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Abstract Climate change has been attributed as a driver of changes to eco-
logical systems worldwide and understanding the effects of climate change at
individual, population, community, and ecosystem levels has become a pri-
mary concern of ecology. One avenue toward understanding the impacts of
climate change on an ecosystem is through the study of environmentally sen-
sitive species. Butterflies are sensitive to climatic changes due to their reliance
on environmental cues such as temperature and photoperiod, which regulate
the completion of life history stages. As such, the population dynamics of but-
terflies may offer insight into the impacts of climate change on the health of
an ecosystem. In this paper we study the effects of rearing temperature on the
alpine butterfly Parnassius smintheus (Rocky Mountain Apollo), both directly
through individual phenological changes and indirectly through adult repro-
ductive success at the population level. Our approach is to formulate a mathe-
matical model of individual development parameterized by experimental data
and link larval development to adult reproductive success. A Bernoulli process
model describes temperature-dependent larval phenology, and a system of or-
dinary differential equations is used to study impacts on reproductive success.
The phenological model takes field temperature data as its input and predicts
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a temporal distribution of adult emergence, which in turn controls the dynam-
ics of the reproductive success model. We find that warmer spring and summer
temperatures increase reproductive success, while cooler temperatures exacer-
bate a demographic Allee effect, suggesting that observed yearly fluctuations
in P. smintheus population size may be driven by inter-annual temperature
variability. Model predictions are validated against mark-recapture field data
from 2001 and 2003− 2009.

Keywords Parnassius smintheus, · Allee effect, · phenology, · population
dynamics, · climate change

1 Introduction

Since the late twentieth century, climate change has been attributed as a ma-
jor driver of changes to ecological systems worldwide (IPCC, 2007). Under-
standing the effects of climate change at individual, population, community,
and ecosystem levels has since become a primary area of research in ecology
(Parmesan, 2006). Changes to climatic variables can affect species in empiri-
cally detectable ways. For instance, at an individual level, temperature changes
can influence developmental rate, body size, and egg production in ectotherms
(Taylor, 1981; Atkinson, 1994; Gibbs et al, 2010). At a population level, tem-
perature changes can impact timing of life history events (Post et al, 2001),
and at a community level, the shift in time of such life history events (such as
egg hatching, adult emergence, and flowering) can remove or alter the tempo-
ral overlap of previously interacting species (most common in predator-prey
and insect-host plant interactions, as discussed in Visser and Both (2005)).

Impacts of climate change have long been studied through indicator species
like insects (reviewed in Parmesan (2006)). Insects, and butterflies in partic-
ular, are especially sensitive to climatic changes due to their reliance on en-
vironmental cues such as temperature and photoperiod to complete stages of
their life history (Taylor, 1981). Butterflies make excellent study species when
considering climatic effects as data sets for certain species extend back as far
as 100 years, enabling the study of the influences of long-term climatic shifts
(Parmesan et al, 1999). Further, many species may be reared experimentally
to determine temperature effects on larval growth or body size (see Taylor,
1981; Atkinson, 1994). These effects are often understood in a “normal” tem-
perature range, but the future climatic changes predicted by global climate
models may challenge this understanding of temperature-dependent dynam-
ics. Climate change may present threats to species persistence through multiple
mechanisms which include: habitat fragmentation and range shifts (Hill et al,
1999; Parmesan et al, 1999), and changing phenology, which may impact a
population by way of trophic mismatches (Thomson et al, 2010; Schweiger
et al, 2008; Hoye and Forchhammer, 2008; Both et al, 2009), temporal overlap
with new predators or parasites (Thomson et al, 2010), and density-regulated
activities such as successfully attacking resources (Berryman et al, 1985) and
mate-finding (Calabrese and Fagan, 2004; Calabrese et al, 2008).



Temperature-dependent larval development 3

Perhaps most significantly, individual development time must coincide with
resource availability, a consideration especially important for specialist herbi-
vores and pollinators (Yurk and Powell, 2009). In the worst-case scenario, a
host plant or other necessary resource cannot persist within a changing tem-
perature regime, which results in habitat fragmentation for the insect species
under consideration (Stork et al, 2009; Schweiger et al, 2008). Habitat frag-
mentation and contraction is especially dangerous for species that are geo-
graphically isolated or have barriers to dispersal, such as mountainous species
(Parmesan, 2006). Resources need not be absent from a habitat, however,
to make them unavailable. Trophic mismatches can occur when the seasonal
temporal overlap of a resource and its consumer are influenced by climatic
changes (documented in Lepidoptera Epiphyas postvittana, Boloria titania,
the Nymphalidae family, and Operophtera brumata and Tortrix virirdana in
Thomson et al (2010); Schweiger et al (2008); Hoye and Forchhammer (2008);
Both et al (2009), respectively). Thus, understanding how climate drives de-
velopmental rate change in insects is important for species conservation.

The survival of a species may hinge on its response to climatic shifts,
and mathematical modelling provides a tool which may allow the prediction
of species persistence. Given a temperature-varying experiment documenting
larval growth rates in a small population, a mathematical model may be pa-
rameterized which allows the exploration of multiple climatic scenarios as well
as indirect effects of temperature change that cannot be observed by the initial
experiment.

In this study, the effects of temperature on development time, phenology,
and adult reproductive success are considered for the alpine butterfly Parnas-

sius smintheus (Rocky Mountain Apollo). Found in alpine meadows in Western
Canada and the United States, some populations are under potential threat of
climate change due to geographical isolation. As an alpine species, if climate
warming shifts the temperatures in these habitats outside the species’ thermal
tolerance range, extinction of populations may occur if adults are unable to
migrate to new habitats (Parmesan, 2006).

Two primary research questions are addressed in this study. First, how does
a changing temperature regime affect larval development and adult emergence
in P. smintheus? Second, how do these temperature shifts indirectly influence
reproduction in the adult population? To address these questions of direct
and indirect temperature effects on larval development and adult reproduc-
tive success, we propose a novel mathematical model to predict temperature-
dependent transition probability through larval instars. This larval develop-
ment model is expressed as a multi-outcome discrete-time Markov process,
where the transitional success probability is explicitly a function of daytime
temperature. From this model, we predict adult emergence as a function of
the temperature timeseries experienced by the larvae, and as such consider the
indirect effects of temperature on reproductive success via the changes in emer-
gence. The reproductive success model is expressed as a system of differential
equations that track adult populations of males, unmated and mated females,
and the resultant eggs produced. We parameterize our larval development and
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reproductive success models using experimental data for P. smintheus and we
find that the larval development model produces adult emergence curves sta-
tistically indistinguishable from mark recapture data. When we use the adult
emergence functions as input to the reproductive success model, we find that
increasing temperatures increased reproductive success via increased successful
emergence, and that a temperature-dependent reproductive success threshold
for population growth appears, indicating a temperature-driven Allee effect at
low population densities.

2 Methods

2.1 Larval development model

To address the question of the direct effect of temperature on the larval devel-
opment process, we constructed a mechanistic model of larval development in
which progress to adulthood is temperature-dependent. This model allows us
to predict adult emergence in a summer given that year’s temperature profile
as input. We present a multi-outcome discrete-time pure-birth Markov process
with mortality to model the temperature-dependent transition and mortality
of an insect proceeding through larval instars.

Let the probability of a larva’s presence in the ith instar on the nth timestep
be denoted pin. The probability of death on the nth timestep in the ith in-
star is di (an n-independent constant) and the temperature-dependent transi-
tion probability is µi(Tn), where Tn is the temperature on the nth timestep.
A schematic of the model is presented in Figure 1. The four outcomes of
each timestep with their associated probabilities are as follows: no transition
and survival with probability (1 − µi(Tn))(1 − di), no transition and mortal-
ity with probability (1 − µi(Tn))di, transition and survival with probability
µi(Tn)(1 − di+1), and transition and mortality with probability µi(Tn)di+1.
The probability of a larva’s presence in a given class in a given timestep is
then governed by the following set of master equations:

p1n+1 = [(1− µ1(Tn))(1− d1)] p
1
n (1)

p2n+1 = [(1− µ2(Tn))(1− d2)] p
2
n + [µ1(T )(1− d2)] p

1
n (2)

.

.

.

pin+1
︸︷︷︸

probability larva is in
ith instar on nth timestep

= [(1− µi(Tn))(1− di)] p
i
n

︸ ︷︷ ︸

probability larva was in
ith instar on (n− 1)th timestep
and survived without transition

+ [µi−1(T )(1− di)] p
i−1
n

︸ ︷︷ ︸

probability larva was in
(i− 1)th instar on (n− 1)th timestep

and successfully transitioned

(3)

.

.

.

prn+1 = prn + µr−1(Tn) p
r−1
n . (4)

where the rth class in which individuals accumulate is adulthood. We consid-
ered transitional probabilities to be linear functions of temperature

µi(Tn) =

{
ai(Tn − T0), Tn ≥ T0

0, Tn < T0
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where ai is a constant of proportionality estimated from transitional success
data, and T0 is the species-specific thermal lower bound at which development
can occur. We used initial conditions p1n0

= 1, p2n0
= · · · = prn0

= 0, so that all
individuals begin in the first instar at some hatching time n0.

The probability of emergence as an adult on the nth day, denoted as ǫn, was
found by first successively solving the above system of equations numerically
to obtain pr−1

n , the probability of a larva’s presence in the final larval instar
on the nth day. Then the emergence probability is given by

ǫn = µr−1(Tn−1)p
r−1
n−1, (5)

where the probability of the adult emergence is the probability of both success-
ful transition to adulthood and the presence of the larva in the previous instar.
We used this adult emergence function to examine the direct effects of temper-
ature on larval development, and present model predictions versus observed
adult emergence in P. smintheus to demonstrate the model’s utility in Section
3.1. Parameterizing the model with estimates for P. smintheus, we used tem-
perature data for 2001 and 2003−2009 as input and compared observed versus
predicted emergence (5) with statistical tests presented in Section 2.5. Thus,
using a series of difference equations modelling the temperature-dependent life
history events of a larva, we predicted adult emergence based on the tempera-
tures experienced by larvae. This adult emergence function was then incorpo-
rated into a model of reproductive success in adults, as we discuss presently.

We interpolated the adult emergence distribution ǫn to obtain an emer-
gence rate ǫ(t), which we used as input in the model of Section 2.2 which
examines the dynamics of the reproducing adult population. We quantified
how adult emergence changed with temperature by two measures: total adult
emergence and standard deviation of the emergence curve. The total emer-
gence was calculated by ǫT ≡

∫ tf

ti
ǫ(t)dt, and represents the proportion of the

population which successfully emerged to adulthood in the course of the sea-
son. The standard deviation σ is a measure of the width of the emergence
function and was calculated by

σ =

√
∫ tf

ti

k2ǫ̃(k)dk −

(∫ tf

ti

kǫ̃(k)dk

)2

,

where ǫ̃(k) = ǫ(k)/ǫT must be used since ǫT < 1 in a system with larval
mortality, requiring normalization to produce a probability distribution. These
results are presented in Section 3.1.

In summary, by quantifying how shifting temperatures influence adult
emergence, we linked environmental effects on larval developmental rates to
a population-level quantity relevant to reproductive success, connecting two
disparate parts of the insect’s life cycle. The adult reproductive success model
is now presented.
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2.2 Reproductive success model

Temperature may affect the population dynamics of a species via multiple
mechanisms, including directly through larval development rates and indirectly
through the effect these rates have on subsequent adult mating success by way
of the emergence distribution. We quantified this indirect effect of temperature
with an adult reproductive success model. In joining the two models together,
we considered population growth over the course of a full generation, from the
initial number of eggs at the beginning of the season, to the final number of
eggs at the end of the season.

A reproductive success model for a semelparous insect species with mo-
nandrous females was constructed based on Calabrese et al (2008). Let M , U ,
R, and E be the number of adult males, unmated adult females, reproducing
adult females, and eggs, respectively. A dynamical model which tracks these
quantities over time throughout a single season is presented here as a system
of non-linear coupled ordinary differential equations (ODEs).

In the year τ ,

dMτ

dt
︸ ︷︷ ︸

rate of change
in # males

= θMEτ−1(tf )ǫ(t)
︸ ︷︷ ︸

emergence of males

− γMMτ
︸ ︷︷ ︸

male mortality

dUτ

dt
︸︷︷︸

rate of change
in # unmated females

= θFEτ−1(tf )ǫ(t)
︸ ︷︷ ︸

emergence of
unmated females

− γFUτ
︸ ︷︷ ︸

unmated female
mortality

− cMτUτ
︸ ︷︷ ︸

mating success

(6)

dRτ

dt
︸︷︷︸

rate of change
in # mated females

= cMτUτ
︸ ︷︷ ︸

mating success

− γFRτ
︸ ︷︷ ︸

mated female
mortality

dEτ

dt
︸︷︷︸

rate of change
in # eggs

= βRτ
︸︷︷︸

egg production

,

where θM and θF are proportions of eggs which are male and female, γM and
γF are constant male and female per-day death rates, c is a constant per-
day mating rate, and β is a fecundity rate (average number of eggs produced
per mated female per day). The adult emergence rate ǫ(t) is continuous and
integrates to give the total proportion of the population which successfully
emerges in the season, so ǫT < 1 unless no larval mortality occurs. Note that
ǫ(t) ≥ 0 for all t.
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The evolution of the model falls in the time domain [ti, tf ], where ti is the
snowmelt date at which egg hatching occurs, and tf is the season end date,
based on field observations of when adults have stopped flying. The initial
conditions for the above model are Mτ (ti) = Uτ (ti) = Rτ (ti) = Eτ (ti) = 0,
where ti corresponds to the discrete n0 used to generate the adult emergence
function ǫ(t). Successive years τ − 1 and τ are connected by the number of
eggs produced in year τ − 1, or Eτ−1(tf ). This acts as input to the male and
unmated female equations of the adult reproductive success model in year τ , as
it represents the egg populations from which these populations are generated.
The in-season population dynamics of the model thus produce a number of eggs
which act as input to the male and unmated female populations in the next
year. We ignored over-winter mortality in the eggs. This type of model, with
continuous-time dynamics for part of the year (the emergence and breeding
period, in this case) with repeated discrete changes (linking eggs produced in
year τ − 1 with the input of eggs in year τ) has recently been classified as a
semi-discrete model (Mailleret and Lemesle, 2009).

We used this model to explore the indirect effects of temperature on adult
reproductive success. That is, as temperature shifts influence larval develop-
ment, so these changes to larval development impact adult reproduction. To
quantify the effect of temperature on adult reproductive success, we used the
coupled larval development and adult reproduction models to explore how
changing temperatures as experienced by larvae would affect adult population
dynamics through the emergence function. Reproductive success in a year was
defined to be a net increase in eggs from year τ − 1 to year τ , or Eτ−1 < Eτ .
The reproductive success threshold Eτ/Eτ−1 = 1 represents the point at which
the population replaces itself from year to year. By choosing some initial input
of eggs and a temperature profile for a year, we computed adult emergence
using the larval development model, input it in (6), and numerically solved
the system of ODEs to predict the number of eggs at the end of the season,
Eτ+1 = Eτ (tf ). In this way, the models act as a mapping of initial to final num-
ber of eggs in a year, and allowed us to examine how changing temperatures
impacted this mapping. We studied how the reproductive success threshold
depends on temperature through numerical simulations of both models with
changing temperature inputs. These results are presented in Section 3.2.

In summary, by constructing a mechanistic temperature-dependent adult
emergence function (5), we connected larval development to subsequent repro-
ductive success, and developed tools to determine how temperature changes
corresponding to climatic shifts might impact a species such as P. smintheus

both directly at a physiological level and later through emergence effects on
adult population dynamics. We identified measures of change to emergence
and change to adult reproductive success based on spring and summer tem-
peratures.
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2.3 Experiments and datasets

The effect of temperature on phenology is a poorly understood aspect of P.
smintheus life history. To parameterize a model of larval development with
temperature-dependent transition probabilities, we thus needed to determine
a plausible biological range of such transition probabilities experimentally. To
this end, we conducted an experiment to record transitional success and failure,
as well as mortality, in P. smintheus larvae under a range of temperatures.

The data used for parameterization of the larval development model was
collected in a growth experiment of P. smintheus larvae collected from field
sites at Lusk and Jumpingpound Ridges (51◦57′ N, 114◦54′ W), both in
Kananaskis, Alberta, Canada. The larvae were reared with sufficient food in
one of three growth chambers: the first mimicked historical ambient field tem-
peratures in the range of 10 − 15◦ C, the second elevated this temperature
profile by 2◦ C, and the third lowered it by 2◦ C. Mortality and transitional
success of all larvae were recorded daily. The results of this experiment and
a more detailed discussion of the experimental procedure are documented in
Matter et al (2011).

The predicted adult emergence function was validated using mark-recapture
data collected for P. smintheus adults in Kananaskis, Alberta, over a period of
eight years (Roland et al, 2000; Matter and Roland, 2002; Matter et al, 2003,
2004; Roland and Matter, 2007; Matter et al, 2009). Adults were marked at
first capture in a meadow, and each meadow was sampled on multiple days
throughout the season. To obtain the observed probability of emergence from
the mark-recapture data, we summed the number of first captures in a meadow
between two successive sampling days and divided this sum over the total
number of adults captured in the meadow throughout the season. This is the
probability of adult emergence between the successive sampling days which
corresponds to the sum of the emergence probability between those two days
as predicted by the larval development model. Dispersal events (to other fields
blocked by forest boundaries), which would influence observed emergence be-
tween sampling days, were rare, with at most 3.8% of the adult population
observed to migrate to a spatially unconnected region in a given summer (Mat-
ter et al, 2004).

In addition to the usual utility of these datasets for model parameterization
and validation, the differing character of the two datasets provided a test of
the consistency of the biological model, as growth chamber data was used to
parameterize coefficients while predictions were validated against emergence
data.

2.4 Parameter and error estimation

We parameterized the larval development model using experimental growth
data in which for each day’s temperature Tn there exists multinomial transi-
tional success/failure and mortality data.
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The experimental growth data provided, for each larva in the experimental
trials, a precise trajectory through the developmental process. This trajectory
was comprised of a list of outcomes for each experimental day n associated
with temperature Tn on that day. The possible outcomes are survival without
transition, mortality without transition, transition and survival, and transition
and mortality. From the larval development model, each such developmental
trajectory corresponded to a probability consisting of the product of compo-
nent probabilities for each outcome on each day of the larva’s development.
For instance, for a fourth instar larva in a given four day period with tem-
peratures T = [T1, T2, T3, T4], where the larva successfully transitioned on the
third day, that part of the trajectory’s probability would appear as

(1− µ4(T1))(1− d4)(1− µ4(T2))(1− d4)µ4(T3)(1− d5)(1− µ5(T4))(1− d5).

This probability indicates that the larva survived without transitioning for
two days in the fourth instar, transitioned successfully on the third day, and
survived the fourth day without transitioning in the fifth instar. Recall that
µi(Tn) = ai(Tn − T0), so the parameters to be estimated from data were ai
and di for i = 1, . . . , 6.

We determined maximum likelihood estimates for each parameter in the
following way. For each larva, the full probability of its observed trajectory was
computed as in the example above in terms of the ai and di terms. As each
larval trajectory was independent, these probabilities were then multiplied
together into a likelihood function corresponding to the probability that our
precise experimental dataset was observed. The resulting likelihood function
depended on the parameters ai and di in a separable manner, so that each
could be maximized independently of the others.

Since we did not model mortality as temperature-dependent, those com-
ponents of the likelihood function were not time-dependent. This resulted in
an analytic form of the maximum likelihood estimates for di expressible as:

d̂i =
xi
a

xi
a + xi

b

, (7)

where xi
a denotes the total number of mortality events in the instar among all

larvae and xi
b denotes the total number of survival events in the instar. As per

the above single larva example, xi
a would be the exponent on di and xb would

be the exponent on (1− di) in the likelihood function. As no strong change in
mortality occurred across the instars, we used a single mortality probability
estimate d̂ to be the mean of the instar estimates. Because d̂ is a binomial
proportion of successes, we used an adjusted Wald 95% confidence interval for
this parameter.

Given the temperature-dependence of the likelihood functions associated
with the transitional success probabilities in each instar, we maximized these
functions numerically. Because µi(Tn) is a two-parameter function, we fixed
T0 with a biologically reasonable value (see Table 1) and obtained a maximum
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likelihood estimate for the slopes ai. For consistency, it was necessary to boot-
strap the transition data due to a larger sample size in the low temperature
treatment. Random samples of the same size were selected at each temperature
and the estimate taken for ai was the mean of maximum likelihood estimates
over one thousand such random selections. The 95% confidence intervals for
ai were computed directly from the interval in which 95% of bootstrapped es-
timates fell. These confidence intervals, as well as those for mortality di, gave
parameter errors which were summed in quadrature to obtain the error which
propagates through the larval development model to adult emergence (Taylor,
1997).

In the reproductive success model, we used values estimated by Calabrese
et al (2008) for mating rate c, and proportions of males and females θM and
θF . We estimated the fecundity rate β and female mortality rate γF from
fecundity experiments documented in Matter et al (2009), and a confidence
interval for β was calculated assuming a normal distribution for the fecundity
rate (Table 1). Male mortality rate was estimated to be slightly lower than
female mortality rate, as males have been observed in the field to live for
approximately two weeks.

The transition and mortality parameters for the larval development model
were estimated from experimental growth data, while the demographic pa-
rameters for the adult reproductive success model were primarily taken from
the literature (sex ratios, mating success rate, and adult mortality), and re-
productive rates were estimated from fecundity experiments (Table 1).

2.5 Model validation and statistical analyses

We validated the model with statistical tests to compare model performance
against the observed adult emergence distributions discussed in Section 2.3.
The validation ensured that the larval development model gave biologically
reasonable results prior to its substitution into the reproductive success model.

Observed versus predicted emergence on a given day were compared using
both a Wilcoxon signed-rank test and linear regression of observed emergence
on predicted emergence. Because sampling did not occur every day, the model
predictions were aggregated to sampling days in this analysis, as described in
Section 2.3. The null hypothesis states that observed and predicted emergence
on a given day are the same, while the alternative hypothesis states that they
differ. The linear regression analysis evaluates model validity by regressing ob-
servations on predicted values. The null hypothesis states that the slope and
x-intercept of the regression line are 1 and 0, respectively, while the alterna-
tive hypothesis states that these values are not 1 and 0. To find evidence for
the observed and predicted emergence distributions being statistically indis-
tinguishable, a non-rejected null hypothesis was desired in both tests.
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3 Results

All parameter values used are summarized in Table 1, which are computed
using the techniques presented in Section 2.4.

3.1 Larval development model

Under this parameterization, a plot of predicted versus observed emergence
in 2008 is presented as an example in Figure 2. Because field data exists for
emergence distribution but not total fraction of successful emergence (that is,
no field larval mortality data exists), we normalized field data by the model’s
predicted larval mortality so that a meaningful comparison of the observed
and predicted emergence can be made. The statistical results of the validation
are summarized in Table 2: using the Wilcoxon signed-rank test, no significant
difference was detected between predicted and observed emergence in all years,
save for 2005 when too few sampling days precluded the use of the test. The
linear regression of observed on predicted emergence probabilities detected no
significant difference between the predicted and observed emergences in any
year save 2009. We will address in the discussion a potential mechanism for
the discrepancy in the two tests in 2009.

The effect of changing daytime temperatures on predicted adult emergence
rate is also considered. Increases in temperature are observed to increase the
emergence rate (shown in Figure 3 with 2008 temperature data as input), and
in Figure 4 we see more specifically that the increase in temperature increases
both the total proportion of the population which successfully emerges as
adults over the course of the season, ǫT (Figure 4a), and the standard deviation
of the emergence curve, σ (Figure 4b).

3.2 Reproductive success model

As discussed in Section 2.2, the reproductive success model acts as a mapping
between the initial number of eggs Eτ in a given year τ and the initial number
of eggs in the subsequent year, Eτ+1. The cobweb diagram of Figure 5a indi-
cates the non-linear effect of varying the initial number of eggs in a year on
the number of eggs present in successive years. The curves show the mapping
of Eτ to Eτ+1 in 2006 through 2008, which differ since the temperature time
series were different in each year. The solid 45◦ line represents the reproduc-
tive success threshold within a year. That is, if a given year’s curve lies above
the reproductive success threshold for that year’s initial egg count, then the
population will increase between that year and the subsequent year. Likewise,
if the curve lies below the reproductive success threshold for that year’s initial
number of eggs, then the population decays. Since the number of eggs in the
next year depends on the number of eggs this year, the intersection of each
curve with the reproductive success threshold indicates the initial number of
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eggs at which the population exactly replaces itself within that year, where
Eτ = Eτ+1. We refer to the initial number of eggs at which this intersection
occurs as the persistence point.

In the scenario denoted by the solid lines, initial egg densities in 2006 are
low, E2006 = 6000 eggs, and the predicted number of eggs increases slightly in
2006 − 2007 before decreasing in both 2007 − 2008 and 2008 − 2009 (see the
solid line in Figure 5b for the associated timeseries). In the scenario denoted by
the dashed lines, initial egg densities in 2006 are twice as high, E2006 = 12000
eggs, and the predicted number of eggs increases between 2006 − 2007 and
2007− 2008, before decreasing in 2008− 2009 (dashed line in Figure 5b). So,
by doubling the initial number of eggs, the predicted number of eggs increases
in 2007 − 2008 rather than decreasing, and after a three year iteration, the
predicted number of eggs for 2009 is more than twice as large as that predicted
from an initial count in 2006 half as large.

The persistence point is plotted as a function of daytime temperature shift
in Figure 6, which shows that the number of eggs required to replace the pop-
ulation decreases with increasing temperature shifts. In 2006, in the absence
of temperature shifts, the persistence point occurs at E2006 = 1247 eggs while
in 2007, it occurs at E2007 = 13350 eggs. In 2008, the persistence point is not
attained without temperature shifts, and an increase of 1.5◦ C in daytime tem-
perature is required to numerically find the persistence point. Figure 6 also
demonstrates the existence of a temperature-driven Allee effect: for a given
temperature timeseries with no temperature shift, the persistence point oc-
curs at some initial number of eggs, which indicates the initial number of eggs
required to maintain the population that year. However, as the temperature
timeseries is cooled, this initial number of eggs below which the population
cannot persist increases, becoming infinite at finite temperature shifts. This
indicates that the population cannot possibly replace itself and demonstrates
that lower temperatures aggravate the Allee effect in these cooler years.

4 Discussion

4.1 Overview

In this study, advances were made in understanding the effects of temperature
on the phenology of the alpine butterfly P. smintheus. Using a combination of
experimental and modelling approaches, the effect of increasing temperatures
was demonstrated to decrease larval developmental times, prompt earlier and
higher adult emergence, increasing population growth. Our goal was to link
environmental conditions in the larval stages to subsequent adult demography,
and highlight the indirect effects that temperature can have on reproductive
success. We approached this problem by constructing a mechanistic model
to predict larval development and adult emergence. With this mechanistic
framework validated by mark-recapture field data, we incorporated the lar-
val development model into a model tracking adult reproductive interactions.



Temperature-dependent larval development 13

Through this model, we identified positive effects of increased temperature
on population persistence through the mitigation of an Allee effect otherwise
present at low population densities. Our experimental and modelling results
suggest that P. smintheus is not presently near its thermal maximum and that
rising spring and summer temperatures may actually increase larval survival
and subsequent adult reproductive success. From a broader perspective, the
modelling framework that we have proposed can link multiple components of a
species’ life history and address effects of temperature on phenology and pop-
ulation growth over the course of years within different scenarios of climatic
change.

4.2 Model and data limitations

The purpose of incorporating the larval development model into the reproduc-
tive success model was to map the initial egg count within a year to the final
egg count, and in that way establish a link between temperatures experienced
by larvae and population growth. However, this approach was burdened by the
large number of parameters that cannot be measured exactly, leading to error
propagation through the model. Additionally, the growth experiments that we
conducted represented the first attempt to understand effects of temperature
on larval phenology in P. smintheus. Given that ours was the first experiment
in this area, the deficit of data is not surprising, nor is the extent of the confi-
dence intervals on parameter estimates. This parameter uncertainty impeded
quantitative predictions of P. smintheus population dynamics from year to
year. The larval mortality parameter d was the most problematic to the model
system as it contributed the most error to the reproductive model output (egg
production in a given year). Furthermore, the reproductive success model sug-
gested that larval mortality may be overestimated in the current model: we
correctly predicted population increases in 2006 and 2007, and a population
decrease in 2009, but erroneously predicted population decreases in both 2005
and 2008 under the present parameterization. Such unexpected decreases in
the model predictions could also be due to an underestimated fecundity rate
β, which had the second highest contribution to error in egg production. It
is evident that quantitative prediction requires further experimental work to
narrow the confidence intervals on the parameter values. A quantitative model
for reproductive success would also require a better understanding of overwin-
ter survival of P. smintheus eggs, which may also be regulated by temperature
and precipitation. Overwinter mortality was not considered in this framework,
a simplification which impedes quantitative prediction of population dynam-
ics. However, this offers still further evidence that d was overestimated or β
was underestimated: since the model predicted two false population decreases
and no false population increases, this effect would only be exaggerated by
overwinter mortality.

In our mechanistic larval development model, we used a simple temperature-
dependent transition probability function, a linear increase in transition prob-
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ability with temperature. This choice was motivated by its simplicity, the
experimentally unknown nature of the effects of temperature on P. smintheus

larval development, and an experimental temperature range well within the
field temperature range observed for P. smintheus. For such a temperature
range, non-linear developmental effects would not be anticipated. Future ex-
perimental work would involve expanding the temperature range toward ther-
mal extrema and fitting the data to potentially non-monotonic transitional
probability functions, to reflect current understanding of insect development
at high and low temperatures (Taylor, 1981).

Despite some simplifications and uncertainty in parameter estimates, the
larval development model captured observed emergence to the point of statis-
tical indistinguishability, and the adult reproductive success model produced
interesting dynamical results with important ecological implications, as we
discuss in the next two sections.

4.3 Larval development model

The larval development model predicted an emergence temporally synchronous
with the observed emergence in all years for which temperature data was
available, and was statistically indistinguishable from observations. While the
confidence intervals of the estimates were large (Table 1), as discussed in the
previous section, the estimates demonstrated a strict decrease as instars in-
creased, indicating that an individual in the third instar at a given temperature
has a larger transitional probability than a member of its cohort in the sixth
instar. This offers some evidence that the parameter estimates were biologi-
cally reasonable, as energy requirements may be higher in later instars and
prompt longer development times.

The estimates for ai were further influenced by the fixed value of T0, the
thermal lower bound for development, since this parameter was fixed prior
to either maximum likelihood estimation or bootstrapping for ai. The experi-
mental data offered little insight into what such a parameter value might be,
as the experimental temperature range was too high to prompt a cessation in
development for any individual. A review of the literature prompted the fixed
T0 = 5◦ C, as it is seen in multiple butterfly species (Hill et al, 1999; Taylor,
1981) as an approximate lower developmental threshold for larvae. Model ro-
bustness to a varying T0 was tested by varying T0 and estimating the slopes
âi from development data. For each temperature in the range T0 = 3 − 6◦C,
the resulting estimates for â3 and â6 fell within the confidence intervals for
estimates at each other temperature in this range. The same held for â5 for
T0 = 3− 5◦, and for â4 for T0 = 4− 5◦. We concluded that the model demon-
strated some robustness to variations in T0.

A comparison of predicted versus observed emergence in P. smintheus

adults lent some support to the model’s validity. The Wilcoxon signed-rank
test (Table 2) did not reject the null hypothesis that observed and predicted
emergence distributions were the same (excepting 2005, when an insufficient
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number of sampling days precluded the use of the test). A linear regression
of observed on predicted emergence probabilities (Table 2), rejected this same
null hypothesis in 2009 only. This rejection may have been due to model fail-
ure, but may also have been due to the large amount of variability in the data,
which can cause Type I errors in linear regression analysis (Haefner, 2005).

The model was also found to be robust to changes in start date ti, due to
very low temperatures in the range of hatching dates used. Model robustness
to variation in start date was examined over the range of dates from April 15th
to June 3rd. This range of start dates was chosen as hatching in P. smintheus

is triggered by snowmelt, so sufficiently high temperatures were required prior
to the calendar day on which the model simulations were to begin. Given that
transitional probabilities were zero at temperatures lower than 5◦C, we found
that the adult emergence distribution changed very little in shape or range
given simulated hatching dates from April 15th to June 3rd, due to low tem-
peratures within these time periods. Care was still taken when fixing simulated
hatch dates, however, as the constant daily mortality probability used in the
model caused lower overall adult emergence in simulations where hatching oc-
curred earlier (as individuals trapped in first instar by low temperatures fell
prey to mortality).

Understanding the developmental behaviour of P. smintheus near the thresh-
olds of its developmental temperature range may be important in the context
of climate change, which may cause warming as well as increased variability
in temperatures. If warm years prompt early and brief emergence periods, it
may have a profound effect on population and community dynamics. The early
emergence from faster larval development (as demonstrated both experimen-
tally and through modelling) may confer both advantages and disadvantages to
a population. Experimental results (not shown here) suggested that mortality
was lower in faster developing larvae, so that more larvae successfully reached
adulthood. Growth experiments in Proclossiana eunomia indicate death rates
in adults increase in time from first emergence, possibly caused by higher
fitness in early emerging individuals or increasing competition for limited re-
sources (Schtickzelle et al, 2002), though it is unknown whether such a pattern
is present in P. smintheus. The present larval development model treated in-
dividuals as identical, so individual effects cannot be captured.

Temperature-driven effects on adult emergence must also be studied at a
community level. P. smintheus emergence synchrony with host plants, both
at larval and adult stages, is critical to population survival (Fred and Brom-
mer, 2010; Matter et al, 2009). Warming temperatures may destabilise the
synchrony of these interacting species or even force species out of a previously
shared habitat. The effects of temperature on interacting species is thus an
important subsequent step to this research.

The adaptation of the model to consider protandry and sex-specific larval
development constitutes an additional avenue of future research. Protandry
has been observed in P. smintheus adult populations, with earlier initial emer-
gence of males than females (Calabrese et al, 2008). The current model frame-
work permits protandrous species modelling, given sex-specific development
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data; separate parameterizations for male and female larvae would allow two
distinct adult emergence distributions. Protandry was not considered in the
present study as male and female P. smintheus are physically indistinguishable
in their larval form. That is, while individuals surviving to adulthood may be
sexed a posteriori, no information can be determined from individuals dying
prior to adulthood. While it is possible to genetically determine sex after death
in larvae, such analysis was beyond the scope of the present study.

Motivation for our experimental and modelling studies were drawn from the
considerable ecological implications to a population from temperature-induced
phenological changes. Our study offered evidence for temperature as a driving
factor in phenological changes to P. smintheus larvae and emerging adults.
Our larval development model was then extended into an adult reproductive
success model to address the resultant effects of these phenological changes
on adult population dynamics. Despite some uncertainties in the parameter
values, the model captured well the temporal range of the observed emergence
and also captured the shape of the emergence curve (Figure 2). Two statistical
tests found the predicted emergence to be indistinguishable from field data.
We thus concluded that our model captured the effect of temperature on adult
emergence in a reasonable manner, and our predicted emergence was suitable
for use in the examination of the indirect effects of changing temperature on
adult reproductive success.

4.4 Reproductive success model

Increasing temperatures increased both total adult emergence and the stan-
dard deviation of the emergence function. This result suggests a competing
effect in increasing temperatures from a reproductive perspective. A larger
proportion of adults emerging suggests a positive effect on mating-finding and
thus reproductive success (unless such successes are overshadowed by increased
resource competition). However, increases in standard deviation of emerging
populations is indicative of increased asynchrony. From a biological standpoint,
a decreasing standard deviation means a briefer period of highly synchronized
emergence among individuals in a population (Calabrese and Fagan, 2004).
Iwasa and Levin (1995) and Post et al (2001) proposed that asynchrony (higher
standard deviations in emergence) increases in cases of environmental pertur-
bation, though their results are not specific to insects. Further, Yurk and Pow-
ell (2009) suggested that developmental synchrony is temperature-dependent
and that insects lose synchrony outside a narrow range of temperatures. Thus
it may be reasonable to expect greater asynchrony in populations faced with
warming temperatures, so an increasing standard deviation in adult emergence
at higher temperatures in the present model may be biologically realistic. This
argument may be sensitive to the functional form of temperature-dependent
larval development. While Yurk and Powell (2009) suggested a narrow range
of temperatures at which emergence synchrony occurs, we observe a strictly
increasing relationship of standard deviation with temperature. That is, there
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is no cooler temperature regime, according to this model, where synchronous
emergence will shift towards asynchronous emergence. The increasing rela-
tionship of temperature and standard deviation is illustrated in a 6◦C range
in Figure 4b. However, given that we predicted an increase in reproductive
success with temperature (Figure 6), we concluded that the increased propor-
tion of adults that emerge is a stronger effect on reproductive success than
when the adults emerge. Inspection of Figure 3 indicates how total emergence
remains a stronger effect: the increased standard deviation appears to result
from the addition of tails onto the emergence distribution at higher tempera-
tures. The addition of such a tail constitutes the addition of individuals into
the population, and thus cannot adversely impact reproductive success. This
quantitative measure of thermal effects on adult emergence provided the first
insight into how past environmental experiences play out in adult population
dynamics in P. smintheus.

The current model presents what may be a valid framework for studying
multi-year temperature-forced reproductive success in P. smintheus, if error
in the system can be controlled. The reproductive success model allowed it-
eration from year-to-year by the presence of some initial number of eggs Eτ ,
taken in the present study directly from the previous year’s production Eτ−1.
The dynamics of our population model reveal the presence of a demographic
Allee effect aggravated by low temperatures (Figure 6). Such an Allee effect
could potentially be disastrous for P. smintheus population persistence, as se-
vere population crashes have been observed in the past (Matter and Roland,
2010). The reproductive success model presented here demonstrated this Allee
effect from a mechanistic, biologically-motivated model. Previous models for
butterfly population dynamics have considered phenomenological emergence
functions such as stretched Beta distributions (Calabrese and Fagan, 2004) and
Gamma distributions (Calabrese et al, 2008), but these were not chosen based
on a biological mechanism, unlike the temperature-dependent emergence func-
tion developed in the present study. Our mechanistic modelling approach and
associated demographic Allee effect show similarities to those observed in the
models presented in Veit and Lewis (1996), McCarthy (1997), Drake (2004),
Molnár et al (2008), Jerde et al (2009), and Wittmann et al (2011). Only
Wittmann et al (2011), however, identified temperature explicitly as a poten-
tial driver of reproductive success, suggesting that there remain many open
pathways toward modelling temperature-dependent reproductive success and
the potential for Allee effects.

The reproductive success model as presented is a simple model in most re-
spects, with constant adult mortality rates, coupling rate, and fecundity rate.
Calabrese et al (2008) presented multiple functional forms for coupling rate in
P. smintheus, finding that inverse male density fit better to data than a con-
stant rate, so a similar analysis to that presented here with a more complicated
coupling function is a viable area for further research. Fecundity may also be
more complicated than a constant rate would indicate. In fact, temperature
influences fecundity in P. smintheus as egg production by mated females is par-
tially dependent on resources available to larvae (Matter et al, 2006). Effects
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of temperature on larval food source and adult fecundity represent imperfectly
understood areas on how thermally-affected food sources may indirectly influ-
ence population dynamics. Temperature may also influence fecundity directly:
increased temperatures have been linked to increased fecundity rates in but-
terflies Pararge aegeria (Gibbs et al, 2010) and Bicyclus anynana (Steigenga
and Fischer, 2007). At present, direct effects of temperature on P. smintheus

fecundity are unknown.
Should a more complicated temperature-dependent fecundity function be

introduced into the adult reproductive success model, it would also intro-
duce another non-autonomous element to the system. In the present model,
only emergence rates depend on time, but if fecundity rate was modelled as
temperature-dependent, it would also be implicitly time-dependent. If so, the
temporal dependence of the emergence function could influence the adult dy-
namics via additional mechanisms. For instance, at present, an increase in
temperature influences the reproductive success model through increasing to-
tal emergence and decreasing synchrony. However, increased temperatures in
the larval developmental model also led to earlier emergence, an effect which
is irrelevant in the adult reproductive model because there is no explicit time-
dependence outside the emergence function itself. That is, if emergence shifts
in time, it does not currently influence reproductive success. If fecundity were
to be modelled as time-dependent, however, then these shifts in emergence
time would begin to influence adult mating dynamics.

As mentioned previously, overwinter mortality is at present neglected in the
model dynamics, a simplification which makes quantitative predictions about
population dynamics difficult. Current research for P. smintheus suggests that
climate is an important factor in overwinter egg survival, with higher mortality
in drier winters, when there is little snow insulation to prevent freezing and
desiccation (Matter et al, 2011). Further research is necessary to determine
the magnitude of influence of spring and summer temperatures (affecting lar-
val growth and adult reproductive success) compared to winter temperatures
(affecting egg survival) on the persistence of the population.

5 Conclusions and future work

In this study, we advanced the previously limited understanding of temper-
ature effects on P. smintheus populations, both through direct changes to
larval and emerging adult phenology and through indirect effects on subse-
quent adult reproductive success. We constructed a general model framework
which allowed the disparate elements of an insect’s life history to interact and
affect population growth.

Further work in this area would involve an extended growth experiment to
study thermal effects nearer to larval thermal tolerances, which would allow
parameterization of the model to a wider range of climatic scenarios. With this
data we could also explore varied temperature-dependent transitional success
functions for the larval development model. Subsequent experimental work
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would also narrow the confidence intervals on the parameter estimates and
lead us to a quantitative model prediction of population dynamics from year
to year, allowing for a better understanding of how climate change will affect
the alpine meadow habitats that these butterflies inhabit.

We presented a model which addressed thermal effects on population dy-
namics from egg hatch to adult mortality, mapping the eggs from the beginning
of the year to the eggs that replaced the population at the end. The missing
link in this model from a life cycle perspective is the overwinter mortality of
eggs, a subject that is presently being addressed (Matter et al, 2011). If we can
incorporate a climatically-influenced overwinter mortality map into our model
for P. smintheus, we will have a potentially powerful tool to predict effects
of climate change on this butterfly species. From there, we can address the
impacts that such changes to the population may have on its broader alpine
habitat.

͙Instar 1 Instar 2 Instar (r-1) Instar r
µ1(Tn) (1-d2) µ2(Tn) (1-d3) µr-2(Tn) (1-dr-1) µr-1(Tn) (1-dr)

d1(1-µ1(Tn)) d2(1-µ2(Tn)) dr-1(1-µr-1(Tn))

(1-µ1(Tn)) (1-d1) (1-µ2(Tn)) (1-d2) (1-µr-1(Tn)) (1-dr-1) 1

Fig. 1 Schematic representation of the r instar insect life history where µi(Tn) is the
probability of leaving the ith class in the nth time step and di is the probability of mortality
in the time step.
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curve with associated error shaded in grey, while observed emergence on sampling days is
denoted by the solid curve with the diamond. Days on which the observed probability of
emergence is zero are meant to indicate that no data was collected on those days. Predicted
emergence with error is aggregated to sampling days.

Fig. 3 Emergence probability ǫn per calendar day as predicted by the larval development
model equations (1)-(4), using parameter values presented in Table 1. The predicted adult
emergence curve for 2008 temperature data (dotted curve) increases when daytime temper-
atures are increased (solid curve) and decreases when daytime temperatures are decreased
(dashed curve).
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data and the parameter values presented in Table 1.
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cause spatial mismatch of trophically interacting species. Ecology 89:3472–
3479.

Steigenga MJ, Fischer K (2007) Ovarian dynamics, egg size, and egg number
in relation to temperature and mating status in a butterfly. Entomologia
Experimentalis et Applicata 125:195–203.

Stork NE, Coddington JA, Colwell RK, Chazdon RL, Dick CW, Peres CA,
Sloan S, Willis K (2009) Vulnerability and resilience of tropical forest species
to land-use change. Conservation Biology 23(6):1438–1447.

Taylor F (1981) Ecology and evolution of physiological time in insects. The
American Naturalist 117:1–23.

Taylor JR (1997) An Introduction to Error Analysis: The Study of Uncertain-
ties in Physical Measurements, 2nd ed. University Science Books.



26 Jeanette D. Wheeler et al.

Thomson LJ, Macfadyen S, Hoffmann AA (2010) Predicting the effects of
climate change on natural enemies of agricultural pests. Biological Control
52:296–306.

Veit RR, Lewis MA (1996) Dispersal, population growth, and the Allee ef-
fect: Dynamics of the house finch invasion of Eastern North America. The
American Naturalist 148(2):255–274.

Visser ME, Both C (2005) Shifts in phenology due to global climate change:
The need for a yardstick. Proceedings of the Royal Society B 272:2561–2569.

Wittmann MJ, Lewis MA, Young JD, Yan ND (2011) Temperature-dependent
Allee effects in a stage-structured model for Bythotrephes establishment.
Biological Invasions 13: 2477-2497.

Yurk BP, Powell JA (2009) Modelling the evolution of insect phenology. Bul-
letin of Mathematical Biology 71:952–979.





RECENT REPORTS
62/11 Neural field model of binocular rivalry waves Bressloff

Webber

63/11 Front propagation in stochastic neural fields Bressloff
Webber

64/11 Stability estimates for a twisted rod under terminal loads: a three-
dimensional study

Majumdar
Prior
Goriely

65/11 Adaptive Finite Element Method Assisted by Stochastic Simula-
tion of Chemical Systems

Cotter
Vejchodsky
Erban

66/11 On the shape of force–free field lines in the solar corona Prior
Berger

67/11 Tear film thickness variations and the role of the tear meniscus Please
Fulford
Fulford
Collins

68/11 Comment on “Frequency-dependent dispersion in porous media” Davit
Quintard

69/11 Molecular Tilt on Monolayer-Protected Nanoparticles Giomi
Bowick
Ma
Majumdar

70/11 The Capillary Interaction Between Two Vertical Cylinders Cooray
Cicuta
Vella

71/11 Nonuniqueness in a minimal model for cell motility Gallimore
Whiteley
Waters
King
Oliver

72/11 Symmetry of uniaxial global Landau-de Gennes minimizers in the
theory of nematic liquid crystals

Henao
Majumdar

73/11 Filling of a Poisson trap by a population of random intermittent
searchers

Bressloff
Newby

01/12 Mechanical growth and morphogenesis of seashells Moulton
Goriely
Chirat

02/12 How linear features alter predator movement and the functional
response

McKenzie
Merrill
Spiteri
Lewis

03/12 The Fourier transform of tubular densities Prior
Goriely

04/12 Numerical studies of homogenization under a fast cellular flow. Iyer



06/12 Effects of intrinsic stochasticity on delayed reaction-diffusion pat-
terning systems

Woolley
Baker
Gaffney
Maini
Seirin-Lee

07/12 Axial Dispersion via Shear-enhanced Diffusion in Colloidal Sus-
pensions

Griffiths
Stone

08/12 Qualitative Analysis of an Integro-Differential Equation Model of
Periodic Chemotherapy

Jaina
Byrne

09/12 Modeling Stem/Progenitor Cell-Induced Neovascularization and
Oxygenation

Jain
Moldovan
Byrne

10/12 Allee Effects May Slow the Spread of Parasites in a Coastal Marine
Ecosystem

Krkošek
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