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1 Introduction

Portfolio selection is to seek the best allocation of wealth among a basket of securities.
The mean variance formulation by Markowitz(1959,1989) provides a fundamental ba-
sis for portfolio selection analysis. Multiperiod portfolio selection problems have been
studied later and the classical mean variance criteria was generalized. For example,
maximizing the objective function E(Xr) —wVar(Xr) (w > 0) over all the possible as-
set allocation strategies is a generalization of the traditional mean variance formulation.
Multiperiod problems can become complicated when different means of optimality are
considered.

In multiperiod problems, typically an precommitment policy which specify the asset
allocation strategies for all the periods beforehand maximize the objective function in
the end. That is, at time zero, One need to decide the asset allocation strategies for all
the subsequent periods which optimize the objective function. However, this policy is
only optimal at time zero. If we stand at time ¢(¢ > 0),then the precommitment policy
may not be optimal in terms of maximizing the objective function.

This paper deals with a backwards policy which is different in terms of optimality for
the multiperiod problem. Assume there are totally T periods, the initial wealth and the
objective as a function of X7 are known. As usual, the statistical properties of the assets
that can be invested in are known. The backwards policy is, at first, assuming Xp_; is
known and we treat the last period as a single period problem. That is we find Up_q,
which represent the asset allocation strategy for the period T'— 1 to T" which maximize
the objective function for a given Xp_;. Secondly, given fixed Ur_; from above and
Xr7_o, find the optimal Ur_s which maximize the objective function. Repeat the above
process until time zero, we get a sequence U;,7 = 0,1,...,T — 1 which is the investment
strategy of this backward policy.

The precommitment policy is not optimal dynamically. That is, for some integer
t (0 <t < T), the sequence of U;,i = t,....,T — 1 taken from the precommitment
policy may not be optimal in terms of maximizing the objective function. This kind of
optimality in multiperiod portfolio selection problem is called time inconsistent, because
the optimality fails as time changes. On the contrary, the backward policy is in some
sense dynamically optimal.

It is obviously that the objective function from the backwards policy can not reach
a larger value than the objective function from the precommitment policy. However, if
the target function is in some special form, these two policies lead to the same result.
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If we use E(Xr) — wVar(Xr) as our objective function, then the precommitment
policy and the backwards policy provide different results. Li and Ng(2000) gives an
analytical solution of the precommitment policy for this objective function. This paper
deals with the same problem through the backwards policy. The analytical results are
given for two periods cases and the algorithm is given for multiperiod cases. At last, a
simple numerical example is illustrated.



2 Market Settings for The Multiperiod
Portfolio Selection Problem

We consider a capital market with (n + 1) risky asset, with random rates of returns. At
time zero, An investor start with initial wealth Xy. The investor can allocate his wealth
among the (n + 1) assets at the beginning of each of the following 7" — 1 periods. The
rates of return of the risky assets at the time period ¢ within the planning horizon are
denoted by a vector r; = [r?, 7}, ..., 77|, where ¢ is the random return for the asset i at

the time period t.

It is assumed in this paper that vectors ry, ¢t = 1,2, ... T'—1, are statistically independent
and return r, has a known mean

E(ry) = [E(r}), E(ry), ... E(r{)]'

For convenience, we denote the covariance matrix of the asset returns during the time
period t to be

Q= cov(ry) = E(ryry) — E(ry) E(1})

Let X; be the wealth at the beginning of the ¢th period, and let U, = [U?, U}, ..., U!)
be the wealth allocation strategy of the t-th period. U] If we denote 1 = [1,1,...,1]
which has (n + 1) entries, then we have 17Uy = X; as the initial wealth constraint.



3 The Classical Mean-Variance
Solutions

The classical mean-variance solution for the precommitment policy is done by Li and
Ng(2000). The market settings are in part 2 except here we denote the optimal solution
to be uy = [u},u?, ..., u?’, u} (i =1,...,n) is the amount invested in the i-th asset. Then

the amount invested on the 0-th asset is X; — Y . | ui.
Formally, the statement of the problem (P1) is
max E(Xr) —wVar(Xr) ,w>0
st X1 =Xy + Plug , t=0,1,...,T -1
whete Py = [}, 52, ] = [ = 19), (72 = 19), o (7 — )]

Define

Ay = B(r)) = E(P)E"Y(RP)E(r}P,),t =0,1,...T — 1

A} = E((7)*) = E(r{P)E" (P.P)E(r}P),t = 0,1,...T — 1

T-1 1

Bl _ 0 Hk:t+1Ak
b Tt 427
k=t+1“"k

=0,1,..,7—1

T—
B2 Bo Hk:tl—i—lAllc
L t(znT-l A2
k=t+1“"k

¥ t=0,1,...,T -1

(3.2)

(3.3)

(3.4)

(3.5)

Where in equations (3.4) and (3.5) HZ;;_IAQ,Z' = 1,2, are defined to equal to one.

Define further
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po=I 5 A (3.6)

v = iso (G2 Ay) B (3.7)
ro T 39

a= g —v? (3.9)

b= % (3.10)
c=1—pu?— ab? (3.11)

the optimal multiperiod portfolio policy for the problem (P1) is specified by the fol-
lowing analytical form:

U = —E YPP)E(’P)X,
1 v AL
+5(0Xo + %)(HL}H A_g)E H(P.P)E(P) (3.12)
t=0,1,...,T —2
Ur-i = _E_l(PT—IP%A)EO"%APT—l)XT—l
1 v _
+§(bX0 + 2w—a)E YPr_Pq_)E(Pr_y) (3.13)

The optimal solution to problem (P1) is a precommitment policy and it is time in-
consistent. This paper deals with a time consistent problem (P2). The market settings
for (P2) is in part 2. The statement of (P2) is

Find the sequence of U; which satisfy the following properties:
(i)Given fixed X7_1, Ur_; maximize F(Xr) — wVar(Xz), w > 0

(ii)For fixed Ur_; which is a function of X7 and fixed X1 o, Ur_» maximize

E(X7) —wVar(Xyr).

(iii) Continue the above steps backwardly until we find U,



4 Time Inconsistency and The
Mean-Variance Target Function

Although (P1) and (P2) have different definitions, we have not proved they will give
different results. For certain objective functions, the precommitment policy and the
backwards policy give the same results on the asset allocation strategy. That is, if we
change the objective function in (P1) and (P2), they may give the same result. So the
time consistency of the optimal asset allocation strategy from the precommitment policy
is related to the objective function. For example, if the objective function can be written
as F(f(Xr)) for some deterministic function f, then

i)Under the precommitment policy: The sequence of U;,i = 0,1,...,7 — 1 maximize
E(f(Xr)) at time zero.

ii)Under the backwards policy: Ur_; is the solution of the single period problem which
maximize E(f(Xr)) for fixed Xp_;. If we fix this Ur_1, under a fixed value of X7_o, then
E(f(Xr) | X7_1) become a random variable since X7_; is random. Here we have Ur_,
maximize E(E(f(Xr) | Xr-1) | Xr—2) by the definition of the backwards policy. Since
the random returns of the assets in different time periods are assumed to be independent
and by the tower property of conditional expectation, we have

E<E<f(XT) | XT_l) | XT_2) - E(f(XT) | XT_2) (4-1)

This means Ur_1, Ur_o under the backwards policy maximize E(f(X7)) for fixed
Xr_9. So if there are only two periods, the asset allocation strategy for backwards
policy and the precommitment policy are the same. If the number of periods is larger
than two, we just take conditional expectation more times, by the same reason, we can
find that the sequence of U;,7 = 0,1, ..., T —1 from the backwards policy indeed maximize
E(f(Xr)) at time zero.

However, the result from the precommitment policy become time inconsistent if we
choose the target function to be E(Xr) — wVar(Xr). Here we have

E(X7) —wVar(Xr) = B(Xr) — w[E(X2) — BE(X7)?] (4.2)

The right hand side can not be written in the form of E(f(Xr)) because of the
term E(Xr)?. Assume for any random variable X, there is a function f, such that
E(X7)? = E(f(Xr)). Then, if we let X to be 1 with probability one, we must have
f(1) = 1. Second, let X be 1 or —1 with probability 0.5 each. Here we get f(—1) = —1.
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However, if we choose X to be —1 with probability one, we must have f(—1) = 1. The
contradiction shows that there is no function f such that E(Xr)? = E(f(X7)).

To show that the results from the two different policies for this mean-variance objective
function are not the same, it is enough to consider the case when T = 2.

i)For the precommitment policy: U;,i = 0,1 maximize E(Xr) — wVar(Xr) at time
zZero.

ii)For the backwards policy: U; maximize FE(Xr) — wVar(Xr) at time 1 and Us
maximize E(E(Xr) — wVar(Xr) | X1) at time zero.

Since for positive w

E(E(Xr) —wVar(Xr) | X1) # E(X7) —wVar(Xr) (4.3)

So the asset allocation strategy is different from precommitment one. Essentially, the

difference is because the time-t variance exceeds the expected variance at time ¢ + 7
(7 > 0) by the law of total volatility.(Basak 2008 , Weiss 2005)

VarXr] = E[Vary . (Xr)| + Var By (Wr)], 7> 0 (4.4)

That is, as times changes, the expected variance of the terminal wealth also changes.
So the result from (P1) is not optimal to the criterias in (P2).



5 Solution Under The Time
Consistency Framework

5.1 mean-variance efficient frontier

To find our the optimal asset allocation strategy of the backward policy with target
function E(Xr) — wVar(Xr), we solve it in a backward way and use the law of total
volatility. One advantage of this target function is that once we solve this problem, we
can get the solution of the traditional mean-variance formulation problem. That is, min-
imize var(Xr) for fixed E(X7) or maximize E(Xr) for fixed var(Xr). For convenience,
here are some notations. for t =0,1,...,T — 1

A; =170 (5.1)

B; = 17O E(ry) (5.2)
Ci = BE(r)); E(r;) (5.3)
A; = AC; — B? (5.4)

Firstly, we need the mean-variance efficient frontier of the single period problem in
our settings.

Theorem: For the market settings in part 2, consider only the first period. Among
all the possible asset allocation strategies, we choose Uy such that for a given value of
E(X1), Var(Xy) is minimized. If we implement this Uy, E(X;), Var(X;) must have the
following relationship

Var(Xy) = UQUs = (AgE*(X1) — 2BoXoE(X1) + CoX3) /Ao (5.5)
Proof of the theorem:
The two wealth constraints are: Xy = 17U, , X7 = roUp

Assume F(X)) is fixed, we minimize Var(X;)

Use the Lagrangian method and let A; and\; be the Lagrangian multipliers.
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L=Var(X1) — M(Xo — 170p) — Mo (X1 — rolp) (5.6)
OL/ON =0 = 17Q; (M1 4+ ME(rg)) = X, (5.7)
OL/OXys =0 = E(ro)Q (M1 + ME(ro)) = E(X1) (5.8)
OLJOU, = 0,i=0,1,...n = Uy = Q5 (A1 + XE(ro)) (5.9)

Solve equations (5.7) and (5.8), we have
A = (CoXo — BoE(X1))/Ao (5.10)

o = (AE(X)) — BoXo)/Ag (5.11)

Take the expressions of A\; and A into (5.9), we get the efficient frontier
Var(Xy) = UQUs = (AgE*(X1) — 2BoXoE(X1) + CoX3) /Mg (5.12)

5.2 solution to the last period

Consider the last step as a single period problem: For given X¢_1, we find Ur_; such
that F(Xr) —wVar(Xr) is maximized. We have Var(Xr) = U Qr_1Ur_1 and Xp =
Uj._,rr—1. The wealth constraint is 17Up_; = Xp_;.

Let A be the Lagrangian multiplier. We have

L=EXrp)—wUj Qpr_Up_y — X1TUp_1 — X7_1) (5.13)
OL/OU, | =0,i=0,1,...n
= E(’I“T_l) — 2UJQT_1UT_1 —A1=0

1
= Ur_; = %Q;il(E(TT—l) — )\1) (514)

OLJON =0 = 17Up_, = Xp_4
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1

= 1T%Q;£1(E(TT,1) — )\1) = X7
By —2wXp_
N | (5.15)
Ar_y
Take the value of \ into the expression of Up_q, we have
1 Br_1 —2wXr_,
Up_1 = —Q (E(re_q) — 1 5.16
T—1 2w T—l( (TT 1) Ar ) ( )
And we can write it as
Ur_1 =ar1 Xr_1 +br (5.17)
where
Q1
ar_1 = ——— 5.18
T = (5.18)
1 Br_i1
br_1 = %QTi1<E<TT—1> T A ) (5.19)
Then we have
Er(Xr) = E(rp_)Ur
= E(T,T_1)CLT—1XT—1 -+ E(T%_l)bT_l (520)

and

Va?“T—l(XT) = Uclp_lQT—lUT—l
= ap_ Qp_qar—1 + 2ap_ Qp_1bp_y + bp_ Qr_1bp 4 (5.21)

Here Ur_y, Er_1(Xr) are linear on Xy and Vary_1(Xr) is quadratic on Xp_;.
Later we will show that for any integer k (k < T'), Uy and E(Xr) are linear on Xj,
Var,(Xr) is quadratic on Xj.

5.3 backwards recursive relationship

In order to get all the solutions Uy, k£ =0,1,....,T — 1, we will investigate the recursive
relationship between Uy and Uy_;. Since we know Ur_y, Er_1(Xr) and Varr—i(Xr),
we can calculate these value at time 1" — 2. For convenience, let

ET,1<XT) =mr_1Xr_1 +nr_q (522)

10
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and

Varr_1(Xr) = ar1 X7 + Broa Xr—1 + yr-1. (5.23)

Then we have

Er_o(Xr) = Ep_o(Er_1(X7))
= mp_1Er_o(Xp_1) +nry (5.24)

and

Varr_o(Xr) = Ep_o(Varr—1(Xr)) + Varr—o(Er—1(Xr))
Er_o(ar—1 X5 1 + BroaXr—1 +vr-1) + mj_Varp_o(Xr_1)
ar_1E7_o(Xr_1) + Bro1Br—o(Xr_1) + 71
+(m3_, + ap_ 1) Varp_o( Xr_1) (5.25)

Our aim is to maximize Er_o(X7) — wVarp_o( Xr)

ET_Q(XT) - U)VCLTT_Q(XT)
= mT—1ET—2(XT—1) +nr_q — w[OéT—1E%,2(XT—1) + ﬁT—lET—2(XT—1)
+”)/T71 + (m?p_l + QTfl)Va/rT72(XT71)] (526)

The optimal solution can be obtained by using the mean variance efficient frontier.
(5.26) is quadratic on Ep_o(Xp_1) if we take the expression of Varr_o(Xr_1) into it.
Where

AT—QE%_Q(XT—l) —2Br 9 Xp o9Er o(Xp_1) + CT—ZX%_Q

VCI/TT72(XT71) = A
T—2

(5.27)

Thus we can get the optimal value of Er_o(X7_1) by finding the maximum point of
the quadratic equation (5.26). Then we can get the optimal solution Ur_s by taking
Er_o(X7_1) back into equation(5.9). It is easy to verify that Er_o(Xr_1) is linear on
Xr_o and thus Ur_5 is linear on X7_o. From (5.25), (5.27) we can see that Varyr_o(Xr)
is quadratic on X7_5. Thus by induction, we can see that the conditional mean and the
optimal policy are in linear form of the wealth, the conditional variance is in quadratic
form of wealth. So we can make the following assumptions, for £k =0,1,....,7 — 1

There are constant parameters

g, bk:a Mg, Nk, A, /6/67 V> such that

11
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Vark(XT) = OékX% -+ ﬁkXT + Yk (530)

We know the expression of (5.28), (5.29), (5.30) for k = 7" — 1. If we can find the
recursive relationship for the set of parameters

ag, by, My, N, au, Br, i, We can get the optimal strategies Uy, k = 0,1,..., T — 1. For

any positive integer k (k < T — 1), by (5.26) we have

Ek—l(XT) — wVark_l(XT)
= mypEp1(Xk) +np — w[akEi_l(Xk) + e Er—1(Xk) +
T + (mi + ) Vark 1 (X)] (5.31)

By the efficient frontier, we can further write (5.31) into

Ekfl(XT) — wVark,l(XT)
= muEp_1(Xg) +np — wlaEp_ 1 (Xe) + BBt (Xe) + v +
(mi + ap)(Ap 1 Ep_((X3) — 2Be 1 Xp 1 Ep 1 (Xp) + Co1 X2 1) /A1) (5.32)

To get maximum value,

myg — wﬁk + w(mi + Ozk)2Bk_1Xk_1/Ak_1

E. (X
k1 (X) 2w (o + (M2 + ) Ap_1/Ap_1)
= prXp-1+ Gk (5.33)
where
e = (mi + ag)Br—1/Ak—1
g + (mj 4+ ag)) Ag—1 /Ay
my, — w0
qx =

QUJ(Oék + (mi + ak))Ak_l/Ak_l)
Then, by (5.9)

Cr—1Xk—1 — Br_1E,—1(Xk)) 14+ A 1By (Xy) — Bk_le_lE(rk_l)]
Ap_q AV
CllcEk,l(Xk) -+ Cikal (534)

Upr = le—ll[(

where

12
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O

et = LA 1 E(ry_1) — Bya1]
AV
05

¢ = ——[Cr11 — By_1E(ry_1]
Ap_q

By (5.33), (5.34) can be written as
Uk—1 = (cupr + 63) Xi—1 + C1qx
By definition, Uy_1 = ap_1 Xp_1 + bp_1. So

ar_1 = Cppk + C; (5.35)
b1 = Chllk (5.36)
Also we have
mr—1 = E(rk_l)ak_l (537)
Ne—1 — E(Tk—l)bk—l (538)

To get the values of a_1, Bx—1,7k—1, we have to find Vary_,(X7). By (5.25)
VCLT]C,1<XT) = akEzfl(Xk) + ﬂkEkfl(Xk) -+ Yk + (mi + ak)Va'rk,l(Xk)

substitute the value of Ej_;(Xy) and Varg_;(Xy) and organize the coefficients. Finally
we have

m2 4+ «
a1 = appi + Z—k(Ak—lp% — 2Bj_1pi + Ci—1) (5.39)
k-1
m? + «
Br—1 = 206Dk Qi + PP + Z—k(QAk—ﬂ?ka — 2By_1qx) (5.40)
k-1
m: + «
Ve—1 = Oéqu + gk + Yk + Z—kAk—M/% (5.41)
k-1

The above recursive relationship and the initial values at 7' — 1 enable us to get all
asset allocation strategies over time. Since the recursive relationship is already quite
complicated in expression, it is not easy to find simple analytical expressions for U;,7 =
0,1,...,7 — 1 as in Li and Ng (2000) where they give out an analytical solution for the
precommitment policy.

13



6 Numerical lHlustration

Consider the case studied by Li and Ng (2000). We assume there is a stationary mul-
tiperiod process with T = 3. An investor has one unit of wealth at beginning. The
investor is trying to find the best allocation of his wealth among three risky assets, A,
B and C, in order to find the time consistent optimal strategy which maximize the ob-
jective function E(X7) — wVar(Xr). E(rf) = 1.162, E(rP) = 1.246, E(r¢) = 1.228,
t=0,1,2,3. r, = [r{, rB, 7], the covariance matrix Cov(rt) is

0.0146 0.0187 0.0145
0.0187 0.0854 0.0104
0.0145 0.0104 0.0289

We take the constant w to be 0.5 in our calculation.
The results of the parameters in section 5.3, ay, bg, my, ng, ok, Br, Vi, are

= [—7.88032.12625.7541)', by = [1.1040 — 0.0709 — 0.0332], ms = 0.5584,
ny = 1.1539, ay = 0.0143, B2 = 0, 2 = 0.5584

a; = [4.2177 — 0.9109 — 2.3067)', by = [—15.89494.288611.6063]", m; = 0.9332,
= 1.1263, ay = 0.0456, B, = —0.2601, 7, = 1.3173

ao = [8.4928 — 2.0644 — 5.4284]', by = [—15.84464.275011.5696]', mo = 0.6303,
= 1.1227, ap = 0.4811, By = —2.0290, 7o = 3.1515

So we can get all the information we need from (5.28), (5.29), (5.30). For example,
the optimal strategy at the first period is Uy = ag + by = [—7.3518,2.2106, 6.1412]'.

14



7 Conclusion

In this paper, the time consistency issue in multperiod portfolio selection problem is
discussed and the solution algorithm is given for a mean-variance objective function
within the time consistency framework. In practice, it is very reasonable that the time
consistency optimality should be considered in the portfolio selection process. The con-
cept of time consistency optimality can enhance investors’ understanding of the optimal
decision process in multiperiod portfolio selection scenario. However, this paper only
deals with the special mean-variance objective functions. If one choose a different ob-
jective function, the algorithm will be very different in general. But the methodology of
deriving the algorithm can be useful for other objective functions.

15
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