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Abstract

Minimising a nonlinear function is a ubiquitous problem in applications, and
standard algorithms need accurate evaluations of the function and its derivatives.
However, if the function is black-box, expensive to evaluate, or noisy, it may be
impractical or even impossible to obtain accurate derivatives, and we require
derivative-free optimisation (DFO). Model-based DFO methods perform well
in practice, taking many features from derivative-based methods, but can have
lower performance for noisy problems and a high linear algebra cost. In this
thesis, we aim to improve the flexibility, robustness and scalability of state-of-the-
art methods for model-based DFO by designing, analysing, implementing and
comprehensively testing three new algorithms for nonlinear optimisation, with a

special focus on nonlinear least-squares problems (such as parameter fitting).

The first, DFO-LS, is designed for nonlinear least-squares problems, and is
simpler than existing methods, constructing linear residual models with a flexible
approach. DFO-LS can benefit from a reduced initialisation cost, and has
improved scalability and runtime over existing methods without a performance
penalty. DFO-LS also has features for noisy problems, including a novel multiple
restarts mechanism, which are low cost in evaluations and linear algebra, giving

DFO-LS better performance compared to existing techniques for handling noise.

We then introduce Py-BOBYQA, an extension of BOBYQA (Powell, 2009)
with a similar multiple restarts mechanism to DFO-LS, amongst other new
enhancements. It matches or outperforms BOBYQA and other state-of-the-art
solvers on both smooth and noisy problems. We also propose a simple extension
of Py-BOBYQA that may enable it to escape local minima and progress towards
the global optima.

Lastly, we introduce, for large-scale nonlinear least-squares problems, DFBGN,
the first model-based DFO method to optimise in low-dimensional subspaces at
each iteration. DFBGN has lower linear algebra costs, improved runtime, and
hence improved performance on large-scale problems than DFO-LS, as it can
perform many more iterations within a reasonable runtime limit. It can also

make progress under very small evaluation budgets, with a low runtime cost.
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Chapter 1

Introduction and Literature Survey

This thesis concerns the optimisation of nonlinear, nonconvex functions. That is, it concerns
algorithms that aim to find inputs minimising (or maximising) a function of interest called
the ‘objective’ function. Problems of this type are ubiquitous in application areas across
quantitative disciplines, and so the development of efficient and robust methods for such
problems is an important topic of research. Many state-of-the-art numerical techniques for
nonconvex optimisation rely on being able to calculate the value of the objective and its
derivatives accurately; we call such methods derivative-based. In these methods, derivative
information is used to accomplish critical tasks, such as calculating a potential search
direction (i.e. a direction where we expect the objective value to increase/decrease), and
determining when the algorithm should terminate (e.g. when the gradient is close to zero).

The need for derivative information in an optimisation method imposes the requirement
that the user provide computer code that accurately evaluates the derivatives of the objective,
in addition to code that evaluates the objective itself. However, there are realistic settings
where this requirement cannot be met. For example, parameter estimation of climate models
requires comparing results of multi-year climate simulations to observational data. The
high computational cost of these simulations, coupled with the inaccuracies inherent in the
results (due to the chaotic nature of the model), means that we have inaccurate objective
values [211]. Hence for this problem it is impractical to calculate or estimate derivatives of
the objective.

In settings where accurate derivatives of the objective are not available, we must turn to
optimisation algorithms that only use function information. These are called derivative-free
optimisation (DFO) methods, which have a long history, but have grown in popularity and
sophistication over the last 20 years. They can be useful, for instance, for problems with
noise in the objective, where, in general, derivative-based methods cannot be applied. In

addition, DFO methods may also perform only few evaluations of the objective at each



iteration. Hence, if objective evaluations are the dominant cost of the optimisation, DFO
methods may achieve a given accuracy faster than derivative-based methods.

To understand the remit of DFO methods, we must consider how we can meet the re-
quirement to provide derivatives of the objective [164, Chapter 8]. The most straightforward
approach is to calculate the derivatives of the objective by hand (or via a symbolic computa-
tion package), and to write code to evaluate these expressions directly. This requires that
the analytic form of the objective is known to the user, and is simple enough for this process
to be practical. Alternatively, derivatives may be approximated by finite differencing [38,
Chapter 4], which requires the objective to be evaluated at several nearby points. Another
popular alternative is to use algorithmic differentiation software [96], which inspects the code
for evaluating the objective, and then constructs code for evaluating (analytic) derivatives.

In situations where these approaches are inappropriate or impractical, DFO methods may
be the only available approaches. If evaluating the objective relies on some black-box code
(e.g. proprietary or legacy software), then it is likely that the analytic form of the objective
is not known, and algorithmic differentiation packages may not be applicable. In this setting,
finite differencing may be a good way to provide derivative information. However, this too
is not universally applicable. For instance, if the objective is very expensive to compute,
then the evaluations required to estimate a single gradient, usually on every iteration of the
optimisation routine, may quickly exceed the user’s computational resources.! Alternatively,
if the evaluation of the objective is noisy, then finite differencing may give very inaccurate
results [164, Lemma 9.1]. Both of these features are present in the parameter estimation
problem for climate models mentioned above, for instance.

Given their suitability for expensive, black-box, and noisy objectives, DFO methods
can be used to solve many diverse real-world problems. For example, DFO methods have
been applied: to algorithm and parameter tuning [14, 60, 198], imaging [166, 204], tsunami
detection [12], simulating gas explosions [32], and inverse optimal control for robotic motion
[153]. More examples can be found in the textbooks [60, 12] and survey [7], for instance.

This research has been supported by the Numerical Algorithms Group (NAG), a British
technology company that sells the NAG Library, a collection of mathematical software. The
NAG Library includes many optimisation routines, which are an important part of its interest
to customers. The project arose because NAG wished to improve their offering of DFO

methods, in particular to include specialised methods for nonlinear least-squares problems.?

! The simplest finite differencing approach requires evaluating the objective at the point of interest,
plus one extra evaluation per variable being optimised.

2 Before this project, the NAG Library already had Powell’s BOBYQA [186], described in Sec-
tion 1.1.4. The software developed in this thesis takes its underlying algorithmic framework from
BOBYQA for this reason.



(a) Build interpolation model  (b) Calculate candidate step ~ (c) Update interpolation set

Figure 1.1. An illustration of one iteration of model-based DFO for a one-dimensional problem. The
goal is to find the minimum point (in red) of the objective (green); the current interpolation set
are the black points and the large black point is the current iterate. The black curve is the local
model, here a quadratic function. The light blue point is the candidate step, and it is added to the
interpolation set, replacing the point furthest from the new iterate (red cross).

This is an important sub-class of optimisation problem, and DFO methods have been applied
to real-world nonlinear least-squares problems such as: parameter estimation of climate
models [211] and of nuclear fusion reactions [6], and calibrating energy density functionals
for nuclear physics [225]. This problem structure is also found in the gas explosion [32] and
robotic motion [153] examples noted above.

In this thesis, we will focus on both general objective and nonlinear least-squares problems.
Our primary emphasis will be on finding local optima (i.e. points that are optimal in a
neighbourhood, which may not be optimal over all points). Also, our work aims to develop
DFO methods and software with a view to their effectiveness in many situations, and so we
will not be concerned with applications of these methods to specific real-world problems.

There are many classes of DFO methods, including direct search, model-based, Nelder-
Mead, implicit filtering, and more. In this thesis, we consider model-based methods, for
several reasons: they try to incorporate the features of successful derivative-based methods
as much as possible, such as using curvature of the objective [66]; they have been shown
to perform well in practice compared to other classes of DFO methods (e.g. [75, 157, 200));
and they are suited to exploiting structure in the objective (e.g. [52, 83, 90]). We note that
methods in one class can use techniques very similar to other classes, but we delineate them
in a standard way (e.g. as in [129)]).

Figure 1.1 illustrates the basic framework of model-based DFO methods on a one-
dimensional minimisation problem. At each iteration we construct a local model, which we
hope will approximate the objective well in a region near our current iterate. We do this
via interpolation: we maintain a set of points (close to the current iterate) where we have
evaluated the objective, and we require our model to match the objective value at these
points. Given this model, we calculate a new candidate point by minimising the model in

a region around the current iterate. We evaluate the objective at this new point, and if it



achieves sufficient reduction in the objective, it becomes the next iterate and is incorporated
into the interpolation set (by removing an existing point); we also use this information to
update the size of the region where we expect our model to be accurate. As the algorithm
progresses, the interpolation set moves towards the optimal point.

In Section 1.1 below, we give an overview of the different classes of DFO methods and a
detailed literature survey of model-based DFO. This chapter ends with an overview of the
key research questions and contributions covered in this thesis, as well as a description of

the structure of the main chapters, in Section 1.2.

1.1 Literature Survey

There are several classes of DFO methods; this thesis will focus on model-based methods,
as described above. In this section we provide a brief review of the DFO literature: in
Section 1.1.1 we give an overview of the main classes of DFO approaches, except for
model-based methods. We then provide a detailed survey of general model-based DFO
methods (Section 1.1.2), and classical and derivative-free methods for nonlinear least-squares
problems (Section 1.1.3). We conclude with a review of existing model-based DFO software
and approaches for comparing such software in Section 1.1.4. This review describes the
techniques at a high level; we reserve a discussion of the key technical details for Chapter 2.

In this section, and throughout, we use || - || for the 2-norm of vectors and matrices
(i.e. Euclidean norm and largest singular value, respectively) unless otherwise specified, and
|| - || for the Frobenius norm of matrices (i.e. | A% := 2, ; af;). We also define, for x € R™
and A > 0, the closed ball B(x,A) :={y € R" : |y — x|| < A}. Here and throughout, all

vectors and matrices are only over R.

1.1.1 Survey of DFO Classes

In this section we contextualise model-based DFO by briefly describing other DFO classes
for local optimisation. We exclude model-based DFO here, as it is the focus of Section 1.1.2.
Our discussion is based on methods for solving the general problem

min f(x), (1.1)

and from a theoretical perspective we are interested in global convergence (i.e. convergence,
usually to a stationary point, from any starting point). More details can be found in the
references listed, as well as the textbooks [164, 60, 12] and survey articles [230, 56, 178, 121,
66, 129].



Direct Search Direct search methods are one of the most actively-studied classes of DFO
algorithm, covering algorithms such as pattern search and linesearch methods. In essence, at
each iteration of these methods, we evaluate the objective in a set of directions, and move
to a new point that provides sufficient objective decrease, if one has been found.

The basic framework for pattern search methods is [121], at each iteration k:

1. (Search step) Select a finite set of test points (possibly empty), and if any of these
points reduces the objective sufficiently, select it to be the next iterate. In this case,

the iteration is complete, otherwise we continue.

2. (Poll step) Generate a finite set of ‘poll directions’ Dy, and evaluate the objective at
X + apdy for di € Dy, where x;, is the current iterate and oy > 0 is a step size. If
one of these points reduced the objective by at least p(ay) > 0, then set this to be the

new iterate; otherwise, reduce oy, by a constant factor.

There are three key ingredients that need to be specified, which we now describe.

First, we must specify how to build the poll directions Dg. A typical requirement here
is that at least one direction must be a descent direction of the objective f (whenever
V f(xx) # 0), which guarantees that the poll step will succeed for sufficiently small ay. In
practice, this is achieved by ensuring that Dy, is a positive spanning set; that is,

d
cm(Dy) := min max >

std 1.2
s£0 deDy [s||[|d] "

where cm(Dy) is the cosine measure of Dy. The value of cm(Dy) is the cosine of the largest
angle formed by any vector s and its ‘nearest’ vector in Dy, (in the sense of forming the smallest
angle with s); condition (1.2) corresponds to there being at least one element of Dy, that
forms an acute angle with s. For convergence, we generally require that Spin < ||d|| < Smax

for all d € Dy, and cm(Dy) > 3, where the constants Smin, Smax and [ are strictly positive

and independent of k. The construction of positive spanning sets is not difficult, for instance

Dy = {*ey,...,+e,} or  {ey,...,e,, —e/\/n}, (1.3)

where e; is the i-th coordinate vector and e is the vector of ones.

The polling step is typically done in one of two ways: complete polling checks all
d € D;, and selects d; as the one yielding the greatest decrease. This allows for stronger
convergence results (specifically convergence of the full sequence ||V f(xg)|| to zero rather
than a subsequence) [121], but requires the objective to be evaluated at all points. By
contrast, opportunistic polling involves ordering Dy, in some way, and choosing d; to be the
first point satisfying the sufficient decrease condition. In this case, the evaluation cost of the

algorithm can be reduced by choosing a sensible ordering of Dy, [10, 67].



Next, we need a sufficient decrease function p : [0,00) — [0,00). For theoretical
guarantees of convergence, we usually require that p(«) is strictly increasing in «, and
p(a) = o(a) as @ — 0; a common choice is p(a) = a? [60, Chapter 7.7]. A worst-case
complexity analysis® for this algorithm was given in [221], providing bounds that match
derivative-based algorithms (and model-based DFO methods; see Section 1.1.2). Globally-
convergent methods can also be constructed where we accept a simple decrease in the poll
step (i.e. p(a) = 0), however this imposes additional constraints on Dy (and the search step),
for example, to ensure that all iterates lie on a rational lattice [9].

Lastly, the search step is a flexible, optional algorithm component, and allows the
algorithm to be augmented with any strategy for finding new points that improve the objective
value. The main requirement is that it tests a finite number of points at each iteration.
Several approaches for the search step have been proposed, such as using interpolation
models from previously-evaluated points [67, 65, 133, 54], the Nelder-Mead method (see
below) [15], and techniques from global optimisation [220, 8].

Many extensions of pattern search algorithms are available. For instance, the Mesh-
Adaptive Direct Search algorithm generates poll directions that are asymptotically dense in
R™, and can be used for nonsmooth functions or constrained problems (by modifying the
objective so that f = 4oo for infeasible points) [10]. Other modifications of pattern search
exist for second-order convergence [1, 91] and multiobjective problems [64]. Alternatively,
the evaluation cost of pattern search can be reduced by randomly selecting poll sets that
may not be positive spanning sets (e.g. Dy = {£d} for some random unit vector d) [92, 94].
Software packages based on pattern search methods include NOMAD [132, 11], SID-PSM
[68] and BFO [171].

Another major class of direct search methods are linesearch DFO methods. These are
similar to pattern search (with a sufficient decrease condition), but where the size of aj, can
vary within each iteration. They also have similarities to derivative-based linesearch methods
[164, Chapter 3]. Here, at each iteration, we choose a poll set and evaluate the objective at
xj, + ady for different poll directions di and step sizes a > a‘,fi“, until we find a point that
gives a sufficiently large improvement in the objective. If this process is unsuccessful, we
reduce the lower bound afgnin. A wide variety of methods in this class have been developed, for
unconstrained [142], constrained nonsmooth [77] and mixed-integer nonlinear [138] problems,
for instance. The software package DFL [137] implements linesearch DFO methods for a
variety of problem types.

3 This type of analysis provides an upper bound on the number of iterations/evaluations before an
optimality measure, such as |V f(xx)||, falls below € for the first time as a function of e.



A related class of algorithms is the classical coordinate search [231], where at each
step we perform a linesearch in one coordinate direction, and change which coordinate
is selected at each iteration. The simplest approach, in which the directions are chosen
as a cycle (e.g. e;,—ej...,e,,—ey,, e1,...) does not converge, even with exact linesearch,
as shown via a counterexample in [176]. However, some convergence results exist under
stronger assumptions [231]. To speed up coordinate search methods, we can, after searching
through all directions once, search along the line connecting the first iterate with the last
(i.e. before and after the n coordinate searches). This process forms the basis of the Hooke
and Jeeves method [209]. A more sophisticated version of this approach updates the set of
search directions using these increments (x, — Xg, etc.), and so builds a set of conjugate
directions; the resulting method [172] is similar to the nonlinear conjugate gradient method

for derivative-based optimisation [81, Chapter 4.2].

Nelder-Mead Method The Nelder-Mead or simplex method?® [162] is possibly the most
well-known derivative-free optimisation method. In this method, we maintain a set of n + 1
points, and in each iteration we move the point with the worst objective value to a new
location with a better value via one of several transformations. If this fails to find an
improved point, then all points are moved closer to the current best point. The process of
updating a set of points across iterations is similar to model-based DFO, but the mechanism
for selecting new points is closer to pattern search.

Specifically, suppose we have points {xo, ..., x,} C R", ordered so that f(xg) < f(x1) <
-+ < f(xy). Then we first try to just replace the worst point x,, with a point on the line
between x,, and the centroid of the best n points X := Y1) x;/n; if we define X(t) := X +
t(x,—X), then we evaluate the objective at some combination of points X(—1), X(—2), X(—1/2)
and X(1/2)—called ‘reflection’, ‘expansion’, ‘outside contraction’ and ‘inside contraction’
respectively. If none of these points have an objective value less than f(x,), we move all
points towards xq (i.e. replace x; with (x; + x¢)/2 for i = 1,...,n)—we call this a ‘shrink’
step.

The first counterexample to the question of the convergence of the original Nelder-Mead
method was the illustration of a two-dimensional nonconvex function where the simplex
converges to its (nonstationary) starting point [229]. Later, a family of strictly convex two-
dimensional functions where the method converges to a nonstationary point was constructed
in [149]. However, it is known that the Nelder-Mead method converges for strictly convex
functions with n = 1 [126], and for strictly convex, twice-differentiable functions with

n = 2, provided no expansion steps are allowed [125]. If expansion steps are allowed, then

* This is not the same as the simplex method for linear programming [164, Chapter 13].



a weaker result holds for strictly convex functions with n = 2: the objective values at all
vertices converge to the same value and the diameter of the simplex approaches zero [126].
Modifications of the original algorithm that have convergence guarantees have been proposed,
e.g. [217, 116]. In particular, we note [116], which includes a sufficient decrease condition and

a restart mechanism when an iteration gives insufficient (but still some) objective decrease.

Implicit Filtering Implicit filtering methods are essentially derivative-based linesearch
methods, but with gradients estimated using finite differencing with an adaptively-chosen step
size [117]. This approach can estimate the steepest descent direction, or more sophisticated
approaches such as a quasi-Newton direction. A key issue is that this estimated gradient may
not produce a descent direction, so the linesearch must terminate if the step size becomes
sufficiently small (and the algorithm should instead reduce the finite differencing step size,
similar to linesearch DFO methods). If no points evaluated during the finite differencing
step reduce the objective, we can simply reduce the step size, avoiding the need to estimate
the gradient and perform a linesearch [119]. In this case, the method resembles pattern
search with Dy = {+ey, ..., +e,}. The underlying theory for implicit filtering is related to
the notion of simplex gradients, which is an approximation to a function gradient based on
linear interpolation. This theory was analysed in detail in [193, 102], both of which consider
simplex gradients from (possibly underdetermined) interpolation and linear regression, and
the efficient calculation of simplex gradients was recently studied in [63]. The analysis of
simplex gradients is relevant to the construction of linear models for model-based DFO
(e.g. Section 2.2.1).

Implicit filtering is related to ‘dynamic accuracy’ (derivative-based) methods. In this
setting, we assume that we can evaluate the objective and its gradient to within some error
that we can control (e.g. given any € > 0, we can compute f(x,€) with |f(x,¢) — f(x)| < €).
We then force these errors to approach zero over the course of the algorithm; the idea is
that we only use high-accuracy evaluations towards the end of the algorithm, since they are
likely more expensive to obtain. This could instead be achieved by finite differencing with a
step size approaching zero.

Dynamic accuracy methods are studied in the context of trust-region methods in [53,
Chapters 8 & 10], and have also been considered in the framework of adaptive regularisation
with cubics (ARC) [46]. In ARC [42, 43|, we calculate a candidate point xj + si by solving

1 o
min mi(s) = f(x) + V. (xi) s + g8 His + 518l (1.4)
S n

where Hj, ~ V2f(x;) is the Hessian of the objective, or an approximation to it (e.g. via

quasi-Newton updating), and o > 0 is a regularisation parameter. An advantage of ARC is



that it has better worst-case complexity than other classes of methods: that is, it requires
at most k = O(e=3/2) iterations to achieve |V f(x)|| < e for the first time, compared to at

most O(e~2) for trust-region methods [41].

One-Dimensional Methods There are several DFO methods for one-dimensional opti-
misation and root-finding problems. For instance, the golden section (optimisation) and
bisection (root-finding) methods maintain an interval of decreasing size where a solution is
guaranteed to exist, and the secant and regula falsi methods (both root-finding) are based
on linear interpolation from already-evaluated points (see [189, Chapters 9-10] and [38,
Chapter 2], for instance). Brent’s methods® [34] combine these techniques to balance speed

of convergence and robustness.

1.1.2 Model-Based DFO

Further to the brief description above (see Figure 1.1), this section contains a more detailed
survey of model-based DFO methods. We focus largely on solving (1.1), i.e. unconstrained
local minimisation without specific structure in the objective. In the next section, we will
discuss how these methods have been specialised to nonlinear least-squares problems, a

problem class that will form a large part of this thesis.

Derivative-Based Trust-Region Methods Most model-based DFO methods are varia-
tions of derivative-based trust-region methods [53]. In trust-region methods, at each iteration
k we construct a model that we hope approximates the objective in a neighbourhood of the
current iterate x; € R™. We also maintain a parameter A; > 0 that is a measure of the size
of this neighbourhood. In essence, we expect our model to be an accurate approximation for
fin B(xg, Ag).

The basic framework for derivative-based trust-region methods for solving (1.1) is:

1. Construct a local model my(s) = f(xj + s); this model is usually quadratic, such as

the second-order Taylor series
T L 7
my(s) = f(xp) + VF(xe) s+ g8 Hys, (1.5)

where Hy, ~ V2 f(x},) is the Hessian of the objective, or an approximation to it (e.g. via

quasi-Newton updating).

® Methods by this name exist for both optimisation and root-finding.



2. Calculate a candidate step by minimising the model inside the ‘trust region’; i.e. find

Sg solving
min myg(s), subject to lIs|| < Ag, (1.6)
seR”

where || - || is the Euclidean 2-norm. If my, is quadratic, there are efficient methods for

solving (1.6) to global optimality, or to find approximate solutions [53, Chapter 7].
3. Evaluate f(xx + si) and calculate a measure of progress from this step.

4. If sufficient progress was made, then accept the step (xx11 = X + s;) and choose

Ag11 > Ay, otherwise reject the step (xg4+1 = Xj) and choose Ay < Ap.

Derivative-Free Trust-Region Methods In our model-based DFO methods, we will
use a similar approach to derivative-based trust-region methods. The main difference is that
we must replace (1.5) with a method for model construction that avoids the use of derivatives
of f. To this end, we use interpolation: we maintain a set of interpolation points Y; C R"™,
which we update on each iteration by adding the new point xj + s (and removing an old
point, to keep the number of interpolation points constant). However, to achieve an effective,
convergent method, we must ensure Y3 does not become degenerate—for instance, all points
lying in a subspace—by checking and ensuring Y, has ‘good’ geometry. This measure of
‘goodness’ is usually based on the Lagrange polynomials® for Y} [60]; more details are given
in Section 2.2.

The basic structure of trust-region model-based DFO methods for solving (1.1) is:

1. Construct a local (usually quadratic) model my(s) ~ f(xi + s) by enforcing the
interpolation conditions my(y — xx) = f(y) for all y € Y. For instance, if Y| =
(n+1)(n+2)/2, then, provided the geometry of Yy is not degenerate, there is a unique
quadratic”

my(s) =cp +gis+ %STHkS, (1.7)
with H, = HkT, satisfying my(y — xx) = f(y) for all y € Yy;
2. Calculate a candidate step by minimising the model inside the trust region (1.6);
3. Evaluate f(xj + si) and calculate a measure of progress from this step.

4. If sufficient progress was made, then accept the step (xx11 = X + s;) and choose

Ag11 > Ay, otherwise reject the step (xx+1 = X) and choose A1 < Ap.

5i.e. the set of polynomials that take the value 1 at one point in Y, and 0 at the remainder; see
Section 2.2.

"The degrees of freedom for a quadratic function defined on R™® is 1 +n + n(n + 1)/2 =
(n+1)(n+2)/2.
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5. Update the interpolation set: add xx4+1 to Y; and remove a point (usually one that is
far from xj1), and if sufficient progress was not made, ensure the geometry of Yy, is

‘good’ by (possibly) changing some points in Yj.

This procedure is illustrated in Figure 1.1 earlier (with the last image corresponding to the
case where sufficient progress was made and the step accepted).

Both the derivative-based and derivative-free versions of trust-region methods are globally
convergent [53, 60]. In essence, this relies on the model construction method (Taylor series,
interpolation, etc.) becoming more accurate as Ap — 0. This ensures that after a certain
number of iterations where the objective was not reduced sufficiently, A becomes so small
that the model is guaranteed to be accurate, so minimising the model necessarily reduces

the objective, and progress towards a solution continues.

Development of Polynomial Interpolation Models The first derivative-free model
construction was proposed by Winfield [228], who suggested a trust-region method with a
quadratic interpolation model built from the (n + 1)(n + 2)/2 points where the objective
has already been evaluated that are closest to the current iterate, including the iterate itself.
The next key development in model-based DFO was the COBYLA algorithm by Powell [177],
which solves general nonconvex problems with nonlinear inequality constraints. COBYLA is
based on linear interpolating models, both for the objective and the constraints. One issue
here is that the linearised constraints may produce an infeasible trust-region subproblem; in
this case, the remedy is to ignore the objective, and compute a point to improve feasibility
only.

More recently, Powell [182] introduced the idea of underdetermined quadratic interpola-
tion models. This is applicable to the situation where we have n+1 < p+1 < (n+1)(n+2)/2
interpolation points including the current iterate (i.e. between linear and quadratic). Moti-
vated by quasi-Newton methods, the idea is to build an interpolating quadratic model (1.7)
where the model parameters ¢, g and Hj are the minimisers of

mi% |H — Hprev||3 subject to H =H'and m(y;—x) = f(y:), Vt=0,...,p, (1.8)

C,8,

where Hpyey is the Hessian of the previous model (initially set to zero). The interpolation
problem (1.8) yields a linear system of size p+mn+2. There is an added benefit that changing
a single interpolation point yields a rank-2 update of this system (so its inverse can be
maintained via the Sherman—Morrison—Woodbury formula). Importantly, the rank-2 update
of the inverse matrix involves terms that are related to the Lagrange polynomials of the

interpolation points. More details on this approach are given in Section 2.2.3.
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Problems of the form (1.8) were studied by Zhang [241] in terms of the Sobolev seminorm
of the quadratic model, who used this analysis to propose replacing ||H — Hprev||% in the
objective of (1.8) with

IH — Hyrenl[F+ gl — e — Hpnen xi — x5 (1.9)
where gprev is model gradient term in (1.7) from the previous iteration, and M > 0 is some
constant (e.g. M = 10). A similar choice of objective to (1.9) had previously been proposed
by Powell [187].

Typically, the interpolation set is kept at a constant size across iterations, so when a
new point is added, one must be removed. An alternative to this was studied by Wild
[223], who considered building underdetermined quadratic models with differing numbers of

interpolation points at each iteration.

Impact of Geometry Conn and Toint [61] noted that the accuracy of the model is
dependent on the geometry of the interpolating set, and showed that maximising Lagrange
polynomials is a useful way to find a geometry-improving point.® The benefits of Lagrange
polynomials were described by Powell [179], including cheap updating if a single interpolation
point is changed, and being able to bound the error between a fully quadratic interpolating

model m (see Section 2.2.3 for details) and an objective f by

Im(y) — f(y)| < const > _ |6y ly — yel®, (1.10)
t=0

for an interpolation set {yo,...,yp} with p+1 = (n+1)(n+2)/2, and Lagrange polynomials
{o, ..., 0}

It was noted by Fasano, Morales and Nocedal [78] that good numerical performance
could be observed in practice by a model-based algorithm that did not consider the geometry
of the interpolation set; although the interpolation system can become ill-conditioned and
the method can have more unsuccessful steps, it ultimately solves problems with a similar
number of evaluations of f (saving on the cost of evaluating f at geometry-improving
points). However, Scheinberg and Toint [203] provided an example where geometry must be
considered to guarantee convergence.

An alternative approach for ensuring good geometry of the interpolation set was proposed
by Marazzi and Nocedal [147]. They introduce the idea of a ‘wedge method’, where the
trust-region subproblem (1.6) has an extra constraint s ¢ W;. The ‘wedge’ set W}, is defined

8 We note that the standard measure of ‘good geometry’, A-poisedness, requires the Lagrange
polynomials to take small values (see Section 2.2 for details). However, given an existing interpolation
set, selecting new geometry-improving points involves finding maximisers of Lagrange polynomials,
as described in Section 2.3.
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by a priori selecting the interpolation point that will be replaced by the trust region step,
then taking W, to be a relaxation of the set of points that would make the new interpolation
set degenerate. They provide methods for solving this new trust-region subproblem for both

fully linear and fully quadratic models.

Alternative Model Constructions Aside from polynomial interpolation, other ap-
proaches for model construction have been proposed. One important category of methods

uses radial basis function interpolation; that is, interpolants of the form

m(y) =Y oy — yill) + aly), (1.11)

t=0

where ¢ is some low-degree polynomial (e.g. linear) and ¢ : R — R is a radial function
(e.g. Gaussian). As with the polynomial case, the geometry of the interpolation set must be
nondegenerate in order to construct the model. The first DFO method based on radial basis
functions, called BOOSTERS, was developed by Oeuvray and Bierlaire [165, 167]. One issue
that must be addressed in this setting is that the interpolant is no longer quadratic, and so the
standard techniques for solving the trust region subproblem do not apply. This is addressed
by using a general SQP solver for the trust region subproblem (in low dimensions), or by
backtracking Armijo linesearch along the steepest descent direction (in higher dimensions).

The use of radial basis function models was extended by Wild, Regis and Shoemaker
[226], whose ORBIT method allowed the number of interpolation points to vary between
iterations (in practice, between n + 1 and 3n). Global convergence of ORBIT was proven in
[224, 227].

The SNOWPAC algorithm by Augustin and Marzouk [17] combines polynomial and
radial basis function interpolation models, in order to improve the accuracy of models
for noisy problems. Specifically, they take all previously-evaluated points in B(xj,2Ay)
and construct a Gaussian Process model for the objective (this is very similar to radial
basis function interpolation; see [192]). Such models provide a distribution for the possible
objective values at each point. Then, they build a polynomial interpolation model, but with

the modified interpolation conditions

mr(yt — Xx) = Yo f (ve) + (1 = e)map (ye), Vt=0,...,p, (1.12)

where mgp is the expected value of the Gaussian Process model, and v, € [0,1] is a
weighting factor. They set v = exp(—ogp(y:)), where ogp is the standard deviation of
the Gaussian Process model, to balance the uncertainty in the (noisy) f values and the

approximation mgp.
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Lastly, Kannan and Wild [115] considered an alternative quadratic interpolation scheme,
designed for noisy objectives. Instead of imposing exact interpolation, they relax (1.8) and

try to solve

mi% |H||% subject to H=H'and |m(y;—x)—f(y:)|<e Vt=0,...,p, (1.13)
C7g7

for some estimate ¢ > 0 of the maximum noise in the objective. An important issue
that needs to be considered in this formulation is that, if the problem is overdetermined
(ie. p+1> (n+1)(n+2)/2), then (1.13) may have no solution for e sufficiently small;
however, it is shown that there always exists a nonempty interval [e1, €2], where (1.13) is
feasible for € > €1, and H # 0 for € < es.

We also note that there are alternative approaches for step calculation, other than
the trust-region subproblem (1.6). Huang and Zhu [106] develop an interpolation-based
ARC method (i.e. a model-based variant of (1.4)), which includes variable scaling and box
constraints, and prove a superlinear local convergence rate, and Hare and Lucet [105] replace

a trust-region framework with a proximal point method (quadratic regularisation).

Convergence Theory The first global convergence result for model-based DFO was
developed by Conn, Scheinberg and Toint [55], which was based on an algorithm using
Newton fundamental polynomials, instead of Lagrange polynomials as in (1.10). The next
key breakthroughs in the convergence theory for model-based DFO were developed in a
series of papers by Conn, Scheinberg and Vicente. In [59], global first- and second-order
convergence results were established in a trust-region framework; this framework is not
specific to one model-construction approach, and instead allows any approach that can
generate ‘fully linear/quadratic’ models (defined in Section 2.2). The concept of A-poisedness
(based on Lagrange polynomials, also defined in Section 2.2) was introduced in [57] for
interpolation models, and it was shown that this yields the required fully linear/quadratic
models. These results were extended to underdetermined (quadratic) interpolation and
regression models in [58].

This theoretical framework was extended to include worst-case complexity bounds by
Garmanjani, Judice and Vicente [83] for first-order and Judice [114] for second-order. These
bounds match those of direct search [221] and derivative-based methods [41, 45], namely at
most k = O(e~?) iterations to first achieve ||V f(x1)|| < ¢, and k = O(e3) iterations to first
achieve max(||V £ (xx)|l, —Amin(V2f(x1))) < €.
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Probabilistic Model Construction More recent work, motivated in part by the use
of DFO for noisy problems, has been on understanding the convergence of trust-region
methods with probabilistically-accurate models. In the first work on this topic, Bandeira,
Scheinberg and Vicente [22] extended the convergence theory from [59] to situations where
models are constructed at each iteration, and are fully linear/quadratic with some probability
Pm > 1/2 (rather than using geometry-improving steps to force full linearity on specific
iterations). They prove convergence to first/second-order stationary points with probability
1. Worst-case complexity bounds were proven for this framework by Cartis and Scheinberg
[48] for linesearch and ARC methods, and by Gratton, Royer, Vicente and Zhang [93]
for trust-region methods. In both cases, the number of iterations is greater than for the
deterministic case (i.e. p,, = 1) by a factor of (2p,, — 1)L

This framework was extended by Chen, Menickelly and Scheinberg [50] to include
probabilistic accuracy in both model construction and in objective evaluations when checking
for sufficient decrease; the requirement is that the error in objective evaluations, specifically
for checking decrease, is O(A?) with some probability. They prove convergence of a general
algorithm, called STORM, which does not prescribe how probabilistically-accurate models
and evaluations are achieved (although examples are provided). One approach is to use
sample averaging with at least A,f samples for each point; another, which we will use for our
testing in Section 6.3, uses this sample averaging for checking objective decrease, but uses
overdetermined regression models with AI;4 points. The analysis of STORM was extended
to worst-case complexity bounds by Blanchet, Cartis, Menickelly and Scheinberg [31].

In a related work, Jamieson, Nowak and Recht [111] show that, for general strongly convex
functions, optimising using only noisy objective evaluations requires Q(e~?) evaluations to

achieve optimality gap less than €, regardless of the algorithm used.

Model-Based DFO for Noisy Problems Since optimising noisy objectives is one of
the key regimes where DFO can be useful, there has been a large amount of work on noisy
problems specifically. The assumption is that we wish to optimise the expected value of the
noisy objective.

One approach, already mentioned, is the development of regression quadratic models by
Conn, Scheinberg and Vicente in [58]. The idea is that if we try to fit our model to more
points than we have degrees of freedom in the model, then we should be able to reduce the
impact of noise in the evaluations; a contribution of [58] is to prove that regression models
are fully linear. This was extended by Billups, Larson and Graf [30], who show that this
theory holds for weighted regression models (provided the regression Lagrange polynomials

are constructed using the same weights).
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A convergent algorithm based on the use of regression models to produce probabilistically-
fully-linear models was proposed by Larson and Billups [127]. Here, linear regression models
are suggested, and the number of sample points grows like kA];‘l, so the model accuracy
grows as the algorithm progresses (c.f. STORM with sample averaging [50], described above).

Another standard approach for limiting the impact of noise in model construction is
through sample averaging; that is, requiring that the interpolating model satisfies m(y;—x) =
% Zf»il f(y+; &), where & are random variables representing the noise in the evaluation of f.
The use of sample averaging was first proposed by Deng and Ferris [70]. Here, they extend the
UOBYQA algorithm [180] to use sample averaging, where the number of samples is chosen
dynamically—after a given number of evaluations of each interpolation point, they derive a
posterior estimate of the model coefficients, which ultimately leads to a distribution over
trust-region subproblem solutions (via a Monte Carlo simulation). The number of samples
used in model construction is increased until the distribution of candidate trust-region steps
has sufficiently small variance.

The same authors used a different Bayesian approach to sample averaging in [71]. Here,
the available samples are used to estimate the distribution of the true interpolating model,
and more samples are added until the probability that the computed trust-region step
satisfies a Cauchy decrease condition in the true model is sufficiently large.

Another sample averaging method called ASTRO-DF was proposed more recently by
Shashaani, Hashemi and Pasupathy [206]. Here, the model construction algorithm considered
geometry and sampling errors simultaneously; interpolation points are added and the trust-
region radius is decreased (until the model gradient is sufficiently large compared to the
trust-region radius), where each interpolation point is sampled until the sample variance is
sufficiently small. Global first-order convergence with probability 1 is proved for both [71]
and [206].

Along different lines, Moré and Wild proposed approaches for both efficiently estimating
the level of noise in objective evaluations [158] and using this to determine adaptive step
sizes for accurate finite differencing [159]. This was extended by Berahas, Byrd and Nocedal
[25] to implement a quasi-Newton linesearch with noise-aware adaptive finite differencing. A
derivative-free variant of steepest descent with linesearch for noisy functions was analysed

by Paquette and Scheinberg [168] in the context of probabilistic models (see above).

Model-Based DFO for Composite Functions The flexibility of model-based DFO
means there has been work to adapt these approaches to specific classes of problems. Given
the importance of nonlinear least-squares problems to this thesis, we address these separately

in Section 1.1.3.
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The first attempt to construct models exploiting problem structure was by Colson and

Toint [52], who considered ‘partially-separable’ functions, which take the form

m

=1
for index sets Z; C {1,...,n}, usually with |Z;| < n. Here, we assume that we can evaluate
all values f1(x),..., fm(x) for a given x (i.e. we receive a vector of values in R™, rather

than just the scalar f(x)). The approach is then to build quadratic interpolation models for
each f;, which, since |Z;| < n, requires fewer objective evaluations than building a quadratic
model for the (high-dimensional) full objective f directly.

An alternative approach was presented by Garmanjani, Judice and Vicente [83], where

they extended their complexity results (see above) to the composite problem
min A(r(x)), (1.15)
X

where h is convex (and possibly nonsmooth); this is achieved by building a linear model for
r, yielding the approximate model h(x; + s) ~ h(r(xy) + Jis), where Ji approximates the
Jacobian of r at x;. Similarly, Grapiglia, Yuan and Yuan [90] consider the more general

problem
min f(x) := g(x) + h(r(x)), (1.16)

where g and r are smooth and (possibly) nonconvex, and A is convex (but possibly nonsmooth).
They also provide a worst-case complexity analysis—building on the derivative-based analysis

by Cartis, Gould and Toint [44]—based on building models
1
f(xp +8) ~ g(xp) + g s+ h(r(xg) + Jigs) + 5sTHks, (1.17)

where g and J, approximate the gradient and Jacobian of g and r at x; respectively
(e.g. from interpolation) and Hj is designed to capture curvature in both g and h o r.
This method is then specialised to the case of a penalty method for equality-constrained
minimisation. We note that the complexity analysis here yields a first-order bound on
evaluations with an extra factor of |log €| compared to [83], due to how it includes iterations
of the criticality phase; this is discussed more in Section 4.3.

The treatment of (1.15) was specialised to h(r(x)) := ||r(x)||1 by Larson, Menickelly and
Wild [128], to h(r(x)) := max; r;(x) and f convex by Hare, Planiden and Sagastizébal [104],
and to piecewise-linear h by Khan, Larson and Wild [120].

Lastly, using tools from compressive sensing, Bandeira, Scheinberg and Vicente [21]
considered the problem of quadratic interpolation when the objective has a sparse Hessian (or

is well-approximated by quadratic functions with sparse Hessians). Specifically, by framing
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the quadratic interpolation problem as minimising the ¢; norm of the quadratic terms
(subject to exact interpolation), they show that a fully quadratic model can be constructed
from O((ng + n)log(nmg + n)logn) randomly-chosen interpolation points, where ny is the
number of nonzero entries in the (true) objective Hessian, an improvement on the usual

O(n?) if ng < n?.

Other Problem Classes We briefly note that there is a body of work on model-based
DFO for constrained problems, including strictly feasible methods based on convexifying the
feasible set [16, 196], filter methods [33, 79], active set methods [219, 95], SQP methods [216],
and augmented Lagrangian methods [236, 13]. We also mention that model-based DFO
methods have been developed for general nonsmooth (and possibly nonconvex) problems by
[83, 139]; for bilevel optimisation problems [62]; and for min-max problems [150]. A more

complete survey of this material can be found in [129].

1.1.3 Nonlinear Least-Squares Problems

As mentioned above, an important feature of model-based DFO is that it is well-placed
to exploit problem structure, if this information is known. A major focus of this thesis is
nonlinear least-squares problems, where f in (1.1) has the form
1 2 1¢ 2
) = 3Gl = 5 3o (118)
i=

for r : R — R™ smooth and possibly nonlinear. We assume that we have access to
evaluations of r(x), not just f(x). This problem type appears frequently in parameter fitting,
and also for solving nonlinear systems of equations, where we typically have m = n, and
wish to find an x satisfying r(x) = 0 [164, Chapter 10]. In this section, we first outline
derivative-based methods, then the key model-based DFO contributions, for solving (1.18).

Derivative-Based Gauss-Newton Methods Classically, nonlinear least-squares prob-
lems are solved with the (derivative-based) Gauss-Newton and/or Levenberg-Marquardt
methods [164, Chapter 10]. Defining the Jacobian matrix J(x) € R™*" of r, with rows

Vri(x)" for i =1,...,m, we have
Vix) = J(x) r(x), and V2if(x) = Zn )V 2 (x (1.19)

For both methods, we use only first-order terms in (1.19) and make the approximation

V2if(x) ~ J(x)"J(x). (1.20)
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This corresponds to linearising r(x + s) ~ r(x) + J(x)s and constructing the quadratic
approximation for f,

f(x+s)~m(s) = %Hr(x) +Jx)s|> = f(x)+g's+ %STHS, (1.21)

where g 1= J(x)'r(x) = Vf(x) and H := J(x)'J(x). The approximation (1.21) is
quadratic, but based on only first-order information; i.e. it partially captures the curvature
in f, but without requiring higher-order derivative information. Given (1.19), we may expect
the approximation (1.20) to be better when r(x) is small (i.e. f(x) is small), and we see
this in the convergence theory.

Minimising m (1.21) exactly at each iteration gives the Gauss-Newton method
xk+1:::xk——[J(xk)TJ(xkﬂ*1J(xk)Tr(xk% (L22)

but this has the drawback of not being well-defined if J(x}) is rank-deficient. If we implement
the model (1.21) inside a trust-region method, then the resulting algorithm is known as the
Levenberg-Marquardt method. This is equivalent—in the case of solving the trust-region

subproblem to full optimality—to a regularised Gauss-Newton step
Xpy1 o= X — [J(xp) T T(xp) + M d] 71T (x1) Tr(x), (1.23)

for some \;, > 0 (determined by the trust-region subproblem) [154]. An alternative approach
for the Levenberg-Marquardt algorithm is to explicitly choose A; at each iteration, and
calculate our step using (1.23). This corresponds to a quadratic regularisation method,
namely updating xx11 = Xx + s where sj solves

1 A
min - [lr(x) + J(ee)s|* + s (1.24)

seR™

The Levenberg-Marquardt method is globally convergent [164, Theorem 10.3] with a
linear asymptotic rate in general, but a quadratic asymptotic rate for zero-residual problems
(i.e. f(x*) =0) [72, Theorem 10.2.6]. That is, the Gauss-Newton approximation (1.21) gives
faster convergence for zero-residual problems than for nonzero residual problems, matching
our intuition about the approximation (1.20).

Brown and Dennis [36] analysed the Levenberg-Marquardt method with finite differencing
(using adaptively-chosen step size) to calculate J(xy), and Kelley [118] proposed an implicit
filtering version of the classical Gauss-Newton method (with backtracking linesearch) to

estimate J(xj) at each iteration.
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Early DFO Methods There were several early DFO methods for nonlinear systems and
nonlinear least-squares problems, largely based around linear interpolation. Powell [173] and
Ralston and Jennrich [191] used linear interpolation models for r(x) constructed from the
most recent iterates, and a model for the objective was built in the style of (1.21). In both
cases a step is calculated using an analogue of (1.22), although Powell adds a linesearch
mechanism. Peckham [169] used a similar approach but with model construction using
weighted linear regression, and Spendley [208] modified the Nelder-Mead method to use
occasional Gauss-Newton steps (constructed by linear interpolation of r(x) using the points
in the current simplex).

Another early derivative-free technique, which has some similarity to quasi-Newton
methods, is Broyden’s method [37]. Here, an approximation to the Jacobian Jj ~ J(xy) is
updated by a rank-1 perturbation, after taking a step xx41 := Xy, + sg, namely:

i1 = Jk + HS:;”2 (r(xk11) — v(xk) — Jisk) sy, (1.25)
which corresponds to the solution of

Jerﬁ%}nnxn I — Jell, s.t. r(Xpg1) —r(xg) = Jsg. (1.26)

This approach was included within a trust-region framework by Powell [175, 174], who
proved its global convergence. This convergence applies as long as the steps {sy} satisfy a
uniform linear independence condition, which can be ensured via regular geometry-improving
steps. This condition was studied in more detail by Moré and Trangenstein [156], who noted
its similarity to both (1.2) and a property similar to A-poisedness for linear interpolation
(Definition 2.11). If Jacobian-vector products are available, there are a variety of other
low-rank updates of Ji that can be defined [146]. We also note that secant-like conditions
can be used to approximate V2 f(x) (1.19) (see [152, 145] for examples in a derivative-based

context).

Model-Based DFO Methods The first model-based DFO method for nonlinear least-
squares was DFLS by Zhang, Conn and Scheinberg [240]. DFLS is based on building

quadratic interpolation models for each component of r(x) separately:

1
ri(Xk +s) = myi(s) = ri(xx) + g;’is + §STHk’iS, (1.27)

using standard approaches. Intuitively, one would then build a model for the full objective
f via

Pl s~ 5 D miils), (1.28)
=1
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however this would yield a quartic model rather than the usual quadratic. The authors
propose a second-order approximation to this quartic, enabling the usual approaches for

solving the trust-region subproblem; that is, we take
T L T
Fxx +s) = my(s) = f(xk) +grs+5s Hys, (1.29)

where J;, € R™*™ has rows g;—’i, gL = J,;rr(xk), and Hj, is defined by

T Ik, if ||gkll > K1, (Gauss-Newton)

H; = J;Jk + Ksllv(Xp) ([ Inxn, if ||gk|| < k1 and f(xk) < k2||gk||, (Levenberg-Marquardt)
J];er + Z;L Ti(Xk:)Hk,z', if ||gk|| < K1 and f(Xk) > /@2||gk||. (Newton)

(1.30)

The three cases correspond to three possible situations in the algorithm: use the Hessian
derived from the Gauss-Newton method initially, then when we believe we are approaching a
stationary point, we either use a regularised Gauss-Newton step, analogous to the Levenberg-
Marquardt method, if we expect our problem to be zero residual, or a full Newton step if
we expect it to be nonzero residual. The authors prove global convergence of DFLS, and
provide numerical results showing it requires fewer evaluations than both a general objective
model-based DFO solver (Powell’'s NEWUOA [184]; see below) and a derivative-based
nonlinear least-squares solver with finite differencing. Later, Zhang and Conn [239] proved a
local quadratic convergence rate of DFLS for zero-residual problems, matching the result for
the Levenberg-Marquardt method.

The DFLS method was modified by Wild for POUNDERS [225], which always uses the
‘Newton’ form for H (1.30), and selects the interpolation points from the entire history of
evaluations (choosing points close to the current trust region regardless of when they were
evaluated).

A related work by Bergou, Gratton and Vicente [27] considers probabilistically-accurate
Gauss-Newton style models (i.e. linear models for r with the natural quadratic model
corresponding to (1.28)). In this case, global convergence is ensured using quadratic
regularisation (1.24), but assuming the availability of sufficiently accurate approximations
for J(xi) and V f(x;) with some given probability. This work was extended by Bergou,
Diouane, Kungurtsev and Royer [26] to include worst-case complexity bounds.

Similarly, Bellavia, Gratton and Riccietti [24] also consider a quadratic regularisation
method, but where approximations for both r and the true Jacobian J can be computed to
arbitrary accuracy (with the intent that cheaper, low accuracy approximations are used in
early stages). The authors prove global convergence, worst-case complexity and show local

convergence (in the sense that ||x; — x*|| — 0 monotonically).

21



Linesearch DFO Methods More recently, there have been several papers studying
linesearch methods for nonlinear systems, where several possibilities for the search direction
are used, such as s = tr(xy) and s = —Jk_lr(xk) for some suitably-updated Jj, such as
(1.25). These include Li and Fukushima [134], who guarantee monotonicity of the iterates
by using both choices of si, and nonmonotone linesearches studied by La Cruz and Raydan
[124], Grippo and Sciandrone [97], La Cruz, Martinez and Raydan [123], and Li [135]. This
work has been extended by Li and Li [136] to the case where r(x) is monotone but not
necessarily differentiable, and by La Cruz [122], Morini, Porcelli and Toint [160] and Marini,
Morini and Porcelli [148] to systems with convex constraints. Separately, Begiato, Custddio

and Gomes-Ruggiero [23] combine this approach with direct search.

1.1.4 Software and Numerical Testing

The work described above often includes numerical results from implementations of the
relevant methods; here, we consider work specifically related to the development of DFO
software and testing frameworks. Perhaps the largest contribution to software development
for model-based DFO is by Powell, who produced several solvers largely based on quadratic
interpolation models and geometry management via Lagrange polynomials. These Fortran

packages, freely available from [242], include:

e COBYLA [177], which solves unconstrained minimisation problems subject to nonlinear
inequality constraints via linear interpolation models for both the objective and the

constraints;

e UOBYQA [180], which solves unconstrained minimisation problems using quadratic

interpolation models with (n 4+ 1)(n + 2)/2 points;

e NEWUOA [184, 185], which solves unconstrained problems using underdetermined

quadratic interpolation models (1.8);
e BOBYQA [186], which extends NEWUOA to allow box constraints; and
e LINCOA [188], which allows for linear inequality constraints.

The software developed in this thesis inherits its general framework from BOBYQA (see
Sections 3.1 and 3.3 for more algorithmic details). A superlinear convergence rate was proven
for a variant of UOBYQA by Han and Liu [98], and the BOBYQA package was modified
by Arouxét, Echebest and Pilotta [5] to use || - ||oo for the trust-region subproblem (1.6), to
more closely align with box constraints, and by Newby and Ali [163] to solve mixed-integer

nonlinear programs.
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The DFO package by Scheinberg [202] also uses quadratic models, and allows for general
nonlinear constraints—to achieve this, the trust-region subproblem is augmented with these
constraints and solved using derivative-based methods; hence, it requires that derivatives of
the constraint functions can be provided (or estimated). Similarlyy, CONDOR by Vanden
Berghen and Bersini [219] extends UOBYQA to allow general nonlinear constraints using
an active set method, and also allows the calculation of geometry-improving points and
subsequent objective evaluations in parallel to the main solver.

We also mention (S)NOWPAC by Augustin and Marzouk [16, 17], available at [18]. The
NOWPAC package [16] handles general minimisation with nonlinear inequality constraints
via underdetermined quadratic interpolation for both the objective and constraints; here,
some work is needed to find feasible steps by constructing a suitable convex domain in
which to solve the trust-region subproblem. This was extended in SNOWPAC [17] to handle
noisy objectives and constraints, using a combination of Gaussian Process and polynomial
interpolation models (see Section 1.1.1).

For nonlinear least-squares problems, the DFLS algorithm outlined above by Zhang,
Conn and Scheinberg [240] is implemented in the Fortran package DFBOLS, which adapts
BOBYQA to construct quadratic models for each residual function (including allowing
box constraints). The POUNDERS algorithm by Wild [225] is implemented in TAO, the
optimisation library associated with PETSc [20].

A more general work aimed at the development of high-quality software is by Larson
and Wild [130]. This work considers the construction of sensible termination criteria based
on measures such as objective decrease and convergence of iterates. We adopt one of these
tests in our software (see Section 3.3.3).

Finally, we note the work of Moré and Wild [157], who outline a methodology for the
testing of DFO algorithms. The two main contributions of this work are a now-common set
of test problems, and the development of ‘data profiles’, which compare the performance of
solvers on a test set based on (assumed expensive) objective evaluations. This complements
the more well-known performance profiles of Dolan and Moré [73]; more details on this work

are given in Section 2.4.

1.2 Research Questions and Contributions

This thesis primarily focuses on model-based DFO methods for finding local minimisers
to unconstrained (or possibly bound-constrained) nonconvex problems, including general
minimisation and nonlinear least-squares minimisation. There are two regimes where
derivative-free methods are preferable to derivative-based methods that we specifically target

in this thesis:
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Ezpensive: objectives are expensive to evaluate, and may be noiseless. Here, the goal is to
make reasonable progress—mnot necessarily reaching high accuracy in the solution—

using very few evaluations; and,

Noisy: objectives that contain noise, but may be cheap(er) to evaluate. This noise may
be either stochastic or deterministic (e.g. arising from the finite termination of an
iterative procedure). We aim to improve the robustness of the solver—maximising
the amount of progress the solver can make, and hence, the number of problems that
can be solved—despite the difficulties associated with inaccurate local models and

objective evaluations.

We note that these two regimes are not mutually exclusive. It is entirely possible for
expensive objectives to also have inaccuracies in their calculation, such as parameter fitting
for climate models [211]. To this end, when we compare the performance of methods for
the noisy regime, we consider both the overall robustness of each method, and also the
objective evaluation budget required by the methods. In addition, throughout, we develop
our algorithms under the consideration of the cost and scalability of the algorithm. That
is, we always aim for algorithms with efficient implementations (e.g. in the relevant linear
algebra) and therefore that have greater potential to provide reasonable performance for
larger-scale problems.

The research questions addressed in this thesis, and our key contributions, are:

1. How can we use the structure of nonlinear least-squares problems to produce efficient
model-based DFO methods?

We develop DFO-LS (Derivative-Free Optimisation for Least-Squares), a model-
based DFO method for nonlinear least-squares problems based on the classical
(derivative-based) Gauss-Newton method. Compared to DFBOLS, the implemen-
tation from [240], the key difference is that it constructs linear interpolation (or
optionally regression) models for each residual, rather than quadratic models, without
loss of performance. Although the theoretical algorithm DFLS from [240] allows for
linear models, its implementation DFBOLS and numerical results require quadratic
models. We provide a global convergence and worst-case complexity analysis of DFO-
LS, carefully counting the evaluation cost of model construction. Our results extend
the analysis in [240]—which only showed global convergence—to allow inexact solutions
of the trust-region subproblem, and showing that the whole sequence, not just a subse-
quence, of the gradients at the iterates converges to zero. We show that, similar to the

derivative-based case, DFO-LS has the same worst-case complexity as general objective
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methods, but with a dependency on dimension that is between first- and second-order
methods, corresponding to it partially capturing curvature information, as per (1.20).
We also show numerically that little to nothing is lost by this simplified approach in
terms of algorithm performance on a given evaluation budget, when applied to smooth
and noisy, zero- and nonzero residual problems. Furthermore, significant gains are
made in terms of reduced computational cost of the interpolation problem and memory

costs of storing the models.

When the high computational cost of evaluations is more of a concern than scalability,
DFO-LS still offers the advantage of a reduced evaluation cost for the initialisation,
again due to choosing a smaller interpolation set, without loss in overall performance.
However, if objective evaluations are very expensive, even this reduced initialisation
cost (of n + 1 evaluations for an n-dimensional problem), may still be too high. Thus,
we augment DFO-LS with the ability to begin the main iteration after an initial
setup cost of as few as 2 objective evaluations. After this low setup cost, subsequent
evaluations are selected based on minimising a model for the objective, and represent

a genuine attempt to progress towards the solution.”

The DFO-LS algorithm, including the construction of linear models and the mechanism
for reducing the initialisation cost, is outlined in Chapter 3. We give the convergence
and worst-case complexity analysis for DFO-LS in Chapter 4. Chapter 5 has extensive
numerical results, demonstrating the benefits of linear residual models described above

and the performance of DFO-LS with reduced initialisation cost.

2. How can model-based DFO methods be made more robust to noise through techniques

that have a low cost in both evaluations and computations?

The implementation of DFO-LS includes several features aimed at improving its
performance in the noisy regime. In particular, DFO-LS implements different default
trust-region parameters for noisy problems, regression models, a flexible regime for
sample averaging, and a novel multiple restart mechanism coupled with an auto-
detection strategy for identifying when restarts should occur. We perform several
numerical studies of these features, and conclude that multiple restarts is an effective
way at achieving a high level of robustness to noise. Additionally, compared to

other mechanisms (such as sample averaging, regression models, and surrogate model

9 In practice, solvers can accept any objective decrease from the initial evaluations [186, 12], and
use the best initial point as the first iterate. DFO-LS does this, but here we refer to a mechanism to
begin the main iteration after few initial evaluations, where new iterates are specifically generated to
progress towards the solution from the best point so far, rather than just sample the search space.
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construction), multiple restarts benefit from being cheap to implement in terms of

evaluations and computation.

The multiple restarts mechanism is not specific to the nonlinear least-squares problem
structure. Therefore we also introduce Py-BOBYQA, a Python implementation of
BOBYQA (for general minimisation with optional bound constraints) [186], which
uses quadratic interpolation models for the objective. Py-BOBYQA implements
several enhancements from DFO-LS, such as multiple restarts, and we modify the
theoretical analysis of DFO-LS to give convergence and worst-case complexity results.
Our numerical results demonstrate that multiple restarts give a substantially improved
robustness to noise compared to the original BOBYQA, and also perform well compared
to other methods specifically designed for noisy problems (such as STORM and
SNOWPAC; see Section 1.1.2).

Multiple restarts allow the algorithm to escape regions where the noise in the objective
dominates genuine changes in the objective value, and we observe that this mechanism
can also be used to escape from local minima. With only a small adjustment, we
demonstrate that Py-BOBYQA with multiple restarts yields an effective heuristic
for escaping local minima with few objective evaluations, by comparison to global

optimisation routines, on a collection of global optimisation test problems.

The multiple restarts mechanism (as well as the sample averaging and regression model
mechanisms) for DFO-LS is outlined in Chapter 3, and tested numerically in Chapter 5.
The Py-BOBYQA algorithm is introduced, analysed and tested in Chapter 6.

. How can model-based DFO methods be modified to improve their scalability?

Having DFO methods suitable for large-scale nonconvex problems is important for
nonlinear least-squares problems such as data assimilation, and general minimisation
problems such as adversarial example generation for neural networks. However, the
high linear algebra cost of model-based DFO methods means that they are unable to

efficiently solve such problems.

To address this issue, we introduce DFBGN (Derivative-Free Block Gauss-Newton),
a model-based DFO method for nonlinear least-squares problems that relies on con-
structing a model in a subspace at each iteration. To our knowledge, this is the first
subspace model-based DFO method. Our novel approach enables model-based DFO
methods to be applied in a large-scale regime by giving the user explicit control over
the linear algebra cost of the method at each iteration. The framework of DFBGN

is similar to DFO-LS, but it reduces the linear algebra cost of model construction
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by allowing for fewer interpolation points at every iteration. We do not prescribe
a particular choice for the interpolation set (and corresponding subspace) size, but

instead allow it to be user-specified based on their computational resources.

The DFBGN algorithm is simpler than DFO-LS, not including several algorithm
components, and instead relying on replacing some existing interpolation points with
randomly-chosen orthogonal directions at each iteration. Our approach for replacing
interpolation points is geometry-aware and keeps the trust-region radius coupled with

the model gradient, without using more complex strategies from DFO-LS.

We show that DFBGN with a full-sized interpolation set has similar performance to
DFO-LS in terms of objective evaluations, but shows improved performance on runtime.
As the size of the interpolation set changes, we demonstrate a tradeoff between reduced
linear algebra costs and increased evaluations required to achieve a given objective
reduction. The flexibility of DFBGN allows this tradeoff to be explicitly managed.
When tested on large-scale problems, DFO-LS frequently reaches a reasonable runtime
limit without making substantial progress, whereas DFBGN with small subspace size
can perform many more iterations and hence make better progress than DFO-LS. In
the case of small budgets, DFBGN can make progress with few objective evaluations

in a similar way to DFO-LS, but with substantially lower linear algebra costs.

The DFBGN algorithm is described and tested in Chapter 7.

Software Availability The solvers DFO-LS and Py-BOBYQA are both publicly-available
on Github.!® They are released under the GNU General Public License. DFBGN will be

made publicly-available in the future.

Thesis Structure In Chapter 2 we discuss a variety of relevant technical background
work, including polynomial interpolation and geometry-management for DFO and numerical
testing methodologies. Then, in Chapter 3, we introduce the DFO-LS algorithm and the
features of its implementation, including linear residual models, reduced initialisation cost,
and multiple restarts. The global convergence and complexity results for DFO-LS are given in
Chapter 4. The features of DFO-LS are tested numerically in Chapter 5, which also includes
a comparison of DFO-LS against other solvers. In Chapter 6, we describe Py-BOBYQA
for general minimisation, provide our theoretical analysis, and show show its numerical

performance. We introduce and test DFBGN for large-scale nonlinear least-squares problems

At https://github.com/numericalalgorithmsgroup/dfols and https://github.com/
numericalalgorithmsgroup/pybobyqga respectively.
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in Chapter 7. Finally, we summarise our conclusions and provide several possible future

research directions in Chapter 8.

Statement of Originality At the time of writing, three papers based on the research in
this thesis are publicly-available, of which the first two have been published. The third has
been submitted for publication.

The first, [47], co-authored with Coralia Cartis, proposes, analyses and tests the use of
linear residual interpolation models. The second, [39], is co-authored with Coralia Cartis,
Jan Fiala and Benjamin Marteau, and introduces both DFO-LS and Py-BOBYQA, and
focuses on their new algorithmic features and implementation. The content from these
papers appears in Section 2.4.2 and Chapters 3-6, except for Section 6.4.

The third, [49], is co-authored with Coralia Cartis and Oliver Sheridan-Methven. It
proposes and tests the modification of Py-BOBYQA to escape local minima. The content
from this paper appears here in Section 6.4.

All work in this thesis was carried out by the author, under the supervision of Coralia
Cartis, Jan Fiala and Benjamin Marteau, except for the testing framework in Section 6.4,

which was developed by the author in conjunction with Oliver Sheridan-Methven.
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Chapter 2

Technical Background

In this chapter, we provide the technical foundations for the remainder of the thesis. We
begin by defining the problems under consideration and their underlying assumptions,
especially around their smoothness, in Section 2.1. Next, we summarise the key existing
theoretical results from the literature—which can be found in [60], for example—concerning
polynomial interpolation (Section 2.2) and associated methods for managing the geometry
of interpolation sets (Section 2.3).

The last part of this chapter, Section 2.4, outlines the framework for evaluating the
numerical performance of DFO methods. This framework is largely based on the approach
in [157], but with an expanded collection of test problems. Additionally, we extend the
framework from [157] to include a novel mechanism for the adaptive choice of accuracy
thresholds for noisy problems.

We recall from Section 1.1 that we use || - || for the 2-norm of vectors and matrices, || - ||¢
for the Frobenius norm of matrices, and define the ball B(x,A) :={y € R" : ||y — x|| < A}
for x € R” and A > 0.

2.1 Problem Classes and Assumptions

There are two broad problem classes we will consider in this thesis: general (nonconvex)
minimisation and nonlinear least-squares minimisation. In both cases, we will undertake
theoretical analysis of algorithms for unconstrained problems, but our software implementa-
tions will allow for optional bound constraints. We also note that although we may assume
that the objective is differentiable, our methods are derivative-free in the sense that they do
not employ gradient evaluations at any point. Similarly, although we assume the objective
is smooth, we sometimes consider problems with noise (i.e. only inaccurate evaluations of

the objective are available).
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2.1.1 General Minimisation

In the general minimisation setting, we are interested in developing algorithms for solving

;IelliRr}l f(x), (2.1)

where f:R™ — R is some smooth, possibly nonconvex, function. Problem (2.1) will form
the basis of our theoretical analysis, but we to make assumptions about f. To this end, we

define the relaxed level set
L(x0, Apmaz) = conv ({y € R" 1y € B(x, Amax) for some x with f(x) < f(x0)}), (2.2)

where conv(-) is the convex hull and, in the assumptions below, xo € R™ will be the starting

point for the algorithm and A.x > 0 will be an upper bound on the trust-region radius.

Assumption 2.1. Given xg € R™ and Apax > 0, the function f in (2.1) is continuously
differentiable, and its gradient is Lipschitz continuous with constant Ly > 0, in L(x0, Amax);

that is,
IVf(y) = Vi) < Lyglly — x|, (2.3)

for all x,y € L(x0, Amax)- In addition, f is bounded below by fiow in R™.
A key consequence of Assumption 2.1 is the following.

Lemma 2.2 (Appendix A, [164]). Suppose f satisfies Assumption 2.1. Then we have the

bound
5) = F) = V) Ty = %)| < g Leglly — xI, (2.4

for all x,y € L(x0, Amax)-

Our software implementation extends (2.1) to allow for bound constraints; that is, it can
solve

m]iRn f(x) st. a<x<b, (2.5)
XER™

for some vectors a,b € R", where the inequalities hold component-wise.

Assumption 2.3. The bounds a and b in (2.5) satisfy a < b, where this inequality holds

component-wise.
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2.1.2 Nonlinear Least-Squares Minimisation

When we consider nonlinear least-squares problems, we mean that f in (2.1) may be written

as the sum of squares of m residual functions. That is, we wish to solve

min £(x) = S r)[2 = = 3 () (2.6)

x€ER™ 2 2 4
=1

where r(x) = [r1(x) --- 7n(x)] T maps R® — R™. We will allow both m > n (least-squares)
and m < n (inverse problems). If r(x) is differentiable, then we define its Jacobian matrix
of first derivatives as per Section 1.1.3, namely:
Vri(x)"
J(x) = : e R™*™, (2.7)
Vrm(x)"

For our theoretical analysis, our assumptions on r are as follows.

Assumption 2.4. Given xg € R" and Apax > 0, the function r is continuously differen-
tiable, and its Jacobian is Lipschitz continuous with constant Ly > 0, in L(Xg, Amax); that
18,

17(y) = J(x)|| < Lylly — ||, (2.8)
for all x,y € L(x0, Amax). We also assume that r(x) and J(x) are uniformly bounded in

the same region; i.e. ||v(X)| < rmax and ||J(x)|| < Jmax for all x € L(x0, Amax)-

The uniform boundedness assumption can be achieved if the level set {x : f(x) < f(x0)}

is bounded, which is assumed in [240], for instance.

Lemma 2.5. Suppose r satisfies Assumption 2.4. Then f(x) in (2.6) satisfies Assumption 2.1
with

Ly = rmax Ly + J2axs (2.9)
and fiow = 0. We also have the bound
1
le(y) —r(x) = J(x)(y = %)l < 5Lslly - x|1?, (2.10)

for all x,y € L(x0, Amax)-

Proof. We have f(x) > 0 by definition, and (2.10) is proved in [164, Appendix A]. To show
(2.9), we choose x,y € L(x0, Amax) and compute (using Assumption 2.4)

Ir() — 0l = | [ T6c-+ aty =2y = xda| < iy =x. (210
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Now we use this, the identity ||A|| = ||[A"||, Assumption 2.4, and V f(x) = J(x) 'r(x) to get

IVF(y) = V) < 1(T(y) = J) @) + [17(x) T (x(y) — x(x)ll; (2.12)

< | J@y) = J& - eI+ [T - [[r(y) — =), (2.13)

< LJHy_XH 'rmax+Jmax'Jmax||y_XH7 (214)

and we are done. O

Similar to the general minimisation case, our software implementation extends (2.6) to

include bound constraints,

1 2
i == .t. <x<b. .
min f(x):= gllrx)[° st a<x<b (2.15)

Assumption 2.6. The bounds a and b in (2.15) satisfy a < b.

2.2 Polynomial Interpolation Theory

The algorithms in later chapters are fundamentally based on the construction of linear
or quadratic interpolation models for the objective function (or residual functions for
least-squares problems).! In this section, we summarise the relevant theory of polynomial
interpolation, which can be found in more detail in [60].

To build a convergence theory for model-based DFO, it is necessary to consider the
accuracy of interpolation models, which depends on the geometry of the interpolation points.
In this setting, our goal is to build models that are comparably accurate to a first-order
Taylor series approximation. The below condition is satisfied by linear Taylor models and
linear interpolation models (with a full set of n + 1 well-spaced interpolation points—see

Section 2.2.1), for instance, and so we call models which satisfy this condition ‘fully linear”.

Definition 2.7 (Definition 10.3, [60]). A model m(s) for a function f(x +s) satisfying
Assumption 2.1 is fully linear in B(x, A) if m is continuously differentiable and there exist

constants Kef, keg > 0, independent of x and A > 0, such that

f(x +) —m(s)] < ket A%, (2.16)
IV£(x+5) = Vm(s)| < regh, (2.17)

for all ||s|| < A.

! Since the number of degrees of freedom for polynomials grows exponentially in the polynomial
degree, we consider only linear and quadratic models.
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We note that (2.3) and (2.4) imply that the first-order Taylor series m(s) = f(x) +
Vf(x)'s is a fully linear model for f with ket = Ly /2 and keg = Ly ;.

There is a stronger notion, satisfied by quadratic Taylor models and quadratic interpo-
lation models (with a full set of (n 4 1)(n + 2)/2 well-spaced interpolation points), called
‘fully quadratic’; we discuss this briefly in Section 2.2.3.

2.2.1 Linear Interpolation

Suppose we want to construct a linear model for f, which we have evaluated at n 4 1 points
{y0,...,¥n} C R™ For our algorithms, we will want to build the model based around the
current iterate, which we take to be yg. That is, we want a local model m : R® — R given
by

f(yo+s)~m(s):=c+g's, (2.18)

where ¢ € R and g € R". By imposing the interpolation conditions m(y; — yo) = f(y¢) for

t=0,...,n, we arrive at the (n+ 1) x (n + 1) linear system

1 (yo—vyo)' f(¥o)

: : m = | (2.19)

1 (yn—yo)' fyn)
We write the matrix in (2.19) as

W [0 (2.20)
“le L’ ’

where e € R™ is the vector of ones and L € R™ ™ has rows (y; —yo)' fort=1,...,n.

Definition 2.8 (Definition 2.9, [60]). The set {yoq,...,¥n} @s poised for linear interpolation
if Woin (2.20) s invertible.

For m to be a fully linear model for f, we need to bound ||L7!||; to do this we must
consider the geometry of the interpolation set. We will use the Lagrange polynomials

associated with the interpolation set for this purpose.

Definition 2.9 (Definition 3.3, [60]). The Lagrange polynomials associated with the interpo-
lation set {yo,...,yn} are the linear polynomials {{o(x), ..., 0n(x)} satisfying Ls(yt) = Os 4
for all s,t =0,...,n.

Lemma 2.10 (Lemma 3.4, [60]). If {yo,...,¥n} s poised for linear interpolation then the

associated Lagrange polynomials exist and are unique.

Then, the required notion of ‘good geometry’ is the following;:
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Definition 2.11 (Definition 3.6, [60]). Fiz A > 0 and a set B C R". A set {yo,...,¥n}
poised for linear interpolation is A-poised for linear interpolation in B if the associated

Lagrange polynomials satisfy [4,(x)| < A for allx € B and allt =0,...,n.

If any y; € B, which will usually be the case, then we must have A > 1. In general, a
smaller value of A indicates ‘better’ geometry. We note that the concept of A-poisedness
is closely related to the Lebesgue constant from (univariate) polynomial interpolation
theory [214, Chapter 15]. Specifically, if we write the Lagrange polynomials as a vector
£(x) = [lo(%),...,0,(x)]T, then the set {yo,...,yn} is A-poised for linear interpolation
in B if maxxep ||€(x)|lcc < A. By contrast, the Lebesgue constant for {yo,...,yn} is the
smallest value A such that maxycp ||[€(x)||1 < A.2 That is, the two concepts are the same
up to a change in norm, and hence a change in constant.

The concept of A-poisedness gives us the desired result—Ilinear interpolation yields fully

linear models.

Theorem 2.12. Suppose f is continuously differentiable and V f is Lipschitz continuous
with constant Ly > 0 in an open ball containing B(yo,A). If Y := {yo,...,¥n} is A-poised
for linear interpolation in B(yo,A) and Y C B(yo,A), then the model m defined by (2.19)
is a fully linear model for f in B(yo,A) with

Kef = % B+ (n+1A), and Keg = % 24+ (n+1)A). (2.21)

Proof. [60, Theorems 2.11 & 2.12] give full linearity with constants
L Al L .
Kot = % (B+vallL™M),  and ke = % (2+vallL ™), (2.22)

where L := L /A and L is the sub-matrix from (2.20). Separately, [60, Theorem 3.14] gives

-1
X 1 0f

W = [e ﬁ] <vn+1A. (2.23)

The result follows since ||Z71|| < |[W~!||, which can be checked by observing

X 1 0’
-1

= A A 2.24
W lL—le L—ll ’ (2.24)
and considering a unit vector u for which ||[L 1 u|| = || L. O

We discuss how to ensure A-poisedness of an interpolation set in Section 2.3.

2 The Lebesgue constant is defined as the maximal value—at any point—of an interpolating
polynomial to a function bounded by 1. For univariate interpolation, this definition can be interpreted
in terms of Lagrange polynomials, as above.
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2.2.2 Linear Regression

In our algorithm for nonlinear least-squares problems (2.6), we will construct linear models
for the residual functions, but with greater flexibility than strict interpolation by allowing
the use of regression models. Compared to Section 2.2.1, we now want to construct a
linear model (2.18) for f, having evaluated it at p 4+ 1 points {yo,...,yp,} C R" for some
p > n. The theoretical analysis and implementation of our algorithm for (2.6) allows for
interpolation or regression models, however our default implementation uses interpolation
models. We will compare the use of interpolation and regression models for (2.6) in Chapter 5,
however we note the theoretical work [51], which considers the benefit of regression compared
to interpolation for general function approximation problems (not specific to linear or
polynomial approximation).

With p + 1 points, the model (2.18) is defined by the overdetermined (p+ 1) x (n+1)

linear system, solved in the least-squares sense:

1 (yo—yo)' f(yo
c 1 0" e . ( . ) c ( )
W = — : : = : y (225)
g e L||g <118
L (yp— o) f(yp)
where e € RP is the vector of ones and L € RP*™ has rows (y; — yo)T fort =1,...,p

(c.f. (2.19)).

Definition 2.13 (Definition 2.10, [60]). The set {yo,...,yp} with p > n is poised for linear
regression if W (2.25) has full column rank.

We then have to adjust our definition of Lagrange polynomials and A-poisedness appro-

priately for this context.

Definition 2.14 (Definition 4.4, [60]). The Lagrange polynomials associated with the re-
gression set {yo,...,yp} with p > n are the linear polynomials {{o(x),...,ly(x)} satisfying
Us(yi) = b5y for all s,t =0,...,p, where the overdetermined interpolation system for {g is

solved in the least-squares sense.

Lemma 2.15 (Lemma 4.5, [60]). If {yo,...,¥p} is poised for linear regression then the

associated Lagrange polynomials exist and are unique.

Definition 2.16 (Definition 4.7, [60]). Fiz A > 0 and a set B C R". A set {yo,...,yp}
poised for linear regression is A-poised for linear regression in B if the associated Lagrange

polynomials satisfy |€(x)| < A for allx € B and allt =0,...,p.
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Although this definition matches Definition 2.11, we can no longer guarantee A > 1
if some y; € B.3> However, with this definition we arrive at the regression version of

Theorem 2.12; note that the two results are identical if p = n.

Theorem 2.17. Suppose f is continuously differentiable and V f is Lipschitz continuous
with constant Ly > 0 in an open ball containing B(yo, A). If Y := {yo,...,yp} is A-poised
for linear regression in B(yo,A) and Y C B(yo, A), then the model m given by (2.25) is a
fully linear model for f in B(yo, A) with

L
Keof = Vi B+ (p+1A), and Keg =

5 IV o4 (p+ 1)A). (2.26)

2

Proof. [60, Theorem 2.13] gives full linearity with constants

Lv ~ LV 2
Rt = 2L (34 VBIET),  and e ==X (24 BIET)),  (227)

where L := L/A and L is the sub-matrix from (2.25). Separately, [58, Theorem 2.9] gives

1 0T

The result follows since || Lf|| < ||[WT]||, which can be checked as follows: let u* € R? be the

<VpFIA. (2.28)

W) = ‘

n-th left singular vector of L. Then since L has rank n, ||Lf|| = |[LTu*|| and u* is in the

range of ﬁ; i.e. u* = Lv* for some v* € R".4 Now consider the linear least-squares problem

-

The solution to this problem is ¢ = 0 and v = v*, since this yields a zero objective value

2

min

2.2
ceR,veR" ( 9)

c
ce+ Lv—u*

(and is unique since W has full column rank). Alternatively, we may write the solution as

.| 0 . .
wi lu*] , by the properties of the pseudoinverse. Hence we have

u*

since LTL is an orthogonal projector and [[u*|| = 1. O

7 s rtr * * 0 T
LY = | Lh* || < IZEL||IIV| < [Iv¥)l = H l‘,] < W, (2.30)

We conclude with the following result, which we will use later.

3 For example (with n = 1), the set {0, 1, —1,2} is A-poised for linear regression in B(0,1) = [—1,1]
with A = 0.7.
4 Specifically, v* = 0, v,, where o,, and v,, are the n-th singular value and right singular vector of

L respectively.
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Lemma 2.18 (Section 4.2, [60]). IfY := {yo,...,¥p} is poised for linear regression, then
the associated Lagrange polynomials {{o, ..., ¢y} yield the minimal-norm solution to the
underdetermined (n+ 1) X (p + 1) linear system
lo(x)
wh|l | =
lp(x)

for any x € R™, where W is the matriz defined in (2.25).

1

: 2.31
X~ yo (2.31)

Proof. The Lagrange polynomials are linear, and so can be written as ;(x) := ¢; +g, (x—yo).

By definition of Lagrange polynomials, we can write these coefficients as

[Ctl = Whey, (2.32)
gt
fort=0,...,p, where e; is the t-th coordinate vector, and so
! 1 1
_ |G _ T
li(x) = = [(W 2.33
(%) [gt] [X_YO] [( ) X=Yo|], ( )
That is,
lo(x) .
L=t [ ] : (2.34)
X—=Yo
Cp(x)
and we are done, since (W1)T = (W )T, O

2.2.3 Quadratic Interpolation

When we move from solving nonlinear least-squares to general objective problems, we will
need to switch from linear to quadratic interpolation models to capture curvature in the
objective. To do this in the simplest way, we would need (n+1)(n+2)/2 interpolation points
to fully determine a quadratic function in R™. However, in DFO it is common to use O(n)
interpolation points, which requires fewer initial evaluations of the objective and reduces
the linear algebra cost of constructing the model at each iteration, without substantially
impacting the performance of the method.

There are a number of ways to formulate the corresponding underdetermined interpolation
problem, but here we follow the approach of Powell [182], and suppose we have evaluated f
at p+ 1 points {yo,...,yp} withn+2<p+1< (n+1)(n+2)/2. Then we wish to find
the model (based around yy)

1
f(yo+s)~m(s):=c+g's+ isTHs, (2.35)

37



for ce R, g € R" and H € R™", by solving

where Hprey = H 1

prev

. 1
it 7 H = Hpre|F, (2.36a)
subject to  m(y; —yo) = f(y¢), Vt=0,...,p, (2.36b)
H=H", (2.36¢)

is the Hessian of the previous interpolation model (or zero, in the first

iteration). The solution to (2.36) is given by the (p+n + 2) x (p+ n + 2) linear system

5(s980)° ssasp)? 1 sg ] [Ao f(¥0) — 350 HprevSo

3(sps0)’ Yspsp)? 1 sy | M| = [ F(vp) = 35, HprewSp | - (2.37)
1 1 0 0 c 0
S0 Sp 0 On><n g 0

where we define s; := y; — yo for convenience, and the full model Hessian is H = Hpev +
S oMyt — yo)(y: — yo)'. The system (2.37) corresponds to the KKT conditions for
(2.36) excluding the H = H' constraint, with the symmetry of H implicitly induced by
this solution; the values \; are the Lagrange multipliers for (2.36b). Since (2.36) is convex
in ¢ and g and strictly convex in H, we always have a unique H, and ¢ and g are unique
provided {yo,...,¥p} is poised for linear regression [183]. The matrix in (2.37) symmetric,

and the top-left quadratic block (of size p + 1) is positive semidefinite.

Definition 2.19 (Section 5.3, [60]). The set {yo,...,yp} s poised for minimum Frobenius

norm quadratic interpolation if the linear system in (2.37) is invertible.

Definition 2.20 (Definition 5.5, [60]). The minimum Frobenius norm Lagrange polynomials
associated with the interpolation set {yo,...,yp} with p > n are the quadratic polynomials
{lo(x),...,0,(x)} satisfying (2.36) with the interpolation conditions {s(y;) = 05 for all

5,t=0,...,p, and Hpyrey = 0.

Definition 2.21 (Definition 5.6, [60]). Fiz A > 0 and a set B C R". A set {yo,...,¥p}
poised for minimum Frobenius norm quadratic interpolation is A-poised for minimum
Frobenius norm quadratic interpolation in B if the associated Lagrange polynomials satisfy

[li(x)] <A forallx € B and allt=0,...,p.

As in the linear case, A-poisedness implies that the interpolation model (2.35) is a fully
linear model for f in the sense of Definition 2.7, provided we can control the size of the

model Hessian. To show this, we need to restrict ourselves to the case Hprey = 0 [60].

Lemma 2.22. Suppose Y := {yo,...,yp} is A-poised for minimum Frobenius norm

quadratic interpolation in B(yo,A) with Hyey = 0. Then Y is (/p+1 A)-poised for

linear regression in B(yo, A).
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Proof. From the definition of Lagrange polynomials we have, for all x,
P
m(x —yo) = Y f(y)le(x). (2.38)
t=0

However, minimum Frobenius norm quadratic interpolation using Y exactly interpolates
linear functions, since H = 0 yields a global minimum for (2.36), and so for f linear, we also

have f(x) = m(x —yp). By taking f =1 and f(x) = z;, we get

P p
Zﬂt(x) =1, and Zyt,ift(x) = x;, (2.39)
t=0 t=0
which we can combine to get Y-7_ (vt — v0.i)0t(X) = z; — yo.i, and so
to(x)
T . 1
— Yo
Cp(x)

where W is the matrix from (2.25). Thus by defining £(x) := [{y(x), ..., £,(x)] T and denoting
29924 for minimum Frobenius norm quadratic interpolation and €8 for linear regression, we

have ||€"8(x)|| < [[£9"%d(x)|| from Lemma 2.18, and so

5l < €2 0)] < €40 < v+ T )0 < VP FTA,  (241)

as required. ]

Theorem 2.23. Suppose f is continuously differentiable and V f is Lipschitz continuous
with constant Ly > 0 in an open ball containing B(yo, A). If Y :={yo,...,yp} is A-poised
for minimum Frobenius norm quadratic interpolation in B(yo, A) with Hpeyv = 0, and
Y C B(yo,A), then the model m given by (2.36) is a fully linear model for f in B(yo,A)
with

5) 1 5)
Kef = (2(]? + 1)3/21\ + 2) (va + ki), and Keg = E(p + 1)3/2A(va + k), (2.42)
where kK is an upper bound for ||H]|.
Proof. From [60, Theorem 5.4], we have

) A 1 5 A
ot = (VP + 5 ) (Cog+v), and g = S VBIW Loy + i), (243)

where W is the same matrix as in the proof of Theorem 2.17. The result then follows from

Lemma 2.22 and (2.28), which together imply that |[W1|| < (p + 1)A. O

If we continue to assume Hpey = 0, then we also get the bound

4(p+1)\/q LvsA

|H|| < ;
min {1, Amix, Ar?lgx}

(2.44)

where Ap,ax is an upper bound on A and ¢ := (n+ 1)(n + 2)/2 [60, Theorem 5.7].
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Quadratic Models in BOBYQA In BOBYQA [186], quadratic models are constructed
by solving (2.36) at each iteration (with Hppey = 0 in the first iteration). The linear algebra
cost associated with solving (2.37) is reduced by noting that changing a single interpolation
point yields a rank-2 update of the matrix in (2.37).5 Hence, BOBYQA only stores the
inverse of this matrix, and updates it at each iteration via the Sherman-Morrison-Woodbury

formula. Full details of this update are given in [182, Section 4].

Fully Quadratic Models In the case where p+1 = (n+1)(n+2)/2, then the interpolation
conditions (2.36b) define a unique quadratic model, and we do not need to select the minimal-
norm solution (2.36a). Hence the solution to (2.36)—regardless of the choice of Hprey—can

be found by solving the (p + 1) x (p + 1) square system

Cc
g
Hyy
1 s 5(2),1/2 e 5(%,71/2 50,150,2 "' S0,n—150,n : f(yo)
'T 2 . . 2 ' ' Hn,n - : ’ (245)
1 Sp 8p,1/2 e Sp,n/2 Spvlsp)Q T Spyn_18p7n H172 f(yp)
_anl,n_

where again s; := y; — yo for convenience, instead of the larger (p +n + 2) x (p +n + 2)
system (2.37).
In this case, we get a fully linear model by Theorem 2.23, but we actually get a stronger

condition, which allows us to prove second-order convergence results (e.g. [60, Chapter 10.5]).

Definition 2.24 (Definition 10.4, [60]). A model m(s) for a twice continuously-differentiable
function f(x+s) is fully quadratic in B(x,A) if m is twice continuously differentiable and

there exist constants Kef, Keg, ken > 0, independent of x and A > 0, so that

|f(x+s) —m(s)| < resA?, (2.46)
IVf(x+s)— Vm(s)| < kegA?, (2.47)
[V2f(x +5) — VZm(s)|| < kenA, (2.48)

for all ||s|| < A.

® As formulated here, this applies when changing any point except yo. The convention in [182]
is to base the model at a point not necessarily in the interpolation set; i.e. f(y, +s) = m(s) and
St =y —y». The more complicated update to the matrix inverse from changing y; is then done
less frequently. Full details on this process are given in [182].
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Theorem 2.25. Suppose f is twice continuously differentiable and V2 f is Lipschitz contin-
uous with constant Ly > 0 in an open ball containing B(yo,A). If Y = {yo,...,yp} with
p=(n+1)(n+2)/2—1 is A-poised for quadratic interpolation in B(yo,A) andY C B(yo, A),
then the model m given by (2.36) is a fully quadratic model for f in B(yo,A) with

Kot = 2(6 + 9V2) Lz (p + 1)*2A + éLH, (2.49)
Feg = 6(1+V2) L (p+1)%2A, (2.50)
Ken = 6V/2 Ly (p + 1)3/2A. (2.51)

Proof. Similar to the proof of Theorem 2.12, [60, Theorem 3.16] gives constants in terms of
the norm of the inverse of the matrix from (2.45) (scaled by A), and [60, Theorem 3.14]

bounds this norm in terms of A. O

2.3 Poisedness-Improving Methods

In Section 2.2 we introduced the notion of A-poisedness for interpolation and regression
sets, and proved that this property yields fully linear models; this will be enough to ensure
convergence of our algorithm. We now outline the algorithms needed to ensure the A-
poisedness of an interpolation/regression set, which will be called several times in our

optimisation procedure. More details of this material can be found in [60].

Certifying A-poisedness The first procedure we will need is a method to determine if
an interpolation or regression set is A-poised. This is straightforward; the previous sections
show how each Lagrange polynomial can be constructed by solving a linear system. We then

need to solve

max [ (x)], (2.52)

where in our case B will be a Euclidean ball. For linear interpolation/regression, where ¢;
is linear, this problem can be solved analytically; for quadratic interpolation, this reduces
to solving two trust-region subproblems. We note that we only need to maximise |¢;| to
sufficient accuracy to determine if the maximum is above or below A, not necessarily to full

global optimality.

Ensuring A-poisedness Next, we will need a method to take a set that is not A-poised,
and improve its geometry so that it becomes A-poised. We only need to consider methods

to ensure A-poisedness of interpolation sets, due to the following result:

Lemma 2.26 (p. 63, [60]). If {yo,...,yp} with p > n contains a subset of size n+ 1 that is
A-poised for linear interpolation, then the whole set is (v/n + 1 A)-poised for linear regression.
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Algorithm 2.1 Algorithm for ensuring A-poisedness [60, Algorithm 6.3].
Input: Interpolation set Yy C R", poisedness constant A > 1, set of interest B C R™.

1: for k=0,1,2,... do
2: if Y}, is A-poised for interpolation in B then

3: return Yj; and terminate

4: else

5: Find i) such that maxyep [4;, (y)| > A, and let y;, be the associated maximiser.
6: Set Yit1 =Y U{yr} \{yi. }-

7 end if

8: end for

Proof. Suppose we perform linear interpolation with just the set A-poised for interpolation.
Since these points allow us to exactly interpolate linear functions, by the same argument as

in the proof of Lemma 2.22, we have

, (2.53)

where the system is of size (n + 1) x (p + 1). We conclude with the same reasoning as used

to reach (2.41), where we instead use ||[(o(x) -+ £n(%)] " |loo < A. O

An algorithm for making an interpolation set A-poised, which applies to both linear
interpolation (2.19) and fully quadratic interpolation (2.45), is given in Algorithm 2.1. As
seen from the proof of Theorem 2.23, ensuring A-poisedness for minimum Frobenius norm

quadratic interpolation is achieved by ensuring A-poisedness for linear regression.%

Lemma 2.27 (Theorem 6.3, [60]). For any A > 1 and closed ball B, Algorithm 2.1 is
guaranteed to produce a set that is A-poised for interpolation in B in at most a (finite)

number of iterations that is independent of Yy and B, but proportional to 1/logA.

It will be relevant for our analysis that Algorithm 2.1 does not require any evaluations
of the objective function. However, after this process has finished, we will usually need
to evaluate the objective at all the new interpolation points, but the number of required
evaluations is bounded by the size of the interpolation set (regardless of how many iterations

of Algorithm 2.1 were needed).

Criticality Phase In our algorithm, we will need a second geometry-improving procedure,
the ‘criticality phase’. This is a procedure, called when we believe we are close to a
stationary point, which modifies the interpolation points and trust region radius to ensure

our interpolation set is A-poised and that the trust region radius is not too large compared

5 This also guarantees (2.36) has a unique solution, as per the discussion in Section 2.2.3.
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Algorithm 2.2 Geometry-Improvement for Criticality Phase [60, Algorithm 10.2].

Input: Iterate x, initial set Y™ trust region radius A™* > 0 and poisedness constant A > 0.
Parameters: > 0 and we € (0, 1).
1: Set Yp = Y™t
2: for:=1,2,... do v
3: Form Y; by modifying Y;_1 until it is A-poised in B(x,wz;lA”“t).

4: Solve the interpolation system for Y; and form the corresponding fully linear model m;.
5: if wi AT < || Vm;(0)|| then

6: return Y* :=Y; and A" := wic_lAi“it.

7 end if

8: end for

to the resulting model gradient. This is more complex than simply ensuring A-poisedness,
since we have a coupling between the trust region radius and the interpolation set: ensuring
poisedness inside the trust region depends on its radius, but the model gradient depends on
the interpolation set.

Specifically, we need a procedure that, given an interpolation/regression set Y'™¢ and
trust region B(x, AM) produces a new set Y* and trust region radius A* < A such that
Y* is A-poised in the new trust region B(x, A*) and A* < pu||Vm(0)||, where m is the (fully
linear) model” corresponding to Y* and p > 0 is a parameter. A procedure to achieve this
is Algorithm 2.2.

Lemma 2.28 (Lemma 10.5, [60]). If Vf(x) # 0, then Algorithm 2.2 terminates in a finite

number of iterations.

In Chapter 3, we will need a stronger result than Lemma 2.28 to provide a worst-case

complexity analysis of our algorithm. Specifically, in Lemma 4.7, we show that
min (A™", const - [V f(x)]|) < A” < Al (2.54)

If Algorithm 2.2 terminates in one iteration, then A* = A™® and we have simply made Y™t
A-poised, just as in Algorithm 2.1. Otherwise, we do one model-improving iteration, then
several iterations where both A is reduced and Y is made A-poised. The bound (2.54) tells
us that these A-shrinking iterations do not occur when At is sufficiently small compared

to [[Vf()].°

" We have shown in Section 2.2 that A-poised interpolation sets can produce fully linear models.
For the nonlinear least-squares problem, we show that interpolation sets that are A-poised for linear
interpolation produce fully linear gquadratic models for the objective (see Section 4.1).

& The more common approach in the criticality phase (e.g. [60, 83, 240]) is to use an extra parameter
0 < B < p and floor A* at 8||Vm(0)||, maintaining full linearity with extra assumptions on kef and
Keg [59, Lemma 3.2], and requiring all fully linear models have Lipschitz continuous gradient with
uniformly bounded Lipschitz constant.
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2.4 Methodology for Numerical Tests

As described in Chapter 1, the goal of this thesis is to develop DFO algorithms that are
useful for many problems, rather than tailoring our approach to solving one specific problem
effectively. Our testing methodology should align with this goal. To that end, the approach
we will take is to define collections of test problems (where the true solutions are known),
and compare the performance of algorithms by measuring the proportion of problems solved
by each, within a given budget.

Specifically, our testing methodology is based on that of Moré and Wild [157]. There are
two key features of DFO that underlie this approach:

1. DFO is often applied to problems with expensive objectives, and so the number of

objective evaluations required by a solver is the key driver of solver runtime; and

2. Since derivatives are not available, we cannot measure termination using the standard
stationarity measure ||V f(xy)||, and instead look for a solver to achieve a sufficient

reduction in the objective.

To compare solvers, we use data and performance profiles. First, for each solver S,
each problem P and for an accuracy level 7 € (0,1), we determine the number of function

evaluations Np(S;T) required for a problem to be ‘solved’:
Np(S;7) := # objective evals required to get f(xx) < f*+ 7(f(x0) — ™), (2.55)

where f* is an estimate of the minimum value f(x*).? We define Np(S;7) = oo if this was
not achieved in the maximum computational budget allowed. We will typically use 7 = 107!
to measure low accuracy performance, and 7 = 1075 for high accuracy performance.

We can then compare solvers by looking at the proportion of problems solved for a given
computational budget. For data profiles, we normalise the computational effort by problem
dimension, and plot (for solver S, accuracy level 7 € (0,1) and problem collection P)

{P € P :Np(S;7) <alnp+1)}

ds (o) = 7]

for a € [0, Ng], (2.56)

where np is the dimension of problem P, and Ny is the maximum computational budget in

simplex gradients (i.e. we allow Ny(np + 1) objective evaluations for problem P).

? Note that in [157], and subsequent other papers such as [240], the value f* is taken to be
the smallest objective value achieved by any of the solvers under consideration within a fixed
budget. However, to look at the objective performance—did we achieve a sufficient reduction in the
objective?—we choose to measure progress to the minimum.
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For performance profiles [73], we normalise the computational effort by the minimum
effort needed by any solver (i.e. by problem difficulty). That is, we plot

_ H{P € P : Ny(S;7) <aNp(1)}
|P| ’

s (@) : for o > 1, (2.57)

where Nj(7) := ming Np(S;7) is the minimum budget required by any solver to solve

problem P.

2.4.1 Collections of Test Problems

In this thesis, we will test using five collections of problems, which are listed in full in
Appendix E. Three collections have a nonlinear least-squares structure (2.15), while two

have only the more general form (2.5).!° The collections are:

(MW) The set of 53 nonlinear least-squares problems from Moré and Wild [157]. The
problems are low-dimensional, with 2 <n < 12 and n < m < 65, so this collection is

used as the main test set for the ‘noisy’ regime (see noise models below);

(CR) The set of 60 nonlinear least-squares problems listed in Appendix E.2, available via
the CUTESst package [86]. The problems are medium-sized, with 25 < n < 120 and

n < m < 400, so this collection is used as the main test set for the ‘expensive’ regime;

(CFMR) The set of 60 nonlinear least-squares problems (CR) and the 30 general-objective
problems from CUTEst listed in Appendix E.3. These extra problems are also medium-
sized, with 50 < n < 110;

(AKZ) The collection of 50 general-objective global optimisation test problems from Ali,
Khompatraporn, and Zabinsky [2] listed in Appendix E.4. To make the collection
more difficult, we increased the dimension of 7 problems to n € [25,50], where they
had n = 10 in [2]; and

(CR-large) A subset of 28 nonlinear least-squares problems from (CR), with their dimension
increased to 1000 < n < 5000 and n < m < 9998, listed in Appendix E.5. This

collection is used to test the scalability of our least-squares solvers in Chapter 7.

We will use (MW) and (CR) are used to test nonlinear least-squares solvers for (2.15),
and (MW), (CFMR) and (AKZ) are used to test general minimisation solvers for (2.5).
Our large-scale nonlinear least-squares solvers in Chapter 7 are designed for (2.6), and will
be tested with (CR) and (CR-large). We also optionally enhance these collections with

stochastic noise.

10 Since (2.5) is a more general problem than (2.15), the least-squares test collections can also be
used to test general objective problems.

45



Noise Models Since the presence of noise in the evaluation of the objective is one of the
key uses cases for DFO methods, in our testing we will modify the test problems listed
above by adding stochastic noise. In all cases, we add stochastic i.i.d. noise for each solver
and each evaluation of the objective (including for multiple evaluations at the same x). For
nonlinear least-squares problems, we add noise to each residual randomly and independently
for each solver and evaluation, and for each entry of r(x).

For general-objective problems without a least-squares structure, we allow the following

noise models, so for a given objective f(x), each solver only sees the noisy evaluations f(x),

where

e Smooth (noiseless) evaluations: f(x) = f(x);

e Multiplicative Gaussian noise: f(x) = f(x)(1 + ¢), where € ~ N(0,02); and

e Additive Gaussian noise: f(x) = f(x) + ¢, where € ~ N(0,02).
For problems with a least-squares structure, we allow each solver to only see evaluations of

T(x), defined component-wise by the noise models:
e Smooth (noiseless) evaluations: 7;(x) = r;(x);
e Multiplicative Gaussian noise: 7;(x) = (1 4 €)r;(x), where € ~ N (0, 02);
e Additive Gaussian noise: 7;(x) = r;(x) + ¢, where € ~ N(0,0?); and
e Additive x? noise: 7;(x) = /73(x)2 + €2, where € ~ N(0,02).

Similar to the general-objective case, € is drawn i.i.d. for each evaluation of each solver, and
each i = 1,...,m. In all cases, € is drawn i.i.d. for each evaluation of each solver (including
multiple evaluations of the same solver at the same x), and we will usually take o = 1072,

For all of these noise models, we note that E[f(x)] is an affine transformation of f(x),
and so minimising the expectation of the noisy objective yields the same minimiser(s) as the
noiseless objective. Under these noise models (except for least-squares problems with zero
residual or additive x? noise), it is possible for a solver to receive a noisy value with f (x) < f*

or f(x) < E[f(x*)], but this does not impact the construction of data or performance profiles

for noisy problems, as defined via (2.58) below.
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2.4.2 Profiles for Noisy Problems

When we test problems modified with noise (as described above), we run each solver multiple
times on each problem, where each time the solver sees a different realisation of the noise
at each x, and so will likely produce a different sequence of iterates. We will refer to this
by saying that we run each solver on multiple instances of each problem. For the local
optimisation test problems, each instance has the same starting point x¢ (but different
realisations of the noisy objective f(xq)).

When comparing solvers with data profiles (2.56), we treat each problem instance as a
separate problem to be ‘solved’; e.g. if we run 10 instances on a set of problems P, we plot
the proportion of the 10|P| problem instances solved within a given budget. For performance
profiles (2.57), we do the same (i.e. show a proportion of problem instances), and take Np(7)
in (2.57) to be the minimum budget used by any solver for any instance of problem P.

In this regime, we now have a choice in how we measure objective decrease (2.55): do
we look for reductions in the underlying smooth objective, which is likely what we actually
wish to optimise, or the objective with noise added, which is observable by the user? That
is, if we minimise a noisy function f (x) approximating an underlying smooth function f(x),
we could construct data and performance profiles using either of:

{ Np(S;7)

:= # objective evaluations taken to find a point x satisfying
Np(S;7)

fx) < f&) +7(f(x0) = f(x7))]
{ - & 0 } (2.58)

)
f(x) [F(x*) + 7(f(x0) = F(x))]
Using Np(S;7) measures genuine progress towards the minimiser, excluding any objective
reductions from sampling errors, but Np (S;7) measures progress using information actually
available to the solver. Both approaches have each been used previously (e.g. Np(S;7) in
[50] and Np(S;7) in [30]). Ideally, we would have both: base our decrease measure on
information observable to the solver, but which captures genuine decreases from optimisation
rather than decreases from sampling errors.

Throughout this thesis we use a novel approach, where we choose a problem-specific
accuracy level 7p rather than a constant value for all problems. This level is chosen based
on the accuracy that is reasonable for a solver to attain given the noise level in the problem.
By adapting 7p to each problem, we can measure progress using Np but gain the benefit of
Np, thus capturing genuine progress in the objective. Having selected 7p, we construct data
and performance profiles as per (2.56) and (2.57), but replacing 7 with 7p, and choosing
Np(S, 7).
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Choice of adaptive accuracy level 7p Suppose we have an underlying smooth objective

f, but only see evaluations of the noisy objective f ~ f, where E[f(x)] = af(x) + 3; i.e.
f(x) =af(x)+ 8+ o(x)e, (2.59)

for constants a > 0 and § € R, and where o(x) is the standard deviation of the noise. The
stochastic noise € has zero mean and unit variance, and so € has a magnitude of approximately
1. Under this assumption—which holds for all the noise models we consider in Section 2.4.1—
minimising E[f(x)] yields a minimiser of the true objective f. Given (2.58), we would expect
the two measures Np and N, p to be similar, provided that our desired objective reduction
was much larger than the noise level. If Np and Np were similar, we could conclude that
reductions in the observable f correspond to genuine objective reductions, and not sampling
error.

Specifically, suppose a solver has reached a point X, which corresponds to an accuracy

of (exactly) 7 based on Np, and of 7 based on Np; that is

Fok) = FX) +7(f(x0) = f(x7)), and  f(xi) = E[f(x") + 7(f(x0) = f(x))]. (2.60)

Letting € be the realisation of € for the given f(xy), we combine the expressions in (2.60)

and (2.59), to get

Flock) = BIF(<) + 7(f(x0) = f(x)], (2:61)

af(xp) + B+ o(xi)er = af(x") + B +Fa(f(xo) = F(x")),  (2.62)

o [f() +7(f(x0) = FX*D]+ B+ o(xi)ex = af (x") + B+ Fa(f(x0) — F(x)), (2.63)
ra(f(xo) — F(x")) + o(xx)ex = Fa(f(x0) — F(x)), (2:64)

TE [f(x0) = F()] + o(xi)er = 7B [F(x0) — F(x)] (2:65)

and so

{~
{-

noisy progress true progress E [f(Xo) - f(X*)

sampling error
where the ‘sampling error’ term corresponds to the perceived objective reduction from the
specific realisation of noise €, and does contribute to any actual progress in the optimisation.

Since |eg| is of order 1, we can expect 7 and 7 to be similar in size whenever

_ o (x)
Tand/or 7 > = = : (2.67)
E |F(xo) = f(x)]

Effectively, (2.67) provides a limit on the accuracy we can reasonably expect a solver

to achieve, given the noise level in a particular problem. In our numerical results, we
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Figure 2.1. Example data profiles for three solvers, where we use the data profiles ds and Js (2.56),
and either choosing 7 = 10=° for all problems, or applying the per-problem threshold Tp (2.69). The
problem collection is (MW) with additive Gaussian noise (o = 1072)—see Section 2.4.1 for details.
These results include 10 instances of each problem for each solver.

approximate (2.67) in a way that is independent of xj, and say that the best accuracy we

can expect a solver to achieve is 7t (P), where

Tcrit(P) = 10[10g10;\(P)—|, where ?(P) = — — R (268)

that is, 7eit(P) is 7(P) rounded to the next largest integer power of 10. To achieve a
threshold independent of k, we have approximated o(xy) =~ o(x*), based on the expectation
that our solver has been effective, and reached a point x; ~ x*.

Finally, to construct data and performance profiles, we choose a desired level of accuracy
7 and set our problem-specific tolerance to be either 7 if we can expect the solver to reach

this accuracy, or 7et(P) otherwise. Thus, in our profiles (2.56) and (2.57), we use the

problem-specific accuracy level
Tp = min(Tmax, max(7erit (P), 7)), (2.69)
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Figure 2.2. Normalised objective value for one solver run on the Osborne 1 test problem (#36 in
(MW) collection) with unbiased multiplicative Gaussian noise and o = 1072. We show the best
objective value found so far, as per the true underlying smooth function or the observed noisy
function.

where Tiax := 107! is an upper bound on 7p. We note that for noiseless problems we have

Terit (P) = 0, so 7p = 7 is problem-independent.

Impact of 7p We now illustrate that using the per-problem accuracy level 7p for measuring
noisy progress Np allows us to compare performance based on genuine objective decreases,
not sampling errors. We do this by verifying that the performance measures Np and Np,
and corresponding data profiles ds and Jg, give similar results.

In Figure 2.1, we show a set of example data profiles using both the measures of objective
reduction (2.58), and consider either a fixed 7 = 107> for all problems in (a) and (b), or
using the per-problem value 7p (2.69) in (c) and (d). We see that when a constant value of
T is used, the two data profiles look very different, with the noisy profile ds showing more
problems solved than the true profile ds. When we switch to the per-problem threshold
(2.69), the two profiles look much more consistent both in shape and magnitude.

As another demonstration, in Figure 2.2 we show the true and noisy objective reduction
achieved by a solver on the Osborne 1 test problem from (MW) with multiplicative Gaussian
noise. These are normalised, and so we are effectively plotting the best 7 and 7 (2.60)
achieved by the solver for a given budget. For this problem and noise model, we have
Terit(P) = 10~7. We observe that the decrease achieved by the solver is almost identical
under both measures until the accuracy 7.t (P) is achieved, at which point the two measures
start to diverge. This matches the expected behaviour, as given by (2.66).

Thus, for the remainder of this thesis, we present our numerical results using the

problem-adjusted 7p with the noisy data profile ds.
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Chapter 3

Derivative-Free Optimisation for
Nonlinear Least-Squares

In this chapter, we define our derivative-free algorithm for nonlinear least-squares minimisa-
tion, DFO-LS (Derivative-Free Optimisation for Least-Squares).! DFO-LS is a model-based
trust-region DFO method, which constructs linear models for each residual (along sim-
ilar lines to the classical Gauss-Newton method). DFO-LS solves the general nonlinear
least-squares problem (2.6) where r(x) is a continuously differentiable function from R"™ to
R™, but its Jacobian matrix of first derivatives is unavailable. Both the case when m > n
(overdetermined, least-squares problems) and m < n (underdetermined, inverse problems)
are allowed.

DFO-LS has several novel aspects compared to existing methods. Firstly, it uses linear
residual models rather than quadratic—we note that DFLS, the algorithm from [240] in
principle allows linear residual models, but its implementation only allows for quadratic
residual models. DFO-LS also has a more flexible model construction approach, allowing
the use of underdetermined linear models. This gives DFO-LS the ability to use a reduced
initialisation cost before it begins the main iteration. DFO-LS also has several mechanisms
for improving its robustness to noise, most notably the ability to use different algorithm
parameters for noisy problems, and a multiple restarts mechanism. It also implements
sample averaging and linear regression models, however these are not enabled by default.

In Section 3.1, we outline the algorithmic framework and state the full DFO-LS algorithm.
We then outline the approach we take to the construction of linear residual models in
Section 3.2, including underdetermined models leading to a reduced initialisation cost.
Finally, we explain several aspects of the implementation of DFO-LS in Section 3.3, and its

features for noisy problems in Section 3.4.

! Available from https://github.com/numericalalgorithmsgroup/dfols
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In Chapter 4 we provide theoretical guarantees for a simplified DFO-LS algorithm, and

in Chapter 5 we show numerical results for DFO-LS.

3.1 Algorithmic Framework

The DFO-LS algorithm for (2.6) is based on a trust-region framework [53]. As described in
Chapter 1, in such a framework we construct a quadratic model for the f at each iteration
k. In DFO-LS, we do this by first constructing a linear vector model for r(x), which we aim

to be accurate close to our current iterate x;. That is, we construct
r(x; +s) ~ my(s) ;= ry + Jis, (3.1)

using interpolation—we describe this process in Section 3.2. Using myg, we can construct a

local quadratic model for f in a natural way, namely
1 2 1 2 T 1 7
fxi +8) ~my(s) == g llmy(s) " = Sllrell” + ges + 55 His, (3.2)

where gy, := J,;rrk and Hy := JkTJk.
Given our model for the objective (3.2) and a trust-region radius Ay > 0, we calculate
a step by (approximately) solving the trust-region subproblem (1.6). As described in

Section 1.1.2, we then calculate a measure of progress, which is the ratio

actual reduction  f(xx) — f(xx + si)

b predicted reduction =~ my(0) — my(sp) (3.3)

If Ry is sufficiently large, then we accept the step, otherwise we reject it. We also use Ry to
update the trust-region radius Ag.

In our implementation, we solve the trust-region subproblem (1.6) using the method
from BOBYQA [186], which is a based on the Steihaug-Toint algorithm [53, Algorithm 7.5.1].
This is an iterative algorithm, based on the Conjugate Gradient method, which does not
solve (1.6) to full optimality. Instead, it finds an approximate solution—which is sufficient
for global convergence (see Assumption 4.4)—in a matrix-free way; that is, it only requires

Hj. through matrix-vector products.

Geometry Considerations In Chapter 2, we defined the notion of fully linear models,
which can be constructed using linear interpolation/regression over A-poised sets. As well as
updating our interpolation set to incorporate xj + sj at every iteration, at several points in
Algorithm 3.1, we ask that the interpolation set be made A-poised, which can be achieved
using the mechanisms described in Section 2.3.

Similar to Section 2.2, in Section 4.1 we show that if Y} is A-poised, then our model my

for f (3.2) is fully linear, with constants that depend on A.
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3.1.1 Full Algorithm Specification

A full description of the DFO-LS algorithm is provided in Algorithm 3.1.

In each iteration, if g; is small, we apply a ‘criticality phase’. This ensures that Ay
is comparable in size to ||gk||, which makes both Ay and ||g| good measures of progress
towards optimality (see Section 2.3 for further details). After computing the trust-region
step si, we then apply a ‘safety phase’, also originally from Powell [181]. In this phase,
we check if ||sg| is too small compared to a lower bound p; on the trust-region radius
(see below), and if so we reduce Ay and improve the geometry of Y, without evaluating
r(x; + sg). The intention of this step is to detect situations where our trust-region step
will likely not provide sufficient function decrease without evaluating the objective, which
would otherwise be wasteful. If the safety phase is not called, we evaluate r(xy + si) and
determine how good the trust-region step was, accepting any point that achieved sufficient
objective decrease. There are two possible causes for the situation Ry < n; (i.e. the trust
region step was ‘bad’): the interpolation set is not good enough, or Ay is too large. We first
check the quality of the interpolation set, and only reduce Ay if necessary.

An important feature of DFO-LS, due to Powell [181], is that it maintains not only the
(usual) trust region radius Ap—used in (1.6) and in checking A-poisedness—but also a lower
bound on it, pg. This mechanism is useful when we reject the trust region step, but the
geometry of Y is not good (the ‘Model Improvement Phase’). In this situation, we do not
want to shrink Ay too much, because it is likely that the step was rejected because of the
poor geometry of Yz, not because the trust region was too large. The algorithm floors Ay, at
pr, and only shrinks Ay when we reject the trust region step and the geometry of Yy is good
(so the model my is accurate)—in this situation, we know that reducing Ay will actually be
useful.

We also note that Algorithm 3.1 includes several termination conditions and a multiple

restarts mechanism. These are described in Section 3.3 and Section 3.4 respectively.

Remark 3.1. In Lemma 4.2, we show that if Y3 is A-poised, then my is fully linear with
constants that depend on A. For the highest level of generality, one may replace ‘make Y}
A-poised” with ‘make my, fully linear’ throughout Algorithm 3.1. Any strategy that achieves
fully linear models would be sufficient for the convergence results in Section 4.2; this will be

relevant in Section 6.2.

Remark 3.2. The default trust-region parameter values in the implementation of DFO-LS
are: Amax = 10, Yaee = 0.5, Yine = 2, Fine = 4, m = 0.1, 92 = 0.7, ag = 0.1, ag = 0.5,

wg = 0.1 and vg = 0.5. In addition, the default choice of initial trust-region radius is
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Algorithm 3.1 DFO-LS: Derivative-Free Optimisation for Least-Squares.

Input: Starting point xo € R™, initial trust region radius AP > 0 and integers pinic and p, the sizes of the
initial and final interpolation sets, respectively, where 1 < pinit < p and p > n.

AR ANE o e

Parameters: maximum trust-region radius Apa, > AP criticality threshold ec > 0, criticality scaling

init

> 0, minimum trust-region radius 0 < pena < Ag'", trust-region radius scalings 0 < Ydec < 1 < Yine <
Yine and 0 < a1 < az < 1, acceptance thresholds 0 < n1 < 2 < 1, safety reduction factor 0 < ws < 1,
safety step threshold 0 < vs < 2¢1/(1 4+ +/1 4 2¢1), poisedness constant A > 1, and Boolean flag NOISY
indicating the presence of noise in the objective.

: Build an initial interpolation set Yo C B(xo, Aiomt) of size pinit + 1, with x¢ € Yp. Set piO“it = Ag‘it.
: for k=0,1,2,... do

if NOISY and all values {f(y) : y € Yi} are within noise level of f(xr) then

Call restart: set Aik"frtl = p}c"fl = A" and build Yj1 as per Section 3.4.2, then goto line 2.
end if
Given xj, and Yy, construct the models m{®*(s) (3.1) and mi™* (3.2) by solving the interpolation

problem (3.8) if |Y%| < p+ 1, otherwise (3.6).

o

®

if ||gi™"|| < ec then N
Criticality Phase: using Algorithm 2.2, modify Y3 and find A, < A such that Y} is A-poised

in B(xk,Ar) and Ay < p||gr||, where g is the gradient of the new my. Set pr = min(p}fit, Apg).

10:
11:
12:
13:

15:

else
Set my = miM* Ay = AP and py, = it
end if
Approximately solve the trust-region subproblem (1.6) to get a step s satisfying Assumption 4.4.
if ||sk|| < vspr then
if |Yi| <p+1 then
Safety Phase (Growing): Form Yj11 = Y U{x +s} for some s orthogonal to {y —x; : y € Yi}

with [|s|| = A%,

16:
17:
18:

Set (pitt', ARYY) = (pr, Ar).
else N
Safety Phase: Set xp+1 = xix and A}cnfl = max(pk,wsAg), and form Yii1 by making Y

A-poised in B(xp41, ApLY).

19:
20:
21:
22:
23:
24:
25:

26:
27:
28:
29:
30:
31:
32:
33:
34:

35:
36:

nit init

If A}Cn_"_tl = pr, set (P, ARY) = (eupr, azpr), otherwise set ity = pr.
If oY < pena: call Testart if NOISY, else terminate.

end if

goto line 2.
end if
Evaluate r(xx + sx) and calculate ratio Ri (3.3).
Accept/reject step and update trust region radius: set

e R  (minamax(ine e, Toclsel) Aes). i > 2
Xpp1 = < Re <m and  Apti = ¢ max(VaecAx, ||skll, ok), m < R < n2,
’ ’ max(min(vaec Ak, ||sk|l), pr), Ri <m.
(3.4)

if [Yx| <p+1 then

Growing Phase: Form Yi41 = Yi U {x + si} and set pik“}rtl = pk-
else if Ry > m then

Successful Phase: Form Yi41 = Y U {xx+1} \ {y} for some y € Yi and set pjiy = p.

If objective decrease is too slow: call restart if NOISY, else terminate.
else if NOISY and restart auto-detected then

Restart Auto-Detection: Call restart.
else if Yj is not A-poised in B(xy,Ay) then

Model Improvement Phase: Form Yj41 by making Yi A-poised in B(xk11, A}LY) and set pji'y =

Pk-

else

Unsuccessful Phase: Set Yii1 = Y, and if AP = py, set (i, ALY) = (cupr, azpr), otherwise

set pr+1 = pk.

37:
38:

39:

If p}cr‘fl < pena: call restart if NOISY, else terminate.
end if

end for
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At = 0.1 max(||xo s, 1). However, we note that we allow DFO-LS to use different default

parameters for noisy problems—see Section 3.4.1.

3.2 Linear Interpolation Model Construction

At each iteration, DFO-LS constructs a linear model for r(x) (3.1) in a neighbourhood
of the current iterate x;, mimicking the classical Gauss-Newton method (Section 1.1.3).
To achieve this linearisation in a derivative-free way, we maintain a set of p + 1 points
Yi = {xk,¥1,...,¥p} C R", where we let y( := x;, for notational convenience. This leads
to several regimes, depending on the choice of p. The default choice for DFO-LS is to use
p = n. This leads to interpolation problems that are square linear systems, and hence a
unique linear interpolation model (see Section 2.2.1) for each residual.

DFO-LS also allows the option of p > n, which leads to overdetermined linear systems.
This leads to linear regression models for each residual (see Section 2.2.2) rather than
interpolation, and is designed for the case of noisy objectives. We discuss the implementation
of regression models in DFO-LS in Section 3.4.3, but they are not used by default.

We also allow the option p < n in early iterations, to reduce the initial evaluation cost
of DFO-LS. This construction is detailed in Section 3.2.1 below. It is not used by default in
DFO-LS, but is potentially useful in settings with very small budgets. The performance of

DFO-LS with reduced initialisation cost is discussed more in Section 5.2.2.

Standard Linear Model Construction When p > n, we build a model (3.1) using

linear regression in each variable (see Section 2.2.2). That is, we solve the problem

min Y [my(y: — xx) = r(yo)ll?, (3.5)

riedke 120

or equivalently find the least-squares solutions to the overdetermined (p+ 1) x (n + 1) linear
systems (c.f. (2.25))

1 (yo—=xx)" r:(¥0)
Wi TR = | : R (3.6)
Jkyi - | | Ik
L (yp — %) ri(¥p)
for alli=1,...,m, where r;; and ,]ZZ are the i-th entry of r;, and row of J;, respectively.?

In the usual case of p = n, we get ry = r(xg), and (3.6) is a square linear system, however
we use the formulation (3.5) to allow both p = n and regression models p > n.
The matrix Wy, has full column rank whenever Y}, is poised for linear regression (Defi-

nition 2.13); we ensure this in DFO-LS by calling the poisedness-improving procedures to

% The same set of interpolation points are used in (3.6) for each i = 1,...,m.
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ensure Y, has good geometry. However, as the algorithm progresses, the points {y1,...,yp}
get progressively closer to xi, so Wy becomes ill-conditioned. To avoid this issue, we
precondition (3.6) by scaling the second through last columns of W by alzl, where
Q= maxe—1,p ||yt — Xl

As described above, once we have built the model my (3.1) for r, we construct the

quadratic model my, for the full objective f(x) as per (3.2).

Remark 3.3. An alternative interpolation framework that we considered, inspired by a
comment in [60, Chapter 4], was to use interpolation models (i.e. p = n) and replace (3.5)
with

n
min [T = Ji-allF + e Y [Im(ye = %) = ey, (3.7)
kyrJk t=0

where \; > 0 is an algorithmic parameter. This formulation is similar to the interpolation
formulation when p < n—see (3.8) below—but can also be viewed as a regularised version
of the regression problem (3.5). This idea allows inexact interpolation, and is designed to
balance accuracy of interpolation against large changes in the model between iterations, was
motivated by the case of noisy objective evaluation. However, our extensive testing showed
that the best results for this framework, even for noisy objectives, required setting A\ very

large (at least 10'%), which means that we are essentially solving (3.5).

3.2.1 Reduced Initialisation Cost for Expensive Objectives

The problem (3.5) requires p > n, so that the system (3.6) is square or overdetermined. This
means that before the first model can be constructed, we must evaluate the objective at
p + 1 points—this is common in model-based DFO algorithms. Although these evaluations
may be parallelised, a user may not have the ability to do this, and the cost of these initial
evaluations may be prohibitive. In such settings, DFO-LS can proceed with a reduced
initialisation cost, constructing the model (3.1) using as few as 2 objective evaluations.?

Suppose we have evaluated the objective at p+ 1 affinely-independent points {yo,...,yp}
with yg := xi, where we now assume 1 < p < n. We construct my by solving the same
interpolation system (3.6), which is now underdetermined, and for which we select the
minimal (Euclidean) norm solution. The resulting ry and J; are solutions to

win [el? 4o [ st mulye-x) =r(y), Ve=0,..p  (38)

krJk

3 In practice, solvers can accept any objective decrease from the initial evaluations [186, 12], and
use the best initial point as the first iterate. DFO-LS does this, but here we refer to a mechanism to
begin the main iteration after few initial evaluations, where new iterates are specifically generated to
progress towards the solution from the best point so far, rather than just sampling the search space.
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where oy, defined above, is the column scaling used to precondition (3.6).4

However, the construction (3.8) is not ideal, because, as expected—and proven in
Lemma 3.4 below—the resulting J; is not full rank, so the models m; and mj are not
full-dimensional; that is, there are directions along which these are constant, regardless of

the objective.

Lemma 3.4. Suppose my, (3.1) is constructed using (3.8) with p < n. Then Ji has column

rank at most p.

Proof. We first write the interpolation matrix W, € R®TDx(+1) in (3.6) as

(y1—xx)"
] , where Ly := : € RPX™, (3.9)
(yp — Xk)T

where e € R? is the matrix of ones and «aj > 0 is the scaling factor for preconditioning

1 0

Wk - [e Lk/ak

(see above). Suppose L,I has column rank r < p, and so there exists an orthonormal basis
{s1,...,8p} for R™ so that {sy,...,s,} is a basis for col(L] ) and {s,41,...,8,} is a basis
for col(L; )+ = null(Ly).

Now, suppose v € null(W},) C R**1. Then from (3.9) we have the first entry v; = 0 and

for the remaining entries,

V2
€ null(Ly). (3.10)
Un+1
Thus, since {s;41,...,8,} is a basis for null(Ly), we have

null(Wy) = { [2] S null(Lk)} = span { [s (11] e [SO] } ) (3.11)
1 0 0
]l [e) o2

is an orthonormal basis for R*™!, we conclude

col(W]) = col(W,] ) = null(W;,)* = span { H , [SOI] [Sﬂ } . (3.13)

Finally, since

Therefore from solving (3.6) we have ji; € span{si,...,s,}, and so Jj has column rank at

most r. OJ

Thus by using this model, we will not in general be able to solve (2.6), as we will only
ever search in the subspace spanned by our starting directions. We now discuss how to avoid

this issue in practice.

4 Note that because in this phase of the algorithm we never remove points from Y}, provided
{y: —xx :t=1,...,p} is linearly independent, (3.8) is equivalent to minimising the change in the
model, miny, s, [tx — rr—1||? + @i || Jp — Jk—1]|%-
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3.2.2 Implementation of Reduced Initialisation Cost

We must begin DFO-LS by evaluating the objective at pinit + 1 points. To reduce this cost,
we may set pinit < n; however, Lemma 3.4 shows that the resulting model is low rank, and
so our algorithm will not search outside the initial subspace of search directions, or find a
minimiser, in general. Thus we need some mechanism where, for pj,it < n, we can bring in
function information from the space not spanned by our existing interpolation points.

A simple way to address this issue would be to, at each iteration, replace one point with
the new iterate xx1 using standard methods, then add another point to the interpolation set,
chosen to increase the dimension of the model (until a full-dimensional model is achieved).
However, this would require two objective evaluations per iteration, which may be wasteful
when evaluations are expensive; if the user has specified pi,ix < n, this is particularly likely

to be relevant.

Making the Jacobian have full rank in the expensive regime After calculating the
rank-deficient Ji, DFO-LS makes it full rank—and hence makes the model full-dimensional—
by increasing its m — p smallest singular values 0,11 = --- = 0, = 0 to the level of the
smallest nonzero singular value o, > 0; this requires the calculation of the SVD of Jj.

To handle the case when Jj has rank (numerical or exact) strictly less than p, we also
floor all singular values at a small positive value (default 107%), to ensure the model is
always full-dimensional; this means that some interpolation conditions may not be satisfied,
but only during this initialisation phase—once a full set of n + 1 interpolation points is
available, we no longer perturb the singular values of Ji. Since Jj has min(m,n) singular
values, if m < n then this SVD-based approach still produces a model that is constant in
some directions, which is not desirable. Thus the SVD-based mechanism is only used in
DFO-LS when m > n.

Alternative mechanism for expanding the search space DFO-LS has another op-
tional mechanism for increasing the dimension of the model, instead of perturbing the
singular values of Ji. In this approach, after finding the trust region step si, we replace the
new candidate point xj + s; with the perturbed point xj + s + dg, where dj is a random
direction orthogonal to our current set of search directions (with length a constant multiple
of Aj). This mechanism is the default in DFO-LS for inverse problems with m < n.

We compare these two approaches in Section 5.2.2, and conclude that the SVD-based
variant has similar performance to the random direction extension for small budgets, but

better performance for longer budgets. Thus the SVD approach is chosen as the default
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in DFO-LS when an initialisation with fewer than n interpolation points is used, provided

m > n (and the alternative mechanism is used only when m < n).

3.3 General Implementation Features of DFO-LS

In this section, we outline some details of the implementation of DFO-LS, beyond the

description in Algorithm 3.1.

3.3.1 Geometry-Improving Phases

In practice, DFO algorithms are generally not run to very high tolerance levels, and so
the asymptotic behaviour of such algorithms is less important than for other optimisation
methods. To this end, DFO-LS, like BOBYQA [186] and DFBOLS (the implementation of
DFLS from [240]), does not implement a criticality phase.

In the geometry phases of the algorithm, we check the A-poisedness of Y} by calculating
all the Lagrange polynomials for Y}, (which are linear), then maximising the absolute value of
each in B(xy, Ag), as outlined in Section 2.3. In DFO-LS, we follow BOBYQA and replace
these geometry-checking and improvement algorithms (which are called in the safety and
model-improvement phases of Algorithm 3.1) with simplified calculations. Firstly, instead of
checking for the A-poisedness of Y}, we instead check if all interpolation points are within
some distance of xi, typically a multiple of Ag. If any point is sufficiently far from xj, the
geometry of Y is improved by selecting the point y; furthest from xi, and moving it to
the maximiser of |¢;| inside the trust region; that is, we run the full geometry-improving

procedure Algorithm 2.1 for one iteration, which yields an improved model.

3.3.2 Model Updating

In Algorithm 3.1, we only update Yj1, and hence my, and my, on successful steps. However,
in our implementation, we always try to incorporate new information when it becomes
available, and so we update Y1 = Y U {x) +si} \ {y:} on all iterations except when the
safety phase is called (since in the safety phase we never evaluate r(xy + sg)).

Regardless of how often we update the model, we need some criterion for selecting the
point y; € Y} to replace with y* := x;, + s;. There are three common ways to choose a

particular point to remove from the interpolation set:
Furthest Point: The point is the furthest away from the current iterate;

Optimal A-poisedness: Replacing the point with y™ would give the maximum improvement

in the A-poisedness of Y;. That is, choose the t for which |¢;(y™)| is maximised;
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Stable Update: Replacing the point with y™ would induce the most stable update to the
interpolation system (3.6). As introduced by Powell [182] for quadratic models, moving
y¢ to yT induces a low-rank update of the matrix W — Wy, in the interpolation
system, here (3.6). From the Sherman-Morrison-Woodbury formula, this induces a
low-rank update of H = W~!, which has the form

Hoow — H+ — 4B/, (3.14)

¢
for some oy # 0 and low rank A;B,". Under this measure, we would want to replace a
point in the interpolation set when the resulting |o¢| is maximal; i.e. the update (3.14)
is ‘stable’. In [182], it is shown that, for underdetermined quadratic interpolation,

oy > U(y™)2.

Two approaches for selecting y; combine these reasons into a single criterion. Firstly in

BOBYQA, the point ¢ is chosen by combining the ‘furthest point’ and ‘stable update’

ATV
t = argmax ¢ |o;| max M, 1] e (3.15)
7=0,...,n Ak

Alternatively, Scheinberg and Toint [203] combine the ‘furthest point’ and ‘optimal A-

measures:

poisedness’ measures:

t = argmax {16 (y")| |ly; — x¢]} - (3.16)
7=0,....n

In DFO-LS, we combine the ‘furthest point’ and ‘optimal A-poisedness’ in a variation of the

BOBYQA criterion (3.15), and select the point to remove y; using

Ty
t = arg max {\Kj(er) - max (W, 1) } , (3.17)

7=0,....,n

with ties broken with lexicographic ordering. However, as we now show, in DFO-LS with
interpolation models (the usual case p = n), the two measures ‘optimal A-poisedness’ and
‘stable update’ coincide, meaning our framework allows a unification of the perspectives from
[186] and [203], rather than having the indirect relationship via the bound oy > £;(y™)2.
To this end, suppose p = n, define W as the matrix in (3.6), and let H := W~!. The

Lagrange polynomials for Y3 can then be written as

t(y) =1+8g/ (y — 1), (3.18)

where g; solves
Ci(y1) — Ce(xx) .
We; = : - {et’ 'y # i, (3.19)
flyn) — b)) LTS YT
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where e; is the usual coordinate vector in R” and e := [1 --- 1]T € R™. This gives us the

relations

L") = {1 e (3:20)

1—(He)"(yt —xp), ify;=xs.
Now, we consider the ‘stable update’ measure. We will update the point y; to y™, which
will give us a new matrix Wye, with inverse Hyew. This change induces a rank-1 update

from W to Whyew, given by

)Ta if Yyt 7’é Xk

) if Yyt = Xkg-

et(y+ — Yt

(e —yH)T (321

R

By the Sherman-Morrison-Woodbury formula, this induces a rank-1 update from H to Hyew,

given by

Hnew =H —

1 (He,(yt —y)TH, if
{ et(y Yt) ) 1 yt?éxka (322)

oy |He(xy —yH)TH, ify;=xy.
For a general rank-1 update Wyew = W 4+ uv ', the denominator is 0 = 1 + v ' W~lu, and

so here we have

1 t—y)'H if
o :{ +(y ve) Hes, ify; # xp, (3.23)

1+(Xk_y+)THe7 if Yyt = Xk,
and hence o; = l;(y™), as expected.
We note that the same relationship oy = ¢;(y ™) is not guaranteed for regression models,

as the equivalent of the Sherman—Morrison formula for pseudoinverses is more complex [151].

3.3.3 Termination Criteria

The specification in Algorithm 3.1 includes some termination criteria, but more are needed
for a practical implementation. In our implementation, there are five ways in which DFO-LS
can terminate, the first three of which are present in DFBOLS, the implementation from
[240].

1. Small objective value: since we always have the lower bound f > 0, we terminate
when f(xx) < max{e,ps, €rel f(X0)}, for non-negative user-specified parameters €, and
€rel (default e,ps = 10712 and e = 10720). Having this feature is especially useful
for DFO solvers, when often just achieving some desired decrease in the objective is
the goal, rather than solving to full optimality (e.g. when function evaluations are

expensive);

2. Small trust region: we know that pp — 0 as k — oo from Lemma 4.11, so we terminate

when Pk < Pend (default Pend = 1078);
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3. Computational budget: we terminate after a given number of evaluations of the

objective (default min(100(n + 1), 1000));
4. Slow decrease in the objective: described below; and

5. All objective values are within noise level (if NOISY=True in Algorithm 3.1): more

details below.

The second and third of these are designed to cause termination after a sufficient number
of unsuccessful steps. The first criteria is triggered by successful steps, but is likely to be
triggered only for zero-residual problems. The fourth is designed to ensure a termination
based on successful steps for all problems (not just zero-residual), using an approach similar
to the “f test” of Larson and Wild [130].

We define a successful iteration as ‘slow’ if the last K successful iterations have produced
an average reduction in log(f(xx)) below a given threshold. That is, if {k; : i € N} are the
successful iterations, then iteration k; is ‘slow’ if

log(f (Xk(;_ ) — log(f(xx,))
K

<€, (3.24)

for some user-specified value € > 0. Note that since we are only considering successful
iterations, f(xg,) will be the best objective value found up to iteration k;. Our termination
condition is then: quit after successful iteration k; if {k;—n41,...,ki—1,ki} were all ‘slow’,
for some N € N. The default values are K =5, e = 107% and N = 20n.

For the final condition, DFO-LS also includes optional noise-aware termination. Specifi-
cally, we terminate if all (noisy) function values f(yt) are within some user-provided ‘noise

level’ of f(xg). That is, for all t = 1,...,p, either

f(yt)

f(x)

|f(ye) — f(xx)] < const - \/Lﬁ or

t

< const - (3.25)

€
VN,
where N; is the number of samples used to estimate the value f(yt); see Section 3.4.3.1 for
details. Which of these criteria is used depends on whether the user has specified € as an

additive or multiplicative noise level in the evaluation of f, and the value of ‘const’ is also

user-provided (default is 1).

3.3.4 Linear Algebra Implementation Details

DFO-LS requires the solution of the interpolation system (3.6) for m (different) right-hand
sides at each iteration. We implement this in DFO-LS with a preprocessing step, where
we compute a QR factorisation of the matrix W, and a solve step, where we use back

substitution to solve the system for each right-hand side. In the case where p = n, the
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preprocessing step could alternatively be implemented using low-rank updates of Wt = W1
whenever an interpolation point is changed, similar to Powell’s approach [182] for quadratic
residual interpolation models. In the case of linear residual models with p = n, changing one
interpolation point causes a rank-1 update of W and hence of W~! (see Section 3.3.2), so
this approach would give W~! with a cost of O(n?) floating-point operations per iteration,
as opposed to the O(n?) per-iteration cost of a QR factorisation.

Using either the factorisation preprocessing step or low-rank updates, solving (3.6) with
m right-hand sides gives a per-iteration cost for the solve step of O(mn?). In nonlinear
least-squares problems, we generally have m > n, so this cost dominates the preprocessing
cost, regardless of the approach used. We use the factorisation approach in DFO-LS because
of its simplicity and its easy extension to underdetermined and regression models.

By contrast, for underdetermined quadratic residual models with p + 1 = O(n) interpola-
tion points (e.g. n+ 2 or 2n + 1), the resulting linear system has size p + n + 2. This means
that the preprocessing cost is O((p + n)?) for the factorisation approach or O((p + n)?) for
the low-rank update approach, and the solve step has cost O(m(p+n)?). As a result, if m is
not too large compared to n, a factorisation-based approach would give a worse per-iteration
cost than the low-rank update approach, so there is a benefit to using low-rank update
methods. The software DFBOLS [240] uses quadratic models with the low-rank update
approach.

We note that if DFO-LS is used with reduced initialisation cost, there is an extra cost of
O(mn?) per iteration from computing the SVD of J;, (see Section 3.2.2). This cost is, up to
a constant factor, the same as the solve step for (3.6), and is only present while we have

fewer than n + 1 interpolation points.

3.3.5 Other Implementation Differences

Addition of bound constraints In practice, DFO-LS solves the bound-constrained
problem (2.15) as well as the unconstrained problem (2.6), as it is important to practical
applications. We note that we treat the bound constraints as unrelaxable—every objective
evaluation requested by DFO-LS will be at a feasible point (including both iterates and
geometry-improving points). Our handling of bound constraints requires no change to
the logic as specified in Algorithm 3.1, but does require the addition of the same bound
constraints in the algorithms for the trust-region subproblem (1.6) and calculating geometry-
improving steps (Section 3.3.1). For the trust-region subproblem, there is an equivalent of
the Cauchy decrease requirement (Assumption 4.4) for bound-constrained problems based on
a projected gradient step [53, Section 12.2]. In practice, we use the routine from DFBOLS,
which is itself a slight modification of the routine from BOBYQA (which was specifically
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designed to produce feasible iterates in the presence of bound constraints).’ This routine is
efficient, requiring only O(n?) work per iteration—and often O(1) iterations, although up to
O(n) iterations is possible [186].

Calculating geometry-improving steps with bound constraints is easier, since the Lagrange
polynomials are linear rather than quadratic, and so we need to maximise a linear objective
subject to Kuclidean ball and bound constraints. We use our own routine for this, which
handles the bound constraints via an active set method; see Appendix B for full details.

Because bound constraints can often provide information about the natural scaling of
a problem, DFO-LS allows the optional internal scaling of variables based on the bound
constraints, to reduce the likelihood of ill-conditioning. If this is used, we internally shift
and scale the inputs so that the new feasible region is x € [0, 1]™.

We also note that DFO-LS is scale-invariant, in the sense that replacing r(x) by ¢ - r(x)
in (2.6) for any ¢ > 0 produces the same sequence of iterates. Similarly, replacing r(x)
with r(cx) for any ¢ > 0 produces the same sequence of iterates, provided the trust-region

parameters are modified appropriately.®

Other differences The following changes, which are from BOBYQA, are present in the
implementation of DFO-LS:

e We accept any step (i.e. set xx11 = Xi +S) where we see an objective reduction—that
is, when Ry > 0. In fact, we always update x; to be the best value found so far, even

if that point came from a geometry-improving phase rather than a trust region step;
e The reduction of p; in an unsuccessful step (line 36) only occurs when Ry < 0;

e Since we update the model on every iteration, we only allow p; to be reduced after
3 consecutive iterations with both py at its current level, and ||sg|| < pg; i.e. we only
reduce pr when Ay is small and after the model has been updated several times

(reducing the likelihood of the unsuccessful steps being from a bad interpolating set);

® This routine satisfies the sufficient model decrease condition from [53] if x; is not too close to
the boundary of the feasible region in the direction —gj. However, the routine does not follow the
projected gradient path [53, Section 12.2.1]; although it initially searches in the direction —gy, if a
bound constraint is hit before the trust-region boundary or the (unconstrained) Cauchy step, its
next search direction is based on —Vmy, at the current step, rather than —gy. Thus, it is difficult to
check the sufficient decrease condition in general.

¢ Specifically, by scaling AP A .. and pena by ¢!, A similar scale invariance to r(cx) holds
if ¢ < 0, with a trust-region scaling of |c|~!, except that DFO-LS would use a different initial
interpolation set.
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e The method for reducing py is usually given by pr11 = a1pk, but it changed when pg

approaches peng:

1Pk, if Pk > 250pend,
Pk+1 =  \/PkPend; if 16pend < Pk < 250penda (326)
Pend, if pr, < 16pend;

e In some calls of the safety phase, we only reduce pr and Ay, without improving the

geometry of Yy (as per Section 3.3.1); and

e We construct the initial interpolation set Yy to be {xo,xo + Ali*dy, ..., xo + AlMtd,}
where {dy,... ,dmin(nm)} is a randomly-generated orthonormal set (and dy41,...,d,

are random unit vectors if p > n).

3.4 Features of DFO-LS for the Noisy Regime

We now outline the features of DFO-LS aimed specifically at situations where the objective

has noise.

3.4.1 Default Parameters for Noisy Problems

One of the main problem types that DFO-LS is designed to solve is where objective evaluations
are noisy. In this situation, the set of default parameters—which are designed for smooth
objectives—are not necessarily good choices.

The most notable examples of this are the parameters that govern decreases of Ay and py,
namely Ygee, @1 and «y (default values 0.5, 0.1 and 0.5 respectively; see Remark 3.2). When
we have noisy evaluations, we may get unsuccessful iterations even when a step s is useful,
because the noise in the objective evaluation leads to inaccuracies in the calculated Ry (3.3).
This leads to unnecessary reductions in the trust region radius, causing the algorithm to
progress more slowly, and potentially terminate too early.

In DFO-LS, we allow the user to specify if their objective evaluation is noisy, and
consequently modify the default values for several algorithm parameters. Note that the user
can choose to override any parameter value by specifying it directly, even if the default has
been modified. The ‘noisy problem’ default values of vgec, a1 and o are 0.98, 0.9 and 0.95

respectively.

3.4.2 Multiple Restarts

To improve robustness to noisy objectives, DFO-LS uses a multiple restarts mechanism.

Although this feature is novel in the model-based DFO setting, similar techniques have
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been commonly used in numerical analysis, such as multiple restarts of nonlinear conjugate
gradient methods [164, Chapter 5] and GMRES [69, Chapter 6], as well as for robustness
improvement of the Nelder-Mead algorithm [116]. There are also connections to multistart
methods, where several runs of an algorithm are initialised from different starting points, a
technique common in global optimisation [140, 103], and also used for local derivative-free
optimisation (e.g. [64] or [12, Example 3.5]). In contrast, our multiple restarts technique
only ever uses a single initialisation point for a run, and employs the final iterate of a run as
the starting point for the restarted run.

To motivate this mechanism, we note that, in trust-region DFO methods, Aj tends to
zero as a measure of convergence (e.g. Lemma 4.11 for the deterministic case). However,
when the function is noisy, as Ag gets small, the interpolation points get very close together
and the corresponding objective values are all within noise level. As a result, A no longer
reflects convergence and the solver can stagnate in a suboptimal region.

An illustrative example. We may see this effect by considering a test problem. In
Figure 3.1, we compare two runs of DFO-LS—with and without multiple restarts—for the
Osborne 1 test problem (#36 in (MW)), where we have added unbiased multiplicative
Gaussian noise with ¢ = 1072, After making some initial progress, the run without restarts
has many unsuccessful iterations, and Ay shrinks as the solver attempts to find a descent
direction. When this happens, the interpolated Jacobian J; begins to change substantially
at each iteration. This indicates that the noise in the interpolation problem is dominating
the true descent information.

When we introduce restarts, the stagnation can eventually be overcome. When a restart
occurs (and we increase Ay to its original level), the changes in Ji reduce quickly, and so the
interpolation is more likely to capture genuine information about changes in the objective.
As a result, the solver is able to progress, and ultimately finds a much higher accuracy
solution. O

In DFO-LS, a restart is triggered by all the termination criteria, except for small objective
and maximum computational budget. At its simplest, a restart involves increasing Ay to a
much larger value, and possibly moving some of the points in Y. There are two main types

of restart that DFO-LS can perform:

Hard restart: Reset the trust region radius to A}Cnfl = p}fnfl = At and rebuild Yy, in the
new (larger) trust region B(xg, AJ™Y) from scratch using the same mechanism as how

Yy was originally constructed; and,
Soft restart (moving xj): Reset the trust region radius to At = pitlt = Al and save

the current best point x; separately. Then, move x; to a geometry-improving point,
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Figure 3.1. Normalised objective value achieved by DFO-LS, measured in both the noisy and true
objective, and convergence information for test problem ‘Osborne 1’ with (n,m) = (5,33) and
unbiased multiplicative Gaussian noise of size 0 = 1072, The vertical black lines indicate when
restarts occurred. Restart type was ‘soft (moving Xy )’, and the budget was 300(n + 1) evaluations;
the (a) and (b) runs terminated early on small trust-region radius.

Xk, in B(X, A}cnfl). Finally, move the N — 1 < p points in Y}, that were closest to the
old value of xj, to geometry-improving points in the new (larger & shifted) trust region
B(x, All') as per Section 3.3.1. The iteration then continues from whichever of these
N new points has the least objective value, which may be worse than the value from
the end of the previous iteration. The final solution returned by the solver takes the

optimal value seen so far, including the saved endpoints from previous restarts.

The soft restart approach with N = min(3, p) is the default approach in DFO-LS.

We see that soft restarts require the objective to be evaluated N < p times, whereas
hard restarts require a full p objective evaluations (as we have changed all interpolation
points except xi). We also note that the soft restart mechanism is intrinsically linked to the

model-based DFO framework, and there is not a clear derivative-based equivalent of this
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procedure.
In DFO-LS, when restarts are used, we add an extra termination criterion: we terminate

if the last M consecutive restarts have not achieved any objective reduction (default M = 10).

Auto-detection of restarts As discussed above, we saw in Figure 3.1 that the need for
a restart can be determined by a series of unsuccessful iterations, coupled with large changes
in Jg, with this change increasing rapidly with k. By contrast, selecting an a priori value of
Pend Which provides a timely trigger for restarts is not straightforward. Thus, DFO-LS uses
previous iteration information to auto-detect when a restart is needed. A restart is triggered

if, in the last N iterations (default is N = 30):

e The trust-region radius Ay has never been increased, and it has been decreased on at

least twice as many iterations as it has been kept constant; and,

e The slope and correlation coefficient of a linear fit through the points {(k, log ||.Jx —
Jr—1||F)} exceed given thresholds; that is, ||J; — Jx—1||F is consistently increasing at a

given exponential rate.”

An illustrative example, revisited. In Figure 3.2, we see the same results as in Figure 3.1,
but with auto-detection of when to restart. Because of the auto-detection, restarts are
triggered much earlier (avoiding the iterations during which no progress was made), and
we achieve accuracy 7 = 1079 after approximately 15(n + 1) evaluations, rather than

approximately 80(n + 1) evaluations without auto-detection. O

Alternative Restart Mechanism DFO-LS has another approach available for perform-

ing soft restarts.

Soft restart (fized xi): Reset the trust region radius to A}Cnfl = p}cnitl = At and move the
N < p points y; # xi in Y}, that are closest to x; to geometry-improving points in the
init

new trust region B(xy, Ajll") as per Section 3.3.1. The iteration then continues from

whichever of these NV new points has the least objective value.

As we will see in Section 5.2, the soft restart (fixed xj), with the default value N = min(3, p),

performs noticeably worse than the ‘moving x;’ version of soft restarts.

" This condition is similar to the noise detection mechanism from [16], which we became aware of
after the condition had been chosen.
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Figure 3.2. Normalised objective value achieved by DFO-LS, measured in both the noisy and true
objective, and convergence information as per Figure 3.1, but allowing auto-detection of restarts. The
budget was 100(n + 1) objective evaluations. The difference between the ‘noisy’ and ‘true’ objective
reduction measures is discussed in Section 5.2.1.

3.4.3 Optional Features for Noisy Objectives

Aside from multiple restarts, DFO-LS also implements the two most common approaches
for handling noisy objectives in model-based DFO: sample averaging and regression models.
In Appendix C, we argue, briefly and in a simplified framework, that regression and sample
averaging generate similar model error; thus, since sample averaging produces a better
estimate of objective decrease for fixed noise level, we expect that overall, regression will be
slightly less robust compared to sample averaging when considering large computational
budgets.

In Section 5.2, we show numerically that using multiple restarts gives better performance
than averaging and regression. Therefore, the latter features are not used in DFO-LS by

default.

3.4.3.1 Sample Averaging

Sample averaging replaces evaluations of the noisy objective f(x) with an average of N
samples. We note that this is only a useful technique if the noise in the objective is stochastic.

In the least-squares case, we replace an evaluation of the noisy objective T with the sample

average
1
== r(x,&), (3.27)
N i=1
where £1,...,&n are different realisations of the random variable £ defining the noise.

In convergence analysis involving sample averaging, one must usually choose N to be

at least A, * (e.g. [50]). However, as Ay, can easily be of size 1072 or 1073, this amount of
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averaging rapidly becomes impractical, so choosing N to be of size A,;l, for instance, is a
more sensible choice in practice (e.g. Algorithm TR-SAA in [50]).
In the implementation of DFO-LS, the use of sample averaging is governed by a user-

specified function that allows for a wide range of sample averaging techniques:
N = nS&mpleS(sza Ap, k, nrestarts)a (328)

where nyestarts € {0,1,2,...} is the number of restarts that the solver has performed (see
Section 3.4.2 for details) and k € {0,1,2,...} is the iteration number since the most recent

restart. The default option for nsamples gives N = 1 always; i.e. no sample averaging.

3.4.3.2 Regression Models for Noisy Objectives

Building regression models rather than interpolation models requires having more inter-
polation points than degrees of freedom in the model [58, 30, 50]. Our formulation of the
DFO-LS model construction problem (3.5) allows linear regression models, when p > n. It
remains to consider how to evolve the set Y at each iteration.

DFO-LS has three mechanisms for moving multiple points on successful iterations, which

can be used alongside regression models:

Nothing: Replace one point in Yy with x;1, and nothing else;

8 move the N

Geometry-based: Replace one point in Yj with xx,1, and then one-by-one
points in Y that are furthest from Yjy1 to geometry-improving locations given by

(2.52) with B = B(xp41, Ag+1); and

Momentum-based: Replace one point in Yy with xz41 to form Yj11, and then move the NV
points in Y41 that are furthest from x5y to X1 + Ag41d, where d is a random unit

vector with? d"s; > 0.

The last two mechanisms above, that replace multiple points, try to mimic/match the
situation arising in sample averaging, where moving one point affects ¢ function values,
where c is the sampling rate.

The first mechanism (‘nothing’) is the default in DFO-LS, when regression models are

used; they are compared with each other, and against sample averaging, in Section 5.2.4.

& That is, (2.52) is calculated sequentially, after the previous point has been moved (and Lagrange
polynomials recalculated).

9 When using bound constraints, if A, 1d gives a point outside the bounds, we instead take ad
for some « € (0, Ajy1) such that the bounds are satisfied. If this requires a < 1073, we replace d
with —d, sacrificing the requirement that d sy > 0.
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Chapter 4

Theoretical Guarantees for
DFO-LS

In this chapter, we prove global convergence of DFO-LS, and provide a worst-case complexity
analysis. To do this, we first outline the connection between A-poisedness of Y; and fully
linear models (Section 4.1). We then prove global convergence of a simplified version of
Algorithm 3.1 (i.e. convergence from any starting point xg) to first-order critical points in

Section 4.2, and determine its worst-case complexity in Section 4.3.

Algorithm Simplification The theory developed in this chapter applies to DFO-LS (Al-

gorithm 3.1) for solving (2.6), under the following simplifying assumptions on the algorithm:
e The flag NOISY is set to False;

e Termination conditions are not applied: peng = 0 and no termination on slow objective

decrease (line 30 of Algorithm 3.1); and
e Interpolation or regression models are used with no growing phase: pinit = p > n.

We will also require sufficient smoothness of our objective, as given by Assumption 2.4.

Novel Contributions of Theoretical Analysis The global convergence theory for
DFO-LS is similar to that of DFLS [240], restricted to the case of linear residual models.
However, our analysis is more closely aligned with the standard presentation of convergence
for model-based trust-region DFO (e.g. [60, Chapter 10]). In addition, we weaken the
assumption in [240] that the trust-region subproblem be solved to full optimality, and instead
allow inexact solutions (using a standard assumption), and prove convergence of the whole
sequence of gradients rather than just a subsequence. We also introduce a convergence
result for the criticality phase that is stronger than the standard result (Lemma 2.28; see

Section 2.3). This allows us to further extend the analysis from [240] to include a new
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worst-case complexity analysis. In this analysis, we show that DFO-LS has the complexity
of standard first-order methods, but with a dependency on dimension closer to that of
second-order methods. This aligns with our expectations from the classical Gauss-Newton
setting, where we construct models that capture some, but not all, curvature information,

as per (1.20).

4.1 Linear Residual Models are Fully Linear

The first result we need is that our linear residual model (3.1) and corresponding objective
model (3.2) give fully linear models for r and f respectively. However, we have so far only
defined fully linear models in the context of scalar functions (Definition 2.7), so we need a
definition that applies to vector functions. We use an analogous definition to the scalar case,

as in [90], which is equivalent to the definition in [83] up to a change in constants.

Definition 4.1 (Fully linear, vector function). A model m(s) for a function r(x +s) is
fully linear in B(x,A) if they are both continuously differentiable and there exist constants
Keps Keg > 0, independent of x and A, so that
lr(x +s) —m(s)|| < rgA?, (4.1)
[J(x+s) = Vm(s)[| < ke A, (4.2)
for all ||s|| < A, where Vm is the Jacobian of m.

We now state the connection between A-poisedness of Y}, and full linearity of the models
my, (2.6) and my (3.2). This result holds both for the usual case of linear interpolation
models (with p = n, where A-poisedness is given by Definition 2.11) and linear regression

models (with p > n, where Definition 2.16 applies).

Lemma 4.2. Suppose Assumption 2.4 holds and Yy is A-poised in B(xy, Ay) with |Yi| =
p>n and and Yy, C B(xg, Ak). Then my (2.6) is a fully linear model for r in B(xy, Ag) in
the sense of Definition 4.1 with

eg e

1
Ko = 2K¢ and Kog = §LJ (p+1)A+2). (4.3)

Under the same hypotheses, my. (3.2) is a fully linear model for f in B(Xy, Ag) in the sense
of Definition 2.7 with

Frot = Heg + L /2 + Kby (Pmax + KogAmax/2) + (KhgAmax + Jmax)?, (4.4)
Reg = LVf + JmaxﬂggAmax + ﬁr(ggrmax + (’ingmaX + Jmax)27 (45)

where Lyy is from (2.9). We also have the bound ||Hy|| < (KigAmax + Jmax)?, independent
of Xi, Y and Ay.

Proof. See Appendix A. O
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4.2 Global Convergence of DFO-LS

We begin with some nomenclature to describe certain iterations: we call an iteration (for

which the safety phase is not called)

e ‘Successful’ if x;11 = xi +si (i.e. Ry > n1), and ‘very successful’ if Ry > na. Let S

be the set of successful iterations k;

e ‘Model-Improving’ if Ry < n; and the model-improvement phase is called (i.e. Yy is
not A-poised in B(x, Ag)); and

e ‘Unsuccessful’ if Ry < n; and the model-improvement phase is not called.

Beyond Assumption 2.4—which we use throughout to ensure that making the interpolation
set A-poised ensures my, is a fully linear model for f, via Lemma 4.2—we will also need

some further assumptions.
Assumption 4.3. We assume that |Hy|| < kg for all k, for some ky > 1.1

Assumption 4.4. Our method for solving the trust-region subproblem (1.6) gives a step sy

satisfying the sufficient (‘Cauchy’) decrease condition

' gkl )
. ) N . 46
m(0) — my(sg) > c1]|gk|| min ( ks max(||Hgl[, 1)/’ 0

for some c; € [1/2,1] independent of k.

This standard condition is not onerous, and can be achieved with ¢; = 1/2 by one

iteration of steepest descent with exact linesearch applied to the model my, [53].

Lemma 4.5 (Lemma 4.3, [240]). Suppose Assumptions 4.3 and 4.4 hold. If the model my
is fully linear in B(xy, Ag) and
1-— 1
A < collgkll, where o 1= min (61(7’2), ) , (4.7)
2Kef KH

then either the k-th iteration is very successful or the safety phase is called.

Proof. We compute

| (f(xx) = f(xk 4 8%)) — (mp(0) — my(sk))
S me(0) — melsi) ’ (“8)
| f(xx + s1) — ma(sk)| . | f(xx) — m(0)] (4.9)

M (0) — my(s)| [mg(0) — my(si)|

! Lemma 4.2 ensures Assumption 4.3 holds whenever Y}, is A-poised in B(xy, Ag), but we need it
to hold on all iterations. However, most of our analysis holds if this assumption is removed—see
Remark 4.22 for details.
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By assumption, Ay < ||gkll/cr < ||gk||/ max(||Hg||,1). Applying this to (4.6), we have
mk(O) - mk(sk) > 01||gk||Ak. (4.10)

Using this and fully linearity (2.16), we get

/{efA%,
R, —1| <2 —=2— 1] <1 —mo. 4.11
B =1 < <cl||gk||Ak> si-m (4.11)

Thus Ry > n2 and the iteration is very successful if ||sg|| > vspk, otherwise the safety phase
is called. n

The next result provides a lower bound on the size of the trust region step ||sg||, which
we will later use to determine that the safety phase is not called when ||g|| is bounded away
from zero and Ay, is sufficiently small. Note that [240, Lemma 4.4] shows that the safety
phase is not called by requiring that the trust-region subproblem (1.6) is solved to global

optimality, a stronger condition than Assumption 4.4.

Lemma 4.6. Suppose Assumption 4.4 holds. Then the step sy satisfies

| el
Sk|| > ¢o min (A/r€7 > , 4.12
I max(|| He ], 1 (4.12)

where cg 1= 2¢1 /(1 +/1+ 2¢1).
Proof. Let hy := max(||Hg||,1) > 1. Since my(0) — my(si) > 0 from (4.6), we have

my(0) — my(sk) = [mg(0) — my(sg)| = < skl - llgxll + %HSHP- (4.13)

1
g sk + §S;Hksk

Substituting this into (4.6), we get

Lo ekl gkl . ( |ng||>
- NSkl L1 NI Y 4.14
2HSkH + I skl —c1 R G (4.14)

For (4.14) to be satisfied, we require that ||sg|| is larger than (or equal to) the positive root
of the left-hand side of (4.14), which gives

2 in (A 2 in (A
el > ¢1Cr min (Ag, Cy) > ¢1Ck min (Ag, Cy) 7 (4.15)
\/C,%—i—chC’kmin (Ak,Ck)+Ck 1/(1+261)C]%+Ck
where Cy, := ||gk||/hg; from which we recover (4.12). O

Next, we bound the number of iterations in Algorithm 2.2 (criticality phase); this is a

stronger version of Lemma 2.28.
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Lemma 4.7. Suppose Assumption 2.4 holds and ||V f(xy)| > € > 0. Then for any p >0
and we € (0,1), the criticality phase (Algorithm 2.2) terminates in finite time with Y
A-poised in B(xg, Ag) and Ay < pllgr|| for any p > 0 and we € (0,1). We also have the

bound
WeE

: Ainit
mln( i ’7Keg+1/ﬂ

) < Ay < AP (4.16)
Proof. First, suppose Algorithm 2.2 terminates on the first iteration. Then A, = At and
the result holds. Otherwise, consider some iteration ¢ where Algorithm 2.2 does not terminate;
that is, where w/, 'ARIt > ,u||g,(:)|]. Then since mg) is fully linear in B(xy,w’ TAP®Y) | we
have

< IV 000l < IV e) =8+ il < (s ) i APY, (41)

€
(Heg + I/M)A}qnit ‘

or equivalently wé?l > That is, if termination does not occur on iteration

i, we must have

1 1 Ainit
<14 gy (e T UWATY (4.18)
[ logwc| €
so Algorithm 2.2 terminates finitely. We also have wé?lAiknit > ———, which gives
Kog +1/p
(4.16). O

Lemma 4.8. In all iterations, ||gk|| > min(ec, Ag/u). Also, if Assumption 2.4 holds and
IV f(xp)|| > €>0 then

€
> €, :=min | e¢c, — | > 0. 4.19
gkl = € (C 1+/~@egu> (4.19)

Proof. Firstly, if the criticality phase is not called, then we must have ||gx|| = ||gi|| > ec.
Otherwise, we have Ay < u||gk||. Hence ||gk|| > min(ec, Ag/1).

To show (4.19), we follow the proof of [60, Lemma 10.11] and first suppose ||gi"*|| > ec.
Then gy = gi™® and (4.19) holds. Otherwise, the criticality phase is called and my is fully

linear in B(xg, A) with A < pl/gk||. In this case, we have

e < [IVFu)I < IV Ff(xk) — grll + llgrll < regrllgrll + [kl (4.20)
and so ||gk|| > €/(1 + Kegp) and (4.19) holds. O

Lemma 4.9. Suppose Assumptions 2.4, 4.3 and 4.4 hold. If ||V f(xx)|| > € > 0 for all k,
then pr > pPmin > 0 for all k, where

.. 2K ¢ —1
min i= min [ Alnit __£C¢_A1E (n +e> el 421
’ ( O heg 1/ kT (T m) (4.21)
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Proof. From Lemma 4.8, we know ||gy|| > €, > 0 for all k. To find a contradiction, let k(0)
be the first k£ such that pr < pmin. That is, we have

Pt = po = P > 1 > > PG > ko)1 2 pmin and pr) < pmin- (4:22)

We first show that

Pk(0) = P}gn(lg) < Pmin- (423)
From the criticality phase of Algorithm 3.1, we know that either py) = p};’(i(;“) or pr0) = Ak(0)-
Hence we must either have p}f(ig) < Pmin OF Ago) < pmin- Both cases give (4.23): the first
gives it directly, and for the second case, we use Lemma 4.7 to get

; init wee . init weeE
Pmin > Ak(O) > min (Ak(o), w) > min (pk(0)7 w) . (424)

Since pmin < wee€/(keg +1/11), we therefore conclude that (4.23) holds.

Since ppin < A = pit - we therefore have k(0) > 0 and Pk(0)—1 = Pmin > p}cn(ig).
This reduction in p can only happen from a safety step or an unsuccessful step, and we
must have p}f(ig) = Q1Pk(0)-1, SO Pr0)—1 < Pmin/@1. If we had a safety step, we know
Isk)-1ll < V¥sPr©)—1, but if we had an unsuccessful step, we must have Yqec||Sk0)—1/ <

min(YaecAr0)—1, [ISk0)=1ll) < pro)—1- Hence in either case, we have

. _ 1 . _ s
k(o)1 < min(ys, Yaee) Pr(0)—1 < Ojlmln(mvdei)pmm = o Puiny (4.25)

since vg < 1 and Ygec < 1. Hence by Assumption 4.4 and Lemma 4.6 we have

. € s
C2 1111 <Ak(0)—17 /@Ig{) < ”Sk(o)—1H < ZTlpmin- (4.26)

Note that pmin < a1€g/kr < (a1c264)/(vskH), Where in the last inequality we used the
choice of vg in Algorithm 3.1. This inequality and the choice of g, together with (4.26),

also imply

. . 2 —1
Apy—1 < 50min . Pin < min 6—9, </~€eg + Hef) €. (4.27)
o162 a1 KH c1(1 —m2)

Then since Ak(o)_l < €g/kH, Lemma 4.6 gives us Hsk(o)—lH > CQAk(O)_l > VS Pk —1 and the
safety phase is not called.

If my is not fully linear, then we must have either a successful or model-improving
iteration, so p}iﬁ)t) = Phk(y—1, contradicting (4.23). Thus my must be fully linear. Now

suppose that
cr(1 = m2) |8k gy —1ll
2Kef '

Akgy—1 > (4.28)
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Then using full linearity, we have

€ < I G-I < ooyt + g1 < (s + 3 ) Ao (420
contradicting (4.27). That is, (4.28) is false and so together with (4.27), we have (4.7). Hence
Assumptions 4.3 and 4.4, and Lemma 4.5 imply iteration (kg — 1) was very successful (as we
have already established the safety phase was not called), so p}g%t) = Phgy—1> contradicting
(4.23). O

Our first convergence result considers the case where we have finitely-many successful

iterations.

Lemma 4.10. Suppose Assumptions 2.4, 4.3 and 4.4 hold. If there are finitely many

successful iterations, then limg_ oo A = limg_y00 pr = 0 and limy o ||V f(xx)]| = 0.

Proof. We follow [60, Lemma 10.8], except we must consider safety phases. Let ky = max(S)
be the last successful iteration, after which Ay is never increased. For any k > kg, we
possibly call the criticality phase, and then have either a safety phase, model-improving
phase, or an unsuccessful step.

If the model is not fully linear, then either it is made fully linear by the criticality phase,
or we have a safety or model-improving step. In the first case, the model is made fully linear
at iteration k; in the second and third, it is fully linear at iteration k + 1. That is, there is
at most 1 iteration until the model is fully linear again. Therefore there are infinitely many
k > ko where my is fully linear, and so we have either a safety phase or an unsuccessful
step. In both of these cases, Ay is reduced by a factor of at least max(Ygec, @2, ws) < 1, so
A — 0 as k — o0o. Since pi < Aj at all iterations, we must also have pp — 0.

For each k > kg, let ji be the first iteration after k where the model is fully linear. Then
from the above discussion we know 0 < ji — k < 1, and hence ||x;, — x| < Ap — 0. We

now compute

VI < (Vi) = VI IV F () = gl + Nl (4.30)

As k — oo, the first term of the right-hand side of (4.30) is bounded by Ly ;A — 0, while
the second term is bounded by kegAj, — 0; thus it remains to show that the last term goes
to zero.

By contradiction, suppose there exists € > 0 and a subsequence k; such that ngki | >e>0.
Then Lemma 4.5 implies that for sufficiently small Aj, ~(valid since A, — 0), we get a very
successful iteration or a safety step. Since ji, > k; > ko, this must mean we get a safety step.
However, Lemma 4.6 implies that for sufficiently large 4, we have [s;, || = c2Aj,. > vspj;.

so the safety step cannot be called, a contradiction. ]
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Lemma 4.11. Suppose Assumptions 2.4, 4.3 and 4.4 hold. Then limy_,o Ar = 0 and so

limg o0 p = 0.

Proof. This proof follows [60, Lemma 10.9]. If |S| < oo, the proof of Lemma 4.10 gives the
result. Thus, suppose there are infinitely many successful iterations (i.e. |S| = 00).

For any k£ € S, we have

. g
F066) = £cke1) 2 1 0ms(0) = mats) 2 me gl min (1L, A ) > 0. aa)
But since ||gx|| > min(ec, Ax/p) (see Lemma 4.8), this means that

min(ec, u~tAg)

f(xk) = f(Xkt1) > mecr min(ec, p~ " Ay) min ( ,Ak> > 0. (4.32)

KH
If we were to sum over all k£ € S, the left-hand side must be finite as it is bounded above
by f(x0), remembering that f > 0 for least-squares objectives. The right-hand side is only
finite if limges oo Ar = 0. The only time Ay, is increased is if k£ € S, when it is increased
by a factor of at most 7;,.. For any given k ¢ S, let ji € S be the last successful iteration
before k (which exists whenever k is sufficiently large). Then Ay < 7, Aj, — 0. Lastly,
pr — 0 since pr < Ay throughout the algorithm. O

Theorem 4.12. Suppose Assumptions 2.4, 4.8 and 4.4 hold. Then
liminf |V f(xg)|| = 0. (4.33)
k—o00

Proof. 1f |S| < oo, then this follows from Lemma 4.10. Otherwise, it follows from Lemma 4.11
and Lemma 4.9. O

Theorem 4.13. Suppose Assumptions 2.4, 4.3 and 4.4 hold. Then limy_, ||V f(xx)|| = 0.

Proof. 1If |S| < oo, then the result follows from Lemma 4.10. Thus, suppose there are
infinitely many successful iterations (i.e. |S| = oo). For this case, we follow the proof of [60,
Theorem 10.13], except we must consider safety steps.

To find a contradiction, suppose there is a subsequence of successful iterations t; with
IV f(x¢,;)]| > €o for some o > 0 (note: we do not consider any other iteration types as xy
does not change for these). Hence by Lemma 4.8, we must have [[g, || > € > 0 for some e,
where without loss of generality we assume that

¢ < min <ec, 2:2ﬂ> . (4.34)
eg

Let £; be the first iteration ¢; > t; such that ||ge, || < ¢, which is guaranteed to exist by

Theorem 4.12. That is, there exist subsequences t; < ¢; satisfying

gkl > e fork=tj,....0;— 1 and g <e. (4.35)
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Now consider the iterations K := U;>o{t;,...,¢; — 1}.

Since ||gk|| > € and Ay — 0 (Lemma 4.11), Lemma 4.5 implies that for sufficiently large
k € K, there can be no unsuccessful steps. That is, iteration k is a safety step, or if not it
must be successful or model-improving. By the same reasoning as in the proof of Lemma 4.10,
since ||gk|| > €, for k € K sufficiently large, Lemma 4.6 implies that ||sg| > c2Ar > vspk, S0
the safety step is never called.

For each successful iteration & € NS, we have from (4.6)

F(x0) = FGtes1) = mu(mi(0) — mi(si)) > meremin (”fl’f[” Ac) >0, (4.36)

and for k sufficiently large (so that Ay < e/kp), we get

Ay < f(Xk) - f(xk-l-l) ] (437)
nicie

Since for k € K sufficiently large, we either have successful or model-improving steps,

and of these x;, is only changed on successful steps, we have (for j sufficiently large)

-1 41
Xt ) — Xy .
oy -xl < Y e-xeals S av< LERITIBO) g
k=t kekNS k=t; kEKNS meie

Since {f(xg) : k € K} is a monotone decreasing sequence by (4.36), and bounded below (as
J > 0 for least-squares problems), it must converge. Thus f(x;) — f (X@j) — 0, and hence
[xe; —x¢;|| — 0 as j — oo.

Now, we compute

IV < IV F(xe;) = V(x| + 1V (%) — 8,11 + llge 1] (4.39)

Similarly to Lemma 4.10, the first term goes to zero as j — oo since V f is continuous and
[x¢; — x¢;|| — 0. Since |lgy;[| < € < ec, the criticality step is called for iteration £;, so
my; is fully linear on B(xy;, Ay;) for Ay, < pl|ge,||. Hence the second term is bounded by
KegQy, < Kegpte. Lastly, the third term is bounded by e by definition of ;.

All together, this means that for sufficiently large j,

[V f(x¢,)l| < €4 Keghte + € = (24 Keght)e < €o, (4.40)

and we have our contradiction. O

4.3 Worst-Case Complexity

Next, we bound the number of iterations and objective evaluations until ||V f(xg)]| < e.
We know such a bound exists from Theorem 4.12. Let i, be the last iteration before

IV f(xi.+1)|| < € for the first time.

79



Lemma 4.14. Suppose Assumptions 2.4, 4.3 and 4.4 hold. Let |S; | be the number of

successful steps up to iteration i.. Then

|Si.| < J;(lxcol) max (KH€;2, eglp;ﬂln) , (4.41)
where €, is defined in (4.19), and pmin in (4.21).

Proof. For all k € S;_, we have the sufficient decrease condition

06 = £6612) 2 o 0mu(0) = ma(s1) > men el min (LB ) (aaz)

Since ||gk|| > €4 from Lemma 4.8 and Ay > p, > pmin from Lemma 4.9, this means

J(xk) = f(Xp41) 2 meregmin (;vamin) : (4.43)

Summing (4.43) over all k € S;_, and noting that 0 < f(x) < f(xo), we get

. [ €
f(x0) > |8;, Imcregmin ( =L, pin | (4.44)
KH
from which (4.41) follows. O

We now need to count the number of iterations of Algorithm 3.1 that are not successful.
Following [83], we count each iteration of the loop inside the criticality phase (Algorithm 2.2)
as a separate iteration?—in effect, one ‘iteration’ corresponds to one construction of the
model my, (3.2). We also consider separately the number of criticality phases for which Ay

is not reduced (i.e. Ay = AlMY). Counting until iteration 4. (inclusive), we let

° Ci]l/[ be the set of criticality phase iterations k < i, for which Ay is not reduced (i.e. the

first iteration of every call of Algorithm 2.2);

° Cg be the set of criticality phase iterations k < i, where Ay is reduced (i.e. all iterations

except the first for every call of Algorithm 2.2);
e F;. be the set of iterations where the safety phase is called;
e M, be the set of iterations where the model-improving phase is called; and

e U;. be the set of unsuccessful iterations.

% Note that the analysis in [90] bounds the number of outer iterations of Algorithm 3.1; i.e. excluding
Ci]fj and ClU . Instead, they prove that while ||V f(xx)|| > €, the criticality phase requires at most
| log €| iterations. Thus their bound on the number of objective evaluations is a factor |loge| larger

than in [83] and than here.
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Lemma 4.15. Suppose Assumptions 2.4, 4.3 and 4.4 hold. Then we have the bounds

log 7. 1 Ainit

‘Cﬂ + | Fi |+ Ui | < ISi.] - OF Yinc + log 0_ ; (4.45)
‘ IOg O‘3’ | log a3| Pmin

CY| < |Ficl + 18| + 1t |, (4.46)

M| < [CY+IC |+ | Ficl + [Si.| + s, (4.47)

where a3 := max(we, Ws, Ydec, @2) < 1 and pmin s defined in (4.21).

Proof. On each iteration k € Cg , we reduce Ay by a factor of we. Similarly, on each iteration
k € Fi. we reduce Ay by a factor of at least max(wg, az), and for iterations in U;_ by a
factor of at least max(ygec, @2). On each successful iteration, we increase Ay by a factor of

at most 7¥;,., and on all other iterations, Ay is either constant or reduced. Therefore, we

must have
U
it |CiLl Fi U | ISi.
Pmin < Aie < Abm TWe max(w5'7042)| el maX('ydeu C¥2)| el Vlnc ‘7 (448)
U
init[Ci I+ Fic |+ Uil _|S;. |
< AFT g Vine > (4.49)

from which (4.45) follows.
After every call of the criticality phase, we have either a safety, successful or unsuccessful
step, giving us (4.46). Similarly, after every model-improving phase, the next iteration

cannot call a subsequent model-improving phase, giving us (4.47). ]
Assumption 4.16. The algorithm parameter ec > cse for some constant c3 > 0.

Note that Assumption 4.16 can be easily satisfied by appropriate parameter choices in
Algorithm 3.1.

Theorem 4.17. Suppose Assumptions 2.4, 4.3, 4.4 and 4.16 hold. Then the number of
iterations i. (i.e. the number of times a model my, (3.2) is built) until |V f(x;.+1)|| < € is at

most

{4f(X0) (1 108 Vine

max </€H022e_2, cilteste ™, ch(Ag“t)_le_l)
| log as|

[logas| " (0,108 (Afes 161))J (4.50)

where ¢4 := min (c3, (1 + Kegit) 1) and

. we  ogcy 2Kef )1
C5 = min , , 01 | Keg + ———— . 4.51
> <’feg + 1//1 RH ! < ® ) > ( )
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Proof. From Assumption 4.16 and Lemma 4.8, we have ¢, = c4e. Similarly, from Lemma 4.9
we have pyin = min(Aionit, ¢s5€). Thus using Lemma 4.15, we can bound the total number of

iterations by

<48 +4(ICY |+ |Fi] + ki) (4.53)
log . 4 Ainit
< 4, | (1 + 0g7‘“¢> + log [ 20 ) | (4.54)
[logas|/  [logas] Prin
and so (4.50) follows from this and Lemma 4.14. O

We can summarise our results as follows:

Corollary 4.18. Suppose Assumptions 2.4, 4.3, 4.4 and 4.16 hold. Then for ¢ € (0,1],
the number of iterations i. (i.e. the number of times a model my (3.2) is built) until
IV f(xi41)|| < € is at most O(kgr3e=2), and the number of objective evaluations until i, is

at most O(/ianlpe_2), where Kq := Max(Kef, Keg) -

Proof. From Theorem 4.17, we have ¢; ! = O(keg) and so

et = O(max(keg, KEcy ', et + Feg)) = O(Kmkag). (4.55)
To leading order, the number of iterations is
O(max(kpey 2, cytes e ?) = O(kprie™?), (4.56)

as required. In every type of iteration, we change at most n 4+ 1 points, and so require no

more than p + 1 evaluations. O

Remark 4.19. Theorem 4.17 gives us a possible termination criterion for Algorithm 3.1—we
loop until k exceeds the value (4.50) or until px < pmin. However, this would require us to
know problem constants kef, keg and kg in advance, which is not usually the case. Moreover,
(4.50) is a worst-case bound and so unduly pessimistic.

Remark 4.20. In [83], the authors propose a different criterion to test whether the criticality
phase should be entered: ||git|| < Aj/u rather than ||gi|| < e as found here and in
[60]. We are able to use our criterion because of Assumption 4.16. If this did not hold,
we would have €; < € and S0 pmin < €, which would worsen the result in Theorem 4.17.

In practice, Assumption 4.16 is reasonable, as we would not expect a user to prescribe a

criticality tolerance much smaller than their desired solution tolerance.
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We can now compare the complexity of DFO-LS with the standard complexity bounds
for general model-based DFO. For first-order criticality, Garmanjani, Jidice and Vicente [83]
prove a complexity bound of O(kyk2e?) iterations and O(kyk2ine ?) evaluations, where
Kq i= max(Kef, keg) as per Corollary 4.18. We also estimate that, for DFO-LS, we have from
Lemma 4.2 that kg = O((k%y)?) = O(L3p°A?) and kg = O(kq), at least when the model
is fully linear. However, in the general first-order case, linear interpolation gives us the
problem constants kg = O(LysnA) from Theorem 2.12 and kg = O(1). That is, DFO-LS
has the same count of iterations and evaluations as general first-order methods, but worse
problem constants due to the least-squares structure and possibly from the use of regression
models.

However, our model (3.2) is better than a simple linear model for f, as it captures some
of the curvature information in the objective via the term J,;r Ji. This means that DFO-LS
produces models that are between fully linear and fully quadratic (Definition 2.24), which is
the requirement for convergence of second-order methods. It therefore makes sense to also
compare the complexity of DFO-LS with the complexity of second-order methods.

Unsurprisingly, the standard bound for second-order methods is worse in general, than
for first-order methods: Judice [114] proves bounds of O(max(rk g3, k3)e~3) iterations and
(’)(max(/iH/ifi, mz)nze_?’) evaluations, where we require fully quadratic models, and where
NOW Kgq = MaX(Kef, Keg, Keh). 10 achieve this, we require fully quadratic interpolation, and
so we have kg = O(Lyn®A) from Theorem 2.25, assuming sufficient smoothness for f, and
if |V2f(x)| is uniformly bounded, then we would expect kg = O(kepn) = O(kg).

All together, we may conclude that DFO-LS has the iteration and evaluation complexity
of a first-order method, but the problem constants (i.e. dependency on p or n) closer to
a second-order method. Specifically, DFO-LS achieves first-order convergence in O(pSe~2)
iterations or O(p’e2) evaluations. By comparison, general first-order methods require
O(n%e7?) iterations or O(n3¢~2) evaluations and second-order methods require O(n%~3)

iterations or O(n'le~3) evaluations.

Remark 4.21. In [83, 114], the estimation of k4 and kg in terms of n was based on uniform
bounds on the singular values of the interpolation linear system, and so they show all
methods with a weaker dependency on n. For instance, for first-order models they estimate
kg = O(Lyf+/n) using (2.22). A similar approach in the proof of Lemma 4.2 would conclude
that kg = O(L?3p) for DFO-LS. Either way, we may conclude that the complexity of DFO-LS

lies between first- and second-order methods.

Remark 4.22 (Discussion of Assumption 4.3). It is also important to note that when my is
fully linear, we have an explicit bound ||Hy|| < kg = O(kq) from Lemma 4.2. This means

that Assumption 4.3, which typically necessary for first-order convergence (e.g. [60, 83]), is
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not required for Theorem 4.12 and our complexity analysis. To remove the assumption, we

need to change Algorithm 3.1 in two places:

1. Replace the test for entering the criticality phase with

min | || gi™, ||g}€th < ec; and (4.57)
max(| HP, 1) ) =

2. Require the criticality phase to output my fully linear and Ay satisfying

: Ikl
A < pmin (Hnga IIM(H'FI]CH]-)) : (4.58)

With these changes, the criticality phase still terminates, but instead of (4.16) we have

wee wee
Keg + 1/1t" Keg + Kpi /1t

min <A}gﬂt, ) < Ap < A (4.59)
We can also augment Lemma 4.8 with the following, which can be used to arrive at a new

value for pmin.

Lemma 4.23. In all iterations, ||gk||/ max(||Hk||,1) > min(ec, Ag/p). If Assumption 2.4
holds and ||V f(xx)|| > € > 0 then

x| : €
— = >¢eg:=min|eg,———— | > 0. 4.60
max([[H[, 1) (L + regh)RH (4.60)
Ultimately, we arrive at complexity bounds that match Corollary 4.18, but replacing kg
with K. However, Assumption 4.3 is still necessary for Theorem 4.13 to hold. We note that
we do not enforce Assumption 4.3 in the implementation of DFO-LS, but have not observed

large values of || H|| in practice.
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Chapter 5

Numerical Results for DFO-LS

In this chapter, we show the results of our numerical testing of DFO-LS.! The most
structurally significant novel feature in DFO-LS compared to existing methods is its use of
linear residual models rather than quadratic, which is the standard approach in [240, 225].
Hence, we begin with a discussion on the impact of this change (Section 5.1). We then
provide several numerical studies examining the other novel features of DFO-LS (Section 5.2),

and conclude by benchmarking DFO-LS against other solvers (Section 5.3).

5.1 Impact of Linear Residual Models

As has been discussed at length, there are many similarities between DFO-LS and DFBOLS
from Zhang et al. [240]. The theoretical algorithm described in [240] (called DFLS) allows
linear residual models in principle, and its convergence theory covers this case. However,
the implementation of this algorithm, DFBOLS, does not, strictly speaking, allow linear
residual models; instead, it either uses underdetermined or fully quadratic models for each
i, with between n + 2 and (n 4 1)(n + 2)/2 interpolation points. Furthermore, there are no
numerical results showing how linear residual models, or models with n 4+ 2 points, perform
compared to (underdetermined or fully) quadratic residual models. Aside from this, there
are several respects in which DFO-LS is simpler than DFLS/DFBOLS:

e The use of linear models for each residual (2.6) means we require only n+1 interpolation
points, as opposed to between n + 2 and (n + 1)(n + 2)/2 points needed by DFBOLS.
This results in both a smaller interpolation system and a lower startup cost (where an

initial Yy of the correct size is constructed, and r evaluated at each of these points);

e As a result of using linear residual models, there is no ambiguity in how to construct

the full model my, (3.2). In DFLS and DFBOLS, simply taking a sum of squares of

L All results use version 1.0.1.
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each residual’s model gives a quartic. The authors drop the cubic and quartic terms,
and choose the quadratic term from one of three possibilities (1.30). This requires the
introduction of three new algorithm parameters, each of which may require calibration;

and

e DFO-LS’s method for choosing a point to replace when doing model updating, as
discussed in Section 3.3.2, yields a unification of the geometric (‘optimal A-poisedness’)
and algebraic (‘stable update’) perspectives on this update. In DFBOLS, the connection
exists but is less direct, as it uses the same method as BOBYQA (3.15) with oy >
li(y*)2. As discussed in [186], this bound may sometimes be violated as a result of
rounding errors, and thus requires an extra geometry-improving routine to ‘rescue’ the

algorithm from this problem. DFO-LS does not need or have this routine.

By comparison, the first point above does not apply to POUNDERS [225], which allows
linear models initially, and at each iteration constructs models using n + 1 < p < Proax
points, where ppax € [n 42, (n+ 1)(n + 2)/2] is a user input and p is chosen dynamically
each time by selecting points from the full history of iterates using the method from [227].2
The method of model construction is to use underdetermined quadratic residual models
(with minimal change to the model Hessian), and so while linear models are used initially,
as soon as p > n + 1 for some iteration, quadratic residual models are used in all subsequent
iterations. The second point above, however, does not apply, as POUNDERS uses a model
for the full objective that is equivalent to a full quadratic approximation (i.e. including all
available second-order information). Similarly to existing literature for DFBOLS [240], no
numerical results for using only linear residual models in POUNDERS are available; in fact,

we are not aware of any existing work showing extensive numerical results or comparisons

for POUNDERS.

5.1.1 Numerical Study of Linear Residual Models

In this section, we present numerical results demonstrating the impact of using linear models

for each residual compared to quadratic models. Hence, here we compare DFO-LS against
e DFBOLS, the Fortran implementation from [240], provided by H. Zhang;?

e Py-DFBOLS, our own implementation of DFBOLS, designed to be as similar to
DFO-LS in structure as possible. In particular, it is implemented in Python and uses

the factorisation approach to solving the interpolation system (see Section 3.3.4). As a

2POUNDERS can also choose from a set of points where the user knows the objective value a
priori, an optional input.
3 Private correspondence, May 2015.
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result, comparing the runtime of DFO-LS with Py-DFBOLS represents a like-for-like
test of algorithm speed;

e BOBYQA [186], as originally implemented in Fortran by Powell, available from [242];

and,

e POUNDERS [225], which uses adaptive interpolation models for each residual, and is
incorporated into PETSc. Testing was performed using the Python package petscdpy
3.10.1 and the default setting of using at most pmax = 2n + 1 interpolation points at

each iteration.

To more fairly compare linear and quadratic models, we do not use any other novel features
that are default in DFO-LS, such as alternative trust-region parameter values as described
in Section 3.4.1, or multiple restarts (Section 3.4.2). In addition, we only use DFO-LS
with interpolation models (i.e. p =n in (3.6)), to align with the approach of DFBOLS and
POUNDERS—we test both reduced initialisation cost (using p < n) and regression models
(with p > n) in Section 5.2.

For all solvers, we use an initial trust-region radius of A = 0.1 max(||xo[|c0, 1) (the
default for DFO-LS; see Remark 3.2) and final trust-region radius peng = 1070 where
possible,* to avoid this being the termination condition as often as possible. All other
parameters are set to their default values.

We tested BOBYQA and (Py-)DFBOLS with n 4+ 2, 2n + 1 and (n + 1)(n + 2)/2
interpolation points. All these solvers use quadratic interpolation models, and do not allow
the use of n + 1 interpolation points. Here, we show the n 4+ 2 and 2n + 1 cases for DFBOLS
and the (n+ 1)(n + 2)/2 case for Py-DFBOLS. These were chosen because Py-DFBOLS
performs very similarly to DFBOLS in the case of n + 2 and 2n + 1 points, and outperforms
DFBOLS in the (n + 1)(n + 2)/2 case. Similarly, we show the best-performing 2n + 1 and
(n+1)(n+2)/2 cases for BOBYQA.

The testing is on the (MW) problem collection, with and without stochastic noise, with a
budget of 200(n + 1) evaluations. For noisy problems we run 10 instances for every problem
and every solver; we also do this for DFO-LS for noiseless problems, since it initialises
using random directions. As described in Section 2.4.2, for data and performance profile
construction we always treat each of these 10 problem instances as a separate problem to be

solved.

4 POUNDERS does not have this as a user input. Instead we set all gradient tolerances to zero.
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Figure 5.1. Performance profile comparison of DFO-LS with BOBYQA, DFBOLS and POUNDERS for
low accuracy T = 1071, For the BOBYQA and DFBOLS runs, n+2, 2n+1 and O(n?) = (n+1)(n+2)/2
are the number of interpolation points. For DFO-LS and all noisy problems, results are an average
of 10 runs for each solver. The problem collection is (MW).

Low accuracy setting Firstly, Figure 5.1 shows two performance profiles under the
low accuracy requirement 7 = 10~!'. Here we see an important benefit of DFO-LS and
POUNDERS compared to BOBYQA and DFBOLS—allowing a smaller interpolation set
means that they can begin the main iteration and make progress sooner. This is reflected in
Figure 5.1, where DFO-LS and POUNDERS are the fastest solvers more frequently than
the others, both with smooth and noisy objective evaluations. However, the performance of
POUNDERS is less strong than DFO-LS for larger performance ratios (i.e. & > 2 in (2.57)).
In line with the results from [240], BOBYQA does not perform as well as POUNDERS,
DFBOLS or DFO-LS, as it does not exploit the least-squares problem structure.

The low accuracy requirement often corresponds in practice to the typical case when
the objective/residual evaluations are very expensive, more so than the linear algebra and
storage costs. The limiting factor then is the (small) evaluation budget, and hence we

generally expect objective improvement rather than accurate optimisation from the solver.

High accuracy setting Next, Figure 5.2a shows results for accuracy 7 = 107> and
smooth objective evaluations. Note that our simplification from quadratic to linear residual
models has not led to a loss of performance for obtaining high-accuracy solutions, and
produces essentially identical long-budget performance. At this level, the advantage from
the smaller startup cost is no longer seen, but particularly in the performance profile, we can
still see the substantially higher startup cost of using (n + 1)(n + 2)/2 interpolation points.

Similarly, the remainder of the plots in Figure 5.2 shows results for noisy problems.

Here, DFO-LS suffers a small performance penalty (of approximately 5-10%) compared
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Figure 5.2. Comparison of data profiles for DFO-LS with BOBYQA, DFBOLS and POUNDERS
for smooth and noisy objectives (with o = 1072, to accuracy 7 = 107°). For the BOBYQA and
DFBOLS runs, n + 2, 2n + 1 and O(n?) = (n + 1)(n + 2)/2 are the number of interpolation points.
For DFO-LS and all noisy problems, results are an average of 10 runs for each solver. The problem
collection is (MW).

to DFBOLS, particularly when using 2n + 1 and (n + 1)(n + 2)/2 interpolation points,
suggesting that the extra curvature and evaluation information in DFBOLS has some benefit
for noisy problems. Also, the performance penalty is larger in the case of additive noise than
multiplicative, and here there is also a similar performance penalty compared to POUNDERS.
Note that additive noise makes all our test problems nonzero residual (i.e. f(x*) > 0 for the
true minimum x*); however in the next section we show that this is not a key driver of this
differential.

Note also that, although BOBYQA suffers a substantial performance penalty when
moving from smooth to noisy problems, this penalty (compared to DFO-LS and DFBOLS)
is much less for additive x? noise. This is likely because this noise model makes each residual
function more complicated by taking square roots, but the change to the full objective is

relatively benign—simply adding x? random variables.
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Figure 5.3. Data profile comparison of DFO-LS with BOBYQA, DFBOLS and POUNDERS for
nonzero residual problems only, to accuracy T = 10~°. For the BOBYQA and DFBOLS runs, n + 2,
2n + 1 and O(n?) = (n + 1)(n + 2)/2 are the number of interpolation points. For DFO-LS and all
noisy problems, results are an average of 10 runs for each solver. The problem collection is (MW).

Nonzero residual problems We saw above that DFO-LS suffered a higher—but still
small— loss of performance, compared to DFBOLS and POUNDERS, for problems with
additive noise. To ascertain if this is because Gauss-Newton methods are known to have
slower asymptotic convergence rates for nonzero residual problems (see Section 1.1.3), we
extract the performance of the nonzero residual problems only from the test set results
we already presented; Figure 5.3 shows the resulting data profiles for accuracy 7 = 1072,
for smooth objectives and multiplicative Gaussian noise (¢ = 1072).5 For multiplicative
Gaussian noise, we see for all solvers a worse performance on nonzero residual problems
(compared to all problems), however, in all cases, DFO-LS performs similarly well against
DFBOLS and POUNDERS compared to looking at all problems.

Conclusions to evaluation comparisons for linear residual models The numerical
results in this section show that DFO-LS performs comparably to DFBOLS and POUNDERS
in terms of evaluation counts, and outperforms BOBYQA, in both smooth and noisy settings,
and for low and high accuracy. DFO-LS exhibits a slight performance loss compared
to DFBOLS and POUNDERS for additive noisy problems. We may explain the similar
performance of DFO-LS to DFBOLS and POUNDERS, despite their use of higher order
models, as being due to the general effectiveness of Gauss-Newton-like frameworks for
nonlinear least-squares, especially for zero-residual problems; and furthermore, by the usual
remit of DFO algorithms in which the asymptotic regimes are not or cannot really be

observed or targeted by the accuracy at which the problems are solved.

® For both additive noise models, all problems are, in expectation, nonzero residual, even if the
underlying smooth problem is zero residual.
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Solver Measure Smooth  Mult. Gaussian Add. Gaussian Add. x?

Runtime  3042s [64.2x] 3698s [380.6x
Total evals 16802 [1.0x] 20922 [4.7x

3848s [399.4x
23587 [5.1x

4173s [318.4x]

2
Py-DFBOLS O(n?) 28390 [4.6x]

DFO-LS Runtime 47s [1x] 10s [1x] 10s [1x] 13s [1x]
Total evals 16028 [1x] 4417 [1x] 4639 [1x] 6238 [1x]
Runtime 402s [8.5x] 70s [7.2x] 61s [6.3x] 97s [7.4x]
Py-DEBOLS n+2 il evals 16832 [1.1x] 5213 [1.2x] 5240 [1.1x] 9369 [1.5x]
Runtime 705s [14.9%] 207.6s [21.4x] 191.1s [19.8x]  224.2s [17.1x]
Py-DFBOLS 2n+1 il evals 14777 [0.9x] 7800 [1.8] 8171 [1.8x] 11632 [1.9x]
] ]
] ]

Table 5.1. Runtimes and total evaluations of all objectives (until solver termination, not necessarily
a specific accuracy tolerance), for DFO-LS and Py-DFBOLS. All runs used a maximum budget of
200(n 4 1) objective evaluations, and all noisy results are an average of running 10 instances of each
problem with noise level o = 1072; similarly for DFO-LS with smooth objectives. Values are raw
(runtime in seconds) and ratio compared to DFO-LS. For Py-DFBOLS, O(n?) = (n+1)(n +2)/2
interpolation points. The problem collection is (MW).

For smooth problems, DFO-LS is still able to solve essentially the same proportion of
problems as (Py-)DFBOLS. For noisy problems, the results are more mixed: overall, DFO-LS
does slightly worse for Gaussian noise, but slightly better for y? noise. These results are the
same when looking at all problems, or just nonzero residual problems. This reinforces our
previous conclusions, and gives us confidence that a Gauss-Newton framework for DFO is a

suitable choice, and is robust to the level of accuracy required for a given problem.

Runtime Comparison The use of linear models in DFO-LS also leads to a reduced linear
algebra cost. As described in Section 3.3.4, the interpolation system for DFO-LS is of size n,
compared to (Py-)DFBOLS, where the system is of size p+n+2 for p+1 > n+2 interpolation
points; i.e. the (Py-)DFBOLS interpolation system is at least twice the size of the DFO-LS
system. Depending on which preprocessing step is used (factorisation in Py-DFBOLS or low-
rank updates in DFBOLS) and the size of m, we would therefore expect the computational
cost of solving the (Py-)DFBOLS system to be at least 4-8 times larger that of DFO-LS
(depending on whether the preprocessing or the solve step dominates the cost). To verify
this, in this section we compare the runtime of DFO-LS with Py-DFBOLS. Since DFBOLS
is implemented in Fortran, a runtime comparison against the Python implementation of
DFO-LS will not produce meaningful results. As Py-DFBOLS uses the more expensive
factorisation-based preprocessing step, we would expect the performance penalty to be nearer
the upper end of the 4-8 times range (as a minority of the Moré & Wild test problems have
m>p+n).

The wall time required by each solver to run the above testing (with a budget of 200(n+1)

objective evaluations) on a Lenovo ThinkCentre M900 (with one 64-bit Intel i5 processor,
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8GB of RAM), is shown in Table 5.1 for both smooth and noisy evaluations. We find
that DFO-LS is 6-9 times faster than Py-DFBOLS with n + 2 points, 14-22 times faster
than Py-DFBOLS with 2n + 1 points, and 64-400 times faster than Py-DFBOLS with
(n+1)(n+ 2)/2 points. In all cases, this is a substantial improvement, particularly given
the small difference in performance (measured in function evaluations) between DFO-LS
and (Py-)DFBOLS described above.

In Table 5.1, we also show the total number of objective evaluations required by each
solver (summed over all instances of all problems). We see that DFO-LS uses a similar
number of evaluations as Py-DFBOLS for smooth problems, and fewer evaluations (in some
cases substantially so) for noisy problems. Firstly, the fact that this does not correlate
with runtime indicates that objective evaluation cost is not affecting the runtime results.
Secondly, since we saw above that DFO-LS and (Py-)DFBOLS require a similar number of
evaluations to achieve a given accuracy level, this is perhaps evidence that there is scope to

implementing more sophisticated termination criteria in both solvers.

5.1.2 Scalability Features

We saw above that DFO-LS runs faster than Py-DFBOLS due to the lower cost of solving
the interpolation linear system. Another important benefit is that storing the interpolation
models for each residual requires only O(mn) memory, rather than O(mn?) for quadratic
models. These two observations together suggest that DFO-LS should scale to large problems
better than DFBOLS—in this section we demonstrate this. We consider Problem 29 from
Moré, Garbow & Hillstrom [155] (which is Problem 33 (INTEGREQ) in the (CR) set of
test problems). This is a zero-residual least-squares problem (with m = n) for solving a
one-dimensional integral equation, using an n-point discretisation of (0,1). We compare
DFO-LS and DFBOLS with n + 2 interpolation points, as it has the smallest memory usage
and runtime of all possible values.

In Figure 5.4 we compare the per-iteration runtime and peak memory usage of DFBOLS
and DFO-LS as n increases. Note that we are comparing DFO-LS (implemented in Python)
against DFBOLS (implemented in Fortran) rather than Py-DFBOLS, as used for the runtime
comparisons above, to put ourselves at a substantial disadvantage. We see that for small n,
DFBOLS has significantly lower runtime and memory requirements than DFO-LS (which is
unsurprising, since it is implemented in Fortran rather than Python). However, as expected,
both the runtime and memory usage increases much faster for DFBOLS than for DFO-LS
as n is increased. For n > 1200, DFBOLS exceeds the memory capacity of the system.
At this point, it has to store data on disk, and as a result the runtime increases very

quickly. DFO-LS does not suffer from this issue, and can continue solving problems quickly
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Figure 5.4. Comparison of runtime and peak memory usage of DFBOLS (original Fortran implemen-
tation with n + 2 interpolation points) and DFO-LS for solving the discretised integral equation, as
problem dimension n increases. The largest values tested were n = 1400 for DFBOLS and n = 2500
for DFO-LS.

for substantially larger n. For instance, DFO-LS solves the n = 2500 problem faster per
iteration than DFBOLS solves the much smaller n = 1400 problem.

5.2 Numerical Studies of New DFO-LS Features

In this section, we test the new features of DFO-LS and showcase the successful ones that
are chosen as defaults, with the remaining features available as options. Section 5.3 then

compares DFO-LS with its default settings against state-of-the-art DFO least-squares solvers.

5.2.1 Testing Methodology

In the following sections, we provide numerical comparisons of different features of DFO-LS,
and compare it to other solvers. Our methodology for measuring performance with data
and performance profiles follows Section 2.4, including the adaptive choice accuracy level for
noisy problems from Section 2.4.2. The collections of test problems are (MW) and (CR)
from Section 2.4.1; for noisy problems we ran 10 instances of each problem® with noise level
o = 1072, and treat each of these problem instances as a separate problem to be solved
when constructing profiles. We used a maximum budget of 104(n + 1) evaluations for the
Moré and Wild problems (MW). Particularly for noisy problems, we are interested in a
regime where objective evaluations are cheap, and we are concerned with the robustness
of each solver—how many problems can it solve, if budget were not an issue. Since this

budget is much larger than is often used for testing (e.g. [240, 47]), we show data profiles

5 By default, DFO-LS chooses its initial set Y using random orthogonal directions, so we also run
10 instances of DFO-LS for noiseless problems.
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with a log-scale for budget, so we can easily compare solvers both for large budgets (to
check robustness) and for realistically small budgets. For the CUTEst problems (CR), we
used a much smaller budget of 50(n 4 1) evaluations, to represent the other regime, where
objectives are expensive to evaluate.

The default parameter values for DFO-LS are given in Remark 3.2, although unlike in
Section 5.1, for noisy problems we set the alternative defaults as specified in Section 3.4.1.
For all solvers, we use an initial trust-region radius of AP = 0.1 max(||%¢l/00, 1) (the default
for DFO-LS) and final trust region radius penq = 10~® where possible. Other parameters

are all set to their default values.

5.2.2 Reduced Initialisation Cost

In Figure 5.5, we consider the CUTEst problems (CR) with noiseless evaluations. We
compare the basic implementation of DFO-LS against DFO-LS with a reduced initialisation
cost of 2, n/4 and n/2 function evaluations (growing the direction space via both mechanisms
described in Section 3.2.2 above: modifying Ji, using its SVD, and perturbing the trust-region
step). Using our small budget of 50(n 4 1) evaluations, we show data profiles in two settings:
for a small budget (5(n + 1) evaluations) with low accuracy 7 = 107!, and the full budget
with high accuracy 7 = 107°.

In the short budget, low accuracy plots, we see the benefit of a reduced initialisation
cost—we are able to solve a notable fraction of the problems to low accuracy with very few
evaluations; less than the number required to perform a single gradient evaluation. We also
see the tradeoff of this benefit, which is a lower performance at small budgets (1-3 gradients).
However, the long budget, high accuracy plots in Figure 5.5 show that we do not lose
robustness regardless of the initialisation cost, as the small-budget performance loss does not
perpetuate to longer budgets. The difference between initialising with 2, n/4 and n/2 points
is not substantial. Comparing the two mechanisms for increasing the model dimensionality,
we find that the SVD approach performs similarly to the perturbed trust-region approach
for small budgets, but better matches DFO-LS with a full initialisation set. We note that

all our test problems are least-squares or nonlinear systems, so m > n in all cases.

5.2.3 Sample Averaging

To demonstrate the impact of using sample averaging, Figure 5.6 shows data profiles with
averaging strategies N € {1,2,5,10, 30, max(1, |A.'|)} in (3.28). Each of the N samples for
a given xj, are counted towards the maximum computational budget of 10%(n+1) evaluations.

Unsurprisingly, we see that using a larger number of samples can improve the robustness of

DFO-LS. Of course, to achieve this robustness, a proportionally larger number of evaluations

94



1.0

0.8 ~
%
£
3 7
£ 0.6 7
g P
= /
S /
=1 ]
5 0.4+ !
£ 0 1
3
[=¥
e
&

0.2 —— No growing

—— Growing from 2 points (SVD)
I === Growing from 2 points (perturb)
0.0 * T T T
0 1 2 3 4 5

Budget in evals (gradients)

(a) Short budget, 2 starting points, T = 10~}

1.0
0.8 4
k]
o
£
e
£ 061
k)
e
A
S 04
g
)
[y
0.2 —— No growing
—— Growing from n/4 points (SVD)
=== Growing from n/4 points (perturb)
0.0 ’ T T T
0 1 2 3 4 5

Budget in evals (gradients)

(c) Short budget, n/4 starting points, 7 = 10~}

1.0
0.8
]
o
g
E
£ 0.6
5}
=
2
a2
2 044
e
3
a
2
&
0.2 1 —8— No growing
—— Growing from n/2 points (SVD)
==+ Growing from n/2 points (perturb)
0.0 ' T T T
0 1 2 3 4 5

Budget in evals (gradients)

(e) Short budget, n/2 starting points, 7 = 107"

1.0
08 T & & & &
o
L - ———————————
% - S
2 =~
Z 0.6 - -
2 2
°
=
S 0.4+
2 /
£ d
0.2 1 —— No growing
—— Growing from 2 points (SVD)
=== Growing from 2 points (perturb)
0.0 T T T T
0 10 20 30 40 50

Budget in evals (gradients)

(b) Long budget, 2 starting points, 7 = 107°

1.0

o
®
f

=]

=N
L

\
Y
\

=]
=
L

Proportion problems solved

S
o
N

—&— No growing
—— Growing from n/4 points (SVD)
=== Growing from n/4 points (perturb)

0.0 T T T T
0 10 20 30 40 50

Budget in evals (gradients)

(d) Long budget, n/4 starting points, T = 1075

1.0

e
@
f

e
>
L

\

S
-
L

Proportion problems solved

e
o
h

—e— No growing
—— Growing from n/2 points (SVD)
=== Growing from n/2 points (perturb)

0.0 T T T T
0 10 20 30 40 50

Budget in evals (gradients)

(f) Long budget, n/2 starting points, 7 = 107>
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n + 1 interpolation points) against using the full initial set, for smooth objectives. Results an average
of 10 runs in each case. The problem collection is (CR).
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average of 10 runs for each solver. The problem collection is (MW).

are required, so for small-to-medium budgets (in serial) we lose in performance. This does
not take into account the benefits of parallelisation that may be available when sample
averaging is used. We also notice that using N = O(A,;l) can provide a compromise—it still
makes progress for small budgets, but manages to achieve a reasonable level of robustness

overall.

5.2.4 Regression Models

In practice, we find that the geometry-based moves perform similarly to or slightly better
than momentum-based ones (see Section 3.4.3.2 for details), so we do not show results
for the latter mechanism. Figure 5.7 compares the remaining two techniques with varying
numbers of regression points (p + 1 = ¢(n + 1) for ¢ € {5,30}) against interpolation models
(p+1=mn+1). We see that using a larger sample set improves the robustness of DFO-LS,

particularly for additive Gaussian noise, and this improvement (for p + 1 = ¢(n + 1)) is
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problem collection is (MW).

generally comparable to, or slightly worse than, the use of sample averaging (with ¢ samples
at each point). This aligns with the argument in Appendix C that we would expect regression
to be slightly less robust than sample averaging. The geometry-based mechanism for moving
multiple points makes the algorithm progress more slowly, as indicated by the performance
profiles, while at times providing a slight improvement over the ‘basic’ approach (moving

one point per iteration).

5.2.5 Multiple Restarts

Figure 5.8 compares the different restart methods against sample averaging (A,;l

samples at
every point). All runs use auto-detection of restarts and the optional noise-based termination
criterion (3.25).

We see that soft restarts (moving xx) is the most successful restarts mechanism, followed

by hard restarts, then soft restarts (fixing xj), and that all these mechanisms are better
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Figure 5.8. Comparison of different multiple restart strategies for DFO-LS (using n + 1 interpolation
points). We are using noisy objective evaluations with o = 1072, high accuracy T = 107°, and an
average of 10 runs for each solver. The problem collection is (MW).

than DFO-LS without any noise-based features. Compared to the case of using averaging
with A,;l samples at every point, soft restarts (moving xj) achieve a similar or better level
of robustness with many fewer objective evaluations—this is most clearly observed for small
budgets, indicating that using A,;l samples is more pessimistic than necessary (even though
it is well below the O(A,*) evaluations required in theory [50]).

The improvements in robustness from using multiple restarts are obvious at the end of
the full budget of 10 gradients, but there are still benefits to be found at much smaller
budgets (e.g. O(100) gradients). As a result of these benefits, the soft restarts (moving xy)
mechanism is activated by default in DFO-LS for noisy problems.

Next, we consider the impact of using increased levels of sample averaging with every
restart. The reason for this is that after every restart, we hope to be closer to the desired

solution, so an increased amount of averaging may help distinguish points near to this
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Figure 5.9. Comparison of multiple restarts with and without sample averaging for DFO-LS (using
n + 1 interpolation points). We are using noisy objective evaluations with ¢ = 10~2, high accuracy
7 =1075, and an average of 10 runs for each solver. The problem collection is (MW).

optimum. To achieve this, in (3.28) we use
N = nS&mpleS(Pka Ak’, k, nrestarts) = min{nrestarts + 17 30} (51)

Figure 5.9 shows that augmenting multiple restarts with sample averaging improves the
robustness of hard and soft restarts (fixing x), but not for the default mechanism (soft
restarts moving xx). Ultimately, using soft restarts (moving xj) is better than the other two
restart mechanisms, with or without sample averaging. Hence, we do not use any sample

averaging in DFO-LS by default.

5.3 Benchmark Comparison of DFO-LS

In this section we compare the performance of DFO-LS against DFBOLS with 2n + 1 and
(n+ 1)(n + 2)/2 points, POUNDERS, and BOBYQA with 2n + 1 and (n+ 1)(n + 2)/2

99



Budget in evals (gradients)

(a) Problem collection (MW)

1.0 1.0
A ,—’j
%8 A i N E— 2% sttt L S ataio
R Z e
; J i .
£ 0.61 Vi £ 067 !
£ TN 2 /
= iy :
S 044 b i o —e— DFO-LS 2 04
’g II . il ===+ DFBOLS (2n + 1 points) g —— DFO-LS (growing from 2 points, SVD)
E / I _"] — - DFBOLS (O(n?) points) E —e— DFO-LS (no growing)
0.2+ //f —<— POUNDERS 0.2 ==+ DFBOLS (2n + 1 points)
'l .’.1 ----- BOBYQA (21 + 1 points) f ] " —«— POUNDERS
:;’ A —— BOBYQA (O(n2) points) PR B BOBYQA (21 + 1 points)
0 i - - - 0.0+ T : : T
10° 10 10% 10% 10" 10 20 30 40 50

Budget in evals (gradients)

(b) Problem collection (CR)

Figure 5.10. Comparison of the basic implementation of DFO-LS (using n + 1 interpolation points)
with DFBOLS for smooth objective evaluations and high accuracy T = 107°. For DFBOLS and
BOBYQA, 2n+1 and O(n?) = (n+1)(n+2)/2 are the number of interpolation points. For DFO-LS,
results are an average of 10 runs. In (b), we show results using the full initialisation cost of n + 1
evaluations, and a reduced cost of 2 evaluations (using the SVD method).

points. DFO-LS uses pinit = p = n interpolation points and the default values for all other
parameters, unless otherwise specified. For all solvers, we use the computational budget,
and initial and final trust region radii as in Section 5.2.1, with accuracy level 7 = 1075,

Figure 5.10 shows results for smooth (noiseless) objective functions for both the (MW)
and (CR) test sets. Since DFO-LS uses randomised initial points, we show an average result
over 10 runs. For the (CR) set, we do not show DFBOLS or BOBYQA with (n+1)(n+2)/2
points, as in most cases the initialisation cost will use almost all of the available budget.
DFO-LS performs similarly to both DFBOLS and POUNDERS, which is to be expected
given the similarity of these algorithms. All these solvers outperform BOBYQA, particularly
at low budgets, as they can exploit the nonlinear least-squares structure of the problem.
Note that for (CR), initialising DFO-LS with only 2 evaluations yields only slightly worse
performance, but gains the benefit of decreasing the objective at a very low cost (as shown
in Section 5.2.2).

Similarly, for noisy functions (from the (MW) set), Figure 5.11 shows DFO-LS with
and without restarts compared to the same solvers as above. It is in this scenario that the
flexibility of DFO-LS becomes evident—its ability to adjust the default algorithm parameters
in the presence of noisy evaluations allows it to solve a larger proportion of problems than
both DFBOLS and POUNDERS—as well as BOBYQA—and this robustness is further
improved, by a significant margin, by the use of multiple restarts.

We observed in Section 5.1.1 that linear residual models to have a small performance
penalty compared to quadratic residual models for noisy problems. Thus, that DFO-LS
performs better than DFBOLS and POUNDERS here gives strong weight to the benefit of
the novel algorithmic features in DFO-LS. 100
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Figure 5.11. Comparison of the basic implementation of DFO-LS (using n + 1 interpolation points)
with DFBOLS, POUNDERS and BOBYQA for noisy objective evaluations with ¢ = 1072 and high
accuracy T = 107°. For DFBOLS and BOBYQA, 2n + 1 and O(n?) = (n + 1)(n + 2)/2 are the
number of interpolation points. Results shown are an average of 10 runs for each solver. The problem
collection is (MW).
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Expensive & Noisy Problems As discussed in Chapter 1, the two regimes that have
been the focus of our attention—‘expensive’ and ‘noisy’—are not mutually exclusive. Here,
we demonstrate that DFO-LS continues to perform well when the two regimes coincide. In
Figure 5.12, we run all solvers on the (CR) problem set with additive Gaussian noise. The
DFO-LS runs use the default settings for noisy problems (i.e. slower trust region decrease
parameters, multiple restarts). The results are very similar to the smooth case (see Figures
5.5 and 5.10b): the reduced initialisation cost allows progress to be made within n + 1
objective evaluations for some problems, at the cost of reduced small-budget performance,
but achieves similar overall robustness, with performance for long budgets at high accuracy
levels. In addition, DFO-LS with full initialisation cost outperforms DFBOLS, POUNDERS
and BOBYQA, in both the low and high accuracy/budget regimes.

102



Chapter 6

DFO for General Minimisation

In this chapter we consider the case of general objective problems (2.1), as opposed to
nonlinear least-squares problems (2.6). The main goal of this chapter is to translate some of
the novel algorithmic features from DFO-LS (Chapter 3) to Powell’'s BOBYQA algorithm
[186] for solving (2.1) (or in practice the bound-constrained version (2.5)). In Section 6.1 we
introduce our general minimisation solver, which we call Py-BOBYQA! as it is a Python-
based solver that is built on the original (Fortran) software [242]. Then, in Section 6.2, we
present global convergence results and a worst-case complexity analysis for Py-BOBYQA,
based on the approach from Chapter 4. In Section 6.3, we show numerical results for
this algorithm for both smooth and noisy problems; here, we also show that the multiple
restarts mechanism from Section 3.4.2 can also be useful for escaping local minima. Lastly,
in Section 6.4 we extend this idea and consider the performance of our multiple restarts

framework on global optimisation problems.

6.1 The Py-BOBYQA Algorithm

The overall algorithmic structure of (Py-)BOBYQA is the same as Algorithm 3.1: we
construct an interpolation-based model for f, calculate a step to minimise this model inside
a trust region, and perform one of several phases (safety, successful, model-improving,
unsuccessful) depending on the outcome. The most important difference is that the model
my(s) = f(x +s) is built by directly interpolating f(y;) for y; € Y := {yo =X, ..., ¥p}
and is typically quadratic. Specifically, for an interpolation set of size p+1 € {n+1,...,(n+
1)(n+2)/2}, we construct

1
f(xg+s)=mg(s) =cp + ngs + isTHks, (6.1)

! Available from https://github.com/numericalalgorithmsgroup/pybobyqa
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satisfying the interpolation (not regression) conditions

mg(ye —xx) = f(ye), Yt=0,...,p. (6.2)

If p+1=mn+ 1 we have linear interpolation and hence a linear local model (with Hy = 0),
otherwise we have underdetermined or fully-determined quadratic interpolation, and find
¢k, 8r and Hj by selecting the solution given by (2.36); i.e. with minimal change in the
Hessian. The full Py-BOBYQA algorithm is given in Algorithm 6.1, where the size of the
interpolation set p+ 1 is a user-specified input (defaulting to 2n+ 1 for smooth problems and
(n+1)(n + 2)/2 for noisy problems), which can be set depending on the number of initial
evaluations the user can afford. Additionally, the implementation of Py-BOBYQA, like
DFO-LS and BOBYQA, uses simplified geometry management (as described in Section 3.3.1)

Remark 6.1. Compared to DFO-LS (Algorithm 3.1), Py-BOBYQA is the same, except it
does not allow for a reduced initialisation cost, has a reduced range of allowable values for
the input p, and when we evaluate the objective in line 19 of Algorithm 6.1, we receive

just f(xy + si) rather than the vector r(x; + s;). The default values of the trust-region
parameters in Py-BOBYQA are the same as DFO-LS (listed in Remark 3.2).

Improvements from original BOBYQA The goal of implementing Py-BOBYQA is
to endow it with some of the key features of DFO-LS in order to improve its robustness
to noise. Given the already-strong performance of BOBYQA, we aim to enhance—rather
than redesign—BOBYQA by incorporating features from DFO-LS that naturally translate
into the setting of quadratic interpolation models. We now describe the ways in which
Py-BOBYQA is an improvement over BOBYQA.

Firstly, the user is able to specify p4+ 1 =n + 1, compared to p+ 1 > n + 2 as required
by BOBYQA. However, Py-BOBYQA uses the default option 2n + 1 for smooth problems
and (n + 1)(n + 2)/2 for noisy problems; see Section 6.3 for a discussion of this choice.

Py-BOBYQA also has a larger range of termination conditions than BOBYQA, including:

1. Small objective value: we allow termination when f(x;) < fabs, for user-specified

parameter fans (default fu,s = —10%0; i.e. effectively inactive);
2. Small trust region: we terminate when pi < pend (default penq = 1078);

3. Computational budget: we terminate after a given number of evaluations of the

objective (default min(100(n + 1), 1000));

4. Slow decrease in the objective: this is defined in Section 3.3.3, but we use f(xk<i7K)) —

f(xg,;) in (3.24) rather than log-decrease (since we may no longer have f > 0); and
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Algorithm 6.1 Py-BOBYQA: Python Implementation of BOBYQA.

Input: Starting point xo € R™, initial trust region radius A > 0 and integer p, the size of the interpolation
set, wheren+1<p+1<(n+1)(n+2)/2.
Parameters: maximum trust-region radius Anpa, > A criticality threshold ec > 0, criticality scaling
> 0, minimum trust-region radius 0 < pend < Ag‘it, trust-region radius scalings 0 < Ydec < 1 < Yine <
Yine and 0 < a1 < az < 1, acceptance thresholds 0 < n1 < n2 < 1, safety reduction factor 0 < ws < 1,
safety step threshold 0 < vs < 2¢1/(1 4+ +/1 4 2¢1), poisedness constant A > 1, and Boolean flag NOISY
indicating the presence of noise in the objective.

: Build an initial interpolation set Yy C B(xo, AJ™®) of size p + 1, with xo € Yp. Set pii* = At
: for k=0,1,2,... do
if NOISY and all values {f(y) : y € Yi} are within noise level of f(xr) then
Call restart: set Aik"frtl = p}c"fl = A" and build Yj41 as per Section 3.4.2, then goto line 2.
end if
Given x; and Yk, construct the model m{™* (6.1) by solving the interpolation problem (2.36).
if ||gi™*|| < ec then
Criticality Phase: using Algorithm 2.2, modify Y and find Ay, < A®* such that Y} is A-poised
in B(xy, Ar) and Ay < pl|gx||, where gy, is the gradient of the new my. Set pr = min(p™™, Ay).
9: else
10: Set my = mi™M A = AN and pg, = pitit.
11: end if
12: Approximately solve the trust-region subproblem (1.6) to get a step si satisfying Assumption 4.4.
13: if ||sk|| < vspx then

QDT Wiy

14: Safety Phase: Set xx4+1 = x5 and Az‘}rtl = max(pk, wsAk), and form Yx41 by making Y A-poised
in B(Xk+1, A}:itl)

15: If AR = pr, set (o, ARY) = (1pk, a2pr), otherwise set piy = pu.

16: If pik“fl < pend: call restart if NOISY, else terminate.

17: goto line 2.

18: end if

19: Evaluate f(xx + sx) and calculate ratio Ry (3.3).
20: Accept/reject step and update trust region radius: set

min(max(YincAx, Vine I8% 1) Amax),  Ri > 12,

Xyl = {Xk +sk, Be2m, and AR = { max(yaecAk, IIskll, pr), m < R <2,
Xk, Ry <m, .
max(min(vaec Ak, ||sk|l), pr), R <m.
(6.3)

21: if Ry > m then
22: Successful Phase: Form Yi41 = Y U {xk+1} \ {y} for some y € Yj and set pji = p.
23: If objective decrease is too slow: call restart if NOISY, else terminate.
24: else if NOISY and restart auto-detected then
25: Restart Auto-Detection: Call restart.
26: else if Yy is not A-poised in B(xy,Ay) then
27: Model Improvement Phase: Form Yj41 by making Yi A-poised in B(xk11, A}'lY) and set pji'y =

Pk
28: else
29: Unsuccessful Phase: Set Yii1 = Y, and if AP = py, set (i, ARLY) = (oupr, a2pr), otherwise

set pr+1 = Pk
30: If pit" < pena: call restart if NOISY, else terminate.
31: end if
32: end for
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5. All objective values are within noise level (if NOISY=True in Algorithm 6.1).

Finally, Py-BOBY QA includes several strategies aimed to improve its robustness to noise.
Specifically, it implements different default parameter values (as per Section 3.4.1) and
multiple restarts (as per Section 3.4.2). In this setting, however, we must modify the
automatic detection of restarts to be based on the slope and correlation coefficients of both
{(k,log |lgr — gr-1l))} and {(k,log |[Hy — Hy—1[[r)}, compared to {(k,log||Jx — Ji-1l[r)}
for DFO-LS. Py-BOBYQA also implements flexible sample averaging using (3.28), as per
Section 3.4.3.1, but—as in DFO-LS—this feature is not used by default.

Simplifications from original BOBYQA For the purposes of a more streamlined code,
we simplify the model construction process in Py-BOBYQA as compared to its original
implementation in [186]. As in DFO-LS (Section 3.3.4), we solve the interpolation system
by factorising the interpolation linear system resulting from (2.36) at each iteration, rather
than updating the inverse of the associated matrix via low-rank updating (as described in
Section 2.2.3). Following Section 3.3.2, this naturally allows us to select the interpolation
point to replace with x; + s; by y;, where

_ | llys —
t = argmax |{;(x; + si)| - max 1] (6.4)
=0y Ay,

Finally, also following DFO-LS, we initialise Py-BOBYQA using random orthogonal direc-

tions rather than coordinate directions (see Section 3.3.5).

6.2 Theoretical Guarantees for Py-BOBY QA

Here, we demonstrate how the theoretical results from DFO-LS (Chapter 4) apply to Py-
BOBYQA. When Algorithm 6.1 refers to making the interpolation set A-poised, it refers to
the appropriate definition of poisedness from Chapter 2, depending on whether linear or
quadratic models are used. As in Chapter 4, we prove results for a simplified Py-BOBYQA,
called with the following settings:

e No noise is present in the objective (i.e. NOISY=False); and

e Termination conditions are not applied: peng = 0 and no termination on slow objective

decrease (line 30 of Algorithm 3.1).

In addition, we require that our objective is sufficiently smooth, as per Assumption 2.1, and

that the model Hessians are uniformly bounded.

Assumption 6.2. We assume that |Hg| < kg for all k, for some kg > 1.
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We note that Assumption 6.2 is automatically satisfied for linear models, where Hj = 0.
For quadratic models, we only have bounded Hessians—from (2.44)—when the interpolation
set is A-poised for minimum Frobenius norm interpolation and we use Hprey = 0 in (2.36).
In this case, the discussion in Remark 4.22 would apply here.

Under Assumptions 2.1 and 6.2, we conclude that whenever Algorithm 3.1 makes the
interpolation set A-poised, we arrive at a fully linear model as per Definition 2.7; this follows
from Theorems 2.12 and 2.23.

In this setting, the main results from DFO-LS hold for Py-BOBYQA.

Theorem 6.3. Suppose Assumptions 2.1, 4.4 and 6.2 hold. Then Py-BOBYQA produces
iterates {xy} satisfying limg_oo |V f(x)|| = 0. Moreover, if Assumption 4.16 holds then
the number of iterations i. (i.e. the number of times a model my, is built via (6.2)) until
IV f(xi.41)|l < € is at most

4[f (%0) — fiow] < 10%7'nc) —2 —2 1 —1 -2 —1Ainit\—1 _—1
——— 1+ —"5 ) max (kgcy 7€ “,cq cr € 2, (AgM) e
s Togay]) 2 (e el eg e 8 1)

oz o) max (0, log (Aglitcgle_l))J (6.5)

where ¢y is defined in Assumption 4.4, ag is defined in Lemma 4.15, and c3, ¢4 and c5 are

defined in Theorem 4.17.

Proof. The proofs for the corresponding results in Sections 4.2 and 4.3 apply without
modification, since they only rely on fully linear models, rather than the explicit method
used to achieve them. The only change is the proof of Lemma 4.14, where instead of (4.44),
which was based on f(xx) > 0 for nonlinear least-squares problems, we use f(X) > fiow t0

conclude
) €
F(%X0) = frow = |Si. I cre, min (ﬁj{ pmm) , (6.6)

which gives us the constant factor [f(x0) — fiow) in (6.5) rather than f(x¢) in (4.50). O
As in Corollary 4.18, we can summarise this result as follows:

Corollary 6.4. Suppose Assumptions 2.1, 4.4, 4.16 and 6.2 hold. Then for e € (0,1],
the number of iterations i. (i.e. the number of times a model my, is built via (6.2)) until
Py-BOBYQA achieves ||V f(xi.+1)| < € is at most O(kprie2), and the number of objective
evaluations until ic is at most O(/{Hﬁg pe~2), where kg := max(ket, Keg) and p+ 1 is the size

of the interpolation set at each iteration.

That is, Py-BOBYQA has the same iteration and evaluation complexity—including
dependence on dimension (provided the interpolation set is of size p = O(n))—as the

first-order complexity results from [83].
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6.3 Numerical Results

We now present numerical results for Py-BOBYQA.2 In our comparisons, we compare
Py-BOBYQA with the original BOBYQA [186, 242], and (S)NOWPAC [16, 17, 18] (as
described in Section 1.1.4)—we use NOWPAC for smooth problems and SNOWPAC for
noisy problems, in line with their intended use. SNOWPAC requires both evaluations of
the (noisy) objective and its standard deviation, and so receives more information than the
other solvers. For noisy problems, we also compare against STORM for unbiased noise [50,
Algorithm 3].> For STORM, theoretical convergence requires A,;4 samples to check objective
decrease, and A;‘l regression points for model construction—however, for tractability, we
follow [50] and use A, ' for both.

Our testing methodology is the same as Section 5.2.1, using the problem collections (MW)
and (CFMR). Specifically, we use an initial trust-region radius of APt = 0.1 max(||Xol00, 1)
(the default for Py-BOBYQA) and final trust region radius pe,q = 1078, and all other
parameters set to their default values. We allow a budget of 10*(n + 1) evaluations for
(MW) and 50(n + 1) evaluations for (CFMR), but with a maximum runtime of 12 hours
per problem instance. We run 10 problem instances for all solvers whenever we have noisy
problems, and for Py-BOBYQA with smooth problems due to its initialisation using random

directions.

6.3.1 Smooth Regime

Figure 6.1 compares the basic implementation of Py-BOBYQA (no sample averaging or
restarts) with BOBYQA and NOWPAC, for both (MW) and (CFMR) problem collections.

For (Py-)BOBYQA applied to (MW), we show results for the default choice p+1 = 2n+1,
as well as the maximum value p +1 = (n + 1)(n + 2)/2, which is Py-BOBYQA'’s default
choice for noisy problems. We do not show the p+ 1 = (n+1)(n+ 2)/2 results for (CFMR),
because the small budget and high dimension means that almost all of the budget would be
used by the initialisation phase. We see that Py-BOBYQA has comparable performance
with BOBYQA and NOWPAC for smooth problems, which we expect given the similarity
of the algorithms.

6.3.2 Noisy Regime

In Figure 6.2, we compare Py-BOBYQA with BOBYQA, STORM and SNOWPAC. Similar

to our results for DFO-LS, we see that using multiple restarts gives a substantial improvement

2 These results use version 1.0.1.

3 As mentioned in Section 1.1.2, there are several variants of STORM proposed in [50]. We chose
this version, based on highly overdetermined quadratic regression models, because it showed better
performance than other variants.
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Figure 6.1. Comparison of the basic implementation of Py-BOBYQA with the original Fortran
BOBYQA and NOWPAC for smooth objective evaluations and high accuracy 7 = 107°. For (Py-
)BOBYQA, 2n + 1 and O(n?) = (n + 1)(n + 2)/2 are the number of interpolation points. For
Py-BOBYQA, results are an average of 10 runs. The (MW) results have a budget of 10*(n + 1)
evaluations and the (CFMR) results have a budget of 50(n + 1) evaluations, and both have a 12 hour
runtime limit.

in the robustness of Py-BOBYQA, and it performs substantially better than BOBYQA. We
also see the benefit of using a larger number of interpolation points for Py-BOBYQA, for
noisy problems; as observed in [200], choosing a smaller interpolation set is useful for small
budgets, but it ultimately leads to a reasonable reduction in robustness. This validates our
choice of the maximal value p+1 = (n+ 1)(n + 2)/2 as the default in Py-BOBYQA for
noisy problems, but 2n + 1 for smooth problems, where there is no difference in robustness
(see discussion of Figure 6.1 above).

In our experiments, Py-BOBYQA can solve more problems than STORM within the
computational budget, and can solve many problems much more efficiently. We note that
STORM relies on constructing models that are entirely independent at each iteration, so it
takes many more evaluations to begin seeing the desired objective reductions. Compared
to SNOWPAC, which requires both (noisy) objective values and standard deviation, Py-
BOBYQA performs either comparably or better, with the difference most noticeable for
multiplicative noise. The multiple restarts approach in Py-BOBYQA has the advantage of
not requiring extra user input, and being cheap to implement compared to constructing a
surrogate model.

To illustrate the relative cost of multiple restarts compared to building surrogate models,
Figure 6.3 shows the runtime? for Py-BOBYQA and SNOWPAC for two different noisy
problems from (MW), using the large budget of 10*(n + 1) objective evaluations and additive

* CPU time, measured on a Lenovo ThinkCentre M900 (with one 64-bit Intel i5 processor, 8GB of
RAM).
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Figure 6.2. Comparison of the basic implementation of Py-BOBYQA with the original Fortran
BOBYQA, STORM and SNOWPAC for noisy objective evaluations with o = 10~2 and high accuracy
7 =107, For (Py-) BOBYQA, 2n+ 1 and O(n?) = (n+ 1)(n+2)/2 are the number of interpolation
points. Results shown are an average of 10 runs for each solver. The problem collection is (MW).

Gaussian noise. For each problem, we mark when each solver achieves the particular objective
reduction 7¢yit(p) until it reaches the 12 hour timeout; see (2.69). For both problems, the
runtime of Py-BOBYQA grows linearly with the number of objective evaluations, after the
initial setup cost of O(n?) evaluations. However SNOWPAC’s runtime starts to grow much
more quickly for large budgets. In SNOWPAC, the number of points used to build the
surrogate model—which drives the cost of surrogate model construction—depends on the
number of evaluated points in the entire run that are sufficiently close to x;. In many cases,
this means the rapid increase in runtime occurs in the asymptotic regime, when a good
solution has already been found (i.e. accuracy 7.it(p) has been achieved), and SNOWPAC is
trying to improve the quality of the solution using a more accurate surrogate. This occurs in
problem 1, for instance, where 7.t (p) = 1072, and SNOWPAC achieves this accuracy well

before the runtime starts to grow quickly. However, problem 53 is an example where the
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Figure 6.3. Comparison of average runtimes—up to a maximum of 12 hours (horizontal dot-dash
line)—for Py-BOBYQA (with (n + 1)(n + 2)/2 interpolation points and multiple restarts) and
SNOWPAC, for two problems from (MW). The marked points are average budget/runtime when
each solver achieved the labelled objective reduction T. Both problems had additive Gaussian noise
with o = 1072. Results shown are an average of 10 runs for each solver.

increase in runtime comes before this high accuracy regime: we have 7.t (p) = 10~13 , and
SNOWPAC terminates (from the timeout) without achieving accuracy 10~%. By comparison,
on this problem, Py-BOBYQA terminates on maximum budget after reaching the much
higher accuracy level 7 = 107! before terminating (on budget). Overall, the use of a
surrogate model is beneficial for achieving robustness to noise, but may result in reduced

performance in order to realise this benefit.

6.3.3 Multiple Restarts for Noiseless Problems

We conclude by illustrating that there may also be some benefit in using multiple restarts
when running Py-BOBYQA on smooth problems. As before, since the first run of Py-
BOBYQA with restarts is the same as the full solver run without restarts, there is no
performance loss from using multiple restarts (although more of the computational budget
is used). In Figure 6.4a, we compare Py-BOBYQA without restarts against soft (moving
x) and hard restarts for the (MW) collection. As expected, at this accuracy level, multiple
restarts either gives the same or slightly better robustness than no restarts—the improvement
is larger when using (n + 1)(n + 2)/2 interpolation points.

However, one benefit of multiple restarts is being able to escape local minima. In
Figure 6.4b, we show the objective value f(xy) for one run of Py-BOBYQA with soft restarts
and 2n + 1 interpolation points for problem 14 in (MW); the vertical lines show where
restarts occurred. This problem has two local minima, with f(x*) ~ 48.98 and f(x*) =0

[155]. We see that when the first restart occurs, we have found the local minimum with
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Figure 6.4. Illustration of the impacts of multiple restarts for Py-BOBYQA on noiseless problems.
For (a), we show Py-BOBYQA without restarts, and with soft (moving Xy, ) and hard restarts; because
the problem has no noise, we do not use autodetection of restarts. Figure (b) shows the objective
value f(xy) using Py-BOBYQA with soft restarts and 2n + 1 interpolation points, for (MW) problem
14; the vertical lines indicate where restarts occurred.

higher objective value—this is when Py-BOBYQA would usually terminate. However, if we
allow Py-BOBYQA to perform two soft restarts, it manages to find the other local minimum

(which is also the global minimum).

6.4 Py-BOBYQA for Escaping Local Minima

The results in Section 6.3.3 provide some preliminary evidence that the multiple restarts
feature can help Py-BOBYQA to escape local minima. Motivated by this, in this section we
further modify the restart procedure in a way that is (even more) advantageous to global
optimisation, and test both the usual Py-BOBYQA (with restarts) and its modification
against state-of-the-art global optimisation software—on standard global optimisation test
problems and on a parameter tuning problem from machine learning—with encouraging

results, as we describe below.

Adaptive restarts The new restart set up in Py-BOBYQA, to help achieve (faster)
escape from local minima proceeds as follows. Instead of setting A"l = pii', = A" every
time a restart is triggered (which in this section we refer to as a fixed restart), we modify
Py-BOBYQA to allow A}fﬁl = p}fﬁl = Aveset, Where Apeget 18 increased by a constant factor
(default is 1.1) if the previous restart failed to produce a reduction in the objective. Thus
Areset s still set to A for the first restart, but will be progressively increased on restarts
that do not make progress. The motivation for this approach is that the restart helps

Py-BOBYQA to build models in a larger region of the domain. For global optimisation
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problems, if we are not making progress after a given restart, we should gradually expand how
much of the domain we explore. To use the language of global optimisation (see Section 6.4.1
below), we may view one run of Py-BOBYQA (until a restart is called) as an ‘exploitation’

step, and the adaptive restart mechanism as a proxy for an ‘exploration’ step.

An illustrative example We use the well-known Ackley function, that has a global
minimum surrounded by a high number of local minima, and illustrate the impact of
using fixed and adaptive restarts in Py-BOBYQA on finding the global minimum. In
Figure 6.5, Py-BOBYQA with 2n + 1 interpolation points is applied to the two-dimensional
Ackley function with bound constraints x € [~26,26]% and no noise, from starting point
X = [20, 20] " and with an evaluation budget of 10% gradients. Both usual (fixed) restarts
and adaptive restarts are tested. Figure 6.5 shows that both fixed and adaptive restarts
help Py-BOBYQA reach the global minimum to high accuracy (while the no restarts Py-
BOBYQA does not). Furthermore, by comparison to fixed restarts, adaptive restarts both
achieve a larger reduction in the cost function within fewer evaluations and require fewer

restarts to achieve this improvement.

6.4.1 Brief Survey of DFO Methods for Global Optimisation

Due to the numerical comparisons to follow, we now briefly review different DFO methods
designed specifically for global optimisation; more details can be found in [140, 199], for
instance. Since this now requires the solver to fully explore the feasible region (which we
assume to be bounded, usually defined by box constraints (2.5)), the techniques here are quite
different to those for local optimisation. In particular, they need to balance ‘exploitation’
(searching in regions where the objective is known to be small) and ‘exploration’ (searching

in unexplored regions).

Bayesian/Surrogate Optimisation Bayesian and surrogate optimisation methods are
designed for the framework where the objective is expensive to evaluate, and so a large
computational effort should go into selecting the next evaluation point in an informed way.
Both types of method build global models for the objective (e.g. via Gaussian Processes/radial

5 The next evaluation point is

basis functions [192]) based on all available evaluations.
selected by minimising a particular function (based on the global model) aiming to balance

exploitation and exploration.® This requires a call to another global optimisation algorithm,

5 Tt is usual to begin by sampling the objective at a number of points distributed throughout the
feasible region, called an ‘initial design’.

5 We note that simply minimising the current global model over-emphasises exploitation, and can
lead to only finding a local minimum [112].
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Figure 6.5. Demonstration of Py-BOBYQA with multiple restarts on the Ackley function. This

function has a local minimum at each integer-valued coordinate, and a global minimum of 0 at the
origin.

however this is easier than solving the original problem as this new function is cheap to
evaluate. More details on these methods and their applications, particularly in machine
learning, can be found in [194, 35, 82, 205], for instance.

Dividing Rectangles The DIRECT (dividing rectangles) method [113] is an extension
of Lipschitz global optimisation methods, which minimise a piecewise-linear lower bound for
the objective, constructed using its (known) Lipschitz constant.” DIRECT extends this to
unknown Lipschitz constants. It partitions the feasible region into boxes, and the objective
is evaluated at the centre of each. At each iteration, boxes with either small objective value

(exploitation) and/or large width (exploration) are subdivided.® This process is generalised

" This is the Lipschitz constant of f, not Vf (which is an important quantity for nonconvex
optimisation theory; e.g. Assumption 2.1).

8 This is done by estimating linear lower bounds for the objective, hence the relationship with
Lipschitz global optimisation.
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in multilevel coordinate search [108], where the evaluated point is not necessarily the centre

of each box.

Evolutionary Algorithms In evolutionary, or genetic, algorithms, we maintain a set
of points, and at each iteration they combine these to generate a new set, and select the
best points from both.? In the context of global optimisation, the most well-known method
is CMA-ES (Covariance Matrix Adaptation Evolutionary Strategy) [101, 99]. Here, the
set of points is modelled as samples from a multivariate normal distribution, and the new
set consists random samples from this distribution. We select the points with the lowest

objective value, and update the mean and covariance of the distribution based on these.

Branch and Fit In SNOBFIT [109], we subdivide the domain, and construct local (linear
or quadratic) interpolation models in each region based on nearby evaluated points. We
then minimise each local model to determine a set of candidate points for evaluation, and

ensure exploration by also evaluating points in regions far from existing points.

Multi-Start Local Optimisation An alternative heuristic approach for global optimisa-
tion is to perform several runs of a local optimisation method, each from a different starting
point [140, 103]. The hope is that one of the starting points lies in the basin of attraction
for the global minimum. This is different to our multiple restarts approach in Py-BOBYQA,
which only ever uses a single initialisation point for a run, and employs the final iterate of a

run as the starting point for the restarted run.

6.4.2 Testing Setup

For our comparison, we use the (AKZ) collection of test problems (see Section 2.4.1),
and consider problems without noise, and multiplicative and additive Gaussian noise with
o = 1072 (as defined in Section 2.4.1 for general-objective problems).

All solvers are allowed a budget of at most 10*(n + 1) objective evaluations for an
n-dimensional problem, and a runtime of at most 12 hours per problem instance. In addition,
Py-BOBYQA, CMA-ES, PySMAC and SNOBFIT require a starting point; for each solver,
problem, and instance, we choose this randomly from a uniform distribution over the entire
feasible region (independently for each solver/problem/instance). Given this, we run 10
instances of each solver on each problem (where, each instance has different realisations of

the stochastic noise in the objective, and, if applicable, a different starting point).

9In analogy to natural evolution, we call the first set a ‘population’, the new set ‘offspring’—
generated by ‘mutations’—and select the best points according to a ‘fitness function’.

115



Solvers tested We compare Py-BOBYQA with a selection of global optimisation routines,
all implemented or wrapped in Python.'® Here, we list each solver tested and any non-
standard parameters set—in some cases, these choices depended on whether we were testing

an objective with or without noise:

CMA-ES v2.5.7 [101, 100] (Evolutionary): Using an initial standard deviation 0.2 min;(b; —

a;), where the feasible region is a < x < b;

DIRECT v1.0.1 [1183, 110]: Using all defaults, except for increasing the maximum number

of objective evaluations to be sufficiently large for our testing;

GPyOpt v1.2.1 [213] (Bayesian): Using an initial design of 2n random points, and the

exact_feval flag is set if the objective is noisy;

HyperOpt v0.1 [28, 29] (Bayesian): Using a uniform search space over the feasible region,
Tree of Parzen Estimators algorithm, with and without providing noise variance for

the objective evaluation;

PySMAC v0.9.1 [107, 19] (Bayesian): We set the flag deterministic according to whether

the objective had noise or not;

PySOT v0.1.36 [76] (Surrogate): Using a radial basis function surrogate with an initial
design of 2n + 1 Latin Hypercube points and a DYCORS [195] strategy with 100n

points for selecting new points;
SNOBFIT v1.0.0 [109, 238] (Branch & Fit): Using all default parameters.

For Py-BOBYQA, we used version 1.1, with options: scale feasible region to [0, 1]™; Al = 0.1
and peng = 1078 (both in scaled variables); on unsuccessful restarts, increase trust region
radius Apeset by a factor'! of 1.1; and terminate after 10 consecutive unsuccessful restarts or
20 total unsuccessful restarts.

This collection of solvers has a large focus on Bayesian (GPyOpt, HyperOpt, PySMAC)
and surrogate (PySOT) methods, since, like Py-BOBYQA, they rely on minimising models

for the objective.

19 We use Python 2.7 with NumPy 1.12.1 and SciPy 1.0.1, and Py-BOBYQA version 1.1.
1 The constant factor 1.1 was not decided based on testing or tuning; it was simply considered to
be a sensible choice.
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6.4.3 Numerical Results

Selecting the best-performing Bayesian and surrogate solver We begin by compar-
ing only the Bayesian solvers (GPyOpt, HyperOpt and PySMAC) and surrogate algorithm
PySOT. Figure 6.6 shows that, for both smooth and noisy problems, PySOT is consistently
the best performing solver compared to all Bayesian solvers that we tested, in both low and
high accuracy regimes; the next best solver is GPyOpt for low accuracy regime, but when
large budgets are available, HyperOpt and PySMAC improve their performance (compared to
GPyOpt). Thus in our comparisons between all solvers, we select only PySOT to ‘represent’

the best behaviour of Bayesian and surrogate solvers.

Selecting the best-performing Py-BOBY QA variant First, we compare the different
restart mechanisms for Py-BOBYQA using data profiles. We consider Py-BOBYQA with
both 2n 4+ 1 and (n + 1)(n + 2)/2 interpolation points (the default choices for smooth and
noisy problems respectively), compare no restarts, and soft and hard restarts, and look at
both fixed and adaptive variants of each restart mechanism.

For both interpolation models, and different noise models (including no noise), Figure 6.7
shows that, with restarts, Py-BOBYQA is able to use the full budget to continue making
progress, while the no-restarts variant can no longer improve its performance beyond
the achievements in the low accuracy regime, despite the substantially larger budget. In
particular, Py-BOBYQA without restarts is the worst-performing variant, failing to solve
the largest number of problems within the given (large) budget. In terms of restarts, the
soft restart variant with adaptive restart radius (adaptive Ajeset) is the most efficient and
economical across all models and restart types, followed by standard soft restarts (with fixed
radius size) and matched sometimes by hard restarts with adaptive radius size (such as for
p+ 1 =2n+1 and noisy problems; and p+1 = (n+ 1)(n + 2)/2 and no noise).

Similar to Section 6.3, Py-BOBYQA with O(n?) interpolation points, soft restarts and
adaptive radius on restarts gives the best performance overall, and is particularly effective
on noisy problems. For smooth problems, we get similar results with 2n 4 1 as with O(n?)
interpolation points, but with the benefit of reduced initialisation and linear algebra cost.
However, in this accuracy/budget regime, the benefit of the reduced interpolation cost is

not seen.
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Figure 6.6. Comparison of Bayesian and surrogate solvers on the global optimisation test set (AKZ),
with different choices for the interpolation set size and noise model. These results use a budget of
10*(n + 1) evaluations and a 12 hour runtime limit.
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Figure 6.7. Comparison of Py-BOBYQA restart variants on the global optimisation test set (AKZ),
with different choices for the interpolation set size and noise model. These results use a budget of
10*(n + 1) evaluations and a 12 hour runtime limit, and have accuracy level T = 1075.
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Figure 6.8. Demonstration of impact of random starting point for Py-BOBYQA (p+ 1 = O(n?) with
soft restarts). We use accuracy level 7 = 107> and a budget of 10*(n + 1) evaluations. The dark
lines are the average of all runs. The problem set is (AKZ).

Py-BOBYQA variance test As Py-BOBYQA is a local solver, and as we are using
randomly chosen starting points per problem instance, we investigate here the variation
in performance over the 10 different runs of Py-BOBYQA over the test set with different
starting points each time. This illustrates the variance in our previous results, and how much
the performance is influenced by a particular starting point, a key question for local solvers.
Given the good performance of Py-BOBYQA with full quadratic models (p + 1 = O(n?))
and soft restarts across all test problem variants, we focus on this variant, with fixed and
adaptive restart trust-region radius on restarts. We are only looking at smooth problems
(with no noise), to make sure the only randomness present is due to choice of starting point.
In Figure 6.8, we show separate data profiles for the ten runs of Py-BOBYQA (i.e. each
profile shows one instance of each problem with a random starting point), and the average
data profile.

The variation in starting point usually leads to between 5%—10% variation in performance
for all budgets and both restart mechanisms, except in the low budget and adaptive trust-
region radius regime where we see a variation in performance of about 20%. If we compare
with Figure 6.7, we see that almost all adaptive radius runs are perform better than the
fixed radius variant.

We also note that these conclusions are similar for Py-BOBYQA with 2n+1 interpolation

points; see [49] for these results.
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Comparisons of all solvers In Figure 6.9, we compare Py-BOBYQA against the global
solvers. The solver “Py-BOBYQA best” represents the variant with fully quadratic interpo-
lation (p = O(n?)), soft restarts and adaptive trust region radius on restarts, which we found
above to be the best variant for global optimisation (see the discussion around Figure 6.7).

Low accuracy/budget (1 = 1072 and budget 102 gradients) The first column in Figure 6.9
shows that on average, DIRECT performs best in this regime, and the remaining solvers
are essentially similar at the end of the budget. In the earlier phases of budget, PySOT
and then the best Py-BOBYQA variant have best performance, being able to solve more
problems on small budgets than the remaining solvers, while CMA-ES and SNOBFIT seem
to need longer budgets to reach a similar amount of solved problems at the end of the low
accuracy budget.

High accuracy/budget (1 = 10~° and budget 10 gradients) For smooth problems, the
best Py-BOBYQA variant is the best-performing solver followed by DIRECT, while for
multiplicative noise, these two solvers have comparably good performance. For additive
noise, DIRECT has superior performance, followed by similarly good performance from
PySOT and Py-BOBYQA.

6.4.4 Case Study: Hyperparameter Tuning (MNIST)

We now consider a case study of hyperparameter tuning for machine learning, for which
developers have often used Bayesian optimisation solvers. Here, we follow the approach
from Snoek, Larochelle, and Adams [207], and consider the problem of training a multi-class
logistic classifier for MNIST!? using stochastic gradient descent with a fixed learning rate.

The 4 hyperparameters we optimise in our testing are:
e log;, of learning rate, in [—10, 0];
e log;, of /5 regularisation parameter, in [—10, 0];
e Number of epochs, in [1,100]; and
e Batch size, in [1,2000].

We convert real-valued inputs for the last two parameters to integer values by rounding up
to the nearest integer. The objective function we select is the (top-1) error rate on the test

set.1® We run the solvers for a maximum of 100(n + 1) = 500 objective evaluations or 36

12 The multi-class classifier came from by training 10 one-versus-all classifiers, with prediction by
selecting the class with highest probability. The training set had 60,000 images, the test set had
10,000 images.

13 That is, the proportion of problems where the true class did not match the class with the highest
probability from the 10 trained one-versus-all classifiers.
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Figure 6.10. Comparison of solvers on the MNIST problem, for low accuracy (t = 1072). These
results use a budget of 100(n + 1) evaluations and a 36 hour runtime limit.

hours. For each solver, we run 30 instances of the problem, and select starting points (if

needed) in the same way as above (i.e. uniformly at random).

Selecting the ‘optimum’ value for MNIST To construct data profiles for noisy prob-
lems, we need estimates of E[f(xo)], E[f(x*)] and o(x*) in order to evaluate (2.69) in
Section 2.4.2. However, unlike before, we do not have access to the true values for our

objective, and so we need to provide sensible estimates of these values. For E[f(x)], we use

the value of f(xg) from each instance of each solver. To determine x*, and hence E[f(x*)]

and o(x*), we do the following:

1. Take the 20 points found by all instances of all solvers with the smallest (noisy)

objective value;

2. Evaluate the (noisy) objective f independently 30 times at each of these points x, and

use this to estimate E[f(x)] and o(x);

3. Select as x* the point that gives the smallest estimate value of E[f(x)].

This process yields x* = [—5.2706,—2.2505,100,411.02]T, with estimates E[f(x*)] =
0.0818067 and o(x*) = 1.01388 x 10~3. This equates to a learning rate of 5.36 x 1079, /5
regularisation parameter 5.62 x 1073, 100 epochs and batch size 412, and corresponds to a

test set error rate of 8.1% + 0.1%.

Numerical Results Since this is a problem where Bayesian optimisation is frequently
used, we first compare just the Bayesian and surrogate solvers in Figure 6.10a; these results

are similar to those for the main test problem collection for this accuracy level (7 = 1072),
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namely, the solvers are comparable with PySOT being slightly better. When comparing
the remaining solvers with the best Py-BOBYQA and PySOT in Figure 6.10b, we find that
DIRECT and PySOT are best performing, and Py-BOBYQA outperforms CMA-ES, and
SNOBFIT for small budgets.
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Chapter 7

Scalability of Model-Based DFO
for Nonlinear Least-Squares

In this final chapter, we consider how to improve the scalability of model-based DFO
methods for nonlinear least-squares problems. DFO-LS is designed for small- or medium-
scale problems, but the linear algebra cost of each iteration, largely due to the cost of
constructing the interpolation model, means that its runtime increases rapidly for large
problems. There are several settings where scalable DFO algorithms may be useful, such
as data assimilation (e.g. for weather forecasting) [27, 6], machine learning [84], generating
adversarial examples for deep neural networks [3, 210], and possibly as a proxy for global
optimisation methods.

To address this, in this chapter we introduce a scalable model-based DFO algorithm for
nonlinear least-squares problems. In essence, at each iteration we select a low-dimensional
subspace of R"™, build and minimise a model to compute a step in this space, then change
the subspace at the next iteration. Our approach of building a low-dimensional model
from fewer interpolation points is similar to the reduced initialisation cost mechanism in
DFO-LS (Section 3.2.1), except we do not perturb our model to expand the search space
across iterations. This allows us to control the linear algebra cost. Instead, we maintain
a constant subspace dimension across iterations, and sample new points to explore new
subspaces between iterations.

We note here the works mentioned in Section 1.1.2 related to exploiting problem sparsity,
which provide an alternative route for improving the scalability of model-based DFO.
Specifically, [52] exploits the partial separability (1.14) of the objective to build models
for the functions f;, which only depend on a subset of coordinates. This requires the
user to provide the solver with the evaluation of each f; separately, as well as the partial
separability pattern (i.e. specifying which variables each f; depends on). In effect, this relies

on knowing substantial problem structure information in advance, which may be unavailable
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in a DFO context. On the other hand, [21] uses randomised techniques to build models
with sparse Hessians, for general objective problems. This can approximate objectives
with sparse Hessians with relatively few interpolation points—without knowing the sparsity
structure—making it a viable approach for improving scalability. Here, our goal is to have
a flexible framework for nonlinear least-squares problems that can be extended to general
objective problems, and does not impose extra requirements on the problem such as partial
separability or Hessian sparsity.

In this chapter, we begin by reviewing existing subspace methods (Section 7.1). Then,
we illustrate numerically that model construction is the key issue limiting the scalability
of DFO-LS (Section 7.2). To address this issue, in Section 7.3 we describe our proposed
algorithm, which we call DFBGN (Derivative-Free Block Gauss-Newton). We compare the
features of DFBGN with those of DFO-LS in Section 7.4, and present our main numerical

results in Section 7.5.

7.1 Existing Work

We begin by reviewing existing work on subspace optimisation methods, where iterates are
generated in reduced subspaces (rather than in the full ambient space). We note that there
is a large body of work on randomised search techniques (see surveys [140, Chapter 3] and
[129], for instance), but here—in line with our algorithmic approach—we consider methods
that handle scalability by coupling (possibly random) subspace projection with rigorous

model-based optimisation methods.

Block Coordinate Descent Largely motivated by machine learning problems, block
coordinate descent (BCD) methods are those where only subsets of variables are perturbed
in each iteration. They may also be viewed as (derivative-based) extensions of coordinate
search methods (see Section 1.1.1, or [231] for a more detailed survey). BCD methods for

nonconvex optimisation target problems with a block structure:

i (1) (s) 1
;relﬁ{r%f(x ye ey X)) (7.1)
where x is partitioned into blocks of variables x = [x(!) ... x()]T. In BCD methods, at

each iteration we select a block x(9 and optimise over these variables.

Different BCD methods vary in their rule for selecting a block at each iteration (e.g. cyclic
[233] or randomly [80]), and how to optimise over the chosen block. A popular choice for
single-block optimisation is proximal gradient descent, where we update x( by linearising
f around x(?, and minimising a model that includes a quadratic regularisation term [235].

This leads to a steepest descent-style iteration for smooth problems, or a proximal gradient

126



iteration for nonsmooth problems (e.g. when f has a nonsmooth regulariser for each block
of variables, a common assumption for BCD methods).

Global convergence results for (7.1) with f nonconvex and proximal gradient descent
were shown in [235] for ‘essentially cyclic’ block selection (i.e. each block is chosen at least
once every N > s iterations) and for a nonmonotone variant with randomised block selection
in [141]. This approach was extended to inexact gradients (specifically stochastic gradients
where f is a sum of functions) in [234], and to more general iterations (beyond proximal
gradient descent) in [237]. A worst-case complexity analysis in the case of f convex and
possibly nonsmooth is given in [197]. An earlier convergence analysis was given in [218§]
for (7.1) with essentially cyclic block selection, but solving the block subproblem to full
optimality (rather than one iteration of proximal gradient descent, for instance).

Another work with some similarity to coordinate descent methods is [215], which devel-
ops a model-based DFO method for bound-constrained problems. In each iteration, the
constraints are handled by fixing the variables with active bounds, then solving the resulting
lower-dimensional problem—optimising only the variables with inactive bounds—via a

recursive call to the same algorithm.

Block Coordinate Gauss-Newton BCD methods have been specialised to nonlinear
least-squares problems. In this setting, we select a block of variables and construct the
Jacobian associated with those variables (i.e. selecting columns of the full Jacobian) to build
a Gauss-Newton model for the given low-dimensional block. This was initially proposed in
the context of parameter fitting for climate models [212], where an implicit filtering approach
was used to handle noise in function evaluations. In a derivative-based setting, quadratic
regularisation/proximal and trust-region variants of this method are analysed theoretically
and tested in [40], where an adaptive mechanism for selecting how many blocks/variables to

minimise in each iteration is also proposed.

Randomised Direct Search There has been some work in direct search DFO (see
Section 1.1.1) on pattern search methods where the poll set Dy, is replaced by a random
set of directions, which does not need to be a positive spanning set (and in particular
may only search in a randomly-generated subspace) at any iteration [92, 94]. The works
[92, 94] provide convergence and worst-case complexity results, for both unconstrained and

linearly-constrained problems.

Random Projections An alternative approach for high-dimensional DFO methods is to,
at each iteration, project the problem into a random low-dimensional subspace, then solve

this low-dimensional problem with standard methods. This approach has been considered in
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[190] for problems with low effective dimension (i.e. there exists a low-dimensional subspace
V C R” such that |f(x) — f(projy x)| < € for all x), and in [222] for convex functions
depending only on a small number of input variables (i.e. V f(x) is sparse), but where the

objective evaluation is noisy.

Sketching In the context of nonlinear least-squares problems (and related problems such
as sum of functions), scalability issues may also arise from having many residuals (not
necessarily having large numbers of variables). Here, sketching methods are a common
technique, which involve approximating the sum over r; in (2.6) with a random subsample
of terms, or random linear combinations of terms. Different sketching methods have been
analysed for Newton’s method [170, 201], quasi-Newton methods [88], and linear systems

[89], for instance.

7.2 Factors Limiting Scalability

We first show that the linear algebra costs associated with model construction are a key
performance bottleneck of our model-based DFO methods for large problems. This motivates
our use of subspace methods for improving their scalability, as they are designed to reduce
the linear algebra cost in each iteration.

To this end, we run DFO-LS on the generalised Rosenbrock function

n—1

f(x):= Z 100(zi41 — 22)? + (z; — 1)2, (7.2)

i=1
which we formulate as a least-squares problem (2.6) with m = 2(n — 1) residuals. We start
from xg = [~1.2,1,—1.2,...,1]T € R", and where the underlying dimension n is variable.
We allow DFO-LS to run until termination or 3(n + 1) evaluations, with all default settings,
for dimensions n € [100,1000]. Running on a Lenovo ThinkCentre M900 (with one 64-bit
Intel i5 processor, 8GB of RAM), we measure the total runtime that DFO-LS spends in
different parts of the algorithm.!

In Figure 7.1, we show the total runtime split into the time taken for interpolation
model construction, Lagrange polynomial construction, and all other parts of the algorithm
(e.g. trust-region subproblem). We see that the runtime increases rapidly as the underlying
dimension n increases, and that this increase is largely driven by model and Lagrange
polynomial construction. This suggests to us that we should focus our attention on methods

that have a low cost for solving the relevant interpolation linear system (i.e. (3.6)), even as

! We achieve this using Python’s built-in code profiler, cProfile. Since (7.2) is simple to implement,
the cost of objective evaluation here is negligible.
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Figure 7.1. Runtime breakdown for DFO-LS for minimising the generalised Rosenbrock function, as
problem dimension n increases, with a budget of 3(n + 1) evaluations.

the underlying dimension n grows. Our approach, where we construct models in a reduced
subspace, will give Lagrange polynomials that are effectively low-dimensional. Hence, our
approach will reduce the cost of both interpolation and Lagrange polynomial construction.

We note that our approach will not reduce the cost in terms of the number of residuals

m. Applying sketching methods to DFO-LS is delegated to future work (see Chapter 8).

Linear Algebra Costs Currently, the interpolation linear systems are solved using the
approach described in Section 3.3.4, namely: factorise the interpolation matrix, then back-
solve for each right-hand side. Thus, if we have an interpolation set of size n + 1—the usual

case for DFO-LS—the cost of the linear algebra is:

1. Model construction costs O(n?®) to compute the factorisation plus O(mn?) for the

back-substitution with m right-hand sides; and

2. Lagrange polynomial construction costs O(n?) in total, coming from one backsolve for

each of n 4 1 polynomials (using the factorisation computed in the model construction

step).

7.3 Subspace Model-Based DFO for Nonlinear Least-Squares

The core idea behind the methods in this chapter is to construct interpolation models
approximating the objective in a subspace, rather than in the full space R™. This allows us
to use interpolation sets with fewer than n + 1 points, since we do not have to capture the
objective’s behaviour outside our subspace, which in turn reduces the linear algebra cost of
model construction.

DFO-LS with reduced initialisation cost also allows fewer than n + 1 interpolation points

(Section 3.2.1), where by default our model only approximates the objective in a subspace
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(Lemma 3.4). However, in that setting we modify the model so that it varies over the
whole space R", so that our interpolation set eventually has n 4+ 1 points and our model is
full-dimensional. Here, our goal is scalability, so we keep our model low-dimensional, and
instead change the subspace at each iteration.

In this section, we outline this process for nonlinear least-squares problems (2.6).2

7.3.1 Reduced Subspace Interpolation Models

Similar to Section 3.2.1, we assume that, at iteration k, our interpolation set has p+ 1 points

{x,¥1,...,yp} CR" with 1 <p < n. We seek an interpolating model
r(x; +s) ~ my(s) :=r(xg) + Jis, (7.3)

where we have already imposed the interpolation condition m(0) = r(xx). The other
interpolation conditions mg(y; — x;) = r(y:) for t = 1,...,p yield the p x n linear system
(y1 - Xk)T ri(y1) — ri(xg)
Ly gk, = : 8k,i = : ; (7.4)
(yp —xx) " ri(yp) — ri(xk)
fori=1,...,m, where g,;r’i is the i-th row of Jg. This is the same as the model-construction
process for DFO-LS (3.6), but with p < n. As in the case of DFO-LS with reduced

initialisation cost (Section 3.2.1), we seek the minimal-norm solution to the underdetermined

system (7.4):

ri(y1) — ri(xk)
8k,i = argmin il s.t. Lygi= : , (7.5)

' ri(yp) — 1i(Xk)

fori=1,...,m.

Calculation of Interpolation Model To solve (7.5), assuming that {y1—xg,...,yp—Xi}

are linearly independent, we follow [85, Algorithm 5.7.2] and compute the QR factorisation
Ly = QRy, (7.6)

where Q; € R™*P has orthonormal columns and Ry € RP*P is upper-triangular. This gives

us
ri(y1) — ri(xk)
8ki = Q18 where gri =R, " : ; (7.7)
7i(yp) — 7i(Xk)

2 Our implementation of DFBGN does not include bound constraints (2.15), as bound constraints
become linear inequality constraints when projected into the subspace at each iteration.
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fori=1,...,m. Thus J = ij;cr’ where Jj, € R™*P has rows g,; (i.e. Ji has column rank
at most p, as per Lemma 3.4). This tells us that my, is non-constant only for directions in

Vi = col(Qr) = RP. That is, our model is effectively p-dimensional, and we have
my(Qr8) = my(8) :=r(xy) + Ji8, V8 R (7.8)

Using (7.8), we can then define a local quadratic model for the full objective in this reduced
space, given by
RN Lo A
f(Xk + ka) ~ mk(s) = §||mk(s)||2, V8 € RP, (79)

and calculate a tentative step as

sk = QiSk € R, where § = argmin mg(8), s.t. ||8]| < Ag. (7.10)
SERP
Linear Algebra Cost This approach yields substantial reductions in the required linear

algebra costs compared to DFO-LS:

e Model construction now costs O(np?) for factorisation (7.6) and O(mp?) for back-

substitution (7.7), rather than O(n3) and O(mn?) respectively; and
e Lagrange polynomial construction costs O(p?®) rather than O(n?).3

As well as these reductions, we also get a smaller trust-region subproblem (7.10)—in R?
rather than R™—and smaller memory requirements for storing the model Jacobian: we only
store J; and Qy, requiring O((m + n)p) memory rather than O(mn) for storing the full
m X n Jacobian. However, in (7.10), we do have the extra cost of projecting §; € R? into
the full space R™, which requires a multiplication by Qy, costing O(np). In addition to the
reduced linear algebra costs, the smaller interpolation set means we have a lower evaluation
cost to construct the initial model of p + 1 evaluations (rather than n + 1).

No particular choice of p is needed for this method, and anything from p =1 (i.e. coordi-
nate search) to p = n (i.e. full space search) is allowed. However, unsurprisingly, we shall see
that larger values of p give better performance in terms of evaluations, except for the very
low-budget phase, where smaller values of p benefit from a lower initialisation cost. Hence,
we expect that our approach with small p is useful when the O(mn? + n?) per-iteration
linear algebra cost of DFO-LS is too great, and reducing the linear algebra cost is worth
(possibly) needing more objective evaluations to achieve a given accuracy. As a result, p
should in general be set as large as possible, given the linear algebra costs the user is willing

to bear.

3 Here, we find the (linear) Lagrange polynomials using (7.5) and the usual interpolation conditions
ls(yt) = 0s4. Thus these polynomials vary only in Yy, and are effectively low-dimensional.
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Algorithm 7.1 DFBGN: Derivative-Free Block Gauss-Newton.

Input: Starting point xo € R", initial trust region radius Ay > 0, block size p € [1,n], and number of points
to drop at each iteration parop € [1,p].

Parameters: maximum and minimum trust-region radii Amax > Ao > Aeng > 0, trust-region radius
scalings 0 < Yaec < 1 < ¥ine < 7jpe, and acceptance thresholds 0 < n; < n2 < 1.

1: Select random orthonormal directions si,...,s, € R™ using Algorithm 7.2, and build initial interpolation
set Yo = {Xo,XO + A()S1, ...y X0 + Aosp}.

2: for k=0,1,2,... do

Given xj and Y%, build subspace models iy : RP — R™ (7.8) and i : R?P — R (7.9).

4: Approximately solve the subspace trust-region subproblem in R? (7.10) and project into the full space
to get a step s € R".

w

5: Evaluate r(xr + sx) and calculate ratio Ry (3.3).
6: Accept/reject step and update trust region radius: set
min(max(Yine Ak, VinellSk ), Amax), Rk > 12,
Xk + Sk, Rp >m,
Xyl = { and  Apt1 = ¢ max(vaec Ak, |sk]), m < Ry <2,
Xk, R <, )
min(Yaee A, [Isk ), Rk <.
(7.11)
7: if Axt1 < Aend, terminate.
8: if p < n then
9: Set Yk”}rl{ =Y U{xk + sk}
10: Remove min(max(parop, 2), p) points from Y1’} (without removing xx1) using Algorithm 7.3.
11: else
12: Set YU = Yi U {xx + s} \ {y} for some y € Yi \ {xx+1}.
13: Remove min(max(parop, 1), p) points from Y}y (without removing xx1) using Algorithm 7.3.
14: end if
15: Let ¢ :=p+1— |Yk‘1‘{ , and generate random orthonormal vectors {d1, ..., dq} that are also orthogonal

to{y —xkw41:y € Yk‘f;_l{ \ {xk+1}}, using Algorithm 7.2.
16: Set Yit1 = qujrl{ U {Xk+1 -+ Ak+1d1, R TR Ak+1dq}.
17: end for

7.3.2 Full Algorithm

Our subspace DFO method, which we call Derivative-Free Block Gauss-Newton (DFBGN)
is given in Algorithm 7.1. Its framework is that of model-based trust-region DFO methods.
In addition to the above model construction procedure, the key difference to standard
model-based trust-region DFO methods is that we do not have poisedness-improving steps.
Instead, we have a process to add new directions orthogonal to the current space of directions,
Vi = col(Qr) = span{y1 — Xp,...,yp — Xx}. The reason for this is that the new step s
(7.10) is in V. Hence, like in DFO-LS with reduced initialisation cost (Section 3.2.1), if we
simply add xj + s into the interpolation set, Vi does not change across iterations, and we
will never explore the whole space. In DFO-LS, this was handled by making J; full rank,
giving si € Vi and automatically expanding the search space. Here, we need to keep the
interpolation set small to keep the linear algebra cost low, and so we do not have this option.
Thus, to ensure convergence, we need a mechanism to change ), between iterations. We do
this by deleting points from the interpolation set and adding new directions orthogonal to

the existing directions.
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Algorithm phase DFO-LS DFBGN Comment

Form my, (3.6), iy (7.8)  O(n® 4+ mn?) O(np? + mp?) Factorisation plus linear solves

Form my, (3.2), My (7.9) O(mn?) O(mp?) Form J; J or JJ Ji

Trust-region subproblem  O(n?)-O(n?) O(p*)-0(p®) Depending on # Steihaug-Toint iters.
Project step to R™ — O(np) Multiply by Q, (7.10)

Form new step xx + sk O(n) O(n)

Choose point to replace O(n3) — Compute Lagrange polys., Alg. B.1
Model improvement O(ng) — Section 3.3.1, recompute Lag. poly.
Choose points to remove — O(p® + np) See Algorithm 7.3 in Section 7.3.4
Generate new directions — O(np?) See Algorithm 7.2 in Section 7.3.3
Total O(mn® +n®)  O(mp® 4+ np® + p*)

Table 7.1. Comparison of per-iteration linear algebra costs of DFO-LS (with interpolation rather
than regression models) and DFBGN (with block size p € [1,n]).

The mechanism for generating new orthogonal directions, Algorithm 7.2, is random,
and outlined in Section 7.3.3. We note that this approach is different to the approaches in
DFO-LS for expanding the search space (Section 3.2.2). We still need to specify the process
for removing points from the interpolation set (which is geometry-aware and requires the
computation of Lagrange polynomials), and how to choose a suitable number of points to
remove at each iteration, pyrop. We consider these in Sections 7.3.4 and 7.3.5 respectively.

A downside of our approach is that the new orthogonal directions are not chosen by
minimising a model for the objective (i.e. not attempting to reduce the objective), as we
have no information about how the objective varies outside ). This is the fundamental
trade-off between the subspace approach and DFO-LS; we can reduce the linear algebra cost,

but must spend objective evaluations to change the search space between iterations.

Linear Algebra Cost of DFBGN In Table 7.1, we expand the comparison of linear
algebra costs of DFO-LS and DFBGN from Section 7.3.1. Here, we compare the full per-
iteration linear algebra cost of the two methods. The overall per-iteration cost of DFO-LS
is O(mn? + n?) and the cost of DFBGN is O(mp? + np? + p?), depending on the choice of
p € [1,n]. The key benefit is that our dependency on the underlying problem dimension
n decreases from cubic in DFO-LS to linear in DFBGN (provided p < n). We also note
that both methods have linear cost in the number of residuals m, but with a factor that is
significantly smaller in DFBGN than in DFO-LS—O(p?) compared to O(n?).

Remark 7.1. At all iterations we must compute the QR factorisation (7.6). However, we
note, similar to Section 3.3.2, that adding, removing and changing interpolation points all
induce simple changes to L; (adding or removing columns, and low-rank updates). This
means that (7.6) can be computed with cost O(np) per iteration using the updating methods

in [85, Section 12.5]. In our implementation, however, we do not do this, as we find that
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these updates introduce errors* that accumulate at every iteration and reduce the accuracy
of the resulting interpolation models. To maintain the numerical performance of our method,
we need to recompute (7.6) from scratch regularly (e.g. every 10 iterations), and so would

not see the O(np) per-iteration cost, on average.

Remark 7.2. The default parameter choices for DFBGN are the same as DFO-LS, namely:
Amax = 101 Acna = 1078, Yaee = 0.5, Yine = 2, Fine = 4, m = 0.1, and 72 = 0.7. DFBGN
also uses the same default choice Ay = 0.1 max(||Xg||oc,1). The default choice of pyrop is

discussed in Section 7.3.5.

Adaptive Choice of p One approach that we have considered is to allow p to vary
between iterations of Algorithm 7.1, rather than being constant throughout. Instead of
adding p+ 1 — parop new points at the end of each iteration (line 15), we implement a variable
p by adding at least one new point to the interpolation set, continuing until some criterion is
met. This criterion is designed to allow p small when such a p allows us to make reasonable
progress, but to grow p up to p & n when necessary.

We have tested several possible criteria—comparing some combination of model gradient
and Hessian, trust-region radius, trust-region step length, and predicted decrease from the
trust-region step—and found the most effective to be comparing the model gradient and
Hessian with the trust-region radius. Specifically, we continue adding new directions until
(c.f. Lemmas 4.8 and 4.23)

el
L L1y 7.12
max([H 1) = @2 (7.12)

for some o > 0 (we use a = 0.2(n—p)/n for an interpolation set with p+ 1 points). However,
our numerical testing has shown that DFBGN with p fixed outperforms this approach for
all budget and accuracy levels, on both medium- and large-scale problems, and so we do not
consider it further here. We delegate further study of this approach to future work, to see if

alternative adaptive choices for p can be beneficial.

7.3.3 Generation of New Directions

We now detail how new directions dy, ..., d4 are created in line 15 of DFBGN (Algorithm 7.1).
The same approach is suitable for generating the initial directions si,...,s, in line 1 of
DFBGN, using A = A below (i.e. no @ required).

Suppose our current subspace is defined by the orthonormal columns of ) € R™*P1 and
we wish to generate ¢ new orthonormal vectors that are also orthogonal to the columns of

Q (with p; +¢ < n). When called in line 15 of DFBGN, we will have p; = p — parop and

* Leading to L] # Q. Ry, not relating to Qj, orthogonal or Ry, upper-triangular.
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Algorithm 7.2 Mechanism for generating new directions in DFBGN.

Input: Orthonormal basis for current subspace @ € R™*?1 (optional), number of new directions ¢ < n — ps.

1: Generate A € R"*? with ii.d. standard normal entries. _
2: If @ specified, calculate A = A~—~QQIA, otherwise set A = A. _
3: Perform the QR factorisation QR = A and return di,...,d, as the columns of Q.

¢ = Pdrop- We use the approach in Algorithm 7.2. From the QR factorisation, the columns
of Q are orthonormal if A is full rank (which occurs with probability 1; see Lemma 7.3
below). We also have col(Q) = col(A), and so to confirm the columns of Q are orthogonal
to ), we only need to check that the columns of A are orthogonal to (). Let a; be the i-th

column of A and q; be the j-th column of Q. Then, if a; is the i-th column of A, we have
a'q;=a; (I-QQ")q; =a; (q; — Qe;) =0, (7.13)

as required.

The cost of Algorithm 7.2 is O(nq) to generate A, O(np1q) to form A and O(ng?) for
the QR factorisation. Since p;,q < p (since p; is the number of directions remaining in the
interpolation set and ¢ is the number of new directions to be added), the whole process
has cost at most O(np?). This bound is tight, up to constant factors, as we could take

p1 = q = p/2, for instance.
Lemma 7.3. The matriz A has full column rank with probability 1.

Proof. Let a; and a; be the i-th columns of A and A respectively. From [74, Proposition 7.1],
A has full column rank with probability 1, and each a; ¢ col(Q) with probability 1. Now

suppose we have constants ci,...,c, so that 3.7 ; ¢;a; = 0. Then since a; = a; — QQ"ay,
we have
q q .
Zciai = ZCZQQ a;. (714)
i=1 i=1

The right-hand side is in col(Q), so since a; ¢ col(Q), we must have 3! , ¢;a; = 0. Thus

c1 = -+ = c¢q = 0 since A has full column rank, and so A has full column rank. O

7.3.4 Geometry Management

In the description of Algorithm 7.1, there are no explicit mechanisms in DFBGN to ensure
that the interpolation set is well-poised. The implementation of DFBGN ensures that the

interpolation set has good geometry through two mechanisms:

e We use a geometry-aware mechanism for removing points, based on Section 3.3.2,
which requires the computation of Lagrange polynomials. This mechanism is given in
Algorithm 7.3, and is called in lines 10 and 13 of Algorithm 7.1, as well as to select a

point to replace in line 12; and
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Algorithm 7.3 Mechanism for removing points from the interpolation set in DFBGN.

Input: Interpolation set {Xx+1,y1,...,yYp} with current iterate xj41, trust-region radius Agy; > 0 and
number of points to remove pdarop € [1, p].

1: Compute the (linear) Lagrange polynomials for {Xx+1,y1,...,¥p} in the same way as (7.5).
2: For t =1,...,p (i.e. all interpolation points except Xx+1), compute
_ 4
04 = max |¢:(x)| - max w,l . (7.15)
XEB(Xk+1,8k+1) Ak+1

3: Remove the parop interpolation points with the largest values of 6;.

1.0 1.0
—0— Geometry-aware —&— Geometry-aware
—— Alternative (distance to z) —— Alternative (distance to x)

0.8 0.81
o = \ 4 \ 4 & & > &
4 14
S S
£ 0461 % 0.6
z z
= 2
2 2
5 04 £ 041
5 E
: g
a5} (=%

0.2 ﬁ 0.2

v
0.0 T T T T 0.0 T T T T
1 2 4 8 16 32 1 2 4 8 16 32
Budget / min budget of any solver Budget / min budget of any solver
(a) DFBGN with p = n/10 (b) DFBGN withp =n

Figure 7.2. Performance profiles (in evaluations) for DFBGN when p = n/10 and p = n, comparing
removing points with the geometry-aware Algorithm 7.3 and without Lagrange polynomials (by
distance to the current iterate). We use accuracy level 7 = 107", and results are an average of 10
runs, each with a budget of 100(n + 1) evaluations. The problem collection is (CR).

e Adding new directions that are orthogonal to existing directions, and of length Ay,
means adding these new points never causes the interpolation set to have poor poised-

ness.

Together, these two mechanisms mean that any points causing poor poisedness are quickly
removed, and replaced by high-quality interpolation points (orthogonal to existing directions,
and within distance Ay of the current iterate).

The linear algebra cost of Algorithm 7.3 is O(p?) to compute p Lagrange polynomials
with cost O(p?) each (since we already have a factorisation of L] ). Then for each ¢ we must
evaluate 6; (7.15), with cost O(p) to maximise ¢;(x) (since ¢; is linear and varies only in

directions V), and O(n) to calculate ||y; — xx41|.> This gives a total cost of O(p® + np).

> We could instead compute ||y; — X 1|/ by taking the norm of the ¢-th column of Ry, provided
we have the factorisation (7.6), for cost O(p) for each t. This does not affect the overall conclusion of
Table 7.1.

136



Alternative Point Removal Mechanism Instead of Algorithm 7.3, we could have used
a simpler mechanism for removing points, such as removing the points furthest from the
current iterate (with total cost® O(np)). However, this leads to a substantial performance
penalty. In Figure 7.2, we compare these two approaches for selecting points to be removed,
namely Algorithm 7.3 and distance to xx1, on the (CR) test set with p =n/10 and p =n
(using the default value of parop, as detailed in Section 7.3.5). We see that the geometry-aware

criterion (7.15) gives substantially better performance than the cheaper criterion.

7.3.5 Selecting an Appropriate Value of p4yop

An important component of Algorithm 7.1 that we have not yet specified is how many points
to remove from the interpolation set at each iteration, parop € [1,p].

On one hand, a large pqrop enables us to change the subspace by a large amount
between iterations, ensuring we explore the whole of R quickly, rather than searching in
unproductive subspaces for many iterations. However, a small py,op, means we require few
objective evaluations per iteration, and so are more likely to use our evaluation budget
efficiently. We consider two choices of pgrop, aimed at each of these possible benefits:
Pdrop = P/10 to change subspaces quickly, and pgrop = 1 (the minimum possible value) to
use few objective evaluations.

Another approach that we consider is a compromise between these two choices. We note
that having pqrop = 1 is useful to make progress with few evaluations, so we use this value
while we are making progress—we consider this to occur when we have a successful iteration
(i.e. Ry > n1). When we are not progressing (i.e. unsuccessful steps with Ry < 11), we use
the larger value pgrop = p/10.

We compare these three approaches on the (CR) problem collection with a budget of
100(n + 1) evaluations in Figure 7.3. Since these different choices of pgrop are similar when p
is small, we show results for block sizes p = n/2 and p = n. We first see that, even with

= n/2, the three approaches all perform similarly. However, for p = n the compromise
choice parop € {1,p/10} performs better than the two constant-p approaches. In addition,
Pdrop = 1 outperforms pgrop = p/10 for small performance ratios, but is less robust and
solves fewer problems overall.

Given these results, in DFBGN we use the compromise choice as the default mechanism:

Pdrop = 1 on successful iterations and parop = p/10 on unsuccessful iterations.

5 As above, if we have (7.6), we could calculate all distances to xjy1 using columns of Ry, with
total cost O(p?).
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Figure 7.3. Performance profiles (in evaluations) comparing different choices of parop, for DFBGN
with p =n/2 and p = n, with accuracy level 7 = 107°. The choice ‘parop mixed’ uses parop = 1 for
successful iterations and parop = p/10 for unsuccessful iterations. Results an average of 10 runs, each
with a budget of 100(n + 1) evaluations. The problem collection is (CR).

7.4 Choices of Algorithmic Features Compared to DFO-LS

DFBGN is simpler than DFO-LS (Algorithm 3.1), as there are several features in DFO-
LS that we do not include in DFBGN. These are: the lower trust-region radius bound
pr—although the updating of Ay in DFBGN (7.11) is otherwise the same as in DFO-LS
(3.4)—and the safety and model-improving phases.” We now describe the reasoning behind
the removal of these features. We note that we have tested each of these features numerically,

and found that they do not substantially affect the practical performance of DFBGN.

No safety phase in DFBGN The safety phase in DFO-LS helps to ensure that Ay is not
too large compared to ||gg||. This is achieved by shrinking Ay while it is much larger than
the step length, which is connected to the model gradient via Lemma 4.6. In DFBGN, we
ensure Ay does not get too large compared to ||sg|| through (7.11). If ||sg|| is much smaller
than Ay and our step produces a poor objective decrease, then we will set Ag1 < [|sg|| for
the next iteration. Although Lemma 4.6 allows ||sg|| to be large even if ||gy|| is small, in
practice we do not observe Ay > ||gi|| without DFBGN setting Ay < [|sg|| after a small

number of iterations.

No pr or model-improving phase in DFBGN The roles of p; and the model-
improving phases are the same: to ensure that, when we have unsuccessful steps, we

do not reduce Ay, too quickly without first ensuring the quality of the interpolation model.?

" The implementations of neither DFO-LS nor DFBGN include a criticality phase; see Section 3.3.1.
8 This is related to ensuring Ay does not get too small compared to ||gx|| via Lemma 4.5.
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Figure 7.4. Comparison of Ay, ||gk| (left) and normalised objective value (right) for DFBGN with
p =n and parop = 1. The two problems are taken from (CR).

In DFBGN, as described in Section 7.3.4, we maintain the geometry of the interpolation set
by replacing poorly-located points with orthogonal directions around the current iterate; in
practice this ensures the quality of the interpolation set. However, the choice of pgyop has a
large impact on causing Ay to shrink too quickly.

In many cases, DFBGN may reach a point where its model is not accurate and we start
to have unsuccessful iterations. To fix this (and continue making progress), we need to
introduce several new interpolation points to produce a high-quality model. If pg,op is small,
this may take many unsuccessful iterations, causing Ay to decrease quickly.

The result of having pqrop small is seen in Figure 7.4. Here, we show Ay, ||gx|| and f(x)
for DFBGN with p = n and pqrop = 1 for two problems from (CR). Both problems show
that Ay can quickly shrink to be much smaller than ||gx|| before reaching optimality. In the
case of DRCAVTY1, we see multiple instances where, after several unsuccessful iterations,
we recover a high-quality model and continue making progress (causing Ay to increase
again); this manifests itself as large oscillations in Ay with comparatively little change in
llgkl|. Ultimately, as we terminate on Ay < Agng = 1078, DFBGN quits without solving
the problem (reaching accuracy 7 ~ 6 x 1073). A more extreme version of this behaviour
is seen for problem LUKSAN13, where we terminate on small Ay in the first sequence of
unsuccessful iterations—DFBGN does not allow enough time to recover a high-quality model

and terminates after achieving accuracy 7 = 0.3.

Choice of pgrop to prevent Ay <K ||gg|| This effect is mitigated by our default choice
of parop € {1,p/10}. By using a larger pgrop on unsuccessful iterations, when our model
is performing poorly, our interpolation set is changed quickly. This results in DFBGN

recovering a high-quality model after a smaller decrease in A;. To demonstrate this, in
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Figure 7.5. Comparison of Ay, ||gk| (left) and normalised objective value (right) for DFBGN with
p = n and the default paop € {1,p/10}. The two problems are taken from (CR).

Figure 7.5 we show the results of DFBGN with this pqrop, for the same problems as Figure 7.4
above. In both cases, we still see oscillations in Ay, but their magnitude is substantially
reduced—it takes fewer iterations to get successful steps, and Ay stays well above Agng.
This leads to both problems being solved to high accuracy.

In Figure 7.5, we also see that, as we approach the solution, ||gi| and Ay decrease
at the same rate, as we would hope. For DRCAVTY1 after iteration 150, we also see the
phenomenon described above, where Ay can become much larger than ||gg| due to many
successful iterations, before an unsuccessful iteration with ||sg|| small means that Ay returns

to the level of ||gg|| regularly.

Alternative Mechanism for Recovering High-Quality Models An alternative ap-
proach for avoiding unnecessary decreases in A while the interpolation model quality is
improved is to simply decrease A; more slowly on unsuccessful iterations. This corresponds
to setting y4ec to be closer to 1, which is the default choice of DFO-LS for noisy problems
(see Section 3.3.5).

In Figure 7.6, we compare the DFBGN default choices, of pgrop € {1, p/10} and ygec = 0.5,
with parop = 1 and ygec € {0.5,0.98} on the (CR) problem collection. For small values of p
(where the different choices of pqrop are essentially identical), the choice of y4ec has almost
no impact on the performance of DFBGN. For larger values of p, using vygec = 0.98 with
Pdrop = 1 performs comparably well to the DFBGN default (7gec = 0.5 with parop € {1, p/10}).
However, we opt for keeping vqec = 0.5, to allow us to use the larger value for noisy problems
(just as in DFO-LS), and to reduce the risk of overfitting our trust-region parameters to a

particular problem collection.
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Figure 7.6. Performance profiles (in evaluations) comparing different choices of parop and Yqec for
DFBGN, at accuracy level T = 1072, The choice ‘Ddrop mixed’ uses parop = 1 for successful iterations
and parop = p/10 for unsuccessful iterations. Results an average of 10 runs, each with a budget of
100(n + 1) evaluations. The problem collection is (CR).

DFBGN for Noisy Problems In our numerical results in Section 7.5, we limit our
consideration to problems without noise. This is so that we can isolate the impact on
performance of exploring within a subspace at each iteration (trading off extra objective
evaluations for change subspaces with reduced linear algebra cost). By not yet addressing
noisy problems, we expect to be able to draw clearer conclusions about the fundamental
performance of DFBGN. However, noisy objectives are an important class of problem for
DFBGN to handle, and we delegate this to future work. Here, we briefly describe what we
would need to consider.

To give comparable robustness to noise as DFO-LS, we would need to implement optional
default trust-region parameters and a multiple restarts mechanism in DFBGN. Using default
parameters has no extra cost in DFBGN than in DFO-LS, but how to implement multiple

restarts is not clear. For instance, we would need to consider moving interpolation points
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either to geometry-improving points in the current subspace or to new directions outside
the current subspace. How best to automatically detect the need for a restart would also

have to be considered.

7.5 Numerical Results

In this section we compare the performance of DFBGN to that of DFO-LS. As described
in Section 7.3.2, DFBGN is based on the decision to reduce the linear algebra cost of the
algorithm at the expense of more objective evaluations per iteration. Here, we will investigate
this tradeoff in practice.

In our testing, we consider both the standard version of DFO-LS, and one where we use
a reduced initialisation cost of n/100 evaluations. This will allow us to compare both the
overall performance of DFBGN and its performance with small budgets (since DFBGN also
has a reduced initialisation cost of p + 1 evaluations). We compare these against DFBGN
with the choices p € {n/100,n/10,n/2,n}. In all cases we use the default settings of both
solvers on 10 instances of each problem with a budget of 100(n + 1) evaluations, and allow
each solver a maximum runtime of 12 hours for each instance of each problem.? We consider
the problem collections (CR) and (CR-large), but the runtime limit only impacts the results
for (CR-large).

7.5.1 Results Based on Evaluations

We begin our comparisons by considering the performance of DFO-LS and DFBGN when

measured in terms of evaluations.

Medium-Scale Problems (CR) First, in Figure 7.7, we show the results for different
accuracy levels for the (CR) problem collection (with n ~ 100). For the lowest accuracy
level 7 = 0.5, DFO-LS with reduced initialisation cost is the best-performing solver, followed
by DFBGN with p = n/2. These correspond to methods with lower initialisation costs than
DFO-LS and DFBGN with p = n, so this is likely a large driver behind their performance.
DFBGN with full block size p = n performs similarly to DFO-LS, and DFBGN with p = n/10
and p = n/100 perform worst (as they are optimising in a very small subspace at each
iteration).

However, as we look at higher accuracy levels, we see that DFO-LS (with and without
reduced initialisation cost) performs best, and the DFBGN methods perform worse. The

performance gap is more noticeable for small values of p. As expected, this means that

9 Since all problems are implemented in Fortran via CUTEst, the cost of objective evaluations for
this testing is minimal.
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Figure 7.7. Performance profiles (in evaluations) comparing DFO-LS (with and without reduced
initialisation cost) with DFBGN (various p choices) for different accuracy levels. Results are an
average of 10 runs for each problem, with a budget of 100(n + 1) evaluations and a 12 hour runtime
limit per instance. The problem collection is (CR).

DFBGN requires more evaluations to achieve these levels of accuracy, and benefits from
being allowed to use a larger p. Notably, DFBGN with p = n has only a slight performance
loss compared to DFO-LS, even though it uses p/10 evaluations on unsuccessful iterations
(rather than 1-2 for DFO-LS); this indicates that our choice of pgrop provides a suitable

compromise between solver robustness and evaluation efficiency.

Large-Scale Problems (CR-large) Next, in Figure 7.8, we show the same plots but for
the (CR-large) problem collection, with n ~ 1000. Compared to Figure 7.7, the situation is
quite different.

At the lowest accuracy level, 7 = 0.5, DFBGN with small blocks (p = n/10 and
p = n/100) gives the best-performing solvers, followed by the full-block solvers (DFO-
LS and DFBGN with p = n). For higher accuracy levels, the performance of DFBGN
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Figure 7.8. Performance profiles (in evaluations) comparing DFO-LS (with and without reduced
initialisation cost) with DFBGN (various p choices) for different accuracy levels. Results are an
average of 10 runs for each problem, with a budget of 100(n + 1) evaluations and a 12 hour runtime
limit per instance. The problem collection is (CR-large).

with small p deteriorates compared with the full-block methods. DFBGN with p = n/2
is the worst-performing DFBGN variant at low accuracy levels, and performs similar to
DFBGN with small p at high accuracy levels. DFO-LS with reduced initialisation cost is
the worst-performing solver for this dataset.

Unlike the medium-scale results above, we no longer have a clear trend in the performance
of DFBGN as we vary p. Instead, we have a combination of two factors coming into play,
which have opposite impacts on the performance of DFBGN as we vary p. On one hand, we
have the number of evaluations required for DFBGN (with a given p) to reach the desired
accuracy level. On the other hand, we have the number of iterations that DFBGN can
perform before reaching the 12 hour runtime limit.

DFBGN with small p requires more evaluations to reach a given level of accuracy (as

seen with the medium-scale results), but can perform many evaluations before timing out
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Solver % timeout

DFO-LS 92.5%

DFO-LS (init n/100)  97.9%
DFBGN (p =n/100)  34.6%
DFBGN (p = n/10) 73.9%
DFBGN (p = n/2) 81.8%
DFBGN (p = n) 66.4%

Table 7.2. Proportion of problem instances from (CR-large) for which each solver terminated on the
maximum 12 hour runtime.

due to its low per-iteration linear algebra cost. This is reflected in it solving many problems
to low accuracy, but few problems to high accuracy. By contrast, DFBGN with p = n is
allowed to perform fewer iterations before timing out (and hence see fewer evaluations),
but requires many fewer evaluations to solve problems, particularly for high accuracy. This
manifests in its good performance for low and high accuracy levels. The middle ground,
DFBGN with p = n/2, has its performance negatively impacted by both issues: it requires
many fewer evaluations to solve problems than p = n (especially for high accuracy), but also
has a relatively high per-iteration linear algebra cost and times out compared to small p.
Both variants of DFO-LS show worse performance here than for the medium-scale
problems. This is because, as suggested by the results in Section 7.2, they are both affected
by the runtime limit. DFO-LS with reduced initialisation cost is particularly affected,
because of the high cost of the SVD (of the full m x n Jacobian) at each iteration for these
problems. We note that this cost is only noticeable for these large-scale problems, and this
variant of DFO-LS is still useful for small- and medium-scale problems, as per Section 5.2.2.
We can verify the impact of the timeout on DFO-LS and DFBGN by considering the
proportion of problem instances for (CR-large) for which the solver terminated because
of the timeout. These results are presented in Table 7.2. DFO-LS reaches the 12 hour
maximum much more frequently than DFBGN: over 90% rather than 35% for DFBGN
with p = n/100 or 66% for DFBGN with p = n (see Remark 7.4 below). For DFBGN with
different values of p, we see the same behaviour as in Figure 7.8. That is, DFBGN with small
p times out the least frequently, as its low per-iteration runtime means it performs enough
iterations to terminate naturally. For DFBGN with p = n, we time out more frequently
(due to the high per-iteration runtime), but not as often as with p = n/2, as the its superior
budget performance for high accuracy levels means it fully solves more problems, even with
comparatively fewer iterations. We note that Table 7.2 does not measure what accuracy
level was achieved before the timeout, which is better captured in the performance profiles

Figure 7.8.
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Figure 7.9. Data profiles comparing the runtime of DFO-LS (with and without reduced initialisation
cost) with DEBGN (various p choices) for different accuracy levels. Results are an average of 10 runs
for each problem, with a budget of 100(n + 1) evaluations and a 12 hour runtime limit per instance.
The problem collection is (CR-large).

Remark 7.4. DFBGN with p = n has a similar per-iteration linear algebra cost to DFO-LS.
Hence it can perform a similar number of iterations before reaching the runtime limit.
However, DFBGN performs more objective evaluations per iteration, because of the choice
of Parop- Since DFBGN with p = n has a similar performance to DFO-LS when measured
on budget (as seen in Figure 7.7), this means that it has a superior performance when
measured by runtime. Additionally, if multiple objective evaluations can be run in parallel,
then DFBGN would also be able to benefit from this, unlike DFO-LS.

Remark 7.5. For completeness, in Appendix D we compare DFBGN with DFO-LS on the
(MW) problem collection. We do not include this discussion here as these problems are

low-dimensional, which is not the main use case for DFBGN.
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7.5.2 Results Based on Runtime

We have seen above that DFBGN performs well compared to DFO-LS on the (CR-large)
problem collection, as the 12 hour timeout causes DFO-LS to terminate after relatively
few objective evaluations. In Figure 7.9, we show the same comparison for (CR-large) as
in Figure 7.8, but showing data profiles of problems solved versus runtime (rather than
evaluations). Here, all DFBGN variants perform similar to or better than DFO-LS for low
accuracy levels, since DFBGN has a lower per-iteration runtime than DFO-LS, and this is
the regime where DFBGN performs best (on budget). For high accuracy levels, DFBGN with
p = n is the best-performing solver, as it uses large enough blocks to solve many problems
to high accuracy. By contrast, both DFBGN with small p and DFO-LS perform similarly at
high accuracy levels—the impact of the timeout on DFO-LS roughly matches the reduced
robustness of DFBGN with small p at these accuracy levels. Again, as we observed above,
DFO-LS with reduced initialisation cost is the worst-performing solver, due to the high cost
of the SVD at each iteration.

To further see the impact of this issue, we now consider how the solvers perform for a
variable-dimension test problem, as we increase the underlying dimension. We run each
solver, with the same settings as above, on the CUTEst problem ARWHDNE for different
choices of problem dimension n.'% In Figure 7.10 we plot the objective reduction for each
solver against budget and runtime for DFO-LS and DFBGN, showing n = 100, n = 1000
and n = 2000.

We see that, when measured on evaluations, both DFO-LS variants achieve the fastest
objective reduction, and that DEFBGN with small p achieves the slowest objective reduction.
This is in line with our results from Section 7.5.1. However, when we instead consider
objective decrease against runtime, we see that DFBGN with small p gives the fastest
decrease—the larger number of iterations needed by these variants (as seen by the larger
number of evaluations) is offset by the substantially reduced per-iteration linear algebra cost.
When viewed against runtime, both DFO-LS variants can only achieve a small objective
decrease in the allowed 12 hours, even though they are showing fast decrease against budget,

and would achieve higher accuracy than DFBGN if the linear algebra cost were negligible.

19 This problem appears in the collections (CR) and (CR-large), with n = 100 and n = 1000
respectively.
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Figure 7.10. Normalised objective value (versus evaluations and runtime) for 10 runs of DFO-LS and
DFBGN on CUTEst problem ARWHDNE. These results use a budget of 100(n + 1) evaluations and a

12 hour runtime limit per instance.
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Figure 7.11. Normalised objective value (versus evaluations) for 10 runs of DFO-LS and DFBGN on
different CUTESst problems (all with n = 1000 and n = 2000). These results use a budget of n + 1
evaluations and a 12 hour runtime limit per instance.
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Figure 7.12. Data profiles (in evaluations) comparing DFO-LS (with and without reduced initialisation
cost) with DFBGN (various p choices) for different accuracy levels and budgets. Results are an
average of 10 runs for each problem, with a budget of n + 1 or 2(n 4 1) evaluations and a 12 hour
runtime limit per instance. The problem collection is (CR-large).

7.5.3 Results for Small Budgets

Another benefit of DFBGN is that it has a small initialisation cost of p + 1 evaluations.
When n is large, it is more likely for a user to be limited by a budget of fewer than n
evaluations. Here, we examine how DFBGN compares for small budgets to DFO-LS with
reduced initialisation cost.

We recall from Section 7.3 that DFO-LS with reduced initialisation cost progressively
increases the dimension of the subspace of its interpolation model, until it reaches the whole
space R™ (after approximately n+ 1 evaluations), while in DFBGN we restrict the dimension
at all iterations.

In Figure 7.11 we consider 3 variable-dimensional CUTESst problems from (CR) and
(CR-large), all using n = 1000 and n = 2000. We show the objective decrease against
budget for 10 runs of each solver, restricted to a maximum of n 4+ 1 evaluations. Similar to
Section 5.2.2 for DFO-LS, we see that the smaller p used in DFBGN, the faster DFBGN is
able to make progress (due to the lower number of initial evaluations). However, this is offset
by the faster objective decrease achieved by larger p values (after the higher initialisation
cost)—if the user can afford a larger p, both in terms of linear algebra and initial evaluations,
then this is usually a better option. An exception to this is the problem VARDIMNE, where
its simple structure means DFBGN with small p solves the problem to very high accuracy
with very few evaluations, substantially outperforming both DFBGN with larger p, and
DFO-LS with reduced initialisation cost.

In Figure 7.11 we also show the decrease for DFO-LS with full initialisation cost and

DFBGN with p = n, but they use the full budget on initialisation, and so make no progress.
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Figure 7.13. Data profiles (in runtime) comparing DFO-LS (with and without reduced initialisation
cost) with DFBGN (various p choices) for different accuracy levels and budgets. Results are an
average of 10 runs for each problem, with a budget of n + 1 or 2(n + 1) evaluations and a 12 hour
runtime limit per instance. The problem collection is (CR-large).

However, in addition, we show DFO-LS with a reduced initialisation cost of /100 evaluations.
This variant performs well, in most cases matching the decrease of DFBGN with p = n/100
initially, but achieving a faster objective reduction against budget—this matches with our
previous observations. However, the extra cost of the linear algebra means that DFO-LS
with reduced initialisation does not end up using the full budget, instead hitting the 12 hour
timeout. This is most clear when comparing the results for n = 1000 with n = 2000, where
DFO-LS with reduced initialisation cost begins by achieving a similar decrease in both cases,
but hits the timeout more quickly with n = 2000, and so terminates after fewer objective
evaluations (with a corresponding smaller objective decrease).

We analyse this more systematically in Figure 7.12, where we show data profiles (measured
on budget) of DFBGN and DFO-LS on the (CR-large) problem collection, for low accuracy
and small budgets. These results verify our conclusions: DFBGN with small p can make
progress on many problems with a very short budget (fewer than n + 1 evaluations), and
outperform DFO-LS with reduced initialisation cost due to its slow runtime. However, once
we reach a budget of more than n + 1 evaluations, then DFO-LS and DFBGN with p=n
become the best-performing solvers (when measuring on evaluations only). They are also
able to achieve a higher level of accuracy compared to DFBGN with small p.

Lastly, in Figure 7.13 we show the same results as Figure 7.12, but showing profiles
measured on runtime. We note that we are only measuring the linear algebra costs, as the
cost of objective evaluation for our problems is negligible. Here, the benefits of DFBGN
with small p are not seen. This is because the problems that can be solved by DFBGN with

small p using very few evaluations are likely easier, and so can likely be solved by DFBGN
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with large p in few iterations. Thus, the runtime requirements for DFBGN with large p
to solve the problem are not large—even though they have a higher per-iteration cost, the
number of iterations is small. In this setting, therefore, the benefit of DFBGN with small
p is not lower linear algebra costs, but fewer evaluations—which is likely to be the more

relevant issue in this small-budget regime.
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Chapter 8

Conclusions and Future Work

Derivative-free optimisation algorithms have been growing in popularity in recent years due
to their applicability to nonlinear optimisation problems where the objective is black-box,
expensive to evaluate and/or contains noise. In particular, model-based DFO methods are
known to perform well in practice, and are well-suited to capturing structure in the objective.
In this thesis, we have developed model-based DFO algorithms for nonlinear least-squares
and general minimisation problems that exhibit strong numerical performance and greater
flexibility, robustness and scalability compared to state-of-the-art methods.

It is well-known that, for nonlinear least-squares problems, using linear local models
for each residual is sufficient to approximate the objective well, especially for zero-residual
problems. This forms the basis of the derivative-based Gauss-Newton and Levenberg-
Marquardt methods, and has motivated the development of our model-based trust-region
method DFO-LS (Chapter 3). This method is based on the DFLS framework from [240],
which in principle allows linear, or very close to linear, residual models, but numerically it
only assesses the performance of partially or fully quadratic residual models.

Our use of linear residual models gives DFO-LS increased flexibility. As well as having a
lower initialisation cost in terms of objective evaluations than quadratic residual models,
DFO-LS can allow a further reduced initialisation cost of as few as 2 objective evaluations,
after which the main iteration can begin, rather than at least n 4+ 1 as in many model-based
DFO codes (for an n-dimensional problem). DFO-LS also has numerous techniques for
ensuring its robust performance on noisy problems. This is due to its ability to select
different, more appropriate, algorithm parameters for noisy problems, and its use of multiple
restarts. However, DFO-LS also allows the user to employ a wide family of sample averaging
strategies, and linear regression models.

We prove global convergence and provide a worst-case complexity analysis of DFO-LS
(Chapter 4). Our analysis extends the results from [240] to include a weaker requirement

on the trust-region subproblem solution, and showing that the whole sequence, not just
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a subsequence, of the gradients at the iterates converges to zero, as well as a worst-case
complexity result. Our worst-case complexity result demonstrates that DFO-LS has the
same complexity as model-based DFO methods for general objectives, but with a dependency
on dimension that is between first- and second-order methods. This is because DFO-
LS is adapted to the least-squares problem structure, and in particular captures partial
second-order information.

In Chapter 5, we present the first numerical tests of linear residual models in a DFO
context, and we show that DFO-LS reduces both the computational cost of solving the
interpolation problem (leading to a runtime reduction of at least a factor of 6) and the
memory cost of storing the models (from O(mn?) to O(mn) for a problem with m residuals).
These savings result in a substantially faster runtime and improved scalability of DFO-LS
compared to DFBOLS, the implementation from [240], which uses (possibly significantly)
underdetermined quadratic residual models. Furthermore, the simpler local models do not
adversely affect the performance of DFO-LS numerically, in terms of evaluation counts:
DFO-LS performs as well as DFBOLS and POUNDERS [225], on smooth test problems
from the Moré & Wild and CUTEst collections. When the objective has noise, DFO-
LS—without its new features for noisy problems, such as multiple restarts—suffers a small
performance penalty compared to DFBOLS and POUNDERS, which is larger for additive
than multiplicative noise, but not when considering only nonzero residual problems (compared
to all problems).

We also provide extensive testing of the key novel features in DFO-LS. Using a reduced
initialisation cost enables DFO-LS to make reasonable progress on several problems even
with fewer than n objective evaluations (i.e. less than the cost of evaluating the gradient of
the objective at a single point). This improvement has a tradeoff in performance for medium-
sized budgets, but achieves the same long-term performance as having a full initialisation
cost. For noisy problems, DFO-LS with selected default parameters and using multiple
restarts yields a substantial improvement in its robustness for noisy problems. Multiple
restarts are cheap to implement and do not cause a deterioration in performance in the early
phase of the algorithm, when compared to other techniques for improving robustness to
noise, such as sample averaging and regression models. When enhanced with these novel
features to improve robustness, DFO-LS outperforms DFBOLS and POUNDERS on noisy
problems.

We then consider the problem of general minimisation (Chapter 6), and introduce
Py-BOBYQA, our Python implementation of BOBYQA [186]. We take the successful
algorithmic framework of BOBYQA (with simplified linear algebra) and enhance it with

features from DFO-LS, such as suitable default trust-region parameters and multiple restarts.
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As a result, it matches the performance of BOBYQA, as well as NOWPAC [16] on smooth
problems. However, these additional features for noisy problems mean it outperforms the
original BOBYQA in this setting. We also compare Py-BOBYQA with STORM [50] and
SNOWPAC [17] for noisy problems, and we see that multiple restarts benefit (compared
to sample averaging, regression models, and surrogate models) both from being cheap to
implement and from having strong performance in the early phases of the runs. We note
that for stochastic optimisation problems, where the objective is the expectation of a random
function [129, Section 1], that STORM and other approaches have convergence guarantees, as
they use an increasing number of samples of the objective as they progress. By contrast, the
numerical results in Chapter 6 indicate that Py-BOBYQA is able to reach a neighbourhood
of the solution with fewer objective evaluations than such methods. However, we do not
currently have theoretical guarantees for the convergence of Py-BOBYQA with multiple
restarts for noisy problems, and we delegate this to future work. We note that there is work
proving the convergence of (derivative-based) methods to a neighbourhood of a solution for
noisy problems [232], but we anticipate that it may be possible to prove stronger results for
Py-BOBYQA provided sufficiently many restarts are allowed.

We then demonstrate that multiple restarts provide a useful heuristic for Py-BOBYQA to
escape local minima. We outline a variant of Py-BOBYQA that further enhances this feature,
and find encouraging performance of the improved variant when compared to Bayesian and
surrogate algorithms, and DIRECT, SNOBFIT and CMA-ES, for both smooth and noisy
problems solved to low or high accuracy requirements. Our experiments illustrate that local
derivative free methods may be effective for global optimisation, in the regime typical for
global solvers, namely when the objective is black-box, possibly noisy and computationally
expensive to evaluate. This finding is useful as these local methods have greater flexibility
(such as allowing the use of a good initial guess of the solution), guarantee improvement in
current best guess of the solution, and have better scalability.

Finally, in Chapter 7 we introduce DFBGN, a model-based trust-region DFO method
for nonlinear least-squares problems aimed at large-scale problems. Like DFO-LS, DFBGN
constructs linear residual models via interpolation and therefore simplified quadratic models
for the full objective that capture some curvature information. Unlike DFO-LS, however,
DFBGN allows for an interpolation set of reduced size, of between 2 and n + 1 points,
and as such, builds low-dimensional models at each iteration. The choice of the size of
the interpolation set allows the user to increase or decrease the linear algebra cost of each
iteration based on their computational resources, which we show is the key component
affecting the runtime of DFO-LS on large-scale problems. Thus, as a subspace optimisation

method, at each iteration, DFBGN selects a new iterate within the subspace of the ambient
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space defined by the current interpolation set. However, this requires that DFBGN has
a mechanism for changing the subspace between iterations, which we do by removing
interpolation points and selecting new points based on random directions orthogonal to
the current subspace. We select the number of points changed at each iteration based on
whether the iteration is successful or not, and incorporate a geometry-aware mechanism for
selecting the points to be removed.

Because of these features, DFBGN can omit several key algorithmic phases from DFO-
LS while still achieving strong practical performance. In particular, DFBGN with a full
interpolation set achieves similar performance to DFO-LS at all accuracy levels, when
measured on budget. DFBGN with a full interpolation set has a similar per-iteration linear
algebra cost to DFO-LS, but uses more evaluations per iteration. As a result, when tested on
medium- and large-scale problems, DFBGN with a full interpolation set is able to achieve a
greater objective reduction than DFO-LS when measured by runtime. DFBGN with a small
interpolation set has a much lower linear algebra cost per iteration, and can outperform
DFO-LS for low accuracy levels. The reduction in linear algebra cost is more profound when
considering DFO-LS with reduced initialisation cost, due to the extra expense of making the
Jacobian full rank. However, the benefit of DFBGN (for small interpolation sets) is offset by
lower performance for high accuracy levels, when measured on evaluations.

Another advantage of DFBGN is that it can make progress with very small budgets—
which is more important for large-scale problems. We find that DFBGN with small in-
terpolation sets can make good progress with small interpolation sets in settings where
the given budget does not allow DFO-LS to construct its first model. This decrease is
similar to DFO-LS with reduced initialisation cost, but with substantially reduced runtime

requirements.

Future Directions There are numerous potential directions for future work in this area,
both in terms of algorithm design and theoretical analysis.

Firstly, there are several aspects of the DFO-LS theory (Chapter 4) where there may be
scope for further development. For instance, the safety and criticality phases serve largely the
same goal—namely, to ensure the trust-region radius is not too large compared to the model
gradient. Therefore, it is likely that convergence of DFO-LS could be established without the
criticality phase, which would align the theory more closely with the implementation. Also,
proving local convergence rates of DFO-LS for both zero- and nonzero residual problems
(similar to [239] for DFLS) would be helpful to better understand the benefits of linear

residual models. There would also be a benefit to understanding the theoretical properties
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of the multiple restarts framework, to better grasp their usefulness on noisy problems, and
to provide full theoretical guarantees for DFO-LS.

For Py-BOBYQA, theoretical results for multiple restarts, or based on excluding the
criticality phase, would also be relevant. The ability of Py-BOBYQA to escape local minima
could also be extended with more functionality for exploring the feasible region to improve
its ability to find global minima, rather than just escaping local minima (similar to [220] for
direct search, [4] for finding multiple solutions to nonlinear systems, and [131] for finding
multiple local minima).

There are still several areas where we plan to extend DFBGN. Firstly, the use of adaptive
interpolation set sizes should be further considered, to see if any alternative approaches can
show a practical benefit over fixed sizes (see Section 7.3.2). In addition, the performance of
DFBGN should be examined in the case of noisy objective evaluations, to see if the subspace
approach maintains its usefulness in this setting. This would lead to an examination of how
to best implement a multiple restarts mechanism (as discussed in Section 7.4). It would
also be useful to extend the subspace approach to general objective problems. Here, the
difficulty lies in switching from linear to quadratic interpolation, and so we would no longer
have the same number of interpolation directions as subspace dimensions. In both cases,
a theoretical analysis of the resulting algorithm is an important step. Beyond this, for
nonlinear least-squares problems, one may further reduce the problem size by sketching
(i.e. by reducing the number of residuals for which models are constructed at each iteration).
This is another route through which the scalability of least-squares DFO methods could be
improved. Another approach would be to have a method able to exploit a known Jacobian
sparsity structure, similar to the approach considered in [52].

There are also several areas where the algorithmic framework of DFO-LS, Py-BOBYQA
and DFBGN could be extended. For instance, it could be of practical interest to allow for
regularisation terms—typically with known structure—in the objective, or to handle more
general constraints than simple bounds. For constrained problems, this leads to several
possible regimes, depending on whether derivatives are available for either the objective
or the constraints, or if a subset of the constraints have derivatives. Other regimes of
potential interest that have received relatively little attention for model-based DFO include
multiobjective optimisation, and the setting where parallel objective evaluations may allow
for more information to be included at every iteration (but perhaps not as many as required
for implicit filtering). That DFBGN with a full interpolation set performs well compared to
DFO-LS is evidence that there is room for progress in this latter regime.

We expect that the development of efficient model-based DFO methods will grow ever-

more-important, corresponding to the ubiquitous need to optimise expensive and noisy
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functions. Ongoing work to improve the scalability of these methods will help to extend
their use into the increasingly-relevant regime of large-scale nonlinear optimisation. This,
coupled with the development of model-based DFO methods for more classes of problems
and practical scenarios (such as multiobjective or parallelisable problems), will help to
further ensure the applicability of DFO and its position in the stable of essential optimisation

techniques.
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Appendix A

Proof of Lemma 4.2

This result extends the proof! of [60, Theorem 2.13] to vector-valued functions, and their
composition in a least-squares objective.

Using yo = xi, (as per Section 2.2.2), we may write

1 (yo—x)" L ot
Wy = |: : = [e I 1 , (A.1)
k
1 (Yp - Xk)T
where e € R? is the vector of ones and Ly € RP*™ has rows (y; —x;)! fort=1,...,p.

We will also use scaled versions of these matrices:

. 1 OT R (Y1 - XkJ)T/Ak

Wy, = l - ] , where Lj:= : = L/Ay. (A.2)
e L : T

(YP —xg) ' /A

Equivalently, we have

5 1 o'
Wi = WDy, where Dy := lo Alzlfnm] . (A.3)
Our overdetermined interpolation system (3.6) can be rewritten in matrix form as
T(Xk)I F(Xk)I
T r(y T r(y
A A TR ) L "
k . k :
r(yP)T r(Yp)T
Separately, we compute
r(xy) r(xy) " r(xy) "
e B X [ R T M N N
16w Lo : 2 '
r(Yp)T [r(xk) + J (xx) (yp — Xk)]T r()’p)T

! This argument is not in the original text, but given in the errata (http://www.mat.uc.pt/~1lnv/idfo/).
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Combining (A.4) and (A.5), we get

_ T
[[“XH ri) ] —WiE, (A6)
k
and so from (A.3), since Dy, is invertible, we have W = D/,;II/V/;r and hence conclude

[r(x) —ri] ) =T
lAkw&k) —kJm] = D! [me) - jjﬂ = WiE. (A7)

Since the first row of E € R®+*)*™ ig zero. and the norms of all other rows are bounded by

(2.10), we have

P 1/2
1
IE| < ||EllF = <0 + D lleGar) + T (xi) (ye — i) — r(Yt)H2> < §LJ\/13A2- (A.8)
t=1
This gives us the error bounds
[r(xk) — 1] T 1 A2
— < <=L A A.
[r(xk) — rill < ArlJ(x5) _Jk]T =9 J\/lBHWkH k> (A.9)
_ r(xy) —ry] " 1 .
17Gek) — il < A [AL[S(’;L) || < pEavEIiAL (aa0)

Thus we conclude that for any y € B(xy, Ag)
1 ~
I = T < 15 = Texe) |+ 175) = J0a)] < L (14 5 VBRI A (A1)

For convenience, define g, := L (1 + %\/ﬁHW,I H) Next, we compute

[mi(y — xi) —r(y)l = [lr(y) = re — Je(y — xi)l], (A.12)
< lr(xe) = riell + [lr(y) — r(xxr) — J(xi)(y — x5

+ (k) = Tell - ly — %k, (A.13)

< (GLovBIII + 3 + iy ) a2 (A.14)

where we use (A.11) and (2.10). Since ||W,I|| < Vp+TA from (2.28) in the proof of
Theorem 2.17, we conclude that my is a fully linear model for r with constants xg, defined
above and kgp = 2k,

Since my, is fully linear, (A.11) gives us || Jx || < [|J(xk) = Jkl|+ ||/ () | < KegAmax + Jmax;
so ||Jg|| is uniformly bounded for all k. Since Hy = J, Ji, we get that ||Hg|| = ||Jx||? is
uniformly bounded for all k. Similarly, using (A.9), we have the bounds ||r(x) —1x|| < kg, AR

and Hrk” S Tmax + KL AZ

eg—max"
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To prove full linearity of mg, we begin by computing

IVmr(y —xi) = VI = IVF(y) = T v = Iy Ti(y — =), (A.15)
<V F(y) = VG + 1 (x) T (x(xx) = e3) |
+ I 6ek) = i) ekl + 1 il - Iy = xkll, (A.16)
< Ly Ag + Jmaxkiog Af
+ FegMmax Ak + ( ¢ Amax + Jmax) Ay, (A.17)
< FegDr, (A.18)

where teg := Lyf + JmaxfegAmax + Keglmax + (HégAmaX + Jmax )2, as required. Then, we use

(2.10) and the above to get

maly = x0) = 19| = |£5) = g ul ~ g (v = x0) = 56— x0T Huly = x0)|, (4.19)
< |£(v) = Foxe) = Vi) T (v = x0)|
+ 5 e = vl (e |+ el

Vs - - gy x| Iy -xd (a20)

| /\

1
LVfAk + /<a A2 (2rmax + K Amax>

+ [||Vf<xk> = Vi) + 1l -y =il - A, (421)

1
< LVfAk + ﬁ (zrmax + /‘CégAmax) Ai
[“egAk + (KégAmax + Jmax)QAk;} Ay, (A.22)
< K‘efAia (AQS)
where Kef = Keg + va/2 + ”ég (rmax + KggAmaX/2> + (’%égAmax + Jmax)2- ]
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Appendix B

Calculating Geometry-Improving
Steps

Here, we provide Algorithm B.1, a method for solving calculating a geometry-improving step
(2.52) with linear models subject to bound constraints. That is, if our current trust-region
is B(x,A), our geometry-improving step is x + s, where s solves

argmaxg's subjectto a<s<b and [s|| <A, (B.1)
scRn

where the bounds on the variables have been shifted by —x, and +g is the gradient of the
relevant Lagrange polynomial. Note that, to solve (2.52), we need to solve (B.1) with +g,
to find the point with maximal absolute value. We assume, in (B.1), that a; <0 < b; for all

i—i.e. the base point x is feasible—and A > 0 (otherwise s = 0 is the solution).

Algorithm B.1 Solve geometry-improving subproblem (B.1).

1: Initialise s(©) := 0 and step direction d(? := g.
2: Define fixed variables Aj := {i : g; = 0} and free variables Z; := {1,...,n} \ Ap.
3: for 7=0,1,2,...,n—1do

4:  if |[dY)|| = 0 then
5: return s,
6: end if
7 Find tentative step length a; by finding the largest solution to |s¢) + ajd(j) |2 = A2
8: if a<sU) 4 ajd(j) < b then
9: return sV = s0) 4 o;d0).
10: else 4 ‘
11: Let ¢ € Z; be any index such that SE]) + ozjdl(.J) ¢ [a;, b;].
12: Let 8; < o be the largest value such that Sl(-]) + Bjdgj) € [a;, bi.
13: Set s+ = s(0) 4 g.dW).
14: Set Z; 11 =Z; \ {i}, Aj4+1 = A; U {i}, and dU+D) = dU), except for dEJH) =0.
15: end if
16: end for

17: return s(™.
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We observe that, at the start of iteration j of Algorithm B.1 (provided we have not
already terminated), the index sets A; and Z; partition {1,...,n}. In addition, our current
search direction d¥) has dl(j) =0 for all 7 € Aj, and dz(-j) = g¢; # 0 for all ¢+ € Z;. Lastly,
()

our current iterate s\) has s;”) = 7j-1g; for all i € Z;, where v; := Z{:_l B (with the
convention f_; :=0).

The next two lemmas prove some key preliminary results that we will use to show that
Algorithm B.1 solves (B.1). We note that Algorithm B.1 always terminates, as it only has

finitely-many iterations.

Lemma B.1. Ifa <0 <b, A >0 and we have not terminated by the start of iteration j,
then ||sY)|| < A, vj-1 >0, and

ai, gi < 07
SEJ) =4qb; g; >0, Vi € .Aj. (B.?)
0 9i =0,

Also, the equation for a; has a real solution, with o; > —7;_1.

Proof. In the first iteration j = 0, all statements are true (since A > 0, sU) =0, =0
and A; = {i : g; = 0}) except possibly that o has a real solution. In any iteration, we
terminate in line 5 if and only if Z; = @) (or equivalently d¥) = 0). So in iteration 0, we
search for ap if d© # 0 and want o3[|d@|> = A?; hence we get ag = A/[|dO]| > ~_; is
well-defined.

We now proceed by induction and suppose j > 0 and all statements are true for iterations
0,...,7 — 1. Therefore, we start after line 7 in iteration j — 1 (i.e. just after finding the
well-defined oj > —v;_1). We wish to prove statements about the start of iteration j, so we

cannot terminate in line 9; let < € Z;_; be the chosen index in line 11. Since
i—1 i—1
32(,3 )+ Oéj—1d§] ) — (Vj—2 + aj-1)gi & las, bil, (B.3)
and aj_1 > —7;_2, we must have g; # 0 and vj_2 + a;j_1 > 0 (since 0 € [a;, b;]), and we get

bl/g’bv gi > 07

(B.4)
ai/gi, 9i <O.

Bi—1=—v-2+ {

Thus since a; < 0 and b; > 0 we have ;1 = vj—2 + j—1 > 0. From (B.4), we also conclude
that

. . i bi, % 07
s =07 1 g, 0V ={ &= (B.5)
ai, g < 0,
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giving us (B.2). Tteration j — 1 finishes by defining s/) = s~V 4 8, 1dU), and so

sV = 3 92+ (e + 82007 Y 2 (B.6)
i€A; 1 1€L5 1

< 3 24 (et i) Y 62 (B.7)
€A1 1€

= A?, (B.8)

since —y;—2 < Bj—1 < aj—1 and using the definition of a;j_1. Here, we have finished iteration
j — 1 and it only remains to show that «; is well-defined and a; > —v;_1.

We only search for «; if Z; # (), and in this case we wish to solve

S+ 3 (1 + )% = A% (B.9)
i€A; 1€Z;
which gives
A2~ Fiea,(57)?
a; = —vyj—1+ 2 . (B.10)

The denominator of the last term is strictly positive since Z; # ) and g; # 0 for i € Z;.
The numerator is positive since 3 ;¢ 4 (sl(-j))2 < |Is¥ > < A2, Thus a; is well-defined, and

Q5 > —Yj-1- O

Lemma B.2. Ifa <0 < b and A > 0, then the sequence (yj—1 + «;) is increasing in j

(until termination is reached).

Proof. Let i; be the index fixed in iteration j —1. Then by (B.3) we have (v;_2+a;-1)g;; >
bi; 2 0if g;; > 0 or (-2 + @j-1)g;; < a;; <0 otherwise. Either way, defining ¢;; := b; if

gi, > 0 or ¢;, := a;; otherwise, we have (yj_2 + a;j_1)* > c?j /gfj Then we compute, using
(-1 _ ()
(3

s; foralli € Aj_1 C Aj,

A% =Sy (s9)?

(Vjo1 + o) = i (B.11

! ! ZiEIj g’L2 )
i—1

A Yieu, (57T

Z’L’GIj,l gz2 - 922] ’

A% =S u (970 = (2 + aj)?g}

(B.12)

> S : (B.13)

_ [A2 B ZieAj—l(Sz('j_l))ﬂ [1 o 912]/ (ZiGIj—l 912)}

- SR : (B.14)

_ [N — ZieAj—l(ng—l)p] {(Ziezj_l 93) - g?j} | B.15)
(Siez,_, 82)] [Sier,, 67— 62

= Oyz o)’ (B.16)
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and the result follows since vj_1 + c;; > 0 for all j (by Lemma B.1). O

Theorem B.3. Suppose a <0 < b and A > 0. Then Algorithm B.1 returns a minimiser

of (B.1).

Proof. The problem (B.1) is convex, and so it suffices to find a KKT point. That is, we
need to find s* and Lagrange multipliers );, \; (for i = 1,...,n) and p such that

—g = —us* + Z(Aiei — i), (B.17a)
i=1
s; —a; >0, A >0, Ai(s; —a;) =0, Vi=1,...,n, (B.17b)
bi—SfZO, XZZO, Xi(b,-—sf)zo, Vi:1,...,n, (B.17C)
1 N 1 X
SO =0, p>0, Su(AT—|s) =0. (B.17d)

First, suppose we terminate in line 5 or 17 with result s. Then we have (B.2) with
A;j={1,...,n} and ||s|| < A. In this case, we have a KKT point with u = 0, \; = max(g;,0)
and )\; = max(—g;,0).
In the other case (termination on line 9 of iteration j), we have Z; # 0,a<s<band
sl = A, with
(vj-1+aj)gi, i€,

Ty ] 1 d ) O,

R L Z'G.Ajan gi < (B.18)
b; ZG.A]' andgi>0,
0 gi:0.

Using (B.17a) we get Lagrange multipliers y = 1/(;—1 + «;) > 0 (from Lemma B.1) and

0, 1 € 1, 0, i €I,
Ni =1 g —pby, i€ A; and g; > 0, and A= pa; —gi, 1€ A;and g; <0,
0, i€ Aj and g; <0, 0, i€ Aj and g; > 0.
(B.19)
For s to be a KKT point, it remains to show that \;, A, > 0; that is,
o2 L o a0

This follows from Lemma B.2, as for any ¢ € A; with g; > 0, there was an earlier iteration

(B.20) holds; a similar reasoning holds for i € A; with g; < 0. O

Ji < g with (vj,—1 + ¢;)gi > b; (from (B.3)), and so (vj—1 + ¢j)gi > (vj,—1 + ;) gi > b; and
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Appendix C

Comparison of Sample Averaging
and Regression

There are two places in Algorithm 3.1 where noise in objective evaluations can have an
impact: the construction of the model (3.1), and the measurement of objective decrease (3.3).
We show below that the errors in model construction due to noise are likely comparable
when using either sample averaging or regression. However, for a fixed level of noise, sample
averaging will produce a better estimate of objective decrease (compare [164, Lemma 9.1],
for instance). Thus, overall, we would expect sample averaging to perform somewhat better
than regression, when considering overall robustness. Since sample averaging may use more
objective evaluations per iteration, this may not be the case when the computational budget

is limited.

Error Bounds on Model Estimation Here, we give a short argument that sample
averaging and regression models produce comparably good models. For simplicity, suppose
we wish to construct a model for a linear function f(x) = ¢+ g'x from noisy evaluations
f(x) = f(x) 4 €, where € ~ N(0,02) is i.i.d. stochastic noise.

If we perform sample averaging using N samples at a given interpolation point y;, we

get an unbiased estimate for f with smaller variance:

~ 1 Y o?
In(ye) = N > (fly) +e)~N <f(Yt)a N) ~ (C.1)
i=1
Now suppose we construct a regression model as per (3.5) using points Y := {yo,...,yp} for

some p > n. We assume that Y is strongly A-poised [60, Definition 4.10] in B(yo, A), which
is a stronger condition! than Definition 2.16, but better suited to comparing the geometry

of sets with different sizes p.

L It can be achieved if, for instance, Y is formed by concatenating several sets of size n + 1 that are all
A-poised for linear interpolation (Definition 2.11).
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Under these conditions, the Gauss-Markov Theorem (e.g. [161, Chapter 10.1]) implies
that the regression model from (3.5) gives an optimal unbiased estimator (¢, g) for (¢, g)

with error (co)variance

D E-]- o

By shifting Y to ¥ := {(yt —y0)/A:t=0,...,p} as in the proof of Lemma 4.2, we have

(A.3), and so the variance satisfies

oz i = o (283 oF| < st = o | = 225
(C.3)

where ouin(Wy) is the smallest singular value of Wy, since || Dy|| = max(1, A~1). However,

from [60, Theorem 4.12], the strong A-poisedness of Y gives

1 < f(n+1)

Omin(Wi) = VP+1

for some constant 6 > 0. All together, we get

T
c c c c o2 max(1, A=2)02(n + 1)2A2
: [(M - [gD Qél - lgb ] = No+ D) : (C.5)

so the square error in the regression model (¢, g) is inversely proportional to N(p + 1), the

A, (C.4)

total number of evaluations of f used in building the right-hand side of (3.6). We conclude
that, all else being equal (including the strong A-poisedness of Y'), we would get the same
model error from using p + 1 = ¢(n + 1) points with no sample averaging, or p+1=mn+1
points and using ¢ samples per point. This provides further support for the similar results

for sample averaging and regression models observed in Section 5.2.4.
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Appendix D

Extended Results for DFBGN

In Figure D.1, we show performance profiles comparing DFBGN with DFO-LS on the (MW)

problem collection. Since these problems are low-dimensional (n < 12), they do not represent

the setting for which DFBGN is designed, however we include them here for completeness.

Similar to Figure 7.7, we see that DFBGN performs better (in terms of evaluations)

the larger the block size p, with the performance with p = n similar to DFO-LS. For very

low accuracy 7 = 0.5, DFBGN with p < n sometimes outperforms DFO-LS (with the full

initialisation cost), but not DFO-LS with reduced initialisation cost.
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Proportion problems solved
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Figure D.1. Performance profiles (in evaluations) comparing DFO-LS (with and without reduced
initialisation cost) with DFBGN (various p choices) for different accuracy levels. Results are an
average of 10 runs for each problem, with a budget of 100(n + 1) evaluations and a 12 hour runtime
limit per instance. The problem collection is (MW).
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Appendix E

Test Problems

Here, we give details of our collections of test problems; see Section 2.4.1 for details.

E.1 Moré and Wild Collection

# Objective Function n m 2f(x0) 2f*

1 Linear (full rank) 9 45 72 36

2 Linear (full rank) 9 45 1125 36

3 Linear (rank 1) 7 35 1.165420 x 107 8.380282

4 Linear (rank 1) 7 35 1.168591 x 10° 8.380282

5 Linear (rank 1 w. zero row/col) 7 35 4.989195 x 106 9.880597

6 Linear (rank 1 w. zero row/col) 7 35 5.009356 x 108 9.880597

7 Rosenbrock 2 2 24.2 0

8 Rosenbrock 2 2 1.795769 x 106 0

9 Helical Valley 3 3 2500 0

10 Helical Valley 3 3 10600 0

11 Powell Singular 4 4 215 0

12 Powell Singular 4 4 1.615400 x 10° 0

13 Freudenstein & Roth 2 2 400.5 48.98425

14  Freudenstein & Roth 2 2 1.545754 x 108 48.98425

15  Bard 3 15 41.68170 8.214877 x 1073
16  Bard 3 15 1306.234 8.214877 x 103
17 Kowalik & Osborne 4 11 5313172 x 1073 3.075056 x 10~*
18 Meyer 3 16 1.693608 x 10° 87.94586

19  Watson 6 31 16.43083 2.287670 x 1073
20  Watson 6 31 2.323367 x 106 2.287670 x 1073
21 Watson 9 31 26.90417 1.399760 x 106
22 Watson 9 31 8.158877 x 106 1.399760 x 106
23 Watson 12 31 73.67821 4.722381 x 10710
24  Watson 12 31 2.059384 x 107 4.722381 x 10710
25  Box 3d 3 10 1031.154 0

26  Jennrich & Sampson 2 10 4171.306 124.3622

27  Brown & Dennis 4 20 7.926693 x 108 8.582220 x 10%
28  Brown & Dennis 4 20 3.081064 x 10! 8.582220 x 10%
29  Chebyquad 6 6  4.642817 x 10~ 2 0

30  Chebyquad 7 7 3.377064 x 102 0

31  Chebyquad 8 8 3.861770 x 102 3.516874 x 103
32  Chebyquad 9 9  2.888298 x 10”2 0

33  Chebyquad 10 10  3.376327 x 10~ 2 4.772714 x 1073
34  Chebyquad 11 11  2.674060 x 10~ 2 2.799762 x 103
35 Brown almost-linear 10 10 273.2480 0

36  Osborne 1 5 33 16.17411 5.464895 x 10~°
37  Osborne 2 11 65 2.093420 4.013774 x 10~2
38  Osborne 2 11 65 199.6847 4.013774 x 10~2
39  bdqrtic 8 8 904 10.23897

40  bdqrtic 10 12 1356 18.28116

41 bdqrtic 11 14 1582 22.26059

42 bdqrtic 12 16 1808 26.27277

43  Cube 5 5 56.5 0

44  Cube 6 6 70.5625 0

45  Cube 8 8 98.6875 0

46 Mancino 5 5 2.539084 x 10 0

47  Mancino 5 5 6.873795 x 1012 0

48  Mancino 8 8 3.367961 x 10° 0

49  Mancino 10 10 3.735127 x 10° 0

50  Mancino 12 12 3.991072 x 10° 0

51  Mancino 12 12 1.130015 x 103 0

52  Heart8ls 8 8 9.385672 0

53  Heart8ls 8 8 3.365815 x 1010 0

Table E.1. Details of test problems from [157], including the value of f* used in (2.55) for each
problem. Note that, in line with the implementation of our least-squares solvers, we show 2f(xq)

and 2f*; i.e. excluding the 1/2 factor in (2.6). 185



E.2 CUTEst Nonlinear Least-Squares Collection

# Problem n m 2f(x0) 2f* Parameters
1  ARGLALE 100 400 700 300 N = 100
2  ARGLBLE 100 400  5.460944 x 104 99.62547 N =100
3  ARGTRIG 100 100 32.99641 0 N =100
4  ARTIF 100 100 36.59115 0 N =100
5 ARWHDNE 100 198 495 27.66203 N =100
6 BDVALUES 100 100 1.943417 x 107 0 NDP = 102
7  BRATU2D 64 64 0.1560738 0 P =10
8 BRATU2DT 64 64 0.4521311 1.853474 x 10~ ° P =10
9  BRATU3D 27 27 4.888529 0 P=5
10 BROWNALE 100 100 2.524757 x 10° 0 N = 100
11  BROYDNS3D 100 100 111 0 N = 100
12 BROYDNBD 100 100 2404 0 N = 100
13 CBRATU2D 50 50 0.4822531 0 P=7
14 CHANDHEQ* 100 100 6.923365 0 N =100
15 CHEMRCTA* 100 100 3.0935 0 N =50
16 CHEMRCTB* 100 100 1.446513 1.404424 x 10~3 N =100
17 CHNRSBNE 50 98 7635.84 0 N =50
18 DRCAVTY1 100 100 0.4513889 0 M =10
19 DRCAVTY2 100 100 0.4513889 5.449602 x 103 M =10
20 DRCAVTY3 100 100 0.4513889 0 M =10
21 EIGENA* 110 110 285 0 N =10
22 EIGENB 110 110 19 0 N =10
23  FLOSP2HH 59 59 519 0.3333333 M =2
24 FLOSP2HL 59 59 519 0.3333333 M =2
25 FLOSP2HM 59 59 519 0.3333333 M=2
26 FLOSP2TH 59 59 516 0 M=2
27  FLOSP2TL 59 59 516 0 M=2
28  FLOSP2TM 59 59 516 0 M=2
29 FREURONE 100 198 9.95565 x 10* 1.196458 x 10* N =100
30 HATFLDG 25 25 27 0
31  HYDCARZ20 99 99 1341.663 0 —
32 HYDCAR6 29 29 704.1073 0 —
33 INTEGREQ 100 100 0.5730503 0 N =100
34 METHANBS 31 31 1.043105 0 —
35 METHANLS 31 31 4345.100 0
36 MOREBVNE 100 100  3.633100 x 10~% 0 N = 100
37  MSQRTA 100 100 212.7162 0 P =10
38 MSQRTB 100 100 205.0846 0 P =10
39  OSCIGRNE 100 100 6.120720 x 10 0 N = 100
40 PENLTINE 100 101  1.144806 x 101 9.025000 x 109 N =100
41 PENLT2NE 100 200 1.591383 x 10° 0.9809377 N = 100
42 POWELLSE 100 100 41875 0 N =100
43  QR3D* 40 40 1.2 0 M=5
44  QR3DBD* 37 40 1.2 0 M=5
45  SEMICN2U 100 100 2.025037 x 10% 0 (N, LN) = (100, 90)
46  SEMICON2* 100 100 2.025037 x 104 0 (N, LN) = (100, 90)
47  SPMSQRT 100 164 74.33542 0 M = 34
48  VARDIMNE 100 102  1.310584 x 10%*4 0 N = 100
49  WATSONNE 31 31 30 0 N =31
50 YATP1SQ 120 120 2.073643 x 106 0 N =10
51  YATP2SQ 120 120 1.831687 x 10° 0 N =10
52 LUKSANI1 100 198 626.0640 0 —
53 LUKSANI12 98 192 3.2160 x 104 4292.197
54 LUKSANI13 98 224 6.4352 x 10% 2.518886 x 10% —
55 LUKSANI14 98 224 2.6880 x 10% 123.9235 —
56 LUKSANI5 100 196 2.701585 x 10% 3.569697 —
57 LUKSAN16 100 196 1.306848 x 10% 3.569697 —
58 LUKSANI17 100 196 1.687370 x 10° 0.4931613 —
59  LUKSAN21 100 100 99.98751 0 —
60 LUKSAN22 100 198 2.487686 x 10% 872.9230 —

Table E.2. Details of medium-scale test problems from the CUTEst test set (showing 2f(xg) and
2f*, as per Table E.1). The set of problems are taken primarily from [87, 155, 143]. Some problems
are variable-dimensional; the relevant parameters yielding the given (n,m) are provided. Problems
marked * have box constraints. The value of n shown excludes fixed variables.
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E.3 CUTEst General Objective Collection

# Problem n f(x0) f(x™) Parameters
1 ARWHEAD 100 297 0 N = 100
2 BDEXP* 100 26.52572 0 N = 100
3 BOX 100 0 —11.24044 N =100
4 BOXPOWER 100 866.2462 0 N =100
5 BROYDN7D 100 350.9842 40.12284 N/2 = 50
6 CHARDIS1 98 830.9353 0 NP1 =50
7  COSINE 100 86.88067 —99 N =100
8 CURLY10 100  —6.237221 x 10~2 —1.003163 x 10* N =100
9  CURLY20 100 —1.296535 x 10~2 —1.003163 x 10* N = 100
10 DIXMAANA 90 856 1 M =30
11  DIXMAANF 90 1.225292 x 103 1 M =30
12  DIXMAANP 90 2.128648 x 103 1 M =30
13  ENGVALIL 100 5841 109.0881 N = 100
14  FMINSRF2 64 23.461408 1 P=38
15  FMINSURF 64 32.84031 1 P =
16 NCB20 110 202.002 179.7358 N =100
17 NCB20B 100 200 196.6801 N =100
18 NONCVXU2 100 2.639748 x 10° 231.8274 N =100
19 NONCVXUN 100 2.727010 x 108 231.6808 N = 100
20 NONDQUAR 100 106 0 N = 100
21  ODC 100 0 —1.098018 x 10~2  (NX,NY) = (10, 10)
22 PENALTY3 100 9.801798 x 107 0.001 N/2 = 50
23 POWER 100 2.550250 x 107 0 N =100
24 RAYBENDL 62 98.03445 96.25168 NKNOTS = 32
25 SCHMVETT 100 —280.2864 —294 N =100
26  SINEALI* 100 —0.8414710 —9.900962 x 10> N =100
27  SINQUAD 100 0.6561 —4.005585 x 103 N =100
28 TOINTGOR 50 5.073786 x 10° 1.373905 x 103
29  TOINTGSS 100 892 10.10204 N =100
30 TOINTPSP 50 1.827709 x 103 225.5604

Table E.3. Details of medium-scale general objective test problems from the CUTEst test set,
including the value of f(x*) used in (2.55) for each problem. Some problems are variable-dimensional;
the relevant parameters yielding the given n are provided. Problems marked * have bound constraints.
The value of n shown excludes fixed variables. Some of the problems were taken from [144].
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E.4 Global Optimisation Collection

# Problem n Bounds Global minimum f(x*)
1 Ackley 10 —30 < 2; <30 0
2 Aluffi-Pentini 2 —10< z; <10 —0.3523861
3 Becker and Lago 2 —10< z; <10 0
4 Bohachevsky 1 2 —50 < z; <50 0
5 Bohachevsky 2 2 —50 < z; <50 0
6  Branin 2 [=5,0] < x < [10, 15] 3.926991
7 Camel 3 2 —-5<z; <5 0
8  Camel 6 2 5< ;<5 —1.031628
9 Cosine Mixture 4 —-1<z; <1 —0.4
10 Dekkers and Aarts 2 —20 < x; <20 —2.477289 x 10%
11 Easom 2 —-10< z; £10 -1
12 Epistatic Michalewicz 5 0<z; <m —4.687658
13 Exponential* 40 —-1<z; <1 —1
14 Goldstein and Price 2 —2<z; <2 3
15  Griewank* 25 —600 < x; < 600 0
16 Gulf Research 3 [0.1,0,0] < x < [100, 25.6, 5] 0
17 Hartman 3 3 0<z; <1 —3.862782
18  Hartman 6 6 0<az; <1 —3.322368
19 Helical Valley 3 —10< z; <10 0
20  Hosaki 2 [0,0] < x <[5, 6] —2.345812
21  Kowalik 4 0< z; <0.42 3.074871 x 10~4
22 Levy and Montalvo 1 3 —10< z; <10 0
23 Levy and Montalvo 2 10 —-5<z; <5 0
24 McCormick 2 [—1.5,—3] < x < [4, 3] —1.913223
25 Meyer and Roth 3 —20 < z; <20 4.355269 x 10~ °
26 Miele and Cantrell 4 —-1<z; <1 0
27 Modified Langerman 10 0<z; <10 —0.965
28 Modified Rosenbrock 2 -5<z2;, <5 0
29 Multi-Gaussian 2 —2<z; <2 —1.296954
30 Neumaier 2 4 0<z; <4 0
31 Neumaier 3* 30 —900 < z; <900 —4930
32 Odd Square 20 —-15<2; <15 —1
33 Paviani 10 2.001 < z; <£9.999 —45.77845
34 Periodic 2 —-10< z; <10 0.9
35 Powell Quadratic 4 —-10< z; <10 0
36 Price Transistor Monitoring 9 —-10< z; <10 0
37  Rastrigin* 30 —5.12 < x; < 5.12 0
38 Rosenbrock* 50 —30 < z; <30 0
39 Salomon* 50 —100 < z; <100 0
40 Schaffer 1 2 —100 < z; <100 0
41 Schaffer 2 2 —100 < z; <100 0
42 Schwefel* 40 —500 < z; < 500 —1.675932 x 10%
43 Shekel 10 4 0<z; <10 —10.53628
44 Shekel 5 4 0<z; <10 —10.15320
45  Shekel 7 4 0<z; <10 —10.40282
46 Shekel Foxholes 10 0<z; <10 —10.20879
47  Shubert 2 —10< 2; <10 —186.7309
48 Sinusoidal 20 0< z; <180 —3.5
49 Storn Tchebyshev 9 —256 < z; < 256 0
50 Wood 4 —10< z; <10 0

Table E.4. Details of global optimisation test problems, taken from [2]. Problems marked with * had
n = 10 originally, but had their dimension increased here.
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E.5 CUTEst Large-Scale Nonlinear Least-Squares Collection

# Problem n m 2f(x0) 2f* Parameters
1  ARGLALE 2000 4000 10000 2000 (N, M) = (2000, 4000)
2  ARGLBLE 2000 4000  8.545072 x 1022 999.6250 (N, M) = (2000, 4000)
3  ARGTRIG 1000 1000 333.0006 0 N = 1000
4  ARTIF 5000 5000 1827.355 0 N = 5000
5 ARWHDNE 5000 9998 24995 1396.793 N = 5000
6 BDVALUES 1000 1000 1.996774 x 10* 0 NDP = 1002
7  BRATU2D 4900 4900  3.085195 x 1073 0 P =712
8 BRATU2DT 4900 4900  8.937521 x 102 7.078014 x 10~ 1t P =712
9  BRATU3D 3375 3375 2.386977 0 P =17
10 BROWNALE 1000 1000 2.502498 x 108 0 N = 1000
11  BROYDN3D 1000 1000 1011 0 N = 1000
12  BROYDNBD 5000 5000 124904 0 N = 5000
13  CBRATU2D 2888 2888  1.560446 x 10”2 0 P =40
14 CHANDHEQ 1000 1000 69.41682 0 N = 1000
15 EIGENB 2550 2550 99 0 N =50
16 FREURONE 5000 9998  5.0485565 x 100 6.081592 x 10° N = 5000
17 INTEGREQ 1000 1000 5.678349 0 N = 1000
18 MOREBVNE 1000 1000  3.961509 x 10~° 0 N = 1000
19  MSQRTA 4900 4900 7.975592 x 104 0 P =70
20 MSQRTB 1024 1024 7926.444 0 P =32
21  OSCIGRNE 1000 1000 6.120720 x 108 0 N = 1000
22  PENLTINE 1000 1001 1.114448 x 1017 9.686272 x 10~ 8 N = 1000
23 POWELLSE 1000 1000 418750 0 N = 1000
24  SEMICN2U 1000 1000 1.960620 x 10* 0 (N, LN) = (1000, 900)
25  SPMSQRT 1000 1664 797.0033 0 M =334
26  VARDIMNE 1000 1002  1.241994 x 1022 0 N = 1000
27  YATP1SQ 2600 2600 5.184111 x 107 0 N =50
28  YATP2SQ 2600 2600 2.246192 x 107 0 N =50

Table E.5. Details of large-scale test problems from the CUTEst test set (showing 2f(xq) and 2f*,
as per Table E.1). The set of problems are taken from those in Table E.2; the relevant parameters
yielding the given (n,m) are provided. The value of n shown excludes fixed variables.
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