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To maximize the amount of information extracted from cosmological datasets, simulations that
accurately represent these observations are necessary. However, traditional simulations that evolve
particles under gravity by estimating particle-particle interactions (N-body simulations) are computation-
ally expensive and prohibitive to scale to the large volumes and resolutions necessary for the upcoming
datasets. Moreover, modeling the distribution of galaxies typically involves identifying virialized dark
matter halos, which is also a time- and memory-consuming process for large N-body simulations, further
exacerbating the computational cost. In this study, we introduce CHARM, a novel method for creating mock
halo catalogs by matching the spatial, mass, and velocity statistics of halos directly from the large-scale
distribution of the dark matter density field. We develop multistage neural spline flow-based networks to
learn this mapping at redshift z ¼ 0.5 directly with computationally cheaper low-resolution particle mesh
simulations instead of relying on the high-resolution N-body simulations. We show that the mock halo
catalogs and painted galaxy catalogs have the same statistical properties as obtained from N-body
simulations in both real space and redshift space. Finally, we use these mock catalogs for cosmological
inference using redshift-space galaxy power spectrum, bispectrum, and wavelet-based statistics using
simulation-based inference, performing the first inference with accelerated forward model simulations and
finding unbiased cosmological constraints with well-calibrated posteriors.

DOI: 10.1103/vlm2-tm6k

I. INTRODUCTION

The standard model of cosmology describes the evolu-
tion of the Universe using a set of free cosmological
parameters. Constraining these parameters with observa-
tions of the Universe is one of the primary goals of
cosmological studies [1–4]. Over approximately 13.7 bil-
lion years of evolution, the hierarchical structure formation
process transforms an initially Gaussian distribution of
matter into a highly non-Gaussian field comprising halos,
voids, and filaments. The observed galaxies occupy the
collapsed and bound structures of dark matter called halos.
The cosmological parameters can be constrained by ana-
lyzing the statistical distribution of the observed galaxies
and comparing them to predictions from theoretical models
or simulations. Traditional techniques limit this comparison
to simple two-point summary statistics, such as the power
spectrum at large scales, as theoretical models break down

for higher-order statistics and nonlinear small scales [5–8].
Since the evolved matter distribution is non-Gaussian,
higher-order statistics, as well as small-scale two-point
correlations, carry a significant amount of complementary
information about the cosmological parameters [9–16].
To extract this information, we need to rely on accurate

N-body simulations as forward models and employ simu-
lation-based inference (SBI) techniques [12,17–20]. SBI
involves using computational forward models to simulate
the data for a set of cosmological parameters, measuring the
statistics of interest, and comparing them with the observed
data using machine-learning techniques to constrain the
parameters (see [21] for a review). For galaxy clustering
surveys, these forward models involve evolving the dark
matter particles under gravity, identifying the dark matter
halos, and then populating these halos with galaxies.
However, simulating the high-mass halos (which are very
rare) in various environmental conditions requires a large
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simulation box, while simulating the lower halo masses
demands high resolution. Particularly, to reliably analyze
the current generation of galaxy surveys, the number of
particles and the volume of the simulation required are so
large that the computational cost of running these simu-
lations at a grid of cosmological parameters is prohibitive.
To put things in context, analyzing the last generation of
cosmological surveys, which ended a decade ago, with this
approach would require running at least 2000 simulations
with 2.7 × 1010 particles, taking more than 270 million CPU
hours for running the simulations alone [22]. Furthermore,
finding the halos accurately, which requires processing
phase space information of particles [23] in these N-body
simulations, also adds to the computational cost.
However, physically, we expect the number, mass, and

velocity distributions of halos to depend on the large-scale
matter distribution (see [24] for a review). For example, the
overdense regions of the Universe will have more matter to
collapse and will be able to form more numerous and
massive halos. Therefore, accurately learning this relation-
ship and generating fast approximations of the dark matter
distribution on large scales can accelerate mock halo
catalog generation and ultimately generate observed data
with end-to-end simulations. This motivates us to use deep-
learning techniques to learn these highly nonlinear and
nonlocal [25] relationships between the dark matter and
halo distributions.
To accelerate the simulations on large scales, particle

mesh (PM) approximations can be used (e.g., [26,27]]).
These approximations estimate the gravitational forces by
interpolating cold dark matter particles on a uniform grid,
enabling the use of techniques such as fast Fourier trans-
forms to solve the equations of motion. Due to this grid
interpolation, they lose information on scales smaller than
the grid resolution, resulting in poor halo catalogs [28,29],
particularly for low-mass halos. However, on scales larger
than the grid size, they accurately capture the matter
distribution. Since these PM simulations are orders of
magnitude faster than N-body simulations, our goal is to
learn the relationship between N-body halos and matter
density fields obtained from paired (ran with same initial
conditions) low-resolution PM simulations.
In this work, we introduce CHARM: a generative model

for creating halo catalogs using multistage neural spline
flows to transform the low-resolution PM simulations to
discrete mock catalogs expected from a high-resolution
N-body simulation. It consists of four stages after
extracting features from the surrounding dark matter
density in PM simulations at any location: (i) learn the
number of halos expected, (ii) learn the mass of the
heaviest halo, (iii) autoregressively learn lower halo
masses, and (iv) autoregressively learn the 3D halo
velocities. Developing a methodology like this which is
accurate, is fast enough to be used for cosmological
inference, and is scalable to larger volumes is crucial

for using simulation-based inference techniques to analyze
large-volume data and maximize the information gained
from current and future galaxy surveys, a key goal of, for
example, the Learning the Universe Collaboration [30].
We will test the performance of our model across all of
these three axes—accuracy, inference, and scalability for
the analysis of galaxy survey data.
In recent years, there have been other studies with related

goals, but they provide different solutions compared to what
is desired here. In [31,32], a similar mapping is learned
using physically motivated networks with a significantly
reduced number of free parameters, but they assume an
explicit form of the likelihood for halo occupation, which
breaks down for high-mass halos and small scales, which
are of interest in this study. Moreover, these models have
been trained on a fixed cosmology simulation in real space.
In contrast, we aim to obtain a forward model that general-
izes to different cosmologies and to redshift space. There
have also been attempts, as in [33,34], that do not impose a
likelihood form. However, the methodology of [33] only
works for continuous biased scalar fields like total halo
mass, whereas here we aim to obtain discrete halo catalogs.
The methodology of [34] is designed to work only with dark
matter density obtained from high-resolution N-body sim-
ulations, thus requiring large computational resources.
In [35,36], displacement corrections to PM simulations

were provided to make them resemble their N-body
counterparts. However, these corrections, applied at the
particle level, only improve the statistics of relatively high
mass halos (M > 1014M⊙=h), are calibrated on relatively
low-resolution simulations, and are expensive to train. Note
that the corrections can be improved if additional force
evaluations are included [37]. In [29], the authors present
methods to correct PM simulations, leading to a faithful
reproduction of halos even on small scales. However, they
require high-resolution PM runs, whereas here we focus on
obtaining N-body-like halo catalogs while using low-
resolution PM simulations that can be scaled to large
volumes. Nevertheless, these corrections could be used to
augment the PM simulations used here and improve the
accuracy of the model in the future.
The paper is organized as follows: in Sec. II we describe

the simulation dataset used, in Sec. III we describe the
architecture of our model, in Sec. IV we describe the setup
for evaluating the performance of the model, in Sec. V we
show the results, and we finally conclude in Sec. VI. A table
of the run-time of the simulation products used in this study
as well as for the acronyms used in this study in given in
Appendix. B.

II. DATASET

A. Simulations

We use the public simulation suite from the N-body
Quijote project [22], which simulates a volume of
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ð1000 Mpc=hÞ3. These simulations cover a wide range of
cosmologies and have enough volume and resolution to
provide reliable dark matter halo catalogs with masses
above ∼5 × 1012M⊙=h. Therefore, these simulations pro-
vide a good suite to build a reliable model of how the
distribution of halos relates to the surrounding dark matter
field, which can then be applied to significantly larger
volume simulations. In this work, we process the high-
resolution Latin hypercube (LH) and fiducial cosmology
suite of simulations, varying five cosmological parameters:
matter density Ωm, baryon density Ωb, matter clustering
strength σ8, primordial power spectrum tilt ns, and the
expansion rate of the Universe h. These five cosmological
parameters are varied with a wide uniform prior of
Ωm ∈U½0.1; 0.5�, σ8 ∈U½0.6; 1.0�, Ωb ∈U½0.03; 0.07�,
ns ∈U½0.8; 1.2�, and h∈U½0.5; 0.9�. In this study, we use
only the density fields and halo catalogs at z ¼ 0.5. We use
subvolumes from 1800 LH simulations and one full fiducial
cosmology simulation for training while reserving the
remaining 200 LH simulations for testing. Each N-body
simulation evolves an initial Gaussian distribution of 10243

cold dark matter particles to the present time and takes
approximately 5000 CPU hours to complete.

B. Input dark matter fields

For the approximate PM simulations, which form our
input, we run paired simulations (i.e., matching Gaussian
initial conditions and cosmology to the Quijote suite) using
the FastPM algorithm [26]. Here, we evolve only 3843

particles over the same volume, and each simulation takes
only 5 CPU hours.1 We compute the matter density fields
(ρm) and 3D matter velocity fields (½vxm; vym; vzm�) from the
PM simulations on a regular grid with 1283 voxels using
cloud-in-cell interpolation. Note that each voxel has a
physical size of approximately 7.8 Mpc=h. It is also
important to note that, since the size of a typical halo is
less than 1 Mpc=h, each voxel can host multiple halos. We
concatenate the density and velocity fields, which form the
input to our model.

C. Target halo catalog

From the N-body simulations, we use the halo catalog
obtained by applying the Rockstar halo finder to the
particle distribution. The algorithm uses the 6D phase
space information of the particles to identify particles in
collapsed structures. We use halos with masses M200 c ≥
5 × 1012M⊙=h in the catalog, which is the resolution limit
of the Quijote simulations. Note that the spherical over-
density mass M200c is the mass within r200c of the halo
which is defined such that the average enclosed density

within a sphere of radius r200c is equal to 200 times the
critical density of the Universe, ρcðzÞ. The low-resolution
PM simulations used here do not account for small-scale
particle-particle interactions, resulting in biased small-scale
matter velocity and density fields. As Rockstar relies on an
accurate small-scale velocity distribution of matter par-
ticles, it heavily underestimates the distribution of low-
mass halos [28,29]. However, the spatial distribution and
velocity of these halos are correlated with the large-scale
fields (which are correctly captured by the PM simulations;
e.g., see [40]), and we aim to learn this mapping
using CHARM.
We voxelize our target halo distribution on the

same 1283 grid using the nearest-grid point (NGP) mass
assignment scheme. Within this scheme, for each voxel i,
we count the number of halos inside it (Ni

tot). If it is
nonzero, we also store the halo masses in decreasing order
(½Mi

1;M
i
2;…;Mi

Ni
tot
�, where Mi

1 > Mi
2 > � � � > Mi

Ni
tot
). In

our training set, we have at most approximately 12 halos
in any voxel, so we fix Nmax ¼ 12, and Ni

tot ≤ Nmax for
all i.
While the PM simulations underestimate the small-scale

velocity distribution, they capture the large-scale coherent
velocity fields correctly. Therefore, we estimate the 3D PM
velocity for each halo by linearly interpolating the 3D
matter velocity field from PM simulations (v⃗FastPM) and aim
to estimate the difference, Δv⃗ ¼ v⃗Quijote − v⃗FastPM, for each
halo in the voxel. We order the halos in the same order as
for masses, going from heaviest to least heavy.

D. Batching

We divide the 3D simulation boxes, each of size 1283,
into subboxes of size 163, resulting in 512 subboxes from
each simulation. Each subbox has a physical size of
125 Mpc=h. We select the corresponding subboxes from
the PM set to create the input dark matter density field,
paired with the N-body halos for training. To facilitate
feature extraction, we pad the input density field from the
PM subboxes so that the output after convolutions pre-
serves the size of the subbox (163). Therefore, we add a
padding of four voxels on each side from the original
periodic simulations.
For training, we use one full simulation (512 subboxes)

at the fiducial cosmology while using only 16 randomly
selected subboxes for 2000 simulations with varying
cosmologies in the LH grid (using only about ∼3% of
the available volume). This is done primarily due to the
memory limitations of GPUs and to accelerate the training
process. With one full simulation at a fiducial cosmology,
the network learns the dependence of halo properties on the
environment at a fixed cosmology, while with the limited
data from the LH set, the network learns the variation of
properties with cosmological parameters.

1GPU implementations of these algorithms can further in-
crease computational efficiency [38,39].
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III. METHODOLOGY

The task of this paper is to obtain a discrete mock halo
catalog when provided with approximate dark matter over-
density and velocity fields from PM simulations. Halo
formation is a complex nonlinear process that depends on
the 3Dmatter distribution on large scales. For example, there
is a higher probability of forming a heavy halo at the
intersection of large dark matter filaments compared to in a
void region. Therefore, to extract the features of dark matter
density and velocity fields that correlate with the halo
distribution, we stack two 3D residual network (ResNet)
layers [41]. We input the dark matter density and 3D velocity
fields as described in Sec. II as four channels and extract 20
features fromResNet layers. These features, extracted from a
physical region of approximately 70 Mpc=h, are used as
conditioning for a multilevel generative model for the halo
distribution, as described below. Note that we also append
the values of the five cosmological parameters for each
simulation subbox to these 20 features.
To create a mock halo catalog and its masses, we need to

estimate a discrete distribution of halos conditioned on a
feature vector for each voxel. To achieve this, we split the
problem into three parts. For each voxel i, we first predict
the total number of halos (Ni

tot), which provides a mask as
well as an occupation number to train the mass distribution.
Then, for the voxels that have a nonzero number of halos,
we predict the mass of the heaviest halo (Mi

1). Afterward,
for voxels that have more than one halo, we train the
prediction for the masses of lighter halos (Mi

2;…;Mi
Ni

tot
) in

an autoregressive fashion. This means that, as dictated by
the physics of structure formation, we always condition the
probability of lighter halo masses on the masses of all the
heavier halos in the same voxel. Our final loss function is a
sum of the losses from these three steps and the details of
each step are as follows (also see Fig. 1 for a summary of
this inference pipeline).

(i) We model the probability distribution of the total
number of halos as a mixture of Nmax Gaussians. We
take the discrete distribution of the number of halos
in each voxel of the training simulations and make it
continuous by adding a small Gaussian noise with a
known variance (σ2 ¼ 0.0025). With input from the
learned features of the ResNet, we predict the
probability of each Gaussian using a fully connected
neural network (FCNN).2 In this case, the loss is
modeled as the forward Kullback-Leibler (KL)
divergence [42] between the modeled Gaussian

mixture with predicted probabilities (with fixed
mean and variance) and the true distribution. Note
that the KL divergence is a measure of how one
probability distribution qðxÞ differs from a reference
distribution pðxÞ, quantifying the information lost
when qðxÞ is used to approximate pðxÞ. It is defined
as DKLðpkqÞ ¼

R∞
−∞ pðxÞ log pðxÞ

qðxÞ dx for continuous

distributions.
(ii) To model the mass of the heaviest halo, we first

transform a base distribution using a stack of five
spline transformations [43] with eight knots. The
base distribution here is not the standard Gaussian,
as is often used with normalizing flows, but the
probability distribution function estimated from the
unconditional halo mass function, as described in
[44] (see the upper-central black-dashed histogram
in Fig. 1). We found that using this physically
motivated base distribution was crucial for obtaining
accurate predictions for the heaviest halo. The
parameters of the transformations are learned using
a separate FCNN. The loss is then calculated as the
KL divergence between a known base distribution
and this transformed distribution.

(iii) We learn the distribution of lower halo masses using
an autoregressive neural spline flow [43]. We con-
dition the transformation on the masses of all the
heavier halos. Additionally, to ensure a decreasing
order of halo masses, for the jth halo in the voxel, we
learn the mass differenceMj−1 −Mj and ensure that
this difference is positive. Here, we stack two such
spline flows, and their parameters are once again
learned using an FCNN. As having more halos in the
same voxel becomes a rarer phenomenon, we model
the base distribution as proportional to the Gumbel
distribution [45], which provides a good initial
estimate of extreme value statistics (see the bot-
tom-central histogram in Fig. 1).

Finally, we train an independent autoregressive network
to obtain the velocities of the halos conditioned on the
features extracted from the PM simulation. As described in
Sec. II, we use the difference between the true halo velocity
and its interpolated value estimated from the PM simu-
lation. The PM simulation velocity fields smoothed at
∼8 Mpc=h resolution already capture the large-scale coher-
ent velocity component of the halos. Therefore, with this
network, we learn the remaining small-scale component of
the velocities (related to the fingers-of-god effect [46]). We
start with a Gaussian distribution as our base distribution
and use a stack of two neural spline flows to learn the 3D
velocity difference of halos at each voxel.
Once trained, this model can then be used to obtain a

catalog of mock halo positions in real space (x⃗h), their
masses, and their velocities (v⃗h) on test simulations by
inputting the corresponding PM density and velocity fields.
To bring the model closer to the observations, we need to

2The FCNN layer is a stack of three linear layers interspersed
with two nonlinear layers that use the hyperbolic tangent as the
activation function. The first linear layer takes the input dimen-
sion of the features and maps it to the hidden dimension (here
equal to 8) and the third linear layer maps the hidden dimension
to the output dimension.
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place the objects in redshift space. With the knowledge of
x⃗h and v⃗h, we can calculate the position of halos in redshift
space (s⃗h) with s⃗h ¼ x⃗h þ ðηlosÞ · ðv⃗h × ð1þ zÞ=HðzÞÞ,
where ηlos is the line of sight direction (which we assume
to be parallel to the x axis of the box in this study) andHðzÞ
is the Hubble constant at redshift z.

IV. DIAGNOSTICS AND INFERENCE SETUP

A. Statistical summaries

Once the model is trained, we obtain mock halo and
galaxy catalogs on test LH simulations and compare their
performance by calculating various statistics of interest for
cosmological studies. In addition to comparing the envi-
ronment-dependent histograms of mock and true halo
catalogs, we also compare the higher-order statistical
properties. We calculate three different statistics that are
sensitive to two-point, three-point and higher-order corre-
lations between the galaxies.

1. Power spectrum

We calculate the real-space 3D power spectrum on 16
scales between kmin ¼ 0.01 and kmax ¼ 0.32 and use the

nearest-grid point estimator to calculate the density fields.
We use the public PYLIANS code to estimate the power
spectra [47]. In redshift space, we calculate and compare
the power spectra multipoles PlðkÞ for l∈ ½0; 2; 4�.

2. Bispectrum

We calculate the bispectrum for isosceles triangles for
three different scales, k∈ ½0.08; 0.16; 0.32�h=Mpc and
eight different values of angle between the equal edges,
ranging between 0.1 and 3.04 rad. These are also calculated
using the PYLIANS code. In redshift space, we only calculate
and compare the monopole of bispectrum Bl¼0ðkÞ.

3. Wavelets

We follow [48] for calculating the wavelet scattering
statistics using their public code [49]. Given the 3D density
field (ρ) constructed from the mock galaxy or halo catalogs,
we calculate three different wavelet coefficients by con-
volving the halo field with various wavelets and evaluating
the moments:

S0 ¼ hjρjpi; ð1Þ

FIG. 1. Visualization of the data products and network architecture used in this study. On the left side of the dotted line, we show the
matter density and velocity fields from the PM simulation that serve as the input to the ResNet layers to extract features. These features
are then used to predict the halo distribution and velocities in four parts: the total number of halos is modeled using a mixture density
network, the heaviest halo mass is modeled using a stack of spline transformations, and lower halo masses as well as halo velocities are
modeled using a stack of autoregressive neural spline flows. On the right side, we display the target distribution of the halos from paired
trueN-body simulation. Additionally, we present histograms of the four quantities in both low- and high-density voxels, illustrating their
dependence on the dark matter distribution.
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S1 ¼ hjψλ0 � ρjpi; ð2Þ

S2 ¼ hjjψλ1 � ρj � ψλ2 jpi; ð3Þ

where ψλj is the wavelet, λj is its index, and p is the
exponent. The wavelets are constructed from a directional
mother wavelet which is defined in Fourier space. Its form
is localized in real space and has a cutoff scale (kc) in
Fourier space. We set kc ¼ 4πkmax=3, where we again use
kmax ¼ 0.32 h=Mpc. We set the number of octaves (dou-
blings of scales) to J ¼ 3 and set Q ¼ 4 which controls
the number of scales per octave. We evaluate the
wavelet coefficients for three different values of exponent
p∈ ½1=2; 1; 2�.

B. Galaxies

Instead of dark matter halos, we typically observe
galaxies and so we need to predict the statistics of galaxies
from a given halo catalog. There are several ways to
establish the halo-galaxy connection ranging from simple
empirical fitting functions [50–55] to more physical models
(see [56] for a review) that describe the galaxy formation
through cosmic times using hydrodynamical simulations
(e.g., [57,58]) or semianalytic models (e.g., [59]). These
methods have a wide range of applicability and complexity
and in this study where we aim to target spectroscopic red
galaxy catalogs, such as the CMASS galaxy sample of the
Sloan Digital Sky Survey (SDSS-CMASS), we choose the
empirical halo occupation distribution (HOD) approach.
This approach has been successfully applied in several
analyses for both standard two-point power spectra (e.g.,
[60]) and higher-order correlations (e.g., [48,61]). In this
first study to use an accelerated forward model for halos, we
use a simple five-parameter HOD model [55] which
assumes that the occupation probability of galaxies in
any halo depends only on its mass. We defer the study
with a more realistic halo-galaxy connection to a future
investigation.
The [55] HOD model parametrizes the number of

central (Nc) and satellite (Ns) galaxies as a function of
halo mass with five free parameters: logðMminÞ,
σlogM, logðM0Þ, logðM1Þ, and αsat. We sample ten random
values for the HOD parameters for each LH simulation,
resulting in 20 000 mock galaxy catalogs. The parameters
σlogM and αsat are sampled with wide uniform priors:
σlogM ∈U½0.3; 0.5� and αsat ∈U½0.3; 0.5�. The other
three HOD parameters are constrained to vary with the
cosmology (θ⃗cosmo) of each LH simulation: logðMminÞ∈
U½logðMθ⃗cosmo

min Þ � 0.15�, logðM0Þ∈U½logðMθ⃗cosmo
0 Þ � 0.2�,

and logðM1Þ∈U½logðMθ⃗cosmo
1 Þ � 0.3�. The cosmology-

dependent central values of the priors for these parameters

[logðMθ⃗cosmo
min Þ, logðMθ⃗cosmo

0 Þ, and logðMθ⃗cosmo
1 Þ] are fixed such

that the number density of the mock galaxy catalog

approximately matches the CMASS sample comoving
galaxy density, n̄g ∼ 3 × 10−4 ðMpc=hÞ−3, and the satellite
fraction fsat ∼ 0.2 [60].
Assuming n̄g and fsat, we estimate the expected number

of central (N̄c) and satellite (N̄s) galaxies. Then, we

calculate the minimum halo mass (logMθ⃗cosmo
h ) that results

in N̄c halos, each hosting a central galaxy, and set

logðMθ⃗cosmo
min Þ ¼ logðMθ⃗cosmo

0 Þ ¼ logMθ⃗cosmo
h . Finally, assum-

ing a fiducial value of αsat ¼ 0.7, we determine

logðMθ⃗cosmo
1 Þ that results in N̄s satellite galaxies.

We assume that the central galaxy, which is placed at the
center, has the same velocity as the parent halo, whereas the
satellite galaxies are distributed around the halo following
the Navarro-Frenk-White profile [62] and receive an addi-
tional velocity contribution due to their virial motion. We
place the galaxies at the real-space positions of the halos,
assign their velocities, and then move them to redshift
space. We then measure the statistical summaries from this
distribution as described below.
However, note that CHARM does not resolve the positions

of the halos within the 8 Mpc=h voxel, so it places them at
the voxel centers. To account for this lack of knowledge of
galaxy positions on smaller scales, we apply smoothing to
the positions of the galaxies in redshift space by adding a
random Gaussian scatter to their 3D positions with a
standard deviation of σG ¼ 8 Mpc=h. We apply this same
smoothing to the true galaxy catalogs in redshift space
generated from the test Quijote simulations, against which
we compare the performance of the CHARM model.

C. Inference setup

We use neural posterior estimation (NPE) to obtain the
posteriors on (cosmological and HOD) parameters of our
forward model of the statistics of galaxies in redshift space.
The NPE algorithm trains a conditional normalizing flow
[qϕðθ⃗jx⃗dataÞ], where θ⃗ are the model parameters, x⃗data is the
data vector of summary statistics compressed using an
embedding network and ϕ are the hyperparameters of the
normalizing flow model and embedding networks. We use
the standard masked autoregressive architecture [63] for
normalizing flow which approximates the true posterior
distribution [pðθ⃗; x⃗Þ] by approximating it with a sequence
of autoregressive affine transformations of a base distribu-
tion, with known probability density (here a standard
Gaussian). The flow is trained by minimizing the KL
divergence:

LðϕÞ ¼ DKL½pðθ⃗; x⃗Þjjqϕðθ⃗jx⃗dataÞpðx⃗dataÞ�; ð4Þ

which can be shown to be equivalent to maximizing the
training score:
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SðϕÞ ¼
X

j∈Train

log qϕðθ⃗jjx⃗data;jÞ; ð5Þ

where the summation runs over all the training examples.
We use the public SBI package to perform this infer-
ence [64,65].
To maximize the training score, we first train 256

networks with random values of hyperparameters ϕ of
the network. The hyperparameters include the number of
fully connected layers, hidden features and batch size to
obtain parameters of affine transformations, as well as
parameters of the embedding network compressing the
input data vector. We then select the five configurations
with the best validation loss and generate an ensemble flow
with these five trained networks by linearly combining
them with uniform weights. We defer further optimization
of this procedure, such as using a more optimal weighting
scheme to combine the flows in an ensemble and using
more expressive affine transformations such as neural
spline flows, to a future study.

V. RESULTS

The model is now trained using 1800 LH simulations
and one fiducial-cosmology simulation from the Quijote
suite (see Sec. II). We train the generative model for halo
masses and numbers on four Nvidia-H100 GPUs in

12 hours while training the model for halo velocities uses
four Nvidia-H100 GPUs for 8 hours. However, once the
network is trained, obtaining the samples of halos and their
velocities on test simulation takes less than a minute on a
single Nvidia-H100 GPU. We reserve the remaining 200
LH simulations as a test suite to compare the performance
of the trained model.
We test the performance of the model across three axes—

accuracy, inference, and scaling. We use a set of different
statistical summaries described in Sec. IVA to test the
accuracy of the model, then use these summaries for
galaxies in redshift space to perform inference on cosmo-
logical parameters and, finally, we test how well the model
scales to larger volume simulations.

A. Statistical summaries comparison

Firstly, to test the performance of our trained network,
we calculate the one-point statistics (histogram), two-point
statistics (power spectrum), three-point statistics (bispec-
trum) as well as higher-order statistics (wavelet scattering)
from CHARM and true N-body halo catalogs in test
simulations with varying cosmologies.
In Fig. 2, we compare the one-point statistics of the total

number of halos (Nhalo), the mass of the heaviest halo (M1),
and the mass of the third-heaviest halo (M3). We compare
these histograms in both low-density (0 < δm < 2) and

FIG. 2. Local performance of the model with halos in real space: comparison of the one-point statistics between the true (square
markers) and mock (solid lines) halo catalogs in test simulations with different cosmologies. The left, middle, and right columns
compare the number of halos, the mass of the heaviest halo, and the mass of the third heaviest halo, respectively, in 1283 voxels for each
cosmology. In the top row, we show the histogram for subselections of voxels with dark matter density in the range 0 < δm < 2, while in
the bottom row, we use high-density voxels with δm > 2. This test individually compares the performance of each of the three stages of
the halo mass network (as described in Sec. III), demonstrating the high fidelity of the mock catalogs obtained using CHARM.
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high-density (δm > 2) environments in five test simulations
with different cosmologies to highlight the large differences
in these histograms and their dependence on the underlying
dark matter density field. We observe a good match for all
three histograms in both environmental conditions and all
cosmologies. Note that this one-point comparison indi-
vidually tests the performance of each of the three parts of
the pipeline to infer the halo numbers and masses as
mentioned in Sec. III. We see that, for all the cases where
the number of halos is significant, our network is accurate
at the percent level.
To calculate beyond one-point statistics, we take the

mock and truth halo catalogs in the 1000 Mpc=h box and
calculate the 3D weighted-density fields by applying a halo
mass-dependent weight w ¼ ðM=M0Þα, where M0 ¼
1014M⊙=h and α ¼ 0.7. This power-law scaling mimics
the weighting applied by the halo occupation distribution of
SDSS-CMASS galaxies at z ¼ 0.5 [19,60] and makes the
statistics sensitive to environment-dependent halo count
and halo masses. In Fig. 3, we compare the mock and true
mean power spectrum, bispectrum, and wavelet coefficients
from the test simulations in the real comoving space. We
show the comparison for five of the 200 LH test simu-
lations, which highlights the large variation in the statistics
due to changing cosmologies. We find good agreement in
all cases, where the performance of CHARM is either better
than 5% or within the cosmic variance uncertainty due to
varying initial conditions.
We now test the performance of the model when

including the inference of the halo velocities as well.
For this, we compare the power spectra multipoles,
bispectra monopoles, and wavelet scattering monopoles
in redshift space. We show the comparison of truth and
mock catalog statistics using markers and solid lines,
respectively, in Fig. 4 for five cosmologies in the test
simulation suite. We again find similar performance as for
comparison in the real space. Note that, as the weighted

power spectra, bispectra, and wavelet scattering transform
probe the correlations between voxels—as well as between
halo counts, masses, and velocities—it is a stringent test of
the joint performance of all four stages of the network. In
Sec. VI, we show the performance of the model using
residuals of the summary statistics between the mock and
true halo catalogs for all the 200 test simulations.
Now we paste in galaxies on the halo catalogs from both

the mock CHARM catalogs and true N-body simulations
using a HOD formulation and measure the summary
statistics in redshift space. Note that we additionally apply
a Gaussian smoothing to the galaxy positions from both the
mock and true catalogs (with a standard deviation of
σG ∼ 8 Mpc=h) to account for the inability of our model
to resolve halo positions below 8 Mpc=h (see Sec. IV B for
details). We compare different summary statistics for five
test simulations (with varying cosmologies and random
HOD parameters) in Fig. 5. We see that similar to the
results for halo catalogs, we find that the model can infer
the statistics of galaxies correctly up to the scales
of k < 0.32 h=Mpc.

B. Cosmological inference

We now use the summary statistics of 18000 mock
galaxy catalogs obtained from CHARM (1800 LH cosmol-
ogies and ten realizations with different values of the HOD
parameters for each LH cosmology) which forms our
training suite. Note that these are the same simulations
that were used to train the CHARM network and we
concatenate all the summary statistics described in
Sec. III (Pl¼0; Pl¼2; Pl¼4, Bl¼0 for k∈ ½0.08; 0.16; 0.32�,
and sð0Þl¼0; s

ð1Þ
l¼0; s

ð2Þ
l¼0) to form the input to the inference

network. Moreover, as described in Sec. IV C, we train a set
of 256 NPE and embedding networks with random hyper-
parameters to predict the five cosmological and five HOD
parameters given the summary statistics and choose the five
best networks with the lowest validation error. We form an

FIG. 3. Global performance of the model with halos in real space: comparison of the mass-weighted power spectrum (left), bispectrum
on large scales (middle left), bispectrum on small scales (middle right), and wavelet scattering transform (right) statistics between the
true (square markers) and mock (solid lines) halo catalogs in real comoving space across five different test simulations, colored by the
value of the Ωm cosmological parameter. When calculating the density field to compute these statistics, each halo is assigned a mass-
dependent weight of w ¼ ðM=M0Þα, where we fix M0 ¼ 1014M⊙=h and α ¼ 0.7 to mimic the effect of galaxies.
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FIG. 4. Global performance of the model with halos in redshift space: comparison of the power spectrum multipoles (top row),
bispectrum monopole on large scales (bottom row, left column), bispectrum monopole on small scales (bottom row, center column), and
wavelet scattering transform (bottom row, right column) statistics between the true (square markers) and mock (solid lines) halo catalogs
in the test LH simulations, colored by the value of the Ωm cosmological parameter.

FIG. 5. Global performance of the model with galaxies in redshift space: the same as Fig. 4 but for galaxies in redshift space and each
curve for different cosmology uses a random set of HOD parameters.
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ensemble of these five networks to jointly infer the
parameter constraints based on the summary statistics
measured directly from 200 test Quijote simulations (cor-
responding to the remaining 200 LH simulations and using
a random HOD for each simulation).
In Fig. 6, we show the scatter between the true and

predicted values of two of the cosmological parameters we
expect to constrain with galaxy clustering statistics:Ωm and
σ8. We show the mean and 1σ uncertainty on the parameters
using the samples obtained from the learned posterior. We
find that the network can accurately learn and constrain Ωm
and σ8 from the mock galaxy catalogs. Note that this
inference marginalizes over other cosmological and HOD
parameters. We also quantify the calibration of the uncer-
tainty of our model in the parameter space by calculating
the credibility level of the inferred parameters and compar-
ing it against expected coverage. We use the method
described in [66], which uses random points in the
parameter space to estimate the expected coverage prob-
abilities and also outputs the error in the estimated values
using the bootstrap method. We show the coverage plot in
the right panel of Fig. 6, where we find that our inferred
constraints agree with the diagonal line which corresponds
to correctly calibrated posteriors.

C. Applications to larger volume simulations

The main advantage of a forward model like CHARM is
that, once trained, it can be applied to significantly larger
volume simulations without the need for retraining since
halo formation is only affected by the dark matter
environment at scales less than 100 Mpc=h scales which
we capture accurately here. To test this, we run large-
volume N-body simulations with a box with 3 Gpc=h side
length. Due to computational constraints, we ran it at a

lower resolution (with 15363 particles) than the runs used
to train CHARM. The N-body simulation takes approxi-
mately 8000 CPU hours and can only resolve halos with
masses above log10ðM=½M⊙=h�Þ > 13.7. We run a paired
FastPM simulation with the same initial condition in
approximately 150 CPU hours. Afterward, we infer the
halo catalogs from the trained CHARM network as
described above which takes less than 2 GPU-minutes
on one Nvidia-H100 GPU. We compare the statistics of the
inferred and true halo catalogs in Fig. 7, showing the
histogram of halo masses on the left, real-space power
spectra in the middle, and wavelet scattering transform on
the right. The power spectra and wavelet scattering trans-
form are calculated using halos resolved by the full
N-body simulation, 13.7 < logðM=½M⊙=h�Þ < 14.9. We
see that the mock catalogs from CHARMmatch the statistics
of halos in these larger volume simulations to within 5%
without any extra training. Moreover, the mock catalogs
extend down to lower halo masses than the ones resolved
in N-body simulation which we validate by comparing
with the halo mass fitting function described in [44] which
uses several high-resolution simulations that can resolve
low mass halos. Note that running a 3 Gpc=h box-size
N-body simulation that can resolve halos with masses of
log10ðM=½M⊙=h�Þ > 12.7 would have taken approxi-
mately 80000 CPU hours.

VI. DISCUSSION

In this work, we describe how accelerating cosmological
simulations and identifying collapsed dark matter structures
(halos) are crucial for maximizing the information gained
from current and upcoming galaxy surveys. We develop a
multistage generative model that learns the relationship

FIG. 6. Parameter inference with galaxies in redshift space: comparison of the true values of cosmological parameters in
test simulations with the predicted values and their 1σ uncertainties using simulation-based inference with the redshift-space power
spectra of galaxies (Pl¼0; Pl¼2; Pl¼4) for k < 0.32 h=Mpc, monopole equilateral bispectra (with θk ∈ ½0.1; 3.04� rad) at

k∈ f0.06; 0.12; 0.32gh=Mpc, and monopole first-, second-, and third-order wavelets: sð0Þl¼0; s
ð1Þ
l¼0; s

ð2Þ
l¼0, as described in Sec. IVA. In

the right panel, we also show the coverage of the posterior and its 1σ and 3σ uncertainty bands, using the methodology presented in [66],
with the diagonal line representing a well-calibrated posterior.
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between the halo distribution and the surrounding dark
matter distribution on large scales. Our approach uses a
faster alternative to N-body simulations, which accurately
captures dark matter densities on these scales. We validate
our mock catalogs, obtained using CHARM, by comparing
various statistics under different environmental conditions
and cosmologies, demonstrating the method’s accuracy.
We then paint galaxies onto the mock halo catalogs

generated by the trained CHARM network and use the
velocity information to calculate observable galaxy cluster-
ing statistics in redshift space. Comparisons with results
from full N-body simulations show that, for scales of
interest (k < 0.32 h=Mpc), CHARM produces accurate gal-
axy catalogs. Subsequently, we train a neural density
network to infer cosmological and HOD parameters from
observed galaxy clustering statistics and find that the
calibrated posterior constrains cosmology accurately.
Finally, we illustrate how CHARM, trained on high-resolu-
tion, small-volumeN-body simulations, can generate highly
accurate halo catalogs in large-volume simulations at a
fraction of the computational cost of running the full N-
body simulation.
In this study, we trained the network with a physical

resolution of 8 Mpc=h and used a simple model of the
galaxy-halo connection. Future work will focus on training
the network on higher-resolution simulations to utilize even
more information from galaxy catalogs. Additionally,
incorporating more realistic halo-galaxy connection models
will require information about secondary halo properties
beyond mass, such as concentration and merger history
[67]. We also trained the network at a fixed redshift of
z ¼ 0.5, relevant for SDSS-CMASS-like galaxies. As we
probe fainter galaxies with upcoming surveys, we will need
to develop models that generalize to different redshifts.
Moreover, in this study we have trained the model to recover

the Rockstar halo catalogs with spherical overdensity
mass definition, but the simulation-based inference of
cosmological parameters can be sensitive to this choice
[68]. However, a similar network can be trained to generate
catalogs corresponding to other halo finders, such as friends
of friends. Finally, as the trained generative model is
differentiable, it can be optimized to find the maximum
a posteriori estimate of the mock halo catalog conditioned
on the surrounding dark matter properties, which will have a
high cross-correlation coefficient with the true halo catalogs
from the full N-body simulation. We plan to explore these
developments in future studies.
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APPENDIX A: HALO STATISTICS RESIDUAL
PERFORMANCE

In Fig. 8, we compare the performance of the model by
plotting the residual of the predicted and true summary
statistics of halos in redshift space. We show the residuals
for all 200 test LH Quijote simulations. We color each

FIG. 7. Comparison of statistics of mock catalogs from CHARM with a low-resolution 3 Gpc=h box-size N-body simulation. In the left
panel we compare the histogram of halo masses from the N-body simulation (unfilled square markers) which has a halo mass resolution
limit of logðM=½M⊙=h�Þ > 13.7 and the one predicted from trained CHARM network (solid line) which has a mass limit of
logðM=½M⊙=h�Þ > 12.7. We also compare them to the fitting function presented in [44] finding that CHARM can extrapolate to lower
halo masses well. In the middle and right panels, we compare the power spectra and wavelet scattering transforms of halos in real space
in the mass range resolved by the N-body simulation (13.7 < logðM=½M⊙=h�Þ < 14.9).
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residual by the value of σ8 parameter in that LH simulation.
We find that the trained model works well either at
approximately 5% level or within the expected cosmic
variance for a majority of the test simulations. We find a
slight degradation of the performance for simulations
having extreme values of the cosmological parameters
but this does not bias our cosmological inference (see
Sec. V). It is important to note that the quadrupole [Pl¼2ðkÞ]
power spectra have a zero crossing at k ∼ 0.2 h=Mpc and

hexadecapole [Pl¼4ðkÞ] also crosses zero due to large noise,
which makes the residual statistics to have large values.

APPENDIX B: SIMULATION RUN TIMES
AND ACRONYMS

In Table I we compare the run-time of various simu-
lations presented in the main text. A description of the
acronyms used in the main text are detailed in Table II.

FIG. 8. Residuals of the global performance of the model with halos in redshift space: the same as Fig. 4 but showing the residuals of
each of the summary statistics. Here we show the residuals for all the 200 test simulations and color the lines with the cosmological
parameter σ8.

TABLE I. Simulation run-time comparison.

Simulation name Run-time

Quijote-hres (1 Gpc=h box, 10243 particles) 5000 CPU hours
PM-lres (1 Gpc=h box, 3843 particles) 5 CPU hours
Quijote-lres (1 Gpc=h box, 15363 particles) 80 000 CPU hours
PM-lres (1 Gpc=h box, 11523 particles) 150 CPU hours

TABLE II. Acronym definitions.

Acronym Full form

CHARM Creating halos with autoregressive multistage networks
SBI Simulation-based inference
PM Particle mesh simulations
LH Latin hypercube set of simulations
NGP Nearest grid point
ResNet Residual networks
FCNN Fully connected neural network
KL Kullback-Leibler
SDSS Sloan Digital Sky Survey
CMASS Constant stellar mass at constant redshift
HOD Halo occupation distribution
NPE Neural posterior estimation
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[46] J. C. Jackson, Mon. Not. R. Astron. Soc. 156, 1P (1972).
[47] https://pylians3.readthedocs.io/en/master/.
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