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Abstract
The amount of heat generated by computers is rapidly becoming one of themain problems for
developing new generations of information technology. The thermodynamics of computation sets the
ultimate physical bounds on heat generation. A lower bound is set by the Landauer limit, at which
computation becomes thermodynamically reversible. For classical computation there is no physical
principle which prevents this limit being reached, and approaches to it are already being
experimentally tested. In this paper we show that for quantumcomputationwith a set of signal states
satisfying given conditions, there is an unavoidable excess heat generation that renders it inherently
thermodynamically irreversible. The Landauer limit cannot, in general, be reached by quantum
computers.We show the existence of a lower bound to the heat generated by quantum computing that
exceeds that given by the Landauer limit, give the special conditions where this excess costmay be
avoided, and provide a protocol for achieving the limiting heat cost when these conditions aremet.We
also showhow classical computing falls within the special conditions.

1. Introduction

Information processing does not come for free. Physical systems are needed to store, transmit and process
information, and these comewith physical resource costs, in time, space and energy. The heat generated by
information processing is becoming one of themost significant of these costs.Modern integrated circuits have
power densities of the order -100 W cm 2 with operating temperatures near to their upper limit [1]. Thermal
management is already themain constraint on the performance ofmodern electronics and advances in
technologywill increasingly need to test the fundamental limits of energy consumption.

For classical information processing, Landauer’s principle [2–5] relates the change in information from a
computation to aminimum thermodynamic cost in the formof heat generated in the environment. The
information content of a source of signals ismeasured by the Shannonmeasure = -åH p plogn n n2 , where pn is
the probability of signal n occurring. Landauer’s principle states that themean heat generated by an information
processing device is given by

D - D ( )E kT Hln2 , 1classical

whereDH is the change in the Shannon information.
The limit cost, which corresponds to the condition of thermodynamic reversibility [6, 7], is defined purely in

terms of the information processing operation itself: every physical systemwhich performs the taskmust pay at
least this cost [6, 8, 9].Most importantly, it is a tight bound: while there are practical barriers to reaching the limit
(finite size and time effects, single shot costs, etc [10, 11]) there is no physical principle that prevents their effects
becoming arbitrarily small, with experimental tests increasingly pushing at this boundary [12–14]. This tight
relationship between information theory and thermodynamicsmakes Landauer’s principle the basis of our
understanding of the thermodynamic cost of information processing.

However, both the theoretical studies and experimental tests of the Landauer limit have almost exclusively
considered classical information processing. Quantum computing radically alters the nature of information,
leading tomany attempts to extend Landauer’s principle to quantum theory [15–27].
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Quantum information processing involves a quantum system Swith non-orthogonal states r ¢n
S as signal

states, undergoing a quantumoperationQ, defined by its effect upon the signal states r r r ¢ = ( )n n n
S S S . Given

that the input rn
S appears with probability pn, the average input is r r= å pn n

n
S S, and the average output

is r r¢ = å ¢pn n
n

S S .
The natural quantumgeneralisation of Shannon information to quantum theory is the Schumacher

informationmeasure r r r= -( ) [ ]S Tr logS S 2 S [28], which agrees with the Shannon informationwhen the
signal states are orthogonal. This suggests that equation (1) should be replaced by

r rD - ¢[ ( ) ( )] ( )E kT S Sln2 . 2Q S S

While it is well known that equation (2)must hold, and that reaching the equality is required for thermodynamic
reversibility [29, 30], we show that it fails as a tight bound due to the non-orthogonality of states in quantum
information processing. There is an unavoidable excess heat generation in quantum computation that is not
present in the classical case.

Summary of the theorem
For any given quantumoperationQ there is non-negative quantity Q, defined independently of how the
quantumoperation is physically implemented, such that the heat generated by the operation is bounded by:

r rD - ¢ +[ ( ) ( )] E kT S Sln2 .Q QS S

In general for quantumoperations > 0Q . Barring exceptional symmetric cases, = 0Q if, and only if, all the
output signal states r( ) n

S share a commondiagonalised basis, and there exists a common left stochasticmap
fromdiagonal elements of the input states (in the diagonal basis of rS) to eigenvalues of the output states. If these
conditions do not hold, there is an excess, thermodynamically irreversible cost to any physical process that
performs the quantumoperation. For cases where these conditions do holdwe provide a protocol for achieving
the limiting heat cost.

This paperwill define quantumoperations, characterise the thermodynamics of implementing quantum
operations, state the theorem, and then give examples of operations whichmeet, and operations which do not
meet, the conditions for = 0Q .

2.Quantumoperations

While classical information processing is built up from logical operations such as AND,OR andNOTgates, the
fundamental element in quantum information processing is the quantumoperation [31]. This acts upon one of
a number of possible input states, each represented by a different quantumdensitymatrix, r{ }n

S , andmaps each

one to a specific output state r r ¢n n
S S .

Not allmaps of the form r r ¢n n
S S are physically possible. A general quantumoperation,Qα, must be a

completely positive linearmap r r= åa a a( ) † Q Qn
k k

n
kS , S , with å a a

†  Q Qk k k, , S. If the operation is trace-
decreasing it involves the selection of an outcome, α, which occurs with probability

a r= å <a a( ∣ ) †⎡⎣ ⎤⎦P n Q QTr 1k k
n

k, S , , and aå =a ( ∣ )P n 1. For a thermodynamic analysis, all possible outcomes

must be included, sowemust use the non-selective operation r r= åa a( ) ( ) n n
S S , for which

å =a a a
† Q Qk k k, , , S. If the operationQα is trace-preserving, then clearly r r= a( ) ( ) n n

S S .
When it is not a pure unitary rotation, a quantumoperation requires the use of an auxiliary system A,

initially in a standard state, rA. A joint unitaryV acting on r r r r rÄ  ¢ = Ä †V Vn n n
S A SA S A results in an

entangled state of system and auxiliary (see figure 1). The reduced state of the system, r r r= Ä¢ [ ]†V VTrn n
S A S A ,

is the output state (see [31]Chapter 8, for a textbook presentation).

3. Thermodynamics of quantumoperations

It is essential, when quantifying the thermodynamic costs of operations, to keep track of the effects upon
auxiliary systems. If an auxiliary is disregarded, then the quantumoperationwould appear to be performed
without generating heat. However, this leaves the auxiliary in a state r r r¢ = Ä[ ]†V VTrn n

A S S A . Simply discarding

the auxiliarywould, on average, change the entropy of the environment by r r¢ -[ ( ) ( )]S Sln2 A A

where r r r r¢ = Ä = å ¢[ ]†V V pTr n n
n

A S S A A .
Themost straightforwardway to deal with this is to reset the auxiliary to its original state rA. To do this a

thermal environment is introduced in the formof a heat bath in a canonical state rB at temperatureT. The reset
can be performed by some unitaryW acting on both the auxiliary and the heat bath such that

2
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r r r= ¢ Ä[ ]†W WTrA B A B (see figure 1). This operationwould transfer at least r r¢ -[ ( ) ( )]kT S Sln2 A A of heat to
the heat bath [29]. Eitherway, the cost to the environment will generally bemore than required by equation (2).
A quantumoperation typically leaves correlations between system and auxiliary, with amutual information [18]
of r r r r r r¢ ¢ = ¢ - + ¢ -( ) [ ( ) ( )] [ ( ) ( )] S S S S S: 0S A S S A A . A simple resetting (or discarding) of the auxiliary,
as described above, is therefore paying r r¢ ¢( )kT Sln2 :S A as an excess cost over and above the cost of equation (2)
unless there is no correlation: r r r rÄ = ¢ Ä ¢†V VS A S A.

Tofind theminimum thermodynamic cost of the quantumoperation, the auxiliarymust be resetmore
efficiently, exploiting correlations with the system. The unitaryVmust be embedded in a larger unitaryUwhich
includes interactions between system, auxiliary, and heat bath.Umust preserve the output of the computation

r r r rÄ Ä = ¢ "[ ] ( )†U U nTr , ; 3n n
AB S A B S

while resetting the auxiliary

r r r rÄ Ä =[ ] ( )†U UTr 4SB S A B A

(see figure 1, and appendix A for formal details on this set up). Standard calculations show that this implies
equation (2) (see appendix B). If the quantumoperation is only defined for a single signal state, then physical
implementations are possible which can get arbitrarily close to the equality in (2) (appendix C).

In general, a quantumoperationmust produce the result r r¢ = ( )n n
S S , formultiple signal states r{ }n

S . The
sameUmust satisfy (3) for all n. Our principal result is to show this additional constraint forces a higher
thermodynamic cost than equation (2). An operationwhich generates a quantity of heat, Q, in excess of this
boundwill be thermodynamically irreversible, as any second operationwhich restores the original average state
r r= ¢ ¢( )S S must necessarily leave a net heat gain in the heat bath of at least Q over the complete cycle.
Quantumcomputations cannot, in general, be performed in a thermodynamically reversiblemanner.

Figure 1. (i)The basic operationwe consider involves a unitaryV to convert an input system state rn
S into an output state r ¢n

S . An
auxiliary input rA typically becomes entangledwith the system and is discarded at the end of the operation. In order to understand the
energy cost of the operationwe should reset the auxiliary to its standard state rA in preparation for further uses. This is done via
interactionwith a heat bathwhich starts in the canonical state rB. (ii)An energetically suboptimal way to do this ignores any
correlations between S and A and directly resets the auxiliary using the unitaryWwhich acts on the joint auxiliary-heat bath state. The
output auxiliary state r r r= ¢ Ä¯ [ ]†W WTrn n

A B A B should be such that r r= å ¯pn n
n

A A where pn is the probability of input n; the auxiliary
is reset on average. (iii)The optimalmethod typically cannot be decomposed in this way and requires a unitaryU defined to act on
system, auxiliary, and heat bath.U should result in the same output state r ¢n

S and reset the auxiliary: the output auxiliary state rn
A

should be such that r r= å pn n
n

A A . For given average input rS and output r¢S, the average energy changewhich occurs in the heat bath
will be lower bounded.

3
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4. The theorem

Let r r r r r ¢ = Ä Ä[ ]†U UTrn n n
S S AB S A B be a quantumoperationQwhere rB is the state of a canonical heat

bath at temperatureT, and rA is a standard state of an auxiliary which should be restored by the operation (see
equation (4)).

The average system input state rS can be expressed in terms of its diagonal basis vectors f ñ{∣ }i as

å år r l f f= = ñá∣ ∣p .
n

n
n

i
i i iS S

Similarly the average systemoutput state can be expressed in terms of its diagonal basis vectors f¢ ñ{∣ }k as

å år r l f f¢ = ¢ = ¢ ¢ñá ¢∣ ∣p .
n

n
n

k
k k kS S

In terms of these basis vectors the individual inputs and outputs are represented by

å år m f f r m f f= ñá ¢ = ¢ ¢ñá ¢∣ ∣ ∣ ∣and .n

ij
ij
n

i j
n

kl
kl
n

k lS S

Wenow state the theorem:

Theorem1. If there exists a stochastic map, ( ∣ )P k iQ with

å = "( ∣ ) ( ∣ ) P k i P k i i k1 and 0 , ,
k

Q Q

such that

åm d m¢ = ( ∣ ) ( )P k i , 5kl
n

kl
i

Q ii
n

for all n, then theminimum thermodynamic cost of the operation

r rD - ¢ +[ ( ) ( )] E kT S Sln2 ,Q QS S

can approach = 0Q . Otherwise, provided there are no symmetries of the form l l l l= ¢ ¢i j k l where ¹i j or ¹k l,
then necessarily > 0Q .

Note that the set of properties l l m m¢ ¢{{ } { } { } { }}, , ,i k ij
n

kl
n , used to state the theorem are defined solely in

terms of the quantumoperation, independently of the particular physical process used to implement it.

Outline of proof
In appendix Awe show that the implementation of the operation can be re-written in the form

åm m¢ = ( ∣ ) ( )q kl ij , 6kl
n

ij
ij
n

where the complex coefficients ( ∣ )q kl ij carry the effects of interactionwith the environment. They have the
properties =( ∣ ) ( ∣ )* q kk ii q kk ii 0, and då =( ∣ )q kk ijk ij . In appendix Bwe show that for a given physical
implementation of the quantumoperationwhere r r r r¢ = Ä Ä †U US A B , and r r r r= ¢ Ä Ä S A B,

r r¢ -∣∣ ∣∣ ( )  kT
1

2
. 7Q 1

2

Finally in appendixDwe show that

r r
l l l l
l l

¢ -
¢ - ¢

¢ + ¢
∣∣ ∣∣

∣ ∣
∣ ( ∣ )∣ ( )  q kl ij . 8

j k i l

k l
1

It follows that if there is a value of >∣ ( ∣ )∣q kl ij 0 for which l l l l¹ ¢ ¢i j k l , then the implementation has an
excess thermodynamic cost.

The coefficients ( ∣ )q kk ii imply no bound as l l l l= ¢ ¢i j k l automatically holds for them. If equation (5)
holds, then =( ∣ ) ( ∣ )q kk ii P k iQ gives an implementationwith no excess cost (see appendix F for an explicit
construction of a suitable protocol). Otherwise, theremust be some >∣ ( ∣ )∣q kl ij 0 for ¹i j or ¹k l . If
l l l l¹ ¢ ¢i j k l for any of these ijkl values, then there is an excess cost for that implementation.We can therefore
use numerical optimisation techniques tofind the coefficients satisfying (6)whichminimise the largest value of
(8), and equation (7) shows this gives a lower bound for Q.

When the output states do not have a shared diagonalised basis, so that there is some m ¢ > 0kl
n for ¹k l , there

is also an analytical bound:

4
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m l l

m l l l l

¢ ¢ + ¢

å ¢ - ¢¹

∣ ∣ ( )
∣ ∣ ∣ ∣

( ) 
⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

kT
1

2
max . 9Q

n k l k

kl
n

k l

ij ij
n

j k i l, ,

2

For further details see appendix E.
This energy bound and others derived herewill not in general be tight. It is an open problem to demonstrate

a protocol which reaches Q—our results only place a non-zero lower bound on the excess energy cost.

5. Examples of thermodynamically reversible operations

There arewell known cases of quantumoperations where = 0Q .We now showhow they fit into our proof.

Pure unitary. In a pure unitary quantumoperation, r r=¢ †U Un n
S S . This does not involve an auxiliary or heat

bath, and does not change the eigenvalues of any input signal states. Solutionswith d d=( ∣ )q kl ij ik jl satisfy the
operation, and the exceptional symmetry condition applies: the only termswhich contribute to equation (6) are
ones forwhich l l l l= ¢ ¢i j k l .

Single input.When there is only one possible input r r=n
S S. As m d l=ij

n
ij i and m d l¢ = ¢

kl
n

kl k, choosing

l= ¢( ∣ )P k iQ k shows that equation (5)holds.
Single output.Resetting to a standard state is known to satisfy = 0Q [16, 17]. In this case the output states

for all inputs are of the form r l f f¢ = å ¢ ñá∣ ∣k k k kS , so m d l¢ = ¢
kl
n

kl k. Again, choosing l= ¢( ∣ )P k iQ k, shows that
equation (5) holds.

Classical information processing. For classical information processing, where the signal states correspond to
orthogonal quantum states, = 0Q [6, 7, 32]. r f f= ñá∣ ∣n

n nS , so m d d=ij
n

ij in. In general the outputs take the form

r f f¢ = å ¢ñá ¢( ∣ )∣ ∣P k nn
k Q k kS , representing a distribution of possible outputs f¢ ñ∣ k , so m d¢ = ( ∣ )P k nkl

n
kl Q , and

equation (5) holds. This generalises to signal states corresponding to overlapping classical probability
distributions. The inputs are thenmixed states of the form r f f= å ñá( )∣ ∣P in

i
n

i iS , so m d= ( )P iij
n

ij
n . In general

the outputs take the form r f f¢ = å ¢ñá ¢( ∣ ) ( )∣ ∣P k i P in
ik Q

n
k kS , and so m ¢

kl
n is precisely given by (5).

6. Case study of a thermodynamically irreversible operation

In general it will not be the case that = 0Q . Even the simplest quantumoperations will fail to satisfy
equation (5). As an example, we consider single qubit dephasing operations, which exhibit all the features of the
theorem. Inputs of the form r = ñá∣ ∣v vn n n

S S S with ñ = ñ + ñ∣ ∣ ∣v c c0 1n n n
S 0 S 1 S give outputs

r r¢ = + - ñá + ñá( ) ( )[∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣]r r r c c1 0 0 1 1n n n n
S S 0

2
S S 1

2
S S . Each value of r defines a different quantumoperation,

r r¢ =( ) ( )rn
r

n
S S , withQ1 the identity, andQ0 completely dephasing the qubit.
The operationQr can be implemented straightforwardly by a quantumCNOTgate and an auxiliary,making

our theoremopen to experimental investigation [33].With the auxiliary initially prepared in the state
a bñ + ñ∣ ∣0 1A A acting as the target, we have a b ab= +( )* *r .

Non-diagonalisable outputs.When < <r0 1, the outputs, r ¢ ( )rn
S , will not typically be simultaneously

diagonalisable. Consider =r 1

2
with two possible inputs: ñ∣0S occurring with probability 0.3, and

+ ñ = ñ + ñ∣ ∣ ∣0 1S
1

2 S
1

2 S occurringwith probability 0.7. After tracing away the auxiliarywefind that the

individual outputs are not simultaneously diagonalisable. There is enough information to calculate the lower
bound on Q from equation (9) and this is found to be ´ kT0.0007 . This can be comparedwith the bound

r r- ¢ = - ´[ ( ) ( )]kT S S kTln2 0.15S S . An overall negative value ofDEQ indicates that this operationmay still
be used to extract energy from the heat bath.

Diagonalisable outputs. ForQ0, the outputs will be simultaneously diagonalised in the basis ñ ñ{∣ ∣ }0 , 1S S .We
choose two pure state inputs: rS

1 with probability p, and rS
2 with probability - p1 . The average input density

matrix is therefore r r r= + -( )p p1S S
1

S
2. Figure 2 shows theminimumenergy change in the heat bathwith p

for four different pairs of inputs.We see that for some combinations of inputs there are no values of p for which
the operation can be thermodynamically reversible, and it necessarily requires an excess energy cost. For other
inputs there are regions of pwhere there is no excess cost and regionswhere there is aminimumnon-zero excess
cost. Figure 3 shows, for a given rS

1 , the regions of rS
2 on the Bloch spherewhere a zero excess cost is possible for

various values of p. Further details of how to determine theminimumenergy change in the heat bath can be
found in appendixG.

5
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The qubit dephasing example shows, in particular, that = 0Q is possible bothwithD <E 0Q andwith
non-trivial non-orthogonal input states, and that > 0Q is possible evenwhen the output states share a
commondiagonalisation.

7.Discussion

The excess thermodynamic costs of quantumoperations stem from the requirement that the operation should
get the computation right for every individual input, and not just on average. For well known cases, including
classical information processing, we have shownhow thermodynamic reversibility can be reached as a special
case. However, for general quantumoperations, with non-orthogonal signal states, an excess thermodynamic
costmust be paid.

Thismight seem counter intuitive, since quantum computations can always be represented as unitary
operations, which can always be run in reverse. How can thermodynamic irreversibility arise with a reversible
unitary operation? Simply running the overall unitary operation in reverse does not just tidy up the auxiliary,
returning it to its initial state, but it also undoes the computation, converting the output back to the input. If we
wish to retain the result of the computation, we cannot simply reverse the unitary operation. In the classical
reversible computingmodel of Bennett [34], we save a copy of the output before reversing the computation. For
quantumoperations this is forbidden by the no-cloning theorem, and no quantum generalisation of Bennett’s
procedure is possible [35].

Figure 2.The figure shows theminimum energy change (scaled by b = kT1 ) in the heat bath environment as a result of a qubit
dephasing operationQ0. Notice that for the dephasing operation the energy cost is negative— the operation draws energy from the
heat bath. Thismeans that the operation can be used to performwork. In each case the inputs of the operation are ñ∣vS

1 with probability
p and ñ∣vS

2 with probability - p1 . Each panel shows the energy change as a function of p for a different pair of input vectors: (i) input
vectors ñ = + ñ = ñ + ñ∣ ∣ ∣ ∣v 0 1S

1 1

2

1

2
and ñ = ñ + ñp p∣ ∣ ∣v cos 0 sin 1 ;S

2
8 8

(ii) input vectors ñ = ñ + ñ∣ ∣ ∣v 0 i 1S
1 1

2

1

2
and

ñ = ñ + ñp p∣ ∣ ∣v cos 0 sin 1 ;S
2

8 8
(iii) input vectors ñ = - ñ = ñ - ñ∣ ∣ ∣ ∣v 0 1S

1 1

2

1

2
and ñ = ñ + ñp p∣ ∣ ∣v cos 0 sin 1 ;S

2
8 8

(iv) input vectors

ñ = ñ∣ ∣v 0S
1 and ñ = ñ + ñp p∣ ∣ ∣v cos 0 sin 1S

2
8 8

. The blue dotted lines indicate the thermodynamically reversible bound on the energy cost

given by equation (2); the red lines indicate the lower bounds determined in this article. The green bands indicatewhere the bound on
the energy cost satisfies the condition of thermodynamic reversibility.Within these regions there exists a protocol to achieve the
reversible energy cost.
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As long aswe keep the results of the computation, we are left with the changes in the auxiliaries, representing
spent resources and a cost to reset them to their initial states. This is the stage at which thermodynamic costs are
incurred.We have shown that in general, for quantumoperations this cost is necessarily in excess of the
Landauer limit given in equation (2). Quantum computing requires a thermodynamically irreversible
generation of heat.
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AppendixA.Notation and formal set up

Given an input rn
S and an output r r= ¢( ) n n

S S of a quantumoperationQ on a quantum system Swe can
describe the operation as

r r r r¢ = Ä Ä[ ] ( )†U UTr , A.1n n
S AB S A B

where the subscript on the trace indicates which components have been traced over. The unitaryU acts on an
initial state r r rÄ Än

S A B which includes, besides the system, a thermal environment in the formof a canonical
heat bath, rB, and an auxiliary to be used as a catalyst rA. Given that inputs r

n
S appearwith probability pnwe can

define an average system input state and an average systemoutput state by

å år r r r= ¢ = ¢p pand ,
n

n
n

n
n

n
S S S S

respectively.
The auxiliary is a resourcewhich is spent by the operation. In order to account for this cost we demand that it

must be returned to the same standard state rA at the end of the computation

r r r rÄ Ä =[ ]†U UTr .SB S A B A

This ensures that the auxiliary can be reused in subsequent computations.We need only demand that the
auxiliary is reset on average.

Figure 3.The figure shows the Bloch sphere fromone side. For a given pure state input r = ñá∣ ∣v vS
1

S
1

S
1 , occurringwith probability p,

each figure shows the regions of a second pure state input r = ñá∣ ∣v vS
2

S
2

S
2 , occurring with probability -p 1, such that the condition of

thermodynamic reversibility can be satisfied for a qubit dephasing operationQ0. In the top row, thefixed input vector is
ñ = ñ + ñp p∣ ∣ ∣v cos 0 sin 1S

1
8 8

(marked by a black dot); in the bottom row thefixed input vector is ñ = + ñ = ñ + ñ∣ ∣ ∣ ∣v 0 1S
1 1

2

1

2
. From

left to right the value of p varies from0 to 1. For given p the shaded region contains the vectors ñ∣vS
2 forwhich = 0Q and the operation

can be thermodynamically reversible.When p=0.5 this region contains only the points on the same circle of latitude as ñ∣vS
1 and the

point opposite ñ∣vS
1 .When p=0 the shaded region does not correspond to the entire Bloch sphere sincewe still demand that the

implementation should give that correct output for both possible inputs (similarly for p= 1). The images are symmetric when viewed
from the opposite hemisphere. Also, if we include a phase shift to the vector ñ∣vS

1 the regions rotate around the Bloch spherewith ñ∣vS
1 ,

maintaining their form.
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For convenience we define the following notation

r r r
r r r r

r r r r

= Ä

¢ = Ä Ä
¢ = Ä Ä

( )
[ ( ) ]

†

†

U U

U U

,

,

Tr .

AB A B

S A B

B SA S A B

Let us denote the basis states inwhich rS is diagonal by f ñ{∣ }i . In general r¢S will not be diagonal in the same

basis. Let us denote the basis inwhich r¢S is diagonal by f¢ñ{∣ }i .We canwrite

å år l f f r l f f= ñá ¢ = ¢ ¢ñá ¢∣ ∣ ∣ ∣and .
i

i i i
i

i i iS S

An individual input and output state can in general be expressed as

å år m f f r m f f= ñá ¢ = ¢ ¢ñá ¢∣ ∣ ∣ ∣ ( )and . A.2n

ij
ij
n

i j
n

ij
ij
n

i jS S

Wedefine

f f= á ¢ ñ∣ ∣A U ,ij i j

so thatwe can express the unitary operatorU as

å f f= ¢ñá Ä∣ ∣ ( )U A . A.3
ij

i j ij

These operatorsmust satisfy

åf f dá ¢ ¢ñ = =∣ ∣ ( )† † UU A A , A.4i j
k

ik jk ij AB

åf f dá ñ = =∣ ∣ ( )† † U U A A . A.5i j
k

ki kj ij AB

The unitary operation on the complete state results in

åf r f l rá ¢ ¢ ¢ñ =∣ ∣ ( )†A A . A.6i j
k

k ik jkAB

It will also be useful to define the state r r r= ¢ Ä S AB whichwe can express as

f r f l d rá ¢ ¢ñ = ¢∣ ∣ ( ) , A.7i j i ij AB

andwe denote

f r r fá ¢ ¢ - ¢ñ = D∣( )∣ ( ) . A.8i j ij

The result of the quantumoperation on individual inputs (A.1) can bewritten using (A.2) and (A.3) as

åm m r¢ = [ ] ( )†A ATr . A.9kl
n

ij
ij
n

ki ljAB

Wewill also use the notation

r=( ∣ ) [ ] ( )†q kl ij A ATr . A.10ki ljAB

Appendix B.Quantum thermodynamics

LemmaB.1.The energy change in the heat bath as a result of a quantum operationQ on a system S implemented by
some unitary r r r rÄ Ä = ¢†U US A B , involving a resetting of the auxiliary system A, is given by

r r r r
D

= - ¢ + ¢[ ( ) ( )] ( ∣∣ ) ( )

E

kT
S S S

ln2
, B.1Q

S S

where r r r r= ¢ Ä Ä S A B.

The Schumacher informationmeasure is given by r r r= -( ) [ ]S Tr log2 andwe use a definition of the relative
entropy using log base 2

r s r r r s= -( ∣∣ ) [ ] [ ]S Tr log Tr log .2 2

Proof.The energy change in the bath is given by r rD = ¢ -[ ( )]E HTrQ B B B where HB is the heat bath
Hamiltonian. A standard result is that [29]
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r r r r
D

= ¢ - + ¢( ) ( ) ( ∣∣ )
E

kT
S S S

ln2
.Q

B B B B

It follows that

r r r r r r

r r r r r r

r r r r r r r r

D
= ¢ - - - + ¢

= ¢ - ¢ - - + ¢

= - ¢ + ¢ + ¢ + + ¢ - ¢

( ) [ ( ) ( ) ( )] ( ∣∣ )

( ) [ ( ) ( ) ( )] ( ∣∣ )
[ ( ) ( )] ( ∣∣ ) [ ( ) ( ) ( ) ( )] ( )

E

kT
S S S S S

S S S S S

S S S S S S S

ln2

. B.2

Q
B S A B B

B S A B B

S S B B S A B

Since the last term in square brackets in the last linemust be positive by subadditivity and the relative entropy
termmust be positive as a result of Klein’s inequality, wemust have

r rD - ¢[ ( ) ( )] ( )E kT S Sln2 . B.3Q S S

The operation satisfies thermodynamic reversibility if the inequality is saturated. This can be seen by forming a
second operation r r= ¢ ¢( )S S which restores the original average state. Theremust be a net heat gain in the heat
bath if, for any part of the cycle, the equality in (B.3)does not hold.

Write r r r r= ¢ Ä Ä S A B. As a result of the fact that r factorises we find that

r r r r r r r r
r r

r r r r r r r r

r r r r r r

¢ = ¢ ¢ - ¢ ¢ Ä Ä - ¢ Ä Ä

- ¢ Ä Ä

= ¢ ¢ - ¢ ¢ - - ¢

= ¢ + ¢ + + ¢ - ¢

( ∣∣ ) [ ] [ ( )] [ ( )]
[ ( )]

[ ] [ ] [ ] [ ]
( ∣∣ ) [ ( ) ( ) ( ) ( )]

( )

    

 

S

S S S S S

Tr log Tr log Tr log

Tr log

Tr log Tr log Tr log Tr log

,

B.4

2 2 S A B S 2 A B

S A 2 B

2 S 2 S A 2 A B 2 B

B B S A B

so that from (B.2)

r r r r
D

= - ¢ + ¢[ ( ) ( )] ( ∣∣ )
E

kT
S S S

ln2
.Q

S S

The quantity r r¢( ∣∣ ) S 0 therefore encodes the extent towhich the thermodynamic bound on the energy
change (B.3) is breached. ,

Related results found using the same techniques can be found in [11] and [36].
The demand for r r¢ =( ∣∣ )S 0 requires from (B.4) that both r r r r¢ = ¢ + + ¢( ) ( ) ( ) ( )S S S SS A B and

r r¢ =( ∣∣ )S 0B B . In particular the second of these conditions suggests an output statewith r r¢ =B B and therefore
no energy change in the heat bath. In fact, in the limit where the dimension of the heat bath becomes large, it is
possible to have r¢B sufficiently close to rB such that r r¢ <( ∣∣ )S sB B for some arbitrarily small swhile at the same

time the energy change in the heat bathDEQ need not be arbitrarily small. To see this wewrite r r e¢ = + DB B
whereΔ is afixed tracelessmatrix and ε is a small parameter. The change in energy of the heat bath is given by

r r eD = ¢ - = D[ ( )] [ ]E H HTr Tr ,Q B B B B

where D[ ]HTr B need not be zero.Now suppose that we haveN identical independent copies of the same heat
bath (this will also be a canonical state). If we further suppose that each copy undergoes the same uncorrelated
change r r e¢ = + DB B , then to lowest order, the energy change of theN-copy heat bath is

D = D( )E N E .Q
N

Q

Thismeans thatwe can take e µ N1 and asN becomes large,D ( )EQ
N remainsfixedwith value of

order D[ ]HTr B .
Now consider the relative entropy between rB and r¢B

r r e
e

r e r e

e r r e

e

¢ = + D +

=
D

+ D - D +

=

e=( ∣∣ ) ( ∣∣ )∣ ( )

( )

( )







⎡
⎣⎢

⎤
⎦⎥

S S
d

d

Tr
ln2

log log

.

B B B B 0
2

2 B 2 B
2

2

The correction to the relative entropy is at least quadratic in ε. The relative entropy for theN-copy heat bath is

r r r r¢ = ¢Ä Ä( ∣∣ ) ( ∣∣ )S NS .N N
B B B B

Therefore, in the limit thatN becomes large and e µ N1 tends to zero, the relative entropy for theN-copy heat
bath tends to zero. Thismeans that theN-copy heat bath satisfies the requirement that the relative entropy
between initial and final states tends to zerowhile the energy change in the heat bath remains non zero.
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Corollary B.1.The energy change in the heat bath is bounded by

r r r rD - ¢ + ¢ -[ ( ) ( )] ∣∣ ∣∣ ( )E kT S S kTln2
1

2
. B.5Q S S 1

2

Proof.Weuse [37, 38]

r s r s-( ∣∣ ) ∣∣ ∣∣S
1

2ln2
.1

2

The result follows from equation (B.1). ,

AppendixC. Standard thermodynamically reversible protocol

There is a standard protocol for reaching the bound given in equation (B.3), appearing in various forms in the
literature ([18, 30] for examples), when the quantumoperation is defined only to act upon an individual density
matrix r r¢ = ( )S S of a system S (see also [11, 39, 40] for alternative protocols to reach the bound). Note that
these protocols do not require that either the initial orfinal states are in thermal equilibrium.

The densitymatrix is initially in the state

år l f f= ñá∣ ∣,
i

i i iS

where f ñ{∣ }i are orthonormal eigenstates. The result of the operationQ is a state

år l f f¢ = ¢ ¢ñá ¢∣ ∣,
i

i i iS

for a possibly different set of orthonormal eigenstates f¢ñ{∣ }i .We assume that both the initial and final sets of
eigenstates are fully degenerate in energy with energy level zero. This avoids the complication of the systembeing
used as a source or sink of energy.

Step 1. Startingwith rS, manipulate the energy levelsEi of each eigenstate f ñ∣ i until

l =
å

b

b

-

-

e

e
,i

E

j
E

i

j

where b = kT1 . This has amean cost lD = åE Ei i i1 . The new densitymatrix will nowbe canonically
distributed at temperatureT.

Step 2. Bring the system into contact with a heat bath at temperatureT.
Step 3. Slowly, isothermally, change the energy eigenstates until they satisfy

l¢ =
å

b

b

- ¢

- ¢

e

e
.i

E

j
E

i

j

The energy requirement for this isD = å - åb b- - ¢E kT kTln e ln ej
E

j
E

2
j j . The densitymatrix is now canonically

distributed at temperatureT, with eigenvalues l¢{ }i .
Step 4. Remove the system fromcontact with the heat bath.
Step 5. Change the energy levels of the eigenstates back to zero, with amean cost lD = -å ¢ ¢E Ei i i3 .
Step 6. Perform a unitary rotation to thefinal eigenstates f fñ  ¢ñ∣ ∣i i .
The operation is complete with a cost of

r rD + D + D = - ¢[ ( ) ( )]E E E kT S Sln2 .1 2 3 S S

It is worth noting that this protocol works evenwhen the system is a joint systemwith non-trivial correlations or
entanglement between subsystems [18].

During the stages inwhichwemanipulate the energy levels of the systemwe are assuming a time-dependent
HamiltonianH(t) for the system and a standard definition of themean rate of work given by r¶ ¶[ ]H tTr . This
presupposes some idealisedwork reservoir, capable of doingwork on (or takingwork from) the systemby
manipulation of theHamiltonian.

Wewill denote this operation r r ¢T
S S

. As shown in [11], the theoretical energy cost can only be acheived in an
aymptotic limit. Nevertheless, there is no physical principle which prevents us from getting arbitrarily close this
value.
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AppendixD. Someuseful results

LemmaD.1.The following relation holds

ål l l l l l¢ - ¢ = ¢ D - ¢ D( ) ( ∣ ) ( [ ] [ ]) ( )
† †q kl ij A A A ATr Tr . D.1j k i l

m
k ki mj ml l mi lj km

Proof. In order to prove this relation use equations (A.6)–(A.8) to substitute forDij. Then use the identity (A.5)
alongwith the cyclic property of the trace. The coefficients ( ∣ )q kl ij are given in (A.10). ,

LemmaD.2.The following bound can be placed on the output state r¢:

r r
l l l l
l l

¢ -
¢ - ¢

¢ + ¢
∣∣ ∣∣

∣ ∣
∣ ( ∣ )∣ ( )  q kl ij . D.2

j k i l

k l
1

Proof.We start by defining operators acting on the complete state of system, auxiliary, and heat bath

f f= ¢ñá ¢ Ä∣ ∣ †F A A ,ijklm l m ki mj

in terms of whichwe define

å å= = †G F G F; .ijkl
L

m
ijklm ijkl

R

m
jilkm

Wecan then express (D.1) as

l l l l l r r l r r¢ - ¢ = ¢ ¢ - - ¢ ¢ -( ) ( ∣ ) ( [ ( )] [ ( )]) ( ) q kl ij G GTr Tr . D.3j k i l k ijkl
L

l ijkl
R

Let us define some arbitrary basis states y ñ{∣ }x for the complete system, auxiliary, and heat bath.We canwrite

å

å

y y

r r y y

= ñá

¢ - = ñá

∣ ∣

( ) ∣ ∣

G g

r

,

.

ijkl
L R

xy
xy
L R

x y

xy
xy x y

Then

å

å å

å å å

r r¢ - =∣ [ ( )]∣

∣ ∣ ∣ ∣ ( )






⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

G g r

g r

g r

Tr

, D.4

ijkl
L

xy
xy
L

yx

x y
xy
L

yx

x y
xy
L

z
zx

2 2

1
2

1
2

where the second line follows from the triangle inequality and the third line follows from theCauchy–Schwartz
inequality. Similarly

å å år r¢ -∣ [ ( )]∣ ∣ ∣ ∣ ∣ ( ) 
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟G g rTr . D.5ijkl

R

x y
yx
R

z
xz

2 2

1
2

1
2

Nextwe show that

åy yá ñ =∣ ∣ ∣ ∣ ( )† G G g 1, D.6x ijkl
L

ijkl
L

x
y

xy
L 2

and

åy yá ñ =∣ ∣ ∣ ∣ ( )† G G g 1. D.7x ijkl
R

ijkl
R

x
y

yx
R 2

The operator products can bewritten as

å

å

=

=

† †

† †

G G F F

G G F F

,

.

ijkl
L

ijkl
L

m
ijklm ijklm

ijkl
R

ijkl
R

m
jilkm jilkm
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Wealso have

åd d =¢ ¢ ¢ ¢
† F F ,jj kk

ilm
ijklm ij k lm

which follows from (A.4) and (A.5). Since the identity is expressed as a sumof positive operators and since
†G Gijkl

L
ijkl
L is a sumof a subset of these positive operators, itmust be the case that the diagonal elements of †G Gijkl

L
ijkl
L

in the arbitrary basis y ñ{∣ }x must belong to the range [ ]0, 1 fromwhich (D.6) follows. Similarly for (D.7).We can
therefore write, from (D.4) and (D.5),

å å

å å

r r

r r

¢ -

¢ -

∣ [ ( )]∣ ∣ ∣

∣ [ ( )]∣ ∣ ∣









⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

G r

G r

Tr ,

Tr .

ijkl
L

x z
zx

ijkl
R

x z
xz

2

2

1
2

1
2

If we choose the basis states y ñ{∣ }x such that r r¢ -( ) is diagonal we have

r r r r¢ - ¢ -∣ [ ( )]∣ ∣∣ ∣∣ GTr .ijkl
L R

1

Finally from (D.3), using the triangle inequality

l l l l l r r l r r

l l r r

¢ - ¢ ¢ ¢ - + ¢ ¢ -

¢ + ¢ ¢ -

∣ ∣∣ ( ∣ )∣ ∣ [ ( )]∣ ∣ [ ( )]∣

( )∣∣ ∣∣
 







q kl ij G GTr Tr

,

j k i l k ijkl
R

l ijkl
L

k l 1

which completes the proof. ,

LemmaD.3 Special casewhen dimension d= 2.When the dimension of the system space d=2, the following
bound can be placed on the output state r¢ for ¹i j:

r r l l¢ - -∣∣ ∣∣ ∣ ∣∣ ( ∣ )∣  q kk ij .i j1

Proof.When k=l equation (D.1) reduces to

ål l- = D - D
¹

( ) ( ∣ ) ( [ ] [ ]) ( )† †q kk ij A A A ATr Tr . D.8i j
m k

mi kj km ki mj mk

If i=j both sides of this equation are zero. If ¹i j we can define operators acting on the complete system,
auxiliary, and heat bath

f f f f= ¢ ñá ¢ Ä - ¢ñá ¢ Ä∣ ∣ ∣ ∣† †H A A A A ,ijkm m k mi kj k m ki mj

and then express (D.8) as

ål l r r- = ¢ -
¹

( ) ( ∣ ) [ ( )] ( )q kk ij HTr . D.9i j
m k

ijkm

Define arbitrary basis states y ñ{∣ }x for the complete system, auxiliary, and heat bath.We canwrite

å

å

y y

r r y y

= ñá

¢ - = ñá

∣ ∣

( ) ∣ ∣

H h

r

,

.

ijkm
xy

xy x y

xy
xy x y

Then

å

å å

å å å

r r¢ - =∣ [ ( )]∣

∣ ∣ ∣ ∣ ( )






⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

H h r

h r

h r

Tr

. D.10

ijkm
xy

xy yx

x y
xy yx

x y
xy

z
zx

2 2

1
2

1
2

Nextwe show that

åy yá ñ =∣ ∣ ∣ ∣ ( )† H H h 1. D.11x ijkm ijkm x
y

xy
2
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The operator product can bewritten

= + ( )† † †H H F F F F . D.12ijkm ijkm ijmmk ijmmk ijkkm ijkkm

Wealso have

åd =¢ ¢ ( )† F F . D.13jj
ikm

ijkkm ij kkm

Since (D.12) is the sumof two constituent positive terms of the sumof positive operators (D.13) then the same
argument as that used in lemmaD.2 can be used to show that (D.11)holds. It follows from (D.10) that

å år r¢ -∣ [ ( )]∣ ∣ ∣ 
⎛
⎝⎜

⎞
⎠⎟H rTr ,ijkm

x z
zx

2

1
2

and if we choose the basis states y ñ{∣ }x such that r r¢ -( ) is diagonal we have

r r r r¢ - ¢ -∣ [ ( )]∣ ∣∣ ∣∣ HTr .ijkm 1

Inserting into (D.9)wehave

ål l r r

r r

- ¢ -

- ¢ -
¹

∣ ∣∣ ( ∣ )∣ ∣ [ ( )]∣

( )∣∣ ∣∣









q kk ij H

d

Tr

1 ,

i j
m k

ijkm

1

and choosing d=2 completes the proof. ,

Note that lemmaD.2 can also be applied to the case of k=l and ¹i j for general dwith the result

r r
l l

¢ -
-

∣∣ ∣∣
∣ ∣

∣ ( ∣ )∣  q kk ij
2

,
i j

1

which is half the size of the bound of lemmaD.3 in the case of d=2.

Appendix E. Proof of theorem1

Theorem1 is stated in themain text.We repeat it here for convenience

Theorem1. If there exists a stochastic map, ( ∣ )P k iQ with

å = "( ∣ ) ( ∣ ) P k i P k i i k1 and 0 , ,
k

Q Q

such that

åm d m=¢ ( ∣ ) ( )P k i , E.1kl
n

kl
i

Q ii
n

for all n, then theminimum thermodynamic cost of the operation

r rD - ¢ +[ ( ) ( )] E kT S Sln2 ,Q QS S

can approach = 0Q . Otherwise, provided there are no symmetries of the form l l l l= ¢ ¢i j k l where ¹i j or ¹k l,
then necessarily > 0Q .

Proof. In general the output state of the quantumoperation is given by (A.9)

åm m¢ = ( ∣ ) ( )q kl ij . E.2kl
n

ij
ij
n

By corollary B.1 the thermodynamic bound requires that r r¢ - =∣∣ ∣∣ 01 . By lemmaD.2 this requires that if
l l l l¢ - ¢∣ ∣j k i l is non zero then

=( ∣ )q kl ij 0.

It is helpful to separate equation (E.2) into three terms:

å å åm d m d m d m¢ = + + -
¹

( ∣ ) ( ∣ ) ( ) ( ∣ ) ( )q kk ii q kk ij q kl ij1 . E.3kl
n

kl
i

ii
n

kl
i j i

ij
n

kl
ij

ij
n

,

Thefirst and second terms only deal with the diagonal elements of the output signal states in the basis of the
average output densitymatrix. The third termdeals with the off-diagonal elements.

By lemmaD.2, the first sum implies only r r¢ -∣∣ ∣∣  01 , as l l l l¢ - ¢ = 0i k i k for ( ∣ )q kk ii . If equation
(E.1)holds then =( ∣ ) ( ∣ )P k i q kk iiQ gives an implementation inwhich all other terms are zero, and there is no
excess cost. The numbers ( ∣ )q kk ii are real, non-negative and satisfy
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å å r= =( ∣ ) [ ]†q kk ii A ATr 1,
k k

ki ki AB

by equation (A.5).
If equation (E.1) does not hold, then some values of ( ∣ )q kl ij with ¹i j or ¹k l must be non-zero, in any

implementation. For a given implementation, the largest value of the lower bound of equation (D.2) across all
ijkl determines an excess thermodynamic cost. If there are no symmetries of the form l l l l= ¢ ¢i j k l with ¹i j
or ¹k l , then this lower boundmust be greater than zero. Theminimum such value across all possible
implementations gives a lower bound for > 0Q . ,

It should be noted that the existence of some values of ijkl for which l l l l= ¢ ¢i j k l holds is not sufficient for
= 0Q . To avoid an excess cost fromour theorem through the exceptional symmetry condition, itmust be

possible to implement the operation in such away that =( ∣ )q kl ij 0 for every ijkl value forwhich l l l l¹ ¢ ¢i j k l .
When the output signal states do not share a commondiagonalisation, we can give a general lower bound for

Q. The third sum in equation (E.3) is non-zerowhenever there exists ¹k l for which m ¢ > 0kl
n . For these cases,

from equation (E.2), using the triangle inequality

åm m¢∣ ∣ ∣ ( ∣ )∣∣ ∣ q kl ij .kl
n

ij
ij
n

From equation (D.2) this implies

r r
m l l

m l l l l
¢ -

¢ ¢ + ¢

å ¢ - ¢
>

¹
∣∣ ∣∣

∣ ∣ ( )
∣ ∣ ∣ ∣ 

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

max 0,
n k l k

kl
n

k l

ij ij
n

j k i l
1

, ,

where themaximum is taken across all k and l such that ¹k l, and across all inputs n. As the right hand side only
involves terms independent of the specific implementation, then this boundmust hold for all implementations
and so by corollary B.1,

m l l

m l l l l

¢ ¢ + ¢

å ¢ - ¢¹

∣ ∣ ( )
∣ ∣ ∣ ∣

 
⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

kT
1

2
max .Q

n k l k

kl
n

k l

ij ij
n

j k i l, ,

2

If all m ¢ = 0kl
n , with ¹k l, but equation (E.1) does not hold, then

å åm d m d m¢ = +
¹

( ∣ ) ( ∣ ) ( )q kk ii q kk ij , E.4kl
n

kl
i

ii
n

kl
i j i

ij
n

,

and any implementationmust have values of >∣ ( ∣ )∣q kk ij 0 with ¹i j.We can find complex coefficients
( ∣ )q kk ij , which satisfy equation (E.4), whileminimising the largest value of the lower bound of (D.2),
l l-∣ ∣∣ ( ∣ )∣q kk iji j

1

2
. Thismust be done using numerical optimisation techniques on a case-by-case basis. Given

the set l l m m¢ ¢{{ } { } { } { }}, , ,i k ij
n

kl
n , this establishes aminimumvalue for r r¢ -∣∣ ∣∣ 1 and therefore, by corollary

B.1, aminimumexcess cost across all possible implementations, so again > 0Q .

Appendix F. Thermodynamically reversible protocol for special cases

Wenowdemonstrate a protocol which can achieve = 0Q for the special class of quantumoperations which
satisfy equation (E.1). For these operations there exists a stochasticmap ( ∣ )P k iQ such that the input and output
states of a quantumoperation are related by m d m¢ = å ( ∣ )P k ikl

n
kl i Q ii

n.
Let the initial state of the auxiliary be ñá∣ ∣0 0A A , so the combined system and auxiliary is initially

år r m f fÄ = ñá Ä ñá∣ ∣ ∣ ∣0 0 .n

ij
ij
n

i jS A A A

Step 1. Use the auxiliary tomeasure the input system in the basis of the average input densitymatrix.
Correlate the auxiliary to the systemusing a unitary with f fñ ñ  ñ ñ∣ ∣ ∣ ∣i0i iA A . The joint state is now

åm f fñá Ä ñá∣ ∣ ∣ ∣i j .
ij

ij
n

i j A A

Step 2. The operation f f rñá ∣ ∣ ( )T
i i

i
S
(see appendix C) performs a thermodynamically optimal conversion of

f fñá∣ ∣i i to r f f= å ñá( ∣ )∣ ∣( ) P k ii
k Q k kS . The conditional operation å Ä ñáf f rñá  ∣ ∣∣ ∣ ( )T i ii A Ai i

i
S

puts the joint system in
the state

å m f fñá Ä ñá( ∣ ) ∣ ∣ ∣ ∣P k i i i ,
ki

Q ii
n

k k A A
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transferringmean heat to the heat bath m rD = - å ( )( )E kT p Sln2 ni n ii
n i

1 S . The average state takes the form

å l f fñá Ä ñá( ∣ ) ∣ ∣ ∣ ∣P k i i i .
ki

Q i k k A A

Step 3.We now exploit the correlations between system and auxiliary to optimally reset the auxiliary. The

operation r  ñá∣ ∣( )T 0 0k
A A A

performs an optimal conversion of r l l= å å ñá( )( ∣ ) ( ∣ ) ∣ ∣( ) P k i P k j i ik
i Q i j Q jA A A to

ñá∣ ∣0 0A A , where l lå( )( ∣ ) ( ∣ )P k i P k jQ i j Q j is themean conditional probability of the auxiliary state being ñ∣iA
given that the system state is f ñ∣ k . The conditional operation f få ñá Ä r  ñá∣ ∣ ∣ ∣( )Tk k k 0 0k

A A A
resets the auxiliary to

ñá∣ ∣0 0A A while transferringmean heat l rD = å ( ∣ ) ( )( )E kT P k i Sln2 ki Q i
k

2 A .
The joint state is now

å m f fñá Ä ñá( ∣ ) ∣ ∣ ∣ ∣P k i 0 0 ,
ki

Q ii
n

k k A A

and provided the conditions of the theoremhold, the system is in the correct output state, up to a unitary. The
average heat production is readily confirmed to be r rD = D + D = - ¢[ ( ) ( )]E E E kT S Sln2Q 1 2 S S thus proving
that = 0Q . It is important to note that, if the conditions of the theoremdonot apply, this protocol not only fails

to be optimal, but fails to correctly implement the operation at all, i.e. rn
S is notmapped to the correct r ¢n

S .

AppendixG.Qubit dephasing example

Weanalyse the specific example of a qubit dephasing operation. This can be implemented using aCNOT. For
this operation an input of the form r = ñá∣ ∣v vn n n

S S S with ñ = ñ + ñ∣ ∣ ∣v c c0 1n n n
S 0 1 gives the output

r ¢ = ñá + ñá∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣c c0 0 1 1n n n
S 0

2
1

2 . All outputs are simultaneously diagonalisable in the ñ ñ{∣ ∣ }0 , 1 basis.We choose

two pure state inputs rS
1 and rS

2 such that the average input state is r r r= + -( )p p1S S
1

S
2 for some

probability p.
All of the elements m m m m¢ ¢, , ,ij ij ij ij

1 2 1 2 are specified by the operation togetherwith the form and relative

frequency of the inputs. Tofind m m,ij ij
1 2 wedetermine the diagonal basis of rS and express the individual inputs

in this basis

r m f f m f f m f f m f f

r m f f m f f m f f m f f

= ñá + ñá + ñá + ñá

= ñá + ñá + ñá + ñá

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

,

.
S
1

11
1

1 1 12
1

1 2 21
1

2 1 22
1

2 2

S
2

11
2

1 1 12
2

1 2 21
2

2 1 22
2

2 2

The output elements are

m

m

m

¢ =

¢ =

¢ = ¹

∣ ∣
∣ ∣
c

c

k l

,

,

0 for .

n n

n n

kl
n

11 0
2

22 1
2

The elementsmust satisfy equation (E.2) for some set of coefficients ( ∣ )q kl ij . The off-diagonal elements of the
outputs can be solved by choosing =( ∣ )q kl ij 0 for ¹k l , implying no constraint on excess heat cost by
lemmaD.2. For the diagonal elements of the outputs we denote =( ∣ )q kk ii qki, and

= = -( ∣ ) ( ∣ )q w q11 12 22 12 , = = -( ∣ ) ( ∣ )*q w q11 21 22 21 , so that from equation (E.2)we canwrite

m m m m m

m m m m m

= = + + +

= = + + +

¢

¢

∣ ∣

∣ ∣

*

*

c q w w q

c q w w q

,

,

11
1

0
1 2

11
1

11 12
1

21
1

22
1

12

11
2

0
2 2

11
2

11 12
2

21
2

22
2

12

and

m m m m m

m m m m m

= = - - +

= = - - +

¢

¢

∣ ∣

∣ ∣

*

*

c q w w q

c q w w q

,

.

22
1

1
1 2

11
1

21 12
1

21
1

22
1

22

22
2

1
2 2

11
2

21 12
2

21
2

22
2

22

Since + =∣ ∣ ∣ ∣c c 1n n
0

2
1

2 , m m+ = 1n n
11 22 , and + =q q 1k k1 2 , these pairs of equations are equivalent, sowe focus

on thefirst pair. The remaining numerical problem is tofind thewwith the smallestmagnitudewhich can solve
this pair of equationswith  q q0 , 111 12 . This is done by scanning complex values ofw of increasing
magnitude and solving for q11 and q12 until they bothfit within the required range.Oncewe have found ∣ ∣w min

we can use lemmaD.3 to bound r r¢ -∣∣ ∣∣ 1:

r r l l¢ - -∣∣ ∣∣ ∣ ∣∣ ∣  w ,1 1 2 min
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where li are the eigenvalues of rS. Finally we can use equation (B.5) to bound the energy cost:

r r l lD - ¢ + -[ ( ) ( )] ( ) ∣ ∣E kT S S kT wln2
1

2
.Q S S 1 2

2
min
2

0

Examples are given infigure 2.
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