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Abstract

Chapter One After the definitions and basic results required for the rest of the
thesis, a notion of spectrum for semigroup representations is introduced and some

relevant examples given.

Chapter Two Any semigroup representation by isometries on a Banach space may
be dilated to a group representation on a larger Banach space. A new proof of this
result 1s presented here, and a connection is shown to exist between the dilation
and the trajectories of the dual representation. The problem of dilating various
types of spaces, including partially ordered spaces, C*-algebras, and reflexive spaces,
is discussed, and new dilation theorems are given for dual Banach spaces and von

Neumann algebras.

Chapter Three In this chapter the spectrum of a representation is examined more
closely with the aid of methods from Banach algebra theory. In the case where the
representation is by isometries it is shown that the spectrum is non-empty, that it is
compact if and only if the representation is norm-continuous, and that any isolated

point in the unitary spectrum is an eigenvalue.

Chapter Four An analytic characterisation is given of the spectral conditions that

imply a representation by isometries is invertible. For representations of Z7 this con-



dition is shown to be equivalent to polynomial convexity. Some topological conditions

on the spectrum are also shown to imply invertibility.

Chapter Five The ideas of the previous chapters are applied to problems of asymp-
totic behaviour. Asymptotic stability i1s described in terms of the behaviour of the

dual of a representation. Finally, the case when the unitary spectrum is countable is

discussed in detail.
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Preface

Many results that originated in the study of the classical groups, R and Z, were
long ago generalised to the class of locally compact, abelian groups, and the resulting
theory is in many ways clearer at this level of generality. The structure of semigroups
is far less conducive to generalisation than that of groups how;ever. There are results
applicable to wide classes of semigroups, but the power of these is often little compared
to even minor observations in specific cases. As a consequence, most research into
semigroup representations has centred on the one-parameter semigroups R, and Z_,
with methods developed specially for those cases. The representations of Ry, for
example, each possess an infinitesimal generator, and the study of this generator can
produce a great deal of information about the representation. Unfortunately however,

this concept does not transfer even to Z,, let alone to more general semigroups.

This thesis attempts to develop methods which are transferable between different
semigroups, but which are still of sufficient power to prove non-trivial results in the
one-parameter cases.

The approach taken has been to link the theory of semigroups as closely as possible
to that of groups, where generality has already been attained. Where representations
are concerned, this has meant that most attention has had to be paid to fépresen-
tations by isometries. This is not so constricting as it may appear however, since
problems in semigroup repreéentation theory can sometimes be reduced to the iso-
metric case. This is especially so for the study of asymptotics. Another aspect has

been the development of a notion of spectrum for semigroup representations recently
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given in [10] which at once generalises the usual spectra of individual operators and
of Cy-semigroups, and also links into the concept of the Arveson spectrum of a group
representation.

The first half of chapter one contains most of the definitions and basic results
needed later. In particular, the class of semigroups to be dealt with is defined. This
includes the commonest examples in semigroup theory, Ry and Z,, as well as their
multi-parameter equivalents, R} and Z7. Representations of semigroups are then
introduced along with a notion of spectrum. Theorems 1.4.3 and 1.5.2 demonstrate
the existence of representations with arbitrary spectra; these examples are not only
interesting in their own right, but they also show that the results presented later in
the thesis are non-void.

Chapter two begins the investigation into the relation between semigroups and
groups of 1sometries. In section 2.2 the trajectories of a representation are defined
and an existence theorem is proved (2.2.2). This is used as a basis for proving a series
of dilation theorems. The first, theorem 2.1.1, covers dilations of Banach spaces and
1s due to R. G. Douglas. Theorem 2.4.3 is a new result for dual Banach spaces, and
this is specialised in theorem 2.5.1 to cover von Neumann algebras.

In chapter three the spectrum of a representation is examined more closely with
the aid of methods from Banach algebra theory. Once again special attention is paid
to representations by isometries, when 1t is shown that the spectrum is non-empty
(3.1.1), that any isolated point in the unitary spectrum is an eigenvalue (3.4.5), and
that it is compact if and only if the representation is norm-continuous (3.5.3). Some
of the limitations of this approach are discussed.

The aim of the chapter four is to discover spectral conditions on a semigroup rep-
resentation by isometries that will imply it i1s invertible. Several motivating examples
are given and the problem is reduced to a question on ideals in L'(G) by theorem
4.2.2. However, since algebraic properties are not always practical, the majority of

the chapter deals with sufficient topological conditions. Principal among these results
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are theorems 4.4.3 and 4.5.8.

In chapter five the asymptotic behaviour of representations is studied in light of
the previous chapters. It includes an abstract characterisation of asymptotic stability
in terms of the behaviour of the dual of the representation (theorem 5.2.1), and a
detailed look into the asymptotic behaviour of semigroups with countable unitary

spectra.

Prerequisites

I have assumed that the reader has a general knowledge of functional analysis, so
standard results are often used without comment. An acquaintance with abstract
harmonic analysis is also desirable, but references are usually provided in these cases.
(My standard text for this purpose is Rudin [35], although many of the results may
also be found in Katznelson [20] or Hewitt and Ross [21, 22].) The theory of C* and
von Neumann algebras is touched on in section 2.5, but little knowledge is assumed
beyond that of elementary results and definitions. Chapter 3 relies fairly heavily on
commutative Banach algebra theory, for which my standard reference is Stout [42].

In one sense however, this is a largely self-contained work. For although it deals
exclusively with semigroups of operators, including the much studied Cy-semigroups,
a reader who knows little about semigroup theory beyond the Hille-Yosida theorem
would not be seriously incommoded.

Finally, a word on notation. Throughout this thesis R, Z, and C will have their

usual meanings. In addition we define

R, ={reR:z>0}; Z,={ne€Z:n>0}
C_={A€C:Re )< 0}; D={AeC: |\ <1}
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Chapter 1

Semigroup Representations

1.1 A Class of Semigroups

A subsemigroup of the group G with addition as the group operation is any subset S
satisfying S+S5 C S. This thesis is concerned with the representations of a particular
class of subsemigroups and with their relation to representations of the groups that
contain them. The class consists of all subsemigroups S of locally compact, abelian

groups G that satisfy four conditions, the first three of which may be stated at once.

(S1) S is measurable with respect to the Haar measure of G;

(S2) the interior of S with respect to the topology of G is non-emptys;
(S3) G=S5-25.

The third is not too great a restriction since when it is not satisfied S may always
be considered as a subsemigroup of the LCA group § — S instead. Equip S with the
topology and measure induced from G.

The dual group I' of G is the set of all continuous characters on G. Similarly the
dual of S, S§*, is defined to be the set of all non-zero, bounded, continuous complex

homomorphisms of S. (These are called the bounded semicharacters of S in some



literature, and an alternative notation for S* 1s S .) The topology and other aspects

of S* will be discussed later in the chapter.
Definition 1.1.1 The Fourier transform of f € L}(S), f: S* — C, is given by
fixe [fox(s)ds  (xes).

It should be noted that when S = G this in fact corresponds to the standard
definition of the inverse rather than the usual Fourier transform. For this reason the
one defined here is sometimes called the Fourier-Laplace transform and I have tried

to use that name where ambiguity could arise. The final restriction to be placed on

S may now be stated as

(S4) For any y,v € S* there exists an f € L'(S) such that

0# f(x)# f(7).

Suppose S is a subsemigroup of G satisfying (S1)-(S3). If x,y € S* are distinct,
then there must exist a (relatively) open subset W of S on which x differs from ~.
We may assume that W is compact and, by continuity, that |x(s) —~(s)| > ¢ for all
s € W and some ¢ > 0. If
seW

0 otherwise
then f € LY(S) and f(x)— f(v) = |[W], the Haar measure of W. Property (S4) would
then follow if [W/| were non-zero, but this is not generally the case as example 1.1.4
below shows. In particular (S4) does not follow from (S1)-(S3). However, if S has
a dense interior then W may be assumed to be open in GG and since any non-empty
open set in GG has non-zero Haar measure, (54) holds in this case.

While more exotic examples of semigroups exist, the first two here are so important

and will be returned to so many times that they are given explicitly.



Example 1.1.2 If S = Z7, then S* = D".

Let G = Z" and S = Z7; these clearly satisfy conditions (S1)-(S3) and, since the
interior of S is just S, they also satisfy (S4). It is well known that the dual group of
G may be regarded as the compact set (6D)", an‘d in a similar manner the dual of S
may be identified with D". So, for A = (A,...,A,) € D", the semicharacter x, of S
is given by

xa(my,mo, ..o my) = AT AT
where we consider A7 = 1 when A\; = m; = 0. That this does define a semicharacter
of S whenever A € D™ is obvious. In the other direction if y € S*, then x = ),

where A; = x(e;) and e; € Z7} is zero except in the i-th position where it is one.

Example 1.1.3 If S =R}, then S*=C2.

For G = R"™, the dual group I is equal to :R™ under the identification

;\I Ax
,X,\(:ljl’--.7.'rn):6 1 1-..6 n 71.

Clearly S = R satisfies (51)-(54), and S* may be identified with the set C" in a

similar manner.

Example 1.1.4 There exists a subsemigroup of R satisfying (S1)-(53) but not (S4).

Let G = R and S = {0} U [1,00); that S satisfies (S1)-(S3) is trivial. It fails to
fulfil condition (S4) however because if x is the element of the dual given by
{ 1 when s =0

0 otherwise

x(s) =

then f(x) = 0 for any f € L1(S).

From now on, unless explicitly stated to the contrary, S will always stand for a

subsemigroup of a locally compact, abelian group G that satisfies (S1)-(S4). Note
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that it is neither required that S contain 0, nor that it be closed. The interior of S
with respect to G will be denoted S°. Where any additional assumptions on S are
made they will be included in the relevant statements.

Before moving on to deal with the topology of S*, a few elementary but useful

properties of S will be given.

Lemma 1.1.5 If C is a compact subset of G, then there exists an s € S such that
s+CCS.

Proof: By condition (S2) there is an so € S and a neighbourhood W of 0 in G such
that so + W C S. Using the compactness of C' we deduce the existence of a finite

set of elements t1,...,t, in C such that U, (¢; + W) contains C, and (S3) allows us

!/
I

to choose uy,...,un,ul,...,u’ in S such that ¢;, = u; — u; for each i. I claim that

s =389+ uy +...+ uy, is the required member of 5.
Ifwe W, thent;+w+s=(so+w)+ (ug +...4+ -1+ g1+ ...+ un) + ul,
which is certainly in S; hence s + U™, (¢, + W) C S, and since s + C 1s contained in

this set, the result follows.

Lemma 1.1.6 If f € L'(G) and € > 0, then there exists an s € S such that

/G\(S_s) ()] dt < e.

Proof: Let C' be some compact subset of (G such that [\ |f| < e. By lemma 1.1.5

there is an s for which s + C C S and hence the result.

Lemma 1.1.7 For x € S*, f,g € L'(S), and s € S the following two relations hold:

F(x)3(x) = f*g(x),

and

A

X(5)/00) = [ FOx(s + 1) dt = fi(x),

4



where f x g is the convolution of f and g, and
ft—s) ift—seS

0 otherwise

fs(t) = {

Proof: Straightforward.

The dual of S may be associated with the set of characters of L!(.S) in exactly the
same way that the dual of G is with those of L!'(G). The proof is almost identical to
that for the group version [35, theorem 1.2.2].

Lemma 1.1.8 For each x € 5 the map ¢, : f — f(x) is a non-zero, compler ho-
momorphism of L*(S), and distinct elements of S* induce distinct homomorphisms of
L1(S). Conversely, any non-zero, complex homomorphism of L*(S) may be obtained

in this way.

As a consequence of this, S* can be viewed as a locally compact Hausdorff space.

The following analysis of the topology of S* is a natural analogue of that of ' [35,
section 1.2.6].

Lemma 1.1.9
1. (s,x) — x(8) is a continuous function on S x S*;
2. For each compact C C S, 6 >0, and x € S* the set
V(ix,C,0)={y€ S :|7(s) = x(s)| <6 forall s € C}
is open in S*;
3. The set of all such V(x,C,0) is a base for the topology of S*.

A corollary is the observation that in examples 1.1.2 and 1.1.3 the topologies of
S* are precisely the same as the topologies of D™ and C™ respectively. In future we

will always regard the dual of Z7 to be identical to D", and similarly for R% and C™.
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Definition 1.1.10 The unitary part of S* is defined to be
Se={x €S :|x(s)|=1 for all s € S}.

The map I' — S obtained by restriction is a bijection by (S3) and a homeomor-

phism by lemma 1.1.9. The two sets will often be identified in this thesis.

1.2 Representations

Definitions 1.2.1 For the purposes of this thesis, a representation of S will be a
strongly continuous homomorphism from S into B(X) where X is a Banach Space.

In other words, a representation of S will be a map T : S — B(X) such that
TET()=T(s+1)  (s,teS),
and for each ¢ in X the map
s T(s)x

is norm-continuous. When 0 s in S we will assume in addition that T(0) = 1. A

representation is bounded by M if ||T(s)|| < M forall s€ S.

The one-parameter representations are both well known and much studied. When
S = Z, a representation of S is given completely by its value at s = 1, B say; for
in this case, T(n) = B™ for all n € Z,. A representation of S = R, is called a
Co-semigroup [15, 28, 23]. Each Co-semigroup has a unique generator, and the study
of these semigroups is closely related to the study of generators. For representations
of-general semigroups however, no such simplification is known. A representation of
R} or Z7 is said to be multi-parameter. In particular if T' is a representation of R%,
then T' may be viewed as the product of n commuting Coy-semigroups T;(s) = T'(se;),
where e; is the n-tuple which is zero except in the i-th position where it is one.

A notion of Fourier transform exists for bounded representations T. For f ¢

L(S), the bounded operator f(T) is defined by the equation
AT):z— /Sf(s)T(s):v ds (z € X).

6



If M is a bound for T, it is easy to show that ||f(T)|| < M| f|: for all f € LY(S).

Definition 1.2.2 A dual representation is a homomorphism T from S to B(X),
where X is a dual Banach Space, such that each T(s) is continuous in the weak”-

topology of X. For each f € X, and z € X, (the pre-dual of X ), we require also that
the map

s (T(s)f)z
be continuous. As for strongly continuous representations, T'(0) is assumed to be I

when 0 € S, and T is said to be bounded by M if ||T(s)|]| < M foralls€ S.

Assuming weak*-continuity of T'(s) is of course equivalent to assuming that it is
the dual of some operator T.(s) acting on X.. The map s — T.(s) will also be a
homomorphism and is weakly continuous. It is a standard result that a semigroup
of operators 1s strongly continuous if and only it is weakly continuous [48, p. 233],
so T, satisfies the conditions of being a representation. A dual representation is thus
precisely the dual of a representation. The reason it has its own definition is that
occasionally it is the dual which is of most interest; this is the case when dealing
with von Neumann algebras for example. In sections 1.4 and 1.5, examples of both

representations and dual representations will be given.

1.3 The Spectrum

The following notion of spectrum was introduced in [10]. T is assumed to be a

bounded representation of S on a Banach space X.

Definitions 1.3.1 The spectrum of T with respect to S s defined to be

Sp(T,S) = {x € S*: |fC)| < | f(T)|| for all f € L*(S)}.

A semicharacter Y € S* is said to be an eigenvalue for T if there exists a non-zero

t € X such that T(s)xz = x(s)z for all s € S. The set of all eigenvalues is called the

7



point spectrum and is denoted Po(T,S). If there erists a generalised sequence of

elements z, of norm one in X such that
IT(s)za — x(s)Tal| — O

uniformly for s in compact subsets of S as a — oo, then x is said to be an ap-
proximate eigenvalue for T. The set of all such is called the approximate point
spectrum and is denoted Ac(T,S).

The unitary part of the spectrum, Sp,(T,S), is defined to be Sp(T,S)N S, and
a similar definition holds for Po,(T,S) and Ao, (T,S).

Several facts about the spectrum are proved in [10}; the most important (for the
purposes of this thesis) are restated here. Both the point and the approximate point
spectrum of T are contained in Sp(T,S); moreover Sp,(T,S) = Ac,(T). When
S=2Z,, Sp,(T,Z,) = o(T(1)) N 6D, and when S = Ry, Sp.(T,R;) = 0(A) N R
where A is the generator of T. If S = G, then T is a group representation and Sp(7T, G)
is identical to the Arveson spectrum of T [31, proposition 8.1.9]. The following lemma
is also included in [10] with an outline of the method of proof, but it is so central to

the work in this thesis that the proof is included in full here.

Lemma 1.3.2 IfT is a bounded representation of S and if Ar is the closure in B(X)
of the algebra {f(T) : f € L*(S)}, then Sp(T,S) may be identified with be the set of

non-zero characters of Ar.

Proof: When y € Sp(T, S), the homomorphism

¢yt f(T) = f(x)

is continuous and may be extended to a character on Ar. By assumption (S4) this is
non-zero, and distinct points in the spectrum of T induce distinct characters of A7.

On the other hand if ¢ is a character of Ar, then

feo(f(T)  (felLS))



is a character of L!(S). From lemma 1.1.8 it follows that ¢(f(T)) = f(x) for some
X € S, which is to say ¢ = ¢, for some x € Sp(T, S).

We now turn our attention to the spectrum of a dual representation. The definition
given above will not do in this case because it assumes T' to be strongly continuous.
The pre-dual of T is strongly continuous however, and consequently Sp(7.,S) does

exist. I therefore propose the following definition.

Definition 1.3.3 The spectrum of a bounded, dual representation is defined to be
that of the pre-dual. It will also be denoted by Sp(T, S) and context will decide on the

meaning.

This definition is not so arbitrary as it may at first appear as lemma 1.3.5 will

make clear.

Lemma 1.3.4 Let T' be a bounded dual representation on X and denote by N the
space of all + € X such that s — T(s)x is norm continuous. For any f € L'(S) and
anyy € X, yo f(T.) € N. If ¢ € X., so € So., and € > 0, then there exists x € N
with ||z|| < 1 such that |z(Tx(s0)¢) — || Tx(s0)d]| | < €.

Note that N will be a closed, T-invariant subspace of X and that T'|y will be a

representation in its own right. T'|x is often called the sun dual of T..

Proof: Fory € X, f € L!(S), and ¢ € X,,

T(FTI8) = TWOyFTI] = | [ TIy(F() ()¢ dv)
AL (v)6 dv)

= |y (L) = fio) T8 dv)
< Iyl = full el sup I T(@)].

But ||f, — fi]i — 0 as s — t so f(T.)*y € N. The final part of the lemma is easily

deduced from the above and from strong continuity of T,.



Lemma 1.3.5 Let T be a bounded dual representation of S on X. For any x € S,

the following are equivalent.

L 1FCO S WA TN for all f € LX(S);
2. x € Ao (T, S5);

3. x € Sp.(T.,S).

Proof: The fact that 1 implies 2 follows from the work in [10] mentioned above.
Suppose 2 is true and let f, € X be a generalised sequence of norm one elements
such that ||T(s)fa — x(8)fal| tends to zero uniformly on compact subsets of S. Let
n > 0 and choose, assuming the axiom of choice if necessary, an z, for each a with
the properties 1 < ||z,]| < (1 4 7) and fa(za) > 1/(1 4 7).

If A is continuous and has compact support C, then for any = € X..
Fulh(T)za = hO0)al = | [ falh(s)Tufs)za) ds

— [ Falh(s)x(s)za) ds

L 1) falTuls)aa = x(s))] ds

< () [IEIT() e = \(s) ]l ds
0

IA

l

as a — oo. It follows that [h(x)] < (1 +7)2||(T.)| and hence y € Sp(T., S).
It remains to prove that 3 implies 1. Given s € S° there exists a sequence
go € LY(S) such that ||ga|ls = 1 and ||ga * h — hs|jy — 0 for any h € L'(S). So,

for some a,

()1 = Ix(s)h(x)
< da()R(X)| + €
< Nga(THA(T)|| + &

10



(We are here using the fact that y € S:.) Let f € X and = € X, be of norm one
such that
Ga(TIRT) < 1f(@a(TIR(T)2)| + ¢

= |(§a(T) N)(R(T.)2)| + €

= |A(T|N)(Ga(T)" f)a)| + ¢

< M|R(T|v)|| +¢

where M is some bound for T'. The step from A(T.)* to A(T|y) is justified by lemma
1.3.4. Combining these two inequalities we may deduce that |h(y)| < MHh(T|N)|| for
any h € L}(S) and x € Sp,(T.,S). Taking powers of h we have

()™ = |hn(x)] < M||En(T|n)|| < M|JR(T|N)|I™

Statement 1 of the lemma is now proved by taking n-th roots.

Corollary 1.3.6 For any bounded representation T

Po,(T™,5)C Sp,(T,5).

Lemma 1.3.7 IfU is a representation of G by isometries, then for any subsemigroup

S satisfying (51)-(S4)
Sp.(U,S) = Sp(U,G).

This lemma uses the association between I' and S} mentioned above of course.
Proof: Sp(U,G) C Sp,(U,S) is trivial. Suppose x € Sp,(U,S) and f € L'(G); by
lemma 1.1.6, given € > 0 there exists an s € S such that if g € L'(S) is defined by
g(t) = f(t —s) for t € S, then ||g — fi||1 < e. It follows that

100! < 18001 +e < g +e < |FU)]| + 2,

so we are done.

11



1.4 Examples of Representations

In this section we investigate whether examples exist of representations by isometries
with arbitrary (closed) unitary spectrum E C I'. This will involve the theory of closed
ideals in L'(G) for which a standard text is Rudin [35]. The main elements needed

are as follows.

A closed ideal in L'(G) is necessarily translation-invariant; specifically this means

that if f is in the ideal, then so is f; for all t € G, where

fi:G—C  fils) = f(s—1).

The zero set of a closed ideal J, Z(J), is defined to be the set of all xy in I' such
that f(y) =0 for all f € J. The zero set is clearly closed. Since I is identified with
the maximal modular ideal space of L!(G), the zero set may be seen as the set of all
maximal modular ideals which contain J. The theorem of Wiener tells us that if J is
a proper closed ideal, then Z(J) is non-empty.

For F a closed subset of I', define

Ig={feL'G): flg =0},
and let Jg be the closure in L'(G) of
{f € LY(G) : flv = 0 for some open subset V containing £}.

Standard theory tells us that Z(Jg) = Z(Ig) = E. Moreover, Jg is the smallest
closed ideal with zero set I/, while I is the largest. We now know enough to construct

our examples.

Let J be a closed ideal in L'(G) and denote L(G)/J by Y;. For each t € G define
the linear operator Uy(t) : Y; — Y; for ¢t in G by

Ujt): f+J— fi+J

Since J is translation invariant, each U;(t) is a well-defined isometry, and it is easy

to verify that Uy is a bounded group representation.
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Theorem 1.4.1 If J is a closed ideal of LY(G), and if Y; and U; are as above, then
Sp(Uy,G) = Z(J).

Simply by setting J = Jg, we have the following.

Corollary 1.4.2 If E is a closed subset of I', then there erists a bounded group

representation with spectrum F.

Proof of Theorem 1.4.1: Suppose first that x is not in Z(J). By definition there
exists an f € J such that f(x) # 0.
If g and h are in L'(G), then

JUNR+I) = [ g()Us(s)(h+ ) ds

- /Gg(s)h(-—s)ds+J
gxh+J.

Consequently, if ¢ € J, then g x h + J = J for all h; in particular g(Uy) = 0.
Applying this to the f chosen above, we have || f(U)|| = 0, but since |f(x)| > 0, the
definition of spectrum tells us that v ¢ Sp(U,,G). Hence Sp(Uy,G) C Z(J).

Now assume on the contrary that x is in Z(J). Considered as an element of
L*(G), x acts on L'(G) by f — f(x), so by the definition of Z(J), y € J*. For
any h(-) € J*, (U3(t)h)(-) = h(- + t); in other words U} works by left translation.
In particular therefore, (U3(t)x)(-) = x(¢)x(-) and x may be seen simultaneously

as an eigenvector and an eigenvalue for Uj. Finally, corollary 1.3.6 implies that

x € Sp(U;,G).

We now turn back to the question of whether, given an arbitrary closed subset
of I', we can find a representation of S by isometries with that set as its unitary
spectrum. The trivial answer now that we have corollary 1.4.2 is yes, since we may
simply restrict any group representation with spectrum £ down to S and lemma 1.3.7

then tells us that this has the right unitary spectrum. But can we find a semigroup

13



representation that does not derive from a group in this way? The full answer to this
turns out to be quite complex and is covered more fully in chapter 4.

For a closed subset E with the property that L!(S) + Jg is not dense in L}(G)
however, we can directly construct an example of an isometric semigroup represen-

tation with unitary spectrum E which is not the restriction to S of some group

representation.

For J a closed ideal of L!(G) define
Xy, =LY(S)+ J/J.

X7 is a closed subspace of Y as defined above and moreover it is also U;(s)-invariant

for all s in S. Let T;(s) denote U;(s)|x, for s in S.

Theorem 1.4.3 T is a representation of S by isometries on X; with unitary spec-

trum Z(J).
Proof: Let || - ||; denote the norm of Y. If f € L!(S), then

A(Ty) = f(U))lx,

by direct verification; so it is a triviality that || f(T5)|| < || f(U,)|| for all f in L1(S).
Thus
Spu(17,5) € Spu(Uy, 5) = Sp(Us,G) = Z(J)

by lemma 1.3.7 and theorem 1.4.1. It remains to prove the other inclusion.

For any x € Z(J) define ¢, : X; — X to be the completion of

f+I= 100 (fell(9)).

&, is well-defined and continuous since f(x) = 0 for all f € J. Moreover if J # LYG),
then ¢, is non-zero by assumption (S4). For any s € S and f € L!(5)

A

TJ(S)*¢x(f + J) = ¢x(fs + J) = fs(X)
= X()f(x) = x(8)x (f + J);
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so ¢, 1s an eigenvector of T;. Corollary 1.3.6 then completes the proof.

When L!(S) + Jg is dense in L!(G), X, is by definition equal to Y., and hence
Ty, 1s the restriction of the group representation Uy, to S. Moreover, since Jg is
the smallest closed ideal with zero set E, any other J with zero set E will also have
the property that T is Uj|s. So in this case we have not constructed an example
of a representation in the sense discussed above. That this does not happen when
L'(S) + JE is not dense in L'(G) is straightforward to prove. See theorem 4.2.2 for
the details.

A more obvious approach to constructing semigroup representations out of L!
spaces would have been to consider quotients of L!(S). For example, we might have
considered factoring out the closed ideal L!'(S) N Jg. The problem with this is that

the spectrum of such a representation would not necessarily be FE.

Example 1.4.4 If S = Z, and E = {} € C : |A] = 1 and Re A > 0}, then
JNINZy) = {0} for any J with zero set E. In particular the shift semigroup on
NMZy)/(JNI(Z,)) has unitary spectrum 8D.

This 1s because if a non-zero function is holomorphic in the unit disc and continu-
ous on the boundary, then the intersection of its zero set with éD is null with respect
to one-dimensional Lebesgue measure [42, theorem 20.2 and corollary 20.6]. In [19],
Esterle, Strouse, and Zouakia show that the shift semigroup on L*(S)/(Jg N L1(S))
consists of isometries when S = Ry and FE is (closed and) countable. They further
prove that the quotient space obtained is isometrically isomorphic to L'(G)/Jg. This
method is covered in more detail in lemma 5.4.5. Another approach to constructing
semigroups with arbitrary closed spectra is to use Cy spaces; this is simpler but the

resultant representations are not so useful (see example 3.4.7).
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1.5 Examples of Dual Representations

In this section we will ask a similar question of dual representations: given a closed
subset £ of I' can we find a dual representation by isometries with unitary spectrum
E that is not derived from a group? (If T is a bounded representation with unitary
spectrum F, then 7™ is a dual representation with Sp,(T*,S) = F; so if the isometric
requirement is removed then the question has already been answered.)

Let X = (L'(S)+ Jg)* € L*(G). This is non-trivial if and only if L}(S) + Jg is
not dense in L'(G). Define T'(s): X — X for s in S by

T(s): ¢(-) = ¢(- +s).

In other words T'(s) is a left-shift operator on X, which is well-defined since L}(S)+Jg
is right-shift invariant. The map s+ T'(s) is easily seen to be a homomorphism. The

pre-dual of X, X, is given by

X, = LNG)/(TI(8) + Jp)

and the pre-dual of T'(s) is given by

Tu(s): f(-) + (LY(S) + Jg) = f(- —s) + (L'(5) + JE).

Since the right-shift group on L!(G) is strongly continuous, it follows that T, is also
strongly continuous and hence T is a dual representation of S on X. Furthermore,
each T'(s) is an isometry.

By looking at the definition of X, and considering L'(G)* to be L*°(G) as usual,
we may see that an element ¢ of X is an element of Jg* that is equal to zero almost
everywhere on S. If X contains a non-zero element ¢(-), which it will if L}(S) + Jg
is not dense in L'(G), then for some s in S, ¢(- — s) is not contained in X. This
i1s because if W C G is some set of positive measure on which ¢ is non-zero, then
by regularity of the Haar measure, we may find a compact subset C' of W also with

non-zero Haar measure. By lemma 1.1.5, there exists an s in S such that s + C
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is contained in S. Hence ¢(- — s) is nowhere zero on s + C and in particular it 1s
not in X. This property of X and T (whereby for every z in X there exists an s
with z ¢ T'(s)[X]) is closely related to the fact that T, is an asymptotically stable
representation. (See theorem 5.2.1.)

So far we have proved that T is a dual representation by isometries, and that it is
not the restriction to S of some group. We now turn our attention to the spectrum
of T'. With the methods and results used so far, we are unable even to prove that the
spectrum is non-empty, but for the present purposes it will be enough to show that
it i1s contained in FE.

Suppose Y is not in F and choose f € Jg such that f(x) = 1. Then as in the
proof of theorem 1.4.3 it may be shown that

/G R(t)T.(t)(g + (L(S) + Jg)) dt = h+ g + (L'(S) + Jg)

for all g,h € LY(G). So in particular, f * ¢ € Jg for all ¢, and f(T*) must be zero.
We thus have f(x) > ||f(T.)|| and hence x is not in the spectrum of T.. In the
lemma that follows non-invertible simply means the semigroup representation is not

the restriction to S of some group representation.

Lemma 1.5.1 If FE is a closed subset of I" for which there exists a non-invertible, dual
representation of S by isometries with unitary spectrum contained in I, then there
exists a non-invertible, dual representation of S by isometries with unitary spectrum

exactly E.

Proof: Given a non-invertible, dual representation 7' on X, we define the Banach
space X to be

X =X X JEl
—the norm being given by ||(z, )]s = max(||z],||#|ls). X has a pre-dual X, given

by X, = X, x Y,,_, where Y;_ is as defined above, and the norm of X, is given by the

I-sum. We further define T on X in the obvious way:

~

T(s): ($>¢) = (T(S).’C, UJE*¢)'
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T is a dual representation of S by isometries, and since

LD = max(|| F (T 1 Uss)IDs

it now follows easily that Sp, (T, S) = E. The non-invertibility of T follows from that
of T.

Putting all this together we have

Theorem 1.5.2 If E is a closed subset of ' such that L'(S) + Jg is not dense
in LY(G), then there exists a non-invertible dual representation by isometries with

unitary spectrum E.

Both this theorem and corollary 1.4.2 are optimal: no non-invertible, isometric
representations or dual representations with unitary spectrum FE exist when L'(S) +
Jg is dense in L'(G). This will be proved in theorems 4.2.2 and 4.6.1. Another way

to construct non-invertible, dual representations will be given in example 3.4.9.

Notes

Section 1.1 The conditions placed on S are the minimum required for most of the
results in this thesis to hold true. The examples S = Z% and S = R} satisfy the
stronger condition that S is the closure in GG of its interior and it will occasionally be
necessary to assume this to be true. Subsemigroups satisfying this extra condition
were studied by Arens and Singer [5] (in relation to the algebra L!(S)). A feature
of such semigroups is that S is always a proper subset of S* (this is due to Rieffel
[34]). The class of subsemigroups satisfying (S1)-(S4) is larger than this set however.
For example, let G = R? and consider S to be the union of the sets (1,1) + R2 and
{(s,s) : s > 0}; the dual semigroup S* is C? and in particular S satisfies (S1)-(S4),

but S does not have dense interior.
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It is possible to prove that S* is strictly larger than I' in more general subsemi-

groups however.

Theorem If S is a closed subsemigroup of an LCA group G such that S is not

contained in any proper closed subgroup of G, then 1 is a limit point of {x € S* :
0<x<1} |

The proof of this may be found in [46] along with a multitude of other results

concerning topological semigroups.

Section 1.2 There are many books which cover Cq-semigroup theory including Hille
and Phillips [23] and, more recently, Davies [15] and Nagel (Ed.) [28]. The basic
theory, such as the definition of generator and the Hille-Yosida theorem, is included

in the general texts on functional analysis Dunford and Schwartz [17] and Rudin [37].

Section 1.3

As so much of this thesis revolves around the study of Ar, it is worth looking at it
more closely. When S5 = Z,, Ar is simply the closed subalgebra of B(X) generated
by T(1). For S = R,, Ar contains all of the resolvent operators Ry = (A — A)~!

(where A generates T') because of the resolvent equation
Ryz = / e MT(t)z dt (z € X)
0

which holds for all A in the left half plane. It is not surprising therefore that study
of Ar will yield spectral-like results.

Section 1.4 Theorem 1.4.3 was suggested by C. J. K. Batty, who first proved the
second inclusion. His argument, based on the fact that S satisfies the Fglner condition,

demonstrates that y must be in the approximate point spectrum.

Section 1.5 When L!(S) + Jg is dense in L!'(G), the dual representation defined on
X = (L}S) + Jg)* is trivial; in particular its spectrum is empty. If L}(S) + Jg is
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not dense, then theorem 3.1.1 implies that the unitary spectrum is non-empty, but
in general it will not be equal to E. For example it will contain no relatively isolated

points and, in the case S = R?%, it will have no relatively open, compact subsets.
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Chapter 2

Dilation Theory

2.1 The Standard Dilation Theorem

The following theorem is valid for any subsemigroup of G satisfying (S1)-(S4) of

chapter one.

Theorem 2.1.1 Let T be a representation of S by isometries on a Banach space
X. There exists a Banach space Y, an isometric embedding 7 : X — Y, and a

representation U : G — B(Y') by isometries with the following properties:
1. U(s)rz = 7T(s)zx (ze X, s€8);
2. {U(=s)tx:z € X, s€ S} isdense in Y

3. Sp(U,G) = Spu(T, 5).

For a representation by isometries 7', the U so obtained will be referred to as
the group dilation or the standard group dilation of T. Y will be called the dilated
Banach space.

This theorem is essentially due to R. G. Douglas [18]. His version does not include
any continuity properties on 1T'; he proves a dilation theorem for more general semi-

groups of isometries and then shows that various continuity properties are preserved.
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He does not include property 3 of the theorem, but this is a consequence of the first
two properties as will be shown below.

It is easy to see that the pair (U,Y’) is essentially unique, and, partly as a conse-
quence of this, there are a number of ways to construct it. My own version, which
is given below, is longer than many, but has the advantage that the dilated space
is fairly easy to visualise. Before proceeding to this construction, we will prove that

property 3 is deducible from 1 and 2.
Proof of property 3: If f € L1(S) and = € X, then by property 1,

fU)rz = /Sf(S)U(s)m: ds = /gw(f(s)T(s):c) ds = 7 f(T)x.

Hence

IF ) = sup 1/ @)y]
= sup sup | f(U)U(=s)mz|| by property 2
= ”iﬁglllﬂ(f(T)w)ll
= [IFM

It follows that Sp(T,S) = Sp(U, S), and property 3 is then a consequence of lemma
1.3.7.

It is clear that if T is not a representation by isometries, then the theorem could not
be true as stated since this would contradict property 1, # and U being isometries. If
the requirement that 7 be an isometry is dropped, then problems arise with property
3. For example, let A be some bounded operator on a non-trivial Hilbert space H such
that the Cp-semigroup generated by A is contractive (so A is dissipative). Consider
T, the Cy-semigroup generated by A — Al for some A > 0. If U were a non-trivial
dilation of T' by isometries sat’isfying properties 1 and 2 but with 7 not isometric, then
property 3 is not satisfied. The reason is simply that Sp,(T,R4) = 0 but Sp(U, G)

must be non-empty (see theorem 3.1.1). Since for the purposes of this thesis the
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spectral property is very important, we will digress no further here trying to cover

non-isometric cases. (See the notes at the end of this chapter for further references

however.)

2.2 Trajectories

Definitions 2.2.1 Let V : S — B(Z) be a homomorphism where Z is some Banach
space; if 0 € S, then we require V(0) = I. We will say that z : G — Z is atrajectory
for V if it satisfies

V(s)(=(t)) = (s +1)  (s€S.t€Q),

and if in addition there exists an M such that ||z(t)|| < M for allt € G. When the
second condition s not satisfied z will be called an unbounded trajectory. For any

r € Z a trajectory for V through z is a trajectory z such that z(0) = z.

When G = R and V is a Cy-semigroup a trajectory may be interpreted as being a
‘complete’ solution of the associated differential equation % = Af; that is a solution
over the whole of R. Of course there may be many trajectories through a particular
x, or there may be none.

No assumptions regarding continuity were placed either on V or on z by the
definition, and this allows us to consider trajectories of both representations and
dual representations. The latter are of considerable theoretical interest. Phong has
proved that when 7' is a Cy-semigroup of isometries on a non-trivial Banach space

with generator A, then T has non-trivial trajectories whenever :R ¢ o(A) [33]. The

following theorem is an obvious improvement on this result.

Theorem 2.2.2 Let T be a representation of S by isometries on X. There erists a

trajectory through every ¢ in X*, which is bounded by ||¢||.

Proof (given theorem 2.1.1): Let U acting on Y be the group dilation as given by

2.1.1. For ¢ € X~, let ¥ be a norm-preserving extension of 7z — ¢(z) to the whole
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of Y. The required trajectory for T* through ¢ may then be defined as

C(t)z = (Ut)$)(xz) (z€ X, t€QG).

Theorem 2.2.2 is no mere corollary of theorem 2.1.1 however, as they are in fact
equivalent; this will be demonstrated below. First we will show that 2.2.2 may be
proved without resort to 2.1.1. This proof requires Tychonoff’s theorem [37, p. 368].
It i1s possible to avoid it, but only by restricting the class of semigroups we can use to

those which satisfy property (S5) below; the method by which this may be achieved
1s used in the proof of theorem 2.4.3.

Proof (without theorem 2.1.1): Let ¢ € X*; assume without loss of generality
that ||¢|| = 1. For each s in S we construct a function as follows: let s be a norm-

preserving extension of T'(s)r +— ¢(z) to the whole of X and define f; : G —» X~
by

) T v, ifs+tes
fs(t):{ (s+t)y, ifs+te

o) otherwise

One must assume the axiom of choice to do this for general S of course.
The unit ball of X*, B say, is weak*-compact, so B® is compact in the appropriate

product topology by Tychonoft’s theorem. Order S by defining
s <t ifand only if t—s€ SU{0}.

The set {f; : s € S} forms a net in B and so by compactness we may choose a
convergent subnet (fs ) with limit point f(-) say.
Suppose s1,382,t1,t2 € S with sy — s = t; — . Since s, — oo through the

semigroup, we may pick a 3 such that s, > ¢ and s, > s for all @ > 3. Then

T(t)" f(=t2) = T(t)"lim f,,(—t2)

= T(t) Eg% fsa(—t2)
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e T(t])* l{l;l’ﬁl T(Sa — t2)*¢sa

= | —15)* s
(1]1;% T(Sa + tl 2) ¢ a

= il)l’% T(sq + 51— $2) s,

= T(s1)"f(—=32).

It 1s valid therefore to define

C(t) = T(tl)*f(—tz) (t == tl - tg, t],tg € S)

This is a trajectory for T*; for if t = t; — {, and s € S, then

T(s)((ty —ts) = T(s)T(h)"f(~t2)

= T(s+t) f(-t2)

= C(S + tl - tg)
Choose any s € S and let a be such that sz > s for all 3 > a. Then

¢(0) = T(s)"f(—s)
= T'(s)"lim f,,(—s)

B>a
= %1>r21 T(s)"T(sg— s)" s,

= gg} T'(s5) s, = ¢.
Finally, for any t = t; — t,,
ICOI = T (E) f(=t)] < | f(=t)]| <1,

since f(-) € B®.

Definition 2.2.3 Let Cr denote the set of all bounded trajectories for T*. Define
addition and scalar multiplication pointwise: so for f(-),g9(-) € Cr and X € C, (f +
Ag)(-) s the trajectory (f + Ag)(t) = f(t) + Ag(t). The norm on Cr is given by

|o( oo = sup lo()]]-
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This is clearly a normed vector space. It is also complete, for suppose (¢,) is a
Cauchy sequence in Cr; it is elementary to see that there exists a bounded function

¢(-) that is the uniform limit of (#,). For s € S and t € G,
T(s)8(t) = T(s)"limgu(t) = imT(s) u(t)
= lim¢n(s +1) = ¢(s + 1)

So ¢(:) € Cr and Cr must be a Banach space.

Now define a homomorphism L : G — B(Cr) by

(L(t))(-) = d(t+-)  (te G, 6€Clr)

L may be seen as a group of left-shift operators on Cr, which, although not strongly
continuous and therefore not a group representation, turns out to be important to

the theory of dilations.

Proof of Theorem 2.1.1: Define 7 : X — C; by
7z : ¢() — ¢(0)z (r € X, ¢ € Cr).

It is clear that 7wz is well-defined, linear, and also that its norm is not greater than
that of x. It follows that 7 is also well-defined and that it is bounded by one.
Given r € X, there exists ¢ of norm one in X* such that ¢(z) = ||z||. By theorem

2.2.2 there exists a ¢(-) in Cr, also of norm one, satisfying (0) = ¢. In particular,

|rzl| = |ra(())] = [$(0)z] = [¢(z)| = |||,

and 7 is seen to be an isometry. The subset {L(—s)*rz:s € S, z € X} of C3 may be
shown to be a linear subspace; let Y denote its closure and let U(t) denote L(t)*|y.
I claim that these together with 7 satisfy the requirements of the theorem.

Firstly, for s € S, z € X, and ¢(-) € Cr,

(U(s)ra)(#()) = (L(s)'m2)(é(-) = a(d(s +-))



In other words, U(s)n(z) = #T(s)z; this is property 1 of the theorem. It also follows
from this that Y is L*-, and hence U-, invariant. Property 2 of the theorem follows
directly from the definition of Y. Since property 3 was shown above to follow from
the first two, all that remains to prove is the strong continuity of U.

Let t = s; — s, with s1,s, € S, and choose s in the interior of S. If ¢, is a net
tending to t in GG, then to + 2+ So is a net tending to s; + so. Since s is an interior
point, so is 81 + sg and eventually all ¢, + s, + s¢ are going to be in S. From this and

strong continuity of T', we may deduce that
Uty + 82+ so)7z — U(t + 82 + so)7x as a@ — oo.
Isometricity of U(—s3 — sg) is now enough to ensure the result.

The relationship between the trajectory space Cr and the dilated Banach space

becomes clearer in the following lemma.

Lemma 2.2.4 Let T be a representation of S by isometries, and let Y be the di-
lated Banach space given by theorem 2.1.1. The trajectory space Cr ts isometrically

isomorphic to Y*.
Proof: Suppose first that f € Y* and define F(-) € Cr by
F(t):z— f(U(t)rz) (te G,z e X).

A moment’s verification shows that this does indeed define a trajectory for T* and
that it is bounded by || f||. By property 2 of theorem 2.1.1, for each € > 0 there exists
s € S and r € X with ||z]| = 1 such that |f(U(—=s)rz)| > ||fl| — &; in other words
IF(=s)z| > [|f]| - & and hence |[F()loo = /I

In the other direction, suppose F(-) € Cr and define f in Y to be the unique

extension of

f:U(=s)tx — F(=s)zx (se€ S,z e X).
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This is well-defined, for if U(—s)rz = U(—t)ry, then T(t)z = T(s)y by isometricity

of # and hence

F(=s)z = T)F(-s—t)z=F(-s—t)T(t)z

F(—s=)T(s)y = F(—t)y.

Clearly the two processes above are the inverses of each above, and hence define
an isometric isomorphism between Cr and Y. Furthermore, under this mapping the

actions of L and U* correspond exactly.

Corollary 2.2.5 If (U,Y) is the dilation of T, then Cy ~ Y™ ~Cr.

Example 2.2.6 Let X = L1(S) and T be the right-shift representation. The dilated
Banach space of X is L'(G), and the dilated group representation consists of the

right-shift operators. 7 is the natural embedding of these spaces. The trajectory space
is L>=(G).

The calculation of the dilations of X and T is trivial. Lemma 2.2.4 tells us that
Cr = L'(G)~, but we will demonstrate this independently (at least for reasonable .S).

Let F'(-) € C7. This means that for each s in S, F(s) € X*, and so we may
consider F'(s) to a function in L*°(S5). Now consider the relationship between F(s)
and F'(0) where s is in S: we know that F'(s) = T'(s)*F(0), and that T is a right-
shift. Hence F'(s) is equal (almost everywhere) to F'(0) shifted along by s to the left
in L*°(S). Consequently, if we consider L*°(S) as a subset of L>(G), and shift F(s)
by s to the left in L*°((), then it will agree on S with F'(0). By shifting each F(s) to
the left by s in this way, we can build up a function defined on all G. (In fact there
needs to be an additional assumption on S to do this; for example (S5) below will
suffice.) So if we start with a trajectory in Cr, we end up with a function in L*(G).
In the other direction, a trajectory may be obtained from an L*°(G) function f by

restricting f_; to S for each t € G' and considering it as an element of L!(S)*.
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2.3 Structural Stability under Dilations

Once theorem 2.1.1 is known for Banach spaces the question naturally arises as to
which properties of the original space and representation are preserved under the
dilation. This section deals with some of the easier cases. Throughout 7' will denote
a representation of S by isometries on X, and (U, Y, 7) will be the dilation given by

theorem 2.1.1. Y° will denote the dense subspace of Y given by

Y ={U(—s)rz:z € X,s € S}.

2.3.1 Hilbert Spaces

As mentioned in the notes below, there is a Hilbert space version of theorem 2.1.1
originating in the work of Ito [24]: if X is a Hilbert space, then so is Y. It is
straightforward to deduce this from the Banach space statement by defining an inner-
product on Y by

(U(=s)rz,U(=t)ry) = (T'(t)x,T(s)y)

for all s,t € S and r,y € X. This may then be extended to the whole of Y.

2.3.2 Banach Algebras

When X is a Banach algebra we will assume in addition that each T'(s) is an algebra
homomorphism. We may then define a multiplication naturally on Y° by the following

formula.
U(=s)rz - U(—t)my = U(—s —t)r(T(t)x - T(s)y) (s,t €S, z,y € X).

This may be extended to the whole of Y so that Y is also a Banach algebra. In this

case U will be a group of isometric algebra automorphisms.
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2.3.3 C*-algebras

When X is a C*-algebra we assume that T is a semigroup of *-homomorphisms.

Multiplication is then defined on Y as above, and the star operation in Y is given

by
(U(=s)rz)” = U(—s)r(z7),

which we again must complete to the whole of Y. So

[(U(=s)mz)"(U(=s)mz)|| = |U(=s)re"z]
= fz"z|| = ||z||*

= U(=s)mz|?

and hence Y is also a C*-algebra. U is a group of *-automorphisms. This leads easily

to a theorem.

Theorem 2.3.4 Suppose T' is a representation of S by isometric x-homomorphisms
on a C*-algebra. For any x € T', if x € Spu(T,S), then —x € Sp,(T,S), where
(—=x)(t) = x() 7.

Proof: This follows from the above comments, from theorem 2.1.1 part 3, and from
[31, corollary 8.3.4], where it is proved that the conclusion required is true for any

representation of G by *-automorphisms on a C*-algebra.

2.3.5 Partially Ordered Spaces

Suppose X has a partial order < with the property that there exists some a such
that

0<z<y= || <alyl;

the norm is then called a-dominating. In particular if x < y and y < z, then

0<z—y <0 and hence z = y.
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If T is a representation of S by positive isometries, that is if * > 0 imples
T(s)r > 0 for all z € X and s € S, then the dilated Banach space Y may be
equipped with a partial order with respect to which = and U are positive.

To see this begin by defining a partial order on Y° by declaring U(—s)rz <
U(—t)ry if and only if there exists a v € S such that T(t + v)z < T(s + v)y.

This is a well-defined relation, for if U(—s)rz < U(—t)ry = U(—t')xy’, then there
exists v € S such that T'(¢t + v)a < T(s+ v)y. Since T(t')y = T(t)y’, it follows that

Tt +v+t)z<T(s+v+thy=T(s+v+1t)y,

and hence U(—s)rz < U(—t")7y’.
Suppose U(—s)rz < U(—t)ry and U(—s')ra’ < U(—t’)ﬁy). There exists v,v" € S
such that T'(¢t + v)z < T'(s + v)y with an equivalent relation holding for v'. By

positivity of T,
Tt+v+{t'+s+v))ze<T(s+v+(t'+s+0))y

and

Tt +o' +(t+s+v)d <T(s"+0 +(t+s+v))y'
So, denoting v + v’ by w,
T{w+ "+ ))(T(s)z +T(s)a’) < T(w+ (s" + s))(T(t)y + T(t)y'),
which, by the definition, implies that
U(—s — &) (T(s')z + T(s)a’) < U(~t — )(T(t)y + T(t)y').

But this just says U(—s)rz +U(—s")rz’ K U(—t)ry+U(—t)ry’. In a similar manner
the other properties of a partial order may be verified on Y°. It may also be shown
that U(t) is a positive operator for each t € G.

If 0 < U(—s)rz < U(—t)my, then for some v, 0 < T(t + v)z < T(s +v)y. By

the assumption on the norm of X, ||z|| < ally|| from which we may deduce that the
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norm on Y is also a-dominating. The partial order may be completed to the whole
of Y by setting y > 0 if it is the limit of positive elements of Y?; with respect to this
ordering the norm of Y is a-dominating and each operator U(t) is positive.

Note that while 7 is a positive isometry, the implication 7z > 0 = z > 0 is true

for all z € X only when T is such that T(s)z > 0=z >0 foralt s € S and z € X.

2.3.6 Banach Lattices

This time we assume that T consists of lattice homomorphisms. We prove that ¥°

can be made naturally into a Riesz space. The completion of this is then a Banach

lattice.

Since T'(s)z > 0 if and only if # > 0 for isometric lattice homomorphisms, the

partial order on Y? defined in the above section can be given here as
U(—s)rz > U(—t)ry if and only if  T(t)x > T(s)y.
I claim that
U(=s — )n(T(1)e v T(s)y) = sup{U(—s)mz, U(—t)xy)

for each z,y € X, and s,t € S. First note that it is clearly an upper bound for
U(—s)rx and U(—t)ry. Suppose that U(—p)rz is another upper bound. (We may
assume that an upper bound is of this form because we are working in Y°, not its

closure.) Then

I'(s)z2T(p)r and  T(t)z=T(p)y
and hence
T(s+1t)z>T(p+t)z and  T(s+1t)z > T(s+p)y.
So
T(s+t)z > T(p+t)zVvT(s+p)y
= T(p)(T({)zV T(s)y),
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which, stated otherwise, says that
U(=p)mz > U(—s — t)x(T(t)z vV T(s)y).

Ulyo will now be a group representation by lattice automorphisms. It follows that Y

1s a Banach lattice and U is a group of lattice automorphisms.

2.3.7 Reflexive Spaces

The property of reflexivity is rather a fragile one, and when we dilate a reflexive
space, the result is not in general another reflexive space. Of course if X is actually a
Hilbert space, then reflexivity is preserved since Y will be a Hilbert space, and there
exist examples of reflexive spaces which are not Hilbert spaces for which reflexivity

is preserved.

Example 2.3.8 If X = LP(S) for some 1 < p < oc and T 1is the right-shift repre-

sentation, then the dilated Banach space is reflexive.
The dilated Banach space 1s LP(G) of course.

Example 2.3.9 There exists a representation by isometries on a reflerive space such

that the dilated Banach space is not reflexive.

Let [2° denote the space consisting of n-tuples equipped with the sup-norm, and

let X be the infinite ?>-sum |
X =@
n=1
The dual of X is the infinite {?-sum of I} spaces, and X is reflexive. We define a

representation of Z, by isometries in the following fashion.

Let R, : > — I3, by

Rn : (C17<27"'7Cn) — (07C17C27"°7Cn)-
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Each R, is an isometry. Now define T: X — X by the relation
T:(zn)ozq — (0, Rizy, Ryzy,. ... Rpzs,. . ),

where z,, € I7°. The representation is simply {T" : n € Z,}.
The dilated space Y is the infinite {2 sum B>, co, where the co-sequences are

assumed to run from —oo to oo. The dilated group representation is then given by
U: (yn)iooo — (Zn)iooov

where each y, = (..., yn(—1),yn(0),yn(1),...) € co and 2, € co is given by z,(k) =
Yn—1(k — 1) (k € Z). Y is not a reflexive space.

All of the above have been essentially trivial ~ either the structure goes across

easily or it does not go across at all. Harder cases will be covered in the next two

sections.

2.4 The Dual Dilation Theorem

Let T : S — B(X) be a dual representation by isometries.

Definitions 2.4.1 A dual group representation U : G — B(Y) is a dual dilation

of T if there exists a weak*-continuous isometry 7 : X — Y such that
m(T(s)z) = U(s)rz (se S,z e X).
U will be said to be minimal if it satisfies the condition
{U(=s)rz:s € S,||z|| <1} is weak*-dense in the unit ball of Y.

The more natural definition of minimality would have been that {U(~s)rz : s €
S,z € X} must be weak*-dense in Y. The (apparently) stronger definition given here
is needed to prove theorem 2.4.3 and lemma 2.4.7. The standard dilation theorem

2.1.1 was valid for any semigroup satisfying conditions (S1)-(S4) of chapter one. My
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proof of the dual version unfortunately requires S to satisfy the following additional
property.
(S5) There exists a sequence (s,) in S satisfying

(1) Foreachnin Z,, 5,41 — s, € S;

(i1) For all ¢ in S, there exists an m such that s,, —t € S.

Both Z% and RX satisfy (S5) (with, for example, the k-tuples s, = (n,n,...,n)),

so this extra restriction is not too great. In fact the following is true:

Proposition 2.4.2 If S is a subsemigroup of the compactly generated LCA group G,
then S satisfies (S5) whenever it satisfies conditions (S1)-(S4).

Proof: To say that GG is compactly generated means that there exists a compact
neighbourhood C of 0 in G such that G = U,>,C,,, where C; = C and Cpyy = C, +C
for each n. (See for example [35, p. 41].) By lemma 1.1.5 applied to the compact
set —C, thereis an s € S suchthat s—t € Sforallt € C. If 5, := ns, then for
eachn e Z,, s, —t € Sforallt e, Itnow follows easily that (s,) is a sequence

satisfying the demands of condition (S5).

Theorem 2.4.3 Suppose S is a subsemigroup of G satisfying conditions (S1)-(S5).
If T is a dual representation of S by isometries on a dual Banach space X, then there
exists a minimal dual dilation (U,Y,n) of T', which is also mazimal in the sense that
for any other minimal dual dilation (W, Z,8), there exists an isometry a, : Z, — Y,

that intertwines W, with U,, and satisfies a,*7 = 0.

This maximal-minimal property of (U, Y, 7) characterises it uniquely up to isomet-
ric isomorphism. At first sight it may seem odd that the isometry should be between
the pre-duals as one would think that the natural mapping would be between Z and

Y. For example, one could try to map W(—s)fz to U(—s)rz; both of these have

35



norm ||z| and the mapping as defined so far is linear. But as it happens, this will

not work. To prove the theorem we will require some preliminary results.

Lemma 2.4.4 Suppose S is a subsemigroup of G satisfying conditions (S1)-(S5) and
let T be a dual representation of S by isometries on X. For every ¢ € X, and ¢ > 0

there is a trajectory ¥(-) of T, through ¢ such that ||¢(-)||e < ||@|| +¢. In particular
YP(s) € X, for each s in G.

Considered as an element of X*, the existence of a trajectory for T* through ¢
is given by theorem 2.2.2; but one cannot guarantee that (s) is in X, for all s.
So we must construct a trajectory that meets our requirements from scratch. The
extra condition imposed on S is necessary to prove this lemma. If it could be proved
without this extra condition, then the dual dilation theorem would not require it
either.
Proof: Let (s,) be the sequence in S given by (S5) and let so = 0. We shall create

a sequence (¢, ) by induction satisfying these three conditions:

1. ¢, € X, (n=0,1,2,...);

o

T(Sng1 — 82)Ppg1 = b0 (n=20,1,2,...);

Lo

This is an easy consequence of a standard result in functional analysis: if B is
some linear operator on Z for which B* is an isometry, then given any z € Z, there
exists a v € Z such that Bv = z and ||v|| < ||z|| + €. (See for example [37, lemma
4.13b].) Suppose we have ¢q, ..., ¢ satisfying the conditions, then since T'(sgy1 — si)
is an isometry, this result allows us to pick a suitable ¢x4; € X,.

For t € G let t;,t, € S be such that ¢t = t; — t,. By assumption, there exists a k
with sy —t; € S and consequently ¢t + sx € S. Suppose n is also such that t + s, € S;

then assuming without loss of generality that & > n,

Ti(sk+t)or = Tu(sn+ (Sng1 —Sn) + ...+ (8k — sk-1) + t) s
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= Tu(sn + )Tu(Snt1 — 5n) - Tu(8k — Sk-1) Pk
= Tu(sn + )Tu(Snt1 — Sn) - - Tu(Sk=1 — Sk—2)Pr—1
= Tu($n + t)Pn.
The following function ¥ : G — X, may therefore be defined without ambiguity. For
te G let |
P(t) = T(sk + 1)k

where k is such that s+t € S. Trivially, T.(s)y(t) = ¥(s+t) and ||¢()]|c < ||l 4.
Finally note that ¥(0) = T.(s1)¢1 = ¢.

Lemma 2.4.5 For any x € X and € > 0 there exists a trajectory ((-) for T, with the

following properties:
1. the function s — ((s) is uniformly norm-continuous;
2. 1C(0)z — ||z]|| < &;

3. IC()loo < 1.

Proof: If ¢(-) is a trajectory for 7., then it follows from lemma 1.1.5 and the strong
continuity of 7T, that ¢ — t(¢) is norm-continuous. For ¢ > 0 let V be an open
neighbourhood of 0 in G with compact closure C' such that [[«(s) — ¥ (0)|| < &/2 for
all s € C. Assume also that |C] is finite and define

QH:%LMHﬂMS (t € G).

It is easily verified that  is another trajectory for T, that it is bounded by ||4(-)|| oo,
that it is uniformly continuous, and that ||¢(0) — ¥(0)|| < /2.

If £ € X is zero, then the lemma is trivial, so assume without loss of generality

that ||z|| = 1. There exists ¢ € X, with ||¢|| < 1 such that |¢(z) — |[z]|| < /2. By
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lemma 2.4.4, there is a trajectory ¥(-) for T, through ¢ with ||¢(*){|cc < 1. Construct
¢ from this 3 as described above. The only property left to verify is number 2:

[C0)z — [l=lil < [¢(0)z — ¢ (0)z|| + [#(0)z — [|]]]

< E.

Proposition 2.4.6 A dual dilation (W, Z,0) of T is minimal if and only if

[#]l = sup [|6.W.(8)4| (2.1)
teG |

for all ¥ in Z,.

Proof: Suppose the dilation is minimal and that ¢ is an element of Z,. If ¢»* = 0
there is nothing to prove, so let us assume that ||¢’|| = 1. Let z € Z be of norm one
such that z(¥) = 1. By minimality, z is in the weak*-closure of the set {W(—s)fz :

s € S,||z|]| = 1} and we may hence choose an s € S and an « € X of norm one such

that |[(W(—s)0z)() — z(¢)] is arbitrarily small. Since
sup [|0.W.(£)¢ ] 2 [|(W(=s)dz)l| = 1,

the non-trivial half of equation 2.1 is proved.

Suppose instead that (W, Z,8) is a dual dilation for which the equality 2.1 holds.
Let M denote {W(—s)0z : s € S,||z]] £ 1}. If z € Z is not in the weak*-closure
of M, then there exists ¢ € Z, such that sup,, .,y Rem(yp) < Rez(%) [37, theorem
3.4(b)]. Tt is straightforward to show that

sup 160 W ()] = sup. im ()] = sup. Rem(y),

and hence equation 2.1 implies that ||¢|| < |z(¥)| from which we deduce ||z|| > 1.

Proof of Theorem 2.4.3: Let Cr be the space of all trajectories of T*, and let Y,
be that subspace of C7 consisting of those ¢(-) for which ¢(t) € X, for all t € G and
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such that ¢ +— ¢(t) is uniformly norm-continuous. Lemma 2.4.5 implies that Y, is
non-trivial if X is, and it is clearly closed and L-invariant (where L is the left-shift

group on Cr). Denote L|y. by U, and the linear map ¢(-) — ¢(0) from Y. to X. by

T« I claim that these form the dual dilation required.

The strong continuity of U follows from the construction of Y., for if () € Y.,
then |

IU-(5)6) = U- (08w = sup (s + ) = ot + )}
which tends to zero as s tends to ¢ by uniform norm-continuity of ¢(-). Hence U =
(Ux)™ is a dual representation of G on Y = (Y,)".
The map 7 = (r.)* is clearly bounded by one. Suppose z € X and ¢ > 0. Then

by lemma 2.4.5 there exists a {(-) € Y. of norm one such that |¢(0)z — |lz||] < €; in

particular ||7z|| > [((0)z| > ||z|| — ¢ and we have shown that 7 is an isometry. For

€ X,s€S,and ¢(-) € Y,

Uls)raz(g(-)) = wz(d(- + s)) = z(4(s))

so U(s)r = #nT(s) and the proof of the existence of a dual dilation is complete.
Minimality is trivial given proposition 2.4.6.

For (W, Z,0) another minimal dual dilation, define a, : Z, — Y. by
Q. z e @(-) where é(t) = 0. W, (¢t)=.

It is easily verified that ¢(-) is a trajectory for 7T.. It is uniformly norm-continuous
because W,(-) is a strongly continuous group representation. Proposition 2.4.6 implies
that {[¢(-)|lc = ||z]| and hence c. is an isometry. Finally, the intertwining properties

are easily verified.

In fact the pre-dual of any dual dilation may be mapped to Y, in this way, but

the map a. will not in general be an isometry. (Proposition 2.4.6 could be restated
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as saying that the dilation is minimal if and only if this map is an isometry.) One

useful feature of minimal dual dilations is shown by the following lemma.

Lemma 2.4.7 If (U,Y,7) is a minimal dual dilation of a dual representation T of S
by isometries, then Sp(U,G) = Sp, (T, S)

Proof: For each y € Y, and f € L}(S5),

(T (mey)

I

[T (s)(my) ds
= [ (fs)U-()y) ds
= m(f(U)y).

So

IS0 = sup (T )54l) < 1)
and hence Sp(T.,S) C Sp(U., S) for any dual dilation.

Using the particular property of a minimal dilation, if y € Y, then

A

If Uyl =  sup  [6(f(U)y)l

ll¢li<1, ¢€Y
= sup  sup |U(—t)m( f(U.)y)|

|l|<1,9eX teS

= sup [¢(mU.(—1) f(U.)y)]
sup | (f(T)(m.U(~t)y)]
£ (T sup |7 U (—t)y|

< JA@IHyl-

IA

Thus || f(U)|| < || f(T.)|], which means that Sp(U,,S) C Sp(T., S).

2.5 Dilating von Neumann Algebras

We will adopt Sakai’s notion of von Neumann algebras as being C*-algebras that are

also dual Banach spaces. A representation of S by x-endomorphisms on X is a dual
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representation where each T'(s) is an isometric *-homomorphism of X. We further

assume that T'(s)1 =1 for all s € S.

Theorem 2.5.1 Let X be a von Neumann algebra and T a dual representation by
x-endomorphisms. The Banach space Y given by theorem 2.4.3 is a von Neumann

algebra, U is a group of *-automorphisms, and « is a normal *-homomorphism.

The proof relies on the Arens construction for multiplication in the second dual

of a Banach algebra which we recall here.

Let A be a Banach algebra. For each a € A and f € A*, define f, € A* by
fa: b= flab) (b€ A).
For f € A* and F € A**, define F'f € A* by
Ffiam F(f,) (a€A).
Finally, for F,G € A** the element GF € A** is defined by
GF: f— G(Ff).
In the case when A is a (C'*-algebra this multiplication coincides with the natural

multiplication of the universal enveloping von Neumann algebra.

Proof of Theorem 2.5.1: Let N be the space of all z € X such that s — T'(s)x is

norm-continuous. As in lemma 1.3.4, this is a closed subspace of X. Furthermore
1T (s)(xy) =T @) (zy)ll = [T(s)z-T(s)y —T(t)z-T(t)y|

< [(T(s)z = T(t)x)T(s)yll
H|T @)z (T(s)y — T(t)y)|l

< NT(s)z = T(@)z| [lyll + 1T (s)y = T()y | [,

which tends to zero as s — t. Similarly

IT(s)(z") =T« = [[(T(s)x—T(t)z)|

Il

= |[T(s)z = T(t)z||
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also tends to zero.

This demonstrates that N is a C*-subalgebra of X. It is trivially T-invariant, and
so we may consider T'|y as a (strongly continuous) representation on N. By section
2.3.3, the dilation of (T'|y, N) consists of another C*-algebra, call it M, and a group

of *-automorphisms, V say. Denote the isometric *-homomorphism of N into M by

6.

M~ is a von Neumann algebra, and its multiplication is given by the Arens
product. We will now construct an isometry from Y, to M*, where Y, is the space of
all uniformly norm-continuous trajectories of T, (as in theorem 2.4.3). Let ¢(-) € Y,

and define 8¢(-) € M* to be the extension of

Bo(): V(—s)0z — z(d(—3)).

By inspection of the definition it may be seen that 3¢ is of norm less than or equal

to [|6(-)]]-
Given € > 0, there exists s € S with the property

[o(=s)l| > l¢(-)lloc — ¢

and, by lemma 1.3.4, we may choose an £ € N of norm one such that

z(8(=5)) = llo(=s)ll | <e.

Combining these we have

B8()(V(=5)02)| = [2(8(=5))| > ()l — 22

and 3 is shown to be an isometry. Let £ denote 3[Y.]. The aim of the rest of the proof
is to show that £+ is a two-sided ideal of M** and hence that Y ~ F* = M /E* is
a von Neumann algebra.

Ifs€e S, z€ X, and ¢(-) € Y, then a := V(—s)0z € M and f = B¢(:) € E.
I claim that f, is also in E. This will be demonstrated by direct construction of an

appropriate trajectory in Y,.
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For ty,t;, € S, define ¢4, 4, : X — C by

by y = (Tt - T(s + t)y)o(—t2 — s).
A moment’s inspection shows this to be linear. It is also bounded since

Yun@)l < [T()z-T(s +t)yl #(—t2 = s)]
< =l lyll o) lleo-

If 51,89 € S are such that s; — s, = ¢; — t;, then

Va152(y) = (T(s2)x-T(s+ 51)y)p(—s2 — 5) |
= (T(s2)z-T(s+s1)y)d(ts —ta — 51— s)
= Tt )(T(s1+ta—t1)x-T(s+s1)y)p(—t — sy — 8)
= (T'(si+t)x-T(s+ty 4+ s1)y)o(—ts — 51 — 3)
= (T(t2)z - T(s+t1)y)d(—t2 — s)
= YY)

We may therefore define ¢(t) = 4, ¢+, for t = ¢; — {, without ambiguity.
Ifue S, and t =1¢; — ¢y, then

T(u)p(t)y = ()T (w)y)
= (T(ta)x - T(s + 1) T(u)y)p(—t2 — s)
= (T'(t2)z-T(s+t1 +u)y)d(—t; — s)
= Putut(y) = Y(u+1)(y).

Hence #(-) is a trajectory for T which is bounded by ||z ||#(+)||cc-

Standard von Neumann algebra theory tells us that if y, — y in the weak*-
topology of X, then zy, — zy in the weak*-topology for all z € X (see for example,
[39, p. 11]). This, together with the weak-continuity of T', implies that

(T(t2)z - T(s+t)ya) — T(ta)x - T(s +t1)y
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in the weak*-topology. In particular, since each ¢(t) € X.,

Uiy (Ya) — Viy,1,(¥);

hence ¥(t) € X, for each t € G, and so ¥ is a trajectory for T,.
If either z or ¢(-) is zero, then 3y = 0 which is uniformly norm-continuous; so
assume this is not the case. Using uniform norm-continuity of s +— 7'(s)z and norm-

continuity of ¢ — ¢(- +¢) we may, given € > 0, choose an open neighbourhood V. of

0 in GG such that

-

I < 30

whenever u,u’ € S satisfy v’ — u € V,, and also

T (u)x — T(u')z

€
18(:) = ¢(- + V)|l < m

for all v € V.. For t,t' € G with t — t/ € V,, it is possible to express t = t; — ¢, and
t' = t; — t3 for some ty,t5,t3in S. Note that t3 —t, =t —t' € V..
For any y € X,

[0ty — o)yl = [T(ta)z - T(ts + s)y)o(—t2 — s)
—(T(ta)x - T(t1 + s)y)p(—t3 — s)]
[(T(ta)z - T(ts + s)y)p(—t2 — )
3)T -

<
—(T(ts)x - Tty + s)y)p(—t2 — s)|
+|(T(ts)x - Tty + s)y)o(—t2 — s)
—(T(ts)z - T(t1 + s)y)o(—t3 — s))
< [[T(t2)x = T(ts)z| [yl ¢()lo
izl lyll lo(—t2 — s) - ¢(—t3 — s}
< 2N )”OOH:UH [¢( o + llz QII ||
= ellyl.-
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Hence +(-) is uniformly norm-continuous and as such is in Y.. Finally we show that

B =f,. Fort e Sand y € N,

Be(V(-t)0y) = y(¥(~t))
= (T(t)z-T(s)y)o(—t—s)
= Be(V(—s —1)0(T(t)r - T(s)y))
= Bé(a-V(-t)by)
= fa(V(=1)0y).

For a € M not of the form V(—s)fz the same result can be shown using an
approximation argument and the above work. So, for alla € M and f € E, we have
proved that f, is also in F.

If 1L Fand feFE, then foralla e M,

For any other G € M=, GF(f) = G(Ff)=0forall f € F; thus GF 1 FE and E* is
shown to be a left ideal. One may similarly demonstrate that £+ is a right ideal.
Now that we know E* is an ideal, and since we also know it is V**-invariant,
we may deduce that Y ~ A**/EL is a von Neumann algebra equipped with a
weakly-continuous group of x-automorphisms. By construction 7|y : N — Y is a
*-homomorphism; it remains to prove that 7 : X — Y is also a *-homomorphism.
For any r,y € X and sp € So. Tx(so)z 1s in the weak*-closure of N by lemma refL7,
from which fact it may be shown that U(so)n(zy*) = U(so)(7(x)* - 7(y)). The result

now follows from injectivity of U(so).

Notes

Section 2.1 When X is a Hilbert space and S = Z,, theorem 2.1.1 is due to Ito

[24] and the equivalent Co-semigroup version was proved by J. L. B. Cooper [13].
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Douglas proved the Banach space version while attempting to simplify Ité’s proof,
but it seems that his result it not so well known as the Hilbert space versions. Arveson
and Kishimoto give their own proof in their 1992 paper [8] saying that they did not
know a reference for the result. I also proved the result independently.

A dilation theorem for contractions on a Hilbert space does exist, but it does not
have the same form. In this version the isometry B € B(H) is said to be a dilation of
the contractive operator A € B(K) if K < H and {A"r,y) = (B"x,y) for all n € Z,
and z,y € K. In [43] it was proved that any contraction on a Hilbert space has a
dilation in this sense. A similar result for Co-semigroups appeared in [14]. All of this

material is well covered in [44].

Section 2.2

The definition of trajectories given differs slightly from that in some other liter-
ature. For example, in [33] a trajectory as defined here is referred to as a bounded,
complete trajectory, but for the purposes of this thesis the briefer notation will cause
no ambiguities. In [33], Phdng proves the existence of non-trivial trajectories for
Co-semigroups satisfying certain conditions and goes on to use them to prove re-

sults about the asymptotic behaviour of the semigroup. His existence results are all

Section 2.4 The main idea behind the proof of the dual dilation theorem is due to C.
J. K. Batty, who constructed it by considering a certain subspace of the dual of the
standard dilated Banach space: dilate T to a group of isometries V on Z. Now define
Y. to be the subspace of Z* that consists of f for which V(s)*f is norm-continuous
and 0*V(s)*f is weak*-continuous for each s in S; this will be the pre-dual of the
required minimal dual dilation. The treatment here in terms of trajectories for T, is
my own version of this proof. The details of the two proofs are in essence identical.
In particular both proofs require the additional assumption (S5), which my proof

makes clear is required in lieu of any compactness of the unit ball in X,. (Weak*-
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compactness made construction of trajectories possible in X* for any semigroup by

using Tychonoff’s theorem.)

Section 2.5

The level of knowledge of C* and von Neumann algebra theory required for this
section is minimal, but for a good general theory see for example [45], [31], or [39].
The minimality condition of dual dilations may be weakened in the von Neumann

algebra case to
{U(=s)rz:s€ S,z € X} is weak™-dense in Y.

This is because of Kaplansky’s density theorem ([39, p. 11] or [31, theorem 2.3.3]).

The problem of dilating von Neumann algebras has been widely studied recently,
but the collection of results obtained so far is rather motley. In [8] it is proved that
it is always possible to dilate an Ep-semigroup on an [, factor (that is a represen-
tation of Ry by *-endomorphisms on some B(H)) to a weakly continuous group of
*-automorphisms on a larger I, factor. The method relies on a theorem specific to
R, however, so generalisation along those lines is difficult. The proof of theorem 2.5.1
was partially inspired by it however. A more serious problem is that the dilation is
not minimal in the sense of this thesis and is not in any way unique among possible
dilations.

Another recent paper is that of Dinh [16] who proved a dilation theorem for when
(G is a countable, dense subgroup of the real line and 5 is the subsemigroup of positive
elements of (. Once again he proves that a representation of S by *x-endomorphisms
on a type I, factor may be dilated to a group on a larger I, factor, and moreover
his construction has a minmimality property. He does have to assume that T has
an intertwining semigroup however, and his methods are again very specific to the
particular example.

Theorem 2.5.1 is very frugal in the amount of information it gives concerning

the structure of the dilated space. Indeed it will in general be so massive that any

47



structure possessed by the original space will probably be entirely lost. Kishimoto has
found an example of a representation of Z. on an I factor with several dilations, each
on a space of different type. In general the identity element of ¥ may be decomposed
uniquely into the sum of U-invariant, central projections pr, p1r, p1It, and pyv, where
each space p;Y is either trivial or is of type 7. Furthermore, it would be possible to
characterise all minimal von Neumann algebra dilations of T' in this way in terms of
U-invariant, central projections in Y. I do not think much is to be gained by this
approach however.

The research into this problem at the moment appears to be part of a larger thrust

towards a classification theory which I do not pretend to understand. See for example

(6, 7).
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Chapter 3

Further Analysis of the Spectrum

3.1 A Fundamental Theorem

This chapter lays the foundations for the work in the final two chapters of the thesis
by making a more systematic study of the spectrum of a semigroup representation.
The methods involved are closely related to commutative Banach algebra theory, a
general knowledge of which is assumed. (All the necessary background is contained
in Stout [42] or Wermer [47] for example.)

The first theorem appeared in [10] although the proof given here is my own.

Theorem 3.1.1 If T is a representation of S by tsometries on a non-trivial Banach

space, then Sp,(T,S) is non-empty.

Proof: Let U : G — B(Y) denote the dilated group representation as given by
theorem 2.1.1. As X is non-trivial and X C Y it follows that Y is non-trivial and
hence the Arveson spectrum of U, Sp(U, G), is non-empty. By theorem 2.1.1, this is
equal to Sp,(T,S) and hence that too must be non-empty.

The theorem fails to be true if the isometric condition is dropped, but it fol-

lows easily from the above theorem that the unitary spectrum of any bounded, non
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asymptotically stable representation is also non-empty (7" is non asymptotically sta-
ble if there exists an z for which T'(s)z does not tend to zero as s tends to infinity.)

This will be covered by theorem 5.3.1.

3.2 S-Convexity and Silov Boundaries

Definition 3.2.1 Let S be a subsemigroup of G salisfying conditions (51) lo (54)
given in chapter one. For any closed E C S*, the S-hull (or S-convex hull) of £
is defined as follows:

S-hull E={x € §*: |f(x)| < sup [f(3)] for all f € L'(S)}.

When E = S-hull E, E will be said to be S-convex. Where ambiguity will not arise,
the notation E will sometimes be used instead of S-hull E.

The best known use of this concept occurs when S = Z7, where it is known as

polynomial convexity. Since 1F(7)] < ||fllx for all ¥ € S*, it is clear that for any dense
subspace Y of L!(5)

S-hull E = {xy € 5 : |f(x)| < sup |F(7)| for all f €Y}
ve€E

Suppose S = Z and that f is in the dense subspace of ['(Z) consisting of elements
with only finitely many non-zero values. Then, remembering that S* is the unit
polydisc in C",

A

f(Z], ce ey Zn) = Eiézif(il’ c ey in)Zli] “en Znin

and in particular f is a polynomial in n variables. Since all polynomials may be
obtained from transforms of such f, we have
Z"-hull E = {z € C" : |p(z)| < sup |p(w)]| for all polynomials p}
weE
which is the definition of the polynomially convex hull. (Strictly speaking, the defi-
nition of Z7-hull would also require that |2| <1, but it is not hard to see that this is

automatically satisfied when the other conditions are.)
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Lemma 3.2.2 Let T be a bounded representation of S. For any closed subset E of
Sp(T, S), the S-hull of E is contained in Sp(T, S). In particular Sp(T, S) is S-convez.

Proof: Each v € E is also in Sp(T, S), so |f(y)| < |[f(T)|| for all f € L'(S); in
particular sup,cp 7] < IF(T)|]. Tt follows from this and from the definition of
S-hull E that if x € S-hull E, then |f(x)| < || f(T)].

Let A be a commutative Banach algebra with Gelfand spectrum M. A closed
subset ' of M is said to be a boundary for A if

|a(4)] < sup
YeE

a(v)]

for all a € A and ¢ € M. Clearly M is itself a boundary for A. In fact there is
always a minimal boundary for M (in the sense that any other (closed) boundary for
A contains it); it is called the Silov boundary of A and is denoted S(A). For any
bounded representation T of S, A7 is itself a commutative Banach algebra. The Silov
boundary of A1 may be seen as a closed subset of the spectrum of T'. (See notes at

the end of the chapter for references.)

Lemma 3.2.3 Let T be a bounded representation of S. The spectrum of T is the
S-hull of the Silov boundary of Ar.

Proof: If y is in Sp(T,S) but not in S-hull S(Ar), then there must exist an f in
L'(S) such that

1foOl > sup [f(Y);

')'ES(.AT)
but this contradicts the fact that S(Ar) is a boundary for A. The other inclusion

follows from lemma 3.2.2.

Lemma 3.2.4 [f T is a bounded representation of S, then Sp,(T,S) C S(Ar).
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Proof: Let x be in Sp,(T,S). Regarding x as an element of ', and choosing any
open neighbourhood V of zero in I', we may find a function f in L}(G) such that
f(x) =1and f =0 outside x + V [35, theorem 2.6.1]. By lemma 1.1.6 there exists

an s in S such that

1
t)|dt < -.
NGRS
Setting g,(t) = f(t — s) for t € S we have g, € L'(S). Foryin T

[13s(N1 = 1fFDI| < 13:(9) = () (2)
- /f(t-—s 1) dt — /f y(t + s)dt

-1/ " f(t)v(t)dt‘

IN
—
=
a
o

<

in particular |§,(v)] < 7 if ¥ ¢ V, but |g:(x)| > 3. So there exist elements of Ar,
gs(T') for example, that peak on x + V, and since this is true for any neighbourhood
V., x must be in the Silov boundary.

The next two results are of considerable value in the study of representations by
isometries. They tells us that all the information obtainable from the spectrum of T

can in theory be deduced from the unitary part.

Lemma 3.2.5 If T is a representation of S by isometries, then

S(A7) = Spu(T, S) = Ao (T, S).

Proof: The fact that the Silov boundary of A7 is always contained in the approximate

point spectrum is proved in [10, proposition 2.5], and the other implication comes from

3.2.4.
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Corollary 3.2.6 For any representation T of S by isometries,
Sp(T,S) = S-hull Sp,(T,S).

In particular, Sp(T, S) = Sp,(T,S) if and only if Sp,(T,S) is S-convex.

3.3 Limitations of this Approach

Before applying corollary 3.2.6 and the other results above to the study of isometries,
we digress to show some of the limitations of the Banach algebra approach in the
non-isometric case. It would not be possible to expect that equality of the Silov
boundary of A7 and the unitary spectrum of T should hold for general bounded
representations: consider the case where T is the representation of Z, consisting of
powers of %I; the spectrum of T is {%}, but the unitary spectrum is empty. Could it
be the case, however, that the Silov boundary and the approximate point spectrum

always coincide?

Example 3.3.1 There exists a bounded representation of S for which the Silov bound-
ary of Ar differs from the approrimate point spectrum of T .

Let E be a closed, non S-convex subset of I'. The representation by isometries
Ty, (as defined in chapter 1) has unitary spectrum E, and hence has spectrum E by
corollary 3.2.6. For ease of notation we shall call T, simply T', and similarly let X
denote X ;.. Pick any y in E\ E (which is non-empty by assumption), and define Y
and V as follows: let Y be the Banach space X x C with |[(z, A)]|| = max(||z]|, |}]),
and let V(s):Y — Y by

V(s):(z,\) = (T(s)x,x(s)A).

V is a bounded representation of S on Y. It is easy to show that || f(V)| = £ (T
for any f € L'(S), so Ay and Ar are isomorphic. In particular, the spectrum of

T is equal to that of V, and similarly S(Ar) = S(Av), both being E. The point

¢
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spectra of T' and V' differ however. As the point spectrum is trivially contained in

the approximate point spectrum, the example is found.

This example points out an important limitation of the notion of spectrum con-
sidered here, for while it does give a surprising amount of information concerning the
representation, it i1s somewhat clumsy at distinguishing between non-isometric repre-
sentations. Even for isometric Cy-semigroups it is less precise than simply considering
the spectrum of the generator.

For example, if we consider the right-shift operators on L!(R), T say, then T has
unitary spectrum R and corollary 3.2.6 implies Sp(T,S) = C_. But if we consider
the generator A of T', then o(A) is only :R. Put loosely, one might say that if the
unitary spectrum of T is large, then it ‘covers up’ the details that would otherwise
be given by the non-unitary part. This is a direct consequence of corollary 3.2.6.
The best results obtained so far from this notion of spectrum arise when the unitary
spectrum is small; in particular when it is S-convex, and it to these cases which
we will shortly turn our attention. First however, we will show that, even when the

unitary spectrum of the representation is S-convex, the above example can still occur.

Example 3.3.2 Assume that S® is dense in S. For any closed subset E of ' there
erists a representation of S with unitary spectrum E for which the approximate point

spectrum and Silov boundary differ.

To prove this we require the following two lemmas, which are of independent

interest.

Lemma 3.3.3 Assume S° to be dense in S and let T be any bounded representation
of S.

If x € S* is such that there exists M < oo and a compact C C S for which

I ()l < M]x(s)]
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holds for all s € S\ C, then Sp(T,S) C xS* = {x7 : v € S*}, where xv is the
element of S* defined by xv(s) = x(s)y(s).

Proof: Suppose A € Sp(T,S)\ xS*. An element X of S* is in xS™ if and only if
IA(s)| < |x(s)]| for all s € S, so here we are assuming that there exists a t € S° such
that |A(¢)] > |x(¢)]. If K denotes the closure in S of the set {nt : n € Z.}, then
K is a subsemigroup of S not wholly contained in C. For if it were, then K would
itself be a compact subsemigroup, which is only possible when it is also a group. So
in particular, —t € K and hence |A(t)| = |x(t)| = 1, contradicting the assumption on

t. Let n be large enough such that nt ¢ C and also
IA(nt)| > 2M|x(nt)|.

Since nt € S° there exists an open subset V of S\ C for which |A(v)] > 2M |\ (v)]
holds whenever v € V. We may assume further that V' has compact closure which

does not intersect with C'. Define f € L!(S) by

f(s>={'*<l_s> eV

0 otherwise
But for any x € X,
: |7(s)z|
Tzl < [ ds

Mix() o VI
f st ol ds = =l

This leads to a contradiction since |V| # 0 and A € Sp(T, S) implies that |V| =
JO) < D

When S = Z, this lemma is equivalent to the fact that the spectral radius of T'(1)
is less than or equal to lim,_. |7(1)"]|5. When S = Ry it is the well known fact
that if | T(s)|| < Me~™s for all s, then for all g > —|A|, u ¢ o(A).

Lemma 3.3.4 Assume that S° is dense in S and let T be a bounded representation

of S on X. For any x in S* such that x(s) is never zero, the set of operators V
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defined by V(s) = x(s)T(s) for s in S form a bounded representation of S on X;

furthermore
Sp(V,5) = {xv:7 € Sp(T, S)},

and similar equations relate the point and approzimate point spectra of T and V.

Proof: The fact that V forms a bounded representation is trivial. By lemma 3.3.3,

any character in the spectrum of V may be written in the form y~ for some ~ in S*.

Now xv € Sp(V, S) if and only if

FOen] < 1FW)]]

for all f in C'(S) with compact support (that is, all f in C.(S)). If we let fy denote
the function f(-)x(-), then this may be restated as xy € Sp(V,.5) if and only if

Fx(N)] < I (D))

for all f € C.(S). The function f = g/x isin C.(S) for any g € C.(S); so

) = 1Fx) < 1)) =

g(TH.

We have shown that yisin Sp(T, S). The other inclusion is even more straightforward,

as are the results for the point and approximate point spectra.

When this lemma is restated in terms of Cg-semigroups it is similar to the elemen-
tary fact that if A is the generator of T" and if Re A < 0, then A — Al is the generator
of the Cy-semigroup e **T(s) and, of course, 6(A — AI) = {u— X : p € o(A)}. (In
fact it is not exactly this result for while o(A) N::R = Sp, (T, R;) is always true,
o(A) # Sp(T,R,) in general.)

Returning to example 3.3.2, the proof is now straightforward. Let T be some
example of a representation for which the approximate point spectrum differs from the
Silov boundary, and let x be in S*\ S*; xT is then another example of a representation

for which the approximate point spectrum differs from the Silov boundary. For any
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closed subset E of I' we know that there exist examples of representations with Silov
boundary E. In a manner similar to the proof of example 3.3.1 above, we may form
a new Banach space by adding together these two spaces and similarly construct a

new representation. It is elementary to check that this new representation has the

desired properties.

3.4 Advantages of this Approach

Having shown some of the limitations, we now turn to some benefits of studying the

Banach algebra Ar.

Lemma 3.4.1 Let T' be a representation of S by isometries. If Sp,(T,S) is count-
able, then Sp(T,S) = Sp,(T,S).

Proof: The result follows from lemma 3.2.5 and a standard result of commutative
Banach algebra theory which states that if the Gelfand spectrum is not equal to
the Silov boundary, then the Silov boundary is uncountable. (See for example [42

corollary 11.4].)

9

Lemma 3.4.2 Let T be a representation of S by tsometries on X. If \ is isolated in
Sp,(T,S) (regarded as a subset of '), then x s tsolated in Sp(T,S).

Proof: If a point is isolated in the relative topology of the Silov boundary of a
commutative Banach algebra, then it 1s isolated in the whole Gelfand spectrum. This
is apparently a standard result from the theory of Banach algebras, but the only
reference [ know of it comes as an exercise in [47, p. 55]. So I shall give my own proof
here.

Let A be a commutative Banach algebra with Gelfand spectrum M. Let E denote
the Silov boundary of A minus the (relatively) isolated point x. E is obviously closed
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and moreover it is cannot be a boundary for A. In particular y is not in the A-hull
of E and hence there exists an a € A such that a(y) > 1 and sup,eg |a(A)] < 1.
Assume for contradiction that y is not isolated in M. Then by continuity of a
there exists a v in M, not equal to x, such that |a(y)] > 1. Let b € A be such
that 5(x) = 0 and 18] < 1. If for all such b it followed that b(y) = 0, then the
1deal associated with v would contain that of Yy which contradicts maximality; let us
assume further therefore that b(v) # 0. Taking powers of a if necessary, we could also

assume that sup, g |@(A)] < |b(7)]; but we would then be in the impossible situation

in which ab(y) = 0, and

sup lab(V)] < 18] é(x)] < lab(7)].

The proof of the lemma is now easy: Sp,(T,S) is equal to S( A7) by lemma 3.2.5,
so any Y isolated in Sp,(T,S) is isolated in Sp(T, S) by the above.

In the following lemma we use the usual notations: T is a bounded representation
of S on a Banach space X, Ay = {f(T) : f € L'(S)}, and for each y € Sp(T, S), ¢,
is the extension to the whole of Az of f(T) — f().

Lemma 3.4.3 If P is an idempotent element of Ay, and if V denotes the bounded

representation of S obtained by restricting T to {Pz : x € X}, then

Sp(V,S) = {x € Sp(T,S) : (P) = 1}.

A few things should be noted before we prove this lemma. Firstly P commutes
with each T'(s), so the subspace P[X] is T-invariant. It follows immediately that V
is a well-defined, bounded representation. Secondly, since each ® 1s a character of
Ar, it must happen that either ¢, (P) =1 or ¢,(P) = 0.

Proof: Let W denote P[X]. If f € L'(S), then

A

Pf(T)=0 < f(T)Pz=0forallze X
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= f(T)yzOfdr ally e W
= f(V)=0.

We may thus see that o : Pf(T) f(V) is a well-defined one-to-one map from
{Pf(T): fe L'(S)} to Av. Furthermore, since

IfV) = sup I (V)yll = sup I£(T)yl
= s IF(T)Py|| < |If(T)P].

we see that « is continuous and may therefore extend it to a map from PAr = {PB :

B € Ar} to Ay. a is easily seen to be a homomorphism. For f € L1(S)

?

If V) = ||f,ﬁ§1||f(v)y”
= ﬁ”yﬁ;ﬁpnnﬂmyn
> oy cup, (TP
= plf@PL

We have shown that a is a homeomorphism from PAr to Ay.
It is a triviality that Sp(V,S) C Sp(T,S). In the other direction, suppose y €
Sp(V,S) and consider a*(¢, ). This is easily seen to be a multiplicative functional on

Ar, but it may be zero. To see when this occurs, note that for any f € L'(S)

a™(&)(Pf(T)) = ¢ (f(V)) = F(x);

in other words a*(¢, ) 1s ¢, (thought of as a character on A7) restricted to PAy. But
Pf(T)= PPf(T) for all f.so a*(¢,) will be non-zero if and only if &y (P) = 1.

b

In order to make use of the above lemma we will need to find suitable idempotents.

But this is easy as the following theorem shows.

Theorem 3.4.4 Let T' be a bounded representation of S on X. If E is a compact,
open subset of Sp(T,S), then there exists a closed, T-invariant subspace W of X for
which Sp(le, S) =F.
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Proof: The Silov idempotent theorem gives us the P required to apply the preceding

lemma.

Note that the condition that E is compact may be removed if more care is taken
over the condition of openness: if we adjoin the identity to A7, then the Gelfand
spectrum of this will be Sp(T, S) together with a possible point at infinity. If the
closure of E in this larger set is open, then we may conclude the same result. For the

purposes of this thesis however, we require only the compact case. The converse of

the theorem is clearly false.

Theorem 3.4.5 If v is isolated in the unitary spectrum of T, a representation of S

by isometries, then y ts in the point spectrum of T.

Proof: By lemma 3.4.2 and theorem 3.4.4 there exists a (necessarily non-trivial)
closed subspace W of X for which the restriction V of T to isometries on W has
spectrum {v}. Let (U,Y,7) denote the dilation of (V, W) given by theorem 2.1.1.
For any f € LY(S), nf(V) = f(U)x, so if in particular f(x) =0, then f(U) = 0 and
hence f(V) = 0. (The fact that f(U) = 0 if f(x) = 0 follows almost immediately
from the definition of the Arveson spectrum [31, 8.1.6].)

So, for all f € L'(S) and w € W,

A

FO)(V(s)w = x(s)w) = (fs = x(s).f) " (V)w =0,

which implies that T'(s)w = V(s)w = x(s)w for all w € W.

The converse to the theorem is obviously false. Consider for example the closed
linear span of I' in L*°(G) with the shift operators forming a group representation; in
this case the point spectrum equals the unitary spectrum, both being I'. The theorem

is false for general bounded representations as the next example shows.

Example 3.4.6 There ezists a bounded representation of Z, with unitary spectrum

{1}, for which 1 ¢ Po(T).
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Let X = [I' and define T : X — X by

T:(z,)— ((1- -l—)xn) (z,) € I

n

The spectrum is {1 — 1 : n > 1} U {1} but 1 is not in the point spectrum. One
could construct similar examples for other semigroups S. The following example is

elementary given the results in this chapter.

Example 3.4.7 Let E be a closed subset of T' and let E denote its S-conver hull. If
X is the closure of {f]g . f e LY(S)} in Co(E), and if T(s): X — X by

(T(s)F)(x) = x(s)f(x) (fE€X, x€EE),

then T is a representation of S by isometries with unitary spectrum E. If E is not

S-conver, then T is not the restriction to S of a group representation.

To see the last statement, suppose that x € E\ E and choose f € X with f(x) =1.
Given ¢ > 0, there exists s € S such that [x(s)] < €. So if T were invertible,
then there would exist ¢ € X satisfying T(s)g = f and ||g|| = || f]]. In particular
v(s)g(x) = 1, from which it would follow that ||g]| > 1/e; this is a contradiction. It

is unclear whether T is invertible when FE is S-convex.

Lemma 3.4.8 Let E be a closed subset of T'. An element v of S* is in the S-hull of
E if and only if there exists a ¢ € Jg* such that ¢|s = x.

Proof: We know from theorem 1.4.3 that if T is the representation by isometries on
X = L(S) + Jg/JE induced by the right-shift operators on L(55), then Sp.(T', S) =
E. For y € S-hull E the linear functional

¢x:f+JEHf(X)

is bounded, and so it may be extended to a ¢, € X*. From the definition of X 1t
follows that

X = .]E'L/(LI(S) + JE)“L.
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In particular there must exist ¢ in Jg* such that f(x) = [5 f(s)d(s)ds for all f €
L}(S), so it must be true that ¢|s = y almost everywhere.
In the other direction, if ¢ € Jgt is equal to x when restricted to S, then by a

similar line of argument xy € Sp(T, S). From corollary 3.2.6 it follows that y € S-hull
E.

Example 3.4.9 If E is not S-conver, then there erists an example of a dual rep-
resentation of S by isometries with unitary spectrum contained in E that is not the

restriction to S of some dual representation of G.

If yisin E \ E, then by the above lemma there exists a ¢ in Jg* such that
¢ls = 1. Let X be the weak*-closed subspace of Jgt spanned by all left-shifts of ¢;
that is the set of all ¢(- + s) for s € S. It is easy to show that for any 1) € X and
s.t €5, w(s+1t)=x(s)y(t). In particular X is not right-shift invariant.

If y € T'\ E, then there exists f € Jg such that f(v) = 1. Because Jg* is weak*-
closed, it follows that X C J& and hence Jg C X . It is easy to deduce from this
that f(T.) = 0, and thence y ¢ Sp(T.,S) = Sp(T, S).

Theorem 3.4.10 Let T' be a representation of S by wsometries. The following are

equivalent.
1. T is norm-continuous;
2. The unitary spectrum of T' is compact;

3. The spectrum of T' 1s compact.

This result is a semigroup version of a group representation theorem: namely, a

group representation U is norm-continuous if and only if Sp(U,G) is compact [31,

8.1.12).
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Proof: 1 <= 2. Let U : G — B(Y) denote the standard group dilation as given
by theorem 2.1.1. Since Sp,(T,S) = Sp(U,G) the equivalence of 1 and 2 will follow
directly from the group version once it is established that T is norm-continuous if and
only if U is. One direction is trivial: if U is norm-continuous, then that of T follows
immediately because T'(s) = U(s)|x for all s € S.

Assume instead that T is norm-continuous and let ¢ € G; we will show that U 1s
norm-continuous at t. Let V' be some open neighbourhood of ¢ with compact closure,
and let ¢ > 0. By lemma 1.1.5 there exists s € S such that s +V C S and in
particular s + ¢ is in the interior of S. Norm-continuity of 7" implies the existence an
open neighbourhood W of 0 such that ||T(s +¢) — T(s +t + w)|| < € when w € W.
It now follows that

U@ = Ut +w)| = ||[Ut+s)—U(t+w+s)|

= sup ||U(t+s)({ — U(w))y|
i<t

= sup sup ||[U(t+s— ) (I —U(w))rz||
S'€S ||zl|<1

= sup ||T(t+s)x —T(w+s+t)z|
l2lI<1

< E.

Hence U is also norm-continuous.

2 < 3. Denote Sp,(T,S) by E. We know from corollary 3.2.6 that Sp(T,S5)
is the S-hull of £, which we will denote by E. Assume for contradiction that E
is not compact. Let Ar denote the algebra Az with the identity appended. The
Gelfand spectrum of Az is E with a point added at infinity, ¢o, : f(T) + Al — A
By [42, lemma 28.6], if E is a compact subset of the Gelfand spectrum of a unital
commutative Banach algebra, then E is compact; in this context this means that

Sp(T, S) is compact. The other implication is trivial.
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3.5 Dual Results

Some of the above results concerning representation by isometries have their equiva-
lents for dual representation by isometries. A few of these will be given explicitly here.

They may all be proved using lemmas 1.3.4 and 1.3.5 together with the appropriate

strongly continuous results.

Theorem 3.5.1 If T is a dual representation of S by isometries on a non-trivial

Banach space, then Sp,(T,S) is non-empty.

Theorem 3.5.2 [f T is a dual representation by isometries then any isolated point

in the unitary spectrum of T is an eigenvalue for T.

Theorem 3.5.3 If T is a dual representation by isometries, then the following are

equivalent.
1. T, 1s norm-continuous;
2. T is norm-continuous;

3. The unitary spectrum of T s compact;

Notes

Section 3.1 The proof of theorem 3.1.1 that appeared in [10] is similar to the one
presented here in that it reduces the problem to one of group representations. Their
proof relies on a result of Arens [4, theorem 3.93] which in effect allows T acting on
the Banach algebra Ar to be dilated to a group representation on a larger algebra.
The non-emptiness of the Arveson spectrum is proved in [28, p. 91}, but it quite

easy to see anyway. Let J = {f € L'(G) : f(U) = 0}; J is clearly a closed ideal in
L'(G). U is non-trivial if and only if J # L!(G), so in this case the zero set of J
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must be non-empty; but the zero set of J is precisely the Arveson spectrum of U by
[31, proposition 8.1.9].

Section 3.2 The notion of hulls is well established and all that is new here is the
notation, which is specific to this situation. If A is a commutative Banach algebra

and C is a closed subset of the Gelfand spectrum M of A, then the A-hull of C is
defined to be the set

{¢ € M :]a(¢)| < sup |a(y)] for all a € A},
veC

and C is A-convex whenever A-hull C' = C. (See for example [42, section 28]). In our
situation then, we could have used the notations L/(TS’)—hul} and L/(\S)-Convex, but
these seem unnecessarily long for the purposes of the thesis.

The Silov boundary is often introduced in the context of uniform algebras (which
are closed subalgebras of C'(K’) containing the constants, where K is a compact
Hausdorfl space). It is given in this form in [47] for example. If X is a locally
compact space, then a function algebra on X is a subalgebra on Cy(.X) that separates
points of X from each other and from zero. In [42, theorem 7.4] it is proved that any
function algebra possesses a minimal boundary. This still does not cover the case of
general commutative Banach algebras such as Ar, since in general they will not be
semisimple, so in this case the Silov boundary of the algebra A always refers to the
minimal boundary of the function algebra {a: a € A}, a being the Gelfand transform
of a. In particular, S(Ar) is the minimal boundary of {f|x : f € L'(S)}, where
X = Sp(T,S). See for example [42, p. 43].

Section 3.4 The results from Lemma 3.4.2 to theorem 3.4.5 are inspired by [10,
proposition 4.1] where it is proved that if the unitary spectrum of a representation

by isometries is countable, then the point spectrum is non-empty.
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Chapter 4

Invertibility

4.1 Introduction and Examples

Definition 4.1.1 A representation T of S by isometries is invertible if for each
s €5, the operator T'(s) is tnvertible.

If T is invertible we may define U as follows: for each t in G, let
U(t) =T(s1)T(s2)™"

for any s1,82 € S such that s; — s, = t. The existence of such sy, sy is guaranteed
by condition (S3) of chapter one, and it is straightforward to show independence of
choice. Suppose t € G and that V is an open neighbourhood of # with compact
closure; then by lemma 1.1.5 there exists s € S such that s + V C S. In particular
s+t € S§° and norm-continuity of s + v +— T'(s + v)z implies that v — U(v)z is
also norm-continuous. Hence T is the restriction to S of the group representation U.
An equivalent definition of invertibility would be that T is invertible if and only the
dilated Banach space given by theorem 2.1.1 is equal to the (undilated) original.

Consider the following examples.

Example 4.1.2 IfT is a representation by isometries with unitary spectrum {x} for

some x € I', then T is invertible.
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Indeed, in this case T'(s)z = x(s)z for all s in S and z in X. (See the proof of theorem
3.4.5.)

Examplg 4.1.3 If T s a representation of Z, by isometries and if
Spu(T, Z,) # 6D,

then T s invertible.

The unitary spectrum of the semigroup {T'(n) : n € Z, } is equal to o(T'(1))NéD.
It is a standard result in operator theory that the spectrum of an isometry is either
the whole of D or is contained entirely in éD. (This is because if the spectrum of
T'(1) is not the whole of the unit disc, then there must be a boundary point of the
spectrum in the interior of the disc. This is impossible however, since the boundary
of the spectrum is contained in the approximate point spectrum, which in turn is

contained in 6D since T'(1) is an isometry.)

Example 4.1.4 If T is a Co-semigroup of isometries and if Sp,(T,Ry) # 1R, then

T is invertible.

The unitary part of the spectrum of T is equal to 0(A) N iR where A is the
generator. In [26], Lyubich and Phong use an argument involving the Hille-Yosida

Theorem to show that T' is invertible whenever o(A) N:R # (R.

Motivated by these examples this chapter attempts to answer the following ques-
tion: what conditions on a closed subset F of I' are sufficient to ensure that any
representation with unitary spectrum E is invertible? Any set with this property will
be called a set of automatic invertibility for S. So far the examples have indicated
that the condition is merely E # I'. The next example shows that this is not the case

for general S.

Example 4.1.5 There exists a non-tnvertible representation of Zi by isometries with

unitary spectrum not equal to (§D)?.
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Let T be an isometry on some Banach space X and let E denote o(T) N éD.
Define U : Z2 — B(X) by

U(n,m) =T (n,m € Z,).

Clearly U is a representation by isometries which is invertible if and only if T is
invertible. Suppose (A, i) is in Sp, (U, Z2 ) so that |\| = || = 1. We know that (), y)
must be in the approximate point spectrum of U and hence there exists a sequence

(zx) of norm one elements in X such that
[U(n,m)zk — A"u™ag|| — 0
as k — 0 for all n,m € Z. In particular
N T"zr — ANlzi]| — 0

for each n and hence A € E; similarly, p € E. Furthermore, since U(1,0) = U(0,1) =
T,

A=ul = (A= p)zil
< ||U@,0)xk — Azi|| + ||U(0, 1)z — pay|

— 0
as k — oo. We must conclude that A = y and
Sp.(U,Z3) = {(\,A\) : A € E}.

If we choose a T' which is non-invertible, then by example 4.1.3, F = éD. So in this
case Sp,(U,Z%) = {(A,A) : |A| = 1}, which is not the whole of éD? even though U is
non-invertible.

This final example is a companion to example 4.1.5.
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Example 4.1.6 Let T be an invertible isometry with o(T) = 6D and define
Un,m)=1T""" n,mé€Z,.
The unitary spectrum of U is given by

Sp (U, Z3) = {(\X): |\| =1} := E.

The proof is similar to that of example 4.1.5. This time U is invertible and while
this does not, of course, constitute a proof that E is a set of automatic invertibility
for Z?{_, we will see by corollary 4.3.5 that this is in fact the case.

Topologically, the sets in examples 4.1.5 and 4.1.6 are identical even though one
1s a set of automatic invertibility and the other is not. The difference is an analytic

one.

4.2 An Analytic Characterisation of Invertibility

For EF C T closed, Jg is defined as in section 1.4. Let

Xg = LY(S) + Je/JE,

Tg be the right-shift semigroup representation on Xg, and let || - ||z denote the norm
of LY(G)/JE. (In 1.4 these are called X;,, Ty, and || - |7, respectively; the reason
for the change is merely to simplify notation.) By theorem 1.4.3, Sp.(Tk,S) = E, so
Sp(Tg,S) = S-hull E by corollary 3.2.6.

Lemma 4.2.1 I[f T is a representation of S by isometries with unitary spectrum E

on some Banach space X, then for any f in L*(S)

LA <1+ JEls:
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Proof: Let f be in L'(S) and ¢ be in Jg. If U is the group dilation of T as given by
theorem 2.1.1, then Sp(U,G) = E. By the theory of isometric group representations
[31, section 8.1], if g € Jg, then g(U) = 0. It follows that

I/ (D) = Sup 1/(T)e])
= ”ilﬁglllf(U)MH
< AON = 1£U) = g
< Nf =gl

Taking the infimum over all ¢ in Jg gives the required inequality.

While this lemma looks rather straightforward, it in fact forms a basis for many of
the results which follow. It is not true for bounded representations in general — con-
sider for example any Co-semigroup T satisfying ||T(¢)|| < e* for all t. The first use
of the lemma is the following theorem which is the principal analytic characterisation

of the sets we seek.

Theorem 4.2.2 The following three conditions are equivalent:

1. Tg is invertible;

2. (LY(S) + Jg) = L'(G);

3. Every representation of S by isometries on a Banach space with unitary spec-

trum E is invertible.

Proof: Suppose 1 is true. Let f be in L!(G) and € > 0. By lemma 1.1.6 there exists

an s € S satisfying
3

/| WNOEES:

if g denotes the function f - 1s_s, this may be written as ||g — f|li < 5. Because

gs € L1(S), there exists by assumption an A in L'(S) such that
3

|Te(s)(h+ Je) — (95 + JE)|E < 5

70



and hence there is a k in Jg satisfying

E

I+ k= glly = e+ ke = gl < 5

It now follows trivially that ||f — (A + k)||; < € and thus f € (L}(S) + Jg).

Suppose 2 is true and let T be any representation of S by isometries with unitary
spectrum E on some Banach space X . Choose sp in the interior of S and suppose
s € 5,z € X with ||z|| = 1, and ¢ > 0. By strong continuity of T, there exists a
neighbourhood V of sq, contained in S, with the property

IT()z ~ T(so)ell < 5

holding for all ¢ in V. Without loss of generality assume that |V| < occ.
Setting f = |T1/'|1V we then have

1

/V T(t)x — T'(sp)x dt

I/(T)e = T(so)z|| =

1
V]
3

<§.

Regard f as an L'(G) function and consider f(-+s+s9). By assumption, there exists
a gin L'(S) with
€

lg(:) = f(- + s+ s0) + Jells < 5

~
—~

»
~—
A

I
B8

I

T (s + s0)§(T)x — T'(s0)z]|
< |T(s + 50)§(T)z — f(D)z|| + || f(T)x — T(s0)z|

< Nerso(T) = FD)] + 5.

By lemma 4.2.1 therefore,

€

1 T(s)y —z|| < |lg(- —s—s0) = f(:) + JE|lE + 5

< E&.
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Since T'(s) is an isometry it follows that T'(s)[X] is closed and so the above shows
z to be in T'(s)[X]; hence T'(s)[X] = X and T'(s) is invertible.

The final equivalence, 3 implies 1, is trivial given theorem 1.4.1.

The characterisation given by theorem 4.2.2, while interesting theoretically, is not
very easy to use on a practical level. After all, the set of functions whose Fourier
transforms annihilate a given set E is difficult sometimes to find, and then there is
the rather tricky problem of spectral synthesis to handle. The next three sections
continue the investigation into sets of automatic invertibility in the hope of finding
other, more practical characterisations. The first of these continues the analytic

approach and deals especially with norm-continuous representations.

4.3 S-Convexity and Invertibility

Theorem 4.3.1 Let E be a closed subset of I (or equivalently of St). Fach of the

following statements implies those that follow it.
1. LMS) + Jg is dense in LY(G);
2. LV(S) + Ig is dense in LN(G), where Iz = {f € LY(G) : f|g = 0};
3. {flg : f € LY(S)} is dense in Co(E);
4. E is S-convez.
Proof: 1 = 2. This is trivial since Jg C Ig.

2 = 3. We know from the Stone-Weierstrass approximation theorem that the
set of f for f in LY(G) is a dense subset of Co(T). Soif € > 0 and h € Cy(E), then

{™

there exists f € L'(G) such that sup, g |f()() — h(x)| < §. By assumption there

exists a ¢ € L1(S) and a k € Ig satisfying ||g + k — f|l1 < § and it is then trivial to

show that sup, . |9(x) — A(x)| < e



3 = 4. This is really a special case of a standard result from Banach algebra
theory [47, p. 55]. Suppose y € S-hull E; then by definition, the map from {f|g :
f e LY(S)} to C via f|g — f(x) is continuous. Since the domain of this map is dense
in Co(E), it may be uniquely extended to a multiplicative functional on Co(E). This

must correspond to one of the characters of Co(E); in other words x € E.

In fact it is possible to skip very quickly from 1 to 4 by noting that the Gelfand
spectrum of (L1(S) + Jg)/Jg is the S-hull of E while that of L'(G)/Jg is simply

E. Since these algebras are identical it must be the case that E is S-convex. In the

following lemma S° denotes the interior of S, Az is the closure in B(X) of {f(T) :
f e L'(S)}, and Ay is Ar augmented by the identity.

Lemma 4.3.2 If T is norm-continuous, then for each s in the closure of S°, the

interior of S, the following holds:

o(T(s)) € {x(s):x € Sp(T,S)}U{0}.

Proof: For each s € S° and € > 0 there exists a neighbourhood V of S such
that V| < oo and ||T(s) = T(v)| < ¢ for all v € V. So if f = 1/|V|1y, then
|1 /(T) — T(s0)|| < € and hence T(s) € Ar for all s € S°.
The Gelfand spectrum of Ag is Sp(T,S) U {¢s}, where the characters are given
by
¢x : §(T) = 3(x),

for y in the spectrum of T. (See lemma 1.3.2. For f defined as above, it follows that
|65 (F(T)) = x(s)] = 1 () = x(s) < e.
Choosing a sequence of such f(T) approaching T'(s) it is clear that
0 1,.(T(s)) = {x(s) : x € Sp(T, §)} U {0}.
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The lemma now follows for s € S° since clearly o(T(s)) = og(x)(T(s)) C 04, (T(s))-
When s € SN S T(s) may be approximated in norm by elements of the form

T'(so) where sg € S°. The general result then follows from the above.

Theorem 4.3.3 Let E be a closed subset of . If E is compact and S-convez, then
L'(S) + Jg is dense in L'(G).

Proof: Let s be in the interior of S° and let T be any representation by isometries
with unitary spectrum E. Since E is S-convex it is immediate that |x(s)| = 1 for all
x € Sp(T, S). By theorem 3.4.10 T is norm-continuous, so lemma 4.3.2 implies that
a(T(s)) € {X:|A\] =1} U{0}. But this is only possible when T'(s) is invertible. For
any t € S, whether or not in the interior, s + ¢t € S° and hence T'(s + t) is invertible
by the above; it follows trivially that T'(¢) is also invertible. Theorem 4.2.2 now gives
the result.

The exact converse of this theorem is untrue. To see this consider § = R,
and F # ‘R which, as mentioned in example 4.1.4 above, does imply automatic

invertibility.

Corollary 4.3.4 Let FE be a compact subset of I'. The following statements are

equivalent.

1. Every representation of S by isometries on a Banach space with unitary spec-

trum E is invertible.
2. L\(S) + Jg is dense in L}(G);
3. LY(S) + Ig is dense in LY(G);
4. {flg : f € LY(S)} is dense in C(E);

5. E is S-conver.
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Note that this result covers all the norm-continuous cases by theorem 3.4.10.

Corollary 4.3.5 Let E be a closed subset of the unit polydisc (§D)*. The following

statements are equivalent.
1. IZ2) + Jg is dense in I'(Z");
2. INZn) + I is dense in [1(Z");
3. {flg: f € IN(Z)} is dense in C(E);

4. E s polynomially conver.

When S = Z7 it is also the case that a totally disconnected unitary spectrum
implies invertibility though this is by no means a trivial result (except when n = 1).
The work of H. Alexander and G. Stolzenburg has involved establishing topological
conditions which imply polynomial convexity and from [41] and [1] the following

corollary may be obtained.

Corollary 4.3.6 Let T' be a representation of Z7; by isometries on a Banach space.
If Sp (T, S) is contained in a Jordan arc, or if it is totally disconnected, then T is

invertible.

4.4 Countable Unitary Spectra and Invertibility

Proposition 4.4.1 Let T be a representation of S by isometries and let M denote
the intersection NyesT(s)[X]. T induces a (unique) representation by isometries U
on the quotient space X/ M with the property that the unitary spectrum of U contains
no (relatively) isolated point.

Proof: First it should be noted that M is trivially a T-invariant vector subspace of

X. Moreover each T(s)[X] is closed since T(s) is an isometry, and therefore M is
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also closed. If £ € M and s € S, then T(s)y = z for some y € X; we will show
that y is also in M. For any t € S, there exists by assumption a z € X such that
T(s+t)z = z; 50 T(s)(T(t)z — y) = 0. But T(s) is an isometry, so T(t)z = y; in
particular, y € M. It may now be seen that T |m is an invertible isometry, although

of course M could be trivial.

For s € S define U(s) : X/M — X/M by
Us):e+Me—T(s)z+ M (z € X).

Since each T'(s)|as is invertible, U is a representation by isometries.

Suppose for contradiction that x is isolated in Sp,(U, S). By theorem 3.4.5 ¥ must
be an eigenvalue of U, so there exists z € X \ M such that z + M is an associated
eigenvector. Define N to be the (necessarily closed) subspace spanned by M and z.
For any s € S we know that U(s)(z+ M) = x(s)(x+ M), so there must existay € M
such that T'(s)z = x(s)z + y. In turn there must exist a = € M satisfying y = T(s)z

and we may rearrange the above to obtain"

z =T (s)(x(—s)(z — 2));

in particular z is in T'(s)[X]. This is true for all s, so we are forced to conclude that

x € M, contradicting the first assumptions on .

Before the next theorem recall the following standard fact.

Lemma 4.4.2 If E is a closed, countable subset of a locally compact Hausdorff space,
then the set of isolated points of E is dense in E. In particular if E is non-empty,

then it must have isolated points.

Proof: F is a locally compact Hausdorfl space in its own right. For each point z in
E let V. = E\ {z}; V, is an open subset which is dense in E if z is not isolated. The
intersection of all of the V, for non-isolated z is dense in £ by Baire’s Theorem; but

this is precisely the set of isolated points.
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Theorem 4.4.3 Let T be a representation of S by isometries. If the unitary spectrum

of T is countable, then T is invertible.

I have several different proofs of this theorem. The first one presented here is
the most elegant and is also in keeping with other methods used in the chapter. The
second (which in fact predates the first) is longer, but is in some ways more elementary
and is interesting enough to be included as well. A third proof follows almost directly

from a result due to Loomis [25] and from theorem 4.2.2, but the details are not given

here.

Proof of Theorem 4.4.3 (a): Let U be the induced representation on X/M as given
by proposition 4.4.1. For any f € L'(S) and z € X, f(U)(z + M) = f(T)z + M, so

IF(U) (@ + M) = I f(T)e + M|| < | /(D] 1]l

Taking the infimum over all z + m for m € M shows that || f(U)|| < ||f(T)| and
hence Sp(U,S) C Sp(T, S).

If Sp, (U, S) is non-empty, then it must be countable and have an isolated point by
lemma 4.4.2. But this contradicts proposition 4.4.1, so we are forced to conclude that
Sp.(U,S) is empty. By theorem 3.1.1, this is impossible unless X/M is the trivial

space {0}; in other words X = M and T is an invertible representation.

Corollary 4.4.4 If E C T is closed and countable, then L'(S)+Jg is dense in L}(G)
and the set of (restricted) Fourier transforms of L'(S) functions is dense in Co(E).

Proof: This follows from theorems 4.4.3, 4.2.2, and 4.3.1.

The second proof of theorem 4.4.3 requires a number of preliminary results. These
are related to the work in chapter two and show the close link that exists between
isometric semigroup representations and group representations even when the semi-
group is not invertible. The following proposition is so elementary that I have not

included the proof.
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Proposition 4.4.5 Let T be a bounded representation of S. If g(-) is a trajectory
for T*, then for any f € L(S), h(-) defined by

h(s) : 2 = g(s)(f(T)z)

is also a trajectory for T*. Moreover h is uniformly norm-continuous in the sense

that for any € > 0 there erists an open neighbourhood of 0, V C G, such that
IA(s) — h(t)]| <€

whenever s —t € V.

For brevity, here and subsequently uniform norm-continuity of a trajectory will

simply be referred to as uniform continuity.

Proposition 4.4.6 Let T be a bounded representation of S. If g(-) is a trajectory for
T*, &> 0, and if = is such that g(0)z = 1, then there exists a uniformly conlinuous
trajectory h(-) for T* satisfying |h(0)z — 1| < e. Furthermore, if g(s) = 0 for some
s € S, then there exists at € S such that h(t) = 0.

This is similar to lemma 2.4.5 with 7 instead of 7., and the proof is almost

identical. The only real difference is the last statement, but this is straightforward.

Corollary 4.4.7 If T is a bounded representation of S, then T* has a non-zero tra-

jectory if and only if T* has a non-zero, uniformly continuous trajectory.

The advantage of considering uniformly continuous trajectories is that the set of
all such forms a closed subspace of Cr, the space of all trajectories for T* (see section
2.2), on which the group of shifts g(-) — g(- +t) is strongly continuous. On the whole
of Cr this may not be the case. The following proposition sums up the important

properties.
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Proposition 4.4.8 Let T be a bounded representation of S and let Z denote the

space of all uniformly continuous trajectories equipped with the norm

l9(-}lleo = sup ||g(2)]]
teG

and with pointwise addition and scalar multiplication. For each t € G, let U(t) :
Z — Z be the isometry U(t) : g(-) — g(- +t). Z is a Banach space and U is

a group representation on Z which satisfies Sp(U,G) C Sp,(T,S). Furthermore
Po(U) = Pa,(T*).

Proof: We know from lemma 2.2.4 that Cr is a Banach space and Z is clearly a
subspace. Also, since the uniform limit of uniformly continuous functions is con-
tinuous, Z must be closed. The definition of uniformly continuous with respect to

trajectories implies immediately that U is strongly continuous and is hence a group

representation.

If fe LY(S),h(-Ye Z,t € G, and z € X, then

DIGE:

I

/Sf(s)U(s)h(t)a:ds
= /gf(s)h(s—i—t)a:ds
= [ RO ()T (s)) ds
= h(t)(f(T)e).
It follows that ||f(U)| < | /(T)|| and hence Sp(U,S) C Sp(T,S). Lemma 1.3.7

completes the proof of the first part.
If ¢(-) is such that U(¢)¢(-) = x(t)¢(:) for all t € G, then in particular

T(t)"$(0) = 6(t) = x()6(0) (€ 5).

So if ¢(-) # 0, then ¢(0) # 0 and hence x is also an eigenvalue for 7. On the other
hand, if ¢ # 0 is such that T(t)*y = x(t)® for all t € S and some x € T, then
¢(-) = x(-)% is an eigenvector for U.
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We are now ready for the second proof of theorem 4.4.3.

Proof of Theorem 4.4.3 (b): Let T be a representation of S by isometries with
countable unitary spectrum. Suppose for contradiction that 7" is not invertible; then
there must exist s € S with T(s) not invertible. Since T'(s) is an isometry this
must mean that 7'(s) is not surjective and so there will exist a g € X* such that
T(s)*g = 0 but g(z) = 1 for some z. By theorem 2.2.2 there exists a trajectory for T
through ¢, and by proposition 4.4.6 we deduce the existence of a non-zero, uniformly
continuous trajectory h satisfying h(t) = 0 for some t € G. Let Y° be the set of all
such trajectories.

If hy,hy € YO, then there exist t1,t, € G such that hy(t1) = ha(t2) = 0. For any
A€ C,

(hy + Aho)(ty + t2) = T(t2)*he(t1) + AT(t1)"ha(t2) = 0;

thus Y° is a linear subspace of Z (as defined in proposition 4.4.8). Let Y denote the
closure of Y% in Z. If h € Y°, then it is trivial to show that U(¢)h is also in Y?°
and it follows that Y is also U-invariant. Since Y is a subspace of Z, Sp(Uly,G) C
Sp(U,G) C Sp,(T,S) which is countable. By theorem 3.1.1 Sp,(T, S) is non-empty
(since Y is non-trivial) and so by lemma 4.4.2 it contains an isolated point. By the
standard theory of group representations any isolated point must be an eigenvalue.
(Note that this follows from theorem 3.4.5 but that the group version is easier to
prove.) So there must exist a x € I' and an h(-) € Y with A(-) # 0 such that
U(t)h(-) = x(¢)h(-) for all t € G. I claim that this is a contradiction.

For any ¢ € Y there exists k € Y? such that ||g — k|lec < ||g|le/2. By the
definition of Y there exists t € G with k(t) = 0, so it follows that g < llglleo/2-
The contradiction comes from the fact that if h is as above, then h(s) = x(s)h(0) for
all s € G; in particular ||h(t)|| = ||2||oo-
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4.5 The case S =R/

Lemma 4.5.1 Let T be a representation of R by isometries. If Sp, (T, S) is com-

pact, then T is invertible. In particular, any compact subset of :R™ is R} -convez.

Proof: T is norm-continuous by theorem 3.4.10, so lemma 4.3.2 implies that for each

s€ RZ,
a(T(s)) € {x(s) : x € Sp(T,RE)} U {0}.

Also by theorem 3.5.3, the whole spectrum must be compact, so it follows that for
any s € R7 the set {x(s): x € Sp(T,R%})} is not the whole of D; in fact it does not
contain some open neighbourhood of 0. Since T'(s) is an isometry, either its spectrum
is contained in 6D or else it is the whole of D. Since the latter is not true, we deduce

that each T'(s) must be invertible.

The method of proof used will generalise slightly to other semigroups: for if S
is any semigroup with the property that for all x € S*, x(s) is never zero, then the

same result holds. This is also true for propositions 4.5.2 and 4.5.3 below.

Proposition 4.5.2 Let T be a representation of RY} by isometries and let M denote
the intersection NseRn T(s)[X]. T induces a (unique) representation by isometries U
on the quotient space X/M which has the property that the spectrum of U has no

non-empty, open, compact subsets.

The proof of this is almost identical to that of proposition 4.4.1, with the role of
theorem 3.4.5 being taken by lemma 4.5.1

Proposition 4.5.3 If T is a representation of R} by isometries, and if Sp(T,R7%)

is the union of its open, compact sets, then T is invertible.
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Proof: In the same manner as in the first proof of theorem 4.4.3, Sp(U,R%) C

Sp(T,R%). This is then the union of open, compact subsets which will contradict
proposition 4.5.2 unless M = X and T is invertible.

As 1t stands this result is not really in the spirit of the rest of this chapter because
the condition is placed on the whole of the spectrum rather than on the unitary part
alone. That such a spectrum must in fact be entirely unitary follows from 3.2.6, 4.2.2,
and 4.3.1, but that only helps after the event. The rest of this section is dedicated to

fitting proposition 4.5.3 in with the other results of the chapter; this will culminate

in theorem 4.5.8.

Define m, : C* — C", where C = C U {0}, by

My, 2 1 =1,...,n.

In particular m;(1) = oo, m;(c0) = 1, and m,, is a self-inverting transform for any n.

Proposition 4.5.4 For E a closed subset of iR™, the RY -convex hull of E is given
by
RY-hull E = {z € C* : my(z) € Z7 -hull (m,(F))}.

Proof: Assume first that z € C” is such that m,(z) € Z%-hull (m,(EF)); we will
show that z is in the R7}-hull of E. For any f € L'(R}) define g : D™+ C by

| fima(w)) fw;#£1 (G =1,2,...,n)
g(w) =

0 otherwise
The transform m,, is analytic in the interior of D™ and f is analytic on C™ \iR™; so g
must also be analytic in the interior of D™. On (§D)", excluding those points where
one of the co-ordinates is zefo, it is easy to show that g i1s continuous. For the rest
of (6D)*, if wy = 1 (for example), and z; — wi, then m;(2x) — oo. Consequently

g(z1) — 0 by the Riemann-Lebesgue Lemma. Summing up, ¢ is analytic on the
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interior and continuous on the whole of D™. Any such function may be approximated

uniformly by polynomials on D™, Given ¢ > 0, let p be a polynomial such that
lg(2z) — p(z)| < € for all z € D™. Then

£ ()]

I

l9(ma(2))]
p(ma(2))] + €

IA

IA

sup_|p(v)|+¢
v€mn(E)

sup |p(mn(z))| + €
z€F

sup |g(ma(z))| + 2¢
z€FE

= sup |f(a)] + 2.
z€lE

Letting ¢ — 0 it follows that z € R7%-hull E and we have proved one inclusion. The

IA

second inclusion is more tricky.

Suppose z € R%}-hull £: so 1F(z)| < SUP,cE |f(z)] for all f € L'(R?). We want
to show that m,(z) € Z7%-hull m, which is to say that we want |[p(m,(z))] <
sup,ep |[P(ma(z))| for all polynomials p. The obvious approach would be to try to
show that p o m, could be approximated uniformly by Fourier transforms of L'(R7%)
functions for all polynomials p since the result would then be immediate. Unfortu-
nately this is not the case. (Consider for example the polynomial that is constantly
1: then pomy,(z) = 1 which cannot be approximated uniformly by transforms by the
Riemann-Lebesgue lemma.)

Let g be the polynomial ¢(z) = (21 —1)(22—1)...(2, — 1), and define A to be the
closure of {f : f € L'(R%)} in the topology of uniform convergence on C*. What
we will prove 1s that
(1) For any polynomial p the function g(m.(-))p(ma(-)) € A, and
(2) that this is sufficient to imply the result.

(1) For r = 0,1,...,n define
£ =span{g(z)(1 = Az1)" ... (1= Az) he I <1,
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where the closure is taken in the topology of uniform convergence on D”. For A in the

interior of D™, each yu; = my(\;) for ¢ = 1,2,...n satisfies Re u; < 0. The function
f: R} — C defined by

f(tl, t2, NN ,tn) = exp(ﬂltl +...+ ,uutn)

is therefore in L'(R7 ). Furthermore

1

fma(2)) = (=5)"a(MN)g(2)(1 = Xz) ™ (1= Anza) T

SO fomn € &£,. The point is that if g € &,, then it may be approximated uniformly on
D" by Fourier-Laplace transforms of linear combinations of such f. In other words

if g € &, then gom, € A. We must therefore prove that ¢(z)p(z) € &, for all

polynomials p.

Inductive Hypothesis (I) Suppose 1 < r < n, 1 < k < oo, and that p is any
polynomial depending only on the variables z1,z2,...,2,-1. If q¢(z)p(z) € & _1 and
q(2)p(2)z* € &, for 0 < i < k, then q(z)p(z)z* € &,.

Proof: If ¢ € &_;, then it may be approximated by functions of the form k;(z) =
g(z2)(1 = Mz1)" ... (1 — Ao1z—1)7h So it is easy to see that for any |a| < 1,
g(z)(1 — az,)! is approximated by the functions ki(z)(1 — az,)~'. In particular,
since ¢q(2)p(z) € €, by assumption, it follows that ¢(z)p(z)(1 — az,)7t € &. Also
by assumption, q(2)p(z)z,* € & for 0 <i < k, and thus

S g()p(e)ai* o = atg(2)p(z) (1 — az) ™ — Thda's) € &,

1=k
whenever 0 < |a] < 1. As a — 0 this function converges uniformly on D" to

q(2)p(2)z.*, which therefore belongs to &, as required.

We use the inductive hypothesis as follows: by definition, ¢(2) € &, so use of
(I) tells us that g(2)z;* € & for any integer k. Hence any polynomial p in one

variable q(2)p(z;) € &1. Using this as a base case one may use (I) again to show that
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q(2)p(z1)z2* € &; for any k and deduce that ¢q(z)p(z) € &, for any polynomial in two
variables. Repeating this as often as necessary we have the required objective: for

any polynomial p, the function ¢(-)p(-) € &,.

(2) By straightforward approximation arguments it can be seen that for any h € A

and z € R}-hull E, [h(2)| < sup, ¢y |h(z)|. From part (1) we can now say that

|4(ma(2))p(mn(z))]

IN

sup |g(w)p(w)]
w€mn(E)

< 2" sup |p(w)]
we€mn(F)

for all polynomials p. Replacing p(w) by p(w)* and taking k-th roots, it follows that
(o) < (ot ) L)
p(mp(2)) < | ——— sup |plw)|.
|q(mn(z))} wemn(E)

Letting k tend to infinity we deduce that |p(mn(z))| < sup,epm, g IP(w)], and hence

m,(z) € Z7-hull (m,(E)).

At first sight this proposition may appear to say that £ is R’ -convex if and only
if m,(E) is polynomially convex. But this is not the case, for while it does say that E
is R% -convex whenever m is polynomially convex, it does not imply the reverse.
If w € Z7%-hull m,(E) is such that w; = 1 for some ¢, then it can never be of the form
my,(z) for some z in C”. In particular it may be possible that some point is in the

hull of m,(E), not be in m,(E) itself, and yet E could be still be R} -convex.

Example 4.5.5 There ezists an R2 -conver set E C ‘R? such that my(E) is not

polynomially convez.
Define E C iR? by
E={i(n,q.) :n 2 q},

where ¢, is an enumeration of the rationals. F is countable and hence R -convex by

lemma 3.4.1. But

my(E) = ma(E)U{(1,2) : []A] =1}
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this is not polynomially convex since its hull contains (z,\) for all |z| < 1, |A| = 1.
The following proposition is due to H. Alexander (private communication).

Proposition 4.5.6 Forn =1,2,... define
Zn={2€D":z; =1 for some 1 < j<n}.

If E is a compact set such that Z, C E C Z, USD" and E \ Z, is the union of

tts compact, relatively open subsets, then E is polynomially convex.

Proof: The proof is by induction on n.
Case n = 1: Z; = {1}, so if E\ Z; contains a relatively open, compact subset,
then in particular F cannot be the whole of §D and hence F is polynomially convex.
Suppose now that the result holds for n — 1 dimensions and that E is as in the

statement. We wish to show that if ( = ((1,{2,...,(n) € Z%-hull E, then ¢ € E.

There are three cases.

Case 1: (; =1 for some j. This is simple since ( € Z, C E.

Case 2: [(1] =1, (1 #1. Let By = {w € C*' : ((1,w) € E}. Since {z € Z7%-hull
E :zy = (1} is a peak set in Z%7'-hull £ we have ((z,...,(,) € Z7%-hull Ey. However,
Zn1 C EyC Z,1USD™ ! and Eg\ Z,—; is the union of its compact, relatively open
subsets, so the inductive hypothesis implies that Z77'-hull E; = E,. By definition
this means ( € F.

Case 3: |(1| < 1,¢; #1(J = 2,3,...,n). It will be shown that this case contradicts
the assumption that ¢ € Z%-hull E.

Let g be the polynomial

g(z) =(z1—1)(22 = 1)... (2, — 1),

so that g(z) = 0if z € Z, and ¢({) # 0. If F is defined to be the set {z € E : |¢(z)] >
L1g(¢)|}, then F is a compact subset of E\ Z,. Now since E'\ Z, is the union of its

compact, relatively open subsets, we can choose a compact, relatively open subset E,
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of E\ Z, such that FF C E;. Setting E; = E \ E; we note that E, is also compact

and open in E. Moreover since |¢(z)| < 1|g(¢)| for all 2 € E,, we have in particular

( ¢ Z%-hull E,.
Let V; and V; be disjoint , open subsets of C™ such that
E,CViC{zeCliz1=re®,r>0,0<0<2r} and E,CV,.

Now, using cases 1 and 2 above,

(N {z€Z:-hullE:r<|z|<1} = {z€ Z%-hull £ : |z| =1}
0<r<1
= {2 €E:|zn|=1} CVLU,.
The set (6D)" \ (V; U V;) is compact and we may thus choose an r > 0 such that

{z€eZi-hull E:r <|z| <1} C ViU VL.

Let
Q={z€Z}-hul E:r <|z| <1} NV

Q is compact and relatively open in {z € Z%-hull £ : r < |z]| < 1}.

The argument is now completed by means of techniques originating in the work
of Stolzenburg [41]. Since z + log z is holomorphic in the neighbourhood V; of Q, it
follows from the Local Maximum Modulus Principle [41, (1.6)] that

dc{logz1:z€ @} C{logz : z € (6Z1—hull @)U (QNE)}.

Now we may deduce from the relations

6Z'+'—hull @=12€Q:|z|=1o0rr}

and

QNECE C{z:|zn|=1}

that
bc{logz;:z2€Q} C{we C:Rew=0or logr}.
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Since log z; takes its values in a horizontal strip it follows that

{logz1:2€ Q} C{weC:Rew=0o0r logr},
and hence
QC{zeD": o] = 1 or logr}.
Thus the compact set {z € Q : |z] = 1} is relatively open in Z7%-hull E, and since
E\{z € Q:|z1] = 1} = E,, the Silov idempotent theorem tells us that

Z7-hull E = {z € Q:|z|=1}UZ}-hull E,.

But ¢ ¢ Z7-hull £, and |{1] < 1, so this is a contradiction.

Corollary 4.5.7 Let E be a closed subset of iR™. If E is the union of its compact,
relatively open subsets, then R} -hull E = E.

Proof: If m, is as in proposition 4.5.4, then m,(FE) is also the union of its compact,
relatively open subsets and m,(F) is contained in m,(F)U Z,. The set Z, Um,(E)
satisfies the conditions required by proposition 4.5.6 and must therefore be polyno-

mially convex. The result follows from 4.5.4.

We are now prepared to state an improved version of proposition 4.5.3.

Theorem 4.5.8 Let T' be a representation of R% by isometries on a Banach space.

If Sp, (T, R™) is the union of its compact, relatively open subsets, then T is invertible.

Proof: By corollary 4.5.7 Sp,(T,S) is R’ -convex and corollary 3.2.6 together with
proposition 4.5.3 then give the result.

This theorem clearly covers the case when the unitary spectrum is totally dis-
connected and S = R?. In fact the condition that E is the union of its relatively
open, compact subsets is equivalent to saying that the connected components of E

are bounded. (I am grateful to Robin Knight for showing me a proof of this.)
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4.6 Dual Invertibility Theorems

We will now ask whether a similar set of theorems hold for dual representations.
Specifically, which closed subsets E of I' have the property that any dual represen-

tation by isometries with unitary spectrum E are necessarily invertible? The answer

turns out to be exactly the same as for the strongly continuous cases.

Theorem 4.6.1 Let F be a closed subset of T'. The following are equivalent.

1. (LY(S) + Jg) = LYG);

2. Every dual representation of S by isometries with unitary spectrum E is invert-

ible.

Proof: Suppose 1 is true and that T has unitary spectrum E. Assume for simplcity
that 0 is the the closure of S% the proof is similar for the more general case. By
lemma 1.3.4 we know that X has a weak*-dense subspace Y on which T is strongly
continuous, and moreover the unitary spectrum of this reduced representation is con-
tained in F by lemma 1.3.5. Theorem 4.2.2 implies that this reduced representation
is invertible.

For any r € X,,

lz]l = sup y(z)l= ~ sup  |T(sy(z)|= sup |y(T(s))z|.
llwll<1, yeY IT(-5)ylI<1,v€Y llvll<1,veY

In other words T, is itself isometric, and must therefore also be invertible.

In the other direction we have already shown in theorem 1.5.2 that if 1 fails to be
true then there exists a non-invertible dual representation by isometries with unitary

spectrum E.
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Notes

The literature on the work in this chapter is to my knowledge very small. Indeed I
know of no-one else who has considered the questions found here other than in the
one-parameter cases. The R case, covered by example 4.1.4, was proved in [26] as
part of an asymptotic stability theorem. (See also theorem 5.3.1 of this thesis.) When
this stability theorem was generalised to cover other semigroups in [10], the question
of invertibility for general S and countable unitary spectrum arose, but was avoided.
My own work in this area began when I tried to answer this question and obtained
theorem 4.4.3. Example 4.5.5 is due to C. J. K. Batty as is the idea of using the
transformations m, in proposition 4.5.4. l

The problem of characterising polynomially convex subsets of C™ is very difficult
and has been a subject of many years research. See [42, pp. 368-402] for a glimpse
into this area. The case when E C D" is thankfully easier than for more general E,
but even here there are still difficulties and I am very grateful to Professor Alexander
for showing me a proof of proposition 4.5.6. Further analysis of the unit polydiscs,
D", may be found in [38].

Another very difficult area touched on in this chapter is that of characterising the
semisimple Banach algebras Co(X) where X is a locally compact or even compact
Hausdorff space. This is perhaps the most important question tackled in Stout [42].
It arises when asking whether statement 4 of theorem 4.3.1 implies any of the others,
particularly 3. We know by corollary 4.3.4 that the answer is yes when £ C I’ is
compact, but it seems a hard question for non-compact E. Specifically, if E is S-
convex, then the closed subalgebra of Cy(E) spanned by {flg : f € LY(S)} has the
same Gelfand spectrum as Co(E). Does it follow that it equals Co(F)? It is not true
in general that a uniformly closed function algebra on X with spectrum X must be
C(X) and pathological exaxﬁples exist which contradict many hypothesis that have
been made. So if 4 = 3 is true for theorem 4.3.1, then it will be by the good graces

of the L! spaces and not of function algebras.
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Chapter 5

Applications to Asymptotic
Stability

5.1 Introduction

Let S be a subsemigroup of a locally compact, abelian group G and assume that S
satisfies conditions (S1)-(S4) of chapter one. An ordering of S may be defined as
follows: for s,t € S

t<s if and only if s—te Su{0}.

The statement s — oo will always mean convergence through this ordering. So
Sq — 00 as a — oo means that for all t € S there exists 8 such that s, — ¢t € S for

all a > B.

Definition 5.1.1 A bounded representation T of S is said to be asymptotically stable
if for all x in X,
lim [|[T'(s)z|| = 0.

The final chapter of this thesis will apply ideas developed in the previous chapters
to problems of asymptotic stability. It will be divided into three main sections, loosely

corresponding to the methods and results of chapters 2, 3, and 4 respectively.
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5.2 Asymptotic Stability and Trajectories

This section is the most abstract of the three and makes no demands on the spectrum

of a representation. The notion of trajectory was defined in 2.2.1.

Theorem 5.2.1 Let T be a bounded representation of S on X. T is asymptotically

stable if and only if T* has no non-zero trajectories.

Proof: We employ a construction due to Lyubich and Phéng which has since been

called the limit isometric semigroup. For any z in X let

[(z) = limsup ||T(s)z||,

$§—00

and let L = {z : [(z) = 0}. Denote by Y the Banach space obtained by completing
the vector space X/L with respect to the norm ||z + L|lo = I(z). The operators

T(s) : Y — Y induced by T form a representation of S. They are isometries by

construction.

There is a one-to-one correspondence between Y* and the subspace of X* consist-

ing of those g that satisfy
lg(z)| < Ml(z) forall z € X (5.1)

for some M < oo. This correspondence is given by g(z) = f(z + L) for z € X.
Suppose g satisfies 5.1 and let f be the associated member of Y*. By theorem
2.2.2, there is a trajectory for T* running through f; this trajectory corresponds to
a mapping G — X* given by the above mentioned correspondence which it is not
difficult to show is itself a trajectory for 7* running through g.
On the other hand, let g(-) be any trajectory for 7~. For all z € X and s € S,

9(0)c] = [T(s)g(~s)a
— |g(=5)T(s)al
< o)l T(s)zll
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and hence |g(0)z| < M limsup,_,  ||T(s)z|| = MI(z), where M = ||g(*)||cc. In par-
ticular, there is a trajectory through g € X* if and only if ¢ satisfies 5.1. The proof
is completed by mentioning that such non-zero g exist if and only if Y # {0}, which

in turn is true only when T is not asymptotically stable.

The first corollary to this theorem was part of its proof, but it is of sufficient

interest to deserve its own statement.

Corollary 5.2.2 If T is a bounded representation of S, then for each g in X* there
exists a trajectory for T* through g if and only if g satisfies

lg(z)| < M limsup ||T'(s)z]|

$—r 00

for all € X and some M.

Corollary 5.2.3 If T is a bounded representation of S, then for each z € X

limsup ||T(s)z]| #0

S—00

if and only if there exists a trajectory through some g € X* satisfying g(z) = 1.

Using proposition 4.4.6 and corollary 4.4.7, the above results can be sharpened as

follows.

Theorem 5.2.4 Let T be a bounded representation of S. For each x € X, T(s)z
fails to tend to zero if and only if there exists a uniformly norm-continuous trajectory
for T* through some g € X* such that g(z) = 1. In particular T is asymptotically

stable if and only if there exist no non-zero, uniformly norm-continuous trajectories

for T*.

When T is a representation by isometries theorem 2.2.2 assures us of a plentiful
supply of trajectories and is consistent with all the results above. So we will turn to

various non-isometric cases.

93



Example 5.2.5 Let X = L(S), where S is such that SN—S C {0}, and let T be the

semigroup representation consisting of left-shift operators on X. T is asymptotically

stable and has no non-zero trajectories.

For any non-zero ¢ in L*(S) there exists a set of positive Haar measure in S such
that ¢ # 0 anywhere on that set. By regularity of the measure, there exists a compact
subset K of S, also with non-zero measure, on which ¢ is nowhere zero. Applying
lemma 1.1.5 to the semigroup —S there exists s € S such that (K —so) NS = 0.
So for any ¢ € L*(S), T*(so)y will be zero on K and in particular cannot equal
¢. As a consequence no complete trajectory can pass through ¢. Similarly it can be

demonstrated that T is asymptotically stable.

Example 5.2.6 Suppose K is a compact subset of C_ and let K, denote K N:R.
Consider the multiplier Co-semigroup on X = C(K) given by
(T()/)(z) = “f(z) (s € Ry,z € K).
Corollaries 5.2.2 and 5.2.3 are verifiable in this case.
The dual of X is the space M(K) of complex, regular measures on K. For s € S,
T(s)*u is given by d(T(s)*u)(-) = e*du(-). It follows that there exists a (bounded)
trajectory through some u € M(K) if and only if suppp € K,. On the other hand,

for f € C(K), T(s)f will converge to zero exactly in those cases when f|x, = 0; in

fact I(f) = supyen, |f(A)]. It is now easy to verify the corollaries.

5.3 Countable Unitary Spectra and Asymptotic
Stability

When Sp,(T,S) is countable, the use of trajectories in the study of asymptotics may
be entirely replaced by the use of unitary eigenvectors. The rest of the chapter will

be devoted to studying this case and justifying the claim.
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The first example is the A-B-L-P theorem (named after its discoverers: W. Arendt,
C. J. K. Batty, I. Lyubich, and V. Q. Phéng), which is stated here in a way to show

its connection to theorem 5.2.1.

Theorem 5.3.1 If T is a bounded representation of S and if Sp.(T,S) is countable,
then T is asymptotically stable if and only if Po,(T*) = 0.

Proof: Let Z be the space of all uniformly norm-continuous trajectories of T™. If
T is not asymptotically stable, then Z # {0} by theorem 5.2.4. The spectrum of
U is non-empty (theorem 3.1.1) and hence it must contain an isolated point (lemma

4.4.2); this point must be an eigenvalue of U by theorem 3.4.5. All of the above steps

are reversible.

The trajectory space may be avoided by considering the limit isometric semigroup
T on Y; theorems 3.1.1 and 3.4.5 then imply the result in a similar manner. This is the
approach taken in [10], the difference lying in the proof of theorem 3.1.1. The choice
is really a matter of preference, but I feel the proof I have given is more elementary
since it avoids having to know that an isolated point in the unitary spectrum of T
is isolated in the whole spectrum (and hence avoids resort to Silov boundaries). The

following lemma will be used on several occasions.

Lemma 5.3.2 If E is closed and countable, then f € Jg for all f € L'(G) such that
fle =0.

Proof: This is a consequence of the general Tauberian theorem [35, theorem 7.2.4].

An improvement on the basic A-B-L-P theorem was given in [27] for the Co-
semigroup case. It was later proved by a very different method in [9, theorem 8|,
and was extended to the general case in [10]. It runs as follows: if Sp,(T,S) is
countable, T is bounded, and if Fo,(T) = 0, then X may be decomposed into the

direct sum of two closed, T-invariant subspaces L = {z € X : T(s)z — 0} and M,
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the closed subspace spanned by the unitary eigenvectors for T. (Eo,(T) is the set
of all x € Po,(T*) for which there exists an associated eigenvector f, but no z € X
satisfies both f(z) =1 and T'(s)z = x(s)z for all s. It is called the ergodic spectrum.)
The proof is very similar to the proof of the standard theorem.

Since the ergodic spectrum is contained in the unitary point spectrum of T*,
theorem 5.3.1 is an obvious corollary of this result. When X is a reflexive space, the
ergodic spectrum is always empty. For non reflexive spaces it can fail to be empty

even for norm-continuous group representation by isometries with countable spectrum

as the following example shows.

Example 5.3.3 Let E be a countable, closed subset of T' and let T = Ty, and X =
Xy, be as in chapter 1. The point spectrum of T is the set of all isolated points in
E, while the ergodic spectrum is the set of all limit points.

The eigenvectors for T* are precisely the scalar multiples of the L>°(G) functions
X € k.

If x € Poy(T), then there exists f € L}(G) \ Jg such that f; — x(¢)f € Jg for all
t € G. In particular, for all v € E,

A

1) f(7) = fi(v) = x(s) f (%),

so f(7) = 0 for all v € E \ {x}. By lemma 5.3.2 f(x) # 0, so continuity of f implies
that y is isolated in E. On the other hand, if x is an isolated point in £, then we can
find an f such that f(x) =1 but f is zero elsewhere on E. It follows that f + Jg is
an eigenvector for T' with eigenvalue x.

Any point in Po,(T*) is in Eo,(T*) unless there exists an f € L'(G) such that
fi—x(t) € Jg for all t € G and f(x) = 1. By the above this happens whenever  is
a limit point of £.
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5.4 Extending the A-B-L-P Theorem

As mentioned in [3], it is not possible to weaken either the countability or the bound-
edness assumptions of theorem 5.2.1 even in the Cy-semigroup case. The goal of
this section is to produce a version of the theorem with no restriction on the point
spectrum of T*. In all the results that follow we will assume that T is contractive
rather than simply bounded; the results may be reformulated for the bounded case,
but they are less clear. And since any bounded representation may be renormed to

become contractive, the complication seems unnecessary.

Lemma 5.4.1 Let T be a contractive representation of S on X with unitary spectrum

E. For any z € X and f € L(S5),

lim ([ 7(s)/(T)z]) < |1 + Jgll lim | T(s)all.

S— 00

In particular, lim,_o || T(s) f(T)|| < |If + JE]|-

Proof: Consider the limit isometric representation 7 on Y (as described in the proof
of theorem 5.2.1 above). The unitary spectrum of T is contained in E, so lemma 4.2.1
implies that || f(T)|| < ||f + Jg|| for any f in L(S). Since f(T)z+ L = f(T)(z + L),

the result follows from the definition of the norm on Y.

The most important part of the lemma, the last statement, may be proved by
another method. It is longer, but as it is interesting in its own right, I will briefly

describe it here. Define a seminorm on L!(.S) by setting

p(f) = lim | /(T)T(s)].

Factor out the null space and complete with respect to p to obtain a new Banach
space Z. The semigroup of right-shift operators induces an isometric representation
V on Z whose unitary spectrum is contained in E. After some easy technical work,

an application of lemma 4.2.1 to V yields the result.
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Corollary 5.4.2 Let T be a bounded representation of S. If f € LY(S) is of spectral
synthesis with respect to Sp,(T,S), then

lim || £(T)T(s)]] = 0.

Definition 5.4.3 A bounded representation T will be called trivially asymptoti-
cally stable (t.a.s.) if the only z € X satisfying lim,_., ||T(s)z|| = 0 is zero.

Lemma 5.4.4 If T is a t.a.s., contractive representation with unitary spectrum E,

then

1A < I+ TEN,

where Ji is the ideal in LY(S) given by JE = L(S) N JE.

Proof: By corollary 5.4.2, lim,. ||§(T)T(s)|| = 0 whenever g € J3, so in particular
|T(s)g(T)z|| — Ofor any z € X; but T is trivially asymptotically stable, so §(T)z = 0
for all z € X and hence g(T) = 0. The result now follows immediately because

1A < || £l for all fin LY(S).

By itself this lemma would probably not be of much interest; but it comes into
its own here because of the following lemma. In its Cy-semigroup form it is due to

Esterle, Strouse, and Zouakia, but in fact their method of proof generalises without

difficulty.

Lemma 5.4.5 If E is a countable, closed subset of T', then the map f+JE — f+Jg
of LY(S)/JE into LY(G)/JE is an isometric isomorphism.

Proof: Let sy € S° and let (f,) be a net of norm one elements in L'(S) such that

”g * fo —gsoul — 0

as a — oo for all g € LY(G). If f/(-) denotes f,(—-), then for any ¢ € L=(G),

b * folg) = ¥(faxg) — $(9s)
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for all ¢ € L1(G), so
11l = - || < liminf [|s * f7]I-

On the other hand, for each a, ||t * f.|| < ||9|| and it follows that

il = lim o+ 2

for all ¥ € L=(G).

Now suppose ¢ € J& and write ¢ = ¢, + ¢,, where d1le\s = ¢2|s = 0. For
g € LX(S), 2% fi(g) = ¢2(fa * g) = 0; hence

16+ F)lsl = 11661+ f)lsl < lign = 2

Each ¢ * f is bounded and uniformly continuous, so applying a result of Loomis [25],

we deduce that ¢ * f/ is almost periodic; in particular ||(¢ * f2)|s|| = ||¢ * f.||. From

the above,

16l = lim flg+ f1]l = lim [[(6 f)lsll < Tim 61+ 2] = 6]

a—00

But [|¢:| < ||¢]] trivially, so ||¢[| = [[¢]s]| for all ¢ € Jg.
The map f + JE — f + Jg is obviously injective, and since its dual is ¢ +— ¢|g

for ¢ € J£, the lemma now follows.

Corollary 5.4.6 If T is a t.a.s. contractive representation with countable unitary

spectrum E, then

1A < IIf + &l

for all f € L}(S).

Proposition 5.4.7 If T is a t.a.s., contractive representation of S with countable

unitary spectrum E, then there exists a continuous homomorphism

7 : LYG)/Jg — Ar
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such that for all s € S and f € L'(S),

m(fs + Jg) = T(s)n(f + Jg) = n(f + J&)T(s).

Proof: By lemma 5.4.5 it is sufficient to define the action of 7 only on L(S)/JE.
Let 7 : LY(S)/Jg — A7 by

m:f4+Jg e f(T).

By corollary 5.4.6 this map is well defined and bounded by one. The rest is easy

verification.

Proposition 5.4.8 If T' is a t.a.s., contractive representation of S with compact,

countable unitary spectrum E, then f(T) = I for any f € L*(S) such that f|g = 1.

Proof: Suppose f € L'(S) satisfies flg = 1. By lemma 5.3.2, f+ f — f € Jg
and hence f(T)2 = f(T) by corollary 5.4.6. Let M be the closed linear subspace
{z: f(T)z = 0}; M is T-invariant and f(T'|s) = 0.

Since M < X it is clear that Spu(T'|a,S) € Spu(T,S). On the other hand, if
X € Spu(T|nm,S), then by definition

FOO < AT ) = 0

hence Sp,(T|rp,S) = Spu(T|m,S) N E = 0. By theorem 5.3.1, T'|ps must be asymp-
totically stable, but T is t.a.s., so M = {0}. It now follows that f(T)z = z for all
z € X.

Theorem 5.4.9 If T' is a trivially asymptotically stable, contractive representation

with countable unitary spectrum, then for each s € S, T(s) is an invertible isometry.
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Proof: We will first deal with the case when E = S p.(T,S) is compact.
By [35, theorem 2.6.8] there exists a k € LY(G) such that I::IE =1 and ||k|]; < 1+e.

Lemma 5.4.5 implies that for some h € LY(S), h + Jg = k + Jg; so in particular
iLIE = 1. Let

Ut)=n(hi+Js) (teQ).

(Here 7 is as in proposition 5.4.7.) If ' € L!(G) also satisfies h'|z = 1, then h — h' €

Jg by lemma 5.3.2, so this definition is independent of the choice of A (and hence of
). For any s,t € G,

Ult+s) = w(hs+ JE)
= 7((he + Jg) * (b + i)
= w(h,+ Jg)w(hs + JE)
= U(H)U(s)
since 7 is a homomorphism. Furthermore, proposition 5.4.8 tells us that A(T) = I;

so U(0) = I and
U(s) = m(hs + Jg) = T(s)w(h + Jg) = T(s)(T) = T(s)

for all s € S. Strong continuity of U follows from continuity of = and the strong

continuity of the shift operators on L'(G). Finally, for all t € G,

IO = lix(he+ Je)l| < llh+ J&ll
= |k + Jel = Ik + J&l)
1]l

< 1+e.

VAN

Since U was independent of the choice of & it follows that ||U(t)|| <1 for all t € G.

In particular each T'(s) is an invertible isometry.

Assume now that E is not compact. Suppose g € L*(G) has compactly supported

Fourier transform and let V be an open subset of I' containing supp ¢ such that
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VN E is compact. Choose f € LY(G) with f]EnV =1 and f|E\V = 0; by lemma 5.3.2

f+f—f € Jgand hence P := n(f + Jg) is an idempotent in Ar. If Y denotes P[X],
then lemma 3.4.3 implies that

Spu(T(")ly, S) - {x € Spu(T,S): f(x) =1} =EnV.

Since T'(-)|y is also contractive and t.a.s. it follows from the above that T'(s)|y is
an invertible isometry for each s € S. Now let B denote 7(g + Jg) and note that
because f§ = § on E, lemma 5.3.2 implies that PB = B; in particular Bz € Y and
so || T(s)Bz|| = |Bz|| forall z € X, s € S.

Let sg be in the interior of S and z € X be non-zero. For any € > 0 there exists
k € L(S) such that |

1E(T)z — T(s0)z < i-

By [35, theorem 2.6.6] there is a ¢ € L'(G) such that § has compact support and
|k — k * gll; < e/4||z||. If B denotes 7(g+ Jg) and y = 7(k + Jg)z = k(T)z, then

|By — T'(so)z|| < |im(g+ Jg)m(k + Jg)z — n(k + Jg)z|| + |7 (k + Jg)x — T(s0)z||
= |l7((g* k — k) + J)z|| + [|k(T)x — T(s0)z|

< gl 1=5
4||z|] 42
Since supp § is compact, |T(s)By|| = ||By|| for all s € S by the work above.

Hence

IT(s + so)zll = [IT(so)zlll < NIT(s+s0)z = T(s)By]
+{[|T(s)Byll — | Bylll + [|By — T (so)z||
< T ()IIT (so)x — Byll +0 + [| By — T(so)z|

< E.

It now follows that ||T'(s + so)z|| = ||7'(so)z|| for all z € X and s € S. Let N denote
the closure of T(sg)[X]; N is a T-invariant subspace of X and, moreover, by the

above we know that T'(s)|as is an isometry for each s € S. It is clear that the unitary
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spectrum of this reduced representation is contained in E, so by theorem 4.4.3 each

T(s)|m is invertible. The result now follows easily from the fact that each T(s) is

injective.

Perhaps the most striking part of this theorem is not that 7 is invertible, but that

it is isometric. The following example gives an insight into why this is true.

Example 5.4.10 Consider the Cy-semigroup T consisting of the right-shift operators
on LY(R) normed with

o 1 0
1= [_1s)lds+5 [T 1fs)]ds.
T s invertible and contractive, but not isometric.

However, if E is a closed, countable set, and if the ideal Jg of LY(R) is factored

out, then the induced Cy-semigroup is in fact isometric.

Let ||- +JE||1 denote the usual norm on L'(R)/JE and ||- +Jg|| the quotient norm
induced from the norm defined above. It is immediate that for all f € L'(R)

?

1
"2'||f + Jell | f + Jell < \f + JElh-

If fe L'(R,), then we know from lemma 5.4.5 that ||f + Jg|l = ||f + J&]j1. So
given ¢ > 0 there exists h € Jg N L*(Ry) such that | f — Rl < ||f + JEell1 + . But

restricted to L*(R), the norms || - || and 7| - |1 agree, and hence

I+ el < IIf = Al < 5O0F + Tl + ).

The above shows that ||f + Jg|| = J||f + Je|: for all f € L'(R4), and from this
we can deduce the equality for all f € L}(R) because L'(S)/Jg is isomorphic to
LYG)/JE.

Lemma 5.4.11 [f T is a representation of S on X by isometries, and if Sp, (T, S) is
countable, then X* is the weak*-closure of the linear span of the unitary eigenvectors

of T*.
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Proof: Let M° denote the linear span of the unitary eigenvectors of . If the lemma
is false, then M°; must be non-trivial so assume for contradiction that this is the case.
From theorem 4.4.3, T is invertible, so we will consider it as a group representation.

Since M? is clearly a T™*-invariant subspace of X*, M°, is a closed, T-invariant
subspace of X. The restricted group representation T'|pp, is thus defined on a non-
trivial Banach space and consequently Sp(T|ao, , G) is non-empty. As it is contained

in a countable set it must have an isolated point Y which must be an eigenvalue for

T: let r be an associated eigenvector.

We may assume without Joss of generality that x = 1, so T'(t)z = z for all £. Since
G is amenable there exists a translation invariant functional ¢ on L*(G) such that
#(1) = 1. Choose any g € X* satisfying g(z) = 1, and define ¢, € L*(G) for each
y € X as follows: ¢,(t) = g(T(t)y) for t € G. If f: X — C is defined by
[y oy),

then it may be verified that f € X*, that f(z) = 1, and that T(¢)*f = f forallt € G.
Such an f contradicts the fact that = € M°,.

Theorem 5.4.12 Let T be contractive representation of S on X and let M denote the
weak*-closed linear span of the unitary eigenvectors of T*. If Sp.(T,S) is countable,
then

1. T*(s)|ar is an invertible isometry for each s € S;
2. M is the largest subspace of X for which this is true;

3. Forallz € X
fim [T ()el) = 1z + Mall = inf llz — 3

Proof: Let L = {z € X : |T(s)z|| — 0}. We will consider the quotient space
X/L, but, unlike in the construction of the limit isometric semigroup, we will re-

norm it. Instead we note that the induced representation T on X/L is contractive
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in the quotient norm and that it has countable unitary spectrum. T is also trivially
asymptotically stable. To see this let £ € X and set [ = lim,.., ||T(s)z + L||. For
€ > 0 there exists y € L and t € S such that ||T(t)z — y|| < ! +¢/2. So, for s € S,

IT(s + )z < IT(s +t)a = T(s)yll + 1Tl
< 7@z =yl + | T(s)yl
< 14+ [Tyl

Since y € L it follows that for some s € S ||T(s + t)z|| < | + ¢, and hence

lims o |T(s)z]| < {. On the other hand, ||T(s)z + L|| < ||T(s)z]] for all z € X,
s € S, and hence

lim [T(s)e + L]l = lim |T(s)a]l  (z € X).

In particular T is t.a.s.. Theorem 5.4.9 implies that T is invertible and isometric.

If N is a closed subspace of X* such that T*|y is invertible and isometric, then
any functional f € N may be used to form a trajectory for T* simply by the action
of T*|y on f. Corollary 5.2.2 then implies that each f € N must annihilate L. Since
this holds in particular for the closed linear span of the unitary eigenvectors of T,
M must be contained in L. By lemma 5.4.11 the span of the unitary eigenvectors of
T* is weak* dense in L+, but these are precisely the unitary eigenvector of T*. Hence

M = L+, and all the claims of the theorem now follow.

Corollary 5.4.13 Let T be a representation of S with countable unitary spectrum.
For any z € X, lim, ||T(s)z|| = 0 if and only if f(z) =0 for all unitary ergenvectors
f of T™.

Naturally if Po,(T*) = 0 as in the statement of theorem 5.3.1, this corollary
implies the asymptotic stability of T'. Just as 5.3.1 can be viewed as a version of 5.2.1
when the unitary spectrum of T is countable with unitary eigenvectors replacing the

role of trajectories, so the above corollary can be viewed as a refinement of corollary
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9.2.3 in the same case. The following example shows that so far as information from

the eigenvectors themselves goes (as opposed to their span), corollary 5.4.13 is about

as much as we can expect.

Example 5.4.14 Let K denote the set of all unitary eigenvectors of T*. The above

corollary cannot be strengthened to say that

im[T(s)ell = sup [k()]

kEK, ||k||<1
Consider L'(G)/Jg for some compact, countable set E with the associated group
representation. In this case the above formula would be true if and only if || f+JE]|; =

SUP, ek |f(x)| for all f € L'(G). In particular this would imply that E was a Helson

set [35, p.114]. It is known that there exist compact, countable sets which are not

Helson sets.

Corollary 5.4.15 If T' is contractive and Sp,(T,S) is countable, then T|n, is an

invertible isometric representation, where
N ={g€ X" |T(s) 6] — 0},
In particular, if Po,(T) is empty, then N is weak*-dense in X*.

This is a sort of dual result to theorem 5.4.12 though it is not as powerful since it
offers little information when N is weak*-dense in X™.
Proof: We will deal first with the case when V = {0}. Let K be the space of ¢ € X*
such that s +— T'(s)*¢ is norm-continuous. By theorem 5.4.9 T'(s)*|x is an invertible

isometry. For all z € X and s € S

|7 (s)z|| = sup{|T(s)"f(z)| : f € K, [IfIl =1}

by lemma 1.3.4. Since T* is invertible on K it follows that ||T(so)z|| = ||z|| and T is a
representation by isometries, which must be invertible. For the general case consider

T restricted to N .
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If N, is non-trivial, then T must have a unitary eigenvector by theorem 3.4.5 and

the remainder of the corollary is a result of this fact.

Notes

Section 5.2 The link between trajectories and asymptotic stability was demonstrated
by Phéng in [33]. He proves that if T is a bounded Cy-semigroup which is not

asymptotically stable and if one of the following conditions is satisfied:
1. There is an sg > 0 such that 7'(so) has dense range;

2. 0(A) 2R, where A generates T}
then there is a non-trivial (bounded) trajectory for the sun-dual semigroup T°®.

Section 5.3 There are now a number of very different proofs for theorem 5.3.1, at
least in its Cyp-semigroup form. The first version of the theorem appeared in [40] and
covered norm-continuous Cy-semigroups. It was generalised to strongly continuous
Co-semigroups in [26] and [3], the latter paper also presenting a Z version. For Ry,
the result was later proved using arguments from harmonic analysis in [19]. In [32] it
was extended to norm-continuous representations of the general class of semigroups
covered in this thesis. The generalisation to the form stated in 5.3.1 came in [10].
Yet another proof came for the Co-semigroup case was given in [33].

The name ‘ergodic spectrum’ given to Eo(T') arises from a mean-ergodic theorem

for Co-semigroups which states that p ¢ Eo(T) if and only if

lim L e T(s)ds

t—oo t Jo

exists in the strong operator topology. See for example [15, chapter 5].
Section 5.4 For § = R, corollary 5.4.2 was shown first by Esterle, Strouse, and

Zouakia in [19] using methods of harmonic analysis. They went on to use it as a
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vital step towards proving theorem 5.2.1. For norm-continuous T" and general S it
was proved by Phéng [32], while the first proof for strongly continuous T appeared in

[10]. The proof given in this thesis is considerably more concise than those mentioned.
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