can be inverted to identify
characteristics — such as limits on the complexity — of the data that DNNs can
successfully learn. In particular, the remarkable success of DNNs on a broad range
of scientific problems [102, 103, 104, 105] suggests that their inductive biases must

recapitulate something deep about the structure of the natural world [73]. By
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understanding why DNNs select specific solutions, we may, in turn, gain profound

insights into the structure of nature itself.



Zipt’s law

In this chapter, we show that the priors of high capacity learning agents, like
neural networks and kernel methods, almost always exhibit Zipf’s law. We
argue that this condition is necessary for optimal learning.

Mingard, C.*, Ridout, S.*, Grabarczyk R., London, C., Dingle, K., Nemenman,
Ilya and Louis, A A. Successful high capacity machine learning models exhibit
a universal Zipf’s law. Unpublished (to be submitted in late 2025). [11]

In Chapter 4 we analysed the prior of continuous neural networks on the Boolean
data, and found that P(f) < 27*K() can be controllably weakened by tuning
the initial weight variance, o, to move the network from the ordered regime
(a = 1) into the chaotic regime (where a < 1). We observed Zipf’s law in the
prior. One might expect this from basic counting arguments: if there are ~ 2K
functions with complexity K, and P(f) ~ 275 then the rank R(f) ~ 25 and thus
P(f)R(f) ~ O(1). In this chapter we study this in greater detail.

Generalising from experiences to new situations requires assumptions. If a
natural or artificial learning agent generalises well, it is only because its assumptions
match reality. For example, consider binary classification of m = Myest + Mirain
distinct inputs. There are 2™ distinct classifier functions, denoted f, on this input
space. If My of the inputs (with labels) are used as training data, then 2™tet of

these functions fit the training data perfectly. A sufficiently expressive learning

59
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machine can produce any of these functions. Thus, in addition to the target
function, which has zero error on both the training and test sets, it can express
any of the other 2™t — 1 functions with zero training error, most of which have
poor generalisation (test) accuracy. Since these functions all have zero training
error, only a prior bias can privilege the “correct” function over the others. Thus,
in learning there is no free lunch: an agent or algorithm can only learn if it has an
“inductive bias” which prefers certain functions over others, and only if this bias
happens to align with true data-generating process [83, 106].

The classical solution to this problem is capacity control (see Appendix A):
using a learning machine which is not fully expressive (i.e., cannot produce all 2™
classifications). In this context, “expressiveness” is measured through quantities
such as the VC dimension or Rademacher complexity, and when the expressiveness
is sufficiently small compared to the amount of training data, one can prove
PAC (“probably approximately correct”) bounds on the difference between the
training and test errors.

In contrast, modern machine learning architectures often perform well even
when they have more parameters than training examples. For example, in this
regime, large neural networks can fit even random training data [107], suggesting
that they can express any of the 2™ possible functions. When they generalise
well, they must have a strong bias towards a small, low-test-error subset of the
2™Mest functions with zero training error.

In Bayesian methods, an inductive bias is directly encoded in a Bayesian
prior (see Section 2.2). In most machine-learning methods, however, this bias
is encoded implicitly, through some combination of the architecture of the learning
machine, initialisation procedure, the minimization algorithm, and the distribution
of the training data.

Here we consider expressive learning machines with parameters 6, that take
an input z and output a binary classification F'(x;0). For example, F(z;6)
may be the output of a (thresholded) neural network (NN). Consider a fixed

dataset S = {(z;,v:)}.,, with Sy and Sy referring to the set of inputs and labels
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respectively. There are 2™ possible classifier functions on Sy, each represented
by an m-dimensional vector f = (fi,..., fm)-

As in the previous two chapters, we define the “initialisation prior” P(f) as
the probability that f is expressed upon sampling a parameter initialisation

distribution P, (6), i.e.,
PU) = [ 40 Pouc0) TL 1FG30) = 1), (5.1
where 1 is an indicator function, i.e., it is 1 if F(z;,0) = f; and 0 otherwise.

P(f) does not describe the training procedure, but contains information about
the inductive bias produced by the data distribution, architecture, and initialisation
procedure. It directly describes the inductive bias of a very simple learning algorithm:
drawing new parameters 6 from the initialisation distribution until a solution with
zero training error is found. This is also equivalent to Bayesian inference with
P(f) as a prior and a “0-1” likelihood, 1 [f; = v].

For NNs trained through gradient-based methods, we expect the initialisation
prior to still encode information about the inductive bias because the parameters of
wide NNs tend not to change much during training. Thus, of the many functions
which fit the training data, NNs are likely to learn one in a region that is well
sampled by the initialisation distribution. Indeed, this prior has been used to
explain key aspects of NN generalisation performance [64, 2, 5].

Below, we show that, for a series of expressive machine-learning models that
generalise well, the initialisation prior P(f) has a universal power-law form P(f) o<
1/rank f (“Zipf’s law”), where rank f is the “rank” of f, i.e., 1 for the function
which maximizes P(f), 2 for the next most likely function, etc. We develop two
explanations for this observation. Firstly, we show how Zipfian priors generically
emerge in the kernel limit of NNs, through a low-dimensional latent variable which
encodes the inductive bias [108, 109, 110]. Secondly, we show that inference with any
flatter power-law prior guarantees poor generalisation to unseen data, and inference
with any steeper power-law prior produces larger training errors than expected for

a given likelihood. Thus, a Zipfian prior may be necessary (but not sufficient) for
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Figure 5.1: Priors for different learning systems, architectures, and datasets
follow Zipf’s law. (a—f) show the initialisation priors of neural networks, P(f) (see
Eq. (5.1)) vs. rank. (g) shows the prior of an RBF kernel, and (h) shows the effective prior
induced by SGD, Psap(f|S), for learning rates of 1072 and 1075 (see Section 5.4). Solid
lines denote empirical data for 108 random samples for datasets of size m = 20 (blue)
and m = 100 (orange). The m = 20 curve suggests three regions, (1) an initial blocky
fluctuating region up to a rank of order m, (2) an extended region with a 1/rank f Zipf’s
law decay, and (3) a tail that falls off more rapidly at the very highest ranks. For m = 100,
we only observe a tiny fraction of all functions, so regime (3) is not observed. The dashed
lines are the parameter-free normalised P(f) = C/rank f from Appendix F.1.2, which fit
the empirical data remarkably well. See Appendix F.4 for more datasets and architectures,
and Appendix F.3 for SGD priors with higher learning rates.

optimal learning. Supporting these results, we empirically show that models that

are known to generalise poorly have priors that decay more slowly than Zipf’s law.

5.1 A wuniversal Zipf’s law in the initialisation
prior

In Fig. 5.1(a—g), we show P(f) vs. rank f for a series of learning architectures and
datasets. We consider the cases of m = 20 and m = 100 inputs, and, to keep the
number of functions from becoming too large, binarize the labels. There are thus
220 ~ 10° and 2'%° ~ 103 possible functions, respectively. For each system, we

took 10® samples. For architecture/dataset details, see Appendix F.1.1. Other
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examples, with similar results, are in Fig. F.4.

We observe a striking universality in P(f), for all architecture/data combinations.
Except for the few most likely functions, whose probability is sensitive to details
of the architecture and dataset (see Fig. F.4e), all cases show “Zipf’s law” scaling,
P(f) o 1/rankf.

For m = 20, where we have enough samples to see all 22° ~ 10° functions, this
scaling is only cut off at the edge of the distribution, where rank f ~ 10°. For
m = 100, we cannot sample the vast majority of the functions. To find evidence
that Zipf’s law may persist over the unobservable ranks, we examine not just the
scaling P(f) = C/rank f*, but the normalization C. After excluding the (few) ¢
most likely functions, we determine C' theoretically by assuming Zipf’s law holds
for all ranks. This normalization fits the data well (dashed lines in Fig. 5.1), and is
insensitive to ¢ for ¢ > 2 (Fig. F.5). Importantly, the theoretical C' is very sensitive
to a: e.g., for m = 100, taking o = 1.1 would increase C' sevenfold (Appendix F.12).
This suggests that the Zipfian scaling continues beyond observed ranks.

The observed universality of the Zipfian scaling in the initialisation prior is
striking. Nevertheless, different architectures differ: Fig. F.6 shows that the rank
ordering of functions differs between an FCN,; CNN and Resnet18 (on CIFAR-10 and
MNIST). This ordering encodes the particular bias of each architecture, determining
differences in performance. In other words, there’s enough freedom of ordering within
the (nearly universal) Zipf’s law to account for differences between learning machines.

We can imagine two types of explanation for the universality of Zipf’s law in
P(f). Prozimately, a common mechanism related to their size and structure may
produce Zipfian priors in varied NNs. Ultimately, perhaps non-Zipfian priors are
inferior for learning, and thus architectures or hyperparameters that produce

them never caught on.

5.2 Where does Zipf’s law come from?

We begin with the proximate question: how, mechanistically, do learning machines

produce Zipfian priors?
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Figure 5.2: Priors that decay more slowly than Zipf’s law lead to poor learning
performance. (a) A 10-layer FCN of width 1024 with tahn activations is initialised in the
chaotic regime, leading to a power law exponent « of the prior P(f) vs. rank (solid lines)
that shrinks towards 0 as the weight initialisation width o, increases. The dotted lines
show an approximation using an equicorrelated kernel (Appendix F.8). (b) Emergence
of subzipfian priors in this limit is associated with reduced decay in the eigenspectrum.
(c) The test accuracy on 10000 datapoints from binarised MNIST (green dots) drops
significantly with decreasing «, and lies between our approximate PAC-Bayes upper
bound, and the lower-bound from Eq. (5.3). We assumed that P(f) o rank f~¢, with the
value of « fit to the data from panel a. To compute the PAC-Bayes (upper) bound, we
also need to determine the probability of the true function f*, or equivalently its rank f*.
As this is impossible to measure for m = 10000 inputs, we estimated it by assuming that
the PAC-Bayes bound is tight at o, = 1 and that rank f* is independent of o,,. This
is likely an underestimate of the upper bound. The resulting estimate is rank f* = 2278
(compared to the maximum rank 2'°°%), Our lower bound does not depend on this
estimate of rank f*.

In particular, in the limit of infinite width, neural networks become equivalent
to kernel machines which, despite their simplicity, encode inductive biases that
allow them to generalise well [98, 96, 111]. Can we see how such simple models
produce Zipf’'s law?

Past work has shown that Zipf’s law emerges when high-dimensional observations
are driven by a lower-dimensional “latent variable” whose distribution is broad [108,
109]. In particular, Zipf’s law emerges, as the dimension m — oo when ¢ log P ~ m?
(when functions are sampled according to P(f)) [109]. This is because both faster
and slower decays of P(f) produce lower variances. Intuitively: If P(f) is flatter,
all functions have similar log P. If P(f) is steeper, functions have very different
log P, but the sampled functions are always the high P ones.

In turn, this O(m?) variance requires a very strong correlation between the m



5. Zipf’s law 65

elements of f, and most naturally emerges from a latent variable with d < m,
because independently summing the effects of O(m) variables would instead give
O(m) variance.

An infinite-width neural network’s initialisation prior is equivalent to a Gaussian
Process with a corresponding kernel K. The presence of Zipf’s law in different
NN architectures suggests that the mechanism producing it must be very general.
Thus, we will study the priors of kernel machines, expecting our results to also
apply qualitatively to finite-width NNs.

In the context of kernel regression, other work suggests that a “strong enough”
inductive bias to enable generalisation comes from sufficiently fast decay of the
kernel eigenvalues, and that generalisation then occurs for target functions which
are well-aligned with this inductive bias [100, 112, 96, 98]. In this picture, at a
given sample size m, a certain number of high-eigenvalue kernel eigenfunctions are
“learnable” (if they are present in the target function), and the remainder are not,
and are “benignly overfit” [113] to the training data.

In particular, kernels with eigenvalues that decay as a power law, A; ~ 1/ 3¢ with
¢ > 1, encode a sufficient inductive bias to allow for generalisation. In Appendix F.8
we study this model, under mild simplifying assumptions (we consider classification
using a softmax rather than the sign of the output, and assume the unlearnable,
low-eigenvalue eigenvectors are random).

To define a latent variable, we artificially split the eigenvectors of the kernel into
a “learnable” set of the m®, a < 1 with the largest eigenvalues, and the “unlearnable”
remainder. A detailed calculation then shows that (1) the contributions of the
“unlearnable” modes to log P are subdominant and can be ignored, and (2) the
“learnable” modes then produce O(n?) variance in log P. Thus, the projections
of a function onto this learnable set of eigenvectors act as the latent variables
which produce Zipf’s law.

In the limit of infinite depth, the kernel approaches a particularly simple form—
an equicorrelated kernel K;; = &;; + (1 — d;;)p, where all pairs of outputs have

the same correlation p (Appendix F.8.6).
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We show in Appendix F.8.3 that this limit maps directly onto the model of
[108], which has one latent variable, and thus produces Zipf’s law at large ranks
as m — oo. The persistence of Zipf’s law for small m or rank f depends on the
variance of this latent variable, which is determined by p (see Fig. 5.2). We show in
Appendix F.8.3 that p > 1/2 produces a sufficiently broad distribution of the latent
variable to produce Zipf’s law even down to small ranks, and show in Fig. F.11 that
all architectures in Fig. 5.1 produce off-diagonal kernel elements K;; 2 0.5.

Note that the prior of an equicorrelated kernel is a bad prior—it retains no
information about the structure of the input data. This clearly demonstrates that,
while Zipf’s law is necessary for a good prior, it is not sufficient. The simplicity of
this prior may be inferred from the fact that it produces a sequence of “steps”, of
size (]IX), which approximate P(f) ~ 1/rank f. A high-dimensional latent variable
(i.e., “more latent variables”) produces a smoother Zipfian prior (Fig. F.10).

Past work connects the initialisation prior to a bias for neural networks toward
“simple” functions [5]. Although we have not made this interpretation precise for
kernels, the mechanism we have described is consistent with it—in our mechanism,
low values of the latent variable (as in the explanation for the equicorrelated kernel,
above) correspond to function classes with many functions, while high values of the
latent variable correspond to “simple” function classes. In fact, it is straightforward
to show that Bayesian model selection among model classes with widely varying
complexities also gives a Zipfian prior (Appendix F.9).

Thus, in the kernel limit, we provide an answer to the “proximate” question:
neural networks produce Zipf’s law because, although they have an enormous
number of parameters, their output at initialisation is well-described by a much

lower-dimensional latent variable.

5.3 Zipfian priors are necessary for good learning
performance

Kernel machines that learn well naturally produce Zipfian priors. Is this a mere

accident? Or is the Zipfian nature of the prior related to learning performance?
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Since no exact calculation links P(f) to the trained network for a general archi-
tecture and learning algorithm, we begin with a simpler problem. We study binary
classification via Bayesian inference with power-law priors P(f) = C(m)/rank f.
A prior with a < 1 has a weaker inductive bias than the Zipfian o = 1, and a > 1
a stronger inductive bias. This prior may be measured over either the full input
space, with cardinality m, or over some training set, with cardinality my.im. We
will return to gradient-based learning briefly in Section 5.4.

A hint that a Zipfian prior is special comes from the predictive information

1

pred (Mirain ), the mutual information between a sample of My elements and all

future observations [114], for data drawn from P(f) = C(m)/rank f*. A short
calculation shows that Ied(Main) remains finite as My — 00 for any o # 1
(Appendix F.11), less than a model with one real-valued parameter [114]! However,
extending these calculations to a target distribution different from the model’s prior

is challenging, so we turn to other approaches to study the generalisation error.

5.3.1 Existing bounds fail to guarantee good generalisation
for subzipfian priors

Learning theory usually seeks to bound the generalisation error of a model from
above, guaranteeing good performance. We evaluate a PAC-Bayesian upper bound
on the generalisation error for Bayesian inference [63], for a prior P(f®))
1/ rank f®%  AS Mygain — 00, we find that this bound, instead of vanishing,
is at least (1 — a)log2 for o < 1 (Eq. (F.85)).

This means we cannot prove that learning is possible for a subzipfian prior, but

does not prove that it is impossible. To do so, we derive lower bounds on the error.

5.3.2 A subzipfian prior guarantees nonzero generalisation
error

Consider m possible inputs, of which we train on Mgy, = ¢m, with training
error eg[vlm . Define the test error eg[v] on the (1 — ¢)m unobserved inputs,
i.e., the “off-training-set” error [83].

Consider Bayesian inference with a prior P(f*)) o 1/ rank f®“ and likelihood
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L(f®) = ¢-ramesl], (5.2)

This is the likelihood derived by assuming that examples are mislabelled with
probability €y(k) = 1/(14¢€"). Taking k — oo gives the “hard” likelihood, analogous
to training until zero training error is achieved.

a controls the strength of the inductive bias, while the rank ordering determines
which functions are preferred. To derive a lower bound on eg[v], consider the
best-case scenario for a given «, ordering functions by similarity to the target
function. We derive equations for the test error €3 of this “optimistic” ordering,

for m — oo (Appendix F.5), proving:

Theorem 2. Bayesian inference with P, o< 1/rank f®)% and L, = e="1mesl ]

give test error eglv] > €5 >0 as m — oo for a < 1.

For the hard likelihood, our equations simplify to

1
o (s — 1)

= a’
1
log (<1q>eg(woo> - 1)
e=0, a>1. (5.4)

a<1 (5.3)

€5, is larger for smaller a and ¢ (Fig. F.8).

For finite x, solving our exact equations numerically shows that €} (k) increases
as k is decreased (Fig. F.9).

These bounds generalise to priors which are not pure power laws, but are still

flatter than 1/rank f over a wide range of ranks (Appendix F.5).

5.3.3 A superzipfian prior underfits many target functions

A subzipfian prior lacks the inductive bias needed to generalise well. An unnecessarily
strong inductive bias, however, may limit the number of functions that can be
learned, leading to underfitting.

To see this, consider Bayesian inference with a soft likelihood (Eq. (5.2), k # 00).

Since this likelihood comes from assuming data are mislabelled with rate ey(k),
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one expects €g = €y(k) if the prior contains the target function. If a = 0, it is
straightforward to show that eg = €y(k) for any target.

superzipfian priors, however, can give €5 > ¢y(k). As a toy example, we
considered a prior with functions in random order. In this case, a replica calculation
gives €5 = €p(k) for « < 1 and €5 = €y(k/0) > €o(k) for « > 1 (Appendix F.6.3).

We then showed that, for any ordering of functions in the prior, there are
exponentially many functions for which, if x is large enough, es(k) > €y(k).

Assume the prior is P(f*)) = 1/rank f*) over the training set, and define
F(€') as the set of functions which differ from M) on myape’ training examples.

We then show (Appendix F.6.2):

Theorem 3. Let eny(a, s, €') be defined as the solution to Sa(emin) = Sa(€') — Z€.
Then for any € < €min(a, K, €'), as$ Myain — 00, all but an exponentially small
fraction of the possible target functions in F(€') will have training error at least €.

For any o > 1, for sufficiently large k, there is a range € € (¢)(a, k), €y(a, K))

where €min(, K, €) > €9(k). This range grows wider as o or K is increased.

Together, our results suggest that Zipfian priors are optimal for learning, thus

providing an “ultimate” explanation for their universality.

5.3.4 The Solomonoff-Levin prior is asymptotically Zipfian

One may ask whether this “ultimate” picture—that Zipf scaling marks a critical
point for learning—is tied only to the particular Bayesian classification setup above,
or whether it already appears in the canonical formalisation of Occam’s razor. We
now show the latter: under standard algorithmic information theory (AIT), the
Solomonoff-Levin universal semimeasure on finite strings is asymptotically Zipfian
when strings are ranked by probability. The proof is a precise counting argument
for the heuristic from the opening of this chapter, that a prior decaying as 27
against a multiplicity growing as ~ 2K forces P - rank to grow only polynomially
in K: it is the rigorous counterpart of the coarse identity “rank f ~ 25() with

P(f) ~ 27K used for Boolean functions in Chapter 4. This complements
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Section 5.2: there we gave kernel and latent-variable mechanisms for Zipf in concrete
models; here the universal semimeasure provides an algorithmic-information baseline
at the same asymptotic scaling.

We work with finite binary strings x € {0, 1}*, prefix-free Kolmogorov complexity
K(z) = Ky(z) for a fixed prefix-universal machine U, and the Solomonoff-Levin
semimeasure Py (z) from Section 2.3 (see also Appendix A.1.2). Levin’s coding

theorem [26, 28] gives
27 K@) < py(x) < 27 K@+ (5.5)

for a constant d = d(U) independent of x (our Eq. (A.4)).

Define the complexity counting function
N(k) = [{z € {0,1}": K(x) < k}|. (5.6)

An upper bound on N (k) follows from Kraft’s inequality. There are exactly 27
binary programs of length j, hence at most Z?:o 2J = 21 _ 1 halting programs
of length at most k, and each string x counted by N (k) is the output of at least

one such program. Distinct strings require distinct halting programs, so
N(k) <2 1. (5.7)

For a lower bound, fix any n > 1. A universal machine U can implement a
fixed, always-halting routine that (i) reads a self-delimiting prefix encoding the
integer n, then (ii) copies the next n input bits to the output. Such a self-delimiting
code for n exists with length K(n) < log,n + O(loglogn) [28], so every length-
n string = admits a prefix program of length at most n + log,n + O(loglogn).
Hence K(z) < n + logyn + ¢ for a constant ¢ depending only on U. Choosing
n =k — |blog, k| for a sufficiently large integer b yields K (z) < k for all 2" strings

x of that length, once k is large enough. Therefore
N(l{?) > 2k7b10g2k: — Qka(logk) (58)
for all sufficiently large k. Combining Eqs. (5.7) and (5.8),

log, N(k) = k + O(log k) (k — 00). (5.9)
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Now order all finite strings by non-increasing Py, breaking ties arbitrarily, and
let Ry(x) € N be the resulting rank (so Ry = 1 for the most probable string under
Py). Let ¢ := [d]+1, which depends only on U. If K(x) = k and K(y) < k—c, then
Py(y) > 27KW > 27k by the lower bound in Eq. (5.5), whereas Py (z) < 27++d,
Because ¢ > d, we have 27%¢ > 2754 g5 every such y strictly precedes z in the

Py-ordering. There are N(k — ¢) strings of complexity at most k — ¢, hence
Ry(x) > N(k —c¢) for k > c. (5.10)

For an upper bound, note that if Py(y) > Py(x) then Py(y) > 2% because
Py(x) > 27% by Eq. (5.5). Using the upper branch of Eq. (5.5), Py(y) < 2-KW+d,
so any such y must satisfy 275®W+d > 2=k i e K(y) < k + d. Hence there are

at most N(k + d — 1) predecessors, and
Ry(x) < N(k+d-1). (5.11)
Combining Egs. (5.10) and (5.11) with Eq. (5.9),
log, Riy(x) = K (x) + O(log K (). (5.12)
Substituting into the upper branch of Eq. (5.5) gives
Py(w) = 27 K000 = Ry ()71 2000 K0 = Ry () ' poly (K (x)),  (5.13)

where the implicit degree of the polynomial depends only on U (through the
O(log k) remainder in Eq. (5.9) and the constant d in Eq. (5.5)). Equivalently,
log Py(z) 4 log Ry(x) = O(log K(z)) = O(loglog Ry(x)): on a log-log plot of
Py versus rank, the slope tends to —1 as K(z) — oco. We will refer to this as
asymptotic Zipfian behaviour of the universal prior.

In summary, the ideal algorithmic prior sits at the same asymptotic Zipf scaling
as the critical exponent o = 1 identified in our learning-theoretic results above, up
to slowly varying multiplicative corrections. It does not by itself explain empirical
initialisation priors of finite neural networks; for that, the kernel and latent-variable

mechanisms of Section 5.2 remain the appropriate prorimate account.
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5.4 “Effective priors” for SGD are often Zipfian

DNNs are typically trained using stochastic gradient descent (SGD). The interaction
of the initialisation prior with the stochasticity of the training means that, even if
the training proceeds to (near) zero error, the result is stochastic, and the learned
function is sampled from an induced distribution Psgp(f|S). For moderate m, [2]
shows that Psgp(f|.S) is similar to the Bayesian posterior of an appropriate Gaussian
process. In Appendix F.3 we construct an effective SGD prior: a prior Psgp(f) that,
when used as a Bayesian prior with the 0-1 likelihood, generates a posterior that
approximates Psgp(f|S). This prior depends on the hyperparameters of SGD and
the choice of the loss function. In Fig. 5.1(h), we show that, for an FCN architecture
on the MNIST dataset with a learning rate of 107, this SGD prior is also Zipfian.
In Fig. F.3e we show that the ordering of functions for Psgp(f|S)f is very similar to
that in P(f), supporting our earlier arguments that P(f) is useful for studying even
trained neural networks. Increasing the learning rate can make the approximate

SGD prior steeper than Zipfian (see below, and Appendix F.3 for a discussion).

5.5 Non-Zipfian learning machines exist and show
inferior performance

For bounded activation functions, DNNs have a well-defined transition between
an ordered and a chaotic regime [79, 80]. For a Gaussian P,,,(f) with standard
deviation o,,, chaotic behaviour emerges for large o, and large depth L. In
Fig. 5.2(A) we show, for an FCN on MNIST, that P(f) is subzipfian, with power
a < 1 decreasing as o, increases.

To understand this intuitively, consider the kernel limit discussed above. As L —
00, the kernel approaches the equicorrelated kernel, K;; = 6;; + (1 — d;;)p. Further,
as o, — 00, p — 0, giving a uniform P(f). (Appendix F.8.6). Fig. 5.2(B) shows
that, indeed, smaller « is associated with smaller off-diagonal kernel elements, and
the dashed lines in Fig. 5.2(A) show that an approximation using the equicorrelated

kernel describes the observed subzipfian powers well.
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In Fig. 5.2(C), we train this neural network. As o, is varied and « decreases,
the generalisation error grows, as expected. Estimating the PAC-Bayes bound
requires knowing the rank of the true function in the prior, rank f*, which cannot
be measured directly for large m. We estimate rank f* by assuming the bound is
saturated at o, = 1 and that rank f* is independent of o,,. We then find that the
observed generalisation errors lie between our upper and lower bounds.

We have also observed subzipfian priors in perceptrons on boolean inputs as
for this specific architecture-dataset combination, correlations between inputs are
smaller than required (p is too small, see Fig. F.7). For power laws truncated at
small rank, our lower bound on generalisation error becomes small (Appendix F.5),
but the model will instead underfit.

We have not found neural networks with superzipfian initialisation priors.
However, we have found that for large learning rates the effective prior produced
by SGD can become superzipfian (Fig. F.3). Further, it is possible to design a
Bayesian model selection algorithm with a superzipfian prior, by constructing a
prior over model classes which is explicitly biased against complex models, beyond

the usual “Occam factors” (Fig. F.12).

5.6 Remarks

In this chapter, we empirically demonstrated that Zipf’s law appears in the prior of
many well-initialised neural networks. We then established two main results. First,
any kernel with a sufficiently rapidly decaying eigenspectrum (a condition satisfied
by many NNGPs) will have a Zipfian prior, i.e. P(f) o< 1/R(f). This complements
Cui et al. [100], who prove a similar result in the context of kernel methods learning
continuous functions. Second, such a prior is required for optimal learning in the
following setup: we considered a Bayesian learner with exponential likelihood in
training error, and showed that errors due to variance occur for subzipfian priors,
while errors due to bias occur for superzipfian priors in the large-data limit (except
in very particular circumstances). This second result applies to all machine learning

agents: we would expect successful, overparameterised learning agents to all have
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Zipfian priors. We then attempted to extend these results to loss-based likelihoods
(see Appendix F.2) and stochastic optimiser-trained neural networks using effective

priors, and argued that in the large data limit, our main result should still apply.

Limitations and Future Work Our theoretical arguments connect a Zipfian
initialisation prior to successful learning. Importantly, we proved only that the priors
of kernel methods should be Zipfian, and only showed empirically that finite-width
neural networks have Zipfian priors. Future work could look to bridge this gap.

Properly interpreting the effective prior is important to fully understand these
results. Its behaviour broadly lines up with our intuitions at low learning rates,
where we approximate Bayesian sampling [2] (c.f. Part III) and thus the effective
prior should be close to the initialisation prior. At larger learning rates, the effective
prior becomes superzipfian, something we also observed for GP training with sharp
likelihoods. Understanding exactly why this happens, and explaining this behaviour
in the large data limit, is an important next step.

Key open questions include whether Zipfian priors can be deliberately engineered
during training, and whether Zipf-based diagnostics can reliably detect or predict
underfitting and overfitting in practice. Extending the present analysis beyond
supervised learning to unsupervised, generative, or reinforcement settings may clarify
whether Zipf’s law is a universal property of all successful learning systems. Finally,
exploring deeper connections to formal complexity measures such as Kolmogorov
complexity or Minimum Description Length could place Zipfian priors on a more

rigorous algorithmic foundation.



Part 111

Feature learning & Optimisation

The previous part of this thesis explained generalisation through the
lens of inductive biases at initialisation. While this perspective aligns
naturally with Bayesian inference, its connection to networks trained
with standard optimisers is less direct. This part bridges that gap
by analysing the training dynamics themselves. In Chapter 6, we
first show that for wide networks on simple tasks, SGD’s dynamics
closely approximate Bayesian inference, and we explore the conditions
under which this approximation breaks down and we begin to learn
different features than those at initialisation. We then introduce a novel
framework for quantifying feature learning, using it to systematically
analyse how different optimisers and architectural choices impact the
learned representations. Finally, in Chapter 7, we move from analysing
existing optimisers to deriving a new one from first principles. We
propose a theoretical framework that extends mirror descent to ex-
plicitly incorporate neural architecture, a feature neglected by current
methods. This yields Automatic Gradient Descent (AGD), a first-
order, hyperparameter-free optimiser that successfully trains both fully-
connected and convolutional networks at ImageNet scale, and acting as
a rigorous foundation for new architecture-aware algorithms.
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Feature Learning

In Chapter 3, we introduced a toy model: a discrete network (DFCN) on Boolean
data. We were able to characterise its inductive prior P(f) as a function of DNF
complexity, Kpnr(f), showing that complex functions have low P(f).

We trained the DFCN with a Bayesian learning algorithm. Without a weight
decay parameter, our posterior is (very close to) proportional to the prior — generally,
the bias in P(f) towards simple functions is enough for good generalisation.
Increasing weight decay moves the solutions towards weights with low norm — where
P(f) is not concentrated. This encourages feature learning and, for simple functions
like [-parity, significantly improves generalisation. In this case, P(f) does not capture
the entire inductive bias of this system — we can do better by feature learning.

In Chapters 4 and 5 we moved away from our easy-to-work-with toy model
and towards continuous neural networks. We observed empirically that neural
networks have an in-built bias towards simple functions (unlike the DFCN, we
cannot prove this). We can explain how this inductive prior induces a bias towards
simple functions in the posterior, but to do so rigorously, the learning algorithm
has to be Bayesian. Once we introduce SGD, this rigour is no longer possible, and
for P(f) to be a good predictor of generalisation, we are reduced to requiring the
following statements to hold “if SGD closely approximates a Bayesian learning

algorithm with prior P(f)”. Of course, we would like to make this precise.
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The goal of this chapter is to investigate the effects of optimisers, asking (1)
how do they fit into the neat simplicity-bias picture from Part 11?7 and (2) when

their solutions cannot be explained with linear models, what do they learn?

6.1 Is SGD a Bayesian Sampler? Well, almost

Note: the contents of this section were also submitted as a master’s thesis,
and are not to be taken as an original contribution to this thesis (and are
instead included only for context).

Mingard, C., Valle-Pérez, G., Skalse, J. and Louis, A.A., 2021. Is SGD a
Bayesian sampler? Well, almost. Journal of Machine Learning Research,

22(79), pp.1-64. [2]

Recall (from Section 2.7) that at initialisation a width-— oo network with Standard
Parameterisation (SP) induces a Gaussian—process prior over functions (the NNGP)
with kernel Knnegp (see Eq. (2.23)).

In contrast, in the NTK parameterisation—and, equivalently, when all layers
are trained with infinitesimal step size while width — oo so that the tangent
kernel stays constant—the training dynamics linearise around initialization and
mean—squared—error training is equivalent to kernel regression with the neural
tangent kernel Knrk.

Under SP, if one freezes the hidden layers and trains only the last layer (or
uses an optimiser that effectively keeps features fixed), MSE training is equivalent
to kernel regression with Kyngp; the resulting predictor coincides with the GP
posterior mean under the NNGP prior (this is not sampling). Alternatively, a fully
Bayesian treatment with the NNGP prior yields a posterior over functions, which
we denote Pg(f|S) (one may conceptually “sample from the prior and condition
on the data” to obtain draws from this posterior).

In this section, we investigate how similar this Bayesian NNGP posterior Pg(f|S)
is to the empirical distribution over test-set labellings induced by wide neural

networks trained with SGD at a finite learning rate, Psgp(f|S), where Psap(f|S)
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is defined by random initialisation and the optimisation procedure, conditioned
on reaching (near-)zero training error.

Consider a neural network, parameterised by #. We use the same notation as in
Section 2.1: a training set S = {x;, y;}", and a test set £ = {«}, y.};_,. We consider
binary datasets for our experiments (multiclass datasets like CIFAR-10 and MNIST
are binarised in our experiments). The neural networks express continuous functions
on the data g(z;6), where their thresholded functions f(x;0) = 1 [g(x;6) > 0]. Note

that fs and gg are defined on the training data only.

Sampling from the optimiser posterior For a given optimiser OPT (SGD
or one of its variants), we sample initial parameters 6;,;, from an i.i.d. truncated
Gaussian distribution P, (6), and train with the optimiser until the first epoch
where the network has 100% training classification accuracy.!. We then compute
the function f found by evaluating the network on the inputs in E, as described
before. As the dataset is binary, this sample is a vector of 1s and 0s of length p.

Note: this posterior Popr(f|S) is not a Bayesian posterior; it is an empirical
distribution induced by random initialisation, training dynamics and a stopping

rule, conditioned on interpolating the training set.

Sampling from the Bayesian posterior We use an NNGP with square
likelihood (as described in Section 2.7.1). See Appendix A.2.1 of [2] for more
details on this particular implementation. As for the sample from Psgp(f|S) this
sample is a vector of 1s and Os of length p (we only keep the function on the test

data as we require 100% accuracy on the training set).

Approximating the posterior The main innovation here is to discretise the
function space by evaluating the classification on a finite test set. If we sample
from both the NN and NNGP posterior as described above 10° times, we build
up a good estimate of both Pg(f|S) and Psgp(f|S) — provided both are biased

'If SGD fails to achieve 100% accuracy on S in a maximum number of iterations, we discard
the run.
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such that the same classification predictions show up many times. For an FCN
on MNIST, with 10000 training datapoints and 100 test datapoints, this is the
case: Fig. 6.1(a) shows that we obtain one particular function with 1 error occupies

about half Pg(f|S) and Pscp(f|S).

Summary of results Fig. 6.1 shows the main results from [2] with (a)-(e)
showing a 3-layer, width-1024 FCN on MNIST with ReLU activations, and (f)

a 2-layer CNN with pooling.

(a) shows Psgp(f|S) is strongly correlated with Pg(f|S). The generalisation errors
are similar at 1.88% and 1.61%, but clearly the two distributions could not be
equal: at lower Psgp(f|S) all the functions lie below the y=x line. [2] explored
this further, and in Figures 17 and 20(e.f) showed that while the posterior
distributions for any two optimisers remained correlated, the hyperparameters

significantly affected their correlation.

(b) shows Pg(f|S) as a function of generalisation error. 20 functions were sampled
uniformly per generalisation error, and we used the EP approximation to
approximate Pg(f|S) for each. While this method does not give us a complete
picture of the posterior, it backs up the observation in (a) that functions with

larger errors have a lower Pg(f|S).

(c) uses a neural network-based complexity measure, Critical Sample Ratio, to

link low Pg(f|S) and high error to larger complexity.

(d) shows that Psgp(f|S) is strongly correlated with Pxrx(f|S), but less strongly
to Pnri(f|S) than Pg(f|S). The generalisation error for NTK is 1.69%, but
the finer-grained analysis clearly shows a significant difference in the posteriors
— there are two low-error functions with probabilities Psgp(f|S) = O(5%) but
Puri (f]S) <1075, We explain the differences between the NNGP limit and
NTK limit in Section 2.7.2.
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Figure 6.1: Comparing the Bayesian prediction Pg(f|S) to Popr(f|S) for SGD
and Adagrad, for an FCN on MNIST We use training/test set size of 10,000/100;
For (a,e,f), the vertical dotted blue lines are drawn at the highest value of Popr(f|S)
such that the sum of Popr(f|S) for all functions above the line is > 90% (90% probability
boundary); dashed grey line denotes Pg(f|S;0w) = Popr(f|S). See the main text for a
full description of each subfigure.

(e) This experiment compares Adam with batch size 128 (test error 2.20%) to
256 (test error 2.67%). The respective posteriors Pagam(f|S) are still well
correlated, but clearly not exactly equal — the distribution is tilted from the
y=x line, meaning the mode function is found more often by the smaller batch
size. Figures 17 and 20 in [2] show greater deviation from y = z for other

optimiser pairs.

(f) Finally, we show Pg(f|S) vs Padam(f|S) for a CNN on Fashion MNIST.
While there is still a strong correlation between Pg(f|S) and Pagam(f|S),
the deviation from y=x is significant, with the optimiser being even more

biased towards functions with high Pg(f|S).
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6.1.1 Remarks

For the wide networks studied in this section, the optimiser posteriors exhibit a
strong correlation with the Bayesian posterior of the Neural Network Gaussian
Process (NNGP). For this to be the case, weights in all but the last layer must remain
close to initialisation. This is expected for wide neural networks with Standard
Parameterisation (see Section 2.6). For these neural networks, the inductive bias

induced by the prior over parameters is sufficient to understand generalisation.

6.2 Is SGD a Bayesian sampler? Depends on
the neural network

This section includes experiments not submitted as part of the master’s thesis,
follow on from [2] and are unpublished.

Experiments in Section 6.1 (and more broadly [2]) showed that for small-scale neural

networks, the posterior of the optimiser can be well described by

log Popr(f|S) X alog Ps(f|S), (6.1)

for some a ~ 1. Typically, a > 1 — i.e. the optimiser increases the bias towards
the already high probability functions in Pg(f|S). Is this always the case? What

happens when we train more complex architectures on more complex data?

6.2.1 Feature learning

Fig. 6.2(a) shows a 2-layer CNN with pooling, trained on CIFAR-10. Despite a
relatively small difference in generalisation error ({eg)gp = 83.9% vs (ec)opr =
85.3%), (a) clearly shows weaker correlation between Pg(f|S) and Popr(f|S)
than seen in Fig. 6.1.

Fig. 6.2(b) shows the probability of each individual image being classified right
or wrong (independently of all others). A necessary condition for two distributions
to be identical (P, = P,) is that the expectation of any function A must be the
same under both, i.e., Erop [h(f)] = Esup,[h(f)]. Fig. 6.2(b) clearly shows that for
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some images, this criterion is not satisfied. Even if we relax the equality to allow
for a log-linear relationship from Eq. (6.1), we can see that there is a difference
— the two images in the bottom right corner are classified incorrectly ~ 75% of
the time by the CNN-GP, but ~ 5% of the time by the CNN. This shows that
the posterior mean itself is significantly different. Since these posterior marginals
differ so significantly, the full posterior distributions Popr(f|S) and Pg(f|S) must
be fundamentally different, suggesting that the optimiser is learning features not
captured by the Bayesian prior.

The generalisation error is a coarse, one-dimensional summary of a model’s
performance. While both methods achieve a similar overall accuracy, Fig. 6.2(b)
reveals that they do so by correctly classifying different subsets of the data. This
figure plots the marginal probability of a correct classification for each individual
test image — the posterior mean — for both Popr(f|S) and Pg(f|S). The lack
of correlation shows that for many images, one model is confident in the correct

label while the other is not.

6.2.2 Not actual feature learning

Fig. 6.2(c) uses the same chaotic neural networks from Chapter 4, but this time on
MNIST. We use a 5-layer tanh-activated DNN with different initialisation scales
ow = 1,3,5, trained with Adam (learning rate 0.001, batch size 128), compared to
its NNGP equivalent. We only plot the probability of each individual image being
classified correctly (rather than the full Pg(f|S) vs Psap(f|S) plot) because for
0w = 3,5 no function is found more than once in 10° samples. Fig. 6.2(c) shows
that Adam acts like kernel ridge regression, rather than sampling from the posterior.
Even the posterior mean of the highly chaotic (o, = 5) NNGP kernel would achieve
10% test error (compared to 41% for the expected individual sample). This shows
that we can have significantly different generalisation errors without optimisers
needing to do anything other than locate the posterior mean. How can this happen?

Let’s consider the NNGP posterior. We stated the mean and variance for

this case, assuming likelihood strength A in Section 2.4 (Egs. (2.14) and (2.15)),
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which we restate below.

plas) = k., Sx) (K + (Mow)' 1)~y

o (2.) = of, (K(w., 2.) = k(x., Sx) (K + (\ow)D) " k(Sx, 2.))

2 5 00. This means the signal-to-

As 0, — o0, for fixed likelihood strength, o
noise ratio approaches 0, as k(z,,x,) is independent of o,. In essence, as we
increase o, the Gaussian N (u(x.), 02 (z.)) moves towards having equal probability
weight on either side of the classification threshold. The mean will also shift.
We can still recover the mean by taking many samples and taking the majority
vote, but each individual prediction will have a greater probability of being wrong
(assuming that p(z,) is correct). How can neural networks find a greater signal in
the noise? As they are trained, gradients update large eigenvalue directions faster
than smaller ones, creating a kind of “max-margin” effect, where noise dimensions

disappear, effectively reducing the initialisation variance. See Bernstein et al. [115]

(Figure 2) for a full explanation.
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Figure 6.2: Extending the posterior comparison beyond the original FCN
setting. (a) shows the same plot, but for the CNN in Fig. 6.1(f). (eg)ap = 83.9%,
(ea)oprr = 85.3%. (b) shows the same data as (a), but presented differently: each
datapoint shows the probability that each image is classified incorrectly. (c) shows a
5-layer FCN with width 1024 and tanh activations. We plot the probability of each image
being incorrectly classified by the optimiser-trained neural network and its corresponding
Gaussian Process. For o, = 1, (eg)opr = 0.29%, (eg)ap = 0.23%; for o, = 2,
(ecYopr = 0.057%, (ec)ap = 29.4%, for o, = 5, (eg)opr = 9.81%, (e¢)ap = 41.0%.
However, if we were to take the maximum a posteriori (i.e. the majority vote), both the
GP and NN would predict the same classification except on one function (which the GP
would get right and the NN wrong).
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6.2.3 Remarks

We showed in Section 6.2.1 that a fine-grained analysis can show that feature
learning can significantly alter Popr(f|S) from Pg(f|S). This demonstrates that
P(f) is not sufficient to understand generalisation.

But this is not unexpected: our toy model in Chapter 3 also had this behaviour
once we used weight decay. But we were still sampling from a Bayesian posterior,
and could understand exactly what the optimiser was doing — minimising Kpnrg(f).

Can we make similar claims for continuous neural networks trained with SGD?
Having established that the NNGP is an insufficient model for SGD in these more
complex regimes, the immediate next step is to better characterise the features

that optimisers are actually learning.

6.3 Feature Learning: A Framework

In this section, we describe a framework for visualising and reasoning about
feature learning. We define two qualitatively different feature learning regimes:
the extended feature regime and the minimum feature regime, and show how
optimiser hyperparameters and other architecture details lead to each.

Nam, Y., Mingard, C., Lee, S.H., Hayou, S. and Louis, A., 2024. Visualising
Feature Learning in Deep Neural Networks by Diagonalizing the Forward
Feature Map. arXiv preprint arXiv:2410.04264. [8].

Almost all deep neural networks (DNNs) can be simplified to a core structure: a
highly expressive, learnable non-linear transformation (parameterised by weights

w) followed by a final linear layer (parameterised by ),

P
g(z) = 0Py (z;w), r~gq, :X—R (6.2)
k=1

In other words, Deep Neural Networks (DNNs) are characterised by these parame-
terised and learnable feature maps ®, which non-linearly transform the data space
X into a representation R?. This is illustrated in Fig. 6.3(a). These representations

correspond to the post-activations of the penultimate layer and serve as inputs
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for the final linear layer. This is in contrast to a kernel method, or linear model,
whose feature maps ®y(z) are fized (Section 2.4).

Most DNNs share this fundamental abstract structure, primarily differing
in how their feature maps are constructed. Examples of these feature map

constructions include:

o A series of fully-connected layers, as seen in a Fully Connected Network

(FCN).

o A combination of convolutional and pooling layers, characteristic of Convolu-
tional Neural Networks (CNNs) [116], including very deep variants like VGG
[117].

A blend of convolutional layers and skip connections, as employed in ResNet

[118).

« An encoder-decoder architecture, as utilized in the original Transformers [34],

among many others.

From this simple decomposition, it follows that feature learning occurs when

the forward feature map changes. More formally:

Definition 9 (Feature learning). A DNN is said to undergo feature learning if at
any time t during training, @y : X — RP differs from the forward feature map @)
at initialisation (t = 0). The feature maps are considered distinct if there exists an

x € X such that @y (x) # P (x).

From this definition, it follows that if the feature map ® remains fixed dur-
ing training, no feature learning takes place. In this case, only the coefficients
(parameters) of the final linear layer are adjusted during training, a scenario

we define as follows:

Definition 10 (Coefficient Learning). A DNN is said to undergo coefficient learning
if the forward feature map ) : X — RP remains fized at all times t during training

such that Vo € X, ®o)(x) = Py (x). In this case, no feature learning occurs, and
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Figure 6.3: A DNN can be decomposed into a feature map and a linear last
layer of width p

(a) An abstract diagram depicting a DNN architecture as a combination of the forward
feature-map ® : X — RP from the input data space X to the p inputs of the final layer,
and a final linear classifier for C-way classification. Within this picture, we define feature
learning (Definition 9) as any change to the feature map ® upon training, reflected in
changes to the p ‘features’ compared to initialisation. An important aspect of modern
DNN practice is that the final layer is typically small compared to the training set size n
so that zero training error can only be reached by changing ®, that is by feature learning.
(b) Training (blue) and test error (orange) for a 5-layer CNN on the full MNIST dataset
as a function of the width p of the final linear layer for the case of no feature learning,
where the feature map is fixed (frozen) at initialisation (solid lines), and for standard
SGD with backpropagation on all layers (dashed lines). For this simple example, one still
needs a final layer of at least p = 1,000 to achieve zero training error with a fixed feature
map, whereas if full feature learning is allowed, a width of just p = 20 is sufficient. For
more complex datasets, much wider final widths, closer in size to the training set size n,
would be needed for a random (frozen) feature map to achieve zero training error.

only the parameters (coefficients) of the final linear layer of the DNN are updated

during training.

Coefficient learning occurs in the much-studied case of random features, where
the parameters of ® are set by a random sample over a distribution, and then not
allowed to change under training. In the infinite width limit, it is equivalent to
taking a sample from the NNGP [119]. We relate coefficient learning to the lazy
regime in Section 6.3.4. We show the difference between pure coefficient learning
and feature learning in Fig. 6.3(b), by comparing a frozen (finite) neural network
with a fully trained network. When the frozen network is too narrow, the features
required to fit the data and generalise are not present at initialisation. As the

network width increases, eventually by random chance enough useful features are
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present — at p = 1000, coefficient learning alone is enough to achieve 100% training
accuracy and 95% test accuracy. For the network that is allowed to do both feature
and coefficient learning, it achieves near 100% training and test accuracy at all
widths. Note that feature learning clearly aids generalisation in this case, even

when there are enough features to fit the data. See also Sections 2.6 and 2.7.

6.3.1 Features from the eigenfunctions of forward feature
map

To define features, we begin by calculating the eigenfunctions e; : X — R and
eigenvalues py of ® using a standard analysis from the kernel literature [120, 121]

in terms of the integral operator T : L?(X) — L?(X):

= [o@) o@)g(@a(e)ds,  Tlal = pe (6.3)

where (e;e;) = 8;;, and the bra-ket notation in (-|-) denotes the L? inner product
defined on measure ¢ (i.e. for two functions g, h (g|h) := [y g(z)h(x)q(x)dz). The
integral operator 7" and its eigenfunctions [ej, eo, . .., €, are of particular interest
because T diagonalises the dynamics of the linear model trained with gradient

descent (GD) and mean square error (MSE) loss?.

Then the learning dynamics
decompose into p independent dynamical equations, one for each eigenfunction:
p

Z glex) ex(x (glex) () = (g"lex) (1 — e7™*), (6.4)

Here, we have assumed that all coefficients (g|ex) are initialised to zero at ¢ = 0,
and that the MSE loss is calculated with respect to a target function g*(x). Note
that for fixed ®, the speed at which each coefficient (g|ey) is learned depends on
the eigenvalues p; and the learning rate n of the GD algorithm used. The larger
the eigenvalue, the faster the coefficient is learned.

In the context of a DNN, the dynamics of Eq. (6.4) describe what would happen if

one were to fix at a given time ¢’, the hidden layers, and thus the feature map ® ()

2Technically, these equations are obtained under a continuous limit of discrete-time GD
dynamics, linearised to exp(—npxt). For completeness, we provide a full derivation of the dynamics
of linear models in Appendix G.4
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(with eigenfunctions e},), and subsequently train only the final layer. This picture is
equivalent to interpreting the feature map at ¢t = t’ as the one fixed at initialization
so that there is no feature learning, and the DNN only learns the coefficients (g*|e}.)
(although we might hope ®)(z) is better than ®)(x)). Indeed, Eq. (6.4) describes
the full dynamics of learning the coefficients for GD with MSE loss under the

coefficient learning regime from Definition 10. We define features as follows:

Definition 11 (Features). Given the true data distribution q and a forward feature
map ® : X — RP mapping data to the input of the last layer of DNN, the p
eigenfunctions [ey, ez . ..e,| of the feature map are obtained by diagonalizing the
integral operator T' in Fq. (6.3). These eigenfunctions are indexed in descending
order according to their corresponding eigenvalues py. The k' feature is defined as
a scalar-valued function on the input probability space, denoted as eg(x) for x ~ q.

Since x is normally chosen at random, the features are scalar random variables.

An intuitive way of thinking about this definition of the &' feature is as a linear
combination of the p entries of the input to the final layer, chosen such that it
reflects the natural direction of the data after the transform via the feature-map @,
similar in spirit to how SVD finds the “natural direction” of the matrix. Variations
of the definition above are also possible, see Appendix G.3. See Appendix G.1

for details on practical calculations.

6.3.2 Measuring feature learning by projecting onto the
learned function and the target function

While using Definition 11 for features has certain practical advantages, which we
will explore further in this paper, the eigenfunctions (features) are typically hard
to visualise directly for high-dimensional problems. To make progress in analysing
and visualising feature learning, we will define measures based on projecting the
eigenfunctions onto either the target function g*, which describes the target function
on all the data x € X, or else the learned function § that the DNN expresses once

training on a training set S;. € X is complete.
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Before defining our measures, we note that for the sake of simplicity, we
considered DNNs with scalar output functions ¢g in the previous sections. For
a balanced C-way classification task, the target function is a vector function (i.e.
g* : X — RY), and the dataspace X can be partitioned into subspaces {4, -+, Ac}
by class. The components gf : X — R for i € [1,---,C] of ¢* = [g],--- , g&]

can be written down as:
g7 (x) = 14,(2) (A; = {z : z is in class i}) (6.5)

where 14, is the indicator function for A;. Note that because all the classes are

mutually exclusive, we have

1
(9ilg;) = [ i (@)g;(@)qle)dz = 53 (6.6)

where the C~! on the right-hand side comes from the probability measure for
each class i. Then it follows that at least C' orthogonal scalar output functions
are needed to express g*. We define the target function space H* as the function
space spanned by [g7, -, 98]

Given a C-class vector target function ¢g* and a projection operator Py« :
L*(X) — L*(X) onto the target function space H*, we define the quality Qj of

a feature e; as follows:

Pl = 3 ol Wl Qo= D St o)

=1

The range of Q} is given by 0 < Q3 < C~!. We use the word quality because Q;
measures how much e, overlaps with the C' dimensional target function space H*.
The higher the quality, the more of the target function is captured by the feature.
We also define a cumulative measure of the quality of the first k eigenfunctions,
ordered by the size of their eigenvalues:
e
(k) == > Q; = >3 {eslgi)” (6.8)
j=1 j=11i=1
We will call this measure the cumulative quality. Its range is given by 0 < IT*(k) < 1.

Assuming the g; are linearly independent, IT}(k) measures how much of the C
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dimensional function space spanned by g is captured by the first £ eigenfunctions or
features. Another way of expressing this concept is to say that IT*(k) measures how
well the first k eigenfunctions are aligned with ¢g*. For a DNN with a final layer width
p, there are p features (eigenfunctions). We expect that total alignment or total
quality of all the features, IT*(p), will typically increase under training. The highest
possible total alignment/quality, when the DNN expresses the true-function g* is
IT*(p) = 1. The minimum number of features for which I1*(k) = 1 can be attained is
at k = C, which would occur when the quality of Q. of each feature is at its maximum
value of 1/C'. Related cumulative measures of alignment/quality in the context of
deep learning can be found, for example, in [122, 123, 98, 124]. In particular, recent
studies [98, 125, 100, 99, 126] have linked better alignment at lower k to better
generalisation performance in overparameterized linear models. Due to the narrow
final layer widths, the learning problem described here is underparameterized, but
the idea that good generalisation correlates with large I1*(p) should be robust.
Analogous measures to those above for the target function g* can also be
defined for the vector function § : X — R® expressed by the DNN after training,
which we call the ‘learned function’ The learned function space is given by
H = span{gi,---,Jc}. Similarly, a projection operator Py onto the learned
function space can be defined as in Eq. (6.7). This can then be used to define
the wutility Qk of the kth feature, which measures how much the trained DNN

uses that feature to express §:

A lew] Pylex])
Qr = () (6.9)

Similarly, we can define a cumulative measure of the utility of the first k features,

ordered by the size of their eigenvalues:
A k A
(k) = Qs (6.10)
j=1

which we will call the cumulative utility. It takes values 0 < f[(k) < 1. Note that

A

typically, dim(#H) = C, since the entries of § are likely to be linearly independent.

Additionally, the entries of the output function typically exhibit similar norms
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after training. (i.e. ||g;|| ~ ||g;]|). By definition, the total utility II(p) = 1. The
smallest k for which H(p) ~ 1 provides a measure for the effective number of
features used by the DNN. By contrast, the total cumulative quality I1*(p) can
still be much smaller than 1 if the training leads to a function § that significantly

differs from the ground truth g*.

6.3.3 Eigenvalues and effective dimensions

The eigenvalues determine the speed of coefficient learning under MSE loss in a

linear model, as shown in Eq. (6.4). They can also be written in the following way:
p
Pk — €k‘T€k Z CI) ’€k . (611)

which shows that they are a measure of the projection of ® along e, in function
space. It is therefore of interest to plot the distribution of the p eigenvalues
as a function of index k.

It can also be useful to define scalar measures to characterise these distributions.
For any vector a of positive numbers a;, the exponential of Shannon entropy [127]

can be used as a spectral dimension or effective dimension measure:

Deg(a) = exp (— Z Zqiaj In (Z&‘iaj>> . (6.12)

If the vector a has d components, then Deg(a) has a maximal value of d when

all components are equal (and non-zero). If the distribution of its components is
non-uniform, then the effective dimension will be lower than d, with a minimum
of 1 if a only has one non-zero component.

The effective dimension or effective rank of 1" can be measured via Deg(p) where
p=|p1, -, pp). In a way that is analogous to the way that entropy quantifies the
average number of bits for a symbol in the source coding theorem, this measure
implies that although 7" has a rank of p, it can in principle be compressed to an
operator of rank Deg(p) < p. From the perspective of ®, Deg(p) measures how many
ex, you need in expectation to describe ®(x) for x ~ ¢. As a practical note, because

the first eigenfunction of 7" upon full training is typically a constant, as discussed in
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Appendix G.6, Deg(p) in our study is computed without the first eigenvalue before
reintroducing a single dimension (i.e. Deg(p) := 1 + Degr([p2, - - , pp)))-

We can also use Eq. (6.12) to measure the effective dimension Deg(Q*) of the
set of feature qualities Q* = [Q7F, - - ,Q;]. This provides a measure of the effective
number of features needed to express the target function. Because the target
function may not always be completely expressible by features, this measure can
be interpreted as the effective number of features required for the best possible
approximation of the target function, given .

Similarly, we can define Deg(Q) for the feature utilities Q = [Ql, e ,Qp], which
describes the effective number of features used to describe the learned function. We
expect that Deﬁ?(Q) is roughly the number of features needed to achieve f[(k) ~1,

which is one measure of the effective number of features used by the DNN to

express the learned function g.

6.3.4 The minimum feature (MF) regime and the extended
feature (EF) regime

In the simple examples shown in Figs. 6.4 and 6.6, a DNN trained with SGD
converges on a solution where the number of used features and the number of
significant eigenvalues are both close to C. In other words, Deg(Q) ~ C and
D (p) = C respectively. For the C-way balanced classification task, we will say
that a DNN is in the “minimum feature (MF) regime” if the following qualitative

properties are satisfied:

A A

1. II;(k) increases linearly until £ = C' with [1(C) ~ 1. (Deg(Q) ~ C)).

2. The first eigenfunction e; (which is a constant function, see Appendix G.6
for further discussion) has an eigenvalue of a; > 0, while the next (C' — 1)-
eigenfunctions es, - - - , e all have eigenvalues of as > 0. In addition, all other

eigenvalues decrease significantly for k£ > C' (Deg(p) =~ C).

It would also be useful to derive a quantitative scalar measure of the MF
regime. To that end, we first define the state of the operator T" in which the

above conditions are satisfied exactly.
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Definition 12 (Minimum Projection (MP) operator). For a DNN on a balanced
C-way classification task, the integral operator T is an MP-operator Typ if it has
two nontrivial eigenspaces, one being the span of constant function 1 and the other
orthogonal complement of 1 inside H, where H is C-dimensional function space
spanned by entries of the learned function § : X — RC expressed by the DNN. This

is equivalent to that Thyp is given as
Tuplu] = a1 (1|u) 1 + ag Pyqqi(u), (6.13)
where ay, az are positive scalars, and Py, denotes the orthogonal projection onto .

Ignoring the constant function, whose discussion is deferred to Appendix G.6,
the MP-operator is a simple projection onto H. Tt is easy to see that the operator
Py, satisfies the qualitative properties above. First, Py has only C' eigenfunctions,
and Q = C~! by Eq. (6.10), satisfying the first property®. The second property
follows since Pj; has C' equal non-zero eigenvalues. We note that the T),p operator
is closely related to the phenomenon of NC [128].

Having defined T)ysp, we will use the centered kernel alignment (CKA) measure
(see e.g.  [129]) to calculate how close an empirically measured T is to the

idealised operator Th;p:

B Tr(e(T)e(Typ))
CRAL Tur) = ) e e (6.14)

where ¢(A) is centering operator (I — |1) (1|)A(L — |1) (1]), [ is identity and |1)

is the constant function 1 in L?*(x), and || - ||# is the Frobenius norm. CKA
has been used for comparing features of DNNs [129], and also for studying the
evolution of the NTK [130, 3]. Notably, it has the advantage that the measure
is invariant to isotropic scaling.

The CKA measure allows us to define a scalar quantitative criterion to measure
whether a DNN is in the MF regime, which we can use as an additional layer of

assessment to complement our more qualitative definitions 1. and 2. above:

3This assumes that [§1,--- ,§c] are C linearly independent, which is typically true for DNN
trained on a balanced dataset.
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Definition 13 (CKA Minimum Feature Regime Measure kcga ). For a distribution
q and a class-balanced learned function g, a DNN is in the MF regime if koxa =
1 — CKA(T,Typ) < €, where T is the feature kernel (operator) of a DNN and Typ

is the MP-operator.

The advantage of this scalar measure is that it gives a single number that can be
reproducibly used to distinguish regimes. There is some arbitrariness with the choice
of ¢, but we find that ¢ = 0.1 correlates well with more informal visual measures
of the MF regime using the criteria above. Needless to say, these measures do
not exhaust all the information that can be gleaned from observing the eigenvalue
distributions and the two projection measures as a function of k.

We can also define an extended feature (EF) regime for the case where, on
the one hand ko4 > 0.1, and on the other hand the coefficient learning regime
has not been reached so that ®¢)(x) # ®(g)(x) for at least one 2 € X. Therefore,
the EF regime encompasses everything between strict coefficient learning and the
MF regime. We note that it could be interesting to also define a scalar measure
similar to kcx 4 of how far the EF regime is from the strict coefficient learning
regime, but we leave that for future work. We have also focused on balanced C-class
classification. It would also be interesting to extend these definitions to datasets

that are not class-balanced, which we leave to future work.

6.3.5 Architectures and Datasets used in experiments

In this section, we mainly confine ourselves to classification on standard datasets
such as MNIST, CIFAR-10, and CIFAR-100, and use MSE loss. Where not explicitly
stated, we use the SGD with momentum of 0.9, weight decay of 1072, and a learning
rate of 0.05, which is decayed by a factor of 0.2 every 60 epochs. For CIFAR-10,
all models are trained for 200 epochs, in which both the training and test loss
converged, using standard data augmentation (random crops and horizontal flips).
For CIFAR-100, all models are trained for 600 epochs without a learning rate

scheduler, using standard data augmentation (random crops and horizontal flips).
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The training accuracy is over 99.5% for all models unless explicitly stated. For

further details on the experimental setups, see Appendix G.7.

6.4 Feature Learning: Results

A toy example Fig. 6.4 shows a 1-dimensional toy example of a 4-layer FCN
learning a Heaviside function with SGD and MSE loss. The advantage of this
simple system is that the eigenfunctions can be directly visualised. In sub-figures
(a—c), we show the first three eigenfunctions for epochs 0, 10, and 100, respectively.
At epoch 100, the MSE loss is less than 107>, and we consider training to have
converged. Note that the rather dramatic feature learning is reflected in changes to
the eigenfunctions (thus features) during training of the DNN with SGD.

Interestingly, a similar MSE loss can quite easily be achieved without any feature
learning by using fixed hidden layers, e.g. a fixed parameter-function map. However,
when we train with full SGD, the DNN does not converge to this coefficient learning
solution, which needs on the order of 100 eigenfunctions to reach our desired loss
value. Instead, the DNN changes the feature map until only one eigenfunction, the
one with the biggest eigenvalue, dominates the fit to the target function.

To illustrate how our projection measures IT*(k), II(k) and the eigenvalue
distributions py can be used to monitor and visualise feature learning, we plot
them in Fig. 6.4(d-f), at 0, 10, and 100 epochs. For example, II*(k) provides
a l-dimensional visualisation of the observation from Fig. 6.4(a-c) that fewer
eigenfunctions are needed in describing the target function as training progresses.
This reduction in the number of required eigenfunctions is also reflected in Dog(Q*),
which decreases from 3.2 at epoch 0 to 1.1 at epoch 200. Similarly, ﬂ(k) helps
visualise how many eigenfunctions were used to describe the learned function
with Deff(Q) decreasing from 1.8 to 1.0 after training. Finally, the normalized
eigenvalues py/p1 exhibit faster decay after training, or equivalently a decrease in

the effective number of features, as measured by Deg(p), which is 1.6 at initialization

but 1.2 after training*.

4Note that this is the only case where we do not make exceptions regarding the first eigenvalue
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Figure 6.4: Toy model demonstrating feature learning by a DNN A 4-layer
FCN with width 1000 and scalar input and output, is trained to learn the Heaviside
step function ¢g* over the domain [—1,1]. (a) At initialisation (epoch 0), the first three
eigenfunctions e; (dashed) of the feature map ® are shown in order of their eigenvalues. If
® and thus the features are fixed, about 20 features are needed to accurately approximate
the target function g* (solid grey) to an MSE loss less than 107°. (b,c) During training
with SGD, the DNN learns new features with better quality @7, greatly reducing the
number needed to express the target function ¢g* and the learned function §. To visualise
how feature learning develops with epochs during training, the target function ¢* (d), and
the learned function § (e), are projected onto the first k eigenfunctions using Eq. (6.8)
and Eq. (6.10) respectively, illustrating that fewer features are needed after training. (f)
The eigenvalues p; decay significantly faster post-training.

Kernel methods vs Feature learning In Fig. 6.5(a), we show how our measures
change as a function of training-set size for our standard implementation of ResNet18
on CIFAR-10 (details in Section 6.3.5). For smaller training sets, the system is
clearly in the EF regime, as can be seen, for example, by the difference between
the cumulative quality at k = C, II*(k = 10), and the final alignment/quality
IT*(p), by the fact that the eigenvalue distribution does not have a clear plateau
for 1 < k < C =10, and by the scalar ko4 measure. There is clearly a transition
from the EF regime to the MF regime between n = 1000 and n = 5000, as can

be seen by examining these same measures.

when calculating Deg(p).
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For this ResNet18, the final layer width is p = 512. If the amount of training
data n < p, a DNN should be able to reach zero training error by coefficient
learning (Definition 10). For larger training set sizes, feature learning will be a
precondition for reaching zero training error due to the limited expressivity of the
random feature model for such a relatively narrow last layer where n > p (see also
Appendix G.2). Coefficient learning alone will not be enough. While more work is
needed to understand exactly why a DNN converges to the EF or the MF regime, it
may not be surprising that a DNN will use more features if the system is closer to a
regime where it could also achieve zero training error with only coefficient learning.

There has been a lot of recent interest in scaling laws for DNNs. These include
how generalisation performance as a function of model size, training set size, or
simply the cost of computational resources, see e.g. [131, 132, 88, 133, 63, 134, 6]
and references therein. It is interesting to ask what the impact of feature learning is
on these scaling laws. To that end, we plot, in Fig. 6.5(b), the learning curves for the
test accuracy (i) and test loss (ii) for the ResNet18 from Fig. 6.5(a). We also show
the learning curves for the NNGP corresponding to the same ResNet18 architecture.
Because it is computationally difficult to use the NNGP with augmented data, we
also include the ResNet18 for non-augmented data for a more direct comparison to
the NNGP. The NNGP will, by definition, not feature-learn, so comparing the two
machine-learning methods can shed light on how feature learning affects performance
as a function of training set size n. For the NNGP, we observe a scaling law with
close to a fixed exponent over the domain. For the two ResNet18 variants, we find
that after an initial lower exponent, there is a clear transition from a slower decay
rate in the EF regime, similar to that of the NNGP, to a faster decay with a larger
exponent once full feature learning to the MF regime sets in.

Interestingly, prior work has also shown that kernel regime (infinite-width DNNs
with NTK or NNGP parameterisation) has a smaller exponent in the decay of
learning curves, see e.g. [135, 136]. Here we explicitly show that the change in scaling
exponent correlates with a change in feature learning. Whether this correlation is

causal is left for future work. As can be seen in Fig. 6.5(b)(iii), the Kok measure
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shows that the MF regime occurs for smaller n for the ResNet18 with augmented
data, than for the case of no data augmentation. The point at which koga < 0.1 is
also roughly the point at which a different higher exponent kicks in for the learning
curves. Both learning curves have very similar exponents in the MF regime. Prior
results comparing the scaling exponents from marginal-likelihood PAC-Bayes bound
to full DNN calculations in [63] suggest that the effect of feature learning on the
decay rate will be larger for more complex datasets. More work needs to be done

to fully understand the effect of feature learning on scaling exponents.

Learning rate and features In Fig. 6.6 we explore two examples of how
hyperparameter tuning affects performance and feature learning. One of the most
common hyperparameters to tune is the learning rate. As expected, we find that
performance is affected by the learning rate. In Fig. 6.6(a), we observe that the two
better-performing learning rates are in the MF regime. For the smallest learning
rate, which also performs significantly less well, we observe the EF regime.

In Fig. 6.6(b), we show that weight decay also flattens the distribution of the
first C' eigenvalues. It has been argued in [137] that weight decay contributes
to finding a low-rank solution. However, we note that here the MF regime is

also achieved without weight decay.

Layerwise training & Batch norm Intermediate layers have an intermediate
feature map in the same way the last layer does. The feature map of the {’th layer
is @ : X — R”, where p; is the number of features for layer . This induces a
feature kernel for the I’th layer, ®(2)T®®(2'). Its eigenvalues, eigenfunctions
and all projection measures in Section 6.3 can be defined in exactly the same
way that they are for the last layer. When the output of the feature map ®® is
multidimensional (e.g. the output from a 2D convolutional module), the output
is flattened to a vector (similarly to [138, 139, 123]).

The interpretation of ®® as an intermediate feature map and measuring
its change with training to monitor feature learning in intermediate layers is

straightforward. We use the measures IT* and I1, which capture how aligned a layer
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Figure 6.5: Feature learning as a function of training set size n. a) For a
ResNetl8 on CIFAR-10 using our standard hyperparameters with data augmentation
(Section 6.3.5) we show (i) the cumulative quality (Eq. (6.8)), horizontal dotted lines
denote the final quality/alignment II*(p); (ii) the cumulative utility (Eq. (6.10)) and
(iii) the eigenvalue distribution (Eq. (6.3)) with a vertical dotted line at k = C. Above
the figure, the test accuracy is shown in curved brackets, while the CKA measure ko a
(13) is shown in square brackets. The MF regime is defined to occur when roga < 0.1.
Both the final quality/alignment II*(p) and the generalisation performance increase with
increasing training size n, as expected. Between training set sizes n = 1000 and n = 5000
there is a clear transition from the EF regime to the MF regime, observable both in
kck A and in the eigenvalue distribution. (b) Shows the associated learning curves for
(i) the test error, and (ii) the MSE loss for the ResNet18 model used in (a), and also for
an NNGP for the same ResNet18 architecture which has no feature learning, and the
ResNet18 model without data augmentation that matches the NNGP setup. The two
feature learning models show a marked shift in the rate of decrease of test error and test
loss accompanied by a drop in kcxa at roughly the same values of m, as shown in (iii).
The NNGP shows a more constant decay rate in error and loss.

is to the target function and learned function, respectively. It is straightforward to
simply consider these as probes that help quantify the amount of feature learning that
occurs under training. However, more care is needed in their direct interpretation.

In contrast to the final-layer features, these layers are not used to directly produce
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(b) ResNet18 on CIFAR-10 with different weight decay rates

Figure 6.6: Effects of learning rates and weight decay on feature learning and
generalization In (a) we explore the effect of changing the learning rate for a ResNet18
on CIFAR-100. Note that the lower learning rate leads to the EF regime, and poorer
performance. The best performance is for the intermediate learning rate, which is in the
MF regime. The higher learning rate, with slightly worse performance, is also in the MF
regime. In (b) we study the effect of weight decay for a ResNet18 on CIFAR-10 where
we observe that a tighter MF regime correlates with a larger weight decay and better
performance.

measured output, but rather are fed into the next layer. If well-trained early
layers are strongly aligned to the final target, that may not be a good thing.
We illustrate this in Fig. 6.9 where a greedy layerwise training method leads to
stronger alignment in earlier layers, but worse performance than normal SGD with
backpropagation for a ResNet18 on CIFAR-10.

We also study the effect of batchnorm on the intermediate layer features in
Fig. 6.7 for two cases where it makes a big difference to generalisation performance.
Subfigure (a) shows VGG16 on CIFAR-100 and (b) ResNet18 on CIFAR-100. In
both cases, early layers barely align to the target function without batch norm
and perform significantly worse than the case with batch norm. This provides

an example of how intermediate layers help diagnose the causes of the reduced
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performance. We leave further experiments and analysis to future work, including

an upcoming companion paper on intermediate features.
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Figure 6.7: Effect of batch normalization in CIFAR-100. We clearly observe more
alignment in the intermediate layers, and the performance boost is more dramatic (22%
to 71% for (a), 57% to 78% for (b)). Moreover, without batch normalization, neither
model achieved over 99% training accuracy in 600 epochs, unlike other experiments in
the paper. In this case, training was instead halted at 94% after 1200 epochs. (c¢) The
key distinction lies in the eigenvalues, where the decay rate was slowed down after the
application of batch normalization.
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Figure 6.8: Gradient norm for Fig. 6.7(a). (a) The solid and dotted lines represent
the training and testing accuracies, respectively, for VGG16 on CIFAR-100 with and
without batch norm. (b) and (c) plot the gradient norms over the training epochs for the
VGG16 with batch norm and without it, respectively. By using batch norm, as shown
in (b), significantly larger gradients flow through the intermediate layers compared to
the model without batch norm (c). This increased gradient flow leads to greater feature
learning (as shown in Fig. 6.7) and leads to a substantial improvement in the test accuracy,
seen in (a). Note that test accuracy we reach in the batch norm case is 62%, less than
the 71% quoted in Fig. 6.7(a), with the discrepancy being a result of training time (200
epochs vs 1200).
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Figure 6.9: Greedy layerwise training leads to a collapse of features in earlier
layers. In contrast to full backpropagation (solid), greedy layerwise training (dashed)
leads to more pronounced alignment at lower k for earlier layers, as seen, for example in
the value of II*(C') for layers 2 and 3 in (a). However, there is only a minute enhancement
in IT*(k) for subsequent layers for greedy layerwise training, leading to final poorer quality
features compared to that of full backpropagation. Note that the difference in IT*(C) for
the final layer directly correlates with the performance as both models are in a tight MF
regime as seen in (b). Note that Pi(k) of the last layer is almost identical for both models
(purple solid and dashed lines in (b)). Similarly, at layers 3 and 4, the intermediate layer
eigenvalues for greedy layerwise training in (c) are more MF regime-like with a larger gap
between pc and pc1. This is quantified in Desr(p) as 348 vs. 608 for layer 3 and 90.4
vs. 279 for layer 4 for layerwise training and full backpropagation, respectively.
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6.5 Remarks

In this section, we will use discussion points from several papers I made
secondary contributions to. The first authors were responsible for the overall
idea, the bulk of the theory and the majority of the experiments. The
references themselves are placed just before the sections they contribute to.

In Chapters 4 and 5, we argued that the prior, P(f), is a key driver of generalisation.
Here, we connect this idea to the empirical findings of the current chapter, which
demonstrate that neural networks can depart from this initial bias through feature
learning. To do this, we will address the following two questions:

Q(i) Given a neural network with a prior over parameters P(f), some data S,

and a likelihood function L(S;60), how accurately does the Bayesian posterior

P(fIS) = [ doP(8IS)1LF(6) = f] (6.15)

_ L(S;0)P(9)
P15) = J[dOL(S;0)P(0) (6.16)

approximate the posterior induced by an optimiser, Pop?

Q(ii) Given that the answer to Q(i) is well-understood for networks that do
not feature learn (such as those with frozen layers or infinite-width networks under
NTK or SP parameterisation), what happens to the feature embeddings, ®(x;0),

when feature learning does occur?

6.5.1 Near the no-feature-learning regime

In Section 6.1, we showed that the optimiser posterior, Popr(f|S), of very wide
neural networks trained with MSE loss on simple tasks was highly correlated with the
Bayesian posterior, Pg(f|S), for the corresponding NNGP using a square likelihood.

This alignment is theoretically guaranteed under two conditions:

o Training a neural network with all but the last layer frozen. In the infinite-
width limit, the feature maps ®,(x) are equivalent to the features of the

NNGP and remain fixed during training.
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e Training an infinite-width network under SP with an infinitesimal learning
rate yields lazy /NTK dynamics in which all layers move only infinitesimally;
the induced kernel stays (approximately) constant and features remain close

to initialisation.

These conditions are approximately met when training a very wide network with
SP and SGD, where parameters in early layers move very little. This scenario is
demonstrated in Fig. 6.1. In Fig. 6.10(a), we show that the features are largely
unchanged after training, providing further evidence for this interpretation. This
confirms that we are in the extended feature (EF) regime, where a small amount
of additional feature alignment occurred beyond the baseline.

Thus, when the optimisation process remains confined to the vicinity of the
initialisation, P(f) serves as the primary inductive bias. If the initialisation lies
within a region of poor inductive bias (e.g., the chaotic regime), P(f) will not
adequately favour simple functions, leading to subpar generalisation (Chapter 4).

In this region, we have excellent answers for Q(i) and Q(ii).

6.5.2 1In the feature learning regime

We can determine whether feature learning has occurred by inspecting the network’s
effective kernel. A significant difference between the kernel at initialisation and
the kernel corresponding to the final parameters indicates a substantial change in
the features ®;(x). For example, the results in Fig. 6.2 imply that a CNN trained
on CIFAR-10 must have undergone feature learning. Our method in Section 6.3
corroborates this, as shown in Fig. 6.10(b).

A second clear empirical indicator of a network’s departure from its initial
prior is the “kink” observed in the learning curve, depicted in Fig. 6.5. This kink
signifies a transition from the NNGP-like EF regime to a rich feature learning
regime, where the network actively discovers features better adapted to the data

than those present at initialisation. What drives this transition?
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Figure 6.10: Feature learning for experiments in Section 6.1. (a) We use the
same FCN on binarised MNIST (3-layer, width-1024, ReLU activations) as Fig. 6.1(a).
(b) shows the CNN from Fig. 6.2(a). As predicted from those experiments, very little
feature learning occurs for the FCN but a significant amount for the CNN — although the
eigenvalue distributions barely change in both cases.

Width As shown by Seroussi et al. [140], architectural constraints like narrower
widths compel a network towards feature learning. They demonstrate a
significant shift in the network’s kernel, indicating that narrower networks must
learn data-dependent features to achieve good performance, thereby departing
from their infinite-width NNGP limit — see Appendix B.3. Furthermore, when
initial features are insufficient for data representation, feature learning is

necessary for the model to fit the training data, as illustrated in Fig. 6.3.

Optimiser Hyperparameters The effect of width is not the only factor; optimiser
hyperparameters also play a crucial role. Our findings in Fig. 6.6 unequivocally
show that increasing the learning rate promotes greater feature learning. This
can occur at any width, suggesting that treating the optimiser as a continuous

process, as in [140], is not sufficient to understand how feature learning occurs.
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This complexity stands in stark contrast to the toy model of Chapter 3.
There, the result of feature learning was perfectly interpretable: with a single
hyperparameter, weight decay, we could control the bias. Large weight decay
caused the system to find the function representation with the minimum norm
(corresponding to the minimum Kpnp(f)), while no weight decay led to sampling
from P(f) — providing a full answer to Q(ii). Furthermore, because the optimiser
was fully Bayesian, we had an easy answer to Q(i).

The experiments in the previous section provided partial answers to Q(ii) — but

did not offer a path to a clear theory of feature learning or answering Q(i).

6.5.3 Parameterisation and Feature Learning
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Figure 6.11: Evaluating pP. As in Fig. 6.8, we show VGG16 on CIFAR-100, but
compare SP to uP without batch norm. uP suffers from the same gradient problem
as SP. This highlights one thing pP cannot fix: poor gradient propagation inherent to
architectural depth. While puP correctly scales learning rates to balance the potential
impact of each layer’s updates, it cannot compensate for a gradient signal that is
already attenuated. In deep sequential models like VGG without residual connections or
normalisation, early layers receive a degraded signal, causing the final layers to dominate
learning under both SP and uP.

What parameterisation changes (and what it cannot). Parameterisation
controls both the infinite—width limit and the scale of layerwise updates. With
Standard Parameterisation (SP) at infinite width and infinitesimal step size, training
is in the lazy /NTK regime: the NTK is (approximately) constant and features remain

close to initialization. NTK parameterisation enforces this limit by construction.
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By contrast, uP preserves non-trivial feature learning at infinite width under proper
learning-rate scaling. However, uP rescales updates; it does not create gradient
signal where architecture destroys it. Fig. 6.11 compares VGG16 on CIFAR-100
without batch norm under SP versus uP. Despite correct pP scaling, early-layer
gradients are still severely attenuated; the alignment peak sits late, and the final
layers dominate. Measured kernel drift confirms the picture: Ag is small and AnTik
remains close to its initial value. In short, uP cannot compensate for architectural

vanishing gradients (lack of BN /residual connections).

Lou Y, Mingard C, Hayou S. Feature learning and signal propagation in deep
neural networks. In International Conference on Machine Learning 2022 Jun
28 (pp. 14248-14282). PMLR. [3]

Information loss predicts where features form. Lou et al. [3] study this
problem of gradient attenuation. Deep sequential nets suffer attenuation of in-
formation both forward (activations) and backward (gradients). Theory based
on signal propagation predicts a “peak-alignment” layer ¢* that balances forward
and backward loss; for depth L one expects ¢* = ©(L*°) up to a pre-factor that
depends on optimiser hyperparameters [3]. Empirical observations suggest that
larger learning rates reduce the constant factors, moving the peak alignment towards
the start of the network. This correlates with better generalisation (cf. our layerwise

IT* /11 and gradient-energy profiles).

Goring N, London C, Erturk AH, Mingard C, Nam Y, Louis AA. Feature
learning is decoupled from gemeralisation in high capacity neural networks. In
High-dimensional Learning Dynamics, 2025. [10].

Feature change # generalisation. Finally, stronger feature learning does not
guarantee better test performance. In high-capacity settings we observe substantial
Ag with little or no generalisation gains, consistent with Goring et al. [10]: the
quality and placement of learned features matter more than their sheer magnitude.

Within our MF/EF framework, the transition to the MF regime coincides with an
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improved learning-curve exponent, but pushing alignment into very early layers

(e.g. greedy layerwise training) can harm generalisation.

6.5.4 Towards a model for feature learning

Goring N, Mingard C, Nam Y, Louis AA. A simple mean field model of
feature learning. Submitted to ICLR 2026. [12].

The rest of this chapter has been empirical. Here we sketch a simple model of

feature learning from Goring et al. [12], and tie them to Q(i)/Q(ii).

From optimisation to a posterior. We start from the stationary distribu-
tion of stochastic gradient Langevin dynamics (SGLD) for a two-layer network
with input dimension d, hidden dimension N, nonlinearity ¢, and initialisation

variances o, and oy:

1N
fo(x) = eP Zaz,cp w x), a; ~N(0,02), ; NN( , 2o ) (6.17)

The posterior of SGLD is given by Eq. (6.18) (see Appendix B.3 for more details).
2 1 X
pO18) o expf - o z( )"~ et —w;uwzn 3
(6.18)
The normalisation N7 interpolates between NTK (v = 1) and mean—field (y = 1).

The model. Directly analysing (6.18) is hard because the data term couples
all neurons. We therefore use a single-neuron mean—field (MJF ) approximation:
replace global couplings by a self—consistent effective field, such that all neurons
in the first layer are sampled i.i.d. distribution, that is a function of data and

initialisation variance. How does this compare to familiar limits?

« NNGP/NTK (no feature learning). With v =  and N — oo, the kernel

is fixed at initialization; features stay near their prior.

o MUF (feature learning). Neuron weights are i.i.d. but from a posterior—tilted
distribution determined by the data and initialisation, enabling feature

movement.
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MF—-ARD: allowing sparsification. Plain MF treats all coordinates symmetri-
cally and underestimates the generalisation gains after the transition. Real nets spar-
sify: many neurons/coordinates shrink while a subset grows [6]. We capture this with

MF plus automatic relevance determination (ARD) via per—coordinate precisions
Pj-
d d
plw | p)= [V (w; 10,07), plp) = [1 Gammal(p; | a0, ), (6.19)
j= Jj=
with E[p;] = ao/fo = d/c?. Marginalising p yields heavy-tailed p(w;): small
coordinates are strongly shrunk while large, task—aligned coordinates escape,
inducing sparsity and feature selection. This leads to a simple prediction for the onset
of feature learning as a function of the effective noise/temperature. Writing k for

task signal strength (e.g. teacher norm or margin scale), the critical variance scales as

K2 = @( \/Z—k> (plain MF), w2 = @(;) (MF ARD).  (6.20)

At the transition, symmetry breaking induces an anisotropic low—rank deformation
of the kernel: an outlier eigenvalue emerges along the task direction while the bulk
stays almost unchanged. This symmetry breaking is likely of the same kind from

Fig. 6.5 (note that x. is undefined for the v = %, consistent with the figure).

Relation to Q(i)/Q(ii). This MF model assumes that we are training with
SGLD - in the limit of infinitesimal learning rate, the optimiser is sampling exactly
from a Bayesian posterior (in this approximation, Q(i) is answered: exactly). With
respect to Q(ii), we can say the following. When feature learning occurs, the feature
embeddings reorganise via a symmetry-breaking transition: an order parameter
for task alignment becomes non-zero at a critical dataset size/noise level, and the
learned kernel develops an outlier eigenvalue in the task direction. After this onset,
a self-reinforcing input feature selection dynamic drives neuron- and coordinate-wise
specialisation, yielding heavy-tailed weight marginals and sparsification so that only
a few features dominate. In our MJF-ARD refinement, this appears as coordinate-

dependent rescaling that nonlinearly deforms the kernel and boosts task-aligned
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eigenmodes, producing an O(1) kernel change even at infinite width. Overall,
feature learning manifests as an anisotropic, effectively low-rank deformation of the
feature map that selectively amplifies task-relevant directions. This is likely to be

the driver of the EF to MF transition observed earlier in this chapter.



Automatic Gradient Descent

This chapter introduces Automatic Gradient Descent (AGD), an optimisation
framework that eliminates hyperparameter tuning by dynamically scaling
updates using the layer’s spectral norm. It derives AGD from first principles,
showing that enforcing a spectral scaling condition yields stable, architecture-
invariant learning dynamics that promote effective feature learning across
network scales.

Bernstein, J., Mingard, C., Huang, K., Azizan, N. and Yue, Y., 2023.
Automatic gradient descent: Deep learning without hyperparameters. arXiv
preprint arXiv:2304.05187. [4]

In the preceding parts of this thesis, we explored generalisation by abstracting
away the optimiser’s specific role, examining fully Bayesian methods (Chapter 3) or
systems where the optimiser’s dynamics were approximately Bayesian (Chapter 4).
After demonstrating the pivotal role an optimiser can play in shaping learned
representations (Chapter 6), we now focus directly on the optimisation process itself.

First, however, we should establish the criteria for an effective optimiser.

Hyperparameter Stability An ideal optimiser should exhibit stability in its
hyperparameters across varying model scales. For instance, significant changes
to a network’s width or depth should not necessitate a new, exhaustive search

for a new set of optimum hyperparameters. Standard optimisers like SGD and

111
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Adam often lack this property, as their optimal settings are highly sensitive

to architectural details.

Minimal Hyperparameters The complexity of training should be minimised by
reducing the number of tunable hyperparameters. Practitioners must often
tune not only the learning rate but also its warmup and decay schedules,
momentum, weight decay, and stopping criteria. These parameters have
complex, non-obvious interactions, and even with established heuristics,
finding an optimal configuration often devolves into costly trial and error. A
desirable optimiser would reduce this manual burden. This would also include

a prescribed way to normalise data and initialise weights.

Effective Feature Learning A fundamental goal of an optimiser is to facilitate
feature learning across all model scales. It must prevent the training dynamics
from collapsing into a ‘lazy’ regime, particularly in wide networks, ensuring
that all layers actively contribute to learning new representations. While
parameterisation schemes like 4P were developed for this purpose, they are
not without their own challenges [47], highlighting the need for an optimiser

that inherently supports robust feature learning.

This chapter introduces Automatic Gradient Descent (AGD), a novel optimisation
framework designed to meet these criteria. It uses a parameterisation designed to
ensure stability and promote feature learning across diverse network architectures,
eliminating the need for hyperparameter tuning (introduced in Section 7.1). The
foundational principle of AGD is to achieve stable and effective feature learning
by ensuring that weight updates are appropriately scaled relative to the weights
themselves. AGD accomplishes this by enforcing a “spectral scaling condition” at
each training step, dynamically adapting the update size to the local geometry
of the loss landscape (introduced in Section 7.2). By deriving an optimiser from
first principles, AGD provides a robust, parameter-free method for training deep

neural networks.
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7.1 Theory: Parameterisation

Automatic Gradient Descent parameterisation (AGD) was first introduced in [4]
(which makes up this chapter), and was later expanded upon by Yang, Bernstein
and Simon in [41]. It aims to achieve the balanced updates of feature-learning
regimes like pP, automatically. The foundational principle is that for feature
learning to occur, the spectral norm of weight matrices and their updates must
scale appropriately — specifically like \/dyut/din. AGD parameterisation implements
this “spectral scaling condition” directly by dynamically re-scaling the weights
and normalising the gradients by their spectral norm at each step. This approach
contrasts with pP, which achieves the same scaling condition indirectly through
carefully prescribed, width-dependent learning rates. The reason the spectral norm
is the correct metric is that gradient updates are inherently low-rank — so normalising
by the spectral norm correctly regulates the magnitude of these updates to ensure
stable feature evolution. Yang et al. [41] shows that the early alignment problems

pP has (see Section 2.6.2) do not apply for this parameterisation.

Init. variance Param. multiplier Gradient (x7)

Input 1 1 n
uP Inter n~1/? 1 1
Readout n-! 1 n!
1) (1)
put 3 o, : Vi T,
w®
AGD Inter oL, 1 |W<l>”
dou W) dou wio
Readout L o, 1 ! w W,

Table 7.1: Parameterisations, variances of initialisation

AGD parameterisation on the toy model In the toy model from Section 2.6,
the AGD parameterisation enforces weight matrix norms of ||U||5 = n and |V =
n~1. This initial state is identical to that of uP, and consequently the network

output f = VUz also vanishes at initialization with a magnitude of O(n~'/2). The
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key difference lies in the update rule, which takes the form of normalized gradient
descent with a dynamically adjusted step size.

Let’s analyze the update to each layer under this scheme.

« The update for the first layer is AU = —(nn'/?) nguz. Since the gradient
gr o< VT has a norm ||gy|l, < ||V, = O(n~1/?), the update’s norm is
|AU||s = O(n'/?). This is the same order as the weight norm ||U]|s = O(n'/?),

ensuring active feature learning.

o The update for the second layer is AV = —(nn_1/2)||ggv"”2. The gradient
gy o UT has a norm | gy, < ||U|, = O(n'/?), so the update’s norm is
|AV ]l = O(n~'/?). This is also of the same order as the weight norm

|V[|2 = O(n~%/?), meaning this layer also trains non-trivially.

Now we analyse the update to the entire function. The change Af is composed

of two main terms, V(AU) and (AV)U.

o The first term is V(AU) = —V(nnl/Q)H‘(,ﬁ2 = -2V, = O(1).

« The second term is (AV)U = —(nn_l/Q)”%zU = —nn V2|U||, = O(1).

Just like in puP, both terms that drive the evolution of the function are stable
and perfectly balanced. AGD can therefore be seen as an adaptive method that
implicitly discovers the correct scaling factors required for feature learning, achieving
the same desirable dynamics as P without needing to pre-specify precise, width-

dependent learning rates for each layer.

7.2 Theory: Automatic Learning Rate

Given a vector v in R", we will need to measure its size in three different ways:

Definition 14 (Manhattan norm). The Manhattan norm |- ||, of a vector v is

defined by ||v]|, := > |vi|.

Definition 15 (Euclidean norm). The Euclidean norm || - ||, of a vector v is defined

by [|vlly == v/ 2 o7
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Definition 16 (Infinity norm). The infinity norm || - || of a vector v is defined by

o0

o], = max; .

For a matrix M in R™*™ the reader should be aware that it has a singular

value decomposition:

Fact 1 (SVD). Every matriz M in R™*"™ admits a singular value decomposition
(SVD) of the form M = S 6 (M) -w;v] where the left singular vectors {u;}
are orthonormal vectors in R™, the right singular vectors {v;} are orthonormal

vectors in R™ and the singular values {o;(M)} are non-negative scalars.

The singular value decomposition allows us to measure the size of a matrix

in two different ways:

Definition 17 (Frobenius norm). The Frobenius norm | - || of a matriz M is
gwen by ||M || = \/>; 0(M)>2.
Definition 18 (Operator norm). The operator norm || -||, of a matriz M is given

by || M|, := max; o;(M).

While the operator norm || M|, reports the largest singular value, the quantity
| M || /+/min(m, n) reports the root mean square singular value. Finally, we will

need to understand two aspects of matrix conditioning:

Definition 19 (Rank). The rank of a matriz counts the number of non-zero singular

values.

Definition 20 (Stable rank). The stable rank of a matriz M is defined by
rankgape M = | M|/ M.

The stable rank provides an approximation to the rank that ignores the presence
of very small singular values. Let us consider the extremes. An orthogonal matrix
O € R™*™ has both full rank and full stable rank: rank O = rankg.pe O =

min(m,n). A rank-one matrix P has unit stable rank and satisfies || P||, = || P|| ».
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7.2.1 DMajorise-Minimise for Generic Learning Problems

This section develops a framework for applying the majorise-minimise meta-algorithm
to generic optimisation problems in machine learning. In particular, the novel
technique of functional expansion is introduced. Section 7.2.2 will specialise this
technique to deep neural networks. All proofs are supplied in Appendix H.1.
Given a machine learning model and a set of training data, our objective is
to minimise the error of the model, averaged over the training data. Formally,

we would like to minimise the following function:

Definition 21 (Composite objective). Consider a machine learning model f that
maps an input  and a weight vector w to output f(x;w). Given data S and a

convez loss function ¢, the objective L(w) is defined by:

1
L(w) := 6] > Uf(xsw),y).
(x,y)eS
We refer to this objective as composite since the loss function ¢ is composed
with a machine learning model f. While the loss function itself is convex, the

overall composite is often non-convex due to the non-linear machine learning model.

Common convex loss functions include the square loss and the cross-entropy loss:

Example 7.2.1 (Square loss). The square loss is defined by: ((f(x;w),y) =

o 1 F(@5w) =yl

Example 7.2.2 (Xent loss). The cross-entropy (zent) loss is defined by: ((f(x),y) :=
— log[softmax(f(x))] "y, where the softmaz function is defined by softmax(f(x)) :=

exp f(x)/|lexp f ()|,
Decomposition of linearisation error

First-order optimisers leverage the linearisation of the objective at the current
iterate. To design such methods, we must understand the realm of validity of this
linearisation. To that end, we derive a general decomposition of the linearisation
error of a machine learning system. The result is stated in terms of a perturbation

hierarchy. In particular, perturbing the weight vector of a machine learning model
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perturbation a[.)pl.led Aw
= by optimiser
Q objective loss model
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Figure 7.1: Majorise-minimise and the perturbation hierarchy. The left panel depicts
the majorise-minimise meta-algorithm [141], which is an algorithmic pattern for reducing
an objective (blue) by minimising a sequence of upper bounds (one shown in red). The
upper bounds, known as a majorisation, must lie tangent to the objective to guarantee an
improvement in one step of the meta-algorithm. The right panel depicts the perturbation
hierarchy of a generic machine learning model: the optimiser perturbs the weights and
this induces perturbations to the model output, the loss on individual training examples
and ultimately the overall objective. Majorising machine learning objective functions
requires addressing the full perturbation hierarchy.

w — w + Aw induces perturbations to the model output f — f + Af, to the
loss on individual data samples ¢ — ¢ + Al and, at last, to the overall objective

function £ — £ + AL. Formally, a weight perturbation Aw induces:

Af(x) = f(@;w+ Aw) — f(z; w);

(functional perturbation)
Al(f(x),y) =LUf(x)+Af(x),y) —((f(x),y); (loss perturbation)
AL(w) = \?ll D ayres AU f(x), y). (objective perturbation)

We have adopted a compact notation where the dependence of f(x;w) on w is
at times suppressed. The perturbation hierarchies of a generic machine learning
model and a deep neural network are visualised in Figs. 7.1 and 7.2, respectively.

The linearisation error of the objective perturbation AL decomposes as:

Proposition 7.2.1 (Decomposition of linearisation error). For any differentiable

loss € and any differentiable machine learning model f the linearisation error of the
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perturbations applied by optimiser

AW, AW, AW,
objective loss output
A\ \ \
L |« (| f |« Wi |«---4 W, |« W,
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AL AL Af

perturbations induced by optimiser

Figure 7.2: Perturbation hierarchy of a deep neural network. When training a neural
network, the optimiser applies structured perturbations to the weights, in the form of one
perturbation matrix AW}, per weight matrix Wj. Deep relative trust [142] provides a
tool to understand how structured weight perturbations of this form affect the network
output f. Combining deep relative trust with a Bregman divergence [143] allows us to
analyse the full perturbation hierarchy.

objective function L admits the following decomposition:

1
AL(w) = VypL(w) Aw = 5] > Viwl(f(@),y)" [Af(x) - Vo f(z)Aw]
linearisation error of objective (@.y)€S linearisation error of model
1
T > Alf(x).y) = Viwl(f(®)y) Af(z).
(z,y)€S

linearisation error of loss

In words: the linearisation error of the objective decomposes into two terms.
The first term depends on the linearisation error of the machine learning model and
the second term the linearisation error of the loss. This decomposition relies on
nothing but differentiability. Proposition 7.2.1 may also be seen as a generalisation
of the Gauss-Newton decomposition of the Hessian that holds to all orders. For a

convex loss, the second term may be interpreted as a Bregman divergence:
Definition 22 (Bregman divergence of loss). For any convez loss ¢:
bregmany. ., (f(x), Af () == AU(f(2),y) — Vi l(f(2).y) Af ().

A Bregman divergence is just the linearisation error of a convex function.

Two important examples are:
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Lemma 1 (Bregman divergence of square loss). When { is set to square loss, then:

bregmany,)(f (@), Af(x)) = ;- | Af(@)]2

Lemma 2 (Bregman divergence of xent loss). When (¢ is set to cross-entropy loss,

and ify'1 =1, then:

bregman,. ., (f(x), Af(x)) = Dkw ( softmax(f(x)) || softmax(f(x) + Af(:c)))

< slAf (@)1 + O(AF).

Our methods may be applied to other convex losses by calculating or bounding

their Bregman divergence.

Functional expansion and functional majorisation

Before continuing, we make one simplifying assumption. Observe that the first
term on the right-hand side of Proposition 7.2.1 is a high-dimensional inner product
between two vectors. Since there is no clear reason why these two vectors should

be aligned, let us assume for convenience that their inner product is zero:

Assumption 1 (Orthogonality of model linearisation error). In the same setting

as Proposition 7.2.1:

5 X Vrwlf@).v) (M) - Vuf(@)sw] -

(z,y)€S

linearisation error of model

While one can work without this assumption in special cases [144], we found
that its inclusion simplifies the analysis and in practice did not lead to a discernible
weakening of the resulting algorithm. In any case, this assumption is considerably
milder than the common assumption in the literature [145, 146] that the model
linearisation error is itself zero: [Af(x) — V, f(x)Aw] = 0.

Armed with Proposition 7.2.1 and Assumption 1, we are ready to introduce

functional expansion and majorisation:
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Theorem 4 (Functional expansion). Consider a convex differentiable loss { and a
differentiable machine learning model f. Under Assumption 1, the corresponding

composite objective L admits the expansion:

Llw + Aw) = L(w) + Vo llw) Aw + =

first-order Taylor series

> bregman, ., (f(x), Af(x)).

’ ’ (x,y)€S

So the perturbed objective L(w + Aw) may be written as the sum of its first-
order Taylor expansion with a Bregman divergence in the model outputs averaged
over the training set. It is straightforward to specialise this result to different losses

by substituting in their Bregman divergence:

Corollary 7.2.1 (Functional expansion of mean squared error). Under Assump-
tion 1, for square loss:

1
Llw + dw) = L(w) + Vllw) Aw g 3 | AF(@)]3.
(z,y)eS

Corollary 7.2.2 (Functional majorisation for xent loss). Under Assumption 1, for
cross-entropy loss, if y'1 = 1:

L(w+ Aw) < L(w) + V,L(w) Aw + 6] ST OLAf(@)| + OAFR).
z,y)ES

1
¥
When the functional perturbation is reasonably “spread out”, we would expect
IAFf(z)|>, ~ |Af(x)|3/dy. In this setting, the functional majorisation of cross-
entropy loss agrees with the functional expansion of mean squared error to second
order. While the paper derives automatic gradient descent for the square loss,

this observation justifies its application to cross-entropy loss, as in the case of

the ImageNet experiments.

Recovering existing frameworks

We briefly observe that three existing optimisation frameworks may be recovered

efficiently from Theorem 4:
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Mirror descent For linear models f(x; W) := Wz, the Bregman divergence
bregman, ., (f(x), Af(x)) may be written bregman,. ,,(Wz, AWx). This is a
convex function of the weight perturbation AW'. Substituting into Theorem 4 and

minimising with respect to AW is the starting point for mirror descent.

Gauss-Newton method Substituting the linearised functional perturbation
Af(x) ~ Vyuf(x)Aw into Corollary 7.2.1 and minimising with respect to Aw

is the starting point for the Gauss-Newton method.

Natural gradient descent Substituting the linearised functional perturbation
Af(x) =~ Vuf(x)Aw into Corollary 7.2.2 and minimising with respect to Aw

is the starting point for natural gradient descent.

7.2.2 Majorise-Minimise for Deep Learning Problems

In this section, we will focus our efforts on deriving an optimiser for deep fully-
connected networks trained with square loss. The derivation for cross-entropy loss

is analogous. Proofs are relegated to Appendix H.1.

Definition 23 (Fully-connected network). A fully-connected network (FCN) f
of depth L maps an input x € R® to an output f(x;w) € R via L matriz

multiplications interspersed by non-linearity relu(z) := max(0, z):
f(z;w) = Wpo(relu o Wy_q)o (relu o Wy_5)o---o0 (relu o Wix).

In this expression, w denotes the tuple of matrices w = (W7, ..., W) with kth
matrix Wj, in R%*>%-1_ In what follows, we will find the following dimensional

scaling to be particularly convenient:
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Prescription 1 (Dimensional scaling). Forn > 0, the data (x,y), weights Wy, and
updates AW, should obey:

]|, = \/6170; (input scaling)
[Will, = \/W forallk=1,.., L; (weight scaling)
[AW]], = \/W 7 forallk=1,..,L; (update scaling)
lyll, = \/E (target scaling)

This is the AGD parameterisation from Section 7.1. While results can be derived
without adopting Prescription 1, the scalings substantially simplify our formulae.
One reason for this is that, under Prescription 1, we have the telescoping property

that [Tr_, ||[W4||, = \/dr/do. For a concrete example of how this helps, consider

the following bound on the norm of the network outputs:

Lemma 3 (Output bound). The output norm of a fully-connected network f obeys
the following bound:

~

| f(z; w)l, < [H ]WkH*] X ||x|l, = \/dr under Prescription 1.
So, under Prescription 1, the bound is simple. Furthermore, the scaling of the
update with a single parameter 7 reduces the problem of solving for an optimiser
to a single parameter problem. To see how this might make life easier, consider the

following lemma that relates weight perturbations to functional perturbations:

Lemma 4 (Deep relative trust). When adjusting the weights w = (W, ..., W)
of a fully-connected network f by Aw = (AW, ...,AW7y), the induced functional
perturbation Af(x) = f(x;w+ Aw) — f(x;w) obeys:

H Wil ol x [ﬁ (1 10l ]

k=1

IAS ()], <

dp, x (expn — 1) under Prescription 1.

So, under Prescription 1, the single parameter n directly controls the size of

functional perturbations.
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In terms of enforcing Prescription 1 in practice, the norms of the data (x,y)
may be set via pre-processing, the norm of the update AW} may be set via the
optimisation algorithm and the norm of the weight matrix W), may be set by the
choice of initialisation. While, yes, || Wg||, may drift during training, the amount
that this can happen is limited by Weyl [147]’s inequality for singular values. In
particular, after one step the perturbed operator norm ||W), + AWk ||, is sandwiched
like (1 —n/L) - [|[Will, < ||[Wi + AWk, < (1 +n/L) - ||Wk]||,. While this drift
may accumulate over steps, some form of projection could be used to correct for

this, but we defer the empirical study of this kind of projection to future work.

Deriving automatic gradient descent

With both functional majorisation and deep relative trust in hand, we can majorise

the deep network objective:

Lemma 5 (Exponential majorisation). For an FCN with square loss, under

Assumption 1 and Prescription 1:

L AW, Vw L
E [\/dk/dkl % tr ——k Wi —|—%(expn—1)2.

Observe that the majorisation only depends on the magnitude of the scalar n and

L(w+ Aw) < L(w) +

I

on some notion of alignment tr AW, Vi, L/||[AW}]|, between the perturbation
matrix AW}, and the gradient matrix Vy, L. To derive an optimiser, we would
now like to minimise this majorisation with respect to n and this angle. First, let

us introduce one additional assumption and one additional definition:

Assumption 2 (Gradient conditioning). The gradient satisfies ranksgapie Vi, £ = 1

at all layers k=1, ..., L.

This assumption implies that the Frobenius norm ||V, £|| and operator norm
|Vw,L]||, of the gradient at layer k are equal. It is not immediately obvious why
this should be a good assumption. After all, the gradient is a sum of |S| rank-one
matrices: Vy, L = ﬁz(w,y)es Vi l(f(x),y) ® hy_1, where hy_i(x) and hy(x)
denote the inputs and outputs of the weight matrix W, at layer k, and ® denotes
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the outer product. So, naively, one might expect the gradient Vy, £ to have a
stable rank of min(dy,dy—1,|S|). But it turns out to be a good assumption in

practice [42, 46, 41]. And for the definition:

Definition 24 (Gradient summary). At a weight setting w, the gradient summary

G is given by:

1 L
G =72 ydi/des - [Vw L(w)]| .
k=1

The gradient summary is a weighted average of gradient norms over layers. It can
be thought of as a way to measure the size of the gradient while accounting for the
fact that the weight matrices at different layers may be on different scales. This is
related to the concept of the gradient scale coefficient of Philipp et al. [148].

We now have everything we need to derive automatic gradient descent via

the majorise-minimise principle:

Theorem 5 (Automatic gradient descent). For a deep fully-connected network,
under Assumptions 1 and 2 and Prescription 1, the majorisation of square loss
given in Lemma 5 is minimised by setting:

1++v1+4
n:10g+—+G, AWk:—E-\/dk/dk,yM, for all layers k =1, ..., L.

We present pseudocode for this theorem in Algorithm 1, and a PyTorch imple-
mentation in Appendix H.2. Via a simple derivation based on clear algorithmic
principles, automatic gradient descent unifies various heuristic and theoretical ideas

that have appeared in the literature:

o Relative updates. The update is scaled relative to the norm of the weight matrix
to which it is applied—assuming the weight matrices are scaled according to
Prescription 1. Such a scaling was proposed by You et al. [149] and further
explored by Carbonnelle and Vleeschouwer [150] and Bernstein et al. [142]. There

is evidence that such relative synaptic updates may occur in neuroscience [151].
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Algorithm 1 Automatic gradient descent. The matrix W, in R%*%-1 is the weight
matrix at layer k. The gradient Vy, £ is with respect to the objective £ evaluated
on a mini-batch B of training samples.

1: Function initialise_ weights()

2: for layer k in {1,...,L}: do

3: W} ~ uniform(orthogonal(dy, dr—1)) {sample semi-orthogonal matrix}
4 Wi+ W dfﬁ - {rescale its singular values}

5: end for
6
7
8
9

: Function update_ weights()

: G 1Y VW Ly - del {Compute gradient summary}
. 7 ¢ log IHVIHG V;HG {set automatic learning rate}

10: for layer k in {1,...,L}: do
: _n, Vwt o [d i

11: Wi W, —1 HVW:LHF - {update weights}

12: end for

o Depth scaling. Scaling the perturbation strength like 1/L for networks of depth
L was proposed on theoretical grounds by Bernstein et al. [142] based on analysis

via deep relative trust.

o Width scaling. The dimensional factors of d; and dj_; that appear closely
relate to the maximal update parameterisation of Yang and Hu [40] designed to
ensure hyperparameter transfer across network width. This connection is further

explicated by Yang et al. [41].

o Gradient clipping. The logarithmic dependence of the update on the gradient
summary may be seen as an automatic form of adaptive gradient clipping [152]—
a technique which clips the gradient once its magnitude surpasses a certain

threshold set by a hyperparameter.

Convergence analysis

This section presents theoretical convergence rates for automatic gradient descent.
While the spirit of the analysis is standard in optimisation theory, the details may
still prove interesting for their detailed characterisation of the optimisation properties
of deep networks. For instance, we propose a novel Polyak-Lojasiewicz inequality

tailored to the operator structure of deep networks. We begin with two observations:
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Lemma 6 (Bounded objective). For square loss, the objective is bounded as follows:

1 (: w)5
2dy,

1
ﬁ(w)ﬁm(z

z,y)€S

+ [yl
2 <1 under Prescription 1.

Lemma 7 (Bounded gradient). For square loss, the norm of the gradient at layer

k is bounded as follows:

Hlel [Wall, \/QE(w) 1 2 dr—1
Vw < . R [— E < .

z,y)ES

under Prescription 1.

These results help us prove that automatic gradient descent converges to a

point where the gradient vanishes:

Lemma 8 (Convergence rate to critical point). Consider a fully-connected network
trained by automatic gradient descent (Theorem 5) and square loss for T iterations.
Let Gy denote the gradient summary (Definition 24) at step t < T. Under
Assumptions 1 and 2 and supposing that Prescription 1 is maintained throughout

training, AGD converges at the following rate:

te(1,.ry = T
This lemma can be converted into a convergence rate to a global minimum with

one additional assumption:

Assumption 3 (Deep Polyak-f.ojasiewicz inequality). For some a > 0, the gradient

norm is lower bounded by:

[T, | W] \/25(11’) 1 2
L > * . I
IVwlle 2 o SV a8 2

dj—
=a X \/2 - L(w) - % under Prescription 1.
k

This lower bound mirrors the structure of the upper bound in Lemma 7. The
parameter « captures how much of the gradient is attenuated by small singular values
in the weights and by deactivated relu units. While Polyak-Y.ojasiewicz inequalities
are common in the literature [153], our assumption is novel in that it pays attention to

the operator structure of the network. Assumption 3 leads to the following theorem:
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Theorem 6 (Convergence rate to global minima). For automatic gradient descent
(Theorem 5) in the same setting as Lemma 8 but with the addition of Assumption 3,

the mean squared error objective at step T obeys:

7.3 Results

The goal of our experiments was twofold. First, we wanted to test automatic
gradient descent (AGD, Algorithm 1) on a broad variety of network architectures
and datasets to check that it actually works. In particular, we tested AGD on
fully-connected networks (FCNs, Definition 23), and both VGG-style [117] and
ResNet-style [118] convolutional neural networks on the CIFAR-10, CIFAR-100
[154] and ImageNet [155, ILSVRC2012] datasets with standard data augmentation.
And second, to see what AGD may have to offer beyond the status quo, we wanted
to compare AGD to tuned Adam and SGD baselines, as well as Adam and SGD
run with their default hyperparameters.

A general theme from the experiments was that whilst AGD can train all
architectures, its performance sometimes falls below that of a fully tuned baseline,
both in terms of generalization and rate of convergence. While it would be nice if
AGD matched the performance of fully tuned optimizers, it performed well enough
to suggest that hyperparameter-free training is possible with our framework.

To get AGD working with convolutional layers, we adopted a per-submatrix
normalisation scheme. Specifically, for a convolutional tensor with filters of size k, X
k,, we implemented the normalisation separately for each of the k, X k, submatrices
of dimension channels;, X channels.,;. Since AGD does not yet support biases or
affine parameters in batchnorm, we disabled these parameters in all architectures.

To at least adhere to Prescription 1 at initialisation, AGD draws initial weight

matrices uniform semi-orthogonal and re-scaled by a factor of \/ fan in/fan out.
Adam and SGD baselines used the PyTorch default initialisation. A PyTorch

implementation of AGD reflecting these details is given in Appendix H.2. All
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Figure 7.3: Automatic gradient descent trains neural networks reliably without
hyperparameters. Solid lines show training accuracy and dotted lines show test accuracy.
The networks are unregularised with biases and affine parameters disabled, as these
features are not yet supported by AGD. In the left panel—unlike AGD—Adam and SGD
failed to train a 32-layer fully-connected network on CIFAR-10 with their default learning
rates of 0.001 for Adam and 0.1 for SGD. The middle panel displays a learning rate grid
search for ResNet-18 trained on CIFAR-10. AGD attained performance comparable to the
best tuned performance of Adam and SGD. In the right panel, AGD trained ResNet-50
on ImageNet to a top-1 test accuracy of 65.5%. The ImageNet baseline is SGD with a
learning rate of 0.1 and no learning rate decay schedule.

experiments use square loss except ImageNet which used cross-entropy loss. Cross-
entropy loss has been found to be superior to square loss for datasets with a
large number of classes [156, 157].

Our experimental results are spread across five figures, four of which appear

in the appendix:

o Fig. 7.3 presents some highlights of our results: First, AGD can train networks
that Adam and SGD with default hyperparameters cannot. Second, for ResNet-
18 on CIFAR-10, AGD attained performance comparable to the best-tuned
performance of Adam and SGD. And third, AGD scales up to ImageNet, although

the training accuracy improves more slowly than for SGD.

o Fig. 7.4 displays the breadth of our experiments: from training a 16-layer fully-
connected network on CIFAR-10 to training ResNet-50 on ImageNet. Adam’s
learning rate was tuned over the logarithmic grid {107°,1074, ..., 107!} while for

ImageNet we used a default learning rate of 0.1 for SGD without any manual
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decay. AGD and Adam performed almost equally well on the depth-16, width-
512 fully-connected network: 52.7% test accuracy for AGD compared to 53.5%
for Adam. For ResNet-18 on CIFAR-10, Adam attained 92.9% test accuracy
compared to AGD’s 91.2%. On this benchmark, a fully-tuned SGD with learning
rate schedule, weight decay, cross-entropy loss and bias and affine parameters
can attain 93.0% test accuracy [158]. For VGG-16 on CIFAR-100, AGD achieved
67.4% test accuracy compared to Adam’s 69.7%. Finally, on ImageNet, AGD
achieved a top-1 test accuracy of 65.5% after 350 epochs. This is better than
the test accuracy of SGD without weight decay or learning rate decay, but worse

than “fully-loaded” SGD.

e Fig. 7.5 compares AGD to Adam and SGD for training an eight-layer fully-
connected network of width 256. Adam and SGD’s learning rates were tuned
over the logarithmic grid {1075,107%,...,107!}. Adam’s optimal learning rate of
10~* was three orders of magnitude smaller than SGD’s optimal learning rate of

107!, SGD did not attain as low of an objective value as Adam or AGD.

o Fig. 7.6 shows that AGD can train FCNs with widths ranging from 64 to 2048
and depths from 2 to 32 and Fig. 7.7 shows that AGD successfully trains a

four-layer FCN at varying batch size of 32 to 4096.
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Figure 7.4: Benchmarking automatic gradient descent on a range of architectures
and datasets. Solid lines are AGD and faint dashed lines are tuned Adam except for
ImageNet where the dashed line is SGD with a fixed learning rate of 0.1. ImageNet used
cross-entropy loss with a mini-batch size of 1024. The other experiments used square loss
with a mini-batch size of 128. The top row plots the automatic learning rate (7 in the
main text) and objective value. The maximum and minimum learning rate for each epoch
is included in addition to the mean for the first three plots. The bottom row shows the
train and test accuracy.
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Figure 7.5: Comparing automatic gradient descent to tuned Adam and SGD. An
eight-layer fully-connected network was trained on CIFAR-10 with square loss. Dotted
lines show test and solid lines show train performance. The left panel shows the objective
value: AGD and Adam attained a smaller training objective than SGD. The middle panel
shows train and test accuracies. The right panel shows the relative update size averaged
over layers: %21%:1 | AW || o/ [|Wi|| - We plot the maximum, minimum and mean over
an epoch.
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Figure 7.6: Benchmarking automatic gradient descent on networks of varying width
and depth. We trained fully-connected networks on CIFAR-10 with square loss and a
mini-batch size of 128. The depth ranged from 2 to 32, and the width from 64 to 2048, in
powers of two. In terms of training performance, wider was always better, while depth 8
and depth 16 were superior to depth 32. In terms of test accuracy, the best performance
was achieved at depth 4 and width 2048: 63.7%. The worst test performance was achieved
by the smallest network of depth 2 and width 64: 42.55%. Larger networks display two
broadly distinct phases of training: the automatic learning rate increases slowly while the
objective decreases slowly, followed by a rapid decrease in the automatic learning rate and
objective. This second phase typically coincides with reaching 100% training accuracy.
See Fig. 7.5 for a comparison between Adam, SGD and AGD for the 256-width 8-layer
FCN.
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Figure 7.7: Benchmarking automatic gradient descent at varying mini-batch size.
We trained four-layer fully-connected networks on CIFAR-10. The mini-batch size ranged
from 32 to 4096. Test accuracy generally improved with increasing mini-batch size: the
final test accuracies, in order of increasing mini-batch size, were 55.0%, 58.0%, 60.0%
and 59.8%. The automatic learning rate seemed to initially dip, and this effect was more
pronounced for larger mini-batch sizes. Metrics were computed every iteration during the
first epoch and once per epoch from thereon—this explains the kinks visible in the plots.

7.4 Remarks

The central thesis of the work presented in this chapter is that by carefully analysing
the structure of a deep learning problem—its architecture, data, and objective
function—one can derive optimisation algorithms that do not require manual
hyperparameter tuning [4]. The Automatic Gradient Descent (AGD) algorithm
was a direct attempt to realise this vision, proposing a single, automatic learning
rate derived from first principles.

Follow-up work has shifted the focus from the goal of complete hyperparameter
elimination to the more general and practical goal of hyperparameter invariance.
Large et al. [159] did not aim to derive a single, universally correct learning rate,
but rather to construct a framework wherein a single set of hyperparameters (e.g.
O(1) learning rate) remains near-optimal across arbitrary network scales, from
shallow, narrow models to deep, wide ones.

AGD relied on certain assumptions, such as the gradient having a stable rank of
one (allowing approximating spectral norms with Frobenius norms), and derived the
learning rate by assuming linear activations. The newer “Modular Norm” framework

from [159] relaxes many of these assumptions. It normalises updates by directly
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approximating the spectral norm for each layer, and reintroduces hyperparameters
such as momentum and weight decay. The focus of the work is on carefully deriving
the correct norm for each module (e.g. a ResNet block), correctly determining
the gradient update as a result,

The practical results are significant, leading to marked improvements in both
generalisation and convergence speed compared to the original AGD formulation.
The computational overhead is manageable in practice, as the spectral norm can

be efficiently estimated using methods like online power iteration.



Conclusion

The goal of this thesis was to contribute to our understanding of generalisation and

optimisation in neural networks, specifically, the following two questions:
1. Why can highly expressive neural networks learn functions that generalise?

2. Optimiser hyperparameters can significantly affect generalisation. Why? How

can we derive optimisers in a principled manner to avoid catastrophic failure?

We will briefly summarise the progress made towards answering these questions.

8.1 Part I: A toy model

In Part I, we presented a toy model of a discrete fully-connected network (DFCN)
learning Boolean functions to provide an exact, end-to-end picture of generalisation,
with a fully Bayesian optimisation algorithm. The core contribution was a proven
one-to-one correspondence between the DFCN architecture and Disjunctive Normal
Form (DNF) logical expressions. This bijection established an interpretable, tunable
complexity measure, Kpnr(f) (the length of the shortest DNF), mapping directly
to the network’s minimum weight norm. We showed that randomly initialised
DFCNs possess a strong inductive bias, where the prior probability over functions,

P(f), is exponentially biased towards simple functions with low Kpyp(f). Using a

134
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Bayesian Monte Carlo training algorithm, we demonstrated how this prior predicts
generalisation: functions with low complexity were learnable, while functions with
high Kpnr(f) were not. Finally, we showed that weight decay sharpened this
simplicity bias, acting as an explicit penalty on Kpyr(f) that promoted the
learning of the minimum DNF representation — equivalent to having better features
— and significantly improved generalisation.

End-to-end models are very important for understanding a topic in full, and
give us confidence in our understanding of the real system. The next most complete
example is probably modelling deep neural networks as kernel methods, decomposing
into eigenmodes and calculating the generalisation error from this: large eigenmodes
are learned faster than small ones, so provided 1) there are a small number of large
eigenfunctions which 2) align well with the target, generalisation will be good [98].
However, this model does not explain why either of those conditions are met for
real-world data for the neural network kernels, nor does it take into account feature
learning. On the other hand, our model works on one discrete dataset, and does not

permit exact error calculations, but does allow for a greater degree of interpretability.

Limitations and future directions. While the toy model is primarily intended
as a source of intuition, some further exploration may be interesting. First, we
know from the no free lunch theorems that if we generalise better than random for
some functions, we must generalise worse than random for others. To see this linked
directly to complexity with parity is striking. We can tune the learnability by tuning
[-parity — a more thorough investigation into the learning curves as a function of
training data m and [ may be interesting. Second, the role of parameterisation
and width deserves a more thorough treatment. In particular, studying how the
induced function prior P(f) and the effective penalty on Kpyp(f) evolve with
hidden-layer width and weight parameterisation (e.g., tied vs. untied weights, norm
constraints) could illuminate transitions between kernel-like behaviour and genuine
feature learning. Scaling-limit analyses (with n, input dimension, and width taken

jointly to infinity) and controlled perturbations of the architecture that enable
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literal reparametrisations may provide principled bridges to continuous networks,

while making explicit the conditions under which our discrete insights transfer.

8.2 Part II: Generalisation

Part II addressed the first question, of generalisation, by abstracting the optimiser
away (by using simple Bayesian approximations instead). We developed a quantita-
tive account of inductive bias in deep networks, starting from the principle that
understanding randomly initialised neural networks on discrete functions would
provide useful insight into the properties of trained neural networks, continuing
the line of work begun by Valle-Pérez et al. [64].

In Chapter 4 we analysed the prior of continuous neural networks on the Boolean
data. We found that the prior P(f) < 27K () could be controllably weakened by
tuning the initial weight variance, o,, to move the network from the ordered regime
(a = 1) into the chaotic regime (where a < 1). When a < 1, the prior could not
counteract the 2% growth in functions, which led to poor generalisation. This ties
back to arguments from Solomonoff Induction (Section 2.3), where the universal prior
probability decays as 275). However, while this did provide useful intuition, we
needed to formalise this. We can also sketch the following relation: if P(f) ~ 272K
for some suitable complexity measure K and as the number of functions (and thus
the rank of the function R(f)) grows as 2%, then P(f) ~ R(f)~* When a = 1, the
relationship between the probability and rank would satisfy Zipf’s law.

In Chapter 5 we show that, indeed, a wide variety of modern architectures
(FCNs, CNNs, ResNets, Transformers, etc.) all exhibit a Zipf’s law in their function
prior, over many orders of magnitude. We were able to prove that the priors of all
NNGPs will be Zipfian for a sufficiently great eigenvalue decay in the kernel. We
were then able to show that networks which generalise well operate at this critical
Zipfian point. Deviating from it harms learning: if the prior is too flat (a < 1), the
model has too little bias and we get errors from variance that do not decay to 0
even as the amount of data n — oo. Conversely, if the prior is too steep (a > 1),

the model will underfit, placing overly high probability on a narrow set of simple
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functions (unless the likelihood is perfectly hard). This result formalises a balance
that the deep learning community only informally understood before.

The discrete-functions viewpoint adopted here is relatively uncommon, yet it
yields a compact and predictive account of inductive bias that complements existing
kernel-eigenmode analyses. In particular, it offers an alternative perspective to
Canatar et al. [98], Cui et al. [100]: whereas the spectral approach quantifies
learnability via alignment and eigenvalue decay of the (linearised) kernel, our
Zipfian prior organises hypotheses by description length and predicts generalisation

from the resulting probability—rank law.

Limitations and future directions. The main limitations of this section are
twofold. First, the explicit finite-sample error characterisations remain incomplete:
although the probability-rank relation explains the qualitative transition between
under- and over-regularised regimes, sharper nonasymptotic bounds (e.g., in terms
of n, input dimension, and the effective Zipf exponent) would strengthen the
story. Second, the treatment of feature learning is only indirect. We verify Zipfian
behaviour empirically in finite networks that do learn features, but we do not
yet provide a theoretical account of how representation dynamics preserve—or
distort—the Zipf law away from the NNGP/NTK limits.

We see two promising directions. (i) A finite-width theory that tracks how
the induced function prior deforms during training (e.g., via early-to-late time
linearisation, path-norm or margin-based surrogates for complexity) could bridge
the gap between fixed-kernel Zipfian priors and fully adaptive representations. (ii) A
synthesis with the spectral view that links prior Zipf exponents to kernel eigenvalue
tails and target—eigenfunction alignment may yield testable equivalences: e.g.,
conditions under which Zipfian criticality implies fast learning of a small number of
aligned modes, and conversely. Establishing such correspondences would turn the
present qualitative match into formal guarantees and clarify when simplicity-driven

and alignment-driven accounts make divergent predictions.
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8.3 Part III: Optimisation

Part III addressed the second question, of optimisation. In the toy model from
Part I, we trained a discrete neural network with an MCMC sampler and weight
decay. For this model, we could explain, end-to-end, how an explicit ¢ penalty
sharpened the simplicity bias of the induced function prior. In Part II we then
abstracted away the optimiser altogether to study the inductive bias of randomly
initialised networks via their function priors. The final part sought to understand
what happens when you add the optimiser back in, by analysing how concrete
optimisation dynamics interact with representation learning, and by deriving a
principled, architecture-aware algorithm.

In Chapter 6 we first established that, for sufficiently wide networks and suitably
simple tasks, the training dynamics of stochastic gradient descent (SGD) approxi-
mate Bayesian inference. We quantified the regime in which this approximation
holds and identified the mechanisms by which it breaks: as width decreases, depth
increases, or data/task complexity grows, networks depart from lazy/linearised
behaviour and begin to learn features not present at initialisation. Empirically, we
observed such feature learning even in modest settings (e.g., CNNs on CIFAR-10),
with measurable divergences between posterior predictions implied by the initial
kernel and the trajectories followed by SGD. To make these observations systematic,
we introduced a framework for quantifying feature learning that disentangles changes
in coarse-grained measures like generalisation error due to (i) reweighting fixed
features versus (ii) genuine representation change. Applying this framework across
optimisers and architectures revealed consistent patterns: optimiser hyperparameters
do affect the degree of representation learning.

Finally, in Chapter 7 we moved from analysis to design. We proposed Automatic
Gradient Descent (AGD), a first-order, hyperparameter-free optimiser derived from
an extension of mirror descent that explicitly incorporates neural architecture.
The derivation proceeds by constructing a tractable majorisation of the loss in

function space and selecting, at each iteration, the update that minimises this
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majorisation. The resulting parameterisation and rule normalise each layer’s update
by appropriate scale factors (e.g., layer norms and spectral radii) in a manner
similar to puP [41]. Practically, AGD trains fully connected and convolutional
networks at ImageNet scale with a single default configuration, while theoretical
analysis provides convergence guarantees under stated conditions. Empirically,
AGD attains competitive accuracy—typically within a few percentage points of
carefully tuned SGD/Adam—without any learning-rate tuning, and it remains
stable for very deep and very wide models, promoting feature learning rather

than collapsing into the lazy regime.

Limitations and future work. Our analysis of the SGD-Bayes correspondence
remains asymptotic and without precise empirical results. Sharper finite-sample
characterisations of when and how the approximation fails would be valuable,
especially as a function of width, depth, and data complexity. The feature-learning
quantification isolates representation change; however, a full theory linking these
metrics to generalisation across realistic distributions remains open. Furthermore,
extending the theory to the actual intermediate layers would be a significant
improvement. Each layer aims to align to the requirements of the next, rather
than the target function, so a proper measure of intermediate layer feature learning
would take this into account, rather than just using the target.

For Chapter 7, while Automatic Gradient Descent (AGD) represents an inno-
vative step toward eliminating manual hyperparameter tuning in deep learning
optimisation, it carries several theoretical and practical limitations. Theoretically,
AGD’s guarantees depend on a set of structural assumptions concerning smoothness,
conditioning, and the maintenance of certain norm bounds throughout training.
These assumptions are useful for constructing a tractable smoothness model, but they
are not proven to hold in general neural network training dynamics. Consequently,
while the derivations are mathematically consistent under these assumptions, their
real-world relevance is uncertain, limiting the generality of AGD’s theoretical

convergence claims.
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However, this paper did lay the foundations for further work (especially using
the spectral norm-inspired parameterisation in Yang et al. [41]). Later work,
such as Large et al. [159], has built on AGD’s parameterisation and update
rule by introducing “modular norm”, a more expressive alternative that removes
the Frobenius-norm approximation used in AGD and aligns more closely with
the spectral norm geometry of the network. This refinement delivers significant
empirical gains and shows how AGD’s framework can evolve toward more faithful
representations of neural architecture. Finally, no automatic optimiser or tuning-free
method is likely to outperform an optimally tuned learning rate: a well-calibrated
learning rate can often squeeze out the final few per cent of performance that matters
in competitive or large-scale applications. AGD therefore represents a valuable
conceptual framework for architecture-aware optimisation, but one whose simplifying

assumptions and lack of fine-grained control currently limit its practical utility.
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Occam’s razor, simplicity and
generalisation

A.1 Formalising Occam’s razor

In this section, we begin by briefly summarising early attempts to formalise the
vague principle that simpler explanations are better in Appendix A.1.1. We then
explain how Occam’s razor has been best formalised with Solomonoff induction in

Appendix A.1.2, and the problems with this formalisation in Appendix A.1.3.

A.1.1 Statements of the razor

Versions of Occam-like razors have been around at least as far back as Aristotle:
“We may assume the superiority ceteris paribus [other things being equal] of
the demonstration which derives from fewer postulates or hypotheses” (Posterior
Analytics). “Plurality must never be posited without necessity” is William of
Ockham’s wording, found in his theological work on the “Sentences of Peter
Lombard”. Einstein had his own version, found in his Herbert Spencer lecture: “It
can scarcely be denied that the supreme goal of all theory is to make the irreducible
basic elements as simple and as few as possible without having to surrender the

adequate representation of a single datum of experience.” This statement is often
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simplified to “Everything should be kept as simple as possible, but not simpler” which
is more pithy, although there is no evidence that Einstein ever said this exact phrase.

Blumer [160] showed that a polynomial learning algorithm, as defined by Valiant
[161], is obtained whenever there exists a polynomial-time method of producing, for
any sequence of observations, a nearly minimum hypothesis that is consistent with
these observations. The link between this proof and Occam’s razor was disputed
in [162] — where Domingos points out that this nearly minimum hypothesis might
be highly complex, even if it is found in a small set of models. Domingos claims
that the only relation between this result and Occam’s razor is: “provided by
the infomation-theoretic notion that, if a set of models is small, its members can
be easily distinguished by short codes.” Domingos makes a distinction between

two justifications of the razor

« OR1 Given two models with the same generalisation error, the simpler one

should be preferred because simplicity is desirable in itself.

« OR2 Given two models with the same training-set error, the simpler one

should be preferred because it is likely to have lower generalisation error.

He argues that the first razor is more justified by evidence than the second, as
simplicity should be preferred as simpler models are easier to understand, remember
and typically less computationally expensive. However, these discussions are
incomplete without Solomonoff induction [92], where Occam’s razor is formulated

in terms of computation.

A.1.2 The coding theorem and Occam’s razor

One of the problems many early philosophers found with formalising the razor was
exactly what counted as simplicity (see e.g. [163, 164]). The concept underlying
Kolmogorov complexity can be traced back to a theorem from Solomonoff [165] in
his 1960 paper about general inductive inference, and was independently discovered

by Kolmgorov in 1965 [166], and by Chaitin in 1968 [25].
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The Kolmogorov complexity of a string = is defined as the length [ of the
shortest computer program ¢ run on a Universal Turing Machine U that produces x:

Cy(xz) =min{l(q) : U(q) = =}. (A.1)

q

The invariance theorem states that the
|Cu(z) — Cy(z)] <c (A.2)

for some ¢(U, V') that is independent from x. The Kolmogorov complexity of most
strings x is extremely close to their length [167]. Intuitively, this occurs because,
for the 2" strings of length n, there are 2™ — 1 strings of length less than n. Thus,
there is an (almost) 1-1 correspondence between strings of length n and strings
(and thus possible programs) shorter than n. Therefore, half the strings in {0,1}"

must map to a string in {0,1}"~!; one quarter into strings in {0,1}"~2 and so on.

The universal probability [27] of a string « is defined for a prefix UTM U
(a prefix UTM is a UTM where no program is the prefix of any other program;
required so the sum converges'). Prefix Kolmogorov complexity K (z) is related to
plain Kolmogorov complexity C'(z) via K (z) = C(x) + C(C(x)) + O(C(C(C(x))))
and C(z) = K(z) — K(K(x)) + O(K(K(K(x)))) [168]. Henceforth, we only use
prefix Kolmogorov complexity and refer to it as Kolmogorov complexity. Using
(prefix) Kolmogorov complexity, the Universal Probability is defined as

Polw)= Y 20yt (A3)

¢:U(g)== a

where ¢’ is any program that halts. This is the probability of outputs z when

programs ¢ are generated randomly (i.e. appending 0 or 1 to the end of the program

LA prefix Turing machine can be constructed as a Turing machine with one unidirectional
(where the head can only move from left to right) input tape, one unidirectional output tape, and
a bidirectional (the head can only move in either direction) work tape. Input tapes are read only,
output tapes are write only. All tapes are binary (no blank symbol), and work tapes initially
filled with zeros. For a program to be valid, the prefix UTM must halt with the input head at
some point on the input tape. As the input head can only move left to right, it can never access
further symbols on the input tape, and thus no valid program can be the prefix of any other valid
program. [28]
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with equal probability until the program runs). The denominator is guaranteed to
be < 1 by the Kraft inequality. Kolmogorov complexity is uncomputable.
The relation between Py (z) and Kolmogorov Complexity was established in

1974 by Levin [26]
2~ Ku(@) < py(g) < 27 Kvl@)+d (A.4)

where d is independent of x but dependent on U. As a result, we will sometimes

replace d with O(1).

Solomonoff induction uses Bayes’ rule with a 0-1 likelihood and the universal
probability from Eq. (A.3) as the prior to predict the next characters in a binary

string. Explicitly, given the a string z, the distribution over continuations y is
Py | z) o< Py(zy) (A.5)

where the zy denotes the concatenation of string x with string y. The posterior
distribution minimises expected surprise if the source of the strings is algorithmic in
nature [27], and thus the string with the shortest description length is most likely
to generalise well. Solomonoff induction is also uncomputable, but has formed the

backbone of other theoretical learning agents. See also Section 2.3.

Marcus Hutter’s AIXI [169] is a theoretical reinforcement learning agent which
combines Solomonoff induction with sequential decision theory. It is Pareto-optimal
(there is no other agent that performs at least as well as AIXT in all environments
while performing strictly better in at least one environment), and self-optimising
(the performance of the policy p will approach the theoretical maximum for the
environment g when the length of the agent’s lifetime goes to infinity, when such
a policy exists) [170]. AIXT algorithms are also uncomputable, although there are
computable approximations like AIXItl, which relies on cutting down the space of
allowed programs by setting maximum run-times (avoiding the halting problem).
Other related concepts include the minimum-message length formulation [171],
where the complexity measure is the complexity of the model plus the amount of

information required to encode any discrepancies between the model and the data.
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Schmidhuber’s speed prior is “a more plausible measure [of simplicity] derived
from the fastest way of computing data” [172]. Schmidhuber pointed out that some
programs that are simple may be hard to compute (have a long runtime) which
does not match entirely with our intuitions of simplicity. The complexity measure
associated with this speed prior K(z,) = min,{l(q) + logt(q,z,)} where z,, is a

length-n bit string, and a prefix program ¢ computed z,, in ¢ timesteps.

A.1.3 No free lunch, even for Solomonoff Induction

The no free lunch theorem [173] states that no learning agent can outperform
any other assuming a uniform distribution over target functions. Solomonoff
induction will on average do no better than random if each bit of the target
y is sampled at random — it will only generalise well if the target is generated
by an algorithmic process.

Lattimore and Hutter [174] argued that Solomonoff induction is a sufficiently
good justification of Occam’s razor, and that a “free lunch” exists using the universal
prior, for all strings of interest (i.e. non-random strings) — as these will be generated
by an algorithmic process.

However, this has been met with some pushback from Sterkenburg [175] who
pointed out that all results relying on Solomonoff induction must deal with O(1)
terms — specifically, that any string can be made to be arbitrarily simple by some
apt choice of Turing Machine. Although these choices become irrelevant in the
limit of infinite data streams, the arguments in [174] reduce to the assumption of
effectiveness (broadly speaking, computability), which he claims is not a complete
justification of Occam’s razor. Finally, [176] shows that the convergence of Ky to Ky
in the limit of infinite string length does not hold for computable approximations for
Ky and Ky. As Solomonoff induction is uncomputable, these approximations would
be key for any practical implementation, and the author argues that because these
computable approximations would be dependent on the computer used, weakens

the justification Solomonoff induction makes for Occam’s razor.
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A.2 The Case for Simplicity in Practice

The previous section explored theoretical formalisations of Occam’s razor, culmi-
nating in Solomonoff induction, which suggests a universal prior favouring simpler,
algorithmically compressible explanations. While these ideas are powerful, they
are uncomputable and abstract. This section grounds the discussion by examining
empirical evidence from deep learning, showing that data models are trained on
is often simple in nature, and that the models themselves appear to possess an
inductive bias towards finding these simple solutions.

Frankle et al. [177] showed that subnetworks with 10% of the parameters of the
main network can be trained to achieve parity with the main network (when trained
on e.g. CIFARI10), implying that the target function for CIFAR10 is likely to be
much simpler than the most complex function neural networks used for the task can
represent. Lin et al. [73] argue that deep learning works well because the laws of
physics typically select for function classes that are “mathematically simple” (using
arguments from statistical mechanics) and so easy to learn. Several studies have
attempted to directly calculate the complexity of commonly used image datasets.
[89] studied the way in which neural networks learn low dimensional data embedded
in a manifold of much higher dimension. Spigler et al. [178] argued that real-world
datasets had this property, by calculating an effective dimension d sy ~ 15 for
MNIST (much lower than the 28% = 784 dimensional manifold in which the data is
embedded) and d.s; ~ 35 << 3072 for CIFAR10. For MNIST, individual numbers
can have effective dimensions that are even lower, ranging from 7 to 13 [179].
Bordelon et al. [96] showed that the NTK learns spherical harmonics with larger
eigenvalues faster (requiring less data) than smaller ones, which correspond to simpler
eigenmodes being leaned faster. An implicit bias towards simplicity may therefore
improve generalisation for structured data (but by the no free lunch theorem, if

this is the case, it will marginally hurt performance on unstructured data).
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A.3 Sources of simplicity bias: the parameter-
function map

Having established that real-world data is often simple and that neural networks
seem to favour simple solutions, a natural question arises: what is the source of
this bias? This section explores one prominent explanation rooted in Algorithmic
Information Theory (AIT). By analysing the properties of the mapping from a
network’s parameters to the functions it can compute, this framework provides
theoretical bounds showing that functions with low Kolmogorov complexity are
exponentially more likely to be generated by a random choice of parameters.
Dingle et al. [167] showed a link between AIT and generic parameterised input-
output maps, and Valle-Perez et al. [64] applied the same techniques to neural

networks. This appendix summarises the main points in those papers.

Upper bound Dingle et al. [167] applied the coding theorem [26] to generic
input-output maps M : A — B, where b = M (a), to show that the following bound

would hold, and under certain mild conditions, be tight

P(b) < 27K®+OM) (A.6)

where K (b) is the Kolmogorov complexity of b, and P(b) is the probability that
M expresses b upon random sampling of inputs a. Valle-Perez et al. [64] applied

this to the parameter-function map of neural networks, defined as

Definition 25 (Parameter-function map). Consider a parameterised supervised
model, and let the input space be X and the output space be Y. The space of
functions the model can express is a set F C Y*. If the model has p parameters,
taking values within a set © C RP, then the parameter-function map M is defined
by
M:0 = F
0 — fo

where fy is the function corresponding to parameters 6 € ©.
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The function space F of a DNN A(©) could in principle be considered to be
the entire space of functions that A (©) can express on the input vector space
X, but it could also be taken to be the set of partial functions N (©) can express
on some discrete subset Sy € X. For example, F could be taken to be the set
of possible classifications of images in MNIST. Applying the upper bound to the

parameter-function map gives
P(fs) < 2~ U0, (A7)

when randomly sampling network parameters 6. Explicitly, given a dataset, the
probability of randomly sampling parameters and obtaining fg is upper bounded
by Eq. (A.7). Valle-Pérez et al. [64] used the Boolean datasets with LZ(f) as
an approximate upper bound for K(f) as we do here. For the upper bound to
be tight, Dingle et al. [65] proposed that the map should be simple, non-linear,

non-chaotic and highly redundant.

Lower bound Given a model with p parameters, and a function f, consider the
set of parameters that express f, ©; = M~!(f), with elements 6;. Dingle et al.

[66] derived a lower bound for a parameterised function with p parameters

Plz) > oK (| M.p)~[p—K(6;|M.p)|+O(1) (A.8)

This bound is tightest when 6, is chosen to maximise K (6|M,p). The key term
is [p — K (8| M, p)] — the randomness deficit — or how much simpler 6 than the
typical set of parameters 6 (which would be close to maximum complexity, requring
p bits to specify). This means the following: if the only way to express a function is
with a very simple set of parameters, P(f) can lie far from the upper bound 2~
—a “low-K low-P” function. An example of this is [-parity in Section 3.2.2.

See Appendix B.1 for more details on the practical applications of this bound

with approximations to K(f).
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A.4 Sources of simplicity bias: Double Descent

While the parameter-function map provides a general argument for a bias towards
simplicity in highly overparameterised systems, we can make more concrete predic-
tions with linear models (see Section 2.4). We introduce the bias-variance tradeoft,
and briefly discuss subtleties around its form for classification compared to regression.
We then explain how it arises in linear models, and how double descent means as

the number of parameters increases, generalisation improves.

A.4.1 The bias variance tradeoff

The bias-variance tradeoff for regression with mean square error loss is most easily

seen form this decomposition of mse loss [180]

B (000 = 1)"] = Bxen | () = F)7] + By [(0) = )"

Expected Test Error

Variance Noise

+ B (60~ 50

Bias?

where D is the dataset, fp is the hypothesis found at the end of training loss
minimisation from D (assuming a unique solution for each D), f is the mean
prediction averaging over datasets, and y is the mean label for datapoint z. We can
interpret these terms as the variance, noise and bias terms — how much variation
over predictions for x different datasets give, noise is irreducible error and how
much the mean prediction f diverges from the mean label § respectively.
However, as pointed out by Domingos [181], this decomposition does not work
well for 0-1 loss. He proposes the following breakdown, where y* is the best

prediction, y the true labels and where fp = argmin, Ep [L(y',y*)] is the expected

training set prediction (mean for mse loss; mode for 0-1 loss)

Epy [L(fp,y)] = c1 By[L(y, y")] + L(y", fp) +c2 Ep [L(fp, )] . (A.9)

Noise bias variance

With these definitions:
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 Noise is the unavoidable component of the loss (independent of the learning

algorithm)

« Variance is the average loss incurred by predictions relative to the main
prediction (the source of which could be randomness introduced by the

training data or stochasticity of the model)

« Bias is loss incurred by the main (mean or mode depending on loss) prediction

relative to the optimal prediction.

Note that the possibility of variance being introduced due to stochasticity in the
model is not often discussed, as typical examples focus on models where there
is one single minimum (typically the case with underparameterised systems like
polynomial fitters). However, models like the random learner with LZ complexity
cutoff (Appendix E.3.1) are not always fully expressive, but may be able to fit
multiple functions with the same test loss, which are picked with uniform probability.
This causes variance due to internal model stochasticity.

For mse loss, this equation is the same as the classic bias variance decomposition
when ¢; = ¢ = 1, L(a,b) = (a — b)?, y* = E,[y|] and fp = Ep[fp]. For binary
classification with 0-1 loss, this equation correctly reproduces the error when
¢ =2Pp(y=y*)—1land co = 11if fp =y else — 1. Pp(y = y*) is the probability
over training sets in D that the learner predicts the optimal class for z. The
total error cannot simply be a sum of the bias and variance terms for 0-1 loss for
the following intuitive reason: the performance of a maximally incorrectly biased
learning agent (one which always arrives at the wrong answers) will be improved by
the addition of some variance. This is explored further in [182]. There, the bias is
defined, in words, is the “error due to the fact that the model is too simple with
respect to the complexity” and the variance is either due to (1) “match[ing] perfectly
the learning set and hence also the noise term” or (2) “the learning algorithm has
many different models at its disposal and if the learning set size is relatively small,
several of them will realize a perfect match of the learning set. As at most one of

them is a perfect image of the best model, any other choice by the learning algorithm
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will result in suboptimality.” These errors due to variance can therefore be due to
variation over models due to variations in the training set, or due to stochasticity in
the models themselves. The effect of this is the well-described bias variance tradeoff
plot: loss vs number of model parameters, for underparameterised learning agents
(fewer indepdent parameters than datapoints). When extremely underparameterised
(not able to fit functions remotely close to the training data), the test and training
losses will be high. Increasing the number of parameters will decrease both the
training loss and test loss, with errors due to bias decreasing (as the model is more
able to fit the data) and errors due to variance increasing (the model is able to fit
a wider range of functions). The test loss will reach a minimum (when the model
almost fits the training data but there are not too many candidate models) and then
increase due to variance. The training loss continues to decrease until the model is
able to fit the data (typically when the model has the same number of parameters
as datapoints), while the test loss increases due to variance. [183] showed that when
the train error reaches 0 for the first time, the test loss can diverge.

However, upon adding more parameters, the test loss can decrease again. Why?

A.4.2 Double Descent

See also Appendix B.2 for a brief statement of the result.

In the following explanation, we use notation and concepts from Section 2.4.
When we train a linear model using gradient descent on the squared loss, starting
from zero initialisation, 6(t = 0) = 0, the optimiser introduces a crucial implicit
bias. The parameter updates are always proportional to VoL o< X (X760 — y).
Because the updates lie in the span of the data features X, the final parameters
6 will also lie in this span.

In the over-parameterised case, where there is an entire subspace of solutions
that achieve zero training loss, gradient descent will converge to the solution within
that subspace which has the minimum Ly norm. This specific solution is often
denoted as the minimum norm solution. The tendency to select this solution is

key to understanding double descent.
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Let’s imagine the target labels y are composed of a simple, clean signal y*
and some random noise €. Suppose the signal y* primarily lies in the direction
of the eigenvectors |e,) of K = XTX corresponding to large eigenvalues p;,. The
noise, in contrast, is spread out across all directions, including those eigenvectors

associated with very small eigenvalues.

The Under-parameterized Regime (p < m) In the under-parameterized (or
classical) regime, the system X760 = y is overdetermined, meaning there is generally
no exact solution. Gradient descent on the square loss converges to the unique
least-squares solution which minimizes HX Ty — yH2 Since the solution is unique,
the minimum norm property is not a distinguishing factor.

The test error follows the familiar U-shaped curve. As we increase the number
of parameters p towards the number of samples m, the model’s capacity increases.
Initially, this reduces bias and test error. However, as p gets very close to m, the
matrix X X7 (of size p x p) that governs the solution becomes ill-conditioned, with
some eigenvalues approaching zero. This forces the model to use large parameter
values to fit the training data, leading to a high-norm solution that is sensitive to
noise. This results in poor generalisation and marks the “peak” of the test error

curve at the interpolation threshold (p ~ m) [184].

The Interpolation Peak (p ~ m) At the interpolation threshold, the model
has just enough parameters to fit the training data perfectly. To do so, it must
satisty § = y = y* + €. The kernel matrix K is invertible but will be ill-conditioned,
possessing some eigenvalues p; that are extremely close to zero.

The training dynamics show that components are learned at a rate proportional

to their eigenvalue (see Appendix G.4 for a derivation):

(flex) (8) = (L —e7"") (ylex) ,

where 7 is learning rate and py is the k’'th eigenvalue. To fit the noise components
(€|ex) associated with near-zero eigenvalues py ~ 0, the model must find a solution

with extremely large coefficients in those directions. The resulting minimum-norm
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solution must resort to a very large norm to cancel out all training error, leading
to a complex, “spiky” function that overfits the noise and generalises poorly. This

creates the peak in test error.

The Second Descent (p > m) In this regime, the system X760 = y is
underdetermined, admitting an infinite number of solutions that perfectly fit the
training data. Here, the implicit bias of gradient descent towards the minimum
norm solution becomes critical. We can illustrate this using the eigendecomposition
of the kernel matrix K = XTX. The eigenvalues p; of K dictate the learning
speed for different components of the function.

As we increase the number of parameters p far beyond m, the feature representa-
tion becomes richer. This has a regularising effect: the eigenvalues p; of the kernel
matrix K increase and the spectrum becomes better conditioned. The smallest
eigenvalues move significantly away from zero.

This has two beneficial consequences:

1. Faster Relative Learning of Signal: The learning dynamics inherently
prioritise fitting the components of the function corresponding to large
eigenvalues. Since the signal y* is associated with these large pi, the model
quickly learns the underlying structure of the data. The noise components,
associated with smaller (but now not near-zero) eigenvalues, are learned much

more slowly. This dynamic separation acts as a form of implicit regularisation.

2. A “Smoother” Interpolating Solution: Because the kernel matrix is now
well-conditioned, the minimum norm solution that perfectly interpolates y no
longer requires an exploding norm. It can fit all the data points, including
noise, with a “smoother" function that has a smaller norm. This solution
generalises better because it is not forced to make wild excursions to fit noisy

data points.

Thus, in the highly over-parameterised regime, the combination of gradient
descent’s implicit bias for a minimum norm solution and the improved conditioning

of the kernel matrix leads to a decrease in test error, creating the second descent.
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A.5 Measuring Occams’ razor with PAC-Bayes

The preceding sections have explored the theoretical basis for Occam’s razor and
the evidence for a simplicity bias in neural networks. To formally analyse how such
biases affect a model’s ability to generalise from a finite training set, we can turn to
the PAC-Bayesian framework. This section introduces several key PAC-Bayesian
bounds, which provide a powerful tool for quantifying the relationship between a
prior distribution over hypotheses (which can encode a simplicity bias) and the

expected generalisation error of a learning algorithm.

A.5.1 PAC-Bayesian bounds from McAllester [185]

McAllester [185] provides the following two bounds: the first in the realisable
case (where 0 training error can be achieved). Let U be the set of all concepts ¢
consistent with a training set S,,, define a prior measure P(c) over all concepts

(their number being finite) ¢. If ¢ € U, we have

In-- +1Ini
VD, Ps .pm {eg(c) <Pl 79

>1-— Al
RS (4.10)

1 m>
lnm‘i‘ln?‘i‘l

m

VD, Ps, .pm |€,(U) < > 1, (A.11)

for some 0 < 6 < 1, ¢4(c) is the generalisation error of ¢, and €,(U) the expected gen-

eralisation error (upon selecting one concept ¢ from U with probability proportional

to the prior P(c)). The bound on ¢,(c) is smaller for concepts with larger P(c).
In the non-realisable case (¢ does not have to be consistent with S, ), using the

same notation, with V' being any finite set of concepts c

ln% —|—ln%
VD, Ps, .pm eg(c) <eg(c,5) + B —
m

In 5t~ +In™ 4
VD, Ps, .pm |€,(V) < es(V, S) +¢ PY) © 4ol >1-4,  (A.13)

2m m

where €g(c, S) is the training error for concept ¢; and eg(V,S) is the expected

training error for concepts in V', with concepts weighted by the prior P(c).
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Where we have a uniform distribution over ¢, P(c¢) = 1/|H|, where H is the
concept space (also referred to as the hypothesis space). In this case Eq. (A.10)
can be extended to P(U) trivially, as P(c) is uniform, which is the standard
PAC Bound [161],

1 1
lnw"—lng

VD, Ps, ~pm | €, < > 14 (A.14)

m

Note that Eq. (A.10) can also be used to upper bound the expected gen-

eralisation error

(c) In P%C) +In ; _ Xeev —%IHP(C) +In

P )
U) m m

)= E o)y <3

ceU

(A.15)

After adding log(m?)/m to this bound, by convexity of log, we have

PC m2
e(U) < “InPU) + I Teew —pgy I Ple) Hin %

m m

meaning Eq. (A.15) is is weaker than PAC-Bayes, up to log(m)/m terms.

A.5.2 PAC-Bayesian bounds from Valle-Pérez and Louis
[63], Valle-Pérez et al. [64]

We use the PAC-Bayes bound from [64], a variation on Eq. (A.11) (see [185]
for more details). This bounds the expected generalisation error (over runs of

the training algorithm)

In % + In 277”
VD, Ps, pm |€,(Q") <1—exp|— | >1—-946 (A.16)
m _
where Q*(c) = <2 where as before, ¢ is a concept (hypothesis), U is the set of

ZCGU P(C)
hypotheses consistent with S, and P(U) = Y.<y P(c). When the expectation is not

taken over runs (i.e. the bound is for any hypothesis h sampled from the learning
agent with probability Q*(c), meaning a further probability 1 — v is required as

h may not be representative with small probability), we have

In 5t + In 27
Phg+ (o) [eg(h) <1—exp (— PO al )] >1— 7] >1-4,

(A.17)
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where 0 < v < 1 is required as it takes into account the uncertainty due to

sampling the hypothesis from Q*(c).



A brief review of generalisation in deep
neural networks

Over two decades ago, the statistician Leo Breiman posed a set of deceptively
simple questions about machine learning models that remain at the heart of modern

deep learning theory. He asked

1. Why don’t heavily overparameterised neural networks overfit the data?
2. What is the effective number of parameters?
3. Why does backpropagation not head for poor local minima?

4. When should one stop the backpropagation and use the current parameters?

Answering Breiman’s questions has driven progress along several distinct, but

complementary, theoretical axes. A few key ones are listed below.

The Kernel Limit One of the most successful approaches has been to study DNNs
in the infinite-width limit. Foundational work by Neal [186] and later Jacot et al.
[45] showed that as network width approaches infinity, its behaviour under training

is perfectly described by a linear kernel method (the NNGP or NTK). This simplifies

the problem immensely, as generalisation in kernel methods is well-understood. For
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instance, work by [98] provides an exact theory of generalisation based on the kernel’s
eigenspectrum, showing that functions aligned with the top eigenfunctions are
learned fastest. This lens reveals that even in this simplified limit, networks possess
a strong spectral bias that helps them generalise, despite being hugely expressive.

This line of work tackles all four of Brieman’s questions, albeit in a simplified limit.

The Bayesian & Statistical Mechanics View A second approach models
the training process itself, often treating stochastic gradient descent (SGD) as a
physical process. Work by Naveh et al. [50], Seroussi et al. [140] shows that SGD with
infinitesimal noise can be seen as sampling from a Bayesian posterior distribution.
This framework connects the optimiser to a principled probabilistic framework and,
unlike the kernel limit, can account for feature learning at finite widths. Further
work from Bordelon and Pehlevan [187], has developed sophisticated mathematical
tools to interpolate between the pure kernel regime and the feature-learning regime,
giving us a more nuanced understanding of how network representations adapt
during training. These works rely on computing the change to the kernel and

then admit ideas from the previous paragraph.

The Algorithmic Simplicity View A third perspective argues that the bias
for simple solutions is baked into the very architecture of DNNs, independent of
training. Drawing on Algorithmic Information Theory (AIT), Valle-Pérez et al. [64]
and Delétang et al. [188] have shown that the space of functions expressible by a
randomly initialised network is not uniform; it is heavily biased towards functions
with low Kolmogorov complexity. In essence, simple functions are exponentially
more likely to be generated than complex ones. This provides a fundamental, a priori

reason for why networks start with a “preference” for simple explanations of the data.

Remarks While no single theory is complete, these different research directions
have given us a powerful set of tools. They reveal that generalisation arises from a
confluence of inductive biases stemming from the model’s architecture, the training

dynamics, and the optimiser’s implicit regularisation. This appendix will review



B. A brief review of generalisation in deep neural networks 182

the key insights from each of these perspectives, building from simple theoretical

limits towards the more complex reality of how and why deep learning works.

B.1 A preference towards simplicity

The coding theorem [28] from algorithmic information theory (AIT) (Eq. (A.4))
relates output probabilities to their complexities, assuming generation via a UTM,
including the Levin upper bound.

The reader may find it useful to read Appendix A.3 for a sketch derivation.
Dingle et al. [189] created a Levin-inspired upper bound, for computable input-
output maps. This bound predicts (under certain fairly general conditions that
the maps must fulfil, such as a simplicity of the input-output map itself relative
to the data, non-linear, non-chaotic, and highly overparameterised) that upon
randomly sampling the parameters of an input-output map M, the probability

P(f) of obtaining output f can be bounded as

P(f) < 9~ K(fIM)+0(1) 2faf~((f)+b (Bl)

where K (f|M) is the Kolmogorov complexity of f given the model M (usually the
explicit dependence on M is removed, so we just write K (f)), the O(1) terms do not
depend on the outputs (at least asymptotically), K(f) is a suitable approximation
to K(f|M) and a and b are parameters that depend on the choice of K(f) and the
map, but not on f. This computable bound was empirically shown to work well
over a wide range of input-outpt maps, such as an RNA sequence-to-secondary-
structure map, a coarse-grained circadian rhythm ODE map, and an L-system
for plant morpohology map; each using an appropriate complexity measure. The
range of successes gave confidence that it should be widely applicable, at least
for maps that satisfy the conditions needed for it to apply. Furthermore, Dingle
et al. [66] derived a statistical lower-bound that predicts most of the probability

weight will lie relatively close to the bound, which was tested on a wide range

of input-output maps, including a perceptron.
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Applying the coding theorem to DNNs This bound was first applied to
DNNs by Valle-Pérez et al. [64]. The input-output map to which the bound was
applied is the map from the network parameters to the function f it produces
on inputs & which was described in Definition 25. Specifically, the bound was
empirically demonstrated to apply to the prior over parameters of DNNs in [64],
for some sensible initialisation distribution (such as i.i.d. Gaussians), and suitable
complexity measure, for a range of different DNNs on the Boolean system, and
several results with NNGPs on more complex systems. In [1], exact results showed
biases in the priors of very simple neural networks, like perceptrons, that were
consistent with the upper bound. Specifically, it was proved that for a perceptron
with no bias term with data from the Boolean dataset, upon randomly sampling the
parameters (with a distribution satisfying certain weak assumptions), any value of
class-imbalance (entropy) was equally likely. Because there are many more functions
with high entropy than low entropy, this is a massive bias towards low-entropy
functions, compared to a uniform distribution over functions on the Boolean dataset
(expressible by a perceptron). Because low LZ complexity Kz (f) is implied by
low entropy, these results imply a bias in the prior P(f) of perceptrons towards
simple functions. They also proved that for infinite-width ReLLU DNNs, this bias
becomes monotonically stronger as the number of layers grows. Furthermore, it
was shown that within classes of functions of any given entropy, there was further
bias towards functions with low Kz(f) (for example, in the maximum entropy
class, the function 0101... was much more common than the mean).

Note that Yang and Salman [81] showed that the simplicity bias starts to
disappear when DNNs with erf or tanh activations enter the “chaotic regime” —
which happens for weight variances above a certain threshold, as the depth grows
[79] (note that ReLU networks don’t have such a chaotic regime in the same way).
While these hyperparameters are not typically used for training DNNs in practice,
they do show that there exist regimes where there is no simplicity bias (even though

the upper bound from [64] still holds trivially). Chapter 4 studies this in more detail.
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Algorithmic Information Theory and Universal Prediction. Algorithmic
Information Theory (AIT) provides a theoretical foundation for understanding
universal prediction through concepts such as Solomonoff Induction and Kolmogorov
complexity, and Hutter et al. argue these have significant implications for modern
machine learning in [190]. For instance, the inherent limits of different architectures
have been empirically mapped to the Chomsky hierarchy of formal languages. An
extensive study by Delétang et al. [191] demonstrated that while LSTMs can handle
regular and counter-language tasks, and RNNs and Transformers are limited to
regular tasks, only architectures augmented with external memory can generalise
to context-free and context-sensitive tasks, regardless of training data volume.
This suggests that architectural design imposes fundamental constraints on out-of-
distribution generalisation. Further connecting theory to practice, the deep link
between prediction and compression, long-established in AIT, is highly relevant for
large-scale models. Delétang et al. [94] advocate for viewing prediction through
the lens of compression, showing that large language models act as powerful,
general-purpose compressors that can outperform domain-specific algorithms on
varied data modalities like images and audio, and that this equivalence allows any
compressor to be repurposed for conditional generation. Building on the aspiration
of creating universal predictors, recent work has explored amortising the principles
of Solomonoff Induction directly into neural networks.

Grau-Moya et al. [93] demonstrates that by meta-training Transformers and
LSTMs on data generated by a Universal Turing Machine, these models can learn
universal prediction strategies and acquire reusable algorithmic patterns. However,
the source of these powerful inductive biases is not solely a product of training. See
also Teney et al. [192], who argue that generalisation capabilities are also deeply
rooted in the architecture itself, independent of gradient-based learning. They show
that even untrained, random-weight networks possess strong inductive biases and
that, contrary to common belief, architectural components can be chosen to bias

models towards arbitrary levels of complexity, not necessarily simplicity.
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A complementary approach to the Universal Prior-type arguments was taken
in [74], where it was shown that upon randomly sampling parameters of ReLLUs
NN acting on boolean inputs, the functions obtained were on average much less
sensitive to inputs than if functions were randomly sampled. Functions with
low input sensitivity are simple, thus proving another manifestation of simplicity

bias present in these systems.

Inductive bias of different architectures Different architectures, initialisation
schemes and activation functions lead to different inductive biases in randomly
initialised neural networks [193]. Schoenholz et al. [80] showed a phase transition
from ordered to chaotic information propagation in randomly initialised neural
networks, depending on the variance of the random Gaussian weights. Teney
et al. [192] systematically examined random untrained networks with various
activation functions, measuring their complexity in terms of their Fourier spectrum,
polynomial expansion and (LZ) compressibility. They showed that standard
multilayer perceptrons with ReLLU or GELU activations strongly prefer low-frequency
functions — effectively smooth input-output mappings — across different depths
and weight scales. The opposite is true for Gaussian or sinusoidal activation
functions, producing a very different prior in function space, where the inductive
bias prefers higher-frequency (generally more complex) functions. See [194] for

a similar kernel-based analysis.

B.2 Simplifying limits: Kernel Methods

The most straightforward simplification for analysing deep neural network (DNN)
generalisation is to consider the infinite-width limits where the network’s behaviour
converges to that of a kernel method. This occurs in two primary regimes: the
Neural Network Gaussian Process (NNGP) limit and the Neural Tangent Kernel
(NTK) limit (see Section 2.6 for the specific initialisation schemes). The foundational
work on the NNGP kernel was laid by [186, 48] and further developed by [195],
while the NTK kernel was introduced by [45].
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In these limits, the DNN becomes a linear model, which simplifies the analysis
of its training dynamics considerably. A crucial question then arises: why do these
corresponding linear models generalise well, particularly when they are heavily

overparameterized?

Kernel methods are linear models on ¢(z), where generalisation is well under-
stood (described fully in Section 2.4). In the infinite-width limit, the number of
effective parameters in the resulting kernel model can be considered to approach
infinity (p — 00), placing it in a highly overparameterized regime. This setting is
closely related to the phenomenon of double descent, popularised by [196].
While the classic bias-variance tradeoff predicts that test error will increase
indefinitely as model complexity (p) surpasses the number of training data points
(m), double descent reveals that generalisation error can decrease again in the
overparameterized regime (p > m). See Appendix A.4 for an in-depth discussion

of the bias-variance tradeoff for classification and regression games.

Double descent Belkin et al. [197] investigate the “double descent” risk curve,
which describes the test accuracy of some machine learning models as the number
of parameters (p) varies. Their work mathematically analyses this curve in two
simple data models, using the least squares (with a minimum norm constraint)
predictor. They observe that the test risk peaks when p approaches the sample
size (m), but decreases as p further increases beyond m.

The central result, Theorem 1, quantifies the prediction risk E[(y — 27 3)?] in
a Gaussian model, where x is sampled from a standard normal distribution, € is

independent standard normal noise, and y = 27 3 + oe. The risk is given by:

B (e e P
El(y—2"5)%] = { +oo ifm—1<p<m+1
||Brel]* + 0 (1 + =) + ||Br|[P(1 = 2) if p>m+2

Here, BT = X}y and BTC := 0, with X} being the Moore-Penrose pseudoinverse,

and T is the set of p selected features. This equation explicitly shows the risk
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diverging around p = n and then decreasing in the over-parameterised regime. The

intuition behind this is discussed in Appendix A.4.

Eigenspectrum Canatar et al. [98] use statistical mechanics to derive an analyti-
cal expression for generalisation error applicable to any kernel and data distribution,
where the kernel is trained by gradient descent.

Generalisation error, Fg, is the mean squared error between the estimator f
and the ground-truth function f(z), averaged over the data distribution p(z)
and datasets D:

By = { [ dop@)(F(@) - Fa)?)

Their derived expression for generalisation error relies on the Mercer decomposition of

the kernel K (z,2’) in terms of orthogonal eigenfunctions {¢,} and eigenvalues {7, }:

[ e (@) K (0,0 0, (2') = ngp(e). p =100 N

Working with the orthogonal basis set 1,(z) = \/7,¢,(7), also called a feature map,

the target function f(z) and the estimator f(z) are represented as:

x) = Z@p@/}p(x) and f pr¢p

The generalisation error is then given by:

1
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where x and y are defined by the self-consistent equations:
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In these equations, m is the number of training samples, A is the ridge regularisation
parameter, o2 is the noise variance, and w, are coefficients representing the target
function in the eigenfunction basis.

Kernel regression exhibits a strong inductive bias to fit successively higher

spectral modes of the target function as the training set size grows. Specifically,
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kernel eigenfunctions with larger eigenvalues (7,) can be estimated more rapidly
and accurately with fewer samples. This is quantified by the normalized mode
error E,, which represents the contribution of each mode to the generalization error
and satisfies n, > n, = E, < E,. Consequently, the compatibility between the
chosen kernel and the learning task, termed “task-model alignment”, is crucial.
Tasks where most of the target function’s “power” is concentrated in the top kernel
eigenfunctions (those with large 7,) can be learned more efficiently. See also [96]
for generalisation bounds using a similar technique, and simple examples.
Harzli et al. [99] used similar methods for Gaussian Processes (both NNGP
kernels and more general kernels) to produce learning curves and demonstrate
double descent phenomena in kernel methods. They used width dependent NNGP
kernels (while infinite width NNs have fixed kernels, the kernels of finite width NNs
vary due to higher order terms, but they can be averaged out) to demonstrate that
at the interpolation threshold (where (#datapoints)/(#parameters) — 1) small
eigenvalues appear in the data (present due to noise) to which the kernel method
overfits, that are not present in the overparameterised or underparameterised
regimes ((#datapoints)/(#parameters) — 0 and (#datapoints)/(#parameters) —

oo respectively).

Spectral bias on the hypersphere and hypercube For fully-connected RelLU
networks, there are several works that provide a full description of the NTK
eigenbasis. For fully-connected ReLLU networks with input drawn from the d-
dimensional hypersphere, the NTK is a dot-product kernel. Its eigenfunctions are
the spherical harmonics on the hypersphere. The symmetry of the architecture
together with the data symmetry leads to a polynomial decay in the eigenfunction
k? with the degree k of the spherical harmonics [198, 199)].

This means the kernel deems low-frequency spherical harmonics as “important”
functions (high eigenvalue), and high-frequency as “hard” functions (low eigenvalue).
Intuitively, this quantifies the simplicity bias of the network in a basis of functions:

smooth, low-order functions lie in top-eigenvalue eigenspaces, whereas highly
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oscillatory or complex dependences lie in low-eigenvalue eigenspaces. A direct
consequence is a spectral bias in learning. When one trains a neural network (in the
kernel regime) or does kernel regression on data, the component of the target function
along high-eigenvalue eigenfunctions is learned first and with few samples, while
components along low-eigenvalue eigenfunctions require many more samples to fit.

Empirical studies have demonstrated this frequency bias: for instance, when
fitting a target function on the unit circle that is a mixture of sines and cosines,
neural nets quickly learn the low-frequency modes and only later fit the high-
frequency components [101]. Rahaman et al. [200] showed that standard deep
networks trained on regression tasks exhibit a Fourier frequency bias: the error
in fitting different Fourier modes is controlled by the mode frequency, with low-
frequency signals learned much faster [98].

These arguments transfer to neural networks trained with data from the
hypercube. The NTK eigenfunctions on the hypercube are parity functions on
subsets of k input bits, and eigenvalues decrease as k grows. Thus, a network
can learn any function that is, say, an XOR of a few bits relatively easily (those
correspond to eigenfunctions with high eigenvalue), but learning the parity of all
n bits (the hardest, k& = n eigenfunction) is extremely slow and sample-inefficient
— essentially requiring memorization since that function lies in a low-eigenvalue
subspace [101]. This quantitatively explains why neural nets struggle with high-order
parity (a well-known “hard” function class in theory) unless aided by exponential
data or special architectural tweaks [201]: the inductive bias is simply misaligned
with that function. On the other hand, a function like a single-bit identity or a simple
conjunction of a few bits has most of its variance in low-order parity components and
is learned readily. These insights bridge the gap between the empirical simplicity bias
and a theoretical characterisation: networks have an implicit bias toward functions
expressible by low-degree polynomials or low-frequency Fourier components, which
are precisely the “simple” patterns in the input space. The spectral bias argument

can be extended to other architectures like CNNs [202].
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B.2.1 Shortcomings of the kernel approximations

There is a rich literature on the sample complexity for kernels which provides a
full theory of generalisation for kernels and hence infinitely wide neural networks
[203]. However, there are several known datasets where neural networks strongly
outperform kernels in terms of their sample complexity [204, 205, 206, 207]. That is,
neural networks learn the target function with a much lower number of datapoints.
This is generally attributed to feature learning, the ability of the neural network
to adapt its hidden representation [208]. This part of deep learning cannot be
understood through a kernel perspective.

While it is well known that both the NNGP and NTK limits cannot perform
representation learning (see e.g. [42, 209]), it is worth noting that finite-width
neural networks inevitably learn features (to some degree or other), whether trained
with a Bayesian optimiser or not.

The ability to learn representations is a very important property of DNNs — it
allows transfer learning, and a greater degree of representation learning has been

linked to simpler functions [210, 3] and better generalisation [130, §].

B.3 Simplifying limits: Infinitesimal GD

Naveh and others in several works [211, 212, 50] showed that neural networks
trained with gradient descent and a small amount of white noise can be de-
scribed by an over-damped Langevin equation that converges (under some further
light conditions) to the Boltzmann distribution. This distribution is of the form
Pg(f|S) ox eSN=PE) [213] and lends itself to a Bayesian interpretation: where
the configurational “entropy” S(f) counts the number of states that generate f (in
the Bayesian interpretation, the prior), and E(f) the energy (the log likelihood or
loss function). The [ parameter controls the temperature of the posterior [214],
where a large value (low temperature) makes the likelihood dominate (so only
maximum likelihood functions have significant weight in the posterior; and are

further weighted by the prior), and in the limit of 5 — 0 (the high temperature
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limit), the posterior is identical to the prior. For example, in [50], training a neural
network with GD, infinitesimal learning rate, white noise and weight decay leads
to the following posterior distribution over weights 6

P(#) x exp (— N _ L(S 9)> (B.2)

203 202

where L(S, ) is the loss function on some training set S with weights 6 and o and
og are hyperparameters controlled by the magnitude of the white noise and weight
decay, respectively. The first term in the brackets can be thought of as the prior
over parameters, and the second is the likelihood. In the limit of infinite width,

Eq. (B.2) is the NNGP limit [215], but at finite width, feature learning will happen.

Statistical mechanics approach This posterior allows for the study of feature
learning. The key insight is that while the posterior over the network’s outputs
remains approximately a Gaussian Process (GP), its kernel is no longer fixed by
the architecture but adapts to the data.

Work by Seroussi et al. [140] formalises this by deriving a set of self-consistency
equations that govern the network’s behaviour at a finite width. In their model, the
pre-activations in each layer remain nearly Gaussian, but their covariance matrices
(the kernels) are modified in a top-down manner. For an L-layer network, this

results in a data-aware GP described by:

« Final Output: The network’s average output, f, is found using a standard
GP inference formula, but with a learned kernel Q)¢ that has adapted to the

training data:

[=QsQr+ L)y

o Kernel Self-Consistency: The kernels of the hidden layers are determined

by a system of equations that couple them to both upstream and downstream

layers. For instance, the pre-kernel of the penultimate layer, K&V is

modified based on the training error:

1 0
(K)o = Q) My = T {A‘”amf_ﬂ)] }
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where the term A®) depends on the discrepancy between the network’s

predictions and the true labels, (y — f).

A key aspect of this thermodynamic theory is the emergence of a feature learning
scale (FLS): x = N; 1 e"QU Ve, where N;_; is the width of the penultimate layer,
¢ represents the normalized training error (y— f)/0?, and Q=1 is the data-agnostic
kernel of that layer. This scale represents the leading term in a Taylor expansion of
the learned output kernel, (), in powers of 1/N;_;. When x is small, the network
remains close to the infinite-width Gaussian Process (GP) regime. However, when
x is of order 1 or larger, the network enters a strong feature learning regime, where
the kernel adapts significantly to the data.

A crucial insight is that y can be large even when the network width Ny_; is
very large. In common scenarios, the FLS can be approximated as x ~ A - MSE/o? -
n/Np_1, where n is the dataset size, MSE is the mean squared error on the training
set, and \ is the scale of the dominant eigenvalues of the initial kernel. Because
A often scales with n (i.e., A = O(n)), the FLS can be of order 1 or greater due
to the resulting n? factor in its scaling, even for very wide networks. This is why
simple perturbation theories based on 1/N often fail; they incorrectly treat the FLS
on the same footing as other O(1/N) terms, whereas this theory treats the FLS
non-perturbatively. The theory’s ability to capture this scale separation is central
to its success in predicting the behaviour of finite-width networks.

See also Bordelon and Pehlevan [187], who develop a path integral formulation of
gradient flow dynamics in infinite-width networks, which includes a scalar parameter
to allow interpolation between the feature learning and non-feature learning regimes.
They also show an equivalence between their formulation and the tensor programs
formulation of Yang and Hu [42]. The tensor programs formulation is used to
demonstrate that embeddings for a Word2Vec task are learned in the infinite width

limite with uP but not NTK parameterisation.
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Example: Grokking Aside from using the width and parameterisation to
control feature learning, feature learning can also emerge over time. Grokking
[216] sometimes occurs when training neural networks, and is characterised by
(1) an initial period where the training accuracy increases to near its maximum,
while the test error remains poor (2) a very long period where neither accuracy
changes significantly and (3) a period where the test accuracy decreases significantly,
without the training accuracy changing at all. Varma et al. [217] explained this
by a process of delayed feature learning: the model first memorises the data by
only learning weights in the last layer (phase 1), weight decay encourages a lower
weight norm solution, which involves slowly learning better representations in the
first layer (phase 2), and test accuracy rises if the learned representations are good
(phase 3). See also [218] for an explanation based on the rate of modes being
learned. This does suggest the possibility of a kind of inverse grokking: where the

slow-to-learn representations are worse than the initial ones

Shortcomings However, for SGD the equivalent coarse-grained differential equa-
tion reduces to Langevin equation with anisotropic noise [212, 219] and doesn’t
exactly converge to the Bayesian posterior Eq. (B.2) [220, 221]. Furthermore,
even though GD with white noise does converge exactly to a Bayesian posterior
in the limit of infinite training steps, the rate of convergence can vary between
problems. Nevertheless, it has been conjectured that with small step size, SGD

may approximate the Bayesian posterior [50, 222, 2].

B.4 Reintroducing SGD

While the infinite-width kernel perspective provides a powerful baseline for under-
standing generalisation, it does not admit feature learning (Appendix B.2). Even
the models that do (Appendix B.3) operate in the continuous gradient descent limit
(i.e. no minibatching or finite learning rates). Given the often-repeated intuition
that if you tune one parameter, tune learning rate, we need to address the effect

of finite learning rate to understand generalisation.
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Early work comparing Stochastic Gradient Descent (SGD) trained networks to
their kernel counterparts found close, but not perfect, agreement [195, 51, 223, 224].
A direct bridge between the kernel and optimisation-centric views was established by
Mingard et al. [2] (see also Section 6.1). They demonstrated that for many standard
architectures and datasets, the distribution of functions found by SGD, Psap(f|S),
closely approximates the Bayesian posterior, Pg(f|S), which in the infinite-width
limit corresponds to the NNGP. They termed the generalisation arising from this
inherent architectural prior “First-order generalisation.” Crucially, however, they
showed that optimiser hyperparameters like the learning rate and batch size could
systematically shift the SGD solution away from the Bayesian posterior, often
correlating with changes in generalisation error. This confirms that the optimiser is
not a mere search algorithm but an active source of inductive bias.

One of the most studied mechanisms for this bias relates to the geometry of
the loss landscape. It was famously observed that small-batch SGD tends to find
solutions that generalise better than those found by large-batch SGD [225]. The
hypothesised reason was that the noise inherent in small-batch updates helps the
optimiser settle in “flat” minima, which are associated with more robust solutions,
as opposed to “sharp” minima [226]. While later work showed that much of this
effect can be attributed to the larger number of optimisation steps taken by small-
batch methods [227, 228, 229], the connection between optimiser noise and solution
geometry remains key. Mechanistically, the anisotropic noise in the SGD update
rule is thought to act as an implicit regulariser that pushes iterates towards flatter
regions of the loss surface [219, 230].

Beyond the geometry of the final solution, the trajectory of gradient descent is
itself biased. A fundamental property is spectral bias: neural networks preferentially
learn simple, low-frequency functions first during training [231]. This bias towards
simplicity provides a compelling explanation for why overparameterised models do
not immediately overfit to high-frequency noise in the training data (which would
be a function of the architecture and explainable with methods in Appendices B.1

and B.3). The specific characteristics of the optimiser also play a significant role.
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For instance, Zhang et al. [219] derive Langevin-type equations for SGD and GD (see
Eq. (B.2)), and argue that the presence of the anisotropic noise in the SGD equation
pushes SGD towards flatter minima. This case was also made in [230], and [232]
argued that Adam typically generalises less well than SGD because the noise induced
by SGD has a heavier tail than induced by Adam. However, such comparisons must
be made with care, as with meticulous hyperparameter tuning, the behaviour of
adaptive optimisers can converge towards that of SGD with momentum [233].
These distinct biases—towards flat minima and low-frequency functions—are
not mutually exclusive and their interplay shapes the final model. Their effects
can be observed in complex emergent behaviours, such as the layer-wise alignment
of features, which can also be influenced by optimiser hyperparameters [3]. Early
alignment of features to the data has been argued to improve performance [210],
but it can sometimes hurt generalisation [8]. It is also clear that the solutions found
by SGD represent only a subset of possible good solutions. For instance, more
expensive Bayesian methods like MCMC can explore the posterior distribution
more fully and often achieve superior performance [214], underscoring that SGD’s

inductive bias is a specific and powerful, but not exhaustive, path to generalisation.

B.5 Mechanistic Interpretability

While the studies discussed in the previous parts of this review treat neural networks
mostly as black-box functions, a complementary line of research asks how exactly
neural networks internally represent data — in effect, opening the black box to find
mechanistic explanations for a network’s behaviour. Mechanistic interpretability
seeks to reverse-engineer the specific circuits and algorithms encoded in a trained
network’s weights. The goal is to move beyond coarse measures (like complexity or
norm-based capacity) and identify neurons, attention heads, layers, or combinations

thereof that correspond to meaningful functions or subroutines within the network.
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Inductive bias and real world data Different neural networks have different
kinds of inductive biases. How much these biases improve or worsen generalisation
depends on the structure of the target function. A common example is training an
FCN and a CNN on an image dataset like CIFAR-10: both will perform better than
random, but the CNN will reach a significantly higher test accuracy. Convolutional
networks trained on images have been found to latch onto simple, low-level cues
(like textures or colours) rather than more complex global structures. Geirhos
et al. [234] showed that ImageNet-trained CNNs are strongly biased toward texture
recognition rather than object shape. When presented with images where texture
and shape cause conflict, CNNs predominantly follow the texture. Texture cues
are, in a sense “simpler” or more immediate statistical features of images (requiring
only local filtering), whereas global shape integration is more complex. This bias
towards easy-to-pick-up features can hurt robustness, but it is an instance of the
network’s preference for a simple explanation of the data (here, classifying by
texture) when one exists. See [235] for a further discussion of the complexity of
features in CNNs and how they arise during training.

Another line of work has examined transformer architectures for algorithmic or
logical tasks. Bhattamishra et al. [71] found that Transformers have a simplicity
bias analogous to deep networks: they more readily learn low-sensitivity (sparse)
Boolean functions than complex ones. For instance, a Transformer trained on a
Boolean function that depends only on a small subset of input bits (with the rest
being irrelevant noise) will generalise well, whereas learning a highly “entangled”
function like parity (which depends on all bits) is notably difficult without special
measures. This suggests the inductive biases of modern sequence models also
favour functions with simple structures (e.g. ones that can be decomposed into
a few salient features or rules), even if the models in principle have the capacity
to implement very complex mappings [235].

Inductive bias only improves the performance of the model when it aligns
with the target. Having well-performing models relies on real-world data being

highly structured. Indeed, Goldblum et al. [236] argue that this bias is one key
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reason we can have “general-purpose” models: real-world tasks themselves produce
data that are far from fully random and instead have low underlying complexity,
benefiting neural networks, which innately favour such low-complexity patterns.
In their experiments, architectures specialised for one domain can often compress
or model data from another domain if it shares a low-complexity structure, and
even large pretrained language models with random weights preferentially generate
low-complexity (compressible) sequences rather than arbitrary complex ones [236].
This surprising observation — that an untrained GPT-style model already favours
simplistic output patterns — reinforces that a great deal of inductive bias comes

from architecture alone, not just from gradient descent [192].

Bias towards low-complexity functions after training [107] showed that
neural networks are expressive enough to fit randomly labelled data. This raised
the question of why neural networks trained on non-random labels generalise at all,
since they would be perfectly capable of interpolating the training data while having
random chance accuracy on the test data. This highlights that, beyond random
initialisation, the neural network training process itself introduces an inductive bias.
Mingard et al. [2] argue that the posterior distribution over functions retains a
simplicity bias — among all functions consistent with the training set, SGD-trained
networks tend to land on ones of relatively low complexity. They offer empirical
evidence on non-Boolean data that SGD is more likely to learn functions with larger
P(f) (see also [50] for a theoretical explanation using infinitesimal GD with weight
decay). Kalimeris et al. [75] provided complementary evidence by examining training
dynamics: they observed that SGD learns functions of increasing complexity over
time, effectively learning a simple, approximately linear decision boundary in the
early epochs and then gradually fitting more complex aspects of the target function
in later epochs Early in training, almost all of the network’s performance can be
attributed to a “simple classifier” component, and only with more iterations does
the model incorporate higher-order or more complex features. See Appendix B.2

for the kernel explanation of this phenomenon (or see Canatar et al. [98]).
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Interpreting CNNs — Circuits and feature visualisation In CNNs, in-
terpretability research has progressed from identifying individual neurons that
detect human-interpretable concepts to mapping out multi-neuron interactions, or
circuits, that represent higher-level features. Early work used feature visualisation
to synthesise an input image that maximally activates a given neuron or layer,
revealing the feature that neuron represents (e.g. a neuron might fire for textures
like “striped pattern” or specific objects like “dog faces”).

In a series of articles (see e.g. [237, 57]), Olah et al. demonstrated that CNNS
learn circuits for meaningful visual concepts. One notable example is a “curve
detector” circuit [238]: lower-layer neurons detect short curves at various positions;
a mid-layer neuron sums these to detect longer curves; that neuron in turn feeds into
a higher-layer neuron that detects round objects (like wheels or pupils), together
forming a hierarchical circuit for round shapes. Such precise visual explanations
illustrate how a network builds complex features (like detecting an animal face)
by composing simpler ones (edges, textures, etc.). However, purely correlational
methods face the challenge of polysemantic neurons (neurons that activate on
multiple features).

Bozoukov [239] used sparse autoencoders on InceptionV1’s mixed layers to isolate
more interpretable “feature vectors”, which enabled tracing connections between
features across layers to reconstruct circuits. They uncovered branch-specific circuits
in the network — e.g. a chain of features detecting animal faces: early layers detect
oriented animal parts (faces facing left or right), a next-layer feature combines them
into a generic animal face detector, which then branches into specialised detectors
for dog faces and dog legs in later layers. This kind of mechanistic story, where one
can follow the activation flow through a sequence of feature detectors, represents a
state-of-the-art understanding of how CNNs implement complex visual recognition.
It provides a satisfying mechanistic explanation (complete with visual evidence) for
tasks that the network learned — essentially reverse-engineering a portion of the

network’s computation graph in human-understandable terms.
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Transformer models — Induction heads and algorithms In Transformers,
recent work has identified small-scale circuits inside large models that correspond
to specific algorithms the model has learned. A prime example is the discovery of
induction heads in Transformers. Induction heads are particular attention heads
that implement a simple copy-and-paste algorithm: given a sequence pattern “[A][B]
[A]”, an induction head learns to attend from the second “[A]” back to the
token “[B]” that followed the first “[A]”, effectively retrieving “B” as the predicted
continuation. Olsson et al. [240] provided multiple lines of evidence that induction
heads are the mechanistic basis of in-context learning in Transformers. They
observed that at a certain training stage, models undergo a sudden jump in their
ability to do in-context prediction of sequences (for example, continue a list in the
style of the prompt), and this coincides with the emergence of one or two attention
heads that reliably implement the above copy mechanism. By ablating those heads,
the in-context learning ability drops, confirming a causal role. This finding is
remarkable because it isolates a transparent algorithm within the black-box: the
model learns to implement a memory lookup and retrieval operation entirely through
a couple of attention heads (which are simple matrix-weighted operations). It’s a
rare case where one can point to specific weights in a large language model and say
“this is performing task X via mechanism Y.” Subsequent work has extended this
analysis to larger models and more complex behaviours. For instance, Ren et al.
[241] identified “semantic induction heads” that not only copy tokens but do so in
a way that respects word semantics (copying the next word of a repeated sequence
even with intervening synonyms), showing the versatility of these circuits.
Beyond induction heads, interpretability researchers have attempted to reverse-
engineer entire algorithms learned by Transformers on small tasks. For example, Li
et al. [242] fully explained how a tiny Transformer performs modular arithmetic.
Nanda et al. [58] studied grokking in transformers performing modular arithmetic,
by reverse-engineering the algorithm the network learned for modular addition.
They discovered that the 1-layer Transformer had learned to implement addition

by internally converting numbers to a discrete Fourier representation (essentially
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representing integers as complex phases on a circle) and performing rotations.
Accordingly, they defined progress measures for each component of the algorithm (e.g.
how well the Fourier conversion sub-circuit was formed) and tracked them during
training. They found that training proceeded in three phases: (1) memorization —
the model first purely memorizes many training examples, (2) circuit formation —
gradually the Fourier addition circuit emerges and gains strength, and (3) cleanup
— finally the model prunes away the now-unneeded memorized solutions, relying
purely on the general algorithm. What appeared as a sudden “grokking” jump
in test accuracy was explained mechanistically as the point when the algorithmic

circuit surpassed memorisation in importance.



Appendices for Chapter 3

C.1 DFCNs vs FCNs

The DFCN is not a typical discrete approximation of a neural network, as the bias
terms are all functions of weights, to make sure each neuron represents a clause.
One consequence is that P(f) is strongly width-dependent, unlike standard FCNs
on Boolean data [64]. In the limit of infinite width (a,, — 00), at initialisation, P(f)
will be entirely dominated by a constant function (Lemma 13). This is because
adding more clauses can only set more inputs to True — eventually, every input will

be covered by at least one clause. See Fig. C.3 for an empirical demonstration.

C.2 Why does parity generalise badly?

In Section 3.3.3 we discuss details about training DFCNs on k-parity functions. An
interesting result is that for the most complex function (7-parity), the test accuracy
gets worse the larger the training set. This can be understood by thinking about
what a network will predict on unseen test data. Consider an example for n =4
where the target function is 4-parity: "0110100110010110". Let’s assume in the

following examples that we train to the minimum norm solution.

1. Suppose that we train on the first four bits (m = 4). The minimum norm

solution for this is 2-parity (parity on the first two bits). Then, f is just the

201
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first 4 bits repeated, 4x"0110" = "0110011001100110". On the remaining

12 bits, our accuracy is 33%.

2. Now we train on the first 8 bits. The minimum norm solution is now 3-parity,

2x"01101001" = "0110100101101001", which has 0% test accuracy.

This argument can be straightforwardly generalised to larger n. Choosing
training examples in this way, when trying to learn parity generalisation, will

get worse the larger the training set.

C.3 Important differences between Kpyp(f) and
Krz(f)

One important class of functions where the two measures differ significantly is

functions with repeating patterns. Consider the string representation of f.

1. Consider the function f = "1001" x 2"~2. This function is 2-sparse, repre-
sented by the DNF (—z1 A z3) (1 clause, 2 literals). As n increases, its DNF
complexity remains fixed at 2. It’s Lempel-Ziv complexity Kz (f) = C+logyn
(constant term C' for encoding the repeating string and the logn term from

the repetitions)

2. However, if we generate a function f by repeating the string "01001" (truncat-
ing at the end), the result is not a k-sparse function. As a result, its Kpyp(f)

will not be constant.

See Fig. C.1 for empirical data showing the discrepancy between these measures.

Empirical work in [64] shows that Kpyp(f) and Kz (f) are correlated. However,
they have very different maximum complexities. Given that a function can be
represented in its string representation with 2" bits — a really good complexity
measure should never go above 2" + O(1). The maximum value of Kpyp(f) is 52,
or O(n2"). In contrast, K.z(f) has a worst-case of O(2").

Fig. D.1 shows how the two measures scale for random boolean functions

(generated by assigning a 1 or 0 randomly for each input x) and parity, as a function
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Figure C.1: Kpnr(f) vs. Krz(f) on repeating functions. Dashed lines show
Krz(f) and solid lines show Kpnp(f). The red curves show the 2-sparse function
f = "1001" x 2”2, Kpnp(f) remains constant at 2, and K;z(f) grows slowly with
n. By contrast the blue curves show the function generated by the repeated pattern
"01001" which yields a function that is not 2-sparse and therefore does not enjoy a small,
constant Kpnp(f), but does enjoy a K1 z(f) that grows at a similar rate to the Kz (f)
of the 2-sparse function.

of n. Random functions should have complexities close to 2" (as they are not
compressible beyond their string representation), which is the case for both Kz (f)
and Kpyr(f). Parity, on the other hand, scales very differently. Future work could

determine the fraction of functions with complexity greater than 2".

C.4 Proofs from Mingard et al. [1]

Proof of Proposition 3.1.1

Proof. Fix an input dimension n. Let f:{0,1}" — {0, 1} be an arbitrary Boolean

function and set
t = [{ve{o,1}" : f(v)=1}| (C.1)

We adopt the notation for a clause C' as laid out in Definition 3.

Define the set of all DNFs by Fpnr and an equivalence relation Rpng given by
permutations of DNF clauses, such that the set of equivalence classes is Fpng/RpNr-
Similarly, define the set of all DFCNs of width 2! by Fpren and an equivalence

relation Rppeny given by permutations of rows in W), such that the set of
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equivalence classes is Fpren/Rpron. We now show that there exists a bijective

map G : FDNF/RDNF — ]:DFCN/RDFCN-

G is injective We begin by assuming that ¢ < 2"~!. Define a depth-two DFCN
with layer sizes (n,t,1) and 8 = 1 (following Definition 6). For i € {1,...,t}, let
(i

v(®) be the i-th input vector for which f outputs True such that v; = i Uj ) is the

number of positive literals in clause C;. Set

e ()

(1 +1 if v’ = 1, 1

" { i =0 =1 (©2)
Vi Y

w® =1, b =0, (C.3)

For any v € {0,1}",
a(v) = X Wy + 0 = 5= dvv) + (1 =) = 1=d(v.v®),  (C4)
where d(-,-) denotes the hamming distance. z;(v) = 1 iff every literal in C; is

satisfied and z;(v) < 0 otherwise. Since o(z;) = ReLU(z;) = max(z;,0),

1 if v = v,

. C.5
0 if v £ v, (C5)

o(z(v)) = Ci(v) = {

In other words, the output of the first layer is 1 if the clause C; is satisfied and 0

not. W then effectively acts as an OR operator, giving us

fo(v) = LW o(W Ny 4 b1) + b2 > 0] (C.6)
=Ci(v) V-V Ci(v) = Ps(v) = f(v). (C.7)

If t > 271 we instead use a network with layer sizes (n,2" ! — ¢ 1) and let
vl be the i-th input vector for which f outputs False (which must be < 2771).
We then set § = —1, which negates Wi@) and sets b2 = 1, giving us the following
parameters,

w@:{+1i“?:L W 1o, 3
is —1 it =0, Z 7 ’

w® =1, b =1. (C.9)
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z; still outputs 1 if the clause C; is satisfied and 0 if not, but W®z < 0 if any
of the False clauses are satisfied. Thus, the only way to obtain a positive output
inside the indicator function in Eq. (C.6) is if all C; are not satisfied (since b2 = 1

brings the value above 0 in this case). This then gives us

fo(v) = 1[W® o(W Ny + b1) + 52 > 0] (C.10)
=2[Ci(v) V-V C(v)] = Op(v) = f(v). (C.11)

We can pad the width of the network to be 2"~! by adding rows of zeros to
WO and setting the rest of the weights according to Definition 6. We have extra
degrees of freedom in the permutations of these rows and thus invoke the equivalence

relation Rprcen, proving injectivity of G.

G is surjective Conversely, let a parameter tensor § = (W b1, WP 12, 3)
satisfy the constraints of Table 3.1 with hidden width 2"~!. Keep only the indices i

for which Wi(g) = B3; there are t < 2" ! of them. For each such i, define the clause

OZ:( A xj)/\( A ﬂfj)- (C.12)
W=+ W =—1)

Following the same reasoning as before, we conclude that
Ci(v) V-V Cy(v) it =1,

S [C1(v) V-V Cy(v)] if g =—1.
(C.13)

fo(v) = AW o(Why +b1) + 52 > 0] = {

Thus, every image has a preimage, which further holds true for the equivalence

relations imposed on the DNFs and DFCNs, proving that G is surjective.
Bijectivity of G follows from injectivity and surjectivity. See Appendix G of [1]

for further details. O

C.5 Approximating P(f) by sampling
We approximate P(f) by Monte Carlo sampling from the uniform prior on network

parameters, defined in Eq. (3.6):

(1) 2) . .
Wi’ ~U{-1,0,1}, B~ U[-1,1], W® = 3 (unless the corresponding cl(ags&;s 7Z€ero),
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and estimate

0 fo = £}

P() =Pr(fy =) =50

(C.15)

Because P(f) counts how many choices of § implement f, it is exactly equivalent
to the volume of parameter-space occupied by f. One may also view P(f) as a
Bayesian prior probability assigned to f.

In our Monte Carlo sampling to approximate P(f), we draw 10® independent
parameter samples. Any function f with P(f) < 1078 is vanishingly unlikely to

appear in our search. For example, when n = 4, one computes
P (parity) = (2*)137%*%" ~ 2x 1071, (C.16)

which explains why parity is never discovered (it lies three orders of magnitude
below our sampling threshold). In fact, out of the 22" — 65, 536 possible Boolean
functions on 4 bits, we fail to encounter 631 of them even after 10°® draws.

Figure C.2 plots the estimated P(f) for n = 3,4,5,7.

o Top three rows: P(f) vs. Kpyr(f), Ko(f) and Kc(f). The horizontal
line at P = 1078 marks our effective sampling cutoff; finite-size artefacts
appear for large Kpyr(f), especially when n = 7. For n = 3,4 there is a clear
log-linear relationship between P(f) and all complexity measures, with the
difference between the maximum and minimum P(f) at a fixed complexity
small relative to the overall range of P(f). For n = 5,7, the total range of P(f)
is many orders of magnitude more than we can sample, but the upper bound

P(f) ~ 27 Kpnr(H)FO0) a5 observed in [64] still describes the distribution well.

« Penultimate row: P(f) vs. K;z(f), the Lempel-Ziv string complexity, as
studied in [5, 1, 64]. The relation between P(f) and Kpz(f) for n = 3,4 is
much weaker than for DNF complexity Kpyr(f). This is what we might
expect, given that DNF complexity is intuitively more appropriate in this case
(as Kpnrp(f) is intricately connected to the architecture in a way Kpz(f) is
not, see Appendix C.3). For n = 5,7, we are unable to sample enough times

to properly compare the distributions.
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« Bottom row: P(f) vs. rank R(f) (where the most probable function has
R =1). The dashed orange line shows Zipf’s law, P(f) = (2"In2)"* R(f)™!,

which [243] identifies as the optimal prior for Bayesian learning.

Fig. C.3 shows the effect of the width of the hidden layer on the prior. We
show widths a,,2"! for a,, = 0.5, 1, 2,4, with the top two rows showing n = 4 and
the bottom two rows showing n = 5. As the width increases, the probability that
any input is True increases. We can use Lemma 12 to show that the probability
that any input is False scales as (1 — (2" — 1)/3")*»2" ™" This expression decreases
asymptotically to 0 as «,, increases. The bottom row in Fig. C.3 shows that
the prior is not well-described by Zipf’s law for «,, > 1, indicating a,, = 1 gives
the optimal width for learning [243]. This is an interesting coincidence which we

explore in the remainder of this section.

C.5.1 Finding the optimum width

As stated in the main text, we require a width of o,,2" ! with a,, > 1 to guarantee
full expressivity. However, Table 3.2 tells us that with this scaling, eventually the
function space will be entirely dominated by the constant functions unless «,, ~
(3/4)™. Furthermore, it would be completely impractical to use a DFCN with width
21 — by n = 50 to be fully expressive, you would need more than 10 neurons.

So, how could we determine the optimum scaling? If Zipf’s law is satisfied,
the most frequent functions (in our work, the constant functions) should have

P(const) ~ 27". There are 2" unique functions with ¢ = 1 (a single True input),

1

—OMN . _ .
57iogs Z;;g +t2i=1 ~ 27"n, meaning

so these functions occupy a total space of size
the average 1-entropy function has probability P( fl(e)) ~n272". (Note that i = 1,2
correspond to the two constant functions, and we ignore the flipped entropy functions
that have only a single zero, which would be of the same order but only include
an extra factor of 1/2, not affecting the overall approximation).

We assume that the presence of Zipf’s law indicates an optimal prior. We argue

this case in Appendix D.4, and will also make use of the derived results P(const) ~
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Figure C.2: Approximation of the prior probability P(f) by sampling 10% functions
from each prior for n = 3,4, 5, and 7. Top row: P(f) versus DNF complexity Kpnr(f).
Finite-size effects at P(f) = 1078 (sampling limit) produce artefacts at higher Kpnr(f)
in the n = 7 panel. Second row: P(f) versus neural network norm Ky(f). Third row:
P(f) versus clause complexity K¢(f). Fourth row: P(f) versus Lempel-Ziv complexity
Kr1z(f), as used in [5, 1, 64]. Final row: P(f) versus rank R(f), with dotted orange
lines showing Zipf’s law P(f) = (2"In2)"1R™1 [243].
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Figure C.3: Coverage of the prior probability P(f) for top two rows n = 4 and
bottom two rows n = 5 across three network widths w € {1,2,4} x 277! estimated
by sampling 10® functions per prior. The P(f) versus DNF complexity Kpyr(f), illu
plots illustrate how the constant function’s probability mass grows with width. The plots
showing P(f) versus rank R(f) (most probable is R = 1), with the dotted line marking
Zipf's law P(f) oc R™1; larger widths exhibit marked departures from this scaling.

P(f7) S (1=p)™*""
~ exp(—a,2"'p)  (p< 1)
— exp(—aw2”*1p) =n2™"
~a,2" 'p=M(n2") = —n2+Inn

nln2p— Inn ~nln2 (%)n

Qp ~ 2n1n 2 (%)n

2" =

27" and P(f{) ~ n22". We use the result from BEq. (C.65) with p = 1
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We can also determine the width scaling to make the lower bound on P(f())

scale as 27" by using the result in Lemma 12 that the probability that an input v

2"—1
3n

)ann—l

is covered with probability (1 — p , where p = . Assuming independence

and taking the Poisson approximation, we get

P(f(c)) ~ exp (—2neiaw2n_1p) = 2in = eXp (—n ln 2) (C23>

— 2P = pIn2 (C.24)
a2 lp nln2 5
e o (C.25)
—,2" 'p=In(nln2) — nln?2 (C.26)
4 nln2—In(nln2) n
2"t = ~ (nln2) (2 C.27
p (nln2) (3) (C.27)
ty ~ 2n1n 2 (g)" (C.28)

Both methods arrive at the same scaling for a,, ~ n (%)n. At small n, this
scaling is very close to 1 — explaining why Fig. C.3 shows Zipf’s law for a,, = 1. To
test the proposed optimal scaling more thoroughly, one would have to either make

the scaling arguments above more precise or gather empirical evidence at larger n.

C.6 Results relating P(f) to K(f)

In this appendix, we relate P(f) to K (f) for the various classes of functions discussed
in the main text (Section 3.2.3): Constant, k-parity and t-entropy functions. We
also briefly look at k-sparse functions, which are not studied in the main text. The

width of the DFCN is a,,2"!, where o, > 1 for the network to be fully expressive.

C.6.1 Utility lemmas

Lemma 9 (Lower bound on P(f)). We can lower bound P(f) using

P(f) = SP(F | 5) (C.29)
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Lemma 10 (Lower bound on P(f | 8) using the minimum representation). Given
a value for € {—1,1}, we have the following lower bound on the conditional

probability of f:
, p Qw2 —j
Pz () (C.30)
where j is the number of clauses, each of at most length k.

Proof. After permuting rows, the minimum representation of a function f can be

encoded as follows,

A | B
wo = | % 2", (C.31)
C | D
| —
n
T
1,...,1,0,...
W = ¢—,L/&«7£ (C.32)
L J Q2= 1—j
Be{~1,1} (C.33)

where A contains p clauses each of at most length £, B=0,C =0and D =0. We
can vary the clauses (rows) in A only up to permutation. How much freedom do we
have to vary B,C, D? We must set B = 0, otherwise k& would not be the maximum
length of the minimal representation. If every clause in C' is a copy of one in A and
B =0, we can let D be anything without affecting the overall function. This gives

us the following lower bound:

aw2n_1*j

Sla—jk —j(n—k) - ok
P(f|B)>j37%x3 x (5/3") x L (C.34)
A B & D
) j Oéwgnil_]
> 37791 <3k) . (C.35)
O

Lemma 11. Denote N the set of all possible clauses given a 3 € {—1,1}, with
N = [N| =3" Let M = 2" be the number of clauses drawn i.i.d. uniformly

from N'. Consider a subset @ C N of size ¢ = |Q| containing clauses that we must
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have at least one copy of, and a disjoint subset of clauses R C N of size r = |R|

that we must not have. We can then lower bound P(f) as follows:

P(f|B8)=P= Pr(all x € Q appear at least once, and noy € R appears),
(C.36)

where

P= g(—w’ (j) (1 - W)aml, (C.37)

and the union-bound lower bound is given by

P(f|B)> <N];’“)aw2n_l [1 —q(1- Nl_r)“‘ml]. (C.38)

In the rest of this section, we will rely on the first term in Eq. (C.38), but as the

second term is often very loose, we will often bound it below using an alternative

task-specific bound.

Proof. Let
A = {every z € Q appears}, B = {no draw lies in R}. (C.39)
Then
P =Pr(ANB) =Pr(A| B)Pr(B). (C.40)
Since each of the M draws must avoid R,
M
Pr(B) = (NNT) . (C.41)

Conditioned on B, draws are uniform on the remaining N — r symbols, and by the

inclusion—exclusion principle

Pr(A | B) = i(-l)l(‘?) (“VN—j—)M (C.42)

i=0 L

M M .
Combining these and noting (%) (N]\?:’) = (%)M yields the exact sum.

Truncating after ¢ = 1 gives us the union-bound of

Pr(A|B)21—q(1—N1_T>M, (C.43)

from which we obtain the union-bound on P by multiplying with Pr(B).
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Lemma 12 (Probability of input v being True). Given a fixed input v € {0,1}",

the probability that a randomly sampled clause C covers v (i.e., is True on v) is

P(C(v) = 1) = 2“3; S (C.44)

Given a DFCN of width a,,2" ', the probability that any particular input v is True

18

2n — 1\ ow2"
P(f(v):1|6:1):1—<1— N ) (C.45)
Moreover, the leading-order term for large n is
Qo [(4\"
PV =118=1)~ (1) (C.46)

Proof. A clause is True on input z if for each variable in the input, the corresponding
entry of a clause in DFCN representation is 1 if z; = 1,is —1 if z; = 0 or is 0 (but
ignoring the all Os case, which is considered False). This means we have 2" — 1
clauses that satisfy this criterion. Divide by the total number of clauses, 3" for
Eq. (C.44). Since all clauses are drawn independently, the probability that all

clauses give False on a random input v is

on _ 1 a2n !
) , (C.47)

P =018 =1)=(1-

from which Eq. (C.45) follows. O

C.6.2 Function class: constant

Denote the class of constant functions as f(?, which includes all functions where

the output either always gives True or always gives False, regardless of the input.

Lemma 13 (Lower bound for P(f)). We can bound either constant function,

P(f©)) with

1 & 2" o2
Pz 3 ent( ) (=) (©48)
k=0
where p = (27;;1). When truncating after k = 1, we obtain the lower bound

P(FO) 2§ (1-2(1—p)) (C.49)
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2
(3> we get
1

( _exp<n1n2 aw (4/3)" )) (n = ). (C.50)

Substituting p = 2

P(f) 2

N | —

Proof. Let n € N, M = ,2""", and p = £-! (Lemma 12). We fix 3 =1 and aim
to bound the function that returns True for all inputs. We label the 2" Boolean

inputs by v € {0,1}", and for each v let
Ay = {no clause covers v}, Pr(4,) = (1 —p)™. (C.51)

Then by the principle of inclusion-exclusion, the probability that every input is

covered by at least one clause (i.e. no Ay occurs) is exactly
271

P(fO|8=1)= Pr(vos Af,) —1- Pr<vL€JS Av) - kg(—m'f Sc{zoj} Pr( n AV).
|_S|:’1kn Ve

(C.52)

Moreover, for any fixed S of size k, one has

Pr( N Av) = (1-ps)", (C.53)

veS
where

ps = Pr (a single random clause covers at least one v € S )

Furthermore, by the union bound on the single-clause covering probabilities,

ps <> p=kp, (C.54)

zeS
so that

Pr(ﬂ Av) = (1 —pS)M > (1 — kp)™. (C.55)

ves
Substituting into the inclusion—exclusion sum gives the valid lower bound

P 5= 2 X)) (=) (©.56)

k=0

Truncating after k = 1 gives P(f© | 5 =1) > 1 —2"(1 — p)™, and approximating
p to be small, so that (1 — p)™ ~ e=P_ yields the final estimate for P,

P(fO1B=1)21-2"(1-p)™*" ~1-2e ¥ ?. (C5T)

Using Lemma 9, we thus have P(f(©) > 1P(f(© | g =1).
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C.6.3 Function class: entropy

Consider the class of functions with ¢ 1s and 2" — t 0s. We call this function
t-entropy and denote it with ft(e) . If t is small, the function is simple (consistent
with the intuition that low-entropy functions are simple). However, the converse
does not hold: some high-entropy functions require a very small number of clauses

(e.g. 1-parity needs just one clause: 7).

Lemma 14. Given a boolean function on n variables with t 1s and 2" —t 0s, we
denote R the set of forbidden clauses with r = |R| and N = 3" the total number of
possible clauses (Lemma 11). The fraction of clauses that would flip the function
value if appended to its DNF' is bounded below by:

r

> (2/3)m om0l (C.58)

Proof. Let f: {0,1}" — {0, 1} have exactly = 2" —t inputs v(") € {v(), ..., v(D} for
which f(v®) =0, with 1 < < 2" — 1. By filling the largest possible d-dimensional
subspace of the n-dimensional hypercube, given by d < |log, t], this corresponds to
finding the maximal correlation between these inputs, which minimises the set of
not allowed clauses R.

Given a maximally filled d-dimensional subspace, the remaining n — d bits
for these points must be the same. Since the subspace is fully filled, all possible
combinations of inputs in this subspace are exhausted, meaning that unless all
entries in the DFCN representation of a clause are zero (which always gives False),
one of these subspace inputs must give True. Thus, we need the probability that all
remaining n — d entries in a DFCN clause either match the corresponding remaining
input bit (1 if z; =1, —1 if ; = 0) or are 0, giving

p— <§>M _1 (C.59)

(The —1 comes from the all zeros clause.) Substituting the bound on d and taking

n to be large gives us
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9\ " logy T
P= % > (3) . (C.60)

]

Lemma 15 (Upper bound for t-entropy). We can upper bound P(ft(e)) with the
following

exp (—aw2n*1(2/3)nftlog2(2”ftn) if B =1,
exp (—a,,2771(2/3)" o2t if 8 =—1.

Proof. Let f{ {0,1}" — {0,1} have exactly ¢ 1s, with 1 < ¢t < 2" — 1. For

P(f718) < { (C.61)

the case of t < 277! we take 8 = 1 (Appendix C.4), giving us = 2" — t inputs
v e (v v®} for which f{?(v®) = 0. (For t > 2"! we take 3 = —1 and
simply replace # with t.) Given the set R, with r = |R|, of all forbidden clauses
which would flip a 0 output to a 1, and N = 3" total clause options, a valid network

must sample all M clauses outside of R, giving us an upper bound,
M
P(918=1) < (1 - ;“V> < exp(—Mr/N). (C.62)

Using the result in Lemma 14, we have /N > (2/3)*~leg2?]  Substituting M =
2" ! into (C.62) then gives

P(FO 1 8=1) < (1 - (2/3)Lo@ 01" o (=207 (2/3) Uowa(2 =01
(C.63)

O

Lemma 16 (Bounds on t-entropy with ¢t = 1). For a function with a single True

output v and all else Fulse,

() n _q a2n 1
P(fi7|f=-1)< (1 T ) (C.64)
We also have a lower bound
on _ 1 a2t 1—n
P(fi7|B=—-1)>37" (1 - ) . (C.65)

The leading order behaviour of this (for constant cv,) is

PO 5= zew (-2 (5)) (.66
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Proof. We set f = —1, so that we are now solving for a function where only one
input v(¥) € {0,1}" has an output of 0. To prove the upper bound, we simply
require no clause to be True on input v,

To prove the lower bound, we can use the fact that the minimal representation
of this function is given by a weight W1 with only non-zero entries in the main

diagonal,

wh —

K24

i C.67
—1 ifoM =1. (C.67)

{ +1if o) =0,
Note this is the opposite of the typical construction where we assign +1 if the
input bit is 1 and —1 if the input bit is 0. Provided none of the 2" — 1 clauses
that make f\° (v) output True are drawn (Lemma 12), we can lower bound P( fl(e))
by setting the first n rows of W) as described above (which would happen with
probability 3_”2) and require the rest of the rows to exclude any of the 2" — 1

forbidden clauses. O

P(f) for a random function with fixed ¢

In Appendix C.6.3, we upper bounded P( ft(e)) by computing the minimum number
of forbidden clauses at every entropy class. We know there can be a huge range
in P( ft(e)), the best example being t = 2"~!. Both 1-parity and n-parity have 21
1s, yet P(f®) ~ (3/2)w"2" " and P(f*) ~ (3/2)"*»2""'. The bounds must
satisfy P( ® )) and are therefore far too loose for f(P).
We did not, however, determine how P( ft(e)) should scale for the typical function
with ¢ 1s (i.e. a uniformly sampled function from the set of functions with exactly
t 1s). Consider a function f, and define the number of False outputs # = 2" — ¢.
The probability of drawing a clause C' which is True on an input v for which f(v)
outputs False is p = (2" —1)/3" (Lemma 12). Then with R as the set of all forbidden
clauses and r = |R|, the probability of drawing a forbidden clauses C' € R is

r(n,t)

Pr(C e R) = 3

=1—(1-p)* (C.68)

assuming independence. Fig. C.4 shows that this assumption is only valid for

t = O(n). As t increases, Eq. (C.68) overestimates P(C' € R). The empirical
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Figure C.4: Fraction of accepted clauses 1 — % versus the number of zeros, ¢, in an

n-variable Boolean function. Error bars show 1 standard deviation. The theoretical line
uses Eq. (C.68), and assumes independence. This is only a good assumption for low £. As
expected, when £ is small (the function is almost entirely True), almost all clauses are
accepted without changing the function. The red dots indicate all k-parity functions for
1<k<n.

data was generated by uniformly sampling 20 functions at fixed ¢ and calculating
r by exhaustive enumeration for those functions. This gives us an idea of r(n,t)
for the “typical” function with t 1s. We also plotted the k-parity functions for

1 < k < n (which all have t = 2"°1).

C.6.4 Function class: parity

Let f,ﬁ”’: {0,1}™ — {0, 1} be the k-parity function on the first k bits:
k
V)= v (mod2), 1<k<n. (C.69)
i=1

As one checks directly, any representation of f,ﬁp ) in our random network model
must use exactly j = 2¥~1 distinct clauses of length k, and no shorter set of clauses
can realise parity. With M = «,2" ! and N = 3" we can construct lower and

upper bounds with the following two propositions.

Proposition C.6.1 (Lower bound for k-parity). Using Lemma 10, with the

minimum representation size j X k, set j = 2¥1. Then,

(p) —m2k=1 k1 k1 ap2n—1—9k-1
P =3 2 )!( 3 > - (C.70)
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Applying Stirling’s inequality 7! > /27j(j/e)’, in the large n limit we have

() —n2k-1 k-1 2 k-1 ap2n -2kl
P(fy") =3 V2om2k-1 1)

e 3k

> exp{ (—0w2" "' (kIn(3/2) + In2) + O(n2*~1)) }. (C.72)

Proposition C.6.2 (Upper bound for k-parity). Ezactly 2*=' of the 3% clauses

of length < k implement k-parity, so at each of the a,2" ! draws the chance of

9k—1

choosing an admissible clause is at most =5—. Therefore
(») g1\ 2
P(fe”) < | 5 . (C.73)
At large n,
() _ n—1
P(£") < exp{(—0u,2" ' (kIn(3/2) + n2))} (C.74)

The bounds above match up to constants, so
P(fP) = e7Otewh2™™) (C.75)

C.6.5 Function class: sparse

A Boolean function f: {0,1}" — {0,1} is called k-sparse if it depends on exactly k
of its n input bits (say x1,...,2x) and is independent of the remaining n — k bits.
Equivalently, for every fixed (x1,...,zy), flipping any of the last n — k coordinates
does not change f. In the ordered listing of the truth table (Fig. 3.2), f then
repeats its 2F-bit pattern 2"7* times.

It is hard to come up with bounds for k-sparse functions that are meaningful, as
the complexity range for a given k can be very large. The most complex k-sparse in
each class is k-parity. At the other end of the spectrum, there are functions where
the minimum representation (Eq. (C.31)) has A = Ij (the identity matrix with
dimension k). We could lower bound this type of function by requiring I to exist
(with probability 37™*), and that the first k& elements of the rest of the clauses must

not contain exclusively —1 and 0 (but we permit all 0s). The probability that this
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k
happens is (%) — 37". We can multiply this by the total number of clause options,

k
N = 3" to giveus r = 3" (%) — 1 and then use Lemma 11 to get,

n—lik

3k (1 - (%)k + 3‘”)%2 < P(f¥) < (1 - (%)k + 3‘”)M2n_1 . (C.76)

k
which to leading order scales as exp{ (—aw2”1 (%) >}, decaying slower than

k-parity for large k. (The upper bound comes from rejecting all forbidden clauses.)

C.7 Trained networks

C.7.1 Generating datasets

Each function is a Boolean map f : {0,1}" — {0, 1}, stored as an n-dimensional
binary input vector and a scalar output. To ensure reproducibility, we set a
fixed random seed at the start of generation. Given a training set size m, we
randomly shuffle all 2" possible inputs and take the first m as training examples;
the remaining 2" — m points form the test set.

We train DFCNs on the following three functions

1. k-parity: Choose a random subset S C {1,...,n} of size k, and define:
f(z) = Bics xi-

2. t-entropy: Select ¢t input points uniformly at random from the 2™ possibilities
and assign f(x) = 1 on those points (all others map to 0), yielding functions

of fixed Hamming weight ¢.

3. k-sparse: Generate a random binary string s € {0,1}2", then tile it 2"%

times to form the full function string of length 2.

Note that we do not study k-sparse functions in the main text. These are functions
generated by repeated patterns of length 2F.

In our experiments, we fix n = 7. The parameter grids are:
o k-parity: k€ {1,2,...,7}.

« t-entropy: t € {0,4,8,16,32,35,64}.
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o k-sparse tile lengths [ € {2,4,5,8,13,16, 32}.

Note that the repeating patterns with [ = 5, 13 do not generate k-sparse functions
(unlike the other lengths [ given above). We include them as they have low LZ com-
plexity but not low DNF complexity (see Appendix C.3), and this example is useful

in demonstrating why Kpnr(f) is a better measure of complexity than Ky z(f).

C.7.2 Metropolis-Hastings algorithm

While we could in theory use an SGD-like algorithm (Algorithm 4), which aims
to find the direction of steepest descent and move there, it is not Bayesian,
and enumerating the entire neighbourhood rapidly increases exponentially in
computational complexity as n increases. In this section, we define a Metropolis-
Hastings algorithm that is Bayesian, and does not suffer from these scaling problems.

Let 0 = (WM W®) denote the parameter vector of weights in a DFCN, with
WM e {—1,0,1}"" W@ e {0, 1}

We write f(6;5) for the network’s predictions on a dataset S, and L(f(@; S)) for

its empirical loss (e.g. classification error) on S. We also use the ¢;-norm regulariser

10l = WO+ W

Target (posterior) density. Given inverse-temperature £ > 0 and weight-decay

factor A > 0, we seek to sample from

m(0) o exp

~ KL(f(6:5)) = M6l

Proposal distribution. For any current state 6, its 1-hop neighbourhood is
N@O) = {0:d(0,0) =1},

where d(0,0’) is the Hamming distance between discrete parameters. We use

the uniform proposal

1

g0 = 0) = { INO)

0, otherwise.

if 0 € N'(0),
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Algorithm 2 writes down the process explicitly.

This algorithm trains well with x = 1000 and A = 0 — increasing A to 0.1 had
limited effect except to destabilise early training. Fig. C.5 shows the outcomes of
training a DFCN with Algorithm 2 on different function classes. For entropy and
repeated functions, we see that adding weight decay greatly improves performance,
especially when the size of the training set m is smaller. As discussed in Section 3.3.3,
weight decay does not provide any significant advantages when trying to learn

highly complex functions such as 7-parity.

Algorithm 2 Metropolis—Hastings optimisation for DFCNs

1: Initialise:

2. W ~ {=1,0, 1} 3~ {=1,1}, W@ ~ {0, grew2""

3: b1 < b1(WW), b2 < b2(B) {Biases are functions of weights, see Definition 6}
4: Input: Training set S, batch size b = | S|, iterations N {full batch if Bayesian}
5: Hyperparams: x >0, A >0

6: Initialise: 6(© uniformly in parameter space

7. fort=1,...,N do

8:  Sample minibatch S; C S, |S;| = b

9:  Propose §' ~ g(¢1 — )

10:  Compute losses Lgq = L(f(O(t_l); St)), Lyow = L(f(@’; St))

11:  Compute acceptance probability

o = min{l, exp[k (Lota = Luew) + A(0¢]]1 — Heful)}}

122 Draw u ~ Uniform(0, 1)
13:  if u < o then

14: 61 — ¢’

15:  else

16: o) «— git—1)
17:  end if

18: end for

C.7.3 Min norm Oracle algorithm

We also define an Oracle algorithm, which computes the minimal complexity DNF
compatible with the training set. This is obtained by exhaustive search and is only

possible for small enough n. Since this always returns the minimum norm DFCN
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Figure C.5: MCMC algorithm (Algorithm 2 with x = 1000) trained on different
targets from the n = 7 dataset. Each column shows a different function class — parity,
entropy and repeat. See Appendix C.7.1 for full experimental details and a description
of each function type. As with the SGD-like algorithm shown in Fig. C.7, weight decay
(bottom row, A = 0.01) outperforms no weight decay (top row A = 0), especially for small
training set size m.

solution, this acts as a good baseline to compare other algorithms to, as we can see

how close our trained function is to having the optimal minimal complexity.

Algorithm 3 Min norm Oracle

Initialise:
True inputs P < {} {Inputs for which f(v) =1}
DNF {Minimum DNF}
Input: Training data S, test data T
fors € S do

if f(s) =1 then

P+ P U s}

end if
end for
DNF <« SOPform(variables=[zy, ..., z,], minterms=P, dontcares=1")

[y
=

The training algorithm is shown in Algorithm 3. The SOPform function comes
from the sympy logic module [244] and finds the minimal DNF expression for a

given set of inputs that output True. It takes the following arguments:

« variables: A list of symbols denoting the literals in the DNF.
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o minterms: All inputs for which the output of the expression should give

True.

» dontcares: All inputs for which we don’t care about the output (i.e. the test

data).

See Fig. C.6 for data.

C.7.4 SGD-like algorithm

Despite not being Bayesian, we also trained with an SGD-like algorithm, which
worked well for small n in which the algorithm is tractable. In Algorithm 4, we
begin by randomly initializing the first-layer weights W e {—1,0, 1}"**=2""" and
second-layer weights W®) ¢ {0, 1}%’2n_1, and computing the dependent biases via
bl = b1(WW) and b2 = b2(3) (see Definition 6). Over N iterations, we draw a
minibatch S; of size b from the training set, evaluate the current network accuracy
on Sy, and enumerate all one-hop neighbours of (W®) W®). For each neighbour,
we recompute its biases and measure its batch accuracy, then collect the subset
Npest of weights achieving the highest performance. With probability p we choose
the neighbour from Mes, which minimises the ¢; norm |[W®||; + [[W®||; (thus
encouraging sparsity), and otherwise select uniformly at random from M. The
chosen weights replace (WM, W®), their biases are updated, and the procedure
repeats. Upon completion, the algorithm returns a two-layer DFCN that is locally
optimised for the training data.

Fig. C.7 shows this algorithm trained on a DFCN with n = 7 over a wide
range of functions. We see that the performance is very similar to Algorithm 2.
However, since this SGD-like algorithm does not scale well, we would instead opt

to use the MCMC algorithm for large n.
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Figure C.6: The oracle trained on different targets from the n = 7 dataset. Each
column shows a different function class — parity, entropy and repeat. See Appendix C.7.1
for full experimental details and a description of each function type.

Algorithm 4 SGD-like optimisation for DFCNs

10:
11:
12:
13:
14:
15:
16:
17:

18:
19:
20:
21:
22:

Initialise:

W(l) ~ {_1’0’ 1}n><aw2”’1’ 5 ~ {_17 1}7 W(Q) ~ {075}011”2"*1

bl « b1(W M), b2 « b2(B) {Biases are functions of weights, see Definition 6}
Input: Training data S, test data T', batch size b, probability p, number of
iterations NV

fort=1to N do

Sample a batch S; C S of size b
Compute current accuracy ey 00 Sy
Generate 1-hop neighbours of W® and W®
for each neighbour (W®' W®") do
for p € {—1,1} do
b1’ bL(W D), 12" b2(B8){We leave 3 fixed at 1 in our experiments}
Compute accuracy a’ of (WD’ b1’ W’ b2') on S,
end for
end for
Identify neighbour set M. With best accuracy
if » ~ U [0,1] < p then
Select (WM™, W™ from Myes with lowest || 07|y + [[IW7||; {“Weight
decay”}
else
Select (WM
end if
Update: WO « wWO* W@ — @~
Update: b1 + b1(W W), b2 + b2(3)

* W(Q)*) uniformly at random from M

23: end for
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Figure C.7: SGD-like algorithm trained on different targets from the n = 7
dataset. Each column shows a different function class — parity, entropy and repeat.
See Appendix C.7.1 for full experimental details and a description of each function type.
Comparing the top row (no weight decay) and the bottom row (weight decay; for this
algorithm, p = 0.3) shows that weight decay massively outperforms non-weight decay
on targets which have a small minimum representation (read: simple) and makes little
difference for functions with a large minimum representation (read: complex functions).
[l = 7 parity is the most interesting example: it has the largest possible minimum
representation and thus is the most complex function: the model is biased strongly against
it, and thus the more data we give it, the worse it will be.

C.7.5 Relating Algorithm 4 (steepest descent) to Algo-
rithm 2 (Metropolis-Hastings)

Algorithm 2 and Algorithm 4 differ in two key ways.

Probabilistic vs. deterministic greedy acceptance. In the MCMC
algorithm, we sample with probability «, which is not the case for the steepest
descent algorithm where we always evaluate all 1-hop neighbours in each batch
and identify the subset NMpest achieving minimal loss (i.e. highest accuracy), from
which the samples are drawn for the next update. We can achieve the steepest
descent behaviour in the MCMC algorithm by setting kK — oo (so that moves
reducing the loss are always accepted), but the minimum norm selection then

becomes difficult to replicate.
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Figure C.8: SGD on continuous network trained on different targets from the n =7
dataset. Each column shows a different function class — parity, entropy and repeat. See
Appendix C.7.1 for full experimental details and descriptions of each function type.

Global vs. batch-wise local optimisation The MCMC algorithm is a
reversible Markov chain guaranteed to explore the full posterior. On the other
hand, the steepest-descent algorithm never revisits rejected states — it hill climbs
on randomly selected batch samples. The bias p and norm-based tie-breaking
act as heuristic “annealing” and “weight decay,” but without detailed balance or

stationary-distribution guarantees.

C.7.6 Continuous networks

We also trained 2-layer FCNs with ReLU activations with the same width as the
DFCNs. We used SGD with a batch size of m/2, and a fixed learning rate of 1073,
The results are shown in Fig. C.8. The only significant difference between the
DFCNs trained with either Algorithm 2 or Algorithm 4 is large k-parity, which
continuous neural networks have an easier time learning. This is because continuous
networks exhibit slightly less inductive bias towards simple functions than DFCNs,

which are manually crafted to fully take advantage of this bias for Boolean data.



On Complexity

This appendix provides a detailed analysis of the computable complexity measures
used throughout this work. We examine two distinct types of measures: the
string-based Lempel-Ziv complexity (K;z(f)) and a family of measures based on
Disjunctive Normal Form (DNF). In addition to the primary DNF complexity
(Kpnr(f)) used in Chapters 3 and 4, we introduce two new related measures,
Ky(f) and Ko (f). We analyse the key characteristics of each measure, focusing on
their theoretical and empirical scaling properties, which motivates a method for
rescaling them. Finally, we connect these practical measures to broader concepts
like Zipf’s law and ideal learning (Section 2.3), arguing that they serve as effective,

interpretable proxies for reasoning about the inductive biases of learning systems.

D.1 Lempel-Ziv complexity

The Lempel-Ziv parsing [245] algorithm proceeds by scanning a finite string x over
any alphabet from left to right, maintaining a dictionary of distinct substrings (or
“words”) observed so far. Whenever the algorithm encounters a new substring that
is not already in the dictionary, it records that substring as a new dictionary entry;
upon completion of the parse, the dictionary size N, (x) provides a raw measure of

complexity. Intuitively, strings composed of a small number of repeated subpatterns
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yield small dictionaries and thus low complexity, whereas strings exhibiting many
novel substrings produce large dictionaries and high complexity. We use the

definition of LZ-complexity from [65] (see Supplementary Note 7)

KLz(x) = bg?;m{Nw(xln)‘FNw(xnl)}; (D1>

i.e. the average of the forward and reverse parses, which increases the number of
distinct complexity values assignable to strings of a given length.
The Lempel-Ziv complexity, Kz (z), satisfies a number of important asymptotic

and finite-size scaling laws. For an ergodic source and in the limit n — oo, one has

lim Nw('r) 1Og2n
n—oo n

= h(z), (D.2)

where h(z) is the Shannon entropy rate of the source, and consequently K z(z)/n —
h(z) for almost all long strings [65]. Complexity is bounded above by entropy,
so strings of low entropy cannot exhibit high K z(z), while high-entropy strings
may nonetheless have simple structure and thus low Kjz(x). Empirically, for
short to moderate n, Kjz(z) often outperforms generic lossless compressors in
approximating Kolmogorov complexity [65]. As n increases, the mean and median
of the normalised complexity distribution approach unity, and the relative standard
deviation o/ decreases, indicating that typical complexities concentrate sharply
around their mean. Strings whose complexity lies well below the mean become
exponentially rare in n, although a small fraction of “maximally complex” strings
arise anomalously via simple LZ-specific constructions. Additive and multiplicative
constants in Kjz(x) may be absorbed into fitting parameters when modelling
such simplicity-bias phenomena.

Eq. (D.2) shows us that K z(f) of a random function (with h(z) = 1) scales as

O(n) (as will the complexity of the maximum complexity function).
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D.2 DNF Complexity Measures

Each nonzero entry in W) corresponds bijectively to a literal in some conjunctive

clause of the DNF (Proposition 3.1.1). Hence
WOl = W #0) = Li@y). (D3)
'7j

Minimising this quantity gives us the complexity measure used in the main text,
Kpnr(f) (Proposition 3.1.2). However, strictly speaking, this is not the true
norm of the DFCN, which must take into account the second layer: ||0||; :=
WD + [W®];. We define a second type of DNF-related complexity

Kolf) = min (IO + W) (D.4)

Using this norm is equivalent to defining the DNF complexity as the number of
literals plus the number of clauses in the minimum representation.

Relating Kpnr(f) to Ke(f) We can lower bound the number of clauses as a
function of the number of literals by creating [Kpyp(f)/n| unique clauses with
at most n elements. We can upper bound this by remembering that if clauses
span k columns in W™, we can have no more than 2*~! clauses in the minimum

[k]—1

representation. This means we can never have more than 2 clauses, where k

satisfies Kpyp(f) = k2¥~1. We can rearrange and take logs to obtain

Kpne(f) + [Kpne(f)/n] < Ko(f) < Kpne(f) + 2l +logs Kpnr(f)1=1, (D.5)

The maximum of each complexity is parity, Kpyr(f) = 52" and Ky(f) = "?“2”.

Problems with Kpyp(f) and Ky(f) The maximum complexity for these two
measures is O(n2"): ideally, the maximum function should not have complexity
greater than 2" + O(1). Assuming complexity is related to compression — that is,
simple functions are highly compressible — we should not “compress” a function
to more bits than its string representation, which needs 2™ bits. One complexity

measure that does satisfy this requirement is double the total number of clauses

Ke(f) = 2|W®]|, (D.6)
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which has a maximum complexity of exactly 2". [Kpyr(f)/n] provides the
minimum number of clauses we can fit Kpyp(f) literals in, and we can again
use the fact that if the maximum clause has length %k, we can have no more than

2k=1 clauses in the minimum representation to upper bound,

[Kpne(f)/n] < Ko(f) < 2o Kor()T=1, (D.7)

D.3 Rescaling complexity measures

We can make some of these observations precise using known results. Blais and Tan
[246] lists the most important. The Korshunov-Kuznetsov Theorem states that a ran-
dom boolean function requires ©(2"/lognloglogn) clauses, each with an expected

n — O(logn + loglogn) literals. From this, we have the following scaling laws.

Complexity constant  t-entropy k-parity Random Parity

Kpyr(f) 0(1) O(nt) K2kt O(—n2 n2n1

log nloglogn

Ko(f) O(1)  O((n+1)t) (k+ 12" O (a2 o) (n+1)2!
Ko(f)  O(1) O(2t) 2 O (gmogan 2
Kiz(f) O(1) O(2t) 0(2")

We should be able to use the result for a random function to rescale each
complexity measure to behave optimally — that is, the number of functions grows
with 25, Kpz(f) has already been rescaled by Dingle et al. [167] in its definition
(Eq. (D.1)), leaving

logn
K,DNF - %KDNF(JC) Ké

~ logn

BLKNS) Kb = (ogm)Ke(f),

where we ignore the loglogn factors for clarity. Under these rescaled measures, a
random Boolean function on n variables will have complexity ©(2").

At the comparatively small scales we are able to study (n = 7), we cannot see
this asymptotic behaviour. Fig. D.1 shows that the DNF complexity Kpnp(f) of
a string of length 2™ is roughly equal to 2" (as is K z(f), consistent with results

in [64]). The complexity of the parity function scales sub-linearly in length for
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Figure D.1: Scaling of K1 (f), Kpnr(f), Ko(f), Ko(f) for random Boolean functions
and the parity function for n = 2 to n = 9 (the length of the string representation of f
is therefore 2"). [Note that K = Kpyr in this figure]. We expect random functions to
be incompressible, and thus have a complexity ~ 2" for good complexity measures. LZ
complexity is known to satisfy this requirement up to O(1) terms [245], and for K¢ (f)
the worst case is exactly 2". For Kpnp(f), Ko(f) however, the worst case (parity) is
52" and "TH2”, respectively, and whilst the typical random functions appear to have
complexities close to 2™ for small n, theoretical results in Appendix D.2 show that this
would change as n increases.

Krz(f), but has Kpnp(f) = n2" ! For Kco(f), parity has complexity exactly 2",
with a random function slightly less. Ky(f) behaves like Kpyp(f).

Fig. D.2 shows distributions over complexity from uniformly sampling a binary
string (n = 7, so length 128) in the first column. We argued in Chapter 4 that
for uniform sampling of binary strings, P(K) ~ 2K — see Fig. 4.1(g). We also
argued that for a well-conditioned learning agent, P(K) = O(1), and we should
see Zipf’s law in the prior (c.f. Appendix D.4.

Fig. C.3 shows that the continuous NN and Discrete NN both have Zipfian
priors. This means P(f) = 2Kr() where Kg(f) = log,rank. In this, the rank
acts as its own “internal complexity”. Kpz(f) behaves as we would expect for
uniform sampling (see Fig. 4.1(b) for more details) and for the Continuous NN.
Kpnr(f) is qualitatively similar for Uniform sampling and the Continuous NN,
but we see a much shorter plateau than with K,(f). For the discrete NN, both
measures fall short, dropping off too fast. Kq(f) does not behave as we would
expect at this scale. However, this is just n = 7 — the correct asymptotics may

well appear for larger n outside our ability to sample.
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Figure D.2: Complexity vs probability for n = 7. Grey dotted line at K = 128.
The first column shows the result of uniformly sampling strings (i.e. randomly generating
strings). The second column shows the prior of a 1-layer FCN on the Boolean data, and
the third the prior of the discrete NN. Here K = Kpnr and P(K) is the probability of
generating a function of complexity K for three different complexity measures. Note
that the diagonal dotted grey lines in the bottom row show the Zipf’s law fit from
Appendix D.4.
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D.4 Zipf’s law

Valle-Pérez et al. [64] showed that the prior of neural networks is well-described by
Zipt’s law. For a dataset of size 2", the probability of randomly initialising to a
function P(f) is a function of the rank of the function R(f) (where the rank of the

most probable function is 1, the second most is 2 and so on) that satisfies

R S
~ 2nlog2 R(f)’

where the first factor is a normalisation term given that there are 22" functions.

P(f) (D.8)

We show in Chapter 5 that when P(f) satisfies Zipf’s law, a Bayesian learning
agent on this prior will learn optimally. We find it a useful reference point when
considering the scaling laws in Table 3.2.

Note that when P(f) satisfies Eq. (D.8), we can write Kg(f) = log, R(f),
and so P(f) oc 27 Kr(f),

D.5 What are the takeaways?

This appendix aimed to identify and validate complexity measures for analysing
the inductive biases of learning systems. An effective measure for this purpose

should exhibit two key properties

1. interpretability, where the complexity value corresponds to a tangible

property of the function (e.g., its logical structure)

2. AIT correspondence, where the measure aligns with the principles of
algorithmic probability, such that the prior probability of a function P(f) is
inversely related to its complexity K (f), ideally satisfying a Levin-like relation

P(f) oc 27K,

A crucial conclusion is that no single, universal complexity ranking exists across
all learning systems. While one can define a complexity Kg(f) = log, R(f) from
the empirically observed probability rank R(f) of a function under a given model,

this measure is both uninterpretable and architecture-specific. Different network
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architectures will invariably produce different function rankings, even if they all
exhibit Zipfian priors. This is analogous to the fact that different UTMs U and
V' have different Kolmogorov complexities Ky (f) and Ky (f), which are related
by Ky(z) < Ky(z) + ¢ for some constant c.

A pragmatic compromise is required between measures that are interpretable
within the DFCN framework and those that possess theoretically desirable scaling
properties. On one hand, the DNF-based measures (Kpnp(f), Ko(f), and Ke(f))
are highly interpretable and intrinsically linked to the structure of the networks
we study (i.e. the DFCNs). However, some of these, particularly Kpyp(f) and
Ky(f), exhibit poor asymptotic scaling. On the other hand, Lempel-Ziv complexity
(KLz(f)) demonstrates the appropriate average scaling of ©(2") for a random
function, but as a generic string-compression algorithm, it is not directly tied
to the specific architectural biases of a DFCN. The most effective path forward
may therefore be to improve the DNF-based measures by rescaling them, which
corrects their asymptotic behaviour while retaining their valuable connection to
the model’s structure.

Although these interpretable measures do not perfectly represent the network’s

intrinsic bias, they serve as important effective proxies for us to reason over.



Appendices for Chapter 4

E.1 Definitions & Algorithms

In Appendix E.1 we set out the notation for this section, including the boolean

system and neural networks

E.1.1 The boolean system

The n-dimensional boolean dataset B(f), = {(z1, f(z1)) ... (zan, f(z2n))}, where
x; covers {0,1}" and f(x;) € {0,1}. This means the dataset is completely

described by a function
f:{0,1}" = {0,1}.

This means f can be represented as a binary string of length 2", by ordering
inputs ascending by their binary value, and concatenating their outputs y. This is
equivalent to assigning 0 or 1 to every corner of the n-dimensional boolean hypercube,
and this is the form the DNN receives. There are therefore 22" different functions f.

For example, for the n = 2 and g = 0110, B(g)2 = {(00,0), (01,1), (10,1),(11,0)}.
The DNN, which requires inputs in R? and outputs in R will receive the following
input-target pairs: B(g)2 = {(]0,0],0), ([0,1],1), ([1,0],1), ([1,1],0)}.

The LZ complexity of f is therefore the complexity of its string representation.

This representation has the ordering property built in — the string can be decoded
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into the (z;,y;) pairs using B(f), = {(bin(i), f[i])}’=2" where f[i] denotes the
i'th digit in f, and bin(i) is the binary representation of i. The complexity of the
dataset is therefore K(B(f)n) < Kordering+LZ(f), where Kopdering i the complexity
of the decoding process. Using a much more complex ordering would change
the values of LZ complexity measured (and lead to very different distributions
over P(K)) but fundamentally not capture the complexity of the dataset, as
Kordering would be much larger.

Training set S,,. A training set with m elements, for a dataset B(g),, S(g)m =
{(@i, 9(x)i) }ies(g), Where s(g)m is an index set of size m. Normally, the g is left

implicit, so S(g)m is denoted S,,. There are (;nn) unique training sets of size m

for each function g, and Sy = B(g)n.

E.1.2 Deep Neural Network notation

Fully connected networks are a family of models parameterised by 6 of the form

f:Rf - RO (E.1)

x — f(x;0). (E.2)

Fully connected networks are defined recursively by
j=w®
2V =5(z") =0 ( S w4 b§”) for1<li<L  (E3)
j=1
N(xo:6) = g(=(") (E4)

where Wg) and bg-l) are the weights and biases respectively, parameterised by 6. xg
is the input to the first layer (normally just denoted z), o is an activation function,
and g is a likelihood function, which is the identity for mean square error (MSE)
loss and softmax for cross-entropy (CE) loss.

We restrict the DNN N to the domain z € {0,1}" and codomain {0, 1} by
defining fy(z)

fn(z) = 1(N(x;0) > t)

where ¢t = 0 (except when DNNs are trained with MSE loss, where 0.5 is used).
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For an n-dimensional boolean system, a neural network with input dimension
n and output dimension 1 has the correct dimensions to model B,,. Throughout
the main text, we use n = 7, with fully connected DNNs with 1 < Ny < 10 hidden
layers with width 40. Weights are initialised i.i.d. from N (0, 0,,) for 1 < g, < 8,
and biases are initialised from N (0, o) where o, = 0.02,0.2. We found that these
differences did not induce substantial differences in network behaviour, particularly

after training. The DNNs use tanh activations, unless otherwise specified.

E.1.3 Prior over functions, P(f)

We define the prior distribution over functions P(f) = P(f; N, 0w, 0p) with respect
to a DNN N with input dimension n and parameter initialisation o, oy, B(f),
j=2n—1
P(f) = 0d9P<9) 1(fn(zi;0) = f(x:)) (E.5)
=0

= [ d0PO1(B(fn(50)n = ) (E.6)

where P(0) is the joint distribution over weights and biases sampled i.i.d. from
N(0,0,) and N(0,04). P(f) is the prior distribution over functions. We ap-
proximate the integral by randomly initialising parameters 10® times, record the
frequencies p; of observed f;, and use P(f;) &~ p;/108. In all our experiments o, =
0.10y, but any relation (or none at all) is perfectly acceptable — we used this relation

because trained neural networks typically end up training to small values of ay,.

E.1.4 Prior over LZ complexity, P(K)

The prior distribution over complexities K
PIK)= > [ d0P@)LB(Ux(50)n = 1) (E.7)
£:Lz(f)=K "’

where LZ(f) is the LZ complexity of the string representation of f. P(K)
is approximated by randomly initialising parameters 10® times, recording the

frequencies p; of observed f;, so P(K) & ¥ ;.1.7(s)=x pi/10%.
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E.1.5 Obtaining functions with a range of LZ complexity

This method is designed to generate functions with a range of LZ complexities,

without using a DNN (because the other method: sampling from the prior of a

DNN with o, = 1 might introduce a bias towards specific types of functions LZ

complexity is not able to capture, which would bias results).

Algorithm 5 Generating strings over a range of complexities

input: Length of binary string, 2" (typically n = 7). F = [].
for min 0,1,...,2""1 2" do
for  in range 10° do
Generate a string s with the first m characters 1 and all others 0. Generate
a random permutation Se», and use it to permute s.
Append the tuple (s, LZ(s)) to F if s ¢ F.
end for
end for
group functions in F' by K.
Return F

E.1.6 Generalisation error vs LZ complexity

This method is designed to determine the expected generalisation error for DNNs

with L layers, tanh activations, and initialisation scheme (o, 0;), for some training

set size m and for a range of target function complexities.
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Algorithm 6 Generalisation error vs LZ Complexity

input: DNN N with L layers tanh activations, initialisation variances o, (o, = 0),
optimiser O, batch size b. Dataset B(-)7, training data size 0 < m < 27 (typically
m = 64). Set F' of functions generated by Algorithm 5. Stochastic optimiser O,
Loss function L.
Let F,; =
for unique K in F' do

Sample one function fx

Ck =]

for _ in range(1000) do
Randomly sample m integers without replacement from 0, ...,27. These are
the indices of fx used as training data S,,. The other part of B(-)7 is the
test set F

Train DNN with optimiser O with loss function L on S, until 100% training
accuracy is achieved. Record the error on F, €
Append € to Cg
end for
Calculate mean g and std pg of Ck. Append (K, g, pr) t0 Fou
end for
Return F,,;.

For experiments with CE loss, the AdvSGD optimiser was used (see Appendix
A in [64] for details) was used with batch size 16. For experiments with MSE loss,

the Adam optimiser was used, with learning rate 10~° and batch size 16.

E.1.7 Generalisation vs output function LZ complexity

These experiments aim to capture the distribution of functions found when training

a DNN to some target f with training set size m.
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Algorithm 7 ¢(fy) vs LZ(fy) for target function f

input: DNN N with L layers tanh activations, initialisation variances o, (o, = 0),
optimiser O, batch size b. Dataset B(-);, training data size 0 < m < 27 (typically
m = 64). Set F' of functions generated by Algorithm 5. Stochastic optimiser O,
Loss function L. Target complexity K.

Let F,,; =

Sample one function fx from F

for _ in range(1000) do

Randomly sample m integers without replacement from 0, ..., 2. These are
the indices of fx used as training data S,,. The other part of B(-)7 is the test
set F/

Train DNN with optimiser O with loss function L on S, until 100% training
accuracy is achieved. Record the error on E,| ¢, and LZ(fn(0).
Append (K, e, LZ(fn(0)) to Fyu

end for

Return F,,;.

E.1.8 Likelihood estimation and Approximate Bayes

Our starting point is Bayes’ rule

P(f[S)=P(S| NP/ PS) (E-8)

where P(S) = >; P(S | f)P(f). For a dataset B(g),, using S, = S(g)m, we

want to calculate

Pirts=(2) 2 puisa= (0] X pe. I nr/P.)

'mESm 'mESm
(E.9)

Where §,, is the set of possible training sets of size m, taken from the target
function g. We first assume P(S,,) ~ (P(Sm))s,.cs,,, and take the likelihood
function P(S,, | f) = L(B(f)n |s,,= Sm). Then

(P | Susues. ~ gy <m> PR AN TR
SR (oot ) B ORI TR

(E.11)
= E(f)P(f) (E12)
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where ( ) = 0if m > 2"(1 — ¢,(f)) and ¢,(f) is the fractional error of g

2"(1—€4(f))

with respect to f (usually just denoted e(f)). We then use this approximation

for (P(f | Sm))snes, n

(P(K | Sm)Ysmesn = 2, (P(f | Sm))smesn = Z E(f)P(f) (E.13)

f:LZ(f)=K f-LZ(f
_P(K) Y E(HPU)/PE) (E.14)
FLZ(f)=K
~ P(K) : > B (E.15)

(1207 = K] ;%7

if we assume that for all f with LZ(f) = K, P(f) is roughly equal. Finally, if we
assume that our method for sampling f (Algorithm 8) to produce a distribution

over E(f) samples functions f in a unbiased manner, then we have

(P(K'| Sm))snes, = P(K) ) E( )P(f)/P(K) (E.16)
FLZ(f)=

1
~ Z I LZ(f ):KH“Z E(f) (E.17)

FLA(S LZ(f)=K
1 o y e,
T zzip =&y PR

)
(E.18)

x P(K

where top k(E(f)) refers to the sum of the k largest E(fx) found for f with
LZ(f) = K. This assumes that most of the weight in > 1., 7p—x E(f) comes from

a small number of the largest E(f). Each E(f}) is divided by (2n

(1feg(f))> to account

for that number of functions with the same error but distributed differently.
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Algorithm 8 Approximate Bayes

input: Dimension n, Prior P(K; N, 0., 0), target function f, integer k (typically
5)
Part 1: Estimating P(S,, | K)
F=1
for b in [8,16,32,64,100] do
for 0 in range(10000) do
Perform (b'%b) bit flips of f, let this function be denoted g¢. If g has not
already been found, record the expected generalisation error averaging over
test sets

P(g) = (2)(1 = e(g))™ where €(g) = 52, L(f[i] # [i]).
Append (LZ(g), P(g)) to F
end for
end for
P(S | K) =]
for Complexities K within F,; do
Pk(K) = (1/k) Ztop kg:LZ(g)=K P(g)
Append (K, P,(K)) to P(S,, | K)
end for
Return (P(K | S,,))s,, ~ P(K)P(K; N, o0y, 0)

Note that this approximation for the posterior distribution with 0-1 likelihood
gy 1
(P(f]Sn))s,, = (m) sze;sm 1(f consistent with S,,)P(f)/P(S,)  (E.19)
is not the posterior distribution DNNs may approximate. Gaussian Processes with
MSE use a mean-square error likelihood P(S,, | f) = exp (— Yies,, (f(2i;0) — g(2:))?/2a?),
where a? is typically very small. Despite halting training at 0 training error, we

find that the DNNs often also arrive at very low training loss.

E.1.9 Bias-Variance Tradeoff Experiments

These experiments evaluate the effects of changing the size of a learning agent’s
hypothesis class H (a hypothesis class is the set of functions a learning agent may
consider a candidate function to describe the data). For the boolean system, we

can defined hypothesis classes with a maximum LZ complexity

Hi ={f: K(f) <k}

meaning the hypothesis class of all functions with LZ complexity less than k.
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The uniform learner with dataset B(g), and training set S(g).,, hypothesis

class H; generates a distribution over hypotheses

_ Ler(f) = min{er(f') : /' € Hi})
Po(f ] 5(g9)m) = S Ter (/) = min {er () [ € Hal) (E.20)

In other words, functions achieving the best possible training error are given equal

weighting within Hj. For n = 5 systems with only 232 ~ 109 strings for Ho, this
process can be done exhaustively for any fixed training set of any size. For the
n = 7 system, this is done with m = 100, meaning exact values can be obtained
for H; sufficiently expressive to fit the training data, by exhaustively enumerating
over all 228 strings that fit the data. When H;, is not sufficiently expressive, 10°
strings are sampled by perturbing k& (for a uniformly sampled integer k in range
0 < k < 10) labels using the a) true function b) all 0’s or all 1’s function and c) a
randomly generated function with high symmetry, as bases for the perturbation.
This generated a distribution over low complexity functions with low train error,
with which we calculated P(f | S(g)m) for k less than the minimum & capable of
fitting the training set. This process produced results that looked qualitatively

similar to those seen for the n = 5 system (which is exact).

The neural networks with dataset B(g), and training set S(g).,, hypothesis

class Hj generates a distribution over hypotheses

_ Psap(f 1 5(9)m)1(f € He)
> Psap(f' | S(9)m)L(f" € Hi)
This distribution is approximated by training 5000 DNNs to 100% training accuracy,

PV S(g)m)

and rejecting all functions not found in each Hj, as with the random learner.

E.1.10 The Gaussian Processes/Linearised Approximation

We use a very wide neural network and train only the last layer with MSE loss until
low loss for a linear model closely approximating a Gaussian Process with mean
square error likelihood — see [2, 247] for an explanation of Gaussian Processes with
MSE likelihood and how they are equivalent to these linear models respectively. We
use DNNs with width 16384, freeze all but the final classification layer, and train this

layer with Adam (without weight decay) and MSE loss until the loss reaches 107°.
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E.1.11 Experimental details for image datasets & CSR

We also use MNIST dataset [116] and CIFAR10 dataset [154]. Because functions
on the datasets do not have an easily calculable intrinsic measure (not dependent
on the neural network) of complexity, we use CSR.

For both MNIST and CIFAR10, we use DNNs with hidden layer width 200,
input width 784 and 3072 respectively and output dimension 1.

The critical sample ratio (CSR), a measure of the complexity of a function, was
introduced in [248]. It is defined with respect to a sample of inputs as the fraction
of those samples which are critical samples, defined to be an input such that there
is another input within a box of side 2r centred around the input, producing a
different output (for discrete outputs). Following [64], we use CSR as a rough
estimate of the complexity of functions found in the posterior (conditioning on
S), and the prior (i.e. functions on S). In our experiments, we used binarised
MNIST with a training set size of 10000 and a test set of size 100 (analogously

to the majority of our other experiments).

E.1.12 Infinite depth chaotic tanh-activated DNNs have
a uniform prior

Signal propagation in deep chaotic networks was extensively studied in [79, 80]. The
most relevant result for our purposes concerns the correlations between activations
at [ layers, for neural networks at initialisation, taking the mean field approximation

(where preactivations 2! are replaced by a Gaussian whose first two moments

match those of 2!). This mean field approximation is exact for infinitely wide
neural networks.
Specifically, it is shown in [79] that for neural networks with tanh activations

and combination of g, and o3 in the “chaotic regime” (for example, o, = 2.5,

o, = 0.0005), as the number of layers tends to infinity

7

El2}(2a) 2 (23)] 2% ¢76,5 (0 + Cij(0, 03))) (E.21)
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where z, and m;, are inputs to the network, and 2! is the i’th preactivation in the
I'th layer. ¢;j(0y,,04) is a correlation term between inputs ¢ and j, and it is further
shown that (o, 0) Tu® 0 for any fixed o,. By contrast, neural networks in
the ordered regime (characterised by a small o, and large 0,) have an attractive
fixed point at 1 — all inputs become perfectly correlated.

For a neural network with L. — oo infinitely wide hidden layers and a single
output neuron, Eq. (E.21) can be used with i = j = 1, and f(z,) the final layer’s

output for input z, to give
K (2a, ) = B[f (xa) f ()] == ¢ 0,

which defines the kernel used in Neural Network Gaussian Processes (NNGPs).

The prior probability of an output y, P(y) is given by
P(y) o exp{—y" Ky},

where K is the kernel matrix for m inputs, and y the output vector (pre-thresholded)
for the m outputs. As K ! is a diagonal matrix, all predictions are uncorrelated
and have equal chance of being 0 or 1, so the probability of any thresholded

function f must be uniform:
P(f)=2""

A similar result was proved in [249] but for NTK — NTK in the limit of infinite
depth converges to an equicorrelated matrix with correlation ¢ = ¢(oy,, o), with

the same limiting behaviour as the NNGPs.

E.1.13 PAC-Bayes appied to a uniform learner

For the random learner with complexity cutoff (Eq. (E.20)), for the hypothesis class

: fls=S . .
He, P(S) = £ ﬁ}f}){ﬁc)ﬁ:ﬂ . Plugging this into Eq. (A.16),

(E.22)

o MEWSKH - om
m—1 '
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If at least one function achieves zero test error, |[{f : K(f) < k, fls = S}| > 1,
so P(S) > ﬁ, and can straightforwardly be plugged into Eq. (A.16) — which

produces the PAC Bound:

1 In 2 kln2 + In 22
€(Q") <1—exp (— n[Hel +In 3 ) ~1—exp (_n—l—n§>. (E.23)

m—1 m—1
where the second relation holds if we assume that #H; ~ 2, Finally, as a sanity

check, if Hy, .. = 2™ (all functions are available), so

(") <1-— ;exp (—:;2‘?1 ) : (E.24)

<1

We use Eq. (E.22) for the n = 5 system, as all functions can be enumerated.
For n = 7, we use the bound in Eq. (E.23), with a cutoff at |Hj, .| = 2¥" (required

because the maximum LZ complexity is greater than 128).

E.1.14 The unbiased learner

The unbiased learner U<g,, with LZ complexity cutoff is defined in Algorithm 9.
We can learn boolean strings by setting a maximum complexity K, and rejecting
all functions with LZ greater than that value. The prior, P<x(f), and likelihood
rule, P<x(S | f), can be defined as follows:

Peg(f) = 1If € Hr,, ]/ Hx,|
Pe(S1f) = Tles(f) == min{es(f) : /' € Hr,, }]

where eg(f) denotes the error of a function f on the training set S. Explic-
itly, we have a uniform prior over functions with K, < K,;, and a posterior
distribution that is uniform over functions with K;; < Kj; that achieve the

minimum possible training error.
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Algorithm 9 Unbiased Learner U<g,,

Input: target function f;, training set size m, complexity cutoff Ky,
Let S be the training set of m input-output pairs from f;.
Let T be the test set of 2" — m input-output pairs from f;.
Initialize empty lists for errors: E, < [] for each K € {0,...,m}.
for each function f in the space of all possible functions do
Calculate the Kolmogorov complexity Kpz(f).
if KLZ(f) S KM then
Calculate the training error e€g(f) on the training set S.
Calculate the generalization error eg(f) on the test set T
Append (es(f), ec(f)) to the list E .
end if
: end for
: Let ¢* = min{e | E. is non-empty}. The predicted generalization error is the
average of the generalization errors for the functions in F,«:

T =

1
Elegles = €*] = 7 > e

| e | (ES76G)6E€*

PAC-Bayes applied to U<k For the unbiased learner U<y, target function

fi with training set S of size m, P(U(S)) = ‘{{{?;(ZL(ZJC()})S)I;’%S'H The notation |g

denotes evaluating f on only the training data in the training set S (as opposed to

evaluating on all 2" datapoints). Plugging this into Eq. (A.16) leads to:

Hf:Krz(f)<k,fls=s}|
m—1

In H{f:Krpz(f)<k}| +1n 2Tm
, (E.25>

€e(@Q%) <1 —exp (—

the implementation of the PAC-Bayes bound for U<k.
If at least one function achieves zero training error for some U<g,,, we can
use the realisable PAC Bound adapted from Eq. (A.16) (where we don’t make the
customary approximate step that (1 — €)™ ~ e~™¢ which only holds for small me?:

1 In 1 kln2+1n:
g <1 —exp (—W) ~1—exp (_n;—n(;)' (E.26)

where the second relation holds if we assume that |Hx| ~ 2F. In practice, we take
the cumulative measure |Hg| = [ f({mm P(K’")dK' using our LZ complexity measure

to calculate P(K'). This explains why the PAC bound flattens off at larger K
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E.2 Further experiments

E.2.1 Experiments using the unbiased learner

For the n = 5 systems there are only 232 ~ 4 x 10° strings so full sampling is
relatively straightforward. We (randomly) select a fixed training set S of size m,

and sampled over all functions f for several target functions ft, namely
(a) ‘0011" x 8 (a simple function);
(b) ‘01001111000111111110101111110100” (a complex function);
(c) ‘1001" x 8 (a lowK lowP function);
(d) the parity function.

The simple functions (a) and (b) are chosen to contrast simple and complex targets.
(c) is a simple function which the DNN has difficulty producing; it was not observed
in 10® random samples. In other words, even though it has low complexity, the
DNN is not biased towards it. Such lowK lowP functions are also seen in other
input-output maps [66]. A bound can be derived that relates the distance that
log P(f) is below the AIT-inspired upper bound from [65] to the randomness deficit
in the set of inputs. In other words, lowK lowP functions have inputs that are
simpler than the average inputs. One consequence of this connection is that the
total probability of such lowK lowP functions is small, because the vast majority of
inputs are complex, and so only a relatively small fraction are available to create
such lowK lowP outputs (Note that the arguments in [66] hold for discrete inputs,
and here the weights are continuous; nevertheless the arguments can be extended if
an arbitrary discretization is applied to the weights). Finally, the parity function is
chosen because it is thought that DNNs have a hard time learning it, and so this
provides an example of a function that the DNN may be biased against.

For the n = 7 system, exhaustive enumeration is harder because the total number
of possible functions is so large. Therefore we take a relatively large training set

m = 100, so that we can exhaustively enumerate over all 228 strings that exactly
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fit the training data. When H<y,, is not sufficiently expressive to reach zero
training error, we sample 10° further strings by perturbing a uniformly sampled
integer k in range 0 < k < 10) labels using the a) true function b) all 0’s or all
1’s function and c¢) a randomly generated function with high symmetry, as bases
for the perturbation. This generates a distribution over low-complexity functions
with low train error. This process produced results that looked qualitatively similar
to those seen for the n = 5 system (which is exact).

Experiments on these unbiased learners are shown in Figs. 4.1i, E.1 and E.2.
They illustrate some aspects of the bias-variance tradeoff for classification of the
different possible target functions. Some basic patterns are discussed below.

Firstly, we note that these plots do not show double-descent behaviour as in [196]
because we are changing the inductive bias of the model by increasing Kj;. We are
not fixing the model and changing the ratio of parameters to data.

For Kj; much less than the complexity of the target K; = Kpz(f), it will
normally be the case that the learner cannot achieve zero training error, and most
of the error will be due to bias. As K, is increased, there will be a K’ < K, for
which a function in H<y will first fit S with zero error. For large training sets, K’
will roughly equal K z(f;). For very small |S|, K’ can be quite small, for example,
if a function is highly class-imbalanced towards 0’s, then for smaller training sets
the probability to find an i.i.d. training set with all 0’s which could be fit by a
trivial function f = 0000..... with minimal complexity may not be negligible.

The smallest H< g+ with eg = 0 will have the smallest PAC-Bound on general-
ization error. In this case, the error due to bias may be small if the main prediction
is close to the true complexity; this typically occurs when the true complexity of
the function is close to this K’, and the error due to variance will also be small
(as there are few functions in the posterior).

For K = Kz, |H<k,,..| = 2%". All possible functions on the test set are
present and equiprobable, so the mean generalization error will be exactly 0.5. The

error due to variance here will be the largest, as there is a huge range of functions
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to choose from; depending on the target function the error due to bias can also

increase as the learner is no longer biased towards low-complexity functions.

E.2.2 Neural networks with a maximum complexity cut-
off KM

If we restrict hypotheses to H<, then the posterior for DNNs trained on a training

set S can be defined as:

~ Psep(f | S1(f € H<k)
PSKM(f ‘ S) - Zf/ PSGD(fI ’ Sﬂ(f/ c HgK)

The posterior P<k,,(f | S) is approximated by training 5000 DNNs to 100% training
accuracy (with AdvSGD, batch size 16, and networks of width 40), and rejecting
all functions not found in each H<g, as with the unbiased learner. For the n =7
system, we used a training set of size 100 when restricting the complexity. For each
function that the DNN converges to, that is within the restricted hypothesis class,
we calculate the complexity, as well as eg(f) and eg(f). We record their averages
and standard deviations in the plots Figs. 4.1i, E.1 and E.2.

The ReLLU-based DNN and the tanh based DNN with o, = 1 have a strong
inductive bias towards simple functions, meaning in general the probability to obtain
a highly complex f is much smaller than the probability to obtain a simple f. The
strong suppression of these complex functions means that removing them with H<x
typically has a relatively small impact on generalization error. By contrast, the
chaotic neural networks do not suppress these complex functions strongly enough
to counteract the exponential growth in H<x with complexity, and thus errors due

to variance can be as large as for the unbiased learner.

E.2.3 PAC-Bayes estimates for n = 5,7

The PAC and PAC-Bayes bounds (see Eq. (E.25)) can both be enumerated exactly
(as Pg, ,(f) | S can be calculated exactly for all f) for the n = 5 system, and for
the n = 7 system we use the approximation in Fig. E.3 to calculate P(K), and we

can exactly enumerate the numerator in Eq. (E.25) by sampling. The PAC-Bayes
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bounds for the neural networks (for the n=5 system) use 10® samples to approximate
P(f), and P(S) is extracted from this distribution. In the event that no function
found in 10® samples fits the training set, the bound is plotted with P(S) = 1078,

to show the minimum value of the PAC-Bayes bound.

E.3 Selected further experiments

For a complete set of further experiments, see the Supplementary Information

in Mingard et al. [5].

E.3.1 Extended data for K-learner with PAC and PAC-
Bayes bounds

In this section, we expand on Fig. 4.1 (i) for different target functions, as well
as for the smaller n = 5 system. As can be seen in Fig. E.1 for n = 5 and in
Fig. E.2 for n = 7, there are clear differences in performance on simple rather than
complex functions. We also include a lowK lowP function that is simple, but has
low probability (and so is far from the bound) (see [66] for a longer discussion of
such functions). We would expect (and indeed observe for n = 5) that the DNN
struggles more with functions for which it has a smaller P(f), and therefore a
smaller inductive bias at initialization. Finally, we study the parity function, for
which f = (1,0) if the number of ones in the input is even (odd). It, therefore, has
the highest input sensitivity of any function, because any change of input changes
the function output. There are well-known questions in the field about whether

or not a DNN can learn the parity function [250, 71].
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Figure E.1: K-learner for n = 5 Boolean system Training set size m = 16. Refer to
Appendix E.3.1 for full details on these experiments. e |, unbiased denotes the minimum
training error achievable with functions f of Crz(f) < K. €g | , unbiased denotes the
test error of those functions, assuming each is equally likely. eg, 10 | oy, denotes the
generalization error of a DNN with 10 layers and weight initialization o, upon training
to 100% training accuracy. The lighter blue datapoints are for eg, 10 | 1, with function
predictions sampled from the DNN each time training accuracy decreased. The chaotic
DNN initializes at high K functions, so low K functions are not reached as part of training
(in 10* samples). The PAC-Bayes (NN) bound is for the DNN with o, = 1, uses § = 0.01,
and the marginal likelihood is calculated with 0-1 loss using 10® samples from the prior of
the o, = 1 DNN (divide the number of functions that fit the training dataset S found
during sampling by 10%). See Appendix A.5 for details about the bound. The PAC-Bayes
bound is for the unbiased learner (where the marginal likelihood is calculated exactly
with 0-1 loss); and the PAC bound is given in Eq. (E.22) Both use § = 0.01. (a) ‘0011’
x 8, (b) ‘01001111000111111110101111110100’, (c) ‘1001’ x &8, (d) Parity function. A
simple function (a) is learnable by the uniform learner with a hypothesis space restricted
to the complexity of the target function, or the DNN with o,, = 1. A highly complex
function (b) should not be learnable no matter the chosen training set and hypothesis
restriction. (c) A simple function (with respect to LZ complexity) has very low prior
probability (was not found during sampling the prior, so P(f) < 1078) is a low-K low-P
function. Therefore, the DNN with o,, = 1 does not generalise that well either. (d) The
parity function is clearly very hard for the DNN to learn. Interestingly it seems biased
against it, as it generalises worse than a random learner. However, the parity function is
learnable for the n = 7 dataset with m = 100. (see Fig. E.2).
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Figure E.2: K-learner for n = 7 Boolean system See Fig. E.1 for notation. Training
set size m = 100. For details of the implementation of the different learners, as well as
the realisable PAC and PAC-Bayes bounds (which use § = 0.01), see Appendix E.3.1.
(a) simple function ‘10011010” x 16

(b) complex function ‘0011011110100111010010111001011100011100101110111011101011101111
0000110001100011111111100111011001111010010101011101111001110001°

(c)lowK lowP function at n =5 ‘1001” x 32

(d) Parity function

Unlike the n = 5 case, good generalization is achieved for the lowK lowP function in (c)
and parity function in (d). This may be due in part to the relatively large training set
(m = 100).

E.3.2 Extended figures of priors P(K) and P(f) for DNNs

In this section, we plot in more detail than the main text some results for the priors
of DNNs upon random sampling of parameters. In Fig. E.3 we show priors over
complexity P(K) for an ordered and chaotic FCN with 10 layers, as well as the
P(K) for randomly sampled strings of length 128.

In Fig. E.4 we show similar priors (and also P(f)) for smaller systems with

n =5 and n = 4, where the number of functions are 22° = 4,294, 967,296 and



E. Appendices for Chapter 4 255

22" = 65,536 respectively, both of which can be fully sampled. The downside
of these very simple systems is that the finite-size issues with the LZ complexity
measure become more pronounced since the strings are only length 32 and 16,
instead of 128 as in the n = 7 system. Nevertheless, it is clear that the same
qualitative differences between the two DNNs are observed in the n = 7 system.

In Fig. E.5 (a) we compare the priors P(f) for DNNs with the more popular
ReLU activations functions to that of the tanh-based priors with different o,,’s.
Our "standard" o,, = 1 prior is very close to the ReLU prior (this also holds for

P(K)). Moreover, both priors closely follow the idealised Zipfian curve

1
P(Flper — E.27
it = T, ek 7)) (20
where the number of functions N; = 2'® and with exponent a = 1. For larger

0w, as the system enters the chaotic regime the prior begins to noticeably deviate
from the ideal Zipfian curve, which is not surprising given that the fully chaotic
fixed-point has a uniform prior over functions as shown in Appendix E.1.12.

To get a sense of the full range probabilities of P(f) vs K(f) we make a
simple approximation P(f) ~ P(K)/|{f : Kpz(f) = K}|, where the numerator
comes from the measured P(K) from the first two panels of Fig. E.3(b), and the
denominator comes from the third panel in Fig. E.3(b). As shown Fig. E.5(b),
this produces an approximate P(f) versus K over a wide range of values. While
this approximation is rather crude, it does allow us to get a sense of the scale
of P(f) over the full range of K.

This larger scale helps us see that the chaotic prior with o, = 8 is still
quite strongly simplicity biased compared to uniform sampling over functions.
Nevertheless, as can be seen in Fig. E.3, this simplicity bias is not nearly enough to
counteract the 2% growth in the number of functions with increasing K. In other
words, an Occam’s razor-like simplicity bias is not enough for good generalization
on simpler functions. It has to be the right strength or else the DNNs will still
suffer from a tendency to converge on functions that are too complex, much as

one expects from classical learning theory.
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In Fig. E.6 we depict the priors for a range of o, and depths N;. For increasing

0, and increasing N;, which corresponds to entering more deeply into the chaotic

regime, the amount of simplicity bias decreases, and the P(K) plots show a sharper

rise towards complex functions.

Finally, in Fig. E.7 we show the priors P(K) for three different complexity

measures. The first is the LZ measure used before. The second is the simple binary

entropy Kg = —log, p — log,(1 — p) where p is the fraction of 0’s (or equivalently

of 1’s. Simple strings such as all 0’s or all 1s also have low LZ complexity, but

strings such as "01010101..." have high binary entropy, but low LZ complexity. The

third measure is a classic measure of Boolean complexity, the minimum of the

disjunctive/conjunctive normal form. While all three P(K) plots differ in detail, as

expected, they also all present the same qualitative behaviour in that the chaotic

DNN prior is much closer to that of random strings than the order DNN prior is.
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(b) P(K) distributions for LZ complexity extended data

Figure E.3: P(K) vs LZ complexity K for the n =7 Boolean system. Left and
centre panes show DNNs with 10 layers, o, = 0.20,, and o, = 1, 8 respectively, with tanh
activations and hidden layer width 40. The right-hand pane shows P(K) when strings
of length 128 are uniformly sampled, for 10® random samples. (a) Raw values for LZ
complexity (without extrapolation) and (b) with log-linear extrapolation (inspired by
plots for other lengths in [65]) here the y-axis is cut off at 2 x 27128 — the exact value of
P(K) for the simplest functions when randomly sampling. The blue, red and green areas
show the same data as found in Figs. 4.1g and 4.1h respectively. 90% of the probability
mass lies to the right of the vertical dotted lines; the dash-dot lines are lines of best fit for
the left-hand two panes; for the right-hand most pane, one point is fixed at (7,2 x 27128)
(the theoretical value for P(K = 7) = 2 x 27128 as K = 7 corresponds to the strings
of all Os and 1s only), and connected to the end of the sampled area. Max observed
LZ complexity is K = 179 (in the right-hand plot), x-axis cut at K = 180. The red
theoretical curve in the right plot is for an ideal compressor for which P(K) = 2X. See
Appendix E.1.4 for further experimental details
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Figure E.4: Priors upon random sampling of parameters vs LZ complexity
K for the n = 5 and n = 4 Boolean systems. Prior P(f) on {0,1}° for 10 layered
DNNs with ¢, = 1,8 from 10® samples. The green points show the theoretical P(f)
with a uniform prior over functions. The n = 4 system is so small that P(f) for the
uniform learner is 2716, and we can take enough samples to show the functions with
P(f) much lower than this for the ordered prior o, = 1, for which generalization would
be worse than random, as consistent with no free lunch theorems. The n = 5 system is
fractionally too large to see these functions, but we are able to get enough samples to
see the trivial functions in the o, = 8 prior, and clearly, P(K) grows exponentially in
ow = 8, suggesting the approximation in Fig. E.3 is sensible.
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Figure E.5: Comparing priors over functions P(f) (a) Prior P(f) for 10-layer FCNs
with tanh and ReLLU activations, on n = 7 Boolean functions, ranked by probability of
individual functions, generated from 10® random samples of parameters © ~ N(0, oy,). (b)
To get a sense of what P(f) vs LZ complexity K looks like on a much larger scale, P(K)
data from Fig. E.3 was used to approximate (P(f | K)) ~ P(K)/|{f : Crz(f) = K}|.
Note that these points lie below many of the samples in Fig. 4.1b; this is to be expected as
the calculation returns the average value for P(f | K), which is clearly much lower than
max P(f | K) (see e.g. Fig. E.4a). Both the chaotic and the normal DNN are strongly
simplicity biased. Nevertheless, as shown previously, the lower simplicity bias of the
chaotic prior is not strong enough to overcome the growth of the number of functions
with increasing complexity, so the prior over complexity is dominated by large-complexity
functions for the chaotic regime.
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Figure E.6: DNN priors for different oy, and depth Nj: (a) Empirical probability
P(f) of individual functions versus their LZ complexity for networks initialized with
various o, and number of layers N;, with hidden layer width 40 and tanh activations for 10
random samples. Points with a probability of 10~8 are not removed (even though sampling
errors for these low probability points are large) because in plots (o, = 4, N; = 10)
and (o, = 8, N; = 10) only points of this type are found. (b) A-priori probability
P(K) = ¥ 1.k, 5=k P(f) versus LZ Complexity based on 108 samples of a neural
network with N; hidden layers, hidden layer width 40 and tanh activations, initalized
i.i.d with weight standard deviation o,,. o, = 0.20,,. Further examples for Fig. 4.1a. See
Appendix E.1.4 for further experimental details
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Figure E.7: P(K) for different complexity measures. Prior P(K) for 10-layer FCNs
with tanh activations, on n = 7 Boolean functions, ranked by probability of individual
functions, generated from 10% random samples of parameters © ~ N(0, ). Uniform
sampling is included for reference. (a) LZ Complexity (b) Entropy (c) Boolean complexity.
(b) the entropy here is that of the string representation of the function, and (c) is the
same Boolean complexity measure as in [64] (the minimum of the Disjunctive/Conjunctive
Normal Form, calculated with SOPform and POSform from Scipy).
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Figure E.8: Fig. 4.1c with PAC-Bayesian bounds We used extrapolated P(K)
data from Fig. E.3 to calculate PAC-Bayesian bounds for the task shown in Fig. 4.1c. We
assumed that each function in each complexity class has the same probability, meaning
the marginal likelihood for a function with complexity K, P(S)x ~ P(K)/Ng, where
N is the number of functions with complexity K. Nk is estimated from the rightmost
plot in Fig. E.3(b), and P(K) from the middle and leftmost plots in the same figure.
Note that the PAC-Bayes bound for o,, = 8 is lower than that of o,, = 1 for the larger
complexities — which is to be expected, as careful examination of Fig. E.3 shows a greater
prior probability assigned to the more complex functions for o,, = 8 than o,, = 1.



Appendices for Chapter 5

F.1 Datasets, Architectures and Algorithms

F.1.1 Datasets and architectures

Details of the machine learning architectures used for numerical experiments are
listed in Table F.1. Unless otherwise specified, all neural network layers are
randomly initialized using their respective default methods in PyTorch 2.0.1 [251].
All activation functions are ReLU (f(z) = max (0, x)), unless otherwise specified.

Datasets used for numerical experiments are described in Table F.2.

F.1.2 Generating the initialisation prior

To generate the initialisation prior P(f), we use the following procedure. As
in the main text, we consider a c-way classification task on a finite set of inputs
Sx = {z;},. The datasets come with true labels Sy = {y;}7,, and S = {x;, y; } ;.
Of course, the prior is independent of Sy. A function f is a labeling on Sy, i.e.,
f=A{fi}",. Both f; and y; take values from among the ¢ classes.

We need to approximate the initialisation prior over functions f for a neu-

ral network F,
P(f) = [ 49 Pour®) TLUF(Xi30) = ) = [ 49 P @)1[F(Sx:6) = 1, (F.1)

262
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Architecture

Details

FCN

CNN

LSTM [33]

Transformer [252]

Resnet18 [118]
RBF Kernel GP

Perceptron

GCN [254]

(Fully Connected Network /Multi-Layer Perceptron) 3 hidden layers,
128 neurons in each layer (unless otherwise specified)
(Convolutional Neural Network) 2 convolutional filter layers, re-
ceptive field 3 x 3 pixels, max pool after each convolutional layer,
followed by two linear layers

(Long-Short Term Memory network) Embedding layer, bidirectional
LSTM with 256 neurons, MaxPool1D, linear layer with 512 neurons,
linear classifier

RoBerTA, a transformer-based neural network followed by a
classification layer. In the main text, we use a pretrained RoBerTA
and only randomly initialize the last layer. In the appendix
(Fig. F.4), the entire network is randomly initialized.

PyTorch default for CIFAR-10, batch norm layers removed
Gaussian Process [253] with RBF (Radial Basis Function) kernel,
with all hyperparameters set to scikit-learn defaults

Linear model, bias initialisation variance is 0.1 of the weight
initialisation variance

(Graph Convolutional Neural Network) 2-hidden layer Graph
Convolutional Neural Network

Table F.1: Details of neural network architectures used in numerical experiments.

Dataset

Details

Boolean dataset

Random dataset

MNIST [255]

Fashion-
MNIST [256]
CIFAR-10 [154]

IMDb [257]
CiteSeer [258]

The n-dimensional boolean dataset consists of all 2" binary vectors
of dimension n, {0, 1}".

Input dimension 256, each element sampled i.i.d. from NORMAL(0, 1)
(once sampled, the dataset is fixed).

A standard dataset of ~60,000 images of grayscale handwritten
digits, 28 x 28 pixels each. For experiments with effective priors,
the data is centered and normalized.

A standard dataset of images sorted in 10 fashion-related categories;
dataset structure otherwise mirrors MNIST.

A standard dataset of 60,000 colored images sorted into 10 classes,
with standard normalization and centering

Dataset of 50,000 movie reviews, classified as positive or negative
Dataset of ~3,300 scientific publications classified into 6 topics
and represented by presence or absence of one of ~3,700 unique
words (dataset taken from Pytorch Geometric).

Table F.2: Details of datasets used in numerical experiments.
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where Py, () is the parameter initialisation distribution of F. F(Sx;#) is the
post-thresholded (for binary classification) or argmaxed (for multiclass) output
of the network, i.e., an integer denoting the class. P(f) is the probability that
the DNN expresses f on Sy upon initialisation (before an optimization process).
Typically, the total number of samples taken is 10%.

Here is Pythonic pseudo-code for generating the prior P(f):

# Bayesian prior at initialization
from collections import Counter
import Data # input data

import DNN # deep neural network

def sample_function(network: DNN, Sx: Data):
network.initialize_parameters()
f = network.predict(Sx) # get network prediction on data Sz at init
return f

Sx = Data()

network = DNN(Q)

f_frequency = []

for count in range(total_samples):
f = sample_function(network, Sx)
f_frequency.append(f)

dict(Counter(f_frequency)) # dictionary of frequency of functions
{i:j/total_samples for i, j in Prior_f.items()} # dictionary of P(f)

Prior_f
Prior_f

F.1.3 Fitting normalization of the rank-ordered plots

As discussed in the main text, we wish to compare our data to normalized power-
law distributions.
There are 2™ possible unique functions when the task is binary classification. If

P(f) were exactly Zipfian, we could approximate the normalization constant
2m ]
mA/ 2 de, (F.2)
1T

which gives A = 1/(mIn2). Here &~ denotes approximation by replacing the sum
over discrete functions by an integral.

We typically find, however, that the low-rank functions are very non-Zipfian.
Such deviations at low ranks are common when power laws are fit to empirical
data [259]. The arguments for the emergence of Zipf’s law in the thermodynamic

limit with latent fields similarly say little about the non-asymptotic behavior at



F. Appendices for Chapter 5 265

low ranks [108]. These low-rank effects make it difficult to fit empirical data to
power laws, and specifically to evaluate the normalization constant.
We can address this issue when performing fits by noticing that, if Zipt’s law

is observed at high ranks, » > s, then:

- Sjjp(r) ~ A(s) / - —da, (F.3)

giving
13721 P(r)
Als) m — ===~ 7, F.4
() mln2 —Ins (F4)
In most fits, only the functions with rank f = 1,2 are outliers, and it is sufficient
to take s = 2 to evaluate A. As expected if Zipf’s law holds for » > s, we find
that fits are generally insensitive to this choice of s (Fig. F.5).

An analogous calculation can be made for multi-class classification problems, giv-

ing
=30 Z P(r)

A(s) = r=1 (F.5)

mlnc—1Ins
F.2 Effective priors for SGD & Loss-based like-
lihoods

In Appendix F.5 and Section 5.3, we prove that the prior P(f) of a Bayesian
learning agent over a training set must satisfy Zipf’s law for optimal learning in

the large-data limit. The proof relies on the likelihood taking the form
P(S‘f) X €xXp (_'Limtrainetrain) <F6>

for some constant k > 0, where €,,;, is the fraction of errors made on the training
set S of size Mypaim. The 0-1 likelihood is a particular limit of this class, obtained
by taking k — oo. We will refer to likelihoods that only depend on the training
error as error-based likelihoods (note that we anticipate that it should be possible
to extend our proofs to a broader class of likelihoods). We show in Fig. 5.1 that the
initialization prior P(f) of a wide range of DNNs and datasets satisfies Zipf’s law.

Therefore, if those neural networks were trained using Bayesian inference with P(f)
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as a prior and Eq. (F.6) as the likelihood, they would thus satisfy the necessary
conditions for good learning shown in the main text.
However, there are two layers of approximations we need to explore to relate

this to neural networks fully

1. Kernel approximations to neural networks rely on loss-based likelihoods, which
use the continuous output of the network, even when they are trained using

Bayesian inference.

2. Neural networks are usually trained using a method like stochastic gradient

descent, which uses a continuous loss (as in 1), and further is not Bayesian.

So, if we want to apply the initialization prior P(f) and our proof to real neural
networks, we would need to relate the effect of SGD with Bayesian inference to
our highly idealized training algorithm.

To do this, we will first explore 1) — how does using a continuous likelihood affect
the posterior? To do this, we will introduce the idea of the effective prior: the prior
that an error-based Bayesian model would need to have in order to replicate the true
posterior generated by a loss-based model. Having understood how the effective
prior behaves on the Bayesian kernel method, we then turn to real neural networks.

The main takeaways are as follows

1. We note that neural networks become kernel methods (which for our purposes
are interchangeable with linear models) in the appropriate infinite width
limit—where training with the mean-squared-error loss becomes equivalent to

sampling from a prior with a continuous (Gaussian) likelihood.

2. With finite data, a continuous likelihood can “collapse” the posterior: unlike
error-based likelihoods, which always preserve some posterior variance, loss-
based likelihoods can be made arbitrarily sharp, eliminating uncertainty and
collapsing the posterior onto a single function (the MAP solution). However,
this behaviour arises only under the unrealistic assumption of essentially

noise-free data and, in our experiments, does not improve generalisation.
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3. Furthermore, in the limit of infinite data, however, this “collapse” may not
persist. In particular, we show that a given loss-based likelihood does not pro-
duce zero training error for large my.in, suggesting that loss-based likelihoods
will not actually produce narrower posteriors than the 0-1 likelihood for large

training sets.

4. We then introduced the effective prior: the prior that an error-based Bayesian
model would need to have in order to replicate the true posterior generated by
a loss-based model. We discovered that in cases where the loss-based likelihood
is not too strong—that is, up to the point it achieves 0 training error—the
effective prior remains Zipfian. However, once the likelihood becomes strong
enough to collapse the posterior beyond 0 training error, the effective prior
becomes heavily distorted and “super-Zipfian.” This distortion is an artifact,
showing that an error-based framework struggles to capture the certainty of a

collapsed posterior.

5. SGD exhibits similar behaviour: We extended this analysis to a practical set-
ting by studying a neural network trained with SGD. We found that increasing
the learning rate—which is analogous to a stronger likelihood penalty—makes
the effective prior increasingly super-Zipfian, just like increasing the strength

of the loss-based likelihood in our linear models.

F.2.1 Linear Models/Kernel Methods as a Case Study

Example setup

We consider an overparameterised linear model, with number of parameters p >
Myirain fOr a binary classification task. The raw output of this linear model is
g(x;0) and the thresholded output f(z;0) = 1[g(z;6) > 0]. The dataset is S =
{(@1,951), -+ s (Trngeasns Umerarn ) > With labels y; € {—1,41}.

The model consists of (1) a fixed feature map ¢ : X — RP and (2) a learnable

weight vector § € RP. The model’s continuous output is:

9(z;0) = ¢(x) - 0 (F.7)
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The final classifier is determined by the sign of this output: fy(z) = sign(g(z;0)).
While this is a classification problem, we follow the common practice of training
by minimizing a regression loss—the mean squared error (MSE) between g(z;;6)

and the integer labels y;, combined with L2 regularization (ridge regression):

1 1 Mtrain
L(S;0) = 55 101" + ) > (5 — ola;) - )" (F.8)

Jj=1

The minimum of this loss is equivalent to finding the posterior mean of

1 1 Mtrain
Pe(0]5) oc exp (—MHGHQ) exp (_2@ > (= olay) - 9)2) : (F.9)
Jj=1

Gaussian Prior P(6)

Gaussian Likelihood P(S|0)

This probabilistic framing is natural for many optimisers. For instance, we find
empirically that training with SGD approximates sampling from this posterior in
wide neural networks [2]. The hyperparameters o and ¢ control the variance of
the prior and the likelihood, respectively.

From this parameter posterior, we can define a prior and posterior over the

discrete functions f:

A(f) = [doro)Life = f). (F.10)
Peolf1S) = [ 01 1fs = 11P(91S). (F.11)

Key Point 1: The prior over functions, P(f) is independent of 0. Key Point
2: Unlike the error-based case, this posterior P ,(f]S) depends on the contin-
uous values of g(x;#), not just the classification errors. (If we write P(0]S) =
exp (—k X L[f(z:;0) = y;]) = exp (—KMyain€), wWe see that 6 can be integrated
out.) The dependence on # cannot be integrated out to leave a simple function

of the error count. The question now becomes:

Can we find a correspondence between the error-based hyperparameter

r and the loss-based hyperparameters ( and o?

For a linear model with a Gaussian prior, the posterior predictive distribution

for the continuous output g(z,) on a test point z, is also a Gaussian, g(z.)[S ~
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N (u(z.),0?(x,)), with mean and variance:

wlay) = Kz, Sx) (K + (¢/0)?1)71Y, (F.12)

o*(x,) = 0% (k(zy, 2.) — k(2,, Sx)) " (K + (¢/0)*1) " 'k(Sx, ). (F.13)

Here, Y is the vector of labels, k(x;,x;) = ¢(x;) - ¢(x;) is the kernel function, and
K is the Mypain X Mirain Gram matrix on the training data, with K;; = k(z;, x;).

There are several limiting cases that we will find interesting in the empirical section:

1. 0 = 0, — 0 (fixed (/o = ¢): The posterior predictive mean p(z,) remains
fixed, but the variance o%(z,) — 0. The posterior distribution over functions

collapses to a single function: the MAP solution.

2. ( — oo (fixed 0): The likelihood term in Eq. (F.9) flattens to a constant. The
posterior predictive mean p(x,) — 0 and the variance o?(z,) — 02k(x,, z.),
which is simply the prior variance. This removes the influence of the data and

is exactly equivalent to the error-based likelihood with « = 0.

3. ¢ - 0 (fixed o): The likelihood term in Eq. (F.9) sharpens to a delta
function. The posterior predictive mean u(x.) — k(z., Sx)T K'Y and the
variance o2(x,) remains finite. This removes the regularizing effect of o, but

we still have some variance as long as ( is finite.

Why are these limits interesting? Limit 1 fixes the posterior mean and shrinks the
posterior variance by simultaneously shrinking the prior variance and the likelihood
relative to the fixed target scale Y. Key point 1 tells us that we can change o
arbitrarily without affecting P(f) (so the posterior of an error-based likelihood is
independent from ¢ in any case). This means we can fix the prior P(f) but shrink
the variance in the posterior as much as we want—thus collapsing the posterior
to a single classification f. This is not possible with error-based likelihoods (Key
point 2). So the answer to our question is: no, not in general.

Can we equate the error-based likelihood Py(f|S) to a loss-based likelihood

P, ¢(f|S) in any case? Yes, we can (Limit 2). What about choices of o, ¢ in between
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these two limits? While we have a closed-form loss-based likelihood posterior,
given by u(z,) and o?(x,), we do not have an equivalent closed-form solution
for error-based likelihoods. This means there is no exact formula for relating

some choice of (,0 to some k.
Link between A\ and ¢g as My — o©

For any fixed myain, taking A — 0 results in zero training error, and a posterior
which is even more “concentrated” than that produced by the 0-1 likelihood.
However, as we show below, for any particular A, a large enough training set size
produces nonzero training error.

Consider a training set gs = (g(21;0),...,9(Tm,...;0))" with labels Y =
(Y15 -+ s Ymuar) |- Under the Gaussian prior/likelihood in Eq. (F.9), the posterior

at the training points is

95| S~ N,  p=K(K+ (/o)1) Y, = <(02K)‘1 +C‘21>1 < ¢*I.

(F.14)
(By A < B, we mean that B — A is positive semidefinite.)
Define the residual r and (training) margin ~y
-1
F2Y - = (o) (K + (/o)1) Y, (F.15)
¥ = miny;u; = miny;(y; — 1) 2 1= Il (F.16)

where we use the fact that y; € {—1,1} in the derivation of Eq. (F.15). We

can bound r above with

(¢/0)? —
“THoo S (C/0)2+)\min(K) Mtrain-

For any § € (0,1), a union bound with Gaussian tails gives a bound on the

probability that at least one output will have the wrong sign:

Mtrain Mtrain 2
Pr(Elj D yi9(z5;0) < 0) < Z Pr(ng(xj;ﬁ) < O) < Z exp<—2;”>
j=1 j=1 713

Mtrain 2
<y exp<—7> since ¥;; < ¢? (by Eq. (F.14))
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Fix ¢ € (0,1) and require v > 1 — e. To obtain zero training error with

probability at least 1 — ¢, the following is sufficient

2 € 1—¢

= < —— Apn(K) and ¢ < . (F.17)
02 \/ Mytrain — € \/2 log(mtrajn/(s)

We derive the first inequality by making sure the residual ||r||_ is smaller than

€. The second inequality ensures that the probability of making at least one error
is less than 6. This derivation starts with the probability bound and uses the
fact that we've already forced the margin v to be at least 1 — e. In which case
Pr(es=0) > 1 — 6. From Eq. (F.17),

Cmtr-din = min L M as Myrain — O0. (F18>
\% log mtraln \V Mytrain

Asymptotics: Error-based vs. Loss-based Likelihoods

The 0—-1 likelihood eliminates posterior uncertainty. Assume data are
generated noiselessly by a true classifier f* and let Px denote the input distribution.

Write the 0-1 (Gibbs) posterior over classifiers f as

() o () exp( ~wnenlr)), ()= > 1F() # F ),

1
with fixed £ > 0 and prior II;. By the law of large numbers, é,(f) — €(f) =
PX(f(X) + f*(X)) almost surely. Hence, for any f with e(f) > 0,

a1,
dll

If (i) the model is realizable (there exists at least one f with ¢(f) = 0) and (ii)
identifiable (the set {f : e(f) = 0} equals {f*} up to a Ilp-null set), then the

(f) = exp(—/in?:n(f)) — 0.

n—0o0

posterior mass concentrates at f*:

m({f}) —
Let Z,(z.) = 1{f(x.) = +1} when f ~ II,. Then Z,(z.) is Bernoulli with
parameter p,(z,) = Hn<f(x*) = +1) — 1{f*(z.) = +1}. Therefore,

n—oo

s, = Varn,(Zu(2.)) = pa(e.)(1 = palz.)) — 0,

n—oo
i.e., posterior predictive uncertainty vanishes pointwise and hence as a matrix

on any finite test set.
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Gaussian likelihood with fixed A > 0 and 0% = 1 retains some variance.
Consider the kernel method with A\? > 0 (we set 02 = 1 wlg). For a test point z,,
let k. = k(Sx,z.) and K = k(Sx, Sx). The standard predictive decomposition

distinguishes the latent output g(z,) and the noisy observation y, = g(x,) + &,
g. ~ N(0,)\?):

Var[g(x*) | Sn} = k(z., x4) — kI(K+)\21)_1k*, Var[y* ] Sn} = of (@) + N

0 (@)
The sequence afc’n(x*) is monotone nonincreasing and nonnegative. Under mild
richness of the design (e.g., Sx becomes dense in a compact domain and k is strictly
positive definite / universal), one has 7, (x.) — 0 for each fixed z, (intuitively:
the latent function gets pinned down). Consequently, on any finite test set with
conditionally independent noise across test points,

lim $% 5 (\) = lim Covly. | S,] = \I = C»-0.

n—00

Thus, with a fized A > 0 the predictive covariance for the observed labels cannot
collapse: it is lower-bounded by the noise floor A?. (Equivalently: even though the
posterior over the latent g can concentrate, the observable y keeps an irreducible

variance unless A\ = A, — 0.)
Remarks

The 0-1 likelihood represents the strongest form of error-based likelihood, in
the sense that it assigns nonzero posterior weight to the smallest possible set
of functions—specifically, 2™t functions. In contrast, a loss-based likelihood
admits a limit (¢ — 0) in which the posterior variance is completely eliminated,
assigning nonzero probability to only a single function.

At finite M., this illustrates that a practical learning agent trained via
loss minimization can remove the variance-related errors that would otherwise
persist for a purely error-based Bayesian learner. By collapsing the posterior

onto the MAP solution, the learning problem effectively reduces from Bayesian
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inference to optimisation. In this sense, such agents can overcome the variability
introduced by a sub-Zipfian prior.

In the infinite-data limit, however, this “collapse” does not persist for fixed
A. Specifically, we show that a given loss-based likelihood fails to achieve zero
training error as My, — 00, implying that it does not produce narrower posteriors
than the 0-1 likelihood for sufficiently large training sets. Moreover, taking A — 0
corresponds to assuming the data are arbitrarily noise-free. If an ML agent could
systematically improve by continually reducing variance through decreasing A\, we
would expect ensembles of weak classifiers (e.g., with 51/49 accuracy splits) to
perform increasingly well as A decreases. Since this is not observed empirically (and
see the next section for further empirical evidence), we suggest that the vanishing-A

limit does not enhance generalisation and is therefore of limited practical interest.

F.2.2 Linear models/Kernel methods: empirical results

Test and train errors as a function of ¢ and (

We now empirically test the theoretical insights from the previous section using
the Neural Network Gaussian Process (NNGP) corresponding to a fully-connected
network (FCN) on the MNIST dataset. This framework allows us to compute
the posterior over functions exactly, providing a clean setting to study how the
posterior behaves as we vary the hyperparameters governing the prior and likelihood.
Following Eq. (F.9), the prior variance is controlled by o2, while the likelihood
strength is determined by the observation noise (2. In Fig. F.1, we visualize
how these parameters affect train/test accuracy and the entropy of the model’s
predictive distribution under two different scaling schemes.

First, Fig. F.1(a,b) examines the case where the ratio /¢ is held constant
(Case 1), which fixes the posterior mean. In this regime, changes in performance
arise purely from variations in posterior variance, governed by o. While both
training and test accuracies saturate for 02 < 107!, the entropy of the predictive

distribution continues to decrease, indicating that the posterior becomes increasingly
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Figure F.1: The effect of ( on the prior and posterior of an NNGP. We analyze
the posterior of an NNGP for a 1-hidden-layer FCN on MNIST. The top row shows
train (dotted) and test (solid) errors. The bottom row shows the average entropy of the
integer binary classifications (per image). The ‘expected’ entropy is what a model making
random guesses with the same error rate would have; a lower ‘observed’ entropy signifies
higher confidence. This entropy gap signifies the model is highly overconfident. (a, b)
Here, the ratio (/o is fixed, which keeps the posterior mean constant. Decreasing the
prior variance o2 scales down the posterior variance, causing the posterior to concentrate
around the MAP solution. While accuracy saturates, the prediction entropy continues to
drop, indicating that the model’s confidence increases even after performance plateaus.
(c, d) Here, the prior variance o2 is fixed while the likelihood’s noise term (? is varied. A
smaller ¢? corresponds to a stronger likelihood penalty. This alters the posterior mean,
pulling it towards a function that better fits the data and improving both train and test
accuracy.

concentrated around a single function. This reflects a steady increase in model
confidence, even after classification accuracy has plateaued.

In contrast, Fig. F.1(c,d) explores the case where the prior variance (0?) is fixed
and the likelihood strength (¢?) varies independently (Case 2). Here, decreasing ¢
alters the posterior mean, moving it further from the prior. Comparing panels (c)
and (d) shows that, for a given o, reducing ¢ consistently improves both training
and test accuracy, as the model more closely fits the data.

Taken together, these results empirically illustrate the key distinction discussed
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Figure F.2: The Effective Prior Becomes Super-Zipfian in the Strong
Likelihood Limit. Using the same NNGP setup from Fig. F.1, we compute the effective
prior P(f). This is the prior that an error-based model (with some likelihood e~ *efrain€)
would need to have in order to replicate the true posterior generated by the loss-based
model. (a) shows P(f) for (¢/¢)> = 1, and (b) the corresponding train errors during
the creation of the effective prior. (c,d) are the corresponding figures for (1/¢)? = 1. In
regimes with high training error o2 > 1, the effective prior is Zipfian, matching the true
initialization prior. However, as the likelihood strengthens, it assigns high probability to a
much smaller set of functions g(z;6) and training error approaches zero (around 0% = 0.5).
As o2 continues to decrease, functions with high likelihood represent a much smaller part
of space concentrated around the train labels than any error-based likelihood (even 01
likelihood). At this point, the effective prior becomes heavily distorted and super-Zipfian,
compensating for the approximation’s shortcomings.

earlier between continuous (e.g., MSE) and discrete, error-based (0-1) likelihoods.
Continuous losses allow the posterior to concentrate on an arbitrarily small set of
functions—ultimately collapsing to a single MAP solution—whereas error-based
likelihoods treat all zero-error functions equally, preserving posterior variance.
Howewver, after achieving zero training error (as possible under the 0-1 likelihood),
further collapse of the posterior yields no significant improvement in generalisation.
This supports our theoretical claim that the vanishing-variance regime confers no

practical advantage beyond perfect training accuracy.

Effective priors

To bridge the gap between continuous (loss-based) and discrete (error-based)
likelihoods, we seek an effective error-based model that best approximates
the true posterior induced by the loss-based likelihood. This approximation involves

two key components:
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1. An effective likelihood, parameterized by a single scalar kg, which captures

the overall penalty applied to training errors.

2. An effective prior, P(f), defined as the prior that, when combined with
this effective likelihood, reproduces the posterior distribution over functions

obtained from the true loss-based likelihood.

We develop approximate procedures for constructing such effective priors (Al-
gorithms 10 and 11). The simplest cases arise when the training error is close to
0.5 or close to 0, which we analyze in detail. In the limit where the loss-based
likelihood provides no information (i.e., ( — o0), the match between the two
models is exact: we can set keg = 0, and the effective prior coincides with the
original prior, P(f) = P(f).

The situation changes dramatically when the likelihood becomes highly con-
centrated. As shown in Fig. F.1, the posterior eventually collapses onto a single
function (the posterior mean), whereas the strongest possible error-based likelihood
corresponds to keg — 00 (the 0-1 likelihood). We compute and visualize these
effective priors in Fig. F.2. Panels (a) and (c) depict the estimated effective
priors for the two hyperparameter scaling schemes, with corresponding training
errors shown in (b) and (d).

In the weak-likelihood regime (large 02 or (?), where the training error re-
mains high, the effective prior closely resembles the true Zipfian initialization
prior—consistent with an effective likelihood characterized by k. = 0. However, as
the likelihood strength increases and the training error approaches zero, discrep-
ancies emerge. By (2 = 0.1, the loss-based posterior becomes substantially more
concentrated than the 0-1 likelihood can capture. To compensate, the effective
prior becomes super-Zipfian and deviates from a pure power law. As expected,
we see the limits of the error-based approximation: when forced to reproduce a
collapsed posterior, the prior must absorb all of the excess concentration that

the 0-1 likelihood cannot express.
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Finally, we note that in the extreme regime where the loss-based likelihood
becomes excessively sharp (very small )), the previous section shows that the
posterior collapse does not yield better generalisation. This regime effectively
assumes noise-free data, an assumption that is rarely justified in realistic learning
scenarios. Hence, while the effective prior must become super Zipfian to reproduce
an increasingly concentrated posterior, this behaviour reflects overconfidence rather
than improved predictive ability. In practice, driving the loss-based likelihood
toward zero noise merely eliminates epistemic uncertainty without enhancing

model generalisation.

F.2.3 SGD prior

We now extend our analysis from the Bayesian linear model to a single-layer fully
connected network (FCN) trained on MNIST using Stochastic Gradient Descent
(SGD). Although the probabilistic model is no longer explicit, we can interpret
the final function found by the optimiser as a sample from an implicit (non-
Bayesian) posterior over functions (see [5]). It is well established that optimiser
dynamics can implicitly control regularisation; for example, SGD with a larger
learning rate tends to converge to larger margin solutions, which is analogous
to reducing A for fixed o/¢ [115].

Figure F.3(a—d) shows the effective priors inferred for models trained with both
Adam and SGD across a range of learning rates. Consistent with our earlier analogy,
increasing the learning rate causes the effective prior to become progressively
super-Zipfian, mirroring the effect of decreasing o2 in Fig. F.2. However, some
of this apparent “super-Zipfian” behaviour may arise from the discrete nature of
optimisation with finite step size: very large learning rates can push the optimiser
far across the loss landscape, effectively sampling from trivial regions, as commonly
observed when networks diverge under extreme step sizes.

Figure F.3(e) further shows that the induced function rankings under these
effective priors remain highly—but not perfectly—correlated across optimisers and

learning rates. This suggests that different optimisation dynamics imprint distinct
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Figure F.3: SGD Prior ]S(f) for different learning rates for a 1-layer FCN
on MNIST. (a) shows Adam, m = 20, (b) shows SGD, m = 20. As the learning rate
increases, the exponent of the power law, «, increases. We observe the same pattern in
(¢c) Adam and (d) SGD, where m = 100. (e) shows the correlation between the different
P(f). The correlation between the methods reduces as the learning rate varies.
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inductive biases on the resulting function distributions. In particular, while the
general Zipfian structure of the prior persists, each optimiser defines a slightly

different effective sampling process over functions, reflecting its own implicit prior.

F.2.4 Concluding remarks

This section reconciles our error-based theoretical framework with the practical
reality of training via continuous losses. Using linear models and NNGPs, we
demonstrated that loss-based (Gaussian) likelihoods exhibit regimes in which the
posterior can collapse onto a single solution by reducing the effective noise scale to
zero. We then introduced the effective prior as a method for directly comparing
the loss-based and error-based likelihoods in our framework. Empirically, when
the likelihood is weak (high training error), the effective prior remains Zipfian and
matches the initialization prior. As the likelihood becomes strong and training
error approaches zero, the effective prior must become super-Zipfian to mimic the
excessive concentration of the loss-based posterior—an artifact of forcing an error-
based approximation to express certainty it cannot achieve through likelihood alone.
Crucially, this collapse does not translate into better generalisation. Consistent
with the previous subsection, once zero training error is achieved (already possible
under the 0-1 likelihood), further reducing variance by sharpening the loss yields
no meaningful test improvement. Moreover, the vanishing-noise regime effectively
assumes noise-free data, which is rarely justified in practice. Our analysis in the
main text relies on My — 00. For fixed A > 0, we showed in this section that
the predictive covariance retains an irreducible noise floor, suggesting that 0-1
likelihood may be the strongest likelihood available in the large my a;, limit.
Finally, extending the analysis to SGD-trained networks, we observed the same
qualitative pattern: increasing the learning rate (a stronger effective likelihood)
pushes the effective prior toward super-Zipfian behaviour, while function rankings
remain highly—but not perfectly—correlated across optimisers. This indicates
optimiser-specific inductive biases without evidence that the extreme, collapse-

inducing regime improves generalisation. In sum, while continuous losses can
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suppress posterior variance far beyond what error-based models allow, this sup-
pression reflects overconfidence rather than better out-of-sample performance, and

it relies on an unrealistic no-noise assumption.

F.3 Effective Prior Theory

In Appendix F.2 we defined the effective prior informally. Here, we define the

effective prior more rigorously, and explain the assumptions we make to compute it.

F.3.1 Nonexponential likelihoods

In this section, we will define two loss-based likelihoods and explain how they
can be related to the discrete classifications f. As in the main text, we use

the following notation:

o Adataset D = {(z1,11),. .., (Tm, Ym)}, with a training set S = {(x1, Y1), - - -, (Trprains Yrmeeain )}

e Dx and Dy denote the set of inputs and targets, respectively. Sx and Sy

denote the training set inputs and targets;

o f={f(x1),..., f(xm)} denotes the classification on D, to distinguish it from
f(SX) = {f(x1)7 R f(xmtrain)}'

We introduce the following notation for continuous functions:

o ¥Y=AY1, -, Ymyas } 1S the value of the targets for the train data;

e g=A{g9(x1),...,9(xm)} and g(Sx) = {g(x1),...,9(Tm,...)} denote the con-
tinuous output of the neural network on the dataset. Note that g(z) is
parameterised by 0 (i.e., g(x;0)) but we often leave the explicit dependence

on # out for simplicity;

o The classification of a network will be done based on the sign of the output.
We thus say f =g if f ={g(z1) >0,...,9(x,) > 0}, and take P(f|g) = 1 if
f =g, else 0.
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When it is necessary to specify the f or g produced by some neural-network
parameters 6, we write fy or gy. Consider a neural network with parameters 6 and
initialisation distribution P, (#). Using our initialisation prior over parameters

P,ar(6), we induce a prior over continuous functions

P(g)dg = (g6 — g) Poar(0)d0.

This is related to the initialisation prior via P(f) = [dg P(g)P(f|g). Abstracting the
parameters out in this way is designed to simplify notation in the following sections.

Examples of loss-based likelihoods. In Eq. (F.20), g is assumed to be the
output of a softmax activation function (the other two cases use a linear activation).

The following three distributions

1=Mtrain (

J dg exp (2 zxi(“”“z) PUfl9) P9

Pmse(f|S) - i=Mirain _ ) (Flg)
3 [y’ exp (—Z g p g prg)

Pu(fls) - 1% exp (X227 [y:log g(w:) + (1 — ys) log(1 — g())]) P(f1g) P(9)

i g [ dg’ exp (ST [y log g/ (1) + (1 — i) log(1 — ¢'(z:)]) P(F]9)P(")
(F.20)

_ Jdg 1[f(Sx) = y|P(flg)P(g) 1[f(Sx) = y]

Fnll) = & Ty 17 (Sx) = P19 P) ~ Sy 111(Sx) = ylP(F >P((> )

F.21

are all Bayesian posteriors, and the indices mse, ce, and 01 denote the associated
likelihoods, with the mean square error loss, cross-entropy, and a 0-1 error loss in
Egs. (F.19) and (F.20), respectively. For Py (f|S), the targets y; € {—Sp, +S7}
(where the target scale S = 1 in our experiments), and for P.(f|5), v; € {0, 1}.

Because these posteriors have different likelihoods, they may have very different
properties. For example, Py (f|S) can be tuned with the parameter A. In the
limit of very large A, Puse(f|S) = P(f) (i.e., we do not learn from the data, but
instead randomly sample from the initialisation distribution), and, for small A, the
posterior is very tightly concentrated on a very small part of function-space and
more similar to Py (f|S) than P(f) (see [2]). Upon making the target scale Sr
large and keeping A small, this posterior can collapse entirely to a single function f

for any given S (see [77] and Appendix F.2 for further discussion).
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F.3.2 The effective prior

A naive approximation of the posterior for some loss-based likelihood P,(f|S) is to
use the initialisation prior P(f) and an exponential likelihood exp{(—x(l)m¢ain€}),
for some suitable choice of k(l), and hope that

75(l)mtrainep(f)

RUSIS) ~* g,

(F.22)

If this were a good approximation, we could use our observations that the ini-
tialization prior is Zipfian to argue that neural networks are set up optimally
for learning. In some trivial cases like a Bayesian neural network using the mse
likelihood and very large A\, Eq. (F.22) works well with x = 0. (Appendix F.2).
However, coarse-graining the real prior P(g) into P(f) before applying a likelihood
is a crude approximation, and in other cases, there may be no likelihood that
produces posteriors similar to P(f|S) (for example, we will see that this is true for
mse likelihood with small values of A). A less naive approach to approximating

P,(f|S) would be to construct an effective prior designed as follows

An effective prior P(f) and associated error-based effective likelihood P(S|f) should

accurately approximate the posterior of some underlying learning agent A.

Defining the effective prior

The phrase “accurately approximate” in the previous paragraph hides a lot. The
accuracy of the approximation would depend largely on what measure we place on

training sets S. Given the real posterior P4(f|S) that the effective posterior

. P(S|f)P(f)
P S =
A(115) = =ohs
attempts to approximate, a simple quantification of the approximation error would
be the KL divergence between the two, averaged over different possible choices of the

training set. To calculate the divergence, we subsample Sx of length mgam = m/2

from Dy, and then sample Sy from the initialization prior of the agent A.
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Averaging over this distribution of choices of training set S then gives

(Du(Pa(f18) | Pa(f1S))s =2 (m%)_ Pa(Sv1Sx) 2 Palf15)log (%) |

|Sx |=m/2
(F.23)

-1
where P4(Dy|Dx) is the initialisation prior. (m’%) is the probability of sampling
any input set Sx of size m/2, and P4(Sy|Sx) is the initialisation prior probability
of assigning labels Sy to Sx. The effective prior—effective likelihood combination

would minimise (Dky(Pa(f]S) || Pa(f]S)))s-
Can we compute P?

Once we have the effective prior 15( f), we can reason about the behaviour of the
underlying learning agent using the arguments in the rest of this paper. However,
computing P(f) by minimizing Eq. (F.23) would be very computationally expensive,
and we do not attempt it. Instead, in the rest of this Appendix, we will introduce a
method based on Bayesian sequential updating for P, which we hope approximately
minimizes Eq. (F.23).

In Appendix F.3.2, we introduce this method and show that the effective prior
is the prior for error-based likelihoods. In Appendix F.3.2 we discuss how this
method deviates from the ideal approximation for loss-based likelihoods. Finally, in
Appendix F.3.2, we discuss the errors of this approximation for non-Bayesian

learning agents.
Building up priors for error-based likelihoods

In this section, we study error-based likelihoods exclusively—meaning the effective
prior is the prior. We do this to introduce a method of sequentially adding data,
which will be used approximately in the next section to construct the effective
priors for loss-based likelihoods. We will consider the binary classification case
for simplicity, but note that this method can be extended to the multiclass case

straightforwardly. Given some data Sx, we will use the following notation

o fF={f(x1),..., f(zp)} is the restriction of f to the first & datapoints in D.
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We begin by assuming that we have a Bayesian prior P(f) and error-based likelihood
P(S|f). Bayesian sequential updating is the process of refining a posterior by
sequentially adding data. We use a similar procedure to compute the prior P(f**1)

given P(f*) given in Algorithm 10.

Algorithm 10 Exact Priors from Sequential Sampling

Require: Learning agent A, data points Dx = {z1,..., 2y}
1: Initialize P(f') by sampling f(z;) from agent A.
2: for k=2,...,m do
3. for each function f*~' with P(f*~1) > 0 do
4 Estimate the conditional distribution P(:|f*!) by “training” A and
sampling.
end for
6:  Compute the marginal likelihood

B =3 P(fF P

f/k

o

where for exponential likelihoods, A(
7. Compute the marginal distribution P(f
the law of total probability:

) e X PUEIHAGE

f/k—l

f ’f/k:)_e—neff)
(f

*) for each possible function f* using

: end for R
: Output: The final distribution P(f™).

© o

Algorithm 10 exactly computes P(f), but is much slower and more inefficient
than just sampling over the entire dataset. We will show how it can be simplified
and approximated for the 01 likelihood and exponential likelihood in the remainder
of this section.

01 likelihood For the 01 likelihood (k — 00), where P(f**1[f'*) = 1[f* = f’*], we
can simplify the above. In this case, u(f*) = P(f*), and the following holds

P(f*) = P(fHIfHPF, (F.24)
P(f*) = P(fAf) - PP PO, (F.25)

Therefore, if we want to build up P(f*), we can continue to use Algorithm 10,

but it is easier to use Algorithm 11.
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If P(f"**1|f) is the probability of randomly initializing to f***! given that f’**!

is consistent with f*, Algorithm 11 would generate the initialization prior.

Algorithm 11 Approximate prior from sampling

Require: Learning agent A, Samples S <+ {}
1: for n, do

22 fl~P(n1)

3: fork=1tok=m—1do

£ [~ P

5: f < fl: k] + f'[k + 1] {Append the new bit to f}
6: end for

7. Append f to S

8: end for

Exponential likelihood For P(S|f) = e ""=in¢ we use Algorithm 10, as the

posterior is easy to compute and sample from when using GPs.

Building up priors for loss-based likelihoods

As discussed in Appendix F.2, once we use loss-based likelihoods, the effective prior
would no longer necessarily equal to the prior. This means posteriors created from
Algorithm 10 would no longer be exactly the same as the true posterior P(f|S).
What about the effective likelihood? A complete analysis would fit some error-based

likelihood to P(S|f). We assume the following.

1. When the number of errors made on the training set is close to zero (we chose
< 2%), we use 01 likelihood, as no “stronger” error-based likelihood exists.

Once we make this assumption, we use Algorithm 11.

2. When the number of errors made on the training set is nonzero (in the 10°
or more samples taken) we assume that the continuous likelihood, found
implicitly in P(f*|f"*~!) can be well approximated by some function of error

only.

Future work would investigate both of these assumptions further.
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Building up priors for SGD

For non-Bayesian SGD posteriors, we can use the same approximations. We can
use Algorithm 11 if we train to 100% training accuracy at each step. All the errors
in the approximations remain from Appendix F.3.2, with the addition that SGD
is non-Bayesian. A key point to note is that details of the stopping condition
and optimizer will affect the form of Psgp(f). For example, larger learning rates
will penetrate further across the decision boundary, leaving the stopping condition
less precise. Furthermore, the batch size is not constant until £ = batch_size.
In our experiments, we will sometimes use a batch size greater than m (which
would effectively be a GD prior), and sometimes use batch size 32, with m = 100
(which would be more like an SGD prior). However, we find very little difference

between the SGD and GD priors at this scale.

Summary of results

Our numerical results are summarized in Table F.3.

F.3.3 Pseudocode for computing the effective SGD prior

In the case of optimizer-trained neural networks, the posterior Psgp(f|S) is not
Bayesian. We train to 0 training error, meaning we can use Algorithm 11 (see

Appendix F.3.2 for a discussion). See the pseudocode below.

Likelihood  Condition Eff. prior approxima- Eff.  prior be-
tion haviour

Error-based Exponential Algorithm 1, exact Zipf

likelihood  Zero-one Algorithm 2, exact Zipf

Loss-based  €pqin > 0 Algorithm 1, approx Zipf

likelihood  €4pain = 0 Algorithm 2, approx Zipf/Super-Zipf

SGD €train = 0 Algorithm 2, approx Zipf/Super-Zipf

Table F.3: Comparison of different algorithms and their behavior
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# Assume binary classification task

from collections import Counter

import Data # input data

import DNN # deep neural network, bias terms disabled
import Optim # optimiser

import train # trains network to fit target, stops at 0 train errg
import shuffle # shuffles data

def sample_function(network, S, optim, batch_size):
shuffled S = shuffle(S)
y = [random.randint (0, 1)]
for idx in range(l, m):
network.initialise_parameters()
# init params from some initialisation scheme
train(
network, shuffled S[:idx], y[:idx],
optim, min(batch_size,idx)
)
y .append (network.evaluate (shuffled_S[idx]))
f = network.evaluate(S)
return f

S = Data()
network = DNN()
optim = Optim()
batch _size = 100

f _frequency = []
for count in range(total_samples):

f_frequency.append(

sample_function(network, S, optim, batch_size)

)
# dictionary of frequency of functions
Prior_f = dict(Counter(f_frequency))
# dictionary of \p{f}
Prior_f = {i:j/total_samples for i, j in Prior_f.items()}

r

F.4 Supplementary experiments

This appendix shows supplementary experiments which (1) show the robustness

of our results, and (2) answer some secondary questions they may raise.
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F.4.1 Robustness of Zipf’s law to architecture and dataset
choices

Firstly, we show supplementary experiments to Fig. 5.1 in the main text, demon-
strating Zipf’s law across a wider range of architectures and datasets. The panels

in Fig. F.4 show the following:

« Invariance to dataset: Panels (a) and (b) confirm that a 3-layer Fully
Connected Network (FCN) produces a Zipfian prior for both the MNIST and
CIFAR-10 datasets. Furthermore, panel (c) shows the law holds for a 5-class
CIFAR-10 task, indicating that the phenomenon is not exclusive to binary

classification problems.

o Invariance to network width: Panel (d) demonstrates that the prior

distribution remains Zipfian across networks of varying widths.

« Robustness to initialisation scale: Panel (e) investigates the role of the
bias initialisation scale, o,. While this hyperparameter strongly influences the
probability of trivial (zero-information) and other low-entropy functions, the

overall Zipfian trend for the remaining functions holds.

» Zipf’s law when m > d: Finally, panel (f) addresses the relationship between
the number of data points (m) and the input dimension (d). It shows that
Zipf’s law can still emerge when the number of data points exceeds the input
dimension (here, m = 100 and d = 8), unlike most cases in the main text

where d > m.

F.4.2 Robustness of power-law fits to lower cutoff rank

Recall that the first few functions generally have probabilities which deviate from
Zipt’s law, and thus we fit distributions to a normalized power-law distribution
starting from some initial cutoff rank s ( Appendix F.1.3) Fig. F.5 shows that
the Zipf’s law fit (using Eq. (F.4)) is insensitive to its starting point, s (cf.
Appendix F.1.3).
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F.4.3 Architecture dependence of function ordering

Fig. 5.1(b) and (f) demonstrate that different architectures on the same dataset
exhibit Zipf’s law. However, these architectures are known to have very different
inductive biases (as trained ResNets outperform FCNs on CIFAR-10 by tens of
percentage points). This would suggest that the ordering of functions in the prior
should be significantly different. Fig. F.6 clearly demonstrates this. It compares
the function priors from an FCN, a CNN, and a ResNet on CIFAR-10. Each
off-diagonal plot compares the rank of functions between two different architectures’
priors, while the diagonal plots show the noise scale by comparing two independent
samples from the same prior. As expected, we see significant differences in the

ranks for different architectures.

F.4.4 Subzipfian priors on boolean data

In the main text, Fig. 5.2, we showed that FCNs can produce sub-Zipfian priors
in the chaotic regime. In Fig. F.7 we show how a perceptron on the Boolean
dataset can also generate a sub-Zipfian prior. However, this is not a property of
the Boolean data (as (b) shows Zipf’s law for an FCN on Boolean data), nor the
perceptron (as (e) shows the perceptron on Fashion MNIST satisfies Zipf’s law),
nor is it due to the perceptron having fewer parameters than datapoints (see a
counterexample in (f)). Instead, arguments in Appendix F.8.3 imply that it is a
property of the kernel (¢)—namely, that kernels with a lot of small off-diagonal

elements should be sub-Zipfian. In support of this interpretation, we show a GP

2

with the perceptron kernel (K (z,2') = o2x - 2’ + 02; we use o, = 1 and o, = 0.01)

in (d)—with very similar results to (a).
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Figure F.4: Supplementary architectures and datasets. All architectures are
3-layer FCNs of width 128 unless otherwise specified. (a) shows the FCN on MNIST,
complementing the datasets shown in Fig. 5.1(a),(e). (b) shows the FCN on CIFAR-10,
complementing the architectures shown in Fig. 5.1(b),(f). (c) shows the FCN on CIFAR-10
but with 5 classes, demonstrating that Zipf’s law is not unique to binary classification.
(d) shows Zipf’s law for the same 3-layer FCN on Fashion MNIST but for different widths,
and (e) varies the bias term initialization (all experiments use m = 100), showing that it
strongly affects the probability of the low-rank functions, but does not disrupt Zipf’s law.
(f) shows that Zipf’s law emerges even with more datapoints m = 100 than input dimension
d = 8 (datapoints sampled from an i.i.d. Gaussian). (g) shows the same transformer as
in Fig. 5.1(c) on the IMDb dataset, but the entire network is randomly initialized (as
opposed to just the last layer). (h) shows an LSTM on the IMDb dataset. Due to the
substantial computational cost associated with their large number of parameters, both
models were sampled fewer than 10® times.
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Figure F.5: Robustness of Zipfian fit to choice of low-rank cutoff. We test
Eq. (F.4) with different values of s (the starting rank used for the Zipf’s law fit) for a
3-layer FCN (a) on Fashion MNIST with m = 100, (b) on 5-class CIFAR-10 with m = 30
and (c) Fashion MNIST with m = 500. The fit (shown by the dotted lines) is not strongly
dependent on s.
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Figure F.6: Effect of architecture on the ordering of functions in the prior. We
use CIFAR-10, m = 20, with data from Fig. 5.1(b),(f) and Fig. F.4b. The plots on the
diagonal show two different samples of size 5 x 107 taken from the same prior, to show the
noise scale. The off-diagonal plots compare the priors of two different networks (with 10
samples). Each datapoint is a function. The x and y coordinates show the Rank of f for
the two samples—for example, in the top right plot, the x-coordinate is Rank(f) for the
ResNet, and the y-coordinate is Rank(f) for the FCN. Differences in the architectures’
inductive biases are revealed by the differences in function ranking Rank(f). Clearly,
there are significant differences between architectures, as in all cases the deviation from
y = x is far greater than can be explained by the noise scale.
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Figure F.7: Perceptrons on Boolean & Other Data. Here, we show another
learning agent—dataset pair that is sub-Zipfian. The weights and biases were sampled from
i.i.d. Gaussians with the variance of the bias term ag = 02 /d, where d is the perceptron
dimension and o,, = 1. (a) a perceptron on the Boolean dataset with inputs x € {0,1}"
for n =4,5,6,7,8. n =7 has 10° samples, all others have 108. Power law fits show the
n=7and n =8 (m = 128 and m = 256 as m = 2") plots to have best estimates of
a = 0.83 and a = 0.84 respectively. (b) Shows an FCN for n = 5,7, which is Zipfian. (c)
shows the histograms of their kernels, suggesting that the perceptron is sub-zipfian due to
a large fraction of p;; < 0.5, unlike the 3-layer FCN (see Eq. (F.142) for an explanation).
(d) shows a GP with a perceptron kernel, which has almost identical performance to (a).
(e) shows the perceptron on Fashion MNIST (which is Zipfian), see (c) for its kernel. (f)
shows two perceptrons, one with input dimension 2 and one with dimension 16 acting on
100 datapoints (randomly sampled from i.i.d. Gaussians). Note that these perceptrons
are not fully expressive, unlike most architectures shown in the main text, but still show
Zipf’s law.
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F.5 Derivation of lower bounds on the general-
isation error

This appendix presents the derivation of lower bounds on the generalisation error
for priors with different power-law scalings. We use tools from statistical physics,
particularly large deviation theory, to make our arguments. The results derived here
provide the theoretical foundation for the claims made in Section 5.3 of the main text.

Suppose the input space consists of m possible inputs, of which we train on
Mrain = gm. We compute the test error on the (1 — ¢) m unobserved inputs, i.e.,
the “off training set” error [83]. We define each function f*) by its classification of
the full space of m inputs, and then denote its prior probability by P, = P(f ),
Given this prior P,, we perform Bayesian inference. Defining the per sample training

set error eg[v] and test set error eg[v], we consider the likelihood
L, = e ramesl], (F.26)

As discussed in Section 5.3, this is the likelihood of the labels, given f*), if examples
are mislabelled independently with probability 1/(1+¢e*). We compute the posterior
Q, = P(f™|S) through an application of Bayes’ rule

P,L, 1~

Q, = m = EQV’ (F.27)

where we defined the unnormalized “posterior weight” QV = P,L,. The model
samples from the posterior to make predictions on the (1 — ¢) m unseen inputs.
We assume a power-law prior of the form P, ~ 1/r%. This still leaves the
ordering of functions in the prior unspecified. In order to prove lower bounds on the
test error, we will choose the ordering to provide the strongest possible inductive bias
for learning functions with low error relative to the target function f*. Any lower
bounds on the test error in this setting must also hold with less favourable priors.
This prior has the function f* as the most likely function in the prior, i.e.
rank f* = 1. Every other function f®) differs from f* on e,m data points, where
€, = qes[v] + (1 — q) eg[v]. The prior is optimal when rank r, is a monotonically

increasing function of ¢,.
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Our results will make use of Q(e), the total posterior weight of all functions

with error rate €, given by
Qo= > Q= > PRL, (F.28)
{vie=¢} {vie,=¢}

To compute this, we first have to compute the value of P, for all functions f*)
with €, = e. Crucially, all of these functions have essentially the same P, in the
large-deviation sense. Since the number of functions with exactly k errors is (7,?),
our optimistic ordering of functions in the prior gives

! gmita( <m§:1 <r <§ " < gmia(e)
Jom =1V
m =

1+%_€V)

(F.29)
where Hy(-) is binary entropy such that Hy(z) = —zlog,x — (1 — ) log, (1 — z).
This means that

etz () SN L, > Q) > 2met YL,
\/Sm (E — %) (1 + % — 6) {vievy=e} {viev=€}

(F.30)

For large m, the upper and lower bounds on % log r converge, giving the large-
deviation form [260)]
Q) =20 ¥, (F.31)
{viev=c}
With the preliminaries now dispensed with, we can begin presenting our results.
We will first consider the case where k — oo (the hard likelihood) as the proof is
more straightforward, and this result is more relevant to overparameterised neural

networks that achieve zero training error.

Theorem 7. (Hard likelihood) Bayesian learning algorithms with a power-law
1 ifesv] =0
0 otherwise

prior P, o< 1/rank FO and hard likelihood function L, = will

have test error eg[v] > 0 as the amount of data m — oo for a < 1.

Proof. When the likelihood is always 0 or 1, the sum of the likelihoods simply

counts the number of functions with error e that agree with the training data. A
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function with error rate € agrees with the training data if all em errors are located

in the test set (of size (1 — ¢)m). The sum of the likelihoods is then simply

S L= <(1 - q>m> = gm-aHa(r5) (F.32)

{vie,=¢} em

The posterior weight of these functions will therefore be

Q(e) = 27met() N~ [, = o7 hana(cla.e), (F.33)
{v:e, =€}

where

$hara(€|q, @) = aHs(e) — (1 — q) Hg( > (F.34)

l—q
By direct calculation of the second derivative, we find that this is a convex function
of € for ar,q < 1 and € € [0,1 — ¢] (which must be true as all errors occur on the
test set). Thus, as m — oo, samples from the posterior will have ¢ = €* almost
surely, where €* is the minimizer of I,,,4(€|¢, @). We minimise by differentiating
with respect to €, and then substitute e = €¢/(1 — q) (as the training error is zero),

giving

log <% — 1>
= . (F.35)
1
log (u—cng - 1)

This equation has a nonzero solution for any «,q¢ < 1, and so, as m — o0,

eq = €g > 0. ]

Eq. (F.35) can only be solved explicitly for €, for certain rational values of «,
but the function €} (a, ¢) can be constructed implicitly by solving for a or q. Curves
e&(a, q) are shown in Fig. F.8, showing that € > 0 for all o, ¢ < 1.

For a > 1, Eq. (F.35) has no solutions, and the minimum of Eq. (F.34) occurs
at the boundary e = 0, so we do not achieve a non-trivial lower bound.

In the remainder of this section, we will refer to €, for the hard likelihood

as €5(k — 00).
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Figure F.8: Solutions €, to Eq. (F.35). (A) e («) for ¢ = 0.05,0.1,...,0.9,0.95 (red to
blue). At fixed ¢, all values of a < 1 give nonzero €f,, and €, increases as « is decreased.

(B) €4 (q) for indicated values of . In all cases, €, ranges from 0 to 1/2 as ¢ varies from
0 to 1.

Theorem 8. (Exponential likelihood) Bayesian learning algorithms with a
power-law prior P, o 1/rank fO% and exponential likelihood function L, =

—kgmeg v

e I will have test error eg[v] > 0 as the amount of data m — oo for a < 1.

Proof. Again we wish to compute the function Q(e), but it is no longer the case that
only functions with eg = 0 contribute to the posterior. Instead, we can compute
the sum of likelihoods of functions with the same € by counting the ways the errors

can be split between the training and test set:

oL <qm><<<1—q>m>€_mmes (F 30

{v:ie, =€} gmeg=0 \4M€s €— qu) m

For large m we can find the large deviation form of the binomial coefficients
using Stirling’s approximation, and then use the saddle point method [260] to

approximate this sum, giving

e—qgeg

S L= 3 gmmeri-amAn(FEE) | o (F.37)

{y;eyze} q’H’LES:l

— 2—mF<e§\e,n,q)7 (F38)
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where €% is the minimizer of

€ — (g€s
1—gq

F(esle, k,q) = —qHs(es) — (1 — q) Hg( ) + Kges logy e . (F.39)

This is a sum of convex functions of €5 and is thus a convex function of e€g, and has
a single minimum €%(€) as required. Therefore, the posterior weight on functions of

error € has the large-deviation form

Q(E) _ 2—maH2(6) Z LV — 2—maH2(e) . 2—mF(eg|e,n,q) = 2—m[(e\ﬁ,q,o¢)’ (F40)
{v:e,=¢}

where

€ — e * *
I(e|lk,q,a) = aHy(e) — (1 — q) H2< | _‘JqS) — qHs(€5) + rgeglogye.  (F.41)

The rate function I(e|k, g, ) is a convex function of €, since

d2r d*Hy(e) O°F  0Oe O°F

a2~ YT ae + Oe? + Oe Oedeg

- -

d [0es OF
Oe 865

) ) (F.42)
_ aa; (aHQ(e) —(1—q)Hs (6 — qeg>> (F.43)

1—g¢q

2

0 € 82Ihard
> e (aHg(e) —(1—q)H, (1 — q)) =2z > 0, (F.44)

for a < 1 and other variables restricted to their domains.

Therefore as m — oo samples from the posterior will have € = €* almost surely,
where €* minimizes I(¢e|k, g, @).
To fully determine the rate function, we have to solve the saddle point equation

* .
for €g:

8-F(ES’Q K, Q)

= F.4
Des 0 (F.45)

%
€s=¢€g

1 1—gq
1 ——1] -1 -1 = F.4
Og(eg ) Og(l—e—(l—eg)q ) ko (FA46)

—e"‘—q+e“q—e+e“e+\/4(e“— L)ge + (" +q —efqg+e—ere)>
e = ¢t (F.A7)
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While we can combine Eqs. (F.41) and (F.47) to get an explicit equation for
I(e|k, g, «), finding the saddle point €* analytically can only be done in certain
simplifying limits.

In the limit as k — 00, €5 — 0. It’s easy to see from Eqs. (F.34) and (F.41) that

’{ILHC}OI(E‘I{,Q,O() = Ihard(6|Q7a)7 (F48>

and we recover the results of the hard likelihood analysis above, achieving the same
ee:(k — 00) > 0 as before.

For finite x, the saddle point is hard to find analytically. We will instead establish
that the test error is nonzero by bounding €, with respect to €5 (k — o0). First,

we show that, for a fixed €, ¢, o, dI /de is a strictly increasing function of &, as

d df d21 d (OF OF deg
T - == 4L = F.4
drk de dedrk  de <8f{ + Oeg d/i) (F.49)
_ O*F oF dﬁ %EGF n OF d?%¢; (F 50)
Ok0e OrkOeg de dr dedeg Oeg drde
N~ — ———
=0 >0 >0 =0 =0
> 0. (F.51)

We also have that I is a convex function of €, and that dI/de < 0 at € = 0 (from the
analysis of €g = 0 case). The minimum of I is found at ¢* where dI/de goes from
negative to positive, and Eq. (F.51) tells us that this occurs sooner as k increases.
Therefore € is a strictly decreasing function of k, and we have that €* > €*(k — 00).
Further, as the likelihood prefers functions with lower values of €g at fixed €, we
have that €, > €.
This gives us a final bound of €, > (1 — q)ef(k — o0) for «, ¢ < 1. Therefore,

as m — oo, for any o < 1 and any &, €¢ = €5 > 0. O

Numerical solutions of the saddle-point equations at finite x are shown in
Fig. F.9, showing that the lower bound on the test error is indeed larger than
that for the hard (0-1) likelihood.
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Figure F.9: Error lower bound €f;(k, a, ¢ = 1/2) for finite x, from numerical minimization
of I(e|lk,q, ). (A) €5(k) for o = 0,0.1,...,0.9,1.0 (orange to purple). Dashed lines
indicate a = 0, 1. At each fixed «, the lower bound on the test error is minimal for the
hard likelihood (k — o). (B) e5(a) for k = 1071,1073/4, ... 103/4,10 (brown to blue).
For any value of s, €f; is a decreasing value of o, and the transition from low to high error
near « = 1 is sharper at smaller k.

The obtained bound depends on ¢q. Consider in particular the case where ¢ is
very small, i.e. the prior is a power law with power e on an input space much larger
than the training set. This limit can be analysed for any .

For all ¢ and a < 1, the derivative of the rate function is

dI(e|lk,q)  dHs(e) N OF (e§|e, vy q) N OF (e&le, v, q) O€k
de - de Oe Oeg Oe

| —
=0

(F.52)

F' can be expanded in series as ¢ — 0, giving
Flesle, r,q) = —H(e)+(—res logy e~ Hy(es)— H(e)+(e—es) Hy(€))q+0(¢*) (F.53)

and thus

dI(e|k, q) dHs(e)
de = (-1 de

+ (e — e5(6)) Hy (€)a + O(q”). (F.54)

(e — es)HY(€) < eHY(€), which has a finite limit as € — 0. Thus, as ¢ — 0, if a < 1,
this derivative can only be zero if the derivative of Hy(e) — 0.

The derivative of Hy(e) is only zero at € = 1/2, and thus

1

ime =4 2 <! (F.55)
q—0 0, a>1. '
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Finally, can we say anything about a prior which is not a pure power law? In
this case, we also expect to be able to guarantee a nonzero generalisation error in
any case where the prior decays “more slowly” than the Zipfian 1/rank f.

To formalize this idea, suppose that P.(,)/P1 = 1/r* for some particular €. Fix
the unnormalized prior at 7 = 1 to be 1. Then I(0) = 0, so the error is nonzero if 1
is negative for any finite €. Since we have assumed P,(,)/P = 1/r%, I(¢o) is given
by its value for a pure power-law prior, (€|, q). Thus, the error is guaranteed to
be nonzero as long as I(ep|a, q), as in Eq. (F.34), is negative. This is in particular
clearly the case if ¢y < €*, although a stronger bound exists in general.

Note that, for this bound to amount to anything, we need to have ¢, > 0
for large m. This requires our sub-zipfian scaling to hold over a wide range of

ranks, since r(€p) is exponential in m.

F.6 A super-Zipfian prior cannot learn very many
functions

F.6.1 Summary of results

We have shown that a sub-Zipfian prior does not have a strong enough inductive
bias to achieve good learning performance, even on a single target function.

An unnecessarily strong inductive bias, however, should also be bad: it may
be able to achieve good generalisation for a single target function, but if the bias
is already strong enough to allow generalisation, making it stronger only limits
the number of functions that can be learned.

Thus, we want to show that a > 1 produces some unecessary underfitting,
i.e., guarantees nonzero training error €g.

In fact, for a soft likelihood (k finite), we do not ever expect zero training error.
This likelihood comes from a model where data are assumed to be mislabelled
with probability 1/(1 + exp(x), and it is straightforward to show that a uniform

prior P(f) = 1/2™ gives eg = 1/(1 + exp(k)).
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Thus, ideally, we would be able to show that, for almost all target functions,
€s > 1/(1 + exp(k)) for a superzipfian prior (and perhaps es = 1/(1 + exp(k))
for a subzipfian prior).

Appendix F.6.3 produces such a result, but under much stronger hypotheses—

for a random ordering of the prior, it shows that

1
= — <1 F.56
€s 1 + ena a = ( )
1
> > 1. F.57
€s 1—|—6H’ a ( )

We thus might conjecture that for random (i.e., almost all) target functions, the
above errors hold for a non-random ordering of the prior.

What we have obtained rigorously in Appendix F.6.2, however, is somewhat
weaker. Pick an ¢, and consider all the possible target functions which differ by €
from the most likely function. We obtain an implicit equation for “eg[min|(x, o, €)”.
For any eg € (0, eg[min]), almost all the targets which differ from the most likely
function by ¢ have training error at least e.

€s[min| is given by
a(H(€') — H(es[min])) = €'k log, e, (F.58)

This is weaker than what the random-prior result suggests should be possible in two

ways:

1. Although we find exponentially many functions with nonzero training error,
this isn’t actually almost all functions or even a majority of functions. (We
only consider functions where you get error €5 because you choose the most
likely function instead. To get almost all targets period, you would presumably
have to consider the possibility that you get confused not by picking the most
likely function, but by picking a different function.)

2. eg[min] is not always larger than the uniform-prior bound 1/(1 + exp(k)).

What we can actually prove is that, for large x, eg[min] becomes larger than

1/(1 + exp(r)).
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We might, however, say that this is good enough—you get higher training error

than expected in precisely the limit where you are trying to get a small training error.

F.6.2 Rigorous results

Consider the 2™wain possible functions on the training set. Let f() denote the
function at rank r in the prior, so that f(!) is the most likely function. For any
function ("), we call the set of functions which differ from it on exactly me elements
its e-sphere, and the set of functions which differ from it on less than e elements
its (open) e-ball. Notice that if f* is in the e-sphere (ball) of f*, then £ is
in the e sphere (ball) of f*). Recall that, for the soft likelihood with strength
K, we “expect” to have training error ey(k) = 1/(1 4 €”). In this section, we

establish the following theorem:

Theorem 9. Consider Bayesian inference using a power-law prior with exponent
a > 1, soft likelihood with strength k, and training examples corresponding to some
“target function”. Let emin(cv, k, €') be defined as the solution to Sy(€min) = Sa(€') —2€.
Then for any € < eémn(a, K, €), as m — oo, all but an exponentially (in m) small
fraction of the possible target functions in the € —sphere of f will have training
error at least €. Further, for any o > 1, there exists ko(a) such that, for k > ko(a),
a range of € have emin(a, k,€') > €y(k). More precisely, for k > ko(a), there exist
€1 (a, k), éy(a, k) such that, for any € € (€} (a, k), €s(a, K)), we have epin(a, K, €) >

eo(k). For large K, €| < =%1eo(k), and €y = min((1 + v/2)e="/*, 1).

~

Thus, for a superzipfian prior, we tend to “underfit” in the following sense. If
we try to make the training error small by making x large, then we can always find
exponentially many functions that have a larger training error than they “should”
for an expressive prior with this likelihood. This problem becomes more and more
severe as the prior becomes steeper: for large «, we underfit functions with distance

¢’ barely any larger than €,(x), and extending to € > €(k).
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Mtrain
Mtrain€

Proof. For any function, its e-sphere contains w(e) = ( ) functions, and its
e-ball contains Q(e) = >, w(€') functions. As m — oo, the two grow at the same
rate (in the large-deviation sense); for any € < 1/2 we have

1

1 1
) <) <O <€ + ) < emSa(eti). (F.59)
8¢(1 —¢) m

(For € > 1/2 we instead have Q(e) < 2™ = ¢™52(2) | while still w(e) < em52(9).)

For succinctness, when we refer to “almost all” elements of an exponentially
large set, |S| < 2°™, we will mean all but a number of elements which may even
grow exponentially, but with a smaller rate.

Now, we will consider the set F' of possible target functions in the €-ball of f(),
and try to show that almost all of them have training error at least €, for some
e<1/2.

For each function in the prior, at most €(¢) functions in F' can be in its e-ball.
Thus, all the functions of rank up to r include at most 7§2(¢) functions in their
e-balls. Thus, for any 6; > 0, almost all of the functions in F' aren’t in the e-balls
of any function with rank less than r; = w(e’ — d1)/Q(e).

We define the unnormalized posterior Qu = P,L, of a function. For a given
target function, let the be the sum of Qu for all functions in its e-ball and Qfalse
be the sum of Qu for all other functions. If for any function @false > Qtrue, then
this function will have training error at least €; the normalization of the posterior

does not affect this comparison. Qfalse is bounded below by the weight on f M je.,
C?false > e_nmtrain€,~ (F60)

Recall that almost all of the functions in F' are not in the e-ball of any function
with rank less than r;. Further, each of the functions with rank greater than r; can
only be in the e-ball of at most 2(¢) functions in F'. Thus, the sum of Qurue for all
functions in F' is no greater than Q(e) 3277, P, ~ Q(e)r{™“. Since Qe cannot be

negative, this means that, for any d, > 0, almost all functions in ' must have

emtra1n52 Q emtrajn52 Q (6) e

Qtrue >~ Z P )W(GI _ (51)0171 :

p=r1

(F.61)
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If Qtrue decays faster as m — oo than Qfalse for almost all functions under
consideration, then for almost all of these functions we will have training error at

least €. This condition is equivalent to

1
lim (—(52 R log Q(e€) + logw(€e') + (a — 1) logw(e — d1) — KE’) >0,

Mtrain =200 Myrain Myrain Myrain
(F.62)
—0y — aSa(€) + Sa(€') + (a — 1) Sa(¢' — 61) — we' > 0.
(F.63)

Recall that 01,0, must be arbitrary positive constants. Note that, if we were to
instead to take o1, = 0, then the left-hand side would be positive for 0 < € < €,
exactly zero for € = e (@, K, €), and negative for € > e,;,. By continuity, then,
for any 0 < € < €yin, we can choose 01, do positive, but small enough that we still
satisfy the above inequality.

Now, we show the second half of the theorem. Consider the function ¢y (z) =
So(z) — kx. ¢y is convex, and positive over some interval (0,y). ¢x(z) attains its
maximum at zo(k) = 1/(1 + €*), and o} = r(z9) = log(l + e"“). The “expected”
training error for likelihood strength « is €y = z(k). For & > 1 we have the bounds
e —Lem? <o) < eFand (k+1)e ™ — (b + 3)e 2 < Sy(mg) < (k+ 1)e ™,
which become tight for large k.

We thus have max, (Sy(€') — (k/a)€') > e/ — O(e~2/) and Sy(eo(k)) < (K +
1)e™". Thus, for any o > 1 and large enough x, max. (S3(€') — (k/a)€’) > Sa(€eo(k)).
By continuity this implies that, for any a > 1 and large enough k, there exists
€\ (a, k), €y(cr, k) such that, for any € € (€], €)), €mn(a, K, €) > € (k).

Using the exact formulas for f* and Sy(x¢) can give an implicit equation for
Ko(a) From this equation, we see that ko(«) diverges as a/(a — 1) log(a/(ax — 1))
as o — 1, and k() ~ 4/« for large a.

To establish the values of €/, €, we begin by bounding the value of ¢ (x). When
@k is increasing, a lower bound on ;. gives an upper bound on its inverse. When ¢y,
is decreasing, a lower bound on ¢, gives a lower bound on its inverse. Thus, lower

bounds on ¢, /. (¢') allow for both an upper bound on €| and a lower bound on .
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We find that different lower bounds are useful in each of these cases. We require
two elementary bounds:
or(z) > —xlogr — kx (F.64)

(z — wo(k))?
2min(z(1 — ), xo(k)(1 — zo(k))

The first inequality follows from —(1 —z)log(1 — ) > 0 for 0 < z < 1. The second

er(z) > ¢f — (F.65)

can be derived by applying Taylor’s remainder theorem to ¢ (z) around the point
zo(k) and considering the minimum value of ¢} on the interval between zy and x.
The first bound, combined with our upper bound on Sy (éy(k)), yields

(k+1)e"
W_i(—(k + 1)er/a=r)’

(F.66)

/

(where W_;(x) is the lower branch of the product logarithm function). The bound
W_i(z) <log(—=x) (i.e., =1/W_1(x) < —1/log(—x)) then gives

a(l+k)e ™ a
~ €
(a—Dr—alog(l+r) a—1"

€] < (K), (F.67)

with the approximation holding for large x and o > 1.
We use the second lower bound on ¢y, again combined with our upper bound
on Sy(€y(k)), to obtain a lower bound on €,. We have €, > z¢(k/«a); if we further

assume €, < 5 then the point where the lower bound on ¢,/ (€5) crosses the upper

1
2
bound on Sy(€y(x)) becomes the solution to a quadratic equation.

We arrive at the simple expression

€y > €o(r/a) + 1/2[pk 1 — Saleo(k))leo(r/a) (1 — eo(r/a)) (F.68)
> eo(K/ @) + /207 pc0(r /) + O(e) + O(e=2/%) (F.69)
Z (1+v2)e /. (F.70)

with the final approximation again holding for large x and o > 1.
However, we recall that we needed to assume €, < % to simplify the equation,

so in fact we have shown that

1
€, 2 min ((1 +V2)e e, 2) : (F.71)

Inspecting plots suggests that the % could be improved if desired.
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F.6.3 Superzipf priors increase the training error for a
random function

The goal of this section is to establish that, for a random ordering of the functions

in the prior, as m — oo,

1
= — <1 F.72
€s 1_‘_6,{7 a = ( )
1
> — > 1. F.73
€s 1—'-6“7 « ( )

Note that this does not follow from the worst-case style bound above, which goes
to zero for any finite k as a — 1.

To do the average over a random ordering of the prior, we will need to make use
of the replica trick. We introduce the notation - for an average over the ordering

of the prior. Defining the partition function

2777.
Z =Y P(r)ermdn), (F.74)
r=1
we have
_ 1, +—
€5 = ——0log Z. (F.75)
m
As usual, we write
log Z = lim 0,2". (F.76)
n—0+

Also as usual, we will (1) evaluate Z™ for integer n, and analytically continuing
it to non-integer n, and (2) interchanging the limits m — oo and n — 0 in order
to use the saddle-point approximation at nonzero n.

At a fixed ordering of the functions, the replicated partition function is
am  gm am .
70 =33 o3 P(ry) - Pry)e i €0, (F.77)
ri=1ro=1 rn=1
The disorder averages depends how many of the n replicas have the same function
r;. We adopt the standard variational ansatz used in the solution of the random

energy model, where the replicas form k groups, each of which has ¢ = n/k

members that have the exact same function. (This is an ansatz that allows



F. Appendices for Chapter 5 307

for one-step replica symmetry breaking.) The contribution of this state to the

replicated partition function is

2m 2m
Z]? = Z ce Z P(Tl)q .. P(,rk)qefnqme(n) . efnqme(rk)' (F78)

7’1:1 T’kil

Since we will always be working in the limit £ < 2™, we can approximate
€(r1),...,€(ry) as uncorrelated. (If k& ~ 2™ they would be correlated because
the errors of each state are drawn without replacement.) This allows us to perform

the disorder average, using

m ‘ 1 —qgr\ ™
6—qnme(7’i) — Z <m> e 15 = <—i_26> , (F79)
J

J=1

giving

i= % 5 P P (”2> -(z PWI)n/q <1+2>/

=1 =1 T (F.50)
We next simplify the free energy functional f,(k) = long? in the limit m — oc.
Here we make some approximations that come from n < 1, which also gives

0 < ¢ <1 as in the REM solution. Dropping subextensive terms, the free energy

functional simplifies in this limit to

flg) = { {— log 2 + 7 log(1 + e*qﬂ)} nm, a<l (F.81)

B {— min(o, %) log 2 + %1og(1 + e‘q”)} nm, o> 1.
As usual, when we flip ¢ to be less than 1 rather than greater than 1, we need to
maximize this free energy rather than minimizing it. For a < 1 the maximum is
at the boundary point ¢ = 1. For a > 1, the maximum is at ¢ = 1/a. This

straightforwardly gives:

log Z =

{ log(1 + e~*) — log 2] m, as<l (F.82)

Q@ [log(l + e*"/a) — logQ} m, a>1,

and thus

1

1 <1
= { Thesr &= (F.83)

1
Trer/as Q> 1.
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F.7 The PAC-Bayesian bound

When the prior is known over the full space of m inputs, we established lower
bounds on generalisation error, which indicates that for « > 1 learning is poor.
Now we will assume only that the prior is known over the my.;, training data, and
investigate the behaviour of conventional PAC-Bayesian bounds, which establish
upper bounds on generalisation error.

We consider a PAC-Bayesian bound due to Valle-Pérez [63], which is formulated
in terms of the prior probability of a function as defined solely on the My, ., training

data. We will show that this bound is optimal for &« = 1 in the following sense:

o For a < 1, the PAC-Bayesian bound remains nonzero as my.;, — 0o regardless
of the training data: it is impossible to guarantee an arbitrarily small test

error.

e For a > 1, as Myain — 00, it is possible to guarantee test error below ¢,
for any e, for target functions up to rank ry on the training data. Super-
Zipfian priors, however, dramatically reduce ro: for ¢ < 1, we find that

(1/Myprain) log ro = €/

A function f defined by its output on the training set S (using Sy and Sy to
denote the sets of inputs and labels repsectively as in Appendix F.3) of my,;, training
examples has some probability P(f|.S); this probability is related to the prior P over
functions defined on the full input space m by marginalizing over the classification
of examples not in the training set (this is the same as a measurement of probability
made while ignoring the output of the function on unobserved inputs, as in our
numerical studies). The PAC-Bayesian bound of Valle-Pérez [63] then states that,
for a function f sampled from the posterior with hard likelihood, with probability
1 — 0 over the choice of training set and 1 — « over the sampling from the posterior,

—In P(f*|Sx) + In (2 )

Myirain — ]-

~In(1 - €(f)) < , (F.84)
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where f* is the function on the my.;, inputs consistent with the training data
labels Sy. Let r* = rank f* and r, = rank f®).

Assuming P(f")|Sx) = A(Mirain)/rS, this bound becomes

e a< 1:
—In P(f%;8) = alnr 4 In (2m=00=%) — 1) —In (1 - a) (F.85)

e =1
—In P(f*;S) = Inr* 4+ In mypain + Inln 2 (F.86)

e a>1:
~In P(f%8) = alnr 4 In (1 = 2m=n(70)) —In (o — 1). (F.87)

F.8 Mechanistic origins of Zipf’s law in the Kernel
limit

In the limit of infinite width, neural networks are equivalent to kernel machines.
Thus, if Zipf’s law is a generic phenomenon for reasonable neural network priors,
it should also be seen in kernel machine priors.

Here, we will show how Zipf’s law emerges in kernel priors in various cases and
simplifying limits. In Appendix F.8.1 we introduce an argument from [109] that
explains how latent variables can produce Zipf’s law. In Appendix F.8.2 we apply this
argument to kernels, showing that the projections of a function onto the “learnable”
(i.e., high-eigenvalue) eigenmodes of a kernel are the relevant latent variables. In
Appendix F.8.3 we then work this connection between Zipf’s law and an underlying
latent variable in more detail for the equicorrelated kernel. We provide experimental

results in Appendix F.8.4 and discuss the connections between the equicorrelated

kernel and infinite width and depth chaotic networks in Appendices F.8.5 and F.8.6.
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F.8.1 Zipf’s law from low-dimensional latent variables

There are many models which can produce power-law distributions P, = 1/r¢,
however, they often need to be fine-tuned to give a power of 1. The main
known mechanism which robustly produces Zipf’s law is when high-dimensional
observations (such as the m-dimensional binary string f*)) are driven by a much
lower-dimensional “latent variable” [108, 109]. The simplest example, shown in
[108], is uncorrelated Ising spins driven by a fluctuating external magnetic field
(the latent variable).

We define the “energy” of a given state v as
E,=—logP,. (F.88)

In terms of F, there are two related characterizations of Zipf’s law. One may

show [261] that Zipf’s law requires
S(E) = E + const. (F.89)

where S(F) is the entropy of states with a given E, i.e. the log of their density,
or equivalently [109]

logr, = E, + const. (F.90)

In either case, if E = O(m), then as m becomes large it suffices to show that
variations in the correction term are o(m), rather than it being strictly constant.

From equation Eq. (F.89) it is intuitive how latent variables can lead to Zipf’s
law. Suppose different functions f are distinguished by some “order parameter”
x, which is coupled to a fluctuating latent variable z (i.e., we first sample z, and
then z influences f by making certain values of x much more likely). Suppose
all states with a given value x are equally likely. Then for any function f with

a given value of x, we have

P(f) = —5m (F.91)
E(f) = S(x) —log P(x). (F.92)
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Then, as long as (1) the dimension of x is subextensive so that S(E(x)) = S(x) +
o(m), (2) P(x) is roughly flat (i.e. variations in log P(x) are o(m)), and (3) distinct
values of x actually have distinct entropies as m — oo, we will have Zipf’s law
as m — o0o. In most scenarios where large-dimensional data are controlled by
some low-dimensional latent variable z, we expect the distribution of an order
parameter x that couples to z to be closely related to the distribution of z itself.
For example, in the Ising case, x is the magnetization and z is the magnetic field,
and unless we sit at a critical point, the distribution P(x|z) becomes exponentially
narrow as m — 0o, meaning that a broad distribution P(z) guarantees a broad
distribution P(x) as m — oc.

Note that, in principle, this argument only guarantees Zipf’s law for large ranks,
since it takes m — oo at fixed z.

In particular, note that a “complexity bias” is one possible source of Zipf’s law
by the above argument [5]. If the probability of a function f were determined solely
by its Kolmogorov complexity K, then since S(K) ~ K as m — oo, Zipf’s law will
emerge if the distribution P(K) is roughly flat as m — oc.

In cases where it cannot be assumed that P(f) is identical for functions with the
same value of the order parameter, or the order parameter cannot be clearly mapped
to the latent variable z, more general versions of the argument can be constructed.
When the latent variable z is finite-dimensional and log P(f|z) = m > m;(f)z,
Ref. [108] obtains E = S + o(m) by saddle-point approximations of £ and S. [109]
instead start with Eq. (F.90). They show that

E, ,
log r, = Ez/ + log/ dE/ P(E/)eE B = El’ + log PS(EV)7 (F93>

and thus Zipf’s law emerges if Ps(FE) is roughly constant over a wide range of ranks,
which requires a broad distribution of energies F,,.

They further show that, for m-dimensional states with large m, a “broad enough”
distribution of energies is achieved if Var[E] = O(m?). This is because, under this

condition, an O(m) change in E only produces an O(1) change in log Ps(E) [109].
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This large variance in F can be achieved by identifying a latent variable z that

produces O(m) changes in F. This is because the law of total variance implies that
Var, [E(f)] = Var, [E¢,[E(f)]] + E,[Varg, [E(f)]] > Var, [Ee,[E(f)]], (F.94)

and thus the if z produces O(m) changes in E, and the distribution of z does not
become narrow as m — oo, we will have Var[E] = O(m?).

If dim z = o(m) and the components f; are conditionally independent for each
z, then this may be further approximated, following Ref. [109]. To estimate the
lower bound on the right, we note that

P(f|z)
P(f)

E¢. [E(f)] = — ; P(f|z)log P(f|z) + > P(f|z)log (F.95)

f
The second term is positive definite, and its expectation is the mutual information
between f and z, which is bounded above by the entropy of the latent variable
and is thus O(dim(z)) = o(m). The first term is O(m). Thus, the second term

may be neglected. This gives us
Var, [E(f)] 2 Var, | Y P(f|z)log P(f|z)| = Var. [S(f|z)]. (F.96)
f

Then, if f; are conditionally independent for each z, we may us S(f|z) = >°; S(f;|z) to
write

Vary[E(f)] 2 > Cov[S(fi[h), S(f;[h)]. (F.97)

F.8.2 Zipf’s law from kernels

In the context of kernel regression, other work suggests that a “strong enough”
inductive bias to enable generalisation comes from sufficiently fast decay of the
kernel eigenvalues, and that generalisation then occurs for target functions which
are well-aligned with this inductive bias [100, 112, 96, 98]. In this picture, at a
given sample size m, a certain number of high-eigenvalue kernel eigenfunctions are
“learnable” (if they are present in the target function), and the remainder are not,

and are “benignly overfit” [113] to the training data.
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A given kernel, together with a distribution of input data, is characterized
by a sequence of kernel eigenvalues A, and eigenfunctions ®,. The probabilities
of functions P(f) on a particular set of inputs, however, are determined instead
by a particular finite kernel matrix K. As m — oo, the p-th eigenvalue and
eigenvector of K converge to mA,, and the associated eigenfunction. Our calculations
will reduce to sums of the form Zu m R mzu " A,. Using results from
[262], one may show (Appendix F.10), for a kernel spectrum decaying like 1/5,
the relative error in this approximation goes to zero as long as pu; ~ m® with

a < Apax = min( which will suffice for our purposes.

w2 i T 3

To produce a technical simplification, we consider the kernel limit of neural
networks which classify probabilistically, using the softmax of the final output,
instead of deterministically using the sign of the classification as we have studied
numerically. With this simplification, we are able to show that Zipf’s law emerges for
kernels whose eigenvalues A\ decay like )\,;6 with ¢ > 1,under the assumption that the
high-rank eigenvectors are random. Since kernel regression is known to generalize for
¢ > 1, this suggests that kernels which allow for learning will generally give Zipt’s law.

Given the Gram (kernel) matrix K for a particular set of m inputs, the probability

of a given function f is

eﬂyzfz

1 / 1 n
— [ dy 6—/853’
27| K| H 2 cosh By,

P(f) = (F.98)

The kernel may be diagonalized into eigenmodes v,, with eigenvalues A,. As
m — 00, each eigenvalue )\, converges to mA,, where A, is are often referred to
as the spectrum of the kernel. Define h(*®) as the sampled projection onto the uth
eigenvector, y - v, and define w,(f) = v, - f.

Further, let us split the eigenmodes of the kernel into m® “learnable modes” h
and m —m® ~ m “unlearnable modes” h’, with a < 1. This splitting of the modes is,
at this time, an artificial construction, for use in proving Zipf’s law holds: we are free
to set the value of a, and will do so later. We know this step is required because we

plan to use Eq. (F.97), which requires that the latent variable has o(m) dimension.
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The probability of a given function f is
efmlog2fzh(“)wu(f)fzh’(“)wg(f)

e, cosh(ﬁ(z v, ; + 3 h’(“)v’#,i)) .

P(f) = / dhdn’ P(h)P(h') (F.99)

We aim to show that, for some values of a and ¢, (1) the unlearnable modes make
an o(m) contribution to the energy of a given function, and then that (2) when
only the learnable modes are considered, we can carry through an argument like
that in [109] to demonstrate that Zipf’s law will be observed.

Using the aforementioned error bound, we may replace sums of the form -, )\L
with their approximation in terms of the true kernel eigenvalues so long as we
choose a < (¢ — 1)/[¢(4 + {)]

First, we seek a bound of the form

et mMIN| < o= W WL () < Gbm)Ib| (F.100)

for some b(m). This will allow us to bound the contribution of the unlearnable
modes to the numerator, and thus find conditions which allow us to neglect them.
Since f is a vector of norm /m, Eq. (F.100) is a hard bound if we take
b(m) = y/m, while it holds with probability 1 as m — oo if we assume that the
unlearnable eigenvectors are random and take b(m) = 1.
We may thus write
P(h)P(h')emlog 2= b w, () =b(m) | <
[T, cosh(B(X h¥v,; + S W, )~
P(h)P(h/)efmlongZ ) w,, (£)+b(m)|R’|
[T, cosh (6(2 Ry, + 3 h’(“)v;m)) .

/ dh dn/ P(f) (F.101)

< / dhdh’ (F.102)

In order to be able to separate out the contribution of the unlearnable modes to
log P, we want bounds to the denominator which can be factorized into separate
terms involving h and h'. Unfortunately, these bounds are quite weak. Firstly,
if we want to stay in the realm of hard, rigorous bounds which assume nothing

about the structure of the modes, we can write:

coshz e ¥ < cosh(z + ) < coshxz el?!. (F.103)
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This yields the quite anemic bound
e ™M T cosh (6(2 h(“)vﬂ,i)) < ] cosh (ﬁ(z MWy, + 3 h’(“)v;m)) (F.104)
i=1 =1

< emit| ﬁ cosh(ﬁ(z h(“)vm)). (F.105)

i=1
This is quite a bit worse than the b(m) = \/m we can obtain with no assumptions
for the numerator.

What about if the unlearnable modes are assumed random? Under this condition,
the quantity we are trying to ignore inside the cosh O(|h’| /v/m); we will find below
that this is < 1 for any a > 0 as m — co. We then obtain by Taylor expansion
(and defining for convenience u; = Zh(“)vm, w} similarly),

log ﬁ cosh(B(u; + uj)) = Y _(log cosh(Bu;) + u} tanh Su;) (F.106)

i=1 i
Under the assumption of random unlearnable eigenvectors, for large m, we may
treat sums of functions of u; and u as averages of random variables and treat
u; as uncorrelated from w;. The signs of each u) are further uncorrelated, and
u;, = O(|h'|/y/m), and thus the full term is O(|}|).

Thus, in the random case, the correction from the denominator is of the same
form e*"| as the correction from the numerator. We can absorb it into a new

constant ¢ = [(b + k), and write

ol P(h)e~mlog2= 2 W wu(f)
1 /dh,Ph/ C|h‘<1 P(f)—1 /dh
og (h")e < log P(f)—log [Ti%, cosh(B(X hWv,,;)

(F.107)
We want to show that the unlearnable modes make a subextensive contribution

to the energy of a function, i.e. that

P(h)e‘m log 2— Y h{Mw, (f)

log P(f) = lOg/dh 17, cosh(B(> hWv,,;))

+ o(m). (F.108)
To do so, we must show that

log / dh' P(1')e= = o(m), (F.109)

J < log / dn’ P(0')ec!.
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For the case with the minus sign, using Jensen’s inequality and the fact that

el < 1, we have
0> 1og/dh'P(h’)e*C‘h’| > —c/dh’P(h’) |, (F.110)

Since E[|h[]> < E[|h’] = Y X, we thus have

0> 1og/dh’P(h’)e*C|h" > —cy /SN, (F.111)

For the case with the plus sign, we, integrate the definition of the expectation

by parts and use e‘?! > 0 to obtain
/dh’P(h’)eC‘h’i — /Ooo du P(eM) > ) = /OOO dr P(W| > r)ee”.  (F.112)
A short calculation shows that
P(IW| > r) < 27/ (EX), (F.113)
which yields

! 02 !
/ dh’ P(W)e™ < 4/2mey |30 e A, (F.114)

Thus, taking a logarithm, the contribution to the energy is O(c? > A,). This is
harder to control than the O(cy/> N)) bound when the contribution is negative,

so we consider it here. We have
SN~ (F.115)

Thus, our condition to have the unlearnable modes make an o(m) contribution

for random unlearnable eigenvectors is
({—1)a>0. (F.116)

We thus require ¢ > 1, as is required for e.g. generalisation with ridge regression,
and further require a > 0. (We can see that this also gives |h'| /v/m — 0, as
promised to carry out the expansion Eq. (F.106).)

Most functions must have £ = O(m) [109], and thus under the above conditions

we can neglect the unlearnable modes. Now we do so, and consider the probability
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of each function solely using the learnable modes, which are our latent variables
n [109]. If the resulting variance of energy is at least O(m?), then Zipf’s
law will be observed.
For this probabilistic softmax classification, the classification of each site is
conditionally independent, and since we have chosen a < 1, the number of latent

variables is sublinear in m, and thus we may use Eq. (F.97), i.e
Vary[E(f)] = ZCOV (filh), S(f;|h)]. (F.117)

To establish that Zipf’s law holds, we need to show that most terms in this sum
are O(1). To do so, recall the variables u; = > hyvy; are Gaussian, as linear
transformations of Gaussian variables. The covariance of the entropy is then a
covariance of a particular nonlinear function of w;. Define 4; = u;/y/Var[y;], and
wi(x) = S3(e7 /2 cosh(Bo;x)). To compute this covariance, we may expand ¢ in
the probabilists’ Hermite polynomials, ¢;(z) = >0 ;.25 Heap (). (The expansion

only contains even powers because ; is even.) We then have

o0

Cov[S(filh), S(f;/h)] = Z Si.2mSi.on Cov[Hean, (1;), Hean (1;)] Zn 57 2np

m,n=0

(F.118)

Each term in this sum is non-negative. Thus, to show that this covariance is O(1)
as m — oo, it suffices to show that s; 9, remains O(1) and that the correlation p
between u; and wu; is O(1). Because the Hermite polynomials are not homogeneous,
in general s; 2, has a complicated dependence on ;. However, one straightforward
case in which this is true is if 0;, 0, and Cov|u;, u;] are all O(1) as m — oo (at
least, for a finite fraction of pairs i, 7).

The variance obeys

ol =) A\l (F.119)

s

For each p, for large m the eigenvector converges to the associated eigenfunction of
the kernel function. Thus, if the kernel is smooth, the learnable eigenvectors cannot
localize on a small number of sites, and typical elements must be O(1/y/m). Since

Ay ~ m, we thus have o7 = O(1) for any normalizable kernel spectrum, for typical 1.
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Thus we only need to provide sufficient conditions for O(1) covariance (of

either sign). We have
Cov]u;, uj] = Z)\ VpiUpj- (F.120)

If and only if this quantity is O(1) (of either sign), its square will be O(1). Its square
1s:

(Coviug, u;])* =D MMV iV ViV ;- (F.121)
v
Heuristically, we treat the signs of v,; and v,; as uncorrelated. Averaging over

this sign, we then get

(Cov{us, ujl) ZA# i M (F.122)

Again, if the kernel matrix is derived from a normalizable kernel function, each
v = O(1/m) and each A, = O(m), and the resulting sum is O(1).

Thus, we will see Zipt's law at large ranks as m — oco. What determines the
strength of deviations from Zipt’s law at finite m? On one hand, recall that the
latent variable argument for Zipf from the learnable modes requires neglecting
terms of relative O(m(~Y) in order to obtain Eq. (F.97). Thus, the smaller we may
take a, the better controlled these deviations are. On the other hand, recall that

neglecting the unlearnable modes requires neglecting terms of relative O((1 — ¢)a),

1 1 1 )
240720 4+€ " 2(0—1)/"

and also involved approximations that require a < Gax = min(

We cannot obtain rigorous guarantees because it is unknown how exactly errors
in each of these approximations result in deviations from Zipf’s law. However,
note that (¢ — 1)amax grows monotonically with increasing ¢. Thus, simply taking
G & Gmay, both approximations become better controlled as ¢ increases.

Thus, we expect finite-m deviations from Zipf’s law to be more pronounced
for slower decays of the kernel spectrum.

We note that this result means only one learnable eigenvalue is sufficient for
Zipf’s law. In Fig. F.10 we show that increasing the number of learnable eigenmodes
leads to a less blocky Zipf’s law. We generate a kernel by generating dim(h)

large eigenvalues and m — dim(h) small eigenvalues (small eigenvalues of size 0.1,
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dim(h)=1 dim(h) =2 dim(h) =5
10° 10° 100
1072 1 1072 4 1072 4
< 10-4 < 10-4 S 10-4 4
T 10 = 10 = 10
1076 - 107 4 1076 4
1078 . . 1078 . . 1078 . .
100 103 106 100 103 106 10° 103 106
R(f) R(f) R(f)

Figure F.10: More learnable eigenmodes lead to a smoother relation between
P(f) and R(f) with m = 50. When dim(h) = 1, the relation between P(f) and R(f) is
close to a staircase. By dim(h) = 2, the staircase is mostly washed out into a smooth
curve, and by dim(h) = 5 the curve is almost entirely smooth aside from the usual
artifacts at very low rank.

large eigenvalues of size 5). The eigenvectors are orthogonal. We then sample

10® times from a GP using this kernel.

F.8.3 Zipf’s law for equicorrelated kernels

In the previous section, we showed that kernels have Zipfian priors when their
eigenmodes can be separated into a small (relative to the number of samples)
“learnable” set and a large “unlearnable“ set. In this section, we provide some exact

results for the equicorrelated kernel, which has one learnable eigenvector.
Kij = 0ij + (1= 055)p, (F.123)

where p < 1. Infinite-width neural network kernels are equicorrelated in the infinite-
depth limit Appendix F.8.6, and may be rescaled to have variance 1 as above.
In the infinite-width limit, the network output preactivations y; at initialization

for m fixed inputs are sampled from NORMAL(0, K'). We can represent the outputs as

Yi = \/pY + 1 —pz;, (F.124)

where Y, z; ~ NORMAL(0, 1). Note that due to the permutation symmetry of this
particular distribution over y;’s, the probability of a function f is determined only

by the number of 0’s, which we call ¢, and the number of 1’s, equal to m — ¢ [263].
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Figure F.11: Extending the equicorrelated kernel to actual kernels. (a)
Y for ¢ # j for NNGP kernels with m = 100. All architectures
Vi, 7

and datasets (from Fig. 5.1) have min(p;;) > 0.5. (b) FCN on n = 7 boolean data
(m = 27) (c) FCN on Fashion-MNIST (m = 100), showing the density of functions for a
given t(f) v.s. P(f). The most likely functions are generally the low-entropy functions
which would be most likely for the equicorrelated kernel. For the boolean data, however,
the bias is clearly not solely due to entropy bias. (d) shows the Kj;; for i # j for kernels
with m = 100, generated by randomly sampling off-diagonal elements from distributions
with fixed means 0.5 < p < 1 and standard deviations 0.05 < o < 0.25, with any sample
truncated at 0.5 and 1. Matrices that were not valid kernels (due to negative eigenvalues)
were rejected. These kernels produced the rank-probability plot (e), with the colour
schemes consistent across the two figures. The top group of lines shows m = 20, and the
bottom group m = 100. (f) The entropy-bias only zipf’s law curves with different p (using
Eq. (F.127))

Histogram of p;; =

Since the classification of a given output is based only on its sign, we have,

P(f) =Py <0,y < 0,941 >0, ..., ym > 0) (F.125)
7 t [ Y
__Zodyp(y)zl"[1 P<ZZ< 1_pY|Y>L1t—L[P<z> 1_pY|Y)]

(F.126)

_ /dY Tl ( 1fpy>m_t (1-@( 15[)1/))15, (F.127)

with the cumulative density function of the Gaussian distribution defined as:

/ < <1+erf< ﬁ)) (F.128)

Firstly, we note that this is a special case of the class of models considered
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in [108], in particular a model of noninteracting Ising spins with a non-Gaussian

distribution of external fields. Defining a “magnetic field” h(Y') as

1 P(y; > 0]Y)
MY)=-log | =——= F.129
) =508 (55 Zv3) (F129)
the model maps to
P(f) = / dhP(h)e~3mbalf)-logeosh (F.130)

A similar mapping can be carried out if the final classification is made on the basis
of a different nonlinearity, e.g. a random classification using a softmax.

The general arguments of [108] then establish that if m — oo at fixed k (i.e.,
m,r — o0), Zipf’s law will be observed, and that at finite rank r, as m — oo,
Zipf’s law will be observed if the distribution of h (equivalently, the distribution
of k) is “sufficiently wide”.

Condition on p for Zipf’s law

How large must p be for Zipf’s law to hold for all ranks? Firstly, note that this
integral can be performed analytically for p = 1/2 using integration by parts to

form a recurrence relation. The result is
1 m\ !
P(f) :< ) ) (F.131)
By definition of S(¢) we have
E(t) = S(t) + o(m). (F.132)

Thus, we expect to see Zipf’s law for p = 1/2.
For general p, the calculation of P(f) for large m can be done by the saddle-point
method, as in [108]. We use the definition ¢ = km, where k € [0, 1] denotes the

fraction of 0’s. We make the substitution z = {/p/(1 — p)Y to get,

P = [ de 1- P —(1=p)22/2p gm|(1-F) In ®(=)+k In(1-(=))] (F.133)
~ 2mp
_ / d2Q(z)emI0-P n @) +k (-2 ()] (F.134)
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We will call z the latent variable, and we define the prior distribution over z,

o 1—p —(1—p)z2/2
Q(z) = ﬁge (1=p)z"/2p

Since the exponent in equation Eq. (F.134) is extensive in m, the leading-
order behaviour in m is given Laplace’s method (the saddle-point approximation),

by noting that the main contribution to the integral comes from the maximum

at z = z*(k), where
88 [(1—Fk)In®(2)+ kln (1 —d(2))] =0, (F.135)
z z=z*(k)
= (k) = @7'(1 - k). (F.136)

The full saddle-point approximation for the integral in Eq. (F.134) is

Py~ Q) i, (F.137)

V2 |17 (z7)]

where L(z) = (1 — k)In®(2) + kIn(1 — (2)).
Firstly, if we take m — oo at fixed k, the non-exponential factors can be

neglected. We have

InP(f)=m((1—k)In(1 —k)+kInk)+ O (Inm), (F.138)

=-ms(f)+ O (Inm), (F.139)

where s(f) = (1—k)In(1 — k) +kIn k is the entropy rate of f when it is treated as a

S(k) ms(k)

binary string. Crucially, the multiplicity of functions with k is indeed e”'*) = e :
We thus again have £ = S + o(m).
On the other hand, recall that the full saddle-point approximation for the

integral in Eq. (F.134) is

Q(Z*) mL(z*)
P(f) —————

where L(z) = (1—k) In ®(2)+kIn(1 — ®(z)). To obtain Zipf’s law, we saw above that

(F.140)

we need to be able to neglect the factors outside the exponential. Thus, deviations
from Zipt’s law will be observed for ranks where this prefactor varies substantially.
Empirically, we observe that deviations caused by @Q(z*) are larger than the

deviations caused by |L”(z*)|. Thus, we consider )(z*). Since the argument of [108]
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establishes that Zipf’s law holds exactly as m,r — oo, we expect to see the strongest
deviations from Zipf’s law at low ranks. Neglecting the two most likely functions (for
which Zipf’s law never holds exactly), we consider the next m most likely functions,
which have k = 1/m, whose probability we denote p. If Zipf’s law holds exactly,
then from the normalization (Appendix F.1.2) we expect that p o< 1/m.

Letting @ denote Q(z*)/Q(0) for these m functions, we have

~ _17pz*2

Q =e 2 . (F141)

For small k, ®71(1 — k) ~ /—2logk. Thus,

Qre 7 B umT T (F.142)

For p < 1/2, this decays faster than p must decay under Zipf’s law. Thus, for

p < 1/2 we expect to see deviations from Zipf’s law, at least at low ranks.

F.8.4 Experimental results

Fig. 5.2 studies the effect of moving 10-layer tanh-activated FCNs into the chaotic
regime, by increasing o,. It shows histograms of the off-diagonal kernel elements
Ki;/\/KiK;; and the corresponding plots P(f) v.s. R(f). o, = 0.75,1.0 has a
prior close to Zipf, and both generalise equally well. For 2 < ¢, < 5, we move away
from Zipf with « significantly lower than 1, and generalisation is worse.

Fig. F.11 shows related experiments. (a) shows histograms for the kernels of
architectures found in Figs. 5.1 and F.4, all of which have p;; > 0.5. Note that
Fig. F.7 demonstrates that it is possible for Zipf’s law to be seen even when some
pi; are below 0.5. Panels (b) and (c) show the probability P(f) of functions in
two different neural networks as a function of #(f) which controls the probability
of a function for the equicorrelated kernel. We see that most of the most likely
functions are precisely those which would be most likely for the equicorrelated

kernel: “low-entropy” functions where most labels agree. There are, however,
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some deviations—for example, for the 2 hidden layer FCN on the boolean data,
some maximum entropy functions have very high P(f). Panel (d) shows a series
of artificially generated kernels with p;; > 0.5, and (e) their priors, which are
Zipfian, but significantly blockier than the DNN-generated priors. Finally, (f)
shows the theoretical curves for the equicorrelated kernels, for different values

of the off-diagonal element p.

F.8.5 How close are NNGP kernels to equicorrelated?

For [-layered ReLU networks with biases set to 0, the value of Kfj /\JKLK jl =

is given by the recurrence relation,

1
= (W—i— (m — arccos a;_1) al_l) . (F.143)

Note that a; > a;—; for all ¢;_; <1 (a; = 1 is an unstable fixed point), so that the

lower bound for a; is given by the sequence generated with ag = —1, which gives,

Kt
min | ——=L— = {—1,0,0.318,0.494, 0.605, ...} . (F.144)
V KK, lERX

Eq. (F.144) shows that values of p larger than ~ 0.5 are achieved already af-
ter the third layer for any type of input data (other than an orthogonal set),
so FCNs with ReLU activations will lead to Zipf’s law, provided experiments
Fig. F.11(a) are general.

The value of p when approximating the distribution as equicorrelated can
be chosen as the mean of the off-diagonal normalised kernel matrix elements,
P~ <Kz-j/ Kiinj> at each layer. Fig. F.11(a) shows that the off-diagonal elements
of NNGP kernels for standard architectures (CNNs, FCNs, LSTMs) on standard
datasets (Fashion MINST, CIFAR10, IMDb) are all greater than 0.5, but the
variance can be quite large.

However, this instance of Zipf’s law arises due to an entropy bias and is not
sufficient to explain Zipf’s law qualitatively for practical neural networks. This is
because there can be a large range in P(f) for functions with the same entropy — for

example, in the boolean system structured high entropy functions like 010101 . ..
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are more probable than many low entropy functions. This structure is also the
most crucial for generalisation, as often we want to distinguish between functions
with the same (or similar) entropy. However, this approximation does seem to

work well for chaotic DNN kernels, see Fig. 5.2.

F.8.6 Infinite depth chaotic tanh-activated DNNs have a
uniform prior

The chaotic regime of deep neural networks was studied, for example, in [79,
264]. The most relevant result for our purposes concerns the correlations between
activations at [ layers, for neural networks at initialisation, taking the mean field
approximation (where preactivations 2! are replaced by a Gaussian whose first
two moments match those of z!). This mean field approximation is exact for
infinitely wide neural networks.

Specifically, it is shown in [79] that for neural networks with tanh activations
and combination of ¢, and o3 in the “chaotic regime” (for example, o, = 2.5,

oy = 0.0005),

E[2}(24) 2} (7)) 2% ¢%65j (00 + €i(0w, o)) (F.145)
where z, and m;, are inputs to the network, and 2! is the i’th preactivation in the
I'th layer. ¢;j(0,,0p) is a correlation term between inputs ¢ and j, and it is further
shown that (o,03) 2= 0 for any fixed 0. By contrast, neural networks in
the ordered regime (characterised by a small o, and large 0,) have an attractive
fixed point at 1 — all inputs become perfectly correlated.

For a neural network with . — oo infinitely wide hidden layers and a single

output neuron, Eq. (F.145) can be used with i = j = 1, and f(z,) the final

layer’s output for input z, to give
K (24, 75) = E[f (20) f(21)] == ¢" 6,

which defines the kernel used in Neural Network Gaussian Processes (NNGPs).

The prior probability of an output y, P(y) is given by

P(y) o< exp(—y" K y),
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where K is the kernel matrix for m inputs, and y the output vector (pre-thresholded)
for the m outputs. As K~! is a diagonal matrix, all predictions are uncorrelated
and have an equal chance of being 0 or 1, so the probability of any thresholded

function f must be uniform:
P(f) =27

A similar result was proved in [249] but for NTK — NTK in the limit of infinite
depth converges to an equicorrelated matrix with correlation ¢ = ¢(oy,, o), with

the same limiting behaviour as the NNGPs.

F.9 Structured priors can produce superzipfian
power laws

The modern machine-learning models shown in the main text always seem to
produce zipfian or subzipfian initialisation priors, although they may sometimes
produce superzipfian effective priors.

One straightforward way to produce a superzipfian prior is to consider a
structured prior, as in, for example, Bayesian Model Selection. We consider a
sequence of model classes, F}, Fs, ..., of increasing complexity. For example, we
may characterize complexity by the VC dimension d, and have d; < dy < .... We
then assign a finite weight P(F;) to each class.

It is well-known [213, 265] that such a prior produces a bias against complexity,
through effective “Occam factors” which penalize more complex models (since the
weight P(F;) is spread over exponentially more functions when d; is larger).

In particular, we may make a rough estimate by assuming that the number
of functions f on a particular dataset of size m saturates the bound induced

by the VC dimension, i.e.,

d;
N(E) =Y (”;) ~ QmH(di/m), (F.146)
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In this case, a flat prior on the class ¢ gives us

log P(f) =~ log P(F;) — log N(F}) (F.147)
E =S +o0(m), (F.148)

which gives Zipf’s law, as discussed in Appendix F.8.

It is clear from inspecting the above equation and considering the arguments
discussed in Appendix F.8 that we can get a superzipfian prior by choosing log P(F;)
to decay with d; in an m-independent way (or equivalently, to decay with m at

fixed ratio d;/m). For example, we can achieve this by a prior
P(F;) oc e7%, (F.149)

To test this idea, we compute numerically the prior of a simple classification model

using trigonometric polynomials. The model is

K-1
fi =sign > Ay cos(2mkz + oy (F.150)
k=0

We draw z uniformly and independently on the interval [0, 1].

At a given K, this function class has VC dimension 2(K — 1) + 1, because the
sign of a trigonometric polynomial of order n may change at most 2n times.

Within a value of K, we put uniform priors on ¢}, , and draw Ay from a standard
normal distribution. We then put the prior P(K) o e %% on K.

As expected, this model produces a supzerpfian prior, as shown in Fig. F.12.
The relationship between the exponent and a is difficult to predict analytically,
however, because this function class turns out to not saturate the bound on the

number of observed functions for a given VC dimension.

F.10 Lemma on sums of kernel eigenvalues

We want to establish conditions under which, for a bounded kernel with true kernel
eigenvalues A, ~ 1/u‘ and the gram matrix with eigenvalues )\, constructed
from m samples:

2 2
Yo dmm Y A, (F.151)

p=p1 p=p1
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Figure F.12: Bayesian model selection, with the probability assigned to classes decreasing
exponentially with their VC dimension, can produce priors ranging from superzipfian to
Zipfian. Details as described in the text.

or more precisely

n2 _ k2
Sl A = m g, Ay
H2 A -
m ZMZM H

For individual eigenvalues of a bounded kernel, for any 1 < r < m [262],

0. (F.152)

Ay —mA,| =0 (7“2AMA,T1/2 +m> A, +Vm [ Ay) . (F.153)

v>r v>r

The total error on the sum is then

‘252:#1 Ap—myhE Au‘ :O( r? Dvsr Ny T \/m ) (F.154)

+
m 252:#1 AN my AT lefiul AN \/m lef:m AM
Take p; = m®, pus = m’, and r = m¢. This is then
’ Ty A“‘

H=p1 H=p1
2
m Z#:#l AN

The first two terms go to zero as m — oo as long as a < ¢ <

b

19) (m(2+§)c—l + m(Z—l)(a—c) + m(f—l)(a—%)—%) . (F155)

1
m. FOI'C<

1 1
2+0/2 + =

1/(2 + ¢/2), the second term goes to zero as long as 2a <

F.11 Predictive information and Zipf’s law

As mentioned in the main text, here we show that the predictive information of a

sequence sampled from a power law prior only diverges as m — oo for a Zipfian
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(a = 1). This offers a hint that non-Zipfian priors must be bad for learning—if
they were correct priors, it would imply that only a finite amount of information

about the true function can ever be learned, even with infinite data!

F.11.1 The predictive information

Consider a sequence of observations {z;} = {z;,y;}32, drawn from some generating
distribution P({z;}). Let x,y,z refer to a length-m subset of this sequence,z =
{z:}1",. The entropy of z is extensive; as m — oo, S(z) — sm. The amount of
information that can be learned about the future from a finite number of observations
is quantified by the predictive information, which one can show is given by the

subextensive part of the entropy [114]:

Irea(m) = 1(z, {2z }i2 1) = S(2) — sm. (F.156)

The predictive information is necessarily subextensive, but when there is something
meaningful to learn from the data about the future, it still diverges as m — oo. For
simple generative models with k learnable parameters, Ipeq(m) ~ glog N, while

for models with an infinite number of parameters it grows like a power law [114].

F.11.2 Predictive information for power-law distributions
in function space

Assuming that the inputs x; are drawn i.i.d. and the labels are then generated

from them via some function, y; = f(z;), we have
S(z) = S(x) + S(y|x) = ms, + S(y|x). (F.157)

Thus, the distribution of x makes no contribution to the predictive information,
which is determined by the subextensive part of the conditional entropy S(y|x).

Now, let us assume that for all typical sequences x, P(y|x) has a power-law
form, P(y|x) = Pr = ¢(m)/ranky|x”. We then have

S(ylx) = —<zp<y|x> 1ogp<y|x>> , (F.158)

X
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and thus
S(z) = extensive stuff — > Pglog Pg. (F.159)
R=1
We approximate this sum by an integral,
m r—a
— Prlog Pr ~ / —— | dr F.160
1;1 niosTh S (r ad?" <f1 ()T adT,) ( )

A straightforward computation then gives:

logm, a=1
Ivea(or,m) ~ {O(l) o041 (F.161)

F.12 Fat tails: basics of Zipf’s law rank plots

Here, we recapitulate some basic properties of rank-ordered frequency plots with
power-law forms that have a maximum of Ny distinct outcomes in them. In Eq. (F.2)
we use an integral approximation to determine the constant A in P(f) = AR(f)™“
with @ = 1. We use the same approach for o # 1, with Ny = C™, where

C' is the number of classes.

[1- N7 (F.162)

In the rest of this section, we write « = 146, so A ~ §/(1 — Nf_‘s) =0/(1 —
C~™). The cumulative probability where a fraction 0 < z < 1 of the total
probability weight is reached by all functions of rank < r, is given by r, =
(1 —z+aC *m‘;)_l/a. For our analysis, it is interesting to note how differently
these quantities behave if 6 = 0, 6 > 0 or if 6 < 0. Below we assume large Ny,

which roughly means that In Ny > 1/§. Then,
o Foré=0:
Ax1/InN;=1/(mInC), re = N¥.

The scale A drops logarithmically in Ny. The rank for cumulative probability

grows as a power of Ny. For example, the rank for 50% of the total cumulative

probability is 7509, = /Ny = cmi?,
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o If § > 0, then:
re 2 1/(1 —2)Y°,
To leading order in Ny, A and r, are independent of Ny.

o If § <0, then:
A= |5|/N}, ry = 2PN,

To leading order in Ny, A drops exponentially with increasing ¢, and 7, is

directly proportional to Ny.

To get a sense of how much a small change in § matters, consider the n =7

Boolean dataset where, Ny = 2! for all m = 128 inputs. Then

e If 6 = 0, then we have A ~ 0.011, and 7509, ~ 1.8 x 10'?, at which point
P(f) ~ 1.2 x 1072\,

o If § = 0.1, then A = 0.1, and rsg ~ 1024, at which point P(f) ~ 107°.

o If § = —0.1, then A~ 1.4 x 107>, and rsoy ~ (1/1024) x 228 = 2118 at which
point P(f) ~ 10741

In other words, under the ansatz of a power law all the way down, tiny differences
in the exponent can lead to enormous differences in some key properties of the
distribution of P(f).

We can also analyse what happens if it is perfectly Zipf up to 10° (that we
roughly observe), and then crosses over to a different power for unobserved ranks.

One continuous implementation of this is:

Olm.a), r <1
P<f>={c<;;f3rg—17 L (F.163)
As shown in Fig. F.13, the normalization of this ansatz, with r, = 106,
m = 100, is less strongly affected by a than the pure power ansatz, but is

still fairly sensitive to a.
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Figure F.13: Comparison of normalization for pure power a # 1 vs. a crossover from
Zipf to o # 1.
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G.1 Approximating the eigenfunctions and eigen-
values in practice

To calculate the eigenfunctions and eigenvalues using Eq. (6.3) for a given parameter-
function map @, we also need the true input distribution ¢, which is in principle
inaccessible. However, we assume that for a large enough training set S;. € X
we can use its n datapoints to obtain n feature vectors of size p, and that these
provide a good enough estimate of ¢ that we can use the discrete Nystrém method
[266, 121] to extract eigenvalues and eigenfunctions from the integral equation
Eq. (6.3) with sufficient accuracy. We perform singular value decomposition (SVD)
on the feature matrix ®(S;.) € RP*" to obtain singular values s € R” and p left
column eigenvectors u, € RP. We can approximate empirical eigenvalues of T’
by squaring s and using the left column eigenvectors u, € RP, s, and feature
map ® : X — RP to obtain k" eigenfunction ey (z) = ul ®(x)/s,. Note that the
eigenfunctions can be used on any data point beyond the training set. Also, we
have implicitly assumed n > p, but when n < p, we can only approximate up to n
eigenfunctions and eigenvalues. The algorithm is summarized in Algorithm 12.

To calculate the inner product in Eq. (6.7) involving f* or f in Eq. (6.10) we cannot

use the training set, because if one trains to zero training error, both functions

383
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Algorithm 12 Empirical eigenfunctions and eigenvalues
®. S, x
© < D(Sy) (forward transform the training set into the feature space)
u, s,v <— SVD(p) (find the eigenvalues and eigenvectors via SVD)
[u1,ug, -+ - ,up| < w (find the column vectors of u)
for kin1,2,....,pdo
pr < 52 (approximate eigenvalues)
ex(x) < ul ®(x)/s;, (approximate eigenfunctions)
end for

will be equivalent on Sy,.. So instead, given the eigenfunctions, we use the test set

Sie to approximate the relevant inner products as follows:

@l Ga@h@a@d?  (Soes, e @)f6)
[eBIAR ~ TrerePa@da o f@Pa@de ~ Syocs, @) Sgcs, fH(E0P
(G.1)

In Appendix G.5, we discuss the validity and limits of our approximation
methods in more detail. Briefly, to check how well our approximation to g works we
used significantly smaller subsets of the training set and found that for scenarios we
typically care about, where only a subset of all the eigenfunctions are relevant, this
makes no meaningful difference to our measures. For large training and test sets
(e.g. Nirain = 5 x 10% and ny.y = 10* for CIFAR10) the approximation of the true
distribution ¢ with a finite sample as done in Algorithm 12 and Eq. (G.1) should
be fairly accurate. The Nystrom method becomes less accurate for eigenfunctions
with relatively small eigenvalues py, (typically for large k). Furthermore, cumulative
projection measures such as I1*(k) suffer from finite size errors when k ~ n.q
because we use Sy in Eq. (G.1). Neither of these sources of error is typically
that important for two reasons. Firstly, we normally work in the limit p < neq.
Secondly, we will see that typically a relatively small number k < p eigenfunctions
dominate our measures. Nevertheless, due to these finite size effects, we exercise

caution and present plots only up to k ~ O(10%) < nyes.
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G.2 DNN performance for a fixed feature map
as a function of width

In this section, we expand on the experiment in Fig. 6.3(b) where we explore the
width p needed for a DNN with a frozen feature map (random features) to reach
(near) zero training error. We compare a CNN, ResNet18 and VGG16 on both
CIFARI10 and CIFAR100. In Fig. G.1 we observe that to first order, a width on
the order of p &~ n is needed to train a CNN to zero training error on CIFAR10.
To second order, this width depends on depth as well, with larger widths needed
for deeper CNNs. We explore a much smaller range of widths for ResNet18 and
VGG16 architectures for CIFAR10 in Fig. G.2, and for CIFAR100 in Fig. G.3. We
observe that if the DNN is trained with SGD, both these architectures can reach
zero training error for very narrow final layer widths p, but much larger widths
are needed for DNNs with a frozen feature map.

In the main text, we did not study the effects of the widths of the intermediate
layers. One could imagine the extreme case of a bottleneck layer inserted just
before the penultimate layer, that would greatly reduce expressivity. Here we
keep the overall width constant, but it would be interesting to vary the width
of intermediate layers.

In more detail: Fig. G.1 shows a CNN with kernels of size 3 x 3, a max-pooling
layer with kernel size 2 x 2, and a final linear layer on the flattened output. The
output dimension is controlled by the size of this flattened output, meaning that
the number of filters per layer determines p. When the last layer has p = 90000 for
the depth 2 CNN, we have 500 filters per layer (increasing depth decreases p slightly
for a fixed number of filters as the image is shrunk by 2 pixels on each dimension
with each convolutional layer). Depth counts the number of matrices in the CNN
(so a single convolutional layer plus the final layer has depth 2). Fig. G.1(a) shows
that p ~ 10% is enough to fit the training data for the depth 2 and 5 models,
but for depth 10 and for the maximum width, the model cannot do better than

70% training accuracy. Note also that even when 100% training accuracy can be
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achieved, generalisation continues to improve with increasing width for the depth 2
and 5 models. Fig. G.1(b) explores the generalisation error with training set size
for the depth 5 model at two different widths. It illustrates how narrower frozen

feature models can fit less training data to 100% accuracy, as expected.

1.0
0.8 -
> 2 0.6
8 c
3 3 -
9 goay T
| == P
0.2 _e==ET — 1440
0.0 0.0 - 28800
102 103 104 10% 10? 102 103 104
P n

(a) CNN on CIFARI10 as a function of (b) CNN on CIFARIO0 as a function of
width training set size

Figure G.1: CNN performance for frozen layers (a) The training error (solid) and
test error (dashed) for CNNs with a frozen feature map and different depths, trained on
CIFARI10, as a function of the intermediate/last layer widths p. The training set size is
fixed at the standard n = 50000. (b) Training error (solid) and test error (dashed) for a
5-layer CNN with widths p = 1440 and p = 28800, trained on different training set sizes
n. Note that to first order, the training error reaches zero for widths on the order of the
training set size for this data set.
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(a) ResNet18 (b) VGG16

Figure G.2: Performance by the width of the input for the last layer for
CIFAR10 Two widely used models (a) ResNet18 and (b) VGG16 are trained on CIFAR10
with two different methods. The models were trained with SGD, allowing full feature
learning (solid), or trained with all layers except the last layer fixed. Performance is
plotted across various widths of the last layer, sampled between its original width and
C = 10. First, we observe that feature learning models outperform last layer-only trained
models by a significant margin. Furthermore, the performance of feature learning models
remains independent of the width of the last layer, in contrast to the correlation observed
in last layer-only trained DNNs.
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Figure G.3: Performance by the width of the input for the last layer for
ResNet18 and VGG16 on CIFAR100 (a) ResNet18 and (b) VGG16 on CIFAR100.
Similar results are obtained in Fig. G.2, but the performance of feature learning models
now changes more with the width than it does for CIFAR10. This difference can be
attributed to the difficulty that intermediate layers face in learning features for a more
challenging task.

G.3 On the definition of features

In the main text, we defined the eigenfunctions, ej(x), and eigenvalues, pg, of the
operator T'[f](2"). How do these eigenfunctions relate to the basis functions g (x)?

One way one can rewrite f(z) = Yb_; 0,Px(z) in |eg) is as:

D=3 0| [a@n@ew)| vk, G2
i=1 ik

Where Uy, will denote the matrix in the square brackets. We note that the rows

of U can be written as \/pie;(z) = (U;);®;(z) = U ®(z), meaning

pi| 1 Pi
by = [ttt = 0o\ [% | [o@ats| = 2w 0,
(G.3)
demonstrating that UTU = UU?T = I, and thus U is orthogonal. This argu-

ment shows that

) = 3 [t [Vven(o)

where U preserves the norm of #. This would mean the norm of a perturbation
[|AG||2 = ||A¢||s where 8" = U@. This fact means gradient descent on 6" would
find the same solutions as on #. For more information on the importance of

model parameterisation, see e.g. [267]. Given this property, it would arguably
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be desirable to call \/prexr(x) the features, as we could write f(x) = >;_, 0.2
where the features z, = /prer(z).

Furthermore, when the model is overparameterised, the solution found is strongly
influenced by pi — so incorporating py into the definition of features would mean
two models with the same features would always find the same solutions. It would
be entirely consistent to call features \/py ex), and then study its two components
separately. However, one could also argue that as the eigenfunctions ey (z) are
correctly normalized, it would not make sense to call features rescaled eigenfunctions
— two models with the same ey (x) but different eigenvalues py, pj, would disagree on
how much the k’th feature is present in the input. This also seems undesirable.

As a result of these issues, and given that our measures use the correctly
normalized ey (z), or py separately, we find it easier to call |e;) the features and
pr the associated eigenvalue.

It is also worth briefly discussing exactly how the eigenfunctions ey (x) relate to
more intuitive pictures of features — as abstract properties of the input (for example,
the edge of an object, or the object itself, in image data). It has been shown in
e.g. [268] that early layers of CNNs do indeed pick up on edges, and later layers
pick up on more abstract features (like chain links) [269]. It is at present less clear

how to make similar interpretations of our final layer features.

G.4 Two lemmas

In this section, we provide the proofs of two lemmas that are used in the main text.

Throughout, we assume an infinite number of data and the following MSE loss.

L= [ (fz) = f*@)) q(w)da (G4)
Lemma 17. The Gradient Flow (GF) dynamics of a linear model of the following
form f(x) =YF_, 0;9;(x) is diagonalized into the following p independent equations:
(fler) (t) = (f*[ex) (L —e7"*"), (G.5)

where p and ey are the eigenvalues and eigenfunctions of the intergral operator T

(Eq. (6.3)), and n is the learning rate.
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db;
dt

Proof. By using the gradient descent equation (%% = —n%), we can write the

change of f as

df 2 df; . dL

) = > ) = > ) (G6)
=2 [ (f@) = @) X B @ade ) (G
=2 [ (7)1 (@) 3 Bu)Bi(a ol (G
= 2T [f - "] () (G-9)

The equation mimics the form of a matrix differential equation. If we take the inner

product of both sides with ey,

d<€k|f>
dt

= =2n{ex|T[f = f*]) (G.10)
= —2npx ({ex| f) — (exl 7)), (G.11)

where we used that fact that T is symmetric operator and T[ey] = prex. Solving

the differential equation for (ex|f) with initial condition of (ex|f) (0) = 0 leads to

(flex) () = (flex) (1 — 7). (G.12)
O

Lemma 18. When T' = Ty p for a DNN, there is one-to-one mapping between ®(x)
and f(x) on the support of q.

Proof. The MP operator, by definition, maps from the expressed function space
# to H. The entries of the feature map [®y,---,P,| span #, and entries of the
expressed function ([f1,-- -, fc]), by definition, also span 7. Since ®(z) and f(z)
are related by a linear transform — ignoring the bias term as constant function is in
#H - the map between ®(z) and f(z) is one-to-one.

Assuming our input z is a discrete random variable, ®(z) and f(z) are also
discrete random variables. The one-to-one relationship then is sufficient to prove that

mutual information between two random variables is 0 (i.e. I(®(x); f(z)) = 0). O
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G.5 Accuracy of approximation methods

In the main text, we proposed three main measures of features: quality Q*, utility Q,
and eigenvalues (or intensity) p. These measures require the true input distribution
¢, which we cannot access in practice. The approximation method for these measures
was described in Appendix G.1 — the Nystrom method for approximating e, and
the Riemann sum for the inner product in ¢. In this section, we use empirical
methods - where the true eigenfunctions and eigenvalues are known- to assess the
validity of Nystrom method in approximating eigenvalues and eigenfunctions. We
also discuss why quality and utility were presented in a cumulative manner (IT*

and II) while the eigenvalues (py) are presented directly.

G.5.1 The Nystrom method

As discussed in Appendix G.1, the Nystrom method diagonalizes the empirical
feature matrix ®(X) € RP*™ to approximate the eigenfunctions ej and eigenvalues

pr- This is more explicitly written in lines 6 and 7 of Algorithm 12:
Pk < St ex(z) — ui ®(x) /s, (G.13)

where u and s are the left orthogonal matrix and singular values obtained from

singular value decomposition of ®(X).
Experiment setup for testing Nystrom method

The accuracy of the Nystrom method depends on the accuracy of singular values
(sx) and left eigenvectors (ug) of a random matrix (®(X)). To empirically assess
the accuracy of the method, we will use p independent Gaussian random variables
to sample our feature matrix. A power-law distribution with exponent o will

be used as the eigenvalues:

(I)k(l’> ~ @N(O, 1), Pk = k—e. (G14>

Gaussian random variables serve as valid features since the features are random

variables - x ~ ¢ is a random variable, and ey, is a fixed map, thus eg(z), z ~ ¢ is
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also a random variable - and are orthogonal to other eigenfunctions:

1 L7272
ek(x) AN N(O, 1), <€i|ej> = — Zz-Zje_E(Zi +Zj)dZide = 51] (G15>

2w Jz,,2,

Eigenfunctions can also be expressed with ® as

ex(w) = 0 ®(x)//pr (G.16)

where o, € p is one-hot vector with its k' entry equal to 1 and all other entries 0
(i.e. o = [0,---,0,1,0,---,0]). Indeed we can check that e is the eigenfunction

of T" with eigenvalue pj

/q) cp(x)q(:z:)dx (G.17)

/Zk\r %4z, (G.18)
= /pe®(z) oy, (G.19)
= PkCk; (G.20)

where in the second line, we used that ol is a one-hot vector.

Accuracy measures

With the underlying true features and eigenvalues defined, we propose measures for
calculating the accuracy of approximated values obtained via Algorithm 12.
The error of eigenvalue is measured as square distance between py (true value)

and s7(X) (approximation) normalized by p:

£y [0 -0

) G.21
Pk ( )

Note that Ex[] means expectation over all possible features matrices ®(X).

The error of eigenfunction is measured as 1 minus the inner product between

ur(X) € RP and of:

1— By [Jufox] . (G.22)
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The inner product uf o is proportional to the inner product between ef"?"

<€prmx,ek>=/< k(X 2 )( ))T %\’;}g)q(:ﬁ)dm (G.23)

and ey:

- wlX) )2

el A GOl (G.24)
_u(X)T o

= P g(pk)m (G.25)
_ w(X) o (G.26)

sk(X)v/Pr’
where the denominator is not of interest as we are not particularly interested

in the norm of the e""*"

Results

In Fig. G.4 we generate a feature matrix containing n = 10,000 datapoints and
p = 1000 features with Gaussian random variables. We use the Nystrom method to
approximate the eigenvalues and eigenfunctions and assess their accuracy with the
metrics in Eq. (G.21) and Eq. (G.22). We observe in Fig. G.4(a) that eigenvalues
are approximated precisely except for eigenvalues with & ~ p. In Fig. G.4(b),
we observe that the accuracy of the eigenfunctions correlates with the respective
eigenvalues: the larger the eigenvalue (compared to the median eigenvalue), the
better the accuracy. In the main text, we are often interested only in the first few
eigenfunctions with large eigenvalues; We can conclude that the Nystrom method

is sufficiently accurate for our needs.

G.5.2 Function space approximation

The Nystrom method’s prediction accuracy degrades for smaller eigenvalues. The

spanned space of [e7™"?" -+ [ ePP"*"] however, often accurately approximates that
of [e1, -+, ex]; The larger error of the e*"** is often due to the cumulation of error
in predicting e;?4"". Fig. G.5 illustrates an example where [uy, us, us] span the

same space as [01, 02, 03], and uy and uy (thus e; and ey) are well approximated —
the errors in predicting u; and us accumulate to the error of predicting ugz, and

results in a poorer approximation for wus.
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Figure G.4: Nystrom approximation for different eigenvalue distributions A
feature matrix was sampled from Gaussian random variables and then approximated with
Nystrom method. Power law eigenvalue spectra with different decaying exponents were
tested. (a) The eigenvalues are accurately predicted except for the tail eigenvalues with
k ~ p. (b) The eigenfunctions are accurate only when the eigenvalues are large compared
to the median eigenvalue. (c) The function space error below 0.25 for all .
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Figure G.5: Approximation on different eigenvalue distributions ...

We can use the Gaussian random variable setup to check the error of the function
space approximation. To measure the similarity between span([e,- - ,ex]) and
approximated function space [ef™"", .- ei?""], we can use k-SVCCA [123] or

the cumulative projection measure in Eq. (6.10).

1
>

k
J
i=1j=

k
3 (ei]eon)? (G.27)
1

Since we can express the inner product between true and approximated eigenfunc-

tions with uy and o (Eq. (G.23)), we can express the metric in terms of uy and o:

(u;froj)2 , (G.28)

1

1 k k
1- =
k — <=

1

1j
where we subtracted the measure from 1 so the measure will be 0 when there is

no error. In Fig. G.4(c), we observe that the function space can be approximated
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more accurately in comparison to individual eigenfunctions in Fig. G.4(b); This is

why we often present the quality and utility in cumulative measure II* or I1.

G.5.3 Error in projection measures

We now discuss the error in the projection measures like II*. The projection
measure (Eq. (6.8)) consists of the sum of squares of inner products between
eigenfunctions and function of interest (target or expressed). The Riemann sum
over the test set approximates the inner product — similar to how test loss

approximates generalization loss.

(ex, fi)* (fer(@) fi(@)a(@)da)® (Saves. el f,0))°
lexlBIAIE ~ fer(@Pa(@)da f fi(@)Pa(x)de ~ Tooes, ex@®)? Tooes, fi@®)?
(G.29)

Using the Riemann sum, we can measure the correlation between spanned

spaces (Eq. (6.10)). Using the vector representation of eigenfunction in the test set

approx
PP

: (Xiest) € R™est and the vector representation of function of interest fi(Xies),

we can approximate Eq. (6.10) as

c r apPProT (7)) fi(xD)
(e; EFTRETY g, =G @) B g

where zU) are iterated over the test set. If the rows of E € RP*™est and F €
RE*ntest are orthogonal, then Eq. (G.30) is smaller than equal to 1: consistent
with the definition of Eq. (6.10).

However, Eq. (G.30) is susceptible to error when: rows of E are not orthogonal

and when p ~ ny.;. We will discuss how we handled such problems in the paper.

Non orthogonal eigenfunctions

As discussed earlier, approximated eigenfunctions are less accurate when their eigen-

values are smaller; they may not even be orthogonal in ¢ or the empirical distribution
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of the test set. The inner product between two approximated eigenfunctions is

1
approx| _appror\ __ T T )
(e = /X W@ ()07 (2)uq(w)dz (G.31)
1
_ u?( (I>($)(I>T(x)q(x)dx> u; (G.32)
5iSj X
1
= —u] Juj, (G.33)
5iSj

where the Fisher information matrix J € RP*? [270] is defined as [, ®(z)®” (z)q(z)dz.
Eq. (G.31) equals Kronecker delta if only if [uy,- - ,u,] are the eigenvectors of .J
with eigenvalues [s7, - - - , s7]. Since we obtained ; from the empirical feature matrix
of the training set, the approximated eigenfunctions, especially those with small
eigenvalues, are often not orthogonal in ¢ (and in the test set).

To handle such an issue, we use QR decomposition on

E = [eilzpprom(Xtest% e ’GZPPTO$<Xtest)] S [RPTeest

before applying Eq. (G.30): because QR decomposition orthogonalizes the rows;
preserves the span of the first k vectors; handles overlapping vector between rows by
conserving larger eigenvalue eigenvectors (eigenfunctions) - which are more accurate.

In Fig. G.6, we plot the cumulative measure with and without QR decomposition
for ResNet18 on CIFAR10. We observe that II* and II grow beyond 1 without QR
decomposition, indicating that approximated eigenfunctions are not orthogonal;
The inconsistent behaviour is removed when QR decomposition is applied. Note
that the deviation between QR and no-QR plots emerges when the eigenvalues are

sufficiently small (larger error in approximating the eigenfunction).

Finite size effect

For two sets of basis functions, increasing the number of bases to a large but finite
value does not guarantee any overlap between the two function spaces: because
functions are infinite-dimensional vectors. This is not the case for two finite-
dimensional matrices: If p = ngy in Eq. (G.30) and E has full rank, then any

F will be spanned by the rows of E.
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Figure G.6: Comparing approximation methods for the projection measures
ResNet18 on CIFAR10. For (a) and (b), the measures are calculated with — solid —
and without — dashed — QR-composition. Note that QR decomposition removes the
inconsistent behaviour of the cumulative projection measures (e.g. larger than 1). With
QR decomposition, the projection measure for layers with p > 10* consistently equals 1
when k = ngest = 102

In Fig. G.6(a,b), we observe that IT*(ns) and ﬂ(ntest) are equal to 1 for layers
with p > ny.s. This does not indicate that intermediate features can express the
target /expressed function; It is achieved because n.s orthogonal vectors (E) can

always span ng dimensional vector space (and thus the row space of F').

G.6 The first eigenfunction of the Ty;p operator
is a constant

MP-operators (Definition 12) include a constant function in addition to a more
conventional projection operator onto 7, the C-dimensional function space spanned
by entries of the learned function f : X — RY. This difference with simple
projection operators means that an MP-operator uniformly rescales all function
components in # in an isotropic manner, with the exception of the direction of
the constant function. The fact that the constant function exists in the feature
kernel’s reproducing kernel Hilbert space (RKHS) or simply the function space is
not surprising as the final output function space typically includes the constant

1" More importantly, a bias term in the last layer on a DNN adds a

function.
constant function to the entries of the output, which necessitates the existence

of a constant function in the RKHS of its kernel.

1Unless it is centered to 0.
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What is perhaps more surprising is that the constant function is the first
eigenfunction of Th,p with the largest eigenvalue. Interestingly, this function is
often disregarded in other analyses, for example in principal component analysis
(PCA) and in measurements of CKA. We also observe that the first eigenfunction
of T often closely resembles the constant function (even when not at its limit Ty, p).
Across all our experiments, except for the 1-D toy model in Fig. 6.4, we consistently
observe (e1|1) > 0.95. Due to this observation, we handle the first eigenvalue p; as
an exception, for example when calculating D.¢s(p) or defining the MF regime.

We also find that at initialisation, the first eigenfunction tends to dominate the
initialised function (i.e. II(1) & 1) for architectures such as ResNet18 and VGG16.
Moreover, these architectures have (e;|1) ~ 1 even at initialization. One possible
explanation for this behaviour is simplicity bias [65, 64, 1, 5], which predicts that
simple (low Kolmogorov complexity) outputs (functions) are more exponentially
likely to appear if the input-output map is simple enough. However, the exact reason
why the constant function is the first eigenfunction of the feature kernel requires
further study. For the purposes of this paper, we accept this observation as a given.

The constant function also helps explain why the simplex equiangular tight
frame (ETF) emerges in NC as the ideal max-margin feature for classification,
instead of an orthonormal basis: A (C' — 1)-dimensional simplex ETF can be
obtained as the projection of the standard basis onto the orthogonal complement
of [%, %, e ,%], which is the average vector of all basis vectors, inside R¢. For

example, projecting [0,0, 1], [0, 1,0], and [1,0, 0] onto the orthogonal complement

of [é, %, %] gives three vertices [—%, —é, %}, [—%, %, —é], [%, —%, —%] which forms an
(ordinary plane) equilateral triangle.

G.7 Experimental details

G.7.1 Architecture details

k x k Conv(-,,-, ) refers to the 2d convolutional module with a kernel of size kxk,

and arguments within parenthesis refer to the input channel, output channel, stride,
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and padding respectively. Linear(-,-) refers to the fully connected module with the
arguments referring to input width and output width respectively. MaxPool(, -, -)
refers to max pooling with the arguments as kernel size, stride, and padding
respectively. Adaptive Avgpool(-,-) refers to adaptive average pooling where
arguments are the size of the image after pooling. The curved arrow refers to
the skip connection (identity), and any modules that appear in the arrow are
applied. BN refers to batch normalization and (BN, ReLLU) refers to the application
of batch normalization and ReLLU in respective order. The definition of the term

“layer” for each model is also provided.

(a) ResNet with max pooling (b) ResNet without max pooling

Figure G.7: ResNet18 architectures (a):This is the ResNet proposed in [118]. The
size of feature space(post-activation) for each layer is 4096, 2048, 1024, and 512 respectively.
When the initial stride is decreased to 1 (i.e. 7x7 conv(3,64,1,3) for the initial convolution
module), the feature space size increases to 16832, 8192, 4096, 512 respectively. (b): The
architecture is similar to (a) but lacks a max pooling module and has a smaller stride in
the initial convolution module; The feature space is larger with the size of 65536, 32768,
16384, and 512.

G.7.2 Learning rate and hyperparameters

In our experiments, unless explicitly stated, SGD with a momentum of 0.9 and
weight decay of 0.001 was used. Adam [37] was used when the model did not
converge with SGD. All models were trained for 200, 400, or 600 epochs: the earliest
epoch that achieves above 99% training accuracy. For models trained for 200 epochs,

a scheduler with 0.2 decay for every 60 epochs was used. For models that require



G. Appendices for Chapter 6

333 Conv(354.1.1)

-

349

BN, ReLU N Ly 3x3 Conv(1,256,2,1)
BN, RelU BN RelU P tayer 4 RelU, Maxpool(2,2,1)
popse 220
- B 3x3 Conv(256,512,1,1)
MaxPool (2,2,0)
BN, ReLU RelLU
BN, RelLU
vere 20
SR v L aers 3x3 Conv(512,1024,2,1)
o s RelU [ teagen | e
layer 3 v
ayer BN, ReLU MaxPool (2.2,0) < Reru
e | U Sy 33 Conv(1024,p2,1) ETTEER)
BN, ReLU layer 2
'
vaFon 2201 Linear(25088,4096) L s RelU
RelU Maxpool(2,2.1), ReLU Linear(512,512)
e
RelU
ReLU _J Linear(p,10)
Linear(4096 #classes) Linear(512,10)
(a) VGG16 (b) CNN (c) FCN

Figure G.8: VGG16, CNN, and FCN architectures (a): VGG16 The model has
been segmented into layers by maxpooling. The feature space size for each layer is 16384,
8192, 4096, 2048, 512, and 4096. Note that the penultimate layer only consists of linear

modules (fully connected) and non-linearities.

400 or more epochs, the scheduler was removed. If the model did not converge in 600

epochs or achieve below 99% training accuracy, it would be explicitly mentioned.
CIFAR10 and CIFAR100 were normalized to the mean of (0.4914, 0.4822,
0.4465) and standard deviation of (0.2023, 0.1994, 0.2010). For data augmentation,

a random crop of 32 with padding of 4 and a random horizontal flip was used. No

augmentation or whitening was applied to the MNIST dataset.

G.7.3 Loss

We use MSE loss with a centered one-hot vector (i.e. ¢ f¥(z) = 0 for all z € X) as

the C' dimensional target function f*: X — R. Before centering, we have scaled

the f* by a factor of 3 for CIFAR10 and MNIST; and by 10 for CIFAR100.




Appendices for Chapter 7

H.1 Proofs

Here are the proofs for the theoretical results in the main text.

Proposition 7.2.1 (Decomposition of linearisation error). For any differentiable
loss € and any differentiable machine learning model f the linearisation error of the

objective function L admits the following decomposition:

AL(w) = VypL(w) Aw = Z Viwl(f(x),y)" [Af(x) = Vo f () Aw)]
linearisation error of objective (z.y)€S linearisation error of model
> AUf — Viwl(f(x),y) Af ().

| (z,y)€eS

linearisation error of loss

Proof. By the chain rule, V,,L(w)" Aw = ‘?ﬂ Yeyes Vil (f(x),y) Vo f(x)Aw

Therefore:

AL(w) — Vpl(w) Aw = — 3 AUf — Vil (f(@),y) Vo f (x) Aw

| | (zy)es
Adding and subtracting ﬁ Y@aes Vial(f (), y) " Af(x) on the right-hand side
yields the result. O

Lemma 1 (Bregman divergence of square loss). When ¢ is set to square loss, then:
bregman,., (f(2), Af(¢)) = 5| Af()]]5-

350
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Proof. Expanding the Euclidean norms in the loss perturbation A/ yields:

AL(f(@),y) = 5 | (@) + Af(x) = yll; — 55 1 F (@) — yll3

= s IAF@)]5 + (f(z) — ) Af ().

The result follows by identifying that V¢, ((f(z),y)"Af(z) = (f(x)—y) " Af(z).
[

Lemma 2 (Bregman divergence of xent loss). When ( is set to cross-entropy loss,

and ify'1 =1, then:

bregman, ., (f(x), Af(x)) = Dxw ( softmax(f(x)) || softmax(f(x) + Af(a:)))

< slAf (@)1 + OAF).

Proof. First, since >, y; = 1, cross-entropy loss may be re-written:

((f(x),y) == —log[softmax(f(x))] 'y = —f(x) "y + log [lexp f(z)|;.

The linear term — f(x) "y does not contribute to the linearisation error and may

be neglected. Therefore:

AU(f(x),y) = Viwl(f(z),y) Af(z)

= log lexp(f (2) + Af (@))ll, — log [lexp f(@)[l, — V() log [lexp f()[|, Af (2)

o Ylewf@l,  enf@) .
=8 e (@) + AF @, Texp F@)l, - @
_expf(x)’ | exp f(z)/|lexp f(2)l],

e f@), O exp(F@) + Af(@))/|lexp(f(@) + Af @),

The final line is equivalent to DKL<softmaX( f(x))

softmax (f(x) + Af(@))

establishing the first equality.

To establish the inequality, let ® denote the outer product and define p =
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softmax(f(x)). Then we have:

Al(f(z),y) = Viwl(f (@) y) Af(z) = ;Af(flﬂ)TVfc@)ﬁ(f(w), y)Af(z) + O(Af)
1

— JAF(@) Vi log loxp £ @), AF (@) + O(AF?)
_ ;A f(@) [diag(p) — p ® PIAF() + O(AF?)
< SAS(@) diag(p)AS (@) + O(AF?)
1
<

SIAF@)IZ + o),

where we have used that p®p is positive definite and then applied Holder’s inequality
with [|p[|, = 1. O

Theorem 4 (Functional expansion). Consider a convex differentiable loss ¢ and a
differentiable machine learning model f. Under Assumption 1, the corresponding
composite objective L admits the expansion:

L(w + Aw) = L(w) + Ve L(w) Aw —|—E > bregmany ) (f(x), Af(x)).
(z,y)€S

first-order Taylor series

Proof. The result follows by substituting Assumption 1 into Proposition 7.2.1 and

applying Definition 22. O

Corollary 7.2.1 (Functional expansion of mean squared error). Under Assump-

tion 1, for square loss:
1
L(w + Aw) = L(w) + Ve L(w) Aw + @ > a-llaf(@)l3
(z,y)eS

Proof. Combine Lemma 1 with Theorem 4 to obtain the result. O]

Corollary 7.2.2 (Functional majorisation for xent loss). Under Assumption 1, for

cross-entropy loss, if y'1 = 1:

L(w+ Aw) < L(w) + VeL(w) Aw + é > %HAf(m)Hio + O(AF?).

‘ ‘ (z,y)eS

Proof. Combine Lemma 2 with Theorem 4 to obtain the result. O
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Lemma 3 (Output bound). The output norm of a fully-connected network f obeys

the following bound:

| f(z;w)|, < [H Wl ] X |||, = \/dr, under Prescription 1.

Proof. For any vector v and matrix M with compatible dimensions, we have that
| M|, < |[[M],-||v||, and |[reluv||, < ||v]|,. The lemma follows by applying these

results recursively over the depth of the network. O]

Lemma 4 (Deep relative trust). When adjusting the weights w = (W, ..., W)
of a fully-connected network f by Aw = (AW, ...,AW7y), the induced functional
perturbation Af(x) == f(x;w+ Aw) — f(x; w) obeys:

H IWil.| x el [ﬁ (14 189

k=1

IAS ()], <

dr, x (expn — 1) under Prescription 1.

Proof. We proceed by induction. First, consider a network with L = 1 layers:
f(x) = Wiz. Observe that ||Af(x)|, = |[AWiz||, < [|[AW4], - ||x]|, as required.
Next, assume that the result holds for a network g(a) with L — 1 layers and consider

adding a layer to obtain f(x) = Wy orelu o g(x). Then:

[Af(@)]l, = [[(WL + AWL) orelu o (g(x) + Ag(x)) — W orelu o g(z)|,
= [[WL (relu o (g(x) + Ag(x)) — relu o g(x))
+ AW (relu o (g(z) + Ag(x)) — relu(0)) |2
< [[WLll, - [Ag(x)ll, + [AWL], - (lg(2)ll, + [[Ag()]l,)

= (WLl + [[AWL[,) - [[Ag(@)l, + [[AWL], - lg(@)ll,,

where the inequality follows by applying the triangle inequality, the operator norm
bound, the fact that relu is one-Lipschitz, and a further application of the triangle

inequality. But by the inductive hypothesis and Lemma 3, the right-hand side is
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bounded by:

L—1 AW, L.
(WL, + [AWL],) [H (1+ HH) B 1} )
k=1 Wl

L-1 L—1

LWL < el + 1AW . < | TT 1WA el

k k=1

[AW | ) ] l -
= 1+ LT IWlL | x ]l
LHl ( Wl kl;ll ’

The induction is complete. To further bound this result under Prescription 1,
observe that the product [H,?Zl ||Wk|]*} X ||z, telescopes to just v/dy, while the
other product satisfies:

L AW, L "
1+ ————| -1 =(1+— — 1< N 1+ — — 1= — 1.
[H< * Hwku*> 1 (1+7) —1=pum (1+7) X

el L—oo

Combining these observations yields the result. O]

Lemma 5 (Exponential majorisation). For an FCN with square loss, under

Assumption 1 and Prescription 1:

L

e AW,V L
Z [ dk/dk_l X tI‘M] +%(6Xp77— ]_)2

k=1

L(w+ Aw) < L(w) +

s

Proof. Substitute Lemma 4 into Corollary 7.2.1 and decompose V,,L(w)" Aw =
Sk tr(AW,] Vi, £). The result follows by realising that under Prescription 1,

the perturbations satisfy ||[AW,]|, = \/m 1, O

Theorem 5 (Automatic gradient descent). For a deep fully-connected network,
under Assumptions 1 and 2 and Prescription 1, the majorisation of square loss

giwen in Lemma 5 is minimised by setting:

1+ v1+4G Vw, L
nzlogf, AWk:—%-\/dk/dk_l-L, for all layers k=1, ...

AW, Vw, L
lAWL][.

tive when the perturbation AW, satisfies AW, /||[AWL], = —Vw,. L/|[Vw, L],

Proof. The inner product tr that appears in Lemma 5 is most nega-

Substituting this result back into Lemma 5 yields:

L Vw, Ll
L(w+ Aw) < %Z l\/dk/dkl X M] + 1 (expn — 1)*.

L.
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Under Assumption 2, we have that |V, £|%/|[Vw, L, = [Vw, L] » and so this

inequality simplifies to:
Lw+ Aw) < L(w) —n-G+ 3 (expn—1)°

Taking the derivative of the right-hand side with respect to 1 and setting it to
zero yields (expn — 1)expn = G. Applying the quadratic formula and retaining
the positive solution yields expn = %(1 + V1 +4G). Combining this with the
relation that AW, /||[AWL||, = —Vw, L/||Vw, L], and applying that ||AW,]||, =
m -+ by Prescription 1 yields the result. n

Lemma 6 (Bounded objective). For square loss, the objective is bounded as follows:

—_

1 (2 w)5
2dy,

+ llyll3
2 <1 under Prescription 1.

E(w)ﬁm(z

z,y)ES

Proof. The result follows by the following chain of inequalities:

1 1 1 1
L(w) = ﬁ Z ﬁﬂf(:v;w) - y||§ < \57| Z ﬁ(llf(w;w)lli + ||y||§)
(zy)es <L (zy)es “4L
1 dp +d
< - Z L+ar 1
| ’(w,y)ES 2d
where the second inequality holds under Prescription 1. O]

Lemma 7 (Bounded gradient). For square loss, the norm of the gradient at layer

k is bounded as follows:

I, (Wi, \/2['(“7) 1 2 dy—1
V < . R p— < .
Wl < Tl Va8 SV e

(z,y)eS

under Prescription 1.

Proof. By the chain rule, the gradient of mean square error objective may be
written:
1 1

S| (z,y)€S dp
oo Dy Wi - Dy, @ Dy Wiy ... DiWz,

Vw, L(w) (f(z;w) —y) W, -D,_ W;_, ...
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where ® denotes the outer product and D), denotes a diagonal matrix whose entries
are one when relu is active and zero when relu is inactive. Since the operator norm
| Dg|l, = 1, we have that the Frobenius norm ||Vw, £L(w)]|, is bounded from above
by:

1
S| > d H T W) — )TWL'DL—1WL—1--~Dk+1Wk+1'Dk®Dk71Wk71---D1WI$HF
(xy)es L
1
|S| dr H w) —y) WDy Wi_1... Dy iWiy - DkH2 N Dg—1Wi—1 ... DiWiz||,
(z,y) ES
1 1
< o @ w) —ylly - WL, - (Wil - (Waaall, - Wl - WAL - (2]
B (@ges 9T
Y)ES
[T, [|W]] 1 1
=S X — || f(z;w) — yll5 - |zl
AN gesd 2l

Hleuwzn*, 1|2 2 |1 >

(z,y) ES (z,y)€S

LWl L) [T )
= Wil i s 2 el

(z,y)€S

In the above argument, the first inequality follows by recursive application of the operator
norm upper bound, and the second inequality follows from the Cauchy-Schwarz inequality.
The right-hand side simplifies under Prescription 1, and we may apply Lemma 6 to obtain:

HlL_—l H”l”* 2‘C(u“> 1 2
V L(w <
|| Wy, ( )”F = HVV/CH* l ’S’ wiy E:S ||$||2

Vdr/dy dk L
S\/dk/dk—l' dL Vo = V2.

O

Lemma 8 (Convergence rate to critical point). Consider a fully-connected network
trained by automatic gradient descent (Theorem 5) and square loss for T iterations.
Let Gy denote the gradient summary (Definition 24) at step t < T. Under
Assumptions 1 and 2 and supposing that Prescription 1 is maintained throughout

training, AGD converges at the following rate:

te{l,.ry LT T

Proof. Theorem 5 prescribes that expn = %(1 + V1 +4G), and so n = log (1 +

7@4@10—1) We begin by proving some useful auxiliary bounds. By Lemma 7 and
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Prescription 1, the gradient summary is bounded by:

\/dk/dk 1 [V, £( HF<*Z\/_<2

The fact that the gradient summary G is less than two is important because, for

xr < 1, we have that log(1 + z) > xlog2. In turn, this implies that since G < 2, we

have that n = log M1+ > VG- 1602 Tt will also be important to know that

for G < 2, Wehavethat%-Gg 7”J"2KHSG.
With these bounds in hand, the analysis becomes fairly standard. By an
intermediate step in the proof of Theorem 5, the change in objective across a single

step is bounded by:

L(w+ Aw) — L(w) < —n- G+ 5 (expn — 1)

< \/HTG 1(G10g2 1\/1—&—TG 1)
< —1.(log2-1)-G? < —G¥/11,

where the second and third inequalities follow by our auxiliary bounds. Letting G,
denote the gradient summary at step ¢, averaging this bound over time steps and

applying the telescoping property yields:

IRCEFONCER S WS )= - (Blwn) — £(wn) < 7.
i, G S 7 2GS 7 2 Llwy) = Llwen) = 77 - (L(wy =T
where the final inequality follows by Lemma 6 and the fact that L(wz) > 0.
O

Theorem 6 (Convergence rate to global minima). For automatic gradient descent
(Theorem 5) in the same setting as Lemma 8 but with the addition of Assumption 3,

the mean squared error objective at step T obeys:

1 6
<= x -
L(wr )_a2 T

Proof. By Assumption 3, the gradient summary at time step ¢ must satisfy Gy > a x
2 - L(wy). Therefore the objective at time step ¢ is bounded by £(w;) < GZ/(2a2).

Combining with Lemma 8 then yields that:
1 6

< — i 2 < ——

For) = i 200 S 502 il @ = o

The proof is complete. O
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H.2 PyTorch Implementation

The following code implements automatic gradient descent in PyTorch [271]. We
include a single gain hyperparameter which controls the update size and may be
increased from its default value of 1.0 to slightly accelerate training. We emphasise

that all the results reported in the paper used a gain of unity.

import math
import torch

from torch.nn.init import orthogonal_

def singular_value(p):
sv = math.sqrt(p.shape[0] / p.shapel[l])
if p.dim() == 4:
sv /= math.sqrt(p.shape[2] * p.shape[3])
return sv

class AGD:
@torch.no_grad()
def __init__(self, net, gain=1.0):

self.net = net
self .depth = len(list(net.parameters()))
self.gain = gain

for p in net.parameters():

if p.dim() == 1: raise Exception("Biases are not supported.")

if p.dim() == 2: orthogonal_(p)

if p.dim() == 4:

for kx in range(p.shape[2]):
for ky in range(p.shape[3]):
orthogonal _(pl[:,:,kx,kyl)
p *= singular_value(p)

@torch.no_grad()
def step(self):

G=0
for p in self.net.parameters():

G += singular_value(p) * p.grad.norm(dim=(0,1)).sum()
G /= self.depth

log = math.log(0.5 * (1 + math.sqrt(1l + 4x*G)))
for p in self.net.parameters():

factor = singular_value(p) / p.grad.norm(dim=(0,1), keepdim=True)
p —= self.gain * log / self.depth * factor * p.grad
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H.3 Other optimisers

Algorithm Reference # hyperparams
SGD+Armijo Vaswani et al. [272] 5
Parabolic Line Search Mutschler and Zell [273] 1

L4 Rolinek and Martius [274] 5
HyperSGD Chandra et al. [275] many
D-Adaptation Defazio and Mishchenko [276] 1

DoG Ivgi et al. [277] 2+
Stochastic Polyak step-size Loizou et al. [278] 2
COCOB Orabona and Tommasi [279] 1
Prodigy Mishchenko and Defazio [280] 2+

Table H.1: Other approaches to optimisation without learning rates. This table lists
some optimisers and the number of hyperparameters each one uses (not including optional
ones like learning rate decay, or other training hyperparameters like batch size).

do = 10°° do = 1073 do = 1072
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w 4x10° 10 s
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o 3x10° 2
3 ‘ , =
2x10°4 Q 10
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Figure H.1: The required initial step size dg in Prodigy is coupled to width. We
trained depth-2 fully connected networks with different widths on CIFAR-10 with the
Prodigy optimizer [280]. We varied the dy hyperparameter and for each setting of dy we
trained networks of varying width. The plots demonstrate that the optimal setting of djy
in Prodigy is coupled to width in an undesirable way.
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