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Abstract

This thesis presents the development of Conformal Field Theory (CFT)
methods to analyse the topological properties of fractional quantum Hall
effect (FQHE) wave functions, and numerical techniques to find accurate
FQHE trial ground state wave functions.

In Chapter 2| we argue that the real-space entanglement spectra (RSES)
of generic chiral FQHE ground states have a scaling property, discussed in
previous works, where the RSES is given as the spectrum of an operator
that is an integral of local operators along the real-space cut that can be
expanded in negative powers of the real-space cut length. This is directly
tested for the bosonic Composite Fermion (CF) wave functions on the sphere
at filling fraction 2/3.

In Chapter[3] it is shown that all chiral Parton-type FQHE ground and edge
state trial wave functions, in the planar geometry, can be expressed as CF'T
correlation functions. A field-theoretic generalisation of Laughlin’s plasma
analogy, known as the generalised screening hypothesis, is then formulated
for these states, where the implications for inner products of edge state trial
wave functions are discussed. These implications of generalised screening
are then numerically tested in two specific cases.

In Chapter [4 a method for the energy minimisation of paired CF trial wave
functions is discussed, with the goal of producing accurate ground state trial
wave functions for electrons, with Coulomb interactions, at filling fraction
5/2. The resulting energetics are then presented for the optimised paired
CF versions of the Pfaffian, anti-Pfaffian and particle-hole (PH) symmetric
Pfaffian topological orders and are compared to their zero-parameter trial
wave function counterparts. It is found that the effective CF pairing in
the Pfaffian and anti-Pfaffian wave functions is well approximated by a
weak-pairing BCS-type description, and certain pathologies are found for
the PH-Pfaffian wave functions.
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Chapter 1

Introduction

A system composed of many interacting particles, in close proximity to each other,
can exhibit collective properties that are primarily determined by how the constituent
particles are organised rather than their individual properties[2]. The broad area of
study concerned with such systems and their emergent collective properties is known
as condensed matter physics, which is the field that this thesis belongs.

Within this field, a distinct way the constituents of a system can be organised is
often referred to as a phase of matter. It was first pointed out by Landau [3] that
many possible distinct phases of a system could be understood through the concept
of symmetry breaking, where each phase is characterised by its various symmetries (or
lack thereof). In fact, for many years after Landau’s work, there were no known phases
of matter that could not be characterised this way{'}

That was until the discovery of the integer [4] and fractional 5| quantum Hall effect,
which we abbreviate IQHE and FQHE respectively. These effects are when a system
composed of a large number of electrons confined to move in two dimensions, near
absolute zero temperature and under the influence of a large perpendicular magnetic

h

field has a measured Hall resistance of the form —-, where e is the electric charge of

an electron, h is Plank’s constant and v is quantised such that it takes an integer or

"'Within this framework of phases of matter one does not distinguish between liquids and gases as
the phase boundary between liquid and gas has an endpoint, which allows one to continuously move
a system from a liquid to a gas.



fractional value in the integer or fractional quantum Hall effect respectively. It was
clear from the outset of the discovery of these effects that the various v’s corresponded
to different phases of matter, however, it eventually became apparent that any two
such phases could not be distinguished by their symmetry properties|6}, |7].

These phases of matter then represented a fundamentally new way that the con-
stituent particles of a system can be organised at absolute zero temperature, and are
now referred to as topological phases of matter |7-9]. A system in such a phase is
said to exhibit topological order. Rather than symmetry, topological order is char-
acterised at a macroscopic level by certain collective phenomena that are completely
quantum mechanical in nature. Firstly, a system in a topological phase has a bulk
gap, which is to say any localised excitations inside the system cost a finite amount
of energy to create. Secondly, these phases can have low-energy quasi-particles that
can be “fractionalised” compared with the constituent particles and are, in general, nei-
ther fermions nor bosons but are in fact anyons, with different phases hosting different
types of anyons [10-16]. Also, on closed manifolds, a system in a topological phase
can have a ground state degeneracy that only depends on the topology of the manifold
[6]. Furthermore, a system in a topological phase can have low-energy effective degrees
of freedom at its edge that are described by a conformal field theory (CFT) [17-20].
These macroscopic characterisations are often referred to as the universal or topological
properties of a given phase. Such properties can be summarised by saying that the low
energy effective theory of a topologically ordered system is a topological quantum field
theory (TQFT), which is the origin of the word “topological” in the name “topolog-
ical order”|9} 21-24]. At a microscopic level, topological order can be characterised
by so-called “patterns of long-range entanglement”, where the local degrees of freedom
of a system are quantum-mechanically entangled in such a way that they cannot be
disentangled without crossing a phase transition|25].

The existence of anyons within these phases of matter has sparked particular interest



over the past few decades. From a purely theoretical point of view, anyons are a
fundamentally different kind of particle |26, [27]. They can be split into two classes:
abelian and non-abelian anyons. Abelian anyons simply change their wave function by a
phase factor when exchanged whereas for non-abelian anyons there exists a degenerate
space of states, for given anyon positions, that transform onto each other when the
anyons are exchanged. These properties of non-abelian anyons became of practical
interest after it was realised they could potentially be used for fault-tolerant universal
quantum computation |9, [24].

In the endeavour to understand what phases of matter can occur in theory and in
particular experiments, the FQHE stands out from many other subfields of condensed
matter physics through its use of zero-parameter trial wave functions|28|. This ap-
proach was initiated in Laughlin’s explanation of the FQHE at filling fractions v = #
with m € 2N + 1, where zero-parameter trial wave functions were used as accurate
approximations of the actual ground states of the systems under consideration [10]. In
a more modern interpretation of this approach, a trial wave function is proposed in the
hope that it is not necessarily a very accurate approximation to the ground state of
a particular system, but is in fact adiabatically connected to the exact ground state.
That is, it is hoped that there exists a way to deform the system’s Hamiltonian such
that we can, in theory, adiabatically evolve the system from the exact ground state to
the trial ground state without passing a phase transition. If this can be done, then the
exact and trial ground states are in the same phase of matter and, thus, the universal
properties of the exact ground state can be predicted by calculating those of the trial
ground state. One can then think of a trial wave function as being a representative
wave function for a particular topological phase of matter. In practice, however, ex-
tracting the topological properties of a given trial wave function is highly non-trivial,
and establishing the adiabatic connection to the exact ground state of a real system is

even more So.



One method that has proved particularly useful both generally in condensed mat-
ter physics and, more specifically, for determining the topological phase of a given
ground state is to spatially bipartition the system and study the quantum entangle-
ment between the two subsystems|29|. The full information regarding the entanglement
between the two subsystems is contained in the entanglement spectrum (ES) (to be de-
tailed later), which was originally proposed by Li and Haldane [30]. When the system
is spatially bipartitioned this is called a real-space entanglement spectrum RSES. In
their pioneering work, Li and Haldane, using an approximation to the RSEEE], numer-
ically demonstrated for some particular cases that the ES resembled, in structure, the
energy spectrum of the edge degrees of freedom of the given system. Many works have
subsequently shown this to occur in many other cases [31H34]. Other works have also
given arguments as to why this occurs [35-37]. Of particular interest here are the ar-
guments of Dubail, Read and Rezayi (DRR) [35] and Qi, Katsura and Ludwig (QKL)
[36]. In the work of QKL, it is argued that the RSES can be modelled as the ES of
the interacting edges of the two subsystems, which allowed them to understand the
structure of the RSES in the thermodynamic limit. DRR showed that the RSES of
many FQHE trial wave functions have a scaling property, which allowed the RSES of
large but finite systems to be understood.

The particular class of trial wave functions considered in DRR’s work are those
that can be written as a correlation function of a two-dimensional conformal field
theory (CFT). From the point of view of condensed matter physics, 2d CFT has its
beginnings in the description of systems near second-order phase transitions [38, 39].
Roughly speaking, the “holomorphic parts” of the correlation functions of these CFTs
are certain functions called conformal blocks. The so-called “monodromy properties” of
these conformal blocks form certain representations of the braid group [40-42] and, as

shown by Witten [43|, have a deep connection to (2 + 1)d TQFT. In other words, the

2More precisely they used the “orbital” ES



monodromy properties of these conformal blocks could be used to describe anyons. It
was first shown by Fubini [44] that Laughlin ground and quasi-hole trial wave functions
could be expressed as CF'T conformal blocks. Around the same time, in a now-famous
work, Moore and Read showed that a variety of other FQHE ground state trial wave
functions could be expressed as the correlation functions of CFT and used a certain
CFT to generate a new trial wave function now termed the Moore-Read Pfaffian.
They also proposed that quasi-particle trial wave functions could be expressed using
CFT conformal blocks, where they conjectured that adiabatic exchange of these quasi-
particles corresponded to the monodromy of these conformal blocks and that the edge
degrees of freedom of the system are described by (a Wick rotated version of) the same
CFT used to generate the ground state, with this being known as the Moore-Read
(MR) conjecture. If true, it would imply the Moore-Read Pfaffian state could host
non-abelian anyons, which was later verified by Monte Carlo methods [45]. Not long
after Moore and Read’s work it was also realised that this formalism could also be used
to generate trial wave functions for edge excitations, or edge states [46|, where this
would give a linear map from the (dual) Hilbert space of the CF'T to the space of wave
functions.

In the case of Laughlin’s trial wave functions the adiabatic exchange statistics of
quasi-holes can be calculated using Laughlin’s plasma analogy [10,|11], where the norm-
square of the trial wave function can be expressed as the partition function of a classical
2d plasma. If this plasma is in a screening phase, then the exchange statistics corre-
spond to the monodromy of the conformal blocks that can be used to express the
quasi-hole trial wave functions. This was later generalised by Read to wave functions
that are expressed as CFT correlation functions [47], in what is termed the generalised
screening hypothesis, where it was argued that if this holds the adiabatic exchange of
quasi-particles is given by the monodromy of the corresponding conformal block wave

functions. It was also shown by DRR that if the generalised screening hypothesis holds



then the linear map from the (dual) Hilbert space of the CFT to the space of trial edge
states preserves the inner product of the two Hilbert spaces in the thermodynamic limit
(i.e. becomes an isometric isomorphism in the technical langauge). In other words, if
the generalised screening hypothesis holds the edge degrees of freedom could indeed
be described by the same CFT used to generate the wave function. From this, DRR
were also able to show that the RSES of these wave functions had a scaling property,
so long as generalised screening holds. This scaling property is that the RSES, at large
but finite system sizes, can be expressed as the spectrum of a CFT operator which is
a sum of integrals of local operators of the CFT. Each term in this sum is weighted
in such a way that at larger system sizes it can be well approximated by only a small
number of terms.

Combining the results of Read and DRR, one can then see that the MR conjecture
can be reformulated as the generalised screening hypothesis, which can be seen as a
natural generalisation of Laughlin’s plasma analogy. Roughly speaking, if generalised
screening holds the topological properties of the trial wave function can be simply “read
off” from the CFT used to generate the wave function.

Another set of trial wave functions, outside those considered by Read and DRR,
are the, very successful, Composite Fermion trial wave functions, originally proposed
by Jain [48] 49]. These trial wave functions are motivated by the Composite Fermion
(CF) theory of FQHE, where it is argued that it is energetically favourable for elec-
trons to bind to an even number of wave function vortices to form CF quasi-particles.
Within a certain mean-field approximation, these vortices screen the magnetic field
so that the CFs are in a lower effective magnetic field, wherein they can form IQH
states. The corresponding trial wave function is a product of an IQH ground state
and a “fux-attaching” Jastrow factor. These CF wave functions have been shown to
be expressible as anti-symmetrised CFT correlation functions [50, [51], although this

anti-symmetrisation procedure meant that it has not been obvious if the arguments of



Read and DRR can be extended to these states [52].

An even wider class of trial wave functions, which include the CF wave functions,
are the Parton wave functions. These are motivated by a microscopic theory of the
FQHE where the electrons are split into several fictitious Partons that are strongly
bound to move in clusters (i.e. so that they form full electrons). Each individual
Parton species experiences a lower effective magnetic field, as they have a fraction of
the charge of an electron, and can then form IQH states. The corresponding trial
wave functions are products of several IQH ground state wave functions (one for each
Parton species). Parton wave functions have seen renewed interest recently as being
possible representative wave functions for particular phases of matter occurring in GaAs
heterostructures [53, 54] and in graphene systems [55].

Assuming this microscopic Parton theory, Wen derived the effective low energy
field theories for certain Parton states termed the symmetric states. Importantly,
these effective field theories indicated that such states are likely to host non-abelian
anyons. More recently, the quasi-particle exchange statistics of two particular Parton
wave functions have been directly shown, under certain assumptions, to be non-abelian
where these wave functions were also shown to be the exact densest zero-energy ground
states of certain model Hamiltonians|56, 57]. Although previous works have made some
progress[58, [59], it is still not known if the CFT methods described above can be applied
to the Parton wave functions.

The wave function proposed in the work of Moore and Read, known as the Moore-
Read Pfaffian state, is one of the simplest FQH states that can host non-abelian anyons,
and early numerical studies suggested that it could be likely to occur at v = 5/2 in
GaAs heterostructures |60, |61]. Later studies, however, showed there are other possible
phases that can occur at v = 5/2: the anti-Pfaffian [62-{64] and the particle-hole
symmetric Pfaffian (PH-Pfaffian) [65]. All numerical studies to date have pointed to

the Moore-Read Pfaffian or anti-Pfaffian as being the most energetically favourable



phases in this setting [60, 61, 66, |67]. On the contrary, experimental measurements of
the heat conductivity at the edge of this system are consistent with the PH-Pfaffian
phase [68]. The precise nature of the v = g FQHE in GaAs still remains elusive at the
time of writing.

All three of these phases can be understood as paired CFs, with each phase cor-
responding to a different pairing channel [69-71]. Using this picture, Moller and Si-
mon (MS) proposed a multi-parameter trial wave function for the Moore-Read Pfaffian
phase, where the pairing wave function of the CFs can be adjusted by these parameters
[72]. As discussed by MS, varying the pairing parameters of a given MS wave function
to minimise its energy, would give a wave function which is a better approximation of
the actual ground state, which was the main motivation for proposing such wave func-
tions given the relatively low overlap of the Moore-Read wave function with the exact
ground state (at small system sizes), in comparison to other known trial states such
as Laughlin’s. The Moller-Simon wave functions have been extended by Yutushui and
Mross (YM) to give trial wave functions for the anti-Pfaffian and PH-Pfaffian phases,
where the corresponding wave functions have been studied for a given set of fized pa-
rameters [73]. These paired CF wave functions offer alternative forms of the existing
trial wave functions for the PH-Pfaffian and anti-Pfaffian phases, which are numeri-
cally tractable at larger system sizes. The energetics of the fixed parameter paired CF
wave functions proposed by YM and the energy minimisation of their corresponding
MS versions have not yet been studied. As for the MS version of the Moore-Read state,
minimising the energy of these wave functions could allow for more accurate trial wave
functions compared with the fixed parameter version proposed by YM, which could
ultimately be crucial for determining what phase of matter actually forms at v = % in
GaAs heterostructures.

This thesis presents contributions to the development of CFT methods to under-

stand the structure of real-space entanglement spectra and to identify the topological



properties of trial wave functions using the generalised screening hypothesis, and to the
development of numerical methods to optimise and analyse paired CF wave functions.

In Chapter [2| we argue, by starting from QKL’s approach, and numerically substan-
tiate that, DRR’s scaling property should be a generic feature of the RSES of many
FQH states,

In Chapter [3] we show that both the Parton and CF trial wave functions can be
expressed as CFT correlation functions without explicit anti-symmetrisation. A gen-
eralised screening hypothesis for these wave functions is formulated, where it is then
demonstrated how the various topological properties can be extracted. Some of the
predictions of the screening hypothesis are numerically tested in two specific examples.

In Chapter [l we discuss the energy minimisation of paired CF wave functions. The
results of the energy minimisation of the paired CF wave functions for the Pfaffian, anti-
Pfaffian and PH-Pfaffian phases are presented and compared to their fixed parameter
counter-parts in the case of the pure Coulomb interaction in the second Landau level.
The resulting pairing functions are analysed and found to be well approximated by
a weak-pairing BCS-type description for the Pfaffian and anti-Pfaffian cases. Certain
pathologies are found for the paired CF versions of the PH-Pfaffian state.

For the remainder of this chapter, we will briefly introduce the IQHE, FQHE and
rational CFT, which set the scene for the rest of this thesis. In Sec. we discuss
the integer quantum Hall effect and introduce the concept of Landau levels and edge
states. Then in Sec. we go on to discuss the FQHE and Laughlin’s plasma analogy.
CF and Parton wave functions are covered in Sec. [[.2.3] Finally, in Sec. [I.3| we briefly
discuss rational CFT which will lay the groundwork for Chap. [2| and Chap.

1.1 The integer quantum Hall effect

It was first observed by Von Klitzing that a two-dimensional electron gas subject to a

large magnetic field, near absolute zero temperatures, showed extremely flat plateaus



in the off-diagonal resistivity, p,,, as a function of the electron density [4]. That is, the
Hall resistance was measured to be quantised, with this quantisation being so precise it
is now used as a resistance standard. Within these samples, the electrons are confined
to move in two dimensions by a quantum well potential along one direction. When
this quantum well is sufficiently strong and the temperature is sufficiently low, then
the electron can, effectively, only move in a two-dimensional plane.

Ignoring any inter-electron interactions and assuming a perfectly clean sample, once
the electrons confined to the plane are subjected to a strong magnetic field perpendic-
ular to the plane, their single-particle energy levels become a discrete set called Landau
levels. The number of states within a given Landau level (LL) is proportional to the
area of the plane the electrons are confined within. If the electrons exactly fill n of
these LLs the diagonal elements of the conductivity tensor must be zero as there is an
energy gap to any unoccupied states, and it can be shown that the Hall resistance is
%. If we only partially fill a LL in a clean sample then this is no longer the case, as
there is no longer a gap to the unoccupied states.

The appearance of the plateaus seen in experiments is, in fact, a result of disorder.
When a “weak” disorder potential is included a given Landau level is split into a band of
energy levels, with the low and high energy states of a given band being localised. The
states in the middle of the band are extended. These localised states do not contribute
to the conduction properties of the system. Hence, as the chemical potential moves
through the localised states the conduction properties of the system remain constant.
This partly explains the plateaus in the Hall resistance, but does not explain why they
take the same value as a completely clean sample with an integer number of LLs exactly
filled. This final part of the story was explained by Laughlin using an argument based
on gauge invariance [74]. Halperin later clarified this argument, where the importance
of edge states was emphasised|75|. That is, the states near the edge of the sample, edge

states, remained extended even in the presence of disorder.
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1.1.1 Landau levels in the disk geometry

Now consider a single particle of mass m, and charge e moving in the two-dimensional
(x,y)-plane in the presence of a uniform magnetic field B perpendicular to the plane
of motion. The Hamiltonian of the particle is written as,

(p— eA)?

2me

H= (1.1)

where A = (A,, A,)" with 0,A, — 9,A, = B. We will work here in the symmetric
gauge with A = Z(—y,2)T = %5, where (r,0) are the usual polar coordinates.
Let us now find all the eigenstates of this Hamiltonian along with their correspond-

ing energies. First define the complex coordinates,

z=x+1y Z=x—1y (1.2)

Thinking of this as a coordinate transformation in the usual sense and recalling that
A is a contravariant vector, we can define A, = 1(4, —i4,) = —iZ% and A; = iZ2. In
these coordinates the metric tensor with raised indices is given by ¢** = ¢** = 0 and

g** = g** = 2. In these coordinates the Hamiltonian takes the form,

H:iK—maﬂe'i)(—mé—i@) + (—mé—z’@)(—maﬂeli)}
Me 4 4 4 4

hw, z z —
e K@ - zzBa) (@ T zzBa) T 1]

where 0 = 0., 0 = 05, w. = ;B is the cyclotron frequency and l[p = 4/_5 is the

e

magnetic length. We then define the operators,

1 z 1 z —
b=—|=— +2I0 bT_—(——Qz a)
\/§(2ZB b ) V2 \2lp o (1.4)
1 z — 1 z '
= (= +2 e — (-2
¢ \/5(2l3+ Ba) ¢ 2(213 Ba)
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These operators have the following commutation relations,

[a,a'] = [b,b] =1 [a,b] = [a',b] =0 (1.5)

which are the commutation relations for the ladder operators of two independent har-
monic oscillators. We can then form an orthonormal basis of our single-particle Hilbert

space with the states labelled by two natural numbers n and m and given by,

(ah)" (")
vnlm!

where |0) is the unique state such that a |0) = b]0) = 0 and is normalised (0|0) = 1.

0) (1.6)

|7L, m> -

The Hamiltonian can also be expressed as,

H = hw, (afa + %) (1.7)

which implies that |n, m) are eigenstates with energies that only depend on n: H |n,m) =
E, |n,m), where E,, = hw.(n+1/2). The energy levels are referred to as Landau levels,
where n = 0 is called the lowest Landau level (LLL).

The angular momentum operator (in units of /) is defined as,

L,=20—-720="bb—-dla (1.8)

which then implies the state |n,m) is an angular momentum eigenstate (as expected
given the rotational invariance of the Hamiltonian) with angular momentum m — n.

The states of the LLL must be such that a |1)) = 0. Expressing the wave function
_lz?

¥ as P(x,y) = f(z,Z)e “E, this condition to be in the LLL can then be expressed as

0f(z,2) = 0. Thus, in the LLL f is analytic (holomorphic) over the entire plane. As
_l2f?

b|0) = 0 it follows that (x,y|0) &c e 5. We then have,

2|2

Um(2) = (2,y[0,m) o 2™e " (1.9)

The probability density |t,,(2)|* is maximised on a ring centred at the origin of
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radius rpax = ( B\/%, where the probability density falls exponentially away from this
ring with a decay length of order l[g. In other words, the orbital 1,,(z) is localised
to a ring centred at the origin with radius [zv/2m and a thickness on the order of I5.
Suppose we confined this single particle such that it can only occupy the orbitals with
m < M (for some M). The single particle can then only move in a disk roughly of
radius {5Vv/2M, with the magnetic flux through this disk being ® = M ®, where &, = %
is known as the magnetic flur quantum. If we have N of these particles all confined
to move on this disk then we can define the filling fraction, v, as v = %, which is the
ratio of the number of particles to the number of orbitals they can occupy.

Let us now consider the case when these N particles are non-interacting fermions.
Let ¢! be the fermion creation operator for the orbital ,,(z). If N = M then we are

at the filling fraction » = 1 and the ground state of the system is,

) =l ... el [0) (1.10)

where |0) is now the zero-particle vacuum. The real-space representation of this state

(i.e. the wave function) is a Slater determinant of the form,

N 2
- - Zi
U(z) ocdet[zN 1 272 0 2% exp( g _|4l2| )
. B

N N ]2 (1.11)
1
_1_[(2Z — 2;) exp (Z — 12 )
1<J =1
where we use z as a shorthand notation for all the particle coordinates, z = 21, 2o, ..., 2§

and for a set of IV orbitals ¢;(z) we define det[¢1(21), p2(22), - .., dn(2n)] = D es, SN0
bo(1)(21) Do (2)(22) - - - () (2n) With Sy being the set of permutation of the set {1,2,. ..,
N}.

The density of this state is (p(2)) = SV} ﬁ%(%)m(e 2 = ﬁ 1=
=2

(5—'22)171%67%] . The terms in this sum with m > N will only have exponentially small
z !

contributions when z is inside the disk. Hence, the density is uniform inside the disk

13



1

with a value 5%,

and falls essentially to zero outside the disk with a decay length of
order [g.

Notice that if we wanted to excite the system inside the disk we must move at least
one fermion from the 4,,(2) orbitals to an orbital in a higher LL, which would cost at
least hw,. in energy to do. We then say that there is a bulk gap of hw.. One can also
say that this state is incompressible as increasing the density of the system amounts
to creating excitations.

By applying a' repeatedly n times to 1,,(z) we can see that the n'® LL single particle

BT
orbitals take the form ¥, ,,(2) = fum(z, 2)e B, where f, (2, Z) is a polynomial with

the highest power of z being m and highest power of zZ being n. Now let f(z,2)

be a generic polynomial in z and Z with the corresponding wave function ¥ (z) =
El

f(z,2)e “% . To project this wave function to the LLL, with the projection operator

denoted by Prrr, we simply move all the z’s in f to the left and then replace them

with 21%0, where this derivative does not act on the Gaussian factor [49]. For example,
z 2 z 2
o B LllQB .

_ 2
Prrrzize s = 24l%ze

A system composed of N identical particles in the n lowest LLs will have a wave

function of the form V(z) = f(z1, z1, 29, 22, . . ., 2N, ZN ) €XD (Zfil — Z@P
B

), where f is a
polynomial with the highest power in any Zz’s is less than n. If the identical particles
are fermions or bosons then f must be anti-symmetric or symmetric under swapping

the particle coordinates respectively.

1.1.2 Edge states

Now let us consider the case of N fermions all within the LLL, with N > 1. We
can define the v = 1 edge states to be the multi-particle states where all the |0, m)
single-particle orbitals are occupied for m < N — p and are unoccupied for m > N + p,
for some chosen positive integer p such that £ < 1. In other words, these are “excited”

states of the v = 1 ground state where all the excitations are occurring at the edge of
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the system.

Further, add to this system a rotationally symmetric confining potential Hamilto-
nian Heonfinement = ;U (r;), which is sufficiently weak that inter LL transitions can be
ignored and such that U(r) =~ (r —pv/2N)F near the edge of the system for some pos-
itive F. This perturbation merely alters the energy of the single particle orbitals, with
the orbitals near the edge will have a change in energy of (0, N + Am| U |0, N + Am) ~
ﬂlg(m — \/N)F 2 %. Thus, the energy of a given edge state is £ =

FlpAL: where AL, is the angular momentum relative to the ground state. In the ther-

V2N

modynamic limit for a fixed F', the gap in the energy spectrum of the edge states goes
to zero. That is to say, they are gapless. Furthermore, as AL, can only be positive,
for a fixed number of particles N, the excitations on the edge can only move in the
anti-clockwise direction (for positive electric charge of the fermions) and are said to be
chiral. The effective field theory description of these edge states is that of a (1 + 1)d
free complex chiral fermion theory, which is also a conformal field theory.

The importance of these edge states was first pointed out by Halperin |75] and they
are of particular importance in experiments as it is very often only the edge of the

system that can be directly probed.

1.1.3 Landau levels on the sphere

It is often theoretically convenient when considering the bulk properties of a particular
phase of matter to place it on a closed manifold so as to remove edge effects. In the
case of the quantum Hall effect, the sphere is the typical geometry of choice [76].

Consider a spherical shell of radius R with a magnetic monopole placed at its centre,
such that the magnetic flux going through the sphere is 2¢) in units of the magnetic
flux quantum. We now wish to consider the quantum mechanical motion of a charged
particle moving around on this spherical shell.

Let us first consider adiabatically moving this particle around the equator. The
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Berry phase picked up by this particle will then be exp (z% §e A - dr). Applying

quator
Stoke’s theorem on the upper or lower hemisphere gives this phase to be €™ and
e~?mQ respectively. As these two answers must be the same we then have that 2Q
must be an integer, which is the Dirac quantisation condition. In other words, there is
exactly an integer number of flux quanta going through the sphere.

The Hamiltonian of the particle is,

2
LA
2m. R?

(1.12)

where A = r x [—ihV — eA] is the dynamical angular momentum momentum. We will
work in the gauge A = % cot 0@3 (in spherical polar coordinates). Note that this has
two singularities at the north and south poles, where each has a magnetic flux of @ (in
units of the magnetic flux quantum). These singularities have no physical significance
provided we impose a branch cut on the particle’s wave function at ¢ = 0 with the

boundary condition, ¥(6, 27) = e~>7? (6, 0). The generators of rotation are given by,

L=A/h+ Q% (1.13)
where Q = r/R. These have the usual su(2) algebra [L,, Ly] = i), €wcL. and the
Hamiltonian can now be expressed as,

_ P gy (1.1
2R?m,

We can form a basis of the Hilbert space involving the simultaneous eigenstates of
L? and L., |I,m) with eigenvalues [(I + 1) and m respectively. As the Hamiltonian is
positive definite the allowed values of [ are [ > (). Furthermore, the boundary condition
across the branch cut implies m — @ € Z, which then implies that [ — ) must also be an
integer. Sol =Q,Q+1,Q+2,.... For the given [, m can take value —{, —[+1,...,1.
It can be shown that the multiplicity of a given [ is one |77]. Each [ can then be thought

of as a Landau level, with the usual LL index being n =1 — Q.
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The corresponding wave functions are called monopole harmonics and are de-
noted Yo, (€2) [77, [78]. Defining the spinor coordinates u = cos(6/2)e’/? and v =

sin(0/2)e**/2, one can express the LLL wave functions as (for Q > 0),

Yoom () oc v@ @™ (1.15)

The monopole harmonics for () < 0 are related to the ) > 0 monopole harmonics by
Y () = (=1)%TY_gyu(—m)(€2) defined by Eq. [1.13]

On the sphere, the v = 1 state can be formed by N = 2Q) + 1 fermions filling the
entire LLL. The filling factor on the sphere is defined to be v = limy_, % At a finite
system size N = v(2Q + S) where S is called the shift and depends on the phase of

matter present on the sphere.

1.2 The fractional quantum Hall effect

Not long after Von Klitzing’s work, another plateau in the Hall resistance at W
was found by Tsui, Stormer and Gossard [5|, which was the discovery of the FQHE.
Drawing an analogy with the IQHE, the occurrence of this plateau could be explained
by the existence of a bulk gap, in the absence of disorder, when the system is precisely
at the filling fraction v = 1/3. For a large magnetic field, however, all the electrons of
the system must be in the LLL. Ignoring the interactions between the electrons would
lead one to conclude the system has (3]J\>7 ) possible orthogonal states all with the same
energy. The occurrence of a bulk gap must then be purely a result of the inter-electron
interactions. This would then be a strongly correlated gapped phase of matter.
Rather than trying to exactly solve this problem, Laughlin proposed a series of
ground-state trial wave functions for completely clean systems at the filling fractions
v = 1/m, with m being an odd positive integer, which were shown to be very good
approximations to the exact ground states at small system sizes |79]. Laughlin further

proposed trial wave functions for the elementary quasiparticle excitations, which were
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shown to have charges of magnitude e/m by using a plasma analogy. Laughlin also
suggested that plateaus of the Hall resistance were due to disorder pinning the quasi-
particle excitations that are created as the filling fraction is slightly changed. As
opposed to the IQHE, the effects of disorder in the FQHE are still an open area of
research at the time of writing [80].

1

Many other plateaus have been observed since the discovery of the v = 3 effect,

with some being those predicted by Laughlin, such as v = % [81], and many others

beyond the v = % series such at v = % and v = % [82, 183]. It was initially proposed
that these additional filling fractions could be understood as a hierarchy, where states
at one level of the hierarchy could be understood as occurring from the condensation
of quasiparticles of a state at a lower level, with the Laughlin states being at the lowest
level |76, 84]. Another explanation of these additional filling fractions later came from
the development of Jain’s Composite Fermion theory along with the corresponding
trial wave functions [48, 49|. It was later argued that the CF states and hierarchy
states are the same phases of matter [12|, however, it was the CF theory that provided
numerically tractable trial wave functions for these states. The CF trial wave functions
were later generalised to the Parton trial wave functions |85, 86).

In the years since these early works, the FQHE has grown into a very large field
of study with many active areas of research |28, 52 |87, |88]. In what follows we will

discuss the Laughlin trial wave functions in Sec. Laughlin’s plasma analogy in
Sec. [1.2.2] and the CF and Parton trial wave functions in Sec. [1.2.3]

1.2.1 Laughlin ground, quasihole and edge state trial wave func-

tions

The Laughlin trial wave function at v = % in the planar geometry with N particles is

given by
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N e
U(z) = [[(zi — z)"e ~7" (1.16)

1<j

2
\

It was argued by Laughlin that the elementary excitations could be created by adiabatic
insertion of flux tubes, with the locations of the excitations coinciding with those of

the flux tubes. The proposed trial wave function for p such quasiholes at the locations

W = Wy, Wy, ..., w, (using complex coordinates) is given by,
p N
U(w;z) = [H [](w: - zj)} U,,(2) (1.17)
i=1 j=1

It was first shown by Haldane, using the now termed Haldane pseudo-potentials,
that W,,(z) is the exact “densest” ground state of a local two-body interaction within
the lowest Landau level |76]. The states of two particles in the LLL can be labelled
one-to-one with their total and relative angular momentum M and m respectively,
|M,m). Any rotationally invariant two-body interaction within the LLL, V', must
commute with the total and relative angular momentum operators of two particles,
which implies V' |M,m) = Vg |M,m), where Vj is an eigenvalue that cannot depend
on M as V only acts on the relative coordinates. The Haldane pseudo-potentials V, are
defined by v, |M,m) = 05 |M,m). U,,(2z) is an exact ground state of H,, = ZZZ; v,
(which is positive semidefinite). The null space of H,, (i.e. states satisfying H,,¥ = 0)
is the space of states of the form P(z)V,,(z), where P(z) is a symmetric polynomial.
Amongst these null states ¥,,(z) is the unique state with the lowest angular momentum
(i.e. the “densest” state).

Within the null space, we can define the edge states to be the wave functions where
the highest power of any z, p, in their corresponding P(z) polynomials are such that
% < 1. Interstingly, such wave functions can also be expressed as ¥, _; cage(z) Vrm—1(2),
where W, _; oq0e(2) is a v = 1 edge state. One can give the edge states some dynamics by
adding to the model Hamiltonian H,, a weak quadratic confinement potential U(r) =

21;5/—’;7\7 (assume U < H,,), which is normalised such that the force on the particles

19



near the edge of the system remains constant with increasing N. The energy of an
edge state with angular momentum AL, relative to U,,(z) given this confinement is
E = %ﬁfﬁ. From this simple model, we can then see that the edge excitations are

gapless.

1.2.2 Laughlin’s plasma analogy

The norm square of the Laughlin ground state trial wave function, at v = 1/m, is given

by,

2
Zy = (U, |0,) /Hd Zi X (Zmlnm — zj] —Z |§?2| > (1.18)
k=1 ~'B

i<j
which is the partition function of a one-component two-dimensional plasma where
particles interact via the 2D coulomb interaction (i.e. Inr potential) in the presence
of a background 7? potential. it has been demonstrated numerically that this plasma
is in a screening phase for m < 70 [89]. If we attribute a dimensionless charge 1 to
the particles of this plasma then the background potential can be associated with a
background charge density p = —%V2 ro= —W. Assuming this plasma is in its
screening phase, which we will take as given for the rest of this section, the particles of
the plasma will form a disk of uniform density - 12 so as to screen this background
charge. Thus, the density profile of the Laughlin trial wave functions must be that of
a uniform disk of charge density - 12 , which implies the system is indeed at a filling
fraction v = L.

The norm square of any quasihole wave function can also be expressed as a partition

function of this plasma, but now with static charges placed at the quasihole locations,
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N

p
Zn(w) =(U,,(w) /Hd2zzexp< ZZln]wa—zl
a=1 i=1
|2
+Z2mln|zi—zj\ —Z 2,

i<j k=1

(1.19)

where these static charges have charge i. Thus, to screen the background charge and
these static charges, the particles will still have a uniform density of - Seml%, at a location
far away from any static charges, and near the static charges, the particle density will
fall such that the average number of particles in the neighbourhood of a static charge
is 1/m less than if the static charge had not been there. In other words, the quasiholes
have fractional charge —<. One can also use this plasma analogy to calculate quasi-
particle adiabatic exchange statistics [11] and the equal time electron propagator along

the edge 90, [91].

1.2.3 Composite Fermion and Parton trial ground and edge

state wave functions

Let us imagine we have a system of N electrons confined to an area with N, flux quanta
passing through it. We now assume that at low energies each electron becomes bound to
p wave function vortices to form CFs (with p even). Within a mean-field approximation,
the effective number of flux quanta experienced by the CFsis Nj = N, —pN (for large

N). Keeping within this mean-field picture, if the effective filling fraction v* = & i

integer, v* = n, then one expects that the CFs will form an IQH state and we would,

in principle, have an incompressible state for the electrons at filling factor v = npﬁl.
A trial wave function for the resulting state can be constructed by including in
the wave function a vortes-attaching Jastrow factor 1 ~;(7i — z;)P, with the remaining

factor being interpreted as the wave function of the CFs. This gives the trial wave

function,

21



U(z) = Bu(z) [ [ (2 — )" (1.20)

i<j
where ®,(z) is the v = n IQH ground state wave function. This resulting wave function

is, however, in multiple LLs. The ideal CF trial wave function for electrons confined

to the LLL is simply given by LLL projection of this wave function,

N
U(z) = Proo®a(z) [ [ (2 — 2) (1.21)

i<j
Within the above mean-field picture, one may also expect the edge excitation of the

system to correspond to the edge states of the CFs, which leads to the (unprojected)

edge state trial wave functions,

Dedge(2) = P eage() [ [ (2 — )" (1.22)

i<j
where @, 40e(2z) is a v = n IQH edge state. The ideal edge states can then be con-
structed by LLL projection of these states.

Now let us consider the N electron system from the point of view of the Parton
theory, where each electron is split into m fictitious Partons, with species ¢ having a
charge that is a rational multiple, f;, of the electrons. One can force the Partons to
move in groups of m (i.e. to form an electron) by including an additional dynamical
gauge field [92]. Ignoring this gauge field, if the effective filling fractions for each species

are all integers v; = = n; then we expect each species to separately form an IQH

N
fiNg
state. We then have an FQH state for the electrons at v~' = Y7 vt

i=1"1

The corresponding trial wave function is then,

m

U(z) = [ [ 2n,(2) (1.23)

=1

Again ignoring the dynamical gauge field, one would also expect the edge states to

correspond to edge states of the individual Parton species which leads to the trial wave
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functions,

\Ijedge(z) = H CI)ni,edge(z) (124)
=1

More generally, edge state trial wave functions can be formed by linear combinations
of these products of IQH edge states. As for the CF wave functions, one can form
LLL ground and edge state trial wave functions by simply projecting these Parton trial
wave functions onto the LLL. The wave functions presented here are chiral Parton
wave functions. Non-chiral Parton wave functions contain complex conjugate IQH
wave functions and will not be considered in this work.

Note that for both the Parton and CF edge state trial wave functions it is not
obvious in general if the given set of edge states for a particular state are orthogonal

to each other or even if they form a linearly independent set.

1.3 Rational conformal field theory

In this work, the relevant data to form a two-dimensional field theory is a set of fields
{¢;(2,2)}, with z € C, and their correlation functions (¢;, (21, z1)®j, (22, Z2) . . .) with
|z1] > |z2] > .... In CFT this set of fields is infinite with each field in principle
being a local expression in the underlying degrees of freedom. Each field ¢; has an
associated holomorphic and anti-holomorphic conformal dimension denoted by h; and
l_zj respectively.

Within correlation functions it is assumed?| the operator product expansion (OPE)

holds,

Cijrdr(w, w)
(Z _ w>hi+hj—hk(2 — w)ﬁi+ﬁj_ﬁk

$i(2,2)¢(w, m) =

k

(1.25)

so long as there exists a circle that only contains z and w and no other points in the

correlation function, where Cj;, are known as the structure constants of theory. In

3This assumption can be taken to be a defining axiom of CFTs.
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radial quantisation, we form a vector space of kets by formal linear combinations of the
states |¢;, (21, 21)0;,(22,22) . ..) with 1 > |z1| > |23] > ... and the space of bras to be
spanned by (¢;, (21, 21) ¢, (22, Z2) . . .| with |z1] > |22| > --- > 1. Inner products are de-
fined by the correlation functions, (¢;, (21, 21)dj, (22, Z2) - . - |0j1 (21, 2'1) by (25, 2'2) . ..) =
(D5, (21, 21)0s (22, 22) - .- 0y (21, 2'1) gy (25, 2'2) - - ).

By the OPE assumption, it is clear that all ket states must be linear combinations
of the kets |¢;(0,0)) = |¢,), which is also known as state-operator correspondence.
To every field ¢; we assume there exists a conjugate field gb} with this mapping being
anti-linear and ¢;T = ¢;. We then define the Hermitian conjugate between the bras
and kets as (¢;] = lim, z_,0 z "2 " <¢}(2f1, z71)|. If the resulting inner product on the
space of kets is positive definite the CF'T is said to be unitary.

Within a given CFT we can define the chiral algebra A to be the set of purely holo-
morphic fields {¢(z)} of the CFT (i.e. those which have a holomorphic dependence on
position when inserted in any correlation functionf). For a field ¢(z) € A with holo-
morphic scaling dimension h, where o = 0 for all purely holomorphic fields, we define
the modes as ¢, = § L£2"""1¢(z) where n + h € Z and one can take the contour of
integration to be a circle centred at the origin. The OPEs between any two holomor-
phic fields must only contain holomorphic fields which implies that the commutation
or anti-commutation relations between any of the modes of fields of A must be express-
able as sums of modes of fields of A (see [20] on how these commutation relations are
inferred). Note that if the fields have integral or half-integral scaling dimensions then
one would need to consider commutation or anti-commutation relations respectively.
One can also think of A as the algebra formed by the modes of these fields which then
allows one to define the representations of A as being representations of this algebra.

Within any CFT, A will at least contain the identity field 1(z) and the energy-

momentum tensor 7'(z). For the Virasoro minimal models, the chiral algebra can be

40f course, we can get singularities when the field approaches another in a correlation function.
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taken to be the (enveloping algebra of) Virasoro algebra formed by the modes of T'(z),
L,. For the Wess-Zumino-Witten (WZW) models A is the algebra generated by the
modes of the conserved currents J%(z) [93].

A CFT is rational if its Hilbert space can be decomposed as H = @ H; @ H,;
where the direct sum is finite and H; and ’Hj are irreducible representations of A and
A respectively with A being the anti-chiral copy of A (formed by the corresponding
anti-holomorphic fields). A rational CFT (RCFT) is further said to be diagonal if the
decomposition of the Hilbert space is H = @, H; ®H,;, where H; is the anti-chiral copy
of H;. Within each H; ® H; there exists a distinguished state whose corresponding
field ¢;(z) we call the primary field of H; ® ﬂj. The correlation function of a set of

primary fields can be expressed as,

<¢j1(zl7zl>¢j2 22722 Z’F 21,22,...)| (126)

where F,(z1, 22,...) are holomorphic functions known as conformal blocks and the
number of labels a is finite. The fusion rules are formal expressions ¢; x ¢; = >, N,

where we think of Ni’; as being the number of “ways” the primary fields ¢; and ¢; can
fuse to ¢r. For a given set of primary fields, the corresponding conformal blocks are
in one-to-one correspondence with the number of ways the primary fields can fuse
to the identity field. For example, in the Ising model, we have the fields o and v
with the fusion rules 0 x 0 =1+, ¥ X ¢ = ¢ and @ x ¢» = 1. Thus, a correlation
function of four ¢’s can have two conformal blocks corresponding to the fusion channels
(o(o(00))) = (o(oy))) = (00) = 1 and (o(o(00))) — (0(cl)) = (c0) — 1. If a field
J can only have one result when fusing with any other field (i.e. J x ¢ = ¢') then J is

said to be a simple current.

5The precise notion of primary can depend on the chiral algebra. It is typically one of the fields
with the lowest scaling dimension of the given representation, although this does not necessarily need
to be the case.
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Chapter 2

Scaling Property of Real-Space
Entanglement Spectra

Consider some many-body system in its ground state |¥). Let us then bipartition
the physical space of the system into two regions A and B, with the dividing line
known as the real-space cut. The ground state can then be expressed as a Schmidt
decomposition,

) =Y [A) @ |B) (2.1)

%

where {|A4;)} and {|B;)} are orthonormal bases of the A and B subsystems respectively,
and &; are real numbers. The set {;} is called the real-space entanglement spectrum
(RSES) and the individual &; are referred to as entanglement levels or pseudo-energies.
By tracing out the B system, the density matrix of A can be expressed as p4 =
S eS| A;) (Al and so the RSES can equivalently be defined as the eigenvalues of
—1Inps. When applied to an FQHE ground state one typically takes the real-space
cut to be rotationally invariant, in which case the & can be labelled by the (L7, N4)
quantum numbers of |A;) where LZ and N, are the angular momentum and number
of particles in A respectively.

In their pioneering work, Li and Haldane [30] suggested and numerically substanti-
ated that such entanglement spectra can contain certain features which are universal

for the underlying phase of matter. In particular, they found that the low-lying entan-
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glement spectrum of an orbital partition, which approximates the real-space partition,
of the Moore-Read trial wave function and the corresponding Coulomb ground state
resembled that of the (perturbed) CFT which describes the edge dynamics of the sys-
tem. Many works since have shown this to be the case for many FQHE and IQHE
states [31-34}, 94} 95].

In the work of Qi, Katsura and Ludwig (QKL) it is suggested that this can be
understood by modelling the interaction between the two real-space regions as only
occurring between the edge degrees of freedom of the two subsystems. This then
allows one to understand the RSES as the entanglement spectrum of the two interacting
edges at the real-space cut. QKL then used certain boundary CF'T techniques and the
results of Calabrese and Cardy [96, 97| to argue what form the RSES should take in
the thermodynamic limit. This method to understand the RSES is termed the QKL
cut-and-glue approach.

In Dubail, Read and Rezayi’'s (DRR) work it is argued that the RSES of wave
functions that can be expressed as CFT correlation functions, where the generalised
screening hypothesis applies, has a scaling property in that the RSES can be expressed

as the spectrum of an operator in the CFT of the form,

Sps = a_j %d—z,zhﬂ'l@-(z) (2.2)

- Lh]—l
where L is the length of the real-space cut, a; are numerical constants, ¢;(z) are
local operators of the CFT with scaling dimension h; and Sgg is referred to as the
entanglement action. This then gave an explanation as to why the RSES resembles a
physical edge spectrum as this CFT is the same CFT one expects to describe the edge
by the MR conjecture. At large, but finite, L the above expansion can be approximated
by truncating it to a finite number of terms which allows one to model the RSES at a
finite system size.

It is not obvious from the existing literature whether this should apply to generic
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FQHE ground state wave functions. Furthermore, this scaling property has so far only
been directly tested for Laughlin ground-state wave functions, where the scaling of the
coefficients was not tested.

In this chapter, it shall be argued, using the QKL cut-and-glue approach, that the
scaling property of the RSES should be a generic feature of the low pseudo-energy
levels of the RSES of ground states of chiral FQHE ground states, where chiral refers
to the fact the edge excitations of the system can only move in one direction. We will
then directly test this for the case of the v = 2/3 bosonic Composite Fermion trial wave
function on the sphere with real-space cut along the equator. In Chapter [3| we will see
that this wave function can be written as a CF'T correlation function where the RSES
can be understood from DRR’s arguments. However, in this chapter, we will make no
reference to the CF'T construction of this wave function, to emphasise how the RSES

can be modelled in a phenomenological manner.
2.1 From cutting and gluing to the scaling property

We will now argue that the DRR scaling property holds for the RSES of chiral quantum
Hall wave functions. First, we review the cut-and-glue approach in Sec. [2.1.1], which
then allows us to state our starting assumption, and then the edge structure that
will be assumed is discussed in Sec. Finally, in Sec. we show, given
the assumptions of the cut-and-glue approach, that the RSES can be converted to a
boundary-critical phenomenon, where we then use renormalisation group arguments to
show the existence of the scaling property.

It should be noted that the application of the cut-and-glue method only models
the ES below the entanglement gap, |30}, [33, 98] i.e., for a range of low entanglement

pseudo-energies as we shall discuss in a moment.
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2.1.1 Cut-and-glue approach

Consider a system in a fractional quantum Hall ground state, |G), and a spatial bipar-
tition into two regions A and B, where we will write the Schmidt decomposition of |G)
as, |G) = Y., e 52 |in) @ |ig), where & are real numbers, and {|i4)} and {|ig)} form
orthonormal bases for subsystems A and B respectively. Several works have pointed
out that there is a gap in the entanglement spectrum, {&;}, [30, |33, 98]. Let = be
the set of indices, 7, such that & is below the entanglement gap. We will assume
that for i € =, |is) and |ip) are edge states of the A and B systems respectively,
i.e., these kets do not have excitations deep in the bulk. We will further assume that
|Gedge) = D iez € 5/%|ia) @ |ip) is the ground state of some “physical” gapped Hamil-
tonian only involving edges of the A and B subsystems, Heqge-

This assumption can also be reformulated using more physically insightful assump-
tions. Write the Hamiltonian of the system as H = H,+ Hg+ Hxg, where H4 and Hpg
are the Hamiltonians for subsystems A and B respectively, and H4p is the interaction
between them. If we turn off this interaction then one would expect at low energies the
Hilbert space “looks” like (H A buik @ Ha edge) @ (HB,bulk @ H B edge). Now assume that at
low energies of the full Hamiltonian H we are still at low energies in the non-interacting
Hamiltonian, H4 + Hp. We can then write H = Hegge + Ha puik + Hp pux + AH, where
Hegge only involves the edge degrees of freedom (including the interactions between
the edges), Hapux and Hppux are the Hamiltonians of the bulks of A and B re-
spectively, and AH includes the bulk-edge interaction, both between A and B and
within either system, and the bulk-bulk interactions between the A and B systems.
Even for the long-range Coulomb interaction, one would expect the energy scale for
Heqge + H A puix + Hp puik to be larger than the energy scale for AH. Thus, let us further
assume that AH can be considered a perturbation of Heqge +H o puik + Hp puic. Further,
the ground state of Heqge + H A buik + Hp puik is such that both the A and B are in their

individual ground states and the coupled edges are in the ground state of Heqge. This

29



would then imply the assumption given in the previous paragraph (at least to zeroth
order in the perturbation, AH).

As given here, this assumption is stronger than that given by QKL. There is now at
least some numerical evidence that one can make such an assertion [99,|100]. The main
point is that this approach reduces the problem to finding the entanglement spectrum

between the edges of A and B in |Gedge)-

2.1.2 Minimal edges of chiral quantum Hall phases

Before going on to understand the entanglement structure of |Geqge), We must first
detail the edge theory of these chiral phases. In the following, we will assume that the
required edge theory to describe the edges of A and B is that of a minimal edge. The
Hamiltonian of our two interacting edges can be written, Heqge = Ho + perturbations,
where Hj has full conformal symmetry and does not contain any interactions between
the edges. The perturbations include all interactions between the A and B edges and
any other terms involving only one edge that also break conformal symmetry. We shall
now detail the structure of the edge A under Hy, where the structure of the edge of B
is simply the anti-chiral copy.

We will assume that the Wick rotated edge theory, with the Hamiltonian Hy, is
described by a rational CF'T whose chiral algebra A is generated by repeated OPEs of
a finite set of fields V;(w) and their conjugates V; (w), where w = x + 47 with = being
the spatial coordinate along the edge and 7 being the imaginary time. In the absence
of any bulk excitations, the space of states forms the vacuum representation of A and
so can be generated by the modes of V;(w) and V;' (w) applied on the vacuum, |0). It is
assumed that V;(w) and V;'(w) create excitations on the edge with a charge equivalent
and opposite to that of the underlying particle respectively (i.e. & the electron charge
in most cases).

In the case of chiral abelian FQH states the edge theory the V' operators can be

30



expressed in terms of vertex operators of p independent chiral boson fields p(w) as
Vi(w) =: ei koo™ (@) and V;(w) = e Xk 9P ®) . where ¢ are a basis for
an integer lattice A with € - ¢/ = K;;, K is a positive definite matrix with integer
entries, and : * : denotes normal ordering. This is the same K-matrix of the Wen-
Zee effective Chern-Simons theory that described the bulk of the corresponding state
[13]. Furthermore, there is a vector ¢ known as the charge vector, where the charge
density on the edge is Y, t,i00®) (w). As we shall see in Chap. 3| there are also many
non-abelian states with the general edge structure outlined in this section.

If O(w) creates some excitation on the A edge then the operator on the B edge
which creates the same physical excitation is given ET(w). This follows from the fact
that B edge theory is the time-reversed version of A (as the corresponding excitations

move in opposite directions on either edge).

2.1.3 Entanglement spectrum as a surface critical problem

In Sec. [2.1.1]we discussed how the problem of computing the RSES can be converted to
that of computing the ES between the edges of A and B in |Gegge). We can understand
this ES by first understanding the structure of overlaps with the edge ground state of
the form, (a| (b] |Geage), Where |a) and |b) are edge states of A and B respectively.

As all states in this two-edge system can be generated by modes of the various
local fields acting on the vacuum state, determining the above overlap is equiva-
lent to the computation of correlators of the form, (0] ¢y(z1,71)p2(z2,72) ... |Gedge),
where ¢;(x;,7;) is a local operator evolving in imaginary time, 7, by Hy, 71 > 75 >

- > 0, and |0) is the vacuum of Hy. Furthermore, as we can write |Geqge) =
lim, o € "Hedee |0) / (Gogge|0), this is equivalent to computing correlators of fields, at
7 > 0, in a Euclidean quantum field theory, which is a CF'T evolving according to Hy

for 7 > 0 and for 7 <0 is a perturbed CFT evolving according to Hegge.

As any excitations along the real-space cut must be gapped, Heqge must be gapped.
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Thus, for 7 < 0 we have short-ranged correlations, with a correlation length related to
the energy gap. Hence, if we “integrate out” the degrees of freedom for 7 < 0 we will be
left with a CFT on a semi-infinite cylinder with a local boundary perturbation at the
boundary, 7 = 0. In full, this means the action takes the form S = S¢pr + Sp, where
Sy is local to the boundary and takes the form, S, = Y, \; [ _ dzg;(z), with ¢;(x)
being local boundary operators and \; being numerical coefficients that do not depend
on the real-space cut length L (when the real-space cut length is large compared to the
correlation length). The short-distance cut-off for this field theory on the semi-infinite
cylinder should be taken to be of the order of the magnetic length [z.

In what follows we shall only be interested in overlaps which correspond to modes of
the correlators with wavelength comparable to L. Thus, we can use an RG procedure to
compare the overlaps for two different real-space cut lengths. For now let us concentrate
on real-space cut lengths larger than some L', L > L. We can then take a particular
real-space cut and perform standard RG until the circumference of the semi-infinite
cylinder is L’. Under this RG the bulk action Scpr will be invariant, but S, will
change. Thus, we can compare two real-space cuts by comparing the resulting Sy’s
after this RG procedure. Let Sy(L) denote the resulting boundary action after this
procedure.

For a large L, Sp(L) will be very close to some fixed point which will enforce
some fixed point boundary condition. This boundary condition can be understood as a
boundary state |G,), where the correlators with this boundary condition are computed
as (0] ¢1(x1, 1) P2(22, 72) ... |G4). One can think of |G.) as the RG fixed point of |Geqge)-
We now wish to determine |G,).

The V;(w) operators create excitations on the edge which correspond to some bulk
excitation that has been moved to the edge. Hence, a natural fixed point boundary
condition that one would expect is that when we make a particular excitation on the A

edge this should be equivalent to making the corresponding excitation on the B edge,
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as the two edges are not spatially separated. This then gives V;(w) |G,) = V:(w) |G.).

Written in terms of modes this gives,

Vi = VI_J1G.) =0 (2.3)

One can show by Schur’s lemma that |G.) is completely determined by Equation
up to a multiplication by a complex number as the space of states forms an irreducible
representation of A4, which is a standard result in boundary CFT. Furthermore, |G,)
has the property that, with a particular normalisation, (a| (b||G,) = (a|b). In the
langauge of boundary CFT, |G,) is an Ishibashi state |101} 102].

Next, for a large but finite L we must have that S,(L) will be the fixed point action
plus irrelevant perturbations. Thus, our correlators take the form (0| ¢1(x1, 71 )2 (xo, T2)
. e WG, where §S,(L) must be composed of irrelevant boundary perturbations.

Eq. [2.3] indicates that all boundary operators correspond to local operators of the A
edge (i.e. fields of A). Thus, 65,(L) must take the form,

08y (L) =D 7 / dz'¢;(2) (24)
where ¢;(2’) are local operators of the A edge with corresponding scaling dimension h;
and f; are numerical constants. The L dependence of each term follows directly from
the RG procedure that defines Sy(L). As 65,(L) is an irrelevant perturbation, we must
require that only operators with h; > 1 appearﬂ We use a prime on the x coordinate
as a reminder that this integral should be along the edge of the semi-infinite cylinder
with circumference L', as Sy(L) is the boundary perturbation after the RG procedure.

Finally, we thus have that so long as (a| (b| |Gedqge) corresponds to long wavelengths

of a correlator we have,

'One may be concerned about marginally irrelevant perturbations. In the cases considered the
marginal perturbations are those of scaling dimension one fields where the integral of these around
the edge of the cylinder is equivalent to a sum of zero modes of these scaling dimension one fields.
The zero modes of scaling dimension one fields all commute with Virasoro mode operators. Hence,
these perturbations of scaling dimension one fields must produce yet another fixed point boundary
condition. This then implies that these perturbations are all exactly marginal.
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(al (O] |Geage) = (al (Ble™** ) |G.) = ({al )] 1GL) = (al e P b)) (2.5)

where in the second equality we have used the fact 65,(L) is composed entirely of
operators of the A edge. Thus, we have found that overlaps with the ground state are
encoded in a local boundary perturbation d.S,(L). One may be concerned that Eq.
depends on the normalisation of |G.), however, any change in the normalisation of |G.)
can be absorbed into e~%(%) by adding a constant to the action, S,(L).

Now we have determined the form of overlaps with the ground state it is a rather
simple matter to compute the reduced density matrix of A and thus the ES. First, let

{]7)} be an orthonormal basis for A and let {|i)} be the corresponding basis of B. The

reduced density matrix is simply given by,

pa = Trp|Geage) (Geagel) = Tra>_ (il e E) 7)) i) T7) (k| (U] 75 [k))]
ikl 2.6
— o 0Sb(L) —0S} (L) 0

We then define the entanglement action, Spg by e 585 = e 9%(L)=35[(L)  Ag
pointed out by DRR, we can use the Baker-Campbell-Hausdorff formula to express
Sps as an expansion in commutators involving 65,(L) and 65 (L). The key point is
that the commutator of two operators that are integrals of local operators, must itself
be the integral of a local operator. We are thus led to the conclusion that the reduced

density matrix of A takes the form,

_ Q;
pa =€ Sgs SES = Z m/dl’l¢z($/) (27)
where, once again, ¢;(z") are local operators of the A edge with corresponding scaling
dimension h; and «; are numerical constants. The fact that §.5,(L) has only operators

with h; > 1 implies that Sgg must only contain terms with h; > 1. Thus, we can

interpret Sgg as an irrelevant boundary perturbation. The fact that the reduced density
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matrix is Hermitian also implies that Sgg is Hermitian (SES = Sks).
We have thus shown that the scaling property of the RSES can be shown from the

QKL cut-and-clue approach.

2.2 Modeling the RSES of the Bosonic v = 2/3 Com-
posite Fermion Wave Function

We will now demonstrate how the general result of Sec. can be applied to under-
stand the RSES of the bosonic v = 2/3 CF wave function of N particles on the sphere
with the real-space cut along the equator. Firstly, in Sec. the edge structure of
this v = 2/3 state will be detailed, along with how certain observables, such as angular
momentum, are related to it. Then, a model is developed by arguing what edge oper-
ators should and should not appear in Sgg. We will then present a numerical test of

this model in Sec. 2.3

2.2.1 Edge structure of the v = 2/3 state

It can be shown that the effective bulk Chern-Simons theory that one expects for a
given CF state is equivalent to the effective bulk theory of the hierarchy state at the
same filling fraction [12, |103|. Hence, the minimal edge theory of a given CF state
should be the same as that for the corresponding hierarchy state.

The bosonic ¥ = 2/3 hierarchy state can be thought of as a v = 1/2 droplet with
a v = 1/6 droplet of quasi-particles. Following Wen [19], the edge theory can then be
constructed as a v = 1/2 edge, described by a chiral boson field $(!), combined with a
v = 1/6 edge described by another chiral boson field ). Following a Wick rotation
and a mapping to the complex plane z = e%ﬁ(”m), the boson fields have the mode

expansions,
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50 — 69 _ gD n s+ i S Lg0),n 2.8
PV =@ —iag Iz +i)  —a) (2.8)

n#0
where,
(@, @) = ndnimody (25, al"] = idp (2.9)

and all other commutation relations are trivial. Further, the a[()i) operators measure the
U(1) charge of their corresponding boson field.

The charge density operators are J(z) = i\%@g&m and J®(2) = i\/ié&ﬁ@) for the
v =1/2 and v = 1/6 edges respectively, with the underlying particle having charge
1. Either edge can support excitations that have charge 1/2. As the total charge of
both edges must be an integer, the lattice, A, of this theory has a basis €' = (\/5, 0)
and €2 = (1/+/2,/3/2). The vacuum state, |0), is defined such that ¥ |0) = 0 for all
n > 0 and j = 1,2. All states in the Hilbert space can then be generated by applying
operators to the vacuum state, that are polynomials in d(_j,)l (n > 0), et L ey and
N

To numerically test the model we develop, we must be able to correctly label the
angular momentum quantum number in our effective edge theory. In our case, the

edge is rotationally symmetric. In Appendix [2.A] we show that, the angular momentum

relative to the ground state (or relative to the edge vacuum |0)), AM, is given by,

AM = Ly +v2(QM — 1/2)al" + v6(Q® — 1/2)al? (2.10)

where Q) and Q® are the amount of charge in the v = 1/2 and the v = 1/6 droplets
respectively, and Ly is the zeroth Virasoro mode which is given by Ly = %((&él))Z +
(@)?) + X sol@ s +a®as?).

Finally, in the next subsection, we will use a more convenient basis of fields given

by,

V3 1.
P = Y250 250

_ ¥ 2.11
5 5 @ (2.11)
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Let AQMW and AQ®@ be the electromagnetic charge added to the v = 1/2 and the
v = 1/6 edges respectively. In this new basis of fields the U(1) charge of ¢ is given
by —\/g(AQ(l) + AQ™?) and the U(1) charge of ¢ is given by \%(AQ(D —3AQ®).

Thus, we can interpret the (1) as the charged mode and ¢ as the neutral mod.

2.2.2 The entanglement action

We now construct the model entanglement actions. To use our effective description we
must specify what state of A our edge vacuum corresponds to, which is equivalent to
specifying Q) and Q®. For the results of Sec. to apply we must pick the vacuum
state such that it corresponds to the state with minimum entanglement pseudo-energy
in hemisphere A. Such a state will have N/2 particles in A. If we let AN4 be the
change in the number of particles in A from this minimum state, then this choice of
vacuum means that the U(1) charge of ¢ is given by —\/gAN 4. In general, this
vacuum state does not correspond to the lowest angular momentum eigenstate of the
reduced density matrix of A in the Ny = N/2 sector. To compare this model to the
numerical RSES we need to understand the effective theory near this lowest angular
momentum state (i.e. for those states where the RSES can be easily computed). In
what follows we shall first discuss what form Sgg takes for the minimum pseudo-energy
vacuum choice and then we shall detail how this can be transformed to give an effective
description around the lowest angular momentum state.

The local operators that can appear in Sgg can be labelled by two tuples of positive
integers, k™" and k® with k@ = (kﬁi), kéi), e kg)), where the corresponding operator
is given by ¢um k@) (2) = [T7L, iakil)gp(l)(z) 11, i@kg)ap(z)(z) .. Vertex terms in o)
are strictly forbidden, as Spg must conserve the electromagnetic charge. The Wen-
Zee effective Chern-Simons theory indicates there that both edge mode U(1) charges

are conserved at very low energy and long length scales|13]. We will assume that the

2i.e. i0¢M will couple directly to the electromagnetic field and 9o will not.
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conservation of these U(1) charges is not broken in p4 at least to the orders in 1/v/N
that we will be testing. By this assumption, there are then no vertex terms in o (2)
in Sgs. We also fitted model Sgg to the numerically calculated RSES that contains
the possible vertex operator terms up to scaling dimension 2. The coefficients of the
vertex operator terms were found to be several orders of magnitude lower than those
of the terms at the corresponding scaling dimension. The scaling dimension of each
operator is simply given by Ay k@) = P kY + P E2.

Noting that with the real-space cut on the equator L  v/N, we can express Sgg in
radial quantisation coordinates, z = e 7 ("+i@) ag, Spe = D ihso1 # L 2hilgi(2)
where j is a shorthand notation for (k¥ k®), K; are numerical constants. Note
that the operators that result from integrating these local operators, ¢;(z), are not
linearly independent [104, [105]. For example, through integration by parts we have
$dzz: 20 (2) = — §dz: 0 (2) .

Let us now discuss how this entanglement action can be understood near the lowest
angular momentum state. In Appendix we show that, in the AN, = 0 sector, the
lowest angular momentum state and the state with the lowest entanglement pseudo-
energy differ in angular momentum by O(N). From Eq. the lowest angular
momentum state, in the Ny = N/2 sector, |0), must correspond to a state which is just
some U (1) charge of the neutral mode added to the vacuum, |0) = eiret” |0) for some k.
As the angular momentum depends on the charge of the neutral mode quadratically, we
have that x = O(v/N). We then define a new neutral mode with a shifted U (1) charge,
i0¢® (z) = i0p? (z) — £. The lowest angular momentum state, |0), will be the vacuum
of these shifted fields. We can rewrite Sgg in terms of this new neutral mode, which will
“reshuffle” the various terms. For example, z : (i0p®)? := z : (10p?))? : —2KidpD +
which will now give terms of scaling dimension one. Let ¢,(z) be the ¢;(z) with

gp(Q) — cﬁ(z). We can then express,
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K; dz ~
Sps= 30— g (o) 212
Py \/N J 211

where R'j can generally now be expanded as [A(j =a+ \/—bﬁ +5+...,ask=0(N).

To create an approximate model we truncate at some finite h;. The possible op-
erators can be reduced by the fact the system is symmetric under the exchange of
the two hemispheres, A and B. It is not obvious how this symmetry is manifest in
our effective description. In Appendix we argue, although not entirely rigorously,
that this transformation in the effective description is given by, id¢p™) — —idp™ and
i09® — i00® . A numerical tes for this symmetry can be found in Ref. [1]. We can
then only have terms with k® having an even number of components.

We shall now present two approximations of Sgg at with truncations at scaling
dimensions 2 and 3. The models with all linearly independent terms, respecting the

hemisphere swapping symmetry, up to scaling dimensions 2 and 3 are given by,

~

Agg = f%di&ﬁ@)(z) + 2z [g : (i@go(l)(z))2 : —i—% : (i8¢(2)(z))2 : } (2.13)

and

. . dz S s A s .
S =3+ § om 25 @) e (PP (NP | (210

respectively where &, B Y, § and ¢ are model parameters that require fitting. Eqs. m

and define the two models we shall test against the numerically calculated RSES.

3In this test the real-space cut is moved off the equator slightly and the additional terms not
satisfying this symmetry are included with the coefficients shown to go to zero as the real-space cut
moves to the equator.
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2.3 Numerical Tests

We now present two numerical tests for our effective model of the RSES of the bosonic
v = 2/3 Composite Fermion wave function on the sphere with the real-space cut on
the equator. The first test demonstrates how well the effective description can be fit
to the numerically computed RSES, over multiple N4 sectors. We then test how the

fitted model parameters vary with the system size.

2.3.1 Fitting the model

In all cases presented here, the RSES has been calculated numerically using the methods
of Rodriguez et al. [106] where the projection to the LLL has been approximated
using the Jain-Kamila procedure [108] and inner products have been calculated using
Monte-Carlo integration (see Ref. [107] for details). The parameters in the model
entanglement actions, Sgg and Sgg, are then fit using a least-squares procedure, which
is detailed in Appendix along with the procedure used for error estimation. One
subtlety that should be mentioned, is that the least-squares fitting procedure used here
cannot determine the sign of the parameters &, § and €, as simultaneously changing the
sign of these parameters will produce the same spectrum. The sign of such parameters
would have to be determined by some other means.

The resulting numerically calculated and fitted RSES for the case of N = 58 bosons
can be seen in Fig. [2.1], where the spectra are shown over the Ny = 29, 28, 27, 26 sectors.

One can see that the fitted low-order entanglement action, Sgg, is in good agreement
with the numerically calculated spectrum over the Ny = 29,28, 27 sectors. There is
an improvement by adding the higher order terms of Sgﬁ, where we can see some
of the higher order level splitting being reproduced. One can also see that at higher
angular momentum both effective models, S}% and Sg’;, begin to break down. This
is due to the presence of the higher order terms in the entanglement action whose

coefficients are small, but have matrix elements which grow much faster, as momentum
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Figure 2.1: Comparison between the numerically calculated RSES (blue-solid), using
the methods of Refs. [106] [107], and the models, S}{;; (Eq. [2.13) (yellow-dashed) and

S}%} (Eq. ) (red-dotted), fitted using the procedure of Appendix , in the case of
N = 58 bosons on a sphere, in the v = 2/3 bosonic CF wave function with real-space
cut on the equator over the (a) Ny =29, (b) Ny =28, (¢) Ny =27 and (d) N4 = 26
sectors. AL% is the angular momentum relative to the lowest possible for the given
N4 sector and A is the entanglement pseudo-energy relative the level at Ny = 29 and
AL# = 0. Error bars have not been included and are too small to be visible.

is increased, compared to the lower order terms included in both models. This also
explains the observed deviation at N4 = 26, as at scaling dimension 4 one would expect
the : (pM)* : term to be present which would give a (a5”)* & (AN)*. This term is

not present in either model and would lead to their suddenly large inaccuracy at larger

ANy.
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2.3.2 Parameter scaling
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Figure 2.2: The N dependence of the fitted & B, A, § and ¢ parameters in the S{S}

model. There is a sign ambiguity when fitting the parameters @, 0 and ¢, and hence we
have only presented their absolute values. The N dependence of all three parameters
can be fit to the given functional form (blue line) (see discussion of Sec. [2.2). Inset
log plots are given for all parameters except &. Error bars have been included, but in
many cases are too small to be visible. Our procedures for error estimation are given

in Appendix [2.C|

To test how the parameters of each model vary with the system size, N, we have

repeated the procedure of Sec. to estimate these parameters for a variety of system
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sizes between N = 38 and N = 102. One should keep in mind again that the sign of
parameters &, & and ¢ cannot be determined by the fitting procedure used; we have thus
taken the absolute value of any parameter values presented in this section. As discussed
in Sec. each parameter should vary with NV as, @/\/Nh_l +b/\/ﬁh+c/\/ﬁh+l +...,
where h is the scaling dimension of the term in the entanglement action which this
particular parameter is a coefficient of. We have then fitted the N dependence of
each parameter to this functional form (whilst keeping h fixed to the expected value).
For each parameter which decays to zero for large N, we have also performed a linear
regression for the In N dependence of the logarithm of the parameter. This allows us to
check that the fit to the expected N dependence has not been too biased, by estimating
the exponent of the leading order contribution.

The result of this test for the parameters of S]{;g can be seen in Fig. . One can see
that all parameters can be fit very well to their expected N dependence. Furthermore,
the linear regressions of In 3 and In A4 vs. In N both indicate B~ N7 and A~ N7036
which is close to the expected leading order scaling of N~1/2. One should note that the
presence of the higher order terms in 1/ VN will cause the estimation of this leading
order exponent to be slightly off and one can also visually see the presence of such
terms from the curvature in the In4 plot. The dependence of 5 on N has the estimation
of the leading order exponent gives 6 ~ N9 which is close to the expected leading
dependence, N—!. However, the estimation of the leading order exponent for ¢ indicates
that the fitted ¢ will scale as ~ N~%/2 at large system size, which is also evident
in the small Né-axis intercept of the fitted N dependence. The scaling of € is still
consistent with the predictions of Sec. [2.2] We have that, through integration by
parts, — § dzz : (10p2)(i0pM)? := § Z[: (10%pP)(10pM)? 1 + : (105)D(idp™M)? .
Hence, the € term can be generated by scaling dimension 4 terms. In general, ¢ can
then be expanded as ¢ = a/N +b/N3? + ... . If it is the case that a = 0 then ¢ would

3/2

scale as € ~ N7%/% which may suggest an additional symmetry.
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2.4 Summary and outlook

In this chapter, it has been argued, using the QKL cut-and-glue approach, that the
scaling property of RSES should be a generic feature of chiral FQHE ground states.
This provides deeper insight into the RSES by emphasising the locality of the effective
entanglement action, that reproduces the RSES, and allows one to understand the hi-
erarchy of entanglement level splittings as a consequence of the scaling of the various
terms in the entanglement action. A numerical test for this scaling property was then
carried out in the case of the RSES of the v = 2/3 bosonic CF wave function on the
sphere with real-space cut along the equator, by fitting a model entanglement action,
truncated at finite order, to the RSES. These fitted model RSES were found to ac-
curately reproduce the numerically calculated RSES, where the scaling of the various
model parameters was found to be consistent with the RSES scaling property. Fur-
thermore, these model entanglement actions were made with no reference to the CFT
construction of the v = 2/3 wave functions, which is discussed in Chap. |3} to empha-
sise how this scaling property could be used to model the RSES in a phenomenological
manner.

Generally speaking, the RSES of non-chiral FQHE ground states are less well under-
stood compared with the chiral ground states. The main difficulty is that the number
of states at a given momentum in the edge CFT of a non-chiral state is infinite and
so the usual entanglement level state counting that one can perform for chiral states is
no longer possible. It would then be interesting to understand if the scaling property
still holds for states with non-chiral edges. If this is so, the scaling property could be
used as an alternative to entanglement level counting, where one could identify the
topological order of a given ground state by investigating which edge theory can most
accurately model the low pseudo-energy entanglement levels with a local entanglement
action. Some efforts in this direction have been made recently, in the case of non-chiral

topological phases with strong time-reversal symmetry breaking, where effective edge
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“velocities” in the RSES are significantly different for edge modes of opposite chirality
[109].

2.A Angular Momentum Calculations

2.A.1 Angular momentum in the effective edge theory

We will now show how the angular momentum of the effective edge theory of v = 2/3
can be computed.

As was stated in Sec. , the v = 2/3 can be thought of as a v = 1/2 droplet
with a v = 1/6 droplet on top, which is composed of quasi-particles |76, 84]. For the
purpose of clarity, we shall work in the disk geometry for the moment. Following the

Halperin-Haldane construction one can write a wave function for this case as,

o al *ZM Na N N -3, l2;]2
w() = [ TL e —we ™ 5 [T [Tom -0 [ =5 = %

(2.15)

where N is the number of particles, N, is the number of quasi-particles, Iz is the
magnetic length for the underlying particles and g, is the effective magnetic length
for the quasi-particles.

By transforming z — €z, the angular momentum of this wave function can be

computed as,

M = QU(QW - 1) +3Q2(Q® - 1) (2.16)

where, Q) = N — %, and Q¥ = %, are the charges of the v = 1/2 and v = 1/6
droplet respectively. For any state that is adiabatically connected to this state, this
formula should still apply.

If we add charges AQ™ and AQ® to the v = 1/2 and v = 1/6 edges respectively,
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then the angular momentum will change by A Marge = (AQW)2+3(AQP))2+2(QW —
1/2)AQW +6(Q® —1/2)AQ®. Written in terms of the zeroth modes of the effective
edge theory we have AMparge = %(agl)) + 1 ( (2)) +/2(QW — 1/2)581) +6(Q® —
1/ 2) . Furthermore, the angular momentum from the edge phonons is AMhonons =

Zn>0(d(1)d( )+ a®al )) Thus, the total angular momentum is,

AM = Lo+ v2(QW — 1/2)al” + vV6(Q® — 1/2)al” (2.17)

which gives us Eq. [2.10]

2.A.2 Angular momentum difference is O(N) between lowest M

eigenstate and lowest pseudo-energy state

We now show the eigenstate of the reduced density matrix with the lowest angular
momentum in the ANy = 0 sector differs in angular momentum from the state with
the lowest entanglement pseudo-energy by O(NN), as stated in Sec. . First, we show
the difference in angular momentum between the lowest angular momentum state and
the average angular momentum is O(N). Then, we will demonstrate that the difference
in angular momentum from the lowest pseudo-energy state and the average angular
momentum is also O(N), which then implies the given statement. When we speak of
angular momentum here we mean Mphere + N Ny/2, where Mppere is the actual angular
momentum on the sphere EI We will use coordinate z = u/v throughout.

Firstly, let us assume we are in the Ny = N/2 sector and that N/2 is odd [} From
Eq. the lowest M configuration is when Q") = (3N, —1)/4 and Q® = (N,+1)/4,
with the total angular momentum being 3(N4 — 1)?/4 (with no edge phonons). One
can also compute the average angular momentum in A. Following Girvin et al. |110],

the single particle reduced density matrix of our rotationally symmetric LLL wave

4This form of angular momentum means one can more straightforwardly transform from the plane
geometry to the sphere geometry in such a way that Eq. remains valid.
5The following arguments can easily be altered slightly to deal with the even case.
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functions is, p(x1,zs) = poz’)iv%é%(l + z129)N¢ where z is a shorthand for a position

on the sphere and p, is the particle density. Which gives the angular momentum

density M(z) = z0,,p(x,z) = N¢,po%;2. Now let R be the radius of the sphere and

S = v7'N — N, be the shift. We can then find the average angular momentum in A,

(M),

m 2
(M) = / RdQM (2) = 20 R*Nypo / d0sin()— 2072 NN
A 3

1 + cot?(0/2) 8
VIN2-SN 3, 219

Thus, the difference between the average angular momentum in A and the minimum
angular momentum eigenstate of the reduced density matrix in the Ny = N/2 sector
is O(N).

The angular momentum relative to the lowest pseudo energy state with charges Q")
and Q® in the v = 1/2 and v = 1/6 droplets respectively is given by Eq. . If we let
(= %(Q(l) —3Q?) 4 1), then one can see that the minimum angular momentum in the
N4 = N/2 sector relative to the minimum pseudo energy state is AMyi, = —%. We

will now compute this relative angular momentum using the effective edge description.

In the large N limit, we can approximate Sgg with Sj{;g and thus our partition

. . _gi2} - B2 v,2_
function can be written as Z = Tre ®ss = que\e 201 2%72%2  where
M2z )N 2r

n(7) is the Dedekind eta-function. Using Poisson resummation (Ref. [20]) and that

n(—1/7) = /—itn(r), we get,

2 d 1 ad 1
7 — e SR 1/841/7) ( I _> ( I —)

x Vol(A)™ ) o~ TP ()’

pEA*

where Vol(A) is the unit cell volume of A. Noting that «, 3,7 o 1/v/N we must have

that at large N,

47



2 1 1 2
InZ = % (B + ;) + % - % + In Vol(A) + subleading corrections (2.20)

From Eq. the average relative angular momentum is a linear combination of
(Ly), (agl)) and (a82)>. Note that <a(()1)) = 0 by symmetry. Define a Z(w) by trans-

forming f — f —w and v — 7 — w. Then we have (L) = o Z(0) _ %2<ﬁ% + 712>+

ow

_0lnZ __

subleading corrections. Next, (a(()z)> = — %55~ = —2 (for large N). This then gives,

/1 1 o}
(AM) = ry <ﬁ + ?) - C; + subleading corrections (2.21)
Since Q) +Q® = N and QV) > 0 we must have that ¢ is at most O(N) (i.e. ¢ cannot
grow any faster than N). It then simply follows that (AM) = O(N) in the large N

limit, QED.

2.B  Hemisphere Swapping Symmetry

In Sec. we claimed that the hemisphere swapping symmetry implied that Sgg
should be invariant under i0p") — —idp™ i0p® — i0p®. Whilst we do not have
rigorous proof for this statement, we wish to give a strong motivation for it. We shall
first detail how this symmetry is manifest in the v = 2 RSES. Then, with the knowledge
of the v = 2 RSES, we deduce how this symmetry should be manifest in the v = 2/3
state using the composite fermion description.

Let 91 ,,, and 15, be the LLL and 2nLL orbitals on the sphere with 2¢) flux quanta
passing through, where the form of ¢, ,, is given in and g, (1, v) = No @ U@ [(Q+
1+ m)v'v—(Q+1—m)u*ul withm=-Q —1,-Q,...,Q,Q + 1 and N, is a nor-
malisation factor. The wave function of the full » = 2 state can be written in second
quantised notation as |v = 2) = HQ:_Q c}m HSJEQ_l c;n 0).

To compute the RSES one must rewrite this state in terms of orbitals that are

orthogonal on the A and B hemispheres separately |111, |112]. We then define the
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correlation matrix to be C;?’m = [, dQ;, (u,v);m(u,v). Let ¢y m and ¢h_, be the
orbitals that correspond to the highest eigenvalue, )\i’m and the lowest eigenvalue AAm
of the correlation matrix respectively. As these orbitals diagonalise the correlation
matrix they must be orthogonal on the A and B hemispheres separately. One can
then verify that the v = 2 state can be written in terms of these orbitals simply as
v=2) =L, T, ¢ [0).

By writing ¢y, = \/@cim +4/1— )\f;mcf,m, where ¢ | and £ is the ¢y,
orbital restricted to the A and B hemispheres respectively, one can then Schmidt
decompose the state |v = 2). The resulting entanglement Hamiltonian for A is Sgg =
doimn [1;%#} cfmcim.

Under the transformation v — v, v — u, the Landau level orbitals transform as
Vim — Y1—m and Yo, — —v2_,,. By first considering the transformation proper-
ties of the correlation matrix, one can also show under this transformation ¢y ,, —
—¢ _m. Furthermore, the transformation properties of the correlation matrix gives,
™ = A7 Note that an eigen-orbital of the A correlation matrix with the low-
est eigenvalue, at a particular angular momentum, must be an eigen-orbital of the B
correlation matrix with the highest eigenvalue, at the same angular momentum (i.e.
the orbital 4 ,, will have eigenvalue /\i’m for the corresponding B correlation ma-
trix). Finally, we note that under this transformation an orbital entirely on the A
hemisphere will be mapped to an orbital entirely on the B hemisphere, so we have

At A Bt B
ChmChm = Cr—mCT _m-

Putting this all together, one finds that this transformation
gives Sag — SB4. This should be the case as under this transformation our entire wave
function is invariant.

Due to the fact that the number of electrons in each orbital are separately conserved
we also have that under cifmcim — 1 - cﬂmcim we have SB; — S4s up to an

additive constant. Putting these two transformations together maps Szg onto itself.

Let 0,¢+ represent the electron density in the 4+ orbitals at the edge. These combined
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Parameter  Value Error

Parameter Value Error & 5472 6.6 x 1074
o 5514 6.2 x 1077 VNG 2.039 34x10°3
VN3 2024 3.1x1073 VN4 10.30  1.7x 1073
VN4 1022 1.7x 1073 Né 0.6461 2.8 x 1073
Né —0.3113 4.4 x 1073

Table 2.1: Fitted parameters for the Sgs} (left) model (Eq. and Sgg (right)
model (Eq. of the RSES of N = 58 bosons on the sphere in the v = 2/3 CF wave
function with the real-space cut along the equator.

transformations can be written in terms of these modes as dpL — —d¢+. Thus, written
in terms of these modes we can say Sag is invariant under O — —0d=.

When describing the RSES of the v = 2/3 we expect from CF theory that there
must exist two modes at the real-space cut ¢4 which can be interpreted as the density
of CFs in the effective c;m orbitals. We then expect as written in terms of these modes
Sgs is invarient under 0¢, — —0¢=.

The transformation between these CF modes and the charge and neutral modes are

given by][1} 12, |50} 52|,

(228) - (:; _f) (?) (2.22)

Hence, we can now interpret the neutral mode as representing the difference in densities
of Composite Fermions in the & orbitals at the edge. Thus, we see that if Sqg is
invariant under d,¢+ — —0,¢+, then in terms of the charged and neutral modes it

must be invariant under i9pM) — —idpM), i9p?) — 9.

2.C Fitting Procedure and Fitted Parameters

Given some numerically calculated spectrum, fg?g g We fit any given model spectrum,

51(\?0 4el» DY minimising,
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5 8
207

R Z (Aihns — Afl(\jl)odel)2e—M (2.23)

where A£ is the entanglement pseudo-energy relative to the lowest level of the lowest
angular momentum sector for the given N4 sector, and o; are the entanglement level
errors. The factor e‘w is used to control how much the N, sectors away from
N/2 are included in the fitting procedure. The choice of 8 in the denominator in the
exponent sets the variance of this Gaussian weight to be 2, so that only the [AN,4| < 2
contribute significantly to R. Errors in the model parameters can be estimated by
treating this as a log-likelihood function.

For the specific case shown in Fig. full estimates of the errors of the numerical
levels, o;, have been made. The fitted values can be seen in Tables[2.1] The parameters
in Fig. have been fitted using numerical data where o; has been crudely estimated

to be o ~ 0.1 for all cases.
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Chapter 3

CFT Approach to Parton Wave
Functions

It is expected that the effective field theory, at extremely low energies and long
wavelengths, of many FQHE states is given by some form of Chern-Simons gauge
theory |12, [13, 52, [113H116]. These Chern-Simons gauge theories can only be well-
defined on manifolds with boundaries by the introduction of extra degrees of freedom at
the boundary which are described by a two-dimensional CFT [43,91]. Thus, one would
then expect the edge degrees of freedom of a given FQH state to be also described by
the corresponding CFT. Furthermore, in second quantisation, the ground state wave
function of a given system can be written as (0| c(z1)c(22)...|G) where |G) is the
ground state and c(z) is the electron annihilation operator, which can be interpreted
as a correlation function of a 3d euclidean field theory which has the action of the
FQH system for imaginary time 7 < 0 and is the free field action for 7 > 0. At
“long-wavelengths” this field theory is the Chern-Simons field theory for 7 < 0 and
so we expect the “long-wavelength” properties of the ground state wave function to
be described by the edge CF'T, in some sense. A natural choice, then, for a ground-
state trial wave function that is likely to be in a phase of matter described by a given
Chern-Simons theory would then be the wave function generated by the corresponding
CFT.

Indeed, this is one of the motivating ideas in Moore and Read’s pioneering work
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where the idea to generate new trial wave functions with CFT was first proposed,
which allowed for the construction of ground, quasi-particle and edge [46] state trial
wave functions, and, importantly, allows one to simply “read-off” the topological order
of a given wave function provided the MR conjecture holds. This conjuncture was later
superseded by the generalised screening hypothesis, where, if this holds, the adiabatic
braiding of quasi-particles is given by the monodromy of the given conformal block wave
function, as argued by Read [47], and there exists an isometric isomorphismT| between
the CF'T states to the space of edge-state wave functions in the thermodynamic limit, as
argued by Dubail, Read and Rezayi (DRR) [35]. This isometric isomorphism, roughly
speaking, means the edge degrees of freedom, as given by the trial wave functions,
could indeed be described by the same CFT used to generate the trial wave functions.
Furthermore, this map from CFT states to edge states allows one to directly model the
edge state dynamics at finite system size with the CFT [105] so long as there exists a
so-called “special parent Hamiltonian” for the given space of edge states.

As well as giving theoretical predictions of a trial wave function’s topological prop-
erties, these CF'T constructions allow for the analytic computation of arbitrarily pre-
cise matrix product state (MPS) representations of the corresponding wave functions
[1175119]. These MPS representations can be used for efficient computation of vari-
ous observables and importantly allows for the possibility of numerically testing the
implications of generalised screening [120].

In this chapter, we will demonstrate how these CFT constructions can be extended
to the projected and unprojected chiral Parton wave functions in the planar geometry.
More specifically, it is demonstrated that all ground and edge state chiral Parton trial
wave functions can be generated by unitary CFTs where to each wave function we can
associate a chiral algebra A such that CF'T 4 is the “smallest” CFT that can generate the

ground and edge state trial wave functions of the corresponding Parton state. It is then

LAn isometric isomorphism is a linear map between two Hilbert spaces that preserves the inner
product.
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shown that the symmetric Parton states, that is an integer quantum Hall states raised
to an integer power, can be generated using the u(1) & su(n),, WZW models, which
one would expect based on Wen’s mean-field arguments [92]. A generalised screening
hypothesis for these states is formulated, and we then discuss how one can use RG
arguments to motivate an extension of DRR’s results to describe the edge states and
the RSES of the ground state. We then numerically test these extensions of DRR’s
results for the edge state trial wave function inner products in the cases of the v = 2/5
CF wave functions and the ¢35 Parton wave function.

In Sec. we review how these CF'T constructions have been applied previously.
Then in Sec. we show how IQH ground and edge state wave functions can be
generated using CFT. These IQH constructions then allow us in Sec. [3.3 to show how
all chiral Parton ground and edge state trial wave functions can be generated by CF'T,
and give examples of the CF wave functions and symmetric Parton states. Next, in
Sec. [3.4) we formulate the generalised screening hypothesis for these wave functions
and discuss the implications for edge state inner products and the RSES. Finally, in
Sec. we present the numerical tests.

Throughout this chapter, we will only work on the planar geometry where we will
not include the Gaussian factors of the wave functions and we will denote the ket of a
wave function as |U)). These Gaussian factors are moved into the integration measure

such that inner products take the form,

(waf)) = 5 [ [] PPalena) (3.1)

where D?z = d?z exp(—|z]?/2). Note that we will work in units where Iz = 1.
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3.1 CFT approach to FQHE trial wave functions: a
review

As given in previous works, |14} 34}, 47| 104, 105, 121], many FQH trial wave functions
can be expressed as a CFT correlation function of an operator Q(z). In each case, the
CFT in question is that defined by the chiral algebra A generated by OPEs of (z) and
its conjugate Qf(z). We write this CFT as CFT 4. Each CFT4 can be represented by
fields in CFTy ) ® CFT,, where CFTyqy is a chiral boson CFT and CFT, is a CFT

referred to as the statistics sector. With this representation €2(z) can be expressed as,

Q(z) =: BV x(2) (3.2)

where p(z) is the chiral boson field, : % : denotes normal ordering, x(z) is a primary
field of CFT,, and v is the filling fraction of the wave function that will be generated.
It should be noted that CEFT 4 is not formally equivalent to CFTy (1) ® CFT,.. However,
CFT 4 can be conformally embedded in CFTy ) ® CFT,.

We will now summarise how, given such a CFT, the ground and edge state ansétz
can be generated. The generalised screening hypothesis is then detailed along with how
the topological properties of the trial wave function can be extracted from the proper-
ties of the CFT if this holds. Constructions involving explicit anti-symmetrisation or

symmetrisation of correlation functions will not be discussed here.

3.1.1 CFT construction of ground and edge state ansatze

Starting from the (z) definition in Eq. , we can write the ground state wave

function of N particles as,

W (z) = (0| C(N HQ z)10) (3.3)

where C'(N) is a unitary operator known as the background charge which has a U(1)
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charge —% and is used to ensure the correlation function is non-zero. In CFT 4 it can
be defined by CT(N)Q(2)C(N) = 2~ Q(2) and (0] C(N) = lim, o0 2~ (0] ¢ V59,
where CT(N)|0) can also be expressed as modes of Q(z) and Qf(z) applied on [0)f]
Note that this correlation function can be computed entirely in the Hilbert space of
the vacuum representation of A, H,.

Following Refs. [35, 46|, we can generate trial edge states from an edge state mapping

that maps a CFT state (v| € H{ to a many-body wave function |¥,)), which is defined

in second-quantisation by,

. _lz?
W) = (v] C(N)el #2700 10) @ o)) (34)

By U(1) charge conservation, when |v) has a definite U(1) charge, ¢, only one term
in the expansion of this exponential contributes, with the resulting many-body state

having exactly N + /vq particles and a wave function given by,

N-+qv/v
Vi(z) = (o] C(N) [] Q=) 10) (3.5)
i=1
As an extra aside, one can also generate trial wave functions for quasi-particle
states, roughly speaking, by inserting primary fields, ¢(w), of A at the positions of
the quasi-particles. More formally, this is done by inserting the chiral vertex operators
(see Ref. [40-42] for a definition of chiral vertex operators) of A into the generating

correlation function.

3.1.2 The generalised screening hypothesis

In Laughlin’s plasma analogy, one maps the inner products of wave functions to expec-
tation values of observables of a one-component plasma. A field-theoretic generalization

of this involves mapping wave function inner products to correlation functions of a field

2For the Laughlin wave functions this construction works for any N. For Moore-Read states this
is defined by N even and for the Zj; Read-Rezayi states this is defined if N is divisible by k.
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theory that is a “perturbation” of CFT 4. In order to express inner products in terms
of just the CFT we first need to be able to generate the complex conjugate of these
wave functions. To this end, we denote the anti-chiral copy of Q(z) as ©(z). Complex
conjugate wave functions can then be expressed with correlation functions within H,,
which is the anti-chiral copy of the vacuum representation of A.

The squared norm of the ground state trial wave function can then be expressed as,

(3.6)
where h is the scaling dimension of € and the (—1)?" factor is included to account for
the minus signs picked up in rearranging the operators (this only matters when €(z2)
has half-integral spin). By U(1) charge conservation, the background charges ensure
that only one term contributes from the exponential. We have thus expressed the
ground state norm as the partition function of a “perturbed” CF'IH. As (v| can be ex-
pressed as modes of local fields acting on (0|, edge-state inner products can be mapped
to correlation functions of this field theory. We will denote correlation functions of this
field theory by (¢ (wy, W2)p1 (wa, Wy) . ..), = (C(N)C(N)Ro1 (wy, Wa) ey (ws, Ws) . . .
eV DzZﬁ(E)Q(Z)> /Zn, where R indicates radial ordering. Note that correlation func-
tions involving ¢ with singular OPEs with (2 require some form of regularisation. This
will be of no conceptual concern here.

For a large N, the configurations of the Q(2)Q(2) insertions that are the dominant
configurations to the partition function will have a particular density p(z,z) on long
length scales, with this p(z, z) being the actual density of particles in the ground state

|W))- As pointed out in Ref. [35], p(z,2) can be computed from a saddle-point

3We use “perturbed” very loosely here as there is no notion of the term added to the action being
small.
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approximation, with the density being entirely determined by the U(1) sector. The
resulting density profile is that of a droplet of radius R = I % with a uniform
density of ﬁ inside the droplet.

The generalised screening hypothesis is that under renormalization group trans-
formations (RG), the field theory flows to a massive infra-red fixed point inside the
droplet and flows back to CFT 4 outside the droplet. Flow towards a massive infra-
red fixed point, inside the droplet, implies that connected correlation functions decay
exponentially (i.e. short-range correlations).

Of course, the obvious question at this point is for which wave functions does
generalised screening actually occur. Ultimately, this must be tested numerically, either
by directly testing for some form of screening [122-124] or indirectly by testing its
implications [35, 45, (105, [120]. In the case of Laughlin’s wave functions, generalised
screening is equivalent to the screening phase of the plasma analogy which occurs for
v 2 % For other wave functions that can be constructed by a CFT, this question
is less well explored. It is argued by Read [47] that if generalised screening does not
occur then the ground state trial wave function cannot represent a gapped phase of
matter. In brief, if generalised screening does not occur then there are local operators
of the perturbed field theory which are long-range correlated in the quantum Hall
droplet. These then map to long-range correlations in the actual ground state trial
wave function, which is inconsistent with the ground state wave function being gapped.

Let us now discuss in what sense screening is occurring. Consider now some disk

D inside the droplet, which is far away from the droplet edge. Within CFT 4 we have
the OPE, i0p(2)Q(w) ~ 7 'Qw)/(z — w). We must then have,

d dz —
vV <]{ —Z'iagp(z) —|—]é —Zzﬁﬁ(z)> =(Average number of particles in D)
2 op 27t op 270 .
. I/AD
- 2nld

(3.7)
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where Ap and dD is the area and boundary of D respectively. Let (¢(w)@(w)...), be
a correlation involving the fields ¢(w)¢(w) and some other fields, where w € D and all
the other field insertions are far away from D. Just as for the partition function, the
dominant contributions to this correlation function will be from Q(2)(z) insertions
with a particular density profile, where the number of these insertions in D given by

this density profile will be denoted by Np. Let the U(1) charge of ¢(w) be written as

Qu(1)- We then have,

G smiovtar+ § Zibw Jotwpita)... ) o)
— (VP Quay + Vo) (6(w)d(w) ..},

Provided w is far away from 0D short-range correlation within the droplet implies,

_ﬁ ﬁl z El_— z W) o(w
S smivet)+ ) EiEee) G, 39)
5B (Glwd().),

Equating Eq. [3.8 with Eq. 3.9 we find,

VAD

Np=—
P 27l%

~ViQua) (3.10)

In words, there are on average v/VQu1) fewer Q(2)Q(z) in the vicinity of w when
¢(w)é(w) has been inserted into the correlation function. Thus, the Q(2)$(2) insertions
behave analogously to a screened plasma, where field insertions such as ¢(w)(w) can
be thought of as fixed charges.

In the case where the correlation function (¢(w)@(w)...), corresponds to the norm
squared of a quasi-particle wave function, the density of the configurations of Q(2)Q(z)

insertions will be equal to the particle density in the quasi-particle wave function.
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Therefore, the physical charge of the quasi-particle generated by ¢(w) is simply given
by —vvQu).

3.1.3 Implications of generalised screening

In Ref. [35], by slightly modifying the edge state mapping of Eq. by Q(z) —
VANS(2), where Ay is an adjustable parameter, it was shown that the generalised

screening hypothesis implies that the edge-state inner products could be expressed as,

(Ol O )) /Zn = (o] R0 Jw) (3.11)

where Lg is the zeroth Virasoro mode, and S is an operator referred to as the inner

product action that takes the form,

S = ZJ: % ﬁ“ %Zhjlgbj(z) (3.12)
where «; are constants and the ¢;(z) fields belonging to A with corresponding scaling
dimension h; such that h; > 1. The Ay parameter is used to cancel the h; = 1
term (corresponding to the ap mode of ¢(z)). As N — oo, S — 0. In other words,
the edge state map becomes an isometric isomorphism in the thermodynamic limit.
Furthermore, as each term scales as v N _(hj_l), for large but finite NV the inner products
can be accurately modelled using only a small number of low scaling dimension terms
[104]. We will show how this can be generalised in Sec. [3.4 From this result, DRR
could then show the RSES has the scaling property discussed in Chap.

It was argued by Read [47] that generalised screening implied that the transforma-
tion of a quasihole wave function after adiabatic braiding of the quasiholes was given
by the monodromy of the wave function along the braid, up to the usual area depen-
dant magnetic Berry phase factor. This argument only relies on the assumption of

generalised screening and the fact that the quasihole trial wave function is holomorphic

in the quasihole coordinates. Thus, if generalised screening holds the anyonic charges
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or superselection sectors [125] of the quasiholes that can be generated by this CFT

construction are in the one-to-one correspondence with the irreducible representations

of A.

3.1.4 Example: Laughlin’s wave functions

To generate Laughlin’s wave function for filling factor v = % one can use the CFT of a

single chiral boson field ¢(z) with the mode expansion,

o(2) = —ia(()¢) Inz+i Z aff)z— (3.13)
n#0 n
along with the unitary Klein factor operator Fj,, where these operators have the com-

mutation relations,

[an¢)’ agn)] = n5n+m,0 [agjﬁ)’ F(b} = \/1_757L70F¢ (3'14)

We have that (i) = a'® . The vacuum state |0) is the unique state defined by

at?) |0) = 0 for n > 0 and (0|0) = 1. The Hilbert space of this theory, Ho, is generated
by applying polynomials in a#), F; and F (;r on |0). Finally, the energy-momentum
H(99(2))*:

tensor of this CFT is given by T'(z) = —2%5~~ where : * : denotes normal ordering.

Let Vy(2) and VJ (z) be the vertex operators defined by,

Vy(2) = Fy 1 VPR Vq;r(z) = F; e iVPe) (3.15)

It can be checked that both these operators have conformal dimension h = £. Strictly
speaking, products of vertex operators such as Vj(z)Vy(w) are only well-defined for

|z] > |w|. One can, however, define their products when |z| < |w| by analytic con-

tinuation. For |z| > |w| one can sho Vo(2)Ve(w) = (2 — w)PF? : eVPeETow)

‘By using e?ef = ePBedelBl if [A,B] commutes with A and B, then we have
e—\/ﬁag@z’“/ne\/ﬁa(fzw"/n _ e\/ﬁasﬂw"’/ne—\/ﬁagf)z’"/nep(w/z)”/n. Further using e\/ﬁaéd’) nzp _—
2P Feviay’ Iz which gives Vy(2)Vy(w) = eP=tp Zn>o(w/z)"/”F£ o etvP(@(2)+o(w)

epln z+p ln(lfw/z)Fd% : el\/ﬁ(¢(z)+¢(w)) = (Z — w)pF(g : el\/f)(d)(z)"r(b(w)) :
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By analytically continuing the expression of the right-hand side we have Vy(2)Vy(w) =
(—1)PVy(w)Vy(2). Using the same method we also have V¢(Z)V¢T(w) = (—1)pV£(w)V¢(z)
as well as the OPE,

1 N V/Pi0p(w) N

(z—w)p (z—w)r!

Vy(2) Vi (w) = (3.16)

Let A, be the chiral algebra generated by repeated OPEs of the Vy(z) and V(;(z)
fields. Note that in the case that p is odd A, is a chiral superalgebra with the Vj(2)
field being fermionic. From the OPE of Eq. it follows that the a’ can be
expressed in terms of the Vj; and Vdj’k modes. Furthermore, Vjy_,/2[0) = F,|0),
Vdifp/2 0) = FJ) |0) and F;V@kF(z) = Vi ktp, which implies the states I} |0) can be
generated by applying the V; ; and Vqu,k; modes on |0). Hence, all states of Hy can be
generated by repeated application of the modes V,; and V(;k on |0). Thus, H, forms

the vacuum representation of A,.

Using V¢(Z>F£ : ei\/ﬁZ;;l P (wy) = H;L:1<Z — w])p : ei\/f)(¢(z)+z;l=1 d(wy)) :, one can

show that,
N N
U (z) = (O F; Y [[ Va0 10) = [ (2 = =) (3.17)
i=1 i<j

We have thus generated the v = % Laughlin wave function using €(z) = Vy(z) and
C(N)=F; V.
Now let us consider the edge state map. Using [a,(f)),V(i)(z)] = /pz"V4(2) and

a, |0) =0 for n > 0, we then have for n > 0,

N

qj(v|a,&¢) (z) = (v] a1(1¢)Fqb_N H Vi (2i) 0) = \/pP(z)V ((2) (3.18)
i=1
where P,(z) = EN 2. This then implies that the image of the edge state map is in

=11

fact equivalent to the null space of the v = % parent Hamiltonian, H,, [104].
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3.2 IQH wave functions as CFT correlation functions

We now turn to the seemingly esoteric task of using CFT to express the ground-state
and edge excitation wave functions for IQH states. This will be the fundamental

building block for constructing Parton-type wave functions.

3.21 v=1

This is the p = 1 case of the Laughlin wave functions discussed in Sec. To
distinguish this case, however, we will denote the chiral boson field as ¢(z), the Klein
factor by F, the modes by a, and the vertex operators by V(z) and V'(z). V(z) and
V1(z) both have conformal dimension %, and Eq. implies the modes V}, and V,j
with & € Z—i—% have the anti-commutation relations {Vj, VZT} = 0j41,0- Furthermore, the
OPEs V(2)V (w) and V(2)V1(w) are non-singular which implies {V;, V;} = {V{|, 1} =
0. Thus, the vertex operators are in fact free complex fermion fields, which is just one

way of expressing the usual bosonisation relations [126].

The ground state wave function is given by,

Wi (z) = (O] F V[ V(2) 10) = det[) ", 202, . 2R (3.19)

i=1

We note that the image of the edge state map must be the null space of the parent
Hamiltonian H;. However, for fermions, the null space of H; is trivially just the space
of states with all the particles in the LLL.

Given this, we must have that for any Slater determinant state there exists a CFT
state (v| that will generate it. Let (v| be a state that generates the Slater determinant
U (z) = det[2]™, 25", ..., 2™ ]. Now we consider the state generated by (v|V;. First,
we note that this state will generate a wave function with N — 1 particles (as the

correlation function must be U(1) charge neutral). We then have that,
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N-1

Vi (2) = (0| Vi F NHV 2)10) = (| F"Ven [ V(20) 10) 520
i=1 3.20
dzy _ —k— _
:f%%fN Y )

where we should recall that W, (z) is an N particle wave function. If (N —k —1/2) €
{mi,mo,...,my} with m; = N —k — 1/2, then we have (by expanding the Slater

determinant along the first column),

Uiy () = (=1) " det[z5", . .. AR e (3.21)

Otherwise, if (N —k —1/2) € {m1, mo,...,my} then we have ¥y, (z) = 0.
Now consider the state W, i (z) with N +k > 0. By U(1) charge conservation this
is an N + 1 particle wave function. From the anti-commutation relation {V,/, V(2)} =

Z#=1/2 and Vi [0) = 0 for k > 0 we have that,

N1 N+1
¥y (@) = GIVEE [T V)0 = ol Ve [T Ve )
=1
(3.22)
N+1
_Z -1 N+k 1/2 (v| F~ NHV %) ]0) = det[z T 1/2,2515---727\}11]
i#]

As W(z) is a Slater determinant, we can then see, inductively, that all Slater
determinant states are generated by CFT states of the form (0| ][], V,Ji [I; Vi, with
ki, l; > 0.

This mapping is best summarised in the second quantised notation. Firstly, we note

that W) /v 2N = el , .. clcl0)). Then, for N — k —1/2 > 0 we have,

o)) = VNN =k —1/2)  enop1sz W) (3.23)

and for N + &k —1/2 > 0 we have,

W) = VN(N +k — 1/2)C}L\7+k—1/2 W o)) (3.24)
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where N'(m) = [ D?z[z™|* = 272™m/!. One can then interpret this edge state mapping
as a finite system size non-unitary bosonization. We call this non-unitary as the edge
state map does not preserve the inner product.

This simple mapping from VkT and V}, to ¢! and ¢, allows us to express edge state

inner-products in the CFT as (U, |V (,)))/Zn = (v] € |w), where,

S :ZIH[/\/'(N +k—1/2)|V_ Vi — Z I[N (N — k —1/2)]V! Vi

k>0 0<k<N—1/2
. (3.25)
= > WNN+E-1/2)]: VY]
k=—N+1/2

For large N and |(k —1/2)/N| < 1 we can use the Stirling series to expand In[N (N +
k—1/2)]~ NInN—-N+(1/2)In N+ (3/2)In(27) +1/(12N) + (k—1/2) In 2N + [(k —
1/2)?+ (k —1/2)]/(2N). Then we note the following®, >, (k —1/2) : Vo, V| = § 22 -

OV (2))VT(2) = § £22[i0%p(2)+ : (i0p(2))* :]/2 = —ao/2 + Lo, and Y, (k — 1/2)? :
VoVl = 35221 @PV)VI) 27t s (@V()VI) ] = § 45270 (ie(2)?
H(3/2)0: (100() : +i0°(2))/3+ Lo —ap/2 = § 227 (ip(2))° : /3 — Lo+ (1/6)a

We can then write the inner products in the following form

(0wl [P )} /2y = (v| R*0e® Jw) (3.26)

where R = /2N (i.e. the radius of the droplet) and,

S:(NlnN—N+1n[27r\/ﬂ—1/(12]\7))a0+L dz

oy P o @0e(2)): (327)

We can remove the ag term by replacing V' (z) — v/ Ay V (2) in the generating correlation
function, with In Ay = =(NIn N — N + In[27+/7] — 1/(12N)).

Finally, it is instructive to see how the angular momentum operator can be mapped

5To derive these one can use V(z) = 3, 27 ¥ 2V, Vi(z) = 3, 2% 3V, and V(2)VT(w) —1/(z —
w) = 30° (n))Hz — w)" L em W gnere(w) 1 Note that V(z)VT(w) — 1/(z — w) is the fermionic
normal ordering of V (2)V(w).
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to the CFT. Given that Lg|0) = 0 and [Lo, V(2)] = V(z)/2 + 20V (2), then,

N N

Z 20,9 ((2) = (0| FN (Lo — ag/2) H V(z)0)
N (3.28)
= (v| (Lo + (2N — 1)ag/2 + N(N = 1)/2) F ¥ [ V(z) |0)

i=1

= Wu|(Lo+@N—1)ao/2+N(N-1)/2) (2)
Hence, we can see that the angular momentum operator maps to the CFT as ), 2,0, —

L0+ (2N— 1)@0/2+N<N— 1)/2

3.22 v=2

For v = 2 the ground state wave function is no longer purely holomorphic (up to
Gaussian factors); hence, we cannot write it purely as a chiral CF'T correlation function.
However, for v = 2 the highest power of any z that appears is one. We can then easily
separate the anti-holomorphic dependence from the holomorphic dependence, with the
latter given by some chiral CFT correlation functions.

The CF'T that we will use is that of two independent copies of the chiral boson theory
used to generate the v = 1 wave functions. We denote the fields by ¢ (z) for i = 1,2,
the modes by % and the Klein factors by F;. All the modes of ¢ () commute with
those of ¢©?)(z) and Fy, and vice-versa. The two Klein factors, however, anti-commute
{F1, F»} = 0. The corresponding vertex operators are denoted by V;(z) = Fj : eie? (@) .
and V]T(z) = F]T . =9 () . where the modes Vi, and V]Tk have the anti-commutation
relations, {V;x, Vj;} = 0 and {Vi,kanTI} = 0;;01110- These vertex operators are then
two independent species of complex fermions, and the full Hilbert space of the theory
can be generated by applying their modes to |0).

To generate the ground state wave function, the Q(z) operator will now have to

have some anti-holomorphic dependence, €)(z, Z). We will consider the operator,
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Q(z,2) = Vi(z) + 2Va(2) (3.29)

In the following, we will only consider the case when N is odd (so that the lowest

angular momentum v = 2 state is unique). Now consider the wave function,

Wioy(z) = (0] By R /2HQ (2,2 |0) (3.30)

By expanding out the €(z;, z;), this correlation function can be expressed as a sum
of correlation functions of products of Vi(z) and V(z). As the U(1) charge of each
boson field is separately conserved, the only terms that will contribute are those with
(N —1)/2 Vi’s and (N 4 1)/2 Vy’s. Let P be a permutation of {1,2,..., N} such
that P(i) < P(j)if0 <i < j <qorgq<i<j< N with ¢ being a fixed integer
(0 < ¢ < N). Let the set of such permutations be denoted by Py,. Further letting
C(N) = F;™F ™M and N; = (N —1)/2, Ny = (N +1)/2, we can express our wave

function as,

N

U(z)= Y sgn(P)(0|C(N HV1 zp0) |1 2ro)Velze) 10)

PePN, N, j=N1+1

31
= Z sgn(P) det[z 1)1 zg(l)Q, ..,z?g(Nl)] (3.31)

PEPN, Ny
_ No—-1 - No—2 -
X det[Zp(v,41) 2p(n, +1)) ZP(N1+2) 2PNy 42)7 - ’ZP(N)Z?D(N)]
where sgn(P) appears because the V;(z) anti-commute. This can be simplified to one

Slater determinant, with the resulting wave function given by,

U (z) = det[z A ..,Z?VI,ZNIHZJJ\\,?E, o ,ZNZ?V] (3.32)

This is the non-interacting v = 2 ground state wave function of N particles (with N
odd).
The associated chiral algebra of this state is that generated by repeated OPEs of

Vi(z) and Vj(z) Note that now the chiral algebra is generated by four fields rather
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than just Q(z) and Q7(z).
We will now consider the edge state mapping. Assume (v| to be a state that

generates the Slater determinant,

m®D m{) m® m{? _om)
U (z) = det[z;" 257 ... VENG D ZNLHLENG 41 ZN 422N 42 - - 5 ENEN ] (3.33)

By U(1) charge conservation the state (v| Vo, with Ny —k—1/2 = m§-2), must generate

a N — 1 particle wave function with,

N-1
qj(”|v2,k< z) = (v| Vo, C(N H Q(z;, z;) |0)
=1

N-1
= D sen(P) (v VaxO(N Hv1 (zr) I zriValer) 10)
PeEPN_1,N, j=N1—1
j—1 m{!) mxi
=(—1) Z det[zp(y), -5 Zp(ay)]
PeEPN11,Ny
_ m{? - (2) m(i)l > mg\zf)
X det[ZP(N1+1)ZP(1N1+1)7"'7ZP(N1+j n= P(N1+j 1)) ZP(N1+4)Zp(Ny+) ) ZP(N-1 )Zp(zv% 1)
(3.34)
This then simplifies to,
- (1) miV
Uiy, (2) =(=1) etz .o 2y,
- (3.35)
B mg2) (2) m(2) _ mN2
ENIH1ZN 415 -+ - ) ZN1+j— 1ZN1+J 17ZN1+]ZN1+] e EN-12y- ]

Clearly, if No — k — 1/2 ¢ {m{”,m{, ..., m%)} then Wy, (z) = 0.

By the same argument, we also have,

(1) mg\}) “12 m® m®

— my 1 > N2
\If<v|v2fk(z) =detfz; " ..., 2y, ZN1+1ZN +1 VENI+22N, s ) EN412N4)  (3.36)

One can also easily find analogous expressions for W, ,(z) and ¥, .+ (2).
’ 1,k

We summarise this edge state mapping in second quantised notation as,
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’\I]<U‘V;7k>> = (—1)N7NiCZi,N1—k—1/2 |‘P(U|>> |\I/<v‘vsz>> = (_1)N7Niéi’Nl+k_1/2 ’\I]<v\>>
(3.37)

|

where ¢; ,,

and 5;m are the creation operators for unnormalised orbitals z™ and zz™*!
respectivelyﬁ, and ij are creation operators for single particle orbitals such that
{Jim,é}’m,} = 5ij§mm/. These operator mappings are strictly only valid for N; —
k—1/2>0for Vi and N; +k —1/2 > 0 for V.

To express edge state inner products in the CFT, we first define R = /2N,

M(m);j = {&m, é;m} (i.e. M(m);; is the inner-product matrix of the orbitals 2™ and
zz™t1). Then the inner products take the usual form ((U(,(|¥))/Zy = (v|e® |w),
with 8 =37, 37 (=1)™ [In M(N, +k —1/2)];5 kVTk :, where the sum of k£ having
the obvious restriction.

By explicit diagonalization and keeping terms up to and including 1/ R, for large N

we find,

11
lnM(N1+/€—1/2)N6lnR( 2 5{2)
R2 2
+[Nlthl—N1+IHN1+1D(47T\/E)+<IC—1/2)1H2N1]12><2
(3.38)

where 1,545 is the two by two identity matrix. To express this matrix in a form
that generalises to other states, we first define the currents, J?(z) = [i0p® (2) —
100 (2)]/2, Jt(z) = Va(2)V]'(2) and J~(2) = Vi(2)Vy (2). These fields have the
OPEs, J3(2)J3(w) ~ =2 J3(2)J5(w) ~ £ 20 and J*(2)J (w) ~ —top + 2200

(z—w)2>’ (z—w)? z—w

which are the OPEs for su(2); WZW model currents. Finally, we also define ®(z) =
(M + ©?)]/+/2 with it’s corresponding modes @,. We can now express the inner

products as ((W,(|¥ )/ Zn = (v] R*0e® |w), where,

2 2 2
Si.c. ((0]¢(2)l,, 0)) = 2me= 5 and ((0] ¢(2)éh,, 0)) = zzmHle= 5.

"Note that N and N; in these expressions are the N and N; of the ground state trial wave function
and so are constants.
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]‘]V—é] (3.39)

S =V2[N;In Ny — Ny + (1/2) In Ny + In(27v/27)]ag + 3 In(2N;) {Jg —

1
where, J'(2) = (J7(2) + J(2))/2. Thus, we can see that for v = 2 we have other
divergent terms in S that are zero modes of these extra conserved currents.

Finally, the angular momentum operator ), 2;0; — z,0; can be mapped over using

the same method for the v = 1 case to give,

> 20— 20 W(2) = (o] Fy ™ (Lo = (1/2)a® = (3/2)a”) [[ (=, 2) [0)

= (0| [Lo+ 2Ny — 1)ag/V2 + Ni(Ny — 1) = ] F; 2 Py M [T (= 2) [0)

i=1

(3.40)

Hence, the angular momentum operator maps over to the CFT as, ). 2,0, — 7,0; —

[Lo + % + Ni(Ny — 1) —1].

3.2.3 v=n

We can now generalise from the v = 2 case to v = n. This will require n independent
free chiral boson fields ¢¥(z) along with their Klein factors F; and vertex operators

Vi(z) = Fj: ¥ () .. The generating ) operator is given by,

O(z,2) = Zzﬂ‘*lvj(z) (3.41)

Let Ny be a positive integer. Then for N = N; +n(n —1)/2 we define N; = Ny +1—1

and the background charge operator as C,,(N) = F; Ne "1 Fm™  We then have,
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N

\I/<0|(Z> = <0| CH(N> H Q(Zi7 Zi) ’0> det[ - 17 ce Z?Vla Z]\f1+12]]\\lff4:117 s 72N1+N22?\71+N27
i=1
1L Na-l 1.0
;j Ly A 2N Zn]
(3.42)
which is the non-interacting ¥ = n ground state wave function, where the second

equality can be shown by a simple extension of the method used for v = 2.
One can show, again using a simple generalisation of the v = 2 case, that the edge

state mapping has the property,

’\I]<U‘V;7k>> = (—1)N7NiCZi,N1—k—1/2 |‘P(v|>> |\Il<v\vjk>> = (_1)N NZCIN1+1€ 1/2 ’\I]<v\>>
(3.43)

where Et

is the creation operator for the unnormalised orbital zZ=1z™*7=1 and cﬁ
is the creation operator for a single particle orbital such that {dlm, Cim i} = 0ij0mm-
These operator mappings are strictly only valid, once again, for NV; — k — 1/2 > 0 for
Vik and N; +k —1/2 > 0 for ij, Hence, the edge state mapping will generate the
entire space of states of particles restricted to the n lowest Landau levels, with states
of the form (0| ( product of V;;’s and \/Jk’s ) generating the Slater determinant wave

functions. We will not calculate the large N form of the edge state inner products here,

although this can in principle be done.

The angular momentum operator maps over as, Y, 2;0; — 2;0; — Lo+ 2N1 L ( Yo

aél)) + an(Nl—l) n(n—l)'

2 2

Finally, we shall now note some further properties of this construction that will
be useful later. We can define a Hermitian operator Jo = S0, (i — 1)aj () that has
the property [Jo, Vi(2)] = (i — 1)V;(2). Furthermore we have C,(N)V;(z)C}(N) o
ZNHITIV(2). C(N)] |0) is a state of the CFT with N fermions. Among all states

with N fermions, it is the unique state that minimises Ly — Jy. To see this note

that Lo — Jo = ), o) i 1)? 71“ + D ins0 a” a4+ constant. The second term is positive
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definite so any state that minimises this must be a Heisenberg primary at? lv) =0
for r > 0. Using the Lagrange multiplier method, the first term can easily be shown
to be minimised under the constraint (), a(()i)) |v) = N |v) by a state with aéi) lv) =
(N1 +i—1)|v). In this CFT there can only be one state that is a Heisenberg primary
and has a specific amount of U(1) charge for each fermion species. It can be checked
that CT(N), |0) is a Heisenberg primary with al’CI(N)[0) = (Ny 4+ i — 1)CL(N) |0).
Therefore, CT(N)|0) o< |v), QED.

3.3 CFT construction of ground and edge state Par-
ton trial wave functions

In this section, we will first discuss how generic Parton trial ground and edge state
wave functions can be generated using CFT, where a chiral algebra 4 can be associated
with each ground state trial wave function with CFT 4, roughly speaking, being the
“smallest” CFT that can generate the ground state trial wave function. We will then
give the Composite Fermion and symmetric Parton wave functions as examples of this
construction in Sec. and Sec. respectively.

From the above discussion of the IQH wave functions, we can see that a possible
way to generalise the usual CF'T construction of wave functions is to use a generating
operator {(z, zZ) which is composed of r operators ¢, for [ = 0,1,2...,r — 1, all with
the same conformal dimension, belonging to some CFT which we denote CFT, (for

the moment), where,

Qz,2) =Y Zo(z) (3.44)

After the choice of an appropriate background charge operator C'(NNV), the ground state

trial wave function can then be expressed as,
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N

Wo(z) = (0] C(N) [ ] (2, ) [0) (3.45)

i=1
Let A be the chiral algebra generated by repeated OPE of ¢;(z) and qu}L(z) Let H be
the Hilbert space of CFT, and let Hy be the space of states in H; which are generated
by applying the modes of ¢;(z) and ¢I(z) on |0) (i.e. the vacuum rep. of A). We will

assume this construction has the following properties,
(i) CFTy is unitary.
(ii) ¢i(z) are Virasoro primary fields.

(iii) There exists a conserved U(1) charge with the Hermitian operator ag where ¢;(z)

has some charge ¢ and C'(IV) has charge —q/V.
(iv) There exists a Hermitian operator Jy such that [Jy, ¢;(2)] = gy (2).
(v) aol0) = Jo|0) = Lo [0) = 0
(vi) O(N)¢y(2)CT(N) o< 2#MN+ g (2) where k(N) is some integer-valued function.

(vii) CT(N)|0) € Hy is a simultaneous eigenstate of ag, Jo and Ly, and among all

states with the same U(1) charge in H, it is the unique state that minimises

Lo — Jp.

Note that imply that H, is an invariant subspace of ag, Jy, Lo and C(N).
Properties trivially hold for the IQH wave functions and were shown
to hold in the last paragraph of Sec. [3.2.3] provided the number of particles in the
“ground state” N takes the form N = Nyr + r(r —1)/2 with v = r. We will first
demonstrate that these properties hold for Parton states where there always exists N
such that the lowest angular momentum wave function with NV particles is unique. At
the end of this section, we will discuss the more subtle case where there is no unique

lowest angular momentum Parton state, which occurs when there exists no number of
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particles N such that for each IQH component the expression N = Nyr +r(r —1)/2
holds where 7 is the filling fraction of the given component and N; is a positive integer
that can depend on the IQH component.

The general edge state map is then defined as,
P
W) = (0] C(N)el ¥z T 9=2906) o) @ o)) (3.46)

We will associate to this wave function the chiral algebra A. A CF'T can be defined
from A, which we denote CFT 4, provided A has an energy-momentum tensor. From
the general Proposition 5.29 of Ref. |127] it follows that an energy-momentum tensor
always exists for .AE| In general, Hy # Hy. However, as H, is an invariant subspace of
C'(N), the correlation function of Eq. can be computed entirely within Hgﬂ CFT,
has then merely been used as a convenient way to compute a correlation function of
CFT 4.

Furthermore, from the definition of the edge state map of Eq. [3.40] it can be seen
that all the states of the orthogonal complement of Hy must map to zero. Thus, the
image of the edge state map is not changed when the domain of the map is restricted
to Ho.

When formulating a generalised screening hypothesis (as will be discussed later) it
is important to consider the wave function as being generated from CFT 4. Roughly
speaking, if CF'T was used instead then there would be “degrees of freedom” within
this CF'T that would not couple to the perturbation, which would then imply that the
perturbed field theory could not flow to a massive IR fixed point.

Note that when we generate a wave function this way the z dependence implies

this is not a wave function entirely in the LLL. To generate the LLL projected wave

8This follows from the fact A is generated by OPEs of a finite number of Virasoro primary fields.
Let P be the projector onto #. The energy-momentum tensor of A is the field, T'(z), that corresponds
to the state PT(0)|0) where T'(z) is the energy-momentum tensor of CFT. For all ¢(z) € A the
singular terms in the OPE T'(z)$(w) are the same as those in the OPE T'(2)p(w).

9Tf Ho was not an invariant subspace of C'(N) then one can simply project the background charge
operator onto Hy.
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function we simply perform the replacement z — 20 so that the generating operator
becomes Q(z) = >,(20)'#(z). Thus, the LLL projected wave function can still be
generated by CFT 4 and the resulting edge state map is now a map from the vacuum
representation of A to some space of wave functions in the LLL.

We will now show inductively that this construction exists for all chiral Parton wave
functions, where the lowest angular momentum state is unique. Suppose we know how
to generate some trial wave functions ¥, and W, using the operators Q(z,z) and
0y(z,2) from CFT; and CFT, respectively, with the desired properties. Let gzﬁli)(z),

(’) Lé)7 Ji and Hoz) be the ¢;(z), ag, Lo, Jo and Hy for CFT; respectively. We can
then generate the trial wave function ¥V, using the CFT CFT, = CFT, ® CFT; as
follows. Let C(N) = C1(N)Cy(N), where C;(N) is the background charge operator

used to generate U;, and Q(z, 2) = Q;(z, 2)2(2, 2). We then have,

Uoi(2) = (0] C() ﬂm %)10)
{ ﬂﬁg ZZ)} 10) (0] {01 f[ ZJ’Z]} (3.47)

=1
= Uy(z)Uy(z)

where oc appears as, depending on the conformal spin of the {2;’s, we may obtain
an additional minus one factor from rearranging the €2;’s. Thus, simply by the fact
the resulting correlation function will factorise, we can generate WV, from a CFT
correlation function.

One can expand Q(z,z) = Y, 2'¢y(z) where each ¢y(2) = >, . 5ll+127l¢l(11)(2)¢l(22)(2)'
As qbl(i) (z) are Virasoro primary fields it then follows that ¢;(z) are also Virasoro primary
fields, which gives . Clearly CFT is unitary as CF'T; are unitary which gives .
Next, we define ag = a(()l) +aé2), Ly = L( )—i—LD and Jy = JO —i—JéQ), which can easily be
shown to have the desired properties for (iii). As C’l(N)C’g(N)gbl1 (z)qzﬁl2 (z)C;(N)

CH(N) oc 2PN+t 6D () 32) () it follows that
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C(N)y(2)CT(N) o 2R+ (2) which gives [(vi)]

Let P be the projector onto Hy. As ¢;(z) has a well defined U(1) charge for both a(()l)
and aé2) then H, is an invariant subspace of aéi) and as a((f) are Hermitian [a(()i), Pl =0.
In fact, within Ho, a(()l) x a((f). Furthermore, CT(N)|0) € "H(()l) ® "HéQ) must have the
property that among all states with the same a(()i) charges in 7-[(()1) & 7-[(()2) it must be the
unique state which minimises Lo — Jy. Now write CT(N) |0) = |z) +|y) where |z) € H,
and |y) € Hi (i.e. Hg is the orthogonal complement of H). As [[X, Q(z;, %) [0) € Ho
0 p =

and (0] C(N) T, (2, %) [0) # 0 then PCT(N)|0) # 0 = |z) # 0. From [a.”,
[Lo, P] = [Jo, P] = 0 it follows that |x) must be a simultaneous eigenstate of a(()i), Ly
and Jy with the same eigenvalues as CT(N) |0). Hence, from the uniqueness property of
CT(N)|0) we have CT(N)|0) = |z). This then implies that property holds, QED.

Consider the state [v) € HS” @ HP with, [v) = |v1) ® |v2) and |v;) € HY). By the

factorisation of the resulting correlation function we must have that, W, gw,|(2)

\I’(I)

(U1|<Z>\Ij§2|(z)7 where \I/(i)‘(z) is the wave function resulting from the edge state map

(vi

of CFT; (i.e. the edge state map associated with W;). Thus, the image of the edge
state map must be spanned by wave functions which are products of wave functions
from the images of the edge state maps of CFT; and CFTs,.

Finally, assume that under the edge state map for ¥; the angular momentum oper-
ator maps to the CFT is Léi) + v, (N )aéi)—i- constant with v;(/V) being some real-valued
function, which holds for the v = r IQH case so long as N = Nyr+r(r —1)/2 for some
positive integer N;. We then have that for the edge state map of ¥, W, the angular
momentum operator maps to the CFT as Lél) —i—vl(N)aél) + Lém +v2(N)ag2)+ constant.
Recall that in Hy, a(()l) x a((f), which implies that within H, the angular momentum
operator maps over as Lo + v(N)ag+ constant for some function v(N). Thus, the edge
state counting for a fixed number of particles and angular momentum has an upper

bound given by the state counting in H, for the corresponding L and ay eigenvalues.

We will now briefly discuss the case where the lowest angular momentum Parton
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state is not unique. An example of this is the Parton state formed as a product of a
v =4 and a v = 2 wave function, ¢4¢,. At v = 4, we only have a unique lowest angular
momentum state when N = 4N; + 6 for some positive integer N;. For v = 2 there
is only a unique lowest angular momentum ground state for N = 2N; + 1. Clearly,
there cannot exist an /N such that there is a unique lowest angular momentum state
for the v = 4 and v = 2 components. In these cases, it is not obvious if such a
well-defined background charge operator exists. One can get around this by simply
not using a background charge. From the discussion of Sec. it can be seen that
one can generate all IQH ground and edge state wave functions using CF'T correlation
functions of the form (v Hfil Q(z;, 2;) |0). Furthermore, for any state expressible as
W TIY, (2, %) |0) we can still expand Q(z,2) = 32, Z'¢y(2) and then associate a
chiral algebra A generated by these ¢;(2) and ¢'(z) where this correlation function can
be expressed as a correlation function of the vacuum representation of A. One can
then perform all the same inductive steps used earlier in this section, not involving the
background charge, to show that all chiral Parton ground and edge state wave functions
can be expressed in this way. Thus, for these more subtle cases, the only part of this
construction one may not have is the well-defined background charge operator. This is
of no conceptual concern as the background charge operator is mostly a tool to simplify

edge state counting.

3.3.1 Composite Fermion wave functions

The unprojected CF ground state trial wave function at v = with r,p € Z%, is

simply a product of a v = r IQH ground state and a v = % Laughlin ground state
trial wave function. To generate this wave function we then can use the CFT used to
generate the v = n ground state discussed in Sec. [I.2.1 which we will denote CFT,_,,

combined with the CFT used to generate the v = Il) Laughlin wave function discussed

in Sec. which we denote CFT 4,. In this section we will denote the chiral boson
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fields, the Klein factors and the vertex operators of CFT,—, as pU)(2), F; and V;(2)
respectively.
We now define the CF vertex operators by V;(z) = Vj(2)V,(2) along with their

corresponding Klein factors F; = Fing, where the generating €(z, z) is given by,

r

O(z,2) =Y _ 7 'Vj(2) (3.48)

j=1
Defining the background charge to be C'(N) = C’T(N)Fd)_N where C,.(N) is the v = r

background charge, the ground state wave function is then given by,

N

W g/(2) = (0] C(V) [ 0, 2) [0) o @, (2) [[ (21 — =) (3.49)

i=1 i<j
where ®,.(z) is the v = r ground state wave function of Eq. and the o sign appears

as for p odd we can get additional minus signs when passing the Fj and Vj(z) through

the ‘N/j(z) We have thus generated the v = 5= CF trial ground state wave function
without explicit anti-symmetrisation.

From the discussion at the beginning of this section, we know that the image
of the edge state map must be spanned by wave functions of the form @, cqgeW; edge
where @, cq5e and U, 40 are edge state wave functions for the v = r and v = %
states respectively. W, cqqe always takes the form P(z) Hf\i j(zi — 2;)? with P(z) be-
ing a symmetric polynomial. Thus, the image of the edge state map is spanned by
[P(2)®, cdge(z)] Hf\ij(zz — 2;)P. However, P(z)®, cqge is still a v = r edge state wave
function. Hence, the image of the edge state is in fact given by wave functions of the
form @, cqge(2z) HZ]\L (2 — zj)P, which is the space of CF edge state trial wave functions.

Let A,, be the chiral algebra generated by repeated OPEs of V;(z) and V}T(z),
where V]T(z) = FjT :¢#”(2) . We will now discuss the structure of A, . First note that
Vi(2)V;(w) ~ VZT(Z)Vj(w) ~ 0. We also have the OPEs,

0ij T 100" (w)
(z—w)fi (2 —w)ki—t

Vi(2)V (w) ~ (3.50)
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where p((z) = 39 (2) +,/p¢(2) and K is the K-matrix corresponding to this CF state
given by K;; = p + &;;. We denote the modes of ¢ (2) as a'y.

From state-operator correspondence, we can deduce what other fields must belong
to A by understanding what states belong to Hq C H, where we take H, to be the
Hilbert space of CFT,—, ® CFT,,. First, define the field J(z) = anr [28(;5( ) —
N> i0¢9Y)(z)] and the space of “gauge invariant” states Hg by J, [v) = 0,n >
0,< |v) € Hg. Note that [jn,a%)] = 0. One can pick a basis of H; of the form
L., T-n = 11, W a (j) NF510) with ng,n j) € Z* and s,s; € Z. Clearly,
any ket of Hg can only be a linear combination of the basis elements of the form
15— Hnl(j) a(_jil(j)F;j]qu |0) (i.e. those that do not involve 7,,). Furthermore, condition
Jo |v) = 0 implies that |v) can only be a linear combination of the basis elements with
s = 0. Thus, the kets [[]}_, H : ]) F;7]10) form a basis for H.

As J(2)Vj(w) ~ J(z)v;cz) ~ 0 = [T, Vi(2)] = [T, V] (2)] = 0, we have H, C
He. Now note that F)V;(z)F; = 2P0 V;(2) and Vo1 |0) = F;|0) and VJTJTJrl 0) =
ijr |0). It then follows that the states [ [; F} *|0) can be generated by applying the modes
of V;(z) and VJT( ) on the vacuum, which then gives [, F;” [0) € Ho. In addition, the
OPEs of Eq. |3.50/ imply that the a% modes can be expressed in terms of the Vj; and
VJTk modes. Hence, [[]}_, Hnl(j) a(_jil(].)Fjsj] |0) € Ho. Tt then follows that Ho = He.

Thus, we can see that the edge excitations that Hy will map to correspond to r
bosonic branches of excitations, when the various U(1) charges are fixed, as one would
expect based on the standard CF theory.

Within A, , we also have the following currents with scaling dimension one,

EZT;;. Vi)V (2) -

(3.51)
\/ (np+1) ng

where T are the generators of SU(r) and the U(1) operator that is the zero mode of
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i0®(2), ao, is related to the number of particles added to the edge by AN = /vag
under the edge state map. These fields form the (1) @ su(r); current algebra and form
a basis of the space of fields of conformal dimension one which are U(1) neutral with
respect to 0P(z). It can be straightforwardly shown that the space of states with a
fixed total U(1) charge in H, can be generated by applying the modes of i0®(z) and
J*(z) on a state of the form []; F** |0). Consequently, each space of fixed total U(1)
charge forms an irreducible representation of t(1) & su(r);. This can be thought of as
non-abelian bosonisation [128| for CFs.

The angular momentum operator expressed in the CFT must be the sum of the

v =1 and the v = % angular momentum operators. Keeping in mind the Jy = 0 in

Ho, this gives the mapping of the angular momentum operator to be Ly + [%;D +

Qév\/_ﬁl}\/ﬂao—l— constant, where Ny = N/r — (r — 1)/2 (i.e. the N; defined for v = r
wave functions). Hence, the edge excitation state counting at fixed particle number
and angular momentum must be bounded from above by the state counting at fixed
total U(1) charge, of ®(z), and Ly.

In principle, one can then go on to use CFT 4, , to generate quasiparticle trial wave

functions. This has been discussed in detail in many other works (see Ref. [52] and

references therein).

3.3.2 Symmetric Parton wave functions

To generate the symmetric parton wave function [®,(z)]" (i.e. the v = r ground state
raised to the m'™ power with m € Z%), we can use m copies of the CFT used to
generate the v = r ground state, CFT;, = ®" CFT,—,. This gives a CFT with rm
chiral bosons denoted () (z) for i = 1,2,...,m and j = 1,2,...,r, where we think of
1 as the “species” index and j as the “Landau level” index. The corresponding Klein
factor and vertex operator for ¢ (z) will be written as £; and Vi;(2) respectively.

To generate ;" we simply need an €2 which is a product of the {2’s that generate
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the v = r ground state for each species,

O(z,2) = ﬁ {izﬂ'—lf/zj(z)} (3.52)

i=1 L j=1
Let C’@(N ) be the background charge operator that can be used to generate the v = r
ground state using the i"* species. We define C(N) = [[", C’,@(N ). This then gives,

N

Woi(z) = (0] C(N) [ ] Qzi, 2) 10) o [T, (2)]™ (3.53)

i=1

which is the desired ground state wave function. From the discussion at the start of
this section, it is clear that the image of the edge state map will be the space of wave
functions spanned by products of m v = r edge state wave functions.

We will now show that the above correlation function is a conformal block of the

(1) @ su(r),, WZW model. First, we define the following currents,

ijk

Z Vi)V (2) (3.54)

2(z) = \/%Zsﬁ(m(@

where t* and T are the generators for SU(m) and SU(r) respectively. Using the

fermionic version of Wick’s theorem one can show that these currents have the OPEs,

i0P(2) T (w) ~ i0P(2)J*(w) ~ T*(2)J*(w) ~ 0 and,

(@) ) ]y L2 SET)

Gt w)
J(2).1(w) ~”fr_[T;§;b] » e - ) (3.55)
10 (2)id(w) ’“ﬁ

where f®¢ and f% are the structure constants defined by [T, T%] = iy, [T and
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t*,t"] = i3, fet¢ respectively. Note that for su(n) the normalised Killing form,
K(T*,T") = 5-Tr[ad(T*)ad(T")] with ad(7) being the adjoint representation, can also
be expressed as K(T% T®) = Tr[T*T"] where the trace is taken the the fundemental
representation. Thus, these currents must form the (1) & su(r),, @ su(m), current
algebra with i0®(z) being the (1) current, J*(z) being the su(r),, currents and J°(z)
being the su(m), currents. Furthermore, it was shown by Affleck [129] that the total
energy-momentum tensor of CFT, can be expressed as T(z) = T8 (2) + T540Im () +
T (2) where TV (2), T54m (2) and T () are the Sugowara energy-momentum
tensors of the currents i0®(z), J*(z) and J*(z) respectively. This is then a conformal
embedding of the u(1) & su(r),, ® su(m), current algebra.

The total Hilbert space of the theory Hy can then be decomposed into irreducible
representations of this current algebra, H; = P M, , 5 where M_ , 5 is an irreducible
module of u(1) & su(r),, ® su(m), with U(1) charge g, highest weight A with respect
to J%(z) and highest weight A with respect to J(z). The branching rules for this
decomposition are discussed in detail in Ref. [130]. Let ¢,,5(2) denote a WZW primary
of M 5. As discussed in Refs. [130-132], the correlation function (0| [[, ¢,, . s, [0) has

the decomposition,

O w010 = {Zc FEOIn (@) FA ()] (356

where Cy;, are constants, F“(!)(z) is a conformal block of the U(1) vertex operators
(OITL, : e™®=) 1 ]0), Sulrym (z) is a conformal block of the su(r),, WZW model related
to the correlation function (0| []; ¢x, (2, 2) |0), and ]-";Au(m)T (z) is a conformal block of
the su(m), WZW model related to the correlation function (0|, ¢5 (2, Z) [0)-

Now expand (z, 2) = 327V 2V,(2) where

Vilz) = Y Oy i aemVin (2)Vain (2) - Vi, (2) (3.57)

11,82,-.-tm

We have J%(2)Vi(w) ~ J*2)V,'(2) ~ 0 so Vi(z) and V;'(z) transform as the identity
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field with respect to the J%(z) currents. The V;(z) operators belong to a more general
space of fields of the form >, . 5“’2 m T i1 ]ZJ( z), where S is a symmetric rank
m tensor. Under the action of J“(z) these fields form the rank m totally symmetric
tensor representation WZW primary fields which are represented by a Young diagram
of one row of m boxes, which we denote A(1). We will use A(n) to denote the su(r),,
representation corresponding to the Young diagram of n rows of m boxes. The ‘/ZT(Z) are
also WZW primaries with respect to J*(z) belonging to the conjugate representation of
A(1) which is A(1)T = A(r — 1). Vi(z) and V;'(z) are also primary fields with respect to
i0®(z) with U(1) charges ¢(1) and g(—1) respectively, where ¢(n) = n,/™. In short,
Vi(z) and VlT( ) are primary fields of Mguyrayo and Mg_1)xp—1)0 respectively. Note
that the ¢,y $1(r),, primary fields are simple currents with fusion rules @) X Pa(ny) =
PA([n+ns) mod r) [133]-

Now let us consider the correlation function ([[; Vlj(w]) [L Vi.(%)). By Eq. [3.56/ we

know this must decompose into conformal blocks of the 1(1), su(r),, and su(m), WZW
models. As the ¢y and ¢y—1) SU(r),, WZW primaries are simple currents there can
only be one su(r),, conformal block in the decomposition. Furthermore, there is only
one conformal block for a set of identity fields of s1(m), which is trivially a constant. We
then have ([[; Vlj(w]) [, Vi (2:)) = CF*D(w; 2) F4m (w; z) where FU“Y)(w;z) is the
(1) conformal block of the correlation function ([T, : €D ®(w;) : [T, : eMM*C) o),
F4)m (w: 7) is the §u(r),, conformal block of the correlation function (IT; Pagr—1) (wy, wy)
[1; #2q1)(2k, Zx)) and C' is a constant. By the cluster decomposition property in quan-
tum field theory we have that C' = [], C; where the constant C; only depends on the
it field insertion. These C; can then be absorbed in the normalisation of the ®x1) and

®x(r—1) fields, which then gives,

HV w; HV z)) = FUO (w; z2) FHOm (w: z) (3.58)

We can then express the ground state wave function in terms of these conformal blocks.
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One would then expect that primary fields of the su(r),, WZW model could be used to
generate quasiparticle wave functions with their braiding given by the monodromy of
the corresponding conformal blocks. However, we will not consider quasiparticles here.

Now let A(r),, be the chiral algebra generated by repeated OPEs of V(z) and
VlT(z), which is the chiral algebra we associate with this state. As usual, Hg is the
space of states generated by applying the modes of this chiral algebra on |0), which
forms the vacuum representation of A(r),,. We will now discuss the structure of A(r),,
by understanding H,.

We first define the “gauge” invariant states Hg by J7 [v) = 0,n > 0,4 |v) € He.
Any |v) € He must be such that it is a sum of states belonging to the M, ) o modules,
where A = 0 corresponds to vacuum representation of J%(z). Furthermore, we can
express M, o = M, ® My ® My where M,, M, and M, are irreducible modules of
u(1), su(r),, and su(m), respectively. Clearly any gauge invariant state of M, o must
be a linear combination of states of the form |v) ® |w) ®|0) where |v) € M,, |w) € M,
and |0) is the vacuum state of M. Thus, the space of gauge invariant states in M, o
which we denote M, C Mg ,o must be such that M, = M, ® M,. Using the
branching rules of Ref. |130] we have the decomposition He = B,,c; Mam)a(n mod r)-

We will now show that Ho = Hg. First as [, Vi(2)] = [T, V;'(2)] = 0 H, must be
a subspace of Hg, Ho C He. By U(1) charge conservation and from the su(r),, fusion
rules we must have that if [v) € Mymam mod ) then Vi(2) [v) € Myminam+1 mod r)
and VlT(z) V) € Mgm-1)An—1 mod r)- In Appendix we show that i0®(z) € A(r),,
and J%(z) € A(r),,. These properties then imply that Myu)am mod r) C Ho (as we can
generate each state of Mym)a(n mod r) from the application of modes of fields fo A(r),,).

Thus, Hy = He and we then have the decomposition,

Ho = @Mq(n),)\(n mod r) (359>

nel

Under the edge state map, the angular momentum operator can be expressed in

84



the CFT simply as a sum of the CFT mapped angular momentum operators for each
individual species under the IQH edge state map which gives ). 2,0; — %0; — Lo +
Mao—l— constant, where Ny = N/r — (r — 1)/2. Thus, under the edge state
map, the edge state counting for n particles added to the system at a specific angular

momentum is bounded from above by the state counting at the corresponding L

eigenvalue in My A(n)-

3.4 Generalised screening, edge state inner products

and the RSES

We will now discuss how the generalised screening hypothesis can be generalised to
the wave functions generated by the CFT construction of Sec. [3.3] We then go on in
Sec. to discuss how DRR’s edge state inner product result can be generalised to
these wave functions. Finally, in Sec. [3.4.2] we then discuss how the scaling property
of the RSES of these wave functions is implied by generalised screening, which is again
a simple generalisation of DRR’s argument. Throughout this section, we will only
consider unprojected wave functions (i.e. those with z dependence) for simplicity. All
arguments and discussions here also apply to the projected wave functions with the
replacement zZ — 20. Throughout this section, we will only discuss Parton states with
a unique lowest angular momentum wave function, which thus satisfy all the properties
(1)) of Sec. and have well-defined background charge operators. One can, in
principle, reapply these discussions to the other cases, although one may encounter
extra subtleties.

Consider now a ground state trial wave function generated by the general construc-
tion of Sec. . The full CFT 4, will contain the anti-chiral copy of the chiral algebra A
as well as A, where these two algebras are independent. We will denote the anti-chiral

version of ¢;(2) by ¢;(2) € A. Let the anti-chiral version of the generating operator

85



Q(z, 2) be written as Q(z, 2) = >, 2'¢;(2). Further, let C(N) be the anti-chiral copy
of the background charge operator C'(N). The complex conjugate of the ground state
wave function can then be expressed as W ((z) = (0]C(N) 1Y, Q(z, 7)]0). One can
then repeat the calculation shown in Sec. to show that the norm of the ground

state wave function is given by,

Zn = (T[T g))) = (C(N)C(N)el =D [ PH0(29962)) (3.60)

where h is the scaling dimension of the fields ¢;(z) that appear in the definition of
Q(z,z). We then interpret Zy as the partition function of a field theory which is a
“perturbation” of CFT 4, where we will use the same notation as Sec. [3.1.2] to denote
the correlation functions of this field theory. Once again the use of the word “perturbed”
should be used with caution as there is no sense in which this addition to the CFT action
is small. We will not be concerned with how this field theory is properly regularised
when operators with singular OPEs with ¢;(2) or ¢;(Z) are inserted into a correlation
function™]

As for the cases discussed in Sec3.1.2] one can use a saddle-point approximation,
where we are looking for saddle points of In | ¥ (z)|?, to determine the course-grained
density profile of the configuration of the Q(z, 2)Q(z, 2) insertions that dominate the
partition function. As the Parton wave functions are constructed as products of integer

quantum Hall wave functions, an obvious solution, in these cases, is a density profile

v

of a disk with a uniform density of PRI where v=1 = 3" n; ' and n; is the filling

fraction of the i'" integer quantum Hall factor of the trial wave function. Thus, up to

exponentially small corrections, the Q(z, 2)Q(z, 2) insertions are confined to the droplet

2N

v

of radius R =

We can then state the generalised screening hypothesis as before. That is, under

10The way that is suggested in Ref. |47] is to limit the integration of the Q(z, 2)Q(z, Z) perturbation
such that z does not pass within some distance € of any operator that is inserted into the correlation
function. The resulting correlation function depends on € in such a way that it diverges as ¢ — 0. By
suitable renormalization these divergences can be cancelled in a systematic manner.
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renormalisation group flow it is assumed that the perturbed field theory flows to a
massive infrared fixed point inside the droplet and flows back to CFT 4 outside the
droplet.

We now wish to discuss a slightly different formulation that will be useful when
discussing edge-state inner products. In the formulation above we have placed the
background charge operators at the left of the correlation function and so they are
equivalent to some field being placed at infinity. Recall property , discussed in Sec.
[B.3] that C(N)@(2)CT(N) oc 25Ny (2), with k(N) € Z. One can use this property
to move the background charge to the right of the correlation function and, thus, we

can express Zy as,

Zy = (V" I DREAUAT(N)C(N)) (3.61)

where 5(2, 2)Q(z,2) = C(N)C(N)Q(z, 2)Qz, Z)CT(N)GT(N). Having the background
charge operator at the right of the correlation function is equivalent to some local
field placed at z = 0. Simply moving the background charge like this will not affect
the configurations of the 5(2, 2)Q(z, 2) which are the dominant contributions to the
partition function. Hence, the 5(2, Z)Q(z, z) should still be confined to the droplet
of radius R. As the transformation of any field ¢(z,z) from the background charge
C(N)C(N)(z, E)C’T(N)aT(N) is expressible as a sum of local fields at the same posi-
tion as ¢(z, z) (with coefficients that may depend on this position), we must have that
if the perturbed field theory with the background charge at infinity is short range cor-
related in the droplet then the field theory with the background charge at the origin is
also short-range correlated. Hence, if generalised screening holds when the background
charge is on the left of the correlation function then it also holds after it has been
moved to the right.

Let S rom denote the action of this field theory with the background charge operator

placed on the right of the correlator. One expects that this can be expressed as S FQH =
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Scrr, + 0S5 where Scpr, is the action of CFT 4 and 65 is the “perturbation”. As the

Q(z, 2)§2(z, z) are confined to the droplet, one expects that 6.5 is localised to the droplet

(on long length scales).

3.4.1 Edge-state inner products

We will now generalise the result of DRR [35] to the wave functions considered here,
where we will use many of the boundary CFT methods used in Chap. 2| In what
follows we will only be interested in inner products that correspond to the “scaling
region”. Roughly speaking, these are inner products between edge states where the
fluctuation of the radius of the droplet d R for either state is such that %R < 1. For a
more precise definition of this, we refer the reader to Sec. III.C of [35].

Firstly, we note that we can use the anti-chiral Q(z,2) to generate the complex
conjugate of the wave function W,(z) as W, (z) = (v[C(N) 1Y, (=, 2)|0), where

(v] is the anti-chiral copy of (v|. The edge-state inner products can then be expressed

as,

(W g [T )) = (0] Twofel =" T P20EAEIT(N)O(N) [0) 0) (3.62)

Just for the case of edge ground state overlaps discussed in Chap. [2] this inner product
can be expressed as contour integrals of correlation functions of this perturbed field
theory, with the partition function of Eq. [3.61 where these contours are outside the
droplet.

Thus, to understand these edge-state inner products we need to understand the
structure of correlation functions of this field theory with the action S roH, Where all
field insertions are outside the droplet. To this end, one can, in principle, “integrate out”
the droplet. We are then left with a field theory that lives on the complex plane with
a disk of radius R cut out of it. Assuming short-range correlations inside the droplet,

the action of this new field theory S Fou can be written as S ror = Scrr, + Sh(R),
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where Scpr, is the action of CFT 4 outside the droplet and Sy(V) is a boundary action
that is localised on the edge of the droplet (i.e. an integral of local operators along the
droplet). We note that as the perturbation in the partition function of Eq. has
explicit radial dependence one would expect that the boundary action S,(/N) has some
dependence on the number of particles in the droplet (as R o VN ).

If the radius of the droplet R is large, then, in principle, we can perform an RG
transformation of S rom- Such an RG procedure would shrink the radius of the droplet
edge. If R is large enough then one can perform a sufficient amount of RG flow
whilst keeping the radius of the droplet edge much larger than the magnetic length.
One expects that under RG flow the action outside the droplet, Scpr,, will remain
invariant, as this is the action of a CFT, and only the boundary action (on the edge
of the droplet), Sp(V), will change. After a sufficient amount of RG flow, one would
expect Sp(INV) to be close to some fized point boundary action S;(N), Sp(N) — S;(N).
As Sp(N) may have some N dependence the fixed point boundary action that it flows
towards S;(N) may also have some N dependence. Thus, edge-state inner products
which correspond to long wavelength modes of a correlation function of S rou should
be accurately described by S;(N).

As in Chap. [2, we expect these fixed point boundary actions are described by
fized point boundary conditions|101], 102, 134, 135| that take the form where some field
of A inserted at the boundary, with a scaling dimension A, can be replaced by some
linear combination of fields of A with the same scaling dimension A (inside correlation
functions). Thus, one would expect S;(N) to be described by a boundary condition

(on the edge of the droplet) of the form,

( ) ZM oy (2 (3.63)

where, by U(1) charge conservation, the ¢f () can only be replaced with ¢ (Z), h is the

scaling dimension of ¢! (z) and M(N) is a matrix that may depend on the number of
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particles in the droplet. The (2/z)" factor appears as ¢! (z) has the opposite conformal
spin of ¢y (2)

It can be argued, although not rigorously, that this boundary condition should
occur. As we discussed in Sec. , the 5(2, 7)Q(z, Z) insertions behave analogously to
a screening plasma. Let the “electric” charge of 6(2, 7)Q(z, Z) be one, which then gives
the electric charge of ¢(z) and ¢](z) to be 1/2 and —1/2 respectively. Now consider
a correlation function with (bj(z) inserted very close (i.e. on the order of a magnetic
length) to the droplet edge with all other field insertions of the correlation function
outside the droplet. By the screening property, the configuration of the 5(2, 2)Q(z, %)
insertions that are the dominant contributions to the correlation function, are such
that their density profile is uniform over the droplet except near ¢ZT(Z) where there
must be a 1/2 charge excess to screen the charge of QS;r(z) One then expects that
the correlation function can be recast by “fusing” (ﬁ;(z) with this charge excess which
leaves some linear combination of the ¢;(Z), on long length scales. Thus, we expect that
on long length scales a gb}(z) insertion at the droplet edge can be replaced with some
linear combination of ¢y (Z) insertions at the same location which gives the boundary

condition of Eq. [3.63]

Amongst these possible boundary conditions is one that takes the form,

N\ h

)= (%) ae) (3.64)

on the droplet edge. Let (...); denote the correlation function of CFT 4 with this
boundary condition at the edge of the disk. These can be expressed using the CFT 4 on
the full complex plane as, ([, ¢i(z:) [1; ng(zj)>1 = (0] (O [T, #4(2:) [1; &j(%‘)RLﬁEO |B),
for some state |B). We have included a factor of R0 so that |B) is a state that
satisfies the condition [gbj(z) —(2/2)"¢1(2)] |B) = 0 where |z| = 1 (which enforces the
required boundary condition for the (...), correlation functions). Written in terms of

the modes of the fields this reads,
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61, — -n] |B) =0 (3.65)

That is |B) is an Ishibashi state. Furthermore, as we are only interested in correlation
functions of fields of A and A, one can take |B) € Ho ® Hy. This implies, that the
state |B) is completely determined by the condition of Eq. with the property
(| (w| |B) o (v|w). Finally, as every field of A is generated by repeated OPEs of ¢;(z)
and qﬁj(z), the boundary condition of Eq. implies that any field of A inserted at
the boundary can be replaced by some linear combination of insertions of fields of A
at the same point. We can then take A as the set of boundary operators.

We now conjecture some restrictions on possible corresponding boundary conditions
of Eq. [3.63 that encodes the fixed point Sj(NV). Let (...), y denote the correlation
functions of CFT 4 with the S;(N) boundary perturbation on the edge of the disk.
By the locality of this boundary action, one may expect S;(N) to be described by
local, exactly marginal, perturbation of the boundary action that enforces the bound-
ary condition of Eq. [3.64 We do not have a rigorous justification for this and it
should be taken as conjecture. More explicitly, we expect (J]; ¢:i(2:) I]; &j(zj)>2,N =
(I #i(20) 11, 0i (%)) 55*(N)> , where §S;(N) is an integral along the disk boundary of
local boundary operators of the (...); theory. Thus, these correlation functions can
also be expressed as ([[, ¢i(2i) [, ng(éj)>27N = (0] (O T, (=) I, ;(Z;)e?5i () RLotLo
x |B). The boundary operators in §.5;(N) must be U(1) neutral, by U(1) charge
conservation, must have scaling dimension one, for this to be a marginal boundary
perturbation, and can be taken to be fields from A by the discussion of the above
paragraph. Thus, §S;(N) = >, fz| r o fo(N;60)J%(z), where J%(z) form a basis of
U(1) neutral fields of A with scaling dimension one, # is the usual polar coordinate
around the edge of the disk and f,(V;0) are some complex-valued functions. Assum-

ing rotational invariancd] however, f,(N;6) must take the form f,(N;0) = f,(N).

' This holds so long as the angular momentum operator maps to the CFT as a linear combination
of Ly and ag, which is the case for all the Parton states with a unique lowest angular momentum state.
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Hence, we are left with 655 (N) = 3, fa(N) §,_x L Ja(z) =3, fo(N)J§. As 655 (N)
is a sum of zero modes of U(1) neutral scaling dimension one fields (belonging to A),
the commutation relation [5.5;(N), #!(z)] will be expressable as a sum of fields, at z,
with the same scaling dimension and U(1) charge of gblT(z). By passing the ¢;f(z) field
through ¢*% ™) one can show the boundary condition for the (.. .>27 y theory will take
the form of Eq. 3.63]

Thus, assuming generalised screening and the above conjecture, one expects the
inner products corresponding to long wavelength modes of correlation functions, for
large N, to take the form,

<<W<ujzf<vl>> ~ <v|meas;(zv)RLo+zo IBY = (v] R20e8Si V) ) (3.66)
This is consistent with the results of Sec. [3.2] By modifying the edge state map by the

5SF(N)
replacement (v| — (v|e~ 2~ R0 then we have, for large N,

<<qj<w\e—5SZ(N>/2R—Lo | W _5S;<N)/2R_LO>>

AN

(vle

~ (v|w) (3.67)

Hence, given generalised screening and the above conjecture, there exists a simple
modification of the edge state map which becomes an isometric isomorphism in the
thermodynamic limit. Even without the conjecture that the (.. .>27 n theory is an exact
marginal perturbation of (...),, one can still obtain an isometric isomorphism with the
generic fixed point boundary condition of Eq. , provided the matrix M (N) is
invertible. We will assume this conjecture to be true for the remainder of this section.

For intermediate system sizes N, one must consider the RG irrelevant terms in the
boundary action Sy(/N). This can also be described as a perturbation of the boundary
action enforcing the Eq. , which we denote 05,(N), that includes the exactly
marginal §5;(N) term and boundary RG irrelevant terms. This can be expressed in
the form, 6.5,(N) = 655 (N) + 3,1 a;(N)(2m)~! f|z|:R |dz]ei?¢; (z), where ;(z) are

fields of A with corresponding scaling dimension h;, a(N) are numbers, and the ¢ is
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required by rotational invarience. In principle, the o;(/N) can depend on the number of
particles in the droplet, because of the explicit radial dependence in the perturbation
in the partition function of Eq. [3.61] This then gives the following form for edge-state

inner products at intermediate system sizes,

W) [ W (o
<< <Z|‘]V ( |>> — <U| R2L065Sb(N) |w> (368)
with,
dz hy-1
(5Sb Zfa JO + Z Rh._l 27T’l ¢j< ) (369>
where we have used |dz|eMi? = #zh ~1 (at |z| = R). Despite the possible N

dependence of the a;, we still expect, by these RG arguments, that for large, but finite
N, the edge-state inner products are accurately described by a small number of the

most RG relevant terms.

3.4.2 Real-space entanglement spectra

We now will briefly discuss the structure of the real-space entanglement spectrum
(RSES). This is a rather straightforward extension of the calculation in DRR’s work.
We merely wish to point out that DRR’s result can be extended to more general CFT
constructions.

We take a circular real-space cut centred at the origin with radius R. = R/ V2, s0
that the average number of particles inside the cut is N/2 (with R again being the
radius of the droplet). We have chosen this particular radius merely for simplicity of
exposition and is of no conceptual significance. Let the region inside the real-space cut
be A and the region outside be B.

We now define two edge state maps for these two subsystems. For subsystem A we

have,
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A ) = (o] REO(Ny2)ela e T 2695600 ) 5 [0y (3.70)

and for subsystem B we have,

o 22
[9F)) = (0| C(N)ela @z T 0EARIOCT(N/2) B2 o) @ 10)) (3.71)

For subsystems A and B the edge state inner products can be expressed in the form,

A B
(Wi W0)) = (5N w) and (U] [0F) = (w] % N/2) [v) respectively. We
absorbed the Z4 and ZE factors into §S{! (V) and §SZ(N) respectively (for simplicity of
notation). Assuming generalised screening holds, along with the additional conjecture,

then we expect 657 (N) and §SZ(N) to take the local form of Eq. [3.69

Sps ssP () 55b (N)

Now define the entanglement action, Sgpg, by e" 2~ =e~2 e . We write the

S
singular value decompositon e~ 3~ = 3. e7¢ |u;) (v;], where |v;) form an orthonormal
basis and |u;) form another orthonormal basis. We can then perform the following

resolution of the identity,

B A
1 —CT(N/2)RQL06*“%(N’6*SETS ~Ph po2lo (N 2)
5SA(N) 3.72
= Z e EON(N/2) R2 e |ug) (os] e 2 (N/2) (3.72)
We can then express the ground state trial wave function in the following form,
W) = (0] CN)ef ¥ T 002540 ) oy
o (3.73)

L= 1=
= (0| C(N)elo Pz T D@ [y #2e™ 022263 |0) g |0))

Then inserting the resolution of the identity in the middle, we have,

\Iﬂ: | 357 (N) >> (3-74)
vile” 2

This then provides a Schmidt decomposition, which implies that the set of &;, which

_&
|\IJ(0|>> = Ze A\ 55B () >>

A e 2 )

are the eigenvalues of Sgg, forms the entanglement spectrum.
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Even if it is not known if generalised screening holds, one can use the above ex-
pression to give upper bounds for entanglement level counting in terms of the state
counting of A, provided the mapping of the angular momentum operator to the CFT
is known.

If the generalised screening hypothesis holds along with the extra conjecture, then

Spg ssPav)  ssitv)
frome™"2" =e 2 e~ 2z and through the Baker-Cambell-Housdorf formula one can

show Sgg will take the form of Eq. This form of Sgg then implies that for large
N and for states within the scaling region, the entanglement level state counting will
match the state counting of the vacuum representation of A.

In principle then, one can use this result to explain some of the observations of Ref.
[136] regarding the RSES of Parton wave functions. However, this will not be discussed

here.

3.5 Numerical tests

We will now present our numerical tests of whether Egs. and hold in the case
of the unprojected v = 2/5 CF state and the unprojected ¢3 Parton state, which is at
filling fraction » = 1. In Sec. the model inner product action in each case will
be discussed, along with how these models were fit to Monte Carlo estimated inner-
products in Sec. [3.5.2] Finally, in Sec. the result these tests are presented, which

are found to be consistent with generalised screening.

3.5.1 The models

The following models for the inner product action only contain terms up to scaling
dimension two, for simplicity. In principle, there are many fields from the corresponding
chiral algebra at scaling dimension two that could appear. However, we empirically find

that only a small number of these terms are needed to model the inner products with

95



sufficient accuracy. It may be possible to constrain the inner product action using
translation symmetry [35, |L05], however, this will not be pursued here.
For the v = 2/5 CF case the model inner product action is given by,

05, = aJi + BJIL + f %2[7 C(J3(2))? : +V2003(2)i0d(2)] (3.75)

where J3(z2) = ia‘p<2>(z);i8“0(l)(z) and J'(z) = zvl(Z)V;(Z):\J/}%(Z)VJ(Z): are the su(2); currents
corresponding to this state (i.e. a special case of Eq. , and «, £, v and § are model
parameters that require fitting. The zero mode of i0®(z), ap, is not included as we
only fit the inner product action using states with a fixed number of particles and so
this term would not be detectable. It should be stressed that Eq[3.69 does not predict
the N dependence of o and #. However, by analogy with the result for v = 2 in Eq.
339 one can make an educated guess that & ~In N and 3 ~ (In N)/N. Furthermore,
from previous works [35, [105] we expect 7,6 ~ 1/v/N (i.e. under the assumption that
the o;(IV) of Eq. do not depend on N).

For the ¢2 state the model inner product action is,

58, = an+5Jg+7f %z [% L (J3(2))? —|—5J3(z)i8<1>(z)+§[: (JY )2 s + 1 (J2(2))? :]}

(3.76)
where the J%(z) and ®(z) fields are the t1(1)@su(2), currents corresponding to this state,
where the corresponding generators of J* are T}, = 0,3)p()/2 Wwith the permutation
p(1) = 2,p(2) = 1 (i.e. they are proportional to "spin-flipped” Pauli matrices)m. As
for the CF case, we do not include the zeroth mode of i0®(z) and we expect a ~ In N,

B~ (InN)/N and v,8,¢ ~ 1/v/N.

12This is just a convention to be consistent with the choice made for the v = 2/5.
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3.5.2 Fitting procedure

The general procedure is as follows. Let |M;i) be an orthonormal basis of states in
the given CFT which have Lg eigenvalue M and are all U(1) neutral (i.e. ag|M;i) =
0) so that they map to neutral edge excitations. We assume that the background
charge operator, C'(N), has been chosen such that these wave functions |W ) all
have angular momentum M relative to the ground state trial wave function |W))).
This then gives (V| W) = (M55 R*0e® |M;i) = 0 for M # M’'. Thus,
(M'; 7165y |M;i) = 0 for M # M’', which means the operator 4.5, must be a block
diagonal matrix relative to the |M;j) basis. We then define the series of matrices
G(M)i; = (Vo)) /R* = (M;i|e® |M;j). After taking the log of these
matrices we have, [In G(M)];; = (M;i] 05, | M; j).

To fit the model entanglement action we first compute the G(M);; using Monte
Carlo integration and then the log of these matrices is taken to give estimates for
the matrix elements of §5,. The parameters of the model inner product action are
then determined by minimising the sum of squared differences between the model and
estimated matrix elements of §.5,, over the M = 1 subspace for the v = % case and the

M = 1,2 subspaces for the ¢2 case, where each matrix element is equally weighted.

For the v = 2/5 CF state the chosen basis takes the form |A\i; Ag;p) =[] a_p,

niEAL

[Toen, 72 (FRF1Y |0) /v/N, where ); are partitions and N is a normalisation factor.

n2

From the gauge invarience of the edge state map the |Aj; \y; p) state will map to the
same edge state as [ ], ¢, V5/2( (,17)11 —I—a,m) | | \/571(42) SN (R FHP (0) /VN
Using the usual bosonisation relations, such states can be expressed as polynomials
in the modes of the f/](z) fields applied on the vacuum, which then allows for the
W xa0p) () wave functions to be expressed as a sum of Slater determinants of the 2™
and zz™ orbitals, times the flux attaching Jastrow factor. By expressing the Wy, .x,./(2)
wave function in this form the G(M) matrices can then be computed using Monte Carlo

integration. To find the matrix elements of the model 6.5, we first note that J3 and
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([7%]%)0 = $ £22 : (J*(2))? : are diagonal in the |A; Ao;p) basis with J§ [A; Ao p) =

p A A p) and ([J°]2)o [A1; Aip) = [P* + (3o ,en, )] |1A13 A2; ). The matrix elements of

J§ can be computed by first noting that Ji = (J;"+.J;)/2. Then define the chiral boson

field n(2) = —iv2InzJ§ + i), J2=", which can be used to express the J*(z) fields
as JE(2) = (FF))*' : e=V21() : (ie. the free field representation of $1(2); [20]). The
matrix elements of J;° operators are then equivalent to the matrix elements of modes
of chiral vertex operators of a chiral boson which can be computed by a generating
function method.

For the ¢3 Parton case the space of states in the vacuum representation of A(2),
that are U(1) charge neutral form the vacuum representation of 1(1) @su(2)s. The u(1)
part is generated by the modes of i0®(z) and the §u(2), part can be represented using
a Majorana field ¥ (z) and a chiral boson ¢(z) with compactification radius one and
corresponding Klein factor denoted by F, (where this Klein factor should anti-commute
with the Majorana field) [137]. We discuss this in more detail in Appendix and

will give a summary here. We denote the chosen basis for the system containing the

®(2), () and (=) as A 1, A2 ) = Tyen, @ Mger, Q5 FE T e, 22 10) /N,
where aﬁ{p) are the modes of p(z), A; are partitions, u is a partition with no repeated
elements and where all elements are odd, p € Z, and N is used to normalise the
state. The vacuum representation of 1(1) & su(2), is spanned by the basis elements
|A1; 145 A2; p), such that the parities of the number of elements in p and p are equal. We
further detail how this basis of the (1) @ su(2), can be mapped back to states of H,
with the given states being expressed as modes of the Vj;(z) and ‘N/J(z) fields applied
on the vacuum. Expressing the basis this way allows [Wy,..a,:p/)) to be expressed as a
sum of products of Slater determinants of the 2™ and zz™ orbitals using the IQH edge

state map, which allows for the G(M) matrices to be estimated. The computation of

the matrix elements of the model inner product action is also discussed in Appendix

B.1B
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3.5.3 Results

3.5.3.1 v =2/5CF
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Figure 3.1: Comparison between the Monte Carlo (MC) estimated and model (Model)
inner product action matrix elements, for the case of v = 2/5 CF state where the
ground state wave function contains N = 55 fermions. We use the shorthand notation
[0Sb)ari5 = (M3 65y | M j), where the basis reference for the index i can be found in
Appendix [3.C| Note that when presenting the log;, of the absolute value of the matrix
elements, we have used a cutoff where any matrix elements whose absolute value is
below 1072 have been replaced by 1072, for clarity. No cuttof has been used for the
matrix element errors, |[0.5,(MC) — 0.5,(Model)|ar ;|-

Fig. shows a comparison of the resulting fitted model (Model) inner product
action matrix elements and the Monte Carlo (MC) estimated inner product action

matrix elements for the U(1) neutral CFT states with Lo eigenvalues M = 1,2,3, in
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the case where the ground state trial wave function contains N = 55 fermions. We use
the shorthand notation [6Sy]ar; = (M4 65, | M j) for the inner product action matrix
elements, where the basis reference for the index 7 is given in Table in Appendix
The first two rows show a colour map of the log,, of the absolute value of the MC
estimated matrix elements and fitted model matrix elements, where we have introduced
a cutoff such that any matrix element with an absolute value below 1072 is replaced
with 1072, for clarity. The third row shows a colour map of the absolute values of the
errors of the matrix elements (i.e. the difference between the MC and model matrix
elements), where no cutoff is used. We find the model matrix elements to be in good

agreement with the MC matrix elements with errors 5 3 x 1072
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11.0 4 = @ = 2.27In N — 1.91
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9.0 - —0-14 7 —— B=-05(InN)/N —1.68N "1
T T T T T T T T T T T T
3.0 3.2 3.4 3.6 3.8 4.0 4.2 20 30 40 50 60
In N N
—1.0 ® fitted parameter ® fitted parameter
—2.8
11 In|y| =0.55—-0.50In N In|é| =047 —1.03In N
—3.0 1
1.2 1 .
= o —3.2 1
S _134 =
—3.4
—1.4
73'6 -
—1.5
—3.8
T T T T T T T T T T T T T T
3.0 3.2 3.4 3.6 3.8 4.0 4.2 3.0 3.2 3.4 3.6 3.8 4.0 4.2
In N In N

Figure 3.2: Shows the fitted v = 2/5 CF inner product action model parameters «,
B v and ¢, of Eq. [3.75], for various system sizes N, along with a fit to a particular
functional form for the N dependence of each parameter.

Fig. [3.2| shows the fitted «, 8, v and § model parameters of Eq. [3.75] for various

system sizes NV, along with a fit to a particular functional form for the N dependence
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of each parameter. By extrapolating the fitted functions from Fig. [3.2] we see that for
large N a~2.3InN and f ~ —0.5(In N)/N. This is in agreement with the “educated
guess” of the N dependence of o and  based on the result of v = 2 in Eq. [3.39
We can then see that + can be fit very well to the form v ~ \/LN’ as expected. The o
parameter, however, has a fitted N dependence of the form § ~ % In Eq. 0 is the
coefficient of the term § £ 2.J%(2)i0®(z). This can also be expressed, by integration

by parts, as an integral of a scaling dimension 3 term, where one would expect the 1/N

dependence, just as was seen in Chap. [2

3.5.3.2 ¢2 Parton

Fig. shows the same comparison between the MC estimated and model inner
product action matrix elements that was done for the CF case, but now for the ¢3
Parton case where the ground state trial wave function contains N = 31 bosons. We
find the MC estimated matrix elements to be in good agreement with the fitted model
matrix elements with errors < 8 x 1072

Fig. shows the fitted a, 8, 7, § and e parameters, for the model of Eq. [3.76]
for various system sizes N, along with a fit to a particular functional form for the
N dependence of each parameter. One can see that for large N a ~ 3In N and
B~ —3.2(In N)/N. This is again in agreement with our “educated guess” based on the
result of v = 2, in Eq. [3.39] Despite significant noise compared with the CF case, we
can then see that both v and € roughly have an N dependence of the form ~, e ~ \/LN’
as expected. The ¢ parameter has an N dependence of the form § ~ %, which is the
same NN dependence for the corresponding term in the CF case. As discussed above for

the CF case, this is consistent with interpreting e as the coeflicient of an integral of a

scaling dimension 3 operator.
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Figure 3.3: Comparison between the Monte Carlo (MC) estimated and model (Model)
inner product action matrix elements, for the case of ¢3 Parton state where the ground
state wave function contains N = 31 bosons. We use the shorthand notation [0.5;]:; =
(M;i| 6Sy | M; 5), where the basis reference for the index i can be found in Appendix
Note that when presenting the log,, of the absolute value of the matrix elements,
we have used a cutoff where any matrix elements whose absolute value is below 1072
have been replaced by 1072, for clarity. No cuttof has been used for the matrix element

errors, |[05,(MC) — §5,(Model)]azi;|-
3.6 Summary and outlook

In this chapter, we have extended the CFT constructions of FQHE trial wave functions
to the broad class of chiral Parton-type trial wave functions in the planar geometry.
More specifically, we have shown that all chiral Parton ground and edge state trial wave

functions can be expressed as CFT correlation functions, where for each Parton state we
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Figure 3.4: Shows the fitted ¢3 Parton inner product action model parameters a, (3,
v, 6 and € of Eq. for various system sizes N, along with a fit to a particular
functional form for the N dependence of each parameter.

have shown how one can identify a chiral algebra A such that CFT 4, roughly speaking,
is the “smallest” CFT that can generate the ground and edge trial wave functions. From
this construction, we were then able to show that all chiral CF wave functions could
be expressed using CF'T correlation functions without any explicit symmetrisation or

m

anti-symmetrisation and that the symmetric Parton states, ¢!, could be expressed

using the 1(1) & su(n),, WZW model. A generalised screening hypothesis for general
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chiral Parton states was then formulated, where we discussed how this can be used to
generalise DRR’s results for edge state inner products and the RSES for these states,
which implied, assuming generalised screening and an additional conjecture, that the
edge state and entanglement level counting should be the same as the state counting
for chiral algebra A corresponding to the given Parton wave function. Finally, these
implications for the edge state inner products were directly tested for the unprojected
v = 2/5 CF state and the ¢3 Parton state, where no contradictions with generalised
screening were found.

The identification of each Parton state with a chiral algebra A, which one expects
to describe the wave function’s topological order, could in principle allow for a mathe-
matical classification of all the possible topological orders Parton states could describe
by precisely understanding which A correspond to which Parton wave functions. It
would also be useful to explore how these CF'T constructions can be extended to other
geometries, such as the sphere, torus and cylinder, for completeness. Furthermore, if
this can be well understood for the cylindrical geometry then one could in principle
construct analytically computable arbitrarily precise MPS representations for Parton
wave functions using their corresponding CFTs by using and extending the methods of
Refs. [117H119]. Finally, it would also be interesting to understand if these CFT meth-
ods can be used to describe Parton wave functions with mixed chirality, which may
require more general mathematical constructions than chiral algebras. Some progress

has already been made in this direction for non-chiral hierarchy states |51} |52} [138].

3.A Further details for symmetric Parton wave func-
tions

We will now show that i0®(z) € A(r),, and J*(z) € A(r),,. To simplify the following

calculation we introduce yet another set of fields J¥(z) = >, : szf/kg ;, which can be
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expressed as linear combinations of i0®(z) and J%(z), and vice-versa. Let p(n),, be
the number of ordered sets of m positive integers whose sum is n. We then have the

following OPEs for [ < r,

pUAm)m 35 P+ m = D) T ()
(z —w)m (z —w)m-1

Vi(2)V, (w) ~ + ... (3.77)

These OPEs show that all J%(z2) € A(r),,. The OPEs,

le(w)
(z —w)m1
Jll(w)
(z —w)m1

Vo(2) VL (w) ~
(3.78)

Vit (2)Vg (w) ~
imply that JY(2), J4(2) € A(r)m. Fori # j # k J*(2)I% (w) ~ (2 —w) 1 3% (w), which

then implies all J¥(2) € A(r),,. Hence, 10®(2), J%(z) € A(r)m.

3.B  Free field representation of su(2); currents and
Parton mapping

We will first detail how a combination of a Majorana field ¢(z) and a free chiral boson
©(z), with compactification radius one and corresponding Klein factor F,,, can be used
to generate the vacuum representation of the s1(2), Kac-Moody algebra.

The 1(z) field has conformal dimension of 1/2 and has the following OPE,

PN(w) = —— + 2z — )T (w) + .. (3.79)

Z—Ww

where T¥(z) is the energy-momentum tensor of this Majorana degree of freedom given
by T%(z) = —1 : ¢(2)0¢(z) :. The above OPE implies the following anti-commutation
relations {¢,,, ¥} = dnim0, where n and m are half-integral n,m € Z + %

We then define the usual vertex operator for ¢(2) as V,(2) = F, : €% .. Let the

Hilbert space of this combined system of 1(z) and ¢(z) be Hy,,. This Hilbert space can
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be spanned by an orthonormal basis of the form [1; A; p) = [],,,c\ a¥) Fp [l ep¥-m

IS O -
x [0) /V N, where X is a partition, u is a partition with no repeated elements and with
all elements being odd, p € Z, a%‘p) are the modes of i0p(z), and N is used to normalise
the state.

Now consider the following currents,

THz) =V2(2)Va(2) T (2) = V2VI(2)0(2)  JP(2) = idp(z) (3.80)

It can be easily shown that the J3(z) and J*(z) currents have the OPEs corresponding
to the su(2), Kac-Moody algebra.

Let Hay(2), C Hy,, be the Hilbert space generated by polynomials in the modes of
the J3(z) and J*(z) fields applied on the vacuum, |0). By definition Hg2), will form
the vacuum representation of s1(2),. In fact, Hay(2), is equivalent to the space of states
with even fermion parity, where F, has odd parity.

We first note that the Hilbert space of just the Majorana field can be split up
into two irreducible representations of the Virasoro algebra formed by the modes, LY,
of T¥(z) with central charge ¢ = 1/2, with conformal dimensions 0 and 1/2. By
matching the Ly eigenvalues, both of the 0 and 1/2 representations occur with multi-
plicity one with corresponding primary states |0) and 9 1 |0) respectively. We can then
use the following overcomplete basis for H, ,, with the basis elements |0; A\; Ao; p) =
[Locn Lo Tlen, a(_“izng |0) and [1/2; A1; Agsp) = (—=1)P4h_1 |05 Ag; )\2;p>, where )\
are partitions and p € Z. The space of states with even fermion parity is spanned by
the basis elements |0; A1; A\2; p) with p even and |1/2; A1; Ag; p) with p odd.

Note the OPEs,

JH(2) ]t (w) = —2F} W T () (w) = —2F%: e~2ew) . 1 (3.81)

and,

13Note that 1/ and F, anticommute.
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2 4 2]3(11)) + 4T¢(w> + (8]3(w>+ : (]3<w))2 :) + ... (382)

(z—w)?  z—-w

TH(2) T (w) =

Now let Hs 4, be the Hilbert space of the combination of a chiral boson ®(z), and
the 1(z) and ¢(z) system we discussed above. Let Hy1yasu2), C Ha,pp be the space
of states that are U(1) charge neutral relative to ®(z) and have even fermion parity,
which forms the vacuum representation of the (1) & su(2),. A basis for this space,
written as |A1; u; Ag; p), was given in Sec. . We then define the extension of the
overcomplete |0; Ao; Ao;p) and |1/2; A5 Ag; p) basis for the Hy, , system to the He oy,

as,

|)\1:0; /\2;/\3;p> = H a_n,y H L—nz H —n3 <p‘0>

niEM no €2 n3EN3 (383)
[Ar:1/2; 205 Ag5p) = (=1)P0_1 [A1 2 05 Ag5 A p)

Before moving on, we will now briefly discuss how the matrix elements of the
model inner product action of Eq. can be computed using this representation
of (1) @ su(2)s. We first note that 3[: (J'(2))* : + : (J*(2))? :] = T¥(z). Now
let L§ = ¢ L&z = 2§ L2 (i0p(2))? . In the |Aj;p; Ag; p) basis the
operators L, L and Jg’ are diagonal with LY |A1; 13 Ao; p) = [ nen /2] [A1s 15 A2; p),
L A 3 A2sp) = [07/2 4 (X nen, ] A1 13 Aas p) and J§ | Ax; 1 Aoip) = p s a5 Ao ).
The matrix elements, in this basis, of the operator (J*i0®)y = § £ 2.J3(2)id®(z) can
be computed by expressing it as (J3i0®)y =Y, a¥a,. Finally, the matrix elements
of J¢ can be computed by noting that J! = [J;" + J;]/2 with J& = V23, ¥ Vs
and J; = \/_Zk k@bk, where the matrix elements of the V,; and VTk modes can
be computed using a generating function method.

Now consider the system of four chiral bosons ¢(")(z) with the Hilbert space Hr.

Within this system we have the 1i(1) @ su(2), currents,
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i0d(z) = [2090(11 (2) + 1052 (2) + 103V (2) + 105 (2)]
J5(2) —V1 (2) + V5 (2) (3.84)
J3(z) = [2690“2 (2) — 10" (2) 4032 (2) — 053V (2)]

where Vi*(2) = (FjFJ))*! Fi(@UP ()6 (=) ;. We will denote the vacuum represen-
tation formed by these currents in Hj, as ﬁﬁ(l)@@@h.

We will now construct the isomorphism between Hg1yesi(2), and ’H Dasu(2),, Where
we will write this linear map as M : Hyyaesu2), — Hu(l)@su( . This is the unique linear

map with the property,

~

Map [v) = @M o) M2 |o) = J3M|o)  MJE|o) = JEM[) M|0) =[0)  (3.85)

where |v) € Hyq)wsu(2), and |0) is the vacuum state of H 1)@di(2)s -

By its defining property, we can immediately see that M must have the property,

1 .
alP) o) = S — MY 4+ — M o) = S ) (3.56)
We also have the OPEs J*(2).J*(w) = 2V;*(w)V;5(w) + ..., By matching these with

the OPEs of Eq. it follows that,

M.ng |’U> = [—Fmﬁﬂﬁggﬁgl]pl\’l |U> (387)
where p € Z. Let ¢V (z) = 7[8@ (72) — 9@Ul] for j = 1,2. Now consider the OPE,
. . 2 2.J3
JH()T(w) = + 22 i v ) 4+ Vi ()Y ()

(2 N w)r 2 (3.88)
3@ w) - ¢<1><w>>2 S ()

By comparing this with the OPE of Eq. [3.82 one can then see that the Majorana

energy-momentum tensor, 7%(z), must map over to 7—[ @si(2)s 8,
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1

() = 4

Vi )V () + Vi @)V () + 5 - (02(w) — 6Dw): | (3.89)

Let the modes of 7%(z) be LY. We can then write,

MLY |v) = L¥M |v) (3.90)
Finally, we also have,

- Lo+ - 1 .~ ~ ~ ~ A

M@Z)_%Ep |0> :Mﬁj—l |0> = EJ—I |O> = E[ 12,—%‘/11’_% + 22,—1 217_%] |0>
3.91)

—1 —1. -1 - ~ ~ ~ - (
T _ - _ - _ T T
Mw—%Fap 10) —MEJA 0) = E‘Ll 0) = ﬁ[‘fll —%‘/127_% + Vo —%VQQ,_%] 10)

By combining Eqs. [3.85] [3.86] [3.90| and [3.91], one can map the basis of Eq.

over to ﬁﬁ(l)@gﬁ(gh, in such a way that they can be expressed as modes of the f/w(z) and

f/zj(z) acting on the Vacuu, which then allows one to express the edge states they
map to as a sum of products of Slater determinants of 2™ and zz™ using the results of
Sec.

Finally, we can then map over the |\i;pu; Ay;p) basis by understanding how this
can be expressed as linear combintations of the overlcomplete |A; : 0; Ag; A3;p) and
|A1:1/2; Ag; A3;p) basis. This can be done level by level (in L eigenvalues), where
|A1: 05 A2; A3;p)y and [Ny : 1/2; A5 A3; p) can be expressed in terms of |Ai; p; Ao; p) using
LY = (1/2) >, (k+1/2) : ¥_ty : and then finding a solution to the underdetermined
set of linear equations. The wave functions that |\;; u; Ao; p) map to can then also be

expressed as a sum of products of Slater determinants of the orbitals 2™ and zz™.

14This can be achieved recursively using a computer.
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H M | Basis reference |\i; Ag; p) H

L | 0:10;0;1) 1:[1;0;0) . |0;1;0) 3:10;0;-1)
0:[1;0;1) 1:00;1;1) 2 :12;0;0) 3:10;2;0)

2 | 4:11;0;0) 5: 10;11;0) . |1;1;0) 71,0, -1)
8:10;1;,—-1)
0:12;0;1) 1 |0;2; 1) 2:]11;0; 1) 3:|0;11;1)
4:01;1;1) . 13;0;0) 6: (0;3;0) 7 |12;0;0)

3 | 8:|0;12;0) :2;1;0) 10 : |1;2;0) 11: |11;1;0)
2 [1;11;0) |€) 111;0) | 14 : |111;0;0) | 15 |2:0; —1)
6: |0;2;—1) 17: |11;®;—1) 18 ¢ |0;11; 1) | 19: [1;1;-1)

Table 3.1: Basis reference, used in Fig. B.1] for the v = 2/5 CF CFT U(1) neutral
states with Lo eigenvalue M = 1,2,3 (i.e. states that map to trial edge state wave
functions with the same particle number as the ground state trial wave function and
with angular momentum M = 1,2, 3 relative to the ground state trial wave function).
The corresponding basis elements are defined in Sec. [3.5.2] Here each basis element is
|A1; A2; p) with \; partitions and p an integer.

3.C Basis reference

For the v = 2/5 CF case the basis references used in Fig. can be found in Table

. For the ¢2 Parton case the basis references used in Fig. can be found in Table
3.2
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H M | Basis reference |A1; 115 Aa; p) H

1] 0:10;1;0;-1) 1:1(0;0;1;0) 2:00;1;0;1) 3:]1;0;0;0)
0: |0;0;0;—2) 1:]0;3;0;—1) | 2:|0;1;1;—1) 3 |0;31;0;0)
5 4:10;0;11;0) 5: |0;0;2;0) 6: |0;3;0;1) 7:0;1;1;1)
8:10:0;0;2) | 9:|1;,1;0;—1) | 10: [1;0;1;0) | 11: [1;1;0;1)
122 [11;0;0,0) | 13: 2;0;0;0)
0:10;0;1;=2) | 1:10;5;0;—1) | 2:10;3;1;—1) | 3: |0;1;11;—1)
4:|0;1;2; 1) 5: |0;51;0;0) 6:10;31;1;0) | 7:|0;0;111;0)
8 : 10;0;12;0) 9: |0;0;3;0) 10 : |0;5;0;1) 11:|0;3;1;1)
12:(0;1;11;1) 13:10;1;2;1) 14:(0;0;1;2) | 15: [1;0;0; —2)
3| 16: |1;3;0;—1) [ 17 : |1;1;1;—1) | 18 : [1;31;0;0) | 19 : |1;0;11;0)
20 : [1;0;2;0) | 21:[1;3;0;1) | 22:[1;1;1;1) | 23: [1;0;0;2)
24 1 |11;1;0; —1) | 25 : [11;0;1;0) | 26 : |[11;1;0;1) | 27 : |2;1;0; —1)
281 [2;0;1;0) | 29:(2;1;0;1) | 30: |111;0;0;0) | 31 : [12;0;0;0)
32 ¢ [3;0;0;0)

Table 3.2: Basis reference, used in Fig. [3.3| for the ¢3 Parton CFT U(1) neutral
states with Lo eigenvalue M = 1,2,3 (i.e. states that map to trial edge state wave
functions with the same particle number as the ground state trial wave function and
with angular momentum M = 1,2, 3 relative to the ground state trial wave function).
The corresponding basis elements are defined in Sec. Each basis is element is
|A1; 145 Ag; p) with \; partitions, p a partition with only odd non-repeating elements and
p an integer.
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Chapter 4

Energy Minimisation of Paired
Composite Fermions

At v = g in GaAs heterostructures the LLL is completely full for both the spin
up and spin down electron orbitals and the second LL is half full where the magnetic
field is strong enough that the electrons are spin-polarised in the second LL. To model
the bulk of this system numerical studies typically consider the half-full second LL
in the spherical geometry. This problem is then mapped to an effective description
where the electrons are in the LLL by mapping the electron orbitals as Yo(g41)m(§2) —
Yo+1)(+1)m(£2), where 2@ is the magnetic flux through the sphere.

With this effective description in mind, the first candidate trial wave function for
this problem was the Moore-Read (MR) wave function |14}, 60, 61|, which can be

expressed on the sphere as,

N

Unn = Pf{;} [T (wsv; — viy)? (4.1)

uivj — ’UZ'Uj

i<j
where Pf[G;;] denotes the Pfaffian of a matrix G;; = u'v*iv»u' which is given by,
1 N/2
Pf[Gw] = W GZS Sgnﬂl_Il Go‘(2i—1)a(2i) (42)
ocESN =

where Sy is the set of permutations of N elements. The phase of matter this wave

function represents is generally referred to as the Pfaffian state. It was realised early on
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that the MR wave function could be interpreted as a paired state of CFs |69} 139, {140]
with pairing channel ¢ = —1 (p-wave pairing), which is in contrast to the half-filled
LLL where CFs form the gapless CF Fermi-liquid state [141, |142].

It was later realised that, in the absence of LL mixing, the particle-hole trans-
formed MR wave function, which we denote MR, could also be a possible candidate
wave function [63], [64] as these two wave function would have the same energy in the
thermodynamic limit. It has been argued that the MR wave function represents a differ-
ent phase of matter|63|, which we will refer to as the anti-Pfaffian state and can also be
understood as paired CFs with pairing channel ¢ = 3. The other candidate phase, pro-
posed by Son [65], is the particle-hole Pfaffian (PH-Pfaffian) which has a corresponding
trial wave function that can be interpreted as paired CFs in the ¢ = 1 pairing channel
[70, |71}, {143]. As mentioned in Chap. , numerical studies point towards the Pfaffian
or anti-Pfaffian phases as being far more energetically favourable than the PH-Pfaffian
phase, with the anti-Pfaffian being the most energetically favourable after taking into
account LL mixing |67} |71} |144-146]. However, experimental measurements of the heat
conductivity along the edges of these systems [68] and measurements of noise along
interfaces of these systems with other quantum Hall states [147| are more consistent
with the PH-Pfaffian state. Whilst some suggestions have been made to attempt to
resolve this issue |23, [148-153|, the precise phase of matter that occurs at v = g in
GaAs is still unknown.

Numerical investigations into these candidate phases of matter are limited by the
lack of accurate trial wave functions for the PH-Pfaffian and anti-Pfaffian phases which
are numerically tractable at larger system sizes. The paired CF wave functions pro-
posed by Méller and Simon (MS) [72] denoted MS,, and their fixed parameter versions
proposed by Yutushui and Mross (YM) [73], denoted YM,, where ¢ is the pairing chan-
nel, may then offer the required numerically tractable wave functions. It has been

argued by MS and YM that these wave functions at £ = —1 and ¢ = 3 belong to the
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Pfaffian and anti-Pfaffian phases respectively. However, YM, in studying their version
of PH-Pfaffian trial wave functions YM;, and other numerical studies, investigating the
“ideal” PH-Pfaffian wave function, have also cast doubt on whether PH-Pfaffian wave
functions represent a gapped phase of matter |70} 154, [155]. To reiterate from Chap.
[, the energetics of these MS, and YM, wave functions have not yet been studied,
and it is not known if the MS, wave functions with their energy minimised can offer
significantly better approximations to the corresponding ground states at ¢ = 1,3. In
particular, minimising the energy of the MS; wave functions could, in principle, pro-
duce PH-Pfaffian trial wave functions with energies significantly closer to the £ = —1,3
trial wave functions. YM actually propose two versions of this set of wave functions
called “single-particle projected” and “pair-projected”. We will only be concerned with
the “single-particle” projected versions here as they are more numerically tractable.

There has also been some recent interest in understanding if the effective CF pairing
in these phases can be approximated by some weak pairing BCS-type description, where
the BCS gap parameter can be estimated [156|. As well as offering some physical insight
into these phases of matter, it also has some practical use, by allowing, for example,
to observe when the system is transitioning from CF pairing to the CF Fermi liquid
[72]. The precise BCS weak pairing description has only so far been studied for the
¢ = —1 pairing on the torus and it is not known if such a description is accurate for
the ¢ = 3,1 cases.

In this chapter, we will discuss how the energy of the MS, wave functions can be
minimised at larger system sizes, in the spherical geometry, where we will present the
results of this optimisation for the case of the Coulomb interaction in the second LL in
the absence of LL mixing. At small system sizes we find that the minimised energies
of the MS_; wave functions are comparable with those from exact diagonalisation and
from density matrix renormalisation group (DMRG) methods for the pure Coulomb

interaction in the second LL. However, we find that, the energies of the optimised
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MS,, YMy, for ¢ = —1,3, MR and MS wave functions all converge to the same value
in the thermodynamic limit and so one cannot obtain an improved thermodynamic
energy estimate from optimisation. We also find the YM3 wave functions to be a
very good approximation, in energy, to the MR wave function, and that the optimised
MS; wave functions offer considerably less energy reduction over the corresponding
zero-parameter trial wave functions in comparison to the MS_; wave functions. Fur-
thermore, the amount by which the energy of the M'S; wave functions can be minimised
compared with the YM; wave functions is negligible where we find both wave functions
to be energetically unfavourable. We demonstrate that the effective CF pairing in the
optimised MS, and YM, wave functions, for £ = —1, 3, can be well approximated by a
weak pairing BCS type description, where, for finite size systems, the MS, wave func-
tion show stronger pairing than the corresponding YM, wave function. Finally, further
pathologies of the MS; wave functions are found.

The MS, and YM, wave functions are introduced in Sec. 4.1l Then in Sec.
we discuss how the Coulomb interaction in the second LL is modelled in this LLL
description and then in Sec. [£.3] we discuss the chosen algorithm that allows for energy
minimisation at larger system sizes. Finally, in Sec. the results of these energy
minimisations are presented in the case of the Coulomb interaction in the second LL,
where it is also shown how the effective weak-pairing BCS description can be extracted

from these wave functions.
4.1 Paired CF wave functions on the Haldane sphere

In the BCS theory of superconductivity [157] one typically starts with the mean-field
Hamiltonian for a system of fermions, which we will take to be in two spatial dimensions,

which takes the form

1 —
Hges = Z [5kcLCk + i(Akc,kck + AkclT(cT_k) (4.3)
Kk
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and is assumed to be a reasonable approximation to the actual Hamiltonian of the
system at low energies, where Ay is known as the gap function and ey is the kinetic
energy relative to the Fermi level of a single particle state labelled by k (i.e. e, =

Ex — FEx,). The unnormalised ground state of this Hamiltonian is given by,

1
|Wpes) = exp (5 ngcT_kcL> 0) (4.4)
k

where g, = (ex — /27 + |Ak[?)/Ak. Note that for this case of spinless fermions gy
must be an odd function of k, g_x = —gi. In real-space this can be expressed as
[Wpcs) = exp (3 [ dPrad®rog(ry — r2)cf (r1)cf(r2)) [0). |¥pcs) is physically interpreted
as a paired state, where particles near the Fermi level become bound into pairs with
g(r) being referred to as the pairing function.

The average occupation of the orbital labelled by k, ny, can be expressed as ny =
(Upes|pes) ™ (Upes| CLCk [Wpes) = (Upos|Upes) ™ (gk — 9-x) (Unes] Oge |[¥Bcs) =
(Upes|Uros) ' 2(gk) (Waes| Oy [¥nes) = |gl?/(1 + |gi|?). This can be expressed in
terms of e and Ay as nx = %(1 — \/ﬁ)

For a rotationally symmetric microscopic Hamiltonian, the gap function is some
eigenstate of the rotation operator. In two dimensions this would mean that under a
rotation by angle 9 the gap function transforms as Ay — e’ Ay, where £ is known as
the pairing channel. For spinless fermion cases we are considering here Ay is an odd
function of k, as gy is, and a typical ansatz for Ay is Ay = Alk[e*, where 0 is the angle
from the x-axis in k-space. For |r| > A/Ej, the pairing function corresponding to
this gap function is g(r) o % (see Appendix A of Ref. |73|). When this long-distance
form of g occurs the fermions are said to be in a weak-pairing phase|69].

This BCS mean-field wave function can be used to create a trial wave function for a
fixed number of fermions N, by projecting it to the space of states with N particles, with
the projector written as Py. We then define |Vy) = Py [Upcs). The wave function

of |Wy) is given by Wy (ry, 1y, ..., ry) = Pflg(r; — r;)]. Note that as [cL.c, Py] = 0,
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we still have the property that cle. [Uy) = 26, |¥y). Hence, the average orbital
occupations are given by ny = (U |Wx) "' 20, (W] 9, [P ).

Now we move to a system of N spinless fermions moving on a sphere with Ny =
2Q = 2(N — 1 + q) flux quanta passing through its surface, where ¢ is on the order
of one (i.e. does not scale with N) and it is presumed that the magnetic field is
strong enough that the fermions are confined to the LLL. Thus, in the thermodynamic
limit, this system is at filling fraction v = limy_,o N% = % Let us then assume they
form CFs with each fermion being bound to 2 wave function vortices. The effective
flux that the CFs experience is then Nj = 2¢. As the effective magnetic field is
negligible in the thermodynamic limit, if the effective interaction between the CFs is
weakly attractive we then expect them to form some weakly paired BCS state. Let

u;, v; be the spinor coordinates for i*" fermion. On the sphere, the flux attaching

N
i<j

Jastrow factor is [[;_:(u;v; — v;u;)?. From standard CF theory we then write the
“ideal” trial wave function as ¥ = Py, Pflg(r; — r;)] Hﬁj(uivj — v;u;)?, where, by
imposing rotational invariance, the pairing function takes the general form g(r; —r;) =
S i (D)™ Y (€4) You(—my (82;) for some unspecified g, € C. In principle, one can
then extract the pairing physics of the CFs by finding the ¢, that minimizes the energy
of this wave function.

This is, however, numerically intractable for N £ 10 due to the projection to the
LLL. To create a numerically tractable trial wave function MS proposed using the Jain-

Kamila [108]| procedure where we can produce a LLL wave function simply by replacing

the single-particle orbitals Yy, (€2;) by the corresponding CF “orbitals” defined by,

Yoim () = J7 [ProsYom (Q0) 1] (4.5)

where J; = Hj;(uzv] — v;u;) and Py projects particle ¢ to the LLL with magnetic
flux 2¢ + N — 1. The resulting family of pairing wave functions then defines MS paired

CF wave functions [72],
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s = Pf{Z(—1)m+|q|gl}7(ﬂm(9i)f@l(_m)(Qj)} [ [(wsv; = viwy)? (4.6)

Im i<j
In particular, we denote the MS family of wave functions at effective flux ¢ by MS,,.
One can then vary the ¢g; to minimize the energy. The YM wave function at effective
flux 2¢, denoted YMy,, is defined to be the MS,, wave function with g, = T}H Note
that as the interaction potential V' (r) is real-valued, we must have that (Wys| V' [Wys) is
invariant under time reversal where we simply replace the wave function by its complex
conjugate. Furthermore, by expressing (Uys| V' |Wyg) as an integral one can perform
a change of variable where we change the azimuthal angle ¢ — —¢ which is the same
as the transformation v — u* and v — v*. Combining these two transformations we
must have that (Wyg|V [Uys) is invariant under g; — ¢;'. Assuming that the minimum
energy solution is unique up to multiplying all g; by the same complex number, it then
follows that the minimum energy wave function can be expressed with g; all being real
numbers. We will take g; € R from now on.

From the usual CF theory, we expect that this can be physically interpreted as be-

ing analogous to a BCS state, of the CFs, of the form |Upcg) = exp (% > im gi(—=1)mlal

CszCZZ(_m)) |0), where Cj}lm is the creation operator for the orbital Yy, (€2). The pairing

wave function of this BCS state is g(r; — r;) = >, gi(—1)™ Y00 () Yoy (€25).

Using Eq. B4 of Ref. [73] this can be expressed as g(r; —r;) =Y, %(uiw -

viuj)Qqu(_Qg’O)(cos 0), where 6 is the angle between particle i and particle j and P

are the Jacobi polynomials, where it should be noted that if ¢ < 0 then one should
replace (u,v) — (u*,v*). From the (u;v; — v;u;)* factor we can read off the pairing

channel to be ¢ = 2. Also from Eq. B6b of Ref. |73] we have (wvy—vig) 1712

1/2
(ujvi—viur)t /

S q(—l)“m%}@lm(ﬂi)}@l(,m)(Qj), where again negative ¢ requires complex conju-

gation. This pairing function scales with the distance between particle ¢ and particle

!This can be seen using stereographic coordinates with z; = u; /v; which then gives (u;v; —v;u;)?q =
vizqv?-q (zi — zj)zq. Hence, as we bring particle i around particle j the phase of the wave function will

wind 2¢ times in the anti-clockwise direction.
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j as g ~ 1/r. Thus the analogous weak pairing on the sphere is given by g, ~ ﬁ

at small [. Now let ¢, = %(l(l + 1) — lp(lp + 1)) where R is the radius of the

2m
sphere, mcr the the CF effective mass and [ is the Fermi “shell”. We can express

g = (e — /el + A})/A; where A, is the gap function on the sphere. We can then

1+1/2
R

make the analogous weak pairing ansatz for the gap function 4A; = A . By match-
ing the kinetic energy for [ > 1 one can see that the correspondence between [ and
the wave vector k is k = é for large [. This then reproduces the previous ansatz for
the gap function in terms of k£ for large [, A; ~ Ak. By symmetry, the occupation

of all orbitals in the [ shell must be the same n;, which can then be expressed as

ny = 29 <\I]BCS|\IJBCS>71 (Ypes| 0y, [Ypes). For the weak pairing ansatz, this gives,
1

21+1
n == ol ) (4.7)

1 —
2( \/612 + (A(H]—%l/Q))2

Whilst this is perhaps an appealing way to physically interpret the MS wave func-

tion, it is not obvious if the CF orbitals are “normalised” in such a way that the g
of the MS wave function should be the same as the g; of the effective BCS state. As
discussed by MS in Ref. [72], one can get around this issue by defining the effective CF
occupations as nCt = 2?—5’:1 (Unis|Wis) ™ (Ws| 0, [Ws). This can also be expressed

as,

200 /0y, Wns

CF g1

p— 4-
" 20+ 1 < Unis > (48)

where the expectation value is taken with respect to |¥yg). From their definition,
these clearly do not depend on the normalisation of g;. These effective occupation
probabilities for the minimum energy g; were empirically found by MS to behave as the
occupation probabilities of an actual fermion system. We will then use these n{'" in
this work to relate optimised MS wave functions to their effective CF-BCS description.

As the pairing channel is given by ¢ = 2¢, we expect that the MS wave functions

MS_;, MS; and MS; to be in the Pfaffian, anti-Pfaffian and PH-Pfaffian phases respec-
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tively. In what follows we will also use yet another variational wave function for the

Pfaffian phase which we will denote MR* and can be expressed as,

N
Upps = Pf[m+Z(_1)m+1/2gl{/(_1/2)lm(Qi)ff(_m)z(—m)(Qj)] H(uivj—wwb

" - (1.9)
Roughly speaking, the MR* wave function allows us to “perturb” around the MR wave
function. By varying the g; parameters, one may expect that an MR* wave function
can always be found with lower energy than the corresponding MR wave function (at

the same system size). We will thus use the MR* wave function as a benchmark for

the optimisation of the standard MS_; wave function.

4.2 Effective interactions

As discussed at the start of this chapter, we are interested in understanding the physics
of spin-polarised electrons in the half-filled second LL, by mapping this to a problem

in the LLL. The effective interaction is defined by

<Q + 17 Q + 17m17m2’ Veff ’Q + 17@ + 17m3m4> = <Q>Q + 17m1m2’ V ‘Q?Q + 17m3m4>
(4.10)

where |Q, [, myms) is a two-particle state (with the particles not identical) with particle
1 and 2 in the Yy, and Y, orbitals respectively and V' is the interaction of the
original problem. Note that for the second LL system, we will take the radius of the
sphere to be R = I3/ and for the LLL system we will take R* = [5/Q + 1. We will
now discuss how VI can be modelled in the case where V is the Coulomb interaction
in the second LL.

The space of states spanned by |Qlmymsy) can also be spanned by |LM) which

are the eigenstates of the total angular momentum L? and L, operators. For any
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rotationally symmetric interaction V' we must then have (L'M'| V' |LM) = 6506 Vi
where V7, is s real number. Thus, any V' which is projected to one LL can be expressed
as V =3, Vo |LM) (LM]|, where the >, |LM) (LM]| are how the Haldane pseudo-
potentials are expressed on the sphere. The pseudo-potential coefficient V7, is related
to the pseudo-potential coefficient on the planar geometry V,, by V,,, = Vi—9_. One
can then write (QImima| V' |Qlmgmy) = >, Vi, (Qlmymsy|L(my + my))

(L(my 4+ m2)|Qlmsmy).

As the Clebsch-Gordon coefficients (Qlmims|LM) do not depend on @, the pseudo-
potential coefficients for V* must be the same as those of the actual potential V. Hence,
to model V° we simply need to find some interaction potential in the LLL which has
the same V7, as the interaction in the second LLL. The Coulomb interaction in the
second LL has been shown in previous works [140, |156] to be accurately modelled in

the LLL by,

Qo

_ 2
Vel(r) = = 4+ a1e7" + agr?
r

e’ (4.11)

In this work, we allow for the parameters a;, o; to vary with the system size, where the
parameters are determined by minimising the sum of squared differences between the
pseudo-potential of this interaction in the LLL and those of the Coulomb interaction
in the second LL for L = 0,1,2,...,2Q + 2 (with 2Q) being the magnetic flux for the
system in the second LL).

To fit the effective interaction, we compute the V;’s using Eq. 2.37 of Ref. |15§],
where the pseudo-potential coefficients are expressed in terms of Wigner 3-5 and 6-
J symbols, and Vj which are the coefficients in the expansion of V(r) in terms of
Legendre polynomials, V(r) = >, Vi P (cos #) (with 6 being the angle between the two
particles on the sphere). The results of this fitting procedure for the 2Q) = 35 case can
be seen in Fig. , where it can be seen V°f can accurately reproduce the Haldane

pseudo-potential coefficients for the Coulomb interaction in the 2nd LL with only slight
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Figure 4.1: Showing the Haldane pseudo-potential coefficients, V,,, of both the Coulomb
interaction in the second LL along with the V,, of the fitted LLL V¥, where the total
number of magnetic flux quanta is 2Q) = 35 for the system in the second LL. Note that

Vi = Vin=2gt2-1-
deviations at intermediate m. The parameters used for V% for the Coulomb in the

second LL for the system sizes used in this study are given in Appendix [{.A]

4.3 Optimisation algorithm

One possible way of minimising the energy of an MS wave function at a given system
size would be to use a standard optimisation algorithm where the energy for a given
set of parameters is computed exactly. This is, however, computationally expensive
and would restrict one to only working with smaller system sizes. For the energy
minimisation of wave functions of large systems, there exists a large class of algorithms
under the name variational quantum Monte Carlo [159], where Monte Carlo methods
are used to estimate the energy and energy gradients. Whilst there are many specific
algorithms to choose from, for the problem at hand we have used a combination of
the Stochastic Reconfiguration algorithm [160] and the Adam optimiser [161], which we

will now describe.
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First, let us describe the Adam optimiser. Let E(g) be the expectation value of
the Energy as a function of the wave function parameters g. We will then impose
a yet unspecified geometry on this parameter space defined by some metric tensor S
which can vary over the parameter space. At each iteration ¢ of the optimisation, we
have three vectors, f; = g—i (gradient vector), m; (momentum) and m; (bias-corrected
momentum). We also have the real numbers v; and 0; the bias-corrected version. The
algorithm has four hyper parameters: v (learning rate), 81, f2 and €. At each iteration,

everything is updated by,

my =fm, + (1—5)S ',

1y =my /(1 — B
Vep1 =Py + (1 — Bo) T ST, (4.12)
Dp1 =vp1 /(1 — 55“)

i1 =8t — YMyy1/(y/Vey1 +€)
Let O; be an operator which is diagonal in the position space representation, which is

defined by O; = %\é—igﬁs. The energy gradients can then be expressed as,

9F _ 2R (VEO,) — 2(V R(O;) (4.13)

dgi
where R denotes the real part. We compute these expectation values using the Hastings-
Metropolis Monte Carlo algorithm, which introduces stochastic noise into the optimi-
sation.

Using the momentum m; allows the algorithm to smooth out the noise in estimating
gradients and v; ensures we move roughly the same distance in parameter space at every
iteration. One can view this algorithm as a particle moving in parameter space with
friction and noise in the potential given by F. S; can then be thought of as setting
our inertia. [, sets the time scale over which we average the sizes of S7'g;. The ¢

parameter is simply a distance cut-off.

The SR algorithm can be interpreted as a standard gradient descent algorithm where
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one uses the Fubini-Study metric to define the geometry of the parameter space of the
wave function. To combine this with the Adam optimiser we simply take S to be the
Fubini-Study metric. This metric is given by defining the distance between two nearby
points in parameter space to be the Hilbert space norm of the difference between the
normalised states at the two coordinate points. This can be straightforwardly shown

to be given by,

S, = RO, 0p,) = R (On) R(O,) (4.14)

Using this metric has the advantage that it removes the ambiguity over how the pa-
rameters are normalised. At each iteration of the algorithm, we again use the Hastings-
Metropolis Monte Carlo algorithm to estimate S.

Both the gradients f and S are estimated using ~ 10° Monte Carlo samples, with the
actual number of samples used increasing with the system size. To lessen the compu-
tation time sampling at each iteration was run in parallel using around 10? computing
nodes. To ensure the sampling on each computing node is statistically independent we
used the cryptographic counter-based pseudo-random number generators of Ref. |162].

In practice, we regularise this metric as the Wyg is invariant under multiplying all
the g; by a constant which will mean S will always have determinant zero. We regularise
by, Sy, — (14 0y,1,)S),1,, for some small € which is kept constant throughout the
optimisation.

Throughout the optimisations performed in this study we use the recommended
hyperparameters from Ref. |[161] of 3; = 0.9, 8 = 0.999 and € = 107°. We found that
a suitable learning rate for this optimisation problem is around v ~ 0.005 and we use
the same ¢ to regulate S as given in Ref. [163] with e = 1073.

The issue of how to pick the number of g; to use is addressed as follows. For the
MS_; case, we ran the optimisation at N = 12 with the first 7 g;, where it was found

that the broadening of the Fermi surface, as seen through the n{¥, was around 2 in [
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Figure 4.2: Left - adjusted energy E (see Eq. 4.15) as a function of the 9th g;, around
the optimum solution for the first 8 g; for the N = 26 MS_; wave function with the

2nd LL Coulomb interaction, where Ey;p is the thermodynamic E/N of the MR wave
function (see Tab. . Right - showing n§Y (see Eq. ) at each iteration t of the
2

optimisation of the N = 20 MS_; wave function with the 2nd LL Coulomb interaction.

space (i.e. nf¥ were found to be sufficiently close to zero for [ > I; + 2). We expect

this broadening in [ space to scale as VN as | ~ kR. Thus, for system sizes from
12-20 particles, we used the first 7 g; to optimise the MS_; wave functions and at 26
particles we used the first 8. To demonstrate this number of parameters is sufficient
we estimated the energy as a function of the 9*" g, around the optimum set when
using the first 8 g; for the N = 26 MS_; optimisation with the Coulomb interaction in
the second LL. The result of this parameter scan can be seen in the left plot of Fig.
4.2 where it can be seen that the possible energy reduction per particle that can be
achieved by varying this parameter is small in comparison to the difference between the
previous optimum energy per particle and the thermodynamic energy per particle of
the Moore-Read wave function (see Fig. and Tab. for details of thermodynamic
estimates). Similarly, for both the MR* and the MS; wave functions we used the first
7 g; for 12-20 particles and used the first 8 for 26 particles. By the same method, we

found that using the first 6 and 7 g; was sufficient to optimise the MS3 wave functions
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for 10-18 and 24 particles respectively.

When optimising a given MS, wave function we start the algorithm with g, = ﬁ
for the parameters that are actually varied and all other g; are set to zero, g; = 0. This
is the approximate YM, wave function which we expect to be close to the minimum
energy.

The right plot of Fig. shows the n$¥ occupation probability at each iteration
2

t for the optimisation of the N = 20 MS_; wave function with the 2nd LL Coulomb

9

interaction (note that [ = 3

is just at the Fermi level). Initially, the algorithm moves
sharply towards a minimum where it plateaus near the minimum energy at around
t = 4000. We found that this algorithm converged after around ¢ ~ 4000 iterations
for all cases considered using the hyperparameters given above. One can also see
that the apparent noise in the ngF(t) path increases as we approach the minimum.
At larger system sizes this sometimes required a fine-tuning stage with around 100

iterations where the number of samples and the learning rate are increased to obtain

the minimum energy solution with the desired accuracy.

4.4 Results and discussion

4.4.1 Energetics

Fig. shows the adjusted energy, E, per particle of the optimised MR* and MS, wave
functions with ¢ = —1,1,3, as well as the E/N of the MR, YM,, with ¢ = —1,1,3,
MR and MS,, with £ = —1,3, wave functions as a function of 1/N for the Coulomb
interaction in the 2nd LL, where a bar denotes the particle-hole conjugate of a wave

function and the adjusted energy is defined by,

o (g N
B )

In the case of the Coulomb interaction, the multiplicative factor adjusts the energies
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Figure 4.3: Shows the E/N (sce Eq. for the optimised wave functions as well for
the MR and particle-hole conjugated wave functions of these, denoted with a bar, for
Coulomb interaction in the 2nd LL. Lines show the resulting polynomial fits in 1/N
(see main text for full details). Whilst error bars are included for the Monte Carlo
estimated energies their sizes are similar to those of the markers.

so that the particle density is kept constant, by rescaling the radius of the sphere R =
I5v/Q — lgV/'N, and the % term is the electrostatic energy of a uniformly charged
sphere of radius Ig+/Q with total charge Ne. As discussed in Ref. this is used
to improve the estimates of the thermodynamic energy per particle, which we achieve
by fitting a quadratic polynomial in 1/N to the E/N of the MR, YM,, MS, and MS,,
with ¢ = —1,3, wave functions and a linear function of 1/N for the E/N of the YM,
and MS; wave functions. The resulting estimated thermodynamic energies per particle
can be found in Tab. For those wave functions whose real-space form is known
exactly, the energies at each system size have been estimated using ~ 5 x 10° Monte

Carlo samples. The energies of the particle-hole conjugated wave functions have been

calculated using the result Ref. [165], where for a rotationally symmetric interaction
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state | (E/N)[e*/(4meolp)] ! state | (E/N)[e*/(4meplp)] ™!
MS_, —0.358 = 0.001 MR —0.359 £ 0.001
MS_, —0.359 £ 0.001 MR —0.359 £ 0.001
MS; —0.361 £ 0.002 YM_, —0.360 £ 0.001
MS; —0.360 = 0.002 YM; —0.361 £ 0.001
MS, —0.354 £ 0.000 YM; —0.354 £ 0.000

Table 4.1: Showing the thermodynamic energies per particle F /N for Coulomb inter-
action in the second LL, which are estimated by fitting polynomials to the adjusted
energy per particle as a function of 1/N (see Fig. , for the various wave functions.
Errors have been estimated using the square root of the corresponding diagonal element
of the estimated covariance matrix of the polynomial parameters that is outputted by
the scipy curve fitting function.

under a particle-hole transform the energy transforms as £ — (1 — %)Eﬁued + F,
where Fgpeq is the energy of the corresponding filled Landau level.

As can be immediately seen from Fig. despite allowing for some optimisation,
the MS; wave functions, which are expected to be in the PH-Pfaffian phase, are ener-
getically unfavourable in comparison with all other wave functions tested here in the
case of the Coulomb interaction in the 2nd LL. In fact, the amount by which one can
reduce the energy of these / = 1 wave functions is negligible in comparison with the
energy scales in Fig.

Another immediate observation from Fig. [4.3]is that the YM3 wave function appears
to have energy very close to the MR wave function (the “ideal” anti-Pfaffian trial wave
unction) on the energy scales considered at the tested system sizes. In other words, the
YMj is already an excellent approximation, energetically, to the MR wave function.
The YM_; wave function, on the other hand, appears to offer a comparatively worse
energetic approximation to the MR wave function at finite system sizes.

If we roughlyﬂ compare the energies of the MS_; wave functions at N = 12 and
N = 18, with energies (E/N)[e?/(4meolp)]™" ~ —0.369 and (E/N)[e?/(4meolp)] ™" ~

—0.368 respectively, with those obtained by exact diagonalisation in Ref. [60|, with

20ne should be very cautious about making direct comparisons between our numerical energies
and those obtained by more exact methods as one can see from Fig. the effective interaction does
not perfectly reproduce the Haldane pseudo-potential coefficients at intermediate m.
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energies (E/N)[e?/(4meolp)]™" ~ —0.369 and (E/N)[e?/(4meolp)]~" ~ —0.368 respec-
tively, we find them to be almost identical (to three significant figures). Further-
more, if we compare the optimised energy of the MS_; wave function at N = 20,
with energy (E/N)[e?/(4meolg)]™! ~ —0.367, with the energy estimate obtained by
the DMRG study of Ref. [66] at the same system size on the sphere, with energy
(E/N)[e*/(4meolp)] ! ~ —0.367, we also find them to be almost identical. The fact
that the optimised energies of the MS_; wave functions are so close to those obtained
by ED and DMRG, at these intermediate system sizes, then explains why the energies
of the optimised MR* wave functions, used the benchmark the MS_; optimisations,
are not discernable from those of the MS_; at N = 12,16, 20, where we then find no
advantage of using the MR* wave functions over the MS_;. On the other hand, we
can clearly see that the amount by which the energies of MS; wave functions can be
minimised is comparatively less, with the MS_; wave functions offering clearly better
estimates of the corresponding exact ground state energies.

Furthermore, as can be seen from Fig. and Tab. the energies of the MR, MR,
YM,, with £ = —1, 3, and the optimised MS,, along with their particle-hole conjugates
MS,, wave functions all converge in the thermodynamic limit. This is perhaps surprising
as one would typically expect that allowing for some energy minimisation away from
the zero-parameter trial wave functions would allow for an improved estimate of the
energy of the actual ground state in the thermodynamic limit.

There are several possibilities at this point. Firstly, it may, in fact, be the case
that the amount by which the energy can be reduced by optimising the MS_; and
MS3 wave functions compared with the MR and YMj3; wave functions falls to zero in
the thermodynamic limit. In short, these wave functions may just not offer enough
variational freedom at larger system sizes. One may expect, however, that the MS_;
wave functions should offer better thermodynamic estimates given that at smaller sys-

tem sizes their energies are comparable with more exact methods. On the contrary,
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it should be noted that the polynomial used to extrapolate MS_; has a noticeable
curvature, which implies even slight differences between the exact energies and the
MS_; can result in a large difference between their thermodynamic extrapolations E|
Of course, one could object to the extrapolation method used here. Whilst it can never
be definitively known if the extrapolation method is correct, we can at least verify it
is a “reasonable” method by the fact that the thermodynamic energy extrapolations of
each wave function converge precisely with its corresponding particle-hole conjugate,
when the conjugate wave function has been included.

Another possibility is that the optimisation algorithm is getting stuck at a local
minimum. This could be alleviated by starting the optimisation at randomized g,
however, this would come at an increased computational cost as the algorithm must
explore a larger area of parameter space to find a minimum. Indeed, the computational
cost of optimising these wave functions using the procedure outlined in this chapter
should be emphasised. For example, at N = 26 particles the optimisation of a wave
function with 8 ¢g; using 300 computing nodes can take around a week, at current
computer standards, from the beginning of the optimisation to obtaining an accurate
estimate of the energy of the optimised wave function. In the worst case, if several
fine-tuning phases are required, obtaining the optimum energy at the desired level of
accuracy can take on the order of a month. As can be seen from Fig. [£.3] this is
partly due to the fact that many Monte Carlo samples are required at each iteration of
the optimisation in order to resolve the rather small differences in the energies of the
various wave functions. Thus, although the algorithm could be started from randomized
g; this would come at an increased cost which would render this procedure impractical
for most interesting use cases. Whilst, we have checked in Fig. [£.2]if using extra g; in
the optimisations performed makes very little difference in the energies, it is possible

that adding these extra g; could make a difference to the thermodynamic extrapolation,

3i.e. fitting quadratic polynomials can be much less stable than fitting a linear function
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particularly for the MS_; where the extrapolating polynomial has noticeable curvature.
However, with each new g; the computational cost increases as many more CF orbitals
need to be computed. In short, this is perhaps not a practical method for obtaining

better thermodynamic estimates in comparison with other numerical methods.

4.4.2 Effective CF pairing

Optimised MS, YM, wave functions
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Figure 4.4: Showing the CF orbital occupation probabilities n{" (see Eq. for vari-
ous YM, and optimised MS, wave functions (dashed lines) along with a corresponding
fit to the weak-pairing ansatz of Eq. (solid lines), where [ is taken to be an ad-
justable parameter. The fitted parameters are indicated in the bottom left corner of
the corresponding plot, where mcp is the (unknown) effective CF mass. Note that
merlpA/ h? parameter has been estimated where we take the radius of the sphere to
be R = lgv/N, which keeps the particle density constant.
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Figure 4.5: Showing the fitted mcrlpA/h* of the weak pairing ansatz, Eq. , for
the effective CF occupations n{'*" for the optimised MS, and the fixed parameter YM,
wave functions for £ = —1, 3 over a variety of system sizes, where mgp is the unknown
effective CF mass. Note that mcrlpA/h? parameter has been estimated where we take
the radius of the sphere to be R = IV N, which keeps the particle density constant.
Whilst the optimised MS, wave functions do not appear to offer any better ther-
modynamic energy estimates compared with the YM,, they do offer more insight at
finite-size systems through the effective paired CF description. We have estimated,
using Monte Carlo, the effective CF occupation probabilities nf" (Eq. for the
optimised MS, wave functions and for the corresponding YM,. We have then fitted the
BCS type weak pairing ansatz (WPA) of Eq. for the various estimated n°F, where
we allow for the Fermi-level, [r, to be a parameter that can be varied in the fit and
we take the radius of the sphere used in Eq. to be R = IV N so as to keep the
particle density constant. This then allows us to give an estimate for the dimensionless

mCFlBA

parameter “<2E=, where mcy is the effective CF mass which we will assume to be

mcrlpA

constant so that we can take ;3

as a measure of the effective CF pairing strength.
Fig. shows the estimated n{’* and corresponding fitted WPA for the optimised
MS, and fixed parameter YM, wave functions at £ = —1, 3,1 for N = 20, 18, 20 respec-
tively. The nCF of the MS, and YM, for ¢ = —1,3 can be fit reasonably well to the
WPA.
In Fig. shows the fitted mcplpA/h? parameter of the optimised MS, and YM,

wave functions for £ = —1,3 as a function of 1/N, where it can generally be seen that
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the effective CF pairing in the optimised MS, wave functions is higher than that of
the YM,. Interestingly we find the effective pairing strength for the optimised MS, for
¢ = —1,3 wave functions to be roughly the same at the same number of particles N,
where it should be emphasised that at the same N the MS_; and MS3 wave functions
occur at different total magnetic flux through the sphere (i.e. have different shifts S).

The data from Fig. [£.5] can also offer more insight into some of the observations one
can make from Fig. One can see that from Fig. that the amount by which the
energy of the MS_; wave functions can be lowered compared with the corresponding
MR wave functions is generally larger than the amount by which the energy of the MS;
wave function can be lowered in comparison with the YM3 wave functions. Taking the
YM_; wave function as an approximation of the MR wave function, this has a simple
interpretation in the effective pairing description in that the effective pairing strength
of the YM_; wave function is generally lower than that of the YMj3; wave functions.
Thus the YM3 wave functions have an effective pairing closer to the optimum compared
with the YM_; wave functions which gives some explanation as to why the energy of
the YMj3 wave functions are already close to optimal MSs; wave functions, whereas at
intermediate system sizes the optimum MS_; wave functions have energy noticeably
lower than the corresponding MR wave function.

Finally, as can also be seen in Fig. the nCF of the optimised MS; and YM; wave
functions are noticeably larger than one in some cases and are negative in some other

cases, which is clearly inconsistent with interpreting these n;”* as occupation proba-

CF
bilites. This was found to occur at all other tested system sizes. This interpretation
of the n’F is based on the assumption that the Jastrow factor of the wave function
can be approximated in some “mean-field” way, which is usually assumed when in-
terpreting generic CF wave functions. Combining this with the observations of YM,

that the YM; wave function shows no sign of emergent pairing in the pair correlation

function, and with the evidence that the “ideal” PH-Pfaffian wave function may, in
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fact, represent a gapless phase of matter |155], indicates the possibility that this usual
“mean-field” interpretation of the Jastrow factor might break down for the current can-
didate PH-Pfaffian wave functions and so may in fact not be a representative for the
phase of matter predicted by Son [65]. It has also recently been argued by Haldane
[166], based on a conjecture that FQH states must have a non-zero so-called “guiding
centre quadrupole moment”, that particle-hole symmetric states can never be FQH
states, which may give an explanation for these observed pathologies. Despite this, we
can still see that the nCF of the optimised MS; wave functions can still be roughly fit
to the WPA with A = 0, which would correspond to the gapless CF Fermi-liquid. If
the actual ground state occurs at a shift of S = —3 or § =1 (i.e. those of the Pfaffian
and anti-Pfaffian states), then the system being at the shift of the PH-Pfaffian wave
functions would correspond to some quasi-particle excitation, which in the absence of
disorder would then be a gapless sector. This may then give some explanation as to
why the optimised MS; wave functions, roughly, resemble the gapless CF liquid. In
summary, however, even after some optimisation we see no evidence of an effective

paired CF description for the PH-Pfaffian wave functions.

4.5 Summary and outlook

The main goal of this chapter was to understand if minimising the energy of the MS,
wave functions could offer more accurate approximations to the ground state, for the
Coulomb interaction in the second LL, in comparison to the YM, wave functions and if
this would dramatically change the energetics of the £ = 1 wave functions, which were
expected to represent the PH-Pfaffian phase. In the end, we found that the energies
of the optimised MS,, YMy, for £ = —1,3, MR and MR wave functions all converge in
the thermodynamic limit where we found the YM3 wave function to be an excellent
approximation, in energy, to the MR wave function. This then, obviously, did not allow

for improved thermodynamic energy estimates of the actual ground state. Furthermore,
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we found that the energy of the MS; wave functions could only be minimised by a
negligible amount in comparison to the corresponding YM; wave function, where both
these wave functions remain energetically unfavourable. However, we did find that
the energies of the optimised MS_; wave functions are comparable to those obtained
by exact diagonalisation and DMRG at small system sizes, with this not being the
case for the MS3 wave functions. By considering the effective CF orbital occupation
probabilities, n{¥, we found that the CF pairing of the MS, and YM, wave functions,
at £ = —1, 3, can be well approximated by a BCS weak pairing type ansatz, where the
optimised MS, showed stronger pairing than the YM, wave functions. We also found
further pathologies in the MS; and YM; wave functions in that their n{°F could not be
consistently interpreted as probabilities.

It is not obvious if the convergence of the thermodynamic energies of the wave func-
tions in the Pfaffian and anti-Pfaffian phases is unique to the Coulomb interaction in
the second LL. It would be interesting to perform these optimisations at slightly differ-
ent interactions. Although one should be cautious of the observed charge density wave
phase in the vicinity of the Coulomb interaction in the second LL [61]. In particular,
it may be useful to carry out these optimisations for the two body interactions found
in Ref. [155] to approximately stabilise the “ideal” PH-Pfaffian trial wave function,
where it would be interesting to see if the pathologies of the MS; wave functions can
be removed. Finally, given that the YM3 wave functions are excellent energetic approx-
imations to the MR wave functions it could be possible to use these wave functions to
better understand the effects LL mixing has at larger system sizes, using Monte Carlo

methods, in separating the energies of the MR and MR wave functions.

4.A Effective interaction parameters

See Table 4.2/ for the VI parameters used in this study for the Coulomb interaction in

the second LL.
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2@ Qo aq aq a9 (0%)]

19 | 1.120 | 115.660 | 1.357 | -757.200 | 2.964
21 | 1.111 | 140.458 | 1.458 | -973.385 | 3.164
23 | 1.102 | 115.604 | 1.353 | -755.689 | 2.959
25 | 1.096 | 115.688 | 1.351 | -755.678 | 2.956
27 1 1.090 | 115.754 | 1.350 | -755.670 | 2.954
29 | 1.085 | 116.224 | 1.350 | -758.751 | 2.954
31 | 1.080 | 120.041 | 1.329 | -755.159 | 2.876
33 | 1.077 | 115.913 | 1.347 | -755.650 | 2.949
35 | 1.073 | 115.957 | 1.346 | -755.645 | 2.948
37 | 1.070 | 115.995 | 1.345 | -755.640 | 2.947
47 | 1.059 | 116.095 | 1.342 | -755.259 | 2.942
49 | 1.057 | 116.178 | 1.342 | -755.617 | 2.941

Table 4.2: Fitted VT parameters for the 2nd LL Coulomb interaction at all 2Q (of the
second LL system) considered in this study.
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Chapter 5

Conclusions

In this thesis, we have investigated how various CFT and numerical methods can
be applied to the analysis of FQHE trial wave functions to understand various physical
properties of some of the possible phases of matter that can occur in the FQHE setting.
In particular, we have seen how one can use CFT to understand and model the finer
structure of the real-space entanglement spectra of chiral FQHE ground states and
how we can understand the topological properties of Parton-type trial wave functions
by expressing them as CFT correlation functions. Furthermore, we have seen how the
energy minimisation of paired CF trial wave functions can potentially shed new light on
the physics of the half-filled second Landau levels of electrons in GaAs heterostructures.

In Chapter 2] it was argued using QKL’s cut-and-glue approach that the real-space
entanglement spectra (RSES) of chiral FQHE ground states have a scaling property,
where a given RSES could be reproduced by the spectrum of an effective “Hamiltonian”,
also called an entanglement action, of the system’s edge degrees of freedom that takes
the form of an integral of local operators at the edge that can be expanded in negative
powers of the real-space cut length. This was then directly tested in the case of v = 2/3
bosonic CF wave function on the sphere, by fitting a model truncated entanglement
action to the numerically computed RSES, where we found the numerical and model
RSES to be in excellent agreement, with the scaling of the model parameters being

consistent with the scaling property.
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In Chapter [3] it was shown that all chiral Parton ground and edge state trial wave
functions, in the planar geometry, can be expressed as CFT correlation functions,
where we can associate a chiral algebra A to each Parton state such that one expects
A to describe the topological properties of the corresponding state. As a specific
example, we demonstrated that the symmetric Parton states ¢ could be expressed
using the 1t(1)@su(n),, WZW model, which is consistent with the effective field theories
derived by Wen [92]. We then extended the generalised screening hypothesis to these
states, where it was argued that if this and an additional conjecture holds the inner
products between edge state trial wave functions can be expressed as matrix elements
of an exponentiated local action operator in the CFT, extending DRR’s result, which
implied the existence of an isometric isomporphism from CFT states to edge state
wave functions in the thermodynamic limit. This was then numerically tested for
unprojected the v = 2/5 CF edge states and the ¢35 Parton edge states, where we
found no contradiction with generalised screening.

Finally, in Chapter (4] we investigated the possibility of minimising the energy of
paired CF trial wave functions, at pairing channels ¢ = —1,1,3 corresponding to the
Pfaffian PH-Pfaffian and anti-Pfaffian topological orders respectively, to gain further
insights into the physics at v = 5/2. At small system sizes, with the Coulomb inter-
action in the absence of LL mixing, we found the energy reduction at £ = —1 to be
comparable with exact diagonalization, and that the optimised ¢ = 3 wave functions
were energetically similar to their corresponding zero-parameter trial wave functions.
The optimised ¢ = 1 wave functions were found to still be noticeably unfavourable
energetically compared with the ¢ = —1, 3 pairing channels with further pathologies of
the ¢/ = 1 wave functions being found. Finally, we found the pairing function of the
optimised ¢ = —1, 3 wave functions could be well approximated by weak-pairing BCS
type descriptions with both pairing channels showing near equal pairing strengths at

the same system size.
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The CFT and numerical methods presented in this thesis could still be further
developed with wider applicability. For example, it would be interesting to see if the
machinery of chapters [2] and [3] can be extended to non-chiral FQHE ground and edge
states which are less well understood in comparison with many chiral FQHE states.
Furthermore, the CFT constructions of chapter |3 could be applied more generally to
construct trial wave functions from chiral algebras which are generated by more than
one field and its conjugate, and it would be perhaps interesting to understand exactly
what topological orders can, in principle, be described by these constructions. Finally,
the numerical methods presented in Chapter 4] could potentially be used to study other
systems with evidence of Composite Fermion pairing such as bilayer graphene [167,

163).
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