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Abstract 

 Neurodegenerative disease is an umbrella term for pathologies that primarily damage neurons. 

As their incidence increases with age it is becoming of a greater concern for the west, due to its aging 

population. Due to their chronic nature and the difficulty to create reliable and reproducible animal 

models of these diseases their pathophysiologies are still poorly understood.  

 For all these reasons, a mathematical modelling approach is suggested. The methodology of the 

work here consisted of identifying the state of the art models that describe the healthy behaviour of 

cells (e.g. metabolism and ionic regulation) and adapting them for pathological environments. With 

these models hypotheses provided by clinicians and pathologists were tested. The work focuses on 

developing models of mechanisms common to neurodegenerative diseases, which include: glutamate 

excitotoxicity, aquaporin water kinetics, inflammatory complement lysis and acute inflammation.  

 Glutamate excitotoxicity was modelled by creating a compartmental model of glutamate 

exchange between neurons and astrocytes. This model was the first model of glutamate kinetics 

validated in an ischaemic stroke context.  

 The aquaporin water kinetics and complement lysis models were developed in the context of 

the autoimmune disease Neuromyelitis Optica. Through this project a hypothesised trigger for the 

pathology was confirmed. Additionally, the first model of astrocytic cytotoxic oedema due to 

complement lysis was developed. Finally, a preventative drug for complement lysis was simulated.  

 Acute inflammation was explored in the context of understanding the potential of chemerin as a 

pro-resolving cytokine. To that effect, a model of acute inflammation was developed where pro-

resolving mechanisms were included. This model was the first to attempt model the effects of an 

intervention in inflammation. The results indicated that there is a maximum inhibitory effect of 

chemerin on inflammation. Additionally, two preventive avenues for chronic inflammation were 

found.  

 With this work, the first attempts of capturing relevant mechanisms of neurodegenerative 

diseases were presented. These models can now be further developed and adapted to other 

pathological environments.  
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Chapter 1 

Introduction 

 The pathophysiology of neurodegenerative diseases is marked by the loss of structure and 

consequently the function of the central and/or of the peripheral nervous system. These diseases 

include Parkinson’s, Alzheimer’s, frontotemporal dementia and amyotrophic lateral sclerosis. 

Currently, they affect 2% of the population in the developed world and they have a propensity to 

occur with an increase in age [1]. As the average age in developed and developing countries increases, 

there is a tendency for the incidence of these diseases to increase: as reported by United Nations [2] 

the number of people older than 60 will be larger than 2 billion people by 2050. Just looking at the 

case of Alzheimer’s costs incurred to governments amounted to approximately 160 billion € in the EU 

for the year of 2008 and predicted to reach 250 160 billion € by 2030 [3].  

 Treatment and research of these diseases are difficult due to the location. As many of these 

diseases target the central nervous system (CNS) in order to prescribe a chemical intervention, it 

needs to transverse the blood-brain barrier (BBB), greatly reducing the amount of molecule 

compound available [4]. Additionally, their pathophysiology is not fully understood. In the case of 

Alzheimer’s evidence has been compiled that demonstrates that its pathophysiology involves non-

neuronal structures e.g. astrocytes and micro-glia [5]. 
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 An in vivo approach has been found to be limited when identifying novel therapies for these 

diseases due to their multi-cellular and complex pathophysiology [6]. Alternatively, in silico 

mathematical models have proven to be powerful tools to understand the molecular and cellular 

kinetics of complex diseases [7], [8]. They have also been successfully applied in the context of 

neurodegenerative diseases such as Alzheimer’s [9]–[12] and Parkinson’s [13].  

 The starting point for this thesis was the work by Orlowski et al. on pH kinetics [14] and 

cellular cytotoxicity during ischaemic stroke [15]. This model consisted of using established models 

of cellular metabolic and ionic regulation and expanding them in order to simulate cellular behaviour 

in pathological conditions. By being able to simulate cytotoxic oedema Orlowski and collaborators 

were able to model an important pathological mechanism during an ischaemic stroke. However, 

Orlowski et al. have yet to model cellular membrane depolarization, which is one of the main causes 

of cell death during ischaemic stroke. Other forms of cell death due to this disease are excitotoxicity, 

inflammation and apoptosis, as seen in Figure. 1.1.  

 

Figure 1.1: Summary of the cell death processes in ischaemic stroke.  
 

 These cell death processes are common to many other neurological pathologies besides 

ischaemic stroke. In the work here presented three are explored: excitotoxicity, membrane 

depolarization and inflammation. The first two involved expanding the work by Orlowski et al. [14], 

[15] to include glutamate kinetics as well as being able to model cellular oedema after membrane 

depolarization. In terms of inflammation, a different approach was required. In this context, the main 
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concern is the recruitment and clearance of inflammatory cells. Therefore, it goes beyond intra and 

extra cellular kinetics. Instead, a one compartment model was created that includes inflammatory cell 

chemotaxis and phagocytosis.  

 Furthermore, an effort was made to apply these models to contexts that were of interest to 

experimental researchers. To that effect, collaborators were found that had data to validate and tests 

these models. Excitotoxicity was studied in the context of glutamate excitotoxicity in ischaemic stroke 

[16], as proposed by Thomas Lillicrap from the University of New South Wales. Cytotoxic oedema 

post depolarization was explored in the context of Neuromyelitis Optica (NMO) as proposed by 

Nuffield Department of Clinical Neurology (NDCN) at Oxford. This involved testing hypothesis that 

considered astrocytic water kinetics through channels called aquaporin-4 (AQP4) [17] as well as 

inflammatory complement [18]. Finally, the inflammatory context involved looking for data outside 

the central nervous system, as the only reproducible data found was of zymosan induced peritonitis in 

mice. The data was provided by the Sir William Dunn Department of Pathology at Oxford. Although 

inflammation response has marked differences between the central nervous system and other tissues 

the in diseases where there is vasculature damage such as stroke and NMO [17] the acute 

inflammatory response similar to that reported in non-neuronal tissue. For this work the models aimed 

at trying to understand the role of pro resolving mechanisms in the process of the resolution of acute 

inflammation. 

 The remainder of this chapter is divided into three sections. In Section 1.1 the evidence that the 

referred pathological mechanisms are present in many neurodegenerative diseases is reviewed. In 

Section 1.2 the structure of the thesis is described. Finally, in Section 1.3 a personal statement was 

included to explain why the work created cover a wide range of fields.  

1.1 Proof of the universality of the mechanisms modelled.  

 The acquisition of data for the validation of the work developed involved sometimes going 

beyond the context of neurodegenerative diseases. This is the case of the cytotoxic oedema project 

where the work was placed in an NMO environment. In this environment AQP4 water flow is of great 
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importance as well as inflammatory complement. Although specific pathological mechanisms are 

being analysed they are mechanisms common to many neurodegenerative diseases. In this section 

proof of the universality of the mechanisms here studied is presented. In Section 1.1.1 glutamate 

excitotoxicity is shown to be involved in many neurodegenerative diseases. Section 1.1.2 describes 

the role of aquaporins and in particular AQP4 in a variety of brain diseases. Then the role of 

complement lysis and the availed avenues for therapeutic prevention of it are described in Section 

1.1.3. The potential of pro-resolving mechanisms as avenues for understanding the pathophysiology 

of neurodegenerative diseases and identifying novel treatments is presented in Section 1.1.4. 

 

1.1.1 Glutamate excitotoxicity  

 Glutamate is an amino acid and the principal excitatory neurotransmitter in the CNS [19]. This 

is evidenced by the large concentration of glutamate inside neurons (from 3mM [20] to 10mM [21]). 

For a full description of the physiology of glutamate regulation please refer to Chapter 2. In this 

section, the focus is to present how the topic of glutamate excitotoxicity relates to the thesis title.  

 The concept of glutamate excitotoxicity was first presented by Olney et al. [22]. It is described 

as being a process by which this amino acid and others involved in the excitatory mechanisms are 

responsible for the death of neurons in acute and chronic diseases of the CNS. The cell death process 

involves the over stimulation of glutamate receptors and it results in the loss of post synaptic 

structures such as dendrites and cell bodies [22], [23]. Evidence amounts of the presence of 

excitotoxicity in acute cases such as ischaemic stroke and traumatic brain injury [24].  

In the chronic case where neuronal tissue dies over a long period of time, the proof has been harder to 

acquire due to the difficulty to develop an experimental model that mimics the behaviour of a 

neurodegenerative disease. However, it has been demonstrated that small increase (as low as 10%) of 

extracellular glutamate leads to functional changes in cerebral tissue structure and function leading to 

nerve cell impairment  [25], [26]. Additionally, animal and human studies have shown that toxins that 

inhibit receptors that glutamate stimulates induce excitotoxicity and lead to a slow development of 

neuronal deterioration [27], [28].  
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 Furthermore, neurodegenerative diseases have been found to lead to glutamate excitotoxicity 

through a variety of mechanisms. In three cases the evidence is clear. There is the disease 

Amyotrophic Lateral Sclerosis (ALS) where several pathways have been hypothesised that result in 

the accumulation of glutamate in the ECS. It has been shown that glutamate extraction mechanisms 

from the ECS are down-regulated [29] and those release mechanisms are up-regulated [30]. In 

addition, there is an increased expression of amino acids that trigger glutamate release mechanisms 

[31]. Alzheimer’s (AD) also presents glutamate excitotoxicity as a cell as the pathology is marked by 

a higher neuronal sensitivity to excitotoxicity [32] and as ALS there is a down-regulation of channels 

responsible for glutamate uptake [33] and an increase in channels that release it [34]. Finally, there is 

the case of Huntington’s disease where it has been found that channels of glutamate uptake are 

redistributed which might result in the triggering of glutamate release and accumulation [35].  

 As the evidence amounts there is a need to test the hypothesis that arises in a prompt, cheap and 

ethical way. It is here argued that mathematical modelling of the known glutamate regulatory 

mechanism it is possible to satisfy the criteria stated.  

1.1.2 The role of AQP4 in neuron degeneration [36] 

  AQP4 is a water channel located at a cerebral type of cell called astrocyte. These cells are 

responsible for ensuring the homoeostasis of cerebral tissue by, as an example, extracting 

neurotransmitters released by neurons after stimulation [37]. In terms of water kinetics, the astrocyte 

has been shown, through AQP4 channels but not exclusively, to interact with the BBB. This 

interaction is titled glymphatic system [38]. Through this system, it has been shown that the ECS 

hydrostatic pressure is modulated, which has been shown to ensure the homeostatic levels of 

potassium [39].  

 Due to its critical role in the interaction between cerebral tissue and the BBB AQP4 is believed 

to initiate or be a component in the pathophysiology of neurodegenerative diseases. Evidence has 

been compiled in three cases. AD is characterised by the build-up of beta-amyloid plaque in the 

tissue. This deregulates the tissue structure and function. It is hypothesised that the accumulation of 
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plaque is a result of, in part, the failure of the glymphatic system [38]. Additionally, it has been shown 

that plaque clearance in the AQP4 knock out mice is reduced by 50-65% compared to wild-type mice 

[40], [41]. Therefore, it is hypothesised that the impairment of the glymphatic system is involved in 

the pathophysiology of AD and that AQP4 expression might be affected.  

 Other neurodegenerative diseases have demonstrated AQP4 involvement in their 

pathophysiology. These include Parkinson’s and ALS. In terms of the former, it has been found that 

the characteristic reduction of dopamine production is important for the expression of AQP4 [42]. 

ALS, in turn, is a disease marked by the failure of muscle function that has been linked to a reduction 

in AQP4 expression in neuromuscular cells [43]. Additionally, ALS is marked by the breakdown of 

the BBB. Experimental work using animal models has shown that the breakdown is mediated, in part 

by loss, of AQP4 [44].  

 The newly identified glymphatic system has been proposed to play important roles in ensuring 

the homeostatic state of the brain. The disruption of this system has been linked to a variety of 

neurodegenerative diseases. As the evidence compiled AQP4 plays a crucial role in this system and 

therefore studying its expression and function might reveal pathological mechanisms and potential 

therapeutic strategies. As it was shown experimental models are limited and costly and therefore an 

experimental modelling approach is here proposed to study it. The pathology chosen was 

neuromyelitis optica as the role of AQP4 is clearer and therefore it’s the best to create a proof of 

concept [45].  

1.1.3 Inflammatory complement role in neurodegenerative pathologies.  

 Inflammatory complement is a system of proteins that aims at recruiting inflammatory cells and 

forming holes in the membranes of targeted bodies. The protein complex that forms the holes is 

termed membrane attack complex (MAC). Many neurodegenerative diseases have been shown to 

present a neuron inflammatory component in their pathophysiology and, additionally, proteins 

involved in the complement process have been measured [46], [47].  
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 The evidence of the involvement of inflammatory complement is more prominent in the case of 

AD, as it has been reported that there is the activation of a variety of complement proteins [48], [49]. 

Furthermore, a range of complement proteins, including MAC, have been found in areas marked by 

beta-amyloid deposition [48], [50]. Besides being a route to understand the development of the 

disease [51], understanding the involvement of complement in the pathology might also be an avenue 

to identify new therapies for the disease. There are several complement inhibitors that regulate 

complement production. The one most prominently expressed in cell membranes in the nervous 

system is the protein CD59. It has been shown by Yang et al. [52] that there is a significantly lower 

expression of CD59 in the frontal cortex and hippocampus in Alzheimer’s patients compared to 

controls. 

 Although less thoroughly explored there is evidence that there is an increase of expression of 

complement proteins in the presence of the Parkinson’s pathology [47], [53]. It is characteristic of the 

disease for nerve cells in the substantia nigra area of the brain to die [53]. At this location, the work 

by Loeffler et al. [53] was able to identify, through staining, the presence of a variety of complement 

proteins including the deposition of proteins responsible for MAC. Therapeutic avenues using 

complement inhibitors have, however, yet to be tested.  

 As neurodegenerative diseases are characterised by presenting inflammatory mediators it is 

reasonable to assume that complement may play a part in the development of these diseases. In fact, 

as the evidence compiled has shown, complement and complement lysis might play a crucial role in 

the cell death process of these diseases. Experimentally, as the in vivo models are able to fully 

reproduce the full spectrum of these diseases [54] and the pool of patients required for statistically 

significant results is difficult to mobilise [55]. Therefore, in this thesis, a mathematical approach is 

presented that tries to model the mechanisms of complement lysis in astrocytes and to evaluate the 

therapeutic efficiency of CD59. All these tests are performed in the context of NMO where its role is 

better understood and characterised. 
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1.1.4 Pro-resolving strategies in the context of neurodegeneration  

 As demonstrated in Section 1.3, inflammation is a key feature of neurodegenerative diseases. 

This occurs independently of the natural protection that the brain has with the BBB to prevent the 

penetration of cells into the CNS [56]. However, during the neurodegenerative pathophysiologies the 

cells that experience apoptosis need to be cleared and therefore inflammatory cells are recruited [57]. 

In fact, it has been shown that AD and PD experience an increase in inflammatory cell recruitment 

mediators [58], [59].  

 The development of acute inflammation is a natural response and aims to prevent further tissue 

damage. However, it is evident that in the presence of these pathologies acute inflammation 

degenerates into chronic inflammation. Until recently it was believed that the clearance of 

inflammatory cells after an event was due solely to diffusion. Now it is known that clearance of these 

cells involves active mechanisms. The failure of these pro-resolving mechanisms is now hypothesised 

to be the reason for the development of chronic inflammation. Neurodegenerative diseases have also 

demonstrated that the failure of pro-resolving mechanisms is involved in their pathology. The chronic 

inflammation observed in Alzheimer’s has been linked to dysfunction in a pro-resolving mechanism 

as certain mediators were found to decrease [60]. Additionally, therapies have been proposed for AD 

that aims at enhancing or re-establishing these mediators [61]. 

 This is a novel field that might aid in the understanding of the pathophysiology of these 

diseases and provide new therapeutic strategies. In order to test these, it is here proposed that 

mathematical modelling should be used, the first mathematical model to test a pro-resolving 

mechanism was created. With it, an intervention was tested and optimised in the effort to exploit a 

pro-resolving system to prevent the degeneration of acute inflammation into chronic inflammation.  

1.2 Thesis structure  

 The aim of the work here developed is to test brain pathological hypothesis. The approach 

taken was to model physiological mechanisms and to test how these are perturbed, resulting in 
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pathological symptoms. To justify the choice of the physiological mechanisms considered, Chapter 2 

presents the most relevant nervous system physiology and the pathological mechanisms. These 

include neuronal and glial function, glutamate neurotransmission, AQP4 expression and function and 

ischaemic stroke, NMO and chronic inflammation pathologies. 

  The models developed are based on cellular metabolic and ionic concentration regulation. In 

Chapter 3 the evolution of the literature of the mathematical models considered is presented. More 

specifically the chapter focuses on the evolution of models of cellular metabolism as defined by 

Aubert et al. [62]  and cellular ionic regulation initiated by Hodgkin-Huxley [63]. This family of 

models has been expanded to consider AQP4 water kinetics [64] and the impact of osmotic pressure 

has on cellular volume [65]. Additionally, the field of models of acute inflammation is described 

based on the work initiated by Laufenberg and Kennedy [66]. Furthermore, Chapter 3 describes all 

the tools and methods used to develop the model: the compilers of code used (e.g. OpenCell [67]), the 

methods used to fit parameters (e.g. simplex [68]) and the sensitivity analysis algorithms implemented 

(e.g. Morris method [69]). 

  Chapter 4 describes all the work done in the context of glutamate excitotoxicity in the presence 

of ischaemic stroke. It consists of expanding the model of cytotoxic oedema in the presence of 

ischaemic stroke by Orlowski et al. [15] to include glutamate regulation mechanisms. The model was 

validated using microdialysis measurements of ECS glutamate concentration in mice brains. The 

work done was developed in collaboration with Dr Mkael Symmonds and Dr Jacqueline Palace from 

the NDCN at Oxford. Both collaborators provided physiological expertise in the field.  

Chapter 5 centres on the mathematical model created of the hypothesised triggers for NMO. The 

model developed consists of expanding the Orlowski et al. [15] model by integrating the effects of 

AQP4 water kinetics and the impact of astrocyte membrane complement lysis on volume of the cells. 

Besides testing pathological hypotheses, the work aims to test the therapeutic potential of CD59 to 

prevent the astrocytic cytotoxic oedema observed in the context of this disease. This work was also 

developed with the collaboration with the NDCN. Their expertise provided the aims of the work as 

well as guidance throughout the development of the work.  Finally, this chapter also presents all the 

strategies used to try and simplify the integration of models with a large number of equations. These 
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included using the Morris method [69] and the genetic based symbolic regression method provided by 

Allgaier and McDevitt [70]. 

 Finally, Chapter 6 describes the work developed on the inflammatory pro-resolving mechanism 

of chemerin/ChemR23 as described by Cash et al. [71] . The work was done in collaboration with the 

group of Professor Greaves from the Willis Department of Physiology. Through the work of his 

student Dr Daniel Regan-Komito it was found that when extra chemerin is injected there is a 

significant reduction in cell recruitment in an in vivo model of peritonitis. The aims of the work were 

then to identify the optimal time and concentration for the injection of extra-chemerin in order to 

achieve maximal inhibition of inflammatory cell recruitment. In this work, sensitivity analysis was, 

also, implemented to identify the most relevant parameters that need to be measured in order to 

improve the predictions of the model.  

1.3 Personal statement 

 The methodology chosen to create models of pathological mechanisms consisted in 

collaborating with experimental and pathological departments to acquire data to validate and place the 

models into a more established theoretical basis. Three different projects were developed, which 

involved three different collaborations.  

 Modelling glutamate excitotoxicity was first proposed by Dr Thomas Lillicrap from the 

University of New South Wales. With such a model it was expected to find if exacerbated glutamate 

release was responsible for the fever experience by a cohort of ischaemic stroke patients [72]. During 

the project development, it was found that glutamate could not be responsible for the increase of 

temperature experienced. Taking the theoretical knowledge provided by Dr Lillicrap the focus was, 

then, directed to create a validated model of glutamate release in stroke. The data used for validation 

was taken from the literature and it consisted on in vivo microdialysis measurements [73], [74].  

 By having a functioning model of cytotoxic oedema attracted the attention of Nutfield 

Department of Clinical Neurology at Oxford. In particular by Dr Jacqueline Palace and Dr Mkael 

Symmons. From meeting with these two doctors a project presented in Chapter 5 on NMO was 
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defined. They proposed the use of mathematical modelling as way to test the main pathological 

mechanism behind astrocytic swelling during NMO, as identified by Saadoun et al. [17].  

 From the work done on inflammation, it was possible to approach research groups that acquire 

data on acute inflammation. This was done to create the models presented in Chapter 6. Our work was 

discussed with the group of Professor Greaves from the Sir William Dunn department of physiology 

at Oxford. It was possible to get access to data compiled by Dr Regan-Komito on a pilot intervention 

study where the pro-resolving pathway of the chemokine chemerin was tested. The modelling 

approach had to be adapted to match the data received. The model created moved from a four 

compartment model brain tissue to a 1 compartment inflammation recruitment and clearance of 

inflammatory cells, as described in chapter 6.  
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Figure 2.1: The CNS (brain and spinal cord) 
and PNS (spinal and cranial nerves); adapted 
from [75] 

Chapter 2 

Literature review: Biological principles  

 This chapter aims at presenting the main concepts behind the mathematical models developed. 

As the thesis focuses on pathologies of the nervous system, this chapter starts by giving an overview 

of the relevant nervous system pathology. Then the following topics are explored: 1. glutamate 

excitotoxicity during stroke; 2. glial swelling during NMO; and 3. neutrophil and leukocyte 

recruitment during peritonitis.  

2.1 Nervous system physiology [75] 

 This section focuses on presenting the most relevant physiology of the nervous system that was 

the basis for the mathematical models developed. The 

physiology described is presented at two levels: tissue 

(section 2.1.1) and cellular (neurons in section 2.1.2.1 and 

astrocytes in section 2.1.2.2).  

2.1.1 Main structures  

 The nervous system is responsible for human 

motility, thought and emotion. There are two main 

structures in the nervous system, the brain and the spinal 

column, which comprise the central nervous system 

(CNS). Additionally, there is the peripheral nervous 
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system (PNS), which consists of all the nerves that connect the spine to the remaining organs.  This is 

summarized in Figure 2.1. 

 The brain is where all the information collected from all the systems in the human body is 

processed. This organ is organized into the cerebral hemisphere, the brain stem and the cerebellum. 

Then each of these structures is divided depending on the type of information being processed. Using 

the cortex as an example, it is divided into the frontal, the parietal, the occipital and the temporal 

lobes. Additionally, certain areas of the cortex have been mapped as having particular functions, e.g. 

the primary auditory cortex and the primary visual cortex.  A summary of the ontology of the cortex is 

presented in Figure 2.2. 

 
Figure 2.2:  The brain cortex is divided into four lobes (frontal, temporal, occipital and parietal) and the cerebellum. Two 
examples of function primary cortex are also presented: auditory and visual; adapted from [75]  
 

 Furthermore, four systems are responsible for ensuring that the cells are maintained at a 

homeostatic state to perform their function: the ventricular system, the meninges, the brain’s 

circulatory system and the brain blood barrier (BBB). The first of these consists of a series of 

interconnected, fluid-filled spaces that cover the whole CNS. These spaces are filled with cerebral 

spinal fluid (CSF). This fluid is formed at every ventricle in a vascular structure titled the choroid 

plexus. The fluid travels along the ventricular system moving to the sub arachnoid space through a 

perforation in the fourth ventricle. Here there are specialized structures called arachnoid villi or 

granules through which the CBF returns to the venous circulation.  

 The ventricle system consists of the lateral ventricles, which are the first and second ventricles. 

From these, the CBF moves to the third ventricle through the interventricular foramen. The third 

ventricle is followed by the cerebral aqueduct that opens into the fourth ventricle. The latter then has a 
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canal that opens into the spinal cord. The function of this fluid is not yet fully understood. Currently, 

the following functions have been identified: it operates as a damper to absorb forces when the head 

suffers any sort of impact; it regulates intracranial 

pressure, and it is responsible for the clearance of 

metabolic waste. A description of the different 

pathological structures of the CBF circulatory system is 

presented in Figure 2.3. 

 The subarachnoid space is named as such because 

it is under the arachnoid. The latter is one of the three 

protective layers surrounding the brain that make up the 

meninges. The other two are the dura mater and the pia 

mater.  These layers can be seen in Figure 2.3.  

The brain’s blood circulatory system ensures that the 

nutritional needs of the brain are met. All blood flow to 

the brain and the spinal column is supplied by two sets 

of branches from the dorsal aorta: the vertebral arteries and the internal carotid arteries. The vertebral 

arteries combine and form the basilar artery. The latter then joins the blood supply of the internal 

carotids forming an arterial ring called the circle of Willis. By combining the two sources of the blood 

it is hypothesized that it functions as a safety mechanism that ensures that there is blood supply even 

if one of the sources is blocked. These three structures (internal carotid artery, vertebral artery and 

circle of Willis) supply blood to the arteries that in turn deliver blood to the different areas of the 

brain. The internal carotid arteries branch to form two major cerebral arteries, the anterior and middle 

cerebral arteries. These give rise to branches that supply the cortex and structures that penetrate the 

basal surface of the brain and deliver blood to deep structures such as the basal ganglia, the thalamus 

and the internal capsule. In addition, there is a set of arteries that constitutes the posterior circulation 

that supplies blood to the posterior cerebral cortex, the midbrain and the brain stem. It consists of 

arterial branches that arise from the posterior cerebral, basal and vertebral arteries. The blood 

circulatory system can be seen in Figure 2.4.  

Figure 2.3: The structures of the CBF 
circulatory system, adapted from [75]. 
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Figure 2.4: Description of the brain blood circulatory system; adapted from [75].  
 

 The brain, more than any other organ needs to shield itself from ionic changes as well as from 

toxic molecules such as those that get into the blood circulation due to ingestion, infection and other 

means. This shield exists in the form of the BBB, which is composed of specialized endothelial cells. 

These restrict the passage of ions and molecules much more than in other areas of the body by having 

a tight junction between them. However, essential molecules for tissue function like glucose do get 

through due to the presence of specific transporters. Furthermore, endothelial cells are surrounded by 

astrocytic endfeet. The full extent of the relationship between astrocytes and the BBB through the 

endothelial-astrocytic junction is still being researched. Currently, astrocytes have been identified to 

influence BBB features such as the flow through it; the expression and polarized localization 

transporters and expression of specialized enzyme systems. The main constituents of the BBB are 

shown in Figure 2.5. 

 The spinal column, in turn, is constituted of a series of bone structures, the vertebra, that are 

connected with cartilage and that are responsible for maintaining humans’ upright posture. 

Furthermore, these ensure structural stability for the nervous system connections between the brain 

and the rest of the body. In particular, it ensures the connections responsible for the regulation of heart 

rate, breathing rate and all the thoracic organs. This fact is of particular interest as the spinal column 

has been identified as being one of the initial sites where patients who suffer from NMO experience 

lesions. Consequently, through damage to the spine, patients might experience further organ 
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deregulation or even organ failure. In particular, respiratory failure has been commonly experienced 

by NMO patients.   

 
 

 
Figure 2.5:  Breakdown of the main components of the BBB; adapted from [75] 

 

2.1.2 Cellular components [19], [75] 

 All the information processed by the nervous system is due to the interactions between two 

types of cells: neurons and the astrocytes. In this section, all the relevant physiology of these cells and 

their functions are presented.  

2.1.2.1 Neuron  

 These cells are specialized to exchange information through electrical and chemical means. 

They have three distinct sections: the cell body where the cell nucleus lies and electrical signals are 

triggered; the axon, which carries the electrical signals; and the axon terminals, where communication 

with other neurons occurs. The neuronal structures mentioned are summarized in Figure 2.6. In order 

to encode and to transfer information, neurons employ several types of electrical signals. When not 

excited the neuron maintains a resting membrane potential of -40 mV to -90 mV. Several types of 

stimuli have been characterized depending on how they momentarily (of the order of milliseconds) 

change the resting potential of neurons. In the case of sensory stimulation, e.g. light, heat and sound, 

they have been characterized as receptor potentials. Then there are the synaptic potentials, which are 

responsible for the transmission of information between neurons. Finally, there is a third type of 

electrical signal that ensures that no information is lost when signals need to travel long distances. 
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These signals are called action potentials (AP) and function as amplifiers of the signal in order to 

overcome the poor electrical conductivity of a neuron.  

 

Figure 2.6: Description of the physiology of a neuron. [75] 

 The AP has two particular characteristics that explain how information is coded in the brain. 

Firstly, in order to induce an action potential, the membrane potential needs to be driven above a 

certain threshold, called the threshold potential, otherwise, it simply falls back to its resting state. 

Secondly, independent of the voltage dispensed, when the potential goes above the threshold it always 

produces an action potential with the same amplitude. Consequently, if continuously stimulated, a 

train of identical APs is formed. Therefore, information is coded not by the amplitude of APs but by 

their frequency.  

 All the electrical potentials mentioned are derived from ionic movements across the membrane. 

This movement is driven by electrostatic and diffusion forces induced by differences in ion 

concentrations between the intra and extra cellular fluids and by the selective permeability of the 

cellular membrane to ions. These two effects are in turn governed by two kinds of proteins in the cell 

membrane: the ion channels which are selectively permeable to ions that transverse it passively and 

the active transporters that actively move ions into or out of the cell against their concentration 

gradient.  

 There are several relevant ions that are responsible for neuronal behaviour. Here four are 

chosen based on the cellular physiological mechanisms that will be captured in the model developed 

later. These are used in this section to explain the ionic behaviour behind cellular signalling. They are 
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sodium (Na+), potassium (K+), calcium (Ca2+) and chloride (Cl-). Typical intra and extra cellular 

concentrations are presented in Table 2.1.  

 

Table 2.1: Extracellular and intracellular mammalian ion concentrations [75] 
 Concentration (mM) 

Ion Intracellular Extracellular 

Potassium (K+) 140 5 

Sodium (Na+) 5-15 145 

Chloride (Cl-) 4-30 110 

Calcium (Ca2+) 0.0001 1-2 

 

 Diffusion forces ions to move from the space with the largest concentration to the lowest. 

Therefore, Na+, Ca2+ and Cl- would be pushed into the cell with K+ pushed outside the cell. However, 

the membrane potential is maintained at its resting potential of -70 mV due to two mechanisms. The 

first, as in the case of Cl- and K+, is that the electrostatic pressure exerts a force against the diffusion 

force. In the case of Ca2+ and Na+, both diffusion and the electrostatic pressure push it inside the cell 

and therefore the membrane resorts to active ion transporters.  One transporter of special relevance is 

the K+/ Na+ pump. It has a stoichiometry of 2 K+ ions moved in for every 3 Na+ ions pushed out and to 

operate it approximately 40% of the neuron’s metabolic resources are consumed. Therefore, the 

healthy behaviour of the brain is dependent on the maintenance of the K+/ Na+ pump. The transport 

dependent ion gradients are the basis for the neuronal membrane potential and the action potential.  

The breakdown of the forces involved in the movement of ions through the membrane is shown in 

Figure 2.7. 

 

Figure 2.7: Description of the forces that explain the movement of ions across cellular membranes.[19] 
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Figure 2.8: Description of how the membrane permeability 
changes during AP stimulation [19] 
 

 The resting potential can be explained by the equilibrium potential of each ion. The latter can 

be calculated using the Nernst equation, which states that the equilibrium potential (!"#$) is 

proportional to the natural logarithm of the ratio of the extracellular (%&') over the intracellular (%"$) 

ion concentration as summarized in Equation 2.1. 

!"#$ =
)*

+"#$,
-.

%&'

%"$
, 

(2.1) 

where, ), *,	, and	+"#$ are the gas constant, the temperature, Faraday’s constant and the ion valence 

respectively.  Since the resting potential of the membrane is approximately -70 mV, K+ is the ion that 

is closest to being in electrochemical equilibrium. Therefore, the resting potential rises from both the 

fact that the membrane is more permeable to K+ than to other ions, as experimentally confirmed by 

Hodgkin and Katz in 1949 and the fact that the K+ ionic gradient is maintained by active accumulation 

of K+ inside the cell.  

 The action potential is explained by a transient (of the order of 10 msec) increase in the 

membrane’s permeability to ions. This increase is managed by voltage dependent ions that are open 

when the membrane potential reaches particular thresholds. It is initiated with the opening of Na+ 

ionic channels when the neuron membrane crosses the threshold of excitation. As aforementioned 

both diffusive and electrostatic forces push sodium 

inside the cell, therefore, an increase in permeability 

results in a rush of Na+ into the cell. This induces a 

rapid change of the membrane potential from -70 mV 

to +40 mV. Within this period of depolarization, at a 

larger threshold, K+ voltage dependent channels also 

open. Initially, K+ will also permeate the cell. 

 When the AP reaches its peak (in 

approximately 1 msec) value the sodium channels 

become blocked and cannot open until the membrane returns to its resting potential. This behaviour of 

the sodium channels is responsible for the refractory period. As the inside of the cell becomes positive 

the electrostatic force drives K+ outside the cell. This removal of K+ progressively causes the 
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membrane potential to decrease. Before it goes back to its resting potential the AP is marked by an 

overshoot where the potential decreases to about -80 mV. This event is due to the extra permeability 

to K+ incurred by the voltage dependent channels. Then the membrane goes back to its resting 

potential and only now can a new AP be induced. A description of the changes in membrane 

permeability in the presence of an AP is summarized in Figure 2.8. 

 Besides K+ and Na+ there are Ca2+ and Cl- voltage dependent channels that also open during an 

AP event. The Ca2+ voltage dependent channels in some neurons can be responsible for driving AP in 

much the same way as Na+. In other neurons, Ca2+ channels modulate the shape of the AP generated 

principally through Na+ conductance changes. More generally, Ca2+ channels control the 

concentration of intracellular calcium, which regulates a range of biochemical processes, perhaps the 

most important of which is its role in regulating the release of neurotransmitters. This function will be 

further explained in Section 2.3. The Cl- channels, in turn, have been found to control excitability, to 

contribute to the resting membrane potential and to help regulate cellular volume. 

 A model of an AP has been developed by Hodgkin and Huxley. This model assumes that the 

membrane’s conductivity (1) obeys Ohm’s Law. Hence the ionic currents (2"#$) induced by an AP are 

of the form: 

2"#$ = 1"#$(!4 − 6"#$), (2.2) 

where !4 is the membrane potential and 6"#$ is the equilibrium potential for the ion flow through the 

channel with conductance 1"#$. From this simple relationship Hodgkin and Huxley were able to 

model the ionic currents of Na+ and K+. From voltage clamp experiments and knowing the intra and 

extra cellular concentrations of these ions they were able to measure the steady state values of 18 and 

19: as well as !8	and !9:. Additionally, they characterized the voltage dependence of the ion 

channels conductance. Moreover, they found that an extra current was required in order to fully 

represent the AP behaviour, which they called the leak current. The latter accounted for the movement 

of all the other ions present in the extracellular space.      

 As aforementioned an AP is a form by which neurons communicate with each other. After 

initiation, the AP needs to travel down the axon to deliver the information to its required location. 
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While it travels through the axon the amplitude of the AP always remains the same. However, the 

axon is not made of electrically conductive material. In order to overcome this limitation, the axon is 

coated with an isolating material called myelin. The maintenance and replenishment of myelin are 

ensured by one type of glial cells called oligodendrocytes. Despite this coating, the signal, like in any 

electrical cable, will diminish as it travels through it. The loss of signal is overcome by amplifying the 

signal throughout the axon. This is done by interspersing myelinated segments with areas called nodes 

of Ranvier where the axons are exposed to the extracellular space.  Here, there are voltage dependent 

Na+ and K+ ion channels which, when a fading AP arrives after traversing a myelinated area, open and 

regenerate the AP to go through another myelinated section.  

 Such conductance where APs appear to hop from node to node is called saltatory conduction. 

This type of conduction confers two advantages. The first has to do with energy efficiency. The Na+ 

that comes in during AP depolarization has to be actively transported out. Therefore, by having areas 

isolated with myelin that ensures that less Na+ enters the cell, consequently less energy is used to 

maintain the membrane potential. Secondly, it increases the speed. This is because the conduction of 

the electrical signal in the myelinated segment is much faster.  

 After the signal travels down the axon it arrives at the synapse. This is where neurons can 

communicate with each other through a process called synaptic transmission. The synapse is 

composed of a pre-synaptic membrane, located at the end of the terminal button, and the post-synaptic 

membrane, which is the membrane of the neuron that receives the signal. There are two types of 

synapses: electrical, where electrical signals can transverse to the postsynaptic neuron passively; and 

chemical, where the electrical signals are translated into a chemical form. The former are in the 

minority. 

 Electrical synapses have the two membranes connected by a gap junction that maintains the 

pre-synaptic ion channel and the post-synaptic ion channel alignment. Each channel pair forms a pore 

where not only ions but also larger molecules such as ATP can move between neurons. The passive 

flow is generated by the difference in potential between the two membranes driven locally by APs. 

Due to this arrangement, these synapses allow for bi-directional flow and the exchange can almost be 

perceived as instantaneous. Furthermore, these synapses allow for the synchronization of electrical 
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activity among populations of neurons. Additionally, as the junction allows for the movement of large 

molecules it also permits electrical synapses to coordinate the intracellular signalling and metabolism 

of coupled cells.  This property can be particularly important for glial cells, as it has been found that 

they form large intracellular signalling networks through the gap junction.  

 Chemical synapses are more common in the nervous system and have a larger gap between the 

neurons’ membranes than the electrical synapses. This gap is called the synaptic cleft and it has on 

average a length of 20 nm. In order for the signal to transverse this gap the pre-synaptic neuron 

releases neurotransmitters. Approximately 100 different neurotransmitters have been identified. These 

are characterized as either small molecules or peptides. Additionally, different neurotransmitters elicit 

responses individual to each neuron, e.g. while for some neurons a certain neurotransmitter is 

excitatory for others it might be inhibitory. Furthermore, the different types of neurotransmitters allow 

for heterogeneous signal speeds; while small molecules mediate rapid synaptic actions, peptides 

modulate slower synaptic function.  The two types of synapses can be visualized in Figure 2.9. 

 
Figure 2.9: Description of the how the two types of synapses function: electrical (I) and chemical (II) [75] 
 

 Inside the neurons, these chemicals sit inside small membrane bound organelles called synaptic 

vesicles. These have an average diameter of 50 nm and each carries around 10,000 molecules of 

neurotransmitters. These vesicles are separated into pools that are organized depending on the species 

and on the type of neuron. In the work by [76] two types of mammalian neurons are analysed: 

hippocampal neurons and calyx of held neurons. In both cases the vesicles are organized into three 

pools: the reserve pool RP (80 to 90 % of vesicles) the recycling pool RC (5 to 10% of vesicles) and 
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Figure 2.10: Diagram of the different types of synaptic vesicles 
pools and how vesicles move between them [74]  

 

the ready release pool RRP (1 to 5% of vesicles). [76] presents evidence that the calyx of held and 

hippocampal neurons have approximately 200 and 300,000 vesicles respectively.  

The RRP gets its name from the fact that its vesicles have docked to the membrane and have adhered 

through a process called priming to the pre-

synaptic membrane. This ensures a fast release 

of neurotransmitters after stimulation. Depending 

on the frequency of stimulation the vesicle pools 

are recruited progressively from the smallest to 

the largest. The movement of vesicles between 

pools is also arranged depending on the type of 

neuron. Hippocampal neurons allow for vesicles 

to be exchanged between the three pools. In turn, 

the RRP of the Calyx of Held does not mix with other pools and RRP vesicles only join other pools 

after release.  The movement of vesicles between the three pools is summarized in Figure 2.10.  

The AP induces exocytosis of neurotransmitters through an ionic mediator, Ca2+. When the pre-

synaptic membrane depolarizes Ca2+ voltage dependent channels open allowing for the influx of Ca2+. 

The extra Ca2+ triggers the release of the contents of vesicles primed to the pre-synaptic membrane. 

The process of release is called vesicle fusion.  

 Depending on the frequency of stimulation a number of vesicles will release their content. The 

average concentration of neurotransmitters inside the vesicles, or quantal size and the number of 

vesicles released in response to one AP, or quantal content, are used to characterize synapses.  Three 

forms of neurotransmitter release have been identified [77]: 1. fast, low frequency triggered 

synchronous release; 2. slow, high frequency AP train triggered asynchronous release; and 3. 

spontaneous release. Fast and slow neurotransmitter release is Ca2 + dependent. Conversely, the 

mechanisms behind spontaneous release are still not fully understood.  

 After the release of neurotransmitters, vesicles are recycled. There are three pathways: the 

“kiss-and-run” where after release vesicles undock from the membrane and are readily available to be 

refilled and join one of the 3 vesicle pools; the “kiss-and stay” where vesicles are refilled while still 
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attached to the membrane; and a third pathway where vesicles are broken down and become part of an 

endosome from which new vesicles are produced.  These three mechanisms of vesicle recycling are 

presented in Figure 2.11. 

 

 
Figure 2.11 : Description of the three ways by which vesicles are recycled after exocytosis of neurotransmitters. [19] 
 

 At the synapse, neurotransmitters are responsible for activating post-synaptic receptors that in 

turn open post-synaptic ion channels. There are two types of ion channels. The most common are the 

inotropic channels, also called ligand-gated ion channels, which directly open or close ion channels 

when activated. Additionally, there are the metabotropic channels. Their name stems from the fact 

that they require cells to expend energy. Furthermore, the receptor does not trigger the channel to 

open directly. Instead, a “molecular switch” is activated, called a G-protein, that will bind with an ion 

channel and open it. There are also cases where the activation of the G-protein triggers a protein and 

enzymatic cascade that results in the release of a second messenger that is responsible for opening the 

channel. The two types of ion channels are depicted in Figure 2.12. 

 After the channels are opened, they allow ions to permeate the post-synaptic membrane 

inducing a postsynaptic potential. These can be depolarizing (excitatory) or hyperpolarizing 

(inhibitory).  The nature of the potential is not determined by the neurotransmitter. Instead, the ionic 

channels that are sensitive to that particular neurotransmitter characterize the potential. Excitatory 

postsynaptic potentials (EPSP) are invoked by either the opening of Na+ or Ca2+ channels, as there is a 

larger concentration of both ions outside the cell than inside and they both have a positive charge. 
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Hence, they increase the membrane potential and consequently increase the probability of the 

membrane reaching the threshold of excitation which would lead to the propagation of the AP. 

Conversely, if K+ and Cl- channels are opened, an inhibitory postsynaptic potential (IPSP) is 

generated. The increase of the membrane’s permeability to K+, as there is a larger concentration inside 

than outside, causes K+ to move outside. This results in making the postsynaptic potential more 

negative. In addition, when Cl- channels open Cl- moves inside and it also makes the membrane 

potential more negative. By reducing the membrane potential, the probability of an AP being induced 

is reduced.  

 
Figure 2.12: There are two types of postsynaptic channels: ionotropic channels and metabotropic channels. [19] 
 

 Besides participating in the modulation of postsynaptic potentials, Ca2+ has been found to be an 

important neuronal intracellular messenger. This was suggested by the discovery of a series of cellular 

organelles that are able to induce Ca2+ currents [78]. In particular the Endoplasmic Reticulum (ER) 

has active (SERCA Ca2+ pump) and passive (inositol (1,4,5)-triphosphate receptors - IP3Rs - and 

ryanodine receptors - RyRs) Ca2+ transport channels in its membrane. The Ca2+ currents generated by 

the ER have been associated with many functional and structural changes in nerve cell circuits like 

neurite growth and synaptogenesis. Additionally, it has been shown that, when in close proximity, 

there are Ca2+ currents moving from ER into the mitochondria. Inside the mitochondria, Ca2+ levels 

have been related to energy production. Furthermore, the nucleus can also generate Ca2+ signals. 
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These have been found to influence gene expression. Hence, Ca2+ levels are an integral factor to 

maintain the normal function and behaviour of the nervous system. When excessive levels of Ca2+ are 

present in the cytoplasm, cellular apoptosis can be triggered. Ca2+ concentrations have also been 

found to play a crucial role in the pathophysiology of neurodegenerative diseases. Alzheimer’s and 

Parkinson’s diseases, for example, have been linked to abnormalities of ER-mediated Ca2+ signalling 

[78]. 

 The aim of this section was to present the importance of ionic, metabolic and neurotransmission 

regulation for the healthy functioning of cerebral tissue. The mathematical models developed later in 

the thesis aim to capture these mechanisms. Then these models are used to mimic how these 

mechanisms are perturbed in the presence of pathological environments. Additionally, there is another 

set of mechanisms that were found important when considering pathologies in the brain, which 

regulate ionic and neurotransmission exchanges between neurons and astrocytes. In the following 

section, their physiology and function are presented.     

 

2.1.2.2 Glial cells  

 Glial cells are the other type of cells in the brain besides neurons. They execute a variety of 

functions during brain development and during normal behaviour that ensures the efficiency of 

neuronal transmission [79]. There are several types of glial cells that vary when considering the CNS 

or the PNS. In the latter, there are the Schwann cells while in the CNS there are the oligodendrocytes 

and the astrocytes [79]. These cells are constituted by two main structures depending on which 

structure they form an interface with. There are the cell soma and cytoplasm that are commonly found 

in close proximity to the synapse and there are the endfoot processes that interact with capillaries. The 

first identified function of these cells was the production and maintenance of the Ranvier Nodes. In 

the CNS this function is performed by the oligodendrocytes.  

More recently [80] has found that astrocytes have direct control of the synaptic function. It has been 

reported that glial cells have neurotransmitter receptors. These receptors have been found to open 

during brain activity leading to the increase of glial intracellular Ca2+ that in turn triggers the release 

of glial neurotransmitter stores, which feed back into neurotransmission. Furthermore, it has been 
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shown that these Ca2+ currents can be propagated between astrocytes over long distances, therefore 

adding an extra level of complexity to synaptic transmission.  

 Astrocytes are also responsible for maintaining the brain tissue in a homeostatic state. This 

function is evidenced in two different contexts. The first consists of ensuring that neurotransmitters do 

not accumulate in the ECS after synaptic activity.  These cells possess pumping mechanisms and 

enzymes that extract neurotransmitters like glutamate and GABA and metabolize them [80]. The 

second involves the reuptake of ions that are released during synaptic activity. It has been found that 

neurons alone cannot perform this action efficiently, leading to accumulation. K+ is of particular 

relevance as if it accumulates it can disrupt the electrical activity of neurons.  

Besides ionic channels and ionic pumps, the astrocytes are able to ensure the homeostatic state of 

brain tissue by being able to regulate the hydrostatic pressure in the tissue through water flux control 

between the blood and the brain through water specific channels called aquaporin-4 (AQP4) [81]. 

These channels have a high selectivity to transporting water. Three specializations of AQP4 have 

been identified that explain its selectivity to water. Firstly, the pore monomer diameter is about 2.8 Å 

and therefore molecules larger than water cannot permeate it. Secondly, an arginine residue coats the 

pore that blocks the entrance of protonated water and other cations. Thirdly, there are dipoles in the 

centre of the channel that prevent proton flow and reorient water molecules. There are several AQP4 

isoforms that have been identified. The most commonly studied isoforms are M1 and M23 [81]. They 

show similar water transport capacities. However, the shorter transcript M23 is able to form square 

arrays. Furthermore, these channels have a 10 fold larger concentration at the endfoot processes of the 

astrocyte than the remaining membrane, therefore attesting to the polarized nature of astrocytes.  

 Water transport by the astrocyte has been hypothesized to be involved in a variety of brain 

tissue properties. Of particular interest is that it might help to explain the reported extra cellular space 

(ECS) volume reduction of 5% to 30% during high frequency activation of excitatory pathways [81]. 

The mechanisms behind this reduction have not been described in detail. Recently, it has been 

proposed that this reduction is due to water movement from the ECS into the astrocyte through water 

transport coupled with ion and neurotransmitter cotransport.  It seems a promising hypothesis as water 

cotransport has been identified through NKCC1 channels (channels with a stoichiometry of 
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Na+/K+/2CL-/H2O) and the glutamate transporter (for every glutamate/3Na+/H+/H2O that go in the cell 

and mole of K+ is pushed out).  Additionally, AQP4 is also believed to play a role in terms of ECS 

shrinkage. Although mostly expressed at the endfeet processes there have been reported AQP4 pools 

in those delicate astrocytic processes that are close to excitatory synapses.  Furthermore, it is still 

unclear if the expression of AQP4 is responsible for either extracting water from the ESC or 

preventing further shrinkage by allowing water flux into the ECS. The latter seems more promising. A 

mathematical model has suggested that this theory is correct by showing that during synaptic activity 

the NKCC1 channel is responsible for allowing water to enter the astrocyte while AQP4 would allow 

water to leave the cell [81].  

 Additionally, AQP4 water regulation has also been linked to K+ homeostasis [81]. A further 

process of K+ uptake has been identified called spatial buffering. Through this process, K+ is 

redistributed along the concentration gradient. It has been found that K+ uptake by the perisynaptic 

astrocyte membrane is coupled to K+ efflux through Kir4.1 channels located at the endfoot membrane. 

In essence, K+ is transported from areas of high synaptic activity to remote liquid compartments. As 

the endfoot has high concentrations of both Kir4.1 and AQP4 it is hypothesized that AQP4 might 

affect K+ conductance indirectly. This effect might come either as a molecular interaction between the 

two channels or through volume changes resulting in membrane stretches. The latter has also been 

proposed by mathematical modelling simulations from the work of [82]. All the functions of 

astrocytes outlined are here shown detailed in Figure 2.13.  

 Furthermore, the astrocyte has been found to be an integral element in the newly defined 

glymphatic system [81]. This is an anatomical pathway responsible for exchange between interstitial 

cerebral fluid (ICF) and the cerebral spinal fluid (CSF).  This system has been hypothesized as a 

mechanism to clear interstitial solutes, e.g. metabolites, from the ECS. This mechanism has three 

components: a para-arterial CSF influx route; a para-venous ISF clearance route and a trans-

parenchymal pathway that is dependent on glial water transport via the astrocytic AQP4 water 

channel. This system has been found to be a key mechanism for clearance of soluble amyloid β (Aβ), 

which is a substance that in Alzheimer’s patients have been found to form plaques. These plaques are 

then believed to be produced by the accumulation of Aβ due to impairment of the glymphatic system. 
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Additionally, it has been shown by [40] that AQP4 null mice have a radiolabelled Aβ clearance 

reduction of approximately 65% that of wild type mice. Therefore, it is suggested that AQP4 

dependent flow along the glymphatic pathway constitutes a key mechanism of soluble Aβ clearance.   

 
Figure 2.13: The astrocyte has mechanisms that interact with both neurons and the capillary [79].  
 

2.1.3 Conclusion 

 From this analysis, it has been shown that the synapse is a tripartite entity. Previously it was 

considered as being constituted of pre- and post-synaptic membranes and the synaptic cleft. However, 

it has been shown that the astrocyte plays an integral role in regulating and maintaining homeostatic 

levels of ions and more importantly neurotransmitters. In the following section, the interactions 

between these two cells in terms of glutamate regulation are presented as well as its potential as a 

biomarker for cell death in cerebral pathological states.   

2.2 The glutamate system  

 Glutamate is the neurotransmitter with the largest concentration in the brain (90% of neurons 

are glutaminergic [83]). Therefore, it is regarded as the principal excitatory transmitter in the nervous 

system. The maintenance of healthy levels of glutamate both intracellularly and in the ECS requires a 
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complex regulatory system that involves neurons and astrocytes, and energy resources dispensed. 

Such a system is required because glutamate accumulation at the synaptic cleft leads to excitotoxicity: 

a mechanism responsible for cell death in many vascular, neurodegenerative and inflammatory brain 

pathologies. In this section, the case is made for the importance of having a mathematical model of 

glutamate release validated in a disease environment. Firstly, the glutamate system is described 

(Section 2.2.1). Then in Section 2.2.2 the role of glutamate excitotoxicity in a variety of diseases is 

discussed. In Section 2.2.3 the state of the art of in vivo measuring of glutamate is presented. Finally, 

in Section 2.2.4 it is explained how a model of glutamate fits into the overall research of the 

pathophysiology and treatment of neurological diseases.   

2.2.1 Glutamate/glutamine cycle 

 Glutamate, like all the other neurotransmitters, is located inside the neuron in vesicles. In a 

healthy situation glutamate is released when an AP arrives and opens Ca2+ voltage dependent channels 

allowing Ca2+ to permeate the pre synaptic membrane [19]. In the presence of pathologies like 

ischaemic stroke glutamate has also been found to be released by the reverse function of the glutamate 

transporter, by swelling-activated anion channels and by an indomethacin-sensitive process in 

astrocytes. The first has been found to have particular relevance in the case of stroke as stated by [83]. 

The glutamate transporter is a voltage dependent channel that uptakes 1 molecule of glutamate with 

three molecules of sodium and releases one molecule of potassium [75]. However, in the presence of 

ischaemia as the membrane depolarizes, its stoichiometry is inverted leading to the exacerbation of 

glutamate release [83].  

 At the synaptic cleft, glutamate is responsible for the activation of a family of ionotropic 

receptors such as the N-methyl-D-aspartate (NMDA), the α-amino-3-hydroxy-5-methyl-4-

isoxazolepropionic acid (AMPA) and the kainite receptors [19]. The AMPA receptor is the most 

common glutamate receptor. It controls a Na+ channel that, when glutamate attaches to it, produces 

EPSPs. The kainate receptor has a similar function. The NAMD has particular characteristics that 

might inform future therapies that aim at mitigating excitotoxicity. It has 5 binding sites where four 

are exterior and one is inside the channel [19]. The exterior ones consist of glutamate, polyamine, zinc 
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and glycine. For the channel to open both glutamate and glycine need to be attached to it. The latter is 

another neurotransmitter that in some areas of the nervous system acts as an inhibitor. Polyamine and 

zinc have been found to have a facilitator and an inhibitor effect respectively on NMDA activity. 

Inside the channel, the binding site is for magnesium, which blocks the channel even if glycine and 

glutamate are attached. For it to be removed the membrane needs to depolarize. Only then can Ca2+ 

and Na+ go through. As previously explained, when Ca2+ permeates the post-synaptic membrane it 

plays a principal role in the mechanisms responsible for synaptic growth and learning. Therefore, 

glutamate is integral to brain function.  

 From the synaptic cleft, the re-uptake of glutamate is mostly performed by astrocytes [21]. 

These have very sensitive glutamate transporters at the membrane. When inside the astrocyte, 

glutamate is metabolized into glutamine. Furthermore, the conversion requires ammonia (NH3) and α-

KG. The former is provided by the capillary or by the neuron while the latter is a product of the 

astrocytic TCA cycle. Glutamine is an amino acid that does not have any neurotransmitter function 

[83]. Therefore, it is safer to pump it to neurons without any concerns of excitotoxicity. At the neuron, 

glutamine is then converted back to glutamate through the release of ammonia.  After this conversion 

glutamate is ready to be released again when an AP arrives. In Figure 2.14 the current understanding 

of the glutamate cycle is presented.   

 
Figure 2.14: Characterization of the glutamate cycle including production; the exchange between astrocytes and neurons 
and activation of post synaptic receptors. This diagram is based on the work of [83].  
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2.2.2 Glutamate role in brain pathologies 

 The brain has in place several mechanisms that ensure that glutamate does not accumulate at 

the synaptic cleft. If any of these mechanisms fail, glutamate opens a larger number of receptors than 

is required for a longer period of time. This will, in turn, allow for an uncontrolled perfusion of Na 
2+ 

and Ca 
2+ into the post-synaptic neuron. The excess concentration of these ions has been found to be 

responsible for the production of apoptotic factors and oxidative stress. These processes have been 

linked with cell death mechanisms for many brain diseases. In this section, the role of glutamate in the 

pathophysiology of three different types of diseases (vascular, neurodegenerative and inflammatory) 

is presented. Additionally, the state-of-art research that aims to investigate the therapeutic potential of 

modulating the glutamate cycle is discussed in all three cases.  

 Glutamate was first determined as a toxin in the context of ischaemic stroke. In fact, it was 

found to be the principal agent responsible for cell death [84]. Consequently, researchers have 

hypothesized that inhibiting the glutamate system might be an ideal avenue for therapy. The initial 

targets proposed have been: the glutamate ionotropic and metabotropic receptors; and the calcium 

channels that trigger glutamate release and inhibition of mitochondrial products due to excitotoxicity 

like free radicals and nitric oxide [84]. However, it has been found that promising results from animal 

models are poorly translated into humans. Therefore, more complex models of excitotoxicity are 

currently being explored. These consist in inhibiting processes indirectly related to excitotoxicity. 

Researchers have explored inhibiting other Ca2+ channels like the sodium-calcium exchanger and the 

sodium, calcium and magnesium TRP channels as they exacerbate the intracellular levels of Ca2+ 

during stroke. However, no human studies have yet been performed [84].   

 Additionally, as glutamate has been found to take part in the mechanisms responsible for 

learning and memory it has been hypothesized that deregulation of the glutamate system might 

explain the extent of cell death due to neurodegenerative diseases. The most common 

neurodegenerative disease is Alzheimer’s disease with a worldwide incidence of 44 million people in 

2015 [85]. Glutamate excitotoxicity has been identified as one of the main causes of cell death. 

Alzheimer’s is characterized by the accumulation of Aβ and the formation of a plaque in the ECS, 
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which is hypothesized to lead to osmotic and hydrostatic pressure deregulation. This pressure 

deregulation leads to uncontrolled glutamate release. In fact, many therapies for Alzheimer’s have 

been proposed that target the glutamate system. One of the principal targets has been the NMDA 

receptor. The most promising drug found has been Memantine, a channel blocker, and this is currently 

commonly prescribed for Alzheimer’s disease patients [86]. However, its efficacy is still questionable 

[86]. Other promising drugs have been found in the family of non-competitive antagonists of the 

NMDA channel (substances that bind to the channel which does not block the binding site of 

glutamate and glycine [87]) in animal models [86]. As the evidence of glutamate excitotoxicity 

involvement in the pathology of Alzheimer’s disease mounts [86], it is likely that new therapies will 

be developed.  

 Furthermore, brain inflammatory diseases might also have an excitotoxicity component to 

them. The particular case of multiple sclerosis (MS) has been explored. This disease is characterized 

by oligodendrocytes death and axonal demyelination [73]. Evidence has been compiled by [73] that 

glutamate levels increase in brains afflicted by MS, which is also marked by up-regulation of 

expression of the glutamate ionotropic receptor.  Expression of glutamate transporters is also altered 

with particular relevance to the correlation between loss of transporters in cortical regions and 

microglia activation and neuronal damage. From this evidence, researchers have presented MS 

therapies through inhibition of ionotropic receptors. In fact, drugs like Memantine have been shown to 

ameliorate the symptoms of the disease by reducing oligodendrocyte and neuronal damage. 

From the bulk of the evidence presented here, it has been shown that glutamate has a direct or indirect 

role in many of the main neurological diseases that afflict society today. However, before therapies 

that mitigate excitotoxicity can be prescribed, further experimental proof is required that will take 

time and be costly. Thus, in order to facilitate the work required a mathematical model of glutamate 

release was developed and this is presented in Chapter 3. Stroke was the disease chosen as this is the 

disease where the excitotoxic pathway is better understood. With such a model, it is showed how 

mathematical modelling can be used to test hypotheses about pathology progression and to investigate 

new therapies in a more cost effective and ethical manner. 
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2.2.3 Measuring glutamate  

 Glutamate plays an integral role in many neurological pathologies and so it has been proposed 

as a biomarker. Currently four procedures have been developed to measure glutamate in vivo: 

microdialysis probe measurement [74], [88], [89], the use of positron emission tomography (PET) or 

single photon computed emission computed tomography (SPECT) tracers for glutamate receptors 

[90], H magnetic resonance spectroscopy (H-MRS) and chemical exchange saturation transfer 

(CEST) MRI [91], [92]. The one most commonly used in a research setting is microdialysis as it is the 

least expensive. It is commonly used in animal models and it consists of the extraction of CBF 

(dialysate) from animals at certain time intervals using a probe and analysing the dialysate for its 

constituents. In a clinical environment, this is unsuitable as the probe needs to be inserted across the 

skull [74], [88], [89].  

 Starting with PET and SPECT, it has been found that imaging modalities can be used to 

quantify glutamate brain receptor concentration and can also be used to determine the occupancy of 

these receptors [90]. Therefore, they provide an efficient approach to develop new drugs and to 

evaluate their effect on brain function. Several ligands are being developed to quantify the 

metabotropic and ionotropic glutamate receptors with different levels of success. However, PET and 

SPECT require exposing patients to radiation, which is not ideal. 

 H-MRS and CEST MRI are safer for patients in that regard. H-MRS is an imaging modality 

that uses the same physical principles as magnetic resonance imaging (MRI) [91]. However, instead 

of originating from proton shifts of water it uses the magnetic resonance signal of hydrogen to 

determine the concentration of metabolites. While MRI has the ability to reveal anatomical structure, 

H-MRS offers biochemical information about living tissue. H-MRS is currently implemented to 

measure glutamate concentration in studies that look at schizophrenia. However, it requires long 

acquisition times and has poor spatial resolution.  

 To overcome those limitations CEST MRI has been developed for glutamate [91]. The 

modality provides higher spatial and temporal resolution compared with H-MRS. The underlying 

principles of CEST consist of using selective radiofrequency (RF) to saturate exchangeable solute 
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protons that resonate at a frequency different from the bulk water protons. The saturation is then 

transferred to bulk water when solute protons exchange with water protons and the water signal 

becomes slightly attenuated.  As there is a much larger concentration of the water pool than the 

saturated solute proton pool, each exchanging saturated solute proton is replaced by a non-saturated 

water proton, which is again saturated. Prolonged irradiation leads to a substantial enhancement of 

this saturation effect; this is visible in the water signal, making it possible to image low-concentration 

solutes. This modality has already shown promise, for example as shown in a study by [92] that aims 

to understand the loss of brain function during tauopathies (a class of diseases that have a pathological 

mechanism the accumulation of tau protein in the ECS). Using CEST MRI this work was able to 

quantify glutamate in tau transgenic mice with the P301S mutation (n=9) versus wild type mice (n=8).   

They found that there is a reduction in glutamate in the CA and thalamus where there was also 

synapse loss. Therefore, glutamate CEST MRI is presented by [92] as a potential modality to 

diagnose tauopathies.  

2.2.4 Conclusion 

 From this analysis, it has been shown that through the understanding of how the nervous 

system regulates glutamate, it might be possible to explain the cell death process during many 

neurological conditions. This is not surprising as glutamate is the main excitatory neurotransmitter. 

Many of the mechanisms that regulate glutamate are connected directly or indirectly to the systems 

governing osmotic and hydrostatic regulation and metabolism. Consequently, glutamate has also been 

proposed as a biomarker of these diseases. With that in mind, researchers have developed methods to 

measure glutamate in vivo. At a research level microdialysis gives reliable data and is relatively 

cheap. For a clinical setting, the use of magnetic resonance technology using MRS or CEST 

procedures has been able to measure glutamate concentration.  
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2.3 Ischaemic stroke [93] 

 The process of excitotoxicity in this work is investigated in an ischaemic stroke environment. 

The disease was chosen as it is one whose pathophysiology is reasonably well understood and where 

the role of glutamate is more prominent. In this section, the pathophysiology is described (Section 

2.3.1). Additionally, in section (2.3.2) the state of the art therapies for ischaemic stroke currently 

being prescribed as well as the most promising therapies still at the research stage are presented. 

2.3.1 Ischemic stroke pathology 

 Ischaemia is a word that comes from the Greek iskhein that means restrict. Therefore, 

ischaemic stroke describes a disease where the brain vasculature is restricted. This leads to the 

reduction of blood flow that starves brain tissue of nutrients and energy. Consequently, the processes 

of cell death are initiated. Clinically, the tissue damaged can fall into two categories. The first is 

called the stroke core that consists of the tissue whose blood supply has been cut. The second is called 

the penumbra and it consists of the tissue that immediately surrounds the stroke core. Here the tissue 

still has a percentage of its blood supply and can still be salvageable if clinical intervention is 

effective.  However, in order for the therapy to be effective five cell death processes need to be taken 

into account that have different time scales (minutes to days) and characteristics in the two stroke 

areas. These are as follows:  

1. Excitotoxicity and ionic imbalance: The regulation of ionic osmotic balances depends on the 

availability of ATP. Without it, the sodium-potassium pump is unable to function, which leads to 

osmotic pressure deregulation, neurotransmitter release and inhibition of reuptake of ions and 

neurotransmitters. The principal neurotransmitter responsible for cell death during a stroke is 

glutamate.  As previously explained this neurotransmitter is the one with the largest concentration in 

the brain and it is responsible for the activation of the NMDA and AMPA receptors. The excess of 

glutamate in the synapse during stroke leads to the over stimulation of the postsynaptic membrane 

resulting in uncontrolled permeability of Ca2+. In the post synaptic neuron, the extra Ca2+ can trigger 
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phospholipases and proteases responsible for the degradation of the cellular membrane, putting the 

cellular integrity at risk.  

2. Oxidative / nitrosative stress: Mitochondrial ATP production requires electron transport, which 

results in the formation of oxygen free radicals. However, the production of free radicals becomes 

unregulated when high concentrations of Ca2+, Na+ and ADP are present in the intracellular space 

during an ischaemic stroke. The oxidative species start damaging the tissue due to the inability of 

brain oxidant enzymes to cope with the excess concentration. These reactive oxygen species have 

been found to damage proteins, lipids, nucleic acids and carbohydrates. Additionally, oxygen radicals 

and oxidative stress facilitate the formation of mitochondrial transition pores (MTP), which dissipate 

the proton motive force required for ATP production. Due to MTP, the mitochondria start to release 

apoptotic factors and other intra-mitochondrial constituents. These mechanisms have been found to be 

of relevance when considering tissue reperfusion. This is because the arrival of extra oxygen might 

exacerbate the damage since the tissue is already vulnerable.  The first two mechanisms of cell death 

detailed here are shown in Figure 2.15. 

 
Figure 2.15: Diagram describing the different mechanisms involved in the initial stages of the ischaemic pathology. [93] 
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3. Inflammation:  Throughout the ischaemic stroke pathophysiology process, inflammatory agents are 

produced at several stages. Starting with the vessel occlusion, it has been found that inflammation 

within the artery promotes atherosclerosis and arterial thrombosis. From this stage forward there are 

two waves of inflammation that promote tissue damage. The first is during the acute phase (minutes 

to hours) of the stroke, which is marked by injured tissue releasing ROS and pro-inflammatory 

mediators, e.g. cytokines and chemokine. These mediators promote the expression of adhesion 

molecules, which leads to the transendothelial migration of leukocytes. During the sub-acute phase 

(hours or even days) the leukocytes that have permeated into the tissue start to release cytokines and 

chemokines resulting in the further infiltration of leukocytes, which eventually leads to the breakdown 

of the BBB, brain oedema and neuronal death.    

4. Apoptosis: This process is also called programmed cell death and it consists of caspase dependent 

and independent mechanisms. Caspases are cysteines that are responsible for the cleaving of cellular 

proteins. To perform their function, caspases require ATP. Therefore apoptosis is more prominent in 

the penumbra than in the core of the stroke.  Several triggers for apoptosis have been reported: oxygen 

free radicals, death receptor ligation, DNA damage and possibly lysosomal protease activation. 

Additionally, ionic imbalance and mechanisms such as NMDA receptor-mediated K+ efflux have 

been found to induce apoptosis under certain conditions. Therefore, inhibiting glutamate 

excitotoxicity might also prevent long-term cell death.    

 Apoptosis is a natural process; therefore, there are basal values of caspases present in neurons. 

These are responsible for the first wave of apoptosis. In the case of mitochondrial damage, the second 

wave of apoptosis might be generated. This organelle in a healthy situation plays an integral role in 

modulating apoptosis through the release of molecules. Therefore, during ischaemic stroke these 

molecules start releasing uncontrollably by the mitochondria, aggravating tissue damage.  

 In order to mitigate apoptosis caspase inhibitors were developed. However, it has been found 

that this does not fully protect neurons. This is because there are also caspase independent apoptotic 

mechanisms. One of these is promoted by the NMDA receptor perturbation, which results in the 

formation of apoptosis-inducing factors (AIF) by the mitochondria. The latter then move to the 
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nucleus, bind to DNA and initiate the cell death process. Therefore, in order to fully prevent apoptosis 

a combination of treatments is required. 

5. Peri-infarct depolarization: At the stroke core the deregulation of the ionic concentrations causes 

brain tissue depolarization and irreversible damage. This process is called anoxic depolarization. 

From the core the ions diffuse to neighbouring tissue leading to the propagation of an electrochemical 

wave at a rate of 2-5 mm/min that further depresses brain tissue. Consequently, glutamate and 

potassium release are also triggered, leading to further damage. These waves are called peri-infarct 

depolarisations (PID) and they result in the step-wise increase of the core-infarcted tissue into the 

penumbra.   

 The timescales of all the mechanisms involved in the pathophysiology of ischaemia are 

summarized in Figure 1.1. 

2.3.2 Therapies for stroke 

 Although there is information available on the pathophysiology of stroke, the therapies 

currently implemented are still rudimentary. The main aim of all treatments is to re-establish blood 

flow to the penumbra in order to salvage as much brain tissue as possible. Treatments come in the 

form of intravenous thrombolytic therapy (e.g. intra-arterial thrombolysis – IA – and tissue 

plasminogen activator – tPA) and intra-arterial mechanical thrombectomy with stent retriever devices 

[94]. Additionally, drugs such as aspirin and anticoagulants are also commonly prescribed. All of 

these treatments have been found to incur a risk that might end up causing further damage to patients. 

As one example, in a study that looks at 111 patients that received thrombectomy treatment, 69% 

experienced full recanalization while 15 of 111 suffered intracranial haemorrhage [94]. Of those 10 

were symptomatic. Similarly, aspirin has also been found to have a risk of inducing further 

haemorrhaging. A study that compiled the results of a number of experimental studies estimated that 

there is an occurrence of further haemorrhage in 0.2 per 1000 patients a year [95]. 

 In order to mitigate the number of deaths due to clinical intervention, doctors utilize tools that 

aid in the process of demarking the penumbral area. The one most commonly used is 

diffusion/perfusion mismatch (PDM) MRI. However, there is no clinical consensus either on what 
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perfusion weighted imaging (PWI) parameter should be used to identify the PDM accurately or on 

how to measure the PDM [96]. CBF maps are commonly used to visualize the brain of stroke patients 

[97]–[99]. From them, measurements are made to predict the size of the infarct. There is no 

agreement as to which measurement is superior between for example time to peak (TTP) and mean 

transit time (MTT). However, both of these have been shown to overestimate the ischaemic lesion 

[100], [101].  

 Clinically, there are two processes to estimate the PDM. The first consists in visually 

estimating the PWI-derived parametric maps and DWI from MRI console software. The second 

involves applying post-processing methods to derive the PWI maps and DWI based on region-of-

interest calculations. For the latter, the PDM can be defined as either as diffusion lesion volume of 

>1.2, or as a difference of >10-50 mL volumes of abnormalities between PWI and DWI [102], [103]. 

Both processes have been found to overestimate the area of the ischaemic core [103], [104]. 

Therefore, patients might be misdiagnosed.  

 To overcome this limitation researchers have tried to find other penumbral biomarkers besides 

CBF.  Three biomarkers have been singled out as promising tools to demarcate the penumbral area, 

the first of which is pH. pH weighted imaging considers the fact that at the penumbra the tissue 

experiences anaerobic metabolism, leading to the formation of lactate and a decrease in pH [105]. The 

second is temperature: it has been found that approximately 50% of ischaemic stroke patients 

experience fever [106], [107]. Temperature can be measured non-invasively through magnetic 

resonance spectroscopy imaging. From this imaging modality [108] it has been found that the infarct 

core is hotter than the surrounding tissue. Finally, the third is oxygen [109]: this comes from the 

finding that the oxygen extraction fraction (OEF) is significantly increased in the penumbra.  

 The current gold standard to identify the penumbra consists of using positron emission 

tomography (PET). The penumbra is defined here as the area with increased OEF. However, in 

practice, it has been found to be difficult to determine the absolute penumbral threshold values as the 

calculation requires arterial blood sampling [110], [111].  

 Clinically stroke is hard to diagnose and treat not only because of the imaging limitations but 

also because there is a limited time window for intervention. This window is of approximately 4.5 
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hours. As imaging resources at hospitals are often scarce it is difficult to ensure that patient’s brains 

are imaged at the optimal time to ensure an accurate diagnosis. Therefore, researchers have been 

trying to develop procedures and drugs that will extend the time window and mitigate tissue damage. 

As presented, ischaemic stroke pathophysiology involves several pathways. Each of these pathways 

presents several possible targets for therapy which have proved to be successful at reducing ischaemic 

injury in animals, e.g. free radical scavenger NXY-059 [112], recombinant erythropoietin [113], the 

competitive NMDA antagonist selfotel [114] and non-competitive NMDA antagonist [115], [116]. 

However, there are several barriers to the efficacy of these drugs. At a research level, it has been 

found difficult to translate results acquired with animal models to clinical practice. The reason for this 

is that the human has different brain structure, function and vascular anatomy when compared to the 

brains of gerbils and rats. Additionally, the mice used are genetically engineered to ensure 

reproducibility of the results. Such genetic homogeneity does not exist when considering humans as 

age and comorbidities (diabetes and hypertension) have been found to affect the outcome of these 

novel therapies. Furthermore, the way therapeutic viability is evaluated in animal models and humans 

is different. While in animals, success is quantified in terms of infarct volume, for stroke patients, 

recovery is considered based on the NIH stroke scale, Barthel index, etc. In addition, therapeutic 

outcomes have different scales when considering animals (days) and humans (months).  

 The development of neuroprotective drugs is further aggravated by several barriers to be 

overcome before arriving at the stroke core. First, there is, evidently, a reduced CBF above 5-10% at 

the ischaemic core and 30-40% at the penumbra when compared to the baseline [93]. Secondly, drugs 

have to traverse the BBB that restricts the exchange between the vasculature and the parenchyma. 

Thirdly, the oedema characteristics of the stroke pathophysiology lead to an increase in intracranial 

pressure, which impairs efficient delivery.  Currently, strategies are being developed to aid drugs to 

traverse the BBB through intracerebral and interventricular delivery, hyperosmolar substances and 

pharmacological agents. The later facilitate the osmolar opening and the development of carrier-

mediated transport systems. All these strategies appear to be promising. However, they are still at 

early stages of development.  
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 As has been shown, the pathophysiology of stroke involves many mechanisms and patients 

express a variety of levels of severity. Therefore, researchers have been trying to define combinations 

of treatments that are introduced at once or in series in accordance with the pathological timeline 

presented in Figure 2.16. A case that has been shown to have promising results in humans is the 

administration of neuroprotective drugs in combination with thrombolytic drugs. This combination 

has been shown to reduce reperfusion injury and to inhibit downstream targets in cell-death cascades. 

Examples of neuroprotective drugs that have been shown to provide synergetic additive effects in 

combination with thrombolysis can be found in oxygen scavengers, AMPA and NMDA receptor 

antagonists, MMP inhibitors, citicoline, topiramate, antileukocytic adhesion antibodies and 

antithrombotilitics. Other combinations of drugs that have been shown to have promising results in 

animal models consist of co-administration of NMDA receptor antagonists with GABA receptor 

agonists, free radical scavengers, citiclohexamide, caspase inhibitors or growth factors. Combinations 

of these drugs may decrease the dosage of each agent required and therefore avoid their individual 

adverse effects.  

 Furthermore, researchers are exploring non-pharmacological strategies as neuroprotective 

therapies. Here 6 proposed treatments are presented, based on the analysis by [93]: 

1. Ischaemic preconditioning: This consists of inducing transient, non-damaging ischaemic insults to 

the brain that have been shown to up regulate endogenous pathways that increase resistance to injury.   

Evidence has been accumulated that the severity of ischaemia is reduced in patients that have suffered 

a previous stroke. This is believed to be due to preconditioning. In a diffusion perfusion study with 65 

patients, the ones that had experienced a previous stroke (n=16) were found to have smaller initial 

diffusion lesions and final infarct volumes. The tolerance induced by preconditioning can be of two 

forms, acute or delayed. The former only lasts a few minutes and is mediated by post-translational 

protein modification while the former might last several hours and consists of changes in gene 

expression and new protein synthesis. From current understanding of ischaemia preconditioning, it 

may provide further insights into the molecular mechanisms responsible for endogenous 

neuroprotection.  



Chapter 2: Literature review: Biological principles 

 44 

2. Magnesium:  The administering of extra magnesium intravenously in rats 6 hours after stroke onset 

has been shown to reduce the lesion volume. Magnesium has been found to mitigate many of the 

pathophysiological mechanisms of stroke in rats. During stroke it acts as a calcium channel 

antagonist, an inhibitor of glutamate release, a NMDA receptor blocker and it maintains cerebral 

blood flow. However, in humans the effects of prescribing magnesium as a therapy are still 

controversial.  In a clinical study with approximately 2,500 patients, magnesium was injected within 

12 hours after stroke onset and no therapeutically effects were identified. Currently, studies are trying 

to understand if injecting magnesium earlier might generate similar effects as those found in rat 

models.   

3. Albumin infusion:  This is a treatment commonly given to patients with liver disease and has also 

been found to have therapeutic effects in rat models. It enhances red cell perfusion and suppresses 

thrombosis and leucocyte adhesion within the brain microcirculation. Additionally, albumin reduces 

the erythrocyte volume fraction in the blood, improving circulation, viscosity of plasma, and cell 

deformability as well as oxygen transport capacity. Furthermore, reductions in infarct size and cell 

oedema have been reported. All these effects in rat models are currently being explored in clinical 

studies.  

4. Hypertension: Researchers have found that the ischaemic penumbra that suffers from 

autoregulation impairment during stroke is sensitive to blood pressure manipulation. In animal models 

it has been found that by inducing hypertension through an increase in mean arterial pressure 

improves cerebral perfusion within the penumbra and consequently a faster return to basal electric 

activity. In the core, improvements were also observed in terms of cerebral blood flow and oxygen 

metabolism. Recently, induced hypertension has been tested in patients with acute stroke. The patients 

chosen presented significant diffusion-perfusion mismatch on MRI, large vessel occlusive disease and 

fluctuating neurological deficits. From these clinical trials it was found that perfusion did improve and 

that this correlated well with improvements in the corresponding cortical regions. However, this 

treatment incurs the risk of inducing intracerebral haemorrhage and worsening the symptoms 

experienced during reperfusion. Furthermore, cardiac complications might arise that are common to 

people with hypertension, e.g. myocardial ischaemia and cardiac arrhythmias. Therefore, this form of 
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ischaemic treatment is better advised for prescription to patients that do not fit the criteria for 

thrombolytic therapy.   

5.  Hypothermia: Temperature has been found to modulate several processes involved in stroke 

pathology. It has been reported that hypothermia has the potential to increase the resistance to many 

of the cell death pathways involved in ischaemic stroke, including oxidative stress and inflammation. 

Additionally, it was observed that as, most biological processes exhibit a Q10 (the temperature 

sensitivity of an enzymatic reaction rate or physiological due to an increase of 10 Co [117]) of 

approximately 2.5, a reduction in temperature of 1oC leads to an approximate 10% reduction in 

oxygen consumption. Additionally, it slows the rate of pathological processes such as lipid 

peroxidation, as well as the activity of certain cysteine or serine proteases. In animal models it has 

been found that small decreases in core temperature of about 1 - 4oC substantially reduce neuronal 

death. Moderate hypothermia (reduction of core temperature by 5 to 9oC) has also been tested but it 

has been found to be technically difficult to induce and to provoke further complications. Clinically 

results have shown to be promising. In a study with 25 patients that suffered complete middle cerebral 

artery infarction where their core temperature was reduced to 33oC for 48-72 hours significant 

reductions in morbidity were observed. Currently further experimental tests are being performed to 

evaluate the efficacy of the treatment.  

6.  Hyperoxia: The reduction in tissue oxygenation plays a primary and secondary role in many stroke 

cell death mechanisms. Therefore it is hypothesized that inducing an increase in oxygen concentration 

might ameliorate ischaemic stroke symptoms. Additionally, oxygen possesses characteristics that 

make it more adequate than other drugs to treat stroke: it is able to traverse the BBB easily and it can 

be prescribed with no dose limiting side effects (except in the case of patients with chronic obstructive 

disease).  This therapy was tested in animal and humans through a process called hyperbaric oxygen 

therapy (HBO). There were promising results in animal models, however these did not translate into 

the clinical setting. Alternatively, normobaric hyperoxia therapy (NBO) has been tested with much 

more successful results: in animals, it improved blood flow and inhibited peri-infarct depolarization 

while in humans, improvements were observed using diffusion-MRI in a clinical study with acute 

ischaemic stroke. When comparing NBO and HBO it is also found that NBO has particular 
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characteristics that make it more suitable for the clinical treatment of stroke: it is non-invasive, it can 

be implemented by paramedics, ensuring quick response times, and it is inexpensive. However, 

theoretically an increase in oxygen concentration might also induce further damage by promoting the 

production of oxygen free radicals. Therefore, further studies are required to ensure safety of the 

procedure. Furthermore, existing data show that oxygen benefits are transient and can only be 

maintained if the tissue is reperfused.  Consequently, perhaps hyperoxia is better suited as an initial 

intervention that extends the time window for thrombolysis therapy.   

 2.3.3 Conclusion 

 The analysis presented here shows the complexity of pathophysiology of stroke. It is a cascade 

of events that after triggering cannot be reversed but instead only mitigated. From Figure 2.16 the two 

initial symptoms of ischaemic stroke are glutamate excitotoxicity and peri-infarct depolarization, 

which occur in the first few hours post stroke. The first 4.5 hours is the period for which surgical 

interventions are prescribed. Consequently, any model developed must capture these two symptoms. 

With such a model, it is possible that it might be used to test future therapies for stroke without 

requiring the expenditure and the animal sacrifice common to experimental work.  

2.4 Inflammation 

2.4.1 Overview of the inflammatory physiology [56] 

 Inflammation is the process involved in killing and clearing foreign bodies from the body. 

However, the inflammatory components responsible for microbes and dead tissues can also damage 

healthy tissue. Injury occurs if the inflammatory reaction is severe, prolonged or inappropriate (e.g. 

when it targets self-antigens as in the case of autoimmune diseases as NMO). This process involves 

the confluence of many types of cells: blood leukocytes and plasma proteins, endothelial cells of the 

vascular walls and extracellular matrix of the surrounding connective tissue.   
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 There are two types of inflammation, acute and chronic. Acute inflammation is characterized 

by plasma protein exudation and a predominantly neutrophil leukocyte accumulation. This type of 

inflammation normally has the time scaled of a few hours to as long as a few days. Alternatively, 

chronic inflammation is of longer duration that can go from days to years. Here, the predominant 

feature is the influx of lymphocytes and macrophages, which then causes vascular proliferation and 

fibrosis.  The arrival of all these cells to the site of acute inflammation can be externally identified due 

to heat, redness and swelling. Additionally, patients commonly complain of pain and loss of function.  

 Acute inflammation aims to rapidly deliver leukocytes and plasma proteins to the site of injury 

to clear microbes, other foreign bodies and necrotic tissue. The trigger for inflammation might take 

many forms as many types of inflammation e.g. bacterial, viral, fungal or parasitic; trauma and 

physical and chemical agents; tissue necrosis e.g. caused by ischaemia; penetration of foreign bodies 

e.g. splinters and finally autoimmune triggers. These triggers elicit the activation of two sets of 

mechanisms: vascular changes and cellular recruitment and clearance.  

 In the initial stages of inflammation, the arterioles dilate which leads to an increased volume of 

blood flow. Therefore, there is a rise in hydrostatic pressure resulting in the movement of fluid from 

the capillaries into the ECS. This fluid is called transudate and consists of blood and plasma ultra-

filtrated containing no large molecules such as proteins. However, it does contain ions, leading to 

osmotic deregulation in the tissue. Consequently, there is a breakdown of the mechanisms that ensure 

capillary stability resulting in an increase of the vascular permeability. This allows for a fluid rich in 

proteins and cells (called exudate) to move into the ECS. The increase in permeability may be due to 

a variety of factors; such as: 1. endothelial cell contraction, which occurs due to chemical mediators 

like histamine and leukotriene; 2. endothelial injury that causes leakage that can persist for hours until 

the damaged vessels are thrombosed or repaired; 3. leukocyte-mediated endothelial injury that is 

caused by accumulation of leukocytes in the vascular wall; 4. increase in the expression of certain 

mediators such as vascular endothelial growth factors (VEGF), which augment venular permeability 

and 5. one of the tissue repair mechanisms is the formation of new blood vessels that are leaky until 

the endothelial cells are able to mature.  
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 Although increasing the permeability of the vasculature might lead to tissue damage it is 

essential to allow leukocytes to arrive at the inflammatory site. Leukocytes ingest offending agents, 

kill bacteria and other microbes and eliminate necrotic tissue.  The process by which leukocytes are 

recruited from the vasculature into the ECS involves a series of steps. It all starts by a process called 

margination by which leukocytes are pushed to the walls of the vasculature. This occurs because as 

blood moves from the capillaries into the post-capillaries laminar flow moves cells into the vessel 

wall. Additionally, leukocytes are normally pushed outside the central axial column of flow because 

of their larger size compared to red blood cells. Then, when in contact with the vessel wall the 

leukocytes start to tumble and the drag slows them down. This process is called rolling. In the 

inflammation areas, the vasculature expresses cell adhesion molecules called selectins. These will 

lead to an increase in drag in the vessel wall, reduction of the velocity of leukocyte rolling and 

sticking of the cells to the wall.  

 The next step of leukocyte recruitment consists of the firm adhesion of leukocytes to the wall. 

This process is mediated by another type of cellular adhesion molecules called integrins. Both 

endothelial cells and leukocytes need to express integrins in order for the adhesion process to be 

successful. The expression of these molecules is activated by chemokines. These are chemoattractant 

cytokines that are secreted by many cells in the sites of inflammation. These attach themselves to 

endothelial cells and are displayed on its surface. When the leukocytes encounter these chemokines, 

they are activated and their integrins undergo conformational changes and they cluster which leads to 

an increase in affinity of the cell to attach to the wall.  

 Due to the integrins, the cells become attached to the endothelial cells and are ready to migrate 

into the ECS. Migration occurs by diapedesis, which comprises of leukocytes squeezing through 

intercellular junctions. This movement is stimulated by chemokines. The leukocytes travel in the 

direction of their concentration gradient. In addition, this movement is mediated by a cellular 

adhesion molecule called PECAM-1.   

 After migration from the blood into the ECS, the movement of leukocytes towards the site of 

infection is mediated by the gradient of chemokines concentration. Chemokines can take the form of 

endogenous or exogenous substances, which include: bacterial products; cytokines; complement 
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derived proteins; and products of the metabolism of arachnoid acid. The chemotactic molecules bind 

to specific receptors on the surface of the membrane of leukocytes. The region where there is a larger 

number of activated receptors suffers a series of structural changes responsible for leukocyte motility. 

These changes consist of the extension of pseudopods that anchor to the extracellular matrix and pull 

in the direction of the extension.  

 The types of leukocytes that are recruited are dependent on the duration of the inflammatory 

event and how it is triggered.  The development of acute inflammation has a common progression. In 

the first 6 to 24 hours neutrophils infiltrate the tissue and then they are replaced by monocytes within 

the next 24 to 48 hours. This sequence can be explained by the different characteristics of the type of 

cells. Neutrophils are the first to be recruited because compared to monocytes they have a larger 

concentration in the blood; they have a larger number of receptors for cytokines and therefore are 

more sensitive to their presence, and they have more adhesion molecules making their extravasation 

mechanisms faster. Furthermore, their life span is smaller than monocytes. They tend to die by 

apoptosis after 24 to 48 hours and are then removed. Conversely, monocytes can live for days. The 

mechanism by which leukocytes are recruited is summarized in Figure 2.17. 

 
Figure 2.17:  Description of how leukocytes are recruited and how they move into the ECS. [56] 
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 After the leukocytes permeate into the tissue they follow the chemokine gradient in the 

direction of the inflammatory area. However, they still need to be activated to execute their functions. 

Leukocytes express receptors on their surface that sense the presence of microbes. The engagement of 

these receptors leads to leukocyte activation that comprises of: phagocytosis; the production of 

substances that destroy phagocytosed microbes and dead tissue; production of mediators that amplify 

the inflammatory reaction. The process of phagocytosis involves three steps: 1. detection and 

attachment of microbes and particles to the leukocyte; 2. engulfment of the microbe, which is then 

placed inside a phagocytic vacuole; and 3. killing and digestion of the ingested material.   

In order for leukocytes to recognize the microbes or debris, they are first coated with proteins called 

opsonins through a process called opsonization. The most relevant types of opsonins are the 

antibodies of the class immunoglobin G (IgG). These bind to the surface of microbes and start to 

breakdown the complement proteins present in the plasma, which result in the formation of C3 and 

carbohydrate binding lectins called collectins. Leukocytes bind to the opsonins which trigger 

engulfment. Engulfment consists in the leukocyte extending pseudopods that surround the object 

being engulfed. These are then placed inside a phagocyte vacuole. Then the leukocyte produces 

microbicidal substances and places them inside lysosomes. Both the phagocyte vacuole and the 

microbicidal lysosome then meet and fuse, exposing the microbe to the destructive mechanisms of the 

leukocyte. The most important microbicidal substances are reactive oxygen species (ROS) and 

lysosomal enzymes.  A summary of this process can be seen in Figure 2.18. 
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Figure 2.18: Overview of the process of phagocytosis. [56] 

 

 After inflammatory activation, acute inflammation can have one of two outcomes. The first 

consists of the resolution of the acute inflammatory response and restoration of the tissue’s function 

and histology. This involves the death of neutrophils through apoptosis; the degradation of chemical 

mediators and restoration of basal levels of capillary permeability. Additionally, leukocytes start 

producing mediators that inhibit inflammation. Eventually, all the apoptotic neutrophils and necrotic 

tissue are cleared through macrophage ingestion and lymphatic drainage.   

 Acute inflammation, if not resolved, can give rise to chronic inflammation. This form of 

inflammation is characterized by: 1. the infiltration of mononuclear cells e.g. monocytes, lymphocytes 

and plasma cells; 2. tissue damage mostly due to inflammatory cell products; and 3. uncontrolled 

formation of new vessels (angiogenesis), which results in fibrosis. Additionally, abscesses may form 

which may result in tissue scarring. Chronic inflammation is present when the inflammatory response 

targets the host tissue, e.g. in multiple sclerosis, or where it reacts excessively against non-toxic 

environmental substances, e.g. allergies.   
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 The inflammatory system involves a series of vascular changes and the recruitment of several 

types of cells. All of the mechanisms require the release of chemical mediators that are already 

present in the plasma or that are released by cells. The plasma mediators are synthesized in the liver 

and travel in the plasma as inactive precursors. At the site of inflammation, they are activated. Cell 

mediators are normally stored in intracellular granules and are released upon cellular activation. There 

are, a plethora of mediators that might have a singular purpose or they might interact with a variety of 

inflammatory mechanisms. 

 All the cells involved in the inflammatory process produce inflammatory mediators; this 

includes macrophages, leukocytes, mast cells and endothelial cells. The mediators have many 

different functions that include:  

• Inducement of pain and triggering of the inflammatory process e.g. amines 

(serotonin), neuropeptides, platelet-activating factor (PAF). 

• Vasodilation and increase in capillary permeability e.g. amines, neuropeptides and 

PAF. 

• Activation of macrophages e.g. tumour necrosis factor (TNF) and interleukin1 (IL-1). 

• Chemoattractant e.g. cytokines, chemokines and leukotrienes. 

• Cellular adhesion to the capillary e.g. PAF, TNF and IL-1.  

• Platelet aggregation e.g. PAF.  

• Microbicidal e.g. ROS, Nitric oxide (NO) and the lysosomal enzymes leaked by 

leukocytes.   

• Inhibitory e.g. NO and Lipoxins.  

 This is a very superficial overview of the types of mediators released during inflammation and 

only serves to show the complexity of this system. Here, only the functions of cytokines are explored, 

as they are the only ones within the scope of the work developed in this thesis.  

Cytokines influence many stages of the inflammatory process. Some cytokines are responsible for 

stimulating the bone marrow to produce more cytokines. Alternatively, there are others that regulate 
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for the communication between leukocytes. The major cytokines are the interleukin IL-1, the TNF 

and the chemoattractant cytokines called chemokines.   

 Activated macrophages, mast cells and endothelial cells predominantly produce TNF and IL-1. 

Their principal role is to stimulate the expression of adhesion molecules, which will increase the 

binding, and recruitment of leukocytes. Additionally, TNF increases the thrombogenicity of 

endothelium and causes the activation of neutrophils. The IL-1, in turn, activates tissue fibroblasts.   

Chemokines are a family of small structurally related proteins that act primarily as chemoattractants 

for different subsets of leukocytes. These proteins can be very specific and only recruit a particular 

type of cell to the inflammation site. Furthermore, chemokines, as shown previously, activate 

leukocytes, which increase the affinity of the leukocytes interleukins to dock to the endothelial 

interleukins. Chemokines are broken down into four families dependent on the arrangement of their 

proteins. The two most relevant are the CXC and the CC families, which act primarily on neutrophils 

and monocytes respectively.  

 In terms of plasma mediators, three types have been identified: 1. the coagulation system, 2. the 

Kinin system and 3. the complement protein cascade. The first is ultimately responsible for activating 

thrombin, which in turn activates platelets and endothelial cells. By binding to endothelial cells they 

activate them and promote leukocyte adhesion. Additionally, thrombin also increases vascular 

permeability and is chemotactic for leukocytes. The Kinin system generates bradykinin that like 

histamine causes the increase of vascular permeability.  

 The third and final system, the complement protein cascade, is one of the main focuses of this 

work. This system is involved in many mechanisms such as innate and adaptive immunity as well as 

tissue regeneration and tumour growth [56]. Proteins, that are numbered from C1 to C9 form it. These 

molecules travel inactivated in the plasma. These are then activated through three different pathways: 

alternative, triggered by bacterial polysaccharides and other cell-wall components; classical, which is 

initiated when protein C1 attaches itself to the antibody-antigen complex; and lectin, which is 

activated when either mannose binding lectin or Ficolin bind to carbohydrate moieties on the surface 

of pathogens. In each of these pathways, the proteins are sequentially broken down and agglomerated.  
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 All three pathways converge to the formation of C3 convertase that breaks down C3 into C3a 

and C3b. The latter deposits at the surface of microbes and further proteins attach to forming a C5 

convertase. This convertase breaks down C5 into C5a and C5b. The remaining proteins C6-C9 then 

attach to C5b to form the membrane attack complex (MAC). The latter complex forms a pore by 

inserting itself into the cell membrane, resulting in cell lysis [118].  

 The C3a, C3b and C5a molecules produced by the three pathways are responsible for a variety 

of functions in the inflammatory process. C3a and C5a increase vascular permeability by promoting 

mast cells to release histamine. C5a also activates neutrophils and macrophages to release more 

inflammatory mediators. Additionally, C5a activates leukocytes, increasing their adhesion to 

endothelium. Also, C5a is a potent chemoattractant agent for neutrophils and monocytes. 

Furthermore, C3b when attached to a microbial surface act as opsonins augmenting phagocytosis by 

neutrophils and macrophages. An overview of the discussed pathways and outcomes of inflammatory 

complemented is presented in Fig. 2.19. 

 
Fig.2.19: Summary of the pathways that activate complement and their possible outcomes. [56] 
 

 Due to the complexity of the complement and the potential effects, it can exert there are many 

mechanisms in place to tightly regulate it. Activation of the complement is regulated by preventing 

the assembly of C3 convertase or by inhibiting its activity. This is done by a series of decay 

accelerators that act upon different proteins. The ones currently reported are: DAF; CD55; C4 binding 

protein (C4BP) and Factor H. In addition, there are chemical agents that inhibit the phlogistic 

potential of C3a and C5a like C-terminal Arginine. There also chemical mediators that inactivate C3b 
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and C4b by the protease Factor I. Finally, MAC formation is regulated by S protein, which is a 

plasma glycoprotein, vimentin that is a cytoskeletal protein and CD59 by blocking its formation.  The 

complement pathways and the chemicals that modulate its activity can be seen in Fig. 2.20.   

 
 
Fig.2.20: Full breakdown of the complement protein cascade. Additionally, the known complement inhibitors are also 
present. [118] 
 

 The inflammatory mechanisms explored here are leukocyte and monocyte recruitment and the 

complement system. However, this is a very simplistic analysis of the inflammatory process as there 

are many processes (e.g. monocyte activation of monocytes by T-cells, tissue damage by 

granulomatous inflammation, B-cell function, etc.) that have been omitted as they are beyond the 

scope of this work.  

2.4.2 NMO pathophysiology [45] 

 NMO is a neuro inflammation disease that has until recently been treated as a more acute form 

of multiple sclerosis (MS).  This occurs because both diseases incur lesions marked by demyelination 

and macrophage and neutrophil recruitment. However, in 2004 the Mayo clinic identified an antibody 

specific to NMO, which was termed NMO-IgG. Additionally, NMO has been found to target the 
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spinal cord and the optic nerve more aggressively. Furthermore, the NMO is the first neuro 

inflammation disease where the antigen has been identified. The antigen was found to be the 

astrocytic water channel AQP4. Due to this latter finding the antibody has been renamed AQP4-IgG.  

There are levels of severity of the disease. The severity is evaluated in terms of how frequently lesions 

are formed. Based on these criteria NMO is characterized as monophasic (when the demyelination 

events happen once) or it is relapsing. It has been found by [119] that patients that suffer from 

relapsing NMO had a mean survival rate of 5 years (n=48).  

 Although severe the disease is rare, having a worldwide incidence of 1 per 100,000. However, 

when its epidemiology is broken down in some parts of the world it can have a higher incidence than 

MS. This is the case for African and East Asian countries. Conversely, in white populations MS is 

approximately 40 times more common than NMO. Furthermore, it has a higher incidence in women 

than in men as presented by [120] (e.g. in China it has a female to male ratio of 9:1). Moreover, the 

age of onset is variable with cases having been reported in patients 14 to 55 years old.   

 In order to clinically distinguish MS and NMO, Wingerchuk et al. [121] have developed 

diagnosis criteria which consist of two sets: absolute (optic neuritis and acute transverse myelitis) and 

three supportive (brain MRI lesions that do not match MS lesions, T2-weighted spinal MRI with 

signal abnormalities over more than two vertebra and AQP4-IgG seropositive status). NMO is then 

diagnosed when patients present both absolute criteria and at least two of the supportive criteria. In 

addition, there are patients that present AQP4-IgG positive serum (AQP4-IgG+) and those that do not 

(AQP4-IgG-). In the case of AQP4-IgG+ but not satisfying enough NMO criteria these patients are 

diagnosed as suffering from a NMO spectrum disease. As the pathophysiology of the disease is better 

understood the criteria will be updated. Distinguishing between the two inflammatory diseases is 

clinically relevant as treatments and, more importantly, some treatments that are commonly 

prescribed to MS patients might exacerbate NMO. This was the case of IFN-β, which was found to 

increase relapse rate [122] and to promote severe exacerbation of NMO symptoms [123].  

 The current working hypothesis of the pathophysiology of NMO is that AQP4-IgG permeates 

the capillary from the plasma into the ECS and binds to the AQP4 channels on the perivascular 

astrocytic endfeet. This then triggers the classical complement pathway resulting in marked 
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granulocyte and macrophage infiltration. These cells cause secondary oligodendrocyte damage, 

demyelination and neuronal death. The proposed description of NMO is summarized in Figure 2.21. 

This hypothesis is supported by the work of [124] where mice were injected alternatively with AQP4-

IgG and human complement into brain tissue. It was found that NMO lesions were only formed when 

both were injected in mice. The same conclusion has also been verified in human studies [121], [125], 

[126] .  

 

Figure 2.21: Description of the understanding of the pathophysiology of NMO [45]. 

 

 The pathophysiology of the disease is still being uncovered. However, crucial mechanisms of 

the disease are still unexplained. In particular the system behind the initial production of AQP4-IgG in 

patients is not known. Researchers have presented several theories. One speculation is that, as 

described by [127], a form of molecular mimicry might be involved. This mechanism is here activated 

by the fact that AQP4 share structural homology with certain bacterial species such as clostridium 

perfringens. Therefore, it is believed that T-cells react as if they are in the presence of a pathogen and 
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start producing AQP4-IgG. Additionally, a viral component might be involved in the pathogenesis of 

the disease. This has been verified by [128] who found that various viral infections can be associated 

with the development of NMO during the early stages of the illness.  

 Another concern about the pathophysiology of NMO is to understand how AQP4-IgG enters 

the CNS. Evidence shows [126] that the concentration of AQP4-IgG is 500 times more concentrated 

in the plasma than in the CSF. This suggests that the antibody is produced peripherally and then enters 

the CNS. Additionally, patients might present AQP4-IgG+ plasma for several years before disease 

onset. One hypothesis [129] suggests that the AQP4-IgG initially targets the circumventricular organs 

as these express AQP4 and do not have a BBB. This theory is supported by the observed involvement 

of areas such as the area postrema and the posterior hypothalamus and the symptoms of nausea, 

vomiting and uncontrolled antidiuretic hormone [45].  

 The reason for why the disease predominantly targets the optic nerve and the spinal column is 

less understood. Both structures have a BBB, which in theory should prevent the presence of AQP4-

IgG. It is hypothesized that the BBB might not be fully developed in the preliminary portion of the 

optic nerve and in the root entry zones in the spinal cord. Therefore, it is easier for the AQP4-IgG to 

traverse the BBB in these areas compared to elsewhere in the CNS. A further explanation for why 

these two areas are targeted is that inflammation in these regions precedes the movement of AQP4-

IgG. This hypothesis has been suggested by [128], [129] and has shown that 25-33% of patients had 

experienced viral infection at the spinal cord and optic nerve prior to the NMO onset.  

 The PNS also expresses AQP4 channels, however only the CNS experiences NMO lesions. 

Several reasons for this differentiation have been presented. Firstly, as shown by [130]–[133] AQP4-

IgG has a higher tendency to bind to M23-AQP4 than to M1-AQP4, also there is a higher expression 

of M1-AQP4 than M23-AQP4 in the PNS and therefore this might explain the preferential CNS 

targeting; secondly, the negligible importance of AQP4-expressing cells for tissue function in the PNS 

compared to the astrocytes in the CNS. Finally, there is a low concentration of AQP4 in the PNS 

compared to the CNS. All of these are theoretically reasonable, however, there has yet to be any 

supporting evidence to justify them.  
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 An alternative justification is that there might be a reduced concentration in complement 

regulating proteins (CD55, CD59) in the astrocyte foot processes compared with the peripheral 

AQP4-expressing cells. Therefore, the latter would have a higher resistance to complement-dependent 

cytotoxicity. Furthermore, the reason for the lack of lesions in the PNS might simply reside in the fact 

that there is an absence of cells involved in the neuroinflammatory process, e.g. microglia.   

 When antibodies bind to antigens this induces several effects: modification of the target’s 

function; target internalization; reducing surface expression; complement activation and potential cell 

death by complement dependent cytotoxicity and activation of effector cells such as natural killer 

cells which can lead to cell mediated cytotoxicity. In the case of AQP4 and AQP4-IgG, some of these 

effects have been reported. In a study by [133], antigen-antibody binding was observed to impair 

AQP4 permeability. However, a study by [132] in mice found no impact on AQP4 permeability.  

 Internalisation has also been reported in response to AQP4-IgG and AQP4 binding using 

HEK293 cells. Conversely, when using mouse cortical astrocytes cultures little to no internalisation 

was reported. The most dramatic effect of antibody-antigen binding is complement activation. This is 

evidenced by [17] where it was reported that NMO lesions in rat brains were only formed when 

human AQP4-IgG and complement were injected into the CNS. Therefore, complement cytotoxicity 

is probably the major mechanism by which NMO develops.   

 Despite the strides in understanding the disease in AQP4-IgG+ patients the lesions formed in 

AQP4-IgG- patients are harder to explain. Evidence shows that seropositive NMO differs clinically 

and epidemiologically from the seronegative disease – more severe clinical attacks, higher spinal cord 

lesions and more frequent relapses. Additionally, the sensitivity of human leukocyte antigens in 

seronegative patients is more closely related to MS than the seropositive disease.  Another possibility 

for the presence of the lesions is that the assays used to detect AQP4-IgG are not sensitive enough to 

identify the low concentrations present in seronegative patients. This has been shown in a series of 

cases where patients were diagnosed as presenting AQP4-IgG plasma [134]. Additionally, antigens 

might be targeting a different structure of the astrocyte. Therefore, there might be other antibodies 

that trigger NMO.  A study by [130] has reported on the presence of IgG antibodies that can mediate 

complement dependent cytotoxicity in AQP-IgG- disease. In addition [130] also found that the 
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patients experienced optic neuritis, longitudinally extensive transverse myelitis, MS and lupus. The 

compiled literature points to the fact that seronegative patients are being misdiagnosed. Perhaps these 

patients fall into a heterogeneous group that includes patients with MS, seropositive, some that have 

the disease triggered by other antibodies and some whose disease is not antibody mediated.   

 Current treatments are prescribed based on two consensus papers published by panels of 

experts in the field [135], [136]. The overall approach to treat NMO is to minimize and ameliorate the 

neurological damage caused by acute attacks and to reduce the frequency of attacks. Clinically, the 

therapies offered aim at mitigating the damage caused by acute attacks. The most common treatments 

prescribed are intravenous methylprednisolone (IVMP) and plasma exchange. These are treatments 

that have been commonly prescribed to patients that suffer from MS, transverse myelitis and optic 

neuritis. IVMP is a corticosteroid, which has several anti-inflammatory effects that include the 

reduction of plasma concentration of lymphocytes and monocytes; decreased expression of cell 

adhesion molecules and altered transcription of pro-inflammatory cytokines [137]. In the case of 

NMO, cytokines such as IL-17A, IL-6 and IL-23p19 are down regulated by corticosteroids [138]. 

Plasma exchange, in turn, has been shown to reduce the concentration of AQP4-IgG in the plasma as 

well as cytokines and T and B cells [139].  

 The general prescription of these treatments follows the protocol of delivering IVMP for 3-5 

days and then, if symptoms persist, plasma exchange is administered. Retrospective studies have 

shown that patients experienced marked recovery in terms of visual and neurological function [140], 

[141]. However, these studies were performed without considering if the patients were AQP-IgG+ 

[141].   

 In terms of preventive therapies, the strategies considered aim to: deplete immune cell 

populations; diminish circulation of AQP4-IgG; and interfere with immune cell proliferation or 

activation. The most successful strategies consist of administering azathioprine (a study with n=99 of 

NMO or NMOSD patients found that patients experienced a reduction in annualized relapse rates 

(ARR) from 2.20 to 0.52 [142]), mycophenolate (n=24 reduction of ARR from 1.28 to 0.09 [143]) 

and rituximab (n=23 reduction of ARR from 1.87 down to 0 [144]). All these strategies target 

lymphocytes without consistent effects on AQP4-IgG. 
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 Further therapies have been tested. These include methotrexate (n=14 of NMO and NMOSD 

experienced an ARR reduction from 1.39 to 0.18 [145]), mitoxantrone (n=20 of NMO and NMOSD 

patients had an ARR reduction of 2.8 to 0.7 [146]) and cyclophosphamide (n=4 with NMOSD had an 

expanded disability status scale (EDSS) reduction from 8 to 5.75 [147]). However, the latter 

treatments might be found to be toxic to some patients.  

 As the pathophysiology of the disease is now better understood, researchers have proposed 

treatments that target specific mechanisms of NMO. In particular there are several therapies currently 

prescribed for other conditions that might be repurposed for NMO. This is the case for complement 

inhibitors. As previously discussed, complement activation appears to be an integral part of the 

pathology. A C5 inhibitor is commonly used when treating diseases like paroxysmal nocturnal 

haemoglobinuria called eculizumab. It is a humanized IG2/4 antibody that binds to C5 preventing 

cleavage into C5a and C5b. This inhibitor was given to 14 NMOSD patients and it was found that 

ARR dramatically reduced and it stabilized or reduced EDSS levels [148].  

 Another pathological NMO target that has been considered is interleukin-6 (IL-6). In clinical 

trials humanized murine has been found to act as an anti-IL-6 receptor monoclonal antibody in 

patients. Several studies have reported a reduced relapse rate [149]–[151].  

 Furthermore, treatments are being proposed whose target is the function and recruitment of 

inflammatory cells. Two types of cells have been targeted: neutrophils and eosinophils. For the latter, 

silvelestat has been proposed, which has been approved for the treatment of acute respiratory distress 

in Japan [152]. Reports have shown that it is an inhibitor of neutrophil elastase [153], which can 

potentially reduce neutrophil recruitment and tissue damage [154]. Eosophils, in turn, are cells that 

have been found in demyelination lesions in NMO, which is in contrast to MS lesions where they are 

absent. Eosibophil inhibitors can be found in second-generation antihistamines cetirizine and 

ketotifen. These two components were found to greatly reduce cytotoxicity mediated by AQP4-IgG 

and eosinophils [155]. Therefore, finding agents that reduce the number and activity of these cells 

might be a good avenue to mitigate the symptoms of NMO.  

 Intravenous immunoglobulin (IVIg) is a therapy commonly prescribed to treat many immune-

mediated demyelinating diseases of the nervous system (e.g. multifocal motor neuropathy, diabetic 
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polyneuropathy, myasthenia gravis [143]). It consists of injecting patients with IgG antibodies taken 

from more than 1,000 blood donors [156]. This therapy has been found to act on several inflammatory 

mechanisms including: autoantibody neutralization; blockage of antibody binding sites; acceleration 

of antibody clearance; inhibition of dendritic cell activation and leukocyte migration; complement 

inhibition and blocking of Fcγ receptors [143]. When applied to an NMO context it has been found to 

reduce ARR from 1.8 to 0.006 (n=8, P= 0.01) [157].  

 Besides appropriating current therapeutic procedures applied to other diseases the singular 

mechanisms associated with the disease might be exploited. At all the stages of the pathophysiology 

therapies have been proposed to modulate the disease. The disease trigger is believed to be by AQP4-

IgG and AQP4 binding. Therefore, researchers have hypothesized that if this antibody and antigen are 

prevented from binding it will reduce tissue damage by complement dependent cytotoxicity (CDC) 

and antibody dependent cell-mediated cytotoxicity (ADCC).  Two components have been proposed. 

The first is called aquaporumab and it is generated from a recombinant monoclonal AQP4-IgG. This 

agent competitively displaces AQP4-IgG in the serum of patients with NMO. Aquaporumab has been 

tested in vitro and in vivo and has been found to greatly reduce ADCC and other aspects of the NMO 

pathology [158].   

 Alternatively, by screening several target based molecules for their affinity to AQP4 potential 

drugs and natural products that reduce AQP-IgG binding to AQP4 have been identified (e.g. arbidol 

and neutraceutical berbamine [159]). However, further research is required as the compounds 

identified have a relatively weak affinity to AQP4 and unfavourable pharmacological properties for 

use in NMO.  

 Another potential therapeutic strategy is antibody inactivation. There are several bacterial 

enzymes that selectively target IgG-class antibodies. Some of these enzymes disable the complement 

binding site such as the C1q, consequently, neutralizing the Fc-effector function that is involved in 

CDC. Additionally, they also target the Fcγ receptor, which is involved in ADCC. Examples of these 

compounds that have had success in an NMO context in vitro and in vivo were found in 

endoglycodiase S (EndoS) [160]. After acting on AQP4-IgG it was found to displace pathogenic 

AQP4-IgG, therefore converting the antibody into a therapeutic blocking agent.    
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Another enzymatic bacterium derived from S pyogenes enzyme (IdeS) has been found to degrade 

IgG. It selectively cleaves IgG antibodies into Fc and Fcγ fragments. When applied in an NMO 

environment it was found to abolish CDC and ADCC in vitro and NMO pathology in vivo [161].  

 Besides inhibiting C5 the complement protein cascade can be targeted at many other stages. 

Furthermore, C5 inhibiting eculizumab has been found to induce infection. This is hypothesised to 

occur because besides the desired inhibition of the classical complement pathway eculizumab also 

inhibits the alternative and the lectin pathways [162]. Consequently, the body loses an essential anti-

bacterial mechanism. Therefore, inhibitors that target the complement classical pathway have been 

proposed. C1-inhibiting antibodies have proven to be effective in both in vitro and in vivo NMO 

models [160]. Furthermore, they have several therapeutic effects: they prevent the generation of C3a 

and C3b, which participate in CDC and block the mechanisms of classical pathway amplification part 

of the alternative pathway.   

 In addition, the complement cascade can be blocked at the levels of MAC formation. The most 

common inhibitor of this nature present in astrocytes is the CD59 protein. This complement inhibitor 

binds to either C5b-8 or C5b-9 blocking the addition of further membrane piercing C9 proteins. Its 

function is illustrated in Fig.2.22. Several diseases have been found to be induced by the lack of CD59 

and other MAC regulating proteins such as membranoproliferative glomerulonephritis and dense 

deposit diseases [45]. In two proof of concept studies, it was found that following deletion or 

neutralization of CD59 the severity of the disease increased substantially [163], [164].  

 

 

Figure 2.22: Diagram that explains how CD59 inhibits the formation of MAC complex [165]. 
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 All previous therapies focus on the cellular mechanisms involved in CDC. Researchers have 

also focused on trying to mitigate ADCC. The latter mechanism is triggered when AQP4-IgG binds to 

the Fcγ receptor on effector cells. This results in phagocytosis and degranulation of the cell. 

Moreover, this mechanism has been found to not only be responsible for cell death but also to act as a 

trigger for the pathophysiology of NMO [166]. In mice models of NMO, it has been found that 

neutralizing the Fcγ receptor  antibody reduced NMO pathology [167]. 

 Within the ADCC mechanisms, another structure that might be a potential therapeutic target is 

the BBB. Although the mechanisms behind the BBB disfunction during NMO are not clear, an 

increase endothelial growth factor (VEGF) has been detected. A clinical trial is currently under way, 

trying to understand if VEGF inhibitor is able to reduce the BBB opening due to NMO [168].  

 Finally, as the antibody that triggers the pathology is known one might envisage the 

development of antigen tolerance against AQP4. This can be done through a series of methods 

including DNA vaccination, altered peptide ligands, and low dose oral and nasal antigen 

administration. Similar studies have been developed in the context of MS. These have proven 

unsuccessfull due, in part, because a disease specific antigen and antibody are not known. Therefore, 

NMO presents a unique oportunity and this practice might yield more-substantial clinical and 

immunological effects. 

 With the same aim of generating antigen tolerance against AQP4, the use of haematopoietic 

stem cell transplantation (HSCT) has been proposed. This procedure has shown great promise when 

applied to MS [169] and systemic lupus erythematosus [170]. However, this procedure has been 

found to be risky with considerable mortality rate.   

 From this analysis, it has been shown that there is a plethora of strategies that have been 

proposed to try to mitigate the symptoms of NMO.  Nevertheless, there are many challenges that 

clinical trials need to overcome in order to develop effective NMO therapies. Firstly, NMO has a high 

mortality rate and therefore impedes the compilation of a longitudinal study. Secondly, establishing 

therapeutic success criteria has proven difficult. Thirdly, although severe, the disease is rare and 

therefore a combined effort between labs is required. Finally, there are ethical concerns to take into 
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account when considering the placebo arm of the trial. In Figure 2.23 an overview of the state of the 

art of NMO drug development described can be found.  

 

Figure 2.23:  Overview of all proposed therapies for NMO, which pathological mechanism they target and their stage of 
development [45]. 
 

2.4.3 Chemerin role in inflammatory resolution [171] 

 The inflammatory process aims at the removal of harmful stimuli such as pathogens. Then all 

the cells recruited and the debris formed needs to be removed in order to restore normal function of 

the tissue. Until recently it was thought that the restoration process occurred passively. Experimental 

proof has been compiled that shows that there are endogenous anti-inflammatory mechanisms that 

ensure an appropriate inflammatory response and resolution. Additionally, this could suggest that 

chronic inflammation might develop, in part, due to the absence or malfunction of this pro-

inflammatory resolution pathway. Therefore, understanding the endogenous anti-inflammatory 

systems might aid in the understanding of pathologies as well as guiding novel therapeutic pathways.  

 Several agents are involved in modulating the anti-inflammatory pathways: gaseous mediators; 

protease inhibitors; lipids that include resolvins, protectins, maresins and cyclopentenone 
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prostaglandins; proteins and peptides. The work here presented focuses on the pro-resolving 

mechanism that involves a subset of membrane anti-inflammatory G protein receptors (GPCR) called 

ChemR23 and the mediators that activate it, which are chemerin peptides.  

 Chemerin is a chemoattractant protein that is found in the circulation and in inflammatory 

exudates. It is inactive when secreted. In order to generate the active chemoattractant proteins, it 

needs to undergo C-terminal proteolytic cleavage, which is performed by serine proteases. The 

enzymes responsible for the cleavage include those of the coagulation (factor VII) and fibrinolytic 

(plasmin) cascades and those derived post-neutrophil degranulation (elastase and cathepsin G) [172]–

[174]. Chemerin has many functions as it acts as a plasmacytoid dendritic cell, as a natural killer cell 

and macrophage (MΦ) chemoattractant. The work here presented focuses on the chemoattractant 

capabilities of chemerin. Besides the ChemR23 GPRC, it also can bind to chemokine (C-C motif) 

receptor 2 (CCRL2). The latter is a chemokine receptor present on activated MΦ. The binding of 

chemerin to each of the mentioned has receptors is yet to be found. However, the synthesized 

chemerin-derived peptide C15 has been found to mediate MΦ behaviour through the ChemR23 

receptor. C15 has been found to have several anti-inflammatory effects including: inhibits MΦ 

activation; suppressing neutrophil and monocyte recruitment and inhibiting expression of pro-

inflammation cytokines and chemokines [171].   

 Importantly, C15 contributes to the MΦ clearance of apoptotic neutrophils and microbial 

particles.   They recognize phagocytosis and kill microbial agents. Efficient clearance of pathogenic 

material by MΦ is important in limiting the duration and extent of the inflammatory response [171]. 

However, MΦ secretes and activates pro-inflammatory cytokines when identifying and engulfing 

microbial particles. Conversely, when MΦ ingest apoptotic cells they do not release pro-inflammatory 

mediators. In fact, it has been associated with suppression of pro-inflammatory mediators and up-

regulation of anti-inflammation mediators such as TGF-β [175], [176], [177], [178]. Therefore, 

inefficient clearance of apoptotic cells promotes a persistent state of inflammation as seen in 

atherosclerosis and diabetes [179]–[181].  

 The interaction between C15 and ChemR23 is further evidenced by the work of [71], [182]. 

Here it was shown that ChemR23-/- cells and mice are unresponsive to the peptide. However, 
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conclusive proof of the hypothesized C15 effects has not yet been presented [183], [184]. 

Furthermore, the work by [183] has not been able to reproduce any of the data obtained with C15. 

Instead, it concluded that C15 did not displace chemerin from its binding site on ChemR23. 

Therefore, a more complex model is required to explain this anti-inflammatory mechanism beyond 

the one ligand one signal hypothesis. Three alternative scenarios have been proposed by [184]: 1. C15 

binds to an alternative and the yet unidentified site on a ChemR23 alternative to that of chemerin; 2. 

C15, in fact, displaces chemerin and it interacts with other GPCR residues triggering other signalling 

pathways; and 3. another CPCR could heterodimerize with ChemR23 and hence allow binding of C15 

without fully diminishing the ChemR23 downstream effects. 

 From this analysis two main questions have arisen: 1. does chemerin get naturally cleaved into 

C15?; and, 2. what is the exact mechanism by which C15 exerts its effects on ChemR23? A better 

understanding of this pro-resolving pathway might suggest further therapeutic targets for chronic 

inflammation. In Figure 2.24 the hypothesized C15 synthesis and effects on MΦ behaviour are 

presented. 

 

Figure 2.24: The hypothesized pro-resolving pathway where macrophage ingestion of apoptotic cells and release of anti-
inflammatory cytokines are promoted by the activation of the ChemR23 receptor by chemerin peptide C15. [171] 
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 2.5 Summary 

 In this chapter, an overview was presented of the mechanisms responsible for cell death in a 

pathological environment: excitotoxicity, peri-infarct depolarization inflammation apoptosis. 

Throughout the analysis made across vascular diseases (ischaemic stroke) and inflammatory diseases 

(NMO), these mechanisms have been identified. Additionally, several avenues for treatments for 

these diseases were presented that aim at mitigating and preventing these mechanisms.  

Although, in many cases, the pathological mechanisms of the diseases are known, testing these and 

investigating new treatments have proven to be difficult. The main reasons for this has to do with its 

location; it sits inside the skull. Furthermore, in order to treat these diseases, it is required that the 

therapy does not perturb the pressure and blood flow mechanisms of the brain. Finally, some of the 

diseases that have the harshest symptoms have a low incidence rate. For all the reasons, it is hard to 

develop experimental studies that will achieve reliable results.  

 Here an alternative approach is presented where mathematical modelling is used to test theories 

for neurological pathologies and to test therapies. In the following chapter the literature that was the 

basis for the mathematical models developed is presented.  
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Chapter 3 

Literature review: Mathematical modelling  

 The work developed here aims at creating mathematical models of complex biological contexts, 

such as ischaemic stroke and neuronal inflammation, that are poorly understood and have little data to 

characterize them. Therefore, the whole endeavour can be contested. To justify the approach chosen 

section 3.1 presents a critical analysis of mathematical modelling underlining the limitations and 

strengths of such an approach.  

 Although this works aims at covering a variety of pathologies the cellular death mechanisms 

e.g. oedema and inflammation, are shared between them. In this chapter, the individual mechanisms 

are thus presented. The following sections of this chapter will be divided into the three areas that the 

work created falls into. Section 3.2 examines the literature behind all the models that were combined 

to create the glutamate release model. Section 3.3 covers the state-of-art in terms of models of 

astrocytic water regulation (3.3.1) as well as complement lysis (3.3.2). In section 3.4 the existing 

models on neutrophil and monocyte recruitment in an acute inflammation context are presented and 

compared. Finally, this chapter also outlines the available methods and software packages for the 

creation of the models developed in Section 3.5.  
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3.1 Introduction 

 The work here presented aims to test hypothesis for the pathophysiology of neurodegenerative 

diseases. Many experimental procedures have been able to identify many of the triggers and 

pathological pathways for these diseases, as presented in chapter 2. However, these diseases present 

particular barriers for experimental models to effectively evaluate them. There are difficulties in 

developing reliable a reproducible in vivo and in vitro model. Additionally, compiling statistically 

significant numbers of patients is difficult and costly [185]. Mathematical modelling has an 

opportunity to aid the development of this research in order to avoid the unethical process of 

sacrificing large numbers of animals and exposing patients to placebo tests [186].  

 Mathematical modelling has proven to be a valuable tool to evaluate several biological systems 

at a variety of scales. In the particular case of brain physiology, there are examples of models since 

1950’s e.g. the Hodgkin and Huxley work on action potentials and ion movement [63]. Hodgkin and 

Huxley started by first measured the electrical capacitance of the membrane of the neuron to ions 

during stimulation. Then they assumed that the behaviour of the membrane could be modelled as an 

electrical circuit with a capacitor and three parallel series of batteries and resistances. Each battery 

describes the driving current for Na+, K+ and a leak current as calculated by the Nernst equation while 

each resistor represents the conductivity of the membrane to each ion.  

 With such a model, it was possible to simulate a variety of behaviour in the squid as well as 

neurons in general. Hence, through the process of using known physical and chemical equations allied 

to boundary conditions taken from the data, Hodgkin and Huxley were able to derive features of 

action potentials [187]. However, Hodgkin and Huxley have contradicted such a conclusion by stating 

that: “An equally satisfactory description of the voltage clamp data could no doubt have been 

achieved with equations of very different form, which would probably have been equally successful 

in predicting the electrical behaviour of the membrane.”. Therefore, even in one of the most 

successful cases of the mechanistic approach to mathematical modelling of physiology, the concern is 

set if the model should be taken only as a data summary or is it a predictive tool and a heuristic guide 

to future theorizing [188]. Craver in his work “Physical Law and Mechanistic Explanation in the 
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Hodgkin and Huxley Model of the Action Potential” argues that it is all of the above.  

 The main concern then is if the equation and all the parameters chosen are all required and if 

they are biological sound. With current developments in mathematics, a phenomenological approach 

(black box approach) could have been applied and a model would be developed that has all the 

benefits presented without having to justify the choices of equations [189]. In this context, the 

mechanistic approach has proven, as it is demonstrated in Section 3.2.2, that from the equations 

derived by Hodgkin and Huxley researchers have been able to characterize and identify a variety of 

cellular behaviour.  

 The benefits of building upon validated have been established. Currently, there are databases, 

such as Biomodel Database [190], that promote the exchange and aggregation of mathematical 

models of physiology. Additionally, there is the project Virtual Physiological Human (VPH) that aims 

at the development of multi-scale models and to promote the exchange of data between research 

groups [191]. However, this approach raises further concerns that have been characterised by Brown 

and Sethna as “sloppy” models [192].  

 These models are defined by Brown and Sethna [192] as having: 1. a large number of poorly 

determined or completely unknown parameters; 2. simplified dynamics that is a form of coarse-

graining and 3. murky topology due to lack of knowledge of underlying kinetics that has yet to be 

discovered or measured. Although, computational modelling is seen as an invaluable tool for 

understanding physiology the prediction of models cannot be trusted if they rely heavily on the 

uncertainty of parameters.  

 This characteristic of mathematical modelling has been found to be present in a variety of 

contexts by Gutenkunst et al. [193]. The later work looked at 17 system biology models from the 

literature and examined the sensitivity of the model to parameter changes. All these models appeared 

to demonstrate “sloppy” parameter sensitivity. Furthermore, Gutenkunst et al. [193] state that 

common strategies to overcome this limitation of mathematical modelling are unproductive e.g. 

focusing on measuring precise values for parameters. They have found that for parameter 

measurement to be efficient they must both be very precise and complete. This is further expanded on 

the work by Apgar et al. [194], which states that the perturbation of the experimental procedure used 
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is intimately linked to the success of parameter estimations. Gutenkunst et al. [193] suggest that 

researchers should focus not on the quality of the parameter values but try and perform collective 

parameter fits to different sets of data and focus on the quality of predictions of the model.  

 The work developed aims at capturing complex pathological behaviour with little data and uses 

models with a large number of parameters. Therefore, they are prime candidates for “sloppy” 

behaviour. However, these are models of pilot studies to address novel contexts and new hypotheses. 

Additionally, all the assumptions made to develop the model are clearly presented. Furthermore, as 

described in Section 3.5.3 and 3.5.4 efforts were made to present the parameters to which the models 

are most sensitive to and methods used to reduce the number of parameters by reducing the models to 

its essential components. Through this methodology, it is proposed that these models answer the 

questions within their contexts, which of course will constrain their scope. From their results, the 

limitations of the models are presented and experimental procedures to improve the model suggested.  

3.2 Modelling glutamate excitotoxicity 

 To model glutamate excitotoxicity a series of well-founded areas of literature were combined, 

which are here described. These include: cellular metabolism (Section 3.2.1), cellular ionic regulation 

(Section 3.2.2) and the glutamate cycle (Section 3.2.3). Additionally, the only known model of 

glutamate release during a stroke is analysed in Section 3.2.4. 

3.2.1 Metabolism mathematical models  

 Cellular metabolism has been thoroughly described under homeostatic conditions. This is the 

process by which cells transform glucose into adenosine triphosphate (ATP), which is the main source 

of energy for cells. This process involves two main reactions: glycolysis and the Krebs cycle also 

called the Citric acid cycle. The former occurs in the cytoplasm while the latter occurs inside the 

mitochondria. A full breakdown of the healthy cellular metabolic mechanism is given in Figure 3.1.  
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Figure 3.1: Diagram that presents the different reactions involved in both glycolysis and the Krebs cycle [56]. 
 

 Maintaining sufficient levels of ATP is essential to ensure the proper functioning of cells. 

Therefore, cells have developed ways of energy storage and alternative forms of ATP production in 

order to survive periods of glucose starvation [195], such as the case of ischaemia. In this particular 

case of the brain, there is a mechanism that involves both neurons and astrocytes. The latter is able to 

store the product of glycolysis, glucose-6-phosphate, in the form of glycogen. Then when there is 

neuronal energetic requirements glycogen can be converted back to glucose-6-phosphate. Instead of 

going through the Krebs cycle to produce ATP, then is converted into lactate. It is hypothesized that 

the lactate is then transported through the lactate shuttle to the neuron where it is used to produce 

ATP. The glycolysis/lactate shuttle hypothesis is presented in Figure 3.2.  
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Figure 3.2: Diagram of the lactate shunt between astrocytes and neurons based on the work by [195]. 
 

 In the literature, the models available vary depending on the context considered and the data 

available. This is because it is a highly complex process with several mechanisms that will have 

relative importance dependent upon on the aim of the model. Therefore, the literature is populated 

with models with a variable number of ODE’s and compartments. Here, a focus is made on models 

that consider both astrocytes and neurons.  

 The work by Aubert and colleagues in the period 2001-2005 [62], [196], [197] has been the 

basis for the state-of-the-art models on the metabolic interactions between astrocytes and neurons. A 

diagram of the 2005 model is shown in Figure 3.3 taken from [197].  
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Figure 3.3: Diagram of the compartmental model by Aubert and Costalat [197]. 
 

 This model includes 4 compartments: astrocyte, neuron, ECS and the capillary. This model is 

used to understand the importance of the lactate shuttle in the context of metabolic requirements of 

neurons during stimulation (<=>"4
$ ). It considers all the currently known equations of the glycolysis 

process of cellular respiration. The Krebs cycle is instead simplified to the reduction of Nicotinamide 

Adenine Dinucleotide (?@A) into ?@AB required for the production of @*C from Adenosine 

Diphosphate (ADP). Additionally, there is an assumption made about the hydrolization of @*C into 

@AC and Adenosine Monosphophate (@DC) as described by Heinrich and Schuster [198]. It states 

that @AC kinetics depend on @*C, the total concentration of adenine nucleotide concentration @ and 

on the adenylate kinase equilibrium constant EF8 as:  

@AC =
@*C

2
. −EF8 + EF8

J + 4EF8
@

@*C
− 1  

(3.1) 

where @ = @*C + @AC + @DC. Furthermore, there is a relationship between the rate of ATP 

production and AMP production as follows:  

M@DC

M@*C
= −1 +

EF8

2
− 0.5. P + EF8.

@

@*C. P
 

(3.2) 

where P = qRS
J + 4EF8

R

RTU
− 1 . This set of assumptions can be found in a variety of models with 

different aims as in the work by DiNuzzo et al. [199] and Cloutier et al. [200]. All of these models 
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aim to describe the metabolic requirements during neuronal stimulation during different conditions. 

However, none of these models evaluate the cellular metabolic requirements in pathological 

conditions. 

 Alternatively, there are works that aim to predict the effects of irregular neurological function. 

These include the full kinetics of glycolysis and the Krebs cycle as presented in Figure 3.1. Here two 

models are discussed. The Çakιr et al. model [201] looks at the neurotransmitters (e.g. dopamine and 

glutamate) role in cellular metabolism. The model includes 217 reactions and 216 metabolites as it 

can be seen in Figure 3.4.  

 

Figure 3.4: The Çakιr et al. model [201], which combines the flow of metabolites between neurons, astrocytes and the 
capillary as well as the exchange of neurotransmitters between neurons and astrocytes.  
 

 This model was developed to study the effects on the metabolism of lack of access to oxygen. 

Another model that focuses on the flow of metabolites between neurons and astrocytes was found in 

Occhippinti et al. [202] as seen in Figure 3.5. Additionally, it also includes full metabolic kinetics of 

the glycolysis process and the Krebs cycle. It includes 5 compartments: the astrocyte, the neuron, the 

individual mitochondrial compartments and the ECS. Finally, as in the work by Çakιr et al. [201], the 

glutamate/glutamine system is included. With this model, the glutaminergic metabolic flows during 

high and low stimulation are investigated. The model is summarized in Figure 3.5 [202].  
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Figure 3.5: Breakdown of all the metabolite flows between neurons and astrocytes. The model has further compartments 
including the ECS and a capillary [202]. 
 

 Although both models are validated using experimental data the requirements of the Na+/K+ 

pump are ignored. However, this pump is where 85% of energy requirements are expended and it has 

been characterized as playing a primary role in ischaemia. Therefore, these models are unsuitable to 

model ischaemic pathology. 

 From the available cellular metabolism models in the literature, the Aubert and Costalat [197] 

model was chosen as a framework. This is because it is the only one that considers the impacts of the 

Na+/K+ pump on cellular metabolism. Furthermore, it has been shown by Orlowski et al. [15] to have 

potential to predict cellular behaviour in the presence of ischemic stroke. All the metabolic models 

here described are summarized in Table 3.1.  
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Table 3.1: Comparing the models of brain tissue metabolism found in the literature  

Model Focus Compartments # ODE’s # Algebraic 
equation # Parameters Software 

environment Conclusions 

Aubert and 
Constalate [2001] 
[196] 

Create a tool to aid the 
interpretation of fMRI 
imaging. 

Neuron, 
Capillary 15 18 ≅36 Matlab The model was able to capture interaction 

between cellular metabolism and haemodynamics. 

Aubert and 
Constalate  
[2005] [197] 

Investigate the 
interactions between 
astrocytes and 
GABAergic neurons 

Astrocyte, 
Neuron, ECS and 
Capillary 

20 42 ≅62 Matlab Verified hypothesis pertaining to the astrocyte-
neuron lactate shuttle.  

Çakιr et al. 
[2007] [203] 

Metabolite exchange 
between neurons and 
astrocytes 

Astrocyte, 
Neuron and ECS 216 217 Not 

mentioned Matlab 
The model was able to accurately predict the 
metabolic flow of the TCA cycle and Glutamate-
glutamine cycle. 

Cloutier et al. 
[2008] [200] 

Validated model of brain 
tissue metabolism. 

Astrocyte, 
Neuron, ECS and 
Capillary 

36 64 125 SBML/OpenCell 
Following the work Aubert et al. it demonstrates 
the role of the lactate shuttle during neuron 
stimulation 

Occhipinti et al. 
[2010]�[202] 

Investigate the metabolic 
needs of inhibition 

Astrocyte, 
Neuron, ECS ≅53 ≅80 Not 

mentioned Not mentioned 
As Aubert and Constalate [2005] the model the 
model aims at explaining the role of the lactate-
shuttle during neuronal stimulation. 

Orlowski et al. 
[2010]�[14]  

Predict pH levels during 
ischaemic stroke.  

Astrocyte, 
Neuron, ECS and 
Capillary 

58 98 167 OpenCell 

The prediction of the model of intracellular pH 
during stroke match experimental data and it 
further demonstrates the potential of pH imaging 
to quantify cell death in stroke. 

Orlowski et al. 
[2013]�[15] Predict cellular oedema 

during ischaemic stroke. 

Astrocyte, 
Neuron, ECS and 
Capillary 

68 117 175 OpenCell The model simulations matched experimental data 
and predicted the spread of stroke in a 3D model 
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3.2.2 Mathematical models of cellular ionic regulation 

 Throughout the literature, mathematical models have made ionic movement dependent on the 

transmembrane potential (!") and intracellular volume (#$) [63], [204]–[206]. The potential is 

commonly defined as the difference between the inner (%) and outer (&) parts of the membrane 

potential, hence !" = !$ − !). Following the work by Malmivuo and Plonsey [207] and Endresen et 

al. [206] the gas model by Goldman and updated by Hodgkin-Huxley [208] is commonly used to 

describe ionic flow. It states that the current *+	of the ion species - is described as:  

*+ =
1
2
0+1+2([-]$&6789: − -])&6789: , 

(3.3) 

where z= is the ionic valence, 1+ is the membrane permeability to -, > = ?

@AB
 , 2 is the Faraday 

constant, C the gas constant and D the absolute temperature. From Equation 3.3 the Nernst 

equilibrium potential !+ can be derived as:  

!+ =
1

2>0+
EF

[-])
[-]$

 
(3.4) 

Additionally, the membrane conductance (GH) can be described as: 

G+ = 0+1+2 [-])[-]$ (3.5) 

From Equations 3.4 and 3.5 Equation 3.3 can be simplified to:  

*+ = G+
I%Fℎ	(!" − !+)

>0+
 

(3.6) 

 The work by Endresen et al. [206] presents this derivation to describe a variety of ionic 

transport proteins including channels, exchangers and pumps. Such a model of ionic flow has been 

used by many studies including the ischaemic stroke simulations by Dronne et al. [65] and the 

cytotoxic oedema model by Orlowski et al. [15]. 

 However, further simplifications have been made to this model. When 0+>(!" − !+) ≪ 1, 

Equation 3.6 can be reduced to the linear relationship: 

*+ = G+	(!" − !+) (3.7) 
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 This simplified model is commonly found in the current state-of-the-art models of ion 

movement such as those by Dronne et al [65]and Østby et al. [64].The movement of a particular ion 

in terms of its osmotic concentration [-]$ can then be derived as: 

MF+
$

MN
= −

O
0+2

*+ 
(3.8) 

where  F+$ = [-]$. #$ is the mass of ion - inside the cell and O is the surface area of the cell. Using the 

relationship between ion concentration [-]$ and osmotic pressure Π$ that states Π$ = CD[S]$ it is 

possible to arrive at a relationship between intracellular volume (#$) and ionic concentration  

M#$
MN

= C. D. ST. ([-]) − [-]$) 
(3.9) 

where τT is the water permeability in s.m-1.  

 Finally, a relationship between ionic concentration and membrane potential (!") can be 

established. Using Kirchhoff’s law the following can be derived:  

V"
M!"
MN

+ *+ = 0 
(3.10) 

Substituting Equation 3.8 it can be shown that 

V"
M!"
MN

=
#$
O
. 2. 0+

M[-]$
MN

 
(3.11) 

Equation 3.9 can then be simplified by approximating the derivatives to the difference between the 

current value at time N and the value at time N = 0. 

(!" − !Y) =
#$

O. V"
. 2. 0+([-]$ − [-Y]$) (3.12) 

where !Y and [-Y]$ are the initial membrane potential and ion concentration respectively. Hence, !Y =

Z[
\.]:

. 2. 0^([-Y]$) and therefore !" =
Z[

\.]:
. 2. 0^([-]$). Equation 3.10 is derived by assuming that 

the concentration in the ECS is constant. Removing this assumption and taking the law of 

conservation of mass that states that _`7
[

_a
= −

_`7
b

_a
, gives:  

!" − !Y =
#$

O. V"
. 2. 0+. [ -]$ − -]) − -]$

Y − -])Y ] (3.13) 



Chapter 3: Literature review: Mathematical modelling 

 81 

From Equation 3.11, as before, the membrane potential can be written as: !Y =
Z[

\.]:
. 2. 0+. [ -]c

Y −

-]dY ]  and !" =
Z[

\.]:
. 2. 0+. [ -]c − -]d ].  

 The derived relationship between membrane potential and cellular volume, based on 

intracellular and extracellular ionic concentration difference, can be found throughout the literature, 

e.g. Endresen et al. [206], Armstrong et al. [204], Orlowski et al. 2011 [15] and Østby et al. [64]. 

However, these models consider other forms of ion movement besides diffusive flow due to osmotic 

pressure. These include ionic pumps (*ef"e) and exchangers (*)g8h), which are included in the model 

by simply adding then to Equation 3.7: 

*+ = G+ !" − !+ + *ef"e + *)g8h (3.14) 

Additionally, many different assumptions have been made throughout the literature. However, the 

theoretical basis for all of these studies lies within the framework presented here.  

3.2.3 Modelling glutamate kinetics  

 As shown by the work by Rossi et al. [209] four glutamate release mechanisms have been 

identified: release dependent on extracellular [73] and intracellular Ca2+ concentration [210]; release 

through swelling activated anion channels [211]; an indomethacin –sensitive process in astrocytes 

[212]–[214] and reverse operation of glutamate transporters [215], [216]. Here, only glutamate release 

mechanisms dependent on Ca2+ kinetics and due to reverse function of the glutamate transporter are 

presented. These two mechanisms can be split into glutamate release pre and post membrane 

depolarization. 

 Starting with the most prominent pre-depolarization mechanism, which is the Ca2+ dependent 

vesicular glutamate release, as explained in Chapter 2, the vesicles are organized into pools. The 

literature on vesicle pool dynamics is large, due to the variety of vesicle distributions that exist. These 

depend on the species of animal and the type of neuron considered, as presented by [76]. 

Additionally, there are several processes involved in the exocytosis and endocytosis of vesicles 

including: filling up vesicles with neurotransmitters (a pH dependent ATPase pump pushes 

neurotransmitters inside the vesicle); docking (vesicles move close to the membrane wall depending 
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on Ca2+ kinetics); priming (again dependent on Ca2+ kinetics vesicles fuse with the membrane 

becoming ready for release of neurotransmitters) and finally exocytosis and endocytosis.  

 Due to the complexity of the synaptic vesicular system and the variability of experimental 

measurements, mathematical modelling of these processes varies greatly dependent upon the aim of 

the model. There are kinetic models for each of the steps of synaptic movement mentioned 

previously. The work by Hori and Takahashi measured and modelled the process by which vesicles 

are filled with glutamate. The work by Granseth et al. [217] describes and measures the rates of 

movement between pools and how the process of endocytosis regulates vesicular kinetics. In addition, 

there is the work by Axmacher et al. [218] that describes how vesicular quanta play an integral role in 

the process of short-term plasticity. As an example, the diagram of the synaptic model by Granseth et 

al. [217] is presented in Figure 3.6.  

 

Figure 3.6: A schematic illustration of the model by Granseth et al. [217].  (1) Vesicles are recruited from the reserve pool 
to the RRP at the rate krecr. (2) Vesicles at the RRP are made ready for release through the process called priming at the rate 
kprim and are released at rate kexo. (3) After release vesicles are endocytosis at rate kendo. (4) Finally, the endocytosed vesicles 
are recycled into the RRP and the reserve pool at rate kreac. 
 

 Finally, there are several models that aim to measure and to simulate how Ca2+ triggers 

exocytosis of vesicles. Initial models assumed that it was a sequential process from recruitment until 

exocytosis and that there was only one mode of vesicle exocytosis triggered by Ca2+ [219], [220]. 

Then it was identified that there were kinetically distinct release phases, including, as stated by Sun et 

al [77]: fast, low frequency triggered synchronous release; slow, high frequency AP train triggered 

asynchronous release; and spontaneous release. The different forms of release are believed to be due 
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to the enrolment of different populations and pools [221]–[223]. The recruitment of the different 

pools is dependent on their molecular composition or localization in respect to Ca2+ sensors. This 

theory of varied pools is further verified by the work by [77], [223], [224] that found that eliminating 

certain Ca2+ proteic sensor synaptotagmin (-1 and -2) leads to deletion of fast asynchronous release.  

 From these discoveries, it was hypothesized that there are multiple sensors controlling either a 

single pool [77], [225] or different pools [223]. More recently the specific sensors for fast release 

have been identified as synaptotagmin-1, synaptotagmin-2 and synaptotagmin-9. This hypothesis, 

where different Ca2+ sensors are related to different pools and different modes of release, has been 

further tested using mathematical modelling [226]. In order to contrast the approaches of Sun et al. 

[77] of assuming only a release pool and of the Walter et al. [226] model where there is a parallel 

release from two different pools a schematic of each strategy is presented in Figure 3.7.  

 

Figure 3.7: I. Schematic of the dual Ca2+sensor model, which includes synchronous asynchronous and spontaneous 
glutamate release from one pool of vesicles [77]. II. Model by Walter et al. [226] where the hypothesis that there are several 
pools where vesicles are released from is tested. 

 

 Post membrane depolarization, as stated by Rossi et al. [209], the most prominent glutamate 

release mechanism is due to the inverse function of the glutamate transporter. The stoichiometry of 

the transporter is that for each mole of glutamate that enters the cell, 3 moles of Na+, 1 mole of H+ and 

1 mole of water enter the cell and 1 mole of K+ leaves the cell. Rossi et al. [209] developed a model of 

the transporter behaviour in terms of membrane potential (!") and cellular pH. The model states that 

the extracellular glutamate equilibrium concentration [GEi]j,)k can be calculated using: 

[GEi]j,)k = [GEi]$.
[lmn]$
[lmn]j

o

.
[pn]$
[pn]j

.
[qn]j
[qn]$

. &rs	
2. !". 2
C. D

 (3.15) 
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where [GEi]$ is the intracellular concentration of glutamate. Rossi et al. [209] assumes that the 

transporter will aim to ensure that the extracellular concentration [GEi]j approaches equilibrium. This 

is described as a first order model as:  

M[GEi]j
MN

=
[GEi]j,)k − [GEi]j

Stuf
 (3.16) 

where Stuf is the glutamate time constant. 

 As presented here glutamate kinetics are complex and are involved in a variety of mechanisms 

essential to the health of the cell. Consequently, when developing a mathematical model of the 

pathological kinetics of glutamate, a combination of all of these mechanisms is required to properly 

describe its behaviour. An example of such a model is presented in the following section. 

3.2.4 Dronne et al. model of cytotoxic oedema [65]  

 In the literature, only the work by Dronne et al. [65] has attempted to model glutamate kinetics 

in an ischemic environment. Its main concern is to capture the swelling of cells after 1 hour of an 

induced stroke. Although it has validated the concentration of ions after one hour of ischaemic stroke 

it does not validate the glutamate release simulations.  

 The model consists of a combination of the state-of-the-art models of membrane ionic channels 

and transporters of astrocytes and neurons. Besides these two cells, the model has a further 

compartment: the extracellular space (ECS). The ions here considered were sodium (Na+), potassium 

(K+), calcium (Ca2+) chloride (Cl-) and the neurotransmitter glutamate (GLU). A diagram of the 

mathematical model by Dronne et al.[65] can be seen in Figure 3.8.  
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Figure 3.8: Schematic of the mathematical model by Dronne et al.  [65] 
 

 The model considers several types of ionic movement proteins. These include: voltage-gated 

channels; volume-activated channels; ionic pumps; ionic exchangers and receptor channels. These are 

described using different types of models, including the Hodgkin-Huxley equations and the Goldman-

Hodgkin-Katz formulation. The overall flow of ion (-) is then assumed to be equal to the sum of the 

currents associated with that particular ion (*N+) as: 

M
MN
. (v. -] =

I. *N+
0+. 2. #

 (3.17) 

where I is the cellular surface area, 0+ is the valence for ion - and # is the global volume considered, 

including neurons, astrocytes and the ECS. The parameter v represents the volume fraction of each 

compartment, which is assumed to be dependent on osmotic concentration similarly to Equation 3.9.  

Mv
MN

=
1
-Y
.
M
MN
. v - + [OY]

^

, 
 

(3.18) 

where  -Y is the sum of the extracellular concentrations in physiological conditions and OY stands for 

the concentration of the intracellular impermeant anions. Additionally, the membrane potential is also 
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made dependent on the intracellular ionic concentration as it is assumed that each of the 

compartments is electrically neutral:  

(0^[-])
^

+ 0\ OY = 0 (3.19) 

where 0\ is the valence of the impermeable ions. It is then assumed that the membrane potential 

changes as the charged ions move across compartments. 

In the particular case of glutamate, two currents are considered. The first is the glutamate transporter 

(waxy`^ejxa)x) that is here modelled using the Michaelis-Menten formulation as:  

*z{ = |axy. !" − waxy`^ejxa)x  (3.20) 

*}y{ = −3. *z{ 
(3.21) 

		*tuf� = *z{ 
(3.22) 

where, |axy is the permeability of the transporter and waxy`^ejxa)x is defined as: 

waxy`^ejxa)x =
CD
2
EÄG

[lmn])
[lmn]$

o

.
[qn]$
[qn])

.
[GEiÅ]$
[GEiÅ])

 
 

(3.23) 

Then a second glutamate current *)gaxy was introduced to ensure that the glutamate kinetics are stable 

at steady state, defined similarly to Equation 3.20 and 3.23 as:  

*)gaxy = |)gaxy. (!" − w)gaxy), (3.24) 

w)gaxy =
CD
2
ÇÄG

[GEiÅ]$
[GEiÅ])

 (3.25) 

where |)gaxy is the permeability of the extra glutamate channel. 

 In order to simulate stroke, Dronne et al. [65] assumed that the mechanisms being modelled are 

solely affected by a hindrance to the ionic pumps, due to lack of availability of ATP. The decrease of 

ATP over time was assumed to follow the fitted model described by Lemieux et al. [227]. ATP 

decreases over time in a severe ischemic environment as:  

OD1 N = [OD1]"yg(0.35)(a/ÖÜ) (3.26) 

This is incorporated into the model by assuming that *ef"e decreases in a manner proportional to the 

amount of ATP available as:  
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*ef"e N = (s\Bá + 1 − s\Bá (0.35)
a
ÖÜ ). *ef"eY (3.27) 

where s\Bá is the proportion of residual ATP production and IâäãâY is the current through the pumps 

at baseline physiological conditions.  

 The model was validated using two forms of data. The first consists of measured values of 

intra-neuronal and ECS concentration of ions after severe stroke as measured by [228] and Silver et 

al.  [229]. Secondly, it was validated by measurements of the reduced Diffusion Coefficient of water 

(rADCw), which was shown by Verheul et al. [230] to be proportional to a reduction in ECS.  

 Although Dronne et al. [65] have validated its model of ionic kinetics no data was used to 

validate the predictions of the model in terms of glutamate release during ischaemia. As the 

concentration of ions and ECS volume fraction are validated it is, instead, assumed that as the 

concentration of ions that the glutamate concentration is validated as well. This assumption appears to 

be reasonable, as stated by Rossi et al. [209]: that the majority of glutamate is released through the 

glutamate transporter.  

 Consequently, as the Na+ and K+ concentrations have been validated the glutamate levels are 

also validated. However, through the work by Rossi et al. [209], it has been found that glutamate 

kinetics involve a variety of mechanisms that have been ignored here. These include intra neuronal 

glutamate vesicular kinetics. Additionally, metabolic production of ATP involves further mechanisms 

like the glycine production of glucose and the lactose shunt. Furthermore, pH kinetics have been 

ignored in the Dronne et al. [65] model. However, these have been reported by Rossi et al [209] and 

Orlowski et al [15] to play an important role in ionic and glutaminergic kinetics. In the following 

sections, the literature for models of these systems that were used to overcome the limitations of 

Dronne et al. are presented.  

3.3 Mathematical model of Neuromyelitis Optica (NMO) 

 Only recently has the pathophysiology of NMO been distinguished from that of Multiple 

Sclerosis (M.S.) [45]. Therefore, there are no models that aim to simulate the pathology of NMO. 

Consequently, to develop such a model, the kinetics of water transport across the astrocytic membrane 
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and models of the lytic protein cascade had to be combined. In this section those two topics are 

discussed separately: section 3.3.1 presents the validated models of water kinetics in the presence of 

AQP4 deletion and section 3.3.2 describes the available models on the different complement 

pathways. 

3.3.1 Models of cellular water kinetics  

 Glial involvement on synaptic activity has been found to be crucial [79]. One particularity of 

astrocytes, when compared to neurons is the fact they have water specific channels, termed AQP4 

[45]. Besides AQP4 there are other channels that are permeable to water. These include the 

Na+/K+/Cl- (NKCC1) and the glutamate transporter [81]. The involvement of astrocytic regulation of 

hydrostatic pressure and ionic regulation has recently been of interest, in particular, its role in the 

clearance of K+. The first work to propose such a model was a three compartment model (a neuron, an 

astrocyte and the ECS) by Østby et al. [64] which includes the ions Na+, K+, Cl- and HCO3
-. The 

membrane is permeable to each of the ions through individual channels as well as the following 

transporters: NKCC1, the K+/Cl- (KCC1) and Na+/HCO3
- (NBC). Finally, the Na+/K+ pump is also 

included (NaKATPase). All these channels are modelled following a similar derivation as was 

presented in Section 3.2.2. As in Equation 3.9, the volume of the cells (!$) is made dependent on the 

difference between the intra and extra osmotic ionic concentration:  

M!$
MN

= Çe [lmn]$ + [qn]$ + [VEÅ]$ + [pVåo
Å]$ +

ç$
!$
− [lmn]j + [qn]j + [VEÅ]j

+ [pVåo
Å]j , 

(3.28) 

where ç$ is the concentration of impermeable molecules and Çe is the total membrane water 

permeability. A summary of the model can be seen in the figure below.  
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Figure 3.9: Schematic describing the model by Østby et al. [64]. 
 

Then the model is used to test how deleting NKCC1 and AQP4 affects the ion kinetics. In order to 

delete AQP4, the model follows the data by Ruiz-Ederra et al. [231] that states that the membrane 

permeability to water is reduced by 80%. Hence, Çe is reduced by 80% and the impact on ion kinetics 

and consequently cellular volume during neuronal stimulation was tested. With these experiments 

Østby et al. [64] reported that the reduction of water permeability resulted in a 30% reduction of the 

ECS during stimulation.  

 The work by Jin et al. [82] also investigated the role of AQP4 in K+ kinetics. However, this 

model has a narrower approach than that of Østby et al. [64] as it only included K+ kinetics. Water 

flux across the membrane is again made dependent on osmotic pressure as in Equation 3.9. The 

simulations performed consisted of varying the values of water permeability and observing how K+ 

behave during neuronal stimulation. The results supported that AQP4 water permeability plays a role 

in the clearance of K+ during neuro-excitation. 

 These two studies were the only models found in the literature that explored the effects of 

AQP4 deletion on neuronal function. However, as proof mounts that astrocytic hydrostatic pressure 

plays a crucial role in ionic regulation, models that explore other questions related to ionic diffusion 

and vascular and tissue interface have also included definitions of membrane water permeability. One 

of these models is the one by Murakami and Kurachi [232] that tries to quantify the importance of K+ 

buffering clearance during stimulations. Additionally, the potential of therapies that increase K+ 

buffering is tested.  
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 In summary, the discovery of aquaporins as regulators of brain hydrostatic pressure has 

potential to test hypotheses in a variety of scales from the cellular, as previously demonstrated, to the 

brain level in the case of hydrocephalus [233]. However, the spatial and temporal scales of the 

kinetics being studied make it difficult to study them experimentally. Hence, although parameters that 

describe aquaporins are still being measured experimentally, mathematical models have the potential 

to test hypotheses effectively and to propose avenues for future experimental work. A summary of all 

the models here analysed is presented in Table 3.2. 

3.3.2 Inflammatory complement lysis models  

 The full extent of lytic activation, protein cascade and inhibitors behaviour has yet to be fully 

characterized. Currently, as shown in Fig. 2.20, three pathways have been identified: the classical, the 

alternative and the lectin. All three pathways result in the formation of membrane attack complex 

(MAC).  

 Each of the three pathways has different activation mechanisms. The classical pathway, which 

is the focus of the work developed here, is triggered by antigen and antibody binding. There are no 

models that consider the binding of antigen and antibodies and the activation of complement. For the 

work on NMO, the kinetics of both mechanisms were combined. In terms of antigen-antibody 

binding, the literature agrees that it can be modelled using the mass action equation as reviewed by 

Kumagai et al. [234]. 

 Then there are models that describe the complement protein cascade. In the literature, three 

models were found that describe the inflammatory complement system. Firstly there is the work of 

Hirayama et al. [235], which only considers the classical pathway. Additionally, it considers several 

complement regulating proteins: C1inh (C1 inhibitor), S protein, C4bp (C4 binding protein), decay 

accelerating factor (DAF), CR1 (C3b receptor), CR2 (C3dg receptor), membrane cofactor protein 

(MCP), Apolipoprotein (clusterin) and CD59 (MAC inhibitor factor). Two strategies are chosen for 

modelling the reaction between complement proteins and complement regulating proteins. The 

reactions between proteins are described using mass action equations. In terms of the regulating 



Chapter 3: Literature review: Mathematical modelling 

 91 

proteins, these are assumed to be constant throughout the simulations. The conclusions from this 

model behaviour were found to be limited. Consequently, future models used different approaches. 

 The model by Korotaevskiy et al. [236] models both the classic and the alternative pathways. 

The activation of the classical pathway is assumed to be through the attachment of protein C1 to the 

antigen-antibody complex while the alternative pathway is activated through spontaneous hydrolysis 

of the protein C3. Assuming that the concentration of the antigen-antibody complex is high, the 

concentration of the antigen-antibody complex is taken to be stationary based on the work by van 

Dam et al. [237]. As in the case of the work by Hirayama et al. [235], there is complement regulating 

proteins: Factor B, Factor D, Factor P, C1inh, Factor H, Factor I, C4bp, S protein and Clusterin.  

 Comparing the Hirayama et al. [235] to the Korotaevskiy et al. [236] model it was found that 

the simulations of the latter resulted in a more accurate representation of the complement system 

behaviour. This is because it uses Michaelis-Menten kinetics to describe the enzymatic reactions in 

the different pathways instead of assuming linear relationships. Additionally, the different 

complement regulating proteins were not taken as constants and instead were defined as model 

variables and described like other pathway proteins. Most of the values of the different rates were 

taken from the literature. The remaining rates were found by fitting the model to in vitro data of 

cellular inactivation due to complement. The model has found to accurately predict the formation of 

MAC formation and consequent cell inactivation.  

 Finally, there is the complement pathway by Liu et al. [238]. These models the classical and 

lectin pathways. The activation of these two pathways is taken to be due to the recognition of bacterial 

surface proteins. More specifically, they model the recognition of phosphorylcholine (PC) or N-

acetylglucosamine (GlcNac) by C-reactive protein (CRP) and ficolins for the activation of classical 

and lectin pathways respectively. Additionally, the model takes into account the recent findings by 

Zhang et al. [239], that at particular pH conditions there are interactions between CRP and ficolins, 

which lead to crosstalk interactions between the classical and lectin pathways. Furthermore, this 

model does not concern itself with predicting MAC production or cell inactivation; instead, it aims to 

analyse how the interaction between the lectin and classical pathways impacts the production of C3b. 
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This is because, as presented in Figure 3.10, this protein is the product of all three pathways and can 

act as a chemoattractant, trigger phagocytosis and promote the formation of MAC. Therefore, it is 

assumed by Liu et al. [238] that if the production of C3b can be modulated, so can the complement 

outcomes down the proteic cascade. In addition, the complement inhibitory effects C4bp and H are 

tested using the model.  

 The model was developed similarly to the model of Korotaevskiy et al. [236], in which the 

enzymatic reactions are modelled using Michaelis-Menten kinetics, while the remaining reactions are 

implemented using conservation of mass. These kinetics were fitted to experimental measurements of 

complement proteins over a variety of conditions including separate activation by PC and GlcNac 

under inflammatory and non-inflammatory environments.  

 In conclusion, in both fields of antigen and antibody attachment and inflammatory complement 

mathematical modelling strategies have to be effective at simulating both mechanisms. However, in 

terms of complement system models, only the work by Korotaevskiy et al. [236] has aimed to capture 

the proteic cascade from activation to MAC formation. Conversely, only the work by Liu et al. [238] 

have used measurements of individual proteins to validate the model. Therefore, further validated 

models of the full extent of the complement system are required. Furthermore, a better understanding 

of the mechanisms that trigger the complement classical pathway after antibody and antigen binding 

is needed. As Liu et al. [238] have shown, the activation of complement is much more complex than 

the relationship presented by Korotaevskiy et al. [236]. All the models analysed in this section are 

summarised in Table 3.3. 
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Table 3.2: Models astrocytic water regulation evaluated.   

Model Focus Compartments #  
ODE 

# Algebraic 
equation # Parameters Software 

language Conclusions 

Murakami and 
Karachi [2015] 
[68] 

Clearance of K+ by astrocytes to 
ensure neuronal function. 

Synapse, 
astrocyte, 
capillary, ECS 

14 18 28 Not mentioned 
Different strategies to prevent cytotoxic oedema 
are tested involving the clearance of K+ by 
astrocytes.  

Østby et al. [2009] 
[64]  

Investigate the cause for a 30% 
shrinkage of the ECS during 
stimulation. 

Neuron, 
Astrocyte, ECS 34 0 67 CellML A in silico model to test theories to explained 

ECS shrinkage was developed. 

Jin et al.  
[2013] [82] 

Quantifying the importance of 
different mechanisms 
responsible for the extraction of 
K+ during stimulation. 

Neuron, 
Astrocyte,  
ECS 

5 7 5 Visual 
Fortram 

Supporting evidence that AQP4 deficiency can 
be responsible for neuroexcitation impairment.  

 

Table 3.3: The inflammatory complement models.  

Model Focus Pathways # ODE’s # Algebraic 
equation # Parameters Software 

language Conclusions 

Hirayama et al. 
[1996] [235] 

Theoretical analysis of the 
complement system.  Classical 26 0 22 Not mentioned Assuming a linear relationship between the 

complement proteins  

Korotaevkiy et al. 
[2009] [236] 

Develop a model that can 
reproduce data of MAC 
production by complement. 

Classical, 
Alternative 34 0 67 Matlab The first validated with experimental data model 

complement lysis was developed.  

Liu et al.  
[2011] [238] 

Test the hypothesis to inhibit the 
complement system. 

Classical, 
Lectin 42 3 85 SBML 

A model is created where modulation of the 
complement response can be tested for calcium, 
pH and the protein C4BP. 
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3.4 Acute inflammation  

 This form of inflammation acts to kill any invading microorganism, remove any resulting 

cellular and tissue debris and start the healing processes. This whole process is normally resolved 

within hours [240]. However, if for some pathological reason the inflammatory event is not 

terminated, acute inflammation can degenerate into self-perpetuating chronic inflammation, which 

may last up to years. Although the mechanisms that trigger inflammation and maintain inflammation 

are known, those that limit and down regulate it are not as well characterized [241]–[243]. 

Mathematical modelling has been found in this context as a potential tool to test hypotheses of pro-

resolving mechanisms.  

 Acute inflammation is marked by the interaction between two inflammatory species, 

neutrophils and macrophages [240], [243], [244]. The role of neutrophils is to eliminate any invading 

pathogen through the release of toxic reagents. Monocytes arrive at the site of inflammation in order 

to clear dead cells, including neutrophils and debris. It is the interchange between a timely and 

effective clearance of pathogens and the removal of apoptotic neutrophils that mathematical models 

try to evaluate. This is because one of the main reasons for the development of chronic inflammation 

is the necrotic decay of neutrophils and potential release of their intracellular toxins, causing damage 

to the surrounding tissue [245]. 

 There have been several works that model the acute inflammatory response, starting with the 

work of Lauffenburger and colleagues [66], [246], [247] that created a generic model of leukocyte 

response to bacteria. In a series of papers, it shows that cell densities might reach alarming levels if 

not eliminated.  

 More recently, there has been increased interest in continuing the modelling approach for acute 

inflammation initiated by Lauffenburger [66], [246], [247], starting with the work by Kumar et 

al.[248], where a three ODE model was developed. They assumed that the behaviour of all leukocytes 

acted as one variable. The inclusion of the production of two cytokines aimed to capture the initial 

arrival of neutrophils followed by monocytes. The model was used to test conditions in which an 

inflammatory response might degenerate into sepsis.  
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 The Kumar et al. [248] model was then extended by Reynolds et al. [249] to include anti-

inflammatory mediators. The five ODE model includes: pathogens, activated phagocytes, pro and 

anti-inflammatory mediators and the tissue damage caused. With such a model, the effects of 

mediators were evaluated. The authors of this work then further developed this model by applying it 

to a variety of pathological conditions; a review of their work can be seen in Vodovotz et al. [250]. 

In terms of an applied mathematical model of acute inflammation to a pathology, the best example 

found is in the work by Smith et al. [251]. This work demonstrates the importance of inclusion of 

several species of leukocytes. It presents three models of increasing complexity. The last model 

described consists of: the pathogen, healthy epithelial cells, infected epithelial cells, pro inflammatory 

cytokines and the damage to the tissue. It simulates the sequential arrival of neutrophils and 

monocytes through a delayed differential equation. Taking ! to represent neutrophils and " to 

represent monocytes, the rate of arrival of monocytes (#$) is made dependent on the concentration of 

! as: 

#$ = &!(( − *) 1 − "
"-./

 (3.29) 

where & is the rate of monocyte recruitment, * the delay between neutrophil and monocyte 

recruitment and "-./ the maximum number of monocytes that can be recruited. With this model, 

Smith et al. [251] were able accurately to predict the development of pneumococcal lung infection 

and to test the contribution of each component of the model in the clearance of the pathogen.  

 Finally, there is the work by Dunster et al. [252], which follows the work by Vodovotz et al. 

[250]. Besides considering both pro and anti-inflammatory mediators, which also takes into account 

different types of leukocytes such as neutrophils and monocytes. Additionally, it considers the 

apoptotic degradation of neutrophils. With such a model, simulations are made to identify conditions 

where inflammatory resolution is achieved and the role of anti-inflammatory mediator.  

 Both Smith et al. [251] and Kumar et al. [248], considered anti-inflammatory mechanisms. In 

the case of Kumar et al. [248] the anti-inflammatory mediator acted as an inhibitor for the recruitment 

of leukocytes. Taking 0 to represent pathogens, ! as the leukocytes, 1 the cellular damage and 2 as 
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the anti-inflammatory mediators, the relationship between pro and anti-inflammatory events #3 is 

described in Michaelis-Menten form:  

#3 =
435
63 + 5

, 5 = 9:! + 9;0 + 9<1

1 + 2
=>

;  (3.30) 

where 9:?< are the rates for leukocyte chemotaxis; 43 and 63 are the Michaelis-Menten parameters 

and => is the rate of pro-resolvin by 2. The work by Dunster et al. [252] implemented a model similar 

to Equation 3.30 to define the inhibition of neutrophil recruitment by anti-inflammatory mediators. 

However, it aimed at simplifying the Michalis-Menten kinetics down to an inverse relationship 

between pro-inflammation events and anti-inflammatory mediators. Taking = and @ as the pro- and 

anti-inflammatory mediators respectively, the neutrophil recruitment rate #3A then became:  

#3A =
=

1 + @ (3.31) 

 Additionally, the model by Dunster et al. [252] assumed that anti-inflammatory mediators also 

promote the apoptosis of neutrophils. This is based on the findings that the rate at which neutrophils 

undergo apoptosis can be modulated by extracellular stimuli [243]. The work of Sehan et al [243] 

showed that this rate is increased in the presence of anti-inflammatory mediators. Conversely, the 

work by Akgul et al [253] showed that the lifespan of a neutrophil increased in inflamed tissue. 

Furthermore, the work by Rossi and Sawatsky [254] and by Lee et al. [255] proved that this effect 

was due to pro-inflammatory mediators. Dunster et al. [252] incorporated these findings into the 

model by implementing a similar relationship between pro and anti-inflammatory mediators as in 

Equation 3.30 to define the apoptotic rate #B:  

#B = 9:!
1 + @

9;
1 + =

9<
 (3.32) 

where k:?< are the rates associated with the apoptotic process.  

 In summary, acute inflammation is an area of interest in particular to identify the factors that 

lead it to degenerate into chronic inflammation. The literature presented shows that mathematical 

modelling has the potential to test hypotheses presented experimentally and to test proposed methods 
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of achieving the resolution of inflammation. The acute inflammatory model literature is summarized 

in Table 3.4. 

 3.5 Methods  

 After selecting the models from the literature these need to be combined and adapted to fit the 

environment and purpose for which they are intended. Consequently, the novel models created need 

to go through processes to achieve this. In this section, all the tools used in the development of the 

models are presented. In section 3.5.1 the languages available to solve the equations are presented. 

The following section then presents the simplex algorithm that was used to fit the different models. In 

addition, as the models developed to involve the combination of a variety of models, the resulting 

models degenerate into models that include a large number of variables and parameters. In cases 

where it seemed that certain kinetics in models were negligible to the application being considered an 

effort was made to simplify it. To this effect, a screening algorithm by Campolongo-Morris was 

implemented as described in Section 3.5.3. In cases where only the input and output of a model was 

required symbolic regression algorithm was used as described in Section 3.5.4 

3.5.1 Mark-up languages for modelling 

 There are several mark-up languages that can be used to build ODE models. Two have been 

designed specifically to handle large ODE models, which are CellML [256] and SBML [257]. In the 

work created both were used depending on the aim. CellML provides an easier interface to develop 

models. This is because it allows for the visualization of equations and it verifies if units of 

parameters and equations are consistent throughout the model Additionally, there is a repository with 

physiological models that was used when developing the work presented here, e.g. Cloutier et al. 

[200]. For CellML a compiler has also been created called OpenCell [256]. This software allows for 

the graphical visualization of the simulations. Furthermore, it uses the solver from SunDials called 

CVODE [258] that has been found to be efficient at solving the models developed. 
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Table 3.4: Models of acute inflammation analysed. 

Model Focus Cells Cytokines # 
ODE # Parameters Software 

language Conclusions 

Lauffenburger and 
Keller [1979] [82] 

Analyzing the impact of 
leukocyte motility on bacteria 
extraction. 

Leukocytes 1 pro 3 9 Not mentioned 
Agreement was found with peritoneal E.coli 
inflammatory data that leukocyte motility has a 
crucial role in inflammatory clearance. 

Lauffenburger and 
Kennedy 
[1981] [246] 

Discussion of how abnormalities 
in leukocyte recruitment may 
result in pathological behaviour 

Leukocytes 0 2 8 Not mentioned 
Using numerical values for parameters measured 
experimentally to present the predictive nature of 
the model.  

Kumar et al. 
[2004] [248] 

Using a simple 3 ODE model to 
evaluate parameterization choice 
that simulate acute to chronic 
degeneration. 

Leucocytes 2 pro 3 6 Not mentioned Several different causes for sepsis were found that 
require different treatment strategies. 

Reynolds et al.  
[2006] [249] 

Understand the role of anti-
inflammatory cytokines. Leukocytes 1 pro/  

1 anti 4 21 Not mentioned Therapeutic strategies are presented by harnessing 
the potential of anti-inflammatory chemokines.  

Smith et al. [2011] 
[251] 

The model is used to evaluate 
therapeutic therapies for 
Pneumoccocal pneumonia. 

Neutrophils/M
onocytes 1 pro 7 31 Matlab 

The model is able to quantify the contributions of 
cytotoxicity and immune-mediated damage in 
pneumococcal pathogenesis. 

Durnst et al. 
[2014] [252] 

Evaluating the role of pro-
resolving chemokines in the 
treatment of acute inflammation 

Neutrophils/M
onocytes 

1 pro/  
1 anti 5 15 SBML 

In order for a treatment to be efficient it need to 
target monocyte phagocytosis and neutrophils 
apoptosis.  



Chapter 3: Literature Review: Mathematical modelling  

 99 

 In addition, OpenCell also provides a tool that translates CellML into more low-level languages 

as C++ and Matlab, which has been found to very useful as these provide a variety of additional 

toolboxes. 

 SBML was created specifically to handle chemical reactions. Hence, a lot of the work 

developed would be hard to fit into the template required in order to run the models. However, it does 

provide a series of toolboxes that have been found to be efficient in fitting models to data. 

Additionally, it also provides tools for sensitivity analysis. 

 In summary, having a variety of tools aided the work as it consisted of often large and complex 

models. However, it would be useful to have a tool to translate the code between the two languages, 

as it would facilitate the development and analysis of the complex models developed. Furthermore, 

having a translational tool between languages would allow for easier use of the model databases 

available (OpenCell repository for CellML and Biodatabase for SBML).  

3.5.2 Optimization 

 The models created have a large number of parameters and unfortunately not all their values  

are available in the literature. Therefore, in order to reproduce data, these parameters had to be 

estimated using optimization algorithms. For all the fittings performed throughout the chapters the 

SBML package by Schmidt et al. [257] was used as it provides an interface to fit a model to several 

sets of data. This package provided a series of optimization algorithms. As the parameters have a 

large uncertainty and the model is non-linear algorithms that do not make use of derivatives; as there 

might not be a solution for the derivative.  

 The SBML provides two of the most common algorithms that fit these demands, which include 

particle swarm algorithm (PSwam) and the simplex algorithm. The former follows a similar procedure 

as a genetic algorithm: 1. It creates a random number of solutions or particles within a defined 

parameter space 2. compares each particle to the data using an error function; 3. finds the closest to 

the optimal solution at that iteration is found and 4. all remaining particles move in the direction of 

the optimal solution at every iteration. The PSwarm differs from a genetic algorithm as it does not 

have functions for particle crossing such as mating and mutation and PSwarm has memory. Therefore, 
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it ensures that it does not get stuck in local minima within the range chosen. However, when tested on 

the models developed it was found to have a large computational cost. As the models developed have 

a large number of free parameters the simplex method was used, which is a more brute force approach 

and it had already been tested by Cloutier et al. [200] to fit the cellular metabolism model to different 

sets of data. 

 As the name implies the simplex algorithm is based on a simplex geometrical shape. Therefore, 

the algorithm can be explained graphically. The simplex algorithm requires the shape to be a 

nondegenerative shape, i.e. that it encloses a finite N-dimensional volume. This shape would, 

therefore, have ! + 1 vertices. The algorithm then explores the parameter space by considering that 

each of the ! + 1 vertices represents one of the parameters of the model and moves them in 

predefined forms that ensure that the shape of the simplex stays nondegenerate. 

In order to initiate the algorithm, an initial point $% is required. The remaining ! points are defined in 

terms of $% as: 

$& = $% + ()& (3.33) 
  

where )& are the ! unit vectors and ( defines the characteristic length scale.  

 From the initial condition, the possible moves fall into four categories. The first is termed 

reflection and it comprises of taking the highest points of the shape and passing them through the 

opposite face of the simplex to a lower point. The simplex can also expand in one or more directions 

in order to take larger steps. In addition, when the simplex reaches a “valley floor” it tries to move 

down it by contracting in the transverse direction to the valley. Finally, the simplex contracts itself in 

all directions around its best point when trying to move through “the eye of the needle”.  

 These steps describe the movement of the simplex downhill through the N-dimensional 

topography until it meets the termination criteria. The algorithm can be stopped by several user-

defined criteria. Typically, the algorithm is terminated when the vector distance moved during a step 

is smaller in magnitude than a tolerance *+,. Alternatively, a tolerance value can be chosen in terms of 

the function value -*+,.  
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 Although the algorithm has been found to be efficient it might be fooled by a single large 

anomalous step and the algorithm does not converge. Therefore, it might be required to restart the 

model. The re-initialization process is ad hoc and its efficiency unpredictable. However, a commonly 

implemented strategy is to choose one of the vertices of the previous minimum output simplex as $% 

and to re-start the downhill simplex algorithm. Furthermore, to ensure the solutions found with this 

algorithm were not local minima several tests were made with different initial conditions.  

3.5.3 Sensitivity analysis  

 The models created have tens of ODE´s and a large number of parameters. Therefore, it is 

important to evaluate the parameters that have a negligible impact and those parameters that are 

essential for the predictions of the models. Sensitivity analysis algorithms provide a systematic way of 

evaluating the relevance of parameters for the output of the models. 

 There are two main categories for sensitivity analysis (SA) algorithms local (LSA) and Global 

Sensitivity Analysis (GSA). The former are techniques that investigate the effects of small variations 

of parameters around a well-defined region. When there are large parameter uncertainties and there 

the models are nonlinear GSA methods are more appropriate. These methods investigate simultaneous 

changes of parameter variations and allow to quantify the effects of individual parameters as well as 

the relationships between parameters.  

 Another consideration for choosing a SA method is its computational cost. The work by 

Summer et al. [259] has compared different strategies for SA. In particular, the variance based Sobol 

method and the screening Campolongo-Morris (C-M) method. When applying it to an insulin model 

with 20 free parameters the Sobol method took more than a day and the C-M method took 15 min to 

arrive at similar conclusions. As in the fields tackled in this work, there are many parameters that had 

to be estimated (in some cases approximately 60) it was assumed that a screening strategy would be 

more sensible.  

 Besides the C-M method, there have been suggested many screening methodologies. These 

include iterated fractional factorial design (IFFD), the sequential bifurcation (SB) and the Cotter’s 
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design. However, all of these methods in order to have valuable results require that particular 

assumptions are ensured. The IFFD and SB methods are group-screening methods, which means that 

parameters need to be grouped before the analysis is performed. The IFFD model only has meaningful 

results if the model output is only affected by a small number of parameters. The SB requires the user 

to know the direction of changing each parameter. The Cotter design, in turn, might miss important 

parameter effects if they cancel each other out. The C-M method does not require any of these 

assumptions making it the most flexible screening design and it was used to.  

 The C-M method was implemented based on the work by Saltelli et al. [260]. The method 

consists in varying each parameter (.&	where, 1 ≤ 1 ≤ 2) of the model output function -(.&) 

individually within a defined parameter space. The function -(.&) is defined to evaluate any how any 

model output 5(.&) is affected by varying parameters. In the case of the work here developed a root 

mean square (RMS) error was used. The error function was used between the model output with the 

original parameter values .6 and the new parameter values as: 

- . = 7 89 :7(8;) <

=>
, (3.34) 

where  ?7 is the number of elements in 5(.&). 

 For each .&	a maximum (.@AB) and minimum (.@&C) are chosen. The parameter space is 

explored by establishing a grid. Each parameter can take n uniformly distributed values between the 

extremities of the space as:  

.&,@ = .&,@&C + E
.&,@AB − .&,@&C

G − 1 , (3.35) 

where, E is an interger between 0 and G − 1. A k-dimensional grid with n levels is formed with .&,@ 

values as entries. Let p be the current point on the grid corresponding to the complete set of 

parameters for which the model is tested. Let ∆& be defined as  

∆&= E∆,&
.&,@AB − .&,@&C

G − 1 , (3.36) 

Then a change of the current point on the grid to a new one can be defined as  

I = [.K+∆K, … , .& + ∆&, … , .M + ∆M] (3.37) 
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with values  E∆,& defining the number of grid point steps by which the jump occurs for each 

parameter. In the C-M method only one parameter is varied in turn by ∆&.For each such change the 

gradient O&(I) is calculated as:  

O& I =
- .K, … , .& + ∆&, … , .M − - I

∆&
, (3.38) 

Each O& .  is called an elementary effect (EE). There are a total of G M:K (G − 1) EE’s.  

 Starting at a randomly chosen base point IP a trajectory of 2 + 1 values of I are generated by 

incrementing each parameter .& by ±∆& in turn. Each point differs from the precious value in only one 

parameter. From two points an EE is calculated that pertains to one parameter .&. Then the process is 

repeated for R trajectories, requiring a total of R(2 + 1) function evaluations. 

 From all the EEs the standard deviation (S) and the absolute mean (T∗) are calculated for each 

.&. The advantage of computing the absolute mean is that it captures the cumulative effect of varying 

each parameter in contrast to the mean which would be affected by the signs of EEs. A large T∗ 

establishes that the parameter has a large effect on the output while those with a small are 

unimportant. Additionally, the S can be used to identify those parameters, which have a linear 

independent effect (small S) and those with a nonlinear effect and that interact with other parameters 

(large S). 

 The SIMLAB package as presented in [261] was used to apply the algorithm to the models 

created. In all the cases that it was implemented, the number of levels G was chosen to be even and 

EV = G/2. The reason for these choices is that, as presented by Morris [69], they guarantee an equal 

probability sampling from each Y&. 

3.5.4 Symbolic regression 

 In the previous section, a method was introduced that aims at identifying the most relevant 

kinetics of model in an effort to understand if the model can be simplified. However, in certain cases 

the intricacies of model kinetics are of no interest. In these cases, an effort was made to reduce the 

model to a black box that accepts certain inputs and provides the desired outputs.  
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 The cases considered the relationship between inputs and outputs is simple (e.g. second order 

model). A simple regression algorithm would be sufficient to characterise the model. However, there 

have been great leaps in the state of the art of symbolic regression that is of great interest. To explore 

that literature a more complex algorithm was used. In particular, the tools provided by Eureqa [262]. 

This is a software developed by Nutonian. The software uses symbolic regression to create an initial 

population of functions based on user specified blocks, which are stored as the operator and the 

terminal sets [70]. These building blocks consist of a range of operators, e.g. arithmetic, 

trigonometric, and exponential. Then the genotype is organized as a parse tree where the top and 

middle of the tree is created from the operator set while the leaves consist of members from the 

terminal set. The phenotype then results from a function created from this parse tree.  

 After defining the initial population, the evolutionary algorithm techniques of mutation and 

crossover are applied to generate offspring. Eureqa implements a single point crossover. This 

technique consists in swapping a random branch between two individuals, forming two offspring. 

Mutations consist of selecting a random location in the tree and swapping an operator by another of 

the same number of arguments. Additionally, the mutation might involve swapping a terminal node 

with another member of the terminal set. The probabilities for the occurrence of crossing and 

mutation are commonly defined as ≥ 50% and approximately 1% respectively. 

 To improve the efficiency of its algorithm, Eureqa implements a method to run genetic 

algorithms in parallel, entitled the island genetic algorithm [263], [264]. In the context of the EA in 

Eureqa, the initial population consists of different “islands” that evolve independently. They are 

allowed to interact with each other at predefined intervals and a percentage of the population is 

exchanged between random “islands”. By having several “islands” running separately it can explore a 

larger area of the solution space and the migratory events help to prevent premature convergence.  

 Furthermore, Eureqa employs another optimizing criterion to prevent premature convergence 

called age-fitness Pareto [265]. This method consists of considering the age of genetic material 

besides the error of minimization of an object. The initial population is given an age of one and during 

crossover, the children inherit the age of the oldest parent. The optimal solution consists of the 

solution with the highest fitness and minimum age.  
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 The software is used in the work developed here to identify functions to try to simplify the 

large models to the simplest possible form. As an example, where it is implemented here is in 

reducing the complement models. In the context of NMO, only the production of MAC is required 

from all the proteins involved in the complement model. Therefore, a function was created that has as 

input the triggers for the classical pathway and the output is MAC concentration. As a disclaimer, it is 

important to note that Eureqa is software under constant update. Therefore, the analysis presented 

here relates to Eureqa version 8.1.  

3.6 Summary  

 The field of mathematical modelling of neuro degenerative and neuro inflammatory diseases is 

still relatively novel. However, as presented in this section, there are already several mathematical 

models of the physiological mechanisms that are targeted by said pathologies. The models developed 

consist of appropriating the literature by combining the models of the mechanisms believed to play a 

role in the pathology or that are affected by it. This approach has resulted in large models and 

consequently, efforts have been made to reduce them. 

 The models for fitting and sensitivity analysis were the state of the art for large ODE models. 

The simplex algorithm was equipped to handle the large models created as it explores the parameter 

space without requiring the model derivatives. However, the termination criteria are ad hoc and 

therefore the algorithm is prone to get stuck in local minima. The sensitivity analysis implemented 

using the Campolongo-Morris method clearly demonstrates the parameter and variables that are 

negligible, however, it does not provide any information on the dependency between 

parameter/variables. This can result in an ad hoc removal of parameters/variables. The tools available 

to handle large models still take a brute force approach. Therefore, research is still required that will 

allow for a more sophisticated development and analysis of large models. 
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Chapter 4 

Mathematical model of glutamate release during 

ischaemic stroke 

4.1 Introduction 

 Approximately 150,000 people per year in the UK have an ischaemic stroke [266]. A further 1 

million patients with ischemic stroke history require care. Direct and indirect costs associated with 

this condition are estimated at £7-8 billion per year (including informal care and lost productivity) 

[267]. 

 Ischaemic stroke is characterised by the occlusion of a vessel in the brain. The obstruction 

diminishes the supply of nutrients to the surrounding neurons, glial cells and, through this shortage, 

impairs active transport of ions leading to oedema and eventually to cell rupture (necrosis) or 

programmed cell death (apoptosis) [268].  

 Current treatments aim to remove the clots from the vasculature through the injection of 

thrombolytic drugs (tissue plasminogen activator therapy - tPA) [269]. However, according to a study 

with 2,775 patients [269] this therapy incurs 5.9% risk of intra-cerebral haemorrhage against 1.1% in 

a control group. Therefore, there is a need to quantify the potential benefits of therapy for an 

individual patient.  
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 Neuro-protective drugs are being developed that target the agents involved in the 

pathophysiology of stroke, including inflammation, oxidation, oedema and excitotoxicity, as reviewed 

by [268]. Efficacy of these drugs is dependent on an adequate dosage and suitable combination 

determined by the state of the patient. In stroke, this state is dynamically changing and it varies 

significantly from patient to patient due to the topology of the vasculature, area affected by stroke or 

genetic factors. This heterogeneity requires a personalised approach to treatment through analysis of 

patient data. Mathematical modelling has a key role in relating reduced brain perfusion to excitotoxic 

neuronal death. 

 Apoptosis in stroke is mainly caused by an ionic imbalance, which triggers the uncontrolled 

release of glutamate – the most abundant neurotransmitter in the brain responsible for chemically 

translating an action potential (AP) across the synapse [268]. Excessive glutamate concentration in the 

extracellular space (ECS) is toxic to the post-synaptic neuron as it can cause cell necrosis and 

apoptosis as well as triggering genes that initiate post-ischaemic inflammation [268]. Therefore, 

excitotoxicity has been identified as a prime target for stroke therapy [268].  

 To understand the behaviour of glutamate release during stroke a mathematical model of 

glutamate release is introduced and here validated in the context both of neuroexcitation with an AP 

and of severe ischaemic stroke prior to cell membrane depolarization. In the two environments 

considered here the most relevant mechanisms of glutamate release are intracellular calcium store 

triggered glutamate release [77] and the inverse uptake by the glutamate transporter [209]. As both 

mechanisms are dependent on ion concentrations their metabolic requirements and their impact on 

cellular volume were also included, based on the work in [15].  

 In Section 4.2 the developed model is presented. The in vivo data used for validation of the 

model is presented and contrasted against the model simulations in Section 4.3. The potential 

limitations and extensions of the model are further discussed in Section 4.4. 
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4.2 Materials and methods 

 The neurotransmitter glutamate is regulated by interactions between neurons and astrocytes. 

Additionally, glutamate release is dependent on calcium concentration, pH and the membrane 

potential [209]. Furthermore, as this work aims at  in the case of ischaemic stroke a model of oedema 

needs to be included, as cell swelling has a significant impact on the concentration of ions inside and 

outside of the cell [15]. The regulation of these processes requires metabolites. The starting point for 

this work was to find models that considered these mechanisms.  

 From the models found in the literature one was chosen to work as the basis to which the 

glutamate model was built upon. In section 4.2.1 the choice of a metabolic model and the reasons for 

such a choice are presented. This section is then followed by sections describing how the glutamate 

model was developed: intra-neuronal glutamate storage (section 4.2.2), the mechanisms of glutamate 

release considered (section 4.2.3), section 4.2.4 the changes required to consider the glutamates 

valence are presented and in section 4.2.5 other mechanisms required for validation of the model with 

AP data and microdialysis measurements are described.  

 Most of the physiological parameters of the model are based on reports on Calyx of Held 

neurons for which data are most abundant. Other fundamental assumptions made during the 

development of the model are summarised in Appendix 4.A. 

4.2.1 Brain ischaemic stroke model 

 There are several integrative models of the metabolic stress caused by ischaemic stroke in the 

literature, e.g. [15], [65], [268]. From the models found only [15] and [65] are appropriate as they 

both consider: neuronal, astrocytic and ECS glutaminergic, ionic kinetics and changes of these 

compartments volume during the ischaemic stroke.  

 The model by Dronne et al. [65] is the only one that considers glutamate release in the presence 

of stroke. It also successfully reproduces sodium, potassium, calcium and chloride concentrations 

during a severe stroke. However, it only considers one form of glutamate release (inverse function of 

the glutamate transporter [209]). Additionally, the rates of ion exchange are several orders of 
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magnitude faster than the microdialysis measurements of ion concentration during severe stroke 

presented by [270]. Furthermore, glutamate kinetics have not yet been validated with experimental 

data. The reason for these disparities might be due to neglecting either cellular metabolic reactions or 

pH kinetics as the availability of ATP and the concentration of H+ have both been shown to affect ion 

exchange between compartments [14], [271].  

 Therefore, the model by Orlowski et al. [15] was chosen as it is the only one that has validated 

cellular metabolism, ionic movement, cellular oedema and pH kinetics in the presence of ischaemic 

stroke. Additionally, the model by [15] already includes glutamate kinetics, which were validated in 

the context of a simplified neuro-stimulation trigger in a preceding work by [200]. In [15] brain tissue 

is divided into four compartments: a neuron, an astrocyte, ECS and vasculature. The model is 

summarized in Figure 4.1. 

 

Figure 4.1: Diagram of the Orlowski et al. [15] model that includes four compartments: neurons, astrocyte, capillary and the 
ECS. It models the interactions between these compartments in terms of metabolites, pH and ions. Furthermore, it is able to 
simulate cytoxic oedema caused by stroke.  
 

 However, Orlowski et al. [15] did not validate the concentration of individual ions in the 

presence of ischaemic stroke. Glutamate release is dependent on calcium concentration that permeates 

the neuron. Therefore, it is necessary to ensure that the Orlowski et al. predicts a physiological 

intaneuronal concentration of calcium during ischaemic stroke. A simulation of a severe stroke using 
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the Orlowski et al. model was performed by reducing cerebral blood flow (CBF) following Equation 

4.1.  

^_Y = Y −
Y`

1 + ):a% b:bc
+

Y`
1 + ):a% b:(bcdb<)

 (4.1) 

where Y is the basal value of ^_Y [/s]; * is time [s], ` is percentage of CBF reduction during stroke 

[dimensionless], *K [s] is the time at which the stroke is initiated and *e [s] is the duration of the 

stroke.  The parameter −30 [/s] was chosen to ensure that there is a steep decrease in CBF.  

 For a severe stroke simulation CBF was reduced by 95% by making ` equal to 0.95. The stroke 

was triggered (*K) at 900 seconds after the simulation is initiated and reperfusion was not considered 

(*e ≫ *K). From the simulation, it was found that as measured by Silver et al. calcium increases by 3-

4 orders of magnitude from approximately 6×10-4 to 0.55 mM, as shown in Figure 4.2. Ensuring such 

a behaviour it is now possible to build the glutamate model as described in the following sections.  

 

Figure 4.2: Intraneuronal calcium concentration when stroke is simulated using the Orlowski et al. [15]. An ischaemic 
stroke was simulated when CBF is reduced by 95% and it was triggered 15 min after the simulation was initiated.  
  

4.2.2 Intra-neuronal vesicle kinetics 

 Intra-neuronal glutamate is stored within vesicles of variable diameter. It was assumed here that 

the diameter is homogeneous between vesicles and set to 40 µm, the mean diameter of Calyx of Held 

neurons [272].  The vesicles, as described by [76], are distributed between three pools: the reserve 

pool (RP), the recycling pool (Rc) and the ready releasable pool (RRP). The number of vesicles and 
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the sizes of the pools are dependent on the type of neuron. In the case of the Calyx of Held there are 

about 190,000 vesicles and the RP, Rc and RRP hold 95, 4 and 1% of them respectively [76].  

 The RRP consists of vesicles that are fused to the membrane wall in order to ensure immediate 

release during stimulation. The remaining vesicle pools maintain in a RRP replenished state. The 

mechanisms of glutamate release are described in Section 4.2.3. After release, vesicles are recycled 

through one of the three recycling pathways: 1) vesicles are endocytosed after release and join one of 

the pools (‘kiss-and run’); 2) fused vesicles are endocytosed as neurotransmitters are up-taken by the 

cell (‘kiss-and-stay’) and 3) after release, vesicles are broken down into an endosome from which new 

vesicles are formed (endosome recycling) [271]. For fast synapses like the Calyx of Held the theory 

that best describes vesicle recycling is the ‘kiss-and-run’ model [273].  

 The work presented by [274] consists in the most advanced model of a vesicle pool system. 

This model from [274] includes all rates of vesicle movement between pools for healthy behaviour as 

well as two additional pools: the fused pool (FP) and the endocytosed pool (ED), which allows for the 

representation of the ‘kiss-and-run’ dynamics.  

 Furthermore, it has been identified that the movement and refill of vesicles are dependent on 

the frequency of stimulation of the neuron and on the intra-cellular concentration of glutamate [218] 

through a process called short-term plasticity. This mechanism is characterised by ATP requirements 

of vesicle neurotransmitter refill and motility. During ischaemic stroke this process is relevant due to 

the scarcity of ATP. However, the ATP requirements of vesicles have not yet been quantified. 

Consequently, the approximation presented in [218] is implemented here where the pool refill rate 

(i8jjk [/s]) is dependent on: 1) the intra-vesicular glutamate concentration - quantal size (ℎ 

[dimensionless]); and 2) on the number (G [dimensionless]) of vesicles in the pool: 

i8jjk * = i@AB× 1 − ):
m(b)
m9 × 1 −

G(*)
G%

 (4.2) 

where i@AB [/s] is the maximum refill rate, ℎ%[dimensionless] is the basal vesicular glutamate 

concentrations and G% [dimensionless] is the size of the respective pools.  
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 The quantal, also described by [218], is characterised by constant refill (Td [/s]) and leak (T: 

[/s]) rates of glutamate and is proportional to the intra-neuronal concentration (^ [mM]). The quantal 

size is described by the following: 

ℎ * =
Td

T: ×^(*) (4.3) 

The components of the intra-neuronal vesicle kinetics model are summarised in Figure 4.3. All steady 

state values and constants for this section of the model can be found in Appendix 4.D. 

 

 

Figure 4.3:  Description of the intra-neuronal vesicle pool system which consists in adapting and combining pool refill rates 
taken from [274], the pool sizes taken from [76] and the short-term plasticity model from [218]. 

4.2.3 Glutamate release 

 We are interested in modelling glutamate release in the context of both normal neuro-

stimulation with an AP and during ischaemic stroke. Glutamate release differs in these two contexts. 

AP stimulation is characterised by the depolarisation of the membrane and associated ion movement. 

Furthermore, it induces glutamate release due to intracellular and extracellular calcium stores (CS). In 

this case, stimulation drives intracellular calcium [Ca2+]i  to reach a peak, as measured by [275], of 9 

T5 to 28 T5.  This in turn drives glutamate release by vesicle exocytosis.  Measured glutamate 

concentration peak values are between 1 mM and 5 mM [276]. The time frame for an action potential 

has been measured to be approximately 10 ms and the glutamate current induced has been measured 

to take from stimulation to steady state a time of between 10 ms to 20 ms [277]  
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 During ischaemic stroke there are several theorised glutamate release triggers: CS; anion 

channels activated by swelling; the idiomatic-sensitive process in astrocytes; and reverse uptake by 

the glutamate transporter.  As [77] and [209] the release mechanism most relevant in the 

environments considered are release due to CS and reverse uptake by the glutamate transporter. The 

release by reverse uptake by the glutamate transporter is done through the glutamate transporter which 

is voltage and pH dependent and has a stoichiometry of 3:1:1 between sodium, potassium and 

glutamate, as presented by [209]. 

 Ischaemic stroke physiology includes two stages where these two mechanisms play alternative 

roles: 1) prior to depolarisation stroke is characterised by changes in osmotic pressure leading to the 

permeability to calcium which triggers glutamate release by CS, while the glutamate transporter 

operates in its healthy capacity and uptakes glutamate from the ESC; 2) after depolarisation glutamate 

release by reverse uptake by the glutamate transporter takes precedence over glutamate release due to 

intracellular and extracellular calcium stores. The latter mechanism becomes negligible after 

depolarisation as [209] have shown, glutamate release due to CS only being responsible for 10% of 

glutamate release during severe ischaemic stroke.   

 These two mechanisms were implemented according to [77] and [209] respectively. The latter 

model consists of 18 state equations describing all known forms of CS glutamate release: fast, low 

frequency triggered synchronous release; slow, high frequency AP train triggered asynchronous 

release; and spontaneous release. Such a complex model is required for ischaemia since, as [278] has 

shown, intracellular calcium during stroke increases by 3 to 4 orders of magnitude reaching 1×10-1 

mM activating all three forms of glutamate release.  

 The procedure followed by [77] to develop a model that simulates glutamate release due to CS 

consists in injecting Calyx of Held neurons with marked calcium and measuring the concentration of 

glutamate released. Therefore, the model presented in [77] only considers glutamate release due to an 

increase in intracellular glutamate concentration. However, the work presented in [14] states that there 

is a basal value of intracellular concentration (^n% [mM]). Therefore, in order to combine both 

models an adaptation to the model from [77] was made ensuring that glutamate does not get released 

at steady state and that the glutamate release mechanism does not operate due to drops of calcium 
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concentration. The adaptation consisted in making the calcium dependent terms in the model from 

[77] dependent on the step function `, which is defined as:  

` =
1

1 + ):o∙(qA b :qA9)
,  

(4.4) 

where i [/mM] is a constant chosen to be 1,000,000 [/mM] in order to ensure there is a rapid 

activation of glutamate release in response to changes in calcium concentration and ^n *   [mM] is 

the intra-neuronal concentration of calcium. 

 Another adaptation was made to the model from [77] as the spontaneous release is not triggered 

by CS [209] and the trigger is not known. Additionally, when all modes of release are active 

spontaneous release is only responsible for approximately 1% of the total release. Hence, it was 

assumed to be negligible. 

4.2.4 Glutamate valence 

 As glutamate (rst) has a valence of -1 [76] the membrane potential was made to be dependent 

on the neurotransmitter kinetics. The model of membrane potential (u	[Ev/w]) by [15] was altered to: 

xu
x* =

Y ∙ v
^

x∆&jC
x* −

x rst &CbyA

x* −
x rst zBbyA

x*  
(4.5) 

where	{∆;|}
{b

	[E5/w] is the difference between changes in intra and extra cellular ion,	[rst]&CbyA and 

[rst]zBbyA are the intra and extra cellular concentrations of glutamate [mM] respectively, * is time 

[s], Y is Farraday’s constant [C/mol], v is the steady state cellular volume [Tm3] and ^ is the cellular 

capacity [pF]. The parameter values for Eq.4.5 are provided in Appendix 4.C. 

4.2.5 Adaptations for simulations 

 Three adaptations of the model are necessary to ensure that the physiology is represented with 

sufficient accuracy: 1) we replace the simple neurostimulation trigger with an altered version of the 

Huxley and Hodkin model to simulate APs [279]; 2) to ensure that the model captures the rapid 

evolution of glutamate in the proximity of the synapse, part of the ECS is labelled as a synaptic cleft 
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compartment; and 3) a bi-phasic glutamate extraction mechanism by the astrocyte was included to 

represent the fact that glutamate is absorbed at different rates during ischaemia and in a normal 

context.  

 The Hodkin and Huxley AP model characterises the variance of the membrane potential of the 

neuron as dependent on the movement of sodium Na+, potassium K+ and a non-specific leak current. 

The parameters that define the model were taken from [279] as they were defined for Calyx of Held 

neurons. Most importantly the change of the concentration of calcium is captured by the model and 

hence, as was described previously, this signal can be used as a trigger for the release of glutamate. 

The addition of the synaptic cleft compartment was necessary as usually glutamate concentration is 

measured there and not in the ECS.  As measured by [37] the cleft has a volume between 0.15×10-3 

Tm3 and 2.1×10-3 Tm3 compared to the ECS volume which is of the order of 1 Tm3 [280]. Hence, the 

volume of the cleft was assumed to be 10,000 times smaller than that of the ECS.  

 In [276] it has been identified that the astrocyte has a bi-phasic glutamate extraction depending 

on how the neuron is stimulated. When glutamate release is induced due to an AP the extraction rate 

is several orders of magnitude faster than during stroke. Therefore, to reflect this behaviour the 

Michaelis-Menten extraction kinetics validated by [200] are taken to define astrocytic uptake during 

stroke simulations while a constant rate four orders of magnitude faster in the case of AP stimulation 

[279]. All changes made to the Orlowski et al. [15] model (in blue) are summarised in Figure 4.4 
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Figure 4.4: Summary of the changes made to the Orlowski et al. [15] (in blue) to expand the glutamate kinetics to 
incorporate glutamate release during stroke that include: intra neuronal glutamate vesicle storage; calcium triggered 
glutamate release; bi-phasic GLU extraction by astrocytes; an extra compartment to represent the synapse and the 
Hodgkin and Huxley’s AP model. 

4.2.6 Experimental data for validation 

 Different metrics were chosen to validate the model in both a healthy and a diseased context. 

For the former case it has been found that the peak concentration of glutamate due to an AP is 

between 1 and 5 mM [276] and that it is extracted back to the basal value within 10 to 20 ms [277].  

 In order to validate the model, in vivo measurements of glutamate concentration before, during 

and after stroke are required with high temporal resolution. The only type of experimental data found 

that met these criteria were microdialysis measurements.  These experiments consist of inserting a 

microdialysis probe into rat brains and inducing stroke and re-perfusion by clamping and unclamping 

all the arteries that feed the brain. During these procedures the probe is used to extract, at a steady 

rate, samples of the ECF at defined time intervals and the concentration of glutamate is measured in 

each sample. 

 Two studies, [88] and [21], have measured glutamate concentration prior to cellular membrane 

depolarisation after stroke and were chosen to validate our work. The work of [88] consists of 

simulations of a 5 min stroke where microdialysis samples were collected every 150s at a rate of 0.03 
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TL/s. There is no mention of how CBF varied throughout the experiment. The animals used were 

male Mongolian gerbils (total number of rats = 10).  

 Additionally, [21] simulated stroke for 14min using male Sprague-Dawley rats (total number of 

rats = 11). The microdialysis samples were extracted every 7 min at a rate of 2.5 TM. CBF during the 

simulations was measured using a hydrogen clearance method. It is stated that during the induced 

stroke CBF was reduced by approximately 100% of its basal value.  

 To produce simulation results in the same format as in these experimental reports the trapezium 

rule was used to integrate the extracellular glutamate concentration output T according to:  

? =
R∆*
v~

rst z 1∆* + rst z 1 + 1 ∆*
2

�

&

 
(4.6) 

where i is the number of the current sample, N [dimensionless] is the number of samples, r [mM/s] is 

the microdialysis extraction rate, ∆t [s] is the extraction time for each sample, Vs [L] is the volume of 

each sample and [GLU]e [mM] is the extracellular concentration of glutamate output from the model. 

The different values of ∆t were chosen as the ODE solver time step between the two points being 

calculated therefore ensuring it was small enough so that the error incurred by the numerical 

integration is minimised. 

4.2.7 Implementation  

 The CellML (University of Auckland, Auckland NZ) code resulting from the work in [67] was 

used as a base for implementation. Modifications were included and tested using the OpenCell v.0.7 

(University of Auckland, Auckland, NZ) software. Additionally, Matlab vR2012a was used to 

perform the analysis of simulations presented in Section 4.2.6. 

4.3 Results 

 Three sets of simulations were performed: one in a healthy environment (AP) and another two 

for ischaemic strokes induced for 5 min and 14 min. 
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4.3.1 Healthy environment 

 The AP is triggered 0.5 s after the simulation is initiated (Figure 4.5 A). The whole response 

takes approximately 10 ms. As a result of ionic movement the membrane potential rises to a 

maximum of +40 mV and subsequently falls to a minimum of -80mV before returning to the basal 

value of -70mV. These kinetics match the physiological behaviour described in Chapter 2 presented 

in Figure 2.8.  

 During the AP simulation [Ca2+]i (Figure 4.5 B) rises from its basal value of 0.6 µM to 12.67 

µM then falling back to 0 µM within 70 ms. The calcium movement drives glutamate to be released 

into the synaptic cleft as shown in Figure 4.5 C. This reaches a peak of 1.3 mM within 6 ms and then 

decays to 6	TM within another 6 ms. 

 

Figure 4.5: Model simulations: A: membrane potential during an AP; B: behaviour of [Ca]i during an AP; C: Glutamate 
concentration at the synaptic cleft ([GLU]s) during an action potential. 

4.3.2 Stroke Results 

 For this subset of experiments the data used for validation, taken from [88], are presented in 

Figure 4.6 A. Here the microdialysis samples were taken every 150 s and each sample had a volume 

of 4.5	TL. The peak of glutamate concentration at the ECS measured was 3.01±0.34 TM. In order to 

compare model simulations to the data there are two steps involved: 1) stroke simulations are 

collected by reducing CBF (parameter ` in Equation 4.1) over a range of values; and 2) the trapezium 

rule is applied to each simulation as in (5), using the parameters taken from the experimental data. 

The parameter values used are: ∆* = 150 s; vÄ = 4.5	TL; R = 0.03 TL /s. The concentrations of 

glutamate 150 s (curve 1) and 300 s (curve 2) after stroke are plotted against the degree of CBF 
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reduction in Figure 4.6 B. Additionally, in Figure 4.6 B the microdialysis measurements presented in 

Figure 4.6 A as point 1 and 2 with their error margins are included as well as the concentration at 

which excitotoxicity is initiated. 

 

Figure 4.6: A: Data taken from. [88] in which a 5 min stroke is induced to 10 Mongolian gerbils and glutamate 
concentration is measured using the microdialysis procedure. B: Simulated ECS glutamate concentration as % CBF 
reduction is varied at 150 s ischaemia (1) and 300 s (2) after ischaemia and compared with the data from Figure 4.6.A at 
those same points as well as the excitotoxicity threshold. 
 

 From Figure 4.6 B it can be seen that for both points the simulations agree with the measured 

microdialysis range of glutamate concentration when there is a CBF reduction larger than 95%. 

Furthermore, the curve (2) reaches the glutamate concentration toxic levels, i.e. above 2 TM [281], 

when CBF is reduced above 94.5%. The data taken from [27] consist of microdialysis samples that 

are extracted at a rate of 0.0417 TL/s for 420 s and are plotted in Figure 4.7A. The measurements are 

characterised by a peak glutamate concentration of 8±2.8 µM at a time 630 s after stroke is induced. 

 Simulations were performed over a range of CBF values. The parameters chosen for Equation 

4.6, as presented in [27], were as follows: ∆t = 420s; VS = 17.5	TL; r = 0.0417	TL/s. The microdialysis 

samples are extracted at a time 630 s (point 1 in Figure 4.7 A) after stroke is induced. Therefore, for 

the simulations the glutamate concentrations 630 s after stroke is initiated is compiled for different 

CBF levels, as presented in Figure 4.7 B. The latter also includes the concentration measured by [74] 

presented in Figure 4.7 A as point 1 with its error margin. Additionally, the excitotoxicity 

concentration threshold is also presented.    



Chapter 4: Mathematical model of glutamate release during ischaemic stroke 
 

 120 

 It can be observed that a plateau of glutamate concentration is reached for reductions of CBF 

above 89.5 up to 96%. Good correspondence between simulations and the data in [74] is found for 

CBF reductions above 88.5%. Additionally, neurotoxic levels of glutamate concentration in the 

synaptic cleft, i.e. 2 µM to 5 µM [26], are reached for CBF reductions of 87.75 % and 88.75 % 

respectively.  

 

Figure 4.7:  A: Data taken from [21] in which a 14 min stroke is induced to 11 Wistar rats and glutamate concentration is 
measured using the microdialysis procedure. B: Simulated ECS glutamate concentration as % CBF reduction is varied at 7 
min after ischaemia (1) and compared with the data from Figure 4.7 A at that same point and the excitotoxicity threshold 
range is also plotted.   

4.4 Discussion 

 In this section, we discuss both the agreement between the experimental data and the model 

simulations (Section 4.3); and the key limitations of the model. In particular we focus on potential 

improvements to the modelling of glutamate extraction rate and of the glutamate transporter and 

associated ion channels.  

´4.4.1 The impact of choosing Calyx of Held kinetics for the model 

 It should be noted that the Calyx of Held is just one particular type of neuron located in the 

primary auditory cortex. Although it is not the most common neuron, it is normally used for 

measurement of intra-neuronal kinetics as its large size facilitates the acquisition. Additionally, Calyx 
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of Held neurons have 1,000 times more vesicles than the average neuron [76] and tend to have a faster 

release rate for neurotransmitters [76]. However, the model was based on this type of neuron, as there 

is a lack of data for more common types of neurons. As experimental data as published on more 

common neurons the model can be updated in the future.  

4.4.2 Healthy environment simulations 

 The results for glutamate release in the presence of an AP are found to be in good agreement 

with the data. The peak glutamate concentration predicted by the model was 1.25 mM which is within 

the experimentally measured range of 1–5 mM [277]. Furthermore this peak is reached within 6 ms 

which also agrees with the experimental measurements [278]. 

 The model predicts that the glutamate current takes 15 ms from its trigger back to its basal 

concentration of 6	TM. The value reached is within the range of 0.02 TM to 20 TM for basal healthy 

synaptic concentration stated by [282]. The duration of the current is also within the range stated by 

[278] of 10 ms to 20 ms.  

4.4.3 Stroke simulations 

 The two sets of stroke simulations have shown agreement with the sets of experimental data.  

However, in terms of the 5 min stroke simulations, 300s after stroke is induced there is only 

agreement between the model and the measurements between a CBF drop of 94.75 % to 95.25 %. For 

larger reductions the maximum concentration reached was 3.8 µM which when compared to the peak 

concentration measured by [88]  of 3.01±0.34 TM has an error of 26.25 ± 12.82 %.  However, in [88] 

the CBF levels during the measurements are not stated therefore the magnitude of the error cannot be 

determined here.  

 The plateau present in the 14 min simulations as seen in Figure 4.7 B is in agreement with the 

work of [283]. The later work has shown that for a 30 min stroke and a CBF reduction of between 

90% and 96 %, glutamate concentration reaches a plateau. Additionally, there is good agreement 

between the simulated value 630 s after ischaemia is initiated for a CBF reduction above 88.75% and 
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measured peak glutamate concentration by [21]. For simulation of drops above 96% the cell 

depolarises and as depolarisation was not modelled a reliable comparison could not be made for these 

levels.  

4.4.4 Astrocyte glutamate clearance rate 

 Currently, two rates of glutamate clearance by the astrocyte are considered, depending on 

whether stroke or an AP response is simulated. One hypothesis for this difference might be that 

glutamate channels are voltage dependent. Hence, when the membrane potential has a fast spike and 

reaches +40 mV during AP stimulation the rate would be much faster than in the case of stroke where 

the membrane potential reaches a maximum of -10 mV. This appears to be a promising assumption 

since the work of [277] has proposed a biphasic clearance rate with decaying times of 100 Tsec and 1 

ms. However, the reason for such behaviour is not yet known. In order for this work to be verified the 

interactions between astrocytes and neurons would have to be closely monitored during AP 

stimulation. However, these measurements might prove to be difficult to acquire due to the very short 

time scale of these dynamics.  

 Additionally, in the model presented here it has been assumed that the main mechanism for 

glutamate removal from the ECS is uptake by the astrocyte. However, [38] have identified that there 

are other key mechanisms for clearance like diffusion and the binding of glutamate to the post-

synaptic glutamate receptors. Due to the lack of experimental data the receptors have not been 

modelled here.  

4.4.5 Glutamate transporter 

 The work presented in [209] experimentally shows that reverse uptake by the glutamate 

transporter is responsible for the majority of glutamate release during stroke. However, they also 

show that the transporter is responsible for release after depolarisation of the membrane. Therefore, 

although the transporter has been included in our model it does not function as a release mechanism; 

instead, it is responsible for further uptake of glutamate from the ECS into the neuron.   
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 Modelling cellular behaviour after depolarisation would require more detailed knowledge of 

apoptotic, necrotic and membrane elasticity properties, which are currently very poorly described. 

Therefore, this has not been included in this model yet. At the current level of detail and performance 

the model proposed here is judged to be robust for predicting glutamate release in the moderately 

hypo-perfused areas of the brain during stroke (the penumbra) or for application to other brain 

conditions for regions where ischaemia is not so severe.  

4.5 Conclusion 

 A mathematical model which combined a mathematical of cellular metabolic kinetics, cellular 

ionic regulation and intra and extra cellular glutamate kinetics was created. In terms of intra cellular 

kinetics the mechanisms modelled were vesicular release triggered by calcium and the inverse 

reaction of the glutamate transporter following Rossi et al. [209]. For the extra-cellular kinetics in 

order to validate the model in a healthy and diseased environment a bi-phasic rate of astrocytic 

extraction of glutamate from the ECS was implemented. Additionally, a 5th compartment was 

included to define synaptic kinetics. With this model, it was possible to validate a model of glutamate 

release in both healthy and ischaemic stroke conditions. Therefore, being the first mathematical model 

of glutamate release in a diseased environment. The main assumption of the model is that it only 

predicts glutamate levels pre-membrane depolarization.  

 The model is able to associate CBF reduction with glutamate release pre-depolarization, which 

could be useful when characterizing the penumbra. It could be used to improve the capability of 

diffusion perfusion mismatch maps at identifying the penumbra. This is because glutamate is the main 

cause of cell death in stroke and a threshold for neuronal glutamate toxicity has been measured by 

[21], [88]. Hence it would facilitate identifying tissue at risk in stroke patients and improve the 

prescription of therapies. Furthermore, the model created could be adapted to test pathological 

hypothesis of other diseases that are marked by ionic or metabolism deregulation, e.g. Alzheimer’s 

disease where i-amyloid accumulates in the ECS resulting in ionic, metabolic deregulation and it has 

been reported that toxic levels are present in ECS and responsible for cell death [85].  
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Appendix 4.A: Summary of assumptions 

 For convenience, we list the key assumptions made during the model development in Table 

4.A1. 

Table 4.A.1: Summary of the relevant limits of knowledge on the glutamate cycle and modelling assumptions taken to deal 
with these challenges. 

Knowledge limitations Modelling assumptions 

Unknown ATP requirements for vesicle refill and 
movement. 

Both mechanisms are described as being dependent on intracellular 
glutamate concentration as presented and validated by [218] 

 
Parameters of glutamate kinetics are known for calyx 
of held neurons only. 

 
Assume the calyx of held is representative of brain tissue. 

 
The trigger for spontaneous release of glutamate is 
not known yet. 

 
There is evidence that during stroke and AP stimulation the 
contribution of spontaneous release is minimal. Hence, discard this 
mode of release. 

 
Reverse uptake by glutamate transporters is the 
principle mechanism for glutamate release during 
severe stroke instead of a calcium trigger.  

 
Since post depolarisation glutamate release is not characterised by 
the model the glutamate transporter is only responsible for 
glutamate uptake in the model 

 
The rate of extraction of glutamate is different during  
stroke and during AP stimulation. Mechanisms 
responsible for this transition are not known. 

 
Set the extraction rate parameter with either the stroke or AP value 
depending on the modelled case.  

 Further omissions were made in the following areas: movement of glutamate from the astrocyte 

to the neuron and the glutamate and glutamate exchange cycle. These simplifications have been 

shown by [83] to have a negligible impact on glutamate dynamics and cellular metabolism in both 

healthy and ischemic conditions.  

Appendix 4.B: Metabolic model in [15] 

Table 4.B.1: Variables of Cloutier  
Variable  Steady-state 

value  
Differential equation 

Extracellular 
states 

   

rs^z Glucose 0.47 xrs^z
x* = 	 uÅÇqÉz − 	 uÅÇq

zÑ 	
1
Ö)Ü +	uÅÇqzC 1

Ö)G
−	ázrs^z 

sà^z Lactate 0.37 xsà^z
x* = 	 uÇâqCz 1

Ö)G 	+ 	uÇâq
Ñz 	

1
Ö)Ü 	− uÇâq

zÉ 	

− ázsà^z 
Astrocytic and neuronal states 
ä2C Oxygen 0.102 xä2C

x* = ÖzCuÇâqCz + ÖzÑuÇâq
Ñz − uÇâqzÉ − 	áCä2C 
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ä2Ñ Oxygen 0.102 xä2Ñ
x* = ÖzCuÇâqCz + ÖzÑuÇâq

Ñz − uÇâqzÉ − 	áÑä2Ñ 

Capillary    
ä2É Oxygen 7.46 xä2É

x* = u6eÉ 		− u6eCÉ
1
ÖãG 	+ 	u6e

ÉÑ 1
ÖãÜ 

^ä2É Carbon dioxide 2.12 	
x^ä2É
x* = 2^ä2 ^ä2Ée 	− 	^ä2É

− 	2
Y1Gb
vÉ

		(^ä2É 	− 	^ä2A) 

rs^É Glucose 4.6401 xrs^É
x* = uÅÇqÉ − uÅÇqÉz 1

Öã) +	uÅÇq
ÉÑ 1

ÖãÜ  

    
sà^É Lactate 0.3251 xsà^É

x* 	= 	 uÇâqÉ 	+ 	(uÇâqzÉ 	×	(
1
Öã)	) 	

+ uÇâq
ÑÉ 		×	(

1
		ÖãÜ	)) 

Other states     
vu Venous volume 0.0237 xvu

x* = Y&Cb − Yjåb 
Y&C Capillary entering 

blood flow 
 Y&Cb 	= 	^_Y% + 	^_Yã		^_Y0	 	

1
1 + ):a% b	:	Ä 			

− 	
1

1 +	):a%	(b&@z	:	 Ä	d	ç )  

Yjåb Capillary leaving 
blood flow 

 Yjåb

= 			
Y1G_*	×	 vu

vu0
e
		+ 	*u	× vu

vu0
:Ke 		× Y&Cb

	vu0

1		 + 	Y&Cb	×	*u	×
vu
vu0

:Ke 	× 1
vu0	

	 

 
Table 4.B.2: Kinetic equations for exchange and transport systems  
No Reaction Differential equation 
Transport   
1 GLC exchange between capillary 

and extracellular fluid uÅÇqÉz 	= uEnèÅÇqÉz rs^ã
rs^ã	 + 	êEÉzëíì

−
rs^)

rs^)	 + 	êEÉzëíì
 

	 
2 GLC exchange between 

extracellular fluid and astrocytes uÅÇq
ÉÑ 	= uEnèÅÇq

ÉÑ rs^ã
rs^ã	 + 	êEÉÑëíì

−
rs^Ü

rs^Ü	 + 	êEÉÑëíì
 

3 GLC exchange between 
extracellular fluid and neurons uÅÇqzC 	= uEnèÅÇqzC rs^)

rs^ã	 + 	êEzCëíì
−

rs^G
rs^G	 + 	êEzCëíì

 

4 GLC exchange between 
extracellular fluid and astrocytes uÅÇq

zÑ 	= uEnèÅÇq
zÑ rs^)

rs^ã	 + 	êEzÑëíì
−

rs^Ü
rs^Ü	 + 	êEzÑëíì

 

5 LAC exchange between 
extracellular fluid and capillary uÇâqzÉ = 	 uEnèÇâqzÉ 	

sà^)
sà^)	 + 	êEzÉíïì

−
sà^ã

sà^ã	 + 	êEzÉíïì
 

6 LAC exchange between neurons 
and extracellular fluid uÇâqCz = 	 uEnèÇâqCz 	

sà^G
sà^G	 + 	êECzíïì

−
sà^)

sà^)	 + 	êECzíïì
 

7 LAC exchange between astrocytes 
and extracellular fluid uÇâq

Ñz = 	 uEnèÇâq
Ñz 	

sà^Ü
sà^Ü	 + 	êEÑzíïì

−
sà^)

sà^)	 + 	êEÑzíïì
 

8 LAC exchange between astrocytes 
and capillary uÇâq

ÑÉ = 	 uEnèÇâq
ÑÉ 	

sà^Ü
sà^Ü	 + 	êEÑzíïì

−
sà^ã

sà^ã	 + 	êEÑÉíïì
 

9 O2 exchange between capillary 
and neurons 	u6eÉC 	= 	

ô~ÉA8C
öC

ê+2			 õú6ô	
6eÉ

− 10 	:
c.9

}ûü< 			− 		ä2G	   
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10 O2 exchange between capillary 
and astrocytes 	u6e

ÉÑ 	= 	 ô~ÉA8Ñ
öÑ

ê+2			 õú6ô	
6eÉ

− 1.0 	:
c.9

}ûü< 			− 		ä2Ü	   

11 Blood flow contribution to 
capillary O2 	uã6e 	= 		2

Y1Gb
vã 	 (	ä2n − ä2ã	) 

12 Blood flow contribution to 
capillary GLC 	uãÅÇq 	= 		2

Y1Gb
vã 	 (	rs^n − rs^ã	) 

13 Blood flow contribution to 
capillary LAC uÇâqÉ 	= 		2

Y1Gb
vã 	 . (	sà^n − sà^ã	) 

 
Table 4.B.3: Central energy metabolism  
Variable  Steady-state 

value  
Differential equation 

Neuronal states    
rs^C Glucose 0.43 xrs^C

x* = 	 uÅÇqzC 				 − uõ†C 					 − áCrs^C	 

r6$C Glucose-6-P 0.75 xr6$C
x* = 	 uõ†C 				 − uôÅ°C 	− uq¢ô£õC 	− áCr6$C 

Y6$G Fructose-6-P 0.2 xY6$C
x* = 	 uôÅ°C − 	uô§†C −	uôôôC − áCY6$C 

rà$C Glyceraldehyde-
3-P 

0.05 xrà$C
x* = 2. uô§†C − uôÅ†C − u@&bjC − áCrà$C 

$•$C Phosphoenolpyru
vate 

0.025 x$•$C
x* = uôÅ†C − uô†C − áC$•$C 

sà^C Lactate 0.28 xsà^C
x* = uÇ£õC − uÇâqzC − áCsà^C 

à?$C Adenosine 
triphosphate 

2.25 xà?$C
x* = −uõ†C − uô§†C + uôÅ†C + uô†C + 15u@&bjC + uq†C

− u8å@8,�AC − uâ=ôAÄzC 	 	 1 −
Oà5$C
Oà?$C

:K

− áCà?$G 
!à¶ßC Nicotinamide 

adenine 
dinucleotide 
reduced 

0.04 	
x!à¶ßC

x* = uôÅ†C − uÇ£õC − u@&bjC

− áC!à¶ßG	®1*ℎ	!à¶ßC + !à¶C
= !à¶ßbjb 

$^RC Phosphocreatine 4.6401 {ôqy}
{b

= −uq†C 	®1*ℎ	$^RC + ^RC = $^Rbjb		  
    
Astrocyte states   

rs Ñ̂ Glucose 0.43 xrs Ñ̂

x* = 	 uÅÇq
zÑ 				 − uõ†

Ñ 					 − áÑrs Ñ̂	 

r6$Ñ Glucose-6-P 0.75 xr6$Ñ
x* = 	 uõ†

Ñ 				 − uôÅ°
Ñ 	− uq¢ô£õ

Ñ 	− áÑr6$Ñ 

Y6$Ñ Fructose-6-P 0.2 xY6$Ñ
x* = 	 uôÅ°

Ñ − 	uô§†
Ñ −	uôôô

Ñ − áÑY6$Ñ 

rà$Ñ Glyceraldehyde-
3-P 

0.05 xrà$Ñ
x* = 2uô§†

Ñ − uôÅ†
Ñ − u@&bj

Ñ − áÑrà$Ñ 

$•$Ñ Phosphoenolpyru
vate 

0.025 x$•$Ñ
x* = uôÅ†

Ñ − uô†
Ñ − áÑ$•$Ñ 

sà Ñ̂ Lactate 0.28 xsà Ñ̂

x* = uÇ£õ
Ñ − uÇâq

zÑ − áÑsà Ñ̂ 

à?$Ñ Adenosine 
triphosphate 

2.25 xà?$Ñ
x* = −uõ†

Ñ − uô§†
Ñ + uôÅ†

Ñ + uô†
Ñ + 15. u@&bj

Ñ + uq†
Ñ

− u8å@8,�A
Ñ − uâ=ôAÄz

Ñ 	 1 −
Oà5$Ñ
Oà?$Ñ

:K

 

!à¶ßÑ Nicotinamide 
adenine 
dinucleotide 
reduced 

0.04 
	
x!à¶ßÑ

x* = uôÅ†
Ñ − uÇ£õ

Ñ − u@&bj
Ñ 	®1*ℎ	!à¶ßÑ + !à¶Ñ

= !à¶ßbjb 

$^RÑ Phosphocreatine 4.6401 {ôqy©
{b

= −uq†
Ñ 	®1*ℎ	$^RÑ + ^RÑ = $^Rbjb		  
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Table 4.B.4: Kinetic equations for central energy metabolism 
No. Reaction Differential equation 
Neuronal metabolism 
1 Hexokinase 

uõ†C 	= uEnèõ†C à?$C
rs^G

rs^G	 + 	êEÉzëíì
1

− -(r6$C, 0.6,20) 	 
2 Phosphoglucose isomerase uôÅ°C 	= uEnè™,ôÅ°C r6$G

r6$G	 + 	êEÅ¢ô

− uEnè™,§¢ôC Y6$G
Y6$G	 + 	êE§¢ô:ôÅ°

 

3 Phosphofructokinase 
uô§†C 	= 2ô§†C à?$C 1

+
à?$C
	ê ấ=ô

Cõ :K
Y6$G

Y6$G	 + 	êE§¢ô:ô§†
 

4 Phosphoglycerate kinase uôÅ†C 	= 2ôÅ†C rà$Gà¶$G
!à¶G
!à¶ßG  

5 Pyruvate Kinase uô†C = 	2ô†C 	$•$Gà¶$G 
6 Mitochondrial oxidation of pyruvate u@&bjC = 	 u@AB,@&bjC 	

$¨ÖG
$¨ÖG	 + 	êEô≠Æ

à¶$G
à¶$G	 + 	êEâ£ô

 

																																							
ä2G

ä2G	 + 	êE6eC
1 − -(

à?$G
à¶$G , 20,5) 	 

 
7 Lactate dehydrogenase uÇ£õC = 	2Ç£õ,™C 	$¨ÖC!à¶ßC − 2Ç£õ,™C 	sà^C!à¶C 
8 Creatine kinase uq†C = 	2q†,™C 	$^RCà¶$C − 2q†,yC 	^RCà?$C 
9 ATPase (excluding Na-ATPase) 	uâ=ôAÄzC 	= v@AB,â=ôAÄzC â=ô}

â=ô}d†Ø,ï∞±
  

Astrocyte metabolism 
10 Hexokinase 

uõ†
Ñ 	= 2õ†

Ñ . à?$Ñ
rs^Ü

rs^Ü	 + 	êEÉzëíì
1 − -(r6$Ñ, 0.6,20) 	 

11 Phosphoglucose isomerase uôÅ°
Ñ 	= uEnè™,ôÅ°

Ñ r6$Ü
r6$Ü	 + 	êEÅ¢ô

− uEnè™,§¢ô
Ñ Y6$Ü

Y6$Ü	 + 	êE§¢ô
 

12 Phosphofructokinase 
uô§†
Ñ 	= 2ô§†

Ñ à?$Ñ 1 +
à?$Ñ
	ê ấ=ô

Ñõ :K
Y6$Ü

Y6$Ü	 + 	êE§¢ô
 

13 Phosphoglycerate kinase uôÅ†
Ñ 	= 2ôÅ†

Ñ rà$Üà¶$Ü
!à¶Ü
!à¶ßÜ  

14 Pyruvate Kinase uô†
Ñ = 	2ô†

Ñ 	$•$Üà¶$Ü 
15 Mitochondrial oxidation of pyruvate u@&bj

Ñ = 	 u@AB,@&bj
Ñ 	

$¨ÖÜ
$¨ÖÜ	 + 	êEô≠Æ

à¶$Ü
à¶$Ü	 + 	êEâ£ô

 

														
ä2Ü

ä2Ü	 + 	êE6eC
	 1 − -(

à?$Ü
à¶$Ü , 20,5) 	 

16 Lactate dehydrogenase uÇ£õ
Ñ = 	uÇ£õ,™

Ñ 	$¨ÖÑ!à¶ßÑ − uÇ£õ,™
Ñ 	sà Ñ̂!à¶Ñ 

17 Creatine kinase uq†
Ñ = 	2q†,™

Ñ 	$^RÑà¶$Ñ − 2q†,y
Ñ 	^RÑà?$Ñ 

18 ATPase (excluding Na-ATPase) 	uâ=ôAÄz
Ñ 	= v@AB,â=ôAÄz

Ñ â=ô©
â=ô©d†Ø,ï∞±

  

Adenylate kinase (AK) equilibrium (neurons and astrocytes) 
 à¶$	 =

à?$
2 −≤â† + ≥   

 Oà5$	
Oà?$ = −1 +

≤â†
2 − 0.5. ≥+≤â†

à!$
à?$ ≥

 with ≥ = ≤â†e + 4≤â†
â�ô
â=ô

− 1  

 
Table 4.B.5: Glycogen storage system 
No. Reaction Differential equation 
Astrocytic state 
rs Ñ̈ Glycogen xrs Ñ̈

x* = uÅÇ≠~
Ñ − uÅÇ≠ô

Ñ 	 
Kinetic equations  
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1 Glycogen synthase uÅÇ≠~
Ñ 	= u@AB,ÅÇ≠~

Ñ r6$Ü
r6$Ü	 + 	êEÅ¢ô

1

− -(rs Ñ̈, 4.2,20)  
2 Glycogen phosphorylase uÅÇ≠ô

Ñ 	= u@AB,ÅÇ≠ô
Ñ r6$Ü

r6$Ü	 + 	êEÅ¢ô
1 + -ÅÇ≠  

3 GLY regulation -ÅÇ≠ = ∆ÅÇ≠ - *, *%,ÅÇ≠, 4 − - *, *%,ÅÇ≠ + *zCç,ÅÇ≠,4
∗
 

 
Table 4.B.6: Cloutier et al. [200] model parameters   
Parameter name Value Description Units 
uEnèÅÇqÉz  0.0489 Maximum transport rate of GLC c to e mM.s-1 

uEnèÅÇq
ÉÑ  0.0098394 Maximum transport rate of GLC c to g mM.s-1 

uEnèÅÇqzC  0.038089 Maximum transport rate of GLC e to n mM.s-1 

uEnèÅÇq
zÑ  0.50417 Maximum transport rate of GLC e to g mM.s-1 

uEnèÇâqÉz  0.0325 Maximum transport rate of LAC c to e mM.s-1 

uEnèÇâq
ÉÑ  0.00021856 Maximum transport rate of LAC c to g mM.s-1 

uEnèÇâqzC  0.1978 Maximum transport rate of LAC e to n mM.s-1 
uEnèÇâq

zÑ  0.086124 Maximum transport rate of LAC e to g mM.s-1 
êEÉzëíì  8.4568 Affinity constant for GLC exchange between c and e mM 
êEÉÑëíì  9.92 Affinity constant for GLC exchange between c and g mM 
êEzÑëíì  3.53 Affinity constant for GLC exchange between e and g mM 
êEzCëíì  5.32 Affinity constant for GLC exchange between e and n mM 
êEÉÑëíì  0.129 Affinity constant for LAC exchange between c and g mM 
êEzÑëíì  0.222 Affinity constant for LAC exchange between e and g mM 
êEzCëíì  0.09314 Affinity constant for LAC exchange between e and n mM 
$¥ãn.C 0.2202 O2 mass exchange constant between c and n s-1 

$¥ãn.Ñ 0.2457 O2 mass exchange constant between c and g s-1 

ê+2		 0.089733 O2 transport constant mM 
Gℎ6<  2 O2 reaction order constant dimensionless 
uEnèõ†C  0.0513 Maximum reaction rate for HK in neurons mM.s-1 
uEnè™,ôÅ°C  0.5 Maximum forward reaction rate for PGI in neurons mM.s-1 
uEnèy,ôÅ°C  0.45 Maximum reverse reaction rate for PGI in neurons mM.s-1 
êEÅ¢ô 0.5 Affinity for G6P mM 
êE§¢ô:ôÅ° 0.06 Affinity of F6P for PGI  
2ô§†C  0.55783 Reaction rate constant for PFK in neurons mM.s-1 
êE§¢ô:ô§† 0.18 Affinity of F6P for PFK mM 
2ôÅ†C  0.4287 Reaction rate constant for PGK in neurons mM.s-1 
2ô†C  28.6 Reaction rate constant for PK in neurons mM.s-1 
u@AB,@&bjC  0.05557 Maximum rate of mitochondrial response in neurons mM.s-1 
êEô≠Æ 0.0632 Affinity of PYR for mitochondrial response mM 
êEâ£ô 0.00107 Affinity of ADP for mitochondrial response mM 
êE6eC 0.0029658 Affinity of O2 for mitochondrial response mM 
2Ç£õ,™C  5.30 Maximum forward reaction rate for LDH in neurons mM.s-1 
2Ç£õ,yC  0.1046 Maximum reverse reaction rate for LDH in neurons mM.s-1 
2q†,™C  0.0524681 Maximum forward reaction rate for CK in neurons mM.s-1 
2q†,yC  0.015 Maximum reverse reaction rate for CK in neurons mM.s-1 
v@AB,â=ôAÄzC  0.04889 ATPase maximum rate neurons mM.s-1 
ê°,â=ô 0.7595 Inhibition constant for ATP mM 
uEnèõ†

Ñ  0.050461 Maximum reaction rate for HK in astrocytes mM.s-1 
uEnè™,ôÅ°

Ñ  0.5 Maximum forward reaction rate for PGI in astrocytes mM.s-1 
uEnèy,ôÅ°

Ñ  0.45 Maximum reverse reaction rate for PGI in astrocytes mM.s-1 
2ô§†
Ñ  0.403 Reaction rate constant for PFK in neurons mM.s-1 
2ôÅ†
Ñ  0.2514 Reaction rate constant for PGK in neurons mM.s-1 
2ô†
Ñ  2.73 Reaction rate constant for PK in neurons mM.s-1 
u@AB,@&bj
Ñ  0.008454 Maximum rate of mitochondrial response in neurons mM.s-1 
2Ç£õ,™
Ñ  6.2613 Maximum forward reaction rate for LDH in neurons mM.s-1 
2Ç£õ,y
Ñ  0.54682 Maximum reverse reaction rate for LDH in neurons mM.s-1 
2q†,™
Ñ  0.0243 Maximum forward reaction rate for CK in neurons mM.s-1 
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2q†,y
Ñ  0.015 Maximum reverse reaction rate for CK in neurons mM.s-1 
v@AB,â=ôAÄz
Ñ  0.035657 ATPase maximum rate neurons mM.s-1 

≤â† 0.92 Equilibrium constant for AK dimensionless 
u@AB,ÅÇ≠~
Ñ  0.0022 Maximum rate for GLY synthase mM.s-1 
u@AB,ÅÇ≠ô
Ñ  0.008 Maximum rate for GLY phosphorilase mM.s-1 
êEâ7ô 0.016 Affinity of GLY for glycogen synthase mM 

 
Table 4.B.7: Physical constants and known concentrations   
Parameter name Value Description Units 
!à¶ßbjb 0.22 Total NAD+NADH mM 
$^Rbjb		  5.0 Total 	$^R + ^R  mM 
äeA		  8.34 Arterial äe concentration mM 

^äeA		  1.2 Arterial ^äe	concentration mM 

rs^A		  4.8 Arterial rs^ 	concentration mM 

sà^A		  0.313 Arterial sà^ 	concentration mM 

28å@8		  3.17×10-7 Transport rate constant cm.mM.s-1 

^_Y%		  0.012 Cerebral blood flow steady state 
value 

s-1 

Gä$  15 Oxidative phosphorylation ratio dimensionless 

vö,% 0.0236 Base venous volume dimensionless 

ßµä$ 8.6 äe concentration with haemoglobin mM 

Y 96500 Molecular charge C.mol-1 

Ö? 2577340 Perfect gas constant and temperature kPa 

v@  -70 Membrane potential mV 

rs %̈		 2.5 Steady state value of rs¨	 mM 

 
Table 4.B.8: States of the ionic species involved in the pH model [14] 
Variable  Steady-state 

value  
Differential equation 

Neuronal states    
ßC Hydrogen ions 3.98×10-5 xßC

x* = 	 uúå™™zyC 				 − uq†C 	 −
xà?$C
x* 	

+
xsà^C
x* + u�õ∂C − áCßC	 

ß^ä3C Bicarbonate 15.77 xß^ä3C
x* = 	2™e	ß2^ä3C 	+ 2úa^ä3eC	ßC 	− 2™aß^ä3C 	

− 	2úeßCß^ä3C 	− 	áCß^ä3C 
^ä3eC Carbon 

trioxide 
0.01989 x^ä3eC

x* = 		 2™a		ß^ä3C 	− 	2úa^ä3eC	ßC − áC^ä3eC 

ß2^ä3C Carbonic acid 0.0015 xß2^ä3C
x* = 2™K^ä3Ée + 2úe	ß^ä3CßC − (2™e

+ 2úK)ß2^ä3C 	− 	áCß2^ä3C 
Astrocyte states   

ßÑ Hydrogen ions 3.98×10-5 xßÑ
x* = 	uúå™™zy

Ñ 				 − uq†
Ñ
	 −

xà?$Ñ
x* 	

+
xsà Ñ̂

x* + u�õ∂
Ñ − áÑßÑ	 

ß^ä3Ñ Bicarbonate 15.77 xß^ä3Ñ
x* = 	2™e	ß2^ä3Ñ 	+ 2úa^ä3eÑ	ßÑ 	− 2™aß^ä3Ñ 	

− 	2úeßÑß^ä3Ñ 	− 	áÑß^ä3Ñ 
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^ä3eÑ Carbon trioxide 0.01989 x^ä3eÑ
x* = 		 2™a		ß^ä3Ñ 	− 	2úa^ä3eÑ	ßÑ − áÑ^ä3eÑ 

ß2^ä3Ñ Carbonic acid 0.0015 xß2^ä3Ñ
x* = 2™K^ä3Ée + 2úe	ß^ä3ÑßÑ − (2™e

+ 2úK)ß2^ä3Ñ 	− 	áÑß2^ä3Ñ 
ECS states 

ßz Hydrogen ions 0.0000631 xßz
x* = 	 uúå™™zyz

	
+

1
ÖzÑ

xsà Ñ̂

x* +
1
ÖzC

xsà^C
x* +

1
ÖzÑ

u�õ∂
Ñ

+
1
ÖzC

u�õ∂C − ázßz 

ß^ä3z Bicarbonate 25 xß^ä3Ñ
x* = 	2™e	ß2^ä3z 	+ 2úa^ä3ez	ßz 	− 2™aß^ä3z 	

− 	2úeßzß^ä3z 	− 	ázß^ä3z 
^ä3ez Carbon trioxide 0.05 x^ä3ez

x* = 		 2™a		ß^ä3z 	− 	2úa^ä3ez	ßz − áz^ä3ez 
ß2^ä3z Carbonic acid 0.0015 xß2^ä3z

x* = 2™K^ä3Ée + 2úe	ß^ä3zßz − (2™e
+ 2úK)ß2^ä3z 	− 	áCß2^ä3z 

Capillary states 
^ä2Ée Carbon dioxide 2.5 

x^ä2Ée
x* =

1
ÖãG uÉìü<

C + 1
ÖãÜ uÉìü<

Ñ − 	2q6e	 ^ä2Ée	–	^ä2É

1	–	vÉ
vÉ

 

 

 
Table 4.B.9: Kinetic equations for the pH model 
No. Reaction Differential equation 
Neuron 
1 Cellular buffer solution uúå™™zyC = 2™aß^ä3C 	− 	2úa^ä3eCßC 	− 2úeß^ä3CßC 	

+ 	2™e	ß2^ä3C 
2 Na+/H+ antiporter u�õ∂C

=
−u@AB�A (!nz − !nC)

vY(ê@�A + !nz − !nC)
1

1 + )∏(:¢.πd8õ})
1000	®ℎ)G		.ß ≤ 7.2

0	+*ℎ)R®1w)
 

3 pH calculation from H+ 
concentration .ßC = − log

ßC
1000 	 

 
Astrocyte  

4 Cellular buffer solution uúå™™zy
Ñ = 2™aß^ä3Ñ 	− 	2úa^ä3eÑßÑ 	− 2úeß^ä3ÑßÑ 	

+ 	2™e	ß2^ä3Ñ 
5 Na+/H+ antiporter u�õ∂

Ñ

=
−u@AB�A (!nz − !nÑ)

vY(ê@�A + !nz − !nÑ)
1

1 + )∏(:¢.πd8õ©)
1000	®ℎ)G		.ß ≤ 7.2

0	+*ℎ)R®1w)
 

6 pH calculation from H+ 
concentration .ßÑ = − log

ßÑ
1000  

 
Table 4.B.10: Physical constants and known concentrations  
Parameter name Value Units 

2™K 0.11 s-1 

2™e 1×104 s-1 
2™a 1.03×104 s-1 
2úK 183.33 s-1 
2úe 9508.7 M s-1 
2úa 8.1616×1010 M s-1 
ê@�A 23 mM 

u@AB�A  10 pA 
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Appendix 4.C: Ionic model [15] plus changes made 

Table 4.C.1: Ion Exchange  
Variable  Steady-state 

value  
Differential equation 

Neuronal states 
!nC Sodium 19 x!nC

x *

= 		
−1!nG − 	1!nêG		3	 − 	1!n^nG		3

Y		v 		

+ 	v�A@AB
!n)	 − 	!nG

Y	v		 êE�A + 	!n)	 − 	!nG
				

1	
1		 + e:K×K%æ	(:¢.πd	8õC)

− 	
1!nAÉb
	 Y		v 	1000	 − 	áG		!nG 

êC Potassiu
m 

130 x êG
x * = 	

2		1!nêG	 − 	1êG	 − 	1êAÉb
Y		v 	1000	 − 	áG		êG 

^,G Chloride 9.03609 x ^,G
x * =

1^,G + 1^,AÉb	
vY 1000 − áG	^,G; 

^nC Calcium 0.0006 x^nG
x* =

2	1!n^nG	 − 	1^nG
2	Y	v 		1000 + 1^nAÉb − 	áG^nG; 

Astrocyte states 

!nÑ Sodium 19 x!nÑ
x*

= 		
−1!nÜ − 	1!nêÜ		3	 − 	1!n^nÜ		3

Y		v 		

+ 	v�A@AB
!n)	 − 	!nÜ

Y	v		 êE�A + 	!n)	 − 	!nÜ
				

1	
1		 + e:K×K%æ	(:¢.πd	8õC)

	1000		

− 	áÜ	!nÜ 
êÑ Potassiu

m 
130 xêÜ

x* = 	
2		1!nêÜ	 − 	1êÜ	

Y		v 	1000		 − 	áÜ		êÜ 

^,Ñ Chloride 9.03609 x^,Ü
x* =

1^,Ü
vY 1000 − áÜ	^,Ü; 

^nÑ Calcium 0.0006 x	^nÜ
x* =

2	1!n^nÜ	 − 	1^nÜ
2	Y	v 		1000 − 	áÜ^nÜ; 

Extra cellular space states 

!nz Sodium 140 x!nz
x* = −

1
Ö)G	

x!nC
x* −

1
Ö)Ü

x!nÑ
x* − á)	!n) 

êz Potassium 5 xêz
x* = −

1
Ö)G	

xêC
x* −

1
Ö)Ü

xêÑ
x* − á)	ê) 

^,z Chloride 1240046 x^,z
x* = −

1
Ö)G

x^,C
x* −

1
Ö)Ü

x^,Ñ
x* − á)	^,) 

^nz Calcium 2.0023 x^,z
x* = −

1
Ö)G	

x^,C
x* −

1
Ö)Ü

x^,Ñ
x* − á)	^,) 

 

 
Table 4.C.2: Ionic Nernst potential potential  
No. Reaction  Equation 
Neuronal ionic potentials 
1 Sodium potential  u�A} 	= 	2?zln	

!nz
!nC

 

2 Potassium potential u†} 	= 	2?z	,G
êz
êC

 

3 Calcium potential uqA} =
2?z
2 ln

^nz
^nC
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4 Chloride potential uqk} = 	2?z,G
^,z
^,C

 

Astrocytic ionic potentials 
5 Sodium potential  

u�A© 	= 	2?zln	
!nz
!nÑ

 

6 Potassium potential 
u†© 	= 	2?z	,G

êz
êÑ

 

7 Calcium potential 
uqA© 	=

2?z
2 ln

^nz
^nÑ

		 

 
8 Chloride potential 

uqk© = 	2?z,G
^,z
^,Ñ

 

 
Table 4.C.3: Ionic currents 
No. Reaction Equation 
Neuronal potential 
1 Sodium potential  1�A} 	= 	 2�A}ℎCE1G-C sinh

uC 	− 	u�A}
2×	2?z

	 

E1G-C 	=
1
2×(1		 + tanh

uC 	− 	u@}

22?z	
)) 

2 Sodium potassium pump 
1�A†} 	= 	 2�A†}2wCà?$C 1		

+
à?$C

êE8å@8

:K

tanh
uC 	+ 	2u†} − 	3u�A}	–	uâ=ô}

2	2?z
 

																		(1	 − 	w*1E) 
3 Sodium calcium channel 1�AqA} = 	 2�AqA}w1Gℎ

uC 	− 	3u�A} 		+ 	2uqA}
2	2?z

 

4 Potassium channel 
1†} = 	 2†}èCw1Gℎ

uC − u†}
2		2?z

 

5 Calcium channel 1qA} 	= 	 2qA} 1	 − 	èC O1G-C 	+ 	2úqA} w1Gℎ
uC − uqA}
2?z

 

O1G-C 	=
1
2		 1	 + 	tanh	

uC 	− 	uOC
2?z
2

 

 
6 Chloride channel 1qk} 	= 	 2qk	w1Gℎ

uC − uqk}
2?z

 

Astrocytic ionic currents 
7 Sodium channel current  1�A© 	= 2�A©ℎÑE1G-Ñ sinh

uÑ 	− 	u�A©
2	2?z

 

 E1G-Ñ 	=
K
e
× 1		 + tanh

«©	:	«Ø©

eM=»	
 

8 Sodium potassium pump 
1�A†© 	= 	 2�A†©2wÑà?$Ñ 1		

+
à?$Ñ

êE8å@8

:K

tanh
uÑ 	+ 	2u†© − 	3u�A©	–	uâ=ô©

2	2?z
 

 
9 Sodium calcium channel current 

1�AqA© = 	 2�AqA©w1Gℎ
uÑ 	− 	3u�A© 		+ 	2uqA©

2	2?z
 

10 Potassium channel current 
1†© = 	 2†©èÑw1Gℎ

uÑ − u†©
2		2?z

 

11 Calcium channel current 1qA© 	= 	 2qA© 1	 − 	èÑ O1G-Ñ 	+ 	2úqA© w1Gℎ
uÑ − uqA©
2?z

 

O1G-Ñ 	=
1
2		 1	 + 	tanh	

uÑ 	− 	uOÑ
2?z
2

 

 



Chapter 4: Mathematical model of glutamate release during ischaemic stroke 
 

 133 

12 Chloride channel 1qk© 	= 	 2qk	w1Gℎ
uÑ − uqk©
2?z

 

 
Table 4.C.4: Volume model differential kinetics 
Variable  Steady-state 

value  
Differential equation 

vC Neuron 
volume 

0.45 xvC
x * = 	−vCe

´C − ´z 	
0.45àC,%

 

vÑ Glial 
volume 

0.25 xvÑ
x * = 	−vÑe

Ñ́ − ´z 	
0.25àÑ,%

 

vz ECS 
volume 

0.2 xvz
x * = −

xvC
x * −

xvÑ
x *  

 
 
 
 

Table 4.C.5: Volume model variables  
No. Reaction  Equation 
Neuronal ionic potentials 
1 Volume ratio between e and n  ÖzC =

vz
vC

 

2 Volume ratio between e and g  ÖzÑ =
vz
vÑ

 

3 Volume ratio between n and g  ÖCÑ =
vC
vÑ

 

4 Volume ratio between c and g  ÖÉÑ =
vÉ
vÑ

 

5 Volume ratio between c and n  ÖÉC =
vÉ
vC

 

6 Volume ratio between c and e ÖÉz =
vÉ
vz

 

7 Concentration of insoluble ions 
in the neuron 

àC =
0.45àC,%

vC
 

8 Concentration of insoluble ions 
in the astrocytes 

àÑ =
0.25àÑ,%

vÑ
 

9 Intra neuronal concentration 
correction term 

áC =
1
vC
xvC
x *  

10 Intra astrocyte concentration 
correction term áÑ =

1
vÑ
xvÑ
x *  

11 ECS concentration correction 
term 

áz =
1
vz
xvz
x *  

 
Table 4.C.6: Ionic currents of Hodgkin and Huxley model  
No. Reaction Equation 
1 Sodium  current 1!nAÉb = r�AEaℎ(uC − u�A)	 

 
2 Potassium current 1êAÉb 	= r†G…(uC − u†)	 

 
3 Chloride current 1^,AÉb 	= rqk(uC − u†)	 

 
4 Calcium  current ´qA 	= 	EqA

erqA	(uC 	− 	uqA) 

5 Calcium channel 1^nAÉb = −
´qAàúbC
 qAYv

1000 
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Table 4.C.7: Hodgkin and Huxley model differential kinetics 
Variable Steady-state value  Differential equation 
G 0 xG

x * = 	àC(1 − G) 	− _CG 

E 0 xE
x * = 	à@(1 − E)	− _@E 

ℎ 1 xℎ
x * = àm(1 − ℎ) 	− _mℎ 

EqA 0 xEqA
x * =

EÀ–	EqA
*@ìÃ

 

 

 
Table 4.C.8: Hodgkin and Huxley model kinetics 
No. Reaction Equation 
1 Sodium channel activation rate 

àC =
10 −uC − 	60

)
:«}:	¢%

K% − 1
 

 
2 Sodium channel deactivation 

rate _C 	= 125	)
:«}–	π%
Õ%  

 
3 Potassium channel activation 

rate à@ =
100 −uC − 	45

)
:«}:	…Œ

K% − 1
 

 
4 Potassium channel deactivation 

rate _@ 	= 4000	)
:«}–	π%
KÕ  

 
5 Chloride channel activation rate àm 	= 70	)

:«}–	π%
e%  

 
6 Chloride channel deactivation 

rate _m =
1000

)
:«}:	…%

K% + 1
 

 
7 Calcium channel activation rate EÀ 	= 	

1

)
:Kπ:«}
Õ.… + 1

 

 

 
Table 4.C.9: Ionic model parameters   
Parameter name Value Description Units 
v�A@AB 10 Maximum !nd transport rate of pH channel  pA 

êE�A 23 Affinity of !nd for the pH sodium channel  mM 
2?z 26.726 Boltzmann constant (2) × temperature (?) × 

elementary charge ())  
mJ.C-1 

2�A}  5352.3 Sodium channel permeability in neurons pA 

2†}  48944.1 Potassium channel permeability in neurons pA 

2qA}  326.17 Calcium channel permeability in neurons pA 
2qk}  1336 Chloride channel permeability in neurons pA 
2�AqA}  20.19 Sodium calcium channel permeability in neurons pA 
2�A†}  14.37 Sodium/Potassium pump permeability in neurons pA 
2�A©  5352.3 Sodium channel permeability in astrocytes pA 
2†©  48944.1 Potassium channel permeability in astrocytes pA 
2qA©  326.17 Calcium channel permeability in astrocytes pA 
2qk©  1336 Chloride channel permeability in astrocytes pA 
2�AqA©  20.19 Sodium calcium channel permeability in astrocytes pA 
2�A†©  14.37 Sodium/Potassium pump permeability in astrocytes pA 
2úqA}  0  pA 

2úqA©  0  pA 

2wC 0.089733 O2 transport constant mM 
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2wÑ 2 O2 reaction order constant Dimensionless 
àC,% 112.20021 Concentration of insoluble ions in the neuron mM 
àÑ,% 122.20021 Concentration of insoluble ions in the astrocyte mM 
r�A 120×103 Permeability of Huxley and Hodgkin’s sodium 

channel 
mS.cm-2 

r† 36×103 Permeability of Huxley and Hodgkin’s potassium 
channel 

mS.cm-2 

rqk 3×102 Permeability of Huxley and Hodgkin’s chloride 
channel 

mS.cm-2 

àúbC 1.24 Surface area of neuron Tm2 
 qA 2 The charge of calcium  Dimensionless 
*@ìÃ  10:a Time variable for the opening of calcium channels 

during AP 
s 

 
Appendix 4.D: Intra-neuronal vesicle kinetics 

 
 
 
 
 

Table 4.D.1: Equations developed to simulate intra neuronal vesicle kinetics 

Description Equation 
RRP pool refill rate 

iÆÆô * = i@AB/ÆÆô× 1 − ):
m(b)
m9 × 1 −

G(*)
G%/ÆÆô

 

Vesicle exchange rate RP to RC 
iÆÉ * = i@AB/ÆÉ× 1 − ):

m(b)
m9 × 1 −

G(*)
G%/ÆÉ

 

Vesicle endocytosis rate that fills the 
Rc pool izCçj/ÆÉ * = izCçj/ÆÉ× 1 − ):

m(b)
m9 × 1 −

G(*)
G%/ÆÉ

 

Vesicle endocytosis rate that fills the 
RRP pool izCçj/ÆÆô * = izCçj/ÆÆô× 1 − ):

m(b)
m9 × 1 −

G(*)
G%/ÆÆô

 

Equation that governs the quantal size 
of the system  ℎ * =

Td

T: ×^(*), 

Table 4.D.2: Constants pertaining to the intra-neuronal vesicle system 
presented in section 4.2.2 . 

Parameter Value Units Reference 
i@AB/ÆÆô 1.6 /s [76]   
i@AB/ÆÉ 0.079 /s [218]  
i@AB/Æô& 0.8730 /s [218]   
i@AB/Æôœ 0.097 /s [218]   
  0.097 /s [218]   
G%/ÆÆô 3,000 vesicles [76]   
G%/ÆÉ 7,000 vesicles [76]   
G%/Æô 180,000 vesicles [76]   

ℎ% 100 mM [218]  
Td 1 /s [218]   
T: 0.1 /s [218]   

^% 10 mM [15]  
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Chapter 5  

The role of AQP4 in NMO 

5.1 Introduction  

 Neuromyelitis optica (NMO) is a neuro-inflammatory central nervous system disease 

characterized by predominant damage to the optic nerve and of the spinal cord. Although rare, with a 

worldwide incidence of approximately 1 per 100,000, NMO is severe, with a 5-year mortality rate of 

32% in patients with a relapsing disease [120]. 

 The IgG1 antibody targeting aquaporin-4 (AQP4) water channels located at the endfeet of 

astrocytes [45]. The antibody is present in about 60% of NMO patients and is thought to be 

pathogenic causing the primary astrocytopathy [284]. A mouse model has shown that both AQP4-Ab 

and human complement in the extracellular space are needed to initiate the pathophysiological 

process during which astrocytes swell within twelve hours [17]. The swelling has been shown to be 

due to complement induced membrane lytic holes which facilitate metabolite transport over the 

membrane and lead to cell growth [17]. In turn, the swelling triggers an inflammatory response 

marked by granulocyte and macrophage infiltration leading to secondary oligodendrocyte damage, 

demyelination and neuronal death [45].  
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 There is currently no cure for NMO. Treatment focuses on either the management of the acute 

phase of the condition or the prevention of relapses using generic immunosuppressive or 

immunomodulatory treatments [285]. In the former case, the most effective method, out of those 

trailed, consists of complimentary intravenous injection of methylprednisolone (IVMP) and plasma 

exchange. The most comprehensive study on the therapeutic effects of plasma exchange is that by 

[286]. The study consists of the analysis of 59 CNS demyelination patients, where 10 had NMO, who 

were treated with plasma exchange for acute severe attacks from 1984 to 2000. It found that 44.1% of 

patients experienced moderate to marked functional improvement.  

 Current developments focus on inhibiting the breakdown and binding of a range of proteins in 

the complement cascade. For example, eculizumab binds to C5 and inhibits its cleavage thus 

preventing further mechanisms leading to membrane lysis. In a pilot study performed by [148], 14 

relapsing NMO patients were treated with eculizumab  for 12 months. During that period, the average 

number of relapses fell from 3 to zero. However, these non-controlled data require larger randomized 

controlled trials to assess true efficacy, which has large resource and cost implications and a greater 

risk of predictable and unpredictable adverse effects. For example the risk of infection with 

encapsulated bacteria such as meningococcal infection which is potentially fatal even after 

vaccination [162].  

 A promising strategy for complement inhibition is the upregulation of the astrocytic 

complement inhibitor CD59, which inhibits C5b-9 formation as described by [287]. CD59 is naturally 

present in astrocytes. However, its concentration has been reported to be smaller in the proximity of 

the endfeet where the NMO antibody acts. For this reason it is expected that CD59 will have fewer 

side effects compared to the clinically used therapies above [288].  

 To evaluate the potential of CD59 there is a need to optimize its dosage and their 

administration timing. Testing combined effects of novel drugs at different doses at different stages in 

disease evolution is impossible in patient cohorts, due to both disease rarity and the ethical 

contraventions in withholding conventional immunosuppression rather than placebo, which is likely 

to reduce the power to detect a further treatment effect. Furthermore, testing these effects in animal 
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studies or in vitro models is costly, impractical and limited in scope. In silico models offer the 

promise of being able to search for optimal therapeutic regimens and the timing of administration of 

drugs in simulated environments that can capture the core features of the pathogenic process in 

disease. However, these methods have been considerably underutilized for studying inflammatory 

disease.  

 Hence, we introduce a mathematical model of the swelling of astrocytes during NMO and its 

modulation by CD59. To capture the pathological cell volume evolution the model extends a state of 

the art model of metabolism in astrocytes and neurons with a detailed representation of water 

transport across the cell membrane due to osmotic and hydrostatic pressure. In particular, in addition 

to representing transport through AQP4 channels and water permeable ionic channels, we model the 

perforation of the cellular membrane due to NMO specific complement lysis. CD59 acts as a 

modulator of the complement cascade.  

 We demonstrate the fidelity of our computational model of the neuroinflammatory environment 

by demonstrating that the simulation predicts that the primary pathogenic mechanism in NMO is 

complement induced lysis rather than direct inactivation of AQP4 channels, a fact now experimentally 

confirmed [17] but originally contentious when the disease was first described. Moreover, we 

simulate the degree of astrocyte swelling due to complement induced lysis, and map out the time 

course of this process, and then simulate the impact of a putative therapeutic strategy, CD59 injection 

on the cellular swelling. 

5.2 Materials and methods  

 As presented by Saadoun et al. [17] the process by which antigen antibody binding is 

responsible for astrocytic oedema is still not fully understood. There are two hypotheses. The first 

states that the antigen-antibody binding clogs the AQP4 channels. Consequently, astrocytes are unable 

to regulate hydrostatic pressure leading to the progressive swelling of astrocytes. Alternatively, the 

other hypothesis is that the astrocytic oedema is caused by complement induced lytic holes. The 

hypotheses are presented in Figure 5.1.  



Chapter 5: The role of AQP4 in NMO 
 

Submitted for publication 139 

 

Figure 5.1: A description of the two hypotheses that explain cytotoxic oedema during NMO being tested by this work where 
the binding of antibody and antigen cause: 1 AQP4 impairment; 2. activation of the inflammatory complement system. 
 
 The strategy chosen to test these hypothesis was to take the state of the art model of cytotoxic 

oedema by Orlowski et al. [15] and adapting it to be able to simulate the pathophysiology of NMO. In 

this section, the changes made to the model by Orlowski et al. [15] are presented, starting with 

changes made to the model to overcome the fact that the Orlowski et al. [15] model does not model 

cellular behaviour past depolarization. The changes made and the revalidation of the model is 

presented in Section 5.2.1. Then the two hypotheses are tested, the AQP4 occlusion and the 

complement lysis in Section 5.2.2 and Section 5.2.3 respectively. In section 5.2.4 the potential of up 

regulating CD59 as a therapeutic procedure for NMO is tested. Section 5.2.5 presents the 

methodology used to stress test the results achieved. All the software choices used to develop the 

model are presented in Section 5.2.6. Finally, in section 5.2.7 a summary of the most relevant 

assumptions made throughout the model are presented. 
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5.2.1 Adapting Orlowski et al. model for post depolarization simulations.  

 The model adapted consists of a combination of a variety of models in order to develop the first 

model to accurately predict pH kinetics during an ischaemic stroke. In particular, it utilizes the work 

by Cloutier et al. [200] to model neuronal and astrocytic metabolism. However, the work by Cloutier 

et al. [200] aims at simulating neuronal metabolism during stimulation. Consequently, certain 

assumptions are not compatible with the simulations where the cerebral blood flow (CBF) is reduced. 

The particular assumption that was contested is related to the Krebs cycle in the model. It reduces the 

full cycle into a single equation for –—“”‘. This rate aims to capture the production of ATP from 

pyruvate (PYR) dependent on adenosine triphosphate (ADP) and oxygen (O2) concentrations. The 

relationship between all these components is assumed to be governed by Michaelis-Menten kinetics. 

Additionally, in the particular case of metabolism stimulation it considers a step function that is 

dependent on the ratio between ATP and ADP. The rate is summarized in Equation 5.1.  

u@&bj& = u@AB,@&bj& $¨Ö&
$¨Ö& + ê@,ô≠Æ

à¶$&
à¶$& + ê@,â£ô

ä2&
ä2& + ê@,6e

 (5.1) 

where 1 stands for the astrocyte or the neuron,  u@AB,@&bj&  is the maximum rate of ATP production and 

ê@,ô≠Æ , ê@,â£ô , ê@,6e are the Michaelis-Menten rates for PYR, ADP and O2 respectively.  

 This assumption for the representation of the metabolic rate has been made in many models in 

the field of neurological metabolism aimed at studying neural stimulation, starting with the work by 

[196]. However, as the NMO model is aimed at stimulating a stress scenario, further refinement is 

required here. Following [200] Eq. 5.1 was extended with the bi-directional reaction 

(reduction/oxidation) of nicotinamide adenine dinucleotide (NAD) between NAD+ and NADH. NAD 

and NADH were also assumed to reduce/oxidize with Michaelis-Menten kinetics. The new Krebs 

cycle equation (u@&bj,Cz’& ) is then defined as: 

  

u@&bj,Cz’& = u@&bj& [!à¶]&
[!à¶]& + ê@,�â£

[!à¶ß]&
[!à¶ß]& + ê@,�â£õ

 (5.2) 

 

where ê@,�â£  and ê@,�â£õ are the Michaelis Menten parameters for NAD and NADH respectively. 
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 Similarly, it was found that the family of models that the  [200] work is part of assumes that the 

metabolic reactions of hexokinase (umM& ) and phosphofructokinase (u8™M& ) have a linear relationship with 

	 à?$& . This assumption was found to result in the inability of the model to converge when simulating 

metabolic stress during an ischaemic stroke. Therefore, to overcome this limitation, as in the case of 

u@&bj& , these rates were assumed to have a Michaelis-Menten relationship with à?$  as:  

umM,Cz’& = 2õ†&
[à?$]&

[à?$]& + ê@õ†,â=ô
[rs^]&

[rs^]& + ê@,ÅÇq
1

1 + ):e% Å¢ô}:%.¢
 (5.3) 

u8™M,Cz’& = 2ô§†& [à?$]&
[à?$]& + ê@ô§†,â=ô

1 +
[à?$]&
ê°,â=ô

Cõ :K
[Y6$]&

[Y6$]& + ê@,§¢ô
	 (5.4) 

where 2õ†&  and 2ô§†&  are the reaction rate constants, [rs^]&, [Y6$]&	and [Y6$]& are glucose, fructose-

6-p and glucose-6-p respectively, ê@õ†,â=ô and  ê@,ÅÇq  are the HK Michaelis-Menten affinity 

constants ê@,§¢ô and ê@ô§†,â=ô are the PFK  Michaelis-Menten affinity constants for fructose-6-p 

and ATP respectively and ê°,â=ô and  Gß are the Hill constants for ATP. 

 To ensure that the behaviour of the initial model is only minimally changed by the 

modification, the [200] model was refitted. As in [200] the simplex method from the SBML package 

by [257] was used for fitting. Two conditions were established to refit the model. The first consisted 

in ensuring the steady state behaviour of the model is comparable to that of the original work by 

Cloutier et al. [200]. The states of interest for the work here presented are the metabolites glucose and 

ATP. Comparing the two models it was found that steady state simulations of these metabolites vary 

by less than 1%, as it can be seen in Figure 5.2. 
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Figure 5.2: Comparing the steady state simulations of the Cloutier et al. [200] model (red) and the model developed 
(black) for intracellular Glucose and ATP for the neuron (A and C) and the astrocyte (B and D). 
 

 The Cloutier et al. work [200] aims at capturing neuronal and glial metabolism during brain 

stimulation. The data used to validate the model consist of measurements of glucose and lactate in the 

ECS during brain stimulation. The second condition defined for the refit was to ensure the behaviour 

of the model during stimulations was maintained. The fit was found to be satisfactory, as shown in 

Figure 5.3. The values of parameters found can be seen in Appendix 5.A. 
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Figure 5.3: Revalidation of the metabolic model by [200] after the changes presented. The data consists of lactate and 
glucose in the ECS measurements during brain stimulation by an action potential. The simulation of the model of ECS 
glucose and lactate concentration during action potential stimulation as in [200] is here presented. 

5.2.2 Cellular water kinetics 

 The water kinetics model developed here was added to the validated compartmental model of 

cellular metabolism and cytotoxic oedema proposed by Orlowski et al. [14], [15]. Four compartments 

are considered: neuron, astrocyte, extracellular space (ECS) and capillary. The model developed 

consists of making the compartments’ volume kinetics to be described by the Starling equation [289]. 

This equation states that, assuming water is an incompressible fluid, that the volume of the cell is 

dependent on the movement of water. Water flow (÷) is dependent on osmotic (∆◊) and hydrostatic 

(∆ß) pressure gradient between intracellular and extracellular compartments as: 

÷ =
à5
Ö? 2[∆ß − ∆◊] (5.5) 

where, à is the cells surface area, 5 is the molecular weight of water at 310.15K [290], Ö is the gas 

constant and ? is temperature. In section 5.2.2.1 Equation 5.5 is adapted to include the impact of 

AQP4 blocking is presented.  
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 According to a recent review by [81], there are two known types of channels transporting 

water: water specific aquaporin channels and ionic channels permeable to water. Further water flows 

through non-specific pathways. Hence, the net membrane flux can be expressed as: 

÷ = ÷âÿô… + ÷&É + ÷CÄ, (5.6) 

where the indices AQP4, ic and ns stand for the AQP4, ionic channel and non-specific channels 

respectively.  

 

5.2.2.1 Flux through AQP4 channels 

 AQP4 is the aquaporin subtype expressed in astrocytes. AQP4 can be oriented towards the 

vasculature at the astrocytic endfeet and towards the extracellular space (ECS).  In the model created 

here, these two orientations were considered by defining the flux through AQP4 channels as:  

÷âÿô… =
â7
Æ=

Ÿ2âÿô… ∆ßÉÑ − ∆◊ÉÑ − 1 − Ÿ 2âÿô… ∆ßÑz − ∆◊Ñz , (5.7) 

where the indices ã, ) and Ü stand for the capillary, the ECS and the astrocyte respectively, Ÿ stands 

for the proportion of AQP4 channels at the perivascular interface and 2âÿô… is the permeability of 

AQP4 channels. The parameter Ÿ was assumed to be equal to 0.8 based on the work by [81] that states 

that the majority of AQP4s are oriented towards the perivascular space. The value of 2âÿô… was 

defined from the work by [291], which measured astrocytic membrane permeability when astrocytes 

are grown both with AQP4 and without. It was found that there is a 7-fold reduction of membrane 

permeability when AQP4 is eliminated. Finally, hydrostatic pressures in capillaries and the ECS is 

defined based on the work by [292], stating average pressures of 15 mmHg and 7.5 mmHg 

respectively. 

 

5.2.2.2 Water flux through ionic channels 

 According to [81] the two ionic channels currently known to be permeable to water in 

astrocytes are the glutamate transporter (r?Ö1) and the sodium-potassium-chloride co-transporter 

(!ê^^1). 
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 Several studies have considered the kinetics of the NKCC1 channels and their involvement in 

the clearance of potassium after neuronal stimulation [64], [65], [82]. However, only the [65] model 

considered both the glutamate transporter (GLT1) and the NKCC1 channel during swelling caused by 

cytotoxic oedema. Hence, their model is adopted here. Based on their work, ionic currents through the 

channels are modelled with the Goldman equation. Accounting for the stoichiometry of the transport, 

the Nernst potentials are defined as  

•Å=ÆK =
Ö?
Y ,G

rst: z

rst: &

êd
&

êd
z

!nd z

!nd &

a

, 
(5.8) 

•�†qq =
Ö?
Y ,G

!nd z

!nd &

êd
z

êd
&

^, z
^,: &

e

, 
(5.9) 

where rst: , êd , !nd  and ^,:  are the concentrations of glutamate and potassium, sodium 

and chloride ions respectively in the extra and intra cellular space as indicated by indices ) and	1. The 

ionic currents through the cell membrane are then defined as: 

  

1Å=ÆK = −¥Ñ2Å=Æ(uÑ − •Å=Æ)	 (5.10) 

1�†qq = −¥Ñ2�†qq•�†qq	 (5.11) 

where ¥Ñ is the surface area of the astrocyte, uÑ is the astrocyte membrane potential and 2Å=Æ and 

2�†qq  are permeabilities of the two channels. According to [81] the transport of one mole of each ion 

through their respective channels is accompanied with the transport of one mole of water. Hence, 

water flux ÷&É is proportional to these ionic currents as  

÷&É = 5 &ë∞⁄d&¤‹ìì
ö§

, (5.12) 

where v is the total volume considered in [200] model and Y is the faraday constant. 

  

5.2.2.3 Water flux through non-specific pathways 

 The flux through non-specific pathways has been assumed to be proportional to the hydrostatic 

and osmotic pressure gradients across the membrane with the same permeability 2% across the 

perivascular and ECS interfaces as   
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÷CÄ = 2%
â7
Æ=

∆ßÉÑ − ∆◊ÉÑ − ∆ßÑz − ∆◊Ñz . (5.13) 

 The osmotic pressure of the compartments was defined as being equal in all the compartments 

as previously presented in Orlowski et al. [15] and validated by the work by Kimelberg et al. [292]. 

Following Orlowski et al. [15] the intracellular osmotic pressure is defined as the sum of the ionic 

concentrations in each compartment as:  

◊	 = 1Ö? !nd] + êd + rst: + ^ned + [ß^äa:] + [à: , (5.14) 

where 1 is the van’t Hoff factor, êd , !nd 	, [ß^äa:],	 ^ned  and rst:  are the potassium, 

sodium, carbonate, calcium and glutamate ionic concentrations respectively. Additionally, an 

assumption is made that there are impermeable anions [à:] inside the cells. The initial concentrations 

of these anions, following the work by [15] and [64], are calculated to ensure that the net pressure 

across the cells membranes is zero at the steady initial state. This procedure is explained in the 

Appendix 5.B. All changes made to the Orlowski et al. [15] model can be seen in Figure 5.4. 

 

 

Figure 5.4: Diagram summarizing the astrocyte swelling model, which consists in the combination of three models: 1. The 
[15] model of cytotoxic oedema (green) 2. Ionic channels responsible for water movement (blue) was based on the work by 
[65] and 3. Water kinetics through AQP4 channels (red) based on the work by[292]. 
 

 With this new model of astrocytic water permeability, it is important to quantify which of the 

three mechanisms (÷âÿô…, ÷&É	+R	÷CÄ,) is responsible for the largest amount of water flow across the 

astrocytic membrane. To this effect, a steady state simulation was performed where the flow of the 
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three mechanisms is evaluated for 12 hours, as seen in Figure 5.5. It is possible to see that ÷&É	water 

transport is a rate 104 s-1 orders of magnitude smaller than the remaining two. Additionally, AQP4 

water transport is the most significant mechanisms of hydrostatic pressure maintenance by the 

astrocyte. Therefore, demonstrating its importance in astrocytic volume regulation. The new cellular 

volume kinetics model is summarised in Appendix 5.C. 

 

Figure 5.5: Steady state simulation of the water flow across the three mechanisms considered by the model: (÷&É) flow 
through ionic channels permeable to water, (÷CÄ) flow through water non-specific pathways and (÷âÿô…) flow through 
aquaporin 4 channels  
 

5.2.3 NMO complement lysis  

 The work developed on complement lysis due to NMO aims at mimicking the experimental 

procedure implemented by [17]. Here, the human complement and human AQP4-Ab are injected into 

the brain of rats. After 12 hours the animals are sacrificed and the NMO lesions generated are 

analysed.  

 The model of NMO complement holes developed was added to the model presented in Figure 

5.4 and consists of combining three concepts: 1) the binding of AQP4-Ab antibodies to AQP4 

antigens (Section 5.2.3.1), 2) the complement protein cascade leading to the production of the 

Membrane Attack Complex (MAC) forming holes in the membrane (Section 5.2.3.2); and 3) the ionic 
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and water currents through the forming membrane holes (5.2.3.3). The pathology captured by the 

model developed here is summarized in Figure 5.6.  

 

Figure 5.6: Description of the hypothesized NMO pathology presented by [17] 

 

5.2.3.1 Antigen antibody binding 

 The production of the AQP4-Ab and AQP4 complex was modelled using the generic model of 

antibody antigen binding developed by Kumagai et al. [234] and represented by the following 

biochemical equation:  

à÷$4°ÑÅ + à÷$4
2ç
←
→
2ú

^+E.,)è. (5.15) 

 The binding (2ú) and detachment (2ç) rates were taken from the IgG antibody-antigen binding 

measurements by Kumagai et al. [234]. The later work found that 2ú has an order of magnitude 

between 102-103 mM-1s-1 and 2ç has an order of magnitude between 10-4-10-3 s-1. In the model, the 

rates were taken to be the average value within those ranges. 
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 The concentration of AQP4-Ab was set to follow the injection pattern in the in vivo 

experiments by [17]. As the cells membrane concentration of AQP4 ([à÷$4]Ñ) has yet to be 

measured it was based on the literature. It was estimated using Equation 5.16: 

[à÷$4]Ñ =
Gâÿô…
!âv@

, (5.16) 

where Gâÿô… is the number of AQP4 channels found in the membrane of the astrocyte, !â is the 

Avogadro number and v@ is the volume of the astrocyte membrane. v@ was calculated based on 

measurements of the average astrocyte surface area in [65] (2.09241×10-7 dm2) and measurements of 

membrane thickness in [293] (8 nm). Hence, [à÷$4]Ñ was set to 3.97×10-3 mM.  

 

5.2.3.2 MAC production  

 After inflammation is activated by the interaction between antigens and antibodies one of the 

anti-bacterial mechanisms triggered is the inflammatory complement system [56]. It has many anti-

bacterial effects including chemoattractant production. Here the main focus is another product of the 

complement system, which results in the formation of holes in the membrane of bacteria. These holes 

are formed by piercing proteins entitled membrane attack complex (MAC). This process is believed to 

be the reason behind astrocytic oedema during NMO pathology [17].  

 Here, only the classical pathway is considered, as it is the only one known to be activated 

during NMO [45].  The classical pathway consists of the breakdown and binding of a cascade of 

proteins in the following steps [56]: 1) the protein C1 binds to the antibody-antigen complex which in 

turn activates the cleavage of C4 and C2 into C4b and C4a, and C2a and C2b respectively; 2) C4b and 

C2a form a complex and bind to the astrocytic surface, which initiates the breakdown of C3, C3a 

being released into the ECS and acting as an inflammatory chemoattractant while the protein C3b 

binds to the C4b2a complex; 3) the binding leads to the cleavage of C5, C5a is released into the ECS 

also behaving as chemoattractant and the protein C5b instead binds to the astrocytic membrane 

enrolling the proteins C6, C7 and C8 resulting in the formation of C5bC6C7C8 complex (C5b-8); 4) 

the final step consists of the activation C9 proteins these binding to the C5b-8 complex or MAC and 

perforate the astrocytic membrane. The steps of MAC formation are summarized in Figure 5.7.  
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Figure 5.7:  Breakdown of the classical complement pathway protein cascade leading to the formation of the membrane 
attack complex.   
 

 In the literature, there are three models that capture the protein cascade of the complement 

system [235], [236], [238]. In Korotaevskiy et al. [236] and Liu et al. [238], it was found that the 

model of Hirayama et al.  cannot reproduce experimental data. Alternatively, the work of [238], 

although it has validated its model with experimental data, does not model the full pathway from 

complement activation to the formation of MAC. Hence the model of Korotaevskiy et al. [236] was 

chosen. 

 Two adaptations were made to the model of Korotaevskiy et al.  [236]. As they considers both 

the classical and alternative pathways the latter was deactivated by making the plasma concentration 

of proteins involved in this pathway equal to zero. Secondly, the antigen-antibody complex was 

assumed to follow the kinetics shown in Eq. 5.15.  

 The complement model by Korotaevskiy et al. [236] involves 37 biochemical equations. In an 

effort to reduce the complexity of the model two strategies were implemented to reduce its size to its 

most relevant mechanisms to model complement lysis in NMO. The first, as presented in Section 

5.2.3.2.1, the screening method as described by Campolongo-Morris [294] is presented. Secondly, in 

Section 5.2.3.2.2 the model is aimed to fit a second order model to the MAC production kinetics from 

[236].   

5.2.3.2.1 Sensitivity analysis 

 The model of cytotoxic oedema by Orlowski et al. [15] consists of approximately a hundred 

variables. Adding the full complement would increase the complexity of the model substantially. 

Additionally, in order to test astrocytic oedema during NMO only the production of MAC is relevant. 
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A screening procedure was chosen to identify the proteins that mostly effect MAC kinetics. From the 

literature the better equipped to handle large models was found to be the Campolongo -Morris (C-M) 

method [260]. 

 The algorithm was implemented as described in Section 3.5.3. The Campolongo-Morris 

algorithm will generate different results depending on the range of values considered. Additionally, 

the model is designed to be able to handle different concentrations of complement injected. Therefore, 

the range of concentration for each protein is calculated over ±100% of the value states in 

Korotaevskiy et al. [236]. 

 The standard deviation (S) and the absolute mean (T∗) of the elementary effects for each 

protein in the complement model of [236] were calculated at every 100 seconds between 100 and 

1000 seconds in the simulations. The mean of S and T∗ for all time points was calculated for each 

protein. Within the time range MAC goes from zero to a steady state of 2.4×10-4 mM. The different 

parameters that define the grid used by the Campolongo-Morris method to explore the parameter 

space were chosen through an ad hoc process to identify the parameters that better cluster the 

parameters with larger impact and lowest impact. The result of this analysis is presented in Figure 5.8.  

 

Figure 5.8: Results from applying the Campolongo-Morris method to the Korotaevskiy et al. [236] MAC production model. 
The EE’s were defined as being the difference between the MAC production at each interaction and the  Korotaevskiy et al. 
[236] model.  
 

 From this analysis, it was possible to identify that, even when the concentration of each protein 

is varied by 100% several proteins have little impact on the production of MAC. These proteins were 

removed from the model thereby reducing the number of inputs from 13 down to 9.  In Figure 5.9 the 
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production of MAC by the original model and the simplified model is presented. The root mean 

square between the original and the simplified model is of approximately 5.35×10-2 and therefore 

negligible.   

 

Figure 5.9: The result of removing the proteins that were found to be negligible through the Campolongo- Morris method. 
 

5.2.3.2.2 2nd order approximation of the complement system 

 As described in Figure 5.6, the experimental procedure in [17] consists of injecting human 

complement and human AQP4-Ab into mice brain tissue. The simplified model would therefore have 

the concentration of these two agents as its inputs. A first analysis of the system consists of observing 

how the system behaves in response to these two inputs. Simulations were performed over a range of 

values of these two inputs. IgG in [17] was injected with a concentration of 1.375×10-1 mM and 

therefore the concentration was chosen to vary between 100 times smaller and larger than that 

concentration. In terms of complement the concentration was taken from [236] and it was varied 

between ±100 times the concentration injected. Figure 5.10 A and B shows how the system varies 

when the complement and IgG are varied respectively over the ranges described.  
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Figure 5.10: The simulations of the complement model developed by varying the inputs AQP4-Ab (A) and complement (B) 
over the ranges described. 
 

 From Figure 5.10 A it can be concluded that varying the concentration of AQP4-Ab within the 

range defined had little impact on the speed of MAC formation and no impact on the concentration. 

This behaviour is expected, as the concentration of AQP4-Ab injected is six to ten orders of 

magnitude higher than the concentration of AQP4. Consequently, the effect of AQP4-Ab was ignored 

in the simplified model of complement lysis developed here. From this analysis, it was concluded that 

the parameters of the model developed should only be dependent on MAC concentration.  

 As it can be seen in Figure 5.10 the behaviour of complement MAC production resembles a 

step function. It was therefore assumed that a differential equation model would be a good 

approximation. An analysis was made to identify the order of the model that would have the least 

RMS. This experiment consisted in fitting increasing order models to one of the curves shown in 

Figure 5.10.B. In order to facilitate this analysis, the curves in Figure 5.10 B were all normalized. The 

result of fitting differential equation models with increasing order can be seen in Figure 5.11 A. 
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Figure 5.11: A. Comparing the fits to the complement model [236] by different order models; B. RMS error between the 
different order models and the complement model from [236]. 
 

 As can be seen in Figure 5.11 B the second order model is the best fit for the model. Then the 

parameters were fitted to complement model by [236] simulations for the range of complement 

concentration ^  described. The resulting model is of the form:  

n(^). áflfl + µ(^). áfl + ã(^). á = E(^) (5.17) 

 The four functions n ^ , µ ^ , ã ^  and E ^  were then fitted using the symbolic regression 

software Eureqa [262]. The plot of each function and the equation fitted can be found in detail in 

Appendix 5.D.  

 When comparing the curves to the model it is possible to see that as complement concentration 

increases the performance of the model worsens. This can be seen in Figure 5.12.B where the RMS 

error was calculated for the curves. However, when considering the curve when complement 

concentration is taken from [236], as shown in Figure 5.12 A, the RMS error is approximately 3.5%. 

Additionally, as the simulations were required to last 12 hours the behaviour of the model in the first 

30 min is relatively negligible. The resulting equations can be seen in Appendix 5.D. 
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Figure 5.12: A. Comparing the 2nd order model approximation to the complement model when complement concentration is 
equal to the one in [236]; B. The RMS error between the 2nd order model predictions and the curves in Figure 5.11 A. 
 

5.2.3.3 Hole formation  

 In the literature, the work of Wiese et al. [295] has measured the current of stained interstitial 

fluid across the membrane induced by lytic holes dependent on the number of C9 attached to the 

C5b678 complex. However, the current of ions has been ignored. Therefore, a novel model was 

developed here. Wiese et al. [295] found that the formation of one hole required ` molecules of C9, ` 

being in the range 12 to 18. Hence, the number of holes formed was set to: 

ℎ = vz5
!â
` , 

(5.18) 

where vz is the volume of the ECS, 5 is the concentration of MAC and !â is the Avogadro number. 

When holes are formed in the astrocytic membrane, ions are able to move freely across. Ionic currents 

through the lytic holes (1m) were assumed to be proportional to the Nernst potential as for models of 

standard ion channels by [206], as: 

1m = ℎ2m,ôsinh	
uÉzkk − •ô

ub
	, (5.19) 

where, 2m,& is the permeability of one hole for ion P ub =
Æ=
§

, Ö is the gas constant, ? is temperature 

and Y is the Faraday constant. 2q  is defined as being proportional to the concentration of the P 

channel with scaling factor of the ratio of the area of the hole to that of the channel leading to: 

 

2m,ô =
2ô
Gô

Rm
Rô

e
	, 

(5.20) 



Chapter 5: The role of AQP4 in NMO 
 

Submitted for publication 156 

where 2ô is the permeability of all ion channels of type P, Rm is the radius of the hole, Rô is the radius 

of the channel of type P and Gô is the number of channels of type P in the membrane. 

 Similarly, holes are also assumed to be permeable to water. As holes are small, water flowing 

through the hole cannot be assumed to be a continuum. Hence, as in Eq. 5.20 the permeability has 

been assumed to be proportional to an AQP4 channel permeability with a constant equal to the ratio 

of the area of the hole to that of the channel (Râÿô…), leading to: 

2m,’ =
2âÿô…
Gâÿô…

Rm
Râÿô…

e

	. 
(5.21) 

The flow of the water through holes is defined as:  

÷m,ÉÑ = ℎ2m,’Ÿ ∆ßÉÑ − ∆◊ÉÑ , (5.22) 

÷m,Ñz = ℎ2m,’(1 − Ÿ) ∆ßÑz − ∆◊Ñz , (5.23) 

where, ÷m,ÉÑ and ÷m,Ñz is the water flow through the AQP4 perivascular and ECS interfaces 

respectively. The equations and parameters concerning channels in the model can be found in the 

supplementary material. The equations and parameters for all the channels can be found in Appendix 

5.E.  

5.2.4 CD59 kinetics 

 CD59 is a complement inhibitor that is naturally found on the surfaces of cells including 

astrocytes. Many pathologies are associated with a lack of expression of this protein e.g. hemolytic 

anaemia [296] and breast cancer [297]. Additionally, it is hypothesized by [18] that a down regulation 

of this protein at the astrocytic endfeet processes is the reason why these are targeted during NMO. 

The CD59 inhibits MAC formation by binding to C5b-8 and to C5b-9, stopping further C9 from 

attaching to the complex as presented in Figure 5.13. 
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Figure 5.13: The protein CD59 inhibits the formation of MAC by blocking the binding of the perforating C9 proteins. CD59 
is able to prevent the formation or during hole formation by binding to C5b-9 complex. Additionally, it can bin to C5b-8 and 
inhibits MAC formation alltogether.  
 

 The model of CD59 inhibition was developed here based on the work of Rollins et al. [165]. 

This work consists of in vivo experiments where the proteins C5b6, C7, C8 and C9 are introduced into 

a cell suspension. Then a range of CD59 concentrations are added and the level of lysis inflicted on 

the cells is measured using radiolabeling. 

 In order to simulate the kinetics of MAC formation from C5b6 to C5b6789, model equations 

are taken from [236]. The concentrations of the different proteins are taken from [236] (in Appendix 

5.F the concentrations of the different proteins and the data used are both given). Then to simulate the 

effect of CD59, following the models of complement inhibitors from [236], [238], two assumptions 

were made: 1. the reduction of lysis from [236] is taken to be linearly proportional to the reduction of 

MAC concentration; and 2. the bindings between CD59 and C5b678 and C5b6789 were defined using 

mass action kinetics as follows:  

^µ5678 + ^¶59
2K
←
→
2e

^µ5678_^¶59 
 

(5.24) 

5à^ + ^¶59
2a
←
→
2…

5à^_^¶59 
 

(5.25) 

 where, 2K,e,a,… were fitted to the data from [165] using the simplex method present in the SBML 

package [257] (more details can be found in Appendix 5.F). In Figure 5.14 the result of the fitting is 

presented. The smallest error found was approximately 10%.  
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Figure 5.14: The result from fitting the kinetics presented in Equation 5.24 and 5.25 to the data from [165]. 

5.2.5 Implementation 

  The cellular model was developed using the OpenCell platform v.0.7 developed by [67]. The 

model was also implemented in Matlab and solved using the CVODE package from Sundials [258]. 

The Campolongo-Morris method was implemented using the package provided by [260]. Finally, the 

CD59 model was fitted to data using the simplex method provided by SBML from [257].  

5.2.6 Summary of assumptions 

 As this is the first work that aims to use mathematical modelling to test these pathological 

hypotheses of NMO several assumptions were required. In this section, all of them are summarized in 

Table 5.1 to facilitate future research and improvements to this study. The assumptions presented are 

further explored and justified in Section 5.4. 

Table 5.1: List of assumptions made throughout the development of the model 
Section Assumptions 

5.2.2.1 Water flow • In order to ensure the net hydrostatic for each compartment 
is stable, the intracellular hydrostatic pressure was calculated. For the net osmotic 
pressure, it was assumed that there are impermeable intracellular anions à:  and 
its concentration was calculated to ensure that the osmotic pressure is stable 
across compartments.  

 
5.2.2.2 Ionic channels 
permeable to water 
   

• The water permeable channels 1!ê^^	and the glutamate transporter 
(1r?Ö) were implemented. 
• A further channel 1rst was created to ensure that the model is stable at 
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5.3 Results 

 Several experiments were made to test the hypothesis of the pathophysiology of NMO and to 

evaluate the therapeutic potential of CD59 to treat NMO. Before presenting the summary of results 

related to NMO, the process to revalidate the cytotoxic oedema model is presented in Section 5.3.1. 

Following the validation of the model the NMO pathology tests are organized as follows: in Section 

5.3.2 is the impact on glial volume due to AQP4; the simulations of cellular oedema due to 

complement lysis are presented in Section 5.3.3 and finally, the inhibitory effect of CD59 is presented 

in Section 5.3.4.   

5.3.1 Validating oedema model  

 The model by Orlowski et al. [15] was validated using in vivo data by Lundbaek et al. [298] 

and by Syková et al. [299] that have found that the ECS volume fraction falls between 0.1-0.04 30 

min after a severe ischaemic stroke. The simulation of ischemic stroke consisted in reducing cerebral 

blood flow (CBF) by 98%. It was found that 30 min after stroke is induced the volume fraction of the 

ECS is approximately 0.04. The result of the stroke validation can be seen in Figure 5.15 A. 

 
 

steady state.  

5.2.3.1 Antigen antibody 
binding 
 

• The number of AQP4 channels in an astrocytic membrane was 
estimated to be equal to 40,000 channels.  

5.2.3.2 MAC production  • Only the complement protein cascade model by [236] was taken into 
account, as it is the only one that comprises the full system from antibody-antigen 
binding to MAC production. 

 
5.2.3.3 Sensitivity analysis • The method implemented was the Campolongo-Morris screening 

method as it was the only one suited for ODE models with more than 5 ODE. 
 

5.2.3.4 2nd order 
approximation of the 
complement system 

•  The model has two inputs: the concentrations of AQP4-Ab and 
complement;  
• The concentration of AQP4-Ab was found to have a negligible effect on 
the production of MAC.  

 
5.2.3.5 Hole formation  
 

• The number of holes was made proportional to MAC concentration by 
considering that 14 moles of C9 are consumed per hole.   
• The ionic currents created are proportional to their ionic channels 
taking into consideration the ratio between their radii. 

 
5.2.4 CD59 kinetics • CD59 binds to both C5b678 and Cb56789. 

• The concentration of the complement proteins in [165]  were taken 
from [236]   .  
• The model was made to behave according to mass action kinetics. 



Chapter 5: The role of AQP4 in NMO 
 

Submitted for publication 160 

Additionally, it is shown in Figure 5.15 B that with the changes made to Cloutier et al. [200] 

introduced in Section 5.2.1 it is now possible to simulate cytotoxic oedema for 12 hours.  

 

Figure 5.15: Ischaemic stroke simulations using the combined water dynamics model in Section 5.2.1 and metabolism and 
cell swelling model in Section 5.2.2. A. presents ECS volume fraction after a simulation of cytotoxic oedema for 30 min 
following the experimental procedure described by [298] and [299]. B. serves to demonstrate that the model is able to 
simulate ischaemic stroke for the required 12 hours. 

5.3.2 AQP4 impairment  

 The distribution of AQP4 across the astrocytic membrane is not currently known across its two 

interfaces. In order to fully test the impact of AQP4 permeability impairment two experiments were 

made. The first consists of deactivation of the perivascular (Gà÷$É) and ECS (Gà÷$z) oriented AQP4 

in turn. In both cases, simulations were made where the percentage AQP4 (parameter	Ÿ in Eq. 5.23) 

oriented towards each interface is varied over a range. Each simulation was performed for 12 hours 

following the procedure [17]. Figure 5.16 presents the percentage of astrocytic volume change is 

presented for each distribution 12 hours after the AQP4 is deactivated.  
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Figure 5.16: A. Percentage of volume change due to deactivation of perisynaptic AQP4 for different percentages of 
perivascular AQP4; B. percentage of volume change at different deactivation of perivascular AQP4 
 

 Figure 5.16 shows that a decrease in AQP4 percentage at the perivascular orientation leads to 

an increase in volume. Alternatively, an increase in the percentage of AQP4 oriented towards the ECS 

resulted in an increase in volume change. From all the simulations, it was found that the larger 

increase in volume was found to occur when the distribution of AQP4 was when there is no 

perivascular AQP4 and there a larger than 60% AQP4 oriented towards the ECS.  

 The maximum volume change found is further confirmed by the second experiment where the 

total membrane permeability due to AQP4 is deactivated. This simulation is presented in Figure 5.17. 

The maximum amount of volume change registered here was approximately 1%. 

 

Figure 5.17: Simulations of the changes in astrocytic volume due to AQP4 impairment. 
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5.3.3 Simulating complement lysis 

 Saadoun et al. [17] found that only when both AQP4-Ab (16.8 T, solution) and human 

complement (11.2 T, solution) are injected to NMO lesions develop. To simulate this experiment 

AQP4-Ab and human complement were set as input to the model. Their respective initial 

concentrations at the injection site were calculated based on solution preparation details in [17] and 

the molar masses of AQP4-Ab (150 kDa) and human complement reported by [300]) and [236] 

respectively. From these assumptions, the initial concentration of AQP4-Ab was calculated to be 

8.82×10-5	E5/s. Calculated concentrations of protein cascade proteins can be found in Appendix 

5.F. 

 Model simulations span 12 hours to mimic the experimental work by [17] who analysed 

histological data of the brain of mice models sacrificed after this time from an injection. As shown in 

Figure 5.18, the model predicts that after approximately one and half hours the volume reaches a 

steady state at 20% above its initial value. A maximum increase in the volume of 26% occurs after 

about 50 min.  

 

 

Figure 5.18: A simulation of astrocytic volume fraction when complement lysis is induced and no CD59 is injected. 
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5.3.4 CD59 therapeutic potential 

 The potential of CD59 as an astrocyte swelling inhibitor was tested by varying the ECS CD59 

concentration and simulating the astrocyte volume change. Increasing the initial CD59 concentration 

resulted in a progressive increase of time after which the cell volume change plateau is reached (from 

30 min to 3 hours for an increase in CD59 concentration from 0 to 1.5 mM) and a reduction of its 

value (from a 20% to a 17% volume increase plateau for an increase in CD59 concentration from 0 to 

1.5 mM). Furthermore, the peak of the volume change is reduced (from an approximately 25% to a 

20% peak increase in astrocytic volume for a CD59 concentration of 0 mM and 1.5 mM respectively) 

as illustrated in Figure 5.19. The cell volume does not change within 12 hours of complement cascade 

onset for CD59 concentrations above 2.5 mM. 

 

Figure 5.19: A range of CD59 concentrations were injected and a threshold for astrocytic swelling was found: below 2.5 
mM the membrane astrocytic membrane depolarizes inevitably leading to 20% volume increase while above 2.5 mM 
astrocytic cytotoxic oedema is completely inhibited resulting in a negligible 0.1% volume increase.   
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5.3.5 Screening results  

	 The method described in Section 3.5 was implemented to evaluate the sensitivity of the model 

predictions to the fitted parameters. It was applied to the validation of the cytotoxic oedema 

predictions with ischaemic stroke data by varying parameters by ±5%. The in vivo experimental work 

used for validation [298], [299] found that the ECS volume fraction is between 0.04 and 0.1 after 30 

of ischaemic stroke. For each iteration of the C-M algorithm, stroke was simulated by reducing CBF 

by 98%. In this case, the EE was assumed to be the difference between the volume fraction of ECS 

after 30 min of stroke and the prediction with fitted parameters, as seen in Figure 5.15 A. From this 

analysis, it was found that the maximum change was of ±2.5 percentage points resulting in the ECS 

volume fraction being between 4.49×10-2 and 4.72×10-2. 

 Additionally, the method was applied to the predicted CD59 complement lysis inhibition 

potential identified, as seen in Figure 5.19. The parameters fitted when developing the metabolic 

model (Section 3.2) as well as the parameters fitted to create the CD59 inhibition model (Section 3.3) 

were varied by ±5%. For each iteration, it was evaluated if 2.5 mM of CD59 prevented lysis within 12 

hours of triggering the inflammatory complement cascade. The EE, at each iteration, is the difference 

between the volume fraction of astrocyte 12 hours after complement lysis is induced and the 

prediction presented in Figure 5.19. This analysis performed is summarised in Figure 5.20. 

 By analysing the results of the sensitivity analysis, it was possible to divide the parameters into 

two categories: those that with a change of 5% result in the depolarisation of the astrocytic membrane 

even with the injection of 2.5 mM of CD59 (Figure 5.20 A) and those that have a negligible impact on 

the threshold for CD59 inhibition of complement lysis (Figure 5.20 B).  
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Figure 5.20: Outcome of applying the C-M sensitive analysis method to CD59 inhibitory predictions to the model where 
parameters are varied by 5%. At each iteration of the C-M method, complement lysis was simulated for 12 hours when 2.5 
mM of CD59 are injected. The EE for was chosen to be the difference between the astrocytic volume fraction at 12 hours for 
each iteration parameter choice and the result presented in Figure 5.19. Two groups were found. A and B present the 
parameters that severely and negligible impact the model predictions respectively. 

5.4 Discussion 

 The model developed here was the first to capture cytotoxic oedema caused by complement 

lysis. As such, assumptions were required to overcome the limitations in the literature. In this section, 

those assumptions are explained and the experimental measurements require to test them are 

suggested. This section starts by commenting on the procedure and validation of the cytotoxic oedema 

model created in (section 5.4.1). The following sections can be clustered into the two NMO pathology 

theories tested. In section 5.4.2 the assumptions made to arrive at the results of AQP4 impairment on 

astrocytic volume are commented. Then sections 5.4.3, 5.4.4 and 5.5.5 all examine the complement 

lysis model created. More specifically these sections cover: the assumptions made when adapting for 

purpose the complement protein cascade model (5.4.3); the antibody-antigen binding model (5.4.4) 

and the results and limitations of the MAC formation and the resulting ionic currents. This analysis is 

preceded by an examination of the CD59 experiments performed. Finally, in section 5.4.7 the 

sensitivity analysis method used, its limitations and its assumptions are explained.   
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5.4.1 Revalidating the model 

 In the literature, there is a lack of data on the effects of pathologies on cellular metabolism. 

Recently, there have been studies on the effects of certain pathologies on neuronal metabolism, e.g. 

the work by Poliquin et al. [301] presents a single neuron metabolism model validated with 

measurements of lactate and ATP consumption in mice models of Parkinson’s disease. Similar to 

Poloquin et al. [301] the literature on the impacts of neuropathologies on metabolism focus on single 

neuron kinetics. In the work developed there is a need to consider the interactions between neurons, 

astrocytes and capillaries.  

 The literature on mathematical models of cellular metabolism that takes the interaction between 

those three components focuses on tissue kinetics during stimulation. The state of the art model found 

in the literature is the Cloutier et al. [200] model. Understandably, however, the model is not fit for 

pathological conditions. The models that focus on metabolism in a pathological environment take into 

account the full set of biochemical equations involved in the Krebs cycle. A decision was made that 

this limitation would be overcome without having to include all the Krebs cycle equations in the 

model as it would substantially increase the number of variables in the model and there is a lack of 

data to validate such a complex model. The middle ground found was to make changes to Cloutier et 

al. [200] and to revalidate it with the same neuronal stimulation data. It was found that the result 

would greatly improve if the steady state stability were ignored. It is proposed that in order to improve 

the validation of the model in different conditions further data in terms of metabolites are required, 

especially intracellular metabolite kinetics.  

 To this metabolism model, the Endresen et al. [206] model was added. An assumption was 

made that both species of cells have firstly the same intracellular ion concentration as well as 

membrane potential. As presented by other mathematical models such as Dronne et al. [65] and Østby 

et al. [64] such an assumption is contested. However, with such an assumption the work of Orlowski 

et al. [15] has shown that the model developed is able to validate cellular kinetics in pathological 

environments. Following Orlowski et al. [15] model the model developed was validated in an 

ischaemic stroke environment. As it can be seen in Figure 5.15 A, after 30 min of an induced stroke at 
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CBF reduction of 98% the model predicts that the ECS volume fraction falls between 0.04 and 0.1 of 

the total brain volume. Therefore, the model is in agreement with the data from [298], [299]. 

Additionally, the model reaches a steady state within this boundary, where the ECS volume stays at a 

level of approximately 0.05.  

 Additionally, this result was stress tested by again applying the C-M method. The parameters 

fitted for the developed metabolic model (Section 5.2.1) were varied by ±5%. It was found that for all 

simulations the ECS volume fraction after 30 min of full ischemia was between the boundaries 

experimentally measured. Therefore, ensuring confidence in the model predictions. 

 However, no model of cytotoxic oedema in the literature has validated metabolite kinetics. In 

order to improve the literature, a study is required to simultaneously track metabolites and cellular 

volume. It is here suggested that the metabolite measurements could be performed in vivo using CEST 

following the work of Kogan et al. [302]. Then following the work of Syková et al. [299] ion 

concentrations could be measured and ECS volume fraction estimated in vivo using ion selective 

microelectrodes.   

5.4.2 The impact of AQP4 impairment on astrocytic volume 

 The mechanisms of water regulation by the astrocyte have been of interest lately. Most research 

in this field focuses on trying to prove the hypothesis that water flow to the astrocyte is responsible 

for the 30% decrease in ECS volume during action potential stimulation [64], [82]. Currently, the 

NKCC, the glutamate transporter and AQP4 are the only channels identified as being permeable to 

water. Previous mathematical models have been successful at incorporating these channels into 

models of cellular ionic exchange regulation.  

 When AQP4 impairment is simulated, as captured in Figure 5.16 and Figure 5.17, it can be 

seen that decreasing the permeability of water has a little impact independent of what species of 

AQP4 is disabled. The maximum change of approximately 1.5% was found when it is assumed that 

there are only perisynaptic AQP4 channels. However, as the work by [81] has shown, there is a larger 

concentration of AQP4 located at the astrocytic endfoot processes. Therefore, by including all the 
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current understanding of astrocytic kinetics AQP4 impairment cannot be the main mechanism 

responsible for the astrocytic cytotoxic oedema reported by [17].  

5.4.3 Complement protein models 

 In the literature, there are only 3 models of the complement protein cascade. The work by 

Hirayama et al. [235] assumes that all mass exchange equations are linear which as discussed by 

[236], [238] is unsuitable to capture the complexity of this mechanism.    

 When considering the work by Liu et al. [238], the model was found to be incomplete for the 

needs of the work here presented. The model in [238] focuses on the impact of C4bp as an inhibitor of 

C3b formation, which as it was shown is a powerful chemokine. Consequently, it does not consider 

the reactions from C3b to the formation of MAC. In order to test the feasibility of implementing this 

model the missing equations were taken from [236] and added to the model by Liu et al. [238].  

However, as presented in the sensitivity analysis in Section 5.2.3.3 the equations prior to C3b 

formation have little impact on MAC formation. Therefore, the model by Liu et al. [238] was not 

considered further. 

 Taking all these points into consideration, the model by Korotaevskiy et al. [236] was chosen. 

However, there were certain concerns as some parameters were omitted in the paper [236]. To 

overcome this the missing parameters were related to the complement inhibitors C1est and S protein. 

These parameters were fitted to ensure that {qc»‡·
{b

 and {~
{b

 were equal to zero at time equal to zero. With 

these parameters, the model was found to still behave the same as described in Figure 4 in [236]. 

Furthermore, when looking at the Campolongo-Morris analysis of the model these two proteins have 

little impact on MAC formation. Therefore, the impact of the parameters fitted is negligible in terms 

of the needs of the model here presented.  

 Furthermore, complement cascade section of the model has its kinetics defined based on data 

gathered from exposure of bacteria to human complement. The astrocyte is a bigger cell for which 

kinetics might be different. A dedicated experiment following the procedure described in the work of 



Chapter 5: The role of AQP4 in NMO 
 

Submitted for publication 169 

[236] should be performed on astrocytes to make the complement cascade model more representative 

of the NMO scenario.  

5.4.4 AQP4 and AQP4-Ab binding 

 There are several models that capture the binding of antibodies to antigens. Therefore, average 

rates have been measured. The main assumption made in this work is that, as in [236], [238], there is 

a mass action relationship between antibody antigen binding and complement activation. As Liu et al. 

[238] have presented, besides the binding of C1 and antibody-antigen complex the classical 

complement pathway activation mechanism involves surface membrane proteins. However, the work 

by Green and Golberg [303] showed that cells treated with antibody and complement suffer swelling 

within 2 minutes. Since the simulations required run for 12 hours it is assumed that the inclusion of 

more complex complement activation mechanisms would have a negligible impact on the final results 

found.   

 Additionally, due to gaps in the literature, the number of AQP4 at the astrocytic membrane has 

yet to be estimated. Researchers have identified many characteristics of the AQP4 channels: the 

dimensions, permeability and location have been defined by Höfinger et al. [304]. However, the 

density of AQP4 on the membrane of astrocytes has yet to be measured. There has been research 

where the channels were stained with golden particles [305], which were used to estimate the number 

of AQP4 channels. A more accurate estimate of the number of AQP4 channels would be important to 

better predict cellular oedema due to lysis. However, as shown in Figure 5.10 A, considering the 

previous assumptions, the binding of antibodies to antigens can only affect the speed of MAC 

formation.  

5.4.5 Astrocytic oedema due to complement lysis  

 The work developed here has led to the first model of astrocyte swelling during NMO. The 

swelling is initiated by the injection of the NMO antibody and human complement into the ECS with 

respective concentrations replicating an experiment on a mouse model.  The simulation predicts that 
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the swelling occurs in one hour and leads to a volume increase of 25%. The concentration of the 

injected human complement is 60% [306] of that in the human plasma. Hence, the swelling process 

can potentially be faster depending on the mechanism of complement transport into the ECS during 

the condition. To appreciate the sensitivity of the evolution of the cell volume to a different initial 

complement concentration and to estimate the maximum rate of change of the cell volume during 

NMO, the model, with no CD59 added, was re-simulated with an ECS complement concentration 

equal to that of the plasma. i.e. a tentative estimate of the uppermost value that a cell can experience 

during an episode of NMO. The complement concentration change resulted in the plateau volume 

being reached 5 minutes earlier compared to the 60% dilution simulation. This result suggests that 

dynamic change of cell volume during NMO will not take less than 1 hour. Hence, any experiment 

planning to characterize these dynamics would have to be designed with a matching temporal 

resolution. 

 From simulating complement cytotoxic oedema, it was found that the astrocyte volume 

experiences an exponential swelling as seen in Fig. 5.16. This behaviour is in line with the 

exponential production of MAC occurring in the complement cascade, as explained in [236]. This 

behaviour is further confirmed by the experimental microscopy work by [307], who have shown that 

cellular conductance increases in steps of exponentially increasing magnitude every time a MAC hole 

is formed. Additionally, [307] fitted a model to the conductance curve measured where the membrane 

conductance (1) is defined as:  

1 G = 	 1%(!% + !)e, (5.26) 

where 1% is the initial conductance, !% = 1 and ! is the number of holes formed. However, this 

analysis did not take into account the changes in the membrane permeability to each ion as was done 

in the model developed here.  

 The slow change of volume at the beginning of the simulation can be attributed to the sodium 

potassium pump managing to counterbalance the additional ionic flux occurring through membrane 

holes. This hyperactivity leads to a rapid depletion of ATP reserves and an inability of the pump to 

restore ionic balance with increasing currents due to more holes being created. As complement 
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proteins are consumed the number of holes reaches a maximum of approximately 350 holes. This 

stabilizes the permeability of the membrane. Hence, after the exponential swelling, the astrocyte 

volume reaches a peak of 25% increase. However, the peak is then followed by a decrease of 5% and 

the volume of the astrocyte stabilizes. This behaviour can be explained by the swelling of the neuron 

responding to changes in the osmotic pressure of the ECS.  The evolution of the volume fraction 

occupied by each cell compartment is shown in Figure 5.20. 

  

 

Figure 5.20: Comparison between the behaviour of astrocytic and neuron volume in the presence of astrocytic complement 
lysis. 
  

 The dynamic change of volume in both stroke and NMO simulations is rapid and occurs within 

a few hours. To improve validation, the model should be compared to data with multiple samples 

taken during that timeframe. Unfortunately, available data with such resolution are limited. To 

improve validation a study could simultaneously track metabolites and cellular volume during 

ischaemia and NMO. Examples of existing tools for these measurements include the use of CEST as 

in the work of [302] or ion selective electrodes as in the work of [299]. 

 Such new data could challenge some of the assumptions of the current model. For example, it 

may lead to changes being required in its metabolic section. A new model capturing neuronal 

metabolic function in the presence of Parkinson’s disease by [301] found that implementing kinetics 
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of the full Krebs cycle was indispensable in order to achieve a satisfactory fit to data. A similar 

refinement may be needed here. 

 Finally, the permeability of holes to water and ions has been defined in the model to be 

proportional to the permeability of AQP4 channels and that of ion channels respectively with a 

scaling factor defined as the ratio of the cross-section area of the hole to that of the respective 

channel. An experiment is needed to define these permeabilities. [303] presented experimental work 

on complement effects on mammalian erythrocytes. It reported that within 5 minutes after 

complement activation with a large concentration of complement, 90% of erythrocyte intracellular 

potassium egressed while extracellular sodium and water entered the cytoplasm. It is here proposed 

that a similar experimental procedure should be implemented in order to measure ionic fluxes during 

astrocytic complement lysis.  

5.4.6 CD59 kinetics 

 The data available to create this model were limited because, as shown by [165], the inhibition 

of MAC formation by CD59 is species dependent. In the literature, only one study was found that 

performs measurements on humans [165]. However, the concentration of all the proteins is not clearly 

stated, which is required to reproduce their experimental procedure, in particular, the concentration of 

C8 and C9. As these concentrations were taken from human plasma it was assumed here that they 

were similar to the ones in, which also extracted complement proteins from human plasma.  

 In order to further improve this work a more detailed analysis of CD59 mechanisms is required. 

The experimental procedure presented by [165] is efficient at measuring the inhibition of MAC by 

CD59. However, this study aimed to quantify the efficacy of CD59 inhibition of MAC for different 

species. Therefore, in order to be able to further test the therapeutic potential of CD59 for NMO, a 

similar study is here suggested where it would aim to at measure the CD59 mechanism using 

astrocytes.  

 With the present assumptions, the simulation of the injection of the CD59 MAC production 

inhibitor with AQP4-Ab and human complement shows that there is a CD59 concentration threshold 

of 2.5 mM beyond which swelling can be completely prevented. This level of inhibition allows for 
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only 30 holes to be created. As in this case, the permeability of the cell is about 10 times lower than in 

the case where no CD59 is injected, the sodium potassium pump is able to maintain ionic balance for 

at least 12 hours and no volume increase is observed. Furthermore, this conclusion is in line with the 

theory by [18] that NMO targets the astrocytic endfoot processes due to a smaller concentration of 

CD59 in that area. 	

 When the initial CD59 concentration is below the 2.5 mM threshold it inhibits the number of 

holes formed in the membrane compared to the no CD59 case. However, it cannot stop the sodium-

potassium pump failure. The astrocyte volume peak is reduced as fewer holes formed means that the 

added membrane permeability is lower than in the no CD59 case. For the same reason, the steady cell 

volume is also lower. These differences can be observed in Figure 5.19.  

	 Furthermore, sensitivity analysis showed that the CD59 concentration threshold for 

complement lysis inhibition is sensitive to certain parameters such as 2G8M and	vEnèÑz,Çâq  from the 

metabolic model have a determinant impact on the predictions of the model. These parameters define 

the production of ATP by the cell. Therefore, slight changes might result in the inability of the sodium 

potassium pump to maintain osmotic equilibrium when there is a slight increase in astrocytic 

membrane permeability due to lytic holes. Consequently, the membrane of the astrocyte depolarises 

and cell swells. Therefore, measuring the parameters and kinetics of cellular metabolism is crucial to 

evaluate oedema in this and other pathological contexts. The importance of these parameters is further 

confirmed by the sensitivity analysis performed on the adapted metabolic model, as presented in 

Appendix A. 

 Additionally, the parameters fitted for the CD59 inhibition model (Section 5.2.4) were found to 

result in maximum µ* of ±1% when varied by ±5%. The astrocytic membrane within this range of 

parameter values did not depolarise. Therefore, the bi-phasic nature (polarized vs depolarized) of the 

results demonstrate that the predictive nature of the model relies on ensuring that the model is able to 

simulate a biologically relevant amount cellular ATP.  
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5.4.7 Reducing the model 

 As described in the work by [260] there are many procedures to discover redundant variables 

and therefore to reduce the size and computational time of a mathematical model. However, due to the 

size of the model (approximately 13 ODE’s) many common procedures, e.g. non-dimensionalization, 

become obsolete.  

 From the tools available the one initially chosen was the process of screening the model 

presented by Campolongo and Braddock [294]. This method, as shown in Figure 5.6, provided a 

metric to identify the variables that had the least impact on MAC formation. However, it only 

presented the relative impact of variable compared to all the others. Therefore, it required further trial 

and error to see which ones, in fact, could be removed. From this analysis, it was only possible to 

reduce 4 variables down to constants. Additionally, this method is dependent on the range of values 

considered, as described by [260]. Therefore, a better understanding of how complement varies in 

human plasma could render better simplifications of the model.  

 In an attempt to overcome the limitations of the reduction tools provided, a brute force method 

was used where a second order model was simply fitted to the complement protein cascade. The 

results presented in Section 5.2.3.4 show that such a simplification is successful within the range 

considered, also when considering the duration of the simulations. However, when testing therapies 

for NMO the 2nd order model becomes limited. 

 With this analysis, it is shown that the current tools available to simplify models are still ill-

equipped to handle very large models. Additionally, although mathematical modelling is able to 

capture a larger number of mechanisms, an effort needs to be made to ensure that those irrelevant 

variables are not carried through, making large models impractical to handle.  

5.5 Summary of findings 

 The current model of astrocyte swelling during NMO showed good qualitative agreement with 

existing data measuring water transport during complement lysis. The model was also in agreement 
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with an experimental study showing that AQP4 impairment is not the primary cause of swelling 

during NMO. Furthermore, the metabolic and water transport sections of the model showed 

robustness to tests with available data characterizing swelling during ischaemia.  

 The model was used to test the inhibitory effect of CD59 on NMO induced astrocytic oedema. 

Simulations predicted that, to be effective, CD59 needs to be injected with a concentration beyond a 

potential threshold. Thus, the model shows potential for use in further predictive in silico studies 

applied to NMO. The complement cascade and complement lysis are pathological mechanisms 

generic to many brain conditions including ischaemia [308] neurodegenerative diseases such as 

Alzheimer’s [46] and multiple sclerosis [309].  Hence, this fundamental model can be repurposed for 

similar in silico studies in these new contexts. 

Appendix 5.A: New metabolic parameter values 

 All the values found for the parameters when refitting the Cloutier et al. [200] model are 

presented in Table A.1.  

Table 5.A.1: Refitting the parameters from Cloutier et al. model [200] with the new Krebs cycle 5uation. 
Parameter Value Units Description 

êEzC,ÅÇq  9.4722 mM Affinity constant for GLC uptake by the neuron from the 
ECS 

vEzC,ÅÇq   0.90332 mM/s Maximum uptake rate of GLC in astrocytes 
v@AB,C,mM  0.099625 mM/s Maximum reaction for HK in the neuron 
v‚„‰Â,Ê,ÁËÈ  0.47657 mM/s Maximum forward reaction rate for PGI in neurons 
 v@ABy,C,8Ñ&  0.44408 mM/s Maximum reverse reaction rate for PGI in neurons 
 2C,ÁÂÍ  0.71693 mM-1s-1 Reaction rate constant for PFK in the neuron 
 2C,8ÑM  0.45454 mM-1s-1 Reaction rate constant for PGK in the neuron 
 2Ê,ÁÍ  30.486 mM-1s-1 Reaction rate constant for PK in the neuron 
 2ÂÊ,ÎÏÌ  0.00063581 mM-1s-1 Forward reaction rate constant for LDH in the neuron 
 2ÓÊ,ÎÏÌ  5.2952x10-5 mM-1s-1 Reverse reaction rate constant for LDH in the neuron 
 v‚„‰,Ê,‚ÈÔ  0.0421 mM/s Maximum reaction rate for the mitochondrial response for 

the neuron  
 êEÒÚÛÙ  0.011621 mM Affinity constant of mitochondria for NADH 
 êEÒÚÛ  0.021631 mM Affinity constant of mitochondria for NAD 
 v@AB,Cz,Çâq   0.29499 mM/s Maximum reaction rate for LAC exchange between ECS and 

neurons 
 êEÊı,ˆÚ˜  2.26x10-5 mM Affinity constant for LAC exchange between ECS and 

neurons 
 v‚„‰,Ê,Ú¯˘„˙ı  0.047727 mM/s Maximum rate of ATP consumption for cellular processes in 

the neuron 
 2ÓÊ,˚Í  0.023917 mM-1s-1 Reverse reaction rate constant for CK in the neuron 
 2ÂÊ,˚Í  0.077236 mM-1s-1 Forward reaction rate constant for CK in the neuron 
 Gℎ6e  1.3652 dimensionless O2 reaction order constant 
 PSca.C  0.19173 s-1 O2 mass transfer constant between capillary and neurons 
 ê‚,ıË,¸ˆ˜  3.5745 mM Affinity constant for GLC exchange between ECS and 

astrocytes 
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 v‚,ıË,¸ˆ˜  0.038856 mM/s Maximum rate of ATP consumption for cellular processes in 
the neuron 

 ê‚,˚Ë,¸ˆ˜  16.959 mM Affinity constant for GLC exchange between capillary and 
astrocytes 

 v‚,˚Ë,¸ˆ˜  0.0072884 mM/s Maximum rate of GLC exchange between capillaries and 
astrocytes 

 v‚„‰,Ë,ÌÍ  0.085572 mM/s Maximum reaction rate for HK in the astrocyte 
 v‚„‰Â,Ë,ÁËÈ  0.49349 mM/s Forward reaction rate for PGI in the neuron 
 v‚„‰Ó,Ë,ÁËÈ  0.46734 mM/s Reverse reaction rate for PGI in the neuron 
 2Ë,ÁÂÍ  0.34282 mM-1s-1 Reaction rate constant for PFK in the astrocyte 
 2Ë,ÁËÍ  0.19204 mM-1s-1 Reaction rate constant for PGK in the astrocyte 
 2Ë,ÁÍ  2.1073 mM-1s-1 Reaction rate constant for PK in the astrocyte 
 2Â,Ë,ÎÏÌ  10.447 mM-1s-1 Forward rate constant for LDH in the astrocyte 
 2Ó,Ë,ÎÏÌ  0.96618 mM-1s-1 Reverse rate constant for LDH in the astrocyte 
 v‚„‰,Ë,‚ÈÔ  0.0092873 mM/s Forward rate constant for LDH in the astrocyte 
 v‚„‰,Ëı,ˆÚ˜  0.023223 mM/s Maximum reaction rate for the mitochondrial response for 

the astrocyte 
 ê‚,Ëı,ˆÚ˜  0.37539 mM Reaction rate constant for LAC exchange between astrocytes 

and ECS 
 v‚„‰,Ë˚,ˆÚ˜  0.00012605 mM/s Maximum rate for LAC exchange between astrocytes and 

capillary 
 ê‚,Ë˚,ˆÚ˜  0.16258 mM Reaction constant for LAC exchange between astrocytes and 

capillary 
 v‚„‰,Ë,Ú¯˘„˙ı  0.02335 mM/s Maximum rate of ATP consumption for cellular processes in 

the astrocyte 
 2Ó,Ë,˚Í  0.038754 mM-1s-1 Reverse reaction rate constant for CK in the astrocyte 
 2Â,Ë,˚Í  0.047902 mM-1s-1 Forward reaction rate constant for CK in the astrocyte 
 $¥ãn.Ñ  0.13413 s-1 O2 mass transfer constant between capillary and astrocytes 
 ê@,˚ı,¸ˆ˜  6.8233 mM Reaction constant for GLC exchange between the capillary 

and the ECS 
 v‚,˚ı,¸ˆ˜   0.046212 mM/s Reaction rate for GLC exchange between the capillary and 

the ECS 
 ê‚,ı˚,ˆÚ˜   0.03698 mM Reaction constant for LAC exchange between the capillary 

and the ECS 
 v‚,ı˚,ˆÚ˜  1.0652 mM/s Reaction rate for LAC exchange between the capillary and 

the ECS 
 v‚„‰,Ë,Ë˙  0.0038215 mM/s Maximum exchange rate for GLU exchange between the 

neuron and astrocyte 
 v‚„‰,ıË,¸ˆ˝  0.01081 mM/s Maximum rate for GLU exchange between the ECS and the 

astrocyte 
 v‚„‰,Ë˛˙  5.6488x10-5 mM/s Maximum rate for GLY synthase at the astrocyte 
 êEË˛˙  0.49488 mM Rate constant for GLY synthase at the astrocyte 
 v‚„‰,ËÎ˛Á  2.5664x10-5 mM/s Maximum rate for GLY phosphorylase at the astrocyte 
 êE¸ˆˇ  0.00045247 mM Rate for GLY phosphorylase at the astrocyte 
 êE˘ˇ!  0.036199 mM Affinity constant of mitochondria for PYR 
 êEÚ¯˘  0.010436 mM Affinity constant of mitochondria for ATP 
 ê1Ú¯˘  0.78806 mM Affinity constant of PFK for ATP 
 êEÚÛ˘  8.4212x10-6 mM Affinity constant of ADP 
 êE"e  0.00014805 mM Affinity constant of O2 

 êE¸ˆ˜  0.11182 mM Affinity constant of GLC 
 êE¸ˆ˝  0.072481 mM Affinity constant of GLC 
 êE¸¢˘  0.53149 mM Affinity constant of G6P 
 êE#¢˘,ÁËÈ  0.072171 mM Affinity constant of PGI for F6P 
 êE#¢˘,ÁÂÍ  0.20247 mM Affinity constant of PGI for PFK 
 êEÁ$‚Á  0.32452 mM Affinity constant of ATP for NaK-pump 
 Ko2  0.048077 mM O2 transport constant 
 qak  0.42136 dimensionless Equilibrium constant for AK 
 nH  3.4637 dimensionless Hill coefficient for ATP inhibition 
 êEÌÍ,Ú¯˘  5.9857x10-5 mM Affinity constant of HK for ATP  
 êEÁÂÍ,Ú¯˘  0.0048526 mM Affinity constant of PFK for ATP 
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 This solution was stress tested by applying the Campolongo-Morris method [294] as described 

in Section 3.5 in the manuscript. The test aims at evaluating how sensitive the fitting of the model is 

to individual changes to parameters. For this test, each parameter was varied by ±5% of the fitted 

value. The elementary-effect (EE) for each iteration was calculated to be the difference in RMS error 

between every simulation and the solution of the fit presented in Figure 5.3. Table 5.A.2 presents the  

%∗ ± & of the 10 most and least impactful parameters to the result. 

 This analysis demonstrated that changing the parameters by 5% led to an increase in error by 

10-1 to 104%. This demonstrates that this model and the models of the family of Cloutier et al. [200] 

are dependent in the parameter choices. Therefore, identifying biological relevant ranges for these 

parameters would be crucial to ensure the reliability and predictability of the models.  

 
Table 5.A.2: Results of applying the C-M method to the model after the changes to Cloutier et al. [200] after changes were 
made. 

 C-M Output [%]  C-M Output [%] 

Parameters %∗  &  Parameters %∗  &  

KmATP 0.16978 0.12068 KmG6P 296.14 118.02 

Kmgc,LAC 0.17347 0.084518 Kmce,GLC 300.39 119.95 

Vmaxne,LAC 0.19708 0.094874 Vmaxrg,pgi 317.2 115.32 

KmADP 0.34005 0.13037 knpfk 335.82 98.966 

KmGLY 0.35788 0.18736 Vmaxg,mito 408.64 156.03 

krnldh 0.38015 0.14628 Vmce,GLC 411.09 107.94 

Vmaxgc,LAC 0.38367 0.18414 Vmaxrn,pgi 481.68 205.4 

Kmpfk,ATP 0.47836 0.21098 Vmaxfn,pgi 684.22 265.09 

knpk 0.56531 0.2563 nH 1841.3 460.98 

Kmhk,ATP 0.57865 0.26216 KiATP 2132.4 566.93 

 

Appendix 5.B: Fitting water co-transporters to the ionic model 

 Adding the new channels to the ionic model in Orlowski et al. [15] resulted in the following 

kinetics:  

O[!n]Ñ
O* =

−1!nÑ − 1!nêÑ − 1!n^nÑ + 1!ê^^ − 3×1r?Ö1Ñ
v×Y − ŸÑ. [!n]Ñ 

(5.B.1) 

O[!n]C
O* =

−1!nC − 1!nêC − 1!n^nC − 3×1r?Ö1C
v×Y − ŸC. [!n]C 

(5.B.2) 
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O[ê]Ñ
O* =

1êÑ + 1!nêÑ + 1!ê^^ + 1r?Ö1Ñ
v×Y − ŸÑ. [ê]Ñ 

(5.B.3) 

O[ê]C
O* =

1êC + 1!nêC + 1r?Ö1C
v×Y − ŸC. [ê]C 

(5.B.4) 

O[^n]Ñ
O* =

1^nÑ + 1!n^nÑ
v×Y − ŸÑ. [^n]Ñ 

(5.B.5) 

O[^n]C
O* =

1^nC + 1!n^nC
v×Y − ŸC. [^n]C 

(5.B.6) 

O[^,]Ñ
O* =

1^,Ñ − 2×1!ê^^
v×Y − ŸÑ. [^,]Ñ 

(5.B.7) 

O[^,]C
O* =

1^,C
v×Y − ŸC. [^,]C 

(5.B.8) 

O[rst]Ñ
O* =

−1rstÑ + 1r?Ö1Ñ
v×Y − ŸÑ. [rst]Ñ 

(5.B.9) 

O[rst]C
O* =

−1rstC + 1r?Ö1C
v×Y − ŸC. [rst]C 

(5.B.10) 

where the currents 1!nÉ, 1êÉ, 1^,É, 1^nÉ are the currents through the ion specific channels for sodium, 

potassium, chloride and calcium respectively; 1!nêÉ stands for the sodium potassium pump; 1!n^nÉ 

is the sodium-calcium co-transporter and ŸÑ and ŸC are the rate of change to the concentration of the 

ion due to volume change.  

 Before refitting the model, further alterations to the Orlowski et al. [15] model were required 

due to the implementation of glutamate Nernst potential. This is because the potential depends on the 

quotient between the intra and extra cellular glutamate concentrations. Orlowski et al. [15] assumes 

that both the astrocyte and the ECS have no glutamate at steady state, which would result on 

indeterminate Nernst potential. To overcome this limitation of the model the concentrations of 

glutamate for the astrocyte and ECS were replaced with the concentrations in Dronne et al. [65].  

 These new concentrations of glutamate alter the osmotic pressure in these compartments. 

Therefore the model required recalibration. The steps presented in Section 2.1 in the work by 

Orlowski et al.  [15] were followed:  

1. The concentration of chloride at the ECS is calculated to ensure the compartment is 

electrically neutral which means:  
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!nd z + êd
z + 2× ^ned z − [ß^äa:]z − [^,:]z − [rst:]z = 0 (5.B.11) 

2. The intracellular concentration of chloride is calculated to make the Nernst potential 

equal to -70 mV.  

3. Then it is assumed that there are impermeable anions (à&) inside the cell that ensure 

that the net osmotic pressure across the membrane is zero: 

( !nd & + êd
& + ^ned & + [ß^äa:]& + [^,:]& + [rst:]& + [à:]&) − ( !nd z + êd

z

+ ^ned z + [ß^äa:]z + [^,:]z + [rst:]z) = 0 

(5.B.12) 

4. Finally, the à& charge ( â;) is calculated to ensure the intra-cellular space is neutrally 

charged; which means:  

!nd & + êd
& + 2× ^ned & − [ß^äa:]& − [^,:]& − [rst:]& −  â;[à

:]& = 0 (5.B.13) 

 In the following Table 5.B.1 all the initial conditions found in the literature and the ones 

calculated are presented. 

Table 5.B.1:  Initial conditions and parameters for the ionic model. 
Parameter Value Units Reference 
!nd C,Ñ 19 mM [15] 

!nd z 140 mM [15] 
êd C,Ñ 5 mM [15] 

êd z 130 mM [15] 
^ned C,Ñ 0.0006 mM [15] 

^ned z 2.0023 mM [15] 
^,: C,Ñ 9.0360 mM Calculated 

^,: z 124.0036 mM Calculated 
ß^äa: C,Ñ 15.77 mM [14] 

ß^äa: z 25 mM [14] 

rst: C,Ñ 3 mM [65] 

rst: z 0.001 mM [65] 

	 à: C,Ñ 119.2003 mM Calculated 

		 â©  1.0168 dimensionless Calculated 
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 With these new ionic concentrations the permeability of the channels in Orlowski et al. [15] 

model and the new channels are fitted to ensure the ionic currents are stable at steady state. The 

resulting permeabilities can be seen in Table 5.B.2.  

Appendix 5.C: Parameters and kinetics of the new volume model 

Table 5.B.2: Fitted ionic channel permeabilities. 
Parameter Value Units Description 
2êC 168140 pA Permeability of the of the neuronal potassium channel.  
2!nC 29104.3 pA Permeability of the sodium channel at the neuron. 
2^nC 810.679 pA Calcium channel permeability at the neuron. 
2^,C 2532.07 pA Chloride channel permeability at the neuron. 
2!nêC 41.1898 pA Sodium potassium pump permeability for the neuron. 
2!n^nC 49.3498 pA Sodium calcium co-transporter neuronal permeability  
2r?Ö1C 0.0475551 pS/µm2 Neuronal glutamate transporter permeability. 
2rstC 0.0336054 pS/µm2 Glutamate channels permeability at the neuron. 
2!nÑ 164871 pA The glial sodium channel permeability 
2êÑ 164871 pA Potassium channel permeability at the astrocyte. 
2^nÑ 819.409 pA Glial calcium channel permeability. 
2^,Ñ 2319.28 pA Permeability of the glial chloride channel. 
2!nêÑ 39.9515 pA Glial sodium and potassium pump permeability 
2!n^nÑ 50.0884 pA Calcium and sodium glial co-transporter permeability 
2!ê^ Ñ̂ 0.0167471 pS/µm2 Sodium-potassium and chloride glial permeability 
2r?Ö1Ñ 0.0464557   pS/µm2 Glial glutamate transporter permeability 
2rstÑ 0.0328149 pS/µm2 Glutamate glial channel permeability 

Table 5.C.1: Initial conditions and parameters of the compartmental volume kinetics. 
 Value Units Description Reference 
Initial conditions 

vÑ 0.25 dimensionless Volume fraction of astrocyte [15] 
vC 0.45 dimensionless Volume fraction of the neuron [15] 
v∂q~ 0.20 dimensionless Volume fraction of the ECS [15] 

Parameters and  
Constants 

ßÑ 12.3930 kPa Net intra-glial hydrostatic pressure  calculated 
ßC -4.99 kPa Net intra-neuronal hydrostatic pressure [292] 
ß∂q~ -5 kPa Net Hydrostatic pressure at the ECS [292] 
ßÉ 15 kPa Capillary net hydrostatic pressure [292] 
◊É 762.9104 kPa Net osmotic pressure at the capillary calculated 
v« -2.88 /s Rate of fluid extraction from the ECS 

by the ventricles 
calculated 

2%	 7×10-5 m/s Astrocytic membrane permeability not 
due to AQP4 

[291] 

2A'8 4.3×10-4 m/s Astrocytic membrane permeability due 
to AQP4 

[291] 

2C 3×10-4 m/s Neuronal membrane permeability [310]  
2É 3.2×10-15 m3/(kPa.s) Capillary rate of plasma filtration  [311]  
5 1.807×10-7 L/mmole Water molar volume at 310.15 K [290] 
v 25,000  µm3 Total volume of space considered [65] 
¥Ñ 2,092.41 µm2 Astrocytic surface area [65] 
¥C 2,244.66 µm2 Neuronal surface area [65] 
Y 96,485.309 C/mole Faraday constant [15] 
Ö 8,309.97904 mVC/(molK) Gas constant [15] 
? 310.15 K Temperature [15] 
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 Adding all the components described in Section 5.2.2 the astrocytic, neuronal and ECS volume 

kinetics can be summarized in Equation 5.C.1, 5.C.2 and 5.C.3 respectively: 

OvÑ
O* = 5

1!ê^^ + 1r?Ö1Ñ
v×Y + 5v’ +

¥Ñ5
Ö?v 2% + G2A'8 ∆ßÉÑ − ∆◊ÉÑ − 2% + 100 − G 2A'8 ∆ßÑz − ∆◊Ñz  (5.C.1) 

OvC
O* = 5

1r?Ö1C
v×Y + 5v’ +

¥C5
Ö?v 2C ∆ßCz − ∆◊Cz  (5.C.2) 

Ovz
O* = −

OvC
O* − 5

1!ê^^ + 1r?Ö1Ñ
v×Y − 5v’ +

¥Ñ5
Ö?v 2% + 100 − G 2A'8 ∆ßÑz − ∆◊Ñz + 2É ∆ßÉz − ∆◊Éz − vÑk&  (5.C.3) 

The volume of the capillary is assumed to stay constant throughout the simulations. 

The list of initial conditions and constants can be found in Table 5.C.1.  

Appendix 5.D: The full 2nd order approximation model 

 The analysis in Section 5.2.3.2.2 presented a second order model as:  

n ^ . áflfl + µ ^ . áfl + ã ^ . á = E ^ , (5.D.1) 

where, C is the complement concentration in mM.  

 After each curve in Figure 5.8 was fitted, the relationship between each parameter and 

complement concentration were derived. Using the software Eureqa an equation was fitted to each 

curve. From the equations proposed by Eureqa one was chosen taking into consideration the best fit 

with least number of terms. The equations chosen were as follows: 

 n(^) 	= 	9.949×10… 	+ 	3.65×10Œ^ − 	8.597×10… ^  (5.D.2) 

 µ(^) 	= 	163.2	 + 	52.5^ + 	621.7 ^ 	+ 	33.64 q
q

  (5.D.3) 

ã(^) 	= 	1.002	 + 	0.004522^	 + 	1.423×10:Œq

+ 	0.0001617^a	– 	5.632×10:…^e 

(5.D.4) 

E(^) = 	0.01632^	 − 	0.0001132 (5.D.5) 

 The results of the fit can be seen in Figure 5.D.1.  
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Fig 5.D.1: Comparing the resulting equations derived by Eureqa to the second order ode model parameters fitted. 

Appendix 5.E: Ion movement through lytic holes 

 In order to calculate the permeability 2& of the hole to each ion, two constants need to be 

calculated. Firstly, there is the average number of channels G of a particular in a cellular membrane 

with surface area of 2,092.41 µm2:  

Table 5.E.1: Cellular membrane channel density. 
Ions Density [/um2] Reference G& 
Na+ 5 [312] 10,462 
Ca2+ 0.5 [313] 1,046.2 
K+ 5000 [314] 10,462,000 
Cl- 62 [315] 129,729 

 

 Secondly the ratio of diameter R between the channels (RÉ) and the holes (Rm = 8	GE) using the 

Poiseuille’s equation: 

Table 5.E.2: Ionic channel radii. 
Ions Diameter RÉ [A] Reference R& 
Na+ 120 [316] 1.235×10-2 

Ca2+ 6.2 [317] 1.732×103 
K+ 12 [318] 1.23×102 
Cl- 5 [319] 4.096×103 
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 Then the permeability of each ion channel from [15]	(2%&) can be adapted to take into 

consideration the parameters G& and R& as:  

2& = R&.
	2%&
G&

 
(5.E.1) 

 Then the ionic channel equations presented in [14] are adapted to include the formation of holes 

and the individual 2&.  

Table 5.E.3: Kinetics of the ionic currents through the lytic holes. 

Ions Equation  

Na+ 1!n	 = 		ß. 2�A. w1Gℎ
u	– 	u!n
2	. v* 	  (5.E.2) 

Ca2+ 1^n = 	ß. 2ÉA	. w1Gℎ
u	 − 	u^n

v*  (5.E.3) 

K+ 1ê = 	ß. 2M	. w1Gℎ
u − 	uê
2. v*  (5.E.4) 

Cl- 1^,	 = ß. 2Ék. w1Gℎ
u	 + 	u^,

v*  
(5.E.5) 

 

where u is the membrane potential; u^,, uê, u!n and u^n are the Nernst potentials of chloride, 

potassium, sodium and calcium respectively and v* = Æ=
§

, where R is the gas constant, T is 

temperature and F is the Faraday constant.  

Appendix 5.F: Model created to fit the CD59 data. 

 In order to create the CD59 inhibition model the experimental procedure from [17] was 

mimicked. The aim of the work was to quantify the sensitivity of complement from different species 

to CD59. The procedure consists of injecting human complement into a culture of chicken 

erythrocytes. The proteins injected are C7, C8, C9 and protein complex C5b6. The work by [44] only 

mentions the mass of C7, C8 and C5b6. These need to be converted to mM by considering the molar 

mass values of the proteins [236] and the volume presented in [165] of 1 mL. These conversions are 

shown in the table below. In the case of the proteins C8 and C9 they were taken from [236]. 

Table 5.F.1: Complement proteins concentration. 
Protein Mass [g] Molar mass [Da] Moles Concentration [mM] Reference 
 C5b6 2.70×10-7 3.28×105 1.04×1010 1.04×10-4 [165] 

 C7 1.50×10-8 1.10×105 3.64×1011 3.64×10-5 [165] 
 C8  1.52×105  3.6×10-4 [236] 
C9  6.90×104  9×10-4 [236] 



Chapter 5: The role of AQP4 in NMO 
 

Submitted for publication 184 

 Then different concentrations of CD59 are injected into the medium where again the mass in g 

is presented and it has to be converted to concentration in mM. The molar mass was found to be 

2×104 Da, also taken from [165].  

Table 5.F.2: Calculation of CD59 concentration  
Mass [g] Moles Concentration [mM] 

5.00×10-08 2.50×10-12  2.50×10-6 
 1.00×10-07  5.00×10-12   5.00×10-6 
 1.50×10-07  7.50×10-12   7.50×10-6 
 2.50×10-07  1.25×10-11   1.25×10-5 
 5.00×10-07  2.50×10-11   2.50×10-5 
 1.00×10-06  5.00×10-11   5.00×10-5 

 

 The inhibition of MAC formation is measured by [165] by considering the % of lysis inhibited 

when compared to complement lysis when there is no CD59 present. The results in humans were 

extracted from Figure 5.1 from [165]. 

Table 5.F.3: Data taken from [165] of lysis inhibition by increasing concentrations of CD59. 
CD59  [ug] 0 0.03 0.065 0.25 0.36 0.55 1 

 % Lysis  100 40 25 15 5 3 1 
Then a mathematical model based on the work of [236] was created.  

O ^7
O * = 	−êK. ^5µ6. ^7	 + 	êe. ^5µ67 

(5.F.1) 

 
O ^8
O * 	= 	−êa	. ^5µ67. ^8	 + ê…. ^5µ678 

 
(5.F.2) 

 
O ^9
O * 	= 	−êŒ. ^5µ678. ^9	 + 	ê¢. ^5µ6789 

 
 (5.F.3) 

 
O ^5µ6
O * 	= 	êe. ^5µ67	 − 	êK. ^5µ6. ^7 

 
 (5.F.4) 

 
O ^5µ67
O * = 	êK. ^5µ6. ^7	–	êe. ^5µ67	 − 	êa. ^5µ67. ^8	 + ê…. ^5µ678 

 
 

(5.F.5) 
 
O ^5µ678

O * 	= 	êa. ^5µ67. ^8	 − ê…. ^5µ678	 − 	êŒ. ^5µ678. ^9	 + 	ê¢. ^5µ6789	

− 	êπ. ^¶59	. ^5µ678	 + 	êÕ. ^¶59^µ8	 

 
 

(5.F.6) 

 
O ^5µ6789

O * = 	êŒ. ^5µ678. ^9	 − 	ê¢. ^5µ6789	 − 	ê(. ^¶59. ^5µ6789	

+ 	êK%. ^¶595à^ 

 
 

(5.F.7) 

O ^¶59
O * = 	−êπ. ^¶59. ^5µ678	 + êÕ. ^¶59^µ8 −	ê(. ^¶59. ^5µ6789	

+ 	êK%. ^¶595à^	 

 
 (5.F.8) 
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O ^¶59^µ8
O * = 	êπ. ^¶59. ^5µ678		 − 	êÕ. ^¶59^µ8	; 

 (5.F.9) 

 
O ^¶595à^

O * 	= 	ê(. ^¶59. ^5µ6789	 − êK%. ^¶595à^; 

 
 

(5.F.10) 
 

The parameters values are as follows: 

Table 5.F.4: Kinetics of the model created to fit to CD59 inhibition data. 

Parameter Value Units Reference Parameter Value Units Reference 
êK 733.3 mM-1s-1 [236] ê¢ 0 s-1 [236] 
êe 0 s-1 [236] êπ 0.0157 s-1 Fitted 
êa 1100 mM-1s-1 [236] êÕ 0.0019 mM-1s-1 Fitted 
ê… 0 s-1 [236] ê( 0.0437 s-1 Fitted 
êŒ 2833.3 mM-1s-1 [236] êK% 0.1501 mM-1s-1 Fitted 
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Chapter 6  

A model for the optimization of anti-inflammatory 

treatment with Chemerin 

6.1 Introduction 

 Chronic pain, a key feature of inflammation, is a leading cause of morbidity worldwide with an 

estimated prevalence as high as 50% in Europe [320]. Based on a survey of over 46000 respondents, 

chronic pain is reported to affect 19% of Europeans [3]. 7 out of 28 prevalence studies included in a 

recent report on pain in the EU showed a strong link between chronic pain and ageing [321]. Hence, 

the prevalence of pain is expected to increase in ageing populations. 

 Typical treatment of mild to moderate pain involves the use of non-steroidal anti-inflammatory 

drugs (NSAIDs) and paracetamol [320]. However, the use of NSAIDs may lead to complications 

including gastrointestinal (GI) symptoms (especially for patients with a high cardiovascular risk) 

which can result in fatal peptic ulceration and bleeding – about 2,500 people die in the UK each year 

due to NSAID related GI [322]. Hence, there is a need for new and safe drugs. 

 To achieve this goal, there has been interest in characterizing the role of mediators in the 

successful termination of the inflammatory response. In particular, the role of resolvins and chemerin-

derived peptides, which mediate their effects through the ChemR23 G protein-coupled receptors 

(GPCRs) has been examined [323].  
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 To test the potential of injecting extra chemerin into the inflammatory site a reliable and 

reproducible experimental inflammatory model is required. To this effect a zymosan induced 

peritonitis mouse model of inflammation was used as presented in [324] (detailed in the Materials and 

Methods section). No similar model was found for the CNS. There are marked differences between 

the acute inflammatory response between in the CNS and other regions [325]. The differences are 

mainly due to the existence of BBB that makes this environment less porous. Therefore, leukocytes 

find it harder to permeate into the ECS. However, as described in [325], in diseases where the BBB is 

compromised such as stroke and NMO [17] the acute inflammatory response is akin to that reported 

in non-neuronal tissue.  

 Using the peritonitis animal model, it was found that the recruitment of inflammatory cells is 

indeed reduced when chemerin with a concentration of 500 µg ml-1 is injected in the peritoneum two 

hours after inflammation onset. There is a need now to characterize both the drug concentration and 

timing of injection that optimizes inflammation inhibition to evaluate therapeutic potential of 

chemerin. As assessing the time course of just one treatment approach requires the sacrifice of 

approximately 50 mice for statistical significance it would be time consuming and ethically 

questionable to do an exhaustive experimental search for the optimum. Hence, a mathematical model 

was introduced of zymosan-induced peritonitis and its modulation by chemerin to identify chemerin 

delivery optimization hypotheses for further experimental validation. 

 The model here developed breaks from the family of models developed in Chapters 4 and 5. 

This is because there is no data on the specifics of CNS acute inflammatory response. Therefore, this 

modelling study constitutes a step towards developing generic methods for following inflammation 

kinetics in pre-clinical models prior to any translational studies in human volunteers. 

6.2 Materials and Methods 

 In this section, the experimental work performed and the mathematical model developed are 

presented. The experimental work was performed by the lab lead by Professor Greaves from the 

William Dunn Department of Pathology at Oxford. In Section 6.2.1 the methodology to measure 
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cytokine levels and cellular numbers in response to injecting chemerin in a peritonitis mouse model 

induced by zymosan injection is presented.  

 This is followed by the development of the mathematical model that aims at optimizing the 

effects of chemerin. The model is broken down into three sections.  In Section 6.2.2 a description is 

made of the current understanding of the chemerin/ChemR23 pro-resolving pathway. Finally, in 

section 6.2.3 the model developed and how all the inflammatory mechanisms were defined e.g. 

chemotaxis and phagocytosis are presented.  

6.2.1 Measurement of Chemerin inhibition using a zymosan induced 

peritonitis model 

 For acquiring pilot data the experimental procedure described by Cash et al. [324] has been 

used. The method consists in inducing peritonitis by injecting zymosan into a mouse peritoneum. At 

regular intervals from the onset, the animals are sacrificed by exposing them to increasing 

concentrations of CO2 and with death confirmed with cervical dislocation. The peritoneum of the 

sacrificed mice is lavaged to count inflammatory cells and measure the concentration of inflammatory 

mediators.  

 Cash et al. [324] have that this procedure has several advantages compared to other models of 

inflammation: 1. it allows to modulate the severity of the inflammatory insult dependent on the 

concentration of zymosan injected; 2. it allows for the collection of reasonable quantity of exudate for 

the analysis of multiple inflammatory mediators; 3. compared to artificial cavities the peritoneum 

provides a more realistic experimental environment as it has lymphatic clearance of inflammatory 

cells and 4. it is a simple procedure and it is reproducible.   

 This procedure was used to measure the concentration of inflammatory chemokines such as 

CXCL1, CCL2 and chemerin as well as the number of neutrophils and monocytes.  The steps 

consisted on inducing peritonitis and killing a variable number of animals at intervals up to 96 hours 

after onset  

 To evaluate the inhibitory effect of chemerin the procedure was modified by injecting 500 µg 

ml-1 of recombinant murine chemerin (R&D systems; aa17-156) chemerin 2 hours after inflammation 
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was induced. At 4 and 16 hours post onset, the animals were sacrificed and the number of 

inflammatory cells were measured. Through this procedure, it was found that the number of 

neutrophils and monocytes is reduced by up to 7% 2 hours after onset. At 16 hours the numbers are 

reduced by 12% and 20% for neutrophils and monocytes respectively. Therefore, a significant 

inhibitory effect was identified. The remainder of the paper details the design of a mathematical 

model of the progress of inflammation in the zymosan mouse model to identify likely optimal 

chemerin injection parameters and hence reduce the extent of experimental work required to find this 

result. All collected data is provided in the supplementary material.  

6.2.2 Overview of the mechanisms of acute inflammation modulation by 

chemerin 

 Chemerin is a plasmacytoid dendritic cell, a natural killer cell, and a macrophage 

chemoattractant naturally found in circulation [171]. Chemerin is present in the circulation and is 

secreted as an inactive precursor. It needs to undergo C-terminal proteolytic cleavage by neutrophil 

proteases to become active (Fig. 6.1 A). An increased concentration of neutrophils, aimed at killing 

infectious agents, is characteristic for inflamed tissue and hence chemerin becomes active as 

inflammation develops.  Activated chemerin becomes a monocyte chemoattractant. Diffusing through 

the tissue and into blood vessels it binds to ChemR23 receptors of monocytes and recruits them, from 

the circulation into the tissue and towards the inflammation site, where their role is to clear apoptotic 

neutrophils and inflammation by-products (Fig. 6.1 B/C). At the site of inflammation, macrophages 

produced from monocytes release proteases (Fig. 6.1 D), which break down chemerin into peptides 

(Fig. 6.1 E). In particular, the resulting peptide C15 binds to the receptor ChemR23 of macrophages, 

which has pro-resolving effects i.e. it inhibits the release of pro-inflammatory chemokines (Fig. 6.1 F) 

and it promotes apoptotic neutrophil phagocytosis (Fig. 6.1 G). The full Chem/ChemR23 system is 

summarized in Fig. 6.1 [171].  
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Figure 6.1:  Schematic representation of the key seven stages of the modulation of inflammation by chemerin. A: 
neutrophils are recruited to the inflammation site and secrete pro-chemerin proteases. B and C: proteases activate chemerin 
precursors. The activated chemerin is a chemoattractant for monocytes, which are recruited to the inflammation site from 
blood vessels and are transported through chemotaxis. D: once at the inflammation site monocytes differentiate into 
macrophages, which clear apoptotic neutrophils and inflammation debris. This activity leads to the release of macrophage 
proteases which break down chemerin into peptides, including the C15 peptide. E: the C15 peptide binds to the 
macrophages, which (F) inhibits their release of pro- inflammatory cytokines and chemokines and (G) promotes 
phagocytosis of apoptotic neutrophils [171]. 
 
 Therefore, the key characteristic affecting the resolution of the inflammatory response that 

needs to be modelled is the competing action of pro- and anti-inflammatory mediators that affect the 

recruitment of neutrophils and monocytes after their sequential arrival to the inflammatory site. 

6.2.3 Model of the modulation of zymosan induced peritonitis by chemerin 

 Several authors have developed models that capture acute inflammatory response. Early works, 

e.g. Lauffenburger and Kennedy [246], [247] developed a generic model of leukocyte recruitment to 

bacterial infection.  Since then developments have been made where the effects of cytokines [248] as 

well as anti-inflammatory mediators [249] are considered.  

 From the experimental measurements of inflammatory cells and cytokines from the peritoneum 

presented in Section 6.2.1 three inflammatory mechanisms are required to be considered. The first is 

that two types of leukocytes are present in the experiments: neutrophils and monocytes. The second 

consist in the fact that neutrophils and monocytes arrive at the inflammation cite sequentially. This is 

confirmed by the production of neutrophil and monocyte cytokines CCL2 and CXCL1 respectively. 

In acute inflammation, David et al found that when CCL2 reaches its peak concentration CXCL1 
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starts being produced followed an initial reduction CCL2 production and consequent CXCL1 

production. This is in line with the known inflammatory physiology that neutrophils firstly arrive at 

the site of inflammation to kill the invading bacteria and that monocytes are then recruited to clear 

apoptotic neutrophils and debris. Thirdly, the conflict between pro- and aniti- inflammatory mediators 

should be considered in the model in order to investigate the chemerin/ChemR23 pro-resolving 

mechanism. 

 In the literature, the only two models that take into account different species of leukocytes are 

the Smith et al. [251] and the Dunster et al. [252]  models. Additionally, the former is the only model 

that model that considers the sequential recruitment of inflammatory cells. Additionally, it includes 

two forms of macrophages: first, alveolar macrophages (5â) and monocyte derived macrophages (5). 

The sequence of events is as follows: first the alveolar macrophages target the pneumococci (P) and 

release cytokines (^) that recruit neutrophils (!); then, the monocytes (5) are recruited dependent on 

the concentration of neutrophils. Furthermore, the pneumococci target healthy pulmonary epithelial 

cells (•)) and infects them (•â). These infected cells and apoptotic neutrophils can then become 

inflammatory debris (¶), which is then removed by	5â. The model is summarised in Figure 6.2. 

 

Figure 6.2: Network diagram for the model developed by Smith et al. [251]. 
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 The Dunster et al. [252] besides taken into account neutrophils (!) and monocytes (5) it 

combines: pro (^) and anti (r) inflammatory mediator production and it analyses the decay of 

neutrophils into apoptotic neutrophils (à). Additionally, the rate of neutrophil apoptosis is dependent 

on anti-inflammatory mediators. In turn, apoptotic neutrophils further aggravate the inflammatory 

process by producing cytokines. Finally, the model incorporates the clearance of apoptotic neutrophils 

by monocytes. A diagram of the model is shown in Figure 6.3. 

 

Figure 6.3: Network diagram for the model developed by [252]. Definition of the different variables (C, N, A, M and G) can 
be found in the text. 
 

 The model here developed combines aspects of these state of the art models. It is composed of 

nine time dependent variables, including: the irritant zymosan (*), inflammatory cells neutrophils 

(!), apoptotic neutrophils (à) and monocytes (5) cytokines CCL2 (^e), CXL1 ( K̂) and chemerin 

(^m) and the general effect of anti-inflammatory mediators (r).  

 The work here developed aims at mimicking the experimental procedure presented in Section 

6.2.1. It starts by injecting Z is injected into the peritoneum and triggers the production of C1 and Ch 

(rate +K and +KK). C1 then acts as a chemoattractant for ! (rate +…). At the inflammatory site neutrophils 

start to degenerate and to become A (rate +e).  Both N and A promote the production of C1 that recruit 
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N further(rate +K%). Additionally, N and A promote M chemokines such as C2 and Ch (rate +a). C2 and 

Ch recruit M (rate +Œ). Both N and M phagocytose Z (rate +¢). Enzymes produced by monocytes break 

down chemerin, which leads to the production of anti-inflammatory peptides such as C15 (rate +9). M 

also performs the phagocytosis of A which is promoted by C15 (rate +π). As A is being phagocytosed 

the production of other anti-inflammatory chemokines G is promoted (rate +Õ). Both G and C15 inhibit 

the recruitment of further neutrophils. Finally, through diffusion, all the inflammatory intervenient 

considered are extracted to the circulation (rate	+Ke). The full model is encapsulated in Figure 6.4.  

 

 

Figure 6.4: Schematic representation of the model developed of acute inflammation with the chemerin/ChemR23 pathway.  
 

 In the following sub sections, the definition how the different rates were described is presented. 

Section 6.2.3.1 focuses on the activation of cytokine production and zymosan phagocytosis. This is 

followed by a description of neutrophil and monocyte chemotaxis in section 6.2.3.2. Then in section 

6.2.3.3 the rate of neutrophil apoptosis is explained as well as how these cells are phagocytized by 

monocytes. In section 6.2.3.4 it is presented how the anti-inflammatory chemokines are produced and 

how what they impact acute inflammatory mechanisms. The model of chemerin injection is described 
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in section 6.2.3.5. Section 6.2.3.6 the model of diffusion from the inflammatory site to the circulation 

is explained. Finally, in section 6.2.3.7 the full inflammatory model is presented. 

 

6.2.3.1 Pro and anti-inflammatory chemokine production  

 Attractants for inflammatory cells expressed in the zymosan peritonitis model include IL-6, 

CCL4, CXCL10, CXCL1 and CCL2. Here, only CXCL1 and CCL2 chemokines have been 

considered as they are the main chemokines for the recruitment of neutrophils and monocytes 

respectively.  

 Following Smith et al. [251] the recruitment of the neutrophils and monocytes is sequential. 

However, the authors assumed a constant delay between the arrival of the two species, which would 

not be appropriate here, as the model is intended to capture the injection of chemerin at different times 

during inflammation. Instead, neutrophil and monocyte specific chemokines were defined. 

As neutrophils are the first recruited cells, it was assumed that the tissue cells produce K̂ as zymosan 

is injected. Additionally, the data shows that chemerin starts being produced by the tissue as soon as 

zymosan is injected. Therefore, chemerin production was assumed to be triggered by the injection of 

zymosan. The mechanisms responsible for the production of cytokines involve enzymatic reactions 

[252]. Therefore, the production of K̂ and ^m in response to * is assumed to have Michaelis-Menten 

kinetics, as:  

+K T, = v-.
*

2-. + *
, 

(6.1) 

where T, stands for K̂	 or ^m and 2-. and  v-. are the Michaelis-Menten parameters related to each 

chemokine. 

 At the inflammation site, the neutrophils that are not cleared by the circulation become 

apoptotic. As described in Smith et al. [251], the rate of apoptosis, 2AC, is proportional to the number 

of neutrophils as: 

+e = 2AC!, (6.2) 
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 Both neutrophils and apoptotic neutrophils contribute to the promotion of inflammation by 

stimulating the production of CXCL1. Additionally, neutrophils intervene in mechanisms that result 

in the recruitment of monocytes [326]. It is assumed that all those mechanisms can be captured by 

making the production of CCL2 and chemerin dependent on ! and à. Neutrophil production of 

chemokines was modelled based on the work by Dunster et al. [252] as: 

+a ´, T = v°,-
´e

2°,-e + ´e
, 

(6.3) 

where I stands for either ! or à, T for the type of cytokine produced ( K̂, ^e or ^m) and 2°,-e  is a 

parameter specific to each cytokine and cell pair.  

 

6.2.3.2 Neutrophil and monocyte chemotaxis  

 Neutrophil and monocyte chemotaxis was modelled based on the work by Smith et al. [251]. 

Neutrophils are recruited at a rate, 2ÉcC, proportional to CXCL1 concentration. Additionally, 

according to Smith et al. [251], a maximum number of neutrophils, Nmax, is set to account for the 

saturation of space available for these cells as inflammation progresses. The resulting flow of 

neutrophils is represented by 

+… = 2ÉcC[ K̂] 1 − �
�ØÃ/

. (6.4) 

 Similarly, monocyte chemotaxis is modelled by setting the rate of recruitment to be 

proportional to chemerin and CCL2 concentrations and imposing a maximum number of monocytes, 

Mmax, to account for the saturation of space as inflammation progresses. Hence, monocyte recruitment 

is modelled as 

+Œ = 2É<@[C2] + 2m@[Cm] 1 − 7
7ØÃ/

, (6.5) 

where 2É@ and 2m@ are the rate constants for monocyte recruitment due to CCL2 and chemerin 

respectively. 
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6.2.3.3 Zymosan and apoptotic neutrophil phagocytosis 

 Following the work of Dunster et al. [252] the phagocytosis rate of zymosan is performed by 

both neutrophils and monocytes at rates 28C and 28@ proportional to their number respectively 

+¢ = 28C! + 28@5. (6.6) 

The apoptotic neutrophils are phagocytosed by monocytes as in Dunster et al. [252] at a rate 28A as: 

+π = 28Aà5. (6.7) 

 

6.2.3.4 Anti-inflammatory chemokine production and role in neutrophil recruitment and 

phagocytosis action 

 Two anti-inflammatory cytokines are considered: a generic chemokine r, as in Durnster et al. 

[252], and the chemerin peptide K̂Œ. The former is produced proportionally (2Ñ) to the phagocytosis 

of apoptotic neutrophils by monocytes as:  

+Õ = 2Ñ+¢. (6.8) 

	 K̂Œ is formed by the breakdown of chemerin by macrophage proteases (Fig.6.1 F). As it is an 

enzymatic reaction it is modelled with Michaelis-Menten kinetics with parameters võKŒ and ê@,qcæ 

as: 

+( = vqcæ
˜û

†Ø,ìcæd[˜û]
M. (6.9) 

 Following Durnster et al. [252] the anti-inflammatory chemokines inhibit neutrophil 

recruitment. Here, the recruitment of neutrophils is performed by CXCL1. It was then assumed that 

the anti-inflammatory chemokines inhibit the production of CXCL1. This was done by modifying Eq. 

6.1 and Eq. 6.3 by adding the chemokine inhibition term defined by Anderson et al. [327] leading to  

+K% = vqc,,
*

2qc,, + *
1

1 + [ K̂Œ]
2,,qcæ

’.,ìcæ
1 + [r]

2,,Å

’.,ë , 

 

(6.10) 
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+KK ´, K̂ = v°,qc
´e

2°,qc
e + ´e

1

1 + [ K̂Œ]
2°,qcæ

’2,ìcæ
1 + [r]

2°,Å

’2,ë , 

 

(6.11) 

where ´ stands for ! and à and 2,,qcæ, 2°,qcæ, ®,,qcæ, ®°,qcæ and 2,,Å , 2°,Å , ®,,Å , ®°,Å  are the 

parameters for K̂Œ and r inhibition respectively.  

 Additionally, K̂Œ promotes phagocytosis [182]. To account for this promotion the rate of 

phagocytosis defined in Eq. 6.7 was adapted by including K̂Œ dependence based on the chemokine 

promotion model by Dunster et al. [252] leading to: 

+π′ = 28Aà5 1 + [qcæ]
M4cæ

. (6.12) 

 

6.2.3.5 Injection of additional chemerin model 

 The rate of injection of extra chemerin [Cm]& was modeled as the derivative of a step function 

as: 

+Ke [Cm]&, 5 = [Cm]&
6):7(b:8)

1 + ):7(b:8)
, 

(6.13) 

where 6 and 5 are the parameters that define the speed of the step function and the time when the step 

occurs respectively. 5 was chosen to match the experimental procedure performed where extra 

chemerin is injected 2 hours after inflammation is induced. The remaining parameter 6 was defined 

by trying to ensure that it would make the step function as fast as possible and to ensure solution 

stability. Taking these two aspects into consideration the maximum speed for the injection was found 

to be 10 min. This is unrealistic as an injection is on the time scale of a few seconds. However, as 

seen in Fig. 6.5, since the experiments take up to 96 hours it is here assumed that the difference 

between the injection taking seconds or a few minutes is negligible.  
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Figure 6.5: Step size representing the injection of extra chemerin. 
 

6.2.3.6 Clearance model 

 The rate of clearance of free inflammatory agents by the vasculature is assumed to be 

proportional to their concentration as 

+Ka t = Ÿ)t, (6.14) 

where Ÿ) is the rate of vascular clearance of species t (!,5, à, CK , Ce , [Cm], [CKŒ]	or [G]). 

 

6.2.3.7 Conservation of mass equations 

 Assuming conservation of mass within the modelled systems the rate of change of the different 

species can be expressed by equations 6.15 to 6.22 in Table 6.1. 

Table 6.1: Summary of the conservation of mass equations of the chemerin inflammation modulation model 
Equation # Initial conditions Units 

O CK
O* = +K% + +KK !, CK + +KK à, CK − +Ke CK  

(6.15) 0 ng ml-1 

O[Z]
O* = −+¢ 

(6.16) 100 
 

ng ml-1 

O Ce
O* = +a !, Ce + +a à, Ce − +Ka( Ce ) 

(6.17) 5.17×10-3 

 
ng ml-1 

O!
O* = +… − +π′ − +Ka(!) 

(6.18) 1.71×10-1 cell×106 

O Cm
O* = +K(Cm) + +a !, Cm + +a à, Cm + +KK − +Ka Cm  

(6.19) 1.92 
 

ng ml-1 

O5
O* = +Œ − +π′ − +Ka(5) 

(6.20) 7.72×10-2 cell×106 

Oà
O* = +π′ − +Õ − +Ka(à) 

(6.21) 0 cell×106 
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O[ K̂Œ]
O* = +( − +Ka([ K̂Œ]) 

(6.22) 0 ng ml-1  

O[r]
O* = +Õ − +Ka(r) 

(6.23) 0 ng ml-1 

6.3 Results 

6.3.1 Model fitting 

 Wherever possible model parameters were defined based on values reported in the literature or 

directly available from data. Malech [328] reported the rate constant of neutrophil clearance (Ÿ�). 

The clearance rate of all cytokines (ŸqK, Ÿqe,Ÿõ	and ŸqKŒ) was set to the measured generic value [329]. 

All set parameters are summarized in Table 6.2. Experimentally, it was possible to define the 

saturation levels !@AB and 5@AB as 4×106 and 9×106 cells respectively based on the measurements 

performed when 500 µg/ml of zymosan is injected into the peritoneum.  

 

 

 

 

 

 The remaining parameters were fitted numerically. The allowed range for all fitted parameters 

was set empirically so that to reflect the rate at which different variables evolve during the 

experimental study. Two sets of data were used for the fitting: 1) !, M, CK , Ce  and Cm  in control 

data   and; 2) !, M at 2 and 14 hours after 500 ng ml-1 of chemerin are injected. 

 The model has 45 parameters with a wide parameter space and needs to be fitted to 40 data 

points spanning 5 variables of which 2 are measured in two experiments. For this reason, since it is 

hard to envisage how the fit varies as the parameter space is sampled, methods designed to avoid local 

minima were considered to perform the fit.  

 The initial selection of the fitting method was performed by running all global optimization 

methods from the SBML toolbox the method that produced the best fit in a reasonable time was the 

Table 6.2: List of model parameters for which values are 
reported in the literature. 

Parameter Units Value Reference 
Ÿ� ℎ:K 6.3×10-2 [328]    

ŸqK ℎ:K 8.3×10-1 [329]    
Ÿqe ℎ:K 8.3×10-1 [329]    
Ÿõ ℎ:K 8.3×10-1 [329]    
ŸqKŒ ℎ:K 8.3×10-1 [329]    
ŸÅ  ℎ:K 8.3×10-1 [329]    
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simplex method [68]. The result of the fit is shown in Fig. 6.6 and the full list of fitted parameters is 

provided in Appendix 6.B. 

 Fitting errors were normalized with respect to the maximum value measured for each variable 

to ensure equal weighting of each one in the final fit. This was achieved by setting the root mean 

square (RMS) value to  

Ö5¥ è =
;/<=/
>?@	(=/)

<

C/
π
BAK , 

(6.24) 

where ¥B is the simulated value, ¶B is the data point, the index è stands for the different variables 

being fitted and max	(¶B) stands for the maximum of the data set.  

 As shown in Fig. 6.6 the fit exhibits all key characteristics observed in measurements: the 

sequential arrival of neutrophils and monocytes (Fig. 6.6 C); the removal of neutrophils and 

monocytes from the inflammatory site (Fig. 6.6 C); as well as sharp peaks of numbers and 

concentrations of inflammatory cells and chemokines respectively. Achieved RMS values are 

predominantly low and approximately 0.05, 0.1, 0.1 and 0.12 for neutrophils (Fig. 6.6 C), monocytes 

(Fig. 6.6 C), chemerin (Fig. 6.6 B) and CXCL1 (Fig. 6.6 A) respectively. The RMS value for CCL2 

(Fig. 6.6 A) is 0.47 and is due to a rapidly varying function where a small time delay between the 

fitted and measured curves leads to a large RMS error.  

 RMS values for chemerin injection experiments were also low with 0.001 and 0.006 for 

neutrophils and monocytes respectively (Fig. 6.6 D).  
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Figure 6.6: Results from the fitting of the model to the data: (A) control cytokines CCL2 and CXCL1; (B) control chemerin; 
(C) control neutrophils and monocytes and; (D) neutrophils and monocyte when extra chemerin is injected after 2 hours 
from peritonitis onset. 

6.3.2 Optimizing the therapeutic potential of chemerin 

 The aim of this work is to identify the optimal concentration and time of injection of chemerin 

to inhibit inflammation. These two parameters, [Cm]& and 5 respectively, are the inputs to Eq. 6.11. 

The extent of the inhibitory effect D of chemerin is evaluated by comparing the average number of 

all inflammatory cells over the course of the experiment, i.e. 96 hours, with and without chemerin 

injected. This can be expressed as 

D( Cm &, 5) =
¥B,6 − ¥B,qm( Cm &, 5)

¥B,6
×100. 

(6.25) 

where	è stands for the type of cell being compared. To optimize Eq. 6.25 the simplex method [257] 

was implemented.  

 With this protocol two conditions were tested. The first consists in optimizing the percentage of 

chemerin inhibition over a range of [Cm]& so that the total number of cells (è = !,5, à) is minimized, 
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as shown in Fig. 6.7 A. It was found that for the whole range of [Cm]& the optimal time for injecting 

chemerin was as soon as possible after inflammation onset. Hence, to simulate immediate chemerin 

injection the initial concentration of chemerin was set to Cm = Cm %+ Cm & in Eq. 6.19 (Table 1). The 

maximum inhibition is approximately 27% when 2×103 ng ml-1 of chemerin are injected. The 

maximum inhibitory effect is reduced by 1% when the injection is delayed by 5 minutes.  

 After the maximum inhibitory effect is reached, injection of further chemerin will increase the 

total number of cells. This effect can be explained by the dual role that chemerin exhibits in the 

inflammatory pathway. On one hand, it attracts monocytes and on the other hand it leads to further 

production of C15 that inhibits neutrophil recruitment and promotes apoptotic neutrophil 

phagocytosis. The maximum inhibition found is more than double of the effect observed in the pilot 

experimental study.  

 When breaking down the 27% reduction of the total of inflammatory cells into the three types 

of inflammatory cells considered there was an inhibition of approximately 53% and 6% in the number 

of monocytes and neutrophils respectively. However, there was an increase of apoptotic neutrophils 

by approximately 160%.  

 As apoptotic neutrophils have been found to play a crucial role in the degeneration of acute 

inflammation into chronic inflammation [249] a second set of optimizing tests were made to identify 

the optimal conditions for injecting chemerin to reduce the number of neutrophils and apoptotic 

neutrophils (è = !, à). It was found that the maximum inhibition was also experienced when 

chemerin is injected minutes after inflammation onset. Furthermore, as seen in Fig. 6.7 B, a maximum 

inhibition was found of approximately 35% and 88% in neutrophils and apoptotic neutrophils 

respectively. However, as chemerin concentration increases so does the number of monocytes by 

approximately 74%. 
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Figure 6.7: Simulations made to minimize Eq. 6.25 for chemerin injections over a range of chemerin concentrations. (A) 
Eq. 6.25 was minimized when E = F,G,H. It resulted in a maximum reduction of 6% and 53% in F and G respectively and 
a 160% increase in apoptotic neutrophils when 2×103 ng ml-1 of chemerin are injected. (B) The number of neutrophils and 
apoptotic neutrophils was minimized (E = F,H in Eq. 6.25)  resulting in a 35% reduction in neutrophils, an 88% reduction 
in apoptotic neutrophils and an increase of monocyte recruitment of 70% when  ≥1×105 ng ml-1 of chemerin are injected. 

6.3.3 Sensitivity analysis 

 To assess the risk of overfitting, a screening algorithm was performed on the fitted model. The 

model consists of 8 ODE equations (Equations 6.15-6.23) with 45 parameters. Due to its large size 

and the number of parameters, it was decided to use a global rather than local method. As it is 

anticipated that this complex model will not be stable over the whole parameter space the global 

Campolongo-Morris (C-M) method, as described in Chapter 3, was chosen. Furthermore, to assess the 

risk of sensitivity to data, a Remove-One Bootstrap [330] analysis was performed. Both studies are 

reported below.  

 

6.3.3.1 Campolongo-Morris screening analysis 

 This algorithm consists, as described in Section 3.5.3, in exploring the parameter space by 

varying each parameter from the model (including the parameters in fitted in Section 6.3.1 and Table 

6.2 and the data derived parameters !@AB and 5@AB) in turn over a pre-defined range [331]. As the 

range found for parameter definitions in the literature, as in Smith et al. [251], is large, the range was 

chosen to be ±80% of the value fitted.  
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 Each time a parameter is varied its impact on the output of the model is evaluated, which is 

termed elementary effect (EE). In the particular case of the model developed the EEs were defined as 

the sum between: 1. the RMS between the model with the new parameter definitions and the data 

using Eq. 6.24 and 2. the RMS between the fitted model simulations when extra chemerin is injected 

and the model with the new parameter values, again using Eq. 6.24. The inclusion of this sum ensures 

that the analysis takes into consideration the behaviour of the model with and without extra chemerin 

injected.  

 In Fig. 6.8 the results are plotted for all the parameters. EE statistics are plotted in Fig. 6.8. Fig. 

6.8 B shows that the model is most sensitive to the parameters pertaining to the production of the 

chemokines CXCL1 and CCL2. Additionally, the rate of apoptotic neutrophils by monocytes (28A) 

has a marked impact on the behaviour of the model. The data derived parameters that describe the 

maximum number of neutrophils (!@AB) have also been found to impact the fit and the predictions of 

the model. Related to cellular number kinetics the rate of monocyte extraction rate (Ÿ@) was also 

found to substantially impact model behaviour. 

 To quantify how the most sensitive parameters (Fig 6.8 B) impact model predictions in more 

detail, the Campolongo-Morris method was reapplied. The remaining parameters of the model were 

kept constant while the sensitive parameters were varied by ± 5%. EEs were redefined to assess the 

change in predicted maximum inhibition, the optimal time of injection and optimal chemerin 

concentration as in Eq. 6.24.  It was found that the optimal concentration was constant for all 

simulations, the percentage of total cell inhibition was found to vary between 20% and 34% and the 

maximum neutrophil inhibitory effect varied between 30% and 40%. 

 Fig. 6.8 A presents the parameters found to perturb the summed RMS by less than 1%. These 

parameters are related to the production of cytokines by apoptotic neutrophils and to the inhibitory 

effect of the generic pro-resolving cytokine (r). As the parameters presented in Fig. 6.8 A (2â,Å , 

2â,qcæ, 	2�,q<, v�,q<, vâ,q<, vâ,qc, 2â,qc, ®â,qc , 2â,qû, ®â,Å , v�,qû 2qû,,, 2,,Å ,	2@,qcæ, ®â,q<) have a 

negligible effect on the output of the model they were removed. Starting with the parameters vâ,qû 

and 2â,qûtheir removal leads to 
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+a à, ^m = 0. (6.26) 

Second, as 2,,Å  has negligible effect on the model response, it was assumed that  ®,,Å  also has 

minimal impact on the model output and therefore they were removed leading to 

+K% K̂ = v�,qc
,

M.,ëd,
K

Kd [ìcæ]
I.,ìcæ

J.,ìcæ
. 

 

(6.27) 

Similarly for apoptotic neutrophils the parameters vâ,qc, 	2â,qc,	, ®â,Å , 2â,Å  were removed, leading to 

+KK à, K̂ = 0. (6.28) 

Simulations were performed to test the impact of removing the remaining parameters on the model fit 

and predictions. These simulations illustrate the limitations of the Campolongo-Morris which does not 

take into account the non-linear relationship between parameters. From these simplifications, it was 

possible to reduce the free parameters from 47 down to 35 and an increase of summed RMS by less 

than 1×10-3%.   

 

 

Figure. 6.8: Resulting Campolongo-Morris parameter standard deviation (&) and absolute mean (%∗) [331]. (A) the 
parameters that influence the output the least and (B) the parameters that lead to the largest increase of RMS difference 
between the data and the model. 
 

6.3.3.2 Remove-One Bootstrap analysis 

 In the fitting process, 7 variables tracked during the zymosan induced peritonitis experiment 

were used. To check how the fit and key predictions are affected by measurements, 1 data point from 
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each 7 datasets before fitting was removed at random i.e. it was possible to have up to 7 data points 

removed at the same time for a simulation instance. The experiment was performed 100 times and 

changes in predicted optimal chemerin dosing and maximal expected inhibition were recorded. A 

histogram presenting the distribution of results can be seen in Figure 6.9. 

 

Figure 6.9: Histogram presenting the results from applying the Remove-One bootstrap method to the fitting of the model to 
the data. Resulting in a mean % of inhibition of 22% and standard deviation 3.7%. 
 

Inflammation inhibition varied between 10-35% (mean of 22% and standard deviation of 3.7%) of the 

control value (i.e. no chemerin injected). The optimal injection time and the optimal chemerin 

concentration did not change.  

 A further set of experiments was performed where only one data point at a time was removed 

per simulation instance. For measurements with a low standard derivation, the removal of a single 

data point did not affect inhibition significantly. In case, of high standard deviation measurements i.e. 

in the dynamic range of the curves presented inhibition varied between 10% and 60%.  

6.4 Discussion 

 This work has led to the development of the first mathematical model of chemokine mediated 

leukocyte recruitment and clearance during zymosan induced peritonitis. As evidenced by results in 

Section 6.3.1, it was possible to fit the model to achieve good agreement with data from a pilot 
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experimental study. RMS values were predominantly low, however, for more confidence in the 

quality of the fit more data points should be acquired in the future to sample the studied functions 

with more frequency as they vary rapidly. Furthermore, individual point estimates in the dynamic 

range are based on measurements with a high standard deviation. More measurements per point or 

more precise timing for data collection will be necessary in the future to improve fit quality. Indeed, a 

Remove-One bootstrap analysis showed that removing a single measurement from a signal point 

estimate in this dynamic range could lead to the inhibition changing by up to 25 percentage points 

(i.e. from 10% to 35% with mean 22% and standard deviation 3.7%). 

 Sensitivity analysis identified 6 out of 45 parameters that had little impact on the results of the 

model simulation. Furthermore, the analysis highlighted those parameters with high impact on the 

output of the model pointing to model assumptions that should be verified experimentally. 

 The fitted model was used to maximize theoretically the degree of inflammation inhibition by 

chemerin. In brief, a maximum inhibition of 18% of the average of total number of inflammatory cells 

over the course of the experiment was predicted for an immediate chemerin injection with a 

concentration of about 2x103 ng ml-1. Optimization aimed at minimizing neutrophil recruitment found 

an optimal chemerin concentration of 105 ng ml-1 to be injected immediately after inflammation onset. 

These results are discussed in more detail below. For a table of all the assumptions made throughout 

this work please refer to Appendix 6.C.  

 Furthermore, individual point estimates in the dynamic range are based on measurements with 

a high standard deviation. More measurements per point or more precise timing for data collection 

will be necessary in the future to improve fit quality. Indeed, a Remove-One bootstrap analysis 

showed that removing a single measurement from a signal point estimate in this dynamic range could 

lead to the inhibition changing by up to 50 percentage points (i.e. from 10% to 60%). 

6.4.1 Sensitivity analysis  

 In the model here presented the production of CXCL1 depends on zymosan concentration while 

the production of CCL2 depends on the number of neutrophils and apoptotic neutrophils attracted by 
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CXCL1. Hence, the output of the model is sensitive to any variation of the rate of production of these 

chemokines as was correctly identified by sensitivity analysis. As the range set for these parameters 

during the fitting process was set somewhat arbitrarily, future experimental work is needed to confirm 

the values found and to provide more theoretical insight into the mechanisms behind the observed 

delay in recruitment of leukocytes. 

 The parameters that define apoptotic neutrophil phagocytosis (rate of monocyte phagocytosis 

and the rate of C15 promotion of phagocytosis) exert a noticeable effect on the output of the model. 

This is due to the assumption that the inflammatory process can only be resolved after total clearance 

of apoptotic neutrophils. In addition, the rate of circulatory monocyte clearance is also relevant for the 

behaviour of the model for the same reasons.  

 Finally, the parameter that defines the maximum recruitment number of neutrophils has a large 

impact on the solution. It was derived from the data. As shown from the simulations performed where 

data points are removed at random one data point might lead the prediction to vary by 25% points. 

Additionally, the Campolongo-Morris method showed that varying these parameters as little as 5% 

might lead to large changes in the predictions of the model. Hence, future experimental work to refine 

the definition of these parameters is required. These measurements could be obtained using the 

methodology developed as part of this pilot study [324].  

 Conversely, the C-M method also identified the parameters that least affect the output. These 

are related to chemerin production by apoptotic neutrophils and to the inhibitory effect of r on 

chemokine production. In both cases, this lack of importance might be explained by a lack of data to 

inform the fitting.  

 The fitting process led to a solution where the number of apoptotic neutrophils is much lower 

than that of neutrophils (order of magnitude of 107 cells). Checking whether this is a realistic 

distribution should form part of future validation and development of the model.  

The model assumed that there is a generic chemokine r inhibiting neutrophil recruitment further 

experimental work would be needed to identify prominent individual chemokines involved in this 

process. 
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6.4.2 Treatment perspectives involving Chemerin/ChemR23 pro-resolving 

pathway  

 Chemerin has been associated with a variety of conditions that have as one of its pathological 

mechanisms chronic inflammation. These include, obesity, metabolic syndrome and diabetes [332]. 

Additionally, chemerin has been proposed as a biomarker for chronic inflammation, as its increased 

expression is found to be unique to the inflammatory region [333].  

 Assuming two therapeutic strategies consisting in either the reduction of the total number of 

inflammatory cells during the course of inflammation or focus on the reduction of the number of 

apoptotic neutrophils the model predicted theoretical optimal solutions for both. In the first case, the 

model predicts that injecting chemerin up to 7 min after injecting zymosan at a concentration of 

2×103 ng ml-1 will have the maximum overall inhibitory effect of 27%. Individual cell recruitment, in 

that case, was reduced by 35% for monocytes and by 6% for neutrophils with a 160% increase in the 

number of apoptotic neutrophils.  

 This result suggests that it is impossible to reduce the number of apoptotic neutrophils and 

monocytes simultaneously. This is a concern since, as suggested by Kumar et al. [56], both types of 

cells are involved in the pathological mechanisms that lead to the degeneration of acute inflammation 

into chronic inflammation. This behaviour can be explained by the fact that the model assumes that 

inflammation can only be resolved if apoptotic neutrophils are cleared. Additionally, it is assumed 

that the mechanisms responsible for the clearance of these cells are diffusion of apoptotic cells into 

the circulation and monocyte phagocytosis. Therefore, a reduction in the number of monocytes will 

result in a larger presence of apoptotic neutrophils. Therefore, it should be investigated if there are 

other mechanisms of removal of apoptotic neutrophils. If a more dominant mechanism exists besides 

monocyte phagocytosis, perhaps there could be a strategy by which the injection of chemerin could 

reduce the number of monocytes and apoptotic neutrophils simultaneously.  

 In the second case, the model predicts that a large concentration of chemerin (1×105 ng ml-1) 

needs to be injected approximately 10 min after zymosan injection. Such a treatment would lead to 

approximately a 35% reduction of neutrophils as well as a 88% reduction is the number of apoptotic 
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neutrophils. However, it also leads to a 70% increase in the number of monocytes. Above 1×105 ng 

ml-1 there is no increase in neutrophil inhibition and there is a linear increase in the number of 

monocytes. 

 The steady state observed in Fig 6.7. B is explained by the assumption that there is a maximum 

number of neutrophils and monocytes that can be recruited to the site of inflammation [251]. These 

parameters were defined from zymosan induced peritonitis experiments when 500 µg ml-1 of zymosan 

were injected. In order to test the impact of these parameters on the model output, a further 

experiment was performed where the values of !@AB and 5@AB were increased by 30%. The change 

of the RMS value with the new parameters was negligible (<0.01%). However, the new parameter 

values reduce the maximum level of inhibition of the total number of cells recruited by 20% and the 

plateau observed in Fig. 6.7 B is increased by 50%. Hence, in future work, it will be critical to further 

refine the definition of these parameters. 

 The inhibitory potential of chemerin identified by the model is informed by the efficiency of 

the fit. The model captures well the behaviour of variables in the control environment and when 

chemerin is injected until 16 hours after peritonitis onset. Although, there are data for longer periods 

of time in the control environment there are no measurements when chemerin is injected. 

Consequently, when fitting the model to both types of datasets the fitting algorithm assumes that the 

profile of neutrophil and monocyte behaviour resembles that of the control data. When computing the 

inhibitory effect of chemerin using Eq. 6.25 the full 96 hours of the simulation are used. Therefore, 

although the results show that chemerin is able to inhibit the number of cells recruited it does not 

show if injecting chemerin aids in a faster resolution of inflammation. To overcome this limitation it 

is proposed that using the zymosan induced peritonitis procedure [324] measurements of cellular 

species should be made at around 40 hours after zymosan is injected. With the new data, it would be 

possible to confirm if the clearance of neutrophils and monocytes is faster in the presence of extra 

chemerin.  

 The results of this study contribute to the ongoing debate on whether chemerin has a generic 

anti-inflammatory function or whether it applies only to specific conditions [332]. Animal models 
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have demonstrated a requirement of chemerin signalling in the development of inflammation and 

leukocyte infiltration [334]. Conversely, animal studies have shown that inhibition of endogenous 

chemerin activity exacerbates inflammation [332]. Additionally, the chemerin inhibitory pathway 

might require the involvement of other mediators e.g. Resolvin E1, which shares some of the 

receptors to which chemerin attaches [335].  

 Using the models referred in this work it was possible to capture the broad dynamics of the 

inhibitory role of chemerin during zymosan-induced peritonitis and to identify a high potential for 

inhibition with a specific selection of chemerin concentration and time of injection. These results 

encourage further experimental work to confirm simulation outcomes and allow for a detailed 

planning of future experimental work. The Chemerin/ChemR23 pro-resolving pathway could be 

involved in many conditions and it is hoped that this model will serve as a basis for the study of the 

role of chemerin in pathophysiology. 

Appendix 6.A: Data used for fitting 

Table 6.A.1: Measurement of the mean and standard deviation of the concentration of CCL2 CXXL1 and 
chemerin concentrations at different times during the zymosan induced peritonitis experiment.  

Time 
[hours] 

CCL2 
[ng ml-1] 

CXCL1 
[ng ml-1] 

Chemerin 
[ng ml-1] 

0 5.17×10-3 ±6.7×10-4 0±0 1.21±2.34 
2 3.89×10-1 ±1.81×10-1 2.791±1.62 3.58±3.13 
4 2.75±9.93×10-1 1.37×10-1±7.×10-2 2.54±1.32 
8 5.32×10-2±6.16×10-2 2.72×10-2±0 1.31±1.06 

16 5.36×10-2±1.88×10-2 4.17×10-2±3.4×10-3 2.68±1.91 
20 4.09×10-2±5.26×10-3 N/A N/A 
72 N/A N/A 2.61±2.51 
96 N/A N/A 2.02±5.67×10-1 

 
Table 6.A.2: Measurement of the mean and standard deviation of 
the number of neutrophils and monocytes at different times during the zymosan 
induced peritonitis experiment.  

Time 
[hours] 

Neutrophil 
[cell×106]  

Monocytes 
[cell×106] 

0 1.08×10-1±1.35×10-1 7.73×10-2±9.39×10-2 
2 5.13±1.3 2.5×10-2±7.92×10-3 
4 7.09±2.68 4.91×10-1±1.66×10-1 

8 7.28±5.27×10-1 3.26±8.86×10-1 

16 5.51±1.59 2.81±6.8×10-3 

20 3.73±1.99 2.56±1.12 
48 8.12×10-1±6.29×10-1 7.06×10-1±1.46×10-1 
72 1.06×10-1±8.56×10-2 1.13±3.56×10-1 
96 2.29×10-1±4.06×10-2 1.13±3.46×10-1  
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Table 6.A.3: Measurement of the mean and standard deviation of the number of neutrophils and 
monocytes at different times during the zymosan-induced peritonitis with extra chemerin injected 
two hours after inflammation onset.   

Time [hours] Neutrophil [cell×106]  Monocytes [cell×106] 
4 6.88±3.039 4.99×10-1±4.53×10-1 

16 4.84±2.01 2.09±5.97×10-1 

Appendix 6.B: Result of fitting model 

Table 6.B.1: Summary of fitted parameter values of the chemerin inflammation modulation model  

Parameter Description Units Value 

28� Rate of zymosan phagocytosis by neutrophils h-1 2.013 

287 Rate of zymosan phagocytosis by monocytes h-1 1.285 

vqc, Rate of CXCL1 production in response to zymosan injection ng ml-1 h-1 2.86 

2qc, Rate of CXCL1 production in response to zymosan injection ng ml-1 1×10-3 
2â� Rate of neutrophil apoptosis h-1 1.152×10-3 
2�Å  r rate of inhibition of CXCL1 production by neutrophils ng ml-1 6.259×10-3 
2,Å  r rate of inhibition of CXCL1 production by zymosan ng ml-1 1.218×10-3 
v�qc  Rate of CXCL1 production by neutrophils ng ml-1 h-1 4.46	 
2�qc  Rate of CXCL1 production by neutrophils cell×106 10.273 
2�qcæ  K̂Œ rate of inhibition of CXCL1 production by neutrophils ng ml-1  1.632×10-1 

vâqc  Rate of CXCL1 production by apoptotic neutrophils ng ml-1 h-1 1.307×10-3 
2âqc  Rate of CXCL1 production by apoptotic neutrophils cell×106 3.553×10-1 
2âqcæ  K̂Œ rate of inhibition of CXCL1 production by apoptotic 

neutrophils 
ng ml-1 2.631×10-3 

2âÅ  r rate of inhibition of CXCL1 production by apoptotic neutrophils ng ml-1 2.819×10-2 
vqc� Rate of neutrophil chemotaxis by CXCL1  cell×106 h-1 2.65 

28â Rate of apoptotic neutrophil phagocytosis by monocytes h-1 3.412×10-3 
2qcæ  K̂Œ rate of apoptotic neutrophil phagocytosis by monocytes ng ml-1 1.2×10-3 
2q<7 Chemoattractant rate of monocytes by ^e h-1 5.182×10-1 
2qû7 Chemoattractant rate of monocytes by ^m h-1 1×10-3 
á7 Monocyte clearance rate by the capillary h-1 1.986×10-2 
ṽ cæ  Maximum velocity for the enzymatic reaction that produces K̂Œ. ng ml-1 h-1 2.687×10-1 
®Ò˜û  Parameter of chemerin production function by neutrophils dimensionless 2.12 
®Ú˜û  Parameter of chemerin production function by apoptotic 

neutrophils 
dimensionless 2.769×10-1 

®Ò˜<  Parameter of CCL2 production function by neutrophils dimensionless  1.621×10-3 
®Ú˜<  Parameter of CCL2 production function by apoptotic neutrophils dimensionless 5 
 ®Ò˜c  Parameter of CXCL1 production function by neutrophils dimensionless  5 
®Ú˜c  Parameter of CXCL1 production function by apoptotic neutrophils dimensionless 2.321 
®Ò¸ Parameter of G	inhibition of CXCL1 production function by 

neutrophils 
dimensionless 3.431 

®Ú¸ Parameter of G	inhibition of CXCL1 production function by 
apoptotic neutrophils 

dimensionless 1.736 

®Ú˜cæ  Parameter of K̂Œ	inhibition of CXCL1 production function by 
neutrophils 

dimensionless 1.819×10-2 

®Ò˜cæ  Parameter of K̂Œ	inhibition of CXCL1 production function by 
apoptotic neutrophils 

dimensionless 4.395×10-3 

®K¸ Parameter of r	inhibition of CXCL1 production function in 
response to zymosan injection 

dimensionless 1.048 

®K˜cæ  Parameter of K̂Œ	inhibition of CXCL1 production function in 
response to zymosan injection 

dimensionless 3.802×10-1 

ê‚˜cæ  Michaelis-Menten constant of K̂Œ production from monocyte 
proteases cleavage of chemerin 

ng ml-1 1.695×10-1 
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2Ñ Rate of r production in response to apoptotic neutrophil 
phagocytosis by monocytes 

ng ml-1 h-1 3.553×10-3 

v�qû  Maximum rate of chemerin production by neutrophils ng ml-1 h-1 2.33 
2�qû  Michaelis-Menten constant for the chemerin production by 

neutrophils 
cell×106 1.932×10-2 

vâqû  Maximum rate of chemerin production by apoptotic neutrophils ng ml-1 h-1 5.887×10-3 
2âqû  Michaelis-Menten constant for the chemerin production by 

apoptotic neutrophils 
cell×106 5.736×10-2 

v�q<  Maximum rate of CCL2 production by neutrophils ng ml-1 h-1 1.899×10-3 
2�q<  Michaelis-Menten constant for the CCL2 production by  

neutrophils 
cell×106 1.073 

vâq<  Maximum rate of CCL2 production by apoptotic neutrophils ng ml-1 h-1 26.749 
2,qcæ  K̂Œ inhibition rate of CXCL1 production in response to zymosan 

injection 
ng ml-1 1.061×10-2 

2âq<  Michaelis-Menten constant for the CCL2 production by apoptotic 
neutrophils 

cell×106 2.5×10-2 

 áâ Apoptotic neutrophil clearance rate by the capillary h-1 1.75×10-3 
2qû, Rate of chemerin production in response to zymosan injection ng ml-1 1.099 
vqû, Rate of chemerin production in response to zymosan injection ng ml-1 h-1 3.15 

Appendix 6.C: Summary of assumptions 

Table 6.C.1: List of assumptions 
Section Assumption 

6.2 Materials and methods • From the literature the models by Smith et al. [251] and Dunster et al. 
[252] were adapted to create the chemerin pro resolving model as they take into 
accountdifferent types of leukocytes (neutrophils and monocytes) and pro 
resolving chemokines. 
 

6.2.3.1 Pro and anti-inflammatory 
chemokine production  
 

• It is assumed that the injection of zymosan only leads to the production 
of CXCL1. 
• CCL2 and chemerin are produced in response to the arrival of 
neutrophils and monocytes. 
 

6.2.3.2 Neutrophil and monocyte 
chemotaxis  
 

• Based on the work by Smith et al. [251] and the peritonitis model 
measurements show that there is a maximum number of neutrophils and 
monocytes recruited. 
 

6.2.3.4 Anti-inflammatory chemokine 
production and role in neutrophil 
recruitment and phagocytosis action 
 

• Two pro-resolving effects of C15 were considered as proposed by 
[171]:  
- promotes phagocytosis of apoptotic neutrophils;  
- inhibits production of pro inflammatory cytokines. 
• The arrival of neutrophils and monocytes is assumed to be pro-
inflammatory and anti-inflammatory respectively. Therefore, anti-inflammatory 
cytokines only influence the arrival of neutrophils.  

 
6.2.3.5 Injection of additional chemerin 
model 
 

 
• It was found to be tasking for the ode solver to simulate a chemerin 
injection. This is because the injection has a timescale of seconds and the 
timescale of the model is hours making the injection close to instantaneous. In 
order to overcome the solver errors that occur by this contrast the injection was 
assumed to take approximately 10 min. 

 
6.3.1 Model fitting 
 

 
• From the work by Smith et al. [251] the rate of cytokine decay and 
neutrophil vasculature extraction were found.  
• The rate of cytokine decay was assumed to be the same for all 
cytokines.  
• The rate of apoptotic neutrophil extraction rate was considered 
separately to the neutrophil one.  
• The model is fitted using the simplex method, which was chosen due to 
its ability to handle large models.  
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• The range chosen for the fit was set empirically to reflect the rate at 
which different variables evolve during the experimental study.  
 

6.3.2 Optimizing the therapeutic potential 
of chemerin 
 

• The optimal point for chemerin injection was identified using as 
criteria:  
- zymosan cleared as efficiently as model fitted to control data. 
- maximum reduction of number of neutrophils, monocytes and apoptotic 
neutrophils. 

 
6.3.3 Sensitivity analysis  
 

 
• Due to the size of the model and number of parameters the best way to 
tackle sensitivity analysis of the model was found to be the Campolongo-Morris 
method.  
• The RMS error function was defined to take into the behaviour of the 
model compared to the control data; the data when 500 Tg ml-1 and when the 
time and concentration of chemerin injection is optimized.  
• The parameters for which perturbations exerted the least an RMS error 
increase of approximately 1% were removed.   
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Chapter 7 

Conclusion and Future work 

 In this thesis, three models were developed, which aimed at capturing pathological mechanism 

common to many CNS diseases. Three mechanisms were focused on: glutamate excitotoxicity, 

cytotoxic oedema and acute inflammation. Each model is placed in different contexts and answers 

individual questions provided by experimental labs. Through this process, it was possible to narrow 

down the exact experiments required to test the hypothesis ensuring more ethical and cost effective 

experimental work.  

 To investigate glutamate excitotoxicity a four-compartmental model was developed that 

includes the exchange of this neurotransmitter between neurons and astrocytes in an ischaemic stroke 

environment. With it was possible to create the firs model of glutamate release validated in stroke. To 

achieve such a model a novel approach to glutamate kinetics was used where the literature of intra 

neuronal/astrocytic kinetics of glutamate, the relationships between glutamate release and ionic 

regulation and the metabolic requirements of the glutamate cycle. By combining these models with 

values identified as biologically sound values it was possible to predict the release of glutamate in the 

presence of a severe ischaemic stroke.  

 Cytotoxic oedema was studied in the context of NMO. The aim of the work was to test two 

hypotheses for the observed astrocytic oedema present in NMO lesions. The hypotheses consisted in 

understanding if the swelling was due to the impairment of the cells water regulation through AQP4 
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channels or if it was due to holes formed by inflammatory complement. The model developed was the 

first to investigate astrocytic water regulation in a pathological environment. From simulations, it was 

found that impairing AQP4 had negligible impact on the cell volume and that it could not be the 

reason for registered oedema.  

 In order to investigate the second hypothesis, the first model of the ionic flow through lytic 

holes formed by complement MAC was created. Furthermore, the complement inhibitor CD59 was 

tested as a potential preventative therapy. To this effect, the first model of the effects of this protein 

was created. With this model, a threshold for the efficiency of therapies was found below which 

therapies have a negligible effect on the development of NMO lesions. 

 For the inflammatory study, a model was developed for the acute inflammatory response to 

evaluate the pro-resolving pathway of chemerin. This was the first model that tested the effects of an 

intervention on acute inflammation. With the model, it was possible to identify an optimal time and 

concentration to inject chemerin in order to inhibit the recruitment of inflammatory cells. Such a study 

would have been proven to be costly and unethical if it was done experimentally. From the optimal 

injection found it is now expected to plan a new experimental study that will evaluate the veracity of 

the findings and if the model needs to be further updated. 

 The approach taken to develop these models consisted in adapting models found in the 

literature that have evolved over the past 50 years. The mechanisms that they capture are well 

understood and assumptions made are widely accepted. Two areas of research were considered. The 

first involved expanding the work developed on cytotoxic oedema in ischaemic stroke by Orlowski 

and colleagues [14], [15]. This model already had implemented this strategy by combining the 

metabolic model of Cloutier et al. [200] and the cellular ionic regulation of Endresen et al. [206]. This 

model was then repurposed to create a model of glutamate release in stroke and astrocytic oedema in 

NMO. The second involved appropriating the models of acute inflammation by Lauffenburger and 

colleagues [66], [246], [247]. This appears to be a common approach in this field as it was followed 

by the state of the art models of acute inflammation by Dunster et al. [252] and Smith et al. [251]. 

 The work done has shown that by combining established models it is possible to define 

complex pathologic mechanisms. However, as presented in Chapter 3 this approach has certain 
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limitations. As these models are being applied to new contexts where there is, in some cases, little 

data available not all parameters for the kinetics implemented here have been experimentally 

measured. Therefore, certain parameters had to be fitted. Due to the size of the models created the 

number of algorithms that are both efficient and able to arrive at solutions is restricted. The algorithm 

chosen was selected based on the criteria established by the work by Cloutier et al. [200] that 

established that for models of these dimensions the fitting has to be done without requiring the 

derivative of the model. This is because in these large models it is not guaranteed that a solution for 

the derivative of the model exists. Hence, as in Cloutier et al. [200], the simplex algorithm was 

chosen [68].  

 The limitations of this method are that it is dependent on the range chosen for the parameter 

space and that it has an ad hoc stopping criteria. For all fittings made, the parameter space was then 

chosen based, when possible, on data available or similar parameters. In terms of the stopping criteria, 

the best approach found was to develop an assisted way of evaluating individual iterations of the 

method. Only in this way was it possible to identify when the algorithm got stuck on local minima. 

This work showed that there are tools available to handle the models of this size. In the field of 

neuronal tissue modelling, a more sophisticated fitting method is required as there are many barriers 

to measuring parameters. 

 Furthermore, when trying to develop models of these complex diseases the result tends to be a 

large model with tens of equations. To overcome this, sensitivity analysis algorithms were 

implemented. Through this process, it is possible to identify the parameters and kinetics that are 

negligible to the behaviour of the model. As described by Saltelli et al. [260] there are several 

strategies to evaluate models. One such strategy suitable for large models was developed by 

Campolongo et al. [294]. This method involves exploring the parameter space over a defined range 

and comparing the output of the model to the one desired. This tool is also useful to inform future 

experimental work in order to improve the models created and to uncover pathological mechanisms. 

Throughout the work, this method was implemented and it was found to be useful. However, the 

output of the method relies on the definition of the range chosen. In the field of mathematical 

modelling of brain tissue, the range of the parameters is not known for a number of parameters. 
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Therefore, the choice of range for some parameters was ad hoc. To allow for a more refined analysis 

of models of this kind, a better understanding of all the parameters involved in these models is 

required. 

 Using this method, it was only possible to reduce the complexity by one order of magnitude in 

the case of the complement model. In the case where only the output and inputs are of relevance, an 

effort was made to reduce the model into a black box. The success of these simplified models is 

evaluated, as explained by Cladwell et al. [336], by ensuring the novel model is able to replicate the 

original predictions of the model over a range of inputs. This was implemented when trying to reduce 

the complement model to just a MAC production model in response to antibody-antigen binding. Due 

to the shape of the output, a second order model was chosen to fit the complement model. 

Additionally, a symbolic genetic algorithm was used to fit how the parameters of the second order 

model vary with the inputs of the model. Through this process, a model of approximately 30 ODEs 

was reduced to two. To ensure the versatility of the model the ranges chosen for inputs were large 

(four orders of magnitude). However, the model is only valid within that range.   

 As the field of mathematical modelling of degenerative diseases is novel there are many 

limitations in the literature. Additionally, to develop models of these diseases models with a large 

number of equations were combined. As discussed in Chapter 3 these are the main characteristics of 

“sloppy” models. To avoid or mitigate the effects of such models strategies were employed that 

follow the principle presented by Gutenkunst et al. [193]. These include that a model should aim at 

accurately predict a variety of physiological behaviour and not be concerned with the values of 

individual parameters.  

 In Chapter 4 the glutamate model was developed by not fitting the kinetics to data but instead 

taking the different models from the shelf combining them and evaluating how the model behaves 

compared to 3 sets of data. It was found that it accurately predicts the release of glutamate in response 

to an action potential. Additionally, in the case of ischaemic stroke, it was shown that for certain 

levels of CBF the model accurately predicts glutamate concentration at the ECS for a 5 min and a 14 

min stroke.  
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 For the NMO work presented in Chapter 5 it was harder to mitigate the “sloppiness” of the 

model as there is very little data and the understanding in the literature is limited. The model involved 

adapting combining models from different contexts. An effort was made to ensure that when models 

were adapted to new contexts that they were validated with the data used to validate the model in its 

original context. Additionally, the predictions of the model were stress tested using the C-M method. 

Furthermore, the experimental procedure to test and improve the model simulations is presented.  

 Finally, the chemerin pro-resolving model was also stress tested using two algorithms. The first 

consisted in using the C-M method again to investigate the parameters to which the model is more 

sensitive. Additionally, a remove-one bootstrap approach was used to identify how dependent the 

model was to individual data points. From this analysis, it is clearly demonstrated how sensitive the 

predictions of the model are and experimental procedures are proposed to overcome these limitations.  

 Managing the pathological mechanisms considered, the assumptions made and the size of the 

models required many discussions with supervisors and collaborators. The present models were 

achieved after many iterations and after hearing all the inputs of all the involved parties. In the 

remainder of this chapter, the main assumptions made in each chapter are discussed, and experimental 

measurements are proposed that could aid future iterations of the models developed.   

7.1 Glutamate excitotoxicity 

 The main assumption made in this work is that only the pre-membrane depolarization 

glutamate release is characterized as post depolarisation the cells are defined as dead. This fact 

informed how the work was organized. Following the work by Rossi et al. [209] the mechanisms for 

glutamate release modelled were the release by vesicular exocytosis triggered by calcium and by the 

reverse function of glutamate transporters. The model was defined to be used to predict glutamate 

levels at the penumbra.  

 After the changes made in Chapter 5 by refitting the Cloutier et al. [200], it is able to simulate 

cellular behaviour post depolarisation. In order to characterize glutamate release post-depolarisation, 

further adaptions would be required. To describe the exchange of glutamate between vesicles and the 



Chapter 7: Conclusions and Future Work 
 

 220 

cytoplasm the kinetics are not fully understood seeing that the only mathematical model that considers 

the filling of vesicles was the one by Axmacher et al. [218]. Additionally, the filling of vesicles 

requires ATP as reported by Albers and Siegel [337]. The metabolic requirements and kinetics of this 

pump have yet to be measured.  

 Furthermore, the best data that evaluated the levels of glutamate during stroke consisted in in 

vivo microdialysis measurements where an ischaemic stroke is induced over a period of time followed 

by reperfusion [73], [88]. As is in these experiments stroke was induced for a relatively small amount 

of time (in the order of tens of minutes) it was assumed that tissue was able to return to its basal state 

without severe damage. However, as described by Nour et al. [338] reperfusion might trigger 

pathological mechanisms that may lead to cell death. No mathematical model has yet attempted to 

model ionic and metabolic cellular behaviour after reperfusion.  

 In order to overcome these limitations, further data on glutamate kinetics during a stroke are 

required. It is here proposed that using CEST to image glutamate levels [339] during a simulated 

stroke as in the microdialysis studies [73], [88] could provide more accurate data with better time 

resolution. With such data, it would be possible to understand if the mechanisms considered suffice to 

model glutamate kinetics or if further complexity is required such as anion activated glutamate release 

channels, as described by Rossi et al. [209].  

7.2 NMO pathophysiology 

  The work developed in this chapter can be divided into three sections: 1. The fits performed of 

the Cloutier et al. [200] and of the Endresen et al. [206] models; 2. Adapting Orlowski et al. [15] 

model of cytotoxic oedema to consider hydrostatic pressure and the dependence of the astrocytic 

membrane on AQP4 and 3. Testing the effects of complement lysis on astrocytic volume. In each of 

these topics, assumptions were made that can affect the outcome of the model. When refitting the 

model, the biggest concern involved the choice for the parameter range of the parameters being fitted. 

In the work by Cloutier et al. [200] and Endresen et al. [206] the range chosen to fit the parameters 

was not mentioned. Therefore, it was chosen ad hoc. Additionally, the toolbox used by Schmidt and 
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Jirstrand [257] allows for user supervision while the algorithm is running. This way it was possible to 

steer the algorithm away from local minima. For a more informed fitting measurements of parameters, 

made from human subjects, are required.  

 After having a metabolic model that is able to simulate kinetics post depolarisation and stable 

glutamate kinetics the effects of removing AQP4 permeability on astrocytic volume. This section of 

the work was based on Starlings equation [289]. The biggest concern is this section resulted from 

missing parameters values available in the literature. To overcome these limitations the parameters 

were calculated to ensure the model was stable at steady state conditions.  

 Additionally, the distribution of perivascular and presynaptic AQP4 along the astrocytic 

membrane is not known. For this reason, a test was made to see how the distribution affected the 

results of removing the two types of AQP4 orientations separately and all together. The work by 

Nagelhus et al. [305] was able to stain AQP4 channels of Müller cells in the optic nerve with gold 

particles. Using this method, the average concentration of AQP4 in astrocytes could be measured. The 

distribution of these channels would be more complicated to integrate into the model as the work by 

Østby et al. [64] states that the AQP4 channel expression and location varies depends on the function 

of the astrocyte.  

 The third section of the NMO project involved modelling cytotoxic oedema triggered by 

inflammatory complement. This work can be divided into three sections: 1. Choosing and adapting 

inflammatory complement model; 2. Creating a MAC hole model and 3. CD59 kinetics. As explained 

in Chapter 5, the Korotaevkiy et al. [236] model of the complement cascade was implemented as it 

was the only validated model that considers the full proteic cascade from activation to MAC 

formation. However, parameters had to be fitted in order to overcome mistakes in the publication. As 

there is interest for inflammatory complement kinetics in many pathological contexts it would be of 

interest to have a fully validated model of these kinetics introduced into a recognised model database 

such as the CellML repository [256] or the Biomodel database [340]. Additionally, the Korotaevkiy et 

al. model [236] was validated using Borrelia burgdorferi bacteria in vitro data. For the case of NMO, 

it would be pertinent to perform similar experiments with astrocytes, as the size of the cells is 

different.  
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 The creation of the MAC hole model involved a series of assumptions as there is no current 

model of how individual ions flow through lytic holes. It was then assumed that the flow through a 

MAC hole was proportional to the flow across a membrane channel, as described by Endresen et al. 

[206]. The work by Schröder et al. [307] measured and fitted kinetics to the flow through lytic holes. 

However, it does not take into consideration the different ions. This would be of great interest as these 

values could be used to identify the flow of the ions as biomarkers for cell death [341].  

 In this thesis, a mathematical modelling was used to test the potential of CD59, a MAC 

inhibitor, as a preventative therapy for relapsing NMO. From this work, a concentration threshold 

bellow which the effects of CD59 are negligible. However, in order to arrive at this, result, the CD59 

kinetics had to be developed, as no mathematical model was found. The work by Rollins and 

collaborators [165], [342] have characterised CD59 as an inhibitor of inflammatory complement using 

erythrocytes from different species. Although its impact has been evaluated they have not measured 

CD59 kinetics. Therefore, a model was fitted to the data in [165] that presents data with human 

erythrocytes. The model was developed by making it similar to the kinetics from Korotaevkiy et al. 

[236] for complement inhibitors. In order to better understand the effects of CD59, a similar 

experimental procedure as in Rollins et al. [342] could be used using an in vitro  culture of astrocytes. 

 This project was the first mathematical model that aims at tackling the pathophysiology of 

NMO. Therefore, some kinetics of the model had to be developed using a brute force approach. In 

order to refine the model, the experiments proposed would be required. Despite, its limitations this 

work showed that pathological hypothesis of a complex disease, such as NMO, could be tested using 

mathematical modelling. Furthermore, a model of cytotoxic oedema due to complement lysis was 

developed, a mechanism common to many pathologies. It could then be adapted to many other 

contexts to test the hypothesis surrounding the complement lysis component in other pathologies.  

7.3. Chemerin/ChemR23 pro-resolving pathway 

 This work was developed based on a pilot study by our collaborators the Professor Greaves 

group of the Sir William Dunn Physiology Department at Oxford. As this is a pilot study the number 
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of data points is limited, which informed many of the assumptions made. Additionally, the full 

chemerin pro-resolving pathway as described by Cash et al. [171] has not been fully characterised. 

This section is organized into three topics, the assumptions made to overcome the limitations in terms 

of (1) the data, (2) the literature into chemerin pro-resolving kinetics and (3) the effects of pro-

resolving mechanisms.  

 The data available consisted of measurements of neutrophils and monocytes cell numbers and 

several inflammatory mediators. From the mediators measured, besides chemerin, only CCL2 and 

CXCL1 were considered. The reason for this was that these were found to be the ones that best 

correlated with the arrival of neutrophils (CXCL1) and monocytes (CCL2). Furthermore, only these 

two cells kinetics were modelled. This was done because, as described in [56], these two cells mark 

the difference in behaviour between acute and chronic inflammation.  

 In order to develop a model of the Chemerin/ChemR23, there was the need to overcome the 

limitations in the literature on the mechanism behind this pathway and the limited number of models 

that exist on acute inflammation. In terms of the latter only the models by Smith et al. [251] and 

Dunster et al. [252] that considered the behaviour of both types of leukocytes and the pro-resolving 

mechanisms. These models consider the processes of chemokine production, cell recruitment, 

leukocyte phagocytosis, neutrophil apoptosis and cell clearance. Additionally, the work by Dunster et 

al. [252] uses the model of chemokine inhibition by Anderson et al. [327]. All these concepts were 

introduced in the model. However, as described by Cash et al. [171] the Chemerin/ChemR23 pathway 

is complex mechanisms that involved a variety of reactions. As there are neither measurements nor 

models of these reactions assumptions were made to overcome these limitations. As shown in Fig. 6.1 

A chemerin is inactive at steady and only acts as a chemoattractant after the arrival of neutrophils. 

These cells release enzymes that trigger the chemoattractive nature of chemerin. Due to the lack of 

data on this reaction, it was assumed that including it would add an extra level of complexity and 

therefore it was assumed that chemerin does not require activation. Similarly, when monocytes arrive 

at the site of inflammation (Fig. 6.1 E) they release enzymes that are hypothesised to break down 

chemerin into peptides, such as C15, that exert a variety of function. Here, a Michaelis-Menten 

equation was used and its parameters were fitted to the data. In order to overcome these assumptions, 
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a study would be required to measure these different rates. Additionally, the production of C15 from 

chemerin still needs to be confirmed as the work by Bondue et al. [343] contradicts the findings by 

Cash et al. [171].  

 In terms of building an inhibition model, as the literature is limited assumptions were required. 

From the data, there were no measurements of pro-resolving chemokines. Therefore, following 

Dunster et al. [252], a generic pro-resolving chemokine was implemented titled r. Then in terms of 

the effects of anti-inflammatory chemokines r and K̂Œ the model created was also based on the 

model Dunster et al. [252], which assumed that pro-resolving chemokines only act on pro-

inflammatory mechanisms. Additionally, the arrival of monocytes was seen as a pro-resolving 

mechanism. Therefore, the inhibitory action of pro-resolving chemokines only targeted the 

recruitment of neutrophils. As the concept of these chemokines is new a better understanding of their 

behaviour is needed to make the model more sophisticated. 

 In addition, as the field of complex models of inflammation is relatively a large number of 

parameters were fitted (45 in total). To refine the model development measurements of average values 

for acute inflammation are required. The work by Reynolds et al. [249] has attempted to identify a 

variety of parameters values throughout the literature for a model that includes anti-inflammatory 

mechanisms. However, due to its simplicity, many of the parameters found are not applicable to the 

more complex case of the Chmerin/ChemR23 context. It is, therefore, suggested that many of the 

parameters related to cell recruitment could be measured using the peritonitis animal model 

implemented to collect the data used.  

 The work developed arrived at the conclusion that there is maximum to the anti-inflammatory 

effect of chemerin. Additionally, a trade-off was identified between inhibiting the recruitment of 

neutrophils and monocytes. Through this work, it is hoped to inform future experimental work in the 

field of acute inflammation and through the partnership between mathematical modelling and 

experimental measurements arrive at a standard for testing treatments and hypothesis to prevent the 

degeneration of this mechanism into acute inflammation. 
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