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SUMMARY

This paper proposes an online active set strategy for computing the dynamic programming solution to a
min-max robust optimal control problem with quadratic Ho stage cost for linear systems with linear state
and input constraints in the presence of bounded disturbances. The solver determines the optimal active
constraint set for a given plant state using an iterative procedure which computes the optimal sequence of
feedback laws for a candidate active set and updates the active set by performing a line search in state space.
The computational complexity of each iteration depends linearly on the length of the prediction horizon.
The main contribution of the paper is its treatment of degeneracy caused by linearly dependent state and
input constraints and its efficient handling is a crucial step in formulating the active set algorithm. The
proposed approach ensures the continuity of optimal control laws along the line-of-search, thus enabling an
efficient solution method based on homotopy. Conditions for global optimality are given and the convergence
of the active set solver is established using the geometric properties of an associated multi-parametric
programming problem. A receding horizon control strategy is proposed, which ensures a specified l2-gain
from the disturbance input to the state and control inputs in the presence of linearly dependent constraints.
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1. INTRODUCTION

The aim of robust control based on min-max optimality is to minimize the worst-case performance
of the controlled system over a known set of unknown future disturbances [27, 18, 2] while
satisfying constraints robustly. Due to its significant practical importance, this area has been a
major challenge to researchers for decades and the system-theoretical side of this problem is by
now well-understood [22], while its computational aspects still pose considerable challenges. The
major challenge lies in the fact that the optimal solutions to min-max control problems have the
form of feedback laws [18] and, using available dynamic programming methods, the computation
needed to optimize over arbitrary feedback laws typically grows exponentially with the system state
dimension and horizon length.

For the important class of linear systems with additive, bounded uncertainty there remains
the challenge of obtaining computationally efficient solutions which ideally solve the underlying
dynamic programming problem exactly or at least approximate it to a high degree of accuracy. In the
scenario-based approach of [24], an exact solution is obtained which involves impracticably large
computational loads since the numbers of decision variables and constraints grow exponentially
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with the horizon length. Therefore a variety of suboptimal formulations have been proposed as
computationally tractable min-max control strategies. The contributions of [17, 21, 13, 23] select
dynamic programming policy parametrizations and optimize over the free parameters. Most nobably
in the context of robust MPC these parametrizations consist of: the class of pre-stabilizing policies
[21]; policies with linear state feedback parameters [17]; the more general disturbance-affine
policies of [19, 13]; and the more general separable disturbance feedback parametrization of [23].

As an alternative to solving min-max robust control problems online via dynamic programming,
approaches based on multiparametric programming have been proposed [1, 9]. These use offline
computations to characterize the optimal control law, typically as a piecewise affine state feedback
law. However this requires the optimal control law to be determined for all feasible system
states, and moreover it relies on the ability to efficiently determine which of many polyhedral
regions contains the current state. Although efficient point location techniques have been proposed
(e.g. [9, 14]), the method is generally applicable only to small problems and short horizons.

The current paper shows that optimal solutions can be determined efficiently by exploiting the
linearity and continuity properties of dynamic programming solutions using an active set method
based on homotopy. This avoids the disadvantages of suboptimal problem formulations as well
as those of offline dynamic programming approaches that rely on multiparametric programming.
Moreover we demonstrate that the computation required by each iteration of the proposed algorithm
grows only linearly with the horizon length of the control problem.

Methods based on homotopy of solutions for nominal (i.e. uncertainty-free) control problems [8,
10, 3] were extended to the case of linear systems with bounded additive uncertainty and linear
input constraints in [7], and to linear input and state constraints in [6]. The current paper provides a
detailed treatment of the input and state constrained case [6] and discusses the line search algorithm
in the presence of degenerate solutions.

In the presence of state and input constraints, the solution to the subproblems associated with
individual stages of the multi-stage min-max optimization may, as a result of linearly dependent
constraints, be degenerate. This results in the associated optimal costs being discontinuous functions
of the state, making the problem significantly more challenging than the input-constrained problem
considered in [7]. Degenerate subproblems, on the other hand, are highly relevant in practice, e.g.
in aerospace applications which are governed by non-minimum phase dynamics (as discussed in
Example 1 of Section 9). A first basic treatment of degenerate subproblems was provided in [6],
however a theoretical framework for convergence of the active set algorithm and the relationship of
a degenerate solution to the globally optimal solution was not presented.

The current paper proposes a method of handling linearly dependent constraints by circumventing
the possibility of discontinuous optimal control laws (see e.g. [20]) and by selecting the active set
changes that lead to continuity of the primal and dual variables along the line-of-search. This is the
basis of a guarantee of convergence of the active set algorithm. We also relate the candidate solutions
derived from first order necessary conditions in the presence of degenerate subproblems to the global
solution of the dynamic programming problem. Finally, we establish a specified disturbance [2-gain
under the receding horizon application of the min-max optimal control law, which follows from
the H., performance index employed in this paper. Numerical examples demonstrate significant
advantages in terms of computation and performance over the affine disturbance feedback strategy
of [12].

2. PROBLEM STATEMENT
In this paper we are concerned with linear discrete time systems subjected to bounded disturbances:
Ty = Axy + Bug + Dwy, t=0,1,... (1)
with state z; € R™=, control input u; € R™+ and disturbance input w; € R™». The matrices A, B, D
are assumed to be constant and known, and variables x;, u;, w; are subject to constraints: x; € X,

ur € U, wy € W, where X', U, VW are compact and convex polytopic sets that contain the origin.
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We consider the following dynamic programming formulation of a constrained, finite horizon
robust optimal control problem (see e.g. [1, 20]):

; , = i Im (T, u, 2
(up, (@), ) (z,u)) argmin max (z,u,w) (2a)

subject to Az + Bu € X,,,_1 © DW (& denotes Pontryagin difference), where the dynamic
programming recursion on J,,, and X, is defined form = 1,2... by

T (@, u,0) = F(2lG + [ullF = v wl®) + Tp_y (@) (2b)
T (@) = T (2, w5 (), w0y (0, 0y, () ) (2¢0)
xt = Az + Bu+ Dw 2d)
Xn=XNn{z:Jueld, Ax + Bu € X,,_1 & DW} (2e)

with the terminal conditions:

T3 (@) = 3wl (2f)

Xy = X7, (2g)

Here 2T denotes the successor state given z, v and w, and J},(-), u’,(-) and w},(-,-) denote

respectively the optimal cost, control input, and disturbance input for the m-stage problem defined

in (2a). The corresponding receding horizon control law for a prediction horizon of N time steps is
given by u; = ujy ().

In (2), R is a positive-definite matrix (denoted R > 0), ) is a positive semidefinite matrix
(denoted @ = 0) and Hx||i2 denotes z7' Q. We assume that P, in (2f) is chosen so that [|zql|3, =
Zi“;o(llxtllé + [luel = 7 [lwe?) withuy = w/ (2;) and wy = w (24, us), where u/ () and w/ (-, )
are the optimal solutions of (2a-d) in the limit as m — oo and in the absence of the constraints
x € X,u €U, w € W. Section 4 derives conditions on the value of «y (which is a design parameter);
here we note that v must be large enough to ensure the existence of the solutions u/(-), w/(-,-) to
the unconstrained H ., optimal control problem [20]. We assume that the initial state of (1) satisfies
Tg € XN.

Remark 2.1

The problem formulated in (2) defines a closed loop optimal control problem (e.g. [18]), since
the optimal control law «, () depends on the plant state =, while the worst-case disturbance
w; (+,+) depends on the current control input u as well as . The sequential nature of this min-
max problem and the fact that the optimization is performed over a set of arbitrary feedback
laws {um (), wm (x,u), m =1,..., N} imply that, unlike open-loop formulations of robust MPC,
Problem (2) cannot be solved for given x( as a single quadratic programming problem. The
relationship between open and closed loop optimal control formulations based on H ,-type costs is
discussed in [7].

We denote predicted sequences of minimizing control inputs and maximizing disturbance inputs

in (2) as {ug,...,uny—1} and {wo, ..., wy—_1}, and the corresponding predicted state sequence as
{zo,...,xn_1}, so that uy = ul_, (2), wp = wi_g(Tk, ur) and xp11 = Az + Buy, + Dwy, for
k=0,...,N — 1. To differentiate between actual and predicted plant states, we denote the actual

plant state, which is assumed to be known at time ¢, as x”, and its value at time ¢ as mf .

3. SOLUTION OUTLINE

Section 4 presents a novel derivation of the Karush-Kuhn-Tucker (KKT) conditions providing first-
order necessary conditions for optimality for Problem (2) (see e.g. [11]). For a given active set the
corresponding equality constrained problem is solved using Riccati recursions (Section 5), using
a sweep method (as in [5]) and results in a sequence of optimal state feedback control laws and
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worst-case disturbance functions. In Section 6 the equality constrained control policy is related to
the inequality constrained Problem (2). Finally, a detailed discussion of the proposed active set
method and its theoretical properties is provided in Section 7. In all sections a particular focus
is on the unified treatment of: (a) the special case that the state and input constraints are linearly
independent and necessary conditions are also sufficient (leading to unique solutions for given z);
(b) the general case of degenerate constraints in which the necessary conditions can be used to obtain
locally optimal solutions for the given plant state. A consistent treatment of both cases is obtained
through the formulation of a line search algorithm based on homotopy of solutions (as in [8, 7]).

4. FIRST-ORDER NECESSARY CONDITIONS

This section derives the first order necessary conditions for optimality by considering the relevant
Lagrangian function at a given stage. We subsequently derive the linking conditions on the co-states
between successive stages of the optimal control problem using a backwards induction procedure.
We present a derivation of the first order conditions which, unlike the derivation in [6], does not
rely on the Wolfe dual. Consequently this derivation applies to the general case of (possibly)
discontinuous objective functions that result from degenerate subproblems of Problem (2).

Let the polytopic sets X,,_1 © DW, U and WV be expressed as:

X1 ©DW = {aj eR"™ : B,z < 1} 3)

U={ueR™:Fu<1} 4)

W={weR"™ :Gw <1} (5)

for E,, € R"ex"= [ ¢ R”fxnu, G € ReXnw where 1 = [1 --- 1]T denotes a vector of conformal

dimensions. Also let A and A denote the Lagrange multipliers associated with constraints z+ =
Z+ Dw and & = Az + Bu, and let v, p and 7 denote the Lagrange multipliers for inequality
constraints # € X,,,_1 © DW, u € Y and w € W respectively’. Since the min-max subproblem
(2a) at each stage may be degenerate due to linear dependence in the active constraint set, we
include equality state constraints C),,& = 1 and CA’ma:+ = —1 in the minimization and maximization
(Cyp € R™m-1%"= and C,, € R <) with associated multipliers ¢ and (. These constraints
are required for the equality problem (EP) solution as detailed in Section 5 and are therefore
required to determine the region in state space within which the EP solution is primal/dual feasible
for the inequality constrained problem. However, they are not actual constraints in the inequality
constrained DP problem; i.e. they occur as a consequence of obtaining a solution candidate for the
DP for a given degenerate active set.

The m-stage min-max optimization problem (2) is equivalent to the following sequence of sub-
problems

% 1 2 1 2 Sx /A . Em£§17Fu§170m§7:1
Tola) = min 3 old + Slulfh + Jo(@)  subjectto 4 S (6
and
R 2 Gw<1, Cphzt=-1
* [ A v 2 * —+ . — m
Jo(2) = max ——||w||* + J_1 (2 subject to 6b)
(@) = max — Ll + 751 @) j {w+=i+Dw7 (

with Jg (@) = 4 2]1%,.
Correspondingly we define the associated Lagrangian functions:

TNote that in this section we remove the time indices on the optimization variables for readibility
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Lon(@,u, 1,0, (2 8) = Sl + 3llullh + 5 (2) — 7 (1= Fu) = v (1 - Epd)
— ("1~ Cpi) = AT (2 — (Az + Bu)) (Ta)

and
2
Lon(@,w,m, ¢ A %) = =L wl? + T, (@) 407 (1= Gw) +¢T (1 + G
— A'(z" = (& 4+ Dw)). (7b)

Then the first order necessary conditions for optimality of Problem (6b) are given by the KKT
conditions (e.g. [11]):

Volm =0 = ~FYw+GTn—DTA=0 (8a)
Vil =0 = Cuzt=-1 (8b)
Valm =0 = a7 =32+Duw (8¢)
Verlm =0 = A=V,+J' (at)+CL¢ (8d)
and
n"(1—Guw)=0, 7n>0Guw<1. (8e)

The first order necessary conditions for optimality of Problem (6a) are given similarly by

Vilm =0 = Ru+F u+BT"A=0 (9a)
Velm =0 = Cui = (9b)
Vilm=0 = i=Ax+DBu (9¢)
Vilm =0 = A=ViJ @)+ ETv+CT¢ (9d)
and
pf(1—Fu)=0, pu>0 Fu<l1, (9e)
vVI1—-E,i)=0, v>0, E,&<1. (9
Lemma 4.1

Equations (8d) and (9d) are respectively equivalent to

ATAY 4 Qat +CT¢, ifm>1
= v . (102)
Poxt + CL¢, ifm=1
A=A+ELy+ 0T, (10b)

where AT denotes the multiplier associated with the constraint # = Az + Bu in the (m — 1)-stages-
to-go maximization problem.

Proof
Let w*(&), n*(2), ¢*(2), A*(2), 1" (&), denote the optimal values of primal variables and
multipliers for Problem (6b) for given Z. Then, using (8a-d), we have

vij:n(i:) = vﬁff’m (i‘7 w*(i')v n* (£)7 ¢ (i)v A" (i')’ $+*(i‘))

8137,1 ow* A ozt” .
= T Vb A+ =— Vi L
0% oz " oz "
=\ (). an
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Similarly denoting the optimal primal variables and multipliers for Problem (6a) for given z as
u*(z), pw*(x), v*(z), *(x), \*(x), #*(z), and using (9a-d), we also have

Vodm(@) = VoL (2,0 (@), p* (), v (2), (" (@), A" (2), 2" ()

oL,, Ou* or*
Ox + ox v teet ox v
= ATX (z) + Qu. (12)
so that V4 J¥ _ (zF) = ATAT + Qat if m > 1, and V,+J%_,(zT) = Py if m = 1, which
implies (10a,b). O
Remark 4.2

%

The optimal values of the decision variables (u*(z),2*(x)) and (w*(2),2%*(2)) are in general
multivalued functions of their arguments, 2 and &, respectively. Hence J* (z) and .J* (i) are also
multivalued in general. This situation occurs as a result of linear dependence in the active constraint
set at a given minimization stage. This has the effect that the gradient of the optimal value function
at the given stage is discontinuous in the given parameter and causes the optimization problems at
prior stages to be non-convex-concave, in general. The focus of the proposed active set method is
to handle both non-degenerate and degenerate subproblems by using a selection that enables the
gradients introduced in the proof of Lemma 1 to be defined uniquely along the line of search.

5. THE ACTIVE SET EQUALITY CONSTRAINT PROBLEM

Let A, = {A%, A% A“} denote the set of indices of the active constraints in the m-stages-to-
go minimization and maximization problems in (6a,b), so that the solution for primal variables
w*, w*, * and dual variables p*, v*, n*, satisfies

el Fu* =1, VieA“, elu*=0, Vig A% (13a)
el Bpi*=1,Vie AL,  elv' =0, Vig AL (13b)
elGuw* =1, Vie AY, eln*=0, Vi¢g AV (13¢)

where e; is the ith column of an identity matrix of conformal dimensions. To simplify notation, for
a given active set A,, we define F,,,, G,,, and redefine F,,, so that the active constraints of (13a-c)
are equivalent to:

Fpou=1, FEpz=1 Gu,w=1, (14)

and similarly we redefine , v and 7 as the vectors of multipliers of the active constraints indexed by
Al A% and AY respectively. To ensure full generality we assume that the active constraints at each
stage m > 1 may be linearly dependent. In addition we assume for notational convenience that the
equality constraints Crpat =—1and Cpi =1 appearing in (6a,b) are the compatibility conditions
associated with linearly dependent constraints. We illustrate the algebraic details of the solution to
non-degenerate and degenerate subproblems separately. We first consider the single-stage problem
to demonstrate the algebraic conditions for degeneracy. In a second step the general multi-stage
problem is discussed. Finally these results are summarized in Theorem 5.1.

5.1. Single-stage problem

For the equality problem (EP) associated with active set A}’ in the maximization (6b) at m = 1 we
have, from (10a)

A= Py, (15)
Eliminating A and 2 from (8a-c) and invoking G;w = 1 therefore gives
2 T T T
vl -D"PoD Gi| |w| |D" P . 0
e 0|~ 0 | % + 1l (16)
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The solution of (16) can be expressed as

w DTPR| . 0
M _\pl{ ; }xwl M an
for some matrix ¥, where it has been assumed that G{ | (v*I — D" PyD)G1 1 is non-singular.
Details on how to compute ¥, are given in [11], Section 10.2.

For the EP with active set {.A%, 4%} in the minimization (6a) at m = 1, (15), (10b) and (17) imply

5\ = Plj?+(?1 +E?I/,

B @] =[R 0+[RD 0 wl[

DTPp, 0} (18)
0o 1|

By eliminating A and # from (9a-c) and invoking F1 2 = 1 and Fiu = 1, we therefore obtain

R+BTPB BTET F[| [u BT Py —B"
ElB 0 0 v i =— E1 Ax + 1 . (19)

Assuming that R + BTPyB is non-singular, the general solution of (19) (which includes the
degenerate case in which the columns of [BTET F['] are linearly dependent) can be expressed

u BTP —BT§, 0
v| =—-60 Eq Az + (Ch 1 — 2171 ﬂ (20)
1 0 1 Zan

for some matrix ©. Details on how to compute ©; are givenin [11], Section 10.2. In the degenerate
case, # contains the free variables in the solution of (19), and Z, = [Z{, Z3,]" is the full-rank

matrix satisfying
T |E1B| |1
A [ | 0, h 1l = 1.

For the non-degenerate case the columns of [BT ET Fl'] are linearly independent and we set Z; = 0
and 8 = 0. In the degenerate case, (19) admits solutions if and only if x satisfies the compatibility
condition

Cox = —1, where Cy = —ZTE/ A. (21)

Thus (21) constitutes an equality constraint in the maximization problem (6b) at m = 2, and (18),
(20) and (21) imply

ATA 4+ Qz = Pix+q1 + CT3, (22a)
) A ~BTHhA -BT4
[P ] =[Q+ATPA ATq] +AT[PB ET 0] | —EA 1 |. (22b)
0 1

5.2. Multi-stage problem

Consider now the EP at stage m > 1 with active set .A,,. If the minimization problem (6a) at stage
m — 1 is degenerate due to linearly dependent constraints, then its solution contains free variables,
denoted 3% in (23), which can be determined by solving the maximization problem (6b) at stage m
as we now discuss. From (10a) and (22a) we have

)\:melx++qul+égz(4+ﬁ+)‘ (23)
By eliminating A and =+ from (8a-c) and using G,,,w = 1 we obtain
~*I -DTP, D -DTCT GT w DTP,,_, DTq, 1
Gm, 0 0 n 0 1
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The general solution of (24) can be expressed as

w DTP, DTq 1 0
C+BT | =0, | Cn |&+T, 1 | Zim| B (25)
n 0 1 Zz,m
MY me 0
= | MSHB | a4 [ mSBT | — | Zim | B
M7, mp, Z2.m

For the case that (24) is degenerate (i.e. the columns of [-DTCL G? ] are linearly dependent), 3

contains the free variables in the solution of (24) and Z,,, = [Z{,, ZI |7 is the full-rank matrix
satisfying
5T _CmD _ 5T 1 _

whereas Z,, =0, 3 =0 if (24) is non-degenerate. In the degenerate case, £ must satisfy the
compatibility condition given by the following constraint in the minimization (6a) at stage m:

Cmi =1, where Cy, = —Z1,,Crn. (26)

Therefore (23), (10b) and (25) imply

A=Pni+dn+ETv+CT(+p) @27)
where

DTmel DTqul

[pm (jm] = I:mel qul] + [Pm—lD CA(;I,; O] \IlTIL ém 1 . (28)
0 1
Eliminating A and # from (9a-c) and invoking F,,Z = 1 and F,,u = 1 gives
R+ BTP,B BTCL BTEL FL][ u BTP,, —BT G,
CnB 0 0 0 ¢+B| _ | Cnm 1
EnB 0 o ol|l v || E, [T 1 |0 @
o 0 0 0 | 1 0 1
The general solution of (29) can be expressed as
u BTP,] —B%m 0
C + ﬁ _ Cm 1 _ Zl,m
I e I R s (30)
12 0 ] 1 Zg_’m
Ly, I, 0
_ LS:'_B lgj’é Zl,m
Sl | Zom|"”
LH " Z3.m

For the degenerate case in which the columns of the matrix [BTCL BTEL FZI] are linearly
dependent, /3 contains the free variables in the solution of (29) and Z,, = [2{,, Z7,, Z1 ] is the
full-rank matrix satisfying

CnB 1
zZr |EnB| =0, zl 1] =1,
Fp, 1
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whereas Z,,, = 0 and § = 0 if (29) is non-degenerate. In the degenerate case (29) admits solutions
if and only if x satisfies the compatibility condition

Cps1z = —1, where Cpppy = — [Z21,, Z1,] [gm} A. €3))

From (27), (30) and making use of (31) we therefore have

ATA+Qa = Ppx+ g +CL B (32a)
-BTP,A —BT§,
[P am] = [Q+ ATP,A AT4,] + AT [BB O ET 0], | ¢4 1
m m m m m m —EmA 1
0 1
(32b)

The following theorem summarizes the Riccati recursion defined by the procedure described
above for solving the min-max problems (6a,b) corresponding to a given sequence of active sets
A={A,..., Ax}

Theorem 5.1

The solutions of the EPs corresponding to the min-max problems (6a,b) with active set A, =
{AYAZ AY Y uy, = wy_p (@), wp = wi_ (2, ug), are given by (25) and (30), where P Gms
P,,, and ¢, are defined recursively by (28) and (32b) form =1,..., N.

Proof

This can be shown by induction on A in (23). Thus, for m = 1 (23) reduces to (15), while for m > 1,
(10a) and (32b) imply that the multiplier A in (7b), with m replaced by m + 1, is given by (23) with
m replaced by m + 1. O

6. OPTIMALITY OF INEQUALITY CONSTRAINED PROBLEM

This section gives conditions for optimality of the Riccati recursion (25), (28) and (30), (32b)
and, in particular, considers in detail the situation involving degenerate subproblems (in contrast
to [6]). In general the KKT conditions admit non-unique solutions in the presence of degenerate
constraints, since the corresponding Lagrange multipliers are non-unique and can thus cause the
gradient of the optimal cost to be discontinuous. In the following we state the conditions for a
local solution to Problem (2). Provided that there exists no degenerate subproblem at any given
stage for a particular active set (at a given initial state), the solution to Problem (2) is uniquely
given by the KKT conditions. If there exists a degenerate active set (at a given state), then more
than one solution candidate generally exists. The non-degenerate solution candidate provides a
locally optimal solution to Problem (2), whereas the degenerate solution candidate provides a
locally optimal solution to Problem (2) on a subspace characterized by the necessary compatibility
constraints.

Theorem 6.1
The functions w?, (%), vk, (z), defined in (25) and (30) for each stage m = 1,..., N by

(Z) = MYz +my (33a)
() = L%z + 1%, (33b)

£

wm
*

um

are locally optimal solutions of Problem (2) if and only if: (i) the first-order necessary (KKT)
conditions,

GOMYde +m) < 1
F(Lu Tk + lu) < 17 Enip <1

m

(34a)
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MD&y, +mi, — ZomBr > 0

(34b)
Ly xy + 1, — ZamfBr > 0, Lk + Uy, — Z3.mBr > 0,
hold form =1,..., N (with K = N — m); and (ii) the second-order sufficient conditions,
[-D7CT GT]Y (<421 + DT P,D) {ng] <0 (35a)
mo ]
R C.B
[B'C, B"E}, F)] (R+B"P,B) |EnB| >0, (35b)
F’Hl 1
hold for m =1, ..., N; and (iii) the compatibility conditions with (; = 0 and fk =0,
Brar = MSTPay +mSP — 2y B (36a)
B = LG Py + 1519 — Zy B, (36b)

hold form =2,..., N (with k = N —m).

Proof

The first-order conditions (34a,b) follow from Theorem 5.1. For a given EP the second-order
sufficient conditions as given in ([11], Theorem 9.3.2) lead to conditions (35a,b) and ensure that
w,, ur, are strict local solutions of Problem (2). In the case of degenerate subproblems, the EP
solution provides a local solution to Problem (2) on a subspace defined by the compatibility
constraints. O

We note that if the minimization subproblem with m = N is degenerate, then f3 is a free variable,
which may be determined as discussed in Section 7. On the other hand, the values of 551 and By for
k=0,..., N — 2 in degenerate subproblems at m = N — k are determined as functions of Zy, Bk
and zy, [, by (36a) and (36b) respectively.

Theorem 6.2

At a given z let a solution candidate for Problem (2) corresponding to a sequence of non-degenerate
active sets be given. Further assume that at zy no degenerate solution candidate to Problem (2) exists
and that conditions (35a,b) are satisfied. Then (33a,b) are the unique solutions satisfying the KKT
conditions of (8) and (9), and are the global optimizers of Problem (2).

Proof

This follows by induction on the DP recursion equations in (2) using the relevant optimal costs at a
given stage, starting with J (). Specifically, from (12) and (11) and the uniqueness of the solutions
of the EPs (25) and (30) for a non-degenerate active set, it follows that the optimal costs j,’jl(fc)
and J (x) are continuously differentiable, and therefore the second-order conditions (35) ensure
uniqueness and optimality of the solution (33a,b) at stage m + 1, form =0,...,N — 1. (]

Remark 6.3

Although the choices of ¢ and é do not affect the EP primal solution, they do influence the dual
solution. The choices ( = 0 and é = 0 ensure continuity of the dual solution at the boundaries of
the region within which a specific active set satisfies the first order optimality conditions (whereas
the primal solution is necessarily continuous). The elements of 5 and B corresponding to the
multipliers of new degenerate constraints are set to zero at the associated region boundary. Through
these continuity-preserving definitions we are able to formulate an active set algorithm based on
homotopy of solutions. The line-search proposed in Section 7 is guaranteed to recover a solution
candidate to Problem (2), which is globally optimal provided that the conditions of Theorem 6.2
hold. Otherwise the solution is locally optimal with respect to Problem (2).
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Remark 6.4

Demonstrating the existence of an ls-gain bound in closed loop requires special consideration
(see Section 8), since, as discussed, the solution generated by the active set algorithm may not
necessarily be globally optimal. One such case, as noted before, occurs in the presence of degenerate
subproblems. A second situation occurs when conditions (35) fail to hold. In the case that at
a particular stage m the reduced Hessian in (35a) is indefinite, there exists a unique subspace

Qt C Q@ CR™ (where Q = span {—ng] ) in which (35a) is positive definite. Therefore the
m
solution obtained (by the line-search) corresponds to a saddle point solution of the non-concave

w-optimization subproblem at this stage.

7. ACTIVE SET METHOD

This section proposes a method of solving (2) for a given plant state 2P using the Riccati recursion
of Section 4. Here for convenience a forwards-in-time notation is used, i.e. k£ denotes the time index
(whereas m = N — k denotes the number of stages-to-go). Starting from an initial state x¢ # «P for
which the optimal active set sequence A = {Ap,...,.A;} is known (such as, for example, 2o = 0,
A={0,...,0}), and using (25), (30) to determine optimal control, disturbance and multiplier
sequences for (2) as functions of x, the approach uses a line-search in the space of x( to update
the active set until zg = zP. We discuss continuity properties of solutions before describing the
algorithm, its convergence and computation. In comparison to [6], we establish novel convergence
results in the presence of degenerate subproblems. In particular, in order to ensure continuity of the
optimal solution at (possibly overlapping) parametric programming regions, the active set solver
requires a change in the line-search direction whenever a new degenerate constraint is added to or
subtracted from the current active set.

In common with active set solvers employing floating point arithmetic, we make the following
assumption.

Assumption 7.1
Only a single constraint can become active or inactive at each iteration.

Using (1) and (33), for given xo and active set .A we obtain:
xg =Praxo+ g, k=1,...,N (37)
where @y, ¢ are defined by &y = I, ¢9 = 0 and
Oy = (T+DM)(A+BL}) Py, (38a)
b1 = (I+DM) ((A+BLy)¢x+ Bl ) + Dmy! (38b)

Therefore {ug, ..., un—_1} and {wy, ..., wy_1} can be determined as affine functions of z(, which
we denote as u(xo,.A) and w(zo,.A), respectively. Similarly, from (25), (30), (36a) and (36b), the
multiplier sequences {1, ..., un—1}, {Vo,-..,vn—1} and {no,...,nn—1} are obtained as affine
functions of x(, and (in the case that A contains a degenerate subproblem at k = 0) [y, which
we denote as p(xg, Bo, A), v(xo, fo,.A) and n(xo, Bo,.A). Hence the collection, p, of predicted
sequences for given xg, 5y and .4 can be expressed

P(JJO,BOaA) = {u($07A)7W(x07“4)7u(x07ﬁ07A)a V(anﬂO7A)a 77(3307507~A)}- (39)

Let X(A) denote the subset of the feasible initial conditions for (2) within which the EP solution
p(zo, Bo, A) satisfies the optimality conditions of Theorem 6.1, namely

X(A) = {zo € Xn : A*(x¢) = Afor some [y}. (40)

Then clearly (J 4., X'(A), where Q is the set of all possible active sets, must cover X. Also by
linearity of (34a,b), (36a), (36b) and (37), X'(.A) is a compact convex polytopic set.
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Lemma 7.2
If A! is an active set that is not degenerate at k = 0, so that p = p(, A') forall zg € X (A%), then:

(i). For each xo € 0.X(A') (where OX(A) is the boundary of X' (A)), zg € X (A?) for a unique
active set A2

(ii). Ifzg € OX(A') N OX (A?), then p(xo, A') = p(zo,.A?) if A? is not degenerate at k = 0, and
p(z0, AY) = p(x0, Bo, A?) for some /3y otherwise.

If A! is degenerate at k = 0, then:

(iii). X'(A') is contained in a hyperplane in R"=.

@iv). If zg € X(A"), then either zg € XN, or zg € OX(A?) and zy € OX(A®) for some active
sets A2, A3 that are non-degenerate at k = 0.

(v). Foreach o € X(A'), p(zo, Bo, A') satisfies the optimality conditions of Theorem 6.1 for all

Bo € [Bo,~, Bo,+]» where p(zo, Bo,—, A') = p(z0, A?) and p(zo, o 4, A") = p(x0, A?).

Proof

Properties (i), (ii), (iv) and (v) follow from the complementarity conditions of Theorem 6.1 and
the linearity and uniqueness of p as a function of xy and 3y for given .4, whereas (iii) is a
result of the compatibility condition (31), which applies to z if A' is degenerate at k = 0, and
of Assumption 7.1, which implies that 3y is necessarily scalar. (]

Lemma 7.2 implies that, if A is degenerate at stage k£ = 0, then u,w are continuous in a
neighbourhood of zy € X(A), whereas the multiplier sequences p,v,n are discontinuous at
xo € X(A). As a result, although the optimal cost J (x¢) is continuous in a neighbourhood
of zg € X(A), the gradient of J (x¢) is not uniquely defined. Due to the sequential min-max
nature of (2), this causes non-uniqueness of the active set satisfying the optimality conditions of
Theorem 6.1 at 7y € X' (A'), whenever A! contains a degenerate subproblem at some stage k > 0,
i.e. there exists at least one other active set .42 such that X'(A') C X(.A?). This non-uniqueness of
active sets implies that the globally optimal solutions of (2) can be discontinuous functions of the
state if subproblems are degenerate at k£ > 0. The active set algorithm described below avoids such
discontinuities by considering active set changes that ensure the continuity of optimal control and
disturbance sequences.

At each iteration i = 0,1,. .. the solver determines z{™" and AG+1) such that A*(z{"™)
AGHD | where AGHD is determined from A() via a search over zy € X(A®) along the line
2o =25 + a(z? — 2{"), 0 € R. Since X(AD) may overlap X (AG~1), the search direction is
determined by the condition o € X' (A®). For the special case of a degenerate subproblem in A

at stage k = 0, the search is performed over 3y with z fixed. Each iterate, :v((f), 1 =0,1,...,satisfies
the optimality conditions of Theorem 6.1 corresponding to A, and furthermore the sequence
{xgo), mél), ...} converges in a finite number of iterations to the plant state z”.

Algorithm 1

Initialize with = and an active set A such that 2"’ € X(A®), and set i := 0. At iteration
1=0,1,...

1. Compute {Py, g} fork =N —1,...,0,and {®, ¢} fork =0,..., N — 1, and hence X' (A®)
using (34).

2. Ifi =0: 4 ‘ |
ol = ngi({oz : xél) + a(z? - xé’)) € X(A(Z))}_

Else if A is non-degenerate at k = 0:
(1) () p_ () (4)
al?) 1&12{({|a|.x0 + afa? —zy’) € X(AW)].
Else(:_) (4)
D= mi :p(zg”, Bo, AY) satisfies (34
o~ [ggé%{ﬁo p(zy”’, Bo, A1) satisfies (34)}
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B(()fzr = gngﬁ{ﬂo : p(J?éi),ﬁo,A(i)) satisfies (34) }
0

and select Béi) corresponding to the active set that is different from the active set at the
preceding iteration.

3. If A® is degenerate at k = 0:

set ;z:(()iﬂ) = x(()i), i:=1i+ 1 and update A% using the new active constraints.

Else:
if o) =1, set A* := A®, compute u% (2”) and stop.
ifa® <1, set_x((fﬂ) = l‘(()l) + o (2P — xéz)), ii=1+1,
and update A(%) using the new active constraints.

Return to step 1.

Remark 7.3
The origin, =y = 0, is assumed to be a feasible initial condition for Problem (2), therefore a trivial

initialization for Algorithm 1 is the choice xgo) =0and A® = {0),...,0}. In the context of MPC,
further computational savings can be achieved by warm-starting Algorithm 1. This can be done by
choosing xéo) attime ¢ + 1 equal to the plant state =P at time ¢. The active set can then be initialized

in Algorithm 1 as A (¢ + 1) = A*(¢).

Theorem 7.4
For aP € X, Algorithm 1 terminates after a finite number of iterations at 4* such that A4* =

A* (2P).

Proof
Each iteration involves a line-search over one of the finite number of line segments that are defined
by the intersections of the line containing (?) and x? with the regions X'(A) for all A € Q. The

line-search is constructed so that z{""" € 9.X(A®) N 9X(AHD) for all i > 0, and it follows
from Lemma 7.2 that the active set change at each iteration is uniquely defined, and therefore the
sequence { A i=0,1,...} is also uniquely defined and since the EP solution for each active set
is uniquely defined in terms of z( and Sy, the sequence {A(i)J =0,1,.. } is therefore uniquely

defined by xéo) and zP. Furthermore, each active set can either appear at most once in the sequence
{A® i =0,1,...} or else the sequence is necessarily periodic. We show next that the cycling
between active sets that is implied by the latter case cannot occur by considering separately the
two methods described in Remark 7.3 for initializing the algorithm.

If Algorithm 1 is initialized with 33(()0) = 0, then the line segment joining :c(()o) and P necessarily
intersects the terminal set X'/ and hence contains points at which Problem (2) is known to have a
unique solution, namely the unconstrained optimal control law (since this satisfies the conditions
of Theorem 6.1 within X'/ by construction). It follows that A(°) appears only once in the sequence
{A® §=0,1,...}, and, because of the uniqueness of the active set change at each iteration, cycling
is therefore not possible. Given that 27 € A Lemma 7.2 implies that {A(i),z’ =0,1,...} mustin
this case terminate at an active set A* such that 2P € X’(A*). Finally this must occur after a finite
number of iterations since the total number of possible active sets is finite.

Consider next the case that Algorithm 1 is initialized with arbitrary x(()o) € &p by warm-starting.
There must exist a homotopy between the EP solutions in any two contiguous regions X' (.A) and
X (A’) that intersect the line segment joining xéo) and 2P since the preceeding argument (and the
fact that X'/ contains an open neighbourhood of the origin) implies that, starting from some point in
X/, it is possible to construct by homotopy the EP solution along a line that intersects the boundary
0X(A) N 0X(A’) and to place this intersection point arbitrarily close to the intersection point of
the line segment joining 1:60) and xP with the same boundary. The existence of such a homotopy
follows by a construction of successive partial homotopy paths which result from warm starting for
subsequent time instants . Therefore the sequence {A(),i = 0,1, ...} necessarily terminates at an
active set A* such that z? € X'(A*), and this must be achieved in a finite number of iterations since

() contains a finite number of active sets. O
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The possibility of overlapping regions in xg-space has the implication that the line-search path
changes direction whenever a new degenerate subproblem is encountered.

Proposition 7.5
If, at iteration 4 of Algorithm 1, A() is non-degenerate at k = 0 and the number of linearly dependent
constraints in A and A~ are different, then o?) and a(*~1) are opposite in sign.

Proof

Consider first the case that, in the minimization at stage k£ = 1, constraint C'1 is active and constraint
(C2 is inactive at iteration ¢ — 1, while constraints C'1 and C?2 are both active at iteration ¢, where
C1 and C?2 are linearly dependent. The solution to this minimization subproblem therefore requires
that a compatibility constraint C'3 is enforced at iteration 4 in the maximization at stage k = 0. Let
« denote the line-search parameter during iteration ¢, and denote the multipliers of C2 and C'3 as i
and ¢ respectively. Then since p = ¢ = 0 must satisfy the first order necessary conditions for o = 0,
from (30) and (25) we obtain

p=pta+ulp
(=¢a-p

for some constants ., 112 and ¢*.

During the line-search at iteration ¢, Algorithm 1 sets ¢ = 0, so that 8 = (“«, and p = (u® +
15¢*)a > 0. Consider instead choosing 3 = —u®a/p? in order to make C2 weakly active, and let
a=c¢le] € 1,ie.

Since ¢ is O(e), removal of C'3 from the maximization problem at stage k¥ = 0 while oo = ¢ causes
at most an O(¢) a change in any primal or dual variable. Hence the only constraint that can become
active or inactive when C'3 is removed is C2. Constraint C'3 acts on the maximization subproblem
at kK =0 so as to force C2 to hold with equality in the minimization subproblem at k£ = 1. But
removing C'3 can only result in an increase in the maximization objective, and hence its removal
has the same effect as tightening C2 in the minimization subproblem. Thus, if we remove C'3, then
C2 becomes redundant, which implies that at this point in the line-search z( must lie in the active set
region in which C1 is active while C'2 and C3 are inactive, namely 2 + ¢(a? — 2) € X(AG-1),
Therefore a9 and o*~Y) must be of opposite sign.

By considering a reversal of the direction of the line-search, the same argument can be applied to
the case in which the number of linearly dependent constraints is reduced by one. Furthermore there
is no loss of generality in assuming that the linear dependent constraints occur in the minimization
at stage k = 1, since the same arguments also apply if £ > 1. O

Remark 7.6

The formulation and properties of Algorithm 1 apply to subproblems with any number of linearly
dependent constraints and also to degenerate subproblems occurring at more than one stage, which
may lead to multiple overlapping regions X'(A) at a given P. However Assumption 7.1 implies
that at most two constraints can be linearly dependent at the initial stage; a greater number
would correspond to the line-of-search intersecting an affine subspace of dimension n, — 2. If this
(unlikely) situation occurs, it may be resolved by perturbation of the initial state xP.

Remark 7.7

Overlapping regions X' (A) do not occur either in the absence of disturbances (since the nominal
problem formulation can be condensed to a single QP problem) or in the input-constrained problem
formulation considered in [8, 7], since this can have no linearly dependent constraints under
Assumption 7.1.
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Remark 7.8
If «P is infeasible, Algorithm 1 necessarily terminates with an infeasible line-search over 3y in
step 2.

Remark 7.9

Provided that at a given x” the conditions of Theorem 4 are satisfied, then despite the possibility of
overlapping regions along the line-of-search, the solution recovered at x? is the DP-optimal solution
to Problem (2).

7.1. Computation

We next consider the online computational effort that is required to solve a single-stage degenerate
subproblem in order to get a conservative estimate of the overall computational requirement. We
make the assumption that (24) and (29) are solved using the null space method (see e.g. [11]).
This approach, applied to (24), involves computing the QR decomposition of [—DTCA’EI G%]T,
which requires O (2(n¢ + dy+)n?) floating point operations (where n¢ is the number of rows of
G, and d,; is the order of degeneracy in the minimization at stage m — 1); this can be further
reduced using incremental rank-1 updates. Furthermore, the required matrix inversions and matrix
multiplications require O (a1n + aon? (ng + dut) + asnw(ng + dyy)?) operations. Similarly,
the solution of (29) requires O (bin3 + ban?(n/ + np + dy) + bsny(nf +np + d,)?) operations
(where ng and ng are the number of rows of G,,,, F,, and dw is the order of degeneracy in the
maximization at stage m). The constants a1, as, az and by, bo, b3 depend on the implementation of
the null space method and the underlying functions used for the Cholesky and QR decompositions.
The other significant contribution comes from the matrix multiplications in (28) and (32b),
which require O (613 + 2n2(ny + nw + ne + dw + dy) + 2nz[dwdy + (ng + dw) (n, + du)))
operations. Combining the above estimates for N stages gives an O(N) dependence of
computational complexity. Noting that the computation required for the forward simulation is
O(n2N) (since only the projection, ®,(zP — zgz)), of @, in (38a,b) is needed), and also that the
computation involved in the line search in step (ii) is comparatively insignificant, we estimate the
computation per iteration of Algorithm 1 to grow as O(N).

Thus the dependence of computation per iteration on the horizon length NV is linear. The required
number of iterations is problem-dependent and depends on whether exact representations of the
robust controllability sets are used (as in Section 9). Furthermore, the number of iterations can
be minimized using warm-starts (as described in Remark 7.3). The computational load is in
stark contrast to existing schemes for min-max receding horizon control, which, for the case of
optimal approaches that are based on dynamic programming, have computational loads that depend
exponentially on N (see e.g. [24, 15]). Likewise, the approach of [12] based on a suboptimal (affine)
controller parameterization requires the solution of a semidefinite program (SDP) in a number
of optimization variables that grows quadratically with the horizon length and, as illustrated in
Section 9, this typically results in a much higher computational load than Algorithm 1.

8. CLOSED LOOP STABILITY AND I,-GAIN BOUND

This section defines a receding horizon control law based on Algorithm 1 which ensures that: (i)
Problem (2) is recursively feasible (i.e. if a solution exists at a given plant state x;, then a solution
necessarily exists at x4, for any ¢t > 0%); (i) Ay is robustly invariant; (iii) y is an upper bound on
the lo-gain from w; to (QY/ 2z, RY?u,) if 312 ||w¢||? is infinite; (iv) 2 = 0 is asymptotically stable
with region of attraction Xy if Y7 ||w||? is finite. If Algorithm 1 recovers the globally optimal
solution of Problem (2) at all times, then the receding horizon control law has a fixed horizon
length N and standard stability results apply [6]. However, to account for the possibility that the

1n this section z¢, ut, we denote the state, control and disturbance input of system (1) at time ¢.
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solution of (2) is only locally optimal (e.g. because of the presence of degenerate subproblems), the
horizon length is reduced whenever a specified condition on the optimal value of the min-max cost
at successive time instants is violated.

Definition 8.1

A set S CR" is robust controlled positively invariant (RCPI) for (1) under the control law
u=r(x) if: ) S C{x € X: k(x) €U}; and (ii) Az + Br(xz)+ Dw € S for all z € S and all
w e W.

It is assumed that the terminal set X/ is an RCPI set for (1) under the optimal, unconstrained,
infinite horizon control law u = u/ (). We also assume X/ C {x € R" : w/(z,u/(z)) € W}, so
that the unconstrained optimal (worst-case) disturbance law w7 (x, uf (x)) satisfies the disturbance
bounds at every point in X',

The receding horizon control law at time ¢ is defined by the solution u};, () of Problem (2) with
horizon length Ny, which is chosen as follows.

Algorithm 2
Att =0set Ng := N.Forall¢ > 0, if

sUzealld + llun,_, @)1 R = P llwel?) + Tx,_, (20) > TR, (@1, (41)
then set N; := N;_; — 1; otherwise set N; := N;_1.

Note that it is possible to check at time ¢ whether the condition in (41) is satisfied since w;_; can
be determined time ¢ given knowledge of x;.

Theorem 8.2
If 2y € X, then for any admissible disturbance sequence {w; € W, t = 0,1, ...}, the state of (1)
with u; = u}, () satisfies z; € Xy for all ¢t > 0. Furthermore, if N; = N for all ¢, then

S Uadlly + luellz) <42 lwell® + 275 (xo0), (42)
t=0 t=0

otherwise the following bound holds for some finite A,

o0

(el + luell®) < 4° > lwell? + 2J5 (o) + A, (43)
t=0 t=0

Proof

The recursive feasibility of Problem (2) and robust invariance of Ay under the control law of
Algorithm 2 follow from the constraint z;11 € Xn,_1 in (2a) and the nested property Xn 2 --- D
X, D X7, which is a consequence of the definition of X, in (2e) and the RCPI property of X'f.

To prove the bound in (42), we first demonstrate a monotonicity property of the optimal value
of the cost. By optimality we have J _;(z) = J—1(z,u’,_;(z)) and J3 (z) < Jp (2, ul,_1(x))
since u},_,(x) is feasible but suboptimal for the m-stage minimization subproblem for x € X,,,_1,
implying

T (@) = Ty (2) < T (Ax + Buj,_y (2) — Ji_y (Aw + Bul,_y (x)).

m—1

Similarly, for the maximization subproblem we obtain J* | (2) > J,,_1 (2, wk (%)) and J* (&) =

Im (2, w?, (Z)), so that
T @) = T3 1(8) < T (@, w7 () = i (8, 0], ()
= Jm-1(& + Dy, (8)) = (% + Dy, (2))

Since Jj satisfies the generalized Riccati equation by assumption, it follows for the 1-stage problem
that

Ji (@) = J5 () = min max{ 3123 + 3ullf = 322 [w]®) + 5 (Az + Bu+ Dw) = Ji(x) } <0
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and by induction we therefore have

I () = T

(@) <0 Vm=1,...,N, (44)

which is the monotonicity property of the optimal cost.

Next consider the case that Algorithm 1 recovers the globally optimal solution of Problem (2) at
all times ¢ > 0 and apply the monotonicity property (44) together with optimality of the cost for the
N;-stage problem. The optimal cost is given by

* : 2 2 2 2 *
Ti(a) = min a3 (el + lullh — 22 fwl]?) + Ty, 1 (Aw + Bu+ Dw) |

and by optimality of the maximization we have
Iz + luk, (@)% =7 lwell?) + JN, 1 (Az + Buy, (x) + Dwy) < JR, () Ve € W
Applying the monotonicity property (44) and setting © = z; yields

3lzelgy + lluy, (@)l R = 7?lwell?) + Jx, (wer1) < TR, ().

Therefore (41) cannot hold, so N; = N for all ¢, and the l»-gain bound (42) follows by summing
both sides of this inequality for ¢t = 0,1, .. ..

However, if u; = u}‘\,t (z¢) is feasible but suboptimal for Problem (2) with N; stages, then the
monotonicity property (44) does not necessarily hold. In this case we introduce an additional term
0t (wy, z¢) to account for the increase in the value of the predicted cost when condition (41) holds:

sllzelldy + luk, @R =22 wel?) + IR, (Azy + Buy, (20) + Dwy)
S J;[t (It) + 515(11)15, l‘t) S J;]t (iZ?f) + St th S W

where §; is an upper bound on & (wy, x), which is obtained by maximizing over all admissible
x; and w, for the given horizon N;. Furthermore J]"{,t (z¢) is necessarily finite for all ¢, and the

suboptimality gaps &; are incurred at a finite number of instances due to Algorithm 2. This is
because the horizon can shrink at most N times, after which z; will remain in X'/ for all ¢. Hence

if (41) holds at time instants ¢4, ..., ¢y, then we necessarily obtain, for finite A; = 2 vazl Sti and
Ay =231 N, 0 @re1) = IR, (@4,41):
= 2 * 2 = 2 *
(el + [Jun, @] 2) <92 (lwel®) + 2J3 (o) + A1 + Ay,
t=0 t=0
implying the bound (43) with A = A; 4+ Ao. O

Corollary 8.3
If Y70 lwe|* < oo, then & = 0 is asymptotically stable with region of attraction equal to Xy. If
> oo llwe||? is infinite, then 2 = 0 is stable and the following l3-gain bound holds:

T T
o1 2 2 2 1 2
Tlgréof;(thHQJf luel3) < v Tlggofgllwtn : (45)
Proof

Stability of = = 0 follows from optimality of uf(z) in the absence of constraints and the RCPI
property of X7, If > |lw|? is finite, then (42) and (43) imply lim; ,o, z; =0 and thus
asymptotic stability. Otherwise (42) and (43) imply the bound (45). O

Remark 8.4

In practice v should be chosen large enough such that the concave condition (35a) holds for all active
sets likely to be encountered. If (35a) does not hold at some stage, then our procedure involves a
shrinking of the horizon to ensure the conditions of Theorem 8.2 as described in Algorithm 2.
An interesting avenue for future research would be to consider mechanisms for systematically
increasing y online so that (35a) is satisfied and for subsequently restarting Algorithm 1.
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Figure 1. Number of iterations and time per iteration vs horizon length using a 2.4 GHz i5 processor

9. NUMERICAL EXAMPLES

9.1. Example 1

To demonstrate the performance of the robust active set algorithm consider the simplified linear
model of the pitch dynamics of an aircraft as in [25]:

Ja+ba = CyzglE — (CZEZ + chd)oz
mh = (CZE + CCW)O( —CzgFE

where m and J denote the mass and moment or inertia about the pitch axis, Czg and Coy are
the elevator lift and wing lift coefficients respectively and b is a friction coefficient. Here d, [ are
the distances between center of gravity and center of lift and between center of gravity and the
point where the elevator lift force is applied. We denote the state by = = [a, &, h, h]T, where a, h
denote the pitch angle (in degrees) and vertical height (m) of the aircraft. The input is the elevator
angle, i.e. u = E. We further assume that there is uncertainty in the form of additive disturbances in
the aerodynamic forces and torques acting on the aircraft. We take the parameters as in [25] to be
J=1,m=1,b=4,Czg =1,Czw =5, =3, d=0.2. The resulting continuous time model is
discretized with a sampling time of 7" = 0.2s, giving model parameters in (1) as

0938 0.134 0 O 0 0 0.046

—-0.536 0402 0 O 1 0 0.402

A= 0.119 0.007 1 0.2 b= 0 0 B = —0.019
1.174 0.092 0 1 0 1 —0.180

The constraint sets are given by U = {u € R: =25 <wu < 25} and W = {w € R? : —0.25 < w; <
0.25 fori = 1,2}, and cost weights by Q = diag[0,0,0.04,0], R = 2.5 x 10~%. By solving the
generalized Riccati equation, P, v/, and w/ were computed with v chosen sufficiently large
to satisfy conditions (35a,b) of Theorem 6.1. For N = 15 this gives 42 =5 and u/(2) = K},
wf (z,u) = Kl 1,

0.717 - 0.119 - 0.368 = 0.2957  fcf — _ (25,626 4.619 6.462 8.580]
0.119 0.020 0.060 0.049

0.295 0.049 0.161 0.124 0.061 0.010 0.033 0.026

A robust positive invariant set X7 was obtained using the procedure of [16] and the robust
controllability sets X}, for m = 1,...,15 were computed offline as in ([4]) and are enforced online

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
Prepared using rncauth.cls DOI: 10.1002/rnc



19

as explicit state constraints using Algorithm 1. To illustrate how the number of iterations and
time per iteration varies with horizon length, 400 plant states were sampled inside X \ Xn_1
for N =1,...,15. The time per iteration grows linearly with horizon length in agreement with
the theoretical results (see Figure 1). The growth of the number of iterations with horizon length
depends on the example chosen, but can be explained by the increasing complexity of the robust
controllability sets (X715, for example, is described by 231 inequalities). For N = 15 the average
time per iteration is 6.24 ms and the average number of iterations 77.31 (total time 0.48s). The
numerical examples were performed in Matlab using a 2.4 GHz i5 processor.

30r
23.3881
23.386 251
23.3841
20} .
23.3821
)
< 23.38)
put : A 15¢
>
[e%
= 23.378F B/ v
10F
23.376}
23.374} 5
23.372
_30 i 30 i i i i i 0 i i
0 0.5 1 0 0.5 1 0.5579 0.558 0.558 0.5581 0 0.5 1
k=0 k=1 Interpolation Parameter ~ k=2 k=3

Figure 2. Input w = FE as function of interpolation parameter (N=4)

i
0.5 1 15 2 25 3 35 4 45 5
Simulation time (s)

Figure 3. Closed Loop Response of Aircraft height (x3) for N = 10

Next we use the non-minimum phase dynamics of this example to illustrate the effects of
degenerate input and state constraints. For V = 4 the input profiles are depicted as functions of
the interpolation parameter (which lies in [0, 1] and the algorithm is cold started) in Figure 2. The
control law is a piecewise affine function of this parameter and overlapping regions are possible
due to non-unique Lagrange multipliers. This situation occurs for example in the control input for
stage k = 2 shown in Fig. 2. Here a forward step (inside a region corresponding to non-degenerate
constraints) to point A is followed by a backward step (in which constraints are degenerate) to
point B, then another forward step (again with non-degenerate constraints). The required changes
in direction of the line search are implemented simply by invoking conditions (34a), (34b), (36a),
(36b) at the region boundaries. The active set algorithm avoids the discontinuous solutions that
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10 ‘ ‘ ‘
—&=— Disturbance affine (DA) feedback policy
> [ |~ DP active set solution

Computation time (s)

8
Horizon length N

Figure 4. Execution times of DP active set algorithm and Disturbance Affine Policy for Example 2 using a
2.3 GHz i7 processor.

could occur if the line-search always moved in the forward direction towards the current plant state
by considering active set changes that ensure the continuity of optimal solution trajectories. The
closed loop response under the receding horizon controller is shown in Figure 3, where aircraft
height z3 is the controlled output.

9.2. Example 2

Algorithm 1 was used to compute an optimal control law for the uncertain controlled triple integrator
defined by (1) with

11
A=10 1
0 0

_ = O
o O =
O = O
_ o O

and with state constraint set X = {z € R®: —500 < z; < 5}, input constraint set U = {u €
R : |u| < 4}, disturbance set W = {w € R3: |w;| < 0.25, i =1,2,3}, and cost weights Q =
1 0 071 0 0],R=0.1.

P, K/, and K} were computed for 42 = 50, giving

K} =[-0777 —240 —2.59]
346 4.05 1.68

p—l405 755 374 0.085 0.108 0.047
168 374 232| KL =10108 0.197 0.098
0.047 0.098 0.058

Fig. 4 compares the computational load of the exact active set algorithm of Alg.1 (implemented
in Matlab) with that required by a Disturbance Affine (DA) feedback policy [19] applied to
Problem (2). The DA policy was formulated as a semidefinite program (as in [12]), and execution
times were obtained using SeDuMi [26]. The results were obtained for a set of 50 plant states x

sampled inside the set Y24 \ XD4,, for N = 1,...,16 and in each case Algorithm 1 was initialized
with xéo) = 0. This illustrates that the active set algorithm is at least an order of magnitude faster

than the DA approach. The feasible sets for the DA policy and for DP are showin in Fig. 5 and
indicate a significant increase in size when using a DP approach. The predicted performance for
these plant states using the DA policy was found to be around 4% suboptimal (where in order to
provide a meaningful comparison plant states were selected for which no non-concave subproblems
occured).
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Figure 5. Feasible sets for DA-Policy (left) and DP-Policy (right) for Example 2, projected onto the x1-x3
subspace

10. CONCLUSIONS

This paper proposes an active set algorithm for the robust min-max MPC problem for input- and
state-constrained linear systems with bounded disturbances. The relevent optimality conditions are
derived and an active set strategy based on homotopy is formulated which applies both to degenerate
and non-degenerate subproblems. The effects of the presence of degenerate subproblems on the
optimality of the solution and on the convergence of the proposed algorithm are discussed.

Numerical results confirm significant improvements both in terms of computational efficiency
and performance over the robust receding horizon control strategy based on disturbance-affine
parameterizations. An interesting future research direction is the application of homotopy-based
active set methods to min-max robust MPC for linear systems with polytopic model uncertainty and
bounded disturbances. Another promising extension of the method would consider the feasibility
problem associated with Problem (2) using a sequential min-max dynamic programing problem
with a piecewise linear stage cost, which could therefore be tackled using multiparametric linear
programming. In contrast to the global solution to the feasibility problem assumed in Problem (2),
the feasibility problem would then be solved locally online for the current plant state.
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