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Spectroscopy offers a convenient way to collect information about molecular systems in a

non-invasive way. Vibrational and electronic spectra may both be simulated by calculating

response functions and Fourier transforming them to obtain spectra.

Vibrational spectra are often calculated using path integral methods, which can approx-

imately include nuclear quantum effects in the linear response function at a linearly scaling

computational cost. This thesis introduces a generalisation of f-QCMD, a promising recently

developed method, to the condensed phase, enabling the calculation of the vibrational spec-

trum of liquid water and ice. The thesis then uses f-QCMD to analyse polariton spectra,

which occur when a molecular system is placed in a microcavity. The vibrational spectrum

gives a uniquely uncontroversial (compared to other properties like reaction rates) insight into

cavity effects. In fact, a simple harmonic oscillator model which takes only the cavity-free

spectrum and the geometry of the cavity as input can quantitatively predict cavity molecu-

lar dynamics results, implying that the cavity simply acts as an optical filter on the linear

vibrational spectrum.

The thesis then moves on to the simulation of two-dimensional electronic spectra. It

introduces the mean field method ‘equatorial Ehrenfest’ that qualitatively captures the two-

dimensional electronic spectra of Frenkel exciton models, which emulate light harvesting

complexes. This approach is inspired by the previously proposed polar Ehrenfest approach,

which is 32 times more expensive and less accurate than equatorial Ehrenfest. Substituting

Ehrenfest with a more accurate dynamics method only moderately improves the quantitative

agreement with exact results, at increased computational cost.
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Chapter 1

Introduction

Spectroscopy is the most widespread method used to probe and understand molecular sys-

tems. As early as at the beginning of the nineteenth century, diffraction gratings were used to

analyse the light spectrum emitted by the sun, leading to the characterisation of the Fraun-

hofer lines.1,2 Simultaneously, chemical elements started to be characterised by the light

emitted upon heating the element in a flame.3 It would take some more decades until these

two approaches were connected to determine the chemical composition of the sun,4 but it

showed the power of spectroscopy early on. While spectroscopic methods were at first limited

to the visible region of light, new discoveries were quickly made that opened the door to new

frequency regions, such as the discovery of X-rays and microwave frequencies.5,6 An enormous

number of experimental techniques have since been added to the toolbox, and spectroscopy

has found applications in a variety of fields such as synthetic chemistry,7 medicine,8,9 geol-

ogy,10 and exoplanet research.11 Together with the breadth of experimental methods, a range

of simulation methods has been developed for their prediction.

This thesis will focus on recent developments in the simulation of vibrational and elec-

tronic spectroscopy. Linear vibrational spectroscopy, or infrared (IR) spectroscopy, probes the

vibrational frequencies of a system in its electronic ground state. The vibrational spectrum is

often calculated by finding the harmonic normal mode frequencies through diagonalising the

mass-weighted Hessian at the ground state geometry. This gives a stick spectrum, whereas

an experimental spectrum will have vibrational peaks with non-zero widths due to homo-
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2 1 – Introduction

geneous and inhomogeneous broadening. Homogeneous broadening arises due to the finite

radiative lifetime of physical vibrations and produces line widths with a Lorentz profile where

the width is inversely proportional to the vibrational life time.12 Inhomogeneous broadening,

on the other hand, occurs in collections of oscillators due to slight changes in each oscillator’s

environment. Due to environment effects, the vibrational frequency of each oscillator may

be shifted slightly. Averaged over all oscillators, inhomogeneous broadening gives rise to a

Gaussian line profile.12,13 Inhomogeneous broadening will have a more significant impact in

the condensed phase than the gas phase. At low temperatures and in a crystalline solids

such as ice, all oscillators will have a similar environment, in which case the inhomogeneous

broadening decreases. If both radiative processes and environmental effects occur for a given

vibration, then its line shape will be the convolution of a Lorentzian profile (from the radia-

tive processes) and a Gaussian profile (from environment effects), which combine to a Voigt

profile.12,13

A stick spectrum obtained from the diagonalisation of the mass-weighted Hessian may be

broadened artificially to resemble an experimental spectrum more closely. Even then, it is

not sufficient to include only the normal mode frequencies at the ground state geometry. At

any temperature there will be an ensemble of configurations of the system contributing to

the vibrational spectrum. The configurations that contribute may be found according to the

thermal equilibrium distribution of the system. It is unlikely that an artificial broadening

procedure will reproduce the correct line widths created by the thermal distribution. Another

problem of the stick spectrum approach based on the mass-weighted Hessian at the potential

minimum is that any anharmonic effects in the vibrational frequencies are neglected, since

only harmonic normal modes are included. (Although anharmonic effects can in principle be

included through vibrational perturbation theory.14)

Alternatively, the vibrational spectrum can be related to the Fourier transform of the

dipole moment autocorrelation function.15 The autocorrelation function’s initial conditions

are by definition averaged over the thermal ensemble and thus inherently capture a num-

ber of characteristics of a spectrum that are not attainable by diagonalising the Hessian at

the equilibrium geometry. To calculate the dipole autocorrelation function, one would usu-
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ally run a thermostatted molecular dynamics (MD) trajectory at a constant temperature to

sample initial conditions, followed by MD trajectories at a constant energy, along which the

autocorrelation is evaluated. When the particle number, volume and temperature are kept

fixed such as for the sampling of initial conditions, we call a trajectory an NVT trajectory.

A trajectory along which the energy is kept constant (together with the particle number and

volume) is called an NVE trajectory.

While the autocorrelation approach will recover appropriate line widths, a classical MD

simulation will still not capture the anharmonicities in the molecule’s vibrations. This can

be understood as follows. A classical trajectory of a particle can be thought of as a ball

rolling around on a potential energy surface. It may, in particular, reach the very bottom of

the well. A quantum particle would behave very differently. It cannot reach the bottom of

potential energy wells, but can at most reach a zero-point energy that lies above the actual

potential minimum. The thermal equilibrium distribution of a quantum particle will therefore

look different from a classical particle. If the potential energy surface has typical anharmonic

contributions, then the spread of the quantum particle around the potential energy minimum

leads to a softening of the average potential it experiences, and to a reduced vibrational

frequency compared to the classical case.

Zero-point energy (and tunnelling) are examples of nuclear quantum effects and they are

neglected within classical dynamics. As a consequence, the peaks in the classical vibrational

spectrum are often blue shifted with respect to the true quantum spectrum. On the other

hand, it quickly becomes prohibitively expensive to run a full quantum simulation for even

modest system sizes.

Fortunately, relating the vibrational spectrum to the dipole autocorrelation function al-

lows us to employ path integral methods to calculate the autocorrelation function, which are

able to include some nuclear quantum effects at a classically-scaling computational cost. Path

integrals were first developed by Feynman.16 Parrinello and Rahman later proposed to use a

discretised path integral to calculate static observables such as the diamagnetic susceptibility

and radial distribution functions.17 Their path integral molecular dynamics (PIMD) method

introduced the concept of the ring polymer as a representation of the discretised path in
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imaginary time, and showed that classical ring polymer trajectories could exactly reproduce

the static properties of the systems they considered. Note that observables obtained with

PIMD, and with the other path integral methods described below, are constrained by the

potential energy surface. Any approximations made to the potential energy surface will influ-

ence the results for the observables, but PIMD can be considered exact for a given potential

energy surface (in the absence of identical particle exchange effects).

It is also possible to develop path integral approximations to the dipole autocorrelation

function. The centroid molecular dynamics (CMD)18 and ring polymer molecular dynamics

(RPMD)19 methods were long the first two methods used by the community. In RPMD,

observables are evaluated by averaging them over the ring polymer beads while in CMD they

are evaluated on the ring polymer centroid, which is the average Cartesian configuration of

all beads. Both methods’ abilities to approximate correlation functions have been thoroughly

investigated, with particular interest in the short-time limit. In a general potential, RPMD

has a leading error of O(t7) for the position autocorrelation function20,21, O(t5) for the ve-

locity autocorrelation function20,21 (a simple way to see this is by noting that the velocity

autocorrelation function is the second derivative of the position autocorrelation function),

and O(t3) for a general autocorrelation function of a non-linear local (position-dependent)

operator. CMD provides lower-order approximations. Its leading error is O(t6) for the posi-

tion autocorrelation function, O(t4) for the velocity autocorrelation function and O(1) for a

general, nonlinear position-dependent operator. The O(1) error stands out, because it implies

that CMD does not reproduce the correct zero-time limit of the autocorrelation function of

an operator that depends non-linearly on the position (which is simply the thermal average of

the square of the operator). Nevertheless, both RPMD and CMD have been shown to be suit-

able for the simulation of various dynamics properties, including chemical reaction rates,22,23

diffusion coefficients24,25 and thermal conductivity.26 However, they both show artefacts when

applied to the dipole autocorrelation function and the vibrational spectrum.27–29

Vibrational peaks in spectra calculated with CMD can show spurious red shifts at low

temperatures in systems that contain both bending and stretching modes, which has become

known as the curvature problem.30,31 RPMD peaks remain centred around the correct fre-
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quency, but can appear split into unphysical peaks due to resonances between the vibrations

of the system and the artificially introduced harmonic modes of the ring polymer.28,32 Al-

though Rossi et al. showed that it is possible to remove the unphysical peaks in the RPMD

spectra, with an approach called thermostatted RPMD (TRPMD),20 the TRPMD peaks ap-

pear broadened. With all three of the established methods plagued by their own artefacts,

the field was at an impasse.

Recently, quasi-centroid molecular dynamics (QCMD) entered the stage, developed by

Trenins et al.33 QCMD is closely related to CMD, but uses curvilinear coordinates instead

of Cartesian ones which are better suited to the interplay of bending and stretching modes

that CMD usually struggles with. QCMD has so far been tested on a number of gas-phase

molecules,33,34 as well as some condensed phase systems.33 One drawback, however, was its

significant computational cost, which motivated Fletcher et al. to develop fast QCMD (f-

QCMD).35 This new method approximates full QCMD, but it has been shown to almost per-

fectly reproduce QCMD results for gas-phase molecules at a reduced computational cost.35,36

In Chapter 2, we provide a generalisation of f-QCMD to the condensed phase. After a

review of the RPMD, CMD, TRPMD, QCMD and f-QCMD approaches, we describe our

f-QCMD implementation for liquid water and ice, and present its results.

Having established f-QCMD as a method with which we can study liquid water, we next

focused on applying it to water in an optical microcavity. A cavity is made up of two (often

gold) mirrors, such that the light trapped between them forms standing waves. In particular,

the cavities are usually on the order of a few µm long. In this case, the (fundamental or

overtone) frequencies of the cavity can approach and couple to physical vibrational frequen-

cies. Vibrational strong coupling in a vacuum cavity has drawn extraordinary attention in

recent years, primarily owing to claims about tuneable chemical reactions. Examples range

from enhanced reactivity37,38 and changing regioselectivity39 to controlling the optical and

electronic response of semiconductors.40–42

There are some effects that are well understood. For example, the coupling of the cavity

to a molecular vibrational mode gives rise to two new polariton states, which are below and

above the original vibrational frequency. The difference in energy between the two is the
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Rabi splitting, which is predicted to scale as
√
N , where N is the number of molecules in the

cavity. Note that there is a physical limit on the Rabi splitting. At some point the cavity is

completely filled with molecules, and the Rabi splitting cannot be increased further. Also,

the coupling strength between a single molecule and the cavity scales as 1/
√
N , meaning that

the cavity is only weakly coupled to any single molecule.43 Finally it is straightforward to

show that within the dipole approximation, the cavity does not affect the static properties

of the system within it in the classical limit.43

However, there are other effects that are not so well understood. For example, there is

currently no unified model for a physical process that can account for the effect of vibrational

strong coupling on chemical reactions, particularly in vacuum (where the cavity is not driven

by a laser).44 Further, some experimental groups have tried and failed to reproduce cavity

experiments.45,46

Here, we focus on a non-controversial application: the vibrational spectrum of liquid wa-

ter inside a cavity. Li et al. showed that it is possible to calculate the cavity vibrational

spectrum of liquid water with classical MD, and developed a one-dimensional harmonic os-

cillator model which could qualitatively (but not quantitatively) predict their results.43,47 To

determine whether nuclear quantum effects had a significant impact on the polariton spec-

tra (and therefore may be relevant in other cavity effects), they subsequently calculated the

TRPMD spectra of liquid water in a cavity together with some static equilibrium proper-

ties.48 Just like in the classical case, they showed that static properties were the same inside

or outside the cavity, and that the cavity thus had no impact whatsoever. In the vibrational

spectrum, however, they noticed red shifts and broadening in the polariton peaks compared

to the classical cavity spectrum. However, since they used TRPMD for their simulations, it

was difficult for them to distinguish between genuine nuclear quantum effects and TRPMD

artefacts in the (vibrational) spectrum.

Equipped with the tools necessary to simulate liquid water outside a cavity with f-QCMD,

it was only natural to study cavity spectra with our f-QCMD implementation next. Chap-

ter 3 describes how we introduce the cavity to our f-QCMD formalism from Chapter 2, and

presents some cavity f-QCMD results. We will also show that an appropriate simple harmonic
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oscillator (SHO) model can be developed that quantitatively reproduces the results of cavity

MD simulations using just the cavity-free spectrum and the geometry of the cavity as input,

and discuss the implications of this result.

The second half of this thesis is focused on two-dimensional electronic spectroscopy.49,50

This is a type of spectroscopy in which three light pulses interact with a sample, giving rise

to two-dimensional spectra at varying delay times. Two-dimensional electronic spectroscopy

has been used extensively to study light harvesting complexes like the Fenna-Matthews-Olson

complex51,52 and light harvesting complex II,53–55 which occur in bioluminescent bacteria.

These complexes manage to harvest sunlight into chemical energy through a process where

the light induces an electronic excitation, which is then funnelled from photoreceptors through

a number of chromophores to the baseplate, where it is turned into chemical energy.53 The

two-dimensional spectra can be used to characterise the path by which the energy travels

through the complex.52

Many aspects of this process remain elusive. For example, the bacteria are able to achieve

very high efficiency rates for harvesting energy from light,56,57 and it is not clear why. In early

experiments, oscillations in the peak intensities were observed, which led to the hypothesis

that electronic coherence could be the key to harvesting sun light efficiently.51,58–60 However,

later work revealed that these oscillations were in fact due to vibronic coherences, and that

electronic coherences decay too quickly due to inhomogeneous dephasing to be involved in

the light harvesting process.61,62

The role of nuclear quantum effects has also been debated, with some research claiming

that they accelerate the transport of the exciton to the baseplate.63–66 More recent work,

however, suggests that they instead slow down the energy transport.67 Additional insight

into the dynamics of light harvesting complexes is thus still needed.

One way to study the two-dimensional spectra of light-harvesting complexes is with the

hierarchical equations of motion (HEOM).68 In simulations, the light-harvesting complexes

are usually represented by Frenkel exciton models, in which the electronic excited states of the

chromophores of the complex are linearly coupled to baths of harmonic oscillators. HEOM

can treat these Frenkel exciton models exactly, which is one of the reasons they are frequently
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used as benchmark models. These models may not be entirely appropriate to describe light

harvesting complexes, however. For example, anharmonicities in the excited states or excited

states that are rotated with respect to the ground state (by Duschinsky rotations) cannot be

described within the Frenkel exciton framework. The computational cost of HEOM would

increase in such systems, so alternative methods are needed.

It is possible to develop semiclassical approximations to the exact dynamics. For exam-

ple, van der Vegte et al. were the first to develop a mean-field Ehrenfest approach for the

simulation of two-dimensional electronic spectra.69 Then, Atsango et al. developed a second,

also Ehrenfest-based, method based on decomposing a coherence into four pure states.70 Both

tested their approach on Frenkel exciton models because exact benchmarks are available from

HEOM. Van der Vegte et al. only tested their approach on one set of model parameters, which

belong to the ‘slow bath’ regime in the language of Frenkel exciton models (i.e. the bath

relaxes on a long time scale).69 In this parameter regime, their method agreed quite closely

with HEOM, but it was not clear how it would fare with different parameters. Atsango et

al. tested their pure state approach on both slow- and fast-bath Frenkel exciton models.70 It

became clear that while their method did quite well in the slow-bath regime (similar to van

der Vegte et al.’s observations69), it broke down in the fast-bath regime.70 It also incurs a

significantly increased computational effort compared to the mean classical path approach.

The pure state decomposition is invoked three times (for each light-matter interaction). After

the third light-matter interaction, up to 43 = 64 pure state trajectories thus need to be run

in order to generate a single sample of a nonlinear response function.

We will show in Chapter 4 that a small modification to the pure state Ehrenfest method

gives rise to a new, equatorial Ehrenfest, method which does well in both the slow- and

fast-bath parameter regimes. It is also about 32 times less expensive than Atsango et al.’s

approach, because we run 32 times fewer pure state trajectories by taking advantage of the

symmetry of the pure states and the nonlinear response functions.

To summarise, this thesis describes the development of two new simulation methods:

f-QCMD for condensed phase vibrational spectroscopy, and equatorial Ehrenfest for two-

dimensional electronic spectroscopy. It also presents the application of f-QCMD to liquid
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water in a cavity, where it turns out that cavity f-QCMD simulations can be replaced by a

simple (and faster) harmonic oscillator model. Chapter 5 summarises the main observations

and conclusions in more detail, and provides perspectives on future work.
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Chapter 2

Vibrational spectroscopy

2.1 Introduction

The impact of nuclear quantum effects on vibrational spectra is well understood. Due to

the spread of the nuclear wave packet around a potential energy minimum, the nuclei feel

a lower effective curvature than in a classical calculation, which decreases the vibrational

frequency. In the spectrum, this causes a shift to longer wavelengths, or a ‘red shift’, in the

peak positions. Path integral methods are an efficient approach to reproduce spectra with

these red shifts at a low computational cost. However, the simulation of vibrational spectra

through path integral methods has a long and chequered history.

PIMD was introduced in a seminal study by Parrinello and Rahman.17 It is an algorithm

to calculate thermal expectation values using a discretised Feynman path integral (also called

the ring polymer).16 Since its inception, PIMD has remained a powerful and popular method

in the simulation of condensed phase systems because it scales polynomially with system size.

It also allows for the exact calculation of static properties such as dielectric constants, mag-

netic susceptibilities and pair correlation functions.17,71 However, PIMD itself cannot capture

dynamical observables, such as vibrational spectra, chemical reaction rates and diffusion co-

efficients. Other methods were developed which extended the path integral formalism to

dynamical observables, namely CMD,18 and RPMD.19 These methods find approximate time

correlation functions, from which we can extract the desired dynamical observables during

post-processing.15 CMD and RPMD are well established for numerous applications,22–26,72

11
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but they both struggle to describe vibrational spectra. In RPMD, a single vibrational peak

is sometimes split into multiple smaller peaks because of spurious resonances between the

physical and ring polymer vibrations.28,30,32 It is possible to mitigate the spurious resonances

by thermostatting the offending internal modes, an approach known as TRPMD,20 but then

the thermostat causes an artificial broadening of the peaks. CMD follows the dynamics of the

ring polymer’s average Cartesian configuration (the ‘centroid’), which evolves on the effective

potential averaged over the fluctuations of the ring polymer, and therefore avoids the spuri-

ous oscillations by design.18 However, it was noticed early on that it suffers from a different

problem, which has been termed the curvature problem.30,31 If there is a curved feature in

the potential energy surface (e.g. when there is a bending vibrational mode), then CMD

peaks show an artificial shift to lower frequencies. The curvature problem is more severe at

low temperatures, but already occurs in liquid water at temperatures as high as 300 K.73

As an alternative, Trenins et al. proposed to replace the centroid by a quasi-centroid,

which is defined through curvilinear coordinates.33 The coordinates can be tailored to curved

features in the potential, thereby avoiding the curvature problem. They tested their QCMD

method on gas-phase water and ammonia, liquid water and ice.33,34 They showed that QCMD

agrees with CMD at high temperatures, and that there is no sign of the curvature problem as

the temperature is lowered. Furthermore, QCMD spectra agree well with exact results (where

it is feasible to compute exact results). All of this is very encouraging. However, QCMD

in its original formulation is typically 10-100 times as expensive as TRPMD or CMD.34

To address this, Fletcher et al. subsequently developed f-QCMD to accelerate QCMD by

pre-computing an approximate quasi-centroid potential of mean force.35 f-QCMD has been

applied to gas-phase water, ammonia, methane and hydrogen peroxide.35,36 The f-QCMD

results are virtually indistinguishable from the QCMD results for gas phase water obtained

by Trenins et al.33 and for gas-phase ammonia obtained by Haggard et al.34 This validates

the approximation made to the effective potential of mean force.

f-QCMD has so far only been applied to gas-phase systems. In this chapter, we describe

its generalisation to liquid water and ice. Although we only study water, we expect that the

same ideas can be used for other condensed phase systems.
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Section 2.2 introduces the path integral formalism, and reviews previously developed path

integral methods. Section 2.2.4 then introduces the theory behind QCMD followed by a de-

scription of different QCMD algorithms with their applications. Subsequently, Sections 2.3

and 2.4 explain the generalisation of f-QCMD to condensed phase systems and its application

to liquid water and ice, respectively. Section 2.5 summarises the key developments of this

chapter.

2.2 Path integral methods for spectroscopy

The vibrational spectrum can be written as15

I(ω) =
β

6ε0cV

∫ ∞

−∞
e−iωtCµ̇µ̇(t)dt, (2.1)

where Cµ̇µ̇(t) = ⟨µ̇(0) · µ̇(t)⟩ is the dipole derivative autocorrelation function, β = 1/(kBT )

is the inverse temperature, c is the velocity of light, V is the volume of the system and ε0

is the vacuum permittivity. The angular brackets ⟨·⟩ symbolise a thermal average. In fact,

many dynamical properties can be expressed in terms of such time correlation functions,15

including the diffusion coefficient (which is related to the velocity autocorrelation function15),

the thermal conductivity (which is related to the energy flux autocorrelation function74–76)

and chemical reaction rate constants (which are related to flux-side correlation functions77–79).

As this thesis is focused on spectroscopy, it will be restricted to the discussion of dipole

derivative autocorrelation functions.

The thermal average in Equation (2.1) can either be done in a classical or in a quantum

manner. On the one hand, the classical correlation function is

Ccl
µ̇µ̇(t) =

1

(2πℏ)3NZcl

∫
dp0

∫
dq0e

−βH(p0,q0)µ̇(q0) · µ̇(qt), (2.2)

where N is the number of particles in the system with positions and momenta qi and pi of the
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ith particle, respectively, Zcl =
1

(2πℏ)3N
∫
dp
∫
dqe−βH(p,q) is the classical partition function,

H(p, q) =
N∑
i=1

|pi|2

2mi
+ Vcl(q) (2.3)

is the classical Hamiltonian composed of kinetic energy and a potential energy Vcl, and mi

is the mass of particle i. We will assume throughout that we are dealing with a three-

dimensional system, such that pi and qi hold x, y and z components.

The variables p0, q0 in Equation (2.2) are initial coordinates, which are propagated under

Hamiltonian equations of motion,

q̇i =
∂H
∂pi

=
pi

mi
, (2.4a)

ṗi = −∂H
∂qi

= −∇qi
Vcl(q). (2.4b)

The integration can for example be done numerically using the Velocity-Verlet algorithm.80

qt and pt are the coordinates after integration up to time t. On the other hand, the (Kubo-

transformed) quantum correlation function is

C̃qu
µ̇µ̇(t) =

1

βZqu

∫ β

0
dλTr[e−βĤ ˆ̇µ(0) · ˆ̇µ(t+ iλ)], (2.5)

where Zqu = Tr[e−βĤ] is the quantum partition function and Ĥ is the Hamiltonian operator.

For any operator B̂, B̂(t) = eiĤt/ℏB̂e−iĤt/ℏ is the Heisenberg time evolved operator. (Note

that ℏ ̸= 1 here.) Readers may be more familiar with the following definition of the quantum

correlation function,

Cqu
µ̇µ̇(t) =

1

Zqu
Tr[e−βĤ ˆ̇µ(0) · ˆ̇µ(t)]. (2.6)

The two quantum correlation functions are equivalent, since their Fourier transforms are

related via

F [Cqu
µ̇µ̇](ω) =

βℏω
1− e−βℏωF [C̃qu

µ̇µ̇](ω), (2.7)

which can be seen by expanding the trace in the energy eigenbasis.19 Here we will focus on

the Kubo-transformed quantum correlation function in Equation (2.5) instead, because it
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shares symmetry properties with the classical correlation function. It is thus more natural to

compare the classical correlation function to the Kubo-transformed one. In particular they

are both real,

C̃qu
µ̇µ̇(t) = C̃qu

µ̇µ̇(t)
∗ (2.8)

they satisfy detailed balance,

C̃qu
µ̇µ̇(t) = C̃qu

µ̇µ̇(−t), (2.9)

and time-reversal,

C̃qu
µ̇µ̇(t) = C̃qu

µ̇µ̇(−t)
∗. (2.10)

Equations (2.8)-(2.10) also hold for Ccl
µ̇µ̇(t). Together, they imply that Ccl

µ̇µ̇(t) and C̃qu
µ̇µ̇(t)

are both real and even functions of t. The same cannot be said for Cqu
µ̇µ̇(t) in Equation (2.6),

which only satisfies the time reversal property.

We are interested in simulating condensed phase systems with a large number of atoms. A

classical calculation scales polynomially in N , but a quantum calculation scales exponentially.

It therefore tends to be much harder to calculate quantum correlation functions than classical

ones. But classical correlation functions lack key quantum effects, some of which are well

known to have a non-negligible impact on the vibrational spectrum. Here we focus on nuclear

quantum effects in particular. As discussed in Section 2.1, the spread of the nuclear wave

packet around potential energy minima causes red shifts in the vibrational peaks.

Path integral methods lie somewhere between quantum and classical calculations: They

include some nuclear quantum effects while avoiding full quantum simulations, and can there-

fore be easily applied to the condensed phase systems considered here. To do so, they map

the quantum Kubo-transformed correlation function onto the classical correlation function

of the ring polymer.18,19 The ring polymer consists of P copies of the classical system, called

beads, which are coupled together by harmonic springs (see Figure 2.1 for a schematic of the

ring polymer and how it captures nuclear quantum effects). Its (classical) Hamiltonian is

HP (P ,Q) =

P∑
j=1

[
N∑
i=1

(
|P (j)

i |2

2mi
+

1

2
miω

2
P |Q

(j)
i −Q

(j+1)
i |2

)
+ Vcl(Q

(j))

]
, (2.11)
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(a) (b)

Figure 2.1: Schematics of how the ring polymer captures (a) zero point energy and (b)
tunnelling nuclear quantum effects. The long dashed lines represent the average energy of the
beads. The average energy lies above (below) the potential energy minimum (maximum) in
(a) (resp. (b)). The difference between the classical minimum (maximum) and the quantum
minimum (maximum) is the nuclear quantum effect, represented by a double-sided arrow.
Note that the beads are drawn above the potential energy surface to represent the ring
polymer more clearly.

where P
(j)
i ,Q

(j)
i are the position and momentum coordinates of the ith atom in the jth

bead, and Q(j) contains all coordinates of bead j. The ring polymer is periodic (such that

Q(P+1) = Q(1)), and the harmonic springs have a frequency ωP = 1/(βPℏ), where βP = β
P .

At very high temperatures, the ring polymer springs are extremely stiff and the ring

polymer contracts to a single bead. This is a different way of saying that quantum mechanics

coincides with classical mechanics at high temperatures. Note that, since the ring polymer

comprises P copies of the classical system, it is P times more expensive to simulate than a

classical system – but nevertheless a path integral simulation is usually much cheaper than

a quantum simulation.

While the ultimate goal is to calculate time correlation functions, it is helpful to first

consider what happens to thermal averages in the path integral formalism. Parrinello and

Rahman were the first to propose this in an approach that is now known as PIMD.17 Quantum

thermal expectation values of the operator Â,

⟨Â⟩ = 1

Zqu
Tr[e−βĤÂ], (2.12)
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can be obtained within the PIMD formalism as

⟨Â⟩ = lim
P→∞

⟨A⟩NVT,P , (2.13)

where

⟨A⟩NVT,P =
1

(2πℏ)3NPZP

∫
dP

∫
dQe−βPHP (P ,Q)A(Q) (2.14)

is a classical thermal average in the extended ring polymer phase space,

ZP =
1

(2πℏ)3NP

∫
dP

∫
dQe−βPHP (P ,Q) (2.15)

is the partition function,

A(Q) =
1

P

P∑
j=1

A(Q(j)), (2.16)

and A(Q(j)) is the classical observable on bead j. By leveraging the ring polymer, we can

thus obtain results at a quantum accuracy, but at a classical cost. Further, since PIMD is

able to exactly capture quantum thermal averages (for systems of distinguishable particles),

the formulation of quantum expectation values in terms of ring polymer classical averages is

called the classical isomorphism.17

We would like to find a relation such as Equation (2.13) for the classical and Kubo-

transformed correlation function, but unfortunately this is not possible. While it is fine to

use classical methods to sample the thermal equilibrium (as in Equation (2.14)), the classical

dynamics of the ring polymer cannot exactly capture the system’s evolution from time 0 to

time t. In particular, classical dynamics does not capture quantum coherence. We can thus at

most find approximations to the Kubo-transformed quantum correlation function by classical

correlation functions in the ring polymer phase space. For the systems we are interested in,

such coherence effects are expected to wash out, and we therefore do not expect to face

major inaccuracies in our results on their account. Various algorithms have been developed

to approximate quantum correlation functions. We will next discuss a few of these methods.
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2.2.1 Ring polymer molecular dynamics

The RPMD dipole derivative autocorrelation functions is19

CRPMD
µ̇µ̇ (t) =

1

(2πℏ)3NPZP

∫
dP 0

∫
dQ0e

−βPHP (P 0,Q0)µ̇(Q0) · µ̇(Qt), (2.17)

where P 0,Q0 are initial conditions of the ring polymer, P t,Qt are the ring polymer coordi-

nates after propagation of the initial conditions up to time t, and

µ̇(Q) =
1

P

P∑
j=1

µ̇(Q(j)). (2.18)

RPMD works very well for a wide range of applications, including calculating chemical

reaction rate constants22 and diffusion coefficients,19 but it is less suitable for vibrational

spectra. This is because the ring polymer has internal vibrational modes which arise from

the harmonic springs in the ring polymer Hamiltonian. These can be found by diagonalising

the Hamiltonian in the absence of an external molecular potential, which gives

Hfree,P (P̃ , Q̃) =
P−1∑
k=0

N∑
i=1

[
|P̃ (k)

i |2

2mi
+

1

2
miω

2
k|Q̃

(k)
i |2

]
, (2.19)

with ωk = 2ωP sin πk
P and P̃ , Q̃ are the normal mode momenta and coordinates of the free

ring polymer. The transformation matrix to the normal modes is given in Appendix A. These

normal modes are not physical vibrations, but rather arise from the mathematical construct

of the ring polymer. However, they can become resonant with the physical modes of the

system, which gives rise to spurious peaks in the vibrational spectrum.30,32

2.2.2 Thermostatted RPMD

TRPMD was developed to remove the spurious resonances of RPMD.20 A Langevin ther-

mostat is attached to the internal ring polymer modes, such that the equation of motion
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becomes20

Ṗ = −∇QVcl(Q)− ΓP +

√
2mΓ

βP
ξ(t), (2.20)

where Γ is a real, symmetric, positive semi-definite friction matrix and ξ(t) is a vector with

independent, identically distributed entries that are sampled from a normal distribution.

(Note that Equation (2.20) assumes that all masses are equal to m, but TRPMD can easily

be generalised to different masses.) The thermostat does not act on the centroid by design,

because we require that

Γe = eTΓ = 0, (2.21)

where e is the vector with all entries equal to 1. e is also an eigenvector of Γ
1
2 , and Equa-

tion (2.20) thus reduces to the thermostat-free version for the centroid. The centroid only

indirectly feels the thermostat through its coupling to the internal modes via the potential

Vcl. See Reference [20] for a detailed discussion of the friction matrix entries, which are chosen

so as to optimally dampen the ring polymer normal modes. Rossi et al. tested TRPMD on

liquid water and showed that the thermostat washes out the RPMD resonances.20 However,

they also noted that the thermostat can artificially broaden peaks.20 While the TRPMD

peak positions are accurate, and there is no sign of spurious resonances, TRPMD line widths

generally cannot be trusted.20

2.2.3 Centroid molecular dynamics

The ring polymer centroid is the average configuration of the ring polymer beads,

Q =
1

P

P∑
j=1

Q(j). (2.22)

The CMD dipole derivative autocorrelation function is

CCMD
µ̇µ̇ (t) =

1

(2πℏ)3NZc

∫
dP

∫
dQe−βHc(P ,Q)µ̇(Q0) · µ̇(Qt), (2.23)
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with the centroid Hamiltonian

Hc(P ,Q) =

N∑
i=1

|P i|2

2mi
+ Vc(Q), (2.24)

the centroid partition function Zc =
1

(2πℏ)3N
∫
dP

∫
dQe−βHc(P ,Q), and the centroid potential

of mean force Vc(Q). Equation (2.23) is a classical correlation function, but it is fundamen-

tally different from the classical correlation function in Equation (2.2) because the centroid

evolves on the potential of mean force Vc. One way to define this potential of mean force is

implicitly, by requiring that the resulting force on the centroid,

F (Q) = −∂Vc
∂Q

(2.25)

is the same as the constrained average over the ring polymer,

F (Q) = − 1

N

∫
dQ′e−βW (Q′)δ(Q

′ −Q)

(
∂W (Q′)

∂Q

)
= −

〈
∂VP

∂Q

〉
Q

, (2.26)

where

W (Q) = VP (Q) + SP (Q) =
1

P

P∑
j=1

Vcl(Q
(j)) +

1

2P

P∑
j=1

N∑
i=1

miω
2
P |Q

(j)
i −Q

(j+1)
i |2, (2.27)

N =

∫
dQ′e−βW (Q′)δ(Q

′ −Q), (2.28)

and Q
′
is the centroid of the integration variables Q′. The centroid is also proportional to the

k = 0 internal normal mode of the ring polymer (see Appendix A). The constrained average

⟨·⟩Q can thus also be understood as an average over the P − 1 remaining normal modes with

k > 0. In particular, the spring potential SP is independent of the centroid (which can be

seen from Equation (2.19) and noting that ω0 = 0), which validates the final equality in

Equation (2.26).

CMD algorithms can be separated into two groups based on whether they employ the force

in Equation (2.25) (force-matching algorithms81) or Equation (2.26) (adiabatic CMD82,83).

In force-matching, a data set tabulating centroid configurations against the mean field force
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is compiled by running constrained PIMD simulations for each centroid configuration to

calculate
〈
∂VP

∂Q

〉
Q
. The data set is then used to fit an effective potential Vc. Usually, it is

assumed to be of the specific form

Vc(Q) = Vcl(Q) + ∆Vc(Q), (2.29)

where Vcl is the underlying classical potential energy surface. Force-matching algorithms

then only need to find the (hopefully small) correction ∆Vc. In the early implementations,

this was done by least squares fitting on a radial grid,81 but these days machine learning

algorithms for potential energy surfaces can be repurposed to fit the correction.84,85

Adiabatic CMD computes the centroid forces on the fly by adiabatically separating the

normal modes with k > 0 from the centroid normal mode. To achieve this, the masses

associated with the non-centroid modes are scaled,

mi,k =


mi k = 0

γ2mi k > 0

, (2.30)

where γ > 0 is a small number. The frequencies are shifted to new frequencies, ω′
i,k =

ωk

√
mi
mi,k

= ωk/γ. As γ decreases, the frequencies increase for k ̸= 0 and the internal modes

are shifted away from the centroid mode and move on a much faster time scale.86 The centroid

now evolves on the mean field potential averaged over the internal modes.82 Often, we choose

to shift all internal modes to the same frequency Ω, which lies above the highest frequency

of interest in our system,32,83 with k-dependent scaling factors

γk =
ωk

Ω
. (2.31)

Further, a thermostat is attached to the internal modes to account for the canonical ensemble

average of the force in Equation (2.26). In order to numerically integrate an oscillation with

frequency Ω, the time step of the integration δt needs to be much smaller than the period of
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(a)

(b) (c)

Figure 2.2: An explanation of the origin of the curvature problem. (a) A potential with a
minimum (highlighted in red) that is curved around the origin. (b) Example ring polymer
configuration and its centroid at a high temperature. (c) As (b), but at a lower temperature.
Note that this figure serves purely as a qualitative explanation of the curvature problem.
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the oscillation,

δt≪ 2π

Ω
. (2.32)

We therefore need to choose Ω large enough to separate the internal modes from the system

frequencies we are interested in, but not too high in order to avoid computationally expensive

simulations.

Regardless of the implementation, CMD vibrational spectra are not disturbed by spurious

resonances such as the ones observed in RPMD. However, they suffer from the so-called curva-

ture problem in systems with radial and angular (bending or librational) normal modes.30,31,73

Figure 2.2 shows a schematic for such a potential energy surface and examples of ring poly-

mer and centroid configurations at high and low temperatures. At high temperatures, the

ring polymer beads are spread around the potential minimum. As a result, so is the centroid,

and it is a good representation of the ring polymer (Figure 2.2b). The situation looks very

different at low temperatures (Figure 2.2c). Here, the ring polymer beads tend to lie close

to the potential minimum, but the centroid lies closer to the origin at a higher potential

energy. This is the origin of the curvature problem: The centroid can visit unphysical (high

energy) configurations, such as the one shown in Figure 2.2c, while none of the beads are at

unphysical configurations. References [33] and [34] discuss in detail how the ring polymer

beads spread out along the angular coordinates and give rise to an artificial instanton. As a

result of the ring polymer spreading out, the centroid potential of mean force softens at the

centroid configuration. This softening becomes increasingly pronounced at low temperatures

and leads to a spurious red shift in the CMD spectrum. The red shift is more pronounced at

low temperatures, but it is already present in liquid water at 300 K and thus poses a serious

issue.30,31,73

For a while, there was therefore no artefact-free path integral method for the calculation

of vibrational spectra. Recently, QCMD was proposed as a novel alternative. For a number

of problems that the path integral methods discussed above have struggled with, QCMD

has proven very well suited. We will next explain the theory behind QCMD, and some

approximations that have been introduced to find more efficient implementations.
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(a) (b)

Figure 2.3: Centroid (red) and quasi-centroid (blue) configurations at (a) high and (b) low
temperatures for the same potential as in Figure 2.2.

2.2.4 Quasi-centroid molecular dynamics

QCMD was proposed as an alternative to CMD to address the curvature problem. The

quasi-centroid is defined in terms of curvilinear coordinates, which may be tailored to any

curved potential features. For the two-dimensional potential shown in Figure 2.2, it is nat-

ural to define the curvilinear coordinates in terms of polar coordinates. Figure 2.3 shows

the quasi-centroid and centroid configurations for ring polymer configurations at high and

low temperatures. Clearly, the quasi-centroid is a better representation of the ring polymer

configuration. In the low-temperature case, where the centroid may visit unphysical config-

urations, the quasi-centroid remains at a configuration that is a good representation of the

beads. From this observation, it can be expected that QCMD avoids the CMD curvature

problem.

The curvilinear coordinates are tailored to the system in question. We therefore cannot

define them in general, beyond saying that they usually contain bond lengths, bond angles and

dihedral angles. Let us thus write ξ for the set of curvilinear quasi-centroid coordinates. Then,

let Q̃(ξ) be the Cartesian quasi-centroid configuration which corresponds to the curvilinear
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degrees of freedom ξ. In QCMD, correlation functions are calculated via

CQCMD
µ̇µ̇ (t) =

1

(2πℏ)3NZqc

∫
dP̃

∫
dQ̃e−βHqc(P̃ ,Q̃)µ̇(Q̃0) · µ̇(Q̃t), (2.33)

with

Hqc(P̃ , Q̃) =

N∑
i=1

|P̃ i|2

2mi
+ Vqc(Q̃) (2.34)

and the quasi-centroid partition function Zqc = 1
(2πℏ)3N

∫
dP̃

∫
dQ̃e−βHqc(P̃ ,Q̃). In analogy

to CMD, we write the force on the quasi-centroid as

F (Q̃) ≃ −
〈
∂VP

∂Q̃

〉
ξ

, (2.35)

where VP is defined through Equation (2.27), the constrained average is

⟨·⟩ξ =
1

N

∫
dQ′e−βW (Q′) (·) δ(ξ′ − ξ), (2.36)

ξ′ are the quasi-centroid coordinates averaged over the ring polymer beads Q′, W is defined

in Equation (2.27), and

N =

∫
dQ′e−βW (Q′)δ(ξ′ − ξ). (2.37)

Equation (2.35) is an approximation, although it looks almost the same as its CMD equivalent

Equation (2.26) (which is exact). This is because the spring potential may not be independent

of the quasi-centroid.

To assess the accuracy of this approximation and QCMD in general, Trenins et al. de-

veloped an adiabatic QCMD algorithm and applied it to gas-phase and liquid water, and

hexagonal ice.33,87 In a subsequent study, they also applied it to gas-phase ammonia.34 Adia-

batic QCMD is similar to adiabatic CMD, in the sense that the quasi-centroid is adiabatically

separated from the internal modes and propagated on the mean field averaged potential. The

QCMD spectra are consistent with exact quantum results (where it was possible to do a full

quantum simulation) or embedding methods such as the local monomer approach.73,88,89 This

remains true in cases where the CMD curvature problem is severe, with the exception of the
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bending vibration of gas-phase ammonia along the umbrella inversion mode. The reason for

this is discussed in detail by Haggard et al.34 They conclude that QCMD is not expected

to do well for vibrations that are not well approximated classically to begin with, or that

are highly anharmonic. Nevertheless, it is promising in many systems. Further, adiabatic

QCMD relies on the existence of a function Q̃(ξ), which assumes that we can always find a

Cartesian representation for a given set of quasi-centroid coordinates. However, it is possible

for this problem to be overdetermined, in which case a solution Q̃ may not exist for all ξ. It

is not yet clear how to run adiabatic QCMD in this case.

Another, more pressing issue with adiabatic QCMD is that the adiabatic separation pa-

rameter γ has to be very small to ensure complete adiabatic separation of the quasi-centroid

from the internal modes. This means that adiabatic QCMD is 10-100 times more expensive

than RPMD, TRPMD or (partially adiabatic) CMD.34

A fast implementation

Fletcher et al. developed f-QCMD as an efficient alternative to adiabatic QCMD.35 They

precompute the quasi-centroid potential of mean force Vqc, such that only a single classical

MD simulation is needed to compute the correlation function in Equation (2.33). We will

describe the algorithm based on its application to water, and touch on extensions to other

molecules below. In gas-phase water, there are three curvilinear quasi-centroid coordinates:

The O-H bond lengths r1 and r2, and the H-O-H bond angle, θ12. For a ring polymer

configuration Q, the quasi-centroid values of these are defined through

ri(Q) =
1

P

P∑
j=1

ri(Q
(j)), (2.38a)

θ12(Q) =
1

P

P∑
j=1

θ12(Q
(j)). (2.38b)

We can also define their distribution functions,

ρexactr (ri) =
1

4πr2i
⟨δ (ri − ri(Q))⟩NVT,P , (2.39a)
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ρexactθ (θ12) =
1

sin θ12

〈
δ
(
θ12 − θ12(Q)

)〉
NVT,P

, (2.39b)

which are easy to calculate in a PIMD simulation. To find Vqc, we first write it as

Vqc(Q̃) = Vcl(Q̃) + ∆Vqc(Q̃), (2.40)

where Vcl is the classical potential energy surface (for example the Partridge-Schwenke po-

tential energy surface for gas-phase water90). Note the similarity to Equation (2.29) in the

force matching approach to CMD. The key assumption in f-QCMD is that ∆Vqc is separable

in the curvilinear coordinates,

∆Vqc(Q̃) ≈ ∆Vr(r1(Q̃)) + ∆Vr(r2(Q̃)) + ∆Vθ(θ12(Q̃)), (2.41)

To find the quasi-centroid corrections, we use the distribution functions of the quasi-centroid

coordinates (Equation (2.39)). These distribution functions will be equivalent to the classical

averages under Vqc,

ρr(ri) =
1

4πr2i
⟨δ(ri − ri(Q))⟩NVT,1 (2.42a)

ρθ(θ12) =
1

sin θ12
⟨δ(θ12 − θ12(Q))⟩NVT,1, (2.42b)

provided we have found the correct Vqc. The iterative Boltzmann inversion (IBI) finds the

one-dimensional corrections ∆Vr and ∆Vθ as follows.91 First, we run a PIMD simulation to

obtain the distribution functions ρexactr and ρexactθ according to Equation (2.39). This only

needs to be done once. We then initialise the corrections, ∆V
(0)
r = 0 and ∆V

(0)
θ = 0, such

that the initial guess for the quasi-centroid effective potential is just the classical potential

itself. For n ≥ 0, the update to the corrections is

∆V (n+1)
r (ri) = ∆V (n)

r (ri)−
1

β
log

ρexactr (ri)

ρ
(n)
r (ri)

, (2.43a)

∆V
(n+1)
θ (θ12) = ∆V

(n)
θ (θ12)−

1

β
log

ρexactθ (θ12)

ρ
(n)
θ (θ12)

, (2.43b)
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until convergence, where ρ
(n)
r and ρ

(n)
θ are the distribution functions resulting from the cor-

rected potential in the nth iteration, V
(n)
qc = Vcl +∆V

(n)
qc .

The extension of f-QCMD beyond water molecules is completely straightforward, as long

as a suitable set of curvilinear coordinates can be found. Fletcher et al. applied f-QCMD to

gas-phase water, ammonia and methane.35 In these calculations, the curvilinear coordinates

comprise the bond lengths between the central atom (O, N or C) and the hydrogens, as well

as the angles between the hydrogens. Fletcher then also extended the formalism to include

dihedral angles, which allowed the application to hydrogen peroxide.36 For gas-phase water

and ammonia, the f-QCMD spectra agree to graphical accuracy with Trenins et al.’s33 full

QCMD spectra. This implies that the approximation in Equation (2.41) is justified, and that

f-QCMD is a good approximation for QCMD in the gas phase. But it had not been tested

in the condensed phase.

2.3 f-QCMD for condensed phase systems

To generalise f-QCMD to the condensed phase, we assume that the quasi-centroid potential of

mean force can be separated into an intra- and intermolecular part, such that Equation (2.40)

is extended to

Vqc(r) ≈ Vcl(r) + ∆Vintra(r) + ∆Vinter(r). (2.44)

We will describe the algorithm for liquid water and ice, but it is straightforward to extend

to other materials. The intramolecular correction ∆Vintra contains contributions from the

intramolecular O-H distances and H-O-H bond angles, allowing us to adopt the procedure

described for gas-phase water in Section 2.2.4. We thus only need to specify how to find

∆Vinter. To this end, we focus on the pairwise O-O, O-H and H-H distances, with classical

distribution functions

gOO(r) =
1

4πr2Nρ

〈
N∑
j>i

δ(r − |rO,i − rO,j |)

〉
NVT,1

, (2.45a)
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gOH(r) =
1

4πr2Nρ

〈
N∑
j>i

δ(r − |rO,i − rH,j |)

〉
NVT,1

, (2.45b)

gHH(r) =
1

4πr2Nρ

〈
N∑
j>i

δ(r − |rH,i − rH,j |)

〉
NVT,1

, (2.45c)

where ρ = N/V is the bulk number density of water molecules, rO,i and rH,i are the coor-

dinates of the oxygen and hydrogen atoms in the ith water molecule, respectively. Equa-

tion (2.45) are the classical intermolecular distribution functions, but we can also obtain the

exact quantum distribution functions needed for the IBI iterations by using PIMD estimators

for the pairwise distances. These are the most expensive part of the f-QCMD algorithm. The

distribution functions are usually calculated as histograms, and many samples are needed

to obtain smooth distributions which give suitable potential corrections. We can, however,

take advantage of recently developed low variance force estimators to obtain the distribution

functions with smaller statistical errors.92,93

Having specified the quasi-centroid coordinates, we are ready to describe the quasi-

centroid potential of mean force in more detail. The intramolecular correction is

∆Vintra(r) =
N∑
i=1

[∆Vr(rOH1,i) + ∆Vr(rOH2,i) + ∆Vθ(θi)] , (2.46)

where rOH1,i, rOH2,i and θi are the intramolecular quasi-centroid coordinates of the ith water

molecule, and the intermolecular correction is

∆Vinter(r) =
N∑
j>i

∑
X∈i

∑
Y∈j

∆VXY(|rX,i − rY,j |). (2.47)

Here, X and Y loop over all possible O-O, O-H and H-H pairs in the molecules i, j. Both

∆Vintra and ∆Vinter can be found via the IBI.91,94 For ∆Vinter, we set

∆V
(n+1)
XY (r) = ∆V

(n)
XY (r)− 1

β
log

gexactXY (r)

g
(n)
XY(r)

(2.48)

in the nth iteration (starting from ∆V
(0)
XY = 0). g

(n)
XY(r) is the pairwise distribution function

obtained from a classical evolution with the current correction ∆V
(n)
qc . The intramolecular
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corrections ∆V
(n)
intra are found with the update rules in Equations (2.43).

There are heuristic arguments that the IBI always converges,91 and progress has been

made towards proving so.95 However, it has been previously observed94 that close to conver-

gence, the IBI iterations start to oscillate, and can even become unstable. We observed the

same behaviour in our iterations. To avoid convergence issues, the IBI update is sometimes

scaled by a prefactor outside the logarithm in Equation (2.43) and (2.48).96 However, we

found that a much better approach is to regularise the IBI update rule as

∆V (n+1)
α (r) = ∆V (n)

α (r)− 1

β
log

gexactα (r) + εg∞α

g
(n)
α (r) + εg∞α

, (2.49)

where α refers to any of the inter- or intramolecular quasi-centroid degrees of freedom, ε is a

small number, and g∞α = maxr{gexactα (r), g
(n)
α (r)} ensures that ε remains dimensionless. The

regularisation of the IBI is shown in Figure 2.4 for the O-H pairwise distance distributions.

With increasing ε, the magnitude of the correction is damped, which should mitigate the

oscillating behaviour close to convergence. At the same time, any discontinuities in ∆VOH

that arise from statistical noise in the low sampling region of the O-H distribution functions

are smoothed out. This allows us to differentiate the potential corrections to evaluate the

nuclear force. The regularisation in Equation (2.49) is by no means a new idea, having already

been suggested in the paper introducing IBI by Soper,91 but it has not been widely used.

2.4 Results for water and ice

For liquid water and ice, we choose the q-TIP4P/F potential as the underlying classical

potential Vcl.
29 The intermolecular part of the q-TIP4P/F potential,

Vinter(r) =
N∑
j>i

4ε(( σ

|rO,i − rO,j |

)12

−
(

σ

|rO,i − rO,j |

)6
)

+
∑
m∈i

∑
n∈j

qmqn
rmn

 , (2.50)

is composed of Lennard-Jones interactions between the oxygen atoms and electrostatic in-

teractions of auxiliary partial charges placed on the water molecules. The Lennard-Jones

parameters ε and σ set the energy and length scales of the intermolecular interactions, re-
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spectively. The indices n and m enumerate the partial charges qm, qn that are placed on the

ith and jth water molecules, respectively, separated by the pairwise distance rmn. To find the

intermolecular quasi-centroid potential of mean force, we use the regularised IBI procedure

as outlined in Section 2.3.

For the intramolecular part we employ an additional trick. The q-TIP4P/F intramolecular

potential for a given molecule includes a fourth order polynomial in the O-H bond length,

Vr(r) = k2(r − req)
2 + k3(r − req)

3 + k4(r − req)
4, (2.51)

and a quadratic polynomial in the H-O-H bond angle,

Vθ(θ) = kθ(θ − θeq)
2, (2.52)

with the equilibrium O-H bond length req, the equilibrium H-O-H angle θeq, and constants

k2, k3, k4, and kθ. The full intramolecular potential is

Vintra(r) =
N∑
i=1

[Vr(rOH1,i) + Vr(rOH2,i) + Vθ(θi)] . (2.53)

Although we could use the regularised IBI routine as described in Section 2.3, we can simplify

our approach further by assuming that the intramolecular quasi-centroid potential of mean

force has the same form as Equations (2.51)-(2.53). After each IBI update we then simply

refit the polynomial coefficients to Vr + ∆V
(n)
r and Vθ + ∆V

(n)
θ , where ∆V

(n)
r and ∆V

(n)
θ

are obtained through Equation (2.43). The fitting ensures that the resulting quasi-centroid

potential is smooth, so we get reasonable MD forces throughout the simulation.

Our simulation contains 216 water molecules in a cubic box with side length 35.24 a0

for water, and 96 water molecules in an orthorhombic box with side lengths 25.62, 29.58

and 27.89 a0 for ice, where a0 is the Bohr radius. We used P = 32 beads at 300 K and

P = 64 beads at 150 K for the PIMD simulation. During the IBI, we used ε = 1 and

ε = 5 at 300 and 150 K, respectively. For both temperatures, we iterated the regularised IBI

30 times, after which the distribution functions obtained with the effective potential were in
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perfect agreement with the exact PIMD distribution functions. The converged quasi-centroid

distribution functions for ice are shown in Figure 2.5 to underline this point.

This is a good time to discuss the uniqueness of the solution we find with our IBI iterations.

The IBI is guaranteed to find the correct potential of mean force if the target potential itself

is a pairwise potential.97 However, if three and higher body-order interactions are present,

then uniqueness is not guaranteed. For example, Evans has argued that in this case, higher

order distribution functions would be necessary to unambiguously determine the effective

potential.98 It is unclear what the shape of the correction ∆Vqc we are targeting is, but it

is easily conceivable that it contains terms beyond pairwise ones. Indeed, we observe small

differences between the final effective potentials found by different IBI runs with different

regularisation parameters ε. However, these differences did not have an observable effect on

the spectrum.

Figure 2.6 compares the f-QCMD spectrum of liquid water with the classical spectrum,

the adiabatic QCMD spectrum, and the spectrum calculated with a recently developed path

integral coarse grained method (Te PIGS).84 In Te PIGS, the CMD potential of mean force

Vc is precomputed at a higher temperature, and then used at all lower temperatures.84 (For

example, in liquid water, the potential is precomputed at 600 K.84) The adiabatic QCMD

results were calculated with an improved torque estimator87 and provided to us by George

Trenins.33 The Te PIGS results were provided by Venkat Kapil.84

We focus on the fundamental region of the spectrum, which is composed of a libration

band at around 600 cm−1, a bending band at around 1600 cm−1, and a stretch band at

around 3500 cm−1. At 300 K, our f-QCMD results are nearly on top of the adiabatic QCMD

results, except for a small red shift in the stretch band and small blue shifts in the libration

and bend bands. All shifts are on the order of tens of cm−1. For liquid water, our separable

assumption in Equations (2.44), (2.46) and (2.47) is thus adequate, and the nuclear quantum

effects are captured for the most part by pairwise interactions.

The extent to which nuclear quantum effects are relevant can be determined by looking

at the red shifts in the f-QCMD spectrum with respect to the classical spectrum. These are

most pronounced for the high frequency stretch band. The red shifts decrease in the bending
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Figure 2.6: Comparison of classical MD (top), adiabatic QCMD (middle) and Te PIGS
(bottom) with f-QCMD for the vibrational spectrum of liquid water at 300 K.

band and almost completely disappear in the libration band, where the thermal energy kBT

(ca. 200 cm−1 at 300 K) is comparable to the vibrational frequency, and the vibration is

therefore effectively fully classical. The Te PIGS spectra are again similar to the f-QCMD

spectra, except for a red shift in the stretch band and a very slight blue shift in the libration

band. Because of the uneven shape of the libration band, we suspect that its slight blue

shift is due to insufficient convergence of the Te PIGS correlation function, which will mostly

affect the low frequency regime of the spectrum. The red shift in the stretch peak, however,

could be a sign of the curvature problem, which can manifest already at 600 K.33

Figure 2.7 compares the vibrational spectra for hexagonal ice at 150 K. The main dif-

ference to the water spectra is that the peaks are now significantly narrower and have more

structure, in particular the O-H stretch peak. We can also see a tiny peak at around 250 cm−1,

which corresponds to an intermolecular O-O stretch. The difference between f-QCMD and

adiabatic QCMD is now more noticeable than at 300 K. There is a small red shift in the
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frequency of the stretch band, the intensity of the bend band is noticeably lower in f-QCMD,

and both the bend and libration bands are slightly blue shifted compared to QCMD. The

most likely explanation is that the separable approximation to the quasi-centroid potential

of mean force breaks down at lower temperatures. It is nevertheless worth briefly outlining

other potential reasons for the disagreement. It could, for example, be that the adiabatic

QCMD results carry some artefacts from their implementation. A comparison between the

exact quasi-centroid distribution functions and the distribution functions obtained with adi-

abatic QCMD in Figure 2.8 shows some subtle differences. It is possible that the adiabatic

QCMD results are either not fully converged with respect to the adiabatic separation, or that

the torque estimator used to evaluate the forces in adiabatic QCMD is not entirely accurate.

However, the QCMD peak positions have previously been tested for convergence with respect

to the adiabatic separation99 Also, QCMD and CMD agree in the low frequency region,87

which suggests that the torque estimator is fine. The adiabatic QCMD peaks are therefore

probably reliable, and the error is more likely to lie in the separable approximation we have

used in f-QCMD.

In contrast, the Te PIGS results are remarkably close to our f-QCMD results. This is

slightly surprising, since the two methods obtain their potentials of mean force in completely

different ways. At first glance, there is no reason they should produce almost identical spectra.

A possible explanation is the following. At 300 K, the adiabatic QCMD and f-QCMD results

agree well (Figure 2.6). This indicates that the difference between the effective potential and

the classical potential is dominated by pairwise interactions. The Te PIGS effective potential

is computed at an even higher temperature, and we can imagine that it will therefore also be

dominated by pairwise interactions. As we move towards lower temperatures, the pairwise

separable approximation becomes worse. However, Te PIGS reuses the elevated temperature

potential of mean force for all temperatures, so it continues to employ a pairwise potential.

F-QCMD recomputes the effective potential for each new temperature, but we have a priori

restricted it to have a separable form. By this argument, f-QCMD and Te PIGS end up with

similar approximations to the effective potential, and they could thus result in similar spec-

tra. Finally, we observe again shifts in the f-QCMD peaks compared to the classical spectrum
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due to nuclear quantum effects. They cause a red shift of about 100 cm−1 in the stretch peak

and about 50 cm−1 in the bend peak. There is no red shift in the libration peak (although

adiabatic QCMD does show a slight red shift with respect to the classical spectrum). The

shape of all peaks, however, is the same in classical and f-QCMD spectra. In fact, the peak

shapes are very similar in all of the methods discussed here. This is a drastically different

picture than we would have seen about a decade ago. The state-of-the-art methods at the

time like (T)RPMD and CMD all have their own issues when it comes to vibrational spectra,

which we outlined in Section 2.2. We are now reaching a consensus on what the ‘correct’

spectra of water and ice are in the fundamental region below 4,000 cm−1, which was not

possible previously.

2.5 Summary

This chapter has outlined the extension of f-QCMD to the condensed phase. There are

three stages to an f-QCMD calculation. First, we define a set of intra- and intermolecular

quasi-centroid coordinates and run a PIMD simulation to obtain their distribution functions.

The coordinates are tailored to the system of interest and are thus defined on a case-by-case

basis. Second, we find an approximate quasi-centroid potential of mean force through the IBI

by assuming that any corrections on top of the underlying classical potential are separable

in the quasi-centroid coordinates. Third, we run a classical MD simulation on the quasi-

centroid potential of mean force to calculate the dipole autocorrelation function according to

Equation (2.33), with which we obtain the vibrational spectrum upon Fourier transformation.

We have applied this procedure to liquid water and ice. For the first stage, we defined

the intramolecular O-H bond lengths and H-O-H bond angles and the intermolecular pair-

wise O-O, O-H and H-H distances as quasi-centroid coordinates. We then showed that the

convergence of the IBI iterations needed in the second stage can be made more stable by

regularising the IBI update, Equation (2.49). Our regularisation has the additional benefit

of producing smooth potentials of mean force which are amenable to MD simulations. While

such a regularisation was proposed as early as in the initial publication on IBI,91 it did not
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seem to gain traction. Instead, the iterations were controlled by an overall scaling factor in

front of the correction term,96 which does not remove discontinuities in the potential of mean

force which arise due to statistical noise in the distribution functions.

We continued by comparing the f-QCMD spectrum with classical, adiabatic QCMD and

Te PIGS results for water at 300 K and ice at 150 K. F-QCMD agrees better with adiabatic

QCMD in water than in ice, which suggests that the separable assumption on the quasi-

centroid potential of mean force (Equations (2.44)-(2.47)) is better at higher temperatures.

Te PIGS also agrees well with f-QCMD, except for minor shifts in the liquid water spectrum,

which we suspect are either due to insufficient convergence or an early manifestation of the

curvature problem. In general, although there are small shifts between the quantum methods,

they agree quite well in the line shapes. We are thus now reaching a consensus between path

integral methods. This is in stark contrast to the situation a decade ago, when the state-

of-the-art methods TRPMD, RPMD and CMD could produce wildly different spectra. This

allows us to finally quantify the impact of nuclear quantum effects by comparing f-QCMD

to the classical spectrum. For both water and ice, the classical and quantum line shapes are

similar, and the only nuclear quantum effect is an anharmonic red shift in the frequency of

the O-H stretching band.

As a caveat, we should note that although we are now confident that recently devel-

oped methods like QCMD variants and Te PIGS work well for the fundamental region of

the spectrum, they are less well suited for the overtone region where they severely underes-

timate intensities. This has been extensively discussed elsewhere,100,101 where perturbative

correction factors have been derived to rescale the overtone bands. However, since this is not

straightforward to do if bands overlap, the reliable treatment of overtones remains an open

problem.



Chapter 3

Vibrational strong coupling in

liquid water

3.1 Introduction

There has been considerable recent interest in understanding molecular processes inside a

microcavity (Figure 3.1). Experiments suggest that the presence of the microcavity can

significantly influence observables like (linear and nonlinear) infrared spectra,102 chemical

rates37,39,103, and conductivity and photoconductivity of semiconductors.40,41,104 The under-

lying mechanism of many of these effects is not well understood, however, and the observed

effects remain hotly debated.42,45,46 Changes to chemical reaction rates in particular have

stirred up a frenzy because of their potential applications. They are also surprising, since the

coupling between the light and any single molecule in the cavity is weak,105 and since any

collective excitation of chemical reactions to their transition state would have a prohibitively

high activation energy.44 In contrast, we understand the effect of the cavity on the linear

infrared spectrum much better: When the cavity is in resonance with one of the vibrational

modes of the system, two new light-matter states form, which we call the polariton states.

The energy difference between the polariton states is called the Rabi splitting. The polariton

states appear in the infrared spectrum as two narrow peaks, as shown in Figure 3.2. Since the

cavity interacts with the collective dipole moment of the system within it, it is not surprising

41
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Figure 3.1: An example of a cavity made from gold mirrors and filled with water. In the
applications considered in this section, the spacing between the gold mirrors is usually on the
order of a few micrometers.

to see such a pronounced effect in this observable.

Li et al. developed a classical MD method to describe the effect of the cavity,47 and applied

it to the vibrational spectrum of liquid water.43 In the same study, they calculated static

equilibrium properties such as the dielectric constant of liquid water and the pair distribution

functions we encountered earlier (Equation (2.45)). They finished with a discussion of the

cavity’s effect on dynamical properties such as the velocity and orientation autocorrelation

functions. For the vibrational spectrum, the O-H stretching peak splits into two narrow

polariton peaks as expected from the discussion above. Li et al. also developed a one-

dimensional harmonic oscillator model which qualitatively (but not quantitatively) predicts

the polariton peak positions and their intensities with varying coupling strengths.43 For the

static equilibrium properties, they showed analytically that within a classical treatment,

no property of the system can be modified through the presence of the cavity, which they

then confirmed through simulations. They did not observe any significant modifications

to the velocity autocorrelation function and only a tiny modification to the orientational

autocorrelation function when the cavity was introduced. For the latter, they found that

small peaks appear in its Fourier transform in the same places as the polariton peaks in

the IR spectrum. However, the orientational autocorrelation function is a single-molecule

property. We expect any effect of the cavity to wash out in a simulation that takes into
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Figure 3.2: Coupling between (a) the system vibrational modes and (b, c) the cavity photons.
The vacuum cavity harmonic oscillator potential is shown in panel (b) and the standing waves
of the lowest three cavity modes are shown in panel (c). The polariton states are drawn be-
tween the system and cavity panels (a) and (b). The cavity frequencies are ωc =

πv
L c, where

v = c0/n∞ is the speed of light in the cavity, c0 is the speed of light in vacuum and n∞ is
the refractive index of liquid water. The integer index c enumerates the cavity modes.
The system’s infrared spectra inside and outside the cavity are drawn in orange and grey,
respectively, below the relevant panels. The two polariton states arising from the interaction
between the system and the cavity cause the vibrational peak to split into two narrow po-
lariton peaks, which are separated by the Rabi splitting Ω. The cavity frequency ωc and the
system frequency ω are chosen to be equal here, and are represented by a dotted line in the
spectra.

account more than the 216 water molecules they considered.

Li et al. concluded that, while the cavity has a significant effect on the IR spectrum, it

seems to be completely irrelevant for equilibrium properties and single-molecule dynamical

properties in the limit of classical nuclear motion.43 To test whether these conclusions hold

up under the inclusion of nuclear quantum effects, they followed up with a study of liquid

water in a cavity using TRPMD.48 Compared to the classical case, they did not notice

significant changes to the dielectric constant or the Rabi splitting upon the introduction of

nuclear quantum effects. However, the TRPMD polariton peaks associated with the water

O-H stretch were found to experience a red shift and almost double in width compared to the
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classical ones. The red shift is unsurprising. It is a known consequence of nuclear quantum

effects, as we have discussed extensively in Chapter 2. What they could not unequivocally

determine, however, is whether the broadening in the polariton peaks is due to the usual

broadening introduced by TRPMD (discussed in Section 2.2.2), or whether it is a genuine

effect brought on by the cavity. Having just developed an f-QCMD algorithm for liquid water,

we are in the perfect position to shine light on this question.

3.2 Cavity molecular dynamics

The Hamiltonian for an MD simulation of a system in an optical cavity is47

H = Hsys +Hcav, (3.1)

with the system Hamiltonian

Hsys =
N∑
i=1

|pi|2

2mi
+ Vcl(q), (3.2)

and the cavity Hamiltonian

Hcav =
∑
c,d

[
p2c,d
2

+
1

2
ω2
c

(
qc,d +

µd({qi})
ωc

√
ε0Vcav

)2
]
. (3.3)

qi and pi are the position and momentum of the ith of the total N molecules in the cavity,

and µd is the d component of the molecular dipole moment, where d ∈ {x, y} and we assume

that the cavity mirrors are placed along the z direction. The double sum in Equation (3.3)

goes over the cavity modes c with frequencies ωc, and over the polarisation directions d. All

that remains is to specify the coupling 1√
ε0Vcav

, where Vcav is the volume of the cavity. To this

end, we note first that the dipole moment µd ought to be normalised by 1√
Vsys

, where Vsys is

the system volume. One way to see this is to note that the dielectric constant, which is an

intensive material property, is related to the dipole variance divided by Vsys.
106–108 In general,

Vsys ≤ Vcav, for example if the mirrors are coated with silica so as to avoid interactions with

the substrate. With all this in mind, we can define the ratio between the system and cavity
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volume, R = Vsys/Vcav, and the scaled, system size-independent dipole moment

νd({qi}) =
µd({qi})√
εVsys

, (3.4)

with which the cavity Hamiltonian can be written as

Hcav =
∑
c,d

[
p2c,d
2

+
1

2
ω2
c

(
qc,d +

√
R
νd({qi})
ωc

)2
]
. (3.5)

This has two advantages. Firstly, using the scaled dipole moment ν({qi}) is convenient for our

simulations, which use periodic boundary conditions. We fix R, and increase the simulation

box size until our results are converged. Scaling the dipole moment in Equation (3.4) makes

sure that the box size does not impact our simulations. Secondly, it makes obvious that there

is a physical limit to the coupling strength, since it constrains 0 < R ≤ 1. As we will show

below, R = 1 provides an upper limit to the Rabi splitting we can physically expect. To

obtain the cavity spectrum, we compute the Fourier transform of the dipole autocorrelation

function just as in Chapter 2,

I(ω) =
β

4ε0cVsys

∫ ∞

−∞
e−iωt

∑
d=x,y

⟨µ̇d(0)µ̇d(t)⟩dt. (3.6)

In contrast to Equation (2.1), we do not include the z direction along which the cavity mirrors

are placed. Since the cavity only interacts with the x and y components of the dipole moment,

the spectrum along the z direction would simply recover the cavity-free spectrum.

From here on, a classical cavity MD simulation proceeds just like any classical MD sim-

ulation, with additional degrees of freedom for the cavity photons and with equations of

motion derived from the total Hamiltonian (Equation (3.1)). A cavity TRPMD simulation is

also straightforward. We simply add cavity degrees of freedom to the ring polymer.47,48 For

cavity f-QCMD simulations, we will reuse the cavity-free quasi-centroid potentials of mean

force for liquid water obtained in Chapter 2. In doing this, we implicitly define the cavity

quasi-centroid coordinates to coincide with the Cartesian centroids, and note that the cavity

does not impact the radial and angular distribution functions of the water molecules.43 For
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simplicity, we will label the f-QCMD results as ‘QCMD’ from here on.

3.3 Results

3.3.1 Nuclear quantum effects

We started by computing the classical cavity spectrum for liquid water, and comparing it

to Li et al.’s results.43 Both used the q-TIP4P/F force field for the molecular potential in

Equation (3.2). We increased R until our Rabi splitting (720 cm−1) was close to their reported

value (715 cm−1), which we achieved for R = 2.25. Like any R > 1, this is clearly unphysical,

since it corresponds to the case where the volume of water inside the cavity exceeds the cavity

volume. We will consider more realistic values in the coming sections, but for the sake of

comparing like with like we will use R = 2.25 in this section. We then computed TRPMD,

RPMD and QCMD spectra for this parameter. The results are shown in Figure 3.3. To

start, we observe that the classical line widths are also similar to Li et al.’s: 18 cm−1 and

59 cm −1 (us) compared to 24 cm−1 and 60 cm−1 (them) for the lower and upper polariton

peaks, respectively

Let us now turn to the TRPMD results, Firstly, both inside and outside the cavity, the

spectra are red shifted by around 100 cm−1 with respect to the classical spectrum due to the

usual anharmonic red shift. We measured a TRPMD Rabi splitting of 727 cm−1, with upper

and lower polariton line widths of 78 cm−1 and 134 cm−1, respectively. This is close to the

values reported by Li et al., which are 720 cm−1 for the Rabi splitting, 65 cm−1 for the upper

and 129 cm−1 for the lower polariton line width.48 In TRPMD, the polariton bands are thus

about twice as broad as in classical MD. Using the fact that the broadening is less severe

outside the cavity (it comes out to around a 30% broadening), Li et al. argued that part of

the broadening may be due to nuclear quantum effects in the cavity.48

The QCMD results shed light on this suggestion. While the peak positions are the same

as in TRPMD, the line widths are noticeably smaller. They are in fact close to the classical

values, with an upper polariton line width of 18 cm−1 and a lower polariton line width of

44 cm−1. We have also computed the RPMD spectra inside and outside the cavity. The

cavity-free spectrum is known to show signs of a spurious resonance between the O-H stretch
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Figure 3.3: Comparison of the infrared spectrum of liquid water outside (grey) and inside
(orange) the cavity, as obtained from classical MD and three different path integral methods.
A single cavity mode is coupled to the O-H stretch at a frequency that is indicated by the
dotted line (3,550 cm−1 for the classical simulation, 3,450 cm−1 for the rest). The intensities
of the cavity-free spectra are scaled by a factor 5 for an easier comparison.
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and the ring polymer internal modes,20 which gives rise to a double hump. However, it seems

that at least the upper polariton fortuitously is not perturbed by resonances (the lower

polariton is smeared out, making it barely visible). By themselves, RPMD results should

be taken with a grain of salt, but here we see the same red shift as TRPMD and QCMD.

Together with our conclusions from Chapter 2, we are confident that this is the correct peak

position at our level of theory. The RPMD line width of the upper polariton is 25 cm−1.

This is much closer to the classical and QCMD line widths, and serves as another piece of

evidence that the observed broadening in TRPMD is purely an artefact. It also justifies our

choice of the QCMD quasi-centroid potentials of mean force. From here on, we will only

present QCMD spectra, and consider more realistic R values.

3.3.2 More realistic simulations

Figure 3.4 shows cavity QCMD spectra for a number of different cavity setups at the highest

physical coupling strength obtained with R = 1. Figure 3.5 shows the same but for R = 0.5.

When only a single cavity mode is resonant with a molecular vibration (panels (a)-(c)), the

cavity spectrum is relatively straightforward to interpret. The peak that is resonant with the

cavity splits into an upper and a lower polariton. There is very little impact on the remaining

peaks, except for slight shifts away from the polariton peaks (visible in panels (b) and (c)

of Figure 3.4), which can be thought of as repulsive interactions with the polariton states.

These interactions are hardly noticeable at lower coupling strengths (Figure 3.5), though.

The Rabi splitting is known to scale as
√
N , where N is the number of molecules in the

cavity. Since R is proportional to N , the Rabi splitting also scales as
√
R. We can verify this

by comparing Figure 3.4 to Figure 3.5, where the Rabi splitting is indeed about a factor
√
2

smaller.

The multimode spectra in panels (d) of Figures 3.4 and 3.5 show more complex features,

and it is difficult to assign peaks to the physical vibrations. The most noticeable difference

between the multimode spectra at different coupling strengths in Figures 3.4 and 3.5 is that

the highest frequency peak is significantly narrower and more blue shifted for R = 1 than for

R = 0.5. However, this could be related to the fact that we do not include cavity frequencies
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Figure 3.4: Cavity QCMD spectra of liquid water with the cavity tuned to different fun-
damental vibrational frequencies at the maximal coupling strength R = 1. Panels (a)-(c)
assume there is just a single cavity mode. Panel (d) shows a multi-mode spectrum, which
includes four overtones on top of the fundamental frequency, which is tuned to the libration
band. The dotted lines indicate the cavity frequencies at (a) 3,450 cm−1, (b) 1,620 cm−1, (c)
660 cm−1 and (d) c · 660 cm−1, where c = 1, . . . , 5.



50 3 – Vibrational strong coupling

0

5

10

15 (a)

No cavity Cavity MD SHO model

0

5

10

15 (b)

0

5

10

15

n(
ω

)α
(ω

) /
 1

03  c
m

−1

(c)

0 500 1000 1500 2000 2500 3000 3500 4000
ω / cm−1

0

5

10

15 (d)

Figure 3.5: As Figure 3.4, but for R = 0.5.
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above 4,000 cm−1. All of the effects we observe in the single or multi-mode cavity QCMD

spectra are consistent with theoretical expectations. However, we will next discuss how we

can avoid doing any MD simulation, and instead predict the cavity spectra to graphical

accuracy using a simple one-dimensional harmonic oscillator (SHO) model.

3.3.3 A simple harmonic oscillator model

To build our model, we first consider the cavity-free spectrum, which is obtained via

I(ω) =
β

2c

∫ ∞

−∞
e−iωt⟨ν̇x({qi(0)})ν̇x({qi(t)})⟩dt, (3.7)

where we have substituted the dipole moment in Equation (3.6) with the scaled dipole moment

from Equation (3.4), and we consider only the x component of the dipole moment in order to

simplify the discussion. Consider next a grid of frequencies ωi, i = 1, . . . , N . We assume that

the cavity-free spectrum is available on such a grid, and define the pre-limit delta functions,

δi(ω) =


1

∆ωi
ω ∈ (ωi+ωi−1

2 , ωi+1+ωi

2 )

0 else

, (3.8)

where ∆ωi = (ωi+1 − ωi−1)/2 and with ω0 = max(0, 2ω1 − ω2), ωN+1 = 2ωN − ωN−1. Using

these, we discretise the spectrum as

I(ω) =

N∑
i=1

∆ωiI(ωi)[δi(ω) + δi(−ω)]. (3.9)

Next, consider a system of N one-dimensional harmonic oscillators with the same frequencies

ωi and with the Hamiltonian

Hsys({pi, qi}) =
N∑
i=1

(
p2i
2

+
1

2
ω2
i q

2
i

)
(3.10)

and with a linear dipole moment

ν =

N∑
i=1

νiqi. (3.11)
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It is straightforward to derive an analytic expression for the dipole derivative autocorrelation

function for this model system,

⟨ν̇(0)ν̇(t)⟩ = 1

β

N∑
i=1

ν2i cos(ωit), (3.12)

which also allows us to find for the vibrational spectrum,

I(ω) =
π

2c

N∑
i=1

ν2i [δ(ω − ωi) + δ(ω + ωi)] ≈
π

2c

N∑
i=1

ν2i [δi(ω) + δi(−ω)]. (3.13)

Equations (3.13) and (3.9) are equal if we set

νi =

√
2c∆ωiI(ωi)

π
, (3.14)

which determines the dipole moments of the harmonic oscillators. Finally, we couple the

harmonic oscillators to the cavity with these dipole moments. The cavity Hamiltonian is

then

Hcav({qi}, qc, pc) =
M∑
c=1

p2c
2

+
1

2
ω2
c

(
qc +

√
R

N∑
i=1

νiqi
ωc

)2
 , (3.15)

and we can write the full Hamiltonian of this SHO model as

H(p,q) =
1

2
pTp+

1

2
qTHq, (3.16)

with p = ({pi}, {pc}), q = ({qi}, {qc}) and the Hessian matrix elements Hij = ω2
i δij +

MRνiνj , Hic = Hci =
√
Rωcνi and Hcc′ = ω2

c δcc′ . Diagonalising the Hessian matrix with an

orthogonal matrix C

CTHC = ω̃, (3.17)

and transforming the dipole moment into the eigenbasis,

ν̃ = CTν, (3.18)
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gives the predicted cavity spectrum of the SHO model as

I(ω) =
π

2c

N∑
i=1

ν̃i[δ̃i(ω) + δ̃i(−ω)], (3.19)

with the pre-limit delta functions for the new frequencies defined in analogy to Equation (3.8),

δ̃i(ω) =


1

∆ω̃i
ω ∈

[
ω̃i+ω̃i−1

2 , ω̃i+1+ω̃i

2

]
0 else

, (3.20)

∆ω̃i = (ωi+1−ωi−1)/2, ω̃0 = max(0, 2ω̃1− ω̃2), and ω̃N+1 = 2ω̃N − ω̃N−1. In Equation (3.18),

ν = ({νi}, {0}) is the dipole vector with entries from Equation (3.14) that has been padded

with M zeros to be compatible with the matrix C. We already included the SHO model’s

predictions in Figures 3.4 and 3.5 as black dashed lines, using the cavity-free QCMD spectrum

as input to the discretisation in Equation (3.9). The model agrees to graphical accuracy with

the cavity QCMD simulations in all panels and at both interaction strengths. It thus inherits

its accuracy directly from the input spectrum: We input the result of a cavity-free QCMD

simulation using the q-TIP4P/F potential, so the SHO model returns the analogous cavity

spectrum. This means that there is no need for cavity MD simulations. With the model

described here we can perfectly predict cavity MD spectra, at a fraction of the cost of a

cavity MD simulation.

3.3.4 Applications to experiments

Another advantage of the model described in Section 3.3.3 is that we have complete freedom in

choosing the input spectrum. A particularly attractive option is the experimental spectrum.

It is the exact (quantum mechanical) cavity-free spectrum and avoids all of the assumptions

inherent to MD, like the approximation of the true potential energy surface, finite size effects,

and approximate treatment of the nuclear quantum effects. The experimental spectrum of

liquid water is available on a grid of frequencies.109 We can then follow the procedure outlined

in Section 3.3.3 to discretise the spectrum and to obtain a prediction for cavity spectra. The

only thing left to do is to specify where to place the cavity modes. From an experimental
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Figure 3.6: Impact of the cavity on the experimental liquid water spectrum as predicted from
the SHO model using R = 1. The cavity modes with (a) c = 1, (b) c = 2, (c) c = 3 and
(d) c = 4 are resonant with the OH stretch, as described in the text. The cavity frequencies
are indicated with dotted vertical lines, and we only include modes with frequencies up to
3, 500 cm−1.
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point of view, the O-H stretch is the most interesting degree of freedom. It has a much higher

intensity than the bend or libration peaks in the experimental spectrum, and is therefore

expected to result in a larger Rabi splitting. Therefore, we choose either the fundamental

cavity mode or one of the overtones to be resonant with the O-H stretch. This consideration

was less relevant when we were studying water with the q-TIP4P/F model: The intensity of

the O-H stretch peak is much smaller than in the experimental spectrum, and the cavity has

a comparably large effect on all fundamental modes. Given that we are now in a position to

make realistic predictions about the cavity spectrum, we view the simulations presented in

Section 3.3.2 mostly as forming our initial understanding of single- and multi-mode cavity

spectra. Figure 3.6 shows the SHO model’s predictions for a coupling strength of R = 1 when

the experimental cavity-free spectrum is used as input. The Rabi splittings are similar in all

four panels, which is consistent with observations in experiment.45

There have been numerous experiments on liquid water in a cavity.38,45,110 For example,

Fukushima et al. reported upper and lower polariton peak positions as a function of the

(fundamental) cavity frequency ωc.
110 This is precisely the information we need (together

with the geometry of their cavity) to assess our predictions that use the cavity-free water

spectrum109 as input. We use R = 0.96 throughout, which corresponds to a cavity spacing

of 1.0 µm and accounts for the 0.02 µm thick silica coatings of the mirrors. Note that, in

principle, the ratio R changes slightly when the mirrors are moved to implement different

cavity frequencies, but we have not taken this into account in our simulations. We have also

not taken into account any changes to the spectra due to the presence of the silica layers.

Still, the agreement of our simulations with experiment shown in Figure 3.7 is remarkable.

Our predictions are practically on top of the experimental lower polariton peak positions.

The agreement in the upper polariton is slightly worse, where our predictions start off close

to experiments at lower cavity wavenumber ωc, but drift away from the experimental data

when ωc increases. On the one hand, this could be because we only include a single cavity

mode in our predictions, which is a crude approximation. Including overtones would shift the

upper polariton down, and it is possible that this would improve agreement. On the other

hand, it is possible that the reported experimental values suffer from some artefacts (see,
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e.g., the data points for ωc > 3, 500 cm−1).

Luckily, Fukushima et al. repeated their experiments with deuterated water, so we can

test the SHO model on a second system.110 The cavity-free deuterated water experimental

spectrum is also available on a frequency grid.111 Equipped with this, it is easy to compute

SHO results and compare them to Fukushima et al.’s measurements, which we present in

Figure 3.8. The agreement between our predictions and experiments is significantly improved

compared to Figure 3.7. They are now near perfect. While we cannot exclude artefacts due

to the number of cavity modes included in our simulation, our results show that the SHO

model provides a convenient and cheap way to predict cavity spectral measurements.

3.3.5 Equivalence to the transfer matrix method

The SHO model uses the geometry of the cavity (to determine R), and the cavity-free infrared

spectrum as input. It turns out that this is equivalent to the transfer matrix method,112,113

which is well established and has frequently been used by experimentalists to verify their cav-

ity measurements.37,39,42,45,46 The transfer matrix method uses as input the complex refractive

index N(ω) = n(ω)+ iκ(ω). n(ω) is the frequency dependent refractive index and κ(ω) is the

extinction coefficient. The cavity-free spectrum can be written as I(ω) = n(ω)α(ω), where

α(ω) = 2ωκ(ω)
c is the absorption coefficient. We can relate N(ω) and I(ω) by noting that

the refractive index and the extinction coefficient are related by Kramers-Kronig relations.114

This allows us to obtain both n(ω) and κ(ω) from the spectrum I(ω), for example via the

following iterative procedure. Starting from n(0)(ω) = n∞, where n∞ = limω→∞ n(ω) is the

material’s refractive index, we update the extinction coefficient and refractive index in the

jth iteration as

κ(j+1)(ω) =
cI(ω)

2ωn(j)(ω)
, (3.21a)

n(j+1)(ω) = Re

[
n∞ +

2

π

∫ ∞

0

ω′κ(j+1)(ω′)

ω′2 − ω2 + iε
dω′

]
, (3.21b)

where ε is a small number. Adding iε to the denominator shifts the poles away from the

real axis, so that we can easily do the integral numerically. Equation (3.21b) is one of the

Kramers-Kronig relations, and Equation (3.21a) ensures that we reproduce a given vibrational
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Figure 3.9: Comparison of extinction coefficient (top panel) and refractive index (bottom
panel) obtained from the iterative procedure outlined in Equations (3.21) and the text to
experiments.

spectrum. For liquid water, the spectrum I(ω), the refractive index n(ω) and the extinction

coefficient κ(ω) are all available on frequency grids with a high accuracy,109 making it the

ideal test for this approach. As Figure 3.9 shows, after only five iterations the predicted

n(5)(ω) and κ(5)(ω) agree up to graphical accuracy with experiments.

The SHO model and the transfer matrix method are only equivalent if we consider just

a single material. A cavity can have many additional layers, like the mirrors and the silica

coatings. The transfer matrix method can easily be generalised for any cavity setup, whereas

this is more difficult to do with the SHO model.
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3.4 Summary

In this chapter, we applied f-QCMD to liquid water inside a cavity. This system had previ-

ously been studied with classical MD and TRPMD by Li et al.43,48 They observed a red shift

and a broadening of the polariton peaks in the TRPMD spectrum compared to the spectrum

obtained with classical MD. Using our newly developed f-QCMD method, we were able to

show that the broadening is an artefact of TRPMD and not a real nuclear quantum effect.

The red shift, however, persists in the f-QCMD polariton spectra, and it is a true nuclear

quantum effect. We also observe anharmonic red shifts in the cavity-free spectrum, as we

discussed extensively in Chapter 2. There is thus nothing particularly surprising about the

cavity spectrum. We then computed cavity f-QCMD spectra for cavity setups where a single

cavity mode is resonant with either the O-H stretch, the bend, or the libration bands, as well

as a multi-mode cavity. In all of those, our cavity f-QCMD simulations produce results that

are consistent with experimental observations.

We then presented the SHO model to predict cavity spectra. The model discretises the

cavity-free spectrum into uncoupled one-dimensional harmonic oscillators, which are subse-

quently coupled to the cavity. The total Hamiltonian for this system can be diagonalised in

a matter of minutes to predict a cavity spectrum, whereas an f-QCMD simulation can take

days. Using the cavity-free f-QCMD spectrum as input, we have shown that this SHO model

reproduces all of our cavity f-QCMD simulations to graphical accuracy. It is also much more

flexible, since we can use any cavity-free spectrum as input – in particular, we can input

the experimental spectrum. We can therefore make experimental predictions with the SHO

model for a variety of cavity setups. Water in a cavity has been extensively studied,38,45,110

and experimental data was available for us to compare with our predictions.110 Our SHO

model agrees well with cavity experiments. The agreement is better in deuterated water

than liquid water, which could either be due to our neglect of higher frequency cavity modes

or to artefacts in the experiments.

The striking simplicity of the SHO model together with its accurate predictions of cavity

spectra casts some doubt on other polariton experiments. The effects we observe in the

linear vibrational spectra are captured entirely without invoking any chemical or structural
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changes to the contents of the cavity. As Schwennicke et al. showed, the cavity is nothing but

an optical filter for the linear spectrum.115 They could reproduce polariton spectra without

the need for a cavity, but with the use of a filtered laser. However, they point out that to

describe some processes like spontaneous Rahman scattering, a more sophisticated quantum

electrodynamics treatment is needed.

On the one hand, it could therefore be argued that cavity effects will only become no-

ticeable in higher-order measurements, such as two-dimensional infrared spectra.102,116 On

the other hand, there have already been reports about issues with reproducing cavity exper-

iments.45,46 While it may be possible to observe cavity effects in a pumped cavity, it seems

unlikely to us that claims of vacuum light field effects on chemical reaction rates in liquid

samples will ever find an acceptable explanation.

We closed this chapter by pointing out that the SHO model is equivalent to the transfer

matrix method of applied optics,112,113 which is much better established and more flexible.

Given that cavity MD results can be predicted with the SHO model, and that the SHO model

input is equivalent to that of the transfer matrix method, there is really nothing that cavity

MD has to offer for equilibrium simulations of the spectrum. However, since its introduction,

cavity MD has also been used to explore non-equilibrium cavity effects.117 In this context it

is more powerful than the transfer matrix method and it could potentially reveal some real

effects of the cavity on the system it contains.
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Chapter 4

Electronic spectroscopy

4.1 Introduction

Within the wide range of spectroscopic methods, two-dimensional spectroscopy has emerged

as a particularly useful experimental tool. It offers insight into nonadiabatic dynamics, includ-

ing energy and charge transfer.50,116,118 This poses a challenge to theory, since nonadiabatic

processes necessitate the simulation of both nuclear and electronic degrees of freedom simul-

taneously, as opposed to the previous Chapters 2 and 3, where we could largely ignore the

electronic component of the problem by approximating it with the q-TIP4P/F force field for

liquid water. A zoo of different propagation methods and approximations exists to describe

nonadiabatic dynamics. In applications to large biomolecules such as the ones we are inter-

ested in, semiclassical approaches, where the system is separated into a classical bath and

a quantum subsystem, have emerged as the most popular approaches. Often, the quantum

subsystem comprises all electronic degrees of freedom, and the nuclei are represented by the

classical bath. Semiclassical methods can be differentiated by how they evaluate the effect of

the electronic degrees of freedom on the nuclear bath.

The Ehrenfest method, for example, employs a mean field approach and averages the

nuclear force over the current electronic state.119 As a consequence, it is not able to describe

branching of the wave packet when two electronic states cross. Further, while it gives good

results at short times, Ehrenfest converges to an overheated equilibrium, and is therefore

generally unable to describe long-time population dynamics.120 The most common alterna-

63
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tive to Ehrenfest is trajectory surface hopping, where nuclei evolve on a single adiabatic state

and hop stochastically when two adiabatic states approach each other.121 Since the hops are

done stochastically, they are not reversible. Furthermore, the electronic wave function and

nuclear forces can become inconsistent, resulting in the violation of detailed balance.122,123

Surface hopping also cannot appropriately describe decoherence, which occurs in wave packet

branching. Various decoherence corrections have been developed to account for this, but they

have to be introduced ad hoc.124–128 As a further alternative, mapping methods map the elec-

tronic states onto classical variables, such that nuclei and electrons are treated on the same

footing.129–131 The force on the nuclei is averaged over the mapping degrees of freedom. Al-

though they are generally better suited for population dynamics than Ehrenfest,132 mapping

approaches are still mean field and therefore cannot describe wave packet splitting. The field

had thus been left in a somewhat unsatisfying place, with none of the above methods being

able to both capture accurate population dynamics and describe wave packet branching. A

promising way to unify the benefits of mapping and surface hopping approaches has been

recently introduced with the mapping approach to surface hopping (MASH).122,123,133 In

MASH, the nuclei evolve on a single electronic surface at any one time, as in surface hopping,

but hops are decided deterministically based on the electronic mapping variables, recovering

detailed balance.

Although we will keep the other methods in mind, here we will first focus on methods

based on Ehrenfest dynamics. This is primarily motivated by a desire to minimise computa-

tional cost: Ehrenfest is the least expensive of the above methods since there is no need to

sample the electronic wave function (unlike in mapping) and there is no stochasticity to the

evolution (unlike in surface hopping). We can also typically use a larger time step than in

surface hopping, because there are no abrupt jumps in the force. Even though we expect the

results to be affected by the fact that Ehrenfest converges to an overheated equilibrium , we

anticipate that this will have a minor effect at shorter times and that Ehrenfest will therefore

reproduce the major features of the spectra reliably.

Ehrenfest has previously been used to investigate two-dimensional electronic spectra by

calculating the dynamics of a coherence to obtain third order response functions. Van der
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Vegte et al. first applied Ehrenfest dynamics to the simulation of electronic spectra.69 They

used a mean classical path approximation, where the nuclei evolve under an Ehrenfest force

induced by the states that appear in the coherence being propagated. Their method agrees

well with exact results obtained with HEOM for systems where the classical bath relaxes

slowly. We are however interested in systems with baths which may have shorter relaxation

times. Atsango et al. followed up with a different formulation and considered a wider range of

parameters.70 They decomposed coherences into four pure states, which were then propagated

according to the wave function formulation of Ehrenfest.119 While their approach performs

well in model systems with a slow relaxation time, it deteriorates severely as the relaxation

time decreases.

After a review of the theory of electronic spectroscopy in Section 4.2 and Frenkel exciton

models in Section 4.3, this chapter provides an in-depth analysis of Atsango et al.’s pure

state Ehrenfest approach in Section 4.4. We reveal that their choice of ‘polar’ pure states

give rise to unphysical contributions to the quantum subsystem’s evolution. However, we

also propose and analyse an alternative, ‘equatorial’, set of pure states in Sections 4.5-4.8, for

which no such unphysical contributions occur, and for which we can incidentally also reduce

the computational effort by a factor 32. Section 4.9 summarises the main results.

4.2 Theory

The Hamiltonian for a one-dimensional system irradiated by light is

Ĥ(t) = Ĥmol +Hlight(t) + Ĥint(t), (4.1)

where Ĥmol is the system Hamiltonian, Hlight(t) is the classical Hamiltonian of the light field,

and Ĥint is the interaction Hamiltonian. This Hamiltonian is closely related to the cavity

Hamiltonian in Chapter 3 (Equation (3.1)). One main difference is that the total Hamiltonian

is now an operator since we are dealing with multiple electronic states. In Chapter 3, the

cavity Hamiltonian has been projected onto the ground state.47
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The interaction with the light’s electric field E is

Ĥint(t) = µ̂E(r, t), (4.2)

where we have applied the dipole approximation in assuming that the dipole moment operator

µ̂ does not depend on the position r and already in Equation (4.1) by assuming the light to

be classical. It is often useful to decompose the dipole moment operator as µ̂ = µ̂+ + µ̂−,

where µ̂+ is an excitation operator and µ̂− is a de-excitation operator.

The dynamics induced by light-matter interactions are probed via the polarisation

P (t) = Tr[µ̂ρ̂(t)], (4.3)

where ρ̂(t) is the density matrix and satisfies the Liouville-von Neumann equation,

∂

∂t
ρ̂(t) = −i[Ĥ(t), ρ̂(t)]. (4.4)

(Note that ℏ = 1 here.) The polarisation is a macroscopic quantity that captures electric field

fluctuations related to absorption, stimulated emission and other responses of the system to

the light, as we will describe shortly. Unfortunately, Equation (4.4) is rather difficult to solve

generally. One would usually try to find an eigenbasis for the Hamiltonian, within which the

time evolution is trivial (this approach is also known as exact diagonalisation).134 But the size

of the eigenbasis grows exponentially with the number of particles in a system, which makes

diagonalising the Hamiltonian reminiscent of searching for needles in a haystack. Even worse,

the eigenbasis may change with time, since the light-matter Hamiltonian in Equation (4.1)

is time-dependent, and the diagonalisation may have to be updated every few time steps. It

is not hard to see that this quickly becomes unfeasible and that a compromise is needed.

Instead of attempting to find the full polarisation, we instead expand it perturbatively

up to nth order in the light-matter interaction Ĥint.

P (t) ≈ P (1)(t) + P (2)(t) + · · ·+ P (n)(t), (4.5)



67 4.2 – Theory

where

P (k)(t) =

∫ ∞

0
dtk · · ·

∫ ∞

0
dt1S

(k)(tk, tk−1, . . . , t1)E(r, t− tk) · · ·E(r, t− tk · · · − t1). (4.6)

Equation (4.6) is a result from time-dependent perturbation theory. For the sake of con-

ciseness it is stipulated here, but it is also derived in detail in textbooks, for example in

Reference [118]. The kth order response function is

S(k)(tk, tk−1, . . . , t1) = ikΘ(t1) · · ·Θ(tk)Tr[µ̂G(tk)[µ̂,G(tk−1)[µ̂, · · · G(t1)[µ̂, ρ̂0]]]], (4.7)

where G(t)(·) = e−iĤt(·)eiĤt is the time propagator and ti is the time between the ith and

(i+ 1)th light-matter interaction. All ti are non-negative to respect causality. This is clear

from the integration boundaries in Equation (4.6), but is additionally imposed by the Heav-

iside functions Θ(ti) in Equation (4.7). Note in particular that the dipole moment operator

appears k + 1 times in the kth order response function. The first k appearances correspond

to interactions between the system and the light field. The final dipole moment operator,

however, arises from the trace in Equation (4.3) and hence is of different character.

4.2.1 Linear spectroscopy

The linear response function is118

S(1)(t) = iΘ(t)Tr[µ̂G(t)[µ̂, ρ̂0]] = −2Θ(t)Im[µ̂G(t)(µ̂ρ̂0)], (4.8)

and the linear spectrum is its Fourier transform,118

I(ω) = Im

∫ ∞

0
e−iωtS(1)(t)dt. (4.9)

Only the imaginary part of the Fourier transform is related to the extinction coefficient and

contributes to the spectrum.118
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t1t2

t3

probe detect

Figure 4.1: Experimental setup for time-domain two-dimensional spectroscopy. Three stag-
gered ultrashort pulses interact with the probe, with delay times t1 and t2 between them.
After the interaction with the light pulses, the probe emits a signal, which is detected after
a third delay time t3. We assume here that all laser pulses have the same incident angle.

4.2.2 Two-dimensional spectroscopy

In time-domain two-dimensional spectroscopy, three very short pulses interact with the sys-

tem (see Figure 4.1). The corresponding third order response function is118

S(3)(t1, t2, t3) = −iΘ(t1)Θ(t2)Θ(t3)Tr[µ̂G(t3)[µ̂,G(t2)[µ̂,G(t1)[µ̂, ρ0]]]]. (4.10)

The three commutators expand to a total of eight terms, such that

S(3)(t1, t2, t3) = −i
4∑

j=1

[Rj(t1, t2, t3)−R∗
j (t1, t2, t3)], (4.11)

where

R1(t1, t2, t3) = Tr[µ̂G(t3)(G(t2)(G(t1)(µ̂ρ0)µ̂)µ̂)], (4.12a)

R2(t1, t2, t3) = Tr[µ̂G(t3)(G(t2)(µ̂G(t1)(ρ0µ̂))µ̂)], (4.12b)

R3(t1, t2, t3) = Tr[µ̂G(t3)(µ̂G(t2)(G(t1)(ρ0µ̂)µ̂))], (4.12c)

R4(t1, t2, t3) = Tr[µ̂G(t3)(µ̂G(t2)(µ̂G(t1)(µ̂ρ0)))]. (4.12d)

The separate terms look very complicated at first sight, but we can greatly simplify them

with the rotating wave approximation (RWA).
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t1
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t3

(a) (b) (c) (d)

t1

t2

t3

(e) (f) (g) (h)

Figure 4.2: The eight possible Feynman diagrams that arise from the three electric field
interactions in the response function R1. The arrows are placed on the side which the
relevant dipole moment operator acts from. They also denote the direction of the electric
field propagation (see text). The final arrow is drawn with dashed lines, since it corresponds
to the measurement of the polarisation (Equation (4.3)). Further, it corresponds to the
emission of the spectroscopic signal, and therefore points away from the system.

The rotating wave approximation

Figure 4.2 shows the possible Feynman diagrams for the response function R1. The arrows

represent the electric fields in Equation (4.3). An arrow pointing to the right represents a

right-propagating field, Ei(r, t) = Ei(t)e
i(kir−ωit), while an arrow pointing to the left repre-

sents a left-propagating field, Ei(r, t) = Ei(t)e
i(−kir+ωit). The RWA allows us to establish

a direct relationship between the electric fields and electronic excitations. Let us first focus
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only on the t1 integral in Equation (4.6). The contribution of the response function R1 is

· · ·
∫ ∞

0
dt1R1(t3, t2, t1)E(r, t− t3 − t2 − t1) · · · . (4.13)

Let us now consider what happens to the initial condition µ̂ρ0 (see Equation (4.12a)) during

the evolution through t1. Since ρ0 = |g⟩⟨g| is the ground state density matrix, µ̂ can only

induce an excitation. For the simplicity of the argument, let us assume that there is only one

excited state |s⟩ with a fixed energy and write the energy difference between |g⟩ and |s⟩ as

ωsg. The coherence |s⟩⟨g| accumulates a phase during the t1 evolution,

G(t1)(µ̂ρ0) ∝ e−iωsgt1 |s⟩⟨g|. (4.14)

We can write the integral over t1 as

∫ t

0
G(t1)(µ̂ρ0)E(r, t− t3 − t2 − t1)dt1

∝
∫ t

0

(
ei(kr−ω(t−t1)) + e−i(kr−ω(t−t1))

)
e−iωsgt1 |s⟩⟨g|dt1

=

[
ei(kr−ωt)

∫ t

0
e−i(ωsg−ω)t1dt1 + e−i(kr−ωt)

∫ t

0
e−i(ωsg+ω)t1dt1

]
|s⟩⟨g|.

(4.15)

For simplicity, the first step in Equation (4.15) assumes a very simple form of the electric

field, E(r, t) = ei(kr−ωt) + e−i(kr−ωt) and we have dropped the terms containing e±iω(t3+t2)

for clarity of the final expression. (The dropped terms would appear as prefactors together

with ei(k1r−ω1t).) Equation (4.15) should be seen as a proof of concept, but a more detailed

discussion of the RWA may be found in References [118] and [135].

The integrand e−i(ωsg+ω)t1 oscillates very quickly compared to the integrand e−i(ωsg−ω)t1 .

During the integration it will effectively cancel out to zero. We can therefore neglect it, such

that only the first integral in Equation (4.15) survives, which arose from the right-propagating

term of the electric field. This is the RWA. Since the first electric field interaction in the

response function R1 acts on the left of the system density matrix (see Figure 4.2), only the

first row of Feynman diagrams survives when we invoke the RWA for the t1 evolution. We can

analyse the t2 and t3 evolution in the same way,135 where we would come to the conclusion
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that only the Feynman diagram in Figure 4.2c survives, and that there is only one possible

path for the response function R1 through the excitation manifolds that survives the RWA.

Consider instead the response function R2, with the initial condition ρ0µ̂. Because the

dipole moment operator now acts from the right, the phase accumulated during the t1 evo-

lution has opposite sign, with

G(t1)(ρ0µ̂) ∝ eiωsgt1 |g⟩⟨s|. (4.16)

If we insert this into the polarisation, we make the exact opposite conclusion as we did for

R1. The sign in the exponential in Equation (4.14) would be inverted, which means that only

the left-propagating term of the electric field survives within the RWA (and analogously for

the t2 and t3 evolution).

These observations can be generalised to the following rules for Feynman diagrams: Under

the RWA, arrows that point towards the diagrams must correspond to an excitation, while

arrows pointing away from the diagram must correspond to a de-excitation. At the end, only

six Feynman diagrams survive out of the total eight response functions in Equation (4.12).

Operators that are associated with arrows on the right side of the Feynman diagram act

on the left (i.e. on the bra state in the density matrix). An excitation in the bra state is

thus caused by a µ̂− operator. Conversely, a µ̂+ operator causes a de-excitation in the bra

state. This observation can be reformulated into a second rule, which says that a left-pointing

arrow is associated with the operator µ̂−, while a right-pointing arrow is associated with the

operator µ̂+.

The correspondence between arrows in the Feynman diagrams with excitations and de-

excitations of the system allows us to greatly simplify the response functions in Equa-

tion (4.12). Response functions within the RWA will be denoted with the Greek letter ‘Φ’,

and we will adjust the numbering to agree with literature that is relevant to this work.70,136

Using the excitation and de-excitation operators µ+ and µ−, these are

R2 ⇝ Φ1 = Tr[µ̂−G(t3)[G(t2)[µ̂+G(t1)(ρ0µ̂−)]µ̂+]], (4.17a)
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t1

t2

t3

|g⟩⟨s|

|s⟩⟨s|

|s⟩⟨g|

(a) R2 ⇝ Φ1

|g⟩⟨s|

|g⟩⟨g|

|s⟩⟨g|

(b) R3 ⇝ Φ2

|g⟩⟨s|

|s⟩⟨s|

|d⟩⟨s|

(c) R∗
1 ⇝ Φ3

t1

t2

t3

|s⟩⟨g|

|s⟩⟨s|

|s⟩⟨g|

(d) R1 ⇝ Φ4

|s⟩⟨g|

|g⟩⟨g|

|s⟩⟨g|

(e) R4 ⇝ Φ5

|s⟩⟨g|

|s⟩⟨s|

|d⟩⟨s|

(f) R∗
2 ⇝ Φ6

Figure 4.3: Feynman diagrams of the nonlinear response functions that survive the RWA.
The caption indicates which response function from Equation (4.12) each diagram originates
from, and which response function in Equation (4.17) it corresponds to. The colours indicate
the active excitation manifold of the ket and bra states of the density matrix: g is the ground
state (black, straight), s is the singly excited (red, zigzag) and d is the doubly excited (blue,
wavy) manifold. Note that in contrast to Figure 4.2, each arrow only corresponds to either
a µ̂+ or µ̂− operator.
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R3 ⇝ Φ2 = Tr[µ̂−G(t3)[µ̂+G(t2)[G(t1)(ρ0µ̂−)µ̂+]]], (4.17b)

R∗
1 ⇝ Φ3 = Tr[µ̂−G(t3)[µ̂+G(t2)[µ̂+G(t1)(ρ0µ̂−)]]], (4.17c)

R1 ⇝ Φ4 = Tr[µ̂−G(t3)[G(t2)[G(t1)(µ̂+ρ0)µ̂−]µ̂+]], (4.17d)

R4 ⇝ Φ5 = Tr[µ̂−G(t3)[µ̂+G(t2)[µ̂−G(t1)(µ̂+ρ0)]]], (4.17e)

R∗
2 ⇝ Φ6 = Tr[µ̂−G(t3)[µ̂+G(t2)[G(t1)(µ̂+ρ0)µ̂−]]], (4.17f)

all of which depend on the delay times (t1, t2, t3). Figure 4.3 shows the corresponding Feyn-

man diagrams. The path of the initial density matrix through the excitation manifolds is now

well-defined. In particular, we note that during t2, the system is within a single excitation

manifold (either the ground state or the singly excited manifold) whereas during t1 and t3 it

is in a coherence, which is especially easy to see from the Feynman diagrams in Figure 4.3.

This is why t2 is sometimes also referred to as the population time.

These response functions can be related to experimental signals. Φ1-Φ3 constitute the

rephasing response function,

Rrp = Φ1 +Φ2 − Φ3, (4.18)

and Φ4-Φ6 the non-rephasing response function,

Rnr = Φ4 +Φ5 − Φ6, (4.19)

where the terms ‘rephasing’ and ‘non-rephasing’ refer to the direction in which the signal is

emitted. For the rephasing terms, the wave vector resulting from the first three interactions

with the electric field is krp = −k1 + k2 + k3 whereas for the non-rephasing terms it is knr =

k1−k2+k3, which can be seen from Figure 4.3. If krp and knr point in different directions, then

the signal could in principle be measured separately by placing a detector along the different

directions. Here, we assume that all laser pulses are collinear (as shown in Figure 4.1), in

which case rephasing and non-rephasing signals emit in the same direction. In such a setup,

the signals cannot be discerned experimentally, although we can of course always separate

them in a simulation if we calculate each of the six response functions in Equation (4.17)
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separately. The Feynman diagrams can also be related to physical processes: Φ1 and Φ4

correspond to stimulated emission, Φ2 and Φ5 correspond to ground state bleaching, and Φ3

and Φ6 correspond to excited state absorption.

Obtaining two-dimensional spectra

We can obtain the spectrum from the rephasing and non-rephasing response functions as137,138

S(ω3, t2, ω1) = Re

∫ ∞

0
dt1

∫ ∞

0
dt3e

iω3t3
[
eiω1t1Rnr(t1, t2, t3) + e−iω1t1Rrp(t1, t2, t3)

]
. (4.20)

Pump-probe spectra (also called transient absorption spectra) are also third order measure-

ments. They correspond to the case where t1 = 0, and are easily obtained once we calculate

the response functions Rnr and Rrp by integrating S(ω3, t2, ω1) over t1.

4.3 Frenkel exciton models

To assess the accuracy of our methods, we will study Frenkel exciton model Hamiltonians,

Ĥ(p̂, q̂) =


Ĥg(q̂) 0 0

0 Ĥs(q̂) 0

0 0 Ĥd(q̂)

+ ĤB(p̂, q̂), (4.21)

with a harmonic bath of M oscillators for each of the N electronic sites,

ĤB(p̂, q̂) =

M∑
j=1

N∑
n=1

(
p̂2jn
2

+
1

2
ω2
j q̂

2
jn

)
. (4.22)

Ĥ(p̂, q̂) is block-diagonal in the ground, singly excited and doubly excited manifolds, with

respective Hamiltonians Ĥg, Ĥs and Ĥd. The ground state energy ε0 is fixed at zero, and

therefore Ĥg = ε0|0⟩⟨0| = 0. The Hamiltonian of the singly excited manifold is

Ĥs(q̂) = Ĥs
S + Ĥs

SB(q̂), (4.23)
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where

Ĥs
S =

N∑
n=1

εn|n⟩⟨n|+
N∑

m̸=n

Jnm|n⟩⟨m|, (4.24)

describes the subsystem, and

Ĥs
SB(q̂) =

M∑
j=1

N∑
n=1

cj q̂jn|n⟩⟨n|, (4.25)

is the system-bath coupling term. In Equations (4.24) and (4.25), εn is the site energy, and

Jnm is the coupling between sites n andm. Doubly excited states are simultaneous excitations

of two different electronic sites. Since it does not matter which order they are excited in, the

states |nm⟩, m > n, can serve as a basis for Ĥd, such that

Ĥd(q̂) = Ĥd
S + Ĥd

SB(q̂), (4.26)

with

Ĥd
S =

N∑
m>n

(εn + εm)|nm⟩⟨nm|

+

[
N∑

ℓ>m>n

(Jmℓ|nm⟩⟨nℓ|+ Jnℓ|nm⟩⟨mℓ|+ Jnm|nℓ⟩⟨mℓ|) + c.c.

]
,

(4.27)

and

Ĥd
SB(q̂) =

N∑
m>n

M∑
j=1

cj(q̂jn + q̂jm)|nm⟩⟨nm|. (4.28)

The dipole moment raising operator couples the ground state to the singly excited man-

ifold, and the singly excited manifold to the doubly excited manifold. The coupling between

the ground state and the singly excited states is

µ̂sg+ =
N∑

n=1

µn|n⟩⟨0|, (4.29)
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and the coupling between the single and double excitation manifolds is

µ̂ds+ =
N∑

m>n

(µm|nm⟩⟨n|+ µn|nm⟩⟨m|) . (4.30)

The dipole moment raising operator is thus

µ̂+ =


0 0 0

µ̂sg+ 0 0

0 µ̂ds+ 0

 , (4.31)

and the full dipole moment operator is µ̂ = µ̂+ + µ̂−, with µ̂− = (µ̂+)
†.

For simplicity, we use identical baths for all sites in Equations (4.22), (4.25) and (4.28),

which is why cj does not have a site subscript. We also assume that their frequencies follow

a Debye power spectrum,

J(ω) =
2λωcω

ω2 + ω2
c

(4.32)

where λ = 1
π

∫∞
0

J(ω)
ω dω is the reorganisation energy and ωc is the bath’s characteristic

frequency. Using a Debye bath allows us to obtain exact results with HEOM,68 which is

instrumental in benchmarking the methods described further below.

In order to treat the bath spectral density numerically, we discretise it into frequencies

ωj and couplings cj ,

J(ω) ≈ π

2

M∑
j=1

c2j
ωj
δ(ω − ωj). (4.33)

There are different ways of choosing the parameters ωj , cj , but a particularly elegant one is

to choose them based on the quadrature rule for the reorganisation energy integral.139,140 To

this end, consider the reorganisation energy

λ =
1

π

∫ ∞

0

J(ω)

ω
dω =

2λ

π

∫ ∞

0

1

1 + x2
dx, (4.34)

where x = ω
ωc
. The integral over x can either be solved by contour integration or by substi-
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tuting x = tan θ. The substitution renders a trivial integral,

∫ ∞

0

1

1 + x2
dx =

∫ π/2

0
dθ, (4.35)

which is solved by the midpoint rule with M quadrature points, θj =
(j− 1

2
)π

2M , j = 1, . . . ,M .

The points θj determine the frequency grid ωj = ωc tan θj . For the weights cj , we require

that the quadrature must reproduce the correct reorganisation energy and that all modes

contribute equally to the reorganisation energy, such that

λ =
1

2

M∑
j=1

c2j
ω2
j

(4.36)

and
c2j
ω2
j

=
2λ

M
. (4.37)

To summarise, the discretised frequencies ωj and cj are

ωj = ωc tan
(j − 1

2)π

2M
, (4.38a)

cj =

√
2λ

M
ωj . (4.38b)

Figure 4.4 shows examples of the quadrature points ωj for M = 1, 5, 10 overlaid with the

original Debye spectrum. If M is odd, the M+1
2 th point is placed at the maximum of the

spectral density (at ω = ωc). The remaining quadrature points are distributed evenly between

the left and right sides of the maximum, although it should be noted that the quadrature

points are spaced much further apart on the right side, due to the long tail of J(ω). If M is

even, there is no quadrature point at ωc, but the quadrature points are still split evenly on

either side of ωc.

4.4 Existing simulation methods

Frenkel exciton models are a classic example of an open quantum system, where an electronic

subsystem is coupled to a nuclear bath. Sometimes it is feasible to treat these systems
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Figure 4.4: Quadrature points for the discretisation of a Debye bath with (a) M = 1, (b)
M = 5 and (c) M = 10 bath modes. The bath has a relaxation time τc = 17.7 fs (where
τc =

2π
ωc
) and reorganisation energy λ = 50 cm−1.

fully quantum mechanically. In the case of Frenkel exciton models, choosing a Debye power

spectrum (Equation (4.32)) for the nuclear bath allows us to use the HEOM method,68 which

in principle gives exact results. However, HEOM is limited in its applicability. Like any

exact method its computational cost increases significantly with system size. Semiclassical

methods pose a viable alternative: They treat the nuclear degrees of freedom classically, such

that only a much smaller subsystem, usually containing the electronic degrees of freedom,

needs a quantum treatment. To this end, the bath operators p̂ and q̂ are replaced by classical

momenta and positions p and q, which evolve under the equations of motion

ṗ = F (q, c),

q̇ = p.

(4.39)

The nuclear force F may depend on the nuclear positions and the electronic wave function

|c⟩. The wave function |c⟩ evolves under the Schrödinger equation,

˙|c⟩ = −iĤ|c⟩. (4.40)
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We further approximate the quantum trace by a mixed quantum-classical trace,

Tr[·] ≈ 1

(2π)NM

∫
dp

∫
dq Trel[·], (4.41)

where Trel is the trace over the electronic degrees of freedom only. The initial condition is a

mixed quantum-classical density matrix,

ρ̂0(p, q) = |0⟩ρB(p, q)⟨0|, (4.42)

where

ρB(p, q) =
∏
j,n

σj
π

exp

[
−2σj
ωj

(
p2jn
2

+
ω2
j q

2
jn

2

)]
(4.43)

is the Wigner distribution of the bath modes, and σj = tanh
(
βωj

2

)
.141 The Wigner distribu-

tion accounts for the additional spread of the nuclear wave packet compared to the classical

case. The simulations from here on proceed similarly to the vibrational spectroscopy simula-

tions described in Chapters 2 and 3, except for one key difference. Previously, all dynamics

happened on the ground state potential energy surface. With the multiple electronic states

present in the Frenkel exciton model, we need to specify how the electronic wave function

impacts the nuclear dynamics. We can thus characterise different semiclassical methods by

how they approximate the nuclear force.

In the Ehrenfest method, the nuclear force is averaged over the electronic degrees of

freedom. The force is

F (q) = −⟨c|∇qĤ(p, q)|c⟩. (4.44)

for a normalised wave function |c⟩ and

F (q) = −Tr[∇qĤ(p, q)ρ̂] (4.45)

for a density matrix ρ̂. The density matrix formulation of Ehrenfest can be derived as a mean

field approximation to the quantum-classical Liouville equation.142 While it is an extremely

popular method, it is not without its flaws. For example, the Ehrenfest equations of motion
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do not conserve the true Boltzmann distribution,

ρ(p, q, c) ∝ ⟨c|e−βĤ|c⟩, (4.46)

but instead conserve,

ρEhr(p, q, c) ∝ e−β⟨c|Ĥ|c⟩. (4.47)

The two distributions are generally not identical, which is why Ehrenfest performs poorly for

population dynamics except in the short-time limit (which is often referred to as the ‘over-

heating problem’).120 Further, Ehrenfest cannot describe wave packet branching: Imagine

two potential energy surfaces that cross at a point q‡. A wave packet approaching the cross-

ing point from the left on the lower potential energy surface will split into two wave packets

upon crossing q‡, which evolve separately on each potential energy surface. In Ehrenfest,

however, the wave packet instead evolves on an average of the two potential energy surfaces.

To address the overheating problem in Ehrenfest, mapping approaches129,131,143 and tra-

jectory surface hopping121 have been developed. In mapping approaches, the wave function

|c⟩ is mapped onto a classical phase space, such that both nuclear and electronic degrees of

freedom are consistently treated classically.129,131,143 They are generally better suited to cal-

culating population dynamics than Ehrenfest, but struggle to describe wave packet branching

just like Ehrenfest.

Conversely, in surface hopping the nuclear force is always evaluated on a single adiabatic

state (the ‘active’ state).121 The active state is updated stochastically throughout the simula-

tion through ‘hops’ between adiabatic states. Surface hopping thus has no problem describing

wave packet branching: it is built in by design. However, the active state in surface hopping

and the state that actually has the highest population in the wave function can become in-

consistent. As a result, surface hopping does not produce accurate population dynamics, and

may give wrong equilibrium populations.

Recently, a mapping approach to surface hopping (MASH) has been introduced that

promises to combine the strengths of mapping and surface hopping approaches.136,144 In

MASH, the wave function is mapped onto a classical phase space, but the force is determined
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by a single adiabatic surface. Hops between adiabatic states happen deterministically based

on the mapping variables. By virtue of its similarity to surface hopping, it is easy to see

that it can describe wave packet branching. Further, it has been shown to work very well for

describing population dynamics136,144 and chemical rate constants.133

Here, we will use Ehrenfest, because it is simple to implement and we anticipate it to

converge very quickly with respect to the total trajectory number. This was our primary

concern when choosing an appropriate method for the present work. We want to develop

a practical method which can be applied to a wide range of systems. Since the third order

response functions are calculated on three-dimensional time grids, the cost for a single trajec-

tory is already considerable, not to mention the cost of a fully converged calculation. We are

aware of the Ehrenfest method’s shortcomings, and will discuss the results accordingly below.

However, its low computational expense compared to mapping, surface hopping and MASH

tipped the scale in its favour here: there is no need to sample the electronic wave function (in

contrast to mapping methods) and there is no stochasticity in its evolution (in contrast to

surface hopping). The instantaneous hops between the adiabatic states also usually require

a smaller time step in surface hopping methods and MASH than in Ehrenfest, which would

further increase the cost of such calculations.

Although Ehrenfest is at face value very simple, its application to calculate the two-

dimensional spectrum is not trivial. The initial condition in the nonlinear response functions

is either µ̂+ρ0 or ρ0µ̂− (see Equation (4.17)). Both of these objects are not proper den-

sity matrices since they have a trace of zero and cannot be propagated with the Ehrenfest

equations of motion.142 Another way to see this is by noting that the Ehrenfest force (Equa-

tion (4.45)) induced by a coherence |a⟩⟨b| is imaginary (or zero, if the Hamiltonian is real),

which is clearly unphysical. (In our case, the force induced by µ̂+ρ0 or ρ0µ̂− is always zero

since the Hamiltonian is block-diagonal in the excitation manifolds.) Two workarounds have

been proposed: First, van der Vegte et al. developed a mean classical path approximation to

the evolution of a coherence.69 They average the force between the coherence’s bra and ket

states, such that the force on the nuclei induced by a coherence |a⟩⟨b| is

FMCP = −1

2
(⟨a|∇qĤ|a⟩+ ⟨b|∇qĤ|b⟩), (4.48)



82 4 – Electronic spectroscopy

Figure 4.5: Bloch sphere representation of the polar pure states.

assuming that both |a⟩ and |b⟩ are normalised wave functions. They showed that their

method agrees very well with exact HEOM results for a Frenkel biexciton model (N = 2)

with relaxation time τc = 220 fs, but did not explore other parameter regimes. Second,

Atsango et al. proposed to decompose a coherence |a⟩⟨b| into four pure states,70

|a⟩⟨b| =
3∑

j=0

wj |j⟩⟨j|, (4.49)

which are then propagated with the Ehrenfest force in Equation (4.44). They chose the pure

states to be |j⟩ ≡ |ψj⟩, with

|ψ0⟩ = |a⟩, w
(p)
0 = −1 + i

2
, (4.50a)

|ψ1⟩ = |b⟩, w
(p)
1 = −1 + i

2
, (4.50b)

|ψ2⟩ =
1√
2
(|a⟩+ |b⟩), w

(p)
2 = 1, (4.50c)

|ψ3⟩ =
1√
2
(|a⟩+ i|b⟩), w

(p)
3 = i. (4.50d)

Because of the placement of the states on the Bloch sphere (see Figure 4.5), we shall refer to

this as the polar decomposition.

If |a⟩, |b⟩ are normalised then so are the pure states |ψi⟩, and they can directly be used

to evaluate the Ehrenfest force (Equation (4.44)). However, consider the initial condition of



83 4.4 – Existing simulation methods

a rephasing response function, where |a⟩ ≡ |0⟩ and |b⟩ ≡ |µ⟩, and |µ⟩ = µ+|0⟩. While the

ground state is normalised, we cannot say the same about the excited state superposition

|µ⟩, which has norm ⟨µ|µ⟩ =
∑

n µ
2
n. As a remedy, Atsango et al. normalise the pure states

a posteriori before evaluating the Ehrenfest force. However, there are reasons to believe

that this is not the best procedure. For example, it is known that in the limit of uncoupled

states, averaging the dynamics evenly between the ground and excited states reduces to the

exact solution. This is also known as the Wigner averaged classical limit.145,146 In the polar

decomposition, if the norm ⟨µ|µ⟩ ≫ 1, the excited states dominate the Ehrenfest force and

the dynamics effectively takes place entirely in the singly excited manifold (except for the

dynamics of |ψ0⟩, which has no contributions from |µ⟩). As a result, polar Ehrenfest fails to

reproduce the Wigner averaged classical limit.

Further, polar Ehrenfest carries a significant computational cost. The decomposition in

Equation (4.50) is invoked every time a dipole operator acts on the system, which happens

three times for each of the non-linear response functions in Equation (4.17). The first dipole

interaction generates four pure states, which are propagated through t1. Each of these four

states is acted on by the second dipole operator, and for each of them the resulting term

is decomposed into four further states. We therefore need to propagate a total of 16 states

through t2, and – by the same logic – a total of 64 states through t3. At the very end,

the response function is obtained by tracing over all pure state density matrices with the

final dipole de-excitation operator and summing over the pure states with the appropriate

weights. Atsango et al. argue that their approach is less ad hoc than the mean classical path

approach, and that they thus accept a steep increase in the computational cost.70 We shall

reach a different conclusion below.

Atsango et al. applied the polar Ehrenfest method to two Frenkel biexciton models with

τc = 300 fs and τc = 17.7 fs, respectively.70 The method worked very well for the first model,

but showed serious problems in the second model, where the bath relaxes on a fast time

scale. Here, their two-dimensional spectra exhibit spurious oscillations that worsen with

longer delay times t2. They did not find an explanation for their observations.

To provide an explanation, we need to analyse the dynamics induced by the polar decom-
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position. Figure 4.6 shows the evolution of the wave function during the calculation of Φ1.

The figure not only shows the exponentially increasing size of the calculation with each dipole

interaction, but it also highlights a more fundamental issue with the polar decomposition.

From the Feynman diagram (Figure 4.3a), we already know exactly what the wave function

evolution for Φ1 is supposed to look like: Since it starts off in the ground state, the system

should be in a coherence between ground and singly excited states during t1. During t2, it

should evolve purely in the singly excited manifold, and during t3 it returns to a coherence

between ground and singly excited states. The wave function dynamics generated by the

polar decomposition paint a very different picture. In all time intervals there are wave func-

tion contributions that we do not expect based on the Feynman diagram. This is especially

striking in the t2 evolution, where there are contributions from the ground and doubly excited

states. These could be the reason behind the spurious oscillations that Atsango et al. saw

in their two-dimensional spectrum.70 We will now demonstrate that these oscillations can be

eliminated with a simple modification to the polar Ehrenfest method.

4.5 An improved pure state Ehrenfest approach

The polar decomposition is only one of many decompositions that satisfy Equation (4.49).

Instead, we propose an alternative decomposition with pure states |j⟩ ≡ |ϕj⟩,

|ϕj⟩ =
1√
2
(|a⟩+ eij

π
2 |b⟩), w

(e)
j =

Nab

2
eij

π
2 , (4.51)

where |a⟩ = c
− 1

2
a |a⟩, |b⟩ = c

− 1
2

b |b⟩ and Nab = (cacb)
1
2 . The normalisation coefficients are

ca = ⟨a|a⟩ and cb = ⟨b|b⟩. We call this the equatorial decomposition, since the pure states

lie on the equator of the Bloch sphere (see Figures 4.5 and 4.7 for a representation of polar

and equatorial pure states on the Bloch sphere, respectively). We have normalised the states

|a⟩, |b⟩ before building the pure states |ϕj⟩ instead of normalising the states a posteriori as

in the polar decomposition. This way, the equatorial decomposition is more reminiscent of

the Wigner averaged classical limit than the polar decomposition, and the pure states are
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Figure 4.7: Bloch sphere representation of the equatorial pure states.

invariant to overall scaling of the dipole moments. The weights w
(e)
j satisfy

3∑
j=0

w
(e)
j =

3∑
j=0

w
(e)
j eij

π
2 = 0, (4.52)

and
3∑

j=0

w
(e)
j e−ij π

2 = 2Nab. (4.53)

If the Hamiltonian is block-diagonal and |a⟩ and |b⟩ belong to different manifolds, such that

⟨a|Ĥ|b⟩ = 0, the pure state evolution turns out to be particularly simple. In this case, the

Ehrenfest force

Fj(q) = −⟨ϕj |∇qĤ|ϕj⟩

= −1

2
(⟨a|∇qĤ|a⟩+ ⟨b|∇qĤ|b⟩) ≡ F (q)

(4.54)

is independent of j and all pure states follow identical nuclear trajectories. This force is actu-

ally identical to the force within the mean classical path approximation, since Equation (4.48)

assumes the states |a⟩, |b⟩ to be normalised. Our method thus sits somewhere between polar

Ehrenfest and the mean classical path approximation.

Note that the equatorial Ehrenfest method is not entirely equivalent to the Wigner aver-

aged classical limit. The dipole moment raising operator µ̂+ generates the state |µ⟩, which

is a superposition of all excited states. It would only be equivalent to the Wigner averaged
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classical limit if there were only one state in the excited manifold, but in general we propagate

a superposition. Still, we expect that this will be more accurate than the polar approach.

Based on Equation (4.54), we can easily write down the time evolution of the equatorial

pure states,

|ϕj(t)⟩ =
1√
2
(|a(t)⟩+ eij

π
2 |b(t)⟩), (4.55)

where |x(t)⟩ = T e−i
∫ t
0 H(qτ )dτ |x⟩, qτ evolves under the force F (qτ ) from Equation (4.54)

and T is the time ordering operator. This observation, combined with Equations (4.52) and

(4.53), allows us to evaluate the pure state sum after a propagation explicitly,

G(t)|a⟩⟨b| =
3∑

j=0

w
(e)
j |ϕj(t)⟩⟨ϕj(t)| = |a(t)⟩⟨b(t)|. (4.56)

In particular, we only need to propagate one of the four pure states because we can project

out |a(t)⟩ and |b(t)⟩ using projection operators on their respective manifolds. For example,

|a(t)⟩ =
√
2caPa|ϕ0(t)⟩, (4.57a)

|b(t)⟩ =
√
2cbPb|ϕ0(t)⟩, (4.57b)

where Pa and Pb are the projection operators on the a and b manifolds, respectively.

Let us now consider how the resummation impacts the calculation of the response func-

tions. During the t1 and t3 time evolution, the density matrix is in a coherence between

excitation manifolds, and we can resum the pure states after the propagation. As a conse-

quence, we can invoke Equation (4.57), and reduce the cost of the t1 and t3 evolution by

a factor of four each. During t2, the dynamics occur within a single state manifold. Here,

we cannot apply the resummation trick and just accept that we need to propagate four pure

states. However, there is a different property that we can take advantage of: In the equatorial

decomposition, the coherences |a⟩⟨b| and |b⟩⟨a| give rise to the same four pure states but with

complex conjugated weights, such that

|b⟩⟨a| =
3∑

j=0

w
(e)∗
j |ϕj⟩⟨ϕj |, (4.58)
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t1

t2

t3

Figure 4.8: As Figure 4.6, but for the equatorial decomposition.

where |ϕj⟩ are the pure states from Equation (4.51). For each of the non-rephasing response

functions, the object propagated through t2 is exactly the adjoint of the one propagated

in the rephasing analogue. This is easiest to see by comparing the column-wise pairs of

Feynman diagrams in Figure 4.3. The non-rephasing response functions can therefore be

obtained for free during the calculation of the rephasing ones, saving us an additional factor

2. Overall, we save a factor 32 compared to polar Ehrenfest (but our approach is still about

twice as expensive as the mean classical path approach of van der Vegte et al.69). The wave

function dynamics now also agree with what we would expect from the Feynman diagrams

(Figure 4.8).

We will next derive an expression for the response functions Φ3 (and thereby also for

Φ6 due to Equation (4.58)) in detail. All remaining response functions can be derived by

following the same steps, so we will keep their discussion brief. We start by propagating

the state |ϕ⟩ = 1√
2
(|0⟩ + |µ⟩) through t1, where |µ⟩ = c

− 1
2

µ |µ⟩ is a superposition of excited

states, with cµ =
∑

n µ
2
n. Because |0⟩ and |µ⟩ belong to different manifolds, we can invoke

Equation (4.56), by which

G(t1)(ρ0µ−) = |0(t1)⟩⟨µ(t1)| (4.59)
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and

|0(t1)⟩ =
√
2Pg|ϕ(t1)⟩, (4.60a)

|µ(t1)⟩ =
√
2cµPs|ϕ(t1)⟩, (4.60b)

where Pg = |0⟩⟨0| is the projection on the ground state and Ps =
∑N

n=1 |n⟩⟨n| is the projection

on the singly excited manifold. The nuclear force is

F (q) = −1

2
(⟨0|∇qĤ|0⟩+ ⟨µ|∇qĤ|µ⟩), (4.61)

following Equation (4.54). Next, the dipole moment operator acts on Equation (4.59) and

the result is decomposed into four new pure states,

µ+G(t1)(ρ0µ−) = µ+|0(t1)⟩⟨µ(t1)| =
3∑

j=0

w
(e)
s,j |ϕ

(t1)
s,j ⟩⟨ϕ(t1)s,j |. (4.62)

with

|ϕ(t1)s,j ⟩ = 1√
2

(
µ+|0(t1)⟩+ eij

π
2 |µ(t1)⟩

)
. (4.63)

The subscript ‘s’ emphasises that they belong to the singly excited manifold. Here, we denote

the normalisation within the pure states by overlining them, such that

µ+|0(t1)⟩ = c
− 1

2
µ µ+|0(t1)⟩, (4.64a)

|µ(t1)⟩ = c
− 1

2
µ |µ(t1)⟩. (4.64b)

The normalisation constant cµ is the same for the bra and ket states, and in particular

independent of t1. The weights are w
(e)
s,j = eij

π
2

2 cµ. Note that the pure states |ϕ(t1)s,j ⟩ themselves

are not normalised, since the states µ+|0(t1)⟩ and |µ(t1)⟩ are not orthogonal, so we actually

propagate the normalised state |ϕ(t1)s,j ⟩ through t2, and multiply the norm back in at the end

of the t2 propagation to obtain |ϕ(t1)s,j (t2)⟩. The third dipole moment operator then acts on

each pure state separately, but for each creates only a single state to propagate through t3,

because we can project out the desired terms at the end by invoking Equation (4.56) a second
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time. We thus define

|ϕ(t2,t1)esa,j ⟩ = 1√
2

[
µ+|ϕ(t1)s,j (t2)⟩+ |ϕ(t1)s,j (t2)⟩

]
, (4.65)

with the normalised states

µ+|ϕ(t1)s,j (t2)⟩ =
1√
c
(t2,t1)
1,j

µ+|ϕ(t1)s,j (t2)⟩, (4.66a)

|ϕ(t1)s,j (t2)⟩ =
1√
c
(t1)
2,j

|ϕ(t1)s,j (t2)⟩. (4.66b)

The subscript ‘esa’ indicates that the target is an excited state absorption response function

and the subscript ‘j’ indicates which of the four pure states from Equation (4.63) the state

originated from. In Equation (4.66), we defined the normalisation constants

c
(t1,t2)
1,j = ⟨ϕ(t1)s,j (t2)|µ−µ+|ϕ(t1)s,j (t2)⟩ (4.67)

and (the t2-independent)

c
(t1)
2,j = ⟨ϕ(t1)s,j |ϕ(t1)s,j ⟩, (4.68)

because we will reuse them below. All that remains is to apply the final dipole moment

operator and to trace over the electronic degrees of freedom. The final result for Φ3 is thus

Φ3(t3, t2, t1) =

∫
dp

∫
dqρB(p, q)

3∑
j=0

w
(e)
s,jn

(t2,t1)
esa,j ⟨ϕ(t2,t1)esa,j (t3)|Psµ−Pd|ϕ

(t2,t1)
esa,j (t3)⟩, (4.69)

where Ps and Pd are the projections on the singly and doubly excited manifold, respectively,

and n
(t2,t1)
esa,j = 2

√
c
(t2,t1)
1,j c

(t1)
2,j collects the normalisation factors that arise from projecting the

final terms out of |ϕ(t2,t1)esa,j (t3)⟩ (compare to Equation (4.57)). Φ6 can be obtained from the

same expression as Φ3 by swapping the weights w
(e)
s,j with their complex conjugates.

The stimulated emission response function Φ1 has the same Feynman diagram as Φ3 up

until the third dipole moment interaction, meaning its derivation is completely identical to

the discussion above, up to but excluding Equation (4.65). We only need to define new states
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for the t3 propagation,

|ϕ(t2,t1)se,j ⟩ = 1√
2

[
|ϕ(t1)s,j (t2)⟩+ µ−|ϕ(t1)s,j (t2)⟩

]
, (4.70)

with the normalised states

µ−|ϕ(t1)s,j (t2)⟩ =
1√
c
(t2,t1)
3,j

µ−|ϕ(t1)s,j (t2)⟩ (4.71)

and |ϕ(t1)s,j (t2)⟩ from Equation (4.66b). Note that we have defined an additional normalisation

constant

c
(t2,t1)
3,j = ⟨ϕ(t1)s,j (t2)|µ+µ−|ϕ(t1)s,j (t2)⟩. (4.72)

The final result is then

Φ1(t3, t2, t1) =

∫
dp

∫
dqρB(p, q)

3∑
j=0

w
(e)
s,jn

(t2,t1)
se,j ⟨ϕ(t2,t1)se,j (t3)|Pgµ−Ps|ϕ(t2,t1)se,j (t3)⟩ (4.73)

where n
(t2,t1)
se,j = 2

√
c
(t1)
2,j c

(t2,t1)
3,j . By swapping the weights with their complex conjugates, we

obtain Φ4.

For Φ2, the analogue of Equation (4.63) is

|ϕ(t1)g,j ⟩ =
1√
2

[
|0(t1)⟩+ eij

π
2 µ−|µ(t1)⟩

]
, (4.74)

with

µ−|µ(t1)⟩ =
1√
c
(t1)
4

µ−|µ(t1)⟩, (4.75)

c
(t1)
4 = ⟨µ(t1)|µ+µ−|µ(t1)⟩ and weights w

(e)
g,j = eij

π
2

2

√
c
(t1)
4 . The states in Equation (4.74) are

proportional to the ground state, but they are not properly normalised (since |0(t1)⟩ and

µ−|µ(t1)⟩ are not orthogonal). Just as in the derivation of Φ3, we propagate the normalised

state |ϕ(t1)g,j ⟩ through t1, and multiply the normalisation constant back in before proceeding
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with the t3 evolution. For each j, the state for the t3 propagation is

|ϕ(t2,t1)gb,j ⟩ = 1√
2

[
µ+|ϕ(t1)g,j (t2)⟩+ |ϕ(t1)g,j (t2)⟩

]
, (4.76)

with the normalised states

µ+|ϕ(t1)g,j (t2)⟩ =
1√
c
(t2,t1)
5,j

µ+|ϕ(t1)g,j (t2)⟩, (4.77a)

|ϕ(t1)g,j (t2)⟩ =
1√
c
(t1)
6,j

|ϕ(t1)g,j (t2)⟩. (4.77b)

To this end we needed to define two final normalisation constants,

c
(t2,t1)
5,j = ⟨ϕ(t1)g,j (t2)|µ−µ+|ϕ

(t1)
g,j (t2)⟩ (4.78)

and

c
(t1)
6,j = ⟨ϕ(t1)g,j |ϕ

(t1)
g,j ⟩. (4.79)

We can now write down the expressions for the ground state bleaching response functions,

Φ2(t3, t2, t1) =

∫
dp

∫
dqρB(p, q)

3∑
j=0

w
(e)
g,jn

(t2,t1)
gb,j ⟨ϕ(t2,t1)gb,j (t3)|Pgµ−Ps|ϕ(t2,t1)gb,j (t3)⟩ (4.80)

with n
(t2,t1)
gb,j = 2

√
c
(t2,t1)
5,j c

(t1)
6,j and Φ5 is obtained by replacing the weights with their complex

conjugates.

It would be natural to wonder at this point whether there is another set of pure states

that would have other beneficial properties. The key development of this chapter is the

summation trick (Equation (4.56)), which is only possible because the pure states lie on the

equator of the Bloch sphere and thus follow identical nuclear trajectories. Generally, pure

states obtained from any horizontal cut through the Bloch sphere follow identical nuclear

trajectories. But equal contributions between ground and excited states only occur along

the equator. Without summing the pure states, we would populate the wrong excitation

manifolds and produce dynamics that are inconsistent with the Feynman diagrams. While
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there are infinitely many pure state decompositions, we believe that the equatorial splitting

is optimal.

The final expressions for the response functions in Equations (4.69), (4.73) and (4.80) look

complicated because of the various weights and normalisations to keep track of, but they are

easy to calculate in a simulation. With the publication of the article based on this chapter,

an implementation will be available online.147 After calculating the response functions, we

smoothen them in the t1 and t3 dimensions with a Hann window before Fourier transforming

them to get the two-dimensional spectra. To assess the accuracy of our approach, we will

apply it to two Frenkel exciton models: The fast bath biexciton model previously studied

by Atsango et al.,70 and a seven state model of the Fenna-Matthews-Olson light-harvesting

complex.53,138,148

4.6 Results

4.6.1 Biexciton model

The first model is a biexciton model with two electronic states with site energies ε1 = 50 cm−1,

ε2 = −50 cm−1 and site-site coupling J = 100 cm−1. The transition dipole moments of the

two sites are anti-aligned, such that µ1/µ2 = −5. The relaxation time is τc = 17.7 fs and the

reorganisation energy is λ = 35 cm−1. This is the same system considered by Atsango et al.,

where polar Ehrenfest showed strong spurious oscillations.70

Figure 4.9 compares the exact two-dimensional spectra of the biexciton model to the

spectra obtained from polar and equatorial Ehrenfest methods. We are interested in relative

peak intensities, and can therefore rescale the spectrum arbitrarily. Here, we choose to

normalise each spectrum by its largest absolute magnitude over all delay times t2. The HEOM

results were obtained with pyrho,149 using the convergence parameters L = 15,K = 0. It

is clear from Figure 4.9 that the equatorial Ehrenfest spectra are smoother than the polar

Ehrenfest ones, and are close to the exact result upon initial inspection. This supports

our previous hypothesis that the poor performance of polar Ehrenfest can be traced back

to the wave function evolution shown in Figure 4.6. But we cannot yet make a quantitative

assessment of polar and equatorial Ehrenfest by only considering the two-dimensional spectra.
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Figure 4.9: Comparison of HEOM, equatorial and polar Ehrenfest two-dimensional electronic
spectra for the biexciton model at different delay times.
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Figure 4.10: RMSE of Ehrenfest spectra with respect to exact HEOM results, shown here
against the total number of force evaluations necessary for obtaining all six response functions.
Note that only the three rephasing response functions need to be calculated in equatorial
Ehrenfest, since the non-rephasing ones can be obtained for free as explained in the text
following Equation (4.58). The dashed vertical lines correspond to running 10,000 trajectories
for each point (t1, t2, t3) on the three-dimensional time grid.

Instead, we calculate the root mean squared error (RMSE) in the spectrum,

RMSE =

 1

Nt2(ω+ − ω−)2

Nt2∑
t2=0

∫ ω+

ω−

dω1

∫ ω+

ω−

dω3|IHEOM(ω1, t2, ω3)− IX(ω1, t2, ω3)|2
1/2

.

(4.81)

Nt2 corresponds to the number of t2 values at which the spectrum is calculated, ω+ and

ω− correspond to the lowest and highest frequencies at which we obtain the spectrum, and

X either refers to polar or equatorial Ehrenfest. Figure 4.10 compares the RMSEs of the

Ehrenfest methods. We plot the error against the number of force evaluations because these

are the limiting factor in ab initio calculations. The equatorial Ehrenfest RMSE is shifted left

and downward compared to the polar Ehrenfest RMSE, implying that it is both cheaper and

more accurate than polar Ehrenfest for this model. This is fully consistent with expectations:

It is cheaper because we need fewer pure states in equatorial Ehrenfest, and we only need
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Figure 4.11: (a) Diagonal slices through two-dimensional spectra and (b) pump-probe spectra
for the biexciton model.

to calculate the rephasing response functions. It is more accurate because the wave function

dynamics are consistent with the Feynman diagram.

To get an even better picture of the quality of the Ehrenfest spectra, we show the spectra

along the diagonal frequency slice (where ω1 = ω3) together with the pump-probe spectra,

which were calculated by integrating the two-dimensional spectra over ω1, in Figure 4.11.

While the spurious oscillations in polar Ehrenfest are very noticeable in the diagonal slices

and cause a large-amplitude negative intensity between the two main peaks, they disappear

in the pump-probe spectra where the two Ehrenfest methods are in close agreement. Any

remaining disagreement is likely due to the different normalisation conventions of the two

methods.

Equatorial Ehrenfest gives smooth spectra throughout, making it more useful for subse-

quent analyses. However, both Ehrenfest methods overestimate the relative peak intensity of

the higher-frequency peak around 80 cm−1 compared to HEOM. The agreement particularly
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deteriorates with increasing population time t2. This is not too surprising, since Ehrenfest is

well-known to give wrong population dynamics120 and the peak intensities are related to the

populations of the excited states. Similar conclusions have been made before but it has been

unclear how to overcome this limitation without going to significantly more sophisticated

(and computationally expensive) methods. We will return to this question below. First, we

will test equatorial Ehrenfest on a larger system.

4.6.2 Fenna-Matthews-Olson complex

The Fenna-Matthews-Olson (FMO) complex is a light-harvesting complex in green sulphur

bacteria. It is composed of seven bacteriochlorophyll molecules which funnel energy from

the base plate to the reaction centre.53 Later, an eighth bacteriochlorophyll was discovered

in the complex,54,55 but here we will use a seven site model studied by Kramer et al.,138

since it has been more widely studied and a HEOM benchmark exists for its two-dimensional

spectrum.144

The singly excited Hamiltonian of the FMO electronic subsystem is

Ĥs
S =



200 −87.7 5.5 −5.9 6.7 −13.7 −9.9

−87.7 320 30.8 8.2 0.7 11.8 4.3

5.5 30.8 0 −53.5 −2.2 −9.6 6.0

−5.9 8.2 −53.5 110 −70.7 −17.0 −63.3

6.7 0.7 −2.2 −70.7 270 81.1 −1.3

−13.7 11.8 −9.6 −17.0 81.1 420 39.7

−9.9 4.3 6.0 −63.3 −1.3 39.7 230



cm−1 + 12, 210 cm−1ÎN ,

(4.82)

where ÎN is the N×N identity matrix (in this case, N = 7). Like in the biexciton model, the

ground state energy is fixed at ε0 = 0, such that Ĥg
S = 0. Each site is coupled to a harmonic

bath with a Debye spectral density with reorganisation energy λ = 35 cm−1 and relaxation

time τc = 50 fs.

The FMO complex is a three-dimensional system, which has two consequences: Firstly,
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the dipole moment operator is now a vector µ̂ = (µ̂x, µ̂y, µ̂z) with three distinct Cartesian

components. Each component is built from the dipole vectors of the seven bacteriochlorophyll

molecules, which point in the directions138

d1 =

(
−0.741, −0.561, −0.3696

)
, (4.83a)

d2 =

(
−0.857, 0.504, −0.107

)
, (4.83b)

d3 =

(
−0.197, 0.957, −0.211

)
, (4.83c)

d4 =

(
−0.799, −0.534, −0.277

)
, (4.83d)

d5 =

(
−0.737, 0.656, 0.164

)
, (4.83e)

d6 =

(
−0.135, −0.879, 0.457

)
, (4.83f)

d7 =

(
−0.495, −0.708, −0.503

)
. (4.83g)

Within the notation of the Frenkel exciton models, each of the three Cartesian components

is obtained through the definitions in Equation (4.29) and (4.30) by setting µn,α = dn,α for

α = x, y, z, thereby taking the magnitude of each bacteriochlorophyll dipole, which simply

affects the overall scaling of the spectra, to be 1. Here, we have added the additional subscript

α to account for the multiple dimensions.

Secondly, we need to take into account different orientations of the FMO sample. To this

end, we rotationally average the response function or (equivalently) average over possible

light polarisations. We assume that all light pulses are collinear, which greatly simplifies the

discussion. Hein et al. found appropriate sets of light polarisations by demanding that the

average of the product of two dipole operators (in the case of linear spectra) or the product

of four dipole operators (in the case of two-dimensional spectra) is reproduced correctly by

averaging over the polarisation directions.148 We use their convention here. For the linear

spectrum, we can simply use the canonical basis vectors ex = (1, 0, 0), ey = (0, 1, 0) and

ez = (0, 0, 1). For the nonlinear spectra, we average over ten vectors, e1,2,3,4 = (±1,±1, 1),

e5,6 = (0,± 1
ϕ , ϕ), e7,8 = (± 1

ϕ , ϕ, 0) and e9,10 = (±ϕ, 0, 1ϕ). The dipole moment operator is
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Figure 4.12: HEOM and equatorial Ehrenfest two-dimensional electronic spectra for the FMO
complex. The numbers in the Ehrenfest panels correspond to the number of trajectories that
were averaged over to produce the spectra.

projected onto each of the light polarisations,

µ̂i = µ̂ · ei, (4.84)

where i = (x, y, z) for linear spectra and i = 1, . . . , 10 for two-dimensional spectra.

With seven electronic states, the FMO model is computationally much harder to solve for

an exact method like HEOM than the biexciton model, but it is doable. The HEOM results

shown here were generated by Jonathan Mannouch and have been in part presented else-

where.144 We compare two-dimensional HEOM and equatorial Ehrenfest spectra at different
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convergence levels in Figure 4.12. Because polar Ehrenfest is significantly more expensive

than equatorial Ehrenfest, and because of its other drawbacks as discussed above, we did not

compute polar Ehrenfest results for the FMO complex.

Let us first focus on the two bottom rows which compare fully converged Ehrenfest spectra

to HEOM results. Similar to the biexciton model, the equatorial Ehrenfest spectra agree

well visually with the HEOM spectra. The two top rows compare fully converged Ehrenfest

spectra averaged over 57,000 trajectories with coarse spectra averaged over 2,000 trajectories.

The spectrum at 2,000 trajectories is already a good approximation of the fully converged

spectrum. This is partly due to the windowing of the response functions prior to applying

the two-dimensional Fourier transform, but it is nevertheless important from a practical

perspective. Applications may be limited in the total trajectory number that can be run

in a reasonable time. Even at low trajectory numbers, equatorial Ehrenfest is thus able to

provide almost the same physical insight as a fully converged calculation.

However, already from the two-dimensional plots it is apparent that there is a spread in

the HEOM spectra that is not captured by equatorial Ehrenfest. To gain better insight into

our predictions, we show the diagonal slices through the FMO spectra and the pump-probe

spectra in Figure 4.13. The diagonal slices agree well at zero delay time, t2 = 0. At longer

delay times, the Ehrenfest peaks remain in the right places but their intensities diverge from

HEOM intensities. For example, in the HEOM spectra at t2 = 600 fs, the lower-frequency

peak around 12,300 cm−1 has a noticeably higher intensity at longer delay times t2 than the

high-frequency peak around 12,500 cm−1. Ehrenfest completely fails to capture this. Instead,

it predicts nearly equal intensities of the two peaks in the diagonal slices, and even an inverted

trend in the pump-probe spectra. As in the biexciton model, we suspect that this is due to

the overheated Ehrenfest population dynamics.

4.7 Improved population dynamics

Having identified the overheating in Ehrenfest as the main source of error in the two-

dimensional spectra, we will now explore whether it is possible to improve on Ehrenfest

with a method that is better suited for population dynamics. We focus on the t2 evolution,
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pump-probe spectra obtained by integrating the two-dimensional spectra over the ω1 axis
(bottom) for the coarse (green) and fully converged (red) equatorial Ehrenfest, and exact
HEOM results.
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since we expect it to be most affected by errors in the population dynamics. A first idea

is to simply substitute the t2 Ehrenfest dynamics with spin mapping dynamics.143,150 We

chose spin mapping because we can easily extend our existing code to run spin mapping

instead of Ehrenfest, and because spin mapping is more accurate for the FMO model than

other mapping approaches.143 Just like in Ehrenfest, we cannot straightforwardly propagate

a coherence in spin mapping. We will therefore use the same equatorial pure states for the t2

propagation. This section discusses any updates that need to be made to accommodate the

change in methods.

It could be argued that a method like MASH would be even better suited than spin map-

ping, since it is designed to reproduce the correct equilibrium populations.122,123,151 However,

the computational cost of MASH is expected to be much higher than the cost of spin mapping

because it needs a smaller time step. If the spin mapping results improve on Ehrenfest, we

could follow it up with a MASH modification.

4.7.1 Spin mapping

Originally, spin mapping was introduced through the Stratonovich-Weyl representation, which

maps the electronic wave function onto vectors in the Bloch space, whose entries are found

through the su(N) generators.143,150 For example, for N = 2 the Bloch space is a sphere

in three dimensions. However, the Bloch space representation becomes complicated if there

are more than two electronic states: In this case, the Bloch vector entries are subject to a

number of additional constraints.152,153 It is then easier to formulate spin mapping in terms

of the usual electronic wave function |c⟩. The resulting spin mapping density matrix is

ρ̂sm =
√
N + 1|c⟩⟨c| − γW

2
ÎN , (4.85)

where γW = 2
N (

√
N + 1 − 1). Only the case where the wave function |c⟩ is in the singly

excited manifold is relevant here. This is because during the t2 propagation, the system is

either in the ground state or in the singly excited manifold. If it is in the ground state (which

is the case for the ground state bleaching response functions Φ2 and Φ5), then N = 1, in

which case spin mapping and Ehrenfest give the same results, and we do not need to make
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any modifications. We can thus focus on the Frenkel exciton Hamiltonian within the singly

excited manifold,

Ĥ(p, q) = Ĥs
S + Ĥs

SB(q) +HB(p, q), (4.86)

which contains the bath Hamiltonian HB(p, q), the singly excited system Hamiltonian Ĥs
S,

and the system-bath coupling within the singly excited manifold, Ĥs
SB(q) (see Equations (4.22),

(4.24) and (4.25) for their definitions). Together with the density matrix in Equation (4.85),

the spin mapping Hamiltonian is then

H(p, q, c) = Tr[ρ̂smĤ(p, q)] =
√
N + 1⟨c|Ĥs(q)|c⟩ − γW

2
Tr[Ĥs(q)] +HB(p, q), (4.87)

with Ĥs(q) = Ĥs
S+Ĥ

s
SB(q) as defined in Equation (4.23). Spin mapping differs from Ehrenfest

in three key respects: First, the electronic wave function coefficients are sampled from a

semiclassical distribution, as opposed to being initialised in a deterministic manner. Secondly,

the equations of motions are different, which is clear from comparing the density matrix in

Equation (4.85) to the Ehrenfest density matrix, ρ̂Ehr = |c⟩⟨c|. And thirdly, we need to

specify how the final density matrix should be used in the t3 propagation.

Initialisation We use focused initial conditions, with which we can restrict the sampling

to states which reproduce a given pure state population. Let us assume that we want to

initialise a pure state |c⟩, with cn = 1 and cm ̸=n = 0. To this end, we sample a vector |c̃⟩,

where c̃n =
√
2 + γW eiϕn , c̃m̸=n =

√
γW eiϕm , and all ϕs are sampled uniformly between 0

and 2π. The need for sampling the ϕs is one reason why our spin mapping modification is

more expensive than Ehrenfest.

Moreover, we generalised focused sampling to a ‘doubly focused sampling’ scheme to

accurately reproduce a given density matrix as initial condition. The scheme is described in

App. B.
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Propagation The only thing that changes between Ehrenfest and spin mapping in terms

of the propagation is the force on the nuclei, which is

F (q, c) = −Tr[ρ̂sm,el∇qĤ(p, q, c)]

= −
[√

N + 1⟨c|∇qĤ
s(q)|c⟩ − γW

2
Tr[∇qĤ

s(q)] +∇qHB(p, q)
] (4.88)

in spin mapping. The wave function and the nuclear positions q follow the same equations

of motion as before (in Equations (4.39) and (4.40)).

Measuring the density matrix and setup for t3 evolution At the end of the t2

propagation, we calculate the density matrix in Equation (4.85). The density matrix is then

acted on by µ+ either from the left (for Φ3 and Φ6) or from the right (for Φ1 and Φ4). For the

t3 propagation with Ehrenfest, we need to separate the result into a bra and a ket state (see.

Equation (4.65) and the preceding paragraph). However, the spin mapping density matrix is

not a pure state, so we diagonalise the density matrix before the action of µ̂+. This creates

N states in the singly excited manifold, which are then ready for the t3 evolution. The fact

that we have to propagate N pure states through t3 for each pure state propagated through

t2 is another reason why spin mapping is more expensive than Ehrenfest.

4.7.2 Results

Figure 4.14 compares the population dynamics for the FMO model for the different methods

considered here. Spin mapping improves the Ehrenfest population dynamics. This is most

noticeable at long times, but there is also some improvement at shorter times. On the time

scales we are interested in (t2 up to 600 fs), we thus expect some improvement from spin

mapping. Spin mapping spectra are presented in Figure 4.15 and compared to HEOM and

equatorial Ehrenfest spectra. The diagonal slices and pump-probe spectra offer the insight

we need, so we only present those here.

At t2 = 0 the spin mapping spectra seem to accumulate additional intensity between

the two dominant peaks. This may be due to a convergence issue, since Ehrenfest and spin

mapping should be indistinguishable (once the sampling in spin mapping has been fully
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Figure 4.14: HEOM, spin mapping, and Ehrenfest population dynamics for the FMO model.
On the time scale we are interested in, the first three states carry the majority of the pop-
ulation. In the interest of clarity, the remaining states are therefore only shown in grey.
Coloured versions can be found by comparing Figure 6 of Reference [143] and Figure 4 in
Reference [122].
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pump-probe spectra (bottom) obtained with spin mapping to equatorial Ehrenfest and
HEOM. The (fully converged) Ehrenfest and HEOM results are the same as in Figure 4.13.
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t2 / fs HEOM Ehrenfest Spin mapping

0 0.91 1.02 0.98
200 0.81 1.06 0.93
600 0.61 1.03 0.75

Table 4.1: Ratio of the intensity of the high-frequency peak to the intensity of the low-
frequency peak along the diagonal of the two-dimensional FMO spectrum for different dy-
namics methods.

converged) for t2 = 0. At the intermediate delay time (t2 = 200 fs), spin mapping only offers

modest (if any) improvement over Ehrenfest, but the improvement gets better at longer delay

times (t2 = 600 fs). This can be seen, for example, from the relative peak intensities which

are also summarised in Table 4.1. Clearly, the relative peak intensities are better in spin

mapping, even though it does not reproduce the HEOM spectra quantitatively. It would be

interesting to see how an even better dynamics method (like MASH) would do. We expect

that most of the spin mapping methodology outlined above could be generalised to MASH,

the main changes beyond the change in the dynamics being the use of MASH focused initial

conditions and MASH observables to measure the density matrix.

4.8 Linear spectra

While we have focused on the nonlinear spectra, we can straightforwardly apply our method-

ology to the linear response function to target the linear spectrum (Equations (4.8) and

(4.9)). In polar Ehrenfest, four pure states are propagated up to time t in order to calculate

the linear response function. However, the polar states |ψ0⟩ = |0⟩ and |ψ1⟩ = |µ⟩ do not

contribute to the final result, since they vanish in the final trace with µ−. Only the mixed

states |ψ2⟩ and |ψ3⟩ contribute, such that the final result is

S(1)(t) = Im (Tr[µ−|ψ2(t)⟩⟨ψ2(t)|] + iTr[µ−|ψ3(t)⟩⟨ψ3(t)|]) = ImTr[µ−|µ(t)⟩⟨0(t)|], (4.89)

where the time evolution is given by

|ψi(t)⟩ = T ei
∫ t
0 H(q′

τ )dτ |ψi⟩. (4.90)
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Figure 4.16: Linear spectrum of the biexciton model, comparing equatorial and polar Ehren-
fest with exact HEOM results. There are subtle differences between the spectra due to the
different normalisation conventions of the pure states in the two methods.

This is almost the same answer as we recover from the equatorial decomposition (see Equa-

tion (4.59)), except that the nuclear degrees of freedom p′
τ , q

′
τ evolve under the force

Fpol(q) = − 1

1 + cµ
(⟨µ|∇qĤ|µ⟩+ ⟨0|∇qĤ|0⟩), (4.91)

with the state |µ⟩ = µ+|0⟩ and coefficient cµ =
∑

n µ
2
n from above. The force arising from

the polar pure states is thus subtly different from the one arising from the equatorial pure

states (see Equation (4.61)), which manifests in small differences in the linear spectrum. We

have also verified this numerically. Figure 4.16 shows that the linear spectra for the biexciton

model differ slightly between the two Ehrenfest methods. However, the differences are a lot

smaller than in the two-dimensional spectra. This is likely because the biexciton model’s

dipole moments are relatively small in magnitude, and the polar force is similar enough to

the equatorial force. For larger transition dipole moments, we would expect to see a larger

difference between the two methods. In contrast, equatorial pure state Ehrenfest is entirely

equivalent to the mean classical path approach for linear spectra.69 We have already shown

that the force in equatorial Ehrenfest (Equation (4.54)) is identical to the mean classical path
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force (Equation (4.48)) in the propagation of a coherence |a⟩⟨b|. The linear spectrum involves

a single coherence propagation, and so the pure state decomposition is only implicitly invoked

when we use the resummation in Equation (4.59).

4.9 Summary

In this chapter, we discussed recent advances in the semiclassical simulation of two-dimensional

electronic spectra. Our goal was to develop a computationally inexpensive method. We thus

chose to focus on semiclassical mean-field (Ehrenfest) dynamics,142 which tends to need fewer

trajectories than other approaches but is known to converge to an overheated equilibrium.120

Ehrenfest has been previously studied in the context of electronic spectroscopy. Van der

Vegte et al. developed the mean classical path approach, where a coherence is propagated

under the average force of its ket and bra states. They tested their method on a two-state

Frenkel exciton model. In Frenkel exciton models, a quantum system is coupled to a Debye

bath of classical oscillators. The relaxation time of the oscillators determines if the system

can be appropriately described in a classical limit (if the relaxation time is slow) or whether

coherence effects play some role (if the relaxation time is fast). The mean classical path

method has been shown to be well suited to biexciton models with slow baths at short delay

times, but it performs worse at longer delay times t2. Van der Vegte et al. attributed this to

the convergence of Ehrenfest to an overheated equilibrium.69,120

Later, Atsango et al. proposed the polar Ehrenfest approach,70 where they decomposed

a coherence into pure states before propagating them with conventional Ehrenfest dynamics.

They argued that their approach is less ad hoc than the mean classical path method, and

applied it to slow and fast bath Frenkel biexciton models. Polar Ehrenfest does well with a

slow bath, but the results again decrease in quality at longer delay times, probably due to the

overheated Ehrenfest dynamics. In contrast, the polar Ehrenfest spectra severely deteriorate

for a fast bath biexciton model, where they show spurious oscillations already at very short

delay times.

One obvious drawback of the polar Ehrenfest method is the computational cost, which
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scales exponentially with the number of dipole interactions. However, this is not its most seri-

ous drawback. Through careful analysis, we showed that the wave function dynamics in polar

Ehrenfest contains unphysical contributions, in particular during the population time t2 (see

Figure 4.6 and its discussion in the text). The reason for this is the choice of polar pure states,

which is only one of many possible decompositions. We proposed an alternative equatorial

decomposition, and started by analysing it with the insights accumulated from our analysis

of polar Ehrenfest. Firstly, the choice of pure states and weights reduces the computational

effort significantly – by a factor 32 – through a resummation trick (Equation (4.56)) and by

taking advantage of the symmetry of the response functions. But secondly, the equatorial

decomposition together with the resummation trick means that the wave function dynamics

agree with physical expectations. There are no longer any unphysical contributions.

We then compared equatorial Ehrenfest to polar Ehrenfest by computing two-dimensional

spectra for the fast bath biexciton model, where polar Ehrenfest fails. The equatorial Ehren-

fest spectra are much better behaved, and are close to exact HEOM spectra. However, just

as observed previously, our results become worse at longer delay times, where the relative

diagonal peak intensities diverge from the HEOM ones. Since the diagonal peaks are related

to the populations of the excited states, we conclude once again that the known issues in

Ehrenfest population dynamics plague electronic spectra.

The reduced computational cost allowed us to look at systems with more than two elec-

tronic states, so we also computed equatorial Ehrenfest spectra for a seven state model of

the FMO complex. Already with as few as 2,000 trajectories, the results are close to fully

converged, and are qualitatively close to HEOM results. Quantitatively, they suffer from the

same problems as other Ehrenfest approaches and get the population dynamics wrong at long

delay times.

To overcome the errors introduced by Ehrenfest, we replaced the propagation through

the delay time t2 with spin mapping. Spin mapping observables (together with the correct

sampling and propagation routines) are much better suited to population dynamics. However,

we needed to add an additional step at the end of the t2 evolution (before starting the t3

evolution), which increases the computational effort by a factor of N , where N is the number
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of singly excited states. For the FMO model, the relative peak intensities obtained with

spin mapping improve on Ehrenfest dynamics. However, the absolute intensities are only

modestly improved, and the spin mapping spectra are still some way from the exact results.

Further studies, ideally with comparisons to experiment, are needed to determine whether

the increased computational cost is worth it, or whether Ehrenfest approaches themselves

already provide sufficient physical insight. To make a useful contribution to this field, such

studies will need to go beyond Frenkel exciton models, for example to allow for excited states

that have different fundamental harmonic frequencies than the ground state or are rotated

with respect to the ground state (which are known as Duschinsky rotations), or to include

anharmonic potential energy surfaces.

Finally, we explained how our approach is closely related to the mean classical path

method, and even reduces exactly to it for linear spectra (whereas polar Ehrenfest is not

entirely equivalent to the mean classical path approach because of a different normalisation

convention for the pure states). The mean classical path approach is thus no less ad hoc

than pure state Ehrenfest. In fact it is even computationally less expensive than equatorial

Ehrenfest (by about a factor of 2), and is likely to be about as accurate as equatorial Ehrenfest

for two-dimensional spectra.
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Chapter 5

Conclusion

This thesis has described recent developments in the simulation of vibrational and electronic

spectroscopy. The first half, comprising Chapters 2 and 3, focused on the application of path

integral methods to vibrational spectroscopy.

In Chapter 2, we reviewed the chequered history of path integral methods for vibrational

spectroscopy. We then focused on the recently developed QCMD method, and in particular

on an approximate, faster variant called f-QCMD. In previous work, f-QCMD had been

applied to gas-phase systems, but it had not been generalised to any liquid or solid phase

systems. We proposed that f-QCMD can be generalised to the spectroscopy of condensed

phases by separating the quasi-centroid potential of mean force into intra- and intermolecular

contributions, which were added as corrections to the classical interaction potential. To find

the intramolecular contributions to the potential of mean force, we followed the strategy

that had previously been used for gas-phase water.35 The intermolecular corrections were

found with IBI, by fitting the radial distribution functions obtained with the potential of

mean force to exact quasi-centroid radial distribution functions obtained from a short PIMD

simulation. A key development in obtaining the quasi-centroid potential of mean force was

the regularisation of the IBI update rule. This improves not only the convergence of the IBI,

which is notorious for oscillations that over- or undershoot the true target,94 but also gives

smooth effective potentials which can be readily used to evaluate MD forces.

It is difficult to test any QCMD variant generally, since the quasi-centroid degrees of

113
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freedom need to be freshly specified for each system. However, well converged adiabatic

QCMD spectra were available for liquid water and hexagonal ice at 300 K and 150 K,33,87

respectively, which allowed us to get a meaningful assessment of the approximations made in

f-QCMD. We also included a comparison to Te PIGS, which precomputes a centroid potential

of mean force at an effective (high) temperature, and assumes that the same potential may

be used at lower temperatures. Comparing all three path integral methods, we noted that

only minor differences occur in the peak shapes and that the peaks are shifted only very

slightly from each other (on the order of tens of cm−1). In spite of these differences, the

three methods seem to converge more-or-less to the same answer. This is in stark contrast to

the wildly different predictions of vibrational spectra with the established methods RPMD,

CMD and TRPMD, and we believe that we are finally seeing the ‘true’ path integral spectrum

for liquid water and ice. We also compared the f-QCMD spectra (which can be considered

representative of all path integral spectra, as just discussed) to classical spectra to ascertain

the impact of nuclear quantum effects on the spectrum. Nuclear quantum effects do not

change the peak line shape, but they do cause anharmonic red shifts in the peak positions

which are more pronounced in the higher frequency peaks.

Our methodology can easily be extended to other liquids or solids, provided a suitable

set of intra- and intermolecular quasi-centroid coordinates can be defined. In the gas phase,

f-QCMD performed just as well for molecules including ammonia, methane and hydrogen

peroxide, as it did for water.35,36 The same is likely to be true in the condensed phase, which

could be tested (for example) in future calculations on liquid ammonia.

London and co-workers have recently incorporated our f-QCMD method in DL POLY

Quantum 2.1, a computational suite for the simulation of dynamical properties and vibra-

tional spectra.154 They also recently developed h-CMD, a hybrid method for the simulation

of heterogeneous systems such as water molecules in zeolite cavities, by treating the water

molecules with f-QCMD and the zeolite framework with a fast version of (Cartesian) CMD

(f-CMD).155 The implementation of f-CMD and f-QCMD in freely available software packages

will certainly help the wider application of these methods, in particular because the f-CMD

implementation can be combined with centroid potentials of mean force obtained from the
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Te PIGS method of Kapil and co-workers.84

In Chapter 3, we used the f-QCMD approximation developed in Chapter 2 to investi-

gate vibrational strong coupling (polariton spectroscopy) in liquid water. Having reviewed

previous work,43,47,48 we began by demonstrating that for a range of cavity setups f-QCMD

performs just as well as it does in the cavity-free simulations of Chapter 2.

However, the most important development in this chapter was the introduction of the

SHO model, which replaces a complicated molecular potential by a set of uncoupled harmonic

oscillators. The SHO model predicts cavity spectra by coupling these oscillators to the cavity

through their linear dipole moments, which are entirely determined by the cavity-free infrared

spectrum. Because the cavity is just another harmonic oscillator, SHO model predictions

for the cavity spectrum can be obtained through a simple matrix diagonalisation. The SHO

model perfectly predicts the cavity f-QCMD spectra, provided we use the cavity-free f-QCMD

spectrum as input. This holds for all cavity setups for which we computed spectra, meaning

that the SHO model can replace cavity f-QCMD simulations altogether. This is generalisable:

the SHO model makes any cavity simulation of the infrared spectrum redundant, since we

can use the relevant cavity-free spectrum as input.

With this realisation in mind, we argued that the experimental spectrum is the most

sensible input. It does not suffer from errors due to approximations made to the underlying

potential energy surfaces, unlike any simulated input spectrum would. Since experimental

data for the cavity-free spectra of water and deuterated water,109,111 as well data on cav-

ity experiments is available online,110 we could immediately assess the SHO predictions on

real examples. Given the simple nature of the model, it gives very good predictions. The

agreement with cavity measurements is almost quantitative in deuterated water, and slightly

worse in water.

The quality of the SHO model’s prediction may appear unexpected at first sight. However,

we then showed that the input to the SHO model is equivalent to the input to the transfer

matrix method, which is already widely used by experimentalists to interpret their cavity

spectra, making the SHO model’s accurate predictions somewhat less surprising. We argue

that our findings could hint at the fact that there is nothing fundamentally special or novel
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about cavity spectra. The cavity simply provides a different way of ‘looking’ at the system

enclosed within. Together with questions about the reproducibility of cavity experiments,45,46

our results casts some doubt on reported vacuum cavity effects (specifically on the rates of

chemical reactions in liquid samples).

Recently, Yuen-Zhou, Weichman and their co-workers have published a review115 titled

“When do molecular polaritons behave like optical filters?”, which settles the debate. In

many situations (such as the linear spectroscopy studied by us), the cavity simply acts as an

optical filter and its effects can be explained using classical linear optics. It is only in some

situations, like spontaneous Rahman scattering, that cavity effects may be non-trivial and a

more sophisticated quantum electrodynamics treatment is warranted.

In Chapter 4, the focus shifted to electronic spectroscopy, and in particular two-dimensional

electronic spectroscopy. We started by discussing the theoretical background and deriving

expressions for the response functions relevant for two-dimensional spectra. We then zeroed

in on two works using semiclassical Ehrenfest methods to compute the response functions,

which we call the mean classical path69 and polar pure state Ehrenfest70 (or ‘polar Ehrenfest’)

approaches, respectively. We then proposed the equatorial Ehrenfest method, which is ob-

tained through a simple modification to the polar pure states method. Equatorial Ehrenfest

both reduces the computational cost as well as improves the accuracy of polar Ehrenfest by

taking advantage of the symmetries of the equatorial pure states and the nonlinear response

functions. It also serves as a conceptual bridge between the mean classical path and polar

Ehrenfest methods. For linear spectra, equatorial Ehrenfest is even equivalent to the mean

classical path method. There is thus no argument to be made that polar Ehrenfest is more

rigorous or less ad hoc than the mean classical path, as has been claimed elsewhere.70 Quite

the opposite is true: Polar Ehrenfest is less accurate and significantly more expensive than

the mean classical path approach.

We suspect, in agreement with previous work69,70 that the main issue in the two-dimensional

spectra computed with Ehrenfest methods is the propagation through the second of the three

propagation times, t2, which is also called the population time. In a condensed phase system

(or a system-bath model of such a system), Ehrenfest converges to an overheated equilibrium,
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which causes significant errors in the Ehrenfest population dynamics. This is supported by

the observation that the spectra become worse with increasing t2. To overcome this, we sug-

gested to replace the propagation through t2 by spin mapping. After describing the necessary

modifications, we showed that such a spin mapping-based method improves the relative peak

intensities on the diagonals of the two-dimensional spectra, but still fails to reproduce exact

results. Also, the computational cost is increased by a factor N , where N is the number of

singly excited states.

Whether the additional cost is worth it will depend on the relevant application. We thus

need to better understand which properties are extracted from experimental two-dimensional

spectra. To do so, we will need to design models that closely emulate experiments. Through-

out Chapter 4, we considered only Frenkel exciton models, for which we could obtain exact

HEOM results for benchmarking. However, these models are not expected to be good rep-

resentations of experiments: Realistic systems will have a more complicated excited state

structure that includes effects such as Duschinsky rotations, electronic state-dependent vi-

brational frequencies and anharmonicities, and we do not know how the methods discussed

here will fare for them. But at least they can in principle be applied to more realistic systems,

which exact quantum mechanical methods such as HEOM currently cannot.

While the work described in Chapter 4 has not yet been published, a draft preprint has

been shared with some members of the community. Reichman and co-workers have used

our equatorial pure state decomposition to study (linear) polaron spectral functions.156 They

also show results obtained with MASH estimators.156 The idea of using MASH estimators

for the t2 propagation in two-dimensional spectroscopy, as Reichman and co-workers have

done for the linear case, would be interesting to investigate in order to see whether we can

recover more of the exact spectral amplitudes than we could with the Ehrenfest and spin

mapping discussed in Chapter 4. However, the MASH results in Reference [156] are not very

encouraging, and an entirely different approach may be necessary. How best to calculate non-

linear spectra with a simulation method that scales well in systems of increasing complexity

remains an open question.
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Appendix

A Ring polymer normal modes

In the absence of a molecular potential, the ring polymer Hamiltonian is diagonalised by its

normal modes P̃ , Q̃, which are related to the spatial coordinates P ,Q via

Q̃ = CTQ

P̃ = CTP .

(5.1)

The free ring polymer Hamiltonian expressed in terms of normal modes is

HP (P̃ , Q̃) =

P−1∑
k=0

N∑
i=1

(
|P̃ (k)

i |2

2mi
+

1

2
miωk|Q̃

(k)
i |2

)
, (5.2)

where ωk = 2ωP sin πk
P . If P is even, the orthogonal transformation matrix is

Cjk =



√
1
P k = 0√
2
P cos 2πjk

P 1 ≤ k ≤ P
2 − 1√

1
P (−1)j k = P

2√
2
P sin 2πjk

P
P
2 + 1 ≤ k ≤ P − 1

, (5.3)

and if P is odd, it is

Cjk =



√
1
P k = 0√
2
P cos 2πjk

P 1 ≤ k ≤ P−1
2√

2
P cos 2πjk

P
P−1
2 ≤ k ≤ P − 1

(5.4)
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1 ≤ j ≤ P enumerates the spatial coordinates, and 0 ≤ k ≤ P − 1 enumerates the normal

modes. Since C is an orthogonal matrix, the back-transformation from normal modes to

spatial coordinates is

Q = CQ̃,

P = CP̃ .

(5.5)

One normal mode (k = 0), for which ωk = 0, is special. It is related to the centroid of the

ring polymer, Q = 1
P

∑N
j=1Q

(j) through

Q̃
(0)

=
P∑

j=1

Cj0Q
(j) =

√
1

P

P∑
j=1

Q(j) =
√
P Q. (5.6)

The derivative with respect to the centroid mode is

∂

∂Q̃
(0)

=

P∑
j=1

(
∂Q(j)

∂Q̃
(0)

)
︸ ︷︷ ︸

=
√

1
P

(Eqs. (5.3), (5.4))

∂

∂Q(j)
=

√
1

P

P∑
j=1

∂

∂Q(j)
, (5.7)

and the derivative with respect to the centroid coordinate is

∂

∂Q
=

√
P

∂

∂Q̃
(0)

=
P∑

j=1

∂

∂Q(j)
. (5.8)

B Note on spin mapping initial conditions

Section 4.7, which describes the spin-mapping simulation of two-dimensional electronic spec-

tra, describes an initialisation of the electronic mapping variables with focused initial con-

ditions. In practice, a different scheme is used with the aim of improving the convergence

of spin mapping results. This scheme, which we have termed ‘doubly focused sampling’, is

described here and was used to compute the results presented in the thesis.

Doubly focused sampling

At the beginning of the t2 propagation, the density matrix of interest is |ϕ⟩⟨ϕ|, where |ϕ⟩ is

in the singly excited manifold and has been obtained from the equatorial pure state decom-
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position. (The case where |ϕ⟩ is proportional to the ground state is not considered here, since

the spin mapping and Ehrenfest treatments are identical in that case.) First, we normalise

the state to obtain |ϕ̃⟩⟨ϕ̃|, where |ϕ̃⟩ = ⟨ϕ|ϕ⟩−1/2|ϕ⟩. The goal is now to sample a set of N

vectors |cn⟩, such that

1

N

N∑
n=1

[√
N + 1|cn⟩⟨cn| −

γW
2
ÎN

]
= |ϕ̃⟩⟨ϕ̃|, (5.9)

with γW = 2
N (

√
N + 1 − 1) such that the initial density matrix is reproduced exactly with

the N samples.

It is easiest to do all this in a basis |k⟩, k = 1, . . . , N , where |ϕ̃⟩ is the eigenvector

with k = 1. This can be done via a Gram-Schmidt orthonormalisation of N − 1 randomly

generated SU(M) coherent states. In this basis, the expansion coefficients of the states |cn⟩

are cn,k = ⟨k|cn⟩, and the coefficients of the target state |ϕ̃⟩ are ⟨k|ϕ̃⟩ = δ1,k. For these

coefficients, Equation (5.9) becomes

1

N

N∑
n=1

[√
N + 1cn,kc

∗
n,k′ −

γW
2
δk,k′

]
= δ1,kδ1,k′ . (5.10)

The diagonal entries (k = k′) constrain the square moduli of the coefficients,

1

N

N∑
n=1

[
√
N + 1|cn,k|2 −

γW
2

] = δ1,k. (5.11)

We assume that the moduli do not depend on n. Equation (5.11) then gives

|cn,k=1|2 = α |cn,k ̸=1|2 = β, (5.12)

with α = 2+γW
2
√
N+1

and β = γW
2
√
N+1

. Note that these coefficients give normalised states, since

α+ (N − 1)β =
2 +NγW

2
√
N + 1

= 1. (5.13)

Let us now turn to the conditions on the off-diagonal (k ̸= k′) contributions. Having deter-
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mined the magnitude of the coefficients cn,k, we can make the general ansatz

cn,k=1 =
√
αeiϕn,k=1 cn,k>1 =

√
βeiϕn,k>1 . (5.14)

Inserting it into Equation (5.10) gives

1

N

N∑
n=1

ei(ϕn,k−ϕn,k′ ) = 0, (5.15)

where we have omitted constant prefactors as they are irrelevant to the result. A general set

of phases that satisfies Equation (5.15) is

ϕn,k = ϕk + (n− 1)(k − 1)
2π

N
, (5.16)

where the ϕk are sampled randomly between 0 and 2π. After sampling all electronic coeffi-

cients, the states are transformed from the Gram-Schmidt basis back into the site basis.

This sampling strategy increases the computational effort by a factor N , but we expect

that it reduces the number of total samples necessary for convergence. Futher, we call it

doubly focused sampling because it is an extension of focused sampling, which constrains

only the moduli of the electronic coefficients. In fact, their magnitudes are identical to the

ones used here (Equation (5.12)). Focused sampling is usually used to efficiently calculate

population dynamics. However, since the third order response functions depend on the

full density matrix, additional constraints on the off-diagonal elements should improve their

convergence.
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