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Abstract

In this thesis we apply methods from homological algebra to the study of
finite p-groups. Let G' be a finite p-group and let F, be the field of p el-
ements. We consider the cohomology groups H'(G,F,) and H*(G,F,) and
the Massey product structure on these cohomology groups, which we use to
deduce properties about G.

We tie the classical theory of Massey products in with a general method
from deformation theory for constructing hulls of functors and see how far
the strictly defined Massey products can take us in this setting.

We show how these Massey products relate to extensions of modules
and to relations, giving us cohomological presentations of p-groups. These
presentations will be minimal pro-p presentations and will often be different
from the presentations we are used to.

This enables us to shed some new light on the classification of p-groups,
in particular we give a “tree construction” illustrating how we can “produce”
p-groups using cohomological methods. We investigate groups of exponent p
and some of the families of groups appearing in the tree. We also investigate
the limits of these methods.

As an explicit example illustrating the theory we have introduced, we
calculate Massey products using the Yoneda cocomplex and give O-deficiency
presentations for split metacyclic p-groups using strictly defined Massey prod-
ucts.

We also apply these methods to the modular isomorphism problem, i.e.
the problem whether (the isomorphism class of) G is determined by F,G.
We give a new class C of finite p-groups which can be distinguished using
F,G.
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Notation and conventions

F, field of p elements, p a prime number

F,G modular group algebra

1G augmentation ideal of F,G

C, cyclic group of order p, written multiplicatively

Z]pZ cyclic group of order p, written additively

D;(G) modular dimension subgroup series of G, D1(G) = G

M;(G) Jennings series of G, M(G) =G

Ii(G) lower central p-series of G, I'g(G) = G

(C*,0) cocomplex (cochain complex), 9" : C" —=(Cn*!

ker O™ n-cocycles

im 971 n-coboundaries

H*(C*) cohomology of C*, H"*(C*) = ker 9"/ im 9" *

[z] class of x

H*(G,F),) ordinary mod-p group cohomology of G

HH*(F,G,F,) Hochschild cohomology of F,G

&1y &4 basis elements for H' (G, F,)

Myenes N basis elements for H*(G, F,)

Tt free pro-p group on a dual basis of H'(G,F,)

T? free pro-p group on a dual basis of H*(G, F,)

(—,—;0) Yoneda composition; cup product; 2-fold Massey product

(—:m) nth Bockstein operation; p™-fold restricted Massey product

(—,...,—;0) n-fold Massey product

—_——

{} brackets used for a group presentation

[a, b] denotes a~b1ab

[— ..y —] left-normed commutators, i.e. [[---[—, —],—, ..., —], —]

ao f;ap composition of maps; (3 first and « first respectively.
We will also use o for the Alexander-Whitney map.

U ends a Proof

[ | ends an Example or a Remark

vil



Chapter 1
Introduction

Anyone working in the theory of finite p-groups has come to realise that these
groups are very complex and difficult. For example writing down presenta-
tions is quite a mess. Will we be able to classify finite p-groups?

In this thesis we take a representation theorist’s point of view: Let GG be
a finite p-group and F' a field of characteristic p. By studying G’s represen-
tations over F', what can we say about G?7 We quote what Jon F. Carlson
says in his preface to [9]: “In this situation, all group characters are trivial,
the Grothendieck group is trivial and many of the classical techniques of
representation theory have no relevance. The only method left open to us is
homological algebra.”

A lot of work in the theory of finite p-groups has involved the use of
homological algebra. However, it seems to the author that there is a lot of
material here which is still to be investigated. This thesis is a contribution
to this investigation.

For a finite p-group G, the only irreducible representation in characteristic
p is the trivial representation F,,, and so to study G using homological algebra
we will be using ordinary group cohomology of G with values in IF,,, H"(G, F,)
for n > 0.

The useful thing (and maybe also the confusing thing) about the low-
dimensional (n = 1,2) cohomology groups is the fact that there are many
different interpretations of these groups. For example, many of the articles

one finds on the topic of homological algebra in finite group theory use the



fact that the second cohomology group classifies the set of group extensions
of G by a G-module.

In Chapter 2 Cohomology of p-groups we give an introduction to
the mod-p cohomology of p-groups, in particular we will have a closer look
at several of the interpretations of H'(G,F,) and H*(G,F,). The author
acknowledges all the questions that came up during the organising of the
Junior Group Theory Seminar on homological algebra. This chapter should
hopefully clarify and answer some of them.

The groups H'(G,F,) and H*(G,F,) turn out to be the cohomology
groups we are interested in. The reason is given by Theorem 2.30, telling
us that if we let G be a finite p-group, d(G) the minimal number of generators
for G and r(G) the minimal number of relations between these generators in

the corresponding free pro-p group, then

d(G) = dimgp, H'(G,F,);
r(G) = dimg, H*(G,F,).

We will make extensive use of the theory introduced in chapter 2, for

example

e the (as we have discovered) not so well-known result that group coho-
mology for G and Hochschild cohomology for F,G are the same over
the trivial module (Theorem 2.13);

e the Yoneda cocomplex. The author was introduced to this by A. Laudal
as a student in Oslo, and since we will need this cocomplex and haven’t
found much written work on this, we have included some of the work

done on this in Oslo (section 2.5 The Yoneda cocomplex);

e the various interpretations of H'(G,F,) and H*(G,F,), in particular

subsection 2.7.5 Relations; finite p-groups as pro-p groups.

The last point relates to a famous open problem, namely “Does there exist

a p-group G such that the minimal number of relations defining G' as an



abstract group is strictly bigger than the minimal number of relations defining
G as a pro-p group?” See [43, page 34]. We end the chapter by giving an
example illustrating this problem.

The cohomology groups H"(G,F,) for n > 0 introduced in chapter 2 are
vector spaces over [F,,. Chapter 3 Massey products deals with the product
structure on the graded vector space H* (G, F),).

To calculate the cohomology groups we need a dual resolution
HOIﬂFpg<F,, Fp)

where F, is an F,G-free resolution of F,,. The dual resolution has a product
which induces an algebra structure on H*(G,F,), usually referred to as the
cup product. However, we will use the Yoneda composition as our product.
We do this because these two products are the same when we work over the
trivial module, and the Yoneda composition is more suited for our purposes.

The next thing to observe is that “An algebra which happens to be the
homology of a differential algebra will generally have a very rich internal
structure” (quote from May, see [31]). A part of this structure is called the
Massey product structure, which can be viewed as higher order analogues
of the cup product. Our Massey products are defined in terms of defining
systems.

A definition of these products was first given by William S. Massey in
1958, see [30], and then followed on by David Kraines, see [22] (the definition
of a defining system is due to him). J. Peter May introduced a generalisation
of this construction and defined matric Massey products. These provide us
with a complete conceptual description of the differentials in the Eilenberg-
Moore spectral sequence, see [32, chapter 8. By reindexing and taking only
(1 x 1)-matrices, we recover the definition of Massey products.

In chapter 3 we give the definitions we will need from this product struc-
ture. We explain this structure for H'(G,F,) and H*(G,F,) in the case of the
Yoneda cocomplex (section 3.3 Massey products in the Yoneda cocom-
plex) and also show how the formulas for the Massey products come out by

considering extensions of modules. This is really the Yoneda construction of



Massey products for H'(G,F,) and H*(G,F,) (section 3.4 Massey prod-
ucts and extensions). By doing this we study more closely the fact that
finite p-groups are built from the trivial module IF,, using a finite number of
extensions.

In the last section of chapter 3, we introduce a mod-p cohomology op-
eration called the Bockstein operation which, for H'(G,F,) and H*(G,F,),

turns out to be a Massey product too.

In Chapter 4 Cohomological presentations of p-groups we build
on Laudal’s preprint, see [23] and move into a more general context, namely
deformation theory. Let us try to explain the bigger picture of our work in

chapter 4. The important result is the fact that

e any pro-p group G is the “cokernel” of a morphism
Og - T2 e Tl

where T is the free pro-p group generated by a dual basis of H (G, F,)
for i = 1,2. By the “cokernel” of og we mean T'/N where N is the

normal closure of imog in T (as our category is not abelian).

We consider how the morphism og is constructed using obstruction the-
ory. Applying a general method from deformation theory for constructing
hulls of functors, the idea is then to establish a relationship between the
pro-p group G (via og) and the Massey product structure on H'(G,F,) and
H?*(G,F,). To establish this in general we will need deformation theoretic
definitions of such products. However, we will only use some of this theory
in this thesis, and tie it in with the classical theory of Massey products.

The fact that Massey products are differentials in a spectral sequence
gives the existence of the products. In the deformation theoretic setting, this

fact is replaced by obstruction theory. We will see that the fact that
T /(T[T T" ~ G/GP|G, G]
for p-groups helps us with existence in this case.

4



Laudal gives a deformation theoretic definition of defining systems for
Massey products, which suggests we should call the products we get from
these systems something else. We will refer to them as Laudal products
(generalised Whitehead products). Whereas Massey products are partially
defined functions, the Laudal products are defined on all cohomology classes.

The Massey products live on the dual resolution as a natural construction,
and from this construction it is also natural that we will get indeterminacy.
This causes problems for us, which we will point out when they appear. This
also means that when we start applying this theory, we need to make certain
restrictions, which will be discussed further in chapter 4.

The definition of Laudal products gets rid of the indeterminacy, but we
can’t apply Kraines’ result (Theorem 4.2) on the correspondence between
defining systems for Massey products and certain group homomorphisms,
and the fact that the Massey products are obstructions for lifting these ho-
momorphisms.

Another problem is to find coherent defining systems for the Laudal prod-
ucts, as they come from inductive systems. However, if we start with a p-
group G, we can choose our defining systems using G, and via the Laudal
products get out a group H which is Morita equivalent to G. We note that
since all simple representations for IF,G are 1-dimensional, Morita equivalence
means F,G ~ F,H, see [2, Theorem 2.2.6].

As mentioned earlier, we will only use some of this theory, and we have
chosen to concentrate on the classical definition of strictly defined Massey
products from chapter 3. Combining the mentioned result of Kraines’ with
Laudal’s theory we get a correspondence between certain group relations and
these Massey products.

This is done in Theorems 4.5 and 4.6, which are the main results
in the theoretical part of this thesis. The rest of the thesis (from section
4.3 onwards) is based on these results. These theorems also give a good
illustration of the general fact that cohomology classes are obstructions for

carrying out certain constructions. After all, homological algebra is there



because things aren’t as nice as we would like them to be.

We then go on to put the theory into work and consider cohomological
presentations of p-groups. We will not make a proper definition of this, but
when we say “a group-theoretic presentation” of GG, we mean that we can eas-
ily read off properties like the centre of G, the commutator subgroup of G,
etc. Whereas by “a cohomological presentation” we shall mean that the rela-
tions are given by cohomological invariants, like the Massey products, using
the correspondence from section 4.2 Strictly defined Massey products
and group relations.

Finding a “new” presentation for a group can sometimes be very useful,
as it might tell you something new about the group. For example, many
people are interested in O-deficiency presentations of a group G (number of
generators = number of relations), as this is related to the Schur multiplier
Hy (G, Z).

We asked the group-pub-forum@maths.bath.ac.uk the following: “Let G
be a finite p-group. Is it true that the deficiency of G is zero iff the Schur
multiplier is trivial?” As we will see in chapter 5, it is true for metacyclic
groups by Wamsley, see [45]. However, in general it is still an open problem.
Trivial Schur multiplier implies that the relation module can be generated
by as many elements as there are generators (again by Wamsley), but one
might still need more relations to present the group.

Our methods provide us with minimal pro-p presentations and will often
have fewer relations than the group-theoretic presentations. Hence, this way
we might find 0-deficiency presentations more easily (as in Example 2.31).

In fact, the presentations we get will be part of a power-commutator-
presentation (PCP), with redundant relations omitted. Now, a PCP is usu-
ally what people use when working with finite p-groups. We can get a PCP
from our presentation using the p-quotient algorithm in Magma, which uses
the lower central p-series. In addition to providing cohomological informa-
tion, our presentations could also be useful for storage purposes since they
are minimal.

Minimal pro-p presentations are also interesting in connection with other



problems, for example problems related to the Golod-Shafarevich inequality.
We will see an example of this fact along with other examples illustrating
what the methods can do in section 4.3 Some examples.

In section 4.4 A procedure and a tree construction, we look at a
procedure for writing down strictly defined Massey products. In particular
we consider a tree construction which helps us to keep track of this procedure
and the groups which it produces.

One of the families of p-groups that come out of the tree construction is
a family of certain metacyclic p-groups. As we felt we needed to do some
heavy calculations to give ourselves and others a better feeling for the Massey
products, we decided to study metacyclic p-groups more closely. This is done
in Chapter 5 Metacyclic p-groups.

Quite a lot of work has been done on metacyclic p-groups by others,
but we prove several results and organise the groups into families from our
approach’s point of view. For example Theorem 5.11 gives a different
O-deficiency presentation for some of the families. Theorems 5.23 and
5.24 conclude the cohomolgical calculations on metacyclic p-groups using
the Yoneda cocomplex. We admit that we were quite exhausted by the time
we finally spotted the pattern of 1-s, 2-s, 3-s etc.

As we have worked on this approach, several interesting problems have
emerged as possible roads to take. Once we realised that the Massey products
are determined by F,G, we chose to concentrate on the problem whether (the
isomorphism class of) a finite p-group G is determined by F,G. This has
become known as the modular isomorphism problem.

The problem arose in the 1950-s as a natural follow-up to the question
posed by Graham Higman in 1940, namely “Does the integral group ring
ZG determine the finite group G?” For a finite p-group G it was shown by
Roggenkamp and Scott, see [39], that ZG determines G. However, it is not
true in general, as a counterexample has been provided by Martin Hertweck,
see [17].

In 1963, Richard Brauer asked the following question, see [6]: “If two
groups G; and G5 have isomorphic group algebras over every ground field €2,

are G; and G4 isomorphic?” Everett Dade gave a counterexample where the



groups have order p3¢® where p and ¢ are primes such that ¢ = 1 (mod p?),
see [11]. So what happens for p-groups? If char() # p, there are lots of p-
groups G with the same group algebra QG, see [37, page 658]. This leaves us
with the modular isomorphism problem (which to us means € = IF,), which
is still open.

In Chapter 6 The modular isomorphism problem we have a look
at the history of this problem, where quite a lot of results have been ob-
tained, some very deep. Using our theory we exhibit a new class of groups
(Definition 6.20) which can be distinguished using F,G. lLe. we see how
far we get with this problem using strictly defined Massey products.

By only using strictly defined Massey products, we have limited our-
selves to concentrating on a part of the product structure on Hl(G ,F,) and
H?(G, [F,) and to calculating a part of the morphism og. Even then we en-
counter various problems, which we consider in section 4.5 Indeterminacy-
and well-definedness-considerations. We will see to what extent we can
control these problems and, via some observations we have made, suggest
how to overcome them in general.

One suggestion on how to solve the modular isomorphism problem would
be to consider the whole product structure on H'(G,F,) and H*(G,F,). We
would need to find a way to define the products such that we still have control
of the various problems occurring, we are able to calculate og in general and
we don’t use the group G.

We end this introduction with an obvious sin of omission, as we have not
considered what happens for arbitrary fields of characteristic p in this theory.
We can at least point out that the interpretation (3.3.8) of the Bockstein

operation as a Massey product uses that we work over IF,,.



Chapter 2
Cohomology of p-groups

In this thesis, G will always denote a finite p-group. We begin by giving some
basic definitions from homological algebra and defining the groups H" (G, F,),
the mod-p group cohomology of G.

There are many ways of defining these groups, and we will make good use
of this fact. We give four definitions here and briefly explain why they are
all the same. We then go on to consider what these definitions give us for
H'(G,F,) and H*(G,F,). Most of the results in this chapter are well-known,
and so the reader will be referred to existing literature for the proofs of
many of them. We will however include parts of the proof or the whole proof
where we have found it appropriate, for example when we haven’t found a

good proof in the literature or when we want to emphasise an argument.

2.1 Homological algebra

Definition 2.1 Let R be a ring with 1. A cochain complex (C*,0) over R,
or a cocomplex for short, is a family {C"},ecz of R-modules and a family of
R-module homomorphisms { 0™ : C™" ——=C"*1 },cz such that "™ o " = 0

for alln € Z.

1 an—l on

c*: o —— (O cn o+l



2.1 Homological algebra

Elements in C™ are called n-cochains. FElements in ker 0" are called n-

cocycles and elements in im 0"~ are called n-coboundaries. The R-module
H"(C*) = ker0"/imd" !, neZ

is called the nth cohomology group of C'*. H*(C*) is referred to as the coho-
mology of C*.

We can similarly define a (chain) complex by introducing subscripts, reversing
the arrows and renaming the differentials so that we get 0, : C,, —=C,,_;

and the nth homology group of C, is
H,(C,) =ker0,/im 0, 1.

We want to study p-groups G using the trivial module IF,, and homological
algebra. To do this we need to introduce the modular group algebra F,G

consisting of elements > __, a,9, o, € F,,, where the multiplication is induced

geG
by multiplication in G and addition is defined by collecting coefficients. We

will study F,G more closely in section 6.1.
Definition 2.2 An F,G-free resolution of F), is a complex Cy with

C — 0 fori <0
) free F,G-module  for i >0

and

H,(CL) = F, fori=20
) o fori>1.

We will need the notions of a morphism between cocomplexes and a ho-

motopy between such morphisms.

Definition 2.3 Let (C*,0) and (D*®,0) be cocomplexes. A morphism ¢ be-
tween C* and D*® is a family { ¢" : C™ ——=D" },cz of homomorphisms such

that ¢ commutes with the differentials, i.e.
og" =¢" o d" Vn € Z (2.1)

10



2.1 Homological algebra

Remark 2.4 By (2.1) we see that ¢ takes cocycles to cocycles and cobound-

aries to coboundaries, so ¢ : C* ——=D* induces a morphism
¢*: H'(C®) —=H"(D*)
for all n € Z. |

Definition 2.5 Let ¢ and v be morphisms between C'* and D*. A homotopy
o between ¢ and v is a family { o™ : C"*t ——=D™ }, 7 such that

Yt — " =0"too" + 0" 00" VneZ. (2.2)

The diagram is

c*: i1 O+l

| e
e 2z~

D*: ... — anl p Dn 5 Dn+1

We say that C* and D* are of the same homotopy type if there exists mor-
phisms ¢ : C*——=D* and 0: D*——=C* such that we have a homotopy
between 6 o ¢ and 1ce and a homotopy between ¢ o 6 and 1 pe.

Recall that ¢ : C* ——=D® induces a morphism ¢* between the cohomology
of C'* and D*®, remark 2.4.

Lemma 2.6 If we have a homotopy between ¢ and v, then ¢* = i)*.

Proof: Let ¢ € ker 0". By (2.2), ¥"(c) — ¢"(c) € im §"~!, which is what we

want. O

Corollary 2.7 If C* and D*® are of the same homotopy type then
H"(C*) ~ H"(D*)V¥n € Z.
for alln € Z. O

11



2.2 Mod-p group cohomology; a first definition

These results lead to the following important theorem.

Theorem 2.8 Any two F,G-free resolutions of F,, are of the same homotopy

type.

Proof: This follows from the Comparison Theorem, see [2, page 28]. O

2.2 Mod-p group cohomology; a first defini-
tion

We now define mod-p group cohomology of G with values in F,, H"(G,F,)
for n > 0. In order to calculate these cohomology groups, we take an F,G-
free resolution F, of F, and apply Homg c(—,F,) to obtain a cocomplex
(Homg, (£, Fy), 0).

We will refer to this cocomplex as the dual resolution (even though it
is not itself a resolution). The functor Homp ¢(—,F,) does not preserve
surjective maps, and will therefore have right-derived functors. The coho-
mology group H"(G,F,) is defined as the n-th cohomology group of the dual

resolution, i.e. we have the following definition.

Definition 2.9 We define
Hn(Ga Fp) = EXtITFLpG(Iva Fp)a (23)

where Extg o(—,F,) is the n-th right-derived functor of Homg,c(—,F).

Since Homg,¢((F,G)",F,) ~ (F,)", the mod-p cohomology groups are vector
spaces over [F,,. An explicit example of a resolution and how to calculate the

first two cohomology groups is given in section 5.6.

Lemma 2.10 The cohomology groups H"(G,F,), n > 0, are independent of

the choice of resolution of .

Proof: By theorem 2.8, two resolutions F, and F, of I, are of the same

homotopy type. Since Homg, ¢ (—,F),) is an additive functor, the cocomplexes

12



2.3 Hochschild cohomology; a second definition

Homg,¢(Fs, F,) and Homg, ¢ (F,,F,) are also of the same homotopy type, and
hence the cohomology groups are independent of the choice of resolution since

homotopy equivalent cocomplexes have the same cohomology, by corollary
2.7. OJ

2.3 Hochschild cohomology; a second defini-
tion

As an associative Fj-algebra, F,G will also have a cohomology theory. This
theory was originally defined by Hochschild, see [19]. We will give the defini-
tion here, and refer the reader to the literature for more theory, for example

Loday’s exposition, see [28].

Definition 2.11 Let A be an associative k-algebra, k a field, and let Q be
an A-bimodule. The Hochschild cocomplex is given by

C"(A,Q) =Hom(A®---® A, Q)

n
o

C"H(A, Q) = Homy(A® - ® 4,Q)
n+1

where the differential s given by the formula

"p(ay @+ @ Apyr)
=a10(aa ® -+ @ apy1) + Z(—l)igﬁ(m R @A @ ® Apg)
i=1

+(=1)"" (a1 ® - @ an)ang

13



2.4 n-extensions; a third definition

foro € C"(A,Q), a1, ... ,an41 € A. The cohomology groups of this cocomplex
are the Hochschild cohomology groups, denoted HH" (A, Q).

Lemma 2.12 Let k be a field, A a k-algebra and let M, N be right A-

modules. Then Homg(M, N) has an A-bimodule structure.

Proof: Lety € Homy(M,N),a € Aand m € M. Then Homy(M, N) is a left
A-module by (av)(m) = v(ma), and a right A-module by (vya)(m) = ~v(m)a.
U

In our situation, k = F,, A=F,G and M = N =TF,. The group algebra

is an augmented algebra via the augmentation map

e: F,G — F,
(2.4)
deG Qgg deG g,

and as such it has yet another cohomology theory defined in terms of Ext-

groups. This fact helps us prove the following theorem.

Theorem 2.13 H"(G,F,) ~ HH"(F,G,F,) for n > 0.

Proof:  This follows since F,G is an augmented algebra and we work over
the trivial module. For details, see |2, page 31] and [3, section 2.11].

We also note that an [F-basis for ®"F,G is G", and so the Hochschild
cocomplex C*(F,G,F,) can be recognised as the dual bar resolution, given

in definition 2.26, and we can apply lemma 2.10. ([l

2.4 n-extensions; a third definition

An interpretation of Ext” (M, N) for A a ring and M, N A-modules has been
given by Yoneda, see [18, page 148].

Definition 2.14 Let E") (M, N) be the set of equivalence classes of n-extensions

14



2.4 n-extensions; a third definition

of M by N, i.e.
EZ(M,N):{O—>N—>E1—>---—>En—>M—>O}/~

where Fn, ..., E, are A-modules, the sequence is exact and ~ is defined as

follows: Let n and 1’ be two n-extensions.

n=1: We say n ~ n' if there exists ¢ such that the following diagram is

commutative.
0 N E M 0 (2.5)
k]
0 N £’ M 0

n > 2: We sayn ~n' if there exists a chain of n-extensions n = 1o, 11, . . .

.y =1 such that we have a commutative diagram

UE 0 N E E, M 0 (26)
m: 0 N E} e E! M 0
Mo 0 N E? e E? M 0

n 0 N B} e B, M 0.

We have the following result giving us yet another definition of our cohomol-
ogy groups, which is a corollary of theorem 9.1. in [18] (natural equivalence

of functors).

Theorem 2.15 We have an isomorphism

EXtﬁ,G(Eﬂ Fy) =~ Eﬁ,G(va Fp).

15



2.5 The Yoneda cocomplex; a fourth definition

Proof: To calculate Extg (F,,F,) we only need a resolution F, of length n
(see first part of theorem 2.24). If we are given an n-extension of F,, by F,, we
use the Comparison Theorem to get a chain map between these resolutions,
which will provide us with an element in Extng(Fp,Fp). Conversely, from
a resolution of length n we form a push-out diagram to get an n-extension.
For details, see [18, page 150]. O

2.5 The Yoneda cocomplex; a fourth defini-
tion

In this section we will introduce the Yoneda cocomplex Homl(g;)G(F.,F.),
which contains a lot of information about the F,G-modules. The cohomology
of this cocomplex also turns out to be the group cohomology of G.

Note that we will use the following notation for composing maps: If we
write ¢ o ¢, we mean “use v first”. If we write ¢, we mean “use ¢ first”.

We start with an [F,G-free resolution of ,,, Fy, —=I, .

Definition 2.16 We define the Yoneda cocomplex Hom](F;)G(F.,F.) by

Homy)o(Fy, Fu) = | | Homs, o (Fy, Foni), i 20,

nez

and 0 otherwise, i.e. an element ¢' in the i-th component of HomI(F;)G(F., F,)

fori >0 is a family of maps {cbé-}jez in the following ladder diagram.

5n+1 On On-1 On—2
Fn+1 Fn Fn—l
bl n -1
6n—i+1 5n—i 6n—i—1 6n—1—2
Fn—i—‘rl Fn—i n—i—1 >

16



2.5 The Yoneda cocomplex; a fourth definition

The differential in Hom](F;)G(F., F,)

[1,.c7 Homg o (F,, Frms) ¢’
o |
I1,,cz Homg o (F,, Frio1) d'(¢")

8i+1 I

[z Homp, 6 (B, Friv2) 0" 1(0'(¢")

1s defined by the formula

(91) = Surdh s — (1) $hdui,

with the diagram

On—i—1

We check that this gives us a cocomplex:

17
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2.5 The Yoneda cocomplex; a fourth definition

Lemma 2.17 01 00" = 0 fori > 0.

Proof: Consider

where the broken arrows are the components of ¢‘. We calculate that

(0" 0 0")(4},)
:0”1(57%1@52—1 - (_1)i(¢26n7i71))
= n71(5n72¢;—2 - (_1)i ;—1(5717172)
o (_1)”1(57171#'171 - (_1)i(¢;5n4*1))5n7(z’+1)71
=(0n-10n—2 Py — (—1)" (10} _10n-i-2))

=0

- (_1)i+1(5n—1¢;—15n—i—2 + gb; 5n—i—15n—i—2)
—_———

=0

O

The cohomology of this cocomplex will be referred to as Yoneda coho-
mology of F,G. The next result combined with definition 2.9 tells us that

Yoneda cohomology for F,G is the same as group cohomology for G.

Theorem 2.18 H'(Hom{,(F,, F.),0%) ~ Extl (F,.,F,) for alli > 0.
Proof: 'We need to show that
H' (Hom{(Fy, F.), 8) ~ H'(Homg, 6 (F., F,), 6).

Let ¢ € Hom](F;)G(F., F,). Then in particular we have the maps

18



2.5 The Yoneda cocomplex; a fourth definition

{F; i>FO }iso, and also Fj L»Fp . Composing these gives us a map

Hom{"(F., F.) ¢ (2.8)

X l
Homg, ¢(Fe, Fyp) {¢ip}izo.
We must show that ® induces an isomorphism on the level of cohomology.

For this we need to know what a cocycle in Hom](FiZG(F., F,) is.
Take ¢' € HongG(F., F,) such that 8'¢' = 0, and consider the diagram

6n+1 On On-1 dn—2

Fn+1 Fn Fn—l

AN N

AN AN
N N
) N0 ) N0
Pnir N o N 1
N N
AN AN
On—it1 Ja On—i R izt > Op—i—2

n—i+1 n—i n—i—1 >

Hence we get commutative or anticommutative diagrams, depending on what
i is. Now, ® sends ¢’ to ¢p in Homg ¢ (F;,F,), so we need to show that ¢!p

is a cocycle. Consider Homg, o (F,, F,):

e <— HOII]FIJ(;(F;‘_H, Fp) <§z— HOIﬂFp(;(E, Fp) <6l—_1 HOIang(F’i_l, Fp) <~

Then §%(¢ip) = §;¢ip is the broken arrow in the following diagram.

We see that the broken arrow is the zero-map by exactness, so ¢ip is an
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2.5 The Yoneda cocomplex; a fourth definition

1-cocycle, hence we have found a map

H' (Hom{";(F\, F.)) —— = H'(Homg,c(F\, F,))

ker 9%/ im 9! 2 ker 4%/ im 671,

sending the cocycle ¢ to ¢¢p modulo im §*~1.

This map is well-defined: Let &, £ € ker @' be two representatives of the
same cohomology class. By the definition of 0 in (2.7), £ — £’ can be split
into two components. When we apply ®, one of the components vanish by
exactness, and we get that (¢ — &) € im §* 1.

We claim that ® is surjective and injective:

® is surjective Let ¢; € Homp, (£}, F,) such that 5 () = 6:ps = 0.

5.
FiJrl;)Fi

\\ E
ERTINN

FO —p))]Fp

0

The map ¢! exists such that ¢ip = ¢; because F; is free, hence projec-
tive. We claim that ¢! can be lifted to give us ¢.,, € HomﬁfBG(FiH, )

ker p

The 0-map from the previous diagram gives us a factorisation via ker p

which gives the existence of ¢!, since Fj,; is free, hence projective.
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2.5 The Yoneda cocomplex; a fourth definition

Since this is a lifting, we have commutative diagrams, and so 9*(¢! ;) =

0. This process continues to give us ¢' € Hi(Hom](FlzG(F., F,)).

® is injective Let ¢' € ker @ such that ¢ip = 0, i.e. ¢' € ker d. We need

to show ¢ € im @1, which again follows from yet another picture.

The following lemma will be referred to in chapter 3.

Lemma 2.19 9(¢") = 9(¢')u/ + (~1)'¢'(u).

Proof: From the picture

6n—1

Fo i j
we see that we need to show that

0" (i) = 0 (G )¥n-ics + (=1)'6n (¥7,0),
which is done by using the formula for 0 in (2.7). O
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2.6 Interpretations of H'(G,F,):

2.6 Interpretations of H'(G,F,):

2.6.1 Extensions

The group ElleG(IE‘p, [F,) from section 2.4 is the group of equivalence classes of
1-extensions, usually called extensions, which refers both to the short-exact

sequence itself and the module in the middle of the sequence. So
EIIFPG(IvaFp> ={0—>F, - E—F,—0}/~

where two sequences

0—>F,—>E—>F,—>0 and 0—>F, —>FE —>F, —=0

are equivalent iff £ ~ £’  since F, has no automorphisms as an [F,G-module.

From theorem 2.15, Eg (F,,F,) will have an abelian group structure.
The group operation uses the maps A, : F, —F, ©F, where Ag, (a) =
(—a,a) and Vg, : F, ® F, —F, which sends (as, az) to a; +ay. If we have

two extensions

§: 0 Fp = E— ]Fp 0; (2-9>

g0 F, t~p —<-F, 0, (2.10)

in E%pG(]Fp, F,), then £ + ¢ will be the extension

£+¢: 0 F, %~ g —-F, 0 (2.11)

where E” = {(e,€¢') € E @ E'le(e) = €/(¢/) and p(1) = 1/(1)}, and where
& = (i 1) 0 Ag, and f = Vi, o (6,¢!).

2.6.2 Derivations

We defined H'(G,F,) = Ext]leG(Fp,Fp), and by theorem 2.15, we can look

at elements in H'(G,F,) as being (isomorphism classes of ) extensions of the
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2.6 Interpretations of H'(G,F,):

trivial module F, by IF,. Such an extension will in a natural way give us
a derivation (a map satisfying Leibniz’ rule under the appropriate module-
structure), which we will now prove. The method will be generalised when

we come to the Yoneda construction for Massey products in the next chapter.

Lemma 2.20 Let A be a k-algebra with M and N (right) A-modules. An
extension of M by N will give us a derivation from A to Homy (M, N).

Proof: We start with an extension

0 N E

where o is k-linear and such that € o 0 = idy;. We use o to introduce the

isomorphism 1 such that the following diagram commutes

0 N

NoeM

hence ¢(n,m) = u(n) + o(m), for n € N,m € M. So we think of E as a
vector space over k and we want to find an A-module-structure on N @& M.
Let (n,m)a = (o, ), where a € A. To find o and /3, we use ¢ and get

(u(n) + o(m))a
= p(n)a+o(m)a
= p(na) +o(m)a
= u(na) + o(ma) — o(ma) + o(m)a

since p is an A-module homomorphism, and ¢ is not. By compensating for
the fact that o is not an A-module homomorphism, we have got a new element
¢(a)(m) = —o(ma) + o(m)a | We see that e(¢p(a)(m)) =0, so ¢p(a)(m) € N
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2.6 Interpretations of H'(G,F,):

by exactness. This means that
(a, 8) = (na+ o(m)a — o(ma), ma) = (na + ¢(a)(m), ma), (2.12)

where ¢(a) € Homy (M, N) and ¢ € Homy (A, Homy (M, N)).

We claim that ¢ € Derg(A, Homy (M, N)). To show this we use the A-
bimodule structure of Homy (M, N) from lemma 2.12. Let a,b € A, m € M.
Then

¢(ab)(m) = o(m)ab — o (m(ab))
= o(m)ab — o(ma)b+ o(ma)b — o(m(ab))
= ¢(a)(m)b+ ¢(b)(ma)
= @(a)b(m) + ag(b)(m),
hence ¢ is a derivation. Il

More generally we will have
Der (A, Homy, (M, N))/Ider 4 (A, Homy (M, N)) ~ HH' (A, Hom, (M, N)),

where Ider 4 (A, Homy (M, N)) denotes the inner derivations (ad(a) for a € A),

see [28, page 38], and so using our various definitions we get

Lemma 2.21 H'(G,F,) ~ Dery, (F,[G],F,)/ Idery, (F,[G],F,).

Proof: This can be obtained without going via the Hochschild cocomplex,
see for example [18, page 195] (although these are all different sides to the

same story). O

2.6.3 Generators

Since [, is a trivial module, the inner derivations in lemma 2.21 are already

zero. Moreover, a derivation d will be a group homomorphism:
d: F,G] — F,
9192+ d(g1) + d(g2),
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2.7 Interpretations of H*(G,F,):

i.e. Derg,(F,[G],F,) = Homg,(G,F,). We see that d factorises via [G, G,

and also via GP for finite p-groups, and hence
H'(G,F,) ~ (G/[G, G]GP)*. (2.13)

So the first cohomology group is the dual of the Frattini quotient of G. We
therefore get
Theorem 2.22 Let G be a finite p-group, then dimp, H'(G,F,) is the min-

imal number of generators for G.

Proof:  See also [43, page 29]. O

2.7 Interpretations of H*(G,F,):

2.7.1 2-extensions

The second cohomology group H*(G,F,) = Ext]%pG(Fp, [F,) can be interpreted
as the group of equivalence classes under ~ of 2-extensions with a group
operation similar to that of ElleG(Fp, [F,) in section 2.6 where 7+ 1’ now will

be the extension

n+n: 0 F, EY E} F, 0 (2.14)

where EY is the pull-back of Ey and EY over I, and EY is the quotient of the
push-out of E; and E] under F, by the skew diagonal copy of F,,.

Whereas the zero element in E]%pG(]F »: Fpp) corresponds to the direct sum
F,®IF,, in other words, elements in HY(G, [F,) are obstructions to the module
extension being split, the zero element in EIQFPG(FP,FP) is not that straight-

forward, and we will point it out later.

2.7.2 Group extensions

Results about the structure of groups using homological algebra often make

use of the next theorem, and so this is probably the result most people are
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2.7 Interpretations of H*(G,F,):

familiar with when it comes to cohomological methods in group theory.

Theorem 2.23 The cohomology group H2(G,Fp) classifies the equivalence

classes of group extensions, i.e. short-exact sequences

0 F, E G 1 (2.15)

where E is a group.

Proof:  See [46, pp. 182]. O

From this we get that the zero element in H*(G,F,) corresponds to the
semidirect product F, x G, i.e. elements in HQ(G,IFP) are obstructions to
the group extension (2.15) being split. In general, H*(G, A) classifies group

extensions with abelian kernels A.

2.7.3 Certain module extensions

Instead of writing out the proof of theorem 2.23, we choose to include the
(typical homological algebra-) proof of the next theorem. The corollary of
this theorem is another useful result and tells us that elements in H*(G,TF,)

can be considered as equivalence classes of module extensions

0 F, E IG 0

of the augmentation ideal /G by [F,. The augmentation ideal is defined as

the kernel of the augmentation map given in (2.4).

Theorem 2.24 Let (F,,0) be an F,G-free resolution of F, and let K be the
kernel of 6,_1. Then

(1) the following sequence is exact

HOm]Fpg(anl, ]Fp) — HomeG(K, Fp) — Hn(G, Fp> —_— O,
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2.7 Interpretations of H*(G,F,):

(it) for m > n+ 2 we have

H™(G,TF,) ~ Extg' " (K, F)).

Proof: From the following diagram we see that - -- Foq E, 0

can be considered as a free resolution F) for K:

Fn+15n+l E, ~ Fn_15n—1 i Fy,——T, 0
\ /
K

Applying Homg,c(—,F,) to F, we get the exact sequence
0 — Homg, (K, F,) —2> Homg, ¢ (F,, F,) —2> Homg, (F, 11, )

where the 0-s are induced from the §-s. We now put this together with the
dual resolution for IF,,, and apply the Snake Lemma, see [18, page 121] to get
the following commutative diagram (the dual resolution of F,, is marked with

dotted arrows)

0 — Homg,¢(F,—1,F,) — Homg,¢(F,—1,Fp)

w* : on—1
_ Y

Homg, ¢ (F,, Fp) "> Homg ¢ (Fpy1, Fp)

l a -

——>cokerd,_ Homg, ¢ (Fpq1, Fp)

|

0 0 0

0 — Homp, ¢ (K, )

*

0 ———coker

If we can show that cokerp* = H"(G,F,), we are done. Diagram-chasing
tells us that

coker y* = kera ~ ker 9"/ im 9" ~' = H"(G,F,),
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2.7 Interpretations of H*(G,F,):

and so we get ().

For (ii) we observe that the resolution for I, (which is used for calculating
H'(G,F,), i > 0) and the resolution for K (which is used for calculating
Ext%pG(K, F,), 7 > 0) differ by n — 1 free F,G-modules. O

Corollary 2.25 H*(G,F,) ~ Extg (IG,F,).
Proof: We have the short-exact sequence

0 1G F,G —=TF, 0,

so if we put K = IG in theorem 2.24 we get that for m > 2,

H™(G,F,) =~ Extz' o (IG, ).

2.7.4 Obstructions to lifting group homomorphisms

We have mentioned two explicit cocomplexes for calculating H"(G,F),) in
sections 2.3 and 2.5, but we haven’t mentioned the bar resolution, which a
lot of people usually think of when it comes to group cohomology. The bar
resolution B, is the simplicial way of doing group cohomology, and the reason
why we haven’t mentioned it yet is that it is much more of a theoretical tool
rather than a practical tool. However, there is one interpretation of H*(G,TF,)
which comes out easily from this resolution, so we will give the cocomplex

arising from B, here.

Definition 2.26 The dual bar resolution B*(G,F,) is the cocomplex

.- —— Maps(G™, F,) _r Maps(G"! F,) — - --
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2.7 Interpretations of H*(G,F,):

with

0"(@)(g1- - Gnt1)

=¢(g2, -, gnt1) + Z(_Di(b(gl? GGt - gnrn) + (1) (g1, - gn)
i=1

where ¢ is a map from G" (as a set) to F,,.

In particular,

5 (g1, 92) = d(g2) — D(9192) + D(91) (2.16)

and

5°P(g1, 92, 93) = &(g2, 93) — (9192, 93) + d(g1, 9293) — P91, 92).  (2.17)

The situation to which our next interpretation of H*(G,F,) relates is the

diagram
0 F, —— H, —— H, 1 (2.18)
S
N
G

where Hy, Hy are groups and the sequence is exact.

Theorem 2.27 To each diagram (2.18) one associates a specific cohomology
class obsq(¢) € H*(G,F,) such that obsg(¢) = 0 iff there exists a group

homomorphism ¢ making the diagram (2.18) commutative.

Proof: Let o be a section from Hs to Hy (as sets), g1, g2 € G and consider
the map v defined by

(g1, 92) = 0(¢(g192))a(d(g2)) o (d(gr)) " (2.19)

Then ¢ € Maps(G x G,F),) since ¢ is a homomorphism. Moreover, using
(2.17) and (2.19), we check that (6%1)(g1,92,93) = 1, and so we can let

obsg () = [¢].
Assume obsg(¢) = 0. Then ¢ € im §', and so there exists a € Maps(G, F))
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2.7 Interpretations of H*(G,F,):

such that §'a = 7). Define

Then since we have a central extension, we find that ¢’ is a group homomor-
phism, and 7(¢/(g)) = 6(g).

Conversely, suppose we have ¢’ such that the diagram (2.18) commutes.
We need to show that obsg(¢) is zero as an element of H*(G,F,), i.e. it is
“o' of something”. So we have to find an element v € Maps(G, F,) such that
§ly = . Let v(g) = ¢'(9)a(¢(g))~!. Then we can check that m(y(g)) = 1,

so v € Maps(G,F,), and ¥(g1,92) = Y(91)7(9192)7(g2), which was what
we wanted. O

Note that this fits in well with theorem 2.23:

0 F, H, "= H, 1
A Y ’
e

O—>'Fp—>E' ........ G ——1

where E is the pull-back of (7, ¢), and so by its properties will give a group
extension of G by F,. If ¢’ exists, £ ~F, x G.

2.7.5 Relations; finite p-groups as pro-p groups

The next theorem includes theorem 2.22 and is important for what is to come.
It tells us that r := dimg, H*(G,F,) is the minimal number of relations
defining G' as a pro-p group, i.e. an inverse limit of finite p-groups. The
minimal number of relations defining G as an abstract group is greater or
equal to r, but it is not known if we have equality. The difference lies in the

following lemma, which we will need in the proof of the theorem.

Lemma 2.28 Let G be a pro-p group, and let K and L be normal subgroups
of G such that L < K and K = L|K,G|K?. Then K = L.

Proof:  See [48, page 239]. O
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2.7 Interpretations of H*(G,F,):

Theorem 2.30 will tell us that we are dealing with a minimal pro-p presen-
tation for (G, so we need to say a few words about pro-p presentations:

Consider a minimal presentation of GG, i.e. a short-exact sequence

1 R F G 1

where F' is a free group on a minimal generating set for G. We form the

inverse limit

F = lim F/N, where N = {NQF‘ |F: N| =p", some r}.
TNeN
Then F' is a free pro-p group, and since free groups are residually finite

p-groups (see [16, page[57]), F —=F is injective. If we define

R= lim R/N,
TNeN
with N as the set of normal subgroups of R with pth power index, we get
a short-exact sequence of pro-p groups (the maps are continuous homomor-

phisms):

1 R F G L, (2.20)

which gives us a minimal pro-p presentation of G. The universal property
of a pro-p group is that it maps onto all the finite p-groups in the inverse
system of which it is the limit.

For a finite p-group we can make the following definition

Definition 2.29 Let G be a finite p-group. A minimal pro-p presentation
for G is a presentation of an abstract group of which the largest p-quotient

is isomorphic to G.
We will give an example of this after the theorem.

Theorem 2.30 Let G be a finite p-group, d(G) the minimal number of gen-

erators for G and r(G) the minimal number of relations between these gen-
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2.7 Interpretations of H*(G,F,):

erators in the corresponding free pro-p group. Then

d(G) = dimp, H'(G,F,); (2.21)
r(G) = dimg, H*(G,F,). (2.22)

Proof: Statement (2.21) is just theorem 2.22.
To prove (2.22), let G be a pro-p group such that H'(G, F,) and H*(G, F,,)

are finite and let

1—kerm F——G 1 (2.23)
be a (finite) minimal presentation of G. We want to show that
dr(ker ) = dimp, H*(G, F,),

where by dg(ker ) we mean the least cardinality of a generating set for ker
as a normal subgroup of F.

To every short-exact sequence of groups, we get a 5-term exact sequence
connecting the cohomology in dimensions 1 and 2 (use the Lyndon-Hochschild-
Serre spectral sequence or see [18, page 202]). The presentation 2.23 gives

us the sequence

0—=H'(G,F,) —~H!(F,F,) —%> 0 (ker 7, F,)* —}

o

L H(G,F,) —~H?(F,F,)

where H*(F,F,) = 0 since F is a free group. From 2.22 we have that
dimp, H'(G,F,) = d(G). Also, dimp, H'(F,F,) = d(F) = d(G).

We claim that dimg, H' (ker 7, F,,)" = dp(ker 7). Let us write K for ker 7.
We know that dp(K) = dp(K/®(K)) and by 2.13 we also have H' (K, F,)f ~

32



2.7 Interpretations of H*(G,F,):

Homg (K/®(K),F,)". Now

Homy (K/®(K),F,)" = Homp(K/®(K),F,)
= Homy, (K/[K, F|K”,F,)

since I' acts on K by conjugation and acts trivially on F,. We now apply
lemma 2.28 to get dimg, (K/[K, F|K?) = dp(K) (let L be the normal sub-
group of F' generated by a generating set for K/[K, F]K?), hence the claim
(the dual has the same dimension).

And so we get

d(F)
d(G) 4+ dimim 3
d(G) + dimker v
(@)
(@)

)

d(G) + dp(ker ) — dimim~
d(G) + dp(ker ) — dim H*(G, F,).

As d(G) = d(F), the result follows. O

To illustrate the difference between a pro-p presentation and a presentation
for G we give the following example, which was found when we ran different

cohomological presentations on Magma.

Example 2.31 We consider the group Gg for p = 3 from Burnside’s list of

groups of order p?, see [7]. The “usual” presentation for this group is
G = {z,ylz* = 1,4° =1, [z,y] = 2°}.

From a certain combination of Massey products we get the following presen-

tation (will be explained in section 4.3.2):

H = {z,y|2® = 1,y"[z,y] = 1},

which has order 3*-37. The largest p-quotient of this is isomorphic to G, so the

presentation of H gives a pro-p presentation of G. However, the presentation
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2.7 Interpretations of H*(G,F,):

of GG has three relations and H has two. The question is therefore “Does G
have a presentation as an abstract group of order 81 with only two relations?”

The answer is yes (Michael Vaughan-Lee):
K = {z,y|z*" = y° [z,y] = 2"}. (2.24)

See appendix A for a Magma-session showing this example. [ |

In the rest of this thesis we will alternate between the various definitions
and interpretations introduced in this chapter. We hope the reader will be

forgiving when we don’t always refer back to the relevant result.
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Chapter 3
Massey products

The basis for this chapter lies in the proof of lemma 2.10: Take an F,G-
free resolution F, of F),. Then the dual resolution Homg, ¢ (F,,F,) will be
homotopy equivalent to any other dual resolution of F,, and they will give
the same cohomology groups.

Both the dual resolution and the cohomology H*(G,F,) will be graded
vector spaces over IF,,. Moreover, as we will see in this chapter, both the dual
resolution and the cohomology carry an algebra structure. But whereas the
algebra H*(G,F,) will be strictly associative and graded-commutative, the
dual resolution will only be associative and graded-commutative up to homo-
topy. The extra information we get from this fact is encoded in a very rich
internal product structure called Massey products (from the associativity)
and Steenrod operations (from the commutativity).

In the previous chapter we introduced several dual resolutions used for
finding the graded vector space H*(G,F,), and in this chapter we will see
what the product structure looks like in these different situations. The mul-
tiplication on H*(G, F,) is usually called the cup product. This is a universal
construction, and all the products we introduce will be the same as this, and
will have the same properties.

Because of theorem 2.30, we will concentrate on H'(G,F,) and H*(G, F,).
This is also the reason why we only consider Massey products and not Steen-
rod operations, since Steenrod operations, save the Bockstein, don’t do any-
thing as operations from H' (G, F,) to H*(G,F,) (P is the identity operation,
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3.1 The algebra structure on H*(G,F,)

see [3, page 138]).

3.1 The algebra structure on H* (G, F)

First we need to define what we mean by a graded-commutative differential
graded algebra over IF,. We note that if H" is a graded vector space over F,

then H* ®p, H* becomes a graded vector space by

(H* s, H)" = €D H @, 1.

i+j=n
Definition 3.1 The graded vector space H* overF,, is called a graded algebra
over I, if it has a multiplication o, i.e. a linear mapping
o ;: H@p, B —=H" foralli,j

such that « is associative, i.e. the following diagram is commutative

H* ®]Fp H* ®]Fp H* a®l H* ®]Fp H*

1®ai la

H* ®Fp H* o H* )

The graded algebra H* is called graded commutative if
voy=(-1)"y -z (3.1)

forz € H', y € W’ and 2y denotes a(x,y). And it is said to be a differential
graded algebra if it has a differential & such that

O(z-y) =0(z) - y+ (=1)'z-d(y). (3.2)

Remark 3.2 Let (A°, J) be a differential graded algebra and let H* = H*(A*).
The formula (3.2) tells us that the product on (A*®,J) induces a well-defined
product on H*:
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3.1 The algebra structure on H*(G,F,)

If 2,y are cocycles then 6(z) = d(y) = 0, hence §(z-y) = 0 and so z -y is
a cocycle. Also, the product of a cocycle and a coboundary (or vice versa)
is a coboundary (e.g. §(z) is a coboundary; if y is a cocycle then §(y) = 0,
so 6(x) -y = 0(x - y) which is a coboundary). |

The various cocomplexes from chapter 2 will be differential graded algebras

and so by remark 3.2 we get an algebra structure on H*(G,F,).

3.1.1 The Yoneda composition

We will now introduce the algebra structure on H*(G,F,). More proofs and
details will be given in sections 3.3 and 3.4.
Take & = [¢],£ = [¢] € E]IFPG(FP,FP), represented by

0—>F, —>FE —>F,—>0 and 0 —>F, —>FE —>F, —>0

respectively. Then we can form the splice of these short-exact sequences to

get a 2-extension:

¢ 0 Fp E Fy 0

¢ 0 F, —= g F, 0

This map is well-defined (the equivalence relation is isomorphism), bilinear,

associative and anti-symmetric, see [2], and is called the Yoneda composition

(= —:0) EXt]leG(va F,) ® EXtIIFpG(va Fp) — EXtJ%‘pG<Fp’ Fp).  (3.3)

The anti-symmetry tells us that if we splice ¢ and ¢’ then the 2-extension we
get is an additive inverse to the 2-extension obtained from splicing ¢’ and ¢.

A couple of words about the notation, which might seem unfamiliar to
the reader: This notation will fit in well with the notation we will use for
the Massey products, and where we can think of the Yoneda composition as

being the 2-fold Massey product.
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3.1 The algebra structure on H*(G,F,)

We mention that the Yoneda composition is defined not only for H' (G, F,,)

and H?*(G,F,), but on the cohomology in all dimensions, i.e.
<_v - O> : Hn(Gv Fp) ® Hm(G’ Fp) - Hner(Gv Fp)v

splicing an n-extension with an m-extension. This gives us a product struc-
ture on H*(G,F,), making it into an associative, graded-commutative ring
with unit, referred to as the cohomology ring.

Recall definition 2.26 of the dual bar resolution. From this we can define

the cup product,

Maps(G™,F,) ® Maps(G™,F,) — Maps(G"*™ F,)
(¢, %) — o

where ¢ 0 ¥(g1, ..., gnim) is given by the Alexander-Whitney map, i.e.

QS o ¢(91a s >gn+m) = ¢(glv s ,gn)¢(9n+1a s agner)‘ (34)

The reader is referred to [1, chapter 7] for more details on the cup product
construction. This product is the same as the Yoneda composition, see [2,
page 53]. So we can think of the product on H*(G,F,) as composing maps,
and on H'(G,F,) and H*(G,F,) it will be antisymmetric, since in general it
is graded commutative.

If we use the differential formula in definition 2.26, we can show that the

dual bar resolution is a differential graded algebra, i.e.

8n+m(¢ ° 1/}) — (anqﬁ) oY+ (—1)n¢ © (3m¢)

We will see what the product structure looks like in the Yoneda cocom-
plex, and also in the theory of n-extensions, after we have introduced Massey

products.
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3.2 Massey products; the classical way

3.2 Massey products; the classical way

A dual resolution of I, is a differential graded algebra with an associative
product (—, —;0). Since this product is well-defined on cohomology classes,
we use this notation both for a product between cochains and a product
between cocycles.

We will now see how we can generalise this product and construct higher
order analogues called Massey products. This construction holds for any
differential graded algebra with an associative pairing.

For the definitions given here (for H' (G, F,) and H*(G,F,)) we have used
Kraines[22], May[31] and Dwyer[13]. We will follow Kraines’ procedure for
defining the Massey products, but will use 1-s on the diagonal in the defining
systems, as Dwyer does. Also, Dwyer and Kraines differ by a sign, and on
this we will follow Kraines. The 0 refers to the differential in a dual resolution
for F,,.

Definition 3.3 Let &,...,& € H'(G,F,) and let ¢, ..., ¢ be cocycle rep-

resentatives of &1, ..., & respectively. A collection of 1-cochains
M={my|l <i<j<s+1(,7) #(s+1)}

is said to be a defining system for the cochain product (¢1, ..., ¢s;0) if

Miir1 = i fori=1,...,s; (3.5)
-1

Om;j = Z — (Mg, mj;0)  for j #i+ 1. (3.6)
k=i+1

The value of M, denoted v(M), is the 2-cocycle

S

v(M) = Z —(ma, M s4+1; 0).

k=2

To see that v(M) is a 2-cocycle we use (3.5), (3.6) and the fact that (—, —; 0)
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3.2 Massey products; the classical way

is bilinear and associative. Let us check that d(v(M)) =0 for s = 3:

O(v(M)) = —0{mi2,ma4;0) — O{m13,may;0)
= —((9(m12), mayg; 0) — (M2, 0(Mmay4); 0)
+(0(m13), m34; 0) — (mas, d(ms4);0))
<m12, <m23, maq; 0)3 O> - <<m12,m23; 0>7 M3y, O>
= 0.

Note that a defining system can be viewed as an (s + 1) x (s + 1)-matrix

1 myp -+ myg

0 1 L Mg
1 ms,s+1

0 0 1

The top right-hand corner will be the value of the defining system.

On the level of cochains, we make the following definition:

Definition 3.4 The s-fold (cochain) product (¢1, . .., ¢s;0) is defined if there
is a defining system for it. If it is defined then we define (¢1,...,ps;0) to
be the set of cohomology classes v such that there exists an M with v(M)

representing v.

Because of the following theorem, Massey products are well-defined on coho-

mology classes:

Theorem 3.5 The operation (¢1,. .., ¢s;0) depends only on the cohomology
classes of ¢1,. .., ¢s.

Proof:  Given a defining system M = (my;) for (¢1,...,¢s;0), we define
a defining system M’ for (¢y,...,¢; + Oa,...¢s;0) for a a 0-cochain, by
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3.2 Massey products; the classical way

changing the t-th column and the (¢ + 1)-st row of M:

L omy—1p My—1g41 + (My—1y, a3 0) Miy_1¢42

0 1 My 1 + Oa M2 — (@, M 419;0)
0 0 1 M 1,642

0 0 0 1

We check that M’ is a defining system using the properties of (—, —;0).
Moreover, v(M) and v(M') will be the same for 1 < ¢ < s and for t = 1
and t = s they will differ by a coboundary, so

<¢1a--'>¢s;0> C<¢17"'7¢t+aa7---¢5;0>-

For the reverse inclusion, we have given an M’ and construct M in the similar

way as before. O

Hence we define a defining system for the s-fold Massey product ({1, ..., &,; 0)
to be a defining system for (¢1, ..., ¢s;0), and

(€101 6650) = (¢, -, 053 0)

as subsets of H*(G,TF,).
For particularly nice Massey products, we will always have a defining sys-
tem. These are called strictly defined Massey products, and are the products

we will be interested in:

Definition 3.6 We say that (&1, ...,&s; 0) is strictly defined if each

is defined and contains only zero.

Example 3.7 The product ({1, &s;0) is always defined and contains only one
cohomology class, namely [—(&1,&2;0)].
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3.2 Massey products; the classical way

The 3-fold product (&;,&,&3;0) is defined if and only if the products
(€1,&9;0) and (&9, &3; 0) are both zero. In general, every defined 3-fold product
is seen to be strictly defined.

Suppose (£1,&2;0) = 0 and (&5,&3;0) = 0, and let my3, moy be such that
Omyz = (£1,&;0) and 0'may = (&, &3;0) (such my3 and mayy exist since the
products are 0 as elements in H*(G,F,)). A defining system for (£;, &, &3;0)

18

I mia mys

0 1 mog moy
0 O 1 may
0 O 0 1

and the formula is

(&1,£2,€3;0) = —(ma2, may; 0) — (Ma3, m3q; 0).

For the 4-fold product (£1,&2,£&3,£4;0) to be strictly defined, we need that

the products <517 €2a 0>7 <€27 537 O>> <537 64; O>> <€17 527 637 O> and <€27 537 547 O> are
all zero. |

We note that the definition of a Massey product will not give us a unique
cohomology class, but rather a set of such classes. This means we naturally

have indeterminacy, which we need to deal with.

Definition 3.8 The indeterminacy of the Massey product (&1, ...,&;0) is
defined by

In(&y, ..., &6:0) ={x —ylr,y € (&,...,&;0)}.

Example 3.9 Example 3.7 showed that (£1,£2;0) has no indeterminacy, as
it only contains one cohomology class.

Let us calculate In(y, &1, &1;0). Suppose (€1, &1;0) = 0, let mq be a cocycle
representative for £ and msy be a 1-cochain such that 9'my = —(&1,£1;0). A

different choice for my would be mf, = ms + a where a is a 1-cocycle, since
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3.2 Massey products; the classical way

' (my —mb) = 0. So two defining systems for (£, &1, &;;0) are

1 mi; My 1 mi Mo
M= 0 1 my me and M’ — 0 1 m mo+a
0 0 1 my 0 O 1 mq
0 0 O 1 0 0 O 1
We have
v(M') = —(mi,my + a;0) — (mga,mq;0)

—<m1>m2;0> - <m1,a;0> - <m2,m1§0>>

which differs from v(M) by the element (my,a;0). We see that

In(&i,&1,6;0) = U (&1,a;0).

aEHl (GvFP)

If H'(G,F,) is 1-dimensional and |G| # 2, In(&1,£1,&;0) = 0, and we can

talk about the Massey product as a unique element. [

We will see what sort of problems the indeterminacy gives us in section 4.5.

Remark 3.10 We summarise some facts:

1) The Massey product of a particular ordered set is defined if there is a

defining system for it. Hence it will not always exist.

2) The Massey product may contain more than one element, but in certain
cases we can restrict the defining system so that the Massey product

for particular ordered sets contains a unique element.

3) Submatrices of M will define subproducts (Massey products of shorter
length). In order for (£i,...,&;0) to be defined it is necessary that
each of these Massey subproducts contain zero. If they contain zero
and only zero, then (&1, ...,&;;0) is said to be strictly defined.

4) The Massey products can be made to satisfy lots of properties, and we
refer the reader to [22] and [31] for details. We mention that scalar
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3.3 Massey products in the Yoneda cocomplex

multiplication by invertible elements behave as you expect, as we will
need this.

3.3 Massey products in the Yoneda cocom-

plex

We will now see what the products look like in the Yoneda cocomplex
(HomI(F;)G(F., F,),0) from section 2.5.

First, we consider the cup product
(=, —30) EthleG(Fpan) ® EthleG(Fpan) - Eth%‘pG(FP?Fp)-

If o" € Homg;)c(F., Fy), y™ e HomI(FZ%(F., F,), then we can define the prod-

uct

Hom{"(F., F.) @ Hom{"}(F., F,) — Hom{"" (F., F.)
(@™, ™) — "y,

where the obvious subscripts of F, must match to get a legal composition.
Lemma 2.19 tells us that this product makes the Yoneda cocomplex into a
differential graded algebra. We now consider the case n = m = 1 and drop
the superscripts.

Let &,& € ExtlleG(IFp, F,), and let Fy —=F, be an F,G-free resolution

for F,, i.e.

do 61

F,<"—F

F Fy

Elements in Extllng(Fp, F,) has representatives in Hom](Ft)G(F., F,) 2 ker 9,

so if we let ¢ = {1;};>1 € ker @' be such a representative, we get the following
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3.3 Massey products in the Yoneda cocomplex

commutative diagram:

) 01 02

F, <"~ F, F F, Fy
Fp<—Fy 5 F o Fy 5 F

We let (¢1) = {(¢1):}i>1 and (¢2) = {(¢2); }i>1 be representatives for &; and

&5 respectively.

Remark 3.11 In our case Fy will be (F,G)¢ where d is the minimal num-
ber of generators for G. The standard basis for F} will also be a basis for
Homg, ¢ (F, Fy), and so (¢1); and (¢)3); can be chosen to be the standard
basis for F;. We only need to check that this choice gives us cocycles. For

this, we see from the diagram (where d = 2)

Fp<—Fy P Py Fye—o--- (3.7)
(P11 (¥1)2 (¥1)3
(¥2)1 (¢2)2 (¥2)3
F, < F, F F Iy
and (2.8) that we need
61(Y1)1p = 0,
0 (¢2)1,0 =0,
which depends on the differentials in our resolution. [ |

To find (¢1); and (¢2); for i > 1, we need to lift (¢1); and (¢2); to get commu-
tative diagrams, and so these can again be calculated using the differentials
in the resolution.

Finally, we know that the product (£;,&s;0) corresponds to composing

maps, and as it is an element in Ext]%pG(IFp,IFp), we need to compose our
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3.3 Massey products in the Yoneda cocomplex

maps with p. Hence we get the diagram

]Fp FO Fl F2
(¥1)2
(¥2)2
Fp Fo F Fy
(%
(Y21
F,<"—Fy Fy F

and the formulas

(€1,61;0) = (¥1)2(1)1p,
(€1,62;0) = (¥1)2(2)1p,
(€2,61;0) = (¥2)2(¢1)1p,
(§2:62;0) = (12)2(1h2)1p.

If we have products that are 0 (as elements in Ext]QFpG(IFp, F,)), we know that
we will get 3-fold Massey products. So let (£1,£1;0) = 0, say. Then there
exists ¢ = {di }i>1 € Hom]%)G(F., F,) such that 0¢ = (11)2(1)1)1, so consider

F,~— I

y /
, / // b2
:/¢1)2(¢1)1//
Vs
Ey Fy E

)

We calculate ¢, and ¢5 using the formula

0101 — 200 = (Y1)2(¥1)1,
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3.3 Massey products in the Yoneda cocomplex

and then we have what we need to calculate the 3-fold Massey product
(€1,&1,&1;0). We have seen that the formula for this product is

(€1,61,150) = ((¥1)201 + d2(1)1)p-

Hence we get the diagram

Fy Fo F F
(¥1)2 p %

F, Fy Fy == - Fy
1 _ - - ®2 e

F, =~ = j2)

F, <" Fy=<= Fy Fy

Remember that to get (£1,&1,&:;0) as an element in Ext]%pG(IFp, F,), we need
to compose with p.

Let us also show the diagram for calculating the 4-fold Massey product,
as we now need to involve quite a few lower order Massey products. So

assume (£1,&1,&;0) is 0 (as an element in Ext%pG(Fp, F,)). Then there exists
p={pi}iz1 € HomI(FL)G(FM F,) such that Op = (¢1)2¢1 + (1)1, i.e. we get

F, £y j LI )
()21 +d2(n)1 )
/ /,
/
Fp FO // Fl F2
/ /
/ /
/ /n2
M1/ /
Fp FO , Fl P F2
/ )/
y /
Fp=—— R “—— F jal
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3.4 Massey products and extensions

To calculate (£1,&1,&1,&1;0) we have the formula

(€1,61,61,6150) = ((V1)2pt1 + a1 + p2(th1)1)p

which gives us the following diagram:

Fy Fo Fy Fy
(¥1)2 e
F, Fy Fy == - Fy
H1 P -
Fp <— Fy%- R Fy
2 e
F, Fy Fy == - Fy
1 - -
F, Fy<— F £,
M2 7
F, Fy Fy == - Fy
F, <" Fy=— Fy F

Using the formula for the Massey products, we now have a way of calculating
these products using the Yoneda cocomplex. This will be put into use in

section 5.6.

3.4 Massey products and extensions

In this section we will see how we can get the formulas for the Massey prod-
ucts by looking at extensions of modules. This can be viewed as the Yoneda
cocomplex construction for H'(G,F,) and H*(G,F,).

Again, we will do this a bit more generally, so let A be a k-algebra (for
us k = F,, A =TF,[G]) and let (V;)?_; be the family of the irreducible A-
modules (for us V; = F), for all ). Lemma 2.12 tells us that Homy(V;, V) has
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3.4 Massey products and extensions

an A-bimodule structure for 7,5 € {1,...,n}. We will use the Hochschild
cocomplex C*(A, Hom(V;, V;),d) in this section.

We have seen that Massey products are well-defined on cohomology classes
so let &; € Ext(Vi, V). Since &; is a 1-cocycle, it is also a derivation. The
derivation will be called ;.

Now take &j; € Extl(V}, Vi) with the corresponding derivation 1)y, and
consider the Yoneda composition of §;; and £;;,. We want to check that this
is an element in Ext%(V;, V;). We know that it corresponds to taking the
composition, i.e. (&;,&k;0)(a ® b) = 1;;(a)jk(b) so (&j,&k; 0) has a rep-
resentative in C%(A, Homy(V;, V). Let a,b,c € A, then we can check that
62(&i;, &ik; 0) (a®@b®c)(v;) = 0 using the Hochschild differential, the bimodule

structure from lemma 2.12 and Leibniz’ rule:

02(&ij» &k 0) (a @ b @ ) (vy)
= a(&ij, §r: 0) (b ® o) (vi) — (&5 i 0) (ab @ ) (v5)
+(&ij» §j13 0)(a @ be) (vi) — (Gij, ik 0) (@ @ b)c(v;)
= (a(ij(0)hjr(c)))(vi) — ¥ju(c)(arhij(b) (vi)) — ¥jn(c) (¥ii(a)b(vi))
+0vjk(c) (i (@) (Vi) + Y (b)e(tij(@) (vi) — ((ij (@) (b)) (vi)
= k() (i (b)(via)) — Yik(c)(Yi(b) (via)) — jk(c) (i (@) (vi)b)
i (€) (Yij (@) (vi)b) + 1 (b) (¥ij (@) (vi))e — jn(b) (ij(a) (v:))e
= 0.

What we have seen so far is that by starting with an extension

and by looking at the A-module structure on F;;, we get a derivation 1);;.
Then we add an extension FEj, and show that the splicing of these short-
exact sequences gives an element in Ext? (V;, V4) and the formula for the cup
product. Using (2.12) in the proof of lemma 2.20, we see that the module

structure on Fj; is given by

(vj, vi)a = (vja + Pi(a)(vi), via).
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3.4 Massey products and extensions

Now consider the following diagram.

§ij
0
Yk
P - B REN
0 Vi Ej Vi 0 &k
4
/ | |
/
0 I Ez] Eijk Vk 0
\
\ |
Yij N
0 Vi Eiy, Vi 0
0

Let us see what we need to have an A-module structure on Ej;,: As a vector
space over k, E;jr ~ (Vi x V;) x V;, and since E;,~—FE;j; we know that

(vk, v5, 0)a = (vra + Pjx(a)(vy), vja,0).

Consider (0,0,v;)a = (®,1;;(a)(v;),v;a) and put e = 1;;x(a)(v;). Does there
exist an element v;;;, such that we get an A-module structure on E;;;,7 We
need that

(0,0, v;)(aras) = ((0,0,v;)a)as (3.8)

for a1,as € A and v; € V.
The left hand side in (3.8):

(O, 0, Ui)(al(lg)
:(wijk(além) (vi), i (araz)(v;), vi(araz))
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3.4 Massey products and extensions

The right hand side in (3.8):

((0,0,v;)ay)asy
(e (ar)(vi), iz (ar) (vi), 0)az + (0,0, viar)as
(wijk(al) ag + %k(&z)(%j(al)(vi)), %’j(al)(vz’)am 0)
(tijn(az)

%‘jk a2 Uial)awij(GZ)(vial)a (Uz‘al)az)

)
)

(
(v;
(

+

We see that the 3¢ coordinates are equal since V; is an A-module, and the
2" coordinates are equal since v, is a derivation. This is typical for these
calculations; all coordinates except one will be equal by the construction in

the previous steps. So consider the 15 coordinates:

wijk(alfh)(vi)
=i (a1)(vi)az + VYjr(az) (Vi (ar) (vi)) + Yk (az) (viar)
=i (ar)az(v;) + 55 0 Yjp(ar, az)(vi) + a1bijr(asz)(v;)

which implies that

(Vij, Yix; 0)(ar, ag)(vi)
= — (a1¥ijx(az)(vi) — Yip(araz) (vi) + Py (ar)az(v;))
= - 51¢ijk(@1,@2)(%)-

Conclusion: An A-module structure on E;j;;, is given by
(vk, vj, vi)a = (vea + Yji(a)(v;) + Yigr(a)(vi), via + Pi(a)(vi), via)
where —0';j1. (a1, az)(vi) = ¥ij 0 Yi(ay, as)(v;).

Let us assume that the product between ¢;; and ;i is zero, i.e. is § of ¥,

so that we have a module structure on E;;,. Now we add a third extension
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3.4 Massey products and extensions

&k (extending Vi, by V;) and consider the following 3-dimensional diagram.

Vi

V IR LT PP / . E.Z\k f_ _ ___________
Ej P TES Ly
g z M~ 4
f — V] S =7
§
§
§
§
i
i
/ s
\
Eij Eijk
| /77/ /
| /
! It
Eij | Eiju B
|
/ I ‘/ // /
| /
, /
l I l /r l
A
| -
I //
| //
[ i
[ el
[ el
|
4
Vi Ei,
Ey Ei Ely
The arrows —-»> in the diagram draw the sequence which comes from the
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3.4 Massey products and extensions

splicing of

0 V; E;; Vi 0 and 0 Vi Ejy, % 0.

We have assumed that this splice is zero in Ext?(V;, V), and from the di-
agram we can now explain what this means, as promised in section 2.7.1.

Since we have a module structure on Ejjj, the sequence “factors” via Fjjj:

Eij

0 Vi Ejj E;; Vi 0.

What conditions have to be satisfied for us to define an A-module struc-
ture on Ej;i; (the middle entry in the diagram)? As vector spaces over k, we
have Ejj ~ (Vi x Vi x V;) x V;, and to find the module structure we only
need to consider the “new” extensions we get in our diagram, because all the
other conditions are included in the previous steps.

We know that

(v, vk, v, 0)a = (va + Yr(a)(vr) + Y (a)(v;), vea + Yji(a)(v;), vja, 0).

Consider
(07 0,0, Ui)a - (.7 %‘jk(@ (Ui)v wij(a)(vi)v Uia)

and put ® = 1, (a)(v;). By comparing (0, 0,0, v;)(a1a2) and ((0,0,0, v;)a;)as
as in the previous step, we get that the 4" coordinates are equal (V; is an
A-module), the 3" coordinates are equal (1, is a derivation, i.e. Ej; is an
A-module) and the 2" coordinates are equal (the cup product (&;,&;0) is
assumed to be zero, i.e. Ej;; is an A-module). For the 1% coordinates to be

equal, we need

wz‘jkl(ala2)<vz’)
=Pijr(ar)(vi)ag + Yri(az) (Vi (ar) (vi)) + Yiu(az) (Pij(ar) (vi)) + Yijr(az) (viar)
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3.4 Massey products and extensions

which implies

Uri(a2) (Vijr(ar)(0:)) + ir(az) (ij(ar) (v5)) = =6"Uggular, az)(v;).  (3.9)

Conclusion: First of all, we see that we also need an A-module structure on
Eji, ie. the product between &, and &; must be zero (the arrows - >
in the 3-dimensional diagram). So if the products (&;;, ;x; 0) and (§k, Ei; 0)

are both zero, then we can define an A-module structure on Ejj;; by

(vr, vk, v, v5)a

=(via + Yr(a)(ve) + Yiu(a)(v;) + Yiu(a) (vi),
vra + Yj(a)(v;) + Yijr(a)(vi),
vja + pii(a)(vi),

v;a)
where ), satisfies (3.9).

We recognise the formula in (3.9) as the 3-fold Massey product. Assume
(&j,&%;0) = 0 as an element in Ext? (V;, Vi) which means that there exists an
element v, € Homy(A, Hom(V;, Vi) such that 64y = —(&;,&k; 0). And
assume (&, {; 0) = 0, so we have an element ¢;,, € Homg (A, Hom(V}, V)))
such that 6, = —(&k, &k; 0). Then

(&igr Eiks §his 0) = =i 0 Yy — iji © Y.

This element in Ext%(V;, ;) is represented by the arrows ~~= in the 3-
dimensional diagram. So the formulas for the Massey products come from
considering the elements that need to be zero in cohomology in order to build

new extensions.

Remark 3.12 Remember that 1-cocycles correspond to derivations; hence
whenever we have a 1 with two subscripts, it is a derivation and therefore a

1-cocycle. The 1)-s with more that two subscripts will be derivations when
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3.4 Massey products and extensions

we assume that the Massey product they correspond to is zero. ]

Now assume that we have an A-module structure on F;j;x;, and we want
to add an extension &, (extending V; by V). We will make no attempt
at drawing a diagram for this situation, but ask the reader to picture a 3-
dimensional square spiral (i.e. “we draw a cube of 3> V;,-s and draw arrows”).

By similar calculations as before, we need

¢ijklm(a1a2)(vi)
=iikim (a1)(vi)as + Vijrim(a2)(viar)
Fm (a2) (Yigri(a1a2) (Vi) + Vrim(az) (Vijr(araz)(vi))
Fjrim(a2)(Yij(araz)(v;))

to define an A-module structure on Ejjjm,.

From the formula

Vi (a2) (Vijri(araz) (Vi) + Yrim(a2) (Vik(a162) (Vi) + Vjrm(a2) (Vij(a1a2)(v;))
= - 51wijklm<ala GQ)(Uz')

we recognise the 4-fold Massey product from the formula in definition 3.3.
Assume that the products (&, £x; 0), (§ik, €3 0) and (Exy, & 0) are all zero.
Then we know that we can define the 3-fold Massey products (&;;, &k, Exr; 0)
and (&x, &k, &im; 0). Assume that these two Massey products are also zero as
elements in Ext?(V;, V;) and Ext? (V}, V;,) respectively, i.e. we have a module
structure on Ejjp; and Ej,. Then there exist ¢, € Homy (A, Homy(V;, V)))
such that &*m = —(&j, &k, Eu; 0) and Vg, € Homyg (A, Homy(V}, Vi)
such that ¢k = —(&k, &ty Em; 0). We have the formula

(fzm Eiks &kl Sims 0) = —ij © Yikim — Yijk © Yrim — Yijr © Yim-

This procedure goes on to give us the formula for a general Massey product
as in the formula in definition 3.3. When we are building modules like this

we want a module structure on each step, and so the Massey products we
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3.5 The Bockstein operation

get here are strictly defined.

Remark 3.13 The Yoneda construction can only be used for strictly defined
products, since we in this situation know that the product exists because we
have cochains to use. In other words, our defining systems are particularly
nice for these products.

We have shown that if our product is strictly defined, then we get a
certain module structure. However, we don’t know whether we have the
whole Massey product structure. If we did, we would have been able to build

the whole module category. [ |

3.5 The Bockstein operation

There is one more thing we need to introduce before we start putting things
together. Since we work in characteristic p, we would expect to get some
special p-fold products (and (power of p)-fold products), and indeed we do:

Let & € HY(G,F,). If we consider (§,&;,...,&;0), we may restrict the
defining system to get a restricted operation, see [22, page 440]. The defining

system M in example 3.9 is such a restricted system for (£;,&;,&1;0).

Theorem 3.14 In characteristic p the restricted product (§;,&;,...,&;0),
R —

p
denoted (&;;1), is the first such product that can be non-zero. Moreover,

it is defined as a single class of HQ(G,IFP), 1.e. it has no indeterminacy.

Proof:  See Kraines, [22, Theorems 15 and 17]. O

We consider the following short-exact sequence of abelian groups
0 — Z/pZ — 7./ p* 7 —2~ 7./ pZ. — 0. (3.10)

To the sequence (3.10) there exist connecting homomorphisms ¢ and [ such
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3.5 The Bockstein operation

that we get a long-exact sequence in cohomology, see for example [18]:

0

L HY(G,Z/pZ) —H'(G,Z/p*Z) — H (G, Z/pZ) j

B

L H*(G,Z/pZ) — H*(G, Z/p*L)

Definition 3.15 The map 3: H'(G,F,) — H*(G,F,) is called the first

order Bockstein operation.

Theorem 3.16 The restricted p-fold product and the first order Bockstein

operation are the same, 1.e.

(1) = =B(&). (3.11)

Proof:  We note again that the Steenrod operations don’t do anything for
H'(G,F,) and H*(G,F,), i.e. P°is the identity operation, see [3, page 138].
Combining this fact with Kraines’ theorem 14 in [22] we have the result.

g

Putting it the other way around, the Bockstein operation is a Massey prod-
uct. We will use (—; 1) to denote both products. The sign will not make a
difference for our purposes.

Now, if {¢;;1) is 0 as an element in H*(G,F,), we can define (&;;2), which
is a p?-fold restricted product etc.. In this way the restricted product is seen

to be a strictly defined Massey product:
Definition 3.17 We say that the product (&; k) is defined for k > 1 if (§;;1)

i1s defined and contains only zero for all | < k.
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3.5 The Bockstein operation

Kraines’ theorem 19 in [22] tells us that the p*-fold restricted product
(— k) : H(G,F,) —=H*(G,F,) (3.12)

has no indeterminacy, and is equal to — 3, the Bockstein operation associated

to the short exact sequence
0—Z/pZ— 7/p"" 0 -2~ 7 /p*7 —0. (3.13)

We note that the Bockstein operation 8y goes from H'(G,F,) to H*(G,TF,)
for all k. We show how this is done in the proof of theorem 4.3. For the
statement above we also note that Kraines assumes naturality and works
with the first and second cohomology groups for cyclic groups rather than a
general p-group G.

To summarise, in characteristic p we have

(—;r) = the restricted product (—, —,...,—;0) forr > 1. (3.14)
——
p?”
In particular, in characteristic 2 we get (—; 1) = (—, —;0).

So the Bockstein operations help us keep track of some of the Massey
products. In the next chapter we will be interested in these restricted prod-

ucts and the strictly defined Massey products from definition 3.6.
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Chapter 4

Cohomological presentations of

p-groups

In this chapter we will concentrate on a part of the Massey product structure
on H'(G,F,) and H*(G,F,), namely the strictly defined products, which
include the Bockstein operations.

We will use obstruction theory in the category of pro-p groups to find what
relations in a presentation of G the above mentioned products correspond to.
Once we have this, we can then study p-groups given by these relations from

a cohomological point of view.

4.1 Testgroups and defining systems

Denote by {I';(G)}i>o the lower central p-series for G, where

The quotients in this series are elementary abelian p-groups. Moreover, using

commutator identities, we can show the following lemma.
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4.1 Testgroups and defining systems

Lemma 4.1 Let G be a group generated by x1,...,x,. Then the elementary
abelian p-group T'y(G) /Ti11(G) is generated by elements of the form

T

[[xiwxlé]? s 7$is]p

where 1 < i, <n,t=1,...,s and s+r =k + 1.

Proof:  See [29, page 295] for the result in the case of the lower central series.
O

We now introduce some canonical groups U (s, r), called testgroups, which
will be used in the interpretation of the Massey products. Let U(s,r) be the
group of upper triangular (s + 1) x (s 4+ 1)-matrices with elements from
Z)p"17Z and 1-s on the diagonal, i.e.

(/1 « ¥ ...k )

0 1 =
Uis,r)=410 0 1 - «||*x€Z/p™
(\0 .-~ 0 0 1 J

We see that the elements {u;};_; = {Is11 + €;i11};_; will generate U(s,r).
Let us have a look at the lower central p-series for U(s,r):
e For 0 < n < r, we have that

(/1 prs prlx oo prsTly )
0 1 p™ « € L/p L
EnlUlsm)) = vy ! o p/x = * for j7 <0
P
0 0 0 1

\ Vs

Loosely speaking, for 0 < n < r, we push the commutators towards the
upper right corner, and for n > r + 1, we start pushing the p'* powers as

well, till we get the identity matrix.
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4.1 Testgroups and defining systems

e Forr+1<n<s+r, wehave

( 1 pn* pn—l* .. pn—s—i—l* )
O 1 pn* ¥ € Z/pT+IZ;
In(U(s,r)) = 0 O 1 o opvhx p'x = x for j <0;
L \o -~ 0 o0 1 )

This holds for 0 < n < r as well, but we want to make clear when the
zeros start appearing. We see that we have the identity matrix I;,; when
n—s+1=r+1ie. n =r+s. Forr+s==k+ 1 we therefore have
Fer1(U(s, 1)) = Is41 and

1 0 0 P )
0O 1 0 :
LyU(s,r))=¢fo o 1 . o ||xe€z/p™'Z},
0
L \0 -~ 0 0 1 J

hence I'y(U(s,7))/Tiks1(U(s, 7)) > F).

Using lemma 4.1, the quotients I',,(U(s,7))/Ts4+1(U(s, 7)) are generated
by (the images of) the elements

Ui gt = [[Uz, Uz’+1], e >Uj]pt

where j —14+t=n,1<:i<--- < j<sand 0 <t <r. In particular,
we see that for k +1 = s+ r, we have n — s+ 1 = r in I'y /Ty 1 (U(s,7)),
ie. j—i=s5—1,50 [}/Tp1(U(s,r)) >~ F, is generated by the element

r

Uy, sr = [[uh uQ]v cee 7us]p .
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4.1 Testgroups and defining systems

We will now consider the groups U(s,0). Then I';_1(U(s,0)) consists
of matrices which are identically zero except for 1-s on the diagonal and
elements from Z/pZ in the (1,s + 1)-entry. We are now in the situation
Dwyer considers in his paper, see [13, page 182], with U(R,n) = U(s,0) and
Z(R,n) = T's_1(U(s,0)). We give our version of Dwyer’s theorem 2.4 (the

change of sign appears since we use Kraines’ sign convention).

Theorem 4.2 Let &,...,&, be elements in H'(G,F,). There is a one-one
correspondence M<—s¢y; between defining systems M for (&;,...,&s;0)

and group homomorphisms
op: G—=U(s,0)/T,_1(U(s,0))

which have &1, ..., & on the superdiagonal (in the order given, i.e. the entry
(i,i+1) is &). Moreover, (&1, ..., 0y = 0 in H*(G,F,) if and only if the

dotted arrow exists in the following diagram.

Ul(s,0) — U(s,0)/Ts_1(U(s,0))

gy

Proof: Let M be a defining system for ({1, ...,&;0), i.e we have a collection
of 1-cochains m;; for 1 <i < j <s+1and (7,j) # (1,s + 1) with

mii =& fori=1,...,s; (4.1)
7j—1

Omiy = > —mag Uy for j #i+ 1. (4.2)
k=i+1

On the other hand, a group homomorphism ¢ : G —=U(s,0)/T's_1(U(s,0))
is given by a component array ¢;;, 1 <i < j < s+1, of set maps G —=Z/pZ
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4.1 Testgroups and defining systems

satisfying
j—1
$ij(9192) = 0i;(91) + i (92) + Y Siklg1) ki (92) (4.3)
k=i+1
for g1,9, € G. We see that ¢; ;41 for ¢ = 1,...,s are group homomorphisms

G ——=7/pZ , and hence cohomology classes in H' (G, F,).

So if we have a defining system M we can use the collection of 1-cochains
to get a group homomorphism ¢ by putting ¢;; = m,; and vice versa. Then
¢iiv1 =& by 4.1. To go between 4.2 and 4.3 we rewrite 4.3

J—1

$ii(91) — Gij(9192) + Dig(92) = D> —bin(91)drj (g2)- (4.4)

k=i+1

We recognise the left hand side as 6'¢;;(g1,g2). Here we use formula 2.16
from the bar resolution.

The right hand side is recognised as Zf;;l —{(Giks Prj; 0) (g1, g2) via the
Alexander-Whitney map in 3.4. So 4.4 gives 4.2.

For the proof of the second part of the theorem, we note that

so we are in the situation (2.18) and can apply theorem 2.27 with v(M) =
ObSG((ZﬁM). ]

If we write the short exact sequences defining the various Bockstein maps,
for example 3.10 and 3.13, using our testgroups, we can formulate an anal-
ogous result to theorem 4.2. It says that if (;k) is defined and is non-
zero, then we have a group homomorphism from G into Z/p*Z and it can-
not be lifted to Z/p**1Z. The proof will summarise the various informa-

tion we have given on the restricted product in section 3.5. Observe that
U(l,r)/T.(U,r)) ~ Z/p"Z and that U(1,r) ~ Z/p" ' 7Z.
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4.1 Testgroups and defining systems

Theorem 4.3 Let & € H'(G,F,). Then (&;7) is defined if and only if there

1$ a group homomorphism
¢, G—=U(1,r)/T(U(1,r))

lifting ¢,y for r > 2 with ¢1 = &. In particular, (£;7) = 0 in H*(G,F,) if

and only if the dotted arrow exists in the following diagram.

U, r) —=U(L,7)/To(U(1,7))

oy

Proof: We observe that U(1,1)/T'1(U(1,1)) ~ F,, H(G,F,) ~ Hom(G, F})
and (&;; 1) is always defined. By definition, (&;;2) is defined if (¢;;1) is 0. The
operation (—;1) is the Bockstein operation, which again is the connecting

homomorphism in the long-exact sequence from 3.10:

(p)*

- —=HY(G, Z/pZ) —H'(G, Z/p’Z) — H'(G, Z/pL) j

(=1)

L H*(G,Z/pZ) — H*(G, Z/p*7Z)

So if (—;1) = 0, then by exactness we have an element ¢, € H' (G, Z/p*7Z)

such that (-p)*(¢2) = &.
Now assume that (&; k) = 0 for k& < r, then the maps

HY(G, Z/p"7) — H*(G, Z/pZ)

in the long-exact sequences send ¢y to 0. If we intertwine the (r — 1)st and
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4.2 Strictly defined Massey products
and group relations

the rth long-exact sequences, we get the diagram

HY(G,Z/p"~'7Z)

b
'\_—\_x&
e WG,y M) W (G, E) 1 HEG ) —
g Ei— (&)
HY(G,Z/pZ) H*(G,Z/p'Z)

?

from which we see that ¢, exists and lifts ¢, iff (&;7) is defined. In par-
ticular, if (§;r) = 0 then a(¢,) = 0 and by exactness there is an element
brs1 € HY(G, Z/pP'E). O

4.2 Strictly defined Massey products

and group relations

We have introduced the Massey products on H*(G,F,), and in particular
the Massey products between H'(G,F,) and H*(G,F,). We will now use the
results in the previous section to show how we can relate strictly defined
Massey products to relations in our group.

We now fix the following notation: We let {;,...,&;} be a basis for
H'(G,F,), {n1,...,n:} be abasis for H*(G,F,) and form the free pro-p groups
T and T? on a dual basis for H'(G,F,) and H?*(G,F,) respectively. This
was introduced by Laudal, see [23]. Te. if F is the free group generated by

{&,...,&;} we have
T = lim(F/Ty(F))

and similarly for T2, where F is the free group on {nj,...,n}. From the

sequence 2.20 and theorem 2.30 we get a short exact sequence of pro-p groups

oG

Tt G 1.

1 T?
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So we have the existence of the pro-p morphism o¢ : 7? —=T" and
G ~T'/(imog),

where (imog) denotes the normal closure of (imog) in T

We have seen and used, in sections 4.1 and 2.7.4, the fact that elements
in H*(G,F,) are obstructions for lifting group homomorphisms. We want to
use obstruction theory to construct og, but we can’t start lifting if we don’t

have anywhere to start. However, since
T'T(TY) ~ G/T4(G) (4.5)
we have a diagram to start us off (this is special for p-groups!), namely

1 ——= [y (TY)/To(T) —= T JTo(TY) —= T /T4 (T") — 1.

T

G

And so we can use theorem 2.27 successively to construct og as the inverse
limit of 0,-s from T2 into quotients of T, see [23]. In this way, using obstruc-
tion theory on the lower central p-series of T, we get a structure theorem

for pro-p groups:

Theorem 4.4 The obstructions give rise to a morphism between pro-p groups
og: T* =Tt
and an isomorphism G ~ T'/{im og).

Proof:  See Laudal, [23, page 10]. O

The question we will address here is “How much of og can we calculate using
strictly defined Massey products?”
Note that I'o(G) = G. We have the canonical maps

T!/Ty(TY) " G /Tu(G) (4.6)
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with 7 being an isomorphism. The obstruction calculus determines the
kernels of the 7;, starting with ¢ = 1 and working upwards in such a way that
m will include all the obstructions on each level. For finite p-groups,
this process will end after finitely many steps

If we pick an 7} and consider a basis for I'y(T")/Tyy1(T") using left-
normed commutators and pth powers as in lemma 4.1, we have that OG(nj)

can be expressed on the form

T (TT 6 &) (47)

k>1 1,7

where s+r=k+1,1<i <d, t=1,...,sand 0 < c(i,7,j) <p—1.

We will now show how we can determine the ¢(i,7, j)-s from the Massey

products in the two cases

and we will concentrate on the strictly defined products
(—,—,-++,—;0) from definition 3.6, (4.10)

(—;r) from definition 3.17. (4.11)

We have the following theorem linking (4.8) and (4.10).

Theorem 4.5 Let {&1,...,&4} and {n1,...,n:} be a basis for H'(G,F,) and
H*(G,F,) respectively and let

t
<§i17 cee 7§Zs7o> = Z%n]
=1

be a strictly defined Massey product. Then, referring to (4.7), ¢(4,0,7) = o

where i = (i1,...,1s), $ > 2. Hence we get a correspondence between the
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4.2 Strictly defined Massey products
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product (&, ...,&.;0) and the commutator & ... & ].

i1 is

Proof:  Consider U(s,0) and observe that U(s,0)/T'1(U(s,0)) ~ F5. We

p
have

HY(G,F,) @, U(s,0)/T1(U(s,0)) ~ Mor(T*, U(s, 0)/T1(U(s,0)).  (4.12)

We will proceed by induction on s, so first let s = 2 (s = 1 comes under
(4.9)). Then our product is the Yoneda composition which is always de-
fined. By (4.12), a morphism 7' ——=U(s,0)/T1(U(s,0)) will correspond to
elements in H'(G,F,), so pick &,& € H'(G,F,) and consider the morphism

Yy TH — U(2,0)/T1(U(2,0))

11
& o |01
0 1
00

(e}
(e
—_

& +— 1 forev#1,2.

From (4.7) we see that ¢1(og(n;)) =0V j € {1,...,t}, which means that
the composition 9, o og is trivial, so we get a factorisation of ¢, via G, and
hence a group homomorphism ¢; : G—=U(2,0)/T';(U(2,0)) .

By theorem 4.2 we have a defining system for ({1, &;0) since we will have
&1 and & on the superdiagonal. We note that in the base step, our product
is always defined, and the defining system is already uniquely determined.
Now, since T is free, we have a lifting of 1) to ¥, : T' —=U(2,0), and
since 11 0 og is trivial we get that 1y oo0g: T? —=I1(U(2,0)) . We have
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the diagram

~
—
- Y2 ™
~
~
~ 7 oqa
b

71 i U(2,0)/T1(U(2,0))
G 1

What happens to og(n;) under the lifting 1,7 Well, from (4.7) and the

diagram above we see that

10 c0,)
balog(ny)) =0 1 0
00 1

where i = {1,2}. Moreover, by properties of the dual operator on finite

dimensional vector spaces,

a(0a(15)) = nj (Y2 © o). (4.13)

Using (4.12) on T? and U(2,0) ~ F,, we have that the map 1, 0 og gives us
an element in H*(G,F,). This will be the value of our defining system, since

it is constructed from v, so

15 ((€1,62; 0) = ¢({1,2},0,5)

and therefore if (£7,&s;0) = E;Zl a;n;, ({1,2},7,0) = «;, which finishes the
base step.
Now, let (&1, ...,&s;0) be a strictly defined Massey product , s > 3, which
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means (&, ...,&;0) =0 for 1 <k —i < s— 2. Then, by induction, og(n;)

have no commutators involving [- - - [£F

R

.., &) occurring.

Using (4.12), we are lead to consider a morphism

P TH — U(s,0)/T1(U(s,0))

e u; fori=1,...,s
¥ —
! 1 otherwise.

As before, 11 sends og(n;) to 1, and so it factors via G, giving
¢ G—=U(s,0)/T1(U(s,0)) .

Let 15 be the lifting from 7, which always exists. By assumption, all the
Yoneda compositions (§;,&41;0) are trivial, and also note that [u;,ug] = 1
for k # i + 1. Hence 1), also sends oG(nj) to 1, and so 1y factors via G to
give

do 1 G—=U(s,0)/Ts(U(s,0)).

Again, the lifting 5 : T1 ——=U(s,0)/T'3(U(s,0)) always exists. In general,
we get Y, (og(nj)) = 1 for m < s — 1. This is because (¢;,...,&;0) = 0 for
1 <k—i<s—2and all k-length commutators with u;-s for £ < s — 1 with
index set of the u;-s in the commutator # {i,i+1,...,k} is 0. So for strictly
defined products, this set-up singles out the relation we want.

We continue getting ;-2 and ¢;-s till we get to U(s,0)/T's_1(U(s,0)).
The map s factors via G to give ¢,_1, but for the lifting ¥5, we now get

10 0 ¢(i,0,7)
0 1 0
Ys(oc(n;)) =10 0 :
00 1 0
00 0 1

where i = {1,...,s}. The map ¢ ; will, again by theorem 4.2, give a
defining system for the Massey product (£1,...,&;0), and as for s = 2,
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the map 1,00q: T? —=Ts 1(U(s,0)) gives us the value of the defining

system, so using (4.13) for general s,

77;((51,---763;0> =c({L,...,5},0,))

and c({1,...,s},0,j) = a;, which finishes the induction. O
Similarly we get a theorem linking (4.9) and (4.11):

Theorem 4.6 Let {&1,...,&4} and {ny,...,n:} be a basis for H'(G,F,) and
H?(G,F,) respectively and let

<€i; T) = Z Q15
j=1

for i=1,...,d. Then, referring to (4.7), c(i,r,j) = cu;, where i = (i,...,1)
——

pT
and we consider the restricted product as in section 3.5. Hence we getl a

correspondence between the product (£;;7) and the p-th power (&)P".

Proof: Similar to the proof of theorem 4.5, using theorem 4.3 and the groups
U(l,r). O

Remark 4.7 The products we will consider will be the strictly defined prod-
ucts (&1, ..., &; 0) where the index-set {1,...,s} is such that not all entries
are the same. If all the &;-s are equal, we can also have strictly defined prod-
ucts, but in this case we can restrict the defining system and recognise it as
Bockstein operations which was done in section 3.5.

So the products (&;,...,&;0) are taken care of by the Bockstein opera-
tions. By theorems 4.5 and 4.6 we see that this makes sense from a “pre-
senting p-groups point of view”. For example, (£1,&1,&1;0) # 0 would give
(&5, €71, €] occurring in a relation, but this is always 1, whereas in charac-
teristic 3 (when the Bockstein exists), (£1;1) # 0 would correspond to &
occurring non-trivially in a relation. It also makes sense from a “Massey

product point of view”, as the restricted product (£;;1) is contained in the
product (£1,£1,£1;0). [
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4.3 Some examples

We now consider what we can do with the results in the previous section,
where we obtained a correspondence between certain Massey products and
group relations. Let us give a few concrete examples here and then see how

we can use the results more generally in the next section.

4.3.1 The Golod-Shafarevich inequality

Let d = dimg, H'(G,F,), r = dimg, H*(G,F,) and let r, be the minimal
number of relations defining G as an abstract group. We have seen that we
are dealing with a minimal pro-p presentation for our group, and that r, > r
(section 2.7.5).

The following theorem is due to Golod and Shafarevich.

Theorem 4.8 For any finite p-group G,

d2
> —.
"7

Proof: See Roquette’s proof, for example [16, page 104]. O

So the Golod-Shafarevich inequality says that to present a finite p-group
G with minimal generating set of rank d, we need at least | %] + 1 rela-
tions where |z | denotes the greatest integer < z. An interesting question is
therefore “For how big d has one found p-groups with Ld;j + 1 relations?”

As a first example of writing down Massey products from a group pre-
sentation using theorems 4.5 and 4.6, we use a group that relates to this
question. In the article [33], Newman, Sauerbier and Wisliceny give the

following pro-p presentation on 5 generators and 7 relations.

G = {.131,.’172, LU3,.§U4,Q?5|[.§U1,.T2] = 17 [1’1,.773] = x;pv [1'57334] = ':CEL [LU5,Q?3] = x;pu

(21, 24] = [22, x3|abah, [x1, 25] = [22, x4], [12, T5] = [23, 425"}

which defines a finite group for all p > 2. They have found finite pro-p groups
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with L J + 1 relations for 5 < d < 8. For d < 4 one can find finite p-groups.

Using theorems 4.5 and 4.6 to read off the Massey products requires that
the presentation is of a certain form. The interesting observation is that the
pro-p presentations Newman et al. have are in such a form. Mike Newman
says “Initially we tended to write down the presentations in human intelligible
form. With more experience we realised that for computational purposes one
should use somewhat different forms”.

From the presentation of G we can write down the following Massey
products (with £ = z; fori =1,...,5).

o (£1,6;0)=m o (£3,8550) = —ns
o (£1,830)=m o (§,850) =15
o (1,840) = o ({i51) =

o (£1,6:0)=m e (1) =

o (&, &3 >—773 o (&il)=m+ns
o (£,840) = o ({51) =15

o (£,8550) = o (&i1) =mr

o (£3,64;0) =

This is a strictly defined product structure on H'(G,F,) and H*(G,F,)
where dimg, H'(G,F,) = 5. No higher order products are strictly defined,

since all possible products (—, —; 0) and (—;1) are non-zero.

4.3.2 Groups of a given order

Now consider a group G of a given order, |G| = p" say. Then we know that
there are n possibilities for dimg, H'(G,F,) for n # 0, as this is the minimal
number of generators for G.

For dimp, H'(G,F,) = 1, G ~ Cpn and for dimy, H'(G,F,) = n, G is
elementary abelian, so we go through the possibilities dimp, HY(G, F,) €
{2,...,n — 1}. For each of these, we choose various Massey product struc-
tures. From the products we then write down the relations we get, keeping

track of where they end up in the lower central p-series, i.e. we find the
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kernels of the 7;-s in (4.6). Using the exact sequences

fori =0,1,..., we make sure |G| doesn’t get too big.

@ystein Nordvik, a student of Laudal, considered groups of order p* this
way, see [34]. We have gone through his calculations and also checked all the
presentations using Magma, where we found some interesting groups. Some

of them will be used in the examples here.

Let |G| = p* and consider the case when H'(G,F,) is 2-dimensional with
basis elements &; and &. The products (—; 1) and (—, —; 0) are always defined
and have no indeterminacy. The possible products here are (£1;1), (&2;1),
(€1,£1;0), (£2,&2;0) and (&1, &2;0). As pointed out in remark 4.7, the products
(€1,&1;0) and (&9, &; 0) are taken care of by the Bocksteins, so will be omitted.

Hence a choice for a strictly defined Massey product structure is
o (&ii1) =m,
e (£:1) =0,
® (&1, 0) =

Then for a strictly defined structure, the only other product that is defined
is (£2;2). Suppose

o (£2:2) =m.

By (4.7) and theorems 4.5 and 4.6, this combination of Massey products gives

the presentation

G={&.81E)r =1 8l =1}, (4.15)

which we recognise as H from example 2.31 with p = 3. Using commutator

identities and the sequences (4.14), we find |G| = p*.
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Lemma 4.9 Having chosen a basis, {£1,&} say, for HY(G,F,), the following
cohomological data completely determine the group G in (4.15).

e dimg, H'(G,F,) =2,

o (—;1) has rank 1,

e (—,—;0) is injective modulo (—; 1),

o (—:;2) has rank 1 and is 0 modulo (—,—;0).

Proof: We claim that the data given will give us the combinations of prod-

ucts we gave above: From the data we can write down the following.
o (&i;1) = am,
(&1, 0) = aonp,

o (£2;2) = agnp,

where oy, ay, a3 € F, — {0}. Put & = aza; '€ and & = ayé,. Using 4) in

remark 3.10, we get
o (£51) = azay taum =1y,
o (£1,65:0) = awazmp == 1,
o (£:2) = avagne =1,

which is the same as what we had.
Using the relations these products give and commutator identities, we
find that ['3(G)/T4(G) =1 and |G| = p*. O

Let us give another example, this time giving a group presentation which
is not given by strictly defined Massey products and also showing some cal-

culations using the sequences (4.14). Let
G = {a,bla”[a,b] = 1,0" = 1,[[a,b],b] = 1}.

Using theorems 4.5 and 4.6 “backwards”, we see that the product (a*,b*;0)

is non-zero, as the commutator [a, b] is involved in one of the relations. This
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means that the 3-fold product corresponding to the 3-fold commutator is not
strictly defined.

We will now show that |G| = p*: Since we have two generators, G /Ty (G) ~
(F,)? and since a? = [b,a], I'1(G)/T2(G) is generated by a? and b°, and
so I'1(G)/T9(G) ~ (F,)% By sequence (4.14) for i = 1, |G/T2(G)| = p*.
Now consider T'y(G)/T'3(G) which is generated by a?”, b°, [a, b]?, [[a, b], a] and

[[a,b],b]. First, observe that [[a,b],a] = [a?,a] = 1, and so we have
[a?,b] = a=®Va,bla? [a?~L, b] = [a, b][aP~1, D] (4.16)

which gives [a?,b] = [a, b]P by induction. Hence

2

a” = la, b’ = [a”,b] = [[a,b],b] =1

and so I'y(G)/T'3(G) =1 and |G| = p*.

4.3.3 Groups of exponent p

An interesting question is “What sort of groups do we get by putting various
conditions on the cohomology product structure?” For example, Thomas
Weigel asked us “If the (1. order) Bockstein operation is injective, is the
group of exponent p?”

A group of exponent p is a group where all non-trivial elements have order
p. Let us first consider the case p = 2. If we have a group of exponent 2, it

is abelian, and

B(r,2) ~ é Cy,
i=1

where B(r,2) is the free Burnside group F/F? where F is a free group of
rank 7.

Again, using theorems 4.5 and 4.6 “backwards’, we see that the Bockstein
operations (&;; 1)I_, for B(r,2) are all non-zero and linearly independent, and
so a group of exponent 2 will have injective Bockstein operation. For general
p, if G is of exponent p, then the 1. order Bockstein is injective, see [3, sections

4.3 and 5.8] where one finds more details on the Bockstein homomorphism.
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Let us consider the reverse statement and give examples to show that the
answer to Weigel’s question is “no, not in general”.

The quaternion group () of order 8 is an example of a group with injec-
tive Bockstein as it is given by the products (£1;1) = 1, (&;1) = 1o and
(&1,&9;0) = m1 + ma, see [23]. The group has exponent 4.

In characteristic p for p # 2 we can find more groups of exponent > p

with injective Bockstein. For example the groups
Gr={a,b,cla® =1,0" =1,cPa,b] = 1,[a,c] = 1,[b,¢] = 1}

and
ng ={a,b,c|tP =1, =1,d[a,b] = 1,[a,c] =1,[b,c] = 1},

which both have injective Bockstein operation.
These presentations are pro-p presentations of the groups G; and Gy
(hence names) in Burnside’s list of groups of order p?, see 7], both of expo-

nent p?. For example,
G7 - {‘/’U7 iy7'21|'/Ep2 - ]‘7yp - 17Zp - ]'7 [y? 'Z] - xP? [a:‘? y] - 17 [x7 Z] - 1}7

and from G we deduce ¢® = 1 by calculations done in (4.16). We note that

Magma gives for p = 3, |G| = 7 - 3.

Still referring to Burnside’s list of groups of order p*, we would also like
to have a look at G4, which is another example of a group of exponent p?
having injective Bockstein. This also raises an interesting point which we will

come back to later. Burnside gives the following presentation of this group.
G ={abcla” =1, =1," =1,b""ab = a'*?, ¢ 'ac = ab, ¢ "bc = b}.
This can be reduced to a minimal generating set to give

G ={a,c|la” =1]a,d? =1," =1,a"[[a,d,a] = 1,[[a,c],d = 1}.
We now use the same argument as in lemma 4.9 with £ = a3&; and &, =

77



4.3 Some examples

az?a1&. Then the following cohomological data with {£1,&,} as a basis for
H'(G,F,) turn out to give this group.
Gll ® dil’n[gp H1 (G, Fp) = 2,

e dimp, H*(G,F,) =3

e (—;1) is injective,

o (— —;0) is zero,

o (—,—,—;0) is injective,

e (— — —;0) has rank 1 modulo (—;1),
. <51,52,€17 0) € (&;1).

e Presentation: {a,bla?[[a,b],a] = 1,0P =1, [[a,b],b] = 1}.
e Note: For p = 3, if we replace a*[[a, b], a] = 1 with b3[[a,b],a] =1

then, according to Magma, we get a group with largest p-quotient

of order 38.
e Also note: If we consider the group {a,b|b[[a,b],a] = 1,a® =
1, [[a,b],b] = 1}, we get a group of order 81, but it is not isomor-
phic to Gyy; it is isomorphic to G119, given by the data
G12 [ ] dime I‘I1 (G, Fp) = 2,
e dimp, H*(G,F,) = 3,

e (—:1) is injective,

e (—, —;0) is zero,

o (—,—,—;0) is injective,

e (—,—,—:0) has rank 1 modulo (—; 1),
. <€17€27£17 0) ¢ (&1:1).

Presentation: {a,bla? = 1,b"[[a,b],a] = 1,[[a,b],b] = 1}.

Note: For p = 5 we get a group of order 5* - 11, with largest

p-quotient isomorphic to Burnside’s G5 for p = 5.
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Remark 4.10 We see that what we have in these examples are groups where
we start out with the Bockstein being injective and then build a group where
some of the other Massey products link (have a linear dependence relation)
with the Bockstein. Then the p-power relation ends up in a lower level in

the lower central p-series, hence raising the exponent. [ |

Using the idea in remark 4.10 we should be able to recognise the cohomolog-
ical conditions for a group to be of exponent p. So let us give an example of
such a group. This group will generate a family of such examples by taking
direct products with copies of C),.
G4 e dimg, H'(G,F,) = 3,

o dimp, H*(G,F,) =7,

e (—:1) is injective,

e (—,—;0) has rank 2, and rank 2 modulo (—; 1),

(—,—,—;0) is injective modulo (—;1) and (—, —;0).

Presentation: {a,b,cla? = 1,00 = 1,¢# = 1,]a,c] = 1,[b,¢] =
1,[[a,b],a] = 1,[[a,b],b] = 1}.

For this group, the 1. order Bockstein operation (—; 1) is injective and the
other strictly defined Massey products are linearly independent of the values
of (—;1). And the group has exponent p. Also note that since all products

are linearly independent, we don’t need to worry about the choices we make.

4.4 A procedure and a tree construction

Following up on section 4.3.2, we will now elaborate on the terms used there
and try to put the various examples we have seen into a bigger picture.

We are now looking for groups of order p” for arbitrary n given by strictly
defined Massey products, and first we give a procedure for writing down such

products. The values of these products are elements in H*(G,F,), so denote
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by {—} the subspace of H*(G,F,) spanned by the elements in the bracket.

Procedure:

Level 1: e Decide the rank of (—;1).
e Decide the rank of (—, —;0) modulo {(—;1)}.

Level 2: e Decide the rank of (—;2) modulo {(—;1),(—, —;0)}.
e Decide the rank of (—, —, —;0) modulo
Level n: e Decide the rank of (—;n) and (—,- -+, —;0) modulo
+1

lower order products.

Since we have strictly defined Massey products, this procedure will automat-
ically stop: As long as a product is zero, we have the existence of cochains
which we can use to define more products. When a product is non-zero, we
don’t use this product in a strictly defined situation.

After having decided on the various ranks in the procedure, which we
refer to as then having cohomological data, we write down a possible product
structure using a chosen basis for H' (G, F,,). If for example {£;, &} is a choice
of basis, (—; 1) is injective and (—, —; 0) is zero modulo (—; 1), then a possible

product structure is (£1;1) = n1, (€2;1) = no and (&1, &;0) = ;.

Definition 4.11 As we only write down strictly defined products, the prod-
uct structure we get is called a strictly defined product structure on H'(G, F,)
and H*(G,F,). When we have such a structure, we have a set of elements
in H?(G,TF,) assigned to the various strictly defined products with linear re-
lations between them telling us how the products relate to each other. Hence

telling us how the various group relations corresponding to these products are

linked.

We will come back to how well-defined the procedure is in the next section.

For this we will need to consider the choice of basis and the various product
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structures we can have from the same data. But first we would like to show
how we can keep track of this procedure by a tree construction.

We can organise the various possibilities in the procedure and the strictly
defined structures in a tree. As soon as our choices make the procedure stop,
we work out what the group is using theorems 4.5 and 4.6. In this way,
combinations of Massey products give rise to a tree of p-groups.

So via the procedure we use cohomological invariants to group the p-
groups into infinite families, which will be branches in our tree. We have
investigated some of the branches in the tree for 2-generator groups, as shown
in appendix B.

Let us consider the group G, 3 appearing in the diagram in appendix B:
We follow the path upwards from G, 3 to read off the data that give this
group as a possibility. Hence for Gy 3, (—; 1) has rank 1, (—, —; 0) is injective
modulo (—; 1), (—=;2) is 0 modulo (—;1) and (—, —;0), and it is actually 0,
hence (—;3) is defined, which is non-zero, but 0 modulo (—; 1) and (—, —;0).

The families of metacyclic p-groups G, y—om 1= G(m, N — 2m) will give
us branches in the tree. These groups will be studied extensively in the next

chapter.

Definition 4.12 Let A,,,, denote the direct product of Cym and Cpyn, i.e. an

n

abelian group of order p™*™ on two generators.

In the tree construction in appendix B, we get out the families {4, }m>1
for each fixed n. Suppose, without loss of generality, that m < n. These

groups are given by the following cohomological data.
Apn e dimg H'(G,F,) = 2,
e dimp, H*(G,F,) = 3,
e if m =n, (—;m) is injective,
e if m < n, (—;m) has rank 1 and (—; n) has rank 1 modulo (—;m),
e (—, —;0) is injective modulo (—;m) and (—;n).
Another branch will give us groups N; where the largest p-quotient is of

order p* for i = 4,5,...,p+ 1. Having p > the class of the group means that

we don’t mess up the commutator structure.
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Definition 4.13 The family {N;} starts out as follows:
o Ny={z,ylz? =1L y" =1 [z,y,yl =1 [z,y,z,2] = 1, [z,y,2,y] = 1}

o Ny ={z,yla? =1,y =1,[z,y,yl = 1,[z,y,z,y] = 1,[z,y,z,2,y] =1,
[z,y,x,x,2] = 1}

No = {z,ylz? = 1,9 = 1,[z,y,y] = 1, [z,y,2,y] = 1, [z,y, 2,2,y =1,
[x7y7x7x7x7y] = 17 [x,y,a:,:c,a:,:c] = 1}

Ny ={z,ylz? = 1,9* = 1, [z,y,y] = 1, [z, y,2,y] = 1, [2,y,2,2,y] =1,
[x7 y? x? x7x7 y] - 17 I:‘/I;7 y?x7 x?'x? x? y] - ]'7 I:x7 y?‘/L‘7‘/’E7'/L‘7x7 '/L‘] - 1}

Ns ={z,ylz? = 1,9* = 1,[z,y,y] = 1, [z,y,2,y] = 1, [2,y, 2,2,y =1,
[1’7 y) x’ x?‘/'l?’ y] == ]‘7 [x7 y)aj’ l’,ﬂf, x? y] - 17 I:x7y’ :L".I’ x"rﬂ x’ y] - ]"

[v,y, 2,2, 2, 2,x,2] = 1}

Studying this family tells us again what a mess presenting p-groups really
is. Magma tells us that the underlined relations are in fact redundant, but
we have left them in to see the pattern more easily. Some of this can be
explained using commutator identities.

We get the family {N;} from the following cohomological data using the-
orems 4.5 and 4.6: We start with H'(G,F,) being 2-dimensional with basis
&1,&2, where &7, &5 will be x,y respectively. In the procedure we start with
(—; 1) being injective and (—, —; 0) being zero. Since (£1,&2;0) is zero and is

antisymmetric, we can define the 3-fold products

(€1,62,61;0), (61,82, €25 0), (62, 61,615 0) and (2,81, 62;0).

Now, since the product (—, —;0) is antisymmetric, we will call the products
(—,...,—;0) going from H'(G,F,) A\H'(G,F,) @ H'(G,F,) ®--- @ H' (G, F,)
to HQ(G,FP), where A denotes the antisymmetric tensorproduct, the anti-
symmetric Massey products. So for 2 basis elements we get ({1, &2, &3 0) and
(&1,&9,&9;0) as a basis for the 3-fold antisymmetric products etc.

We note that there certainly are more products floating around which
will be strictly defined, for example (&5, &7, &1;0). Choosing the antisymmet-
ric products however, will give us the family {/V;} (and other groups). Our
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choice also makes sense from a group theoretic point of view, which we should
keep in mind, now that we have theorems 4.5 and 4.6 telling us the corre-
spondence between products and relations. For example, I'y(F')/T's(F) for a
2-generator free group F on z,y can be generated by v [z, y]?, [z, y], «]
and [[z,y],y]. T.e. we don’t need elements like [[y,z],z|, by commutator
calculations.

Building the family {V;}, we let (—, —, —;0) be of rank 1 and choose
(€1,&9,&;0) # 0, hence no products involving (£, &, &2;0) will be strictly
defined. So we build on the product (&1, &, &;;0). For Ny, the antisymmetric
4-fold product is injective modulo the lower order products, whereas for Nj
it is of rank 1. Choosing (£1,&s,&1,&;0) # 0 we build on (&, &, &1,&;0)
and get N5 when the antisymmetric 5-fold product is injective modulo lower
order products.

In general, we get N; having chosen

<§17§27§17 B 751752;0> 7é 0
~—

i—4

and the i-fold antisymmetric product being injective modulo lower order
products. It is the relation [z,y,z,...,z,y] = 1 that turns out to be redun-
——

i—4
dant.

Things one can explore further in connection with this family are: Can
we spot which relations are redundant from the Massey products? Maybe
by considering the defining systems we can have. We have attempted this,
but haven’t been able to state any nice results.

Also, what happens when we take away the choice of antisymmetric
products? For example, for (£1,&s,&1,&;0) to be strictly defined we need
(€1,&,81;0) = (£2,&1,£2;0) = 0 which we assume here. This relates to the
question and problem of how well-defined the procedure is. Because of this,
we will need more investigations before we can make any general results.
However, we feel that the tree using cohomological data is a nice way of
grouping p-groups and, considering certain parts of this tree, we can state

small results.
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Lemma 4.14 Let dimg, H'(G,F,) =2 and let £, & be a basis. If we stop the
procedure for writing down strictly defined Massey products on H'(G, F,) and
H?(G,TF,) after level 1, i.e. having assigned non-zero values to (&1;1), (€55 1)
and (&1,&2;0), then the finite pro-p groups G we get are either abelian or

metacyclic.

Proof: In order to have a finite pro-p group we must have either that 1)
the products (£1; 1), (&; 1) and (£, &; 0) are all linearly independent or that
2) (&;1) and (£2;1) are linearly independent and one or both are linearly
dependent on (&1, &s;0).

To see why these are the only possibilities, we use theorems 4.5 and 4.6 to
see what kind of presentation we get. By the Golod-Shafarevich inequality,
see theorem 4.8, we must have at least 2 relations so the products can’t
all be linearly dependent. And a group with relations (£)P(&)? = 1 and
(65, €3] = 1 is not a finite group. 1) is abelian and 2) is metacyclic, as we will

see in theorem 5.11. O

4.5 Indeterminacy- and

well-definedness-considerations

In the previous section we introduced a procedure producing groups via a set
of cohomological data. And the tree construction tells us that we can talk
about a p-group being in a certain branch and at a certain level according to
the cohomological data that determine the group.

On each level of this procedure we made various choices. In this section
we consider how well-defined the procedure is. The other problem we need
to deal with is the indeterminacy of the Massey products.

Let us first consider the indeterminacy. In order to get useful interpreta-
tions from the Massey products, as in [14], [15] and [44] (topological), the first
thing we need is to be able to talk about a unique value for these products.
This means we want the indeterminacy to be zero.

As we have seen, the Bockstein operations have no indeterminacy, but
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the products (—, ..., —;0) do. Recall that

IH<§1, cee 75870> = {.CC - y‘x7y € <£17 s 75870>}

We give an example showing how the indeterminacy come into play.

Example 4.15 Let dimy, H'(G,F,) = 3 and let {&1,&,&} be a set of basis

elements. Suppose we have the products
o (§1,8;0) =0,
o (,830) =0,
o (£1,63;0) =,

° <§1,§2,§3;0> =12

The relations corresponding to these products are [£], 5] = 1 and [[£765], &5] =
1.

One of these products have non-zero indeterminacy, namely (&1, &2, &3;0).
This means that we have several defining systems for the product, giving
different values. In example 3.9 we calculated In(;, &, &;0). Similar calcu-

lations will show that

(€1,€3;0) € In(&1, 62, €35 0),

which means that another value for (£1,&2,£3;0) is 11 + 72. So we have a
problem since we can’t speak of a unique cohomology class as the value for
this product.

However, here we see that the relations we get using the other value will

not change the group: The relations corresponding to

(€1,€3;0) = m and (§1,82,83;0) = m + o

are

(€1, &6, 31, &3] = 1T and [[€7, 6], 6] = 1

which give the same relations as before! [ |
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The observation in this example gives us hope: We have indeterminacy, but
it looks like we (at least in certain cases) can control it.

The indeterminacy consists of elements in H*(G,F,) and from the way
we build the strictly defined Massey products we see that the indeterminacy
must be values of the lower order products. I.e. the indeterminacy will make
new linear dependence relations between the different levels in our procedure,
hence will link a product to lower order products.

Peter May, see [31], has worked on the indeterminacy for matric Massey
products. These products generalise the Massey products, which can be
considered as (1 x 1)-matric Massey products. For example he gives an up-
per bound for the indeterminacy of strictly defined matric Massey products.
However, we feel that the statement he gives, [31, proposition 2.4], is not

correct for our purposes, and we give the following result.

Theorem 4.16 Let dimy, H'(G,F,) = 2 and let p > 3. Then the strictly
defined Massey products on H'(G,F,) and H*(G,F,) have no indeterminacy,

i.e. we can uniquely determine the c(i,r,j)-s in (4.7).

Proof: Let &, & be a basis for HY(G, [F,), i.e. all 1-cocycles are linear com-
binations af; 4 3¢, for o, B € F,,. We recall that the Massey products behave
well with respect to multiplication by invertible scalars by 4) in remark 3.10,
and also with respect to linearity as (—, —;0) is bilinear.

The product (£;,&2;0) has no indeterminacy, so take two defining sys-
tems M and M’ for a Massey product (§;,,...,&,;0) with ¢; € {1,2} for
j=1,...,8, s> 3. Since the Massey products don’t depend on the repre-
sentatives of the &;-s, m; 41 = m;i“ for t =1,...,s. The entries m;; and
m;; for 1 < < j < s+ 1;(i,75) # (1,s +1),j # i+ 1, will differ by a
1-cocycle.

This means that v(M) —v(M’), which is the indeterminacy, will be linear
combinations of (£;,&1;0), (£2,&2;0) and (&1,&2;0). Since p > 3, (£1,£1;0) =
(&5,&;0) = 0, and since we have strictly defined products, (£1,&;0) = 0,

and so the indeterminacy is zero. O

Remark 4.17 During the viva, the examiners raised doubts about this
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proof. We therefore would like to add the following: This proof is OK for
products only involving &; and &. However, for products involving linear
combinations of & and &, we need an induction argument to show that a
general product is defined. Also, to show that the indeterminacy is zero for
such products, we need another induction argument where we make use of
May’s proposition 2.4 in [31]:

A general triple product will be covered by the case

(a1, BE1 + 762, 061 + €623 0).

Assume this product is strictly defined, i.e. all lower order products involved

are (. In particular,

0= (&1,& + & 0) = (£1,£150) + (61,6 0),

hence (&1, &,;0) = 0 since p # 2. Now, by proposition 2.4 in [31], In{a&;, & +
€2, 081 + €£2;0) = 0, since this will only involve the Yoneda compositions,
which are all 0.

For higher products, things are not quite clear. E.g. consider the product
(&1,64 &, 6 +82,8 +&;0). If we assume that this is strictly defined, we can
write down a system of linear equations from all the lower products which are
zero. The question is whether we from these equations can deduce that the
indeterminacy is zero. By proposition 2.4 in [31], the product (&1, &, &1 +&2;0)
is an element in the indeterminacy, but we can not see that this should be
zero. One thing to do would be to consider the defining systems for all the

products involved, but we realise that this will take some time. |

For more than two generators we will have indeterminacy, as in example
4.15. And so the question is “What does the change of linear dependence
relations between the products do to the various groups we get?” To solve this
we might need to define an equivalence relation on a strictly defined Massey
product structure so that equivalent structures give isomorphic groups. From
the point of view of the modular isomorphism problem, which is discussed in

the next chapter, we also want the equivalence relation to be determined by
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F,G, i.e. if two structures both come from F,G, they should be equivalent.

We might also try to push theorem 4.16 further to control the indetermi-
nacy, as it seems to us that only the product (—, —;0) should give a contri-
bution.

However, we feel that the theory of A..-algebras, which was suggested
to us by Dave Benson, will be a better approach to deal with the problem
of indeterminacy in general. This theory seems to put the internal product
structure on H*(G,F,) into a very nice framework, and is something we

intend to investigate.

We next consider the well-definedness of the procedure, and concentrate
on the case when H'(G,F,) is 2-dimensional. In this case, theorem 4.16 tells
us that our products have unique values, but what if we pick another basis for
our products -will the relations we can write down for these various choices
give us isomorphic groups?

We saw an example of the sort of argument we need in lemma 4.9. In this
lemma we had already chosen a basis, and then showed that if we were given
a particular set of cohomological data, we could find a base change such that
the cohomological data uniquely determined the group we were considering.

What would it mean for our procedure to be well-defined? Say our choices
make the procedure stop at level n and we have a set of cohomological data.
If we put in the basis {£1, &} we get out a group G. We need to consider a

general base change

§ =0+ B8 and & =8+ 06 (4.17)

with a, 8,7,0 € F, and ad — y8 # 0, and show that the group we get using
{&], &} is isomorphic to G, as a pro-p group.

To show this it is sufficient that the linear dependence relations between
the various products are preserved under the base change, as the linear de-
pendence relations tell us how the relations are linked. For example, the
linear dependence relation (£;,&5;0) = (&;1) + (£2;1) holds for both the
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structures
(€1,62;0) = m = m+n
(1) = —m and = m
(€23 1) = 1+ = M

and the two groups we get from these structures are isomorphic.

However, this is not a necessary condition as we are dealing with pro-p
presentations, i.e. we can have a finite p-group isomorphic to a finite pro-p
group, see lemma 5.29 for an example of this.

Assume the procedure stops after level 1. Then

(€1,65;:0) = (a&i + B, 761 + 0&2;0)

= (ad — By)(&1,62;:0) + av(&1, &3 0) + B(E2, €23 0),
(&;1) = ali; 1) + B 1),
(€3 1) = Y(&;1) + (&3 1).

For p > 2, (£1,£1;0) = (&2,&;0) = 0, and so since ad — By # 0, the linear
dependence relations between (&1, &;0), (£1,;1) and (&9; 1) are preserved. For
p=2,(&; 1) = (&,&:;0), but we still keep the linear dependence relations.

Now,

(€1,65,61;0) = (a& + 882,761 + 082, a1 + 56,3 0)
= ayal, &, 650) + Byalse, &,650)
+ada(lr, &2,6;0) + Béa(Ss, &2, 613 0)
+ayB(&1, &1, 25 0) + 87662, &1, 615 0)
+ad (&1, 62, 62;0) + BOB(E2, €2, 62;0).

So we see that in general a base change will link a product of length s with
other products via products of length s.

We state the following conjecture.

Conjecture 4.18 Let dimy, H'(G,F,) = 2. Then the procedure in section

4.4 is well-defined in the sense described above.

For the proof, we feel it should be possible to do induction on the level
of the procedure. We have seen that the base case (level 1) is OK. For the
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induction step, consider a base change (: § ) as in (4.17). We observe that
it suffices to solve the conjecture for the base changes (1§), ({1) and (99),
as these will generate the general case. The second case should follow from
the first by symmetry although we might need an extra argument.
However, the induction step needs a bit more work, and we might need to
think in terms of an equivalence relation as mentioned earlier. Note that since
preserving the linear dependence relations is sufficient but not necessary, we
still should be able to solve the conjecture even though this induction should

turn out to cause problems.
The procedure and tree construction are an attempt at making the theory

we have introduced usable, and although we have identified various problems,

this gives a different way of looking at the classification of p-groups.
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Chapter 5
Metacyclic p-groups

In this chapter, we study metacyclic p-groups from a cohomological point
of view, in particular, we give O-deficiency presentations for split metacyclic
p-groups using strictly defined Massey products.

We start by studying metacyclic p-groups and putting the split meta-
cyclic p-groups of deficiency 0 into families. Using the tree construction in
appendix B, it turns out that we can give new 0-deficiency presentations for
split metacylic p-groups (another such presentation for metacyclic groups in
general is found in [4]).

We find an F,G-free resolution of ), for a metacyclic p-group G, calculate
H'(G,F,) and H*(G,F,) and then calculate the Massey products using the
Yoneda cocomplex. All these calculations are written down in great detail

and in the last section we analyse them.

5.1 Basic results on metacyclic p-groups

A finite group G is called metacyclic if G has a cyclic normal subgroup N
such that the quotient G/N is cyclic. In this section, we collect some results
about metacyclic p-groups. We will assume throughout this chapter
that p is odd. The reader is referred to Liedahl ([27] and [26]) for the

proofs of the results in this section.
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Theorem 5.1 A metacyclic p-group G of order p™ may be given by a pre-

sentation

G={ab|a" =1,0" =a' b tab=al},
where
i) n+m=N,
i) ¢ =1 (mod p"),
ii) p" | i(g —1),
and each such presentation defines a metacyclic group of order p~. Moreover,
we have the following facts:

iv) We may assume N >2 andn € {1,...,N}.

v) It suffices to consider those q of the form (p + 1)?" (p is odd), where
t € {max(0,n —m —1),...,n—1}.

vi) We may assume i = p°, where s depends on the triple (n,m,t) and

se{n—t—1,...,min(n,m)}.

O

Remark 5.2 The parameters n,m,t and s will refer to the presentation

given in 5.1, and we will denote this group by G(n,m,t,s). [ |

A metacyclic group is called split if it is expressible as a semidirect product
of two cyclic subgroups. We will say K splits GG if K is cyclic, normal in G,
G/K is cyclic and G —G/K splits.

Theorem 5.3 If s = min(n,m) then {(a) splits G. On the other hand, the
element b generates a mormal subgroup of G if and only if s < t + 1. If
s <t+1 and s < min(n,m) then (b) splits G. O

Liedahl uses the following result to enumerate split metacyclic p-groups.
We will use the result to place the split metacyclic p-groups of deficiency 0
into families, and for each family give presentations given by strictly defined

Massey products.
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Theorem 5.4 If N > 3, then each non-abelian split metacyclic group of
order pV is obtained exactly once by letting the parameters n,m,t and s vary

according to
ne{23,...,N -1},
t € {max(0,2n — N —1),...,n — 2},

s =min(n, N —n).

5.2 Split metacyclic p-groups of deficiency 0

Because of the relation b~!ab = a(p“)pt, the following lemma will be very
useful to us throughout this chapter (it is also used in the proofs of the

results in the previous section):
Lemma 5.5 Let t > 0 be an integer. If p is an odd prime, then the highest

power of p dividing (p + 1)7" — 1 is p*1.

Proof:  'We use induction on t. The base step ¢t = 0 is easily checked, so

assume t > 0. Using Euler’s ¢-function, we get
(p+ 1) =1 (mod p),

hence we have r € Z so that (p+1)?"" =1+ rp’. Our induction hypothesis
is £ 0 (mod p). Raising to the power p, we get the lemma by induction

since

1 2
— 1+ rpttt 4 Eptt?

(p+1)" =1+ =1+ <p>7“pt+ (p)TQth—l—---—i-rpppt

for k € Z. Note that the exponent in the last term, pt, will be > ¢ + 2 since
pis odd and ¢t > 0. U
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For finite groups, the difference between the number of generators and the

number of relations is an important invariant.

Definition 5.6 Let the finite group G be given by a presentation P using d

generators and r relations. The number
r—d

is called the deficiency of the given presentation of G, denoted defp(G). The
deficiency of G s defined to be

def(G) = min{defp(G) | P is a finite presentation of G}.

We quote a theorem by Wamsley, see [45]:

Theorem 5.7 Let G be a finite group with presentation
G={ab|a’=1,0"=a° b tab=a'"}

with «, B,v and 6 nonnegative and such that the order of G is (3, then the

following are equivalent.
i) def(G) =0,
ii) Ho(G,Z) = 0, i.e. the Schur multiplier is trivial,

7’7’7’) ng(avﬁv 67 %67 (1+Oéﬁ)7*1’ (1+02771) =1

From this theorem, we deduce another useful lemma.

Lemma 5.8 A necessary and sufficient condition for a metacyclic p-group

G with parameters n,m,s and t to have deficiency 0 is

t+14+s—n=0.

Proof: We use theorem 5.7 and put
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B =p",
v=7p",
d=1p°,

g=1+a=(p+ 1", hence a = (p+1)" — 1.

We need to find the highest power of p dividing all the expressions from i)

in theorem 5.7.

Number | Expression | Highest power of p dividing the expression
1 (p+ 17 =1 | p*
2 p" p"
3 P’ I
4 ((p+1);;—1)ps ptHl+s—n
5 ((p+1);;)pm—1 ptm+l-n
6 ((p(:i)f)tp)finfl ptmtl—t-1 — pym

We see that expressions 1, 2, 3 and 6 all have at least one p dividing it. So
we need to check whent+1+s—nandt+m+1—mn are 0.

From vi) in theorem 5.1 we have that m > s and s > n —t — 1. Hence
botht+14+s—nandt+m+1—nare > 0. Ift+1+s—n > 0, all expressions
are divisible by p, and so ged # 1. If t + 1+ s —n = 0, then ged = 1, so our

lemma follows from theorem 5.7. O
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5.3 Families of split metacyclic p-groups of

deficiency 0

We will now find and list the families of split metacyclic p-groups of deficiency
0. In the next section we will give the O-deficiency presentations for these
groups.

We have seen that the metacyclic groups of order p”¥ have a presentation
given by the parameters n,m,s and ¢t where N = n + m. Let G be a non-
abelian split such group.

First, we let n = N — 1. By theorem 5.4 we must have t = N — 3 and
s = 1, and so, by lemma 5.8, all groups with n = N — 1 will have deficiency
0. We thus get our first family

N-3
= 1,00 =af, b lab = o@HY }

GIN-1,1,N—-3,1) = {a,b | a”
which is a family of split metacyclic groups of order pV for N > 3, of defi-
ciency 0.

Now, assume n = N — 2. Theorem 5.4 gives us N > 4, s = 2 and
t € (max(0, N —5),..., N —4). The condition for 0-deficiency (lemma 5.8)
implies t = N — 5, so in fact N > 5 here. We get that

-5

’ - 1) bp2 - ap27 bilab = a(p+1)pN }

G(N —2,2,N—5,2)={a,b | a”

is a family of split metacyclic groups of order p”, for N > 5, of deficiency 0.

The groups in this family, up to order p°, are

96



5.3 Families of split metacyclic p-groups of deficiency 0

Order | n t s | Presentation

PP 301002 [{ab]a’ =10 =0a blab=a’t}

p° 4112 | {ab]a =1, =a” b tab=a®tV"}

P’ 502 2 [{ab|a =10 =a’ b lab= a(p+1)?’2}

P63 2 {abla =10 =a’ blab= ")}

2

P’ 7142 [ {ab|a =107 =a” b lab= a(p+1)p4}

We see that, in general, for groups of deficiency 0, n # s, otherwise we
get t = —1 (by theorem 5.4), so since n = N — m, we must have s = m,
again by theorem 5.4. Lemma 5.8 then gives ¢t = N — 2m — 1, and hence
N >2m + 1.

This all means that we get the following theorem (which is also found in

Beyl’s paper, see [4]):

Theorem 5.9 The groups G(N —m,m, N —2m—1,m) form € {1,2,3,...}

where

G(N —m,m,N —2m — 1,m)

- N—2m—1
={a,b | a*" "

" — 17 bpm — a/pm7 b_lab — a(p—i—l)]”
will, for each m, give us a family of isomorphism classes of split metacyclic
groups of order p~, for N > 2m + 1, of deficiency 0. Moreover, each split
metacyclic p-group of deficiency 0 belongs to one, and only one, of these

families. O
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5.4 0O-deficiency presentations

From theorem 5.7 we have seen that a metacyclic group can be represented
with two generators and two relations if and only if it is a Schur group, i.e.
Hy(G,Z) = 0. This is also a result in Beyl’s paper, see [4], and from his proof

we deduce the following lemma:

Lemma 5.10 Let G be a metacyclic p-group of deficiency 0 with generators
a and b. Then the group of relations for G is generated by

[a,b] =" and V" =a”

Proof: Since (p+1)? —1 = p'*! (mod p") by lemma 5.5, we have
[a7 b] = ailbilab == a(p+1)pt71 = apt+17

hence the relation [a, b] = a?""" clearly holds for all metacyclic p-groups.
For metacyclic p-groups of deficiency 0, we know that s =n —¢ — 1, so
" = a?’ becomes " = a?

Let us check that we get a?” = 1 from these relations:

n—t—1

n—t—1 _ n—t—1
a? =bla? b

= (b~ lab)”"
= (aa" b tab)?

—t—1 —t—1
_ apn t [a7b]pn t ’

n—t—1

n—t—1

hence [a, b]? =1, and so (a*" )" = 1. O

We will now give another 0-deficiency presentations for the split meta-
cyclic groups of order p”, and we will do this using the families we have
introduced in the previous section. There will be a few exceptions in the
presentations we give (for small V), but we know exactly how many there
will be.

98



5.4 0-deficiency presentations

These presentations will be nice from a cohomological point of view, in
the sense that they involve the “right” combination of commutators and
p" powers. “Right” means that the product structure on Hl(G,]Fp) and
H?(G, [F,) for these groups will be given by strictly defined Massey products,
applying theorems 4.5 and 4.6. The presentations came out after considering
various possibilities in the tree construction in appendix B and we will come
back to them in example 5.28.

We have seen in theorem 5.9 that for metacyclic groups of order p" of
deficiency 0, we only need two parameters, m and N, and these will be used

in our presentations as well.

Theorem 5.11 G(N — m,m, N — 2m — 1,m) has a minimal presentation

given by
G(m,N —2m) ={a,b | a”" [a,b] = 1,0"" "[a,b] =1} for N > 3m.
Moreover, this presentation is symmetric in a and b, in the sense that

G(N —2m,m) ~ G(m, N — 2m).

Proof:  First of all, note that these presentations are symmetric because
we can change the names of the generators. Because of this symmetry, we
require N — 2m > m, hence we get N > 3m. It is because of this we get
exceptions to these presentations (see more on this after the proof).
Next, we want to show that the presentations

—m m m N—-2m—1

i) {a,b|a" " =1,0"" =a" b tab = o+’
i) {a,b]a”"[a,b] = 1,0?" "[a,b] = 1}
i) {a,b|a?" "[ba] =1,0°"[b,a] = 1}

give isomorphic groups. ii) and iii) are the symmetric presentations, and so

we will show that i) and iii) are isomorphic.
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By the proof of lemma 5.5, we see that

(p+ 1P 7" —1=pN? (mod pN ™)
and so the relations b~tab = a(pﬂ)pNizmil and a?" " =1 give us
a " b,a] = 1. (5.1)

m

If we multiply through (5.1) by a?”, we get [b,a] = a?", and since b*" = aP",
we have [b, a] = vP".
On the other hand, if we start with b*" [a,b] = 1 and a?" " [b,a] = 1 (so

b = a?" "), we get

m

=ab""a
= (a o tabb™ )"

= [a, b]P"b7P".

b—P

Hence [a,0]"" =1, s0 (a?" ™)™ =1, and we have a?" " = 1. From this we

also get a?" = b*". O

Remark 5.12 So G(N —2m,m) and G(m, N —2m) will end up in the same

family from theorem 5.9, but the families remain unique. [

Example 5.13 G(N — 2,2, N — 5,2) has a minimal presentation given by
{a,b| a”[a,b] = 1,0"" “[a,b] =1} for N > 6.

The exception is

Order‘ n ‘ t ‘ s ‘Presentation

p° | 31012 [{ab]a”’ =1,0"=a" b ab=a’t}.

As mentioned in the beginning of the proof of theorem 5.11, the reason

why we get exceptions is that the presentations in theorem 5.11 are symmetric
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5.5 Resolution for metacyclic groups

in a and b, so these families will give isomorphic groups for small N. Now,
we always want unique families, in the sense that a group should belong to

one, and only one, family.

Definition 5.14 We shall call G(N — m,m, N —2m — 1,m) an exception-
group if, by including this group in a family G(m, N), the family is no longer

unique.

Since for each m, G(N — m,m, N — 2m — 1, m) give us unique families of
groups of order pV for N > 2m+ 1, whereas G(m, N) give us unique families
of groups of order p" for N > 3m, there will be m — 1 exception-groups of
order p" for each m.

We will now consider metacyclic groups from a cohomological point of

view.

5.5 Resolution for metacyclic groups

In this section we write down a ZG-free resolution of Z for metacyclic groups
using Beyl’s paper, see [4] (correcting a couple of misprints that occur),
which we will use to find the cohomology groups H'(G,F,) and H*(G,TF,)
for metacyclic p-groups G, and to calculate the product structure on these

cohomology groups.

Theorem 5.15 Let G be given by the presentation
G ={a,bla’ = 1,07 = d’, b ab = a®}.

Then the following complex starts off a ZG-free resolution of Z.

do dy

0~—2Z<"7G (ZG)? <2 (ZG)? <2 (2G)* —— - -

N 0
—1
where dy 1s the augmentation map, d; = <Z 1), dy=|1-0L; a-—1
Mo LY
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5.5 Resolution for metacyclic groups

a—1 0 0
bL; — 1 N 0
and ds = ) Y1 , and where
—5(=1) =37 VL a—1
—b(%252) M b—1

N=1+4+a+a’+ ---+a* ', L;,=Y0d, 0<i<o and
J

M=

—l—a—-a?>—--—a"1 640
0 ,0=0.

Proof: To check that this gives us a resolution, we note that we need to have
written the matrices the way we have, and not using the transpose, which is
more usual. This is because of the relation b~'ab = a®. We give a couple of
examples of the calculations needed. As part of showing dsd; = 0, we show
that (1 —bLy a-— 1) lies in ker dy:

(o a-1) (57)

(1—-0Ly)(a—1)+ (a—1)(b—1)
=1-bl+a+a*+---+a*Na—1)+(ab—b—a+1)
=—ba*—1)+ab—0>

=—ab+b+ab—-10

=0

As another example, we show that (—b(%) M b— 1) lies in ker ds.

Here we get two columns, and we only write down the calculations for the

first column. We have the expression

oo — 0

_b( ﬁ

Y(1+a+a’+- - +a® DN+ M(A-b(14a+a+- - -+a*1))+(b—1) M.
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5.5 Resolution for metacyclic groups

If 6 = 0, this is 0, so assume § # 0:

da — 0

= —b( 5

Y14+a+a?+--+a )

+(—1—a—--—a® ) (1-b(1+at+a*+- - 4a*))+(b—1)(—=1—a—---

da — 0
B

—l-a—-a*—-—a

= —b( Y1+a+a?+ - +ah)
0—1
+(1+a+ad+--+a")b

+(1+a+ta*+-+a ba

+(14+a+a®+-+a Hba!

_b_ba_..._baéfl_i_l_i_a/_i_..._i_aé*l
dov — 0
= — a@ JA+a+a®+-+a’)
—l-a—d*— - —a!

+b(1+a® +a* + -+ a7
+ b(a+aa+1 + a2o¢+1 44 a(5—1)a+1)

+ b(aa—l + aa+(a—1) + a2a+(a—1) I a(&—l)a+(a—1))

—b—ba—-—ba’ ' +1+a+---+a!

oo — 6
B

+b(1+a+a®+ - +a*") S terms

= — b( Y1+a+a*+ - +a"?)

—b(1+a+a*+---+a") 6 terms

=0 since a® = 1.
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metacyclic p-groups

5.6 Calculating H'(G,F,) and H*(G,F,) for
metacyclic p-groups

To calculate H' (G, F,) and H*(G,F,), we need an F,G-free resolution of F,,.
To get this, we use the resolution in theorem 5.15, and reduce the matrix-
entries mod p. First of all, we introduce the parameters n, m,t and s again,

by putting
a=g=(p+1), f=p", y=p" and §=p".
This gives us the, by now, familiar presentation
G = {a,bla” =1,0"" =a” b ab = a(pﬂ)pt}.
Theorem 5.1 told us that
((p+ 17y =1 (mod p") and p*((p+1)" —1) =0 (mod p"),
hence there exist 0,7 € Z so that
(p+1PP" —1=o0p" and p*((p+1)P —1) = mp". (5.2)
We get an [F,G-free resolution of I,

0~—F, <™ F,G <" (F,G)2 <2 (F,G)? <2~ (F,G) ~—— - --

where dj, d; and ds are the same as in the ZG-free resolution using parameters

n,m,s and t instead of a, 3, and 4. So

l+a+a*+--+a"! 0
dy=|1-b(1+a+a®+-+a®") a1 (5.3)
~l-a—a - —a”! 14+b+b%+ -+t
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whereas d3 will change in two of its entries, namely

~ 5@ =1 = =+ V)"~ 1) = =0

and 5 5 .
= S D) =

To find the cohomology groups, we use Homg,o(—,F,) to get

0—L-F, —L (I,)?

where the differentials d?, for i« > 1, will be the transpose of the d;-s, with
entries induced by the augmentation map. Hence, d* will be the 0-map, and
we also see that all the entries in d?, induced from (5.3), are either 0 or

divisible by p, so d? is also the 0-map. This means that

ker d? N

1 2
H(G,F,) = Tl (Fy)
and for 3
2 era” 3
H*(G,F,) = ker d
We see that

and so dimg, H*(G,F,) is either 2 or 3.

Lemma 5.16 Let G be a metacyclic p-group with parameters n,m,s and t.
Then dimy, H*(G,F,) = 2 if, and only if, t+ s +1—n =0.

Proof:  'We use the following: We know that m > sand t+s+1—n > 0 by
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5.7 Massey products for metacyclic p-groups

theorem 5.1, hence we have (recall (5.2) and lemma 5.5):

Ift+m+1>mn, theno=0inT,.
Ift+m+1=mn, theno #0in F,.
Ift+s+1>n, then7=0inF,.
Ift+s+1=mn, then7#0in F,.

So suppose dim H*(G,F,) = 2, then dim ker d*> = 1, hence either o or 7 # 0.
Ifo#0,t+m+1—n =0, and therefore t+s+1—n = 0 since t+s+1—n >0
andm>s. fr#0,t+s+1—n=0.

Conversely, if t + s +1—n = 0, then 7 # 0, and dim H*(G, F,) = 2. O

Remark 5.17 Using theorem 2.30 and lemma 5.8, this means that meta-
cyclic p-groups have deficiency 0, both as an abstract group and as a finite
pro-p group, iff t +s+1—n = 0.

During the viva it was pointed out that for a finite p-group G, the Schur
multiplier is trivial iff G has deficiency 0 as a pro-p group. This follows from
the Universal Coefficient Theorem. |

5.7 Massey products for metacyclic p-groups

We will now use the Yoneda cocomplex introduced in section 2.5 to calculate
Massey products of metacyclic p-groups. So let G be a metacyclic p-group,
and let {¢1, &} be a basis for H'(G, F,). We go back to denoting differentials
by 0.

We will need the first three differentials of the F,G-free resolution Fj, so

recall

0~ F, < F,G <" (F,G)? < (F,G)* ~— -

a—1
where dq is the augmentation map, 6, = <b 1) and

106



5.7 Massey products for metacyclic p-groups

l+a+a®+-+a"! 0
Op = 1—b(1+a—|—a2+---—|—a(p+l)pt) a—1
—l—a—a - —a”! 1+b+b0*+- -+t

We use the notation from section 3.3 for the different maps in the Yoneda
cocomplex. Also, recall the various diagrams we introduced in that section.
First, we calculate (1)1, (¢1)2, (¥2)1 and (12)2 in diagram (3.7). We see that

1
) =0,
1 O)P

and

and so we need to solve the equations

cla—1)+db—1)=14+a+a*+ - F+a”* (5.4)
ela—1)+ fb—1)=1—b(l+a+a*+---+a®") (5.5)
gla—1)+hb-1)=-1—-a—a®>—--- —a” ! (5.6)

where a, b are the generators for G and ¢, d, e, f, g and h are elements of F,G.

Remark 5.18 We will now make use of the fact that we are in characteristic

p, and add and subtract terms that are divisible by p. [ |

Consider (5.4):
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5.7 Massey products for metacyclic p-groups

and so we choose

(I+(a+1)+@+a+1)+-+ (@ *+a >+ +a+1))
0.

c
d

For (5.5) we note that (p+ 1)?" — 1 is divisible by p by lemma 5.5. Hence we
add and subtract to get

1—b(1+a+a®+--+a®' -1
=—(b-1)

—H(1 =D+ (@= D+ (@ =)+ + @ 1) —b((p+ 1) — 1)
——(b-1)

B4+ (a+ )+ (@@ tat )4t @V 2 e D)) a— 1),
and so we put

e=—b1+(@+ 1)+ (@tat1)+ -+ (@24 fat1)
f=—1.

Similarly, we find

g=—(1+(@+)+(@+a+1)+-+ @ *+a” >+ +a+1))
h =0.

Hence,

c d

e f

g h
(I+(a+1)+@+a+1)+---+ ("4 +a+1)) 0
=| b1+ (a+ D)+ (@+a+1) 4+ (@24 fat1) —1
—I+@+)+@+a+1)+--+ (@ >+ F+a+1)) 0
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5.7 Massey products for metacyclic p-groups

/ /

Next, we find the lifting of ((1)), so put (w2)2 = (g: i: ) Then we need to
g

0 d d
52 < > == 6/ f, 51,
1 / h/

and so we get the equations

have

dla-=1)4+db-1)=0 (5.7)
dla—1)+f'b—1)=a—-1 (5.8)
Jla—1)+Nb—-1)=1+b+b>+---+ 0", (5.9)

where a, b are the generators for G and ¢, d’, €', f’,¢' and h’ are elements of
F,G. Equation (5.9) is solved similarly to (5.4), and we find

d d 0 0
e f1=11 0
g N 0 1+0G+1)+@*+b+1)+--+ 0" 2+ +b+1)

We can now calculate the product (&1, &;;0) using the following diagram:

]Fp FPG (IFPG)z (]FPG)3 =~

cd
)
gh <6/ f/)

g/ h/
F, ~—F,G F,G) (F,G)} ~—— - -
*) (@)
Fy : F,G (IFPG)Q (]FPG)S =

The product is an element in Ext%pG(F »: Fp), and so we need to compose our
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5.7 Massey products for metacyclic p-groups

maps with p, hence we get the products

(61,61;0) =

(I+(@+1)+@+a+1)+---+ (a4 +a+1))
—b(1+(a+1)+ (@®+a+1)+-+ @PV" 24 ... 4 a+1))|p
—(I4+(a+1)+(@+a+1) 4+ (a”?+---+a+1))

—(L+243+-+((p+ 1 - 1))
—(1+24+3+---+(p*—1))

(p+1)" =D+ | _
2
_ (p*-1)p®

( 142434+ (p"—1)
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5.7 Massey products for metacyclic p-groups

since we are in F,,, p is odd and (p + 1)*" — 1 is divisible by p by lemma 5.5,

c d 0 0
(€1,62;0) = f ()PZ -1,

e
1
g h 0
d d ) 0
(§2,61;0) = | € [ <O>P: 1],
g n 0

which gives us the antisymmetry for the cup product and

0 0
(2,62;0) = 0 =10].
0

2

again since we are in [, and p is odd.

This means that two cup products are zero (as elements in Ext%pG(IFp, F,)),
and so we know that we will get 3-fold Massey products. We will now con-
sider (&;,&1;0), and the calculations will be very similar for (&3, &5;0) .

Since (&1,&1;0) = 0, there exists ¢ = {¢; }i>1 € Hom](Flp)G(F., F,) such that

09 = (1)2(01)1 = (5 z) (§) := AB, so consider

01

Fp<~—F,G (F,G)*
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5.7 Massey products for metacyclic p-groups

We need to calculate ¢; and ¢, using the formula
0191 — 200 = AB,

i.e. if we put ¢, = (;) and ¢y = (%é)’ we get

, k1 )
0 <Z>— m n (a ) = AB.
J b—1

o p

This means we get the equations

(I+a+a®+-+a i—(kla—1)+1(b—1))
=(1+@+)+(@+a+l)+--+ (@ >+

ta+1)), (5.10)

(1=b(1+a+a®+--+a™V" )iy (a—1)j - (m(a—1)+n(b - 1))

= b1+ (a+1)+(a*+a+1)+ -+ @™ 2 ... pat1)),

(5.11)

(—1—a—a*—-—a” i+ (1+b+b+- -+ j—(o(a—1)+p(b—1))

=—(1+(a+1)+(@®+a+1)+-+ (a2 +

ta+1)). (5.12)

where a, b are the generators for G and 1, 7, k, [, m,n, 0 and p are elements of

F,G.

Remark 5.19 We now observe something important,

which will apply to

all the liftings of the Massey products that are zero: The expressions on the
right hand side in (5.10), (5.11) and (5.12) all lie in the augmentation ideal,

so we can choose 1 = 7 = 0, hence ¢ is the O-map.
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5.7 Massey products for metacyclic p-groups

To find ¢, we use remark 5.18. This gives us

k=—14+1+@+)]+1+(@+)+(@+a+1)]+---
ot (a+ )+ A (@ TP a+ 1)),

I=0,

m=b1+[1+ @+ +[1+(@+1)+(@+a+1)]+--

»t_3

ot L (a+ 1) 4 (@ e 1)),
n =20,
o=1+[1+(@+)]+[1+(@+1)+(@+a+1)]+--

el (@) + (@ TP+ a+ 1),

p=0,

and so we calculate the 3-fold Massey product (£1,&1,&1;0) from the formula

(€1,61,6150) = ((¥1)201 + d2(11)1)p-

This gives us (remember ¢; is zero and (¢1); = (), and also note that in

the middle entry we can (but don’t need to) cancel the last term, because of

lemma 5.5)

(€1,61,6150)

14+ 0+2)+ (1 +2+3)+--+(1+2+3+-+(p" —2)))
= 1+1Q+2)+ 1 +243) 4+ +(1+2+3 4+ ((p+ )" —2)
I+(14+2)+1+2+3)+--+(1+2+3+--+(p°—2))

_(% + 2_23 + % e (P"—Q)Q(P"—l))
=242 ey g <<p+1)ﬁl2>2<(p+1>fﬂll>

12 , 23 , 34 @°=2)(p°—1)
74_74_?_'_...4_%
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—LS R+ 1)
= | A 2 4 1)

LY+ )

p"(p"—1)(p"—2)
23

— | e+ (1P —1)((p+1)P' —2)
2-3

p’(P*-1)(p°—2)
23

The last equality is a special case of the following theorem, which is a nice
formula from number theory. We prove the result now, because the expres-
sions will appear as we calculate higher order Massey products. The proof

was suggested by Roger Heath-Brown.

Theorem 5.20 Let n € N. Then

p; (A1) (i+ (k—1)) = pr(p" — ?Li(pn )

forke{1,2,... ,p" —1}.

Proof: We observe that we can reformulate the result, so that what we want

pgk! <Z~+ <Z_ 1)) . (ki 1)

where we define (Z) =01if £ < 0 or k£ > n. The result holds more generally,

to prove is

not only for prime powers, so let us put n := p™ and change variables in the
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sum. Then what we get is

2 () (.0

m=1

which is proved by fixing k£ and doing induction on n. The base step follows

as the left hand side is 0 (empty sum) and ( = 0. For the induction step

k+1>

n n n\ (n+1
k+1 k) \k+1)
and so we are done. Just note that we have fixed k, and that this is OK for

n > k+ 1. For n < k+ 1, both sides in (5.13) is zero due to the fact that
(1) =0if k <0 or k>n, and so everything is fine. O

we observe that

We will analyse the formulas for the Massey products for different values
of n,t and s once we have found a general formula for the Massey products
that are defined. Le. for (£1,&1,&1;0) we see that some values for n,t and s
will give that this Massey product is non-zero, and so for these values of n,t
and s, we can’t find (&1,&1,&,6;0).

However, in order to get the general formula for (£;,&,...,&;0), we will
————

i
assume that we are working with the values of the parameters n,t and s such

that (£1,&,...,&;0) = 0. Under this assumption, we will now hunt for the
N—_—

i1
general formula for (£,&,...,&1;0).
N—_—

i

Let us first calculate the 4-fold Massey product, i.e. assume (£1,&7,&;0)
is 0 (as an element in Ext%pG(IFp,IFp)). Then there exists p = {p;i}i>1 €
Hom](Fi)G(F., F,) such that Op = (¥1)201 + ¢2(11)1. As before, this gives us
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the diagram

01

]Fp FPG (FPG)Q (FPG)S -~
/
, (W1)2¢1+¢2(¢h1)1 ,
/ /
/ /
F, (]FPG)3 -
]Fp (FPG)S -~
F, F,G (F;DG>2 (]FPG)3 -~

o0

and we can immediately deduce that p; is the zero map, by the observation

in remark 5.19. Put pus = (g :), then this gives the following equations.

—(qla=1)+r(b-1))
=—(1+1+@+D]+1+(a+1)+(a*+a+1)]+---
et [l (a+ )+ + (@ P+ +a+ 1)), (5.14)

—(s(a=1)+t(b—1))
=b(1+[1+(a+D)]+[1+(@+1)+(@®+a+1)]+--
It (at D)4+ @ P a1 1)]) (5.15)

—(u(a—1)+v(b—1))
=1+[1+(a+D)]+[1+@+1)+ (@ +a+1)]+--
oM (a+ D)+ (@B 4 a+1)] (5.16)
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where a, b are the generators for G and ¢, 1, s,t,u and v are elements of F,G.
As we solve equation (5.14), we see a pattern developing. We still apply the

trick in remark 5.18:

—(1++@+D)]+[14+(a+1)+(@®+a+1)]+---
1

(a1 F e (@ T a 1))
—((a—=1)+[(a=1)+ ((®* =1) + (a — 1))]
Flla=D+(@=D+a—1))+(® =1+ (@=1)+(@—1)]+--

ot fla-—D+ (@ =) +(a-1))+((® =1+ (a*—1)+(a—1))+---
1-2+2-3+---+(p”—2)(p”—1))

(@ P =)+t (a— 1))+ 5

Remark 5.21 We note that the number of 1-s we subtract (and hence we
add at the end) will always be 0 in characteristic p, because it is the number
that we get in the formula for the previous Massey products, and we assume
we are working with the values of n,t and s that makes this 0 (otherwise the

next Massey product wouldn’t be defined). |

Let us finish the calculation of equation (5.14):

—(1+1+04(a+ 1))+
1+ 1+ (a+1)+ 1+ (@+1)+(@®+a+1)]+- -
I+ A+ (a+)+ 1+ (a+ 1)+ (@®+a+1)+
--+(1+(a+1)+---+(ap"‘4+---+a+1))])(a—1),

and so we choose

g=1+[14+ 1+ (a+1))+
+1+0+a+)+ 1+ (@+1)+(@®+a+1)]+ -
I+ A+ @+ )+ A+ (a+ 1)+ (@®+a+1))+--
(I @+ )+ (@ T at 1),
r =0.
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Remark 5.22 We have calculated the liftings ¢ = ( rzw é) and g = (Z ;>
Let us at this stage just note that we get the terms for ¢ (terms are in [ |-
brackets) by using k. We get the n-th term for ¢ by adding the n-th term of

k to the (n — 1)-st term of g. We will make this more precise soon. |

Similarly, we choose

s=—b1+[1+ 1+ (a+1))]+
+l+04(a+1)+ A+ (a+1)+ (@ +a+ 1)+
o+ I+ A+ e+ )+ A+ (a+ D)+ (a®+a+1)+---

Pty

ot (T4 (@4 1)+ 4 @ a1 1)),

u=—(1+[1+ 1+ (a+1))]+
+1+0+@+1))+ A+ (@+1)+(@®+a+1)]+- -
I+ A+ @+ )+ 1+ (a+ 1)+ (@®+a+1)) +--
ot (I (a+ )+ 4 (@ 4+ a+ 1)),

v =0,

and so we have the entries in the matrix for p,.
To calculate (£1,&1,&1,&;0), we have the formula

(€1,61,€1,61;0) = ((V1)2pt1 + P21 + pa(th1)1)p
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and the following diagram.

F, F,G (FpG)Q (FPG>3 D
F, F,G (Fp /)2/ = (]FPG>3 D
1 - -
F, F,G = (IFPG>2 (]FPG>3 D
2 s
F, F,G (FpG)Q/ = (]FPG>3 D
o1 PP
F, F,G - (F;DG>2 (]FPG)3 I
M2 P
F, F,G (chi>2/ = (]FPG)3 -
(Y1) - -
F, 4 F,G = (F;DG>2 (]FPG)3 D

We have seen that ¢; and p; can both be chosen to be the 0-maps by remark

5.19. Moreover, we have (¢1); = (), hence

<€17£17517§1;O> :MZ(wl)lp: S p-

u

p is the augmentation map, and we get that (£1,&1,&1,£1;0), as an element
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of Ext%pG(IFp, F,), is

L+ [T+ (1+ (a+1))]+
+14+ 1+ (a+1)+ A+ (a+1)+(a®*+a+1))]+---
o+ I+ A4 (a+1)+ I+ (a+ 1)+ (@ +a+1)+---
(4 (a+ 1)+ @+ at 1)

(=b(1+[1+ 1+ (a+ 1))+
+1+ 1+ (a+1)+ 1+ (a+1)+(a®+a+1))]+---
oI+ A+ (a+1)+ A+ (a+1)+(@*+a+1))+--
b (L4 (a4 1) 4+ @O a4 1))

—(14+14+ 14+ (a+1))]+
+14+ 1+ (a+1)+ A+ (a+1)+(a®*+a+1))]+---
o+ I+ A+ (a+1)+ A+ (a+ 1)+ (e®>+a+1))+---

ot (T4 (a+ 1)+ + (@4 +a+ 1))

1 +A+2)+ (142434 4+ (1 4+24 -+ (p" = 3))]

_ ( —QH I+ 1+ + L+ A +2)+ (1 +243)]+ -
4+

—(I+[1+1+2)]+1+Q+2)+Q+2+3)]+---
e I+ 14+2)+ (1 +243)+- (124 -+ (p°—3))))
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1_; + [1.2452.3] + [1~2+2é3+3-4] NI [1-2+2~3+3-4+-~2+(p”73)(p"72)]

t t
— _<% n [1-2452-3] 4 [1-2+2é3+3-4] NI [1-2+2-3+3-4+---+((p;1)1’ —3)((p+1)? 72)])

_(% + [1-232.3] + [1~2+2é3+3.4] 4ot [1-2+2~3+3~4+~-'2+(p5—3)(ps—2)])

n_3
% i:l Zz 1? i(i+1)

= | -1y )

53
_% i:l Zz 1? i(i+1)
n_3 k k+1 (k42
! Zp )

_ (p+1)P" =3 k(k+1)(k+2)
2 k=1 3

Zp -3k k+1 )(k+2)

p"(p"—1)(p"—2)(p"—3)
2.34

— | o) ()P — ) ()P —2) ((p+1)P —3)
2:34

_ PP =) (»*-2)(p°-3)
234

where we have used theorem 5.20.

We have now seen in detail what happens for the 4-fold Massey product,
which we needed, as this is where all the liftings come in to play in the
formula. From this we can now state a theorem, and then use our remarks

to prove it by induction.
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5.7 Massey products for metacyclic p-groups

Theorem 5.23 Let G be a metacyclic p-group given by the parametersn,m,t

and s, and generators a and b, as in theorem 5.1. Put a := &. If the z-th

Massey product (&1, ..

., &1;0) is defined, it is given by the formula

p'—(z—1) ka3 k1
—1)* e
SEP D IED MR
ky—3=1 ky_y=1 =1
z—2
P e e I B
(=1° 1%
o 60) = ! Z Z ...ZZ(Z+1)
N —— N ky_3=1 ky_4=1 i:lj
; th
“ p’—(z—1) ka3 k1
—1)* /-
D SD IR BUCE
ke_3=1 kgz_s=1 i=1
T—2
(—1)* (pn(pn,1)(1,”,2')...(1,",(33,1)))
— (_1)x+1(<p+1>f“((p+1>ff—1)((p+13pt—2>~--(<p+1>f—<a:—1>>)

as an element in Ext%pG(Fp,Fp), for x € {3,4,5,...} and ko :=i. The last

2. Note that we have expressions in p which

equality also holds for x

depend on x.

Proof: The last equality follows by applying theorem 5.20 sufficiently many

(—1)*+1 (ps<p5—1><p5—33~~-<ps—(x—l)))
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5.7 Massey products for metacyclic p-groups

times, and so it remains to show the first equality. We have seen that

<§1,§1,§1;0> =

p"(p"—-1)
2

0) — (p+ 1P ((p+1)P' 1)
<£175170> — P g
_ppe—1)
2
—ISP i+ 1)

Z(pﬂpf? (i+1) | =

_pt("-1)(p"-2)
23

(p+ 1) ((p+1)P' —1)((p+1)?' ~2)

QZ =1 Z(ZJF 1)

(€1,61,6,61;0) = ~1 g:rll)l” —321 i

so suppose x > 5. We will proceed by induction, and we will only consider

p"(p"=1)(p"

n_3
% Z:l Zz 1? i(i+1)

53
1 ilzzl(l"‘l)

2-3

(P =1)(p°=2)
2-3

i(i+1)

—2)(p"-3)

2:3-4

— | o0 ()P — 1) ()P —2) ((p+1)7 —3)

_pPe*-1(°

—2)(p*-3)

2-3-4 ’

2:34

the first row, since the second and third row are done similarly.

We have seen that when a Massey product is zero, we find an element
Q€ HomI(Fi)G(F., F,) such that 0¢ is this Massey product (without composing
with p). We then find the first two components ¢; and ¢ of ¢ which we use

in the next Massey product together with the ¢-s from lower order Massey
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5.7 Massey products for metacyclic p-groups

products. In this procedure the ¢,-s can always be chosen to be the 0-map
(as we observed in remark 5.19). Hence the formula for the Massey product
is always ¢2(1)1)1p, where ¢ is as above.
So assume the first row in the Massey product (£1,&1,...,&;0) is given
NAREL L

x—1
by
x 1 P =(2=2) ka—s k1
> D i+
ea=l kes=1 =l

-~

r—3

and that we work with n such that this expression is 0 in F,. To introduce
1
some names, put (£1,&;,...,&1;0) = ¢a(w1)1p, and let p € Hom](Fp)G(F.,F.)

z—1

such that Ou = ¢a(¢1)1, ie. (1,&,...,61;0) = pa(¥n)1p

Since (1)1 = (§), we are onlyminterested in the first column of ¢, and
2 (also, the second column will be <§)), and since we only consider the
first row, we only look at the top left entry. Let k be the top left entry
in ¢o and ¢ the top left entry in us. Hence (£1,&1,...,&;0) = p(k) and

——

(&1, &1,--,&;0) = p(q)-
NSk N7

To :ioroceed, recall remark 5.22, where we noted that we get the n-th term
of ¢ by adding the n-th term of k to the (n — 1)-st term of ¢. If we denote
[k], by the n-th term of k, this says

lq]n = [k]n + [g]ln_1 for n > 1 with [g]o = 0.

Let us see why: The expression for k£ € [F,G involves 1-s and powers of the
generator a. Using remarks 5.18 and 5.21, we see that when we go from £ to
q, the 1-s vanish, a becomes 1, a® becomes a+1 (since a*>—1 = (a+1)(a—1))
etc. In general, a?"~* becomes "~ 4 ... 4 a4+ 1. Our starting point is

the resolution, and the top left entry in s is

[1] + [a] + [a®*] + - + [a”" ]
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5.7 Massey products for metacyclic p-groups

([ ]-notation to denote terms). And so the next lifting will be
H+la+1]+@®+a+1]+-+ [ P+ a+1],

etc. In this way, we find [¢],, by adding [k],, (the previous lifting) to [g],_1.
Now, p is the augmentation map sending all group elements to 1, and we

have
()]0 = [p(E)]n + [p(@)]n-1 for n > 1 with [p(q)]o = 0,

which means

=[p(E)]n + -+ [p(k)]1 + [p(0)]o-

We observe that there will be one less term each time we lift (since the first

term is 1, which vanishes). Moreover, p(k) = (£1,&1,...,&1;0) has p" — (2 —2)
R —

z—1
terms, and by the inductive hypothesis it is given by

S5 SRD SI SRR

kz 4=1 kz_5=1 = 1

e
2 k1 1 k1
Eg [p(k)a= > Y i(i+1)and [p(k))y = > -+ i(i+1), and
koos=1 =1 koos=1 =1
z—4 z—4
2 kw—4 le
so we get that [p Z Z +++ Y i(i+1). From this we see that
2—4:1 ky—5=1 =
ézé

n kSL4

=3 yan]

ky—4=1ky 5=1 i=1
. J/

r—3



5.7 Massey products for metacyclic p-groups

Finally, p(q) has p"* — (z — 1) terms, hence

n

pla) Z S i,
o=l kea=l il
JSVQ
which is what we wanted (the sign is obvious). O
Using the calculations we have done for (£1,&,...,&;0), we can easily find
(€2,82, -+, 62;0).

Theorem 5.24 Let G be a metacyclic p-group given by the parameters n,m,t

and s, and generators a and b, as in theorem 5.1. Put b := &. If the z-th

Massey product (&, ..., &2;0) is defined, it is given by the formula
N—

7(3371) ky_3 k1
P 70 = 1)
<u > ( 21) E E l 7+ 1

(—1) (pm(pm—1)<pm—2>---<pm—<x71>>)

!

as an element in Ext%pG(Fp,Fp), for x € {3,4,5,...} and ko :=i. The last
equality also holds for x = 2.

Proof: We do the same calculations as in the proof of theorem 5.23 with

(¢1)2 = (1) instead of (¢1)1 = (§)- O
To summarise this section, we have calculated and found the strictly
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5.7 Massey products for metacyclic p-groups

defined Massey products of a metacyclic p-group G,

n m S t
G ={a,bla”" = 1L,p"" =a" b ab=aP"" },

namely
0
<£17 §2; O> = =11,
0
0
(&2, &150) = 1]
0
(—1)* (p”(p"71><pn—j!>---<pn—<m71>>)
(&,6,..,&:0) = | (=1 ((p+1)pt((p+1)Pt—1)((p+i)!1’t—2)-~~((p+1)@t—(gc_1))) ’
(—1)*+ (ps(ps—1)<ps—i!)--~<ps—<x—1>>)
0
<£27£27"'7€2;0> = 0

(—1) (pm(pm71)(”"L*2)"'<pmf(m71)))

T
x!
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5.7 Massey products for metacyclic p-groups

Example 5.25 The group G = (3 x Cj is given by the parameters n =

1,m=1,t=0and s =1, and so we have the following Massey products:

0 0
(€1,62;0) = | -1, (2,61;0) = | 1],
0 0
32 _ 321
2 53
0 —1
€,6:0) = | =2 =|0], (&.&.&:0 = | L2 =111,
0 1
_32 321
2 2-3
0 0 0 0
(€2,62;0) = 0O1=10{, (£5,8,80;0) = 0 =10
32 O _ 321 _1
2 2-3

Example 5.26 Consider the groups G(N —m,m, N —2m — 1, m) from the-
orem 5.9. Let us calculate the Massey products for different values of m,
and recall that N > 3. The cup products between &; and & are (£1,&2;0) =
(—21) and  (&,&;0) = <g) for all m.

Let m = 1, hence we consider G(N — 1,1, N — 3,1). Then

prl(prl_l)

2
0
(€.60:0) = [ @@ oy | = 1o | forall p
0
_pp=1)
2
0 0
(€2,62;0) = 0 =10| forallp
p(p—1) 0
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0
1 for p =3,
A (s V1 ), 1 t
23
0
N-3 N-3 N—3 B
(§1,6,&;0) = | 2 ((pHD? 2.3—1)((p+1)P —2) | _ 0 fo;vp;gg,
1
(r—1)(p—2)
plp=L(p=2) 0
0 forp>5
L \0O
.
0
0 forp=3
0 1 p
<§27€2a§2;0> = 0 =
_ p(p=1)(p—2) 0
23 0 forp>5
0

\
So for p = 3, we have found all strictly defined Massey products.

We see that (€1, 61,1, 6:0) = <§) and also (€2, &, &, £2;0) = <§) for
all p > 5, whereas when we come to the 5-fold Massey products, we get the

same as for the 3-fold ones, i.e.

! fi 5
or p=
1 p )
N —
1
0 fi 5
or p=7>5,
7 7 Y Y ;0 O
(€1,61,61,61,6150) N3
1
0
0| forp>7,
0
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0
0 forp=5
—1
<§27£27£27£27£2;0> 0
0 forp>7
\ 0

so for p = 5, we have found all strictly defined Massey products.

We claim that this generalises, i.e. assume we are in characteristic p.

Then (€1,...,6;0) = (§> and (&,...,6;0) = (§) for 2 <i<p—1.

% )

Moreover,
0
1 for N =3
1
<§1a--'>5130> = 0
’ 0| forN>3
\ 1
<§27"'7§2;0> =
1
p —_—

To see this, we observe that in order for an entry in the matrix of the p-fold
Massey product to be 0 in characteristic p, we need at least one more p in the
numerator than in the denominator. So the top entry is always 0, because
N > 3, which means we always have a p? in the numerator, whereas only one
p in the denominator (p!). For the mlddle entry, we get £t +1 for N = 3, and
hence we get 1. For N > 3, (p+ 1) — 1 will be d1v181ble by at least p? by
lemma 5.5, and so we get 0 (since we have only one p in the denominator).
The bottom entry is always % = 1.

For the i-fold Massey product, ¢ < p — 1, we have a p in the numerator
and no p in the denominator, so in characteristic p this is 0. This fits in well
with the theory of the Bockstein operation in section 3.5.

All this generalises to m > 2, N > 3m. [
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5.8 Analysing the results

We will now have a look at examples 5.25 and 5.26 to see if we can find the
groups we started with. By (2.13), £ and & will be the generators for our
groups. We let n; = (é) Mo = (g) and n3 = <§> be basis-elements for
H*(G,F,).

Example 5.27 Consider example 5.25. We have the products
(€1, 62;0) = =g,
(€2, €150) = mg,
(€1561,6150) = —m1 + 12 + 13,
(€2,&2,62;0) = —m3.
Using (3.14) and theorems 4.5 and 4.6 we get that
oa(ni) = (&)~
oc(n3) = [6, &1(&1)°,
oa(ns) = (§)°(&)~°.

So we have a group with presentation

(&, 617 = L6, 61(E)° = 1, (&)° (&) =13,
which is isomorphic to C'5 x Cj. [ |

Example 5.28 Let us continue example 5.26. Using (3.14) and theorems
4.5 and 4.6 the other way, we see that the presentation we gave in theorem

5.11 corresponds to the Massey products
(€;m) = m,
(€2; N = 2m) = 1,
(§1,6:0) =m + g,
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which tell us that the groups G(m,N) for N > 3m from theorem 5.11 is
given by strictly defined Massey products. And we see that it comes out in
the tree construction in appendix B.

We have actually calculated the strictly defined Massey products for the
split metacyclic p-groups in example 5.26. When we analyse these calcula-
tions, we will see that the Massey products reflect the explicit resolution we
had as a basis for our calculations.

To explain further, let us analyse the Massey products in example 5.26:
We assume N = 3,m = 1, so we have GG(2,1,0,1) (as this will easily gener-
alise to m > 2, N > 3m). We have the Massey products

(€1,62;0) = —ng,
(€2, 15 0) = 2,

<§17"'7€1;0> :772+n37

p
<§27 s 7527()) = —13,
p

and this will give us the group presentation (again using (3.14) and theorems
4.5 and 4.6)

{6, 61676 &l = 1, (6)7(&) ™ = 1),

which is isomorphic to G(2,1,0,1), by theorem 5.11.
However, when N > 3, we get the products

(&1,82:0) = —ma,
<€2751;0> =12,
<€17 cee a5170> =13,
——

<52> e ,52;O> = —7ns,
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and the group presentation
{&, &) = (&) (&, 6] =1}

Hence we see that 7, is the link between the commutator and the p-th power
relations.
We would like for (&;,...,&;0) to be 0 for N > 3, because then higher
N———

p
order Massey products would be strictly defined. In this situation, we would
actually get out that the next product that is non-zero for N = 4 and 0 for
N > 4is (&,...,&;0), because this is when we have exactly 3 powers of p
N————

p2
in the numerator, which cancels p* in the denominator (p?)!. And then we

would get the products

(€1,62;0) = —mg,
(€2,61;0) = na,

(&1,...,&1;0) =m2 + 13,

p2

<§27 s 7527()) = —n3,

and the group
G={&. 816,81 =1L (&)PE 6] =1},

and hence this would generalise to the groups in theorem 5.11.

But the bottom entry in ({1, ..., &;;0) will always be non-zero due to the
—

p
relation a? = bP for these groups. This is why we use the Bockstein operations
independent of the Massey products, as to get the Bockstein operations we
restrict the defining system for this Massey product and this gives the (powers

of p)-th power relations in general. [ |

We end this chapter by the following. Recall that the Massey product

structure we read off from the presentation in theorem 5.11 is ({1;m) = ny,
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(&9; N —2m) = n9 and (&1, &2;0) = n1 +19. This gives a group G(m, N —2m)

of order p¥.

Lemma 5.29 The products (§1;m) = n1, (€25 N —2m) = 1y and (&;,&2;0) =
n2 give a pro-p presentation of G(m, N — 2m).

Proof:  To see this we need to show that the largest p-quotient of the

presentation we get has order p”. The presentation is

N —2m

G(m, N —2m) = {a,bla”" = 1,[a, b]b” =1}

By writing out [a, b], we find that b has order (pV~2"+1)?" —1, and expanding
m N—2m, m __

this gives that the largest power of p dividing |@ (m, N—2m)|is p"'p P
N
p. 0

And so we have seen a lot of interesting points occurring by studying the

metacyclic p-groups from a cohomological point of view.
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Chapter 6

The modular isomorphism

problem

The problem whether (the isomorphism class of) a finite p-group G is deter-
mined by its group algebra over the field of p elements is usually referred to
as the modular isomorphism problem. Deskins seems to be the first to
consider this problem in print (in a paper presented at the 61. Annual Meet-
ing of the American Mathematical Society at the University of Pittsburgh,
December 1954, see [12]).

Since then there has been a lot of work on this problem. We will consider
some of it here, to see why the problem hasn’t been solved in general yet.
We will then see how we can approach the modular isomorphism problem
using the cohomological machinery we have developed and give reasons for
why this is a “better” approach. Our aim will be to exhibit “new” groups for
which the modular isomorphism problem has a positive answer. This is done
by defining a class C of p-groups given by strictly defined Massey products.

If we know IF,G what can we say about G?7 Well, before we answer this

we need to have a look at what it means to know F,G.
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6.1 Getting to know F,G

Definition 6.1 Let C be a conjugacy class of G. Then
e

is called a class sum for G.

Lemma 6.2 The centre ((F,G) is the linear space spanned by all class sums

of G.

Proof:  Take a € F,G and let a = 3 _,ayg where ay € F,. Then a €
((F,G) iff ha—ah =0V h € G, ie. iff h 'ah = a. But

hlah = ah'gh =" apg-ik,

geG keG

and so a € ((F,G) iff the coefficients of a are constant on each conjugacy
class of GG. The class sums are linearly independent, and the lemma follows.
O

Lemma 6.3 The commutator subspace [F,G,F,G]| consists of all elements

a =73 cq0gg with
o,

gecC

for every conjugacy class C in G.

Proof:  First note that [F,G,F,G] is the vector space spanned by all Lie
products [g, h| = gh — hg where g, h € G. Let X be the set consisting of all
elements of the form a = dec agg with dec ay = 0 for every conjugacy
class C in GG. We see that X has the structure of a subspace, so we need to
check that X = [F,G,F,G].

For one inclusion, pick [g, h] € [F,G,F,G]. Then [g,h] € X since

gh —hg = gh — g '(gh)g.
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Conversely, let a = Y7 | ;g™ with Y7 | o = 0 where {¢g",¢",... ¢"} is
a conjugacy class in G. Then a € [F,G, F,G] because

a = Zai(ghi —g) = Zai((hi_lg)hi - hi(hi_lg))'

O

Note that the commutator subspace is not an ideal, and that this is easily

seen once we have the characterisation of [F,G,F,G]| in the lemma above:

Corollary 6.4 Let G be a non-abelian p-group. Then the commutator sub-

space [F,G,F,G] is not an ideal.

Proof: If G is abelian, [F,G,F,G] = (0), so let g be an element in ((G)
where GG is a non-abelian finite p-group. Find non-central elements h and k
in GG such that ¢ = hk. Consider k’s conjugacy class and make an element a
in the commutator subspace using the proof of lemma 6.3. We can assume
the coefficient of k is non-zero. Now, when we multiply a by h, we will get
a central element in the sum, and so ha is not in the commutator subspace,
by lemma 6.3. OJ

Another useful result, which is often used to simplify calculations is the
following (the proof is slightly different from what you usually find in the

literature):

Lemma 6.5 Let aj,as,...,a, € F,G. Then
(a1 + - +a,)’ =af + -+ a? mod [F,G,F,G]. (6.1)
Proof: Let A be the set of all words a;, a,, - - - a;, with at least two distinct
subscripts. We expand out the left side of (6.1) to get
(a1+...+an)p:a}1’+...aﬁ+a

where a is the sum of all words in A. Let C), act on A by cyclic permutation.
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6.1 Getting to know F,G

Observe that if we have words

W1 = Gy Qg =+ " Qg

Wy = aijaij+1 [N aipail e aij71

then wy —wy € [F,G,F,G|. Hence, modulo [F,G,F,G], the elements in A in
an orbit under the action of C), are the same. Furthermore, the orbit size is

divisible by p, and so we are done since we are in characteristic p. O

Recall that F,G is an augmented algebra via (2.4).

Lemma 6.6 Let G and H be finite p-groups and let o be an isomorphism
between their modular group algebras. Then there exists an isomorphism

a: F,G—=F,H preserving the augmentation.

Proof: 'We have the diagram

where €g and ey are the augmentation maps. Since a(g) is not necessarily
in [H, this diagram is not necessarily commutative (except for p = 2), and
so we need to show that there is an isomorphism @ replacing « such that we
get a commutative diagram.

Consider the ring homomorphism 3 = €y o a:

F,G—= ~F,H

X leH

F,.

For g € G, B(g9) € F,\{0} (a unit). If p = 2, 8 = €¢, and so the diagram
commutes with @ = a.. For p # 2, define a map F,G L>IFPG by



6.1 Getting to know F,G

and extend linearly to elements gec @gg- Then 7 is a ring automorphism,

and what’s more,

B(1(9)) = B(B(g)"2g) = Blg)"

and so [ oy is the augmentation €5 by Fermat’s little theorem. If we put

o = « oy the diagram commutes, which is what we wanted. U

Note that this result is not special for characteristic p, and holds when F, is

replaced by any commutative ring with 1 and G and H are groups. In this

case the proof uses y(g) = 8(g) " g.

Also note that this means that the modular isomorphism problem really
asks whether F,G as an augmented algebra determines a finite p-group G.

Using the identities

gh—1 = gh—=1)+(g—1) (6.2)
g ' -1 = —g'(g—-1) (6.3)

we see that /G is generated as a G-module by elements g — 1 where g is an

element in the generating set for G. We also have

Lemma 6.7 The augmentation ideal IG is determined by F,G.

Proof:  This follows since IG is the Jacobson radical of F,G. ]

The group algebra will be finite dimensional since we consider finite
groups, and so when we form a filtration of /G, this will eventually stop.
In particular, the IG-adic filtration stops, i.e. there is an N € N such that

IGS(IGR D > (IG)N 5 (IG)N*! = {0} (6.4)

Now, (I/G)" is the ideal consisting of sums of products of n elements of IG
and by associativity of ideals, (IG)"(IG)™ = (IG)"™.

Corollary 6.8 Powers of the augmentation ideal are determined by F,G. In
particular, F,G determines the filtration (6.4). O
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The filtration (6.4) gives rise to a sequence of characteristic subgroups
Du(G) = {g e Clg—1€ (IG)"} (6.5)

called the modular dimension subgroups.

Lemma 6.9 The D-series satisfies the properties

[S)
=
a

>
3
8

A

Drim(G), (6.6)
DG < Dpp(G). (6.7)

Property (6.6) is called the strong centrality property.

Proof:  To prove (6.6), pick elements g¢,,, g, in D,(G), D,,(G) respectively.
Then

[Gns Gm] — 1
=0, 9 (GnGm — GmGn)
:gglg;nl((gn - 1)<gm - 1) - (gm - 1)(971 - 1))

(.

~~

c(IG)n+m

and [gn, gim] € Dnim(G).
For (6.7) we use that gh — 1 = (g, — 1) in characteristic p. O

It can be shown that the D-series is the fastest descending series satisfying
properties (6.6) and (6.7), see [37, page 90]. Also, we know what this series
looks like:

Definition 6.10 We define the M-series inductively by

Mi(G) = G (6.8)
Mz’(G) = <[Mi,1(G),G],M(i/p)(G)(p)> (6-9)

where (i/p) is the least integer > i/p and M;(G)®P) denotes the set of p-th
powers in M;(G).
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6.2 Understanding the problem

This series is usually called the Jennings series. However, Jennings called
it the M-series, and so that is the name we will use. The following deep

theorem tells us what we need.

Theorem 6.11 (Jennings ) The D-series and the M-series of G are iden-
tical, i.e. g € M;(G) if and only if (9 — 1) € (IG)".

Proof:  See [21]. O

We will soon see an important application of this theorem.

The group algebra has many structures, and among these we also find the
structure of a Hopf algebra. The comultiplication A : F,G —F,G ®r, F,G
is given by

A(Z agg) = Z agg @ g. (6.10)

geG geG

6.2 Understanding the problem

When we say we know F,G, we mean that we know all features that are
preserved under an isomorphism of algebras. And to solve the modular
isomorphism problem means to find G from these features, without using
information about G.

We can not use the comultiplication (6.10) since it uses G: The group
algebra as a Hopf algebra determines the group, because we know exactly how
the group sits inside the group algebra then, namely embedded diagonally.
Hence we can recover G from the Hopf algebra F,G as the set of non-zero
elements a € F,G such that A(a) = a® a.

The Zassenhaus conjecture in the p-group case said that for F' a field of
characteristic p, GG is determined up to conjugacy within the unit group of
FG, ie. an isomorphism from F'H to F'G must map H to a conjugate of GG
in the unit group of FFG. Roggenkamp and Scott, [39], solved this conjecture
by proving that in the normalised units of Z,G there is only one conjugacy
class of groups of order |G|. Consequently, Z,G determines G, and in a very
strong sense, namely we can pick out the group elements of G from Z,G.

Here Z,, denotes the p-adic integers.
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6.3 Known results

To say that G is determined by F,G' means we know how G sits inside
F,G. But we don’t necessarily know how each element of G sits in F,G: For
example, let C3 = {1, g, ¢*} and consider F5C5. Then any element in F3Cj
with augmentation 1 will generate a copy of C3 in F3C3 ({1, 1+g+2¢?%, 2+2¢%}
is another C3). So what Roggenkamp and Scott proved for Z,G cannot be
done for F,G, but the modular isomorphism problem may still have a positive
answer. The cohomological approach doesn’t engage this way of thinking,
but rather works in terms of a presentation for G.

Another reason why we feel the cohomological methods are promising,
is the article by Al Weiss, see [47], where he uses representation theory to

generalise and prove results introduced by Roggenkamp and Scott.

6.3 Known results

First of all, dimg, F,G = |G|, so we know the order of the group. From

theorem 6.11, we also have

Proposition 6.12 IfF,G ~TF,H then for all i

Proof:  The quotients in the Me-series (or the D-series) are elementary
abelian p-groups, and so are completely determined by their orders. Let
D,(G)/Dpir(G)] = pPr. If a,(G) = dim(IG)"/(IG)" then our result
follows since we have the following formula for the generating function for

an(G) (1G] = p?):

S I\ 1\ -1\
> a(G)t _(t—l) <t—1> "'<t—1) '

n=0

The formula can be deduced by finding a basis for (IG)"/(IG)"*!, which
is done by refining the D-series to a composition series for G and using the

notion of weight, see e.g. Passman [37]. U]

142



6.3 Known results

This means that the “class” of G with respect to the M-series is determined
by F,G, ie. the property M;(G) = 1 for some i is determined. As a
consequence, if the nilpotency class of G is less than p, then the exponent of
G is determined, see [41, theorem 6.17] and the bibliography there.

In [35], Passi and Sehgal investigate the M-series and show for example
that F,G determines G in the case G is of class 2 and exponent p.

The following theorem, attributed to Deskins, has been proved in many
ways, and for F, it will follow from proposition 6.12. However, we give

Coleman’s proof, see [10] , which does not make use of the M-series.

Theorem 6.13 (Deskins) If G and H are finite abelian p-groups, and if
FG ~ FH for some field ¥ of characteristic p, then G ~ H.

Proof:  Let G = {gP|g € G} and let G and H be abelian p-groups. If
|G| = |H| and G? ~ H? then G ~ H. Using this fact, the result follows by
induction on n = |G| since any isomorphism FG ~ FH maps (FG)? onto
(FH)?, and since G is abelian, (FG)? = FPGP, see lemma 6.5. O

More results follow from theorem 6.13:

Corollary 6.14 Let G and H be p-groups with F,G ~F,H. Then

G/G' ~H/H' and (6.11)
(@) =~ ((H). (6.12)
Proof:  See for example Passman’s article [36]. O

Another important result is due to Quillen and Lazard, see [24], namely

Theorem 6.15 Let G and H be p-groups with F,G ~ F,H. Then their

restricted graded Lie algebras are isomorphic, i.e.

L =P Di(G)/Di1(G) ~ P Di(H) /D1 (H).

i>1 i>1
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6.3 Known results

Proof: The associated graded ring of F,G for the /G-adic filtration

U=Pue)/uc)™!

n>0

is determined by F,G by corollary 6.8.
It turns out that U is the universal enveloping algebra of L, see [38, page
417]. And so the Lie algebra L is sitting as a sub-p-Lie algebra in U generated

by the elements of dimension 1, and the result follows. 0

Note that proposition 6.12 follows from this, and also that this is a stronger
result, because it tells us that the commutator structure between the quo-
tients is also preserved under an isomorphism of modular group algebras.
The results above have helped people in solving the problem for p-groups
of small order and certain classes of p-groups. An account of the work on the
modular isomorphism problem up to 1984 can be found in Bob Sandling’s
survey article, see [41]. And Sandling is also one of the people who has recent
results on this problem. For example, it has been shown that the modular

isomorphism problem has a positive solution for
e abelian p-groups (Deskins 1956),
e p-groups of order < p* (Passman 1965),
e groups of class 2 and exponent p (Passi and Sehgal 1972),
e groups of order 2° (Makasikis 1976, faults rectified by Sandling 1984),
e metacyclic p-groups (completed by Sandling 1994, see [42]),

e groups of order p°, p odd (completed by Salim and Sandling 1994, see
[40)),

e groups of order 2% (Wursthorn 1994, see [49]),

e groups of order 27 (Bleher, Kimmerle, Roggenkamp and Wursthorn
1997, see [5]).
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6.3 Known results

In [20] there are lists of the groups of order p® and p® which were used as a
reference, but not a necessity, in the work on groups of order p>. However,
continuing working with these methods does not have a lot to recommend it.
Sandling, who supervised Mohamed Salim’s work on p°® says “Order p® looks
much too difficult and tedious, and would mainly be instructive concerning
presentations of p-groups.”

Of other results, we should mention Czestaw Baginski and Jon F. Carl-
son’s work on 2-groups of maximal class (dihedral, semidihedral and quater-
nion groups), see [8]. During “Groups St. Andrews” in Oxford , August
2001, Alexander B. Konovalov reported on joint work with Baginski on the
2-groups of almost maximal class. It remains to distinguish 2 disjoint pairs
of groups (of order 28) and 2 families before these groups can be added to
the list.

We see that the problem has been successfully answered for p-groups be-
longing to classes which are recognisable from the information provided by
the modular group algebra, and where the individual groups are given by
invariants also determined by the modular group algebra. Moreover, the
invariants people have needed haven’t been too many (the order, the iso-
morphism types of the centre and the commutator factor group etc.). If we
consider the classification of p-groups in general, then for bigger groups one
needs more and more invariants. The cohomological invariants we will use
are different in the sense that we work in terms of a presentation for our
group.

Salim and Sandling write in their article [40] “One can chart a progression
in recent papers on the modular isomorphism problem. FEach sets out to
deduce as much as possible from a quotient algebra of F'G. The ideals which
are divided out have become smaller and smaller, resulting in larger and
larger sections of F'G susceptible to purposeful analysis. At each stage a
more complicated group basis becomes embeddable in the quotient algebra
and thence its structure made accessible.”

However, there has been a paucity of results on the modular isomorphism
problem, and asking Sandling about his thoughts on the problem today,

he replied “I think that majority opinion on the subject leans now to the

145



6.4 A cohomological viewpoint

negative side — really there is little evidence one way or the other. Perhaps,
if the answer is positive, the likeliest way to establish it is to reconstruct ZG
from F'G somehow and apply the positive result of Roggenkamp and Scott
for p-groups in the case of integral coefficients (if not ZG, which does not
seem at all likely, at least that information about it used in their argument).”

He also suggests some themes that could be pursued: 1) analogues of the
results proven only for [F, for other fields of characteristic p; 2) deductions
about G from its cohomology ring.

In his survey paper from 1984, Sandling refers to Laudal and says “The
hope has been entertained that, for G a p-group, ZG determines via Massey
products a certain obstruction morphism in mod p cohomology, and thence
G itself.” This is the morphism og introduced in theorem 4.4. So let us see

what our work can say about this.

6.4 A cohomological viewpoint

We will now see the benefit of having various definitions of the cohomology
groups, because some of them will not use information about G. Also the
various constructions from earlier chapters will help us now. The following

result starts us off.

Theorem 6.16 Let G and H be finite p-groups. If F,G ~ F,H then we have
H"(G,F,) = H"(H,F,) for alln > 0.

Proof: 'When we have F,G' ~ F,H, we can think of F, as being an [F, H-free
resolution of IF,, and apply lemma 2.10. O

We note that we can let our F, start with the augmentation map, i.e. Fy =
F,G, and then let the Fj-s be free F,G-modules on the kernel of the previous
differential (so F} is free on IG etc.). This resolution is very big (the more
canonical a resolution is, the bigger it is), but at least it only uses the algebra

structure, so we can find resolutions which do not use any information about

G.

146



6.4 A cohomological viewpoint

Theorems 2.30 and 6.16 tell us that the minimal number of generators
and pro-p relations for G are determined by F,G. And using the Golod-
Shafarevich inequality in theorem 4.8, we see that also a lower bound on the
minimal number of relations is determined. Recall that we are dealing with
a minimal pro-p presentation of GG, so by a presentation we always mean a
pro-p presentation.

We would like to make use of the Massey products and theorems 4.5 and
4.6.

Lemma 6.17 The Yoneda composition (3.3) is determined by F,G.

Proof: This product is defined by splicing sequences, which only uses infor-
mation about F,G. O

And also:
Lemma 6.18 The cohomology ring H*(G,F,) is determined by F,G. O

We only work with H'(G,F,) and H*(G,TF,), but we mention this lemma
since lan Leary has given an example of two non-isomorphic p-groups with
isomorphic cohomology rings, see [25]. This means that the algebra struc-
ture on H*(G,F,) is not enough to determine G, and we therefore need to
study generalised cup products, i.e. Massey products. This is analogous to
determining a function by calculating more and more terms of its Taylor

series.

Theorem 6.19 Let G be a p-group. The Massey products on HI(G,IFP) and
H*(G,F,) are determined by F,G.

Proof: The Massey products can for example be defined using the Hochschild

cocomplex which only depends on F,G. By theorem 2.13 we are done. U

Note that the procedure introduced in section 4.4 is determined by F,G
since the strictly defined Massey products come from extensions of extending

F, in the module category, as in section 3.4. And so the fact whether a
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6.4 A cohomological viewpoint

strictly defined Massey products is zero or not tells us whether we have a
certain module structure on an extension or not.

We now introduce the following class of finite p-groups.

Definition 6.20 Let C be the class of finite p-groups having a pro-p presen-

tation with relations on the form

i) a generator to some (power of p)th power,
i1) left-normed n-fold commutators for n > 2,

and/or iii) products of i) and i)

where if a certain (n — 1)-fold commutator y for n > 3 occurs, then we don’t

have a k-fold commutator, k > n, involving y occurring.

By “involving” we mean if y = [[a, b], ¢| say, then we don’t have commutators
[--[..,][a,b],c],...],...] occurring. Note that this is a class of groups, i.e.
we don’t say anything about parameters for example.

Using theorems 4.5 and 4.6, we see that the relations in the class C are
exactly those determined by strictly defined Massey products. L.e. the groups
in C have a presentation given by strictly defined Massey products, meaning
you can write down the Massey products and they will all be strictly defined.
Conversely, p-groups given by strictly defined Massey products are in C.

So all the groups coming out of the procedure and tree construction in
section 4.4 are in this class. In fact, the 2-generator groups in the class C are
those coming from the tree construction in appendix B.

Also note that the class intersects non-trivially with all the classes for
which it is known that the modular isomorphism problem has a positive

alnswer.

Theorem 6.21 The class C is determined by F,G, i.e. if F,G ~F,H then
G isin C if and only of H is in C.

Proof:  To summarise, the class C gives us exactly the p-groups having
a pro-p presentation coming from strictly defined Massey products. The
Massey products, as we have seen, live on the Hochschild cocomplex, which
is determined by F,G.
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6.4 A cohomological viewpoint

Moreover, the fact whether a Massey product is strictly defined or not is
also determined by F,G as this can be detected by considering the existence

of certain module-structures as we saw in section 3.4. ]

We would like to distinguish the groups in the class C. To do this we would
need to sort out the problems we considered in section 4.5. However, we got
some results on the 2-generator groups, so let us see what this tells us. First

we state

Corollary 6.22 Let Cy be the 2-generator groups in C. Then Cy is deter-
mined by F,G, i.e. if F,G ~ F,H then G is in Cy if and only if H is in
Cs.

Proof: In Cy, dimp, H'(G,F,) = 2, which is determined by F,G, and so the

result follows from theorem 6.21. ]

In the class Cy we have dealt with the indeterminacy for p > 3 in theorem
4.16. Moreover, the class Cy consists of the groups in the tree in appendix B.

We see that this tree has three main branches.

Theorem 6.23 Let G € Co, p > 3. Then, referring to the procedure in
section 4.4 and the tree in appendiz B, F,G determines what main branch G
is i and at what level G is. Moreover, if conjecture 4.18 is true, then F,G

determines exactly where in the tree we can find G, hence determining G,
i.e. if H is any group with F,H ~ F,G then H ~ G.

Proof: 'We first note that building extensions as we did in section 3.4 detects
how the various products are related, hence IF,G distinguishes between groups
like G1; and G2 in section 4.3.3. And so the choices of the various ranks in
the procedure in section 4.4 are determined by F,G. These ranks will define
the branches in the tree. Since the base step in the proof of conjecture 4.18
is OK, F,G determines in which of the main branches G sits.

For each level in the procedure we form new branches, and so if we get
the induction step in the proof of conjecture 4.18 to work, we have dealt with

the well-definedness problems, and the result follows. 0
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Appendix A

A Magma-session on Gg

The following Magma-session was run in example 2.31.

> G<x,y> := Group<x,ylx~27=1,y73=1, (x,y)=x"9>;

> print Order(G);

81

> print pQuotient(G,3,0);

GrpPC of order 81 = 374

PC-Relations:
$.173
$.373
$.278.1 = $.2 x $.472

> H<x,y> := Group<x,ylx~3=1,y 9% (x,y)=1>;

> print Order (H);

2997

> print pQuotient(H,3,0);

GrpPC of order 81 = 374

PC-Relations:

I
I & &

.3,
.4,

$.2°3 = $.3,
$.37°3 = $.4,
$.2°¢.1 = $.2 x $.4

> IsIsomorphic(pQuotient(G,3,0),pQuotient(H,3,0));
true

> K<x,y> := Group<x,ylx~27=y~3, (x,y)=x"9>;

> print Order (K);

81

> IsIsomorphic(pQuotient(K,3,0),pQuotient(H,3,0));
true
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Appendix B

A tree of 2-generator p-groups

In chapters 4 and 5 we introduced the families
o {A,, n}n>1 for fixed m (Definition 4.12);
e {N;};>3 (Definition 4.13);

e G(m,N — 2m), which we will denote G,, n_2, here to save space
(Theorem 5.11).

The following groups appear in the tree-construction on the next page:
o Ay, =C, xCp forn=1,2,3;
o Ay, = Cp X Cpn for n = 2,3, 4;

Gin-o = {z,y|ePlx,y] = 1,y*" [z,y] = 1} for N = 3,4,5;

Gon_a = {z,y|lo? [z, y] = 1,4"" '[z,y] = 1} for N = 6,7,8;

NS - {mep = 1’yp = 17 [:I"7y7y] = 17 [:L‘vyam] = 1}7

Ny = {z,ylz? = Ly? = 1, [z,y,y] = L, [z,y,z,2] = 1,[z,y,2,y] = 1}
where the last relation can be omitted.
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A cohomological approach to
the classification of p-groups
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Abstract

In this thesis we apply methods from homological algebra to the study of
finite p-groups.

Let G be a finite p-group and let I, be the field of p elements. We consider
the cohomology groups H'(G,F,) and H?(G,F,) and the Massey product
structure on these cohomology groups, which we use to deduce properties
about G.

We tie the classical theory of Massey products in with a general method
from deformation theory for constructing hulls of functors and see how far
the strictly defined Massey products can take us in this setting.

We show how these Massey products relate to extensions of modules
and to relations, giving us cohomological presentations of p-groups. These
presentations will be minimal pro-p presentations and will often be different
from the presentations we are used to.

This enables us to shed some new light on the classification of p-groups,
in particular we give a “tree construction” illustrating how we can “produce”
p-groups using cohomological methods. We investigate groups of exponent p
and some of the families of groups appearing in the tree. We also investigate
the limits of these methods.

As an explicit example illustrating the theory we have introduced, we
calculate Massey products using the Yoneda cocomplex and give O-deficiency
presentations for split metacyclic p-groups using strictly defined Massey prod-
ucts.

We also apply these methods to the modular isomorphism problem, i.e.
the problem whether (the isomorphism class of) G is determined by F,G.
We give a new class C of finite p-groups which can be distinguished using

F,G.



