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ABSTRACT.

Finite -permutation groups (D.Phil. Thesis, Trinity term, 1979)

by Martin W. Liebeck,

St. Peter's College, Oxford.

Two problems in the theory of finite permutation groups are 

considered in this thesis:

A. transitive groups of degree p, where p = 4q+1 and p,q are prime,

B. automorphism groups of 2-graphs and some related algebras.

Problem A should be seen in the following context: in 19&3* N.Ito 

began a study of insoluble, transitive groups G of degree p on a set H_, 

where p = 2q+1 and p,q are prime, showing among other things, that such 

a group G is 3-transitive. His methods involve the modular character 

theory of G for both the primes p and q (developed by R.Brauer). He uses 

this theory to prove facts about the permutation characters of G associated 

with Xlw and jl}^ , the sets of ordered and unordered pairs (respectively) 

of distinct elements of £1 . The first part of this thesis represents an 

attempt to extend these methods to the case p = 4q+1. The main result 

obtained is

Theorem. Let G be an insoluble, transitive permutation group of degree p, 

where p = 4q+1 and p,q are prime with p=-13. Then G is 3-transitive.

Also some progress is made towards a proof that the groups in 

Problem A are 4-transitive.

In the second part of this thesis (Problem B) certain algebras are 

defined from 2-graphs as follows: let (/I,A ) be a 2-graph, that is,A is 

a set of 3-subsets of a finite set fl such that every 4-subset of fl contains 

an even number of elements of A . Write 11= {e ,...,e ]  . Given any field 

F of characteristic 2, make FQ_ into an algebra by defining



e.e. =
1 J

It is shown that in many cases, this algebra is a Lie algebra. A study of 

the derived and lower central series is carried out and is used to show 

that if G is the automorphism group of one of a fairly large class of 

2-graphs (including many regular 2-graphs) then PJL has several nontrivial 

G-submodules. This result is perhaps of interest, since many of the 

known 2-transitive permutation groups are automorphism groups of regular 

2-graphs.

Finally it is shown how to construct Lie algebras in any 

characteristic from certain graphs.
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(i)

.   NOTATION.

In this thesis we consider only finite groups. If G is a group 

and H is a subgroup of G, the following notation is used: 

(G[ order of G 

|G:H| index of H in G 

N-(H) nozmaliser of H in G
Lr

CV,(H) centraliser of H in G {*

Z(G) centre of G

H< G H is a normal subgroup of G

cyclic group generated by the element g of G 

inner product of the characters X and \p of G ;

$s -X is a character of G or zero (X and \L> are characters of G) 

restriction to H of the character X or FG-module M (F a field)

£- G^~ ,M induced character or FG-module from the character X of H or
the FH-module M 

SG group algebra of G over the ring S.

The following notation is also used:

GxH direct product of the groups G and H

M®N tensor product of the modules M and N

M © N direct sum of modules M and N

<C field of complex numbers

Q_ field of rational numbers

Z cyclic group of order n.

If G is a permutation group on a set n and p is a subset of 

then we write G^v , Gr ^respectively for the pointwise and setwise 

stabilisers of P in G. The group G(r , is the permutation group on P



(ii)

induced by G^. By jQ.00 , /l^ we mean respectively the sets of ordered

and unordered subsets of _O_of size k.

Reference is made in this thesis to the following well-known

permutation groups:

(i) the symmetric and alternating groups S , A of degree n, 

(ii) the affine group AGL(d,p ) acting with degree p on a

d-dimensional vector space V = V(.d,p ") over GF(p ) (p a prime number);

AGL(d,p ) consists of the permutations 7t , : v -» Av+b of V (A^GL(v),
A» D

b«=V) and can be extended by field automorphisms to the group ArL(d,p ),

(iii) the Mathieu groups ^ »M 1 2 ' M22'M23' M24' 

(iv) the protective groups PSL(d,q), PGL(d,q) acting on the 

protective space PG(d-1 ? q) which consists of the 1-dimensional subspaces 

of the vector space V(d. t q) (d>-1, q a prime power); these can be 

extended by field automorphisms to the groups PZI.(d,q), PTL(d,q).



"On Monday, when the sun is hot
I. wonder to myself a lot:
'Now is it true or is it not,
'That what is which ana which is what? 1

On Tuesday, when it hails and snov/s, 
The feeling on me grov/s and grows 
That hardly anybody knows 
If those are these or these are those.

On Wednesday, when the sky is blue, 
And I have nothing else to do, 
I sometimes wonder if it's true 
That who is what and what is who.

On Thursday, when it starts to freeze
And hoar-frost twinkles on the trees,
How very readily one sees
That these are whose - but whose are these?"

A. A.Milne, ' Winnie-the-Pooh' .



INTRODUCTION. 

v

: . This thesis is concerned with the following two areas in the 

theory of finite permutation groups:

A. transitive groups of degree p, where p - 4q+1 and p,q are prime

numbers,

B. automorphism groups of 2-graphs and some related algebras. 

These two subjects will be referred to as Problem A and Problem B? we 

introduce them separately.

INTRODUCTION TO PROBLEM A,

The search for transitive permutation groups of prime degree goes 

back as far as 1830, when Abel and Galois studied them in connection with 

the theory of polynomial equations. One of Galois' theorems says that if G 

is a soluble, transitive group of prime degree p, then G is a subgroup of 

the affine group AGL(l,p) acting on the field GP(p). Several nineteenth 

century mathematicians, notably Mathieu and Jordan, continued the work of

Galois and provided the foundations fcr ich material published since

1900. There are relatively few known transitive groups of prime degree; 

those 'groups G (of degree p) that are known are listed in the following 

table:

p

q-1 
11

11

23

G<AGL(l,p)

PSL(d,q)^G^PTL(d,q) (q a prime power)

PSL(2,11)
I

exceptional



Notice that the "exceptional" primes 11 and 23 are of the form 2q+1
i

where q is also prime. Indeed, it is on just such an arithmetic accident 

that Mathieu's discovery of Mu and Mi3 depends (see [?-5r]). In 19&3, N.Ito 

began a study of the insoluble transitive groups of degree p, where p = 2q+1 

and p,q are prime; in ["H] and [2.0] (see also [2^]) it is shown that such 

groups are 3-transitive and that they are very nearly 4-transitive (the 

precise result is Theorem 1.15" of this thesis ), The methods of Ito 

and Neumann involve the modular character theory of the groups for both the 

prime p and the prime q; the p-modular theory gives a certain description 

of the ordinary characters with respect to the prime p and the q-modular 

theory gives a description with respect to the prime q. These descriptions 

are combined with knowledge aboxit characters of permutation groups to give 

the results mentioned above.

These methods seem to be applicable, more generally, to the study 

of primitive, insoluble groups of degree n, where the numbers n,n-1 are 

divisible by large primes p,q respectively. We have already mentioned the 

case n = p = 2q+1, while in [33] Neumann and Saxl show that if n = 2p = q+1 

then, with the exceptions PSL(2,q) and PGL(2,q), the groups are 4-transitive. 

Note that in these two cases the ratio of n~ to pq is roughly 2; as this 

ratio increases, the calculations with characters involved in the methods 

outlined above, grow very much more complicated. The first part of this 

thesis concerns the case n = p = 4q+1 > here, the ratio of n2- to pq is 

approximately 4« The main theorem proved is:

THEOREM 3.1. Let G be an insoluble, transitive permutation group of degree p, 

where p = 4q+1 and p,q are prime. Then either G is 3-transitive or q = 3» 

p = 13 and G is PSL(3,3) acting on the protective plane PG(2,3).



Chapter 3 of this thesis consists of a proof of this theorem and 

some results needed for this proof are given in Chapter 1. In Chapter 2 we 

prove some general facts about 2-transitive and 3-transitive groups; most of 

these involve deductions about the way a group G acts on a set n. from 

information about the permutation characters *S ,^ of G associated with 

Jlw , JT. 1 respectively (where fl0"" and Jlf are the sets of ordered and 

unordered pairs of distinct elements ofjfL). The most important fact is:

PROPOSITION 2.2. Suppose that G is generously 2-transitive and 2-priraitive 

of degree n on fl , and let k be the rank of G^ on _n_\{o<} (where o£ e .Q_). 

Then ||l|( - \\-q\\ ^ k 2+k-2; and if equality holds then either k = 2 or k = 3 

and n is even.

This fact is used in the proof of Theorem 3.1- The results in Chapter 2 

on 3-transitive groups are used in Chapter 4 f where further study of transitive 

insoluble groups of degree p = 4q+1 is carried out.

INTRODUCTION TO PROBLEM B.

The second part of this thesis concerns algebras derived from certain 

combinatorial objects called 2-graphs, and the use of these algebras to deduce 

facts about the automorphism groups of the 2-graphs.. Let us define our terms.

Letfl be a finite set of size'n and let A & Hm (that is, A is a 

set of 3-subsets of /I ). Following G.Higman (see [36J)» we say that (_Q.,/\) 

is a 2-graph if every 4-subset of O. contains an even number of elements of A ; 

it is trivial if A is or Jl ; its automorphism group is the set of

permutations of il which preserve A . The 2-graph (_Q_ , A) is regular if 

every 2-subset offlis contained in the same number, a, of elements of A .



It can be shown that for a nontrivial regular 2-graph there are nonzero 

integers r,s such that a = 2r and n = 2+2r+2s. Many of the known 2-transitive 

groups are automorphism groups of nontrivial regular 2-graphs.

Let G be a permutation group on II , pa prime number dividing n and 

F a field of characteristic p. Denote by FJL the permutation module of G 

over F (that is, the vector space over F with basis fl). Now F/l has two 

obvious FG-submodules S,T, one of codimension 1 and the other of dimension 1, 

defined by

S = { Z. a^w a^e F, ^L_ a., = 0 ] ,
»-<o£.n- loe-Ti. J

T = A

Since p divides n we have TQS. Following J.A.Green (see £2.6]) we call the

SFG-module   the heart of G acting on D_ , over F. Recent results (see [24-],

[32.J) have shown that knowledge of the structure of the heart can give much 

information about the action of G on _Q« One elementary fact is that if G is 

primitive on II and n^4Athen G is 2-transitive.

Now let G be the automorphism group of a nontrivial regular 2-graph 

(/I, A,) with parameters r,s (where a = 2r, n = 2+2r+2s as described above), 

and let F be a field of characteristic 2. Write fl = {e, , ...,en } and make FA 

into an algebra by defining

e L ej =

and extending products linearly. In Chapter G we show that in many cases 

the derived algebra is properly contained in the submodule S defined above, 

and use this to prove:

THEOREM £>. 3. If r,s are not both odd then the heart of G acting on

over F, is reducible (as an FG-module). In particular, if n = o(mod 4) the

heart is reducible.



In Chapter *7 it is shown that the algebra Rn. defined as above from 

a nontrivial regular 2-graph over a field F of characteristic 2, is in fact 

a Lie algebra; we investigate its derived and lower central series. We 

conclude by showing how to define Lie algebras in other characteristics 

from certain types of graph.



111 Begin at the beginning, 1 the King said gravely, 

'and go on till you come to the end: then stop. '"

Lewis Carroll, 'Alice in Wonderland 1 .



Chapter 1; RESULTS FROM THE LITERATURE FOR PROBLEM A,

In this chapter we outline the main results from the literature 

which we shall need in order to study transitive groups of degree p, where 

p =5 4(1+1 and p,q are prime. We "begin with some of the modular character 

theory of groups whose order is divisible to the first power only by some 

prime, and give a sketch of the so-called Green correspondence for such 

groups. Next we outline some of the general character theory of permutation 

groups and state results of Neumann [30] relating this theory to certain 

"generosity" properties of permutation groups. Also several facts about 

characters of groups of prime degree are presented. After this we give a 

brief exposition of some graph theory related to permutation groups; this is 

followed by a result of Frame [12] and theorems of Cooper [8_] and Rowlinson [33 

on simply primitive groups of degree 4q» q. being prime. Finally we state a 

few well-known theorems of Burnside, Jordan and others and present several 

more recent results.

1. GROUPS OF ORDER DIVISIBLE BY p TO THE FIRST POWER ONLY.

We present the results needed for Chapters 3 and 4» for an account 

of modular representation theory, see Curtis and Reiner [93  

Let G be a group whose order is divisible by a prime number p to the 

first power only. Let K be a p-adic number field which is a splitting field

for G, let R be its local ring of integers with maximal ideal ft and let K
 p 

denote the finite field   of characteristic p. If M is any RG-module,

mm M —— —— in-

put M = —— ( s K<s>M) , so that M is a KG~module. Any ordinary irreducible 

character of G can be realised as the character of an RG-module ([93? p. 496).

If the regular representation module RG^, is split as a direct sum of
HLr



indecomposable BG-raodules, known as protective indecomposables, then some 

of the summands afford irreducible characters of G whose degree is divisible 

by p. Each of the remaining protective indecomposables lies in some p-block 

of G of defect one. The full description is given in Theorem 1.1 below.

Generally, if X is a normal subgroup of a group Y and ip , ip are 

ordinary characters of X, then we say that \1> and ^ are Y-conjugate if 

there exists ye Y such that ^, (x) = <£ (y~'xy) for all xeX. For a character 

of X we write

= {y^Y[ <f(x) = f(y"xy) for all xe

Clearly 1^(1^) is a subgroup of Y containing X; it is known a^ the 

inertia subgroup of ijj .

We may assume that K contains the cyclotomic field <Q(e,pr) where 

e is the exponent of G. Write e = pep , (so that (p,ep») = 1). Choose an 

automorphism "#" of Q( G /T~) fixing the ep/ th roots of unity and of largest 

possible order as a permutation on the set of pth roots of unity; extend £

to K. The characters %, and X^of G are said to be p- con jug ate if there is
xc 

an integer c such that X,(x) = ^(x) for all xeG. A character is said to

be p~rational if it is p-conjugate only to itself (that is, if its values 

lie in Q (<v/T)).

Now let P be a Sylow p-subgroup of G and put C = C (p), N =* N (p). 

By Burnside's Transfer Theorem we may write C = PxX where X = O p,(C). 

Let 1 = D, , ©it ...,©b be representatives of the N-conjugacy classes of 

ordinary irreducible characters of X, and for m = 1,...,b let ®^be the 

sum of the distinct N-conjugates of G^. If *C ,e are characters of P,X 

respectively, denote by <^.9 the character of C defined by

^.B (xy) = ot(x) ©(y) (xep.yeX). 

For m = 1,...,b write t = [ IM (SL'. 1):C | , 'sri = £zl t
lu JM **i vm



6

1.1 (Brauer [4]).

(i) There is a 1-1 correspondence between the p-blocks of G of defect one 

and the characters {B^l ra = 1,...,b} . Let B denote the block corresponding

m

m 

to 8^. . '

(ii) The set of ordinary irreducible characters in B consists of t 
x ' m ffi

p-rational characters X0 ,...,Xe^_, and s characters, called the exceptional

characters of B , which are all p-conjugate. We write Xfc for the sum ofra ^

of the exceptional characters of B .m

(iii) The block B contains precisely t projective indecomposables 

U0 ,...,Ut 1 . If t is the character of one of them, then t = Xc +Xj- for 

some i,j with 

(iv) For eachX, (0^ j^t ) in the block B there is a number e- &. {-1,1}
* * J JQ' m J v J

such that

Xj (1) = EJ ©^ 1) (mod p) . 

(v) If X is one of the exceptional characters in the block B then

where t = |N:Cf. Moreover, if t is odd then "X is not real-valued, whereas

if t is even then X is m

Theorem 1.1 enables us to define a certain graph for each p-block B

of defect one as follows: the t +1 nodes (vertices) are labelled withm '

X0 , . . . ,Xfc^ and Xc is joined toXy if. and only if XL+Xj is the character of 

a projective indecomposable. This graph turns out to be a connected tree,

called the Erauer tree of B . If X-andX: are joined in this Brauer tree, we     i m c J -

say that XL is a mate ofXj .

To each projective indecomposable U, in the block B there corresponds*^ in

an irreducible KG-module P, defined as U, /(rad U, ) and FA ,...,F, . is a
K K, K U t-,.  I



complete set of non~isomorphic AKG-modules in B . Let X. be an RG-module* n m j

affording the character Xj (if 0«s j<t -1) or affording one of the

exceptional characters in B (if j = t ). Then X. + X-. is the characterm ^ m' ^ J

afforded by II if and only if X. and X. both have F as a composition
K. 1 J t

factor. Thus we can label the edges of the Brauer tree of B with them

modular irreducibles F ,...,F, ,, specifying that edge F. is incident
U ''rvsT^ ^

with vertex'Xj if and only if F. is a composition factor of X. . The characterj- j

06: is an end-node in the Brauer tree of B (that is, a node which liesJ m

on precisely one edge) if and only if X. is irreducible.
J

The following result, taken from L34], gives information about

the degrees of the modular irreducibles in B .m

_THEQRH'I 1.2. . " Let C^e the Brauer tree of B and let F. be•————————— • mi

any edge of f^.; write <p. for the modular irreducible character afforded 

by F.. If we delete the edge F. from C. , we disconnect f^into two 

components; let A be the component which does not contain the "exceptional" 

node X fc , and letX. be the vertex in A which is adjacent to F.. Then if e ;
*"*v -' \ J

is the number in {-1»1} associated in Theorem 1.1 with "Xj , we have

& (1) = e, c (mod p) 

where c is the number of vertices in A .

We can say more about the Brauer tree of the principal block B :

THEOREM 1.3 (Tuan. DT])* The Brauer tree of the principal block B. has
I

a subgraph Z. , called the real stem of (7 , with the following properties;

(i) the vertices in21 are precisely the characters which are 

real-valued on p-regular elements; the "exceptional" node Xt lies in 2L ,
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(ii) the subgraph 21 is an open polygon, that is, it is connected, 

exactly two of its vertices have valency one and the rest have valency two,

(iii) complex conjugation of characters induces an automorphism 

of (7 which fixes pointwise just 21 .

REMARK. If C (p) = p then the characters in the real stem are precisely 

those which are real-valued on the whole of G.

Now suppose that C (p) - P, ao that X ~ 1, b = 1 and the principal
Lr

p-block B. is the only p-block of defect one; it contains t ( = |Nr (p):p|)
\ NJ"

p-rational characters X-0 , e .. ,Xt_, (X> = 1) and -^~ exceptional characters 

with sumX-t. Let k = lG:G7 [. Then G has k distinct linear characters 

X, , .../X^ (X,= 1), which form a cyclic group _A_ under multiplication. We 

have (see § 2 of [23]):

PROPOSITION 1.4. For each i e {1,.. . ,k} the map Xj -^ Xj Xu (j = 0, .. . , t) 

is an automorphism of the Brauer tree of B ; in this way_A_acts on the 

Brauer tree as a group of automorphisms. The node Xt is fixed by every 

element of JV_, while A, acts semiregularly on the other vertices, that is, 

if j £ t and i * 1 then XjXL £ K^ .

From the theorem of Peit [11], we can deduce the following result, 

which is part of Lemma 2.1 of [28],

THEORM 1.3. Suppose that G is insoluble and that G is not isomorphic 

to PSL(2,p) or to PGL(2,p). Let X be an irreducible character of G. Then 

(i) if X has degree p-1 then either X is an end-node or X has
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valency two in the Brauer tree; in the latter case, one of the vertices 

joined to X is a linear character,

(ii) if X has degree p+1 then X is an end-node in the Brauer tree.

2. THE GREEN CORRESPONDENCE.

We continue with the notation of Section 1 - G is a group whose 

-order is divisible by p to the first power only and P = <^a>is a Sylow 

p-subgroup of G with C = CQ(p) = P*X, N = NG(P). If H is any subgroup 

of G containing N, the Green correspondence is the correspondence W<-> 1^ 

between indecomposable KG-modules and indecomposable KH-modules given by 

the following theorem, which is taken from Theorem 2 of f13j (see also 

4.1 and 4.2 of [14J).

1,6 (Green f13J)« Leb W t>e an. iv-xde compos able. "Kcq- — module .su_eK tKat

VH = T0 ® T1

p "j dalrvx W.

and T = V © T2

where TQ is a projective KH-module, T is an indecomposable KH-module and 

T? is a protective KG-module. Moreover, W lies in the principal p-block 

of G if and only if T lies in the principal p-block of H.

REMARK. Theorem 1.6 remains unaltered if we replace K by the local ring R.

Finally we describe the indecomposable KG- and KN-modules; a fuller 

account can be found in [11J. For each se{l,...,p] there is a unique

indecomposable KP-raodule V of dimension's on which we can take thes
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generator a of P to have the Jordan form

/ 1 1
1 1

o
o \
1 1 /

Let Y.,...,Y be a complete set of non-isomorphic irreducible HX-modules. i c

Then there are precisely pc indecomposable KC-modules - they are the modules

V <g)Y. s i

Let VL,. .. ,W, be EX-modules affording the characters (S), ,..., GDj, of X 

described in Section 1. Then if V is any indecomposable KK-module, we have

Wn & V g>W. C s i

for some s<p, i^b. If V is in the principal block of N then

for some s

3. CHARACTERS OF PEIMUTATION...GBOUPS.

Let G be a permutation group on a set JQ. of size n and denote by ~rc 

the permutation character of G associated with :Q_ , that is, rr(g) = 

for all geG. The inner product ^1,-^ is ^orb(G, il_) , the number of 

orbits of G on H. . If G acts on -fl ( ,.Q. 2L with associated characters TT;, -r

then TC,^ is the character associated with so

If G is transitive on il, then <rc, for any

Now consider the symmetric group S acting on IX . Let TTO , rj ft ,

denote the characters of S associated with JI, Jd^ , _fZ.(;0 respectivelyn
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, _d are the sets of unordered and ordered pairs of distinct 

elements of_TL). We have

= 2.

Hence TTO = 1+ X(Q '"' for some irreducible character 9C~ of S of degree n-1 

Also

= 2,

so -^D = l+xT'^ + X^"1^ for some irreducible character Xo"^' of S . 

Similarly, 3 0 = 1+2 Xlr'J 'V X-^Vx^''^ where Xr^is irreducible.

Ve may restrict the characters Tr0 , y\0 , !? 0 to the characters TC , ^ 

of G associated with H , I}?* , XL10 respectively. Thus, denoting the 

restrictions of PC'' 0 , X.^ , X^^to G by x^''°, X^^ , -X^^'^, we have

-rr = 1+x'"-'0

L""''°Write •§ = 5 - -^ = XL""'' + X^"1''^. The group G is 2-transitive if and only 

if X^~''°is irreducible.

If G is transitive on H. and &L& JL. , then the induced character 

(1 ) G is equal to re . Also if G is 2-transitive and v (= (Xl"~ lj ° ) ) is

the character of G^ associated with -.T2_\-{X} , then

) G =



14

4. GENEROSITY INJPEK^IUTATION GROUPS.

In [36] , Neumann defines certain "generosity" properties of permutation 

groups and relates them to the character theory described in the previous 

section. We state a few of the results.

Let G "be a permutation group on a set /I of size n and let k be an 

integer such that 1^k<n. Then G is said to be generously k-transitive if, 

for every A & .Of"* 0 , we have S, ., ^ G^ ; it is said to be almost

generously k-transitive if, for every A e _n5 <M) , we have A, 1

Also G is a little generously 3-tra.Tisitive if, for evexy A & 1^ , we have 

V , ^ ^{A} (V. being the unique normal subgroup of A* of order 4) • If G is 

generously or almost generously k-transitive then G is k-transitive; and if 

G is a little generously 3-transitive then it is 3-transitive (Lemmas 2.1, 

2.2 and 2.3 of QsoJ). By the corollary to Proposition 3.2 of C3oj, G is 

generously k-transitive if and only if G is k-transitive and, given
t it*.\\

/\ = {c^i, , . . . ,0^^,] e-lr and ^^^ J!\A , every orbit of G^ ^ is self-paired 

when considered as a suborbit of G^ acting transitively on H\A (see 

Section 6 for the definition of self-paired suborbits). Alternatively, G is 

generously k-transitive (k$?2) if and only if G is k-transitive and for 

any A £ H{K ^ i the groups G (£ , and G^A , have the same orbits on H\A .

The following result is taken from Propositions 8.7 and 8.8 and the 

corollary to Proposition 8.9 of [so],

PROPOSITION 1.7. (i) If n^5 then (x.^% X (^''^ = 0 if and only if 

G is a little generously 3-transitive.
tT\~1 f~)

(ii) If n ^5 then X ' is irreducible if and only if G 

is generously 3-transitive.



(iii) If n^-10 then X " ' is irreducible if and only if G is 

4-transitive.

5. CHARACTERS OF GROUPS OF PRIME DEGREE.

Let G be an insoluble, transitive group of prime degree p on a 

set JTL . Suppose that p>~11, so that G is not isornorphic to PSL(2,p) or 

to PGL(2,p) by a theorem of Galois (see L18], p. 214). Clearly p divides [G 

to the first power only and if P is a Sylow p-subgroup of G then C (p) = P
u

Consequently the results of Section 1 apply to G; by Theorem 1.1, the 

principal p-block is the only p-block of G of defect one. It contains 

t (= lNG (p)jP|) p-rational characters %0 , ... ,X*_, (*.0 = 1) and -E~- 

exceptional characters (with sumXt). By Burnside's Theorem (1.25" in this 

chapter), G is 2-transitive, soX P is irreducible of degree p-1. We 

may choose our notation so that XCP~' J ° = X,. Recall that •§ = 1 - yj 

= X. + Xlp~l'' xi The following proposition is proved in § 3 of [28],

PROPOSITION 1.8. (i) The character it = 1+ X, is the character of a protective 

indecomposable RG-module (where R is the ring defined in Section 1).

(ii) The characters ^ ,Y[ ,S and X0"1^ are all characters 

of protective RG-raodules (and hence- are sums of characters of protective 

indecomposables).

The next two propositions are taken from Lemmas 3«2 and 3«3 and 

the proof of Lemma 3.4 of
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PROPOSITION 1,9. Let X be a linear character of N_(p). Then
Lr

(i) if t is even, we have

(ii) if t is odd, we have

PROPOSITION 1.10. Let X "be an irreducible character of G. Then

(i) if X(1) = kp+c (where £e{0,-1,l} ) we have <%,1>p = 

(ii) if %(1) = kp- tt (where ££ {-i,i} ) we have <X.,1>p = k.

Now we state three results taken from the theorem of L27J, 

Theorems 5.1 and 5.2 of [28], and [21].

THEOREM 1.11. If t is even then G is 3- transitive.

THEOREM 1.12. Suppose that t is odd and let o£,p e. ii . Then

(i) the exceptional characters do not appear as constituents of 

(ii) G^p has at most ^~~ orbits on _Q\-(X,p} ,

r(iii) Gx has at most 1+ ~r orbits on

THEOREM 1.13. If t = 2 then G is SL(2,2r) where p = 2r+1.

By Proposition 1.8, the principal character 1 is joined only to X 

in the Brauer tree of the principal p-block; and by Theorem 1.5(i),X, is 

joined to precisely one nonprincipal character, say \p , in the Brauer 

tree. Now ^ is a sum of characters of protective indecomposables by 

Proposition 1.8(ii) and X,e •§ . , while 1 '<£ S . Hence X,-»-^^ i so by
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Theorem 1.12(i), (p is irreducible. We choose notation so that 

Thus we have the following fragment of the Brauer tree:

Since 1 and y, are real-valued characters of G and X^ is the only other 

character adjacent to %, , it must be part of the real stem of the Brauer 

tree (Theorem 1»3)»

Now suppose that q is a prime number dividing p-1 such that q 

divides |G| to the first power only. Then the results of Section 1 apply 

with q replacing p. Let R be the local ring of integers in a q-adic 

splitting field K for G and write R ,K for R,K of Section 1. We 

refer to characters of protective R G-modules as q-~p.rojective characters

and to characters of protective R G-modules as p-projective. Similar. p x~x— —————

notation is used to distinguish other concepts relative to the primes 

p and q; for instance we refer to p-projective indecomposables and 

q-projective indecomposables, to Brauer p-trees and Brauer q-trees, to 

p-exceptional characters and q-exceptional characters, to p-mates and 

q-mates, etc..

Notice that q divides [G^t to the first power only, so the results 

of Section 1 apply to G^. The next proposition follows from the proof 

of Lemma 3 of [27].
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PROPOSITION 1.14. The characters I , 7] and -g are all q-projective. Also 

the permutation character v of G^ associated with _n.\{o£] (o<LeJT) is 

q-projective, that is, it is the character of a protective R G^-module.

Finally we state the results, mentioned in the Introduction, of 

I to and Neumann in [19JiC2Q] and C2^Jfor the case p = 2q+1.

THEOREM 1 . 1 3 . Let G be an insoluble, transitive permutation group of

degree p, where p = 2q+1 and p,q are prime with p>11. Then G is 3-transitive;

and if G is not 4-transitive then

X, +
~

where i> , are the two q-exceptional characters (having degree

in the principal q-block. If ^ ,p eJI then G^g has rank 3 on

6. SOME GRAPH THEORY.

This section consists of a brief sketch of some of the theory of 

the edge-coloured complete graph associated with a permutation group; this 

will be used in Chapter 2. For a fuller treatment, see [$U .

Let G be a transitive permutation group on a set H and let «ce- _fl_ . 

There is a 1-1 correspondence between the orbits AO,...,^^, of G on 

(where A0 = { (UO,LO) [lofe Jl} ) and the orbits CM,..., C, 

on _n_ (where Q (°0 ={^}). We may choose the labelling such that

The orbits f^(o^) are called suborbits of G ( f^ W is the trivial suborbit) ,



the suborbit sizes n-t = | f^W | are called the subdegrees of G, and the 

number r is the rank of G. We often write just fT instead of FT (°L) when this 

leads to no confusion.

For any orbit A-L put A* = {(*,£) ( J3 ,Y )e AL } . Then A* is an

^K
orbit of G on _Q_x-Q_ » say A L = A L* . The corresponding suborbits IT. (°0 and 

r~"*M (also written £*(°c)) are said to be paired. If i = i* then £M is 

self-paired.

We define the edge-coloured complete graph on -Q_ associated with G 

as follows: select r-1 colours c,,...,cr_, and assign colour c^ to edge (p , 

if and only if ( p , Y ) & A L . The subgraph with edge set Ai.is called the 

c c ~m on o ch rom e subgraph; if i = i* then we can regard it as an undirected 

graph.

The following result is taken from Lemmas 2 and 3 of

PROPOSITION 1 . 1 £. The group G is primitive if and only if every monochrome 

subgraph is strongly connected (that is, for any £ , X & _CL there is a directed 

path of cL -edges from p to K ).

For i,j e { 1,... ,r-1 } , define

AL o Aj = { ( p , Y ) [ p ^ X and 3 «^e JTL such that ( /3 , <T ) e Ac, ( ^ » x ) e AJ } 

Then Ai.oAjis either empty (which occurs if and only if j = i* and n c- 1), 

or it is a union of monochrome subgraphs. Write (r^olj)(e^) for the 

corresponding union of suborbits. The next result follows from the proof of 

Theorem 3 of [31].

THEOREM 1.17.

(i) For i,je { 1,...,r-l] let k = ^forb(G^, £ M x fj

is a union of at most k suborbits.

(ii) Suppose, for some i, j, that G^ is transitive on [^M* (7 GO- Then
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^*o[7 ) (<*) is a single suborbit, £ (e-c) say. If G is primitive and n L >n-> 1, 

then nK > n L .

Finally, suppose that G is 2-transitive on il and let ^, p e _Q_ . 

Denote the orbits of G^p on JT\{°c,p"\ by |>,...,cj>5 (so that these are the 

suborbits of G^ acting on _Q.\-{X} ). Then for any ge G^-yV^ , the site Of -the

Set fu|5.q = S. \ i.s eciu^.L to -the. n.u.rvx,ber- csf mov-vt-rwial self — pa.i -red. 

If every s^o^bit C§ t is ^elf - peuL^ed. -tKer^ Q is g&^^-r-o^sly 2_

~7. SOME RESULTS OF COOPER MD ROBINSON.

In this section we state some results of Cooper LS] and Rowlinson [35] 

on simply primitive (that is, primitive but not 2-transitive) groups of 

degree 4q, q being a prime number greater than 13. These results are used 

in Chapter J>.

Let X be a simply primitive group on Hof degree 4q where q is a 

prime number greater than 13- By a theorem of Jordan (Theorem 1.2b)» a Sylow 

q-subgroup Q of X is cyclic of order q. Our fiz-st result is Theorem 4.3

THEOREM .1 . 1 S . The subgroup Q is self-centralising in X.

The normaliser NX(Q) is of the form QR where R = <c> is a nontrivia! 

cyclic group whose order r divides q-1. The next result is taken from 

Theorems 1.1 and 8.2 of

THEOREM 1.19. If the rank of X on H is at least 4 then one of the 

following holds:
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(i) X has rank 4, all its suborbits are self-paired arid there is an 

integer a such that q = 96a2-+80a+17 and r divides either 32 or 4(2a+l),

(ii) X has rank 5, X has precisely one pair of non-self-paired 

suborbits and there is an integer a such that q = 96a2-+80a+17 and r divides 

either 8 or 2(2a+l); also the permutation character v of X associated with . 

is of the form

V =

where <p , d> , <±> are irreducible characters of X and <£(l) = q-1,<£(l) =

X has rank 5 and all its suborbits are self-paired.

Finally, from Lemmas 6.4.1 and 6.4.2 of DssJ we have:

THEOREM 1._2o._ If X has rank 3 then the permutation character v of X 

associated with His of the form v = 1+ <£ + (6 where <£ , ^> are irreducible 

characters of X, and there is an integer a such that one of the following 

occurs:

(i) (£> (1) = q-1, <^(1) = 3q, q = 3a^+3a+1 and the subdegrees of X 

are 1, n,= 3(2a+l)(a+l), nz= 3a(2a+l),

(ii) <£, (1) = 3q-1i ^(1) = q. q = 36a2-+20a+3 and the subdegrees of X 

are 1, n, = (4a+ l)(9a+2) , nz = 9(4a+l)(3a+l) ,

(iii) ^>(1) - 3q-1, ^(1) = q» q = 12a2~+6a+1 and the subdegrees of X 

are 1, n,= (4a+l) (6 a+l) , nz= 2(4a+l)(3a+l).
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8. A RESULT OF FRAME.

Let G be a permutation group acting transitively on a finite set J~2_ 

and let re be the associated permutation character of G. Partition the 

set of ordinary irreducible characters of G into three subsets as follows: 

-A. i = {X- 1 X is the character of a representation of G over 

= {X ) X is not a real -valued character ,

_A_3 = (X| X is a real -valued character not afforded by any 
representation of G over R ] .

For each irreducible character X of G, let dx = <n ,X/> .. The following 

theorem is a result of Frame [12] ( it is also Lemma 1 of C5]).

THEOREM 1.21. The number of self-paired suborbits of G acting on Jlis

d x

COROLLARY 1.22. Every suborbit of G is self-paired if and only if TC is 

multiplicity-free (that is, d^^ 1 for every X ) and every constituent of 

TC is real-valued.

9. SOME RESULTS ON LINEAR GROUPS.

We state two results on linear groups which we shall need in 

Chapter 4.

An ordinary irreducible representation £ of a finite group G is

said to be quasiprimitive if, for every normal subgroup H of G, the
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irreducible constituents of ^H are all equivalent.

THEOREM l._23__ (Huffman and Wales Q1?]). Let G be a finite group and 

suppose that G has faithful ordinary irreducible representation £ which 

is quasiprimitive, Suppose also that for some involution x of G, ^ (x) 

has precisely two eigenvalues equal to -1 and the rest equal to 1. Then 

G is a known groxip.

We shall use this theorem when G is a 2- transitive group, in 

which case the conclusion tells us that G is one of the groups in the 

table on page 1O3.

The following result, due to Brauer []4J, will also be used in 

Chapter 4-

THEOREM 1 . 24 • Let G be a finite group, p a prime number, and assume 

that G has a faithful ordinary irreducible representation whose degree

is less than •*—- . Then G has a normal Sylow p-subgroup.



2.1-

- SOME THEOREMS OF BUMSIDE. JORDAN AND OTHERS.

We state some theorems of Burnside, Jordan and Dickson and several
*

more recent results on the groups which will interest us in Chapter 3«

THEOREM 1.2S. (Burnside). If G is an insoluble, transitive permutation group 

of prime degree then G is 2-transitive.

THEOREM 1,2-6. (Jordan). Let G be a primitive group of degree mq+k where q 

is prime and m,k are positive integers. Suppose that G is neither the 

alternating nor the symmetric group and that G contains an element of order q 

and degree mq. Then

(i) m = 1, q$?2 imply k<2,

(ii) m = 2, q>5 imply k^2,

(iii) m = 3, q^5 imply k^3-

PROPOSITION 1.27. (Dickson). If q is a prime number greater than 13, then 

PSL(2,q) has no maximal subgroup of index 4q (that is, PSL(2,q) has no 

primitive permutation representation of degree 4q) •

These three results can be found in D&], P«609, Theorem 13.10 of 

and Section 260 of [Jo].

We conclude this section with two results on the groups with which 

we are concerned in Problem A.

THEOREM 1.28. (Atkinson Q2]). If G is an insoluble, transitive permutation 

group of degree p, where p = 4<1+1 and p,q are prime with p >13f then G is 

2-primitive.
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THEOREM 1.2*7, (Appel and Parker [1]). If G is an. insoluble, transitive 

permutation group of degree p, where p = 4q+1» P»q are prime and p>13» and 

G is neither the alternating nor the symmetric group then q>37^

11. TWO ELEMENTARY FACTS.

We conclude this chapter with two elementary results.

PROPOSITION 1.30. If G is a sharply 2-transitive, 2-primitive permutation 

group on a set JQ_,. then G is AGL(l,2"r) acting on GF(2Y") for some r, where 

2V~-1 is prime.

PROOF. The stabiliser G^ (o<.eJ7_) must be regular of prime degree p,say, since 

it is primitive on _Q_\{c4} ; consequently by Theorems 5*1 and 11.3 of GfO^> 

G has a regular normal subgroup which is elementary abelian of order 2^ 

where 2r -1 = p. Now the action of G on this subgroup by conjugation identifies 

G with

A Steiner system "5(d,k,n) is a set /I of size n together with a set 

of subsets of _TL of size k, called blocks, such that any d-subset of JTLis 

contained in precisely one block. Our final result is:

PROPOSITION 1 . 31 . If G is an insoluble, transitive group of degree 13 which 

is not 3-transitive, then G is PSL(3,3) acting on the protective plane PG(2,3).

Proposition 1.31 goes back as far as Jordan ; a proof can also be 

found in [3?J. Here is a sketch of an elementary proof: first note that if G 

acts as an automorphism group of a Steiner system -5(2,m,13) for some m with



-rr J> 1 ±\ 1 3 • 1 2 , IQ ( Jfl"- 1 J , ,.., , „ , , ,3<m<13 then —*r— = b —^—L where b is the number of blocks. Hence 

m = 4 and so, since "5 (2,4»13) is the protective plane PG(2,3)» G must be 

PSL(3i3). If G.^ were primitive on _TL\^}, it would be 2-transitive by the 

results of Section 3 of [31] (cf. the example on p.98 of [3l]). Consequently 

G^ is imprimitive. If it has no blocks of imprimitivity of size J> or 4 then 

G^ involves (that is, has as a factor group of a subgroup) a primitive, hence 

2-transitive group of degree 6; but then G contains an element of order 5 

fixing at least 3 points, contradicting Theorem 1.2.6. If G^ has blocks of 

size 4» then Lemmas 1 and 2 of \_2~] (or Lemmas A. 1 and A. 2 of the Appendix to 

this tKeats ) show that G acts on a Steiner system ~£(2,5f13)» which is 

not so. Thus G^ has blocks of size 3» now Lemmas 1 and 2 of Q2]show that G 

acts on the Steiner system ~5(2,4>13)» so that G is PSL(3»3).



"Two things fill the mind with ever-increasing 

wonder and awe, the more often and the more 

intensely the mind of thought is drawn to them..."

Imraanuel Kant, 'Critique of Practical Reason 1 .
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Chapter 2; ON 2-TRANSITIYE AND 3-TRAKSITIVE GROUPS.

The techniques used in Chapters 3 and 4 to study an insoluble, 

transitive group of degree p on a set /I , where p = 4q+1 and p,q are 

prime, consist largely of the following two ingredients:

(a) analysis of the characters 1 , TJ of G associated with H(i , -Q- *" , 

using the results of Sections 1-5 of Chapter 1,

(b) deductions about the way G acts on -Q from this character theory. 

In this chapter we prove some facts relating to (b) , about 2- transitive 

and 3-transitive groups. The first section consists of results on 2-transitive 

groups relating the rank of the stabiliser of a point to the difference 

|("S(L - ^Mfr* ^n "^ne second section we consider 3-transitive groups.

1. ON__2-TRAIiSITIVE GROUPS.

We begin with a definition. Let X be a transitive permutation group 

on a finite set /I ; then X has an associated edge-coloured complete graph 

as defined in Section 6 of Chapter 1. We say that the pair (X,.Q_) (or 

just X, if the meaning is clear) is of type (a,b) if

(i) X is primitive of rank 3 on n_ ,

(ii) both nontrivial suborbits I7 »Q_ °f x are self-paired and 

JI7 | = 2a, l^_( = 2b for some integers a,b,

(iii) in the c -monochrome subgraph of X (undirected) , every point 

of (7 is joined to b points of £ , and every point of £ is joined to a points of

If (X,-TL) is of type (a,b) then the c -monochrome subgraph of X 

can be illustrated by the diagram:

1 'ZcO

It is strongly regular of valency 2a; any two adjacent points are mutually



joined to 2a-b-1 others, and any two non-adjacent points are mutually joined 

to a others.

Now let G be a 2- transitive but not 3-transitive group on a finite 

set .Q. , and denote by k, the rank of G^ on H\W (where «C^H); then k ^3. 

Define the number d by

d -

Then d is the difference between the rank of G on 1 and its rank on D ; 

alternatively, d is the difference HllL - H^IL where, as usual, 1 , ^ are 

the characters of G associated with Jlw » /I1*3 . The results which follow 

relate the numbers d and k. Recall that to say that G is generously 2-transitive 

is to say that the suborbits of G^ (acting transitively on JL\{X}) are all 

self-paired (see Section 4- of Chapter 1).
^

PROPOSITION 2. 1 . Suppose that G is generously 2-transitive on fl . Then d^k2". 

PROOF. There is a natural G-morphisra: ((^,/s) , (#,£)) -* ({«t,p} , {x,S} ) from

• Under this G-morphism, an orbit of G on ff*x J^^

corresponds to 1,2 or 4 orbits of G on _Q.(S~ x Hw ; the orbit containing

corresponds to 1,2 or 4 orbits on JIW x _Q.(z3 according as

(where D = {^,p,tf,<0 ) contains 4,2 or 1 of the elements 1, (oip), (if<5),

Now let=^,p6H and let I^,..., C, be the orbits of G^p (and of G { ^
>^>05t of

since G is generously 2-transitive) on HV^p}. We partition Athe orbits of G 

on Hu}x rfr} into sets X Lj- ,YCj- ,A C ,B L ,C L as follows:

(a) Xy (l^i<: j^k-1) consists of the orbits containing elements 

(•&*,{*} i fex;-}) (^^ HT » Xi 6 (T ) which correspond to 4 orbits of G on H^x fl^ 

let Xy = \Xy| ,

Yij (l^i^j^k-l) consists of the orbits containing elements

ip) >{yi.f*/}) (X:e£ , *• 6 P* ) which correspond to 2 orbits of G on H'x 

let y. = /YL



(c) Aj^B^jC^ (l^.i^-k-1) consist of the orbits containing elements 

({«<• *P) »{*l»*«./ }) (^If^ef^ ), the orbits in A C ,B L ,C L corresponding respectively 

to 4,2,1 orbits of G on JI(i) x ti* ; let a - = |A L | ,bL = JBj ,C L = |C,| .
•

The rest are:

(d) the orbit containing (I>,j3j , {«^,p} ) which corresponds to 2 orbits 

(one containing ((o£,p) ,(-<.,/0) t the other (0*,p), (p,*))) of G on jfl^x A.13* ,

(e) the orbits containing elements ({^,p} , {^,*c}) ( Vc. e £ )» eacn 

which corresponds to 4 orbits (containing 

((^,p),(^t^)) and.((^ fp),(«L,p))) of G on

The orbits described in (d) and (e) contribute 1+ 3(k-1 ) to the 

difference d. Let =£,J3,Y,£ be distinct and let A be the orbit of G on Hlalx

containing ({<£ ,$} , {«,<5| ). Write D = {^,p,-s,<J\ . If AeY^j for some i,j then 

since G.^fixes I^ and IJ setwise, and if AeCc for some i then

Now if Ac UxtJ u UYy u UA C then (»£) £ G£} , so A*^ UYLJ u UC L 

(where A* is the orbit containing ({K,^j ,-C^,p} )) , that is, A*€ L)A L u L)BC u UX Cj- 

Hence

and so

21 yy ^ ZbL . (2.1.1)
We have

d = 

Clearly ^Ex Lj- + ZIyc -> 4(k-l)(k-2) so, using (2.1.1), we have

d= 1+3(k-l)+3 ^x,..+2 Zy,; +(2bL -2Tycl- )+3 ^la, (2.1.2)

( a) If G is PSL(2,7) acting transitively with degree 7 (see [7])

then G is generously 2-transitive, G^ has rank k=3andd = 9 = ^. Hence
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equality may occur in the conclusion of Proposition 2.1.

("b) If G is 3-"transitive (which we are assuming not to be the case 

elsewhere in this chapter) then k = 2 and certainly d>4 = k2" since, as the 

proof of Proposition 2.1 shows, we always have d$=1+3(k-l) . Also it is easy 

to see that d = 4 if and only if G is generously 3-transitive.

If G is also 2-primitive, we can say more:

PROPOSITION^.^., Suppose that G is generously 2~transitive and 2-primitive 

of degree n on .Q... Then d>k^-}-k-2. Further, if equality holds then k = 3 and, 

for^e.0-, the pair (G^, JlMX}) is of type (a,b) for some a,b. In particular, ' 

n is even.

PROOF. We use the notation of the proof of Proposition 2.1. First note that 

|f^ | > 1 for i = 1,...,k-1; for suppose that \n\ = 1. Then it is easy to see that 

G^ must be regular of prime degree on H\£o<.} . Now G is generously 2-transitive 

so G^p and G{^have the same orbits on -Q_\{«£, p ] (all of size 1); hence G 

contains the 2-cycle (^p). But then G contains all 2-cycles, so G = S^. This 

forces n = 2 which is impossible.

Now take f^to be the largest orbit of G^. Then for any i<k-1, 

is not transitive on Cx.fjjl, by Theorem 1.17(ii), so we cannot have xLKrl= 0, 

ycKri = 1 « Consequently 3x Llc_, + yilo., ^ 2 and so 3x Clt_, +2^^, > 3. Hence

^ (k-2)(k-3)+3(k-2) = k*-2k. 

Therefore by (2.1.2), d >1+3(k-l)+k2--2k = k2--fk-2, as required.

Suppose now that equality holds. Then for each i<:k-1, we must have 

3xCKH+2yLK-, = 3, so that x^-, = 1, yc K-. = 0; and from (2.1.2) we have ^a L ~ 0, 

21 b c = Zyc . and X LJ- = 0, yuj = 1 for 1^i<j^k-2. Suppose that k.>4, and
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recall that each suborbit j7 of G^ is self-paired so that all the monochrome 

subgraphs of G^ are undirected. By Proposition 1.16 the c^, -monochrome 

subgraph is connected, so we may pick i with 1<:i«ck-1 such that "S^., e

for some "tf^e £, , ^c^JT • Since k^4 we may choose j^fi^k-l} as follows: if I~" 

is the second largest suborbit, pick any J4(i,k-1} with j 5? 1 , and if £ i

not, take fj to be the second largest suborbit (here, by the "second largest
cAlsti*^c± f-ror^ f^L, ajad

suborbit" we mean the largest suborbit^of size$f r^l,| ). We have xCj = 0, yc - = 1

so G^p is transitive on £ x [^ and so by Theorem 1.17(ii), f[ o IJ is a single

suborbit of size greater than |£| and |[J|. By choice of j, then,

rL o 17 = 17 ° rL = t, .
Thus there are points "£^€.17, ^K-i 6 Ci» ^j e T sucil that the edges joining these 

points are coloured as in the diagram:

Now xu_, = 1, y^-, = 0 so G^ has two orbits on x _, ; consequently, by 

Theorem 1.1?(i), f^,o I7 is a union of at most two, hence exactly two suborbits

and so, from the diagram, we have Ci° T = G* u ^-' so

But this means that P u C . is a connected component in the cc -monochromej ~ '

subgraph of G^, contradicting the primitivity of G^ (by Proposition 1.16). 

Thus k = 3 and we have x (i = 1, yl2 = 0, aL= bL = 0 for i = 1,2. Let 

7 and let Y = n () , Z = t(^) nfl(^) so that C = YuZ:
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We show that |Yl = |Z|. For since G^ has two orbits on Ipx £ , G^^ is 

transitive on Y and on Z. Pick £fc Y, e e Z and choose geG^p> sucb that 

{*»<$}g = {*»£] (we can do this since X I;L = 1, y,_, = 0). ThenXg = tf , £g =e 

since [7 > £ are orbits of G {(tp} . Now choose any £'e Y and pick heG^?1f such 

that &h = &'. We have g~*hg = hx for some h 7 £ G^^ , so <fg = £hg = 5gh; = £hx 

and so ^geZ. Thus Yge Z. Similarly Zg^Y, so IY| = |ZJ. Repeating the 

argument with 17 and £ interchanged, we see that (G^, -Q.YK}) is of type (a,b) 

where JCf= 2a, |£| = 2b.

HEM AM. If G is PSL(2,5) acting on PG(1,5) then G is generously 2~transitive 

and 2-primitive, k ™ 3 and d = 10 = kz+k-2. Hence equality may hold in the 

conclusion of Proposition 2.2.

We consider further examples after the next proposition and its 

corollaries; in this proposition we drop the assumption that G is generously 

2-transitive. In fact, Propositions 2.1 and 2,2 could have been deduced 

directly from Proposition 2.3> tut their proofs have been included in 

order to make this chapter more readable.

PjTOPQSITION 2.3. Suppose that G is 2- transitive of degree n on H and

write k = k, +2k:L+1 where G^ (ocell) has k, self-paired suborbits and k^ pairs

of non-self-paired suborbits (acting onHVW). Then

Further, if G also 2-prirnitive on A and is not AGL(l,2r ) acting on CF(2'r )
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where 2r-1 is prime, then

d^ +31^ +3k, kz+3k 

and if equality holds here, then k, = 2, kz = 0 and (G^, H\{cq) is of type (a,b) 

for some a,b.

PROOF. Pick J3e Il\^ and let \7 »•••» Q, » ^, ,...» £,+2.^ te tne ortits of 

on IL\^p-i , where if ge q-{^\ ̂ P ^^ F^ = ^ ( I ^ c ^ x.) and [^ g = I"^

d_o -irKis by the. irenr\a.-rlC on line. 6 of p. 2.O ).

.
A on IT V -0: into setsXg ,YLJ

of .
parti tionthe orbits of G on IT V -0: into setsXg ,YLJ ,A L ,B L ,CL ,DL ,E,: as

follows:

a) X Lj- jYtj (l^i^j^k,) consist of the orbits containing elements 

ŷ }) ( ^^ FT » X,- e- fj" ) which correspond respectively to 4»2 orbits 

of G on si!» K ̂  ,

(b) X^^j (l^i^k,, 1^0^: k^) consists of the orbits containing

elements ({^,p} ,{^1,^) ; each of these corresponds to 4 orbits on JT(iV

(c) X Kfri. Ki^.- (l=<i<:j^k2 ) consists of the orbits containing 

elements ({^,p} ,{^^1,^,^}) and elements ({^,p} »{Xc^o ^KJ^JJ) 5 each corresponds 

to 4 orbits on HwxJlw and if x <H.Ck • = IX^:,,^-,! then x., . ... > 2 for each i,o,
• ^.pr*. "-f*J * Ps^jT*. *••!" J ' **"f^~ ^* **»f"*"J

(d) A^B^jCt. (l^i^k, ) consist of the orbits containing elements 

f 0} f {*i»Yi/ }) which correspond respectively to 4,2,1 orbits on Ha)x _Q.(2:) ,

(e) A K .^ jB^L (l^-i<k^) consist of the orbits containing elements 

fp} »{**,*;.»Yn^i}) which correspond respectively to 4,2 orbits on Jl^x ^-W »

(f) DKftl. ,E^ L (l^i^kz ) consist of the orbits containing elements 

which correspond respectively to 4,2 orbits on J7_w x..O.w •

Let xcj = !X Cj|, yL - = ( Y^-j , a L = JA L | ,..., e L e |E c j for each relevant i,j, 

As in the proof of Proposition 2.1, the orbits of G on rfVrf^ which are not 

in the above list contribute 1+3(k,+2kz ) to the difference d.

Now let 06, /?,*,5 be distinct and let A be the orbit of G on H{iVN Il{M 

containing ({^,p} ,{*,£};); write D =fc,p,*,<rj. Since every element of Gu} \ G^
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interchanges 1^.. and

Ae yLj. implies 

Ae C L implies (*/s), (*<5) 6

implies O 

implies 

Consequently, if A 6 U Y • • then A* e U B/ , so we have
J UUK.+ K,.

21 ycj ^ 21 bL . (2.3.1)
ISu<j^(c, l«il ^k.

Now

d = U3(k,+2kJ + 21 (3xLJ +yLJ
J

Also ^. (xcj +yLj )>4k,(k,-l), .,21 xcK,tj > k,kz , .^X^L K^J >k^(kz -l) 

and ^(d^^-c-fe^^L ) ^k^ . Hence, using (2.3.1)»

d ^ 1+3(k, *2k2)+ IE (3x cj +2yCj )+3 51 XCK.H-J +3 2.xki^ ̂ -t-j

(2.3.2)

:, k 2.-f-2k,

Now suppose that G is also 2-primitive and is not AGL( 1 , 2s") with 2^-1 

prime. Then |[^ l^l f°^ i = 1,... ,k,+2k^; for if |I7(= 1 then G^ is regular of 

prime degree, so G is sharply 2-transitive and hence by Proposition 1.3O, G 

is AdL(l,2*~) with. 2 -1 prime, which we have excluded.

Let lr;J= rv»ax> {i^| : C^K,}. 1^ also IQJ = rv^{in;): L< K^ZK^.thcAty Theorem 1.17(ii), 

G^ is not transitive on fcxQ, for any i<k,. Thus 3x^1^,^^^, > 2, which 

gives 3Xi Kl+2ycK, ^ 3, so

Zl(3x LJ +2ycj ) ^ k, (k, -l)+k,-1 = k,2- -1. (2.3.3) 

We now consider separately the two cases: 1. ^ is not the largest suborbit, 

2. £ is the largest suborbit.

L J* As__n°A ^ e r^ ar^e 3 ^ su^OT^* ̂ ' 

Let Q^ K be the largest suborbit; then by Theorem 1.17(ii) we have
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3W<Z > 2 for i^k, and x KrH£ ^Kj>4 for 1^i<k2 and 3d ̂ ^+6*^ > 2. Hence, 

from (2.3.2), , we have 

d ^ 1+3(k, +2kz )+ K,0c,-i)

If k,> 0 then 2k,-»-3k.L-4- >1 , so d^k,2 +3k2L2- +3k, k^+Jk, V/k^+l , as required. 

If k, = 0 then, provided k z ^ 2, we have 3k 2~4^2, so d^k,2 +3k.f + 3k,k2_+3k,+7k2 +1 

Therefore we may assume that k, = 0, k^ 1. Now G^p is not transitive on any 

of I7 (z) , C W and r,x.r^ (by Theorem 1.17(ii)), so 3a,+b,^2, 3d,+e,^2. It 

follows that .

d = iH-6+3a l +b l +3d,+e l ^ 11 = 3kaf-+?k2+1, 

as required. 

Case 2. C, is the largest suborbit.

By Theorem 1.17(ii) we have x KKi^^. 2 for 1^i^kz . Hence, from (2.3.2)

and (2.3.3),

d ^ 1+3(k,+2ka )+(k,2 -l 

= k,2- +3k^ +3k,k2L+3k, 

If equality holds then 2. a L = 21 d k _^ = 0 and XL - = 0, yc - = 1 for 1^i<r j -< k, ;
LsSK.-Hi^ ' J J

for i^k, we have xc<i = 1, yU( = 0 and x c kf+J- = 1 for 1<o<k2 . Also X K|K)+C = 2 

for l^i^k^ and x <iW <,.j = 2 for 1^i<j^k^; further, d^ = 0, e Ki+c = 1

for l^i^k^. Consequently G^ is transitive on 17 x IJ and has two orbits on
Of K,+2<2.^-5, -tKen

r^x (^ for any distinct i,j with i =£ k, , j ^ k, . He««Alr;j>|it| for- L^^

Suppose that k,+2kz ^-3 and pick i £ k, such that ^ e [^ ^L f°r some 

*i, e C » ^^ f? . If C is "the second largest suborbit, choose any j <£ { i,k,}
I " i

and if not, let f be the second largest suborbit. Then by Theorem 1.17(ii),

Cot; = 17. n: - 1701:*= IT. •
Consequently there are points KL efT , T, e [^ » ^K,^ ^, such that the (directed) 

edges between them are coloured as follows in the edge-coloured complete 

graph associated with G^:



Now G^ has two orbits on £ x l^T , so [^ o f~" is a union of two suborbits 

(Theorem 1.l7(i)), Hence, from the diagram, ^ o f^* = [^ u f] . It follows that

This means that the C* -monochrome subgraph is not strongly connected, which 

contradicts the primitivity of G^ (by Proposition 1.

Thus k,+2kz ^2, so k, = 2, kz^- 0; now the result follows from

Proposition 2. 2.

HEM ARKS. (a) If G is AGL(l,2r ) acting on GF(2ir ) where 2^-1 is prime then 

k, as 0, kz = 2 ~ -1 and d = 2 (3«2 -4) = 3^+4^+1, as is shown in the examples 

considered after the following corollaries.

(b) The proof of Proposition 2.3 shows that if k,= 0 and G is 

2-primitive then d $ 3k2z +10k->-4 (see Case 1 in this proof). Also if k,= 0, 

k^= 1 and G is 2-primitive then it is-fairly easy to show that d5?13> and 

PSL(2,7) acting on PG(1,7) is 2-primitive with k, = 0, kz = 1 and d = 13.

We now deduce two corqllaries concerning the characters 

of G introduced in Section 3 of Chapter 1.

"2"' 1
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COROLLARY 2.4. Suppose that G is 2-transitive of degree n on II with

k = 1+k t +2k,, (5*3) as in Proposition 2.3. Let HX^'^L = e, <Xtrx"2'^,Xi'>"^> = f.
T" ^T"

Then e+2f ^ k,2-+3k22-+3k, k 2-2kz . If G is also 2-primitive and is not AGL(l f 2*") 

acting on GF(2r ) where 2r-1 is prime, then

e+2f ^ k,2 +3k22' +3k,k2/fk,+kz-1,

equality here implying that k,= 2, k^= 0, n is even and (G^, H\{oc}) is of 

type (a,b) for some a,b. 

PROOP._ PickoC,peJl_ . Now certainly <1, 'X (^\X(^'^\_ - 0. Also

and k,+k^= rj^orb(G^^, _Q.\l<=c,|3} ) = ^orb(G, Jl.x J^2"1 ) 

Hence kz = <rr, 1 -V/s- ~ 1 = O+Xtn~'J '\ Xt?x" lj 'Vxln 1'' V -1 =

Also <X" j , X"" j rr^rc^^ -2 = k,4-kr -1. We may write

^ = 1-fk X

Therefore d= II^H^ - 11^!)^. = ^-(k, +kz )Z H-(e-k^)+2f-2k z(k t +k^-l) ; consequently 

d = e+2f+2k,+6kz+1. By Proposition 2.3, then,

e+2f ^ k,2 +3k^- +3k, k^-2kz , 

and if G is 2-priraitive and is not AGL(1,2 ) where 2*"-1 is prime, then

e+2f ^ k f- -f-3k^ +3^ , *z+k, -fkz-1

equality here implying that k,= 2, kz= 0 and (G^, I2.XW) is of type (a,b) 

for some a,b.

COjROLLARy 2.3. Suppose that G is generously 2-transitive of degree n on 

and let 11?^'%= e, <X(^ X(^''^ = f. Then e+2f ^(k-l)z . If G is also 

2-primitive then e-f-2f ^kz -k-1 , equality here implying that k = 3, n is even 

and G^ is of type (a,b) for some a,b.



SOME EXAMPLES.

We calculate the numbers d,k,k, ,kz for the affine groups AGL(l,q) 

acting on GF(q) and for the protective groups PSL(2,q) acting on PG(l,q) 

(q a prime power).

(a) Affine groups AGL(l,q).

Let G be AGL(l,q) acting on GP(q) (q>3)> so that

G = {7r^ b ( aeGF(q)\{0}, beGP(q)}

where TGxjb is the permutation: x -> ax-f b of jCL~ GF(q). The pointwise and setwise 

stabilisers of the subset {0,1} of Hare:

Go, =1, G< OI} = (1, •*•_,,} .
*1

Now TT_, , is the permutation: x-^-x+1 of jQ_ ? it has one fixed point , -*—- 2-cycles 

if q is odd, and it has no fixed points, ^ 2-cycles if q ia even. Thus G 

is 2-transitive but not generously 2-tranaitive; it is 2-primitive if and 

only if "q is even and q-1 is prime. In the notation of Proposition 2.3» 

have k = q-1 and

1 f ^ if q is odd. 

• k- = { Q-2/~v 1 M £• • *i •<J I ~r~ if q is even.

Now we calculate the number d. Each orbit of G 01 on f has size 1 or 2;

there are 7-— or - orbits of size 1 according as q is odd or even.

Therefore the number of orbits of size 2 is £( ~- - •— ) - t(q~l) if 

q is odd, and is i>( fl- 1 ? - ) = iq(q-2) if q is even. Hence

odd.
orb(G, IX^x s£* ) = #orb(G{ol) ,

I ~\ f -j X even.

Also ^orb(G,JIW x^) =#orb(Gol , n(i) ) = IHM \ = q*-q. Thus

f 4"( 3qZ """4q+1) ? q odd.odd. 

even.



In both cases we find that d = kf +3k22- +3k,k2+2k l +4k s>+1, so that equality 

holds in the conclusion of Proposition 2.3.

(b) Protective groups

Let G be PSL(2,q) acting on PG(l,q). If q is even then G is 3-transitive, 

so we assume that q is odd. We may identify PG(l,q) with _Q_ = GF(q) u {00} 

in such a way that PSL(2,q) is the group

cx+d a,b,c,deGF(q), ad-bc is a square in GP(q)\ { 0} j

of permutations ofH . Thus G oco = { x —^ ax | a is a nonzero square} and 

G{oo=} = -{x—>ax, x —5. — I a is a nonzero square } . Consequently G 000 has two 

orbits [7 - •£ x | x is a nonzero square} and l^ = { x 1 x is a non-square} 

on JX\{o,co}. Hence k = 3- Also IGOCO |= -^~— , (G {0«»}j = q-1; We consider 

separately the cases q=l(mod 4) and q=3(mod 4). 

Case 1. q ^ l(mod 4) •

In this case -1 is a square in GF(q) so Gfocoj also has the two orbits 

17 » Q. °n _Q-\-[o,co] and G is generously 2-transitive and 2-priinitive on Q . 

We first calculate 4^ orb(G^ 000^ -Q.*1*). Suppose that f^,p}g = {«^»^} for some 

distinct e£,|8 & XLM^jooj^f ge G <060} . If g is the permutation x-^ ax then 

aoC = ^ , a 3 = o£ , so a is -1 and /J = -^C . If g is x —=> ~ then either
A.

j s=^ , j = p , whence £ = -^ and a=«^z , or J=^,-|=^, whence a = 

It follows that

n
4, i
2, if ̂  is a square and
l, if o^s is anon-square.

has the following orbits on

2 orbits of size on {

- 2 orbits of size •~- on { 

orbits of size q-1 on { {.t.p

, -P square,

H\{o,«,} , ^ non-square
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2 orbits of size q-1 on [ l°^»£} ({^jp}^ { 0»°°}| = 

1 orbit of size 1 on { {0,oo]

Therefore # orb(G, jfl^x HW) = 2+ -2+ -= +2+1 = i(3q+9). Also every

orbit of G0 « apart from {(0,oo)} and {(<*>, 0)} on JlCi) has size .

Thus #orb(G, XLw x.0.w ) = 2+ T = 2(q+3). Hence d = 2(q+3)-i(3q+9), so

Also G is 2-priraitive and k^+k-2 = 10, so PSL(2,q) (q==l(mod 4)) gives 

equality in the conclusion of Proposition 2.2 only when q = 5» 

Case 2. q == 3(mod 4) »

Here, -1 is a non-square in GF(q) so G^000^ is transitive onjQ.\^o,oo] 

and G is not generously 2-transitive; we have k, = 0, k_^= 1. A similar 

calculation to the one above gives

#orb(G, .n^x-O^) = i(3q+7).

Hence d = 2(q+3)-i(3q+7) = i(5q+17). Also G is 2-primitive; if q = 3 then 

G = PSL(2,3) = AGL(1,4) = A+ (all of degree 4) and d = 8 = 3k^ +4kz+1. If 

q = 7 then d = 13 (see Remark (b) on p.

2. ON 3-TRANSITIVE GROUPS.

Let G be a permutation group on a set Ii_ of size n, and partition the 

orbits of G on _Q. Z x H* into subsets X,Y,Z where the orbits in X,Y,Z 

correspond (via the natural G-morphism from XL2" x JI to H^x-H?") respectively 

to 4,2,1 orbits of G on _Q^ x _Q.(Z" . We have

. = x + y + z, sl^ = 4x + 2y + z 

where,: as usual, v[ ,^, are the characters of G associated with _Q_ Z , H(2~ 

and x =(X|, y = |Yl, z =[Z|. In this section we prove some results relating
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the way G acts onllwith the numbers x,y,z, mainly when G is 3-transitive 

. , If A is an orbit of G on £^5x Jl^} containing ({** ,p] ,{s ,£} ), denote
^

by A , the orbit containing ({? ,£},{^,£} ) ; we say that A is self -paired

if A* = A and use a similar notation for orbits of G on -TIW x HC1) . If G

is 3-transitive, denote by A0 the orbit on .cP^x -Q?3 containing

, /3>e _Q_ , <u.^ ,8 ) , and denote by A, the orbit containing ({oi.,/3}, {oC, 

• frhen A 0 £Y, A,e X and A0 = A0* , A, = A* .

PROPOSITION 2.6.. The group G is a little generously 3-transitive (see 

Section 4 of Chapter 1) if and only if every orbit in Y is self-paired 

and x = 1.

PROOF . Certainly if G is a little generously 3-transitive then x = 1 and 

every orbit of G on ^ x Ilf^ , hence every orbit in Y, is self-paired. 

Conversely, suppose that x = 1 and that every orbit in Y is self-paired, 

and let D = {•<.,?,*,£} & jOT* . If Gx ,p} ,{*,£}) e A e Y then (c/p)(*£)e G^} 

for if (oip)^G^ then (-^j)e-G^ also, since (-fv,5] , {-<-,£} ) e A ( & is self- 

paired). And if ({-<. ,p] ,{^,<fj ) e Ae Z then certainly ( 

Hence V.^G , so G is a little generously 3-transitive.

PROPOSITION j. ?_. Suppose that G is 3-transitive and that every orbit

in XuZ is self-paired. Then x<^ y.

PROOF. If x = 1 then certainly x^y (since A0 e Y) , so suppose that

Pick AeX \-CA.j, and let ({*L>f>} ,{*,&} ) & •& • Then (^ /B)(^^)^ G^y (where

D = {cX,£ ,-£",£} ). By hypothesis, A = A^ , so we may suppose that («^y)(p

If J is the orbit of G on ff*x.s£** containing (^c,*} ,{£,£]) then certainly

(p 4 X; suppose that if e Z. Then (otfj) , (p^) e G^} . Also ip =f r~ by hypothesis

so, since C^P ) (^ ) 4 G W » we must nave (^^^) 6 G S>3 • But then

which is not so. Hence e Y. If is self-paired then (^^s)r G{} and the
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elements Ua,b] ,{c,d}) of _Q^x Hu} with { a ,b,c,d} = 2 all fall into one of

the two orbits A and ip ; so in this case (jj is uniquely determined by A .

If (J is not self-paired then the elements ({a,b} ,{c,d}) with {a,b,c,d} = D

all fall into one of the four orbits ip , ij* , A and A' where ({<^,£j ,<£,*} )^ A' »

A'e X and A £ A7 . Clearly then the map from X\{A,} to Y\{A6}taking A -^

if <g = |£* and taking A -=» jp , £/-* if* if if * ip* , is one-to-one.

Hence x^ y.

COROLLARY 2.8. Suppose that G is 3-transitive and that every orbit in

XuZ is self-paired. Then •=$ orb(;G, -fl°~} )^ y+z-1 .

PROOF.. By the proof of Proposition 2.? there is a one-to-one map

f: X\{A,"y-^Y\{A4such that, for any Ae X\{£,}, A and f(A) correspond to

the same orbit of G on sf*. It follows that ^orb(G,

COROLLAEY 2.9. Suppose that G is 3-transitive and that every orbit of G 

on .Q^x. -^ is self-paired; suppose further that ll^li^- ll'vjll^?. Then G 

is a little generously 3-transitive. In particular, if [| X(""2/|a; lU 2 then 

the same conclusion holds.

PROOF. We have 3*+y = Il5ll - ll^ll ^ 1 and x^y by Proposition 2.7, so x = 1 

and G is a little generously 3-transitive by Proposition 2.6. The last 

part follows since 7} is multiplicity-free by Corollary 1.22, and

-ii in = 3 + 11 xl~vV 2

EXAMPLE. Let G be PSL(2,q) acting on PG(l,q) where q is a power of 2 and 

q5-4. Then G is a little generously 3-transitive (see Example 6.2 of [so]), 

so x = 1 by Proposition 2.6. Similar calculations to those performed in 

Section 1 of this chapter show, that (h^. = 4(q+2) and ili||^ = q+4. Thus 

» 2y+z = q, so y = Jq, z = 0, x = 1.



43

PROPOSITION 2.10. For any group G, let b be the number of self-paired

orbits of G on J^x jz*^. Then b>z-x+3 and also b ^ -| +2.
^ non-

PKOQF. Let Z be the set ofAself-paired orbits in Z and let f Z \ = 2z .
.£. 

Pick Ae Z and let ({-4.,£},{-6V}) e A . Then (^«)(p<5)^ G^ (where

D = {^,/5,-*,<T} ) and so (o£*) , (p*)4 G 5>) since (otp), (*j ) & G£, } . Hence 

({*i-,-x} ,{£,%}) e Qe X. Further, (p = ij* and (pis uniquely determined by 

the pair (A,k*) since any element ({a,b} ,{c,d}) with (a,b,c,d) = D lies 

in one of A , A* and J> . Thus the map (A , £T )-» J is a one-to-one map
"° ••

from pairs in Z to self-paired orbits in X, so z ^ x-1. Now if b ^b,,,
A 1

denote the numbers of self-paired orbits in X,Y,Z respectively, then
* -x- 

b = z~2z , \^z +1 and bv >1.
Z< A I

Therefore b = bx+by-fb.^^ z-2z +z -f 1-f 1 = z-z 4-2. It follows that b ̂  -• +2
V.

and also b^z~x4-3 (since z ^ x-l).

We conclude this chapter with a result which shows that y+z ^ 3 for 

certain groups.

PROPOSITION 2.11. Let G be 3-transitive, n odd, and suppose that for ^,£ 

Gr^-yis iraprimitive on iL\^,p} with blocks of odd size. Suppose also that 

for "&" ^ .Q-\^,p} , G^pu has an orbit P of odd size on _fi_\({^-,£} u A, ) 

where &, is the block of imprimitivity containing 15". Then y-fz^-3. 

PROOF. Let A, ,..., A* be the block system for G^^with \&L \ odd. First we 

show that every orbit of G^-^on IXMy.,£,x} has even size; for suppose 

that u = G:G| is odd for some &£ J2\{^,p,*} . Then -

so [£gs s&^jvfl - 4(n~2)u, which is certainly not possible (n is odd).

It follows that T is not. an orbit of G 1f , so G* pairs f with

a different orbit P* of G v . Let T be a Sylow 2-subgroup of G; then T
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*jf
acts on PU P without fixed points. Since (P^r*!— 2 (mod 4)» T has 

an orbit {<£,£} of size 2 on PuP and, say, 5& P , £ e P*. Suppose 

that <£,£.e A L for some i (so that i>2). Then T fixes Ac setwise and so, 

since lAulis odd, T fixes a point tr of A^. However, this means that {tr} is an 

orbit of T on -CLMy, p,"^} of odd size, contradicting Theorem 3.4 of Q4oJ.

Consequently there exist distinct i,j such that &&h^ , e ̂  Aj • 

Clearly (*j3)(£e)e G^ (where D = {^,p,^,£}), so ({^^J ,{^,£-3 ) e A & YuZ.

Now T fixes A, setwise and has orbits of even size on k>\{V} 9 so 

we may pick an involution t = (^X) . ... of T with ̂  ,X& A,\{"&} . Then 

(^fp}»{?tx})^ $ e YuZ. Clearly (p^ A since A,,...,AK is a block 

system for Gr^. Hence YuZ contains at least three orbits Ao,A and (p , 

so y-fz ^3»



"This is not the end. It is not even the beginning 

of the end. But it is, perhaps, the end of the 

beginning."

Vinston Churchill, Speech at the Mansion House, Nov. 1942,
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Chapter 3: A THEOREM ON GROUPS 0? PKDCB

This chapter consists of a proof of the following theorem:

131_3^1._ Let G be an insoluble, transitive permutation group of degree p, 

where p = 4q+1 and p,q are prime. Then either G is 3- transitive or q = 3> 

p = 13 and G is PSL(3,3) acting on the protective plane PG(2,3).

The theorem has the following corollary, a proof of which is given 

in the Appendix.

If G is an insoluble, transitive group of degree p, where

p as 4q+1 ~ 3r+2 = 2s+3 and p,q,r,s are all prime, then G contains the 

alternating group Ap .

The two smallest sets of primes p,q,r,s to which Corollary 3»2 

applies are:

p = 1229, q « 307, r = 409, s = 613, 

and p = 2309, q = 577, r = 769, s = 1153-

PROOF OF THEOREM 3. I*

Let G be an insoluble, transitive permutationAon H of degree p, 

where p = 4q+1 and p,q are prime, and suppose that G is not 3-transitive. 

Now G is 2-transitive by Theorem 1.2?; also if p = 13 then by Proposition 1 . 31 

G is PSL(3,3) acting on PG(2,3), so we suppose that p is not 13- By Theorem 1. 

we may assume that q ̂ 37- Let TT , 1 , ^ , •§ . ^ (f>"'° = % l . ^,X'P^ and X(p - z ' lN 

be the characters of G defined in Sections 3 and S of Chapter 1.



Let P be a Sylow p-subgroup of G; thenPis cyclic of order p and 

= P. Let t = IH^CP):? . By Theorem 1.11, t is odd; also t divides p-1, 

so t is 1 or q. If t = 1 an easy counting argument shows that G - P, so t = q, 

Hence N^.(p) = PQ where Q is a cyclic group of order q fixing just one point, 

say^., of XL. It follows from Theorem 1.26 that Q is a Sylow q-subgroup of G, 

Now G is 2-primitive by Theorem 1.28, so G^ is primitive of degree 4q on 

_O\«X} . Therefore C^(Q) = Q by Theorem 1.18. We also have N^(Q) = QH 

where R = <c)>is a cyclic group whose order divides q-1; if |R( = r then 

Burnside's Transfer Theorem shows that r>1.

We have seen that |P| = p, |Q( = q and C^p) = P, C^.(Q) = Q. In this 

situation Theorem 1.1 gives the following information about the ordinary 

irreducible characters of G:

(i) the principal p-block (q-block) is the only p-block (q-block) 

of defect one,

(ii) the principal p-block contains q p-rational irreducible 

characters whose degrees are congruent to 1 or -1 (mod p) , and contains 4 

p-exceptional characters (which do not appear in "§ , by Theorem 1.12.(i)),

(iii) the principal q-block contains r q-rational irreducible 

characters whose degrees are congruent to 1 or -1 (mod q) , and contains -* — -

q-exceptional characters v^ , . . . , i^_, with </{(l) congruent to r or -r (mod q) 

The remainder of the proof is divided into eight steps. In the first 

we prove some preliminary lemmas and in the second we show that q-1>5r,' 

that is, that there are at least six q-exceptional characters, a fact which 

is useful in the ensuing steps. Steps 3,4 and 5 are devoted to showing that 

the rank of G^ onll\^} must be 3; this is done largely by consideration of 

the characters X(P"^and X(f>~z''^. Finally the proof of the theorem is completed 

in Steps 6,7 and 8, using the results of Chapter 2.
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STEP 1. Some preliminary lemmas.

We first prove:

The group G is simple.

PROOF. Let H be a nontrivial normal subgroup of G. Then p divides | H/ , so 

P^H and by the Frattini argument, G = HN (p). It follows that ~ ^ I
n. N^

However, we know that [N<j[p)( = pq, so if H<G then NH (P) = P. This forces 

H = P which means that P<G; consequently G is soluble, which is not the 

case. Thus H = G and G is simple.

As in Section 5" of Chapter 1 let Kp (X^) be a p-adic (q-adic) splitting 

field for G with local ring of integers R p (R^). Recall (see Section 1 of 

Chapter 1) that the ordinary character X in the Brauer p-tree of G is an 

end-node if and only if an Rp G~)nodule X af fording X (or affording one of the 

exceptional characters if X is the sum of these) remains irreducible when 

reduced modulo p, that is, if and only if the Kp G-module X = Kp <s>X is 

irreducible; a similar condition holds for the Brauer q-tree. The next two 

lemmas are very similar to Lemmas 4.1 and 4.2 of

KA' 3.4. If "Xl is an ordinary irreducible character of G of degree p or 

of degree 2p-1, then X is an end-node in the Brauer q-tree of G. 

PROOF._ Let X be an R^G-module af fording X and consider its reduction X 

modulo q. Since PQ is a JVobenius group, it has four faithful irreducible 

representations, all of degree q, in any field whose characteristic is not p. 

NowX has degree p or 2p-1 so by Proposition 1/|O, Xp^ has precisely one 

linear constituent. Consequently, -since X represents G faithfully, it has 

one linear, and 4 or 8 non-linear composition factors as a K^PQ-module,



according as X(1) is p = 4q+1 or 2p-1 = 8q+1. It follows that if X is 

reducible as a K^G-module then one of its composition factors has degree 

divisible by q, which is not the case. Therefore X is irreducible and X 

is an end-node in the Brauer q-tree.

LEMMA 3*3. Suppose that q-1 > 2r and that the q~exceptional characters 

appear in 1 . Then </{0) is one of (r-l)p+1, rp and (r+l)p-1. 

PROOF. Each \pL is certainly p-rational, so «/^(l) = kp+ £ where k is an 

integer and £ is -1,0 or 1. By Proposition 1 .10 the restriction ( ( ^)PG has

k+e linear constituents (counting multiplicities) so we may write

where each Ĉj is an irreducible character of PQpf degree q and _/Lu is a sura

of k+e linear characters of PQ.
v^ 

Now Z^ fi is a constituent of either rj or -e, , since the \b_ are all

q-conjugate and TJ ,-^ are rational-valued. Also by Proposition 1.^(ii), 

if X is a linear character of PQ then^X,^ = <^x,-§)^= 2. Consequently 

contains each linear character of PQ at most twice; it follows that each JV. L 

does not contain the principal character 1 PGl , since the [fj are all q-conjugate

and — > 2. Now PQ has q-1 distinct nonprincipal linear characters, so

which gives k+e^2r. We know that (^(l)s k+e (mod q). If £(l)s -r(mod q) 

then k+e^q-r, so that q-r<2r, contradicting the hypothesis that ^- ^ 3 

Therefore y>(l)= r(mod q) and k+£ = r. Ifeis -1 then <^(1) = (r+l)p-1, 

if £ is 0 then <(l) = rp and if £ is 1 then «£(1) = (r-l)p+1.



STEP_2,. Ve have q-1 >5r.

Recall that fixQ ={^}, that G^ is primitive of degree 4q on 

and that q>37» The results in Section 7 of Chapter 1 therefore apply to G^. 

Theorem 1.1°J gives information about the number r when the rajnk of G^ is at 

least 4; using the same method of proof (see Theorem 8.2 of L^J) when this 

rank is 3» we prove:

LEMMA 3. 6* Suppose that G^ has rank 3 on _Q_My}. If case (i) of Theorem 1.20

occurs, then r divides one of 3a, 3a+3» (2,a+l) and (2, a). If case (ii) occurs 

then r divides one. of (6,a-2), (2,a-fl), (l4,a-4) and (54, a-2?)» If case (iii) 

occurs then r divides one of 2a, 2a+1 s (3»2a-l) and (6,2a+2). 

PROOF. By Lemma 3*3» G is simple, so the element c (which generates R) is 

an even permutation. Hence there exist distinct elements /3,Y, <T, E. & JTI\-{X}

such that c e G^p-B^j and c acts on _Q\-^,p>,Y, £,<=.} as a product of 4"-~ r-cycles,

and on {^,]S,Y,&,£} as one of 1, WCpvw*1 ) said (^)(p) (*££.) . If c fixes 

cL and p , let rf, r^ be the orbits of G^ on _Q\-[<=<.,p} ; and if c acts on 

{_°c » £»~*"» £f £} as G^-X^X^O » 3. e ~k T»^ be the orbits of G^ (and of G^vj 

since, because the subdegrees n, t n^ of G^ are different by Theorem 1.2D, 

G is generously 2-transitive on/I ) on _Q\.[p ,Y} . Let k = | F7 n -T^,<f,e' 

in the first case, k = I rj rv -(X,£,e}| in the second. Then r divides n,-k 

where n ( =[r7| , and consequently r divides (q-1,n,-k). The cases k = 0,1 S 2,3 

give the values of (q-1,n,-k) listed in the lemma.

We now consider separately the case where G^ has rank at least 4, 

and the case where it has rank 3» 

Case 1. G« has rank 4 or more.

If case (i) of Theorem ^.^ ĉ  occurs then a £ 0 since q^37» s° <1 5> 1 93



and t~ > 6. Also
t

96af+80a+l6

Therefore ~- ^ min( | , lf ) > 5- Similarly, if case (ii) of

Theorem 1."H occurs then • =— > 5.r
In case (iii) of Theorem 1.1^ the rank of G^ is 5 and all its suborbits 

are self-paired; it -follows that, for ^£l\i^] t G { has 4 orbits on 

contradicting Theorem 1.

Thus q-1 >5r in Case 1. 

Case 2. Goc has rank 3.

If case (i) of Theorem 1.2o holds then by Lemma 3.6, r < max( |3a[ , 13&+3/) 

30 ^T" ^ rv^«^<(('3-| J ICXH-IJ) > 5~ since q>37 and 4q-i-1 is prime. 

Similarly q-1>5r in cases (ii) and (iii) of Theorem 1.2O.

Hence q-1 >5r in all cases.

3. If G^ has rank 4 then Xz is q-rational.

The character X2 vras introduced in Section 5 of Chapter 1 as the 

only nonprincipal character of G which is adjacent toX, in the Erauer p-tree; 

X2 is. irreducible, it is part of the real stem of the p-tree andX^(l)s l(mod p) 

since X,+Xa is p-projective indecomposable andX,(l) - p-1. Also X^'1'^ is a 

p-projective character (Proposition 1.8(ii)). V/e can say much about x0"2"'*0 

whenXz.is not q-rational (that is, Xz is q-exceptional) and the rank of G^ 

is at least 4; the following lemma is similar to Lemma 6.1 of

LEffllA 3.7^ If the rank of G^ is 4 or more andX^is q-exceptional then one 

of the following occurs:
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(i) X ('-^ = 2 Z

(ii) XT*1*- 2£c£ +2X, +£z+£z+ ZI 

where in both cases, the q-exceptional characters <// have degree (r-l)p-fl
• {*•

(and ^ = Xi ) and &L are distinct irreducible characters of G such that

^ + <^ L are p-projective indecomposable. In both cases & L has degree p-1

for i^ 2, and is not real -valued for i^3. In case (i), ^(l) = 2p-1, the

character (f> + ^ is p-projective indecomposable and ^z >^ are real-valued.

In case (ii), %-p is an irreducible character of degree p.

PROOF. If Cr^ has rank 4 then all its suborbits are self-paired by Theorem L'H,

so <3 f fr>^ = $ orb(G^ ,IL) = 5 and<V> ,TU^ = -^ orb(G{^v fl) = 4. If G^ has

rank 5 then, since we have excluded case (iii) of Theorem 1.1°? in the

argument for Step 2, <^1 ,TT^> -.= 6 and<(r;,Tc^> = 4. In both cases

= 2; consequently 2X, +2%^ X*"^^ since X0"4"^ is p-projective

and does not contain the principal character of G.

We may assume that X^3 ^ 5 then 2 (p. <^ X' » since the (0. are 

q-conjugate and XCP ^ is rational- valued. Now X2( 1)^ l(mod p) , so «/[(l) = (r-l)p-fl

by Lemma 3«5 and Step 2. Because X P "" is p-projective, there exist p-projective

indecomposables D"L = it/ + cTL , c/= O/ + ^ with <TL , ^ in the principal p-block
i~J^ 

of G and 2^ ( si + o-v) ^ X<p^<2j 5 we can take ^, = ^ = X, . Let a L(l) = k t p-1,

= k-^p-1. Then

= p(2q-l).

This inequality gives

+1fr 
and it follows that either k L = k(= 1 for all i, or k L = k£= 1 for all but

one value of i, say i = 2, and k^= 1, k^= 2. In the former case,

where cr is a p-projective character of degree p. Since G is simple (Lemma 3.3) 

X(P "2;:L) contains no linear characters, so tr must be irreducible; write 5- =X P . 

Suppose now that O"L =^J for some i £ j. Then ^ is joined to ^ and to ^ in the



Brauer p-tree, contradicting Theorem 1.S. Hence the &L are all distinct. 

Also <5 C ^ KLp '*~' for each i; if &L is Sj or <$[ for some j =£ i then ^is joined 

to (^ ( the (^ are all real-valued since X^is) and to (ft in the p-tree, again 

contradicting Theorem 1.5". Consequently <?t =<£'if SL is not real- valued. 

Finally if <£,- is real-valued for some j>2 then by Theorem 1,5", Sj is an 

end-node in the real stem of the p-tree; it follows that &L is real-valued 

for at most one value of i^2 and case (ii) of the lemma holds. 

If k L= k'= 1 for i ̂  3 and k^= 1 , k£= 2 then

Clearly <£>_ is real-valued, "being the only character of degree 2p-1 contained 

in X(p ' ; and if £zis not real-valued then ^z is £ u or &L f or some i>2, so ^

is joined to i^ and to ip in the p~tree, contradicting Theorem 1.5". As before, 

for i^3» ^i,- &[ and ^is not real-valued. Thus case (i) holds.

The character "§ of G was defined in Section 3 of Chapter 1 by •£ = 

that is, ^ = X, + X.^'^'^. Both the characters ^ and -§ are p-projective and 

q-projective (Propositions 1.8(ii) and 1.1f-). If G^ has rank 4 then, as 

noted at the beginning of the proof of Lemma 3.1, we have <^ ,-nr = 5»

,-rr^ = 4; this means that <•§ t -n:\ - 1, that is, <-§,1+X,^= 1. Since <^ , 1>^ = 0 

it follows that<X,,^= 1; and £ is p-projective, so X. + X^s •£ . 

Certainly then, either<Xz ,-§> = 1 or 2X2.^-? ; we consider these two 

possibilities separately in the following three lemmas.

LEMMA 3.6. If<X,,Os_ = 1 (as is the case when G^ has rank 

q-exceptional and 2 Xz & •§ , then one of the following holds:

(i) 3 = 2Xz 4-X,-fXs + 2^

(ii) •§ = 2X2.+ X, +X3 + 221 

where in both cases, e L,£^ are irreducible characters such that L̂ +£



are p-projective indecomposable andXg is a real-valued irreducible character 

of degree 2p-1 such thatXz +X 3 is p-projective indecomposable. In case (i), 

ecO) = EL'O) ~ P-1 for all but one value of i, say i = j, ajid gj(l) = p-1, 

£/(l) = 2p-1 and £,. , e/ are real -valued. In case (ii), £ l (l)=£L/ (l) = p-1 for 

all i and Xf is a real -valued irreducible character of degree p. 

PROOF. Now 2X^ <> and<X,,£)> = 1, so there exists an irreducible 

character X3 , not equal to X, , such that X^-f X 3 is p-projective indecomposable 

and X3 ^-£ . Arguing as in the proof of Lemma 3.7, we find thatX3 (l) is 

p-1 or 2p-1. If it is p-1 then X 5 is real-valued (for o the rwi s e X3 would be 

joined to X^ and to some other nonlinear character of G in the p-tree, 

contradicting Theorem 1.5"); also by Theorem 1.5", X3 is an end-node in the p-tree 

(note that G is simple and hence has no nontrivial linear characters) .But 

then the real stem of the p-tree is just

o

contradicting the fact that the sum of the four p~exceptiona! characters 

appears in this real stem (Theorem 1.3).

Hence X3(l) = 2p-1 and now similar arguments to those in the proof 

of Lemma 3.7 show that one of cases (i) and (ii) must hold. The only point 

to note is that X" ^ e- in case (i), since equality here would give a circuit 

in the Brauer p-tree:

Consequently Xj, £/ are real-valued.



LEMMA 3.9. If<X,,i>^.= 1 and 2X^£ S thenX^is q-rational.

PROOF. Now t is q-projective, so if Xais q-exceptional then by Lemmas 3.4

and 3.8, the whole real stem of the Brauer q~tree is

-o——————————o
j

in case (i) of Lemma 3.8, and it is

-o

in case (ii) of Lemma 3.8. Both possibilities contradict the fact that the 

principal character X0 must appear in the real stem of the q-tree.

Before the next lemma we need a table of the numbers congruent to 

0,1 and -1 modulo p and q:

\ p 0 1 -1
q
0

1
1

pq
p

(q-i)p

(q-l)p+1

1

(q-2)p+1

p-1

2p-1

pq-1

The table lists the smallest positive number modulo pq.

LHWIA 3. 10. If <X.Z ,^> = 1 then Xz is q-rational (whatever the rank of G 

PROOF. Suppose that Xz is q-exceptional. By the arguments used in the proofs 

of Lemmas 3.7 and 3»8, we have

where the q-exceptional characters ift_ have degree (p-l)p+1 (and ^ is X^) , the 

£L are such that <p+<$"c is p-projective indecomposable and cr is p-projective.

Let ^ L (1) = kcp-1. Each ^ is q-rational since^,^ = <^, -§>^= 1. 

so each k L is one of 1,2,q,q+1 and q+2 (from the table). The table shows that



either cr(l)$= (q~l)p or cr is a sum of irreducible characters of degree p,
i-x- Q _ i 

say G- = IE $f . In the former case, ^1 k c ^ 2+ * — so kL = 1 for all but at

most two values of i; thus kL = 1 for at least 4 values of i since q-1 >5r. 

But if kL = 1 and i>1 (that is, & L £X,) then £c is an end-node in the real 

stem of the Brauer p-tree by the usual argument using Theorem 1.S (see the 

proof of Lemma 3»?)« Consequently this real stem has at least 4 end-nodes 

(one of which isX0 ). This cannot be so; hence cr = 2 <f> , a sum of irreducible 

cha.racters of degree p. If some k^ is q or more then k^ = 1 for all but at 

most 3 values of i and we obtain a contradiction as above. It follows that 

k c is 1 or 2 for all i, and

where 21 <£> is a sum of at least -^ — (in fact, of q- "SI k L + -*-~- +l) characters 

of degree p. But S L(1) is congruent to 0 or 1 modulo q, ^ (l)= l(mod q) and 

ia the sum of the q-exceptional characters, so "£ cannot be a sum of
«_

q-projective indecomposables. This contradicts the fact that i is q-projective. 

Hence X-2_is q- rational.

Lemmas 3.8, 3.9 and 3.10 show that if G^ has rank 4 thenX^is 

q- rational, so Step 3 is complete.

STHP 4. If G^ has rank 3 t_hgn%.a. is q-rational

If G^ has rank 5 then <^ ,rt^> =4, <"§ ,TC^> = 6 and so

Since X^23 and ^ are p-projective, we have 2X_, +2x^ Xfp"^and 2X, 

The usual arguments gives



LEMMA 3. 11. If G^ has rank <j andX^is q-exceptional then one of the 

following occurs:

(i) -g = 2 + 2X , t

(ii) S = 2^ + 2X..+ cl+ri + 'zU+rJ +6
IP 'p

where &+f. L are p-projective indecomposable and for i^3» £L has degree p-1

and is not real-valued. In case (ii), ^(l) = p-1 and <f> is irreducible of 

degree p. lr\. co.se CO, e^fi) « 2_p — 1.

Step 4 is completed by

LEMMA 3.12. If G^ has rank 5 then X^ is q- rational.

PROOF. Suppose that Xz is q-exceptional, so that Lemmas 3«7 and 3.11 hold.

By Theorem 1.1S, the permutation character v of G^ associated with

is of the form

v =1+

where <£,<£,<£ are irreducible characters of G^ and ^l = q-1» ^>1 =^(l = Q.< 

Now v? is q-projective by Proposi-Uo-v, 1.14: , so the characters 

1+ £ » ^ i ^> <£ are all q-projective, that is, they are characters afforded 

by protective R^G^ -modules. They are also p-projective since p does not 

divide IG.J. It is easy to see that the characters (l+<£>) , <£^~, (f>^ t ^^ 

of G must then be both p-projective and q-projective. Also we have (see 

Section 3 of Chapter 1)

v* * (1+ <£)* + <^+ ?> ̂  » t = ^ + 5 .

Suppose that case (i) of Lemma 3.7 and case (i) of Lemma 3.11 occur. 

Then

-
•5 =2 ̂ ip +2X, -*- ^+ e^+

i J i, ^-^,

Now for j = 1,2,3 we have <(l)^pq, so 22.^ ; consequently



for each j. The q-mates of 21 ̂> which appear in "$ (that is, the 

characters X in 5 for which 2^ + X is q-projective indecomposable) are Xo ? 

&L » €2. ^^ ̂2. • Hence we have, say, 5^ ^ <f>^~ , e^c S^ * ^^ f* • By Frobenius 

Reciprocity, (fi* ,XN = 1. Also ^ is real-valued, so if £L (or £c ) appears 

in ^ for some i^3 then so does <5 L (or 1TL ) . All this shows that there exist 

sets K,K 7 £ (3,..., •a - } with KuK 7 ^ ^ , such that

where cr is either zero or <5^. We can suppose that K £$z*; pick k«=K. Then, 

since <^~ is p-projective, there exists j ^ k such that £^+ ty. is p-projective 

indecomposable. But then &K is joined to both ip. and vp in the Brauer p-tree 

of G, contradicting Theorem 1.5".

We obtain a contradiction in similar fashion in the other cases of 

Lemmas 3«7 and 3»11» Hence X^is q-rational.

STEP 3. The rank of G^ is 3»

Suppose that the rank of G^ is 4 or more. Then X^is q-rational by 

Steps 3 and 4; also 2X, +2X2. sX0""^. From the table on p.S^h we see that 

either X^l) ̂ -(q-l)p+1 or %z(l) = (q-2)p+1. The first possibility cannot 

occur since 2 X,+2Y^s Xtp ~a'°. Hence X^(1) = (q-2Jp+1 and

where ̂  is irreducible of degree p. It follows that y =xo +3>^, 

and so, since >) is q-projective, X0 -fX^ and X2+ ̂ p are q-projective 

indecomposable. Clearly <£ is real-valued, so by Lemma 3.4 the whole real 

stem of the Brauer q-tree is



which contradicts the fact that the sura of the q-exceptional characters 

must appear in this real stem (Theorem 1.3).

Thus G^ has rank 3 and Step 5 is complete.

6. Some lemmas on the character

LEMMA 3* 13. The character Xz is q- rational and X^( 1) ^ (q~2)p+1 . 

PROOF.. Now G^ has rank 3 and G is generously 2-transitive since the 

subdegrees of G^ are different by Theorem 1.2.O. Hence <r] ,-rcX = 3* <*5 >TT)> = 4

and so <(X ,,-§)> = 1-. Suppose that %z is q-exceptional. Then by Lemma 3.10,

we have 2X^£ -§ ; but this cannot be so by Lemma 3»9« Consequently X^i

q- rational. From the table on p. 5"^ we see that X^(l)^ (q-2)p+1.

LEMMA 3.14. We have <v| ,X^= <^ ,X^> = 1.

PROOF. Now<X,,r|\ = 2, <X,,^>^ = 1 so certainly Xz£-^ and 

Suppose that 2X^£-£ . Then X.^X^e-^ ; and by Lemma 3.13,

Hence X^(l) is either (q~2)p+1 or (q-l)p+1. If X^(l) = (q-2)p+1 then 

•S = X, +2X^+5- where either cr = X^ Xp -f Xp (with X3 (l) = p-1, Xp(l) =%p(l) = p) 

or c- = X.^+Xp (with X^l) = 2p-1, X^'(1) = p). In the first case the Brauer 

p-tree of G has real stem

o
X,

which is not so, since the sum of the p-exceptional characters appears

in this real stem; in the second case the Brauer q-tree of G has real stem

O —— ; ——————————— -C>ff

which again is not so. Thus X,(l) = (q-l)p+1 so •§ = X,+2X24- Xs where X3(l) = p-1



and ̂  ̂ X, . But then X^+ X5 is p-projective indecomposable, so the real stem 

of the p-tree is just

o

which again is not the case.

Hence <X2.»'§X = 1. Similar arguments show that <Xz ,i9)> = 1.

LEMMA ^., 13... The degree of X^is one of (q-2)p+1, (q-l)p+1 and qp+1. 

PROOF. Suppose that this is false. Now X0+2x, + X_,_s yj , so from the table 

on p. 5V we have X^(l) = (2q-2)p+1. But then r] = X^+2X( 4-Xz and 3 = X, +X2 -f 

where Xp(l) = p, so the real stem of the q-tree is

o— ———————— o

which is not so.

By Theorem 1.2.0, the permutation character v of G^ associated with 

is of the form v = 1+ <£ + <£ where gS ,^> are irreducible and either ^ (1) = q-1, 

^> (1) = 3q or <£>(l) = 3q.-1» 3^("l) = Q» ^e consider these two possibilities 

separately in the final steps.

STEP 7. V/e cannot have £,(1) = q-1, <fe.(l) = 3q.

Now v^ =s X0 +2X, +X^+ o- , 3 = x, + x^+ £ where 5- and ^ are characters 

of G which are p-projective. Also (1+^)^ and ^ are both p-projective and 

q-projective. We know that (1<- )% = X-«-x i and by Probenius Reciprocity,
'c^-

<X, ,^> = 1, so X0+2X,s (l+^>) fr . Hence XO+2XJ +X^ ^ (1+ ^) frand so by 

Lemma 5.15, Xz(l) - (q~2)p+1 and



= X,

It follows that X0 +Xa is q-projective indecomposable and that er is both 

p-projective and q-projective of degree pq. Also ^(l) = p(q+l).

Since •§ is q-projective there exists <p& g such that X^+<£ is 

q-projective indecomposable. We have <£ ( 1 ) =• 1 (mod q) and £ is irreducible, 

for if £ were Z"^ then by Lemma 3«5» £0) would be congruent to -l(mod q) . 

By Theorem 1.9(i), <f> is p-rational, so £(l) is one of p, 2p-1, pq+1 and 

p(q+l). If <fi is not real-valued then, since <p & $> , we must have <£(1) = p 

or 56(1) = 2p~1; also there exists X.3 e ^ such that X 2 + ^ is q-projective 

indecomposable. But then ^ is joined toX2 and to X3 in the Brauer q-tree, 

contradicting the fact that, by Lemma 3«4» ^ must be an end-node in the q-tree,

Thus <£> is real-valued. If <£>(1) is p or 2p-1 then the real stem of the 

Brauer q-tree is just

-o-

which is not so, since this real stera must contain the sum of the q-exceptional 

characters. Consequently <£>(l) is either pq+1 or p(q-t-l).

Suppose that <£>(1) = pq+1- Then ^ = <f> +ijj where <fi is irreducible of 

degree p-1. Hence <£%= X, + X^+^S + (jj + tr and so (fj^ = ^+5 where <S is a 

character of G^ of degree q. By Frobenius Reciprocity, ^ & ^ ; and &** is 

p-projective since p does not divide (G^| . But (fj is an end-node in the Brauer 

p-tree of G, joined only to £ (Theorem 1.5"), so (£ + (f> ^ &<* . However, 

= pq while <pO)+ £0) = P(<1+1)> w^ich is a contradiction.

The only remaining case is <£>(1) = p(q+l), whence p = <£ . We have

from which, using Lemma 3.14t it follows that ll^^'^ll^ = 2 and 

<Ltp~vr) ,X(p ~i)i) ) = 1. This is a contradiction by Corollary 2.5.
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STEP 8. Completion of the proof.

By Step "7, we have <£, (0 = 3 V 1 > &J- 1 ) - <V

Again rj - X0 +2X, + X^+o- and •§ = y , + x^ + e v/here or , <o are p-projective, 

Now £f is both p-projective and q-projective and by Frobenius Reciprocity, 

<X, f^>^ = 1. so X, + X^ ^ <£f- . It follows from Lemma 3.15 that X_(l) is 

either (q-2)p+1 or (q-l)p+1.

Suppose that ^(l) = (q-2)p+1. Then c^= x, + x^ + Xp where % p is

irreducible of degree p and %^+Xp is q-projective indecomposable. K

cannot be q-projective indecomposable, for if it were, the real stem of the

q~tree of G would be just

XP

which is not so. Hence there exists <£>c <r such that x^-f <£> is q-projective 

indecomposable. The arguments used in Step 7 show that dS(l) = l(mod q) , 

<£> is irreducible, p- rational, real-valued and <£>(1) is p or 2p-1. But 

then by Lemma 3»4, the real stera of the q-tree is just

o ————————— o

v/hich is not the case.

Thus X^l) = (q-l)lH-l (which is divisible by q). It follows that 

<f£ = X, + %2 , ^ = x l + <X 2,+ cr + ^ and ^ , XO + G- are q-projective. Also

6 (1) = Pq. e-(l) = p(q-l).

In the proof of the following lemma, we use the theory of Section 1 

of Chapter 1 for the group G^ . Note that G^ is not isomorphic to PSL(2,q) 

or to PGL(2,q) by Proposition 1.Z7, so Theorem 1.5" applies to G^.



LEMMA 3. 16. If (p is a ^irreducible constituent of 5- + o then y
fEcd — VoJiA-ecL

PROOF. Suppose that (ft is a Airreducible constituent of 5- + p with i/j(l)<p 

Then </>(l)- p-1. Since <^ e 9$^ we have (p = £ 4- 6 , where & is a character 

of G^ of degree q+1 and £ + £ is q-projective. Let X be a constituent of 5" 

such that ( r̂ +A is q-projective indecomposable. Then either X is linear or 

X = 6- .

Suppose that X is linear. If X is real-valued then the real stem of 

the Brauer q-tree of G is just

o —————————— o —————————— o 
1 £ X

which contradicts -the fact that the sura of the — q-exceptional characters

of G^ must appear in this real stem. Consequently X is not real-valued 

and the diagram below shows part of the q-tree of G^:

o- 
1

Now multiplication by X gives an automorphism of the q-tree of G^, fixing 

only the sum of the q-exceptional characters of G^ (Proposition 1.f). 

However, <£> is the only character joined to X in the q-tree, so multiplication 

by Xmust fix <£> , which is a contradiction.

Hence X = & and 6 is irreducible. But then the real stern of the q-tree 

of G / is just

o

since 5 is an end-node by Theorem 1.5(ii) . This contradicts Theorem 1.3.
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LEMMA ?»17. One of the following holds:
t^.

(A) e- = ^ L^ , where •/'(I) = rp,
1-J5-

(B) IT = Zl(i^+<y f where £(l) = (zvl)p+1, £ L(1) = p-1 for all i, 

(c) cr is irreducible.

Also, one of the following holds:
"^ 

(a) = «>_ v^ + Xp , where Xp is irreducible of degree p ajid ip(l) ~ rp,

' where 

all i and Xf is irreducible of degree p,

(c) £ = Xp^_i) +X P » a sum of two irreducible characters of 

degrees p(q-l) and p,

(d) P = ^-tt-i) i + ^*f-\ » a sum 0;C ^'wo irre<iucible characters of 

degrees (q-2)p+1 and 2p-1,

(e) P is irreducible. 

PROOF. This follows from Lemma 3»16 and- the facts that > , cr are p-projective 

and ,X0 + cr are q-projective.

We have X=X, + x t+ ^ , X p = Xx+ e 5 hence Ux^lH 3 and 

(p-^^ ty(p-^>^ = 1 in every case of Lemma 3.17 except cases (A) (a), (B)(b), 

(C)(a), (C)(b) and case (C)(c) when Xp^o = <*" ( we are using Lemma 3.14 here). 

However, if XP^l- 1) = '5" then the real stem of the Brauer q-tree of G is just

o —————————— o
cr

v/hich is not so. Hence Corollary 2.5 rales out all cases in Lemma 3.17 

except (A) (a), (B)(b), (c)(a) and (C)(b) (note that p is odd, so 

Corollary 2.5 gives that e+2f^6). We deal with these remaining cases 

separately; the cases (A) (a) and (B)(b) yield to the same argument, as do 

(C)(a) and (C)(b), so we deal only with (A) (a) and (C)(a).



Case (A) (a). 0- =

Recall that <3^~= X, + X^-f «r + £ , so X P s <£^~ and we have

where (^ is a character of G^ of degree q-f2. Certainly (p is reducible, so 

\p is one of & +X (where 6 is irreducible of degree q+1 and X is linear), 

<5 + X, -»- X^C where <5 is irreducible of degree q and Xc are linear) ,_.& + X, + X^-f 

(where 8 is irreducible of degree q-1 and X^_are linear) and 51 Xi_ (a sum of 

q+2 linear characters). If \Jt = 6 +X then 6" ,X are both real-valued (since 

(fj is), so both are end-nodes in the real stem of the Brauer q-tree of G^ 

by Theorem 1.5"(ii). Consequently X= 1, which is not so.

Suppose that \fj = 6 +X,+XZ . Now ( X0 + 21 \fi. ) q. is q-projective, so

£ ( 51 ^ )^. and (51 ipL )-. - <£ is q-projective. Also (^L\fL + X P )<- is

q-projective; it follows that (5Tip. + XP )^- - ( 51 ip- )^- + c6 is q-projective,
J 'T'oC J u ^^ '

that is, 2^+ 6 + X,+Xz is q-projective. Thus ^ + X, , <£ +X^aX"e 

q-projective indecomposable. If X, is real-valued then the real stem of the 

q-tree of G is just

o —————————— o
X,

which is not the case; and if X, is not real-valued then ~X, = X^ and the 

diagram below shows part of the q-tree of G^:

o-

1



This contradicts the fact that by Proposition 1.4-, multiplication by X, 

gives an automorphism of the q-tree of G^ fixing only the sum of the 

q- exceptional characters of G^.

We obtain a similar contradiction if \ = 8 + X, + X^-f A or if

Case (C) ( a)__., _cr is i_rred vie ibl e , f ~_ Z. ̂  -

Here, # orb(G, _o52-} x H(i) ) - <r? , = 10 and # orb(G, JC1W K Hll) )

4 -2r'" • But each orbit of G on JI^x-O? corresponds to at most

two orbits on Xlx -H-0^- Hence 20 .^16+ - , v/hich contradicts Step 2.

All the cases of Lemma 3« 1? have now been excluded, so the proof of 

the theorem is complete.



"I struck the board and cried 'No morel'"

George Herbert, 'The Collar'.
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Chapter 4: KORE ON PROBLEM A.

In this chapter we carry out further investigation of insoluble, 

transitive groups of degree p, where p = 4q+1, p,q are prime and p>13. 

We already know by Theorem 3.1 that such a group G is 3-transitive and we 

suppose that G is not 4-transitive. Our aim is to prove more facts about 

the action of G onD_by restricting the possible decompositions of the 

characters Y| and i of G (see Section 3 of Chapter l).This is done using 

the character theory described in Sections 1,2 and 5 of Chapter 1. In 

contrast with the situation in ail the other problems of this type described 

in the Introduction (the cases"n = p = 2q+1" and "n ~ 2p = q+f), a Sylow 

q-subgroup of G may not be self-centralising (Theorem 1.18 does not apply 

to 2-transitive groups of degree 4q)» so G may have several q-blocks of 

defect one.

In the first section of this chapter we prove some results concerning 

modular representations of groups, which we use later to show that certain 

characters of relatively small degree do not appear as constituents of -> 

or £ . More elimination is carried out in the second section, and lists 

of about fifteen possibilities each are given for the degrees of the 

irreducible constituents of ^ and -£ . In the third and final section we 

use the results of Section 2 of Chapter 2 to make some deductions about 

the action of G on XL from these lists.

1. SOME MODULAR REPRESENTATION THEORY.

Throughout this section we suppose only that G is a finite group 

with a Sylow p-subgroup of order p and that if V is a nontrivial normal 

subgroup of G then p divides |V|. We use the notation of Sections 1 and 2

of Chapter 1 - write C = C_(p) = PxX, K = N (P). Using Theorem 1.6G *•*



67

and the description of the indecomposable KN-modules given thereafter, we

show that the existence of a KG-module of relatively small dimension
— — & 

implies restrictions on the. group X. Write K for the multiplicative

group K\{0}.

4,1. Suppose that X £ 1 and let W be an indecomposable

KG-module in the principal p-block of G. Then either dim W = 1 or dim 

In the latter case, V is faithful. 

PROOF ._ By Theorem 1.6, we have

where T is a protective, T. an indecomposable KN-module. Also T lies in 

the principal p~block of N, so in the notation of Section 2 of Chapter 1,

we have (T )_ - V <s>W for some 0=$r^p (where Vn = 0). I C/ r i U

Suppose that T' =0. If Y = Ker V then X^Y since X acts trivially 

on W 1 , and hence on W; consequently Y £ 1, so P^Y by our initial assumption

on G (at the beginning of this section). Therefore C (p) = pxX^Y.(j
Now G = Yl-l r (P) by the Frattini arg-oment, so

Nr (P) N (P)/C (P)
\f f^s \J ^ VJ1 {*

Y = l^(P) & N

which is cyclic of order dividing p-1. Hence V, an indecomposable 

has dimension 1.

Now suppose that TQ £ 0. Then dim V/^p and (TQ)p is a faithful 

KP-module, so P--£Ker ¥. This forces Ker V = 1 by our initial assumption 

on G, so V is faithful.

Hence either dim V = 1 or dim W^ p and in the latter case, V is 

faithful.
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PROPQSITlON^I. 2. Suppose that there is an indecomposable KG-module V of

dimension p-fc where 0^< c <p, in the principal p-block of G. Then X is
•—x- 

isomorphic to a subgroup of.K and X^-Z(N).

PROOF. The result is trivial if X = 1; so suppose that X * 1. By Theorem 1.6,

V = T • £ft T NO ̂ 1

where T is projective and T is an indecomposable in the principal p-block 

of N, so that (T ) p ^ Y <g)W 1 for some r^p. By Proposition 4.1, W is 

faithful, so T £ 0; hence r ~ c and (Tn ) p = V ® W. for some nontrivial
v \) O T) 1

1-dimensional KX-module V. which is N-conjugate only to itself. It follows 

that

C ^ ^ p i' ^ c 1'

Now X acts as scalars on V g> V. and acts trivially on V 0 W., so X ispi c i
—•* . 

isomorphic to a subgroup of K and X<Z(N;.

PROPOSITION _4. j_._ Suppose that there is an indecomposable KG-raodule W of 

dimension 2p-fc where 0^ c<p, in the principal p-block of G. Then one of 

the following holds:

(i) X has a faithful ordinary irreducible representation of degree 2,
•*~-)r- ii • Y

(ii) X is isomorphic to a subgroup of K x K and X<Z(N)»

—* —* f N / 
(iii) X is isomorphic to a subgroup of K x. K and -n / \ = 2.

' ^'»TV-'vJ Ix» 

PROOF. If X - 1 then case(ii) holds; so suppose that X £ 1. By Theorem 1.6,

where (T.) p ~ V<S)W and (T ) is one of:
I U C . I U O

1. V ®W. where W. is an irreducible XX-module of dimension 2 which 
p i i

is N-conjugate only to itself,

2. V <8>W. where W., is a sum of two N-conjugate KX-modules V ,W. 
p i i *i ^



of dimension 1,

3. (V ®W^) © (V <2>W.) where W. ,W. are KX-modules of dimension 1, 

each N-conjugate only to it.self. ^

In case 1, V. is a faithful KX-module since W is faithful and X
JL \y

acts trivially on T . Hence case (i) of the proposition holds.

In case 2, X acts as scalars on W. and W. so X is isomorphic to
11 •*•! ^i

_ w ^__ y

a subgroup of K x K . Also, if 6H is the character afforded by W. (an 

RX-module), then IN ( 6U| . 1) = CN(X) and |N:IN(©C| .1)( = 2 (see Section 1 of 

Chapter 1). Hence case(iii) holds.

Finally, in case 3» X acts on W. and W. as scalars, so again X is
JL «J

y mar

isomorphic to a subgroup of K x K . Clearly X<Z(K), so case (ii) holds.

2. SOME CHARACTER THEOHY^

In this section we return to our insoluble, transitive group G of 

degree p on II , where p = 4q+1» P>13 and p,q are prime. By Theorem 3« 1 

G is 3-transitive; from now on we assume that G consists only of even 

permutations and is not 4-transitive.

Let P be a Sylow p-subgroup of G and let t = (NG(p):P[. Then t is 

one of 2,4,q,2q and 4q. It is not 2 by Theorem 1.13 and if it were 4 or 4q 

then G would contain odd permutations. Hence t is q or 2q. Let Q be a 

subgroup of order q contained in N (p); then Q is a Sylow q-subgroup of G

by Theorem 1.2G and Nn (Q) = CP (Q).R where R = <c> is a nontrivial cyclicu (j
a—1 

group whose order r divides q-1. V/rite s for —— . Also Q fixes just one

point of _Q_, say oC . Ve write H for the subgroup G^.

Let TU , T ,1 , S , X(p"^, Xtp~i(|t) , ^, and X z be the characters of G
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defined in Sections 3 and 5 of Chapter 1. In what follows we use the theory 

of Sections 1 and 2 of Chapter 1 for both the primes p and q in the group G, 

and for the prime q^ in the group I! (= G^). First we consider the various

possibilities for C (Q) and the corresponding q-blocks of G; then we\j

eliminate some possible degrees for irreducible constituents of 1 . After 

this we reduce the list of possibilities for the degrees of the irreducible 

constituents of Y[ and £ to about fifteen each, considering the cases t ~ q 

and t = 2q separately.

a• PQ3_3_ibilities for C.,(oj and corresponding q-blocks.• •""• "—————"" —"———~———•———VJT— ——"————————— ——•*•*— ———————————

We have C = CL(0) = Qx X where X is isomorphic to a subgroup of A, G 4

(acting on the four q-cycles of a generator of Q) . Write N = I\L(Q). 

Theorem 1.1 gives the following information about the q-blocks of G for 

each different possible subgroup X;

(i) X. .= U

Here there is precisely one q-block of defect one - the principal

q-block B. - which contains r q-rational and s (= ^-— ) q-exceptional 

characters. We have

Xj(l)= £j(modq), "X(1)= - e r (mod q)

if Xj is a q-rational and X a q-exceptional character ( €j , £ are the numbers 

£1 described in Theorem 1.1). 

(ii) X^ Z (cyclic of order 2).

Let X - <x>. The character table of X is:

e, 1 -1
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By Theorem 1.1 there are two q-blocks of defect one, B and B ? . Each 

contains r q~rational and 3 q-exceptional characters and if X.j is 

q-rational, X- q-exceptional then

Xj(l)= Ej(modq), X(1)= -^r(modq).

(iii) X = Z,. 
j

Let X = <y> . The character table of X is:

/

1
1
1

1 1
CO LO 2"

to 7- to

(10=

There are two possibilities:

2y is conjugate to y in N. Then

r

= 2, and %',
cm N^ '

and 1 1 ( ©i .1):C| = -r • There are two q-blocks B^Bp of defect one; B,, the 

principal q-block, contains r q-rational and s q-exceptional characters and

~ £j (mod q), X(l)^ - s. r (mod q) .

B contains ~ q-rational and 2s q-exceptional characters with

= 2 £j (mod q),
o

2. y is not conuate to in N. Then

(mod q) . 

and there are three q-blocks

B 1 ,B ? ,B :, of defect one, each containing r q-rational and s q-exceptional 

characters, with

Xj(l)= £j(inodq) f % (1) = - er (mod q) .

The character table of X is:

02.3) CI32.)

e,

e.

63

^

1

3

1

1

1

-1

1

1

. 1

O

10

to-

1
o

u>*

CO
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Again there are two possibilities:

1» (123) is conjugate to (132) in N. Then ©, = £>,, <£>_ = e, , © = ©, + e'————"••""• T "— • I ^ t- ' —3 5 3

and I (&S .1):C[ = — . There are three q-blocks B ,B2 ,B, of defect one; B.

and Bp contain r q-rational and s q-exceptional characters, B, contains
r— q-rational and 2s q-exceptional characters. For B we have

= ej (mod q), ?c(l)= -er (mod q).

For B2 ,

For B,,

j (mod q), (mod q).

= 2 &j (mod q), x( 1) = - £r (mod q). 

2. (123) is not conjugate to (132) in N. Here there are four q-blocks 

B ,B? .B-,,B. of defect one; each contains r q- rational and s q-exceptional

characters. For B ,B,,B.,

j (mod q), X(1)- - er (mod q).

For

7Cj(l) s 3 ej (mod q), s -3 e r (mod q) .

Let X - {1,x,y,z} . The character table of X iss

3 divides

e,
e,
ei

<

1 x

1 1

1 -1

1 -1

1 1

possibilities:

^r-rc (that is

y z
1 1
1 -1

~1 1
-1 -1

, x.y.z RT( Then ©, = e,



73

®z. = ©2.+ ©!+ B^ and [l^(ez_.l):C( = -r . There are two q-blocks B ,Bp of

defect one; B contains r q- rational, s q-exceptional characters, and

f Bp contains — q- rational,' 3s q-exceptional characters. For B. ,

XJ(I)=H £j (mod q), %(1) == - er (mod q) . 

For B,

= 3 £j (mod q), X(1) = - er (mod q) .

2 * = 2 * Then ®> = e» ® = ei+si ( Sa^)» G> = &2. and

jjCe^. 1)[ = •£ . There are three q-blocks B^B^E, of defect one; B and B,
Y«

contain r q-rational, s q-exceptional characters and B? contains — 

q- rational, 2s q-exceptional characters. For B1 and B.,,

j (1) = £j (mod q), X(l) = - er (mod q).

For B2 ,

j(l)= 2ej (modq), X(l)= - E. r (mod q) . 

. There are four q-blocks of defect one, each containing r

q-rational and s q-exceptional characters with

s tj (mod q), X(l) =- -er (mod q) .

b. Constituents of ^ of small degree.

In order to eliminate some possibilities for constituents of 1 of 

relatively small degree, we first prove some facts about indecomposable 

KH-modules (recall that H = G

LEMMA 4.4^ If G has an irreducible characterX with X(l) = ±2 (rr.cd q) 

then the dimension of any nonlinear indecomposable KH-module in the 

principal q-block of H is at least 2q.
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PROOF. The existence of such a character X implies that one of the 

following holds; X^ Z^ and X^Z(N); X - V ; X s A, (see Section a above). 

Let W be a nonlinear indecomposable KH-module. By Proposition 4.1, dim V^q 

(note that 1 ^ Y<? H implies that q divides |Y(, so the results of Section 1 

of this chapter apply to H) . If dim W <2q then Proposition 4.2 implies 

that X is cyclic and X^-Z(N), which is not possible,

If G nas an irreducible character X with X(l) = ±$ (mod q)

then the dimension of any nonlinear indecomposable KH-module in the 

principal q-block of H is at least 3q-

PROOF. By Section a above, either X~ V, and 3 divides ( TTTT^l or x = A,.
4 ' l\p ^ ^

Let V be a nonlinear indecomposable KH-module. By Propositions 4.1 and 4«2, 

dim W^2q and if dim W<3q then Proposition 4. 3 yields a contradiction.

Next we need some further facts about H.

LEMMA 4*6. If L is a nontrivial normal subgroup of K then L is 2- transitive 

on

PROOF. Certainly L is * -transitive on -Tl\^}, so by Theorem 10,4 of 

L is either primitive or a Frobenius group; if it is a Frobenius group it 

has a characteristic regular normal subgroup L I (Theorem 5.1 of pq] ) . Then 

by Theorem 11.3 of [50] , L is elementary abelian, so 4q is a prime power, 

which is not so.

It follows that L is primitive on _0\^} . Hence by Theorem 1.1 of 

one of the following holds:

(i) L is 2- transitive,

(ii) L has rank 3 or 5»

(iii) L has rank 4 and there is an integer a such that the
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subdegrees of L are 1, 8(2a+1)(12a+5) f. 4(3a+1)(8a+3) and (12a+5)(8a+3). 

If L has rank 3 or 5 then since all the nontrivial suborbi ts of L have 

equal size m, say, ~e have 4q ~ 1+2m or 4q = 1+4m, which is impossible. 

If L has rank 4 then the nontrivial subdegrees cannot be equal. Hence L 

is 2-transitive. 

LENMA 4.7 . AnY nonprincipal irreducible constituent of ~H is a faithful 

character of H. In particular, ~H has no nonprincipal irreduci ble 

consti tuent of degree S- ov- le-ss. 

PROOF. Let p be any nonpri ncipal i r reducible character of H and suppose 

that p is not faithful. Let L = Ker¢ ; then L is 2-transitive by Lemma 4.6, so 

(1L' ~L>L = 1. 

Thus «1L)H'~H> = 1. But (1 J)H is the regula.r character of ~ , so 

and 1H c: (1L)H. Consequently <1>, 3H)~ = 0 and so any nonprincipal 

irreducible constituent of 5H is faithful. In particular, 3H has no 

nonprincipal constituent of degree 5 or less, since the existence of such 

a constituent would mean that H had a normal Sylow q-subgroup by Theorem 1.24, 

which woUld imply that H was soluble and hence that 4q was a prime power. 

Now we can eliminate some possibilities for the degrees of the 

irreducible constituents of 5 . We shall need to know the numbers congruent 

to O,±1 (mod p) and to O,±1,±2,±3 (mod q): 

p 0 1 -1 
q 

0 pq ( q-l)p+1 p-1 

1 . P 1 2p-1 
-1 (q-1)p (q- 2)p+1 pq-1 

2 2p 1>+1 3p-1 
-2 (q-2)p (q-3)p+1 (q-1)p-1 

3 3p 2p+1 4p-1 
-3 (q-3)p (q-4) p+1 (q-2 ) p-1 



The table lists the smallest positive number modulo pq.

LEMMA 4.8. If X is an irreducible constituent of ^~2'^ + xo>-vl) then

PROOF. Write I+TC, for the permutation character of H associated with

}, so that rr, is irreducible of decree 4q~1 and 1+-rc, = (X,) . Then 

= (l+ir)G . Consequently if X £- X(p ~z'% X' P~V^ then XSTC,^ and so -n; s

Also X =£ X, , since the fact that G is 3-transitive means that ,,> = ,

which implies that <(x, , xlp~^ * x^^' 1^) = 0. Hence if X(l)<p+1 

then

X H = TT, +/A-

where M- is a character of H of degree a,t most 3 and <^u-,1^> s 0. This is 

not possible by Lemma 4«7« Thus X(l)>p-5-1.

LEMMA 4.9. If X is an irreducible constituent of X^^ + X^ 1^ which is 

both p- rational and q- rational, and X-0)<4p-1» then <J1, ,X>^ = 1. 

PROOF. Let X be an irreducible constituent of Xfp"Vi"V XCp"^^ which is both 

p- rational and q- rational with X(l)^4p-1» then X(l)>p+1 by Lemma 4.8 

and from the table on the previous page v^e see that "X.(1) is one of 

2p-1,2p,2p-f1,3p-1»3p and 4p-1. Suppose that 2X^^ ; then 2-rr, ^ XH . 

If -X(l^2p+1 then

where M. has degree at most 5. This is not possible by Lemma 4.7.

Consequently xO) is 3p-1f3p or 4p-1. Now H^NG(Q) and if 

then QSA H =1, so Theorem 1.6 tells us that

X H = "£. + iz.
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where ^ ( is a q-projective, £?_a q-indecomposable character of H; also •§. 

does not lie in the principal q-block of H since X is not in the principal

q-block of G. Hence 2rc. s -f, , so< contains 6 + <f> where c6 , <£
1 ' ' JH-M 7^+1 Jb<t+' • ĉL^-'

are both nonprincipal q-mates of TC, . Thus

Xu = 2TT. + (6 + <f». -f d> + <6 .
H ' T bq-f i 7cL^-4-\ JC'i 7 aj^*-<3

where ^>^ denotes a character of H of degree m; <£> is q-projective, <^> ^^ 

(5" is 2 or 3) is q-indecomposable and a-s-b+c+d is either 4 (if ^-(l) is 

3p-1 or 3p) or 8 (if X(l) ~ 4p-l). By Lemma 4-7» a^1, so either b or d 

is 3 or less. It follows that the Brauer tree of the principal q-block of K 

has the following fragment:

where 0<c<:q by Proposition 4.1 (note that q+c cannot be 1 by the argument 

on p. 62 which uses Prop. 1.4); w © have labelled the edges with the degrees 

of the corresponding modular irreducibles. Hence there is an irreducible 

KH-module of dimension q+c in the principal q-block of H, contradicting 

Lemmas 4.4 and 4«5»

LEKMA 4.10. If X is an irreducible character of G of degree 2p or 2p+1 

then % £ 1 .

PROOF. Suppose that X is an irreducible character of G of degree 2p or 

2p+1 and that X ^ ~£ . By Theorem 1.6,
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where rc,-4-6 1 is q-projective indecomposable, cf> is q-projective,
J DC^ J ^^

(f)^.,^ ( 5 is 2 or 3) is q-indecomposable and a+b+c = 4. By Lemma 4.7, 

so b ^ 3 and the Brauer tree of the principal q-block of H is

1o—————
1

where 0<c<q. Hence there is an irreducible KH-module of dimension q+c 

in the principal q-block of H, contradicting Lemmas 4«4 and 4*5»

LEMMA 4.11* If X is an irreducible character of G of degree 3p then X 

PROOF. As usual, we have

% = TC. -f <6, . + 6 + <h
H I Y bt-4-' Jc.^ Jaj^+3

where TL.+ <6, is q-projective indecomposable, <6 is q~projective,
J ^Hr*" ' ^V

^^3 is q-indecomposable ajid afb+c = 8. By Lemma 4«5» any nonlinear 

irreducible KH-module in the principal q-block of H has dimension at 

least 3q; it follows that a=1,b=7,c=0 and the Brauer q-tree of 

the principal q-block of H is

o o ——— o

Let V be an R H-module affording c6^, and let V = V, so that V is indecomposable. q *

By Theorem 1.6,

where TQ is a q-projective, T 1 a q-indecomposable ZN-module. We have

^ V ®W. for some u,i. Now either X = A, or X = V^ and 3 divides | - — -y [.
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Since W is faithful (Proposition 4.1) it follows that dim W. = 3.

Consequently u = 1 and (T ) ^ V<g>W. for some 1 -dim en si on a! KX-module W..
0 ^ q J 0

Thus

£> V.) . 

Now X acts on W.. as scalars and X^V., so X must contain an involution x

which acts trivially on V.. In its action on W, then, x has precisely two
j

eigenvalues equal to -1 and the rest equal to 1.

We now seek to apply Theorem 1.23 by showing that V affords a 

quasiprimitive representation of H. Let L be any nontrivial normal subgroup 

of H. By Clifford's Theorem we may write

VT = (±)X. L i

where each X. is an irreducible CL-module and all the X. have the same 

dimension. However, we know that Q;$L and

V Vq ® V 1 ® V 1 ® V 1 '

It follows that VT itself is irreducible, and hence that the representation
Jj

of H afforded by V is quasiprimitive. By Theorem 1.23 then, H is a known 

group; since H is 2-transitive, it is one of the groups in the table on 

p. lo3 . Hence H contains one of PSL(d,a), PSU(3ta) and Re(a) where a is a 

prime power and in the respective cases, 4q = a +a +...+a+1, 4q = a +1

and 4q = a +1. SjLrvoe a+1 {aVl, -the. £irs"t case mu.st hold. It is easy ~^° see-

cL ^ULS± b^ p^a^e,anci he^^^-b^ai: d=2_. So P5L(^,a_)^ H ^ PZ L (2., a) .

However, in each of these cases we do not have either C (Q) ^ QxV^

or C-jCQ)^ Q.xA.(see C6] ) , which gives a contradiction.
H . T"

Lemmas 4.8 - 4.11 show that if X is a p-rational, q-rational 

irreducible constituent of X(P~^+ X(P~^and X(l)^4p-1 then OC(l) is one
i

of 2p-1,3p-1 and 4p-1 and <X ,^>G = 1.
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c. Further facts about *g .

Recall (see Section a) that C = C_(Q) ^ QxX where X is isomorphic
Lr

to a subgroup of A^, and that ®,,...,©b are characters of X which are 

sums of N-conjugacy classes of irreducible characters of X.

LEMMA 4 .12. If ^(1)>1 and s^5 (where s = ^ ) then the q-exceptional

characters in the q-block B of G do not appear in "E .in * r

PROOF. It is clear from the results of Sections a that we only need to consider

the three possibilities: 1. B contains 2s q-exceptional charactersra r

!f! '••*» l/L and tyS^ s -c* (mod q) , 2. B contains s q-exceptional characters 

</> , ...,t^ and <^(l) = -3 €. r (mod q) , and 3. B contains 3s q-exceptional 

characters £>,..., ip and tp(l)= -er (mod q).

Case 1. The proof of Leinma 3.5 shows that ^[(l) is one of
2^

rp and (iM-l)p-1; in the first case JL^(l) = 2pq-2p-2s(p-l) , in the
2^ is

second, 2.^(1) = 2pq-2p, and in the third ^L ^(1) = 2pq-2p+2s(p-l) 

(we are supposing here that 21 U^c •£ ^ ). Now certainly either 2.i7>- ^ 

or 2^. ' S ^P "'4I\) If 21^- sX^^^then, since X^l) = 2pq~p, we have 

1X^(1) = (r-l)p+1 ( ^pc (l) is not rp since this would f orce X ^ to have 

a constituent of degree at most p, contradicting Lemma 4.8). But then 

X^> ~V\ a p-projective character;, must contain a p-mate for each \^ and 

each of these p-mates has degree at least 2p-1 by Lemma 4.8. Consequently

= 2pq-p^2s((r-l)p+1+2p-l) = 2pq-2p-f2sp

which is impossible. We obtain a similar contradiction if P '

Case 2. Suppose that 21X^*5, . if 1^(1) = kp+s where ££-[0,1, -1}

then the proof of Lemma 3.5 shows that k+s ^ 2r. However, ^(1)= -3 t r (mod q)

so k+£ s -3& r (mod q) . This is impossible since s = "~-^ 5»
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Case 3. Suppose that ^.\j^£^g ; again the proof of Lemma 3.5 shows that 

</^0) is one of (r-l)p+1, rp and (r+l)p-1. We rule out these possibilities 

as in Case 1. The lemma is now proved.

LEMMA 4.13. If t = q and s^5 then X^ is q-rational.

PROOF. Suppose that X^is q-exceptional. Now X^s xTv" since £ = *, +XCp ~1^:)

is p~projective, so by Lemma 4.12 the q-block B containing^ has © (1) = 1m 2- *^

Thus X^(1) = ^r (mod q) and so X^(l) = (r-l)p+1 by the proof of Lemma 3.5. 

We have

where the q-exceptional characters in B are i/) = X, » t& , . . . , ip and
El /i ^J2- ys

are p-projective indecomposable characters, cr is p-projective and 

£L (l) ~ -1 (mod p). Now Jii^-has a q-mate in ^ ; if it is one of the ^ , 

say it is <S^ . Each £c (i^3) has a q-mate c^ (possibly zero) in cr and each 

is p-rational by Theorem 1.12(i). From the table on p. 75 ve see that 

£cO)+ °c(l) ^(q-2)p+2 for i^3« Hence, since s ^5,

-i(l) = 2pq 

which is certainly not so.

d. Possibilities forX^^and X(p"v when t = q and s^5.

We suppose that t = q and s ^5» then by Theorem 1.12(i) the 

p-exceptional characters do not appear in "§ . If the q-exceptional characters

in the block B appear in ^ then Lemma 4.12 shows that ®U^(1) = 1. Hence
ra ^

by Theorem 1.1, B contains s q-exceptional characters $,...,</£ and 

c (l)s -er (mod q). By the proof of Lemma 3-5, #0) is one of (r-l)p+1,
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rp and (r+l)p-1, and Jl^(l)s -1 (mod q) . 

Pos sibili ties for % (P^'?

We know that %^ %(p~ that X2 (1) == 1 (mod p) and that %z is q- rational 

(Lemma 4.13). TKe table on p. 75 and Lemmas 4.8 - 4.11 show thatX^(l) is 

either (q-k)p+1 where k is one of 4,3,2,1,0,-1 and -2, or it is (2q-l)p+i. 

NowX^"' is q-projective so we may choose (p <= X-(f~^' ( <fi possibly zero) 

such that X^+S is q-projective indecomposable. Form>2, we write X^

and sometimes X^to mean an irreducible character of G of degree m. We 

deal separately with the different possible degrees for

Here <£>(l) = 3 (mod q) so from the table on p. 75 and Lemmas 4.10 and 

4.11, we see that <£(1) is either (q-s-3)p or (q+2)p-f1. The second possibility

forces % r ' to have a constituent of degree at most p-1 f so it does not 

occur by Lemma 4.8. Hence X(T"1' ;I = x^+

In this case S(l) is one of 3p-1 and (q+2)p, soX^ ' is either

C-^-OP^. is q-projective of degree (q~l)p+1, or it 

' Clearly every constituent of c^.,^, must be q- rational, so 

it is irreducible.

Here 6(1) = l(mod q) so (j> is irreducible and <£(1) is one of 

2p-1, pq+1 and p(q+l). It is not pq+1 by Lemma 4.8, so X^'' } is either

Xz.+ X^-, +Xt-H>r+. o

In this case X^"^' 1 = X^+c-^ where tr^is "both p- and q-projective 

of degree pq. If ^ contains Z^ for some set {$.}of q-exceptional 

characters then vi?(l) must be rp (otherwise ^ would have to contain a 

p-wate for each vp. ) ; but then 21^(1) = (q-l)p» so cr^ has a constituent
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of degree p or less, contradicting Lemma 4.8. Hence every constituent

of c^ is q-rational and the table on p.75 and Lemmas 4.8 - 4.11 show that

is one of X + X and y..

Here <f>(l)s -l(mod q), so either cf>( 1) = p(q-l) or (p contains 

the sum of some q-exceptional characters. As usual, if Zv&s c6 then

and so 2 ^('0 = P(Q~''). Hence either 

or X^' 1 "1^ ̂ + 2 ^/ (where (//(1) = ip).

We have £(l)s -2 (mod q) , so ^>(l) = p(q-2) and

. _., jxN

In this case XtP ' = X

Here

This completes the list of possibilities for % tf> ^'' ; they are 

summarised in a table on p. 81-.

Possibilities f or

Now T| s= 1-f X,-f Xll> " A is p-projective and q-projective, so there is 

a character <£c%(p ^ such that 1+<£ is q-projective indecomposable.

Suppose first that cb is irreducible; now <£(1) = -1 (mod q) so 

is one of (q-2)p+1, (q-l)p, qp-1> (2q-2)p-f1 and (2q-l)p. The last case is 

impossible since it means that X ^ is irreducible, which implies that 

G is 4-transitive by Proposition 1.7> and the fourth case does not occur 

by Lemma 4.8. Hence X ' is one of X_^, + ĈvOP -i »*-H-O P + °Vv and

-, 4-X^_o? H., where cr(^0p _, is q-projective and crp<v is p- and q-projective, 

Now suppose that <£> = 2. ^, ^or some q-exceptional characters^}.
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If i^c (l) is congruent to 1 or -1 (mod p) then x(P~^= ZL (<£ + <$ c ) + o-

where ^ + £U 5 & are p-projective. Each &L has a q-mate cru (possibly zero)

in cr , and for each i we see from the table on p. 75 that (S c +5^)-(l) ^ (q~2)p+2,

Hence

2 s((q-2)p+2)

which is not the case, since s^5« Consequently = rp and

We summarise the possibilities for X P J and X(P ^^ in two tables:

^z(D

(q-4)p+1

(q-3)p+1

(q-2)p+i

U-1)P+1
qp+1

(q-n)p+i
(q+2)p+i
(2q-l)p4-1

Possible X^'X)

X^H- X Cv ^p

^•^^Bp-^Vt^p,,

A-7_-*" X-^-hiJ) p

X-2. + 'Xi^,-*-X(V op+ ,

XT_-*- "X-cvO p

Od-, -+- e-«,*- ^v

X^ t û (^(0=vp)

y^2^~ XP^-O
^7--+- Xc^.->)p

X-x"4" Xt<v-3)p

%2.

Group X

V4 °r A4

Z3 or V4 or \

any X

any X

any X

Z 3 or V4 or A4

V4 or A4

any X

\s

next tcxble, ,, s

S -i _ i -

f

0 p -

tp. ^c ^ 0 -



Possible

"X- (a_i>

-i •+

Note that if all constituents of 5 are q-rational then

and

e. PossiMj-i_.ties_ f or X '- P ' and ^' ' when t - ___2g_ and s

Suppose that t ~ 2q and the two p-exceptional characters

do not appear in "% then the arguments of the previous section show 

^"1"^, X^'1"' 1"3 are as in the tables above, so we assume that e, + B^ 1,that

By Theorem 1.1 we know that £>L l) = kp-2s:q for some integer k and & <&-[-1 ,

Also each ©L is q- rational, so ©L(l) is congruent to one of 0,Hh1,+2 and +3 

modulo q. Hence k is one of 0, 1 , 2, 3jq-3>q~2,q-1 and q. Some possibilities 

are ruled out by:

LEMMA 4.14. If 8,-fe^^l then S,(l)^lOq-f3 (= 3p-2q).

PROOF. Suppose that e.-te^s^ and GL(l)^ 10q+3. Then k is 0,1,2 or 3 so 

eL(l) is one of 2q, 6q+1, 6q+2, 10q+2 and 10q+3- If 1+7t, is the 

permutation character of H (=0^) associated with J1V^> then TT,^ (e,)H ,

so ©( 1 ) is not 2(1' if i 1^ is ^+1 then

where-u. is a character of H of degree 2q+2. By Theorem 1.6, (e, )H = :£, +
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where £, is a q-projective and ^a q-indecomposable character of H. Now if 

©, ,B^we're in. the principal q-block B of G then they would both be 

end-nodes in the Brauer tree of B by the proof of Lemma 3.4 (note that 

k = 1, so (©,) , v contains precisely one linear character by Proposition 

1.10). However, t is even, so O l? e2 are real-valued (Theorem 1.l(v)) and 

it follows that the Brauer tree of B has at least three real-valued 

end-nodes 1,G>, and ©z? contradicting Theorem 1.3. Therefore ©,,B^ are not 

in B. and so Theorem 1.6 tells us that the character ^is not in the 

principal q-block of H. Consequently TC,£-f,, and it follows that ^ contains 

a q-mate rf> for TT, . Thus
J fc><V*-'

(©. ) = 7TT. -f <£ + cf) -f <±>
£1 T ^**v*-i 7 ^^ zrc^y- /

/

where by <^or <^S^ we mean a character of H of degree m, and oS is q-projective,

i <p ^, a q-indecomposable character; also a-fb+c ™ 2. By Lemma 4»7» a^ 1

i ( and b^1, so b = a = 1« Also^^^ <y>_f( since (p^ { is not in the principal

q-block of H. Thus<£+,is a real-valued end-node in the BrauerAof the 

principal q-block of K (Theorem 1.5(ii) applies when C (Q) f- Q). This 

means that the whole real stem of this Brauer tree is just

o——————————o—————————o

which contradicts the fact that the sum of the s q-exceptional characters 

in the principal, q-block of H must appear in this real stem (Theorem 1.3). 

Hence B,(l) cannot be 6q4l.

If £>,(l) = 6q-f2 then we have, as above

(e,)H -rc^^^^-f^^ 

where TT, -f d> is q-projective indecomposable, <£ is q-pix)jective, <f^_ 7 is
' Lc^-t i ' \r ' ^^^

q-indecomposable and a-flnc = 2. Again, b must be 1, yielding a contradiction
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as before.

Finally, if e t (l) is 10q+2 or 10q+3 then again we have

where a+b+c = 6 and 5 is 2 or 3. Also a^1 by Lemma 4.7, so b^5. If 

then, labelling edges with the degrees of the corresponding modular 

irreducibles, the Brauer tree of the principal q-block of H is:

o- 
•1

where 0<:c<q ( Prop, 4.1 )> and if b = 5 this Braver tree is either as 

above or it is:

1 TC, 6 ^^
J S^i

x

Hence there is an irreducible KH-module of dimension q+c with 0<c<q, 

contradicting Lemmas 4.4 and 4»5« This completes the proof.

If e, + a.,_<^ T| (or -^ ) let S{ , e^ be constituents (possibly zero) 

of Y|_ (or -g ) such that GK+ ̂ L are q-projective indecomposable (i = 1,2) 

V/e deal with the remaining possibilities for ©u(l) separately:

= 14Q+3- •

Here ^(1)^ -3 (mod q) so £~c(l) ^ (q-4)p+1 for i = 1,2 and

(e. + e/fS.+ SjO)^ 7p-1+(2q-8)p+2 = (2q-l)p+1. 

It follows that e,+ ez <^v£ and that

•§ =%,•*•©, + D^+ %2,-f 9CH_« 

where Xl) = (q-4)p+1.
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2. k^q-3r

Suppose that k = q-3 and ©C(1) = (q-3)p-2q. Then (e. + eJO) = (2q-?)p+1 

so cfL (l) = 3 (mod q) and (£,+£,) (l)^ 6p. This forces £, (l) = <^(l) = 3p 

and •£ = %,+ 9, + e^+ <T, -f 6?_ which means that 0^^-^ , a contradiction. 

The remaining cases are ruled out in similar fashion.

V/e have proved:

LEMMA 4.15. Suppose that t = 2q and s:>5 e If the p~ex.ceptional characters

e^,e^do not appear inl then -X0"^, x' p"^3 are as in the tables on pp. 84-85, 

and if O,+©^1 then D,-f Q^. T] , Tc^'^ is as in the table on p. 85 and

where X^(1) = (q-4)lH-1 and eL(l) = 3p+2q = Hq+3.

REMAM. Note that if t = 2q then certainly C_(Q) ^ Q." 'u " —*~"*"

3. DEDTJCTIONS FROM THE CHARACTER THEORY.

In this final section we deduce some facts about our insoluble, 

transitive (but not 4-transitive) group G of degree p, where p = 4q+1 

and p,q are prime with p;>13» from the lists on pp.84 and 85 and Lemma 4.15 

As before, we assume that s^5* We consider separately the following 

(exhaustive) possibilities for the decomposition of the character 1 of G:

1. for some set{vpL [i = 1,...,s] of q-exceptional characters of G, 2JLi// s

2. for two different sets (^and {i^/} of q-exceptional characters,

3. for precisely one set {.^} of q-exceptional characters,

4. every constituent of 1 is q-rational.
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Case 1. 2 Z. ̂  g

By Lemma 4.15 and the tables on pp.84 and 85,

rv CP-V*-) «-- ,
X = Z^

<ylp-V,^) _ v ,-A- - X^-f ?_

where X2(l) = pq+1 and ^(1) = rp. Recall that c is a generator for the 

group R, where NG(Q) = CG(Q).R and RACG(Q) = 1.

A'. If 221 i/'u sl then r is odd, 3 divides r and Ifix^cj = 2. 

Further, if CG (Q) ~ Q then ^is irreducible. 

PK)OF. We have

v| = 1 +X, + 

1=1 + 2X, +X^_+ 2

If r is even then every \D is the character of a real representation (Theorem 1 

(v)) so by Theorem 1.21 every orbit of G on rf^x rf^ is self-paired (in 

the sense of Section 2 of Chapter 2). Also, using the notation of Section 2 

of Chapter 2,

f 3+s if cv, is irreducible
I r~V

x + y + z - <
L 4-fs if not

and f 7^4s if cr^ is irreducible 
4x + 2y + z - i

I 8+43 if not.

Consequently if irpq is irreducible then y = z = 1, x = 1+s and if not, then
*\f

either ys=4, z = 0, x = s or y = 1, z = 2, x= 1+s. All these possibilities 

contradict Proposition 2.7«

Hence r is odd. It follows that there exist «/,p ,^f,<*", £ e /I such that 

c acts on -Q,M> , p ,^ , S ,e) as a px-oduct of 4s r-cycles, and on {^,p,^,6\e.} as 

either 1 or (°0 ( /O (*£&) J 3O ( fix.rx-c l is 2 or 5- Suppose that it is 5; then 

£ « Now crp% is either irreducible or it is the sum er, +^ of two



irreducible characters. .Suppose first that it is irreducible. Then y = z = 1, 

x = 1+s, as was shown above. Now --^orb(Got o tr , JL\<y.,p,YJ ) = HIS II- 6 = 4s+1, 

so the orbit lengths of G^M on n\&9 p ,^} are 2, r,... , r or 1,1, 2r, r,..., r

or 1,r+1,r,...,r (since ceG^*). Also -l^orb(G{oip} ^,

= <C§ ,T^^> - 3 = 2s+1, 30 the third possibility above does not occur and

the orbit lengths of G^^on JL\{oi, p,*} are 2, 2r, . . . ,2r where the orbit

of size 2 is {<$",£.} . Now the orbit lengths of G^,^ on _Q\{oi,£,*, £ } are 

either 1,r, ...,r or 1,2r, r, ...,r (since c e G-^ ) , so the unique orbit

of G.^sOf size 2 is {#,&} . Hence {^,i",£} is a block of imprimitivity 

for G{.qsjand so by Proposition 2.11 we have y-fz >3. But y = z = 1 , which 

is a contradiction.

Now suppose that °"p^= tr, -f cs^_ , a sum of two irreducible characters. 

Then -^torXG^^, _O\{oC , p ,-* } ) = [|5J|- 6 = 4s+2, so the orbit lengths of 

on J0\-^,p,^> are 1,1 ,r, . . . ,r. By the argument at the beginning of

the proof of Proposition 2.11, every orbit of Gr^y^on _TL\{c^,p,^r} has 

even size, so we must have ^£orb(G.(.ipy*, £l\{^ ,$>;*} )^2s+1. However, 

^orb(G^^p>vf _O\{^-,^,^} ) = <~5 ,v|^ - 3 =s 2s+2, which is a contradiction. 

Thus we have (fix^_c| = 2, from which it follows that 3 divides r.

Finally, suppose that C (Q) = Q and that zr ~ IT, + tr^ . We can assume 

that 5^(1) = 2p-1, so that cr; is an end-node in the real stem of the 

Brauer q-tree of G. Now the number of vertices in the Brauer q-tree is r+1, 

and by Theorem 1.3, this number is u+2v where u is the number of real -valued 

nodes, v the number of pairs of non- real-valued nodes. Since cs;(l)~ 1 (mod q) 

u must be odd, so r+1 is odd and r is even, which is not so. Consequently 

if C (Q) s Q then 5^ is irreducible.
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Case 2. _^L + S^/g-% .

Here, the tables on pp.84 and 85 and Lemma 4.15 show that

where £(1) = i(i) = rp and X,(l) = pq+1 .

4.. 1 7^ If Zi// + 51 if s £ for distinct sets {vfj , £<f-'}of q-exceptional

characters then r is even and G is a little generously 3-transitive. 

PROOF. It is clear that <X(p~vg , X.0"^} = 0, so G is a little generously 

3-transitive by Proposition 1.?(i). Consequently every orbit of G on 

-TL^xJl- 7" is self-paired (in the sense of Section 2 of Chapter 2), so by 

Theorem 1.21 each (U is the character of a real representation of G. Hence 

r is even (Theorem 1.l(v)).

Case 3. <~S ,^X- ~ 1 for just one set

IMMA^ 4vl6* Suppose that ^g , fyLy - 1 for just one set {^} of 

q-exceptional characters. Then

+ trp£^ and IjX,^"2"' 1 li ^ 6.

PROOF. Suppose that Z.^ £ X^7" • Then from the tables and Lemma 4.15 

we have XtP"^'' = X^ + 5TvlA (^z(l) = PQ.+ 1» ^O) = rP)» II'X?'7"^!!^ 3 a11^- 

<^X.(p^^ jX^""^'^^ = 0. In all cases then, <(Y[ ,^^> <. 6 and U^H> 8+s^>12, 

so |ill| ^ 2 <(~*\ ,1^> . However <V| ,^^> is the number of orbits of G on

*• _ T i . \

, each of which corresponds to at most two orbits of G on 

, so we must have H'Sll ^ 2 <T| ,^)> , which is a contradiction. 

It follows that ZLl^sX0"^, so X(F"^^ = 21 ̂  + ̂  and

;- We can say more if C (Q) = Q:
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LEMMA 4.19. Suppose that CQ (Q) = Q and that <-| , ^ = 1 for the 

q-exceptional characters l^J. Then r is even and G is a little generously 

3-transitive.

JL Bv Lemma 4.18, X(p"^is one of

Suppose that G is not a little generously 3-transitive; then by Proposition 1.7 

one of X^_,, X^-^p+i and X P«^ appears in X^"7"' 1 . If X^p _, & / 

2 Xz^-i s ^ , contradicting Lemma 4.9. If XP^<= Xl!>~^' then
c

•5 = 1 + 2X, +X^

so x+y*z = 3+s, 4x+2y+z - 10+s and 3x+y = 7. Hence either x - 1, y = 4, 

z = s-2 orx=2, y = 1, z=s; in the first case by Proposition 2.6 and 

in the second by Proposition 2 T 7i not every orbit of G on Jl^x r^7"* is 

self-paired. It follows by Theorem 1.21 and Theorem 1.1(v) that r is odd 

and that G has precisely 3 self-paired orbits on _Q*^x £L . Then 

Proposition 2.10 tells us that

3 ^ z - x + 3

which forces s^3» a contradiction.

_ /p-7..rt ^/<P-^< X) 
Finally, if X/«._i\ p4., sX then?v is one of

and XtV7.)fM-i +Xcvo P . In the first case X^,-, 4s "X^., by Lemma 4.9. But then 

1, Xz-p-i and X^,_, are all end-nodes in the real stem of the Brauer q-tree

of G (recall that Gr,(Q) - Q) , which is impossible. In the second case we
G

have x+y+z = 4+s, 4-x+2y+z = 11+s, so that 3x+y = 7; we now obtain a 

contradiction using Proposition 2.10 as above.

Case 4. Every constituent of ^ is q~rational.

>

LEMMA 4.20. Suppose that every constituent of 1 is q-rational and that

G is not a little generously 3-transitive. Then ((X(p^2)H= 5, <X(P V̂ ,X(P ~"' !T '> =
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and IW-is 3 or 4. -.

PROOF > From the tables and Leimna 4.15 we have

Suppose first that HX^^H = 2 under the hypotheses. Then <Xfp~^ ,X(P~V "} = 1 

by Proposition 1.?(i) and lh|H = 4, Hi! = 5+ iixlp^+ 2

Now X^'^is reducible by Proposition 1.?(ii), so l',X(p ~v^i! is 2,3,^- 0^6. If 

it is 2 then we find that y=z=1,x=2, contradicting Proposition 2.7 

(every orbit of G on rfxV ILW is -self-paired by 'Theorem 1.21). If llX^'^i] 

is 3 then y ~ x = 2, z = 0. By Corollary 2.8, G is 4-homogeneous and hence 

is 4-transitive by the results of [23]; this is not the case. If Vi'X^'^li 

is 4 then y ~ 0, which is not so.> oo-vd if it \s & tKerx \\~z\\ 

Thus I1XCP^'1|= 3 and \\-f\\\ = 5. We have

11-511 = 8+2
Suppose that <xlp"^, xfr ~v^> = 2; then ll^ll is 15 or 16. If it is 15 then 

y=s2sr1 f x = 5 s-nd if it is 16 then y = 2, z = 0, x = 3> both these 

possibilities contradict Proposition 2.7»

Hence <9Clp"^,'X.Cv> -7-' rt/>= 1. If i\-Xfr 'z'^l|= 2 then \\^H = 12, so either 

y=1,x=z=2 or y=4,z=0, x=1; the first possibility 

contradicts Proposition 2.7* the second, proposition 2.6. The lemma is 

now proved.

. In fact, if every constituent of !> is q- rational then

For if this is not the case, it is easy to see that \\\\\ ^ 2

v/hich means that |GR must be odd. This is impossible by the theorem of

Bender in C3].
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»21_. Suppose that Cr,(Q) = Q and that every constituent of "S> is

q- rational. Then G is a little generously 3-transitive and

PfiQQF*. If G is not a little generously 3-transitive then by Lemma 4.20, 

llX-0^!! = HX(r~^i| - 3 and frora the tables on pp.84 and 85 we see that 

there are characters X^,, ^ X(P"^ , X^,_, ^ Xcp~^' with X2p_, f X^,_,by Lemma 4.9- 

But this means that 1*X, n_, and "X-L-* are distinct end-nodes in the real stem

of the q-tree of G, which is a contradiction.

Consequently G is a little generously 3-transitive and H 2.

To conclude, we summarise the results obtained in Lemmas 4.16 - 4.21

in a table:

Assumption on CG (Q) Result

any r odd, 3|r, 
c = 2

any G is l.g. 3-tr. , 
r is even

any

Q G is l.g. 3-tr.

constituents of 
all q- rational

any
G not l.g.3- l= 3,

constituents of 
all q- rational

Q G is l.g. 3-tr. 3 ? '



"Sometimes Eeyore thought sadly to himself, 'Why? 1 

and sometimes he thought, 'Y/herefore?' and sometimes 

he thought, 'Inasmuch aB which?'"

A. A.Milne, f Winnie-the-Pooh'.



.Chapter S;

As was stated in the Introduction, Problem B concerns certain algebras 

derived from 2-graphs and the use of these algebras to deduce facts about 

the automorphism groups of the 2~graphs. This chapter consists of some 

preliminaries for the problem; first we introduce 2-graphs and their 

correspondence with switching classes of graphs and give some examples of 

regular 2~graphs with 2- transitive automorphism groups. Then we state some 

results of Mortimer C2.6J on the hearts of the known 2- transitive groups (as 

defined in the Introduction). Finally we present a few definitions concerning 

Lie algebras, which we shall consider in Chapter 7.

1 . SWITCHING CLASSES AND 2-GRAPHS.

Let-Q.be a finite set and let A s- 11^ • Recall (see the Introduction) 

that (jn,A ) is a ^£^2h if every 4-subset of H contains an even number of 

elements of A ; it is .trjLvial if either A - fi or A - _fl55 * > and is nonti-lvlal 

otherwise. It is Regular if every 2-subset of_Q.is contained in the same 

number a of elements of A . We say that (_Q_,A ) is an ,even 2-graph if l/Ij is 

even and every 2-subset of II is contained in an even number of elements of A .

Write n ={e, ,...,6^} and let P be a (simple, undirected) graph on jTI , 

2L a subset of _fl. Define a new graph f^ as follows:

(i) if e L ,6j & ^ or e L ,ej ^ £L\Z1 then e c ,ej are joined in Q if 

and only if eL ,ej are joined in P ,

(ii) if e L e 2C » e,- & H\21 then e u «ej. are joined in Q if and only

root
if ec ,6j are /^joined in P .

The graph Q_ is said to be the graph obtained from f by .sjvi.jtcjrii.ng with

respect to the vertices ZT . Thus if P is the graph:



then the graph [{e -, obtained from P by switching with respect to {e, ,ez} is:

Two graphs f , P / on _Q_ are switching equivalent if P ; = Q. for some subset 

IE of Jl ; this is an equivalence relation on the graphs on_Q_, and the 

equivalence classes are called switching classes. Any graph P on SL belongs 

to a switching class consisting of 2^ distinct graphs (some of which nay 

be isomorphic to each other). The switching class to which the above graphs 

on 4 vertices belong consists of the following 8 graphs:

P

It is clear that, for any vertex of any graph, there is precisely one graph 

in the switching class to which the graph belongs in which this vertex is 

isolated.



Again let P be a graph onH and define As _f2.*3} by

A = {" -{e^ej , e^} j e L ,ej,e (c have an odd number of edges inP between them]- 

Then (n,A) is a 2-graph; two graphs 17 , £ on A give rise to the same 

2-graph in this way if and only if they are switching equivalent. This 

gives a 1-1 correspondence between 2-graphs and switching classes of 

graphs (Theorem 4.2 of [>*>]).

The graphs in a switching class corresponding to an even 2-graph are 

easily characterised:

PROPOSITION S"« 1 c Let P be a graph on a sei -Q. of n vertices, where n is even. 

Then the corresponding 2-graph (_fl,&) is even if and only if either every 

vertex of P has even valency or every vertex of P has odd vaie^oy . 

PROOF. For any e L e JI let YL denote the set of vertices joined to e u in P , 

If e L ,ej are non-adjacent points in P then { e L ,ej ,e K } e A if and only if

i, u Vj- )\ (Vt^v Vj ) , so the number of elements of A containing {e;_,ej} is

If 6^,6^ are joined in P , the number of elements of A containing fe-L ,ej} is

n-IVJ-lVjl +2|VL n Vj ( . 

The result follows.

Finally, let (_TL, A) be a nontrivial regular 2-graph in which every 

2-subset is contained in a elements of A . Define a graph P on -fl by

(i) e, is an isolated vertex in P ,

(ii) e L is joined to 6j in P if and only if {e< ,e Lt e_,} & & . 

Then Pis in the switching class corresponding to (n,A). It is easy to 

see that the subgraph of P on {e^, . . . ,e^ is strongly regular with 

parameters given by the diagram: •



2.T-S —— f

where r,s are nonzero integers and 2r = a (also n = 2+2r+2s); that is, this 

subgraph is regular of valency 2r, any two joined points have 2r-s-1 mutual 

adjacencies and any two non-joined points have r mutual adjacencies. Hote 

that this means that a and EL are even, so that a nontrivial regular 2-graph 

is even.

For a fuller introduction to switching classes of graphs, see C

2. EXAMPLES OF REGULAR 2-GRAPHS.

Regular 2-graphs were introduced by G.Higman in [16] in order to 

provide a combinatorial setting for 2-transitive representations of certain 

groups. In this section we give examples of regular 2-graphs with 2-transitive 

automorphism groups; our main references are T36H and Chapter 4 of C32IN

(a) Symplectic 2-graphs.

Let V = V(2m,2) be a vector space of dimension 2m (m^2) over GF(2), 

and let B:VxV-^GF(2) be a non-degenerate, alternating, bilinear forrn on V. 

The symplectic 2-graph ZL(2m,2) consists of the vectors of V and the set 

of 3-subsets {u,vf w} of.V satisfying

.,, • B(U,V)+B(V,W)+:B(W,U) = o .



The 2-graph 2L(2m,2) is regular and its parameters (as described in the previous 

section) are

n = 2^ , r r= 22<""i »-1 5 s = 2 2jr"~a ,

(see 2.4 of C3B3). The group of linear transformations of Y which leave B 

invariant is the symplectic group Sp(2m,2)j if T'(v) is the group of translations 

of Y (that is, the set of permutations t :v—*vH-a (aeV) of V), then the 

automorphism group of J2L(2m,2) is T(v).Sp(2m,2) (Theorem 2.5 of UJg^)- Note 

that this is a subgroup of AGL(2ni,2).

(b) Quadratic forms overGF(2).
» / Wnfca in I •• i ii i •! ••! »- n an mi, ji w-i nn 1.1 n 1111 ^ n^ i mi T i i" n -- — r^i_ \ L__ r*—-i——

We continue the above notation. Denote by ^ » the set of quadratic 

forms Q:V-j>GF(2) satisfying . .

Q(x+y)+Q(x)+Q(y) *= B(x,y) for all x,y«£V .

The group Sp(2m,2) l acting in the natural way, has two orbits on :§ s the 

orbit -$*~ of forms of index m and the orbit -5 of forms of index ra-1. Denote 

-the actions of Sp(2m,2) on ^"f", "S~ by Sp(2ra f 2) + , Sp(2m,2)~ respectively; both 

these actions are 2-transitive. AFor each Qe-5 there is a unique aeY such that

Q(x) = Q(X) -t- B(a,x) 2 for all xe Y. o

Write Q = Q . We define sets of 3-subsets A*" ( A") of i ( 5 ) by taking 
a

"C Q »Q-utQ } to be an element of A (A~ ) if Q ,QV ,Q & *> ( -5" ) and 
a b c a o c

- 0.

Then lT(2m,2) = (^ + , ^ ) and lT(2tTi f 2) = ( -^T, A" ) are regular 2-graphs 

with parameters (Theorem. 3.18 of

; n = 2jn- 1 2ir l r = 2- , s =

: n « 22-l, r « 2-.~ , s =

The automorphism groups of -ff(2nv?), H~(?::i,2) are Sp(2m t 2) + , Sp(2m,2) 

respectively (Theorem 5o7 of TSf
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( c) Pay ley 2-graphsJL

(' Let q "be a prime power with q==1(mod 4). Identify PG(l,q) with the 

set n = {oo}uQF(q) on which P2L(2,q) acts as the group

{. X ~^ ^cx^d I ad~t)C a nonzero square in GF(q), cr a field automorphism ]•

and define the set A of 3-subsets of n. as follows:

(i) for x,yeGF(q), {c*>,x,y} e A ^=> x-y is a nonzero square

(ii) for x,y,z eGF(q) , {x,y,z} e & 4=> (x-y) (y-z)(z-x) is a nonzero square

Then (_a_,z\) is a regular 2-graph, called the Pay ley 2-graph ?(q). It has

parameters

n = q+1, r = s = t(q-l)

and its automorphism group is PZL(2,q), which is 2-transitive on J7. (Theorem 3« 2

of

(d) Unitary 2-graphs.

Let V be a 3-dimensional vector space over GF(q ) where q is a power 

of an odd prime,and let PG(2,q ) be the associated protective plane. Let 

H:VxV-^GF(q ) be a non-degenerate Hermitean form on V, so that

H(x,y) = H(y,x) for all x,yeV, and let

SL = {<x>e PG(2,q 2 ) ( H(X,X) = O] . 

Define the set A of 3-subsets of II as follows:

(i) if q =3(mod 4) then {<x> , <y> , <z>j e A <^> H(x,y)H(y,z)K(z,x) 

is a nonzero square,

(ii) if q-l(mod 4) then {<x> , <y> , <z>] eA ^> H(x,y)H(y,z)K(z,x) 

is not a square. 

Then (-Q,A) is a regular 2-graph, called the unit?.rY_?-graph U(q), on which
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2 
lTU(3»q. ) acts 2-transitively. Its parameters are

n = q 3+1, r = i(q-l)(q2+l), s = i(q+l)(q2-l) 

(Theorem 4.11 of C3s]).

(e) 2-graphs of Ree type.

It is explained on pp.110 - 112 of [3s] how the existence of the

p 
Ree groups Re(q) (or Gg(q)), where q is an odd power of 3, implies the

existence of a family R(q) of regular 2-graphs having the same parameters 

as U(q).

(f) The groups HS and Co .

The regular 2-graphs H(1?6) and C(2?6) on 1?6 and 2?6 points 

respectively, having the Higman-Sims group HS and the Convay group Co as 

their automorphism groups (acting 2-transitively), are constructed on pp.112-121 

of L58j. The parameters are

H(1?6); n = 1?6, r = %, s = 51,

C(276); n = 276, r = 56, s = 81.

We conclude this section with a theorem of Taylor (taken from 

pp.121 - 123 of C3S]).

THEOREM 5T.2. Let G be a known 2-transitive group of degree n (so that G 

belongs to the list of groups given in the table on p.103) and suppose that 

G acts on a nontrivial regular 2-graph (O ,A ) on n points. Then either 

G<AGL(d,2) and G contains the translations of V(d,2) - H , or (Ji, A ) is 

one of the regular 2-graphs listed above under (a),(b),(c),(d),(e) and (f) 

and G is a subgroup of the relevant known 2-transitive group.
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3. THE HEART OF A PERMUTATION GPOUP.

Let G be a permutation .group of degree n on a set .Q and let p be 

a prime number dividing n, F a field of characteristic p. Recall that in the 

Introduction, we defined the PG-aubmodules S, T of the permutation module F_Q_

o
and called the PC-module — the heart of G acting on /I , over P. The

methods of Cz^ and Chapters 5* a^d. 6 of C32J illustrate how knowledge of 

the structure of the heart can give information about the action of G on JT , 

An elementary example of this is the fact that if G is primitive, n»4 and 

the heart is an irreducible FG-submodule (for some prime number p dividing n) 

then G is 2- transitive on n. . The converse is not true - the heart need not 

be irreducible when G is 2-transitive; the affine groups AGL(d,p) acting on 

V(d3 p) (p^5) give the easiest counterexamples (for these groups F_TL has a 

d-dimensional submodule

I f a linear function on V(dl.p) 1 ).
' J

Mortimer has studied the hearts in all characteristics of the known 

2-transitive groups in [2GH; his results are summarised in the table on the 

following page.
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Group G

S , A (n^5) n n '

G<ATL(d,pr) containing
the translations

PSL(d,q)=e G ^ PTL(d,q) ,d ^ 3

Sp(2m,2) + , m>2

Sp(2m,2)", m^3

G a 3- transitive subgroup 
of irL(2,q)

PSL(2,q)«G<E2.L(2,q)

Sz(q)<s G«? Aut(Sz(q))

PSU(3,q 2)^G^-PTU(3,q2)

Re(q)^G«Aut(Re(q))

M24 '

M23

M 22

H12

M !1

M 11

PSL(2,11)

HS

Co 3

A7

Degree n

n

rd
P

<£=! q-1

2m- 1 (2%l)

2m- 1 (2ni-.l)

q-f-1

q+1

q -t-1

q5+ 1

q5+ 1

24

23

22

12

11

12

11

176

276

IS

Conditions under which the 
heart of G over F (of char, p 
dividing n) is reducible

always irreducible

reducible

always irreducible

P = 2

p = 2

always irreducible

F2GF(2) if qs +1 (mod 8) 
F2GF(4) if q s +3(rcod 8)

pfCq-fl-^* 1) where q = 2 2k+1

P I q+1
i / . N / . ^+1 \ , ?2k-f 

P I (q+1)(q+1+3 ) where q~3

p = 2

irreducible

P = 2

irreducible

irreducible

P = 3

irreducible

p = 2 or p = 3

no result obtained

ITY-eduLCible.
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4. LIE ALGEBRAS.

Let L be a finite dimensional algebra over a field F (that is, a 

finite dimensional vector space over F in which a bilinear product is

defined). We say that L is a Lie algebra if, for every x,y,ze £. ,

2 x = 0 and (xy)z+(yz)x+(zx)y = 0.

The latter equation is called the Jacobi identity. 

For any two subspaces \L , V of £. , we define

u

that is, CILV] is the subspace of H. over F spanned by all products uv. Define

Then the series /I 2/1 2 £. 2 . . « =2. £ 2 ...is called the derived series 

of £ . If /I =0 for some k then L is said to be solvable; the smallest 

integer k for which L = 0 is called the derived length of L . 

Now define

The series C_ 2 H*' 2 C.3 2- . . .-£ a £K^2. .. is called the lower central series 

of L ; if /I * =0 for some k then L is nilpotent, and the smallest such 

integer k is the class of L .

The centre C of £ is the subspace defined by 

C = { ue£ / uv = 0 for all ve

Let K be a field containing F and consider the tensor product 

= K(g> /I as an algebra over K (with «c( ^ ̂ L © XL ) = ^<^<L ® xu for «^,c4 L e K, 

XL e C ). This is a Lie algebra over K, and if {e c [ ielj is a basis for £ 

over F then { 1® e L { i e l} is a basis for /L^. over K. Further, t is 

nilpotent (solvable) if and only if £K is nilpotent (solvable).

For a comprehensive treatment of Li-e algebras, see C22] .



"The heart has its reasons which reason knows 

nothing of. "

Blaise Pascal, 'Pense'es*.
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Chapter 6; A RESULT OM THE HE_

In this chapter we consider even 2-graphs (/I, A) (that is, 2-graphs 

for which \n.\ is even and every 2-subset of H is contained in an even number 

of elements of & ) and the permutation modules in characteristic 2 of their 

automorphism groups. The main result proved is Theorem &.3«

Let (_Q.,A) be a nontrivial even 2-graph with J~I= {e ,...,e ] 

(n even) and let G be its automorphism group. Let F be any field of 

characteristic 2 and define products on the permutation module F_fL — C_ by

e^j = ^L. ek (i,j e {l,...,n} ),

extending linearly. This makes L into an algebra; L. is commutative, e.e. = 0 

for all i, and G acts on /L by algebra automorphisms. Clearly the derived 

algebra L is an FG-submodule of L , and if S is the submodule of codimension 1

defined (as in the Introduction) by

S — .f "5" *\ o I "=5" "\ _ r\ 1
~ "l ^1 A.: e . 1 2-, A. L = VJ >

L c 1 I L J

then £j c. s since (n,&) is an even 2-graph. We shall study the algebra 

in some detail in Chapter 7, but for our present purposes we only need the 

following result.

PROPOSITION 6.1. There is a subset J of {e 2 ,...,en} such that

is a basis for L' . Farther, let P be the graph in the switching class 

corresponding to (XI , A) in which the point e. is isolated (see Section 1 

of Chapter S"). Then L' ̂  S if and only if there is a proper^subset K of 

£e ,...,e } such that every point of O is joined in f to an even number

of points of K.

PROOF. Let i,je {2,...,n} . If ei is not joined to e^ in f then e^ is

the sum of those e, which are joined in T to precisely one of e. and e.;
k i j
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therefore

e.e. = e.e. + e.e. .
i J 1 i 1 0

If e. is joined to e. in P then e.e. is the sum of those e, which are joined
J 1 0

to both or neither of e..e., so
1 0

e.e . = e.e. 4- e.e . 
i J 1 i 1 0

r f 
Hence L is contained in the subspace spanned by {e e. [ j = 2,...,n} u

Since (A,A) is nontrivial there is a ^-subset, say {e , e, ,e } in A . It
3, D C -^

is easy to see that

e e, -f e, e + e e = <*— e,
a b b c c a ' k

. .

so that 2. e e £ and so £ = e. j = 2...a u. | j = 2,...,a} 

Now 2.e involves e, and hence is linearly independent of {e.e. j = 2,...,nf
i K I I J J

Consequently there is a subset J of {e9 ,...,e } such that

(e^je.sJ} u 

is- basis for £ t and the first part of the proposition is proved.

Since S has dimension n-1 , £ <=- S if and only if there is a proper 

subset K (nonempty) of ^e 0 ,...,e \ such that ^ e -i ev = ^» ^at is, if
{L Ji K,^: K. I 1C

and only if every point of -TLis joined in P to an even number of points 

of K (recall that F has characteristic 2).

Now we apply this result to regular 2-graphs; recall that a 

nontrivial regular 2-graph is even (see Section 1 of Chapters).

PROPOSITION 6_. 2_._ Let (.fl,A) be a nontrivial regular 2-graph and let P be 

the graph in the corresponding switching class in which the point e^ is 

isolated. Let r,s be the parameters associated with the subgraph of P on 

{ e ,...,e ] as described in Section 1 of Chapter S". Then £ <=- S if r is even. 

PROOF. Let 17 be the set of points joined to e 2 in f and let£= -[e 2 , . . . ,en}\ p 

We can represent P by the diagram:
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If r is even and s is odd, then ^ satisfies the conditions for the set K 

in Proposition G.1 (that is, every point of JTIis joined to an even number 

of points of rp ) , and if r and s are even then \~^ satisfies the conditions.

r IHence L <=- S in "both cases by Proposition G.1.

THEOREM 6»3,« Let G be the automorphism group of a nontrivial regular 

2-graph (_Q,A) and suppose that the parameters r,s (as in Proposition 6.2) 

are not both odd. Then the heart of G acting on -fl, in characteristic 2, is 

reducible. In particular, if n~0(mod 4) then the heart is reducible. 

PROOF. Now the complement (_Q, _Q*3^\A) is also a nontrivial regular 

2-graph and a graph in the corresponding switching class with a point 

isolated is represented by the diagram:

-2s-T-

2.5

Hence if r and s are not both odd then by Proposition £.2, we have £ <^ S 

for either (.T2.,M or its complement (_fl, Jll3) \M; and certainly T <=- t! 

for both these 2-graphs. The result follows (note that G is the automorphism 

group of both (_Q. f A) and its complement).
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. As is shown by Theorem r. 2 and the table on p.1o3, the known

2-transitive groups which act on a nontrivial regular 2-graph and have 

a reducible he art over GP(2) are listed in the following table:

Group G Degree n Regular 2-graph

some subgroups of 

AGL(d,2) (d>2), eg. 

G = T(v).Sp(2ra,2)

Sp(2m,2) + (m>2)

Sp(2m,2)"" (TO ^

PrU(3,q), q odd

Re(q)

HS

2ra- 1 (2m-l)

q+1

176

2?6

eg. 21 (2m, 2)

_flt'(2m,2)

-OT(2m,2)

P(q)

U(q)

H(q)

H(176)

C(2?6)

tU-D

36

56

51

81

(in fact the reducibility of the heart over GF(2) for Co, WaS no -t proved

by Mortimer). ;

Theorem 6.3 does indeed show the reducibility of the heart for all the 

groups in the above table.



"The eternal silence of these infinite spaces 

terrifies me."

Blaise Pascal, 'Pensees 1 .
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Chapter 7; LIE ALGEBRAS FROM T 2-GRAPHS AND GRAPHS. 

Let (_n.,A) be a nontrivial even 2-graph with jQ. = £e ,...,e } (n even),
• * I ^»

F a field of characteristic 2 and £ = F.Q. the algebra defined at the 

beginning of Chapter £. In the first two sections of this chapter we 

consider the structure of the algebra £- in greater detail. First we show 

that it is in fact a Lie algebra which is solvable of derived length at most 3. 

After this we examine the lower central series of L and consider this series 

for regular 2-graphs and other examples. In the final section we show how 

Lie algebras in other characteristics may be constructed from certain graphs.

1. SOME FACTS ABOUT\_L_._

THEOREM 7.1. Let L be as above. Then L is a Lie algebra. 

PROOF. For each i,j,k e {1,...,n} define a.-k by

(• 1 if {e ,e.,e,} & A
a = < J

i ik 1J 10 otherwise
r\.

Then e.e. = 2L a. ., e. , and i "•=«

a eic) ei + (ekei )ej ^i

Where b
.

show that 21b. ., is even for every i,j,k,m. C""* ^ i J ivO in

Pick i,j,k,m e{1,...,n} . If i,j,k,m are not all distinct then it

is easy to see that b. ., is even for all £ ; so suppose that i,j,k,m are
i jxvTLm

distinct. Now (J1,A) is a 2-graph, so ^i* 8^ 6]^*^] contains 0,2 or 4 

elements of A . V/e consider these possibilities separately.

Case 1 . £e..e-.ei .e 1 contains no_elemen_ts of A..• ——— ~ — ^- ij — jj — K-1 — ̂m J • ———— ————— "

Recall (see Section 1 of Chapter 5") that the switching class of graphs
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corresponding to the 2-graph (.Q,A) consists of those graphs f on D, for
V

which
-}

A. = -f -{e ,e, ,e } I e , e^.e have an odd number of edges between them in P f 
a t> c ' a b c J

Thus in this case, the switching class corresponding to (-C1, A) contains a 

graph P whose subgraph on {e,. ,e.. ,e ,e } is:

For any t&n, it is easy to see that b,. .. vo _ is 0 or 2. For instance, if 

subgraph of P on -[e. ,e.,ek ,e^ »em | is:

then a = * = a = a = 1, = a = 0, so b,.. _ 2.

Hence . b. ., , is even in case 1. 1^1 ijk-tm

Case 2. {e. ,e . ,e, ,e "f contains 2 elements of A . L—i-J--j-i— k-— JQJ ———————————————————————

We can suppose that these elements of A are either { e ., e . , e,} and
i J Jv

or ^e » e » e 5 and f e ' e » e ^ • Supp°se that the^ are
and -[e.,e, ,e } • then the switching class corresponding to (_n_ , A ) contains 

j K m

a graph P whose subgraph on {e.,e.,e, ,e ] is:

B
^*
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For any «.£-•[ 1,...,n} it is easy to verify that \> . is odd if and only

if et is joined in T to precisely one of e. and e , that is, if and only
i m

if { ei» em » et} ^ ^ • J* follows that

b - 
=. ijk-tra ~

which is even, since (_Q_,A.) is an even 2-graph.

Similar reasoning deals with the case when the elements of A contained 

in {ei ,e.,ek ,era } are {e^.ej and

Case 3* {e.,e.,e, ,e } contains 4 elements of A .- • • • — 'i — 'j - K— =— n>~— — — - — — — — — — — —• •••-"- •-• — — — — •

The switching class corresponding to (jfl,A) contains a graph P whos 

subgraph on { e^ , e , , ek , em } is :

Again, it is easy to show that b. . is odd if and only if e^ is joined 

in f to an even number of points of £e.,e.,e, ,e } , that is, if and only 

if both or neither of |e.,e,,e,^ and^e.,e ,e^j are elements of A . Hence, 

if cj> .. , <5 . are the sets of elements of ^ containing ^e -j»\]» ^ ei» em 

respectively, then

(mod 2)

S n-4- |fjk| -I^J + 2 l§ jk n $im | (mod 2) 

which is congruent to 0(mod 2) since (A, A) is an even 2-graph.
r\.

Hence 21 b. ., , is even in every case, and the proof is complete.

As before, we define the subspaces S,T of/! by 

S= SX.e2Xi = 0} , T=
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The derived series of the Lie algebra £- has a simple form:

PROPOSITION 7.2. Let L be as above. Then Cl^ S, L" G T c -£ (where "£-- is 

the centre of £. ) and /I = 0 (so L is solvable of derived length at most 3). 

PROOF. It is clear that L'& S and that T e •€.. , so we have only to show 

that C" & T. Let {i,j,k,-t} £ { 1,... ,n} with ( {i,j,k,l] [ ^ 3 and consider 

the product (e.e .^(e, e.). Now
1 J' K C

e . e . i i j' v k i a . . e v--i ijr r

- a, . - a, i ijrv s.-t-i a , e , rst

Then ifLet x,y be the coefficients of e,,e 0respectively, in (e.e .)(e, e,).
I c. 1 J K ~C

V.. = -[m j { e., e ., e jeA} , we have
vx

Y — "5~ ^"a n — "> "5" n
~ ^^ i~ <-ts Irs "~ ~ Irs

y = 21 21 a? 

Let f be a graph in the switching class corresponding1 to (_Q., & ) and for

a = 1,2, define

ma = I ( m e V . . e j oined toe in P } I , I >- IQ * m u a J l

Also, let

E = fmfeV, f e joined in P to an even number of elements of V. . } ,1 >- k^.' m 1 0

R = {meV, j e joined in P to an odd number of elements of V. . } .c. k-C- in •*• J

Now suppose that m is odd and let seV, :

It is quite easy to see that a. is odd if and only if .' . Hence x = f R1'
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Similarly x = ( R2 | if n^ is even; and if m is odd then y = |R / , if m is
^* I £.

even then y = H^j. However, | RI ( + (Rgj = ( Vk ( , which is even since (JO.,A) 

is an even 2-graph, so /R^^tR^ (mod 2) and the coefficients x,y are equal.

It follows that the coefficients of all e in (e.e.}(e,e ) are equal, thatin i j K -\_
is "T. Consequently £ <= T.

Let fr s

-2."

the graphs on 6 vertices below:

Both 17 and [^ give rise to even 2-graphs (Proposition 5.1); let £,, /Cz. 

respectively, "be the corresponding Lie algebras of characteristic 2. We have

and

£/ =

z = S,

, t
"

= T.

2. THE LOVER CENTRAL SERIES OF L .

As in the previous section, let /I be a Lie algebra over a field F 

of characteristic 2 constructed from a nontrivial even 2-graph. Ve now 

describe the terms £.* (t>^2) of the lower central series of L in terms of 

the graphs in the switching class corresponding to (-£!,&), and use this 

description to examine the lower central series for regular 2-graphs and

some other examples.

First we need a definition: if f is a graph and <t,p are vertices of 

t a positive integer, then a path of length t in P from ̂  to p. is a sequence
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»• • •»*O such that ^ =;od , «<l fc = /3 and <^c is joined to ^ L+l for i = 0,..., t-1.

PROPOSITION 7,3. Let £ be as above and let P be the graph in the switching 

class corresponding to (.a , A ) in which the point e. is isolated. For each

integer t^1 and each i,je -{ 1,...,n} , le.t m.(t. } be the number of paths of-^-J

length t in P from e. to e.. If m.^ is even for all i,j then the (t+l)th
•*• J j- J

terra in the lower central series, £ "* , is zero. If not, there is a subset 

J of { e t . . . ,ei } such that

(e .(e.e )...) o 6J*} U {
j__|_, __' o j

r "t-+ I - -t -H ' '

is a basis for L . Farther, L <=- S if and only if there is a proper^subset 

K of { ep»... , e ] such that 2L m^' is even for all i e { 1,... ,n} , and 

[^* c- /I if and only if there is such a subset K for which Zl m/" 

is odd for soise -t.e {1,..«,n ] . 

£SQ2EjL ¥e first prove by induction on t (t^2) that for i,je { 1,...,n] ,

f ^1 e. if m.(^ is odd. \ Ĵ <ijo«-r\. i i
. et (e, (e, ...(e, ej)...)- \

^ if m.^ is even. •*" j

This is easily verified for t = 2. Suppose that it is true for t-1, so that

t-1

for any j. No\f the total number of paths of length t-1 emanating from e. is
j

even, since every vertex of P has even valency (Proposition 5~.1); therefore 

the set L - ( e.zfi- I m?~°is odd} has even size. Suppose that m.*. is odd;
L <- i J^ J J.J

then e. is joined to an odd number of points of L. Hence for any e^eJl, ,

e, is involved in e. 21 e, if and only if ev is joined in f to an even number 
k i t&L *- K

of points of L, that is, if and only if in?? is even. Thus«J"~

e (e (e ...(e e )...) = ^L e .
Ill I J >^>K , CVCvx -T1-
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Similarly, if m. ! is even then e. (e^e ... (e e •)•••) = > ev» so our 

original assertion is proved by induction.

Suppose now that m^ is odd for some i,j (t^2). Then 

ei (e^...(e e )...) + e (e...(ee.)...) - ^- e,

rv . .

so that ^.ek ^ L . Also, for each k,-£ , e (e ... (e et )...) is either 

e.(e^... (e et )... ) or e^e.... (e e^)... ) -f ^-e, . The existence of the

subset J of {ep»...»e } required by the proposition, follows by induction 

on t (the case t =1 follows from Proposition 6.1).

If m*? is even for all i,j (t^-1) then e. (e.... (e e .) .«. ) = 0 for 
^-«J 3- i _l J

all i, j, so /l^"* 1 =0.

Finally, it is clear that /L*"1"' ci S (t^2) if and only if there is a 

proper nonempty subset K of { e 0 ,.. . ,e^\such that Z. e,(e ... (e e, ) ... ) = 0,
tL e^e K 1 "1 . . j Kt -» -=?

that is, if and only if 21 21 e» = 0, that is, if and only if
K rv ^

t/_\

m. is even for all -t & {1,...,n} (the case t = 1 follows again
Jvv-

from Proposition 5«1)« And L~* ^ L if and only if there is such a

subset K with zL e,(e .. . . (e.e, )...) £ 0, that is, if and only if there
e*,e < T i I K

ct- 
is such a subset K and -e.e {1,. . . ,n} such that Zl m, . is odd.

*•., & K K-L

We can use Proposition 7. 3 to examine the Lie algebra £. for regular 

2-graphs:

PROPOSITION 7.4. Let /I be the Lie algebra obtained as above from a nontrivial 

regular 2-graph (_n,A) with parameters r,s as described in Section 1 of 

Chapter 5". Then

(i) if r is even and s is odd then L - 0,

(ii) if s is even then L2" =£( = /!=...)» 

(iii) if r and s are odd.then L is not nilpotent. 

PROOF., Let r be the graph in the switching c.lass corresponding to (n. , & ) in
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which the vertex e. is isolated, so that the subgraph of P on /e of ...,e
I v d. n

is strongly regular with parameters r,s as described in Section 1 of 

Chapter 5". For any i,j we have (in the notation of Proposition 7.3)

(
2r-s~1 if e.,e.are joined in T 1 J 

r if e.,e. ajre not joined in P and i ^ j 
1 0 

2r if i = j.

Consequently if r is even and s is odd then m is even for all i,j and-^- J

so L. = 0 by Proposition 7. 3» This proves (i).

Now suppose that s is even and that L ^ L . Then by Proposition 7»3

there is a proper subset K of {e0 ,...,e } such that 2L rnff^ is even for
<- n e&K •1^

all i and such that there exists e e Jl. with IE. m , odd, that is. with e
a e^ ak a

joined in P to an odd number, say x, of points of K. Let y = (K[ -x. Then

x(2r-'s-1)+yr. if e 4 K\ / & T-

x(2r-s-l)+(y^l)r, if e e K.
3.

If r is even then 2L m cf? is odd (since x and 2r-s-1 are both odd), which

/" 2. f .3
is a contradiction. Hence L = L if r,s are even. If r is odd then 2r-s-1 

and r are both odd; for each i, let x. be the number of points of K which are 

joined in P to e.. Then

f x.(2r-s-l) + ({K|-x,)r, if e.£X
m -v = X X

V x± (2r-s-l) + (fK|-x..-f-l)r, if e^ K

(K| (mod 2), if ei^ K

1 (mod 2) , if e^ K

so that ^EL m.^" is not even for all i, which is a contradiction. It

follows that £-L3 if r is odd and s is even; hence £^=£ 3 ifsis even

and (ii) is proved.

Finally, suppose that r,s are both odd and that L .155 nilpotent, so 

that there is an integer t ̂ 2 with L "*" = 0. For each positive integer u, 

denote by ra tl°, m*1*5 the number of paths of length u in P between, respectively,
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two joined points, two distinct non- joined points in {e9 ,...,e ] . Then

3 + m (any j >, 2) ,

I Ur+ 0 o Wm\ . = 2rm . .
JO 1

Consequently m^s m^ (mod 2) and m^'° = n^ + m^) ^mod 2) and so by 

induction on u, one of m^ and m 3̂ is odd for all u>1 (for u = 1 this is 

obvious). But ZL"^' = 0, so m^ .m^3 are "both even by Proposition 7.3, which 

is a contradiction. Hence L is not nilpotent if r,s are odd, and (iii) is 

proved.

We conclude this section with some examples of 2-graphs for which /I 

is nilpotent. For each m ̂  1 , U2>2 let P be the graph on 2m+2 vertices
IQ 9 \1

made up of 2m isolated points and a 2U-gon:

fri^2r

If (n,A) is the corresponding 2-graph then (_Q. , A ) is nontrivial and 

even (Proposition ST. 1). Denote the corresponding Lie algebra by
II] • \JL

u.— I u_— I

PROPOSITION 7.3. We have f „ ^ 0, £. m ^ = 0, that is, . /L is
•.« , .— ™,. - — _ , -~L. i _r _. j|j ^ ^ jjj > *^ III j li

nilpotent of class 2 ~" .

PROOF., The proof goes by induction on u. The result is true for u = 2 by

Proposition 7.3» since in the 4-g°n mf . is even for all i,j. Suppose it is
r 2""~^ ' fe*"*-)

true for u~1 , so that /L _. =0, that is, m is even for all e , e
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ro ... It follows that in 2" is even for all e ,e in P unless 
»u-1 . yz y* z m,u

d( ev » e „) - 2 (where d(e r ,e ) is the length of the shortest path in P
j & ^ z m, u

from e to e ). Now pick x e { 1,2,... ,2U~ 1+ 1 } . Then in P ,
j *^ in • \A

ra m

L4_-7.\

For any e e T the product m > m^ rL^ 7 is odd if and only if
jf in ; U. |"y

,U-1
d(e ,e ) =d(e ,e ) = 2" which can occur if and only if x is 1 or 2" '+1. 

i j y x

However, it is clear that rn and ra ^-^ are both even, so we have shown 

that in ^ is even for all x. By Proposition 7.3 it follows that L ._ - 0.m,u

Also ra 1, so £.m,u 0. The result is now proved by induction.

Examples of graphs which gives rise to even 2-graphs for which

0, £= 0 are:

(i) t
oc.

i

(a graph on 3k+x+1 (even) points with

x (^1) isolated points and k quadril­ 

ateral, s emanating from a single point)

(ii) graphs on m+x (m,x odd) points with x

forming a complete graph K .

isolated points and the rest

3. LIE ALGEBRAS IN OTHER CHARAgTEMSTICS..

In this final section we show how to construct Lie algebras in all 

characteristics from certain graphs and investigate these algebras in similar 

fashion to Section 2 of this chapter.
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PROPOSITION 7.6. Let P be a ( simple, undirected) graph on a set

= {e ,...,e 1 and for each i, let

Vi = {e. [ e. joined to e. in Pj .

Suppose that F is a field in which |V. [ = (V.( for all i,j, and
•*• j

LL = FH into an algebra by defining

e . e . = ^— e, -
1 J e K eVc k e-^frVj m

and extending linearly. Then IL is a Lie algebra; further, ll' £ S and

XL" - o.

PROOF. Certainly e.z = 0 for all i, so we have only to verify the Jacobi

identity. Let e.,e.,e, be distinct points of_Q. and let e e _O_ . As before,
i 3 k i m

denote by m P9 the number of paths of length 2 in P from e . to e . . Then the 
ij i j

coefficient of e in (e.e .) ei isv xm

' if em is ^oined to ek

mmi '" m ^- » if e is not joined to e,.

Hence the coefficient of e in (e.e.)e,+ (e.e,)e.+ (e,e.)e- ism i j ic j K i xc i j

m u! -m w. -fm c^. -m Lf +m L2"J -in 2̂-? , if e is joined to none of e.,e.,
mi mj mj rak mk mi m i j

-m • if e is ^°ined to e '

, effl joined to e^e^ not

In every case this coefficient is zero in F, so ( eie J ek+ ( e j ek) ei+ ^\ei^ e j = ° 

and the Jacobi identity holds; hence IL is a Lie algebra.

Clearly Ul <= S. Let i,j,k,-{ f m e {l,...,n} ; the coefficient of em in 

the product (e.e.)(e,e, ) is
JL J K! "v-
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which is equal to

which is zero in the field F. Hence U." = 0.

EXAMPLE. Let P be the graph on 6 vertices below:

Now P is regular of valency 3; let U. be a Lie algebra (in any characteristic) 

obtained from P as in Proposition 7.6. Then 1x. is the 1-dimensional subspace 

of U, spanned by e.-t-e-^-e -e^-e -e^. The 2-graph (Jl, A) corresponding to p 

has & = <fi , so its automorphism group is S^? and IX is not an S^-submodule 

of U. .

In general, therefore, if IL is a Lie algebra obtained from a graph P 

as in Proposition 7.6, the characteristic subalgebras of 1L (for instance 

1L1 , IL , IL*" ) need not be G~submodules of IL , where G is the automorphism 

group of the corresponding 2-graph; also IL itself need not be G-invariant 

as an algebra (that is, G need not act on 1L as algebra automorphisms). This 

is in contrast with the Lie algebra L in characteristic 2 defined from an 

even 2-graph as in Chapter 6.

The lower central series of a Lie algebra "U. obtained as in 

Proposition 7.6 can be analysed in similar fashion to Proposition 7.3:

PROPOSITION 7.7. Let U. be a Lie algebra obtained from a graph P on

-ft- - {.e ,...,e } as in Proposition 7.6. Then for each t^2 and each i,j,
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ei (e,(e,...(e 1 ej )...) = J1 (m «' - „,*> )(-l)\ .
<;——— •{-; _ | ————> K. — J J-V (J X*. I Ix

For t^Z, if m^ «= m^ in the field F for all j,k, then u*"1"' = 0. If not, 

there is a subset J t of {e2 >i **' en} such that

is a basis for U*"" .

PROOF. We first prove by induction on t (>2) that

K=I ^ 'kj 

For t = 2, consider e.(e e.); the coefficient of e, in this is

t-i

I i m " •f* "IT
\f "1 T V*JV j j. r>.

^ , if e.fV , 

so that e. (e,e.) = 2. (rajfj -m C"J )e, , as required. Now suppose that our
1 I j K- i -K J K I K

assertion is true for t~1 (t-^3) ajid consider e.(e 1 ...(e x e.)...); this is
"^ -^** J- i • v

equal to IE. e^Ce, . ..(e t ej...) - 2L e L (e, . ..(e,e^_)...) which, by induction 

hypothesis, is

^"' ^-'^ \ -=?•'§/' ^-° C*-0\ / .N*-'L /k - m )e / - 2_ 2. (m , - m J )(-1J e ,, .
K K K ' K ^evj <- = ! Ct ^ y C

The coefficient of e, , in this is
^\t-1/ C-t-O (t-0 \ ^— / 4 \t— 1/ it-i^ tt~ON

" ° Vk " "fc' 1 " * ( mk/< " V1 

which is equal to

Hence e.- (e. . . . (e. e: ). . .) = 2. (m^ - m/*J )(-l) e, , as required, slid our
u ^^ __ 4__, _^ J K= I ^-J K- I K.

assertion is proved by induction. The rest of the proposition

EXAMPLE. Let P be the graph
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(as in the example on p. 12.0), and let 11 "be a Lie algebra in some characteristic 

obtained from P as in Proposition 7.6. If •£ is the centre of 1L. , we have

If the characteristic is 3 then Us = 0, whereas if it is not 3 then V?~ £ 0

and IX."2" = U,

We conclude with a result on the Lie algebras in characteristic zero 

obtained from (regular) graphs as in Proposition 7.6. A graph is said to be 

non-null if it has at least one edge.

PROPOSITION 7 .J3. Let tL be a Lie algebra in characteristic zero obtained 

from a non-null regular graph I as in Proposition 7.6. Then H. is not 

nilpotent.

»- We use the notation of Section 4 of Chapter ST. Now p certainly has

a subfield isomorphic to <Q_ ; denote by HQ^ the <G^-span of £e..,...,e "

so that 11 ̂  is certainly a Lie algebra (since e.e. e 'U(E5_ )• As in Section 4•^ J

of Chapter S, let 1A. ^ =11^ ^05 C- 5 then ll<£ is an n-dimensional Lie 

algebra over C . Now U^ has a natural inner product

r.

Let v as 21e.. It is easy to see that, for any j,k, i i
\V | , if e

-
(v | «n if i.i n , ii

j
| «n if k n , ii

since\Vv ( =|V. (. Hence the linear transformation x -^ vx (x e TX_C ) is 
k j

self-adjoint and so by the Spectral Theorem, there is a basis (x 1 ,..

of U_t such that vx. = X^j, for some \± £ dl (i = 1,...,n). Since v is not

in the centre of II ( T is not the null graph) there exists i for which \± ± 0.
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Then \

v(v...(vx.)..

which is nonzero for all t. Hence !(.<£ is not nilpotent and so \L itself 

is not nilpotent (see Section 4 of Chapter 5").
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Appendix; THE PROOF OF COROLLARY 3.2.

In this appendix we prove

COROLLARY, 5*2. Let G be an insoluble, transitive permutation group of 

degree p, where p = 4q+1 = 3r+2 = 2s+3 and p,q,r,s are all prime. Then G 

contains the alternating group A .

Two lemmas are required for the proof; the first is an easy 

generalisation of Lemma 1 of [2], and the second is the lemma on p. 464 of C-?Oj,

LEMMA A. 1 . Let X be a k-transitive group on a set -O. of size n, let

•{V, , . . . ,^ k } e -i~l and let K be a weakly closed subgroup of X^ .....^ . 

Write A= fix K, m = (A I and let B = { Ax | xeX) . Then ?8 is the set of 

blocks of a Steiner system -£(k,ra,n).

LEMMA A. 2. Let X be a k-transitive group on a set Jl of size n and let P be 

a subset of H with [r/ = m and k<m<n. Let TB = {PxJxeX}. Then ?B is 

the set of blocks of a Steiner system -§ (k,m,n) if and only if
r-i

(i) X|r-j.is k-transitive, and

(ii) for some A in f {< we have X (A) ^

We also need a result of Neumann (Theorem 10 of [31]).

THEOREM A. 3. A simply primitive group of degree 3r, where r is prime, can 

exist only if either
O * *

(i) r = 192a +60a +5, or 

(ii) r = 3a2 +3a 

for some integer a.
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PROOF OF COROLLARY 3.2. ,

Let G "be an insoluble, . transitive group on IT. of degree p, where 

p = 4q+i = 3r+2 = 28-1-3 and p,q,r,s are prime. By Theorem 3.1, G is 3-transitive 

so for distinct ^,^e JT , G^ is transitive of degree 3r on Jl_\U,p} . Also 

G is not sharply 3-transitive since it is not of degree ta+l for any prime 

number t (see 5,1 and 11.3 of [4o]). We complete the proof in two steps:

.^ G.^p is. primitive on JfXMXt fi}

First we show that for any/\weakly closed subgroup K of G^^ ( £" e JZ\^, B}) , 

Ifix K( is 3« For suppose that |fix K( = ia>3- Thenby Lemma A. 1, we have a 

Steiner system ^ (3,m,p). If b is the number of blocks, then

bm(m-l)(m-2) = p(p-l)(p-2) - p(4q)(3r)

which is impossible since p;=*m>3. Hence [ fix K [ = 3- In particular 

( fix G^pY f= 3 since G is not sharply 3-transitive.

Now suppose that G^ is imprirnitive on J~L\{<^,p} * If it has 3 blocks 

of size r then the argument of Case 2 on p.274 of [2j (with the group G of T2H 

replaced by our G^ ) gives a contradiction. Hence G^R has r blocks of size 3. 

Let A, = {-zr,<r,e} be a block. By the argument of Case 1 on p. 274 of [_2], we 

have G^p^= G^e} . Similarly G A{e0fj= G p{<?e}' Thus if r = (^.^ t^i ^^ then 

G^pjis transitive, hence 3-transitive; and clearly G0<^r <~ G^rJ , so by 

Lemma A.2 we have a Steiner system ^(3,5»p)« The above calculation shows 

that this cannot be so. Hence G^p is primitive.

STEP 2. G__i_s 4"transitive.

Now G^s is primitive of degree 3r, so if G is not 4-transitive then
2 

by Theorem A. 3, there is an integer a such that either r = 3a~ +3a +1 or
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r = 192a +60a 4-5. If r = 3a + 3a 4-1 then 2s = 3r-1 = 9 a2 +9a 4-2 = (3a+l)(3a+2)

which is not possible. If r = 192a2 4-60 a 4-5 then 2s = 5?6a2 + 180a 4- 14, so

2s = 288a 4-90a 4-7 = (46a4-7) (6a+l) , which again cannot be so, unless a = 0

and s - 7« But then q = 4 which is not prime. Hence G is 4-transitive.

Now we can easily complete the proof; for G is 4-transitive and 

hence contains an element of order s. Theorem 1.2.& now tells us that G 

must contain the alternating group A .
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"We're home and dry."

Margaret Thatcher.




