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A mathematical model is developed to investigate the two-dimensional vasatidghe thickness of tear
fluid deposited on the eye surface during a blink. Such variations canrgegreatly enhanced as the
tears evaporate during the interblink period.

The four mechanisms considered are: i) the deposition of the tear filmtfrerapper eyelid meniscus,
ii) the flow of tear fluid from under the eyelid as it is retracted and from theérted gland, iii) the flow of
tear fluid around the eye within the meniscus and iv) the drainage of téirfta the canaliculi through
the inferior and superior puncta.

There are two main insights from the modelling. First is that the amountidflithin the tear meniscus
is much greater than previously employed in models and this significanthgelsahe predicted distri-
bution of tears. Secondly the uniformity of the tear film for a single blink isrifngrily dictated by the
storage in the meniscus, ii) quite sensitive to the speed of the blink and thef#tie viscosity to the
surface tension iii) less sensitive to the precise puncta behaviour, tharitbev the eyelids or the specific
distribution of fluid along the meniscus at the start of the blink. The modelliiggly examines the flow
into the puncta which interact strongly with the meniscus and acts to contrai¢héscus volume. In
addition it considers flow from the lacrimal glands which appears to sccontinue even during the
interblink period when the eyelids are stationary.

Keywords eye tear film, dry eye, capillary flow.

1. Introduction
Determining the thickness of the tear film layer depositethereye during a blink is seen
as an important part of understanding tear film break up apcge behaviour. In this

paper we examine a mathematical model of this depositioausting for physical phe-

(© The author 2008. Published by Oxford University Press on behalf of thieutesof Mathematics and its Applications. All rights reserved.
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nomena not previously investigated in detail. Our aim isthidate trends in the behaviour
as a result of changes in underlying physical parameters.t&dr film is generally con-
sidered to have a three-layer structure, a bottom mucus ayequeous middle layer and
a lipid (meibum) layer at the top. In this model we will contraite on behaviour of the
aqueous layer, we shall ignore the thin mucus layer and wietggaly simplify the be-
haviour of the very thin lipid layer. The tear fluid is supjliby the lacrimal glands which
are located above the upper eyelids. The lipid is suppliettiéyneibomian glands located
on the upper and lower eye lid; the role of the lipid layer iptevent evaporation of the
aqueous layer of the tear fluid and to modify surface tensiorek that move the tear film.
This is discussed for example in Joresal. (2006) and Aydemiet al. (2010). Tear fluid
drains into the nasal cavity from the the upper and lower lgana(tear ducts) which are
filled via two holes, called lacrimal puncta, positioned ba superior and inferior eyelids
of each eye at the nasal end.

There has been significant interest in using mathematicalelsdo understand the
dynamics of the tear film (Wongt al,, 1996; Jonegt al,, 2005, 2006; Braun and King-
Smith, 2007; Heryudonet al, 2007; Makiet al, 2008, 2010b). In this literature the
primary mechanism considered is the deposition of the tharffom the meniscus adja-
cent to the moving upper eyelid due to a balance of viscousarfdce tension forces. In
addition some studies have also examined how the resullingtins and deforms under
the action of gravity, surface tension, evaporation and 8arWaals forces (Braun and
Fitt, 2003; Zhanget al,, 2003a,b; Nong and Anderson, 2010). In this literature tbeals
have looked at the problem in one dimension concentratintp@nertical distribution of
the film from the lower lid to the upper lid assuming that thifl e representative of the
film in the central part of the eye and particularly the cornéshe upper eyelid is taken
to be an impervious wiper then those models that considerdilign typically predict un-
realistically thin deposited tear films and so further agstimns are made about possible
additional flow of tear fluid from under the upper moving egtéllonest al, 2008). Such
models indicate that the primary area for creating regidrdry eye, where the aqueous
film appears to break up completely, are adjacent to the uppaiscus due to insufficient
fluid to deposit an adequate tear film. Further work, such ag4Smithet al. (2009), has
also indicated that, except in a narrow region at the edgheofrteniscus, the commonly
called “black lines”, there is little movement of the liquadyer once the eye is open (the
interblink period) and that evaporation is the dominant inaeism by which the tear layer
thins and dries. Hence variations in thickness during tit@irdeposition of a tear film
during a blink are critical to determining where the tearl stibsequently dry.

Further experimental work, for example Waagal. (2006b), Wanget al. (2006a),
Johnson and Murphy (2006) and Palaketual. (2007), has examined the behaviour of
the meniscus around the eye during the interblink periods Titerature considers how
the thickness of the meniscus changes during a period ohdri@mn seconds after a blink.
Notably this data indicates that during this period the ugyelid meniscus is very similar
in thickness to the lower eyelid meniscus and that both aree@sing, something not
predicted by most existing models. In these papers the weddrehaviour is usually
attributed to drainage of the deposited film into the mersiscin addition this work is
used to question the validity of fluid models of the film defiosi processes. The work
presented in the paper here illustrates how care must be taketerpreting such data
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since there may be other mechanisms that significantlytafieaneniscus behaviour.

In this paper we extend the modelling of the film depositioocpisses to include vari-
ous previously neglected mechanisms as well as accouitiagsimple manner, for some
details of the eye geometry. In particular we consider the dimensional surface of the
eye including how tear fluid can rapidly move around the airference of eye during the
blink by flowing in the meniscus. This mechanism is similathe rapid flow of fluid
through a foam using the plateau borders such as descrilBréhvardet al. (2000). Such
a mechanism has been eluded to in Johnson and Murphy (2006)gevit is noted that
during the interblink interval the size of the upper and lowmeniscus appear very closely
correlated. We shall show that this mechanism, in conjonatvith deposition from the
upper eye meniscus, naturally creates dry regions in thieadgrart of the eye, where they
are more commonly observed in experiments such as Yetkal. (1999), Iskandeet al.
(2005), and Johnson and Murphy (2006). The effect of chatm#e surface tension of
the tear film and the viscosity of the tear film are explored iadétate that they alter the
deposition rate from the meniscus and also affect the speetiieh fluid can be trans-
ported around the eye. We have not considered behaviountinabccur due to variations
in the lipid layer thickness, such as discussed in Aydeshil. (2010), but simplify the
problem by assuming constant surface tension.

Recent work by Makiet al. (2008, 2010b) has considered the behaviour of the de-
posited tear film over the eye by analysing detailed two-disi@nal numerical solutions
of the flow induced by surface tension, evaporation and flomfthe lacrimal gland during
the interblink with stationary eyelids. Our approach herm®iuse a much simpler model to
consider two-dimensional effects during the blink andrioliek periods. This is intended
to give insight into the dynamics of film deposition and tohgliide development of more
complex numerical models of an eye blink.

The paper first set out the various mechanisms that are fidegis potentially impor-
tant and then indicates how they can be incorporated intmplsimathematical model.
This model is then nondimensionalised to identify the intgot parameter groups that
control the distribution of the deposited tear film. The masl¢hen solved numerically to
demonstrate the predicted thickness of the deposited beaarfid to examine the sensitiv-
ity of this behaviour to the underlying physical variables.

2. Equations for the model

The modelling will be presented in four parts representirgfour different mechanisms
that are considered to be potentially important. First the f tear film around the eye
within the meniscus, then the deposition of tear film ontoeye surface, then the flow of
tear film under the moving eyelid and finally the flow into thenpta.
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2.1 Flow of fluid in the meniscus

We start by noting that within the meniscus of the eye thelleapipressure is of the order
of o/Rwhereo is the surface tension due to the air-tear interface andipisayer andR

is a typical radius of curvature. Physical data (erg= 40dyng/cm ,R= 250um, Jones,
1973 Pandiet al, 1999) indicates these capillary pressures are aroundad.Since the
hydrostatic pressure variations in the eye are no largerdghthe order oppg 1cm~ 0.001
bar (wherep is the density of tears arglis gravity) it means the effects of gravity can be
neglected in determining the motion (note that the smadlatféf gravity can act on the
deposited film in the long interblink period to give some deaje into the meniscus but
we will neglect this here).

The flow around the eye in the meniscus is therefore driverabiations in capillary
pressure. We shall take as our spatial coordinate systewatfables, as shown in Fig-
ure 1, representing the distance along the eyelids stdrting the nose at the junction of
the lower and upper eyelids. The lower eyelid is taken torekfeoms= 0 tos= L while
the upper eyelid is= L to s= 2L. For simplicity, as the variation is small, the length of
this curve will be assumed not to alter during a blink. Theiorobf the upper eyelid is
described by the vertical velocitys,t).

The meniscus is taken to be long and thin with an air-fluidrfate that is well ap-
proximated by a circular arc (see Figure 2). Previous moudglf deposition of tear
films (Wonget al, 1996) shows that this is a good approximation and that theistes
is nearly tangent to the eye surface at the deposition ptinaddition we shall assume
that the meniscus completely wets the eyelid and hence getdrat that point as well.
Experimental observations by Waagal. (2006b) indicate that complete wetting is a very
good approximation except immediately after installatdlrops of artificial tears when
the large amount of tear fluid can cause the interface to beedinpossibly at the meibo-
mian glands. Conventionally, such as in Waetgal., 1996, modelling of tear behaviour
has assumed that the eye surface and eyelids meet a@n@that the circular meniscus
then fits within this right angle. However, the observatiohgVanget al. (2006b) (figure
1) and particularly Cheat al. (2009) (figure 2) indicate that the meniscus fits in a wedge
of between 45 and 55 with the eyelid being only partly wetted with an indicatioha
prescribed wetting angle. Indeed the calculations donéemét al. (2009) show that tear
volumes are significantly different from those using a sempght angle approximation.
We shall explore some of the implications of these approtiona by assuming that all
surfaces (eye surface and eye lids) are perfectly wettintgatache meniscus meets these
surfaces at a tangent and hence the meniscus cross-seatimmpletely characterised by
the radius of curvatureR(s,t) in a given wedge angle. Note an alternative simple model
would be to assume that the tear meniscus height remainedtiacdnperhaps due to pin-
ning on the eye lid, in which case the meniscus would contaetelye lid at differing
contact angles, but we do not pursue this further here.
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—_— v(s,t)

FiG. 1: Schematic diagram showing coordinate system used for the modelcobindinates mea-
sures length along the eyelids starting at the inferior puncta. The cotesliag measure the posi-
tion in the frontal plane

FIG. 2: Schematic diagram showing a cross-section of the meniscus regicthevair-fluid interface
approximated by a circular arc, that is assumed to perfectly wet botlyéhsueface and the eyelid.
On the left is the conventional 90nodel and on the right th@ = 45° model with the meniscus
having the same radius of curvatuRés,t). The ratio of the two shaded areas is approximately six
(see 2). The coordinat&@Y measure the position in this crossectional plane.

The equations for flow in the meniscus come from conservationass

IA 9Q

ot %——SL‘FSZ (2.1)

whereA is the cross-sectional area of the menis€uis the volume flux in thes direction
along the meniscus whilg; is the (positive) rate of deposition of tear fluid onto the eye
surface ands; is the (positive) flux from under the eyelid wiper. Note euvagtimn has
been ignored as it plays no significant role in the meniscumduhe blink.

The meniscus cross-section area is straightforward talkedécand is given by
A=a;R? (2.2)

where the factor; depends on the shape of the meniscus region. Details are iyh
pendix but for a fully wetted 45wedge we have; ~ 1.236.
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Because of the long-thin region and the slow flow velocitiesftow in the meniscus
can be calculated using standard lubrication theory. It €agss-section the pressure is
nearly uniform and is given by the capillary pressure so that

p=—0/R 2.3)

wherepis the pressure andlis the surface tension of the air-fluid interface. The fluxaglo
the meniscus can then be found by balancing the pressuregtatbng the meniscus with
the viscous shear stresses. These shear stresses aré loygh=no-slip conditions on the
eyelid and the eye surface and the condition on the menisctace (which may be either
stress-free or no-slip depending on the expected behawfailne overlying lipid layer).
From this it follows that the flux in th& direction is

Rtdp
Qls:t) = ~tr 5o (2.4)
wherey is the viscosity of the fluid and;s is a factor determined solely by the geometry
of the region. This numbey; can be determined by solving a Poisson problem in the
cross-section of the meniscus and full details are givehénAppendix, Table 2, where
it is shown that for the fully wetting 45wedge with a stress-free meniscus surfgee-
6.52x 102. Taking (2.4) and using (2.3) it follows that the flow arouhé eye is given

by
qio dR
t)=—(— |R?—. 2.5

Qs = ()R 25)
2.1.1 Deposition of the tear film on the eye surfacgifBequation (2.1)) To model the
deposition process, the methods introduced by Weiral. (1996) have been exploited. In
these, the meniscus has radius of curvaRiamd there is a narrow deposition region at the
edge of the meniscus where surface tension and viscosayndato give an equation that

determines the thickness of tear fluid put onto the eye seirfa@m this theory it is found
that thickness of the deposited layer is given by

g (FV)?P
h_hf(a) R (2.6)
wherev is the speed of the eyelid and the constantakes the valubs = 2.1234 when the
free surface is stress-free but varies if other conditioasansidered. Hence the rate (per
unit width of eyelid) at which tear fluid is removed from the meeus for this deposition
is

S —hy (“)2/3v5/3R. 2.7

o

2.1.2 Flow of tear fluid under eyelid wiper §3n equation (2.1)) Some of the tear fluid
initially under the eyelid is left on the eye surface, due iscous forces, as the eyelid
retracts. A model is therefore needed to determine this fldfluiol from under the eyelid
into the meniscus. This requires a model that accounts &vwidtous stress in the fluid
and the shape of the eye-wiper on the eyelid and the pres#éimedces between fluid in
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the meniscus and fluid a considerable distance under thieleJakre is some controversy
as to the correct model for such flows but full details of onehstomputational model are
given in Jone®t al. (2006) as well as discussion of other possibilities. Howdvere we
use a very simple model to explore possible behaviour.

We start by assuming, as has been done elsewhere, that theipmreis at a fixed
heighthg above the eye surface witly = 1 um being a typical minimum value. By then
assuming that the fluid under the eye-wiper is a simple Cedieit, this gives a flux into
the meniscus proportional to the eye-wiper velocity. Welgid to this model that there
is an additional flow due to production by the lacrimal glaBdich additional flow might
be viewed as due to Poiseuille flow driven by a fixed pressuadignt. There is little
information about how the flow from the lacrimal gland is diiited into the meniscus,
for example, recent work by Maldt al. (2010a) assumes this is concentrated near the
lacrimal gland itself, but here we take the simplest model@sume the flow is uniform
around the eyelid circumference.

Hence, flux under the wiper is given by

h
SZZVEO +4o, (2.8)
where/y is the flow from the lacrimal gland divided by the eyelid wigength and is
estimated, using data from Zhu and Chauhan (2005), tolbe=((1 mm?min—1t) /(2L)) ~
3x 10 %cnPsec?).

2.1.3 The eyelid motion To complete the dynamics of the previous three mechanisms
an expression for the velocity of the eyelid is required. d&ads been measured from
blinks and an empirical fit to these experimental measur¢srtead been made in Jones
et al. (2005) which indicate that when opening, the centre of thpeupyelid moves with
approximate speed

Vo(t) = apt e ! (2.9)
whereag = 5.78 x 10?cm/s? anday = 22.82 s™1. To extend this model to account for the
entire eye, the geometry and motion has been assumed toyosirge. First the lower
lid has been taken to be stationary, as it typically only nsavgery small distance. Noting

that the lower eyelid constitutes the regiort® < L it was then assumed that the velocity
of the upper lid was proportional to the centre velocity apaints so that

V(s t) = f(s)agte ! (2.10)

The precise form of (x) might be determined from more detailed examination, howeve
for the purposes of this model a simple parabolic shape vkas tso that

<s<lL,
f(g)=1° , 0 (2.11)
1-(3-2s/L)2 L<s<2L

We shall want to use the model to predict and illustrate tiekitess of the deposited
layer on the eyeball. To do this we need to know the spétig) position of the stationary
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inferior eyelid and of the time varying superior eyelid satttve can use (2.6) to determine
the value ot at each(x,y) as the superior eyelid moves up. Recall that the deposited te
layer thickness is assumed not to move or change over timeiakethe lower eyelid to
be given by the curve

x=L-s, y:ﬁH, 0<s<L, (2.12)
whereH = 0.5cm and the upper eyelid to be given by
_ t
x=s—L, y= 2(5)H+/ vst)dt, L<s<2l. (2.13)
0

This defines the coordinates as shown in Figure 1.

2.1.4 The role of the puncta and initial dataThe final parts of the model give the
boundary and initial conditions on the model. There aredispgecial points of the menis-
cus to consider nameb/= 0, s= L ands= 2L. At the point furthest from the nose=L,

it is assumed that the meniscus height and flux are contin@salthough the simple
geometry of the eye contains a sharp bend here we shall Hotisany curvature effects
due to this artefact. For the points near the nose more careeided to account for the
puncta on both the upper and lower eyelids which drain flutd the upper and lower
canaliculi (tear ducts). It is known that the puncta areedogntil just after the eye starts
to open during a blink when they open suddenly and drain teirifito the canaliculi and
hence into the nose. Models of this drainage have been gmetlio Zhu and Chauhan
(2005) and Zhu and Chauhan (2008) and these predict thabfarat tears the drainage
will remove approximately a constant volume during a bling o 4u1/min) over a very
short period of time (less than@b5 sec) immediately after the eyelids open. For the mod-
elling here we are attempting to account for interactiomieen the puncta dynamics and
the tear meniscus and so a number of different possible tionsliwere considered and
examined to account for this behaviour.

If the puncta draw as much fluid as possible from the menidnufgr example impos-
ing the condition that the radius of curvature of the merggsuocally zero, the meniscus
still cannot deliver a flow necessary to create the rapid fl@gsiired for the models pro-
duced by Zhu and Chauhan (2005) and Zhu and Chauhan (2008¢oi¢tude that the
puncta flow is therefore more closely coupled to the menibetgviour. Hence the mod-
elling here examined imposing a fixed pressure at the punctapresent the radius of
curvature created by the puncta entrance (a radil®,ef 2mm was chosen as reason-
able). In addition it was deemed reasonable to also impaefltw could only go into
the puncta and hence the model did not allow flow from the uimtb the meniscus. In
practice, if the meniscus is very large, these conditiorghtmeed further modification to
account for the canaliculi possibly becoming full duringlimk, but we exclude that case
here. Hence the boundary condition is imposed, to reprékerppuncta behaviour, that
either the meniscus radius is sufficiently large to be cdletidy the puncta or there is no
flow out of the puncta at the each of the poists 0 ands= 2L. To account for these we
take the linear complementarity condition that encompagsese physical phenomena

R(Ot) < Rp, Q(0,t) <0, (R(O,t) — Rp) Q(0,t) =0. (2.14)
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R2Lt) <Ry, Q(2Lt)>0,  (R(2L,t)—Ry) Q(2L,t)=0. (2.15)

The initial condition for the problem is difficult to deternd from existing data. In
practice a series of blinks should be considered, howeeee We are considering just a
single opening of the eyelid. When the eyelid opens it is knfnwm work such as that
of Wonget al. (1996) that, due to the large surface tension forces, thialitéar fluid will
divide approximately equally between the upper and lowetie¢y Hence for O< s< L
this symmetry implies thaR(s,0) = R(2L —s,0). The difficulty is to know the initial
distribution of tear fluid along the eyelid as the eye opensie b the lack of detailed
information and for the purposes of examining the behavadithe model the simplest
case, where the initi&k is uniform across the width of the eye, will be consideredwit

R(s,0) = Ro. (2.16)

2.1.5 Complete model problemThe previous results can be gathered together to create
a single partial differential equation problem for the teddf curvature of the meniscus. To
make this easy to examine we shall introduce non-dimenki@nables for the variables

by taking

s=LS§, t=(l/a)f, RE)=RyRED, Vv(st)=(a/a)Vs1). (2.17)

The mathematical problem is then given by

OR 0 [~ 0R .
“r_gL ) g/ v
Re =B (R2 0§> alPPR+y0+ 6 (2.18)
with boundary conditions
A R, . A R, .
< s > -1) —z(0,t) = :
An o R, . Ao R, .
< — < -1) — = :
R2B<1.  F@h<0,  (R@H-1G@H=0. (220
initial condition A
R(5,0) =v, (2.21)
and the functiorv given by
- 0 0<8<1,
V(§t) = . e 2.22
8Y {(1—(3—23‘)2)tet 1<8<2 (2.22)

In this problem there are just five dimensionless paramefgrst, y, d andv that
determine the entire behaviour of the system. These areeddfin

qrRp (u)*l’ qo <ao>5/3(u)2/37 hogo

T 2aral? \o T 2ararRp \ & o - 4aarR3’
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R _Ro
=_—— v=—.
2a9aR3 Rp

These parameters are not known precisely for a number admea3 here are uncertainties
in the physical problem such as the geometry of the meniswighe stresses due to lipids
on the meniscus surface. In addition there are several galysarameters that are not
well quantified such as the viscosity and surface tensiorfiaatly the values of all the
parameters will vary from individual to individual. Hendeete is a need to understand the
general behaviour of the model for a reasonable range oésaldowever, for the purpose
of identifying a "standard eye” we use the data given presiipdior the various values
along withL = 25mm andu = 1.3 x 10-?Pasec. The resulting nondimensional parameter
values are summarised in Table 1 and their variations dubei@&ometric variables,
indicate the disparate behaviour that may occur in subseeuedel predictions.

(2.23)

TABLE 1 Values of dimensionless parameters used for a
“standard eye”.

0 B a y o) v
45 1280 509.6 & x10% 44x10°% 1.25
o 240 26 45x108 25x10°5 1.25

3. Results

The governing partial differential equation (2.18) andgbbsequent conditions have been
solved using the method of lines with the MATLAB (The Mathwsinc.) PDEPE pro-
gram. A benchmark problem was considered where the meniggsisaken to be a fully-
wetted 48 wedge with stress free surface and the physical paramdtersmere taken to
be those given earlier and resulting in the nondimensioaameters outline in Table 1.
The resulting behaviour of the radius of the meniscus albadength of the eye perimeter
at various time points is shown in Figure 3 where the resuitgaen in dimensional form
for simplicity of interpretation.

Here the radius of curvature of the meniscus on the uppeidgi2d mm< s < 50 mm)
decreases as the eyelid travels up and fluid is depositedeoayttball. This region is
replenished by fluid flowing around from the lower eyelid. Toehaviour of the puncta
can be seen with an initial draining of tear fluid when the ey fipens but having no
flow once the eye is more fully open and the meniscus is smaller

Using the solution shown in Figure 3 the thickness of the ditpd layer over the
eye can readily be computed using (2.6) along with (2.12) @tB) and is given as a
contour plot in Figure 4(a) while the deposited layer thiesm along the centreline of the
eye k=125 mm) from the inferior eyelid to the superior eyelid is givarFigure 4(b).

This behaviour, particularly as shown given in Figure 4@¢g@n be compared with
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FiG. 3: Radius of curvature of the meniscus as a function of the distanaaditbe eyelid at various
times for a “standard eye”. The solid lines are for equally spaced time sfdpl sec tat = 1sec.
The dotted line corresponds to the solution at an earlier tim®.02 sec.

previous results such as Braun and King-Smith (2007) orslenal. (2005), but when
doing this recall that the graphs given here need to havega laeniscus added to both
ends along thg axis. The main difference between these results and prewotk is that
the deposited layer is much more uniform and easily extemdstbe entire eye. This is
primarily due to the much larger amount of fluid stored in thenmacus due to the 45
wedge resulting in approximately six times the storagema@wwompared to the 9@ase
and due to the flow around the eye (see 2). Hence, unlike pevimdels, there is little
opportunity for the meniscus to become small resulting iregy \thin deposited layer.
Hence this behaviour therefore prevents subsequent teak4op or dry eye.

The behaviour of the central parts of both the inferior anmkesior meniscus radius (the

10 15
x (mm)

20 25

y (mm)

FiG. 4: Thickness of deposited tear film layer for a “standard eye” (a) corghot with contours
equally spaced by.001 mm (b) cross-section through centretine 12.5 mm, att = 1sec.
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pointss = 12.5 mm ands = 37.5 mm orx = 12.5 mm) during the blink are also shown in
Figure 5 and results from the model show that, if there is ne ffom the lacrimal gland,
the inferior meniscus will always decrease in size, becaagtiid flows from here during
the blink except by flowing around the eye and this is prilgdrom the lower eyelid to the
upper. Hence if the data from Johnson and Murphy (2006), &heth menisci increase
in size in the interblink period, is to be recreated a valug af about 0.5 is necessary and
this is what has been used in the “standard eye” calculations

mi1

o
w

o
N}

o
a

o

radius of curvature R (

012 0‘.4 0:6 018 1
t (sec)

o

FiG. 5: Menisci radius of curvature at the midpoints along the upper (dotte@xand lower (solid
curve) eyelids plotted as functions of time as the eye opens.

To demonstrate the change in behaviour, cases away fromsthadard eye” have
been examined. Of particular interest are the results geeiwhen the eyelid wiper
is assumed to be at 9@ the eye. The resulting deposited layer thickness thrabgh
centreline of the eye and the contour plot of the thicknessshown in Figure 6. This
shows that the upper meniscus is depleted of tear fluid andehise deposited layer is
extremely thin. This indicates that getting the correctrgetsy of the region within the
meniscus, and particularly the crossection as a functitimeafadius of curvature, is critical
to understanding the deposition process. It is also iniegeto note the behaviour when
the viscosity of the tear fluid is altered from the “standayd”gnote that from (2.23) it
can be seen that the behaviour of the model only depends dhelhratio of the viscosity
to the surface tension and hence decreasing viscosity igadept to increasing surface
tension).

By decreasing the viscosity by a factor of two, (Figure 73 bpincreasing the viscos-
ity by a factor of two (Figure 8), significant changes are sd@dms shows that decreasing
the viscosity makes the deposited layer initially thinnat &allows fluid to easily flow
around the periphery of the eye and ensure that the menisouains almost spatially
uniform resulting in a more uniform deposited layer. In e¢ast increasing the viscosity
increases the initial thickness of the layer but reducesrtériscus volume more quickly
resulting in a region with a very thin tear film. Note that trégion of thin tears is confined
to a central part of the eye extending to about a third of tseadce across the eye. We
note that the observation that increasing viscosity eraptie meniscus more quickly may
seem counter intuitive, but this is because the raised sigcimcreases the thickness of
the deposited layer for a given meniscus radius. Hence wieniscosity increases the
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initial part of the deposited layer will get thicker but thegdr part will be much thinner
because of the lack of fluid in the meniscus and the resultimgler radius of curvature.

. . . . 0
0 5 10 15 20 25 -6 -4 -2 0 2 4 6
x (mm) y (mm)

FiG. 6: Thickness of deposited tear film layer for the “standard eye” and &@€lid. (a) contour
plot with contours equally spaced byd01 mm (b) cross-section through centrelire=(12.5 mm),
att = 1sec.
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FiG. 7: Thickness of deposited tear film layer for a fluid with half the standebsity. (a) contour
plot with contours equally spaced byd01 mm (b) cross-section through centrelire=(12.5 mm).

It is of interest to see the effect of flow around the eye in theiscus and this can
be readily examined by setting eith@ror g; to zero in the model. Applying this to the
case shown in Figure 8, where the eye is already poorly cdugye tear film during the
deposition, gives the behaviour shown in Figure 9. Here wédlsat the lack of flow in the
meniscus further restricts the amount of fluid availablé@rmeniscus on the upper eyelid
and hence reduces the thickness of the deposited film. Ttiedses the area of the eye
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FiG. 8: Thickness of deposited tear film layer for a fluid with twice the standiaabsity. (a) contour

plot with contours equally spaced byo01 mm (b) cross-section through centrelirRe=(12.5 mm),
att = 1sec.

not covered by a significant tear film. In this case, as shoviigare 9(b), the distribution
of tears along the centreline is unaffected by the flow ardhadeye because fluid cannot
get sufficiently far around the meniscus.

0 5 10 15 20 25 £)6 -4 -2 0 2 4 6
x (mm) y (mm)

FiG. 9: Thickness of deposited tear film layer for a fluid with twice the standacbsity when

there is no flow allowed around the meniscgs £ 0) which should be compared with Figure 8. (a)

contour plot with contours equally spaced b@@L mm (b) cross-section through centrelire=(0),
att = 1sec.

Finally the model is used to determine the flow of the tear flotd the puncta. In
Figure 10 the flow into the puncta is shown as a function of tiffieere is little flow into
the superior (upper) puncta because the meniscus quictdysgwll as fluid is deposited
as the eye opens and the puncta is no longer connected to ttiscom In contrast the
inferior (lower) meniscus has no flow due to deposition angckehe puncta can easily
draw fluid from the meniscus. Hence there is an initial rapd/finto the inferior puncta
but this ceases because the small drainage of the menisoukeérpuncta and flow around
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into the upper meniscus reduces the meniscus size. Theegduneniscus is then no
longer connected to the puncta so there is no drainage flogvsittall flow into the puncta
after a long time appears to be due to flow from the lacrimaidlaNote that this overall
behaviour indicates the importance of interaction betwienpuncta drainage and the
meniscus dynamics that is partly considered in Zhu and Gia@f005). In addition
when the eye has been open for some time the flow from the latghand causes the
meniscus to become sufficiently large that there is a smallifito both puncta.

o

|
[¢)]

|
[
[4)]

|
N
(=)

Flow into puncta (mm?/sec
|
N
)

0.02 0.04 0.06
t (sec)

FIG. 10: Flow of tear fluid into the puncta as a function of time: for the uppett¢édocurve) and
lower (solid curve) eyelids.

To explore the wider dependency of possible dry eye behawiothe parameters in the
model the nondimensional version of the model was explofé@ dominant parameters
determining the possibility of regions of thin depositedrtéims were identified ast
and 3 so all other parameters were considered constant, at thesvgiven at standard
conditions, and just these two parameters were varied. €ftgst interest is the range of
values ofa andp that give well-deposited layers such as for the standardittons shown
in Figure 4. The most useful way of assessing this range wdsaify the values ofr and
B which separate conditions where the deposited film is signifly thick everywhere and
conditions where the film gets thin at some point and an examligure 11 which shows
the deposited film whea = 5.1255 and3 = 0.0764. A rough scan of the parameter range
using numerical predictions finds that the deposited filne&sonably thick everywhere if
o <1or,whena > 1,if B >0.02(a —1).

4. Discussion

Mechanisms for the deposition of the tear film from the margsieave been examined
using a mathematical model with the aim of understanding vemations in the tear film
thickness arise over the entire exposed surface of the eyrgdulinking.

It has been shown that the geometry of the eyelids and eyaceuwith respect to the
meniscus is very important in determining the resultingad#ed film. We have shown
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FiG. 11: Thickness of the deposited tear film layer o= 5.1255 3 = 0.0764 and all other pa-
rameters at standard conditions (a) contour plot with contours equallyedpby 0001 mm (b)
cross-section through centrelire= 12.5 mm, att = 1 sec.

that if the observed angle within the meniscus is close g #tat this makes substantial
alterations in the behaviour compared to the @fed in most previous mathematical mod-
els. The main reason for this is that the smaller angle altbaneniscus to hold much
more fluid for the same meniscus radius, reducing the chafdbg meniscus being de-
pleted.

When considering the entire exposed eye surface, the varsait velocity of the eye-
lid during the blink from its maximum at the centreline to aett the extremities, makes
the central part of the eye have significantly thinner depdgiear film.

We have found that capillary driven flow along the meniscus lsa significant in
drawing tear fluid from the lower meniscus during the blinkisat there is adequate fluid
to make a substantial deposited tear layer on the eye. Thye mintypical physical pa-
rameters shows that this flow can be significantly alteredelatively modest changes to
physical parameter values and hence in regimes where thadlmadequate, may con-
tribute to possible thin areas in the deposited film. We atste that the geometry of the
eyelids in the meniscus contribute significantly to the sizthis flow due to variation in
the resulting viscous drag. Two fundamental regimes wegatified that give good de-
posited tear films. The first is where the nondimensionalrpatara < 1 or in physical

= e e

Here the inequality has been written with the physical patens that cannot easily be ma-
nipulated on the right, including those related to the stadfihe meniscus regioraf and

h¢) and the speed and size of the blirls &nda;), and the more readily altered parameters
on the left, including those related to the amount of fluichie meniscusk,) and the fluid
properties (s andot). In this case the amount of tear fluid initially in the menisds
sufficient to allow a reasonably thick tear film layer to be @gfed independent of other
mechanisms such as flow around the eye or under the eyelig cabke would include the
standard conditions. The second case is winien 1 and in this case other mechanisms
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must act if the tear film is to have a reasonable thicknessyedmre. We have identi-
fied the role of flow around the eye a the possible dominant ar@ss to do this and
conclude that in this case we also reqyée- 0.02(a — 1). In physical parameters this
corresponds to the case where

(R) (&2 (=(2)7)
(B)(@) )G (D)@ () (+(2)))

We also note that this model has some limitations for exampienditions, such as where
extremely viscous materials may be used, the resulting fladeuthe eyelids may have a
significant effect on the deposited film due to the eyelid rataving most of the tear film
into the meniscus on the down blink.

The flow from the lacrimal gland into the meniscus has beeméed and it would
appear that this flow may occur throughout the interblinkgzbrwWe are unsure of how this
flow gets into the meniscus but, due to the ease of flow aroundéniscus, particularly
in the long interblink period, it appears it is not criticaketly where the flow enters.

We have also seen that the deposition of the tear film can eeedlby changing the
initial distribution of the tears in the meniscus when the éyst opens. This raises the
possibility that by exploiting subtle changes in the wayt tha eye first opens, or by not
completely closing the eyelids, fluid can initially be contrated in the central section of
the meniscus and hence increase the thickness of the daptagier in the centre section
of the eye which is most prone to being thin.

We have considered a model of the puncta that only allows fhbathe puncta if the
meniscus is sufficiently large for it to make contact with lumcta. In this way the puncta
acts to control the meniscus size independent of tear flom fiee lacrimal gland or due
to evaporation. This model shows that the meniscus dratostle puncta only during
the blink with no flow during the interblink period unless fléMm the lacrimal gland is
sufficient to fill the meniscus.

The model that has been created can readily be modified tadesrtear flows in
other practical circumstances. One particular type of floauos when the eye saccades
(very rapid side movements) and, although the eye openieg dot change, part of the
meniscus has tear fluid put into it from the eye surface whieather part of the meniscus
is depositing tear fluid on the newly exposed part of the eye skall consider such flows
in later work.
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Appendix: Flow rate calculation

To calculate the flow in the meniscus we use lubrication thémrthe fluid in the meniscus
with a cross-section, in th&Z,Y) plane shown in Figure 2. The momentum equation in
the cross-section of the meniscus implies that the pressmesarly uniform and given by
the the capillary pressure so that

p=-0/R (5.1)
The slow flow implies that the momentum equation in ¢kdirection gives
d%u 94 ap
H <azz+av2> = s (®-2)

whereu is the velocity in thes-direction and we need to impose the conditions of no-slip
of the tear film against the eyelid and the eye surface as showigure 2. In addition a
condition needs to be imposed on the meniscus free surfaldessia we take the tangential
stress to be zero but other conditions, including no-sligy tme appropriate depending on
the effects of any surface lipid layer there. Oncie computed the flux in the-direction

is given by

Qst) = /A udA (5.3)

whereA is the shaded area in Figure 2. This problem can be simplifiesichling the
independent variables are Bys,t) (usingZ =RZ,Y = RY’) so that the circular arc is of
unit radius and the cross-section becoried/Ne also scale the velocity so that

R°dp

The governing equation and appropriate boundary conditioen become
0% = -1, (5.5)

/

u = 0 on the eyelid and eye surface ‘;—l:] = 0onthe free surfagce  (5.6)

and the dimensional flux is then given by

Redp ) R'dp N
Q(s,t)—/A—Fd—su d(RzA)_—<“dS) /A/udA. (5.7)
It is then convenient to define the constants
ol :/ udA and ar =/ dA (5.8)
A A

which can be calculated just once and then used in any situafi simple trigonometric
calculation gives that the nondimensional area is
6 m

af:cot(6/2)+§—§. (5.9)



REFERENCES 19 of 22

We then know that

~ (qiR*\ dp B
Q(sit) = — <“> I and A=aR. (5.10)

The resulting contours af are shown in Figure 12, as calculated using the finite-elémen
package Flexpde (PDE Solutions Inc.). From this we find theegfor the flow factoqs
and these, along with; are given in Table 2

TABLE 2 Computed values of the non-
dimensional area aand the flow parameter;q
for two different geometries of the eyelid and eye
surface. The values of;cpre given for no-slip
and for stress-free conditions on the meniscus
surface

as gs (stress-free) q; (no-slip)
90 0.214 235x10° 870x10°°%
45 1236 652x102 352x10°2
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FiG. 12: Flow in the meniscus cross-section. The lines show contours ot#edsvelocityy’ at
intervals of 0.05 from 0 to 2.55 for the two cases of & 8tbdel of the eyelid and a 45nmodel. A
mesh of 236 nodes was used
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