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Abstract

Genomics has advanced rapidly in the past decade, with whole-genome sequencing

and single-cell RNA sequencing now routine in cancer research. Machine and deep

learning have also taken off, but applying them to biology remains challenging due

to confounding factors, irregularly distributed data, and a desire for causal insight

rather than prediction. In genomics, the lack of ground-truth labels further limits

supervised learning. This work develops methods bridging both domains.

The first part of my work revisits copy number alteration calling in cancer,

introducing araCNA, a deep learning model trained via simulation rather than

emulating the outputs of other models. Using novel long-range sequence models like

Mamba, araCNA predicts copy number profiles on whole-genome sequenced cancer

samples. araCNA presents a different paradigm for which deep learning models can be

applied in genomics - for amortised inference rather than as emulators. The second

part of my work focuses on unsupervised discovery in single-cell RNA sequencing

(scRNA-seq). I investigate the standard scRNA-seq pipeline assumptions and show

how most approaches overlook the sparse, near-binary nature of scRNA-seq data.

To address this, I develop bfact, a Boolean matrix factorisation method combining

combinatorial optimisation with heuristic post-processing. bfact outperforms

existing BMF methods and, when applied to scRNA-seq, finds biologically relevant

gene programs beyond current approaches.
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1
Introduction

Contents
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Thesis summary . . . . . . . . . . . . . . . . . . . . . . . 3

1.1 Overview

Perhaps like many modern PhDs in method development, mine has spanned several

projects, unified by a few major themes rather than one single project. My PhD

lies at the intersection of genomic data, its applications to cancer, and modern

machine learning and deep learning techniques. The overarching goals were to

improve existing methodologies, bring new perspectives and ideas, and learn as

much as possible about machine and deep learning when applied to real and

messy biological data.

My thesis covers two distinct areas of genomic methods development: first,

using deep learning approaches to call copy number alterations (CNAs) from whole

genome sequencing (WGS), and second, developing methodologies for discovery

from single-cell RNA sequencing analysis (scRNA-seq). Even within the latter,

1



1. Introduction

there are two central pillars: first, the methodology itself, a new Boolean matrix

factorisation approach, and second, the application to single-cell analysis.

A unifying theme of my work is how we can develop and evaluate methods when

there is no known ground truth, as is common in genomic data. Many deep learning

applications skip over this fact and end up training kinds of emulators- models that

predict the output of another existing model. Even unsupervised methods are often

benchmarked by treating labels as ground truth, meaning these methods, too, are

selecting for inductive biases that align with the model that generated said labels.

Both of the main projects presented here deal with this in different ways.

The copy number calling project uses what we do know about the data-generating

process to simulate ground truth data, on which a deep-learning sequence model

is trained. Once trained, it is applied to real WGS datasets to call copy numbers.

Hence, instead of treating existing copy number profiles as ground truth to train

and bias a model towards existing algorithms, the known generating process of the

data is instead used for training. Although not Bayesian, this approach is in a

similar vein to so-called ‘simulation-based inference’, where a deep learning model

is used to predict the posterior distribution from training on simulated samples

of the joint distribution. It demonstrates a different way in which deep learning

models can be applied to biological data without redundantly treating the output

of some other model as the ground truth.

The Boolean matrix factorisation work takes a more traditional data analysis

approach, interrogating the way that current analysis is done, showing that there

are flaws in this approach, and investigating a binary factorisation approach for the

discovery of different signals underpinning scRNA-seq. Methods developed in this

context often use some other computational output as a ground truth, leading to

emulators without much new insight into the task at hand. My work demonstrates

how the data distribution leads to misleading summary statistics and metrics, and

that new methodologies would benefit from challenging existing assumptions and

further consideration of the data at hand.

2



1. Introduction

1.2 Thesis summary

Because of the modular nature of my PhD, I have opted to include relevant

background literature within each of the respective chapters, which I believe makes

it easier to digest. My thesis consists of four main content chapters, with the first

one being standalone, and the last three more tightly linked.

Chapter 2 details the CNA calling project and introduces the method, araCNA,

that can accurately predict CNAs in real WGS cancer genomes. It introduces the

concept of CNAs and highlights existing work in the field, particularly showing

that no current deep-learning approaches exist for allelic CNA calling. Using recent

advances in deep sequence models, it uses state-space-model (SSM) based methods

as the underlying architecture, which allows for genomic-scale calling in a single

inference pass. Given the lack of ground truth, benchmarking is difficult; however,

araCNA performs on par with existing approaches, with much faster inference, and

requires only a tumour sample. Further, the approach outlines how a simulation-

based approach may be a different paradigm under which deep learning can be

successfully applied to biological data, where ground truth is often unknown.

Chapter 3 details the concept of Boolean matrix factorisation (BMF) in a

methodological sense, introducing both combinatorial optimisation theory and

existing methodological approaches. I present a new approach, bfact, based

on mixed integer programs (MIPs), drawing on my historical experience with

combinatorial optimisation. bfact is shown to work well compared to other BMF

approaches in simulated settings and on scRNA-seq datasets, for which it is intended.

Although the following chapter inspired my personal motivation for developing this

method, because bfact is methodologically standalone, I introduce it here first.

Chapter 4 critically evaluates the existing scRNA-seq standard pipeline for

identifying cell types and cellular abundance. This is particularly relevant for

applications in cancer, where rare cell types may exist or where cellular abundance

between disease states is used to understand possible disease mechanisms. I show

how the existing pipeline makes many assumptions and uses many sequential
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steps that all introduce sources of error. This chapter demonstrates how the

data distribution of scRNA-seq is extremely sparse, almost binary, which is often

overlooked and causes misleading summary statistics and downstream results. This

forms the motivation for using a methodological approach that explicitly accounts

for the binary nature of the data, BMF.

Chapter 5 evaluates and motivates the use of BMF specifically for scRNA-seq,

in a bioinformatics sense. I explain both from a data-driven and methodological

perspective why a factorisation approach may be preferable to the standard

clustering approach, as well as the binary focus, which may be an advantage.

As well as comparing to existing clustering, I also compare to a non-negative

matrix factorisation (NMF) approach. I evaluate bfact in several ways, both

using summary statistics and also looking at conservation of informative genes

and enrichment in reference biological databases. bfact appears to select different,

yet biologically relevant marker gene sets, and should be further investigated for

its potential in cancer applications. I also show that NMF appears to be more

robust than standard clustering approaches.

Finally, in Chapter 6, I conclude my thesis, reiterating some of the main

messages across the chapters.
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2.1 Introduction

In this chapter, I propose araCNA, a novel deep learning-based approach to the call

somatic copy number alterations (CNAs), prevalent in cancer genomes. Current

algorithms that call CNAs from whole-genome sequenced (WGS) data have not

exploited deep learning methods owing to computational scaling limitations. araCNA

uses novel transformer alternatives (e.g Mamba) to handle genomic-scale sequence

lengths and learn long-range interactions, and is trained only on simulated data

that can accurately predict CNAs in real WGS cancer genomes. Results are highly

accurate on simulated data, and this zero-shot approach is comparable to existing

methods when applied to 50 WGS samples from the Cancer Genome Atlas. Our

approach performs well with only a tumour sample and not a matched normal

sample, while most methods require a matched normal [1–3]. Newer versions of

both ASCAT and CNV-Kit do have a tumour-only mode, [4, 5], although specify

preference for both samples. Further, araCNA has fewer markers of overfitting,

and performs inference in only a few minutes. The approach demonstrates that

simulation-based inference provides a novel way to use modern deep learning

techniques when the ground truth of biological samples is unknown. This approach

opens up new opportunities for creating CNA callers that learn and can be fine-

tuned for specific sub-tasks of interest, or integrated directly with deep learning

models for other data modalities.

This chapter is standalone to the other three chapters; however, it links to the

main thesis themes of method development in cancer genomics, for which there is

often no known ground truth. This chapter also forms the basis of a publication

that is now in Nucleic Acids Research, [6].

2.2 Background

Somatic copy number alterations (CNAs) are genomic regions that are amplified or

deleted when somatic cells replicate. They are a hallmark of many cancers and a

driving factor of tumorigenesis [7], leading to the amplification of oncogenes [8, 9].
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CNA abundance is known to be associated with disease stage, prognosis and response

to treatment, and particular cancer types can be characterised by specific classes

of structural variation, often in specific chromosomal regions [10]. Accurate CNA

profiles of cancer samples are important for downstream analysis, such as association

studies to identify underlying cancer signatures or as prognostic biomarkers [11].

The copy number landscape of a tumour can be profiled using array and

sequencing-based technologies, where increases and decreases in signal intensity

or sequence read depth correspond to gains and losses of genomic segments [12,

13]. Allelic information from single-nucleotide polymorphisms (SNPs) can also be

exploited to determine copy number, Figure 2.1, Figure 2.3. Data can then be

processed using CNA calling algorithms to derive copy number states.

CNA calling algorithms generally consist of an approach to segment the genome

into regions of constant copy number and a copy number calling or classification

step (into deletion, duplication, etc). Methods adopt a variety of approaches. This

includes calling total copy numbers only [2, 14–16] while others provide allele-specific

major and minor copy number calling capabilities [1, 4]. Some adopt a hybrid

approach, first calling total copy numbers and then assigning these to major and

minor copy numbers [5, 17]. Approaches that account for tumour heterogeneity can

also provide sub-clonal copy numbers [18–21], again sometimes calling allele-specific

copy numbers [3, 22–24]. When multiple tumour samples are available from the

same individual, information from across samples can be used to posit evolutionary

trees upon which somatic point mutations and CNAs can be placed [25, 26].

Standard CNA callers adopt the use of segmentation algorithms or hidden

Markov models, which are effective at processing one cancer sequencing sample

at a time [27]. CNA callers process every sample as though it were the very first

sample they have seen, rather than learning from data examples. Therefore, despite

large-scale mapping exercises such as The Pan-Cancer Genome Atlas studies [11],

few new CNA calling approaches have been developed.

While many areas of ’omics analysis have been heavily influenced by deep

learning in recent years, the technology has had relatively little impact on CNA
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calling algorithms. For example, the use of transformer-based models has led to

the creation of massive foundation models for single-cell and integrative ’omics

[28]. However, the quadratic scaling limits of transformers have meant that these

same principles are often not applicable to genome-based applications, like CNA

calling, where distances between genomic regions of interest might be vast [29].

One of the few examples is ECOLE, [30], which is designed for whole exome

sequencing (WES), which uses a transformer architecture to classify exome regions

into neutral, deletion, and duplication, etc. Since WES has lower data resolution

as it captures only the coding portion of the genome, ECOLE tackles the simpler

task of classifying exome regions into these broad categories and does not call the

exact copy number or allele-specific copy numbers.

Deep learning models have been developed in the context of calling germline

variants, such as single-nucleotide variants (SNVs) and indels, from normal samples

[31], as well as some to call SNVs in tumour samples [32, 33]. However, the detection

of CNAs from tumour samples is more complex. Unlike germline contexts with a

well-defined diploid background, tumour samples have variable purity, with genomes

containing many different aneuploid states, obfuscating the true copy numbers.

Germline and somatic SNV calling typically focus on local sequence context, while

accurate CNA detection requires both global reasoning to infer sample purity and

ploidy, and local reasoning to infer changes in copy number states.

2.2.1 SSM-like models

In this chapter, two recent state space model (SSM) deep learning blocks are

employed; Hyena and Mamba, [34, 35]. SSM-like models have been developed

in an attempt to achieve similar results to transformers but to avoid using the

computationally taxing self-attention, where the number of operations scales with the

square of the sequence length, L2. Instead, SSM-like models use discrete convolution,

an operation between two sequences, x, h, to produce a third sequence, y, given by:

yt = (h ∗ x)t =
M−1∑
k=0

xt−khk
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Where M ≤ L is the filter/kernel length (of h), and t ∈ 1 . . . L is an element in

the sequence. For SSM models, take M = L.

Although convolution can be applied to any sequence, in the context of SSM-

type models, the sequences are assumed to be samples from a continuous function.

Here, observations x1 . . . xL and outputs y1 . . . yL are sampled from a continuous

time series, at ∆t intervals. Under a convolutional model/block, it is assumed

that observed yt are outputs from the convolution of the observed xt and the filter

hk, to be learnt. Hence, the aim is to learn filters hk such that the predicted ŷt

approximates the observed yt. Under a constant ∆t, convolutions can be efficiently

computed using the discrete fast Fourier transform [36].

The choice of how to define hn separates different classes of models [34]. For

example, convolutional neural networks (CNNs) explicitly define the structure

of predefined filters, hk, of size M . The number of parameters scales with filter

size, M , and so M is often chosen to be very short (e.g 3x3 kernels in imaging).

Instead, these filters may also be defined implicitly as hk = γθ(k), which removes

the link between the filter size and number of filter parameters. Hyena defines the

filters implicitly by using feed-forward networks to parameterise N learnable filters

h1(k) . . . hN(k). Despite the motivation of uncoupling sequence length from the

filters, Hyena still uses positional encodings as part of its filter architecture; thus,

the parameter count scales linearly with the sequence length. However, due to the

efficiency of the convolution, Hyena performs accurate inference on much longer

sequence lengths (i.e order of 1 million) than previously seen with transformers [34].

Another way to implicitly define h is as the response to a state space model

(SSM), which is loosely what Mamba and other similar SSM models do [35, 37]. A

state space model comes from a dynamical system of differential equations:

dh

dt
(t) = Ah(t) +Bx(t)

y(t) = Ch(t)

9
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Here, h(t) is some unknown hidden state, x(t) is a continuous input, and y(t) is

some continuous output to be predicted. A, B and C are matrix parameters to

be learned. The continuous model is discretised, according to;

ht = Aht−1 +Bxt

yt = Cht

Where, again, x1 . . . xL are samples from the continuous time series, at ∆t intervals.

Here Ā = fA(∆t, A) and B = fB(∆t, A,B), where fA and fB are discretisation

rules (e.g first order, second order, zero-order hold) [35].

When ∆t is constant, the recurrence defined above can be recast using convolu-

tion, as:

K = (CA,CAB,CAAB, . . . , CAL−1B)

y = x ∗K

The Mamba model takes this SSM approach, and further makes B(x) and C(x),

∆t = ϕ(x), learnable functions of the input. In Mamba-2, the main difference is

that these parameters are no longer dependent on the input; however, ∆t is still

learnable [38]. This makes the sequence time-varying, so it loses its equivalence with

convolution and must be evaluated sequentially [35]. To maintain efficiency, the

authors have designed it to be hardware-aware. They avoid loading from slow GPU

memory when information is only temporarily required and ensure no unnecessary

intermediate states are stored. It thus maintains efficiency on long sequence lengths,

at the expense of being hardware-specific to GPU A100 architectures [35].

Although Hyena does not define filters using an SSM assumption, it has been

classed in literature as an SSM-type model, due to its similar approach using implicit

convolutions [34, 35]. I also note that despite the theoretical inspiration of such

models, their adaptation to machine learning applications often violates initial

assumptions. For example, these implicit convolutional approaches are applied to

any sequential data [35, 39], without any notion of time, or sampling at regular
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intervals, ∆t, such as language or DNA sequences. In the Mamba model, the initial

discretisation of the SSM rule would be different if the functions B, C and ∆t

were explicitly modelled as functions of the input xt. Further, by assuming ∆t is

parameterised, it treats the sampling interval between the observed data as unknown,

which in time-series data is untrue. In other sequence types, it could perhaps be

interpreted as learning a kind of pseudo-time interval between each sequence element.

Like many approaches in machine and deep learning, these methods empirically

work, and it is that, over their theoretical inspiration, which has brought them to

prominence. SSM-type models have been shown to be on par with transformer

architectures, able to learn long-range interactions yet also ingest much longer

sequence lengths [34, 35, 38, 39]. Recent work has shown that these SSM-type

models are similar to traditional recurrent neural networks (RNNs), with a few

key changes [40]. Here, both Hyena and Mamba are implemented, to compare the

more popular (Mamba), with the less resource-constrained (Hyena).

2.2.2 Mathematical Preliminaries

The goal here is to infer CNAs from measured data, and this can be done using

the known mathematical link between true CNAs in a genome and the measured

data, first defined in Van Loo et al. [4].

To see this, let CT,i be the total copy number at locus i in the tumour, CP,i the

copy number of the paternal chromosome at locus i, CM,i the copy number of the

maternal chromosome at locus i and CB,i be the B allele copy number. Further, let

ρ be the purity of the tumour sample (the proportion of tumour vs non-tumour)

and rd be the expected number of sequencing reads per copy number. In practice,

samples are sequenced up to a given average read depth, which assumes a uniform

coverage of the short reads across the whole genome, [41]. When many duplicated

regions exist, the actual average read depth per copy number rd is unknown. Finally,

let Ri be the total number of reads at a locus and Bi be the B allele frequency

(BAF). The sequence data is therefore a collection {Ri, Bi}L
i=1 for L loci.
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For a pure tumour sample, the total copy number is:

CT,i = CP,i + CM,i.

Considering sample impurity, the sample copy number Cs
T is:

Cs
T,i = ρCT,i + 2(1− ρ),

Where it is assumed that the contaminating normal cells have copy number 2 at

all loci. While normal cells may possess some copy number variants, the size of

these regions is typically negligible compared to the cancer-associated alterations

we aim to detect, and hence are ignored for simplicity.

The B allele copy number is defined as:

CB,i = sp,iCP,i + sm,iCM,i,

Where (sp,i, sm,i) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} denotes whether the paternal and

maternal chromosomes respectively have the specified SNP B allele at locus i.

Adding sample impurity, the sample B allele copy number is:

Cs
B,i = sp,i((1− ρ) + ρCP,i) + sm,i((1− ρ) + ρCM,i)

The total number of reads at a locus Ri is then:

Ri = rdC
s
T,i

While the B allele frequency (BAF) Bi at locus i is given by:

Bi =
Cs

B,i

Cs
T,i

Both Ri and Bi are measured data, obtained from sequencing a tumour sample.

Figure 2.1 illustrates the relationship from (ρ, rd, {CP,i, CM,i})→ {Ri, Bi}. The

aim is to do the reverse- to infer (ρ, rd, {CP,i, CM,i}) from {Ri, Bi}. However, in the

above formulation, both Ri and Bi remain the same even if the values for CP,i and

CM,i are swapped, meaning the parental copy numbers cannot be uniquely inferred -

they are non-identifiable. Instead, let AM,i, Am,i = max(CP,i, CM,i),min(CP,i, CM,i)

be the major/minor allele-specific copy numbers, which are identifiable. Hence, the

aim is amended to infer (ρ, rd, {AM,i, Am,i}) from {Ri, Bi}.
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Figure 2.1 Mathematical construction of copy number calling. Illustration of
how purity, copy number, read depth per-copy number, and heterozygous loci result in
measured read depth and B allele frequency.

2.2.3 Identifiability

Inferring correct copy numbers is difficult and sometimes impossible, as different

combinations of copy numbers, sequencing depth and sample purity can result in

very similar read depth and BAF values. This concept is called non-identifiability,

Figure 2.2. Two profiles might be identical unless one profile has a downstream

segment that makes correct inference of the previous segments possible. A profile

may not become identifiable until many megabases into the sequence. Hence,

long-range information is required to correctly identify profiles.

Real tumour copy number profiles often contain many segments with deletions

and different duplication combinations, making it more likely that only one unique

copy number profile can explain the data (it is identifiable). However, they also

contain local variation in both read-depth and BAF measures, making some regions

ambiguous and difficult to call. When a profile has few segments and is non-

identifiable, it is assumed that the smallest ploidy solution is more likely.

13



2. Calling copy numbers with araCNA

Figure 2.2 Identifiability of copy number profiles. Example illustrating how
different copy number profiles can result in the same observed sequencing read depth and
B-allele frequency measures. Here, each copy number profile on the right is exactly double
that of the left, while the read depth per copy number value is half the left. Blue and red
reads are those from the paternal/maternal chromosome, respectively, where the B-allele
frequency will reflect their chromosome ratio at heterozygous loci. This combination
results in the exact same measured data, as highlighted in the bottom panel, where the
colours link to each configuration profile above. In general, many combinations of copy
number profile, tumour purity and read depth per copy number parameters may give rise
to similar observed data. In the presence of noise, segments that may uniquely determine
the copy number profile can be missed.

2.2.4 Simulation-based inference

Simulation-based inference (SBI) is a Bayesian approach, applicable when the p(ϕ|x)

is intractable but simulations from the joint distribution, p(ϕ, x) are available [42].

By generating pairs (ϕ, x) from the joint distribution, a model can be trained

to approximate the posterior p(ϕ | x) directly. This approach has recently been

applied in population genetics, [43, 44]. Amortised maximum a posteriori (MAP)

estimation is a subset of SBI, where instead of estimating the full posterior, the

MAP, ϕ̂, is predicted from the data instead [45].
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The approach used in araCNA and introduced in Section 2.3 uses the mathem-

atical formulation introduced above to simulate data samples x from known copy

number parameters, ϕ. araCNA is then trained to predict ϕ̂ from x, which can be

viewed as a form of amortised point-estimate inference. This point estimate will

align with the MAP in most cases, although weak identifiability and noise mean

that this is not theoretically guaranteed. Accordingly, araCNA can be regarded as

utilising a form of simulation-based inference for estimation.

2.3 Methods

2.3.1 Model overview

The input data for araCNA is assumed to be a sequence of allele-specific read counts

at genome-wide loci, Figure 2.3A, which can be converted into total read depth

(R) and B allele frequency (B) values as is commonplace for copy number callers.

These are fed into a long-range sequence model, which converts the input sequence

into an output sequence consisting of the probabilities of major and minor copy

number values at corresponding loci. Global parameters of interest, such as tumour

purity or ploidy, can also be provided, Figure 2.3B.
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Figure 2.3 Overview of araCNA model. The (A) input data (read count and B allele
frequency) is (B) converted by araCNA into a sequence of probabilistic copy number
calls and global parameter estimates. The araCNA model architecture (C) contains bi-
directional variants (D) of the causal Hyena or Mamba blocks. (E) The model is trained
on simulated data.

2.3.2 The araCNA model

The function of araCNA can be summarised as fθ({Ri, Bi})→ ({pi,k}, ρ̂) where fθ is

the long-range sequence model parameterised by network weights θ. ρ̂ is araCNA’s

global purity estimate, while pk,i is the probability that araCNA assigns the locus as

belonging to copy number profile Kj . The profile categories K1, . . . , KJ correspond

to major/minor parental copy number combinations, with K1 := (AM = 0, Am = 0),

K2 := (AM = 1, Am = 0) etc. Here, J = ∑Tmax
i=0 min(i+ 1, Tmax − i+ 1), where Tmax

is a hyper-parameter corresponding to the maximum modelled total parental copy
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number. From these r̂d = µrobust(R)/Φs can also be estimated, where µrobust(R)

is the robust or trimmed mean of the read depth vector and Φs is the expected

value of the overall sample copy number (i.e sample ploidy).

The model is trained using simulated datasets where the ground truth copy

numbers and purity are known. The details of this simulation are discussed later

in Section 2.3.4. The loss function consists of a supervised sequence loss and a

supervised global loss. The supervised sequence loss is the cross-entropy:

Lss = − 1
L

L∑
i=1

J∑
j=1

I{ci = Kj} log(pk,i)

where L is the sequence length, ci ∈ K1 . . . KJ is the known target profile of a

genomic locus. The supervised global parameter losses are:

Lsr = |rd − r̂d|,

Lsρ = |ρ− ρ̂|.

The total loss is then given by:

L = Lss + λrLsr + λρLsρ.

Where λr = λρ = 1 was found to work well. The model was trained using a

curriculum learning approach, iteratively increasing the simulation complexity,

detailed in Section 2.3.5.

Model Architecture

Sequence inputs are entered into araCNA together with global placeholders, and

projected through an encoder block, backbone and decoder block to give the copy

number and purity outputs, Figure 2.3B,C. Elements used as global estimates

(i.e. purity) in the output are appended to the end of the normal sequence, with

zero values for read depth and minor allele frequency dimensions. To differentiate

these elements from normal elements, a global token feature is used, encoded as 0

for normal elements and 1 for global prediction sequence elements.

The normal observational data (read depth and minor allele frequency), is

projected into a dimension d using a multi-layer perception (MLP) with ReLU
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non-linearities, while the token feature is projected into dimension d using a simple

embedding. The two inputs are combined in this projected space to serve as the

encoder block for the main backbone of the model. The output from the main

backbone diverges into two streams in the decoder- one for the prediction of the

copy numbers and one for the prediction of the global parameters. Both streams

use MLPs with ReLU activation, with a softmax to project the copy number

stream into a probability over the J possible classes, and a sigmoid to project

the purity estimate between 0 and 1.

araCNA was implemented to use either of the two recently developed long-range

sequence models, Hyena [34] or Mamba [35, 38], in its main backbone. As introduced

in Section 2.2.1, unlike prevalent transformer approaches, these SSM-like models

offer training times that scale linearly with sequence length, which is necessary in

genomic data. The araCNA models with Mamba/Hyena blocks are termed araCNA-

mamba and araCNA-hyena, respectively. Mamba-2 is the more popular of the SSM

models, but is constrained to GPUs with Nvidia A100 architecture (for training and

inference). Similar to [46], the blocks are adapted to be bidirectional rather than

causal (unidirectional) as used in natural language processing, Figure 2.3D. Here,

an additional Hyena/Mamba-2 operator processes the reversed sequence, and its

reverse projection is combined with the output projection from the Hyena/Mamba-2

operator over the original sequence. Hence, each sequence element has access

to every other sequence element.

The hyperparameters of araCNA-mamba and araCNA-hyena are outlined in

Table A.1, resulting in parameter counts of 70K and 12.09M, respectively. Each

hyena block contains two positional encodings of length Lmax corresponding to a

hyperparameter of the maximum input sequence length. For the pretrained models,

Lmax was set to 1M, hence the majority of the parameters, 12M, can be attributed to

the positional encodings. Notably, 70K parameters for araCNA-mamba are small for

a modern neural network [47], especially given that the task at hand is not trivial.
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2.3.3 Smoothing

Given the noise in real data, many copy number calling methods employ smoothing

or thresholding in some way to reduce the number of CNA segments and reduce

false positives. For example, ASCAT has a ‘penalty’ parameter that controls

smoothing [4], Battenberg has several ‘gamma’ hyperparameters [1], HMMCopy

has ‘e’ and ‘strength’ parameters [2] and CNV Kit uses thresholding to segment

and call different copy numbers [5]. araCNA also employs a smoothing technique,

based on the predicted output probabilities.

Using a similar approach to the Viterbi algorithm in HMMs, the aim is to

find the ‘best’ joint sequence S ∈ {1, . . . J}L given the model output probabilities,

pk,i, that a locus, i, is in copy number state k. The optimal sequence is found by

balancing the probabilistic evidence of being in a given state, with the penalty

λt of transitioning to a different state as:

Ŝ = arg min
S

[
−

L∑
i=1

J∑
k=1

I{Si = k} log pk,i + λt

L−1∑
i=1

I{Si ̸= Si+1}
]

For a given λt, this is solved using a dynamic programming approach. Here,

λt = 500 was found to be suitable.

2.3.4 Synthetic data simulation

For this work, araCNA is trained using simulated copy number profiles, Figure 2.3E.

This approach was taken since (i) there exists no ground-truth, high-resolution copy

number profiles upon which araCNA could be trained and (ii) to avoid using copy

number profiles produced by other methods to perform fair comparisons later on.

Synthetic copy number profiles were generated using the following procedure:

1) Sampling the number of segments. This is done by sampling the approximate

number of copy number segments, N̂s, using a mixture approach; first, sample a

uniform variable, u, such that under a user-defined swap probability, qs, the number

of segments is sampled uniformly between 1 and N , where N is a hyperparameter.

When u > qs, a Poisson distribution is used to skew sampling towards smaller

total segments. This is to oversample weakly identifiable profiles with fewer

19



2. Calling copy numbers with araCNA

segments, where it is harder to estimate global parameters like read depth per

copy number and purity.

2) Sampling the segment breakpoints. This is done by randomly sampling

b1, . . . , bN̂s
breakpoints from 1 . . . L, the unique set of these breakpoints defines

the segments, and Ns = |{b1, . . . , bN̂s
}|. Only segments that have a minimum

segment length of Lmin are kept.

3) Sampling the segment profiles. Sample AM , Am of each segment from the

possible copy number profiles. Logic is injected here to preferentially sample profiles

closer in copy number to 1-1 when there are fewer segments. This is due to the

identifiability issue. When there are more segments, profiles are sampled more

uniformly but still with a preference for lower copy numbers, to inject an implicit

bias towards lower ploidy solutions when the profiles are weakly identifiable.

From a sampled profile, the sequencing read depth and B allele frequency data

are simulated. Each of the L loci is considered a commonly varying single-nucleotide

polymorphism (SNP). For both parental alleles, AM , Am, each SNP is sampled

as binomial with a probability of 0.5, the purity, ρ, is sampled uniformly from a

range between 0.5 and 1. This gives the sample minor allele copy number, Cs
B,i

and the sample total copy number, Cs
T,i. The read depth per copy number, rd

is sampled uniformly between 5 and 70, and together with Cs
T,i the overall read

depth, Ri is sampled from this mean with additional noise. The BAF, Bi is sampled

using total reads sampled based on Ri and the subset of B-allele reads using a

binomial probability of Cs
B,i/C

s
T,i, with added noise.

In real data, there exist regions of prolonged homozygosity that can be attributed

to identity-by-descent (IBD) regions (i.e identical regions inherited from both parents

due to a common ancestor), Figure 2.4. To emulate this, regions of prolonged

homozygosity are randomly injected into the model. In these IBD regions, the

BAF cannot be used to infer copy-number, and the model must use context from

before/after the homozygous region for correct prediction.

Thus this sampling procedure gives targets ({AM,i, Am,i}, ρ, rd) that generate

inputs {Ri, Bi}, which together are used in the training of araCNA. Hence, araCNA
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Figure 2.4 Example of homozygous regions. Real sample example illustrating
prolonged homozygous regions on chromosome 21, where the BAF noise is very low. In
contrast, the region on chromosome 22 indicates a minor copy number of 0, and hence,
although the BAF profile is close to 1 and 0, the noise profile is larger, where normal
contamination at heterozygous loci brings the BAF closer to 0.5. Red colouring indicates
regions of interest.

can be interpreted as performing inference on the statistical formulation introduced

in Section 2.2.2, when ({AM,i, Am,i}, ρ, rd) are treated as unknowns. Further

details of this procedure are included in Appendix A.2. Using these simulations,

araCNA is exposed to different sequence data distributions and learns how to process

these into copy number calls. As a consequence, when used at test-time for zero-shot

inference, it is not necessary to retrain araCNA to process any tumour sample, unlike

conventional CNA callers, which are optimised on each individual sample.

2.3.5 Curriculum Learning Procedure

To train araCNA, a curriculum learning procedure was taken, gradually increasing

the complexity of the problem. This was found to make model training easier,

and a similar approach was taken in Nguyen et al. [39], where they gradually

increase the sequence length.

The training procedure was:

1. Begin the synthetic data generating procedure with ρ = 1, and without

sampling the noise parameters. Use only up to a maximum total copy number

of 2, that is profiles: (AM , Am) ∈ {(0, 0), (1, 0), (1, 1), (2, 0)}. Sample rd, and

start with sequence length 10000. Train until convergence.
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2. Using the previously trained model weights as initialisation, add in purity

and noise parameter sampling. Train until convergence.

3. Using the previously trained model weights as initialisation, slowly increase

the maximum total copy number to 8. Train until convergence.

4. Using the previously trained model weights as initialisation, slowly increase

the maximum sequence length to 650,000. Train until convergence.

The total copy number is capped at 8, as the utility of modelling high-level

amplifications (e.g. CN > 8) is limited, often being grouped for downstream

analysis, e.g COSMIC, [48], groups ≥ 9 CNs together. However, a higher total

copy number could be easily incorporated with an additional curriculum learning

step, increasing training time. Depending on the model capacity, increasing the

total copy number may also require a larger model, either with increased hidden

dimensions or more layers.

2.3.6 LogR Input variant

araCNA was developed initially to require only a tumour sample. However, existing

methods often use a normalised read depth input that corrects for mappability and

GC bias and usually require a matched normal sample [1, 4]. To highlight both

how araCNA can be finetuned with different input data, as well as evaluate araCNA

on this more standard data, an araCNA-logR variant was also implemented.

This variant takes the araCNA-mamba pretrained model and finetunes it using

a new simulation procedure. Here the matched normal read depth, rn
d is also

sampled, and instead of Ri as input, the log normalised read depth, lr,i is used

instead, given by:

tr,i = Ri

2rn
d

lr,i = log tr,i

µrobust(tr)

Where µrobust(tr) is the robust mean, trimming the top/bottom 5% of data. Further

details of the simulation procedure are included in Appendix A.3.
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This emulates the approach used in ASCAT for real data. araCNA-logR is

finetuned using samples drawn from this new simulation procedure with initial

weights given by araCNA-mamba, training until convergence. In the model, the Ri

channel is replaced with lr,i, and the Lsr loss term with LsΦ = |Φs − Φ̂s|, where

Φs is the sample ploidy, given by µ(Cs
T ). This term links the purity estimate to

the output CNs. Given the replacement of Ri with lr,i, no architecture changes

are required; however, if there were (e.g additional input information), a different

encoder model could be used with the backbone and decoder weights given from

the pretrained model.

For evaluating araCNA-logR on real TCGA data, the output of the ASCAT

preprocessing pipeline is used as input to araCNA-logR, [4]. This pipeline corrects

for mappability and GC content.

2.3.7 Caller implementations

To evaluate araCNA, I compared it to several existing CNA calling tools, two of

which are commonly-used algorithms that can call allele-specific copy numbers:

ASCAT, [4], and an adaptation of ASCAT called Battenberg, [1], which can also

model sub-clonal populations, by optionally assigning a fraction of each CNA

segment to another subclone. Results are compared to Battenberg without and

with its default sub-clonality modelling.

araCNA is also compared to CNV Kit, [5] and HMMCopy, [2]. CNV Kit works

with WGS, although it is intended primarily for WES, and gives allele-specific

copy numbers after first calling total copy numbers, while HMMCopy only calls

total copy number [2]. Both ASCAT and CNV Kit performed well in a recent

benchmark [49], while Battenberg and HMMCopy are popular methods included

in other method benchmarks [24, 50].

ASCAT

ASCAT uses a piecewise constant fitting algorithm to segment the data based on

step changes present in logR, and BAF [4]. It then uses a grid search approach
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using values for the purity, ρ and ploidy ψ, to find integer copy numbers which

best explain the measured data.

ASCAT is implemented according to the GitHub, following closely the example

given by path: ExampleData/README.md with heading ‘Extracting logR and BAF

from HTS data and running ASCAT’. Please see the araCNA codebase for the

exact snakemake workflow used.

Battenberg

Battenberg takes a similar approach to ASCAT, however, may also assign a fraction

of each segment to a subclone with a different set of copy numbers [1]. This gives

an extra set of parameters for each loci/segment; τi, the fraction of the sample at

that segment attributed to clone 1, and the major/minor copy numbers of clone 1,

A1
M,i, A

1
m,i, as well as (1− τi), A2

M,i, A
2
m,i for clone 2 [1]. They also add an additional

constraint that A2
M,i +A2

m,i = A1
M,i +A1

m,i ± 1, although multiple copies of a region

might occur after the emergence of a subclone. If subclones exist in the data, the

distribution τi over segments should be centred around a few distinct modes, where

each mode has a different set of copy numbers over regions.

Battenberg is implemented according to the GitHub, using R package ‘batten-

berg’, following closely the example given by path inst/example/battenberg_wgs.R.

Please see the araCNA codebase for the exact snakemake workflow used.

HMMCopy

HMMCopy uses only the read depth ratio with normal reads of binned genomic

regions, correcting for GC content and mappability. It uses an HMM to segment the

genome into regions of constant copy numbers and call these total copy numbers [2].

HMM Copy is implemented according to the manual, which is available with

its installation through Bioconductor. It also requires using HMM Copy Utils

GitHub for preprocessing the BAM files. The main script follows the Ontario

Institute for Cancer Research GitHub script run_HMMcopy.R. The same parameter

tuning as the script above is adopted.
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It should be noted that the HMM parameters sometimes need individual

tuning post-inference to obtain fewer total segments and correct the copy number

calls [2]. HMMCopy results could perhaps be improved with further parameter

tuning on individual datasets; however, results obtained without manual tuning

capture the reduced utility of this tool compared to other methods that do not

require such tuning.

Please see the araCNA codebase for the exact snakemake workflow used,

including some preprocessing required as described in the HMM Copy Utils GitHub

at README.md#Example#Onbinwidths.

CNV Kit

CNV Kit is primarily designed for hybrid capture to infer copy number states, even

at regions with very low coverage; however, it also works for WGS data [5]. It uses

circular binary segmentation [51] to segment the genome into areas of constant copy

number, then assigns total copy numbers using thresholds on the log read ratio

between normal and tumour. After, it uses BAF to estimate the proportion of each

total copy number that can be assigned to each allele [52]. Hence, it only uses the

BAF to infer allelic copy numbers after initial total copy number calling.

CNV Kit is implemented according to the documentation. The docker image

installation was used with the ‘batch’ function pipeline, specifying the method as

whole genome sequencing. CNV Kit can also do allele-specific calling if provided

with VCFs, so I used VarScan, [53], to obtain VCFs of the tumour files at SNP

loci, followed by calling with CNV Kit. CNV Kit does not directly account

for purity/ploidy but can take both as an input- mainly affecting thresholds for

calling copy numbers [52]. Hence, I further implemented CNV Kit with ASCAT

purity/ploidy as a final comparison point. As this performed better, Figure A.1,

it has been used as the default, denoted CNVkit∗.
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araCNA

The implementation of araCNA is available on GitHub, araCNA codebase.

araCNA-mamba and araCNA-hyena perform copy number inference using a

tumour BAM file, without requiring a matched normal, and a SNP file with relevant,

non-problematic SNP locations. The araCNA-logR variant performs inference using

logR/BAF values derived in standard ways with a matched normal, and correcting

for mappability and GC content, as output by the ASCAT preprocessing pipeline.

araCNA outputs a CN segments file, and a summary information file including the

purity, ploidy and whole genome duplication estimates. In the real data, a non-

problematic SNP list was derived from a blacklisted region reference in literature

and SNP locations, having a length of ∼650k. Hence, the pretrained models were

trained up to this length, and tolerate some sequence length variation, but may

struggle if the input SNP list differs substantially. However, they can easily be

fine-tuned up to 1 million SNPs if a higher resolution is required. Current araCNA

pretrained models do not explicitly account for sex chromosomes and are limited

to WGS-derived data, though they could be fine-tuned to other data modalities

as outlined in the discussion. araCNA-mamba and araCNA-logR pretrained models

require an A100 GPU for inference.

2.3.8 Metrics

Given the ground-truth is unknown on real data samples, a proxy for the accuracy

of each model is the reconstruction error of the input data, with the caveat that

more expressive models can overfit to data (and hence have a lower reconstruction

error). Reconstruction error for both the BAF and the read depth is used.
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The BAF root mean square error (RMSE) is calculated as:√√√√ 1
L

L∑
i=1

(Bi − B̂i)2

B̂i = min
s1,s2

Ĉs
B,i(s1, s2)
Ĉs

T,i

= min
s1,s2

s1((1− ρ̂) + ρ̂ÂM,i) + s2((1− ρ̂) + ρ̂Âm,i)
2(1− ρ̂) + ρ̂(ÂM,i + Âm,i)

where the reconstructed BAF, B̂i is calculated from the most probable haplotype

(s1, s2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} at each locus.

The read depth mean absolute error (MAE) is calculated as:

1
L

L∑
i=1
|Ri − R̂i|,

R̂i = r̂dĈ
s
T,i,

r̂d = µrobust(R)
1
L

∑L
i=1 Ĉ

s
T,i

.

Here, µrobust(R) is the robust or trimmed mean of the data, excluding data at the

highest/lowest 5% of values. Absolute error, rather than MSE, is more appropriate

here due to mapping errors that can lead to read depth and hence MSE inflation.

Battenberg may assign a fraction of each segment to a subclone with a different

set of copy numbers [1]. Hence, for the Battenberg multiclonal reconstruction, the

fraction of each segment attributed to some sub-clone is also accounted for. This

gives an extra set of parameters for each loci/segment; τi, the fraction of the sample at

that segment attributed to clone 1, A1
M,i, A

1
m,i, as well as (1−τi), A2

M,i, A
2
m,i for clone

B. Hence, the reconstruction is adapted to follow the Battenberg formulation [1],

and in their implemented code (https://github.com/Wedge-lab/battenberg/),

where the sample copy numbers for each locus is given by:

Cs
B,i = s1((1− ρ) + ρ(τiA

1
M,i + (1− τi)A2

M,i) + s2((1− ρ) + (τiA
1
m,i + (1− τi)A2

m,i),

Cs
T,i = 2(1− ρ) + ρ(τi(A1

M,i + A1
m,i) + (1− τi)(A2

M,i + A2
m,i)),

The analysis for the non-multiclonal Battenberg reconstruction uses the copy

number predictions of the clone estimated as having the highest proportion (i.e

max(τi, 1 − τi) at each locus, with the normal formulation.
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The concordance, CC, between two methods, 1 and 2, is calculated according to:

CCmajor = 1
L

L∑
i

I(A1
M,i = A2

M,i)

CCminor = 1
L

L∑
i

I(A1
m,i = A2

m,i)

CCboth = 1
L

L∑
i

I(A1
M,i = A2

M,i and A1
m,i = A2

m,i)

CCtotal = 1
L

L∑
i

I(A1
M,i + A1

m,i = A2
M,i + A2

m,i)

= 1
L

L∑
i

I(C1
T,i = C2

T,i)

For methods like HMMCopy, only CT is output, so only CCtotal can be measured.

When method 1 is the ground truth, like in simulations, this can be interpreted

as an accuracy.

2.4 Results - Simulation study

Figure 2.5 compares results from the two araCNA variants (araCNA-mamba and

araCNA-hyena) using simulated data, sampled from the same generating procedure

from which the training data was also sampled. Results are across 100 simulated test

genomes, with a maximum sampled sequence length of 650k, to emulate the data

size of the non-problematic SNP dataset. Figure 2.5A shows that both models

achieve high copy number classification accuracy for the task, though araCNA-

mamba slightly outperforms araCNA-hyena. Both models perform well at predicting

simulated purity and ploidy, Figure 2.5B. Here, accuracy can be directly measured

since the ground truth is known. However, in real data, there is no known ground

truth, so reconstruction error is also included Figure 2.5C, where better methods

are likely to have a lower BAF and read depth reconstruction. The differences are

small, though araCNA-mamba achieves slightly better metrics than araCNA-hyena.

Figure 2.5D,E show the reconstructed read depth, BAF and predicted copy

numbers from each model for one of the example simulated genomes.
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Figure 2.5 Results for araCNA model variants on simulated data. A-C show
aggregated results across 100 simulated test genomes. (A) The distribution of concordance
and RMSE between the predicted and true copy numbers. (B) The predicted purity and
ploidy against the true purity and ploidy. (C) The distribution of mean reconstruction
error: BAF root mean squared error (RMSE) and read-depth mean absolute error (MAE).
(D) The reconstructed read depth and BAF, and E) the underlying predicted copy number
segments for araCNA-mamba and araCNA-hyena on an example simulated test set, the
maximum total CN is 8, hence the maximum minor CN is 4 (4, 4).
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The Hyena and Mamba models were trained using the same underlying simulation

and training procedure. Differences in results can therefore be traced to differences

in the model architecture or sensitivity to hyperparameters. Hyena often took

longer to converge during training, becoming stuck in local minima, possibly due

to the size of the model (12M parameters). In contrast, the Mamba model (70K

parameters) achieved better performance despite its significantly smaller size.

2.5 Results - The Cancer Genome Atlas

To evaluate araCNA on whole genome sequencing data, 50 tumour samples were

chosen from the colorectal (CRC), breast (BRCA) and ovarian (OV) cancer cohorts

of The Cancer Genome Atlas (TCGA). These three cancer types were selected due

to the extensive and well-characterised aneuploidy present in tumours of these types.

2.5.1 Performance on normal sample

As an initial sanity check, Figure 2.6 demonstrates that both araCNA-mamba

and araCNA-hyena recover diploid states from a normal sample, using a randomly

selected matched normal from the 50 TCGA sample superset.

Figure 2.6 Model output on real normal WGS inputs

2.5.2 Performance across tumour samples

Figure 2.7 highlights the performance of araCNA compared to other implemented

methods across the 50 tumour samples, while Figure 2.8A,B details the results

on a representative TCGA ovarian cancer sample.
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Figure 2.7 Comparison between CNA callers across 50 TCGA cancer samples
(A) Boxplots showing the B-allele-frequency root-mean-squared reconstruction error
(RMSE), read-depth mean absolute error (MAE), number of missing loci after calling,
copy number distribution of top 5% of copy number calls and the number of different
copy number segments identified across the tumour samples. Example distribution of
Battenberg clonal fraction for a particular tumour. (B) The distribution of concordance
and RMSE between the copy number predictions of each method. (C) The predicted
tumour purity and ploidy against the ASCAT-derived purity and ploidy. (D) Concordance
and RMSE of predicted copy numbers against the ploidy difference between methods and
ASCAT.
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Figure 2.8 Representative TCGA ovarian cancer sample. Each row shows A) the
called copy numbers and B) the respective reconstruction of each caller, where araCNA
has approx. 80% concordance with ASCAT, Battenberg and HMM Copy.

Since there are no ground truth copy number profiles for these tumours, proxy

measures such as reconstruction error are used to provide an unsupervised metric

for performance, where better methods will be expected to have low reconstruction

error. However, it is also important to consider both the number of segments and

the range of modelled copy numbers produced by each CNA calling approach. A

low reconstruction error accompanied by a large number of highly variable copy

number segments may suggest overfitting, while high copy number calls at high

read depth regions will have a lower reconstruction error but could be less plausible.

Figure 2.7A shows the distribution of the root mean-squared error (RMSE)

and mean absolute deviation (MAE) for the reconstruction of the B allele frequency

and read depth over the fifty samples. Using the three araCNA variants for zero-shot
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inference of the copy number states gives comparable reconstruction performance to

the existing CNA calling methods while using similar numbers of segments. Although

ASCAT and Battenberg achieve slightly improved reconstruction error performance,

they show signs of overfitting to the data, as explored further in Section 2.5.3.

araCNA-logR, which uses ASCAT-preprocessed matched normal/GC corrected

inputs, achieves similar results to the araCNA-mamba model, which uses only tumour

read depth. This suggests that preprocessing differences are likely negligible, and

the observed variation is more likely due to identifiability issues, explored in Section

2.2.3, or high-noise tumour regions that are difficult to resolve.

Figure 2.7B details the pairwise copy number classification concordance and

the root mean squared difference between copy number calls from different methods.

araCNA-mamba achieves a median of 80% concordance with ASCAT for all copy

number calls across the 50 TCGA cancer samples and a median of 70% concordance

with Battenberg, while araCNA-hyena was substantially less concordant with ASCAT

and Battenberg. However, when the discrepancies are measured using root mean

squared difference, the average differences were much less than one, and most

discrepancies are due to small numerical differences (e.g. 1 ↔ 2, 2 ↔ 3, etc).

Further, differences between ASCAT and araCNA appear to be primarily driven

by different major and total copy number calls in some samples.

To further investigate call discrepancies, Figure 2.7C compares tumour ploidy

and purity estimates using ASCAT as a baseline. While tumour purity estimates

are well correlated between all methods, tumour ploidy estimates differ between

methods for some tumours. Although araCNA calls a different copy number profile

for some samples compared to ASCAT, it still gives low reconstruction error. Such

tumours likely have weak identifiability (see Figure 2.2) and araCNA identifies a

different ploidy state to ASCAT but with a corresponding copy number profile that

is still compatible with the observed data. Indeed, the concordance between araCNA

and Battenberg with ASCAT shows a reduction when there is a significant departure

from the ploidy state estimated by ASCAT, Figure 2.7D. Interestingly, where

there are disagreements, tumours classified as near-triploid by ASCAT will generally
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be classified in a higher ploidy state by araCNA and vice-versa, which is a hallmark

of the identifiability issue. There also exists a subset of tumours where ASCAT and

Battenberg disagreed on tumour ploidy despite their algorithmic similarities, which

further highlights the sensitivity of methods to the identifiability issue.

2.5.3 Markers of overfitting

While ASCAT and Battenberg are able to achieve slightly improved reconstruction

error performance, they sometimes assigned as high as 100 copies to localised

genomic regions, Figure 2.7A. It is difficult to verify the correctness of such calls

given the lack of ground-truth; however, most of these regions contain few or no

known cancer or other functional genes, Figure 2.9.

Figure 2.9 Gene coverage of ASCAT focal aberrations. The distribution of
(A) cancer and (B) all functional genes wholly or partially overlapped by ASCAT focal
aberrations (total copy number ≥ 20). Most ASCAT focal aberrations contain few or no
known genes.

Further, Battenberg’s multi-clonal formulation uses the same input data with

more degrees of freedom to model clonal fractions, Section 2.3.7. In the presence

of clones, fraction values should concentrate around discrete modes, corresponding

to the fraction of the sample originating from a subclone with a diverging copy

number pattern across the genome. Figure 2.10 indicates that in many samples, the
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Battenberg multiclone solution is likely overfitting to the input data, as there is often

a more uniform distribution over the fraction of clone 1 when clones are detected.

Battenberg may correctly identify clonal populations in cases 32 and 40, where it

could be argued that there are modes around clonal fractions of 0.5. However, for

most other samples, it appears that the Battenberg algorithm is likely overfitting

to noisy regions by introducing more modelling parameters than is necessary.
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Figure 2.10 Battenberg clonal distribution. Distribution of fraction of sample
assigned to clone 1 across loci
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2.5.4 Runtime Comparison

Finally, a runtime comparison of different models was performed across a random

selection of 5 TCGA samples. Such analysis, however, is not definitive as various

factors confound runtime:

• Runtime depends on tumour sample complexity.

• Some methods require user-managed parallelisation (e.g., by chromosome),

while others handle this internally.

• Tumour and normal sample processing can be parallelised differently across

methods.

• Certain tools (e.g., Battenberg) perform additional steps like phasing, signific-

antly increasing runtime.

The runtime of the workflow implementations is measured following document-

ation procedures for each method as outlined in Section 2.3.7. For ASCAT,

Battenberg, CNV Kit, and araCNA (preprocessing), 24 CPUs are used. HMM Copy

by default does not implement parallelism, so it uses only a single core. Inference

for both araCNA models was evaluated using an a100 GPU, although araCNA-hyena

can run on a CPU with a slight runtime impairment.

Figure 2.11 demonstrates that araCNA is faster than other methods, and

shows that the main bottleneck is the preprocessing (to compute read depth and

BAF), which likely could be sped up further, using command line tools rather

than pysam (a Python library), as is the default in araCNA. Note, this analysis

was performed after the primary analysis, and only five samples were used to

reduce unnecessary computation.

Figure 2.11 Comparison of runtime across models.
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2.6 Conclusions

These results show that it is possible to use a deep-learning approach to predict allele-

specific copy number alterations from whole-genome sequencing. araCNA is trained

using a simulation framework that generates supervised data for this biological

problem that otherwise would have no known ground truth. The model is applied

using zero-shot inference to TCGA cancer samples and found that araCNA achieves

comparable performance to existing methods despite being trained only on simulated

datasets. araCNA is also faster than other models, Figure 2.11, performing inference

in minutes, as it does not have to fit to individual samples. This highlights the utility

of having strong mechanistic models that relate copy numbers to sequencing data.

Overall, these results demonstrate how domain knowledge can be used to develop

simulation training sets for simulation-based inference in biological applications,

where computing the posterior may be intractable or computationally intensive [42].

araCNA takes advantage of recent advancements in deep learning, such as SSM-

like models, that allow for extremely long sequence lengths, on the order of genomic

data, and to learn long-range interactions for fast CNA inference. This approach is

not limited to CNA calling and could be repurposed for inference in many biological

applications where simulations are already used. Differences between Mamba and

Hyena highlight that the choice of architecture can be important, and performance

can vary between models for a given application.

Importantly, once constructed, it is possible to further refine and retrain a model

like araCNA with additional data. Unlike classic CNA callers, araCNA can continue

to learn and improve using standard deep learning techniques such as fine-tuning

or transfer learning. While this work was limited to training on simulated data,

it is possible to use CNA profiles from existing copy number callers for training

or fine-tuning. However, since these would not be ground-truth data, this would

result in a model which is an emulator of the existing copy number caller. While

emulators could not normally exceed the original CNA caller in terms of performance,

they can offer usability advantages since, by pre-training the emulator, it can be

applied directly at run-time without retraining on each specific sample. There
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may also be possibilities for producing ensemble callers by using outputs from

multiple existing CNA callers for training.

If the tumour genome is non-identifiable, araCNA has been trained to bias towards

smaller copy number solutions through sampling bias in the simulated training

data. An alternative would be to introduce an explicit penalty term on total copy

number in the loss, discouraging high-CN solutions when non-identifiable. However,

to do this well, it would be necessary to identify weakly identifiable sampled tumour

profiles, which is a complex multivariate optimisation problem. In practice, it was

easier to preferentially sample lower-CN profiles for ambiguous settings. However, a

selective penalty in the training loss offers an alternative to changing the sampling

distribution that may be simpler or more complex, depending on the task.

While deep learning approaches in genomics have previously been limited by a

lack of labelled ground truth data and sequence length [54], araCNA demonstrates

how simulation-based learning in tandem with emerging deep-learning architectures

can address both these issues. araCNA performs on par with traditional genomic

models despite requiring only a tumour sample and not a matched normal sample,

contains fewer markers of overfitting, and performs inference in only a few minutes.

On top of this, araCNA has the ability to learn and adapt using fine-tuning or

transfer learning.

2.7 Limitations and future work

The approach here could be extended in several ways. Simulations could explicitly

model patterns of sequence variation, due to mappability, amplification or platform

sequencing issues. araCNA could also be fine-tuned on real genomes, where profiles

have been curated and validated using external data sources (e.g flow cytometry for

ploidy estimation, or single cell whole genome sequencing). Further, the modelling

approach could likely be extended to integrate sub-clonal calling and holistically

account for clone-specific mutations and clone-specific copy numbers, or be adapted

to include multiple longitudinal samples from the same patient, or for low-quality

data or different data modalities (e.g SNP array).
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Similarly, araCNA could be adapted to estimate copy number profiles in single-

cell data by fine-tuning on low-coverage single-cell simulations. An extension of

araCNA could potentially replace the initial cellular CN calling step in pipelines

like CNRein [55]. However, summarising subclonal structure across cellular profiles

would require a more complex framework. A similar SSM-based model, taking either

raw cellular data or inferred profiles as input to predict representative subclones,

could form the basis of future work, particularly given the simulation procedure

already introduced in Ivanovic and El-Kebir [55].

A challenge I have highlighted is the issue of identifiability when multiple copy

number profiles could explain the same measured sequencing data, and the correct

copy number profile might be non-identifiable as a result. Multiple tumour sampling

in space and/or time, such as used in TracerX [56], can alleviate the problem by

increasing the probability of unique solutions but may also introduce issues since

different evolutionary trajectories could also produce similar patterns of CNAs.

Further work is required to enable multiple distinct CNA profiles to be produced.

Finally, a potential issue with araCNA is the distributional shift between the

simulated training data used in training and the actual sequencing data. Given

the performance of araCNA zero-shot on the real WGS data, this distributional

shift is likely small; however, there do exist ways to explicitly account for this.

Finetuning on real data using the output of another model could be an option, or

else, using something like importance sampling to weight training examples by their

similarity to real data samples. This may be a larger issue if araCNA was applied

in a new context, where there was additional sequencing noise and artefacts (e.g

for Formalin-Fixed, Paraffin-Embedded tumour samples).
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3.1 Introduction

The true motivation for this chapter stemmed from thinking about better approaches

for single-cell RNA-sequencing (scRNA-seq) analysis. In particular, scRNA-seq is

extremely sparse and near binary, which many existing approaches tend to ignore.

Furthermore, a factorisation approach might capture the underlying data in a more

interpretable and consistent way than traditional clustering approaches.

This hypothesis led to the development of a novel method for Boolean matrix

factorisation using constrained combinatorial optimisation, an approach that draws

on my previous background in operations research. Although such problems are often

NP-hard, there are still tricks and heuristics that can make them more tractable.

The method introduced in this chapter, bfact, performs remarkably well, especially

at identifying lower rank factorisations, particularly in a scRNA-seq context.

This work runs into both Chapter 4 and Chapter 5, which thoroughly

interrogates the underlying assumptions that motivated this chapter, and then

investigates Boolean matrix factorisation in a bioinformatics context. However,

this chapter is somewhat standalone, since the new Boolean matrix factorisation

method applies to any binary context, not just scRNA-seq. Hence, it is introduced

here, before the more bioinformatic motivation is outlined.

Parts of this chapter have formed the basis of a publication, currently under

review. Further, the initial formulation for the disjoint-BMF and associated pricing

problem were devised in collaboration with Dr Michael Forbes- my undegraduate

operations research lecturer. The initial idea of a combinatorial optimisation

approach, implementation of all approaches and formulation of all other approaches

and algorithms is my own.
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3.2 Background

3.2.1 Problem definition

The aim of Boolean matrix factorisation (BMF) is to decompose a binary matrix X ∈

{0, 1}M×N into two other low-rank binary matrices, L ∈ {0, 1}M×K , R ∈ {0, 1}K×N ,

according to Xij = ∨K
k=1LikRkj. Where ∨ is the logical or operator, meaning that

X = min(1, LR). Here, (M,N) corresponds to the number of observations and

features, respectively and typically K ≪ N . In practice, observations are corrupted

by noise, and it is common to assume that the observations Y ∈ {0, 1}M×N =

X + ϵ ◦ (1− 2X) where ϵ ∈ {0, 1}M×N is an additive noise matrix, and ◦ denotes

the hadamard product. The logic ϵ ◦ (1 − 2X) ensures that if Xij = 1 that ϵij

is substracted from Xij, while if Xij = 0 then ϵij is added to Xij. Hence, in

practice with noisy data Y , the aim is to find the lowest rank matrices L̂ and R̂

that uncover the underlying signal X according to some objective, for example,

the reconstruction error on Y .

The exact problem of Boolean matrix factorisation is NP-complete, and its

optimisation variant (i.e. minimising reconstruction error for a given rank) is

NP-hard, necessitating heuristic or approximate methods in practice [57].

BMF is also closely related to tiling, where “over-covering” is not allowed,

that is, the reconstructed matrix cannot be one unless the observed matrix is,

i.e θ(L̂R̂)ij ≤ Yij. A recent review paper Miettinen and Neumann [57] highlights

that there are three equivalent ways to consider BMF. First, as a boolean matrix

factorisation, highlighted above; second, using a graph formulation; and third,

using a set formulation. The latter becomes relevant in Section 3.3, hence

is introduced here.

Consider now the matrix Y as a composition of sets of features. Let N =

{Nf |Nf = {j|j ∈ 1 . . . N}, f = 1 . . . 2N}, the set of all possible feature sets. For a

given observation, there is a collection of observed features, Si = {j|Yij = 1} ∈ N .

The aim is to select a subset of K sets R ⊆ N = {Qk|k = 1 . . . K} to provide an
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optimal set basis for Y , given by {Si|i = 1 . . .M}. For every observed feature set

Si, there exists a subcollection Li ⊆ R with the following objective:

min
M∑

i=1
|Si ⊕

⋃
Qk∈Li

Qk|

Here ⊕ denotes the symmetric difference between sets. This is equivalent to the

standard matrix factorisation, by considering that Lik = 1 iff Qk ∈ Li, and

that Rkj = 1 iff j ∈ Qk.

3.2.2 Existing approaches

There are many existing approaches to Boolean matrix factorisation, developed in the

related but distinct contexts of data mining, control, concept analysis and machine

learning [57]. However, only a subset of these algorithms also account for finding the

best K value, which in practice is necessary and desirable if trying to find underlying

factors for the data. I detail the most common and best-performing ones below.

These algorithms tend to fall into two camps: greedy heuristic algorithms that

generate candidate patterns often from iterating through columns ordered in some

way, or continuous approximations. Exact combinatorial solutions exist that use

mixed integer programming (MIP) solvers such as CPLEX and Gurobi; however,

these are limited by their scalability [58].

ASSO and MLDBMF

ASSO, [59] was one of the pioneering methods for BMF algorithms. ASSO requires

K as an input; however, MDL4BMF, [60] from the same authors, extends ASSO

to find the best K that minimises the description length.

ASSO solves the set basis problem highlighted above. It finds possible columns

(sets of features) by creating a pairwise correlation matrix, A : N × N , between

features and thresholding this correlation. From this matrix, K rows are greedily

selected to maximise the cover of the matrix Y , defined as:

cover(Y, L̂(k), R̂(k)) =w+|{(i, j)|Yij = 1, (L̂(k)R̂(k))ij = 1}|

−w−|{(i, j)|Yij = 0, (L̂(k)R̂(k))ij = 1}|
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When w+ = w− = 1, as is default in ASSO, this is equivalent to finding factors

that greedily minimise the reconstruction error.

The greedy selection starts with empty matrices L̂ and R̂. From a given row

aj of A, the corresponding optimal cover membership lj can be found, and from

iterating over all rows, the optimal factor and membership aj′ , lj′ is selected that

maximises the cover. These are then appended to the L̂ and R̂ matrices until K

factors have been chosen. It is greedy because the optimal grouping is considered

iteratively and not holistically. It is also heuristic as the model depends on the

correlation matrix providing a good basis for candidate columns.

MDL4BMF extends ASSO by running it for multiple different input K values and

finding the factorisation with the minimum description length (MDL). Description

length hails from information theory, and is a principle for model selection, selecting

a model that balances complexity and fit. Complexity here is a measure of the

number of bits required to encode the model, and can be done in different ways, as

explored in [60]. It implicitly accounts for the number of factors K.

Panda+

Panda+, [61] is a generalisation of the Panda [62] algorithm, by the same authors.

It is similar to MDL4BMF in that it generates candidate columns but directly

optimises a kind of complexity cost, instead of doing this post-hoc. The internal

greedy algorithm also follows a different strategy to ASSO, but also greedily selects

patterns with the largest impact on cost. Here, a pattern refers to a pair L̂·k, R̂k·.

It does this by finding ‘core’ patterns, that is, patterns with only true positives

in the data matrix. It finds the core pattern, if any, that minimises the cost.

Once the core pattern is found, it extends this pattern to allow for false positives,

again such that this pattern minimises the cost. This process is repeated until

a user-specified number of patterns is found or until the MDL cost cannot be

improved using this strategy.
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Panda finds candidate patterns by first ordering the features in the residual

dataset, Yr = min(0, Y − (L̂(k)R̂(k))), where L̂(k), R̂(k) is the factorisation at

step k in the algorithm (initially empty). Columns can be ordered using various

strategies, such as frequency in the data or mutual correlation. Once ordered

as σ(1), . . . , σ(N), the candidate pattern is constructed by setting each feature

entry to 1 in turn, starting with R̂k,σ(1) = 1 and assigning L̂i,k = 1 for all i where

Yr;i,σ(1) = 1. This process continues iteratively for j ∈ σ(2), . . . , σ(N), updating

L̂(k) and R̂(k) until no further decrease in cost is observed, before repeating the

process for the new residual dataset for k + 1. The algorithm stops at k = Kmax

or if the cost does not improve with the addition of k.

Panda+ allows for different complexity costs alongside the reconstruction error,

including an MDL encoding and pattern complexity (number of bits in each

profile). The default is adding |L̂| + |R̂| to the reconstruction objective, which

encourages sparse L̂, R̂.

PRIMP

To move away from heuristic approaches Hess, Morik and Piatkowski [63] take

a continuous relaxation of the problem, which can be directly optimised using

gradient-based approaches. To do this, they adopt a two-part objective: a term

for the reconstruction error (using standard algebra, not Boolean algebra), and

a regularisation term on the matrices to encourage binary values and lower rank

approximations. Their objective meets the criteria to use proximal alternating

linearised optimisation (PALM), a generalisation of Gauss-Seidel for nonconvex,

nonsmooth problems [64]. They investigate two regularisation terms, but their

better-performing ‘PAL-Tiling’ approach is detailed here and is referred to as

PRIMP throughout this section.
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The cost measure in PRIMP is given by the code-table cost:

fCT (L̂, R̂, Y ) =fD
CT (L̂, R̂, Y ) + fM

CT (L̂, R̂, Y ) (3.1)

fD
CT (L̂, R̂, Y ) =−

K∑
k=1
|L̂·k| log(pk)−

N∑
j=1
|ϵ·j| log(pK+j)

fM
CT (L̂, R̂, Y ) =

∑
k:|L̂·k|>0

(R̂k·c− log(pk)) +
∑

j:|ϵ·j |>0
(cj − log(pK+j))

Where ϵ is the error matrix from the reconstruction difference, and the probabilities

pk and pK+j refer to the usage of non-singleton profiles R̂k· and singleton profiles

{j} (i.e profiles containing only a single feature). These are given by:

pk = |L̂·k|
|L̂|+ |ϵ|

, pK+j = ϵ·j

|L̂|+ |ϵ|

Further, c : N × 1 is the vector of code lengths for each feature, given by

cj = − log(|Yj|/|Y |).

fCT above is an example of a minimum description length (MDL) encoding of

the model defined by (L̂, R̂, Y ) using code tables. Here, different factor profiles

are mapped to binary codes, where shorter codes correspond to profiles that are

frequently present in observations [65]. fD
CT refers to the description length of the

data given by the model, and fM
CT is the description length of the model itself.

fCT is not continuous, hence PRIMP employs a relaxation of this, which they

show is an upper bound on fCT . Further, the algorithm used in PRIMP does not

optimise fCT over all K but optimises fCT at incrementally increasing (with ∆k)

values of K up to some user-specified maximum. The factorisation is returned if

the binarised optimal matrix factorisation results in a rank less than the input K

specified, or if the maximum K has been reached. The optimisation algorithm

that solves for each K value is run for some maximum number of iterations I

for the PALM solver.

3.2.3 Constrained optimisation

An alternative to gradient-based machine learning methods that explicitly handles

discrete variables is combinatorial-based optimisation. Although discrete problems
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are often NP-hard, as in this case [57], their difficulty depends on the problem

size. Modern discrete optimisation solvers can still exploit parallelism and advanced

mathematical techniques to find high-quality, and often guaranteed optimal, solu-

tions within reasonable timeframes [66]. Additionally, problem-specific methods like

delayed column generation or Benders decomposition can enable tractable solutions

to otherwise intractable formulations [67, 68].

Linear programs (LPs) concern convex optimisation problems with constraints,

where the set of constraints forms a feasible region of solutions [69]. In LPs, the

optimal solution(s) to the problem lie at extreme points, the vertices of the feasible

region. Integer programs (IPs) and mixed integer linear programs (MILPs) are

problems where variables can be integer-valued, meaning such problems are no

longer convex; however, their linear relaxation is. This special class of problems

is relevant in many real-world applications, as they can use decision variables

to encode conditionals.

In IPs and MILPs, feasible solutions require integer variables, and the resulting

problem is no longer convex. To solve this, a tree-like procedure called Branch-

and-Bound is used [70]. If the LP relaxation yields a fractional solution, branching

constraints are added to force integrality: one branch enforces the variable to be

at most the floor, and the other at least the ceiling of the fractional value [70].

The LP relaxation is then resolved in each subproblem. For example, if the LP

relaxation returns a solution with x = 4.3, two new subproblems are created, one

with the constraint x ≤ 4, the other with the constraint x ≥ 5. These are then

solved recursively to find the best bound and hence optimal integer solution.

Another important concept in such problems is the idea of the dual problem,

which is a reframing of the original ‘primal’ problem [69]. In the primal problem,

an LP aims to find the optimal values of decision variables that minimise the cost,

subject to constraints. The dual problem finds optimal values of variables associated

with each constraint (dual variables), representing the cost each constraint adds

to the primal objective — that is, how much the objective would increase if the
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constraint were relaxed. If such a problem is written as a system of equations

in matrix form, the primal formulation uses the rows of the matrix, while the

dual uses the columns of the matrix (with rhs/objective coefficients as appended

column/row) [69].

Delayed column generation

Delayed-column generation (or Dantzig-Wolfe decomposition) is a reformulation

technique that can improve performance on MILP problems [71]. The basic premise

is that a problem is decomposed into a ‘master problem’ (MP) and a sub-problem.

The MP is formulated in terms of candidate columns (feasible variable solutions)- if

all known variable solutions are enumerated, then the MP simply becomes selecting

the best solutions for the objective.

Of course, enumerating all possible columns/feasible solutions is usually compu-

tationally intractable. Hence, a restricted master problem (RMP) is solved using a

smaller set of candidate columns [71]. The subproblem involves finding new columns

to add to the RMP that are guaranteed to improve the objective. These candidate

columns are injected into the RMP, and the process is repeated until optimality,

when no more columns can be added to improve the objective. Such a reformulation

into RMP and subproblems can make such problems much more efficient.

To demonstrate this, consider a problem of the form:

min
y

cTy

s.t : Ay ≥ a By ≥ b y ∈ Np

Where c ∈ Rp, A ∈ Rk×p, a ∈ Rk, B ∈ Rl×p and b ∈ Rl.

This problem can be decomposed if the second constraint is viewed as a

complicating factor. First, consider enumerating all sets of solutions such that

Q = {y|By ≥ b}. Let λq = 1 if solution q ∈ Q is chosen, 0 otherwise. The MP
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associated with the original problem is now:

min
q∈Q

cT qλq

s.t :
∑
q∈Q

Aqλq ≥ a
∑
q∈Q

λq = 1 λq ∈ {0, 1}

Because enumerating all possible q initially is intractable, the LP relaxation

of the master (i.e λq ∈ R+) is solved using column generation. Hence, an RMP

with a subset of columns is first solved. New columns are added by solving the

subproblem, also called pricing problem:

min (cT − πA)y

s.t : By ≥ b y ∈ Np

Here, π ∈ Rk
+ represent dual variables of the constraint ∑q Aqλq ≥ a.

While solutions ȳ to the pricing problems are negative, they indicate that adding

that variable, qŷ, to the RMP will reduce the objective value. If no negative

solutions exist, then the solution to the LP relaxation of the MP is optimal [71].

To solve the integer MP to optimality, column generation can be used in tandem

with branch-and-bound, a method known as branch-and-price.

In cases where a good feasible solution is required (rather than an optimal one),

the IP of the RMP can be solved with the final set of columns. If the objective of this

IP is the same as the LP relaxation, then the solution is guaranteed to be optimal.

Existing approach for BMF

Kovacs, Gunluk and Hauser [58] use a delayed column generation approach for

the BMF problem, leveraging the insight that a rank-K matrix factorisation can

be decomposed as the sum of K rank-1 matrix factorisations. They construct a

restricted master problem that iteratively selects the K best rank-1 matrices from

a set of candidate matrices. They dynamically add advantageous rank-1 matrices

to the master problem during optimisation using the associated pricing problem of

their RMP. The authors show that this approach achieves the lowest reconstruction

error on a number of small datasets (i.e max M = 226, N 94). It is limited to small
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datasets as both the number of variables in the master and pricing problems scale

with M ×N . Further, they do not attempt to find the value K, which is given as a

hyperparameter, although it could likely be incorporated into the master objective

with some penalty term associated with the number of chosen factors.

3.3 Method

3.3.1 Motivation

Surveying the literature, several points emerge. Scalable methods for binary matrix

factorisation typically rely on heuristics or continuous relaxations, but even these

approaches have not been tested at the scale of realistic scRNA-seq data (∼100k

× 15k). Heuristics often greedily select feature sets using simple metrics such as

correlation or frequency, while both heuristic and continuous methods are prone

to getting stuck in local minima. Constrained optimisation and exact solutions,

meanwhile, are only feasible for smaller matrices.

To address these limitations, I developed an approach, bfact, that approximates

BMF using a hybrid combinatorial and heuristic approach. bfact performs well

in simulated data, standard benchmarks, and 14 scRNA-seq datasets from the

Human Cell Lung Atlas.

3.3.2 Overview

The developed approach, illustrated in Figure 3.1, begins by generating candidate

factors through clustering on features. It then solves a warm-started restricted

master problem (RMP-w) to approximate the Boolean matrix factorisation using

up to Kc of these factors (Kc initialised to some Kmin). Depending on the selected

metric, the method either heuristically reassigns features and prunes factors (bfact-

recon or bfact-MDL) or performs a second combinatorial approach to refine the

factorisation (bfact-MIP). The process iteratively increases the maximum number

of factors, Kc, stopping to give the best factorisation solution if the error metric

does not improve within si steps. This two-stage framework—starting from disjoint

candidate factors and refining via heuristic or optimisation—echoes the ASSO
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Figure 3.1 Overview of bfact

methodology while incorporating modern optimisation techniques. Below, each

of these steps is explained in detail.

3.3.3 Master problem for approximate BMF

Here, an MP is defined that approximates the BMF by finding sets of (mostly)

disjoint features that best explain the observations. For the observed binary matrix

Y , consider the set A of all possible non-zero feature-sets, or factors, α, where

δα ∈ {0, 1}N and |A| = 2N − 1. Define also ci,α, the cost for observation i of

choosing factor α, as:

Ci,α =
 ∑

j|(i,j)∈E

δα,j,
∑

j|(i,j)/∈E

δα,j

 (3.2)

ci,α = minCi,α (3.3)

li,α = arg minCi,α (3.4)

where E = {(i, j)|Yi,j = 1}. The left hand side of Ci,α is the intersection of features

in an observation and in a factor. The right-hand side can be thought of as the

complement of an observation - that is, the features included in a factor that

are not present in the observation.
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The initial MP is thus defined as:

min
∑

j

uj

∑
i

Yij +
∑

α

zα

∑
i

ci,α (3.5)
∑
α∈A

zα ≤ K (3.6)∑
α∈A

δα,jzα + uj ≥ 1 (3.7)

Where uj ∈ R+,∀j = 1, . . . , N , and zα ∈ {0, 1} ∀α ∈ A.

Constraint 3.6 allows at most K profiles to be selected. Constraint 3.7

ensures every feature is accounted for, either in at least one of the selected factors

or by the variable uj otherwise. If this constraint were an equality, then the

above formulation gives the optimal disjoint factorisation (i.e no factors can share

overlapping features), and the associated cost is the reconstruction error. The

inequality relaxes this assumption, but note that the cost still implicitly favours

disjointness, encouraging ∑N
j=1 δα1,jδα2,j = 0 if zα1 = zα2 = 1, explored further

in Section 3.3.4.

Hence, the solution to the MP gives an approximate, (mostly) disjoint, BMF

with R̂d = {δα,j|zα = 1}, and L̂d = {li,α|zα = 1}. Note, this is not the same

as a clustering approach on the features, as uj allows any number of features to

be excluded from selected factors.

3.3.4 Implicit preference for disjoint factors

Figure 3.2 illustrates why the cost in the master problem penalises chosen factors

with shared features, favouring an orthogonal or disjoint selection of factors.

In Figure 3.2, the lowest-cost solution contains three candidate factors despite

the two true patterns existing in the candidate factors. This illustrates that

the disjoint set-partitioning formulation and cost do not favour the lowest rank

reconstruction.

However, for the optimal feature set, s1, only the first and third columns of the

membership matrix differentiate the three groups, and these have the same pattern

of membership (L) as all the other sets, where K = 2. After identification of the

best disjoint factors, if observations containing the same factor are grouped, then
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Figure 3.2 Cost favours disjoint factors. Illustration of why cost implicitly favours
non-orthogonality- the lowest-cost solution contains three candidate factors despite the
two true patterns existing in the candidate factors.

the true features corresponding to this grouping capture the underlying patterns

p1, p2, and the unnecessary factor α3 can be dropped. This is an illustrative example,

but Section 3.3.7 introduces formal algorithms for these post-processing steps.

3.3.5 Warmstarted restricted master problem (RMP-w)

Solving the MP above would require enumerating all possible factors A, exponential

in the number of variables and intractable. However, instead, a delayed column

generation can be used to solve the restricted master problem (RMP) [67]. The

RMP is the master problem ‘restricted’ to a subset of possible factors, A′ ⊆ A,

where typically |A′| ≪ |A|, making it tractable to solve. Factors that will reduce

the objective are iteratively added to the RMP by solving the pricing problem

(based on dual variables from the RMP linear relaxation) [71]. Eventually, no more

factors (i.e columns) can be added that will reduce the objective, and the global

optima of the linear relaxation is found, without having to realise the full MP linear

relaxation. To solve the integer MP to optimality, a branch-and-price approach

can be taken, again without having to realise the full MP.

Such an approach can work even when the RMP starts with an empty factor set.

However, it is often faster to warmstart the RMP with a priori candidate factors.
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A benefit of the disjoint formulation is that clustering on the features provides a

simple way to generate good candidate factors. To generate candidate factors for

this RMP (RMP-1), hierarchical clustering is performed across features, based on

their pairwise hamming distance, and the hierarchical tree is cut at several different

levels. Each resultant cluster from each level is taken as a candidate factor. Leiden

community detection is also performed at different resolutions (a hyperparameter),

which initially constructs a K-nearest-neighbour graph, again based on hamming

distance. The union of the clustered features is taken as the set of candidate factors,

hence A′ = {candidate columns}. Together with RMP-1, this is termed RMP-w.

Note, RMP-1 scales (variables, constraints) with (|A′|+N, N). This is more

computationally tractable than the exact approach of Kovacs, Gunluk and Hauser

[58], which scales with (ρMN + |D′|, ρMN), where D′ is the restricted set of all

rank-1 M × N matrices, and ρ is the density of ones in the data matrix.

3.3.6 Pricing Problem

To solve the (linear relaxation of the) disjoint-BMF to optimality, the pricing

problem can be used to iteratively add informative feature sets to the RMP. The

pricing problem (PP) for the restricted master problem is given by:

min
M∑

i=1
ti −

N∑
j=1

π∗
jxj − γ∗ (3.8)

s.t ti = min
 ∑

j|(i,j)∈E

xj,
∑

j|(i,j)/∈E

xj

 (3.9)

xj ∈ {0, 1}, ∀j ∈ {1 . . . N}

ti ∈ R+, ∀i ∈ {1 . . .M}

In practice, to model linearly, Constraint 3.9 requires four constraints to

implement, using a switch binary variable si for each M . Here π∗
j is the value

of the dual variable of Constraint 3.7 at the optimal solution of the restricted

master problem and γ∗ the value of the dual of Constraint 3.6. The PP scales

(variables, constraints) with (M + N,M).
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I first attempted to solve the RMP-w using a delayed column generation approach,

like Kovacs, Gunluk and Hauser [58]. Here, the pricing problem struggled to reduce

the linear relaxation objective in a reasonable time frame (see Appendix B.1),

suggesting that the solution to RMP-w already produces good-quality disjoint

factorisations. Hence, using RMP-w alone was taken as a first step in bfact.

3.3.7 Two-step BMF

RMP-w does not directly solve for a BMF, however, using the intuition from Section

3.3.4, it may provide a good basis for a BMF after adding some post-processing.

Hence, a two-step approach is adopted. Intuitively, the first step, RMP-w, selects

(mostly) disjoint pregenerated feature sets to find likely observation sets, and the

second step uses these observation sets to update the feature sets, allowing them

to share features. The second step also controls the model complexity to select

lower-rank approximations, where appropriate.

Based on this, two approaches were implemented; the first using a second MIP

and the second using a heuristic algorithmic approach.

Two-step MIP-BMF:

Consider now the formulation of a second restricted master problem (RMP-2),

similar to the above, but instead for (nearly) exact BMF. Let B be the set of all

factors, now with the set of observations, δβ ∈ {0, 1}M associated with each factor,

β ∈ B. RMP-2 is defined to be over a restricted factor set B′ ⊆ B, given by:

min
∑

(i,j)∈E

(1− ei,j) +
∑

(i,j)/∈E

∑
β∈B′

δβ,irβ,j

+
∑

β∈B′

M∑
i=1

zβδβ,i +
∑

β∈B′

N∑
j=1

rβ,j (3.10)

subject to ∑
β

δβ,irβ,j ≥ ei,j, ∀ i, j ∈ E (3.11)
∑

j

Pβ,j ≤ Nzβ, ∀ β ∈ B′ (3.12)
∑

β

zβ ≤ K (3.13)
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where zβ ∈ {0, 1},∀ β ∈ B′, rβ,j ∈ {0, 1},∀ β ∈ B′, j = 1 . . . N and ei,j ∈

{0, 1},∀ i, j ∈ E. Here again E = {(i, j)|Yij = 1}.

The first two terms in Objective 3.10 capture false negatives and positives,

respectively. The third and fourth terms are proxies for the complexity of the

model and correspond to |L̂| and |R̂|, these regularise the model to select fewer

factors, and sparser L̂ and R̂ (derived from chosen factors). This is similar to

the regularisation taken in Panda+ [61].

Constraint 3.11 uses the term ei,j to allow for boolean logic, restricted to

non-zero elements of Y to reduce the number of variables in the model. Hence,

Boolean logic is encoded only for true positives, and overlaps at false positives are

penalised more than in exact BMF. This could easily be remedied by using ei,j

for all elements in the matrix, at the expense of scalability.

RMP-2 scales (variables, constraints) with (N(ρM + |B′|), ρMN + |B′|) where

ρ is the density of the matrix. A column generation approach could be used for

the above, but is likely to be intractable for larger problems given both its scaling

and that of the associated pricing problem. It could also be solved similarly to

RMP-w, using candidate factors. However, using candidate factors generated by

a clustering approach would likely not capitalise on the added expressiveness of

this formulation, given that such candidates are disjointly derived.

Instead, RMP-2 can be used as a second step after finding a solution to RMP-w,

to refine the feature sets of factors (i.e R̂d) and chosen factors. Here, candidate

factors for B′ are taken as the unique set of observation memberships across the

selected factors of the solved RMP-w, with δβ, β ∈ B′ given by the unique columns

of L̂d. Hence, RMP-2 selects known observation factor groups found with RMP-w,

and reassigns features to them based on these groups, removing any redundant

factors through the regularisation terms.

Given |B′| ≤ K in the RMP-2 approach, it was found to be computationally

tractable for larger matrices (∼100k x 20k, ρ ≈ 0.1), but with much heavier

memory requirements (approx. 400GB). Adapting the above formulation to be

exact (given the factors) would require ei,j to cover all locations, intractable given
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Algorithm 1 Reassign Features
1: function reassign(Y, L̂, R̂,metric,∆t)
2: Ikj = ∑

i LikYij, I = {Ikj}K×N

3: Nk = ∑
i Lik, N = {Nk}K

4: R̂b ← R̂
5: E ← error(Y, L̂, R̂,metric)
6: for t = 0 to 1 step ∆t do
7: R̂t = (I > 1

2N(1 + t)) | R̂
8: Et = error(Y, L̂, R̂t,metric)
9: if Et < E then

10: R̂b ← R̂t

11: E ← Et

12: end if
13: end for
14: return R̂b

15: end function

∼ 10× the number of variables. Given this, I explored a less memory-intensive,

heuristic approach.

Two-step Heuristic-BMF

By grouping observations containing the same factor(s), additional features present

in the grouping can be determined and added to that factor’s feature set. This

is what RMP-2 does, globally based on the RMP-w derived observation sets (and

using a basic complexity cost).

To allow features to be allocated to multiple factors, the heuristic approach

performs a coarse grid search to identify at which global proportion of representation

in an observation group a feature should be added to a factor. This optionally uses

either the reconstruction error or MDL loss, as defined in [63] and introduced in

Section 3.2.2, which accounts for the sparsity, hence implicitly the rank, of the

factorisation. The approach is formalised in Algorithm 1.

Following the reassignment of features, redundant factors, or factors that result

in marginal improvement of the loss, are greedily removed. To remove a factor

with reconstruction error, the error without the factor must be some minimum

percentage f of the reconstruction error with the factor. The MDL loss already
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Algorithm 2 Iteratively remove factors
1: function prune(Y, L̂, R̂,metric, f = 1)
2: M,K ← dim(L̂)
3: E ← error(Y, L̂, R̂)
4: while K > 0 do
5: Els = []
6: for r = 1 . . . K do
7: L̂c ← L̂, R̂c ← R̂
8: L̂c[:, r]← 0, R̂c[r, :]← 0
9: Els.append(error(Y, L̂, R̂,metric))

10: end for
11: bc ← arg minEls
12: if not Els[bc] ≤ fE then
13: break // no better sln
14: end if
15: L̂← L̂.delete(col = bc)
16: R̂← R̂.delete(row = bc)
17: K ← K − 1
18: E ← Els[bc]
19: end while
20: return L̂, R̂
21: end function

accounts for removing a factor through reduced complexity (so f = 1). This

is formalised in Algorithm 2.

3.3.8 Finding optimal rank

Under the disjoint factorisation master problem, RMP-w will achieve a lower overall

objective when K is overspecified, as demonstrated in Figure 3.2. Although the

postprocessing should combine or remove redundant features, the initial rank spe-

cification will affect downstream reconstruction, reassignment and feature pruning.

Hence, the process is performed over multiple initial ranks and the best result

is selected (noting the RMP-w can be initialised once, and easily updated with

different K values, for which it is very fast to solve). If increasing the rank does

not result in a better solution for si iterations, the algorithm is stopped early.

This is formalised in Algorithm 3.

Hence, bfact comprises the sequential pipeline of w-RMP followed by the second
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step (RMP-2 or heuristic) followed by algorithm 3. bfact-MIP is this pipeline

where the second step is RMP-2 (as w-RMP and RMP-2 are both MIPs). bfact-

recon is the pipeline where the second step is heuristic (algorithms 1 and 2) with

reconstruction error, while bfact-MDL is the same using the MDL cost.

Algorithm 3 Select best rank over multiple K
1: function pipeline(Y,Kmin, Kmax,∆K,metric, f = 1, si = 2)
2: A = gencols(Y )
3: Vb = null, Eb = null
4: bi = 0, i = 0
5: for Kc = Kmin to Kmax step ∆K do
6: L̂, R̂ = RMP1(Y,A,Kc)
7: if metric is mip then
8: L̂, R̂← RMP2(Y, L̂,Kc)
9: else

10: R̂← reassign(Y, L̂, R̂,metric)
11: L̂, R̂← prune(Y, L̂, R̂,metric, f)
12: end if
13: Ek ← error(Y, L̂, R̂,metric)
14: if Eb is null or Ek ≤ fKc−K(Vb)Eb then
15: bi ← i, Eb ← Ek, Vb ← (L̂, R̂,Kc)
16: end if
17: if i− bi > si then
18: break // stop early
19: end if
20: i+ = 1
21: end for
22: return Vb

23: end function

3.3.9 Inverse Problems

Both RMP-1 and RMP-2 can be repurposed to solve inverse problems. That is,

solving for the optimal L̂ ∈ {0, 1} if X ≈ θ(L̂R) and X, R are known.

In particular, in RMP-1, if Constraint 3.7 is an equality, selected factors of

R are disjoint (no shared genes), this gives X ≈ θ(LR) = LR. If the candidate

factors supplied to RMP-1 are taken as the rows of R, then the solution to RMP-1

gives L̂ that minimises the reconstruction error between X and L̂R.
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Similarly, for RMP-2, if the objective terms related to |L| and |R| are removed,

and ei,j were modelled for each matrix element, and the candidate factors were taken

as the rows of the known R, then the solution to RMP-2, gives the optimal inverse

Boolean factorisation, X ≈ θ(L̂R) for known X, R for maximum specified K.

For both of these problems, the transpose can be taken to find optimal R̂

for known X, L.

3.4 Results

3.4.1 Data
Simulation

Several simulation setups are considered to benchmark bfact, including those with

different matrix sizes, underlying ranks, noise levels and data density. Some rows

and columns were also generated to be ‘nuisance’ variables, imitating realistic

datasets where some features or observations are not relevant to the factorisation.

Formally, the main simulation set-up is as follows:

inputs: M,N, k, ql,qr, vi, vj, p
+, p−

L ∼ {Ber(ql)}M×k R ∼ {Ber(qr)}k×N

ni ∼ {Ber(vi)}M nj ∼ {Ber(vj)}N

L[ni > 0, .] = 0 R[., nj > 0] = 0

X = LR ϵ± ∼ {Ber(p±)}M×N

Y = X + ϵ+[X = 0]− ϵ−[X > 0]

where Ber(α) represents the Bernoulli distribution with probability α. For each

simulated experiment, five replicates are taken.

Note, it is possible that for extremely sparse sampling, the true rank is lower

than specified; however, the effect of this is assumed to be negligible and would

likely be captured by measured algorithms.
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Real-world datasets

Several real-world datasets are considered. These include binarised versions of the

Chess and Mushroom UCI datasets [72] and two versions of the MovieLens 10M

dataset, [73], where rows are users and columns are movies, with entries the star

rating given by a user to a movie. Following Hess, Morik and Piatkowski [63], set

Yij = 1, if a user rates a movie with more than 3 stars. This constitutes the larger

dataset; a smaller dataset is also taken by filtering to select users who recommend

more than 50 movies and movies that receive at least 5 recommendations. While

this follows precedent in previous publications, it should be noted that in some of

these datasets, the data has been binarised from discrete, categorical data using

one-hot encoding. While such transformations enable the use of Boolean matrix

factorisation, it is unclear whether they truly reflect the nature of the data.

The other datasets used are scRNA-seq data from the Human Lung Cell Atlas

(HLCA), [74], which consists of 14 separately measured datasets on lung-derived cell

types. The cleaned raw counts for each dataset are binarised based on zero/non-zero

values in the data. Genes are removed that are not expressed in at least 0.5% of

cells, and cells are removed that expressed fewer than 200 genes and more than

10,000. The size and density of each example are included in Table 3.1.
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Origin Dataset M N Density
UCI Chess 3196 75 0.493
UCI Mushroom 8124 119 0.193
Movie
Lens

Movies 29 980 9144 0.018

Movie
Lens

Movies Big 69 878 10 677 0.008

HLCA Banovich Kropski 2020 121894 14495 0.101
HLCA Barbry Leroy 2020 74484 15047 0.102
HLCA Jain Misharin 2021 10Xv1 12422 13423 0.124
HLCA Jain Misharin 2021 10Xv2 33135 13392 0.094
HLCA Krasnow 2020 60982 15139 0.133
HLCA Lafyatis Rojas 2019 10Xv1 2921 11943 0.073
HLCA Lafyatis Rojas 2019 10Xv2 21258 13818 0.117
HLCA Meyer 2019 35554 14153 0.103
HLCA Misharin 2021 64842 15938 0.157
HLCA Misharin Budinger 2018 41219 14057 0.136
HLCA Nawijn 2021 70395 15579 0.119
HLCA Seibold 2020 10Xv2 12127 15718 0.215
HLCA Seibold 2020 10Xv3 21466 17825 0.310
HLCA Teichmann Meyer 2019 12231 14855 0.150

Table 3.1 Dataset statistics

3.4.2 Evaluation metrics

For simulated data, the predicted rank is compared to the true underlying rank,

as is the F1 score of the true signal matrix X = LR compared to the predicted

signal matrix X̂ = L̂R̂. It is important to evaluate these in tandem, as methods

with higher-rank predictions can overfit to noise or find less representative factors

that are harder to interpret. For real data, where X is unknown, the F1 score is

computed for the observed matrix Y , while considering the predicted rank, K.

Note, MDL costs are not used for comparison as these favour a sparse decom-

position, which does not necessarily align with a BMF, particularly when there

are overlapping features per factor. Most MDL costs do not explicitly account

for reduced rank, and even when they do, sparsity is preferred. Hence, even

though MDL costs are a good proxy for BMF, the compression size of X is not

necessarily aligned with the smallest rank approximation of X. This is explored

below for the MDL code table cost.
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Limitations of MDL Code table cost

The MDL Code table cost, introduced in Section 3.2.2, favours disjoint representa-

tions, leading to sparsity in the left and right decomposed matrices. To demonstrate,

consider two true underlying factors- let each factor have N1, N2 unique features,

and they share N12 features. Also, let the number of observations that contain

only one of each factor be M1,M2, and the number that includes both be M12.

For simplicity, let M1 = M2 = M12. Consider now two scenarios- the first, where

true factors are recapitulated, and the second, where three factors are used, each

corresponding to the unique features of true factors 1 and 2, and a third factor for

their shared features. Here, ϵ = 0 as both these decompositions exactly reconstruct

the input data Y . Then the MDL cost in the two instances are:

fCT1 =− (M1 +M12) log M1 +M12

M ′ − (M2 +M12) log M2 +M12

M ′

−N1 log N1

N ′ −N2 log N2

N ′ − 2N12 log N12

N ′

=− 4M1 log 2/3−N1 log N1

N ′ −N2 log N2

N ′ − 2N12 log N12

N ′ (3.14)

fCT2 =−M1 log M1

M ′ −M2 log M2

M ′ −M
′ log M

′

M ′ −N1 log N1

N ′

−N2 log N2

N ′ −N12 log N12

N ′

=− 2M1 log 1/3−N1 log N1

N ′ −N2 log N2

N ′ −N12 log N12

N ′ (3.15)

Where N ′ = N1 + N2 + N12 and M ′ = M1 + M2 + M12 = 3M1.

Taking the difference between the higher rank decomposition (i.e with three

factors), and the lower rank, gives:

fCT2 − fCT1 = −2M1 log 1/3 + 4M1 log 2/3 +N12 log N12

N ′

= −2M1 log 1/4 +N12 log N12

N ′

Plotting the surface, M1 = N12
2 log 1/4 log N12

N ′ , gives the values for M1 above which the

higher rank matrix has a lower MDL cost than the lower rank matrix, Figure 3.3.
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Figure 3.3 MDL cost does not necessarily find optimal rank. Demonstration
of how higher rank representation can have a lower MDL cost than the true lower rank
representation.

The intuition behind this is that higher-rank representations are sparser, as

the repeated features are not included in both factors in the right matrix R̂. The

slight increase in density in the left matrix (for associating an observation with

another factor) L̂ is not enough to offset the shared features. The same issue applies

to the MDL regularisation given by |L̂| and |R̂|.

3.4.3 Method Implementation Details

PRIMP For benchmarks, PRIMP was run for 50000 steps, following what the

authors did in [63], and used a ∆k = 5, from 5 to 100. PRIMP was implemented on

simulations with access to 6 CPUs, and 1 NVIDIA GPU (of varying specifications,

mostly Quadro RTX 8000 or P100 SXM2).

For the real data, PRIMP was run for 50000 steps, used a ∆k = 10, from 10

to 100 (the method stops at maxK +∆k). Again, it was run on machines with

access to 6 CPUs and 1 NVIDIA GPU.

PANDA+ The PANDA+ documentation provides little guidance on what

hyperparameters to use. All were tested, and the best combination was chosen,

which was a frequency strategy and a type 1 cost. It was run with a maximum

K of 100 for both simulated and real scenarios.
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Figure 3.4 Run time across simulations

MDL4BMF MDL4BMF takes longer than the other methods to run, and simu-

lations were implemented with 12 CPUs (double other methods). Hyperparameters

were used following the README example given in the MDL4BMF code- with 10

threshold parameters and all error measures. For real data, each dataset had access

to 24CPUs, terminating if the model had not completed within 2 days.

bfact For simulations, bfact was implemented on 6 CPUs. For matrices lower

than a certain size, M×N < 5e6, the matrix was transposed if N < M , while ∆k =

10, from 10 to 100. For the reconstruction procedure, a constant f = 0.997 was used.

For real data, bfact was implemented with 12 CPUs. For the real data,

the formula f = min(1− 1/min(M,N), 1− 1/(ρmax(M,N))) truncated at three

decimals was found to work well for reconstruction error.

3.4.4 Simulated Results

Figure 3.5, Figure 3.6, Figure 3.7 show that the three variations of bfact

perform similarly in both F1 score and rank estimation across simulated regimes.

Panda consistently overestimates rank with lower F1 scores with respect to signal

matrix X, although it requires less computational time than other methods,

Figure 3.4. PRIMP generally achieves a higher F1 score but has variable rank

estimation and does poorly when the sparsity of R is low. MDL4BMF does well at

estimating rank but does worse in F1 scores. It is much slower than other methods

to run despite being provided double the number of CPUs, Figure 3.4. All methods

perform worse at higher density. On simulated data, bfact has a comparable but
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slightly slower run-time to PRIMP, Figure 3.4. Interestingly, bfact-MIP does

slightly worse at recovering the true rank, Figure 3.6, Figure 3.7. Likely, this

is due to the regularisation approach taken, |L̂| + |R̂|, which encourages sparse,

not necessarily low-rank reconstruction. This is supported by the fact that it has

as high F-scores as the other bfact approaches. It could also be due to the BMF

approximation of its formulation (where overlapping false positives are penalised

more heavily). Given bfact-MIP is also slower and more memory-intensive, it is not

explored in the real data. For both bfact-recon and bfact-MDL, the time-limiting

factor is the heuristic post-processing, rather than the combinatorial RMP problem.
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(a) Varying noise, p+ = p−, ql = qr = 0.1, r = 25

(b) Varying qr, for low right sparsity, simulating real RNA seq.

(c) Varying number of factors, controlling for density, ql = 0.1, qr = 0.1n/r, p± = 0.1

Figure 3.5 Simulation results
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(a) Varying total sparsity, p± = 0.1, ql = qr, r = 25

(b) Varying left sparsity, ql, p± = 0.1, qr = 0.1, r = 25

(c) Varying number of factors, ql = qr = 0.1, p± = 0.1

Figure 3.6 Further simulation results, part A
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(a) Varying positive noise, p+, ql = qr = 0.1, r = 25, p− = 0.1

(b) Varying negative noise, p−, ql = qr = 0.1, r = 25, p− = 0.1

(c) Varying nuisance cols, vj , ql = qr = 0.1, r = 25, p− = 0.1, vi = 0.1

Figure 3.7 Further simulation results, part B. For a) I also include the F-score on
the data matrix, Y to show that a higher score here does not necessarily translate to a
higher score for X, due to overfitting to noise.
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3.4.5 Real-world results

Figure 3.8 Standard Benchmarking results. Shapes in the lower figure correspond
to different datasets.

On real-world standard benchmarks, Figure 3.8, shows that both bfact-recon

and bfact-MDL variants achieve comparable F-scores and reconstruction errors to

other methods, and in particular, bfact-recon does this with fewer factors (K). A

potential reason for this is that bfact-recon is the only method that does not use

a complexity-based score for rank approximation, and such scores do not always

favour the lowest rank factorisation. Furthermore, some of these datasets have

been one-hot encoded from categorical data; hence, it is unclear whether a BMF

is the correct model for such data.

On the 14 single-cell RNA sequencing datasets, for which there is more precedent

for a BMF, the bfact variants achieve both performant F-scores and reconstruction

errors but use significantly fewer factors and lower rank matrices, Figure 3.9.

Fewer factors for similar reconstruction and F1 score is less likely to be fitting to

noise in the data, and hence is desirable for downstream analysis, such as identifying

marker genes for biological processes.
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Figure 3.9 HLCA scRNA-seq results. Shapes in the lower figure correspond to
different datasets.

PANDA achieves some of the highest F-scores in scRNA-seq data; however, due

to its large predicted ranks, this is likely due to overfitting. This was observed in

the simulated data, Figure 3.7, where PANDA achieved the lowest F score on

signal matrix X, despite having the highest F score on observed data matrix Y .

Interestingly, PRIMP does worse on some real datasets despite doing generally well

in simulations. This might be due to the lower density of the real, particularly

RNA-seq datasets. Unfortunately, MDL4BMF often took too long to run (>2days

with 24CPUs), so it has not been included for the corresponding datasets.

3.5 Conclusions

This chapter introduces a new binary matrix factorisation approach (including a

number of sub-variants) bfact which uses a hybrid combinatorial optimisation

approach based on a priori factors generated from existing clustering algorithms.
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bfact performs well in simulations and real data, particularly when applied to

single-cell RNA sequencing data. bfact is available as a pip installable package,

with documentation to give guidance on hyperparameters.

As part of the development of bfact, I have introduced two novel master

problems for recovering either the optimal disjoint BMF or the true BMF. Using

both of these, a delayed column generation approach may be used to solve these

to optimality for smaller matrices. For larger matrices, using the first master

problem warm-started on clustered feature sets works well. This is interesting in

itself, as it indicates the link between clustering and factorisation- clusters may

be viewed as the intersections and relative complements of factor sets. Further,

I explore how an algorithmic approach can uncover the true BMF by using this

initial disjoint approach as a basis. Both of these formulations can be directly

repurposed to solve inverse problems, i.e X ≈ θ(L̂R), where X and R are known

and binary (and where L̂ is also binary).

Although combinatorial optimisation techniques are usually used to solve

problems to guaranteed optimality, in practice, an approximation is often good

enough. bfact shows how such an approach can be approximated, and demonstrates

how even NP-hard problems can take advantage of combinatorial optimisation

techniques and highly optimised solvers like Gurobi. For example, RMP-w in

practice is extremely fast to solve, even on scRNA-seq datasets.

3.6 Limitations and Future Work

In practice, bfact works better on larger matrices, or when the right-hand matrix

R is larger than the left-hand matrix L. Likely, this is due to the candidate factor

generation struggling to generate good-quality feature clusters when the number

of observations and/or features is small.

Further, for larger matrices, bfact does have higher memory requirements,

and the computational time increases as Kc increases. This is because of the

heuristic algorithm, which greedily removes factors for every increase in Kc. Likely,

an improvement to the heuristic algorithm could be implemented- perhaps with
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some caching based on previously considered factors. It already uses some par-

allel processing.

Finally, this chapter introduced how valuing sparsity and disjointness can

lead to higher rank factorisations, showing, for example, that the MDL cost can

favour sparser solutions when factors have higher overlap. However, there is not

necessarily a correct solution for this, which is a consequence of non-identifiable LR.

The disjoint/sparse approaches impose additional constraints, which make their

solutions more identifiable. Similarly, a lowest rank constraint favours a different

kind of factorisation. But it is unclear which is preferable; from an interpretability

perspective, both lower rank but higher disjointness is preferable.
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4.1 Introduction

This chapter introduces some of the motivating rationales for Chapter 5. In

particular, I investigate the standard single-cell RNA sequencing pipeline and how

it is currently used for identifying cell types and cell type abundances. The aim

here is not to be completely comprehensive or to benchmark methodology, but to

analyse each step in the context of the data and current recommended best practice.

Through this, I aim to highlight current issues and assumptions in scRNA-seq,

demonstrating that there is considerable room for improvement and the need for

integrated approaches that combine methodological steps.

Single-cell sequencing technologies and analysis methods are constantly evolving.

One of the difficulties with scRNA-seq in particular is its origins with bulk RNA-seq

and historical scRNA-seq methods, where PCR deduplication was not possible [75,

76]. Methods and assumptions have been biased towards historical technologies,

and it is not always clear whether certain approaches have been adopted because of

convention or evidence [77–79]. Much recent work challenges the assumptions taken

from bulk RNA-seq, demonstrating that new methodology is required, although

the literature uptake is slow [78–81].
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4.2 Background

4.2.1 scRNA-seq

scRNA-seq measures gene expression at the resolution of individual cells. Unlike

bulk RNA-seq, which averages expression across a population of cells, scRNA-seq

allows quantification of cell-to-cell variability in gene expression, the measurement

of the relative abundance of existing cell types and the discovery of new cell types

[82]. Particularly, in cancer, abnormal cell types are thought to represent minimal

residual disease after treatment, give insight into disease severity, and potentially

serve as a biomarker for disease prognosis [83].

Most current scRNA-seq use a droplet-based system, where single cells are

encapsulated into oil droplets, each containing millions of barcoded oligonucleotides

[84, 85]. Inside a droplet, the cell is lysed and its mRNA binds to these oligos, which

carry a cell-specific barcode and a unique molecular identifier (UMI) to tag individual

RNA molecules. Oligos are reverse-transcribed, pooled across cells and amplified to

a certain depth using polymerase chain reaction (PCR). After sequencing, barcodes

allow transcripts to be traced back to their cell of origin, and UMIs identify unique

RNA transcripts from amplified PCR duplicates [84]. The primary output of scRNA-

seq measurement is a sparse gene expression matrix, where each entry represents

the transcript count, after UMI deduplication, of a given gene in a particular cell.

Several technical artefacts exist in scRNA-seq. The total UMI counts per

cell vary between cells, and a proportion of this variation is technical, resulting

from differences in capture efficiency, reverse transcription efficiency, or sequencing

depth, rather than true biological differences in total mRNA content [76, 85]. So-

called ‘dropout’ events, reflecting the high number of zeros in gene transcripts,

are another source of variation [77]. A cell may not express a transcript at the

time of measurement, or a transcript may not be captured due to low RNA

input or capture inefficiency, resulting in many zero counts. Historically, zeroes

were thought to be technical variation, but emerging evidence suggests they are

in fact biological, representing cell-type and time-dependent heterogeneity [77,
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86]. Additionally, doublets, where two or more cells are captured in a single

droplet, can confound cell identity [84]. Ambient RNA, which refers to free-

floating RNA in solution, may also be captured and incorrectly assigned to cells

[85]. Finally, batch effects, stemming from differences in experimental conditions

(time of measurement, equipment/chemistry/operator for measurement), can add

other sources of variation [87].

4.2.2 The pipeline

The standard analysis pipeline can be summarised as, [87–89]:

1. Raw processing of RNA transcripts to get UMI counts of each gene per cell.

2. QC steps to filter low-quality cells, remove doublets and optionally correct for

ambient contamination.

3. Normalisation of cell counts to correct for cells with different library size (total

UMI counts) due to technical variation in the sequencing process.

4. Reduce the dimensionality of the dataset (that can have as many as 30000

expressed genes, sometimes more) to avoid the curse of dimensionality and

focus on biologically relevant information.

(a) Feature selection. Different methods exist; selecting highly variable genes

(HVGs) is the prevailing approach. Recent evidence has shown that

highly deviant genes are better for cluster performance and other metrics

such as variance and deviance explained, [78, 90]. This is recommended in

recent best practice [87]. The number of selected genes can be anywhere

from 1000 to 5000.

(b) Dimensionality reduction, usually taking the first 50 PCs of the selected

genes.

5. Batch correction (and cell-cycle annotation). There is no consensus on the

best batch-correction approach. Here, I opt to use Harmony [91], as two

recent benchmarking papers show this is a top-performing approach [92, 93].

Most batch correction approaches are used on a subset of selected features, or
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further reduced dimensions, [93], while some occur earlier in the pipeline [94].

Harmony uses PCA-based data.

6. Clustering using the Leiden/Phenograph community detection algorithm.

7. Annotation of clusters. Multiple approaches exist to do this.

(a) Using known cell type marker genes and finding clusters that have the

highest correlation with these.

(b) Using differentially expressed genes of the detected clusters and com-

paring them to marker genes or looking for enrichment in known cell

identities. ‘Known’ cell identities are often based on the pipeline above.

(c) Assigning cells to labels using transcriptional similarity to a reference

dataset, then assigning each cluster to the most prevalent label amongst

its assigned cells [95, 96]. The complexity of this mapping varies,

including deep learning methods for end-to-end integration. Again,

‘known’ reference labels are often based on the pipeline above.

Although this pipeline has become the prevailing approach in most scRNA-seq

analyses, it is unclear which steps have been adopted owing to evidence or convention.

Much work already exists benchmarking different approaches in this pipeline, or

highlighting issues with certain steps [79, 97–100]. However, evaluation is difficult

due to the inherent lack of ground truth. Historical computational annotations

are frequently used as ‘ground truth’ in benchmarking, integration, or supervised

learning, biasing methods towards predictions that align with the pipeline used

in the original annotations [97–99, 101]. Simulations offer an alternative but may

encode assumptions about data structure that favour certain approaches [100].

Some benchmarks use external datasets with known markers or curated cell types

as a source of ground truth; however, these often feature easily separable cell types

(e.g. PBMCs) or distinct origins (e.g. different cell lines), and may not reflect

typical scRNA-seq complexity [90, 97, 102]. Other approaches use proxy measures

(i.e variation explained, similarity), an approach adopted here as well [79, 90].
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4.2.3 R or python

One would think that methodology should be language agnostic. However, this is

not the case. Historical bioinformatics has been R-centric, and packages such as

Seurat, Single Cell Experiment, SCRAN and the wider Bioconductor suite exist

to perform single-cell analysis, [103–105]. In recent years, Python-centric Scanpy,

[106], has become prevalent for several reasons. Python has become dominant

in machine and deep learning, and younger generation researchers code more in

Python than in other languages [107, 108]. In addition to this, the Theis lab has

become a dominating group in single-cell publications, including their best practice

guide, analysis of cell atlases and data integration [74, 87, 92, 101, 106]. Scanpy,

also originating from this group, offers some integration with methods that have

come before (for example, Seurat gene selection).

Most of the analysis in this chapter follows Scanpy methodology, with some direct

R implementations and some using external tools through the Scanpy interface.

Scanpy version 1.11.5 was used.

4.2.4 Notation

For clarity, this section introduces some recurrent notation used in this chapter. To

begin, consider a measured matrix of raw UMI counts Y : NC ×NG, where NC is

the number of cells (from multiple donors), and NG is the number of features/genes.

Individual entries are yij for a given cell i and given gene j. Normalised UMI

data is denoted Ỹ . Matrix X is used to denote a generic matrix, assumed for

consistency to also have shape NC × NG.

4.3 Data Overview

4.3.1 Origin

The data used throughout this section originates from the Human Lung Cell Atlas

(HLCA), [74], which consists of 14 separate datasets that have been individually

QCed, processed, annotated and collated. Cells in each dataset have consistent
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protocols and sequencing platforms. For this analysis, batch effects from each

dataset are assumed to originate solely from donor effects. The data superset

also contains integrated annotations across all 14 datasets (integrated in [74]

based on HVGs within datasets). The QCed raw counts are provided and are the

basis for all subsequent analysis. Figure 4.1 demonstrates the uniform-manifold

approximation and projection (UMAP) of the integrated superset of data, with

their curated cell type annotations.

One of the datasets (“Banovich Kropski 2020”), with the largest number of

cells (dimension ∼ 122k × 27k), is used as a representative dataset for parts

of the analysis. For other parts, results are presented across all datasets, as

specified in figure captions.

For parts of the analysis, common housekeeping genes are also used, taken

from the housekeeping transcript atlas, [109].

Figure 4.1 UMAP projection of the HLCA final cell types. From HLCA integration
of the 14 different datasets. UMAP is a non-linear projection method that has projected
the 27k dimensions into two dimensions for visualisation. Each dot represents a cell.

4.3.2 Properties

Figure 4.2a illustrates typical raw counts from an scRNA-seq dataset, highlighting

its extreme sparsity- over 95% of entries of the cell-gene matrix are zero, and UMI

counts greater than two are proportionally rare. Higher UMI counts are clearer

in log space, indicating the long tail for higher counts.

There is also a right skew in cellular UMIs, Figure 4.2b, suggesting some

cells have more highly expressed genes than others. To investigate whether these
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(a) Raw UMI counts of gene-cell pairs as a proportion (left)
of all entries and total values (right) on log scale.

(b) Distribution of raw UMI counts
across cells (left) and genes (right)

Figure 4.2 Raw UMI properties for scRNAseq

(a) Distribution across cells of gene statistics within a cell. The right plot shows the gene UMI
count of different percentiles (and the mean) across all cells.

(b) Distribution across genes of cell statistics within genes. The right plot shows the cell UMI
count of different percentiles (and the mean) across all genes.

Figure 4.3 Distribution of count and summary statistics for raw UMIs in
scRNA-seq

skews tend to be cell or gene-specific or both, summary statistics are plotted

across cells (for genes within each cell), Figure 4.3a and across genes (for cells
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expressing that gene), Figure 4.3b.

The vast majority of genes expressed in cells have UMI counts of 10 or fewer,

and 75% of expressed genes in cells have counts of 2 or fewer. Further, the

mean of expressed genes is shifted higher than the median (and higher even than

the 75th percentile), demonstrating that cell-specific differences are driven by a

few highly expressed genes.

There are a few genes with very high expression across many cells, but the vast

majority of genes tend to have low UMI counts in most cells in which they are

expressed Figure 4.3b. Given this, and that for most genes the majority of cells have

zero expression, the means and variance of such genes are dominated by the number

of zeros versus non-zeros. This is important to consider in downstream analysis.

4.4 Normalisation

Normalisation can refer to many things- harmonising across batches, correcting

for technical variation through cellular differences (library size) or transforming

data towards a specific distribution (i.e normal distribution) [81]. In the standard

pipeline, all are done, but this section focuses on the latter two, as batch correction

is done at a later stage [91, 110].

4.4.1 Statistical models for data

In literature, there has been much discussion and evolution on the recommended

normalisation process. Various models have been proposed as the statistical model

underlying gene UMI counts across cells in scRNA-seq, including the negative

binomial, Poisson, multinomial and zero-inflated models [78, 80, 111, 112]. Each

assumes certain distributional properties of the data, such that technical variation is

accounted for under those assumptions. Zero-inflation models assume that there is

a higher-than-expected number of zeros in the data due to technical dropout [112].

Recent evidence has shown that the so-called zero-inflation is likely a consequence

of cellular heterogeneity and need not be corrected for [77, 86, 113].
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The challenge in assessing such models is that scRNA-seq data are highly sparse,

with the majority of gene–cell counts being 0 or 1 (> 97% in HLCA data). In this

near-binary and sparse setting, different count models (Poisson, negative binomial

and multinomial across genes with small category probabilities) produce very similar

expectations. Consequently, the models are statistically hard to distinguish based

on the data alone, likely also why all have been used. To clarify, for each cell-gene

entry, if yij ∼ Ber(pij) when pij ≪ 1, this is equivalent to a Poisson with λcj = pij,

negative binomial with parameters (rij, qij), giving expectation µij = rijqij

1−qij
= pij

and multinomial with ciqj = pij for total cell count ci and gene probability qj (i.e

they all end up with P (yij = 0) ≈ 1 − pij and P (yij = 1) ≈ pij).

However, models make slightly different assumptions about parameters shared

across genes or cells, and some genes violate the sparsity and binary assumption

under which the above are equivalent. Yet for the majority of genes, the above

holds, which is why these models are similar for such genes, as demonstrated in

the distribution comparison in Hafemeister and Satija [80].

One of the common assumptions is that cell-gene specific parameters, λij, µij and

pij are a composition of a cell-specific size-factor ci and a gene-specific parameter

µj (i.e λij = ciµj). This is explored in more depth below.

4.4.2 Library size correction

As a normalisation step in most scRNA-seq pipelines, a cell-size correction factor

is used. Underpinning this is some statistical model that assumes the counts yij

are drawn from some distribution with parameter µij = cipj. Hence, to compare pj

across genes, dividing by the cell-size factor ci is necessary. In the standard and

simplest case, ci is the total number of UMI counts within a cell.

SCRAN size-factor correction is another cell-size correction factor approach,

recommended in best practice [87]. SCRAN aims to account for depth variability

in the presence of biological heterogeneity that can also affect the depth count.

SCRAN estimates stable size factors through pooling and deconvolution: it forms

overlapping pools of similar cells, computes pool size factors, and then deconvolves
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these to recover per-cell size factors that best explain the total sizes of the groups.

Hence, individual cell-sizes, ci are estimated by pooling on the cell’s group rather

than over the whole dataset.

The motivation behind cellular correction is that technical effects result in a

cellular bias- increasing the number of transcripts in some cells and not others,

for example, due to different droplet capturing efficiencies [84]. Sequencing depth

in scRNA-seq is highly related to the average number of expressed genes (or

number of zeros) (r2 = 0.95) [113]. Intuitively, this means that if a cell has a

higher capture efficiency, it is more likely to capture transcripts of any gene, and

hence, when estimating the average expression of a gene across cells, capture

efficiency should be accounted for.

However, consider the binary extreme, with two cells with capture efficiencies p1

and p2. Under cell-size normalisation, the squared Euclidean distance between c1

and c2 is scaled by a factor of 1/(p1p2) compared with no normalisation, creating

a distortion in distance between otherwise similar cell profiles with fewer versus

more expressed genes. Normalising by such factors rescales the nonzero (often

single UMI) gene counts in a cell, making the data appear continuous at the

gene level, Figure 4.4.

Under this assumption, if two cells do have lower capture efficiency, we would

expect them by chance to have more differences in their raw UMI counts - hence,

to upweight this difference (and conclude they are even further away from each

other) is counterintuitive. In true statistical approaches, residuals are used, which

account for variance in the correction, resulting in more intuitive distance measures.

Cell-size normalisation affects downstream analysis, given that pairwise distance

underpins both PCA and clustering algorithms. Other works have pointed out

that cell-size normalisation approaches induce bias, suggesting probability-based

residuals for downstream analysis [78, 80]. However, much literature still uses the

cell-size correction as the standard, as is recommended in [87].
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Figure 4.4 Example distribution of genes with means at different percentiles.
Left is raw counts, right is normalised data.

4.4.3 Log-normalisation

The second part of the normalisation procedure is to log-normalise the data. This is

because UMI counts can be very right-skewed, for technical reasons and biological,

including ‘transcription bursts’ (when transcription occurs in periodic bursts, leading

to high UMI counts) [87]. Indeed, the skewedness of the data is clear when the

gene distribution is considered, Figure 4.3b. Hence, to make data less extreme,

and more similar to a normal distribution, a log transform of the data is often

taken as ỹij = log(1 + yij/ci).

Throughout plots, ‘SCRAN-normalisation’ refers to using pooled cell correction

factors from the SCRAN library, followed by log-normalisation; ‘log1p’ refers to

standard size-factor correction, followed by log-normalisation. Figure 4.5 (and

Figure 4.4) demonstrate the effect of normalisation on the data, essentially taking

it from discrete to continuous. Both normalisations give similar distributions;

however, the effect of each is investigated in downstream steps.
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Figure 4.5 Effect of normalisation on data distribution. SCRAN normalisation
refers to using pooled cell correction factors from the SCRAN library followed by log-
normalisation. Log1p uses standard cell size correction factors.

4.5 Dimensionality reduction with feature selec-
tion

In scRNA-seq, feature selection improves computational tractability and reduces

the curse of dimensionality. Ideally, the most biologically relevant information

is selected, and there exist different approaches in the literature that prioritise

different metrics for importance.

4.5.1 Existing Approaches

HVGs, as defined in [114], are the prevailing approach in the literature, as well as

the default in Scanpy pipelines and many tutorials. Here, the mean and dispersion

(variance/mean) across cells of each gene are used to select genes that have a higher

dispersion compared to other genes with a similar average expression, doing so

by binning expression. The premise is based on a Poisson model, although the

methodology through binning is heuristic. This approach is termed Seurat-HVGs

in this chapter, because the authors of [114] are also the same group that maintains

the R package Seurat. However, the implementation in this chapter is through
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Scanpy (using the ‘highly_variable_genes’ function with ‘flavor’ parameter set to

‘seurat_v3’). A test was done using the ‘FindVariableFeatures’ function of the

Seurat R package, version 5.4.0, and selected genes showed high overlap with the

version 3 implementation in Scanpy, including selection at very low gene mean.

Another variant considered is the selection of HVGs as defined through the

SCRAN R package, which is a common alternative in R-based analysis [103]. The

mean-variance relationship over all genes is calculated, and genes are selected

that vary most from the expected relationship, which assumes a negative binomial

(and performs no binning) [103].

Finally, so-called highly deviant genes are considered, [78]. Here, informative

genes are selected using a binomial null model- testing across each cell, i, whether

a gene, j has a constant relative abundance, πi,j across cells, where πij ≈ yij∑
j

yij
.

Test statistics select genes that deviate most from this null. Recent evidence shows

highly-deviant gene selection yields better results and is recommended in the recent

best practice guide [87, 90]. Despite the recommendation of highly deviant genes,

HVG remain dominant in the literature.

4.5.2 Mean-Variance relationship in sparse data

The idea behind selecting highly-variable genes is linked to the assumed data

distribution, and is inherited from bulk RNA sequencing [78]. Genes that have a

higher-than-expected variance are likely to be a mixture of different distribution

parameters. Such genes are found by modelling the mean-variance relationship.

For the simplest case, assume an underlying Poisson distribution for the data, and

consider a gene that is expressed differently depending on cell type. Under a mixture

model, the expectation of measures from such a gene is E(X) = πλ1 + (1− π)λ2,

and variance is Var(X) = πλ1 + (1− π)λ2 + π(1− π)(λ1 − λ2)2. Where π ∈ [0, 1]

is the mixing proportion of the cell types and λ1, λ2 are the parameters (Poisson

mean) of the two different cell types. Thus, the rightmost term corresponds

to the additional variability from a mixture of more than one distribution (as

E[X] = Var[X] for a standard Poisson). Hence, in scRNA-seq, when the variance
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of a gene exceeds its expectation, it suggests this gene may be present in different

cell types with different proportions.

However, it is unclear if this assumption is necessarily true in scRNA-seq,

where it is possible λ1, λ2 ≪ 1 for many genes, given the sparse distribution.

Consider the limiting case of all UMI counts being 1 or 0. Then the two cell-

types might express a gene according to two different Bernoulli distributions with

probabilities p1 and p2. Under a mixture model for all cells for a given gene, this

gives P (x = 1) = πp1+(1−π)p2, which corresponds to Ber(πp1+(1−π)p2) = Ber(p′).

This means that selecting genes based on the mean-variance relationship may ignore

a subset of genes that could be relevant in biological processes (if considered in

tandem with other genes), but are not captured under a Poisson/negative binomial

model to select HVGs. The mean and variance for a Bernoulli is (p, p(1− p)), so

particularly for low p, this has the same mean-variance relationship as a Poisson

distribution, and for higher p, it will seem that a gene has lower-than-expected

variance if a Poisson model were assumed.

Seurat HVGs by design prioritise genes with low expression and higher-than-

expected variance. In the sparse data combined with normalisation, this amounts

to selecting many genes with UMI counts of 1 in very few cells, Figure 4.6c. This

rationale affects SCRAN HVGs to a lesser extent as it does not explicitly bucket

on mean, and hence selects fewer genes with low mean, Figure 4.6a.

The highly deviant genes method does not control for the mean-variance

relationship. However, given the discrete and low-count scRNA-seq data, a statistical

test on the uniformity of the relative abundance selects for genes that are either most

‘bimodal’ or show an abnormal number of high UMI counts across enough genes.

Here, ‘bimodality’ for binary data is defined as min(∑i I{yij = 1}/Nc,
∑

i I{yij =

0}/Nc), where Nc is the number of cells in the dataset. Hence, in either of these

cases, highly deviant is a proxy for high mean/high variance, as demonstrated

in Figure 4.6a, with a mixture of most ‘bimodal’ as well as higher expressing

genes, Figure 4.8.
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(a) Variance vs mean for different feature
selection methods with 2000 genes

(b) Overlap between selected genes using dif-
ferent feature selection methods.

(c) Normalisation in tandem with Seurat HVGs selects low-signal genes. The same genes UMI
counts (left) are effectively binary with very few UMI counts of even 1, after normalisation
according to cell size factors, these counts are spread to appear to have a higher variance than
expected, as Seurat bins on low-mean, these effectively binary, low-signal genes are selected.
Boxplot of count distribution across random selection of HVGs with low mean (using SCRAN
norm, seurat selection), on raw and transformed counts. Blue dots are all non-zero reads across
the 122k cells. Taken on raw and transformed counts.

Figure 4.6 Feature selection properties

4.5.3 Consistency

The consistency of selected genes across the 14 different datasets in HLCA is com-

pared as another performance measure of the feature selection methods, Figure 4.7.

If genes are important for identifying lung cell types, then they should likely be

selected across many datasets. To account for consistent yet uninformative genes,
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Figure 4.7 Consistency of selected genes across different feature selection
methods. 2000 genes selected per dataset.

common housekeeping genes are also removed.

Although highly deviant genes appear more consistent, after the removal of

housekeeping genes, much of this effect goes away. This suggests that a proportion

of selected, high-mean genes are uninformative housekeeping genes. Such genes

correspond to those with abnormally high cell counts for the data distribution,

Figure 4.8, Figure 4.4.

After removal of housekeeping genes, SCRAN HVGs seem to be the most biolo-

gically informative (in terms of consistency). Seurat HVGs are highly inconsistent,

evidence that much of their selection is stochastic, likely due to the inclusion of

spurious genes with very low expression that are sensitive to sampling.
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Figure 4.8 Counts of consistently deviant genes. Raw counts in the representative
dataset of 20 randomly selected genes that are highly deviant across all 14 datasets, some
of which correspond to common housekeeping or stress response genes.

4.6 Dimensionality reduction with principal com-
ponents analysis

After selecting informative genes, most scRNA-seq pipelines reduce the data

dimensionality using principal components analysis (PCA). This step projects

the high-dimensional expression data into a lower-dimensional space that captures

the major patterns of variation. PCA is typically used to mitigate against the curse

of dimensionality, reduce noise, and enable downstream analysis like clustering

and visualisation.

This section evaluates the impact of different feature selection methods and

scaling approaches on PCA-based dimensionality reduction, focusing on how much

biologically relevant variation is captured.

4.6.1 Application of PCA for scRNA analysis

When PCA is applied to an scRNA-seq gene expression matrix, it transforms the

data into a set of orthogonal axes, ordered by the amount of variance they explain.

This is typically done on normalised counts from a selected subset of genes. A

limited number of PCs (usually 50) are then retained to represent the data.

Formally, PCA finds the eigendecomposition of the centred covariance matrix,
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given by:

Σ = 1
NG − 1X

TX = UΛUT

The centred covariance matrix is Σ, while U = [u1, u2, . . . , uNG
] is the matrix of

eigenvectors, and Λ is a diagonal matrix with eigenvalues, λj along the diagonal,

ordered such that λ1 ≥ λ2 · · · ≥ λNG
. Entries of matrix X are xij = x′

ij − µj for

non-centered entries x′
ij, with µj = 1

NC

∑
i x

′
ij.

The eigenvectors, uj, are ordered by their variance explained, given by eigen-

values, λj. The top N ≤ NG principal components hence correspond to the

subset of N columns of U .

4.6.2 Scaling

A key user-defined choice is whether to scale the data before applying PCA using

Z-score normalisation. Without scaling, genes with higher expression and variance

will dominate the PCs, whereas scaling centres genes and standardises variance to

give equal weighting to all genes. Formally, such scaling involves performing: x′
ij−µj

σj
,

for standard deviation, σj of gene j, for non-centered data entries x′
ij.

There is no consensus in the literature about whether scaling should or should

not be performed before PCA in scRNA-seq, [115]. The Scanpy tutorials [106], the

best practice [87], and the R-based Bioconductor tutorial [104] do not specify or

recommend against performing scaling. The argument against scaling is that relative

magnitudes of expression are biologically relevant for cellular-identity discrimination

[115]. In contrast, the Seurat documentation and other online tutorials highlight

that scaling is important [116, 117] before performing PCA.

Without scaling the data, the rationale behind some of the feature selection

methods is redundant. For example, both SCRAN and Seurat select genes that

are variable with lower means and lower absolute variance, Figure 4.6a. Without

scaling, PCA is unlikely to consider such genes, as their relative contribution to
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the variance is low. Only if such genes are highly correlated will they be favoured

over higher variance, uncorrelated genes.

To investigate the assumptions around scaling or not, the following are compared:

• SCRAN-normalised data (cell size correction, log normalisation)

• SCRAN-normalised data (cell size correction, log normalisation) with Z-score

scaling across each gene

4.6.3 Variance attribution

For feature selection methods, a measure of the usefulness of each selected gene is how

much a gene contributes to explaining the total variance (of all the data) through the

top 50 principal components (PCs). The relative gene contributions are calculated

according to vj = ∑k
j′=1 u

2
jj′λj′ . The loading ujj′ represents the contribution of

the original feature j to eigenvector j′. Hence, the variance explained by feature

j across the top k = 50 eigenvectors (PCs) is given by the variance explained by

each eigenvector, which is the eigenvalue λj′ , weighted by the variance proportion

attributable to feature j, given by u2
jj′ .

For this analysis, a maximal baseline for comparison is included, which performs

PCA on the complete data matrix (for each dataset), then selects the top 2000

genes based on their contributions vj, before repeating the process with PCA

performed on the subset of those 2000 genes.

Figure 4.9 Variance attribution. Distribution variance explained by each gene through
their contribution to top 50 PCs, across all datasets.
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Figure 4.9 shows the variance attribution across features for each feature

selection method with both unscaled (left) and scaled (right) SCRAN-normalised

data. Outliers on the left plot indicate that scaling indeed impacts the PCs,

with a few genes dominating variance contribution. Interestingly, for scaled data,

the Seurat selection method still results in lower per-feature contributions to the

principal components. This supports the conclusion that the selection method

favours uninformative noise genes - if they were informative in explaining variance

in other features, there would be a more even contribution to principal components.

Despite 2000 genes being selected in the Seurat HVG selection step, in practice,

only a subset of these are used in the reduced PC coordinate system. Important

information is likely lost as a consequence of selecting uninformative genes. In

contrast, SCRAN HVG and highly deviant approaches seem to have comparably

informative selected genes, based on their contribution to variance explained. They

also perform similarly to the maximal baseline.

4.6.4 Variance explained

As another way of investigating both the effect of scaling and the impact of

different feature selection methods, the total variance explained of each approach

is compared. Consider:

VT = tr(Σ)

Vm =
50∑

j=1
λj(Xm)

where tr denotes the trace of a matrix. VT is the total variance of the full centred

matrix X, while Vm is the variance of the top 50 PCs of the smaller matrix Xm

containing only the subset of features given by the feature selection method, m.

Hence, the full matrix X of SCRAN-normalised data is considered both with and

without scaling, and the total variance explained is calculated using the top 50

PCs on each feature-selected data subset. A baseline is also considered using the

top 2000 features by variance explained, as well as a maximal baseline of using

the complete data matrix for the top 50 PCs.
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Figure 4.10 Variance explained. Proportion of total data variance explained (with
each scaling) using the top 50 PCs derived from each gene set, standard error bars across
14 datasets.

The total variance explained in unscaled and scaled data differs because they

have different total variances. Hence, to compare directly, each scaled/unscaled

dataset can be reconstructed based on the top PCs derived from the opposite

(unscaled/scaled) dataset. This shows the effect of scaling on the PC representation.

This is done according to:

X̂2,m = X2,mU50(X1,m)UT
50(X1,m)

VEm,p =
tr(X̂T

2,mX̂2,m)
tr(XT

2 X2)

Where VEm,p is the variance explained of method m under the projection into the

opposite space. Here X1,m denotes the scaled/unscaled and centred dataset on

which the PCs were derived (subset to features m) while X2,m denotes the opposite

(unscaled/scaled) dataset subset to features m.

Figure 4.10 highlights the variance explained by each method using both

unscaled and scaled data (as well as projections based on PCs derived in the

opposite). The difference in variance explained based on PCs derived from scaled

vs unscaled data is not large, particularly for SCRAN HVGs and highly deviant-

the PC representation of these features is not sensitive to scaling. Likely, this is

because these features are already of comparable variance, so rescaling makes little

difference, also indicated by Figure 4.6a. Conversely, there is a larger difference
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between Seurat-selected genes, suggesting scaling makes a larger difference for these

genes, which is intuitive given the forced selection at lower mean/variance.

Using PCA on the whole data increases the variance explained, particularly in

scaled space, but also using unscaled PC loadings. This suggests that the data

contains a shared substructure omitted when selecting features. Using the top 2000

genes by variance contribution underperforms compared to using all genes for PCA,

indicating that the number of selected genes is likely the limiting factor.

Using PCA on the whole data will always explain more variance, by definition,

than on a subset of features. The question then arises as to why even select a

subset of features. There are two reasons given in the literature for this: first,

that it is computationally faster to perform PCA on a subset of data, and second,

that structured noise or batch effects risk getting amplified and propagated [87].

Although the first point is indeed true, the time taken to perform PCA on large

datasets is not limiting (i.e it is still only in the order of minutes).

The second point may be relevant; however, it is difficult to find literature

that definitively shows this. Circular arguments on feature selection are made

using ‘ground truth’ annotations based on HVG selection. Hence, further analysis

considers using PCs derived without any feature selection.

4.6.5 Summary

These experiments further demonstrate that Seurat HVGs are likely a poor feature

selection choice. They also show that for other feature selection methods, differences

in PC loadings on scaled vs unscaled data are small. Hence, the further analysis

continues using unscaled data, which aligns with best practices recommended in

Luecken and Theis [115]. Further, given that the results for the log1p and the

SCRAN normalisation for Seurat HVG selection are similar, the subsequent analysis

continues with Seurat HVGs on SCRAN normalised data only- this is also the

recommended normalisation in the best practice [87].
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4.7 Batch correction

Batch correction is used to correct for different sequencing technologies and platforms.

In datasets where inter-donor variability is not of biological interest (i.e not looking

at the association between disease/genomic profile), it is common to correct for donor

as part of batch correction as well [92]. Many methods exist that perform batch

integration [92, 93]- some as initial preprocessing steps and some are done before

clustering and after PCA. The reasoning for performing batch correction after these

steps is likely due to computation time and the curse of dimensionality. However,

performing feature selection before batch correction may result in biologically

uninformative selected genes.

In Luecken et al. [92], they compare methods both before and after feature

selection and found that most worked better after feature selection. However, given

that their annotations are based on a pipeline using HVG selection for individual

batches, there may be some data leakage/bias towards the pipeline for annotation.

Here, the batch-correction method, ‘Harmony’, [91], is used, as it has performed

well in two different independent benchmarks, [92, 93]. Harmony is applied after

feature selection and PCA. Clustering results are compared both with and without

batch correction.

Internally, Harmony works by iteratively clustering and then correcting PC

space, such that the centroids of cells originating from each batch and assigned

to each cluster are aligned between batches.

4.8 Clustering

The next step in the pipeline is clustering, where the scRNA-seq pipeline uses Leiden

clustering, a community detection algorithm, [118]. Although different clustering

procedures exist, this has become the prevailing approach due to automatically

detecting the number of clusters (subject to hyperparameters).
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4.8.1 Procedure

In scRNA-seq, different clustering approaches and hyperparameters give different

cluster results [118, 119]. Slovin et al. [89] showed how different pipelines (e.g Seurat

vs Scanpy) often give significantly different cluster results. Here, something similar is

done but on a smaller scale, specific to the standard Scanpy pipeline. In particular, I:

• Use different feature selection methods to find a set of N features. Usually,

2000 are used, but different numbers of selected features are also investigated.

• Perform PCA on the SCRAN normalised data subset to each method’s selected

features. The top 50 PCs are retained. PCA is also performed without any

feature selection.

• Optionally perform batch normalisation on each PCA result, giving corrected

PCs.

• Perform Leiden clustering on each of these PC projections using a resolution

parameter of 1.

4.8.2 Leiden Algorithm

The Leiden clustering algorithm uses an adjacency matrix that defines edges between

nodes in a graph to detect communities by maximising modularity. Modularity

measures how well a graph is partitioned into communities by comparing the density

of edges within groups to the expected density in a random graph with the same

degree distribution (the degree of a node is the number of edges to/from that node).

The Leiden algorithm, however, does not measure the statistical significance of

communities, and often finds communities in random graphs [120]. Leiden also has

a resolution parameter that controls the granularity of clusters.

In Scanpy, Leiden uses a connectivity matrix based on a K-nearest neighbours

graph from the top PCs of the selected features, [106]. The K-nearest neighbours

for a cell i are the closest K other cells i′ based on Euclidean distances in the PC
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space. The connectivities between neighbours are defined using a UMAP-based

approach, [121], according to:

ai′|i = exp(−max(0, d(i, i′)− ρi)
σi

) i′ ∈ NK(i)

Cii′ = ai|i′ + ai′|i − ai|i′ai′|i

ρi = min
i′∈NK(i)

d(i, i′)

Where here NK(i) is the set of K nearest neighbours of i, d(i, i′) is the Euclidean

distance in PC space, between two cells i and i′, and ρi is the distance to the nearest

neighbour. The scaling parameter σi is defined by solving ∑i′∈NK(i) ai′|i = log2 K

[121]. The scaling essentially serves to downweight neighbours that are further away

in dense regions as compared to sparser regions. The connectivity weights defined

by Cii′ are then used in the Leiden algorithm to detect communities. In practice,

this dynamic density adjustment means that in denser regions, where groups of

cells are very similar, small changes in PC space are upweighted.

4.8.3 UMAP visualisation

UMAP is a commonly used visualisation technique (very similar to t-SNE). UMAP

uses an optimisation algorithm to non-linearly project data into a lower-dimensional

(usually 2D) space to preserve KNN-graph connectivities, as defined above. Distances

are not literal, but represent projected connectivities. Figure 4.11 introduces the

UMAP projections of the scRNA-seq representative dataset, coloured by different

clustering approaches. From this, it is clear that batch correction removes much of

the substructure/variance in the data, which is likely to be batch-specific.

It can be tempting when considering UMAP projections to conclude that

clustering accurately detects groups of cells, based on the visual groups in the UMAP,

Figure 4.11. However, alignment between Leiden clustering and UMAP projection

is expected, given that Leiden clustering is based on the UMAP connectivities.

Hence, the visualisation and clustering are affected by the same pipeline and

potential artefacts, so just because a cluster ‘appears’ in the visualisation, it does
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(a) Without batch correction

(b) With batch correction

Figure 4.11 UMAP visualisations of clustering results from each approach.
UMAP projections are based on the entire dataset and not just selected genes, while
colourings are based on cluster results after selecting 2000 genes.
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Figure 4.12 UMAP projection can create false positive clusters in data. The
left shows the original data, with a single mode, whereas the right shows the UMAP
projection of that same data, where a second group is separated away. This is due to
local density differences from sampling.

not necessarily mean it exists in the data, Figure 4.12. scRNA-seq data is

exceptionally high-dimensional, with other nuances due to the discrete distribution,

batch and technical effects. A projection into 2D will never capture the nuance

of the data, and even in that projection, many cells may go unnoticed due to

∼ 100k points on a small plot.

4.8.4 Evaluating clusters

Evaluating the performance of different clustering approaches is difficult when the

ground truth is unknown. Various works in literature treat the output of previous

annotations as ground truth, but this approach will benefit methods that best align

with the annotation pipeline. Here, the similarity of different clustering methods is

compared, as well as the similarity of the same method under different conditions.

Clusters are compared using the adjusted mutual information (AMI), which

quantifies the agreement between two clusterings by measuring how often pairs of

cells are assigned to the same or different clusters in both. It adjusts for chance

agreement and is less sensitive to differences in the number of clusters than other

metrics like adjusted rand index or raw mutual information [122]. It is defined by:

AMI(U, V ) = MI(U, V )− E[MI(U, V )]
max{H(U), H(V )} − E[MI(U, V )]

MI(U, V ) =
∑
i,j

nij

N
log

(
nij N

ni· n·j

)

H(U) = −
∑

i

∑
j nij

N
log

∑
j nij

N
,
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Here, U and V denote different cluster representations, and nij denotes the shared

cells in class i of U and class j of V . The expectation is taken over random clusters

with the identical cluster size distributions. H indicates the entropy, while MI

indicates the mutual information- how much knowing about one cluster result, U , is

informative of another cluster result V . AMI is between 0 and 1, where 1 indicates

perfect agreement and 0 means no more agreement than random chance.

4.8.5 Random baseline

Although an AMI of 0 and 1 are interpretable, to quantify intermediate agreements,

it is easier to compare to some baseline. Since cells that are close in distance tend

to end up in the same cluster, an informative baseline is to randomly select K

seed cells and assign each other cell to its nearest seed. This produces a Voronoi

partition - a random distance-based partition of the space. Such Voronoi partitions

are generated in two spaces: the PCA space (specific to each feature selection and

base data combination) and the UMAP space (also for each combination). The base

data considered is the SCRAN-normalised data with and without batch correction.

Figure 4.13 shows an example of such a random partition in UMAP space.

Figure 4.13 Example of the UMAP random seed allocation cluster result.
Based on deviant selection, batch corrected.

The two spaces serve different purposes:

• The UMAP-based Voronoi partition aligns with how Leiden clustering con-

structs KNN graphs, since the Scanpy pipeline applies UMAP-based con-

nectivities for the adjacency matrix used in Leiden.
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• The PCA-based version allows us to assess how much structure is preserved

or distorted by UMAP relative to the original data space.

K = 35 is used for the Voronoi partition on non-batch corrected data and K = 20

for batch corrected- to match the maximum number of clusters output using Leiden

with resolution 1 on the data Figure 4.14b. Five repeats are taken to get metrics

across different random partitions.

4.8.6 Similarity between approaches

Figure 4.14 compares cluster results across different approaches with a default of

2000 selected genes (unless using all genes). Clusters based on PCA with no gene

selection or with highly deviant or SCRAN HVG feature selection are all equally

similar, while Seurat-based clusters follow behind. Notably, the Seurat-based clusters

are as similar to other cluster results as they are to a random-based partition in

UMAP space. Differences between cluster similarity with batch correction are all

lower than without batch correction, including random partitions, which may be

a consequence of fewer clusters, Figure 4.14b.

Differences between UMAP and PCA-based random clusters indicate that

connectivity density distortion from UMAP has a moderate effect on cluster results.

The similarity between uncorrected and batch-corrected data for each method is

comparable to the similarity between the methods and random partitions in PCA

space, Figure 4.14b (left). This indicates that batch correction has a significant

effect on identified clusters, as confirmed visually with UMAPs, and the fewer

number of clusters, Figure 4.11.
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(a) Similarity between results for method combinations on the same base data

(b) Similarity between results for method combinations using different base data (left), and
number of clusters for each method on each base data (right)

Figure 4.14 Cluster similarity between different feature selection methods
within (top) or between (bottom, left) uncorrected or batch-corrected base data. Feature
selection done according to each method’s requirements, then using data → take feature
subset → PCA → cluster. Error bars on random baselines correspond to 5 repeat random
partitions for each dataset. Standard error bars on other comparisons are taken across
the 14 datasets. Cluster similarity is somewhat sensitive to the number of clusters. 2000
selected features for each method.

4.8.7 Similarity across different selected genes

To further understand differences between approaches, the similarities are explored

when selecting more or fewer genes for downstream analysis. The cluster results are
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Figure 4.15 Self-similarity between clusters. Using the same feature selection
method over different numbers of selected genes.

also considered across different numbers of genes within the same feature selection ap-

proach (self-similarity), Figure 4.15 and across different approaches, Figure 4.16.

Notably, the self-similarity and similarity between cluster results are much more

sensitive to gene selection in the batch-corrected data than in the uncorrected data.

This is likely a consequence of the batch correction step, Harmony, introducing

noise by refining PCs based on relative batch contribution. However, this does

not necessarily mean it is less correct. For example, the average cluster result

could be more accurate than non-corrected data (if ground truth was known), with

a higher variance estimate. In contrast, uncorrected measures could have lower

variance and higher bias. Results in the literature, [92, 93], indicate this approach

performs better in simulated and experimental scenarios with batch effects. An

improvement could perhaps be made on Harmony by bootstrapping features to

decrease the variance in the corrected data.

Similarity with Seurat HVGs is particularly low for batch-corrected data,

Figure 4.16, suggesting the method selects genes that are variable due to batch

effects. Further, they become more similar to other methods as more genes are

selected, again suggesting Seurat HVGs are less robust. Intuitively, as more genes

are selected from any method, their similarity approaches that of using all genes.

However, similarities between clustering using SCRAN HVG, deviant or all genes

are similar even for 1000 selected genes, suggesting that most informative genes

are captured even at 1000 genes.
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Figure 4.16 Similarity over different numbers of selected genes. Between clusters
using different feature selection, Error bars over all datasets.

4.8.8 Similarity with HLCA annotations

As a final metric, results are compared to the annotations in the HLCA for this data-

set:

• The original annotation from each respective dataset publication.

• The HLCA final annotation. This came from integrating across all datasets

with scANVI (a deep-learning-based integration approach), using HVGs

calculated with the cell ranger flavour of Scanpy HVGs. Leiden clustering

was performed on the latent dimensions from scANVI [74]. Expert input was

used to join some clusters.

Figure 4.17 demonstrates the imprecise nature of the scRNA-seq pipeline.

Despite using the best practice in the literature, there is low reproducibility of

cluster assignments. The AMI between original annotations and cluster results on

the individual datasets is 0.6, approximately the similarity between each method and

Figure 4.17 Similarity with original annotations. Self-similarity of original
annotations (right).
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the random PCA partition, Figure 4.14. Despite results throughout this chapter

indicating that Seurat HVGs are likely a poor choice, slightly higher agreement with

the HLCA annotations comes from using uncorrected data with these annotations.

This supports an implicit bias towards HVGs used in annotations. The similarity

between annotations from the original dataset and HLCA is slightly higher (0.7

rather than 0.6), likely because scANVI integrates data using the known dataset

labels (based on those from the original dataset).

4.8.9 Summary

To summarise some of the key findings above:

• Genes should not be selected using the Seurat approach, despite being the

default in Scanpy and many other scRNA-seq analyses in the literature.

Increasing the number of genes makes it more similar to other approaches.

• SCRAN-based gene selection and highly deviant gene selection result in similar

clusters, and appear similar to using no feature selection.

• Batch normalisation using Harmony introduces variance into the clustering

results as it appears less robust to selected features.

• Clusters are sometimes as similar as a random partition in UMAP/PCA

space, meaning cells that are close together are likely to be similar cell types,

but exact boundaries are not robust. This has implications on downstream

analysis, particularly when cell-type abundance to quantify disease effects.

• Visual ‘validation’ on UMAP should be used with caution.

• Cluster results are difficult to reproduce and depend on upstream pipeline

choices.

4.9 Annotation

The annotation pipeline for scRNA-seq according to [87] should consist of:

• Manual annotation of identified clusters using a combination of enrichment/over-

lap with known marker genes and the differentially expressed genes of clusters.
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• Automated annotation of clusters using methods such as CellTypist or scArches

[123, 124].

• Verification by ‘experts’

The term ‘expert’ verification is somewhat misleading; it typically refers to

manual interpretation of cluster results by researchers such as PhD students or

postdoctoral scientists. In other domains, such as radiology, the use of expert

annotation is more defensible: radiologists are medically trained, follow established

diagnostic criteria, and often receive feedback through clinical outcomes. Instead

of using such language, manual criteria should be specified such that annotations

are reproducible and consistent across analyses.

4.9.1 Manual annotation

For manual annotation, reference marker gene sets can come from various sources.

Some reference gene sets are calculated similarly to this pipeline. Specifically,

scRNA-seq data are clustered (sometimes sub-clustered), and differentially expressed

genes (DEGs) are identified and filtered for those unique to each cluster. Clusters

are joined depending on identified DEGs, and clusters- now cell identities- are

catalogued with corresponding unique DEGs as marker genes [74]. Many original

marker gene sets are derived from well-studied cell types and have been validated

in multiple studies or using other data modalities such as immunohistochemistry

or fluorescence-activated cell sorting [125, 126].

In the three recent tutorials for scRNA-seq [87–89], none specify how exactly

manual annotation should be performed. In the Luecken and Theis [115] tutorial,

it specifies an enrichment type test. In associated code, they take the top 100

differentially expressed genes (DEGs) of each identified cluster, and use this to

calculate an overlap score (not enrichment) with the reference marker gene sets

from literature [106]. Based on this, and manual inspection of some of the marker

genes, cell identities are assigned.

However, there are some existing enrichment test tools to perform enrichment

analysis using reference marker gene sets, including Enrichr and the Python
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implementation thereof [127, 128]. Enrichr hosts multiple reference marker genes

and can perform enrichment tests based on the number of overlapping genes between

the database reference and the query gene set (usually using top cluster-specifc

DEGs). The way marker reference gene sets are constructed varies- some are

scRNA-seq-based marker genes, identified in a similar way to this pipeline. In

contrast, some use ontology and collation of historical publications to link genes

in known biological pathways. Enrichr is not investigated here, but it is explored

in the next chapter in the context of binary matrix factorisation.

4.9.2 Differentially expressed genes

DEGs are used for manual annotation or sometimes under the hood for some

automated annotation methods. There is a certain circularity in identifying DEGs

from clusters. Clustering uses selected features (or projections thereof) to separate

underlying data into groups; hence, many DEGs are likely part of the initial

feature selection. Although if selected genes are informative, perhaps this is not an

issue. This section investigates how different upstream pipeline choices, particularly

selected genes, affect identified DEGs.

To calculate differentially expressed genes, a Wilcoxon rank sum test quantifies

whether cells assigned a specific cluster are likely from a different distribution than

cells not assigned that cluster, for each gene [106, 115]. Multiple correction with

Benjamini-Hochberg is used. Further, a filtering approach is used to select genes

that are more specific to each cluster (as the above can give the same DEGs for

multiple clusters). Here, genes are selected if they are expressed in at least b1%

inside a group and at most by b2% in any other group, giving potential marker

genes for a cluster. Results using the filtering approach have b1 = b2 = 20%, and

use SCRAN normalised data as the data for comparison as recommended in [115].

Comparing the Z-scores of selected features, Figure 4.18, highly deviant genes

then HVG SCRAN genes have shifted higher Z scores. SCRAN HVGs have low Z

scores in general, but the tail is shifted higher for these- although batch correction
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Figure 4.18 Differential Z score distribution of feature-selected genes after
clustering. On representative dataset, uses Wilcoxon rank-sum test, across all clusters.
For a given cluster, compares cells in cluster to those not in cluster, across all genes.

(a) Distribution of z scores across top filtered genes for each method on each base data normalisation,
these have been matched to select the same number of genes for each base data normalisation.
Taken over the representative dataset.

(b) Number of filtered genes per method, also selecting unique genes across all datasets.

Figure 4.19 Filtered gene properties

appears to remove some of this signal. This is supported by cluster findings that

suggested Seurat HVGs may be batch-specific.

The filtered genes provide a set of potential marker genes for each identified

cluster (as they have higher expression in a given cluster and lower expression

in other clusters). Despite this, such genes are not unique to clusters with the

number of unique genes less than half the total filtered genes, indicating duplicates

across clusters Figure 4.19b. The total number of filtered genes is likely linked

to the number of clusters, Figure 4.14b. All methods have a similar number of
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unique filtered genes, which may reflect the number of genes with enough signal

to pass the b1 = 20% filter threshold.

Comparing the same number of top filtered genes across methods, most feature

selection approaches have very similar distributions Figure 4.19a. Seurat HVGs,

however, have shifted lower Z-scores across most top genes with a longer right skew.

This suggests that Seurat HVG clusters are based on differentiating a few genes very

well, as opposed to other methods where clusters differentiate across more genes

less ‘cleanly’. Batch correction changes this right skew, likely reducing the impact

of batch-related high variance genes on clustering and hence resulting DEGs.

Figure 4.20 Top filtered genes as marker genes. Swarm plot 100 filtered genes
(left), and top 100 feature-selected genes (right) on the representative, batch-corrected
dataset

Often, a smaller subset of filtered genes is used to define so-called marker genes,

particularly if the studied tissue or disease state is novel. Hence, the top 100 filtered

genes are used as ‘marker genes’ Figure 4.20. Of interest is that the top DEGs for

SCRAN HVGs and deviant are also those used for feature selection, and align with

each other and those from the clustering approach without feature selection.

The Seurat HVG top 100 DEGs are somewhat different from those used for

feature selection and are slightly higher even than other approaches. However, the

highest DEGs for resulting Seurat clusters are those also selected as HVGs. In

the context of all other results, it seems unlikely that Seurat HVG clusters are

more correct, as it would imply that clustering is more accurate on fewer effective

genes (given PCA/variance contribution is low for many selected genes). Likely,

this increase is again due to fewer features driving clustering- genes that correlate

with these are also DEGs, but the majority of features have lower differentiation
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than other approaches Figure 4.19a. This also demonstrates that the strength

of the top DEGs should not be taken as a proxy for accuracy.

4.9.3 CellTypist

In contrast to using DEGs for annotation, there are many automated alternatives

of varying sophistication. CellTypist is one such method, Xu et al. [123], that has

seen popularity in literature. CellTypist works by first training prediction models

on reference datasets. For a reference dataset, cells are annotated, often using the

above manual assignment approach, and this is treated as ‘ground-truth’. A model

is trained to predict the class of cell (using multiple logistic regression), from a

subset of selected features, returning a ‘confidence’ of the cell belonging to that

class. On a novel dataset, a pretrained model can then predict the probability

of any cell belonging to each reference class. Each cell is assigned the class with

the highest probability. Optionally, a clustering can be superimposed, where cells

are reassigned cell types based on the mode of classes in each cluster (i.e majority

voting). Manual inspection is also required to ensure no new cell types exist in

the data (e.g with a low assignment probability).

A method like CellTypist relies on the reference dataset mapping well to the

‘query’ dataset, and that both labels and genes generalise to new data. Further,

it is unclear how well-calibrated such a model is for distribution shift between the

reference and query datasets (i.e how much confidence estimates can be trusted

in new data). Given the flaws highlighted in the above pipeline, such issues may

propagate into identified marker genes and annotations selected in the pretrained

CellTypist models. The downstream effect of such misidentification is difficult to

quantify, given the issues related to distribution shift.

Despite these caveats, confidence scores are grouped according to different

cluster results across different lung-related pretrained models, with the idea that a

higher confidence in cluster labels likely means a more accurate clustering result.

Figure 4.21 shows the confidence scores for each cell in its annotated label, based

on its cluster assignment majority vote, on the representative dataset. Given the
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Figure 4.21 Reference dataset across different lung-related CellTypist pre-
trained models. Scores are average across cells in each cluster. Error bars indicate
standard error across clusters. Each model gives one set of prediction scores, which are
then grouped according to each cluster result.

‘Lethal_COVID19_Lung’ model has the highest confidence scores, the confidence

across all datasets are also plotted for this particular model, Figure 4.22. There

is no clear better or worse base data or feature selection method based on these

confidence scores, except perhaps that Seurat HVG has lower confidence scores

in most cases.

Of interest is that cluster results from batch correction align less with confidence

scores from CellTypist. This suggests that batch-correction clusters miss some

biological signal. CellTypist may be less susceptible to batch effects in the query

dataset, given it looks to find query signatures based on reference data. However,

there could be reproducible confounding batch effects (e.g stress response). It may

also be a consequence of the introduced noise that was seen to affect clustering

results of batch-corrected data, Figure 4.15.

Other differences are difficult to discern, likely due to compounding errors

of annotation and clustering misclassification with distribution shift. Although

114



4. A critical evaluation of the single cell RNA sequencing pipeline

Figure 4.22 CellTypist ‘Lethal_COVID19_Lung’ model across all HLCA
datasets. Scores are average across cells in each cluster. Error bars indicate standard
error across clusters. The model gives one set of prediction scores, which are then grouped
according to each cluster result.

automated, CellTypist annotations are difficult to interpret when confidence scores

are low, hence the need for more manual approaches.
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4.9.4 Summary

To summarise some of the key findings above:

• Seurat HVG DEGs are less differentially expressed for the majority of genes,

but have a few genes with very high differential expression. This suggests

clustering choices are made based on fewer genes for this approach, which is

unlikely to be correct.

• Results using PCA with all genes are similar to deviant and SCRAN HVG

feature selection, and it is unclear whether feature selection is required.

• Batch correction removes several DEGs.

• CellTypist appears to align better with clusters from uncorrected data, which

may be a consequence of batch-correction removing true signal, or introducing

noise into cluster results.

• Genes chosen as marker genes from DEGs are influenced by features selected

for clustering.

Finally, although I focus here on the use of DEGs for annotating and identifying

marker genes for novel cell types, some workflows integrate data across modalities or

perform independent experimental validation, increasing the reliability of resulting

annotations and marker genes [125, 126]. Annotations in new datasets resulting

from high overlap with such marker genes are more likely to be accurate. Moreover,

while the results indicate clustering outcomes can be ambiguous and influenced

by feature selection, some cell types exhibit such strong expression signals that

they are consistently distinguishable [129]. Thus, although the pipeline introduces

several potential sources of error, these are more likely to affect rarer or less

distinct cell types.

4.10 Conclusions

This chapter provides background to the standard scRNA sequencing pipeline.

However, throughout, I have also evaluated the assumptions of each step in the
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context of the underlying UMI counts. For the most part, the analysis uses Scanpy,

the popular Python library that is the basis for many online tutorials.

The main conclusions from this chapter are:

• The data distribution in scRNA-seq is extremely sparse. Different statistical

models make different assumptions, but many genes are likely to fall into a

Bernoulli distribution.

• Under a Bernoulli distribution, some genes may be overlooked as having

expected variance when they could still be biologically relevant (determinable

through patterns of expression with other genes).

• Cell-specific normalisation may be unnecessary as relationships between

cellular UMIs and gene UMIs are confounded by zero-proportions.

• SCRAN and log1p normalisation give similar results for highly variable gene

selection.

• Genes should not be selected using the Seurat approach, as many uninformative

genes are selected. This is the default in Scanpy and most scRNA-seq analyses

in the literature. Increasing the number of genes makes it more similar to

other approaches.

• SCRAN-based gene selection and highly deviant gene selection are more

similar. Highly deviant genes seem to be a proxy for genes with the highest

mean, and select more housekeeping genes than other methods.

• If SCRAN-normalised data is used, then scaling the data for PCA does not

make that much of a difference.

• Performing PCA on the complete data did not seem to negatively affect results,

and maybe should be used to avoid potential biases through feature selection.

• Harmony batch-correction method introduces added noise to clustering results,

and is less robust to selected genes.

• Cluster results are difficult to replicate, suggesting that these should be used

with caution- particularly for cell-type abundance analysis, which is likely to

be most impacted by clustering robustness.
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• Annotation that finds marker genes using DEGs can be somewhat circular,

as the highest DEGs are often those used in feature selection. This has a

larger impact when the feature selection method does not capture all relevant

information.

• Reference datasets often treat cell types/marker genes that have been annot-

ated using this pipeline as ground truth. However, these likely contain errors

that propagate when validating methods or annotating using these labels.

Overall, there seems to be much room for improvement of the scRNA-seq

pipeline. Some procedures seem to have been transported from bulk RNA-seq,

and should be reevaluated in the context of the sparse and near-binary single-cell

approach. Using summary statistics can be misleading given the data distribution.

Further, validating methods through agreement with historical computational-based

annotations is flawed and should be avoided where possible.

One key assumption made throughout the scRNA-seq pipeline is that clustering

is the best approach to capture cellular identity. In the following chapter, I examine

this assumption more closely, specifically by comparing the clustering model to

factorisation-based approaches.

4.11 Limitations and Future Work

Although I have tried to be comprehensive in both my analysis and the conclusions

that can be drawn from it, there are a few limitations with the results presented.

Firstly, the data is all from the same source, both in terms of upstream QC/raw pro-

cessing as well as the tissue of origin (lung). Sparsity of the data was compared across

different datasets, and most had comparable sparsity. However, some statements

around distribution should likely be investigated in completely new datasets.

Furthermore, as mentioned in the R vs Python paradigm, there exist two different

established software tools- the scverse (Scanpy and other variants, often from the

Theis lab), and R-based libraries of Seurat, SCRAN and ‘single-cell experiment’

(SCE). Although the programming language should not matter, as this chapter has
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highlighted, many choices exist at each stage of the pipeline, and different libraries

make different choices. Rich et al. [130] showed the low agreement between different

pipelines and even versions of the same pipeline. This approach has used Scanpy

tools, given that many of the tutorials and best practices also use this approach.

However, it would be interesting to look at using a completely R-based pipeline to

determine whether some of the same apparent pitfalls exist. Particularly with the

Seurat HVGs, as the Scanpy default approach uses the original [114] implementation,

and it is unclear to what extent newer Seurat versions may have changed this.

Finally, some results are difficult to interpret and may be affected by nuances in

the data. For example, cluster results are confounded by the number of clusters

as are the number of DEGs and the extremity of DEGs. Likely, permutation tests

or simulation are required to understand how such factors influence interpretation

or significance.
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5.1 Introduction

In Chapter 4, I introduced the standard RNA sequencing pipeline, where it was

clear that many upstream assumptions could impact the downstream identification

of cell types and corresponding marker genes. A significant assumption, which I

explore here, is whether a clustering approach is the correct model for identifying

cellular heterogeneity and gene programs. Another approach, which has had some

success in scRNA-seq, yet remains overshadowed by clustering-based approaches,

is factorisation. Here, I explore factorisation, and particularly Boolean matrix

factorisation (BMF), as an alternative to the standard pipeline.

In Chapter 3, I introduced a novel BMF approach, bfact, and showed that it

worked well in comparison to other existing BMF approaches, particularly on sparse

scRNA-seq data. This chapter aims to evaluate bfact in a more bioinformatics sense,

investigating whether BMF is a viable option for scRNA-seq compared to existing

approaches. Hence, I investigate both the rationale and empirical results of whether

using BMF or other factorisation might be a better approach than clustering.

5.2 Background

5.2.1 Factorisation or clustering

Clustering and factorisation are both unsupervised learning techniques that model

data using latent variables. Here, let X be some numerical observed data matrix

with M observations and N features. Both approaches attempt to find some lower-

dimensional representation of the data, where each observation i in X is somehow

constructed from K ≪ N distinct groups.

For clustering, it is assumed that each i ∈ {1 . . .M} has an associated latent

variable 0 ≤ lik ≤ 1 denoting the probability that observation i belongs to group

k ∈ {1 . . . K}. Hence, ∑k lik = 1. In hard clustering, an additional constraint is

imposed: lik ∈ {0, 1}. Each group has a centroid/mean rk of dimension N , such
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that E[xi] = ∑
k likrk. Hence, clustering can be written as X ≈ LR, with constraints

0 ≤ lik ≤ 1 and ∑
k lik = 1 ∀i ∈ {1 . . .M}, where L : M × K is the matrix of

cluster probabilities and R : K × N , the matrix of cluster means. Depending

on the assumed model (e.g hard clustering, Gaussian mixture model) additional

constraints are imposed to define each L and R.

In contrast, standard factorisation assumes there are K latent factors, but

each observation is a linear combination of those factors. This gives X = LR for

matrices L : M × K and R : K × N . Different factorisation approaches make

different assumptions. For example, in non-negative matrix factorisation (NMF), it

is assumed that all xij, lik, rkj ≥ 0, i.e., they are non-negative. When clustering and

factorisation are written as above, it is clear they share very similar constructions,

with differences depending on imposed constraints. Clustering is usually viewed

as an observation belonging to a particular group. In contrast, a factorisation can

be thought of as multiple groups underpinning the data, with each observation

composed of any combination of these groups. Hence, factorisation tends to be

more expressive, as it has fewer constraints on the left matrix L. However, the

additional expressiveness can come with issues around both interpretation and

identifiability (i.e multiple factorisations give the same reconstruction). To see

this consider X = LR = LPP−1R = L̂R̂, for some invertible matrix P . Hence,

multiple left and right matrices exist that decompose such a matrix. The addition

of constraints in factorisation increases the identifiability of the factorisation.

In Chapter 3, I introduced boolean matrix factorisation (BMF), given by Xb =

θ(LR) This is not a standard factorisation because of the addition of boolean logic,

i.e θ(1 + 1) = 1, and the constraints that both lik, rkj ∈ {0, 1} (and assumed xb;ij ∈

{0, 1}). In the context of scRNA-seq, this makes BMF particularly interpretable.

Each latent factor can be seen as containing a set of genes, and each cell is

explained by the presence or absence of these factor genes. In contrast, standard

or NMF matrix factorisation allows real-valued L and R, enabling more specific

reconstructions but often at the cost of interpretability, since reconstructions for

each observation depend on some combination of factor usage. This chapter also
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introduced the concept of disjoint-BMF, in which Boolean logic is no longer required,

as it is assumed that ∑k rjk ≤ 1, ∀j ∈ 1 . . . N .

Figure 5.1 gives an overview of the different modelling approaches. Clustering

does not illuminate shared processes between clusters. When the true model is a

factorisation, then identified clusters are usually some combination of the underlying

factors. Hence, if cell-type-specific factors exist, clustering may not uniquely

identify the drivers of the factor/cell-type or may identify the intersubsection of

different factors as new cell-types.

NMF shows more of the similarities but on a continuous scale, and different

L and R combinations could give the same reconstruction, making it harder to

interpret. BMF makes it clear both what groups of cells have similar expression

profiles, as well as highlighting the common factors between groups and the genes

expressed in each of these factors. Disjoint-BMF does not construct the original

Xb as well as pure BMF, as all profiles in R are disjoint.
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Figure 5.1 Visualisation of differences between hard clustering, NMF and
BMF. Disjoint BMF has disjoint R rows, resulting in a slightly worse reconstruction
error of the original matrix Xb; for R to be disjoint, r3,3 must be set to 0 (r1,3 should
remain as 1, since reconstruction error will be lower, given three observations contain
factor 1 while only two observations contain factor 3).

5.2.2 Evaluating models in scRNA-seq

Various factorisation methods have been applied to scRNA-seq, with NMF being

the most common. However, it remains less widely used than clustering, partly due

to higher computational cost, sensitivity to initialisation/parameters, and because

clustering approaches were adopted early in popular tools such as Seurat and

Scanpy, becoming the default by convention [106, 131].

A further challenge is comparing models with different assumptions. Simulations

used to benchmark models often presuppose an underlying clustering or NMF

approach, inherently favouring models that align with the simulations [132]. The

consequences of using misspecified models (e.g. clustering) on real data remain

unclear. Moreover, validation practices in scRNA-seq pipelines reinforce clustering

biases: cell-type annotations derived via clustering favour factorisations that

reproduce cluster-like results, and historical marker genes often identified through
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HVG selection bias GSEA towards methods using HVGs [115]. Although HVGs

tend to be robust across datasets and thus biologically meaningful, reliance on them

risks overlooking other relevant genes with lower dispersion due to sparsity.

5.2.3 Existing Factorisation Applied to scRNAseq

Non-negative matrix factorisation is a method that gained traction in bulk RNA-seq,

for cell type deconvolution and metagene discovery. However, it has also seen some

popularity in scRNA-seq [133]. In NMF, the left-hand matrix, L is termed the

usage matrix and the right-hand matrix, R is referred to as the gene expression

programs (GEPs), where each factor has an associated GEP, and each cell has an

associated usage of factors. This nomenclature is adopted for the rest of the section.

Many different NMF approaches have been developed in the context of scRNA-

seq [134–138]. However, most do not compare with the standard clustering approach,

and often use existing approaches as a validation method (i.e using cluster-based

cell type labels to validate on real data). Kotliar et al. [136] performs NMF on a set

of HVGs of the full matrix and subsamples the matrix to find robust factors that

exist across all subsamples. This method has been chosen for further exploration,

as it is both used by others in the field [139, 140], has a well-maintained Python

library, and is well-documented. It does not automate rank approximation.

Using BMF in the context of scRNA-seq is not an entirely novel concept,

[141–144]. However, most of these approaches are published in traditionally methods-

focused journals (IEEE, AAAI, ICML), introducing novel methodology as opposed

to demonstrating the utility of using BMF over other approaches in scRNAseq.

Very few of these show downstream implications for using BMF for discovery, nor

have they maintained code libraries.

However, Liang, Zhu and Lu [141] do present and explore BMF for scRNA-seq in

a more applied way. They demonstrate superior performance of their method over

NMF and traditional clustering, showing factors derived from their model were better

at predicting response to immunotherapy in a new cohort (albeit with a very small

sample size, N=19, using cross-validation). Their comparisons to both clustering

125



5. Binary matrix factorisation for single cell RNA sequencing

and NMF on scRNA-seq were limited to a single dataset, using well-characterised

immune cells. Their approach does not automate rank approximation.

5.2.4 Linear additive assumption

The default assumption in most scRNA-seq approaches is that a linear additive

model is a good underlying model for the data. That is, if a gene is involved in

multiple GEPs, then the expected expression in a cell with both programs is the

same as the sum of the expected expressions of cells with either one or the other

program. However, there is much evidence to suggest that gene expression is not

necessarily additive. In this case, relevant genes for processes may be overlooked,

and the effects of certain genes might be underestimated or overestimated.

Gene regulation is shaped by complex transcriptional networks, epigenetic

modifications, feedback loops, and post-transcriptional mechanisms [145]. For

example, transcription factors often exhibit cooperative binding or saturation

effects, precluding linear responses to upstream signals [146]. Combinatorial

regulation further enables the same gene to be differentially expressed depending on

cellular context [147]. Further, systems biology models demonstrate how motifs like

feedforward loops and negative feedback yield sub-additive or switch-like outputs

[148]. Hence, assuming a linear additive model, such as in NMF and clustering

approaches, where relative abundance is the focus, may not be a desirable model

for detecting underlying GEPs.

Further, in Chapter 4, it was shown that most signal in scRNA-seq data has

very low UMI count. Even if transcription was additive in regulation, the sparsity

of the data is unlikely to reflect true cellular abundance due to capture efficiency,

reverse transcription biases, and transience effects [76, 85]. Hence, an approach

that focuses on the presence of expression rather than the level of expression may

find more substructure underpinning the data, as well as marker genes that are

expressed consistently at low levels.
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5.2.5 Zeros in scRNA-seq

In scRNA-seq, “dropouts” refer to the apparent excess of zero counts for many

genes in individual cells, historically interpreted as technical failures of capture or

amplification. However, recent studies have challenged the notion that scRNA-seq

data are intrinsically “zero-inflated” beyond what standard count models predict,

suggesting that many zeros result from biological heterogeneity [77, 86]. Rather

than treating zeros as noise, they can be viewed as informative features that encode

biologically relevant sparsity.

5.2.6 Motivation

Given results in Chapter 4, I hypothesised that a BMF or disjoint-BMF approach

might be a better approach for scRNA-seq, for the following reasons:

• No preprocessing, naturally taking advantage of the near-binaryness of the

data. Only one assumed model, as opposed to a pipeline of many steps with

many assumptions.

• Batch/cell-specific abundance effects have less impact due to binarisation.

Further, batch-specific gene programs can be modelled as additional factors.

• More natural representation of data as a composition of cellular processes,

rather than mutually exclusive ones. For example, cell cycle or stress responses

can be present among other cellular signatures.

• More natural interpretation of factors, using GEPs, which are known to

underpin the variation in the data, rather than post-hoc selection of marker

genes.

• More biologically motivated, no assumed additive effect or assumption that

data represents relative abundance.

• Further constrained than NMF, lower likelihood of non-unique solution or

data overfitting due to the binary restriction.

However, there are also reasons why such a model may not be the best fit:
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• By binarising data, there is some information loss for those cell-gene pairs

that have a higher number of UMI counts.

• Incomplete ‘penetrance’ certain genes may be good markers for cell types

despite only being expressed in a subset of cells of that type. Unlike clustering

or NMF, standard BMF requires at least 50% of cells with a unique marker

gene to express that gene for it to be included in the marker gene set.

• BMF prioritises conserved patterns of expression over more highly expressed

gene markers, both an advantage or disadvantage depending on context.

• BMF can capture non-linear additive/saturation but cannot model negative

regulation effects (i.e if the presence of another biological process removes the

expression of a gene in another)

• Disjoint BMF assumes gene uniqueness to GEPs; however, some genes may

naturally belong to multiple GEPs. Hence, the assignment of some genes to

specific GEPs may be misleading or non-robust.

• Longer computational time.

Hence, our goal for this chapter is to evaluate whether BMF is a promising

direction for future scRNA-seq analysis or whether the choice of clustering, NMF

or BMF has little effect on identified marker genes or cell types.

5.3 Methods

5.3.1 Data

Like Chapter 4, the same meta dataset from the human lung cell atlas (HLCA) is

used, consisting of 14 different single cell datasets, all taken from lung-related tissues

[74]. Each dataset is analysed individually, and it is assumed that the datasets

should capture similar cell types and biological processes. In some cases, the HLCA

annotations performed on the metadataset are also considered [74]. Here, batch

correction was performed to control for the dataset of origin, followed by clustering

on the whole meta-dataset, with labels then assigned using expert teams.
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For housekeeping genes, a reference list is used from the housekeeping tran-

script atlas [109].

5.3.2 Overview

To evaluate bfact in comparison to NMF and traditional Leiden clustering, the

following is performed:

• Exploratory analysis of genes identified in NMF/BMF compared with those

selected in traditional feature selection. Proportion of housekeeping genes and

conserved DEGs across datasets and methods.

• Summary metrics, including reconstruction error and F-score, detailed below.

• Gene set enrichment analysis using EnrichR reference datasets.

5.3.3 Summary metrics

A hybrid approach for summary metrics is used to evaluate the differences between

clustering, NMF and BMF. In particular, the reconstruction error is calculated for

each model, as well as treating each model-derived GEP matrix, R, as constant

and refitting an NMF based on each. This gives a better indication of the accuracy

of GEPs, partially controlling for modelling expressiveness (as NMF is the most

expressive model). Each result is also adapted to give continuous reconstructions

and binary reconstructions. Further, the F-score of each model is considered, based

on the binary reconstruction. The derivation of each of these is outlined below.

In addition to using these metrics within each dataset, the GEPs predicted from

one dataset are also used as the basis for the GEPs in every other dataset, treating

them as signatures to predict the optimal cell usage of each GEP. This serves as

a proxy for how well each approach captures the biological signal that is likely to

generalise to other datasets, rather than overfitting to dataset-specific variability.
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5.3.4 Implemented Methods
Clustering

The clustering approach follows a similar methodology as in Chapter 4, according to

the same pipeline, but again using different feature selection methods, according to:

1. Select 2000 genes according to each approach: Seurat HVG, SCRAN HVG

and highly deviant.

2. Perform SCRAN normalisation.

3. Perform PCA with 50PCs.

4. Perform Harmony batch correction.

5. Use Leiden clustering, with 15 nearest neighbours and resolution 1.

6. These are not annotated; instead, each cluster is used for downstream analysis.

To find continuous R1 for each clustering result on dataset X1, the mean

expression of cells in each cluster are taken, and L1 is taken as the one-hot encoded

matrix of which cluster cells belong to. This gives r1,kj = 1∑
i

l1,ik

∑
i l1,ikx1,ij. Given

R1 should represent the GEP for each cluster, this is modified slightly, such that

the above is for genes that are among the top filtered DEGs of all clusters, and

any other genes are set to 0.

To obtain a binary estimate, each gene in a cluster is set to 1 if more than

half of the cells assigned to that cluster express the gene. This is the same as:

rb
1,kj = round( 1∑

i
l1,ik

∑
i l1,ikx

b
1,ij), where Xb is binarised based on xij > 0. This

gives the best reconstruction error for Xb
1 = L1R

b
1 given that the L1 are disjoint

(i.e each cell belongs to only one cluster).

To find LNMF
1 for hybrid NMF, non-negative least squares is used, where

X1 ≈ LNMF
1 R1 and R1 is derived as above (R1 is non-negative given it is based

on scran-normalised data).

To calculate the reconstruction error (and associated metrics) in a new dataset,

X2 based on identified GEPs, the best L2 is found that yields X2 ≈ L2R1. For a

hard clustering approach, L2 is the row in R1 closest to each observation in X2.
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Hence, l2,ik = 1 if k = arg mink′
∑

j(r1,k′j − x2,ij)2, and otherwise l2,ik = 0. The

hybrid-NMF also finds LNMF
2 according to non-negative least squares that gives

the best approximation to X2 ≈ LNMF
2 R1.

NMF

For the NMF approach, consensus NMF (cNMF) was implemented as introduced

in Kotliar et al. [136]. Implementation follows documentation instructions and

uses an input K = 20 for all datasets, with 2000 highly variable genes, and 20

consensus replicates. Under the hood, cNMF implements its own highly variable

gene routine, which is similar to SCRAN HVGs. It fits a Poisson model, then

finds genes that have a higher than expected variance under this model, selecting

those that deviate most from expectation.

The method works by running NMF for 20 factors, 20 times independently with

different gene NMF seed initialisations (replicates), using the Python library scikit-

learn NMF implementation. cNMF then clusters the factors across all iterations to

group similar factors. It averages the gene programs for factors in the same cluster, as

well as the usage matrices for cells in a factor, to get robust factorisations. By default,

it uses counts per million (normalised by total cell count). It also normalised the cell

usage matrix to sum to 1, so can also be thought of as a soft clustering appraoch.

For a dataset X1, the cNMF result is X1 ≈ L1R
′
1, where R′

1 is the rescaled

output of cNMF, to be equivalent to a single UMI count. Xb
1 ≈ (L1R

′
1) > 0.5

is used to obtain a binary estimate on the reconstructed NMF. To calculate the

reconstruction error (and associated metrics) in a new dataset, non-negative least

squares is used to obtain X2 ≈ L2R1, where R1 is the GEP profile derived from

dataset 1 (using NMF to get X1 ≈ L1R1).

bfact

Raw count data are binarised based on whether a gene-cell entry has a UMI count

greater than 0. Genes are removed that are expressed in fewer than 0.5% of cells,

or in more than 95.5% of cells and cells are removed that express fewer than 10
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genes or more than 10000 genes. bfact is performed on this subset; however, all

metrics are considered on the whole dataset, binarised if UMI is greater than 0.

Instead of using a pure BMF, a variant of bfact is used (using only w-RMP,

introduced in Chapter 3) to get (nearly) disjoint GEPs, as the reconstruction error

and F-score using a normal BMF were comparable, Figure 5.8. The implications

of this are explored in Section 5.4.5, namely that any non-linear non-additivity

benefits from BMF are lost. This suggests that even if non-additivity is a suitable

model, other assumptions of BMF, combined with data sparsity, do not result in

significant improvements. Note, under disjoint factors, Lb
1R

b
1 = θ(Lb

1R
b
1).

Having disjoint gene sets is favourable as it ensures that GEPs expressed in all

cells are considered as individual factors rather than being absorbed into different

factors. Furthermore, using the disjoint BMF from bfact, as discussed in Chapter

3, the w-RMP can be used to obtain a kind of binary inverse, for Xb
2 ≈ Lb

2R
b
1 when

Rb
1 and Xb

2 are known. Hence, to obtain the reconstruction error for a new dataset Xb
2

the usage Lb
2 is found using this binary inverse, assuming known binary GEPs, Rb

1.

To obtain a hybrid NMF using the BMF-derived GEPs, X1 ≈ LNMF
1 R1, where

the binary R1 is derived from the BMF, but LNMF
1 is found by fitting non-negative

least squares. To get a continuous approximation for X1 using Lb
1R

b
1, the mean of X

is found across all cells assigned a factor, according to X̂1 = Lb
1R

b
1

1
M

∑
i(Lb

1R
b
1)iXi.

5.3.5 GSEA

The Python implementation of Enrichr is used to perform gene-set enrichment

analysis [128]. Enrichr hosts several reference marker databases, for example, gene

sets known to be associated with cell types, biological processes or GWAS results

[127]. Enrichr works by comparing a candidate gene set against a reference database

to see if it is enriched in any process more than expected by chance. Reference

databases comprise multiple reference sets, and FDR correction is employed to

adjust p-values across these sets.
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Consider a reference set S and a user-provided marker gene set L. Let n = |L|

and m = |S|, with the background number of genes N . Then, a hypergeometric test

is used to test whether the intersection, I, of two sets is more than expected

by chance, given by:

P (I ≥ i) =
min(m,n)∑

l=i

(
m
l

) (
N−m
n−l

)
(

N
n

) (5.1)

This can be used to obtain a Z score using the overlap relative to the expectation

under a random null.

There is considerable debate over what the background reference genes, N ,

should be [149]. In general, it should be restricted to the set of background genes

expressed in the sample, or genes relevant to the tissue, depending on context.

If too many background genes are used, this can also inflate test statistics. The

background set of genes used here are those that pass the binary threshold (i.e.,

they must be expressed in at least 0.5% of cells).

For the GSEA analysis, multiple Enrichr databases are used to examine the

enrichment of each factor in each database. The databases used are:

• Azimuth 2023 - this is a database based mostly on scRNA-seq (with some

ATAC-seq). References to HLCA are dropped to avoid leakage, as are

references to Lung V1 (based on Krasnow 2020) for Krasnow 2020 enrichment

analysis.

• CellMarker 2024- another database that collates publicly available cell markers.

There is leakage here (i.e some datasets from HLCA are used in the reference

for CellMarker, which are difficult to filter out, unlike in Azimuth). Many of

the marker gene sets are derived from scRNA-seq.

• ChEA 2022- This is a database for ChIP-seq data related to genes that are

likely bound by given transcription factors. It is not cell-type specific. Curated

from publications/publicly available data.

• ENCODE TF ChIP-seq, the same as above, using ENCODE data.
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• GO Biological/Cellular/Molecular function- gene ontology database, another

collation of publication results/databases. Not usually scRNA-seq data sources,

more focused on molecular biology assays and sequence similarities.

• GWAS Catalogue- groups of genes mapped from SNPs associated with diseases,

measured using GWAS.

Note that the p-value is corrected for multiple testing for a given factor marker

set in a reference database, but has not been corrected for multiple testing across

different factors and different databases. Hence, it should not be interpreted as a

literal measure of significance. However, it is still helpful to compare across different

marker sets between methods based on these results.

Finally, because scRNA-seq-derived reference marker gene sets initially select for

HVGs, there may be a form of confirmation bias/confounding present. Historically

identified marker gene sets are likely to come from HVGs used in the computational

pipeline for annotation. Hence, if some HVGs are consistent across datasets, then

there is a higher likelihood of this being significant in a query dataset, regardless

of its biological relevance (although there is an argument for biological relevance

and reproducibility across datasets).

5.4 Results

5.4.1 Factor usage/GEP distribution

This section compares the number of genes per factor, Figure 5.2, and the cell-

based factor assignment, Figure 5.3, for both factorisation methods, cNMF and

bfact-disjoint. cNMF is closer to a clustering approach, where each factor consists

of many genes, and each cell consists of a few factors (majority 1 or 2), Figure 5.3.

In contrast, BMF cells contain a larger range of factors, each of which has only a

few genes. The continuous nature of cNMF can fit very low signals to cells, whereas

BMF sometimes assigns no factors to cells with presumably low or low-penetrance

signals. The high number of genes for cNMF also indicates that the GEPs are less

process-specific and have to be filtered to remove standard processes from each
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Figure 5.2 Number of genes per factor. For cNMF, which is continuous, a gene
is assigned to a factor if the gene’s proportion of assigned reads is greater than 5%
(proportion taken across factors, in terms of transcripts per million). Error bars taken
across factors.

Figure 5.3 Cell factor statistics; number of factors per cell (left) and proportion of
cells per factor (right). For cNMF, which is continuous, a factor is assigned to a cell if
the proportion of usage is greater than 10% (as this resulted in a high alignment with
cluster results in Figure 5.10). Error bars taken across datasets. Density measures the
proportion of entries in the matrix that are non-zero.
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factor. Likely, the fuzzy-clustering approach taken by cNMF forces more disjoint

cell representations than disjoint gene representations.

Some factors for BMF contain a high number of genes, which may correspond

to background housekeeping genes. The percentage of cells assigned to each factor

in bfact is also higher, with some very high, which again may correspond to

background housekeeping genes. However, some factors have a lower percentage of

cells and lower number of genes, which could indicate biologically relevant processes

affecting a subset of cells. The number of genes per factor for bfact correlates to

the density, likely indicating that as capture efficiency increases, so too does the

number of genes assigned to factors/biological processes.

5.4.2 Batch effects

This section considers the usage matrices of each cluster approach, L, and in

particular how these relate to the sample donor, which is likely to encapsulate

batch effects. Leiden clustering approaches have been corrected for batch effects

using Harmony. cNMF can optionally use Harmony, but has not been used

here to determine if it can distinguish between batch-specific factors and more

biological factors.

Figure 5.4 Distribution across datasets and factors/clusters of factor-specific
statistics. Left: cell usage of factors and right specificity of factor to donor ID. For
cNMF, where usage is continuous, the proportion of usage for each factor is used. For left
plot, this is given by

∑
i

lik∑
i,k

lik
. Right: distribution of specificity of factors to donor IDs,

given by
∑

i∈Dd
lik∑

i
lik

, where Dd is the set of factors for donor ID d.
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bfact has shifted towards higher usage of many factors, Figure 5.4, which likely

reflects that some factors have a large proportion of cells assigned, probably reflecting

uninteresting common biological processes. However, if other methods identified

more clusters or factors than exist in the data, then each factor would have a lower

proportion of usage, which could also explain some of the lower usage. Conversely,

bfact factors are shifted lower for specificity to donor ID, implying reduced donor

effects. However, some clearer batch-specific factors remain, evidenced by the slight

increase in density around 1 for outliers. This pattern may also naturally result

from having fewer factors or clusters, as shown in Figure 5.8.

5.4.3 Factor genes compared to feature selection methods

Figure 5.5 compares the genes selected by various approaches. In a clustering

approach, there are two sets of relevant genes- those selected by upstream feature

selection and those selected as marker genes based on differential expression of

identified clusters. Part of the appeal of a BMF is that no feature selection is

performed, and relevant genes are an output of the model itself. Hence, I compare

bfact selected genes to those selected in other approaches. For cNMF, under the

hood, it first selects genes in a similar manner to SCRAN-HVG. It also outputs the

top 100 DEGs for each factor; hence, I use this to compare the output of cNMF

to selected features (all DEGs are considered later as well).

bfact and highly deviant genes share the highest percentage of genes, but

both also contain a high proportion of housekeeping genes, which may explain their

additional shared percentage. In the context of later clustering results (Figure 5.10),

it is interesting that deviant and bfact show low cluster agreement despite sharing

around 80% of genes. SCRAN-HVGs share a similar proportion of genes with

both bfact and cNMF, while bfact and cNMF do not share that many genes,

despite both being factorisation-based.

Given that cNMF is performed on a set of 2000 HVGs, derived similarly to

SCRAN and Seurat, there may be an implicit bias for such DEGs to overlap with

these. cNMF exhibits the highest overlap with Seurat HVGs for 1000 selected genes;
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(a) Overlap of selected genes for each method, number of selected genes only applies to HVG
Seurat, HVG SCRAN and deviant.

(b) Proportion of housekeeping genes selected in
each method across datasets, with 2000 selected
genes.

Figure 5.5 Overview of selected genes used to explain data from different
methods. For SCRAN HVG, Seurat HVG and deviant, this refers to feature-selected
genes. For bfact, these are the genes selected in the binary Rb. For cNMF, the genes are
the top 100 DEGs of each factor returned from cNMF.

however, it also shows similar overlap with highly deviant and SCRAN. Likely, a

set of biologically relevant genes is selected by all methods.

Figure 5.6 explores the distribution, in the representative dataset, of consistently

selected genes from each approach. Despite being binarised, bfact still selects many

genes that have a high non-binarised mean, suggesting that modelling only patterns

of expression, rather than abundance levels, still captures relevant information.

For both bfact and deviant, the conserved genes are skewed toward a higher

mean compared to other methods. Given that both have high housekeeping

percentages, a portion of the high-mean genes are likely housekeeping genes. In
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(a) Mean vs variance

(b) Binary mean vs actual mean

Figure 5.6 Overview of selected genes used to explain data from different
methods. Genes conserved in at least 7 datasets for each method, plotted on
representative dataset. The number of conserved genes is contained in the title.

contrast, the conserved genes identified by other methods tend to have higher

variance than expected, which is unsurprising given their HVG selection. The

consistent high variance of these genes suggests they may be biologically relevant.

In Chapter 4, I introduced how the HVG approach will not select potentially

biologically relevant genes in the binary extreme because a mixture of Bernoulli

distributions is also a Bernoulli distribution. The same applies to Poisson distri-

butions with small λ1, λ2. In Figure 5.6, bfact clearly selects many more genes

where the binary and raw mean are similar, which would support that some genes

are informative but do not have high dispersions.

Compared to other methods, bfact selects fewer high-variance genes. A potential

explanation is that abundance effects between cells are missed through binarisation,

causing bfact to overlook these differences. Another explanation is incomplete

penetrance— that is, some markers are not consistently expressed across cells,

perhaps reflecting transient expression or transcriptional bursts. In contrast, bfact

tends to focus on more consistent markers of biological processes, which are expressed

in most cells that contain them. This is supported by the observation that other
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methods, particularly cNMF, show a lower binary mean for these high-variance genes.

5.4.4 Marker gene differential expression

This section considers the consistency of output marker genes across datasets of

the different clustering and factorisation methods, Figure 5.7. Marker genes for

bfact are those predicted in Rb, while for other methods, these are taken as the

top 100 differentially expressed genes for each factor/cluster.

Figure 5.7 Number and cumulative fraction of conserved marker genes across
all methods. Using cluster/factorisation results with housekeeping genes removed.
Marker genes are taken as the top 100 filtered DEGs for each cluster/factor except
bfact. For bfact marker genes are taken as those selected in Rb. DEGs based on
SCRAN-normalised data, and using a Wilcoxon rank-sum test, filtered to have at most
20% presence in other groups and be expressed in minimum of 20% within groups. As
methods with more clusters will have more marker genes, the cumulative fraction of total
is also included.

Even with the removal of housekeeping genes, bfact has the most consistently

selected genes across a larger number of datasets, and a similar representation at

lower datasets. This suggests that bfact may identify biologically relevant genes

that other methods do not. However, some such genes may also be considered to

be uninteresting, for example, transcriptional activity or ATP production, some

of which are present in factors for bfact GSEAs in Section 5.4.6. cNMF also

has more consistently expressed genes than clustering approaches, suggesting a

fuzzy clustering approach may improve consistency.

5.4.5 Summary metrics

This section explores some of the summary metrics of each of the approaches in

explaining the underlying data signal. If a less expressive approach explains the
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data equally well, this supports its suitability by balancing explanatory power

with reduced risk of overfitting.

Figure 5.8 Summary metrics for each dataset. As the three clustering methods are
so similar, uses the SCRAN HVG-based clustering as a representative to increase plot
clarity.

Figure 5.8 includes variants of methods using a half-NMF approach (i.e letting

L become continuous based on method-specific R). The methodology for each

is introduced in Section 5.3.4. The bfact standard BMF variant is included

as well as the disjoint. These are very similar, and because of the increased

identifiability of the disjoint approach, bfact-disjoint was chosen for the majority

of analysis in this chapter.

Given the strong similarity between bfact and bfact-disjoint, the advantage

of Boolean additivity in BMF does not appear to provide substantial benefits for

modelling scRNA-seq data. While any true BMF can be reformulated as a disjoint

BMF by introducing new factors to capture overlaps between existing ones, the

relatively small number of factors found for disjoint BMF suggests that these non-

additive advantages are not being realised in practice. A likely reason is the extreme

sparsity and incomplete penetrance of scRNA-seq data, where low counts may cause
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genes to be omitted from shared processes. Even if the Boolean aspect of BMF

offers no clear advantage, the rationale for using a binary formulation remains valid.

Despite comparing metrics in Figure 5.8, it should be noted that direct

comparison is difficult due to the different expressivities of the models. For

bfact, lik, rkj ∈ {0, 1}, for cNMF lik, rkj ∈ R+, with ∑k lik = 1 and for clustering,

lik ∈ {0, 1},
∑

k lik = 1, rkj ∈ R+. The other form of expressivity comes from the

number of factors, which also changes. Both bfact and the clustering approaches

automate the number of factors, whereas for cNMF this is a fixed input of K = 20.

The more expressive a model is, the more it can fit (or overfit) to the data. Hence,

the interpretation of both reconstruction error and F score should consider this.

bfact and cNMF yield similar binary reconstructions, but in continuous re-

construction, the greater expressivity of cNMF provides a clear advantage. This

is also reflected in the F-score, where cNMF achieves higher values overall. A

slight performance gain can still be observed for bfact-disjoint with half NMF,

suggesting that indeed some of the advantage from cNMF may be its expressivity.

Conversely, continuous MSE does not decrease when using half-NMF for usage,

which suggests that large contributors to MSE are driven by specific genes, not

affected in half-NMF when R is fixed.

Applying NMF to cluster-based results tends to hinder performance across most

metrics; since clustering assigns each gene set to a single group, reinterpreting

these as compositional factors is problematic. The decrease in continuous MSE

reflects that it is likely fitting to outliers, with no general improvement, given

the worse performance in other metrics.

Overall, results for bfact are promising given its reduced expressivity and

almost half the number of factors as cNNF. Both methods perform better than

clustering, which may also partly be due to the expressivity of factorisation

compared to clustering.
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Predictive performance

Given the potential for models to fit well to the specific dataset, this section

considers using predetermined GEPs, R1, to predict signal in another dataset

X2, details Section 5.3.4.

(a) Total across all dataset pairs (both directions).

(b) Distribution of how well gene-sets/spectra found in every other dataset can predict expression
in the specified dataset.

Figure 5.9 Factor predictive performance. How well gene-sets/gene spectra found
in one dataset predict expression in another dataset. For Leiden clustering, clustering
based on SCRAN HVG is used as a representative.

143



5. Binary matrix factorisation for single cell RNA sequencing

Figure 5.9 shows there is an implicit trade-off between binary MSE and F

score- as true positives increase (increased F score), so do true negatives (decreased

reconstruction). Whilst bfact has lower binary MSE than cNMF, it also has a

lower F score. Again, the expressiveness of the model affects predictive performance,

supported by the considerably higher F-score of bfact with half-NMF. This suggests

that bfact suffers due to the so-called incomplete penetrance in the data, where

genes in certain programs are only expressed a percentage of the time. This

explains why a fractional usage matrix L can improve performance using a fixed

Rb (for half-NMF).

Given that cNMF’s continuous reconstruction error is lower than for other

methods, this suggests some high-expression genes are reproducible across datasets.

However, cNMF is higher and more similar to other methods in continuous MSE

than on the fitted data, suggesting in Figure 5.8, cNMF does fit to some dataset-

specific extremes.

Although cNMF has better results, given bfact-disjoint is more constrained

and has fewer factors, this suggests that bfact may be a reasonable model for the

data. Conversely, clustering-based signals DEGs appear to be poor at describing

the bulk of the data signal, given by their low F-scores.

Cluster comparison

For a final summary metric, this section compares the adjusted mutual information

(AMI) of the clustering and factor results, Figure 5.10. For the factor methods,

clusters are taken to be unique rows of the membership matrix Li and set any

clusters with fewer than 20 cells to be a joint ‘minor cluster’.

Unsurprisingly, the highest cluster agreement is between clustering approaches,

as they share a similar construction, only with the selected genes differing slightly.

cNMF is equally similar to all clustering methods, despite being based on an HVG

selection process similar to SCRAN. bfact-disjoint has a low similarity to other

methods, suggesting it represents processes that the other approaches do not (and

vice versa). It could also be a consequence of representing cluster membership as
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Figure 5.10 Similarity between clusters and factorisations using adjusted
mutual information. Here, factor clusters are taken as the unique rows of Li, i.e the
unique factor assignments for each cell. For cNMF, discrete membership to a factor is
defined for a usage of 10% or greater of that factor.

the intersection of factors, which may not work well when cells are often assigned

many factors Figure 5.3. Chapter 4, showed that a random partition of PCA

space (preserving local similarity) resulted in an AMI of approximately 0.6. That

bfact has such low similarity likely suggests that bfact processes are more globally

defined, unifying cells that aren’t that close in Euclidean space.

Interestingly, despite bfact marker genes having a high alignment with highly

deviant genes, their cluster similarity is still very low. As bfact uses reconstruction

error internally, if specific genes are expressed in only a percentage of cells (termed

here as ‘incomplete penetrance’), these will not be captured using bfact. Conversely,

a pairwise approach (clustering) or a continuous approach (cNMF) can capture

this. Hence, bfact likely picks up on core similarities of groups of cells, whereas

clustering approaches pick up on pairwise differences that are more robust to

penetrance differences.

5.4.6 GSEA

Figure 5.11 gives an overview of the p values of the top 5 hits for each factor across

different factors and datasets in different Enrichr reference databases, as well as the

uniqueness of terms across factors as an indicator of factor independence based on

hits (very crude, as can see in Figure 5.12- Figure 5.14 many terms are related).

Interestingly, for non-SCRNA-seq-derived data, some bfact-disjoint factors are more

highly enriched with more independent factors than other approaches, particularly
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Figure 5.11 Enrichment properties of factor genesets across methods and
reference databases. Adjusted p-values over top 5 hits per factor for each method,
across all factors and datasets (left). Distribution across datasets of the average number
of unique terms per dataset across factors (right), proxy for the independence of identified
factors (right).

for biological and cellular processes and CHIP-seq databases. Conversely, for both

Azimuth and GWAS databases, bfact performs worse than other approaches,

although it has among some of the highest extremes, suggesting it identifies some

cell types well. CHIP-seq databases capture genes that are likely modified by

the same transcription factor, so perhaps bfact picks up on these patterns of

co-expression, whilst ignoring patterns that are more abundance-driven and appear

to be cell-specific.

cNMF is shifted higher than clustering for almost every database, and has notably

higher shifted z-scores for cell-specific markers. Given that both Azimuth and

CellMarker have gene sets based on the scRNA-seq pipeline, there could be a form

of confirmation bias- given these pipelines are usually conditioned on HVGs, then

mostly HVGs are identified as marker genes, when other genes may exist that could

also be marker genes. However, particularly given its performance with Azimuth,

this suggests that cNMF is a superior method to clustering for future analysis.
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Overall, these results are promising for bfact, and suggest that although it

may not be better at detecting cell-types, it can detect other biologically relevant

information from scRNAseq that is commonly ignored.

Representative GSEA results

Figure 5.12- Figure 5.14 present representative GSEA results for the represent-

ative dataset across all reference databases. The top 5 hits per factor with adjusted

p-value less than 0.05 are included in the visualisation. Given the similarity of the

three clustering approaches, only results for HVG Scran feature selection followed

by clustering are presented. All figures are on the same p-value colour scale.

bfact contains some factors with very high usage that tend to correspond to

possibly uninteresting processes like gene expression or mitochondrial activity. It

also has many hits for CHIP-seq-related reference sets. All methods have a high

association with lung-derived database cells, although unfortunately, CellMarker

does include marker sets derived from the HLCA base data, which may skew these

results. cNMF seems to have the most independent factor sets that appear to

correspond to different cell types, based on enrichment results.

Also of note is that some seemingly unrelated reference terms are associated

with the same factor gene set. This perhaps suggests error or pleiotropy in reference

terms. Further, errors can propagate; if one analysis identifies a geneset as one

process but it is confounded by another process, then hits for that geneset may be

mislabelled. Hence, all enrichment results should be taken with a pinch of salt.
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Figure 5.12 GSEA for bfact-disjoint. Mean usage is calculated as 1
Nc

∑
i lik
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Figure 5.13 GSEA for cNMF. Using top 100 DEGs for each factor, mean usage is
calculated as 1

Nc

∑
i lik
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Figure 5.14 GSEA for representative Leiden clustering. Based on SCRAN HVGs
(using top filtered DEGs for each factor), mean usage is calculated as 1

Nc

∑
i lik
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5.5 Conclusions

The motivation for this chapter was threefold. Firstly, Chapter 4 demonstrated

that scRNA-seq data is extremely sparse, yet is not always treated as such, hence a

binary approach that capitalised on the data distribution seemed like an interesting

idea. Secondly, much of the scRNA-seq pipeline appears circular, so a BMF approach

that makes a single assumption about how to binarise the data (thresholded here on

non-zero UMI count) avoids many of the upstream assumptions in the scRNA-seq

pipeline. And thirdly, it was unclear that a clustering modelling assumption is

the correct assumption for the data, and that results should be compared between

clustering, NMF (or in this case, fuzzy-clustering) and BMF.

Results indicated that a more constrained disjoint bfact approach (where gene-

sets for factors are distinct), performed similarly to a Boolean bfact approach.

However, given that a disjoint approach is more identifiable and interpretable, bfact-

disjoint was chosen for all analyses. Consequently, any non-additivity benefits from

a Boolean approach appear not to benefit modelling in the scRNA-seq data.

bfact seems to identify different yet biologically relevant marker gene sets from

other approaches. These are less cell-type specific than other methods. However,

they may warrant further investigation. bfact also selects more consistent genes

across datasets; however, some of these may be uninteresting measures of biological

processes. Considering the binary constraints on bfact decomposition, it performs

well at reconstruction and detecting signal in the data.

Conversely, cNMF seems to perform well across the board; however, it is also

the most expressive model, more likely to overfit or produce non-unique solutions.

However, in gene set enrichment, it has shifted to higher enrichment, particularly

for Azimuth and CellMarker- both cell-type marker reference databases. This

suggests it may be a better approach than clustering for cell-type identification

and identification of marker gene sets.

There is a possible confirmation bias at play based on selecting scRNA-seq

HVGs in clustering pipelines and using these as cellular marker genes. Such genes

are likely biologically relevant if they reproduce together across datasets; however,

151



5. Binary matrix factorisation for single cell RNA sequencing

there may be other gene sets that are biologically relevant that can not be captured

through higher-than-expected variance arguments due to sparsity. bfact, on the

other hand, appears to be able to pick up on different patterns of coexpression

for such genes, and seems to be more enriched in biological and transcription

factor processes than other methods.

As bfact uses reconstruction error internally, if specific genes are expressed

in only a percentage of cells (incomplete penetrance), these will not be captured

using bfact. Conversely, a pairwise approach (clustering) or a continuous approach

(cNMF) can capture this. Hence, bfact likely picks up on core similarities of

groups of cells, whereas clustering approaches pick up on pairwise differences that

are more robust to penetrance differences.

Overall, results from using a binary factorisation approach are promising, and

suggest that scRNA-seq data contains valuable information, not currently exploited

by existing methods. In contrast, an NMF factorisation approach should be

considered as an alternative to the traditional clustering pipeline, given its better

identification of marker genes.

5.6 Limitations and Future Work

One of the main limitations of the BMF approach is its focus on reconstruction error,

which is also linked to the incomplete penetrance issue. In general, disjoint-BMF will

only assign a gene to a factor if at least half of the cells containing that factor express

the gene. This is limiting; there may be many cases where cells of particular types

only express genes a certain proportion of the time. Hence, a way to address this

limitation whilst still keeping a binary model would be to move away from optimising

reconstruction error, and perhaps optimising another metric like positive predicted

value. There could be a way of integrating this into the cost measure for bfact.

Alternatively, it would be desirable to have a probabilistic model where R is no

longer binary but some value between 0 and 1 indicating the probability of expression

of the gene in a given factor. However, this would likely be computationally

challenging to implement, as one of the benefits of the bfact MIP approach was that
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it only scaled with the number of genes and candidate factors. However, there may

be a continuous method that can be used to approximate this half-binary approach.

Although these results for bfact are promising, it would be interesting to

further investigate bfact results across different datasets. Here, only lung tissue

was considered, but it would be interesting to see if bfact identified gene-sets

differed across different tissues. If not, it would suggest that it is identifying

common process pathways rather than common cell type pathways.

Another way to experimentally validate bfact in scRNA-seq would be to

consider disease vs non-disease settings. If GEPs identified by bfact were better

for predicting disease status in a new cohort, this would support using bfact to

supplement current methodologies. Likely, this should also be done in comparison

with current NMF approaches.
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My thesis has combined two large projects, both fitting under the broad umbrella

of novel machine learning for applications in cancer genomics. The first project,

Chapter 2, developed a novel approach for calling copy number alterations from

whole-genome sequenced cancer tissue. The second project, Chapter 3 - Chapter

5, concerned developing a new approach to analysing scRNAseq data through

assuming a binary factorisation model. The second project is less specific to cancer

genomics; however, much scRNA-seq analysis concerns comparing case-control

status between diseases, including cancer. Hence, development in the former aids

insight into the latter. In each chapter, I have highlighted the main conclusions

and future directions specific to the content.

6.1 Copy number calling with araCNA

The copy number project developed a model, araCNA, using a recent deep-learning

architecture, Mamba. Mamba is related to state-space models, similar to recurrent
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neural networks but able to work on sequence lengths at the scale of genomic

data. Such a model is required to learn long-range dependencies in the data,

to find the most likely copy-number state consistent across the whole sequence,

rather than local to sequence regions.

Like many problems in genomics, the goal here is to infer latent or hidden

variables (the copy numbers) that best explain the data. There is no known ground

truth in the measured WGS data. However, the generating process from latent

variables to the measured data is well understood. Hence, a simulation procedure

can be used to generate training data where both the ‘measured’ data and the

latent variables are sampled and known. This kind of procedure constitutes a

simulation-based inference approach.

To intuitively understand this with a simpler example, consider different sets of

data, which we assume are all normally distributed. Here, the maximum likelihood

estimate (MLE) can be derived to determine the mean and variance for each dataset,

which may be considered unknown/hidden variables in this problem. Another way

to estimate the mean and variance could be to repeatedly sample different means

and variances from some prior and then to sample data vectors from a normal

distribution with that mean and variance. A neural network can then be used to

learn how to predict the mean and variance from each data vector, having input

and output pairs in line with supervised learning, predicting the MAP rather than

the MLE (given the prior). This is a form of amortisation, as the model learns to

predict the parameters of the statistical model, and once trained, does not require

optimisation on a per-dataset level, only requiring inference (prediction). Of course,

when estimating the mean and variance is simple, like in a normally distributed case,

then developing such an approach is overkill. However, there are many instances

where an analytical MLE cannot be derived, or is also computationally expensive,

and the trade-off between per-dataset optimisation and an amortised model trained

on simulated pairs becomes desirable.

Although training a model on simulated data alone may at first glance seem

strange, it is actually similar to traditional approaches where a statistical model is
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assumed. The first is an analytic maximum likelihood under the assumed model.

The second is an inferred maximum a posteriori learnt through paired samples of

distribution data and underlying parameters, also under that assumed model and a

prior on the parameters. Hence, the approach used is a special type of so-called

‘simulation-based inference’, and can only be used in problems where the data-

generating procedure is known or assumed. The TabPFN model that has recently

seen success in many classification problems is an example of such an approach [150].

araCNA is trained only on such simulated data, but applied zero-shot to real WGS-

derived data, where it performs well on several metrics. Hence, this serves as a proof-

of-concept for other genomics or biological applications, where the data-generating

process (from latents to measured data) is known, but inferring such latents using

traditional methods is difficult or flawed. The model is available on GitHub.

6.2 The scRNA-seq pipeline and bfact

The second project introduced here involved analysing scRNA-seq data to better dis-

cover underlying cell types or associated biological processes and their gene programs.

As part of this, in Chapter 4, I highlight some issues in the scRNA-seq pipeline.

In particular, showing that scRNA-seq data are extremely sparse and low count,

and that large UMI counts in cells are driven by a few large values rather than

consistently higher values in some cells. Hence, normalisation by cell size factors

ends up arbitrarily rescaling low-counts, which, if not adequately considered, can

lead to the selection of irrelevant HVGs in some feature selection schemes (namely

Seurat HVGs). I show that the normalisation here fails to account for the number

of zeroes in a given cell, which leads to a misleading relationship between the

expression in a given gene and the average expression across all genes, for each cell.

Another part of the pipeline selects a subset of features based on high-variability,

which usually assumes a Poisson or negative-binomial model to find genes where

expression is likely a mixture of two populations with different expression, having a

higher variance than expected. However, I also show that in the binary limit, when

parameter values are small (i.e λ in Poisson), it is impossible to tell whether a gene
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has different expression rates across different cell types. However, such information

is still useful if patterns of expression across genes are considered.

Finally, I show that clustering results are not very robust to feature selection,

and that any random partition in UMAP space is as similar as different feature

selection approaches, implying that feature selection can conserve local patterns,

but boundaries between clusters are less reliable. This has implications for historical

results, particularly those which use the abundance of different cell types between

disease states, and perhaps also for the robustness of marker genes.

In an attempt to address some of these issues, I take a Boolean matrix factor-

isation approach, which requires no normalisation, feature selection or clustering,

and outputs marker genes related to factors as part of the model. I develop a

novel Boolean matrix factorisation approach in Chapter 3, called bfact, that

uses combinatorial optimisation in tandem with a heuristic algorithmic approach.

bfact works well compared to other approaches in a sparse and high-dimensional

setting like scRNA-seq.

In Chapter 5, I analyse the results of bfact in a scRNA-seq setting and compare

it to traditional clustering and NMF approaches, particularly for identifying gene

programs. I show that some gene programs are more highly enriched in external

data sources, particularly for CHIP-seq and gene-ontology-derived programs. This

indicates that there is more to learn from scRNA-seq data, and that binarising

the data gains insight into such biological processes.

This project involved understanding the data distribution of scRNA-seq data

and existing modelling limitations to develop an approach specifically to exploit

that distribution and gain novel insights.

6.3 Concluding statement

Although these projects seem at first glance only broadly related by genomics

and developing methodology, they both concern learning and predicting unknown

variables - they are both unsupervised approaches. In fact, many biology and ‘omics

settings are precisely this. This differs from most novel deep-learning contexts
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of natural language processing (NLP) and image processing, where humans can

easily interpret the data and provide annotated, ground-truth labels for the model

to learn. Even though NLP/LLMs are self-supervised, the prediction of language

itself is useful as-is and can easily be repurposed into other kinds of prediction

tasks, where again annotations exist. However, in health settings, predictions

themselves are often second to explainability, or to estimating known but unobserved

latent variables. Hence, simply repurposing existing methodology for prediction in

genomics is unlikely to yield further insight. For example, in scRNA-seq, there are

many examples of research developing deep-learning approaches that predict cell-

types, but the ‘ground truth’ cell-types are defined through previous computational

analysis [92, 101, 151, 152]. Hence, accuracy measures only capture how well such

approaches emulate the original computational pipeline, and not necessarily that

they are more accurate with respect to the unknown ground truth.

Even in a self-supervised context, there is an assumption that the task of

predicting data through some bottleneck is enough to uncover the desired latents,

and even then, the embedding space is often required to be used in a supervised

or regularised way for interpretability. On the other hand, some DNA language

models can be exploited to get kinds of per-sequence or per allele effect sizes,

through computational mutagenesis, [153]. There is promise for such models to

expand their capabilities, but it is unclear the generalisability of these for developing

therapeutic targets or for context-specific predictions (e.g tissue expression). Part

of the reason for this is that there is not enough diversity across genomes with

homologous regions and regulatory elements, even across chromosomes [154]. Hence,

there is no way to avoid data leakage. Boer and Taipale [154] argue that the best

approach for such DNA language models is to use synthetic, randomly generated

sequences with associated measurements instead. Indeed, this is a growing area

that holds promise, and ushers in a new paradigm - designing data for models,

rather than designing models for data.

In order to leverage modern machine learning techniques with existing data,

more thoughtful models and applications of those models are required. Unlike NLP
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or imaging, many genomic tasks do not conform neatly to a supervised paradigm.

Yet biology offers something those domains do not: a theoretical and mechanistic

understanding of the latent processes that generate the data, from the central dogma

to regulation, inheritance, and recombination. This knowledge provides priors and

constraints for building more meaningful models. For method developers coming

from an ML background, progress will require engaging with this biological context

and drawing on the existing bioinformatics tools. There remain many unanswered

questions and a rapidly growing body of data, making the intersection of machine

learning and genomics a rich area for future research.
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Chapter 2 Appendix

A.1 Hyperparameters

Table A.1 describes the hyperparameters used for the model architectures of

araCNA and the simulation-based training.
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Parameter Description Value

Hyena Backbone Parameters: unspecified hyperparameters are the same as the
defaults provided in Nguyen et al. [39]

d_model Projection dimension of data after encoder 32
n_layer Number of Hyena blocks 2
l_max Maximum sequence length. Model has capacity for

sequences up to this length. Where possible, the
model creates arrays of the actual sequence length
when less than this to avoid unnecessary memory
usage. Some positional encodings of the model
cannot be resized and are always set to this value.

1000000

causal Whether to use bidirectional or causal Hyena
blocks.

False

emb_dim Dimension of input to inner hyena filter MLP 5
w Frequency of periodic activations of hyena filter 10

Mamba Backbone Parameters: unspecified hyperparameters are defaults of Mamba
package at commit 7fb78a5, paralleling their create_blocks function and Mamba2 class.

d_model Projection dimension of data after encoder and
backbone.

32

n_layer Number of bidirectional Mamba2 blocks 2
expand Dimension of A, B, C parameters in SSM, and the

factor by which input dimension expands, before
projecting back to model dim.

4

headdim Dimension of broadcast projection of the input
data, before passing through main Mamba2 block.
Can be thought of as implementing headdim
separate SSMs.

16

d_intermediate Dimension of hidden layer of MLP used as last
step in Mamba2 block. If 0, no MLP used.

0

Encoder/Embedding Parameters:

input_dim Dimension of input data (read depth and BAF) 2
embed_dim Dimension of embedding, input dimension into

backbone
32

token_dim Number of possible tokens. In araCNA only 2
tokens are used- global/not-global, but setting it
to 24 allows it to be repurposed in another task
with more tokens, e.g chromosome token.

24
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Decoder Parameters:

decoder_dim Output data dimension of backbone,
same as backbone input dimension.

32

max_tot_cn Maximum total copy number that can
be modelled, total copy numbers higher
than this are mapped to a surplus
category.

10

Learning Parameters:

loss_weights Array corresponding to λr, λp for the
global reconstruction parameters.

[1, 1]

avg_rd_trim_ratio The proportion of upper/lower
quantiles excluded from the average
measured read depth in a robust mean
calculation.

0.05

Simulation Parameters: these correspond to the final simulation parameters, as a
curriculum learning approach iteratively increases the simulation difficulty.

read_depth_range r1, r2 [5, 70]
purity_range ρ1, ρ2 [0.5, 1]

read_depth_scale_range σr,1, σr,2 [0.01,
0.2]

baf_scale_range σb,1, σb,2 [0.02,
0.1]

max_total The maximum total sampled parental
copy number, the sampled minor copy
number is less than or equal to the
sampled major copy number

8

max_h_segs Nh,max 100
h_l_range lh,min, lh,max [5, 300]

l_min The minimum segment length, Lmin. 100
N The maximum number of sampled

segments, N
max(50,
L/1000)

Table A.1 Table of Parameters. Some optional parameters in the code base have not
been mentioned as they do not affect the model, and are included for possible later
development.
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A.2 Additional Simulation Details

To summarise the simulation process mathematically, sets of observation data are

simulated based on the sampled parental copy number profiles (AM , Am) according

to the following scheme:

ρ ∼ U [ρ1, ρ2],

rd ∼ U [r1, r2],

sM,i, sm,i ∼ Bin(n = 1, p = 0.5),

Ri = rdC
s
T,i + rdσrϵi,1, σr ∼ U [σr,1, σr,2], ϵi,1 ∼ T2,

where (ρ1, ρ2), (r1, r2), (σr,1, σr,2) are hyperparameters and T2 is Student’s t-distribution

with 2 degree of freedom.

The BAF sampling is slightly more involved to reflect real data observations,

and can be described by the following scheme:

nhs ∼ U{1, Nh,max},

lh,j ∼ U{lh,min, lh,max}, Sh,j ∼ U{0, L− lh,j}, j = 1 . . . nhs ,

Nr,i = Pois(Ri),

NB,i = Bin(Nr,i, p =
Cs

B,i

Cs
T,i

),

νi =
1, if sM,i ̸= sm,i and i /∈ ∪j{Sh,j, Sh,j + lhj

},
0.2, otherwise,

σb ∼ U [σb,1, σb,2], ϵi,2 ∼ T150∗σb
,

B′
i =


Nr,i

NB,i
+ νiσbϵi,2, if 0 ≤ Nr,i

NB,i
+ νiσbϵ2 ≤ 1,

Nr,i

NB,i
− νiσbϵi,2, otherwise,

Bi = max(min(1, B′
i), 0),

where Nh,max is the maximum number of homozygous segments, nhs , to sample.

lh,min and lh,max are the minimum and maximum lengths, lh,j of the homozygous

segments, and are hyperparameters, as is (σb,1, σb,2). We introduce Nr and NB as

the number of normal and B allele reads, to ensure the frequency is centered around

rational values, as would be in real data. Sh,j denotes the start positions of the
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homozygous segments, while νi is the scaling factor that reduces noise at homozygous

loci. The parameter ϵ2 is sampled from a Student’s t-distribution with degrees of

freedom, df, that scale with the BAF scale parameter- so that smaller noise samples

will have a lower df value to ensure that some extreme values are still sampled.

A.3 LogR Simulation Details

For the LogR, lr simulation procedure, we use a similar procedure to above, but

adding:

rn
d ∼ U [r1, r2]

tr,i = max(1, Ri)
2rn

d

lr,i = log tr,i

µrobust(tr)

The BAF is sampled as above.

A.4 CNVKit performance

CNV Kit does not directly account for purity/ploidy but can take both as an

input- mainly affecting thresholds for calling copy numbers [52]. Hence, we further

implemented CNV Kit with ASCAT purity/ploidy as a final comparison point,

as this performed better (Figure A.1), we have used this, denoted CNVkit∗, as

the default in the main text.
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Figure A.1 CNV Kit performs better when provided with the approximate
purity. Summary metrics on 50 TCGA samples with purity for CNV Kit∗ taken from
the ASCAT estimates.
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B.1 Delayed Column Generation

The pricing problem for RMP-1 can solve the disjoint BMF to optimality; however,

it is slow- likely due to scaling (variables, constraints) with (M +N,M) where the

RMP-1 only scales with N for both. Figure B.1 shows the results for the PP with

the RMP, both warm-started or not, also comparing to RMP-w alone in Figure B.1,

where the delayed column generation process is capped at 30 minutes. Given that

the RMP-w alone takes less than 10 minutes, this demonstrates that the PP does not

offer a significant or timely advantage to the RMP when warm-started appropriately.

For larger datasets, this computational time is likely to be even slower/intractable
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Figure B.1 Comparison of delayed column generation used in tandem with
bfact. simulations with p± = 0.1, M × N = 1600 × 400. Each case is followed by the
heuristic postprocessing with MDL cost, run only once for Kmin = Kmax = 100.
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