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Abstract—We study the hybrid classical-quantum version of the
channel coding problem for the famous Gel’fand-Pinsker channel.
In the classical setting for this channel the conditional distribution
of the channel output given the channel input is a function of a
random parameter called the channel state. We study this problem
when a rate limited version of the channel state is available at the
encoder for the classical-quantum Gel’fand-Pinsker channel. We
establish the capacity region for this problem in the information-
spectrum setting. The capacity region is quantified in terms of
spectral-sup classical mutual information rate and spectral-inf
quantum mutual information rate.

I. INTRODUCTION

In traditional information theory literature it is common
to study the underlying problems assuming that the channel
characteristics do not change over multiple use. The proofs
appeal to typicality of sequences or typical subspaces in the
quantum setting [1l], [2]]: the empirical distribution of symbols
in a long sequence of trials will with high probability be close to
the true distribution. However, information theoretic arguments
based on typicality or the related Asymptotic Equipartition
Property (AEP) assume that both the source and channel are
stationary and/or ergodic (memoryless), assumptions that are
not always valid, for example, in [3] Gray analyzes the details
of asymptotically mean stationary sources, which are neither
stationary nor ergodic. To overcome such assumptions Verdd
and Han pioneered the technique of information-spectrum
methods in their seminal work [4]. In this work Verdu and
Han define the notions of limit inferior and limit superior in
probability. They then use these definitions to establish the
capacity of general channels (channels that are not necessarily
stationary and/or memoryless). Since this work of Verdd and
Han there have been a considerable interest in generalizing
the results of information theory in the information spectrum
setting, see for example, [3]], [6], [7], [8] and references therein.

This general technique of information-spectrum methods
wherein no assumptions are made on the channels and/or
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sources were extended to the quantum case by Hayashi, Na-
gaoka and Ogawa. Using this method they studied the problem
of quantum hypothesis testing [9], [[10], deriving the classical
capacity formula of general quantum channels [[11]] and estab-
lishing general formula for the optimal rate of entanglement
concentration [12]. Since the work of Hayashi, Nagaoka and
Ogawa the study of various quantum information theoretic
protocols in the information spectrum setting have been one of
the most interesting areas of research in the theoretical quantum
information science. In [[13] Bowen and Datta further carried
forward this approach to study various other quantum infor-
mation theoretic problems. In [14]] Datta and Renner showed
that there is a close relationship with the information theoretic
quantities that arise in the information-spectrum scenario and
smooth Rényi entropies which play a crucial role in one-
shot information theory. In [15] Radhakrishnan, Sen and Warsi
proved one-shot version of the Marton inner bound for the
classical-quantum broadcast channels. They then showed that
their one-shot bounds yields the quantum information-spectrum
genralization of the Marton inner bound in the asymptotic
setting.

In this paper, we carry forward the subject of studying
quantum information theoretic protocols in the information-
spectrum setting. We study the problem of communication over
the sequence of channels {X™, S™ NX"S"=B"(gn ) =
pB 322, (also called as the classical-quantum Gel’fand-
Pinsker channel), where X™, S™ are the input and state alpha-
bets and pfﬁ:sn is a positive operator with trace one acting on
the Hilbert space H5". The classical version of this problem
in the information spectrum setting was studied by Tan in [16].

The problem of transmitting messages successfully across
the channels with states differs from the problem studied by
Hayashi and Nagaoka in [L1]. In [[L1] it is assumed that the
channel statistics do not change over transmissions and are
completely known to the senders and the receivers. In this
work, we let go of this assumption. Figure [I| below models
a communication settings where the channel statistics are not
fully known, uncertainty about the channel statistics in such
settings is captured by a state that may vary randomly over
transmissions.
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Fig. 1. Classical-Quantum Gel’ fand-Pinsker channel communication scheme
when rate limited channel state information is available at the encoder. The
message M is independent of the state sequence S™ and is uniformly
distributed over the set [1 : 27%]. The index M, is distributed over the
set [1 : 27Fs] and acts as a rate limited side information about S™ to the
encoder.

II. DEFINITION

o0

Definition 1. Ler (U,S) := {U",S"} . be a sequence of

pair of random variables, where for every n (U™, 5’”) ~ pyngn
and take values over the set (U" xS™). The spectral-sup mutual
information rate I[U; S| between U and S is defined as follows:

>a} 20},
(1)

where is arbitrary and the probability above is calculated with
respect t0 Py gn-

pUn S‘n

1U; g] := inf {a :
PunPgn

1
lim Pr { log
n— o0 n

Definition 2. Let p := {p,},., and o = {o,},., be
sequences of quantum states where for every n, p, and oy,
are density matrices acting on the Hilbert space H,, := H®"™.
The spectral-inf mutual information rate I[p; o] between p and
o is defined as follows:

I[p; o] :==sup {a : nh_}n@zTr {pon = 2"0n} pn] = 1} , (2

where {p,, > 2"%0, } represents a projection operator onto the
non-negative Eigen space of the operator (p, — 2™"%c,,) .

Definition 3. An (n,M,, M. ,,c,) code for the Gel'fand-
Pinsker channel ~{X™ 8" NX"S"2B" (gn n) = pﬁisn}
with coded side information available at the encoder consists
of

o a state encoding fen : S™ — [1: M. ,]

e an encoding function f, : [1: M,] x [1: M,.,] — X"

(possibly randomized)
o A decoding POVM {B(m) :m € [1: M,]} such that

T S0P (VT (X = M, fon (7)), 57) B(m)

< éen.

Definition 4. A rate pair (R, Rg) is achievable if there exists
a sequence of (n, My, M p,€,) codes such that

1
liminf —log M,, > R
n

n—o0
limsupe, =0

n—0o0

1
lim sup — log M. ,, < Rs.
n—oo N
The set of all achievable rate pairs is known as the capacity
region.

III. PREVIOUS WORKS

The classical version of the problem described in Figure [l
was studied by Heggard and El Gamal (achievability) in [17]]
in the asymptotic iid setting. They proved the following:

Theorem 1. Fix a discrete memoryless channel with state
characterized by p(y | ,s). Let (R, Rg) be such that

R < I[U;Y] — I[U; S]
Rs > I[S; 5],

for some distribution p(s, $,u, z,y) = p(s)p(8 | $)p(u | §)p(x |
u, §)p(y | x,s). Then, the rate pair (R, Rs) is achievable.

Furthermore, in [17] Heggard and El Gamal argued that
Theorem E] implies the result of Gel’fand and Pinsker [[L8] who
showed the following:

Theorem 2. Fix a discrete memoryless channel with state
characterized by p(y | x, s). The capacity of this channel when
the state information is directly available non-causally at the
encoder is

C:

max
Duls:gUXS—=X

([U;Y] = 1U;5])

where |U| < min {|X|.|S],|Y| +|S| - 1}.

The above formula for the capacity can be derived from
Theorem [1| by assuming S and S to be independent and subject
to the same probability distribution.

OUR RESULT

We establish the capacity region of the classical-quantum
Gel’fand-Pinsker channel in the information-spectrum setting
when rate limited version of the channel state is available at the
encoder. In the information-spectrum setting the channel output
pf}fb’ gn, need not be a tensor product state. Furthermore, the
channel state S™ ~ pgn, is a sequence of arbitrarily distributed
random variables. This extremely general setting is the hallmark
of information-spectrum approach. We prove the following:
Theorem 3. Let {X™, 8" NX"9" 28" (gn sm)= pB7 1™
be a sequence of classical-quantum Gel fand-Pinsker channels.
The capacity region for this sequence of channels with rate



limited version of the channel state available only at the
encoder is the set of rate pairs satisfying the following:

R <1[U; B] - I[U; S};
Rs >1S;8S].

The information theoretic quantities are calculated with respect

to the sequence of states ©SSUXB _ {@SHS"UTLX B }
n:l
where for every n,
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An immediate consequence of Theorem [3] is the following
corollary:

Corollary 1. (a) (Hayashi and Nagaoka, [I1]) The ca-
pacity of a sequence of classical-quantum channels
{xn NX"=B" (gn) = pBIYo2, is the following:

C= sup I[X;B].
X3,
(b)  The capacity of a sequence of classical-
quantum Gel’fand-Pinsker channels

{an, Sn NXTS"S B (gn gn) = pBY L} with
channel state directly available at the encoder is the
following:

C= sup I[U;B]-I[U;S],

{On}n,

where for every n,

@ Z psn

s™ ux™
|s™) (™% @ [u™) (7" @ @) (2" X"

B?’I,
& Pyn gn-

pUnlSn ( 7L|Sn)an‘UnSn (CL’"|U”7 Sn)

Proof. a)  The proof follows by setting S" = S” = ()
and U™ = X" in Theorem [3
b) Let S and S™ be independent and subject to same
probability distribution in Theorem [3]
O

Techniques:: The proof of Theorem [3] involves both
classical and quantum arguments. In the classical version of
the problem (Theorem [I) in the asymptotic ii.d. case the
proof heavily relies on the covering lemma [Lemma 3.3, [19]],
packing lemma [Lemma 3.1, [19]] and conditional typicality
lemma [page 27, [[19]]]: conditioned on the input to the chan-
nel being typical the output will be typical with very high
probability. However, in the non-i.i.d. case and with channel
output being quantum we do not have such powerful results.
We show in the subsequent sections below that it is indeed
still possible to derive the quantum version of Theorem (I} In

the asymptotic i.i.d. case one of the key idea while encoding
at the Charlie’s and Alice’s end is based on typicality: the
empirical distribution of symbols in a long sequence of trials
will with high probability be close to the true distribution. We
overcome this typicality based encoding by using a rejection
sampling based encoding approach. Also, to overcome the
notion of conditional typicality in the non-i.i.d case we blend
our rejection sampling technique with some carefully defined
events which play a very crucial in bounding the decoding
error probability at Bob’s end. Further, it requires a very
careful analysis of the probabilistic terms to derive the result
of Theorem [3l Section [[V] below makes the discussions of this
paragraph more precise.

IV. PROOF OF THEOREM[3]
A. Achievability

Let,
Pl 5o (3)
= D P (8" | EPxupnga (@™ [0, 50
OU"B" = Trg, 2 v {GS"S"U"X"B"} (4)
V" = Trg. [@U"B”} 5)
08" = Trym [@U“B"] . )
Fix v > 0. Let,
mv"B" .— {@U”B" = onI[UB]-) gU" g @B"}’ 7

where I[U;B] is calculated with respect to the sequence
of states {OU"F"}™ and {©V" © ©F"}™ . Further, for
every u” € U", let

I . [HU"B" (Ju™) (u"| H)] . )
Define the following sets:
n(pS”S")
= {lm e s S <Tsd 4
Tn(Pyngn)

1 N En n’ n _ _
= {(un7§n) . 710g pU S (U S~) SI[U, S]+")/}
no pun(unyPgn (37)

Furthermore, let g; : 8" — [0,1] and g, : S* — [0,1] be
defined as follows:
g1 (5") = > Py (U™ [5"); )
u™:(u™, 85" )ETn (pyn gn)
g2(5") = > Pynjgn (W [8"). (10)

un:Tr [Aun Pf;:ygn ] <l—y/e

Remark: Note that 7, (pgng.) and 7, (p;mg.) depend on 7.
Further g2(8™) depends on both ~ and ¢.



The codebook: Let ©5"5"U"X"B" be as in the statement of
the theorem. Let R = I[U; B]—I[U; S| -6, r = I[U; S|+ 27
so that R+r = I[U; B]—4~. Let u™[1],u™[2], - - - , u™[2"(F+7)]
be drawn independently according to the distribution py~. We
associate these samples with a row vector C’,(lA) having 27(F+7)
entries. We then partition this row vector into 2" classes each
containing 2"" elements. Every message m € [1 : 2"F] is
uniquely assigned a class. We will denote the class correspond-
ing to the message m by C,(LA)([n).

Fix Rg = I[S;S] + 2v. Further, let
§"[1],5™[2],- - ,3"[2"'s] be drawn independently according
to the distribution pg, We will denote this collection of
sequences by C,(LC). These collection of sequences present in
6’7(10) are made known to Alice as well.

Charlie’s encoding strategy: For each k € [1 : 2"Fs] let
Z(k) be independently and uniformly distributed over [0, 1].
For a given realisation of the state sequence s, let (k) be an
indictor random variable defined as follows:

: Psngn (8" [K],s™) .
k)= Lif Z(k) < 2n<T[S:5li”>Spsn(g'ﬂ[k})psn (sm)’
0 otherwise.

(1)

Further, for a given realisation of the state sequence s”, let
I(k) be an indicator random variable defined as follows:

C(k)~: 1,91(S"[k]) < /€ and
92(S"[k]) < e¥;
0 otherwise.

where g;(5") and go(5™) are defined in (9) and (T0). Charlie
on observing the state sequence s™ finds an index & such that
I(k) = 1. If there are more than one such indices then & is set
as the smallest one among them. If there is none such index
then k£ = 1. Charlie then sends this index £ to Alice.

Alice’s encoding strategy: For each pair (k,¢) € [1 :
27Fs] x 1 = 2747 let n(k,l) be independently and uni-
formly distributed over [0,1] and let g(k,¢) be defined as
follows:

1 if

(k) = (12)

9k, 0) =Tt [AunipBi v (13)
where pZ . is defined in (3) and A, is defined in (8). Let
I(k,£) be an indicator random variable such that

1if n(k, 0)
< _ ?Snun(gn [k],u™[€]) .
— Qn(I[U;SH'y)pSn (3 [k pun (um[€]) ’
0  otherwise.

1(k, () = (14)

Further, let J(k, ¢) be an indicator random variable defined as
follows:

1 if I(k,¢) =1 and

g(k,0) > 1= \/e;
0 otherwise.

I(k,0) = (15)

To send a message m € [1 : 2"f] and on receiving the
index k from Charlie, Alice finds an index ¢ € C,(iA)(m)
such that J(k,¢) = 1. If there are more than such indices

then ¢ is set as the smallest one among them. If there is
none such index then ¢ = 1. Alice then randomly generates
T~ P xen g gn k) and transmits it over the classical-quantum
channel over n channel uses. In the discussions below we will
use the notation z™(u™[¢], 5"[k]) to highlight the dependence
of 2™ on (u™[¢], §"[k]). A similar encoding technique was also
used by Radhakrishnan, Sen and Warsi in [15].

Bob’s decoding strategy: For each ¢ € [1 :
we have the operators A,njy as defined in (). Bob will
normalize these operators to obtain a POVM. The POVM
element corresponding to ¢ will be

Bn(l) :

(>

0 €[1:2n(R4m)]

271(1‘%4»7")]7

—1
2

Aynie) Ay (

>

o e[1:2n(B+)]

Aynery)

Bob on receiving the channel output measures it using these
operators. If the measurement outcome is ? then he outputs 1m
if /€ C,(lA)(rh). Similar decoding POVM elements were also
used by Hayashi and Nagaoka in [[11]] and by Wang and Renner
in [20].

Probability of error analysis: Let a message m € [1 : 2"%]
be transmitted by Alice by using the protocol discussed above
and suppose it is decoded as m by Charlie. We will now show
that the probability m # m, averaged over the random choice
of codebook, the state sequence S™ and X" is arbitrary close
to zero. By the symmetry of the code construction it is enough
to prove the claim for m = 1. There are following sources of
error:

1) Charlie on observing the state sequence S™ does not find

a suitable k € C{) such that I(k)=1.
2) Alice on receiving the index k& from Charlie is not able
to find a suitable U™ [{] € CﬁlA)(l) such that J(k, () = 1.
3) Charlie finds a suitable k and Alice finds a suitable ¢, but
Bob’s measurement is not able to determine the index ¢
correctly.
Let £* and ¢* be the indices chosen by Charlie and Alice. Let
us now upper bound the probability of error while decoding the
transmitted message. Towards this we first define the following
events:

£ :=forall k € [1:2"] : 1(k) = 0;
Ey:=forall £ € CM(1): J(k*,£) = 0.

We now have the following bound on the error probability:
Pr{m # 1}
<Pr {Z ” z*}
<Pr{& U&) +Pr {(51 U&E), I+ z*}
<Pr{&}+Pr{&}+Pr {Ef Ne&s, i+ é*}
<2Pr{& ) +Pr{&inés}

+Pr{5fﬂ€§,l77é€*}, (16)



where the first inequality follows from the setting of the
protocol discussed above and remaining all of the inequalities
till (T6) follow from the union bound. In what follows we will
now show that for n large enough we have

2Pr {£,} + Pr{€SN &) +Pr{gfm5§,z77éz*} < 6e

2
+3vE + 3e7 + ve — + 3exp(—2"7),
(1 —e—+/e— 51)
where ¢ > (0 is arbitrarily close to zero such that
(s +E+ ei> <1
Consider Pr{&;} :
Pr {51}
n nyy2" s
£ 3 pon(s™) (1—Pr{I(k) =1| 5" = s"})
smesSn
DRCEI (R DR
sneSn 3™:(8™,s")ETn(Pgngn)

g1(5")<Ve
1
g2(8")<et

2nfs
Pr {I(kz) =1] 8" =s",3"[k] = s"})
Z pS” (1 _ 2 ’rL(I[S S]+"{)

s»‘n,esn.

o gn onRg
psnsn( ,8")
2 e e )
575" ,5™) ETn (Dgn gm) S
g1(3")</e

1
g2(8")<e4

) exp ( _ on(Rs—(I[S:8]+7))

> Paujsn(d

5":(8",8™")ETn(Pgngn)

| s">)
01 (5")<VE
g2(8")<ed

oo (=273 b (1)

5":(8",8™")ETn(Pgngn)
g1(8")<e

g2(8")<ed

<Zp5n

smesn
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sn eSn
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where a follows because I(1),---,I(2"f*s) are independent
and identically distributed and S™[1], - - -, 5™[2"%] are inde-
pendent and identically distributed according to the distribution
Pgn, b follows from the definition of I(k), ¢ follows from
the inequality (1 — z)¥ < e %0 < z < l,y > 0),

d follows becuase R, = I[U;S] 4+ 2+, e follows because
(e7®) < 1—-z+4+¢e¥%0 < z < 1,y > 0) and union
bound and f follows because n is large enough such that
Pr{T,f(pgngn)} < €. Let us now bound each of the last two
terms on the R.H.S. of as follows:

Consider Pr {gl(S'") > \/E}

Pr{n(5") > Ve

2 Eg(5")

SR
k_E:g”E:u"(Mﬂ?ﬁQ7}Q%m§n)pU"é"(un’Sn)

- Ve
Pr{(U"5) ¢ Talpyns) |

- Ve

< £

TV

=z (18)

where a follows from Markov inequality; b follows from the
definition of g;(8") and taking expectation over the random
variable S™ and c follows under the assumption that n is large

enough such that Pr {(U"7 S") ¢ ﬁl(pUg)} <e.
Consider Pr {92(5'") > ei }:

Pr {92(5'") > E%}

2 Eln(8")
b Zgn Zu":Tr[Aunpf:;,gn]gl—ﬁpU”S'n (u”7 §n)
2 -
Pr {Tr |:AUnp5: 5} <1- \/E}
< Ve
£1
=1, (19)

where o follows from Markov inequality; b follows from the
definition of g2(5") and by taking the expectation over the
random variable S™ and ¢ follows because of the following set
of inequalities:

Pr{Tr [Avnpf 5] <1-VE}

. 1-ETr [AUn pE" Sn}
<
- Ve

b

-

ET: [Tryo [IV°8" (U0 91)] oF 5, |
NG




. 1—Tr [HU"B"@U"B"]
B Ve

d
< Ve,

where a follows from the Markov inequality, b follows from
the definition of Ay~ mentioned in (), ¢ follows from
the definition of ©Y"5" mentioned in @) and d follows
under the assumption that n is large enough such that
Tr [IV"B"©V"B"] > 1 — e. Thus, it now follows from (T7),

(I8) and (19) that
Pr{&} <e+E+et +exp(—2™).

Consider Pr{&{ N &} :

(20)

Pr {glc ﬂgz}
— By oo L(ES) Pr{VL € C(1) : (k™€) = 0}
L E e g, m LED) (1= Pr{I(k*,0) = 1})°

b c
- ]E(k* ’Sn [k*]’sn)I((ca)

(1 —Pr{I(k*,0) = 1,g(k*,0) > 1 — ﬁ})

< E(k*,én[k*},Sn)I(gf)
pS'nUn (Sn [k*], un) > 2
)

(1 - 2—"(T[U;S]+v)zpm (™) i
~ Gn Snlk*x w(um
w8 R ) €T (D g (S™[k*])pun (u
Tr[Au"Pfj:’gn[k*J>1f\/E

< E e gnper),sm) LET)

exp ( _ on(r—(I[U:8])+)) ZPU”\S‘" (u" | g"[k‘*]))

u”:(é’" [k*],u")GTn(PUngn)
Tr [Au" an’gn[k*]] >1—y/e

onr

nr

d
S Eg gnprg,sm 1ED)

u":(S"[k*]?un)EﬁL(pUngn)
Tr [Aun pf”:,gn[k*]] >17\/§

S Eg gnprg,sm 1ET)

<1 - 2P (| S*”[k*]))
u":(S" [K* 1, u™)ETn (Pyn gn)
Tr [Aun pf:,én[k*]] >17\/E

+ E (e gne), 57 L(ED) exp(—2"7)

! c n| Qn

< ]E(k*,gn[k*],Sn)I(gi)ZPUn\Sn (U | S [k*])
un: (57 [k*],u™) ¢ T (Pyngn)

+ E(k*,én [k*],S")I(glc) exp(—2"7)

JrE(k*,S‘"[k*],S")I(Elc) Z Pyn|gn (“n | S”[k*])
u”:T‘r[Aunpfs’gn[k*]]Slf\ﬁ

g9
< VEtet +exp2™), @1

where a follows because 7(k*,1),---n(k*,2"") are in-
dependent and identically distributed and the fact that
U™1],---,U™2™] are independent and subject to identical
distribution py=, b follows from the definition of J(k*,¢); ¢
follows from the fact that (1 —2z)¥ <e ¥ (0 <z <1,y >0),
d follows because r = I[U; g] + 27, e follows because
e <l—z+eY(0<z<1y>0); f follows because of
the union bound and g follows because if the event £{ happens
then Zun:(gn[k*Lun)ng(punén)pU7L|g" (u” ‘ Sn[k*b < \E
and Zu":Tr[Aunpf:’ gn[k*]]fl_\/ngﬂg" (u" ‘ S"[k‘*}) < 6%.

Consider Pr {5f NES, L # é*}:
Pr {Ef nes i+ e*}
= E(ie o0 ,un o], 57 k), x 7, 5m) {I {ETHI{Es}
T [0 5,060 e o) |
< 2E e or un[e4],80 k4], X7, S7) [I {er{&s}
Tr [(H — Ayngen) pg:(m[é*],én[k*]),sw} ]

+ 4B e ox Unie], §rke], X7, 5m) Z [I {&r}

e
c B"
I {82} Tr [AU” (W)pxn(Un [Z*Lgn [k*]).,S’":| :| ) (22)
where the inequality above follows from the Hayashi-Nagaoka

operator inequality [L1]] . In what follows we show that for n
large enough,

2E (o g Un[e+], 87 k4], X7, 8m) {I {ETHI{Es}

Tr [(]I — AUn[z*]) PgZ(Un[é*]S"[k*])aS"} ]
2
(1 —e—\e— 5%)

< ) (23)

and

AE o g1 rnfer], Sn ], X7, 5) D
e

s e

n

B
Tr [AUn(Zl)an(Un[z*]’Sn[k*])’Sn} :| < 4e. (24)

We would like to highlight here that the proof pertaining to
the derivation of (23) is nontrivial and requires careful analysis
of the probabilistic terms involved. In fact, the proof for the
derivation of @) is nontrivial as well. However, we would
borrow the idea of over-counting from [15]] to bound (]ZED The
reason for all this nontrivallity is because £* and ¢* are random.



2B (r o U 04,87 k], X, 57 [I {Er 1{&5} Tr [(]I

AU,L[M>p§:wn[é*]7§n[k*]%3n]] is bounded as follows:

2B o g Unien], 50 k4], X 7,57 [I {ErI{&s}
.
Tr {(H — Aynien) pX"(U"[e*],S'"[k*]),S"} }

= 2B gy »_Pr {I(k*) =1,J(k*, %) =1,

u™,8™,x",s"

Un[g*} _ un’gn[k*] _ §n7Xn _ xnj
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where the above inequality follows because X™ given
onper] = u, S"k*] = §", 8" = s") is conditionally
independent of (I(k*),J(k*,£*)). To get the required
bound on 2K . s puppe npe] xn sy EAETHI{ES} Ta[(I
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where a follows because (S"[k],S™) is conditionally inde-
pendent of k* given the indicator random variable I(k) and
b follows from the definition of I(k) and from the fact that
S7[k] is independent of S™ and because of the following set
of inequalities:
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where a follows from the definition of I(k) and b follows
from the definition of the set 7, (pg.g.) and under the as-
sumption that n is large enough such that Pr {7, (pgng.)} >
1 — ¢ and from (I8) and (19). Combining (23) and (26)
we now bougg 2B e gx unier, 5n o], xm,5m) LAETHT{ES } T (T
_AU"[M)an(Un[e*],Sn[k*]),SnH as follows:

=

—Pr {gz(sm) >e

2 9-n(S:8)+7) (1 e - 5%) 7

2E(k*,l*,U"[€*],§" [k*],X™,8m) [I {&r{&s}
Bn
Tr {(H — Aynien) pX"(U"[Z*],S”[k*]),S"} }

oY Pr{ =k =0 Y Pr{S‘”[k‘*} =",

(k,£)

3n sn un xn

1} pe{orper =

ST =s" | k* =k, I(k*) =



| S" = 8n7 (k* = k,f* = g)vgn[k*] = S’vn’
I(k*) =1,J(k", %) = 1}Pr {X" =z"
| U"[f*} _ un,gn[k*] — §”,Sn — Sn}
TI' |: (I[ - A(U"[Z*]:u”)) p)B}Z_mn’Sn_Sn]

2
1 Pr{k* =k, 0* =}
(1—5—\@—51) (kzz)

3 v e {0 = | 0 = ke =)

VAN

SnE*] = 5", J(k*, %) = 1}

)) Z pswén(s

FALNCA

Tr l: (H - A(Un[e*]:un | gn)
anlUnS'n(
2

° 1 Pri{k* =k 0" =05 pa.
(v Srse

> Pr {U”[e*] =" | k* =k, 0* =(,58"[k*] = 5",

2 | w5 R }Sn_sn]

J(k*, ) = 1}
T [(T= A peymam) 05 S
[ (Une]=um)) P(unies)=un §n [k*]=5")

d NG
< 1 Pr{k* =k, 0* = 0}
(1*6*\/5761) (kz,;)

S b5 Pr {U"[m — | (6 = kO = 0),

SnE*] = 5", J(k*, %) = 1}
e

(1 —e— e — 6%)
where a follows from (25); b follows from (26) and from the
fact that given (U"[¢*] = u™, S™[k*] = §"), (k*,¢*) is deter-
{Unw*] — un,Sn[k.*] — §n7sn = g"
Pxoigresnse @ | UL = prpusa(an | wna)
and U™[(*] is conditionally independent of (5™, I(k*))
given (S"[k*] = 8§, J(k*,¢*) = 1); ¢ follows be-
cause from the definition of pZ;, mentioned in @) and
d follows because for J(k*,¢*) = 1, we have Tr[(I —
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where a follows from the union bound; b follows be-
cause I{k*=k} = I{k*=k}I(k) < I(k) and
I{k* =k =10} = I{k* =k, =0} I(k,1) < J(k,{), c
follows from the definition of I(k) and J(k,¢), d follows
from the definition of pﬁ?’ s« mentioned in (3)), e follows from
the definition of A,» mentioned in (]gb, f follows from the
definition of TIV" 5" mentioned in (7) and because k ranges
over [1 : 27fs] ¢ ranges over [1 : 2""] and ' ranges over
[1:27(F+7)] and g follows because of our choice of R, and

Rg and h follows under the assumption that n is large enough
such that 277 < ¢. Thus, it now follows from (T6), (20), 1),

22), @7) and (28) that

Pr{m #1}
< 6+ 3v/z + 3e7 + 3exp(—2"7)
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This completes the proof for achievability.

B. Converse

The proof in this section is motivated by [16l]. Suppose
(R,Rg) be an achievable rate pair. It then follows from
Deﬁmtron I that there exists an (n, M,,, M. ,,,&,) code such
that R < liminf,,_, o Ogiw" %.

Let

and Rg > limsup,, .

= fen(S"),

where f, , is defined in Definition [3| Also, let U™ represent
an arbitrary random variable denoting the uniform choice of a
message in [1 : M,,]. Notice that the message random variable
is independent of S™. Hence, from the definition of U™ and S™
it now follows that U™ and S™ are independent of each other.
Thus,

(29)

I[U;S] =o. (30)

Further, notice that in the setting of the problem and for the
choice of U™ and S™ fixed above the following classical-
quantum state is induced

S"U"X"B"

Z pSn

(sm,8m,um,zn)

")Pgngn (8" | 8" )pum (u™)

Pxnjgn (@ [ 8", u)|s") ("% @ [57) (3"

® [y W'V @l @ pB . BD)
We will now first prove the lower bound on Rg. Towards
this notice that from (29) and from the definition of f, ,, it
follows that the cardinality of the set over which the random

variable S™ takes values cannot be larger than M, ,,. Thus, it
now follows that from [21, Lemma 2.6.2] that

1 1
Py { log (32)
n Pgn
where v > 0 is an arbrtrary constant. Furthermore since
Llog ps"'sn < Llog 7 itnow follows from (32) that

1
- IOgMe n Tt ’Y} < 27”7
n

1 Pgnign

Pr —log st log Mop+7ys<27m.  (33)
Thus, frorn the Deffnrtron E] and (33) it now follows that there
exists an ng such that for every n > n,, we have I[S; S] <
Llog M., + ~. This further implies that

1[S;S] < hrnsup log M ,, + 27
n—oo
S RS + 277
where the last inequality follows from the definition of Rg.
We now prove the wupper bound on R. Let

| sn)pxnwnén (" |

pfjn = Z(Sn’gn’wn)pS"(Sn)pS’ﬂr‘Sn(gn
B" — E {pg,’f;} , where U™ as mentioned

s")pB. . and p
above is uniformly distributed over the set [1 : M,,] and S™ is

as defined in (29). Fix v > 0. It now follows from Definition
E] and [9, Lemma 4] that ¢,, satisfies the following bound,

En >Z pU71 TI' |:pu" {pf: j 271(%10g ]Wn*’y)pB"}:|
umeU™
9y,

Letting 1 log M,, = I[U; B] + 27 in (34) it holds that
23 T I [ < 2o ]
uneun
_ 9= (35)
However, while 2™ — 0 as n — 00,
the definition of I[U;B] implies the existence
of gg¢ > 0 and infinitely many n's satisfying

> uncyn PUn (u™) T [pff {pu <2 flOgM”‘”)pB:)]

log

(34)

> g¢. This further implies that R < liminf, must
satisfy the following for arbitrarily small probability of error:

R <I[U;B] + 2y
<I[U;B] - I[U; §] + 2y
< sup ( [U;B] - I[U; §]> + 27,
{Wn}

where the second 1nequa11ty follows from and in the last
inequality the supremum is taken over all sequence of classical-
quantum states having the following form for every n,

ST psn (8" 50 (57 s
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This completes the proof for the converse.
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[19, Lemma 12.1]. We have shown in this paper that quantum
information-spectrum generalization of the result of Heggard
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the problem studied in this manuscript is to study the problem
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decoder end. This study along with the techniques presented in
this paper will then lead to the establishing of the capacity
region when the side information is available both at the
encoder and decoder end.
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